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PREFACE

This is the third edition of Principles of Real Analysis, first published in 1981.
The aim of this edition is to accommodate the current needs for the traditional
real analysis course that is usually taken by the senior undergraduate or by the
first year graduate student in mathematics. This edition differs substantially from
the second edition. Each chapter has been greatly improved by incorporating new
material and by rearranging the old material. Moreover, a new chapter (Chapter 6)
on Hilbert spaces and Fourier analysis has been added.

The subject matter of the book focuses on measure theory and the Lebesgue
integral as well as their applications to several functional analytic directions. As in
the previous editions, the presentation of measure theory is built upon the notion of
a semiring in connection with the classical Carathéodory extension procedure. We
believe that this natural approach can be easily understood by the student. An extra
bonus of the presentation of measure theory via the semiring approach is the fact
that the product of semirings is always a semiring while the product of o -algebras is
asemiring but not a o -algebra. This simple but important fact demonstrates that the
semiring approach is the natural setting for product measures and iterated integrals.

The theory of integration is also studied in connection with partially ordered
vector spaces and, in particular, in connection with the theory of vector lattices.
The theory of vector lattices provides the natural framework for formalizing and
interpreting the basic properties of measures and integrals (such as the Radon—
Nikodym theorem, the Lebesgue and Jordan decompositions of a measure, and the
Riesz representation theorem). The bibliography at the end of the book includes
several books that the reader can consult for further reading and for different
approaches to the presentation of measure theory and integration.

In order to supplement the learning effort, we have added many problems (more
than 150 for a total of 609) of varying degrees of difficulty. Students who solve a
good percentage of these problems will certainly master the material of this book.
To indicate to the reader that the development of real analysis was a collective effort
by many great scientists from several countries and continents through the ages,
we have included brief biographies of all contributors to the subject mentioned in
this book.
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CHAPTER 1

FUNDAMENTALS OF REAL
ANALYSIS

If you are reading this book for the purpose of learning the theory of integration,
it is expected that you have a good background in the basic concepts of real
analysis. The student who has come this far is assumed to be familiar with set
theoretic terminology and the basic properties of real numbers, and to have a good
understanding of the properties of continuous functions.

The first section of this chapter covers the fundamentals of set theory. We have
kept it to the “minimum amount” of set theory one needs for any modern course
in mathematics. The following two sections deal with the real and extended real
numbers. Since the basic properties of the real numbers are assumed to be known,
the fundamental convergence theorems needed for this book are emphasized. Sim-
ilarly, the discussion on the extended real numbers is focused on the needed resuits.
The last two sections present a comprehensive treatment of metric spaces.

1. ELEMENTARY SET THEORY

Throughout this book the following commonly used mathematical symbols will
be employed:

means “for all” (or “for each™);

means “there exists” (or “there is”);

means “implies that” (or simply “implies”);
means “if and only if.”

Tl.<

The basic notions of set theory will be briefly discussed in the first section of this
chapter. It is expected that the reader is familiar in one way or another with these
concepts. No attempt will be made, however, to develop an axiomatic foundation
of set theory. The interested reader can find detailed treatments on the foundation
of set theory in references [8], [13], [17], and [20] in the bibliography at the end of
this book. :

1



2 Chapter 1: FUNDAMENTALS OF REAL ANALYSIS

The concept of a set plays an important role in every branch of modern math-
ematics. Although it seems easy, and natural, to define a set as a collection of
objects, it has been shown in the past that this definition leads to contradictions.
For this reason, in the foundation of set theory the notion of a set is left undefined
(like the points and lines in geometry), and is described simply by its properties.
In this book we shall mainly work with a number of specific “small” sets (like
the Euclidean spaces R” and their subsets), and we shall avoid making use of the
“big” sets that lead to paradoxes. Therefore, a set is considered to be a collection
of objects, viewed as a single entity.

Sets will be denoted by capital letters. The objects of a set A are called the
elements (or the members or the points) of A. To designate that an object x
belongs to a set A, the membership symbol € is used, that is, we write x € A
and read it: x belongs to (or is a member of) A. Similarly, the symbolism x ¢ A
means that the element x does not belong to A. Braces are also used to denote
sets. For instance, the set whose elements are a, b, and c is written as {a, b, cl. A
set having only one element is called a singleton.

Two sets A and B are said to be equal, in symbols A = B, if A and B have
precisely the same elements. A set A is called a subset of (or that it is included in)
aset B, in symbols A C B, if every element of A is also a member of B. Clearly,
A=RBifandonlyif A C Band B & Abothhold. fAC Band B # A, then A
is called a proper subset of B. The set without any elements is called the empty
(or the void) set and is denoted by @. The empty set is a subset of every set.

If A and B are two sets, then we define

i. the union AU B of A and B to be the set
AUB={:x€A or x € B});
ii. the intersection AN B of A and B to be the set
ANB={x: x €A and x € B};
iii. the set difference A\ B of B from A to be the set
A\B={x: xe A and x ¢ B}.
The set A \ B is sometimes called the complement of B relative to A. Two sets A
and B are called disjointif AN B = @.

A number of useful relationships among sets are listed below, and the reader is
expected to be able to prove them:

1. (AUBNC =(ANCYUBNCY;
2. (ANB)UC =(AUCYNBUC)
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3. (AUB)\C =(A\C)U(B\C); -
4. (ANB)\C =(A\C)N(B\C).

The identities (1) and (2) between unions and intersections are referred to as the
distributive laws.

We remind the reader how one goes about proving the preceding identities by
showing (1). Note that an equality between two sets has to be established, and this
shall be done by verifying that the two sets contain the same elements. Thus, the
argument for (1) goes as follows:

YE€(AUB)NC ¢= yeAUBandxeC &= (redorveB)andxeC
= xeANCorxeBNC & xe(ANCYU(BNC).

Another useful concept is the symmetric difference of two sets. If A and B are
sets, then their symmetric difference is defined to be the set

AAB = (A\B)U(B\ A).

The concepts of union and intersection of two sets can be generalized to unions
and intersections of arbitrary families of sets. A family of sets is a nonempty ‘set
F whose members are sets by themselves. There is a standard way for denoting
a family of sets. If for each element i of a nonempty set /, a subset A; of a fixed
set X is assigned, then {A;};¢; (or {A;: i € I} or simply {A;}) denotes the family
whose members are the sets A;. The nonempty set / is called the index set of the
family, and its members are known as indices. Conversely, if F is a family of sets,
then by letting / = F and A; = i foreach i € /, we can express F in the form
{Ailier.

If {A;}ies is a family of sets, then the union of the family is defined to be the set

UA,- = {x: 3/ €I suchthatx € A;},

iel
and the intersection of the family by

mAf = {x: x € A; foreach i € I}.

iel

Occasionally. | J;¢; A; will be denoted by | J A; and (;, A; by (] A;. Also, if
I =N = {1, 2....} (the set of natural numbers), then the union and intersection
of the family will be denoted by  J;2, A, and (;2, A,, respectively. The dummy

index 7 can be replaced, of course, by any other letter.
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The distributive laws for general families of sets now take the form

(UA)OB:UMMB)md<rM>UB=HMAw1

iel iel iel iel

A family of sets {A;}ies is called pairwise disjoint if for each pair / and j
of distinct indices, the sets A; and A; are disjoint, i.e., A; N A; = . The set
of all subsets of a set A is called the power set of A, and is denoted by P(A).
Note that @ and A are members of P(A). For most of our work in this book,
subsets of a fixed set X will be considered (the set X can be thought of as a frame
of teference), and all discussions will be considered with respect to the basic
set X.

Now, let X be a fixed set. If P(x) is a property (i.e., a well-defined “log-
ical” sentence) involving the elements x of X, then the set of all x for which
P(x) is true will be denoted by {x € X: P(x)}. For instance, if X = {1,2,...}
and P(x) represents the statement “The number x € X is divisible by 2,” then
[xeX: P(x)}) ={2,4,6,...}.

If A is a subset of X, then its complement A® (relative to X) is the set A® =
X\ A={x e X: x¢ A}. It should be obvious that (A°)° = A, AN A® = @, and
A U A® = X. Some other properties of the complement operation are stated next
(where A and B are assumed to be subsets of X):

5. A\B=AnNBS

6. A C B ifandonly if B¢ C AS;
7. (AUB) = A°N B

8. (ANB) = A°U BC.

The identities (7) and (8) are referred to as De Morgan’s' laws. The generalized
De Morgan'’s laws are going to be very useful, and for this reason we state them
as a theorem.

Theorem 1.1 (De Morgan’s Laws). For a family {A;}ies of subsets of a set
X, the following identities hold:

<UA,->C=ﬂA,9 and (ﬂA,)c:UA,&

iel iel iel iel

! Augustin De Morgan (1806~1871), a British mathematician. He is well known for his contributions
to mathematical logic.



foa

Section 1: ELEMENTARY SET THEORY 5

Proof. We establish the validity of the first formula only, and we leave the
verification of the other for the reader. Note that

c
X€ (UA,-) = x¢| JAex ¢ A forall iel
iel iel
> xe A forall i e I&>x € ﬂA?,
iel
and this establishes the first identity. B

By a function f from a set A to a set B, in symbols f: A — B (or A-LsBor
even x > f(x)), we mean a specific “rule” that assigns to each element x of A a
unique element y in B. The element y is called the value of the function f atx (or
the image of x under f) and is denoted by f(x), that is, y = f(x). The element
y = f(x) is also called the output of the function when the input is x. The set A
is called the domain of f,andtheset{y € B: 3x € A with y = f(x)} is called
the range of f. It is tacitly understood that the sets A and B are nonempty.

Two functions f:A — B and g:A — B are said to be equal, in symbols
f = g,if f(x) = g(x) holds true for each x € A. A function f: A — B is called
onto (or surjective) if the range of f is all of B; that is, if for every y € B there
exists (at least one) x € A such that y = f(x). The function f: A — B is called
one-to-one (or injective) if x; # x; implies f(x;) # f(x2).

Now, let f: X - Y be a function. If A is a subset of X, then the image f(A)
of A under f is the subset of ¥ defined by

flAy={yeY: 3x € A suchthat y = f(x)}.

Similarly, if B is a subset of Y, then the inverse image f~'(B) of B under f is
the subset of X defined by f~'(B) = {x € X: f(x) € B). Regarding images and
inverse images of sets, the following relationships hold (we assume that {A;};¢; is
a family of subsets of X and {B;};¢; a family of subsets of ¥):

9. f(U,'g/Ai) = Uiel F(AD;

10. f(mielAi) - ﬂ,‘elf(Ai);

1L ' Ui B) = Ui F1 B

12. f—l(mielBi) = ﬂielf-l(Bi);

13, f7Y(B%) = (F1(B)).

Given two functions f: X — Y and g: ¥ — Z, their composition g o f is the
function g o f: X — Z defined by (g o f)(x) = g(f(x)) foreach x € X.

If a function f:X — Y is one-to-one and onto, then for every y € Y there
exists a unique x € X such that y = f(x); the unique element x is denoted by
f£~Y(y). Thus, in this case, a function f~':¥ — X canbe defined by f~'(y) = x,
whenever f(v) = y. The function f~! is called the inverse of f. Note that
(fof DNy =yforally €Y and (f~' o f)(x) = x forall x € X. The latter
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relations are often writtenas fo f~! = Iy and f ' o f = Iy, where Ix: X — X
and Iy: ¥ — Y denote the identity functions; that is, /x(x) = x and Iy (y) = y
forallx e XandyeY.

Any function x:IN — X, where IN = {1, 2, ...} is the set of natural numbers,
is called a sequence of X. The standard way to denote the value x(n) is by x,
(called the n'" term of the sequence). We shall denote the sequence x by {x,},
and we shall consider it both as a function and as a subset of X. A subsequence
of a sequence {x,} is a sequence {y,} for which there exists a strictly increasing
sequence {k,} of natural numbers (that is, 1 < k; < kz < k3 < ---) such that
Yu = Xy, holds for each n.

If now {A;}ies is a family of sets, then the Cartesian? product IT;¢; A; (or
I1A;) is defined to be the set consisting of all functions f:1 — |J;.; A; such that
x; = f(i) € A; foreach i € I. Such a function is called (for obvious reasons) a
choice function and quite often is denoted by (x;);e; or simply by (x;).

If a family of sets consists of two sets, say A and B, then the Cartesian product
of the sets A and B is designated by A x B. The members of A x B are denoted
as ordered pairs, that is,

AXxB=1{(a,b): ac A and b € B}.
" Clearly, (a, b) = (ay, by) ifand only if ¢ = a) and b = b,. Similarly, the Cartesian
product of a finite family of sets {A,,..., A,} is written as A; x --- x A, and its
-members are denoted as n-tuples, that is,

Ay x - x A, ={(ay,...,a,): a; € A; foreach i =1,...,n}.
Here, again (a1, ...,a,) = (b1, ..., by)ifand only if@; = b; fori = 1,...,n.
IfA = Ay = ... = A, = A, then it is standard to write A} X --- X A, as A".
Similarly, if the family of sets {A;};¢; satisfies A; = A foreachi € I, then IT;¢; A;
is written as A/, thatis, A’ = {f | f:1 — A)}.

o When is the Cartesian product of a family of sets {A; }ie; nonempty?

Clearly, if the Cartesian product is nonempty, then each A; must be nonempty.
The following question may, therefore, be asked:

o Ifeach A; is nonempty, is then the Cartesian product T1A; nonempty?

Although the answer seems to be affirmative, it is unfortunate that such a state-
ment cannot be proven with the usual axioms of set theory. The affirmative answer

2René Descartes or Cartesius (1596-1650), an influential French philosopher and mathematician.
He is the founder of analytic geometry.
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to the last question is known as “the axiom of choice.” This axiom will be assumed
throughout this book without further explanation. One of its forms is stated below.

Axiom of Choice. [f {A;}ic; is a nonempty family of sets such that A; is
nonempty for each i € I, then T1A; is nonempty.

A useful equivalent formulation of the axiom of choice is the following:

e If{A;)ies is a nonempty family of pairwise disjoint sets such that A; # @ for
eachi € I, then there exists a set E C | J;o; Ai such that E N A; consists of
precisely one element for each i € I.

For a discussion of the axiom of choice and its history, the reader is referred to
[8] and [13].

By a (binary) relation on a set X we simply mean a subset R of X x X. If
(x,y) € R, then x is said to be in the relation R with y, and this is denoted
by xRy. Among the most interesting relations are the equivalence relations. A
relation R on a set X is called an equivalence relation if it satisfies the following
three properties:

a. xRx foreach x € X (reflexivity).
b. If xRy, then yRx (symmetry).
c. IfxRyand yRez, then xRz (transitivity).

Let R be an equivalence relation on a set X. Then the equivalence class
determined by the element x € X is defined by [x] = {y € X: xRy}. Itiseasy to
observe that any two equivalence classes are either disjoint or else they coincide.
Since x € [x] foreach x € X, it follows that R partitions X. That is, there exists
a family {A;};e; of pairwise disjoint sets (here, the family of equivalence classes)
such that X = UiE ; A;. Conversely, if a family of pairwise disjoint sets {A;}ies
partitions X (i.e., X = {J;¢; Ai), then by letting

R={(,y)e X xX:3iel suchthat x and y are in Al

an equivalence relation is defined on X whose equivalence classes are precisely the
sets A;. Thus, the equivalence relations on a set correspond precisely in one-to-one
fashion with its partitions.

Another important type of relation is an order relation. A relation, denoted
by <, onaset X is said to be a partial order for X (or that X is partially ordered
by <) if it satisfies the following three properties:

. x < xholds for every x € X (reflexivity).
B. Ifx <vandy <x,thenx =y (antisymmetry).
y. Ifx <yandy < z,then x < z (transitivity).
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An alternative notation for x < y is y > x. A set equipped with an order
relation is called a partially ordered set.

Now, let X be a partially ordered set. A subset ¥ of X is said to be a chain if
for every pair x, y € Y, either x < y orelse y < x; a chain is also referred to as a
totally ordered set. If Y is a subset of X such that x < u holds forall x € ¥ and
some u € X, then u is called an upper bound of Y. An element m € X is called
a maximal element of X whenever the relation m < x implies x = m. (Warning:
A partially ordered set may contain more than one maximal element.)

The next statement guarantees the existence of maximal elements in certain
partially ordered sets. It is known as Zorn’s® lemma, and it is a powerful tool in
analysis.

Zorn’s Lemma. If every chain in a partially ordered set X has an upper bound
in X, then X has a maximal element.

Zorn'’s lemma (as a statement) is equivalent to the axiom of choice. For a detailed
discussion, see [13].

EXERCISES

1. Prove statements 2 through 13 of this section.
" 2. Fortwo sets A and B show that the following statements are equivalent.

a. ACB.
b. AUB=B.
c. ANB=A.

3. Show that (AABYAC = AA(BAC) hold for every triplet of sets A, B, and C.
4. Give an example of a function f: X — Y and two subsets A and B of X such that
f(ANB)# f(AYN f(B).

5. For a function f: X — Y show that the following three statements are equivalent.

a. f is one-to-one.
b. f(ANB)= f(A)N f(B)holds forall A, B € P(X).
c. For every pair of subsets A, B of X satisfying AN B = @, we have f(A)N
f(B)= @.
6. Let f:X — Y be a function. Show that FUFYNA) € Aforall A € Y, and
BC fmYf(B)) forall B C X.
7. Show that a function f: X — Y is onto if and only if F(f~HB)) = B holds for all
BCY.
Assume X —L> Y 55 Z_ If A C Z, show that (g o £)~1(A) = F~' (g~ (A)).
9. Show that the composition of functions satisfies the associative law. That is, show
thatif X L5 ¥ 8572 V then(hog) s f=ho(go f).

o

3Max Zorn (1906-1993), a German-born American mathematician. He worked in set theory, topol-
ogy, and algebra.
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10. Let f: X — Y. Show that the relation R on X, defined by x1Rxy if f(x1) = f(x2),
is an equivalence relation.

11. If X and Y are sets, then show that P(X)NPF) =PX NY)and P(X)UPY) C
PXUY).

2. COUNTABLE AND UNCOUNTABLE SETS

In this section we shall deal with questions concerning the “size” of a set. Two
sets are said to have the “same number of elements” if their elements can be put
in one-to-one correspondence with each other. By a one-to-one correspondence
between two sets A and B, we mean a function f: A —> B that is one-to-one and
onto.

Définition 2.1.  Two sets A and B are said to be equivalent (in symbols A ~ B)
if there exists a function f: A —> B that is one-to-one and onto.

It is easy to verify that for sets the following properties hold:

I. A=A
2. ITA= B,the B~ A.
3. fA~BandB~C(C,thenA=C.

The dividing line for the sizes of sets is the set of natural numbers IN={(1, 2,
3,...}. Any subset of IN of the form {1, ..., n} is called a segment of IN, and 7 is
called the number of elements of the segment. Clearly, two segments {1,..., n}
and {1, ..., m} are equivalent if and only if n = m. This shows that a proper
subset of a segment cannot be equivalent to the segment.

A set that is equivalent to a segment is called a finite set. The empty set is
also considered to be finite with zero elements. A set that is not finite is called an
infinite set.

Definition 2.2. A set A is called countable if it is equivalent to N, that is, if
there exists a one-to-one correspondence of N with the elements of A.

There is a standard notation for a countable set A. It is usually written as
A = {a;, as, ...}, often called an enumeration of the set A, and it indicates the
one-to-one correspondence of A with the set of natural numbers IN.

An infinite set that is not countable is called an uncountable set. Our first result
compares the infinite sets with the countable ones.

Theorem 2.3. Every infinite set contains a countable subset.

Proof. Let A be an infinite set; clearly A % @. Pick a; € A, and consider the
set A = A\ {a,}. Since A is infinite, A, is nonempty. Pick a, € A, and consider
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the set A, \ {a;, @3}. By the same arguments, there exists an element a3 € Aj.
Proceeding in this way, a set {ay, a3, as, .. .} is obtained that is clearly countable
and by construction it is a subset of A. B

The following two principles of the natural numbers are needed in order to
establish more properties of the countable sets. The first property is known as the
“well-ordering principle” of IN. Keep in mind that a subset S of IN is said have
a least (or a first) element if there exists k € S such thatk < n foreachn € S;
clearly k is uniquely determined.

THE WELL-ORDERING PRINCIPLE. Every nonempty subset of IN has
a least element.

The second property of IN that is needed is known as the “principle of mathe-
matical induction,” and is a powerful tool in mathematics.

THE PRINCIPLE OF MATHEMATICAL INDUCTION. Ifasubset S of
N satisfies the properties

a. leS, and
b. n+1e€ S wheneverne S,

then S = IN.
We now continue our discussion about countable sets.

Theorem 2.4. Every subset of a countable set is either finite or else countable.

Proof. Let A be a subset of a countable set. Assume that A is not finite; then
it will be shown that A is countable. An easy argument shows that one can assume
without loss of generality that A is a subset of IN. .

Now, define a function f:IN —» A inductively as follows: f(1) = the least ele-
ment of A (that exists by the well-ordering principle); and then if f(1),..., f(n)
have been defined, let f(n + 1) be the least element of A\ {f (1), ..., f(m)}. (The
least element again exists by the well-ordering principle, and the fact that A is not
finite.) It is now left to the reader to verify that f is one-to-one and onto. Thus,
A=~ 1N. B

It is interesting to observe that (in contrast with the finite sets) an infinite set
can be equivalent to some of its proper subsets. To see this, let X = {2,4,6, ...},
and note that X is a proper subset of IN. Now the function f:IN — X, defined by
f(n) = 2n for each n, is one-to-one and onto, so that X = IN.

Some useful characterizations to ensure that an infinite set is countable are
presented next.
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Theorem 2.5.  For an infinite set A, the following statements are equivalent:

i. A s countable.
ii. There exists a subset B of IN and a function f: B — A that is onto.
ili. There exists a function g: A — IN that is one-to-one.

Proof. (i) == (ii) Since A is countable, there exists f:IN — A that is one-
to-one and onto. Thus, (ii) holds with B = IN.

(ii) == (ii1) Assume that B is a subset of IN and that f: B — A is an onto
function. Note that since f is onto, f~'(a) = {n € B: f(n) = a} is nonempty
for each @ € A. Now, define g: A — IN as follows: g(a) = the least element of
£~ Ya); this natural number exists by the well-ordering principle. To complete the
proof, it must be shown that g is one-to-one. Indeed, if g(a) = g(b) holds, then
a = f(g(a)) = f(g(h)) = b also holds, which shows that g is one-to-one.

(iii) == (i) Assume g: A — IN to be one-to-one. Then A = g(A). Since A is
(by hypothesis) infinite, g(A) is an infinite subset of IN, and hence, by Theorem 2.4,

g(A) ~ N holds. Therefore, A ~ IN holds, and the proof is comiplete.

The next two results are consequences of the preceding theorem. The first one
asserts that the countable union of countable sets is countable.

Theorem 2.6. Let {A), Az, ...} be a countable family of sets such that each

A; is a countable set. Then A = |,o, A, is a countable set.

Proof. LetA, = {a{,aj,...}Jforn=1,2,...,and A= U"_, A,, Also, let
B = (2F . 3" k,n € IN}. Now define f: B — A by f@2F.3") =al. Then f
maps B onto A, and hence A is a countable set by Theorem 2.5. B

The Cartesian product of a finite collection of countable sets is always countable.

Theorem 2.7. Let {Ay, ..., A,} be a finite collection of sets such that each
A; is countable. Then A, x --- x A, is countable.

Proof. Itsuffices to assume that A; = IN foreach i, and hence, A =IN". Pickn
distinct prime numbers, say py, . .., p,,anddefine f: IN" — INby f(k, ..., k,) =
p’l“ P&+ pfr. 1t should be clear from the fundamental theorem of arithmetic (ev-
ery natural number has a unique factorization into primes) that f is one-to-one.

Hence, by Theorem 2.5, IN" is countable. B

Our discussion will close with some results concerning the “big” sets. One may
ask the question: How large can a set be?

To answer this question a definition is needed. Let us write A < B whenever
there exists a one-to-one function f: A — B; in other words, A < B if A is
equivalent to a subset of B. It should be clear that in this sense one can say that
“B has at least as many elements as A.”
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The relation < satisfies the following properties:

1. A =< Aforallsets A.
2. fA<BandB <C,then A <C.
3. fTA<BandB < A, then A = B.

Statement (3) is known as the Schroder—Bernstein* theorem, and is a very im-
portant result; for a proof see [13, p. 88], or [28, p. 29].

The next result shows that the power set of a given set has more elements than
the set; it is due to G. Cantor.5

Theorem 2.8 (Cantor). If Aisa set, then A < P(A) and A % P(A) hold.

Proof. If A = @, then the result is trivial. So, assume that A # @. Define
f:A = P(A) by f(x) = {x} forx € A, and note that f is one-to-one. Hence,
A <X P(A).

To show that A % P(A), assume by way of contradiction that A ~ P(A). So, -
there exists g: A — P(A) that is one-to-one and onto. Consider the subset B of A
definedby B = {x € A: x ¢ g(x)}, and thenpicka € A suchthat g(a) = B. Now,
notice that @ € B if and only if @ ¢ B, which is impossible. This contradiction
completes the proof of the theorem. |

Imagine that for every set A a symbol (playing the role of a number) can be
assigned that designates the number of elements in the set. Without going into
detail, this symbol is called the cardinal number of A, and is denoted card A.

It should be clear that if A is a finite set, say A = {a;, ..., ay},thencard A = n.
But what about IN? We use the symbol Ry to denote the cardinal number of IN. By
saying that a set A has cardinal number Ry (in symbols card A = Rp), we simply
mean that A & IN. In general, card A = card B means A = B.

If a and b are cardinal numbers, then ¢ < b means that there exist two sets A
and B such that card A = q, card B = b, and A < B. Similarly, a < b among
cardinal numbers means that there exist two sets A and B such thatcard A = a,
card B = b, A < B, and A % B. Note that according to the Schroder-Bernstein
theorem, a < b and b < a guarantee a = b.

We mention also a few things about “cardinal arithmetic.” By Theorem 2.8, we
know that there exists a set with cardinal number greater than Rg; this set is P(IN).
It can be shown that P(IN) = R (see Exercise 6 of Section 5), where R is the

4Ernst Schroder (1841-1902), a German mathematician. He worked in algebra and mathematical
logic. :

S5Felix Bernstein (1878-1956), a German mathematician. He worked in set theory and contributed
decisively to the development of the inheritance population genetics.

5Georg Cantor (1845-1918), a German mathematician. He was the founder of set theory. He also
contributed to the field of classical analysis.
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set of all real numbers. The cardinal number of IR is denoted by ¢, and is called
the cardinality of the continuum; thus, 8y < ¢. A cardinal number a satisfying
Ry < a, is called an infinite cardinal.

It is easy to see that if 2 = {0, 1}, then 2% = P(X) for every set X. For this
reason it is a custom to denote the cardinal number of P(X) by 2°*¢¥. Thus, the
following inequalities hold:

3
O<l<2<--<n<--<Rg<=c<2°<2® <...

The outstanding question dealing with infinite cardinals is the following:

e If ais an infinite cardinal, is there a cardinal number b such thata < b <
297

The continuum hypothesis assumes a negative answer to the above question
when a = Ry, and the generalized continuum hypothesis assumes a negative
answer for every infinite cardinal. It has been shown that the continuum hypothesis
is “independent” of the ordinary axioms of set theory. There are models of set
theory that satisfy the continuum hypothesis and there are models that do not. The
interested reader is referred to [8], [13], and [20] for extensive treatments of the
cardinal numbers.

EXERCISES

1. Show that the set of all rational numbers is countable.

Show that the set of all finite subsets of a countable set is countable.

3. Show that the union of an at-most countable collection of sets, each of which is finite,
is an at-most countable set.

4. Let A be an uncountable set and B be a countable subset of A. Show that A is
equivalent to A\ B.

5. Assume that f:A — B is a surjective (onto) function between two sets. Establish
the following:

0

a. card B < card A.
b. If A is countable, then B is at most countable. .

6. Show that two nonempty sets A and B are equivalent if and only if there exists a
function from A onto B and a function from B onto A.

Show that if a finite set X has n elements, then its power set P(X) has 2" elements.
Show that the set of all sequences with values 0 or 1 is uncountable.

If 2 = {0, 1}, then show that 2X = P(X) for every set X.

Any complex number that is a root of a (nonzero) polynomial with integer coefficients
is called an algebraic number. Show that the set of all algebraic numbers is countable.

S v,

b
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11. For an arbitrary function f:IR — IR, show that the set
A= [a eR: lim f(x)existsand lim f(x) # f(a)}
X~->a X=->a
is at-most countable.
12. Show that the set of real numbers is uncountable by proving the following:

a. (0, 1) = P(R); and
b. (0, 1) is uncountable.

[HINT: If (0, 1) is countable, then let {x1, x2, ...} be an enumeration of (0, 1). For
each n write x,; = 0.dp1dy2 - - - in its decimal expansion, where each d;; is 0, 1, ..., 9.
Now consider the real number y of (0, 1) whose decimal expansion y = OQ.y1y2---
satisfies y, == 1 if dyy 3% 1 and y, = 2 if dyy = 1. To obtain a contradiction, show
that y # x, for each n.]

13. Using mathematical induction prove the following:

a. Ifa>-—1l,then(l+a)' >1+naforn=12,... (Bernoulli’s’ inequality).

b. fO0<a<l,then 1+3"'a>Q+a) forn=1,2,....

c. cosinm)y= (-1 forn=1,2,....
14. Show that the well-ordering principle implies the principle of mathematical induction.
15. Show that the principle of mathematical induction implies the well-ordering principle.

3. THE REAL NUMBERS

Without any doubt, the most important set for this book will be the set of real
numbers R = (—oco, 00). The set of real numbers is also known as the real line.
The reason is that by considering a straight line, one can put (in the usual way) the
real numbers in one-to-one correspondence with the points of the line. The terms
“real line” and “real numbers” will be viewed as identical.

While it is not our purpose to give a complete axiomatic development of the real
numbers, it is important to stop and consider exactly what axioms characterize
the real numbers. They consist of the field axioms, the order axioms, and the
completeness axiom. Inalgebraic terminology, the set of real numbers is referred to
as the one and only “complete ordered field.” The name comes from the axiomatic
foundation of the real numbers outlined below.

The real numbers are the members of a nonempty set IR equipped with two
operations, + and - from R x R into IR, called addition and multiplication, that
satisfy the following axioms:

Field Axioms

The letters x, y, and z denote arbitrary real numbers, unless otherwise stated.

7Jacob (Jacques) Bernoulli (1654-1705), a Swiss mathematician and one of the most prominent
members of the famous Bernoulli mathematical family. His major works were in calculus and proba-
bility theory.
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Axiom 1. x+y=y+x and xy = yx (the commutative laws).

Axiom2. x4+ (y+z) = (x + y)+ z and x(yz) = (xy)z (the associative
laws).

Axiom 3. x(y + z) = xy + xz (the distributive law).
Axiom 4. There exists an element 0 € R such that x + 0 = x forall x ¢ R.

Axiom 5. For each x € R there exists an element in IR (denoted by —x) such
that x + (—x) = 0.

Axiom 6. There exists an element 1 € R with 1 # 0 satisfying 1 - x = x for
all x € R.

Axiom 7. For each x # O there exists an element in R (denoted by x~')
satisfying xx~' = 1. !

It can be shown that the zero element of Axiom 4 is uniquely determined. Also,
itcan be established that the element —x given by Axiom 5 is uniquely determined,
and that —x = (—1)x holds. In a similar manner, it can be seen that the element
x~! of Axiom 7 which satisfies xx™! = 1 (where, of course, x # 0) is uniquely
determined.

From the field axioms, one can derive the familiar properties of addition and
multiplication. For instance, 0+ x = 0, —(—x) = x, (—x)(—y) = xy,x —y =
X+ (=y) = —(y — x), (x"")"' = x. (The reader will find the details in the
exercises at the end of this section.)

The next requirement is that IR must be not merely a field but also an “ordered
field.” This means that R is equipped with an order relation > compatible with
the algebraic operations via the following axioms:

Order Axioms -

Axiom 8. Foranyx,y € R, either x > y or y > x holds.
Axiom 9. [fx >y, thenx +z > y -+ z holds for each z € R.
Axiom 10. [fx > yandz > 0, then'xz > yz.

An alternative notation for x > y is y < x. Any number x € R satisfying
x > 0 (e, x > 0and x s 0) is called a positive number (and likewise, any

number x with x < 0 is called a negative number). From the order axioms, one -

can derive the ordinary inequality properties of the real numbers. Let us mention
one very useful property dealing with inequalities:

e Ifx+e > yholdsforeache > 0, then x > y holds.
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Indeed, if the conclusion is not true, then y — x > 0. Let e = %(y - x) >0,
and note that our hypothesis implies -;—(x +y)=x+ %(y —x) = y. Thisin turn
implies y — x < 0, which is a contradiction.

The usual way to define the absolute value of a real number a is as follows:

la| = aifa > 0and |a| = —a ifa < 0. If a v b denotes the larger of the numbers
a and b (for instance, (<1) V2 = 2 and 1 v 1 = 1), then a moment’s thought
reveals that |a| = a V (—a) for all @ € RR. In particular, it follows that |a| = |—a|

for each a € R. The absolute value satisfies the properties:

1. la| = Oforeacha € R, and |a| = 0 if and only ifa=0;
2. |ab| = la}-|b| foralla,b € R; and
3. la+b| < |a|+ |b| forall a, b € R (the triangle inequality).

The non-negative number |a — b| can be viewed geometrically as the distance
between the numbers @ and b.

The least understood property of the real numbers is the completeness axiom,

or the axiom of continuity. Before stating this axiom, let us recall a few things.

Let A be a nonempty subset of R. An upper bound of A is any real number a
such that x < a for all x € A; similarly, b € R is a lower bound for A if b < x
forall x € A. If A has an upper (resp. lower) bound, then A is said to be bounded
from above (resp. below). If A is both, bounded from above and below, then
A is called a bounded set. A real number is called a least upper bound (or a
supremum) of A if it is an upper bound for A, and it is less than or equal to every
other upper bound of A. That is, x € IR is a least upper bound for A if

i. A is bounded from above by x, and
ii. if A is bounded from above by y, thenx < y.

It should be clear that a given set A can have at most one least upper bound,
denoted by sup A. A similar definition is given for the greatest lower bound (or
infimum) of a set A, denoted by inf A. The completeness axiom asserts that every
nonempty set bounded from above has a least upper bound and is stated next.

The Completeness Axiom

Axiom 11. Every non'empty set of real numbers that is bounded from above
has a least upper bound.

" From this axiom, it follows easily that every nonempty set of real numbers
bounded from below has a greatest lower bound. (If A is nonempty and bounded
from below, then the set B = {b € R: b < x Vx € A} is bounded from above,
and so sup B exists. Note thatsup B = inf A.) It should be clear also thatif a set A
has a maximum (resp. a minimum) element, then max A = sup A (resp. min A =
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inf A). Onthe other hand, if the supremum of a set exists andsup A € A, thensup A
is the maximum element of A. In other words, the supremum of a set generalizes
the concept of the maximum element of a set. For more about this axiomatic
foundation of the real numbers, see [3] and the exercises at the end of this section.

Regarding the supremum of a set, the following approximation property holds:

Theorem 3.1.  Assume that the supremum of a subset A of R exists. Then for
every € > (, there exists some x € A such that

supA —€ < x <supA.

Proof. If forevery x € A we have x < sup A — ¢, then sup A — € is an upper
bound of A, which is less than the least upper bound. But this is impossible. Thus,
there exists some x € A suchthatsupA — € < x < supA. 2|

Corollary 3.2. The set of natural numbers IN is unbounded.

Proof. Assume by way of contradiction that n < a holds for each n € IN and
some a € IR. Then by the completeness axiom, s = sup IN exists, and by Theorem
3.1 there exists some k € IN with s — 1 < k. This implies s < k + 1 < s, which
is impossible. 2]

The next useful property of the real numbers is known as the “Archimedean
property.” It was used extensively by Archimedes in geometrical proofs but, most
likely, it was introduced first by Eudoxus.?

Theorem 3.3 (The Archimedean Property). Ifx and y are two positive real
numbers, then there exists some natural number n such that nx > y.

Proof. If nx < y holds for each n, then n < y/x for each n. That is, IN is
bounded from above, contrary to Corollary 3.2. 2]

An important density property of the rational numbers is described in the next
theorem. Recall that a rational number is any real number that can be written as a
quotient of two integers.

Theorem 3.4. Between any two distinct real numbers there exists a rational
number.

$Fudoxus of Cnidus (ca 400-347 BC), a Greek scholar of great eminence and influence. He
contributed to astronomy, mathematics, geography, and philosophy and helped in the writing of the
laws in his home town of Cnidus (Asia Minor). He introduced the “method of exhaustion™ for computing
areas and volumes and was the first to give a rigorous definition of a real number.
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Proof. Itis easy to see that we need consider only positive numbers. So, let
a,beRbesuchthat0 <a < b.
1

Consider first the set A = {n € IN: n > max{;—, %}}. Since IN is not bounded

from above, A is nonempty. Fix an element g € A. Clearly, 0 < -}; <b—aand
1 < bg. Now, let B = {n € IN: n < bg}. Since 1 € B, we see that B 3 @, and
clearly B is a finite set. Let p = max B;notethat p ¢ Band p + 1 ¢ B.

To finish the proof, we shall show thata < £ < p holds. To this end, note first
that by construction g < b holds. On the other hand, since b < ﬂ;—*—‘, we must

have

1 1
a=b——(b—a)<p+ L

q9 4

1

and we are done. |

With the help of the completeness axiom, we can also establish the existence of
“roots” of real numbers.

Theorem 3.5. For a real number a and any natural number n = 2, we have
the following:

1. Ifa > 0and n is even, there exists a unique b = 0 such that b" = a.
2. Ifa € R andn is odd, there exists a unique b € R such that b" = a.

Proof.” We shall establish both cases by assuming a > 0 and leave the easy
details for completing the proof to the reader. If a = 0, then clearly b = 0, and so
we can also suppose that @ > 0. We shall establish first the uniqueness of b. To
see this, assume that x > 0 and y > O satisfy x" = y" = a. Then

0=x" — yn = (x — y)(xnml +xn-2y 4o +xy""2 + yn'—l)’

and since x"~! 4+ "2y + .- 4+ xy"? 4+ y"~! > 0, we infer that x — y = 0, or
X =y.

For the existence, consider the set § = {s > 0: s" < a}. By the Archimedean
property, there exists some m € IN such that ma > 1, or ’L— <a. So0,0 < (%)" <

L1 < g, and thus, S is nonempty and contains positive numbers. On the other

ﬁland, ifk € IN satisfiesa < k,thens < k foreach s € §; otherwise s > k implies
s" > k > a, a contradiction. Now, by the completeness property, b = sup S > 0
exists in IR. We shall complete the proof by proving that b = a. This will be

done by eliminating the possibilities b" < g and " > a.
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So, assume first that b" < a is possible. By the binomial theorem, for each
k € IN we have ’

1\" 2. (n 1 2 (n 1 r
b . o b"—l — = / n n—i —_ < bll -,
eri) =R ()re=r e (rgsr+p ©

i=0

where r = Y {_/(Wb""" > 0. By the Archimedean property there exists some
k € IN such that k(a — b") > r,orr/k < a — b". But then, it follows from (x)
that for this k we have (b 4 %)" < b" +(a — b") = a, which implies b + -Z» €35,a
contradiction.

When b" > a, the situation is similar. As previously, we can use the binomial

theorem to get
"
(b - %) > p" - %, (%)

for some fixed t+ > 0 and all £ € IN. If we choose again some & € IN with
% < b" —aand % < b, then it follows from (»«) that (b — ;\'7)” > a. Butif we pick
somes € SwithO < b — % < 5 (such an s is guaranteed by Theorem 3.1), then
we have " > (b — %)" > a, a contradiction. Hence, b" = ¢ holds.

When feasible, the unique solution b of the equation 5" =a provided by Theo-
rem 3.5 is called the n™-root of @ and is denoted /@ or as.

EXERCISES
1. Ifav b =max{a, b} and a A b = min{a, b}, then show that
avb=13a+b+la—bl) and anb=L@+b—la—b).

Show that |la| — |bl] < la +b] < |a|+|b| foralla,b e R.

Show that the real numbers +/2 and +/2 + +/3 are irrational numbers,

Show that between any two distinct real numbers there is an irrational number.

This exercise will introduce (by steps) the familiar process of subtraction in the frame-
work of the axiomatic foundation of real numbers.

R

a.  Show that the zero element 0 is uniquely determined, i.e., show thatif x +0* = x
for all ¥ € R and some 0* € R, then 0* = 0.

b. Show that the cancellation law of addition is valid, i.e., show that x +-a = x+ b
implies a = b. :

c. Use the cancellation law of addition to show that 0 - a = O foralla € R.

d. Show that for each real number a the real number —a is the unique real number
that satisfies the equation a + x = 0. (The real number —a is called the negative
ofa.)

aH
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e. Show that for any two given real numbers a and b, the equation a + x = b has
a unique solution, namely x = b+ (—a). The subtraction operation — of R
is now defined by @ — b = a + (—b); the real number a — b is also called the
difference of b from a.

f. For any real numbers a and b show that —(—a) = a and —(@ + b) = —a — b.

This exercise introduces (by steps) the familiar process of division in the framework
of the axiomatic foundation of real numbers.

a. Show that the element 1 is uniquely determined, i.e., show that if 1* - x = x for
all x € R and some 1* € R, then 1* = 1.

b. Show that the cancellation law of multiplication is valid, i.e., show thatx -a =
x - b with x # 0 impliesa = b.

c. Show that for each real number a s 0 the real number a~! is the unique real
number that satisfies the equation x - @ = 1. The real number x = a~! is called
the inverse (or the reciprocal) of a.

d. Show that for any two given real numbers a and b witha # 0, the equationax = b
has a unique solution, namely x = a~'b. The division operation + (or /) of R
is now defined by b+a = a~1b; as usual, the real number b < g is also denoted
by b/a or -21

e. Forany two nonzero a, b € R show that (a~!)~! = a and (aby ' =a~ b1,

f. Show that § = a foreacha, % = 0foreachb 5 0,and & = 1 for each a # 0.

Establish the following familiar properties of real numbers using the axioms of the
real numbers together with the properties established in the previous two exercises.

i. The zero product rule: ab =0 if and only if eithera =0 or b = 0.
ii. The multiplication rule of signs: (—a)b = a(—b) = —(ab) and (—a)(—b) = .
ab foralla,b € R.
iii. The multiplication rule for fractions: For b, d # 0 and arbitrary real numbers
a, ¢ we have
ac

¢

'd " bd’
In particular, if 4 % 0, then ($)™! = 2.

iv. The cancellation law of division: If a # 0 and x # 0, then Z—: = % for each b.

v. The division rule for fractions: Division by a fraction is the same as multi-
plication by the reciprocal of the fraction, i.e., whenever the fraction § + g is
defined, we have

ol R

b d b c b
This exercise establishes that there exists essentially one set of real numbers that
satisfies the eleven axioms stated in this section. To see this, let R be a set of real
numbers (i.e., a collection of objects that satisfies all eleven axioms stated in this
section).

a. Showthat1 > 0.
b. A real number ¢ satisfies ¢ = —a if and only if a = 0.
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c. fn=1+1+---+41(wherethe sum has “n summands” all equal to 1), then
show that these elements are all distihict; as usual, we shall call the set IN of all
these numbers the natural numbers of R.

d. Let Z consist of IN together with their negative elements and zero; we shall call,
of course, Z the set of integers of IR. Show that Z consists of distinct elements
and that it is closed under addition and multiplication.

e. Define the set @ of rational numbers by @ = {Z: m,n € Z and n # 0}. Show

n’

that Q satisfies itself axioms | through 10 and that
a=sup{re Q:r <a}=infls € Q: a <s}

holds foreacha € R.

f. Now, let R’ be another set of real numbers and let Q' denote its rational numbers.
If 1’ denotes the unit element of R’, then we write n’ = 1"+ 1"+ ... + 1’ for the
sum having “n-summands” allequal to 1’, Now, define the function f: @ — Q'by

m m’
! (') =
and extend it to all of R via the formula
fla) =sup{f(r): r <a).
Show that R and R’ essentially coincide by establishing the following:
i. @ < bholds in R if and only if f(a) < f(b) holds in IR'.

ii. f is one-to-one and onto.
iii. fla+Db)= fla)+ f(b)and f(ab) = f(a)f(b) foralla,b € R.

9. Consider a two point set R = {0, 1} equipped with the following operations:

a. Addition(+): 04+0=0,0+1=1+0=1and +1=0,
b. Multiplication (-): 0-1=1-0=0and 1.1 =1, and
¢. Ordering:0>0,1>1and1 >0.

Does R with the preceding operations satisfy all eleven axioms defining the real
numbers? Explain your answer.

10. Consider the set of rational numbers Q) equipped with the usual operations of addition,
multiplication, and ordering. Why doesn’t Q coincide with the set of real numbers?

11. This exercise establishes the familiar rules of “exponents” based on the axiomatic
foundation of real numbers. To avoid unnecessary notation, we shall assume that all
real numbers encountered here are positive—and so by Theorem 3.5 all non-negative
real numbers have unique roots. As usual, the “integer” powers are defined by

1

a’

a"=a-a---a, a®=1, a'=a, and a7 =
S ——
n-factors
Extending this to rational numbers, for each m, n € IN we define

ﬂ —m 1 1
an =Jam and a” v = e = T
a" alﬂ
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Establish the following properties:

a. a# = (¥ay" forallm,n € N.,
b. Ifm,n, p,q € Nsatisfy 2 = lql, thena’ = a.
c. Ifr and s are rational numbers, then:

i a'a* =a'* and & =a""",

ii. (aby =a'b" and (§) =%,
ii. (@)Y =d"*.

4. SEQUENCES OF REAL NUMBERS

We start with the familiar definition of the convergence of a sequence.

Definition 4.1. A sequence {x,} of real numbers is said to converge 1o x € R
if for every € > O there exists a natural number ng (depending on €) such that

Ix, — x| <€ forall n > ny.

The real number x is called the limit of the sequence {x,}, and we write x,, — X,
or x = liMy_,coXy, OF simply x = limx,.

We shall say that the terms of a sequence {x,} of a set A satisfy a property
(P) eventually, if there exists some natural number 7o such that x, satisfies the
- property (P) for all n > ng. In this terminology, a sequence of real numbers {xn)
converges to some real number x if and only if for each € > 0 the terms x, are
eventually e-close to x. ‘ '

It should be clear that if lim x,, = x, then lim y, = x for every subsequence {y,}
of {x,}.

Theorem 4.2. A sequence of real numbers can have at-most one limit.

Proof. Assume that a sequence of real numbers {x, ] satisfies x = limx, and
y = limx,. Lete > 0. Then there exists a natural number ng such that [x, —x| < €
and [x, — y| < e forall n > nyg.

Now, fix n > ng, and use the triangle inequality to get

O<lr—ylSlx—xpl+|xn—yl<e+e=2€
for all € > 0. This implies x = y, and the proof is finished.

Recall that a sequence of real numbers {x,} is said to be bounded if there exists
a real number M > O such that |x,| < M for all n. A sequence {x,} of R is
said to be increasing if x, < x,4 for each n, and decreasing if x,4+1 < x, for

all n. A monotone sequence is either an increasing or a decreasing sequence.



Section 4: SEQUENCES OF REAL NUMBERS 23

The symbolism x, 1 x means that {x,} is increasing and x = sup{x,}. Similarly,
Xy 4 x means that {x,} is decreasing with x = inf{x,}. If a sequence {x,} satisfies
Xy == ¢ for all n, then it is called a constant sequence.

Theorem 4.3.  Every monotone bounded sequence of real numbers is conver-
gent.

Proof. Assume that {x,} is increasing and bounded. Since {x,} is bounded,
it follows from the completeness axiom that x = sup{x,: n € IN} exists in IR.
We claim that x = limx,. Indeed, if ¢ > 0 is given, then by Theorem 3.1 there
exists ng such that x — € < x,, < x. Since {x,} is increasing, it follows that

¥ —xp] = x — Xy <X — X, <é€forall n > np, and thus, limx, = x. The proof
for the decreasing case is similar. B

Notice that the preceding theorem implies that an increasing sequence {x,} of
real numbers satisfies x, 1 x if and only if x = lim.,. The basic convergence
properties of real sequences are listed below.

1. Every convergent sequence is bounded.

2. If x, = c foreach n, then limx, = c.

3. If the three sequences {x,}, {y,}, and {z,} of R satisfy x, <z, < y, forall
n, and limx, = limy, = x, then {z,} converges and limz,, = x.

For the next properties assume that lim x,, = x and lim y, = y.

4. Foreacha, § € R the sequence {ax, -+ 8y,} converges and

lim(ax, + By,) = ax + By.

5. The sequence {x,y,} is convergent and lim(x, y,) = xy.

6. If |y,] = 8 > 0 holds for all n, and some § > 0, then {x,/y,} converges
and limx,/y, = x/y.

7. Ifx, > y, holds for all n > ng, then x > y.

A real number x is said to be a limit point (or a cluster point) of a sequence of
real numbers {x,} if for every n € IN and € > 0, there exists ¥ > n (depending on
€ and n) such that |x; — x| < €.

The limit points of a sequence are characterized as follows:

Theorem 4.4. Let {x,} be a sequence of real numbers. Then a real number
X is a limit point for {x,} if and only if there exists a subsequence {x;,} of {x,}
such that lim x;, = x.

Proof. Assume that x is a limit point of {x,}. Choose a natural number k;
such that |xz, — x| < 1. Now, inductively, if &, . .., k, have been selected, then

ISTANBUL BILGI
UNIVERSITY LIBRARY
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choose k.1 > k, such that |x;,, — x| < ;,—]_!-’—1 Thus, we construct a sequence of
natural numbers {k,} such thatky < ky < -+ and |x;, — x| < ,’7 for all n. Clearly,
{xt,} is a subsequence of {x,} satisfying lim x;, = x.

For the converse, assume that a subsequence {x;, } of {x,} satisfies lim x;, = x.
Let m € N and € > 0 be fixed. It must be shown that there exists p > m such
that |x, — x| < €. To see this, choose some nq such that jx;, — x| < ¢ for all
n > ng. Pick n > max{ng, m}, and let p = k,. Then p > m (since k, > n) and

|xp — x| < €, and the proof is finished. B

Among the limit points of a sequence, the largest and the smallest ones are of
some importance.

Definition 4.5. Let {x,} be a bounded sequence of R. Then the limit superior
of {x)} is defined by '

lim sup x,, = inf [sup ka,
* o Lk=n
and the limit inferior of {x,} by
liminfx, = sup[inf xk]‘
k>n

n

-

If we write
o0 oo
sup xp = \/xk and infx, = /\xk,
kzn k=n kzn k==n

then the preceding formulas can be rewritten as follows:

o0 o0 o0 o
limsupx, = /\ [ \/xk} and liminfx, = \/ [ xk}.
k=n

n=1 | k=n n=l

Also, since \/52, ., %k < Voo, 5 and Ajo, x¢ < A2, 4 ¥k for each n, it
follows that

o0 (2]
\/ x;  limsupx, and /\ X 4 liminfx,.

k=n k=n

Theorem 4.6. If {x,} is a bounded sequence, then liminfx, and limsup x,
are the smallest and largest limit points of {x,}. In particular,

liminf x, < limsupux,.
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Proof. Let {x,} be a bounded sequence of IR. Puts = limsupx,. We shall
show that s is the largest limit point of {x}}. The other case can be shown in a
similar manner.

We show first that s is a limit point. To this end, let m € IN and ¢ > 0. Since
Ve, Xk dn s, there exists n > m such that s < \/jo, xx < s + €. This implies
the existence of some &k > n > m such thats — ¢ < x; < s + €. Hence, s is a
limit point of {x,}.

To finish the proof, we show that s is the largest limit point. Let x be a limit
point of {x,}, and let € > 0. Then for each n € IN, there exists m > n such
that x — € < x,; < x + €. It follows that x — ¢ < \/Z‘_’__“ x; for each n, and
s0, x — € < Aoz Vie, Xk = s foreach € > 0. Thus, x < s, and the proof is
complete. =

The next result is known as the Bolzano—~Weierstrass® '© theorem.

Corollary 4.7 (Bolzano-Weierstrass). Every bounded sequence of R has a
convergent subsequence.

Proof. Let{x,} be abounded sequence. By Theorem 4.6, {x,} has a limit point
which by Theorem 4.4 is the limit of a convergent subsequence of {x,}. B

If limx, = x, then x is the only limit point of {x,}, and hence, limsupx, =
lim inf x,, = x holds. The converse of this statement is also true, as the following
theorem shows:

Theorem 4.8. A bounded sequence {x,)} of real numbers converges if and only
ifliminfx, = limsupx, = x. In this case, limx, = x. :

Proof. We assume that lim inf x,, = lim sup x, = x and show that lim x,, = x.
The inequalities

o] [o¢] o0 o0
Xy — X < \/ Xp — /\xk and x—x, < \/xk — /\xk
k=n k=n k=n k=n

9Bernard Bolzano (1781-1848), a Czech mathematician, philosopher, and theologian. He is well
known as one of the early mathematicians who emphasized the need for a foundation of mathematics
as well as for rigorous proofs.

10K arl Theodor Wilhelm Weierstrass (1815~1897), a German mathematician and one of the most
prominent mathematicians of the nineteenth century. He made numerous contributions to analysis and
he is remembered tor his belief that the “highest aim of science is to achieve general results.”
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imply that |x, — x| < Voo, Xk — /N\jey X¢. Since

(oo o0
lim X \Xp | =X —x =
Jim |\ xe= A\ x| =x—x=0,
k=n k=n
it easily follows that lim x,, = x. B

A sequence {x,} in IR is said to be a Cauchy'' sequence if for each € > 0 there
exists ng (depending on €) such that |x, — X, | < € forall n, m > no.

Clearly, a Cauchy sequence must necessarily be bounded. Also, it should be
clear that every convergent sequence is a Cauchy sequence. The converse is also
true, and it is expressed by saying that the real numbers form a complete metric
space.

Theorem 4.9. A sequence of real numbers converges if and only if it is a
Cauchy sequence.

Proof. We have only to show that if {x,} is a Cauchy sequence, then {xn}
converges in IR.

By Corollary 4.7 there exists a subsequence {x;,} of {x,} such that lim x;, = x.
Now, lete > 0. Choose ng such that |x;, —x| < € and |x, —xp| < € forn, m > nq.
Now, if n > g, then k, > n > ng, and so

|xp — x| = [x,, - ,\'/\."i +- i,\'k“ - ,\‘l < €+€=2€.
Hence, limx, = x. -]

Now, let { f,;} be a sequence of real-valued functions defined on a nonempty set
X. Suppose that there exists a real-valued function g such that | f,(x)| < g(x) forall
x € X and all n. Then for each fixed x € X, the sequence of real numbers { f,(x)}
is bounded. Thus, lim sup f,(x) and liminf f,(x) both exist in R. Consequently,
lim sup £, and lim inf f, of the sequence of functions { f,} can be defined for each
xeXas

(limsup f,)(x) = limsup f,(x) and (liminf f,)(x) = liminf f,(x).

1 Augustin Louis Cauchy (1789~1875), a great French mathematician. He was a highly creative and
prolific researcher who made numerous original contributions to all fields of mathematics of his time
and to mathematical physics. His 1821 book Cours d"analyse is the first rigorous wiitten treatment of
calculus. Because he was on the conservative side during the period of the French revolution he was
denied, in many occasions, the academic appointments appropriate for a scientist of his stature.
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EXERCISES
1.

Show that if [x]| < 1, then limx" =0.
2. Show that lim x,, = x holds if and only if every subsequence of {x,} has a subsequence
that converges to x.

3. Consider two sequences {k,} and {m,} of strictly increasing natural numbers such
that {ky, kz....} U {my, ma,...} = IN. Show that a sequence of real numbers {x,}
converges in R if and only if both subsequences {xx,} and {x;, } of {x,} converge in
R and they satisfy lim x;, = lim.x,,, (in which case the common limit is also the limit
of the sequence).

In particular, show that a sequence of real numbers {x,} converges in R if and only
if the “even” and “odd” subsequences {x3,} and {x2,—} both converge in R and they
satisfy lim xq, = limxg,-.

Find the limsup and lim inf for the sequence {(—1)"}.
5. Find the limsup and liminf of the sequence {x,} defined by

>

Xy = %, Xop = %.\'g,,_l, and X241 = % +xay form=1,2.....
6. Let {x,]} be a bounded sequence. Show that
lim sup(—xy) = —lim infx, and liminf(—x,) = —limsupx,.
7. If {x,} and {v,} are two bounded sequences, then show that

a. limsup(x, + ya) < limsup.x, 4 limsup y,, and
b. liminf(x, + y,) = liminfx, + liminfy,.
Moreover, show that if one of the sequences converges, then equality holds in both
(a) and (b).
8. Prove that the lim sup and lim inf processes “preserve inequalities.” That is, show

that if two bounded sequences {x,} and {y,) of real numbers satisfy x, < y, for all
n > nog, then

liminfx, < liminfy, and limsup.x, < limsup y,.

9, Show that lim /% = 1 (and conclude from this that lim &/a = 1 foreach a > 0).
[HINT: Let \/;"77; = | 4 x,, where x, > 0. Using Bernoulli’s inequality (see
Exercise 13 of Section 2), we see that \/n = (1 4+ x,)" > 1+ nx, > nx,, and so
O0<x, < ﬁ foreach n.]

10. If {x,} is a sequence of strictly positive real numbers, then show that

An+l

.. . . X1
< lim inf &/x; < limsup &/x,; < limsup iadiy

Xn Xn

lim inf

Conclude from this that if lim % exists in R, then lim /X, also exists and lim /X, =
lim Xnid -
Xy . .
[HINT: Note that x,, = Xy, - —'{%ﬂ . ;:—"% e ?;"L'-‘- foreach n > ng.]
Tug | Tng X
11. The sequence of averages of a sequence of real numbers {x,} is the sequence {an}
defined by a, = m—;—f—i—‘ﬂ If {x,} is a bounded sequence of real numbers, then
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12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.
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show that
liminfx, < liminfa, < limsupa, < limsupx,.

In particular, if x, — x, then show that a, — x. Does the convergence of {a,} imply
the convergence of {x,}7
For a sequence of real numbers {x,} establish the following:

a. If xpp) —xp — x inR, then x,/n — x.

b. If {x,) is bounded and 2x, < Xu41 + xy—1 holds for all n = 2,3,..., then
Xpp1 —Xp 1 0.

Consider the sequence {x,} defined by 0 < x; < l and x41 = 1 — 1 —x, for

n=1,2,.... Show that x, | 0. Also, show that £ — 3.

Show that the sequence {x,} defined by

1 n
Xp = <l + —-)
n
is a convergent sequence.

Assume that a sequence {x,} satisfies |x,41 — Xa} < a|xy — xp—i| forn = 2,3,...
and some fixed 0 < o < 1. Show that {x,} is a convergent sequence.
Show that the sequence of real numbers {x,}, defined by

1
=1 and x = = for n=12,...,
ES| n+1 3+,

converges and determine its limit.
Consider the sequence {x,} of real numbers defined by x; = tand xpp1 =1+ ﬁ'\—'
forn =1,2,.... Show that {x,} is a convergent sequence and that limx, = V2.
Define the sequence {x,} by x1 = 1 and
1 2
==l +—1), n=12,....
2 X

n

Show that {x,} converges and that limx, = V2.

Define the sequence x, = 2=x % forn = 1,2,.... Show that {x,} does not
converge in R.

[HINT: Show that xg, — Xy = 3.]

Let —00 <a < b < coand 0 < A < 1. Define the sequence {x,} by xy =a,x2 = b
and

Xp42 = Axp + (1 = Adxpgy form=1,2,....

Show that {x,} converges in R and find its limit.

Let G be anonempty subset of IR which is a group under addition (i.e.,if x, y € G, then
x+y € Gand —x € G). Show that between any two distinct real numbers there exists
an element of G or else there exists a_€ R such that G = {na: n =0, £1, £2,...}.
[HINT: If G # {0}, leta = inf G N (0, 00).]

Determine the limit points of the sequence {cos n}.

[HINT: Consider the set G = {n-+2m: n, m integers} and use the previous exercise.]
For each n define f,:[—1,1] — R by fa(x) = x". Determine lim sup fn and
liminf f;.
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24. Show that every sequence of real numbers has a monotone subsequence. Use this
conclusion to provide an alternate proof of the Bolzano~Weierstrass property of the

real numbers: Every bounded sequence has a convergent subsequence. (See Corol-
lary 4.7))

5. THE EXTENDED REAL NUMBERS

The extended real numbers R* are the real numbers with two elements adjoint.
The two extra elements are denoted by oo (or +00) and —co, read plus infinity
and minus infinity. Thus, R* = R U {—c0, 00} or, as is customarily written
R* = [—o00, c0]. .

The algebraic operations for the two infinities are defined as follows:

. oo+ o0 =00 and (—00) — 00 = —00;

2. (Foo) - ¢ = Foo and (F£oo) - (—00) = Foo;

3. x+oo=00 and x — 00 = —oc foreachx € R;

4, x-(koc)= oo if x > 0 and x - (£o0) = Foo if x < 0.

The expressions 0o — co and —oo 4 oo are left (as usual) undefined. In this
book we shall agree that

5. 0-c0=0.

Also, R* is ordered, with co the largest element, and —oo the smallest element.
Moreover,

6. —co < x <ooforeach x € R.

In topology, if IR* is endowed with an appropriate topology, R* is referred to as
the two-point compactification of R. It turns out that the usual tangent function
tan: [-5, 5] — R*, where, of course, tan(—%) = —oco and tan(3) = oo, is a
homeomorphism. -

One reason for introducing the extended real numbers is that in the theory of
measure, one needs to consider sets with infinite measure. Another is that if {x,} is
an unbounded sequence of real numbers, then by using Definition 4.5 one can see
that lim sup x,, and lim inf x,, exist in R* (the values may be plus or minus infinity).
Thus, every sequence of real numbers has a limit superior and limit inferior in R*.

A sequence {x,} of real numbers converges to co (denoted lim x, = oo) if for
every M > 0, there exists ng (depending on M) such that x, > M forall n > ngp.
Similarly, lim x,, = —oo means that for every real number M < 0, there exists ng
such that x, < M forall n > ng.

Theorem 4.3 can now be formulated as follows; the proof is left for the reader.

Theorem 5.1.  Every increasing sequence of real numbers either converges 10
a real number or to plus infinity.
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Recall that for a sequence {x,} of real numbers, the series Zf,’f_l x, is said to
be convergent, if the sequence of partial sums {3i; xx} converges in R. If the
sequence of partial sums converges to infinity, then we write 3 Xy = oo and
say that the sum of the series is infinite. The definition of S Xy = —00 s
similar. Observe that by Theorem 5.1 every series of non-negative real numbers
converges in IR*.

A series Zn_l x,, of real numbers is said to be rearrangement invariant if for
every one-to-one and onto function o: IN — IN (called a permutation of IN), the
series 3°°° | x,, converges, and moreover Y o2 X, = Y_2; Xg,.-

Theorem 5.2. If {x,) is a sequence of non-negative real numbers, then the
series Y oo, Xy IS rearrangement invariant.

Proof. Let o:IN — IN be a permutation of IN. Seta = Y xpand b =
$°% | X5, (note that both series converge in R*). To show that a = b, it is enough
io establish (in view of the symmetry of the situation) that b < 2. The latter is
equivalent to showing that ) . _, X, < a holds for all n.

Ifn € N, putk = max{y, ..., 0y} and observethat 3 | _, x5, < Z,_] X <a.
The proof is now complete.

In addition to series, double series with non-negative terms will appear from
time to time in this book. If {a, ]} is a double sequence with 0 < a,m < 00
for each pair n, m, then for each fixed n the series > dum converges in R*
(possible to +00). The double series Y oo Yo", @nm is now defined by

)
E 2 dym = hm E :>: An.m
n=1 m= n-— m=1

Note that the limit to the right always exists in IR*.
The following result on interchanging the order of summation holds:

Theorem 5.3. If 0 < a,, < oo forall m and n, then

© 00 0 0
E _->_ Apm = E 2 Apm-
n=1 m=1 m=1 n=1

Proof. Seta = Y2 Y% a,n.andb =Y v > ann Note that for
each k and p we have

k p p k p [ > oo 00

Zzan,m = Z Zan.m = Z Zan m] = Z Zan.m =b,

n=1 m=1 m=1 n=1 m=1 \ n=l m=] n=1
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from which it easily follows that @ < b. A similar argument shows that b < a.
Thus, a = b, and we are done. -

Theorem 5.4. Let0 < a,, <ocoforallm,n Ifo:IN — N x IN is one-to-

one and onto, then
o0 o] (o]

ag, = E E Anm-
I

n= n=1 m=1

Proof. Leta = 300 a5 andb = Y po) Y. | dym. Foreachi,leto; =
(n;, m;). Then

k k . k 0 0 0
E Ag; = E Ay < E Apm | = 2 Anm | = b
i=] i=1 i=1 1 1

m= n=1 m=

holds foreach k, and soa < b.
On the other hand, for each k and m, there exists n such that foreach 1 <i <&
and | < j < m thereexists 1 <r < n with o, = (i, j). Thus,

kK m

o0
E E ai.j.<_§ as = a,

i=1 j=1 r=1

which shows that b < a. Therefore, a = b, and the proof is finished. B

The series S°°, a, is usually called a rearrangement of the double series
i oo nTl w 4
Y Y| @n.m into a single series.

EXERCISES

1. Let {x,) be g sequence of IR*. Define a limit point of {x,} in R* 1o be any element x
of IR* for which there exists a subsequence of {x,} that converges to x.
Show that lim sup x,, and lim inf x,, (use Definition 4.5) are the largest and smallest
limit points of {x,} in R*. :
2. Let {x,} be a sequence of positive real numbers such that £ = lim "";,*' exists in IR.
Show that: -

a. if £ < 1,then limx, =0, and
b. if £ > 1, then limx, = co.

[HINT: See the hint of Exercise 10 of Section 4.]

3. Let0 <auym <ooforallm,n, andleto:IN x IN — IN x IN be one-to-one and onto.
Show that

cc co o0

o)
Z Z an,m = Z Z Ao (n,m)-

n=1 m=1 n=1m==1
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4. Show that

Zzn +m_=oo.

n=1m==1

5. This exercise describes the p-adic representation of a real number in (0, 1). We
assume that p is a natural number such that p > 2 and x € (0, 1).

a.

C.

Divide the interval [0, 1) into the p closed-open intervals [0, 1y, [-};. %). ey
[‘”—;—l, 1), and number them consecutively from 0 to p — 1. Then x belongs pre-
cisely to one of these intervals, say k1 (0 < k; < p). Next divide the interval
[%, ﬁpil-) into p closed-open intervals (of the same length), number them con-
secutively from 0 to p — 1, and let k2 be the subinterval to which x belongs.
Proceeding this way, we construct a sequence {k,} of non-negative integers such
that 0 < k, < p for each n. Show that

Apply the same process as in (a) by subdividing each interval now into p open-
closed intervals. For example start with (0, 1] and subdivide it into the open-
closed intervals (0, },] “, ] (L— 1].

As in (a), construct a sequence {m ,,} of non-negative integers such that 0 <
m, < p for each n. Show that

X m,
—.:2-[-)-—

Show by an example that the two sequences constructed in (a) and (b) may be
different.

In order to make the p-adic representation of a number unique, we shall agree to take
the one determined by (a) above. As usual, it will be written as x = 0.kiky---
6. Show that P(IN) = R by establishing the following:

i

iii.

If A is an infinite set, and f: A — B is one-to-one such that B \ f(A) is at most
countable, then show that A = B.

Show that the set of real numbers of (0, 1) for which the dyadic (i.e., p = 2)
representation determined by (a) and (b) of the preceding exercise are different
is a countable set.

For each x € (0, 1), let x = Q.kyky - - - be the dyadic representation determined
by part (a) of the preceding exercise; clearly, each k; is either 0 or 1. Let
f(x) = {n € N: ky = 1}. Show that f:(0,1) — P(IN) is one-to-one such that
PEO\ FUO, 1)) is countable and conclude from part (i) that (0, 1) = P(IN).

7. Forasequence {x,} of real numbers show that the following conditions are equivalent:

oo o

The series Z,,_ Xy is rearrangement invariant in R.

For every permutation o of IN the series Y _no.; Xo, converges in R.

The series Y ne.; [Xx| converges in R.

For every sequence {s,,} of {—1, 1} the series Z,,_l spxn converges in R.
For every subsequence {xy, } of {x,} the series Zn_l xy, converges in R.




10.

11.

12.
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f. For every € > 0, there exists an integer & (depending on ¢) such that for every
finite subset S of IN with min § > &, we have | ), c5 ¥l < €.

(Any series 3 oo | x, satisfying any one of the above conditions is also referred to as
an unconditionally convergent series.)

A series of the form Z” 1 (— 1y"~!x,, where x, > O for each n, is called an alter-
nating series. Assume that a sequence {x,} of strictly positive real numbers satisfies
Xy 4 0. Then establish the following:

a. The alternating series Zn (=" !y, converges in R.
If 3, xy = 0o, then the alternating series 320 ((=1)""lx, is not rearrange-
ment invariant.

This exercise describes the integral test for the convergence of series. Assume that
f:11, 00) — [0, o) is a decreasing function. We define the sequences {0} and {z,]
by

n n
=) f® wmd = [ fwa
k==l 1

Establish the following:

a. 0<o,~—1, < f(1)forall n.

b. the sequence {oy — T, } is decreasing—and hence, convergent in R.

c. Show that the series 3 go f(k) converges in R if and only if the improper
Riemann integral f]°° F(x)dx = limy e fl' Flx)dx exists in R.

Use the preceding exercise to show that the series 3 oo, "',, does not converge in R
for 0 < p < 1 and converges m R forall p > 1. The followm0 are exercises related

to the harmonic series 35, 1: 4

a. Prove with (at least) three different ways that Z" 1% " = co.

b. If a computer starting at 12 midnight on December 31, 1939, adds one million
terms of the harmonic series every second, what was the value (within an error of
1) of the sum at 12 midnight on December 31, 19977 (Assume that each year has
365 days.)

c. Showthat Y02, U —

1 |
e Jim Gy + kg b ) =l
(’I‘oeplitz)12 Let {a,} be a sequence of positive real numbers (i.e., a, > 0 for each 1)
and put b, = Y i_; a;. Assume that b, 1 Y io @ = oo. If {x,} is a sequence of
real numbers such that x,, — x in R, then show that
n

lim — aixi = X.
n-+c0 by, —

(Kronecker)’3 Assume that a sequence of positive real numbers {b,] satisfies
0 <b <b <by <---andb, 1 oo. If a series Z,‘f_.l.\',, of real numbers

120tto Toeplitz, (188 1-1940), a German mathematician. He made many contributions to analysis—
especially to the theory of integral equations and operator theory.

13 Leopold Kronecker (1823-1891), a German mathematician. He devoted his entire life to attempting
to unify (successfully) arithmetic, algebra, and analysis.
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converges in R, then show that

. 1 &
lim —
n—00 by,

bix; = 0.
i=1
In particular, show that if {y,} is a sequence of real numbers such that the series

o ¥ ; Yiteetya
1 converges in R, then - — 0.

[HINT: Put bg = 0, 50 = 0, and s, = x| + --- + x, for each n = 1, and note that
S bixi = Yry bi(si — Si—1) = buSp — Lia Si—1(bj — bi—1). Now use the
preceding exercise.]

6. METRIC SPACES

A metric (or a distance) d on a nonempty set X is a functiond: X x X — R
satisfying the three properties:

a. dx,y)>0forallx,ye X andd(x,y) =0 &= x =y,
b. d(x,y)=d(y,x)foralix,yeX;
c. d(x,y)<d(x,z)+d(z, y)forallx,y,z € X (the triangle inequality).

The pair (X, d) is called a metric space.
In a metric space (X, d) the inequality

ld(x, z) —d(y, 2)| = d(x, y)

holds for all points x, y, z € X. Indeed, from the triangle inequality it follows that
d(x,z) < d(x, y)+d(y, z), and therefore d(x, z) —d(y, z) < d(x, y). Interchang-
ing x and y gives d(y, z) — d(x, z) < d(x, y), from which the inequality follows.

Here are some examples of metric spaces. The reader should be able to verify
by himself that the exhibited functions satisfy the properties of a distance.

Example 6.1. The set of real numbers R equipped with the distance d(x, y) = fx — i
forallx,y e R. B

Example 6.2. The Euclidean'# space R" equipped with the distance
n %
d(x,y) = (Zm - y.->2>
i=1
for x = (x{,....x) and ¥y = (y1,...,ys) in R". This distance on R" is called the
Euclidean distance. B

Example 6.3. Let X be a nonempty set. Then the function d defined by d(x, y) = 1if
x # y and d(x, x) = 0 is a distance on X. This distance is called the discrete distance on
X, and X with this distance is called a discrete metric space. ]

14Eyclid (ca 365-300 BC), a famous Greek geometer and the most celebrated mathematician of all
time. His name was a synonym for geometry until the twentieth century. Euclid's fame rests upon his
classic work on geometry, The Elements, (written in thirteen books) that had a profound influence on
the human mind and inquiry more than any other work except the Bible.
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Example 6.4. Let X = (0, co). Then

1 1
axn=|1

forx, y € X is adistance on X. ]

If Y is a subset of a metric space (X, d), then Y equipped with the distance d
also becomes a metric space.

Now, let us fix a metric space (X, d). If x € X, then the open ball at x with
radius r > 0is the set B(x,r) = {y € X: d(x,y) < r}). The open subsets of X
can now be defined in the usual way. A subset A of X is called open if for every
x € A, there exists some rr > 0 such that B(x,r) € A.

Every open ball B(x,r) is an open set. Indeed, if y € B(x,r), then the open
ball B(y, 1), where ry = r — d{(x, y) > 0, satisfies B(y, ;) € B(x,r). Reason:
z € B(y,r;) implies d(x,z) < d(x,y) +d(y,z) < d(x,y)+r = r, and s0
z € B(x,r).

Theorem 6.5. For a metric space (X, d) the following statements hold:

i. X and @ are open sets.
ii.  Arbitrary unions of open sets are open sets.
iii. Finite intersections of open sets are open sets.

Proof. (i) Obvious.

(ii) Let {A;}ie; be a family of open subsets of X. Let x € | J A;. Then there
exists some i € [ such that x € A;. Since A; is open, there exists r > 0 with
B(x,r) C A; € JA;. Hence, | J 4; is open.

(iii) Let {A;,..., A,} be a finite collection of open sets. If x € ﬂ;’zl Aj,
then for each 1 < i < n there exists r; > 0 such that B(x,r;) € A;. Put
r = min{ry,...,r,}, and note that B(x,r) € (i, A;. Hence, [)_, A; is an
open set. B

A point x is called an interior point of a subset A if there exists an open ball
B(x, r) such that B(x,r) € A. The set of all interior points of A is denoted by
A° and is called the interior of A; clearly, A° C A. It is easy to see that A° is the
largest open subset of X included in A. Also, note that A is open if and only if
A = A°.

A subset A of a metric space (X, d) is called closed if its complement A°
(= X \ A) is an open set. The properties of closed sets are stated next.

Theorem 6.6. For a metric space (X, d) the following statements hold:

i. X and @ are closed sets. :
ii. Arbitrary intersections of closed sets are closed sets.
iii.  Finite unions of closed sets are closed sets.
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Proof. (i) The result follows from X = @, ¢° = X, and Theorem 6.5(i).

(ii) Let { A; }ies be a family of closed sets. Then by Theorem 6.5 and De Morgan’s
law, we see that ([;¢; Ai)° = U,e; AF is open. Thus, (1);¢; A; is a closed set.

(ii) Combine (|}, Ai)¢ = (= A} with Theorem 6.5(iii). ]

It should be observed that a set A is open if and only if A® is closed; and similarly,
A is closed if and only if A® is open. Observe that a set which is not open is not
necessarily closed, and vice versa.

A point x € X is called a closure point of a subset A of X if every open bail
at x contains (at least) one element of A; that is, B(x,7r)N A # @ forallr > 0.
The set of all closure points of A is denoted by ‘A, and is called the closure of A;
clearly, A C A.

Theorem 6.7. For every subset A of a metric space, A is the smallest closed
set thar inciudes A.

Proof. Let A be a subset of a metric space. We show that A is closed. Indeed,
if x ¢ A, then there exists an open ball B(x, r) such that B(x, NNA=¢. If
y € B(x,r), then [since’ B(x,r) is an open set] there exists § > 0 such that
B(y,8) < B(x, r). Thus, B(y,8) N A = @, andso y ¢ ‘A. Consequently,
B(x,r) C (A), and so (A)® is open, which shows that A is closed.

Now, if B is a closed subset such that A C B, then for every x € B¢ there
exists an open ball B(x,r) € B¢. Thus, B(x,r)N B = @, and in particular,
B(x,r)N A = @. This shows that no element of B¢ is a closure point of A, and
therefore A C B. ]

An immediate consequence of the preceding theorem is that a set A is closed if
and only if A = A.

Everysetoftheform A = {x € X: d(x,a) < r }, called the closed ball at a with
radius r, is a closed set. Indeed, assume d(x, a) > r,and putr; = d(x,a)—r > 0.
If d(y, x) < ry, then

d(a,y) = d(a,x)—d(y,x)>d(a,x)~ry=r,

which shows that A® is open, and thus, A is closed. Observe that in a discrete
metric space, B(a, r) may be a proper subset of {x € X: d(x,a) < r}. However,
in the Euclidean space IR”, the closure of every open ball of radius r is the closed
ball of radius r. (Why?)

Lemma 6.8. If A is a subset of a metric space, then A° = (AC¥.
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Proof. Notice that

xeA’ < IAr >0withB(x,r)C A
& Ar > 0with B(x,r)NA =@
e x ¢ AT &= y e (A°),

and the proof is finished.

A point x is called an accumulation point of a set A if every open ball B(x, r)
contains an element of A distinct from x; that is, B(x, r)N (A \ [x}) # @ for each
r > 0. Note that x need not be an element of A. Clearly, every accumulation point
of a set is automatically a closure point of that set. The set of accumulation points
of A is called the derived set of A, and is denoted by A’. It should be clear that
A = AU A’ In particular, it follows that a set is closed if and only if it contains
its accumulation points.

A sequence {x,} of a metric space (X, d) is said to be convergent to x € X (in
symbols, limx, = x, orx, — x)if limd(x,, x) = 0. From the triangle inequality
it easily follows that a sequence in a metric space can have at most one limit. (See
the proof of Theorem 4.2.)

The next theorem characterizes the closure points of a set in terms of sequences.

Theorem 6.9. Let A be a subset of a metric space (X, d). Thena point x € X
belongs to A if and only if there exists a sequence {x,} of A such that lim x, = x.

Moreover, if x is an accumulation point of A, then there exists a sequence of
A with distinct terms that converges to x.

Proof. Assume that x belongs to the closure of A. For each n pick x, € A
such that d(x, x,) < ,l, Then {x,} is a sequence of A such that limx, = x.

On the other hand, if a sequence {x,} of A satisfies limx, = x, then for each
r > 0O there exists some k such thatd(x, x,,) < r forn > k. Thus, B(x,r)NA # @
foreachr > 0,and so x € A.
. Next, assume that x is an accumulation point of A. Start by choosing some x| €

A such that vy 3% x and d(x, x;) < 1. Now, inductively, if xy,...,x, € (A\ {x})

have been chosen, pick x,4+; € A\ {x} such thatd(x, x,41) < min{ﬁ, d(x, x,)}.
Then {x,]} is a sequence of A satisfying x,, 5 x,, if # 55 m and lim x,, = x. [}

A subset A of a metric space (X, d) is called dense in X if A = X. According
to Theorem 6.9, a set A is dense in X if and only if for every x € X there exists a
sequence {x,} of A such that lim x, = x. Also, notice that a set A is dense if and
only if V N A s @ holds for each nonempty open set V.
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A point x € X is called a boundary point of a set A if every open ball of x
contains points from A and AS; that is, if B(x,r)N A # @ and B(x, FYNAS#£Q
for all » > 0. The set of all boundary points of a set A is denoted by dA and is
called the boundary of A. By the symmetry of the definition, 34 = 3 A° holds
for every subset A of X. Also, a simple argument shows that

dA = ANAc.
We now introduce the concept of continuity.

Definition 6.10. A function f:(X,d) — (¥, p) between two metric spaces is
said to be continuous at a point a € X if for every € > 0 there exists § > 0
(depending on €) such that p(f(x), f(a)) < € whenever d(x,a) <$.

The function f is said to be continuous on X (or simply continuous) if fis
continuous at every point of X .

The next theorem presents the most useful characterizations of continuous func-
tions.

Theorem 6.11. Forafunction f:(X,d) — (Y, p) between two metric spaces,
the following statements are equivalent:

i. f is continuous on X.

ii. f~(O) is an open subset of X whenever O is an open subset of Y .
ili. If limx, = x holds in X, then lim f(x,) = f(x) holdsinY .
iv. f(A)cC F(A) holds for every subset A of X.

v. f~N(C)is a closed subset of X whenever C is a closed subset of Y.

Proof. (i) == (ii) Let © be an open subset of Y and a € f~ (). Since
f(a) € O and O is open, there exists some r > 0 such that B(f(a),r) € O.
Now by the continuity of f at a, there exists § > 0 such that d(x, a) < & implies
p(f(x), f(a)) < r. But this shows that B(a,d) & F~HO). Therefore, a is an
interior point of f~!(0), and hence, f~'(0O) is open.

(ii) == (iii) Assume lim x,, = x in X and r > 0. Let V = B(f(x),r). By our
assumption f~'(V) is an open subset of X, and since x belongs to it, there exists
some 8 > 0 such that B(x, §) € f~!(V). Pick some k such that x, € B(x, §) for
all n > k. Then f(x,) € V forall n > k, which shows that lim f(x,) = f(x).

(iii) == (iv) Let A be a subsetof X. If y € f (A), then there exists x € A
such that y = f(x). Since x € ‘A, there exists (by Theorem 6.9) a sequence {x,}
of A such that limx, = x. But then, {f(x,)} is a sequence of f(A), and by
assumptlon lim f(x,) = f(x) = y. By Theorem 6.9 it follows that y € m;
that is, f(A) € f(A).

(iv) == (v) Let C be a closed subset of Y;clearly, C = C holdsin Y. Applying
our assumption to the set A = f~(C), we get f(A) € f(A) < C = C, which
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shows that A € f~!(C) = A. Since A C A is always true, it follows that A = A,
which shows that A = f~!(C) is a closed subset of X.
(v)== (i) Leta € X and € > 0. Consider the closed set

C=[B(f(a),e)] ={y eY:p(fla)y) =€}

By hypothesis, f~'(C) is a closed subset of X. Since a & f ~1(C), there exists
some 8§ > O such that B(a,8) € [f~'(C)]°. But then, if d(x,a) < §, then
p(f(x), f(a)) < e holds, so that f is continuous at a. Since a is arbitrary, f is
continuous on X. The proof of the theorem is now complete. - 2]

From statement (iii) it should be clear that the composition of two continuous
functions between metric spaces (whenever it makes sense) must be a continuous
function.

Two metric spaces (X, d) and (Y, p) are called homeomorphic if there exists
a one-to-one onto function f:(X,d) — (¥, p) such that f and f~! are both
continuous.

Two distances d and p on a set X are called equivalent if a sequence {x,} of
X satisfies limd(x,, x) = 0 if and only if lim p(x,, x) = 0. By the preceding
theorem, for this to happen it is necessary and sufficient for the identity mapping
I:(X,d) — (X, p) to be a homeomorphism. Rephrasing this last statement, d
and p are equivalent if and only if d and p generate the same open sets.

A metric space (X, d) is called bounded if there exists a number M > 0 such
that d(x, y) < M for all x, y € X. The diameter of a subset A of a metric space
(X, d) is defined by

d(A) = sup{d(x, y): x,y € A}.

Thus, (X, d) is bounded if and only if the diameter of X is finite.
If d is a distance on a set X, then the function p defined by

d(x,y)
1+d{x,y)

is also a distance on X. Moreover, (X, p) is bounded and p is equivalent to 4.
We now turn our attention to complete metric spaces. A sequence {x,} of a
metric space (X, d) is called a Cauchy sequence if for every € > 0, there exists
ng (depending on €) such that d(x,, x»,) < € for all n,m > np. Clearly, every
convergent sequence is a Cauchy sequence. However, in general, the converse

olx, y) =

is not true. As an example, let X = (0, co) with distance d(x, y) = |x — y|,
and x, = ;‘; for each n. Then {x,} is a Cauchy sequence that does not converge
inX.

If a metric space has the property that all of its Cauchy sequences converge (in
the space), then the metric space is called a complete metric space. Examples
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of complete metric spaces are provided by the Euclidean spaces R" with their
Fuclidean distances. Recall that according to Theorem 4.9 the real numbers form
a complete metric space.

Here is another important example of a complete metric space.

Example 6.12. Let  be a nonempty set. We shall denote by B(£2) the set of all real-
valued functions defined on 2 that are bounded. That is, a function f: € — R belongs to
B(S2) if and only if there exists a number M > 0 (depending on f) such that | f(w) < M
for all w € Q. Now for each f, g € B(S2) define

D(f, 8) = sup{| f(w) — g(w)|: w € 2}.

Note that since both f and g are bounded, D(f, g) is a real number. We claim that Disa
distance on B(Q) and that, in fact, B(Q) is complete (with this distance).

To see that D is a distance, only the triangle inequality is verified; the other two properties
are trivial. Indeed, if f, g, h € B(S2), then for each w € Q we have

|f (@) — g(@)| < |f(w) — @) + |h(w) ~ gw)] < D(f, 1) + D(h, g),

and so D(f, g) < D(f. h) + D(h, g).

Next, we shall establish the completeness of B(£2). To this end, let {f»} be a Cauchy
sequence of B(£2). Then, given € > 0 there exists ng such that D(fy, fm) < € for all
n,m > ng. In particular, note that for each w € €, the inequality | fu(w) — fulw)l =
D(fy. fm) implies that {f,(w)} is a Cauchy sequence of real numbers. Thus, {f(w)}
converges in R for each w € ; let f(w) = lim fy(w). It easily follows from the inequality
| ful@) — fu(w)| < € forall n,m > ng that | fulw) — flw)] < e foralln > np and all
w € . This last inequality in turn implies that f € B(Q) and D(fu, f) < eforalln > ng.
Hence, lim f, = f, and so B(£2) is complete. B

Closed subsets of complete metric spaces are complete metric space in their
own right.

Theorem 6.13. Let (X, d) be a complete metric space. Then a subset A of X
is closed if and only if A (with metric d) is a complete metric space in its own
right.

Proof. Let A be closed. If {x,) is a Cauchy sequence of A, then {x,} is
a Cauchy sequence of X. Since X is complete, there exists x € X such that
limx, = x. Butsince A is closed, x € A. Thus, (A,d)isa complete metric
space.

Conversely, assume that (A, d) is a complete metric space. If a sequence {xn}
of A satisfies lim x,, = x in X, then {x,} is a Cauchy sequence of X. But then, {x,}
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is a Cauchy sequence of A, and hence, it must converge to a unique element of A.
This element must be x. Thus, x € A, so that A is a closed subset of X. ]

The following important result dealing with complete metric spaces is due to
G. Cantor. (Keep in mind that the diameter of a set A is defined by d(A) =
sup{d(x, y): x,y € A})

Theorem 6.14 (Cantor). Let (X, d) be a complete metric space and let {A,)
be a sequence of closed, nonempty subsets of X such that A, S A, for each
nand limd(A,) = 0.

Then the intersection (-

vy An consists precisely of one element.

Proof. If x,y € ﬂf;, A,, then x,y € A, for each n, and hence, 0 <
d(x,y) < d(A,) for each n. Thus, d(x, y)=0, so that x =y. This shows that

,ﬂ°° ; A, contains at most one element.

HEd

To show that ﬂff;l A, # @, proceed as follows. For each n, choose some
X, € A,. Then, it is easy to see that d(x,4,, X,) < d(A,) holds for each n and p,
and from this it follows that {x,} is a Cauchy sequence of X. Thus, there exists

x € X such that limx, = x, and we claim that x € [),o, A,. Indeed, since
Xm € A, form > n, we get x € A, for each n. But since each A, is closed,
A, = A, holds; therefore, x € A, for each 1, and we are done. B

A subset A of a metric space (X, d) is said to be nowhere dense if its closure
has an empty interior; that is, if (A)° = . Since B° = (BS)® holds for every
subset B, it is easy to see that a subset A is nowhere dense if and only if (A¥ is
dense in X.

A classical nowhere dense subset of the real line is the so-called Cantor set.
Because we shall use it later, we pause for a while to describe this set and its
properties.

Example 6.15 (The Cantor Set). The Cantor set is a subset of [0, 1] and is constructed
as follows:

Let Co = [0, 1]. Then trisect [0, 1] and remove the middle open interval (%, %). Let
C1 = [0, 1U [, 1], and note that C; is the union of 2! = 2 disjoint closed intervals.
Next, trisect each closed interval of C; and remove from each one of them the middle
open interval. Let Cy be the set remaining from C after these removals. That is, C2 =
0, 51U (3. U3 51U (3, 13 note that C3 is the union of 2* = 4 disjoint closed
intervals.

The (inductive) process of constructing C,.1 from Cj, should be clear now. Trisect each
of the 2" disjoint closed intervals of C,;, and remove from each one of them the middle open
interval. What is left from C,, is then Cp+{. Note that Cy4 is the union of 20+ disjoint
closed intervals. The graphs of the first few constructions are shown in Figure 1.1.
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FIGURE 1.1. The Construction of the Cantor Set

Clearly, Cy+1 € C, holds for all 5. The Cantor set of [0, 1] is now defined by C =
(o2 Cp. Next, we mention the most interesting properties of the Cantor set C.

1. The set C is a closed nowhere dense subset of R.
Clearly, C is closed as it is an intersection of closed sets. It should also be clear
from the above construction that € does not contain any interval and thus, C has
empty interior, i.e., is a nowhere dense set.

2. The total length of the removed intervals from [0, 1] to get C equals one.
To see this, note that at the n™ step we remove 2"~! open intervals each of which
has length 3~"; therefore, a total of 2" =1.37" Thus, we remove altogether a total
lengthof 30 27=1.37" =1 5% 3y =1.

3. The set C has cardinality ¢, that is, C = R.
Perhaps the simplest way of proving this is by showing that C =~ 2N, where 2 =
{0, 1}. Since P(N) = 2N [the mapping @ = {a,) > gla) = {n € N: ay = 1} is
one-to-one from 2N onto P(IN)] and P(IN) &~ R (see Exercise 6 of Section 5), it
will follow that C = R. The details are included below.

Ifx = {x} € 2N (je., each x, is either O or 1), then let y, = 2x, for each n, and
define f(x) = Yoo 37 "y,. Clearly, each y, is either 0 or 2. Note first that f(x) € C.
Indeed, since y1 # 1, we have f(x) ¢ (%, %); similarly, since y; # 1, we can see that
fx) ¢ (%, %)U(%, -g-). By induction, we can verify that f(x) does not belong to any of the
removed open intervals. Thus, f(x) € C which shows that x F(x) is 2 mapping from
2Ninto C.

Now, we claim that x ~> f(x) is one-to-one. Indeed, if a = {a,} # b = {bn} holds,
then let & = min{n € IN: a, s by); assume that by = 1 and g = 0. Then, in view of
2) 3 = 3%, we have

[oe] k—1 o]
fby=2) 537" = 2) b3 42 37 >2) a,37" = fla)

n=1 n=1 n=1

Finally, it is not difficult to see that C consists precisely of all numbers of [0, 1] with a
triadic representation (see Exercise 5 of Section 5) assuming the values 0 or 2. This implies
that x > f(x) is onto, proving that C =~ IR. B
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A subset Y of a metric space is said to be meager (or of first category) if there
exists a sequence {A,} of nowhere dense subsets such that ¥ = U‘:‘_’__, Ap. A
metric space is called a Baire!> space if every nonempty open set is not a meager
set. The next result characterizes the Baire spaces.

Theorem 6.16. For a metric space X the following statements are equivalent:

1. X is a Baire space.
2. Every countable intersection of open dense sets is also dense.

3. IfX =2, F.and each F, is a closed set, then the open set Ui (Fn)°
is dense.

Proof. (1) == (2) We shall use the following property of open dense sets:
If B is an open dense set, then its complement BS is nowhere dense. (This follows
from Lemma 6.8 by observing that (B = (B =B =X=0.)

Assume now that X is a Baire space and let {4, } be a sequence of open dense
subsets of X. To show that A = ﬂ‘;‘_’__l A, is dense in X, we need to show that
ANO s @ for each nonempty open set O of X. Suppose, if possible, that ANO =
@ for some nonempty open set O. Then X = (A N O)° = A°U O, and thus

0=xn0=A°mc9_—.<ﬂA,,> nNO = U (ASn o).

n=1 n=1

But this shows that O is a meager set, and thus, it is empty by hypothesis, contrary
to the choice of @. Hence, A is dense in X.

(2) = (3) Let {F,} be a sequence of closed sets satisfying X = Uf,o 1 Fnand
consider the open set O = U"_l (F,)°. Foreachn, let E, = F, \ (F,)° and note
that E, is a nowhere dense closed set. In particular, the set E = UX,Eyisa
meager set.

Since E, is a closed nowhere dense set, it easily follows that each (E,)° is an

open dense set. So, by our hypothesis, E¢ = ﬂ"_ (E,) is also a dense set. Now
notice that

=X\0= U Fi\ U (Fa)° < U{Fn \(Fa)°] =

n=1 ne=1 n=1

and so E¢ ¢ . Since E° is dense, we easily conclude that O is also dense, as
desired.

15René Louis Baire (1874-1932), a French mathematician. Among other topics, he studied exten-
sively the properties of the pointwise limits of sequences of continuous functions.
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(3) = (1) Let'V be a nonempty open set. If V is a meager set, then V can be
written as a countable union V = Un_ A, where (4,)° = @ for each n. Then

X=VCUK] UZ2UZ3U---
is a countable union of closed sets, and so by our hypothesis the open set
(VP UAD° U (A U A U= (VO

is dense in X. From (V©)° € V¢, we see that V° is also dense in X. In particular,
we have V N V°© # @, which is impossible. Hence, V is not a meager set and so
X is a Baire space. |

~1
o1l i

('D

Theorem 6.17 (Baire). Every complete metric space is a Baire space.

Proof. Let {A,) be a sequence of open and dense subsets of X. According to
Theorem 6.16, we have to show that the set A = ()7~ A, is dense in X. Conse-
quently, if x € X and r > 0 are given, we have to establish that B(x, r)N A s @.
LetCla,r)={x € X: d(x,a) <r}.

Since A; is open and dense in X, there exists x; € X and 0 < 1y < 1 such
that C(x1,r;) € B(x,r) N A;. Now, mductwely, if xy,...,x, and ry, ..., 1y
have been selected, choose x,4; € X and ryqy < —-—- such that C(x,41,7n41) €
B(xp, rp) N Apy. Thus, there exists a sequence (,\,,} of X and a sequence {r,}
of real numbers such that 0 < r, < ,- and C(rpat, ras1) © BGop, 1) N Ay
for each n. Now put C, = C(x,, ) for each n. Then each C,is nonempty and

closed, and C,41 € C, holds for each n. Moreover, d(C,) < 2ry, < 2 1mphes
limd(C,) = 0. Thus, by Theorem 6.14, there exists y € Moz Co. But then, it
easily follows that y € B(x,r) N A, and we are done. B

A special case of the preceding theorem with many useful applications is stated
next.

Theorem 6.18. If (X, d) is a complete metric space and X = oo, An, then
(An)° # @ for some n.

A function f:(X,d) — (¥, p) between two metric spaces is called uniformly
continuous if for every € > 0 there exists some & > 0 (depending on €) such that
o(f(x), f(3) < € whenever d(x, y) < . Clearly, every uniformly continuous
function is continuous.



Section 6: METRIC SPACES 45

If X = (0,11 and ¥ = R, both with the distance d(x, y) = |x — y|, then the
function f: X — Y, where f(x) = x2, is uniformly continuous, while g: X — Y,
with g{x) = x~1, is continuous but not uniformly continuous.

For the proof of the next theorem the following simple result is needed:

e Inametric space (X, d), if limx, = x and limy, =y, then
lim d(x,, y») = d(x, y).
-0

To see this, note first that by the triangle inequality we have |d(x, z) — d(z, y)| <
d(x, y), and then use the chain of inequalities

Id(—\‘lh yn) - d(xv y)l .<_. |d(xn» yn) - d(xa y::)l + ]d(x, yn) - d(xv )’)I
S d(xln x) + d(ylh y)7

to establish the validity of the statement.

Theorem 6.19. Let A be a subset of a metric space (X, d) and let (Y, p) be a
complete metric space. If f: A — Y is a uniformly continuous function, then
f has a unique uniformly continuous extension to the closure A of A.

Proof. The uniqueness of the extension should be clear. We only have to
establish its existence.

Let x € A. Then by Theorem 6.9 there exists a sequence {x,} of A such
that limx, = x. We shall show that {f(x,)} is a Cauchy sequence of Y. To
this end, let ¢ > 0. By the uniform continuity of f, there exists § > 0 such that
p(f(x), f(y)) < € whenever x,y € A satisfy d(x, y) < 8. Pick ng such that
d(x,, xp) < 8 forall n,m > ng. Thus, p(f(xy), f(xm)) < € forall n,m > ng;
that is, {f(x,)} is a Cauchy sequence. By the completeness of Y, there exists
y € Y such that lim f(x,) = y.

If now {y,} is another sequence of A such that lim y, = x, then by the above
{f(y,)} converges in Y. Let lim f(y,)=u. Now, for each n define z3, = x,
and z4,-; = y,. Note that {z,} is a sequence of A such that limz, = x. Thus,
lim f(z,) exists in Y. In particular, we have lim f(z5,) = lim f(z3,-1); that is,
y = u. Therefore, lim f(x,) is independent of the choice of the sequence {x,} of
A (as long as it converges to x).

Now, define f*: 4 — Y by f*(x) = lim f(x,), where {x,} is a sequence of A
such that limx, = x. Clearly, f*(x) = f(x) for all x € A. To finish the proof,
we show that f* is uniformly continuous.

If € > 0, choose § > 0 such that p(f(x), f(¥)) < € whenever x, y € A satisfy
dx,y) <§. Nowifx,y € A satisfy d(x, y) < 8, choose two sequences {x,}
and {y,} of A such that limx, = x and lim y, = y. By the discussion before the
theorem, we have limd(x,, y») = d(x, y). Pick ng such that d(x,, y,) < & for
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all n > ng. Then p(f(xy), f(¥)) < € for n > np, and so, by the same remark
p(f*(x), f*(3)) < €, which shows that f* is uniformly continuous on A. ]

A function f: (X, d) — (¥, p) between two metric spaces is called an isometry
if p(f(x), f(3)) = d(x, y) holds for all x, y € X. If in addition f is onto, then
(X, d) and (Y, p) are called isometric. Note that two isometric metric spaces
are necessarily homeomorphic. Also, observe that every isometry is a uniformly
continuous function.

A complete metric space (¥, p) is called a completion of a metric space X, d)
if there exists an isometry f:(X, d) — (¥, p) such that f(X)is densein Y. If we
think of X and f(X) as identical, then X can be considered as a subset ofY.

Any two completions of a metric space (X, d) must be isometric. Indeed, if
(Y1, p1) and (Y, o) are two completions of (X, d), then there exist two isometries
f:X — Y, and g: X — Y,. Thus, g is an isometry from X onto g(X) and f!
is an isometry from f(X)onto X. Thenh =go f =1 is an isometry from f(X)
onto g(X) C Y,. Since f(X) is dense in Y1, & is uniformly continuous and Y is
complete, it follows from Theorem 6.19 that there exists a uniformly continuous
extension h* of h to all of ¥;. It is now straightforward to show that #* is an
isometry from Y; onto Ys.

Observe that if f:(X,d) — (¥, p) is an isometry and (¥, p) is complete, then
the closure f(X) is a completion of X (since, by Theorem 6.13, f(X) is a complete
metric space). Next, we shall use this observation to establish that every metric
space has a completion.

Theorem 6.20. Every metric space has a unique (up to an isometry) comple-
tion.

Proof. let (X, d) be a metric space. Fix an elementa € X. Foreach x € X,
let fi:X — IR be defined by fi(y) = d(x, y) — d(y,a) for each y € X. From
the triangle inequality it is easy to see that | /v ()| < d(x, a) foreach y € X, and
this shows that f, is a bounded function for each x € X. That is, fi € B(X)
for each x € X; see Example 6.12. We have established, therefore, a function
f:X — B(X)byx + f.. Weclaim that f is an isometry. (Recall that the
distance on B(X) is given by D(f, g) = sup{| f(x) — g(x)}|: x € X}.)

Indeed, note first that if x, z € X, then

o) = £O) = ld(x, ¥) = d(y @) — [d(z, y) — d(y, ]|
= |d(x,y)=d(z,y) <d(x,z

holds for all y € X. On the other hand, | f(z) — f:(z)| = d(x, z). Hence,

D(fx. f2) = sup{l £ (3) = f-O)I: y € X} =d(x, 2).
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Since (B(X), D) is a complete metric space (see Example 6.12), we see that

(f(X), D) is a completion of (X, d).

The uniqueness of the completion (up to an isometry) was established in the

discussion before the theorem. The proof is now complete. |

EXERCISES

1.

10.

11.

For subsets A and B of a metric space (X, d), show that:

a. (AN B)Y = A°N B°.
b. A°UB° C(AUBRB)".
c. AUB=AURB.

d. ANBCANB.

e.

If Bisopen, then ANB C ANB.

Show that in a Euclidean space R”" with the Euclidean distance, the closure of any
open ball B(a, r) is the closed ball {x € R": d(x,a) < r}. Give an example of a
complete metric space for which the corresponding statement is false.

If A is a nonempty subset of R, then show that the set

B = {a € A: There exists € > 0 such that (a,a +€)N A = @)

is at most countable.

Let f:(X,d) — (¥, p) be a function. Show that f is continuous if and only if
F1(B% < (F~1(B))° for every subset B of Y.

Show that the boundary of a closed or open set in a metric space is nowhere dense. Is
this statement true for an arbitrary subset?

Show that the set of irrational numbers is not a countable union of closed subsets of
R.

[HINT: Use Baire’s theorem.]

Let (X, d) be a metric space. Show that if {x,} and {y,} are Cauchy sequences of X,
then {d(xy, yn)} converges in IR.

Show that in a metric space a Cauchy sequence converges if and only if it has a
convergent subsequence.

Prove that the closed interval [0, 1] is an uncountable set:

a. by using Cantor’s Theorem 6.14, and
b. by using Theorem 6.18.

Let {ry, r2, ...} be an enumeration of all rational numbers in the interval [0, 1] and
foreachx € [0, 1]let Ay == (n € IN: r, < x}. Define the function f:[0, 1] - R by
the formula ’

flx) = =

n’
neA;
Show that f restricted to the set of irrational numbers of [0, 1] is continuous.
This exercise concerns connected metric spaces. A metric space (X, d) is said to be
connected whenever @ and X are the only subsets of X that are simultaneously open
and closed. A subset A of a metric space (X, d) is said to be connected whenever
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12.

13.

14.

15.

7.
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(A, d) is itself a connected metric space. Establish the following properties regarding
connected metric spaces and connected sets.

a. A metric space (X, d) is connected if and only if every continuous function
f:X — {0,1} is constant, where the two point set {0, 1} is considered to be
a metric space under the discrete metric.

b. If in a metric space (X, d) we have B € A C X, then the set B is a connected
subset of (A, d) if and only if B is a connected subset of (X, d).

c. If f1(X,d) — (¥, p) is a continuous function and A is a connected subset of X,
then f(A) is a connected subset of Y.

d. If {A;)ies is a family of connected subsets of a metric space such that [);¢; Ai #
@, then |J;; Ai is likewise a connected set.

e. If A is a subset of a metric space and @ € A, then there exists a largest (with
respect to inclusion) connected subset C, of A that contains a. (The connected
set C, is called the component of a with respect to A.)

f. Ifa,b belong to a subset A of a metric space and C, and C}, are the components
of @ and b in A, then either C, = C; or else C; N Cp = (. Hence, the identity
A = J,e4 Ca shows that A can be written as a disjoint union of connected sets.

g. A nonempty subset of R with at least two elements is a connected set if and only
if it is an interval. Use this and the conclusion of (f) to infer that every open subset
of R can be written as an at-most countable union of disjoint open intervals.

Show that IR” with the Euclidean distance is a connected metric space. Use this
conclusion to establish that, if the intersection of two open subsets of R" is a proper
closed set, then the two open sets must be disjoint.

Let C be anonempty closed subset of R. Show thata function f: C — Riscontinuous
if and only if it can be extended to a continuous real-valued function on R.

Show that a metric space is a Baire space if and only if the complement of every
meager set is dense.

A subset of a metric space is called co-meager if its complement is a meager set. For
a subset A of a Baire space show that:

a. A is co-meager if and only if it contains a dense G g-set.
b. A is meager if and only if it is contained in an F,, -set whose complement is dense.

COMPACTNESS IN METRIC SPACES

We shall discuss in this section the basic properties of compact sets. A family
{A;}ies Of subsets of a set X is said to cover a subset A of X if A C ;¢ 4i. If
a subfamily of {A;};e; also covers A, then it is called a subcover. If (X, d)isa
metric space, then any cover of a set consisting of open sets will be called an open
cover of the set. -

Open covers of subsets of the Euclidean spaces IR” can always be reduced to

countable ones, as the next classical result of E. Lindelsf!¢ shows.

16Emst Leonhard Lindelsf (1870-1940), a Fin mathematician. He contributed to function theory
and he is known for his theorems on the existence of solutions to differential equations.
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Theorem 7.1 (Lindelof). Every open cover of a subset of R" can be reduced
to an at-most countable subcover.

Proof. Callapointa = (ay, ..., a,) € R" rational if each component a; is a
rational number. Let A be a subset of R" and {O};¢,; be an infinite open cover of
Ale,AC Uiel O;.

Now, for each x € A choose first an index iy € [ such that x € O, , and
then pick a rational point @, € R" and a rational positive number r, such that
x € B(ay,ry) € O;. Then the collection {B(ay,r,): x € A} is an at most
countable (why?) open cover of A. Since each B(ay, r,) is a subset of some O, it
easily follows that there exists an at-most countable subcover of {O; };e; forA. B

And now we are ready to introduce the important notion of compactness.

Definition 7.2. Let (X, d) be a metric space. A subset A of X is said to be
compact if every open cover of A can be reduced to a finite subcover. If X is
itself a compact set, then (X, d) is referred to as a compact metric space.

The concept of compactness is of fundamental importance in analysis and in
mathematics in general. The next result characterizes the compact sets in metric
spaces and gives an indication of the usefulness of the compact sets.

Theorem 7.3. Forasubset A of ametric space (X, d) the following statements
are equivalent:

1. A lisacompact set.

2. Every infinite subset of A has an accumulation point in A.
3. Every sequence in A has a subsequence which converges to a point of A.

Proof. (1)==>(2) Let S be an infinite subset of the compact set A. Assume
by way of contradiction that § has no accumulation point in A.

Thus, for every x € A there exists some -, > 0 such that B(x, 7, )N\ {x}) =
@. Note that B(x,r,) NS C {x}. Clearly, A C U_\.E A B(x,ry) holds, and, in view
of the compactness of A, there existx;, ..., x, € Asuchthat A C | Ji_, B(xi, ry).
But then,

S=AnSc|J[B(xiry)NS] S (1, ... xa),
i=1

which shows that S must be a finite set, contradicting our hypothesis.

(2) == (3) Let {x,] be a sequence of A. If the sequence {x,} assumes only a
finite number of distinct values, then there is nothing to prove—since it must have
a constant subsequence.
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So, assume that {x, } assumes an infinite number of distinct values. This implies
the existence of a subsequence {y,} of {x,} such that y, # y, holds whenever
n # m. (To see this, set k; = 1 and proceed inductively as follows: If k) < --- <
k, have been selected, then choose some k41 > k, with xp,,, 5 Xy, for each
1 <i < n. Such an integer k,,; must exist since {x,} assumes an infinite number
of distinct values. If we let y, = x;,, then the subsequence {y,} of {x,} has the
desired properties.) .

Now, the set {yi, y2, ...} is an infinite subset of A, and so by our hypothesis it
has an accumulation point in A, say x. Note that we can assume that y, 3 x for
each n; if y; = x for some k, then replace {y,} by {Yr4n}.

Next, choose m; with d(yn,, x) < 1. Now, inductively, if m; < --- < m, have
been selected, choose m,.; such that

n?

1
d(Ympis X) < min{n L d(y1, x), d(y2, x), ..o d (Y, X )}

Clearly, m,; > m, must hold. This shows that {y,, } is a subsequence of {y,},
and hence, a subsequence of {x,}. In view of d(y,,,x) < %, it follows that
lim yy,, = x, as required.

(3)== (1) Let A € [J;¢; Oi be an open cover of A.

ClaimI: There exists some 8§ > 0 such that for each x € A we have B(x, §) C
O; for at least one i € I. (Any such number § > 0 is called a Lebesgue number
of A for the open cover {O;}ier.)

To see this, assume that our claim is false. This means that for each n, there
exists some x,, € A such that B(x,, ") NOf # @holds foreachi € /. Letx € A
be the limit of some subsequence of {x,}. Ple some i € I with x € O;, and then
choose some r > 0 with B(x,r) € ;. Next, select some » so that ,—1, < 5 and
dlx, x,) < % It follows that B(x,, %) C B(x,r) € O, contrary to the selection
of x,. This establishes the validity of our claim.

Claim II. For eachr > 0, there exist xy, ..., x, € A such that

AC L"JB(xj,r).

j=1

To see this, let r > 0, and assume that the claim is false. Fix some x; € A,
and then choose x, € A\ B(xy,r). In general, using induction, choose x,4; €
A\ Ui B(xi,r). Clearly, d(x,, x,,) > r holds for n # m. This implies that
no subsequence of {x,} can converge, which contradicts our hypothesis, and our
second claim has been established.

To finish the proof, pick a Lebesgue number.§ > 0 of A for {O;};¢s. and then
choose xy,...,x, € Asuchthat A C U'}=1 B(x;, 8). Now, for each j pick some
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ij € I such that B(x;,8) € O;,. Thus, A C Jj_; B(x;,8) € =1 Oy, holds.
This shows that A is a compact set, and the proof is finished. ]

The compact subsets of the Euclidean spaces are precisely the closed and
bounded subsets. This result (known as the Heine-Borel theorem!”'®) gave rise
to the present definition of compactness. The details follow.

Theorem 7.4 (Heine~Borel). A subset of a Euclidean space is compact if and
only if it is closed and bounded.

Proof. Let A be a subset of some Euclidean space IR¥. Let us denote by d the
Euclidean distance of R¥; that is,

e

k
d(x,y) = [ > i — yi)""} -
i=1

Assume that A is a compact set. We shall show first that A is a bounded set.
Since A € (¢4 B(x, 1), there exists a finite number of points xy, ..., X, of A
such that A € ;. B(x;, 1). Let M = max{d(x;, x;): i,j = 1,...,n}. If
x,y € A, thenchoose i and j such thatx € B(x;, 1) and y € B(xj, 1). Therefore,

d(x,y) <d(x,x) +dx;, x5) +d(xj,y) < M +2 < 00,

so that A is bounded.

Next, we show that A is closed by establishing that A contains its closure points.
Letx € A. By Theorem 6.9 there exists a sequence {x,} of A such thatx = limx,.
Now, by Theorem 7.3, {x,} has a a subsequence that converges to some point of
A. Since every subsequence of {x,} must converge to x, it follows that x € A.
That is, A C A holds, so that A is closed.

For the converse, assume that A is a closed and bounded subset of R*. Pick
some M > 0sothatd(x, y) < M holds for all x, y € A. Fix an element y € A.
Ifa=(a,...,a) € A, then |¢;] < d(a,0) <d(a,y)+d(y,0) <M +d(y,0)
holds for each 1 < i < k. Thus, the set of real numbers consisting of the jth
coordinates of the elements of A is a bounded set.

Now, let {x,} be a sequence of A. Since the sequence of the first coordinates of
{x.} is a bounded sequence of real numbers, it follows from Corollary 4.7 that there
exists a subsequence {x} of {x,} such that its first coordinates form a sequence

Heinrich Eduard Heine (1821-1881), a German mathematician. He studied several classes of
functions and he was the first to formulate and introduce the notion of uniform continuity.

18Emile Borel (1871-1958), a French mathematician. He made many contributions to analysis and
probability. His 1898 classic book, Lecons sur la Théorie des Fonctions, laid the basis of measure
theory.
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that converges in IR. Now, proceed as follows: Choose a subsequence {x,z,} of
{x]} so that its sequence of second coordinates converges in R, and so on. After
k steps, the sequence {x¥} is a subsequence of {x,} having the property that for
each 1 < i < k the sequence of its i % coordinates form a convergent subsequence.
This implies that {x¥} converges in IR¥, and since A is closed, it converges to some
point of A. Thus, every sequence of A has a convergent subsequence in A. By

Theorem 7.3, A is a compact set, and the proof is finished. ]

In general, the Heine~Borel theorem is not valid for arbitrary metric spaces. As
in the above proof, if a subset of a metric space is compact, then the set is closed .
and bounded. However, a closed and bounded subset of a metric space need not
be compact. Here is a simple example.

- Let X be an infinite set, and let d be the discrete distance on X [thatis, d(x, y) =
1if x # y, and d(x, x) = 0]. Note that B(x, 1) = {x} foreach x € X. Clearly, X
is closed and bounded (with respect to this distance), and X = [ ..y B(x, 1). But
this open cover cannot be reduced to a finite subcover. In fact, if X is uncountable,
it cannot even be reduced to a countable subcover.

The next result informs us that continuous images of compact sets are also
compact sets.

Theorem 7.5. Let f:(X,d) — (Y, p) be a continuous function, and let A be
a compact subset of X. Then f(A) is a compact subset of Y .

Proof. Let f(A) € ;; ©i be an open cover. Then A C Ui, f~'(O), and
by the continuity of f each f~!(O;) is an open subset of X. By the compactness
of A, there exist indices iy, ..., I, suchthat A C U::ml f~Y(O;,). Thus,

fiayc f( U f~*(o,,.)) - L';J‘f(f"(Oi",)) cJo..

m=1 m=1

so that f(A) is compact. ]

From the last result and Theorem 7.4, it easily follows that if f:(X,d) - R
is continuous, then f attains a maximum and a minimum value on every compact
subset of X.

Every closed subset of a compact metric space (X, d) is compact. Indeed, if
C is closed and {O;};¢; is an open cover of C, then X = C°U [Ujes Oilis an
open cover of X. Since X is compact, there exist indices iy, ...,y such that
X =C°U0;U---UQ;,. ButthenC C 0;, U---U0Q;,, and hence, C is compact.

A function f:(X,d) — (¥, p) is called an open mapping if f(A) is open
whenever A is open. Similarly, f is called a closed mapping if f(A) is closed
whenever A is closed.
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Theorem 7.6. Let (X,d) be a compact metric space and suppose that
f(X,d) — (Y, p) is a continuous function. Then f is a closed mapping.
In particular, if f is one-to-one and onto, then f is a homeomorphism.

Proof. Let C be a closed subset of X. Then C is a compact subset of X, and
by Theorem 7.5 the set f(C) is a compact subset of Y. Hence, f(C) is closed,
and so, f is a closed mapping.

If now f is in addition one-to-one and onto, then the relation (f~1)"!(4) =
f(A) holds for every subset A of X. But then, it follows from the first part and
Theorem 6.11(v) that ™! is also continuous, and hence, that f is a homeomor-
phism. , =

A continuous function need not be uniformly continuous. However, a continu-
ous function whose domain is compact is always uniformly continuous.

Theorem 7.7. Let f:(X,d) — (¥, p) be a continuous function. If (X, d) is
compact, then f is uniformly continuous.

Proof. Lete > 0. By the continuity of f, for every x there exists r, > 0
such that p(f(y), f(x)) < € holds whenever d(x,y) < 2r,. Then the col-
lection of open balls B(x,r,) covers X, and since X is compact, there exists
a finite number of points Xy, ..., X, in X such that X = (Ji_, B(x;, ry). Let
§=min{ry,...,ry}>0.

Now, assume that x,y € X satisfy d(x, y) < §. There exists an integer i
(1 =i < n)suchthatd(x, x;) < ry,. Clearly, p(f(x), f(x:)) < €. By the triangle
inequality

d(y,x) <d(y, x)+dx,x;) <8+ry <2ry

holds. Therefore,

p(f (), fFO) < p(f(x), Fa)) + p(f(x), fO)) < €+ € =2e.

This shows that f is uniformly continuous, and we are finished. B

A metric space (X, d) is called totally bounded if for each » > O there exists
a finite number of points xy, ..., x, such that X = ULI B(x;,r). A compact
metric space is totally bounded, but a totally bounded metric space need not be
compact; take, for instance, X = (0, 1) with the distance d{x, y) = |x — y|.

The next result shows the connection between compactness and completeness.

Theorem 7.8. A metric space is compact if and only if it is complete and
totally bounded.
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Proof. Let (X, d) be a metric space. Assume first that (X, d) is compact.
Clearly, (X, d) is totally bounded. By Theorem 7.3, every sequence {x,} has a
limit point x in X and hence, if {x,} is a Cauchy sequence, then lim x, = x. Thus,
(X, d) is also complete. ‘

For the converse, assume that (X, d) is complete and totally bounded. According
to Theorem 7.3, we must show that every infinite subset of X has an accumulation
point. To this end, let A be an infinite subset of X. Let us write (for this proof
only) C(a,r) = {x € X: d(a,x) <r}. Since X is totally bounded, there exists a
finite subset F of X such that X = { J,.r C(x, 1). But then, since A is an infinite
set, there exists some x; € F such that A N C(xy, 1) is an infinite set. Now, by
induction, if xj, ..., x, have been chosen such that the set ANC(x;, )N --- N
C(xy, %) in an infinite set, then argue as previously shown to select x,,; such that
the set

1 1 1
AﬂC(xh ])HC(XQ, -2—> ﬂ-uﬂC(x,.,,;) ﬂC(an, m)

is infinite. Next, put E,, = C(x;, )N --- N C(xp, %) for each n; clearly, each E,
is nonempty and closed. Also, E,4; € E, and d(E,) < % hold for each n.

By Theorem 6.14, there exists a € X such that a € E, for each n. Observe
thatify e ANC(xy, 1O -NC(xp, ;,‘-), thend(a, y) <d(a, x,)+d(x,, y) < %
holds, from which it follows that a is an accumulation point of A. The proof of
the theorem is now complete. : #

EXERCISES

1. Let f:(X,d) — (Y, p) be a function. Show that f is continuous if and only if f
restricted to the compact subsets of X is continuous.
[HINT: If lim x,, = x, then the set {x,: n € N} U {x} is compact.]

2. A metric space is said to be separable if it contains a countable subset that is dense
in the space. Show that every compact space (X, d) is separable.
[HINT: For every n choose a finite subset F, of X such that X = U.‘.e F, B(x, -,1;).
Now show that F = | Ji2.; F, is dense in X.]

3. Show that if (X, d) is a separable metric space (see the preceding exercise for the
definition), thencard X <c¢.

4, Let (X1,d}),....(Xn, dy) be metric spaces, and let X = X x --- x X,. If x =
(x1,...,xp)and y = (3, ..., ¥n), define

1=

Di(x,y) =) dn(im, ym) and Dz(x,y)-—-(Z[dm(xm,ym)]z) :

m=1 m=1

a. Show that D and D, are distances on X.
b. Show that Dy is equivalent to D».
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c. Show that (X, Dy) is complete if and only if each (X;, d;) is complete.
d. Show that (X, D) is compact if and only if each (X;, d;) is compact.

Let {(X,,dy)} be a sequence of metric spaces, and let X = ['[ff‘;, Xy. For each
x = {x;} and y = {y,} in X define

21 Au(Xny Yn)

Aoy =Y . o Yu)
() 12" 1+ dy(xn, yn)

n=

a. Show that d is a distance on X.
b. Showthat(X, d)isacomplete metric space if and only ifeach (X, d,,) is complete.
c. Show that (X, d) is a compact metric space if and only if each (X, d,) is compact.

A family of sets F is said to have the finite intersection property if every finite
intersection of sets of F is nonempty. Show that a metric space is compact if and
only if every family of closed sets with the finite intersection property has a nonempty
intersection.

Let f: X — X be a function from a set X into itself. A pointa € X is called a fixed
point for f if f(a) = a. Assume that (X, d) is a compact metric space and f: X — X
satisfies d(f(x), f(¥)) < d(x, y) for x 3 y. Show that f has a unique fixed point.
[HINT: Show that the function g(x) = d(x, f(x)) attains its minimum value, that it
must be zero.]

Let (X, d) be a metric space. A function f: X — X is called a contraction if there
exists some 0 < o < 1 such that d(F(x), f(3) < ad(x,y)forallx,y € X; o is
called a contraction constant. Show that every contraction f on a complete metric
space (X, d) has a unique fixed point; that is, show that there exists a unique point
x € X such that f(x) = x.

[HINT: Pick a € X, and define the sequence x; = a, and xp41 = f(x,) forn > 1.
Show that {x,} is a Cauchy sequence and then that its limit is a fixed point of f.]

A property of a metric space is called a topological property if it is preserved in a
homeomorphic metric space.

a. Show that compactness is a topological property.
b. Show that completeness, boundedness, and total boundedness are not topological
properties.

Let (X, d) be a metric space. Define the distance of two nonempty subsets A and B
of X by

d(A, B) = inf{d(x,y): x € A and y € B}.

a. Give an example of two closed sets A and B of some metric space with ANB = &
and such that d(A, B) = 0.

b. fANB =@, Aisclosed, and B is compact (and, of course, both are nonempty),
then show that d(A, B) > 0.

Let (X, d) be a compact metric space and f: X — X an isometry; that is, d(f(x),
F () =d(x, y)holdsforallx, y € X. Then show that f isonto. Does the conclusion
remain true if X is not assumed to be compact?
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Show that a metric space (X, d) is compact if and only if every continuous real-valued
function on X attains a maximum value.

This exercise presents a converse of Theorem 7.7. Assume that (X,d) is a metric
space such that every real-valued continuous function on X is uniformly continuous.

a. Show that X is a complete metric space.
Give an example of a noncompact metric space with the above property.

c. If X has a finite number of isolated points (an element ¢ € X is said to be an iso-
lated point whenever there exists some r > Osuchthat B(a, r) N (X'\ {a}) = @),
then show that X is a compact metric space.

Consider a function f:(X,d) — (¥, p) between two metric spaces. The graph G of
f is the subset of X x ¥ defined by

G={x,y)eXxY:y=f(x)

If (¥, p) is a compact metric space, then show that f is continuous if and only if G is
a closed subset of X x ¥, where X x Y is considered to be a metric space under the
distance D((x, v), (4, v)) = dlx, u) + p(y. v); see Exercise 4 of this section. Does
the result hold true if (¥, o) is not assumed to be compact?

A cover {V;)jes of aset X is said to be a pointwise finite cover whenevereach x € X
belongs at most to a finite number of the V;. Show that a metric space is compact if
and only if every pointwise finite open cover of the space contains a finite subcover.




CHAPTER 2

TOPOLOGY AND CONTINUITY

The role of open and closed sets in metric spaces has been discussed previously.
Now, the fundamental notion of an open set will be generalized by introducing
the concept of a topological space. The properties of open and closed sets will be
studied in this setting. This chapter is devoted entirely to topological and function
spaces and emphasizes the results needed for this book. For a detailed study of
general topology, the reader is referred to the classical book on the subject [18].
For a modern detailed treatment of general topology, you might consult the mono-
graph [22].

The material has been arranged into four sections. The first section discusses
the theory of topological spaces. The second section deals with the properties of
continuous real-valued functions, and introduces the concepts of vector lattices and
function spaces. The notions of pointwise and uniform convergence of sequences
are discussed, and theirrelations to one another are investigated. In the third section
of this chapter, we investigate extension and separation properties of real-valued
continuous functions. Finally, the fourth section culminates the discussion with a
detailed presentation of the classical Stone~Weierstrass approximation theorem.

8. TOPOLOGICAL SPACES

In the previous sections, the fundamental properties of metric spaces were dis-
cussed. The open and closed sets played a basic role in that study. In this section
the concepts used in a metric space will be generalized by introducing the notion
of a topological space. Properties such as closeness, convergence, and continuity
will be studied in this setting.

The starting point is the definition of open sets.

Definition 8.1. Let X be a nonempty set. A collection t of subsets of X is said
to be a topology on X if v satisfies the following properties:

. Xertand per.

2. IfU andV belongtot,thenUNYV € 1.

3. If (Vi}ies is a family of members of T, then | J;; Vi € 7.

57
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If 7 is a topology on a set X, then the pair (X, 7) is called a topological space.
If there is no ambiguity about the topology t, sometimes for simplicity we shall
write X instead of (X, 7). The members of 7 are called the open sets of X.

Some examples of topological spaces are presented next. It is expected that the
reader will be able to verify that the exhibited collections are indeed topologies.

Example 8.2. Let X be a nonempty set. Then t = (@, X} is a topology on X, called
the indiscrete topology. This topology is the smallest possible (with respect to inclusion)
topology on X. o

Example 8.3. Let X be a nonempty set. Then 7 = P(X) is a topology on X. Here every
subset of X is an open set. This topology is called the discrete topology, and it is the
“largest” possible topology on X. B

Example 8.4. Let (X, d) be a metric space, with the set X uncountable. Let 7 denote the
collection of all subsets O of X such that for each x € O there exist r > 0 and an at-most
countable subset A of X (both depending on x) such thatx ¢ A and B(x,7)\ A € O. Then
7 is a topology on X. - |

Example 8.5. Let (X, d) be a metric space. Then the collection of all open subsets of
X satisfies the properties for a topology; see Theorem 65. Thus, every metric space is a
topological space. - |

Example 8.6. Let X = R* be the set of extended real numbers. Let 7 be the collection of
subsets of X defined as follows. A subset @ of X belongs to  if it satisfies these properties:

1. Foreachx € ONR thereexistsr > 0 (depending on x) such that (x —r, x +r) € O.
2. If oo € O, then there exists 2 € R such that (@, 00] € O.
3. If —oo € O, then there exists a € IR such that [—~o0, a) € O.

Then 7 is a topology on R*, |

Example 8.7. Let (X, ) be a topological space, and Y a subset of X. Define a collection
of subsets of Y by

ty={VNY:Verl

Then (Y, ty) is a topological space. The topology vy is called the topology induced by
on Y, or the relative topology of ron Y. ]

Unless otherwise stated, for our discussion here, we shall assume that (X, t) is
a fixed topological space. The closed sets are now defined as in the case of metric
spaces. A subset A of X is said to be closed if its complement A® is open (i.e.,
A® € t). By taking complements, the following properties of closed sets follow
directly from Definition 8.1: ‘

1. @ and X are closed sets (as well as open sets).
2. Finite unions of closed sets are closed sets.
3. Arbitrary intersections of closed sets are closed sets.
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The balls of a metric space are now replaced in this setting by neighborhoods.
A neighborhood of a point x is any open set containing x. Thus, an open set is
a neighborhood for all of its points. In particular, note that a subset A of X is
open if and only if every point of x € A has a neighborhood V; such that V, C A.
(Indeed, if A has this property, then A = (.., V« is an open set, since it is a union
of open sets.)

The interior A° of a subset A of X is defined by

A® = {x € X: Janeighborhood V of x suchthat V € A}.

The members of A° are called the interior points of A. Clearly, A° is an open set,
and A° C A. Moreover, A° is the largest open set that is included in A. It should
be also clear that A'is open if and only if A = A°,

The closure and accumulation points of a set are defined as in metric spaces. A
point x € X is said to be a closure point for a set A if every neighborhood V of x
contains (at least) one point from A (that is, if V N A # @ for every neighborhood
V of x). The set of all closure points of A is denoted by A and is called the closure
of A. Clearly, A C A. As in the proof of Theorem 6.7, it can be shown that Ais
the smallest (with respect to inclusion) closed set that contains A. It follows from
this that a set A is closed if and only if A = A. Some other useful properties that
the closure operator satisfies are the following:

a. fACB,thenACB.
b. AUB=AUB for all subsets A and B.
c. A° = (A°)* for every subset A.

A subset A of X is said to be dense in X if A = X.

A point x € X is said to be an accumulation point of a subset A if every
neighborhood of x contains a point of A different from x; that is, if (V \ {x}) N
A # @ holds for each neighborhood V of x. The set of all accumulation points of A
is denoted by A’ and is called the derived set of A. Clearly, A’ C A. Also, it easily
follows that A = A U A’ and from this that a set A is closed if and only if A’ C A.

A point x € X is said to be a boundary point of a set A if V N A# @ and
V N A® # @ hold for every neighborhood V of x. The set of all boundary point of
A is denoted by d A and is called the boundary of A. Observe that

9A = AN A,

and hence, 04 is always a closed set. Also, it is easily seen that 9A = 0 A° holds
for every subset A of X. Moreover, A = A U A also holds.

A subset A of X is said to be nowhere dense if (A)° = @. A set A is called a
meager set (or a set of first category) if there exists a sequence {A,} of nowhere
dense sets such that A = [ J 2 A, Observe that any subset of a meager set is

h==

itself necessarily a meager set.
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A sequence {x, } inatopological space (X, 7) is said to converge to x (denoted by
limx, = x) if for every neighborhood V' of x there exists an integer k (depending
on V) such that x, € V forall n > k. Our first observation is that, in contrast
with a metric space, a sequence can have more than one limit. For instance, every
sequence in the topological space of Example 8.2 converges to every point of X.

However, in a Hausdorff! topological space, every sequence has at most one
limit. A topological space (X, 7) is said to be a Hausdorff space if for every
pair x, y € X with x 5 y there exist neighborhoods V of x and U of y such that
V NU = . That is, a Hausdorff space is a topological space in which any
two distinct points can be separated by disjoint neighborhoods. Unless otherwise
stated, all topological spaces encountered in this book will be Hausdorff.

Our attention now turns to continuous functions. A function f: (X, ) — (¥, 1)
between two topological spaces is said to be continuous at a point a € X if for
every neighborhood V of f(a) there exists a neighborhood W of a such that
fx) € V whenever x € W. If f is continuous at every point of X, then f is
called a continuous function. :

The next result characterizes the continuous functions and is the parallel of
Theorem 6.11.

Theorem 8.8. For a function f:(X,t) — (¥, 1;) between two topological
spaces, the following statements are equivalent:

1. f is a continuous function.

2. f~UO) is open whenever O is an open subset of Y .

3. f(A) € F(A) holds for every subset A of X.

4. f~YC) is a closed subset of X whenever C is a closed subset of Y .

Proof. (1)==(2) Let O be an open subset of Y, and leta € f ~1(®). Then
there exists a neighborhood V of a such that f(x) € O forallx € V. Thus,
V € f~1(O), and so a is an interior point of f~'(0). Since a € F1O) is
arbitrary, it follows that f~1(O) is open.

(2)==B)Let A C X andput B = m Since B is closed, B® is open, and
thus, by our hypothesis f~!(B®) = [f~(B)]° is also open. This implies that the
set f~1(B) is closed. Now, by virtue of A € f~'(B) we obtain A c fU(B).
Therefore, f (AYC B = 7—(74.5, as desired.

(3) == (4) Let C be a closed subsetof Y. Put A = F~(C). Then, f(Z)
fA ¢ € = C holds, which shows that A € f~1(C) = A. Therefore, A =
and so A = f~1(C) is a closed set.

(4)== (1) Leta € X, and let V be a neighborhood of f(a). Since V¢ is closed,
FY(Ve) = [f~(V)]° is also closed by our assumption, and so W = Ff N (V)isan

c
A,

IFelix Hausdorff (1868—1942), a German mathematician. His main work was in topology and set
theory. He is the founder of general topology and the theory of metric spaces.
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open set. Observe now that @ € W, and thus, W is a neighborhood of a. Clearly,
x € W implies f(x) € V, sothat f is continuous at . Since a is arbitrary, f isa
continuous function. B

A countable union of closed sets is not necessarily a closed set, and a countable
intersection of open sets need not be an open set. Such sets are nevertheless of
importance. A set is called an F,-set if it is the union of countably many closed
sets. Similarly, a set is said to be a G-set if it is the intersection of countably
many open sets.

The next theorem tells us that the prior classes of sets are in a dual relation.

Theorem 8.9. A set is an Fy-set if and only if its complement is a Gs-set.
Similarly, a set is a Gs-set if and only if its complement is an Fs-set.

Proof. Let A be an 'Fa—set, so that A = |J2 yAn, where each A, is closed.

n=

Then A® = (oe, A is a countable intersection of open sets, and thus, is a Gs-set.

The proof that the complement of a G4-set is an F,-set is similar. |

The union of a countable collection of F,-sets is again an F-set and the count-
able intersection of Gs-sets is a Gs-set. Also, it can be seen easily that a finite
union or intersection of Fy,-sets (resp. G;-sets) is again an Fj-set (resp. a Gs-set).

Now, consider a real-valued function f defined on a topological space (X, 7);
that is, f: X — R. It is possible for f to be discontinuous everywhere. For
instance, f:IR — R with the value 1 on each irrational and 0 on each rational is
discontinuous at every point. It is instructive to examine the set of point where a
function is continuous, or the set of points where a function is discontinuous. To
do this, we need some preliminary discussion.

Let us denote by N, the collection of all neighborhoods of the point x. The
oscillation w;(x) of f at the point x is the non-negative extended real number
defined by

x)= inf - .
wp(x) = inf { Sup |f(2) = FI }

A straightforward verification shows that f is continuous at the point x if and
only if wf(x) = 0. Rephrasing this last statement, one can see that f is discontin-
uous at the point x if and only if ws(x) > 0. Thus, if D, = {x € X: wp(x) = %}
and D denotes the set of all points of discontinuity of f,then D = Uff’:l D, holds.

Theorem 8.10. Let (X, t) be a topological space, and let f: X — R. Then
the set D of all points of discontinuity of f is an F,-set. In particular, the set
of points of continuity of f is a Gs-set.
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Proof. According to the discussion preceding the theorem, we have D =
Uﬁi, D,,where D, ={x € X: ws(x) = ,17}. It suffices to show that each D is a
closed set.

To this end, let x ¢ D,. Then wp(x) < % It follows from the definition of
wy(x) that there exists a neighborhood V of x suchthatsup, ,.y | f(2)— fol < %
Since V is a neighborhood for each of its members, we easily get that

1

wpla) < sup |f(@)— fW <=
z,yeV n

for each a € V. Thus, V € D¢, which shows that x is an interior point of Dy.

Since x is arbitrary, D¢ is open, and hence, D, is closed. The proof of the theorem

is now complete. m

We continue our discussion with the introduction of compact sets. Their defi-
nition is an abstract version of the one given for metric spaces.

Definition 8.11. A subset A of a topological space (X ,t) is said to be compact

if every open cover of A can be reduced to a finite subcover.

In particular, if X itself is a compact set, then (X,t) is called a compact
topological space. ;

It should be obvious from the preceding definition that every finite subset of a
topological space is automatically compact. Also, it should be clear that a finite
union of compact sets must be a compact set. More properties of the compact sets
are included in the next result.

Theorem 8.12. For a Hausdorff topological space (X, v) the following state-
ments hold:

1. Every compact subset of X is closed.
2. If B is a closed subset of a compact set A, then B is compact.

Proof. (1) Let A be a compact subset of X. We must show that A is open.
To this end, let x € AS. Then for each y € A there exists a neighborhood Vy of
y and a neighborhood U, of x such that V, N Uy = @. Clearly, A © U, V-
Since A is compact, there exist y1,..., ¥, € A suchthat A & Un=t Vs, Let
O = (Y=, Uy, Then O is a neighborhood of x such that O N A = @. Hence,
O C A, and so x‘is an interior point of A°. Thus, A is open, which means that
A is closed. .

(2) Let {O;};e; be an open cover of B. Then the family of sets { B“}U {Oi:iel}
is an open cover for A. Choose indicesiy, ..., i, suchthat A € B°UQ;, U---UO;,.
It follows that B € O;, U --- U O;, holds, which shows that B is a compact set.
(Notice that the proof of part (2) does not require X to be Hausdorff.)
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The arguments of the proof of part (1) of the preceding theorem yield also the
following separation result.

Theorem 8.13. Suppose that A is a compact subset of a Hausdorff topological
space and x ¢ A. Then there exist opensets V and W suchthatx e V,ACW,
and V NW = @ (and hence, also x ¢ Ww).

Continuous functions map compact sets to compact sets. The details follow.

Theorem 8.14. If f:(X,t) — (Y, 7)) is a continuous function and A is a
compact subset of X, then f(A) is a compact subset of Y .

In particular, every continuous real-valued function on a topological space
(X, t)will attain a maximum and a minimum value on every compact subset of X.

Proof. For the proof of the first part, repeat the proof of Theorem 7.5. For the
second part, let A be a compact subset of X, and let f: X — R be continuous. By
the preceding, f(A) is a compact subset of R, and hence, by Theorem 74, f(A)is
closed and bounded. Thus, if @ = sup{f(x): x € A} and b = inf{f(x): x € A},
then since a, b € f(A), there exist two points x, y € A such thata = f(x) and
b = f(y). The proof of the theorem is now complete. i}

Two topological spaces (X, t) and (Y, 7;) are called homeomorphic if there
exists a one-to-one onto function f:(X,t) — (¥, 7;) such that f and f!are
both continuous. Any such function is called a homeomorphism between (X, 7)
and (Y, 71).

Theorem 8.15. A one-to-one continuous function from a compact topological
space onto a Hausdorff topological space is a homeomorphism.

Proof. Let f:(X,t) — (¥, 7)) be a one-to-one surjective continuous func-
tion, where (X, ) is compact and (Y, 7;) is Hausdorff. Assume that C isa closed
subset of X. By Theorem 8.12(2), C is a compact subset of X, and a glance
at Theorem 8.14 guarantees that f(C) is a compact subset of ¥. Now, Theo-
rem 8.12(1) implies that (f “H=1(C) = f(C) is a closed set, and this (in view of
Theorem 8.8(4)) shows that f~! is also continuous. B

EXERCISES

1. For any subset A of a topological space show the following:
a. A% = @)c.
b. 94 =A\A"
c. (A\VAD° =@



64

en

10.

11,

12

13.

14,
15.

16.

Chapter 2: TOPOLOGY AND CONTINUITY

If A and B are two subsets of a topological space, then show the following:

a. AUB=AUB.
b. (AUBY =A'UB’.

If A is an arbitrary subset of a Hausdorff topological space, then show that its derived
set A’ is a closed set.

Let X = R, and let 7 be the topology on X defined in Example 8. In other words,
A € t if and only if for each x € A there exist € > 0 and an at-most countable set B
(both depending on x) such that (x — ¢, x +€)\ B € A.

a. Show that 7 is a topology on X.
b. Verify that 0 € (0, 1).
c. Show that there is no sequence {x,} of (0, 1) with lim x, = 0.

If A is adense subset of a topological space, then show that O & A N O holds for every
open set O. Generalize this conclusion as follows: If A is open,then ANB C ANB
for each set B.

TF 1M, Ig ne Ao Arnunas Fre o temnlacianl gennn Vothaes aliees $lan 1alae A ~FV

i1 lu, ]1 e] A0 ali Upbll LUyl iwur a lUyUlUE.lbﬂl BPG\«C Ay WICRL DllUvV ulﬂl as uUDCt I3 UL N
is closed if and only if A N O; is closed in (; for each i & I (where (J; is considered
equipped with the relative topology).

If (X, t) is a Hausdorff topological space, then show the following:

a. Every finite subset of X is closed.
b. Every sequence of X converges to at-most one point.

. Fora function (X, t) = (¥, 11) show the following:

a. If 7 is the discrete topology, then f is continuous.
b. If T is the indiscrete topology and 1; is a Hausdorff topology, then [ is continuous
if and only if f is a constant function.

Let f and g be two continuous functions from (X, t) into a Hausdorff topological
space (¥, 71). Assume that there exists a dense subset A of X such that f(x) = g(x)
for all x € A. Show that f(x) = g(x) holds forall x € X.

Let f:(X, 1) — (¥, 71) be a function. Show that f is continuous if and only if
FH(B%) < [f~1(B)]° holds for every subset B of Y.

Iff:(X,7) = (Y,7y) and g: (¥, 11) — (Z, 12) are continuous functions, show that
their composition g o f: (X, ) — (Z, 12) is also continuous.

Show that a function f:X — R, where X is a topological space, is continuous at
some a € X if and only if its oscillation at a is zero, i.e., ws(a) = 0.

Show that a finite union of nowhere dense sets is again a nowhere dense set. Is this
statement true for a countable union of nowhere dense sets?

Show that the boundary of an open or closed set is nowhere dense.

Let f:(X, 1) — IR, and let D be the set of all points of X where f is discontinuous.
If D is dense in X, then show that D is a meager set.

Show that there is no function f:R — R having the irrational numbers as the set of
its discontinuities.

[HINT: Use Exercise 6 of Section 6 and Theorem 8.10.]
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Show that every closed subset of a metric space is a G5-set and every open set is an
Fy-set. )

Let B be a collection of open sets in a topological space (X, ). If for each x in an
arbitrary open set V there exists some B € Bwithx € B € V, then B is called a base
for 7. In general, a collection B of subsets of a nonempty set X is said to be a base if

t. UgesB =X, and
il. forevery pair A, B € Band x € AN B, there exists some C € Bwithx € C C
ANB.

Show that if B is a base for a set X, then the collection
t=[VCX:YxeV thereexists Be Bwithxe BCV}

is a topology on X having B as a base.

Let (X, ) be a topological space, and let B3 be a base for the topology t (see the
preceding exercise for the definition). Show that there exists a dense subset A of X
such that card A < card B.

Let f: X — Y be a function. If  is a topology on X, then the quotient topology
determined by f onY isdefined by rfy = {0 C ¥: Fioyer).

a. Showthatzy isindeed atopology onY andthat f: (X, t) — (¥, tf)is continuous.

b. Ifg: (Y, tp) — (Z, t;) is a function, then show that the composition g o f: (X, 1)
—> (Z, 1) is continuous if and only if g is continuous.

c. Assumethat f: X — Y isonto and that t* isatopology onY such that f: (X, 7) —
(Y, ) is an open mapping (i.e., it carries open sets of X onto open sets of ¥') and
continuous. Show that ¥ = 7.

This exercise presents an example of a compact set whose closure is not compact.
Start by considering the interval [0, ] with the topology t generated by the metric
d(x, y) = |x — y|. It should be clear that ([0, 1], 7) is a compact topological space.
Nextput X = [0, IJUN =10, 11U {2, 3, 4, .. .}, and define

™ =1U{[0,1JUA: ACN]

Show that t* is a non-Hausdorff topology on X and that * induces 7 on [0, 1].
Show that (X, t*) is not a compact topological space.

Show that [0, 1] is a compact subset of (X, T*).

Show that [0, 1] is dense in X (and hence, its closure is not compact).

e. Why doesn’t this contradict Theorem 8.12(1)7

e o

A topological space (X, t) is said to be connected if a subset of X that is simultane-
ously closed and open (called a clopen set) is either empty or else equal to X.

a. Show that (X, t) is connected if and only if the only continuous functions from
(X, 1) into {0, 1} (with the discrete topology) are the constant ones.
b. Let f:(X.7)— (¥, t*) be onto and continuous. If (X, t) is connected, then show
that (¥, t*) is also connected.
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9. CONTINUOUS REAL-VALUED FUNCTIONS

The properties of topological spaces are the tools for the study of continuous
real-valued functions. In this section many important properties of continuous
functions will be discussed, and function spaces will be considered. Also, the
behavior of the limit of a sequence of continuous functions will be discussed in
some detail.

Let X be a topological space. The collection of all continuous real-valued
functions on X will be denoted by C(X). The set C(X) is closed under addition
and scalar multiplication. That is, if f and g are members of C(X), then the
functions f + g and «f defined by

(f+ew) = fx)+gx) and (af)x)=af(x)

for each x € X and & € R belong to C(X). Now it should be clear that C(X)isa
vector space.

Also, C(X) has a natural partial ordering defined by f > g whenever f(x) >
g(x) holds for all x € X. Moreover, C(X) is also a vector lattice. This means
that for every pair f, g € C(X) the least upper bound f Vv g, as well as the
greatest lower bound f A g, both exist in C(X). They are given by the formu-
las:

(f v &)x) = max{f(x), gx)} and (f A g)x)=min{f(x), g(x)}

for each x € X. The absolute value |f] of a function f € C(X) is defined by
{ft=F V(=F). Thatis, | f|(x)=]f(x)| holds for each x € X; clearly, | | be-
longs to C(X). Note also that f v g and f A g satisfy the identities:

fvg=if+g+if—g) and frg=3f+g—1f—¢gb

Observe that the above identities show that f v g and f A g are continuous func-
tions because they can be expressed as sums of continuous functions. Since most
of the spaces of functions that one encounters are vector lattices, it is appropriate
to stop and consider them more closely.

Recall that a relation > on a nonempty set X is called an order relation if it
satisfies the following properties:

1. u=>uforallu € X (reflexivity).
2. fu=vandv > u,then u = v (antisymmetry).
3. Ifu > vand v > w,then u > w (transitivity).

The symbolism v < u is an alternate notation for u > v. Also, u > v (or v < u)
means ¥ > v and u # v.

An ordered vector space is areal vector space E equipped with an order relation
satisfying the following two conditions:
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4, Ifu>v,thenu+w>v+wforallwekE.
5. Ifu>v,thenau > avforalla > 0.

A vector i in E is called positive if # > 0 holds. The set of all positive vectors
is denoted by E™.

A vector lattice E is an ordered vector space with the additional property that
for every two vectors u, v € E, the supremum u V v and the infimum u A v exist
in E. We remind the reader that two vectors u, v € E have a supremum w in E if
w > u and w > v hold, and whenever z is an upper bound of {u, v}, thenz > w
holds. Clearly, w = u V v is uniquely determined. In other words, i V v is the
smallest upper bound of the set {1, v}. The definition of u A v is similar.

If u, v, and w are vectors in a vector lattice E, then the following identities
hold:

uvuy=-—[(—u) A=)}
uvuvtw=Wu+w)Vv Q-+ w)
unv+w=u-+w)A{v+w),

a(u v v) = (au) Vv (ev) foreacha > 0.

o o

To indicate how one proves identities in a vector lattice, we shall establish (b).
Put f =uVv+wand g = (u+ w)V (v+ w). It suffices to show that f > g
and g > f both hold.

Note firstthat f = uVvVv-+wimplies f —w = uVvv,andso,u < f—wandv <
f—w. Thus,u+w < fandv+w < fhold,sothat f > (u+w)v(v+w)=g.
On the otherhand, g = (u + w) vV (v + w) impliesu + w < gandv+w < g.
Hence, u < g — w and v £ g — w, from which it follows thatu Vv < g — w.
Therefore, f = u vV v+ w < g also holds.

If E is a vector lattice and u € E, then we define

ut=uv0, u =(u)v0, and |u|l=uV(~u).

The element u™ is called the positive part, u~ the negative part, and |u| the
absolute value of u.

Theorem 9.1.  [fu is a vector in a vector lattice, then the following identities
hold:

1. u=utr—u,
2. lul=ut+u",and
3. utAu=0.

Proof. (1) Applying identity (b) above, we get
uHu=(—u)vOo+u=0vu=u",

from which # = ut — u™ follows.
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(2) By using (b) and (d) we obtain

Ul =uv(Eu)=QWV0—u=2uv0)—u=2u"—u

=t — @t —u)=u"+u".
(3) Using (c) and (a), we get

uFAau =@ —u A0+ u" =un0+u"

= ~[(~)vVO]l+u =—u"+u" =0,
and the proof is finished. [

Typical examples of vector lattices are provided by function spaces. A function
space L is a vector space of real-valued functions defined on some nonempty set
X such that the functions f V g and f A g belong to L for every pair f, g € L,
where ‘

(f V g)(x) = max{f(x), g(x)} and (f A %) = min{f(x), g},

hold for each x € X.
Note that for every function f in a function space L, the elements f +, f~,and
|f| of L satisfy -

FH@) =max{f(x),0}, f~(x)=max{—f(x),0}, and |fI(x)=[Ff(x)I

foreach x € X.
Here are some example of function spaces.

1. The vector space R of all real-valued functions defined on a set X.

2. The vector space B(X) of all bounded real-valued functions defined on X.

3. The vector space C(X) of all continuous real-valued functions on X (pro-
vided, of course, that X is a topological space).

4. The vector space Cp(X) of all bounded continuous real-valued functions on
a topological space X.

Consider a sequence {f,} of real-valued functions defined on a set X such that
lim f,(x) exists in R for each x € X. Then a new function f can be defined
by f(x) = lim f,(x) for each x € X. If this happens, then the sequence {fa}
is said to converge pointwise to f (or that f is the pointwise limit of {f,}) and
is written symbolically as f, — f. In other words, f, — f if foreache > 0
and each x € X there exists some ng (depending upon both ¢ and x) such that
[ fa(x) — f(x)| < € foralln = nq.
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A stronger concept of convergence of a-sequence of real-valued functions is
that of uniform convergence. A sequence {f,} of real-valued functions is said to
converge uniformly on X to a function f if for each € > 0 there exists some ng
(depending only upon €) such that | f,(x) — f(x)| < e foralln > npandallx € X.
It should be clear that uniform convergence implies pointwise convergence.

We are interested in determining what properties are possessed by a function that
is the “limit” of a sequence of continuous functions. Note first that the pointwise
limit of a sequence of continuous functions need not be a continuous function.
For an example take X = [0, 1], and let { f,,} be the sequence of functions defined
by fu(x) = x" for each x € [0, 1]. Then each f, is a continuous function, and
fu = f holds for the function f defined by f(x) = 0if x € [0, 1) and f(H=1
Clearly, f is not continuous. Also, it is easy to see that the convergence is not
uniform.

The uniform limit of a sequence of continuous functions is always a continuous
function. The details follow.

Theorem 9.2. Let X be a topological space and let { f,} be a sequence of
C(X). If {f.) converges uniformly to f on X, then f is a continuous function.
Proof. We need to show that f is continuous at every point of X. Therefore,
leta € X ande > 0. Since { f,} converges uniformly to f on X, there exists k such
that | fi(x) — f(x)| < e forall x € X. On the other hand, since f} is a continuous

function, there exists a neighborhood V of a such that | fy(x) — fi(a)| < € for all
x ¢ V. Now note that if x € V, then

[f) — f@) < 1F&) = [l +1fi(x) = fe(@)] + [ fila) — fla)l
< € + € +¢€ =3¢,

and this shows that f is continuous at a, as desired. B

Let X be a nonempty set, and let B(X) denote the collection of all bounded real-
valued functions defined on X. Clearly, B(X) is a function space. The uniform
(or sup) norm of a function f € B(X) is defined by

| flloo = sup | F(x)I.
reX

The uniform norm satisfies the three characteristic properties of a norm on a vector
space, namely:

1. |Ifllco = Oforeach f € B(X)and | fllec =0 if and only if f =0.
2. fefllco = la| - || flleo foreach f € B(X)andalla € R.
3. If +8llo < 1 flleo + gl forall f, g € B(X).
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If we set D(f,g) = |f — glleo for f,g € B(X), then D is a distance on
B(X) called the uniform distance (or the uniform metric) such that (B(X), D)
is a complete metric space; see Example 6.12. Moreover, by a straightforward
verification one can show that a sequence {f,} of B(X) converges to some f €
B(X) with respect to D [i.e., im D(f,, f) = 0] if and only if {f,} converges
uniformly to f on X. This justifies the name “uniform distance.”

Consider now a compact topological space X. Then by Theorem 8.14, every
function f € C(X) is bounded, and hence, C(X) € B(X). Therefore, C(X)
equipped with the uniform distance is a metric space, which is actually complete,
as the next result will show.

Theorem 9.3. If X is a compact topological space, then C(X) is a complete
metric space (with the uniform distance).

Proof. Let {f,} be a Cauchy sequence of C(X). Note that the inequality
| /o) = faN 2 W fo = fulleo (%)

implies that {f,(x)} is a Cauchy sequence of real numbers for each x € X.
Put f(x)=lim f,(x) for each x € X. We claim that f € C(X) and that
lim|| fy — fllo =0.

To this end, let € > 0. Choose ng such that || f, — fulle < € forn,m > ng. It
follows from (x) that | f,(x) — f.(x)] < € holds forall n,m > ngand all x € X.
But then | f,(x) — f(x)} < e holds for all n > ng and all x € X. That is, {f,}
converges uniformly to f on X. Therefore, by Theorem 9.2, f € C(X), and
clearly, lim || f, — flleo = 0. ]

A sequence of real-valued functions {f,} on a set X is said to be increasing if
fu < fus holds for all n (and, of course, is called decreasing if f,+; < f, holds
for all n). An increasing or a decreasing sequence of functions is referred to as a
monotone sequence of functions.

It was observed that pointwise convergence need not imply uniform conver-
gence. The next useful result gives a condition under which pointwise convergence
implies uniform convergence, which is a classical result known as Dini’s” theorem.

Theorem 9.4 (Dini). Let X be a compact topological space. If a monotone
sequence of C(X) converges pointwise to a continuous function, then it also
converges uniformly. .

Proof. Suppose that the sequence { f,,} of C(X) is increasing and convergent
pointwise to some f € C(X); thatis, f,(x) + f(x)holds foreachx € X.

2Ulisse Dini (1845-1918), an Italian mathematician. He became Professor of mathematics at the
University of Pisa at the age of 21. His main contributions were in the the theory of real functions and
partial differential equations.
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Now, let € > 0. For each n define O, = {x € X: f(x) — f,(x) < €}. Clearly,
each O, is open. Also, note that since f,(x) < fu4+1(x) holds for all x € X, it
follows that O, € O, holds for all n. Moreover, since f,(x) 1 f(x) holds for
each x € X, we easily get X = {2, O,.

In view of the compactness of X, there exists some & such that X = Uf.;, O =
O, and so X = O, for n > k. But this merely says that 0 < f(x) — fu(x) <€
forall n > k and all x € X. In other words, { f,} converges uniformly to f on X.

If { f,} is a decreasing sequence, then apply the above arguments to the sequence

{_fn}-

Now, consider a sequence { f,,} of real-valued functions defined on a set X. For
eachn lets, = Y ;_, fi. We say that the series ) > | f,(¥) converges uniformly
on X if the sequence of partial sums {s,} converges uniformly to a real-valued
function defined on X. This is, of course, equivalent to saying that the sequence
{s,} is a uniformly Cauchy sequence in the sense that for each ¢ > 0 there
exists some 1 such that |s,(x) — $,(x)| < € holds for all n,m > ng and all
xeX.

We shall present two useful criteria of uniform convergence of series of func-
tions. The first one is due to K. Weierstrass and is known as the Weierstrass
M-test.

Theorem 9.5 (Weierstrass’ M-test). Let {f,} be a sequence of real-valued
functions defined on a set X and assume that for each n there exists some
positive real number a, such that | f,(x)| < a, holds for all x € X. If Z:T’:, a,
converges, then the series Y oo | Ju(x) converges uniformly on X.

n=
Proof. Lete > 0. Picksome ngsuchthat > ) a; < eholdsforalln, m > no.
. ; k=n
Now, notice that if n, m > ng and x € X, then

m m

I () = sl = | Y fe0) | < DI <) @ <e

k=n k=n k==n

This shows that the sequence {s,} of partial sums is uniformly Cauchy, and hence,
a uniformly convergent sequence. ]

The second criterion of uniform convergence of series is due to J. Dirichlet.?

Theorem 9.6 (Dirichlet’s test). Let {f,} and {g,} be two sequences of real-
valued functions defined on a set X satisfying the following properties:

3Johann Peter Gustav Lejeune Dirichlet (1805-1859), a German mathematician. He worked in
number theory, analysis, and mechanics. The modern definition of a function was proposed by him in
1837. Because of his fundamental papers on the convergence of trigonometric series, he is considered
to be one of the founders of Fourier analysis. He was the teacher of Riemann.
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1. There exists a constant C > O such that |Y_;_, fi(x)| < C holds for all n
and all x € X, i.e., the sequence of partial sums of the series 3o Fulx)
is uniformly bounded.

2. For each n we have g,.1(x) < gn(x) for all x € X and {g,} converges
uniformly to zero on X.

Then the series Zf:i, Fu(x)gu(x) converges uniformly on X.

Proof. Assume that {f,} and {g,} satisfy the stated conditions. For each n,
let 5,(x) = >;_; fi(x)gi(x) and #,(x) = Sy fi(x). Clearly,

sa() = Y 5)&i () = i1 ()] + guop (1 ().
=1

i

Next, fix € > 0 and then choose some ng such that g,(x) < € holds for all
8
€ X.Nownotethatifn >m > ngandx e X then

NUYY AIUT wisnan a2 Qe A %, AR

n

Y 0800 = 8t ]+ g1 01 (0) = Gt (V) ()

i=m-+1

i

[$p(x) = 5p(x)]

C Y g = a1 ()] + Cgus1 () + Cgurs1 (¥)
i=m+1

= 20gm+1(x) < 2Ce.

IA

This shows that {s,} is a uniformly Cauchy sequence, and hence, the series of
functions Zn“;] Fu(x)gn(x) converges uniformly on X. |

We now illustrate the preceding theorems with some examples.

Example 9.7. Consider the series of functions Yoo, $34  Since |82 | < L and
hI ;}; < 00, it follows from the Weierstrass’ M-test that the series ) .-, *53 con-
verges uniformly on R.

Now, consider the series of functions

i cos(Zn — D)x and i sin(2n — Dx
~ n n

n=1

over the interval (0, 7). We claim that both series converge uniformly on every closed
subinterval {a, b] of (0, r).

Notice first that the nth term of each series is dominated by % However, since 3_> ;'; =
00, we cannot apply Weierstrass’ M-test to conclude that the series converge uniformly on

[a, b]. However, we shall reach this conclusion by applying Dirichlet’s test. To do this, let -

Jfu = cos(2n — Dx and g,(x) = % Clearly, the sequence {g,} converges monotonically
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and uniformly to zero. On the other hand, from elementary trigonometry, we know that

sin2nx sin nx

and Z sin(2k — Dx =

k=1

n
Zcos(Zk — 1 =

2sinx sinx

For instance, to establish the first identity note that

n n
2sinx Zcos(2k — Dy = Z [sin((2k — 1)x + x) — sin((2k — 1)x — x)]
k=1 k=1

= Z [sin(2kx) — sin(2(k — 1)x)] = sin2nx.
k=1

Now, if we choose some 8 > 0 such that sinx > 8 forall x € [a, b], then

1 1
P
2sinx T 28

n
Z cos(Zk — Dx

k=1

holds for all 7 and all x € [a, b]. Hence, Dirichlet’s test applies and shows that the series
e f,,(\)g,,(\) =y, 0sZn=1)X converges uniformly on [a, b]. Similarly, the series

n
o ﬂri(—"—',—'l-_——)l converges uniformly on every closed subinterval of (0, ). |

Assume now that a sequence { f,,} of real-valued continuous functions converges
pointwise to some function f. Although f is not necessarily a continuous function,
nevertheless, something can be said about the points of discontinuity of f. We
shall show that the set of all points of discontinuity of f is a meager set. Recall
that a set is called a meager set if it can be written as a countable union of nowhere
dense sets. To do this, we need a lemma.

Lemma 9.8. Let X be a topological space. Assume that the sequence { f} of
C(X) converges pointwise to some function f. For € > Qand n € IN, let

Va(e) = {x € X: | fu(x) — f¥)] < €}

Also, put O(€) = Upe [Va(e)I°.
Then the set of all points of continuity of f is the Gs-set M (9(,1,).

Proof. Leta € X be a point at which f is continuous, and let € > 0. Since
lim f,(a) = f(a), there exists some & such that | fi(a) — f(a)| < €. Also, by the
continuity of f and f; at the point a there exists a neighborhood U of a such that
| f(a) — f(x)| < € and | fi(x) — fi(a)| < € forall x € U. Then forx € U we
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have

[f&x) — fi)] < 1f(x) = f@) + | fa) — frl@)l + | fila) = filx)l
< €+ €+ € = 3e.

This implies U C [V (3¢€)]°, and so a € O(3¢) for each € > 0, which shows that
a e, O@). ,

For the reverse inclusion, assume that a € ﬂ;";l (9(,17). To finish the proof, we
have to show that f is continuous at a. So, let'e > 0. Pick n such that % < €.
Froma € (’)(%) it follows that there exists some k such that a € [Vk(l')]". This
in turn means that there exists a neighborhood U of a with U C Vi(;); that is,
[fitx) = f(x)] < % < € holds for all x € U. Since f; is continuous at a, there
exists a neighborhood W of a such that | fi(x) — fi(a)| < € foreachx € W. Thus,
ifx e UNW,then ’

If(x) = f@)] < 1f(x) = fi)] + 1/i(x) = fi(@] + | fel@a) — f(a)l
< € + € + ¢ = 3¢,

which shows that f is continuous at a. B

We are now ready to prove that the set of discontinuities of a function that is the
pointwise limit of a sequence of continuous functions is a meager set.

Theorem 9.9. Let X be a topological space, and let { f,} be a sequence of
C(X). If {fa} converges pointwise to a real-valued function f, then the set D
of all points of discontinuity of f is a meager set.

Proof. According to Lemma 9.8, we have D = U:’;, [O(%)]C. To complete
the proof, it suffices to show that every set of the form [O(¢)]¢ is a meager set; it
will then follow that D is a meager set, since it will be a countable union of meager
sets.

So, let ¢ > 0. For each m define

o

Fu(€) =[x € X: | fu(¥) = frsi@O)| <€),

fe=

and note that each F,,(¢) is a closed set. Also, since for each x € X we have
lim f,(x) = f(x), it is easy to see that X = (o, Fu(e).
Using once more the fact that lim f,(x) = f(x) foreach x € X, it is easy to

see that F,,(¢) C V,,(€) holds. Therefore, [F,,(€)]° C [Vn(€)]° € O(¢) holds for
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each m, and so, Ule [Fn(e)]° € O(e) also holds. Now, observe that

[0

]

X\OE© S X\ | JIFn@P = | Fu@\ | [Futer

me=1 m=1 =1

U[F,,,(é)\[F,,,(E)]O] = U 9 Fu(e),
m=1

=1

N

where the last equality holds since each F,(¢) is a closed set. Now observe that
since each F,,(¢) is closed, its boundary 8 F,,(€) is a nowhere dense set, and thus,

according to the last inclusion [O(¢€)]* is a meager set, and the proof is finished.
g g P =

Our next objective is to characterize the (uniform) compact subsets of C(X).
To do this we need a definition.

Let X be a topological space, and let S be a subset of C(X). Then the set §
is said to be equicontinuous at some x € X if for each € > 0O there exists a
neighborhood V of x such that y € V implies | f(y) — f(x)| < ¢ forevery f € S.
If S is equicontinuous at every point of X, then § is called an equicontinuous set.

As we have seen before, in a metric space a closed and bounded set need not
be compact. However, if X is a compact topological space, then a closed and
bounded (with respect to the uniform metric) subset of C(X) is compact if and
only if it is equicontinuous. This result is known as the Ascoli-Arzela* 3 theorem
and is stated next.

Theorem 9.10 (Ascoli-Arzeld). Let X be a compact topological space, and
let § be a subset of C(X). Then the following statements are equivalent:

1. 8 is a compact subset of the metric space C (X)) (equipped, of course, with
the uniform metric). :
2. S isclosed, bounded, and equicontinuous.

Proof. (1) == (2) We already know that a compact set is closed and bounded.
What remains to be shown is that S is equicontinuous.

To this end, let € > 0. Choose fi, ..., f; € S suchthat S C | i, B(fi,€). If
x € X, then pick a neighborhood V, of x such that | f;(y) — fi(x)| < € holds for
ally e Viandalli = 1,...,n. Now,lety € V, and f € §. Choose some i with

4Guido Ascoli (1887-1957), an Italian mathematician. He contributed to the theory of real functions
and differential equations.

3Cesare Arzela (1846-1912), an Italian mathematician. He studied the convergence of sequences
of real functions.
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f € B(f:, €), and note that

L) — FOOI < 1) — FDI + 1) = il + 1 fi(x) — Fx)
< €+ €+ € =3e.

This shows that S is equicontinuous at x, and since x is arbitrary, S is an equicon-
tinuous set of functions.

(2) == (1) Let { f,} be a sequence of S. According to Theorem 7.3, it suffices
to show that { f,,} has a convergent subsequence.

To this end, choose some M > 0 satisfying | f(x)| < M forallx € X and f € S.
Using the equicontinuity of S and the compactness of X, it is easy to see that for
each k there exists a finite subset F; of X and neighborhoods {V,: y € F} such
that X = UveF‘ Vyand | f(x) — f())| < wheneverl €Vyand f € §.

Let F = U, Fi. Clearly, F is at most countable; assume F countable and
iet F = {xy, x2,...} be an enumeration of F. Now, since | Lfux)l = M holds
for all n, there exists a subsequence { g,,} of { f,,} such that lim g,,(\;) exists in IR.
Similarly, there exists a subsequence {g2} of {g,} so that lim e,,(\v) exists in R.
Continuing this way, we can choose (inductively) sequences gy =12,..)
such that

a. {gl}is asubsequence of {f,},
b. {gj,“} is a subsequence of {g,,} foreachi = 1,2,..., and
c. limy—eo g,,(x,) existsin R foreachi = 1, 2,.

Now, consider the diagonal sequence h, = g!, and note that {#,} is a subse-
quence of { f,} such that lim,,_, e /1, (x;) exists in IR for each i. Moreover, we claim
that {#,} is a Cauchy sequence of C(X).

To see this, fix k and then choose some ng so.that |/,(y) — h, ()] < % holds
forall n,m > ngand all y € Fy. Now, if x € X, then pick some y € F), such that
x € V,, and note that

Vl"(X) - hm(x)l < lhn(x) - hn()’)l + lhn()’) - hm(.)’)l + lhm(.V) - hm(x)l
briei=
holds for all n, m > ng. That is,

"hn hm ”oo - SUP{IITI:(A) - h,,,(.k)l X € X} 'Z‘
holds for all n, m > ng, so that {h,} is a Cauchy sequence of C(X).

By Theorem 9.3, {h,} converges to some & € C(X). Since S is closed, h € S,
and the proof of the theorem is complete. |
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Let S be a bounded equicontinuous subset of some C (X )-space with X compact.

Tt is not difficult to establish that the (uniform) closure S of S is likewise bounded
and equicontinuous, and thus by the Ascoli~Arzela theorem, S is a compact subset
of C(X). This implies that every sequence of S has a subsequence that converges
uniformly. In particular, every bounded equicontinuous sequence has a uniformly
convergent subsequence. This last observation is very useful in establishing the
existence of solutions to differential equations.

EXERCISES

1.

w

If #, v, and w are vectors in a vector lattice, then establish the following identities:

UVUHUAY=U+V;
u—vvw={U-—v)nWu-—uw);
Uu—-vnAaw=Wu-—ov)Vvu—uw);
a(u Av) = (au) A{av) ifa > 0;
lu—vl=uvv—u~nuv;
Lle=%(u+U+lll-—v[);
u/\v:%(u%—v—[u—v]).

N

If 1 and v are elements in a vector lattice, then show that:

a. |u+vlVu—v|=ul+]v|,and
b, Ju+ v Al —v| = |ju] — ]|

[HINT: jJu+v|Viu—vl = (u +.v) V(=u—v)Vu—v)Vv{—u+v)
= (lul +v) vV (lu| = v) = |ul + |v].]

Show that |u} A |v] = 0 holds if and only if |4 + v| = |u — v] holds.

Show that the vector space consisting of all polynomials (with real coefficients) on R
is not a function space. Prove a similar result for the vector space of all real-valued
differentiable functions on RR.

Let X be a topological space. Consider the collection L of all real-valued functions
on X defined by

L={fe R%: 3 {fa} € C(X) such that lim f,(x) = f(x) Yx € X}.

Show that L is a function space.

Let L be a vector space of real-valued functions defined on a set X. If for every
function f € L the function | f| [defined by | f|(x) = | f ()] for each x € X] belongs
to L, then show that L is a function space.

Consider each rational number written in the form %, where n > 0, and m and n are
integers without any common factors other than 1. Clearly, such a representation is
unique. Now, define f: R — Rby f(x) = 0if x is irrational and f(x) = % ifx =2
as above. Show that f is continuous at every irrational number and discontinuous at
every rational number,
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10.

11.

12.

13.

14.

15.

16.

17.

18.
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Let f:[a,b] — Rbe increasing [i.e., x < y implies f(x) < f(]. Show that the
set of points where f is discontinuous is at-most countable.

[HINT: If f is discontinuous at ¢, with a < ¢ < b, then choose a rational number r
such that limyqe f(X) <7 < limyye f(x).]

Give an example of a strictly increasing function f:[0, 1] —> R which is continuous
at every irrational number and discontinuous at every rational number.

Recall that a function f:(X, 7) — (¥, 1) is called an open mapping if f(V) is open
whenever V is open. Prove that if 1R — R is a continuous open mapping, then f
is a strictly monotone function—and hence, a homeomorphism.

Let X be a nonempty set, and for any two functions f, g € RY let

Lfx) — gl
d(f, g) = e e D e
(&)= 50 717G - @i
Establish the following:

a. (]RX , d) is a metric space.
b. Aseguence (f;} C RX satisfies d(fy, f) — 0 for some f € R if and only if

R

{ fu} converges uniformly to f-

Let f. fi. fa. ... be real-valued functions defined on a compact metric space (X, d)
such that x, — x in X implies fu(xn) — fxyinR.If fis continuous, then show
that the sequence of functions {f;} converges uniformly to f.

For a sequence { fn} of real-valued functions defined on a topological space X that
converges uniformly to a real function f on X, establish the following:

a. ' If x, — x and f is continuous at x, then f,(x,) — fQx).
b. If each f, is continuous at some point xg € X, then f is also continuous at the
point xg and
lim lim fy(x)= lim lim f,(x)= f(x0).
X—Xg N—>00 N=»0O X—+Xp
Let fy: [0, 1] — R be defined by fn(x) = x" forx € [0, 1]. Show that { f,;} converges
pointwise and find its limit function. Is the convergence uniform?
Letg:[0,11 — Rbea continuous function with g(1) = 0. Show that the sequence of
functions { f,} defined by fn(x) = x"g(x) for x € [0, 1], converges uniformly to the
constant zero function.
Let { fu) be a sequence of continuous real-valued functions defined on [a, b], and let
{a,} and {b,) be two sequences of [a, b] such thatlima, = a and limb, = b. I { fu)
converges uniformly to f on [a, b], then show that

by b
tim [ hwas= [ e

Let { fx} be a sequence of continuous real-valued functions on a metric space X such
that {f,} converges uniformly to some function f on every compact subset of X.
Show that f is a continuous function.

Let {f} and {gn} be two uniformly bounded sequences of real-valued functions on
aset X. If both {f} and {g,) converge uniformly on X, then show that {fngn} also
converges uniformly on X.
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Suppose that { f,} is a sequence of monotene real-valued functions defined on [a, b]
and not necessarily all increasing or decreasing. Show that if { f,,} converges point-
wise to a continuous function f on [a, b], then {f,} converges uniformly to f on
[a, b].

[HINT: Use the fact that f must be uniformly continuous on [a, b]. ]

Let X be a topological space and let { f,} be a sequence of real-valued continuous
functions defined on X. Suppose that there is a function f: X — IR such that f(x) =
lim f,,(x) holds for all x € X. Show that f is continuous at a point a if and only if
for each € > 0 and each m there exist a neighborhood V of ¢ and some & > m such
that | f(x) — fi{x)] < € holds forall x € V.

Let { £} be a uniformly bounded sequence of continuous real-valued functions on a
closed interval [a, b]. Show that the sequence of functions {¢, ], defined by ¢, (x) =
f‘f fu(t)dt foreach x € [a, b}, contains a uniformly convergent subsequence on[a, b].
For each n, let f,: R — R be a monotone (either increasing or decreasing) function.
If there exists a dense subset A of R such that lim f,(x) exists in R foreach x € A,
then show that lim f,(x) exists in R at most for all but countably many x.

Consider a continuous function f:[0, oo) — IR. For each #, define the continuous
function f,:[0,00) — R by fy(x) = f(x"). Show that the set of continuous
functions {fi, f2,...} is equicontinuous at x = 1 if and only if f is a constant
function.

Let (X, d) be a compact metric space and let A be an equicontinuous subset of C'(X).
Show that A is uniformly equicontinuous, i.e., show that for each € > 0 there exists
some § > Osuchthatx,y € X and d(x, y) < & imply | f(x) — f(¥)] < € forall
feA

Let X be a connected topological space (see Exercise 22 of Section 8 for the definition)
and let A be an equicontinuous subset of C(X). If for some xg € X, the set of real
numbers { f(xp): f € A} is bounded, then show that { f(x): f € A} is also bounded
foreachx € X.

Let { f,,} be an equicontinuous sequence in C (X ), where X is not necessarily compact.
If for some function f: X — R we have lim f,(x) = f(x) foreach x € X, then show
that f € C(X).

Let X be a compact topological space, and let {f,} be an equicontinuous sequence
of C(X). Assume that there exists some f € C(X) and some dense subset A of X
such that lim f,(x) = f(x) holds for each x € A. Then show that {f,} converges
uniformly to f.

Show that for any fixed integer n > 1 the set of functions f € C[0, 1] such that there
issomex e [0,1— ,ll] for which

|flx+h)— f(x) <nh whenever0 < < L

n’

is nowhere dense in C[0, 1] (with the uniform metric).

Use the preceding conclusion and Baire’s theorem to prove that there exists a
continuous real-valued function defined on [0, 1] that is not differentiable at any point
of [0, 1].

Establish the following result regarding differentiability and uniform convergence.
Let {f;) be a sequence of differentiable real-valued functions defined on a bounded
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open interval (a, b) such that:

a. for some xg € (a, b) the sequence of real numbers { f;(xo)} converges in R, and
b. the sequence of derivatives {f) converges uniformly to a function g: (a, b) — R.

Then the sequence {f,} converges uniformly to a function f:(a. b) — R thatis
differentiable at xp and satisfies f'(xg) = g(x0)-

10. SEPARATION PROPERTIES OF CONTINUOUS FUNCTIONS

It is possible that the only real-valued continuous functions on a topological space
are the constant ones. For instance, any indiscrete topological space has this
property. Such spaces will be of little interest to us here. In this section, we
shall describe a large class of topological spaces with an abundance of continuous
real-valued functions. We start our discussion with two notions of separation.

Definition 10.1.  Two disjoini subsets A and B of a topological spa

a. separated by open sets, if there exist two disjoint open sets V. and W
satisfying ACV and B © W, and

b. separated by a continuous function, if there exists a continuous function
f:X — [0, 1] such that f(a) = 0 for eacha € A and f(b) = 1 for each
beB.

Lemma 10.2. If two disjoint subsets of a topological space are separated by
a continuous function, then they are also separated by open sets.

Proof. Let A and B be two disjoint subsets of a topological space X and let
fiX — {0,1]bea continuous function such that f(a)=0 for each a € A and
f(b) = 1foreachb € B. HV={xeX: fix)< %} and W ={xeX: f(x)> %},
then V and W are two disjoint open sets satisfying A € V and BC W.

Topological spaces whose disjoint closed sets can be separated by open sets
play an important role in mathematical analysis and they are referred to as normal
spaces.

Definition 10.3. A topological space is said to be normal if every pair of
disjoint closed sets can be separated by open sels.

Here are two classes of normal topological spaces.

Lemma 10.4. Metric spaces and compact Hausdorff topological spaces are
normal spaces.
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Proof. Let (X, d) be a metric space and let A be a nonempty subset of X.
Define the distance function d(-, A): X — R of A by

d(x, A) = inf{d(x, y):. y € A}.

The non-negative number d(x, A) is called the distance of x from A. It is easy
to see that |d(x, A) — d(y, A)] < d(x,y) forall x,y € X, and so, d(-, A) is a
uniformly continuous function on X.

Now, if A and B are two nonempty closed disjoint subsets of X, consider the
continuous function f: X — R defined by f(x) = d(x, A)—d(x, B). Clearly, the
open sets V = f~!((~o0,0)) and W = f~'((0, c0)) are disjoint sets satisfying
ACVandBCW.

Next, let X be a Hausdorff compact topological space and let A and B be
two closed disjoint sets. By Theorem 8.12, both A and B are compact sets. Fix
a € A. Then for each b € B there exist neighborhoods V), of a and W), of b such
that V, N W, = . From B C U,,E s W, and the compactness of B, there exist
bi,...,by € Bsuchthat B € |, Wy, = W,. IfV, = (., Vi, then V, is a
neighborhood of a satisfying V, "W, = @. Now from A C Uuen Vo and the

compactness of A, we see that there existay, ..., a; € A suchthat A C Uf:x Ve -
IfvV = ULl V, and W = ﬂfz, W,,, then V and W are two disjoint open sets
satisfying AC Vand B C W. B

The next result characterizes the normal topological spaces and is known as
Uryson’s® lemma.

Theorem 10.5 (Uryson’s Lemma). For a topological space X the following

statements are equivalent.

1. X isanormal space.

2. IfAisaclosed subset and V is an open subset of X satisfying A SV, then

there exists an open set W such that A C W C WcCV.

Every pair of disjoint closed sets can be separated by a continuous function.

4, IfC is a closed subset of X and f:C — [0, 1] is a continuous function,
then there exists a continuous extension of f to all of X with values in
[0, 1].

Proof. (1) == (2) Assume that A is a closed set and V' is an open set such
that A C V. Put C = V¢ and note that A and C are two disjoint closed sets. So,
there exist two disjoint open sets W and U satisfying A € W and C € U. From
W NU = @, we easily infer that W N U = @, and thus W cUSCCe=V.

w

6Pavel Samuilovich Uryson (1898-1924), a Russian mathematician. Although his scientific activity
lasted for only five years—he drowned off the coast of Brittany (France) at the age of 26 while on
vacation—he made several important contributions to general topology.
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(2) = (3) Let A and B be two disjoint closed sets. Put V = B° and note that
A C V. Next,putrg = 0, r; = 1, and let {ry, 3, ...} be an enumeration of the
rational numbers in the open interval (0, 1). Our hypothesis implies the existence
of two open sets V,, and V;, suchthat A C V,, C Vr, cV,c V,.o cV.

Now, proceed inductively. Assume that the open sets V,,, ..., V,, have been
chosen so that r; < r; implies A € V,, C V,.j € V,,. Observe that there
are precisely two rational numbers r; and r; among ro, 1, ..., , such that r; <
n1 < 7j holds, and so no other rational number among rg, r1, ..., Iy lies in the
open interval (r;, r;). Clearly, r; = max{ri: ry <ry41 and 0 < &k < n}. Similarly,
rj =min{ry: rpp <rpand 0 < k < n}. By our hypothesis, there exists an open
set V.. .. such that

Tutt

Vi,

rj

In

Vrn-H g WIH'I S:- ‘/’"'

i

Thus, if Q denotes the set of all rational numbers, we can construct a collection
of open sets {V.: r € @ N[0, 1]} with the following two properties: -

a. ACV.CVforeachr € @nJ0,1]. .

b. Ifr,s € QNJO0, 1] satisfy s > r, then V; C V, holds.

Next, we define the function f: X — [0, 1] by

~_ Jsuplr:xeV,} ifxeVy
F& =1, if x ¢ V.

Clearly, f(x) = 1 forallx € A and f(x) = O foreach x € V° = B. We claim
that f is continuous. To see this, fixa € X and lete > 0.

Assume first that 0 < f(a) < 1 holds. Choose two rational numbers s, ¢ in
[0, 1] such that f(a) <s <t < f(a)+ €. FromV, C V; and f(a) < s it follows
thata ¢ V,.

If f(a) > 0, choose a rational number r € (0, 1) such that f(a)—¢ <r < f(a)
anda € V,. Put U = V, \ V; clearly, U is a neighborhood of a. Also, note that if
x eU,thenr < f(x) <t holds. Thus, | f(x) — f(a)| < e€holdsforallx € U.

If f(a) =0, put U = X \V,. Then U is a neighborhood of a, and for x € U
we have 0 < f(x) < t. Therefore, | f(x) — f(a)| < € holds forall x € U. Hence,
in either case f is continuous at a.

Finally, in case f(a) = 1, choose a rational number r € (0, 1) such thata € V,
and 1 — e < r. Clearly, V, is a neighborhood of a.. Also, if x € V,, then
r < f(x) <1, from which it follows that | f(x) ~ f(a)] < eholdsforallx € V,.

The above arguments show that f is continuous at each pointa € X, and hence
f is a continuous function separating A and B.

(3) == (4) Let C be a (nonempty) closed subset of X and let f:C — [0, 1]
be a continuous function. We shall consider f as a continuous function from C to
[-1, 11
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Start by observing that if A and B are twa disjoint closed subsets of X and [, ]
is an arbitrary closed interval, then there exists a continuous function ¢: X —
[a, B] with ¢ = o on A and ¢ = B on B. (Indeed, if Y: X — [0,1]isa
continuous function such that 1 = 0 on A and ¥ = 1 on B, then the continuous
function ¢ = (8 — a){r + « has the desired properties.)

The extension of the function f will be based upon the following property (E):
Ifh:C — [—r,r]is a continuous function, then there exists a continuous function
g: X — R satisfving

1 2
lg)l < 31‘ forall x € X and |h(c)—g(c)] < —3—1' forall c e C.

To verify property (E), we argue as follows: Let A = (e —%]) and
B = h~Y([%,r]). The continuity of /i guarantees that the disjoint sets A and B
are closed in C. Since C is a closed subset of X, it follows that A and B are also
closed subsets of X. So, there exists a continuous function g: X — [— '3 ’3'] (ie.,
leg(x)] < & 3 . for each x € X) such that g = ——-3» onAand g = 5 on B. Now let
ceC.Ifce A, then —r < h(c) < -—-’- = g(c) and so |A(c) — g(c)] < —1 If
¢ € B, then g(c) = 5 < h) <r, and hence, |h(c) — g(c)] < ~) Fmally, if
c¢ AU B, then —3 < h(c) < §, from which it follows that Ilz(c) glo) < -;
holds true in this case too.

Now, we claim that there exists a sequence {g,} of continuous real-valued func-
tions on X such that for each n we have

1/2 n—1
1gn(x)] < 5(3) forall x € X, (%)

and
HOEDIFAG!
=l

The existence of the sequence {g,} can be established by induction as follows: For
n=1, we apply property (E) with r =1 and & = f. So, there exists a continuous
function g;: X — IR satisfying {g;(x)] < %for eachx € X and | f(c)—gi(c)} < %
for each ¢ € C. Now, for the induction step, assume that f], ..., f, have been
selected to satisfy () and (x%). Applying property (E) with r = (%)" and h =
f - Z, _; &i» we see that there exists some continuous function g,4+1: X — R
satisfying | g1 ()] < 3( )" for each x € X and
) n+1
<< —_
<(3)

[f () - Zgz(C)} = Gn+1(0)| =
f=1{

forallc € C.

< (-3—) forall c e C. (%)

n+1

HOEDINIG!
i=1
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From Y oo | %(%)"" = 1 and (x), we see that the series g(x) = Y o gu(X)
converges uniformly, and so (by Theorem 9.2) g defines a continuous function
from X into [—1, 1]. Now, a glance at () guarantees that g(c) = f(c) for all
¢ € C. Next, consider the function |g|: X — [0, 1] and note that |g| is a continuous
extension of f to all of X.

(4) = (1) Let A and B be two nonempty closed disjoint subsets of X. Then
AU B is a closed set, and the function f: AU B — [0, 1], defined by f(a) = 0
for each a € A and f(b) = 1 for b € B, is continuous. Indeed, ifa € A and
€ > 0, then B® is a neighborhood of @ and | f(x) — f(a)| =0 < € holds for each
x € (AU B)N BC. This shows that f is continuous at a € A; similarly, f is
continuous at every b € B. If g is a continuous extension of f to all of X with
values in [0, 1], then g clearly separates A and B. By Lemma 10.2, A and B can
be separated by open sets, and so X is a normal space. B

Our next result is the celebrated Tietze’s’ extension theorem.

Theorem 10.6 (Tietze’s Extension Theorem). Let C be a closed subset ofa
normal space X and let f:C — IR be a continuous function. Then there exists
a continuous extension of f to all of X with values in R.

Proof. Let f:C — IR be acontinuous function, where C is a closed subset of
a normal space X. Assume first that f(x) > Oforeachx € C. Puth = nf—f and
note that h: C — (0, 1) € [0, 1] is a continuous function. By Uryson’s lemma
(Theorem 10.5), there exists a continuous extension hg: X — [0, 1] of h.

Next, let B = hgl({l}) and note that B is closed. Also, since 0 < fip{x) < 1
for each x € C, we see that AN C = @. Using Uryson’s lemma once more, we
see that there exists some continuous function ¢: X — [0, 1] such that ¢(c) = 1
for all c € C and ¢(b) = 0 for all b € B. Now notice that the function g = 1—%’)‘,‘,—”
is a continuous extension of f to all of X with values in R.

For the general case, assume that f:C — R is continuous and write f =
fr—f",where ft = fv0:C - Rand [~ = (=f)v0:C — R are two
continuous non-negative continuous functions. By the first part, there exist two
continuous functions ¢, ¢2: C — R that extend f* and f~, respectively. Now
notice that ¢ = ¢; — ¢;: X — IR is a continuous extension of f. =

A topological space (X, 7) is called locally compact if every point of X has a
neighborhood whose closure is a compact set.

Clearly, every compact topological space is locally compact. By Theorem 7.4
a subset of IR” is compact if and only if it is closed and bounded. Thus, it follows
that a Euclidean space R” is not compact but it is locally compact.

THeinrich Franz Friedrich Tietze (1880-1964), an Austrian mathematician. He worked in topology
and he is well known today for his famous *group transformations.”
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For locally compact spaces we have the following separation property:

Lemma 10.7. Let (X, t) be a Hausdorff locally compact topological space.
Assume that V is an open set and A is a compact set such that A C V. Then
there exists an open set O with compact closure suchthat AC O C O C V.

Proof. Since each point of A has a neighborhood with compact closure, and
since A can be covered by a finite number of these neighborhoods, it easily follows
that there exists an open set W with compact closure such that A € W. Replacing
W by W NV (if necessary), we can assume that A € W C V holds.

W NVe= @, then O=W satisfies A C O C O CV. Otherwise, if x €
WnNvVe, then x ¢ A, and so by Theorem 8.13 there exists an open set U, such that
A C U and x ¢ U,. Now, observe that the family ((TU)¢: x € WNV¢}isan open
cover of the compact set W N V¢ (its compactness follows from Theorem 8.12).
Thus, there exists a finite subset F of W N V¢ such that W n V¢ C U F (U ).
Note that ([, FU NwWnve=g.

Put©O = ﬂ rer (Ux NW), and note that O is an open set such that A € O C W.
It follows that © € W, and consequently,

oNveE=0nwWnvec (ﬂU_\) NWNVeE=gp.

xeF

Hence, A € O € O C V holds, and the proof is finished. ]
The followmg theorem is a “locally compact version” version of Uryson’s lemma.

Theorem 10.8 (Uryson). Let X be a Hausdorff locally compact topological
space, and let A be a compact subset of X. If V is an open set suchthat A C V,
then there exists a continuous function f:X - [0, 1] such that f(x) = 1 for
allx e Aand f(x) =0 forallx € VC.

Proof. The proof is identical to the proof of the implication (2) = (3) of
Theorem 10.5. The only difference in the proof is that instead of statement (2) we
must invoke Lemma 10.7. B

As an application of Theorem 10.8, we shall present a useful result dealing with
“partitions of unity.”

If f: X — R is a function, then the closure of the set ¥ = {x € X: f(x)  # 0}
is called the support of f and is denoted by Supp f. Thatis, Suppf =Y. A
function is said to have compact support if its support is a compact set.

Theorem 10.9. Let X be a Hausdorff locally compact topological space, and
let A be a compact subset of X. If Vi, ..., V, are open sets such that A C
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Ui, Vi, then there exist continuous real-valued functions fi...., fa on X
satisfying these properties:

1. 0<fix)<1lholdsforallx € X andeachl <i <n.

2. Each f; has compact support, and Supp fi € V;.

3. YL fitx) =1 holds for all x € A.

Proof. Letx € A. Then there exists some i (1 < i < n) such that x € V;.
Since {x} is a compact set, it follows from Lemma 10.7 that there exists a neigh-
borhood U, of x with compact closure such that U, C V;. Thatis, every x € A
has a neighborhood U, with compact closure satisfying U, C V; for some i.

Letxy, ..., X, bea finite number of points of A such that A € |/, U,,. Next,
for each i define O; to be the union of all those U, for which U, ; € Viholds (ifno
such U, exists, then O; = ). Clearly, each O; is an open set with compact closure
satisfying O; C V;. Moreover, A € |J/_, O; holds. By Lemma 10.7, for each /
there exists an open set B; with compact closure such that O; CB; CB; CV.

By Theorem 10.8, for each i there exists a continuous function g;: X — [0, 1]
such that g;(x) = 1 foreach x € ©; and gi(x) = 0 for each x ¢ B;. Also, by the
same theorem, there exists a continuous function #: X — [0, 1] such that 1(x) = 1
forall x € A, and h(x) = Oforallx € [|J_, O;]°. Putg = (1 — W)+ i, &is
and note that g is a continuous function with g(x) > O for all x € X. Now let
fi = gi/g fori = 1,...,n. We leave it for the reader to verify that fi,..., fi
satisfy the desired properties.

Any collection of functions f, ..., f, that satisfies the properties of Theo-
rem 10.9 is referred to as a partition of unity for A subordinate to the open cover
Vi,.... Vul

EXERCISES

1. Let (X, d) be a metric space and let A be a nonempty subset of X. The distance
function of A is the function d(-, A): X — R defined by

d(x, A) = inf{d(x, a): a € A}.

Show that d(x, A) = 0 if and only if x € A.
2. Let (X, d) be a metric space, let A and B be two nonempty disjoint closed sets, and

consider the function f:X — [0, 1] defined by f(x) = MT%%}()TB‘S' Show that:

a. f is a continuous function,
b f0)) = A and f~'({1}) = B;and
¢. if inf{d(a, b): a € A and b € B} > 0, then f is uniformly continuous.

3. Let A and B be two nonempty subsets of a metric space X such that A NB=A4ANB =
. Show that there exist two open disjoint sets U/ and V suchthat A C U and B C V.
4. Show that a closed set of a normal space is itself a normal space.
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Let X be a normal space and let A and B be two disjoint closed subsets of X. Show

that there exist open sets V and W suchthat AC V, B C WandVNW = @.

6. Show directly that a topological space is normal if and only if for each closed set A and
each open set V with A € V, there exists an open set W suchthat A C W C Wcv.

7. Foraclosed subset A of 4 normal topological space X establish the following:

a. There exists a continuous function f: X — [0, 1] satisfying £ ~'({0)) = A if and
only if A is a Gs-set.

b. If Ais a Gs-set and B is another closed set satisfying A N B = (@, then there
exists a continuous function g: X — [0, 1] such that g~'({0}) = A and gby=1
foreach b € B.

8. Show that a compact subset A of a Hausdorff locally compact topological space is
a Gs-set if and only if there exists a continuous function f: X — [0, 1] such that
A= f7H({o).

9. A-topological space X is said to be perfectly normal if for every pair of disjoint closed
sets A and B there exists a continuous function f: X — [0, 1]suchthat A = f~1({0})
and B = f~!({1}). (Part (b) of Exercise 2 above shows that every metric space is
perfectly normal.)

Show that a Hausdorff normal topological space is perfectly normal if and only if
every closed set is a Gg-set.
10. Show that a nonempty connected normal space is either a singleton or uncountable.
11. Let X be a normal space, let C be a closed subset of X, and let / be a nonempty
interval. If f:C — [ is a continuous function, then show that f has a continuous
extension to all of X with values in /.

.11. THE STONE-WEIERSTRASS APPROXIMATION THEOREM

In this section we shall present some conditions under which a linear subspace of
C(X), with X compact, is dense in C(X) with respect to the uniform metric. The
main result of this sort is known as the Stone—Weierstrass approximation theorem
and is a classical result. Before stating and proving this theorem, we need some
preliminary discussion.

A collection L of real-valued functions defined on a set X is said to separate
the points of X if for every pair of distinct points x and y of X there exists a
function f € L such that f(x) % f(y).

Our first result presents a property of vector spaces of functions that separate
the points. The constant function 1 is the function whose value at every point
equals 1.

Lemma 11.1. Let X be a nonempty set, and let L be a vector space of real-
valued functions on X that separate the points of X and contains the constant
function 1. Then given any two distinct points x and y of X and real numbers
o and B, there exists some f € L such that f(x) = a and f(y) = B.
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Proof. Since L separates the points of X there exists g € L such that g(x) #
g(y); put y = g(x) — g(y). Then the function f = y~'[(@ — B)g + (Bg(x) —
ag(y)1] belongs to L and satisfies f(x) = « and f(y) = B. ]

The next result presents a local approximation property that enables us to ap-
proximate a function from above at a given point.

Lemma 11.2. Let X be a compact topological space, and let L be a function
space of continuous functions that contains the constant function 1 and separates
the points of X. Then given a function g € C(X), a pointa € X, and ¢ > 0,
there exists a function f in L such that

fla) = g{a) and f(x)> g(x)—¢€ forall x € X.

Proof. Foreach x € X, there exists (by Lemma 11.1) a function f; € L such
that fi{a) = g(a) and f.(x) = g(x). Since f, and g are continuous functions,
there exists a neighborhood V, of x such that f,.(y) > g(y) —e forall y € V,.

Since X = UxE x Vx and X is compact, there exists a finite number of points
X1,...,xyof X suchthat X = J, _ Vy,. Let f = f, V-V fy;clearly, f € L
and f(a) = g(a). Also, if x € X, then there exists some m such that x € V, .
Thus, f(x) = fy,(x) > g(x) — € holds, which shows that the function f satisfies
the required properties. |

The lattice version of the Stone—Weierstrass theorem® is presented next.

Theorem 11.3 (Stone~Weierstrass). Let X be a compact topological space,
and let L be a function space of continuous functions separating the points of X
and containing the constant function 1. Then L is dense in C(X) with respect
to the uniform metric.

Proof. Letg € C(X), and let ¢ > 0. For each x € X, use Lemma 11.2 to
choose a continuous function f; € L such that f, > g — € and f.(x) = g(x).
From the inequality fy(x) = g(x) < g(x) -+ € and the continuity of f, and g at x, it
follows that there exists a neighborhood V, of x such that f;(y) < g(y)+ € forall
y € V,. Since X is compact, there are points xy, ..., X, such that X = U,';,_;l Vi, -
Let f = fi, A--- A fy,,and note that f € L.

Also, since fy, = g — €, it easily follows that f > g — €. On the other hand,
if x € X, then there exists some m such that x € V, ,and so f(x) < f, (x) <
g(x) + € holds. Thus, g(x) — ¢ < f(x) < g(x) -+ € holds for all x € X, and

consequently, || f — glleo = sup{|f(x) — g(x)|: x € X} < e. The proof of the
theorem is now complete. B

8Marshall Harvey Stone (1903-1989), an American mathematician. He contributed to Boolean
algebras, topology, the theory of functions, and functional analysis.
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Our nextresult deals with the uniform approximation of the square-root function
by polynomials.

Lemma 11.4. There exists a sequence of polynomials that converges uni-
formly to /X in the interval [0, 1].

Proof. Start by defining P;(x) = 0 for all x € [0, 1], and then, inductively,
put

Puyi1(x) = Py(x) + [ = (Pu(6))*]

forn > 1. Clearly, { P,} is a sequence of polynomials. We claim that 0 < P,(x) <
/X holds for each 7 and all x € [0, 1]. The proof of the claim is by induction.
For n = 1 the claim is trivial. Assume now that 0 < P,(x) < ./ holds for all
x € [0, 1] and some n. Clearly, 0 < P, (x) holds for all x € [0, 1]. Also,

VI = Pt (¥) = /X — Py(x) — $[x — (Py(x))*]
= [Wx = P.@[1 = (/X + Pu())].

and the two factors of the last product are nonnegative from our induction hypoth-
esis. Therefore, P,.;(x) < o/x forall x € [0, 1].

Now, from the definition of P, and the fact that [P,(x)]* < x foreach x €
[0, 11, it follows that the sequence {P,} is increasing and bounded on [0, 1]. Thus,
{P,} converges pointwise to some non-negative function f on [0, 1]. It easily
follows that [ f(x)]> = x for each x € [0, 1], and so, f(x) = J/x.

Finally, since /X is a continuous function and {P,} is increasing, Dini’s Theo-
rem 9.4 shows that { P,} converges uniformly to ./x on {0, 1]. ]

A vector space A of real-valued functions on a set X is called an algebra of
functions whenever the product of any two functions in A is again in .A. Thus, a
set A € R is an algebra if for every pair f, ¢ € A and real numbers « and 8 we
have af + Bg and fg in A; where, of course, (fg)(x) = f(x)g(x)foreachx € X.

And now we are ready to state and prove the classical Stone~Weierstrass the-
orem.

Theorem 11.5 (Stone-Weierstrass). Let X be a compact topological space,
and let A be an algebra of continuous real-valued functions on X separating
the points of X and containing the constant function 1. Then A is dense in C(X)
with respect to the uniform metric.

Proof. Let A denote the closure of A in C(X) with respect to the uniform
metric. Then A is a closed algebra (why?) containing the constant function 1 and



90 Chapter 2: TOPOLOGY AND CONTINUITY

separating the points of X. We have to show that A = C(X). By Theorem 11.3,
it suffices to show that A is a function space.

To this end, let f € Awith f # 0. Puta = || fllec = sup{|f(®)]: x € X} > 0.
Let { P, } be the sequerice of polynomials determined by Lemma 11.4 that converges
uniformly to /x on 0, 1]. Since Ais an algebra, the function g, = P,,( )belonos
to A for each n. Moreover, the sequence {g,,} COnverges umformly on X to

f 7 If |, Thus, lf | ¢ A, and so, | f| € A. Therefore, A contains the absolute

value of every functlon of A. But then, since
fveg=3if+g+If—gh) and fag=3(f+g—If—gh

it follows that f v g and f A g belong to A for every pair f, g € A. In other
words, A is a function space, and the proof of the theorem is complete. B

Since the collection of all polynomials on R is an algebra of continuous functions
that contains the constant function 1 and separates the points of R, the following

original result of K. Weierstrass follows immediately from the last theorem.

Corollary 11.6 (Weierstrass). Any continuous real-valued functiononacom-
pact subset A of R is the uniform limit on A of a sequence of polynomials.

EXERCISES

1. Let X be a compact topological space. For a subset L of C(X), let L denote the
uniform closure of L in C(X). Show the following:

a. If L is a function space, then so is L.
b. If L is an algebra, then so is L.

2. Let L be the collection of all continuous piecewise linear functions defined on {0, 1].
That is, f € L if and only if f € CI0, 1] and there exists a finite number of points
0=2xp <X <--- <X, = 1(depending on f) such that f is linear on each interval
[Xm—1. Xm]. Show that L is a function space but not an algebra. Moreover, show that
L is dense in C[0, 1] with respect to the uniform metric.

3. Show that a continuous function f:(0, 1) — R is the uniform limit of a sequence of
polynomials on (0, 1) if and only if it admits a continuous extension to [0, 1].

4. If f is a continuous function on [0, 1] such that fo x"fx)dx =0forn=0,1,.
then show that f(x)=0 forallx € [0, 1].

5. Show that the algebra generated by the set {1, x2} is dense in C[0, 1] but fails to be
dense in C{—1, 1].

6. Let us say that a polynomial is odd (resp even) whenever it does not contain any
monomial of even (resp. odd) degree.

Show that a continuous function f:{0, 1] — R vanishes at zero (i.e., f(0) = 0) if
and only if it is the uniform limit of a sequence of odd polynomials on
[0, 1].
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If f:[0,1] — R is a continuous function such that fol F(Yx)dx = 0 forn =
0,1,2,..., then show that f(x) = O for all x € [0, 1]. Does the same conclusion
hold true if the interval [0, 1] is replaced by the interval [—1, 1]?

Assume that a function f:[0, co) — R is either a polynomial or else a continuous
bounded function. Then show that f is identically equal to zero (i.e., show that f = 0)
if and only if f;° f(x)e™™ dx =0foralln =1,2,3,....

Show that a continuous bounded function f:[1, co) — R is identically equal to zero
if and only if floo x™" f(x)dx =0 foreachn =8§,9,10,....

Let A be an algebra of continuous real-valued functions defined on a compact topo-
logical space X which separates the points of X. Show that the closure Aof Ain
C(X) with respect to the uniform metric is either all of C(X) or else that there exists
some @ € X such that A = {f € C(X): f(a) = 0}.

[HINT: A glance at the proof of Lemma 11.4 shows that the polynomials Py(x) that
approximate ./x uniformly on [0, 1] have constant terms zero. This implies that | f|
and +/J7] both belong to A for each f € A.]

Let A be the vector space generated by the functions 1, sin.x, sin?x, sin’x, ... def-
ined on [0. 1]. Thatis, f € A if and only if there is a nonnegative integer & and real
numbers g, o, ..., o (all depending on f) such that f(x) = Zﬁ:o oy sin’x for
each x € [0, 1]. Show that A is an algebra and that A is dense in C{0, 1] with respect
to the uniform metric.

Let X be a compact subset of IR, Show that C(X) is a separable metric space (with
respect to the uniform metric).

Generalize the previous exercise as follows: Show that if (X, 4) is a compact metric
space, then C(X) is a separable metric space.

[HINT: Let {x,} be a countable dense subset of X, and let f,(x) = d(x, xp). If Als
the algebra generated by the functions 1, fi, f2, ..., show that A = C(X).]

Let X and Y be two compact metric spaces. Consider the Cartesian product X x ¥
equipped with the distance D; given in Exercise 4 of Section 7, so that X x Y is
a compact metric space. Show that if f € C(X x Y)and ¢ > 0, then there exist
functions { f1, ..., fu} € C(X)and {g1,..., gu} € C(Y) such that

Fe,nN =) filog| <e

i=1

holds forall (x,y) e X x Y.
[HINT: Consider the algebra generated in C(X x ¥) by the functions F(x, y) == f(x)
and G(x. ¥) = g(y) for f e C(X)and g € C(Y).]






CHAPTER 3

THE THEORY OF MEASURE

At the turn of the nineteenth century it was quite apparent to mathematicians that the
properties of continuous functions and Riemann’s theory of integration were not
rich enough to solve many scientific problems. The inadequacies of the continuous
functions led them to search for different classes of functions that would provide
solutions to a variety of problems.

Around the beginning of the twentieth century, the theory of measure was origi-
nated. At that time, it was realized that to get a better understanding of the structure
of functions it was necessary to make a thorough study of the subsets of Euclidean
spaces. To study these sets, it became clear that the classical notions of length, area,
and volume needed to be generalized. The search for devising ways of assigning
a concept of a “measure” to a given set of points has its roots in that period.

E. Borel [4] in 1898 was the first to establish a measure theory on the subsets of
the real numbers known today as Borel sets. Soon after (in 1902), H. Lebesgue [21]
presented his pioneering work on Lebesgue measure, and a little later (around
1918), C. Carathéodory introduced and studied the properties of outer measures.
From then on a rapid development of the theory of measure, which included among
its contributors the most prominent mathematicians of the first half of the twentieth
century, followed. _

This chapter discusses in detail the theory of measure. We start our study by
introducing the concept of a semiring of sets and then proceed by studying the
properties of measures on semirings. The important notion of the outer measure is
introduced and studied next. It is followed by a detailed investigation of the mea-
surable sets and measurable functions. Our attention is then turned to the properties
of simple and step functions and to the basic properties of the Lebesgue measure.
The chapter culminates with an investigation of convergence in measure and a
discussion on abstract measurability properties.

12. SEMIRINGS AND ALGEBRAS OF SETS

In this section the notion of a semiring of sets is introduced and its properties
are studied. A semiring of sets is the simplest family of sets for which a measure

93
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theory can be built. It turns out that most “reasonable” collections of sets satisfy
the semiring properties.

Definition 12.1. Let X be a nonempry set. A collection S of subsets of X is

called a semiring if it satisfies the following properties:

1. The empty set belongs to S; that is @ € S.

2. IfA,B € S;then ANB € S;thatis, S is closed under finite intersections.

3. The set difference of any two sets of S can be written as a finite union of
pairwise disjoint members of S. That is, for every A, B € S; there exist
Ci,...,Cpin S (depending on A and B) such that A\ B = Ji_, C;i and
C,‘ﬂCj:@ifi#j.

Now, let & be a semiring of subsets of X, A subset A of X is called a o-set

with respect to S (or simply a o-set) if there exists a disjoint sequence {4,} of

o0 N .
SGe,AyNAy =0@ifn #mysuchthat A =12 A, A =1J_ A with

A, ...,ApeSand A;NA; = @fori # j, then A is a o-set. Toseethis,put
A; = @ fori > n. It follows from Definition 12.1 that A \ B is a o'-set for every
pair Aand B in S.

Some basic properties of o-sets are included in the next theorem.

Theorem 12.2. For a semiring S, the following statements hold:

1. IfAeSand Ay, ..., A, €8, then A\ |-, Ai can be written as a finite
union of disjoint sets of S (and hence, it is a -set).

2. For every sequence {A,} of S, the set A = U" { Ay isa o-set.

3. Countable unions and finite intersections of o -sets are o -sels.

Proof. (1) We use induction on n. For n = 1, the statement is true from the def-
inition of the semiring. Now, assume the statement true for some n. Let A € S, and
letA;, ..., A, Ayl € S.Bythe mductlon hypothesis, thereexist By, ..., By € S
such that B = A\ UL, A=, Biand B;N B; = @ifi # j. Consequently,

n+1

k
A\ JAr =B\ Ay = JBi\ Aus).
i=1

i=]

By property (3) of Definition 12.1, each B \ An4; can be written as a finite union
of disjoint sets of S. Since B;NB; = @ifi # j,iteasily follows that A \ U A
can be written as a finite union of disjoint sets of S. This completes the mducnon
and the proof of (1).

(2) Let {A,} € S.Put A = |2, A,, and then write A = (J;2; B, with

By = A; and Bpyy = Ay \ Ui, Ai for n > 1. Observe that B; N B; = @ if
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[ # j,and by statement (1) each B, is a g -set. It now follows easily that A is itself
a o-set.

(3) The proof follows from (2), and property (2) of Definition 12.1. |

The proof of part (2) of the preceding theorem also guarantees the validity of
the following useful result:

Lemma 12.3. If{ ,,} is a sequence of sets in a semiring S, then there exists
a disjoint sequence {C,} of S such that Un_ A, = Uﬁil C, and for each n
there exists some k with C, C Ay;.

Some natural collections of sets happen to satisfy other properties that are
stronger than those of a semiring. The “algebra of sets” is such a collection, and
its definition follows.

Definition 12.4. A nonempty collection S of subsets of a set X which is closed

under finite intersections and complementation is called an algebra of sets (or

simply an algebra). That is, S is an algebra whenever it satisfies the following
properties:

i. IfA,BeS,thenANBeS.
ii. IfAeS,then A*eS.

Three basic properties of an algebra are included in the next theorem.

Theorem 12.5. For an algebra of sets S, the following statements hold:
1. ¢,Xes.

2. The algebra S is closed under finite unions and intersections.
3. Thealgebra S is a semiring.

Proof. (1) Since S is nonempty there exists some A € S. Now, by hypothesis
A® e S, andso, @ = AN A® € S. Moreover, X = @° € S.

(2)Let A, B € §.Then AU B = (A° N B®)* € &, and the rest of the proof can
be completed easily by induction.

(3) We have to verify only property (3) of Definition 12.1. But this is obvious
in view of the identity A\ B = AN B". |

We continue by illustrating the notions of semiring and algebra of sets with
exarmples.

Example 12.6. For every nonempty set X, the collection S = {@, X} is an algebra of
sets. This is the “smallest” (with respect to inclusion) possible algebra. 2
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Example 12.7. For every nonempty set X, its power set P(X) (i.e., the collection of all
subsets of X) forms an algebra. This is the “largest” possible algebra. B

Example 12.8. Let F be a nonempty pairwise disjoint family of subsets of a set X. Then
S = F U (@) is a semiring of subsets of X. To see this, note first that @ € S. Now, if
A, B € S, then A N B is either empty or equal to A. Likewise, A \ B is either empty or
equal to A. Thus, A, B € & implies that AN B and A\ B both belong to S,and so Sis a
semiring.

Example 12.9. Ifa,b € IR, letus write [a, b) = @ if a > b and (as usual) [a,b) = {x €
R: a < x < b} ifa < b. Then the collection § = {[a, b): a,b € R} is a semiring of
subsets of IR, which is not an algebra (for instance, notice that [0, 1)U [2, 3) ¢ &). B

The semiring of the previous example is very important because of its many
applications. Its analogue in higher dimensions is presented next.

Example 12.10. Let S denote the collection of all subsets A of IR” for which there exist

intervals {ay, b1), ..., [an, by) such that A = [a), b)) x - x [an, by). (f a; = b; holds
for some i, then [a;, b;) = @, and so A = .) Then S is a semiring of subsets of IR". To
see this, note first that only the third property of the semiring definition needs verification;
the other two are trivial. The proof is based upon the following identity among sets A, B,
C,and D:

Ax B\CxD=[A\C)x BJU[(ANC)x(B\D)], (*)

where the sets of the union on the right-hand side are disjoint.
For the proof, use induction on n. For n = 1 the result is straightforward. Assume it now
true for some 1. We have to show that any set of the form

[a1, by) x -+ x {ap, by} x [@ps1, buat) \ 1, d1) x -~ x [cp, du) X ent1s dut1)

can be written as a finite union of disjoint sets from the (n + 1)-dimensional collection S.
But this can be easily shown by letting

A = [ay, b1) x -+ x [an, by), B = [ap41, bnt1),
C = [c1,dy) x -++ x [cn, dn), D = [cpa1. dnt)

in (x) and using the induction hypothesis. =

An intermediate notion between semirings and algebras is that of a ring of sets.
A ring of sets (or simply a ring) is a nonempty collection of subsets R of a set X
satisfying these properties:

a IfA,BeR,thenAUBeR.
b. IfA,BeR,then A\B e R.
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Every ring R contains the empty set. Indeed, since R is nonempty, there exists
AeR,andso® = A\ A € R. Clearly, every algebra of sets is a ring of sets.
Also, a ring R is necessarily a semiring. Indeed, if A, B € R, then the relation
ANB=A\(A\B)showsthat AN B € R.

Another useful concept is that of a o -algebra of sets.

Definition 12.11. Analgebra S of subsets of some set X is called a o -algebra
if every union of a countable collection of members of S is again in S. That is,

in addition to S being an algebra, \ J7-, A, belongs to S for every sequence
{An} of S.

n==

By virtue of (0o, A, = (U AS)S, it easily follows that every o-algebra of
sets is also closed under countable intersections.

Every collection of subsets F of a nonempty set X is contained in a smallest
o -algebra (with respect to the inclusion relation). This o -algebra is the intersection
of all o-algebras that contain F (notice that 7(X) is one of them), is called the
o-algebra generated by F.

An important o -algebra of sets is the o -algebra of all Borel sets of a topological
space. Its definition is given next.

Definition 12.12. The Borel sets of a topological space (X, t) are the mem-
bers of the o-algebra generated by the open sets. The o-algebra of all Borel
sets of (X, t) will be denoted by B.

EXERCISES
1. If X is atopological space, then show that the collection
S = {CNO: Cclosed and O open} = {C1\ Ca: C}, C; closed sets}

is a semiring of subsets of X.

Let S be a semiring of subsets of a set X, and let Y € X. Show that Sy = (Y N A:

A e S} is a semiring of Y (called the restriction semiring of Sto ).

3. Let S be the collection of all subsets of [0, 1) that can be written as finite unions
of subsets of [0, 1) of the form [a, b). Show that § is an algebra of sets but not a
o -algebra.

4. Prove that the o-sets of the semiring

15

S={[a,b): a,beR and a < b}

form a topology for the real numbers.

5. Let S be a semiring of subsets of a nonempty set X. What additional requirements
must be satisfied for S in order to be a base for a topology on X? (For the definition
of a base, see Exercise [18] of Section {8].) Prove that if such is the case, then each
member of S is both open and closed in this topology.
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6. Let A be a fixed subset of a set X. Determine the two o-algebras of subsets of X
generated by
a. {A},and
b. {B: ACBCX).
7. Let X be an uncountable set, and let
S={E CX: E or E® is at most countable}.
Show that S is the o-algebra generated by the one-point subsets of X.
8. Characterize the metric spaces whose open sets form a o -algebra.
9. Determine the o-algebra generated by the nowhere dense subsets of a topological
space.
10. Let X be anonempty set, and let F be an uncountable collection of subsets of X . Show
that any element of the o-algebra generated by F belongs to the o -algebra generated
by some countable subcollection of F.
11. Show that every F,- and every G-subset of a topological space is a Borel set.
12. Show that every infinite o -aigebra of seis has uncountably many scis.
13. Let(X,t)be atopological space, let B be the c-algebra of its Borel sets, and let Y be
an arbitrary subset of X. If ¥ is considered equipped with the induced topology and
By denotes the o-algebra of Borel sets of (¥, ), then show that
By ={ANY: A e B}.
14. Let A1, ..., Ay be sets in some semiring 5. Show that there exists a finite number of
pairwise disjoint sets By, ..., Bm of S such that each A; can be written as a union of
sets from the By, ..., By.

[HINT: Use induction on n and Theorem 12.2(1).]

13. MEASURES ON SEMIRINGS

The semirings would not be of importance to us if it were not for the purpose

of

defining measures on them. The concept of a measure can be thought of as a

generalization of the concepts of length and area, and its-definition is given next.
A real-valued function defined on a family of sets is referred to as a set function.

Definition 13.1. Let S be a semiring of subsets of a set X. A set function
u:S — [0, ool is called a measure on S if it satisfies the following properties:

1. w(@) =0, and
2. whenever {A,) is a disjoint sequence of S satisfying Uiz, An €S, then

/'L< An) = Z/-‘L(AI!)
1

n= n=1

holds: that is, u is o -additive.
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A triplet (X, S, u), where X is a noneinpty set, S is a semiring of subsets of X,
and 4 is a measure on S is called a measure space.

Theorem 13.2.  For ameasure space (X, S, ), the following statements hold:

1. If Ay,...,A, € 8 are pairwise disjoint and | Ji_,Ai € S, then
wlUr A = Do) i(Ap). That is, p is finitely additive.

2. IfA,B € S satisfy A C B, then u(A) < wu(B) holds. That is, u is
monotone.

Proof. (1)IfAi,..., A, € Sare pairwise disjoint sets such that U?:t A €S,
let A; = @ fori > n. Then {A;} is a disjoint sequence of S satisfying U, Ai =
Ui, Ai € S. Thus, by the o-additivity of u we have

u( U Ai> = u( U A.~> =D uA) =) uA,
i=1 i=l1 i=1 i=l

where the last equality holds by virtue of u(@) = 0.

(2) Let A, B € S satisfy A € B. Choose a finite collection of disjoint sets
Ci,...,Chof Ssuchthat B\A=|J_,C;.Then B =AU(B\A)=AUC, U
..-UC, is a finite union of disjoint sets of S. Thus, from part (1) we have

w(B) = p(A) + u(C) + - -+ u(Cy) = u(A),

and the proof of the theorem is complete. <]
We continue with some examples of measure spaces.

Example 13.3 (The Counting Measure). Let X be a set, and let § = P(X). Define
u:S — [0. o] by u(A) = oo if A is an infinite subset of X and wu(A) = the number of
elements of A if A is a finite set. The reader can verify easily that (X, §, 1) is a measure
space. ]

The measure of the next example is known as a Dirac! measure.

Example 13.4 (The Dirac Measure). Let X be a nonempty set, and let S = P(X). Fix
an element ¢ € X, and define pu: S — [0,00) by u(A) = 0ifa ¢ A and u(A) = 1if
a € A.Itis easy to see that (X, 8, p) is a measure space. B

Example 13.5. Let F be a nonempty pairwise disjoint family of subsets of a set X,
and let § = F U {®}. In Example 12 we verified that S is a semiring. Now, for each
nonempty set A € F fix some my € [0, oo]. Then the set function x: S — [0, c0), defined

'Paul Adrien Maurice Dirac (1902-1984), a famous English theoretical physicist. He won the Nobel
prize in Physics at the age of 31 for his pioneering work in quantum theory. This measure was introduced
by him in the context of “delta functions.”
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by u(@) = 0 and u(A) = my if A € S is nonempty, is a measure. To see this, note
that if A € S can be written as a disjoint union A = U;’,’;l A, with {Ap) € S, then it
must be the case that A = Ay for some k and A, = @ forn # k. This easily implies
w(A) = u(Ar) = Yoo, 1(Ay) and so p is o-additive. B

Example 13.6. Assume thatthe function f: IR — R is nondecreasing and left continuous;
that is, limyqa f(x) = f(a) holds for each a € IR. Consider the semiring § = {[a, b): a,
b € R and a < b}; see Example 12. Now define p: S — [0, co) by p(la, b)) = f(b)y—f(a)
ifa < b and (@) = 0. We claim that the set function u is a measure.

To see that p is o-additive, let a < b and let [a, b) = U;,";l [an, bn) with the sequence
{{an. by)} disjoint; we can assume that a; < by, for each n. Let

5=y p(lan, bn)).

n=1
Rearranging [a1, bi), . - ., [k, bi), we can suppose that
a<b<ap<bh=<---Za < bg.

Since f is increasing, Zfzt[f(bi)w FlaNl < flbr)— fla) f(b)— f(a), which implies
s < f(b) = f(a) = plla, b)). (%)
For thie reverse inequality,Jetd > O0and0 < € < b — a. For each n choose some ¢, < ay
satisfying f(an) — f(x) < 27" whenever c; <X = dy. Since[a,b—€] & U;";l(c,,, bp)
and [a, b — €] is compact, it follows that [a, b—e€]C Uﬁ:l (¢n, by) must hold for some .
Assume a; = a. If by < b — ¢, then by rearranging, we can assume by € (c2, b3). Since
(a1, b1) N (az, by) = @, it follows that ¢3 < by < ay. Continuing this process, we obtain

€1, b1\ (Cma ), 1 S m <k, withb — € < by and, if m 2 2, ciq < b; < aj4q for
1 <i <m— 1;note that ;”:"Il[f(ai+;) — f(by)] < 8. Consequently,

s = Y LFi) = fla)
i=1

m~—1

= flbm) = fla) = 3 _1f@is1) = £
> fb—e)— f@) :s‘.
Since § > 0and 0 < € < b — a are arbitrary, the left continuity of f at b implies
s = f(b) - f(a).

The latter combined with () shows that s = f(b) — f(a), so p is o -additive. ]
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An important special case of the preceding example is the case when f(x) = x
for all x € IR. The resulting measure is called the Lebesgue measure on S, and it
will be denoted by A; that is, A([a, b)) = b — a. Later, the domain of this measure
will be extended to include all the open and closed sets.

Example 13.7. Consider the semiring S of Example 12.10. That is, the semiring S con-
sists of all subsets of IR” of the form [a), b1) X - -+ x [a,, by), witha; < b; for 1 <i <n
together with the empty set. Define A: S — {0, 00) by A(@) = 0 and

Mlar, br) x -+ x [an, b)) = [ [ (b1 — ap).

=]

Then A is called the Lebesgue measure on S. We postpone the proof of the o -additivity of
A until Section 18. A proof that requires some additional background will be presented in
Theorem 18.1.

The following theorem characterizes the set functions on semirings that are
measures:

Theorem 13.8. Let S be a semiring, and let u: § — [0, o] be a set function.
Then  is a measure on S if and only if | satisfies the following conditions:

L (@)=

2. IfAeSandAy,...,A, eSsatisfy Ui, Ai S Aand AiNA; =@ for
i j,then Y i_; u(A;) < u(A) holds.

3. IfAeSand(A,) C Ssatisfy A S U2, An, then p(A) < Y o2 u(A,)
holds; that is, u is o-subadditive.

Proof. Assume that 4 is a measure on S. Then by definition, u(@) =
For (2) assume that A € &, and that the disjoint sets Ay, ..., A, of S satisfy
Ui- Ai € A.By Theorem 12.2(1), there exist disjoint sets By, ..., B,, of S such
that A\ Ui, Ai = UL, Bi.Put C, = Ay,...,C, = A,, and Cpy; = B; for
1 <i < m. Then the sets C\, ..., Cpyn are disjoint and A = [ J]" C;. By the
finite additivity property of 1 (see Theorem 13.2), we get

n-n

w(A) = Zu(c )= ZM(A )

For the o -subadditivity of u, assume that A C U ; A, holds with A € § and
{A)) S S.PutBy = Ajand By = Appr \ Ui Ai forn > 1. Then | J32, B, =
Ui" 1A, and B, € A, for each n. Also, the sequence {B,} is disjoint, and by
Theorem 12.2(1). for each n > 2 there exist pairwise dlS_]Olnt setsC?,...,C? k in
S such that B,, = U C!. Note that by (2) and U C! € A, for each n, it
follows that Z, l/u(C”) < u(A,). Forn =1, we put lq = 1 and Cl = Ay.)
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Now, observe that A = |, (B, N A) = U2, UL, (C]' N A), is a disjoint union.
So, by the o-additivity of u we get

kn Ky

u(crna) =) 3 ulCh) = ) w4,

=1 f=1 n=1

s

w(A) =

1i=1

E
It

Conversely, if the set function u: S — [0, co] satisfies the above three con-
ditions, then u is o-additive by combining (2) and (3). Hence, it is a measure.
=

We close the section with the definition of a finitely additive measure. A set
function p:S -» [0, oo], where S is a semiring, is called a finitely additive
measure on S if it satisfies these properties:

a. u(@) =0
b, IfAq,..., A, €S are disjoint and { i, A; € &, then

M(U Ai) = iM(Ai)-
i=1 i=1

It easily follows that every finitely additive measure [ is monotone; that is, if
A, B € S satisfy A C B, then u(A) = w(B) holds. By Theorem 13.2, every
measure is a finitely additive measure, but the converse is not true. See Exercise 7
of this section.

EXERCISES

1. Let {a,) be a sequence of nonnegative real numbers. Set u(®) = 0, and for every
nonempty subset A of IN put'u(A) = 3 s Gn. Show that p: P(N) — [0,00] is &
measure.

2. Let S be a semiring, and let 1: S — [0, oo] be a set function such that (A) < oo for
some A € S.If u is o-additive, then show that p is a measure.

3. Let X be an uncountable set, and let the o-algebra

S={E C X: E or E° is at most countable};

see also Exercise 7 of Section 12. Show that u: S — [0, 00), defined by u(E) = 0if
E is at most countable and p(E) = 1 if E¢ is at most countable, is a measure on S.

4. Let X be a nonempty set, and let f: X — [0,00] be a function. Define p: P(X) —
[0, 00] by i(A) = Y cea f(x)if A # @ and is at most countable, u(A) = oo if A is
uncountable, and (@) = 0. Show that u is a measure.

5. Let S be a semiring, and let p: S — [0, o] be a finitely additive measure. Show that
if u is o-subadditive, then 4 is a measure.

6. Let {u,} be an increasing sequence of measures on a semiring S; that is, uy(A) =
tns1{A) holds forall A € S and all n. Define p: S — [0, 00] by u(A) = sup{a(A)}
for each A € S. Show that u is a measure.
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7. Consider the semiring § = {A € IR: A is at most countable}, and define the set
function u: S — [0, 00] by u(A) = 0 if A is finite and u(A) = oo if A is countable.
Show that i is a finitely additive measure that is not a measure.

Show that every finitely additive measure is monotone.

9. Considerthe set function y defined in Example 13. Thatis, consider a nondecreasing and
left-continuous function f: R — IR and then define the set function u: S — [0, c0) by
ulla, b)) = f(b) — f(a), where S is the semiring § = {[a, b): —c0 < a < b < co}.
Prove alternately the fact that 4 is a measure.

o

14. OUTER MEASURES AND MEASURABLE SETS

The theory of outer measures will be presented in this section. The concept of an
outer measure is due to C. Carathéodory? and is defined as follows.

Definition 14.1 (Carathéodory). A set function pu: P(X) — [0, oo] defined
on the power set P(X) of some set X is called an outer measure if it satisfies
these properties:

L. w(@)=0.

2. u(A) < u(B)if A C B, that is, | Is monotone.

3. n(UZ, Ay < Xon2, u(Ay) holds for every sequence {A,) of subsets of
X; that is, u is o -subadditive.

An outer measure 4 need not be o -additive on P(X). However, as we shall see,
there always exists a o -algebra of subsets (called the measurable sets) on which
w is o -additive. The details will be explained below.

Throughout the rest of this section, u will denote a fixed outer measure. The
next definition describes the measurable sets and is also due to C. Carathéodory.

Definition 14.2 (Carathéodory). Asubset E of X is called measurable (more
precisely, y-measurable) whenever

w(A) = u(ANE)+ u(ANE®)
holds for all A € X.
Since the o -subadditivity of u implies

w(A) = n(ANEYUMANE®) < w(ANE)+ u(ANEY)

2Constantin Carathéodory (1873-1950), a distinguished Greek mathematician. He made many
significant contributions to pure and applied mathematics.
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for all subsets A and E, it easily follows that a subset E is measurable if and only if
p(A) = (AN E) + p(ANES)

holds for each subset A of X.
The collection of all measurable sets will be denoted by A. That is,

A={ECX: w(A) = w(ANE)+ u(ANE®) forall AC X}

If clarity requires 4 to be indicated, then we shall write A, instead of A.

The simplest measurable sets are the sets having outer measure zero. Before
verifying this, we name these sets.

Definition 14.3. A set E is called a null set if u(E) = 0.

It should be clear from the o -subadditivity property of u that a countable union
of null sets is again a null set. The null sets will play an important role in the theory

of integration.

Theorem 14.4. Every null set is measurable.

Proof. Let E C X with u(E)=0. Then the monotonicity of u implies w(AN
E) = 0 for each A € X. Consequently, for each subset A of X we have

w(A) < W(ANE)+ u(ANES) = pu(ANE) < u(A),

where the first inequality holds by virtue of the o-subadditivity of s. Thus, E is
measurable. ]

For more properties of the measurable sets, we need the following:

Lemma 14.5. Let the sets E, ..., E, be disjoint and measurable. Then

M( U(A N Ei)) = ‘:M(A NE;)
i=1 i=1

holds for every subset A of X.

Proof. The proof is by induction on n. Obviously, the result is true forn = 1.
Assume it now true for some 1, and let the sets Ey, ..., E,, E,41 be disjoint and
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measurable. If A C X, then

n+1
AN [ UE,} NEpp1 = AN Eyy

i=1

n4-1 n
AN [ DE,:‘ N(Epet)’ = AN [ UE:l
f==1

i=l

Therefore, using the measurability of E,..;, we see that
n+1 n+1
i=1 i=1
n41 n+l1
M(A N ([U E,} n E,,+n> + u(A n [U E,} n (E,m)“)
i=1 i=l

" n+l
WAN Epyn) + u(A n [U ED =Y WANE),
i=l i=1

i

{

where the last equality holds by the induction hypothesis. The induction is now
complete, and the proof is finished. B

We are now ready to establish that the collection of all measurable sets is a
o-algebra.

Theorem 14.6. The collection A of all measurable sets is a o-algebra.

Proof. It should be clear from the definition of the measurable sets that if
E € A,then E€ € A;thatis, A is closed under complementation. Since u(@) = 0,
we have @ € A; therefore, X € A.

Next, we show that if £, E> € A, then E = E| U E; € A. Indeed, note first
that £ = E| U(E{ N E»), and then that for every subset A of X the relations

n(A) £ WANE)+ u(ANES)

[w(ANE)+ p((ANES)N Ea)]+u((ANES) N ES)
wANED + [u((4NE) N E2) +u((ANET) NES)]
= w(ANE) + u(ANE}) = u(A)

IA

Il

imply Ey U E; € A.
It now follows easily that A is closed under finite unions and finite intersections.
Also, if E\, E; € A, then E|\ E; = E\ N E§ € A. Thus, A is an algebra of sets.
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To finish the proof, it remains to be shown that A is a o-algebra of sets. To
this end, let {E,} € A. Put E = |J;2, E,, and define G; = E, and Gl =

E,i\ Ul Ei forn = 1. Then {G,} € A, G, NGp = @ifn # m, and
E = Un  Gu.LetF, = U Giforn = 1, and note that each F, is a measurable
set such that | 52, F, = E. Now if A C X, then

n=l

w(ANF,)+ p(ANES)

= [ZM(A nG»] + u(A N E°)

i=l1

v

holds for each 1, where the last equality holds by virtue of Lemma 14.5. Hence,

[ ]
w(A) = LLM(AQG)J‘*“M(A ¢y > u(ANE)+ u(ANES) = u(A),

i=1
andso E € A.. Therefore, A is a o-algebra.
Remarkably, the outer measure /. restricted to A is a measure.
Theorem 14.7. Let ju be an outer measure on X . Then (X, A, ﬁ) is a measure

space; that is, . is o -additive on A.

Proof. Let {E,} be a disjoint sequence of A. Put £ = Uff__] E,. Bytheo-
subadditivity property of . we have

W(E) < > i(En).

n=}

On the other hand, Lemma 14.5 shows that

k
Zu(E,,) = Zu(E NE,) = (E n [ U ED < WME)

n=1 n=] n=1

holds for every k. Hence, Z”_l U(E, ) < (E), sothat w(E) = Zn-—l w(Ey), and
the proof is finished. B

When p is restricted to A it is often referred to as the measure induced by the
outer measure L.

It is useful to know that u is subtractive on the measurable sets of finite measure.
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Theorem 14.8. Let A and B be measurable sets such that A < B, with
u(B) < co. Then u(B\ A) = u(B) — u(A) holds.

Proof. Write B = AU(B \ A), and then use the additivity of u to get w(B) =
w(A)+u(B\ A). Since u(B) < oo, itfollowsthat u(B \ A) = u(B)—u(A). H

We are now ready to describe a process of constructing outer measures. Let 7 be
acollection of subsets of a set X containing the empty set. Also, let u: 7 — {0, oo}
be a set function such that (@) == 0. For every subset A of X we define

o0 o
u*(A) =inf{ ¥ u(A.): (A4} is a sequence of F with A € U A

n=| n=1

If there is no sequence {A,} of F suchthat A € Uﬁil A, thenwe let u*(A) = co.
That is, we adhere to the convention inf @ = oo.

Theorem 14.9 (Carathéodory). The set function u*: P(X) — [0, co] is an
outer measure (called the outer measure generated by the set function pu: F —>
[0, co)) satisfying

K (A) < u(A)
foreach A € F.

Proof. Clearly, u*(A) > 0 holds forevery A € X. If A, = @ for all n, then
0 < u*(@) < Yope) (@) =0, so that u*(@) = 0.

For the monotonicity of u* assume A € B.If B € [ oo, A, with {4,} C F,
then A C (U2, A,, and so u*(A) < Y oo u(A,). (If there is no sequence (A,}

n=

of F that covers B, then u*(B) = o0, and p*(A) < u*(B) is obvious.) Thus,

/-L*(B) = mf{ ZI‘L(AH): {An} CFand B C U Ayt = /«L*(A)~

n=1 ne=1

For the o-subadditivity of u*, let {A,} be an arbitrary sequence of subsets of
X.IEY02 u*(Ay) = oo, then clearly, u*(Une) An) < Y onet #*(Ay). Therefore,
assume 3 o, 1*(A,) < oo. Let € > 0. For each i, choose a sequence {A!} of F
such that A; € |52, AL, and 3°00 | w(Al) < p*(A;) +277e. Then Al € F for
eachi and n, and S0, A, € U, U2, Al Hence,

n==

29

u*( A,,> <Y (A =Y ut A+ 27 el =) pt(A) +e
1 i=l

n= i=1 n=1 i=1

forall € > 0, so that u*('Uii, Ap) < Y (A,
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Since A = AU@GUQ@U@U - -+, it easily follows that u*(A) < u(A)holds true
foreach A € F. B

It is easy to construct examples where w*(A) < u(A) is valid for some Ae
F, ie., u* need not be (in general) an extension of . For instance, if X =
(1,2,3}, F = {@,{1},{1,2}} and w:F — [0, 00] is defined by w@) = 0,
w({1}) = 2and u({1,2) =1, then pu*({1}) = 1. However, as we shall see in the
next section, when w is a measure, the outer measure p* is always an extension
of . :

It turns out that the outer measure generated by p* coincides with p*, i.e.,
(u*y* = p*. The details follow.

Theorem 14.10. Let F be a collection of subsets of a set X containing the
empty set and let p: F — [0, oo} be a set function satisfying /(@) = 0. Assume
® is also a collection of subsets of X with F & & and that v: ® — [0, 0o]
denotes the restriction of p* to @, i.e., v(A) = p*(4) for each A € ® Thenthe
outer measure generated by v coincides with ©*, i.e., v:(A) = u*(A) holds for
each subset A of X.

Proof. Let A € X. We first claim that
wr(A) < v*(A).

If v*(A) = oo, then the inequality is obvious. So, assume v*(A) < oo. In this case,
note that if a sequence {A,} of @ satisfies A & U°° , An, then the o -subadditivity

Nz

of w* implies w*(A) < Y oy w*(An) = 3% | v(A,). Therefore,

n=

&)

KH(A) < 'mf{ S u(An): (A} € ® and A S [ A =v(A).

n==1 n=1

Next, we shall show that
v*(A) < u*(A)

is also true. Again, if u*(A) = oo, then the inequality is obvious. So, assume
p*(A) < oo and let € > 0. Then there exists a sequence {4,} € F & & sat-
isfying A € UU,o, Ax and 3% Ay < pH(A) + €. Now, taking into ac-
count (from Theorem 14.9) that u*(A,) < w(A,) holds for each n, we see
that

A < Y V(4D = D BT A < ) (A < wT(A) e

n=1l n==1 n=1
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Since € > 0 is arbitrary, it follows that v*(4) < u*(A). Thus, v*(A) = p*(A)
holds for all subsets A of X. B

Finally, we leave it as an exercise for the reader to prove the following result

asserting that the only outer measures are the ones generated by set functions.

Theorem 14.11. Let v: P(X) — [0, ool be a set function on the power set
of a set X. Then v is an outer measure if and only if there exist a family F of
subsets of X and a set function p: F — [0, co], where @ € F and u(@) = 0,
whose generating outer measure coincides with v, i.e., v = u*.

EXERCISES

Unless otherwise stated, in the exercises below u is assumed to be an outer measure
on some set X.

1.
2.

Show that a countable union of null sets is again a null set. -
If A is a null set, then show that

pw(B) = pu(AU B) = u(B\ A)

holds for every subset B of X.
If a sequence {A,) of subsets of X satisfies Zj’,":l w(A,) < oo, then show that the set

{x € X: x belongs to A, for infinitely many n }

is a null set.
If £ is a measurable subset of X, then show that for every subset A of X the following
equality holds:

W(E U A) + w(E N A) = u(E) + u(A).

If A is a nonmeasurable subset of X and E is a measurable set such that A € E, then
show that u(£ \ 4) > 0. '

Let A be a subset of X, and let {E,} be a disjoint sequence of measurable sets. Show
that

oo (=]
u( (An E,,>> =) WANEy.
i

n== n=1

Let {A,) be a sequence of subsets of X. Assume that there exists a disjoint sequence
{B,} of measurable sets such that A, C B, holds for each #. Show that

o o0
u( A,,) =3 w(An).
N==1 =1

Show that a subset E of X is measurable if and only if for each € > 0 there exists a
measurable set F suchthat F C E,and u(E\ F) <e.
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9. Assume that a subset E of X has the property that for each € > 0, there exists a
measurable set F such that u(EAF) < €. Show that E isa measurable set.
10, LetX ={1,2,3},F = {®,{1},{1,2}} and consider the set function u: F — [0, 00]
defined by (@) = 0, u({1}) = 2 and w({1,2)h) =1

2. Describe the outer measure u* generated by the set function j.
b. Describe the o-algebra of all u*-measurable subsets of X (and conclude that the
set {1} € F is not a measurable set).

11. Prove Theorem 14.11.
12. Let A be the collection of all measurable subsets of X of finite measure. That is,
A={A € A: pu(A) < co}.

a. Show that A is a semiring.

b. Define a relation ~ on A by A >~ B if u(AAB) = 0. Show that =~ is an
equivalence relation on A.

¢c. Let D denote the set of all equivalence classes of A. For A € Alet A denote
the equivalence class of A in D. Now for A, B € D define d(A. B) = u(AAB).
Show that d is well defined and that (D, 4) is a complete metric space. (For this
part, see also Exercise {31 of Section [31].)

15. THE OUTER MEASURE GENERATED BY A MEASURE

Throughout this section, (X, S, u) will be a fixed measure space. Our main objec-
tive here is to study the remarkable properties of the outer measure u* generated by
. Among other results, we shall establish that the o -algebra of all *-measurable
subsets of X contains the members of the semiring S. It will then become appar-
ent that the semirings are the smallest collections of sets on which a “reasonabie
measure theory” can be built.

Recall from the previous section that the outer measure w*PX) — [0, 0]
generated by u is defined by

o0 o0
w'(A) =inf { ZM(A,,): {A,) is a sequence of S with A C U A, }

n=1 n=|

If there is no sequence {A,} of S such that AC Uﬁix A,, then we let u*(A) = o0.
That is, we adhere to the convention inf@ = oo. Recall also that (as we saw in
Theorem 14.9) the set function p* is indeed an outer measure.

In general, 11* need not be a measure, since it may fail to be o -additive on P(X).
However, if * is restricted to the o' -algebra of all measurable sets, then we already
know (by Theorem 14.7) that it is o -additive.

The next theorem shows that the outer measure p* is in fact an extension of
from S to P(X).
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Theorem 15.1.  The outer measure u* is an extension of . That is, if A € S,
then w*(A) = w(A) holds.

Proof. Let A € S. From Theorem 14.9, we already know that 1*(A) < u(A).
Now, let {A,] € S with A C© Uﬁ":, A,. By the o-subadditivity of u (Theo-
rem 13.8), u(A) < Zi":l w(A,) holds, from which it follows immediately that
(1(A) < u*(A). Hence, u*(A) = u(A). =

Since the outer measure p* generated by a measure is an extension of u, u* is
also called the Carathéodory extension of y. From now on the expression “the
outer measure of a set A” will also be referred to as “the measure of A.”

The measurable sets of an outer measure generated by a measure have a number
of useful characterizations. Some of them are included in the next theorem.

Theorem 15.2. Let (X, S, i) be a measure space, and let * be the outer
measure generated by w. For a subset E of X the following statements are
equivalent:

1. E is measurable with respect to 1>

2. u(A) = pu*(ANE)+ p*(ANES) holds for all A € S with u(A) < co.
3. w(A) = uWANE)+ u*(AN ES) holds for all A € S with u(A) < oo.
4, p*A) > u (ANEY+u*(ANE ) holds forall A C X.

Proof. (1)==(2) and (2) == (3) are obvious.
3)==(4)Let A C X.If u*(A) = oo, then (4) holds trivially. Hence, assume
1*(A) < oo. Let ¢ > 0. Choose a sequence {A,} of S with A C Use Ax

and 0% u(A,) < u*(A) + e. It follows that u(A,) < oo for each n, and
so u*(A, N E) 4+ u*(A, N E®) < u(A,) holds for each n, by our hypothesis.

Therefore,
o0 o0
n=1 n=1

O o
DoMANE) + ) uH (AN E)

n=| n=1

WANE)+u*(ANE®)

IA

IA

= Z[/,L“‘(A,, NE)+ u* (A, NE®)]

n=|

< > (A < pHA) +e

n=1

forall € > 0, so that u*(A) > u*(ANE)+ u*(AN E®).
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(4) == (1) By the o -subadditivity property of p*, we have
pHA) < w(ANE)+ u (AN EY),

hence u*(A)=p*(ANE)+ u*(ANE®forall A C X. Thus, E is measurable.

A subset E of a measure space (X .S, w) will be called measurable (more
precisely p-measurable) if E is measurable with respect to the outer measure w*
generated by pt.

Theorem 15.3. Every member of S is measurable. That is, S © A.

Proof. Let E € S. We have to show that E is a measurable set. If A € S, then
there exist pairwise disjoint sets By, ..., B, of S such that AN E¢ = A\E =
\Ui_, Bi. Note that AN E, By, ..., B, is a disjoint collection of members of &
such that A = (AN E)U By U---U B,. By the o -subadditivity property of p*,

we ¢btain

WANE) +p*(ANES) < w(ANE)+) ' (B)
i=1

WANE)+ ) u(Bi) = p(A),

i=l

I

where the last two equalities hold true by virtue of Theorem 15.1 and the o-
additivity of ¢ on S. By Theorem 15.2, E is measurable, and so, § € A. 2

Let us write A, 1 A to mean that the éequence {A,} of subsets of X satisfies
A, C Apy foreachnand A = U, A, Similarly, A, | A means Au1 € Ay
for each n and A = (1| An-

Theorem 15.4. For a measure space (X, S, t) and a sequence of measurable
sets {E,), the following statements hold:

1. IfE, t E, then u*(Ey) 1 wr(E).
2. IfE, | E and p*(Ey) < 00 holds for some k, then wHEy) 1w (E).

Proof. (1) Let By = Eyand B, = E,\E,- forn = 2. Then each B, is
measurable, and B; N B; = @ if i # j. Also, E, = \Ui_;Biand E = U, Bi.
Hence, by Theorem 14.7 we have

wHE) = i ur(Bi) = lim Enj w*(Bi).
j=1 i=1

But u*(E,) = Y iy 4*(B;), and thus, w*(E,) 1 w*(E) holds.
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(2) Observe that without loss of generaljty we can assume u*(E|) < 0o. Now,
E/\E, 1t E/\E, and so, by part (1), limu*(E, \ E,) = u*(Ey \ E). Applying
Theorem 14.8, we get lim[u*(E|) — p*(E,)] = u*(E;) — u*(E), from which it
follows that w*(E,) | u™(E).

As an application of the results obtained so far, we shall show that the Lebesgue
outer measure on IR generalizes the ordinary concept of length. Remember that the
Lebesgue measure A is the measure defined on the semiring S = {[a, b): a,b € IR}
by A(la, b)) = b — a forall a < b. It is a custom to call (and we shall do so) the
outer measure A* generated by A the Lebesgue measure on IR.

A subset [ of IR is called an interval if for every x,y € [ withx < y, we
have [v, y] € /. If I has any one of the forms [a, b), [a, b], (a, b], or (a, b) with
—00 < a < b < oo, then [ is called a bounded interval, and its length is defined
by |I| = b — a.If [ is unbounded, then its length is said to be infinite, which is
written [/| = cc.

Example 15.5. Every interval I of R is Lebesgue measurable and A¥(D = .

To see this, note that by Theorem 15.3 every setof the form [a, b) with—0c0 <a < b < 00
is Lebesgue measurable. Moreover, Theorem 15.1 shows that A¥([a, b)) = Ala, b)) =
b —a = |{a, b)|.

We shall prove two more cases and leave the rest for the reader. Our first case is a bounded
interval of the form / = [a, b]. Let E,, = [a, b+ ;’;) for each n. Then each E, is Lebesgue
measurable, and E,, | I holds. Hence, I is Lebesgue measurable, and by Theorem 15.4(2),
we get

1 1
A*() = lim A*([a,b—}——)) = lim <b+ - —~a) =b-—a=|I
"> 00 R n-+0oo n

The second case is an interval of the form / = [a, 00). Put F,, = [a, a + n) for each
n, and note that F,, 1 I holds. Thus, I is Lebesgue measurable, and by Theorem 15.4(1)
we have

Ay = ,I&n;o A ([a,a +n)) = lll_igan =00 = |I},

as desired. &

Two important classes of measure spaces are introduced next. -

Definition 15.6. A measure space (X, S, p) is said to be

1. finite, if £*(X) < oo, and
2. o-finite, if there exists a sequence {X,} of subsets of X such that X =
U2, X, and p*(X,,) < oo for each n.
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_ Clearly, every finite measure space is o -finite. We also have the following:

Lemma 15.7. A measure space (X, S, ) is o -finite if and only if there exists
adisjoint sequence {Y,} of S such that X = U;";l Y, and u(¥,) < oo foreachn.

Proof. To see the “only if” part, assume that (X, S, u) is o-finite. Choose
subsets X|, X2, ... of X such that X = [J2, X; and u*(X;) < oo for each
i. Now, for each i, choose a sequence {A’} of S such that X; € |;Z, A}, and

n==

3% w(AL) < pu*(X;) + 1. Then Al e S, u(Al) < oo for each n and i, and
X = U2, Uz, Al. Now, by applying Theorem 12.2 and Lemma 12.3, our claim
can be established. B

The measurable sets of a finite measure space have a simple characterization.

Theorem 15.8. Ler (X, S, ) be a finite measure space, and let E be a subset
of X. Then E is measurable if and only if

p(E) + u*(E) = p*(X).

Proof. Clearly, if E is measurable, then u*(E) + u*(E®) = p*(X) holds.
For the converse, assume that u*(E) + p*(E€) = p*(X) holds. Let A € S. The
measurability of A applied to E and E° gives

WHE) = p*(E N A)+ u*(E N A,
WHES) = p*(E° N A)+ p(E° N AS).

By adding the last two equalities, we get

X)) = pi(E)+ pi(ES)
= p*(ENA)+ p*(ES N A) + " (E N A% + u™(E° N A%)
> pH(A) + u*(A%) 2 uH(AU AT = i (X).

Therefore,
LH(A) + u*(AS) = u*(E NA) + p*(ES N A) + p*(E N AS) + pn"(E° N A%).

In view of u*(A®) < u*(ENA®)+ u*(ESN A°) and u*(X) < oo, the last equality
gives

pHA) = WANE)+ p (ANES).

This last inequality is the one required by Theorem 15.2 for the measurability of
E, and the proof of the theorem is complete. =



Section 15: THE OUTER MEASURE GENERATED BY A MEASURE 115

Notice that Theorem 15.3 combined with Theorem 12.2 shows that in the defi-
nition of the outer measure ;4*, we can consider only disjoint sequences of S. That
is, we have the following useful result:

Lemma 15.9. [f(X, S, u) is a measure space, then

oC oo
inf{ Y u(An): (Ad) C S, (A} disjoint,and A < | ] A,

n=| n=1

inf{u*(B): B isaoc-setand A C B}

wr(A)

il

holds true for every subset A of X (with inf @ = 00).

The next result describes the uniqueness of the extension of 1 to the o -algebra
of the measurable sets.

Theorem 15.10. Ler (X, S, 1) be a o-finite measure space, T a semiring of
setssuchthat S € ¥ C A, and v ameasureon L. If v = pon S, thenv = u*
on .

In this case, u* is the one and only extension of | to a measure on A.

Proof. Let v* be the outer measure generated by (X, &, v). Now, let A C X,
and let {A,} be a sequence of S such that A C | J;~, A,. Since u and v agree on
S, we have :

VHA) < D (A =) ulAy).

n=l n=1

This implies v*(A) < u*(A)forall A € X.

Now, assume that A € ¥ satisfies u*(A) < co. We shall show that u*(A) <
v(A) holds, and therefore, v(A) = u*(A) will be established in this case. To this
end, let ¢ > 0. Choose a disjoint sequence {A,} of S such that A C Uff';l A,
and }::’;1 u(A) < u*(A)+ €. Put B = U:’;l Ay, and note that B € A,
B € A,, and u*(B) < u*(A) + €. Now, observe that v*(B\ A) < u*(B\ A) =
w*(B) — u*(A) < € holds. Therefore,

o0 o0

WA =Y v(A,) =v*(B)
I

n=1

u*(A) < u'(B)

nes

i

V(A) + v (B\A) < v(A)+¢€

for all ¢ > 0. Hence, u*(A) < v(A).
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For the general case, let {X,} be a disjoint sequence of S covering X such that
pu*(X,) < coforalln. Now,if A € X, then by the above v(X, N A) = WX, NA)
holds for all n, and so

wH(4) = u*( U n A]) =) WXy A)

n=1 n=I

- iv(xn n A) = U*< G[Xn N A]) == V(A)1

n=1 n=1
and the proof is finished. =

A subset A of a measure space (X, S, i) is said to be o -finite if there exists a
sequence {A,} of S such that A UZ‘;IA,, and p(A,) < oo for each n. Clearly,
the sequence {A,} can be chosen to be disjoint.

Repeating verbatim the proof of the last theorem we can establish the following.

o Let (X, S, 1) be a measure space, T be a semiring of subsets of X such
that S € ¥ C A, and v be a measure on L. If v = 1 on S, then v(A) =
w*(A) holds for every o-finite set of 2.

It should be noted that the hypothesis of o-finiteness in Theorem 15.10 cannot
be dropped. As an example, take X =IR, S={[a,b): a,b € R}, and define
wu: S — [0, 00] by u(@)=0 and u(la,b))=o0 if a < b. Then (X,S,n)is a
measure space that is not o -finite. Moreover, A ="P(X)and u*(A)= oo for every
nonempty subset A of X. It is easy to see now that the counting measure (see
Example 13) is an extension of u to A that is different from p*.

We continue with an approximation property of an arbitrary set by a measur-
able set.

Theorem 15.11. Let (X, S, 1) be a measure space. If A is a subset of X, then
there exists a measurable set E such that A € E and u*(E) = WH(A).

In particular, if S is a o-algebra, then for each A C X there exists some
E € Swith A C E and u*(E) = pu*(A).

Proof. Let A C X.If u*(A) = oo then the measurable set E = X satisfies
w*(E) = p*(A). So, assume WHA) < cc. .
Foreach i, choose a sequence { Al } of the semiring S suchthat A € (J;2, A}, and

nes

T, wAD) < p*(A) + . and let E; = (U2, Al . Then each E; is a measurable

n=I

setsuchthat A € E;. Put E = (oo, E,. Then A C E,and E is measurable (and,
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of course, E € S if S is a o-algebra). Also,

WIA) < WH(E) < W(ED) S ) p(AL) < wi(A) + 5

n==1

for each i implies u*(£) = u*(A). |

If A is a subset of X, then any measurable set E satisfying A € E and u*(E) =
w*(A) is called by many authors a measurable cover of A.

Is every set a measurable set? Of course, the answer is no. It is easy to construct
examples where not every set is measurable. Here is a simple example.

Example 15.12. Let X = {1,2,3}and S = (@, {3}, {1, 2}, X}; clearly S is a g -algebra.
1t should be easy to check that the set function u:S — [0, 0o), defined by

w@) =0, w3 =p{l.2h=1, and u(X)=2

is a measure.
We claim that the set £ = {1} is not measurable. To see this, note first that p*({1}) =
wF(2) = u*({1.2)) = 1. Now if A = {1, 2}, then

PHANE)+u (ANES) = p* (1D +p* (2D =1+1> 1 = p*(A),
and this shows that E is not measurable, B

1t is considerably harder to demonstrate the existence of a non-Lebesgue measur-
able subset of the real line. The following classical example of a non-measurable
subset of the real is due to G. Vitali.3

Example 15.13 (Vitali). Let A* be the outer measure generated on IR by the Lebesgue
measure A. We define a relation =~ on [0, 1] by saying that x =~ y wheneverx — yisa
rational number. An easy verification shows that = is an equivalence relation on [0, 1].
Thus, ~ partitions [0, 1] into equivalence classes. Let £ be a subset of [0, 1] intersecting
each equivalence class precisely at one point. By the axiom of choice such a set exists. We
claim that E is not Lebesgue measurable.

To see this, assume by way of contradiction that E is Lebesgue measurable. Letry, ra, ...
be an enumeration of the rational numbers of {—1, 1]. For each n put

Ey={m+xix€El=m+E,

and note thateach E,, is Lebesgue measurable. Now, itis notdifficult to see that E,NE, = @
holds if n s m and that (since A* is translation invariant) A*(E,;) = A*(E) for each ».
Moreover, [0, 1] € 2, Ex € [—1, 2]. By the o-additivity of A* we get

}\.*( U Ell) o= Z)\,*(E”) = ,,&%[’7A*(E)] < )\*([_1,2]) _3
n=i

n==1

3Giuseppe Vitali (1875-1932), an Italian mathematician. He contributed to the theory of real func-
tions and measure theory.
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This implies A*(E) = 0, and hence, A*(UZ';I E,) = 0. On the other hand, [0, 1] €
U:’,il E, shows that 1 < }»*(U?f_’__l E,), which is impossible. Therefore, E' cannot be a
Lebesgue measurable set. H

EXERCISES

1. Let (X, S, i) be a measure space, and let E be a measurable subset of X. Put Sg =
(ENA: A € 8), the restriction of S to E. Show that (E, Sg, n*) is a measure space.
2. Let(X, S, u) be a measure space. Show that

p*(A) = inf{u*(B): B isac-setsuchthat A C B}

holds for every subset A of X.
3. Complete the details of Example 15.
Show that every countable subset of IR has Lebesgue measure zero.
For a subset A of IR and real numbers a and b, define the setaA-+b = {ax+b: x € A},
Show that

a. A*aA +b) = |a|r*(A), and
b. if A is Lebesgue measurable, then so is aA +b.

o

6. LetS be asemiring of subsets of aset X, and let u: S — [0, oo} be a finitely additive
measure that is not a measure. For each A C X define (as usual)

o0 o
wray=infd S p(An): (A} €S and A S| An
n=1 n==1
Show by a counterexample that it is possible to have 1 # w* on S. Why doesn’t this
contradict Theorem 15.17
[HINT: Use Exercise 7 of Section 13.]

7. Let E be an arbitrary measurable subset of a measure space (X, S, 1) and consider
the measure space (E, Sg, v), where Sg = {E N A: A € S} and w(E NA) =
w*(ENA)(see Exercise 1 of this section). Establish the following properties regarding
the measure space (E, Sg, v):

4. The outer measure v* is the restriction of u* on E, i.e., v¥(B) = w*(B) for each
BCE.

b. The v-measurable sets of the measure space (£, Sg, v) are precisely the sets of
the form E N A where A is a u-measurable subset of X, ie.,

Ay={FCE: Fehy)

8. Show that a subset E of a measure space (X, S, u) is measurable if and only if for
each € > 0 there exist a measurable set A, and two subsets B, and C. satisfying

E =(Ac UB)\Ce, p*(Be) <e, and p*(Ce) <e.

9. Let (X, S, u) be a measure space, and let A be a subset of X. Show that if there
exists a measurable subset E of X such that A € E, u*(E) < o<, and p*(E) =
W (A) -+ u*(E\ A), then A is measurable.
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11.

12.
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14.
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16.
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Let A be a subset of R with A*(A) > 0. Show that there exists a nonmeasurable subset
B of R such that B C A.

Give an example of a disjoint sequence {E,} of subsets of some measure space
(X, 8, ) such that

oo o0

PL*< En) < ZM*(EH)-
n=l n=1

[HINT: Use the sequence {£,} described in Example 15.13.]

Let (X, S, i) be a measure space, and let {A,} be a sequence of subsets of X such

that A, € Apy holds forall n. If A = (2., Ay, then show that u*(A,) 1 u*(A).

[HINT: Use Theorems 15.11 and 15.4(1).]

For subsets of a measure space (X, S, u) let us define the following almost everywhere

(a.e.) relations:

a. ACBae ifu*(A\B)=0;

b. A= Bae.if u*(AAB)=0;

c. Ayt AaeifA, € Apqprae forallnand A = Uﬁil A, a.e. (The meaning of
A, | A ae. is similar.)

Generalize Theorem 15.4 by establishing the following properties for a sequence {E,}
of measurable sets:

i. IfE, 1 E ae., then u*(E,) t n*(E).
ii. IfE, | E ae. and u*(Ey) < oo for some k, then u*(E,) | u*(E).

Is (i) true without assuming measurability for the sets £,7
Give an example of a sequence {E,} of measurable sets of some measure space
(X, S, w) such that £,y € E, holds for all n and

o0
lim u*(E,) > M*< Ep )
H—>co i

n==

For a sequence {A,} of subsets of a set X, define

[e 0] o o oo
liminf A, = U ﬂ A; and limsup A, = ﬂ U A;.

n=l i=n n=} {=n

Now, let (X. S. i) be a measure space and let {£,)} be the sequence of measurable
sets. Show the following:

a. p*(liminf £,) < liminf u*(E,).
b, If u*(IUSS) En) < oo, then p*(limsup E,) > limsup u*(Ey).

Give an example of a sequence {A,} of subsets of some measure space (X. S, u) such
that A4 € A, foreach n, u*(A;) < co, and

o0
lim u*(A,) > N*< Ay )
n—>00 0

=
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[HINT: If {E,} is the sequence of sets described in Example 15, then let A4, =
0 Ei.]
i=n =1
17. Let(X,S1, pi)and (X, Sa, i) be two measure spaces. Show that u and uo generate
the same outer measure on X if and only if 11 = 13 on Sy and ua = uj on S, both
hold.
18. Let(X, S, ) be a measure space. A measurable set A is called an atom if £*(4) > 0
and for every measurable subset E of A we have either u*(E) = 0 or u*(A\ E) =
0. If (X, S, ) does not have any atoms, then it is called a nonatomic measure
space.

a. Find the atoms of the measure spaces of Examples 13.3 and 13.4.
b. Show that the real line with the Lebesgue measure is 2 nonatomic measure space.

19. This exercise presents an example of a measure that has infinitely many extensions to
a measure on the o-algebra generated by S. Fix a proper nonempty subset A of a set
X (i.e., A # X) and consider the collection of subsets § = {@. A}.

a. Show that S is a semiring.

b. Show that the set function 11 S — [0, co] defined by u(®) = 0 and u(A) = 1 is
a measure.

c. Describe the Carathéodory extension u* of p.
Determine the o-algebra of measurable sets A .

e. Show that u has uncountably many extensions to a measure on the o-algebra
generated by S. Why doesn’t this contradict Theorem 15.10?

16. MEASURABLE FUNCTIONS

An important role in the theory of integration is played by the so-called almost
everywhere relations. If u is an outer measure of X, then a relation involving the
elements of X is said to hold almost everywhere (or that it holds for almost all
x) if the set A of all points for which the relation fails to hold is a null set (i.e.,
w(A) = 0). For instance, if f and g are real-valued functions defined on X, then
f < g almost everywhere means that u({x € X: f(x) > g(x)}) = 0. Similarly,
{f.} converges to f almost everywhere if there is a set A of measure zero such
that lim f,(x) = f(x) holds forall x ¢ A.

If (X, S, u) is a measure space, then by saying that a relation holds almost
everywhere (abbreviated a.e.) we mean that the relation holds almost everywhere
with respect to the outer measure j* generated by . The basic almost everywhere
relations that will be used in this book are summarized below. We assume that
(X, S, ) is a given measure space and that f and g denote real-valued functions
defined on X.

1. f=gaeifu*({xeX: f(x)£g0)h =0
2. fzgaeifu*((xeX: f(x)<gx)h) =0
3. fu— faeifpu*(Ix e X: fulx) A~ f))=0.
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4. f, 1 f ae if f, < fypy ae forall nand f, - f ae.
5. fud f aeif fiu) < fyae forallnand f, — [ ae.

Throughout this section, (X, &, u) will denote a fixed measure space.

Definition 16.1. Let f: X — IR be a function. If f~'(O) is a measurable set
for every open subset O of R, then [ is called a measurable function.

Every constant function is measurable. Indeed, if f(x) = c forallx € X and
© is an open subset of R, then f~'(0) = @ifc ¢ O and f~1(O) =X ifc € O.

Recall that the Borel sets of a topological space are the members of the o-
algebra generated by the open sets. The first theorem gives a number of useful
characterizations of the measurable functions. (This result is a special case of a
more general result regarding measurability of functions; see Theorem 20.6.)

Theorem 16.2. Fora function f: X — IR, the following statements are equiv-
alent:

[ is measurable.

f~Y(a, b)) is measurable for each bounded open interval (a, b) of IR.
FYC) is measurable for each closed subset C of R.

f~'¢[a, 00)) is measurable for each a € R.

F~ N (~o00, al) is measurable for each a € R.

f~Y(B) is measurable for each Borel subset B of R.

Proof. (1)==>(2) Obvious.

(2) = (3) It follows from the relation f~'(C) = [f~(C®)I° and the fact that
C* can be written as a countable union of bounded open intervals.

(3) == (4) Obvious.

(4) == (5) Note first that f~'((—o0, a)) = [f~!([a, co))I° is measurable for
each a € IR. The result now follows from the identity

Lo — ~ -1 - __1_
Fi=o0,a) =[] £ (( oo,a+n>>.

n=1

AN

(3)==(6) Let A = {A € IR: f~!(A) is measurable}. An easy verification
shows that A is a o-algebra of subsets of IR such that (—oo, a] belongs to A for
each a € IR by hypothesis. It easily follows that .4 contains the open subsets of
IR, and hence, it also contains the Borel sets. Thus, f =1(B) is measurable for each
Borel subset B of IR,

(6) == (1) Obvious. B

Two functions that are equal almost everywhere are either both measurable or
else both nonmeasurable. The details follow.
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Theorem 16.3. If f is a measurable function and g: X — R satisfies f = g
a.e., then g is a measurable function.

Proof. If A= {x € X: f(x) # g(x)}, then from our hypothesis u*(A4) = 0,
and so, A is measurable. Now, let O be an open subset of IR. Since f is a measurable
function, f~'(©)is measurable, and hence, A°Ng~1(0) = A°N f ~1(®)is amea-
surable set. Also, since A ﬂg" (O) has outer measure zero, it is measurable. Hence,

@) =[Ang O]U[4° g HO)]

is a measurable set, so that g is a measurable function. [}
We continue with more properties of measurable functions.

Theorem 16.4. If f and g are measurable functions, then the three sets
a. {xeX: f(x)>gx)},

b. {x e X: fx)=gx)}, and

c. {xeX: f(x)=gW)

are all measurable.

Proof. (a)Ifry,ra,...is an enumeration of the rational numbers of IR, then

[o.¢}
xeX: f(x)> g} = [{x eX: f)>nin{xeX: gkx) < r,,}],
n=1
which is measurable; since it is a countable union of measurable sets.
(b) Note that {x € X: f(x)=gx)} = {x € X: g(x) > f(x)}¢, which is mea-
surable by (a).
(c) Observe that

reX: f)=gx) ={xeX: fx)= g N{xeX: glx) = f),
which is measurable by (b). B

The next result informs us that the usual algebraic combinations of measurable
functions again produce measurable functions.

Theorem 16.5. For measurable functions f and g the following statements
hold: .

1. f + g is a measurable function.

2. fgis a measurable function.

3. |fl, f+.and f~ are measurable functions.

4. fv gand f A g are measurable functions.
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Proof. (1) Note first that if ¢ is a constant number, then ¢ — g is a measurable
function. [Reason: If¢ € IR, then {x € X: c—g(x) > a} = {x € X: g(x) < c—a}
is a measurable set.] Now, if a € IR, then the set

(f+o) (la,c0) ={xeX: f()+glv)za)={xeX: f(x)2a~—gl)}

is measurable by the above observation and Theorem 16.4. Thus, by Theorem 16.2,
f + g is a measurable function.

(2) Note first that f* is a measurable function. Indeed, if a € IR, then we have
(xeX: fAx) <a)=@ifa <Oand (x € X: f2(x) <a} = [~ ([-a.Val)
if a > 0. Thus, f2 is a measurable function by Theorem 16.2. Also, if ¢ is a
constant number, then cf is measurable. [Reason: If A = {x € X: ¢f(x) = a},
then A = {x € X: f(x) > a/c}forc > 0and A = {x € X: f(x) < a/c} for
¢ < 0.] The result now follows from the above observations combined with (1)
and the relation

fg=%Kf+gf~fQ-g%
(3) The measurability of | f| follows from the relations
xeX:|f)| <al=0@ fa<0,
and
eX: |fl<a)={reX: f)<alN{xeX: f(x) = ~a} ifa20.

For the measurability of £+ and f~ use the identities
PR G _ 1
= E(lfH-f) and f7 = -Z-(Ifl - )
(4) The identities
1 1
ng=§(f+g+If—-gD and fag=-(f+g—If—gb
show that f v g and f A g are measurable functions. ]

The next result states that the almost everywhere limit of a sequence of measur-
able functions is again a measurable function.

Theorem 16.6. For a sequence {f,} of measurable functions, the following
statements hold:

1. If f. — f ae. then f is a measurable function.
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2. If{fa(x)} is a bounded sequence for each x, then lim sup fuand iminf £,
are both measurable functions.

Proof. (1)LetA = {x € X: lim f,(x) = f(x)}. Since f, — fae.,it follows
that *(A°®) = 0. Thus, A® is measurable, and hence, A is also a measurable set.
Now, let a € IR. Observe that the equality

s Q1)
n=l i=n

and the measurability of each f; show that AN f ~1((a, o0)) is a measurable set.
Also, AN f ~I((a, 00)) is a measurable set since it is a subset of a set of measure
zero. Thus,

F i@, 00) = [AN (@, o] U [A° N f7'((a, 00))]

is a measurable set. It now easily foliows from Theorem 16.2 ihat f is ameasurable
function.

(2) Let {f,(x)} be bounded for each x. We shall show that limsup f,, is a
measurable function. The measurability of liminf f, will then follow from the
identity liminf f, = — lim sup(~ fy).

Note first that limsup f, = NS, Ve, fi- Fix a natural number 2. Then the
function A, = fu V fux1 vV V faim is measurable for each m [by Theo-
rem 16.5(4)], and since h, 1 \/Zi,, fi = gn (everywhere), it follows from part
(1) that each g, is a measurable function. Since g, | lim sup f, (everywhere),
by (1) again it follows that limsup f, is a measurable function, and the proof is
complete. |

The last two theorems show that the collection of all measurable functions
forms a function space containing the limits of its sequences that converge almost
everywhere. Moreover, this collection is an algebra under the pointwise product.
In other words, the usual operations applied to measurable functions produce
measurable functions again.

Therefore, it is natural to ask whether there is a function that fails to be measur-
able. Clearly, if every subset of X is measurable [i.e., A = P(X)], then every real-
valued function on X is measurable. On the other hand, if there are nonmeasurable
sets, then there are also nonmeasurable functions. Indeed, if E is a nonmeasurable
set, then the function f defined by f(x) = 1ifx € E and f(x) = 0ifx ¢ E is
not measurable simply because the set f =1({1}) = E is not measurable.

We close this section with a basic theorem connecting almost everywhere con-
vergence and uniform convergence. The result is due to D. F. Egorov.*

4Dimitry Fedorovich Egorov (1869-1931), aRussian mathematician. He is credited with the creation
of the famous Moscow school dealing with the theory of functions of one variable.
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Theorem 16.7 (Egorov). Let { f,} be a sequence of measurable functions such
that f, — f a.e.,andlet E be a measurable subset of X such that u*(E) < oo.
Then for every € > 0, there exists a measurable subset F of E with u*(F) < e,
and with { f,} converging uniformly to f on E\ F.

Proof. First note that by removing a null set from X, we can assume without
loss of generality that lim f,(x) = f(x) holds for each x € X. Fix a measurable
subset E of X with u*(E) < co. For each pair of positive integers n and £ let

Enp={xeE: |fu(x)— f(x)] <27 forall m > kj.

Clearly, each E, ; is a measurable subset of X. In addition, E, x S Ej k+1 holds
for all k and n. Since lim f,(x) = f(x) for each x € X, it easily follows that

E,; 1+ E foreach fixed n,
and so, by Theorem 15.4, we see that
WE 1) e WH(E) foreach fixed n.

Now, let € > 0. Since u*(E) < oo, for each n there exists a natural number &,
such that *(E \ Eyz,) = p*(E) — p*(Eng,) < 27"¢. Let F = 22 (E \ Eyg,).
Then F is measurable, F C E, and u*(F) < }:2":, UENE, k) < €. Also, if
xe E\F = ﬂf,i‘ Ep k. then | fu(x)— f(x)| < 27" holds foreachm > k,. This
shows that [ f,} converges uniformly to f on E \ F, and the proof of the theorem
is complete.

EXERCISES

1. Let(X,S. u)be a measure space. For a function f: X — IR show that the following
staternents are equivalent:

a. f is a measurable function.
b. f“((—oo, a)) is measurable for eacha € R.
C. f"((a. o0o)) is measurable for each a € IR.

i~

Let (X, S. 1) be a measure space, and let A be a dense subset of IR. Show that a
function f: X — IR is measurable if and only if {x € X: f(x) = a} is measurable
foreacha € A.

3. Give an example of a non-Lebesgue measurable function f:IR — IR such that | f{is
a measurable function and f~!({a}) is a measurable set for each a € R.

Show that if f:IR — IR is continuous a.e., then f is a Lebesgue measurable function.
Let f:IR — IR be a differentiable function. Show that f’ is Lebesgue measurable.
6. Let(X,S.u)be a measure space and let f: X — IR be a measurable function. Show
that:

o
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a. |f|P is ameasurable function for all p = 0, and
b. if f(x) s 0foreachx € X,then 1/f isa measurable function.

Let {f,} be a sequence of real-valued measurable functions on a measure space
(X, S, ). Then show that the sets

a. A={xeX: fulx)— o0},
b. B={xeX: fylx) — —o0},and
c. C={x e X: lim fy(x) exists in R}

are all measurable.

Let (X, S, w) be a measure space. Assume that f: X — IR is a measurable function
and g:IR — R is a continuous function. Show that g o f is a measurable function.
Let F be anonempty family of continuous real-valued functions defined onIR. Assume
that there exists a function g:IR — IR such that f(x) < g(x) foreach x € R
and all f € F. Show that the supremum function h:IR — R, defined by h(x) =
sup{f(x): f € F},is (Lebesgue) measurable.

Show that if f:X — IR is a measurable function, then either f is constant almost

vhara ar ale.
el

everywhere or else (exclusively) there exists a constant ¢ such that

purixe X: f(x)>c}) >0 and wr(x e X: fx)<ch>0.

SIMPLE AND STEP FUNCTIONS

From this section on, the properties of the characteristic functions are needed. For
this reason their properties are listed below, and the reader is expected to be able to
verify them. If A is a subset of a set X, then the characteristic function x4 of A
is the real-valued function defined on X by xa(x) = 1if x € A and Aax)=0if
x & A.(The characteristic function x 4 is also called by many authors the indicator
function of A and is also denoted by 14.)

For subsets A and B of a set X, the following relations hold:

S W

7.

Xxp =0 and xx = L

A C B ifandonly if xa < xs.

XanB = XA - XB = XA N XB-

XAuB = XA + XB — Xang = Xa Vv XB-

Xa\B = XA — XAnB-

If A=Jo, A, and {A,} is a disjoint sequence of subsets of X, then

00
X4 = Z XAy
. ne=i

XaxB = Xa -+ xp. (Here the set B can be taken to be a subset of another
setY.)

Again, throughout this section (X, S, 1) is assumed to be a fixed measure space.
If a measurable function ¢: X — IR assumes only a finite number of values, then ¢
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is called a simple function. Clearly, finite sums, finite products, and finite suprema
and infima of simple functions are again simple functions. In other words, the
collection of all simple functions is a function space, which is in addition an
algebra of functions.

If ¢ is a simple function assuming the distinct nonzero values ay, ..., a,, then
the sets A; = {v € X: ¢(x) = a;} are all measurable and pairwise disjoint, and
¢ = > i_,aiXa, holds. This expression is called the standard representation of
¢. Let us agree also that the standard representation of the constant zero function
is x¢. In general, a simple function ¢ may be represented in more than one way in
the form ¢ = Z'j{':]b jXB;» Where the b; values are real numbers and the sets B;
are all measurable.

A simple function ¢ is called a step function if ¢ has a representation of the
form ¢ = Z'J'.':lbjxgj, where each B; is a measurable set of finite measure, ie.,
w*(Bj) < oo. Clearly, a simple function is a step function if and only if it vanishes
outside of a set of finite measure.> For this reason, many authors call a step function
a simple function with finite support. It should also be clear that the collection of
all step functions forms a function space that is in addition an algebra of functions.
The step functions will be the “building blocks” for the theory of integration.

Definition 17.1. Ler ¢ be a step function with standard representation ¢ =
Z}'___la,- XA thatis, ay, ..., a, are the distinct nonzero values of ¢, and A; =
[x € X: ¢(x) = a;}. Then the Lebesgue integral of ¢ (or simply, the integral
of @) is defined by

i
1) =) ain"(A).
i=1

The integral of ¢ is usually denoted by [, ¢ du, or simply by [ ¢ du. For the
time being we shall use /(¢) to denote the integral of ¢, and later on we shall
switch to the conventional notation.

Our first theorem describes the linearity property of the integral for step func-
tions. The difficulty of the proof lies in the fact that the standard representation
of the sum of two simple functions is not necessarily the sum of their standard
representations.

Theorem 17.2 (The Linearity of the Integral). If ¢ and ¥ are step func-
tions, then ‘

Ha¢ + ) = al(p) + BI()
holds for all «, B € R.
SNotice that the definition of a step function is more general than the familiar one associated with

the Riemann integral. There, a function ¢: [a. b] — IR is called a step function if there exists some
partition P = {xy. x1. .....x,} of [a. b] such that ¢ is constant on each open subinterval (x;-, ;).
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Proof. Clearly, I(a¢) = al(¢) holds for each step function ¢ and ¢ € RR.
What needs to be shown, therefore, is that if ¢ and i are step functions, then
1(¢ +v) = 1(¢) + () holds—the additivity property of the integral.

Let ¢ = Y aixa and ¥ = D _7_;b;Xp, be the standard representations of
¢ and ¥. Let E=(J;_; A) U(U'}'=1 B)), and note that u*(E) < oo. Next put
Ao=E\ U, Ai,Bo=E\ U], Bj,andag = by = 0.Then the A; are pairwise
disjoint, the B; are pairwise disjoint, and ;o Ai = Ui B; =E.

Now, write ¢ + ¥ = ZZ:: crXc, in its standard representation. Since ¢(x) +
W(x) # Oimplies either ¢(x) # Oor r(x) # 0, iteasily follows that | J,._, Cx € E.
PutCo = E'\ U2=1 C, and ¢ = 0. Then the C; are pairwise disjoint, and

n m
o= JUJcnainBy

=0 j=0

is a disjoint union for 0 < k < r. Thus, u*(Cy) = o = W (Cr N A N B)).
In addition, note that c;u*(Cy N A; N Bj) = (a; + b )u*(Ci N A; N Bj;) hoids for
alli, j,and k. Indeed,if Ct N A; N B; = @, then the equality holds trivially, and if
x € CxNA;NBj,thenthe equality holds by virtue of ¢, = o)+ Y () = a;+bj.
Putting the above together and using the (finite) additivity of #* on A, we get

r i nt

I +v) = Y au'(C =Y an Co=)_ Y ) an’(CNANE)
k=1 k=0

k=0 =0 j=0
n m r
=333 @+ bpurCin AN B))
i=0 j=0 k=0
1n m
=D (ai+bpu*(AinB))
je=Q =0

n m . m n
= Zai ZLL*(A:' N B;)+ ij Zu*(Ai N Bj)
i=0 j=0 Jj=0 i=0

n m
= D ant (A + )b (B))
{=0 Jj=0
= 1(¢) +1(¥),
and the proof is finished. ) B

From the preceding theorem, it should be clear that if ¢ is a step function having
a representation ¢ = Y 7 ,b;Xp,;, with b; € IR and each B; measurable with
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finite measure, then /(¢) = Z'j":, b;u*(B;) holds. In other words, the integral of
a step function does not depend upon its particular representation.

We continue with the monotone property of the integral.

Theorem 17.3 (The Monotonicity of the Integral). For step functions ¢ and
Y, the following statements hold:

1. If¢ > 0a.e.,then[($p) = 0.Inparticular,if¢p > vV a.e.,then I(¢) = ().
2. If¢ =0a.e., then (¢) = 0.Inparticular,if¢p = V¥ a.e.,then () = I(¥).

Proof. (1) Let ¢ = Y :_;aixa, be the standard representation of ¢. Since
¢ > 0 a.e., note that if @; < 0 holds for some /, then necessarily u*(A;) = 0 for
that i. Thus, I(¢) = Y i, ain*(A;) = 0.

Now, if ¢ >  ae.,then¢ — v > Oae.,andso [{¢) — I () = I(¢ —¥) = 0.
Hence, I(¢) > I ({).

(2)If ¢ = 0ae., then ¢ > 0a.e. and —¢ > 0 a.e. both hold. Thus, by part (1),
[(¢) = 0 and —1(¢) = 0 both hold. Therefore, [(¢) = 0.

Now, if ¢ = i a.e., then ¢ — i = 0 a.e., and hence, by the preceding case, we
obtain [{(¢) — I () = [{¢ — ) = 0. That is, [(¢) = [ (¥). B

The next theorem describes a basic continuity property of the integral.

Theorem 17.4 (The Order Continuity of the Integral). Let {¢,]) be a sequ-
ence of step functions. If ¢, | O a.e., then I{¢,) | 0.
In particular, if ¢ is a step function and ¢, t ¢ a.e., then I(¢y) 1 1().

Proof. Assume ¢, | 0 a.e. Put
Ay = {-\' € X: ¢n+l > (ﬁ,,(,\f)} and Ag= {x € X: ¢,,(,\') 7'/‘> O}

By assumption, u*(A,) =0forn=0,1,2,....

Let A = Uf;o A,. Then u*(A) = 0 (use the o-subadditivity of u* to see this),
and note that ¢,(x) | 0 and ¢,41(x) < ¢,(x) hold for each x € A®. Also, if
Wy = ¢y - Xac, then 1, is a step function and ¥, = ¢, a.e. for each n, ¥, (x) { O
for each x € X, and by Theorem 17.3, we have I (,) = [(¢,) for each n. Thus,
replacing {#,} by {¥,} if necessary, we can assume without loss of generality that
¢u(x) | O holds foreach x € X.

Now, let¢ > 0. Put M = max{¢(x): x € X}and B = {x € X: ¢1(x) > 0};
clearly, u*(B) < oo. For each n, define E, = {x € X: ¢,(x) > €}. Then
w*(Ey) < oo, each E, is measurable, and E, | @ by virtue of ¢,(x) | 0 for
each x € X. By Theorem 15.4, we have p*(E,) | 0. Pick an integer k such that
w*(Ep) < €. Now, if n > k, then taking into account that ¢;(x) < ¢ for each
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x € B\ Ej, we see that
0 < = r = D XE, + PxXB\Ex < MXE, + € XB+

from which it follows that
0 < I{¢n) £ Mu™(Er) + en*(B) < €[M + u*(B)]

for all n > k. Therefore, lim I (¢,) = 0.
Now, if ¢ is a step function and ¢, 1 ¢ a.e. holds, then ¢ — ¢, | 0 a.e. also holds,

and so, by the previous case, [(¢) — I(¢,) = I(¢ — ¢,) | 0. Hence, I(¢,) 1 1(¢),
and the proof is finished. B

As an application of the last theorem, we have the following result:

-

Lg 2t} Lo B i
Theorem 17.5.
satisfy ¢, * f a
Then

Assume thai two sequences of step functions {¢,} and {{,}
.e.and Y, t f a.e., where f: X — IR* is a given function.
lim [(¢’u = lim ](‘l/n)
n—oo Her OO

holds, with the above limits possibly being infinite.

Proof. Note first that for each fixed m, we have

O AVy T G A f = ace.
Therefore, by Theorem 17.4, limy—. oo { (@ A ¥i) = 1(Pn).

Now, by virtue of ¢, A ¥, < ¥, a.e. for all m and »n and the monotonicity of
the integral, we get

1(¢m) = lhngo I(¢m N 11”12) = hngc 1(¢n)

for all m. Hence, lim I (¢,) < lim I (y,,) holds. By the symmetry of the situation,
lim I (¥, < lim I(¢,), and so, lim I (¢,) = lim I (). B

The next result describes another useful property of step functions.

Theorem 17.6. Let {¢,} be a sequence of step functions. If A is a subset of
X such that ¢, 1 xa a.e., then A is a measurable set, and lim [{¢,) = p*(A)
holds.
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Proof. The measurability of A follows from Theorem 16.6(1). We can assume
(how?) that ¢, (x) 1 xa(x) holds for all x € X.

For each n the set A, = {x € X: ¢,(x) > 0} is measurable with finite mea-
sure, and A, 1 A holds. It follows that x4, 1 X4, and thus, by Theorem 17.5, we
have »

lim /(¢,) = lim [(x4,) = lim u*(A,) = p*(A),
NG n=>00

oo

where the last equality holds by virtue of Theorem 15.4. B

We close this section with an important approximation property of measurable
functions.

Theorem 17.7. Let f: X — IR be a measurable function satisfying f(x) =0
for all x. Then there exists a sequence {¢,} of simple functions such that 0 <
du(x) 1+ f(x) holds forall x € X.

Proof. For each n let Af, =[x eX: (i -2 < flx) <i27")fori =
1,2,...,n2", and note that A\ N A} = @ if i # ;. Since f is measurable, all the
Al, are measurable sets.

Now, foreach n define ¢, = Z:’i’; 27"(i —1)x i , and note that {¢, } is a sequence
of simple functions. Also, an easy verification shows that 0 < ¢,(x) < @u41(x) <
F(x)holds for all x and all n. Moreover, if v is fixed, then 0 < f(x)—¢,(x) <27
holds for all sufficiently large 1. Thus, ¢, (x) 1 f(x) holds for all x, and the proof
of the theorem is finished. B

If f:X — IR is a measurable function such that f(x) > 0 for almost all x,
then there exists a sequence {¢,} of positive simple functions such that ¢, 1 f
a.e. holds. To see this, let E = {x € X: f(x) > 0}, and then apply Theorem 17.7
to the measurable function fxg.

EXERCISES

1. Verify the identities about the characteristic functions at the beginning of Section 17.

2. Let ¢ be a step function and ¢ a simple function such that 0 < ¥ < ¢ a.e. Show that
¥ is a step function.

3, Show thatif (X, S, u) is a finite measure space, then every simple function is a step
function.

4, Give an alternate proof of the linearity of the integral (Theorem 17.2) based on Exer-

cise 14 of Section 12.

Show that |1(¢)] < I(]¢|) holds for every step function ¢.

6. Let ¢ be a step function such that /(j¢]) = 0. Show that ¢ = 0 a.e. holds.

w
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Let ¢ be a step function. Let A = {x € X: ¢(x) 5% 0} and M = max{|p(x)|: x € X}.
Show that {/(¢)| < Mu*(A).

Let {¢,} be a sequence of Step functions. Show that if ¢ is a step function and ¢,, | ¢
a.e. holds, then I(¢,) | I(¢) also holds.

Let {¢,} be a sequence of step functions and ¢ a simple function such that0 < ¢, 1 ¢
a.e. holds. Show that if 1im /(¢,) < oo, then ¢ is a step function.

Let (X, S, ) be a measure space, and let f: X — IR be a function. Show that f is
a measurable function if and only if there exists a sequence {¢,} of simple functions
such that lim ¢, (x) = f(x) holds forall x € X.

Let (X, S, u) be ao-finite measure space, and let f: X — IR be ameasurable function
such that f(x) > 0 for all x € X. Show that there exists a sequence {¢,} of step
functions such that 0 < ¢, 1 f(x) holds forallx € X.

Give a proof of the order continuity of the integral (Theorem 17.4) based on Egorov’s
Theorem 16.7.

Let (X, S, 1) be a measure space, and let f: X — [0, co) be a function. Show that
f is a measurable function if and only if there exist non-negative constants ¢y, ¢, ...
and measurable sets Ey, E3, ... such that

(2]
FO =Y cuxe, )

n=l

holds foreach x € X.

Let (X, S, u) be a measure space satisfying u*(X) = 1, and let £y, Ea, ..., Ejg be
ten measurable sets such that p*(E;) = % holds for each i. Show that four of these sets
have an intersection with positive measure. Is the conclusion true for nine measurable
sets instead of ten?

If f: X — [0, 1]is a measurable function, then show that either f = x4 a.e. for some
measurable set A or else (exclusively) there exists a constant 0 < ¢ < % such that

pxeXie< fly<l—ch>0.

Let (X, S, 1) be a measure space, and let ¢: X — IR be a simple function having the
standard representation ¢ = Y i a;x4;. f ¢ = 0 a.e., then the sum Y/ a; u*(A;)
makes sense as an extended real number (it may be infinite). Call this extended real '
number the Lebesgue integral of ¢, and write I(¢) = Y__,aiu*(Aj).

a. If ¢ and ¢ are simple functions such that ¢ > 0 a.e. and ¥ > 0 a.e., then show
that I (¢ + ¥) = (@) + I ().

b. If ¢ and ¢ are simple functions such that 0 < ¢ < ¢ a.e., then show that
(@) < I(¥).

c. Show thatif (¢, } and {1/, } are two sequences of simple functionsand f: X — IR™
suchthat 0 < ¢, 1+ fae. and0 < ¥, 4 f ae., then lim /() = lim I (¥y)
holds (with the limits possibly being infinite).

d. Assume that {¢,] is a sequence of simple functions such that 0 < ¢, 1 xa a.e.
holds. Show that lim I (¢,) = u*(A).

e. Give an example of a sequence {¢,} of simple functions on some measure space
such that ¢, | 0 (everywhere) and lim /(¢,) # 0.
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17. Let(X, I, ) be a measure space with T being a o'-algebra. Let us say that a function
fiX — Ris X-measurable if f ~1(A) € T for each open subset A of R. Also, let
My denote the collection of all £-measurable functions. Establish the following:

a. My is a function space and an algebra of functions.

b. My is closed under sequential pointwise limits.

c. If pis o-finite and f: X — IR is a measurable function, then there exists a
% -measurable function g: X — IR such that f = g a.e.

18. THE LEBESGUE MEASURE

The notion of the Lebesgue measure is the natural extension of the concepts of
length, area, and volume. In particular, the Lebesgue measure of any geometric
figure in IR? turns out to be its area, while the Lebesgue measure of any geometric
solid in IR? is its volume. Throughout this section, d(x, y) will denote the Eu-
clidean distance of the vectors x = (xy, ..., x;)and y = (y), ..., y») of IR". That
is, d(x, y) = [ 1o (i — ¥R

The objective of this section is to present in.some detail the properties of
the Lebesgue measure on IR". For this discussion, S will denote the semiring
consisting of the empty set and all sets of the form A = H:.'___l[ai, b;), where
—o00 < a; < b; < oo foreach i. This semiring was discussed in Example 12. In Ex-
ample 13 we have promised the reader to show that the set function A: S — [0, c0)
defined by A(@®) = 0 and M []i_,[ai. bi)) = [ i, (bi — a;) is o -additive. We shall
do this next.

ot

Theorem 18.1. The set function A: S — [0, 00) defined above is a measure,
called the Lebesgue measure on S.

Proof. The proof is by induction on the dimension of IR". Let us denote by
S, the semiring S on IR", and the corresponding set function by A,. For n = 1 the
result has been established in Example 13. Now, assume that A, is a measure for
some 1. We have to show that A, is o-additive on S,4.

To this end, let A x [a,b) = U [A; x [a;, b)), with A € S,, A; € S, for
each i, and the sequence {A; X [a;, b;)} being pairwise disjoint. It easily follows
that Xaxpas) = 2 req XAixlaby- Now forx = (xy,...,x,) € IR" and ¢t € IR, the
last equality yields

cC
XAt Xian() = D X+ Xiar b (0)-
=]

Fix x = (xy,....x,) € R", and let ¢ (t) = ZL,XA,,(,\') * Xia.bp(t). Then each ¢
is a step function [for (IR, Sy, A1)] such that ¢p(t) 1+ xa(x) - X{a.p)(¢) for each
t € IR. By Theorem 17.4 we get Zf-‘;l(b,- —ap)xax) t (b —a)xalx) for each
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x = {xy,...,x;) € IR". Since by our induction hypothesis (IR",S,,,) is a
measure space, by applying Theorem 17.4 once more, we get

k
D (i = aha(Ai) 1 (b — @) (A).
i=1

That is,
o0
> Musr(Ai x [, b)) = Ays1 (A x [a, b)).
i=1
Thus, A, is o-additive and the proof is finished. |

An interval of R” is any set of the form [];_,/;, where each I; is an interval of
IR. If each /; is in addition a bounded open interval of IR, then [];_,/; is called a
bounded open interval of IR". As in Example 15.5, we can show that each interval
of R” is Lebesgue measurable, and moreover, \*([ 1/, /;) = [, I/il, where |I;]
denotes the length of /;.

A useful formula for the outer Lebesgue measure is the following:

s

i

A o0
A"(A) = inf Z A*(I)): Each /; is a bounded open interval and A © I; }
i=1 i=1

for every subset A of R".
To prove the formula, note first that if A = [];_,[a;, b;) (i.e., A € S), then for
each € > 0 the bounded open interval /. = []_,(a; — €, b;) satisfies A € I, and

AHL) = MA) = H(b,- —a;+€)— H(b,- —a) — 0 as e— 0.
[=] =1

If A*(A) = oo, then the formula holds trivially. If A*(4) < oo, then given
€ > 0, choose a sequence {A;} of S such that Z:":, AMA;) < A(A) + €. By the
preceding, for each i there exists a bounded open interval /; such that A; € /; and
A*(I;) — MA;) < 27'. Then A € U2, I; and

=)

MAY S Y AN < ) IMAD 427l < AT(A) + €,

i=1 i=1

which establishes the validity of the desired formula.

e From now on, for simplicity, \* will be denoted by A and it will be called the
Lebesgue measure on IR".
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It should be clear that every finite subset of IR" has Lebesgue measure zero.
Therefore, by the o-subadditivity of A, every countable subset of IR" likewise has
Lebesgue measure zero.

Our next result deals with an approximation property of the Lebesgue measur-
able sets by open sets.

Theorem 18.2. A subset E of IR" is Lebesgue measurable if and only if for
each € > 0, there exists an open set O such that E € O, and M(O\ E) < €.

Proof. Assume E to be Lebesgue measurable. First, consider the case when
AME) < oo. Given € > 0, choose a sequence {/;} of bounded open intervals such
that E C |, £; and 300, A(;)) < ME) + €. Then O = [J2, [; is an open set
suchthat E € QO and AM(O) < Zf:l A1) < A(E)+¢ hold. Since E is measurable,
we get MO\ E) = MO) — ME) < ¢.

Now, assume A(E) = oo. Foreach i let B; = {x € R": d(x,0) < i} and
Ei = ENB;. Then £ = UZ‘ E;, and each E; is a Lebesgue measurable set
such that A(E;) < oo. By what was shown above, for each i there exists an
open set O; such that E; € O; and MO;\ E;) < 27e. Put O = | J72, Oi.
Clearly, @ is an open set, E C O, and in view of O\ E C U;’?__,(Oi \ E;), we get
MONE) < Y2 MON\E) <. |

For the converse, assume that for each € > 0 there exists an open set O such
that E € @ and M(©O\ E) < €. Foreach i choose an open set O; such that E C O;
and MO; \E) < i7" Put G = (2, O;. Then G is a Lebesgue measurable set
such that £ € G. Also, M(G\ E) < MO;\E) < i~! for each i implies that
MG\ E) =0, and so G \ E is a Lebesgue measurable set. The measurability of
E now follows from the identity E = G \ (G \ E), and the proof is-finished.

The next result informs us that every Borel set is Lebesgue measurable. The
collection of all Lebesgue measurable sets is denoted (as usual) by A.

Theorem 18.3. Every Borel subset of R" is Lebesgue measurable.

Proof. let —co < a; < b; < oo fori = 1,...,n. Choose m such that

a; + L < b; foreach 1 < i < n. The relation

n o n 1
E(ah by=J [ I1 [a,- + o b,ﬂ

k=m |_ i=|

n

and the fact that A is a o-algebra imply that [[;_,(a;i, b;) € A. But then, since
every open set can be written as a countable union of such sets, it follows that A
contains every open set. Therefore, A must contain every Borel set since the Borel

sets are the members of the o-algebra generated by the open sets. =
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1t will become apparent in the course of this book that the link connecting
measure theory, topology, and analysis is the concept of a regular Borel measure.
Its definition follows.

Definition 18.4. Let (X, ) be a Hausdorff topological space, and let B be the
o-algebra of its Borel sets. A measure : B — [0, 0c] is called a regular Borel
measure if it satisfies the following properties:

1. u(K) < oo for every compact set K .
2.. If B is a Borel subset of X, then

w(B) = inf{u(O): O openand B < O}.
3. If Ois an open subset of X, then
w(©Q) = sup{u(K): K compactand K € O}.

A measure . on the Borel sets of a topological space that satisfies u(K) < oo
for each compact set K is referred to as a Borel measure.

The next result informs us that property (3) of the definition of a regular Borel
measure is true for all Borel sets.

Lemma 18.5. If i is a regular Borel measure on a topological space, then

w(B) = sup{u(K): K compactand K < B}

holds for each Borel set B with u(B) < o0.

Proof. Let B be a Borel set with u(B) < o0, and let € > 0. Pick an open set
V with B € V, and u(V) < u(B) + €. Similarly, choose an open set W such that
VANBCWCYV and
uW) < u(V\B)+e=uV)—uB)+e < 2.

Next, choose a compact set C such that C € V and u(V) < u(C) + €. Put
K = C NW¢C, and note that K is a compact subset of B. Moreover,

0 < w(B)— w(K)=uwB\K) < u(V\K)=pu((V\CYUW)
< (V) — (O] + (W) < 3e

holds, and the proof is finished. =




Section 18: THE LEBESGUE MEASURE 137

It is important to realize that the Lebesgue measure is a regular Borel measure.
The details follow. )

Theorem 18.6. The Lebesgue measure on R" is a regular Borel measure.

Proof. (1)Let K be a compact subset of IR". Then K is bounded, and so there
exists some A = [['_,[a;, b;) with K C A. Therefore, M(K) < A(A) < o0.
(2) Let B be a Borel set, and let € > 0. By Theorem 18.2 there exists an open

set V such that B € V and AM(V \ B) < ¢. Therefore,

AMB)

IA

inf(A(®): O isopenand B € O)
MV)Y=AMVA\B)+AB) <AB)+e

A

holds for all € > 0, from which the desired equality follows.

(3) Let O be an open subset of IR". Pick a sequence {K;} of compact sets with
O = U?‘;, K for instance, let {K, K3, ...} be an enumeration of all closed balls
with “rational” centers and rational radii that are included in ©. Now, for each i
let C; = Uin___l K. and note that each C; is compact and C; 4 O. It follows that
A(C) 1 MO), and so AM(O) = sup{A(K): K compactand K € O} holds. The
proof of the theorem is now complete. B

Later we shall prove a general result (see Theorem [38.4]) that will guarantee
that every Borel measure on IR" is necessarily a regular Borel measure.

If Aisasubsetof IR" and a € IR", thentheseta + A = {a + x: x € A} is
called the translate of A by the vector a. An alternate notation fora+ A is A +a.
It is easy to see that A(A) = A(a + A) holds for every subset A of IR" and every
a. Also, by using the identities

EN@+A)=a+E-a)NA and EN(a+ A =a+(E—-a)n A",

it can be shown easily that a subset A of IR" is Lebesgue measurable if and only
if @ + A is Lebesgue measurable for each a € IR".

Let B denote the o -algebra of all Borel subsets of IR". Thena + A € B for each
A € B and each a. Indeed, if A = {A € B: a+ A € B forall a € IR"}, then A
is a o-algebra of sets containing the open subsets of IR"; hence, A = B.

A measure u: B — [0, c0] is said to be translation invariant if p(A) =
w(a + A) holds for all A € B and all a € IR". The following question is a natural
one:

o What are the translation invariant Borel measures on R"?



138 Chapter 3: THE THEORY OF MEASURE

In answering this question, we shall show that besides a multiplication factor
the only translation invariant Borel measure on IR" is the Lebesgue measure. To
establish this, the following result dealing with additive functions is needed. Recall
that a function f:IR — IR is said to be additive if f(x+y)= f(x)+ f(y) holds
forallx,y e R.

Lemma 18.7. Let f:IR — IR be an additive function. If f is continuous at

zero, then there exists a constant ¢ such that f(x) = cx holds for all x € R.
In particular, if f:IR" — IR is continuous at zero for each variable and

additive for each variable separately, then there exists a constant ¢ such that

f(xl,...,x,,)=cx1 st Xp

holds for all (x1,...,x,) € R".
Proof. If f:IR — IR is additive, then f satisfies the following properties:

1. f(0) =0 [Reason: f(0) = f(0+0) = f(0)-+ f(0)],

2. f(=x) = —f(x) for each x € R [Reason: f(x) + f(=x)= f(x —-x) =
f(0) = 0], and

3. f(rx) = rf(x) for all rational numbers r € IR and all x € R.

The proof of (3) goes by steps. If k is a positive integer, then
flhkx)= f(x+---4+x)= fQ)+ -+ f(x) = kf(x).

So, nf(',l;) = f(%) = f(x), which shows that f(%x) = ,’-,f(,\'). Thus, if m and n
are positive integers, then

f(f’l,\) =mf (-1—,\> = ’—n-f(x).
n n n

It follows that f(rx) = rf(x) holds for all rational numbers r and all x € IR.

Since f is continuous at zero, the identity f(x —y) = f(x) — f(¥) shows that
f is continuous at every point of IR. Now, if x € IR, then choose a sequence of
rational numbers {r,} such that limr, = x. Consequently,

)= lim £ = lim ro f(1) = xf (1) = cx

where ¢ = f(1)isaconstant, and the resulthas been proven for the one-dimensional
case.

The general case can be established now by induction. We leave the details as
an exercise for the reader. B
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We are now ready to prove that, aside from a multiplication factor, the Lebesgue
measure is the one and only translation invariant Borel measure on IR".

Theorem 18.8. Let u be a translation invariant Borel measure on IR". Then
there exists a constant ¢ such that L(A) = cA(A) holds for every Borel set A
of R".

Proof. Foreachx e Rlet/, = @ifx = 0, [, = [0,x)if x > 0, and
I, = [x,0)if x < 0. Also, for every x = (x1,...,%,) € R" let Sgnx = 1if
[T, % = 0and Sgnx = —1if [[;_, x; <O0.

Assume now that 4 is a translation invariant nonzero Borel measure on IR".
Define f:IR" — R by

fGp, e X)) = Sgnx-u( Hl,\-,.>,

i=1

where x = (x1....,%,) € IR". Then f is additive in each variable separately.
For instance, to see that f is additive in the first variable, consider the case when
a>0,b<0witha+b> 0. Fixxa,...,x, and let s = Sgn(xy, ..., x,) and
I =[]\, 1y. Clearly, [0,a)\[a + b,a) = [0,a+b)and [a + b,a) x [ =
(a,0,0,...,0)+[b,0) x I. Since p is translation invariant,

w(lb, 0y x I = u(la+b,a) x I).

Consequently,

fla, xz, ..., x)+ flb, xa, ..., x,) = s[ ([0, @) x I) — u([b, 0) x I)]
= s[u([0,a) x I) — u(la + b, a) x I)]
= su(([0, )\ [a + b, a)) x I)
= su([0,a+b)yx 1)
= fla+b,x3,...,%0)

The other cases can be proven easily in a similar manner.

Next, note that f is continuous at zero for each variable separately. Indeed,
if gy + 0and [ = []i_, Iy, then [a,0) x I | @. Hence, By Theorem 15.4,
wllag, 0) x I) | 0, which implies limy—eo f(@, X2, ...,%,) = 0. That is, f
is left continuous at zero for the first variable. On the other hand, the identity
fb, x2,..., %) = —f(=b, xa, ..., x,) implies that f is also right continuous
for the first variable. Therefore, f is continuous for each variable separately.

By Lemma 18.7, there exists a constant ¢ such that f(xi, ..., x,) = cxy - X,
Since u 3 0, it follows that ¢ > 0.
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Now, let A = []_,la;, bi), where —o0 < a; < b; < oo for each i. Since
A=y, ....a))+[[-,[0, b; — a;), we get

u(d) = u( [T, ——a.-)) = fby—ai,..., by = )
j==1

]l

cn(b,« —a;) = cAh(A).
i=1

Thus, » = ¢~' 1 on S. But then Theorem 15.10 shows that A = ¢~ holds on B.
That is, u(A) = cA(A) holds for each A € B. B

A natural question one may ask at this point is whether every Lebesgue mea-
surable set is a Borel set. The answer is negative. That is, there exist Lebesgue
measurable sets that are not Borel sets. One way of establishing this is by a cardi-
nality argument. It can be shown that the o -algebra of all Borel sets has cardinality
¢, while that of the Lebesgue measurable sets is 2°. Hence, the two o -algebras do
not coincide; see [15, p. 133].

Next, we shall present a different proof of the existence of a Lebesgue measurable
set that is not a Borel set, the steps of which have some independent interest. For
simplicity, the arguments will be given for the one-dimensional case. In fact, the
example will be a subset of {0, 11. To do this, we need some preliminary discussion.

The Cantor set C has been described in Example 6.15. It was observed there
that the total length of the open intervals removed from [0, 1] to get C is equal
to one. It follows from this that A(C) = 0. Thus, every subset of C has Lebesgue
measure zero, and hence, every subset of C is Lebesgue measurable.

Next, we shall describe the e-Cantor set. The process for constructing it is similar
to the one described in Example 6.15. Fix 0 < € < 1,and let§ = 1 —e. Start with
Ao = [0, 1] and remove from the center of Ag an open interval of length 2-15. Let
Aj be the remaining set; that is,

1 3 1 6
Al—[O,z 4]U[2+4,1].

Note that A, consists of 2! = 2 disjoint closed intervals of the same length and
that A(A4;) = 1 — 27'8. In the next step, remove from the center of each of the
two disjoint closed intervals of A; an open interval of length 2738. Thus, the
“total length” removed from A; is 2723. Let A, be the union of the remaining 22
disjoint closed intervals of equal length. Note also that A(A2) = A(A) — 2728 =
1—@Q 42728,

For the general step, suppose that the set A, has been constructed consisting
of the union of 2" disjoint closed intervals all of the same length and satisfying
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MA,) = 1— @'+ .-+ 27M3. From the center of each of these 2" closed
intervals, delete an open mterval of length '2-21-1§ Let A, be the union of the
remaining 2"*! disjoint closed intervals of equal length. Since the “total length”
removed from A, is 27"7'8, it follows that

MAp D =1-— (2"' oo 27 4 2——11——1)8'

Clearly, A,+1 € A, holds for each n, and the ¢- -Cantor set is now defined to
be the set C = ﬂn_ A,. Clearly, C, is a closed set, and nowhere dense in [0, 1].
Also,

IO M — — N . — .
MCo) = lim A(A,) =1 <Zz )5_1 §=e.

n=|

Lemma 18.9. Forevery 0 < e < 1 there exists a real-valued continuous func-
tion f:10, 11 — [0, 1] such that:

i. fisonto,

2. f isstrictly increasing (and hence, f is one-to-one), and

3. f maps the e-Cantor set C. onto the Cantor set C.

Proof. Let {/}, [2, ...} be the open intervals removed from [0, 1] in the con-
struction of C, (counted from left to right, following the construction process in-
ductively). Similarly, let {J}, J2, ...} be the open intervals removed from [0, 1]
in order to get the Cantor set C (counted aoain from left to right). Clearly,
C. = [0, 1]\U;cl[ and C = [0, 11\ Uz, /.

Let I, = (a,, by) and J, = (c,, d) for each n. Now define f:[0, 1] — [0, 1]
by steps as follows:

I. f(0)=
2. Forx €[, = (a,, b,) define

—Cy

f( )— b" (\_alz)+clt-

n all

Note that f maps [, onto J,.
3. Ifx s 0andx € Ce, define

Fe =supd F»): y <x and ye| 1}

n=1

A part of the graph for a typical function f is shown in Figure 3.1.
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FIGURE 3.1.

We leave the details as an exercise for the reader to verify that f satisfies the
properties stated in the lemma. ]

Since the set C has cardinality c (see Example [6.15], it follows from Lemma 18.9
that every e-Cantor set also has cardinality c.

In view of Example 15, we know that there exist subsets of [0, 1] that are not
Lebesgue measurable. The next result describes an interesting property of the
non-Lebesgue measurable subsets of [0, 1].

Lemma 18.10. Let A be a non-Lebesgue measurable subset of [0, 1]. Then
there exists some 0 < € < 1 such that for any Lebesgue measurable subset E
of [0, 1] with A(E) = ¢, the set AN E is not Lebesgue measurable.

Proof. Assume by way of contradiction that the conclusion is false. Then for
each 0 < ¢ < 1 there exists a Lebesgue measurable subset E, of [0, 1] such that
MES) = € and A N E, is Lebesgue measurable. Choose a sequence {¢€,} of O, D
such that lime, = 1.

Put E = ;2 E,, and note that E is a Lebesgue measurable subset of [0, 1].
Moreover, €, < A(E¢,) < A(E) < 1 holds for all n, and thus, A(E) = 1. Now,
since A(A N E®) < A([0, 11\ E) = 0, we have (AN E€) = 0, and s0, AN E¢is
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Lebesgue measurable. But then

A=(AnE)U(AmE°)={U(AnEe,,)]U(AnE%

n=1

holds and shows that A is a Lebesgue measurable set. However, this is a contra-
diction, and the proof is complete. |

Tt was observed before that every subset of the Cantor set is Lebesgue measurable
(since it has Lebesgue measure zero). We are now ready to establish that there exists
a Lebesgue measurable set that is not a Borel set.

Theorem 18.11. The Cantor set has a subset that is not a Borel set.

Proof. Choose a subset A of [0, 1] that is not Lebesgue measurable. By
Lemma 18.10 there exists 0 < € < 1 such that A N E is not Lebesgue mea-
surable for all Lebesgue measurable subsets £ of [0, 1] with A(E) = .

Next, consider the continuous function f of Lemma 18.9 that carries the e-
Cantor set C onto the Cantor set C. By the continuity of f, we get that f is
Lebesgue measurable (where, of course, it is assumed that the Lebesgue measure
is restricted to [0, 1]). Since A(C¢) = ¢, the set B = A N C is not Lebesgue
measurable. Therefore, the subset f(B) of the Cantor set, which is Lebesgue mea-
surable, cannot be a Borel set—since B = f e F(B)) is not Lebesgue measurable.
The proof of the theorem is now complete. |

A useful result (due to H. Steinhaus®) regarding Lebesgue measurable sets will
be presented next. It will be shown that if A is a Lebesgue measurable subset of
IR” such that A(4) > 0, then zero is an interior point of A — A. Recall that if A
and B are two subsets of IR”, then A — B = {a — b: a € A and b € B}. The set
A — B is called the algebraic difference of B from A.

In order to establish this result, we need a lemma.

Lemma 18.12. Let E be a subset of R" such that M(E) > 0. Then for each
0 < € < 1, there exists a bounded open interval I of R" such that el(l) <
MENOD.

Proof. Fix 0 < € < 1, and let E be a subset of IR” such that A(E) > 0.
Without loss of generality, we can assume that A(E) < oo. Indeed, if B ={x €
R": d(0,x) <k),then E = U?;I(E N B;), and so A(E N By) > 0 must hold for
some k; since E N By C E, we can replace E by E N By.

6Hugo Steinhaus (1887-1972), a Polish mathematician. He made many curious and interesting
contributions to functional analysis.
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Since 0 < € < 1, there exists a sequence {I;} of bounded open intervals such
that E C (2, I; and € 3 2| A(;) < A(E). To complete the proof, we show that
there exists some i such that eA(J;) < A(E N I;). Indeed, if this is not the case,
then A(E N I;) < e\(I;) holds for all i, and so

A(E):A( UEnI,-) <Y MENL) <€)y A < ME),
i=1 i=1

i=1

which is impossible. This completes the proof of the lemma. a@

Theorem 18.13 (Steinhaus). If E is a Lebesgue measurable subset of R"
such that M(E) > 0, then the zero vector is an interior point of E — E.

Proof. Assume that E is measurable with A(E) > 0. By Lemma 18.12 there
exists a bounded open interval / = H?:l(ai’ b;) such that %A(I Y < MENIT).

Next, choose 8 > 0 such that I5 = [ [ (@ — &, b; + &) satisfies A(1s) < 2M(),
and then consider the open interval J = (—§, §) x- - - X (=6, 8) € IR". To complete
the proof, we shall show that J € E — E.

To see this, let x € J. Then

(ENDUG+ENHCIUG+I)C I

holds. Therefore, A\(EN DU+ ENI) < M) < %A(I), which implies that
(ENDNx+ENT) # @.Indeed, if (ENIN(x+ENI) = @, then by the additivity
of L, weget \(ENTNUGX+ENI)=2MENI) > %A(I) (here we use the
measurability of E), which is impossible. Pick a vector y € (EnDNx+ENT).
Theny € E,and thereexistsz € E suchthatx+z = y.Thatis,x = y—z € E~E,
so that J C E — E, and the proof is complete. B

EXERCISES

1. Let/ =[]} /i be an interval of R". Show that / is Lebesgue measurable and that
MI) = [T i1, where {/;] denotes the length of the interval J;.

2. Let O be an open subset of IR. Show that there exists an at-most countable collection
{I4: @ € A} of pairwise disjoint open intervals such that O = (¢4 /- Also, show
that M(O) = Y yeu lal-

3. Show that the Borel sets of IR” are precisely the members of the o-algebra generated
by the compact sets. ’

4, Show that a subset £ of IR” is Lebesgue measurable if and only if for each € > 0
there exists a closed subset F of R” suchthat F € Eand M(E\ F) < e.

5. Show that if a subset E of [0, 1] satisfies A(E) = 1, then E is dense in [0, 1].

6. If E € IR" satisfies A(E) = 0, then show that E® = @.




10.

11.

12.

13.

14.

15.
16.

17.
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Show that if £ is a Lebesgue measurable subset of IR”, then there exist an F,-set A
and a Gg-set B suchthat AC ECB and AM(B\ A) = 0.

Let [ E, ) be a sequence of nonempty (Lebesgue) measurable subsets of [0, 1] satisfying
lim A(E,) = 1.

a. Show that foreach 0 < € < 1 there exists a subsequence {E}, } of {E,} such that
MO Ex) > €.
b. Show that (o, Ex = @ is possible foreach n = 1,2, ....

Assume that a function f:/ -+ IR defined on a subinterval of IR satisfies a
Lipschitz’ condition. That is, assume that there exists a constant C > 0 such that
[f(x)~ f(3)] < Clx — y| holds forall x, y € /. Show that f carries (Lebesgue) null
sets to null sets.

In particular, if a function f:/ — IR defined on a subinterval of R has a contin-
uous derivative, then show that f carries null sets to null sets.
[HINT: For the second part note that if J is a closed subinterval of / and Iffl <M
holds for each t € J, then by the Mean Value Theorem we have |f(x) — f(y)| <
Mix - y| forall x,y e J.}]
Show that the Lebesgue measure of a triangle in IR? equals its area. Also, determine
the Lebesgue measure of a disk in R2.
If u is a translation invariant Borel measure on IR”, then show that there exists some
¢ > 0 such that £*(A) = cA(A) for all subsets A of R". v
Show that an arbitrary collection of pairwise disjoint measurable subsets of IR, each
of which has positive measure, is at most countable.
Let G be a proper additive subgroup of IR" (i.e., x,y € G imply x + y € G and
—x € G). If G is a measurable set, then show that A(G) = 0.
[HINT: Use Theorem 18.13.]
Let f:IR — R be additive (i.e., f(x +y) = f(x)+ f(y) forall x,y € R) and
Lebesgue measurable. Show that f is continuous (and hence, of the form f(x) = cx).
[HINT: Use the properties of f shown during the proof of Lemma 18.7 to establish that
f‘1 ((0, €)) has positive Lebesgue measure foreache > 0,and thenuse Theorem 18.13
to show that f is continuous at zero. ]
Show that an arbitrary union of proper intervals of IR is a Lebesgue measurable set.
Let C be a closed nowhere dense subset of IR” such that A(C) > 0. Show that the
characteristic function x¢ cannot be continuous on the complement of any Lebesgue
null set of IR”. Also, show that x¢ will be continuous on the complement of a properly
chosen open set whose Lebesgue measure can be made arbitrarily small.
Let f:IR" — IR be a continuous function. Show that the graph

G = (1, ooy Xy O oo X)) (3., ) € RY)

of f has (n + 1)-dimensional Lebesgue measure zero.
[HINT: If G == {(x1, ..., Xy fO¥1, -0, X)) by <k for i = 1,...,n}, show that
AMG) = 0 and then note that G 1 G.]

7RudolfLipschitz (1832-1903), a German mathematician. His name is associated with the existence
and uniqueness of solutions to differential equations.
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Let X be a Hausdorff topological space, and let it be a regular Borel measure on X.
Show the following:

a. If A is an arbitrary subset of X, then
w¥(A) = inf{u(O): O openand A C O}.
b. If A is 2a measurable subset of X with u*(A) < oo, then

1w (A) = sup{u(K): K compactand K C A}.

~ ¢. Ifpis o-finite and A is a measurable subset of X, then

w*(A) = sup{u(K): K compactand K C A}.

If A is a measurable subset of IR of positive measure and 0 < § < A(A), then show
that there exists a measurable subset B of A satisfying A(B) = 4.

Let E be a Lebesgue measurable subset of IR of finite Lebesgue measure. Show that
the function fg:IR — IR, defined by

FrlyY e MEA(x 4+ EY)
J TN SN T Ay

EAAS A

is uniformly continuous.

CONVERGENCE IN MEASURE

Let (X, 8, i) be a measure space again. The collection of all real-valued p-
measurable functions defined on X will be denoted by M. That is,

M = {f e R¥: f is u-measurable).

It should be clear from Theorem 16.5 that M is closed under the ordinary
algebraic and lattice operations. That is, M is a function space and an algebra. In
the space M, a useful concept of convergence of sequences is defined as follows:

Definition 19.1. A sequence { f,} of measurable functions converges in mea-
sure to a function f € M, in symbols f,~* f, if for every € > 0 we have

”l_igou*({x € X: |fulx)— f) = €})=0.

The next result summarizes the basic properties of convergence in measure.

Theorem 19.2. Let {f,} and {g,} be two sequences of measurable functions,
and let f, g € M. Then the following statements hold.

1. If fu-t> f and g, %> g, then af, + Bg,——>af + Bg forall a, B € R.
2. If fots f and f,-">g, then f = g ae.
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Proof. (1) We can assume «, 8 # 0. From

ofn () + Bgn(x) — [af (x) + BT | < lall fulx) — f(O)| -+ 1Bllgnlx) — g0}

it follows that
(x € X: |afu(x) + Bga(x) = [af () + Bg(0)] | = €]
< {x € X: /a0 = FI 2 5 ] U {x € X: 18,0~ gl = 3 }

The conclusion now follows easily.

(2) Let f,~*> f and f,~%>g. Given € > 0, the triangle inequality implies

{xeX: |f(x)—gW)l = 2¢)
ClreX: [fux)— fIZe}Uflx € X: [fulx) — gl = €},

from which it easily follows that u*({x € X: |f(x) — g(x)| = 2¢}) = 0 for all
¢ > 0. Therefore,

*© 1
WAl € X: £ # g0 = u*(U L e x: 1700 - g1 = ;}> —o,
n=l

so that f = g a.e. holds. ‘ B

The lattice operations are also continuous with respect to convergence in
measure.

Theorem 19.3. Ifa sequence {f,} of measurable functions satisfies fats f,
then

TEsf St ST, and | fu-5FL
Proof. The statements easily follow from the standard lattice inequalities

=A< =Ll == fland |l = 1F Il <1 e = fl. B

The convergence in measure is related to the pointwise convergence as follows.

Theorem 19.4. If a sequence { f,} of measurable functions satisfies fotsf
for some f € M, then there exists a subsequence {f;,} of {fa} such that
fr, = fae '
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Proof. Let f,—> f. A simple inductive argument shows that there exists a
strictly increasing sequence {k,} of natural numbers such that

1
u*([x eX: |fitx)— f)l = ’—7}) <2™

forallk > k,.LetE, = {x € X: |fi,(x) — f(X)| = %} for each n, and define the
measurable set E = (o Une.,, En- Then

n==m

WHE) < u*( U E> <3 (g <27

n=m n==m

holds for all m, so that w*E) = 0. Also, if x ¢ E, then there exists some m such
that x ¢ Uf:im E,,and so, | fi, (x) — f(X)| < % holds for each n > m. Therefore,
lim f;, (x) = f(x) foreach x € E, and so f;, — f a.e. holds. B

Pointwise convergence does not imply convergence in measure. For instance,
let X = IR with the Lebesgue measure A, and define f, = x.n+1) for each n.
Clearly, lim f,(x) = 0 holds for each x € IR. Since

Mix e Xe [ = 1)) =A(ln,n+1]) =1

holds for all n, it follows that { f,} does not converge to zero in measure.
However, if the measure space is finite, then pointwise convergence implies
convergence in measure.

Theorem 19.5. Assume pu*(X) < oc. If a sequence { f,,} of measurable func-
tions satisfies f, — [ a.e., then f,~ f also holds.

Proof. Fixe > OandforeachnletE, = {x € X: | fu(x) — f(x)] = €}. Now
let & > 0. Since u*(X) < oo, it follows from Egorov’s Theorem 16.7 that there
exists a measurable set A such that u*(A) < & and { f,} converges uniformly to f
on A€,

Choose k such that | f,(x) — f(x)] < € holds for all x € A®and all n > k. Then
E, € A holds for all n > k, and so u*(E,) < u*(A) < & forall n > k. Thus,
lim w*(E,) = 0, and the proof is finished. H

It is interesting to observe that there exist sequences of measurable functions
that converge in measure, but fail to converge at any points. An example of this
type is presented next.

Example 19.6. Consider [0, 1] equipped with the Lebesgue measure A. For each n sub-
divide [0, 1] into the n subintervals [0, 1], [1, 2],..., (%=, 1].
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Enumerate all these intervals as follows:

P BB b

Let fu be the characteristic function of the nth interval of the above sequence. It is easy to
see that f,—>>0 holds and that { f,,(x)} does not converge to zero for any x € [0, 1]. Bl

EXERCISES

1. Let {f,} be a sequence of measurable functions and let f: X — IR. Assume that
limp*({x € X: |fa(x) — f(x)] = €]) = 0 holds for every € > 0. Show that f isa
measurable function.

Assume that { f,,} € M satisfies f, 1 and fu—t> . Show that ﬂ, 1 f ae. holds.

[S]

3. If{fy} € M satisfies f,,i>f and f, = 0 a.e. for each n, then show that f > O a.e.
holds.

4. Let{f,} € Mand (g,) € M satisfy f,~%> f, go-t>g, and f, = g, a.e. for each n.
Show that f = g a.e. holds.

5. Let (X, S, u) be a finite measure space. Assume that two sequences {f,} and (g}
of M satisfy f,~£> f and g,~£>g. Show that f,g,—t> fg. Is this statement true if
u*(X) = o0?

6. Show that a sequence of measurable functions { f;} on a finite measure space converges
to f in measure if and only if every subsequence of { f,} has in turn a subsequence
which converges to f a.e.

7. Define asequence { f,} of M to be u-Cauchy whenever foreache > 0 and § > 0 there
exists some k (depending on ¢ and 8) such that u*({x € X: | fu(x) = fu(X)| 2 €}) <4
holds forall n, m > k.

Show that a sequence { f} of M is a u-Cauchy sequence if and only if there exists
a measurable function f such that f, £ 7.

20. ABSTRACT MEASURABILITY

This section can be skipped in the first reading. It deals with collections of sets with
stronger properties than those of a semiring. Most of these families were introduced
briefly in Section 12. Let us start by recalling the notion of a ring of sets.

Definition 20.1. A nonempty collection R of subsets of a set X is said to be a
ring if A.B e Rimply AUB e Rand A\B € K.

It should be obvious that every ring is closed under finite unions. Also, since an
arbitrary ring R is nonempty, it contains a set, say A € R,andso = A\ A € R.
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That is, every ring contains the empty set. Also, from the identities
AAB = (A\B)U(B\A) and ANB=A\(A\B),

it easily follows that every ring is closed under symmetric differences and finite
intersections.

Recall that a nonempty collection of subsets of a set X is said to be an algebra
of sets if it is closed under finite intersections and complementation. From the
identities

AUB =(A"NB°° and A\B=ANB"

it should be obvious that every algebra is a ring. In the converse direction, we have
the following result (whose easy proof is left for the reader):

Lemma 20.2. A ring R is an algebra if and only if X € K.

Aring R is called a o -ring if it is closed under countable unions, i.e.,if {A,} © R
implies ;2 A, € R.

Notice that every o-ring is automatically closed under countable intersections.
To see this, let {A,} be a sequence in a o-ring R and let A = ﬂff_’_., A,. Then
ANA =2 (Aj\A) e R,andso A=A\ (A \A) e R.

The straightforward proof of the next result is also left for the reader.

Lemma 20.3. Ao-ring Risao-algebraifandonlyif X € R.

The following scheme indicates the relationships between the various families
of sets we have introduced so far:

o-ring

\ algebra

FIGURE 3.2. The Implication Scheme

o-algebra

>ring == semiring

In general, no other implication is valid; see Exercise 3 at the end of this section.

Arbitrary intersections of o-algebras-of subsets of a fixed set X are also o-
algebras. Thus, for every nonempty family F of subsets of a set X there exists
a smallest o-algebra (with respect to inclusion) that includes F. This smallest
o-algebra is called the o-algebra generated by F and is denoted by o(F). It is
the intersection of all o -algebras that contain F (notice that P(X) is one of them).
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That is,
o(F)=(){Z: Tisaoc-algebraand F C T}.

If ¥ is a o-algebra and a family of sets F of £ (i.e., F & X) satisfies 6 (F) = X,
then JF is called a family of generators for £. The reader should also notice that
for an arbitrary collection of subsets F of a set X there always exists an algebra,
a ring, and a o-ring generated by . In this book, we shall make use only of the
o-algebras generated by families of sets.

We now turn our attention to abstract measurability properties of functions.
Notice that if f: X — Y is a function and A is either an algebra or a o-algebra
(or a ring, or a o-ring, or a semiring), then

FHUA={F7(Ar Ac A

is likewise an algebra or a o-algebra (or a ring, or a o-ring, or a semiring).

Lemma 20.4. If f: X — Y isafunctionand F is a nonempty family of subsets
of Y, then

o(f T PN = o (F)).
Proof. Notice first that the identities f~'(A®) = [f~' (AT,

f~l< UA"> = Uf—l(Ai) and f"‘( ﬂ&) - ﬂf—l(Ai)
iel iel iel iel

guarantee that f~'(T) = {f~Y(A): A € I} is a o-algebra whenever T is a
o -algebra.
So, f~Y (o (F)) is a o-algebra satisfying £ ~1(F) € f~!(o(F)). This implies
o(fHFN € fFHo(F).

For the reverse inclusion, let

A={Aeca(F): f(A) ea(fTH (PN

Clearly, A is a o-algebra satisfying ¥ € A C o(F). Hence, A = o(F). This
implies f~!(o(F)) € o(f~!(F)), and so f~(a(F)) = o (f~H(F)). =

In an abstract setting, a measurable space is now a pair (X, ), where X is a set
and T is a o-algebra of subsets of X . The members of X are called the measurable
sets of X.
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Definition 20.5. A function f:(X, £1) — (X2, y) between two measur-
able spaces is said to be measurable (more precisely (X, Z,)-measurable) if
FY(A) € £, holds for each A € %y, i.e.,if f~1(E2) € 1.

A function f:X — Y between two topological spaces is said to be Borel
measurable if f:(X, Bx) — (Y, By) is measurable, i.e., if f -Y(B) is a Borel
subset of X for each Borel subset B of Y .

When (X, ¥) is ameasurable space and Y is a topological space, then a function
f:X — Y is called measurable if f:(X, ) — (¥, By) is measurable.

Theorem 20.6. Let f: (X, X1) — (X2, 32) be a function between two mea-
surable spaces and let F be a family of generators for X, i.e., o(F) = Za.
Then f is measurable if and only if f~1(A) € X, for each A € F.

Proof. If f is measurable, then clearly f~'(A) € X holds for each A € F.
On the other hand, if f~!1(A) € &, forall A € F, then it follows from Lemma 20.4
that

(@) = fF o) =o(fT(F)E Ei,
which shows that f is a measurable function. &
We now continue with another important family of sets.

Definition 20.7. A family of subsets D of a set X is said to be a Dynkin®
system If it satisfies the following three properties:

1. XeD,

2. A,BeDand A< Bimply B\ A €D, and

3. whenever a sequence {A,} C D satisfies A, t A, then A € D.

The reader should stop and verify that a Dynkin system is a o-algebra if and
only if it is closed under finite intersections. The Dynkin systems play an important
role because of the following result—known as Dynkin’s lemma.

Lemma 20.8 (Dynkin’s Lemma). Ler D be a Dynkin system and let F be a
family of sets such that F C D. If F is closed under finite intersections, then
the o-algebra generated by F is included in D, i.e., o(F) € D.

8Eugene Borisovich Dynkin (1924~), a Russian mathematician. His main research interests are in
probability theory. In 1977 he was appointed Professor of mathematics at Cornell University, Ithaca,
New York.




Section 20: ABSTRACT MEASURABILITY 153

Proof. Assumethat F C Dis nonempty and closed under finite intersections.
Let us denote by Dy the smallest Dynkin system including F (i.e., Dy is the
intersection of all Dynkin systems that include F). Clearly, 7 € Dy € D. Now
let

Dy ={AeDy ANC €Dy forall C € F}.

An easy verification shows that D, is itself a Dynkin system satisfying A € D,
for all A € F (1o establish this we must use the assumption that F is closed under
finite intersections). Thus, F € D; € Dy, and so by the definition of Dy, we infer
that D) = Dy.

Next, consider the family

Dy={AeDy: ANB €Dy forall B € Do}

Again, it is easy to check that D, is a Dynkin system such that 7 € D, € Dq.
Thus, Dy = D», and therefore, Dy is a Dynkin system which is closed under finite
intersections. This easily implies that Dy is a o-algebra, and from this we see that
o(F) = Dy € D, as desired. ]

Here are a few striking consequences of Dynkin’s lemma:

Corollary 20.9. Assume that D is a Dynkin system and % is a o -algebra such
that D € . If D contains a family of generators of % which is closed under
finite intersections, then D = 3.

Corollary 20.10. Ler & be a o-algebra of subsets of a set X and let F be
a family of generators for T (i.e., o(F) = X) which is closed under finite
intersections. Then two finite measures . and v on T coincide (i.e., b = v) if
and only if

1. w(X)=v(X), and
2. w(F)=v(F)foreach F e F.

Proof. Assume that two finite measures i and v on X satisfy (1) and (2). Let
D={AeX: u(A)=v(A)}.
Then X e Dandif A, B € D satisfy A C B, then

n(B\ A) = u(B) — u(A) = v(B) — v(A) = v(B\ A),
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ie., B\ A € D. Moreover, if a sequence {A,} € D satisfies A, 1 A, then
u(A) = lim FL(AII) = lim v(4,) = v(A),
n—oc n->00

sothat A € D. Thus, D is a Dynkin system and 7 € D holds. By Corollary 20.9,
D=X,andso u = v. B

Corollary 20.11. Two finite measures defined on the Borel sets of a topological
space are equal if and only if they coincide on the open sets.

‘We now turn our attention to product semirings. If S and S, are two semirings
of subsets of X and Y respectively, then the product semiring S, ® S, is defined
by

S]@Sz‘-:{AXBZ AES; and BGSQ_}.
Using the identities

(Ax B)N(A; x By) = (AN Ay) x (BN By)
(Ax B)\ (A x By) = [(A\A)) x BJU[(AN Ay) x (B\B1) ],

itis easy to verify that $; ® S; is indeed a semiring of X x Y. It should be noticed
that S; ® S, need not be an algebra even when Sy and S; are both o -algebras. The
product ¢ -algebra generated by S and S; is the o-algebra o (S) ® &;) generated
by §1 ® Sa.

If Aisasubsetof X x Y and x € X, then the x-section A, of A is the subset
of Y defined by

Ar={yeY: (x,y) e A}
Similarly, if y € Y, then the y-section A” of A is the subset of X defined by

A ={xeX: (x,y) € A}.

The geometric meanings of the x- and y-sections are shown in Figure 3.3.
Regarding sections, we have the following identities. (The families of sets below
are assumed to be families of subsets of X x Y.)

L. (Uiel Ap)y = Uiel(Ai)-\' and (ﬂi.el Ay = ﬂ,"e/(Ai),\'~
2. (Ui AY = Uiy (Ai) and (M) A1) = i (A
3. (A% = (A))° and (A®) = (A”)"

The easy verification of these identities are left for the reader.
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FIGURE 3.3. The Sections of a Set

Lemma 20.12. Let (X, =) and (Y, ,) be measurable spaces. If A belongs to
the product o-algebra,i.e., A € () QX,), then A has “measurable sections.”
That is, Ay € Ty foreachx € X and AY € T, forally € Y.

Proof. Let A € o(Z; ® ,). By the symmetry of the situation, it suffices to
show that A, € ¥, foreach x € X. To this end, fix x € X and let

T=[Aco(T® ) A, € X, forall x € X}.

From (@ X @), = @and (X xY), =Y, weseethat®, X x Y € Z. Also, from the
identities listed preceding the lemma, we see that X is a o -algebra. Moreover, if A x
Be X xTythen(AxB), =B e Srifre Aand(AxB), =@ € Z,ifx ¢ A,
andso T, ® %, € . Thisimplies & = ¢(Z;® X), and the proofis finished. &

‘We now come to the notion of joint measurability for functions. Let (X, %),
(Y, 1), and (Z, T3) be three measurable spaces, and let f:X x ¥ — Z bea
function. We shall say that:

1. fis jointly measurable, if f:(X x Y, 0(2; ® ;) — (Z, X3) is measur-
able,

2. f is measurable in the variable x (resp. in y) if foreach y € Y (resp. for
each x € X) the function f(-, y): (X, Z;) — (Z, Z3) (resp. the function
Flx, (Y, o) — (Z, X3)) is measurable, and

3, f is separately measurable if f is measurable in each variable.

Joint measurability always guarantees separate measurability.

Theorem 20.13. Ler (X, 2,), (¥, ) and(Z, T3) be three measurable spaces.
If a function f:X x Y -» Z is jointly measurable, then it is separately
measurable.
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Proof. Assume f:X x Y — Z is jointly measurable, let A € X3 and fix
y €Y. Also,let B = f~'(A) € 0(Z; ® ;). Note that

A ) ={xreX: f(x,y)e A} ={x e X: (x,y) € B} =B

Now, a glance at Lemma 20.12 guarantees that B* € ¥, and consequently, the
function f(-, y): (X, ;) — (Z, I3) is measurable. Similarly, it can be shown that
the function f(x, -): (Y, £3) — (Z, I3) is measurable for each x € X. |

Does separate measurability imply joint measurability? The answer is in general
negative. W. Sierpiriski® has constructed in [27] 2 non-Lebesgue measurable subset
A of IR? whose intersection with each line consists of at-most two points; see also
{10 p. 130] and [9]. From this property it easily follows that the characteristic
function x4 is separately measurable but not jointly measurable.

However, under certain conditions, separate measurability suffices for the joint
measurability. In order to state such a result, we need the notion of a Carathéodory
function.

Definition 20.14. Let (X, X) be a measurable space, and let Y and Z be two
topological spaces. A function f:X x Y — Z is said to be a Carathéodory
function if

1. foreach x € X the function f(x,-).:Y — Z is continuous, and
2. foreachy €Y, the function f(-,y):(X, ) — (Z, Bz) (where Bz is the
o-algebra of all Borel sets of Z) is measurable.

Briefly, a function f(x, y) of two variables is a Carathéodory function if f is
continuous in y and measurable in x. For the next result, keep in mind that every
topological space is considered a measurable space equipped with the o-algebra
of its Borel sets.

Theorem 20.15. Let (X, X) be a measurable space, Y a separable metric
space, and Z a metric space. Then every Carathéodory function f: X xY — Z
is jointly measurable.

Proof. Letd denote the metric of Y and p the metric of Z. Also, let {y;, y3, ...}
be a dense subset of Y. Since the closed sets form a family of generators for Bz,
it suffices to show that f~1(C) € ¢(Z ® By). So, let C be a closed subset of Z.

Start by observing that (since f(x, -)'is continuous for each x € X), f(x,y)
belongs to the closed set C if and only if for each n there exists some y,, with

9Waclaw Sierpiriski (1882~1969), a Polish mathematician. He made many important contributions
to set theory, topology, and number theory.
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d(y, ym) < + and

,O(f(x, )’m), C) = iﬂf{/?(f(—\’v )’m), €). c€ C} < "1

This implies

- Ll 1 .
€)= ﬂU[mex. f(.x,y,,,)eBgC)}xB(y,,,,m)], (*)

n=! m=

whereB‘(C) {zeZ p(z,C) < } The continuity of the function = = p(z, C)
cuarantees that B1(C) is an open set Since f is measurable in x and B 1 (C)is
open (and hence a "Borel set), it follows that {x € X: f(x, yu) € B‘(C)} € T for
each m and n. Now, a glance at () shows that fC)eo(ZT® By) and thus, f
is jointly measurable. ]

EXERCISES

1. Let R be a nonempty collection of subsets of a set X. Show that R is a ring if and
only if R is closed under symmetric differences and finite intersections.

[HINT: Note that AAB = (A\ B)U(B\ A), ANB = A\(A\ B), A\ B = AA(AN
B),and AU B = (AAB)A(AN B).]

If R is a ring, then show that the collection

[

A={AeR: Either A or A® belongsto R}

is an algebra of sets.
3. In the implication scheme of Figure 3.4 show that no other implication is true by
verifying the following regarding an uncountable set X:

a. The collection of all singleton subsets of X together with the empty set is a
semiring but not a ring.

b. The collection of all finite subsets of X is a ring but is neither an algebra nor a
o-ring.

c. The collection of all subsets of X that are either finite or have finite complement
is an algebra but is neither a ¢ -algebra nor a o-ring.

d. The collection of all at-most countable subsets of X is a ¢-ring but not an algebra.

c-algebra

/ oring

algebra

>ring m=————2> semiring

FIGURE 3.4. The Implication Scheme
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11.

12.

13.
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e. The collection of all subsets of X that are either at most countable or have at-most
a countable complement is a o' -algebra (which is, in fact, the o-algebra generated
by the singletons).

Show that a Dynkin system is a o-algebra if and only if it is closed under finite
intersections. '

Give an example of a Dynkin system which is not an algebra.

A monotone class of sets is a family M of subsets of a set X such that if a sequence
{Ay) of M satisfies A, 1 A or A, | A, then A € M. Establish the following
properties regarding monotone classes:

a. We have the following implication scheme:
o-algebra == Dynkin system == monotone class

Give examples to show that no other implication in the above scheme is true.
An algebra is a monotone class if and only if it is a o -algebra.

c. The o-algebra o (A) generated by an algebra A is the smallest monotone class
containing .A.

Show that if X and ¥ are two separable metric spaces, then By xy = By ® By.
Show that the composition function of two measurable functions is measurable.
If (X, ) is a measurable space, then show that

a. the collection of all real-valued measurable functions defined on X is a function
space and an algebra of functions, and

b. any real-valued function on X which is the pointwise limit of a sequence of
(X, B)-measurable real-valued functions is itself (¥, B)-measurable.

Let (X, X) be a measurable space. A E-simple function is any measurable function
¢: X — IR which has a finite range, i.e, if ¢ has finite range and its standard repre-
sentation ¢ = Y 1_,a; X a, satisfies A; € T foreach .

Show that a function f: X — [0, co) is measurable if and only if there exists a
sequence {¢,} of L-simple functions such that ¢,(x) 1 f(x) holds for each x € X.
Use Corollary 20.10 to show that if a measure u is o-finite, then u* is the one and
only extension of i to a measure on ¢(S). Give an example of a measure space such
that u* is not the only extension of u to a measure on o (S).

Show that the uniform limit of a sequence of measurable functions from a measurable
space into a metric space is measurable.

Let f, g: X — IR be two functions and let B denote the o-algebra of all Borel sets of
IR. Show that there exists a Borel measurable function #: R — IR satisfying f = hog
if and only if £~1(B) € g~ (B) holds.

Let (X, X) be a measurable space, Y, Z; and Z, be separable metric spaces and ¥
a topological space. Assume also that the functions f;: X x Y — Z;, (i = 1, 2), are
Carathéodory functions and g: Z| x Zy — W is Borel measurable. Show that the
function i1 X x Y ~— W, defined by :

hx, y) = g(filx, y), falx, y)),

is jointly measurable.




15.

16.
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Let (X, ¥) be a measurable space and (Y, d) a separable metric space. Show that a
function f: X — Y is measurable if and only if the function x ~> d(y, f(x)), from
X into IR, is measurable for each fixed y € Y.

Let (X, S, 1) be a o-finite measure space, where S is a o-algebra. If f: X — R
is a- Ay, -measurable function, then show that there exists a S-measurable function
g:X — Rsuchthat f = g ae.






CHAPTER 4

THE LEBESGUE INTEGRAL

By definition a Riemann integrable function is bounded, and its domain is a closed
interval. These two restrictions make the Riemann integral inadequate to fulfill the
requirements of many scientific problems. H. Lebesgue' in his classical work [21]
introduced a concept of an integral (called today the Lebesgue integral) based
on measure theory that generalizes the Riemann integral. It has the advantage
of treating at the same time both bounded and unbounded functions and allows
their domains to be more general sets. Also, it gives more powerful and useful
convergence theorems than the Riemann integral.

In this chapter we study the Lebesgue integral. The concepts of an upper
function and its Lebesgue integral are introduced first. Consequently, the Lebesgue
integrable functions are introduced as differences of two upper functions, and their
properties are studied. The Lebesgue dominated convergence theorem that (under
certain conditions) allows us to interchange the processes of limit and integration
is proved, and various applications of this powerful result are presented. Next, it is
shown that every Riemann integrable function is Lebesgue integrable, and that in
this case the two integrals (the Riemann and the Lebesgue) coincide. Furthermore,
the relationship between an improper Riemann integral and the Lebesgue integral
is obtained. Finally, the chapter culminates with a study of product measures and
iterated integrals.

For this chapter, (X, S, u) will be a fixed measure space, and unless otherwise
specified, all properties of the functions will be tacitly referred to in this measure
space.

21. UPPER FUNCTIONS

It was mentioned before that the step functions will be the “building blocks” for
the Lebesgue integral. Recall that a function ¢ is a step function if and only if
there exist a finite collection {4y, ..., A,} of measurable sets with u*(4;) < oo
fori = 1,...,n, and real numbers a,, ..., a, such that ¢ = > ;_ a; x4, holds.

YHenri Léon Lebesgue (1875-1941), a prominent French mathematician. The founder of the modern
theory of integration.

161
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The real number I(¢) = Y i aiit*(A;) is called the Lebesgue integral of @,
and we have already seen (in Section 17) that it is independent of the particular
representation of ¢. From now on, the Lebesgue integral of ¢ will be denoted by
its conventional symbol [ ¢ du,or [y ¢ dp. If clarity requires the variable to be
emphasized, then the notation f o(x)du(x) will be used. Thus, the integral of
the step function is

f¢ dp = Za:u*(A,-)-
f=1

The collection of all step functions has both the structure of an algebra and that
of a function space.

Theorem 21.1. The collection of all step functions under the pointwise oper-
ations is a function space and an algebra.

Proof. The proof that the step functions form an algebra is straightforward.
To see that this collection is also a function space, note that if the step function ¢
has the standard representation ¢ = Y ;_,a; X4;» then ot = S max{a;, 0} xa,
holds. Thus, ¢ is a step function, and the conclusion follows. a

The basic properties of the Lebesgue integral for step functions were discussed
in Section 17. Here we shall deal with the almost everywhere limits of increasing
sequences of step functions. Such limits are used to define upper functions.

Definition 21.2. A function f:X — IR is called an upper function if there
exists a sequence {¢,} of step functions such that

1. ¢n t fae. and
2. lim[¢,du < oo.

Any sequence of step functions that satisfies conditions (1) and (2) of the pre-
ceding definition will be referred to as a generating sequence for f. Note, in
particular, that by Theorem 16.6 every upper function is a measurable function.
The collection of all upper functions will be denoted by U. Clearly,

e every step function is an upper function.

Also, observe that an upper function néed not be a positive function.

If f is an upper function with a generating sequence {¢, }, and if {1,) is another
sequence of step functions such that 7, 1 f a.e., then it follows from Theorem 17.5
that lim [ ¢, dp = lim [ ¢, du holds. Thus, {¢/.} is also a generating sequence
for f, and therefore, the following definition is well justified.
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Definition 21.3. Let f be an upper function, and let {¢,} be a sequence of
step functions such that ¢, 1 f a.e. holds. Then the Lebesgue integral (or
simply the integral) of f is defined by

/fdu= lim /¢rxdﬂ-
n—»0Q

Again, we stress the fact that the value of the Lebesgue integral of an upper
function is independent of the generating sequence of step functions. Also, it
should be clear that if f is an upper function and g is another function such that
g = f ae., then g is also an upper function and [ gdu = [ fdu holds.

The rest of this section is devoted to the properties of upper functions.

Theorem 21.4. For upper functions f and g, the following statements hold:

1. f+ gisanupperfunctionand [(f +g)dpn = [ fdu+ [gdu.

2. of is an upper function for each @ > 0 and [(af)dp =« [ fdu.

3. fvgand f A g are upper functions.

Proof. Choose two generating sequences {¢,} and {1} for f and g, respec-
tively.

(1) Clearly, {¢, + ¥} is a sequence of step functions, and ¢, + ¥, 1 f + g
a.e. holds. The result now follows by observing that

f(¢n+wn)du=/¢ndu+/wndu 1 /fdu+/gdu-
(2) Straightforward.
(3) Note that both {¢, Vv ¥} and {¢, A ¥,} are sequences of step functions.
Now, ¢, AV, + f Agae. and lim [ ¢, A, du < lim [ ¢, dpu < oo, show that
f A g is an upper function.

To see that f Vv g is an upper function, observe first that ¢, v ¥, 1 f V g ae.
holds, and then use the identity

(bn \4 WN = ¢n + w'n - (bn A 1p/x
to obtain [¢, vV Vudpu = [¢udi + [Yudp — [¢u A ¥, du. This implies
/fﬁn\/l/fndu—:/cbnduT/fdu—i—fgdu—/f/\gdu<oo.

This finishes the proof of the theorem.

The next theorem states that the integral is a monotone function on 4.
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" Theorem 21.5. If f and g are upper functions such that f > g a.e., then
[ fdu = [ gdu holds. In particular, if f € U satisfies f > 0 a.e., then
[fdu=0.

Proof. Let {¢,)} and {1,} be generating sequences for f and g, respectively.
Then ¢, A ¥, 1 g a.e. holds, and so {¢, A ¥} is also a generating sequence for
g. By Theorem 17.3, we have [, di > [¢n A, dp for each n. Therefore,

/fdu: lim /(b,,du > lim /c[),, Aw,,duzfgdli,
n->00 n—+00
and the proof is finished. B

It should be noted that if f is an upper function such that f > 0 a.e., then there
exists a sequence of step functions {v,} satisfying ¥, > 0 a.e. for each n and
¥, 1 f ae. To see this, notice that if ¢, 1 f, then ¢} ¢+ f* = f a.e. holds.

If we take the “upper functions of U{,” then we get I{ again. The details are
included in the next theorem.

Theorem 21.6. Ler f: X — IR be a function. If there exists a sequence { f,}
of upper functions such that f, 1 f a.e. and lim [ fadp < oo, then f is an
upper function and [ fdu =1lim [ f,dpu.

Proof. Foreach i choose a sequence {¢' } of step functions such that ¢} 1, f;
a.e. holds. Now, for each n let ¥, = \/|_ ¢!, and note that each v, is a step
function such that ¥, 1 f a.e. holds. Also, note that ¥, < f, a.e. for each n, and
consequently, lim [ ¥, du <lim [ f, du < oo holds by virtue of Theorem 21.5.
This shows that f is an upper function.

Now, since for each fixed i/ we have z,bf, < i, for all n > i, it follows that

[ fidu =lim,.o [ ¢} dp < limy_, e [ ¥ dpt holds for all i. Therefore,

tim [ fdy= limfwndu=ffdu,
n~roC

n—oo

and the proof is complete. 2]

The integral satisfies an important convergence property for decreasing se-
quences. It is our familiar order continuity property of the integral.

Theorem 21.7. If{fn}isa sequen‘ce of upper functions such that f, | Oa.e.,
thenlim [ fydp = 0 holds.

Proof. Lete > 0. For each n choose a step function ¢, such that 0 < ¢, < f;
ae. and [(fy — ¢n)du = [ fudp — [ dn pt < €27" (remember that —¢, is an
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upper function). Let ¥, = A[_,¢; for each n. Then {1,} is a sequence of step
functions satisfying 0 < ¥, < ¥, for each n, and (in view of ¥, < f, a.e. and
fr | 0ae.) we see that ¥, | O a.e. By Theorem 17.4 we have lim [ v, du = 0.
Pick an integer & such that f Yndu < eforalln > k. Now, the almost everywhere
inequalities

0<fi—vu=rfim Noi=\h—e)<s\/(Fi-d)<D (fi—o0)
=1 =1 i=1 i=1

imply
n [o o] .
[fian=[wman=) [ -onau < (Zz*') —c.
. i=1 i=l
Thus,
05/f,,du<e+/w,,d/,c<2e
for all n > k, which shows that f fndu 4 0 holds. ]

Finally, we mention that { is not in general a vector space since it fails to be
closed under multiplication by negative real numbers. An example of this type is
presented in Exercise 2 of this section.

EXERCISES

1. Let L be the collection of all step functions ¢ such that there exist a finite number
of sets Ay,..., A, in S all of finite measure and real numbers ay, ..., a, such that
¢ = Zf’zla,- X4;- Show that L is a function space. Is L an algebra of functions?
[HINT: Use Exercise 14 of Section 12.]

2. Consider the function f:IR — IR defined by f(x) = 0ifx ¢ (0, 1], and f(x) = /n
ifx e (ﬁ, %] for some n. Show that f is an upper function and that — f is not an
upper function.

[HINT: A step function is necessarily bounded.]

3. Compute [ fdx for the upper function f of the preceding exercise.

4. Verify thatevery continuous function f : [a, b] — IR isan upper function—with respect
to the Lebesgue measure on [a, b].

5. Let A be a measurable set, and let f be an upper function. If x4 < f a.e., then show
that 1*(A) < o0.

6. Let f be an upper function, and let A be a measurable set of finite measure such that
a < f(x) < b holds for each x € A. Then show that
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a. fxa is anupper function, and
b. au*(A) < [ fxadu < bu*(A).

7. Let (X, S, ) be a finite measure space, and let f be a positive measurable function.
Show that f is an upper function if and only if there exists a real number M such that
f ¢ dp < M holds for every step function ¢ with ¢ < f a.e. Also, show that if this is
the case, then

ffdu = sup {/d)du: ¢ is a step function with ¢ < f a.e. }

8. Show that every monotone function f : [a. b] — IR is an upper function—with respect
to the Lebesgue measure on [a, b].

22. INTEGRABLE FUNCTIONS

It was observed before that the collection &/ of all upper functions is not a vector
space. However, if we consider the collection of all functions that can be written as
an almost everywhere difference of two upper functions, then this set is a function
space. The members of this collection are the Lebesgue integrable functions. The

details will be explained in the following.

Definition 22.1. A function f:X — IR is called Lebesgue integrable (or
simply integrable) if there exist two upper functions u and v suchthat f = u—v
a.e. holds. The Lebesgue integral (or simply the integral) of f is defined by

/fdu:/ud/z-/vd,u.

It should be noted that the value of the integral is independent of the representa-
tion of f as a difference of two upper functions. Indeed, if f =u —v=u; — v,
a.e. with u, uy, v, and v, all upper functions, then u -+ v; = u; + v a.e. holds, and
by Theorem 21.4(1) we have [udu+ [vidu = [u;du + [ vdp. Therefore,
fudu— [vdu= [uydu— [v dp.

An integrable function is necessarily measurable, and every upper function is
Lebesgue integrable. Also, it is readily seen that if a function f.is Lebesgue
integrable and g is another function such that f = g a.e., then g is also Lebesgue
integrable and [ gdp = [ f dp holds.

Historical Note: The above introduction of the Lebesgue integral is a modification of
a method due to P. J. Daniell [5]. Daniell’s® general approach to integration starts with a
function space L on some nonempty set X, together with an “integral” / on L. The function
I:L — Ris said to be an integral if

2p. J. Daniell (1889~1946), a British mathematician. He worked in functional analysis and the

theory of integration.
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1. Hagp+BY)=al(@)+BI()foralg,.B e Rand g, ¥ € L, .
2. I(¢) = 0 whenever ¢ > 0, and
3. whenever {¢,} C L satisfies ¢,(x) | 0foreachx € X, then I(¢,) | 0.

A function u : X — IR is called an upper function if there exists a sequence {¢,} € L with
dn(x) 1 u(x) forall v € X and lim /(¢,) < co. As in the proof of Theorem 17.5, we can
show that lim /(¢,) is independent of the “‘generating” sequence {¢,}. The real number
[(u) = lim I (¢,,) is the integral of u. Finally, f:X — IR is said to be integrable if there
exist two upper functions u and v with f = u — v. The integral of f is then defined by
() =1Tw)—I(v).

Here our approach to the Lebesgue integral can be considered as a “measure theoretical
Daniell method.”

The set of integrable functions has all the expected nice properties.
Theorem 22.2. The collection of all Lebesgue integrable functions is a func-
tion space.

Proof. Let f and g be two integrable functions with representations f = u—v
a.e. and g = u; — v; a.e. Then the almost everywhere identities

freg=ww+u)—(@+uv),
af =au—av if a >0,
of = [(—a)v] - [(—a)u] if @« <0, and

ff=w-v)=uve—v

express the above functions as differences of two upper functions. This shows that
the collection of all integrable functions is a function space.

Thus, if f is integrable, then | f] is also an integrable function. In particular, it
follows from the last theorem that a function f is Lebesgue integrable if and only
if f* and f~ are both integrable. ‘

The next result describes the linearity property of the integral. Its easy proof
follows directly from Definition 22.1 and is left as an exercise for the reader.

Theorem 22.3. If f and g are two integrable funciions, then

[ @f+poran=a[rau+p[san
holds for all o, 8 € IR.

Every positive integrable function is necessarily an upper function.
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Theorem 22.4. If an integrable function f satisfies f > 0 a.e., then f is an
upper function.

Proof. Choose two upper functions u and v such that f = u — v a.e. holds,
Since each u and v is the almost everywhere limit of a sequence of step functions,
there exists a sequence {1, } of step functions such that ¥, — f a.e. Since f > 0
a.e., it follows that ¥~ — f a.e. also holds.

By Theorem 17.7, there exists a sequence {s,} of simple functions satisfying
0 < s, 1 f ae. Now, for each n let ¢, = s, A (\/1o; ¥7). Then {¢,} is a
sequence of step functions such that 0 < ¢, 1 f ae. holds. To complete the
proof, we show that { [ ¢, du} is bounded. Indeed, from ¢, +v < f+v < u
a.e. and Theorem 21.5, it follows that [ ¢, dpu+ [vdu < [udy, and therefore,
[#ndu < fudp — [vdu < oo holds for all n. The proof of the theorem is
now complete. |

If f is an integrable function, then by Theorem 22.4, f* and f~ are both upper
functions, and so, f = f* — f~ is a decomposition of f as a difference of two
positive upper functions. In particular,

/fdu=ff+du—-/f‘du-

(This formula is usually the one used by many authors to define the Lebesgue
integral.)

As an application of the preceding theorem, we also have the following useful
result.

Theorem 22.5. If f is an integrable function, then for every € > 0 the mea-
surable set {x € X :|f(x)| = €} has finite measure.

Proof. Fixe > 0,let A = {x € X :|f(x)| = €}, and note that x4 < |f|
holds. Now, -E‘-] £ is an integrable function, in fact, by Theorem 22.4 an upper
function. Let {¢,} be a sequence of step functions such that ¢, 1 %l flae. Then

{®n A x4} is a sequence of step functions such that ¢, A x4 1 xa a.e. holds. Thus,
by Theorem 17.6,

R R 1
W*(A4) = lim /«m A xadu < lim /¢ndu= —flfldu < oo,
n—00 N0 €
and the proof is finished. B

Measurable functions “sandwiched” between integrable functions are integrable.
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Theorem 22.6. Let f be a measurable function. If there exist two integrable
Junctions h and g such that h < f < g a.e., then f is also an integrable
Junction.

Proof. Writing the given inequality in the form0 < f —h < g — h ae., we
see that we can assume without loss of generality that 0 < f < g a.e. holds.

By Theorem 22.4, g is an upper function. Pick a sequence {¢, } of step functions
such that0 < ¢, 1 g a.e. By Theorem 17.7 there exists a sequence {1} of simple
functions such that 0 < v, 1 f a.e. holds. But then {¢, A ¥} is a sequence of
step functions such that ¢, A ¢, 1 f ae., and qu/\ Apdu < 11mf¢,, du =
[ gdu < oo forall k. Hence, f € U, and so, f is an integrable function. ]

More properties of the integral are included in the next theorem:

Theorem 22.7. For integrable functions f and g we have the followmg

J1fldu =0 ifandonly if f =0a.e.
2. If fzgae,then [ fdu> [gdu.
3. 1f fdul = [Ifldu.

Proof. (1) Clearly, if f = Oa.e., then [ | f|du = 0 holds. On the other hand,
assume that [ | f| dp = 0. Since, by Theorem 22.4, | f| is an upper function, there
exists a sequence {@,} of step functions such that 0 < ¢, ¢ |f] a.e. holds. By
Theorem 21.5, it follows that f ¢, dp = 0 for each n, and so, ¢, = 0 a.e. for
each n. Thus, |f| =0ae.,andso f = O a.e.

(2) Since f—g > Oa.e., it follows from Theorem 22.4 that f —g is an upperfunc—
tion. But then, Theorem 21.5 implies that [ f du — [gdu = [(f —g)du > 0,
sothat [ fdu > [ gdu holds.

(3) The conclusion follows from (2) and the inequality —|f| < f < | f|.

The reader has probably noticed that the functions we have considered so far
are real-valued. It is a custom, however, to allow a function to assume infinite
values, provided that the set of all points where the function equals —oo or co
is a null set. The reason for this is that neither the integrability character nor the
value of the integral of a function changes by altering its values on a null set.
Moreover, assigning any value to the sum of two functions at the points where the
form oo — co occurs does not affect the integrability and the value of the integral
of the sum function (as long as the set of points of all such encounters has measure
Zero).

If one does not want to deal with functions assuming infinite values (up, of
course to null sets), then one may change the infinite values to finite ones (for
instance, change all the infinite values to zero) without loosing anything regarding
integrability. When an extended real-valued function f is said to define an inte-
grable function, it will be meant that f assumes the infinite values (or it is even
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undefined) on a null set, and that if finite values are assigned to these points, then
f becomes an integrable function. To summarize the preceding:

o Functions that are almost everywhere equal have the same integrability
properties and can be considered as identical.

We continue with a theorem of B. Levi? describing a basic monotone property
of the integral.

Theorem 22.8 (Levi). Assume that a sequence {f,} of integrable functions
satisfies f, < fu41 a.e. for each n and lim [ fadu < oo. Then there exists an
integrable function f such that f, 1 [ ae. (and hence, [ fodu t [ fdu
holds).

Proof. Replacing { f,} by {f» — fi} if necessary, we can assume without loss
of generality that f, > 0 a.e. hoids for each n. Also, an easy argument shows that
we can assume that 0 < f,(x) 1 holds forall x € X. Let /] = lim f fadp < 00,

For each x € X let g(x) = lim f,(x) € IR*, and consider the set

E={xeX:glx)=o0}

Clearly, E = ﬂ,?;l[Uf:il{x € X : fu(x) > i}] holds, and so E is a measurable
set. Next, we shall show that u*(E) = 0. )
By Theorem 22.4, each f, is an upper function. Thus, for each / there exists a
sequence {¢/,} of step functions such that 0 < ¢} 1, f; a.e. holds. For each n let
Y = Vi !, and note that {1/} is a sequence of step functions such that ¥, 1 g
ae. and lim [, dp = lim [ f,dp = I. In particular, for each k the sequence
of step functions {, A kxg} satisfies ¥, A kxe 1 kxe ae. From Theorem 17.6,
it follows that u*(E) < oo and ku*(E) < Iimfv,//,, du =1 < oo for each k.

Hence, w*(E) = 0.
Now, define f: X — Rby f(x) = g(x)ifx ¢ Eand f(x) =0ifx € E. Then
fu 1 f ae. holds, and the result follows from Theorem 21.6. |

The series analogue of the preceding theorem is presented next.

Theorem 22.9. Let {f,) be a seqiience of non-negative integrable functions

3Beppo Levi (1875-1961), an Italian mathematician. His main contributions were in algebraic
topology, mathematical logic, and analysis.
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such that y .o, [ f,, du < oo. Then y o, fa defines an integrable function

and
f(an) =) l/f,,du

n==]

Proof. Foreach nlet g, = ) ;_,fi, and note that each g, is an integrable
function such that g, 1 Y oo, fi a.e. holds. Now, by Levi's theorem, ) >, f,
defines an integrable function, and

ffndu— lim /endu /(Zf:)

n=1 n=l

holds. B
The next result is known in the theory of integration as Fatou’s* lemma.

Theorem 22.10 (Fatou’s Lemma). Ler {f,} be a sequence of integrable func-
tions suchthat f, > Qa.e. foreachn and liminf [ f, dp < co. Then liminf f,
defines an integrable function, and

/liminff,, dup < lim inf/f,, du.

Proof. Without loss of generality, we can suppose that f,(x) = 0 holds for
all x € X and all n.

Given n, define g,(x) = inf{f;(x):i > n} foreach x € X. Theneach g, is a
measurable function, and 0 < g, < f, holds for all n. Thus, by Theorem 22.6,
each g, is an integrable function. Now, observe that g, 1 and lim f gndp <
lim inf f fadi < oo holds. Thus, by Theorem 22.8, there exists an integrable
function g such that g, 1 g a.e. holds. It follows that g = liminf f, a.e., and
therefore, lim inf f, defines an integrable function. Moreover,

fliminff,, du = fg dp = lim /g,, du < lim infff,, du,
n-—>00
and the proof is finished. : B

We are now in the position to state and prove the Lebesgue dominated conver-
gence theorem—the cornerstone of the theory of integration.

“4pierre Joseph Louis Fatou (1878-1929), a French mathematician. Besides his work in analysis,

he also studied the motion of planets in astronomy.
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Theorem 22.11 (The Lebesgue Dominated Convergence Theorem). Let
{f.) be a sequence of integrable functions satisfying |fa| < g a.e. for all
n and some fixed integrable function g. If f, — f a.e., then f defines an
integrable function and

lim /f,,d,u:flim f,,du:/fdu,.
n-r 0 N O

Proof. Clearly, |f| < g a.e. holds, and the integrability of f follows from
Theorem 22.6. Observe next that the sequence {g — f,} satisfies the hypotheses
of Fatou’s lemma and moreover, liminf(g — f,) = g — f a.e. Thus,

/gdu~/fdl/~ = /(g—f)duzfliminf(g—f,,)du
< liminff(g—fn)du=fgdu—limsur)/fndm

and hence,

1imsupff,,du S/fdu.

Similarly, Fatou’s lemma applied to the sequence {g + f,] yields

fgdwrffdu = /(‘g+f)du=fliminf(g+fn)du
< liminff(g+fn)du = /gdu+liminfffndu,
and so,
/fdusliminfff,,dp,.

Therefore, lim [ f, du exists in R, and lim [ f,du = [ f dp holds. =

The next theorem characterizes the Lebesgue integrable functions in terms of
some given property. It is usually employed to prove that all Lebesgue integrable
functions possess a given property.

Theorem 22.12. Let (X, S, i) be a measure space and let (P) be a property
which may or may not be possessed by an integrable function. Assume that:
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1. If f and g are integrable functions with property (P), then f + g and o.f
for each a € R also have property (P).

2. If f is an integrable function such that for each € > 0 there exists an
integrable function g with property (P) satisfying [1f —gldu < e, then
f has property (P).

3. For each A € S with u(A) < oo, the characteristic function xa has
property (P).

Then every integrable function has property (P).

Proof. Assume first that A is a o-set with u*(A) < oo. So, there exists a
disjoint sequence {A,) of S such that A = | ;2 A,. Put B, = i1 A for each
n and note that B, 1 A. From xp, = ZLl Xaq (3) and (1), we see that x, has
property (P) for each n. Since f |xa — x8,1dit = p*(A) — u(B,) — 0, it follows
from (2) that x . likewise has property (P).

Next, assume that A is an arbitrary measurable set of finite measure and let
€ > 0. Then there exists a o-set B of finite measure such that A € B and
w*(B) < u*(A) + €. This implies [ |xa — xsldu = u*(B) — u*(A) < €. From
the above discussion and (2), we infer that x, satisfies property (P).

Now, from (1) we see that every step function satisfies property (P). But
then, it follows from (2) that every upper function satisfies property (P). Since
every integrable function is the difference of two upper functions, invoking (1)
once more, we infer that indeed every integrable function satisfies property
(P). |

It is easy to see that for every subset E of X, the collection Sg = {ENA: A € S}
of subsets of E (called the restriction of the semiring S to E') is a semiring of subsets
of E. If, in addition, E is a measurable subset of X, then p* restricted to Sg is also
a measure. That is, (E, Sg, u*) is a measure space for every measurable subset
E of X. Also, a straightforward verification shows that the measurable subsets of
(E, Sg, u*) are precisely the subsets of E that are measurable subsets of X; see
Exercise 7 of Section 15.

If E is a measurable subset of X, then a function f:E — IR is said to be
integrable over E if f is integrable with respect to the measure space (E, Sg, u*).
Of course, the domain of f can be extended to all of X by assigning the values
f(x) =0ifx ¢ E. Then f so defined is an integrable function over X, and in this
case [, fdu = [; fdpholds. A function f:X — IR is said to be integrable
over a measurable subset E of X if the function f xg is integrable over X, or
equivalently, if f restricted to E is integrable with respect to the measure space
(E, Sk, u*). In this case, we shall write [ fxg du = fE fdu.

The simple proof of the next result is left as an exercise for the reader.
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Theorem 22.13. Every integrable function f is integrable over every mea-
surable subset of X. Moreover,

fEfdqu/chdw;fxfdu

holds for every measurable subset E of X.

The rest of this section deals with an observation concerning infinite Lebesgue
integrals. If ¢ = 3 '_,aixa, is the standard representation of a positive simple
function ¢, then the sum ZL]a,-/L*(A,-) makes sense as an extended non-negative
real number. If Y"1 a;u*(A;) = oo, then it is a custom to write [¢du = ooand
say that the Lebesgue integral of ¢ is infinite.

Assume now that f:X — IR} is a function where there exists a sequence
{¢) of positive simple functions such that ¢, 1 f a.e. holds. Then lim f dndu
exists as an extended real number, and it can be seen easily that lim f dpdi i3
independent from the chosen sequence {¢,}. In the case that lim f ¢pdp = oo,
we write [ f du = oo and say that the Lebesgue integral of f is infinite—but
we do not call the function integrable! See also Exercise 16 of Section 17. In
this sense every positive measurable function f has a Lebesgue integral (finite or
infinite) simply because, by Theorem 17.7, there exists a sequence {¢,} of positive
simple function such that ¢, 1 f a.e. holds.

Moreover, if f:X — IR* defines a measurable function, then we can write
f = f* — f~ and (by the above) both integrals [ f*du and [ f~ du exist as
(non-negative) extended real numbers. If one of them is a real number, then the
integral of f is defined to be the extended real number

/fdu=/f+du-ff'du.

In this manner, we can assign an “integral” to a much larger class of measurable
extended real-valued functions.

One advantage of the above extension of the integral is that a number of theorems
can be phrased without Lebesgue integrability assumptions on the functions. For
instance, Fatou’s lemma can be stated as follows:

o If {fu} is a sequence of measurable functions satisfying fn = 0 a.e. for
each n, then )

/liminff,, du < liminfff" du

holds—where, of course, one or both sides of the inequality may be infinite.
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EXERCISES

1. Show by a counterexample that the integrable functions do not form an algebra.

2. Let X be a nonempty set, and let § be the Dirac measure on X with respect to the
point a (see Example 13.4). Show that every function f:X — R is integrable and
that [ fd8 = f(a).

3. Let u be the counting measure on IN (see Example 13.3). Show that a function
f:IN — IR is integrable if and only if ZZ":, |f(m)] < oo. Also, show that in this
case [ fdu =73 ne) f(n).

4. Show that a measurable function f is integrable if and only if | f] is integrable. Give
an example of a nonintegrable function whose absolute value is integrable.

5. Let f be an integrable function, and let {£,] be a sequence of disjoint measurable
subsets of X, If E = | J52.; Ey, then show that

Lf([u:i[[z"fdu.

n=|

6. Let f be an integrable function. Show that for each € > 0 there exists some § > 0 (de-
pending on €) such that le f du] < ¢ holds for all measurable sets with u*(E) < é.
[HINT: Note that |f]An 1 |f].]

7. Show that for every integrable function f the set {x € X : f(x) # 0} can be written as
a countable union of measurable sets of finite measure—referred to as a o-finite set.

8. Let f:IR — IR be integrable with respect to the Lebesgue measure. Show that the
function g : [0, co) —» IR defined by

g(t) = sup {/if(-\' +¥) = fO)dAx): Iyl < t}
for ¢t > 0 is continuous at ¢ = 0.
[HINT: Use Theorem 22.12.]

9. Let g be an integrable function and let { f,,} be a sequence of integrable functions such
that | fy| < g a.e. holds for all n. Show that if fa-ts f, then f is an integrable
function and lim [ | f — fldu = 0 holds.

[HINT: Combine Theorem 19.4 with the Lebesgue dominated convergence theorent.]
10. Establish the following generalization of Theorem 22.9: If { f,} is a sequence of inte-

grable functions suchthat 300, [ fuldp < oo, then 3 o2, f, defines an integrable

function and
o [e0]
/( ﬁl)dﬂ=2ffndﬂ~
]

Ut n==|

[HINT: By Theorem 22.9, the series g == 3% | 1 fal defines an integrable func-

tion and [Zf‘;:l fal < g ae. holds for each k. Now, use the Lebesgue dominated
convergence theorem.]
11. Let f be a positive (a.e.) measurable function, and let

e =pr(lv e X270 < flr) <27

for each integer i. Show that f is integrable if and only if Z?i_m’.z" e; < 00.
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Let {f,) be a sequence of integrable functions such that 0 < futr1 < fnae. holds
for each n. Then show that fy 4 0 a.e. holds if and only if [ f,du { 0.

Let f be an integrable function such that f(x) > 0 holds for almost allx. fAisa
measurable set such that [ 4 fdp =0, then show that u*(A) = 0.

Let (X, S, 1) be afinite measure space and let f:X — IR be an integrable function
satisfying f(x) > O foralmostall x. If0 <& < w*(X), then show that

inf{f fdu:Ee Ay and u*(E)ze} > 0.
E

Let f be a positive integrable function. Define v: A — [0, 00) by v(A) = f afdu
foreach A € A. Show that:

a. (X, A, v)is a measure space.

b. If A, denotes the o-algebra of all v-measurable subsets of X, then A € A,. Give
an example for which A # Ay,

c. HFur(xeX:f(x)=0})=0,then A = A,.

d. If g is an integrable function with respect to the measure space (X, A. v), then fg
is integrable with respect to the measure space (X, S, 1) and

[gdv:/gfdu,.

(A Change of Variable Formula) Let [ be an interval of IR, and let f : | — Rbeanin-
tegrable function with respect to the Lebesgue measure. For a pair of real numbers a
and b witha = 0,let J = {(x —b)/a:x € I}. Show that the function g: J — R de-
finedby g(x) = f(ax+b)forx € J isintegrable and that [, f dA = la| [, & dx holds.
[HINT: Use Theorem 22.12.]

Let (X, S, ) be a finite measure space. For every pair of measurable functions f and

g let
_ Lf—sl
afo = [t du

a. Show that (M, d) is a metric space.

b. Show that a sequence {f,} of measurable functions (i.., {fs} & M) satisfies
fa—2s f if and only if imd(fy, f) = 0.

¢. Show that (M, d) is a complete metric space. That is, show that if a sequence
{fn} of measurable functions satisfies d{fy, fm) = 0as n, m — oo, then there
exists a measurable function f such that limd(f,, f) =0.

Let f:IR — IR be a Lebesgue integrable function. For each finite interval I let
fi =155 [1fdr and Ej = (x € I: f(x) > f). Show that

/llf-flld?;=2/&(f—fl)d?~-

Let f:[0, 00) — R be a Lebesgue integrable function such that f(; fx)dax) =0
for each 1 > 0. Show that f(x) = 0 holds for almost all x.



20.

21.

22.

23.

24.

Section 23: THE RIEMANN INTEGRAL AS A LEBESGUE INTEGRAL 177

Let (X, S, 1) be a measure space and let f, fi, f2,... be non-negative integrable
functions satisfying f, — f a.e. and lim [ f, du = [ f dp. If E is a measurable
set, then show that

,,gn;oflsﬁ,du=/;fdu-

If a Lebesgue integrable function f : [0, 1] — IR satisfies fOl X Fx)ydr(x) =0 for
each n=0,1,2,..., then show that f =0 ae.

[HINT: Since the algebra generated by {1, x?} is uniformly dense in C[0, 1], we have
fo1 g(x)f(x)dx = 0 foreach g € C[0, 1}.]

For each n consider the partition {0,27",2.27",3.27", ..., (2" - 1)- 27", 1} of
the interval [0, 1] and define the function r, :[0, 1] — R by r,(1) = —1, and

() = (=1 for (k= 1)27" <x < k27" andeach k= 1,2,...,2".

a. Draw the graphs of r1 and r7.
b. Show that if f:[0, 1] — IR is a Lebesgue integrable function, then

1
lim / rp(X) fx)dA(x) = 0.
nN->»0Q 0

[HINT: For (b) use Theorem 22.12.]

Let {€,} be a sequence of real numbers such that 0 < €, < 1 for each n. Also, letus
say that a sequence {A,} of Lebesgue measurable subsets of [0, 1] is consistent with
the sequence {€,} if A(Ap) = €, foreach n. Establish the following properties of {¢, }:

a. Thesequence {€,} convergestozeroif and only if there exists a consistent sequence
{A,} of measurable subsets of [0, 1] such that Zﬁ‘;, Xa,(x) < oo foralmostall x.
b. The series Y oo €, converges in IR if and only if for each consistent sequence
{A,} of measurable subsets of [0, 1] we have fo__, XA, (¥) < oo foralmostall x.

Let (X, S. i) be a finite measure space and let f : X — IR be a measurable function.

a. Show that if F" is integrable for each n and lim [ f" du exists in IR, then
[f(x)] <1 holds for almost all x.

b. If f" is integrable for each n, then show that [f"du = c (a constant) for
n=1,2,...ifand only if f = x4 for some measurable subset A of X.

23. THE RIEMANN INTEGRAL AS A LEBESGUE INTEGRAL

It will be shown in this section that the Lebesgue integral is a generalization of the
Riemann’ integral. We start by reviewing the definition of the Riemann integral.

5Georg Friedrich Bernhard Riemann (1826-1866), a German mathematician, one of the greatest
mathematicians of all time. Although his life was short, his contributions left the impact of a real .
genius. He made path-breaking contributions to the theory of complex functions, space geometry, and
mathematical physics.
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For simplicity, the details will be given for functions of one variable, and at the
end it will be indicated how to carry out the same results for functions of several
variables. Unless otherwise specified, throughout our discussion, f will be a fixed
bounded real-valued function on a closed interval {a, b] of IR.

A collection of points P = {xq, X1, ..., X,} iscalled a partition of [a, b]if -

a=xg<X]<---<x,=b

holds. Every partition P = {xg, X1, ..., X,} divides [a, b] into the n closed subin-
tervals

[x09 xl]v [xh x2]7 ety [xn-ls -xn]~

The length of the largest of these subintervals is called the mesh of P and is
denoted by | P|; that is, |P| = max{x; —xj- 11 = 1,...,n}). Apartition P is said
to be finer than another partition @ if @ € P holds. If P and Q are partitions,
then P U Q is also a partition that is finer than both P and Q.

For a partition P = {xg, X1, ..., X} of [a, b], let

m; = inf{f(x):x € [xj—1,x]} and M; = sup{f(x):x € [xj—1, X1}

foreach i = 1,...,n. Then the lower sum S,(f, P) of f corresponding to the
partition P is defined by

S«(f. P)= me(xi = Xi-1),

i=1

and similarly, the upper sum S*(f, P) of f by
S*(f Py =) Mi(xi = xi-1).
i=1 ’

Clearly, S.(f, P) < S*(f, P) holds for every partition P of [a, b].

Lemma 23.1. Ifapartition P is finer than another partition Q (i.e., Qg CP),
then

S«(f, Q) < Suf, P) and S*(f,P) < S*(f, Q)

Proof. We show that S,(f, Q) < S.(f, P) holds. The other inequality can be
proven in a similar manner.
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To establish the inequality, it is enough to assume that P has only one more point
than Q, say . So, let O ={xq, xy,...,x,} and P =Q U {t}. Then there exists
some k (1 <k <n) such that xi_; <t <., and thus, P ={xp, xy,..., X1, 1,
Xy o..sXn). Let oy = inf{f(x):x € [xk—1, 1]} and co = inf{f(x):x € [£, x]}.
Observe that both m; < ¢, and m; < ¢; hold. Therefore,

n

S{(f. Q) = Zn7i(xi —Xjp) = Zmi(-\‘i - A’i—l? + mp(xp — Xp—y)

i=1 ik

A

Zmi(-\'i = Xi1) et = xpey) + ol — 1)
st

S«(f P)

]

holds, and the proof is finished. B

Lemma 23.2. For every pair of partitions P and Q, we have

S(fs PY S SYf )

Proof. From Lemma 23.1, it follows that

S{(f, PYS S, PUQ)<S*(f,PUQ) <SS, O)
as claimed. B

The preceding lemma states that every upper sum is an upper bound for the
collection of all lower sums of f, and similarly, every lower sum is a lower bound
for the collection of all upper sums.

Thus, if the lower Riemann integral of f is defined by

L{f) = sup(S.(f, P): P is a partition of [a, b]}.
and the upper Riemann integral of f by

I¥(f) = inf{S*(f, P): P is a partition of [a, b]},
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then

S{(fs P) S L)<= I'(f) < §7(f. Q)
holds for every pair of partitions P and Q of [a, b].

Definition 23.3. A bounded function f :[a, b] — R is called Riemann inte-
grable if I.(f) = I"(f). In this case, the common value is called the Riemann
integral of f and is denoted by the classical symbol f: f@x)dx.

Historical Note: Riemann’s definition of the integral is a generalization of Eudoxus’
method of exhaustion as was used by Archimedes® in his computation of the area of a circle.
Interestingly, the value of the limit of the areas of the inscribed (or circumscribed) polygons
that were employed by Archimedes to compute the area of the circle, was also called by
him the integral (zd &v). It should be historically correct to call the Riemann integral the
Eudoxus—-Archimedes integral or the Eudoxus—Archimedes—Riemann integral (or even the
Archimedes—-Riemann integral).

A characterization for the Riemann integrability of a function, known as Rie-
mann’s criterion, is presented next.

Theorem 23.4 (Riemann’s Criterion). A bounded function f :[a,b] = R
is Riemann integrable if and only if for every € > O there exists a partition P of
[a, b} such that S*(f, P) — S,(f, P) <€ holds.

Proof. Assume that f is Riemann integrable and let € > 0. Then let
I = fab f(x)dx. Then there exist two partitions P and P, of [a, b] such that

| = S.(f, P\) < € and S*(f, P) — I < €. Then (by Lemma 23.1), the partition
P = P; U P, satisfies

S*(f. P) = Su(f, P) < S*(f, P)) — S:(f, P1)
[S*(f, Pa) = 11+ = Si(f, P1)]

< €+ € = 2e.

i

6 Archimedes of Syracuse (287-212 BC), a Greek mathematician and inventor. He was the most
celebrated mathematician of antiquity and perhaps the best mathematician of all times. He used
Eudoxus’ method of exhaustion to compute areas and volumes very successfully. In his classic work,
The Measurement of the Circle, he established that a circle has the same areaas a right triangle having
one leg equal to the radius of the circle and the other equal to the circumference of the circle, and that
the volume of a sphere is four times the volume of a right cone with radius and height equal to the
radius of the sphere.
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Conversely, if the condition is satisfied, then since

0<I*(f)~ 1) =S*(f, P) = S(f, P)

holds for every partition P of {a, b], wehave 0 < I*(f)— I.(f) < e foralle > 0.
Hence, I*(f) — L{(f) = 0, or I.(f) = I'*(f), which shows that f is Riemann

integrable. =

Now, let P = {xo, X1, ..., X,} be a partition of [a, b]. A collection of points
T = {t,...,t,) is said to be a selection of points for P if x;_; < < x; holds
fori =1,...,n We write

Ry(P,T) =) Ft)xi — xi-1),
i==]

and call it (as usual) a Riemann sum associated with the partition P.

The following theorem of J.-C. Darboux’ presents some powerful approximation
formulas for the Riemann integral. The theorem can be viewed as an abstract
formulation of Eudoxus’ exhaustion method.

Theorem 23.5 (Darboux). Ler f:{a, b] — IR be Riemann integrable, and
let {P,} be a sequence of partitions of [a, b] such that 1im|P,| = 0. Then

b
lim S.(f, P) = lim S*(f, P) = f Flydx.
n-->00 N> 0 a

In particular, if a sequence of partitions {P,} satisfies lim |P,| = 0 and T,
is a selection of points for P,, then

b
lim Rf(Plh T,) = / f(x)dx
n—oQ a
Proof. Choose a constant ¢ > 0 such that | f(x)| < ¢ holds for all x € {a, b].

Let € > 0. By Theorem 23.4, there exists a partition P = {xg,x1, ..., Xn} of
[a, b] such that S*(f, P) — S.(f, P) < €. Choose ng such that

€ )
|P] < Tor and |P,| < min{x; — xp, X2 — X1, ..., X~ Xt}

7 Jean-Gastin Darboux (1842-1917), a French mathematician. He was a geometer who used his
geometric intuition to solve various problems in analysis and differential equations.
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for all n > ng. Fix n > ng, and let P, = {tg, 11, ..., #}. Put

Mf = sup{f(x):x € [xj1,x;]} for j=1,2,....m,
M; = sup{f(x):x € [ti-1, ]} fori=1,...,k.

I

The definitions of mf and m; are analogous (replace the sups by infs). Then

b
0 =< / f(/\)dx ""S*(f’ Pn)..<_ S*(fa Pu)""S*(fv Pn)

k
= Z(Mi —mi)ti = ti-) =V + W,
i=1

where V is the sum of the terms (M; —m;)(t; —t;_;) for which [#;_;, #;] lies entirely
in some subinterval of the partition P, and W is the sum of the remaining terms.
The sums V and W are estimated separately.

We estimate V first. Note that V = ¥ + - - - + ,,, where each X; is the sum
of the terms (M; — m;)(t; — t;_1) for which [ti—1, ;] € [xj-1, x;] holds. But if
ltio1, 1] € [xj_1, x;], then M; —m; < M[ ~ m! holds. Also, the sum of the
lengths of those subintervals of the partition P, that lie inside [x;—;, x ] never
exceeds x; — xj_;. Thus, T; < (Mf - m‘;)(xj — xj-1) holds, and hence

m

V<> (M —mf)oj = xjm) = S(f. P) = S, P) < €.
Jj=1

Now, we estimate W. Let (M; — m;)(t; — t;—;) be a term of the sum W. Since
|P,| <min{x; —x;_;:j=1,...,m],there exists exactly one j with1 < j <mn
suchthat x; -y < fjy < Xj <!li < Xj41. Thus, the sum W has at most m terms,
and since

My = m)(ti — i) < 20|Py] < 2 —— = =
2cm m

it follows that W < m(e/m) = €. Thus,
b
05/ f(-\')d.k“S*(f,P,,)fv—}-W <€+€=26
a
forall # > ng. Thatis, lim S,(f, P,) = [T f(x)dx.

Similarly, 0 < S*(f, Py) — fubf(x)dx <V + W < 2¢ holds for all n > ny,
and so, lim S_*( I Py) = fah f(x)dx. The last part follows immediately from the
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inequalities
S*(f» Pn) = Rf(P/n Tn) = S*(f, Pn)-

The proof of the theorem is now complete.

We are now ready to establish that the Lebesgue integral is a generalization of
the Riemann integral. Here, “ f is Lebesgue integrable” means that f is integrable
with respect to the Lebesgue measure.

Theorem 23.6. EveryRiemannintegrable function f : [a, b] — R is Lebesgue
integrable, and in this case the two integrals coincide. That is,

b
ffdk:/ Flx)dx.

Proof. Foreachnlet P, = {xg, X1, ..., X} be the partition that divides [a, b]
into 2" subintervals all of the same length (b —a)27"; thatis, x; = a+i(b—a)2™".
Let

an n

= Z miX[x,—-; i) and Wn = Z Mi X[.\',‘-; i)
i=1 i=l

where m; = inf{f(x):x € [xi—1,x;]} and M; = sup{f(x):x € [xiy1, x]}
Clearly, {¢,} and {1, } are two sequences of step functions satisfying the propetries
Gu(x) +< f(x) < Yulx) | foreachx € [a, D).

Now, if ¢, (x) 1 g(x) and ¥, (x) | h(x), then by Theorem 22.6, both functions
g and h are Lebesgue integrable and g(v) < f(x) < 2(x) holds for all x € [a, b).
Also by definition, f ¢, dr = S,.(f, P,) and f Yadh = S*(f, Py). Therefore,
since ¥, (x) — @, (x)  A(x) — g(x) = 0, it follows that

=)
A

= f(h - g)dh = 1im /(Wn — @u)dh ='11L“g°/1/f11 dr — hm f¢" dx
= lim §* (f Py) - hm S« (f P)=0

n—>00

where the last equality holds true by virtue of Theorem 23.5. This impliesh—g = 0
ae., and hence, h = g = f ae. holds. In particular, ¢, + f ae. and ¥, | f
a.e. hold, which show that f is Lebesgue integrable—in fact, an upper function.
Finally,

b
/fdk = hm fqb,, di = l1m S«(f, Py) = f(,\')d.\'.

and the proof of the theorem is finished. B
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The next theorem, due to H. Lebesgue and G. Vitali, characterizes the Riemann
integrable functions in terms of their discontinuities. (The almost everywhere
relations are considered with respect to the Lebesgue measure.)

Theorem 23.7 (Lebesgue-Vitali). A bounded function f :[a,b] — IR is
Riemann integrable if and only if it is continuous almost everywhere.

Proof. For each n, let Py, ¢, and v, be as they were introduced in the proof
of Theorem 23.6.

Assume first that f is Riemann integrable. Then a glance at the proof of
Theorem 23.6 guarantees the existence of a (Lebesgue) null subset A of [a, b] such
that ¢, (x) 1 f(x) and ¥,(x) § f(x)forallx ¢ A. Clearly, D = AU (U‘,’,‘j__1 P
has Lebesgue measure zero, and we claim that f is continuous on [a, b]\ D.

To see this, let s € [a, b]\ D and € > 0. Pick some n with f(s)—¢n(s) < € and
P¥u(s) — F(s) < €. Then there exists some subinterval [x;_;, x;] of the partition
P, such that 5 € (x;_1, x;). Clearly, ¢,(s) = m; and ¥u(s) = M;. Therefore, if
x € (xj_1, x;), then

—e <m;— f(8) < fx) = f(s) = M; — f(s) <e.

Since (x;_1, x;) is a neighborhood of s, the last inequality shows that f is contin-
uous at s. This establishes that f is continuous almost everywhere.

For the converse, assume that f is continuous almost everywhere. Let s # b
be a point of continuity of f. If € > 0 is given, then choose some & > 0 such
that

f&)—e < f(x) < f(s)+e (%)

for all x € [a, b] with |x — 5| < 8. Pick some k so that |P;| < §. Then for some
subinterval [x;_;, x;] of Py, we must have s € [xj—, x;). In particular, |x —s| <4
must hold for all x € [x;—1, x;], and so, from (x) we get

f(s)—e <mi=u(s) < f(s)+e.
Since ¢,(s) 1, it easily follows that ¢, (s) 1 f(s). Similarly, ¥,(s) { f(s) holds.
Since f is continuous almost everywhere, we conclude that ¢, 4 f ae. and

¥, | f ae. both hold. This shows that f is Lebesgue integrable, Moreover, by
the Lebesgue dominated convergence theorem we have

S«(f, P,,)=f¢,,d}. 1 /fdk and S*(f, P,,)=/1//,,d}~ l ffdk.
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Thus, im[S*(f, P,) — S.(f, P,)] = 0, and'so, by Theorem 23.3, the function f is
Riemann integrable. The proof of the theorem is now complete. |

An immediate consequence of Theorem 23.7 is the following:

Theorem 23.8. The collection of all Riemann integrable functions on a closed
interval is a function space and an algebra of functions.

It is easy to present examples of bounded Lebesgue integrable functions that are
not Riemann integrable. Here is an example:

Example 23.9. Let f:[0, 1] — IR be defined by f(x) = 0 if x is a rational number and
f(x) == 1if v is irrational (in other words, f is the characteristic function of the irrationals
of [0, 1]). Then f is discontinuous at every point of [0, 1], and thus, by Theorem 23.7, f
is not Riemann integrable. On the other hand, f = 1 a.e. holds (since the set of rational
numbers has Lebesgue measure zero), and so, f is Lebesgue integrable. Also, note that
[Fdx=1 holds. B

It follows from Theorem 23.7 that if a function f:[a, b] — IR is Riemann
integrable, then f restricted to any closed subinterval of [a, b] is also Riemann
integrable there. Moreover, by the same theorem, if two functions f and g are
Riemann integrable on [a, ¢] and [c, b], then the function 4 :[a, b] — IR, defined
by h{x) = f(x)ifx € [a, c], and i(x) = g(x) if x € (c, b], is Riemann integrable.

Clearly, by Theorem 23.7, every continuous function on a closed interval is
Riemann integrable. To compute the Riemann (and hence, the Lebesgue) integral
of a continuous function, one usually uses the fundamental theorem of calculus,
one form of which is stated next. Since any “reasonable” calculus book contains
a proof of this important result, its proof is omitted. (See also Exercise 6 at the
end of the section.) The fundamental theorem of calculus is due to I. Newton® and
independently to G. Leibniz.?

Theorem 23.10 (The Fundamental Theorem of Calculus). For a continu-
ous function f :[a, b] — IR we have the following:

8Isaac Newton (1642—1727), a great British mathematician, physicist, astronomer, and philoso-
pher. He discovered the law of gravity and was one of the founders of calculus. His pioneering
original contributions to mathematics and science revolutionized the modern scientific app-
roach.

9Gottfried Wilhelm Leibniz (1646-1716), a prominent German mathematician and philosopher.
He was a person with “universal” scientific interests. Besides his philosophical and metaphysical
contributions, he contributed substantially to mathematics, mathematical logic, and physics. Together
with Newton, he is considered the founder of calculus.
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1. IfA:la,b] - Risan area function of f (i.e., A(x) = [} f(t)dt holds
for all x € [a, b] and some fixed ¢ € [a, b)), then A is an antiderivative
of f. That is, A'(x) = f(x) holds for each x € [a, b].

2. IfF:[a, b] — R is an antiderivative of f, i.e, F'(x) = f(x) holds for
each x € [a, b, then

b
f fx)ydx = F(b) — F(a).

In a conventional way, the integral f,f F(x)dx is defined to be — f: fx)dx;

that is, f, f(x)dx = —-fzf(x)dx. Also, [ f(x)dx is defined to be zero. By
doing so, the useful identity

J/;df(x)‘dx = J/ff(x)dx + J/;df(x)dx

holds regardless of the ordering between the points ¢, d, and ¢ of [a, bl.

We now indicate how to extend the above results to functions of several variables.
In the general case, the interval [a, b] is replaced by a cell J = [a1, ;1] x -+ X%
[an, bu], and its Lebesgue measure is A(J) = [];,(bi — a;). A partition P of J
is a set of points of the form P = Py X -+ X Py, where P; is a partition of [a;, b;]

foreachi = 1, ..., n. Clearly, any partition P divides J into a finite number of
subcells.
Now, if f : J — IR is a bounded function and the partition P divides J into the
subcells Ji, ..., Ji, then we define again the numbers
mi = inf{f(x1, ..., %) (X, X)) € T3,
M; = sup{f(xy, ..., x,) (X1, ..., x5) € Ji}.

The lower and upper sums corresponding to the partition P are defined as before
by the formulas

k [
SJ(f, PY=Y_ mih(J;) and S*(f,P) =) MiMJ),
i=1 i=1

respectively.
The lower Riemann integral of f is defined (as before) by

1.(f) = sup{S.(f, P): P is a partition of J},



Section 23: THE RIEMANN INTEGRAL AS A LEBESGUE INTEGRAL 187

and the upper Riemann integral of f by.
| I*(f) = inf{S*(f, P): P is a partition of J}.
As in the one-dimensional case,
—00 < [(f) S I"(f) < o0

holds. The function f is called Riemann integrable if [.(f) = [*(f). This
common number is called the Riemann integral of f and is denoted by

by ba by
/ / e | fla,xa, ) dxydxy - dx
w Jaa ay '

All the results given in this section are valid in this general setting. Their proofs
parallel the ones presented here, and for this reason we leave them as an exercise
for the reader.

EXERCISES

1. Let f:[a,b] — IR be Riemann integrable. Show that f is Riemann integrable on
every closed subinterval of [a, b]. Also, show that

d ¢ d
/f(,\')d.\':/ f(x)d.\'+f f)dx

holds for every three points ¢, d, and e of [a, b].
2. Let f:[a.b] — R be Riemann integrable. Then show that

b b—a, ith—a)
/uf(.\)d.\._ul_grr;o——;——;f<a+ - )

3. Let {f,) be a sequence of Riemann integrable functions on [«, b] such that {f,}
converges uniformly to a function f. Show that f is Riemann integrable and that

b ) b

lim fux)dx = flx)dx.

n—>c0 a a

4. Foreach n. let f, : [0, 1] — R be defined by f,(x) = %_;L_:—l— forall x € [0, 1]. Then
show that lim fj fu(x)dx = .
[HINT: Use integration by parts.]

5. Let f:[a.b] — IR be an increasing function. Show that f is Riemann integrable.
[HINT: Verify that f satisfies Riemann’s criterion.]

6. (The Fundamental Theorem of Calculus) If f :[a, b] — R is a Riemann integrable
function, define its area function A:[a,b] — R by A(x) = f; f)de for each
x € [a, b]. Show that
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10.

11.

12.

13.

14.

15.

16.

17.
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a. A is a uniformly continuous function.

b. If f is continuous at some point ¢ of [a, b], then A is differentiable at ¢ and
A'(c) = f(c)holds. '

¢. Give an example of a Riemann integrable function f whose area function A is
differentiable and satisfies A’ 5 f.

[HINT: For part (c) use the function defined in Exercise 7 of Section 9.]

(Arzeld) Let {f,;} be a sequence of Riemann integrable functions on [a, b} such that
lim f,(x) = f(x) holds for each x € [a,b] and f is Riemann integrable. Also,
assume that there exists a constant M such that | f (x)| < M holds for all x € [a, bl
and all n. Show that

b b
lim / fu(r)dx = f Fo)dx.

Determine the lower and upper Riemann integrals for the function of Example 23.9.
Let C be the Cantor set (see Example 6.15). Show that x¢ is Riemann integrable over
[0, 1], and that [y xc.dx =0.

Let 0 < € < 1, and consider the e-Cantor set Ce of {0, 1]. Show thai xc, is mot
Riemann integrable over [0, 1]. Also, determine L(xc,) and I'*(xc,)-

[HINT: Show that the set of all discontinuities of xc, is Ce.]

Give a proof of the Riemann integrability of a continuous function based upon its
uniform continuity (Theorem 7.7).

Establish the familiar change of variable formula for the Riemann integral of contin-
vous functions: If [a, bl [c, d] Ly R are continuous functions with g continu-
ously differentiable (i.e., g has a continuous derivative), then

s
fandu.
(a)

ala

b
/ flgLx)g'(x)dx =

Let f:[0,00) = R bea continuous function such that limy,ec f(x) = 8. Show
that limy—cc [y f(nx)dx = a8 for each a > 0.

Let f:[0,00) = Rbea continuous function such that f(x + 1) = f(x) for all
x>0 1g:[0,1]—- Risan arbitrary continuous function, then show that

1 1 1
Iim / gx)f(nx)dx = (/ g(x)dx) . (/ f(x)d.r) .
n—>00 jg 0 0

Let f:{0, 1] — [0, oo) be Riemann integrable on every closed subinterval of (0, 1].
Show that f is Lebesgue integrable over [0, 1] if and only if limeyo f, f(x)dx exists
in IR. Also, show that if this is the case, then [ f dA = lime o f ; fxydx.

As an application of the preceding exercise, show that the function f:[0,1] = R
defined by f(x) = x? if x € (0, 1] and f(0) = 0 is Lebesgue integrable if and only
if p > —1. Also, show that if f is Lebesgue integrable, then

/fdk:—-—l——.
1+p

Let f:[0, 1] — IR be a function and define g : [0, 1] — R by g(x) = ef ),
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a. Show that if f is measurable (or Borel measurable), then sois g.
If f is Lebesgue integrable, is then g necessarily Lebesgue integrable?

c. Give an example of an essentially unbounded function f which is continuous on
(0, 1] such that f" is Lebesgue integrable foreachn = 1,2, .... (A function f
is “essentially unbounded,” if for each M > 0 the set {x € [0, 1]: f(x)| > M}
has positive measure.)

[HINT: For (b) consider the function f(x) = X7 J
Let f:[0, 1] — IR be Lebesgue integrable. Assume that f is differentiable at x = 0

and f(0) = 0. Show that the function g : [0, 1] — IR defined by g(x) = x'% f(x)for
x € (0, 1] and g(0) = 0 is Lebesgue integrable.

Let f:{a, b] x [c.d] — IR be a continuous function. Show that the Riemann integral
of f can be computed with two iterated integrations. That is, show that

b d h d d b
f / f<x.y>dxdy=/ U f(.v,y>dy]dx=/ U f(x,ymx]dy.

Generalize this to a continuous function of n variables.

Assume that f:{a,b] — R and g:{a, b] — IR are two continuous functions such
that f(x) < g(x) forx € [a,b]. Let A= {(x,y) € R¥:xefa,bland flx)<y<
g(x)}

a. Show that A is a closed set—and hence, a measurable subset of RZ

b. If h: A — IR is a continuous function, then show that / is Lebesgue integrable

over A and that
b glx)
/ hdi =/ f h(x,y)dy |dx.
A a i)

Let f:[a,b] — IR be a differentiable function—with one-sided derivatives at the
end-points. If the derivative f' is uniformly bounded on [a, b], then show that f” is
Lebesgue integrable and that

[ ra=so-fa.
(a.b)
Let f, g:[a. b] — R be two Lebesgue integrable functions satisfying

/ F@OdAn) < f " () dA(r)

for each x € [a, b]. If ¢:[a,b] — IR is a non-negative decreasing function, then
show that the functions ¢f and ¢g are both Lebesgue integrable over [a, b] and that
they satisfy

/ TS F()dA) < f " p(0g(t) dA)

forall x € [a, b].
[HINT: Prove it first for a decreasing function of the form ¢ = ZL] Ci Xlaj—y,ai)»
where ap < a; < --- < a; is a partition of [a, b}, and then use the fact that there
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exists a sequence {¢,) of such step functions satisfying ¢, (t) 1 @(¢) for almost all 1
in [a, b]; see Exercise 8 of Section 21.]

24. APPLICATIONS OF THE LEBESGUE INTEGRAL

If a function f :[a, 00) — IR (where, of course, a € IR) is Riemann integrable
on every closed subinterval of [a, c0), then its improper Riemann integral is
defined by

[ swax=im [ feorax

provided that the limit on the right-hand side exists in R. The existence of the prior

limit is also expressed by saying that the (improper Riemann) integral fa°° fx)dx

exists. Similarly, if f:(~00,a] — IR is Riemann integrable on every closed
" o LR rd  pron dooto Aofndd Leoy

subinterval of (—o0, aj, then j_  J{X)ax 15 GSuncd oy

f " fdx= tim_ [ " rdsx

whenever the limit exists in IR. It should be clear that if fa°° f(x)dx exists, then
fhoof(x) dx also exists for each b > a and

o0 b o
f Fx)dx = / Fe)dx + f Fx)dx.
u a b

Theorem 24.1. Assume that f :[a, 00) = IR is Riemann integrable on every
closed subinterval of [a, 00). Then fa:>c f(x)dx exists if and only if for every
¢ > 0 there exists some M > O (depending on €) such that | f; fx)dx| < € for
alls,t > M.

Proof. Assume that ] = f[ ,°°f (x)dx exists. Pick a real number M > 0 such
that |/ — [7 f(x)dx| < € holds forallr = M. If s,t = M, then

\ f p)dx / F)dx — / o dx

< ‘1 —/ FG)dx +l1-—/sf(x)dx

< 2e.

Conversely, assume that the condition is satisfied. If {a,} is a sequence of [a, c0)
such that lima, = oo, then it is easy to see that the sequence { f:” fx)dx} is
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Cauchy. Thus, A = lim f “ f(x)dx exists mIR Now, let {b, } be another sequence
of [a, co) with lim b, = oo; let B = lim f " f(x)dx. From the inequality

/ f(v)dxl

it is easy to see that |A — B| < € holds for all ¢ > 0. Thus, A = B, and so the
limit is independent of the chosen sequence. This shows that f f(x)dx exists,
and the proof is finished.

by

|A~ Bl < f(x)clx

L]

by
+ \B - flx)ydx

From the preceding theorem, and the inequality | [ () dx| < [{1f(x)| dx for
s < t, we have the following:

Lemma 24.2. [f a function f :[a, 00) — R is Riemann integrable on every
closed subinterval of [a, c0) andf | F(x)] dx exists then f" f(x)dx also exists

and | [;7 f(x)dx| < [ 1f ()l dx.

The converse of this lemma is false. That is, there are functions f whose
improper Riemann integrals f Fx)dx exist but for which j |f(x)jdx fails
to exist. A well-known example is provided by the function f(x) = e (with
£(0) = 1) over [0, co). We shall see later that [7° %15 dx = 7 but [ °°‘*{"“ dx
does not exist. To see the latter, note that

kn : 5.4
sinx 1 . 2
/ | | dx > — Isinx|dx = —

(k—br X k7t Jige—tym ke

«o[:l

holds for each k. Therefore,

n yo; n 24 Py
/‘ |sin x| dy = Z/ [sin x| dx > _2__ l
0 (

X = Jg-nr X m£ k

which shows that [3° 18 dx does not exist in IR.

If the improper Riemann integral of a function exists, then it is natural to ask
whether the function is, in fact, Lebesgue integrable. In general, this is not the
case. However, if the improper Riemann integral of the absolute value of the

function exists, then the function is Lebesgue integrable. The details follow.

Theorem 24.3. Let f :[a, 00) — IR be Riemann integrable on every closed
subinterval of [a, 00). Then f is Lebesgue integrable if and only if the improper
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Riemann integral fa ©|f(x) dx exists. Moreover, in this case

/f dx = /;oof(x)dx.

Proof. Assume that f is Lebesgue integrable over [a, co). Then f + is also
Lebesgue integrable over [a, c0). Let {r,} be a sequence of [a, 00) such that
limr, = oo. For each n, let f,(x) = fH(x)if x € [a,r,] and fr(x) = O if
x > ry. Thenlim f,(x) = fF(x)and 0 < f,(x) < f(x)hold forall x € [a, o0).
Moreover, by Theorem 23.6, { f,} is a sequence of Lebesgue integrable functions
such that [ f, dA = [I" f*(x)dx. Thus, by the Lebesgue dominated convergence
theorem

/ Frdn=lim [ fydh= lim / " Fr e dx.
H~»00 n—oQ a

This shows that [ f*(x)dx exists and [~ f+*(x)dx = [f*d). Similarly,
[ f~(x)dx exists and [;° f~(x)dx = [f~ d). But then, it follows from f =
ft— fand|f| = f* + f~ that both improper Riemann integrals f fx)dx
and [°| f(x)| dx exist. Moreover,

/;wf(x)dx=ffdk and /;oolf(x)ldxzflf{dx,

For the converse, assume that the improper Riemann integral fa°°l f&x)dx
exists. Clearly, 1imf:+"lf(x)|dx = [*|f(x)|dx. Define fu(x) = [f(x)|if
x € [a,a+n]and f,(x) = 0ifx > a+n foreachn. Notethat0 < f,(x) 1 |f(x)]|
holds for all x > a. Since f, is Riemann integrable on [a, a + 1], f, is an upper
function on [a, 0o) satisfying [ f, dA = fa+"f,,(x)d,\ = f" "| f(x) dx. Thus,
by Theorem 21.6, | f| is an upper function (and hence, Lebesgue integrable) such
that [|f|dA = [°| f(x)|dx. The Lebesgue integrability of f now follows from
Theorem 22.6 by observing that f is a measurable function, since it is ameasurable
function on every closed subinterval of [a, 00). The proof of the theorem is now
complete. B

The next result deals with interchanging the processes of limit and integration.

Theorem 24.4. Let (X, S, i) be a measure space, let J be a subinterval of
R, and let f:X x J — IR be a function such that f(-,t) is a measurable
function for each t € J. Assume also that there exists an integrable function g
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such that for each t € J we have | f(x,t)] < g(x) for almost all x. If for some
accumulation point ty (including possibly £00) of J there exists a function h
such that lim,_,, f(x, 1) = h(x) exists in IR for almost all x, then h defines an
integrable function, and

lim /f(.\‘,t)d/,L(x) = [[ll'n? flx,ndux) = fhdpb.

1>y

Proof. Assume that the function f:X x J — IR satisfies the hypotheses of
the theorem. Let {#,} be asequence of J such thatlim ¢, = /. Puth,(x) = f(x,t,)
for x € X, and note that |h,| < g a.e. holds for each n and h, — h a.e. By
Theorem 22.6, each h, is integrable. Moreover, by the Lebesgue dominated
convergence theorem, A defines an integrable function and

n=—-oC

lim /f(x,r,,)dp,(x) = Iingo/h,, du = /h du
N>
holds, from which our conclusion follows. B

If f:X x (a,b) — Risafunctionand fo € (a, b), then its difference quotient
function at to is defined by

flx, 1) — fx, to)

Dt()( ) ' “'to

forall x € X and all ¢ € (a, b) with t # to. To make the function D,, defined

everywhere, we let D, (x, fp) = 0 forallx € X.

As usual, lim,_.,, Dy, (x,t), whenever the limit exists, is called the partlal
derivative of f with respect to ¢ at the point (x, &) and is denoted by En A (x, to).
That is,

.a_]_c(\ to) = hm Dy (x, 1) = lim w
at -ty t—1Ip

The next result deals with differentiation of a function defined by an integral.

Theorem 24.5. Let (X, S, i) be a measure space and let f : X x (a, b) — I
be afunctionsuchthat f (-, t)is Lebesgue integr able foreveryt € (a, b). Assume
that for some ty € (a, b) the partial derivative 3L Y (\ to) exists for almost all x.
Suppose also that there exists an integrable function g and a neighborhood V
of to such that for each t € V we have |Dy,(x, D < g(x) for almostall x € X.
Then

1. %—j,:(-, 10) defines an integrable function, and
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2. the function F:(a,b) — R defined by F(t) = ff(x, N du(x) is differ-
entiable at to and

0
F'(ty) = f—‘,;{-(x, 10) dpu(x).

Proof. Put %—f;(x, to) = 0 at each point x where the partial derivative does
not exist. Then lim,.,, Dy(x, 1) = %{—(x, 1) holds for almost all x. Thus, by
Theorem 24.4, %—':(-, to) defines an integrable function and

F®~FW)=/fw0~fwmumn

t—1 t—1p

0
=/mwnmm—ﬁ/%wmwm

as t — tg. This shows that F is differentiable at o and that F'(tp) = f %—’;(x, foydp
(x) holds. B

There is a criterion for testing the boundedness of the difference quotient
function D,,(x, 1) by an integrable function that is very useful for applications.
It requires the existence of a neighborhood V' of #; satisfying the following two
properties:

1. the partial derivative %(A‘, ) exists forall x and all t € V, and
2. there exists a non-negative integrable function g such that foreacht € V,
we have l%{(x, 1)} < g(x) for almost all x.

Indeed, if the previous two conditions hold, then by the mean value theorem, it
easily follows that for each 1 € V we have | Dy (x, 1)] < g(x) for almost all x.

Next, as applications of the last two theorems we shall compute a number of
classical improper Riemann integrals.

Theorem 24.6 (Euler).X!  We have [°e dx = .

Proof. The existence of the improper Riemann integral follows from the in-
equalities 0 < e™ < e forx > 1 and f,°°e‘-" dx = e~'. Also, since e >0
for all x, the improper Riemann integral is a Lebesgue integral over [0, 00).

101 eonhard Euler (1707—1783), a great Swiss mathematician. He was one of the most prolific writers
throughout the history of science. He is considered (together with Gauss and Riemann) as one of the
three greatest mathematicians of modern times.
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For the computation of the integral, consider the real-valued functions on IR
defined by

! N 2 I e—f3(1+.\-3)
)= T dx d 1) = e (] |
£ (/Oe \> and  g(t) fo -

The derivatives of the previous functions will be determined separately. For f we
use the fundamental theorem of calculus and the chain rule. Thus,

{
Flt) =2e" / e dx.
0

For g observe that

5 [ e~ S
s\ )| = e T =2 = M

holds for every x € [0, 1] and every t+ € R in any bounded neighborhood of
some fixed point fy. The constant M depends, of course, upon the choice of the
neighborhood of #9. By Theorem 24.5, and the fact that the Lebesgue integrals are
Riemann integrals, we get

by —2(14+x?) , ! ,
g = e )dx =2 te™v " dx
2
0 ot 14 x= 0

for all t € IR. Substituting u = xt (for ¢ % 0), we obtain

t t
g{r) = 2" / e du=-2e" / e dx
0 0

foreacht € IR.
Thus, f'(t)+g'(t) = Oholds foreacht € IR, and so, f(t)+g(t) = c (aconstant)
holds for all . In particular,

' odx T
c=fO+e0 = [ 55 =T,

andso f(r)+ g(t) = § foreach ¢. Now, observe that for each x and + we have

20142
et 1+x)

14 x2

1
< 3
1 4ax2
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and clearly

e—:2(1+.\~1)
lim ————m— =0
100 | 4 x?2

Thus, by Theorem 24.4, lim, .o g(t) = 0. Consequently,

b4 e e 2
— = lim f(t)+ lim g(t) = (/ e dx) ,
4 t—>00 100 0
from which it follows that f;°e™" dx = g ]

Theorem 24.7. For eacht € IR we have

o0
[ e ¥ cos(2xt)dx = ﬁe"".
Jo
Propf. Let F(t) = f0°° e cos(2xt)dx forallt € IR. Since Ie""2 cos(2xt)|
< ¢ holds for all x and 1, it follows that the improper Riemann integral F(t)
exists and, moreover, is a Lebesgue integral over [0, 0o). Now,

8.
}—a—}-[e * cos(2x1) |

= |—2xe™" sin(x1)| < 2xe™ = g(x)

holds for all x > 0 and 7. Hence, since the function g is positive on [0, c0) and
the improper Riemann integral fomg(x)dx exists (its value is 1), g is Lebesgue
integrable over [0, 00). Therefore, by Theorem 24.5 (and the remarks after it), it
follows that

* 9 2 o 2
F'(t) = / ~8—t[e""' cos(2xt)] dx = ~2/ xe™* sin(2xt)dx.
0 0
Integrating by parts, we obtain

o o0
——2/ xe ¥ sin@xdx = e™* sin(2xt)lg° — 2t / e cos(2xt)dx
0 0

o0 2
—Zt/ e cos(2xt)dx.
T Jo

Thus, F'(t) = —2tF(t) holds for all 7. Solving the differential equation, we get

F(t) = F(0)e™". By Theorem 24.6, F(0) = &, and so, F(r) = %Fe™", as

claimed. B




Section 24: APPLICATIONS OF THE LEBESGUE INTEGRAL 197

For the next result, the value of ﬂr\ll at zero will be assumed to be 1.

Theorem 24.8. [ft > 0, then

/‘ Fsinx _, i

——e"dx = — — arctant
0 X 2
holds.
Proof. Fixsome ty > 0. Thecasesfy > Oandtg = 0 will be treated separately.
Casel. Assume g > 0. .

For each fixed r > 0, note that [e™¥L| < ¢~ holds for all x > 0. Thus,

the improper Riemann integral exists as a Lebesgue integral over [0, 00). Let
F(t) = foooe"“' Xy fort > 0. Then F satisfies the following properties:

lim F(t) =0, (%)
=00
and
F'(t) = — i foreach ¢ > 0. (%)

To see (%), note that if g(x) = 1 for x € [0, 1] and g(x) = ¢~ for x > 1, then
g is Lebesgue integrable over [0, o) for each t > 0 and Pt %[ < g{x) holds
forall x > Oand all + > 1. On the other hand, lim, e €™ -‘l“‘—‘- = 0 holds for all
x > 0, and so, by Theorem 24.4, limy .o F(t) = 0.

To establish (»x), note first that %[e""" 1‘-’;‘—‘] = —e~* sinx holds forall x > 0,
and that for each fixed @ > 0, the inequality [e™ §":—‘l < e~% holds for each
t > a and all x > 0. By Theorem 24.5, F'(t) = — f0°°e“"" sinxdx forallt > a
(and all @ > 0), where the last equality holds since the improper Riemann integral
is a Lebesgue integral. Thus, F'(t) = - foooe"“ sinx dx holds for all ¢t > O.
Since from elementary calculus we have

/’e_u\., Sinx dr = _e"(tsinr i—cosr) + 1 N
0 141t 1+

by letting r — Qo,' we get F'(t) = —T?:ﬁ for t > 0.

Integrating (»+) from ¢ to fp yields

= arctan? — arctantfyp, -

Fo-F0=- [ 5

and by letting + — oo it follows that F(fp) = % — arctan fp.
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Case ll. Assume tg = 0.

In this case, ¢ is not Lebesgue integrable over [0, o0). However, the improper
Riemann mtegral fo 5‘;" dx exists. Indeed, if 0 < s < ¢, then an integration by

parts yields
! "cosx coss  cost "cosx
- ——dx = - - ——dx,
RN s t s x2

f sin A _cosx
X

and thus,

sm,\ 1 1 dx 2
f“+“+ '—2—‘—-‘-'—.
st . X s

n+1 sinx

By Theorem 24.1, [;° “"\“ dx exists. In particular, note that limy—co [,
dx = 0.
Now, foreach n define f,(t)= [ e—< 810X 4y fort > 0, and note that the relation
- 0 X
| Fu(m)| < f" —Mdy = '—“—Z—— < 117 implies lim f,(n) = 0. By Theorem 24.5, we
have

n -nt M

ey . e~"(tsinn +cosn) — 1

fi) = -—/ e V'sinxdy = ( " ,
0 141~

and so, lim,_,c0 f4() = — 357 holds for all ¢ > 0. Also,

1+ 1+

It <
A0 S =7

holds foreacht > 0, and the dominating function for the sequence { f, } is Lebesgue
integrable over [0, 00).

Let g, = f,Xo.n» and note that {g.} is a sequence of Lebesgue mtegrable
functions over [0, c0). Also, since |g,| < |f;| and lim,_ an(t) = for

1+r~
t > 0, the Lebesgue dominated convergence theorem yields

. >* ® dt T
,}LHOIO f (f)dt IIY&L g,,(f)d[ ES ""/(j) -l—::ﬁ = ~'§'

Since f(;'f,f(t)dt = fu(n) — f,(0) and lim f,(n) = 0, we get lim £,(0) = %
Finally, letting n — oo in the identity

smx smA 4l gin x m+lginx
/ f / —-—-—dA = f,,(0)+ —dXx,
0 p X

. 00 sin x
we easily get [ otdx = 7.
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EXERCISES

L

®

=

10.

Show that

22pt 2

o R 1
/ _\_2116-—,\'" dx = @m! \/7?
0

holds for n =0.1,2,....
Show that fooce"""2 dx = % Z foreach 1 > 0.
Show that f(x)= ll\,l is Lebesgue integrable over [1, co) and that ff di = 1.

Show that
n X n -
lim / (I + -—> e dx = 1.
n—0 [g 1

Let f: [0, co) — (0, oo) be a continuous, decreasing, and Lebesgue integrable func-
tion. Show that '

flx+1)
fx)

Show that the improper Riemann integrals, [~ cos(x?)dx and Josin(x?) d.x (which
are known as the Fresnel!! integrals) both exist. Also, show that cos(x?) and sin(x?)
are not Lebesgue integrable over {0, 00).

Show that fowii{:;i de=1%.

Let (X, S, u) be a measure space, T a metric space, and f: X x T — IR a function.
Assumethat f(-,t) isameasurable functionforeachs € T and f(x, -) isacontinuous
function for each ¥ € X. Assume also that there exists an integrable function g such
that for each ¢ € T we have {f(x, )| < g(x) for almost all ¥ € X. Show that the
function F:T — IR, defined by

1 o¢ .
lim —— / f(s)ds =0 ifandonlyif lim ={0 foreacht > 0.
x—=00 fx) J, X—>00

F() = fx Flr ) duto),

is a continuous function.
Show that

00 =X —Xxt

e - e

/ e (X 22 0 E
0 X

holds foreachr > 0.

Foreacht > 0,let F(t) = [;° e da.

a. Show that the integral exists as an improper Riemann integral and as a Lebesgue
integral.

b. Show that F has a second-order derivative and that F”(t) + F(1) = } holds for
eacht > 0.

" Augustin Jean Fresnel (1788-1827) was a French physicist who worked extensively in the field of

optics. Using the integrals that bear his name, he was the first to demonstrate the wave conception of

light.
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12.

13.

14.
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Show that the improper Riemann integral, foi In(s cos x) dx, exists for each t > 0
and that it is also a Lebesgue integral. Also, show that

% w, [t
In(z Vdx = —In| =
/0 n(t cosx)dx ) n(2>
holds for all r > 0.

Show that for each ¢ > 0, the improper Riemann integral I's \(Si';“’ 7 dx exists as a
Lebesgue integral and that

X sinxt b3
S ax=Z(1—e).
fo A+ =)

The Gamma function for t > 0 is defined by an integral as follows:
00
r@) = f x'le ¥ dx.
0
a. Show that the integral
oo ; r
/ xtle=¥dx = lim [ x'"'e ™ dx
0 v Je

exists as an 1mproper Riemann integral (and hence, as a Lebesgue integral).
. Show that I'( 5) = JT.
c. Show that F(t 4 1) = T{t) holds for all t > 0, and use this conclusion to
establish I'(n + 1) = n!t for n = 1,2,.
d. Show that T is differentiable at every t > 0 and that

o0
F'(t):j s le Y inxdx
0

holds.
e. Show that I' has derivatives of all order and that

o
r®ae) = f x'"le ™ (Inx)" dx
0

holds for n = 1,2,... and all ¢ > 0.

Let £:[0,1] — IR be a Lebesgue mtegrable function and define the real-valued
function F :[0, 1] — Rby F(t) = fo F(x)sin(xr) dA(x).

a. Show that the integral defining- F exists and that F is a uniformly continuous
function.
b. Show that F has derivatives of all orders and that

i
FOD(y = (=1)" ] 2 F(x)sin(xt) dA(x)
0
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and
;
FO=D(py = (~1)" / 211 F(x) cos(xt) dA(x)
0

forn=1,2,...andeacht € {0, 1].
c. Showthat F =0 (.e., F(r)=0forallt € [0, 1])ifand only if f = 0 ae.

25. APPROXIMATING INTEGRABLE FUNCTIONS

The following type of approximation problem is commonly encountered in
analysis.

o Given an integrable function f, a family of F of integrable functions, and
€ > 0, determine whether there exists a function g in the collection F such
that [|f —gldu <e.

By the definition of an integrable function, the following result is immediate.

Theorem 25.1. Let f be an integrable function and € > 0. Then there exists
a step function ¢ such that JIf —¢ldu <e.

Let us denote by L the collection of all step functions ¢ for which there exist sets
Ay, ..., A, € S all of finite measure, and real numbers ai, ... ., ay (all depending
on ¢) suchthat ¢ = 5 +_;a; x4, holds. Then L is a function space; see Exercise 1
of Section 21.

Theorem 25.2. Let f be an integrable function, and let € > 0. Then there
exists a function ¢ € L such that JIf—¢ldu <e.

Proof. Let F denote the collection of all integrable functions f such that for
each e > 0, there exists some function ¢ € L such that f |f—¢|du < e. Itshould
be clear that F is a vector space such that x4 € F holds true foreach A € S. Now,
a glance at Theorem 22.12 guarantees that consists of all integrable functions.

|

The next result deals with the approximation of integrable functions by continu-
ous functions. Recall that if X is a topological space and f : X — IR is a function,
then the closure of the set {x € X : f(x) # 0} is called the support of f (denoted
by Supp f). If the support of f happens to be a compact set, then f is said to have
compact support.

Theorem 25.3. Let X be a Hausdorff locally compact topological space, and
let p be a regular Borel measure on X. Assume that f is an integrable function
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with respect to the measure space (X, B, u). Then given € > 0, there exists a
continuous function g : X — IR with compact support suchthat [|f—gldu <e.

Proof. By Theorem 25.2, we can assume without loss of generality that f is
the characteristic function of some Borel set of finite measure. So, assume f = x4
for some Borel set A with ©(A) < oo.

Since w is a regular Borel measure, there exist a compact set K suchthat K & A
and u(A) — w(K) < € (see Lemma 18.5) and an open set V such that A C V
and u(V) — u(A) < €. By Theorem 10.8, there exists a continuous function
g:X — [0,1] (and hence, g is Borel measurable) with compact support such
that g(x) = 1 for each x € K and Suppg € V. Clearly, g is integrable and
|xa — g! < xv — xx holds. Therefore,

/IXA —gldpu = f(x\/ — xx)dp = u(V) — u(K) < 2e,
and the proof of the theorem is finished. B

The following theorem describes an important property of the Lebesgue in-
tegrable functions on IR. It is usually referred to as the Riemann-Lebesgue
Lemma.

Theorem 25.4 (Riemann-Lebesgue). If f :IR — R isLebesgue integrable,
then

lim /f(x)cos(nx)dk(x) = lim /f(x)sin(nx)d)\(x) = 0.
n—+oQ n—00

Proof. Note first that the inequality | £ (x)cos(nx)| < | f(x)| for all x, com-
bined with Theorem 22.6, shows that the function f(x)cos(nx) is a Lebesgue
integrable function for each n. Also, by Theorem 25.2, in order to establish
the theorem, it suffices to consider functions of the form f = Xp.». Thus, let
f = Xia.py- In this case, the Lebesgue integrals are Riemann integrals, and

b
‘/f(x) cos(nx) di(x) / cos(nx)dx

1 2
= — |sin(nb) — sin(na)l < = — 0
n n

as n — oo. Similarly, lim [ f(x)sinfnx)dA(x) = 0. B

A sequence of integrable functions { f,,} is said to converge in the mean to some
function f if lim [|f, — fldu = 0 holds.
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Theorem 25.5. Let {f,} be a sequence.of integrable functions. If f is an inte-
grable function such that lim [1fa—fldu =0, then there exists a subsequence
{fu,} of (fu) such that fi, — f ae. holds.

Proof. Lete > 0. Foreachnlet E, = {x € X: |fulx) — f(x)] = €}, and
note that each E, is a measurable set of finite measure (see Theorem 22.5). Now,
since € xz, < |fx — f|holds for each n, it follows that ep*(E,) < [1fo — fldu
also holds for each n. Thus, lim u*(E,) = 0, and so, f,,—‘i—> f. The conclusion
now follows immediately from Theorem 19.4. B

A sequence of integrable functions that converges in the mean to some function
need not converge pointwise to that function. An example of this situation is
provided by the sequence { f,} of Example 19.6.

EXERCISES

1. Let f:IR — IR be a Lebesgue integrable function. Show that
lim /f(x) cos(xt)dA(x) = lim /f(x) sin(xr)di(x) = 0.
[— {—+0Q

2. A function f:0 — R (where O is a nonempty open subset of R") is said to be a
C-function if f has continuous partial derivatives of all orders.

a. Consider the function p:IR — IR defined by p(x) = exp[;—,ﬁ] if jx] < 1 and
p(x) = 0if x| = 1. Show that p is a C®-function such that Supp p = [~1, 1].
(Induction and L"Hopital’s'? rule are needed here.)

b. Fore > Danda € IR show that the function f(x) = p(%ﬁ) is also a C*°-function

with Supp f =[a —€,a +¢€].
3. Let [a,b] be an interval, ¢ > O suchthata + € < b —¢, and p as in the previous
exercise. Define : IR — IR by h(x) = f: p(f—‘é—'ﬁ)dt for all x € IR. Then show that
Supph Cla—eb+e]
h{x) = ¢ (a constant function) for all x € {a +¢€,b — €],
h is a C-function and A(x) = [7 &% p({=%) dt holds for all x € R, and

the C®°-function f = %h satisfies 0 < f(x) < lforallx € R, f(x) = 1forall
xela+e b—el,and [ Ixiam — Fldr < 4e.

o op

4. Let f:IR — R be an integrable function with respect to the Lebesgue measure, and
lete > 0. Show that there exists a C®-function g such that [|f — gldA < €.
[HINT: Use Theorem 25.2 and the preceding exercise.]

12Gyillaume-Frangois-Antoine de L'Hopital (1661-1704), a French mathematician. He is mainly
remembered for the familiar rule of computing the limit of a fraction whose numerator and denominator
tend simultaneously to zero (or to £00).
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5. The purpose of this exercise is to establish the following general result: If f : R" - R
is an integrable function (with respect to the Lebesgue measure) and € > 0, then there
exists a C®-function g such that [|f — gldx <.

a. Letaj <bjfori=1,...,n,andput/ = H?zl(a;, b;). Choose € > 0 such that
aj +€ < b; — e for each i. Use Exercise 3 to select for each i a C°-function
fi:R — Rsuchthat 0 < fi(x) < L forall x, fi(x) =1 ifx €la+e b —e€l,
and Supp f; € [a; — €, b; + €]. Now define h :R" ~ R by h(xy,...,x) =
[Ti, fi(xi). Then show that k is a C*-function on R" and that

fIXl —hldr <2 [H(bi —a;+26) - [ —ai)] .
i=1 i=1

b. Let f:IR" — IR be Lebesgue integrable, and let e > 0. Then use part (a) to show
that there exists a C®-function g with compact support such that

/lf—g|dl<e.

6. Let p be a regular Borel measure on IR”, f:IR" — IR a p-integrable function, and
€ > 0. Show that there exists a C*-function g : IR" — IR such that flf—gl du < e.
7. Let f:[a, b] = IR be a Lebesgue integrable function, and let ¢ > 0. Show that there
exists a polynomial p suchthat f]f — pldX < ¢, where the integral is considered, of
course, over [a, b].
[HINT: Use the Stone—~Weierstrass approximation theorem.]

26. PRODUCT MEASURES AND ITERATED INTEGRALS

Throughout this section, (X, S, ) and (¥, ., v) will be two ﬁxec! measure spaces.
The product semiring S ® T of subsets of X x Y is defined by

S®TL =(AxB:AecS and B X).

The members of S ® ¥ are called rectangles.
The above collection S ® X is indeed a semiring of subsets of X x Y. This
follows immediately from the identities

1. (Ax B)N(A; x B))=(ANA)) x(BNBy), and
2. (A xB)\(A; x B))=[(A\ A;) x BIU[(AN A)) x (B\ By)),

and the fact that A\ A, and B\ B; can be written as finite disjoint unions of
members of S and T, respectively. The product semiring was discussed in some
detail in Section 20. )

Now, define the set function u x v:S® X — [0,00] by p x V(A x B) =
((A) - v(B) foreach A x B € § ® £ (keep in mind that 0 - 00 = 0). This set
function is a measure on the product semiring S ® X, called the product measure
of  and v. The details follow.
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Theorem 26.1. The set function p x v:S ® & — [0, co] defined by
p x v(A x B) = u(A) - v(B)

for each A x B € S ® & is a measure. (This measure can be thought of as
the generalization of the familiar formula “Length x Width™ for computing the
area of a rectangle in elementary geometry!)

Proof. Clearly, u x v(®) = 0. Forthe o-additivityof uxv,let AxB € S@X
and let {A, x B,} be a sequence of mutually disjoint sets of S ® T such that
A x B =J2, A, x B,. It must be established that

W(A)-v(B) = ) (Ay) - v(By). )

n=\

Obviously, () holds true if either A or B has measure zero. Thus, we can assume
that u(A) > 0 and v(B) > 0.
SINCe XAxB = 2 ey XAuxB,» We see that

Xa(0) - x5 = Y _xa, () X8,09)

n=1

holds true for all x and y. For each fixed y € Blet K = {i € IN:y € B;} and

note that x4(x) = Y ;cx Xa,(x) foreachx € X. Since the collection {A; :i € K}
is pairwise disjoint (why?), the latter implies u(A) = Y _;ex #(A;). Therefore,

w(A) - x5() = Y 1ADXEO) = D) _i(An) - X5, (x%)

iek n=!

holds for all y € Y. Since a term with u(A,) = 0 does not alter the sum in () or
(%), we can assume that (A,) > 0 for all n.

Now, if both A and B have finite measures, then by using Theorem 22.9 and
integrating (+*) term by term, we see that (x) is valid. On the other hand, if either
A or B has infinite measure, then fo_’__,u(A,,) - v(B,) = oo must hold. Indeed,
if the last sum is finite, then, by Theorem 22.9, 1(A)xp(y) defines an integrable
function, which is impossible. Thus, in this case (x) holds with both sides infinite,
and the proof is finished. =

The next few results will unravel the basic properties of the product measure
p % v. As usual (1 x v)* denotes the outer measure generated by the measure
space (X xY,S®@ X, uxv)onX x7Y.
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Theorem 26.2. I[fAC Xand B CY are measurable sets of finite measure,
then

(ux VYA x B)y=p" xv(AxB)= WH(A) - v (B).

Proof. Clearly, S® £ € A, ® A, holds. Now, let {A, x B,} be a sequence
of § ® ¥ such that A x B € |2, A, x B,. Since, by Theorem 26.1, u* x v*
is a measure on the semiring A, ® A, and A x Be A, ®A, it follows from
Theorem 13.8 that

[

00
T X V(A X B) S BT X VN (Ay x Ba) =) X (A x By,

n=1 n=1

and so,

* * *
W x vH(A X BY < (uxv)

X

(A x RB).

On the other hand, if € > 0 is given, choose two sequences {A,;} & S and
{B,} C B, with A € U™, Ay, B € U2, By, suchthat 32 u(Ay) < u*(A)-+e
and Y00, v(B,) < v*(B) + €. Then, Ax B C U2 Unei A X By holds, and
S0

(&)

H X V(An X By) = Z ZP‘(AH) . U(Bm)
=l‘

n=} m=1

8

(L x V)" (AxB) =

il

n

|

for all € > 0. That is,

ZM(A")} ‘ [vam)] < [u*(A) +€]- V*(B) +e]

1 m=1

(4 X V)"(A x B) < u*(A)-v¥(B) = u* x V(A X B).
Therefore, (u x V)*(A x B) = u* x v*(A x B) holds, as required. ]

It is expected that the members of A, ® A, are u x v-measurable subsets of
X xY;thatis, Ay, @ Ay € Apxy holds. The next theorem shows that this is
actually the case.

Theorem 26.3. If A is a pi-measurable subset of X and B a v-measurable
subset of Y, then A x B is a ju x v-measurable subset of X x Y.

Proof. AssumeA € Ay, B € Ay,andfixCxD € S®T withuxv(CxD) =
1(C) - v(D) < co. In order to establish the u x v-measurability of A x B, by
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Theorem 15.2, it suffices to show that
(u x VY*((C x D)N(A x B))+ (1 x v)*((C x D)N(A x B)Y) < u x v(C x D).

If u x v(C x D) = 0, then the previous inequality is obvious (both sides are zero).
So, we can assume i(C) < oo and v(D) < co. Clearly,

(C x DYN(A x By = (CNA)x(DNB), and
(C x DYN(A x B) = [(C N A% x (DN B)UNCNA) x (DN B%]
U(C N A% x (D N B%)]

hold with every member of the previous union having finite measure.
Now, the subadditivity of (¢ x v)*, combined with Theorem 26.2, yields

(1t % VY*((C x DYN (A x B))+ (u x v)*((C x DYN (A x BY)
< u*CNA)Y- v (DN B)+u*(CNAY)-vi(DNB)
+u*(C NA) - v (D N B+ p*(C N A% - v (DN BY)
= [WS(C NA)+ p*(C N AY]- [v(D N B)+v*(D N B°)]
= u(C)-v(D)=u x v(C x D),

as required. : B

In general, it is not true that the measure p* x v* is the only extension of
U x v from S ® T to a measure on A, @ A,. However, if both (X, S, 1) and
(Y, £, v) are o-finite measure spaces, then (X x ¥, S ® &, u x v) is likewise
a o-finite measure space, and therefore, by Theorem 15.10, u* X v* is the only
extension of 4 x v to a measure on the semiring A, ® A,. Moreover, in view of
Ay ® Ay C Apxy and the fact that (i x v)* is a measure on Ay, it follows in
this case that (it x v)* = u* x v* holdson A, ® A,.

We now turn our attention to measurability properties of arbitrary subsets of
X x Y. Let us recall a few definitions from Section 20. If A is asubsetof X x ¥
and x € X, then the x-section A, of A is the subset of Y defined by

A, ={yeY:(x,y)e A}l
Similarly, if y € Y, then the y-section A” of A is the subset of X defined by
AV={xeX:(x,y) € A}

The geometrical meanings of the x- and y-sections are shown in Figure 4.1.
Regarding sections of sets, we have the following identities.
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FIGURE 4.1.

a. (Uies Adr = Uje/(Ai)x and (Uier AY = Uses (A1)
b (Nies A = Mier(Aix and ([ A1) = Mier(A)

c. (A\B)y = A;\Byand (A\ By = A*\ B’

The proofs of the previous identities are straightforward, and they are left as an
exercise for the reader.

The next theorem demonstrates the relationship between the y x v-measurable
subsets of X x ¥ and the measurable subsets of X and Y, and itis a key resuit for
this section.

Recall that an extended real-valued function f that is undefined on a set of
measure zero is said to define an integrable function if there exists an integrable
function g such that f = g almost everywhere. That is, if arbitrary values are
assigned to f on the points where it is undefined or attains an infinite value, then
f becomes an integrable function. (The value of the integral does not depend, of
course, upon the choices of these values.)

Theorem 26.4. Let E be a u x v-measurable subset of X x Y satisfying
(i X vV)*(E) < oo. Then for j-almost all x the set E. is a v-measurable subset
of Y, and the function x > v*(E,) defines an integrable function on X such
that

(1 x V)(E) = ./x Vi(Ex) du(x).

Similarly, for v-almost all y, the set E? is a w-measurable subset of X, and
the function y — u*(EY) defines an integrable function on Y such that

(1 x v)(E) =fyﬂ*(Ey)dV(>')-
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Proof. By the symmetry of the situation, it suffices to establish the first for-
mula. The proof goes by steps.

Stepl. Assume E=AxBeSQ®%Z.
Clearly, E, = Bifx € Aand E, = @ if x ¢ A. Thus, E, isa v-measurable
subset of ¥ foreach x € X, and

V(Ey) = v(B)xalx) (*)

holds for all x € X. Since (u x VY*(E) = (u x v)(A x B) = u(A) - v(B) < o0,
two possibilities arise:

a. Both A and B have finite measure.
Inthis case, (x) shows that x +> v*(E,) is an integrable function (actually,
it is a step function) satisfying

/XV*(E‘\A)dM(-\‘) = /V(B)XA dp = u(A) - v(B) = (1 x V)*(E).

b. Either A or B has infinite measure.
In this case, the other set must have measure zero, and so, (*) guarantees
v(E,) = 0 for -almost all x. Thus, x > v*(E,) defines the zero function,
and hence

fx VH(Ex) du(x) = 0 = (u x VY*(E).

Step Il.  Assume that E is a c-set of S ® T.

Choose a disjoint sequence {E,} of S ® X such that £ = Uff;l E,. Inview of
E,= UZ":I (E,), and the preceding step, it follows that E is a measurable subset
of Y foreachx € X.

Now, define f(x) = v*(E,) and f,(x) = Y i v((E;),) foreach x € X and all
n. By Step I, each f, defines an integrable function and

f frdu =7 fx V((Ens)dpu(x) = Y _u x v(Ep) 1 (k x v)"(E) < o0.
i==1 i=1

Since {(E,).]} is a disjoint sequence of X, we have v*(E,) = Zi‘_’__lv((E,,)x), and

$0, fu(x) 1 f(x) holds for each x € X. Thus, by Levi’s theorem (Theorem 22.8),
f defines an integrable function and

[ vEoau = [ ran=tim [ fudn=pxvE) =@,
f==1
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Step IIl.  Assume that E is a countable intersection of o-sets of finite measure.

Choose a sequence {E,} of c-sets such that £ = ﬂf_’__l E,, (uxv)*(E)) <00,
and E,; C E, forall n.

Foreach n, let g, (x) = 0if v¥((E,)y) = oo and g,(x) = v*((En)x ifv¥((E))y <
0o. By Step II, each g, is an integrable function over X such that fendu =
(1 x V)*(E,) holds. In view of E, = (= (Ey)y, it follows that Ey is a v-
measurable set for each x € X. Also, since v*((E);) < oo holds for u-almost
all x, it follows from Theorem 15.4 that g,(x) = v*((E,)x) 4 v*(E,) holds for
p-almost all x. Thus, x + v*(E,) defines an integrable function and

fV*(E,\-)du(x) = lim /gn du = lim (1 x v)*(E,) = (1 x v)"(E),
X n—00 n—>00

. where the last equality holds again by virtue of Theorem 15.4.
Step IV:  Assume that E is a null set, i.e., (i X V*E)=0.

Arguing as in the proof of Theorem 15.11, we see that there exists a measurable
set G, which is a countable intersection of o -sets of finite measure, suc
E CGand{(uxv)(G)=0.

By Step III, fxv*(Gx)a'u,(x) = (1t x V)*(G) = 0, and so, by Theorem 22.7(1),
v*(G,) = 0 holds for u-almost all x. In view of E, € G, for all x, we must have
v¥(E,) = 0 for u-almost all x. Therefore, E, is v-measurable for p-almost all x
and x +— v*(E,) defines the zero function. Thus,

e of
=
ju ul
B
=S

fx VHED) dix) = 0 = (1 x WY(E).

Step V. The general case.

Choose a 1 x v-measurable set F that is a countable intersection of or-sets all of
finite measure such that £ € F and (u x v)*(F) = (u x vV)*(E). Let G = F \ E.
Then G is a null set, and thus, by Step IV, v*(G,) = 0 holds for p-almost all x.
Therefore, E, is v-measurable and v*(E,) = v*(F) holds for p-almost all x. By
Step I11, x + v*(F,) defines an integrable function, and so, x +> V*(Ey) defines
an integrable function and

(0 (E) = G x ' (F) = [ () due) = [ v (EDdpt)
X X
holds. The proof of the theorem is now complete. |

Now, let f:X x Y — IR be a function. Then for each fixed x € X, the
symbol £, will denote the function f;:¥ — IR defined by ) = fx,y)
for all y € Y. Similarly, for each y € Y the notation f” denotes the function
f¥:X — IR defined by f¥(x) = f(x,y) forallx € X.
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Definition 26.5. Let f: X xY — IR be afunction. Then the iterated integral
[[f dudv is said to exist if

1. fYis an integrable function over X for v-almost all y, and
2. the function

g(y) = ff" du =fxf(x,y)du(,r)

defines an integrable function over Y.

The value of the iterated integral [[ f dudv is computed by starting with the
innermost integration and by continuing with the second as follows:

[[7 duav = /y [ fx Fe ) du(X)] dvy),

holding y fixed while the integration over X is performed.

The meaning of the iterated integral [ [ f dvdu is analogous. That is,

f fdvdu = /X ny(x,y)dv(y)] du(x).

If E is a 4 x v-measurable subset of X x ¥ with (u x v)*(E) < oo, then it
is readily seen from Theorem 26.4 that both iterated integrals J[xedudv and
[[xE dvdu exist, and that

/fXE dpdv = //XE dvdu = /XE d(u x v) = (1 x v)*(E).

Since every 4 x v-step function is a linear combination of characteristic functions
of . x v-measurable sets of finite measure, it follows from the prior observation
that if ¢ is a p x v-step function, then both iterated integrals [[édudv and
[ dvdp exist and, moreover,

//d)dudv =f/q5dudu= /q&d(u X V).

The previous identities regarding iterated integrals are special cases of a more
general result known as Fubini’s'? theorem.

13Guido Fubini (1879~1943), an Italian mathematician. He made important contributions in analysis,
geometry, and mathematical physics.
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Theorem 26.6 (Fubini). Let f:X xY — IR be a . x v-integrable function.
Then both iterated integrals exist and

/fd(uxv)=fffdudv=//fdudu.

Proof. Without loss of generality we can assume that f(x, y) > Oholds forall
x and y. Choose a sequence {¢;, } of step functions suchthat 0 < ¢,(x,y) 1 f(x,¥)
holds for all x and y. Thus,

/X [ fy ¢.,<x,y>dv(y>] dp(x) = f Gnd(u x v) 1 / Fd(u xv) <00, (¥)

By Theorem 26.4, for each n the function

8a(x) = /(¢n)\ dv =/};¢::Oﬁ »)dv(y)

defines an integrable function over X ; and clearly, g,(x) 1 holds for p-almostall x.
But then, by Levi’s Theorem 22.8, there exists a p-integrable functiong: X — R
such that g,(x) 1 g(x) pu-a.e. holds. That is, there exists a w-null subset A of X
such that f(qf»,,)_\. dv 4 g(x) < oo holds for all x ¢ A. Since (¢n)s 1 fx holds for
each x, it follows that f is v-integrable for all x ¢ Aand

glz(x)=/(¢lx).\'dv=_/;[¢n(xa )’)dV()’) 1 /;lfxdv

holds for all x ¢ A.
Now, () combined with Theorem 21.6 implies that the function x > fY frdv
defines an integrable function such that

ffd(uxv):/){(/}lfxdv>du=‘/ fdvdu.

Similarly, [ f d(u x v) = [[ fdudv, and the proof is complete. B

The existence of the iterated integrals is by no means enough to ensure that the
function is integrable over the product space. For instance, let X =Y = [0, 13,
4 = v = A (the Lebesgue measure), and f(x,y) = (* — yH/&2+ y* if
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(x,y) # (0,0) and £(0,0) = 0. Then, it is easy to see that

/ fdudv = I and / fdvdu = z.

4 4

Fubini’s theorem shows, of course, that f is not integrable over [0, 1] x [0, 1].
However, there is a converse to Fubini’s theorem according to which the exis-

tence of one of the iterated integrals is sufficient for the integrability of the function

over the product space. The theorem is known as Tonelli’s'* theorem, and this

result is frequently used in applications.

Theorem 26.7 (Tonelli). Let (X, S, w)and (Y, X, v) betwo o -finite measure
spaces, andlet f:X xY — R beap x v-measurable function. If one of the
iterated integrals f f |fldudv or f f | fldvdu exists, then the function f is
W x v-integrable—and hence, the other iterated integral exists and

/fd(uxv)=//fdudv=/ffa’vdu.

Proof. We can assume without loss of generality that f(x, y) > 0 holds for
all x and y. Since (X, S, p) and (¥, I, v) are o -finite measure spaces, it is easy
to see that the product measure space is also a o-finite measure space. Choose a
sequence {A,} of u x v-measurable sets such that (u x v)*(A,) < oo for each
nand A, + X x Y. By Theorem 17.7, there exists a sequence {Wn} of w x v-
simple functions such that 0 < v,(x, y) % f(x,y) holds for all x and y. Let
¢n = ¥u - Xa, for each n. Then {¢,} is a sequence of p x v-step functions such
that 0 < ¢,(x, y) 1 f(x,y) holds for all x and y.

Now, assume that [[fdudv exists. This means that for v-almost all y,
the integral [ f(x,y)du(x) exists and defines a v-integrable function. From
bn(x,y) + Flx,y) it follows that [¢,(x, y)du(x) 1 [ f(x, y)du(x) holds for
v-almost all y. But then, by applying the Lebesgue dominated convergence theo-
rem, we get

/ Bad(i x V) = fy [ fx ¢,,<x,y)du<x>] dv(y) 1 f f fdudv < oo,

This shows that £ is a u x v-upper function and that [ f d(uxv) = [[ f dudv
holds. The rest of the proof now follows immediately from Fubini’s theorem. &

The Fubini and Tonelli theorems are usually referred to as “the method of
computing a double integral by changing the order of integration.”

141 eonida Tonelli (1885-1946), an Italian mathematician. He contributed to measure theory, the
theory of integration, and to calculus of variations.
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In general, it is a difficult problem to determine whether or not a given function
f:X xY — Ris u x v-measurable. However, in a number of applications the
1 x v-measurability of f can be established from topological considerations. For
instance, if X = Y = IR and u = v =the Lebesgue measure, then it should be
clear that the product measure @ X v on IR? is precisely the Lebesgue measure
on IR?. Therefore, every continuous real-valued function on IR? is necessarily
@ X v-measurable. For more about the joint measurability of functions, see also
Section 20.

EXERCISES

1. Let(X,S, u)and (Y, X, v) be two measure spaces, andlet A x B € Ay, @ A,

a. Show that u*(A)- v*(B) < (1 x v)*(A x B).
b. Show that if u*(A)- v¥(B) # 0, then (1 x V)*(A x B) = u*(A) - v*(B).
c. Give an example for which (1 x V)*(A x B) 5% u*(A) - v¥(B).

2. Let(X,S,u)and (Y, T, v) be two o-finite measure spaces. Then show that
(1 X V)*(A x B) = u*(A)-v*(B)

holds foreach A x B € Ay ® Ay.

3. Let(X, S, u)and (¥, T, v) be two measure spaces. Assume that A and B are subsets
of X and Y, respectively, such that 0 < u*(A) < oo, and 0 < v*(B) < co. Then
show that A x B is i x v-measurable if and only if both A and B are measurable in
their corresponding spaces. Is the above conclusion true if either A or B has measure
zero?

4. Let(X,S,w)and (¥, T, v) be two o-finite measure spaces, and let f: X x Y — R
be a . x v-measurable function. Show that for p-almost all x, the function fy is a
v-measurable function. Similarly, show that for v-almost all y, the function f¥ is
p-measurable.

5. Show thatif F(x,y)= (2 — y?)/(x2 + y%)?%, with £(0,0) = 0, then

1 1 1 1
/ [/ f(x,y)dx}dy:—z- and / [/ f(x,)‘)dy]dx:z.
o LJo 4 o LJo 4

6. Let X =Y = IN, S = ¥ =the collection of all subsets of IN, and 4 = v =the
counting measure. Give an interpretation of Fubini’s theorem in this case.

7. Establish the following result, known as Cavalieri’s'> principle. Let (X, S, u) and
(Y, ¥, v) be two measure spaces, and let £ and F be two u x v-measurable subsets
of X x Y of finite measure. If v¥(Ey) = v*(Fy) holds for u-almost all x, then

(1 x V)*(E) = (1 x V)" (F).

8. For this exercise, A denotes the Lebesgue measure on IR. Let (X, S, i) be a o-finite
measure space, and let f:X — IR be a measurable function such that f(x) = 0

5Bonaventura Cavalieri (1589-1647), an Italian mathematician. He was a geometer who worked
on problems regarding volumes of solids and wrote several monographs on this subject.
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holds for all x € X. Then show that
a. ThesetA = {(x,y) € X xR:0 <y < f(x)}, called the ordinate set of f,isa

1 % A-measurable subset of X x IR.

b. Theset B = {(x,y) € X x R:0 < y < f(x)}isa u x A-measurable subset of
X x Rand (1 x A)*(A) = (u x A)*(B) holds.

¢. The graph of f, ie., the set G = {(x, f(x)):x € X}, is a ;4 x A-measurable
subset of X x IR.

d. If f is u-integrable, then (1 x A)*(A) = [ f du holds.

e. If f is u-integrable, then (1 x A)*(G) = 0 holds.

Let g:X — IR be a p-integrable function, and let £:¥ — IR be a v-integrable

function. Define f: X x ¥ — IRby f(x, y) = g(x)h(y) foreach x and y. Show that
f is p x v-integrable and that

o= o) (o)

Use Tonelli’s theorem to verify that

R ® /opr
/ SInY = / (/ e sinx dx) dy
e X 0 \Je

holds for each 0 < € < r. By letting ¢ — 0% and r — oo (and justifying your
steps) give another proof of the formula

00 o1 -
sinx T
/ SN ge=Z
0 X 2

Show that if f(x,y) = ye““"’-"l)—v2 for each x and y, then

/0°° [/(;mf(-Y,Y)d‘v}dy = /000 [/Ooof(x,y)dy}dx.

Use the previous equality to give an alternate proof of the formula
o el
/ e dx = [Z
0

7
Show that

o0 roo, r o0 ,
f (f e sinx dx) dy = / (/ e sinx dy) dx
0 0 0 0

holds for all r > 0. By letting r — oo show that

O sinx ~2m
—dX == —
AT 2
In a similar manner show that f;° R dy = V2T /2.

Using the conclusions of the preceding exercise (and an appropriate change of vari-
able), show that the values of the Fresnel integrals (see Exercise 6 of Section 24)

are
o0 oo /
/ sin(_\'g)dx = f cos(xz)dx = ———2—75
0 0 4
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14. Let X = Y = [0, 1], i =the Lebesgue measure on [0, 1], and v =the counting
measure on [0, 1]. Consider the “diagonal” A = {(x, x):x € X} of X x Y. Show
that:

a. Alisapu x v-measurable subset of X x Y, and hence, xa is a non-negative p X v-
measurable function.

b. Both iterated integrals [f xa dudv and [f xa dvdp exist.

¢. The function xa isnot u x v-integrable. Why doesn’t this contradict Tonelli’s
theorem?

15. Let f:IR — R be Borel measurable. Then show that the functions fx+y) and
f{x —y) are both A x A-measurable.

[HINT: Consider first f = xv for some open set V.]




CHAPTER 5

NORMED SPACES AND
L ,-SPACES

The algebraic theory of vector spaces has been an integral part of modern mathe-
matics for some time. In analysis, one studies vector spaces from the topological
point of view, taking into consideration the already existing algebraic structure.
The most fruitful study comes when one attaches to every vector & real number,
called the norm of the vector. The norm can be thought of as a generalization of
the concept of length. A normed space that is complete (in the metric induced by
its norm) is called a Banach! space.

A variety of diverse problems from different branches of mathematics (and
science in general) can be translated to the framework of Banach space theory and
solved by applying its powerful techniques. For this reason the theory of Banach
- spaces is in the frontier of modern mathematical research.

This chapter presents a brief introduction to the theory of normed and Banach
spaces. After developing the basic properties of normed spaces, the three corner-
stones of functional analysis are proved—the principle of uniform boundedness,
the open mapping theorem, and the Hahn-Banach theorem.? Then a section is
devoted to the study of Banach lattices; that is, Banach spaces whose norms are
compatible with the lattice structure of the spaces. As we shall see, many Banach
lattices are actually old friends. Finally, the classical, L,-spaces are investigated,
and the theory of integration is placed in its appropriate perspective.

27. NORMED SPACES AND BANACH SPACES

A real-valued function ||-|| defined on a vector space X is called a norm if it
satisfies the following three properties:

!Stefan Banach (1892~1945), a prominent Polish mathematician. He is the founder of the contem-
porary field of functional analysis.

2Hans Hahn (1879-1934), an Austrian mathematician and philosopher. He contributed decisively
to functional analysis, general topology, and the foundations of mathematics.

217
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1. x|l = Oforeach x € X, and ||x|| = 0 if and only if x = 0;
2. Jax|=lal|-||lx}} forall x € X anda € R;
3. x4yl <lxll+ Iyl forall x,y e X.

Property (3) is referred to as the triangle inequality, and it is equivalent to the
inequality

lx =yl < llx = zll + Iz = yll

forall x, y,and z in X.

A vector space X equipped with a norm ||-|| is called a normed vector space, or
simply a normed space. To avoid trivialities, the vector spaces will be tacitly as-
sumed to be different from {0}. Also, they will be assumed to be real vector spaces.

On a normed space X, a2 metric is defined in terms of the norm [-|| via the
function d(x, y) = ||x — y||. From the properties of the norm, it is a routine matter
to verify that d(-,-) is indeed a metric on X. We shall call this metric on X the
metric induced by the norm. A sequence {x,} in X is said to converge in norm
to x if lim||x — x,|| = 0; that is, if {x,} converges to x with respect to the metric
induced by the norm.

In view of the triangle inequality,

Hixll =iyl < llx =yl

holds for all x and y in X. This readily implies that the norm considered as a
function x > |lx|| for X into R is uniformly continuous. Also, by the triangle
inequality it is easy to prove, but important to observe, that if x, — x and y, = ¥
inX andw, — «inR, then x, + y, — x + y and @, x, —> ax hold.

A subset A of a normed space is said to be norm bounded (or simply bounded)
if there exists some M > Osuchthat |x}] < M holdsforeachx € A.Every Cauchy
sequence {x,} of a normed space is bounded. Indeed, to see this choose k such that
Xy — xnll < 1 forall n,m >k, and let M = max{1 + [lx;|l: 1 <1i < k}. Then
the inequality |[x,| < 1 + |lx;|l for n > k implies |lx,[| < M for all n.

Anormed space X that is complete with respect to the metric induced by its norm
is called a Banach space. In other words, X is a Banach space if for every Cauchy
sequence {x,} of X there exists an element x € X such that lim||x, — x|| = 0.
Thus, Banach spaces are special examples of complete metric spaces.

Some examples of Banach spaces are presented next.

Example 27.1. The vector space R” with the norm {x{ = O I,\2) for each x =
(x1, ..., xn) € R" is a Banach space. This norm is called the Euclidean norm, and it gives
the Euclidean metric. B

Example 27.2. Let X be a nonempty set, and let B(X) be the vector space of all bounded
real-valued functions defined on X. Then || f [l = sup{|f(x)I: x € X} foreach f € B(X)
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defines a norm on B(X), called the sup norm..A glance at Example 6.12 guarantees that
the vector space B(X) with the sup norm is a Banach space. B

Example 27.3. Let £; denote the collection of all real sequences x = (x1, X2,...) such
that 3 00| lxu| < oo. Itis easy to see that £ is a vector space under the algebraic operations

x+y=00 +y.x2+y..) and ox = (ox), ax,.. D

Moreover, if for every x € £1 we define [|x]}; = Zﬁ":l |xn], then ||-||1 is a norm on £1. The
verification of the norm properties are left for the reader. We show next that £, is actually
a Banach space.

To this end, let {x,} be a Cauchy sequence of £;. That is, for every € > 0 there exists
some k such that ||x, — X l1 < € holds for all n, m > k. It follows that there exists some
M > 0 such that [|x, ]I} < M for each n. Let x,, = (x{, x5, ...) for each n. The relation

o
‘-\',{' - -\',{"l < Z ix,{' - ,\-'f"l = Loy — Xmll1 <€
i=l

for n,m > k implies that for each fixed i, the sequence of real numbers {x{'} is a Cauchy
sequence. Let x; = limy—o0 .\‘,f’ for each i. Since for all n > k and each p we have

1A

P P P P
Z lxi] Z lx,‘ - x{'l + Z [-V” = Z l-\'i - -\7” + lenth
i=1 {=] im=l i

i=l

P
ml—i-»moo (; “Yl{n - xl{' ) + “-\'n “l <€+ M < oo,

i

it follows that x = (x1, X2, ...) € £1. Also, since Z{;I lxff — xS o = xmlll < € for
alln,m > k, we have 1_, |x; — x['| = limy—oo(3F_, X/ — x['|) < € for all p and all
n > k. Hence, |lx — xu]l| < € holds for all n > k, so that {x.} converges to x in £1. That
is, £1 is a Banach space. B

Example 27.4. Consider an interval [a, b] and a natural number k. Let C k1a, b] denote
the collection of all real-valued functions defined on [a, b] which have a continuous kth
order derivative on [a, b] (with right and left derivatives at the endpoints).

Clearly, C¥[a, b] with the pointwise algebraic operations is a vector space. Moreover, if
for each f € C*[a.b] we let

LA =11 Flloo + 11 Moo -+ 1f ®llco,

then |-]| defines a norm under which C*[a, b] is a Banach space.

It is straightforward to verify that |||| is indeed a norm. To see that C*[a, b] is complete
under |||}, let {f»} be a Cauchy sequence of C*[a, b). Then, it is easy to see that there
exist continuous functions go, g1, - - - ,» g such that for each | = 0, 1,..., k the sequence



220 Chapter 5: NORMED SPACES AND L,-SPACES

of functions { ,fi)} converges uniformly to g;. Now, if 1 </ <k, then

FID) = J’,gi_l)(a)+/xf,§i)(f)dt (*)

holds foreach x € [a, b]. Thus, by the uniform convergence of the sequence { ,fi)} it follows
from (%) that

X
Bi-1(x) = gi—x(a)+f gi(t)dt

holds for each x € [a, b]. By the fundamental theorem of calculus, g is differentiable
(for1 <i <k),and g,f_l(x) = g;(x) for each x € [a, b]. In particular, note that g; = g(()i)
fori =1,..., k. Therefore, go € C*[a, b] and lim|| f, — goll = O holds, so that C*{a, b]
is a Banach space. -]

Two norms ||-||; and ||-||2 on a vector space X are said to be equivalent if there
exist two constants K > 0 and M > 0 such that

Klixlly < llxlla = Mllx[h

holds for each x € X. The reader should stop and verify that two norms are
equivalent if and only if they generate the same open sets.

In particular, note that if two norms on a vector space X are equivalent, then X
is a Banach space with respect to one of them if and only if X is a Banach space
with respect to the other. Also, observe that if ||-||; is equivalent to ||-||> and [t-1l2
is equivalent to ||-|3, then ||-||; is equivalent to ||-{3. '

In a normed vector space, all open balls “look alike.” More precisely, any two
open balls are homeomorphic. Indeed, if B(a, r') is an arbitrary open ball, then it is
easy to see that the function x + a +rx is a homeomorphism from B(0, 1) onto
B(a, ). For this reason, the open ball B(0, 1) = {x: [lx|| < 1} plays an important
role in the study of normed spaces and is called the open unit ball of the space
(and likewise {x: [x|| < 1} is called the closed unit ball of the space).

Example 27.5. It is instructive to consider varicus norms on R2. For v = (x,y) € R?
define

folls = Ix] + 11,
ol = &2 + )1,
lvlleo = max{lx], Iy}

X2 y2\2
flull = <;J‘2‘+’bi> )
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FIGURE 5.1. The Unit Balls of Various Norms

where a and b are two, fixed, positive real numbers. The reader shouid stop and verify that
the previous functions are norms and that they are, in fact, all equivalent. The geometric
shape of the closed unit ball for each norm is illustrated in Figure 5.1. 2]

The fact that all norms in the preceding example were equivalent is not acci-
dental.

Theorem 27.6. In afinite dimensional vector space all norms are equivalent.

Proof. Without loss of generality, we can assume that the finite dimensional
space is R". Let ||-||> denote its Euclidean norm; that is, ffxll = (xf' A +x,%)ii.
Also, let ||-]| be another norm on IR2. 1t suffices to establish that ||-|| is equivalent
to |I-fla.

Ifx = (xq,...,%,) = x1€; + -+ + x,e, (where the e, are the standard basic
unit vectors), then by the triangle inequality we have

lixll = “ Z«\'iei
i=1

<> il lleill < (Zue,- n) lixla-
i=l i=l1
Thus,if M = 3 i, lleill, then

llxll <= Mix|

2
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holds forall x € IR". This establishes one-half of the desired inequality. In addition,
the inequalities

Hixll = liylll < llx =yl < Milx =yl

show that the function x +— ||x}| from IR" with the Euclidean norm into R is
(uniformly) continuous.

Let S = {x € R": ||x|2 = 1} be the “unit sphere” for the Euclidean norm.
Then S is closed and bounded, and hence, by the Heine-Borel Theorem 7.4, S is
compact for the Euclidean norm. In particular, the continuous function x > J|x 1l
attains a minimum value on S, say at xg. Thus, [|x| > |lxo]l holds for all x € §.
Let K = ||lxgll. Since ||xoll2 = 1, it follows that xo 7 0, and so K = |[xo] > O.
Now, if x € R” is nonzero, then |[jx{/[lx|l2 = l|lx/Ix]l2ll = K, and so

Klxllz = llxll

holds for all x € IR". This establishes the other half of the desired inequality and
completes the proof of the theorem. B

As an application of the last theorem, let us establish the following useful result:

Theorem 27.7. Every finite dimensional vector subspace of a normed space
is closed.

Proof. LetY be a finite dimensional vector subspace of a normed space X.
Then Y can be identified (linearly isomorphically) with some IR". Hence, by Theo-
rem 27.6, the norm of X restricted to Y must be equivalent to the Euclidean norm. In
particular, Y is acomplete metric space, and so (by Theorem 6.13) Y isclosed.  H

The structure of the open (or closed) unit ball reflects the topological and geo-
metrical properties of all balls. For example, a normed space is locally compact
if and only if its closed unit ball is compact. (Recall that a topological space is
locally compact if each point has a neighborhood whose closure is compact.)

The next theorem tells us that the finite dimensional normed spaces are the only
locally compact normed spaces.

Theorem 27.8. A normed space is locally compact if and only if it is finite
dimensional. )

Proof. If the normed space is finite dimensional, then by Theorem 27.6, its
norm is equivalent to the Euclidean norm. By Theorem 7.4, the closed unit ball is
compact with respect to the Euclidean metric, and from this it follows (how?) that
the space is locally compact.
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For the converse, assume that X is a locally compact normed space. Since all
closed balls are homeomorphic, the closed unit ball V = {x € X: |lx|| < 1} must
be compact. Choose X1, ..., x, € V such that V € [ Ji_, B(x;, %), and let Y be
the linear subspace generated by {x;, ..., x,}. We shall show that X = Y, and this
will establish that X is finite dimensional.

Assume by way of contradiction that X s Y. Thus, there exists some xp € X
with xo ¢ Y. Since (by Theorem 27.7) the vector subspace Y is closed, it follows
that d(xg, ¥) = inf{}lxo — yl}: y € Y} > O (also, see Exercise 1 of Section 10).
Pick some y € Y with ||lxog — y|| < 2d(xo, Y). Then for some 1 < i < n we have
(xo — ¥)/llx0 — yll € B(x;, %). Since y + |jxo — yl|x; belongs to Y, it follows that

1
= >
2

Xo—y
llxo — il

o = & + lleo = yledll | dlxo, ¥) 1

llxo — ¥l T -yl 2

A

which is impossible. This contradiction completes the proof of the theorem.

EXERCISES

1. Let X be a normed space. Then show that X is a Banach space if and only if its unit
sphere {x € X: llx|| = 1} is a complete metric space (under the induced metric
d(x, y) = llx — ¥l

2. Let X be a normed vector space. Fix a € X and a nonzero scalar o.

a. Show that the mappings x + a + x and x > ox are both homeomorphisms.
b. If A and B are two sets with either A or B open and « and $ are nonzero scalars,
then show that ¢ A + BB is an open set.

3. Let X be anormed vector space, and let B = {x € X: lx]] < 1} be its open unit ball.
Show that B = {x € X: ||Ix|| < 1}.

4. Let X be a normed space, and let {x,} be a sequence of X such that limx, = x
holds. If y, = n~Y(xy + - - - + x,) for each n, then show that lim y, = x. (See also
Exercise 11 of Section 4.)

5. Assume that two vectors x and y in a normed space satisfy lx 4+ yl| = x|l + |yll.
Then show that

lleex + Byl = erlixll + Byl

holds for all scalars @ > O and 8 > 0.

6. Let X be the vector space of all real-valued functions defined on [0, 1] having contin-
uous first-order derivatives. Show that | f]| = | f(0)] + || /' llco is anormon X thatis
equivalent to the norm || fllco -+ | f' lco-

7. Aseries Y oo %, inanormed space is said to converge to x if lim|l.x — il =
0. As usual, we write x = Y oo x,. A series Y .o x, is said to be absolutely
summable if 352 |lx,|| < co holds. :

Show that a normed space X is a Banach space if and only if every absolutely
summable series is convergent.

8. Show that a closed proper vector subspace of a normed vector space is nowhere dense.
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9. Assume that f:[0, 1] — IR is a continuous function which is not a polynomial.
By Corollary 11.6, we know that there exists a sequence of polynomials {p,} that
converges uniformly to f. Show that the set of natural numbers

{k € IN: k = degree of p, for some n}

is countable.
[HINT: Show that the vector subspace of C[0, 1] consisting of all polynomials of
degree less than or equal to some m is closed.]

10. Thisexercise describes some classes of important subsets of a vector space. A nonempty
subset A of a vector space X is said to be:

a. symmetric, if x € A implies —x € A, ie., if A = —A4;

b. convex,if x,y € Aimplies Ax + (1 — L)y € Aforall0 < A < 1, ie, for every
two vectors x, y € A the line segment joining x and y lies in A;

c. circled (or balanced) if x € A implies Ax € A foreach |A| < 1.

Establish the following:

i. A circled set is symmetric.
ii. A convex and symmetric set containing zero is circled.
iii. Anonempty subset B ofavectorspace is convex ifandonlyifaB+bB = (a+b)B
holds for all scalarsa > Q0 and b > 0.
iv. If Aisaconvex subset of 2 normed space, then the closure A and the interior A°
of A are also convex sets.

11. This exercise describes all norms on a vector space X that are equivalent to a given
norm. So, let (X, ||-||) be anormed vector space. Let A be a bounded convex symmetric
subset of X having zero as an interior point (relative to the topology generated by the
norm [|-||). Define the function p4: X — R by

palx) =inf{A > 0: x € AA}.
Establish the following:

a. The function pg4 is a well-defined norm on X.

b. The norm p4 is equivalent to |||, i.e., there exist two constants C > Oand K > 0
such that Cllx|| < pa(x) < K||x| holds true foreach x € X.

c. The closed unit ball of p4 is the closure of 4, ie., {x € X: pa(x) <1} = A.

d. Let |||-]l| be a norm on X which is equivalent to ||-||, and consider the norm
bounded nonempty symmetric convex set B = {x € X: {||x||| < 1}. Then zero is
an interior point of B and |||x||| == pg(x) holds for each x € X.

28. OPERATORS BETWEEN BANACH SPACES

In this section, we shall study linear operators (or transformations). Recall that a
function T: X — Y between two vector spaces is called a linear operator (or
simply an operator) if T(ax + By) = aT(x) + BT(y) holds forall x,y € X,
and all &, B € R. Observe that every linear operator T satisfies T (0) = 0.
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If X and Y are two normed spaces, then the symbol ||-|| will be used (as usual)
to denote the norm on both spaces.

Definition 28.1. Let T:X — Y be a linear operator between two normed
spaces. Then the operator norm of T is defined by '

ITI = sup{T()ll: x|l = 1}.

If \TY is finite, then T is called a bounded operator (and, of course, if
Tl = oo, then T is called an unbounded operator).

Observe that

17Ol < Tl

holds for all x € X. To see this, note that if x # 0, then the vector y = x/||x]||
satisfies ||y]| = 1, and so

Tl (< \]_

holds. In particular, it follows from the previous inequality that

171 = sup{IT(O: llxfl < 1}.

Next, some concrete examples of operators are presented.

Example 28.2. Let X = ([0, 1] with the sup norm. Define T: X — X by T(f)(x) =
xf(x) foreach f € X and x € [0, 1. Clearly, T is a linear operator such that ||T(f)lec <
Il flleo for each f € X. This shows that |T|| < 1 (in fact, ||T|| = 1), and so T is a bounded
operator. B

The next example presents an unbounded operator.

Example 28.3. Let X be the vector space of all real-valued functions on {0, 1] that have
continuous derivatives with the sup norm. Also, let Y = C[0, 1] with the sup norm. Define
D:X — Y by D(f) = f’ (the differential operator). It is easy to see that D is a linear
operator. However, | D] = co. Indeed, if f,(x) = x", then || fullec == 1 and ID(fullloe =
sup{n,\'"'l: x € [0, 11} = nhold foreachn, implying | || = co. Hence, D is an unbounded
operator. H

The next example is drawn from the important class of operators known as
“integral operators.”

Example 28.4. Let [a, b] be a (finite) closed interval, and let K': [a, b] x {a, b] - Rbea
continuous function. Consider the vector space C{a, b] with the sup norm, and then define
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T:Cla, b] — Cla, bl by

b
T(F)) = / K ) f()dy

foreach f € Cla, b). (The uniform continuity of K on [a, b] x [a, b] can be invoked here to

verify that indeed T (f) € Cla, b} foreach f € Cla, b].) For obvious reasons, the operator

T is called an integral operator and the function K is referred to as the kernel of T'.
Clearly, T is a linear operator. On the other hand, if

M = sup{|K(x, ¥)I: (x,y) € [a,b] x [a, b]} < oo,

then the estimate [T (f)(x)| < M — a)l flloo shows that {T(f)lcoc < M — )| fllco-
Thus, |T]| < M(b — a) < 00, and so T is a bounded operator.
It is worth verifying that T' also satisfies the following important property:

e IfB ={f € Cla,bl: | flloo < 1} is the open unit ball of Cla, b], then T(B) is a
compact subset of Cla, b].

To see this, observe first that T (B) is closed and bounded. Thus, by the Ascoli—Arzela
Theorem 9.10, we need only to show that T(B) is an equicontinuous subset of C[a, b]. To
see this, fix xp € [a, b], and let € > 0. Since (by Theorem 7.7) K is uniformly continuous,
there exists some 8 > 0 such that | K (xy, y) — K(x2, y)] < € holds whenever |x] — x2| < é.
Therefore, if x € [a, b] satisfies |x — xg] < § and f € B, then

b
IT(HE) — T(F)oxo)] = / [KGr y) = K (00 1) dy | < (b — a)e.

This shows that T (B) is equicontinuous at xg. Since xg is arbitrary, T (B) is equicontinuous
everywhere. Thus, T(B) is compact.

The preceding property is expressed simply by saying that T is a compact operator.
In general, an operator T: X — Y between two Banach spaces is said to be a compact
operator if T(B) is a compact subset of ¥ (where B is the open unit ball of X). ]

Our next example is borrowed from the theory of differential equations.

Example 28.5. Let C*{a, b] be the Banach space of Example 27. Consider C[a, b}
with the sup norm ||-|le0, and fix k functions pg, pi, ..., pt—1 in C[a, b]. Now, define
L:C*a, b] = Cla, b] by

L) =y + peo1y® ™V 4 1y’ + poy

foreachy € CHa, b].
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Clearly, L is a linear (differential) operator. On the other hand, if

M =1+ |pollec + I P1lloo + -+ + | Pr—1lloos

then it is easy to see that

1L loe < MUY Moo + 154 Dlloo + -+ + 1Y lloo + Iyl = Myl

holds. This shows that L is a bounded operator.
It is also interesting to observe that L is onto. This follows from the standard existence
theorem of solutions to an ordinary linear differential equation. : |

The bounded operators are precisely the continuous linear operators. The next
theorem clarifies the situation.

Theorem 28.6. Foralinear operator T: X — Y between two normed spaces,
the following statements are equivalent:

1. T is a bounded operator.

2. There exists a real number M > 0 such that | T (x)|| < M| x|| holds for all
xeX.

3. T is continuous at zero.

4. T is continuous.

Proof. (1) == (2) We have seen before that [T (x)]| < T ||-{lx]l holds for
all x € X. Thus, if T is a bounded operator, then (2) holds for any choice of the
real number M with M > ||T|.

(2) == (3) Clearly, lim||x,|| = O combined with the inequality ||T(x,)|l <
Mix,| implies lim]|T (x,)}j = 0. That is, T is continuous at zero.

3) = (4) The (uniform) continuity of T follows immediately from the iden-
tity |7 (x) — Tl = IIT (x — )|l and the simple fact that limx, = x holdsina
normed space if and only if lim(x, — x) = 0.

(4) = (1) Assume by way of contradiction that ||T || = co. Then there exists
a sequence {x,} of X with jlx,|| = 1 and ||T (x,)|| = n foreach n. Let y, = % for
each n, and note that || y,| = ,l, implies lim y, = 0. But then, by the continuity of
T, we must have lim T (y,) = 0, contrary to |7 (y,)|| = n~ YT (x)l = 1 foreach
n. Thus, |T|| < co holds, and the proof of the theorem is complete. B

Let X and Y be two normed spaces. Then the collection of all bounded linear
operators from X into Y will be denoted by L(X, Y). By Theorem 28.6, it follows
that L(X,Y) under the algebraic operations

(S+THx)=Sx)+T() and (@T)x)=al(x)
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is a vector space. In fact, L(X,Y) is a normed vector space under the operator
norm {|T|| = sup{||T (x)||: llx|| = 1}. The details follow.

Theorem 28.7. Let X andY be two normed spaces. Then L(X, Y ) is a normed
vector space. Moreover, if Y is a Banach space, then L(X,Y) is likewise a
Banach space.

Proof. We verify first that T > ||T'|| = sup{[|[T (*)}||: |lx|| = 1} is a norm on
L(X,Y). Clearly, from its definition [|T|| > 0 holds for all T € L(X,Y). Also,
the inequality ||T(x)|| < |IT|l-llx|| shows that |T] = 0 if and only if T = 0.
The proof of the identity T || = |a} - [T ]| is straightforward. For the triangle
inequality, let S, T € L(X,Y), and let x € X with ||x|| = 1. Then

1S + )N = I1SG) + T < IS+ 1T @I < ISIH+ 1T

holds, which shows that ||S-+T|| < ||S||+ T {l. Thus, L(X, ¥)is a normed vector
space.

Now, assume that ¥ is a Banach space. To complete the proof, we have to show
that L(X, Y) is a Banach space. To this end, let {T,} be a Cauchy sequence of
L(X, 7). From the inequality ||T,(x) — T ()| < [T — T - 12|}, it follows that
for each x € X, the sequence {T(x,)} of Y is Cauchy and thus convergent in Y.
Let T(x) = limT,(x) for each x € X, and note that T defines a linear operator
from X into Y. Since {T,} is a Cauchy sequence, there exists some M > 0 such
that || T, | < M for all n. But then, the inequality [|T,(oOl < [T, ll-lx]l < Mlix]l,
coupled with the continuity of the norm, shows that ||T'(x)|| < M |lx]| holds for all
x € X. Therefore, by Theorem 28.6, T € L(X, 7).

Finally, we show that lim T, = T holds in L(X, Y). Let € > 0. Choose k such
that ||T,, — Tl| < € forall n, m > k. Now, the relation

1T (x) — TGO < W T — Tall- x|l < €llx|l
for all n, m > k implies
IT(x) — T,(0)|| = mll_{rloo [T (x) = To(@)| < €llx]]

foralln > k and x € X. That is, we have ||[T — T,|| < € for all n > k, and
therefore, im 7T, = T holdsin L(X,Y). o

A subset A of L(X,Y) is said to be pointwise bounded if for every x € X the
subset {T'(x): T € A} of Y is norm bounded.
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If a subset A of L(X, Y) is norm bounded (i.e., if there exists some M > 0 such
that ||T || < M holds for each T € A), then in view of the relation

ITON < IT-Ixll < Milx]]

for each T € A, it follows that A is pointwise bounded. That is, every norm
bounded set of operators is pointwise bounded. The converse of this statement is
also true, provided that X is a Banach space. The result is known as “the principle
of uniform boundedeness,” or as “the Banach~Steinhaus theorem,” and it is a very
powerful theorem.

Theorem 28.8 (The Principle of Uniform Boundedness). Let X be a Ba-
nach space, and let Y be a normed space. Then a subset of L(X,Y) is norm
bounded if and only if it is pointwise bourded.

Proof. We already know that every norm bounded subset of L(X, Y) is point-
wise bounded. For the converse, let A € L(X, Y) be pointwise bounded.
Start by observing that for each n the set

Ey=xeX: T <nforall T € A}

is norm closed. Also, since A is pointwise bounded, it follows that X = Uiix E,
holds. In view of the completeness of X and Theorem 6.18, there exists some
k with (E;)° # @. Choose y € Ej and r > 0 such that |x — y|| < r implies
x e E;.

Now, let T € A, and let x € X with ||x]| = 1. Since [(y +rx) —y| = r, it
follows that y + rx € Ey, and so

TN =ITE =T +rx) =TI < IT( +rol + 1T < 2.

Thus, ||T(x)}| < 2kr~' = M holds for all x € X with ||x|| = 1, and therefore,
IT|| < M holds for all T € A. That is, A is a norm bounded subset of L(X,Y).
B

In applications, the next result is an often-utilized special case of the “Principle
of Uniform Boundedness.”

Corollary 28.9. Let X be a Banach space, Y a normed space, and (T} a
sequence of L(X, Y). If imT,(x) = T(x) holds for eachx € X, thenT isa
bounded operator.
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The hypothesis that X is a Banach space in Theorem 28.8 is essential. The next
example clarifies the situation.

Example 28.10. Consider the vector space X consisting of all (real) sequences whose
terms are eventually zero. Then X equipped with the sup norm is a normed space. On the
other hand, the reader can verify easily that X is not a Banach space. Now, for each  define
fu:X —> Rby

Falx) =Y kx
k=1

for each x = (x1,x2,...) in X. From | f(x)| < (22:1 lIxllco, it follows that {f,} ©
L(X,R). Moreover, lim f,(x) = }:,‘f‘;l kx;, holds for each x € X. (Observe that the series
has in fact a finite number of nonzero terms.) Thus, { f,;} is pointwise bounded. However, it
is easy to see that || /|| = n hold for each n, so that { f,;} is not a norm bounded sequence.
Hence, in general the Principle of Uniform Boundedness does not hold true if X is not
assumed to be complete. a2

Another useful variation of the Principle of Uniform Boundedness (which is also
due to S. Banach and H. Steinhaus) is known as the “Principle of Condensation of
Singularities,” and is stated next.

Theorem 28.11 (The Principle of Condensation of Singularities). Foreach
pair of natural numbers n and m, let Ty e X — Y be a bounded oper-
ator from a Banach space X to a normed space Y. If for each m we have
limsup, |T,,.m |l = oo, then the set

{x € X: limsup||T, ()|l = oo for each m

n—og

is a dense subset of X .

Proof. For every i, m, and k, let
Ak = {x € X: |Tp u{x)}| > k forsome p > n}.

Clearly, A, is an open set and we claim that it is also dense. We must show that
ifx € Xandr > 0,then B(x,r)N Ay # @. So,letx € X andr > 0.
By the Uniform Boundedness Principle there exists a vector xg such that

lim sup{| Tp m (x0)|l = oo.
p—-)-OO
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Pick some ¢ > 0 such that €¢|.xpl] < r. From

ellTp.m('\'O)H = “Tp,m(x + €xp) — Tp,m(—“)” = ”Tp,m(x + GXO)H + ”Tp,m(x)”y

it easily follows that either |7, (x)[| > & orelse || T »(x + €xp)ll > k for some
p > n. Thatis, either x € B(x,r) N Ayt or X + €xg € B(x, 1) N Ay Hence,
B(x, )N Ay # @, and so A, 1S an open dense set.

Now, notice that the Baire Category Theorem 6.17 guarantees that

m{Anmk: nomk=172,...}

is a dense set. Clearly, any point in this set satisfies lim sup,, | T, . (x){| = oo for
all m. |

Our next objective is to establish another important result of analysis known as
the “open mapping theorem.” It asserts that a surjective continuous linear operator
between two Banach spaces is an open mapping (in the sense that it carries open
sets onto open sets). To establish this result we need a lemma.

Lemma 28.12. Let X and Y be two Banach spaces, and letT: X — Y be an
onto continuous linear operator. If zero is an interior point of a subset A of X,
then zero is also an interior point of T (A).

Proof. LetV = {x € X: |x|| < 1}, and observe that 7V = {rx: x € V}is
the closed ball with center at zero and radius r. Since zero is assumed to be an
interior point of A, there exists some r > 0 with rV C A. By the linearity of T,
we must have T(rV) = rT (V) C T(A). Hence, to establish the result it suffices
to show that zero is an interior point of T (V).

Clearly, X = | Jo2, nV,andsince T isanonto linear operator, ¥ = | ;o nT(V)
also holds. By Theorem 6.18, there exists some k such that kT (V') has a nonempty
interior. Since kT (V) = kT (V), it follows that T (V) has an interior point. That is,
there exist some yg € T (V) and r > 0 such that B(yg, 2r) € T(V). Now,if y € Y
satisfies || y|| < 2r, then y — yg € T (V). Therefore,

y==y)+y eT(V)+TV)C2T V),

where the last inclusion follows easily from the identity V + V = 2V. That is,
{y eY: |yl <r} < T(V). By the linearity of T, it follows that

el iyl <r27}c27"T(V)=T@2™"V)

holds for each n.

Now, let y € Y be fixed such that ||y|| < r27'. Since y € T(2~'V), there exists
somex; € 27!V suchthat ||y —T(x))|| < 272 Now proceed inductively. Assume
that x, has been selected such that x, € 27"V and ||y — Y, T(x)ll < r27"" L
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Clearly, y — 3 _; T(x;) € T(27"~'V), and so there exists some X, 1 € 2-n=ly
with |y — Z;’:ll T(x)|| < r27"~2. Thus, a sequence {x,} is selected such that

lx.ll <27" and
Y= Tw) y—-T<in>
i=l i=1

hold for all n. Next, define s, = x1 -+ - -+ + x, for each », and note that

< ’.z—n——]

n+p n+p
Uy —sall = | D x| < D Il <27
i==n+1 i=n-+1

for all n and p shows that {s,} is a Cauchy sequence. Let x = lims, in X. Then
ixf < ZZ‘;I llx.ll <1 (i.e., x € V), and by the continuity and linearity of T, we

see that

n
T(x) = lim T(s;) = lim ;T(xi) =y.

Thatis,y € T(V),andso {y € Y: ||yll < 5} € T(V). The proof of the lemma is
now complete. H

The open mapping theorem is stated next. The result is due to S. Banach.

Theorem 28.13 (The Open Mapping Theorem). Let X and Y be two Ba-
nach spaces,and letT: X — Y be a bounded linear operator. If T is onto, then
T is an open mapping (and hence, if in addition T is one-to-one, then itis a
homeomorphism). '

Proof. Let O be an open subset of X, and let y € T(O). Pick a vector x € O
such that y = T(x), and note that y — T(0) = T'(x — @) holds. Now observe
that zero is an interior point of x — O, and hence, by Lemma 28.12, zero is also
an interior point of T'(x — ©) = y — T (O). This implies that y is an interior point
of T(O). Since y is arbitrary, T(0) is an open set, and the proof of the theorem is
complete. B

Consider two normed spaces X and Y. Then a norm can be defined on X x Y
by i¢x, Wi = x| +{[y]l. This norm is called the product norm. You should stop
and check that indeed this function satisfies the properties of a norm. Some other
(frequently used) norms equivalent to the product norm are

1Ge, Y = (el + iyl
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and

G, Y = max{flx]l, Iy1}.

It should be noted that lim(x,, y,) = (x, y) holds in X x Y with respect to the
product norm if and only if limx, = x in X and limy, = y in ¥ both hold.
Moreover, if both X and ¥ are Banach spaces, then X x ¥ with the product norm
is likewise a Banach space. Unless otherwise specified, the Cartesian product of
two normed spaces will be considered as a normed space under its product norm.

The next example illustrates an application of the open mapping theorem to
differential equations.

Example 28.14. Consider the differential equation
YO+ Pty D+ p1y + poy =4, m

where pg, p1, .- -, pe—1 and g are fixed continuous functions on a (finite) closed interval
[a, b]. If y is a solution of (1) and ¢ € [a, b], then the k real numbers y(c), Y, ...,
y%=1(c) are called the initial values of y at c. By the standard theorems of ordinary
differential equations, it is well known that given ¢ € [a, b] and & real numbers a1, ..., o,
there exists precisely one solution y of (1) having ay, ..., oy as its initial values at c, i.e.,
y satisfies y(c) = o1y, y'(c) = a2, ..., y*=D(c) = ay.

‘What we would like to demonstrate here (by using the open mapping theorem) is that the
solutions of (1) depend continuously on their initial values. That is, we would like to show
that “‘small perturbations” in the initial values cause “small perturbations” to the solutions.
To do this, we need to translate the problem to the framework of Banach spaces.

Consider the Banach space C*[a, b] of Example 27. Clearly, its norm

Iy = 1ylloo + 1 lloo + -+ + 1y ® oo

controls the “sizes” of the functions and their derivatives. Also, consider the bounded linear
operator L: Ck[a. b] = Cla, b] of Example 28; that is,

L) = YO + pee1y® D+ -+ p1y’ + poy.
Now, fix some ¢ € {a, b] and define T: C*la, b] — Cla, b] x R* by
T(») = (L), y(©), Y@, ... y* )

foreachy € C K[a, b]. Then it is easy to check that T is linear and continuous. On the
other hand, the existence and uniqueness of the solutions of (1) with prescribed initial
values guarantees that T is one-to-one and onto. Thus, by the open mapping theorem, T-!
(which exists and is linear) must be continuous.
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The continuity of T—! means that given € > 0 there exists some § > 0 such that
NT-Yf x) — T-1(g, 2)|| < € if (f,x) and (g, z) in Cla, b] x R¥ satisfy | f — glloo +
lx — zlloo < 8. Translating this statement back to the differential equation (1), we get the
following: Suppose that y; and y; are two solutions of (1) satisfying the initial conditions

e =a, BO=an ..., W)=
and
y200) = B1. W) =Ba -..n YD) = Br.

If |y — Bi| < & holdsforeach i = 1,...,k, then

(o k1
131 = y2lloo + 1Y} = Yylloo 4 -+ + Iy = 3¢ Vg < e

That is, the solutions of the differential equation (1) depend continuously on their initial
. values. |

Recall that if T: X — Y is a function, then the subset G = {(x, T(x)): x € X}
of X x Y is called the graph of T. Now, if X and Y are vector spaces and T is a
linear operator, then G is a vector subspace of X x Y. Moreover, if T is a bounded
operator, then it is a routine matter to verify that G is a closed subspace of X xY.
The converse of this last statement is true for Banach spaces. The result is known
as “the closed graph theorem,” and it has numerous applications in analysis.

Theorem 28.15 (The Closed Graph Theorem). Ler X andY be rwo Banach
spaces, and let T: X — Y be a linear operator. If the graph of T is a closed
subspace of X x Y, then T is a bounded operator.

Proof. Since the graph G of T is a closed subspace of the Banach space
X x Y, it is a Banach space in its own right. The function (x, T(x)) +> x is a
linear operator from G onto X that is clearly one-to-one and bounded. (It is bounded
because ||xf < lxf + 7)) = II(x, T(x)].) By the open mapping theorem,
(x, T(x)) + x is a homeomorphism. That is, x + (x, T(x)) is a continuous
function from X onto G. Now, observe that (x, T(x)) — T(x) is continuous.
Therefore, x +— T(x) from X into Y is continuous since it is a composition of
two continuous functions, and the proof of the theorem is complete. m

EXERCISES

1. Let X and Y be two Banach spaces and let T: X — Y be a bounded linear operator.
Show that either T is onto or else T'(X') is a meager set.
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2. Let X be a Banach space, T: X — X a bounded operator, and / the identity operator
on X.If |T|| < 1, then show that / — T is invertible.
[HINT: Show that (/ — T)~! = Y 02,T".]

3. OnCI0, 1] consider the two norms

1
I fllzo = sup{lf(x)l: x € [0, 1]} and [Iflh =/0 [f(x)ldx.

Then show that the identity operator 7:(C[0, 1], ||-leo) = (C[0, 11, II-ll1) is continu-
ous, onto, but not open. Why doesn’t this contradict the open mapping theorem?

4. Let X be the vector space of all real-valued functions on {0, 1] that have continuous
derivatives with the sup norm. Also, let Y = C[0, 1] with the sup norm. Define the
mapping D: X — Y by D(f) = f'.

a. Show that D is an unbounded linear operator.
b. Show that D has a closed graph.
c. Why doesn’t the conclusion in (b) contradict the closed graph theorem?

5. Consider the mapping T:C[0, 1] — CI[0, 1] defined by T f(x) =x2f(x)forall f €
C[0, 1] and each x € [0, 1].

a. Show that T is a bounded linear operator.
b. If I:C[0.1] — CI[0, 1] denotes the identity operator (i.e., [{f) = f for each
f € C[0, 1), then show that ||/ + T} =1+ |IT|.

6. Let X be a vector space which is complete in each of the two norms ||-|; and ||-[l2. If
there exists a real number M > 0 such that |[x]|; < M||x]|2 holds for all x € X, then
show that the two norms must be equivalent.

7. LetX,Y,and Z be three Banach spaces. Assume that T: X — Y is a linear operator
and §:Y — Z is a bounded, one-to-one linear operator. Show that T is a bounded
operator if and only if the composite linear operator S o T (from X into Z) is bounded.
[HINT: Use the closed graph theorem.]

8. Anoperator P:V — V on a vector space is said to be a projection if P? = P holds.
Also, a closed vector subspace ¥ of a Banach space is said to be complemented if
there exists another closed subspace Z of X suchthatY @ Z = X.

Show that a closed subspace of a Banach space is complemented if and only if it is
the range of a continuous projection.
[HINT: Use the closed graph theorem.]

29. LINEAR FUNCTIONALS

In this section, we shall discuss the basic properties of continuous linear function-
als. Recall that a linear operator f:X — IR, where X is a vector space, is called
a linear functional on X.

One of our objectives is to show that for every normed vector space X there are
enough bounded linear functionals to separate the points of X . That is, for every
pair of distinct vectors x and y of X, there exists a bounded linear functional on X
such that f(x) % f(). This result (as well as many others) rests upon a classical
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result known as the “Hahn-Banach theorem,” which is one of the cornerstones of
modern analysis. We shall discuss this theorem next.

A mapping p: X — IR, where X is a vector space, is called a sublinear map-
ping if it satisfies the following two properties:

a. p(x+y) < p(x)+ p@y) forall x,y € X; and
b. plax)=ap(x) forallx € X anda = 0.

The crux of the proof of the Hahn-Banach theorem lies in the following lemma:

Lemma 29.1. Let p be a sublinear mapping on a vector space X, Y a vector
subspace of X, and xo ¢ Y. If f is a linear functional on Y such that f(x) <
p(x) holdsforall x €Y, then f can be extended to a linear functional g on the
vector subspace Z generated by Y and xq satisfying g(x) < p(x) forallx € Z.

Proof. Clearly, Z = {x +axp: x € ¥ and a € R}. Assume that g is a linear
functional on Z that agrees with f onY. Then g(x +axo) = f(x)+ og(xo) holds
forall x € Y and o € R, and so g is determined uniquely by the value g(xo). Let
¢ = g(xp). Thus, every real number c givesrisetoa linear functional on Z that agrees
with f on Y. Our objective is to show that there exists some value of ¢ such that

f(x) +ac < px + axo) =)
holds forall x € Y and @ € R. Fora > 0 and x € Y, the inequality (x) is equiva-
lentto ¢ < p(a~'x +x0) — f(e~'x)and to — f(a™'x) — p(—a~'x —xg) < ¢ for

x €Y and @ < 0. Certainly, these inequalities [and hence, (x)] will be satisfied by
a choice of ¢ for which

—f(x) = p(—=x — x0) < ¢ < p(x + xp) — f(x) (%)

holds forallx € Y.
If x, y € Y, then the relations

fO) = fx) = f(y—x) < p(y —x) = p(y + xo + (=x — x0))
p(y + xp) + p(—x — Xo)

IA

show that —f(x) — p(—x — x0) < p(y + xo0) — f(¥) holds for all x,y € Y.
Consequently, if

s = sup{—f(x)— p(=x—xo): x € Y} and ¢ =inf{p(y+x0)—f(»):y €T}
then s and t are both real numbers and s < f. But then any real number ¢ such

that s < ¢ < ¢ satisfies (*%), and hence, (¥). This completes the proof of the
lemma. ]
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The classical Hahn-Banach theorem is stated next. This theorem is the heart of
modern analysis, and it has far-reaching applications.

Theorem 29.2 (Hahn-Banach). Let p be a sublinear mapping on a vector
space X, and let Y be a vector subspace of X. If f is a linear functional on' Y
such that f(x) < p(x) holds for allx € Y, then f can be extended to a linear
functional g on all of X satisfying g(x) < p(x) for every x € X.

Proof. LetC be the collection of all pairs (g, Z) such that Z is a vector subspace
of X containing Y and g is a linear functional on Z satisfying g(x) = f(x) for
all x € Y and g(x) < p(x) for all x € Z. The collection C is nonempty since
(f,Y) e C. Define an order relation on C as follows: (g2, Z2) > (g1, Z;) whenever
Zy € Z; and go(x) = g\(x) forall x € Z,. It is easy to verify that > is indeed an
order relation on C.

Now, consider a chain {(g;, Z;): i € I} of C (i.e., for every pair i, j € [ either
(8i.Zi) = (gj, Z;)or (g, Z;) = (g;, Z;) holds). Let Z = UiE,Z,-, and note that
Z is a vector subspace of X. Now, define g: Z — R by letting g(x) = g;(x) if
x € Z;. Since {(g;, Z;): i € I} is a chain, the value of g(x) is independent of the
chosen index i. Clearly, g is a linear functional. In addition, g(x) = f(x) holds
forall x € Y, and g(x) < p(x) foreach x € Z. Thus, (g, Z) € C, and clearly,
(g,Z) = (gi, Z;) holds for all i € I. Therefore, every chain of C has an upper
bound in C. By Zorn’s lemma, C has a maximal element, say (g, Z).

To complete the proof, it suffices to show that Z = X. Indeed, if Z # X, then
there exists some xg € X with xg ¢ Z. Let M be the vector subspace generated
by Z and xy. By Lemma 29.1, there exists a linear functional 4 on M such that
h(x) = g(x)forallx € Z and i(x) < p(x)forallx € M.Butthen (4, M) € C,and
(h, M) = (g, Z) holds with (h, M) # (g, Z), contrary to the maximality property
of (g, Z). Hence, Z = X holds, and the proof of the theorem is complete. B

The next three theorems are applications of the Hahn-Banach theorem. The
first result tells us that a continuous linear functional defined on a subspace can be
extended to a continuous linear functional on the whole space with preservation
of its original norm.

Theorem 29.3. Let Y be a vector subspace of a normed space X, and let f
be a continuous linear functional onY . Then f can be extended to a continuous
linear functional g on X such that ||g|| = || 1l

Proof. Let)|f{l =sup{|f(y)l:y €Y and ||y]] <1} < co.Definep: X - R
by p(x) = || f||-|lx|] for each x € X. Note that p is a sublinear mapping on X
such that f(x) < p(x) holds for all x € Y. By the Hahn—-Banach theorem there
exists a linear extension g of f to all of X such that g(x) < p(x) holds for all
x € X. This implies |g(x)| < || flI-Ilx|| forall x € X, and so ||g]| < || fl- On the
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other hand,
1Al = sup{lf(M|: y €Y and |yl =1}
< sup{{g()|: x € X and [lx|| <1}
= ligll
also holds, so that ||g|| = || f |- Thus, g is a desired extension of f toallof X. ®©

For a normed space X, the Banach space L(X,R) is called the norm dual
of X and is denoted by X*. That is, X* consists of all functions f: X — IR that
are both linear and continuous. The members of X* are called the continuous
linear functionals on X. The norm dual X* plays an important role in the theory
of Banach spaces, and part of this theory deals with the properties and structure
of X*.

The vectors of a normed vector space are always separated by its continuous
linear functionals.

Theorem 29.4. If x is a vector in some normed space X, then there exists a
continuous linear functional f on X such that | f|| = 1 and f(x) = ||x||. In
particular, X* separates the points of X.

Proof. Ifx = 0,thenany f € X* with || f|| = 1 satisfies f(x) = ||x||. (When
X {0}, Theorem 29.3 guarantees X* 3 {0}.) Thus, assume x 5 0.

LetY = {ax: a € R}, the vector subspace generated by x. Then, the formula
g(ax) = a||x|| defines a continuous linear functional on Y such that ||g|| = 1 and
g(x) = ||x||. By Theorem 29.3, there exists a continuous linear extension f of g
to all of X with || || = |igll = 1. Clearly, f(x) = |jx||, as desired.

To see that X* separates the points of X, let x,y € X with x ¢ y. By the
preceding, there exists some f € X* such that f(x) — f(y) = f(x —y) =
flx — | s 0. Hence, f(x) # f(y) holds, and the proof is complete. "

A vector always can be separated from a closed subspace that does not contain
it by a continuous linear functional. The details are included in the next result.

Theorem 29.5. LetY be a vector subspace of a normed vector space X, and
let xo ¢ Y. Then there exists some f.€ X* such that f(x) =0 forallx € Y
and f(xg) = 1.

Proof. Since xq ¢ Y, there exists some r > 0 such that ||x —xo|| > r holds for
allx eY.letZ = {x +axp: x €Y and « € R}, the vector subspace generated
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by Y and xp. Now, define f:Z — R by f(x + axp) = a. Then f is a linear
functional and ’

rlfCe+axo)l =rlal < lal - lla™"x +xoll = b + ool

holds for all x € ¥ and & € R. It follows that f is a continuous linear functional
on 7 whose norm does not exceed r~'. Also, f(x) == 0 holds for each x € ¥ and
f(xo) = 1. Now, apply Theorem 29.3 to extend f to a continuous linear functional
on X. B

Let X be a normed space. As we have seen in Theorem 28.7, the norm dual X™*
[= L(X,R)] of X is always a Banach space. In particular, the norm dual (X*)*
of X* is likewise a Banach space. This Banach space is called the second dual of
X and is denoted by X**. That is, X** = (X*)*.

Every vector x € X gives rise to a continuous linear functional £ on X* via the
formula

)= fl0)
forall f € X*. Indeed, clearly, X is linear on X*, and the inequality

RO = 1FC = NIl = Tl 1A

shows that £ € X** and ||%]] < ||x]l. On the other hand, by Theorem 29.4 there
exists some f € X* with || f]l = I and f(x) = [lx||. Thus, |x]| = f) =
12(f)] < lI2]l, and so || ]| = |lx|| holds forall x € X.

The mapping x + £ (from X into X**) is called the natural embedding of
X into its second dual X**. Summarizing the previous, we have the following
theorem: '

Theorem 29.6. The natural embedding x — % of a normed space X into its
second dual X** is a norm preserving linear operator (and hence, X can be
considered as a subspace of X**).

A linear operator T: X — Y between normed spaces that satisfies Tl =
llx|| forall x € X is called a linear isometry. In this terminology the preceding
theorem can be phrased as follows: The natural embedding x + % is a linear
isometry.

In general, x +> £ is not surjective, and hence, X (when embedded in X**) is,
in general, a proper subspace of X**. If X is not a Banach space, then x >
cannot be onto, simply because X** is a Banach space. If the natural embedding
of a Banach space X into its second dual X ** is onto, then X is called a reflexive
Banach space, and this is denoted by X**=X. The properties of the natural
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embedding of X into its second dual X** are utilized in many applications, some
of which are illustrated below.

If Y is a vector subspace of a normed space X, then it is easy to see that its
closure Y is also a vector subspace (why?). In particular, if X is a Banach space,
then Y is the completion of Y. These observations will be used in the proof of the
next theorem.

Theorem 29.7. The completion of a normed space is a Banach space.

Proof. Let X be a normed space. Consider X embedded in X** by its natural
embedding. Then X** isa Banach space and induces on X its original norm. Thus,
X is the completion of X, which is likewise a Banach space. [

The nextresult can be viewed as a “dual” of the Uniform Boundedness Principle.

Theorem 29.8. Let A be asubset of a normed space X suchthat { f(x): x € A}
is a bounded subset of R for each f € X*. Then A is a norm bounded subset
of X.

Proof. Consider X embedded in X**. Then A as a subset of X** is pointwise
bounded on the Banach space X*. Thus, by the Principle of Uniform Boundedness
(Theorem 28.8), A is norm bounded in X**. It follows that A is also norm bounded
in X, and the proof is finished. -]

EXERCISES

1. Let f: X — R be alinear functional defined on a vector space X. The kernel of f is
the vector subspace

Ker f = f~1({0) = (x € X: f(x)=0).

If X is a normed space and f:X — IR is nonzero linear functional, establish the
following:

a. f is continuous if and only if its kernel is a closed subspace of X.
b. f isdiscontinuous if and only if its kernel is dense in X.

2. Show that a linear functional f on a normed space X is discontinuous if and only if
for eacha € X and eachr > 0 we have

fBa,r)={f(): lla—x|<r}=R.

3. Letf fi, f2...., fn belinear functionals defined on a common vector space X . Show
that there exist constants Ay, ..., A, satisfying f = 3./ A fi (ie., f lies in the
linear span of fi ..., fy) if and only if (i Ker f; € Ker f.

4. Prove the converse of Theorem 28.7. That is, show that if X and ¥ are (nontrivial)
normed spaces and L(X, Y) is a Banach space, then Y is a Banach space.
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[HINT: Let {y,} be a Cauchy sequence of Y. Pick f € X* with f # 0, and then
consider the sequence {7} of L(X, Y) defined by T,(x) = f(x)y,.]

5. The Banach space B(IN) is denoted by £.,. That is, £ is the Banach space consisting
of all bounded sequences with the sup norm. Consider the collections of vectors

co = {¥ = (x1,x2,x3,...) € €oo: Xy — 0}, and
¢ = {x=(x),x2,x3,...) € Lo limx, existsin R}.

Show that cg and ¢ are both closed vector subspaces of £«,.
6. Let ¢ denote the vector subspace of €. consisting of all convergent sequences (see
Exercise 5 above). Define the limit functional L: ¢ — R by

L(x) = L(xy,x2,...) = nl-iyngo Xn,

and p:fee — R by p(x) = plxy, xp,...) = limsup.x,.

a. Show that L is a continuous linear functional, where ¢ is assumed equipped with
the sup norm.
Show that p is sublinear and that L(x) = p(x) holds for each x € c.

c. By the Hahn-Banach Theorem 29.2 there exists a linear extension of L to all of
£ (which we shall denote by L again) satisfying L(x) < p(x) forall x € .
Establish the following properties of the extension L:

i. Foreach.x € £, we have
liminfx, < L(x) < limsup.x,.
n—>00 )

ii. L isa positive linear functional, i.e., x > 0 implies L(x) > 0.
iii. L is a continuous linear functional (and in fact ||L]| = 1).

7. Generalize Exercise 6 above as follows. Show that there exists a linear functional
Lim: Lo — R satisfying the following properties:

a. Lim is a positive linear functional of norm one.
b. Foreachx = (xy, x3,...) € s, we have

S 1 1 o 1 SRR S 4 . . X+ x4+ x
lim jnf 2T < Lim(x) < lim sup LI S
n—>00 n n->00 n
In particular, Lim is an extension of the limit functional L.
c¢. Foreach.x = (xy, x2,...) € £, we have

Lim(xy, X2, x3,...) = Lim(x3, X3, X4, .. .).

Any such linear functional Lim is called a Banach-Mazur? limit.
[HINT: Define p: £60 — Rby p(x) = lim sup ¥1=2+%% and note that p is sublinear
satisfying L(x) = p(x) forall x € c.]

8. Let X be a normed vector space. Show that if X* is separable (in the sense that it
contains a countable dense subset), then X is also separable.

3Stanislaw Mazur (1905-1981), a Polish mathematician and a close collaborator of Stefan Banach,
He made important contributions to functional analysis and probability theory.
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[HINT: Let { f1, f2, ...} be a countable dense subset of X*. For each n choose x,, € X
with [lx,}] = 1 and | fy(x)| = %Il Jull, and let Y be the closed subspace generated by
{x1,x2,...}. Use Theorem 29.5 to show that ¥ = X.]

9. Show that a Banach space X is reflexive if and only if X* is reflexive.
[HINT: If X # X**, then by Theorem 29.5 there exists a nonzero F € X*** such that
F(x)=0forallx € X.] ’

10. This problem describes the adjoint of a bounded operator. If 7: X — Y is a bounded
operator between two normed spaces, then its adjoint is the operator T*: Y* — X*
defined by (T* f)(x) = f(Tx) forall f e Y*andallx € X.(Writing h(x) = (x, k),
the definition of the adjoint operator is written in “duality” notation as

(Tx, f} = {x,T*f)
forall feY*andallx € X.)

a. Show that T*:Y* — X* is a well-defined bounded linear operator whose norm

coincides with that of T, i.e., [[T*|| = [|T].
b. Fix some g € X* and some u € Y and define S: X — Y by S(x) = g(x)u. Show
that S is a bounded linear operator satisfying | S|| = |lg]|- [l«]{. (Any such operator

S is called a rank-one operator.)

¢. Describe the adjoint of the operator S defined in the preceding part (b).

d. Let A = [a;;] be an m % n matrix with real entries. As usual, we consider the
adjoint operator A* as a (bounded) linear operator from R" to R™. Describe A*.

30. BANACH LATTICES

As we have seen, both the continuous functions and the measurable functions have
a natural ordering under which they are lattices. For this reason, it is important to
consider Banach spaces that are also lattices. Let us begin by reviewing a few of
the basic facts that will be needed about vector lattices from Section 9.

A partially ordered vector space is a real vector space X equipped with an
order relation > that is compatible with the algebraic structure as follows:

1. If x>y, then x+z>y+z holdsforallz € X.
2. If x = y, then ax > ay holds for all & > 0.

The set X* = {x € X: x > 0} is called the positive cone of X, and its members
are called the positive vectors of X. Clearly, the sum of two positive vecters is
again a positive vector.

A partially ordered vector space X is called a vector lattice (or a Riesz* space)
if for every pair of vectors x, y € X both_sup{x, y} and inf{x, y} exist. As usual,
sup{x, y}isdenoted by x vy and inf{x, y} by x A y. Thatis, x vV y = sup{x, y)
and x A y = inf{x, y}.

4Frigyes (Frédéric) Riesz (1880-1956), a distinguished Hungarian mathematician. His name is
closely associated with the development of functional analysis in the first half of the twentieth century.
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In a vector lattice, the positive part, the negative part, and the absolute value
of a vector x are defined by

xF=xv0, x =(—x)Vv0, and jx|=uxV(-x),
respectively. By Theorem 9.1 the following identities hold:
y=xt—x" and |x|=xT+x".
A number of useful inequalities are stated in the next theorem.

Theorem 30.1. If x,y, and z are vectors in a vector lattice, then the following
inequalities hold:

Lo e+ yl< el + 1yl

2. =yl = e = yhs

3. et —yFl Sl -yl

4, |xvz—yvz <=yl

5. lxAaz—ynzl<lx—yl

Proof. (1) From x < |x| and y < |y|, it follows that x +y < |x| + |yl
Similarly, —(x + ¥) < |x| + |y| holds, and thus

K4yl =+ V=@ 4+ 9] < -+l

(2) By (1) we see that |x| = [x—y+y| < [x—y|+|yl,andso |x|—|y| < |x =yl
Similarly, |y} — x| < |x — y|, and hence, ||x| — ||| < |x — yl.

(3) Note that x* = %(x + |x|). Then to establish the required inequality, use (1)
and (2) as follows:

1 1 1
=y S+ - F0+ b} = 5lr =)+ (Ixt = 1yDI

< he =yl 3l = D1l < b = .
(4) Note that
XVzZ—yVz= [(x—2)VO+z]=[(y—2)VO+zl=(x —2)" = (y —2)*
holds. (See the identities in Section 9 before Theorem 9.1.) Thus, by (3) we have

kvz—yvil=la - =0 - Sl -2 = (=D =l =)l
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S)Sincex Az = ~[(—x)V(—z)]and yAz = 4[(~y) V (—z)], it follows from
(4) that

xAz=ynzl == V(=) = (=) V(=2)| < |-y —(=x)|=|x =y,
and the proof of the theorem is complete. B

Let X be a vector lattice. A subset A of X is called order bounded if there exists
an element y € X such that |x| < y holds for all x € A. A linear functional on
X is said to be order bounded if it carries order bounded subsets of X onto order
bounded subsets of IR. That is, a linear functional f: X — IR is order bounded if
for every y € X there exists some M > 0 such that | f(x)| < M holds for all
x € X with |x| < y.

A linear functional f on X is called positive if f(x) > Oholds foreachx € X+.
Clearly, every positive linear functional is order bounded. As we shall see in the

Tnm wrreedtbane moon o
next theorem, every order bounded linear functional can be written as a difference

of two positive linear functionals.

The collection of all order bounded linear functionals on a vector lattice X is
denoted by X™ and is called the order dual of X. Obviously, X™ (under the usual
algebraic operations) is a vector space. Moreover, if we define f > g whenever
f(x) = g(x) holds for all x € X, then it is easy to see that X~ equipped with >
is a partially ordered vector space. In actuality, X~ is a vector lattice, as the next
result of F. Riesz shows.

Theorem 30.2 (F. Riesz). If X is a vector lattice, then its order dual X~ is
likewise a vector lattice. Moreover,

Frx) = sup{f(3): 0 <y < x),
FT@) =sup{—=f(»): 0<y<ux}, and
| F1(x) = sup{f(y): |yl <x}

hold for each f € X~ and all x € X,

Proof. In view of the identities

fve=(f-gt+g and fAag=-[(-f)V(-gl

we establish that X™ is a vector lattice by proving that f+ exists foreach f € X™.
To this end, let f € X™. Define g: X* — R by

g(x) =sup{f(y): 0 <y < x}
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for each x € X¥. The supremum is finite since f is order bounded. Clearly,
g{x) =0, g(x) = f(x), and g(ax) = ag(x) hold forall x € XTanda > 0.

We claim that g(x + y) = g(x) + g(») holds for all x, y € X*. To see this, let
x,ye X" . Huandvsatisfy0 <u <xand0O<v<ythenO<su+v=<x+y
holds, and so f(u) + f(v) = f(u+v) < g(x -+ y); consequently, g{x) + g(y) <
g(x + ). On the other hand, if 0 <z < x + y,thenletu =x Az,v =z —u, and
note (by using the identities in Section 9 before Theorem 9.1) that

O<v=c—xAz=z+(=x)V(-2)=(EZ—-x)v0<yvO=y.
Therefore, 0 < # < v and 0 < v < y. This implies
FE) = flu+v)= f)+ fv) < glx)+ g0y,

from which it follows that g(x -+ y) < g(x)+g(y). Thatis, g(x +y) = g(x)+g(y).

Now, for arbitrary x € X define g(x) = g(x*) — g(x7). Note that if x = u — v
with i, v positive, thenx*+v = u+4x~,and so g(x M) +g(w) = g(u)+g(x~) holds
by the additivity of g on X*. Therefore, g(x) = gx™)y — g(x™) = gu) — g(v),
and so the value of g(x) does not depend upon the particular representation of x
as a difference of two positive vectors. The preceding observation, combined with
glx +y) = gx)+g(y), and g(ax) = ag(x) forallx, y € X*and e > 0, implies
that g is a linear functional on X.

Finally, we show that g = f * holds in X™. Indeed, if & is another positive
linear functional satisfying f < h, then since f(y) < A(y) < h(x) holds for all
0 <y < x, it follows that g(x) < h(x) for each x € X*. Therefore, g is the least
upper bound of f and zero. That is, g = f* holds in X~. This shows that X" is
a vector lattice and that f*(x) = sup{f(y): 0 < y < x} holds.

The formula for £~ follows from f~ = (— f)7, and the formula for the absolute
value follows from |f] = f*+ f~. =}

The formula | £{(jx|) = sup{f(y): ly| < |x|} implies the following useful in-
equality

LFOOl < 1F1CxD,
forall f €e X~ andallx € X.

In view of the identity f V g = (f — g)* + g and Theorem 30.2, the following
identities hold:

fvex)=sup{f(y)+glx—y):0=<y=x}
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and

FAgl)=inf{f(y)+g(x —y): 0<y <x}

forall f,ge X~ andx € X+.
Sometimes it is important to know that the “dual” formulas of Theorem 30.2
are also true. More precisely we have the following:

Theorem 30.3. Let X be a vector lattice, and let f be a positive linear func‘—
tional. Then for every x € X the following identities hold:

fOF) = sup{g(x): ge X~ and 0 < g < f),
F&x7) =sup{—g(x): ge X" and 0<g < f}, and
f(lx]) = sup{g(x): g € X~ and |g| < f}.

Proof. We establish the formula for f(x*+). Note first that if 0 < g < f holds,
then g(x) < g(x*) < f(x¥), and so sup{g(x): g € X~ and 0<g < f} < F(xH).

For the reverse inequality consider the function p: X — R defined by plu) =
f@u™). It is easy to see that p is a sublinear mapping on X such that p(u) > 0
holds for each u € X. Now, let Y = {ax: « € R}, and define h:¥Y — R by
h(ax) = af(x*). Obviously, h(u) < p(u) holds for all u € Y, and so, by the
Hahn-Banach Theorem 29.2, h can be extended linearly to all of X so as to
preserve the inequality 7i(u) < p(u) for all u € X. Next, observe that if u > 0,
then h(u) < p(u) = f(u™) = f(u) holds, and moreover, —h(u) = h(—u) <
p(—u) = f((~u)*) = f(0) = 0. Thatis, 0 < 4 < f holds. Therefore, f(x*+) =
h(x) <sup{g(x): ge X" and 0 < g < £}, so that

fGT)=supfg(x): g€ X~ and 0 < g < f).

The other two formulas now follow easily from the relations F&™)y = f((=x)*)

and f(lx]) = f&*) + fx). B

A norm ||-|| on a vector lattice X is said to be a lattice norm whenever x| < |y]
in X implies ||x{l < |l¥{l. A normed vector lattice is a vector lattice equipped
with a lattice norm. If a normed vector lattice X is complete, then X is referred to
as a Banach lattice.

Let X be anormed vector lattice. Then it should be clear that Ix1l = llix]l holds
for all x € X. Also, in view of Theorem 30.1, the following inequalities are valid
forallx,y € X:

I =y* < lx =yl and | lx| =yl < lx = y].
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In particular, they imply that the mappings x +> x* and x > |x| (both from X
into X) are uniformly continuous.

It is interesting to observe that most of the normed spaces one encounters in
analysis are normed lattices or Banach lattices. Some examples follow.

Example 30.4. Let X be a nonempty set. The collection of all real-valued bounded func-
tions defined on X is denoted by B(X). Then B(X) is a vector lattice (in fact a function
space) under the ordering f > g whenever f(x) > g{(x) holds for all x € X. Also, under

the sup norm |} f fleo = sup{] F (x)I: x € X}, the vector lattice B(X) is a Banach lattice. See
Example 6.12. B

Example 30.5. Let X be a topological space. Denote (as usual) by C(X) the vector space
of all continuous real-valued functions on X that have compact support. In other words,
f € C(X) belongs to C(X) if and only if the set {x € X: f(x) # 0} has compact closure.
(When X is compact, C(X) = C(X).) Then C.(X) under the pointwise ordering (i.e.,
f = gif f(x) = g(x) forall x € X), and the sup norm is a normed vector lattice. ]

Example 30.6. Consider C[0, 1] with the pointwise ordering, and define a norm by || fli=

j‘oI 1 f(x)ldx. Then C[0, 1] under this norm is a normed vector lattice, but not a Banach
lattice. ]

Example 30.7. Let £; denote the vector space of all (real) sequences x = (x1,x2,...)
suchthat 3"5° | x,| < co. With the pointwise algebraic and lattice operations £; is a function
space. Under the norm [lx|| = Z?,';I |xu], the vector lattice £; becomes a Banach lattice
(see Example 27.3). B

A vector subspace Y of a vector lattice X is called a vector sublattice of X if
for every pair x and y of Y, the elements x V y and x A y belong to Y. That is, ¥
is a vector sublattice of X if it is closed under the lattice operations of X. A vector
subspace V of a vector lattice X is said to be an ideal whenever |x| < |y} and
y € V imply x € V. In view of the identity x V y = Lx +y+|x — yl), it follows
that every ideal is a vector sublattice. )

Let X be a normed vector lattice and let A be an order-bounded subset of X. Pick
some y € X suchthat |x| < y foreachx € A, and consequently, ||x I < |yl holds
for all x € A. That is, every order-bounded set is norm bounded. It follows from
this that every continuous linear functional on X carries order-bounded subsets
of X onto bounded subsets of IR. In other words, the norm dual X™* is a vector
subspace of the order dual X ™. The next result shows that X* is, in actuality, an
ideal of X™.

Theorem 30.8. The norm dual X* of a normed vector lattice X is an ideal of
the order dual X~ (and hence, X* is a vector lattice in its own right).

Proof. Assume |f] < |g| holds in X~ with g € X" and f € X™. We must
show that f € X*.
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letx € X satisfy “_xll = 1. Then for every y € X with Iyl < |—xl we have
Iyl < llx]l = 1. Therefore,

O = 1F10xD < Igl(x]) = sup{g(y): Iyl < Ix]} < ligl,

where the equality in the middle holds by virtue of Theorem 30.2. This shows that
feX*and | fll < llgll ]

The preceding arguments also show that for a normed vectorlattice X the relation
|f] < lglin X* implies || f|| < | g|l. That is, X* is a normed vector lattice. Since
X* is in addition a Banach space (Theorem 28.7), the following result should be
immediate.

Theorem 30.9. The norm dual of a normed vector lattice is a Banach lattice.

If X is a normed vector lattice, then Theorem 30.8 shows that X* C X~ holds.
However, the norm dual of a Banach lattice always coincides wi;h its order dual.

Theorem 30.10. If X is a Banach lattice, then X* = X~ holds.

Proof. Let f € X™. Assume by way of contradiction that f is not continuous.
That is, assume that || ff = sup{|f(x)|: lx]l = 1} = oo. Then there exists a
sequence of vectors {x,} such that ||x,| = 1 and | f(x,)| = n* for all n.

Let y, = 3 j_;k"%|x;|. Then

n+p n+p

-2, ,—2
Waep =yl = | D k2l | = Y &
k=n-+1 k=n+1

holds for all n and p, and hence, {y,} is a Cauchy sequence of X. Since X is
complete, there exists some y € X with limy, = y.

Clearly, 0 < y, < Yu41, and we claim that 0 < y, < y holds for each n.
Indeed, note first that the inequalities

0= On=Y7" =2 Ontp=9" <yusp—yl imply 1w =" < 1Ynsp—ll
for all n and p. Therefore, 0 < ||(y, — y)¥| < im0l Yusp — ¥Il = 0, and so
(ya — y)* = O holds for each n. But then, y, — y < (y, — V0=, -yt =0

implies 0 < y, < y forall n. )
Now, since n~2[x,| < y, <y, it follows that

n <02 fa)l < n 2 F D) < 1F10w) < 1 FI) < oo

for each n, which is impossible. Thus, f is continuous, and so X* = X™. |
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Let X be a normed vector lattice, and let ¥ be a vector sublattice of X. We
already know that Y is a vector subspace of X, and in view of the continuity of
x > xT, it is easy to see that Y is a vector sublattice of X.

We also know that the natural embedding x +> % of a normed space into its
second dual is linear and norm preserving. If X is a normed vector lattice, then
¥ > % is in addition lattice preserving. Indeed, for x € X and 0 < f e X*,
Theorems 30.2 and 30.3 applied consecutively in connection with the fact that X*
is an ideal of X~ give

®)F(f) = sup{i(g): g€ X* and 0 < g < f})
= sup{g(x): g€ X* and 0 < g < f}
sup{g(x): g€ X~ and 0 < g < f}

= f(xT) = XF()).

I

That is, (1) = *F holds for each x € X, and this shows that x > £ preserves
the lattice operations. Thus, X “sits” in X** with its norm, algebraic, and lattice
structures preserved. Since the closure of X in the Banach lattice X** is the com-
pletion of X, it follows from the preceding that the completion of X is a Banach
lattice. Summarizing, we have the following resuit:

Theorem 30.11.  The completion of a normed vector lattice is a Banach lattice.

A linear isometry T: X — Y between two normed vector lattices that satisfies
T(xVvy)=T(x)VvT(y) forallx,y € X iscalleda lattice isometry. Two normed
vector lattices X and Y are said to be isomorphic if there exists a lattice isometry
from X onto Y. In other words, X and Y are isomorphic if there exists a mapping
from X onto Y that preserves all structures: the norm, the algebraic, and the lattice.

An operator T: X — Y between two partially ordered vector spaces is called
positive if 7' (x) > 0 holds for all x > 0. When X is a Banach lattice and ¥ a
normed vector lattice, then every positive operator from X into Y is necessarily
continuous. (To see this, repeat the arguments of the proof of Theorem 30. 10.)

Here is an example of a classical positive operator:

Example 30.12 (The Laplace Transform). In this example, we shall denote by dt the
Lebesgue measure on [0, o). Consider the operator L:L1([0, 00)) = Cp([0, o0)) defined
by

Lf(s) = fooe”“f(t)dt, s >0,
0

where C3([0, 00)) denotes the Banach lattice of all (uniformly) bounded continuous func-
tions on [0, co). Since |e™" F(£)] < |F() holds for all s,¢ = 0 and for each s > 0 the
function e™* f(r) is measurable, it follows from Theorem 22.6 that the function e F()
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is Lebesgue integrable over [0, co) for each s > 0. Moreover, it should be clear that
(L) 2 {1l for each s > 0 so that £ f is a uniformly bounded function. In addition,
since limg.s, ™ f(1) = e f(¢) holds for each sg > 0, it follows from Theorem 24.4
that

[o.¢] o0
lim Lf(s) = lim / e fit)d = / lim e f(t)dt
550 0 0 S=+S5n

§->8g

/iWVmw=wmx
0

which shows that Lf is indeed a bounded continuous function. (The preceding argument
also shows that limg—.e £f(s) = 0.) It is now a routine matter to verify that £ is a lin-
ear positive operator—and hence, a continuous operator. The operator £ is known as the
Laplace’® transform and plays an important role in applications.

It is useful to notice that the Laplace transform is also one-to-one. To see this, assume
that some function f € L ([0, co0)) satisfies L f(s)= fome”” f()dit =0 for each s > 0.
Making the change of variablex =™/, we get JQ) 7! f(—inx)dx =0 forails > 0.In par-
ticular, we have fol .\'kf(-— Inx)dx =0 forall k=0, 1,2,.... Thisimplies f(—Inx)=0
for almost all x € [0, 1] (see Exercise 21 of Section 22). Using the fact that the function
Inx carries null sets to null sets (see Exercise 9 of Section 18), we infer that f=0ae.
Thus, £ is one-to-one. ]

We shall close this section with a remarkable convergence property (due to P. P.
Korovkin®) about sequences of positive operators on C[0, 1]. Korovkin’s result
demonstrates the usefulness of the order structures,

If T:C[0,1] — C]0, 1] is an operator, then (for simplicity) we shall write
Tf instead of T(f). For our discussion below, C[0, 1] will be considered
equipped with the sup norm ||-||o. For instance, lim f,, = f in C[0, 1] will mean
lim[|f, — fllec = 0, i.e., that {f,} converges uniformly to f. Also, 1, x, and x2
will denote the three functions of C[0, 1] defined by 1(t) = 1, x(t) = ¢, and
x%(t) = 1> foreach t € [0, 1].

Theorem 30.13 (Korovkin). Let {T,} be a sequence of positive operators
from C[0, 1] into C[0,1). If UimT,f = f holds when f equals 1, x, and x2,
then imT, f = f holds for all f € C[0, 1].

Proof. Let f € C[0, 1]. Our objective is to show that given € > 0 there exist
constants Cy, Cs, and C3 (depending on €) such that

1T f = Fllzc < € + CilITux® = x%lloo + Call Tux = Xlloo + C3lI Tyl = 1o

3Pierre Simon Marquis de Laplace (1749~1827), a distinguished French mathematician, physicist,
and astronomer. He made fundamental contributions to many fields including electricity, magnetism,
planetary motion, and the theory of probability.

8Pavel Petrovich Korovkin (1913-1985), a Russian mathematician. He worked in approximation
theory.
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If this is done, then our hypothesis implies that [T, f — flloo < 2€ must hold for
all sufficiently large n. Therefore, this will establish that 1im T, f = f holds for
all f € C[0, 1].

To this end, start by observing that for each ¢ in the interval [0, 1] the function
0 < g € C[0, 1] defined by g,(s) = (s — 1)? satisfies g, = x? — 2¢x + *1. Since
each T), is positive, T, g, is a positive function. In particular, we have

0 < Togi(t) = (Tyx* = 2tT,x + 2T, 1)(¢)
= (Tyx? — x2)(t) = 20(T,x — x)(t) + £2(T,1 — 1)(0) (h
< NTx? = 2l + 20T = Xloo + 1701 = Lloo

foreachr € [0, 1].

Now, let M = || fllso. and let € > 0. By the uniform continuity of f on [0, 1],
there exists some § > 0 such that —e < f(s) — f(t) < € holds whenever
s,t € [0, 1] satisfy |s — t] < 8. Next, observe that

2M

2M 5
82 B (S - t)— (2)

b

(s=1? < f)—f) <e+

— -

holds for all s, ¢ € [0, 1]. Indeed, if |s — ¢| < §, then (2) follows from

—€ < f(s)— f(t) <e.

On the other hand, if |5 — | > 8, then (2) follows from the inequalities

2M 2M
= — 1P 2 =2M £ f() - fO) S2M = —(s — 1)
Since each T, is positive and linear, it follows from (2) that
2M 2M
~eT,1 = S5 T8 S Tuf ~ FOTA < T+ S5 T, 3)

Next, let K = 2M /8 and evaluate (3) at ¢ to get

LT f = FOT O] < €T,10) + KT,8:(1)
€ +e[(T,1 = DO ]+ KT,8(1)
€ +ellT,1 — oo + KT, 8:(0).

1A

In particular, note that

A

!(Tnf - f)(f)l = ][Tnf - f({)Tnl](t)l + If(t)l . l(Tnl - 1)(’)!
€+ KT,g(t)+ M+ elT,1 - 1w C))

A
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holds for each ¢ € [0, 1]. Thus, by taking into account (1), it follows from (4) that
IT0f = Flloo < €+KITux? —x*loo+2K | Tyx = x[loo + (K + M +€)[| T, 1—1]| 5.

This completes the proof of the theorem. < |

EXERCISES

1. Let X be a vector lattice, and let f: X ¥ —» [0, 0o) be an additive function (that is,
f+y) = f(x)+ f(y) holds for all x,y € X™*). Then show that there exists a
unique linear functional g on X such that g(x) = f(x) holds forall x € X+.

[HINT: Use the arguments of the proof of Lemma 18.7 to show first that f(rx) = rf(x)
holds for each x € X and each rational number r > 0. Then define g(x) = f(x*)—
f(x")foreachx € X ]

2. A vector lattice is called order complete if every nonempty subset that is bounded
from above has a least upper bound (also called the supremum of the set).

Show that if X is a vector lattice, then its order dual X™ is an order complete
vector lattice.
[HINT: If A is a nonempty set of positive linear functionals such that f < g holds
in X~ foreach f € A, put h(x) = sup{(V{_,fi)x): fi € A} foreachx € X™*. Use
the preceding exercise to show that / extends to a positive linear functional and that
I =supA.]

3. Show that the collection of all bounded functions on [0, 1] is an ideal of RI% 11, Also,
show that C[0, 1] is a vector sublattice of R[%!] but not an ideal.

4. Let X be a vector lattice. Show that a norm ||-|| on X is a lattice norm if and only if it
satisfies the following two properties:

a. If 0 <x <y,then {Ix|| <yl and
b. Jlxl} = || |x]|| holds forall x € X.

5. Show that in a normed vector lattice X, its positive cone X T is a closed set.
[HINT: X* = {x € X: x~ =0}.]

6. Let X be a normed vector lattice. Assume that {x,} is a sequence of X such that
Xy < xp4+1 holds for all n. Show that if lim x, = x holds in X, then the vector x is
the least upper bound of the sequence {x,} in X. In symbols, x, 1 x holds.

[HINT: Observe that x4, — x, = 0 for all n and p and use the conclusion of the
preceding exercise.]

7. Assume that x, — x holds in a Banach lattice and let {¢,} be a sequence of strictly
positive real numbers, i.e., €, > 0 for each n. Show that there exists a subsequence
{xt,} of {x,} and some positive vector u such that |x;, — x| < €,u holds for each n.
[HINT: Pick a subsequence {y,} of {x,} satisfying ||y, — x|l < €,2~" for each n
and let 4 = Zﬁ":l(en)"‘ [yn — x|. Now, use the preceding exercise to conclude that
(€x)"Yyn — x| < u holds for each n.]

8. LetT:X — Y be a positive operator between two normed vector lattices. If X is a
Banach lattice, then show that T is continuous.

[HINT:If T is not continuous, then there exist a sequence {x,} of X and some € > 0
satisfying x,, —» 0 and ||T'x,|| = € for each n. By the preceding exercise, there exists
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a subsequence {y,) of {x,} and some u € X + satisfying |yn| < ,l,u for each n. Now,
note that | Ty,|l < 1||Tu| holds for each n.]

Show that any two complete lattice norms on a vector lattice must be equivalent.
{HINT: Apply the previous exercise.] ‘

The averaging operator A: £oo — {co is defined by

xy+x2 xp+x2+x3 Xi+xg++x,
Alx) = { x1, s

2 3 T n

foreach x = (x], X2, ...) € £co. Establish the following:

a. A isapositive operator.
b. A is a continuous operator.
c. The vector space

V = [x = (X1, ¥2,...) € Loot {ﬁll;f——“"‘—} converges in ]R]

is a closed subspace of £oo. Is V = €557

This exercise shows that for a normed vector lattice X, its norm dual X* may be a
proper ideal of its order dual X™. Let X be the collection of all sequences {x,} such
that x,, = 0 for all but a finite number of terms (depending on the sequence). Show that:

a. X is a function space.

b. X equipped with the sup norm is a normed vector lattice, but not a Banach lattice.

c. If f:X — Risdefinedby f(x)= Z;“;lnx,, foreach x = {x,} € X, then f is
a positive linear functional on X that is not continuous.

Determine the norm completion of the normed vector lattice of the preceding exercise.
Determine the norm completion of the normed vector lattice of Example 30 when X
is a Hausdorff locally compact topological space.

Let X and Y be two vector lattices, and let 7: X — Y be a linear operator. Show that
the following statements are equivalent:

a. T(xvy)=T)vT(y)holdsforallx,ye X.

b. T(xAY)=T{)AT(y)holdsforallx,y € X.

c. T(x)AT(y)=0holdsinY whenever x Ay =0 holds in X.
d. |T(x)] = T(|x]) holds forall x € X.

(A linear operator T that satisfies the preceding equivalent statements is referred to
as a lattice homomorphism.)

Let £o be the Banach lattice of all bounded real sequences, that is, £oo = B(IN),
and let {ry, r2, ...} be an enumeration of the rational numbers of [0, 1]. Show that the
mapping T: C[0, 1] - £oo defined by T(f) = (f(r1), f(r2), .. .) is a lattice isometry
that is not onto.

Let X be a normed vector lattice. Then show that an element x € X satisfies x > 0 if
and only if f(x) = 0 holds for each continuous positive linear functional f on X.
[HINT: For the “if” part use the second formula of Theorem 30.3 to obtain f(x7) =0
for each continuous positive linear functional f.]
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17. Let X be a Banach lattice. If 0 < x € X, then show that
llx]l = sup{f(x): 0< f € X* and || f]} = 1}.

18. Assume that ¢:[0,1] — R is a strictly monotone continuous function and that
T:C[0,1] — CI0,1] is a continuous linear operator. If T(pf) = ¢T(f) holds
foreach f € C[0, 1] (where ¢f denotes the pointwise product of ¢ and f). Show that
there exists a unique function # € C[0, 1] satisfying T(f) = hf forall f € C[0, 1].

19. If f e C]0, 1], then the polynomials

By(x)=Y_ (:)f (%) A —xyt,

k=0

where (7} is the binomial coefficient defined by ¢ = 1"(,;1{‘—)' are known as the
Bernstein’ polynomials of f.

Show that if f € CI0, 1], then the sequence {B,} of Bernstein polynomials of f
converges uniformiy to f. :
[HINT: Consider the sequence {T,} of positive operators defined by

1 k . .
Tof@) =) (Z)f (;) b1 = xy

k=0

and apply Korovkin’s theorem.]

20. Let T:C[0, 1] — CIO0, 1] be a positive operator. Show that if Tf = f holds true
when f equals 1, x, and x2, then T is the identity operator (thatis, T f = f holds for
each f € C[0, 1]).

21. (Korovkin) Let {T,} be a sequence of positive operators from C[0, 1] into C[0, 1]
satisfying T, 1 = 1. If there exists some ¢ € [0, 1] such that lim T,,g = 0 holds for the
function g(t) = (t —c)?, then show that lim T,, f = f(c)-1 holdsforall f € C[0, 1].

31. L,-SPACES

Our attention is now turned from the study of general normed spaces to function
spaces. Many of the classical spaces in analysis consist of measurable functions,
and most of the important norms on such spaces are defined by integrals. The
theory of integration enables us to study the remarkable properties of these spaces.
Here the classical L ,-spaces will be considered. As we shall see, they are special
examples of Banach lattices.

Throughout this section (X, S, ) will be a fixed measure space, and unless
otherwise specified, all properties of functions will refer to this measure space. It

"Sergei Natanovich Bernstein (1880-1968), a Russian mathematician. He contributed to the ap-
proximation of functions and probability theory.
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is important to keep in mind that if f is a measurable function, the | f|? is also
measurable for each p > 0. ’

Definition 31.1. Let 0 < p < oo. Then the collection of all measurable
functions f for which | f|F is integrable will be denoted by L ,(11).

If clarity requires the measure space X to be indicated, then L ,(u) will be
denoted by L ,(X) oreven by L ,(X, S, u).

It is easy to see that L ,(u) is a vector space. Indeed, if f € L (), then clearly,
af € Lp(u) holds for all @ € IR. On the other hand, the elementary inequality
among the real numbers

la + b7 <2°(lal” +1b17)

shows that L ,(u) is closed under addition.? Moreover, if f € Lp(u), then the
inequalities 0 < f* < |f|and 0 < f~ < |f| imply that f*, f~, and | f| belong
to L ,(u). In other words, L ,(u) is a vector lattice.

Foreach f € L,(u) let

e <flfl”du>;-

‘The number || f|| , is called the L ,-norm of f. Obviously, Iflp = Oand lafl, =
lal- | fli, holdforall f € L,(1) and @ € IR.
To obtain additional properties of the L ,-norms, we need an inequality.

Lemma 3L2. [If O <X < 1, then
a*'b' ™ <ra+(1—-1)b

holds for every pair of nonnegative real numbers a and b.

Proof. The inequality is trivial if either a or b equals zero. Hence, assume
a > 0 and b > 0. Consider the function f:[0,c0) — R defined by f(x) =
1 — X+ Ax —x* for x > 0. Then f/(x) = M1 — x*"), and so x =1 is the
only critical point of f. It follows that f attains its minimum at x = 1. Thus,
Ff(1)=0<1-— A+ Ax —x* holds for all x > 0. Now, let x = a/b to obtain the
desired inequality. 2]

1 i
370 verify this inequality, note that |a| = (|a|”)7 < (la|? + |b|")7, and so

la + bl < lal + bl < 2(lal” + 6|77
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An important inéquality between L p-norms, known as Hélder’s® inequality, is
stated next.

Theorem 31.3 (Holder’s Inequality). Let1 < p < ocoand 1 < g < o0 be
such that % -+ é =11If feLy(u)andg e L (1), then fg € L\(11) and

/lfg!du < (/Ifl”du)F - </|gl"du); =171, - Ngl,-

Proof. If f =0a..org=0a.e. holds, then the inequality is trivial. So, assume
f#0ae. and g#0ae. Then || ||, >0 and llglly > 0. Now, apply Lemma 31.2
with

1
A= A ASN/NFNp), and b = (Ig(x0)]/l1glly)?

/&g _ 1 IfGIP | 1 Ig))
1Ny -Negly = P AP g (gl

By Theorem 22.6, fg € L (1), and by integrating, we get

[1fgldu <

1
AL =1.
Wiy -lgly — p

1
..I.. —
q
Thatis, [ |fgldu < [Iflp- ligll. as claimed. 5

For the special case p = ¢ = 2, Holder’s inequality is known as the Cauchy-
Schwarz'? inequality; see also Theorem 32.2. The triangle inequality of the func-
tion ||}, is referred to as the Minkowski'! inequality. The details follow.

Theorem 31.4 (Minkowski’s Inequality). Let 1 < p < co. Then for every
pair f, g € Ly(u) the following inequality holds:

If+ellp < Ifllp +liglp

90tto Ludwig Hélder (1859-1937), a German mathematician. He worked in group theory and
geometry. He also contributed to philosophical matters concerning the foundation of mathematics.

0Hermann Amandus Schwarz (1843~1921Y, a German mathematician. He worked in complex anal-
ysis and made several contributions to the theory of minimal surfaces.

" Hermann Minkowski (1864~1909), a German mathematician. He studied extensively the geometric
properties of convex sets. His ideas in mathematical physics contributed greatly to the creation of the
theory of relativity.
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Proof. For p = 1 the inequality is clearly true. Thus, we can assume 1 < p <
co.Letl < g <ocobesuchthat L +1 =1,

We already know that if f and g belgng to L ,(u), then f + g likewise belongs to

L (). Next, observe that since (p —1)g = p, it follows that | f +g|P~! € L,(w).
Thus, by Theorem 31.3 both functions

IfI-1f+gl”™" and gl -|f +gI”!

belong to L(u) and we have the inequalities

flfl~lf+gl”" du < llfllp-(/lf+gl(”""" du)"
= 1Fll, - (I f + gl
/lgl-lf+gl”"‘du < gl - (1F +gll)b

So, from |f + gI? = |f + gl f + g7~ < (IfI +1gDIf +gI7~", we get

(F +810 = [\ +giPdus [ 17117+ gl du

+ / gl 1f +gl”" due

< UFly I+ gt + gy - (I f +gllp)e
= (Ifll, + gl - (L f + gl

This easily implies

IF+gllp=Uf+gl)’™ 7 < lfllp+ligly.

The proof of the theorem is now complete. ]

Summarizing the preceding discussion: If 1 < p < oo, then

a. |fll, =0
b, llefll, =lal - fllp, and
c. f+gl,=Uflp+lglhy

holdforall f,g € Lp(w)anda € R.
Obviously, by Theorem 22.7, || 1|, = 0 if and only if f = 0 a.e. holds. Thus,
unfortunately, the function |-l , on L ,(u) fails to satisfy the norm requirement
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that [| f||, = O imply f = 0. To avoid this difficulty, it is customary to call two
functions of L ,(u) equivalent if they are equal almost everywhere. Clearly, this
introduces an equivalence relation on L,(u), and ||| » becomes a norm on the
equivalence classes. In other words, L p(u), for 1 < p < oo, is a normed space
if we do not distinguish between functions that are equal almost everywhere.
This means that L ,(u) in reality consists of equivalence classes of functions,
but this should not pose a problem. In actual practice, the equivalence classes are
relegated to the background, and the elements of L p(u) are thought of as functions
(where two functions are considered identical if they are equal almost everywhere).
An important advantage of the identification of functions that are equal almost
everywhere is the following: A function of L ,(x) can assume infinite values or
even be left undefined on a null set—since by assigning finite values to these points,
the function becomes equivalent to a real-valued function of L ().

Also, it should be clear that if g is a measurable functionand f € L p{u) satisfies
lgl < |flae.,then g € Lp(u) and Jigll, < Il /1|, holds. In other words, |||, is
lattice norm. Therefore, for 1 < p < oo each L p(#4) is a normed vector laitice
and, in fact, 2 Banach lattice, as the next result of F. Riesz and E. Fischer!2 shows.

£

Theorem 31.5 (Riesz-Fischer). If 1 < p < oo, then L p(1) is a Banach
lattice.

Proof. Let {f,} be a Cauchy sequence. By passing to a subsequence if nec-
essary, we can assume without loss of generality that || f,4 — full, < 27"
holds for each n. We must establish the existence of some f € L p(14) such that
lim|[f — full, = 0.

Let gy = 0and g, = |fil +{f2 = fil + - + | fu = fa=1] for n > 2. Then
0<g tand

00 r
/(g,,>" du = (lgall,)” < [nfl o+ Ifi - f,-_lu,,J <0 fill, +177
fe=2

holds for all n. By Levi’s Theorem 22.8, there exists some g € L p(u) such that

O0<g:.tgae
From
n+k n+k
ok = Fal = | D (Fi=fimn) | < D0 1fi = fiotl = 8ok — &
i=n41 ) i=n+41

2Emst Sigismund Fischer (1875-1954), an Austrian mathematician. He spent his scientific career
in Germany and studied orthonormal sequences of functions.
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it follows that { f,,} converges pointwise a.e. to some function f. Since

it (fi= fio))

=2

Lful =

S g" < \g a’e'v

it follows that |f| < g a.e. holds, and hence, f € L,(u). Now, in view of
If — ful £2gae. and lim|f, — f|” = 0, the Lebesgue dominated convergence
theorem implies lim|| f — £, 1|, = 0, and the proof is finished. B

A glance at the preceding proof reveals also the following interesting property
of convergent sequences in L ,-spaces.

Lemma 31.6. [Ifasequence{f,} C L (1), where | < p < oo, satisfieslim|| f —
fallp =0, then there exist a subsequence { fi,} of { fu} and some g € L (1) such
that fi, — f a.e. and |f;,| < g a.e. for each n.

In general, it is not true that lim| f — f,}, = O implies f, — f a.e. For
instance, the sequence {f,} of Example 19.6 satisfies lim|| f, |, =0 (for each
1 < p < 00), but { f,(x)} does not converge for any x € [0, 1].

Also, it is easy to construct an example of a sequence in an L ,-space that
converges pointwise to some function of the space, but fails to converge in the
L p-norm. For instance, consider R with the Lebesgue measure and f,, = X(.n+1)
for each n. Then f,(x) — O holds for each .x € R and f, € L,(R) for all n and
all 1 < p < co. On the other hand, || ;|| , = 1 holds foreachnand 1 < p < oo,
and so { f,,} does not converge to zero with respect to any L ,-norm.

The next useful result gives a condition for pointwise convergence to imply
norm convergence in L ,-spaces.

Theorem 31.7. Assumel <p < 0. Let f e L(uwandlet{f,}beasequence

of Lp(u) such that fr — f a.e If lim| full, = | fllp, then im|| f — full, = 0.

Proof. Start by observing that (a + b)? < 27~'(a” + bP) holds for each pair
of nonnegative real numbers a and b. Indeed, for p = 1 the inequality is trivial.
On the other hand, if | < p < co, then the convexity of the function g(x) = xP

(x = 0) implies
< a+b )"
<
) <

(a? + bP),

NI
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and hence, (a + b)? < 2P~!(a” 4 bP) holds. In particular, for each pair of real
numbers g and b we have

la — b|? < 2P7'(|al? + |b|?).
Thus, 0 < 2771(| £41P + | f17) = | fa — fI? a.e., and by applying Fatou’s lemma
(Theorem 22.10) and using the assumption lim [ |f,|? du = [ | fI” du, we get

2 151 du = [ Hm @ af +151%) = 1y — 7171 d
< timinf (1210517 +1717) = 1o — F1P1dp
=2t [israu+ 2 tim [ 1f0 du

+timint |~ [17, - 71 au |

- 2”/Ifl”du - limSUP/lfn — FPdu.

n—=o0

Now, since [ | f|P du < 00, the last inequality yields limsup [ | £, — f|? du < 0.
Hence, limsup [ |f, — fI?dpu = liminf [ | f, — f|? dp = 0, so that

lim /lf,, — fldu =0.
Nr OO
Therefore, lim|| f,, — fli, = 0 holds, as required. |

A real number M is said to be an essential bound for a function f whenever
| f(x)] < M holds for almost all x. A function is called essentially bounded if it
has an essential bound. Therefore, a function is essentially bounded if it is bounded
except possibly on a set of measure zero. The essential supremum of a function
f is defined by

{fllec =Inf{M = 0: | f(x)| < M holds for almost all x}.

If f does not have any essential bound, then it is understood that || f]lee = c0.
Observe that | f(x)] < || flleo holds for almost all x.

The following properties are easily verified, and they are left as exercises for
the reader.

I If f=gae.,then | fllc = [|8lx.
2. | fllx = O for each function f, and || f||c = O if and only if f = O a.e.
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3. Nlaflleo = lal- || fllo foralle € R.
4. N f + 8l = 1 fllo + Ngllco-
5. IfIfl < lgl then || fllo < liglico-

Definition 31.8. The collection of all essentially bounded measurable func-
tions is denoted by Loo(11).

Here again, two functions are considered identical if they are equal almost .
everywhere. It should be obvious that with the usual algebraic and lattice operations
Loo(pt) is a vector lattice. Moreover, according to the above listed properties,
L o) equipped with ||l is 2 normed vector lattice that is actually a Banach
lattice.

Theorem 31.9. L. (u) is a Banach lattice.

Proof. Let {f,} be a Cauchy sequence of L (1). We have to show that there
exists some f € Lo(u) such that lim{] f — fullec = 0.

Since for each pair m and n we have | f,(x)— fi ()| < || fu — fnllco for almost all
x, it follows that there exists a null set A such that | f,(x) — fn Ol < | fu — finlleo
holds for all m and n and all x ¢ A. But then lim f,(x) = f(x) exists in R
for all x ¢ A, and moreover, f is measurable and essentially bounded. That is,
f € Loo(p).

Now, let € > 0. Choose k such that || f; — fullo < € forall n,m > k. Since
| F(x) = f2(O)] = limpesoo | fn(x) — fu(x)] < € holdsforallx ¢ Aandn >k, it
follows that || f — fulle < € foreach n > k. This shows that lim|| f — f,llec =0,

and the proof of the theorem is complete. |

It is easy to verify that each step function belongs to every L ,-space. Moreover,
the collection of all step functions forms a vector sublattice of every L ,-space.
In addition, by Theorem 25.1 this vector sublattice is norm dense in L (u). The
next result tells us that actually the vector lattice of step functions is norm dense
inevery L,(u) with | < p < co.

Theorem 31.10. Forevery 1| < p < 00, the collection of all step functions is
norm dense in L ,(u).

Proof. Let0 < f € L,(u). By Theorem 17.7, there exists a sequence {¢,}
of simple functions such that 0 < ¢, 1 f a.e. Clearly, each ¢, is a step function
and (f — ¢,)? | 0 a.e. holds. By the Lﬁ:besgue dominated convergence theorem
we get | f — gull, = ([ |f — ¢al? du)e | 0.

Since every function of L ,(u) can be written as a difference of two positive
functions of L ,(u), it easily follows that the step functions are norm dense in
L ,,(/J.). B
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In case the measure is a regular Borel measure, the continuous functions with
compact support are also norm dense in each L ,(u) for 1 < p < oo. The details
are included in the next theorem.

Theorem 31.11. Let p be a regular Borel measure on a Hausdorff Iécally,
compact topological space X . Then the collection of all continuous functions
with compact support is norm dense in L (1) for every 1 < p < oo.

Proof. Clearly, every continuous function with compact support belongs to
each L p(u). Now,let1 < p < oo, f € L (1), and € > 0. We must show that there
exists some continuous function g with compact support such that || f — g/| p <€
By Theorem 31.10 it suffices to assume that f = x4, where A is a measurable set
such that u*(A) < oc.

By Theorem 25.3, there exists a continuous function g: X — [0, 1] with compact
supportsuch that [ |x4 —g|ldu < 27PeP. (Note that | x4 —g| < 2holds.) But then

S i, ‘
r P
=gl = ( f1xa=sgian )" = ( fixs =gl 1xa - s~ dis )

1
52<f|xA~gldu>p <227V e=e,

and the proof is finished. B

Consider IR equipped with the measure w that assigns to every subset of IR the
value zero, that is, & = 0. Then u is a regular Borel measure, and obviously, any
two functions on IR are equal p.-almost everywhere. Thus, in this case, all functions
on IR can be identified with the zero function, a situation that is not very useful.

Therefore, it is desirable to deal with regular Borel measures for which distinct
continuous functions are not equivalent. To do this, we need to know where the
measure is “‘concentrated” in the space.

Theorem 31.12. Let u be a regular Borel measure on a Hausdorff locally
compact topological space X . Then there exists a unique closed subset E of X
with the following two properties:

1. w(E®)=0,and

2. if V isanopensetsuchthat ENV % @, then W(ENV) > 0.

Proof. Let O = | J{V: V isopenand u(V) = 0}. Clearly, @ is an open set,
and we claim that pu(O) = 0.

To see this, let K be a compact subset of 0. From the definition of ( it follows
that there exist open sets V), ..., V,, all of measure zero, such that K C U;’:‘ Vi.
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Hence, u(K) = 0. Our claim now follows from u(0) = sup{u(K): K compact
and K C 0}; see Definition 18.4.

Now, let E = ©F. Then E is a closed set and u(E£°) = u(O) = 0. On the other
hand, if V is an open set such that ENV # @, then u(ENV) > 0 must hold true.
Otherwise, if w(E NV) = 0 holds, then (V) = u(ENV)+ u(E°NV) =0also
holds, implying V € O = E®, contrary to ENV # @.

For the uniqueness of E assume that another closed set F satisfies (1) and (2).
From (1) it follows at once that F¢ € O, and so E = O° C F holds. On the
other hand, since (@ N F) = 0, it follows from (2) that O N F = . Hence,
F C O° = E, sothat F = E, and the proof is finished. B

The unique set E determined by Theorem 31.12 is called the support of 1 and
is denoted by Supp . That is, Supp 0 = E. If we think of the measure space as
a set over which some material has been distributed, then Supp u represents the
parts of the set at which the material has been placed.

How “large” can the support of a regular Borel measure be? If X = R", then
for example, the support of the zero measure is the empty set, while the support
of the Lebesgue measure A satisfies Supp A = IR".

Let 4 be a regular Borel measure on a Hausdorff locally compact topological
space X with Suppu = X. Then two continuous real-valued functions f and g
on X satisfy f = g ae. if and only if f(x) = g(x) holds for all x € X. This
follows immediately by observing that if f(a) # g(a) holds for some a € X, then
f(x) # g(x) holds for all x in some nonempty open set V' (a neighborhood of ).
Since u(V) > 0,itis 1mp0851ble for f = g a.e. to be true. In particular, it follows
that | fll, = ( [1f1Pd pL)f’ defines a lattice norm on C(X), the function space of
all continuous real-valued functions on X with compact support. In general, C¢(X)
equipped with an L ,-norm is not a Banach lattice. However, by Theorem 31.11
the following result should be immediate.

Theorem 31.13. Let u be a regular Borel measure on a Hausdorff locally
compact topological space X with Supp pu = X . Then for each 1 < p < 00, the
completion of C.(X) with the L ,-norm is the Banach lattice L p(i1).

In general, the L ,-spaces are not “comparable.” As an exarpple, let X = (0, co0)
with the Lebesgue measure. Then the function f(x) = x72 if 0 < x < 1 and
F(x) = 0if x > 1 belongs to L(u), but it does not belong to Lo(u). On the other
hand, the function g(x) = 0if 0 < x < I and g(x) = x~ Uif x > 1 belongs to
La(u), but not to L ().

Two comparison results of the L ,-spaces are presented next. The first one is for
the case that (X, S, u) is a finite measure space.
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Theorem 31.14. Let (X, S, 1) be a finite measure space, and assume that
1 <p<g=<oc0.Then Ly(u) < Ly(p) holds.

Proof. Clearly, in this case Loo() € Lp(u) holds foreach 1 < p < 0.
Thus, assume 1 < p < g < 0.

Letr =gq/p > 1, and then choose s > 1 such that } + 1 = L.If f € L,(u),
then clearly, | f|? € L,(u). Since the constant function 1 belongs to Lg(u), it
follows from Theorem 31.3 that | f|? = | f|? -1 € L (u). Thatis, f € L,(u), and
the proof of the theorem is complete. - |

It should be observed that if L,(u) € L ,(u) holds, then L,(u) is an ideal of
the vector lattice L ().

Some important examples of L ,-spaces are provided by considering the count-
ing measure on IN. In this case, the functions on IN are denoted as sequences,
and integration is replaced by summation. These L ,-spaces are called the little

F N th
L ,-spaces, and they are denoted by £,,. In other words, if 0 < p < oo, then

£, consists of all sequences x = (x1, X2, ...) such that Zﬁix Jx.]? < 00, and in
this case ||lx||p = _pe; 1X4|?)7. Similarly, £o is the vector space of all bounded
sequences with the sup norm.

The £,-spaces, unlike the general L ,-spaces, are always comparable. Note the
contrast between the next theorem and the preceding one.

Theorem31.15. If 1 < p < q < oo, then £, C £, holds. Moreover, the
inclusion is proper.

Proof. Observe that if x = (x1, x2,...) belongs to some £,-space with 1 <
p < oo, then {x,} must be a bounded sequence (actually, convergent to zero), and
hence, x € £. Thatis, £, C £ holds forall 1 < p < 0.

Thus, assume 1 < g < 00. Let x = (x1,x2,...) € £,. Since ) | |x,]” < o0,
there exists some & such that |x,| < 1 for all n > k. This implies [x,7 < |x,|?
for all n > k, and this shows that Z;‘i, jxa}? < oo. Therefore, x € £, and hence,
£, S 4,

For the last part note that if we let x, = n_% foralln,thenx = (xy,x2,...) € 4,
butx ¢ £,. |

00
RES

Two numbers p and ¢q in [1, co] are called conjugate exponents if 7’,- -+ é =1.
We adhere to the convention 1/00 = 0, so that 1 and oo are conjugate exponents.

Let p and g be two conjugate exponents. If g € L,(u), then it follows from
Theorem 31.3 that fg € L;(u) for each f € L (u). Therefore, for each fixed
g € L, (u) areal-valued function F, can be defined on L ,(u) by

Fy(f) = f fodu
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forall f € L,(u). Clearly, Fyisa linear functional and, in fact, as the next result
shows, a bounded linear functional.

Theorem 31.16. Let 1 < p < oo, let g be its conjugate exponent, and let
g € Lq(w). Then the linear functional defined by

Fo(f) = /fgdu

for f € L (1) is a bounded linear functional on L ,(u) satisfying | Fll = ligllg.

Proof. First, we consider the case p=oo and g=1. From [Fg(f)| =<
llglh - Il flleo for each f € Loo(u), it follows that F, is a bounded linear func-
tional and that ||F,|| < |Igll\ holds. On the other hand, let f = Sgng, where
Sgng(x) = 1if g(x) > 0 and Sgng(x) = —1 if g(x) < 0. Then f belongs
to Loo(u) and satisfies || fllooc = 1 and Fp(f) = f]gld/,c = |lglh. Therefore,
IFell = ligls.

Now, we consider 1 < p < oco. By Hélder’s inequality

Fo(f)] = ] f fedu

holds for all f € L,(u). Hence, F, is a bounded linear functional, and || Fg|| <
ligll; holds. Now, let f = |g|?~ 1Sgng Clearly, f is a measurable.function, and
1P = |g|P¥~D = |g|? holds, so that f € L,(u). Since fg = |g|?, it follows

that
Fy(f) = /fgdu /Igl"du-(/!gl"du) (/Igl"du>
- (/Ifl”du) (flgl"du> —1F1, - Hgly-

That is, || Fll = llgllg. Thus, || F, |l = |lgll; holds, and the proof is complete.  H

The preceding theorem shows that for each 1 < p < oo a linear isometry
g +> F, can be defined from L,(u) into L;(p,), the norm dual of L ,(u). Observe
that this isometry is also lattice preserving. Indeed, if 0 < f € L,(u), then by
Theorem 30.2

(F)F(f) = sup(Fe(h): 0<h < f} = sup{/hgdu: O0<h< f}

[ et an=Fes)
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Therefore, (Fg)* = Fg+ holds, which implies that g + F, is also a lattice
isometry.

Is every bounded linear functional on L ,(11) representable, as in Theorem 31.16,
by a function of L,(u)? The answeris yesif 1 < p < oco. This is a classical result
of F. Riesz. A proof of this theorem, as well as some of its applications, is deferred
until Section 37. Therefore, L;(,u,) and L, (u) can be considered (under the above
isomorphism) as identical Banach lattices. This is usually expressed by saying that
for 1 < p < oo the norm dual of L ,(u) is L,(u); in symbols, L;(/L) = Lg(u).

When p = oo the lattice isometry g + F, from Li(u) to L% (1) is rarely
onto. The following example will clarify the situation.

Example 31.17. Let(X, S, u)be ameasure space such that there exists a disjoint sequence
of measurable sets {E,} with u*(E,;) > 0 for each n and X = Uff__lE,,. Let L be the
collection of all real-valued functions f defined on X that are constant on each E,,;, assuming
on each E, the value f(E,), and for which lim f(E,) exists in R. Clearly, L is a vector
sublattice of Loo(tL).

Now, define a linear functional £ on L by F{f) = lim f{£,) foreach [ € L.Iiis clear
that [F(f)| < || fllec holds for all f € L, and so F is a continuous linear functional. By
Theorem 29.3, F can be extended to L {(x) with preservation of its original norm. Denote
this extension by F again.

We claim that F cannot be represented by a function of L(u). To see this, assume by
way of contradiction that there exists some g € L(u) satisfying F(f) = f fgdp forall
f € Leo(u). Let Gy = (U= Ei)° and f, = xg,- Then {f,} is a sequence of L, and
F(fn) = 1 holds for each n. On the other hand, because | f,g| < |gl and f,g — O, it
follows from the Lebesgue dominated convergence theorem that F(f,) = [ fugdu — 0,
which is impossible.

Therefore, the lattice isometry g > F, from L(u)to L% (1) is not onto. B

Later, we shall see (Theorem 37.10) that if the measure is o -finite, then the norm
dual of L(u) coincides with Lo, ().

The representation theorem for the bounded linear functionals on the £,-spaces
can be proved directly.

Theorem 31.18. Let1 < p < o0, and let f be a continuous linear functional
on £p. Then there exists a unique y = (y1, ya,...) € £, (where % + ;;- = 1)
such that

o0

fx) =

xllyll
ne=1

holds for every x = (xy,x2,...) € €.

Proof. For each n, let e, be the sequence having the value one at the nth
coordinate and zero at every other. Clearly, if x = (x;,x3,...) € £,, then
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limfjx — Z:I.-:l Xié; ”p = (. Thus, f(x) = ZZZ-] X, f(e,) holds. Let y, = f(e,)
for each n. To complete the proof, we have to show that y = (y1, y2,...) € £4. If

p= 1, then lynl = {f(en)[ =< Hf”» SO that)’ € L.
Now, for 1 < p < oo, leta, = y, - |y,|9" % if y, # O0and a, = 0if y, = 0.
Then |a,|? = |y,|? = a,y, holds for all n. Moreover,

Z[)’ilq = Zai)’i =Zflif(€i)= f <Zaiei>
i=l1 i=1 i=] i=1
snfu~”2a.~e,~ =|Ifll-< w)p
I=1 ) i=1
= 1|fn-<Zny,-1"> :
i=1

Thus, (X0, 1319)'7F = (O, 19197 < [Ifll < oo holds for each n. This
implies that y = (y,, y2, ...) belongs to £, and f(x) = Z;’;lx,,y,,. ]

For a given normed space, it is often useful to have a characterization of its
compact subsets. The Ascoli-Arzela theorem provided such a criterion for the
compact subsets of C(X)-spaces. Next, we shall characterize the compact sub-
sets of the Banach spaces L,([0, 1}). To do this, we need some preliminary
discussion.

Every function f € L ([0, 1]) will be considered defined onallof R by f(¢) = 0
if ¢ ¢ [0, 1]. Also, for simplicity, we shall write [ b f(x)dx instead of f[a' wf dr.

a

If ] <p <oo,thenfor f € L,([0,1]) and & > 0 we define

t-+h

1
Sty = = - flx)dx

for each t € [0, 1]. Note that the integral exists, since by Theorem 31.14 we have
L ([0, 11) € Ly([0, 1D).

Each f; is a continuous function. Indeed, if ¢, — ¢, then g, = f X¢,~h.t,+) —
f X¢—h,t+-m holds. Hence, in view of |g,| < | f], the Lebesgue dominated conver-
gence theorem implies that

ty-t-h t+h

. 1 N _
III—IIEO fh(t") - ﬁ nl-Lrgo ty—h f(‘\)dx - ﬁ 1—h f(X) dx = fh(t).
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In particular, note that since C[0,1] C L p([0, 1]), it follows that f, € L »([0, 1])
foreach h > 0.

Lemma 31.19. Ler1 < p < 00, and let f € L ([0, 11). Then for each h > 0
the continuous function f, satisfies

a. | <Q2h '#”f}]p Jorall t €0, 1], and

b M fully M p-

Proof.. If p > 1, thenchoose 1 < g < oo with % + ?,l‘ = 1 and apply Holder’s
inequality to get

) 1 1-+h P
1OF = G5 | [ 1 7w
1k L pr+h
<—(f 1dx) T P ax
1—h

@)\ Jy-n
1 t+h

= — NP dx.
), | FOOP dx
Therefore,
1 t-+h
[/ < — [ fO)NPdx (1)
2h t—h

holds foreach 1 < p < coandall ¢ € [0, 1]. Also, (1) is obviously true forp =1,
and thus, statement (a) follows immediately.
On the other hand, it follows from (1) that

1 .
f 1P di
0

1 1 1+h
—— -\ P -
= 2 ), [/:-h | F(x)] dA] dt
1 1 h
=), [ B If(f+)’)|”d}’] dt. )

Here we have used the substitution x = 7 + y; see Exercise 16 of Section 22. Since
the function f(z + y) is a Lebesgue measurable function on IR2 (see Exercise 15
of Section 26), it follows from Tonelli’s Theorem 26.7 that

1 h h 1
[o [ ’If(t—i—y)!"dy}dz:/l[/o [f(t+y)l”dt]dy

1
< 2k f £GP dx.
0
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Thus, (2) implies

I '1
/ | fOIP dt 5/ |f@oIP dx,
0 0

so that || fyll, < | £ll, holds. ]

A. N. Kolmogorov'3 characterized the compact subsets of L ,([0, 1])-spaces as
follows:

Theorem 31.20 (Kolmogorov). Let1 < p < oo, and let A be a closed and
bounded subset of L ,([0, 1]). Then the following statements are equivalent:

1. The set A is compact (for the L ,-norm).
2. Foreach e > O there exists some 8§ > 0 such that | f — full, < € holds
forall fe Aandall 0 < h < 4.

Proof. (1) == (2) Let ¢ > 0. Since (by Theorem 31.11) C[0, 1] is dense
(for the L p-norm) in L ([0, 1]) and A is compact, it is easy to see that there exist
continuous functions fi, ..., f, such that A € | J/_B(fi,€).

By the uniform continuity of each f;, there exists some § > 0 such that | f;(£) —
fi(x)] < € holds foreach 1 < i < n whenevert, x € [0, 1] satisfy |[x —¢| < 4. In
particular, if 0 < & < 8, then

t-+h

. .
1£i(®) = (O] = — ‘f Lfi() — fitx)]ldx| < €

—h

holds. Thus, || fi = (fiull, < e foreachl <i <nandall0 <% <.
Now, if f € A, thenchoose 1 <i < n with f € B(f;, €). By Lemma 31.19 we
have || /s — (fin llp <hf- fl“p < €. Therefore,

"f - fh“p < Hf - fl”p + ”fl - (fi)h“p + ”(ft)h - fh“p < 3e

‘holds forall f € Aandall 0 < h < §.

(2) == (1) According to Theorem 7.8, it is enough to show that A is totally
bounded (for the L ,-norm).

To this end, let € > 0. Fix some 4 > 0 such that || f — fill, < € holds for all
f € A.Next,choose M > O with || ]|, < M forall f € A.Thenby Lemma31.19
it follows that

L < M2hY? =K

13 Andrey Nikolayevich Kolmogorov (1903-1987), a prominent Russian mathematician. He is the
founder of modern probability theory. In addition, he studied the theory of turbulent flows and worked
on dynamical systems in relation to planetary motion.
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holdsforallf € [0, 1] and all f € A. Let A, = {fu: f € A}, where

1 t+h
Jun(t) = 5 fu(x)dx.

t—h
Clearly, | fus(t)] < K holds for all + € [0, 1] and f € A, and hence, A; is a
uniformly bounded set. Next, we claim that the set of continuous functions A i is

equicontinuous.
To see this, note that if f € A andt < s, then

1 s+h t-+h
| fun(s) = fin(D)] = 5 fiydx = | fiu(x)dx
1| Js—k t—h
s+h s
=~ Sa(x)dx — Ju(x)dx
2h 14+h t—-h
1 [ psth rs—h 1
< () dx + (x)| dx
20 | Vi@Ndx+ |1l |
1 K
— 2K (5 — — (5 —
< 2h[2 (s —n)] h(s 1)

holds, and this shows that A, is an equicontinuous set.

Now, by the Ascoli-Arzela theorem, A, is a totally bounded subset of C[0, 1]
(for the sup norm). Choose functions fi,..., f, € A such that for each feA
there exists some 1 <7 < n with || fis, = (/) lleo < €. In particular, note that

If = filly < L = Fullp + fo = Funllp + W fon = fillp < 26 + | fun = fill
< 2+ ”fhh - (fi)hh “p + "(fi)hh - (ﬁ)h ”/7 + “(fl)h - fl”p

< Se.

Thus, A is totally bounded (for the L p-norm), and the proof is finished. ]

EXERCISES
1. Let f € Lp(u), and let € > 0. Show that

P € X: [f)] 2 e < e P f F1P d.

2. Let {f,} be a sequence of some L p()-space with 1 < p < oo. Show that if
lim{| fy — fllp = 0 holds in L p(1), then { f;} converges in measure to f.
[HINT: Use the preceding exercise.]

3. Let(X,S, u) be a measure space and consider the set

E={x4: A€ A, with u*(A) < c0}.




o

10.

11.

12.

13.

14,

15.
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Show that E is a closed subset of L () (and hence, a complete metric space in its own
right). Use this conclusion and the identity ;},(AAB) = f [x4 — xB]du to provide an
alternate solution to Exercise 12(c) of Section 14.

Show that equality holds in the inequality of Lemma 31.2 if and only if a = b. Use
this to show that if f € L,(u)and g € Ly(n), where 1 < p < oo and Ly % =1,
then f Ifgldu = || fllp - llglly holds if and only if there exist two constants C'y and
C5 (not both zero) such that Cy|f]? = C3|g}? holds.

Assume that u*(X) = land 0 < p < q¢ < c0. If f is in Lgy(u), then show that
I fllp < i flig holds. ’

[HINT: Use Hoélder’s inequality.]

Let f € L1(u) N Loo(ut). Then show that:

a. felLp(p)foreachl < p <oo,
b. If u*(X) < oo, then limp.c0 | fllp = || fll o holds.

[HINT: For (b), let e > 0. Then £ = {x € X: |f(x)] > | fllco — €} has positive
measure, and (|| fllco — €) - X < | f| holds.]

Let f € Lo[0. 1] satisfy || fll2 = 1 and f(; Fx)di(x) = a > 0. Also, for each
BeR,letEg={x [0, 1] f(x) = B}.IFO < B < o, show that A(Ep) = (B~
Show that for | < p < oo each £, is a separable Banach lattice.

Show that £ is not separable.

[HINT: Consider the collection of all sequences having zeros and ones as their entries.]
Show that L ([0, 1]) (with the Lebesgue measure) is not separable.

[HINT: Consider the set {xjo,x1: 0 < x < 1}.]

Let X be a Hausdorff locally compact topological space, and fix a pointa € X. Let
be the measure on X defined on all subsets of X by u(A) = lifa € Aand u(A) =0
ifa ¢ A.In other words, u is the Dirac measure (see Example 13.4). Show that p is
a regular Borel measure and that Supp u = {a}.

Ifg € Cl'la, bl and f € Li[a, b], then

a. show that the function F:[a, b] — R defined by F(x) = f; fF@)dat) is con-
tinuous, and
b. establish the following “Integration by Parts” formula:

b

b b
/S(-\')f(rv)d)»(x)=g(.\')F(x) —/ g ()F(x)dx.

[HINT: For (a) use Exercise 6 of Section 22. For (b) use Theorem 25.3 in connection
with Lemma 31.6 and the Lebesgue dominated convergence theorem.]

Let 1 be a regular Borel measure on R”. Then show that the collection of all real-
valued functions on IR” that are infinitely many times differentiable is norm dense in
Lp(u)foreachl < p < oo,

[HINT: See Exercise 5 of Section 25.]

Let (X, S, /1) be a measure space with u*(X) = 1. Assume that a function f € L(u)
satisfies f(x) = M > 0 for almost all x. Then show that In(f) € L;(u) and that
SIn(f)du < In(f f du) holds.

[HINT: Let r = f(x)/|l fll1 in the inequality 1 — % <Int <t —1, and integrate.]
Show with an example that Theorem 31.7 is false when p = co.
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This exercise shows that Theorem 31.16 is false when p = 1 and presents a necessary
and sufficient condition for the mapping g +> Fy from Loo(u) into LT(u) to be an
isometry.

a. Show that for each g € Loo(u), the linear functional Fe(f) = f fegdu for
f € Li(p) is a bounded linear functional on L1(u) such that [|Fyll < llglleo
holds.

b. Consider a nonempty set X and p the measure defined on every subset of X by
w(@) = 0and u(A) = oo if A # @. Then show that L (i) = {0} and Loo(i) =
B(X) [the bounded functions on X] and conclude from this that g € Leo(ut)
satisfies || Fy || = ||glloc if and only if g = 0.

c. Letus say thata measure space (X, S, ) has the finite subset property whenever
every measurable set of infinite measure has a measurable subset of finite positive
measure, (A measure with the finite subset property is also called a locally finite
measure.)

Show that the linear mapping g > F, from Loo(u) into L}(u) is a lattice
isometry if and only if (X, S, 1) has the finite subset property.

Let(X, S, 1) be ameasure space. Assume that there exist measurable sets £, ..., E,
suchthat0 < w(E;) <coforl <i<n, X = U,'~'=1Ei, and each E; does not contain
any proper nonempty measurable set. Then show that LE (1) = L(w); that is, show
that g = Fp from L(u)to L% () is onto.

[HINT:If F e L (u), letci = F(xg,). g = ZL,[Q/;H(E,v)] - XE;» and then show
that F = F, holds.]

Let (X, S, p) be a measure space, and let 0 < p < 1.

a. Show by a counterexample that {|-|| , is no longer a norm on L ,(u).
b. Foreach f,g e Lp(u)let d(f,g) = [If —glPdu = (|f — gllp)P. Show that d
is a metric on L () and that L ,(ut) equipped with d is a complete metric space.

[HINT: For the triangle inequality, observe that (@ + b)” < aP + b” holds for every
pair of non-negative real numbers a and b.]

Let (X, S, 1) be a finite measure space. Then show that Theorem 31.10 is true for
p = co. That is, show that the step functions are norm dense in L (u).

If K is a compact subset of a metric space X, then show that there exists a regular
Borel measure 1 on X such that Suppu = K.

If { fx} is a norm bounded sequence of Lo(u), then show that f,/n — 0 a.e.

Let (X, S, ) be a measure space such that u*(X) = 1. If f,g € Li(u) are two
positive functiqns satisfying f(x)g(x) > 1 for almost all x, then show that

(Jr) (fos)

Consider a measure space (X, S, ) with u*(X) = 1, and let f,g € La(u). If
[ fdu =0, then show that

(ffgdu)2 < [/gzdu- (/gdu)z}/fzdu.

v

1.
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If two functions f. g € La(u) satisfy || fil3 = llglls = ffzg du = 1, then show that
g=|flae
For a function f € L(1t) N La(u) establish the following properties:

a. feLlpu)foreachl <= p= 2, and
b. limp i+ I Fllp, =11

Assume that the positive real numbers ey, ..., &n satisfy 0 < o; < 1 for each i and
Y=L fro f are positive integrable functions on some measure space,
then show that

a. f.lalffz"'ﬁ?"élal(u),and
b JFOFE g dp < (LA AAID® - ()%

Let (X, S, i) be a measure space and let {A,} be a sequence of measurable sets
satisfying 0 < u*‘(A,,) < o0 for each n and lim u*(A,) = 0.Fix I < p < oo and let
gn = [ (A)] ¥ xa, for each n, where % + 5 = 1. Prove that limffg,, du =0
foreach f e Lp(u).
Let (X, S, i) be a measure space such that pw*(X) = 1. Foreach 1 < p < co define
the set

Ep= [feLlw): flfldu=1 and f!fl”du=2]-
Show that for each 0 < ¢ < 1 there exists some 8, > 0 such that

pr({x e X: | f(0)l > €}) = 8p

foreach f € &p.
Let (X, S, i) be a measure space and let 1 < p <0 and 0 < 17 < p.

2. Show that the nonlinear function ¥: Lp(u) — Le(u), where ¥ (f) = |fI", is
norm continuous. '
b. If f, — f and g, — g hold in L,(u), then show that

lim f falP M gal? dis = f LFIP=1g) dp.

Let T:Lp(u) — Lp(u) be a continuous operator, where 1 < p < o9, and let
0 < 75 < p. Show that:

a. If feLp(u), then 1 F1P-NTfI" € Ly(u) and
/ifl""’lei" dp < \THTALFUR)P.

b. If forsome f € Lp(u) with ||fll, <1 we have JIAIPMTfirdp = |TH",
then |Tf| =T fI.

Let (X, S. 1) be a measure space and let f € Lp(u) forsome 1 < p < o0, Show
that the function g: [0, o) — [0, oo) defined by

g() = ptP" X ((x € X1 [f(l = 1)
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is Lebesgue integrable over [0, 0o) and that

[o0}

[irran= [ soarn=p [C-w e x: 11z ma
[0,00) ]

Let (X, S, u) be a measure space and let f: X — IR be a measurable function. If

w({x e X: |f(@)| = t]) <e™ forall + > 0, then show that S € L (i) holds for

each 1 < p < o,

Consider the vector space of functions

E={fiR"— R] f is a C®-function with compact support and f]R"fdk =0).

Show that for each 1 < p < oo the vector space E is dense in L p(R™).Is E dense in
Li(R")?

Let (0, co) be equipped with the Lebesgue measure, and let 1 < p < oo. For each
feLlpM)letT(f)x)= x~! ffx(o,x) d) for x > 0. Then show that T defines a
one-to-one bounded linear operator from L p((0, 00)} into itself such that | T|| = F-Ll
[HINT: Assume that 0 < f € C.((0, 00)). Then integrate by parts, and use Hélder’s

ineguality to get
o /1 X r 1 oe] X P
f (—ff(r)dr) dx=-———/ (/ f(t)dt) dx1-7)
0 \xXJo I-pJo \Jo

P *® —1
— TP dx
p—I./o FOUT) 1P dx

AT NP

i

2 e (7 317D gy )
< —Lois, (/0 (T 1 d.x)

= p—’j—fnfnp AT

Now, use Theorem 31.11. For ||T|| use the sequence of functions {f,} defined by
Fox)=x=DP £ 0 < x < 1and fu(x) = 0ifx > 1]



CHAPTER 6

HILBERT SPACES

The notion of norm can be thought of as a generalization of Euclid’s concept of
length. So, normed or Banach spaces can be viewed as finite or infinite dimensional
analogues of the classical two- or three-dimensional spaces of Euclidean geometry.
In the two- or three-dimensional spaces of Euclidean geometry there is, however,
one more important ingredient that describes the length of a vector: it can be
obtained by means of the familiar inner product. That is, the length of an arbitrary
vector x is given by

el = v - x,

where x - y denotes the inner product of the vectors x and y. In general, the inner
product x-y = Y 7_, x;y; of two vectors x, y € R" can be considered as a function
of two variables that satisfies certain linearity and homogeneity properties.

Besides using the inner product to evaluate the norm of a vector, the inner
product also allows us to compute angles between vectors and express projections
of vectors along lines and planes. For this reason, although all norms on R" are
equivalent (Theorem 28.8), the Euclidean norm is the one that is more suitable for
physical applications.

Normed spaces whose norms are obtained (as above) by means of an inner
product are called inner product spaces. If they are also complete, they are referred
to as Hilbert' spaces. Naturally, these spaces inherit the most important properties
of Euclidean spaces, and for physical applications they are the most suitable infinite
dimensional analogues of Euclidean spaces.

This chapter presents a brief introduction to Hilbert spaces. In the first section
we study the basic properties of an inner product, and in the second section we

.introduce Hilbert spaces. We discuss orthonomal bases in the third section. The
final (fourth) section deals with some natural applications of Hilbert spaces to
Fourier analysis. In particular, it discusses a few classical convergence properties

IDavid Hilbert (1862-1943), a German mathematician. He was a towering influential mathematical
figure of modern times. In his 1900 address at the International Congress of Mathematicians, he
proposed a list of 23 mathematical problems that have since stimulated and shaped the direction of
present mathematical research.

275
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of Fourier series. Fourier analysis is today one of the basic tools of every engineer
and applied scientist working in linear systems, antennas, mechanical vibrations,
optics, bioengineering, various random processes, boundary value problems, and
the design of filters used in the field of image and signal processing.

Since the natural setting of Hilbert spaces is within the framework of complex
vector spaces, in this chapter we shall deal mainly with complex vector spaces.
The complex conjugate of a complex number & = a + b1 will be denoted by @,
ie,& =a—bi.

32. INNER PRODUCT SPACES

Aninner product on areal vector space X is a real-valued function of two variables
(+): X x X — R such that:

1. (., -)is linear in the first variable, i.e., (ax + By, z) = a(x, z)+ B(y, z) for
ailix,y,z € X and all real numbers « and B

2. () is symmetric, i.e., (x, Y=, x)forallx,y € X;and

3. (x,x)>0foreachx € X and (x,x) =0 ifand only if x = 0.

From (2) and (1), we see that every inner product on a real vector space is also
linear in the second variable. A real inner product space is a real vector space
equipped with an inner product.

In case X is a complex vector space, a complex-valued function of two variables
(,): X x X — C s an inner product on X if

a. (-, -)is linear in the first variable, i.e., (o:x + By, z) = a(x,z)+ B(y, z) for
all x, y,z € X and all complex numbers « and B;

b. (x,y)= mfor allx,y € X; and

c. (x,x)=0foreachx € X and (x,x) =0 ifand only if x = Q.

A complex inner product space is a complex vector space equipped with an inner
product. It is easy to see that the inner product of a complex inner product space
is additive in the second variable and “conjugate homogeneous™ in the second
variable. That is,

o (x,y+2z)=(x,y)+(x,z)forall x,v,z€ X,and
o (x,ay)=ua(x,y)forallx,y e X andall o« € C.

Every real vector space X can be “extended” to a complex vector space by
means of its “complexification.” If we define formally

Xe=X@1X ={x+1y: x,y € X},
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and equip it with the algebraic operations

(x +1y) + (x +1y1) = X+ x4+ 1(y + ), and
(@ +1B8)x +1y) = ax — By +1(Bx +ay),

then X_ is a complex vector space—called the complexification of X. The reader
should stop and verify that X with these operations is indeed a complex vector
space. Also, it should be clear that the vector space X can be identified with the
vector subspace {x +10: x € X} of Xc.

Now, if X is a real inner product space with complexification X, then we can
define a function (-, -}: X %X X — C via the formula

(x + 1y, x4y = (&, x00) + ) ey, 00 = G ol
It is a routine matter to verify that (-, -) is indeed an inner product on X ¢, and that
{x +10, x; +10) = (x, x1).

That is, the inner product {-, -) is an extension of the inner product (-, -) from X to
its complexification X.

Since most interesting results regarding inner product spaces are associated
with complex inner product spaces and since every real inner product space can
be extended (as above) to a complex inner product space, from now on, unless
otherwise stated, all inner product spaces will be assumed to be complex inner
product spaces. In particular, if X is a real inner product space, then we shall
denote for brevity its complexification X by X again. In case we consider a -
real inner product space, we shall refer to specifically as a “real inner product
space.”

Here are two examples of inner product spaces:

Example 32.1. The classical Euclidean spaces R" provide the simplest examples of real
inner product spaces. The inner product in R”" is defined by (x, y) = Yor s xiyi for all
vectors x = (x(,...,xp)and y = (y1, ..., yn). Its complexification is simply C" whose
inner product is defined by

n

()= X%

i=]
forall x,y € C".

The second example of an inner product space is the vector space C[a, b] of all con-
tinuous real-valued functions on a closed interval [a, b]. The inner product is given by the
formula (f, g) = f ub F(¥)g(x) dx. Its complexification is the vector space of all continuous
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complex-valued functions defined on [a, b] and its inner product is given by

b
(i) = f £ 500 dx

for all continuous functions f, g:[a, b] — C. ]

In an inner product space X, the norm of a vector x € X is defined by

lxll = vx, x).

Our immediate objective is to show that the preceding formula indeed defines
a norm on X. To do this, we need to establish the classical Cauchy-Schwarz
inequality.

Theorem 32.2 (The Cauchy-Schwarz Inequality). [fx and y are two arbi-

trary vectors in an inner product space, then

\y2]
eLUis prLnld spPLLE

G =< lxl Iyl

Proof. Letx and y be two vectors in an inner product space. If x = Qory = 0,
then the inequality is obvious. So, we can assume x # 0 and y 3 0. Then, for
each A € R we have

0 < (x+Ay,x+21y)
= (6, x) +Alx, y) + A, Y) + A2, y)
= ||x|* + 2ARe(x, y) + A?[ly||?
<l + 201G,y + A2yl

Now, notice that the last expression is a quadratic in A which is always non-negative.
This means that its discriminant is non-positive. That is,

4)(x, )P = 4lx P Iyl* < 0.
Hence, [(x, ¥)| < [|lx]1 |y]l, as claimed. B

We are now ready to establish that the formula ||x}] = +/(x, x) defines indeed a
norm.

Theorem 32.3. If X is an inner product space, then the formula

lxll = v(x, x)

defines a norm on X (called the norm induced by the inner product).
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Proof. Start by observing that ||x|| > O for each x € X and that |[x|| = 0 if
and only if x = 0. Now, if @ € C and x € X, then

o )% = a@(x, x) = (ox, ax) = fox|?,

and so ||lax|| = |a| ||lx||. Finally, for the triangle inequality use the Cauchy-Schwarz
inequality to get

lx+ylI?2 = @ +y,x+y)
= (0, )+, )+, x)+ 0.y
= (x,x)+2Re(x, )+, y)
< el + 210, Y1+ 1
< el 20 iyl + Iy
= (lx]l + lyI)*.

This implies ||x + y|| < [lx|l + llyll, and the proof is complete. B
The inner product is a jointly continuous function. .

Lemma 32.4. The inner product is a jointly continuous function with respect
to the induced norm. That is,

lx, — x|l = 0 and |y, =yl = 0 = (xu, yu) = (x, ¥)-

Proof. The conclusion follows from the inequality

[(xlh yn) - (—\'1 )’)l = [(xn —X, y11)+(xv Yn— )’)l = ”yn “ ”xn -X“ + ”.’C” ”yn - }’ll,
and the fact that if ||y, — yll — 0, then {{|y. ||} is a bounded sequence. B

A well known theorem of Euclidean geometry states that the sum of the squares
of the sides of a parallelogram equals the sum of the squares of its diagonals. This
fact is also true in any inner product space and is known as the parallelogram

law.

Theorem 32.5 (The Parallelogram Law). [f x and y are two vectors in an
inner product space, then

I + yI2 + v = yI? = 20x 1 + iy 1.
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Proof. If x and y are two vectors in an inner product space, then note that

I+ 312+ =317 = G+ y,x + )+ @ -y, x - y)
= [(x, x) + (x, y) + (¢, x) + (3, )]
+ [ x) = (x, ) = (3 x) + (0, Y)]
= 2(x,x)+2(y, )
= 2(llx > + Iy 1%,

as claimed. B

For a given norm {|-|| on a vector space X there exists at most one inner product
on X that induces the norm ||-||. To see this, assume that two inner products (-, -)
and (-, -) on X induce |-}|. That is, assume that (x,x) = (x,x) = ||lx]|* for all
x € X. In particular, we have

Gy x+y) = 0,x)+ @)+, 1)+,
=x+y,x+y)
= (x,x) + (x, y) + (y. x) + (3, ¥),

and therefore
G+ x) = {x,y) + (9, x) )
for all x and y. If the vector space X is real, then the latter easily implies
*x,y) = (x,y)

for all x and y. If X is a complex vector space, then replacing x by ix in (¥), we
geti(x,y) —1(y,x) =1{x,y) —1{y, x) or

)= x) = (x,y) = (y,x)

for all x and y. Adding this to (*) yields 2(x, ¥) =2(x,y),or(x,y) = (x, y) for
all x and y. This establishes that a given norm is the induced norm of at-most one
inner product.

Which norms are induced by inner products? Remarkably, as we shall see next,
the ones that satisfy the parallelogram law.

Theorem 32.6. A norm |-|| on a vector Space is induced by an inner product
if and only if it satisfies the parallelogram law, i.e., if and only if

b + Y12 + llx = 11> = 2(1x )12 + 1y1?)
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holds for all vectors x and y. Moreover, the inner product (-, -) that induces ||-||
in the case of a real vector space is givei by

1
@, y) = Z(lx+ YIP =l =y,
and in the case of a complex vector space by
1 2 2
(e, 3) = U+ Y17 =l = I el 400 = el =0y,

Proof. Assume that a real Banach space X satisfies the parallelogram law. We

. shall show that the formula

1 )
<Lw=zmx+ﬂr—w~wﬁ,

is an inner product which induces the norm |-||. Clearly, (x, x) = |l.x II? > Oforeach
x and (x, x) =0 if and only if x =0. Also, it should be clear that (x, y) = (y, x)
for all x and y. Next, we shall show that the function (-, -) is additive in the first
variable. To do this, note first that

4u+v,w)+4@—v,w) = (utv+ wl* = lu+v - wi?)
+ (= v+ wl? =l — v~ wl?)
= (lu+w+ vl + lu+w — v
—(—w+v)? + |lu—w—v|?)
= @llu +wl? +2vI1%) — Qllu — w]* + 2]v)*)
= 2jlu + w|* ~ Ju — wi)
= 8(u, w).

Thus, for all u, v, w € X, we have
(u—+v, w)+ @ —v, w) =20, w). (%)

When v = u, (x«) yields 2u, w)=2(u, w). Now, letting 1 = %(x +y),v= %(x -y)
and w = z in (»*), we get

D+ )=Ww+v,2)+@—v,2)=20,2)=Qu,z) = +y,2),

which is the additivity of (-, -} in the first variable.
Now, as in the proof of Lemma 18.7, we can establish that (rx, y) = r(x, ¥)
holds for each rational number r and all x, y € X. Since (-, -), as defined above,
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is a jointly continuous function (relative to the norm §-||), it easily follows that
(ax,y) =a(x, y)foralla € R and all x, y € X. This completes the proof of the
real case. We leave the complex case as an exercise for the reader. |

In an inner product space the notion of orthogonality is introduced by means
of the inner product. Two vectors x and y are said to be orthogonal, in symbols
x L y,if (x, y) = 0. A set of vectors S in an inner product space is said to be
an orthogonal set if 0 ¢ S and any two distinct vectors of S are orthogonal. An
orthogonal set consisting of unit vectors is called an orthonormal set. Notice that
if § is an orthogonal set, then the set of vectors {x/||x||: x € S} is automatically
an orthonormal set.

In the case of a real inner product space, we can also define the angle between
two vectors. Indeed, if x and y are two non-zero vectors in a real inner product
space, then (in view of the Cauchy—Schwarz inequality) there exists a unique angle
6 satisfying 0 < 6 < 180° and

_ (x,y)
il lyl”

The angle 8 is called the angle between the vectors x and y. So, in the real case,
two vectors are orthogonal if and only if the angle between the vectors is 90° (we
also define the angle between the zero vector and any other vector to be 90°).

One of the oldest and most famous theorems in mathematics is the Pythagorean?
theorem. It states that the square of the hypotenuse of a right triangle equals the
sum of the squares of its two legs. This result also carries over to inner product
spaces.

Theorem 32.7 (The Pythagorean Theorem). If in an inner product space
the vectors xi,Xa, ..., X, are pairwise orthogonal, then

oy a2+ -+ i ? = g 2 4 ol 4 -+ a2

2Pythagoras of Samos (ca 580500 BC), a great Greek philosopher and mathematician. Born on the
Greek island of Samos, he is credited with many discoveries in mathematics and science and was the
first to associate number theory with musical sounds. Pythagoras moved to the Greek city of Crotona in
southern Italy (a well known city in ancient times for its medical school and for many great athletes who
won in the ancient olympic games) and created the famous Pythagorean school, which was in essence a
secret brotherhood. Following Pythagoras® maxim “everything was not to be told to everybody,” what
was done and taught among the members of the brotherhood was kept in profound secrecy from the
outside world. Due to this secrecy, the extend of knowledge and discoveries of the Pythagorean school
is fragmented and highly speculative.
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Proof. If the vectors xy, X2, ..., X, are pairwise orthogonal in an inner pro-
duct space, i.e., (x;, X;) = 0 fori # j, then note that

n

ixi = ,fo, Z’xj = Zi(«\'iv\‘j) = Z(ani) == i: llx 112,
=

i=1 i=l i=1 j=1 i=l f==1

as claimed. B

An immediate consequence of the Pythagorean theorem is that non-zero orthog-
onal vectors are linearly independent.

Corollary 32.8. In an inner product space any set of non-zero pairwise or-
thogonal vectors is linearly independent.

Proof. Assume that x|, X2, ..., X, are non-zero pairwise orthogonal vectors
and let S ,A.x; = 0. Since the vectors Aixy, AaXa, ..., Xox, are also pair-
wise orthogonal, it follows from the Pythagorean theorem that p IR PARE
1> i II* = 0. This implies A; = 0 for each i, so that the vectors X, X3 ..., Xu
are linearly independent. B

Recall that if {X;};e;s is a family of non-negative real numbers, then the symbol
Y ;e Mi denotes the supremum of the collection of all possible finite sums of the
A;. That is, if F denotes the collection of all finite subsets of I, then

A = Ais
D k=)

where the supremum is taken in the extended real numbers.

Lemma 32.9. If {Mi}ics is a family of non-negative real numbers and
Yier M < 00, then \; # 0 holds for at most countably many indices i (in
which case Y_;¢; i is either a finite sum or a series).

Proof. IfF,={iel: X > ,11}, then F, is a finite set (why?) and moreover,
liel: A >0}= U;’;l F,.Hence, {i € I: A; > 0} is at-most countable. |

One of the most basic properties regarding orthonormal sets is Bessel’s® in-
equality. As we shall see later on, almost every aspect regarding the structure of
orthonormal sets depends upon the next result.

3Friedrich Wilhelm Bessel (1784—1846), a notable German astronomer and mathematician. By
introducing new methods, he determined the positions of several stars and planets quite accurately.
He is also well known for a special class of functions which is today the indispensable tool of every
scientist working in applied mathematics, physics, or engineering.
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Theorem 32.10 (Bessel’s Inequality). If {x;}ic; is an orthonormal family of
vectors in an inner product space, then

2 12
D e 1) < gl
iel
holds for each vector x. In particular, for each x all but an at most countable
number of the (x, x;) vanish.

Proof. Fix some vector x in an inner product space and let xy, xs, ..., x, be
a finite orthonormal set. Then we have

n n
X = Z(x,xi)xi,x - Z(x,xj)xj
i=1 =1
n n

xl? =Y 0, X (e, ) = D G x D) + 3 > (@, 1), (1))
i=1 j=1

i=] j=I

xl® = Y 1o 2P = D16, 2P+ Y (6, )l

i=1 j=1 =1

n
Il = 1Gx, )

i=1

o
IA

]

I

I

Hence, Y [_, I(x, x)? < |lx]|%. Now, if {x;};e; is an arbitrary orthonormal set,
then the above conclusion easily implies Y, |(x, x;)[* < [lx||%. In particular,
(x, x;) 5 0 must hold true for at most countably many indices i. - |

There is a standard procedure called the Gram*~Schmidt® orthogonalization
process for converting a countable (or a finite) set of linearly independent vectors
into an orthogonal set of vectors. As usual, let us use the symbol Span{zi, ..., z,}
to denote the vector subspace generated by the vectors zy, ..., z,.

Theorem 32.11 (The Gram-Schmidt Orthogonalization Process). Let x;,
X2, ... be a sequence of linearly independent vectors in an inner product space.
If we define the sequence of vectors yy, ya, ... inductively by

n

yi=Xx1 and Yni1 = Xpyl - Z 3
i=l Hyl ”

S—)ELI—J'I—’)L)y; for n=1,2,...,

4Jorgen Pedersen Gram (1850~1916), a Danish mathematician. He taught at the University of
Copenhagen and was the chairman of the Danish Insurance Council.

SErhard Schmidt (1876-1959), a German mathematician. He was a student of David Hilbert and
worked on integral equations and the geometry of Hilbert spaces.
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then we have the following:

1. Theset {y1, y2, ...} is orthogonal, i.e., y, # O for each n and (y;, y;) = 0
fori # j,and
2. Span{xi,x3, ..., X} =Span{y, y2,....,ym} for n=12,....

Moreover, the vectors yi, ya, ... are (aside of scalar factors) uniquely deter-
mined in the sense that if zy, za, ... Is another sequence of orthogonal vectors
satisfying

Span{xl,‘xg, oo Xp) = Span{zy, 23, ..., 24}

for each n, then for each n there exists a non-zero scalar A, such that z, = Ay Yn.

Proof. First, we shall prove (1) and (2) by induction. For n = 1, the claims
(1)and (2) are obvious. So, for the induction step, assume that the vectors yy, . . ., ¥n
(as constructed by the above method) are all non-zero, pairwise orthogonal and
satisfy

Span{xy, X2, ..., xn} = Span{yi, y2, . .-+ Yu)- M
Now, define the vector y,yi = Xp41 — D ey (—‘ﬁl;-‘"—f'—) y; and note that for each

1 < j < nwehave

n

Ontty ¥)) = (a1, ¥5) — Z (—xmy—g(yi, ¥;) = Gug1s ¥j) = (Kna1, ¥j) =0,
i=1 i
so that the vectors yy, ..., Y, Yu+1 are pairwise orthogonal. Now, using (}), the
identity Xpe1 = Yyt + D ore ('Yii;i‘!'[;_v‘) y; and that xi, ..., X, are linearly inde-
pendent, we easily infer that y,4 #0 and Span{xi, X2, ..., X5 Xpr1} =
Span{y1, y2. -+ -+ Y, Yn+1}. This completes the induction and the proof of
(1) and (2).

To establish the uniqueness of the sequence {y,}, assumne that another sequence
{z.} of pairwise orthogonal vectors satisfies

Span{x|.xa, ..., X} = Span{yi, ya, ..., yu} = Span{zy, za, ..., Zn}

for each n. Clearly, z,, # 0 for each n. We shall prove by induction that for each n
there exists a non-zero scalar A, such that z,, == A, y,. For n = 1, the conclusion is
obvious. So, assume that there exist non-zero scalars Ay, ..., A, suchthatz; = A; y;
foreachi =1,..., n. From

Span{y\, y2, .- -+ ¥n» Yut1} = Span{zy, z2, . .., Zu, Zus1},
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. 1 .

we can write I, = 3 ) ¢;y; With ¢ppp # 0. Now from 2,41 — Cpg1 Yna1 =
i_y ciyi and the fact that the vectors z,.; and y,;, are both orthogonal to
Span{yi, y2, ..., yu}, it easily follows that z,.41 — Cpe1Ynt1 L Zps1 — Cog1Yns1.
Thus, z, 41 = Chp1Yn+1 =001 2y = Cyy1Yn41- This completes the induction and
the proof of the theorem. &=

EXERCISES
1. Letcy, cg, ..., ¢p be n (strictly) positive real numbers. Show that the function of two
variables (-, ): R x R" —» R, defined by (x, y) = Y _i.; cix;¥;, is an inner product

on R”",

2. Let (X, (-, -)) be a real inner preduct vector space with complexification X.. Show
that the function (-, -): X¢ x X¢ — C defined via the formula

(xtay, xp Ay = (x, x0) A (O )+, xn) — (oD

Ix + 1yl = /G, ) F G ) = U2 + Iy l1)3.

3. Let Q be a Hausdorff compact topological space and let 4 be a regular Borel mea-’
sure on 2 such that Supp £ = . Show that the function (-, ): C(Q2) x C() — R,
defined by

(fig)= / fedy,
Q

is an inner product. Also, describe the complexification of C(2) and the extension of
the inner product to the complexification of C(£2).

4. Show that equality holds in the Cauchy-Schwarz inequality (i.e., [(x. ¥)| = x|l Iy )

if and only if x and y are linearly dependent vectors.

If x is a vector in an inner product space, then show that [|x || = sup{|(x. ¥)|: [ly]| = 1}.

6. Show that in a real inner product space x L y holds if and only if ||x + y|? =
Ix 12 + iy Does |lx + yiI? = x)? + l¥1|? in a complex inner product space imply
xLy?

7. Assume that a sequence {x,} in an inner product space satisfy (x,.x) - [Ix||? and
lxnll = lxll. Show that x,, — x.

8. Let S be an orthogonal subset of an inner product space. Show that there exists a
complete orthogonal subset C such that § € C.

9. Show that the norms of the following Banach spaces cannot be induced by inner
products:

tn

a. The norm |[x|| = max{|xi], Jx2l, ..., |xx|} on IR".
b. The sup norm on Cla, b].
¢. The L p-norm on any L ,(u)-space foreach 1 < p < oo with p 5 2.

10. Prove Theorem 32.6 for complex normed spaces.




11.

12.

13.

14.

15.
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Let X be a complex inner product space and let T: X — X be a linear operator. Show
that T = 0 ifand only if (Tx, x) = 0 for each x € X. Is this result true for real inner
product spaces?

If {x,} is an orthonormal sequence in an inner product space, then show that
lim(x,, y) = 0 for each vector y.

The orthogonal complement of a nonempty subset A of an inner product space X is
defined by

At ={xeX:xLlyforall ye A}

We shall denote (A+)L by ALL. Establish the following properties regarding orthog-
onal complements:

a. AL isa closed subspace of X, A € A* and AN AL = (0}.
. If A C B, then B+ C AL,
c. At=3t= [L(A)]*L = [m]l, where £(A) denotes the vector subspace
generated by A in X.
d. If M and N are two vector subspaces of X, then M NH M+ N
e. If M is a finite dimensional subspace, then X = M & M=+,

Let V be a vector subspace of areal inner product space X . A linear operator LV—->X
is said to be symmetric if (Lx, y) = (x, Ly) holds forall x, y € V.

a. Consider the real inner product space C[a, b] and let
V ={f €C?a,b): f(@)=f(b)=0}.

Also, let p € C'la, b] and q¢ € Cla, b] be two fixed functions. Show that the
linear operator L: V - Cla, b], defined by

L(f)=(pf"Y +af.
is a symmetric operator.

b. Consider R”" equipped with its standard inner product and let A:R" — R" be
a linear operator. As usual, we identify the operator with the matrix A = [a;;]
representing it, where the jth column of the matrix A is the column vector Aej.
Show that A is a symmetric operator if and only if A is a symmetric matrix. (Recall
that an # x n matrix B = [b;;] is said to be symmetric if b;; = bj; holds for all
iand j.)

¢. Let L:V — X be a symmetric operator. Then L extends naturally to a linear
operator L: Ve = {x +1y: x,y € V} = X¢ via the formula L{x +1y) =
Lx +1Ly. Show that L also satisfies (Lu, v) = (u, Lv) forallu, v € V¢ and that
the eigenvalues of L are all real numbers.

d. Show that eigenvectors of a symmetric operator corresponding to distinct eigen-
values are orthogonal.

Let (-, -) denote the standard inner product on R”, ie., (x,y) = 3o yxiy; for all
x, y € R". Recall that an # x n matrix A is said to be positive definite if (x, Ax) > 0
holds for all non-zero vectors x € R".

Show that a function of two variables (-, -): R" x R" — R is an inner product on
R” if and only if there exists a unique real symmetric positive definite matrix A such
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that
{x, y) = (x, Ay)

holds forall x, y € R". (It is known that 2 symmetric matrix is positive definite if and
only if its eigenvalues are all positive.)

33. HILBERT SPACES
We start by introducing the notion of a Hilbert space.

Definition 33.1. A Hilbert space is an inner product space which is complete
under the norm induced by its inner product.

Again, we distinguish Hilbert spaces into real and complex. If H is areal Hilbert
space, then its complexification H. = H @ 1 H is a complex Hilbert space whose
induced norm is given by

lx + 1yl = v lIxl? + Iyl

Here are two classical examples of Hilbert spaces:

Example 33.2. The real Banach space £3 is a real Hilbert space under the inner product
defined by

e
)= Xnym,
n=1

forall x == (xy,x72,...)and y = (y1, y2....) in £3.
Its complexification, which we shall denote by £, again, consists of all square summable
sequences of complex numbers. In this case, the inner product satisfies

. jes]
@)= x.

n==1
forall x = (x1,x2,...)and y = (y1, y2,...)in £3. B

Example 33.3. The real Banach space La(u) is a real Hilbert space. Its complexification,
which we shall denote again by La(u), consists of all complex valued measurable functions
such that [} f [ du < oo holds (where, as usual, two functions are identical if they are
equal almost everywhere). Then Lo(u) is a complex Hilbert space with the inner product
defined by

(i) = f FOE0) d.

forall f, g € La(u). [
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Example 33.4. Let (X, S, u) be a measure space and let p: X — (0, 0o) be a measurable
function—called a weight function. Then the collection of measurable functions

Ly(p) = {f eM: fplflzdu < 00}

is clearly a real vector space. Now, if we define (-, -): L2(p) x L2(p) = R by

(frg) = / ofgdu,

then (-, -) is a well-defined inner product. Indeed, since f € L3(p) is equivalent to having
JP [ € Lafu), it follows from Holder’s inequality that

| [oraan < ([orrian) (fptgl%m) <o,

and 50 (-, ) is well-defined. We leave it as an exercise for the reader to verify that L(p) is
a Hilbert space. As usual, we shall denote the complexification of L3(p) by L2 (p) again.

The reader should also notice that L1(p) is exactly the Hilbert space Ly(v) for the measure
vi Ay — [0, oo] defined by

ral—
o

v(A) = pr(x)du(X)

foreach A € A,. B
The norm completion of an inner product space is a Hilbert space.
Theorem 33.5. The norm completion X of an inner product space X is a
Hilbert space. Moreover, if x,y € X and two sequences {x,} and {yn} of X
satisfy x, — x and y, = y in X, then
(x, y) = lim (x, yn)-
n—»oo
Proof. By Theorem 29.7 we know that X is a Banach space. We leave it as
an exercise for the reader to verify that the formula (-, -} as defined above is a
well-defined inner product that induces ||-|| on X. B

Recall that in a normed space the distance from a vector x to a set A is defined by

d{x, A) = inf{}lx — y||: y € A}.
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Our next important result asserts-that a closed convex subset of a Hilbert space
contains a unique vector of smallest distance from a given vector.

Theorem 33.6. If A is a non-empty closed convex subset of a Hilbert space
H, then for each x € H there exists a unique y € A such that

d(x, A) = |lx =y

Proof. Let A be a non-empty closed convex subset of a Hilbert space H, let
x € H,and putd = d(x, A). Choose a sequence {y,} € A such that

d = lim [lx — y,|.
n—»co

‘We claim that the sequence {y,} is a Cauchy sequence. To see this, note first that
by the Parallelogram law, we have

1Yn = Yuull? = 1 = %) = O — 2112
= 2”}’71 - xllz + 2||ym - xllz - ”(.Vn —x)+ (}'m - x)”?.

3 + 2
=2mM—nF+2wm—ﬂP—w&5fh~x”

Since A is convex, it follows that % € A,andsod < || l";;l’ﬂ — x||. Therefore,
2 2
”y:: = Ym ”2 =< 2")’!! - X112 + 2”ym - -X“- e n,'n';:?x 0.

This shows that {y,} is a Cauchy sequence. The completeness of H guarantees
that {y,} converges to some vector y in H. Since A is closed, y € A and, clearly,
d=d(x, A) =[x —yl.

For the uniqueness of y, assume that another vector z € H satisfies [[x — z|| =
d(x, A). Since A is a convex set, -;—(y + z) € A, and by the Parallelogram Law

2
d2

IA

= JIG =)+ G-I

1
«\'—'2‘()"*‘2)

1 9
F20 = I+ 2l = 21 = lx = ) = (5 = )P
=%Q¥+Qf—mz—ﬂﬁ

1
=d* = Zllz = yI* < d”

This implies §[ly — z||* = 0 or y = z, and the proof is finished. |
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Now, let X be an inner product space. If A is a non-empty subset of X, then the
orthogonal complement Al of A is the set of all vectors that are orthogonal to
every vector of A. That is, ‘

At ={xeX:x Ly forall ye A}

From the linearity and continuity of the inner product it should be clear that A+
is always a closed subspace of X satisfying AL = (A)* and AN A+ = (0}; see
also Exercise 13 of Section 32.

Remarkably, when X is a Hilbert space and A is a closed subspace, then A
together with A* span the whole Hilbert space.

Theorem 33.7. If M is a closed subspace of a Hilbert space H , then we have
H=MaM™*.

Proof. Since M N M+ = {0}, it suffices to show that every vector x € H can
be written inthe form x =y +z withy e Mandz € M*.So,letx € X.

Since M is a closed and (as a vector subspace) convex set, there exists (by
Theorem 33.6) a unique vector y € M such thatd(x, M) = |[x—y|.Letz =x—Yy
and note that x = y + z. We shall finish the proof by establishing thatz 1 M.

To this end, let w € M and write (z, w) = re'? with r > 0. Then, for each real
A we have

Iz < |z + AeCw]|? = flzl* + 2rk + A flw]*.
< —Allwl}? for each

This implies 2ri + Al wl|?> = 0 for each real A, and so 2r <
A < 0. Hence, r < 0, and therefore r = 0. Consequently, (z, w) = 0. =

In a Hilbert space the dense subspaces have a nice characterization in terms of
an orthogonality condition.

Corollary 33.8. A vector subspace M of a Hilbert space is dense if and only
if the zero vector is the one and only vector orthogonal to M.

Proof. Let M be a vector subspace of a Hilbert space H and let M be its norm
closure. Assume first that M = H and let x | M. Pick a sequence {x,} € M such
that x, — x and note that 0 = (x,, x) = (x, x) implies (x, x) = 0,orx =0.

For the converse, assume that M+ = {0}. Since (M)* = M, it follows from
Theorem 33.7 that M = M®{0} = M®(M)* = H,andso M isdensein H. &

Since the inner product is a jointly continuous function, it follows that every vec-
tor y in an inner product space X defines a continuous linear functional fy: X — C
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via the formula

fr(x) = (x, ).

If X is a Hilbert space, then (as we shall see next) all continuous linear functionals
on X are of this form.

Theorem 33.9 (F. Riesz). If H is a Hilbert space and f: H — C is a conti-
nuous linear functional, then there exists a unique vector y € H such that

Fx)y=(x,y)

holds for all x € H. Moreover, we have | f|| = ||y|.

Proof. Let f: H — C be a continuous linear functional on a Hilbert space
and let M be its kernel, i.e.,

M=Kerf=f'({0)=(x e H: f(x)=0).

Since f is a continuous linear functional, it follows that M is a closed subspace. If
M = H,then y =0 satisfies f(x)=(x, y)=0foreach x € H. So, we can assume
that M is a proper closed subspace of H. Then, there exist some xo € H with
f(xo) = 1 and (by Theorem 33.7) some non-zero vector w € M->. Now, notice
thatif x € H,thenx — f(x)xo € M, and so (x — f(x)x0, w) = 0or f(x)¥xg, w) =
(x, w). This implies f(w)xo, w) =(w, w) > 0, and so (xp, w) % 0. Now, notice
that the vector y = w/(w, xo) satisfies f(x) = (x, y)forallx € H.

For the uniqueness note thatif (x, y) = (x, yi)foreachx € H,then(x, y—y;) =
0 for each x € H, and so, by letting x = y — y,, we get -=y.y—y)=0o0r
¥ = y. Finally, to establish the norm equality, note first that the Cauchy-Schwarz
inequality

[ =G, »I = Ux I iyl

implies || f]| < [ly|l. On the other hand, if y s 0, then letting x = y/[|y]l, we see
that [lx|| = Tandso [ | > [ fGI = [(/liyll, )| = llyll. Thus, [ £1| = y]l. ®=

If H is a Hilbert space, then Theorem 33.9 shows that a function y + fy where
fy(x) = (x, y) can be defined from H onto H*. In view of the properties

fy+fz=fy+za afyzf'o?y and Al =1yl

it easily follows that this mapping is a “conjugate” linear isometry from H onto
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H*. By means of this isometry, we can establish that Hilbert spaces are reflexive
Banach spaces.
Corollary 33.10. Every Hilbert space is reflexive.

Proof. Let H be a Hilbert space and let F: H* — C be a continuous linear
functional. Define ¢: H — C via the formula ¢(y) = F(f;). From

oy +2) = F(fy:) = F(fy + f2) = F(fy) + F(f2) = ¢(y) + 6(2),
¢lay) = F(foy) = F@fy) =TF(fy) = aF(fy) = ag(y),

and [ = |F(fl = IFA S IFIILAN = IF NIyl we see that ¢ € H*.
So, by Theorem 33.9, there exists aunique x € X such that (y, x) = ¢(y) = F(f,)
forall y € H. This implies £(f,) = fy(x) = (x, y) = F(f,) foreach y € H, and
so F' = £. This shows that the natural embedding x +» £ of H into its double dual
H** is onto, and consequently H is a reflexive Banach space. B

We shall close this section with a few more facts concerning orthogonal and
orthonormal sets in Hilbert spaces. Let us say that an orthogonal set § of an inner
product space is complete if x L s for each s € § implies x = 0. In view of
Corollary 33.8, it should be noted that an orthogonal set S in a Hilbert space is
complete if and only if the vector space generated by S is dense.

Theorem 33.11. Every inner product space has a complete orthogonal set
(and hence, it also has a complete orthonormal set).

Proof. The conclusion follows from Zorn’s lemma by observing that the col-
lection of all orthogonal sets, ordered by inclusion, has a maximal element. To
finish the proof, notice that an orthogonal set is maximal if and only if it is
complete. |

It is useful to note that if S is a complete orthogonal subset of a real Hilbert space
H, then S is also a complete orthogonal set in the complexification H, = H @1 H
of H. Indeed, if some x + 1y satisfies x + 1y .L §, then (x + 1y,s +10) =
(x,s)+1(y,s)=0foralls € §,and so (x,s) = (y, 5) = O foreach s € S. Since
S is complete, the latter implies x = y = 0, andsox +1y = 0.

Now, assume that the vector subspace M generated in a Hilbert space H by

a countable collection of vectors xi, xs;... is dense in H. If y;, yp,... is the
orthogonal sequence of vectors produced by applying the Gram-Schmidt orthog-
onalization process to the sequence X1, X7, . .., then the orthogonal set {y;, y2, ...}

is automatically complete. Indeed, if y L y, for each n, then y L x, for each n,
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andsoy L M. Since M isdensein H, we gety L. M = H, and thus y = 0. This
observation is used extensively in constructing complete orthogonal (or complete
orthonormal) sequences of vectors. The next result illustrates this point.

Theorem 33.12. Assume that p:[a,b] — (0, 00) is a measurable weight
function suchthat {1, x, x?, x3,...Y S Ly(p).Also, leta sequence Py, P, Py, ...
of non-zero polynomials be such that

a. each P, is of degree n, and

b (P Pu) = [T0(x)Pu(x)Pnx)dx = 0 for n s m.

Then the orthogonal sequence Py, Py, Py, ... is complete and coincides (aside
of scalar factors) with the sequence of orthogonal functions of Lo(p) that is ob-
tained by applying the Gram—Schmidt orthogonalization process to the sequence
of linearly independent functions {1, x, x%,x3,...}.

Proof. We shall prove first that
Span{1,x,x%,...,x"} = Span{Py, P\, Py, ..., Py} *)

holds for each n. For n =0, the claim is obvious. So, assume that (x) is true
for some n and let P be a polynomial of degree n + 1. Since P,; is a non-
zero polynomial of degree n + 1, there exists some non-zero scalar ¢, such that
P —¢y41 Poyy isa polynomial of degree less than orequal to n,i.e., P —Cpy1 Puy1 €
Span(l, x, x%, ..., x"}. So, from (), we can write P — Cpp1 Ppy; = Yo ociPior
P = " ¢; P;. This shows that

Span{l, x,x%, ..., x", x"*'} C Span{Py, P, Pa, ..., Py, Poy1}.

Since the reverse inclusion is obvious, the validity of (x) for n + 1 follows.
Thus, («) is true for each n. Now, a glance at Theorem 32.11 guarantees that
(aside of scalar factors) the sequence of polynomials Py, Py, Ps, ... is the one
obtained by applying the Gram—Schmidt orthogonalization process to the sequence
{1,x,x%,...}.

Finally, in order establish that Py, Py, P, ... is acomplete sequence, it suffices
to show that the linear subspace M generated by {1, x, x2,...}is dense in La(p).
To see this, note first that M C Cla, b] € L,(p) and that M (by Corollary 11.6)
is dense with respect to the sup norm in C{a, b]. This implies (how?) that Cla, b]
is dense in the norm induced by the inner product in L,(p). Next, notice that
Theorem 31.11 guarantees (how?) that C[a, b] is dense in L,(p), and so M is
dense in L,(p). This shows that Py, Py, P, ... is a complete orthogonal sequence
in La(p). B

The following example illustrates the preceding theorem:
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Example 33.13. Let La([—1, 1]) be the Hilbert space of all square integrable functions
on the closed interval [—1, 1] equipped with the Lebesgue measure. Then the functions
1,x,x2,... are linearly independent. If the Gram—Schmidt orthogonalization process is
applied to these polynomials, then the polynomials of the resulting orthogonal sequence
are known as Legendre® polynomials. We claim that, aside of scalar factors, the Legendre
polynomials are given by the formula ;1‘-_1-:7(,\'2 — 1)2, the nth-order derivative of the polyno-
mial (x? — 1)". It is a custom to normalize the polynomials at 1, in which case the Legendre
polynomials are given by

n

! 2
Py(x) = mz\gg(-\' -1

Clearly, each Legendre polynomial P, is of degree n (since it is the nth-order derivative of
a polynomial of degree 2n) and satisfies the condition Py (1) = 1.

By Theorem 33.12, in order to prove that the Legendre polynomials result from the Gram~
Schmidt orthogonalization process, we need only to show they are mutually orthogonal.
Pick n and m such that n > m. To verify that P, is orthogonal to P,,, it suffices show that
f_ll x* Pu(x)dx =0forallk < n.

The proof of this claim is based upon the observation that the function @ -1 =
(x — 1)"(x 4+ 1)" and all of its derivatives of order less than or equal to n — I vanish at
the points 1. So, integrating by parts & times (where k < n) and using the preceding
observation, we get )

1 ) 1 1 o d"
/ KR dy = k (% — 1Y'dx

o = o )t e
(—-1)kk! 1 dn-——k ) .
T onpl ‘/_1 dxt—k " = 1) dx
B (—l)kk! dn—k—l (‘2 oy 1 —o
T Tonp gk ) o

Therefore P, 1. P, holds for all n # m. By Theorem 33.12, { P} is a complete orthogonal
sequence in the Hilbert space Lo([-1, 1]).
Finally, it is not difficult to see that the norms of the Legendre polynomials are given by

Pyl = 7n‘2+—l Therefore, the sequence of polynomials Qq, 01, @2, ..., where
. 1 2n+41 d" 2 n
Qn(x) = “_2,,’1_! y/ 3 den (x= = 1",
is a complete orthonormal sequence of the Hilbert space Lo([—1, 1]). [}

6 Adrien-Marie Legendre (1752-1833), a French mathematician. His major contribution was on
elliptic integrals that provided the analytical tools for modern mathematical physics. He spent over 40
years of his life attempting to prove Euclid’s parallel postulate.
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EXERCISES

1. Verify that the inner product space Lo(p) of Example 33 is a Hilbert space.

2. Show that the Hilbert space L3[0, 00) is separable.

3. Let {1} bean orthonormal sequence of functions in the Hilbert space La[a, b] which
is also uniformly bounded. If {a,} is a sequence of scalars such that @y, — 0 ae.,
then show that lime, = 0.

4. Let {¢) be an orthonormal sequence of functions in the Hilbert space La[—1, 1].
Show that the sequence of functions {y/,}, where

(2 \t [ 2 ( b+a
‘:011(1)~‘(b~a) ¢”(b-—a(l 5 )).

is an orthonormal sequence in the Hilbert space La{a, b].

5. Show that the function (-, -): % x & — C defined in Theorem 33.5 is a well-defined
inner product on X that induces the norm of X.

6. Show that the closed unit ball of £3 is not a norm compact set.

7. Show that the Hilbert cube (the set of all x = (x1,x2,...) € £2 such that {x,| <

holds for all n) is a compact subset of £3.

Show that every subspace M of a Hilbert space satisfies M = M 4L

9. Fortwo arbitrary vector subspaces M and N of a Hilbert space, establish the following:

a. (M+N)*=M-nNL and
b. if M and N are both closed, then (M N N)* = M+ +N-L.

—

[l

el

10. Let X be an inner product space such that M = M 41 holds for every closed subspace
M. Show that X is a Hilbert space.
11. Consider the linear operator V: Lala, b] — Lala, b] defined by

Vi) = f F@dt.

Show that the norm of the operator satisfies ||V || < b —a.

12. Let {x,} be a norm bounded sequence of vectors in the Hilbert space £o, where
xp = (], x5, x5, .. ). If for each coordinate k we have limy—oc X = 0, then show
that

lim (x,,y) =0
n—>o0

holds for each vector y € £3.
13. Let H be a Hilbert space and let {x,) be a sequence satisfying

"1_151(130 (xn, ) =(x,y)

for each y € H. Show that there exists a subsequence {x,} of {x,} such that

1<
n <
=1

=0.

lim
n—od




14.

15.

16.

17.

18.

19,
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Let p: [a, b] — (0, co) be a measurable and qssentially bounded function and for each
n=0,1,2,...let P, be anon-zero polynomial of degree 1. Assume that

b
/ () Py(x)Pr(x)dx = 0 for n # m.

Show that each P, has n distinct real roots all lying in the open interval (a, b).
In Example 33 we defined the sequence Pp, Py, Pa, ... of Legendre polynomials by
the formulas

1 dll 2
P,,(x) = EH—!‘IY'T (.\' had 1)".
We also proved that these are (aside of scalar factors) the polynomials obtained by
applying the Gram-Schmidt orthogonalization process {0 the sequence of linearly
independent functions {1, x, x2,...) in the Hilbert space La({—1, 11). Show that for

n 1 1 and “H .

Let {Tx)oea bea family of linear continuous operators from a complex Hilbert space
X into another complex Hilbert space Y. Assume that for eachx € X andeachy €Y,
the set of complex numbers {(Tx(x), y): @ € A } is bounded. Show that the family
of operators {Ty}aea is uniformly-norm bounded, i.e., show that there exists some
constant M > 0 satisfying || Toll < M forall a € A. o

Let {¢,] be an orthonormal sequence in a Hilbert space H and consider the operator
T:H - H defined by

T@) =) an(x, $n)u,

n=1

where {a, ) is a sequence of scalars satisfying lim &, = 0. Show that T is a compact
operator.
Assume that T, T*: H — H are two functions on a Hilbert space satisfying

(Tx,y)=(x, T*y)
forall x, y € H. Show that T and T* are both bounded linear operators satisfying
ITH=IT*I and ITT*|=|TI*

Show that if T: H — H is a bounded linear operator on a Hilbert space, then there
exists a unique bounded operator T*: H —» H (called the adjoint operator of T)
satisfying

(Tx,y) =, T*)

for all x, y € H. Moreover, show that | T{| = | T*|.
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34. ORTHONORMAL BASES

Recall that an orthogonal set S in an inner product space is said to be orthonormal
if ||s]l = 1 holds for each s € S. A complete orthonormal set is a maximal
orthonormal set. By Theorem 33.11, we know that every inner product space has
a complete orthonormal set.

Definition 34.1. A complete orthonormal set in a Hilbert space is known as
an orthonormal basis. An orthonormal basis will be denoted by {¢;}ie;.

That is, a family of vectors {e;};¢; of a Hilbert space is an orthonormal basis if
and only if

1. (e, e;) = &ij, where §;; is Kronecker’s” delta (defined by §; j=1ifi=j
and &;; = 0ifi # j); and
2. (x,e;)=0forall i implies x = 0.

The orthonormal sets that are bases are characterized as follows:

Theorem 34.2. For an orthonormal family {e;}ie; of vectors in a Hilbert
space the following statements are equivalent.

1. The family {e;}ie; is an orthonormal basis.

2. Ifx Le foreach i €1,then x = 0.

3. Foreachvector x we have (x, e;) 5 0 for at-most countably many indices
iand x =Y ;. (x, e;)e;, where the series converges in the norm.

4. For each pair of vectors x and y we have (x, e;) # 0 and (y, e;) # 0O for
at-most countably many indices and (x,y) = Zie 1(x, ey, ).

5. (Parseval’s® Identity) For each vector x we have || x| = Y, I(x, ).

Proof. (1) == (2) This is an immediate consequence of the definition of the
orthonormal basis.

(2) == (3) Fix some vector x. By Bessel’s inequality (Theorem 32.10), we
know that (x, e;) 5 0 for at most countably many indices i. Let iy, i3,... be an
enumeration of the indices for which (x, ¢;) # 0. (Here we consider the case where
the set of indices {i € I: (x, ¢;) # 0} is countable; the finite case can be dealtin a
similar manner.) From Bessel’s inequality, it also follows that Zfi, J(x, e,l,)l2 <
llx]|? < oo.

7Leopold Kronecker (1823-1891), a German mathematician. He made important contributions to
the theory of equations and to the theory of dlgebraic numbers. Due to his belief that mathematics
should deal only with “finite numbers,” he vigorously opposed Cantor’s introduction of set theory. He
is also famous for the quotation “God created the integers, all else is the work of man.”

8Marc-Antoine Parseval des Chénes (1755-1836), a French mathematician. He published very little
and he is only known for this identity. He was a royalist who was imprisoned in 1792 for publishing
poetry against Napoleon’s regime.
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Now, the Pythagorean Theorem 32.7 guarantees

m 2 m
Z(xv eik)eik = Z l(x’ eik)I2

k=n k=n

for all n and m. This shows that the sequence {) ,_,(x,€;)e;,} is a Cauchy
sequence, and thus the series Y o (X, €;,)e;, = 2 _;¢; (X, €;)e; is norm convergent.
Lety = x — Y po(x, €;)e;,. Since (x — T, e e e,) = Oforallm > 1,
it follows from the continuity of the inner product that (y,e; ) = O for all n.
Consequently, (y, ¢;} = 0 for each i € /, and so, by our hypothesis, y == 0 or
x =0, e

B) = @lLletx = Z,.G,(x,e,-)e; and y = Zje,(y,ej)ej. Since there are
only at most a countable number of non-zero terms in each sum and the two series
converge in norm to x and y, respectively, it follows from the joint continuity of
the inner product that

(x, y)

( > s een Y e,~)e,~>

iel jel

=Y > (x. ey, e)ei e))
iel jeJ
= Z(x,ei)()’»ef)-

iel

(4) == (5) The desired identity follows immediately by letting y = x.

(5) == (1) Suppose that {e;};c; is not an orthonormal basis. This means that
{e;}ies is notamaximal orthonorma] set. Thus, there exists a non-zero vector y that
is orthogonal to each ¢;. But then, our hypothesis implies IyI? = 10, e =
0 contrary to the fact that y is a non-zero vector. Therefore, {e;}ie; is an orthonor-
mal basis, and the proof of the theorem is finished. =

Definition 34.3. If {e;}ic; is an orthonormal basis in a Hilbert space and x
is an arbitrary vector, then the family of scalars {(x, e;)};e; is referred to as the
family of Fourier® coefficients of x relative to the orthonormal basis {e;}ier.

The Hilbert spaces with countable orthonormal bases are precisely the infinite-
dimensional separable Hilbert spaces.

9Jean Baptiste Joseph Fourier (1768-1830), a French mathematician. He is the founder of Fourier
analysis. In his 1807 memoir, On the Propagation of Heat in Solid Bodies, he introduced the idea of
expanding functions as trigonometric series. Although this was a controversial revolutionary idea at
that time, today it is the basis of modern “Fourier analysis.”
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Theorem 34.4. An infinite-dimensional Hilbert space H is separable if and
only if it has a countable orthonormal basis. Moreover, in this case, every
orthonormal basis of H is countable.

Proof. Let {e;, ez, ...} be acountable orthonormal basis in a Hilbert space
H . Then the set of all finite linear combinations of the e, with rational coefficients
(call a complex number rational if its real and imaginary parts are both rational)
is a countable dense subset of H. Therefore, H is a separable Hilbert space.

For the converse, assume that H is a separable Hilbert space and let {x1,x2,...}
be a countable dense subset of H. We claim that there exists a strictly increasing
sequence of natural numbers ky < ky < k3 --- suchthat {xz, Xp,, - . .} is a linearly
independent sequence satisfying

Span{xk‘,xkz,...,xkn} =Span{x1,x2....,xk“}.

for each n. We shall establish the existence of such a sequence by induction.
Start by observing that we can assume X, # 0 for each n. Let k; = 1. For the
induction step, assume that we selected natural numbers k; < ky» < --- < ky such

that the vectors {xk,, X¢,, - - - » X, } are linearly independent and
Span{xi,, Xi,, - - X ) = Span{xy, x2, x3, .. X )
If every vector x; with i > k;, lies in the linear span of {x,, Xi,, - . -+ Xk, }, then

the set {xj,x2,...} spans a finite dimensional vector subspace, and so it cannot
be dense in the infinite dimensional Hilbert space H, a contradiction. Hence,
there exists some vector x; with i > k, which does not lie in the linear span of
{xk,, P ¢ S xk"}. Let

kps1 = min{i € IN: x; is not in the linear span of (Xt s Xbgs -+ +» Xk} }-
Clearly,
Span{xi,, Xiyr -« -+ Xy Xpye ) = Span{xy, xa, 33, - -, Xy I

This completes the induction and the proof of the existence of the sequence {xg, }.

Since {xi, X2,...} is dense in H, it follows that the linear span of {x; } is
also dense in H. So, if we apply the Gram-Schmidt orthogonalization process
to the sequence {x,}, we get a complete orthogonal sequence. Normalizing this
orthogonal sequence yields a countable orhonormal basis for H.
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For last part, assume that {by, b3, ...} is a countable orthonormal basis of a
Hilbert space H and that {e;};es is another orthonormal basis of H. For each n let

1
In = {l el: i(eivb")l > ~]'
n

From Parseval’s identity 1 = [|b,[|> = ¥ ;¢; [(bu, €12, it follows that [, is a finite
set. On the other hand, if i € I, then using Parseval’s identity once more, we see
that 1 = |l = Y00, (es, ba)I?, and so (e;, b,) # O for some n. Therefore,
I = Uff’:, I,,. This shows that ] is at most countable—and hence, a countable
set. B

In Example 33.13, we saw that the sequence of normalized Legendre polyno-
mials Qg, Q1, @3, ..., where

1 [2n4+1a" ,
0= gV "7 T

is an orthonormal basis of the Hilbert space L2([—1, 1]). We now present two more
examples of orthonormal bases in some classical Hilbert spaces. The first example
exhibits an orthonormal basis in the Hilbert space L,([0, c0)).

Example 34.5. Let us denote the differential operator by D, ie, Df = f'and DFf =
FU, the kth derivative of f. The Laguerre! polynomials are defined by the formulas

n—1
La(x) = e D"(x"e™) = (=1)"x" + ) (=1 (Z)n(n — 1) (e + DF,
k=0

for n = 0,1,2,.... Clearly, each Laguerre polynomial L,(x) is of degree n. Next, we
define the Laguerre functions ¢o, ¢1, ¢2, .- by

I _:
Ppx) = Fe“il,n(.‘c), n=012,.... .

We claim that {¢, ¢2, @3, ...} is an orthonormal basis in the Hilbert space L4([0, o0)) of
all square integrable functions on the interval {0, co) equipped with the Lebesgue measure.
This claim will be established by steps.

STEP I: The sequence {¢o, ¢2. $3, ...} is orthogonal.

Let m < n. Then we need to show that f(;’o L)Ly (x)e™" dx = 0. Since L;(x) isa
polynomial of degree m, it suffices to verify that for all k < n we have

oo
/ HL)e ™ dx =0. (%)
0

19Edmond Nicolas Laguerre (1834—1886), a French mathematician. He worked in geometry and on
approximation methods in analysis.
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To establish (), integrate by parts k times to get
o0 . o g - | 3 b g -
f K Lyx)e™ dx = / xFD" (e ¥y dx = (=1)Fk! / D" *(x"e™*ydx = 0.
0 0 0
Therefore, the Laguerre functions are mutually orthogonal.

STEP II: The sequence {¢o. $2, @3, ...} is orthonormal.
Taking into account («) and integrating by parts n times, we get

-‘1- 1 *® . =X gy 1 *© n.n —X .
n' 2 (7'.55[ La(x)Lp(x)e™ dx =(—-‘3—2-/‘ (—=1)'x"Lp(x)e ™ dx
= (n‘) / (—=1)'x"D"(x"e " )dx = ')z(n')/ xMe™d
== nz(n')(n')-l

STEP III: The sequence {¢o, 2, ¢3. ...} is complete.
Assume that a function f € La([0, o)) satisfies f L ¢, foreachn,ie.,

00 .
[ f(x)e"%L,,(x)dx:O forn=0,1,2,....
0

‘We must show f =0 a.e. Tothisend, let g(x) = f(x)e“§ and note f0°° gx)xLy(x)dx =0
holds for all n = 0, 1, ... . This implies

oo
/ x"gx)dx =0, forn=0,1,2,.... (%)
0

To show that f = 0 a.e., it suffices to prove that g = 0 a.e.
To see this, start by considering the complex valued function

F(s):f e g(x)dx
0

define for all complex numbers s with real part Res > 0. Next, fix a complex number sg
with Resg > 0. Then there exist some neighborhood V of so and some @ > 0 such that
Res > a holds for all s € V. This implies that there exists some M > 0 such that

de—5* (,\)

I8 = |xe g < Ml

holds forall s € V and all x € [0, o). Now, a glance at Theorem 24.5 (and the discussion
after its proof) guarantees that F is differentiable at so and that £ "(s0) = — f0°°xe“” gx)dx.
In other words, F is an analytic function.
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Next, observe that for each n, Holder's inequality implies

(R

fo Ix"g(x)| dx = fo 1f<x>mx"e"‘%’dxsufn( fo x“e‘“dx) = | FIv@mt.

In particular, for each s > 0 andv each n, we have
fo.e] S" S”
—g(n)ldx < {fll—v @Mt = ay.
o n! n!

Since limp—oo ‘ﬁ;-:—' = 2, it follows that the series Y geqan converges forall 0 <s < %
But then, Theorem 22.9 (see also Exercise 10 of Section 22) implies that the series

3.

PR Ca VA 5—,:-,)'1 g(x) = e~ g(x) defines an integrable function and that

*© 35X & n S" e n
F(s)=/(; e Ng(x)dx =Z(—-1) ;T./o x"g(x)dx

n=0

holds forall 0 <5 < % Now, a glance at (x«) yields

o 1
F(s) = / e eg(x)dx =0, for 0 <5 < 5
0

Since F is an analytic function, the identity theorem for analytic functions implies F(s) = 0
for all complex numbers s with Res > 0; see for instance [2, Theorem 16.25, p. 462]. That
is, the Laplace transform of g equals zero and so g = 0 a.e. (see Example 30.12), and the
proofs of our claims are finished. B

Example 34.6. Consider the weighted Hilbert space La(p) with the weight p(x) == e“%"'z
defined over the whole real line (—oo, o). The functions :

2
1, x,x“,x3, .

belong to La(p) and they are clearly linearly independent. We claim that the linear span
of this sequence i§ dense in Lo(p). To see this, assume that a function f € La(p) satisfies
ffooof(x)x”e'i"" dx = 0 for each n = 0, 1,2, .... Now, consider the function g(x) =

f (x)e"lr"z. Since the functions i(x) = f (x)e‘é"'2 and A(x) = e ir belong to Lo(R), it
follows that g = h8 € L{(R) and

o0
f x"g(x)dx =0, n=0,1,2,....

—00

We must show that f = 0 a.e. or, equivalently, that g = Oae.
To see this, we introduce the complex-valued function G C — Cby

G(z) =f f(.t)e”%"'zei“"’ dx.
-0
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1t should be clear that this (complex) integral is well defined and that (as in the previous
example) G is differentiable at each point (and so G is an entire function). At z = 0, we have

w bl
GM() = 1" f F)e ¥ x" dx =0
o0
foreach n =0, 1, 2 .... Therefore, G(z) = 0 for each z € C, and consequently

o0 - [
/ Fx)e 2V e dx = f g(x)e ' dx =0
—00 -0
for all —oo < § < 00. In other words, the “Fourier transform” of g is zero, and this
guarantees that g = 0 a.e.; see, for instance [15, p. 408] or [26, p. 187].
We now claim that if we apply the Gram~Schmidt orthogonalization process to the
sequence of functions 1, x, x2, ..., then the members of the resulting complete orthogonal
sequence {H, ) (aside of scalar factors) are the Hermite'!! polynomials which are defined by

where D denotes the differentiation operator. Clearly, each Hy(x) is a polynomial of degree
n. Now, if k < n, then—integrating by parts & times—yields

*© k ~1x? n *© kpnf ,—ix?
AMH(x)e Y dx = (1) x*D (e 3 )dx
—00 -0

o 2
= (——1)"+kk!/ D""’*(e"*a")dx =0.

o0
This implies

o0 2
(meHn)=/ Hp(x)Hp(x)e™ T dx =0

-0

for n 5 m. Finally, a glance at Theorem 32.11 guarantees that (aside of scalar factors) the
sequence {H,} is indeed the one obtained by applying the Gram~Schmidt orthogonalization
process to the sequence of linearly independent functions 1, x, x2,x3, ... . Normalizing
the sequence of functions {H,} we get to a complete orthonormal basis for La(p). B

Next, we shall use Theorem 34.2 to present a concrete realization of an arbitrary
Hilbert space. To do this, we need some preliminary discussion.

Recall that a linear operator T: X — Y between two normed spaces is called
norm preserving (or an isometry) if [[7x|| = [lx|| holds forall x € X. Similarly,
a linear operator L: H; — Hj between two Hilbert spaces is said to be inner
product preserving if (Lx, Ly) = (x, y) holds true forall x, y € H;.

1 Charles Hermite (1822-1901), a French mathematician. He worked in the theory of functions. He
was the first to prove (in 1873) that e is a transcendental number.
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From Theorem 32.6 the following result should be immediate:

Lemma 34.7. A linear operator L: H) —> H, between two Hilbert spaces is
norm preserving if and only if it is inner product preserving.

Now, let Q be an arbitrary nonempty set. If x: @ — C is an arbitrary complex-
valued function (which it will also be denoted as a family {x(g)},ep), then its
£>-norm is defined by

g

Ixllz = ( le(q)lz> :

qeQ

A complex-valued function x: Q@ — C is said to be square summable if |lx]}; <
oo. This is, of course, equivalent to saying that x(q) s 0 for at most countably
many ¢ and if gy, g2, ... is an enumeration of the set {g € Q: x(q) # 0}, then
3o Ix(gn)* < oo. It should be clear that the collection £2(Q) of all square
summable functions with the pointwise algebraic operations and the £;-norm is a
normed vector space. In actuality, it can be easily shown that £,((Q) is a Hilbert
space.

Lemma 34.8. Thevector space £,(Q) of all square summable complex-valued
functions defined on a nonempty set Q under the inner product

0= x(@)yq)

qeQ

is a Hilbert space.

We are now ready to establish that every Hilbert space is linearly isometric to a
concrete £,(Q) Hilbert space.

Theorem 34.9. Every Hilbert space H is linearly isometric to a Hilbert space
of the form £,(Q). Specifically, if {e;}ier is an orthonormal basis of H, then
the linear operator L: H — £,(1), defined by

L{x) = {Cx, e)}iers

is a surjective linear isometry.

Proof. Clearly, L is linear and by Parseval’s Identity (Theorem 34.2(5)) it is
also an isometry. We leave it as an exercise for the reader to show that L is also a
surjective linear operator. ]
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Corollary 34.10.  An infinite dimensional Hilbert space H is separable if and
only if it is linearly isometric to £;.

EXERCISES

1. Let {e;}ier and {fj}jes be two orthonormal bases of a Hilbert space. Show that /
and J have the same cardinality.

2. Let {ej);ies be an orthonormal basis in a Hilbert space H.If D is a dense subset of H,
then show that the cardinality of D is at least as large as that of /. Use this conclusion to
provide an alternate proof of Theorem 34.4 by proving that for an infinite-dimensional
Hilbert space H the following statements are equivalent:

a. H has a countable orthonormal basis.
b. H is separable.
¢. H is linearly isometric to £3.

3. Let I be an arbitrary nonempty set, and for eachi € I let¢; = x(,-]v. Show that the
family of functions {e;}jes is an orthonormal basis for the Hilbert space Lo(I).

4. Let {¢;};ei be an orthonormal basis in a Hilbert space and let x be a unit vector, i.e,
fix|l = 1. Show that foreach k € N the set {i € I |(x,e)| = % } has at most k2
elements.

5. Let M be a closed vector subspace of a Hilbert space H and let {e;}ie; be an or-

thonormal basis of M; where M is now considered as a Hilbert space in its own right

under the induced operations. If x € H, then show that the unique vector of M closest
to x (which is guaranteed by Theorem 33.6) is the vector y = Y ier (X, eiei.

Let {e,} be an orthonormal basis of a separable Hilbert space. For each n, let f, =

€441 — €. Show that the vector subspace generated by the sequence {fn} is dense.

Prove Lemma 34.7.

Prove Lemma 34.8.

Complete the details of the proof of Theorem 34.9.

Let (e,,} be an orthonormal sequence of vectors in the Hilbert space L[0, 27]. Sup-

pose that for each continuous function f in L2{0, 27r] we have f= Z?f___l( frenden.

Show that {e,} is an orthonormal basis.

11. Let {¢,) be an orthonormal sequence of vectors in the Hilbert space L,[0, 27]. Sup-
pose that for each continuous function f in L3[0, 2] we have || f 2= P (6 )l
Show that {¢,} is an orthonormal basis.

12. Let{¢1. ¢2, ...} beanorthonormal basis of the Hilbert space La(u), where p is a finite
measure. Fix a function f € La(u) and let {&q, a2, ...} be its sequence of Fourier
coefficients relative to {¢y), ie. oy = [ f @n dpe. Show that (although the series
3% | cndn need not converge pointwise almost everywhere to f) the Fourier series
ch:x an ¢y can be integrated term-by-term in the sense that for every measurable set
E we have

&

S o,

_/Efd#=ganﬁ¢ndu-
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[HINT: If 5, = 3 7| ®nPu. then the Cauchy-Schwarz inequality implies

2 2
/fdli—fslzdﬂ 5</If’sn‘dll> = Ilf—snllzu*(E).]
E E E

13. Establish the following “perturbation” property of orthonormal bases. If {e;};e isan
orthonormal basis and { f;};es is an orthonormal family satisfying

Y llei = fill* < oo,

iel

then {f;}ies is also an orthonormal basis.

35. FOURIER ANALYSIS

In this section, we shall study some basic properties of periodic functions. Recall
that a function f:IR — C is said to be periodic if there exists some p > 0 such
that f(x 4+ p) = f(x) for each x € IR. The positive number p > 0 is called
a period of f. In essence, a periodic function is completely determined by its
values on the closed interval [0, p]. Any function f:[0, p] — C that satisfies
F(0) = f(p) gives rise to a periodic function via the formula f(x + p) = f(x)
for each x € IR. Notice that if f: R — C is a periodic function, then the function
g:R — C, defined by g(x) = f (Eff;x), is a periodic function with period 2.

From now on, unless otherwise stated, all periodic functions encountered in
this section will be assumed to have period 27. As a matter of fact, they will
be defined only on [0, 2] (and they will be tacitly assumed defined on all of R
via the formula f(x 4+ 27) = f(x)). That is, a periodic function is any function
£:10, 2] — C satisfying f(0) = f(27).

The closed interval [0, 277 ] will always be considered equipped with the Lebesgue
measure; we shall write dx instead of dA(x). The Hilbert space L;[0, 27r] is as-
sumed equipped with the inner product

(frg) = /0 " @ s,

and so it induces the standard L,-norm

-

2
I fll=V(f. )= (fo [f(x)lzdx) )

A straightforward computation shows that

2T .
/ e my gy — { 0 if -’,é m
0

27 if n=m.
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This means that the countable collection of functions
" =cosnx +i1sinnx, n=0,+1,4+2,£3,...,

is an orthogonal subset of L,[0, 2x]. Therefore, the collection
[-—Le'"-“i n=0,%1,+2, £3,... }
N2

is an orthonormal set of functions in L»[0, 27r]. However, for historical reasons,
these functions are normally used in their non-normalized form. We shall establish
here that the orthogonal set

(" n=0,%1,£2,...}

is, in fact, a complete orthogonal set—and so {fz/—-;e' n.op=0,+1,42,...}isan
orthonormal basis for the Hilbert space L,[0, 27].
A trigonometric polynomial is any periodic function P of the form

1 m
P(x) = 540 + Z(a,, cos nx + b, sinnx) ey

n=1

where ag, a1, ...,4a, and by, ..., b, are complex numbers. From e'* = cosx -+
1 sinx it follows that

emx — e—-lll.\' emx + e'—NI.\‘
sinnx = ——————— and CcOSNX = e,
21 2

and so every trigonometric polynomial P can also be written in the form

n

P(x)= Y cye™ 2

nzz—

for appropriate complex coefficients c,. Similarly, using the identities e'™* =
cos nx -+ 1 sin nx, cos(—nx) = cos nx, and sin(—nx) = —sin nx, we see that every
expression P (x) as in (2) can be written as in (1). Thus, we have shown that every
trigonometric polynomial P can be written in the following two ways:

1 m R m .
P(x)= 'i(lo + ;(an cosnx + b, sinnx) = Z cpe'™,

nz=-—m

where the coefficients are related by the identities

ag =2cq, Ay = Cy—Cp, by =1(Cy —Cp)
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and

1 1 1
o = EaOv Cp = ‘i(an - lbn)’ Cop = E(an +1by).

Now, taking the inner product of a trigonometric polynomial P with the function
¢’ it follows from the orthogonality properties that

1 [ .
Cp = ——/ P(x)e ™ dx, n=0,%1,£2...,+m.
2r Jo ‘

Next, assume that f € L [0, 2] (nothing precludes f from being also complex-
valued). Then the inequality |f(x)e'"™| < |f(x)| coupled with Theorem 22.6
guarantees that f(x)e'™ e L,[0, 27] for each integer n. This observation will be
used in the next definition. '

Definition 35.1. The Fourier coefficients of a function f € L,[0,2n] are

the terms of the double sequence of complex numbers ..., c_3,C1,€0,C1, €2, « - -
defined by
1 2r
Cp = = Flx)e™ ™ dx
2 0

foreach n =0, 1,2, .... The Fourier series of a function f € L,[0,2r]
is the formal series

An important consequence of the Riemann-Lebesgue lemma (Theorem 25.4)
is that the Fourier coefficients of an integrable function converge to zero.

Theorem 35.2. If f € L,[0, 2r], then its Fourier coefficients satisfy

lim ¢, = lim ¢, =0.
n—»0Q n-—->»0Q

Proof. Let f e L;[0, 2x]. Then, by the Riemann-Lebesgue lemma (Theo-
rem 25.4), we have

2

2r 2
lim f fx)sinnxdx = lirroxO f f(x)cosnxdx = 0.
0 N

H—00 0
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So, from the identity

2
Cy = —/ Fx)e "™ dx = — f(x)cosnx —1 smn;\]dA
0

il

2n
——1—f f(x)cosnxdx-—l—/ f(x)sinnxdx,
27 Jo 27 Jo

it easily follows that ¢, — 0 and c_, — 0. B

Using that the set of functions {¢'™*: n =0, £1, &2, ...} is orthogonal and the
formulas

elﬂ.\' + e-—lll.\' . e”l.\' —_— e—-m.\'
cos nx = ————— and sinnxy = ————,
2 21

we see that the functions

%, cos.x, sinx, cos2x, sin2x, ..., cosnx, sinnx, ...

are mutually orthogonal in L,[0, 27 ]. With respect to this orthogonal set of func-
tions, the Fourier series of any function f € L,[0, 2] can also be written as

1
Z Cpe'"™ = 540 + Z(an cos nx + by sinnx),

N=-00

where the coefficients ag, a;, az, ... and by, by, ... are given by

1 2n
ag ’::2(,‘0—-“—; f(x)dx,
0

2r
ay = Cp+Cop = — f(x)cosnxdx, and
T Jo

1 2 -
b, = 1{Ccy — Cpy) = —f f(x)sinnxdx.
T Jo

If we express the Fourier series of a function in terms of the cosine and sine
functions, then we shall also refer to the coefficients ag, a1, a3, ... and by, b, ...
as the Fourier coefficients of f.

We are now ready to establish a result that will guarantee that the set of orthog-
onal functions {¢'™: n =0, +1,+£2, ...} is complete in L,[0, 2x].
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Theorem 35.3. A Lebesgue integrable function over [0, 2] whose Fourier
coefficients all vanish is almost everywhere zero.

Proof. Let f € L,[0, 2x] be a function satisfying

/O F()e™ dx =0 )

forall n =0, £1, 2, .... Assume at the beginning that f is also real valued. We
shall establish that f =0 a.e. holds true by considering two cases. First, we shall
assume that f is also continuous and then we shall consider f to be an arbitrary
integrable function.

CASE I: Assume that f is a continuous function satisfying (1) for all integers n.

Assume by way of contradiction that f # 0. This implies that there exists
some xp € (0, 27) satisfying f(xp) # 0. Replacing f by — f (if necessary), we
can assume that f(xp) > 0. Choose some constant C > 0 and some 0 < ¢ <
min{1, xo, 2 — xp} such that f(x) > C holds for all x € I = (x¢ — ¢, xg + ¢€).

Now, we need a trigonometric polynomial that is greater than one on the interval
(xg — €, Xg + €) and less than one on the complement /¢ = [0, 2]\ /. The reader
should verify that the trigonometric polynomial

_ 1 4+ cos(x — xp)
T l4cose

P(x)
satisfies P(x) > 1 forallx € [ and 0 < P(x) < 1 on [°. From (}), it follows that
2
/f(«t)[P(X)]" dx+fl FOPC) dx = : FEPX]dx =0
[ 4

forn =0,1,2,3,.... Therefore,

fIf(X)[P(X)]" dx = —f FEIP)] dx ()
,C

holds foralln =10,1,2,3,....

‘We claim that the right-hand side of equation (*) is bounded while the left-hand
side is unbounded. To see this, first observe that since 0 < P(x) < 1 holds for
each x € I¢, we have ‘ :

] ./1 FEOPE)] dx

2r
< [iseoperias < [ 1w
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Thus, the right-hand side of (x) is bounded. On the other hand, let J be a closed
subinterval of 1. Since P is strictly greater than one on the open interval 7, it
follows that there exists some o« > 1 satisfying P(x) > @ > 1 foreachx € J.
Therefore, for each n we have

ff(X)[P(X)]" dx =z f FOP)] dx = Ca"A(J).
1 J

This shows that the left-hand side of equation (*) is unbounded, a contradiction.
This contradiction establishes that f = 0.

CASE II: Assume that f € L[0, 2] satisfies (1) for all integers n.
Consider the function F: [0, 27] — R defined by

Fix) = [f(x)dz.

Clearly, F is a continuous function and from F(0) = 0 and F(2m) = 02 TF()
dt = 0, it also follows that F is a periodic function. We claim that F L ¢'** holds
for all n = 0. To see this, apply the integration by parts formula (see Exercise 12
of Section 31) to get

2r -
0= / e f(x)dx = e F) BT — | (—im)e™ " F(x)dx
0 0
2r
= F0)—- FQ@nr) - zn/ F(x)e " dx
0
2
=~ [ Fee ax.
0

Therefore,

2

&
/ F(x)e™"dx =0 for n = £1,%£2,....
0

Next, let C =5 02"F (x)dx, and consider the continuous function G:

[0, 2] — R defined by
G(x)=F(x)—-C.

Since 1 .L ', it follows that G is perpendicular to ¢'™* for all n 5+ 0. Any easy
inspection also shows that G(x) L 1 holds. Thatis, G L ¢'"* holds for all integers
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n=0,%1, 42, +3,....But then, by CASEI, G(x) = O forall x € [0, 2r]. This
implies F(x) = fé"f(t) dt = C for all x € [0, 2x]. Since F(0) = 0, it follows
that C = 0, and so fé'f(t) dt = 0 forall x € [0, 27]. This implies that f = O a.e.
(see Exercise 19 of Section 22), and the proof of CASE II is complete.

Finally, consider the complex case. That is, assume that f = g + ¢/ is an inte-
grable function whose Fourier coefficients all vanish. Then, it easily follows that
both g and 4 have their Fourier coefficients all equal to zero. Therefore, by the
preceding conclusion, g = h = 0 a.e. This implies f = 0 a.e., and the proof of
the theorem is complete. |

Corollary 35.4. The two sets of orthogonal functions

1. {¢™:n=0,£1,£2,...}, and

2. {%, cos x, sinx, cos 2x, sin2x, ..., cosnx, sinnx, ...}

are both complete in the Hilbert space L,[0, 27 ].

Proof. By Theorem 34.2, it suffices to show that if f € L,[0, 27] is perpen-
dicular to e for each integer n, then f = 0. So, assume that f € L;[0, 2]
satisfies f L &'™ for each integer #, i.e., assume that the Fourier coefficients of f
are all zero. Since Lo[0, 27r] € L[0, 2] holds, it follows from Theorem 35.3 that

f = 0. Therefore, the set of functions {e'**: n = 0, 41, £2,...} is a complete
orthogonal subset of the Hilbert space L,[0, 2x], and the proof is complete. ~ H&

Parseval’s identity for the complete sequence of orthogonal functions {e™"'}
takes the following form:

Corollary 35.5. If f € L[0, 27], then its Fourier series y o, ca€™'" is
norm convergent to f in L[0, 2] and

1 2r Zd 00 )
5 ), 1 dx = > leal

N0

Proof. From Corollary 35.4, we know that the collection of functions

{——1———9_”"": n=0,441,=%2,... }

N2
is an orthonormal basis for the Hilbert space L,[0, 2r]. The conclusions now
follow from Theorem 34.2. B

Corollary 35.6. If f belongs to L,[0, 2r], then its Fourier series

E cpe™ = 0 -+ E (a, cos nx + b, sinnx)

N==—00 n=1
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can be integrated term-by-term in any closed subinterval [u, v] of [0, 2] in the
sense that

v 1 o v
/ fx)dx = ~2—ao(v —u)+ Z (a, cosnx + b, sinnx)dx.
13 ==l un

Proof. Let s,(x) = % + Y ;_,(@, coskx + b, sinkx). From Theorem 34.2,
we also know that || f — s, ]| = 0. Now, if [u, v]is a closed subinterval of [0, 2r],
then

l/"uf(x)dx-—‘lvs,,(x)dx

A

/ [f(x) — s.(x)| dx

(/ lf(x)-sn(x)|2dX)

= [f —sillvv—u

1o
[x

IA

([ 7o)

This implies

1 n v v v

-2—ao(v —u)+ Z/ (a,cosnx + b, sinnx)dx = / sp(x)dx —> / fx)dx,
k=1 YU u u

and the desired conclusion follows. B

The fact that the Fourier series of a function f € L3[0, 2] is norm convergent
in the Hilbert space L,[0, 27r] should not be interpreted to mean that the partial
sums of the Fourier series converge pointwise to f almost everywhere. Pointwise .
convergence of the Fourier series is a much more difficult and delicate problem. The
study of the convergence of the Fourier series is the subject of inquiry of the field
of Fourier analysis with special emphasis on the following two basic problems:

1. The Convergence Problem: When does the Fourier series converge at a
given point x (or at each point of a given set)?

2. The Representation Problem: If the Fourier series converges at some
point x, what is the relationship between the sum of the series and the value
of the function f(x) at the point x?

We remark that it is possible for the Fourier series to diverge at every point and,
moreover, there exist continuous functions whose Fourier series diverge on an
uncountable set. It is even possible to construct examples of continuous peri-
odic functions whose Fourier series diverge at a countable number of points in
the interval [0, 27 ]; see also Example 35.11 at the end of this section. The most
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striking result concerning the pointwise convergence of the Fourier series was es-
tablished by the Swedish mathematician Lennart Carleson in 1966. He proved that
the Fourier series of any function in L,[0, 277] converges almost everywhere.'?

The unpleasant situation regarding the pointwise convergence of the Fourier
series can be corrected by considering the sequence of arithmetic means of the
partial sums of the Fourier series. Our final objective in this section is to prove
that the sequence of arithmetic means of the partial sums of the Fourier series
of a periodic function f converges to the value of the function at every point of
continuity. To do this, we need some preliminary discussion.

For the rest of our discussion, f:[0,2rx] — C is a fixed periodic integrable
function which will also be assumed defined on all of IR via the formula
flx +2m) = f(x). Its Fourier series is

cpe” M = — E (a, cos nx + b, sinnx).
‘o

1=

n=|

The nth partial sum of the Fourier series is

1 n
Sp(x) = —z-ao + /\}:‘1 (ar coskx + by sinkx)

2 n 2
= %[;{- A f(t)a't] +;[%/{; f(t)cos(kt)dt]coskx

+ ;[% /0 mf(t)sin(kt)a’t}sinkx

1 2 1 n
- f f(t)[§ + Z(cos kx coskt + sin kx sin kt)] dt
0 k=1

T
! fznf(t)[1 +ico k(x t)jldt
= - sk(x —
T Jo 2 k=1
1 2
= _f f([)D,,()C-—-t)dl,
T Jo
where
D,(t) = ! +icoskt
n - 2 o .

120n the convergence and growth of partial sums of Fourier series, Acta Mathematica 116 (1966),
135-157.
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The trigonometric polynomial D, is called the Dirichlet kernel of order n. The
Dirichlet kernel can be expressed in a closed form.

Lemma 35.7. The Dirichlet kernel satisfies

sin (n + %)t

Dty = 2sin £

Proof. Notice that

1 1 k 1 ~1nt tht
D,(t) = §+Zcoskt=§ Z e = e t Ze

12n+1) n1y __ ,—int

— _l_e-ml [e 1] = e €

2 e —1 2e'i(e't — e

el(n—i—%)r _ e-—:(n-!—%')l
T s — i)

. 1
_ sin (n+3)

2sin§
. as desired. B

We now consider the sequence {o,(x)} of the arithmetic means of the partial
sums of the Fourier series of the function f. That is, so(x) = %ao and

op(x) = Sox) + 1 (x) —l;zsj—(i)+-~-+s,,(x)’ for n=0,1,2....

Using the Dirichlet kernel and some algebraic simplifications, we see that

2r 2
op(x) = -—1—[-1— f®)Dolx —)dr + 1 f®)Dy(x —t)dt + ---
n+1tm Jo T Jo

Lo+ L f “”f(,)u,,(x_,)dt]
7™ Jo

1 2 1 n -
== fo f(z)[m gaDk(x - z)] dt

1 2n
== | fOK.(x—1)dt,
T Jo
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where the expression

Kn(f)—'_'ZD"() 2(n+l)sm Zsm(k—}- )

k=0

is now called the Fejér!? kernel of order n. Thus, the sequence {0, } of means of
the partial sums of the Fourier series of f are given by the formula

o, (x) = _1' /‘“ﬂf(t)Kn(x —t)dt.
T Jo

It is not difficult to express the Fejér kernel in a close form. Multiplying the
numerator and the denominator of K,,(t) by 2sin 5 and using the trigonometric
identity 2 sin(k + %t) sin %t = cos kt — cos(k + )¢, we get

Ky(1) =

2
—cos(n+ 1)t 1 sin(n + 1)
4(n + l)sm2 LT 2n+1) sin £ ’

This formula shows that the Fejér kernel is a positive even function. If, as usual,
we put K,(2km) = "+’ , then K, is a continuous function on all of R. A simple
computation (see Exercxse 2 at the end of this section) also shows that

3 /K K,(@t)dr = 1. (*)
T Jo

Now, let us take another look at the nth arithmetic mean of the partial sums of
the Fourier series. By the preceding discussion, we have

1 2 1 X+
ou(x) = =) fOK(x —p)dt = ;f fx+wK,(u)du

b1

1
= — fC+w)K,(u)du.
T J-n
Taking into account that K, (—u) = K, (u), it easily follows that

f(\ + WK, W)du = / fx —u)K,(u)du,

bl d

BLeopold Fejér (1880-1959), a Hungarian mathematician. He worked mainly on Fourier series and
their singularities.
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and consequently,

2/”[f(X+u)+f(x—u)
A :

op(x) = ’; 2

:]K,,(u)du. (%)

Next, we introduce a new function oy defined by the formula

op(x) = ,,l_i%h fx+uw) -2F fix— u).

The function oy is, of course, defined at those points for which the preceding limit
exists. For instance, if f is continuous at some point x, then oy(x) = f(x) and if
£ has a jump discontinuity at xo, then o7(xp) = ﬂ“—“—"t)—;ﬁ*—“—’—)

We are now ready to state and proof the following remarkable result of L. Fejér
concerning the convergence of the sequence of arithmetic means {0, }.

Theorem 35.8 (Fejér). Let f:[0,2n] — C beaperiodic integrable function.
Then, the sequence {o,) of arithmetic means of the partial sums of the Fourier
series of f satisfies

. L fatw+ f—w

lim 0,(x) = 07(x) = lim 5

at every point x for which oy(x) exists. Moreover, if f is continuous on some
closed subinterval [a, b] of [0, 2n], then {o,)} converges uniformly to f on
[a, b].

Proof. Assume that o¢(x) exists at some point x € [0, 27]. Then there exists
some 0 < § < m such that

f+uw)+ fx—u)
2

—ofx)| <€

forall 0 < u < 8. Notice that the § depends upon the € and the point x. If f is con-
tinuous on [a, b], then notice that (in view of the uniform continuity of f) we can
select the § to be independent of x € [a, b]. Now, from (x) and (+), it follows that

low(x) — o(x) | = % /O"[f(“"”);f(x““) —Uf(x):‘K,,(u)du
8 ——
< 3/ JaAOETC 0 oy Koy du
T Jo 2
+3f” fatw+ fO=u o k) du.
T Js 2
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Now, observe that

2 8
3!

2 [° 2 [7
5—/6K,,(t)dt§—f €K, (t)dt =e.
T Jo T Jo

fo+uw)+ flx —u)
2

~ o (X NK(u)du

Moreover, since K, (1) < W foreach § < x < 7, it follows that

flx+uw+ flx—u)

2 4
z / ; 0 ()| K () du
s
- 1 /-H Fa+uwy+ flx—u or() | du < -
= (n+ Drsin® & Jo 2 P =T
where the constant C = — 5;:,2 7 02 " f""*“’l_”f &= . 5¢(x)| du is independent of x.

Finally, notice that if we thoose some /g such that ,—;Cﬁ < €, then the pre-
ceding estimates show that

lon(x) —op(x)] < € +€==2e¢

holds true for all n > ng (and all x € [a, b] if f is continuous on {a, b]). This
completes the proof of the theorem. &

The following consequence of the preceding theorem plays an important role in
applications.

Corollary 35.9. Let f:[0,2n] — C be a periodic integrable function. As-
sume that the Fourier series of f converges at some point x and that oy(x)
exists, then

X o0

—my %o .

op(x) = Z cpe ™t = ) + Z(a,, cos nx + b, sinnx).
N0 n=1

In particular, if the Fourier series converges at some point of continuity x of f,

then

o0 o o]
flx) = Z cpe”t M = % + Z(a,, cosnx -+ b, sinnx).
n=—00 2 n=l
Proof. Assume thats,(x) — s holds and that o (x) exists. By Theorem 35.8,

we know that 0, (x) — o ¢(x). Since {0, (x)} is also convergent to s (see Exercise 11
of Section 4), it follows that s = o¢(x), and we are done. B
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Here is an example that demonstrates the far-reaching implications of Corol-
lary 35.9.

Example 35.10. Consider the periodic function f:[0, 27} — R defined by

1 f0<x<m
f@)=4{0 ifr<x<2n
1 if x =2m.

A direct computation shows that the Fourier coefficients of f are given by

1 2 i n
ag = ~—/ f(x)dx=-f ldx =1,
T Jo T Jo
1 2 1 T
ay = — Fx)cosnx dx = -—/ cosnxdx =0, and
T Jo T Jo

1o . [ 1—cosnmr 1= (=1)"
by = -—j f)sinnx dx = —/ sinnx dx = = e,
7 Jo 7 Jo nr nmw

Thus, the Fourier coefficients satisfy ag = 1, a, = 0 foreachn, b, = ;,2; for n odd and
by = 0 for n even. Therefore, the Fourier series of f is given by

1 2 /sinx + sin3x + sin5x + sin7x
2w\ 1 3 5 7

This series converges at each x; see Example 9.7. By Corollary 35.9, this Fourier series
converges to f(x) at the points x of continuity of f. More precisely, we have

2T\ Tt s TS I

1 2(sinx sin3x  sin5x  sin7x + ) _ fx) if x € (0, M) U (m, 2m),
2 | i ifx=0,72m.

This conclusion is typical and very powerful for applications. B

Finally, we close the section with an example that guarantees the existence of a
continuous periodic function whose Fourier series diverges on a given countable
set.

Example 35.11. This example demonstrates the existence of a continuous periodic func-
tion whose Fourier series diverges on a countable set of points. Consider the Banach space
€10, 2] of all continuous real-valued functions with the sup norm. Let X be the subspace of
C10, 27r] consisting of all continuous periodic real-valued functions. Clearly, X is a closed
subspace of C[0, 27], and hence, it is a Banach space in its own right.

Next, fix a point x € [0, 27] and define the linear functional S,:X - R by the nth
partial sum of the Fourier series of the given function evaluated at the point x. That is, for
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each f € X welet

n 2
Sn(f) = Z C/\‘e_lk'v = ‘1'/ FDy(x — 1)dt.
0

k=—n T

It should be clear that this formula defines a bounded linear functional on X whose norm
(according to Exercise 3 at the end of the section) is given by the formula

1 2
1Sull = — / D, (x — D) dt.
T Jo

Next, we estimate this norm. Since the Dirichlet kernel D,, is periodic, it follows that

2t 2
/ |Dutx — Dl dt = / DaOldr.
0 0

So, using the inequality |sinu| < |u| and changing the variable, we get
: 1
2 2w {siin-+ 5t T g
[“oana = [ G L oy LTI
0 0 i

2sin § Isin u|

T isin(2 1 @An4+Drr o
2/ |sin(2n + 1u| du:/ |sinu] du
0 0

fue] Juel

n /(k‘*‘l)” |sin u]
k

e Y ke Jul
2n kA1) 2n
1 f‘ 2
> ——— Isinu| du | = —_—
,;[u«{rl)n b ] ,?;,(kﬂ)n

This implies

2n 1

Sz = ) 77
I "“‘“n?—/;k+1

and consequently lim|{S, )| = co independently of the point x.

Now, let {x1, x2, x3,...} be a(possibly dense) countable subset of the interval [0, 2r].
Let Sy.n be the bounded linear functional (defined as above) on X whose value at f € X
is the nth partial sum of the Fourier series of f evaluated at the point x;,. From the above
discussion, for each fixed m we have

lim 1Sy mll = oo.
H-—»00
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Therefore, by the Principle of Condensation of Singularities (Theorem 28.1 1), there exists
some f € X (i.e., a continuous periodic real-valued function f on [0, 2]} satisfying

n
limsup S, m(F) = limsup | Y cre™ | =00
n—»00 n—oo | LT,
for each m. This implies that the Fourier series of f diverges at each point xz;. B

EXERCISES
1. Show that sin” x is a linear combination of
{1, sinx, cos x, sin 2x, cos 2x, sin3x, cos 3x, ..., sinnx, cosnx }.

Furthermore, show that the coefficients of the cosine terms are zero when n is an odd
integer, and the coefficients of the sine terms are zero when n is an even integer.
2. Show that the Dirichlet kernel D, and the Fejér kernet K, satisfy

1 [7 1 17
—f Dy(t)dt = —/ Kp(t)dr = 1.
T i

- -

3. Show that the norm of the linear functional S, defined in Example 35 satisfies

1 2
IS = [ 1Datx = 0ldr.
T Jo
4. Show that the sequence of functions

1 1 1
[(l) (—2-> cosx, (E>2 cos 2x, (—2—> cos3x, (3) coséx,... }
T T b4 b3 g

is an orthonormal basis in La[0, 7r]. Also show that the preceding sequence is an
orthogonal sequence of functions in L[0, 27] which is not complete.

5. Show that the sequence of functions
2
sin3x, (—-) sin4x, }
bis

[(2) s (2) s (2)

is an orthonormal basis of L,[0, 7r]. Also prove that this set of functions is an orthog-
onal set of functions in L[0, 2] which is not complete.

6. The original Weierstrass approximation theorem showed that every continuous func-
tion of period 27 can be uniformly approximated by trigonometric polynomials.
Establish this result. :

7. Find the Fourier coefficients of the function

11—
[

e
[
b

1if0<x<3%

0if 5 <x<2m

f(X)-—-{




10.

11.

12.

Section 35: FOURIER ANALYSIS 323

Find the Fourier series of the function
sinx if 0<x<m
fl)=

—sinx if w <x < 2m.

Show that for each 0 < x < 27 we have

sinnx
X= -2 E .
n

Show that
x? . w2 12 &2, cosnx
e X - e
2 3 n?
n=1
holds for all 0 < x < 2. (The value x = 0 yields Y po; "iw = 5'6—1.)
Show that

. 4 X [cosnx  rsinnx
= +4 Z >
3 i\ on n

holds foreach 0 < x < 2.
Consider the “integral” operator T: L2[0, w} — L2[0, ] defined by

x
Tf(.\'):/ K(x,n)f(t)dt,
0
where the kernel K:[0, w] x [0, 7] — R is given by

00 . .
[sin{n + 1)x]sinnt
K(x,t) = G
(x,0) }; =
Show that the norm of the operator T satisfies ||T || = /2.

[HINT: Use the basis described in Exercise 5.]






CHAPTER 7

SPECIAL TOPICS IN
INTEGRATION

The powerful techniques of measure and integration theory are utilized in many
scientific contexts. However, in a number of applications, set functions that are not
measures appear naturally. For this reason a study of more general set functions
promises to be very fruitful. In this chapter the set functions known as “signed
measures” will be investigated.

Loosely speaking, a signed measure is an extended real-valued o -additive func-
tion on a o-algebra of sets. The first section of the chapter deals with the algebraic
and lattice structures of signed measures, while the following adheres to compar-
ison properties of signed measures. The most important comparison properties
are those of “absolute continuity” and “singularity.” Regarding absolute continu-
ity, the far-reaching classical Radon-Nikodym theorem is proven here: If a finite
signed measure v on a o-algebra I is absolutely continuous with respect to a
o-finite measure W, then there exists a (unique) w-integrable function f such
that

b(A) = f fdu
A

holds for all A € X. This powerful theorem is used to show that L’;,(u) = L,(u)
holds foreach 1 < p < o0.

After comparing signed measures, our attention is turned to regular Borel mea-
sures on a Hausdorff locally compact topological space X. Another classical result,
known as the “Riesz Representation Theorem,” is proved: If F is a positive linear
functional on C.(X), then there exists a unique regular Borel measure w such that

F(f)=/fdu

holds forall f € C.(X). As an application of this theorem, the norm dual of C.(X)
will be characterized in terms of regular Borel measures.

325
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The last two sections of this book deal with differentiation and integration
in R". First, the study focuses on the differentiation of Borel signed measures
on IR". It will be shown that every Borel signed measure is differentiable al-
most everywhere. This basic theorem will then be used effectively to derive the
classical results about ordinary derivatives of functions of bounded variation.
Finally, a detailed proof of the familiar “change of variables formula” will be
presented.

36. SIGNED MEASURES

Throughout this section, & will be a fixed o -algebra of subsets of a set X, and the
measures considered will be assumed defined on Z. Since a variety of measures will
be studied, it is a custom (for simplicity) to call the members of X the measurable
subsets of X.

Let 1 and v be two measures, and let @ > 0. Then the two set functions @ + v
and o1 defined by

(1 +v)(A) = pu(A) +v(A),
(ap)(A) = au(A)

for each A € X are obviously measures. That is, the collection of all measures
on I is closed under addition and also by multiplication by nonnegative scalars.
Clearly, this collection cannot be a vector space since multiplication by —1 yields
negative-valued set functions.

An order relation < can be introduced among measures by letting 4 < v
whenever p(A) < v(A) holds for each A € X. The reader should stop and check
that < is indeed an order relation. Remarkably, the collection of all measures

under this ordering is a lattice. That is, for every pair 4 and v of measures, the
least upper bound p V v and the greatest lower bound 1 A v exist. The details are

_included in the next theorem.

Theorem 36.1. The collection of all measures on T forms a lattice, where for
each pair of measures (4 and v the lattice operations are given by

wV v(A) = sup{u(B)+ v(A\B): Be€ X and B C A}, and
wAV(A) = inf{u(B)+v(A\B): Be€ X and B C A}

for each A € ¥. Moreover,

LAV UVY=+V.
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Proof. Let 1 and v be a pair of measures on %. For each A € X define
w(A) = sup{u(B)+v(A\B): B€ ¥ and B C A}

First, we shall verify that w is a measure, and then, that it is the least upper bound
of wand v.

Clearly, w(A) > 0 holds foreach A € T and w(®) = 0. It remains to be shown
that w is o-additive. To this end, let {A,} be a disjoint sequence of £ and put
A= Uf;o:lA,,.

If B € % satisfies B C A, then

W(B) + V(A \ B) = u( UA,,mB>+v(U<A,,\B>>

n=1 n==1

= Y [1(Ay N B) + v(A, \ (A, N BY)]

n=|

= iw(An),

n=x|

and so, w(A) < > 77 w(A,) holds.

For the reverse inequality, note that if w(A) = co, then w(A) = Zj’;l w(A,) =
oo is clearly true. Hence, assume w(A) < oo, and let € > 0; clearly, w(A,) <
w(A) < oo holds for all n. Thus, for each n there exists some B, € X with
B, € A, and pu(B,) + v(A, \ By) > w(A,) — €27". Obviously, {B,} is a disjoint
sequence of ¥, and if B = (J;2, B, C A, then | J;2,(A,\ B,) = A\ B holds.
Moreover,

w(A) > M(B)+v(A\B)=u(UBn> +v<UA,,\B,,)
n==1

n=1

= D (B +v(A\B)1 = ) [w(A,) —€27"]

n=1 n=1

= iw(An) — €

n=1

holds for each € > 0. That is, w(A) > > 7> | w(A,) and 50 w(A) = 3 e w(Ay),
as required.
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It should be clear that & < w and v < w both hold. Now, assume that another
measure 7 satisfies 4 < wandv <7.Let A € T.If B € X satisfies B C A, then

$(B) + v(A\ B) < m(B)+m(A\ B) = (B U(A\ B)) = n(4),

and so, w(A) < w(A) holds for each A € X. That is, @ < =, and therefore, w is
the lest upper bound of w and v. That is, @ = u V v. The proof of the infimum
parallels the preceding one and is left for the reader.

Toseethat u Av 4 Vv =pu+vholds,let A € . Thenforevery B € &
with B C A we have

u(B) + v(A\ B) + 1 v v(A) = u(B) + v(A\ B) + u(A\ B) + v(B)
= u(A) +v(4),

s AV(A) + w(B) +v(A\ B) < u(A\ B) + v(B) + u(B) + v(A\ B)
u(A) + v(A).

By taking the inf and sup over all measurable subsets B contained in A, the
preceding inequalities yield i A v(A) 4+ u Vv v(A) = u(A) + v(A), and the proof
is complete. |

The formula A v+ @ Vv = u 4 v is reminiscent of the familiar identity in
vector lattices.

The next result describes an order completeness property of the lattice of all
measures. '

. Theorem 36.2. Ifasequence {i1,} of measures satisfies L, 1 (i.e., thn < Mn+
for each n), then the set function u: £ — [0, co] defined by p(A) = lim u,(A)
for each A € T is a measure. Moreover, W, 1 i holds; that is, u is the least
upper bound of the sequence {iL,).

Proof. Clearly, 0 < p(A) < oo foreach A € ¥ and u(@) = 0 hold. Also, if
A C B, then u(A) < u(B) is obviously true.

For the o-additivity, let {A,} be a disjoint sequence of =. Let A = |72, A,
In view of pi(A) = Zi‘;, wr(4,) < Zﬁi, w(A,) for each k, it follows that
u(A) < 32, u(A,). On the other hand, for each k we have

k k ) k
DoAY = lim D pa(A) = lim pu, (U A,-> < lim pa(A) = u(A),
i=l i=1 i=]

and 50, 372, 14(A;) < u(A) also holds. Thus, u(A) = 3 12 1(A,), as required.
The verification of w, 1 w is straightforward. B
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As mentioned before, multiplication of a measure by —1 yields a negative-valued
set function. For this reason, it is desirable to consider o -additive set functions that
also assume extended negative values. However, if we do this, we run immediately
into trouble. Suppose that a set function p: ¥ — IR* satisfies p(A) = co and
w(B) = —oo, with AN B = @. If u is to be additive, then u(A U B) = u(A) +
14(B) = oo — oc must hold, and we face the problem of having to give a meaning
to the expression 0o — 0.

The preceding difficulty can be avoided by excluding from the range of the
set function at least one of the infinite values. If this is assumed, then the form
o0 — co does not appear, and the additivity property does not cause problems. To
be distinguished from a measure, such a o -additive set function is usually referred
to as a signed measure. Its precise definition follows.

Definition 36.3. A set function p: & —» R* is said to be a signed measure if

it satisfies the following properties:

a. [ assumes at most one of the values co and —oo,

b. w(@) =0, and

c. W is o-additive, that is, if {A,) is a disjoint sequence of members of T,
then u(\Uo, An) = ey W(Ay) holds.

If 11 is a signed measure, and adisjoint sequence { A, } of T satisfies |1i( Uz":, Al
< 00, then (since every permutation of {A,} has the same union as the original
sequence) it follows from (c) of the preceding definition that Zi’__l w(A,) is re-
arrangement invariant. Thus, fo_’__l |u{A)] is convergent in R (see Exercise 7 of
Section 5). ‘

Clearly, every measure is a signed measure. Also, (b) and (c) of Definition 36
together show that every signed measure is finitely additive. The next few results
will reveal that signed measures behave in a manner similar to measures. The first
one informs us that a signed measure is always subtractive.

Theorem 36.4. Let i be a signed measure on %, and let A € X be such that
(A < 0. If B € T satisfies B C A, then |uw(B)| < oo and

u(A\ B) = u(A) — u(B).

Proof. The identity A = (A \ B)U B combined with the additivity of x imply
w(A) = u(A\ B) + u(B). Since p(A) is a real number and p assumes at most
one of the values co and —o0, it follows that both u(A\ B) and p(B) are real
numbers. Now, the identity u(A \ B) = pu(A) — w(B) should be obvious. B

An immediate and useful conclusion of the preceding theorem is the following:
If aset A € T has a measurable subset of infinite signed measure, then A itself
has infinite signed measure.
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The usual continuity properties of measures are inherited by signed measures.

Theorem 36.5. For a signed measure p and a sequence {A,} of X, the fol-
lowing statements hold:

a. If A, 1t A, then lim u(A,) = u(A).
b. If A, | A and p(Ay) is a real number for at least one k, then

lim u(An) = u(A).
n-->00

Proof. Repeat the proof of Theorem 15.4 taking into consideration the con-
clusion of Theorem 36.4. |

A measurable set A is said to be a positive set with respect to a signed measure
(4, insymbols A > 0, whenever w(ENA) = Oholds foreach £ € X. Equivalently,
A set A € T is a positive set whenever p(E) > 0 holds true for all E € X with
E C A.

Obviously, the empty set is a positive set. Also, it should be clear that any
measurable subset of a positive set is likewise a positive set. In addition, any
countable union of positive sets is a positive set. To see this, let {A,} be a sequence
of positive sets and let A = [ Jo | A,. Now, let By = Ay, Buyy = Anpr \ Ui A
forn = 1, and note that {B,} is a disjoint sequence such that A = Uf’:l B,. Since
B, € A, holds for all n, it follows that each B,, is a positive set. Therefore, for each
measurable set E we have w(ENA) = u(| ;2 ENB,) =Y oo u(ENB,) > 0,
so that A is a positive set.

Similarly, a set A is called a negative set for a signed measure g, in symbols
A < 0, whenever (A N E) < 0 holds for each E € X. As before, measurable
subsets of negative sets are negative, and countable unions of negative sets are
likewise negative sets.

The next lemma is a basic result for this section and guarantees the existence of
nonempty positive sets.

Lemma 36.6. Let u be asigned measureon T, andlet E € E with u(E) > 0.
Then there exists a positive set A such that A C E and u(A) > Q.

Proof. If for every measurable subset B of E we have p(B) > 0, then E is
itself a positive set and there is nothing to prove. Thus, assume that there exists
some B € ¥ with B € E and u(B) < 0.

By Zomn’s lemma (how?) there exists a maximal collection C of mutually dis-
joint measurable subsets of E such that u(C) < 0 holds for each C € C. We
claim that C is at-most countable. To see this, note first that C = Uﬁl C,., where
Ch=1{C €C: u(C) < —%}. On the other hand, if some C, is not finite, then it
must contain a countable subset of C, say {C{, C3, ...}. But then, the measurable
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set C = | U2, C; satisfies C € E, and u(C) = )72, u(C;) = —oo. This implies
W(E) = u(E\C)+u(C) = —oo, which is a contradiction. Thus, each C, is finite,
and so C is at most countable.

Hence, the set D = UCEC C belongs to T, and we claim that A = E\D isa
positive set satisfying u(A) > 0. Indeed, since 0 < u(E) = u(A) + u(D) and
w(D) < 0, it is easy to see that £(A) > 0 holds. On the other hand, if #(F) < 0
holds for some measurable subset F of A, then we can incorporate F into C and
violate the maximality property of C. Thus, A is a positive set, and the proof is
finished.

If 1 is asigned measure on T and two disjoint sets A and B satisfy A > 0,B <0,
and A U B = X, then the pair (A, B) is referred to as a Hahn decomposition of
X with respect to u. Loosely speaking, a Hahn decomposition is a splitting of the
space X into two pieces, where p is positive on one of the pieces and negative on
the other. Such a splitting always exists and is “essentially” unique, as the next
theorem shows.

Theorem 36.7. Let 1 be a signed measure on 3. Then X has a Hahn decom-
position with respect to [i. That is, there exist a positive set A and a negative
set B suchthat X = AUBand ANB = @.

Moreover, if (A, B) and (Ay, By) are two Hahn decompositions of X with
respect to [, then
a. u(AAA) = wBAB,) =0,
b. w(ENA)= u(ENAy), and
c. MW(ENB)=u(ENBy)
hold for each E € Z.

Proof. We can assume without loss of generality that u(E) # oo holds for
each E € I (otherwise, replace p by —pu).

Put a = sup{u(E): E > 0} and note that @ > 0. Choose a sequence {4,} of
positive sets such that lim £(A,) = a. Then A = U?.; A, is a positive set, and
since w(A,) < u(A) < a, it follows that a = u(4) < oo.

Now, we claim that B = X \ A is anegative set for wt. To see this, assume by way
of contradiction that there exists some measurable subset C of B with u(C) > 0.
Then, by Lemma 36.5, there exists a positive set E with E € C and u(E) > 0. It
follows that AU E > 0O and

a+ u(E) = u(A) + uwE) = u(AUE) < a < oo,
which is impossible. Thus, (A, B) is a Hahn decomposition of X with respect to .

For the “uniqueness” of the Hahn decomposition, let (A, B;) be another Hahn
decomposition of X. Since A\N\A; C Aand AN\A;=ANA]=ANB C By, it
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follows that u(A\ A1) > O and u(A\ A;) <0, that is, (A \ A;) = 0. Similarly,
(A1 \ A) =0, and so

H(AAA) = u((A\NADU(A1\ A) = u(A\ A) + u(A 1\ A) = 0.
Now, if E € X, then

mENA) = W(EN[(A\ADUMANADD
= wWENMA\AD)+(ENANAY
=umENANAN)=wENMA\NAN+ENANA)
= WEN[(AI\NAU(A NA)]) = wENA).

By the symmetry of the situation, the corresponding formulas for B and B; are
also true, and the proof is finished. |

If (A, B) is a Hahn decomposition of X with respect to a signed measure u,
then u and ~pu restricted to A and B, respectively, are in actuality measures. As
we shall see, these two measures determine the structure of p.

Definition 36.8. Ler u be a signed measure on ., and let (A, B) be a Hahn
decomposition of X with respect to . Then the three set functions

wt(E) = w(E N A),
W H(E) = —u(ENB), and
[WI(E) = W(E N A)— w(E N B) = u™(E) + u (E),

for each E € X are called the positive variation, the negative variation, and
the total variation of (, respectively.

A glance at Theorem 36.7 guarantees that the values of u*, =, and |u| are
independent of the chosen Hahn decomposition. Also, it should be clear that p™,
@, and |u} are measures on X.

A signed measure u is said to be a finite signed measure if £(A) € R holds
for each A € Z. Note that in view of Theorem 36.4, a signed measure u is finite
if and only if |u(X)| < co holds. Similarly the expression “ is a finite measure”
means that 0 < u(A) < w(X) < co holds for all A € . Finally, let us say (as
usual) that a signed measure is o -finite if there exists a disjoint sequence {A,} of
¥ with X = (2, A, and u(A,) € R for each n.

n=1
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From Definition 36.8 it follows that
p=pt—p”

holds. This identity is known as the Jordan' decomposition of the signed measure
1. Moreover, if (A, B) is a Hahn decomposition, then in view of the inequalities
wt(E) < u(A)and p~(E) < —u(B) for each E € X, it follows that at least
one of the measures u* and u~ is a finite measure. Thus, after all, the Jordan
decomposition shows that each signed measure is the difference of two measures,
at least one of which is a finite measure.

Some other useful expressions for the different variations of a signed measure
are presented next.

Theorem 36.9. Let  be a signed measure on . Then for every E € & the

following formulas hold:

1. w™(E)=sup{u(F): FeX and F C E}.

2. u(E)=sup{—u(F): FeX and F CE}

3. |l(E) = sup(3_ \u(F)l: {F;} € T is finite and disjoint with \UF; CE).

Proof. Let (A, B) be a Hahn decomposition of X with respect to 4, and let
E e X.

(1) Clearly, uH(E) = n(ENA) < sup{u(F): F € £ and F C E} holds. On
the other hand, if F € X satisfies F € E, then

W(F) = u(F 0 A) + u(F 0 B) < u(F N A) < w(E N A) = p*(E),

so that sup{u(F): F € T and F € E} < w*(E). Therefore, the identity in (1)
holds.

(2) This follows from (1) by observing that =~ = (—w)t.

(3) Let

WE) =

sup {Z |(F)l: {F;} is a finite disjoint collection of X with U F; C E}

Then,

ILE) = uH(E) + p™(E) = w(E N A)— w(ENB)
= |W(E N A)| + |u(E N B)| < v(E).
I Camille Jordan (1838-1921), an eminent French mathematician. He was considered a “universal”

mathematician because he published papers in virtuaily all areas of mathematics of his time. His main
contributions were in group theory.
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Now, let {Fy, ..., F,} be afinite disjoint collection of ¥ such that Ui, Fi CE.
Then

DolF = Y It E) = wmED < D [ E) 4w ()]
j==] i=1 fz==]

= Y ul(Fy) = |ul (Uﬂ) < |kI(E).
i=l i=l

This implies V(E) < |u|(E). Thus, |u|(E) = v(E) holds, and the proof of the
theorem is complete. : |

Itis easy to establish, but important to observe, the following inequality regard-
ing the total variation:

|(A)] < |ul(A) foreach A e X.

Summarizing, the different variations of a signed measure y satisfy the following
identities:

a pu=pt—pu and |ul=put+u
ApT=0.
c. u=(—wt

They are, of course, reminiscent of the usual identities of vector lattices. Fur-
thermore, they suggest that the set of all signed measures forms a vector lattice.
Unfortunately, this is not the case. Although the (pointwise) sum of two measures
is always defined, the sum of two signed measures may fail to exist for the very
simple reason that by adding the signed measures pointwise one might encounter
the expression co — oo.

However, if we restrict ourselves to the collection M(X) of all finite signed
measures, then we obtain a vector lattice. Note first that a signed measure
satisfies u € M(X)if and only if | |(X) < co. Indeed, if | 4|(X) < oo, then clearly,
p € M(Z). On the other hand, if 4 € M(X), then the identity pu = p* — u~
with either 4 or 1™ finite shows that 4+ and p~ are both finite, and so |u|(X) =
uH(X)+ u=(X) < oo. (Because of the last statement, the finite signed measures
are also known as the signed measures of finite total variation.)

Clearly, if u, v € M(X), then . 4+ vand au belong to M(E), where, of course,
(1 + v)(A) = p(A) + v(A) and (@t )(A) = au(A) foreach A € T and o € R.
That is, M(X) is a vector space. Now, if 4 < v means u(A) < v(A) for each
A € X, then < is an order relation under which M () is a vector lattice. Its lattice




Section 36: SIGNED MEASURES 335

operations are given by

Vv v(A) = sup{u(B)+v(A\B): B € Y and B C A}, and
w Av(A) = inf{u(B) + v(A\B): Be X and B C A}.

The preceding formulas, combined with Theorem 36.9, show that ut = p v 0,
pu~ = (—u)Vv0,and |u| = p v (—p)in M(Z) are precisely the positive, negative,
and total variations of 1 as given by Definition 36.8.

The next thing to observe is that |jull = |p|(X) defines a norm on M(Z).
Indeed,

a. |l(X) > 0 holds, and since |u(A)] < ||(A) < |pl(X) = lu|l for each
A €%, we have ]| = 0 if and only if p = 0.

b Jlapl = leplX) = laf - wl(X) = lal - (X)) = lal - lIxd.

e vl = lp4vIX) < Qul+ D) = 1O + i) = el + vl

It is also true that ||-|| is a lattice norm on M (Z). Indeed, if {u| < {v] holds, then
el = | l(X) < (X)) = [Ivll. Therefore, M{X) is anormed vector lattice which
is actually a Banach lattice, as the next result shows.

Theorem 36.10. The collection of all finite signed measures on a o-algebra
is a Banach lattice.

Proof. According to the preceding discussion, it remains to be shown that
M(X) is a Banach space. To this end, let {1, } be a Cauchy sequence of M (X). We
have to show that there exists some p € M(X) such that

lim |, — pll = 0.
100

Let € > 0. Choose some k such that ||u, — pmll <€ forall m,n > k. The
inequalities

a(A) — (A < {pn — P l(A) < litn — U | = i — Lom i (*)

show that {1,(A)} is a Cauchy sequehce of real numbers for each A € Z. Let
w(A) = lim p,(A), so that y is a real-valued set function. From () it follows
that

lia(A) — pu(A) <€ foreach AeX and n > k. (%)
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Clearly, u(@) = lim 1, (@) = 0. For the o-additivity of u, let {A, } be a disjoint
sequence of ¥, and let A = (J;~; A,. Then

p
3 [iAr) = pa(AD]

p
=l =

< ) k(A = wa(AD < lig — pnl(A)

f=1

< llpk = pall <€

holds for all p and n > k. Hence, |Zf=1 [i(A;) — w(AD]| < € holds for each p.
Now, choose ng such that |ui(A) — Zf;l wr(Ap| < e forall p > ng, and note that

< [1(A) — m(A)] +

P
u(A) =Y u(A)
i=1

14
we(A) = (A
i=1

-+ < 3¢

P
> L A) — p(AD]
i=1

holds for all p = ng. Therefore, w(A) = Zz‘;l u(Ay), and so u € M(X).
Finally, combining (+*) with Theorem 36.9, we get

(n — w) (X) = sup{u,(A) — u(A): A€ T} <e

and (u, — )" (X) < e forall n = k. Hence,

litn = 2l = (= XD + (pn — )" (X) < 2¢

holds for all n > k. That is, lim [ju, — p|| = 0, as required. ]

EXERCISES

1. Give an example of a signed measure and two Hahn decompositions (A, B) and
(A1, B)) of X with respect to the signed measure such that A # Ay and B # By.

2. If p is a signed measure, then show that u* A p~ =0.

3. If pis a signed measure, then show that for each A € ¥ we have

o0 o0
|il(A) = sup | > |u(An)l: (A4} is a disjoint sequence of E with JAn=41.

n=1 n=1

4. Verify that if 1 and v are two finite signed measures, then the least upper bound p v v
and the greatest lower bound p A v in M(X) are given by

wVv(A) = sup{u(B)+v(A\B): Be X and B € A}, and
A V(A) = inf{u(B)+ v(A\B): Be X and B C A}
foreach A € T.
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11.

13.

14,
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Let A be the Lebesgue measure on the Lebesgue measurable subsets of IR. If 41 is the
Dirac measure, defined by u(A) = 0if 0 ¢ Aand u(A) = 1if0 € A, describe A v 4
and A A L.

Show that the collection of all o-finite measures forms a distributive lattice. That is,
show that if u, v, and w are three o -finite measures, then

(uvWAw=@EAe)Vaw) and (LAV)Vo={UVo)AVo)

[HINT: Every vector lattice is a distributive lattice.]
If T is a o-algebra of subsets of a set X and u: & — R* is a signed measure, then
show that

A+ DAY~ = Ay
Let 1 and v be two measures on a o -algebra £ with at least one of them finite. Assume
also that S is a semiring such that S € £, X € S, and that the o-algebra generated
by S equals X. Then show that 4 = v on X if and only if 4 = v on S.
[HINT: See Theorem 15.10; see also Exercise 11 of Section 20.]
Let (X, S, 1) be a measure space and let f € L(u). Then show that

V(A)=/fdu
A

for each A € A, defines a finite signed measure on A . Also, show that

vHA) = /A Frdu, v(A) = /A fodp and ui(A) = fA \Fldu

holdforeach A € Ay.

[HINT: Use Theorem 15.11.]

Let v be a signed measure on . A function f: X — R is said to be v-integrable if f
is simultaneously v*- and v™-integrable (in this case, we write [ fdv = [fdv*t —
[ fdv™). Show that a function f is v-integrable if and only if f e Li(jvh.

Show that the Jordan decomposition is unique in the following sense: If v is a signed
measure, and £11 and wy are two measures such that v = p1 — pp and g A pp =0,
then ) = vt and uy = v~

In a vector lattice x, | x means that x,4+| < x, for each n and that x is the greatest
lower bound of the sequence {x,}. A normed vector lattice is said to have o-order
continuous norm if x, | O implies lim|jx,|| = 0.

a. Show thatevery L,(u) with 1 < p < co has o-order continuous norm.

b. Show that Lo ([0, 11) does not have o -order continuous norm.

c. Let T be a o-algebra of sets, and let {i,} be a sequence of M(X) such that
in 4 w. Show that lim u,(A) = n(A) holds forall A € 2.

d. Show that the Banach lattice M (%) has o -order continuous norm.

Prove the following additivity property of the Banach lattice M(Z): If u, v € M(%)
are disjoint (i.e., I_p,l A {v] = 0), then ||u + v]| = |jull + |lvi] holds.
[HINT: In a vector lattice jx| A |y} = 0 implies |x -+ y| = |x| + |y|. Reason:

-+ ylz =yl =l v iyl = Ayl = ki viyl =k + iyl = e+ 1]

Let ¥ be a o-algebra of subsets of a set X and let {u,} be a disjoint sequence of
M(Z). If the sequence of signed measures {i,} is order bounded, then show that
lim{feplf = 0.
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37. COMPARING MEASURES AND THE
RADON-NIKODYM THEOREM

Again, in this section, ¥ will be a fixed o -algebra of subsets of a nonempty set X
and all set functions will be assumed defined on X.

Two important comparison notions for signed measures will be introduced here.
Both notions will be defined in terms of measure properties. The first one is referred
to as the “concept of absolute continuity.”

Definition 37.1. A signed measure v is said 1o be absolutely continuous with
respect to another signed measure (., in symbols v < @ or y > v, whenever
A € T and |pu|(A) = 0 imply v(A) = 0.

Some characterizations of absolute continuity in terms of variations are included
in the next result. '

Theorem 37.2. For a pair of signed measures . and v, the following state-
ments are equivalent:

2. v<& LU
b. vt <l and v K |ul.
c. vl K ul

Proof. (a)==(b) Let A € X satisfy [u|{(A) = 0. If B € I satisfies B C A,
then |u}(B) = 0, and so by our hypothesis v(B) = 0. Thus,

vt(A) =sup{v(B): Be £ and B C A} =0.

Similarly, v=(A) = 0, and so, both v « {1| and v~ <« || hold.

(b) == (c) If |u|(A) = O, then by hypothesis vt(A) = v~ (4) = 0. Since
fv] = v* + v, it follows that |v|(A) = 0, and thus |v| < |u|.

(c) == (a) It follows from the inequality |v(A)| < |[v|(A). B

If ameasure v is absolutely continuous with respect to another measure 4, then it
is natural to expect some relationship between the p-measurable and v-measurable
sets. The following theorem tells us the precise relationship:

Theorem 37.3. For two measures (1 and v on a c-algebra & we have the

Sfollowing:

a. Ifv <« pandasubset E of X satisfies u*(E) = 0, then v*(E) = 0.

b. Ifv &« wand uis o-finite, then A, © A, holds. In particular, in this case
every p-measurable function is also v-measurable.
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Proof. (a) Assume u*(E) = 0. By Theorem 15.11, there exists some A € ©
such that E € A and u(A) = p*(E). From v < p it follows that v(A) = 0.
Therefore, 0 < v*(E) < v(A) = 0, so that v*(E) =0

(b) Assume E is y-measurable such that 4*(E) < oo. By Theorem 15.11, there
exists some A € ¥ with E € A and u(A) = w*(E) < co. But then p*(A\ E) =
0, and by (a) we have v*(A\ E)=0. Therefore, A\ E is v-measurable. The v-
measurability of E now follows from the identity E = A\ (A \ E). Finally, the
preceding conclusion, coupled with the o -finiteness of w, easily implies that A, €
A, holds. ®

Now, let 1 and v be two measures. If v < 4, then it should be clear that v < 1
also holds. The converse of the latter is false. For instance, 2p4 < u holds for each
measure i, and 2,0 < w is true only if s = 0. However, if v < p holds, then (up
to a multiplication factor) u and v are “locally” comparable in ‘the order sense.
The exact details follow.

Theorem 37.4. Let v be a finite nonzero measure, and let |1 be a o-finite
measure. If v is absolutely continuous with respect to ., then there exist some
€ > 0 and some A € % with 0 < u(A) < oo such that

eu(B) < v(B)

holds for all B € X with B € A.

Proof. Let {E,} be a disjoint sequence of % such-that X = U"_ E, and
u(E,) < oo for. each n. Since v is a nonzero measure, there exists some k with
v(Ey) > 0. Choose some € > 0 so that

V(E) — €p(Er) = (v — eu)(E) > 0.

By Lemma 36.6 there exists a measurable subset A of E. that is a positive set for
the signed measure v — e satisfying (v — e u)(A) > 0. Clearly, w(A) < oo holds.
Now observe that (A) > 0. Indeed, if u(A) = 0 holds, then the last inequality
yields v(A) > 0, contradicting the absolute continuity of v with respect to . On
the other hand, the inequality (v — eu)(B) > O foreach B € T with B € A
implies €(B) < v(B), and the proof of the theorem is finished. B

The opposite notion to absolute continuity is that of singularity. Two signed
measures y and v are said to be singular (or orthogonal), in symbols 1 1oy, if
there exist two disjoint sets A and B of £ with AUB = X and |u|(4) = [v[(B) = 0.

If 14 is a signed measure, then Theorem 36.7 shows that wt and p are two
singular measures. The singularity concept is characterized in terms of lattice
properties as follows.
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Theorem 37.5. Two signed measures u. and v are singula/" if and only if
lul A vl = 0.

Proof. Assume that 1 L v. Choose two disjoint sets A and B of & with
AUB = X and |u{(A) = |v|(B) = 0. Then

0 < |l A DICX) = [l A [VICA) + (sl A IVI(B) < lul(A) + v|(B) =0,

so that ju| A |v] = 0.

Conversely, assume that || A |v| = 0. By Theorem 36.1, for each n there exists
some E, € X such that |u|(E,) 4+ [v|[(ES) < 27" Let A, = Uf’:n E;, and then let
A= (2, A, and B = A®. Note that

|141(A) < |1l(An) = [ul < .UE") <D B <Yy 27 =2

i=n

holds for all n, and thus, |u|(A) = 0.

Now, observe that [v](AS) = |v|( ﬂfin Ef) < 27 foralli > n implies
[VI(AS) = O for each n. Therefore, since B = A® = U,‘fil Ay, it follows that
[v|(B) = 0. Hence, X = AU B and |u|(A) = |v|(B) = 0 hold, proving that

JTAR IR |

The following list of statements presents a number of useful relationships be-
tween absolute continuity and singularity. The set functions , v, and  are signed
measures on a common o-algebra X.

Ifu<«wandv € w, then |u| + v| € .
Ifpulwandv L w,then ju| +|v| L w.
If € wand |v] < |u|, then v <« w.

Ifp L wand |v| < |u},thenv L w.
Ifv«pandv L u,thenv = 0.

i e

Their proofs are straightforward applications of the definitions and Theorems
37.2 and 37.5. For instance, the proof of (5) goes as follows: Since v L p,
there exists some A € I such that [v|(A) = |u|[(A®) = 0. From v < u and
Theorem 37.2, [v|(A®) =0, and so, [v[(X) = [v|(A)+|v|(A®) = 0. That s, |v] = 0,
so that v = 0.

Now, let 11 be a o-finite measure. A classical result of H. Lebesgue asserts that
any other o -finite measure v can be detomposed as a sum of two measures v; and
v such that v; <« wand v, L p. Its proof will be based upon the following simple
property of vector lattices:

Lemma 37.6. In a vector lattice x, + x implies x, Ay 1+ x Ay for each y.
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Proof. Note firstthatx, Ay + < x Ay holds. On the other hand, ifx,Ay <z
holds for each » and some z, then Theorem 30.1(5) shows that

(-Y/\}’“I)+ S(Xf\)"'xn/\}’)“L.<_1»Y/\Y"X,z/\)’l S X - X

Hence, x, < x —(x Ay — z)™ < x holds for each n. But then x, 1t x implies

(xAy—2)"=0,and so, x Ay < z. Thatis, x Ay is the least upper bound of
{x, A y},sothat x, Ay 1 x Ay holds, as claimed. B

We are now ready to state and prove the Lebesgue decomposition theorem.

Theorem 37.7 (Lebesgue). Let y and v be two o -finite measures on X. Then
there exist two unique measures v and v, such that

v=u;+ vy, where vy K u and vy L .

Proof. Assume first that both  and v are finite measures. Then the formula
vi(A) = sup{(v Anu)(A): n=1,2,...} < v(4)

defines a finite measure on ¥ (Theorem 36.2). Moreover, if u{A) = 0, then
clearly (v A nu)(A) = O for each n. Thus, vi(A) = 0, that is, v; K u. Now, let
vs = v — vy, and note that v, is a finite measure such that vy + va = v. Next,
observe that v A gt 1 vy implies (W + VA M+ D =p+vAanpn t u+v,
and so, by Lemma 37.6,

VA +Du=vAa@+v)Ar+Dutva@+v).
On the other hand, v A (n - D 4 vy implies vy = v A (it + vy). Thus,
O<wAu=W@—-v)Ap=vAE+v)—v =y —v =0,

and hence, by Theorem 37.5, v, L u.

For the uniqueness of the decomposition, note first that v L v,. Indeed, since
v, L u, there exist two disjoint measurable sets A and B with X = AU B
and v2(A)=u(B)=0. Then v « w implies v;(B)=0, so that vy L vz. Now,
assume that another pair of measures w; and w, satisfies w; < i, w2 L w, and
v = @ + wy. Clearly, v; — w; = w; — v, holds, and on one hand v; — o K 4,
and on the other w7 — v L . It follows that v — @; = wz — v» = 0, so that
vy = wy and vy = ws.

For the general case, choose a disjoint sequence {A,} of & with v(A,) < oo,
u(A,;) < oo,and X = U,?i[ Ap. Letv,(A) = v(ANA,) and p,(A) = u(ANAy)
for each A € £. Then v, and w, are finite measures on . By the previous case,
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for each n there exists a unique pair of measures (v{, v7) such that v} <« u,,
v{ L u,, and v, = v{ 4+ v). Now, define

vl(A)=Zu;’(A) and vz(A)=ZU§'(A)

n=l n=l

for each A € ¥. It is a routine matter to verify that vi « g, v, L p, and
v = v + vy. The uniqueness of v; and v, follows easily from the uniqueness of
the decomposition of each v,. ]

The identity v = v; 4 v, provided by the preceding theorem (where v; < ©
and vy L ), is called the Lebesgue decomposition of v with respect to .
Now, assume that p is a measure and f € L;(u). Then the formula

V(A) = /fdu (x)
Ja

for each A € I defines a (typical) finite signed measure that is absolutely con-
tinuous with respect to w. Sometimes formula () is referred to as the indefinite
integral of f. A direct verification shows that

VH(A) = / Frdu, v(A) = / frdu and vj(A)= f fldu
A A A

hold foreach A € X.

. Itis natural to ask whether the converse of the preceding statement is true. That
is to say, whenever v is absolutely continuous with respect to u, does there exist
some f € Li(u) such that v is given by (*)? In general, the answer is negative;
see Exercise 7 at the end of the section. On the other hand, whenever p is o -finite
and v is finite, the answer is yes. This result is of great importance because of
its wide range of applications. It is known as the Radon-Nikodym theorem. It
was established first by J. Radon? (in 1913) for the Euclidean spaces with the
Lebesgue measure, and later (in 1930) O. Nikodym® extended it to the general
case. ‘

Theorem 37.8 (Radon-Nikodym). Ler v be a finite signed measure which is
absolutely continuous with respect to a o -finite measure (. Then there exists a

2Johann Radon (1887-1956), an Austrian mathematician. He is well known for his contributions
to analysis and especially to the calculus of variations.

30tton Martin Nikodym (1889-1974), a Polish mathematician. He contributed to Boolean al gebras,
measure theory, and mathematical physics.
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unique function f in L(u) such that

v(A)—-ffdu
A

holds for all A € Z.

Proof. (Uniqueness.) This part is straightforward and is left for the reader;
see Exercise 6 at the end of this section. (The function f is, of course, unique
-2.8.)

(Existence.) Clearly, v and v~ are finite measures, both are absolutely contin-
uous with respect to 1, and v = v — v~ holds. This shows that we can assume
without loss of generality that v is itself a finite measure. By Theorem 37.3, we
have & € A, € A,

Now, let

C = {g e Li(n): g=>0p-ae and /gdu < v*(A) forall A e A, }
A

Observe that C is closed under finite suprema. Indeed, if f, g € Cand A € A,
then the two sets

E={xecA: f(x)>g)} and F={xeA: glx)> Feo)

are p-measurable (and hence, v-measurable) and disjoint, and E U F =A.
Therefore,

fAngdu

fEfvgdu+Lngdu=Lfdu+Lgdu
VHE)Y+ V' (F)=Vv(EUF)= v*(A),

IA

sothat f v g €C.
Since 0 € C, the set C is nonempty. Let

a=sup{/gdu: geC}sv(X)<oo.

Choose a sequence {g,} of C with lim [ gndu = a.Define f =g V-V
for each n, and note that { f,} is a sequence of C with 0 < f, 1 and lim f frdp =
a < oo. By Levi’s theorem (Theorem 22.8) there exists some f € L(u) such
that f, ¢ f and [fdp = a. Inview of 0 < faxa 1T fXa [ fuxadu =
f afndp < v*(A), and the Lebesgue dominated convergence theorem, it follows
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that fAf dp = v*(A) foreach A € A,; thatis, f € C. To finish the proof, we
show next that v(A) = [, f du holds forall A € X.

Clearly, w(A) = v*(4) — f 4fdu for A € A, defines a finite measure on A,
which is absolutely continuous with respect to *. Assume by way of contradiction
that w % 0. Then, by Theorem 37.4, there exists some € > 0 and some B ¢
A, such that 0 < p*(B) < oo and eu*(E) < w(E) for each E € A, with
E C B. Moreover, the function g = f + exp > 0 belongs to L;(u), and since
a= [fdu< f gdu, the function g does not belong to . On the other hand, if
A e Ay, then

fgdur-f(f+exB>du=/fdu+eu*<BnA>s/fdu+w<BnA>
A A A A

=ffdu+v*(BﬂA)— fdu = fdu +v*(BNA)
A BNA A\B

IA

VI(A\ B) + v (B N A) = v*(A),

and therefore g € C, which is a contradiction. The proof of the theorem is now
complete. B

The unique (u-a.e.) function f determined by the Radon-Nikodym theorem is
called the Radon-Nikodym derivative of v with respect to u, in symbols

d
—l)-=f or dv= fdu.
du
The function fis also referred to as the density function of v with respect to p.
In Section 31 it was shown that if (X, S, 1) is a measure space and 1 < p < oo,
then for each g € L, (1), where -I'; + qi = 1, the function

R = [fean ()

for f € L (1) defines a continuous linear functional on L p{1) such that ||F|| =
ligllg. Also, in the same section we proved that the mapping g > F, from Lg(1t)
to L7,(1) was a lattice isometry and promised the reader to establish that this
lattice isometry is also onto. That is (according to F. Riesz), every member of
L;(pc) can be obtained from a function of L,(u) as in (x). With the help of the
Radon-Nikodym theorem, we are now in the position to establish this claim.

Theorem 37.9 (F. Riesz). Let (X, S, ) be a measure space, 1 < p < oo,
and let F be a continuous linear functional on L ,(11). Then there exists a unique
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g € Ly(u), where -1,; + 5 =1, such that

P = [fedu

holds for all f € Lp(u). Moreover, |F|| = |lglly-

Proof. The uniqueness of g has been discussed before. The proof of the “ex-
istenice” of g has two steps.
Step 1. Assume that (X, S, ) is a finite measure space.

Define v: A, — R by v(A)=F(x4) for each A € A,. Clearly, v(®) = 0.
Also, if {A,]) is a disjoint sequence of measurable sets and A = Ui';l A,, then

l Doxa—xal| = [u*(A)—-Zu,*(Ai)] - 0.
i=1 i=l

P

Therefore, by the continuity of F, we have

A=) Flxa)=F (ZXA,.> — F(xa) = v(A).
i=1

=1 i=1

That is, v(A) = ZZ":I v(A,) holds, and hence, v is a finite signed measure on A ;.
Moreover, if A € A, satisfies u*(A) =0, then x4 = 0; therefore, v(A) = F(x4) =
F(0) =0, so that v is absolutely continuous with respect to x*.

By the Radon-Nikodym theorem, there exists a unique function g in L,(x)
such that v(A) = ng dy holds for all A € Ay,. Thus, for every A € A, we have
F(xa) = [xagdpu. By linearity, it follows that F(¢) = [¢gdu for every step
function ¢. Now let

A={reX: gx)>0} and B ={xe X: glx) <0},

andlet0 < f € L,(u). Choose asequence of step functions {¢,} with0 < ¢, 1 b
Then ¢nXAg = ¢11g+ T fg+ and 1iml]¢lxXA - fXA”p = 0. By the continuity
of F we have lim f¢ng+ du = Hm F(¢,xa) = F(fxa) < co, and so, by Levi’s
theorem fg© € Li(u) and F(fxa) = [fgtdu. Similarly, fg~ € Li(u) and
F(fxs) = ——ffg‘ du. Thus, for every f € Lp(u) we have fg € L(u) and
F(f)= [ fgdu. To complete the proof of this case, it remains to be shown that
§ € Ly(n).

Tothisend,letE, = {x € X: |g(x)| < n},and thendefine f, = |19 xg,Sen g.
Since each f,, is essentially bounded, { f,;} € L ,(u) holds, and moreover, we have
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Jag& = 1ful? = 8|7 xE, 1 |g|?. Therefore,

flgr’xb-,, du = /fngc{u = F(f) < IFI - (/if,,t”du)"

~IF]- (f|g|"xE,, du)",

from which it follows that (['|g|? xg, d //.)'/l < ||F]l < coforeach n.Levi’stheorem
now implies that g € L,(u).

Step II.  The general case.

For each A € A, write L,(A) = {f € L,(u): f = 0 on A}, and note that
Ly(A) = {fxa: f € L)} Also, let

C={Ae A, u(A) <o)

By the preceding case, it should be obvious that for each A € C there exists a
unique g4 € L,(A) such that

F(fXA)”—‘/ngdu
holds for all f € L ,(u). Moreover,

ligally = sup{{F(fxa)l: 1fll, =1} < IF| < o0

holds. Let a = supfllgally: A €C) < I1F|I < oo.

Now, observe that if A, B € C satisfy A C B, then g4 = gp on A; therefore,
|84l < |gsl. and so, ligally < llgally- It follows that there exists an increasing
sequence {A,} of C such that ||gg4, |l, 1 @ < co. The latter, combined with Levi’s
theorem, shows that the function g defined by g(x) = lim g 4,(x) foreachx € X
belongs to L, (u). Clearly, g vanishes outside of the set A = U;';] A,

Next, we claim that F vanishes on L p(AF). Indeed, if F is not zero on L (A%,
then in view of the norm denseness of the step functions there exists some B € C
with B C A€, so that F does not vanish on L p(B). Thus, gg #0, and since
BN A, = @ for all n, it follows that for each n

a’ < (ligaua, llg)* = (lgally)? + (llga, g

holds. Since lim||g4, ||, =a, itfollowsthat || gp l4 = 0, which is impossible. Hence,
F vanishes on L,(A®).
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Now, let f € L,(u). Note first that since g € L,(u), we have fg € L(u).
Thus, from fga, — fg. 1fga,l < |fgl, and the Lebesgue dominated con-
vergence theorem, it follows that lim [ fga, du = [ fgdu. Similarly, it fol-
lows that lim|| f x4, — fxall, =0, and so, by the continuity of F we must have
lim F(f xa,) = F(f xa)- Therefore,

F(f) = F(fxa+ fxa)=F(fxa)+ F(fxa)=F(fxa)
= ,,grgloF(fo,.)=lllirgo/ng,, du=ffgdu,

as required.

The equality | F|| =]igll, was established in Theorem 31.16. The proof of the
theorem is now complete.

The conjugate space of L(u) will be considered next. If we assume that
(X, S, 1) is a o-finite measure space, then the norm dual of L;(u) is lattice iso-
morphic to L (). For a general measure space this may not be the case (see
Exercise 16 of Section 31).

Theorem 37.10. Let (X, S, 1) be a o-finite measure space, and let F be a
continuous linear functional on L (). Then there exists a unique g € Loo(1)
such that

P = [fadu

holds for all f € L\(1). Moreover, |F| = ||gllco- In other words,

Li(1) = Loo(w)-

Proof. First consider a finite measure space (X, S, ). Then the arguments of
Step I in the proof of Theorem 37.9 also apply here and show that there exists a

unique function g € L,(u) such that F(f) = ffg du holds for all f € Li(u).
Next, we show g € Leo(u) and | F|| = || gllco-
Indeed, ife > 0,and A = {x € X: |F|| + € < |g(x)|}, then

(F1+ ') < [ 1g1du= [ gSengd = FxaSamg)
A A
< IFN-lixaSgnglh = IIF|l - n*(A)
holds. Thus, 1*(A) = 0, and so, |g(x)] < ||F|| + € for almost all x. This shows

that g € Loo(p) and that {|gllcc < || Fil +¢€. Since € > Ois arbitrary, ||g]lco < | F]||
holds. On the other hand, || F|| < ||gllco holds trivially, and thus, | F|| = |g]ls.
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To extend the theorem to the o-finite case, let {X,} be a disjoint sequence of
measurable satisfying X = (72 ; X, and u*(X,) < oo foreach n. By the preceding
case, for each n there exists a unique g, € Lo () which vanishes off X, with
lgnlloc < IF|l and satisfying F(fxx,) = [fga.du for each f € Li(u). Let g
be the function that equals g, on each X,. Clearly, g is measurable and since
lglloo < [IF ||, it follows that g € Leo(1t).

We leave now the details for the reader to verify that F(f) = [ fg du holds for
all f e Li(u). |

As an application of Theorem 37.9 we shall establish that every L ,-space with
1 < p < oo is areflexive Banach space. Recall that a Banach space is said to be
reflexive if the natural embedding of the space to its second dual is onto.

Theorem 37.11. Let(X, S, p) be ameasure space.If 1 < p < o0, then L p(11)
is a reflexive Banach lattice.

Proof. Let¢ € L7*(u). Then yr(g) = ¢(Fy) for g € Ly(u) defines a bounded
linear functional on L,(u), since

() = loFl < lloll - 1Fll = ll@ll - ligllg-

By Theorem 37.9, there exists some f € L,(u)suchthaty(g) = [gf duholds
forall g € L,(u). Onthe other hand, f(F Y= Fo(f)= [gfdu = ¥(g) = ¢(F)
holds for all g € L (), and this (by Theorem 37. 9) guarantees that ¢ = f. That
is, the natural embeddmg of L ,(u) to its second dual L**(u) is onto, and hence,

L(u)is a reflexive Banach lattice. B

EXERCISES

1. Verify the following properties of signed measures:

A pL .

b. v« pand p K wimply v € w.
c. f0<v<uy,thenvpu.

d Ifu«0,then = 0.

g

Verify statements (1) through (5) following Theorem 37.5.
3. Let 1 and v be two measures on a o-algebra X. If v is a finite measure, then show
that the following statements are equivalent:

a. v <« u holds.
For each sequence {A,} of thh lim w(Ap) = 0, we have limv(A,) =

c. For each € > 0 there exists some § > 0 (depending on €) such that whenever
A € X satisfies u(A) < 6, then v(A) < € holds.
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[HINT: If (a) does not imply (b), then there exists some ¢ > 0 and a sequence {An}
of S such that u(A,) < 27" and v(A,) > é. Let A = (52, |72, Ai, and note that
w(A) = 0, while v(A) = €.]

Let 1 be a finite measure and let {v,} be a sequence of finite measures (all on ) such
that v, <« w holds for each n. Furthermore, assume that lim v, (A) exists in R for each
A € . Then show that:

a. For each € > 0 there exists some § > 0 such that whenever A € ¥ satisfies
u(A) < 8, then v, (A) < € holds for each n.

b. The set function v: & — [0, o], defined by v(A) = limv,(A) foreach A € %,
is a measure such that v « @.

[HINT: Consider = equipped with the distance d(A, B) = u(AAB), where A and B
are identified if £(AAB) == 0. Then (Z, d) is a complete metric space; see Exercise 3
of Section 31. Next, use v, < u to verify that each v, is a well-defined continuous
function on T. Furthermore, if ¢ > 0, then each Ct = {A € Z: |v,(A) — vu(A)] <
e for n,m > k}isaclosed set, and & = Uf‘;l Cy. holds. By Theorem 6.18, some Cy.
has an interior point. Use this and the preceding exercise to establish (a). Statement
(b) follows from (a).]

Let {v,} be a sequence of nonzero finite measures such that lim v, (A) exists in R for
each A € T. Show that v(A) = lim v, (A) for A € X is a finite measure.

[HINT: Consider the finite measure u(A) = ¥ ey 27" [v(A)/v2(X)], and then apply
the conclusion of the preceding exercise.]

Verify the uniqueness of the Radon-Nikodym derivative by proving the following
statemnent: If (X, S, ) is a measure space and f € L(u) satisfies fAfd,u, = 0 for
all A € §,then f =0ae.

This exercise shows that the hypothesis of o -finiteness of  in the Radon-Nikodym
theorem cannot be omitted. Consider X = [0, 1], & the o-algebra of all Lebesgue
measurable subsets of [0, 1], v the Lebesgue measure on X and p the measure defined
by () = 0 and u(A) = oo if A # @. (Incidentally, p is the largest measure on Z.)
Show that:

a. v is a finite measure, & is not o-finite, and v <« 1.
b. There is no function f € L(w) such that v(A) = [, f dy holds forall A € Z.

Let & be a finite signed measure on X. Show that there exists a unique function
f € Li(Ju]) such that

W(A) = fA £ dlul

holds forall A € Z.

Assume that v is a finite measure and . is a o-finite measure such that v <« u. Let
g = dv/du € L1(u) be the Radon-Nikodym derivative of v with respect to x. Then
show that:

a. IfY = {x € X: g(x) > 0},thenY NA is a u-measurable set for each v-measurable
set A.

b. If f € Li(v), then fg € L(u)and ffdv = [ fgdu holds.



350

10.

11.

12

13.

Chapter 7: SPECIAL TOPICS IN INTEGRATION

[HINT: Note firstthat © € A, € A, holds,and then (by Theorem 15.10) that v*(A) =
f 48 du must hold for each A € Ay; hence, v*(Y©) = 0. For (a) use Theorem 37.3
and the fact that X is a o -algebra. Now, if ¢ = }_1_, a; x4, is a v-step function, then

n n n
/¢dv=}:aiv*(Ai)=Zaiv*(AfﬂY)=Zai/; ygdu=/¢gd#,
i=1 i=1 i=1 i

and so, ¢g € Li(u). Now, if 0 < f e L;(v), then pick a sequence {¢,} of v-step
functions such that 0 < ¢,(x) 1 F(x) for all x € X. To finish the proof, observe that
0<dugt fgand f(/),,gdv:fd),,dv Tffdv <o0]

Establish the chain rule for Radon-Nikodym derivatives: If w is a o -finite measure and
v and u are two finite measures (all on ¥)suchthat v « pand 4 < w, thenv < wand

holds.
[HINT: Use the preceding exercise.]
All measures considered here will be assumed defined on a fixed o-algebra ¥,

a. Call two measures p and v equivalent (in symbols, & = v) if & <« v and v < “
both hold. Show that = is an equivalence relation among the measures on T,
b. If w and v are two equivalent o -finite measures, then show that A, = A,.

c. Show that if u and v are two equivalent finite measures, then
dp d
2222 1 ae. holds.
dv dup

d. If u and v are two equivalent finite measures, then show that f > f - 4%
from L () to L1(v), is an onto lattice isometry. Thus, under this identification,
Ly(n) = L1(v) holds.

e.  Generalize (d) to equivalent o-finite measures. That is, if 4 and v are two equiv-
alent o -finite measures, then show that the Banach lattices L (i) and L (v) are
lattice isometric.

f.  Show thatif u and v are two equivalent o -finite measures, then the Banach lattices

Lp(u) and L (v} are lattice isometric for each 1 < p < co.

Let 1 be a o-finite measure, and let AC(u) be the collection of all finite signed
measures that are absolutely continuous with respect to j; that is,

AC(u) = {ve M(Z): v € u}.

a. Show that AC(u) is a norm closed ideal of M(X) (and hence, AC () with the
norm [fv{| = [v|[(X), is a Banach lattice in its own right).

b. Foreach f € Li(u), let u 1 be the finite signed measure defined by u r(A) =
1) 4J dp foreach A € T. Then show that f +> pu £ is a lattice isometry from
Li(n) onto AC ().

Let % be a g-algebra of subsets of a set X and i a measure on $. Assume also that
I* is a o-algebra of subsets of a set ¥ and that T: X — Y has the property that
T=1(A) € X foreach A € £*.
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a. Show that v(A) = u(T ~1(A)) for each A € £* is a measure on T*.
b. If f € L{(v), then show that f o T € L(u) and

/dev=/xfonu.

c. If u is finite and w is a o-finite measure on * such that v « o, then show that
there exists a function g € L(w) such that

/fonu:/fgdw
X Y
holds for each f € L(v).

Let (X, S, 1) be a o-finite measure space, and let g be a measurable function. Show
that if for some 1 < p < cowehave fg € Ly(u) forall f € L(u), then g € Lq(p),
where + + L1 = 1. Also, show by a counterexample that for | < p < oo, the o-
finiteness of 1 cannot be dropped.

[HINT: We can assume that g > 0 (why?). Then F(f) = [fgdu for f € Lp(u)
defines a positive linear functional on L,(w). By Theorem 30.10, F is continu-
ous. Now, by Theorems 37.9 and 37.10 there exists some h € L,(u) such that
[fgdu = [fhdu foreach f € L,(u). Show that g = h a.e. holds.]

Let (X, S, 1) be a o-finite measure space, g a measurable function, and 1 < p <
oo. Assume that there exists some real number M > 0 such that ¢g € L(u) and
f ¢gdu < Mgl holds for every step function ¢. Then show that:

a. g € Lg(u), where Lyl=1 and
b. [fgdu < M| fl4 holds forall f € Lp(u).

Let 11 be a Borel measure on R¥ and suppose that there exists a constant ¢ > 0 such
that whenever a Borel set E satisfies A(E) = ¢, then u(E) = ¢. Show that x coincides
with A, i.e., show that g = A.

Let 1 and v be two o -finite measures on a o-algebra X of subsets of a set X such that
v & pand v # 0. Show that there exist a set £ € T and an integer » such that

a. v(E)> 0;and

b AcTandAC E imply Lu(A) < v(A) < nu(A).

Let u be a finite Borel measure on [1, co) such that

a. U <A, and

b. u(B) = aulaB) for each a > 1 and each Borel subset B of [1, co), where
aB = {ab: b € B}.

If the Radon-Nikodym derivative du/d) is a continuous function, then show that
there exists a constant ¢ > 0 such that [du/dA)(x) = c/x2 foreachx > I.
Let 1 be a finite Borel measure on (0, co) such that

a, u <A, and
b. w(aB) = u(B) for each a > 0 and each Borel subset B of (0, 00).

If the Radon-Nikodym derivative is a continuous function, then show that there exists
a constant ¢ > 0 such that [du/d)](x) = c/x foreach x > 0.
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38. THE RIESZ REPRESENTATION THEOREM

In this section, X will denote a Hausdorff locally compact topological space.
Recall that C.(X) denotes the vector lattice of all real-valued continuous functions
defined on X having compact support. That is, f: X — R belongs to C.(X) if
and only if f is continuous and vanishes off a compact set. The main purpose of
our discussion here is to characterize the positive linear functionals on C.(X). As
usual, a linear functional F on C.(X) is said to be positive if 0 < F(f) holds
whenever 0 < f € C.(X).

Clearly, every continuous function on X is Borel measurable. Thus, if p is a
Borel measure on X (i.e., 11 is a measure on the ¢ -algebra 15 generated by the open
sets and satisfies ((K) < oo for each compact set K'), then the formula

F(f) = f fdu, feCuX),

Aafin evoitsirn lisvone firermtsnenl Ao PRpp— | PR Y. PP

uvuuva a PUDALLV\- 1Ll fuiiiuiial uill \/c\/\.} J.l.l 5(;115141, 11 l lb a lJUblllVC llllCdJ
functional on C.(X) and a Borel measure p on X satisfies F(f) = f f du foreach
f € C(X), then u is called a representing measure for F (or that u represents
F). The following basic result (known as the Riesz representation theorem) will
be obtained: Every positive linear functional on C.(X) is represented by a unique
regular Borel measure.

Recall that a Borel measure ¢ on X is called a regular Borel measure (see
Definition 18.4) if 14 satisfies the following two extra properties:

a. u(B) =inf{u(V): V openand B C V} for each Borel set B; and
b.  w(V) = sup{u(K): K compactand K C V} for each open set V.

Of course, the preceding two conditions are enough to ensure that whenever a
Borel set B has finite measure, then

©(B) = sup{u(K): K compact and K C B}

holds; see Lemma 18.5.

Let us start by introducing some standard notation. Let V be an open set, and let
f € C(X). The symbol f < V means that 0 < f(x) < 1 holds foreachx € X
and Supp f € V. Similarly, for a compact set K and a function f € C.(X), the
notation K < f means that 0 < f(x) < l holdsforallx € X, and f(x) = 1 for
all x € K. The notation K < f < V simply means that K < f and f < V both
hold. In this terminology, for instance, Theorem 10.9 can be stated as follows: [f
K < Ui, Vi holds with K compact and each V; open, then there exist functions
Sisoos fo € Co(X) such that f; < V; foreachiandy |_, fi=1onK.

Now, let F be a positive linear functional on C.(X). For each open subset V of
X, define

u(V) = sup{F(f): f < V}.
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Clearly, 0 < (V) < oo holds for each open set V. It is easily seen that
uvy < /,L(W) holds for every pair of open sets with V C W (since f < V
implies f < W). This observation allows us to extend the set function w from the
open sets to all subsets A of X by defining

w(A) = inf{u(V): V openand A C V}.

As expected, the set function w is an outer measure.

Theorem 38.1. Let F be a positive linear functional on C(X). Then the set
function p (previously defined) is an outer measure on X.

Proof. Clearly, 0 < u(A) < oo holds for every subset A of X.Since f < @
if and only if f = 0, it follows that u(®) = 0. Also, it should be obvious that if
A C B, then u(A) < u(B) holds. To complete the proof, it remains to be shown
that u is o -subadditive.

To this end, let {A,} be a sequence of subsets of X. Let A= ;2 A,. If
Yo L M(Ay) =00, then u(A) < Y >, u(A,) is obvious. Hence, assume P
u(A,) < oo. Let € >0. For each n, choose an open set Vj such that A, CV,
and pu(V,) < u(A,) +€27". PutV = U,,__ V,. Now, if f < V holds, then K ==
Supp f € U2, Vi, and in view of the compactness of K there exists some m such
that K C Un_l V,. By Theorem 10.9, there exist functions fi, ..., fn € C; (X)
suchthat f,, < V,forn =1,...,mand S fa=1onkK .Clearly, < Z"= fu
holds, and by the positivity of F it follows that

nt

F(f) < ZF(f,,) < Zu(v,o < Zu(vn) < ZM(A,,) +e.

n==| n==1

Thus, since the latter holds foreach f < V,itfollowsthat (V) < 3 m(Ay)Fe.
Now, notice that A € V implies u(A) < u(V) < Y02 | u(A,) + ¢ foralle > 0,
from which it follows that

W) = (U A,,> < }: (A

n=1 n=l

The proof of the theorem is now complete. =

The outer measure 4 determined by the positive linear functional F is called
the outer measure induced by F (or the outer measure associated with F'). The
next goal is to show that y is a regular Borel measure on B.

Theorem 38.2. Let F be a positive linear functional on C.(X), and let p be
its induced outer measure. Then every Borel set is u-measurable (i.e., B € Ay),
and p restricted to B is a regular Borel measure.
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Proof. The proof goes by steps.
Step 1. For each compact set K, we have u(K) < oo.

Let K be a compact set. Choose an open set V with compact closure such that
K <€ V. By Theorem 10.9, there exists a function g € C(X)suchthat V < g,
Now, if f < V holds, then f < g, and so F(f) < F(g). Hence,

u(K) = w(V)=sup{F(f): f <V} < F(g) < 0.

Stepll. IfKy and K, are disjoint compact sets, then WK UK )= (K )+u(K>,).

In view of the o-subadditivity of w, it suffices to show u(Ky) + w(ky) <
u(K UKy).

Since K} € K75 holds, there exists (by Lemma 10.7) an open set V; with compact
closure such that K; € V; € Vi € K§. Thus, K3 € (V;)° holds. Let V, = (V}),
and note that V and V, are two disjoint open sets.

Now, let ¢ > 0. Choose an open set V such that X, U K2 ©Vouand uw(V) <
MK 1UKy)+e;clearly, Ky € VNV and K, © VNV, Next, select two continuous
functions f and g suchthat f <V NV, g <V NV, w(V NV < F(f) +e,
and u(V N'V,) < F(g) + €. From V; NV, = @, it follows that f+g~<V.Now,
note that

A

M(KY) + (K < w(V NV +u(V N Va) < F(F)+ F(g) + 2¢
F(f +8)4+2e < u(V) + 2¢ < u(K; UKa) + 3¢,

holds for all € > 0. Therefore, u(K)) + u(K2) < w(Ky UK3), as claimed.

Steplll.  For every subset A of X we have u(A)= influ(V): V openand AC V}.
This is precisely the definition of .

Step IV.  For every open set V, u(V) = sup{u(K): K compactand K C V).

To see this, let V be an open set and let r € R satisfy r < (V). Choose a
continuous function f < V withr < F(f), and let K = Supp f. Now if W is
an open set such that K € W, then f < W holds, and so rr < F(f) < u(W).
Therefore,

u(V) = w(K) = inf{u(W): W openand K C W} > F(fy>r

holds for every r € R with r < (V). and the desired identity follows.
Step V. Every Borel set is ji-measurable, that is, B C A e

Note first that if X is a compact set and V is an open set disjoint from K, then
#(K) 4 (V) = u(K UV)holds. Indeed, by Step I, for every compact subset K;
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of V we have
w(K)+ p(Ky)) = (K UKy) < (K U V) < w(K) + u(V),

and the claim follows from the identity of Step IV.

Since A, is a o-algebra, it is enough to show that A, contains every open set. To
establish this, let V be an open set. We must show that u(ANV)+u(ANV®) < u(A)
holds for each A € X.If u(A) = oo, then the inequality is obvious. Thus, we can
consider only the case w(A) < oo.

Assume at the beginning that A is also an open set. Let K be a compact set
such that K € AN V. Then the open set W = A\ K satisfies K N W = @ and
ANVEC W C A. Thus, by what was observed previously,

w(K) + ANV < w(K) + u(W) = u(K UW) < u(A)

holds for all compact sets K with K € A N'V. From the identity of Step IV the
desired inequality follows easily.

Assume now that A is an arbitrary set. If W is an open set such that A € W,
then by the preceding case

WANV)+p(ANVE) < u(WNV)+uW NV < u(W)
holds. Thus, by the identity of Step III, we get
WANV)+ u(ANVE) < u(A),

and the proof is finished.

Now, we come to the main result of this section. Namely: The regular Borel
measure, induced by a positive linear functional F on C.(X), is the only regular
Borel measure that represents F.

Theorem 38.3 (The Riesz Representation Theorem). For every positive li-

near functional F on C.(X), there exists a unique regular Borel measure {1 such
that

F(f)=/fdu

holds for every f € C.(X). Moreover, the representing measure is the regular
Borel measure induced by F on X.

Proof. (Uniqueness.) Let 4 and v be two regular Borel measures on X such
that [ f du = [ f dv holds for each f € Cc(X). We shall show that u(A) = v(4)
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holds for each Borel set A. In view of the regularity properties of w and v, it is
enough to establish that u(K) = v(X) holds for each compact set K.

To this end, let K be a compact set. Given € > 0, choose an open set V such
that K € V and u(V) < u(K) + €. By Theorem 10.9, there exists a function
f e C{X)suchthat K < f < V. Butthen, since xx < f < xv, we have

v(K)=fx:<dvS/fdv=/fdusfodu=u(V)<M(K)+e

for all € > 0. That is, v(K) < w(K). By the symmetry of the situation, u(K) <
v(K), and so u(K) = v(K), as desired.

(Existence.) Let F be a positive linear functional on C.(X), and let u be its
induced outer measure. By Theorem 38.2, u restricted to the Borel sets of X
is a regular Borel measure. We shall show that F(f) = [ f du holds for each
f eC(X).

To this end, let f € C.(X). Fix an open set V' such that X' = Supp f/ € V and
w(V) < oo. Also, choose ¢ > 0 satisfying | f(x)| < cforallx € X.

Given € > 0, pick n such that 2c/n < €, and let y; = —c +i(2c/n) fori =
0,1,..., n;thatis, {yo, y1, - - - » Y} is the partition of [—c, c} with y; —y;_| = 2¢/n
fori=1,...,n.Foreachl <i<nletA;={xeK: yi_; < f(x) <y} and
note that the open set W; = {x € V: y; —e < f(x) < y; + €} satisfies A; € W,.
Notice that the Borel sets A, ..., A, are pairwise disjoint and | J{_, A; = K.

By the regularity of u, for each 1 < i < n there exists an open set V; satisfying
A; CV; € W, and w(V;) — u(A;) < e/n; clearly, K € Ui, Vi € V holds.
By Theorem 10.9 there exist functions gy, ..., g, € C.(X) such that g; < V; for
i=1,...,nand Y i, gi(x) = 1 foreach x € K. Note that fg; < (i + €)gi
holds foreach i and f = Y i, fg;. Therefore,

P [fan= Y Firer-Y [ £
i=1 i=1 i
< i+ OF(g) — Y (i — (A
i=1 f=1
< Y Oi+OuVi) = Y (i — enl4)
i=l i=1

= "0 + Vi) — w4 +2¢ Y u(A)
i=1 [==1

1A

I

(+ e)—f; +2ep(K) = elc + € + 2u(K)].
=1
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Since € > 0 is arbitrary, F(f) — [ f du < O-holds for all f € C.(X). Replacing
f by —f, we get F(f) — [fdu > 0. Thus, F(f)= [ fdu holds for each
f € C.(X), and the proof of the theorem is complete.

Any Borel measure that fails to be a regular Borel measure can be considered
as a “pathological” case. The next result reveals that nonregular Borel measures
cannot appear with “good” topological spaces. Recall that a subset of a topological
space is called o-compact if it is the union of a countable collection of compact
sets.

Theorem 38.4. Let X be a Hausdorff locally compact topological space whose
open sets are o-compact (for instance, each Euclidean space R" has this
property). Then every Borel measure on X is a regular Borel measure.

Proof. LetvbeaBorel measureon X, i.e., v(K) < oo holds for each compact
set K. Then every continuous function with compact support is v-integrable, and
so, F(f) = ff dv, f € C.(X), defines a positive linear functional on C.(X). By
the Riesz representation theorem, there exists a regular Borel measure w such that
F(f)= f [ du holds for each f € C.(X). To complete the proof, we shall show
that v = u.

If K iscompact, and V open with K € V, then there exists a function f € C.(X)
with K < f < V. Therefore,

v(K)=/devS/fdv=ffdu_<./deu=u(V),

and so, by the regularity of w it follows that v(K') < p(K') holds for each compact
set K.

Now, let O be an open set. Since (by hypothesis) O is o-compact, there exists
a sequence {K,}'of compact sets with X, 4 O. But then the inequalities v(K,) <
w(K,) imply v(0) = limv(K,) < limu(K,) = u(O). On the other hand, for
each n there exists some f, € C.(X) with K, < f, < @, and so,

u(Kn>=/xKndusff,, du=/fndv < w(0)

holds for each . It follows that u(O) < v(©), and thus, v(O) = u(O) for each
open set O.

Next, let K be a compact set. Choose an open set O with K € @ and v(Q) =
u(O) < oo. Then u(0) — w(K) = u(O\ K) = v(O\ K) = v(0) — v(K), and
s0, v(K) = u(K) for each compact set K.
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Finally, if B is an arbitrary Borel set, K a compact set, and O an open set such
that K € B € O, then the inequalities

w(K) = v(K) < v(B) = v(0) = pu(0),

coupled with the regularity of 1, imply v(B) = wu(B). The proof of the theorem is
now complete. ]

With the usual algebraic and lattice operations and the sup norm, C.(X) is a
normed vector lattice. Our next objective is to describe the norm dual of C.(X).
To do this, we need some algebraic and lattice properties of the regular Borel
measures.

Theorem 38.5. For two regular Borel measures . and v on X, we have the
Jollowing:

1. w-+vandopfor o« > 0 are regular Borel measures.

2. uVvisaregular Borel measure.

3. Ifuandv are both o -finite, then . A v is also a regular Borel measure.

Proof. (1) Obvious.
(2) We start the proof of this part by recalling that

vV v(A) = sup{u(B) +v(A\B): Be B and B C A}

holds for each A € B. The proof now goes by steps.

(a) Let K be a compact subset of X. Since u vV 1(K) < (&) + v(K) < o0
holds, it follows that . Vv v is a Borel measure.

(b) Let A € B satisfy u v v(A) < oo. Then u(A4) < oo and v(A) < oo hold.
Let a = sup{u V v(K): K compactand K C A}. P

If B € B satisfies B C A, then by the regularity of x and v there exist two
compact sets Ky and K3 suchthat Ky € B, K, € A\ B, u(Ky) > u(B) — €, and
v(K32) > v(A\ B) — €, where, of course, € > 0 is given. Then, K; N K, = @ and

uVU(A) = azpvVvuKUKr) > wK) + v(Ks)
> u(B) — € +Vv(A\B) — € = u(B) +v(A\ B) — 2e.

This implies £V v(A) > a > Vv v(A)—2¢ foreach e > 0.Hence,a = Vv v(A).

Now, let A be an open set such that ;4 Vv v(A) = oo. Since 1 Vv < p 4 v holds,
it follows that either u(A) = oo or v(A) = co. We can assume that u(A) = oo.
Since u < pVvvandsup{u(K): K compactand K C A} = u(A) = oo, it easily
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follows that
sup{u vV v(K): K compactand K C A} = co = pu Vv v(A).

(c)Let A € Bandputh = inf{uvu(V): V openand A C V}.If uVvv(A) = oo,
thenb = uVvuv(A) = oo is obvious. Hence, we can assume 1 Vv(A) < co. Clearly,
u(A) < oo and v(A) < oo both hold. Since p and v are regular Borel measures,
there exists an open set O such that A € O, u(O) < oo, and v(0) < co.

Now, let € > 0. By (a) there exists a compact set K such that K € O\ A and
UV UK)Y> uvv(O\A) —¢; andso, u Vu(K) > u v (@) —uVvv(A) —e.
Thus, the open set V = O\ K satisfies A € V and

UVV(AY+e>uv@)—uvi(K)=puvv(O\K)=uvuV)>uvuA).

This implies that b = ¢ v v(A) holds, and thus, u V v is a regular Borel measure.
(3) Since w A v < pu, it is easy to see that i A v is a Borel measure. Also, recall
that

w A v(A) =inf{u(B)+v(A\ B): B e B and B C A}

foreach A € B.

(@) Let A € B,putc = inf{u Av(V): V openand A C V}, and lete > 0.
Given B € B with B C A, choose two open sets V; and V; such that B ¢ Vi,
A\ B C V,, u(V}) < u(B) + €, and v(V3) < v(A\ B) + €. Then

pAV(A) < cspuAvVi UV < pAvV) +p Av(Va) < u) +v(Va)
< u(B)+e+v(A\B)+¢e = pu(B)+v(A\B)+2e.

A

Thus, u Av(A) < ¢ < uAv(A)+2e holds foreach € > 0, and so, ¢ = p A v(A).
(B) Let A € B satisfy u v v(A) < co. Then the relation

p AV(K) = w(K) +v(K) — p vV u(K)

for each compact set X & A and the regularity of u, v, and 0 v v easily imply
that

© A V(A) =sup{ Av(K): K compactand K C A}. (*)

On the other hand, using the preceding conclusion and that 4 and v are both o~
finite, it is easy to see that () holds for each open set A. (Note that this is the only
place where the o-finiteness of 1 and v is used.) Thus, @ A v is a regular Borel
measure, and the proof of the theorem is complete. B
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Observe that if 2 and v are regular Borel measures, then y + v and ey (for
a = 0) satisfy

ffd(u+v)=/fdu+ffdv and ffd(au)=affdu

for each f € C.(X).
In identifying the lattice isomorphisms among positive operators between two
vector lattices, the following lemma is often very useful:

Lemma 38.6. Let T:X — Y be a one-to-one, onto linear operator between
two vector lattices. If T and T~ are both positive, then T is a lattice isomor-
phism.

Proof. Letx,y € X. Since x < x V y holds, it follows from the positivity of
T that T(x) < T(x Vv y). Similarly, T (y) < T'(x Vv y), and therefore,

THOVIM =T&Vy). ()

Reversing the roles of T, x, and y to those of T~!, T(x), and T (y), respectively,
it follows from (x*) that

xvy=THTE)VTNTH) =T (TW) v TEG).

By applying T to the last inequality, we get T(x v y) < T(x) v T(y). That is,
T(x v y)=T()V T(y)holds, as required. B

Next, the norm dual of C.(X) will be identified. We already know that CxX)
is a Banach lattice (Theorem 30.9), and so, every continuous linear functional on
C.(X) can be written as a difference of two positive continuous linear functionals.

Let us denote by My(X) the collection of all finite signed measures that can be
written as a difference of two positive regular Borel measures. That is,

My(X) = {10 € M(B): A regular Borel measures p1, 1y with i = 1 — i}

Clearly, Mp(X) is a vector subspace of M(B), the Banach lattice of all finite
signed measures on B (see Theorem 36.10). Moreover, since u¥ = (u; — up)* =
f1 Vv iz — po and (by Theorem 38.5) 11 V w3 is a finite regular Borel measure,
it follows that u* belongs to My(X).-Therefore, My(X) is a vector sublattice of
M (B). Thus, My(X) is a normed vector lattice having, of course, the total variation
as its norm, that is, ||| = |p|(X) for each u € Mp(X).

Also, it is easy to see that if 44; and p; are two finite regular Borel measures,
then (i — wa)™ = w1 V (o — w7 is likewise a finite regular Borel measure. This
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implies that My(X) could be defined as follows:
My(X) = {n € M(B): ¥ and p~ are both finite regular Borel measures}.

Now, assume that 4 = @) — tz = v; — v holds with p;, pp and vy, v, finite
regular Borel measures. Then 141 + v = v; + U, and so, ff duy + ff dv, =
[ fdvi+ [ fdus holds for each f € Cc(X); therefore,

[fau - [saua= [sav~ [rav

holds for each f € C.(X). This shows that if u = @) — 12 € Mp(X), then

Fu(f)=/fd/~n - [au,

defines a linear functional on C.(X) which is independent of the representation of
w as a difference of two finite regular Borel measures. [It is also a custom to write
[ f du instead of F,(f)]. Moreover, the estimate

IFu(HI = lffdm l +,/fduz < [ (X) 4 12(X)] - | flloo

shows that F, is a continuous linear functional, that is, F,, € C}(X).
Thus, a mapping p + F, from My(X) to C}(X) can be established. Clearly, this
mapping is linear, and as the next theorem shows it is onto and a lattice isometry.

Theorem 38.7. The mapping p +— F, (defined above) is a lattice isometry
from My(X) onto C}(X). That is, CH(X) = My(X) holds.

Proof. Note first that i +> F), is one-to-one. Indeed, if p = p; — p7 and
F, =0, then [ fdu, = [ f du, holds for each f € C.(X), and so, by the Riesz
representation theorem, (t; = po. Thatis, u = g — pa = 0. '

Now, let F be a positive linear functional on C.(X) and p its representing regular
Borel measure [i.e., F(f) = ff du foreach f € Co(X)]. Since 0 < f € C.(X)
satisfies || flleo < 1 if and only if f < X, it follows that

w(X) = sup{F(f): f <X} =sup{F(f): [ flleo = 1} = [IF. )

Thus, F is continuous if and only if u(X) < oo, i.e., if and only if u € Mp(X).
From this and the fact that every continuous linear functional can be written as a
difference of two positive continuous linear functionals, it follows that . > F, is
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onto. Moreover, it is easy to see that . > 0 holds in My(X) if and only if F,, > 0.
Thus, by Lemma 38.6, i > F, is a lattice isomorphism from M(X) onto C}(X).

Finally, since both C3(X) and My (X ) are normed vector lattices, it follows from
(1) that

IFull = HFul Il = DEull = [wI(X) = el
so that u > F), is a lattice isometry. |

It should be noticed that Theorem 38.7 gives an indirect proof that My(X) is
a Banach lattice. The members of M, (X) are also referred to as (finite) regular
Borel signed measures on X, and they are characterized as follows: A finite signed
measure 1 on B belongs to My(X) if and only if for each A € B and € > 0 there

ists acompactset K and anopenset V with K © A C V sothat [u(RY < ¢
holds for all B € B with B € V \ K; see Exercise 10 at the end of this section.

Finally, it is a custom to call a signed measure 1 on B3 a Borel signed measure
if £(K) € R holds for every compact set K. This is, of course equivalent to saying
that 4+ and p~ are both Borel measures. Indeed, if this is the case, then in view
of p = u* — u~ we have u(K) € R for each compact set K. On the other hand,
if i is a Borel signed measure, then since at least one of the measures u* and ©~
is a finite measure, it follows that both 1+ and u™ are Borel measures.

We shall close the section with a brief introduction to the Haar* integral which is
associated with Hausdorff locally compact groups. To understand the Haar integral,
we need some background.

Recall that a group is a nonempty set G together with a function (x, y) > xy
(from G x G to G) which is associative (i.e., x » (y * z) = (x » y) x z for all
X, Y,z € G), has an identity element ¢ (i.e., x xe = e+ x = x forall x € G) and
every element has an inverse (i.e., for each x € G there exists some x ™! such that
x%x7 ! = x7lxx = e).Itis customary to write xy instead of xx y. If xy = yx holds
for all x, y € G, then G is called a commutative group. A topological group is
a group G equipped with a topology under which the function (x, y) +> xy™!
(from G x G to G) is continuous. The Euclidean spaces R” under addition are
examples of commutative Hausdorff locally compact topological groups.

Now, let G be a Hausdorff locally compact topological group. If f € C.(G),
then the left and right translates of f by an element a € G are the functions f,

exists a comnact set K and an onen set V wi

4 Alfred Haar (1885-1933), a Hungarian mathematician. He studied orthogonal systems of functions
and partial differential equations and is best remembered for his introduction of the integral that bears
his name on Hausdorff locally compact topological groups.
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and f“ defined respectively by

fa(x) = flax) and [f%x)= f(xa)

for each x € G. Note that f, and f both belong to C.(G) and that f; = f*
holds if G is commutative. A linear functional F:C.(G) — R is said to be left-
invariant (resp. right-invariant) if F(f) = F(f,) (resp. F(f) = F(f“)) holds
foralla € G.

Here is the fundamental result regarding left-invariant linear functionals.

Theorem 38.8 (Haar). IfG isaHausdor{flocally compact topological group,
then there exists a unique (aside of scalar factors) non-zero positive linear
functional H:C(G) — R which is left-invariant.

By the symmetry of the situation, there exists, of course, also a unique non-zero
positive linear functional on C.(G) which is right-invariant. The unique non-zero
left-invariant positive linear functional H:C.(G) — R is called the left-Haar
integral of G. If G is commutative, then the left- and right-Haar integrals coincide
and the common integral is called the Haar integral of G.

Now, let G be a Hausdorff locally compact topological group and let H: C.(G)
— IR be its unique left-Haar integral. By the Riesz Representation Theorem 38.3,
there exists a unique (aside of scalar factors) regular Borel measure ¢ satisfying

H(f) = [G £ dusle).

It is easy to prove that the left-Haar measure satisfies ug(aA) = ug(A) for each
Borel set A. The measure pg is called the left Haar measure of G. Here are two
examples of the Haar integral and the Haar measure on two familiar Hausdorff
locally compact topological groups.

1. Consider the additive Hausdorff locally compact topological group G =
IR". Its Haar integral coincides with the Lebesgue integral and its Haar
measure is the Lebesgue measure.

2. Consider G = (0, oo) as a commutative group under the ordinary multipli-
cation. Then the Haar integral H: G — R isgivenby H(f) = waj(‘—“l dx
for each f € C.(G) and the Haar measure satisfies pg(A) = f A i} for

each Borel subset A of G.

For proofs and details regarding the Haar measure and Haar integral we refer
the reader to [14, Chapter 6].
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EXERCISES

Unless otherwise specified, in the exercises below X will denote a Hausdorff
locally compact topological space.

1.

2.

10.

If X is a compact topological space, then show that a continuous linear functional F
on C(X) is positive if and only if F(1) = || F|| holds.

Let X be a compact topological space, and let F and G be two positive linear func-
tionals on C(X). If F(1) + G(1) < ||F — G|, then show that F A G = 0.

[HINT: Show that F v G(1) = ||F — G||.]

Letco(X) = {f € C(X): Ve > 03 K compact with | f(x)] < €V x ¢ K}. Show
that:

a. co(X) equipped with the sup norm is a Banach lattice.
b. The norm completion of C.(X) is the Banach lattice co(X).

Let F be a positive linear functional on C(X), and let . be the outer measure induced

by F on X. Show that if u* is the outer measure generated by the measure space
(X RB. u) then #*(A) o #(‘A‘) holds for every citheat 4 Af Y

Let 1 and v be two regular Borel measures on X. Then show that > v holds if and
onlyif ffdu > [fdv foreach0 < f € C(X).

Fix a point x € X, and define F(f) = f(x) for each f € C.(X). Show that F isa
positive linear functional on C.(X) and then describe the unique regular Borel measure
w that satisfies F(f) = [ f du foreach f € C(X). What is the support of u?

Let X be a compact Hausdorff topological space. If u and v are regular Borel measures,
then show that the regular Borel measures ;v v and p A v satisfy

a. Supp(u Vv v) = Supp u U Supp v, and
b.  Supp(u A v) € Supp i N Supp v.

Use (b) to show that if Suppp N Suppv = @, then u L v holds. Also, give an
example for which Supp(it A v) 5 Supp . N Supp v.

Characterize the positive linear functionals F on C.(X) that are also lattice homomor-
phisms, that is, F(f V g) = max{F(f), F(g)} holds for each pair f, g € C.(X).

"[HINT: Let u be the representing regular Borel measure for F. Show that Supp u

contains at most one point.}
If X is an uncountable set, then show that

a. CZ(X) is not separable, and
b.  C[0, 1] (with the sup norm) is not a reflexive Banach space.

[HINT: For every x € X define the positive linear functional Fy(f) = f(x). Show
that || Fy — Fyll = 2 if x # y. For (b) combine (a) with Exercise 8 of Section 27 and
Exercise 12 of Section 12.]

For a finite signed measure 4 on B, show that the following statements are equivalent:

a. u belongs to My(X).
w* and p~ are both finite regular Borel measures.

c. Foreach A € Band e > 0, there exist a compact set K and an open set V with
K € A €V suchthat |u(B)| < ¢ holds forall B € Bwith B C V\ K.



11.

12.

13.

14,

15.

16.
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A sequence {x,} in a normed space is said to converge weakly to some vector x if
lim f(x,) = f(x) holds for every continuous linear functional f.

a. Show that a sequence in a normed space can have at most one weak limit.

b. Let X be a Hausdorff compact topological space. Then show that a sequence { f;;}
of C(X) converges weakly to some function f € C(X) if and only if { f,} is norm
bounded and lim f,(x) = f(x) holds foreach x € X. '

[HINT: For (b) use Theorem 28.8 and the Riesz representation theorem.]
Let i be a regular Borel measure on X, and let f € L (). Show that the finite signed
measure v, defined by

W(E) = f fdu
E

for each Borel set E, is a (finite) regular Borel signed measure. In other words, show
that v € Mp(X).

[HINT: Use the fact that {x € X: f(x) # 0} is a o-finite set.]

Generalize part (3) of Theorem 38.5 as follows: If u and v are two regular Borel mea-
sures on a Hausdorff locally compact topological space and one of them is o -finite,
then show that i A v is also a regular Borel measure.

Show that every finite Borel measure on a complete separable metric space is a regular
Borel measure. Use this conclusion to present an alternate proof of the fact that the
Lebesgue measure is a regular Borel measure.

Let X be a Hausdorff compact topological space. If ¢: X — X is a continuous func-
tion, then show that there exists a regular Borel measure on X such that

[rosdu=[rau
holds for each f € C(X).

[HINT: If Lim is a Banach-Mazur limit (see Exercise 7 of Section 29) and w € X is
a fixed point, then consider the positive linear functional F: C(X) — R defined by

F(f) = Lim(f($(@)), F@ @), F@ (@), ...).]

This exercise gives an identification of the order dual C'(X) of Cc(X). Consider the
collection M(X) of all formal expressions p; — w2 with | and po regular Borel
measures. That is,

M(X) = {u) — po: w1 and po are regular Borel measures on X }.

a. Define 1 — (o = v — 12 in M(X) to mean p)(A) + va(A) = vi(A) + ua(A)
for all A € B. Show that = is an equivalence relation.

b. Denote the collection of all equivalence classes by M(X) again. That is, u1 — u2
and vy - v are considered to be identical if w1 + vy = v; + pa holds. In M(X)
define the algebraic operations

(py = p2) + vy — v2) = (U +vy) — (u2 +va),

oy — QD if >0

a(] — ug) = [(—a)uz —(—a)uy if a<0.
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Show that these operations are well-defined (i.e., show that they depend only upon
the equivalence classes) and that they make M(X) a vector space.

¢. Define an ordering in M(X) by ] — 2 > v; — vy whenever mi1(A) 4+ w(A) >
vi(A) 4 u2(A) holds for each A € B. Show that > is well defined and that it is
an order relation on M(X) under which M(X) is a vector lattice.

d. Consider the mapping & == ] — ua +> Fy, from M(X) to C(X), defined by
Fu(f)= [fdu; — ff du; for each f € Co(X). Show that F, is well-defined
and that 4 > F, is a lattice isomorphism (Lemma 38.6 may be helpful here)
from M(X) onto C;"(X). That is, show that C7(X) = M(X) holds.

17. This exercise shows that for a noncompact space X, in general CX(X) is a proper
ideal of C;"(X). Let X be a Hausdorff locally compact topological space having a
sequence {O,} of open sets such that O, G Oy and O, 3 Oy 41 for each n, and
with X = {02, O,.

a. Show that if X is o-compact but not a compact space, then X admits a sequence
{Ox} of open sets with the above properties.
b. Choose Xy € () and ¥, € O\ (). 1 for n > 2. Then show that

= 220 A S Vs N\ Vi ¥ il

F(f)=7" flxa), for feCe(X),
n=1

defines a positive linear functional on C(X) that is not continuous.
c. Determine the (unique) regular Borel measure 4 on X that represents 7. What is
the support of u?

39. DIFFERENTIATION AND INTEGRATION

In this section the differentiability properties of a Borel signed measure on R*
will be studied. The derivative of a measure will always be taken with respect to
the Lebesgue measure. For a differentiation theory of arbitrary set functions in a
more general context, the interested reader is referred to Chapter 8 of [34]. The
results obtained about differentiation of signed measures will be used to derive the
classical properties of functions of bounded variation,

Throughout this section, the domain of all signed measures will be the o -algebra
B of all Borel sets of R, Also, unless otherwise specified, the expression “al-
most everywhere” will be synonymous with “almost everywhere with respect to
the Lebesgue measure.” The main Borel sets considered for the purposes of dif-
ferentiation will be the open balls. Recall that the open ball with center at x
and radius r is the subset of R* defined by {y € R*: |lx — y| < r}, where
e =yl = [0, G — )25 |

Occasionally, measures defined on the Borel subsets of an open set V of R
appear. By assigning the value zero to the Borel subsets of V¢, it is easy to see that
these measures can be assumed defined on all Borel sets of IR¥. Therefore, theorems
about Borel measures on IR* can be applied equally well to such a situation.
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Let u be a signed measure on the o-algebra of all Borel sets of R*. For each
x € R* and r > 0, we define the following two extended real numbers:

B

Al(x) = sup {%B—; B is an open ball of radius < r and x € B }, and
B

Ax) = inf{%: B is an open ball of radius < r and x € B].

Observe that x is not required to be the center of the open balls B where the sup
and inf are taken. Clearly,

—00 < Ap(x) 2 Al(x) £ 00

holds for each x € R* and all r > 0.
Also, it should be obvious that if 0 < r < s, then Af(x) < Af(x), and As(x) <
A, (x) both hold for each x. Therefore, the limits

D*u(x) = lim A¥(x) and D,u(x) = lim A,(x)
ri0 ri0

exist in IR*, and they satisfy —oo < D,u(x) < D*u(x) < oo foreach x € R,
The extended real numbers D, p(x) and D*u(x) are called the lower and upper
derivatives of x (with respect to A) at the point x. If they are real and equal, then
this common value is called the derivative of u at'x.

Definition 39.1. Let p be a signed measure on B and x € R If
—00 < Dopx) = D*u(x) < 00

holds, then 1 is said to be differentiable at the point x. The common value is
called the derivative of u at x and is denoted by D ju(x), that is,

Du(x) = Dyu(x) = D*u(x).

Here is a rephrasing of the preceding definition: A real number m satisfies
m = Du(x) if for each ¢ > 0, there exists some é > 0 such that {% —-m| <€
holds for each open ball B with x € B and with a radius less than d.

An alternative definition of the derivative using sequences is this: A signed
measure u on B3 is differentiable at some point x € IR* if and only if there exists
a real number m such that lim %)2 = m holds for every sequence {B,} of open
balls containing x whose radii tend to zero. (The number m is, of course, the
derivative D u(x).) :

The expression “D u(x) exists” is synonymous (as usual) with “u is differen-

tiable at x.” It is easy to see that if two signed measures u and v are differentiable
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at some point x and their sum u + v defines a signed measure, then & + v is also
differentiable at x and

D + v)(x) = Du(x) + Dv(x)
holds. Similarly, if & — v defines a signed measure, then
D{u — v)(x) = Dulx) ~— Du(x).

Our first objective is to show that a finite signed Borel measure p that is ab-
solutely continuous with respect to the Lebesgue measure is differentiable al-
most everywhere and that the derivative Dy coincides with the Radon-Nikodym
derivative du/dA. This will be the key differentiation result for this section. To
prove this theorem, we need some preliminary discussion.

The reader can verify easily the following property of the Lebesgue measure:
If A is a subsei of R" and r >0, ihen the sei rA = {rx: x € A} satisfies
AMrA) = rfa(A).

This, combined with the fact that A is translation invariant, shows that if B
is an open ball with radius r and B* is another open ball with radius ar, then
A(B*) = a*A(B) holds. The latter will be used in the proof of the next lemma.

Lemma 39.2. Let By,..., B, be open balls in RY. Then there exist pairwise
disjoint open balls By, ..., By, among the By, ..., B, such that
n m
A (U B,') =< 3k Z)\.(Bkj).
i=1 j=1

Proof. Letr; be the radius of B;. Rearranging the balls, we can assume without
loss of generality that r; = ry > -+ - =1y,

Put k; =1, and let k, be the smallest iriteger (if there is any) such that By, is
disjoint from By, . Let k3 be the smallest integer such that B, is disjoint from By, and
By,. Continue this process until the finite set { By, ..., B,} has been exhausted. This
gives us the open balls By,, ..., By,, and we claim that they satisfy the property
of the lemma.

To see this, let Ay, be the open ball with the same center as By, and with radius

three times that of B;,. Now, note that each B; must intersect some By,. It follows
that B; C Ay, must hold for that j. Thus, | Ji_, B; € U'}’:] Ay, and so,

A <OB,-) < (OAkj) < .m A(A;,») = 3"2'"31(13@),

Jj=1 j=l1

as claimed. =
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Now, let 14 be a signed measure on IR, Ffom the definition of AF(x), it is easy
to see that for each @ € IR and r > 0 the set {x € R¥: A¥(x) > a} is an open set.
Thus, if {r,} is a sequence of positive real numbers with r,, | 0, then the identity

oo 0
. ' 1
{x e R*: D*u(x) > a} = U ﬂ {x e R*: A (x) > a+ -

=1 n=1

shows that {x € R*: D*u(x) > a} is a Borel set for each a € IR. This observation
will be used in the next key lemma.

Lemma 39.3. Let u be a Borel measure on R*, and let A be a Borel set such
that (A) = 0. Then Du(x) = 0 holds for almost all points x in A.

Proof. Let u be a Borel measure on IR*, and let A be a Borel set such that
u(A) = 0. Since p is a measure, 0 < D,u(x) < D*u(x) holds for each x. To
establish the lemma it must be shown that A({x € A: D*u(x) > 0}) = 0. For this,
it is enough to show that A({x € A: D*u(x) > €}) = 0 foreach ¢ > 0.

To thisend, fixe > 0. Let E = {x € A: D*u(x) > €}, and note that £ is a
Borel set. Let K be an arbitrary compact subset of E and V an arbitrary open set
such that A € V. Now, if x € K, then D*u(x) > € holds, and so, there exists
an open ball B containing x with B C V and u(B) > €A(B). In view of the
compactness of K, there exists a finite number of such open balls By, ..., B, that
cover K. Let By, ..., By, be the disjoint open balls among By, ..., B, that satisfy
Lemma 39.2. Then

MK) =

A
>
PN
C=
)
~——
A
w
=
>
E
S’
1A
m
=
X
»
N

Since u is also regular Borel measure (Theorem 38.4), it follows that A(K) = 0
for every compact subset X of E. But then the regularity of A implies A(E) = 0,
and we are done. |

Now, we come to the main differentiation theorem regarding Borel measures.

Theorem 39.4.  Every finite signed Borel measure y on R* that is absolutely
continuous with respect to the Lebesgue measure (i.e., i < A), is differentiable
almost everywhere.

Moreover, its derivative D coincides (a.e., of course) with the Radon—
Nikodym derivative dp/d); that is, Du = du/d) holds.
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Proof. Let f =du/dr € Li()) be the Radon-Nikodym derivative provided
by Theorem 37.8. That is, u(E) = || £ dA holds for each Borel set E.

Fix a real number r, and let A = {x € R*: f(x) > r}. Clearly, A is Lebesgue
measurable, and by Theorem 22.5, A(A) < oo. Also, by Theorem 15.11, there
exists a Borel set F' such that A C F and A(F) = A(A); clearly, A(F \ A) = 0.

Next, consider the Borel measure v on IR* defined by

W(E) = f LF () = FldAGx) = f LFGr) = r1dacx)
FNE ANE

for each Borel set E. Note that if B is an open ball, then

W(B) — rA(B) = f LF () — rldA(x) < / LFGr) — r1da(x) = v(B)
B BNA

alde Thyan
RIS, X AIUD,

wB) _ _ vB)
AB) T A(B)

holds for each open ball B, from which it follows that
D*u(x) <r + D*v(x) foreach x e RF. (%)

Since v(F°) = 0, it follows from Lemma 39.3 that Dv(x) = 0 holds for almost
allx e F°. Thus, (x) implies D*u(x) < r for almostall x € F€, and consequently,
D*u(x) < r foralmost all x € A. Since f(x) < r implies x € A€, it follows that
the set

E = {x e R f(x) <r < D*u(x))

satisfies E, C A°. Therefore, by the last conclusion, each E, has Lebesgue mea-
sure zero. But then {x € R*: D*u(x) > fexinc UrEQ E,, where Q is the set of

all rational numbers, shows that {x € R*: D*u(x) > f(x)} has Lebesgue measure
Zero.

Applying the preceding arguments to —u, and taking into consideration that
d{(—p)/dA = —f and D*(—u) = —D,u, we easily infer that the set

{x € R*: D,u(x) < f(x))
has Lebesgue measure zero. In other words,

D*ju(x) < f(x) < Dup(x)
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holds for almost all x € R¥. That is, D u(x) exists for almost all x and D u=rf
a.e. holds, as desired. B

As a first application of the preceding theorem, let us establish a classical result.

Theorem 39.5. [f E is a Lebesgue measurable subset of R, then

1. limeg+ w =1 foralmostall x in E, and
2. limeo+ W =0 for almost all x in E°.

Proof. Without loss of generality, we can assume that A(E) < oo. Consider
the finite Borel measure ¢ on IR defined by

UWAY=MENA) = /XE dh.
A

Clearly, u <« A and du/dA = xg. By Theorem 39.4, Dp = xg a.e. holds, and
the formulas in (1) and (2) follow. B

A point x of a Lebesgue measurable subset E of IR for which (1) in the pre-
ceding theorem holds is referred to as a density point of E. In this terminology,
Theorem 39.5(1) is usually stated as follows: If E is a Lebesgue measurable subset
of R, then almost every point of E is a density point.

Now, let u be a signed Borel measure. If p is singular with respect to the
Lebesgue measure A, then we shall show that its derivative equals zero almost
everywhere. This, coupled with Theorem 39.4, will yield the following important
differentiation result.

Theorem 39.6. Every signed Borel measure (. on R is differentiable almost
everywhere. Moreover, if L = Wy -+ W2 is the Lebesgue decomposition of u
(i.e., 1 K A and uy L)), then

d
Dus =0ae. and Du=Du = ﬁ a.e.

Proof. Let 4 be a Borel signed measure on IR*. By considering separately the
positive and negative parts of u, we can assume without loss of generality that
w is a Borel measure. Clearly, 1 is o-finite. Let & == u; + u, be the Lebesgue
decomposition of u (see Theorem 37.7), where ) < A and 2 L A.

If B,={x € IR*: ||x|| <n), then the set function defined by v(E) =
#1(E 1 B,) for each Borel set E is a finite Borel measure satisfying v, < X.
Thus, by Theorem 39:4, v, is differentiable for almost all points of B,,, and as a
routine verification shows, Dy, (x) = Dv,(x) holds for almost all x € B,,.. Since
B, 1 IR*, it follows that s is differentiable almost everywhere.
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On the other hand, p, 1 A implies the existence of a Borel set A with u,(A) =
A(A) = 0. But by Lemma 39.3, Du5(x) = 0 holds for almost all points x of A,
and hence (since A(A®) = 0), Du,(x) = 0 for almost all points x of R, Using
Theorem 39.4, we see that

d
Du(x) = Dpa(x) 4 Duax) = Dpa(x) = Z=(x)
holds for almost all x € R¥, and the proof is finished. &

Having established the basic differentiation properties of measures, our attention
is now turned to the relationship between measures and real valued functions
defined on an interval. In the following discussion some of the deepest classical
results of ordinary derivatives will be obtained.

Recall that a function f:/ — R (where [ is an interval) that satisfies f(x) <
fF(y) whenever x < y is called an increasing function (and if f(x) > f(y)
whenever x < y, then f is called decreasing). An increasing or a decreasing
function is referred to as a monotone function. Likewise, if x > y implies f(x) >
f (), then f is called a strictly increasing function (and if f(x) < f(y) whenever
X > y, then f is called strictly decreasing). A strictly increasing or a strictly
decreasing function is known as a strictly monotone function.

Every monotone function f has the property that both limits

fG=)=1lim f(1)= lim f(z) and f(x+)=1mf{)= lim f()
1y X tix t—xt
“exist in R for each x. Moreover, the oscillation of f at any point x is given by

wr(x) =|f(x+) - flx=)] < oo.

Therefore, the discontinuities of a monotone function are jump discontinuities,
and as the next result shows, they are at-most countably many.

Theorem 39.7. The set of all discontinuities of a monotone function is at-most
countable.

Proof. Let f:/ — R be monotone. Replacing f by — f (if necessary), we
can assume that f is increasing. Since the interior of the interval can be written as
a countable union of open finite intervals, it suffices to show that f has at-most
countably many discontinuities in each finite open interval. To this end, let (a, b)
be a finite open subinterval of /.

If A is the set of all discontinuities of f in (a, b), then A = | J72, A,, where
Ay ={xe(ab) f&+)— f(x~) > Ly Now,ifa <x; <+ <3 < b belong

n
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to some A,, then it is easy to see that

3

k
<Y If ) = Fa] < F(b) = f(a) < 00
i=l

holds, which implies that each A, is finite. Hence, A is at-most countable, and the
proof is finished. |

An immediate and very useful consequence of the preceding theorem is that a
monotone function has a point of continuity in every open interval. In applications
this observation is translated as follows: If f is a monotone function, then for every
point x there exist sequences {x,} and {y,} such that x, | x, y, 1 x and with f
continuous at each x, and y,.

Recall that if a function f:IR — IR is increasing and left continuous (i.e.,
satisfying limy4y f(t) = f(x) for each x), then a set function u ¢ can be defined on
the semiring S = {[a, b): a < b} by ps([a, b)) = f(b) — f(a). In Example 13.6
we verified that 1 ¢ is indeed a measure. Clearly, every Borel set is 1 s-measurable;
therefore, the outer measure /,c*} restricted to B is a Borel measure. For simplicity,
the restriction of u’} to B will be denoted by s again, and it will be called the
Borel measure induced by f. It is a routine matter to verify that ur((a, b)) =
f(B) — f(a-+) holds for each open interval (a, b). On the other hand, fora < b,
the relation

f®) = f@) = pgla, b)) = nr{a}) + ns(a, b))

shows that f is continuous at some @ € R if and only if us({a}) =0 holds.

The first “differentiation” relation between f and p  is stated in the next impor-
tant theorem. Keep in mind that the open balls of R are precisely the finite open
intervals.

Theorem 39.8. Let f: IR — R be anincreasing left continuous function, and
let xg be a real number. Then the Borel measure (5 is differentiable at xq if and
only if f is differentiable at xo. Moreover, in this case

D £(xo) = f'(xo).

Proof. Assume first that f is differentiable at xg and let m = f'(xg). Given
€ > 0, choose § > 0 such that

JF(x) = f(x0)
€ < St =T

<m-+¢€ whenever 0 < |x —xg| < 5. (*)
X - Xp

m —
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If an open interval (a, b) satisfies xy € (@, b) and b — a < &, then it is easy to see
from (x) thatm — ¢ < ﬂ@;—_%‘iﬂ < m + €. This implies

]uf((a,b)) _mI _ {f(b) = fla+)
A((a, b)) - b—a

for each open interval (a, b) with xg € (¢, b)and b —a < §. Hence, Dpu rlxo) =m
holds.

For the converse, assume that m = D s(xo) exists in IR and let € > 0. Choose -
some § > 0 such that whenever xp € (a,b) and b — a < §, then

uy((a, b))
—B_-::z—- —-_m| <€

n| <

Let b > xp satisfy b — xp < 8. Since f has at most countably many discontinu-
ities (Theorem 39.7), there exists a sequence {a,} such that a, < xg, lima,, = xq,

s 42

b—a, < é,and f is continuous at each a,,. Thus, x r((ay, b)) = f(b)— f(a,+) =
f(®) — f(an), and so

Fb) = flan)

m| <e
b—a,

for each n. By the left continuity of f, it follows that

Fb) = fGxo)

<e€
b-—xo

for each b > x¢ with b —xp < 8. This means that f is differentiable from the right
at xg and thus, it is right continuous at xg. Reason:

b) — .
il £(6) = £(xo)] = lim [W - xo):l =m-0=0.

Now, by the symmetry of the situation, we have

f@ = flxg) m[ <.

a— Xg
for all @ < xg with xg — @ < §. Thus, .f’(xo) exists, and f’(xg) = m. The proof of
the theorem is now complete. B

By Theorem 39.7 we know that a monotone function has at-most countably
many discontinuities. Now, we are ready to prove that a monotone function also
has a derivative at almost every point.
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Theorem 39.9 (Lebesgue). Every monetone function is differentiable almost
everywhere.

Proof. Let f be a monotone function. Replacing f by — f (if necessary), we
can assume that f is increasing. Define a new function f,: R — R by

felx) = flx—) = 1}{? f@) = rl.iﬂ f@).

Clearly, f«(x) < f(x) holds for all x. Moreover, f, is increasing and left continu-
ous. (Indeed, for each x, there exists a sequence {x,} such that x, 1 x and with f
continuous at each x,; therefore, fu(x—) = lim f,(x,) = lim f(x,) = f(x—) =
f«(x).) Also, a similar argument shows that wr (x) = wp(x) = flx+) — f(x—)
holds for each x. In particular, this shows that f and f, have precisely the same
points of continuity.

Now, let 14 7, be the Borel measure induced by f,. By Theorem 39.6, 1, is differ-
entiable almost everywhere, and hence, by Theorem 39.8, f, is also differentiable
almost everywhere.

Assume that m = f](a) exists at some point a. Then f, is continuous at a, and
so fi{a) = f(a). Given € > 0, choose some § > 0 such that

fi(x) = f(a)
€<t <

X —a

m - m+¢€ holds whenever 0 < |x —al| < 8.

Now, fix some x with 0 < |x — a} < 4, and then choose a sequence {x,} such that
xp 4 x,0 < |x, —a| <4, and with f continuous at each x,. It follows that

. H&) - f@) < f(x) — fla) < fG4H) — fla)

m—¢

X —a xX—a X —a
n—+00 X, —a
Therefore,

f@ - f@ |

X —a

holds whenever 0 < |x —a| < 8. Hence, f'(a) exists and f'(a) = fl(a) = m
holds. That is, at every point where f, is differentiable, so is f. Therefore, f is
differentiable almost everywhere. 2]

For the rest of the section, only real-valued functions defined on a (finite) closed
interval [a, b] will be considered. To simplify matters (when the circumstances
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require it), a function defined on [a, b] will also be tacitly assumed defined on all
of Rby f(x)= f(@)ifx <aand f(x) = f(b)ifx > b.

We start by reviewing some basic properties of functions of bounded variation.
Recall that a collection of points P = {t,...,#,} is a partition of an interval
[a,blifa =1ty <t; <.+ <, = bholds.

Let f:[a, b] — R be a function. Then the (total) variation V; of f over[a, b]
is defined to be

Vp=supd D 1f(t) = fUi)l: P ={to,...,1,) is a partition of [a,b] .
i=1

If V¢ < oo holds, then f is said to be a function of bounded variation.
A function of bounded variation is necessarily a bounded function. [Reason: If
a < x < b, then

(@I =1 @D+ (f@ = 1f@O) = 1 f(X) = fF@I+1fb) = f)l < Vi

Also, it is a routine matter to verify that if f and g are functions of bounded
variation (on [a, b]) and ¢ € IR, then f + g, af, fg, and | f] are all functions
of bounded variation. Thus, if BV [a, b] denotes the collection of all real-valued
functions of bounded variation on [a, b], then the latter shows that BV {[a, bl isa
function space and an algebra of functions.

Every monotone function f is of bounded variation, and V; = | f(b) — f(a)|
holds. [Indeed, if f is increasing, anda =ty <t < --- <, = b, then

Y IF@) = fl =D [FE) = )]l = f®) = f@).]
i=1 f=]

Therefore, every function that can be written as a difference of two monotone
functions is of bounded variation. In actuality, these are the only types of functions
that are of bounded variation. The following discussion will clarify the situation.

Now, let f:[a, b] — IR be a function of bounded variation. Then f restricted
to any closed subinterval [¢, d] of [a, b] is of bounded variation there. As a matter
of fact, if for any closed subinterval [c, d] of [a, b] we denote the (total) variation
of f over[c,d] by Vary(c, d), i.e.,

Vars(c, d) =

sup Zif(ti)“* f-Dl: P ={t,...,1,} is apartition of [c,d] ¢,
i=1
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then it is easy to verify (and the reader should do so) that
Varf(c, d) = Vars(c, e) + Vars(e, d).

foralla < ¢ < e < d < b. Therefore, we can define a new real function V(.)
by Vy(a) = 0 and V;(x)=the variation of f over [a, x] fora < x < b. Note
that V¢(b) = V¢. The function V(-) is called the variation function of f, and its
basic properties are included in the next theorem.

Theorem 39.10. For a function f:[a,b] — R of bounded variation, the
following statements hold:

1. The total variation function V¢(-) of f is increasing.

2. )~ FO < V()= Velx) holds foralla <x <y <b.

3. The function g: [a, b] — R defined by g(x) = V;(x) — f(x) is increasing.

4. The function f is continuous at some xo € [a, b] if and only if its total
variation function Vy is continuous at xp.

Proof. (DAssumea <x <y <blfa=fp<tfi<---<th=x<y
holds, then

DU = FE-DI+1FO) = FEOI < Vi),
f=1

Hence, Vy(x) < Vp(x) + [ f(y) — F(x)] < V() holds.
(2) The preceding inequality immediately gives (2).
(3)If a < x < y < b holds, then (2) implies

FO = fO) = 1f ) = fOl = Vi(y) = Ve(x),

so that g(y) — g(x) = [V, (y) — FO] = [Vp(x) — f(x)] = 0.

(4) If Vy is continuous at xp, then it should be obvious from (2) that f is also
continuous at xp. For the converse, assume that f is continuous at xp € [a, b]. We
shall establish that V is right-continuous at xo, and we shall leave the identical
arguments for the left continuity of V¢ at xo for the reader.

So, assume a < xp < b and let ¢ > 0. Choose some § > 0 such that x € [a, b]
and |x — xp| < 8 imply | f(x) — f(x0)| < €. Next, fix some xo < s < b such that
s —xg < §,and then selectapartition P = {a =1ty < t; < --- < t, = s} of [a, 5]
such that

Vis) —€ < Y 1F @) = fltmn)l.
{=1
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By adding the point xg to the partition P, we can assume without loss of generality
that

P=fa=tg<ti <. <tj=xg<tjy1 < <l,=5}h

Now, assume that xo < x < f;4;. Then, we have

Vix) + Var(x,5) = Vp(s) < Y _1f(t) — flti-n)l +e

i=1

i
< Y IFE) = FGDI+ @) = Fao)l + [ £@) = £t
i=1

+ Y = fti-n)l €
i=j4+2 )
< Vi(xo) + | f(x) — f(xo)| + Vars(x,s) + €
< Vy(xo) + Varg(x, s) + 2e.

This implies 0 < Vg(x) — Vy(xo) < 2¢ forall xo < x < t;4), and so V;y is
right-continuous at xp, as desired. |

An immediate application of the preceding theorem is the following:

Theorem 39.11. If f:[a,b} — R is of bounded variation, then

1. f is the difference of two increasing functions (which, in addition, can be
taken to be continuous if f is also continuous), and

2. f is differentiable almost everywhere.

Proof. For (1) apply Theorem 39.10 to f(x) = V¢(x) — [V((x) — f(x)], and
for (2) use Theorem 39.9. |

Let f:[a, b] — IR be an increasing function and consider it defined on all of R
by f(x)= f(b)if x > b and f(x)= f(a)if x <a. Then the set function

ps(le,d)) = fd=) - flc-)

defines a measure on the semiring {[c,d): ¢,d € R and ¢ < d}. Clearly, the
measurable sets of w; contain the Borel sets of R, and hence, s is a Borel
measure. Also, 1y vanishes off [a, b]. That is, Supp us € [a, b], and therefore,
.y is a finite Borel measure.

Now, consider a function f:[a, b] — R of bounded variation. Again, f is
considered defined on all of R by f(x) = f(b) if x > band f(x) = fla)if




Section 39: DIFFERENTIATION AND INTEGRATION 379

x < a. By Theorem 39.11, there exist two increasing functions g and 4 defined
on [a, b] such that f = g — h on [a, b]. Then the set function

wr(EY = ug(EY — py(E)

for each Borel subset E of R defines a finite Borel signed measure. It is easy to
see (by Theorem 15.10) that the value u f(E) does not depend upon the particular
representation of f as a difference of two increasing functions. In addition, note
that 1 vanishes off [, b] and that

ple,d)) = fld=)— flc=) and  pr({x]) = flx+) — flx—).

The finite Borel signed measure s is referred to as the Lebesgue-Stieltjes’
measure generated by the function of bounded variation f.

Which Lebesgue—Stieltjes measures are absolutely continuous with respect to
the Lebesgue measure? The answer is provided by the next theorem.

Theorem 39.12. For a continuous function f:[a, b] — R of bounded varia-
tion, the following statements are equivalent:

1.y is absolutely continuous with respect to the Lebesgie measure.

2. Foreach e > 0, there exists some § > 0 such that if (a;, by),...., (@, by)
are disjoint open subintervals of [a, b] satisfying 3 ;_,(b; — a;) < 8, then
Yoo [FBi) = f(a)| < € holds.

Proof. (1) = (2) Assume (2) is false. Then there exists some € > 0 so that
given any § there exist disjoint open subintervals (ay, by), ..., (a,, b,) of [a, b]
such that

D bi—a) <8 and Y |f(b)— fla)] = e.
i=1 i=1
Note that the open set O = | J{_,(a;, b;) satisfies M(O) = Y i (b; — a;) < § and

€< D IF ) = flal =) luga, b < Y luslai, b)) = |pf1(O).
i=1 i=1 i=1

Thus, for each # there exists an open set O, < (a, b) such that A(0,) < 27"
and |uf)(O0,) > €. Let A = (2, U2, O;, and note that A is a Borel set. Since

A (D (9,-) < ix(oi) < 2=

f=p i=n

5Thomas Jan Stieltjes (1856—1894), a Dutch mathematician. He published extensively in all parts
of analysis in his time. He is remembered today mainly for his generalization of the Riemann integral.
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it follows that A(A) = 0. On the other hand,

lusl (Ua) > |usl(On) = €

Ie=pp
holds for each #, and so, |p f{(A) =lim|u | Uf-’_';_” O;) = e, contrary to [ r] € A
(recall that | r] < A if and only if 1 <« ). Hence, (2) must be true.

(2) == (1)Let AbeaBorel set with A(A) = 0. We can supposethat A < (a, b).
Let € > 0. Choose some 8 > 0 so that statement (2) is satisfied.

Since py is a finite regular Borel signed measure and A(A) = 0 holds, there
exists an open set O such that A € O € (a,b), |ur(O) — ur(A) < ¢, and
MO) < 8. Let O = |J(a;, b;) be written as an (at most countable) union of
disjoint open intervals. Then, it is easy to see that

ilu'j\vl PRI AR

AN = N L g B
- \Miy 1))
i

Hence, | (A < [ p(A) — ur(O) + |1 (O)| < 2¢ holds for each € > 0. That
is, ur(A) =0, so that uy < A, and the proof of the theorem is complete.

Statement (2) of the preceding theorem is taken as the definition of absolute
continuity of functions.

Definition 39.13. A function f:[a, b] — R is said to be absolutely contin-
uous if for every € > 0 there exists some § > 0 such that whenever (ay, by), ...,
(ay, by) are disjoint open subintervals of {a, b], then

Z(b; —a;) <& implies Z [f(b;) — flan)] <e.
fe=l

i=l1

1t should be clear that an absolutely continuous function is necessarily contin-
uous. The converse is false; see Exercises 7 and 8 at the end of this section. Also,
it is easy to verify that if f and g are absolutely continuous functions on [a, b]
anda € R, then f + g, af, fg, and | f| are all absolutely continuous functions.
Thus, the collection AC[a, b] of all absolutely continuous functions on [a, b] is a
function space and an algebra of functions.

Theorem 39.14. For an absolutely continuous function f:{a,b]l — R, the
following statements hold:

1. f is of bounded variation, and hence, ACla, b] is a vector sublattice of
BVlia,b].
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2. The variation function V¢ (-) is absolutely continuous, and hence, f is the
difference of two increasing absolutely continuous functions.

Proof. (1) For any closed subinterval [c, d] of [a, b], we denote (as usual) by
Var f(c, d) the total variation of f over [c, d]. Keep in mind thatifc < e < d, then

Var(c, d) = Varg(c, e) + Vars(e, d).

Next, choose some § > 0 so that the definition of absolute continuity is satisfied
with € = 1. Now, fix some natural number n with "—;ﬁ < d,andleta =1y <t <

- < t, = b be the partition of [a, b] with t; — t;_; = 2=2 for each i. Clearly,
Var¢(t-1, ;) < 1 holds for each i, and thus,

n
Vi = Varp(a,b) = ) Varp(ti_, ;) < n < oo.

=1

(2) If [c, d] is a closed subinterval of [a, b] and P = {ty, 1, ..., t,} is a partition
of [c, d], then write v(c,d, P) = 3 ;_; | f(&:) — f(t;—1)|. Note that

Vi(d) — Vi(c) = Varg(c, d) = sup{v(c,d, P): P is a partition of [c, d]}.

Now, let € > 0. Choose some § > 0 for which the definition of absolute
continuity of f is satisfied. Assume that (ay, 1), . . ., (an, b,) are pairwise disjoint
open subintervals of [a, b] such that Z}’zl(b,- —a;) < 68.Foreachl <i <n,let P;
be an arbitrary partition of [a;, b;]. Each P; subdivides (a;, b;) into a finite number
of open subintervals. Clearly, these open subintervals taken together are pairwise
disjoint, and the sum of their lengths equals }:Ll(b,- — a;) < 8. The absolute
continuity of f applied to the open subintervals yields

v(ay, by, Py)+ -+ vla, bn, Pp) < €.

It follows that
n
Y Wb = Velad] < e,
i=1

so that V(x) is absolutely continuous. B

The final theorem of this section is a classical result. It asserts that for the
Lebesgue integration, the fundamental theorem of calculus holds true precisely
for the absolutely continuous functions. (As is customary, the Lebesgue measure
on IR is denoted by dt.)
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Theorem 39.15. A function f:{a,b] — R is absolutely continuous if and
only if f' € Ly(la, b)) and

fx) = f@ =f f'@adr

holds for each x € [a, b].

Proof. Assume that f is absolutely continuous. By Theorem 39.14, we can
suppose that f is increasing. Also, by Theorem 39.12, 1y < A holds, and so, by
the Radon—Nikodym theorem p((E) = f £& dX holds for some g € Ly([a, b]).
Now, combine Theorems 39.4 and 39.8 to obtain that g = f' a.e. To get the desired
identity let E = [a, x).

The converse is straightforward and is left as an exercise for the reader. See also
Exercise 3 of Section 37. |

-y

EXERCISES

1.

2.

If 1 is a Borel measure on R¥, then show that x L A holds if and only if Du(x) =0
for almost all x.

Generalize Theorem 39.5 to Lebesgue measurable subsets of IRX. That is, show that
if E is a Lebesgue measurable subset of R¥, then almost all points of E are density
points. '
Write B,(a) for the open ball with center ata € R* and radius r. If f is a Lebesgue
integrable function on R¥, then a pointa € IR¥ is called a Lebesgue point for f if

Iim ———— [ f(x)— fla)ldia(x)=0.
r—0t MBr(a)) JB.(a) f f
Show that if f is a Lebesgue integrable function on IR¥, then almost all points of IR¥
are Lebesgue points.
[HINT: Let Q be the set of all rational numbers in IR. Apply Theorem 39.4 to conclude
that for each a € Q there exists a null set E, such that

r1~1+r8+ B0 B,(.\-)lf([) aldr(t) = |f(x) —a|

holds for all x ¢ E4. Let E = | g Ea, and then show that every point of E€ is a
Lebesgue point.]

Let f:IR — IR be an increasing, left continuous function. Show directly (i.e., with-
out using Theorem 38.4) that the Lebesgue—Stieltjes measure pr is a regular Borel
measure.

(Fubini) Let {f,} be a sequence of increasing functions defined on [a, b] such that
Z;"f__] fa(x) = f(x) converges in R for each x € [a, b]. Then show that f is differ-
entiable almost everywhere and that f'(x) = _oo.; fa(x) holds for almost all x.
[HINT: Replacing each f, by fu — fa(a), we can assume that f, > 0 holds for each
n.Let s, = fi +---+ fy, and note that each s, is increasing and s,(x) 1 f(x) for
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each x. By Theorem 39.9, f and all the f, and s, are differentiable almost every-
where. Since sy4.1 — Sy = fu+1 (an increasing function), s;, | (x) = s, (x) must hold
for almost all x; similarly, f'(x) > s,(x) for almost all x. Now, choose a subsequence
{sk, ) of {sx} such that 3"02  [f(x) — sk, (x)] < 3% \[f(b) = st,(b)] < oo. Observe
that {f — s, } is a sequence of increasing functions. Use the preceding arguments to
obtain that s; — f'a.e., and then conclude that S0 fa = f'ae holds]
Suppose { f;} is a sequence of increasing functions on [a, bl and that f is an increasing
function on [a, b] such that wf, 4 5. Establish that f'(x) = lim fi(x) holds for
almost all x.

This exercise presents some basic properties of functions of bounded variation on an
interval [a, b].

a. If f is differentiable at every pointand | f "(x)] < M < coholds forall x € {a, b],
then show that f is absolutely continuous (and hence, of bounded variation).

b. Show that the function f: [0, 1] — R defined by f(0)=0and f(x)= x? cos(x -2y
for0 < x < 1is differentiable at each x, but not of bounded variation (and hence,
F is continuous but not absolutely continuous).

¢. If f is a function of bounded variation and |f(x)] = M > 0 holds for each
x € [a, b}, then show that L is a function of bounded variation.

d. If a function f:[a, b] — R satisfies a Lipschitz condition (i.e., if there exists a
constant M > O such that | f(x) — F(»)| < Mlx — y| holds forall x, y € [a, b1,
then show that f is absolutely continuous.

This exercise presents an example of a continuous increasing function (and hence, of
bounded variation) that is not absolutely continuous.

Consider the Cantor set C as constructed in Example 6.15. Recall that C was
obtained from [0, 1] by removing certain open intervals by steps. In the first step
we removed the open middle third interval. At the nth step there were 211 closed
intervals, all of the same length, and we removed the open middle third interval from
each one of them. Let us denote by I{', ..., I5,._, (counted from left to right) the
removed open intervals at the nth step. Now, define the function f:{0, 1] — [0, 1] as
follows:

i fO) =0

ii. ifx eI forsomel<i<2"!, then f(x) = (2/ —1)/2"; and
fii. ifx e C withx £ 0,then f(x) =sup{f(t): t <x and ¢t € [0, 1] \C}.
Part of the graph of f is shown in Figure 7.1.

Show that f is an increasing continuous function from [0, 1] to [0, 13.
Show that f'(x) = 0 for almost all x.

Show that f is not absolutely continuous.

Show that i ¢ L A holds.

/o o

Let f:[a,b] — R be an absolutely continuous function. Then show that f is a
constant function if and only if f'(x) = 0 holds for almost all x.

Let f and g be two left continuous functions (on IR). Show that st = ug holds if
and only if f — g is a constant function.
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FIGURE 7.1

This exercise presents another characterization of the norm dual of C[a, b]. Start by
letting L denote the collection of all functions of bounded variation on [a, b] that are
left continuous and vanish at a.

a. Show that L under the usual algebraic operations is a vector space, and that
f > py, from L to My([a, b]), is linear, one-to-one, and onto.

b. Define f > g tomean that f — g is an increasing function, (Note that f = g does
not imply f > g.) Show that L under > is a partially ordered vector space such
that f > g holds in L if and only if sty > p, in My(la. b]).

c. Establish that L with the norm || || = V)| is a Banach lattice.

d. Show, with an appropriate interpretation, that C*[a, b] = L.

If f:[a,b] — R is an increasing function, then show that f " e Li(la, b)) and
that [* f'(x)dx < f(b) — f(a) holds. Give an example for which [} f'(x)dx <
f(b) — f(a)holds.

[HINT: Letg,(x) = ;1[f(x+,]7)~f(x)] foreachn and x € [a. b]. Note that g, — f’
a.e. holds. Now, apply Fatou’s lemma to the sequence {g,}.]

If f:[a, b] — R is an absolutely continuous function, then show that

b
v, = f £l dx

holds.
For a continuously differentiable function f:[a,b] -+ IR, establish the following
properties:

a. The signed measure u s is absolutely continuous with respect to the Lebesgue
measure and du s /di = f' ae.
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b. If g:[a, b} — R is Riemann integrable, then gf’ is also Riemann integrable and

b
/gduf=/ g0 f(x)dx.

15. For each n, consider the increasing continuous function f,;: IR — R defined by

1 if x>0,
fa)=qnax—-D+1 if 1——%<x<1,
0 if x<1-1.
If f:R — R is a continuous function, then show that

a. f is py,-integrable for each n, and
b, lim[fduy, = F(1).
16. Let f:R — R be a bounded function and let

E ={xeR: f'(x)existsin R}.

If A(E) = 0, then show that A(f(E)) = 0.

17. This exercise presents an example of a continuous function f:R — R which is
nowhere differentiable. Consider the function ¢: [0, 2] — IR defined by ¢(x) = x if
0<x<landog(x)=2—xifl <x < 2. Extend ¢ to all of R (periodically) so that
¢(x) = ¢d(x + 2) holds for all x € R. Now define the function f:IR — R by

s=3(3) o

n=0

Show that f is a continuous nowhere differentiable function. (Compare this conclusion
‘with Exercise 28 of Section 9.)

40. THE CHANGE OF VARIABLES FORMULA

The objective of this section is to establish the familiar formula known as the
“change of variables formula.” To do this, we need some preliminary discussion.
For the rest of the section, V and W will be two fixed open sets of some Euclidean
space IR, Also, ||-|| will always denote the Euclidean norm on R*.

We remind the reader about the representation of a linear mapping on R* by a

matrix. Let T: R* — R* be a linear mapping, and let {e,, . .., e;} be the standard
basis of IR* (that is, the ith coordinate of e jis 1 ifi = jand 0 if i # ).
For each j, there exist constants ay;, ..., ay; (uniquely determined) such that

T(ej) = Z;‘;l ajje;. If we define the matrix

ay ap - ai
azy a4z - 4y

Ay Qo v Qi
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then
T(x) = Ax

holds for each x € IR, The matrix A is called the matrix representation of the
linear mapping T’ (with respect to the standard basis). Conversely, any k x k matrix
A = [a;;] defines a linear operator T': R — RF by the formula T'(x) = Ax for
eachx € R, Also, itis easy to see thatif M = k-max{|a;;|: i, j = 1,..., k},then
I|Ax|| < M|x]| holds so that each matrix defines a continuous linear operator. The
determinant of T is simply the determinant of the matrix A; thatis,detT = det A.
A function T: V — IR* is said to be differentiable at some point a of (the open
set) V if there exists a linear operator A: IR* — IR* and some r > 0 such that

Tx)=T@ + Alx —a)+o(x —a)

holds for all x € V with [lx —a|| < r. Here (as usual) o(x — a) is a function from
V to R such that

. olx —a)
lim —————— =
x=a ||x —al

The linear operator A is denoted by T’(a) and is called the derivative of T at the
point a. It should be clear that if T is differentiable at @, then T must be continuous
at a.

A function T: V — R is said to be differentiable if T'(x) exists at each point
x € V. Moreover, if T = (T4, ..., T,) is differentiable, then it follows that each
partial derivative

aT; o Ti(x + he;) — Ti(x)
B )= 2

exists at every point x € V. In addition, the matrix representation of T'(x) is

ax () an )
ATy /.. Ty
ax (l) R T (x)

This matrix is called the Jacobian® matrix, and its determinant is called the
Jacobian. The Jacobian determinant is denoted by Jr(x); that is, Jr(x) =
detT'(x) = det[(37;/8x;)(x)].

5Carl Gustav Jacob Jacobi (1804—1851), a German mathematician. He was a prolific writer who
contributed to many diverse mathematical disciplines—including number theory, mathematical physics,
mechanics, and the history of mathematics.
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A function T:V — R’ is said to be C!-differentiable if T is differentiable
and all of its partial derivatives are continuous functions on V. Observe that if T
is C!-differentiable, then the Jacobian Jr () is a continuous real valued function
onV.

It is important to know that C '-differentiable mappings carry null sets onto null
sets. The details follow.

Lemmad0.1. LetV C RYbeopenandletT:V — R* bea C'-differentiable
function. If A C V satisfies AM(A) = 0, then M(T (A)) = 0 also holds.

Proof. Assume first that there exists some M > 0 such that |(37;/9x;)(x)| <
M holdsforeachx € Vandi,j=1,....k.LetC = kM + 1.Ifa € V, then
by the differentiability of T there exists some open ball B, C V with center at a
such that

IT@) = T@l < kM|x —all + llx —al =Cllx —al

holds for each x € B,.

Let € > 0. Choose an open set O with A € O € V and AM(O) < ¢, and
then select a sequence {K,} of compact sets such that O = Ui‘;] K,.Since T is
continuous, each T'(K,) is compact, and the identity T(O) = Uz‘;l T(K,) shows
that T(O) is a Borel set.

Now, let K be an arbitrary compact subset of T(QO). For each y € K fix some
z € O with y = T(z). By the above, there exists an open ball By, € O with center
at z such that

IT() =yl <Cllx —z]

holds for each x € B,. Let B} be the open ball with center at y, and radius C times

that of By; clearly, T(B,) c B;‘. Since K is compact, there exist y;, ..., y, € K
such that K < Ui, B}
By Lemma 39.2, there exist pairwise disjoint balls B, ..., B, among the

B? ...,B;‘” such that

e
A (U B.:‘i-) <3 ) MB) = BOF Y AB)).
i=1 j=1 j=1

Note that the corresponding By, ..., B, are necessarily pairwise disjoint open
balls. Therefore,

MK) < A (U B;) < (GO} Y AB)) = BCYA (U B,-)
i=1 j=1 j=1

< (BCIAO) < 3C)Ye
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holds for each compact subset K of 7 (O). Since T(©) is a Borel set, the regularity
of A implies A(T'(0)) < 3C Ye, and hence, AT (4)) < MT(0)) < (3C Yee for
each € > Q. That is, A(T'(A)) = 0.

For the general case, let By, By, ... be an enumeration of the open balls with
“rational” centers and rational radii whose closures lie entirely in V. Clearly, V =
UZ‘;] B,.Sinceeach B, is compactand T isC I_differentiable, it follows easily that
T: B, — IR* satisfies the hypotheses of the preceding case. Thus, \(T (ANB,)) =0
holds for each 1, and consequently, we have A(T (4)) = A( Un”;l T(ANB)) =0,
as required. : |

The notion of a diffeomorphism plays an important role for this section. Its
definition follows.

Definition 40.2. Ler V and W be two open sets of R¥. A function T:V — W
is said to be a diffeomorphism if

a. T is one-to-one and onto,

b. T is C!-differentiable,

c. Jr(x)=#0holdsforallx € V, and

d. T is a homeomorphism (from V onto W).

We remark that (a), (b), and (c) are enough to ensure that T is an open map-
ping and thus, a homeomorphism. However, property (d) has been added to the
definition of a diffeomorphism in order to emphasize its importance. Also, it
should be noted that the inverse mapping T~': W — V is necessarily a diffeo-
morphism. For details about this and other properties of differentiable functions
see [2].

The next theorem tells us that a diffeomorphism preserves the Borel and the
Lebesgue measurable sets.

Theorem 40.3. Ler T:V — W be a diffeomorphism between two open sub-
sets of RX, and let E be a subset of V.Then:

a. T(E)isaBorel setif and only if E is a Borel set.
b. T(E)is Lebesgue measurable if and only if E is Lebesgue measurable.

Proof. (a) Let By and By denote the Borel sets of V and W, respectively.
Clearly, T(By) = {T(E): E € By} is a o-algebra of subsets of W containing
the open sets of W; hence, By < T(By). By the symmetry of the situation,
By € T~Y(Bw) holds, and from this-we get T (By) = Bw. The conclusion now
follows easily from the last identity.

(b)Let E be Lebesgue measurable. We can suppose A(E) < oo (why?). Choose a
Borelset BwithE C B € VandA(B \ E) = 0.By Lemma40.1, (T (B \ E)) =0,
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so that T(B \ E) is Lebesgue measurable. Now from (a) the set T(B) is a Borel
set, and hence, the relation

T(E)=T(B)\T(B\E)

shows that T(E) is Lebesgue measurable. The converse should be obvious from
the symmetry of the situation. =

Now, assume thatT:V — W is a diffeomorphism. From the preceding theorem
it is easy to see that the set function

w(E) = MT(E))

defined for each Lebesgue measurable subset £ of V is a measure. On the other
hand, it follows from Lemma 40.1 that i < A holds. The proof of the “change of
variables formula” rests upon the fact that the Radon-Nikodym derivative du/dA
satisfies (du/dA)(x) = |Jr(x)| foreachx € V. _

To establish this identity, we need to know how a linear operator alters the
volume of the unit cube of R¥.

Lemma 40.4. If A:IR* — R* is a linear operator (which we identify with a
matrix), then

AMA(E)) = |det A| - ME)

holds for all Lebesgue measurable subsets E of RF.

Proof. If Aisnotinvertible, then A maps R* onto a linear subspace of lower di-
mension, and hence, onto a set of measure zero (why?). Hence, A(A(E)) = |det A|-
A(E) = 0 holds trivially.

Now, assume that A is invertible; clearly, A is a diffeomorphism. Let u(E) =
A(A(E)) for each Borel set E. Then p is a Borel measure, and by Theorem 15.10 it
is enough to establish u = |det A|- A on the Borel sets. Start by observing that u is a
translation invariant Borel measure on IRY, and hence, by Lemma 18.7, there exists
a constant C such that & = CA holds. In particular, if U = [0, 1] x --- x [0, 1],
then C = u(U). To complete the proof, we must show that C = |det A|.

To this end, note first that if A = A| o A; and C, Cy, and C, are the constants
associated with A, Aj, and A,, respectively, then

C = MAW)) = MA1(A2(U))) = C1A(A2(U)) = C1CAM(U) = C,Ca.
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If we denote the matrix representing A by A again, then the matrix A can be
written as a product of matrices A = A;A; - -- A,, where each A; is either

1. amatrix obtained from the (k x k) identity matrix by multiplying one of its
rows by a nonzero constant,

2. amatrix obtained from the identity matrix by interchanging two of its rows,
or

3. a matrix obtained from the identity matrix by adding to one of its rows a
nonzero multiple of some other row of the identity.

(The three types of matrices described previously are known as elementary ma-
trices.) Thus, since C =CCy - C, [where C; = A(A;(U))] and det A = det A, -
det A, - - - det A,, in order to complete the proof it suffices to verify the formula
for the above three types of matrices.

Type 1. Without loss of generality we can assume that the matrix A is obtained
from the identity matrix by multiplying its first row by a nonzero number o. Note

that det A = |a|. Here U is mapped onto [0, o] X [0, 1} x - -+ x [0, 1]if @ > O and
[, 01 %[0, 1] x - - x [0, 1]if ¢ < 0.In either case, C = A(A(U)) = |a| =|det A|.

Type 2. In this case, det A = —1. It is easy to see that U is mapped under A
onto U. Hence, C = A(A(U)) = AMU) = 1 =|det A|.

Type 3. Itis easy to see that this case is reduced to the matrix A obtained from
the identity matrix by adding to its first row the second one. Clearly, det A = 1.

Now, observe that if x = (xy, xa, ..., xt), then Ax = (xy + x2, X2, X3, ..., Xp).
In particular, when k = 2 the unit square in IR? is mapped under A onto the
parallelogram P as shown in Figure 7.2. Obviously, A(P) = 1. On the other hand,
if we consider the Lebesgue measure on IR* (where k > 2) as the product measure
of the Lebesgue measure on IR? and the Lebesgue measure on R*~2, then U is
mapped under A onto the set P x Uj, where U is the (k — 2)-dimensional unit
cube. By Theorem 26.2, M(A(U)) = M(P) - M(U;) = 1 =|det A|, and the proof of
the lemma is complete. |

¥

0 1 X1 0 . 1 X1

FIGURE 7.2. The Transformation of the Unit Square
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Now, we are in the position to establish the identity du/dX = |Jr|.

Theorem 40.5. Let T:V — W be a diffeomorphism between two open sub-
sets of R, If w(E) = AT (E)) for each Borel set E of V, then u is a Borel
measure on V whose derivative satisfies

Du(x) = |Jr(x))
forallxeV.

Proof. Leta € V. Replacing T by S(x) = T'(a + x) — T (a), we can assume
without loss of generality that a = 0 and T (0) = 0. We shall prove first the result
for the case when the Jacobian matrix equals the k x k identity matrix /, and so
Jr(0) = 1.

Lete > 0.Fix0 <o < 2 suchthat 1 —e < (1 —20)f < (1 +2a)f <1+,
and then select some § > 0 so that

1T (x) — x|l < alxl

holds for each x € V with |jx]| < 8. (Since T(x) = T'(x)x + o(x) = x + o(x)
such a § > 0 always exists.)

Now, let B € V be an open ball containing zero with center at xo and radius
r< % Let By and B be the open balls both with center at xq and radii (1 — 2a)r
and (1 + 2a)r, respectively. We claim that

By S T(B) & B,.
Indeed, note first that if x € B, then Ix) < llx — xoll + llxoll < 2r <4, and so
T () — xoll < IT(x) — x|l + llx — xoll < eflx]| +7 < (14 2a)r
for each x € B, which shows that T(B) € B,. Now, write
By =[BiNT(B)JU[B\T(B)],

and note that the two sets of the union are disjoint. Since T is a diffeomorphism,
T(B) is an open set, and hence, B) N T(B) is also open. Since

1T (xg) — xoll < allxoll < 20r < (1 —2a)r,

it follows that T'(xg) € By NT(B), and so B| NT(B) # @. Also, if |[x — xoll =1
holds, then x| < 2r < § implies

r=llx —xoll < llx =TIl + IT(x) — xoll < 2ar + T (x) — xoll,
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and so ||T(x) — xp|l > (1 — 2a)r. This shows that no boundary point of B is
mapped under T into B;. In other words, B; \T(B) = B, \T(E) holds. Since
T is continuous, T'(B) is compact, and hence, By \ T(B) is also an open set. But
then, it follows that By \ T'(B) = @ (see Exercise 1 at the end of this section), and
so, B = B NT(B) € T(B) holds.

Now, if ¢ is the Lebesgue measure of the open ball with center at zero and radius
one, then

(1 —eMB) = c(1 — eyf < c(1 = 2)r* = A(By) < AT (B))
= u(B) < AM(By) = c(1 + 2a)'r*
< (1 +&)erf = (1 + e)AB).

Thus, 1 — € < u(B)/AMB) < 1 + € holds for all open balls B C V containing
zero and having radius less than §/2. That is, D(0) = 1 holds.

For the general case, let A be the Jacobian matrix at zero. Since det A = J7(0) #
0, the matrix A is invertible. Then S(x) = A~!(T'(x)) defines a diffeomorphism
between V and A~! (W) whose Jacobian matrix at zero equals /. By the preceding
case, it follows that the Borel measure v(E) = A(S(E)) satisfies Dv(0) = 1. Now,
by Lemma 40.4, we have

V(E)=|det A™'| - MT(E))=|det A|™" - u(E).

This implies D u(0) = |det A| = |J3(0)| and the proof is finished. B
A particular case of the “change of variables formula” is stated next.

Theorem 40.6. Let T:V — W be a diffeomorphism between two open sub-
sets of R* such that \(W) < oo. Then for each Lebesgue measurable subset E
of V we have

MT(E)) = /EIJTI da.

Proof. Let u(E) = MT(E)) for éach Lebesgue measurable subset E of V.
Then, by Lemma 40.1, i « A holds, and hence, by the Radon-Nikodym theorem
wE) = f £(du/dr)d) holds for each Lebesgue measurable set E. Now, com-
bine Theorem 39.4 and the preceding theorem to obtain du/dh = Du = {Jr|.
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Therefore,

MT (E)) = / rldh.
E
holds for each Lebesgue measurable subset E of V. =
‘We now come to the main result of this section.

Theorem 40.7 (The Change of Variables Formula). Let T:V — W be a
diffeomorphism between two open sets of R, Then for every function f €
L (W), the function (f o T) - |Jr| belongs to L (V) and

/;Vfd)v=/v(f0T)'IJTId?»

holds.

Proof. Assume first that A(W) < oc. Let f = xg, where E is a Lebesgue
measurable subset of W. By Theorem 40.6, we have

f Fdr = ME)=MT (T YEY) =/ |Jr|dx
w T

~HE)

- fv(X50T)'IJTId)»=fv(f0T)-|JTld)»~

Thus, the conclusion is valid for characteristic functions of Lebesgue measurable
subsets of W. It follows that the formula is true for step functions, and then by a
simple continuity argument for each f € L(W).

Now, if A(W) = oo, then let W,, = {x € W: |lx|| < n} and V, = T~'(W,).
Clearly, A(W,) < oo for each n, and so, if 0 < f € L{(W), then by the preceding
case (and Levi’s Theorem 22.8)

ffdk: lim/ fdr= 1imf(foT)-;Jﬂdx:/(foT)-uﬂdx,
W ‘" n—c V,, V

n—>0oQ

and the conclusion follows. B

The formula appearing in the preceding theorem is referred to as the change of
variables formula and is commonly written as follows:

f()’)dy=/Vf(T(-\‘))-|JT(x)Idx-

TV)
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The following version of Theorem 40.7 is most often used in applications, and

its proof follows immediately from the preceding theorem.

Theorem 40.8. Let T: A — B be a a mapping between two Lebesgue mea-
surable subsets of R¥. Assume that there exist two open sets V. C A and
W C BsuchthatT(V) =W, T:V — W isadiffeomorphism, and M(A\ V) =
A(B\W) = 0. Then for each f € L\(B), the function (f o T) - |Jr| (defined
a.e. on A) belongs to L(A) and

ffdx:f(foT)~}JTldk
B A

holds.

EXERCISES

1. Show that an open ball in a Banach space is a connected set. That is, show that if B is
an open ball in a Banach space such that B = O U O, holds with both O; and O,
open and disjoint, then either O; = @ or O, = @.
[HINT:If a € O and b € Oy, then let o = inf{r € [0, 1]: ta 4+ (1 — 1)b € Oy}, and
note that ¢ = aa + (1 — a)b € B. To obtain a contradiction, show that ¢ ¢ O and
cé¢ 0]

2. LetT:V — R* be C!-differentiable. Show that the mapping x +> T’(x) from V into
L(R¥, R¥ ) is a continuous function,

3. Show that the Lebesgue measure on IR? is “rotation” invariant.

4, (Polar Coordinates) Let £ = {(r,0) € R?%: r > 0 and 0 < 6 < 2r}. The transfor-

mation T: E — R? defined by T(r,8) = (r cos8, r sin@), or as it is usually written
x=rcosf and y=rsind,

is called the polar coordinate transformation on IR?, shown graphically in Figure 7.3.

a. Show that A(E\ E®) = 0.

b. If A = {(x,0): x > 0}, then show that A is a closed subset of R? whose (two-
dimensional) Lebesgue measure is zero.

c. Show that T: E® — R?\ A is a diffeomorphism whose Jacobian determinant
satisfies J7(r, 8) = r for each (r, 8) € E°.

d. Show thatif G is aLebesgue measurable subsetof E with .(G \ G°) = 0, then T (G)
is a Lebesgue measurable subset of IR?. Moreover, show that if f € Li(T(G)),
then :

fdi = f/ f(rcos@,rsin@)rdrdd
G

T(G)

holds.
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y (X sy )

FIGURE 7.3. The Polar Coordinate Transformation

5. This exercise uses polar coordinates (introduced in the preceding exercise) to present
an alternate proof of Euler’s formula f0°° e~ dx = /2.

a. Foreachr > 0,let C, = {(x,y) e R* x24+y2 <r?, x>0, y = 0} and
Sy == {0,r] x [0, r]. Show that C; © §; & C, s

b If f(x, y) = e~ then show that

/Crfdks /Srfdks fcrﬁfdx,

where A is the two-dimensional Lebesgue measure. :
c. Use the change of variables to polar coordinates and Fubini’s theorem to show that

L pr
2 2 T 1
dh = rdtdd = —{1—e"" ).
fc,f /o/o" 7(1-e7)

d. Use (b) to establish that

%(1 - e”'2> < ( /(;re""3 dx)2 < %(1 - 6—2”,"),

-and then let r — oo to obtain the desired formula.
6. InRR*, “double” polar coordinates are defined by
x=rcosf, y=rsinf, z=pcos¢, w=psing.
State the change of variables formula for this transformation, and use it to show that

the “volume” of the open ball in R* with center at zero and radius a is $7%a*.

7. (Cylindrical Coordinates) Let £ = {(r,0,z) € R&:r=>00<6<2n zeR)
The transformation T: E —> R3 defined by T(r,0,z) = (rcosé,rsind, z) or as it is
usually written

x =rcosf, y=rsinf, z=z,

is called the cylindrical coordinate transformation, shown graphically in Figure 7.4.
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. ‘9, 2 T (x, .y, z)

21

/TN
/ By
r X

FIGURE 7.4. The Cylindrical Coordinate Transformation

Show that A(E \ E®) =0.

IfA={x02¢€ R3: x > 0, z € R}, then show that A is a closed subset of R?
whose (three-dimensional) Lebesgue measure is zero.

Show that T: E® — R3\ A is a diffeomorphism whose Jacobian determinant
satisfies Jr(r, 0, z) = r foreach (r, 8, z) € E°.

Show that if G is a Lebesgue measurable subset of E with A(G \ G°) = 0,thenT(G)
is a Lebesgue measurable subset of R3. Moreover, show that if f € Li(T(G)),
then

fdi = // f(rcos8,rsing, z)rdrdédz
T(G) G

holds.

8. (Spherical Coordinates) Let

E={(r6,¢)ecR>r>00<6<2r, 0<¢ <m)

The transformation T: E — R3 defined by

T@,6,¢)=(cosfsing, rsinfsing,r cos¢),

or as it is usually written

x =rcosfsing, y=rsinfsing, z=rcosg,

is called the spherical coordinate transformation, shown graphically in Figure 7.5.

a.
b.

Show that A(E \ E°) = 0. :

If A= {(x,0,2): x>0 and z € R}, then show that A is a closed subset of R3
whose (three-dimensional) Lebesgue measure is zero.

Show that T: E® — R3\ A is a diffeomorphism whose Jacobian determinant
satisfies Jp(r, 6, @) = —rZsin¢.
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T (x,y,2)

21T

FIGURE 7.5. The Spherical Coordinate Transformation

d. Show that if G is a Lebesgue measurable subset of £ with A(G \ G®) = 0, then
T (G) is a measurable subset of R3. In addition, show that if f € Li(T(G)), then

fdk:/.// f(rcos@sin¢),rsin0sinq),rcosqf))rzsinqbdrdedqb
T(G) G

holds.
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Borel, Emile (1871-1958), 51
bound
essential, 260
lower, 16
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boundary of set, 38, 59
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commutative laws, 15
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compact operator, 226
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compact topological space, 62
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complement of set, 4
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completion of a metric space, 46
complex inner product space, 276
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connected topological space, 65
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at a point, 60
continuum, 13
continuum hypothesis, 13
generalized, 13
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convergence
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convergence in measure, 146
convergent sequence, 22, 37, 60
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- convergent series in a Banach space, 223
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of set, 48
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395
cylindrical coordinates, 395
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Darboux, Jean-Gastin (1842-1917), 181
De Morgan's laws, 4
De Morgan, Augustin (1806-1871), 4
decomposition
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Jordan, 333

Lebesgue, 342
decreasing function, 372
decreasing sequence, 22
decreasing sequence of functions, 70
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density function, 344
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density point, 371
derivative, 386
lower of measure, 367
of measure, 367
Radon—-Nikodym, 344
upper of measure, 367
derived set, 37, 59
Descartes, René (1596-1650), 6
determinant, 386
Jacobian, 386
diameter of a set, 39
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difference
algebraic of sets, 143
set, 2
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difference of two numbers, 20
differentiable function, 386
differentiable measure, 367
differential operator, 225, 227
Dini’s theorem, 70
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discrete topology, 58
disjoint sets, 2
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discrete, 34
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v uniform, 70
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for fractions, 20
domain of function, 5
double series, 30
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Egorov’s theorem, 125
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least, 10

maximal, 8
element of a set, 2
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equality of two functions, 5
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equivalence relation, 7
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equivalent norms, 220
equivalent sets, 9
essential bound, 260
essential supremum, 260
essentially bounded function, 260
Euclid (ca 365-300 BC), 34
Euclidean distance, 34
Euclidean norm, 218
Eudoxus of Cnidus (ca 400-347 BC), 17
even polynomial, 90
eventually true property, 22

Fy-set, 61
family

pairwise disjoint, 4
family of generators for o -algebra, 151
family of sets, 3
Fatou, Pierre J. L. (1878-1929), 171
Fejér kernel, 317
Fejér, Leopold (1880-1959), 317, 318
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finite additivity, 99
finite intersection property, 55
finite measure space, 113
finite set, 9 .
finite signed measure, 332
finite subset property, 272
finitely additive measure, 102
first category set, 43, 59
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Fischer, Emst G. (1875-1954), 258
Fisher, Emnst S. (1875-1954), 258
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Fourier coefficients of a function, 309
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Fresnel, Augustin J. (1788-1827), 199
Fubini’s theorem, 212
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function, 5
C!-differentiable, 387
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additive, 138
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Carathéodory, 156
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choice, 6
continuous, 38, 60
continuous at a point, 60
contraction, 55
decreasing, 372
density, 344
differentiable, 386
distance, 81
essentially bounded, 260
Gamma, 200
increasing, 372
indicator, 126
injective, 5
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integrable, 166

integrable over a set, 173

inverse, 5

isometry, 46

jointly measurable, 155

Lebesgue integrable, 166

measurable, 121, 152

measurable in a variable, 155

monotone, 372

one-to-one, 5

onto, 5

periodic, 307

Riemann integrable, 180, 187
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set, 98

simple’, 127

square summable, 305

step, 127

strictly decreasing, 372

strictly increasing, 372

strictly monotone, 372

surjective, 5

uniformly continuous, 44

upper, 162

variation, 377

weight, 289
function measurable in a variable, 155
function of bounded variation, 376
function space, 68 ,
function with compact support, 85, 201
functional

left-invariant, 363

limit, 241

right-invariant, 363

Gamma function, 200

generalized continuum hypothesis, 13

generating sequence for upper function,
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Gram, Jorgen P. (1850-1916), 284
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commutative, 362
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Holder’s inequality, 256
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Hausdorff, Felix (1868~1942), 60
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Hermite polynomial, 304

Hermite, Charles (1822-1901), 304
Hilbert cube, 296

Hilbert space, 288

Hilbert, David (1862-1943), 275
homeomorphic metric spaces, 39
homeomorphic topological spaces, 63
homeomorphism, 63

ideal, 247
identity
Parseval, 298
image of a point, 5
image of set, 5
improper Riemann integral, 190
increasing function, 372
increasing sequence, 22
of functions, 70
indefinite integral, 342
index set of family, 3
indicator function, 126
indiscrete topology, 58
induced measure, 106
induced topology, 58
inequality
Bernoulli’s, 14
Bessel, 284
Cauchy--Schwarz, 278
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Hélder's, 256
Minkowski, 256
triangle, 16, 34, 218

infimum, 16

infinite cardinal, 13

infinite set, 9

infinity
minus, 29
plus, 29

initial values, 233

injective function, 5

inner product, 276

inner product preserving operator, 304

inner product space
complex, 276
inner, 276
input, 5
integrable function, 166
over a set, 173
Riemann, 180
integral, 127, 163, 166
Haar, 363
improper Riemann, 190
indefinite, 342
iterated, 211
Lebesgue, 127, 132, 163, 166
lower Riemann, 179, 186
of step function, 127
Riemann, 180, 187
upper Riemann, 179, 187
integral operator, 226
integral test, 33
interior of set, 35, 59
interior point, 35, 59
intersection, 2
intersection of sets, 3
interval, 134
inverse function, 5
inverse image of set, 5
inverse of real number, 20
isolated point, 56
isometric metric spaces, 46
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lattice, 249

linear, 239
isomorphic normed vector lattices, 249
iterated integral, 211

Jacobi, Carl G. J. (1804-1851), 386

Jacobian, 386

Jacobian matrix, 386

jointly measurable function, 155

Jordan decomposition of a signed measure,
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Fejér, 317
kernel of functional, 240
kernel of operator, 226
Kolmogorov, Andrey N. (1903-1987), 269
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Laplace transform, 250
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lattice homomorphism, 253
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lattice norm, 246
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distributive, 15
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associative, 15
commutative, 15
least element, 10
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Lebesgue decomposition, 342
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Lebesgue integrable function, 166
Lebesgue integral, 127, 132, 163, 166
Lebesgue integral of step function, 127
Lebesgue measure, 101, 113, 133, 134
Lebesgue number for open cover, 50
Lebesgue point, 382
Lebesgue, Henri L. (1875-1941), 50, 161,
172, 184, 202, 341, 375
Lebesgue-Stieltjes measure, 379
left Haar measure, 363
left translate of function, 362
left-Haar integral, 363
left-invariant functional, 363
Legendre polynomials, 295
Legendre, Adrien-Marie (1752-1833),
295

Leibniz, Gottfried W. (1646-1716), 185
Levi, Beppo (1875-1961), 170
limit

Banach-Mazur, 241

pointwise, 68
limit functional, 241
limit inferior, 24
limit of sequence, 22
limit point of sequence, 23
limit superior, 24
Lindelsf, Ernst L. (1870-1940), 48
linear functional, 235

order bounded, 244

positive, 244
linear isometry, 239
linear operator, 224
linearity of the integral, 127
Lipschitz condition, 145, 383
Lipschitz, Rudolf (1832-1903), 145
little L ,-spaces, 264
locally compact topological space, 84
locally finite measure, 272
lower bound, 16

greatest, 16
lower derivative of measure, 367
lower Riemann integral, 179, 186
lower sum, 178

mapping
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sublinear, 236
mathematical induction, 10
matrix
elementary, 390
Jacobian, 386
positive definite, 287
symmetric, 287
matrix representation of operator, 386
maximal element, 8
Mazur, Stanislaw (1905~1981), 241
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measurable function, 121, 152
measurable set, 103, 112, 151
measurable space, 151
measure, 98
absolutely continuous, 338
Borel, 136
counting, 99
differentiable, 367
Dirac, 99
finitely additive, 102
Haar, 363
induced, 106
Lebesgue, 101, 113, 133, 134
Lebesgue-Stieltjes, 379
locally finite, 272
orthogonal, 339
outer, 103
outer generated by a measure, 107
product, 204
regular Borel, 136, 352
representing a linear functional, 352
signed, 329
singular, 339
translation invariant, 137
measure space, 99
o -finite, 113
finite, 113
nonatomic, 120
with the finite subset property, 272



410

member of a set, 2
membership symbol, 2
mesh of partition, 178
metric, 34
induced by a norm, 218
uniform, 70
metric space, 34
bounded, 39
compact, 49
complete, 39
connected, 47
discrete, 34
separable, 54
totally bounded, 53
metric spaces
Minkowski inequality, 256
Minkowski, Hermann (1864-1909), 256
minus infinity, 29
monotone class, 158
monotone function, 372
monotone sequence, 22
monotone sequence of functions, 70
monotonicity of measure, 99
monotonicity of the integral, 129
multiplication law
for fractions, 20
multiplication of real numbers, 14
multiplication rule of signs, 20

natural embedding of normed space, 239
negative number, 13
negative of real number, 19
negative part of vector, 67, 243
negative set, 330
negative variation of a signed measure,
332

neighborhood of point, 59
Newton, Isaac (1642-1727), 185
Nikodym, Otton M. (1889-1974), 342
nonatomic measure space, 120
norm, 217
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o -order continuous, 337

Euclidean, 218

in an inner product space, 278

lattice, 246

of operator, 225

sup, 69, 219

uniform, 69
norm bounded set, 218
norm dual of Banach space, 238
norm induced by an inner product, 278
norm preserving operator, 304
normal topological space, 80
normed vector lattice, 246

with ¢ -order continuous norm, 337
normed vector space, 218
nowhere dense set, 41, 59
null set, 104
number

algebraic, 13

cardinal, 12

Lebesgue, 50

negative, 15

positive, 15

odd polynomial, 90
one-to-one function, 5
onto function, 5
open
mapping, 52
open ball, 35, 366
open cover, 48
open mapping, 52
open mapping theorem, 232
open set, 35, 58
open unit ball, 220
operator, 224
adjoint, 297
‘averaging, 253
‘bounded, 225
compact, 226
differential, 225, 227
inner product preserving, 304
integral, 226
Laplace, 250
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norm preserving, 304
positive, 249
projection, 235
rank-one, 242
symmetric, 287
unbounded, 225
operator norm, 225
order
partial, 7
order axioms, 15
order bounded linear functional, 244
order bounded set, 244
order complete vector lattice, 252
order continuity of the integral, 129, 164
order dual, 244
ordered pair, 6
ordered vector space, 66, 242
ordinate set of function, 215
orthogonal complement, 287, 291
orthogonal measures, 339
orthogonal set, 282
complete, 293
orthogonal vectors, 282
orthonormal basis, 298
orthonormal set, 282, 298
complete, 298
oscillation, 372
oscillation of function, 61
outer measure; 103 :
induced by a positive functional, 353
outer measure generated by a measure,
107
output, 5

p-adic representation of number, 32

pairwise disjoint family, 4

parallelogram law, 279

Parseval’s identity, 298

Parseval, Marc-Antoine C. (1755-1836),
298

partial derivative, 193

partial order, 7

partially ordered set, 8
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partially ordered vector space, 242
partition, 186

finer, 178
partition of interval, 178, 376
partition of set, 7
partition of unity, 86
perfectly normal space, 87
period of function, 307
periodic function, 307
permutation of IN, 30
plus infinity, 29
point

accumulation, 37, 59

boundary, 38, 59

closure, 36, 59

cluster, 23

density, 371

fixed, 55

interior, 35, 59

isolated, 56

Lebesgue, 382

limit, 23
point of a set, 2
pointwise bounded set, 228
pointwise convergence, 68
pointwise finite cover, 56
pointwise limit, 68
polar coordinate transformation, 394
polar coordinates, 394
polynomial

even, 90

Hermite, 304

odd, 90
positive cone, 242
positive definite matrix, 287
positive linear functional, 244
positive number, 15
positive operator, 249
positive part of vector, 67, 243
positive set, 330
positive variation of a signed measure,
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positive vector, 67, 242
power set, 4
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principle Riemann integral, 180, 187

condensation of singularities, 230 improper, 190

mathematical induction, 10 lower, 179, 186

uniform boundedness, 229 upper, 179, 187

well ordering, 10 Riemann sum, 181
product Riemann’s criterion, 180

Cartesian, 6 Riemann, Bernhard G. F. (1826-1866),

inner, 276 177, 180, 202
product o -algebra, 154 Riesz representation theorem, 355
product measure, 204 Riesz space, 242
product semiring, 154, 204 Riesz, Frigyes (1880-1956), 242, 244, 258,
projection, 235 292, 344, 355
proper subset, 2 right translate of function, 362
property right-invariant functional, 363

Archimedean, 17 ring

eventually truc, 22 o, 150

finite intersection, 55 ring of sets, 96, 149

topological, 55 root of real number, 19
Pythagoras of Samos (ca 580-500 BC),

282 o -additivity, 98
Pythagorean theorem, 282 o-algebra product, 154
o-algebra generated by a collection, 97
quotient topology, 65 o -algebra generated by a family, 150
. o-algebra of sets, 97

Radon, Johann (1887-1956), 342 o -compact set, 357
Radon-Nikodym derivative, 344. o -finite measure space, 113
Radon-Nikodym theorem, 342 o-finite set, 116, 175
range of function, 5 o-finite signed measure, 332
rank-one operator, 242 o-ring, 150
rearrangement invariant series, 30 o-set, 94
reciprocal of real number, 20 Schmidt, Erhard (1876-1959), 284
rectangle, 204 Schrider, Ernst (1841-1902), 12
reflexive Banach space, 239 Schroder—Bernstein theorem, 12
reflexivity, 7, 66 Schwarz, Hermann A. (1843-1921), 256,
regular Borel measure, 136, 352 278
regular Borel signed measure, 362 second dual of Banach space, 239
relation, 7 ‘ section of set, 154

a.e., 120 segment, 9

binary, 7 . selection of points, 181

equivalence, 7 semiring
relative topology, 58 product, 154, 204
representing measure, 352 restriction, 97
restriction semiring, 97 semiring of sets, 94

Riemann integrable function, 180, 187 separable metric space, 54



separately measurable function, 155
separation
by a continuous function, 80
by open sets, 80
separation of points by a family, 87
sequence, 6
Cauchy, 26, 39
constant, 23
convergent, 22, 37, 60
convergent in mean, 202
convergent to co, 29
decreasing, 22
increasing, 22
monotone, 22
of averages, 27
sequence convergent, 22, 37
to #co, 29
sequence of averages, 27
sequence of functions
decreasing, 70
increasing, 70
monotone, 70
series
absolutely summable, 223
alternating, 33
convergent in Banach space, 223
double, 30
Fourier, 309
harmonic, 33
rearrangement invariant, 30
unconditionally convergent, 33
uniformly convergent, 71
set, 2
Fg,61
Gs, 61
€-Cantor, 141
o, %
o -compact, 357
o-finite, 116, 175
atom, 120
balanced, 224
Borel, 97
bounded, 16
bounded from above, 16
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Cantor, 41, 140
circled, 224
clopen, 65
closed, 35, 58
co-meager, 48
compact, 49, 62
connected, 47
convex, 224
countable, 9
dense, 37, 59
derived, 37, 59
empty, 2
equality, 2
equicontinuous, 75
finite, 9
index, 3
infinite, 9
meager, 43, 59
measurable, 103, 112, 151
negative, 330
norm bounded, 218
nowhere dense, 41, 59
null, 104
of first category, 43
open, 35, 58
order bounded, 244
ordinate, 215
orthogonal, 282
orthonormal, 282, 298
partially ordered, 8
pointwise bounded, 228
positive, 330
power, 4
symmetric, 224
totally ordered, 8
uncountable, 9
void, 2
set difference, 2
set function, 98

o -subadditive, 103
set inclusion, 2
set intersection, 2, 3
set of first category, 59
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set union, 2, 3
sets

equivalent, 9
signed measure, 329

o -finite, 332

Borel, 362

finite, 332

regular Borel, 362
simple function, 127

z, 158
singleton, 2
singular measures, 339
space

Loo(p), 261

Baire, 43

Banach, 218

function, 68

Hausdorff, 60

Hilbert, 288

measurable, 151

measure, 99

metric, 34

Riesz, 242

topological, 58
spherical coordinate transformation, 396
spherical coordinates, 396
square summable function, 305
standard representation of simple function,
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Steinhaus, Hugo (1887-1972), 144, 229
step function, 127 )
Stieltjes, Thomas J. (1856-1894), 379
Stone, Marshall H. (1903-1989), 88, 89
Stone—Weierstrass theorem, 88, 89
strictly decreasing function, 372
strictly increasing function, 372
strictly monotone function, 372
subcover

of set, 48
sublinear mapping, 236
subsequence, 6
subset

proper, 2
subset of set, 2

subtraction, 20
sum

Riemann, 181
sum of arbitrary numbers, 283
sup norm, 69, 219
support of function, 85, 201
support of measure, 263
supremum, 16

essential, 260
surjective function, 5
symmetric difference, 3
symmetric matrix, 287
symmetric operator, 287
symmetric set, 224
symmetry, 7

term sequence, 6
Tietze’s extension theorem, 84
Tietze, Heinrich F. F. (1880-1964), 84
Toeplitz, Otto (1881-1940), 33
Tonelli, Leonida (1885-1946), 213
topological group, 362
topological property, 55
topological space, 58

compact, 62

connected, 65

locally compact, 84

normal, 80

perfectly normal, 87
topology, 57

discrete, 58

indiscrete, 58

induced, 58

quotient, 65

relative, 58
total variation of a function, 376
total variation of a signed measure, 332
totally bounded metric space, 53
totally ordered set, 8
transformation

cylindrical coordinate, 395

polar coordinate, 394

spherical coordinate, 396
transitivity, 7, 66
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of function, 362
translation invariant measure, 137
translation of a set, 137
triangle inequality, 16, 34, 218
trigonometric polynomial, 308

unbounded operator, 225
unconditionally convergent series, 33
uncountable set, 9
uniform boundedness principle, 229
uniform convergence, 69

of series, 71
uniform distance, 70
uniform metric, 70
uniform norm, 69
uniformly Cauchy sequence, 71
uniformly continuous function, 44
union, 2
union of sets, 3
upper bound, 8, 16

least, 16
upper derivative of measure, 367
upper function, 162
upper Riemann integral, 179, 187
upper sum, 178
Uryson's lemma, 81, 85
. Uryson, Pavel S. (1898-1924), 81, 85
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variation function, 377
vector
positive, 67, 242
vector lattice, 67, 242
normed, 246
order complete, 252
vector space
normed, 218
ordered, 66
vector sublattice, 247
Vitali, Giuseppe (1875-1932), 117,
184
void set, 2

weakly convergent sequence, 365

Weierstrass M-test, 71

Weierstrass, Karl T. W. (1815-1897),
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weight function, 289

well ordering principle, 10

x-section of set, 207
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