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Foreword

There are a zillion books on linear algebra, yet this one finds its own unique place
among them. It starts as an introduction at undergraduate level, covers the essen-
tial results at postgraduate level and reaches the full power of the linear algebraic
methods needed by researchers, especially those in various fields of contemporary
theoretical physics, applied mathematics and engineering. At first sight, the title of
the book may seem somewhat pretentious but it faithfully reflects its objective and,
indeed, its achievements.

Milan Vujičić started his scientific carrier in theoretical nuclear physics in which
he relied heavily in his research problems on linear algebraic and group theoretic
methods. Subsequently, he moved to the field of group theory itself and its appli-
cations in various topics in physics. In particular, he achieved, together with Fedor
Herbut, important results in the foundations of and distant correlations in quantum
mechanics, where his understanding and skill in linear algebra was precedent. He
was known as an acute and learned mathematical physicist.

At first Vujičić taught group theory at graduate level. However, his teaching ca-
reer blossomed when he moved to the Physics Faculty of the University of Belgrade,
and it continued, even after retirement, at the University of Malta, where he taught
linear algebra at the most basic level to teaching diploma students. He continuously
interested himself in the problems of teaching, and with worthy results. Indeed, his
didactic works were outstanding and he was frequently singled out by students,
in their teaching evaluation questionnaires, as a superb teacher of mathematical
physics.

This book is based on lectures that Vujičić gave to both undergraduate and post-
graduate students over a period of several decades. Its guiding principle is to de-
velop the subject rigorously but economically, with minimal prerequisites and with
plenty of geometric intuition. The book offers a practical system of studies with an
abundance of worked examples coordinated in such a way as to permit the diligent
student to progress continuously from the first easy lessons to a real mastery of the
subject. Throughout this book, the author has succeeded in maintaining rigour while
giving the reader an intuitive understanding of the subject. He has imbued the book
with the same good sense and helpfulness that characterized his teaching during
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vi Foreword

his lifetime. Sadly, having just completed the book, Milan Vujičić suddenly died in
December 2005.

Having known Milan well, as my thesis advisor, a colleague and a dear friend, I
am certain that he would wish this book to be dedicated to his wife Radmila and his
sons Boris and Andrej for their patience, support and love.

Belgrade, July 2007 Djordje Šijački,
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Chapter 1
Vector Spaces

1.1 Introduction

The idea of a vector is one of the greatest contributions to mathematics, which came
directly from physics. Namely, vectors are basic mathematical objects of classi-
cal physics since they describe physical quantities that have both magnitude and
direction (displacement, velocity, acceleration, forces, e.g. mechanical, electrical,
magnetic, gravitational, etc.).

Geometrical vectors (arrows) in two-dimensional planes and in the three-
dimensional space (in which we live) form real vector spaces defined by the addi-
tion of vectors and the multiplication of numbers with vectors. To be able to describe
lengths and angles (which are essential for physical applications), real vector spaces
are provided with the dot product of two vectors. Such vector spaces are then called
Euclidean spaces.

The theory of real vector spaces can be generalized to include other sets of ob-
jects: the set of all real matrices with m rows and n columns, the set of all real
polynomials, the set of all real polynomials whose order is smaller than n ∈ N, the
set of all real functions which have the same domain of definition, the sets of all con-
tinuous, differentiable or integrable functions, the set of all solutions of a given ho-
mogeneous system of linear equations, etc. Most of these generalized vector spaces
are many-dimensional.

The most typical and very useful are the vector spaces of matrix-columns x̄ =
[x1 x2 . . .xn]T of n rows and one column, where n = 2,3,4, . . ., and the components
xi, i = 1,2, . . . , n, are real numbers. We denote these spaces by R

n, which is the
usual notation for the sets of ordered n-tuples of real numbers. (The ordered n-
tuples can, of course, be represented by matrix-rows [x1, x2 . . .xn] as well, but the
matrix columns are more appropriate when we deal with matrix transformations in
R

n, which are applied to the left Ax̄, where A is an m×n real matrix.) We shall call
the elements of R

n n-vectors.

1



2 1 Vector Spaces

The vector spaces R
n for n = 2,3, play an important role in geometry, describing

lines and planes, as well as the area of triangles and parallelograms and the volume
of a parallelepiped.

The vector spaces R
n for n > 3 have no geometrical interpretation. Nevertheless,

they are essential for many problems in mathematics (e.g. for systems of linear
equations), in physics (n = 4, space–time events in the special theory of relativity),
as well as in economics (linear economic models).

Modern physics, in particular Quantum Mechanics, as well as the theory of el-
ementary particles, uses complex vector spaces. As far as Quantum Mechanics is
concerned, there were at first two approaches: the wave mechanics of Schrödinger
and the matrix mechanics of Heisenberg. Von Neumann proved that both are iso-
morphic to the infinite dimensional unitary (complex) vector space (called Hilbert
space). The geometry of Hilbert space is now universally accepted as the mathemat-
ical model for Quantum Mechanics.

The Standard Model of elementary particles treats several sets of particles. One
set comprises quarks, which initially formed a set of only three particles, described
by means of the SU(3) group (unitary-complex-3× 3 matrices with unit determi-
nant) but became a set of six particles, described by the SU(6) group.

1.2 Geometrical Vectors in a Plane

A geometrical vector in a Euclidean plane E2 is defined as a directed line segment
(an arrow).

It has its initial point A (the tail) and its terminal point B (the arrow-head). The

usual notation for the vector is
−→
AB. Vectors have two characteristic properties—the

length ||
−→
AB || (a positive number, also called the norm) and the direction (this means

that we know the line on which the segment lies and the direction in which the arrow
points).

Two vectors are considered “equal” if they have the same length and are lying
on parallel lines having the same direction. In other words, they are equal if they
can be placed one on the top of the other by a translation in the plane.

−→
AB=

−→
CD
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This relation in the set of all vectors in the plane is obviously reflexive, symmetric
and transitive (an equivalence relation)(verify), so it produces a partition in this set
into equivalence classes of equal vectors. We shall denote the set of all equivalence
classes by V2 and choose a representative of each class as we find it convenient.

The most convenient way to choose a representative is to select a point in E2 and
declare it as the origin O. Then, we define as the representative of each class that
vector ā from the class whose initial point is O.

o
a

Several vectors from the class [ā] represented by the vector ā which starts at O.
We can now define a binary operation in V2 (V2×V2 → V2) called the addition

of classes by defining the addition of representatives by the parallelogram rule: the
representatives ā and b̄ of two classes [ā] and [b̄] form the two sides of a parallelogram.

The diagonal from O represents the class [ā+ b̄]. That this is the correct definition
of the addition of classes becomes obvious when we verify that the sum of any other
vector from the class [ā] with any vector from the class [b̄] will be in the class [ā+ b̄].
Take any vector from the class [ā], and any vector from the class [b̄], and bring by
translation the vector from [b̄] to the terminal point of the vector from [ā]:



4 1 Vector Spaces

b

a

Now, connect the initial point of the first vector to the terminal point of the second
vector (we “add” the second vector to the first one). This is the triangle rule for the
addition of individual vectors, and it clearly shows that the sum belongs to the class
[ā+ b̄].

The addition of all vectors from the class [ā] with all vectors from the class [b̄]
will give precisely all vectors from the class [ā + b̄]. (We have already proved that
the sum of any vector from [ā] with any vector from [b̄] will be a vector from [ā+ b̄]).
Now we can prove that all vectors from [ā + b̄] are indeed sums of the above kind,
since every vector from [ā+ b̄] can be immediately decomposed as such a sum: from
its initial point draw a vector from [ā] and at the terminal point of this new vector
start a vector from [b̄], whose terminal point will coincide with the terminal point of
the original vector. Δ

(One denotes both the addition of numbers and the addition of vectors by the
same sign “+,” since there is no danger of confusion—one cannot add numbers to
vectors).

It is obvious that the above binary operation is defined for every two representa-
tives of equivalence classes (it is a closed operation—the first property).

The addition of vectors is commutative

ā+ b̄ = b̄+ ā,

as can be seen from the diagram. This is the second property.
This operation is also associative (see the diagram), so it can be defined for three

or more vectors:
(ā + b̄)+ c̄ = ā+(b̄+ c̄) = ā+ b̄+ c̄.
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We simply “add” one vector after another. This is the third property.
Each vector ā has its unique negative −ā (the additive inverse), which has the

same length, lies on any of parallel lines, and has the opposite direction of the arrow:

This is the fourth property.
When we add ā and−ā, we get a unique vector whose initial and terminal points

coincide—the zero vector 0̄: ā+(−ā) = 0̄. The vector 0̄ has length equal to zero and
has no defined direction. It is the additive identity (neutral) since ā+ 0̄ = ā. This is
the fifth property of vector addition.

It follows that the addition of vectors makes V2 an Abelian group since all five
properties of this algebraic structure are satisfied in vector addition: it is a closed
operation which is commutative and associative, each vector has a unique inverse,
and there exists a unique identity.

1.3 Vectors in a Cartesian (Analytic) Plane R
2R
2

R
2

Any pair of perpendicular axes (directed lines) passing through the origin O, with
marked unit lengths on them, is called a rectangular coordinate system.

Each point P in the plane has now two coordinates (x,y), which are determined
by the positions of two orthogonal projections P′ and P′′ of P on the coordinate axes
x and y, respectively.
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Thus, each rectangular coordinate system transforms the Euclidean plane into a
Cartesian (analytic) plane. Analytic geometry is generally considered to have been
founded by the French mathematician Rene Descartes (Renatus Cartesius) in the
first half of the 17th century.

This means that every coordinate system introduces a bijection (1-1 and onto
mapping) between the set of all points in the plane E2 and the set R

2 = R×R of all
ordered pairs of real numbers. We usually identify E2 with R

2, having in mind that
this identification is different for each coordinate system.

We have defined as the most natural representative of each equivalence class of
equal geometrical vectors that vector ā from the class which has its initial point at
the origin O(0,0). Such a vector is determined only by the coordinates (x,y) of its
terminal point P(x,y). We say that ā is the position vector of P(x,y) and denote

ā =
−→
OP by the coordinates of P arranged as a matrix-column ā =

[
x
y

]
(this arrange-

ment is more convenient than a matrix-row [x y] when we apply different matrix
transformations from the left). We call x and y components of ā, and we say that the

matrix-column

[
x
y

]
represents ā in the given coordinate system.

From now on, we shall concentrate our attention on the set of all matrix-columns[
x
y

]
, x,y ∈ R, which can also be denoted by R

2 (ordered pairs of real numbers

arranged as number columns). We call each

[
x
y

]
a 2-vector, since it represents one

equivalence class of geometrical vectors in E2 (one element from V2).

The addition in R
2 of two position vectors ā =

[
x
y

]
and b̄ =

[
x
y

]
can be per-

formed component-wise as the addition between the corresponding components (see
the diagram)

ā+ b̄ =
[

x
y

]
+
[

x′
y′

]
=
[

x + x′
y + y′

]
.

(Note that this is the general rule for addition of matrices of the same size).
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Since the components are real numbers, and the addition of real numbers makes
R an Abelian group, we immediately see that R

2 is also an Abelian group with
respect to this addition of matrix-columns:

R
2 is obviously closed under +, since every two matrix-columns can be added

to give the third one;

This addition is commutative ā+ b̄ =
[

x + x′
y + y′

]
=
[

x′+ x
y′+ y

]
= b̄+ ā;

It is also associative, let c̄ =
[

x′′
y′′

]
, then

(ā + b̄)+ c̄ =
[
(x + x′)+ x′′
(y + y′)+ y′′

]
=
[

x +(x′+ x′′)
y +(y′+ y′′)

]
= ā+(b̄+ c̄) = ā+ b̄+ c̄;

There is a unique additive identity (neutral) called the zero vector 0̄ =
[

0
0

]
, such

that

ā+ 0̄ =
[

x + 0
y + 0

]
=
[

x
y

]
= ā;

Every vector ā =
[

x
y

]
has a unique additive inverse (the negative vector) −ā =[−x

−y

]
, so that ā+(−ā) =

[
x +(−x)
y +(−y)

]
=
[

0
0

]
= 0̄.

1.4 Scalar Multiplication (The Product of a Number
with a Vector)

It is natural to denote ā+ ā as 2ā and so on, motivating introduction of the number-
vector product, which gives another vector: for every c∈R and for every ā∈R

2, we

define the product cā = c

[
x
y

]
=
[

cx
cy

]
, which is a vector parallel to ā, and having

the same (c > 0) or the opposite (c < 0) direction as ā. Since the length of vector ā
is obviously ||ā||=

√
x2 + y2, the length of cā is ||cā||=

√
c2x2 + c2y2 = |c| ||ā||.

This is an R×R
2→ R

2 mapping usually called scalar multiplication, since real
numbers are called scalars in tensor algebra.

Scalar multiplication is a closed operation (defined for every c ∈R and for every
ā ∈ R

2). Since it is an R×R
2→ R

2 mapping, it must be related to defining opera-
tions in R (which is a field) and in R

2 (which is an Abelian group). These operations
are the addition and multiplication of numbers in R, and the addition of vectors in
R

2.

(i) The distributive property of the addition of numbers with respect to scalar
multiplication:
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(c + d)ā = (c + d)
[

x
y

]
=
[
(c + d)x
(c + d)y

]
=
[

cx + dx
cy + dy

]
=
[

cx
cy

]
+
[

dx
dy

]
= cā+ dā;

(ii) The associative property of the multiplication of numbers with respect to scalar
multiplication:

(cd)ā = (cd)
[

x
y

]
=
[

cdx
cdy

]
= c

[
dx
dy

]
= c(dā);

(iii) The distributive property of the addition of vectors with respect to scalar mul-
tiplication:

c(ā+ b̄) = c(
[

x
y

]
+
[

x′
y′

]
) = c

[
x + x′
y + y′

]
=
[

cx + cx′
cy + cy′

]
= c

[
x
y

]
+ c

[
x′
y′

]
= cā+ cb̄;

for all c,d ∈ R and all ā, b̄ ∈ R
2.

(iv) 1ā = ā (the number 1 is neutral for both the multiplication of numbers, 1c = c,
and the multiplication of numbers with vectors, 1ā = ā).

Definition Vector addition (with the five properties of an Abelian group) and scalar
multiplication (with the four properties above) make R an algebraic structure called
a real vector space.

Since R
2 represents V2, the set of the equivalence classes of equal vectors, it

means that V2 is also a real vector space.

When the two operations (vector addition and scalar multiplication) that de-
fine real vector spaces are combined, for instance in c1ā1 + c2ā2 + . . . + cnān =
∑n

i=1 ciāi, c1, c2, . . . ,cn ∈ R, ā1, ā2, . . . , ān ∈ R
2, then one is talking about a linear

combination. This is the most general operation that can be performed in a real
vector space, and it characterizes that algebraic structure.

1.5 The Dot Product of Two Vectors (or the Euclidean Inner
Product of Two Vectors in R

2R
2

R
2)

Note: This subject is treated in detail in Sect. 3.1.
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If we choose two unit vectors (orts) ī and j̄ in the directions of the x and y axes,
respectively, then we immediately see that ā is a linear combination of two vector

components xī and y j̄: ā = xī+y j̄ or

[
x
y

]
= x

[
1
0

]
+y

[
0
1

]
. This is a unique expan-

sion of ā in terms of ī and j̄, so we call {ī, j̄} a basis in R
2, and since ī and j̄ are

orthogonal unit vectors, we say that it is an orthonormal (ON) basis.
The scalar projection x of ā on the direction of ort ī is the result of the obvious

formula x/||ā||= cosα ⇒ x = ||ā||cosα .

Similarly, the scalar projection of ā on any other vector b̄ is obtained as ||ā||cosθ ,
where θ is the smaller angle (0◦ ≤ θ ≤ 180◦) between ā and b̄.

But, in physics, if ā is a force and we want to calculate the work W done by
this force in producing a displacement b̄, then this work is the product of the scalar
projection of the force on the direction of displacement (||ā||cosθ ) by the length
of this displacement (||b̄||): W = ||ā||cosθ · ||b̄||== ||ā|| ||b̄||cosθ . This expression
for W is denoted as ā · b̄ and called the dot product of the force and the displacement:

W = ā · b̄ = ||ā|| ||b̄||cosθ .

The dot product is a R
2×R

2→R map, since the result is a number.
The principal properties of the dot product are

1. The dot product is commutative: ā · b̄ = b̄ · ā (obvious);
2. It is distributive with regard to vector addition

(ā+ b̄) · c̄ = ā · c̄+ b̄ · c̄,

since the scalar projection of ā + b̄ along the line of vector c̄ is the sum of the
projections of ā and b̄;
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3. It is associative with respect to scalar multiplication k(ā× b̄) = (kā) · b̄ = ā · (kb̄).
For k > 0 it is obvious, since kā and kb̄ have the same direction as ā and b̄,
respectively.

For k < 0, we have (kā) · b̄ = |k| ||ā|| ||b̄||cos(180◦−θ ) = k(ā · b̄), since |k|=−k
and cos(180◦−θ ) =−cosθ ;

4. The dot product is strictly positive ā · ā = ||ā||2 > 0 if ā �= 0̄ and ā · ā = 0 iff ā = 0̄
(obvious), so only the zero vector 0̄ has zero length, other vectors have positive
lengths.

Note that the two nonzero vectors ā and b̄ are perpendicular (orthogonal) if and
only if their dot product is zero:

||ā|| ||b̄||cosθ = 0⇔ cosθ = 0⇔ θ = 90◦.

Making use of the above properties 2 and 3, as well as of the dot-multiplication
table for ī and j̄

· ī j̄
ī 1 0
j̄ 0 1

,

one can express the dot product of ā = xī + y j̄ and b̄ = x′ ī + y′ j̄ in terms of their
components:

ā · b̄ = (xī+ y j̄) · (x′ī+ y′ j̄) = xx′ ī · ī+ xy′ī · j̄ + yx′ j̄ · ī+ yy′ j̄ · j̄ = xx′+ yy′.

This expression is how the dot product is usually defined in R
2. It should be empha-

sized that in another coordinate system this formula will give the same value, since
it is always equal to ||ā|| ||b̄||cosθ .

Note that the dot product for three vectors is meaningless.

1.6 Applications of the Dot Product and Scalar Multiplication

A. The length (norm) ||ā|| of a vector ā =
[

x
y

]
= xī + y j̄ can be expressed by the

dot product:

since ā · ā = ||ā||2 cos0◦ = ||ā||2 = x2 + y2, it follows that

||ā||= (ā · ā)1/2 =
√

x2 + y2.
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The cosine of the angle θ between ā =
[

x
y

]
and b̄ =

[
x′
y′

]
is obviously

cosθ =
ā · b̄
||ā|| ||b̄|| =

xx′+ yy′√
x2 + y2

√
x′2 + y′2

, 0◦ ≤ θ ≤ 180◦.

The unit vector (ort) ā0 in the direction of ā is obtained by dividing ā by its
length ā0 = ā

||ā|| , so that ā = ||ā||ā0 and ||ā0||= 1.

The components (scalar projections) x,y of ā =
[

x
y

]
are the result of dot-

multiplication of ā with ī and j̄, respectively:

x = ā · ī = x ·1 + y ·0, y = ā · j̄ = x ·0 + y ·1⇒ ā = (ā · ī)ī+(ā · j̄) j̄.

The distance d(A,B) between two points A(x,y) and B(x′,y′) is the length of the
difference

ā− b̄ =
[

x− x′
y− y′

]
of their position vectors ā =

[
x
y

]
and b̄ =

[
x′
y′

]
:

d(A,B) = ||ā− b̄||=
√

(x− x′)2 +(y− y′)2.

B. The Cauchy–Schwarz inequality is an immediate consequence of the defi-
nition of the dot product: since |cosθ | ≤ 1 for any angle θ , we have that
ā · b̄ = ||ā|| ||b̄||cosθ implies |ā · b̄| ≤ ||ā|| ||b̄||.
The triangle inequality is a direct consequence of the Cauchy–Schwarz inequal-
ity −||ā|| ||b̄|| ≤ ā · b̄≤ ||ā|| ||b̄|| : (∗)
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||ā+ b̄||2 = (ā+ b̄) · (ā+ b̄) =

= ||ā||2 + 2(ā · b̄)+ ||b̄||2
(∗)
≤ ||ā||2 +

+ 2||ā|| ||b̄||+ ||b̄||2 = (||ā||+ ||b̄||)2,

that implies ||ā + b̄||≤||ā||+ ||b̄||, which means that the length of a side of a
triangle does not exceed the sum of the lengths of the other two sides.

C. One of the most important theorems in trigonometry—the cosine rule—can be
easily obtained by means of the dot product. If the sides of a triangle are repre-
sented by vectors ā, b̄, c̄, such that c̄ = ā+ b̄, then

c̄ · c̄ = (ā + b̄) · (ā + b̄) which implies ||c̄||2 = ||ā||2 + ||b̄||2+ +2(ā · b̄) =
||ā||2 + ||b̄||2 + 2||ā|| ||b̄||cos(180◦ − γ), and finally c2 = a2 + b2 − 2abcosγ ,
where ||ā||= a, ||b̄||= b, ||c̄||= c, and cos(180◦− γ) =−cosγ .

D. One can easily prove (using the dot product) that the three altitudes in a triangle
ABC are concurrent.

Let altitudes through A and B intersect at H, and let us take H as the origin.

Then let ā, b̄, c̄ be the position vectors of A,B,C. Since
−→
HA= ā and

−→
BC= c̄− b̄

are perpendicular to each other, we have ā · (c̄− b̄) = 0 or ā · c̄ = ā · b̄. Similarly,
−→
HB · −→CA= 0⇒ b̄ · (ā− c̄) = 0 or b̄ · c̄ = ā · b̄. Subtracting these equations, one

gets (b̄− ā) · c̄ = 0 or
−→
AB · −→HC= 0 or

−→
AB⊥−→HC. Therefore, H lies on the third
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altitude (through C), and the three altitudes in ABC are concurrent (at H which
is called the orthocenter).

E. (1) As two simple and useful applications of scalar multiplication, let us con-
sider the section formula (the ratio theorem) and the position vector of the
centroid of a triangle.

The section formula gives us the position vector p̄ of point P specified by its
position ratio with respect to two fixed points A and B:

AP
PB

=
m · kcm

n · kcm
=

m
n
⇒ AP =

m
n

PB.

Since vectors
−→
AP= p̄− ā and

−→
PB= b̄− p̄ lie on the same line, one is the scalar

multiple of the other

p̄− ā =
m
n

(b̄− p̄)⇒ np̄−nā = mb̄−mp̄⇒
⇒ (m+ n)p̄ = mb̄+ nā, and finally

p̄ =
mb̄+ nā
m+ n

(the section formula).

The mid point of AB (m = n) has the position vector p̄ = ā+b̄
2 .

(2) Consider an arbitrary triangle ABC. Let D,E,F be the mid-points of the
sides BC,CA,AB, respectively. The medians of the triangle are the lines
AD,BE,CF . We shall show, by the methods of vector algebra [see (1) above],
that these three lines are concurrent.
Let G be defined as the point on the median AD such that AG

GD = 2
1 , and hence,

by the section formula

ḡ =
2d̄ + ā

3
.

As D is the mid-point of BC, its position vector is

d̄ =
b̄+ c̄

2
.
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Substituting this vector in the expression for ḡ, we have

g =
ā+ b̄+ c̄

3
.

Because this expression for ḡ is completely symmetrical in ā, b̄, c̄, we would
obtain the same answer if we calculated the position vectors of the points
on the other two medians BE and CF corresponding to the ratio 2 : 1 (ver-
ify). Therefore, the point G lies on all three medians. It is called the centroid
of ABC.

F. Let us prove that the line segment that joins the mid-points of two sides of a
triangle is parallel to and precisely one-half the length of the third side. Thus,
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d̄ = ā+c̄
2 and ē = b̄+c̄

2 ⇒ d̄ − ē = 1
2 (ā− b̄), so

−→
ED= 1

2

−→
BA. Therefore,

−→
ED is

parallel to
−→
BA, since it is a scalar multiple of

−→
BA, and its length || −→ED || is 1

2 of

||
→
BA ||.

Using this result, one can easily prove that the mid-points of the sides of any
quadrilateral ABCD are the vertices of a parallelogram:

−→
EH=

1
2

−→
AC=

−→
FG,

−→
EF=

1
2

−→
DB=

−→
HG .

1.7 Vectors in Three-Dimensional Space (Spatial Vectors)

The notion of a (geometric) vector in three-dimensional Euclidean space E3 is the
same as in two-dimensional space (plane)—it is a directed line segment (an arrow).

It has a length and a direction defined by the line in space on which the segment
lies and the arrow which points to one or the other side. We denote it by its end

points as
−→
AB or simply by ā. The vectors that have the same length and lie on par-

allel lines (with the same direction of the arrow) are considered to be equal. This
means that the set of all vectors in E3 is partitioned into equivalence classes of equal
vectors. We shall denote the set of all these classes as V3. Any choice of three mu-
tually perpendicular axes with unit lengths on them and concurrent at the origin O
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introduces a rectangular coordinate system in E3 and a bijection between the set of
all points in E3 and the set R

3 of all ordered triples (x,y,z) of real numbers.

(We choose a right-handed coordinate system - x,y,z axes point as the thumb, the
index finger and the middle finger of the right hand.)

The natural representative of a class of equal vectors is the vector from the class
whose initial point is at the origin O(0,0,0).This vector is denoted by the coordi-
nates of its terminal point

P(x,y,z) : ā =
−→
OP=

⎡
⎣x

y
z

⎤
⎦

arranged as a matrix-column. Here, x,y,z are called the scalar-components of ā.
We can use R

3 to denote both the set of all points in E3 and the set of their
position vectors.

Note that the representative column

⎡
⎣ x

y
z

⎤
⎦ of ā depends on the choice of the rect-

angular coordinate system (with the same origin O). Later on (in Sect. 4.4), we shall
prove the basic transformation formula: In another rectangular coordinate system
obtained by the orthogonal replacement matrix R (R−1 = RT )

⎡
⎣ ī1

j̄1
k̄1

⎤
⎦= R

⎡
⎣ ī

j̄
k̄

⎤
⎦ .

The representative matrix-column of ā changes analogously
⎡
⎣x1

y1

z1

⎤
⎦= R

⎡
⎣x

y
z

⎤
⎦ .



1.7 Vectors in Three-Dimensional Space (Spatial Vectors) 17

We define the addition in V3 analogously as in V2 by “adding” b̄ to the terminal
point of ā (the triangle rule) or in a component-wise manner by adding the cor-
responding components of the natural representatives of the classes in the chosen
rectangular coordinate system

ā+ b̄ =

⎡
⎣x

y
z

⎤
⎦+

⎡
⎣x′

y′
z′

⎤
⎦=

⎡
⎣x + x′

y + y′
z+ z′

⎤
⎦ .

This addition of vectors makes V3, as well as R
3, an Abelian group (the properties

and proofs are the same as in the two-dimensional cases).
The scalar multiplication and the dot product are also defined by analogy with

R
2:

cā = c

⎡
⎣x

y
z

⎤
⎦=

⎡
⎣cx

cy
cz

⎤
⎦ and ā · b̄ = xx′+ yy′+ zz′.

Example

v̄1 =

⎡
⎣ 5
−1

3

⎤
⎦ and w̄ =

⎡
⎣4

2
1

⎤
⎦ , then v̄+ w̄ =

⎡
⎣9

1
4

⎤
⎦ ,

v̄ · w̄ = 20−2 + 3 = 21, 2v̄ =

⎡
⎣ 10
−2

6

⎤
⎦ , −w̄ =

⎡
⎣−4
−2
−1

⎤
⎦ .

The principal properties of scalar multiplication and of the dot product are the same
as in the two-dimensional case. This means that both R

3 and V3 are real vector
spaces. Due to the dot product having the mentioned properties, R3 and V3 are called
Euclidean vector spaces (see Sect. 3.1).

The rectangular coordinate system is determined by three perpendicular (orthog-

onal) unit vectors (orts) ī =

⎡
⎣1

0
0

⎤
⎦, j̄ =

⎡
⎣ 0

1
0

⎤
⎦, k̄ =

⎡
⎣0

0
1

⎤
⎦, so that each vector a =

⎡
⎣ x

y
z

⎤
⎦

can be written as the unique sum of its vector-components (or unique linear combi-
nation of ī, j̄, k̄)—see the diagram on p. 15:

ā = xī+ y j̄ + zk̄, where

x = ā · ī, y = ā · j̄, z = ā · k̄ and
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· ī j̄ k̄
ī 1 0 0
j̄ 0 1 0
k̄ 0 0 1

.

We say that the vectors ī, j̄, k̄ form an orthonormal (ON) basis in R
3.

1.8 The Cross Product in R
3R
3

R
3

The cross product is a binary vector operation (a mapping R
3×R

3→ R
3), which is

only meaningful in R
3. To every ordered pair of vectors in R

3

ā =

⎡
⎣x

y
z

⎤
⎦= xī+ y j̄ + zk̄ and b̄ =

⎡
⎣x′

y′
z′

⎤
⎦= x′ ī+ y′ j̄ + z′k̄,

we associate a vector c̄ = ā× b̄ = x′′ ī + y′′ j̄ + z′′k̄ that is perpendicular to each
of them:

ā · c̄ = 0 and b̄ · c̄ = 0.

This is a system of two homogeneous linear equations in three unknowns x′′, y′′, z′′:

xx′′+ yy′′+ zz′′ = 0 and x′x′′+ y′y′′+ z′z′′ = 0.

Here, we have fewer equations than unknowns, so we shall have to introduce a
free parameter s for one of the unknowns (say z′′) and x′′ and y′′ will be expressed
in terms of s. Geometrically, solving such a homogeneous system boils down to

finding the kernel of the coefficient matrix A =
[

x y z
x′ y′ z′

]
. This is normally done by

reducing this matrix to the unique row-echelon Gauss–Jordan modified (GJM) form
(see the end of Sect. 2.18).

In this system, this takes the form

⎡
⎢⎢⎢⎣

1 0
zy′ − yz′

xy′ − yx′

0 1
xz′ − zx′

xy′ − yx′
0 0 −1

⎤
⎥⎥⎥⎦ ,

where the last column is a unique basis vector of ker A.
The general solution of the system, i.e. the kernel of A is the line in R

3

⎡
⎣x′′

y′′
z′′

⎤
⎦=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

s

⎡
⎢⎢⎢⎣

zy′ − yz′

xy′ − yx′
xz′ − zx′

xy′ − yx′
−1

⎤
⎥⎥⎥⎦ : s ∈ R

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
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To simplify this expression, we can replace the free parameter s by another
s =−k(xy′ − yx′), k ∈ R, and finally get

x′′ = k(yz′ − zy′)
y′′ = k(zx′ − xz′)
z′′ = k(xy′ − yx′)

⎫⎬
⎭ k ∈R.

Obviously k = 1 is the simplest solution, so

c̄ = (yz′ − zy′)ī+(zx′ − yz′) j̄ +(xy′ − yx′)k̄.

A much less sophisticated and more transparent method can be performed as
follows: Multiply the first equation by (−x′) and the second by x. Now, add the
expressions so obtained giving

y′′

zx′ − xz′
=

z′′

xy′ − yx′
.

Then, multiply the first equation by y′ and the second by (−y). Adding the ex-
pressions so obtained we have

x′′

yz′ − zy′
=

z′′

xy′ − yx′
.

Since these three quotients are equal, but arbitrary, we introduce a free parameter
k ∈ R:

x′′

yz′ − zy′
=

y′′

zx′ − xz′
=

z′′

xy′ − yx′
= k ∈ R.

Naturally, we have the same situation as with the GJM method, and the simplest
solution is again k = 1.

The components of the vector c̄ can be written as determinants of 2×2 matrices:

c̄ = ā× b̄ =
∣∣∣∣ y z
y′ z′

∣∣∣∣ ī−
∣∣∣∣x z
x′ z′

∣∣∣∣ j̄ +
∣∣∣∣x y
x′ y′

∣∣∣∣ k̄.
Note: From now on we shall need several statements from the theory of determinants
(see Appendix A).

For instance, the above expression for c̄ can be interpreted as a symbolic deter-
minant (in the first row are vectors and not numbers, but we can apply the rule for
expanding a determinant about its first row since in vector algebra we have the two
essential operations: the addition of vectors and the multiplication of vectors with
scalars):

c̄ = ā× b̄ =

∣∣∣∣∣∣
ī j̄ k̄
x y z
x′ y′ z′

∣∣∣∣∣∣ .
This new operation is not commutative, but instead it is anticommutative:

ā× b̄ = −(b̄× ā), since the interchange of two rows in a determinant changes
its sign.



20 1 Vector Spaces

It is also not associative: ā× (b̄ × c̄) �= (ā × b̄)× c̄. The last property fol-

lows immediately if we calculate ā× (b̄× c̄) for three arbitrary vectors ā =

⎡
⎣ x

y
z

⎤
⎦,

b̄ =

⎡
⎣ x′

y′
z′

⎤
⎦, c̄ =

⎡
⎣ x′′

y′′
z′′

⎤
⎦:

ā× (b̄× c̄) =

∣∣∣∣∣∣∣∣

ī j̄ k̄
x y z∣∣∣∣ y′z′

y′′z′′

∣∣∣∣
∣∣∣∣ z
′x′

z′′x′′

∣∣∣∣
∣∣∣∣ x′y′
x′′y′′

∣∣∣∣

∣∣∣∣∣∣∣∣
=

= ī[y(x′y′′ − y′x′′)− z(z′x′′ − x′z′′)]+ j̄ + k̄ components =
= ī [x′(xx′′+ yy′′+ zz′′)− x′′(xx′+ yy′+ zz′) ]+ j̄ + k̄ components =
= (ā · c̄)b̄− (ā · b̄)c̄.

Now consider

(ā× b̄)× c̄ = −c̄× (ā× b̄) =−[ (c̄ · b̄)ā− (c̄ · ā)b̄ ] =
= (ā · c̄)b̄− (c̄ · b̄)ā.

Obviously, the first terms (ā · c̄)b̄ agree, while the second ones (ā · b̄)c̄ and (c̄ · b̄)ā
differ. So, ā× (b̄× c̄) �= (ā× b̄)× c̄. Δ It follows that one cannot define the
cross product ā× b̄× c̄ for three vectors, because it is not an associative binary
operation.

The relation of the cross product with vector addition is ā×(b̄+ c̄) = ā× b̄+ ā× c̄
(the distributive law), which can be obtained from∣∣∣∣∣∣

ī j̄ k̄
x y z

x′+ x′′ y′+ y′′ z′+ z′′

∣∣∣∣∣∣=
∣∣∣∣∣∣

ī j̄ k̄
x y z
x′ y′ z′

∣∣∣∣∣∣+
∣∣∣∣∣∣

ī j̄ k̄
x y z
x′′ y′′ z′′

∣∣∣∣∣∣ .

It follows from an analogous argument that

(ā+ b̄)× c̄ = ā× c̄+ b̄× c̄.

The relation of the cross product with scalar multiplication is

k(ā× b̄) = (kā)× b̄ = ā× (kb̄), k ∈ R, (the associative law),

since k

∣∣∣∣∣∣
ī j̄ k̄
x y z
x′ y′ z′

∣∣∣∣∣∣ is equal to the same determinant in which the second or the third

row is multiplied by the scalar k.
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Finally, ā× ā = 0̄ follows from

∣∣∣∣∣∣
ī j̄ k̄
x y z
x y z

∣∣∣∣∣∣= 0ī+0 j̄+0k̄. An important consequence

is that two nonzero vectors ā and b̄ are parallel iff ā× b̄ = 0̄. This can be proved by
observing that if ā and b̄ are parallel, then ā = kb̄, so that ā× b̄ = k(b̄× b̄) = 0̄.

On the other hand, ā× b̄ = 0̄⇒||ā× b̄||= ||ā|| ||b̄||sin θ = 0⇒ sinθ = 0⇒ θ = 0◦
or θ = 180◦ (since 0◦ ≤ θ ≤ 180◦) (for ||ā× b̄|| see Sect. 1.9).

As far as the three orthogonal unit vectors ī =

⎡
⎣ 1

0
0

⎤
⎦, j̄ =

⎡
⎣0

1
0

⎤
⎦, k̄ =

⎡
⎣ 0

0
1

⎤
⎦ are

concerned, their cross-product table is as follows

× ī j̄ k̄
ī 0 k̄ − j̄
j̄ −k̄ 0 ī
k̄ j̄ −ī 0

, since

ī× j̄ =

∣∣∣∣∣∣
ī j̄ k̄
1 0 0
0 1 0

∣∣∣∣∣∣= k̄ , ī× k̄ =

∣∣∣∣∣∣
ī j̄ k̄
1 0 0
0 0 1

∣∣∣∣∣∣=− j̄ and j̄× k̄ =

∣∣∣∣∣∣
ī j̄ k̄
0 1 0
0 0 1

∣∣∣∣∣∣= ī.

This table has zeros on the main diagonal and is skew symmetric with respect to
this diagonal since the cross product is anticommutative.

From ī× j̄ = k̄, it follows that the direction of ā× b̄ is such that ā, b̄, ā× b̄ form a
right-handed system.

The cross product of vectors in R
3 plays an essential role in the theoretical for-

mulation of Mechanics and Electromagnetism.

1.9 The Mixed Triple Product in R
3R
3

R
3. Applications of the Cross

and Mixed Products

Since both the dot and the cross products do not exist for three vectors, we can con-
sider only the mixed triple product (the dot product in relation to the cross product):

ā · (b̄× c̄) = x

∣∣∣∣y
′ z′

y′′ z′′

∣∣∣∣+ y

∣∣∣∣z
′ x′

z′′ x′′

∣∣∣∣+ z

∣∣∣∣x
′ y′

x′′ y′′

∣∣∣∣=
∣∣∣∣∣∣

x y z
x′ y′ z′
x′′ y′′ z′′

∣∣∣∣∣∣ ,

where ā =

⎡
⎣x

y
z

⎤
⎦ , b̄ =

⎡
⎣x′

y′
z′

⎤
⎦ , c̄ =

⎡
⎣x′′

y′′
z′′

⎤
⎦ .

The mixed triple product is a number, since this is a proper determinant. The
above equality represents the first-row expansion of the determinant. The third-row
expansion of the same determinant gives
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y′ z′

∣∣∣∣ x′′+
∣∣∣∣z x
z′ x′

∣∣∣∣ y′′+
∣∣∣∣x y
x′ y′

∣∣∣∣ z′′ = (ā× b̄) · c̄.

From this, we conclude that the signs · and × can be interchanged: ā · (b̄× c̄) =
(ā× b̄) · c̄ (note that the cross product must be kept in brackets). For this reason, the
mixed triple product is often denoted as

[ ā b̄ c̄ ] =

∣∣∣∣∣∣
x y z
x′ y′ z′
x′′ y′′ z′′

∣∣∣∣∣∣ .

Obvious additional properties are

[ ā b̄ c̄ ] = [ c̄ ā b̄ ] = [ b̄ c̄ ā ] =−[ c̄ b̄ ā ] =−[ ā c̄ b̄ ] =−[ b̄ ā c̄ ],

since every interchange of two rows in a determinant changes its sign.

Applications of the Cross and Mixed Products

A. The area of a parallelogram and of a triangle.
The length of ā× b̄ can be determined as follows:

||ā× b̄||2 = (ā× b̄) · (ā× b̄) = ā · [ b̄× (ā× b̄) ] =
= ā · [ (b̄ · b̄)ā− (ā · b̄)b̄ ] = ||ā||2||b̄||2− (ā · b̄)2 =
= ||ā||2||b̄||2−||ā||2||b̄||2 cos2 θ = ||ā||2||b̄||2 sin2 θ , and finally

||ā× b̄||= ||ā|| ||b̄||sinθ , since sinθ ≥ 0 for 0◦ ≤ θ ≤ 180◦.

Now, we can calculate the area A of the parallelograms determined by two vec-
tors ā and b̄:

A = ||ā||h = ||ā|| ||b̄||sinθ = ||ā× b̄||.
The area AΔ of triangles determined by vectors ā and b̄ is calculated analo-
gously:

AΔ =
1
2
||ā||h =

1
2
||ā|| ||b̄||sinθ =

1
2
||ā× b̄||.
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B. The sine rule.
The sine rule can be easily obtained by means of a cross product. The three cross
products ā× b̄, b̄× c̄, c̄× ā in the triangle ABC have the same lengths equal to
twice the area of Δ ABC:

2AΔABC = ||ā× b̄||= ||b̄× c̄||= ||c̄× ā|| or

absinγ = bcsinα = casinβ ,

where a = ||ā||, b = ||b̄||, c = ||c̄||.

Finally, absinγ = acsinβ ⇒ b
sin β

=
c

sinγ
, and

casinβ = cbsinα ⇒ a
sin α

=
b

sinβ
,

giving the sine rule
a

sin α
=

b
sinβ

=
c

sinγ
.

C. The volume of a parallelepiped.
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We introduced ā× b̄ as a vector perpendicular to both ā and b̄, and consequently,
it is perpendicular to the base of the parallelepiped determined by the vectors
ā, b̄, c̄. The positive projection ||c̄|| |cosθ | of c̄ on the line of ā× b̄ is the height
H of the parallelepiped. (Note that 0◦ ≤ θ ≤ 180◦, so that 1≥ cosθ ≥−1, but
the height must be a positive number). Since the volume of the parallelepiped is
the product of the area of the base ||ā× b̄|| with the height ||c̄|| |cosθ |, we have

V = ||ā× b̄|| ||c̄|| |cosθ |= |(ā× b̄) · c̄|= |[ ā b̄ c̄ ]|, where

[ ā b̄ c̄ ] =

∣∣∣∣∣∣
x y z
x′ y′ z′
x′′ y′′ z′′

∣∣∣∣∣∣ , ā =

∣∣∣∣∣∣
x
y
z

∣∣∣∣∣∣ , b̄ =

∣∣∣∣∣∣
x′
y′
z′

∣∣∣∣∣∣ , c̄ =

∣∣∣∣∣∣
x′′
y′′
z′′

∣∣∣∣∣∣
(the absolute value of the mixed triple product).

If the three vectors ā, b̄, c̄ lie in the same plane (i.e. if they are coplanar), then
they cannot form a parallelepiped and [ ā b̄ c̄ ] = 0. This is not only a necessary
condition for coplanarity of three vectors but also a sufficient condition: if three
vectors lie in one plane, then they are linearly dependent (see later) and the
determinant of their column vectors is always zero.
More concisely, coplanarity⇒ [ ā b̄ c̄ ] = 0 ([ ā b̄ c̄ ] = 0 is a necessary condition
for coplanarity), [ ā b̄ c̄ ] = 0⇒ coplanarity ([ ā b̄ c̄ ] = 0 is a sufficient condition
for linear dependence of ā, b̄, c̄, i.e., any of them is a linear combination of the
others, so they lie in the same plane).

1.10 Equations of Lines in Three-Dimensional Space
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Given a fixed point P0(x0,y0,z0) on a line and the direction vector

d̄ =

⎡
⎣u

v
w

⎤
⎦

parallel to the line, we see that
−→
P0P= td̄,

where P(x,y,z) is any point on the line, so that the parameter t takes any real value
(−∞ < t < ∞). This is the vector equation of the line.

Since the components of the vector
−→
P0P are

x− x0, y− y0, z− z0,

one has the parametric equations of the line (x− x0 = tu, . . .):

x = x0 + tu, y = y0 + tv, z = z0 + tw,

or the symmetric form of the equations of the line

x− x0

u
=

y− y0

v
=

z− z0

w
= t.

Taking into account that u = d̄ · ī = ||d̄||cosα , v = d̄ j̄ = ||d̄||cosβ , w = d̄ · k̄ =
||d̄||cosγ , we can multiply these equations by ||d̄|| and obtain

x− x0

cosα
=

y− y0

cosβ
=

z− z0

cosγ
.

These direction cosines are the components of the unit direction vector d̄
||d̄|| = d̄0 =⎡

⎣ cosα
cosβ
cosγ

⎤
⎦. The above equations with cosines are the simplest equations of a line.

[Note that ||d̄0|| = 1 implies cos2 α + cos2 β + cos2 γ = 1, which is the three-
dimensional analogue of the famous trigonometric identity

sin2 α + cos2 α = 1 or cos2 α + cos2 β = 1.]

Instead of giving a point on the line together with the direction vector, one can
use two points P1(x1,y1,z1) and P2(x2,y2,z2) on the line to derive its equations.

Obviously,
−→
P1P= t

−→
P1P2, which gives the symmetric form of the equations:
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x− x1

x2− x1
=

y− y1

y2− y1
=

z− z1

z2− z1
.

Remember that two points determine a line.
Also, two nonparallel planes (see Sect. 1.11) a1x + b1y + +c1z + d1 = 0 and

a2x + b2y + c2z+ d2 = 0, with the normals n̄1 =

⎡
⎣ a1

b1

c1

⎤
⎦ and

⎡
⎣ a2

b2

c2

⎤
⎦ under condition

n̄2 �= kn̄1, determine the parametric equations of the intersecting line by solving the
above system for x and y in terms of the parameter t = z.

Example Find the parametric equations of the intersection line of the two planes

2x− y + 3z−1 = 0

5z+ 4y− z−7 = 0.

The result is x = 11
13 − 11

13 t, y = 9
13 + 17

13 t, z = t, so that

P0(
11
13

,
9

13
,0) and d̄ =

⎡
⎢⎣
− 11

13
17
13

1

⎤
⎥⎦ .

1.11 Equations of Planes in Three-Dimensional Space

The vector equation of the plane passing through the given point P0(x0,y0,z0) and

having the nonzero vector n̄ =

⎡
⎣ a

b
c

⎤
⎦ as its normal is obviously

n̄· −→P0P= 0,

where P(x,y,z) is an arbitrary point on the plane, so that the vector
−→
P0P lies in the

plane and it is perpendicular to the normal n̄.
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In terms of the components of the vectors n̄ and
−→
P0P=

⎡
⎣ x− x0

y− y0

z− z0

⎤
⎦, we have

a(x− x0)+ b(y− y0)+ c(z− z0) = 0,

which is called the point-normal equation of the plane.
If a,b,c are real constants, and a,b,c are not all zero (a requirement equivalent

to a2 + b2 + c2 > 0), then the graph of the linear equation

ax + by + cz+ d = 0

is a plane having the vector n̄ =

⎡
⎣ a

b
c

⎤
⎦ as its normal, and (if a �= 0) passing through

the point (− d
a ,0,0), since it can be written as a(x + d

a )+ b(y−0)+ c(z−0)= 0. It
also passes through the point (0,− d

b ,0) if b �= 0 or through the point (0,0,− d
c ) if

c �= 0.
This linear equation in x,y,z is called the general form of the equation of a plane.
The three points A,B,C determine a plane uniquely if they are not collinear (i.e.,

if they do not lie on the same line). The obvious condition for these points to be

collinear is that the vectors
−→
AB and

−→
AC are parallel or

−→
AC= k

−→
AB. In this case, their

cross product is zero:
−→
AB × −→AC= k(

−→
AB × −→AB) = 0, so that the procedure which

follows is not applicable.
The point-normal equations of the plane passing through three noncollinear

points
A(x1,y1,z1),B(x2,y2,z2),C(x3,y3,z3)

can be obtained easily. We make use of the fact that the vectors
−→
AB and

−→
AC lie

in the plane, so that the vector
−→
AB × −→AC is normal to the plane: we calculate the
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components a,b,c of
−→
AB× −→AC by means of the cross product symbolic determinant
∣∣∣∣∣∣

ī j̄ k̄
x2− x1 y2− y1 z2− z1

x3− x1 y3− y1 z3− z1

∣∣∣∣∣∣= aī+ b j̄ + ck̄,

and write the required equations a(x− xi)+b(y− yi)+ c(z− zi) = 0, where i can be
either 1 or 2 or 3, since all three points are on the plane.

To save unnecessary effort, we should know that all these three point-normal
forms are going to produce one single general form of the equation of the plane
through the three given points.

Example A(1,2,3), B(0,−1,1), C(4,3,−2)

−→
AB×

−→
AC =

∣∣∣∣∣
ī j̄ k̄

−1 −3 −2
3 1 −5

∣∣∣∣∣= ī

∣∣∣∣−3 −2
1 −5

∣∣∣∣− j̄

∣∣∣∣−1 −2
3 −5

∣∣∣∣+ k̄

∣∣∣∣−1 −3
3 1

∣∣∣∣=
= 17ī−11 j̄ +8k̄.

PointA : 17(x−1)−11(y−2)+8(z−3) = 0
PointB : 17(x−0)−11(y+1)+8(z−1) = 0
PointC : 17(x−4)−11(y−3)+8(z+2) = 0︸ ︷︷ ︸

⎫⎪⎪⎬
⎪⎪⎭

the unique general form
17x−11y+8z−19 = 0.

the point-normal equations of the plane passing through A,B,C.

1.12 Real Vector Spaces and Subspaces

The definition of a real vector space involves the field R of real numbers (sometimes
called scalars) and a nonempty set V whose elements (called vectors) can be of very
different nature (e.g. geometrical vector-arrows, matrix-columns, other kinds of ma-
trices, polynomials, all sorts of functions). In V , there are operations of addition and
scalar multiplication which assign to every ordered pair ū, v̄ ∈V the sum ū+ v̄ ∈V ,
and to any ū ∈ V,c ∈ R the product cū ∈ V , respectively. (In short, addition is a
V ×V →V map, and scalar multiplication is a R×V →V map.)

Then V is called a real vector space, and often denoted by V (R), if the following
nine axioms hold:

1. V is a commutative (Abelian) group under addition (five axioms);
2. Scalar multiplication is distributive over additions in both V and R—a,b,c ∈ R,

ū, v̄ ∈V , c(ū + v̄) = cū+ cv̄; (a + b)ū = aū+ bū (two axioms);
3. Scalar multiplication is associative with respect to multiplication in R—a,b ∈

R, ū ∈V ,
(ab)ū = a(bū);

4. The multiplicative identity 1 in R remains the identity of scalar multiplication:
1ū = ū.
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One should remember that the algebraic structure of the field R is determined by
two binary operations—the addition “+” and the multiplication “×” of real num-
bers, so that (R,+) is an Abelian group (five axioms), (R\{0},×) is also an Abelian
group, and multiplication is distributive over addition—(a + b)c = ac + bc. Thus,
V (R) is determined by (5 + 4)+ (5 + 5 +1)= 20 axioms altogether.

Any subset W of the vector space V (R) which is a real vector space by itself
is called a subspace of V (R). (V (R) and {0̄} are the trivial subspaces.) To check
whether a nonempty subset W is a subspace, it is sufficient to verify that it is closed
under addition and scalar multiplication (other properties are inherited from V (R)):
(i) for every two vectors ū, v̄ ∈W , their sum should also belong to W , i.e., ū + v̄ ∈
W ; (ii) for every k ∈ R and every ū ∈W , their product must be a vector in W ,
i.e., kū ∈W . Evidently, each subspace contains 0̄—the zero vector.

If we are given a set of k vectors {v̄1, v̄2, . . . , v̄k} from V (R) and a set of k scalars
(real numbers) {a1,a2, . . . ,ak}, then we can form a linear combination of these two
sets by using the above-defined operations—the addition of vectors and the multi-
plication of scalars with vectors:

a1v̄1 + a2v̄2 + . . .+ akv̄k =
k

∑
i=1

aiv̄i ∈V (R).

This is the most general operation with vectors and scalars that can be performed in
V (R).

The set of all linear combinations of vectors from the subset S = {v̄1, v̄2, . . . , v̄n}⊆
V (R) is obviously closed under the addition of vectors:

k

∑
i=1

biv̄i +
n

∑
i=1

civ̄i =
n

∑
i=1

(bi + ci)v̄i,

as well as under scalar multiplication:

k
n

∑
i=1

div̄i =
n

∑
i=1

(k di)v̄i.

Thus, it is a subspace of V (R) called the lineal (or linear span) of S, and it is de-
noted by LIN(S). It is the most natural and frequently used simple way of making

subspaces of V (R). For example, R
3 is the lineal of ī =

⎡
⎣ 1

0
0

⎤
⎦, j̄ =

⎡
⎣ 0

1
0

⎤
⎦, k̄ =

⎡
⎣ 0

0
1

⎤
⎦,

since

ā =

⎡
⎣a1

a2

a3

⎤
⎦= a1 ī+ a2 j̄ + a3k̄, so R

3 = LIN({ī, j̄, k̄}).
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1.13 Linear Dependence and Independence. Spanning
Subsets and Bases

Let X = {x̄1, x̄2, . . . , x̄k} be a set of k nonzero vectors in V (R). Then, X is said to be
a linearly dependent set if one of its vectors, say x̄ j, is a linear combination of the
others

x̄ j =
k

∑
i=1(i�= j)

cix̄i.

Not all ci can be 0, since x̄ j �= 0̄. This expression can be written as ∑k
i=1 cix̄i = 0̄,

with c j = −1. We see that this new linear combination gives as a result the zero
vector 0̄, but at least two coefficients (including c j) are different from zero. This is
the usual definition of a linearly dependent set of nonzero vectors:

A linear combination of the vectors from the set X of nonzero vectors can give
0̄ without all coefficients being zero. (Note that at least two coefficients must be
different from 0, since all vectors are nonzero, so that cl x̄l = 0̄, cl �= 0, would imply
a contradiction x̄l = 0̄).

The visualization of linear dependence in two- and three-dimensional spaces R
2

and R
3 is straightforward: Two vectors {x̄1, x̄2} in R

2 are linearly dependent if and
only if one of them is a multiple of the other, which means that they both lie on
the same line passing through the origin (i.e., iff they are collinear). In R

3, three
vectors {x̄1, x̄2, x̄3} are linearly dependent if and only if one is in the subspace
spanned by the other two, which is the plane through the origin determined by these
two. Hence, the three vectors in R

3 are linearly dependent iff they all lie in the same
plane through the origin (i.e., iff they are coplanar).

Remark Any set of vectors from V (R) that contains the zero vector 0̄ can form a
linear combination that is equal to 0̄ without all coefficients being zero, since the
zero vector can have any coefficient. This means that such sets satisfy only a formal
definition of linear dependence, since nonzero elements in them need not be linearly
dependent at all.

A more useful test for linear dependence of the ordered set x = {x̄1, x̄2, . . . , x̄k} of
nonzero vectors from V (R) is the following: The set X is linearly dependent if and
only if one of the vectors x̄i, 2≤ i≤ k, is a linear combination of the preceding ones
(its predecessors).

Proof (sufficiency) Assume that x̄i = a1x̄1 + a2x̄2 + . . . + ai−1x̄i−1, 2 ≤ i ≤ k. This
implies a1x̄1 + a2x̄2 + . . . + ai−1x̄i−1− x̄i + 0x̄i+1 + . . . + 0x̄k = 0̄, so that one can
make a linear combination of the vectors from X equal 0̄, but such that some co-
efficients (e.g., ai = −1) in this linear combination are different from 0̄. The set X
is linearly dependent. (necessity) If the vectors from X are linearly dependent, this
means ∑k

j=1 a jx̄ j = 0̄ without all a j being zero. Let l be the largest index such that
al �= 0. (Note that l �= 1, since l = 1 would imply a1x̄1 = 0̄⇒ x̄1 = 0̄, which is im-
possible, since all vectors in X are nonzero. For the same reason, al cannot be the
only nonzero coefficient.) Since al �= 0, we can write
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x̄l =− 1
al

(a1x̄1 + a2x̄2 + · · ·+ al−1x̄l−1),

i.e., x̄l is a linear combination of the preceding vectors. Δ

If none of the vectors from the set Y = {ȳ1, ȳ2, . . . , ȳm} of nonzero vectors from
V (R) is a linear combination of the others from Y , then we say that the set Y is
linearly independent. In this case, we can make their linear combination to be equal
to the zero vector 0̄ only with all coefficients being zero:

m

∑
i=1

biȳi = 0̄⇒∀bi = 0.

Note that the set consisting only of one nonzero vector is a linearly independent set.
If we have a subset Z = {z̄1, z̄2, . . . , z̄r} of vectors from V (R) such that every

vector v̄ ∈V (R) is a linear combination of the vectors from Z, then we say that Z is
a spanning subset of V (R) or

V (R) = LIN(Z).

There is a very important relation between the number n of elements in a linearly
independent (LI) set L = {b̄1, b̄2, . . . , b̄n} in V (R) and the number m of vectors in a
set S = {ā1, ā2, . . . , ām}, which spans V (R), i.e., V (R) = LIN(S).

The replacement theorem states that n≤m, i.e., the number of LI vectors in V (R)
can only be smaller or equal to the number of vectors in any spanning (SP) set.

Proof We transfer b̄1 at the first place of S, thus obtaining the new set S1 =
{b̄1, ā1, ā2, . . . , ām}. This new set is also an SP set (∗) (the coefficient in front of
b̄1 in any expansion can be 0), but it is certainly linearly dependent, since b̄1 is a
linear combination of ās. This means that one of the ās, say ā j, is a linear com-
bination of the preceding ones. We can remove this vector and the remaining set
S′1 = {b̄1, ā1, . . . , ā j−1, ā j+1, . . . , ām} will still be an SP one.

Indeed, LIN(S′1) = LIN(S1), i.e., ā j is redundant in the spanning function of S1.
To prove this, let us remember that in LIN(S1) every vector x̄ ∈V (R) is of the form
x̄ = 0b̄1 + ∑m

i=1 ciāi. But since ā j = d1ā1 + d2ā2 + . . . + d j−1ā j−1 + f1b̄1, we can
replace c jā j in the expansion of x̄ and obtain

x̄ = (c1 + c jd1)ā1 + . . .+(c j−1 + c jd j−1)ā j−1 + c j+1ā j+1 + . . .+ cmām + c j f1b̄1.

Therefore, every vector x̄ from LIN(S1) is a linear combination of vectors from S′1.
Thus, in the SP set S′1 one of the ās is replaced by one of the b̄s.
Now transferring b̄2 at the first place of S′1, we get the set S2 = {b̄2, b̄1, ā1, . . . , ā j−1,

ā j+1, . . . ,am}, which also spans V (R), but it is linearly dependent for sure. One of
the ās is a linear combination of the preceding vectors, so that we can remove it.
The new set S′2 has two ās replaced by two b̄s, and it is still an SP set. (Note that
b̄1 could not be a linear combination of b̄2, since they are LI).Continuing this re-
placement procedure, we are faced with two mutually exclusive alternatives: either
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m < n or n≤m. Assume the first one m < n. In this case, we eventually get two sets:
S′m = {b̄m, b̄m−1, . . . , b̄2, b̄1} and {b̄m+1, . . . , b̄n}, which is obviously an impossible
situation – S′m spans V (R), so that all vectors in V (R) are linear combinations of
vectors in S′m, including b̄m+1, . . . , b̄n, which are by assumption linearly independent
of the vectors in S′m. We conclude that n≤ m remains the only possibility. Δ

Any ordered set of nonzero vectors X = {x̄1, x̄2, . . . , x̄n} in V (R), which is linearly
independent (LI) and spanning (SP) at the same time is called a basis of V (R). Bases
play the most important role in V (R).

The main property of every basis (actually an equivalent definition) is that every
vector ā ∈V (R) is a unique linear combination of its vectors:

ā =
n

∑
i=1

aix̄i

(all ai are uniquely determined by ā). The uniqueness of this expansion is a direct
consequence of the fact that the basis is an LI set – if there were two linear combi-
nations ā = ∑n

i=1 aix̄i and ā = ∑n
i=1 a′ix̄i, then subtracting one from the other we get

0̄ =
n

∑
i=1

(ai−a′i)x̄i,

which implies uniqueness ai = a′i, i = 1,2, . . . ,n, due to LI property of the basis X .
On the other hand, the uniqueness of the expansion of every vector from V (R)

applies to the zero vector 0̄∈V (R) as well: 0̄ = ∑n
i=1 aix̄i⇒∀ai = 0, since a1 = a2 =

. . . = an = 0 is obviously this unique set of coefficients that gives 0̄. This means that
the basis X is an LI set.

Therefore, we have two equivalent definitions of a basis: A basis is any ordered
subset of nonzero vectors in V (R) that is at the same time SP and LI or, by the other
definition, a basis is an ordered subset in V (R) such that every vector ā ∈V (R) is a
unique linear combination of its vectors [uniquely spanning (USP) subset in V (R)].

All bases in V (R) have the same number of vectors, and the number n is called
the dimension of V (R). It is written as dimV (R) = n or Vn(R).

The proof is very simple: if B1 = {x̄1, x̄2, . . . , x̄n} and B2 = {ȳ1, ȳ2, . . . , ȳm} are
two bases, then n≤m since B1 is an LI and B2 an SP set. Also, m≤ n because B1 is
at the same time an SP set and B2 is an LI set. Thus m = n. Δ

In conclusion, we can say that
the number of LI vectors

in Vn(R) ≤ the dimension n
of V (R) ≤ the number of SP vectors

in Vn(R).
(the number of vectors
that are LI and SP at

the same time)
So, a basis is a set with the maximal number (= n) of LI vectors in Vn(R), equal to
the dimension of Vn(R). It is also a set with the minimal number (= n) of SP vectors
in Vn(R).
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Also, any set of n LI vectors in Vn(R) is an SP set as well, i.e., they are a basis.
Likewise, any set of n SP vectors in Vn(R) is simultaneously an LI set, i.e., a basis.
The proof of this statement is as follows: Let L = {x̄1, x̄2, . . . , x̄n} be an LI set in
Vn(R). Let us form its linear span LIN(L). It is a subspace of Vn(R), with L being
its basis. Since L has n elements, the dimension of the subspace LIN(L) is n, so that
LIN(L) = Vn(R)⇒ L spans Vn(R). If S = {ȳ1, ȳ2, . . . , ȳn} is a set of n SP vectors in
Vn(R), it must be LI as well, because it cannot just be a linearly dependent set. If it
were linearly dependent, that would mean that one of its vectors is a linear combi-
nation of its predecessors. We could take out that vector from S, and the remaining
(n−1) vectors would continue to be SP, which is impossible. Δ

1.14 The Three Most Important Examples of Finite-Dimensional
Real Vector Spaces

1.14.1 The Vector Space R
nR
n

R
n (Number Columns)

The most typical and very useful are the vector spaces of matrix columns

x̄ =

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦ of n rows and one column, where n = 2,3,4, . . ., and the components

xi, i = 1,2, . . . ,n, are real numbers. We shall denote these spaces by R
n, which is

the usual notation for the set of ordered n-tuples of real numbers. We shall call the
elements of R

n n-vectors.

Remark The ordered n-tuples can, of course, be represented by the matrix rows
[x1 x2 . . .xn] as well, but the matrix columns are more appropriate when we deal with
matrix transformations applied from the left, e.g. Ax̄, where A is an m× n matrix
[see Sect. 1.15.2(iv)].

The addition of n-vectors is defined as the addition of the corresponding
components: ⎡

⎢⎢⎢⎣
a1

a2
...

an

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣

b1

b2
...

bn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

a1 + b1

a2 + b2
...

an + bn

⎤
⎥⎥⎥⎦ .

(We use the same sign + for these two different operations.) With this binary opera-
tion R

n×R
n→R

n, the set R
n becomes an Abelian group. This is obvious since the

addition in R makes R an Abelian group.
The n-vectors can be multiplied with real numbers (scalars), so that each compo-

nent of an n-vector is multiplied by the same real number:
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c

⎡
⎢⎢⎢⎣

a1

a2
...

an

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

ca1

ca2
...

can

⎤
⎥⎥⎥⎦ .

This scalar multiplication obviously satisfies four basic properties:

1. (c + d)ā = cā+ dā,
2. c(ā+ b̄) = cā+ cb̄,
3. (cd)ā = c(dā),
4. 1ā = ā.

With these two operations the set R
2 becomes a real vector space.

In R
n, we can define the dot (or inner) product as an R

n×R
n→ R mapping:

ā · b̄ = a1b1 + a2b2 + . . .+ anbn =
n

∑
i=1

aibi.

This product satisfies four obvious properties:

1. ā · b̄ = b̄ · ā (commutativity),
2. (ā+ b̄) · c̄ = ā · c̄+ b̄ · c̄ (distributivity with respect to addition in R

n),
3. c(ā · b̄) = (cā) · b̄ = ā · (cb̄) (associativity with respect to scalar multiplication

in R
n),

4. ā · ā > 0 if ā �= 0̄ and ā · ā = 0 iff ā = 0̄ (positive definiteness).

With the dot product the space R
n becomes an (inner product) Euclidean space.

Making use of the dot product, we can define the length (or norm) of vectors in
R

n as

||ā||= (ā · ā)1/2 =
√

a2
1 + a2

2 + · · ·+ a2
n,

as well as the angle between vectors ā and b̄

cosθ =
ā · b̄
||ā|| ||b̄|| ,

even though such concepts can be visualized only for n = 2 and n = 3, since the
vector spaces R

n for n > 3 have no geometrical interpretation. Nevertheless, they
are essential for many problems in mathematics, in physics, as well as in economics.

We can see that R
n is an n-dimensional space since there is a natural (standard)

basis of n vectors in R
n:

BS = {ē1, ē2, . . . , ēn}=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎡
⎢⎢⎢⎣

1
0
...
0

⎤
⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎣

0
1
...
0

⎤
⎥⎥⎥⎦ , . . . ,

⎡
⎢⎢⎢⎣

0
0
...
1

⎤
⎥⎥⎥⎦

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
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(all columns have n components, one 1 and the rest are zeros). This is a trivial illus-
tration that every vector ā ∈ R

n is a unique linear combination of vectors from BS:

ā =

⎡
⎢⎢⎢⎣

a1

a2
...

an

⎤
⎥⎥⎥⎦= a1

⎡
⎢⎢⎢⎣

1
0
...
0

⎤
⎥⎥⎥⎦+ a2

⎡
⎢⎢⎢⎣

0
1
...
0

⎤
⎥⎥⎥⎦+ · · ·+ an

⎡
⎢⎢⎢⎣

0
0
...
1

⎤
⎥⎥⎥⎦=

n

∑
i=1

aiēi.

A more general problem when a set of n vectors in R
n is its basis has a particu-

larly nice solution. Take n = 3 (for other n the solution is analogous) and consider

three vectors x̄ =

⎡
⎣ x1

x2

x3

⎤
⎦ , ȳ =

⎡
⎣ y1

y2

y3

⎤
⎦ , z̄ =

⎡
⎣ z1

z2

z3

⎤
⎦ . They form a basis in R

3 if every

given vector ā =

⎡
⎣ a1

a2

a3

⎤
⎦ has a unique expansion ā = c1x̄ + c2ȳ+ c3z̄.

This is a 3×3 system of linear equations with three unknowns c1,c2,c3:

c1x1 + c2y1 + c3z1 = a1

c1x2 + c2y2 + c3z2 = a2

c1x3 + c2y3 + c3z3 = a3,

and it has a unique solution⇒ {x̄, ȳ, z̄} is a basis, if the determinant of the coefficient
matrix is nonzero: ∣∣∣∣∣∣

x1 y1 z1

x2 y2 z2

x3 y3 z3

∣∣∣∣∣∣ �= 0.

1.14.2 The Vector Space Rn×n (Matrices)

A real matrix A =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦= [ai j]m×n

(
a very useful
short notation

)
is a rectangular

array of real numbers ai j, i = 1,2, . . . ,m; j = 1,2, . . . ,n; the numbers ai j are called
the entries (or elements) of A. The size of the matrix A is defined by the number m
of its rows and the number n of its columns, and written as m×n.

Two matrices A = [ai j]m×n and B = [bi j]m×n of the same size are considered equal
if the corresponding entries are equal: ai j = bi j, for all i and j.

The set of all real matrices of the size m×n is denoted by Rm×n.
Any two matrices A = [ai j]m×n and B = [bi j]m×n of the same size can be added

elementwise:
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A + B = [ai j]m×n +[bi j]m×n = [ai j + bi j]m×n = [ci j]m×n = C.

This binary operation Rm×n×Rm×n → Rm×n makes this set an Abelian group,
because R is an Abelian group with respect to the addition of numbers. One can
easily verify that the addition of matrices is (i) closed, (ii) commutative, (iii) asso-
ciative, (iv) there exists the unique zero matrix 0̂ = [0]m×n (all elements are zero),
which is the identity (neutral) for the addition A+ 0̂ = 0̂+A = A for any A, (v) there
exists a unique negative (the additive inverse) matrix −A = [−ai j]m×n for every A,
so that A +(−A) = 0̂.

For any matrix A = [ai j]m×n and any real number (scalar) c ∈ R, we can define
scalar multiplication (the scalar-matrix product) as the matrix cA = [cai j]m×n (every
element of A is multiplied by c). This is a mapping of the type R×Rm×n→ Rm×n.

Scalar multiplication is related to addition and multiplication in the field R of
scalars, and to the addition of matrices in Rm×n as follows:

(i)

(c + d)A = [(c + d)ai j]m×n = [cai j + dai j]m×n = [cai j]m×n +[dai j]m×n

= cA + dA;

(ii) (cd)A = [(cd)ai j]m×n = [c(dai j)]m×n = c(dA);
(iii) c(A + B) = [c(ai j + bi j)]m×n = [cai j + cbi j]m×n = cA + cB;
(iv) 1A = [1 · ai j]m×n = [ai j]m×n = A (the neutral of the multiplication of numbers

remains the neutral for scalar multiplication).

The addition of matrices and scalar multiplication satisfying altogether 5 + 4
properties listed above, make the set Rm×n a real vector space of dimension m · n.
The statement about dimension follows from the fact that the standard (most natural)
basis in Rm×n consists of m ·n matrices with only one element equal to 1, while all
others are 0:

Epq = [δpi δq j]m×n, p = 1,2, . . . ,m; q = 1,2, . . . ,n,

where

δi j =
{

1, i = j
0, i �= j

(the Kronecker delta symbol).

Obviously, every matrix A = [ai j]m×n is their unique linear combination:

A =
m

∑
p=1

n

∑
q=1

apqEpq.

Example of a basis.
Consider the four-dimensional vector space R2×2. Prove that the following set of

four 2×2 matrices

A =
[

3 6
3 −6

]
,B =

[
0 −1
−1 0

]
,C =

[
0 −8

−12 −4

]
,D =

[
1 0
−1 2

]
is a basis.
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Since the number of matrices is equal to the dimension of the space, we have
only to prove that the set is LI or SP. The test for LI is

aA + bB + cC+ dD =
[

0 0
0 0

]
⇒ a = b = c = d = 0.

This is in fact a 4× 4 homogeneous system of linear equations in a,b,c,d, which
has only the trivial solution if the determinant of the coefficient matrix is different
from 0. Writing the test explicitly

a

[
3 6
3 −6

]
+ b

[
0 −1
−1 0

]
+ c

[
0 −8

−12 −4

]
+ d

[
1 0
−1 2

]
=
[

0 0
0 0

]
,

we get the linear system of homogeneous equations

3a +d = 0
6a −b −8c = 0
3a −b −12c −d = 0
−6a −4c +2d = 0,

and the determinant of the coefficient matrix is∣∣∣∣∣∣∣∣

3 0 0 1
6 −1 −8 0
3 −1 −12 −1
−6 0 −4 2

∣∣∣∣∣∣∣∣
= 3

∣∣∣∣∣∣
−1 −8 0
−1 −12 −1

0 −4 2

∣∣∣∣∣∣−1

∣∣∣∣∣∣
6 −1 −8
3 −1 −12
−6 0 −4

∣∣∣∣∣∣=

= 3(24 + 4−16)− (24−72+48−12)= 4×12 = 48 �= 0.

(by the Sarrus rule, see appendix A-1)

Therefore, a = b = c = d = 0 is the only solution of this system, so that A,B,C,D
form a basis in R2×2. Δ

1.14.3 The Vector Space P3 (Polynomials)

Let us consider the set P3 of all real polynomials whose degree is less than 3, i.e.,
the set

P3 = {ax2 + bx + c |a,b,c,∈R}.
Let us define addition in P3, as well as scalar multiplication with real numbers,

and show that these operations satisfy all nine axioms (five for addition and four for
scalar multiplication), so that P3 becomes a real vector space of dimension 3.

If p(x) and p′(x) are two polynomials from P3, then

p(x)+ p′(x) = (ax2 + bx + c)+ (a′x2 + b′x + c′) =
= (a + a′)x2 +(b + b′)x +(c + c′) ∈ P3,
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as well as for d ∈ R, d p(x) = (ad)x2 +(bd)x +(cd) ∈ P3. These are two mappings
P3×P3→ P3 and R×P3→ P3, respectively.

The addition is obviously a closed operation (axiom 1); it is commutative and as-
sociative since addition in R has the same properties (axioms 2 and 3); the number 0
(a = b = c = 0) is called the zero polynomial and plays the role of the additive iden-
tity p(x)+ 0 = p(x) (axiom 4); the additive inverse of every p(x) ∈ P3 is obviously
−p(x) : p(x)+ (−p(x)) = 0 (axiom 5);

The four basic properties of scalar multiplication are

(i) d(p(x)+ p′(x)) = d(a + a′)x2 + d(b + b′)x + d(c + c′) = d p(x)+ d p′(x);
(ii) (d + e)p(x) = (d + e)ax2 +(d + e)bx +(d + e)c = d p(x)+ ep(x);

(iii) (de)p(x) = (de)ax2 +(de)bx +(de)c = d(ep(x));
(iv) 1p(x) = 1ax2 + 1bx + 1c = p(x).

The most natural (standard) basis in P3 is obviously B = {x2,x,1} since every
p(x) ∈ P3 is a unique linear combination of these polynomials p(x) = ax2 + bx + c.
So, the dimension of P3 is 3.

Example of a basis.
To verify that three other polynomials, e.g., p1(x) = 1, p2(x) = x−1, p3 = x2−

2x + 1 are also a basis in P3, we shall prove only that they are linearly independent.
Remember: In the three-dimensional space P3 any three linearly independent (LI)
vectors form a basis.

If they are a basis, we shall uniquely expand p(x) = 2x2−5x + 6 in this basis.
To verify LI: c1 p1(x) + c2 p2(x) + c2 p3(x) = 0, this implies c1 + c2(x− 1) +

c3(x2−2x+1)= 0⇒ (c1−c2 +c3) ·1+(c2−2c3)x+c3x2 = 0, and since {x2,x,1}
is the standard basis, all these coefficients must be zero:

c1− c2 + c3 = 0

c2−2c3 = 0

c3 = 0,

so this homogeneous 3× 3 linear system obviously has the unique solution c3 =
c2 = c1 = 0.

The coefficient matrix of the above linear system is A =

⎡
⎣ 1 −1 1

0 1 −2
0 0 1

⎤
⎦, so that

det A = 1 �= 0, which verifies the uniqueness of the solution and consequently LI of
the three polynomials p1(x), p2(x), p3(x).

To expand p(x) in this new basis, we write the nonhomogeneous linear system
[p(x) instead of 0]:

c1− c2 + c3 = 6

c2−2c3 =−5

c3 = 2,
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which gives the unique solution by substitution

c3 = 2, c2 =−1, c1 = 3.

Thus, p(x) = 3p1(x)− p2(x) + 2p3(x) (the unique expansion). [Verification:
2x2− 5x + 6 = 3(1)− (x− 1)+ 2(x2− 2x + 1) = 3− x + 1 + 2x2− 4x + 2 = 2x2−
5x + 6].

1.15 Some Special Topics about Matrices

1.15.1 Matrix Multiplication

The two matrices A = [ai j]m×r and B = [bi j]r×n (the number of columns in A is
equal to the number of rows in B) can be multiplied to produce an m× n matrix
C = [ci j]m×n as follows:

ci j =
r

∑
k=1

aikbk j.

(i j-entry in the product matrix C = AB is the dot product of the i-th row of A with
the j-column of B, both being considered as r-vectors).

This matrix multiplication is associative:

A(BC) = (AB)C = ABC,

as is easily seen if we denote A = [air]m×p, B = [brs]p×q, C = [cs j]q×n, then

A(BC) = [
p

∑
r=1

air(
q

∑
s=1

brscs j)]m×n = [
q

∑
s=1

(
p

∑
r=1

airbrs)cs j]m×n =

= (AB)C = [
p

∑
r=1

q

∑
s=1

airbrscs j]m×n = ABC.

The relation between scalar and matrix multiplications is

c(AB) = (cA)B = A(cB), c ∈ R.

Matrix multiplication is distributive over matrix addition : A(B +C) = AB +
+AC; (B +C)A = BA +CA (obvious), but we need to prove both distributive laws
since matrix multiplication is not commutative.

Equality of AB and BA can fail to hold for three reasons:

(i) AB is defined, but BA is undefined (e.g. A is a 2× 3 matrix and B is a 3× 4
matrix);

(ii) AB and BA are both defined, but have different sizes (e.g. A is a 2× 3 matrix
and B is a 3×2 matrix);
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(iii) AB �= BA even when both AB and BA are defined and have the same size (e.g.

A =
[−1 0

2 3

]
, B =

[
1 2
3 0

]
, while AB =

[−1 −2
11 4

]
and BA =

[
3 6
−3 0

]
).

1.15.2 Some Special Matrices

(i) A matrix A = [ai j]n×n, which has an equal number of rows and columns, is
called a square matrix of order n. The elements a11,a22, . . . ,ann form the main
diagonal of A. The sum of the elements on the main diagonal of A is called the
trace of A, and it is denoted by

trA =
n

∑
i=1

aii.

A nonempty collection of matrices is called an algebra of matrices if it is closed
under the operations of matrix addition, scalar, as well as matrix multiplication.
Thus, the collection Rn×n of all square n×n real matrices forms the algebra of
square real matrices of order n.
A square matrix in which all the entries above (or below) the main diagonal are
zero is called a lower (or an upper) triangular matrix.
A square matrix A = [ai j]n×n in which every entry off the main diagonal is zero,
that is,

ai j = 0 for i �= j,

is called a diagonal matrix. The sum, the scalar product, and the product of
diagonal matrices are again diagonal matrices. (The collection of all diagonal
real n×n matrices is thus closed under these operations.) So, all the real n×n
diagonal matrices form an algebra of matrices (a subalgebra of Rn×n). In fact,
the diagonal matrices form a commutative algebra, since the product of diagonal
matrices is a commutative operation.
A diagonal matrix for which all the elements are equal, that is,

ai j = c for i = j and ai j = 0 for i �= j,

is called a scalar matrix. A scalar matrix n×n with c = 1 is called the identity
matrix of order n and it is denoted by In = [δi j]n×n.

(ii) The zero matrix has all its elements equal to zero:

0̂ = [0]m×n

(Note that it is not necessarily a square matrix).
It is interesting to observe that the product of two matrices A and B can be the
zero matrix, that is, AB = 0̂, and that neither A nor B is the zero matrix itself.
An example:
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A =
[

1 2
2 4

]
, B =

[
4 −6
−2 3

]
, but AB =

[
0 0
0 0

]
.

One more interesting fact about matrix multiplication (as different from the
properties of number multiplication) is that the cancelation law does not hold
for matrices:
If A �= 0̂ and AB = AC, then we cannot conclude that B = C. An example:

A =
[

1 2
2 4

]
, B =

[
2 1
3 2

]
, C =

[−2 7
5 −1

]
, AB = AC =

[
8 5

16 10

]
, but B �= C.

(iii) The transpose of a matrix A = [ai j]m×n is the n×m matrix AT = [ai j]T n×m,
where

aT
i j = a ji,

that is, the transpose of A is obtained by interchanging the rows and columns
of A.
Transposition is an involutive operation since (AT )T = A. The relations of trans-
position to matrix addition and scalar multiplication are obvious:

(A + B)T = [(ai j + bi j)T ] = [aT
i j + bT

i j] = AT + BT ,

and (cA)T = [(cai j)T ] = [caT
i j] = cAT .

Less obvious, but frequently used, is the relationship between transposition and
matrix multiplication: Let A = [ai j]m×r and B = [bi j]r×n, then AB =
[∑r

k=1 aikbk j]m×n. Its transpose is (AB)T = [∑r
k=1 a jkbki]n×m = [∑r

k=1 bT
ikaT

k j]n×m.

On the other hand, BT = [bT
i j]n×r, AT = [aT

i j]r×m, so that BT AT = [∑r
k=1 bT

ik

aT
k j]n×m, and finally

(AB)T = BT AT (the reversal rule for transposes).

A square matrix A = [ai j]n×n is called symmetric (skew-symmetric) if AT =
A (AT =−A). The elements of a symmetric matrix are in fact symmetric with
respect to the main diagonal: ai j = a ji. Symmetric tensors, which are symmetric
real 3× 3 matrices which depend on the choice of coordinate system, play a
very important role in the description of a number of physical phenomena in
mechanics, as well in electrodynamics.
Symmetric matrices form a subspace in Rn×n and the simplest (standard) basis
in this subspace for n = 3 is

⎧⎨
⎩
⎡
⎣1 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣0 0 0

0 1 0
0 0 0

⎤
⎦ ,

⎡
⎣0 0 0

0 0 0
0 0 1

⎤
⎦ ,

⎡
⎣0 1 0

1 0 0
0 0 0

⎤
⎦ ,

⎡
⎣0 0 1

0 0 0
1 0 0

⎤
⎦ ,

⎡
⎣0 0 0

0 0 1
0 1 0

⎤
⎦
⎫⎬
⎭ ,

so it is a six-dimensional subspace. Even though the set of symmetric matrices
is closed under matrix addition and scalar multiplication, it is not closed under
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matrix multiplication (e.g. A =
[

1 2
2 3

]
and B =

[
4 5
5 6

]
, but AB =

[
14 17
23 28

]
), so

symmetric matrices do not form a subalgebra of matrices.
Every square matrix A is the unique sum of a symmetric and a skew-symmetric
matrix:

A =
A + AT

2
+

A−AT

2
,

since (A + AT )T = A + AT and (A−AT )T =−(A−AT ).
(iv) (see Sect. 1.14.1) The column matrices n× 1 (or the matrix-columns or the

number columns) are extremely important in all applications. We call them n-
vectors and denote them as ⎡

⎢⎢⎢⎣
x1

x2
...

xn

⎤
⎥⎥⎥⎦= [xi]n×1.

They form a real vector space Rn×1, which is n-dimensional, with the standard
basis {ē1, ē2, . . . , ēn}, in which all columns have n components, one 1 and the
rest are zeros.
In Sect. 2.6.3 we shall show that any choice of a basis v = {v̄1, v̄2, . . . , v̄n} in
a real n-dimensional vector space Vn(R) induces an isomorphism between that
space and the space Rn×1:

x̄ ∈Vn(R), x̄ =
n

∑
i=1

xiv̄i⇔

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦ .

This isomorphism is called the representation of vectors from Vn(R) by matrix-
columns from Rn×1, induced by the basis v.
We have the analogous situation with complex vector spaces Vn(C) and Cn×1.
On the other hand, in Sect. 4.5 (see also Sect. 4.1), we deal with linear func-
tionals in Vn(F) (where F can be R or C), which are vectors in the dual space
V ∗n (F). To represent a linear functional f ∈V ∗n (F) in a basis v = {v̄1, v̄2, . . . , v̄n}
in Vn(F), we apply f to all these basis vectors and form the matrix-row of so-
obtained n numbers from the field F

[ f (v̄1) f (v̄2) . . . f (v̄n)].

Therefore, for the representation of vectors from a dual space V ∗n (F) we need
F1×n, the vector space of matrix-rows of numbers from the field F .
To simplify the notation, we shall denote Rn×1 and Cn×1 by R

n and C
n, respec-

tively, which is slightly incorrect because these two latter notations are mainly
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used for the sets of ordered n-tuples of real or complex numbers, regardless of
their arrangement as columns or rows.
The arrangement of ordered n-tuples as matrix-columns is a common choice in
physics and many other applications. In a number of mathematical text books
the matrix-rows are preferred.
The main difference between these two choices is how we apply linear trans-
formations (matrices):
In Rn×1, we apply an m×n matrix A to vectors from the left

Ax̄ = ȳ, x̄ ∈ Rn×1, ȳ ∈ Rm×1,

or

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn
...

...
...

am1x1 + am2x2 + · · ·+ amnxn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

y1

y2
...

yn

⎤
⎥⎥⎥⎦ ,

and obtain the vector ȳ in Rm×1 (see Sect. 2.6.2).
In the space of matrix-rows R1×n, we have a similar situation, but the n×m
matrix A is applied to vector x̄T from the right to produce the matrix-row ȳT in
R1×m

x̄T A = ȳT , x̄T ∈ R1×n, ȳT ∈ R1×m,

or [x1 x2 . . . xn]

⎡
⎢⎢⎢⎣

a11 a12 · · · a1m

a21 a22 · · · a2m
...

...
. . .

...
an1 an2 · · · anm

⎤
⎥⎥⎥⎦= [y1 y2 . . . yn ],

where yi, i = 1,2, . . . ,m are given as

yi =
n

∑
j=1

a jix j.

(v) An n× n real square matrix is called invertible (or nonsingular or regular) if
there exists another n×n matrix B such that

AB = BA = In.

It can be proved (by using the elementary matrices—see Sect. 2.12) that the
equations AB = In and BA = In always imply each other.
This proof is based on the fact that in an invertible square matrix A all n columns
(as well as the n rows) are linearly independent and that its GJ reduced form is
just In (see the theorem which states when a linear system Ax̄ = b̄, A ∈ Rn×n

has a unique solution for every b̄ ∈ R
n, Sect. 2.16.1). This form is achieved
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by multiplying A from the left by an appropriate set of elementary matrices
{Fq, . . . ,F2,F1} (this set is not necessarily unique):

Fq . . .F2F1A = In (see the end of Sect. 2.15).

Therefore,

AB = In ⇒ Fq . . .F2F1AB = Fq . . .F2F1⇒
⇒ B = Fq . . .F2F1⇒ BA = Fq . . .F2F1⇒ BA = In Δ

The matrix B is called an inverse of A.
But, if a matrix A has an inverse then this inverse is unique. This is obvious,
since if we suppose that there are two inverses B and C, i.e. BA = AC = In, then
B = BIn = B(AC) = (BA)C = InC = C. We denote this unique inverse of A as
A−1.
All invertible real n×n matrices form the group GL(n,R), where GL stands for
general linear group. It is a subset of Rn×n, which is, as we have proved, a real
vector space. But the group GL(n,R) is not a vector space, since the sum of two
invertible matrices is not necessarily an invertible matrix.

Some useful properties of invertible matrices are

1. If A is an invertible matrix, then A−1 is also invertible, and

(A−1)−1 = A.

This follows from A−1A = AA−1 = In.
2. If A and B are invertible, then AB is also invertible, and

(AB)−1 = B−1A−1.

This follows from (AB)(B−1A−1) = A(BB−1)A−1 = AInA−1 = AA−1 = In (the
reversal rule for matrix inverses).

3. If A is invertible, then AT is also invertible and

(AT )
−1

= (A−1)T.

This follows from AA−1 = In⇒ (AA−1)T = IT
n = In⇒ (A−1)T AT = In.

4. (In)−1 = In. This is from InIn = In.

The above properties 1, 2, and 4 show immediately that invertible matrices in
Rn×n form a group GL(n,R) (closure under matrix inversion, and matrix multipli-
cation, as well as the existence of the unity In).

The inverse matrix A−1 of A is calculated in the appendix A.2(4), which follows.



Appendix A
Determinants

A.1 Definitions of Determinants

The determinant is a very important scalar function defined on square n× n real
matrices

det : Rn×n→ R.

As we have shown, determinants are relevant for solving consistent linear sys-
tems with a small number of unknowns (Cramer’s rule-remark 2 in Sect. 2.16.1), for
finding areas and volumes in R

2 and R
3 (see Sect. 1.9), and they are also of interest

in the study of advanced calculus for functions of several variables.
We define the determinant of any square matrix using mathematical induc-

tion. Another method for defining determinants is by using permutations. We shall
present both methods, but we prefer the first one, since it is easier for proving prop-
erties of determinants.

We shall start with determinants of 2× 2 matrices. The simplest motivation for
defining such determinants is to be found in solving linear systems with two un-
knowns

a1x + b1y = c1

a2x + b2y = c2

or, in matrix notation

[
a1 b1

a2 b2

][
x
y

]
=
[

c1

c2

]
.

It is quite an elementary task to show that such a system has a unique solution if
and only if

a1b2−a2b1 �= 0,

and this solution is

x =
c1b2− c2b1

a1b2−a2b1
and y =

a1c2−a2c1

a1b2−a2b1
.

45
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Here, we note the significance of the scalar

a1b2−a2b1

for the coefficient matrix A =
[

a1 b1

a2 b2

]
. To find a more compact form for this scalar,

we define the determinant of this matrix as

∣∣∣∣a1 b1

a2 b2

∣∣∣∣= a1b2−a2b1 = det A.

(Note the difference in notation: [ ] for a matrix, and | | for a determinant).

Similarly, c1b2− c2b1 =
∣∣∣∣ c1 b1

c2 b2

∣∣∣∣ and a1c2−a2c1 =
∣∣∣∣a1 c1

a2 c2

∣∣∣∣.
Finally,

x =

∣∣∣∣ c1 b1

c2 b2

∣∣∣∣∣∣∣∣a1 b1

a2 b2

∣∣∣∣
and y =

∣∣∣∣a1 c1

a2 c2

∣∣∣∣∣∣∣∣a1 b1

a2 b2

∣∣∣∣
.

The denominator in both quotients is the determinant det A �= 0 of the coefficient

matrix A =
[

a1 b1

a2 b2

]
. The numerators are obtained as determinants of the coefficient

matrix where the first and second columns, respectively, are replaced by the column

of the constant terms

[
c1

c2

]
. This is the well-known Cramer’s rule for solving linear

systems with unique solutions defined in Sect. 2.16.1, Remark 2.
It would be quite a challenge to perform the similar task for a 3×3 linear system

a11 x + a12 y + a13 z = b1

a21 x + a22 y + a23 z = b2

a31 x + a32 y + a33 z = b3
or, in matrix notation,

⎡
⎢⎢⎣

a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎥⎥⎦
⎡
⎣ x

y
z

⎤
⎦ =

⎡
⎣b1

b2

b3

⎤
⎦ .

But, to make this long task short by Cramer’s rule, let us say that the result is

x =

∣∣∣∣∣∣
b1 a12 a13

b2 a22 a23

b3 a32 a33

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
, y =

∣∣∣∣∣∣
a11 b1 a13

a21 b2 a23

a31 b3 a33

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
, z =

∣∣∣∣∣∣
a11 a12 b1

a21 a22 b2

a31 a32 b3

∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
,
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provided the determinant

∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ of the coefficient matrix is nonzero.

When we calculate these solutions explicitly, this determinant turns out to be
∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ = a11 a22 a33−a11 a23 a32−a12 a21 a33 +

+a12 a23 a31 + a13 a21 a32−a13 a22 a31. (∗)

The row indices are 123 in all 6 (= 3!) terms, while the column indices are the
three even permutations of 1, 2, 3: 123, 231, 312 and the three odd permutations 132,
213, 321. Terms with even permutations are positive and those with odd permuta-
tions are negative. (A permutation is even (odd) if there is an even (odd) number of
inversions in it. An inversion occurs when a larger integer among 1, 2, 3 precedes a
smaller one.) So, we have the sum of six terms (the number of permutations of three
elements 3!=6), each term is a product of three matrix elements one from each row
and one from each column.

We can now generalize this kind of definition of determinants by use of permu-
tations and say:

Definition The determinant of an n× n real matrix A =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
a31 a32 · · · a3n

⎤
⎥⎥⎥⎦ has n!

terms, i.e., products of n matrix elements one from each row and one from each
column, with row indices in the natural order 1,2, . . . ,n, and the column indices
are n!/2 even permutations of 1,2, . . . ,n, with + sign, and n!/2 odd permutations
with − sign. The formal definition by permutations is

det A = |A|= ∑
σ∈Sn

(signσ)a1σ(1)a2σ(2) . . .anσ(n)

The sum goes over all n! permutations σ of n numbers 1,2, . . . ,n, and these permu-
tations form the symmetric group Sn.

signσ =
{

1 if σ is an even permutation
−1 if σ is an odd permutation,

while σ(i), i = 1,2, . . . ,n, is the image of i under the permutation σ .

Going back to the expansion (∗) we notice that it can be written as
∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣= a11

∣∣∣∣a22 a23

a32 a33

∣∣∣∣−a12

∣∣∣∣a21 a23

a31 a33

∣∣∣∣+ a13

∣∣∣∣a21 a22

a31 a32

∣∣∣∣ . (∗∗)
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It is called the Laplace expansion by the first row of the original determinant. The
three smaller determinants are called cofactors, and they are the signed determinants
of 2× 2 submatrices obtained when we delete the row and column in the original
matrix that correspond to the row and column of the elements (from the first row)
a11,a12,a13. The signs of cofactors are (−1)1+1,(−1)1+2,(−1)1+3, i.e., (−1) to the
power which is the sum of indices of the elements from the first row.

We can now generalize this kind of definition of the determinant by mathematical
induction.

Definition Let us consider the determinant of a 2×2 matrix

[
a11 a12

a21 a22

]
, i.e., det A =

|A|= a11a22−a12a21, as the induction base. The expansion (∗∗) of the determinant
of a 3× 3 matrix (the Laplace expansion) in terms of signed determinants of 2× 2
matrices is the first induction step.

Let A = [ai j] be a real square n×n matrix with n > 3. The cofactor of ai j in A is
ci j = (−1)i+ j det Ai j, where Ai j is the minor matrix in A. It is the (n−1)× (n−1)
submatrix obtained by crossing out the i-th row and j-th column of A:

Ai j =

⎡
⎢⎢⎢⎢⎢⎢⎣

a11 · · · a1 j−1 aa j+1 · · · a1n

· · · · · · · · · · · · · · · · · ·
ai−11 · · · ai−1 j−1 ai−1 j+1 · · · ai−1n

ai+11 · · · ai+1 j−1 ai+1 j+1 · · · ai+1n

· · · · · · · · · · · · · · · · · ·
an1 · · · an j−1 an j+1 · · · ann

⎤
⎥⎥⎥⎥⎥⎥⎦
→ i-th row out

↓
j-th column out

[by induction hypothesis, we are supposed to know how to calculate determinants
of (n−1)× (n−1) matrices.]

The determinant of A is the real number

det A = |A|= a11c11 + a12c12 + · · ·+ a1nc1n =

=
n

∑
k=1

a1kc1k =
n

∑
k=1

(−1)1+ka1k det A1k.

This is the Laplace expansion by cofactors of A along the first row of A.

Remark The Sarrus rule for calculating only the determinants of 3×3 matrices:
∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ = a11a22a33 + a12a23a31 + a13a21a32−

−a13a22a31−a11a23a32−a12a21a33 =
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(the three positive products are calculated by following the multiplications in the
first scheme, and the negative ones according to the second scheme).

Example
∣∣∣∣∣∣

6 −1 −8
3 −1 −12
−6 0 −4

∣∣∣∣∣∣= 24−72 + 48−12 = 72−72−12 =−12.

A.2 Properties of Determinants

1. The column-interchange property (also the row-interchange property).

Statement If two different columns of a square n×n matrix A are interchanged,
the determinant of the resulting matrix B is

det B =−det A.

Also, since det AT = det A (see the next transpose property), we can conclude
that the interchange of two different rows in A gives the matrix C, such that

det C =−det A

Proof (for the interchange of columns).
For the case n = 2, this property is obvious (this is the induction base):

det A =
∣∣∣∣a11 a12

a21 a22

∣∣∣∣= a11a22−a12a21, and in B we interchange columns,

det B =
∣∣∣∣a12 a11

a22 a21

∣∣∣∣= a12a21−a11a22 =−(a11a22−a12a21) =−det A.

Assume n > 2, and that this column-interchange property holds for determinants
of matrices of size (n−1)×(n−1) (induction hypothesis). Then this will be true
for the determinant of a matrix which is of n×n size.
Let A be an n×n matrix and let B be the matrix obtained from A by interchanging
the two neighboring columns—the i-th and (i + 1)-th ones, leaving the other
columns unchanged: A = [ . . . ci ci+1. . . ] and B = [ . . .ci+1 ci . . . ], where ci and ci+1

are those neighboring columns. Now b1i = a1 i+1, and also for the corresponding
cofactors B1i = A1 i+1. Similarly, b1 i+1 = a1i and B1 i+1 = A1i. Choosing k �= i,
i+1 (because n > 2 we can choose a third column k), we have b1k = a1k, but B1k

is obtained from A1k by the interchange of two neighboring columns i and i+ 1,
which due to the induction hypothesis means det B1k =−det A1k, since B1k and
A1k are (n−1)× (n−1) minor submatrices.
If by ∑′ we denote the sum from 1 to n, in which the i-th and (i+1)-th terms are
missing, we have
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det B = ∑n
k=1(−1)1+kb1k det B1k =

= ∑′(−1)1+kb1k det B1k +(−1)1+ib1i det B1i +(−1)1+(i+1)b1 i+1 det B1 i+1 =
= −∑′(−1)1+ka1k detAlk+(−1)1+ia1 i+1 det A1 i+1+(−1)1+(i+1)a1i det A1i =
= −∑′(−1)1+k det A1k− (−1)1+(i+1)a1 i+1 det A1 i+1− (−1)1+ia1i det A1i =
= −∑n

k=1(−1)1+ka1k det A1k =−det A.

We can conclude that the interchange of two neighboring columns in an n× n
matrix A gives a new matrix B, such that

det B =−det A.

Now, assume that we interchange the two columns i and (i+ p), with p > 1. We
have

A = [ . . .ci−1 ci ci+1 . . .ci+p−1 ci+p ci+p+1 . . . ] and

B = [ . . .ci−1 ci+p ci+1 . . .ci+p−1 ci ci+p+1 . . . ].

If we interchange ci and ci+p−1 in B, and so on to the left until we interchange ci

with ci+p, we in fact perform p such permutations in B and obtain the new matrix

B′ = [ . . .ci−1 ci ci+p ci+1 . . .ci+p−1 ci+p+1 . . . ],

so that det B′ = (−1)p det B. Furthermore, we interchange ci+p with ci+1 in B′,
and so on to the right until ci+p reaches its natural position. In so doing, we
perform (p−1) permutations and reach the original matrix A. Therefore,

det A = (−1)p−1 det B′ = (−1)2p−1 det B =−det B. Δ

2. The transpose property

Statement For any square matrix A, we have det AT = det A, or, in other words,
the matrix A and its transpose have equal determinants.

Proof Verification of this property is trivial for determinants of matrices of the
size 2×2:

A =
[

a11 a12

a21 a22

]
, det A = a11a22−a12a21,

AT =
[

a11 a21

a12 a22

]
, det AT = a11a22−a12a21,

⇒ det AT = det A,

(this is the induction base).
Assume n > 2, and that this transpose property holds for determinants of matrices
of size (n−1)× (n−1), (this is the induction hypothesis). Then this will be true
for the determinant of a matrix which is of n×n size.



A.2 Properties of Determinants 51

Indeed, we perform the Laplace expansion of det A along the first row

det A =
n

∑
k=1

(−1)1+ka1k det A1k,

where A is an n×n matrix. For det B = det AT , we perform the cofactor expan-

sion on the first column det B = ∑n
k=1(−1)k+1bk1 det Bk1. We know that the first

column in B is in fact the first row in A, i.e.,

bk1 = a1k, k = 1,2, . . . ,n.

Furthermore, the minor matrix Bk1 is obviously the transpose of A1k, Bk1 = AT
1k,

and since they are (n−1)× (n−1) submatrices, we have

det Bk1 = det A1k, by the induction hypothesis.

Replacing these two last equalities in the expansion of det B =
∑n

k=1(−1)1+ka1k det A1k = det A, which is the transpose property det AT = det A.
Δ

3. Theorem [on the general Laplace (cofactor) expansion] The determinant
det A of an n× n matrix A can be computed by multiplying the entries of any
row or any column by their respective cofactors and adding the resulting prod-
uct. More precisely:

det A = ai1ci1 + ai2ci2 + · · ·+ aincin =

=
n

∑
k=1

(−1)i+kaik det Aik, 1≤ i≤ n,

(the cofactor expansion along the i-th row);

det A = a1 jc1 j + a2 jc2 j + · · ·+ an jcn j =

=
n

∑
k=1

(−1)k+ jak j det Ak j, 1≤ j ≤ n,

(the cofactor expansion along the j-th column).

Proof By the (i−1) permutations of the i-th row, i = 2,3, . . . ,n, in

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
ai−11 ai−12 · · · ai−1n

ai1 ai2 · · · ain

ai+11 ai+12 · · · ai+1n

· · · · · · · · · · · ·
an1 an2 · · · ann

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, we get the matrix
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B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ai1 ai2 · · · ain

a11 a12 · · · a1n

· · · · · · · · · · · ·
ai−11 ai−12 · · · ai−1n

ai+11 ai+12 · · · ai+1n

· · · · · · · · · · · ·
an1 an2 · · · ann

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

b11 b12 · · · b1n

b21 b22 · · · b2n
...

...
. . .

...
bn1 bn2 · · · bnn

⎤
⎥⎥⎥⎦ ,

so that det B = (−1)i−1 det A (the row-interchange property).
But, det B = ∑n

k=1(−1)1+kb1k det B1k (the basic definition of a determinant,
i.e., the Laplace expansion along the first row), and we see that b1k = aik and
B1k = Aik, k = 1,2, . . . ,n, so that det B = ∑n

k=1(−1)1+kaik det Aik. By multiply-
ing both sides with (−1)i−1, we get

(−1)i−1 det B =
n

∑
k=1

(−1)i+kaik det Aik = det A.(∗)

which is the Laplace cofactor expansion of det A along the i-th row, 1≤ i≤ n.
The Laplace cofactor expansion along columns of det A follows by analogous
reasoning, starting with the transpose property det A = det AT . Δ

4. Theorem (on the inverse matrix A−1A−1A−1 of AAA) If det A �= 0, then the inverse matrix
of A = [ai j]n×n is given as

A−1 = adj A
det A ,

where adj A (the adjoint of A) is the transpose of the matrix made of cofactors of
A:

adj A =

⎡
⎢⎢⎢⎣

c11 c21 · · · cn1

c12 c22 · · · cn2
...

...
. . .

...
c1n c2n · · · cnn

⎤
⎥⎥⎥⎦ .

Proof If we multiply the elements of a row (or column) of A with cofactors of
another row (or column) and sum these products, the result is always zero:

n

∑
k=1

(−1)i+ka jk det Aik =
n

∑
k=1

a jkcik = 0 (i �= j)

(the elements of the j-th row are multiplied by cofactors of the i-row and these
products are summed up) and, similarly, for columns

n

∑
k=1

(−1)k+iak j det Aki =
n

∑
k=1

ak jcki = 0 (i �= j).

We shall prove only the first of the above expressions:
Consider the matrix B, which is obtained from A by replacing in A the i-th row
by the j-th one (i �= j), so that B has two identical j-th rows. As a consequence of
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the row-exchange property, we have det B =−det B, or det B = 0. The cofactor
expansion of det B, i.e.,

det B =
n

∑
k=1

(−1)i+kbik det Bik = 0

implies, due to Bik = Aik and bik = a jk, or, in detail,

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n

· · · · · · · · · · · ·
ai−11 ai−12 · · · ai−1n

ai1 ai2 · · · ain

ai+11 ai+12 · · · ai+1n

· · · · · · · · · · · ·
a j−11 a j−12 · · · a j−1n

a j1 a j2 · · · a jn

a j+11 a j+12 · · · a j+1n

· · · · · · · · · · · ·
an1 an2 · · · ann

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n

· · · · · · · · · · · ·
ai−11 ai−12 · · · ai−1n

a j 1 a j 2 · · · a j n

ai+11 ai+12 · · · ai+1n

· · · · · · · · · · · ·
a j−11 a j−12 · · · a j−1n

a j1 a j2 · · · a jn

a j+11 a j+12 · · · a j+1n

· · · · · · · · · · · ·
an1 an2 · · · ann

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b11 b12 · · · b1n

· · · · · · · · · · · ·
bi−11 bi−12 · · · bi−1n

bi1 bi2 · · · bin

bi+11 bi+12 · · · bi+1n

· · · · · · · · · · · ·
b j−11 b j−12 · · · b j−1n

b j1 b j2 · · · b jn

b j+11 b j+12 · · · b j+1n

· · · · · · · · · · · ·
bn1 bn2 · · · bnn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

that
n

∑
k=1

(−1)i+ka jk det Aik =
n

∑
k=1

a jkcik = 0. (i �= j) (∗∗)

We can now make a statement that summarizes the above results (∗) in 3 and
(∗∗) in 4

n

∑
k=1

(−1)i+ka jk det Aik = δ ji det A, or

n

∑
k=1

a jkcik = δ ji det A.

In terms of matrix multiplication, this can be written as A adj A = det AIn, where
adj A is the transpose of the matrix of cofactors.
If det A �= 0, then we can divide both sides by det A and get A adj A

det A = In, which
means that

A−1 =
adj A
det A

. Δ

This is the most useful formula for the inverse matrix A−1, and it clearly shows
that the matrix A is invertible (nonsingular or regular) if and only if its determi-
nant is different from 0:

det A �= 0.

5. The determinant of a triangular matrix.

Statement The determinant of any triangular matrix (lower, upper, or diagonal)
is the product of all diagonal elements.
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Proof Let us consider a lower triangular n× n matrix A and perform in suc-
cession the Laplace expansion along the first row in its determinant and in the
resulting cofactors:

det A =

∣∣∣∣∣∣∣∣∣∣

a11 0 0 · · · 0
a21 a22 0 · · · 0
a31 a32 a33 · · · 0
· · · · · · · · · · · · · · ·
an1 an2 an3 · · · ann

∣∣∣∣∣∣∣∣∣∣
= a11

∣∣∣∣∣∣∣∣∣

a22 0 · · · 0
a32 a33 · · · 0

...
...

. . .
...

an2 an3 · · · ann

∣∣∣∣∣∣∣∣∣
=

= a11a22

∣∣∣∣∣∣∣
a33 · · · 0

...
. . .

...
an3 · · · ann

∣∣∣∣∣∣∣
= . . . = a11 a22 a33 . . .ann.

For an upper triangular n×n matrix the proof is analogous. A diagonal matrix is
at the same time a lower and an upper triangular matrix. Δ

6. Theorem (on the multiplicative property of determinants) If A and B are
n×n matrices, then

det (AB) = det A ·det B .

Proof To prove this theorem is very easy if A is a diagonal matrix, because the
product

AB =

⎡
⎢⎢⎢⎣

a11 0
a22

. . .
0 ann

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

b11 b12 · · · b1n

b21 b22 · · · b2n
...

...
. . .

...
bn1 bn2 · · · bnn

⎤
⎥⎥⎥⎦=

=

⎡
⎢⎢⎢⎣

a11b11 a11b12 · · · a11b1n

a22b21 a22b22 · · · a22b2n
...

...
. . .

...
annbn1 annbn2 · · · annbnn

⎤
⎥⎥⎥⎦

has its i-th row equal to aii times the i-th row of B. Using the scalar multiplication
property (see the following property 7) in each of these rows, we obtain

det (AB) =

∣∣∣∣∣∣∣∣∣

a11b11 a11b12 · · · a11b1n

a22b21 a22b22 · · · a22b2n
...

...
. . .

...
annbn1 annbn2 · · · annbnn

∣∣∣∣∣∣∣∣∣
=

= (a11 a22 . . .ann)det B = det A ·det B,

since the determinant of the diagonal matrix A is equal to the product of its diag-
onal elements (property 5).
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Now suppose that A is an invertible matrix. We can use the row-reduction method
analogous to the GJ method (see Sect. 2.13), but without making the leading
entries equal to 1, and finally, we reduce A to a diagonal matrix D with nonzero
diagonal elements. We can write D = EA, where E is the product of elementary
matrices Fi j (see Sect. 2.12), corresponding to the row exchange (property 1) [its
determinant is (−1)] and Fi j(λ), corresponding to the row-addition (see property
8) with determinant equal to 1. In other words, |Fi jA|=−|A| and |Fi j(λ)A|= |A|,
or |Fi jA| = |Fi j||A| and |Fi j(λ)A| = |Fi j(λ)||A|. In particular, if F1 and F2 stand
for either Fi j or Fi j(λ), we have

|F1F2| = |F1||F2|, or, more generally,

|F1F2 . . .Fp| = |F1||F2| . . . |Fp|.

Since E = F1F2 . . .Fp, where each of F1,F2,. . . ,Fp is either Fi j or Fi j(λ), we
have EA = (F1F2 . . .FpA) = D and |EA| = |F1F1 . . .FpA| = |F1||F2. . . FpA| =
|F1||F2||F3 . . .FpA|= . . . |F1||F2| . . . |Fp||A|= (−1)s|A|= |D|, where s is the num-
ber of Fi j factors (the row interchanges) in E .
So, |A| = (−1)s|D|. Also E(AB) = (EA)B = DB, so that |EAB| = |F1F2 . . .Fp

AB|= (−1)s|AB|= |DB|, and, finally, |AB|= (−1)s|DB|= (−1)s|D||B|= |A||B|
or

det (AB) = det A ·det B.

If A is a singular (noninvertible) matrix, which means that A maps some nonzero
vectors from R

n onto 0̄n, then this would be the case with AB as well, so AB must
be singular. Consequently, |A|= 0 and |AB|= 0, and we again have

|AB|= |A||B| Δ

An obvious generalization is that

det (A1A2 . . .Ak) = det A1 ·det A2 · · ·det Ak.

7. The scalar multiplication property.

Statement If a single row (or a single column due to the transpose property
|AT | = |A|, see property 2) of a square matrix A is multiplied by a scalar λ, the
determinant of the resulting matrix is

λdet A,

or by using the elementary matrix Fi(λ) (see Sect. 2.12)

|Fi(λ)A|= |Fi(λ)||A|= λ|A|.

Proof Let λ �= 1 be any scalar (a real number), and let B = Fi(λ)A be the matrix
obtained from A by replacing the i-th row [ai1 ai2 . . .ain] of A by [λai1 λai2 . . . λ
a1n ]. Since the rows of B are equal to those of A except for the i-th row, it follows
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that the minor matrices Ai j and Bi j are equal for each j = 1,2, . . .n. Therefore,

(−1)i+ j|Ai j|= (−1)i+ j|Bi j|,

and computing det B by the Laplace expansion along the i-th row, we have

det B =
n

∑
j=1

(−1)i+ jbi j|Bi j|=
n

∑
j=1

(−1)i+ jλai j|Ai j|=

= λ
n

∑
j=1

(−1)i+ jai j|Ai j|= λdet A. Δ

8. The row-addition property

Statement If the product of one row of a square matrix A by a scalar λ is added
to a different row of A, the determinant of the resulting matrix is the same as
det A, or, in terms of elementary matrices Fi j(λ) (see Sect. 2.12):

|Fi j(λ)A|= |Fi j(λ)||A|= |A|.

Proof Let r̄ j = [a j1 a j2 . . . a jn] be the j-th row of A. Suppose that λr̄ j is added to
the i-th row r̄i of A, where λ �= 0 is any scalar and i �= j.
We obtain the matrix B = Fi j(λ)A whose rows are the same as the corresponding
rows of A except for the i-th row, which is

λr̄ j + r̄i = [λa j1 + ai1 λa j2 + ai2 . . . λa jn + ain].

Clearly, the minor matrices Aik and Bik are equal for each k. Computing det B by
the Laplace expansion along the i-th row, we have

det B =
n

∑
k=1

(−1)i+kbik|Bik|=
n

∑
k=1

(−1)i+k(λa jk + aik)|Aik|=

=
n

∑
k=1

(−1)i+kλa jk|Aik|+
n

∑
k=1

(−1)i+kaik|Aik|=

= λdet C + det A,

where C is the matrix obtained from A by replacing the i-th row of A with the
j-th row of A. Because C has two equal rows, its determinant is zero (the row-
interchange property), so det B = det A. Δ

Note. Due to the transpose property |AT |= |A|, the analogous statement is valid
for the column-addition property.

Remark The row and column additions can be used to simplify calculations of
determinants, since they do not change the value of a determinant, but can pro-
duce rows and columns with more zeros to enable easy Laplace expansions.
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Example Calculate the determinant of the 4×4 matrix:
∣∣∣∣∣∣∣∣

2 −1 4 −3
−1 1 0 2

3 2 3 −1
1 −2 2 3

∣∣∣∣∣∣∣∣
we add column 2 to column 1

and (−2) column 3 to column 4,

=

∣∣∣∣∣∣∣∣

1 −1 4 −1
0 1 0 0
5 2 3 −5
−1 −2 2 7

∣∣∣∣∣∣∣∣
and perform the Laplace expansion

along the second row,

= 1

∣∣∣∣∣∣
1 4 −1
5 3 −5
−1 2 7

∣∣∣∣∣∣
we add (−5) row 1 to row 2 and add

row 1 to row 3,

=

∣∣∣∣∣∣
1 4 −1
0 −17 0
0 6 6

∣∣∣∣∣∣ the Laplace expansion along the first column,

= 1

∣∣∣∣−17 0
6 6

∣∣∣∣=−17 ·6 =−102



Chapter 2
Linear Mappings and Linear Systems

2.1 A Short Plan for the First 5 Sections of Chapter 2

Since the whole concept of modern mathematics is based on sets and their mappings,
we shall now, after studying sets of vector spaces, continue with the investigation of
their mappings.

We shall first review the general theory of mappings. We want to emphasize that
every map

f : A→ B (where A, B are two arbitrary sets)

is actually a bijection between the subset f (A) of all images of f in the codomain B
and the set of their inverse images in the domain A (this set makes a partition of the
domain A).

A linear mapping L(in short: linmap) L : Vn →Wm takes all vectors from one
vector space Vn onto their unique images in another space Wm, so that any linear
combination ∑k

i=1 aiv̄i of vectors from Vn goes onto the same linear combination
∑k

i=1 aiL(vi) of their images.
Every linear map L : Vn→Wm defines the two most important subspaces, one in

Vn and one in Wm. The first subspace consists of all vectors from Vn which are taken
by L onto the zero vector 0̄w in Wm. It is called the kernel of L, and it is denoted
as ker L. The second subspace is made of images in Wm of all vectors from Vn. It is
called the range of L and it is denoted as ran L.

When L is a many-to-one linmap then every element ȳ ∈ ran L has its inverse
image Inv(ȳ) in Vn which is actually a subset of Vn that consists of ker L plus a
unique particular preimage ȳ′ ∈Vn. This set ker L+ ȳ′ is called the coset of ȳ [it is a
neighbor set of ker L = Inv(0̄w) obtained by translating the kernel with ȳ′, which is
uniquely determined by ȳ]. The set of all cosets forms a vector space (the quotient
space Vn/ker L) which is isomorphic to ran L:

Vn/ker L
∼= ran L.

To determine ker L and ran L as the essential objects of linmap L, we usually ex-
ploit representation theory in which vectors from Vn and Wm are replaced by matrix

59
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columns from R
n and R

m, respectively, and L itself by an m×n matrix M′. Making
use of matrix algebra, we can now easily solve these problems for L (finding ker L
and ran L) and many other more complicated problems (e.g., the Eigen problem –
Chap. 5). Thus, representation theory is extremely useful for all researchers using
linear maps in their experiments (for example, physicists dealing with atomic and
subatomic worlds).

Choosing a basis {v̄1, v̄2, . . . , v̄n} in Vn and a basis {w̄1, w̄2, . . . , w̄m} in Wm, we
can achieve two isomorphisms, one v between Vn and Rn, and the other w between
wm and R

m. It is then easy to define the m×n matrix M (this matrix is also a linmap
M : R

n→R
m) that represents L in the sense that if L maps x̄∈Vn onto ȳ = L(x̄)∈Wm,

then M maps [x̄]v (the matrix-column that represents x̄ in R
n by isomorphism v) onto

the matrix-column [ȳ]w = [L(x̄)]w:

M[x̄]v = [L(x̄)]w.

So, whichever problem we have to solve for L : Vn→Wm, we first transfer it to
M : R

n → R
m and perform the necessary matrix calculations. Taking these results

back to Vn and Wm is then immediate by using the isomorphisms v and w.

2.2 Some General Statements about Mapping

Given two sets A and B, then a mapping (or a map) f from A to B is a rule which
associates with each element x ∈ A (called a preimage) a single element f (x) in
the set B. The set A is called the domain of f (Dom f ) and the set B is called the
codomain of f . One uses the notation f : A→ B.
The element f (x) ∈ B is the image of x ∈ A under f :

f : x �→ f (x).
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(Note the difference in notation: �→ for elements instead of→ for sets)
The set of all images is a subset of B, and it is called the range of f (ran f ):

ran f = f (A) = { f (x) | x ∈ A} ⊆ B.

If f (A) = B, i.e., if every element from B is an image of elements from A, then f
is an onto map (or surjection).

Generally, a map can be many-to-one, but if distinct elements from A have dis-
tinct images:

x1 �= x2⇒ f (x1) �= f (x2),

then f is a one-to-one (1-1) map (or an injection). The contrapositive statement
(more often used for 1-1 maps) is that f (x1) = f (x2)⇒ x1 = x2 (one image cannot
have more than one preimage).

If a map f is at the same time 1-1 and onto, then it is called a bijection. In this case
(and only in this case), the map f has the inverse map f−1 : B→ A (also a bijection),
so that f ◦ f−1 = IB and f−1 ◦ f = IA, where IA and IB are the identity maps in A and
B (e.g., IA(x) = x for all x from A), and ◦ is the composition of mappings.

If f is not a 1-1 map, then the set of all preimages of y∈ ran f is called its inverse
image: Inv(y) = {x | x ∈ A and f (x) = y}.

Since every element of A belongs to one and only one inverse image, the set of
all inverse images makes a partition of A. In other words, the domain A is the union
of all inverse images which are mutually disjoint subsets. So, the inverse images are
the equivalence classes of the equivalence relation ∼ in A induced by this partition
(two elements x1 and x2 are equivalent x1 ∼ x2 if and only if they belong to the same
inverse image, i.e., iff f (x1) = f (x2). This relation is obviously reflexive, symmetric
and transitive (SRT), so it is an equivalence relation). Obviously, if we consider the
set A/ ∼ of all inverse images, then there is a bijection f ′ between this set and
ran f = f (A). A convenient notation is

A/∼
f ′↔ ran f

Conclusion: Every map f : A→B gives rise to a bijection f : A/∼ ↔ ran f , where

ran f = f (A) is the range of f (the subset of all images in the codomain B) and A/∼
is the set of all inverse images of f in the domain A.
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2.3 The Definition of Linear Mappings (Linmaps)

Let Vn and Wm be two real vector spaces of dimensions n and m, respectively. A
linear mapping (a linmap) from Vn to Wm is a map L : Vn →Wm which has two
additional properties:

1. L preserves vector addition, i.e., it maps the sum of any two vectors x̄1 and x̄2

from Vn onto the sum of their images in Wm:

L(x̄1 + x̄2) = L(x̄1)+ L(x̄2);

2. L preserves multiplication with scalars, i.e., it maps the multiple of any x̄ ∈ Vn

with the scalar c onto the multiple of the same c with the image of x̄ in
Wm:

L(cx̄) = cL(x̄), for all c ∈ R.

Graphically, it looks as if L enters into the above two brackets (x̄1 + x̄2) and (cx̄).
It is a good mnemonic rule.

An equivalent and a more practical condition for the map L : Vn → Wm to be
a linmap is that it should preserve any linear combination of vectors from Vn by
mapping it onto the same linear combination of their images:

L(
k

∑
i=1

cix̄i) =
k

∑
i=1

ciL(x̄i).

We can repeat the same mnemonic rule that it looks as if L enters the bracket. We
shall often use this property in the other direction: L can be taken out in front of the
bracket.

The linmap L is also called a vector space homomorphism because this term
points out that the vector spaces Vn and Wm have the same algebraic structure based
on the operations of linear combinations.

If L is a bijection (an injection and also a surjection), then we say that it
is an isomorphism and that V and W are isomorphic (exactly corresponding in
form). In this case obviously V and W must have the same dimension m = n.

A linmap L : Vn→ Vm is given if we know the image of every x̄ ∈ Vn. A much
more economical method is to know only the images {L(v̄1),L(v̄2), . . . ,L(v̄n)} of
any set B = {v̄1, v̄2, . . . , v̄n} of basis vectors in Vn. In this case, we expand x̄ in this
basis x̄ = ∑n

i=1 xiv̄i and apply the linmap L to this expansion:

L(x̄) = L(
n

∑
i=1

xiv̄i) =
n

∑
i=1

xiL(v̄i),

so that the image L(x̄) of x̄ is determined by its components x1,x2, . . . ,xn in the basis
B, and the images of this basis only.



2.4 The Kernel and the Range of L 63

Example Let L : R
3→ R

3 be given by its action on the standard basis in R
3

L

⎛
⎝
⎡
⎣1

0
0

⎤
⎦
⎞
⎠=

⎡
⎣1

5
7

⎤
⎦ , L

⎛
⎝
⎡
⎣0

1
0

⎤
⎦
⎞
⎠=

⎡
⎣−1
−4
−6

⎤
⎦ , L

⎛
⎝
⎡
⎣0

0
1

⎤
⎦
⎞
⎠=

⎡
⎣ 3
−4

2

⎤
⎦ .

To find the image L

⎛
⎝
⎡
⎣ x

y
z

⎤
⎦
⎞
⎠ of any

⎡
⎣ x

y
z

⎤
⎦ ∈ R

3, we expand this vector in the stan-

dard basis ⎡
⎣x

y
z

⎤
⎦= x

⎡
⎣1

0
0

⎤
⎦+ y

⎡
⎣0

1
0

⎤
⎦+ z

⎡
⎣0

0
1

⎤
⎦ (trivial)

and apply L:

L

⎛
⎝
⎡
⎣x

y
z

⎤
⎦
⎞
⎠= x

⎡
⎣1

5
7

⎤
⎦+ y

⎡
⎣−1
−4
−6

⎤
⎦+ z

⎡
⎣ 3
−4

2

⎤
⎦=

⎡
⎣ x− y + 3z

5x−4y−4z
7x−6y + 2z

⎤
⎦ .

If V and W have the same dimension n, then any choice of a basis {v̄1, v̄2, . . . , v̄n}
in Vn and a basis {w̄1, w̄2, . . . , w̄n} in Wn establishes a particular isomorphism L:

n

∑
i=1

civ̄i
L↔

n

∑
i=1

ciw̄i.

When L is an isomorphism (a bijective linmap), it has the inverse map L−1, which
is also a bijection. In this case, the maximal number of linearly independent vectors
in V and W must be the same n = m. Namely, the case n > m is impossible be-
cause L would map any set of n linearly independent vectors from Vn onto n linearly
independent ones in Wn but this space can have the maximum of m such vectors.
Analogously, n < m is impossible due to the L−1 map. In conclusion, an isomorphic
map L can exist between v and w only if they have the same dimension.

2.4 The Kernel and the Range of L

Every linmap L : Vn→Wm determines two important subspaces—one in the domain
Vn and one in the codomain Wm. The first subspace consists of all vectors from Vn

which are mapped by L onto the zero vector 0̄w in Wm. It is called the kernel of L
and denoted as ker L:

ker L = {x̄ | x̄ ∈Vn and L(x̄) = 0̄w}.
The second subspace consists of images in Wm of all vectors from Vn. It is called the
range of L and it is denoted as ran L:

ran L = {L(x̄) | x̄ ∈Vn}.
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We also write concisely ran L = L(Vn).

To prove that the above sets are indeed subspaces, we shall show that they are
both closed when one takes any linear combination of their vectors. Let {x̄1, x̄2,
. . . , x̄p} be any set of vectors from ker L, which means that L(x̄1) = 0̄w, L(x̄2) =
0̄w, . . . ,L(x̄p) = 0̄w. Then, every linear combination of these vectors also belongs to
ker L:

L(
k

∑
i=1

aix̄i) =
k

∑
i=1

aiL(x̄i) =
k

∑
i=1

ai0̄w = 0̄w.

The kernel of L is never empty since at least 0̄v belongs to it: L(0̄v) = 0̄w.
Let us now take any set of vectors from ran L {ȳ1, ȳ2, . . . , ȳq}. It follows that every

one of them has at least one preimage in Vn : L(x̄′1) = ȳ1, L(x̄′2) = ȳ2, . . . ,L(x̄′q) =
ȳq. Any linear combination of ȳs ∑q

i=1 biȳi is also a vector in ran L since it has a
preimage ∑q

i=1 bix̄′i seen as follows

L(
q

∑
i=1

bix̄i) =
q

∑
i=1

biL(x̄′i) =
q

∑
i=1

biȳi. Δ

Since we now know that ker L and ran L are subspaces, we shall investigate their
relationship, in particular the connection between their dimensions.

We shall prove the very important relationship:

Theorem (dimension)

dim(ker L)+ dim(ran L) = dim(DomL)

Proof Assume that dim(ker L) = k < n; we call k the defect or nullity of L. (If
k = n, then L maps all of Vn onto 0̄w, so that ran L = 0̄w and its dimension is 0:
0 + n = n). Choose any basis {v̄1, v̄2, . . . , v̄k} in ker L. Extend this basis by (n− k)
vectors to obtain the basis {v̄1, v̄2, . . . , v̄k, v̄k+1, . . . , v̄n} in Vn. [This process of ex-
tension can be performed in the following way: since ker L = LIN({v̄1, v̄2, . . . , v̄k}),
take any vector v̄k+1 from Vn which is not in ker L. This vector is obviously lin-
early independent of {v̄1, v̄2, . . . , v̄k} since all vectors that are linearly dependent
on them are in ker L. This means that the set of linearly independent vectors
{v̄1, v̄2, . . . , v̄k, v̄k+1} is a basis in the subspace LIN({v̄1, v̄2, . . . , v̄k, v̄k+1}) of Vn.
Continue this process by choosing v̄k+2 outside this subspace, and so on. Finally,
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the subspace LIN({v̄1, v̄2, . . . , v̄k, v̄k+1, v̄k+2, . . . , v̄n}) will be equal to Vn, since every
subspace of Vn which has the dimension equal to n is identical to Vn.]

It is our task now to show that (n− k) vectors {L(v̄k+1),L(v̄k+2), . . . ,L(v̄n)} (the
images in Wm of the above extension) form a basis in ran L, so that

dim(ran L) = n− k,

which is in fact the dimension theorem. From now on we shall denote dim(ran L) as
r and call it the rank of L so that the theorem can be expressed concisely as r+k = n.

In words, the rank and the defect of a linmap L add up to the dimension of its
domain. The vectors {L(v̄k+1),L(v̄k+2), . . . ,L(v̄n)} are linearly independent since

ak+1L(v̄k+1)+ ak+2L(v̄k+2)+ . . .+ anL(v̄n) = 0̄w⇒

⇒ L
n

∑
i=k+1

aiv̄i = 0̄w⇒
n

∑
i=k+1

aiv̄i ∈ ker L⇒

⇒
n

∑
i=k+1

aiv̄i =
k

∑
i=1

civ̄i⇒
k

∑
i=1

civ̄i +
n

∑
i=k+1

(−ai)v̄i = 0̄v⇒

all ci and all ai = 0,

because {v̄1, v̄2, . . . , v̄k, v̄k+1, . . . , v̄n} is a basis in Vn.
Furthermore, to show that the above images {L(v̄k+1),L(v̄k+2), . . . ,L(v̄n)} form a

spanning set in ran L, we notice that any vector ȳ from ran L is of the form ȳ = L(x̄)
for some x̄ ∈ Vn. Expanding x̄ in the above basis of Vn we get x̄ = ∑n

i=1 xiv̄i, so that
ȳ = L(x̄)= L(∑n

i=1 xiv̄i) = ∑n
i=1 xiL(v̄i) = ∑n

i=k+1 xiL(v̄i), since L(v̄1) = L(v̄2) = . . . =
L(v̄n) = 0̄w. Δ

2.5 The Quotient Space Vn/ker L and the Isomorphism

Vn/ker L
L′∼= ran L

When L : Vn →Wm is a many-to-one linmap, we investigate what is the nature of
each inverse image, as well as what is the algebraic structure of the set Vn/∼L of all
of them, taking into account that both domain and codomain are vector spaces and
the map L is a linear one.

Every ȳ ∈ ran L has at least one preimage x̄, L(x̄) = ȳ. If we add to x̄ any vector k̄
from the ker L, this new vector x̄ + k̄ will be mapped by L onto the same ȳ:

L(x̄ + k̄) = L(x̄)+ L(k̄) = L(x̄)+ 0̄w = ȳ.

So, we see that the inverse image of ȳ is at least x̄ + ker L. (Adding the vector x̄ to
the subspace ker L means adding x̄ to all vectors from ker L. This new subset in Vn

is called the neighboring set of ker L represented by x̄. A shorter name for x̄+ker L
is a coset). We have now to show that the coset x̄+ker L is exactly the inverse image
of ȳ (there are no more elements from Vn in it).
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Suppose that some x̄1 ∈ Vn is also a preimage of ȳ : L(x̄1) = ȳ and prove that x̄1

must be from x̄ + ker L:

L(x̄1) = ȳ and L(x̄) = ȳ⇒
⇒ L(x̄1)−L(x̄) = 0̄w⇒ L(x̄1− x̄) = 0̄w⇒ x̄1− x̄ ∈ ker L⇒

⇒ x̄1 ∈ x̄ + ker L.

To see that the choice of x̄ is arbitrary, i.e., that any other vector from x̄ + ker L,
say x̄ + k̄, k ∈ ker L, can serve as a coset representative instead of x̄, we observe the
equality:

(x̄+ k̄)+ ker L = x̄ +(k̄ + ker L) = x̄ + ker L.

Later on, we shall prove (using any matrix representation of L) that every ȳ ∈
ran L has a unique natural representative in its coset in Vn.

We already know that the set of all cosets (the inverse images of the linmap L
considered as elements) is in bijective correspondence with ran L:

Vn/∼L
L′↔ ran L,

where the new map L′ is defined as

L′(x̄+ ker L) = L(x̄ + ker L) = L(x̄)+ L(ker L) = L(x̄)+ 0̄w = L(x̄) = ȳ.

Notice the existence of the inverse map

(L′)−1(ȳ) = x̄ + ker L

But, since Vn is a vector space and ran L is a subspace of Wn, one wonders if this
bijection L′ preserves some algebraic structures. To answer this question, we have
to investigate more closely the possible algebraic structure of the set Vn/∼L.

It is easy to demonstrate that ker L [which is Inv(0̄w)] and all cosets (inverse
images of all other elements from ran L) form a vector space (considering cosets as
elements). Namely,

(x̄1 + ker L)+ (x̄2 + ker L) = (x̄1 + x̄2)+ (ker L+ ker L) = (x̄1 + x̄2)+ ker L.

So, the operation of addition of cosets is determined by addition of their represen-
tatives. From this it follows that all five axioms characterizing an Abelian group are
satisfied for this operation with cosets, since these axioms are satisfied for the vec-
tor addition of their representatives. The multiplication of a coset by a scalar c can
obviously be defined as c(x̄ + ker L) = cx̄ + cker L = cx̄ + ker L, and consequently,
all four properties of the multiplication of vectors with scalars are satisfied.

Thus, the set of all cosets considered as elements (including ker L = 0̄v + ker L
as the zero vector) is a vector space. It is customary to denote this space by Vn/ker L
and call it the quotient space.
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(Notice that we replaced the symbol Vn/∼L for the inverse images of L in Vn by
Vn/ker L since inverse images are now the equivalence classes of the equivalence
relation which is defined so that two vectors from Vn are equivalent if their difference
is a vector from ker L.)

The bijection L′ between Vn/ker L and ran L obviously preserves the operation
of linear combination of cosets

L′[
k

∑
i=1

ci(x̄i + ker L)] = L[
k

∑
i=1

ci(x̄i + ker L)] =

=
k

∑
i=1

ciL(x̄i + ker L) =
k

∑
i=1

ciL
′(x̄i + ker L).

Therefore, L′ is a linmap and being a bijection it is an isomorphism between
vector spaces Vn/ker L and ran L:

Vn/ker L
L′∼= ran L .

They both have the dimension r = n− k.

Theorem (isomorphism) For every linmap L : Vn→Wm, there is the quotient vec-
tor space Vn/ker L of inverse images (cosets of ker L in Vn) which has the dimension
dim(ran L) = n−dim(ker L) and which is isomorphic to ran L by the bijective lin-
map (isomorphism), L′(x̄ + ker L) = L(x̄), x̄ ∈Vn,

Vn/ker L
L′∼= ran L .

When L : Vn→Wm is a 1−1 map, then ker L = {0̄v}, and L itself is an isomorphism
between Vn and ran L:

Vn
L∼= ran L, r = n, n≤m.

2.6 Representation Theory

To be able to determine the kernel ker L, the range ran L and the quotient space
Vn/ker L, which comprises the inverse images of the linear map L : Vn→Wm, and
also to solve numerous applicative problems in which linmaps play decisive roles,
we make use of representation theory. In this theory, vectors from Vn and Wm are
replaced by matrix-columns from R

n and R
m, respectively, using isomorphisms

Vn
v∼= R

n and Wm
w∼= R

m, which are induced by choices of the bases v = {v̄1, v̄2, . . . , v̄n}
in Vn and w = {w̄1, w̄2, . . . , w̄m} in Wm. We use the same letters v and w for the bases
and for isomorphisms induced by them.
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The linmap L : Vn →Wm itself is then represented by an m× n real matrix M,
which is also the linmap M : R

n→R
m. Matrix algebra offers many methods for solv-

ing numerical problems that are now transferred from L: Vn→Wm to M : R
n→ R

m.
The solutions obtained can be immediately taken back to Vn and Wn by the same
isomorphisms v and w.

2.6.1 The Vector Space L̂(Vn,Wm)

To prepare the ground for representation theory, we shall first show that all linmaps
from Vn to Wn form a vector space, which may be denoted as

L̂(Vn,Wm).

The proof of this statement is very simple: For two linmaps L1 : Vn →Wm and
L2 : Vn→Wm, we define their sum L1 + L2 as

[L1 + L2](x̄) = L1(x̄)+ L2(x̄), for any x̄ ∈Vn,

both L1(x̄) and L2(x̄) are vectors in Wm.
L1 + L2 is obviously a linmap itself, which can be easily demonstrated:

[L1 + L2](ax̄1 + bx̄2) = L1(ax̄1 + bx̄2)+ L2(ax̄1 + bx̄2) =
= aL1(x̄1)+ bL1(x̄2)+ aL2(x̄1)+ bL2(x̄2) =
= a[L1 + L2](x̄1)+ b[L1 + L2](x̄2).

This addition of linmaps [elements in L̂(Vn,Wm)] makes this set an Abelian
group, since it is defined by making use of the addition of vectors in Wn, which
operation satisfies all five axioms for an Abelian group.

We use the same sign + for the addition of linmaps and for the addition in Wm

since the elements that are added distinguish one sign from the other.
Similarly, we can define the multiplication of a linmap L with a scalar c using the

analogous operation in Wm: [cL](x̄) = cL(x̄), ∀x̄ ∈Vn, and prove that cL is a linmap.
With this new operation, which satisfies all four axioms for the multiplication of
scalars with vectors, the set L̂(Vn,Wm) becomes a vector space. Δ

The dimension of the vector space L̂(Vn,Wm) is m ·n—the product of the dimen-
sions of the common domain and codomain.

Proof We shall define m ·n simplest linmaps in L̂(Vn,Wm) and prove that they form
a basis in this vector space by showing that every L : Vn→Wm is their unique linear
combination.

Let us define m ·n elementary linmaps {Ei j | i = 1,2, . . . ,m, j = 1,2, . . . ,n} from
Vn to Wm by their action on chosen basis vectors v = {v̄1, v̄2, . . . , v̄n} in Vn so that the
images are expressed in a basis w = {w̄1, w̄2, . . . , w̄m} in Wm

Ei j(v̄k) = δ jkw̄i, i = 1,2, . . . ,m; j,k = 1,2, . . . ,n. (∗)
(for example E35(v̄5) = w̄3, E35(v̄k) = 0̄w, if k �= 5).
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An arbitrary L :Vn→Wm is given if we know the images {L(v̄1),L(v̄2), . . . ,L(v̄n)}
of the basis vectors {v̄1, v̄2, . . . , v̄n} from Vn in Wm. We can uniquely expand these
images in the basis {w̄1, w̄2, . . . , w̄m} in Wm,

L(v̄k) =
m

∑
i=1

aikw̄i, k = 1,2, . . . ,n

(the inverted order of indices in the expansion coefficients ik instead of ki will be
explained later, see Sect. 2.6.4).

Furthermore,

L(v̄k) =
m

∑
i=1

aikw̄i =
m

∑
i=1

n

∑
j=1

ai jδ jkw̄i

= [
m

∑
i=1

n

∑
j=1

ai jEi j](v̄k), k = 1,2, . . . ,n,

from (∗) above.
Two linmaps L and [∑m

i=1 ∑n
j=1 ai jEi j] are equal since they act identically on all vec-

tors from a basis in Vn:

L =
m

∑
i=1

n

∑
j=1

ai jEi j .

Thus, every L : Vn→Wn is a unique linear combination of m · n linmaps {Ei j | i =
1,2, . . . ,m; j = 1,2, . . . ,m}, so they are a basis in L̂(Vn,Wm). Δ

The unique coefficients ai j in this expansion form the m×n matrix M = [ai j]m×n,
and we shall show that precisely this matrix represents the above linmap L with the
help of the isomorphisms v and w.

2.6.2 The Linear Map M : R
n→ R

mR
n→R

m
R

n→ R
m

We have to do one more detailed study before formulating representation theory.
Let us investigate the map M : R

n → R
m, where M is an m× n real matrix. The

matrix M = [ai j]m×n performs this map by matrix multiplication: an m× n ma-
trix M can multiply every n× 1 matrix-column x→ X̄ = [xi]n×1 = [x1 x2 . . . xn ]T

from R
n to produce the unique m×1 matrix-column Ȳ = [yi]m×1 = [y1 y2 . . . ym ]T

from R
m

MX̄ =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦
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=

⎡
⎢⎢⎣

a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn

· · · · · · · · · · · ·
am1x1 + am2x2 + · · ·+ amnxn

⎤
⎥⎥⎦=

⎡
⎢⎢⎢⎣

y1

y2
...

ym

⎤
⎥⎥⎥⎦= Ȳ ,

or, in short, [ai j]m×n[xi]n×1 = [yi]m×1, where

yi =
n

∑
i=1

aikxk, i = 1,2, . . . ,m.

But matrix multiplication satisfies (among others) the following general rules
(see Sect. 1.15.1)

M1(M2 + M3) = M1M2 + M1M3 and M1(cM2) = c(M1M2), c ∈ R

(the size of M1 must be compatible with those of M2 and M3, which, in their turn,
must be of the same size).

These rules guarantee that the above map M : R
n→ R

m is a linear one

M(X̄1 + X̄2) = MX̄1 + MX̄2 and M(cX̄ ) = c(MX̄ ), c ∈ R.

Therefore, the set L̂(Rn,Rm) of all matrix linmaps from R
n to R

m is a vector
space of dimension m · n. It can be easily shown that the matrices of size m× n
are the only linmaps between R

n and R
m [We already know—see Sect. 1.14.2.—

that the set Rm×n of all real m× n matrices is a vector space of dimension m · n.
We shall use two different notations L̂(Rn,Rm) and Rm×n because in the first set
the elements are linmaps M : R

n → R
n, and in the second m× n real matrices as

such.].

2.6.3 The Three Isomorphisms v, w and v−w

First, we consider isomorphisms v and w. Since Vn and R
n have the same dimension

n, we can define an isomorphism between them once the basis

v = {v̄1, v̄2, . . . , v̄n}

is chosen in Vn. In R
n, there is always the standard basis {ē1, ē2, . . . , ēn} where

ē1 = [ 10 . . . 0︸ ︷︷ ︸
n numbers

]T , ē2 = [ 01 . . . 0︸ ︷︷ ︸
n numbers

]T , . . . , ēn = [ 00 . . . 1︸ ︷︷ ︸
n numbers

]T

(in short ēt = [δ1t δ2t . . . δnt ]T , t = 1,2, . . . ,n).
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The isomorphism v induced by the choice of the basis v in Vn is the bijection
which associates with every x̄ ∈ Vn, which must be first expanded in this basis—
x̄ = ∑n

i=1 xiv̄i, the matrix-column X̄ ∈R
n, which is a linear combination of standard

basis vectors in R
n with the same expansion coefficients as those of x̄:

X̄ =
n

∑
i=1

xiēi = [x1 x2 . . . xn ]T .

Thus, the bijection Vn is defined as

x̄ =
n

∑
i=1

xiv̄i
v↔

n

∑
i=1

xiēi = X̄ = [x1 x2 . . . xn ]T .

In particular, v̄1
v↔ ē1, v̄2

v↔ ē2, . . ., v̄n
v↔ ēn.

This bijection is obviously linear

ax̄1 + bx̄2
v↔ aX̄1 + bX̄2,

and thus it is an isomorphism. It can be called the v-isomorphism. It is in fact
the representation of vectors from Vn by matrix-columns from R

n induced by the
basis v:

X̄ = [x̄]v.

Obviously, the matrix-column X̄ for the same x̄∈Vn will be different for another
basis in Vn. This is an important separate problem, which will be discussed later on
in the framework of tensor algebra (see Sect. 4.3.1).

Absolutely the same procedure can be repeated to get the w-isomorphism be-
tween vectors from Wm and matrix-columns of the length m (elements of R

m), which
is induced by the choice of the basis w = {w̄1, w̄2, . . . , w̄m} in Wm:

ȳ ∈Wm, ȳ =
m

∑
i=1

yiw̄i
w↔ Ȳ =

m

∑
i=1

yiēi = [y1 y2 . . . ym ]T ∈ R
m,

or Ȳ = [ȳ]w,

where now {ē1, ē2, . . . , ēm} is the standard basis in R
m

ēt = [δ1t δ2t . . . δmt ]T , t = 1,2, . . . ,m.

(It is usual to exploit the same symbols ēt , t = 1,2, . . . ,k for vectors in standard
bases regardless of the dimension k of the space.)

Second, to derive the v–w-isomorphism between the vector spaces L̂(Vn,Wm) and
L̂(Rn,Rm), we make a natural requirement MX̄ = Ȳ if Lx̄ = ȳ. In other words

M[x̄]v = [L(x̄)]w .
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An illustration of representation theory.

From this requirement it immediately follows that M can be expressed as a com-
position of mappings

M = wLv−1.

This v−w mapping L �→M from L̂(Vn,Vm) to L̂(Rn,Rm) is obviously a bijection
since there is the inverse map L = w−1Mv.

This bijection is a linear map because

[w(L1 + L2)v−1]X̄ = [w(L1 + L2)](x̄) = w(L1(x̄)+ L2(x̄)) =
= wL1(x̄)+ wL2(x̄) = [wL1v−1]X̄ +[wLv−1]X̄ =
= [wL1v−1 + wL2v−1]X̄ ⇒ w(L1 + L2)v−1 = wL1v−1

+wL2v−1,

since X̄ is an arbitrary matrix-column from R
n and v−1X̄ = x̄ ∈Vn.

Similarly, [w(aL)v−1]X̄ = [w(aL)](x̄)= w(aL(x))= a(wL(x̄))= a[wLv−1] X̄ ⇒
w(aL)v−1 = a(wLv−1).

Consequently, this isomorphism M = wLv−1 between L̂(Vn,Wm) and L̂(Rn,Rm),
which is generated directly by the v- and w-isomorphisms, can be called the v–
w-isomorphism. It is in fact the representation of linmaps L : Vn →Wm by m× n
matrices M : R

n→ R
m induced by the v- and w-isomorphisms.

2.6.4 How to Calculate the Representing Matrix M

To calculate the representing matrix M, we start with the above requirement which
defines M

M[x̄]v = [L(x̄)]w.

The most economical derivation of M is to replace x̄ in this requirement by n basis
vectors {v̄1, v̄2, . . . , v̄n}:
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[L(v̄1)]w = M[v̄1]v = Mē1 =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

1
0
...
0

⎤
⎥⎥⎥⎦=

=

⎡
⎢⎢⎢⎣

a11

a21
...

am1

⎤
⎥⎥⎥⎦ , the first column of matrix M;

[L(v̄2)]v = [a12 a22 . . . am2 ]T , the second column of M

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[L(v̄n)]w = [a1na2n . . . amn ]T , the n-th column of M.

Conclusion The n columns of the m× n matrix M that represents the linmap L :
Vn→Wm in the v−w-isomorphism M = wLv−1 are the columns of n images by L
of the basis vectors {v̄1, v̄2, . . . , v̄n} in Vn represented in the basis {w̄1, w̄2, . . . , w̄m}
in Wm

M = [[L(v̄1)]w [L(v̄2)]w . . . [L(v̄n)]w]m×n .

We get the same result if we apply wLv−1 to the vectors of the standard basis in R
n,

since we know that this expression is equal to the unknown M and that Mēi = c̄i, i =
1,2, . . . ,n (c̄i are the columns of M):

[wLv−1]ēi = [wL]v̄i = w[L(v̄i)] = [L(v̄i)]w = c̄i, i = 1,2, . . . ,n.

There is also a more practical formula for the elements ai j of M. We may call
it the basic formula for the matrix representation of the linmap L. We expand the
images L(v̄k),k = 1,2, . . . ,n, of the chosen basis v = {v̄1, v̄2, . . . , v̄n} in Vn in the
basis w = {w̄1, w̄2, . . . , w̄m} in Wm

L(v̄k) =
m

∑
i=1

aikw̄i, k = 1,2, . . . ,n .

The order of indices in the elements of M corresponds to the fact that these
expansion coefficients should form the columns of M, e.g., L(v̄1) = ∑m

i=1 ai1w̄i =
a11w̄1 + a21w̄2 + . . .+ am1w̄m, eventually gives

[L(v̄1)]w =

⎡
⎢⎢⎢⎣

a11

a21
...

am1

⎤
⎥⎥⎥⎦= c̄1.
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We have already had this basic formula in Sect. 2.6.1 in the process of establish-
ing the basis

{Ei j | i = 1,2, . . . ,m; j = 1,2, . . . ,n} for L̂(Vn,Wm).

The matrices which represent these basis vectors in L̂(Vn,Wm) are the m× n
matrices

{Ei j | i = 1,2, . . . ,m; j = 1,2, . . . ,n},
which form the standard basis in Rm×n. They are such matrices which have only
one 1 as the (i, j) element and the rest of the elements are zeros.
In short, for the (p,k) element in Ei j, we have

(Ei j)pk = δipδ jk.

It is immediately obvious that the matrix M = [ai j]m×n can be uniquely expanded
in this standard basis in Rm×n as

M =
m

∑
i=1

n

∑
j=1

ai jEi j.

More explicitly,

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦= a11

⎡
⎢⎣

1 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤
⎥⎦

m×n

+

+a12

⎡
⎣ 0 1 · · · 0
· · · · · · · · · · · ·
0 0 · · · 0

⎤
⎦

m×n

+ . . .+ amn

⎡
⎣ 0 0 · · · 0
· · · · · · · · · · · ·
0 0 · · · 1

⎤
⎦

m×n

.

Now, we can point out the essence of the v−w-isomorphism between L̂(Vn,Wm)
and L̂(Rn,Rm):

L =
m

∑
i=1

n

∑
j=1

ai jEi j
v−w↔ M =

m

∑
i=1

n

∑
j=1

ai jEi j,

where Ei j are the standard basis vectors in Rm×n, and Ei j are the elementary
basis linmaps defined by the chosen bases v = {v̄1, v̄2, . . . , v̄n} in Vn and w =
{w̄1, w̄2, . . . , v̄m} in Wm:

Ei j(v̄k) = δ jkw̄i =
m

∑
p=1

δipδ jkw̄p, i = 1,2, . . . ,m; j,k = 1,2, . . . ,n (see Sect. 2.6.1).
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2.7 An Example (Representation of a Linmap Which Acts
between Vector Spaces of Polynomials)

Let P4 and P3 be the two vector spaces of polynomials with real coefficients of
degree less than 4 and 3, respectively (see Sect. 1.14.3).

Let D : P4→ P3 be the onto linmap (surjection), the derivative, defined by

D : p(x) �→ p′(x), p(x) ∈ P4,

or, in more detail,

D(ax3 + bx2 + cx + d) = 3ax2 + 2bx + c, a,b,c,d ∈ R.

(1) Find the 3× 4 matrix D = [D]v−w representing the linmap D with respect to
the bases v = {v̄1, v̄2, v̄3, v̄4} = {x3 + x2 + x + 1, x2 + x + 1, x + 1, 1} in P4 and
w = {w̄1, w̄2, w̄3}= {x2 + x + 1, x + 1, 1} in P3;

(2) Represent p(x)∈ P4 and p′(x) ∈ P3 in the given bases and show that D maps the
representative column of p(x) onto that of p′(x);

(3) Find the kernel of D and the inverse image (which is a coset of ker D) of an
arbitrary q(x) ∈ ran D = P3.

To answer this set of three questions, we shall first apply D to all four basis
vectors in P4 and then expand the obtained images in the basis of P3. The expansion
coefficients form the columns of a 3×4 matrix D .

(1)

D(v̄1) = D(x3 + x2 + x + 1) = 3x2 + 2x + 1 =
= 3(x2 + x + 1)−1 · (x + 1)−1 ·1 = 3w̄1− w̄2− w̄3;

D(v̄2) = D(x2 + x + 1) = 2x + 1 =
= 0 · (x2 + x + 1)+ 2(x + 1)−1 ·1 = 0 · w̄1 + 2w̄2− w̄3;

D(v̄3) = D(x + 1) = 1 =
= 0 · (x2 + x + 1)+ 0 · (x + 1)+1 ·1 = 0 · w̄1 + 0 · w̄2 + w̄3,

D(v̄4) = D(1) = 0 =
= 0 · (x2 + x + 1)+ 0 · (x + 1)+0 ·1 = 0 · w̄1 + 0 · w̄2 + 0 · · · w̄3,

so that D =

⎡
⎣ 3 0 0 0
−1 2 0 0
−1 −1 1 0

⎤
⎦ .

(2)

p(x) = ax3 + bx2 + cx + d =
= a(x3 + x2 + x + 1)+ (b−a)(x2+ x + 1)+ (c−b)(x +1)+(d− c) ·1 =
= av̄1 +(b−a)v̄2 +(c−b)v̄3 +(d− c)v̄4, so that
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[p(x)]v =

⎡
⎢⎢⎣

a
b−a
c−b
d− c

⎤
⎥⎥⎦ .

Furthermore,

Dp(x) = p′(x) = 3ax2 + 2bx + c =
= 3a(x2 + x + 1)+ (2b−3a)(x +1)+(c−2b) ·1 =
= 3aw̄1 +(2b−3a)w̄2 +(c−2b)w̄3, so that

[p′(x)]w =

⎡
⎣ 3a

2b−3a
c−2b

⎤
⎦ .

Finally,

D [p(x)]v = [p′(x)]w = [Dp(x)]w, or

⎡
⎣ 3 0 0 0
−1 2 0 0
−1 −1 1 0

⎤
⎦
⎡
⎢⎢⎣

a
b−a
c−b
d− c

⎤
⎥⎥⎦

=

⎡
⎣ 3a
−a + 2b−2a

−a−b + a + c−b

⎤
⎦=

⎡
⎣ 3a

2b−3a
c−2b

⎤
⎦ .

(3) To find the kernel of D : R
4→R

3, we have to solve the following homogeneous
system of linear equations using the representative matrix D

D

⎡
⎢⎢⎣

x1

x2

x3

x4

⎤
⎥⎥⎦=

⎡
⎣0

0
0

⎤
⎦ ,

this is the zero vector in R
3 that represents the zero vector in P3.

The augmented matrix of this system can be brought to the unique GJ reduced
form in a few steps using elementary operations (see Sect. 2.13):

⎡
⎣ 3 0 0 0 0
−1 2 0 0 0
−1 −1 1 0 0

⎤
⎦R1/3

∼
⎡
⎣ 1 0 0 0 0
−1 2 0 0 0
−1 −1 1 0 0

⎤
⎦R2 + R1

R3 + R1

∼

∼
⎡
⎣ 1 0 0 0 0

0 2 0 0 0
0 −1 1 0 0

⎤
⎦R2/2 ∼

⎡
⎣ 1 0 0 0 0

0 1 0 0 0
0 −1 1 0 0

⎤
⎦

R3 + R2

∼
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∼
⎡
⎣ 1 0 0 0 0

0 1 0 0 0
0 0 1 0 0

⎤
⎦.

For the GJ modified form, we add one row of zeros and continue the diagonal

of 1s with (−1) (see Sect. 2.17):

⎡
⎢⎢⎣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −1 0

⎤
⎥⎥⎦ .

The solution of the system (i.e., ker D) can be read immediately in the vector
form in R

4, since the fourth column is the unique basis vector in ker D :

ker D = LIN

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0
0
0
−1

⎤
⎥⎥⎦

⎞
⎟⎟⎠=

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣

0
0
0
k

⎤
⎥⎥⎦

∣∣∣∣∣∣∣∣
k ∈ R

⎫⎪⎪⎬
⎪⎪⎭

.

Remembering that [ax3 + bx2 + cx + d]v =

⎡
⎢⎢⎣

a
b−a
c−b
d− c

⎤
⎥⎥⎦, we see that [k]v =

⎡
⎢⎢⎣

0
0
0
k

⎤
⎥⎥⎦,

so that going back to P4, we have ker D = {k | k ∈ R}.
Summary To find the kernel of the operator A : Vn→Wm, we first choose bases v
and w in Vn and Wm, respectively, and then using the v−w-isomorphism calculate the
representing matrix A : R

n→R
m. Solving the homogeneous linear system A X̄ =

0̄m,X̄ ∈ R
n by the GJ modified method (see Sect. 2.17), we get the unique basis

vectors of ker A , so that ker A is their linear span. Going back by the inverse
v-isomorphism, we get ker A as a subspace in Vn.

The unique preimage in P4 of q(x) = a′x2 + b′x + c′ ∈ P3 can be calculated in
the following manner: Firstly, we find the w-representation of q(x) in R

3 [q(x)]w =⎡
⎣ a′

b′ −a′
c′ −b′

⎤
⎦, since a′x2 + b′x + c′ = a′(x2 + x + 1)+ (b′ − a′)(x + 1) + (c′ − b′) · 1.

Secondly, we expand it in terms of the three linearly independent columns of D :
⎡
⎣ a′

b′ −a′
c′ −b′

⎤
⎦= A

⎡
⎣ 3
−1
−1

⎤
⎦+ B

⎡
⎣ 0

2
−1

⎤
⎦+C

⎡
⎣0

0
1

⎤
⎦⇒ A =

a′

3
,B =

b′

2
− a′

3
,C = c′ − b′

2
.

The canonical expansion of [q(x)]w in terms of all columns of D gives its unique
preimage (see Sect. 2.8) in R

4

[
pre

q(x)]v =

⎡
⎢⎢⎣

a′/3
b′/2−a′/3

c′ −b′/2
0

⎤
⎥⎥⎦ .
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(Verify: D [
pre

q(x)]v = [q(x)]w).
Thirdly, making use of the inverse v-isomorphism, we find the unique D-preimage

pre
q(x) in P4 of q(x) ∈ P3

pre
q(x) =

a′

3
(x3 + x2 + x + 1)+ (b′/2−a′/3)(x2 + x + 1)+ (c′−b′/2)(x + 1)+ 0 ·1 =

=
a′

3
x3 +

b′

2
x2 + c′x + c′ =

∫
(a′x2 + b′x + c′)dx + c′

(This is one particular antiderivative).
Thus, the D-inverse image of q(x) ∈ P3 is the indefinite integral [the set of all an-
tiderivatives, which is a coset in P4 consisting of ker D plus the unique preimage of
q(x) as the coset representative]:

Inv[q(x)] = Inv[a′x2 + b′x + c′]︸ ︷︷ ︸
a coset in P4

=
a′

3
x3 +

b′

2
x2 + c′x + c′︸ ︷︷ ︸

the coset representative

+{k | k ∈ R}︸ ︷︷ ︸
ker D

(or, in short) =
∫

(a′x2 + b′x + c′)dx + k, k ∈R.

An illustration of the three-step procedure for finding the D-inverse image of
q(x) ∈ P3
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2.8 Systems of Linear Equations (Linear Systems)

Many problems in Linear Algebra and its applications are solved by finding solu-
tions of some appropriate system of linear equations. In the previous Sect. 2.7 we
had an example. For this reason, we shall now perform a thorough study of systems
of linear equations and their solutions. We shall try to emphasize the real mean-
ing of this problem and consequently to suggest some minor modifications in the
usual methods for finding solutions. We shall base this study almost entirely on our
previous experience with linear maps, in particular those with matrix representation.

A system of linear simultaneous equations (a linear system) is given as

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · ·+ amnxn = bm.

There are m linear equations with n unknowns {x1,x2, . . . ,xn}. The coefficients
{ai j | i = 1,2, . . . ,m; j = 1,2, . . . ,n} form an m× n matrix A = [ai j]m×n called the
coefficient matrix. The unknowns can be arranged as an n×1 matrix-column

X̄ = [x1 x2 . . . xn ]T ,

which is a vector in R
n.

The free coefficients {b1,b2, . . . ,bm} can be arranged as the m× 1 free vector
b̄ = [b1 b2 . . . bm ]T in R

m.
This linear system can be interpreted as the matrix product of the m× n coeffi-

cient matrix A with the n×1 unknown vector X̄ , which gives the m×1 free vector
b̄ as the result:

AX̄ = b̄ .

With this new interpretation, the problem of finding all possible solutions of the
system can be reinterpreted as finding the inverse image (if it exists) of the given
free vector b̄ ∈ R

m with respect to the matrix linmap A : R
n→ R

m.
From our previous investigations about linmaps, it follows that any solutions of

the system will exist if the free vector b̄ is one of the images of this map. In other
words, if b̄ is a vector from the range ran A.

In this case and only in this case, all solutions will form a coset in R
n. This

coset is the sum of the ker A and a particular, unique, preimage b̄ ∈ R
n of b̄, which

preimage serves as the representative of the coset.
As the first step in the attempt to find all solutions, we shall look more carefully

into the range ran A. We already know that it is a subspace of R
m, which contains

the images of all vectors from R
n by the linmap A : R

n→ R
m.

We shall show now that the ran A is spanned by n column-vectors {c̄1, c̄2, . . . , c̄n}
of A. In fact, we shall prove that the image AX̄ of any X̄ = [x1 x2 . . . xn ]T ∈ R

n

is a linear combination of the columns of the matrix A with expansion coefficients
equal to the components of X̄ :
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AX̄ =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n

· · · ...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎣

a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn
. . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · ·+ amnxn

⎤
⎥⎥⎦=

= x1

⎡
⎢⎢⎢⎣

a11

a21
...

am1

⎤
⎥⎥⎥⎦+ x2

⎡
⎢⎢⎢⎣

a12

a22
...

am2

⎤
⎥⎥⎥⎦+ · · ·+ xn

⎡
⎢⎢⎢⎣

a1n

a2n
...

amn

⎤
⎥⎥⎥⎦= x1c̄1 + x2c̄2 + · · ·+ xnc̄n.

We call this the canonical expansion of AX̄ ∈ ran A.
Conclusion,

ran A = LIN({c̄1, c̄2, . . . c̄n}).
For this reason, the subspace ran A is often called the column space of A. Its

dimension r ≤ n is equal to the maximal number of linearly independent columns
of A. This dimension r is referred to as the rank of A.

These r linearly independent columns of A form the natural basis in ran A. Note,
we can always assume that the first r columns in A are linearly independent. If
not, then the expansion AX̄ = x1c̄1 + x2c̄2 + · · ·+ xnc̄n enables us (since the terms
commute) to consider the equivalent product ARX̄R = AX̄ in which AR is a rear-
rangement of matrix A so that the first r columns are linearly independent, and X̄R

has its components rearranged accordingly.
Thus, every vector b̄ = [b1 b2 . . . bm]T from ran A can be uniquely expressed as a

linear combination of all the n columns of A, so that the first r terms are the unique
expansion of b̄ ∈ ran A in the natural basis of ran A, and the rest of the (n− r) terms
(with linearly dependent columns of A) have all coefficients equal to 0:

b̄ = b′1c̄1 + b′2c̄2 + · · ·+ b′rc̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n.

We have already defined this kind of expansion of vectors from ran A in the
from of linear combinations of all columns of A as their canonical expansion. This
expansion results in the vector b̄′ ∈R

n, whose components are the above expansion
coefficients

b̄′ = [b′1 b′2 . . .b′r 00 . . . 0︸ ︷︷ ︸
n components

]T

Note that b̄′ has the same expansion coefficients in the standard basis {ē1, ē2,
. . . , ēn} in R

n as b̄ has in its canonical expansion in terms of all n columns of the
matrix A.

It is a fascinating fact that b̄′ is the unique preimage of b̄ in the matrix map
A : R

n→ R
m:

Ab̄′ = b′1c̄1 + b′2c̄2 + · · ·+ b′rc̄r + 0 · c̄r+1 + · · ·+ 0 · · · c̄n = b̄.
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This b̄′ is obviously the unique representative of the coset, which is the inverse
image of b̄:

Inv(b̄) = b̄′+ ker A .

There is now the problem of how to find the (possibly unique) basis in ker A. As
we have already proved the columns of A span the range ran A:

ran A = LIN({c̄1, c̄2, . . . , c̄n}).

This means that we can expand uniquely every column c̄i ∈ ranA, i = 1,2, . . . ,n in
terms of all columns (its canonical expansion): in front of r linearly independent
columns (which form the natural basis in ran A) we have the unique basis coeffi-
cients

a(i)
1 ,a(i)

2 , . . . ,a(i)
r ,

and in front of (n− r) linearly dependent columns we have just zeros

c̄i = a(i)
1 c̄1 + a(i)

2 c̄2 + · · ·+ a(i)
r c̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n, i = 1,2, . . . ,n.

For linearly independent columns {c̄1, c̄2, . . . , c̄r}, this expansion is extremely
simple. Arranging their expansion coefficients as vectors in R

n, we get

c̄1→

⎡
⎢⎢⎢⎣

1
0
...
0

⎤
⎥⎥⎥⎦

n×1

= ē1, c̄2→

⎡
⎢⎢⎢⎣

0
1
...
0

⎤
⎥⎥⎥⎦

n×1

= ē2, . . . , c̄r→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...
1
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

r
= ēr.

These columns are the first r vectors {ē1, ē2, . . . , ēr} in the standard basis in
R

n of n vectors, and they are the unique preimages of the linearly independent
columns {c̄1, c̄2, . . . , c̄r} of A : Aē1 = c̄1,Aē2 = c̄2, . . . ,Aēr = c̄r. Therefore,
LIN({ē1, ē2, . . . , ēr}) is the r-dimensional subspace of R

n, which consists of the
unique preimages of all vectors from ran A and it is isomorphic to ran A.

Conclusion: The set of r linearly independent vectors {ē1, ē2, . . . , ēr} in Rn spans
the unique preimage subspace pre A in R

n, which is isomorphic to the r-dimensional
ran A (a subspace in R

m):

pre A
c∼= ran A,

where c stands for the canonical expansion of vectors from ran A in terms of all
columns of A. Naturally, A maps every vector from pre A onto its unique image in
ran A.

This isomorphism is established as follows:

ran A � b̄ = b′1c̄1 + b′2c̄2 + · · ·+ b′rc̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n
c↔ b̄′
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=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b′1
b′2
...

b′r
0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎫⎬
⎭n− r

∈ pre A.

Ab̄′ = b̄ = [b1 b2 . . . bm ]T .

The vector b̄ belongs to ran A if and only if the last (n− r) expansion coefficients
are 0.

As far as the linearly dependent columns of A c̄r+1, c̄r+2, . . . , c̄n are concerned,
we can also apply the unique canonical expansion to all of them:

c̄i = a(i)
1 c̄1 + a(i)

2 c̄2 + . . .+ a(i)
r c̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n, i = r + 1,r + 2, . . . ,n.

A most simple modification of this expansion solves completely the problem of
finding the (n− r) unique basis vectors for ker A in R

n:
Taking c̄i, i = r+1,r+2, . . . ,n = r+(n− r), across the equality sign, we get 0̄m on
the left hand side and an extra (−1)c̄i on the right hand side

0̄m = a(i)
1 c̄1 + a(i)

2 c̄2 + · · ·+ a(i)
r c̄r + 0 · c̄r+1 + · · ·+(−1)c̄i + · · ·+ 0 · c̄n,

i = r + 1,r + 2, . . . ,n.

In this way, we get (n−r) expansions of 0̄m and the corresponding (n−r) vectors
in R

n:

k̄1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(r+1)
1

a(r+1)
2

...

a(r+1)
r

−1
0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

, k̄2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(r+2)
1

a(r+2)
2

...

a(r+2)
r

0
−1

...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

, . . . , k̄n−r =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(n)
1

a(n)
2
...

a(n)
r

0
0
...
−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

.

These (n− r) vectors are obviously linearly independent since in the last (n− r)
entries they have all zeros, except one (−1) which is in (n− r) different positions.
If we want to verify their linear independence, we make a linear combination

n

∑
i=r+1

xik̄i = 0̄n,



2.8 Systems of Linear Equations 83

and see immediately that all xi must be zero. They all belong to ker A, since the
multiplication with A of all of them gives 0̄m:

Ak̄ j = A

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(r+ j)
1

a(r+ j)
2

...

a(r+ j)
r

0
...
0
−1
0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

← r + j position

= A

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(r+ j)
1

a(r+ j)
2

...

a(r+ j)
r

0
0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

−A

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...
0
0
...
1
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

⎫⎪⎪⎬
⎪⎪⎭

r

← r + j position

= c̄r+ j− c̄r+ j = 0̄m j = 1,2, . . . ,n− r.

Thus, the vectors {k̄1, k̄2, . . . , k̄n−r} from R
n are the unique basis in the kernel of

A, whose dimension is (n−r) as follows from the dimension theorem (see Sect. 2.4).

Theorem (on the general solution of a linear system) The general solution of the
system of linear equations

AX̄ = b̄, where

A = [ai j]m×n, X̄ ∈ R
n, b̄ ∈ R

m,

is the coset Inv(b̄) = b′+ ker A determined by the unique representation b̄′, which

is obtained by the canonical expansion of b̄ in terms of all the columns of A
(the unique preimage of b̄ in R

n), and the unique basis {k̄1, k̄2, . . . , k̄n−r} of ker A
obtained by the slightly modified canonical expansion of the (n− r) linearly depen-
dent columns of A:

Inv(b̄) = b̄′+ LIN({k̄1, k̄2, . . . , k̄n−r}) = b̄′+ ker A.

Proof Obtained in the previous text. Δ

Comments

1. The free vector b̄ in the system of linear equations AX̄ = b̄ is a nonzero vector
from R

m (this is called a nonhomogeneous system). The system has a solution
if and only if b̄ belongs to the range ran A, a subspace of R

m (this is called the
column-space criterion).
Looking at b̄ itself one cannot tell whether it is from ran A. The practical criterion
for the existence of solutions is if and only if b̄ can be canonically expanded. In
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that case, the last (n− r) expansion coefficient are all zeros. A system which has
solutions is called consistent.

2. If b̄ = 0̄m, then we have a homogeneous system of linear equations. Since 0̄m al-
ways belongs to the subspace ran A, such a system is necessarily consistent. The
canonical expansion of 0̄m has all the coefficients zero, so that the corresponding
particular unique solution is the zero vector 0̄n. If the matrix A has no linearly
dependent columns, i.e., if the rank r of A is equal to n, the kernel is trivial, it
consists only of 0̄n. Consequently, Inv(0̄m) = 0̄n (trivial solution).
If, on the other hand, there are (n− r) linearly dependent columns of A, then
their modified canonical expansions give immediately (n− r) basis vectors for
the kernel ker A.
So, the general solution of a homogeneous linear system is the kernel ker A it-
self – trivial or nontrivial, depending on the rank r of A− r = n or r < n, respec-
tively.
Remember that the kernel is also a coset 0̄n + ker A = ker A, the only difference
being that it is a subspace of R

n as well, while the other cosets are never sub-
spaces.

3. As we have already shown the canonical expansions of vectors from ran A induce
an isomorphism, denoted by c, between ran A and pre A (the subspace of R

n

consisting of all unique preimages of vectors from ran A):

ran A
c∼= pre A, where b̄

c↔ b̄′.

At the same time, we have another isomorphism c′ between ran A and the

quotient space R/ker A of all cosets in R
n: ran A

c∼=
′
R

n/kerA, where b̄
c′←→

b̄′+ kerA = Inv(b̄).

4. We say that the vector space Vn is a direct sum Vn = Vn1 +Vn2 (see Sect. 3.4.1) of
two of its subspaces Vn1 and Vn2 if every vector x̄ ∈Vn can be uniquely written as
the sum of two components, one x̄1 from Vn1 and the other x̄2 from Vn2:

x̄ = x̄1 + x̄2, x̄ ∈Vn1 , x̄2 ∈Vn2 .

From this definition, it follows immediately that Vn1 and Vn2 have the trivial in-
tersection
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Vn1 ∩Vn2 = {0̄n},

and that their dimensions add up to n : n1 + n2 = n.
It is almost obvious that R

n is the direct sum of two of its subspaces

R
n = pre A + ker A.

To prove this, we have to remember that R
n is partitioned into the cosets of ker A.

Representatives of these cosets are vectors from pre A, so that every X̄ ∈ R
n is

the unique sum

X̄ = X̄1 + X̄2, X̄1 ∈ pre A, X̄2 ∈ ker A.

The dimension of pre A is r and that of ker A is (n− r), which add up to n, the
dimension of R

n. Δ

To anticipate somewhat, we can say that the GJM reduced form of A (see
Sect. 2.17) will explicitly exhibit the two unique bases of the above direct decompo-
sition of R

n: one set of the first r vectors from the standard basis in R
n, as the basis

of pre A, and another set of (n− r) vectors from R
n, as the basis of ker A.

2.9 The Four Tasks

By now, we have discovered that the canonical expansions of (n− r)+ 1 linearly
dependent columns of the augmented matrix [A | b̄ ] of the consistent linear system
AX̄ = b̄, where A = [ai j]m×n, X̄ = [xi]n×1, b̄ = [bi]m×1, provide the general solution
of this consistent linear system in coset form:

Inv(b̄) = b̄′+ ker A,

so that the coset representative b̄′ and the basis {k̄1, k̄2, . . . , k̄n−r} of ker A are
uniquely determined.

The afore-mentioned canonical expansions are immediately obtained in the GJ
modified reduced row-echelon form of [A |b̄ ] as will be shown in Sect. 2.17.

To prepare the ground for this claim, we shall have to perform a number of tasks
beforehand.

1. Firstly, we shall prove that the number of linearly independent (lind) rows and
the number of lind columns of the matrix A is the same, regardless of how many
rows m and how many columns n there are in the matrix A. We call this common
number the rank r of A (see Sect. 2.10).

2. Secondly, we have to introduce three elementary row operations (eros), which
can be performed on the augmented matrix [A | b̄ ] of AX̄ = b̄, so that one gets
reduced equivalent linear systems with the same solution set. The same effect
arises from multiplication of A from the left with one of three m×m elementary
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matrices (see Sect. 2.12). Using this alternative method, we can derive a number
of proofs in a much simpler way.

3. Furthermore, the original unique GJ reduced row-echelon form [A |b̄ ]red of
[A | b̄ ] will be defined and obtained by means of eros. Its amazing properties
are discussed in detail (see Sects. 2.13 and 2.15).
The standard method for solving AX̄ = b̄ consists in writing the linear system
corresponding to this reduced GJ form of [A | b̄ ] and deciding which unknowns
have no solution, so that they must be taken as free parameters, which can have
any real value. Finally, one expresses the basic unknowns in terms of these pa-
rameters and the coefficients of [A | b̄]red. The basic unknowns are those which
multiply lind columns of A in the canonical expansion

AX̄ = c̄1x1 + c̄2x2 + · · ·+ c̄nxn = b̄.

Consequently, the nonbasic ones (declared as parameters) are those unknowns
which multiply the linearly dependent columns of A in the above canonical ex-
pansion (see Sect. 2.16).

4. Transfer to the GJM form of [A | b̄ ]red is the final simple step that immediately
produces the general unique coset solution of the linear system AX̄ = b̄.
This GJM form of [A | b̄ ]red gives explicitly the canonical expansions of all
columns of the original [A | b̄ ]; so providing the bases for the direct decompo-
sition R

n = pre A⊕ ker A, as well as b̄′, the unique coset representative for the
coset solution Inv(b̄) = b̄′+ ker A (see Sect. 2.17).

2.10 The Column Space and the Row Space

Task 1. Proof of the statement that there is the same number of lind columns and
lind rows in every m× n matrix A. In other words, the column space of A has the
same dimension as its row space. This dimension is called the rank r of A.

We consider the matrix A = [ai j]m×n =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦ as the column of m

row-vectors with n components

A =

⎡
⎢⎢⎢⎣

r̄1

r̄2
...

r̄m

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦ .

These vectors span the row space of A. Let us assume that there are s lind vectors
among these rows, so that the dimension of the row space of A is s ≤ n. We can
always choose a basis in the row space, e.g., BRS = {b̄1, b̄2, . . . , b̄s}, where
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b̄ j = [b j1 b j2 . . . b jn ], j = 1,2, . . . ,s,

and expand every row of A uniquely in this basis:

r̄1 =
s

∑
j=1

k1 jb̄ j, r̄2 =
s

∑
j=1

k2 jb̄ j, . . . , r̄m =
s

∑
j=1

km jb̄ j, or, in short,

r̄i =
s

∑
j=1

ki jb̄ j, i = 1,2, . . . ,m.

Writing each row in terms of its components, we get

[ai1 ai2 . . . ain ] =
s

∑
j=1

ki j[b j1 b j2 . . . b jn ], i = 1,2, . . . ,m.

Such row-vector expansions give immediately unique expansions for each compo-
nent in them

aip =
s

∑
j=1

ki jb jp, i = 1,2, . . . ,m; p = 1,2, . . . ,n.

We can now arrange these components as n columns of the matrix A:

c̄p =

⎡
⎢⎢⎢⎣

a1p

a2p
...

amp

⎤
⎥⎥⎥⎦= b1p

⎡
⎢⎢⎢⎣

k11

k21
...

km1

⎤
⎥⎥⎥⎦+ b2p

⎡
⎢⎢⎢⎣

k12

k22
...

km2

⎤
⎥⎥⎥⎦+ · · ·+ bsp

⎡
⎢⎢⎢⎣

k1s

k2s
...

kms

⎤
⎥⎥⎥⎦ , p = 1,2, . . . ,n.

We conclude that every column c̄p, p = 1,2, . . . ,n of the matrix A can be ex-
pressed as a unique linear combination of s column vectors from R

m:

k̄′1 =

⎡
⎢⎢⎢⎣

k11

k21
...

km1

⎤
⎥⎥⎥⎦ , k̄′2 =

⎡
⎢⎢⎢⎣

k12

k22
...

km2

⎤
⎥⎥⎥⎦ , . . . k̄′s =

⎡
⎢⎢⎢⎣

k1s

k2s
...

kms

⎤
⎥⎥⎥⎦ .

Thus, these s column-vectors Bcs = {k̄′1, k̄′2, . . . , k̄′s} form a basis in the column
space. This means that the dimension of the column space is the same as the dimen-
sion s of the row space. But, we have already defined the dimension of the column
space as the rank r of the matrix A. Therefore, the final conclusion is that s = r. Δ

It is a rather surprising conclusion since some m× n matrices can be very elon-
gated rectangles. Nevertheless, r is always equal to s. Notice that r is less than or at
most equal to the smaller of m and n (r≤min(m,n)). For instance, a 2×6 matrix (2

rows and 6 columns) can have at most two lind columns (
rank

r ≤ 2). If such a matrix
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is the coefficient matrix of the linear system AX̄ = b̄, then we can be sure that out
of six unknowns at most two can be basic ones. The rest of the unknowns are simply
free parameters.

2.11 Two Examples of Linear Dependence of Columns
and Rows of a Matrix

1. Consider the 3×5 matrix ⎡
⎣ 1 −2 1 3 2

1 1 −1 4 3
2 5 −2 9 8

⎤
⎦ .

It can have at most three lind columns since it has only three rows. Let us start
with the first three columns to see if they are lind. To do this we shall form
a linear combination of them and substantiate that this linear combination can
produce the zero vector in R

3 only with zero coefficients.

a

⎡
⎣1

1
2

⎤
⎦+ b

⎡
⎣−2

1
5

⎤
⎦+ c

⎡
⎣ 1
−1
−2

⎤
⎦=

⎡
⎣0

0
0

⎤
⎦⇒

(−1) ·/a−2b + c = 0
(−2) ·/a + b− c = 0

2a + 5b−2c = 0

}
} ⇒ 3b − 2c = 0

3b = 0

}
⇒ b = 0, c = 0, a = 0.

Thus, r = 3.
Now, we can be sure that the third and fourth columns are linearly dependent on
the first three. Let us verify this.

⎡
⎣3

4
9

⎤
⎦= x

⎡
⎣1

1
2

⎤
⎦+ y

⎡
⎣−2

1
5

⎤
⎦+ z

⎡
⎣ 1
−1
−2

⎤
⎦⇒ {

{x−2y + z = 3/ · (−1)
x + y− z = 4/ · (−2)
2x + 5y−2z = 9

⇒

3y−2z = 1
3y = 1

}
⇒ y = 1/3, z = 0, x = 11/3.

Similarly,

⎡
⎣ 2

3
8

⎤
⎦ = x′

⎡
⎣ 1

1
2

⎤
⎦ = y′

⎡
⎣−2

1
5

⎤
⎦ + z′

⎡
⎣ 1
−1
−2

⎤
⎦ ⇒ x′ = 17/6, y′ = 2/3,

z′ = 1/2.
We now know that the three rows of A are lind (r = 3). There is no need to
verify this.
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2. Consider now the 4×5 matrix

B =

⎡
⎢⎢⎢⎢⎣

1 −1 1 −1 4
1 1 2 3 8
2 4 5 10 20
2 −4 1 −6 4

c̄1 c̄2 c̄3 c̄4 c̄5

⎤
⎥⎥⎥⎥⎦

r̄1

r̄2

r̄3

r̄4

.

It is simple to verify that only the first two columns are lind. The other three are
linearly dependent.

A.

a

⎡
⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎦+ b

⎡
⎢⎢⎣
−1

1
4
−4

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭
⇒

a−b = 0
a + b = 0

}

2a + 4b = 0
2a−4b = 0

}
a = 0, b = 0.

linearly dependent equations
Eq.3 = (−1)Eq.1 + 3Eq.2,

Eq.4 = 3Eq.1−Eq.2

⇒ c̄1 and c̄2 form a basis W the column space.

B.

⎡
⎢⎢⎣

1
2
5
1

⎤
⎥⎥⎦= c1

⎡
⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎦+ c2

⎡
⎢⎢⎣
−1

1
4
−4

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭
⇒

c1− c2 = 1
c1 + c2 = 2

}

2c1 + 4c2 = 5
2c1−4c2 = 1

}
c1 = 3

2 , c2 = 1
2

linearly dependent
equations

Eq.3 = (−1)Eq.1 + 3Eq.2
Eq.4 = 3Eq.1−Eq.2

⇒ c̄3 =
3
2

c̄1 +
1
2

c̄2

C.

⎡
⎢⎢⎣
−1

3
10
−6

⎤
⎥⎥⎦= d1

⎡
⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎦+ d2

⎡
⎢⎢⎣
−1

1
4
−4

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭
⇒

d1−d2 =−1
d1 + d2 = 3

}

2d2 + 4d2 = 10
2d2−4d2 =−6

}
d1 = 1, d2 = 2

linearly dependent
equations

(the same linear
dependence
as above)

⇒ c̄4 = c̄1 + 2c̄2

D.

⎡
⎢⎢⎣

4
8

20
4

⎤
⎥⎥⎦= e1

⎡
⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎦+ e2

⎡
⎢⎢⎣
−1

1
4
−4

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭
⇒

e1− e2 = 4
e1 + e2 = 8

}

2e1 + 4e2 = 20
2e1−4e2 = 4

}
e1 = 6, e2 = 2

linearly dependent
equations

(the same linear
dependence
as above)

⇒ c̄5 = 6c̄1 + 2c̄2
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One expects that the first two rows are lind. Indeed,

a1[1 −11 −14 ]+ b1[11238 ] = [00000 ] giving five linear equations

a1 + b1 = 0
−a1 + b1 = 0

}
⇒ a1 = 0, b1 = 0⇒ r̄1 and r̄2 form a basis in the row space.

+a1 + 2b1 = 0
−a1 + 3b1 = 0
4a1 + 8b1 = 0

⎫⎬
⎭

linearly dependent
equations (no

new information).

Eq.3 = 3
2 Eq.1 + 1

2 Eq.2
Eq.4 = Eq.1 + 2Eq.2
Eq.5 = 6Eq.1 + 2Eq.2

The third and fourth rows are linearly dependent:

r̄3 = (−1)r̄1 + 3r̄2, r̄4 = 3r̄1− r̄2.

The last two linear dependence relations of rows can be read immediately from
the linear dependence of the third and fourth equations in B, C, D. above.

Illustration Now is a very good opportunity to illustrate the method of finding
the general solution for the linear system AX̄ = b̄ in the coset form by means of
canonical expansions of the linearly dependent columns of the augmented matrix
[A | b̄ ] of the system.

Let our matrix B be the augmented matrix B = [A |b̄] of the linear system of four
equations with four unknowns

x1− x2 + x3− x4 = 4

x1 + x2 + 2x3 + 3x4 = 8

2x1 + 4x2 + 5x3 + 10x4 = 20

2x1−4x2 + x3−6x4 = 4.

Having already found the linear dependency relations for the columns of B, we can
now write straightforwardly the general solution in the coset form

⎡
⎢⎢⎣

x1

x2

x3

x4

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦+ LIN

⎛
⎜⎜⎝

⎡
⎢⎢⎣

3/2
1/2
−1
0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

1
2
0
−1

⎤
⎥⎥⎦

⎞
⎟⎟⎠= b̄′+ ker A.

Remember that the unique coset representative b̄′ =

⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦ consists of the canonical

expansion coefficients of b̄ =

⎡
⎢⎢⎣

4
8

20
4

⎤
⎥⎥⎦: b̄ = 6c̄1 + 2c̄2 + 0 · c̄3 + 0 · c̄3 in terms of all



2.12 Elementary Row Operations (Eros) and Elementary Matrices 91

columns of A. One can easily verify that Ab̄′ = b̄:
⎡
⎢⎢⎣

1 −1 1 −1
1 1 2 3
2 4 5 10
2 −4 1 −6

⎤
⎥⎥⎦

⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

6−2
6 + 2
12 + 8
12−8

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

4
8
20
4

⎤
⎥⎥⎦ .

The unique basis vectors for ker A

k̄1 =

⎡
⎢⎢⎣

3/2
1/2
−1
0

⎤
⎥⎥⎦ and k̄2 =

⎡
⎢⎢⎣

1
2
0
−1

⎤
⎥⎥⎦ consist of modifed

canonical expansion coefficients of the two linearly dependent columns c̄3 and c̄4

of A:

c̄3 =
3
2

c̄1 +
1
2

c̄2 + 0 · c̄3 + 0 · c̄4
modification⇒ 0̄4 =

3
2

c̄1 +
1
2

c̄2− c̄3 + 0 · c̄4,

c̄4 = c̄1 + 2c̄2 + 0 · c̄3 + 0c̄4
modification⇒ 0̄4 = c̄1 + 2c̄2 + 0 · c̄3− c̄4.

One can easily verify that Ak̄1 = 0̄4, Ak̄2 = 0̄4, and that k̄1 and k̄2 are lind. So, they
both belong to ker A, they are obviously linearly independent , and there are two of
them as required by the dimension theorem

dimker A = dimR
4−dimran A = 4−2 = 2.

Therefore, ker A = LIN(k̄1, k̄2) = {sk̄1 + tk̄2 | s,t ∈ R}.

2.12 Elementary Row Operations (Eros)
and Elementary Matrices

Task 2. The last example presents a simple illustration of how to obtain the general
solution of a consistent linear system AX̄ = b̄ in the unique coset form by means
of the canonical expansions of linearly dependent columns in the augmented matrix
[A |b̄ ].

There is a more sophisticated and much faster method to achieve the same result
by means of the Gauss-Jordan modified (GJM) procedure. To perform this proce-
dure, we need elementary row operations (eros).

2.12.1 Eros

First, we have to remember that every m×n linear system AX̄ = b̄ is obviously in
a one-to-one correspondence with its m× (n+1) augmented matrix [A | b̄ ]. Making
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use of the matrix [A | b̄ ] instead of the system of linear equations AX̄ = b̄ is of
course much more convenient, especially because with [A | b̄ ] one can apply differ-
ent operations from matrix algebra.

The basic idea is to transform [A | b̄] into the canonical (simplest) form called the
GJ reduced row-echelon form, so that the corresponding linear system has exactly
the same general solution as AX̄ = b̄. For the purpose of getting the GJ form, we
use only three elementary row operations (eros) on [A | b̄], each of which preserves
the general solution.

The first type of ero is an interchange of any two rows: r̄i↔ r̄ j in [A | b̄ ].
The second type of ero consists of multiplying a row in [A | b̄ ] with a nonzero

real number λ �= 1 : r̄i→ λ r̄i, λ �= 0, 1.
The third type of ero is performed by adding to a row another row multiplied by

some λ �= 0 : r̄i→ r̄i + λ r̄ j i �= j.
To prove that each type of ero produces an equivalent linear system (the linear

system which has the same solution), we shall briefly investigate the effects of the
above three types of ero considered as operations on the equations of the system
AX̄ = b̄.

1. Obviously, the interchange of any two equations in the system will not alter the
solutions.

2. If the i-th equation of the system is multiplied by λ , we get

λ ai1x1 + λ ai2x2 + · · ·+ λ ainxn = λ bi.

Since λ �= 0, we immediately see that if the set {c1,c2, . . . ,cn} is a solution for
this new equation:

λ ai1c1 + λ ai2c2 + · · ·+ λ aincn = λ bi,

then dividing by λ �= 0, this set is also a solution for the original equation:

ai1c1 + ai2c2 + · · ·+ aincn = bi

and vice versa. The remaining equations are not changed.
3. The i-th equation ai1x1 + ai2x2 + · · ·+ ainxn = bi is changed into

(ai1 + λ a j1)x1 +(ai2 + λ a j2)x2 + · · ·+(ain + λ a jn)xn = bi + λ b j. (∗)

If the set {c1,c2, . . . ,cn} is a solution for the system before this operation is per-
formed, it means that both

ai1c1 + ai2c2 + · · ·+ aincn = bi (∗∗)

and

a j1c1 + a j2c2 + · · ·+ a jncn = b j(∗ ∗ ∗)

are satisfied.
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Multiplying (∗ ∗ ∗) with λ and adding (∗∗), one sees that the new equation (∗)
has this set as its solution:

(ai1 + λ a j1)c1 +(ai2 + λ a j2)c2 + · · ·+(ain + λ a jn)cn = bi + λ b j. (∗ ∗ ∗∗)

Consequently, the set {c1,c2, . . . ,cn} is a solution to the new system, since other
equations are unchanged.
If, on the other hand, the set {c1,c2, . . . ,cn} is a solution to the new system, it
implies that (∗ ∗ ∗) and (∗ ∗ ∗∗) are satisfied. Multiplying (∗ ∗ ∗) by λ and sub-
tracting from (∗ ∗ ∗∗), we get (∗∗), so this set is a solution to the old system as
well. Δ

For each ero, there is the inverse one:

1. For the interchange of rows (r̄i↔ r̄ j), the inverse ero is the same interchange.
2. For the multiplication of a row with λ �= 1 (r̄i → λr̄i), the inverse ero is the

multiplication with 1/λ.
3. For the addition of a row multiplied with λ to another row (r̄i → r̄i + λr̄ j), the

inverse ero is the subtraction of the same row multiplied with λ.

2.12.2 Elementary Matrices

For every ero, there is a square matrix m×m that produces the same effect as that ero
has on any m×n matrix A by left multiplication (often referred as premultiplication).
These matrices are called the elementary matrices.

For example, for m = 3, if one wants to interchange rows 1 and 2 (r̄1↔ r̄2) on a

3×3 matrix A = [ai j]3×3, one uses the elementary matrix

⎡
⎣0 1 0

1 0 0
0 0 1

⎤
⎦:

⎡
⎣ 0 1 0

1 0 0
0 0 1

⎤
⎦
⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦=

⎡
⎣a21 a22 a23

a11 a12 a13

a31 a32 a33

⎤
⎦ .

To multiply the second row with 3 (r̄2→ 3r̄2), one uses

⎡
⎣ 1 0 0

0 3 0
0 0 1

⎤
⎦
⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦=

⎡
⎣ a11 a12 a13

3a21 3a22 3a23

a31 a32 a33

⎤
⎦ .

To add two times row 1 to row 3 (r̄3→ r̄3 + 2r̄1), one uses
⎡
⎣ 1 0 0

0 1 0
2 0 1

⎤
⎦
⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦=

⎡
⎣ a11 a12 a13

a21 a22 a23

a31 + 2a11 a32 + 2a12 a33 + 2a13

⎤
⎦ .
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Another, more simple definition of elementary matrices is that they are m×m
square matrices obtained from the m×m identity matrix Im when the corresponding
eros are applied to this matrix. The above examples are nice illustrations of this

basic definition: when r̄1 ↔ r̄2 in

⎡
⎣ 1 0 0

0 1 0
0 0 1

⎤
⎦, and also, r̄2 → 3r̄2 and r̄3 → r̄3 + 2r̄1

are performed in the same identity matrix I3.
Obviously, every elementary matrix has its inverse that corresponds to the inverse

ero. In the above examples, the inverse matrices are

the inverse
matrix⎡

⎣0 1 0
1 0 0
0 0 1

⎤
⎦
⎡
⎣0 1 0

1 0 0
0 0 1

⎤
⎦ =

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦ ,

the inverse
matrix⎡

⎣1 0 0
0 3 0
0 0 1

⎤
⎦
⎡
⎣1 0 0

0 1/3 0
0 0 1

⎤
⎦=

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦ ,

the inverse
matrix⎡

⎣1 0 0
0 1 0
2 0 1

⎤
⎦
⎡
⎣ 1 0 0

0 1 0
−2 0 1

⎤
⎦=

⎡
⎣ 1 0 0

0 1 0
2−2 0 1

⎤
⎦=

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦ .

Another method for proving that all elementary matrices have an inverse is to
calculate their determinants, which turn out to be always different from zero. In our
examples

det

⎡
⎣0 1 0

1 0 0
0 0 1

⎤
⎦=−1, det

⎡
⎣1 0 0

0 3 0
0 0 1

⎤
⎦= 3, det

⎡
⎣1 0 0

0 1 0
2 0 1

⎤
⎦= 1.

Also, all three rows and all three columns in these matrices are lind, so their rank is
3. Remember, an m×m matrix has an inverse if its rank is m.

The general form of the elementary matrices can be easily obtained by making
use of the standard basis matrices in Rm×m

{Ei j | i, j = 1,2, . . . ,m}

where the (p,q) element in Ei j is

(Ei j)pq = δipδ jq

(it has all m2−1 entries 0, except ei j = 1). Note: detIm = 1, detEii = 1, detEi j = 0
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1. The elementary m×m matrix Fi j for the interchange of the i-th and j-th row
(r̄i↔ r̄ j) is

Fi j = Im−Eii +E ji−E j j +Ei j.

Its determinant is (−1).
2. The elementary m×m matrix Fi(λ) for the multiplication of the i-th row with a

non-zero λ �= 1 (r̄i→ λr̄i) is

Fi(λ ) = Im +(λ −1)Eii.

Its determinant is equal to λ.
3. The elementary matrix Fi j(λ) for adding λ times row j to row i (r̄i→ r̄i +λr̄ j) is

Fi j(λ ) = Im + λEi j.

Its determinant is equal to 1.

At this point, we shall introduce the notion of row equivalence. We say that A is
row equivalent to B (written A∼ B) if there is a sequence of eros that transforms A
into B.

It is quite simple to verify that this is a genuine equivalence relation since it is
obviously reflexive (every matrix is row equivalent to itself by multiplication of any
row by 1); it is naturally symmetric (since if B is obtained from A by a sequence of
eros, then A can be obtained from B by the sequence of inverse eros performed in
the opposite order); it is also transitive (since if A ∼ B and B ∼ C, then A ∼ C by
performing on A the set of eros to get B, and then continuing with the set of eros
that change B into C).

2.13 The GJ Form of a Matrix

Task 3. A matrix A is in row-echelon form if it satisfies the following two condi-
tions:

1. All rows that consist entirely of zeros (zero rows) are grouped together at the
bottom of the matrix.

2. The first nonzero number in any nonzero row is a 1 (called the leading one, and
it appears to the right of the leading 1 in the preceding row).

As an important consequence of these requirements, the matrix A in row-
echelon form has all zeros below each leading 1.
A matrix A is said to be in GJ reduced row-echelon form Ared if it also satisfies
the third condition:

3. It has only zeros above, as well as below, each leading 1.

The GJ standard method consists of using elementary row operations (eros) on
the augmented matrix [A | b̄ ] of the given linear system AX̄ = b̄ to bring the
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coefficient matrix A into reduced row-echelon form Ared. Then the general
solution of the system can be obtained by inspection if the system is con-
sistent, i.e., if all zero rows in Ared continue to be zero rows in [A |b̄ ]red.
It should be emphasized that for linear systems that have no unique so-
lution, some unknowns (those that multiply linearly dependent columns in
the canonical expansion of AX̄ ) must be first declared as free parameters
(see Sect. 2.16).

We shall now give a short instruction on how one can achieve reduced row-
echelon form of the given matrix:

(A) If the first column of the matrix contains only zeros, we forget about it and go
to the second column. We continue in this manner until the left column of the
remaining matrix has at least one nonzero number.

(B) We use row interchange, if necessary, to obtain a nonzero number a at the top
of that column.

(C) We multiply the first row with 1/a in order to obtain the leading 1.
(D) We add suitable multiples of the top row to other rows so that all numbers below

the leading 1 become zeros.
(E) Now, we can forget the first row to obtain an even smaller matrix. We go back to

step (A) and repeat the procedure with this smaller matrix until the row-echelon
form is obtained.

(F) Beginning with the last nonzero row and working upward, we add suitable mul-
tiples of each row to the rows above to introduce zeros above the leading 1s.

Let us again consider as an illustration the 4×5 matrix B (the second example in
Sect. 2.11):

B =

⎡
⎢⎢⎣

1 −1 1 −1 4
1 1 2 3 8
2 4 5 10 20
2 −4 1 −6 4

⎤
⎥⎥⎦ .

Since at the top of column 1 we already have the leading 1, we start with step (D).

B =

⎡
⎢⎢⎣

1 −1 1 −1 4
1 1 2 3 8
2 4 5 10 20
2 −4 1 −6 4

⎤
⎥⎥⎦ r̄2− r̄1

r̄3−2r̄1

r̄4−2r̄1

∼

⎡
⎢⎢⎣

1 −1 1 −1 4
0 2 1 4 4
0 6 3 12 12
0 −2 −1 −4 −4

⎤
⎥⎥⎦

1
2 r̄2

r̄3−3r̄2

r̄4 + r̄2

∼

∼

⎡
⎢⎢⎣

1 −1 1 −1 4
0 1 1/2 2 2
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎦

r̄1 + r̄2

∼

⎡
⎢⎢⎣

1 0 3/2 1 6
0 1 1/2 2 2
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎦= Bred.

It is obvious that performing eros we do not change the row space, which is
closed under linear operations like vector addition and scalar multiplication. The
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final effect is to separate lind rows r̄1 and r̄2 from those that are linearly dependent
r̄3 =−r̄1 + 3r̄2 and r̄4 = 3r̄1− r̄2, and to change the latter ones into zero rows.

This can be illustrated in detail in the above example. The effect of the performed
eros on the third and fourth rows is to transform into zero rows by “undoing” these
linear dependences:

r̄3−2r̄1−3(r̄2− r̄1) = r̄3 + r̄1−3r̄2 = r̄3− r̄3 = 0̄,

r̄4−2r̄1 +(r̄2− r̄1) = r̄4−3r̄1 + r̄2 = r̄4− r̄4 = 0̄.

This is true in every Gauss reduction procedure: linearly dependent rows in the
original matrix are transformed by eros into zero rows and as such placed at the
bottom of the reduced row-echelon form.

It should be noticed that the column space of B is not preserved by performing
these eros. But, the most remarkable property of the G-J reduced row-echelon form
is that linear independence and linear dependence of the columns present in the first
matrix B is exactly preserved among the columns of the reduced row-echelon form
Bred: the first two columns are lind, the third one is a linear combination of these
two with coefficients 3/2 and 1/2. The same is true for columns 4 and 5 (coefficients
1, 2 and 6, 2, respectively). The main difference is that in the reduced form these
dependences are exposed explicitly.

2.14 An Example (Preservation of Linear Independence
and Dependence in GJ Form)

Let us now consider the 3×4 matrix

⎡
⎣1 −2 1 2

1 1 −1 3
2 5 −2 8

⎤
⎦ .

The first three columns are lind, which can be checked by calculating the deter-
minant of the 3×3 matrix, which they form

∣∣∣∣∣∣
1 −2 1
1 1 −1
2 5 −2

∣∣∣∣∣∣=−2 + 5 + 4−2−4 +5 = 6 �= 0.

(remember: in an n× n matrix with determinant different from zero all n columns
and n rows are lind)

The fourth column must therefore be linearly dependent since such a matrix with
three rows cannot possibly have more than three lind columns.
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To find this dependence, we proceed in a pedestrian manner:
⎡
⎣2

3
8

⎤
⎦= x

⎡
⎣1

1
2

⎤
⎦+ y

⎡
⎣−2

1
5

⎤
⎦+ z

⎡
⎣ 1
−1
−2

⎤
⎦⇒

x−2y + z = 2
x + y− z = 3

2x + 5y−2z = 8
⇒

x = 17/6
y = 2/3
z = 1/2

.

We express this linear dependence explicitly

C =

⎡
⎣ 1 −2 1

1 1 −1
1 −1 −2

17/6

⎡
⎣1

1
2

⎤
⎦+ 2/3

⎡
⎣−2

1
5

⎤
⎦+ 1/2

⎡
⎣ 1
−1
−2

⎤
⎦
⎤
⎦ .

We shall now apply eros to obtain the reduced row-echelon form of C and ob-
serve that the first three columns and the same ones in the expansion of the fourth
column c̄4 transform simultaneously: Thus, eros do not alter the formulas (linear
combinations) that relate linearly dependent columns and lind ones:

⎡
⎣1 −2 1

1 1 −1
2 5 −2

17/6

⎡
⎣1

1
2

⎤
⎦+ 2/3

⎡
⎣−2

1
5

⎤
⎦+ 1/2

⎡
⎣ 1
−1
−2

⎤
⎦
⎤
⎦ r̄2− r̄1

r̄3−2r̄1

∼

∼
⎡
⎣1 −2 1

0 3 −2
0 9 −4

17/6

⎡
⎣1

0
0

⎤
⎦+ 2/3

⎡
⎣−2

3
9

⎤
⎦+ 1/2

⎡
⎣ 1
−2
−4

⎤
⎦
⎤
⎦

r̄3−3r̄2

∼

∼
⎡
⎣1 −2 1

0 3 −2
0 0 2

17/6

⎡
⎣1

0
0

⎤
⎦+ 2/3

⎡
⎣−2

3
0

⎤
⎦+ 1/2

⎡
⎣ 1
−2
+2

⎤
⎦
⎤
⎦ ·1/3
·1/3

∼

∼
⎡
⎣1 −2 1

0 1 −2/3
0 0 1

17/6

⎡
⎣1

0
0

⎤
⎦+ 2/3

⎡
⎣−2

1
0

⎤
⎦+ 1/2

⎡
⎣ 1
−2/3

1

⎤
⎦
⎤
⎦ r̄1 + 2r̄2 ∼

∼
⎡
⎣1 0 −1/3

0 1 −2/3
0 0 1

17/6

⎡
⎣1

0
0

⎤
⎦+ 2/3

⎡
⎣0

1
0

⎤
⎦+ 1/2

⎡
⎣−1/3
−2/3

1

⎤
⎦
⎤
⎦ r̄1 + 1

3 r̄3

r̄2 + 2
3 r̄3
∼

∼
⎡
⎣ 1 0 0

0 1 0
0 0 1

17/6

⎡
⎣1

0
0

⎤
⎦+ 2/3

⎡
⎣0

1
0

⎤
⎦+ 1/2

⎡
⎣0

0
1

⎤
⎦
⎤
⎦=

=

⎡
⎣1 0 0 17/6

0 1 0 2/3
0 0 1 1/3

⎤
⎦ .
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Obviously, this example can be considered as the proof since in any other
m× n matrix the phenomenon will be the same: linear dependence and inde-
pendence among columns of the first matrix of rank r will be preserved and
explicitly demonstrated in its reduced row-echelon form – lind columns will be-
come the first r vectors of the standard basis in R

m, while (n− r) linearly depen-
dent columns will have as their entries the coefficients of their linear dependences,
thus showing them explicitly. This is the fundamental property of the reduced row-
echelon form.

2.15 The Existence of the Reduced Row-Echelon (GJ)
Form for Every Matrix

We shall now demonstrate that every matrix can be brought by eros into reduced
row-echelon form. Then, the above statement about exact preservation of linear
dependence among columns proves that the reduced row-echelon form for every
matrix is unique.

We actually want to prove that every matrix A can be transformed to a reduced
row-echelon form Ared by multiplying on the left of A by a finite sequence of ele-
mentary matrices or, equivalently, by applying a finite sequence of eros to A. We do
so by mathematical induction.

Theorem [on the existence of GJ form] If A is an m× n matrix, then there are
m×m elementary matrices F1,F2, . . . ,Fq such that

(Fq Fq−1 . . . F2 F1)A = Ared ,

where Ared is a reduced row-echelon (GJ) matrix.

Proof The proof is by induction on the number of rows of A. The plan then is to
show that

(a) the theorem is true if A has one row and
(b) if the theorem is true for all matrices having k rows, then it is also true for all

matrices having k + 1 rows. The principle of mathematical induction will then
assure us that the theorem is true.

If A has 1 row, there are two possibilities: either A is the zero matrix, in which
case A is already a reduced row-echelon matrix and F11A = Ared, or A has a nonzero
entry. In this case, let j be the first column (from left to right) of A that has a nonzero
entry a1 j. Then, F1(1/a1 j)A is a reduced row-echelon matrix and the theorem is true
for q = 1.

Next, we assume that the theorem is true for all matrices having k rows. Let A be
a matrix with k +1 rows. If A = 0̂, then it is a reduced row-echelon matrix. If A �= 0̂,
then A has at least one nonzero entry. Let t be the first column that has at least one
nonzero entry, and let ast be one of nonzero entries in the column t
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A =

t

s

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 ∗ · · · ∗
0 · · · 0 ∗ · · · ∗
...

...
...

...
0 · · · 0 ast · · · ∗
...

...
...

...
0 · · · 0 ∗ · · · ∗

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

k + 1

The matrix F1sFs(1/ast)A has all zeros in each of the first (t− 1) columns, and the
entry in the first row and t-th column is 1

F2F1A = F1sFs(1/ast)A =

t⎡
⎢⎢⎢⎣

0 · · · 0 1 ∗ · · · ∗
0 · · · 0 ∗ ∗ · · · ∗
...

...
...

...
...

0 · · · 0 ∗ ∗ · · · ∗

⎤
⎥⎥⎥⎦

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

k + 1

The next step is to sweep out the t-th column by performing appropriate eros of
the form r̄i→ r̄ j−a jt r̄1, j = 2,3, . . . ,k + 1. The effect of these eros is obtained by
multiplying on the left by the corresponding k elementary matrices Fj1(−a jt), j =
2,3, . . . ,k + 1. We obtain

B = Fk+2 Fk+1 Fk . . .F2 F1A =

⎡
⎢⎢⎢⎣

0 · · · 0 1 ∗ · · · ∗
0 · · · 0 0
...

...
...

0 · · · 0 0

c

⎤
⎥⎥⎥⎦

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

k + 1

where
F1 = Fs(1/ast), F2 = F1s, F3 = F21(−a2t), F4 = F31(−a3t), . . . , Fk+2 = Fk+1 1
(−ak+1 t).

The matrix C has k rows, and by our induction hypothesis, C can be transformed
to reduced row-echelon form by multiplying on the left by the appropriate elemen-
tary matrices of order k or, what amounts to the same thing, by performing the
appropriate eros on C. Multiplying on the left of B by the elementary matrices of
order (k + 1) corresponding to the eros that reduce the matrix C, we obtain

D = Fp . . .F2 F1 A =

⎡
⎢⎢⎢⎣

0 · · · 0 1 ∗ · · · ∗
0 · · · 0 0
...

...
...

0 · · · 0 0

F
reduced
r-e form

⎤
⎥⎥⎥⎦
−→ row-echelon form

Next, the nonzero entries in the first row of D that lie above the leading 1s in the
matrix F are changed to zeros by multiplying on the left by appropriate elementary
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matrices of the form F1i(−a1 j), where j is the column number and i is the row
number in D in which the leading 1 appears. Finally, we have

Fq . . .F2 F1A = Ared,

a reduced row-echelon matrix. The theorem now follows from the principle of math-
ematical induction. Δ

Note the reduced row-echelon matrix in the theorem is unique, as we proved pre-
viously, since Ared exposes explicitly linear independence and dependence of the
corresponding columns in A. In other words, if we know the linear independent and
dependent columns in A, we can write the unique Ared immediately.
An Important Remark If A is an invertible (nonsingular) n× n matrix, then it is
equivalent to say that A can be reduced by eros to the identity matrix In. The reason
for this is that all n columns of the invertible A are lind, so its reduced row-echelon
form has all 1s on its diagonal.

We can also say that an invertible matrix A is a product of elementary matrices,
since Fq . . .F2 F1A = In implies Fq . . .F2 F1 = A−1 or

A = (Fq . . .F2 F1)−1 = F−1
1 F−1

2 . . .F−1
q .

2.16 The Standard Method for Solving AX̄XX = b̄

This standard method is called the GJ method, and it consists in bringing the cor-
responding augmented matrix [A | b̄ ] [which has m rows and (n + 1) columns] to
reduced row-echelon form [Ared | b̄red ]. Some solutions exist (we say that the sys-
tem AX̄ = b̄ is consistent) if and only if b̄ ∈ ran A, which implies that b̄ has its
inverse image that is a subset (called a coset) in R

n as the general solution of the
system.

A more sophisticated way to express the same condition is to say that the ranks
of A and [A | b̄ ] must be the same, meaning again that b̄ is linearly dependent on the
columns of A that span ran A (the Kronecker–Capelli theorem). Practically, consis-
tent systems are immediately recognizable if Ared and [Ared | b̄red ] have the same
number of nonzero rows, i.e., the same number of lind rows, in fact the same rank.
(Remember that A and Ared have always the same rank, since eros do not change
the number of lind rows.)

On the other hand, for inconsistent systems, the rank of the m×n matrix A is r (r
lind columns), then Ared has r nonzero rows. But since b̄ ∈ ran A, then [Ared | b̄red]
has (r + 1) nonzero rows since b̄ is also lind and the rank of [A |b̄ ] is (r + 1).
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Example of a 4×4 inconsistent system (a system with no solution):

x1−2x2−3x3 + 2x4 =−4
−3x1 + 7x2− x3 + x4 =−3

2x1−5x2 + 4x3−3x4 = 7
−3x1 + 6x2 + 9x3−6x4 =−1

⎫⎪⎪⎬
⎪⎪⎭
⇒

⎡
⎢⎢⎣

1 −2 −3 2 −4
−3 7 −1 1 −3

2 −5 4 −3 7
−3 6 9 −6 −1

⎤
⎥⎥⎦

r̄2 + 3r̄1

r̄3−2r̄1

r̄4 + 3r̄1

∼

∼

⎡
⎢⎢⎣

1 −2 −3 2 −4
0 1 −10 7 −15
0 −1 10 −7 15
0 0 0 0 −13

⎤
⎥⎥⎦ r̄3 + r̄2

: (−13)

∼

⎡
⎢⎢⎣

1 −2 −3 2 −4
0 1 −10 7 −15
0 0 0 0 0
0 0 0 0 1

⎤
⎥⎥⎦�)

�

r̄1 + 2r̄2

∼

∼

⎡
⎢⎢⎣

1 0 −23 16 −34
0 1 −10 7 −15
0 0 0 0 1
0 0 0 0 0

⎤
⎥⎥⎦⇒

(the reduced form of A has two nonzero rows, whereas that of [A | b̄ ] has 3)

x1 − 23x3 + 16x4 = −34
x2 − 10x3 + 7x4 = −15

0 · x1 + 0 · x2 + 0 · x3 + 0 · x4 = 1
.

This system has no solution, since there are no x1, x2, x3, x4 that would satisfy the
last equation.

One can see why the system is inconsistent, since the l.h.s. of the fourth equation
is (−3) times the l.h.s. of the first one, while the rhs of the fourth equation is (−1)
instead of 12, so that the first and fourth equations are in contradiction.

Obviously, the column b̄ is not linearly dependent on the columns c̄1, c̄2, c̄3, c̄4

that span ran A (meaning b̄ /∈ ran A), since an attempt to verify this: b̄ = x1c̄1 +
x2c̄2 + x3c̄3 + x4c̄4 is precisely our original system, which, as we have already seen,
has no solution for the expansion coefficients x1,x2,x3,x4. Δ

2.16.1 When Does a Consistent System AX̄XX = b̄ Have
a Unique Solution?

When the system AX̄ = b̄, A : R
n→ R

m is consistent, the question arises whether
the general solution is only one vector in R

n (the so-called unique solution). This,
in other words, means that the coset, which is the inverse image of b̄, has only
one vector, so that ker A is trivial: ker A = {0̄n}. From the dimension theorem
dim(ker A) + dim(ran A) = dim(Dom A) = n, it follows that the kernel is trivial
[dim(ker A) = 0] when r = rank of A = dim(ran A) = n, i.e., when all n columns
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of A are lind (r = n). This implies that the m× n reduced matrix Ared must have
exactly n nonzero rows, implying m≥ n.

If m > n, we have (m− n) zero rows in Ared, so that (m− n) equations are lin-
early dependent, they carry no new information and can be ignored. In conclusion, a
unique solution of AX̄ = b̄ (A is an m×n matrix with m > n) exists if all n columns
are lind (r = n), also n rows are lind, and (m− n) rows are linearly dependent. In
this case, Ared has at its top the n× n identity matrix In and the unique solution is
the top n entries in b̄red.

Example

x1− x2 = 4
x1 + x2 = 8

2x1 + 4x2 = 20
2x1−4x2 = 4

⎫⎪⎪⎬
⎪⎪⎭
⇒

⎡
⎢⎢⎣

1 −1 4
1 1 8
2 4 20
2 −4 4

⎤
⎥⎥⎦

r̄2− r̄1

r̄3−2r̄1

r̄4−2r̄1

∼

∼

⎡
⎢⎢⎣

1 −1 4
0 2 4
0 6 12
0 −2 −4

⎤
⎥⎥⎦

1
2 r̄2

r̄3−3r̄2

r̄4 + r̄2

∼

⎡
⎢⎢⎣

1 −1 4
0 1 2
0 0 0
0 0 0

⎤
⎥⎥⎦

r̄1 + r̄2

∼

∼

⎡
⎢⎢⎣

1 0 6
0 1 2
0 0 0
0 0 0

⎤
⎥⎥⎦⇒ x1 = 6, x2 = 2.

m = 4, n = 2, c̄1 and c̄2 are lind, since ac̄1 + bc̄2 = 0̄4⇒ a = b = 0

a

⎡
⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎦+ b

⎡
⎢⎢⎣
−1

1
4
−4

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎦⇒

a−b = 0
a + b = 0

2a + 4b = 0
2a−4b = 0

⎫⎪⎪⎬
⎪⎪⎭

a = 0, b = 0.

and b̄ is linearly dependent on c̄1 and c̄2 with coefficients 6 and 2:

6

⎡
⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎦+ 2

⎡
⎢⎢⎣
−1

1
4
−4

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

6
6

12
12

⎤
⎥⎥⎦+

⎡
⎢⎢⎣
−2

2
8
−8

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

4
8

20
4

⎤
⎥⎥⎦ Δ

If m = n, i.e., if the coefficient matrix A is square, then there are more efficient
criteria for the unique solution of AX̄ = b̄. In this case, the n× n matrix A is a
linmap A : R

n→R
n. Since the uniqueness of the solution requires dimker A = 0⇒

dimran A = n = dimR
n ⇒ ran A = R

n, the map is obviously an onto linmap (the
range ran A is equal to the co-domain R

n). This uniqueness of the solution also
means that A is a 1-1 linmap. In conclusion, A is a bijection. A linmap A : R

n→ R
n,

which is also a bijection, is usually called an automorphism in R
n.
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This is equivalent to saying that the inverse matrix A−1 exists. For A−1 to exist, a
necessary and sufficient condition is that the determinant of A is not zero: det A �= 0.
A unique solution exists for every b̄ ∈ R

n, since R
n = ran A.

All these conditions can be summarized:

Theorem (on the unique solution of AX̄ = b̄) A linear system AX̄ = b̄, A :
R

n → R
n, is consistent and has a unique solution for every b̄ ∈ R

n iff any of the
following five equivalent conditions are satisfied:

1) The inverse matrix A−1 exists, so that AA−1 = A−1A = In;
2) The determinant of A is different from zero, det A �= 0;
3) The reduced row-echelon form of [A | b̄ ] is [In | b̄red], where b̄red is that unique

solution, Ab̄red = b̄;
4) All n columns and all n rows of A are lind;
5) The rank r of A = dim(ran A) = n, which is equivalent to the fact that the defect

of A = dim(ker A) = 0. Δ

Example 3×3 linear system

−2x1 + 3x2− x3 = 1

x1 + 2x2− x3 = 4

−2x1− x2 + x3 = −3

As we have seen, there are several different approaches to find the solution when
one is dealing with linear systems that have n×n coefficient matrices. These meth-
ods are basically only two: either to calculate A−1 (if it exists) or to apply the GJ
reduction method. The latter is always the most straightforward and gives a direct
answer as to whether the system is consistent and also what is the general solution
(is it unique or with infinitely many solutions). Consequently, we shall first use the
GJ method and then calculate A−1 (if GJ shows that there is a unique solution).

(A) GJ method

B = [A′| b̄ ] =

⎡
⎣−2 3 −1 1

1 2 −1 4
−2 −1 1 −3

⎤
⎦∼

⎡
⎣ 1 2 −1 4
−2 3 −1 1
−2 −1 1 −3

⎤
⎦ r̄2 + 2r̄1

r̄3 + 2r̄1

∼

∼
⎡
⎣ 1 2 −1 4

0 7 −3 9
0 3 −1 5

⎤
⎦ 1

7 r̄2

r̄3− 3
7 r̄2

∼
⎡
⎣1 2 −1 4

0 1 −3/7 9/7
0 0 2/7 8/7

⎤
⎦

7
2 r̄3

∼

∼
⎡
⎣ 1 2 −1 4

0 −1 −3/7 9/7
0 0 1 4

⎤
⎦ r̄1 + r̄3

r̄2 + 3
7 r̄3 ∼

⎡
⎣ 1 2 0 8

0 1 0 3
0 0 1 4

⎤
⎦ r̄1−2r̄2

∼
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∼
⎡
⎣1 0 0 2

0 1 0 3
0 0 1 4

⎤
⎦= [I3 |b̄red].

Obviously, all columns of A are lind, since so are the columns in Ared = I3.
So, r = 3. The coefficients of b̄red show explicitly how b̄ is linearly dependent
on the three lind columns of A : b̄ = 2c̄1 + 3c̄2 + 4c̄3 = Ab̄red. So, x1 = 2,x2 =
3,x3 = 4 is the unique solution of the system.

Remark 1: The vectors

⎡
⎣−2

1
−2

⎤
⎦ ,

⎡
⎣ 3

2
−1

⎤
⎦ ,

⎡
⎣−1
−1

1

⎤
⎦ (the columns of A) in the ex-

ample obviously form a basis in R
3 (they are lind), so this example illustrates

another application of the GJ reduction method: how to find the components of a
given column vector b̄∈R

n in a basis {v̄1, v̄2, . . . , v̄n} of R
n [the representation of

the column b̄ (which is given in the standard basis in R
n) by a column in another

basis]. The solution is simply to form the augmented matrix B = [v̄1 v̄2, . . . v̄n | b̄ ]
and to apply the GJ method to obtain Bred = [In | b̄red]. The column b̄red consists
of the components of b̄ in the given basis:

b̄ = b′1v̄1 + b′2v̄2 + . . .+ b′nv̄n.

(Note that In appears in Bred since the n× n matrix [v̄1 v̄2 . . . v̄n] has all of its
columns linearly independent).

(B) Calculating A−1

For this approach, one must first verify that

detA �= 0.

This is because one has to be sure that all the columns of A are lind (i.e.,
that r = 3). To see this connection, one writes the lind condition for columns
ac̄1 + bc̄2 + cc̄3 = 0̄3, which turns out to be a homogeneous linear system with
unknowns a,b,c:

a

⎡
⎣−2

1
−2

⎤
⎦+ b

⎡
⎣ 3

2
−1

⎤
⎦+ c

⎡
⎣−1
−1

1

⎤
⎦=

⎡
⎣ 0

0
0

⎤
⎦⇒

−2a + 3b− c = 0
a + 2b− c = 0
−2a−b + c = 0

.

Such a system has only the trivial solution a = b = c = 0 (the columns are lind)
if and only if detA �= 0. So

detA =

∣∣∣∣∣∣
−2 3 −1

1 2 −1
−2 −1 1

∣∣∣∣∣∣=−2 �= 0⇒ all columns are lind ⇒ r = 3.

One can see immediately that this homogeneous system for a,b,c is just the
homogeneous version of our original system. So, the condition (detA �= 0) that the
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homogeneous system has a (unique) trivial solution is naturally the same as the
condition that any nonhomogeneous system with the same A has a unique solution,
since the homogeneous system is just the special case when b̄ = 0̄3.

The basic formula for A−1 is

A−1 = adjA
detA ,

where adj A is the transposed matrix of cofactors of A (see the Appendix A.2(4) to
Chap. 1):

A−1 =
1
−2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∣∣∣∣ 2 −1
−1 1

∣∣∣∣ −
∣∣∣∣ 1 −1
−2 1

∣∣∣∣
∣∣∣∣ 1 2
−2 −1

∣∣∣∣

−
∣∣∣∣ 3 −1
−1 1

∣∣∣∣
∣∣∣∣−2 −1
−2 1

∣∣∣∣ −
∣∣∣∣−2 3
−2 −1

∣∣∣∣
∣∣∣∣3 −1
2 −1

∣∣∣∣ −
∣∣∣∣−2 −1

1 −1

∣∣∣∣
∣∣∣∣−2 3

1 2

∣∣∣∣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

=
1
−2

⎡
⎣ 1 1 3
−2 −4 −8
−1 −3 −7

⎤
⎦

T

=
1
2

⎡
⎣−1 2 1
−1 4 3
−3 8 7

⎤
⎦ .

Verification of this result consists in showing
AA−1 = I3 (there is no need to show A−1A = I3, since it is implied by the former
verification).

1
2

⎡
⎣−2 3 −1

1 2 −1
−2 −1 1

⎤
⎦
⎡
⎣−1 2 1
−1 4 3
−3 8 7

⎤
⎦=

1
2

⎡
⎣ 2−3 + 3
−1−2 + 3
2 + 1−3

−4 + 12−8
2 + 8−8
−4−4 + 8

−2 + 9−7
1 + 6−7
−2−3 + 7

⎤
⎦=

=
1
2

⎡
⎣2 0 0

0 2 0
0 0 2

⎤
⎦=

⎡
⎣ 1 0 0

0 1 0
0 0 1

⎤
⎦ .

Now, we are sure that A−1b̄ = b̄red (the unique solution).

A−1b̄ =
1
2

⎡
⎣−1 2 1
−1 4 3
−3 8 7

⎤
⎦
⎡
⎣ 1

4
−3

⎤
⎦=

1
2

⎡
⎣ −1 + 8−3
−1 + 16−9
−3 + 32−21

⎤
⎦=

1
2

⎡
⎣4

6
8

⎤
⎦=

⎡
⎣2

3
4

⎤
⎦= b̄red,

which agrees with the result of the GJ method.

Remark 2: There are two more methods for calculating A−1 (as a matter of fact, the
first of them gives directly A−1b̄).
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(A) The first method is known as Cramer’s rule, and it is a method that separates
the basic expression A−1b̄ = b̄red into components of b̄red.

Let us derive Cramer’s rule for a 3×3 coefficient matrix A =

⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦ :

b̄red =

⎡
⎣b′1

b′2
b′3

⎤
⎦=

1
detA

⎡
⎣c11 c21 c31

c12 c22 c32

c13 c23 c33

⎤
⎦
⎡
⎣b1

b2

b3

⎤
⎦ ,

where ci j, i, j = 1,2,3,
are the cofactors of ai j.

This explicit expression implies the following expansion for

b′1 =
1

detA
(b1c11 + b2c21 + b3c31) =

det

⎡
⎣b1 a12 a13

b2 a22 a23

b3 a32 a33

⎤
⎦

det

⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦

=
detA′

det A
,

since (b1c11 +b2c21+b3c31) is precisely the expansion of the upper determinant
in terms of elements of its first column b̄.
Similarly, b′2 = detA′′

detA ,b′3 = detA′′′
detA , where in the matrices A′′ and A′′′ the second

and third columns of A, respectively, are replaced by b̄.
So we do not get A−1, but application of A−1 to the free vector b̄. This method
is very complicated even for 4× 4 matrices, and for larger ones it is hardly
applicable.
In our case,

b′1 =
detA′

detA
=

∣∣∣∣∣∣
1 3 −1
4 2 −1
−3 −1 1

∣∣∣∣∣∣∣∣∣∣∣∣
−2 3 −1

1 2 −1
−2 −1 1

∣∣∣∣∣∣
=
−4
−2

= 2;

b′2 =
detA′′

detA
=
−6
−2

= 3, b′3 =
detA′′′

detA
=
−8
−2

= 4, or A−1b̄ = b̄′ =

⎡
⎣2

3
4

⎤
⎦ .

(B) The second method for calculating A−1 directly consists in making use of eros.
Consider any sequence of eros that transforms A into In. Then the same se-
quence of eros transforms In into A−1. Namely, this sequence of eros has the
same effect as premultiplication by a certain nonsingular matrix Q (which is



108 2 Linear Mappings and Linear Systems

the product Fq . . .F2 F1 of the corresponding elementary matrices): QA = In. But
this immediately implies that Q is the inverse of A, i.e., Q = A−1 or QIn = A−1.
So, we write a matrix

C = [A | I3] =

⎡
⎣−2 3 −1 1 0 0

1 2 −1 0 1 0
−2 −1 1 0 0 1

⎤
⎦

and apply a sequence of eros to both blocks, which brings A to In (we have
already done that) and In to A−1:

Cred =

⎡
⎣ 1 0 0 −1/2 1 1/2

0 1 0 −1/2 2 3/2
0 0 1 −3/2 4 7/2

⎤
⎦= [I3 | A−1] = [QA | QI3].

This result enables us to see the GJ method (for square matrices with determi-
nant different from zero) in a concise from:

B = [A | b̄ ] = [A | Inb̄ ] and

Bred = [QA |QInb̄ ] = [In | A−1b̄ ] = [In | b̄red ].

So, if we want only b̄red there is no need to calculate A−1 and then to apply it
to b̄, since the GJ method does it at one go.

2.16.2 When a Consistent System AX̄XX = b̄ Has No Unique
Solution

If the rank ofan m×n matrix A is r < n, thismeans that (n−r)columnsofAare linearly
dependent, implying that (n− r) nonbasic unknowns (that multiply these columns in
the canonical expansion AX = x1c̄1 +x2c̄2 + · · ·+xnc̄n = b̄) have no specific solution
and must be declared as free parameters. So, for r < n, there is no unique solution and
this nonuniqueness consists in the choice of these free parameters.

Example Let us again consider the 4×4 linear system (Sect. 2.11, example 2)

x1− x2 + x3− x4 = 4
x1 + x2 +2x3 +3x4 = 8

2x1 +4x2 +5x3 +10x4 = 20
2x1−4x2 + x3−6x4 = 4

⎫⎪⎬
⎪⎭⇒ x1

⎡
⎢⎣

1
1
2
2

⎤
⎥⎦+ x2

⎡
⎢⎣
−1

1
4
−4

⎤
⎥⎦+ x3

⎡
⎢⎣

1
2
5
1

⎤
⎥⎦+ x4

⎡
⎢⎣
−1

3
10
−6

⎤
⎥⎦=

⎡
⎢⎣

4
8

20
4

⎤
⎥⎦ .

Its augmented matrix B = [A | b̄ ] =

⎡
⎢⎢⎣

1 −1 1 −1 4
1 1 2 3 8
2 4 5 10 20
2 −4 1 −6 4

⎤
⎥⎥⎦ has the reduced row-

echelon form
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Bred = [Ared | b̄red] =

⎡
⎢⎢⎣

1 0 3
2 1 6

0 1 1
2 2 2

0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎦

which shows that the first two columns c̄1, c̄2 in A are lind, so that the correspond-
ing unknowns x1 and x2 are the basic ones. The original system is reduced to the
simplest equivalent one

x1 + 3
2 x3 + x4 = 6

x2 + 1
2 x3 + 2x4 = 2.

We must declare the two nonbasic unknowns x3 and x4, which are related to
linearly dependent columns c̄3 and c̄4 in A

c̄3 =
3
2

c̄1 +
1
2

c̄2

c̄4 = c̄1 + 2c̄2,

as free parameters s,t ∈R, so that the general solution reads as

x1 = 6− 3
2

s− t

x2 = 2− 1
2

s−2t

x3 = s

x4 = t, s,t,∈ R.

This general solution differs from the coset form solution (which exploits the
canonical expansions of all linearly dependent columns in B) by the irrelevant re-
placement of −s by s and −t by t.

Obviously, when there are fewer equations than unknowns (m < n), the system
cannot have a unique solution, since we have always r ≤ m, so that with m < n it
leads to r < n. But a nonunique solution (r < n) can also occur if m≥ n.

Summary for consistent systems b̄ ∈ ran A

unique solution exists no unique solution

m < n⇒ r < n
m = n and r = n = m m = n and r < n
m > n and r = n < m m > n and r < n.

2.17 The GJM Procedure – a New Approach to Solving Linear
Systems with Nonunique Solutions

Task 4. The basic idea in this approach is to modify slightly the GJ approach, i.e.,
to modify the reduced form Bred of B = [A | b̄], where B is the augmented matrix
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of the linear system AX̄ = b̄ under consideration, in order to get the canonical
expansion coefficients of b̄ and also the modified canonical expansion coefficients
of all linearly dependent columns in A.

In doing this, we get the unique coset representative b̄′ and also the unique ba-
sis vectors {k̄1, k̄2, . . . , k̄n−r} of ker A, so that we have the general solution of the
consistent (b̄ ∈ ran A) system AX̄ = b̄ in the coset form:

Inv(b̄) = b̄′+ ker A = b̄′+ LIN(k̄1, k̄2, . . . , k̄n−r) .

2.17.1 Detailed Explanation

(A) About b̄′

Remember that the unique canonical expansion of b̄ ∈ ran A (dimran A = r, the
rank of A)

b̄ = b′1c̄1 + b′2c̄2 + · · ·+ b′rc̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n

provides the vector b̄′ ∈ R
n

b̄′ = [b′1 b′2 . . .b′r 0 . . .0]T ,

which is the very special preimage of b̄

Ab̄′ = b̄ .

In short, the matrix A maps the canonical expansion b̄′ of b̄ in terms of all
columns of A [since b̄ ∈ ran A = LIN(c̄1, c̄2, . . . , c̄n)] onto its representation in
the standard basis in R

m : b̄ = b1ē1 + b2ē2 + . . .+ bmēm = [b1 b2 . . .bm]T , when
b̄ is considered as a vector in the wider space, codomain.
When ker A is trivial, ker A = {0̄n}, then b̄′ is the unique solution of the system.
This is equivalent to r = n, i.e., all the columns of A are lind and they form the
natural basis in ran A, so that the canonical expansion of b̄ is its unique expan-
sion in that basis. In this case, there is an isomorphism between the domain R

n

and the range ran A :
R

n ∼= ran A .

When ker A is not trivial (r < n), then b̄′ is the unique coset representative. In
fact, all the vectors from the coset b̄ + ker A are preimages of b̄, but only b̄′ is
entirely determined by b̄′ itself.

(B) About ker A
The linearly dependent columns c̄r+1, c̄r+2, . . . , c̄n of A can also be canonically
expanded in terms of all columns
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c̄i = a(i)
1 c̄1 + a(i)

2 c̄2 + · · ·+ a(i)
r c̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n, i = r + 1,r + 2, . . . ,n.

(Note: the coefficients a(i)
1 ,a(i)

2 , . . . ,a(i)
r are the unique expansion coefficients in

the basis of ran A, which make lind columns {c̄1, c̄2, . . . , c̄r}).
Modifying the above expansions simply by taking c̄i across the equality sign
we get

0̄m = a(i)
1 c̄1 + a(i)

2 c̄2 + · · ·+ a(i)
r c̄r + 0 · c̄r+1 + · · ·+(−1)c̄i + · · ·+ 0 · c̄n,

i = r + 1,r + 2, . . . ,n = r +(n− r)

Making use of the canonical expansion A

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦ = x1c̄1 + x2c̄2 + · · ·+ xnc̄n, we

see that the coefficients in these modified expansions form (n− r) vectors in R
n

{k̄1, k̄2, . . . , k̄n−r} that all belong to ker A:

Ak̄ j = A

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(r+ j)
1

a(r+ j)
2

...

a(r+ j)
r

...
(−1)

...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

n×1

−→ (r + j) position

= 0̄m,

The number of these vectors is just the dimension of ker A (the dimension the-
orem: dimker A = dimR

n− dimran A = n− r). They are lind, which can be
immediately seen since they all have in the last (n− r) entries only zeros, ex-
cept one (−1), which takes (n− r) different positions. Writing the test for their
linear independence

n−r

∑
j=1

a jk̄ j = 0̄n

we see without further calculation that all a j, j = 1,2, . . . ,n− r must be zero,
since (−1) ·a j = 0 implies a j = 0.
So, the vectors {k̄1, k̄2, . . . , k̄n−r} form a basis in ker A, which is unique in the
sense that these vectors are modified canonical expansions of (n− r) linearly
dependent columns of A.

(C) The GJM procedure
The final step in explaining the GJM procedure is almost obvious. Naturally, we
discuss here only the cases of consistent linear systems when r < n (there are
n− r linearly dependent columns in A), when solutions are not unique, but their
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multitude consists of all vectors of the nontrivial ker A :

Inv(b̄) = b̄′+ ker A

There are two possible cases.

(1) Case m = n (r < m = n)
The reduced GJ form Bred = [Ared | b̄red ] of the augmented matrix B = [A | b̄ ]
of the consistent linear n×n system AX̄ = b̄ has necessarily (n− r) zero rows
at the bottom. This b̄red is just the unique representative b̄′ of the coset (i.e., the
general solution of the system) Inv(b̄) = b̄′+ ker A. The reason for this state-
ment is the fact that the first r entries in b̄′ are the unique expansion coefficients
of b̄ in the basis {c̄1, c̄2, . . . , c̄r} in ran A. Remember the fundamental property
of the reduced GJ form. The other (n− r) entries are zeros. It follows that the
entries of b̄′ are the coefficients in the canonical expansion of b̄ in terms of all
columns of A:

b̄ = b′1c̄1 + b′2c̄2 + · · ·+ b′rc̄r + 0 · c̄r+1 + · · ·+ 0 · c̄n.

Thus, b̄′ is from R
n and is the very special preimage of b̄:

Ab̄′ = b̄ .

As for the reduced forms in Ared of linearly dependent columns of A, they have
the same features as in the above case of b̄′: Their entries are the coefficients of
the canonical expansions of c̄r+1, c̄r+2, . . . , c̄n. To get k̄1, k̄2, . . . , k̄n−r from those
reduced forms, we have only to change one 0 to (−1) in each of them: For k̄1

in the (r +1)-th, entry, for k̄2 in the (r +2)-th entry and so on. Graphically, this
amounts to continuing the diagonal of 1s in the top left r× r identity submatrix
of Ared by the diagonal of (−1)s in the bottom right (n− r)× (n− r) zero
submatrix of Ared.

Example 17/1 For comparison, we shall again solve the previous 4× 4 linear sys-
tem, (n = 4,m = 4) with r = 2 (see the standard method)

x1− x2 + x3− x4 = 4
x1 + x2 + 2x3 + 3x4 = 8

2x1 + 4x2 + 5x3 + 10x4 = 20
2x1−4x2 + x3−6x4 = 4

⎫⎪⎪⎬
⎪⎪⎭

B = [A | b̄ ] =

⎡
⎢⎢⎣

1 −1 1 −1 4
1 1 2 3 8
2 4 5 10 20
2 −4 1 −6 4

⎤
⎥⎥⎦⇒

⇒ Bred =

⎡
⎢⎢⎢⎢⎣

1 0
0 1

3
2 1
1
2 2

6
2

0 0
0 0

0 0
0 0

0
0

⎤
⎥⎥⎥⎥⎦⇒
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⇒ BGJM =

⎡
⎢⎢⎣

1 0 3
2 1 6

0 1 1
2 2 2

0 0 −1−1−1 0 0
0 0 0 −1−1−1 0

⎤
⎥⎥⎦

continue
the diagonal

of 1s by (–1)s

(modifications are printed bold).

The general coset solution is obtained immediately:

Inv(b̄) =

⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦+ LIN

⎛
⎜⎜⎝

⎡
⎢⎢⎣

3/2
1/2
−1
0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

1
2
0
−1

⎤
⎥⎥⎦

⎞
⎟⎟⎠=

=

⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦+

⎧⎪⎪⎨
⎪⎪⎩

s

⎡
⎢⎢⎣

3/2
1/2
−1
0

⎤
⎥⎥⎦+ t

⎡
⎢⎢⎣

1
2
0
−1

⎤
⎥⎥⎦ , s, t ∈R

⎫⎪⎪⎬
⎪⎪⎭

This solution differs from the standard one by an irrelevant change s→ −s and
t →−t. But, the above coset solution is more natural from the linmap theory. Fur-
thermore, the unique coset representative b̄′ and the unique basis k̄1, k̄2 of ker A
are in the form of the canonical expansion of all linearly dependent columns of
B = [A | b̄ ], and they are obtained straightforwardly from Bred: the transition from
Bred (the standard method) to BGJM (the coset solution method) consists in contin-
uation of the diagonal of 1s by the diagonal of (−1)s. Δ

(2) Case m < n (fewer equations than unknowns). Since A is an m× n matrix, it
follows that B = [A | b̄ ] is an m× (n + 1) matrix.
We now have two subcases:

(2A) case r = m.

In this case, Bred will not have zero rows at the bottom (all m rows in A are lind).
But, Ared is not an n×n matrix, its columns are m×1 vectors and one cannot
fulfill the requirement that its (n− r) linearly dependent columns provide (after
slight modification) the basis k̄1, k̄2, . . . , k̄n−r for ker A (these vectors must be in
R

n). So, all columns in Bred (including b̄′) must be n×1 vectors from R
n.

Thus, the GJ modification consists of two steps: we add (n−m) zero rows at the
bottom of Bred and then continue the diagonal of 1s in the top left submatrix
with (−1)s, as in the previous case (1) m = n.

Example 17/2 Consider the 2×4 linear system (m = 2,n = 4) with r = 2.

x1− x2 + x3− x4 = 4
x1 + x2 + 2x3 + 3x4 = 8

}
⇒ B =

[
1 −1 1 −1 4
1 1 2 3 8

]
⇒
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Bred =
Ared b̄red[

1 0 3/2 1 6
0 1 1/2 2 2

]⇒ BGJM =

AGJM k̄1 k̄2 b̄′⎡
⎢⎢⎣

1 0 3/2 1 6
0 1 1/2 2 2
000 000 −1−1−1 000 000
000 000 000 −1−1−1 000

⎤
⎥⎥⎦

[two extra zero rows (n−m = 2) and the diagonal of 1s continued with (−1)s. The
modifications are printed in bold.] The general coset solution is

Inv(b̄) =

⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦+

⎧⎪⎪⎨
⎪⎪⎩

s

⎡
⎢⎢⎣

3/2
1/2
−1
0

⎤
⎥⎥⎦+ t

⎡
⎢⎢⎣

1
2
0
−1

⎤
⎥⎥⎦ , s,t ∈ R

⎫⎪⎪⎬
⎪⎪⎭

.

Verification

Ab̄′ =
[

1 −1 1 −1
1 1 2 3

]
⎡
⎢⎢⎣

6
2
0
0

⎤
⎥⎥⎦=

[
4
8

]
= b̄,

Ak̄1 =
[

1 −1 1 −1
1 1 2 3

]⎡⎢⎢⎣
3/2
1/2
−1
0

⎤
⎥⎥⎦=

[
0
0

]
= 0̄2,

Ak̄2 =
[

1 −1 1 −1
1 1 2 3

]⎡⎢⎢⎣
1
2
0
−1

⎤
⎥⎥⎦=

[
0
0

]
= 0̄2,

a1k̄1 + a2k̄2 = 0̄4⇒ a1 = a2 = 0.

[Note that the systems in examples 17/1 and 17/2 have the same solution, since the
system in 17/1 has two more linearly dependent equations, which contain no more
useful information about unknowns]. Δ

(2B) Case m < n, r < m.
In this case Bred will have m− r zero rows at the bottom and again Ared will
not be an n× n matrix, as required for coset solution, so one will add an extra
(n−m) zero rows at the bottom of Bred, and continue as above.

Example 17/3

A : R
4→R

3 (n = 4,m = 3) and r = 2 (m < n,r < m)

x1− x2 + x3 + x4 = 5
x1 + 2x3− x4 = 3

x1 + x2 + 3x3−3x4 = 1

⎫⎬
⎭⇒ B =

⎡
⎣1 −1 1 1 5

1 0 2 −1 3
1 1 3 −3 1

⎤
⎦ r2− r1

r3− r1

∼
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∼
⎡
⎣ 1 −1 1 1 5

0 1 1 −2 −2
0 2 2 −4 1

⎤
⎦

r3−2r2

∼
⎡
⎣1 −1 1 1 5

0 1 1 −2 −2
0 0 0 0 0

⎤
⎦r1 + r2

∼

∼
Ared b̄red⎡

⎣ 1 0 2 −1 3
0 1 1 −2 −2
0 0 0 0 0

⎤
⎦= Bred⇒ BGJM =

AGJM k̄1 k̄2 b̄′red⎡
⎢⎢⎣

1 0 2 −1 3
0 1 1 −2 −2
0 0 −1−1−1 0 0
000 000 000 −1−1−1 000

⎤
⎥⎥⎦

[one extra zero row (n−m = 1), and continuation of the diagonal of 1s with (−1)s.
The modifications are printed in bold.]

The general coset solution

Inv(b̄) =

⎡
⎢⎢⎣

3
−2

0
0

⎤
⎥⎥⎦+

⎧⎪⎪⎨
⎪⎪⎩

s

⎡
⎢⎢⎣

2
1
−1

0

⎤
⎥⎥⎦+ t

⎡
⎢⎢⎣
−1
−2

0
−1

⎤
⎥⎥⎦ , s, t ∈ R

⎫⎪⎪⎬
⎪⎪⎭

= b̄′+ ker A

Verification

Ab̄′ =

⎡
⎣ 1 −1 1 1

1 0 2 1
1 1 3 −3

⎤
⎦
⎡
⎢⎢⎣

3
−2

0
0

⎤
⎥⎥⎦=

⎡
⎣5

3
1

⎤
⎦= b̄,

Ak̄1 =

⎡
⎣ 1 −1 1 1

1 0 2 1
1 1 3 −3

⎤
⎦
⎡
⎢⎢⎣

2
1
−1

0

⎤
⎥⎥⎦=

⎡
⎣0

0
0

⎤
⎦= 0̄3,

Ak̄2 =

⎡
⎣ 1 −1 1 1

1 0 2 1
1 1 3 −3

⎤
⎦
⎡
⎢⎢⎣
−1
−2

0
−1

⎤
⎥⎥⎦=

⎡
⎣0

0
0

⎤
⎦= 0̄3,

k̄1 and k̄2 are lind:

a1k̄1 + a2k̄2 = 0̄4⇒ a1

⎡
⎢⎢⎣

2
1
−1

0

⎤
⎥⎥⎦+ a2

⎡
⎢⎢⎣
−1
−2

0
−1

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎦⇒

⇒
2a1 − a2 = 0
a1 − 2a2 = 0
−a1 = 0
− a2 = 0

⎫⎪⎪⎬
⎪⎪⎭
⇒ a1 = 0, a2 = 0. Δ
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2.18 Summary of Methods for Solving Systems of Linear
Equations

A system of m simultaneous linear equations with n unknowns

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · ·+ amnxn = b1

can be expressed in the matrix form
⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

b1

b2
...

bn

⎤
⎥⎥⎥⎦ ,

or, in short,

AX̄ = b̄ ,

where the m×n real coefficient matrix A = [ai j]m×n is multiplied with the column-
matrix (vector) of unknowns X̄ = [x1 x2 . . .xn]T ∈ R

n to get the free vector b̄ =
[b1 b2 . . .bm]T ∈ R

m with known entries.
The matrix A is a linmap A : R

n→ R
m which defines two important subspaces,

one is the kernel ker A in R
n, which consists of all vectors from R

n that are mapped
by A onto the zero vector 0̄m in R

m. The second subspace is the range ran A in R
m,

which consists of all images by A of vectors from R
n. (As a map, A takes every

vector from R
n onto its unique image in R

m.)
Since A is a map, it defines a bijection between ran A and the set of all inverse

images, which set partitions R
n.

Furthermore, since A is a linear map, every one of these inverse images in R
n is

a coset, i.e., a linear translation of ker A: for b̄ ∈ ran A the inverse image is the coset

Inv(b̄) = b̄′+ ker A ,

where b̄′ is the unique coset representative entirely determined by b̄. The set of all
cosets R

n/ker A forms a vector space isomorphic to ran A:

R
n/ker A∼= ran A .

Since AX̄ = b̄ can be expressed as AX̄ = x1c̄ + x2c̄2 + · · ·+ xnc̄n = b̄, where
c̄1, c̄2, . . . , c̄n are the columns of A, (we call this expression the canonical expansion
of AX̄ ) we see that the columns of A span the subspace ran A:
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ran A = LIN(c̄1, c̄2, . . . , c̄n) .

Some columns c̄1, c̄2, . . . , c̄r (r ≤ n, r is the rank of A) are linearly independent,
and they form the natural basis in ran A.

If r = n (for n ≤ m), this means that all columns are lind, and if the system is
consistent (b̄ ∈ ran A), then there is only one expansion of that b̄ in terms of this
basis. The coefficients of this unique expansion form the vector b̄′, which is the only
solution of the system. Remember that r = n implies that ker A = {0̄n}, the kernel
is trivial. The most natural way to get this b̄′ is to reduce the augmented matrix
B = [A | b̄ ] to its unique reduced row-echelon form (using eros)

Bred = [In | b̄red ] = [In | b̄′]

(If m > n, then Bred consists of the top n rows). Remember that for the case
m = n, the test for r = n is detA �= 0, and then Ared is In.

When the n×n system is homogeneous, i.e., b̄ = 0̄n, the only (trivial) solution is
b̄′ = 0̄n.

If r < n, then there are (n− r) linearly dependent columns in A. Their modified
reduced forms will provide the unique basis for the (n−r)-dimensional ker A, which
in turn defines all the multitude of solutions of the system.

The GJM procedure, which is relevant only for r < n cases, can be formulated
for all these cases in one sentence

Only if m < n add at the bottom of Bred (n−m) zero rows, and in every r < n
case put (n− r) numbers (−1) instead of 0 on the continuation of 1s on the
main diagonal of the r× r left upper identity matrix (see examples 17/1, 17/2,
17/3).

Now, b̄′ is the last column of the modified Bred (the unique coset representative),
and the (n− r) columns in front of b̄′ in the modified Bred are the unique basis
vectors k̄1, k̄2, . . . , k̄n−r of ker A. The general solution of the consistent system (b̄ ∈
ran A) is

Inv(b̄) = b̄′+ LIN(k̄1, k̄2, . . . , k̄n−r) .

When the m×n system is homogeneous, i.e.,

b̄ = 0̄m,

the solution always exists since 0̄m ∈ ran A, and the general solution is simply

ker A = LIN(k̄1, k̄2, . . . , k̄n−r)

since b̄′ = 0n.
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Therefore, in the coset solution approach, the homogeneous systems are treated
in the same manner as nonhomogeneous ones:

Inv(0̄m) = 0̄n + ker A ,

so that everything depends on whether the kernel is trivial, ker A = {0̄n}⇔ r = n⇔
the unique solution 0̄n, or nontrivial

ker A = LIN(k̄1, k̄2, . . . , k̄n−r) ,

which is then the general solution.



Chapter 3
Inner-Product Vector Spaces (Euclidean
and Unitary Spaces)

Applications in physics of vector spaces Vn(R) or Vn(C) is insignificant, since in
them we cannot define measurable quantities like lengths or angles.

3.1 Euclidean Spaces En

In R
3, we were able to do this by making use of the dot product: if x̄ = [x1 x2 x3 ]T

and ȳ = [y1 y2 y3 ]T are two vectors (matrix-columns of three real numbers) in R
3,

then their dot product is defined as

x̄ · ȳ = x1y1 + x2y2 + x3y3 =
3

∑
i=1

xiyi.

As a matter of fact, the dot product of two geometric vectors (arrows)
→
x and

→
y

was originally introduced, as it is done in physics, as the product of their lengths
with the cosine of the smaller angle α between them:

→
x · →y = | →x || →y |cosα (the original definition).

It is the product of the length | →x | of
→
x with the (positive or negative) length of

projection | →y |cosα of
→
y along the line of

→
x or the other way round | →y | times the

119
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length of projection | →x |cosα . Remember that in physics the work done by a force
→
F producing a displacement

→
d is

→
F ·
→
d= | →F ||

→
d |cosα.

The four most important properties of the dot product

1.
→
x · →y =

→
y · →x —symmetry or commutative property (obvious);

2. (
→
x1 +

→
x2)·

→
y =
→
x1 ·

→
y +

→
x2 ·

→
y —distributive property with regard to the vector

addition in the first factor (the projection of
→
x1 +

→
x2 along the line of

→
y is the sum

of the projections of
→
x1 and

→
x2, see the figure);

Due to the symmetry, it is also valid for the second factor
→
x ·(→y1 +

→
y2) =

→
x · →y1

+
→
x · →y2.

3. a(
→
x · →y ) = (a

→
x )· →y =

→
x ·(a→y ), a∈R—associative property with respect to mul-

tiplication with scalars

[for a > 0 obvious, and for a < 0 it can be proved as follows

(a
→
x )· →y = |a →x || →y |cos(180◦−α) = |a|| →x || →y |(−cosα) =

=−a| →x || →y |(−cosα) = a| →x || →y |cosα = a(
→
x · →y )];

4. (
→
x · →x ) = | →x |2 > 0 if

→
x �=→0;

→
x · →x = | →x |2 = 0 iff

→
x = 0—positive definite

property [only the zero vector 0̄ has zero length, others have positive lengths,

| →x |2 = 0⇔ | →x |= 0⇔→x =
→
0];



3.1 Euclidean Spaces En 121

Properties 2 and 3 can be generalized obviously by saying that the dot product is
linear in both factors (i.e., bilinear)

(
n

∑
i=1

ai
→
xi) · (

n

∑
j=1

b j
→
y j) =

m

∑
i=1

n

∑
j=1

aib j
→
xi · →y j .

Note: The dot product of three vectors
→
x ,
→
y ,
→
z does not exist.

The length (or norm) of vector
→
x is immediately obtained as | →x | = (

→
x · →x )1/2.

The angle α between two vectors
→
x and

→
y is obviously defined as

α = arccos
→
x · →y
| →x || →y |

.

Two nonzero vectors are orthogonal (perpendicular) if their dot product is zero
→
x · →y = 0⇔ α = 0◦.

When we choose a basis of orthogonal unit vectors {→e1,
→
e2,
→
e3} in the vector

space of geometric vectors—
→
ei · →e j= δi j—then we establish an isomorphism with

the space R
3

→
x = x1

→
e1 +x2

→
e2 +x3

→
e3⇒→x

is represented by

⎡
⎣ x1

x2

x3

⎤
⎦.

The dot product of two vectors
→
x and

→
y is now

→
x · →y = (x1

→
e1 +x2

→
e2 +x3

→
e3) · (y1

→
e1 +y2

→
e2 +y3

→
e3) =

=

(
3

∑
i=1

xi
→
ei

)
·
(

3

∑
j=1

y jē j

)
=

3

∑
i, j=1

xiyi
→
ei · →e j=

=
3

∑
i=1

xiyi = x1y1 + x2y2 + x3y3

(the coordinate definition)

In another basis of orthogonal unit vectors {
→
e′1,
→
e′2,
→
e′3} this dot product is x′1y′1 +

x′2y′2 + x′3y′3, but its value remains unchanged, since these bases are connected by a
3× 3 orthogonal matrix A (see Sect. 4.4), which is characterized by A−1 = AT or

AT A = I3. In this case, the column of

⎡
⎣ x1

x2

x3

⎤
⎦ is changed into A

⎡
⎣ x1

x2

x3

⎤
⎦=

⎡
⎣ x′1

x′2
x′3

⎤
⎦ in the

new basis (see Chap. 4). In matrix notation, the dot product
→
x · →y in the old basis



122 3 Inner-Product Vector Spaces

is [x1 x2 x3 ]

⎡
⎣ y1

y2

y3

⎤
⎦, and in the new one [x′1 x′2 x′3]

⎡
⎣ y′1

y′2
y′3

⎤
⎦ = [x1 x2 x3]AT A

⎡
⎣ y1

y2

y3

⎤
⎦, so it

remains unchanged. In the theory of tensors, every quantity which does not change
when the coordinate system (basis of orthogonal unit vectors) changes is called a
scalar, so it is usual (as physicists do) to call the dot product the scalar product of
two vectors in R

3.
Notice that the above four properties of the dot product can be proved directly

from the coordinate definition.

1. It is obvious;
2.

(
→
x1 +

→
x2)·

→
y = (x11 + x21)y1 +(x12 + x22)y2 +(x13 + x23)y3 =

= (x11y1 + x12y2 + x13y3)+ (x21y1 + x22y2 + x23y3) =
→
x1 ·

→
y +

→
x2
→
y2;

3. a(
→
x · →y ) = a(x1y1 + x2y2 + x3y3) = (ax1)y1 +(ax2)y2 +(ax3)y3 = (a

→
x )· →y ;

4.
→
x · →x = x2

1 + x2
2 + x2

3 > 0,
→
x · →x = 0 iff x1 = x2 = x3 = 0 or

→
x =
→
0 .

The vector spaces R
n for n > 3 have no geometrical interpretation. Nevertheless,

they are essential for many problems in mathematics (e.g., for systems of linear
equations), in physics (e.g., n = 4 for some formulations of the special theory of
relativity), as well as in economics (e.g., linear economic models).

The generalization of the dot product in R
3 to R

n, n > 3, is straightforward.
We need only to extend the summation in the coordinate definition from 3 to n:
if x̄, ȳ ∈ R

n, then the dot product is x̄ · ȳ = ∑n
i=1 xiyi, where x̄ = [x1 x2 . . . xn ]T and

ȳ = [y1 y2 . . . yn ]T . The dot product of two vectors x̄ and ȳ in R
n can be expressed as

a matrix product of the transposed x̄ with the column of ȳ: x̄ · ȳ = x̄T ȳ. This notation
has a number of practical and useful applications.

There are several changes in terminology and notation that we are dealing with
in R

n.
The product ∑n

i=1 xiyi is no longer called the dot product nor is it denoted as x̄ · ȳ.
It is called the inner product and denoted as (x̄, ȳ). It is important not to confuse this
notation with that for the ordered pair of vectors. For that reason, we shall further
denote an ordered pair of vectors x̄ and ȳ as [x̄, ȳ].

The other difference in R
n compared with R

3 is that the magnitude of the vector
x̄ is called its norm, and it is denoted as ||x̄||, but it is defined analogously as

||x̄||= (x̄, x̄)1/2 =
√

x2
1 + x2

2 + · · ·+ x2
n.

Note that in the theory of tensor multiplication of vector spaces this prod-
uct ∑n

i=1 xiyi is an example of a tensor product of matrix-column spaces with a
subsequent contraction (which amounts to equalizing two indices and summing over
the common one). Such tensor products are called inner products.
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It can be seen, without much effort, that the inner product in R
n has all four

characteristic properties of the dot product in R
3: commutativity, distributivity

with respect to the addition of vectors, associativity with respect to the multipli-
cation of vectors with numbers, and finally, positive definiteness. One can gener-
alize the second and third of these properties by saying that this inner product is
bilinear.

As far as other real vector spaces Vn(R) are concerned, the inner product in them
can be defined axiomatically by taking the above properties of this product in R

n as
postulates:

The inner product in a real vector space Vn(R) can be every scalar function on the
Descartes square Vn(R)×Vn(R), i.e., any function Vn(R)×Vn(R)→R which maps
every ordered pair [x̄, ȳ] of vectors from Vn(R) onto a unique real number (x̄, ȳ),
provided that it is

1. commutative (symmetric)—(x̄, ȳ) = (ȳ, x̄);
2. linear in the first factor—(ax̄1 + bx̄2, ȳ) = a(x̄1, ȳ)+ b(x̄2, ȳ);
3. positive definite—(x̄, x̄) > 0 for x̄ �= 0̄ and (x̄, x̄) = 0 iff x̄ = 0̄.

Combining the first and second axioms, we can say that every inner product in
Vn(R) is bilinear:

(
p

∑
i=1

aix̄i,
q

∑
j=1

b jȳ j) =
p

∑
i=1

q

∑
j=1

aib j(x̄i, ȳ j).

A real vector space Vn(R) with this kind of inner product is called a Euclidean
space En.

Remark Some authors reserve this term for R
n, while other real spaces of this kind

are called real inner-product vector spaces.

There are two possible ways to define different inner products in the same Vn(R)
and R

n.

1. Any basis v = {v̄1, v̄2, . . . , v̄n} in Vn(R) defines an inner product if we expand
vectors from Vn(R) in that basis x̄ = ∑n

i=1 xiv̄i, x̄→X = [x1,x2, . . . ,xn ]T (note
the differences in notation for the vector x̄ and its representing column X ) of
two vectors x̄, ȳ ∈Vn(R) as

(x̄, ȳ)v =
n

∑
i=1

xiyi = χT x.

If we replace this basis v by a new one v′ = {v̄′1, v̄′2, . . . , v̄′n} by means of an n×n
replacement matrix R,

⎡
⎢⎢⎢⎣

v̄′1
v̄′2
...

v̄′n

⎤
⎥⎥⎥⎦= R

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦ or v̄i =

n

∑
j=1

ri j
→
v j, i = 1,2, . . . ,n,
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then the representing column X of x̄ will change by the contragredient matrix
(RT )−1:

X ′ =

⎡
⎢⎢⎢⎣

x̄′1
x̄′2
...

x̄′n

⎤
⎥⎥⎥⎦= (RT )−1

⎡
⎢⎢⎢⎣

x̄1

x̄2
...

x̄n

⎤
⎥⎥⎥⎦= (RT )−1X

(see Sect. 4.3). So (x̄, ȳ)v′ = ∑n
i=1 x′iy′i = (X ′)T Y ′ = X R−1(RT )−1Y = X T

(RT R)−1Y . This will be the same number as (x̄, ȳ)v if RT R = In (or R−1 =
RT ). Matrices of this kind are known as orthogonal matrices.

In conclusion, we can say that the basis v and all other bases in Vn(R) obtained
from v by orthogonal replacement matrices define one inner product in Vn(R) (all
three axioms are obviously satisfied).
Orthogonal n× n matrices R−1 = RT form a group O(n). If we now define a
relation in the set of all bases in Vn(R) such that two bases are related if they can
be obtained from each other by an orthogonal matrix (and its inverse), then this
is obviously an equivalence relation [reflexive, symmetric, and transitive since
O(n) is a group]. Thus, all bases in Vn(R) are partitioned into equivalence classes
of orthogonally equivalent bases and every such class defines one inner product
in Vn(R). Since the vectors from v are represented in the same v by the standard
basis in R

n

ēp = [δ1p δ2p . . .δnp ]T , p = 1,2, . . . ,n,

it follows immediately that all vectors from v have unit norm and that the inner
product (x̄, ȳ)v between different basis vectors is zero, so they are orthogonal.
Such a basis of orthogonal unit vectors is usually called an orthonormal (ON)
basis.
Thus, each class of orthogonally equivalent bases in Vn(R) defines one inner
product in Vn(R), and all bases from the class (and only they) are orthonormal in
that inner product.

2. We have the standard inner product in R
n,

(x̄, ȳ) = x̄T ȳ,

defined by the class of orthogonally equivalent bases which class is represented
by the standard basis ē = [δ1p, δ2p, . . . ,δnp ]T , p = 1,2, . . . ,n, in R

n. Other inner
products in R

n can be formulated if we choose any n× n positive definite real
symmetric matrix A [A is symmetric if A T = A and it is positive definite if
(x̄,A x̄) > 0 for all x̄ �= 0̄n and it is zero iff x̄ = 0̄n], and define a new inner product
in R

n

(x̄, ȳ)A = x̄T A ȳ.
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To verify that it is an inner product, we have to prove only that it is symmetric
(commutative). Indeed,

(ȳ, x̄)A = ȳT A x̄ = [y1 y2 . . .yn]

⎡
⎢⎢⎣

a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn

. . . . . . . . . . . . . . . . . . . . . . . .
an1x1 + an2x2 + · · ·+ annxn

⎤
⎥⎥⎦=

= a11x1y1 + a12x2y1 + · · ·+ a1nxny1 +
+ a21x1y2 + a22x2y2 + · · ·+ a2nxny2 + · · ·
· · ·+ an1x1yn + an2x2yn + · · ·+ annxnyn,

and because the matrix A is symmetric (A T = A ), it is symmetric with respect
to the main diagonal ai j = a ji, i �= j, i, j = 1,2, . . . ,n, so that the above result is
equal to

(ȳ, x̄)A = x̄T A ȳ = [x1 x2 . . .xn]

⎡
⎢⎢⎣

a11y1 + a12y2 + · · ·+ y1nxn

a21y1 + a22y2 + · · ·+ y2nxn

. . . . . . . . . . . . . . . . . . . . . . . .
an1y1 + an2y2 + · · ·+ annxn

⎤
⎥⎥⎦=

= a11x1y1 + a12x1y2 + · · ·+ a1nx1yn +
+ a21x2y1 + a22x2y2 + · · ·+ a2nx2yn + · · ·
· · ·+ an1xny1 + an2xny2 + · · ·+ annxnyn.

Thus, (ȳ, x̄)A = (x̄, ȳ)A .
The other two axioms are obviously satisfied due to the linear properties of matrix
multiplication: (aA + bB)C = aAC + bBC, where a,b are numbers, and A,B,C
matrices, i.e.,

(ax̄1 + bx̄2, ȳ)A = (ax̄T
1 + bx̄T

2 )A ȳ = ax̄T
1 A ȳ+ bx̄T

2 A ȳ = a(x̄1, ȳ)A + b(x̄2, ȳ)A

as well as due to the positive definiteness of the matrix A :

(x̄, x̄)A = (x̄,A x̄) > 0 for x̄ �= 0̄n and it is zero iff x̄ = 0̄n.

Examples of inner products in real vector spaces of matrices and polynomials.

a) In the vector space Rm×n of real m× n matrices, we have the standard inner
product:

for A,B ∈ Rm×n, (A,B) = tr(AT B) =
m

∑
i=1

n

∑
j=1

ai jbi j.

It is

1. symmetric (commutative): (B,A) = tr(BT A) = tr(BT A)T = tr(AT B) = (AB)
[since the trace (the sum of diagonal elements) is invariant under transposition
trAT = trA];
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2. linear: (A + B,C) = tr[(A + B)TC] = tr(ATC + BTC) = tr(ATC)+ tr(BTC) =
(A,C)+(B,C) (since (A+B)T = AT +BT and tr(A+B)= trA+ trB); (aA,B)=
tr[(aA)T B] = tr(aAT B) = a tr(AT B) = a(A,B) [since tr(aA) = a trA];

3. positive definite: (A,A) = tr(AT A) = ∑m
i=1 ∑n

j=1 a2
i j > 0 for A �= 0m×n and it is

zero iff A = 0m×n = [0]m×n.

b) In the infinite dimensional vector space P[a,b](R) of real polynomials p(x)
defined on a closed interval [a,b], the standard inner product is

( p(x),q(x)) =
∫ b

a
p(x)q(x)dx.

The three axioms are obviously satisfied.
b’) In P[a,b](R) one can define an inner product with the weight

( p(x),q(x))ρ =
∫ b

a
ρ(x)p(x)q(x)dx,

where the weight ρ(x) is a nonnegative (ρ(x) ≥ 0) and continuous function
on the interval (a,b) (it cannot be zero on the whole interval).

One may notice that both a and b are natural generalizations of the standard inner
product in R

n

(x̄, ȳ) = x̄T , ȳ =
n

∑
i=1

xiyi.

The first case is a generalization from one-column matrices with one index (Rn×1)
to the general type of matrices with two indices (Rm×n)

(A,B) =
m

∑
i=1

n

∑
j=1

ai jbi j.

The second case is a generalization from a variable with the discrete index [x1 x2 . . .
xn ]T to a variable with the continuous index p(x), x ∈ [a,b], so that the summation
is replaced with an integral

(p(x),q(x)) =
∫ b

a
p(x)q(x)dx.

3.2 Unitary Spaces Un (or Complex Inner-product
Vector Spaces)

The definition of an inner product in the complex vector space C
n of matrix-columns

with n complex numbers is not so straightforward. If we define it as the standard
inner product in R

n:
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(x̄, ȳ) =
n

∑
i=1

xiyi, xi,yi ∈C for all i,

we immediately see that the norm

||x̄||= (x̄, x̄)1/2 = (
n

∑
i=1

x2
i )

1/2

is not, in this case, a real number, since the sum of squares of complex numbers
∑n

i=1 x2
i can be a negative number. However, for applications in Quantum Mechanics,

it is necessary that the norm is a real number, since the probabilities of measurement
in QM are defined as norms of some vectors.

For this reason, the standard inner product in C
n is defined as

(x̄, ȳ) = (x̄∗)T ȳ =
n

∑
i=1

x∗i yi

(the asterisk ∗ denotes the complex conjugation [1, 2])

With this inner product the norm of vector x̄

||x̄||= (x̄, x̄)1/2 = (
n

∑
i=1

x∗i xi)1/2 = (
n

∑
i=1

|xi|2)1/2

is always a positive real number. (It is zero iff x̄ = 0̄.)
Note. In mathematical literature, it is more usual to define the inner product [3, 1]
in C

n as

(x̄, ȳ) =
n

∑
i=1

xiy
∗
i = x̄T ȳ∗.

The reason for our definition lies in Quantum Mechanics which is mathematically
based on complex vector spaces and which uses the so-called Dirac notation that
requires the above “physical” definition.

It is usual and very practical to introduce one notation [1] for both the trans-
position T and complex conjugation ∗ of a matrix (A∗)T = A†, where † is a dag-
ger and this combined operation is called the adjoining of A (A† is adjoint of A).
(Some authors [3] denote the adjoint of A as A∗ or AH or call it [2] the Hermitian
adjoint).
It should be distinguished from adjA which is the classical adjoint [3] and represents
the transposed matrix of the cofactors of a square matrix A.

Our inner product in C
n (x̄, ȳ) = x̄†ȳ has the following three obvious properties:

1. It is skew (Hermitian)-symmetric (x̄, ȳ) = (ȳ, x̄)∗; [1]
2. It is linear in the second factor

(z̄,ax̄ + bȳ) = a(z̄, x̄)+ b(z̄, ȳ);
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3. It is positive definite (strictly positive)

(x̄, x̄) > 0 for x̄ �= 0̄ and (x̄, x̄) = 0 iff x̄ = 0̄.

From properties 1 and 2, it follows that this inner product is antilinear [1] (skew-
linear) or conjugate linear [3] in the first factor

(ax̄ + b̄, z̄) = (z̄,ax̄+ bȳ)∗ = [a(z̄, x̄)+ b(z̄, ȳ)]∗ = a∗(x̄, z̄)+ b∗(ȳ, z̄).

Being antilinear in the first factor and linear in the second one, we say that this inner
product is conjugate bilinear:

(
m

∑
i=1

aix̄i,
n

∑
j=1

b jȳ j) = ∑
i, j

a∗i b j(x̄i, ȳ j).

When we want to define an inner product in an arbitrary complex vector space
V (C), we can use the above three properties as postulates:

Definition An inner product in a complex vector space V (C) is a complex scalar
function on V (C)×V (C), i.e., V (C)×V (C)→C, which associates to each ordered
pair [x̄, ȳ] of vectors from V (C) a complex number (a complex scalar) (x̄, ȳ), which
has the following three properties:

1. (x̄, ȳ) = (ȳ, x̄)∗—skew (or Hermitian or conjugate) symmetry;
2. (z̄,ax̄+ bȳ) = a(z̄, x̄)+ b(z̄, ȳ)—linearity in the second factor;
3. (x̄, x̄) > 0 for x̄ = 0̄ and (x̄, x̄) = 0 iff x̄ = 0̄—positive definiteness.

(This inner product is obviously antilinear [2] in the first factor (ax̄ + bȳ, z̄) =
a∗(x̄, z̄)+ b∗(ȳ, z̄).)

Together with 2, this means that it is conjugate bilinear [4]:

(
m

∑
i=1

aix̄i,
n

∑
j=1

b jy j) = ∑
i, j

a∗i b j(x̄i, ȳi).

As in Vn(R), we can define an inner prodcut in Vn(C) by choosing any basis v =
{v̄1, v̄2, . . . , v̄n} and expanding vectors from Vn(C) in that basis:

x̄ =
n

∑
i=1

xiv̄i and ȳ =
n

∑
i=1

yiv̄i.

Furthermore, we define (x̄, ȳ)v = ∑n
i=1 x∗i yi = x†y, x =

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦, y =

⎡
⎢⎢⎢⎣

y1

y2
...

yn

⎤
⎥⎥⎥⎦ as their

inner product induced by the basis v in the standard form.
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In this inner product, the basis v becomes orthonormal [2, 3, 4] (v̄i, v̄ j)v = δi j

since

v̄i =
n

∑
k=1

δikv̄k and v̄ j =
n

∑
k=1

δ jkv̄k, so

(v̄i, v̄ j)v =
n

∑
k=1

δikδ jk = δi j.

Also orthonormal are all bases in Vn(C) which are obtained from v by unitary re-
placement matrices R, i.e., such that R−1 = R†.

To prove this, let us consider changing the basis v = {v̄1, v̄2, . . . , v̄n} in Vn(C) to
another basis v′ = {v̄′1, v̄′2, . . . , v̄′n} by the invertible replacement matrix R:

⎡
⎢⎢⎢⎣

v̄′1
v̄′2
...

v̄′n

⎤
⎥⎥⎥⎦= R

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦ or v̄′i =

n

∑
j=1

ri j v̄ j.

Then the representing columns x′ and x of a vector x̄ ∈Vn(C) in these two bases are
connected by the so-called contragredient matrix [4] (R−1)T :

x′ =

⎡
⎢⎢⎢⎣

x′1
x′2
...

x′n

⎤
⎥⎥⎥⎦= (R)T

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦= (R−1)T x, (see Sect. 4.3.1)

The inner product of the vectors x̄ and ȳ is defined in the first basis v as (x̄, ȳ)v =
∑n

i=1 x∗i yi = x†y, where x and y are the representing columns of x̄ and ȳ in the first
basis v. If we use the same definition with the second basis v′, we get

(x̄, ȳ)v′ = (x′)†y′ = (R−1T
x)†(R−1T

y) = x†(R−1∗)(R−1T
)y.

This will be the same number if (R∗)−1(RT )−1 = In or (RT R∗)−1 = In or
RT R∗ = In or R∗ = (RT )−1 or (R−1)T = R∗ or R−1 = R∗T = R†. Thus, when
the replacement matrix R is unitary (R−1 = R†), the definition of the inner product
in these two bases will be the same.

All bases in Vn(C) can be partitioned into disjoint classes of unitary equivalent
bases. The reason for this is that unitary n×n matrices form the group U(n) which
defines an equivalence relation∼ in the set of all bases:

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦∼

⎡
⎢⎢⎢⎣

v̄′1
v̄′2
...

v̄′n

⎤
⎥⎥⎥⎦ if

⎡
⎢⎢⎢⎣

v̄′1
v̄′2
...

v̄′n

⎤
⎥⎥⎥⎦= R

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦ , R ∈U(n).



130 3 Inner-Product Vector Spaces

This relation is reflexive, symmetric, and transitive (RST), which follows from the
basic axioms of group theory—the existence of identity, also inversion and group
multiplication are closed operations. Every such equivalence class defines one inner
product in Vn(C), and for that inner product the bases from the class (and only they)
are orthonormal.

Also, there are no more inner products than those defined by classes of unitary
equivalent bases. Namely, an arbitrary inner product in Vn(C) defines such a class
of orthonormal (unitary equivalent) bases, so there is a bijection between all inner
products in Vn(C) and all such classes. To see this in more detail, take an arbitrary
inner product in Vn(C) and choose any basis in Vn(C). Then, find by the Gramm-
Schmidt orthonormalization process (Sect. 3.3) its corresponding orthonormal basis
{v̄1, v̄2, . . . , v̄n}.

Our first task is to find the expansion coefficents of any vector x̄ ∈ Vn(C) in this
basis x̄ = ∑n

j=1 x jv̄ j. Multiplying this expansion from the left by v̄i, i = 1,2, . . . ,n,
we get

(v̄i, x̄) =
n

∑
j=1

x j(v̄i, v̄ j) =
n

∑
j=1

x jδi j = xi, so

x̄ =
n

∑
i=1

(v̄i, x̄)v̄i .

These expansion coefficients (v̄i, x̄), i = 1,2, . . . ,n, are called the Fourier coeffi-
cients of x̄ in this ON basis.

The inner product of two vectors x̄ and ȳ is calculated as

(x̄, ȳ) = (
n

∑
i=1

(v̄i, x̄)v̄i,
n

∑
j=1

(v̄ j, ȳ)v̄ j) =
n

∑
i=1

n

∑
j=1

(v̄i, x̄)∗(v̄ j, ȳ)(v̄i, v̄ j) =

=
n

∑
i, j=1

(v̄i, x̄)∗(v̄ j, ȳ)δi j =
n

∑
i=1

(v̄i, x̄)∗(v̄i, ȳ) =

=
n

∑
i=1

(x̄, v̄i)(v̄i, ȳ) .

It is called Parseval’s identity [4] and can be written as (x̄, ȳ) = x†y , where x =⎡
⎢⎢⎢⎣

(v̄1, x̄)
(v̄2, x̄)

...
(v̄n, x̄)

⎤
⎥⎥⎥⎦ and similarly for y. So, relative to this ON basis {v̄1, v̄2, . . . , v̄n} and all

other ON bases from its unitary equivalence class, the given inner product takes on
the standard form, i.e., it is defined by them.

A complex vector space Vn(C) with the above inner product (see the definition)
is called a unitary space [4, 1] Un (sometimes such a space is called a complex
inner-product vector space, while C

n is called a complex Euclidean space).
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We have already defined the standard inner product in C
n as (x̄, ȳ) = x̄†ȳ, x̄, ȳ ∈

C
n. Now, we see that it is defined by the class of bases in C

n unitary equivalent to
the usual (standard) basis {ē1, ē2, . . . , ēn}, where

ēp = [δ1p δ2p . . .δnp ]T , p = 1,2, . . . ,n.

Examples of inner products in other unitary spaces.

A) In the space Cm×n of complex m× n matrices, the standard inner product is
defined as (A,B ∈ Cm×n)

(A,B) = tr(A†B) =
m

∑
i=1

n

∑
j=1

a∗i jbi j .

We can easily verify that this inner product satisfies the 3 axioms in the
definition:

1. (B,A) = ∑m
i=1 ∑n

j=1 b∗i jai j = (∑m
i=1 ∑n

j=1 a∗i jbi j)∗ = (A,B)∗—skew symmetry;

2. (A + B,C) = tr[ (A + B)†C ] = tr(A†C) + tr(B†C) = (A,C) + (B,C),
(aA,B) = tr[ (aA)†B ] = tr(a∗A†B) = a∗tr(A†B) = a∗(A,B)—antilinearity in
the first factor;

3. (A,A) = tr(A†A) = ∑m
i=1 ∑n

j=1 |ai j|2 > 0 if A �= 0̂, and equal to 0 iff A = 0̂
—positive definiteness.

B) If x(t) and y(t) are polynomials in the vector space P(C) of complex polynomi-
als on the real variable t ∈ [a,b ], then their inner product is defined as

(x(t),y(t)) =
∫ b

a
x∗(t)y(t)dt.

In both of the above examples, the inner products are natural generalizations of
the standard inner product in C

n—from one to two indices and from a discrete
to a continuous variable, respectively.

3.3 Orthonormal Bases and the Gram-Schmidt Procedure
for Orthonormalization of Bases

Definition Two nonzero vectors x̄ and ȳ in an inner product (real or complex) vector
space are orthogonal x̄ ⊥ ȳ iff their inner product is zero: (x̄, ȳ) = 0⇔ x̄ ⊥ ȳ. (see
Sect. 3.1)

For two orthogonal vectors, we can easily prove the Pythagorean theorem:

||x̄ + ȳ||2 = (x̄ + ȳ, x̄ + ȳ) = ||x̄||2 +(x̄, ȳ)+ (ȳ, x̄)+ ||ȳ||2 = ||x̄||2 + ||ȳ||2.
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Similarly, for an orthogonal set of vectors {x̄1, x̄2, . . . , x̄k}

||x̄1 + x̄2 + · · ·+ x̄k||2 = ||x̄||2 + ||x̄2||2 + · · ·+ ||x̄k||2,

where (x̄i, x̄ j) = 0 for i �= j.
A familiar illustration in R

2 is

It is obvious that the zero vector 0̄ in any inner product vector space is orthogonal
to any other vector x̄ from that space: (x̄, 0̄) = 0, but it is very useful in many proofs
that the zero vector is the only one with this property.

Definition The set of vectors {x̄1, x̄2, . . . , x̄k} in any inner product vector space is
called an Ortho Normal (ON) set if

(x̄i, x̄ j) = δi j =
{

1 for i = j
0 for i = j

, i, j = 1,2, . . . ,k.

In other words, this set of vectors is orthonormal if each vector from the set is of
unit norm and at the same time is orthogonal to every other vector from the set.

It is a very important property of any orthonormal set of vectors that they are
also linearly independent. This can be demonstrated easily: Consider an orthonor-
mal (ON) set of vectors {x̄1, x̄2, . . . , x̄k}. We have to show that this set is linearly
independent, i.e., to show that a linear combination of these vectors ∑k

i=1 aix̄i can
be equal to the zero vector 0̄ only if all the coefficients ai, i = 1,2, . . . ,k are zero—
∑k

i=1 aix̄i = 0̄⇒ all ai = 0. Indeed, we shall multiply the above equality from the
left with any x̄ j, j = 1,2, . . . ,k and get on one side

(x̄ j,
k

∑
i=1

aix̄i) =
k

∑
i=1

ai(x̄ j, x̄i) =
k

∑
i=1

aiδi j = a j,

while the other side gives (x̄ j, 0̄), so a j = 0, i = 1,2, . . . ,k. Thus, every orthonormal
ordered set of vectors which also spans its vector space is an orthonormal (ON)
basis.

If {x̄1, x̄2, . . . , x̄k} is an ON set of vectors in a complex inner product vector space
and if x̄ is any vector from that space, then Bessel’s inequality is valid:

k

∑
i=1
|(x̄i, x̄)|2 ≤ ||x̄||2.
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Proof

0≤ (x̄−
k

∑
i=1

(x̄i, x̄)x̄i, x̄−
k

∑
j=1

(x̄ j, x̄)x̄ j) =

= ||x̄||2−
k

∑
j=1

(x̄ j, x̄)(x̄, x̄ j)−
k

∑
i=1

(x̄i, x̄)∗(x̄i, x̄)+
k

∑
i, j=1

(x̄i, x̄)∗(x̄ j, x̄)(x̄i, x̄ j) =

= ||x̄||2−
k

∑
j=1

|(x̄ j, x̄)|2−
k

∑
i=1

|(x̄i, x̄)|2 +
k

∑
j=1

|(x̄ j, x̄)|2 = ||x̄||2−
k

∑
i=1

|(x̄i, x̄)|2.

In a real inner product vector space this inequality looks simpler

k

∑
i=1

(x̄i, x̄)2 ≤ ||x̄||2,

and the proof is analogous.

We shall be using only orthonormal (ON) bases because it is much easier to get
useful results with them. We shall show below that every basis can be replaced with
an equivalent ON basis.

But, first, let us list some useful formulas already obtained with ON bases.

1. If {x̄1, x̄2, . . . , x̄n} is any ON basis in a vector space (real or complex) with inner
product, then the components of any vector x̄ in that basis are

x̄ =
n

∑
i=1

(x̄i, x̄)x̄i .

This expansion is called the Fourier expansion, and the expansion coefficients
(x̄i, x̄) are usually called the Fourier coefficients. The component (x̄i, x̄)x̄i is the
projection of x̄ along the unit vector x̄i.

2. The inner product of two vectors x̄ and ȳ in this ON basis takes the form

(x̄, ȳ) =
n

∑
i=1

(x̄, x̄i)(x̄i, ȳ) .

This expression is called Parseval’s identity [4].
3. The norm of any vector x̄ in this ON basis is

||x̄||2 =
n

∑
i=1

|(x̄i, x̄)|2

(If the vector space is real, then there are no absolute value bars). We see that when
an ON set is a basis, then in Bessel’s inequality there remains only the equality sign.
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Here, we can derive two important inequalities relevant for the norm in inner-
product vector spaces.

The first example is the well-known Cauchy–Schwarz inequality:
For any two vectors x̄ and ȳ in an arbitrary inner-product vector space, we have

|(x̄, ȳ)| ≤ ||x̄|| ||ȳ||

There are different proofs, but the simplest one uses Bessel’s inequality:
If ȳ = 0̄, then both sides are 0 and we get the trivial equality. So we assume ȳ �= 0̄

and then use Bessel’s inequality ∑k
i=1 |(x̄i, x̄)|2 ≤ ||x̄||2 for k = 1 x̄1 = ȳ

||ȳ|| to obtain

|( ȳ
||ȳ|| , x̄)|2 ≤ ||x̄||2. Multiplying both sides with ||ȳ||2, we get |(x̄, ȳ)|2 ≤ ||x̄||2||ȳ||2,

which implies the Cauchy–Schwarz inequality.
The second example is the triangle inequality in inner-product vector spaces

(which is one of three basic properties of the norm besides positive definiteness
||x̄|| > 0 if x̄ �= 0̄ and homogeneity [3] ||ax̄|| = |a| ||x̄||): ||x̄ + ȳ|| ≤ ||x̄||+ ||ȳ||, for
any x̄ and ȳ.

Proof Using the above Cauchy–Schwarz inequality |(x̄, ȳ)| ≤ ||x̄|| ||ȳ||:

||x̄+ ȳ||2 = (x̄ + ȳ, x̄ + ȳ) = ||x̄||2 +(x̄, ȳ)+ (ȳ, x̄)+ ||ȳ||2 ≤ ||x̄||2 + 2||x̄|| ||ȳ||+ ||ȳ||2
= (||x̄||+ ||ȳ||)2.

[In complex vector space (x̄, ȳ)+(ȳ, x̄) = (x̄, ȳ)+(x̄, ȳ)∗ = 2Re(x̄, ȳ)≤ 2|(x̄, ȳ)|, and
in the real one 2(x̄, ȳ)≤ |(x̄, ȳ)|. Taking the square roots, we get the afore-mentioned
triangle inequality.

We shall now describe the Gram–Schmidt procedure, which enables us to start
with an arbitrary basis X = {x̄1, x̄2, . . . , x̄n} in an (real or complex) inner-product vec-
tor space Vn and obtain the corresponding orthonormal (ON) basis Y ={ȳ1, ȳ2, . . . , ȳn}
in the same space, but such that every ȳm, m = 1,2, . . . ,n, is a linear combination
of the first m vectors {x̄1, x̄2, . . . , x̄m}:

ȳm ∈ L(x̄1, x̄2, . . . , x̄m), m = 1,2, . . . ,n .

Since X is a basis (linearly independent and spanning the set), it follows that every
one of its members is a nonzero vector, so that it can be made a unit vector by
dividing it by its norm.

So, we take as ȳ1 the normalized x̄1:

ȳ1 =
x̄1

||x̄1|| .

So, ȳ1 is of unit norm and it belongs to L(x̄1):

ȳ1 =
1
||x̄1|| x̄1

(a linear combination of x̄1).
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To obtain the second vector ȳ2 [it must be orthogonal to ȳ1 and of unit norm and
also it must belong to L(x̄1, x̄2)], we form a linear combination of x̄1 and x̄2 to get
ȳ′2 = x2−a1

x̄1
||x̄1|| . The unknown coefficient a1 should be determined from the orthog-

onality condition (ȳ1, ȳ′2) = 0. So, we multiply ȳ′2 from the left with ȳ1 and obtain
(ȳ1, ȳ′2) = (ȳ1, x̄2)− a1(ȳ1, ȳ1) = (ȳ1, x̄2)− a1. This expression is 0 if a1 = (ȳ1, x̄2).
The vector ȳ′2 cannot be zero since it is a linear combination of two linearly indepen-
dent vectors x̄1 and x̄2 where at least one coefficient (that of x̄2) is certainly different
from zero. Therefore, ȳ2 is the normalized ȳ′2:

ȳ2 =
ȳ′2
||ȳ′2||

= (x̄2− (ȳ1, x̄2)ȳ1)/||x̄2− (ȳ1, x̄2)ȳ1||.

This vector ȳ2 is of unit norm, it is orthogonal to ȳ1, and it is a linear combination of
x̄1 and x̄2. The vector ȳ′2 is the difference between the vector x̄2 and the projection
(ȳ1, x̄2)ȳ1 of x̄2 onto the unit vector ȳ1. This difference is called the normal from x̄2

onto the line determined by ȳ1.

Thus, the vector ȳ2 is the unit normal of x̄2 onto the subspace spanned by the
previously found vector ȳ1 of the desired ON basis. The subspace spanned by x̄1

and x̄2 is the same as that spanned by ȳ1 and ȳ2, but ȳ1 and ȳ2 are normalized (unit)
vectors and are orthogonal to each other.

To determine ȳ3 and the further vectors ȳ4, ȳ5, . . . , ȳn, we follow the same idea:
ȳ3 is the normalized (unit) normal from x̄3 onto the subspace spanned by ȳ1 and ȳ2

(the previously found vectors from the ON basis).
The normal, nonzero vector

ȳ′3 = x̄3− [(ȳ1, x̄3)ȳ1 +(ȳ2, x̄3)ȳ2]︸ ︷︷ ︸
projection of x̄3 onto L(ȳ1, ȳ2) = L(x̄1, x̄2)

and (the normalized normal)

ȳ3 =
ȳ′3
||ȳ′3||

.
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Thus, ȳ3 is of unit norm, it is obviously orthogonal to both ȳ1 and ȳ2 [(ȳ1, ȳ′3) =
(ȳ1, x̄3)− (ȳ1, x̄3) = 0 and similarly for ȳ2] and it belongs to L(x̄1, x̄2, x̄3).

For further vectors of the ON basis, we do the same construction:

ȳ′i = x̄i− [(ȳ1, x̄i)ȳ1 +(ȳ2, x̄i)ȳ2 + . . .+(ȳi−1,xi)ȳi−1], i = 4,5, . . . ,n,

the nonzero normal from x̄i onto L(ȳ1, ȳ2, . . . , ȳi−1) and

ȳi =
ȳ′i
||ȳ′i||

.

So, ȳi is the normalized unit, normal from the corresponding x̄i onto the subspace
L(ȳ1, ȳ2, . . . , ȳi−1) spanned by the previously found vectors.

The Gramm–Schmidt procedure for orthonormalization enables us to use only
orthonormal bases in every (real or complex) inner-product vector space.

Example Normalized Legendre polynomials.
The linear differential equation of the second order (1− t2)y′′(t)−2ty′(t)+

ν(ν + 1)y(t) = 0, where ν is a real number, is called the Legendre differential equa-
tion, and every solution of this equation is called a Legendre function. This equation
is found in many problems in physics and technology.

The Legendre equation has a polynomial as its solution if ν is an integer. The
Legendre polynomial Pn(t) is a solution of the Legendre equation with parameter
ν = n ∈ {0,1,2, . . .} and with the property Pn(1) = 1.

The Legendre polynomial Pn(t) can be obtained by the so-called Rodrigues
formula

Pn(t) =
1

2nn!
dn

dtn [(t2−1)n], n = 0,1,2, . . .

This formula gives immediately P0(t) = 1 and P1(t) = 1
1!2

d
dt (t

2−1) = t. The rest of
the polynomials can be more easily calculated by the recurrence formula

Pn+1(t) =
2n + 1
n + 1

tPn(t)− n
n + 1

Pn−1(t).

So for P2(t) =
3
2

t P1(t)− 1
2

P0(t) =
3
2

t2− 1
2

=
1
2
(3t2−1),

and for P3(t) =
5
3

t P2(t)− 2
3

P1(t) =
5
3

t
1
2
(3t2−1)− 2

3
t =

=
5
2

t3− 5
6

t− 4
6

t =
5
2

t3− 3
2

t =
1
2
(5t3−3t)

If we define an inner product in the vector space P(R) of real polynomials of real
variable t on the interval (−1,+1) as
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(p(t),q(t)) =
∫ +1

−1
p(t)q(t)dt,

then we can easily deduce that Legendre polynomials are orthogonal

∫ +1

−1
Pn(t)Pm(t)dt = 0 (m �= n)

[assume m > n, use Rodrigues formula for Pn(t) and Pm(t), and integrate n times by
parts]. The square of the norm of Pn(t) is

∫ +1

−1
P2

n (t) =
2

2n + 1
, n = 0,1,2, . . . .

The normalized Legendre polynomials

yn(t) =

√
2n + 1

2
Pn(t) , n = 0,1,2, . . .

form an orthonormal basis in P(R), as well as in the Hilbert space L2(−1,+1) of
square integrable real functions on the interval (−1,+1).

Now, we shall show that the normalized Legendre polynomials yn(t) =
√

2n+1
2

Pn(t) can be obtained by the Gram–Schmidt procedure for orthonormalization from
the standard basis {1,t,t2,t3, . . .} in P(R) with the above inner product. For the sake
of economy, we shall derive only the first four of them:

y0(t) =

√
1
2
, y1 =

√
3
2

t, y2 =

√
5
2
· 1

2
(3t2−1), y3 =

√
7
2
· 1

2
(5t3−3t).

Let us start with the first four vectors of the standard basis X = {x0(t),x1(t),x2(t),
x3(t)}= {1,t,t2,t3}, and apply the Gram–Schmidt procedure.

The first vector from the corresponding orthonormal basis is obviously

y0(t) =
x0(t)
||x0(t)|| = 1/(

∫ +1

−1
dt)1/2 = 1

√
2 =

√
1
2
.

For the second vector from the ON basis, we calculate the first normal

y′1(t) = x1(t)− (y0(t),x1(t)) = t− 1
2

∫ +1

−1
t dt = t− 1

2

[
t2

2

]+1

−1
= t−0 = t,

and then the normalized normal is

y1(t) =
y′1(t)
||y′1(t)||

=
t

(
∫+1
−1 t2 dt)1/2

=
t{[

t3

3

]+1

−1

}1/2
=

1√
2
3

=

√
3
2

t.
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For the third vector from the corresponding ON basis, we calculate the normal from
x2(t) onto the subspace spanned by the previously found ON vectors y0(t) and y1(t):

y′2(t) = x2(t)− [(y0(t),x2(t))y0(t)+ (y1(t),x2(t))y1(t)] =

= t2− [
1
2

∫ +1

−1
t2 dt +

3
2

t
∫ +1

−1
t3 dt] = t2− 1

2

[
t3

3

]+1

−1
− 3

2
t

[
t4

4

]+1

−1
=

= t2− 1
3

=
1
3
(3t2−1).

[Notice that P2(t) = 1
2(3t2− 1) and y′2(t) = 1

3 (3t2− 1) differ by a factor, P2(t) =
3
2 y′2(t), (colinear vectors), but their normalized vector must be the same]. The nor-
malized normal is

y2(t) =
y′2(t)
||y′2(t)||

,

but it is more practical to calculate the square of the norm

||y′2(t)||2 =
∫ +1

−1
(t2− 1

3
)2 dt =

∫ +1

−1
t4 dt−

∫ +1

−1

2
3

t2 dt +
∫ +1

−1

1
9

dt =

=
[

t5

5

]+1

−1
− 2

3

[
t3

3

]+1

−1
+

1
9

[t]+1
−1 =

2
5
− 2

3
· 2

3
+

2
9

=
2
5
− 2

9
=

8
45

.

So ||y′2(t)||=
√

8
45 = 2

3

√
2
5 , and y2(t)=

√
5
2

3
2 y′(t)=

√
5
2 P2(t)=

√
5
2 · 1

2(3t2− 1).
For the fourth vector from the corresponding orthonormal basis, we first calculate
the normal from x3(t) onto the subspace L(y0(t),y1(t),y2(t)) spanned by the previ-
ously found ON vectors y0(t),y1(t),y2(t)

y′3(t) = x3(t)− [(y0(t),x3(t))y0(t)+ (y1(t),x3(t))y1(t)+ (y2(t),x3(t))y2(t)] =

= t3−
[

1
2

∫ +1

−1
t3 dt +

3
2

t
∫ +1

−1
t4 dt +

5
8
(3t2−1)

∫ +1

−1
(3t2−1)t3 dt

]
=

= t3− 3
2

t · 2
5

= t3− 3
5

t =
1
5
(5t3−3t).

[Again P3(t) = 1
2(5t3 − 3t) and y′3(t) = 1

5 (5t3− 3t) are colinear vectors P3(t) =
5
2 y′3(t)]. The square of the norm of y′3(t) is

||y′3(t)||2 =
∫ +1

−1

1
25

(5t3−3t)2dt =
1
25

∫ +1

−1
(25t6−30t4 + 9t2)dt =

=
1

25
(25 · 2

7
−30 · 2

5
+ 9 · 2

3
) =

1
25

(
50
7
−12 + 6) =

1
25

(
50
7
− 42

7
) =

=
1

25
· 8

7
=

4
25
· 2

7
.
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The normalized normal is

y3(t) =

√
7
2
· 5

2
· 1

5
(5t3−3t) =

√
7
2
· 1

2
(5t3−3t) =

√
7
2

P3(t),

and it is exactly the normalized Legendre polynomial

√
7
2

P3(t).

3.4 Direct and Orthogonal Sums of Subspaces
and the Orthogonal Complement of a Subspace

3.4.1 Direct and Orthogonal Sums of Subspaces

Consider two subspaces V ′ and V ′′ of the vector space V which are such that they
have in common only the zero vector 0̄:

V ′ ∩V ′′ = {0̄}.

The set of all vectors x̄ from V that can be expressed in the form x̄ = x̄1 + x̄2, x̄1 ∈
V ′, x̄2 ∈V ′′ is called the direct sum of V ′ and V ′′ and is denoted as V ′+V ′′:

V ′+V ′′ = {x̄1 + x̄2 | x̄1 ∈V ′ and x̄2 ∈V ′′ with V ′ ∩V ′′ = {0̄}}.

Obviously, the set V ′+V ′′ is a subspace itself, since it is closed to the addition of
its vectors, as well as to the multiplication of its vectors with scalars: take x̄1 + x̄2 ∈
V ′+V ′′ and ȳ1 + ȳ2 ∈V ′+V ′′, a ∈R or C, then (x̄1 + x̄2)+(ȳ1 + ȳ2) = (x̄1 + ȳ1)+
(x̄2 + ȳ2) ∈V ′+V ′′ and a(x̄1 + x̄2) = ax̄1 + ax̄2 ∈V ′+V ′′.

In the subspace V ′+V ′′, every vector x̄ is uniquely decomposed into the sum x̄1 +
x̄2, x̄1 ∈V ′, x̄2 ∈V ′′, due to V ′ ∩V ′′ = {0̄}. To see this, let us assume V ′ ∩V ′′ �= {0̄}
and let ȳ be any vector from this intersection. Then, the decomposition x̄ = x̄1 + x̄2

is not unique since x̄ = (x̄1 + ȳ)+ (x̄2− ȳ). Thus, this decomposition is unique only
if V ′′ ∩V ′′ = {0̄}.
Two examples

1. In the space R
3 consider a plane (R2) through the origin and a line (R1) also

through the origin, but not lying in the plane. Obviously,

R
3 = R

1 +R
2.

2. The space Rn×n of all square n×n real matrices is the direct sum of the subspaces
of all symmetric (AT = A) and of all skew-symmetric (AT =−A) matrices.

The set of all symmetric matrices (AT = A) is indeed a subspace since it is closed
under the addition of matrices [(A + B)T = AT + BT = A + B], as well as under the
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multiplication of matrices with numbers [(aA)T = aAT = aA]. And similarly for the
set of skew-symmetric matrices (AT =−A).

Each matrix A ∈ Rn×n can be uniquely written as the sum of a symmetric and a
skew-symmetric matrix:

A =
A + AT

2
+

A−AT

2
,

so that

(
A + AT

2

)T

=
AT + A

2
and

(
A−AT

2

)T

=
AT −A

2
=−A−AT

2
.

It is also obvious that only the zero matrix can be symmetric and skew-symmetric
at the same time.

The dimension of the space Rn×n is n2 since its standard basis has n2 matrices
(the n× n matrices which have only one element = 1, all others being zeros). The
standard basis in the subspace of symmetric matrices consists of n matrices that
have one element = 1 on the main diagonal (the rest of the elements are zeros) and
(n−1)+(n−2)+ . . .+2+1 = (n−1)n

2 matrices that have two elements equal 1, the
elements that are placed symmetrically with respect to the main diagonal (remember
that symmetric matrices have ai j = a ji, i �= j). Similarly, the standard basis for the

subspace of skew-symmetric matrices consists of (n−1)n
2 matrices that have 1 and

(−1) placed symmetrically to the main diagonal (remember that ai j = −a ji, i �= j,
and aii = 0 are the characteristic properties of skew-summetric matrices).

So, the sum of dimensions of the two subspaces
[

n +
n(n−1)

2

]
+

n(n−1)
2

= n + n(n−1)= n2

is equal to the dimension of the space Rn×n which is the direct sum of these sub-
spaces. Δ

This statement is generally valid:
The dimension of the subspace V ′+V ′′ is equal to the sum of the dimensions of V ′
and V ′′

dim(V ′+V ′′) = dimV ′+ dimV ′′ ,

again due to V ′ ∩V ′′ = {0̄}.
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To prove this almost obvious statement, we choose a basis { f̄1, f̄2, . . . , f̄m} in V ′
(dimV ′ = m) and a basis {ḡ1, ḡ2, . . . , ḡn} in V ′′ (dimV ′′ = n) and show that the set
B = { f̄1, f̄2, . . . , f̄m, ḡ1, ḡ2, . . . , ḡn} is a basis in V ′+V ′′—a linearly independent and
generating set, so that dim(V ′+V ′′) = m+n. To prove that they are LIND, we make
the LIND test

a1 f̄1 + a2 f̄2 + . . .+ am f̄m + b1ḡ1 + b2ḡ2 + . . .+ bnḡn = 0̄.

Transfering the linear combination with bs on to the other side, we conclude that
one vector from V ′ is equal to another vector from V ′′, so that they both must be 0̄,
since V ′ ∩V ′′ = {0̄}. This immediately implies that all as and all bs are zeros, since
the f̄ s and ḡs are bases. Furthermore, the set B is a generating set by definition of
V ′+V ′′, since every x̄ ∈V ′+V ′′, i.e., x̄ = x̄1 + x̄2, x̄1 ∈V ′, x̄2 ∈V ′′, is their linear
combination. Δ

Two subspaces V ′ and V ′′ in an inner-product vector space V (real, i.e., Euclidean
or complex, i.e., unitary) are orthogonal, V ′ ⊥V ′′, if (x̄, ȳ) = 0 for every x̄ ∈V ′ and
every ȳ ∈ V ′′. They have no common vectors, i.e., V ′ ∩V ′′ = {0̄}, since only the
zero vector 0̄ is orthogonal to itself. Thus, we have that the set of vectors x̄ ∈ V of
the form {x̄1 + x̄2, x̄1 ∈ V ′, x̄2 ∈ V ′′, (x̄1, x̄2) = 0} is the direct sum V ′+V ′′. But,
since V ′ ⊥ V ′′, we call such a sum the orthogonal sum of V ′ and V ′′ and denote it
as V ′ ⊕V ′′. All that we said about the direct sum V ′+V ′′ is naturally valid now, but
with one stronger condition (x̄1, x̄2) = 0. So, x̄ = x̄1 + x̄2 is the unique decomposition
and dim(V ′ ⊕V ′′) = dimV ′+ dimV ′′.

Both concepts of direct and orthogonal sums of two subspaces inV can be extended
to any collection of subspaces. IfV ′,V ′′, . . . ,V (k) is a set of subspaces inV which are all
disjoint to each otherV(i)∩V ( j) = {0̄}, i �= j = 1,2, . . . ,k, then the set of vectors from
V that can be expressed as a sum of k vectors, each of them from one of the subspaces,
is itself a subspace of V denoted as V ′+V ′′+ . . .+V (k) and called their direct sum.
Each vector from that direct sum has unique components in these subspaces.

If V is an inner-product vector space and if all subspaces are orthogonal to each
other, V (i)∩V ( j), i �= j = 1,2, . . . ,k, then the above direct sum becomes the orthog-
onal sum V ′ ⊕V ′′ ⊕ · · ·⊕V (k).

One of the main tasks in the theory of unitary spaces with regard to applica-
tions in Quantum Mechanics is to decompose the whole state space into a certain
orthogonal sum of its subspaces.

3.4.2 The Orthogonal Complement of a Subspace

Definition Consider a (real or complex) inner-product vector space V and one of
its subspaces W . The set of all vectors from V which are orthogonal to every vector
from W is called the orthocomplement of W , and it is denoted by W⊥.

It is easy to show that the orthocomplement W⊥ is also a subspace of V . The
proof follows from the fact that the inner product in V is linear in the second factors
regardless if V is a real or complex vector space. Take any two vectors x̄ and ȳ from
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W⊥. To show that W⊥ is a subspace in V , we have to prove that an arbitrary linear
combination ax̄ + bȳ of x̄ and ȳ (a and b are any scalars from R or C) also belongs
to W⊥. Indeed, the fact that x̄ and ȳ are from W⊥ is equivalent to (z̄, x̄) = 0 and
(z̄, ȳ) = 0, for any z̄ ∈W , so that (z̄,ax̄,bȳ) = a(z̄, x̄)+ b(z̄, ȳ) = 0 or ax̄+ bȳ ∈W⊥.

Obviously, the orthocomplement of W⊥ is W itself:

(W⊥)⊥ = W .

To prove this, let us start with the statement that W is a subspace of (W⊥)⊥
since every vector in W is orthogonal to all vectors in (W⊥)⊥. To demonstrate
that they are equal, we shall compare their dimensions. If the dimensions are
equal, this would imply that the subspace W must be equal to (W⊥)⊥. We shall
show below that the dimensions of a subspace and its orthocomplement add up to
the dimension of the whole space V . So, dim(W ) + dim(W⊥) = dim(V ), as well
as dim(W⊥) + dim((W⊥)⊥) = dim(V ). Consequently, dim((W⊥)⊥) = dim(V )−
dim(W⊥) = dim(V )− [dim(V )−dim(W )] = dim(W ). Δ

Theorem Every vector v̄ ∈V can be written in one and only one way as the sum

v̄ = w̄+ w̄′, w̄ ∈W and w̄′ ∈W⊥, [of course (w̄, w̄′) = 0].

In other words, we say that W and W⊥ are orthogonally added to form V :

W ⊕W⊥ = V .

As a consequence, dim(W )+ dim(W⊥) = dim(V ).

Proof Take any basis in W , and using the Gramm–Schmidt procedure for orthonor-
malization find out the equivalent orthonormal (ON) basis {x̄1, x̄2, . . . , x̄n} (n is the
dimension of W ). We show now that for every v̄ ∈ V we can uniquely determine
vectors

w̄ =
n

∑
k=1

(x̄k, v̄)x̄k and w̄′ = v̄− w̄ = v̄−
n

∑
k=1

(x̄k, v̄)x̄k.

(w̄ is the sum of projections of vector v̄ along n unit orthogonal vectors which make
the ON basis in W ).

Obviously, w̄ belongs to W since it is a linear combination of basis vectors in W .
Furthermore, w̄′ belongs to W⊥, since it is orthogonal to all basis vectors in W and
consequently to all vectors in W :

(x̄ j, w̄
′) = (x̄ j, v̄)−

n

∑
k=1

(x̄k, v̄)(x̄ j, x̄k︸︷︷︸
δ jk

) = (x̄ j, v̄)− (x̄ j, v̄) = 0, j = 1,2, . . . ,n.
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The components w̄ and w̄′ of v̄ are unique, since it can be shown that they do not
depend on a particular choice of ON basis {x̄1, x̄2, . . . , x̄n}.

To show this uniqueness, consider another ON basis in W

m = 1,2, . . . ,n,

ȳm =
n

∑
k=1

rmkx̄k, R = [rmk]n×n.

The condition (see later) that {ȳ1, ȳ2, . . . , ȳn} is an ON basis is R†R = In for the
complex inner-product vector space, or RT R = In for the real space. Let us calculate
in the complex case the projection w̄new of v̄ step into W using this new basis:

w̄new =
n

∑
m=1

(ȳm, v̄) ȳm =
n

∑
m=1

[(
n

∑
j=1

rm j x̄ j, v̄

)
n

∑
k=1

rmkx̄k

]
=

=
n

∑
j,k=1

n

∑
m=1

r∗m jrmk(x̄ j, v̄) x̄k =
n

∑
j,k=1

n

∑
m=1

{R†} jm{Rmk}
︸ ︷︷ ︸

δ jk

(x̄ j, v̄) x̄k =

=
n

∑
k=1

(x̄k, v̄) x̄k = w̄. Δ

We have already called the component w̄ of v̄ the projection of v̄ into the subspace
W , and, as just shown, it is obtained as the sum of projections of v̄ along n unit
vectors of any ON basis in W .

The other component w̄′ = v̄− w̄ ∈W⊥ is called the normal of the vector v̄ onto
the subspace W , since it is orthogonal to all vectors in W .

The length of the normal w̄′ represents the shortest distance of vector v̄ to the
subspace W : precisely, if z̄ is any vector in W distinct from w̄, then ||w̄′||= ||v̄−w̄||<
||v̄− z̄||, z̄ ∈W , z̄ �= w̄. We say that the projection w̄ is the best approximation of the
vector v̄ by any vector from W .

Proof Notice that the vector w̄− z̄ is also from W , and as such it is orthogonal to
the normal w̄′ = v̄− w̄. But for orthogonal vectors the Pythagorean theorem ||x̄||2 +
||ȳ||2 = ||x̄+ ȳ||2 is valid:

||v̄− w̄||2 + ||w̄− z̄||2 = ||v̄− w̄+ w̄− z̄||2 = ||v̄− z̄||2.

If we take away the always positve ||w̄2− z̄||2, we get

||v̄− w̄||2 < ||v̄− z̄||2⇒ ||v̄− w̄||< ||v̄− z̄||. Δ

As an alternative for finding W⊥ in the case of V = R
n (the space of real matrix-

columns of length n), consider a subspace W in R
n, dimW = m < n, and take any

basis {ȳ1, ȳ2, . . . , ȳm} in W . For the purpose of calculating W⊥, we shall write a
matrix A of the type m×n which has as its m rows the transposed {ȳT

1 , ȳT
2 , . . . , ȳT

m}
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A =

⎡
⎢⎢⎢⎣

y11 y12 . . . y1n

y21 y22 . . . y2n
...

...
. . .

...
ym1 ym2 . . . ymn

⎤
⎥⎥⎥⎦ .

We are looking for the subspace W⊥ in R
n which consists of all vectors from R

n

orthogonal to all vectors of the above basis. (If a vector is orthogonal to all vectors
of a basis in W , then it is orthogonal to all vectors in the subspace W .)

Consider now the kernel of A, ker A, which is made up of all vectors x̄ from R
n

that are mapped by A onto the zero-vector 0̄m in R
m (the m×n matrix A is a linmap

A : R
n→ R

m):

ker A = {x̄ | x̄ ∈ R
n and Ax̄ = 0̄m}.

The matrix equation Ax̄ = 0̄m is a concise form of a homogeneous linear system
of m equations with n unknowns. The solution space of this system is a subspace
of R

n of dimension m− n (the total number of columns in A minus the number of
linearly independent columns which is equal to the number of LIND rows—a basis
in W ). Obviously, every vector x̄ from the solution space, i.e., ker A, is orthogonal
to all vectors from the basis {ȳ1, ȳ2, . . . , ȳm}:

(ȳi, x̄) = ȳT
i x̄ = yi1x1 + yi2x2 + · · ·+ yinxn = 0, i = 1,2, . . . ,m,

so it is a vector from R
n orthogonal to the whole W . Therefore, x̄ belongs to W⊥.

There are no vectors in W⊥ that are not from ker A, since the matrix equation Ax̄ =
0̄m is in fact a search for all x̄ ∈ R

n that are orthogonal to all vectors from the basis
{ȳ1, ȳ2, . . . , ȳm}. Thus,

ker A = W⊥ .

The dimension m of W and the dimension (n−m) of W⊥ add up to the dimension
n of the whole space R

n, since they have no common vectors except 0̄n, because 0̄n

is the only vector in R
northogonal to itself. So, R

n is the orthogonal sum of W
and W⊥:

R
n = W ⊕W⊥ . Δ



Chapter 4
Dual Spaces and the Change of Basis

From now on we shall call every linmap Un →Un a linear operator or simply an
operator.

Linear operators in unitary spaces like projection operators (projectors), positive,
Hermitian, and unitary operators are of fundamental importance for applications of
linear algebra in Quantum Mechanics and Quantum statistical physics. The basic
problem for these operators is to investigate the algebraic operations that can be
performed among them and consequently to define the algebraic structures that they
form. The second task is to find ON bases in which their representing matrices take
the simplest (canonical) form. To say this in a more precise way, we shall try to
break up the unitary space into an orthogonal sum of subspaces in each of which the
operator under investigation acts simply as a multiplicative constant (the so-called
Eigen problem). These constants form the spectrum of the operator which gives the
quantum characteristics of the physical systems which are being studied.

We shall first study linear operators in unitary spaces, which is an easier task
than to study linear operators in Euclidean spaces. The reason for such an approach
is that the field C of complex numbers is algebraically closed (every algebraic equa-
tion with complex numbers has all its solutions in the same field). Linear opera-
tors in Euclidean spaces are important in Classical physics, and we shall consider
them after linear operators in unitary spaces to benefit from the solutions obtained
previously.

4.1 The Dual Space U∗n of a Unitary Space Un

The set of all linear operators in a finite-dimensional unitary space Un is denoted
by L̂(Un,Un). We know that in this set one can perform operations of addition and
multiplication (composition) of operators:

(A + B)x̄ = Ax̄+ Bx̄, x̄ ∈Un and (AB)x̄ = A(Bx̄), x̄ ∈Un,

145



146 4 Dual Spaces and the Change of Basis

as well as multiplication with scalars

(aA)x̄ = a(Ax̄), x̄ ∈Un, a ∈ C.

Since the identity operator Inx̄ = x̄, x̄ ∈Un, belongs to this set, the usual term for
the algebraic structure that they form is the algebra with unity.

Remark In representation theory, we discussed the set L̂(Vn(F),Wm(F)) of linmaps
(Sect. 2.6.1) and proved that this set is a vector space over the field F .

But, in the space L̂(Vn(F),Vn(F)) of linear operators acting in Vn(F), we have
also multiplication (composition) of operators

(AB)x̄ = A(Bx̄), ∀x̄ ∈Vn(F).

This is obviously a linear operator

(AB)(ax̄1 + bx̄2) = A[B(ax̄1 + bx̄2)] = A(aBx̄1 + bBx̄2) =
= aA(Bx̄1)+ bA(Bx̄2) = a(AB)x̄1 + b(AB)x̄2.

This multiplication is associative

[(AB)C]x̄ = (AB)(Cx̄) = A(BCx̄) = [A(BC)]x̄,

and distributive with respect to the addition of operators (A + B)C = AC + BC and
A(B +C) = AB + AC:

[(A + B)C]x̄ = (A + B)(Cx̄) = A(Cx̄)+ B(Cx̄) = (AC)x̄+(BC)x̄ = (AC + BC)x̄

and similarly for the other distributive law. (Since multiplication of operators is not,
in general, commutative AB �= BA, we need to prove both distributive laws). As far
as multiplication with scalars is concerned, the new operation of multiplication of
operators is related to the previous one as follows: a(AB) = (aA)B = A(aB):

a(AB)x̄ = a[A(Bx̄)] = (aA)(Bx̄) = [(aA)B]x̄
a(AB)x̄ = a[A(Bx̄)] = A[a(Bx̄)] = A(aBx̄) = [A(aB)]x̄.

Definition (of the algebra with unity over the field F)
The vector space L̂(Vn(F),Vn(F)) of linear operators in Vn(F) becomes an al-

gebra with unity over F since (1) in the vector space L̂(Vn(F), Vn(F)) is defined
another closed binary operation (AB)x̄ = A(Bx̄), ∀x̄∈Vn(F), which might be called
the multiplication (or composition) of operators, such that it is associative, distribu-
tive with respect to the addition of operators (both ways) and with the property
a(AB) = (aA)B = A(aB) with respect to multiplication of operators with scalars
from F ; and (2) �= F since there exists an operator Iv, which we call the multiplica-
tive unity, such that IvA = AIv = A for every operator A.

A particular example All square n× n matrices with elements from the field F
make a set Fn×n = L̂(Fn,Fn), which is an algebra with unity, where the basic binary
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operations are the addition and multiplication of matrices, and the unity is the unit
matrix In. But, when we consider L̂(Un,Un) as a vector space (forgetting about mul-
tiplication of operators), we shall use the term superspace. There is a possibility to
define an inner product in the superspace L̂(Un,Un) to become a unitary space. But,
for this purpose, we need a unitary operation A→ A† in L̂(Un,Un) called adjoining:
for any A,B ∈ L̂(Un,Un) then

(A,B) = tr(A†B) is an inner product.

The adjoining is an essential bijective map in L̂(Un,Un), since all important op-
erators in L̂(Un,Un) are defined by means of the adjoint operator (Sect. 4.2)

The most natural way to define this map is through the concept of the dual space
U∗n of the given unitary space Un.

Definition A linear functional f on a unitary space Un is a scalar-valued function
f : Un→ C, which is linear:

f (ax̄ + bȳ) = a f (x̄)+ b f (ȳ), ∀a,b ∈C, ∀x̄, ȳ ∈Un.

But, C is itself a one-dimensional unitary space C
1 [C is a field, so we have addi-

tion of vectors (complex numbers) and multiplication of vectors (complex numbers)
with scalars (again complex numbers) and also the inner product is (a,b) = a∗b,
with the standard basis, which is the number 1]. Therefore, f is an element in the
space of linmaps L̂(Un,C

1). This space we denote as U∗n and call it the dual space
of Un : U∗n = L̂(Un,C

1). The dimension of the dual space is equal to the product
of the dimensions of Un and C

1, so it is equal to n ·1 = n. We shall show that U∗n is
also a unitary space. So, we have two unitary spaces Un and U∗n of the same dimen-
sion and we expect to be able to find a bijection between them that does not depend
on the choice of bases in them (there are infinitely many bijections that are basis
dependent).

To find this desired basis-independent bijection, we shall first search for a matrix
that represents f in a chosen ON basis {ū1, ū2, . . . , ūn} in Un and the standard basis
(the number 1) in C

1.
The general method for finding the representative matrix ϕ for f is to apply f

to the chosen ON basis in Un and then to expand the images so obtained in C
1 in

the standard basis in C
1. We obtain the representative matrix ϕ by transposing the

matrix of expansion coefficients:

f (ū1) = f (ū1) ·1
f (ū2) = f (ū2) ·1
· · ·
f (ūn) = f (ūn) ·1

⎫⎪⎪⎬
⎪⎪⎭
⇒ ϕ = [ f (ū1) f (ū2) . . . f (ūn)].

Thus, ϕ is a 1×n matrix (a row matrix) whose elements are the images by f of the
chosen ON basis in Un.

To verify this result, we have to demonstrate that ϕ maps the representative
column η = [(ū1, ȳ)(ū2, ȳ) . . . (ūn, ȳ)]T of an arbitrary vector ȳ ∈ Un in the ON
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basis {ū1, ū2, . . . , ūn} onto the representative of f (ȳ) in the standard basis {1}
in C

1: f (ȳ) · 1 = f (ȳ). Indeed, ϕη = ∑n
i=1 f (ūi)(ūi ȳ), while f (ȳ) · 1 = f (ȳ) =

f (∑n
i=1(ūi, ȳ)ūi) = ∑n

i=1(ūi, ȳ) f (ūi), so

ϕη = f (ȳ) ·1.

We see that ϕ represents f (ȳ) in the chosen ON basis in Un and C
1 and, at

the same time, its elements determine f (ȳ) which is usually given by the images
{ f (ū1, f (ū2), . . . , f (ūm))} of a basis in the domain.

Every linear functional f ∈U∗n can be connected with one and only one vector
x̄ ∈ Un, i.e., we shall now establish a bijection between Un and U∗n , the so-called
dualism D.

First, every x̄ ∈Un defines one linear functional f (ȳ) in the following manner:

f (ȳ) = (x̄, ȳ), ∀ȳ ∈Un.

This is obviously a map Un→C
1 determined by x̄ which maps the vector ȳ ∈Un

onto the scalar (x̄, ȳ) ∈ C
1, and due to the linearity of the inner product with respect

to the second factor it is a linear functional.
Let ȳ take on the values of the ON basis {ū1, ū2, . . . , ūn}, and we get f (ū1) =

(x̄, ū1), . . . , f (ūn) = (x̄, ūn). So, the representing row of f is

ϕ = [(x̄, ū1)(x̄, ū2) . . . (x̄, ūn)] = [(ū1, x̄)∗ (ū2, x̄)∗ . . . (ūn, x̄)∗]

However, we can make a reverse statement. Let f (ȳ) be a linear functional de-
fined in Un. Then there exists a unique vector x̄ ∈ Un such that it reproduces this
functional via the inner product, i.e., by the fundamental formula of dualism (FFD)
f (ȳ) = (x̄, ȳ), ∀ȳ ∈Un.

To show this, let us first choose an ON basis {ū1, ū2, . . . , ūn} in Un. We now
search for a vector x̄∈Un which determines f (ȳ) via the inner product (FFD) f (ȳ) =

(x̄, ȳ), ∀ȳ ∈ Un. We apply the functional f onto the chosen ON basis f (ūi)
(FFD)

=
(x̄, ūi) or f ∗(ūi) = (ūi, x̄). The Fourier expansion of x̄ is x̄ = ∑n

i=1(ūi, x̄)ūi, so that we
finally have
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x̄ =
n

∑
i=1

f ∗(ūi)ūi .

Thus, the vector x̄, for which we are searching, is represented in the chosen ON
basis by the column-matrix

ξ = ϕ† = [ f ∗(ū1) f ∗(ū2) . . . f ∗(ūn)]T

which is the adjoint (transposed and complex conjugated) of the row-matrix ϕ =
[ f (ū1) f (ū2) . . . f (ūn)] which represents f (ȳ) in the same ON basis in Un.

Therefore, x̄ is uniquely determined by f (ȳ) and vice versa. By the fundamental
formula of dualism

f (ȳ) = [Dx̄](ȳ) = (x̄, ȳ), ȳ ∈Un.

We now have to show that this bijection D between Un and U∗n (defined by saying
that the dual vectors x̄∈Un and Dx̄ = f ∈U∗n are connected so that their representing
matrices are the adjoints of each other in a given ON basis in Un) does not depend
on the chosen basis (it is a basis invariant map). It is almost obvious because the
ON basis was arbitrary, but to prove it exactly, we have to choose another ON basis
{ū′1, ū′2, . . . , ū′n} connected with the first one by the unitary replacement matrix R

ū′i =
n

∑
j=1

ri jū j, R = [ri j]n×n, R† = R−1.

If ξ is the representing column of x̄ in the first ON basis, then this column will
change into ξ ′ = R∗ξ in the second one (contravariant unitary vector) (see the
change of basis, Sect. 4.4). The representing row of Dx̄ = f is ϕ = ξ † in the first
basis, and this will change into ϕ ′ = ξ †RT in the second basis.
Verify:

( f (ū′i) = f (
n

∑
j=1

ri jū j) =
n

∑
j=1

ri j f (ū j) =
n

∑
j=1

f (ū j)
{
RT}

ji , i = 1,2, . . . ,n,

⇒ ϕ ′ = ϕRT = ξ †RT )

The representing row of f changes like the ON basis, and for this reason it is called
a covariant unitary vector (Sect. 4.5). This row can be written as (R∗ξ )†; thus, the
relation between the representing matrices of x̄ and Dx̄ = f in the second ON basis
is again just adjoining.
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But, this bijection D between Un and U∗n is an antilinear map, since the in-
ner product is antilinear in the first factor: Let [Dx̄1](ȳ) = f1(ȳ) and [Dx̄2](ȳ) =
f2(ȳ), ∀ȳ ∈Un, then for ∀a,b ∈C we have

[D(ax̄1 + bx̄2)](ȳ)
(FFD)

= a(x̄1 + bx̄2, ȳ) = a∗(x̄1, ȳ)+ b∗(x̄2, ȳ)
= a∗[Dx̄1](ȳ)+ b∗[Dx̄2](ȳ),

or forgetting about the argument ȳ

D(ax̄1 + bx̄2) = a∗Dx̄1 + b∗Dx̄2.

For an antilinear bijection, we use the term dualism between unitary spaces (some
authors prefer the term conjugate isomorphism [4]), while isomorphism is always a
linear bijection.

From the definition of D it follows that we have an inner product in U∗n defined
by that in Un: the inner product of two dual vectors Dx̄1 and Dx̄2 is the complex
conjugate of the inner product of their two preimages x̄1 and x̄2

(x̄1, x̄2) = ξ †
1 ξ2 = (ξ T

1 ξ ∗2 )∗ = (ϕ∗1 ϕT
2 )∗ = (Dx̄1,Dx̄2)∗,

where x̄1 and x̄2 are represented by the columns ξ1 and ξ2 in the chosen ON basis in
Un, and Dx̄1 and Dx̄2 are represented by the rows ϕ1 = ξ †

1 and ϕ2 = ξ †
2 in the same

basis. (Observe that the standard inner product in the column space is ξ †
1 ξ2, while

in the row space it is ϕ∗1 ϕT
2 .)

But, due to the positive definiteness of the inner product, the bijection D preserves
the norm of dual vectors (x̄, x̄) = (Dx̄,Dx̄)⇒ ||x̄||= ||Dx̄||. This means that D is an
isometry (a norm preserving map).

Every ON basis in Un defines its dual basis in U∗n which is also orthonormal

{ū1, ū2, . . . , ūn} D→{Dū1,Dū2, . . . ,Dūn} and (Dūi,Dū j) = (ūi, ū j)∗ = δi j.

Dual vectors x̄ and f = Dx̄ are represented in any pair of dual ON bases by
matrix-columns that are the complex conjugate of each other due to the antilinear
property of D:

x̄ =
n

∑
i=1

(ūi, x̄)ūi and f = Dx̄ = D
n

∑
i=1

(ūi, x̄)ūi =
n

∑
i=1

(ūi, x̄)∗Dūi.

In another ON basis in Un obtained by a unitary replacement matrix R, the vector
x̄ ∈ Un is represented by the column R∗ξ , where ξ = [(ū1, x̄)(ū2, x̄) . . . (ūn, x̄)]T ,
while he dual vector Dx̄ is represented by the column Rξ ∗ = (ξ †RT )T (see
Sect. 4.5). But since Rξ ∗= (R∗ξ )∗, we see that the dualism D is again represented
by the complex conjugation K of the representing columns.
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D(dualism)

where ξ =

⎡
⎢⎢⎣
(ū1, x̄)
(ū2, x̄)
. . . . . .
(ūn, x̄)

⎤
⎥⎥⎦

The two isomorphisms i1 and i2 are induced by the choice of dual bases in Un

and U∗n .
We shall now summarize all the relevant statements about the dualism D that we

have proved so far.

Theorem (about the dualism D between Un and U∗n ) A linear functional f in a
finite-dimensional unitary space Un is a linear map f : Un→ C

1. The set L̂(Un,C
1)

of all such linear functionals is a vector space of dimension n, denoted by U∗n and
called the dual of Un. We can establish a bijective map between Un and U∗n using the
inner product in Un:

x̄ ∈Un, f ∈U∗n and f (ȳ) = (x̄, ȳ), ∀ȳ ∈Un

(the fundamental formula for dualism—FFD). This bijective map is called the dual-
ism between Un and U∗n , and it is denoted by D:

Dx̄ = f , f = D−1x̄.

The inner product in U∗n is given by ( f1, f2) = (Dx̄1,Dx̄2) = (x̄1, x̄2)∗, so U∗n is
also a unitary space.

In every ON basis {ū1, ū2, . . . , ūn} in Un, the vector x̄ ∈Un and its dual partner
f = Dx̄ ∈ L̂(Un,C

1) are represented by adjoint matrices:

x̄ → ξ = [(ū1, x̄)(ū2, x̄) . . . (ūn, x̄)]T = [ f ∗(ū1) f ∗(ū2) . . . f ∗(ūn)]T and

f → ϕ = ξ † = [(ū1, x̄)∗ (ū2, x̄)∗ . . . (ūn, x̄)∗] = [ f (ū1) f (ū2) . . . f (ūn)].

In any pair of dual ON bases {ū1, ū2, . . . , ūn} and {Dū1,Dū2, . . . ,Dūn}, the vector
x̄ ∈Un and its dual partner f = Dx̄ ∈Un are represented by the complex conjugate
columns
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x̄→ ξ and f → ξ ∗.

So, D itself is represented on each pair of dual bases as the complex conjugation
K. Therefore, it is a basis invariant map.

The dualism D is an antilinear bijection

D(ax̄1 + bx̄2) = a∗Dx̄1 + b∗Dx̄2.

It is also a norm-preserving map (an isometry):

||x̄||= ||Dx̄||. Δ

We treat f as a linear functional in Un and also as a vector in U∗n . For this reason,
we represent f as the row ϕ in an ON basis in Un in the first case and as the column
ϕT in the dual basis in U∗n in the second case.

However, the relation between Un and Un∗ is a more symmetric one, since every
vector in Un can be considered as a linear functional in U∗n . In FFD f (ȳ) = (x̄, ȳ), we
can fix that ȳ and let f run through the whole U∗n .

In this way x̄ = D−1 f runs through the whole Un. So, we get a linear functional in
U∗n : f (ȳ) for fixed ȳ and running f associate to every f a complex number (D−1 f , ȳ),
which is a linear map because to the linear combination (a f1 +b f2) it associates the
same linear combination of the corresponding numbers

(D−1(a f1 + b f2), ȳ) = a(D−1 f1, ȳ)+ b(
¯
D−1 f2, ȳ)

(note that the inner product is antilinear in the first factor, but this is compensated
by the antilinear property of the map D−1 : U∗n →Un).

Thus, every ȳ ∈Un defines in this way one linear functional y′ in the space U∗n :
y′( f ) = (D−1 f , ȳ).

However, for linear functionals in U∗n , i.e., the vectors from “the second dual”
U∗∗n , there is also the FFD for this case y′( f ) = (g, f ,) (the inner product in U∗n ),
where g ∈U∗n , and y′ is its image with respect to the dualism D′ between U∗n and
U∗∗n : y = D′ g ∈U∗∗n .

Equating the right hand sides of the above expressions for y′( f ), we get

(D−1 f , ȳ) = (g, f ) or, further,

(x̄, ȳ) = (Dx̄,g)∗ or (x̄, ȳ) = (D−1Dx̄,D−1g) = (x̄,D−1 g).

Since x̄ runs through the whole Un, we can conclude ȳ = D−1g or g = Dȳ. We
have above g = (D′)−1ȳ′, which together gives

Dȳ = (D′)−1y′ or

y′ = D′Dȳ .

Here, D′D is the composition of two invariant dualisms (invariant because they
do not depend on a choice of bases, but follow from the structure of unitary spaces
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that are involved, more precisely from the inner products in them). This composition
is an invariant isomorphism between Un and U∗∗n , which enables us to identify them.
After this identification, we can consider vectors in Un as linear functionals in U∗n
(see the general case of Vn(F), Sect. 4.6).

4.2 The Adjoint Operator

Theorem (about adjoint operators) Let A be a linear operator in a finite-dimen-
sional unitary space Un, i.e., A ∈ L̂(Un,Un). Then there always exists a unique linear
operator A† in the same space Un such that

(x̄,Aȳ) = (A†x̄, ȳ) for all x̄, ȳ ∈Un.

We call A† the (Hermitian) adjoint [4] of A.
The representing matrices of A and A† in some ON basis in Un are A and

(A ∗)T = A †, where the matrix A † is also called the adjoint of A . (An alterna-
tive name for A † is the Hermitian conjugate of A ) [5].

As far as some basic operations with adjoint operators are concerned, we have

- (aA + bB)† = a∗A† + b∗B†, a,b ∈ C, A,B ∈ L̂(Un,Un),
- (AB)† = B†A†,
- (A†)† = A, and also
- ranA† = (kerA)⊥.

Proof Let x̄ be an arbitrary, but fixed, vector from Un. We note that there is a map
from Un to C

1 defined by A and x̄ in the form

(∗) (x̄,Aȳ) = fA,x̄(ȳ), ∀ȳ ∈Un.

Since A is a linear map and the second factor in the inner product is in a linear
position, this map adjoins a complex number (x̄,Aȳ) to every vector ȳ ∈ Un in a
linear fashion:

fA,x̄(aȳ1 + bȳ2) = (x̄,A(aȳ1 + bȳ2)) = (x̄,aAȳ1 + bAȳ2) =
= a(x̄,Aȳ1)+ b(x̄,Aȳ2) = a fA,x̄(ȳ1)+ b fA,x̄(ȳ2).

So, fA,x̄(ȳ) is a linear functional in Un.

We have already established that for the linear functional fA,x̄ there exists a
unique vector x̄′ ∈Un such that

(∗∗) fA,x̄(ȳ) = (x̄′, ȳ), ∀ȳ ∈Un(FFD), or

x̄′ = D−1 fA,x̄.
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In this way, we have a unique map x̄→ x̄′ on the whole Un and this map depends
on the operator A. We denote this map by A†, i.e.,

(∗ ∗ ∗) A†x̄ = x̄, ∀x̄ ∈Un.

Comparing the two expressions (∗) and (∗∗)

(x̄,Aȳ) = fA,x̄(ȳ) and fA,x̄(ȳ) = (x̄′, ȳ) = (A†x̄, ȳ),

we finally have using (∗ ∗ ∗)

(x̄,Aȳ) = (A†x̄, ȳ), ∀x̄, ȳ ∈Un .

It is easy to show that the map A† is a linear one. That is to say, for a,b∈ C, x̄, ȳ,
z̄ ∈Un we have

(A†(ax̄+ bȳ), z̄) = (ax̄+ bȳ,Az̄) = a∗(x̄,Az̄)+ b∗(ȳ,Az̄) =
= a∗(A†x̄, z̄)+ b∗(A†ȳ, z̄) = (aA†x̄ + bA†ȳ, z̄).

Furthermore, we have A†(ax̄+bȳ)− (aA†x̄+bA†ȳ, z̄)) = 0, which must be valid for
any z̄ ∈Un.

But, only the zero vector is orthogonal to all vectors in Un, so that

A†(ax̄+ bȳ)− (aA†x̄ + bA†ȳ) = 0̄, or

A†(ax̄+ bȳ) = aA†x̄+ bA†ȳ,

which proves the linearity of the map A†.
Before we investigate the relation between representing matrices of A and A† in

any ON basis in Un, we first have to derive the general formula for the representing
matrix of any operator in an ON basis in Un.

The basic formula for the matrix that represents an operator A ∈ L̂(Vn,Vn)—
where Vn is not necessarily an inner-product vector space—in the chosen basis
{v̄1, v̄2, . . . , v̄n} in Vn is

A→A = [ai j]n×n and Av̄ j =
n

∑
k=1

ak jv̄k, j = 1,2, . . . ,n.

When Vn is an inner-product vector space (real or complex) and the chosen ba-
sis is orthonormal (ON) {ū1, ū2, . . . , ūn}, then we can calculate the elements of
A quite easily. We multiply the basic formula Aū j = ∑n

k=1 ak jūk from the left by
ū, i = 1,2, . . . ,n, and obtain an important result

(ūi,Aū j) =
n

∑
k=1

ak j(ūi, ūk) =
n

∑
k=1

ak jδik = ai j.

So, the matrix A which represents the operator A in the ON basis {ū1, ū2, . . . , ūn}
in Un has elements ai j = (ūi,Aū j) = (A†ūi, ū j) = (ū j,A†ūi)∗ = b∗i j, where the matrix

B = [bi j]n×n represents the operator A† : bi j = (ūi,A†ū j).
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Thus, we have ai j = b∗i j, which means

A = (BT )∗ or B = (A ∗)T = A †.

We shall now prove the following statements:

(i) ran A† = (kerA)⊥
(ii) (aA + bB)† = a∗A† + b∗B†, a,b ∈ C; A,B ∈ L̂(Un,Un)

or (A + B)† = A† + B† and (aA)† = a∗A†,
(iii) (AB)† = B†A†,
(iv) (A†)† = A.

Proofs:

(i) Let x̄ ∈ ran A†, which means that there exists at least one ȳ ∈Un such that x̄ =
A†ȳ. Then for arbitrary ū ∈ kerA—Aū = 0̄—it follows that (x̄, ū) = (A†ȳ, ū) =
(ȳ,Aū) = (ȳ, 0̄) = 0, which implies that x̄ is orthogonal to the whole kerA, i.e.,
x̄ ∈ kerA⊥. Since any arbitrary vector x̄ from ran A† belongs to kerA†, we have

ran A† ⊆ kerA⊥. If, on the other hand, x̄ ∈ ran A†⊥, then for any z̄ ∈ Un, it
follows that (A†z̄, x̄) = 0 or (z̄,Ax̄) = 0, which implies Ax̄ = 0̄ since only the
zero vector 0̄ is orthogonal to all vectors in Un. It follows that x̄ ∈ kerA or

ran A†⊥ ⊆ kerA.
Generally speaking, if we have an inclusion relation between two subspaces
U ′ and U ′′ of Un, i.e., U ′ ⊆U ′′, then this relation obviously reverses for their
orthocomplements, i.e., (U ′′)⊥ ⊆ (U ′)⊥. Thus, kerA⊥ ⊆ ran A†, and finally
ran A† = ker A⊥.

(ii) and (iii) By choosing an ON basis {ū1, ū2, . . . , ūn} in Un, we achieve an iso-
morphism i between L̂(Un,Un), here considered to be the algebra (with unity)
of all linear operators acting in Un—and L̂(C,C)—the algebra (with unity) of
all linear operators in C (the algebra of complex n× n matrices). To every
A ∈ L̂(Un,Un), there corresponds a complex matrix A = [ai j]n×n, where

ai j = (ūi,Aū j) : A
i↔A .

To the unique adjoint operator A†, there corresponds the transposed and com-
plex conjugate matrix (A ∗)T = A †. To the sum A + B of two operators, there
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corresponds (due to the isomorphism i of the algebras) the sum A +B of the
representing matrices.
Similarly, the product AB is represented by A B, and the product of a scalar a
with an operator A, aA, is represented by aA . The sum of A† +B† is represented
by A † +B† which is equal to (A +B)†, and this matrix represents (A + B)†.
In conclusion, (A + B)† = A† + B†, due to the isomorphism i of the algebras.
Similarly, the products (AB)† and (aA)† are represented by (A B)† (which is
equal to B†A †), and by (aA )† (which is equal to a∗A †), respectively. By the
isomorphism i it follows that (AB)† = B†A† and (aA)† = a∗A†.

(iv) The proof that (A†)† = A [the adjoint of the adjoint of A is A again—an involu-
tive map in L̂(Un,Un)] follows immediately from the definition of this map: for
∀x̄, ȳ ∈Un we have

(x̄,Aȳ)
de f
= (A†x̄, ȳ) = (ȳ,A†x̄)∗ de f

= ((A†)†ȳ, x̄)∗ = (x̄,(A†)†ȳ).

Furthermore, (x̄,Aȳ)−(x̄,(A†)†ȳ) = 0 or (x̄, [A−(A†)†] ȳ) = 0 or [A−(A†)†]ȳ =
0̄ (since only the zero vector 0̄ is orthogonal to all vectors in Un) or A−(A†)† = 0̂
(since only the zero operator 0̂ maps every vector ȳ ∈Un onto 0̄ or

(A†)† = A . Δ

Thus, we have finally proved the theorem about adjoint operators.

We shall conclude this Sect. 4.2 by pointing out that when we consider L̂(Un,Un)
as a complex vector space (the so-called superspace) (i.e., forgetting about the mul-
tiplication of operators) we have in it a standard inner product

(A,B) = tr(A†B) = tr(A †B),

which makes L̂(Un,Un) a unitary space of n2 dimensions. Here again we shall use
a representation of L̂(Un,Un) in an ON basis in Un. (Notice that the trace of the
operator A†B does not depend on the ON basis in which it has been calculated,
Sect. 5.1). We have already discussed the inner product in L̂(Cn,Cn) = Cn×n, i.e.,



4.3 The Change of Bases in Vn(F) 157

(A ,B) = tr(A †B) = ∑n
i, j=1 a∗i jbi j, and we found that it satisfies all the postulates

of complex inner products and that it is a natural generalization of the standard inner
product in C

n : (x̄, ȳ) = ∑n
i=1 x∗i yi.

Summary To make a more sophisticated summary on adjoint operators in the su-
perspace L̂(Un,Un), we can say that there is a bijective map A↔ A† of L̂(Un,Un)
onto itself. The relation between A and A† is given by (x̄,Aȳ) = (A†x̄, ȳ), ∀x̄, ȳ∈Un,
which is an involution A = (A†)† (the relation between A and A† is symmetric—A
is the adjoint of A†), it does not depend on the choice of basis (an invariant bi-
jection), and it is also antilinear [(aA + bB)† = a∗A† + b∗B†]. Since we call every
antilinear bijection between unitary spaces a dualism (while a linear bijection is an
isomorphism), it is natural to call the adjoining an autodualism in the superspace
L̂(Un,Un). This autodualism is an isometric map since it preserves the norm ||A||=
(A,A)1/2 = tr(A†A)1/2 and ||A†||= (A†,A†)1/2 = tr(AA†)1/2 = tr(A†A)1/2 (since the
trace does not change its value when we commute the factors under the trace):

||A||= ||A†||.

So, the adjoining in the unitary superspace L̂(Un,Un) is an invariant, antilin-
ear, and isometric bijection of L̂(Un,Un) onto itself (an invariant and isometric
autodualism).

4.3 The Change of Bases in Vn(F)

We shall now consider the case of a general vector space Vn(F), where F can be the
field R of real numbers or the field C of complex numbers. We shall not assume the
existence of an inner product in Vn(F).

Let there be given two bases in Vn(F) : the “old” one v = {v̄1, v̄2, . . . , v̄n} and the
“new” one v′ = {v̄′1, v̄′2, . . . , v̄′n}. They determine the invertible replacement matrix
R = [ri j]n×n, i.e., the unique matrix which consists of the expansion coefficients of
the “new” basis in terms of the “old” one

v̄′i =
n

∑
j=1

ri j v̄ j , i = 1,2, . . . ,n. (∗)

This can also be written as [v′] = R[v] , where

[v′] =

⎡
⎢⎢⎢⎣

v̄′1
v̄′2
...

v̄′n

⎤
⎥⎥⎥⎦ and [v] =

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦

are columns of basis vectors.
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4.3.1 The Change of the Matrix-Column ξ That Represents
a Vector x̄ ∈Vn(F) (Contravariant Vectors)

Since vectors (real and complex) are such important objects in Classical and Quan-
tum Physics, we have to know how their representatives change with the changes of
coordinate systems in order to be able to formulate physical laws independently of
the coordinate systems, i.e., both sides of a physical law must change in the same
way (the so-called covariant formulation of physical laws).

Similarly, and with the same purpose, we shall investigate the changes of matri-
ces that represent linear operators, dual vectors, etc.

Let us expand an arbitrary vector x̄ ∈Vn(F) in both bases v and v′:

x̄ =
n

∑
i=1

ξiv̄i (1) x̄ =
n

∑
k=1

ξ ′kv̄′k. (2)

These expansions establish two isomorphisms i1 and i2 between Vn(F) and Fn:

x̄
i1↔ ξ and x̄

i2↔ ξ ′,

where ξ and ξ ′ are the matrix-columns consisting of these expansion coefficients
ξ = [ξ1 ξ2 . . . ξn]T and ξ ′ = [ξ ′1 ξ ′2 . . . ξ ′n]T . Our goal is to find the matrix S =
[si j]n×n (as a function of the matrix R) which connects these columns: ξ ′ = S ξ .

We start with (2) and substitute (∗) in it

x̄ =
n

∑
k=1

ξ ′kv̄′k =
n

∑
k=1

ξ ′k
n

∑
i=1

rkiv̄i =
n

∑
k=1

(
n

∑
i=1

rkiξ ′k

)
v̄i.

Comparing this with (1), we see that we have two expansions of x̄ in the “old” basis,
so that the expansion coefficients in them must be the same

ξi =
n

∑
k=1

rkiξ ′k =
n

∑
k=1

{RT}ikξ ′k,

which implies ξ = RT ξ ′.
Since the matrix R is invertible, we get further

ξ ′ = (RT )−1ξ or

S = (RT )−∞ .

As a mnemonic device, we can draw a figure (see next page)
So, we have proved:

Theorem (on the change of the representing column of a vector) The represent-
ing matrix-column ξ of the vector x̄ ∈Vn(F) changes (during the change of basis by
the invertible replacement matrix R : [v′] = R[v]) by means of the invertible matrix
S = (RT )−1, which is contragredient to
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R : ξ ′ = S ξ . Δ

In other words, every change of basis in Vn(F) by the replacement matrix R
induces an automorphism

S = (RT )−1 in Fn.

In terms of the expansion coefficients this reads as

ξ ′i =
n

∑
j=1

si jξ j.

Thus, in comparison with (∗), the representing column ξ changes in the contra-
gredient manner with respect to the change of the basis, so the representing columns
of x̄ are an example of contravariant vectors.
Remember that a contravariant vector is a map which connects a basis v =
{v̄1, v̄2, . . . , v̄n} in Vn(F) with a one-index system {ξ j, j = 1,2, . . . ,n} of n numbers
from F , such that this system goes to the new one ξ ′i = ∑n

j=1 si jξ j, i = 1,2, . . . ,n,
when the basis changes to the new one v′ = {v̄′1, v̄′2, . . . , v̄′n} with the invertible re-
placement matrix y = [ri j]n×n : v̄′i = ∑n

j=1 ri j v̄ j. The elements si j, i, j = 1,2, . . . ,n

from the matrix ζ = [si j]n×n which is contragredient to R : ϕ = (RT )−1. The ma-
trix R goes through the group GL(n,F) of all invertible n×n matrices with elements
from the field F . Thus, all bases in Vn(F) are involved.

4.3.2 The Change of the n×n Matrix A That Represents
an Operator A ∈ L̂(Vn(F),Vn(F)) (Mixed Tensor
of the Second Order)

We now consider an operator A which maps Vn(F) into or onto itself, as well as the
two bases v = {v̄1, v̄2, . . . , v̄n} and v′ = {v̄′1, v̄′2, . . . , v̄′n} in Vn(F) connected by the
invertible replacement matrix R : [v′] = R[v] or
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v̄′i =
n

∑
j=1

ri j v̄ j, i = 1,2, . . . ,n.(∗)

We can represent A in both of these bases by matrices A = [ai j]n×n and A ′ =
[a′i j]n×n, respectively:

Av̄ j =
n

∑
k=1

ak jv̄k j = 1,2, . . . ,n (1) and Av̄′i =
n

∑
j=1

a′jiv̄
′
j, i = 1,2, . . . ,n (2).

We want to find how these matrices are related to each other in terms of the replace-
ment matrix R. Using (∗) and (2), we can obtain two different expansions of Av̄′i in
the basis v:

Av̄′i
(∗)
= A

n

∑
j=1

ri j v̄ j =
n

∑
j=1

ri jAv̄ j
(1)
==

n

∑
j=1

ri j

n

∑
k=1

ak jv̄k =
n

∑
k=1

(
n

∑
k=1

ri jak j

)
v̄k

and

Av̄′i
(2)
=

n

∑
j=1

a′jiv̄
′
j

(∗)
=

n

∑
j=1

a′ji
n

∑
k=1

r jkv̄k =
n

∑
k=1

(
n

∑
j=1

a′jkr jk

)
v̄k, i = 1,2, . . . ,n.

Since the vector Av̄′i must have a unique expansion coefficients in the two expan-
sions in the “old” basis, we get for i,k = 1,2, . . . ,n,

n

∑
j=1

ak jri j =
n

∑
j=1

r jka′ji or
n

∑
j=1

{A }k j{RT} ji =
n

∑
j=1

{RT}k j{A ′} ji.

In terms of matrices, these equalities between the (k, i) - matrix elements amount
to A RT = RT A ′, so that we finally have

A ′ = (RT )−1A RT = S A S −1 ,

where S = (RT )−1.
We have derived:

Theorem (on the change of the matrix A representing an operator A)
If the linear operator A ∈ L̂(Vn(F),Vn(F)) is represented in the two bases v =

{v̄1, v̄2, . . . , v̄n} and v′ = {v̄′1, v̄′2, . . . , v̄′n} by the matrices A and A ′, respectively,
when the two bases are connected by the invertible replacement matrix R : [v′] =
R[v], then the matrix A ′ is obtained from the matrix A by the similarity transfor-
mation with the matrix S = (RT )−1:

A ′ = S A S −1 . Δ

This result can be illustrated by the following figure
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In other words, A ′= S A RT , or, in terms of matrix elements (k,m = 1,2, . . . ,n,)

a′km =
n

∑
i, j=1

{Ski}{Ai j}{RT} jm =
n

∑
i, j=1

skirm jai j.

So, the set of matrices that represent the operator A in all bases of Vn(F) are in
fact a mixed tensor of the second order (once contravariant and once covariant).
Remember that a mixed tensor of the second order is a map which connects a basis
v = {v̄1, v̄2, . . . , v̄n} in Vn(F) with a two-index system {ai j, i, j = 1,2, . . . ,n} of n2

numbers from F , such that this system goes to the new one a′km = ∑n
i, j=1 skirm jai j,

k,n = 1,2, . . . ,m, when the basis changes to the new one v′ = {v̄′1, v̄′2, . . . , v̄′n} with
the invertible replacement matrix R = [ri j]n×n : v̄′i = ∑n

j=1 ri j v̄ j. The elements
si j, i = 1,2 . . . ,n, form the matrix S = [si j]n×n, which is contragredient to R : S =
(RT )−1.

To be more precise, we should say that it is a mixed tensor with respect to the
general linear group GL(n,F) of all invertible n× n matrices with elements from
the field F , since R runs through that group in order to reach all the bases in Vn(F)
from the initial one v.

In fact, the pair v = {v̄1, v̄2v, . . . , v̄n} and A = [ai j]n×n determines the operator A
by Av̄i = ∑n

j=1 a jiv̄ j (note that an operator is given if we know the images of a basis
by that operator). All other bases and the corresponding representative matrices of
A follow as R[v] and (RT )−1A RT , R ∈ GL(n,F).

To be more sophisticated, we can say that the similarity transformation
S A S −1, S ∈ GL(n,F) is an equivalence relation in the set Fnn of all n×n ma-
trices with elements from F , since it is a reflexive, symmetric, and transitive (RST)
relation due to the fact that GL(n,F) is a group. Namely, it is reflexive since the unit
n×n matrix In belongs to GL(n,F): A = InA I−1

n ; it is symmetric since the group is
closed to the inversion: A ′ = S A S −1 and A = (S −1)A ′(S −1)−1; it is transi-
tive since the group is closed with respect to matrix multiplication A ′ = S A S −1

and A ′′ = PA ′P−1⇒A ′′ = (PS )A (PS )−1.
As an equivalence relation, this similarity transformation partitions the set Fnn

into equivalence classes. Thus, once we choose the pair (v,A ) which determines A,
then the set of all matrices that represent A in all bases is the equivalence class to
which A belongs as representative.
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Remark The use of the matrices R and S = (RT )−1 is customary when one inves-
tigates the tensorial nature of physical objects, like vectors and operators.

Another, even more frequent, method in change-of-basis problems is to use the
transition operator T which expresses the “new” basis vectors directly from those
of the “old” basis v̄′i = T v̄i, i = 1,2, . . . ,n.

To represent this operator in the “old” basis, we write T v̄i = v̄′i
(∗)
= ∑n

j=1 ri j v̄ j =
∑n

j=1 t ji v̄ j⇒ ri j = t ji, i = 1,2, . . . ,n which gives immediately

T = RT .

Thus, our formula for the change of the matrix-column ξ that represents the vector
x̄ ∈Vn(F) is now ξ ′ = (RT )−1ξ = T −1ξ , so S = T −1.

As far as the matrix A , that represents the operator A ∈ L̂(Vn(F),Vn(F)), is con-
cerned we have

A ′ = (RT )−1A RT = T −1AT .

From this result, we can conclude that T represents the transition operator T also
in the “new” basis:

T ′ = T −1T T = T .

4.4 The Change of Bases in Euclidean (En) and Unitary (Un)
Vector Spaces

The great advantage of the above formulation of the change of basis in a general
vector space Vn(F) is that as a consequence we get this theory in Euclidean and
unitary spaces at once.

In Euclidean spaces, orthonormal (ON) bases are connected with orthogonal re-

placement matrices R which are defined by R−1 = RT (the proof is analogous
to the case of unitary spaces below). The orthogonal n× n real matrices form the
orthogonal group O(n), which is the group of all automorphisms in R

n.
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Proof that orthogonal matrices form a group:

1. In ∈ O(n);
2. A ∈ O(n)⇒ (A−1)−1 = A = (A−1)T ⇒ A−1 ∈ O(n) ;
3. A ∈ O(n) and B ∈ O(n) ⇒ (AB)−1 = B−1A−1 = BT AT = (AB)T ⇒ (AB) ∈

O(n) Δ)

From the definition of orthogonal matrices, it follows that S = (RT )−1 = R, so
that the law for the change of the matrix-column ξ that represents a vector x̄ ∈ En

is ξ ′ = Rξ , and such a law for the matrix A that represents an operator A ∈
L̂(En,En) is

A ′ = RA R−1 .

So, in Euclidean spaces, there is no difference between covariant and contravari-
ant tensor quantities. The matrix-columns of x̄ ∈ En change as tensors of the first
order ξ ′i = ∑n

j=1 ri jξ j, i = 1,2, . . . ,n, and the matrices of A ∈ L̂(En,En) as tensors of
the second order a′km = ∑n

i, j=1 rkirm jai j.
It is useful to call tensors by the name of the subgroup of GL(n,F) through which

the replacement matrix R goes; in this case, it is the group O(n), so the above
tensors are orthogonal ones. But, it is quite customary (even though it is wrong) to
call them Cartesian tensors.

In unitary spaces, ON bases are connected with unitary replacement matrices R
which are defined by R−1 = (RT )∗ = R†.

Proof that in Un orthonormal bases are connected by unitary R: Since the “old”
basis u = {ū1, ū2, . . . , ūn} is ON, i.e., (ūi, ū j) = δi j, i, j = 1,2, . . . ,n, we shall find
which conditions the replacement matrix R = [ri j]n×n must satisfy, so that the “new”
basis u′ = {ū′1, ū′2, . . . , ū′n} is also ON. We start with ū′i = ∑n

j=1 ri jū j, i = 1,2, . . . ,n,
and calculate

(ū′i, ū
′
k) = (

n

∑
j=1

ri j ū j,
n

∑
m=1

rkmūm) =
n

∑
j,m=1

r∗i jrkm

δ jm

(ū j, ūm)=

=
n

∑
j=1

r∗i jrk j =
n

∑
j=1
{R∗}i j{RT} jk.

To have (ū′2, ū
′
k) = δik, the matrix R must satisfy R∗RT = In or RR† = In. This

means that R must be a unitary matrix R−1 = R†. Δ

The unitary n×n matrices form the unitary group U(n). (The proof is analogous to
that for the orthogonal group O(n) above). This is the group of all automorphisms in
C

n. From the definition of unitary matrices, it follows that S = (R−1)T = (R†)T =
R∗. This means that the contragredient change here is the complex conjugate one:

ξ ′ = R∗ξ and A ′ = R∗A RT .
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In terms of matrix elements we have

ξ ′i =
n

∑
j=1

r∗i jξ j, i = 1,2, . . . ,n, and a′km =
n

∑
i, j=1

r∗kirm jai j, k,m = 1,2, . . . ,n.

These tensors are called unitary ones, since R ∈ Un: contravariant unitary vector
and mixed unitary tensor, respectively.

4.5 The Change of Biorthogonal Bases in V∗n(F)
(Covariant Vectors)

Let us again consider a general vector space Vn(F) (no inner product is assumed).
The vector space L̂(Vn(F),F) of all linear functionals in Vn(F) is obviously an n-
dimensional space and it is denoted by V ∗n (F).

To represent a linear functional f ∈V ∗n (F) in a basis v = {v̄1, v̄2, . . . , v̄n} in Vn(F),
we shall apply f to all basis vectors and then form the matrix-row S of the so-
obtained n numbers (Sect. 4.1) S = [ f (v̄1) f (v̄2) . . . f (v̄n)].

To find how this representative row changes with the change of basis v, we shall
reveal a special bijection that exists between the set of all bases in Vn(F) and such a
set in V ∗n (F). This bijection is called biorthogonality.

To every basis v in Vn(F), we can uniquely associate a set { f1, f2, . . . , fn} of n
vectors in V ∗n (F) in two equivalent ways:

(1) fi(ȳ) = ηi i = 1,2, . . . ,n, where ηi are the coordinates of an arbitrary vector
ȳ ∈Vn(F) in the basis v : ȳ = ∑n

i=1 ηiv̄i.
(2) fi(v̄ j) = δi j, i, j = 1,2, . . . ,n.

[the biorthogonal vectors (functionals) { f1, f2, . . . , fn} are represented in the basis v
by the n rows [10 . . .0 ], [01 . . .0 ] . . . [00 . . .1 ], respectively.]

That these two definitions are equivalent becomes obvious when we remember
that v̄ j = ∑n

i=1 δi j v̄i, so (1)⇒ (2), and that the functional fi is linear

fi(ȳ) =
n

∑
j=1

η j fi(v̄ j) =
n

∑
j=1

η jδi j = ηi, so (2)⇒ (1).

Since the set { f1, f2, . . . , fn} has n elements, which number is equal to the di-
mension of V ∗n (F), this set will be a basis in V ∗n (F) if we prove that it is a spanning
set. With this purpose in mind, let us apply an arbitrary functional f ∈V ∗n (F) to an
arbitrary vector ȳ ∈Vn(F):

f (ȳ) = f
n

∑
i=1

ηiv̄i =
n

∑
i=1

ηi f (v̄i)
(1)
=

n

∑
i=1

f (vi) fi(ȳ).
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Thus, it is a spanning set f = ∑n
i=1 f (v̄i) fi, and the representative matrix-column

of f in this basis is S T = [ f (v̄1) f (v̄2) . . . f (v̄n) ]T . We call the basis { f1, f2, . . . , fn}
in V ∗n (F) biorthogonal to the basis v in Vn(F), because of definition (2): fi(v̄ j) = δi j.

So, we can represent f by the row S in the basis v in Vn(F) [since it is a func-
tional in Vn(F)] or by the column S T in the biorthogonal basis { f1, f2, . . . , fn} in
V ∗n (F) [since it is a vector in V ∗n (F)].

Remark about unitary spaces.
We have already pointed out that every ON basis in the unitary space Un defines

its dual basis in U∗n which is also orthonormal:

u = {ū1, ū2, . . . , ūn} D→ {Dū1,Dū2, . . . ,Dūn}

and (Dūi,Dū j) = (ūi, ū j)∗ = δi j, i, j = 1,2, . . . ,n.
However, the dual basis is at the same time biorthogonal to u : the basis

{ f1, f2, . . . , fn} biorthogonal to u is given by formula (1)

fi(ȳ) = ηi , ∀ȳ ∈Un, i = 1,2, . . . ,n,

but since ηi is the i-th coordinate of ȳ in u, it is in fact the Fourier coefficient

ηi = (ūi, ȳ)

[ ȳ =
n

∑
i=1

ηiūi =
n

∑
i=1

(ūi, ȳ)ūi ].

So, fi(ȳ) = (ūi, ȳ), ∀ȳ ∈ Un, i = 1,2, . . . ,n, which is the fundamental formula for
dualism (FFD), implying fi = Dūi. or, in other words, that the biorthogonal basis of
u is at the same time its dual basis.

In conclusion, the set of all ON bases in Un can be bijectively mapped onto the
set of its biorthogonal bases in U∗n , which are all ON, and dual as well. Δ

We shall now investigate how the biorthogonal basis { f1, f2, . . . , fn} changes
when the basis v is changed by an invertible replacement matrix R = [ri j]n×n into

v′ = {v̄′1, v̄′2, . . . , v̄′n} : v̄′i =
n

∑
j=1

ri j v̄ j (3).

Let us denote the corresponding replacement matrix in V ∗n (F) by

S = [si j]n×n : f ′i =
n

∑
j=1

si j f j (4).

We do not know the relation between R and S . Let us write definition (2) f ′i (v̄′k) =
δik for v′ and { f ′1, f ′2, . . . , f ′n}, and then write f ′i (v̄′k) in detail:
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f ′i (v̄
′
k)

(4)
=

n

∑
j=1

si j f j(v̄′k)
(3)
=

n

∑
j=1

si j f j(
n

∑
m=1

rkmv̄m) =

=
n

∑
m, j=1

si jrkm f j(v̄m)
(2)
=

n

∑
m, j=1

si jrkmδ jm =
n

∑
j=1

si jrk j =
n

∑
j=1

{S }i j{RT } jk = {S RT }ik.

Since it is δik by (2) above, we finally have S RT = In ⇒ S = (RT )−1 (the
contragredient matrix). Δ

Therefore, when R runs through the group GL(n,F), so does S and there is a
bijection R ↔ (RT )−1, so that we have a bijection between the set of all bases in
Vn(F) and the set of all bases in V ∗n (F), called biorthogonality:

R

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦↔ (RT )−1

⎡
⎢⎢⎢⎣

f1

f2
...
fn

⎤
⎥⎥⎥⎦ , R ∈ GL(n,F).

Since biorthogonal bases in V ∗n (F) are connected by (RT )−1 when their corre-
spondent bases v and v′ in Vn(F) are related by R, we want to know the change
of representing columns S T and (S ′)T in those biorthogonal bases of a vector
f ∈ V ∗n (F). This change will be by the matrix contragredient to (RT )−1 (cf. the
theorem on the change of the representing column of a vector, Sect. 4.3.1). This is
obviously the matrix R:

(S ′)T = RS T ,

or, in terms of coordinates, f (v̄′i) = ∑n
j=1 ri j f (v̄ j). Comparing with (3) v̄′i = ∑n

j=1
ri j v̄ j, we see that the representative column of f changes like the bases in Vn(F), so
f is called a covariant vector. When f is considered as a functional in Vn(F), this
obviously reads as

S ′ = S RT .

Theorem (on the change of the representing row of a functional) Representing
the matrix-row S = [ f (v̄1) f (v̄2) . . . f (v̄n) ] of a functional f ∈ V ∗n (F) in the basis
v = {v̄1, v̄2, . . . , v̄n} in Vn(F) changes, when the basis is changed by the replace-
ment matrix R into v′ = {v̄′1, v̄′2, . . . , v̄′n} : v̄′i = ∑n

j=1 ri j v̄ j, i = 1,2, . . . ,n, in the same
manner as the basis, i.e., f (v̄′i) = ∑n

j=1 ri j f (v̄ j) or in the form of matrices:

S ′ = S RT .

For this reason, the representing rows of f are an example of covariant vectors.

Remember that a covariant vector is a map which connects a basis v = {v̄1,
v̄2, . . . , v̄n} in Vn(F) with a one-index system {S j, k = 1,2, . . . ,n} of n numbers
from F , such that this system goes to the new one Si = ∑n

j=1 ri jS j, i = 1,2, . . . ,n,
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when the basis changes to the new one v′ = {v̄1, v̄2, . . . , v̄n} in the same manner with
the invertible replacement matrix R = [ri j]n×n ∈ GL(n,F):

v̄i =
n

∑
j=1

ri jv̄ j.

4.6 The Relation between Vn(F) and V∗n(F) is Symmetric
(The Invariant Isomorphism between Vn(F) and V∗∗n (F))

There cannot be established an invariant (i.e., basis independent) isomorphism be-
tween Vn(F) and V ∗n (F): if we choose a pair of biorthogonal bases v = {v̄1, v̄2,
. . . , v̄n} in Vn(F) and { f1, f2, . . . , fn} in V ∗n (F) by fi(v̄ j) = δi j, we can define an
isomorphism between Vn(F) and V ∗n (F) by mapping x̄ = ∑n

i=1 ξiv̄i ∈ Vn(F) onto
f = ∑n

i=1 ξi fi ∈V ∗n (F). But, in another pair of biorthogonal bases

R

⎡
⎢⎢⎢⎣

v̄1

v̄2
...

v̄n

⎤
⎥⎥⎥⎦ and (RT )−1

⎡
⎢⎢⎢⎣

f1

f2
...
fn

⎤
⎥⎥⎥⎦ ,

R is one of the matrices from GL(n,F), the representing column ξ = [ξ1 ξ2 . . . ξn ]T

of x̄ will become (RT )−1ξ and that of f will be Rξ . This means that in this new pair
of biorthogonal bases the vectors x̄ and f will no longer have the same expansions,
i.e., representations, and the above isomorphism is not valid any more.

But, we can show that the dual space of V ∗n (F), i.e., V ∗∗n (F), the so-called second
dual space, is isomorphic to Vn(F), and that this isomorphsim is invariant in the
sense that when it is defined in one pair of biorthogonal bases it remains valid in all
other pairs of biorthogonal bases. It is quite customary to identify two vector spaces
that can be joined by an invariant isomorphism:

V ∗∗n (F)
inv∼= Vn(F) .

Let us study in detail this isomorphism. Consider a vector x̄ ∈ Vn(F) which is
represented in the basis v = {v̄1, v̄2, . . . , v̄n} by the column ξ = [ξ1 ξ2 . . . ξn ]T as a
consequence of the expansion x̄ = ∑n

i=1 ξiv̄i. If we fix that x̄ and let f in f (x̄) run
through the basis { f1, f2, . . . , fn} biorthogonal to v, then by (1): f1(x̄) = ξ1, f2(x) =
ξ2, . . . , fn(x̄) = ξn and this is a linear functional in V ∗n (F) denoted by ¯̄x( f ), f ∈
V ∗n (F). Let us explain this in more detail. If in f (x̄) we fix x̄ and let f go through
the whole space V ∗n (F), then we get a map V ∗n (F)→ F or f �→ f (x̄) ∈ F . This is a
functional in V ∗n (F) that we denote as ¯̄x( f ), f ∈ V ∗n (F). This functional is a linear
one: ¯̄x(a f1 + b f2) = a ¯̄x( f1)+ b ¯̄x( f2), since

¯̄x(a f1 + b f2) = [a f1 + b f2 ](x̄) = a f1(x̄)+ b f (x̄) =
= a ¯̄x( f1)+ b ¯̄x( f2)
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(according to the rule of action of a linear combination of linear maps.) This linear
functional is given by the images of the biorthogonal basis:

¯̄x( f1) = ξ1, ¯̄x( f2) = ξ2, . . . , ¯̄x( fn) = ξn,

and it is represented in that basis by the row ξ T = [ξ1,ξ2, . . . ,ξn ].
Thus, the vector x̄ in Vn(F) and the functional x̄ in V ∗n (F) determine each other

(we have a bijection x̄↔ ¯̄x) once the pair of biorthogonal bases v = {v̄1, v̄2, . . . , v̄n}
and { f1, f2, . . . , fn} is given. This bijection is obviously a homomorphism of vector
spaces (it preserves linear combinations): if x̄1↔ ¯̄x1 and x̄2↔ ¯̄x2, then ax̄1 +bx̄2↔
a ¯̄x1 + b ¯̄x2. So it is an isomorphism.

When we replace v by the replacement matrix R, then its biorthogonal basis
will be replaced by (RT )−1. The column of x̄ in the new basis will be (RT )−1ξ
(see the theorem in Sect. 4.3.1 on the change of the representing column of a vec-
tor) and the row of ¯̄x will be ξ T R−1, since the representing row of this functional
in V ∗n (F) will change by the matrix transposed of the replacement matrix (RT )−1

of { f1, f2, . . . , fn}, i.e., ((R−1)T )T = R−1 (see the theorem on the change of the
representing row of a functional, Sect. 4.5).

But, ξ T R−1 is obviously the transposition of (RT )−1ξ : [ (RT )−1ξ ]T = ξ T R−1.
Therefore, in all pairs of biorthogonal bases, the vector x̄ and the functional ¯̄x are
represented by the transposed matrices (a column and a row) with the same ele-

ments. We have established the invariant isomorphism Vn(F)
inv∼= V ∗∗n (F). We can

identify x̄ and ¯̄x, and consider x̄ as a functional in V ∗n (F), since it immediately deter-
mines ¯̄x by ξ T in { f1, f2, . . . , fn}. The relation between Vn(F) and V ∗n (F) becomes
symmetric, since the vectors in Vn(F) now play the roles of functionals in V ∗n (F)
(Compare, the treatment of the same problem in the special case of a unitary space,
Sect. 4.1).

4.7 Isodualism—The Invariant Isomorphism between
the Superspaces L̂(Vn(F),Vn(F)) and L̂(V∗n(F),V∗n(F))

There is a second invariant isomorphism related to Vn(F) and V ∗(F), not directly
in connection with these two vector spaces, but instead between their superspaces
L̂(Vn(F),Vn(F)) and L̂(V ∗n (F),V ∗n (F)).

We would like to emphasize that Vn(F)
inv∼= V ∗∗n (F) and L̂(Vn(F),Vn(F))

inv∼=
L̂(V ∗n (F),V ∗n (F)) are the only two invariant isomorphisms in the theory of dual
spaces.

To define this new isomorphism, let us notice that we can uniquely attach to an
arbitrary linear operator A ∈ L̂(Vn(F),Vn(F)) a map AT which acts in V ∗n (F):

[AT f ](ȳ) = f (Aȳ), ∀ȳ ∈Vn(F) or
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AT f = f ′ = f ◦A,

i.e., AT maps an arbitrary linear functional f ∈ V ∗n (F) onto another functional f ′ =
f ◦A, obtained by composition of the two linear mappings

f ∈ L̂(Vn(F),F) and A ∈ L̂(Vn(F),Vn(F)).

Obviously, f ′ is a linear functional, since from the composition it follows that

f ′ = f ◦A ∈ L̂(Vn(F),F).

It can be easily shown that AT is a linear operator in V ∗n (F), i.e., that it maps a
linear combination of functionals onto the same linear combination of their images:

AT (a f1 + b f2) = (a f1 + b f2)◦A = a f1 ◦A + b f2 ◦A = aAT f1 + bAT f2.

The inverse map attaches uniquely to every linear operator AT in V ∗n (F) a map
A in Vn(F) which maps every ȳ ∈ Vn(F) (considered here as a linear functional in
V ∗n (F), see Sect. 4.6) onto a linear functional

ȳ′( f ) = [Aȳ ]( f ) = y(AT f ), ∀ f ∈V ∗n (F) or

Aȳ = ȳ′ = ȳ◦AT .

(The proofs that ȳ′ is a linear functional and that A is a linear operator are analogous
to the above proofs).

We shall now demonstrate that if the linear operator A is represented by a ma-
trix A in some basis v = {v̄1, v̄2, . . . , v̄n} in Vn(F), then the linear operator AT is
represented by the transposed matrix A T in the biorthogonal basis { f1, f2, . . . , fn}
( fi(v̄ j) = δi j) in V ∗n (F).

Let us denote by A = [ai j ]n×n and C = [ci j ]n×n the matrices that represent A
and AT in the above bases. We write the basic formula for representing AT :

[AT fk ](ȳ) =
n

∑
i=1

cik fi(ȳ), k = 1,2, . . . ,n

and replace the l.h.s. by the definition of AT

[AT fk ](ȳ) = fk(Aȳ).

We first use the expansion of ȳ and the linearity of A, then the basic formula for its
representation, followed by use of the linearity of fk, and, finally, the two equivalent
definitions of biorthogonality:
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k = 1,2, . . . ,n, [AT fk ](ȳ) = fk(Aȳ) = fk(A
n

∑
i=1

ηiv̄i) =

= fk(
n

∑
i=1

ηiAv̄i) = fk(
n

∑
i=1

ηi

n

∑
j=1

a jiv̄ j) =
n

∑
i=1

ηi

n

∑
j=1

a jiδk j =

=
n

∑
i=1

ηiaik =
n

∑
i=1

aki fi(ȳ).

Comparing this result with [AT fk ](ȳ) = ∑n
i=1 cik fi(y), we see immediately that cik =

aik, i,k = 1,2, . . . ,n or

C = A T . Δ

Remember that if some functional f ∈ V ∗n (F) is represented by the matrix-column
S T = [ f (v̄1) f (v̄2) . . . f (v̄n) ]T in the biorthogonal basis { f1, f2, . . . , fn} in V ∗n (F),
then the functional AT f is represented by the column A T S T , where A T represents
the operator AT in the same basis. However, in the basis v which is biorthogonal
to { f1, f2, . . . , fn}, the functional f is represented by the matrix-row S , and AT f
by the row (A T S T ) = S A , where A represents A in v. This means that A and
AT are represented in the basis v in Vn(F) by matrices A→ and ←A , respectively
[the arrows indicate that the first matrix A→ acts to the right on the columns that
represent vectors in Vn(F) in the basis v, while the second matrix ←A acts to the
left on the rows that represent functionals in Vn(F) in the same basis v].

So, A and AT are represented by the same matrix A in the basis v in Vn(F).
This relation (the sameness of the representing matrices) is valid for all bases in

Vn(F), since both matrices change by the same similarity transformation
(RT )−1A RT when the column of basis vectors [v ] changes to R[v ]. [For the first
matrix A→ see the theorem on the change of the matrix A that represents an oper-
ator A in Vn(F), and for the transposition of the second matrix, i.e., A T , we have
RA T R−1 (the biorthogonal basis { f1, f2, . . . , fn} changes by S = (RT )−1, when
[v ] changes into R[v ], and the matrix A T consequently by (S T )−1A T S T =
RA T R−1) and after transposition we get the change for the second matrix ←A :

(RA T R−1)T = (RT )−1A RT ,

which is the same change as for A→].
The fact that A ∈ L̂(Vn(F),Vn(F)) and AT ∈ L̂(V ∗n (F),V ∗n (F)) are represented by

the same matrix A (more exactly by A→ and ←A , respectively) in a basis v in the
space Vn(F) and that this relation (the sameness) remains in all bases in Vn(F), can
be used as an alternative definition of this invariant isomorphism between the two
superspaces. So, A and AT determine each other uniquely on any pair of biorthogo-
nal bases.

This means that for a basis v = {v̄1, v̄2, . . . , v̄n} in Vn(F) and its biorthogonal basis
{ f1, f2, . . . , fn} ( fi(v̄i) = δi j, i, j = 1,2, . . . ,n), the representing matrix A = [ai j ]n×n

determines both A and AT : Av̄i = ∑n
j=1 a jiv̄ j and AT fi = ∑n

j=1 ai j f j, i = 1,2, . . . ,n,
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since A represents A in v and A T represents AT in { f1, f2, . . . , fn}. Thus, A and AT

determine each other uniquely (this is a bijection).
We have only to show that this bijection preserves any linear combination, i.e.,

that it is a vector space homomorphism:

(aAT
1 + bAT

2 ) f = a(AT
1 f )+ b(AT

2 f ) = a f ◦A1 + b f ◦A2 = f ◦ (aA1 + bA2) or

aA1 + bA2→ aAT
1 + bAT

2 .

Thus, we have established an invariant (natural) isomorphism between the two
superspaces. We call this isomorphism isodualism, and it enables us to identify these
two superspaces.

Since the vectors from V ∗n (F) are represented by rows in v and the matrices that
represent operators act on them from the right (S A ), we use the same order in
Dirac notation in Quantum Mechanics in Un: vectors in U∗n are denoted as < f | (and
called [5] BRAs) and the operators act on them also from the right:

< f |A .

The vectors in Un are denoted as |x > (and are called [5] KETs) and the operators
act on them form the left:

A|x > ,

in analogy with A ξ , where ξ is the column that represents |x >.
The identification between the two superspaces makes it possible to use the same

notation for A and AT , more precisely A→ for A and ←A for AT as in Dirac nota-
tion. The only difference is in the direction of their action on vectors (the arrows
disappear when operators act properly).



Chapter 5
The Eigen Problem or Diagonal Form
of Representing Matrices

5.1 Eigenvalues, Eigenvectors, and Eigenspaces

Since many types of operators in unitary spaces (Un), as well as in Euclidean spaces
(En), play fundamental roles in physical applications in Quantum Mechanics and
Classical Physics, respectively, it is of great importance to know when and how
they act in the simplest possible way. More precisely, on which vectors do they act
as multiplication with numbers, and what are these numbers? This is the shortest
formulation of the Eigen problem.

To add more details to this problem, let us agree that the multiplication by a
number (scalar) λ ∈ F of all vectors in Vn(F) is a map Vn(F)→ Vn(F) that pre-
serves linear combinations of vectors, and that this follows from the very structure
of Vn(F):

λ (ax̄+ bȳ) = a(λx̄)+ b(λȳ), x̄, ȳ ∈Vn(F).

So, it is the most simple linear operator in Vn(F).
The natural question now is whether for a given linear operator A in Vn(F) there

exists a nonzero vector x̄ on which A acts in this simplest way, i.e., as multiplication
with a scalar λ: Ax̄ = λx̄, x̄ �= 0̄ or equivalently (A−λIv)x̄ = 0̄, where Iv is the identity
operator in Vn(F), [then the vector Ax̄ is in the subspace L(x̄)].

Such a vector x̄ is called an eigenvector (eigen is German word meaning charac-
teristic or proper) of the operator A, and the corresponding scalar λ is an eigenvalue
of A.

Definition If A ∈ L̂(V,V ), then a scalar λ is an eigenvalue of A if there is a nonzero
vector x̄ such that Ax̄ = λx̄. The vector x̄ is then an eigenvector of A corresponding
to λ.

Such vectors appear in the study of vibrations, electrical systems, genetics, chem-
ical reactions, quantum mechanics, mechanical stress, economics, and geometry.

The Eigen problem for A consists in finding all eigenvalues and all eigenvec-
tors of that operator. (Note that some operators do not have any of these. The most
famous examples are the linear operators that describe rotations in the plane coun-
terclockwise through a positive angle θ < 180◦).

173
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Before we start solving the Eigen problem, we note the following two facts:

1. If a vector x̄ is an eigenvector of A, then all vectors of the form ax̄, ∀a ∈ F , are
also eigenvectors of A with the same eigenvalue, i.e., if Ax̄ = λx̄, then for ∀a ∈ F
we have as well

A(ax̄) = aAx̄ = aλx̄ = λ(ax̄).

In conclusion, with every eigenvector x̄ of A the whole one-dimensional subspace
L(x̄) = {ax̄|a ∈ F} (which is spanned by x̄) consists of eigenvectors of A.

2. The set of all eigenvectors of A which correspond to one eigenvalue λ (together
with 0̄, which is never considered as an eigenvector) form a subspace Eλ, whose
dimension is at least 1.

Proof

If Ax̄ = λx̄ and Aȳ = λȳ⇔ x̄, ȳ ∈ Eλ, then

A(ax̄+ bȳ) = aAx̄+ bAȳ = a(λx̄)+ b(λȳ) = λ(ax̄+ bȳ)⇔
ax̄+ bȳ ∈ Eλ, i.e.,Eλ is a subspace. Δ

We see that the operator (A−λIv) annihilates all vectors from Eλ (and only those)

(A−λIv)x̄ = 0̄ for x̄ ∈ Eλ.

So, Eλ is in fact the kernel of the operator (A−λIv), i.e.,

Eλ = ker (A−λIv) , A ∈ L̂(V,V ).

This means that when λ is known, ker (A−λIv) is uniquely determined. We call Eλ
the eigenspace of A which corresponds to the eigenvalue λ.

The method for solving the Eigen problem of a linear operator A ∈ L̂(Vn(F),
Vn(F)) consists of two steps:

(A) First, we have to find all eigenvalues λ ∈ F for which the operator (A−λIv) has
a non-trivial kernel: ker (A−λIv) �= {0̄}.
The necessary and sufficient condition for this is that det(A −λIn) = 0, where A
is a square n×n matrix that represents the operator A in some basis {v̄1, v̄2, . . . , v̄n}
in Vn(F), and In is the unit matrix in Fn.

It is very important to notice that det(A − λIn) does not depend on the choice
of this basis, unlike the representing matrix A , which changes by similarity A ′ =
S A S −1, S = (RT )−1, when the basis changes with the replacement matrix R
(see Sect. 4.3.2. the theorem on the change of the matrix A representing an operator
A). It is easy to prove this statement:

Let A ′ = S A S −1, then

det(A ′ −λIn) = det(S A S −1−λIn) = det(S (A −λIn)S −1) =
= detS ·det(A −λIn) ·detS −1 = det(A −λIn),

since detS ·detS −1 = det(S S −1) = det In = 1. Δ
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The equation det(A − λIn) = 0 is in fact an equation of the degree n in the
unknown λ. It is called the characteristic equation of A. Its explicit form is

det(A −λIn) = (−λ)n + p1(−λ)n−1 + p2(−λ)n−2 + · · ·+ pn−1(−λ)+ pn = 0,

where p1 = trA (the sum of diagonal elements of A ), and pn = detA . The other
coefficients pk,k = 2,3, . . . ,n−1 , in front of (−λ)n−k are the sums of the principal
minors of A of order k. Notice that the same rule is valid for p1 and pn—the sum
of principal minors of A of order 1 and the principal minor of A of order n. These
two coefficients can be obtained immediately, the first of them from det(A −λIn) =
(a11 − λ)(a22 − λ) · · · (ann− λ)+ terms with at most (n− 2) factors of the form
(aii−λ) and the second by putting λ = 0 in det(A −λIn).

Remember that a minor is principal if the diagonal elements of the minor come
from the diagonal of the matrix.

Example

Let A =

⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦ , then

det(A −λI3) =−λ3 +(a11 + a22 + a33)λ2−

−
(∣∣∣∣a11 a12

a21 a22

∣∣∣∣+
∣∣∣∣a11 a13

a31 a33

∣∣∣∣+
∣∣∣∣a22 a23

a32 a33

∣∣∣∣
)

λ+

∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣ .

It should be noted that all coefficients of the characteristic equation (in particular
trA and detA ) are invariant under similarity transformations, so we can talk about
the trace and determinant of the operator A.

All solutions of the characteristic equation are the eigenvalues of the operator A.
They form the spectrum of A. Some of the solutions are singe-valued (we call them
nondegenerate eigenvalues), while some are multivalued (i.e., degenerate eigenval-
ues). The multiplicity of λ as a solution of the characteristic equation is called the
algebraic multiplicity nλ of λ.

When F is the complex field C, then the characteristic equation det(A −λIn) = 0
of degree n has exactly n solutions, if we count each solution as many times as its
algebraic multiplicity.

(Remember the famous Fundamental Theorem of Algebra which states that ev-
ery polynomial equation with coefficients in field C has n solutions in C, where n
is the degree of the polynomial and the solutions are counted with their algebraic
multiplicities.)

(B) Second, for every eigenvalue λ, we have to find all nontrivial solutions of the
homogeneous system of linear equations

[A −λIn]ξ = 0̄,
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where ξ = [ξ1 ξ2 . . . ξn]
T is the matrix-column (column vector) of unknowns, and

the n×n matrix [A −λIn] is singular (its determinant is zero), which means that it
has at least one nontrivial solution.

By doing this, we are actually finding ker (A −λIn) = Eλ. This system can have
at most as many linearly independent nontrivial solutions as the algebraic multiplic-
ity nλ of λ. The dimension of ker (A −λIn) = Eλ is called the geometric multiplicity
of λ, and

1≤ dimEλ ≤ nλ.

Note that the operator A and all of its representing matrices have the same di-
mension as their kernels.

The fact that the geometric multiplicity of λ, i.e., dim ker (A −λIn) = dimEλ, is
smaller than or equal to its algebraic multiplicity nλ can be proved in the following
way:

Let us suppose that we have found that λ0 is a solution of the characteristic equa-
tion det(A −λIn) = 0, but we have not found the algebraic multiplicity nλ0

of that
solution. Furthermore, suppose that we have solved the homogeneous eigensystem
A ξ = λ0ξ , and have discovered dim ker (A −λ0In)= r linearly independent eigen-
vectors {ξ1 , ξ2 , . . . , ξr}—the basis in Eλ0

in Fn. Let us now extend this system of
eigenvectors to get a basis in the space Fn

{ξ1 , ξ2 , . . . , ξr , ξr+1 , . . . , ξn}.

Since the initial choice of the basis {v̄1 , v̄2 , . . . , v̄n} in Vn(F), which produced
the representing matrix A , meant that we established the isomorphism i between
Vn(F) and Fn, we can now use this isomorphism to map the basis {ξ1 , ξ2 , . . . , ξr ,
ξr+1 , . . . , ξn} in Fn onto a new basis {v̄′1 , v̄′2 , . . . , v̄′r , v̄′r+1 , . . . , v̄′n} in Vn(F). In
this new basis, the operator A is represented by a triangular block-matrix

A0 =

[
λ0Ir B

0̄ C

]
r
n− r.

r n− r

If we now form the characteristic equation of the matrix A0, we will get

det(A0−λIn) = det(λ0−λ)Ir ·det(C −λIn−r) = 0,

since the determinant of a triangular block-matrix with square matrices on its diag-
onal is a multiple of determinants of the blocks on the diagonal. Finally,

det(A −λIn) = det(A0−λIn) = (λ0−λ)r det(C −λIn−r) = 0.

From the last result, it follows that the algebraic multiplicity of λ0 is at least r,
but it can be greater if λ0 is also a root of det(C −λ0In−r). In conclusion, nλ0

≥ r, or

algebraic multiplicity≥ geometric multiplicity≥ 1. Δ
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Two Examples

1. Solve the Eigen problem for the following 3×3 real matrix

A =

⎡
⎣ 2 1 0
−1 0 1

1 3 1

⎤
⎦ .

The characteristic equation of A is

det(A −λI3) =

⎡
⎣ 2−λ 1 0
−1 −λ 1
1 3 1−λ

⎤
⎦=

= (2−λ)
[−λ 1

3 1−λ

]
−1 ·

[−1 1
1 1−λ

]
=

= (2−λ)(λ2−λ−3)− (λ−2) =

= −(λ−2)(λ2−λ−2) =−(λ−2)2(λ+ 1).

So, the eigenvalues are λ1 =−1,λ2 = λ3 = 2.
The augmented matrix of the corresponding homogeneous linear system for
λ1 =−1 is

⎡
⎣A −λ1I3

0
0
0

⎤
⎦ =

⎡
⎣A + I3

0
0
0

⎤
⎦=

=

⎡
⎣ 3 1 0 0
−1 1 1 0

1 3 2 0

⎤
⎦∼

⎡
⎣ 1 3 2 0
−1 1 1 0

3 1 0 0

⎤
⎦∼

∼
⎡
⎣1 3 2 0

0 4 3 0
0 −8 −6 0

⎤
⎦∼

⎡
⎣1 3 2 0

0 4 3 0
0 0 0 0

⎤
⎦∼

∼
⎡
⎣1 3 2 0

0 1 3
4 0

0 0 0 0

⎤
⎦∼

⎡
⎣1 0 − 1

4 0
0 1 3

4 0
0 0 0 0

⎤
⎦ .

This reduced Gauss–Jordan form of (A + I3) tells us that in this matrix the third
column is linearly dependent on the first two linearly independent ones, and this
is exactly

c3 =− 1
4 c1 + 3

4 c2

(verification

⎡
⎣0

1
2

⎤
⎦=− 1

4

⎡
⎣ 3
−1

1

⎤
⎦+ 3

4

⎡
⎣ 1

1
3

⎤
⎦) or

0̄ =− 1
4 c1 + 3

4 c2−1 · c3 (the modified canonical expansion).
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These coefficients form the basis vector in E−1, i.e.,

E−1 = { s

⎡
⎣−

1
4
3
4−1

⎤
⎦ | s ∈ R}= ker (A + I3)

(see Chap. 2, 17B, about ker A).
Choosing s =−4, we can get a somewhat simpler basis vector in E−1, i.e.,

ξ1 =

⎡
⎣ 1
−3

4

⎤
⎦ .

For λ2 = λ3 = 2, we obtain the augmented matrix

⎡
⎣A −2I3

0
0
0

⎤
⎦ =

⎡
⎣ 0 1 0 0
−1 −2 1 0

1 3 −1 0

⎤
⎦∼

∼
⎡
⎣ 1 3 −1 0

0 1 0 0
−1 −2 1 0

⎤
⎦∼

⎡
⎣ 1 3 −1 0

0 1 0 0
0 1 0 0

⎤
⎦∼

∼
⎡
⎣1 3 −1 0

0 1 0 0
0 0 0 0

⎤
⎦∼

⎡
⎣ 1 0 −1 0

0 1 0 0
0 0 0 0

⎤
⎦ or

c3 = −1 · c1 + 0 · c2 or 0̄ =−1 · c1 + 0 · c2−1 · c3 (∗)
(the modified canonical expansion.)

So, there is only one basis eigenvector for λ2 = λ3 = 2 formed from the coeffi-

cients in (∗), it is ξ2 =

⎡
⎣−1

0
−1

⎤
⎦ , and the kernel of [A −2I3] is one-dimensional.

The geometric multiplicity for λ = 2 is only 1, while the algebraic multiplicity
of this eigenvalue is 2.

2. Solve the Eigen problem for the following 3×3 real matrix

A =

⎡
⎣0 0 −2

1 2 1
1 0 3

⎤
⎦ .

The characteristic equation of A is

det(A −λI3) =

∣∣∣∣∣∣
−λ 0 −2

1 2−λ 1
1 0 3−λ

∣∣∣∣∣∣
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= −λ3 + 5λ2−
(∣∣∣∣0 0

1 2

∣∣∣∣+
∣∣∣∣0 −2
1 3

∣∣∣∣+
∣∣∣∣2 1
0 3

∣∣∣∣
)

λ +

+

∣∣∣∣∣∣
0 0 −2
1 2 1
1 0 3

∣∣∣∣∣∣=−λ3 + 5λ2− (2 + 6)λ+ 4 = 0.

Since λ = 1 is an obvious solution (−1 + 5− 8 + 4 = 0) , we shall divide the
characteristic polynomial λ3− 5λ2 + 8λ− 4 by λ− 1 and obtain λ2− 4λ + 4 =
(λ−2)2. So, there are three real eigenvalues λ3 = 1, λ1 = λ2 = 2.
For λ1 = λ2 = 2, we get the augmented matrix of the corresponding homoge-
neous linear system ⎡

⎣−2 0 −2 0
1 0 1 0
1 0 1 0

⎤
⎦∼

⎡
⎣ 1 0 1 0

0 0 0 0
0 0 0 0

⎤
⎦

or c2 = 0 · c1 + 0 · c3⇒ 0̄ = 0 · c1−1 · c2 + 0 · c3

or c3 = 1 · c1 + 0 · c2⇒ 0̄ = 1 · c1 + 0 · c2−1 · c3

The two (obviously linearly independent) basis eigenvectors for E2 = ker (A −
2I3) are made of the above coefficient of 0̄

ξ1 =

⎡
⎣ 0
−1

0

⎤
⎦and ξ2 =

⎡
⎣ 1

0
−1

⎤
⎦ . In other words,

E2 = LIN(ξ1,ξ2) = {s
⎡
⎣ 0
−1

0

⎤
⎦+ t

⎡
⎣ 1

0
−1

⎤
⎦ | s, t ∈ R}.

The dimension of E2 is 2; thus, the geometric multiplicity of λ = 2, so it is equal
to its algebraic multiplicity.
For λ3 = 1, we have the augmented matrix (the algebraic multiplicity is 1, so
there will be only one basis vector):⎡

⎣−1 0 −2 0
1 1 1 0
1 0 2 0

⎤
⎦∼

⎡
⎣1 0 2 0

1 1 1 0
0 0 0 0

⎤
⎦∼

⎡
⎣1 0 2 0

0 1 −1 0
0 0 0 0

⎤
⎦

or c3 = 2c1−1 · c2⇒ 0̄ = 2c1−1 · c2−1 · c3,

So, the basis vector is

ξ3 =

⎡
⎣ 2
−1
−1

⎤
⎦ , and

E1 = LIN(ξ3) = {r
⎡
⎣ 2
−1
−1

⎤
⎦ | r ∈ R}.
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Therefore, the vector space R
3 is decomposed into the direct sum of E2 and E1,

i.e., R
3 = E2 + E1, since ξ3 is linearly independent from ξ1 and ξ2 (otherwise,

if it were linearly dependent, it would be an eigenvector of λ = 2). Namely, the
linear independency test for ξ1 , ξ2 , ξ3 reads as

a ξ1 + b ξ2 + c ξ3 = 0̄3 or a

⎡
⎣ 0
−1

0

⎤
⎦+ b

⎡
⎣ 1

0
−1

⎤
⎦+ c

⎡
⎣ 2
−1
−1

⎤
⎦=

⎡
⎣0

0
0

⎤
⎦⇒

b + 2 c = 0
−a− c = 0
−b− c = 0

⎫⎬
⎭⇒ c = 0 , a = 0 , b = 0 ,

which in its turn can be interpreted as the question whether E2 and E1 have com-
mon vectors a ξ1 +b ξ2 =−cξ3, to which question (see above a = b = c = 0) the
answer is “NO.”
Generally speaking, for a matrix A ∈ R

n, its eigenspaces (if all geometric mul-
tiplicities are equal to the corresponding algebraic ones and if their sum is equal
to n) form a direct decomposition of R

n.

Theorem (on eigenbasis and direct eigendecomposition) Let λ1 , λ2 , . . . , λk,
k≤ n, be distinct eigenvalues of an n×n real matrix A (with nλ1

+nλ2
+ · · ·+nλk

=
n) and let the Gauss–Jordan-modified (GJM) method provide nλ1

unique linearly in-
dependent eigenvectors to span Eλ1

, and so on, then, since the eigenvectors from dif-
ferent eigenspaces are also linearly independent, the totality of eigenvectors from all
eigenspaces Eλ1

, Eλ2
, . . . , Eλk

will be a set of n linearly independent vectors in R
n—

the eigenbasis of A . In the basis, the matrix A will be diagonal with λ1 , λ2 , . . . , λk,
on its diagonal, each λi, i = 1,2, . . . ,k, appearing nλi times.

The space R
n is the direct sum of these eigenspaces:

R
n = Eλ1

+ Eλ2
+ · · ·+ Eλk

.

5.2 Diagonalization of Square Matrices

Going back to example 2, we can verify the obtained results:

A ξ1 =

⎡
⎣0 0 −2

1 2 1
1 0 3

⎤
⎦
⎡
⎣ 0
−1
0

⎤
⎦=

⎡
⎣ 0
−2
0

⎤
⎦= 2 ξ1 ;

A ξ2 =

⎡
⎣0 0 −2

1 2 1
1 0 3

⎤
⎦
⎡
⎣ 1

0
−1

⎤
⎦=

⎡
⎣ 2

0
−2

⎤
⎦= 2 ξ2 ;

A ξ3 =

⎡
⎣0 0 −2

1 2 1
1 0 3

⎤
⎦
⎡
⎣ 2
−1
−1

⎤
⎦=

⎡
⎣ 2
−1
−1

⎤
⎦= ξ3 .
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If we form the matrix, whose columns are linearly independent eigenvectors

ξ1 , ξ2 , ξ3 : T =

⎡
⎣ 0 1 2
−1 0 −1
0 −1 −1

⎤
⎦ ,

this matrix will be invertible (rank = 3), and the three above verifications can be
written in a compact matrix form AT = T D , where D is the diagonal matrix.

D =

⎡
⎣2 0 0

0 2 0
0 0 1

⎤
⎦ .

Indeed,

A⎡
⎣0 0 −2

1 2 1
1 0 3

⎤
⎦

T⎡
⎣ 0 1 2
−1 0 −1
0 −1 −1

⎤
⎦=

T⎡
⎣ 0 1 2
−1 0 −1
0 −1 −1

⎤
⎦

D⎡
⎣2 0 0

0 2 0
0 0 1

⎤
⎦

since both products are equal to

⎡
⎣ 0 2 2
−2 0 −1
0 −2 −1

⎤
⎦.

A more explicit formulation is

D = T −1AT ,

which means that the matrix A can be diagonalized by a similarity transforma-
tion with the invertible matrix T whose columns are the eigenvectors of A , so
that the diagonal matrix D has the corresponding eigenvalues of A on its diag-
onal. Obviously, the general prerequisite for this is that for all real eigenvalues
λ1 , λ2 , . . . , λk,k ≤ n, of A in R

n their algebraic and geometric multiplicities are
the same numbers nλ1

, nλ2
, . . . , nλk

and also nλ1
+ nλ2

+ · · ·+ nλk
= n.

The matrix T is the transition matrix from the standard basis e1 , e2 , e3 in R
3

in which the matrix A is given, to the eigenbasis ξ1 , ξ2 , ξ3 in which it takes on
the diagonal form D . This can be seen immediately since the multiplication of
T with vectors from the standard basis gives the corresponding columns of T ,
i.e., ξ1 , ξ2 , ξ3: e.g.,

T e1 =

⎡
⎣ 0 1 2
−1 0 −1

0 −1 −1

⎤
⎦
⎡
⎣1

0
0

⎤
⎦=

⎡
⎣ 0
−1

0

⎤
⎦= ξ1.

Remark If A in R
n has n distinct eigenvalues, then the above conditions are obvi-

ously satisfied, and A is diagonalizable.
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Example To show when a 2× 2 matrix A =
[

a b
c d

]
is diagonalizable, we shall

calculate its characteristic equation∣∣∣∣a−λ b
c d−λ

∣∣∣∣= 0 ⇒ (a−λ)(d−λ)−bc = 0⇒

⇒ λ2− (a + d)λ+(ad−bc) = 0⇒

⇒ λ2− trA λ+ detA = 0⇒

⇒ λ1,2 =
(a + d)±√(a + d)2−4ad + 4bc

2
.

To have two distinct solutions of this equation, the discriminant D must be greater
than zero:

D = a2 + 2ad + d2−4ad + 4bc = (a−d)2 + 4bc > 0. Δ

Theorem (on diagonalization of a complex matrix A ) A complex n× n matrix
A (as a linear operator in C

n) can be diagonalized by a similarity transformation if
and only if each of its eigenvalues has equal algebraic and geometric multiplicity.
(Note that nλ1

+nλ2
+ · · ·+nλk

= n is automatically satisfied for complex matrices.)
Then, A is diagonalized by a similarity transformation with the invertible matrix
T which has as its columns n linearly independent eigenvectors {ξ1 , ξ2 , . . . , ξn}
of A : T −1AT = D , where D is the diagonal matrix with the corresponding
eigenvalues of A :

AT = T D , is

A [ξ1 ξ2 . . . ξn] = [ξ1 ξ2 . . . ξn]

⎡
⎢⎢⎢⎣

λ1 · · · · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 · · · · · · λn

⎤
⎥⎥⎥⎦ .

A short formulation of the condition in the above theorem is that A is diago-
nalizable (similar to a diagonal matrix) iff in C

n there exists a basis consisting of
eigenvectors of A (the so-called eigenbasis of A ).

Remark In R
3, the characteristic equation of A is cubic, so it can have either three

real solutions or one real and a pair of complex conjugate solutions. We shall show
later (Sect. 5.6) that to such a pair of c.c. solutions corresponds an invariant plane
which is not an eigenspace of A . So, to have an eigenbasis, a matrix A is not al-
lowed to have c.c. solutions of its characteristic equation. Nevertheless, some very
important matrices such as orthogonal ones A T = A −1 are just like that, and we
shall investigate (Sect. 5.7) their canonical forms which are different from the diag-
onal form.
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Furthermore, we shall show that the necessary and sufficient condition for a
matrix A in R

3 to have an orthonormal eigenbasis, in which it is represented by
the diagonal matrix D with real eigenvalues on its diagonal, is that the matrix is
symmetric A T = A (Sect. 5.6).

However, we are going first to investigate the diagonalization procedure in uni-
tary spaces Un.

5.3 Diagonalization of an Operator in Un

We shall show now that a linear operator A in Un can be represented in an ON
basis {ū1 , ū2 , . . . , ūn} in that space by the matrix A = [ai j]n×n where the matrix
elements ai j, i, j = 1,2, . . . ,n, are easily calculated by means of the inner product in
Un : ai j = (ūi , Aū j).

Proof The basic formula for representation of a linear operator in any vector space
reads as

Aū j =
n

∑
k=1

ak jūk, i = 1,2, . . . ,n.

Multiplying it from the left by the vector ūi, we get

(ūi , Aū j) =
n

∑
k=1

ak j(ūi , ūk) =
n

∑
k=1

ak jδik = ai j. Δ

Going over to the new ON basis {ū′1 , ū′2 , . . . , ū′n} by the unitary replacement
matrix R (R−1 = R†), we get the new representation matrix (Sect. 4.4)

A ′ = R∗A RT = S A S −1, where

S = (R−1)
T

= R∗ and S −1 = RT .

The matrix S is obviously also a unitary matrix [S −1 = RT = (S ∗)T = S †].
So, all the matrices that represent the operator A in all ON bases in Un form an
equivalence class of the unitary similarity as an equivalence relation. [That the uni-
tary similarity is an equivalence relation is proved easily since U(n) is a group—the
proof is analogous to that for the group GL(n,F)].

The important question now is which linear operators in Un have a diagonal ma-
trix (with complex diagonal elements) in the equivalence class of its representing
matrices. In other words, which linear operators can be represented by complex di-
agonal matrixes by means of a unitary similarity transformation. More precisely,
which is the most general class of linear operators in Un which have an ON eigen-
basis.
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Definition A normal operator A in Un is characterized by the property that it com-
mutes with its adjoint A† (Sect. 4.2):

AA† = A†A

Theorem (on diagonalizability of normal operators) A linear operator A in Un

has an orthonormal (ON) eigenbasis in Un (in which it is represented by a diagonal
matrix D with complex numbers on its diagonal) if and only if it is normal.

So, normal operators form the most general class of linear operators in Un which
are diagonalizable by unitary similarity.

Proof The normal nature of an operator A is a sufficient condition for the existence
of an ON eigenbasis.

For this part of the proof (normal nature⇒ diagonalizability), we need several
auxiliary statements (Lemmas).

Lemma 1 If we have two operators A and B from L̂(Un,Un) which commute, then
each eigenspace Eλ of A is an invariant subspace for B, i.e., B reduces in Eλ in the
sense that its action on any vector from Eλ results in a vector which also belongs
to Eλ .

Proof Let AB = BA. Consider any eigenspace Eλ of A. (The operator A must have
at least one eigenspace, the extreme case being nλ = n and dimEλ = 1). It is easy
to verify that Eλ is an invariant subspace of B, i.e., for any x̄ ∈ Eλ we have Bx̄∈ Eλ :

x̄ ∈ Eλ⇔ Ax̄ = λx̄,

A(Bx̄) = B(Ax̄) = B(λx̄) = λ(Bx̄)⇒ Bx̄ ∈ Eλ.

Since Eλ is invariant for B, it means that B reduces in Eλ to B(λ), which acts as
B in the reduced domain Eλ. This new operator has in Eλ at least one eigenspace,
so that vectors from this subspace are eigenvectors for both A and B, but generally
with different eigenvalues.

Now, we start with A and A† which commute. According to the above Lemma,
they have at least one common eigenvector, which we denote as ū1, i.e., Aū1 =
λ1ū1 and A†ū1 = λ1

∗ū1. The fact that the eigenvalues of A and A† are the complex
conjugates of each other, can be immediately proved, but this proof requires two
more lemmas:

Lemma 2 For a normal operator kerA = kerA†.

Lemma 3 (A−λIU) is also a normal operator.

Proofs

2. x̄ ∈ kerA⇔ Ax̄ = 0̄u⇔ (Ax̄,Ax̄) = 0.

However, (Ax̄,Ax̄) = (x̄,A†Ax̄) = (x̄,AA†x̄) = (A†x̄,A†x̄),
so that (Ax̄,Ax̄) = 0⇔ (A†x̄,A†x̄) = 0⇔ A†x̄ = 0̄u⇔ x̄ ∈ kerA†.
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3. We shall prove that (A−λIU) commutes with its adjoint:

(A−λIU)(A−λIU)† = (A−λIU)(A†−λ∗IU) =
= AA†−λA†−λ∗A + λλ∗IU = A†A−λ∗A−λA† + λ∗λIU =

= (A†−λ∗IU)(A−λIU) = (A−λIU)†(A−λIU).

Now, we are ready to prove that the eigenvalues of A and A† for the com-
mon eigenvector are the complex conjugates of each other. If Aū1 = λū1, then
(A−λIU) ū1 = 0̄U . Since (A−λIU) is a normal operator, each vector from its kernel
is in the kernel of (A−λIU)† = A†−λ∗IU , i.e., (A†−λ∗IU) ū1 = 0̄U or A†ū1 = λ∗ū1.

Observe the eigenspace L(ū1) spanned by ū1 alone. Its orthocomplement L(ū1)⊥
is an invariant subspace for both A and A†. This is the essential part of the proof that
a normal operator has an ON eigenbasis in Un.

To prove this statement, consider an arbitrary vector x̄ ∈ L(ū1)⊥, i.e., (x̄ , ū1) = 0.
Then,

(Ax̄, ū1) = (x̄,A†ū1) = (x̄,λ∗ū1) = λ∗(x̄, ū1) = 0⇔ Ax̄ ∈ L(ū1)⊥.

So, L(ū1)⊥ is invariant under A. In an analogous manner, one proves that L(ū1)⊥ is
also invariant under A†.

Now, we shall deal with the reduced parts of both A and A† in L(ū1)⊥. These
parts naturally commute with each other. Because of their commuting, there exists
a common eigenvector ū2 in L(ū1)⊥ with the eigenvalues λ2 and λ∗2, respectively.
This common eigenvector spans the one-dimensional eigenspace L(ū2), which is
orthogonal to L(ū1): L(ū1)⊥ L(ū2).

We continue the above procedure in the orthocomplement of L(ū2) with respect
to the subspace L(ū1)⊥:

L(ū1)⊥�L(ū2).

(this notation is logical since L(ū1)⊥ = L(ū2)⊕ [L(ū1)⊥ �L(ū2)]). This new ortho-
complement is also invariant under both A and A†, and in it, there is a common
eigenvector ū3 of the reduced parts with eigenvalues λ3 and λ∗3, respectively.

Obviously, the eigenspace L(ū3) is orthogonal to both L(ū1) and L(ū2)

L(ū1)⊥ L(ū2)⊥ L(ū3).

In the same manner (due to the normal property of A), we get n (dimUn = n) mu-
tually orthogonal one-dimensional eigenspaces L(ū1) , L(ū2) , L(ū3) , . . . , L(ūn),
which in the orthogonal sum make the whole Un:

L(ū1) ⊕ L(ū2) ⊕ L(ū3) ⊕ ·· · ⊕ L(ūn) = Un.

We now divide each ū1 , ū2 , . . . , ūn, with its norm and thus we get an orthonormal
(ON) eigenbasis of A. In this basis, the representing matrix of A is the diagonal
matrix D with complex eigenvalues λ1 , λ2 , . . . , λn , on its diagonal (note: these λs
are not necessarily distinct).
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In conclusion, we can say that commutation of an operator A with its adjoint A† in
Un (AA† = A†A) implies (⇒) the existence of an ON eigenbasis of A in which A is
represented by the diagonal matrix D with the corresponding complex eigenvalues
on its diagonal.

Thus, the spectrum (the set of all eigenvalues) of the normal operator A is in
the complex plane. Also, the geometric multiplicity of each eigenvalue of a normal
operator A is equal to its algebraic multiplicity. (Note that the sum of algebraic
multiplicities is necessarily equal to n , since Un is a complex vector space.)

The second part of the proof (of the theorem on diagonalizability of normal oper-
ators) is to show that a diagonalizable operator A necessarily commutes with its ad-
joint A†. Let D be the diagonal matrix that represents such an operator. The adjoint
matrix D† is simply the complex conjugate D∗, since the operation of transposition
does not change a diagonal matrix. But D and D∗ obviously commute:

DD∗ = D∗D .

Since the matrix D† = D∗ represents the adjoint operator A†, the commutation of D
and D∗ implies the commutation of operators which they represent: A A † = A †A ,
because the representation of operators by matrices is an isomorphism between the
algebra (with unity) of operators and that of n×n matrices. Δ
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Remark as a

Theorem (on isomorphism of algebras) The representation of operators acting
in Vn(F) by matrices from Fn×n [caused by the choice of a basis in Vn(F)] is an
isomorphism between the algebras (with unity) L̂(Vn(F) , Vn(F)) of operators and
Fn×n = L̂(Fn , Fn) of matrices.

Proof

Vn(F) Fn

basis standard basis
v = {v̄1, v̄2, . . . , v̄n} e = {e1,e2, . . . ,en}

The isomorphism f between Vn(F) and Fn is established through the bijection
that connects the bases v and e:

x̄ =
n

∑
i=1

ξiv̄i
f↔ ξ =

n

∑
i=1

ξiei =

⎡
⎢⎢⎢⎣

ξ1

ξ2
...

ξn

⎤
⎥⎥⎥⎦ ,

so that v̄1
f↔ e1 , v̄2

f↔ e2 , . . . , v̄n
f↔ en.

Applying f to both sides of ȳ = Ax̄, we get

f (ȳ) = f (Ax̄) = ( f A f−1) f (x̄), so that η = ( f A f−1)ξ .

From this follows, by comparison with η = A ξ that

A = f A f−1

which is also obvious from the figure. Thus, the operator A and its representing
matrix A are equivalent operators with regard to the isomorphism f .

This is a bijection g between the algebras

L̂(Vn(F),Vn(F)) and L̂(Fn,Fn) :

g(A) = f A f−1 = A and g−1 = f−1A f = A.
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This bijection g is, furthermore, an isomorphism:

1. g(A +C) = f (A +C) f−1 = f A f−1 + fC f−1 = g(A)+ g(C);
2. g(aA) = f (aA) f−1 = a( f A f−1) = a g(A);
3. g(AC) = f (AC) f−1 = ( f A f−1)( fC f−1) = g(A)g(C);
4. g(Iv) = f Iv f−1 = In.

Remember also the basic formula for the representation matrix

A = [ai j]n×n : Av̄ j =
n

∑
i=1

ai jv̄i , j = 1,2, . . . ,n,

which means that we expand the images {Av̄1 , Av̄2 , . . . , Av̄n} in the basis {v̄1 ,
v̄2 , . . . , v̄n} and make the columns of A from the expansion coefficients. Δ

If we now collect all the eigenspaces L(ūi) that correspond to one eigenvalue λ1

and make their orthogonal sum, we shall get the eigenspace Eλ1
= ker(A−λ1IU),

which is unique in the sense that it is completely determined by A and λ1. Its dimen-
sion is nλ1

. The elements of the above ON basis in Eλ1
are not unique, since there

was a lot of arbitrariness in the described process of their selection.
Now, we continue with collecting all L(ūi) that correspond to λ2, and which in

the orthogonal sum give Eλ2
(with the dimension nλ2

), which eigenspace is obvi-
ously orthogonal to Eλ1

. At the end of this procedure, we shall have k ≤ n mutually
orthogonal eigenspaces Eλ1

, Eλ2
, . . . , Eλk

, with dimensions nλ1
, nλ2

, . . . , nλk
, re-

spectively, so that
Eλ1
⊕ Eλ2

⊕ . . . ⊕ Eλk
= Un

and, of course,
nλ1

+ nλ2
+ . . . + nλk

= n.

Theorem (on the orthogonal decomposition of Un into the eigenspaces of a nor-
mal operator A) If A is a normal operator in Un, then its eigenspaces Eλi , i =
1,2, . . . ,k ≤ n, which correspond to distinct eigenvalues λ1 , λ2 , . . . , λk, are
uniquely determined as the kernels of the operators (A− λiIU) with dimensions
nλi , i = 1,2, . . .k and nλ1

+ nλ2
+ . . . + nλk

= n. Furthermore, they are mutually
orthogonal, and in the orthogonal sum they give the whole Un:

Eλ1
⊕ Eλ2

⊕ . . . ⊕ Eλk
= Un

The proof is given in the preceding text. Δ

5.3.1 Two Examples of Normal Matrices

1. Verify that A =
[

2 i
i 2

]
is a normal matrix. Find a unitary matrix T such that

T †AT is a diagonal matrix, and find that diagonal matrix.
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We first verify that A is a normal matrix:

A A † =
[

2 i
i 2

][
2 −i
−i 2

]
=
[

4 + 1 0
0 1 + 4

]
=
[

5 0
0 5

]
,

A †A =
[

2 −i
−i 2

][
2 i
i 2

]
=
[

4 + 1 0
0 1 + 4

]
=
[

5 0
0 5

]
⇒A A † = A †A .

Then, we find the characteristic equation det[A −λI2] = 0. This is∣∣∣∣2−λ i
i 2−λ

∣∣∣∣= 0 or (2−λ)2− i2 = 0 or

(4−4λ+ λ2)+ 1 = 0 or λ2−4λ+ 5 = 0 with solutions

λ1,2 = 2±√4−5 = 2± i.

So, there are two distinct (complex conjugate) eigenvalues λ1 = 2 + i and λ2 =
2− i.
To find T , we need to compute only one normalized eigenvector for each of these
two distinct eigenvalues. (The eigenvectors will be automatically orthogonal).
For λ1 = 2 + i, we have to reduce the matrix.[

2−2− i i 0
i 2−2− i 0

]
=
[−i i 0

i −i 0

]
∼
[

1 −1 0
1 −1 0

]
∼
[

1 −1 0
0 0 0

]
⇒

⇒
c2 = (−1) c1 or

0̄ = (−1) c1 +(−1) c2

The eigenvector that corresponds to λ1 = 2+ i is

[−1
−1

]
, and after normalization

it becomes ū1 = 1√
2

[
1
1

]
. Similarly, for λ2 = 2− i, we find the normalized eigen-

vector ū2 = 1√
2

[−1
1

]
. The matrix T =

[
ū1 ū2

]
= 1√

2

[
1 −1
1 1

]
is unitary since

ū1 and ū2 are orthonormal vectors.

The matrix T diagonalizes A :

T †AT =
1
2

[
1 1
−1 1

][
2 i
i 2

][
1 −1
1 1

]
=

1
2

[
2 + i 2 + i
−2 + i 2− i

][
1 −1
1 1

]
=

=
1
2

[
4 + 2i 0

0 4−2i

]
=
[

2 + i 0
0 2− i

]
. Δ

2. Find the eigenvalues and eigenspaces of the complex 3×3 matrix A =

⎡
⎣ 1 0 i

0 2 0
−i 0 1

⎤
⎦ .

Find also the matrix T that diagonalizes A by unitary similarity.
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Since A = A † (it is self-adjoint), it is obviously a normal matrix (A A † =
A †A ).
The characteristic equation is

det[A −λI3] =

=

∣∣∣∣∣∣
1−λ 0 i

0 2−λ 0
−i 0 1−λ

∣∣∣∣∣∣= (2−λ)
∣∣∣∣1−λ i
−i 1−λ

∣∣∣∣= (2−λ)
[
(1−λ)2 + i2

]
=

= (2−λ)(�1−2λ+ λ2− �1) = λ(2−λ)(λ−2) =−λ(λ−2)2.

So, there are two distinct eigenvalues (both real because A = A †) λ1 = 0 and
λ2 = 2, with algebraic multiplicities nλ1

= 1 and nλ2
= 2. Since A is normal, the

eigenspace Eλ1
is one-dimensional, and Eλ2

two-dimensional. (The geometric
multiplicities must be equal to the algebraic ones.)
Indeed, for λ1 = 0, we have⎡

⎣ 1 0 i 0
0 2 0 0
−i 0 1 0

⎤
⎦∼

⎡
⎣ 1 0 i 0

0 1 0 0
0 0 0 0

⎤
⎦⇒

⇒
c3 = i c1 + 0 c2 or

0̄ = i c1 + 0 c2 +(−1) c3

so Eλ1
= LIN

⎛
⎝
⎡
⎣ i

0
−1

⎤
⎦
⎞
⎠ .

For λ2 = 2, nλ2
= 2,⎡

⎣−1 0 i 0
0 0 0 0
−i 0 −1 0

⎤
⎦∼

⎡
⎣−1 0 i 0
−i 0 −1 0

0 0 0 0

⎤
⎦∼

⎡
⎣ 1 0 −i 0

0 0 0 0
0 0 0 0

⎤
⎦⇒

⇒
c2 = 0c1 or 0̄ = 0c1 +(−1)c2 + 0c3

and c3 = (−i)c1 or 0̄ = (−i)c1 + 0c2 +(−1)c3.

Thus

Eλ2
= LIN

⎛
⎝
⎡
⎣ 0
−1

0

⎤
⎦ ,

⎡
⎣ −i

0
−1

⎤
⎦
⎞
⎠ .

The vector v̄1 =

⎡
⎣ i

0
−1

⎤
⎦ is necessarily orthogonal to v̄2 =

⎡
⎣ 0
−1

0

⎤
⎦ and

v̄3 =

⎡
⎣ −i

0
−1

⎤
⎦, but these two are orthogonal by chance (no need for Gram–Schmidt

procedure). We get the ON eigenbasis in C
3 by dividing each of v̄1 , v̄2 , v̄3 by its

norm. The unitary matrix T has as its columns these ON vectors:
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T =
1√
2

⎡
⎣ i 0 −i

0 −√2 0
−1 0 −1

⎤
⎦ .

The matrix T will diagonalize A by the unitary similarity

T −1AT = T †AT = D =

⎡
⎣0 0 0

0 2 0
0 0 2

⎤
⎦ .

This can be easily verified by T D = AT . Δ

5.4 The Actual Method for Diagonalization
of a Normal Operator

A normal operator A (AA† = A†A) in Un has an orthonormal (ON) eigenbasis in
which A is represented by the diagonal matrix D with complex eigenvalues on the
diagonal. To find D (which is unique up to the order of these eigenvalues), we first
represent A in any ON basis u = {ū1 , ū2 , . . . , ūn} in Un by the matrix A = [ai j]n×n,
where ai j = (ūi,Aū j).

The next step is to calculate the characteristic equation of the matrix A

det(A −λIn) = (−λ)n + p1(−λ)n−1 + p2(−λ)n−2 + . . .+ pn−1(−λ)+ pn = 0,

where p1 = trA , pn = detA , and pk , k = 2,3, . . . ,n−1,

are the sums of the principal minors of A of order k. [We have already proved that
det(A −λIn) does not depend on the choice of the basis u].

Solving the characteristic equation det(A −λIn) = 0 is usually the most difficult
task if n is greater than 3. Various approximation methods are used to obtain the
solutions (i.e., the eigenvalues).

Due to the fact that the field C is algebraically closed, we must get n solutions
of this equation if we calculate every solution λi as many times as its algebraic
multiplicity nλi .

There are usually k ≤ n different solutions λ1 , λ2 , . . . , λk with

nλ1
+ nλ2

+ . . .+ nλk
= n.

Furthermore, we have to solve for nontrivial solutions the homogeneous linear sys-
tem (A −λiIn)ξ = 0̄n for every λi , i = 1,2, . . .k, where ξ is the matrix-column of
unknowns

ξ = [ ξ1 ξ2 . . . ξn ]T .

Since A is a normal matrix, the GJM reduction will provide nλi (geometric
multiplicity) linearly independent basis vectors for the eigenspace Eλi = ker (A −
λiIn) , i = 1,2, . . . ,k.
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We have to use now the Gram–Schmidt procedure for orthonormalization to get
nλi ON basis vectors in the eigenspace Eλi .

When we do this procedure for every Eλi , i = 1,2, . . . ,k, then we have almost
finished our job since eigenvectors from two different eigenspaces are automatically
orthogonal.

Proof (that eigenvectors from two different eigenspaces are orthogonal)
We shall use the fact that for normal matrices a common eigenvector of A and

A † corresponds to the complex conjugate eigenvalues λ and λ∗.
Let A v = λ1v and A w = λ2w with λ1 �= λ2. Then, λ1(v,w) = (λ1

∗v,w) =
(A †v,w) = (v,A w) = (v,λ2w) = λ2(v,w), which gives (λ1 − λ2)(v,w) = 0 ⇒
(v,w) = 0 since λ1 �= λ2. Δ

Thus, we have n orthonormal eigenvectors { c1 , c2 , . . . cn} of A in C
n forming

an ON eigenbasis of A .
We form a new n×n matrix T whose columns are these ON vectors

T =

⎡
⎣ | | |

c1 c2 . . . cn

| | |

⎤
⎦ .

This matrix is unitary, since its columns are ON vectors. This is one of the charac-
teristic criteria for unitary matrices.

Proof If T −1 = T †, then this is equivalent to T †T = In. The (i, j)-element of this
matrix equality is

ci
†c j = δi j or (ci,c j) = δi j, where ci , i = 1,2, . . . ,n are the columns of T .

So, T †T = In⇔ (ci,c j) = δi j , i, j = 1,2, . . . ,n. Δ

What we have by now is n matrix equalities A c1 = λ1c1 , A c2 = λ2c2 , . . . ,
A cn = λncn, where λ1 , λ2 , . . . , λn are the corresponding eigenvalues, which are
not necessarily all distinct.

Notice that this set of equalities can be written concisely as
⎡
⎣ | | |
A c1 A c2 . . . A cn

| | |

⎤
⎦

n×n

=

⎡
⎣ | | |

λc1 λc2 . . . λcn

| | |

⎤
⎦

n×n

or

A

⎡
⎣ | | |

c1 c2 . . . cn

| | |

⎤
⎦=

⎡
⎣ | | |

c1 c2 . . . cn

| | |

⎤
⎦
⎡
⎢⎢⎢⎣

λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 0 λn

⎤
⎥⎥⎥⎦ or

AT = T D .

Since T −1 = T †, it means that T is an invertible matrix, and we finally have

D = T −1AT .
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This demonstrates that the normal n× n matrix A is diagonalizable by the unitary
similarity.

The matrix T is in fact the unitary transition matrix T e1 = c1 , T e2 = c2 , . . . ,
T en = cn , from the standard ON basis {e1 , e2 , . . . , en} in C

n in which A is
represented by itself to the ON eigenbasis {c1 , c2 , . . . , cn} in which A changes to
the diagonal matrix D .

As far as the initial normal operator A is concerned, it is represented by the di-
agonal matrix D in the ON eigenbasis which is obtained from the initial ON basis
u = {ū1 , ū2 , . . . , ūn} (in which A was represented by the normal matrix A ) by the
unitary transition operator T , i.e., {T ū1 , T ū2 , . . . , Tūn}.
Remember that the transition operator T is represented by the same transition matrix
T both in the initial basis u and in the (new) eigenbasis, and as such, it can be
reproduced by one of them and the matrix T :

T ūi =
n

∑
j=1

t jiū j , i = 1,2, . . . ,n.

(An operator is given if we know how it acts on any basis.)

Therefore, the elements of the diagonal matrix

D =

⎡
⎢⎢⎢⎣

λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn

⎤
⎥⎥⎥⎦

are calculated by means of the ON eigenbasis for A

(T ūi,ATū j) = λiδi j , i, j = 1,2, . . . ,n.

The last formula can be written as (ūi,(T †AT )ū j) = λiδi j, which is the (i, j)-element
of the matrix

T †AT = T −1AT = D .
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Thus, we are back to the statement that the normal n×n matrix A can be brought to
a diagonal form D by a unitary similarity transformation with the transition matrix
T whose columns are the vectors from the ON eigenbasis of A in C

n.

Remark The transition matrix T is the transposed matrix of the unitary replace-
ment matrix R (T = RT ), and it is the inverse of the unitary contragredient matrix
S (S = (RT )−1 = T −1), so that we also have S A S −1 = S A S † = D , which
is a frequently used expression.

5.5 The Most Important Subsets of Normal Operators in Un

5.5.1 The Unitary Operators A† = A−1

We have found that the spectrum (the set of all eigenvalues) of a normal opera-
tor (AA† = A†A) lies in the complex plane. In that plane, there are two important
subsets—the unit circle (z∗ = z−1)⇔ |z|2 = 1 and the real axis (z∗ = z). It is an
interesting fact that the normal operators whose spectra are limited to one of these
subsets of the complex plane are the most important from the quantum mechanical
point of view—namely, the operators that represent symmetries and observables,
respectively.

Definition Unitary operators in Un form a subset of normal operators which is char-
acterized by the fact that their adjoints are equal to their inverses:

A† = A−1

There is one immediate consequence of this definition:

every unitary operator is invertible.

Theorem (on five equivalent definitions of unitary operators) A linear operator
A ∈ L̂(Un,Un) is called a unitary operator if it satisfies one of the following five
properties:

(1) A† = A−1;
(2) AA† = A†A = IU ;
(3) (Ax̄,Aȳ) = (x̄, ȳ) for all x̄, ȳ ∈Un (a unitary operator preserves the inner product

in Un);
(4) ||Ax̄||= ||x̄|| for all x̄∈Un (every unitary operator preserves the norm of vectors,

it is an isometric operator);
(5) The eigenvalue spectrum of A lies on the unit circle in the complex plane.

Proof The properties (1) and (2) obviously imply each other: (1) ⇔ (2). Further-
more, we shall use a circular scheme of proof:
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From (2) follows (3):

(Ax̄,Aȳ) = (x̄,A†Aȳ)
(2)
= (x̄, ȳ), ∀x̄, ȳ ∈Un.

From (3) we have (4):

(Ax̄,Ax̄) = ||Ax̄||2 (3)
= ||x̄||2 or ||Ax̄||= ||x̄||, ∀x̄ ∈Un

And finally, (4) gives (2):

(A†Ax̄, x̄) ADJOINT= (Ax̄,Ax̄)
(4)
= (x̄, x̄), ∀x̄ ∈Un.

So that ((A†A− IU)x̄, x̄) = 0 for all x̄ ∈Un. The conclusion A†A = IU follows from
the Lemma statement:

(Ax̄, x̄) = 0 for all x̄ ∈Un⇔ A is the zero operator.

Proof If A is the zero operator, then obviously (Ax̄, x̄) = 0, ∀x ∈Un. On the other
hand, if (Ax̄, x̄) = 0 for all x̄ ∈Un, then it is also valid for the sum ū+ v̄:

for all ū, v̄ ∈Un.

The same is true for the sum ū+ i v̄:

(A(ū+ i v̄), ū+ i v̄) =−i(Av̄, ū)+ i(Aū, v̄) = 0 or

(Aū, v̄)− (Av̄, ū) = 0.

Summing up these two expressions, we get (Aū, v̄) = 0 for all ū, v̄ ∈Un. We can now
choose v̄ = Aū, and get

||Aū||2 = 0
POSIT IV E

DEFINIT ENESS⇒ Aū = 0̄ for all ū ∈Un.

So, A must be the zero operator, since its kernel is the whole Un. Δ (Lemma)

The last part of the proof of the theorem is to show that (1) and (5) are equivalent:
(1)⇔ (5). The diagonal matrix D that represents A in an ON eigenbasis satisfies
also (1) D† = D−1. But



196 5 The Eigen Problem or Diagonal Form of Representing Matrices

D† = D∗ =

⎡
⎢⎢⎢⎣

z1
∗ 0 . . . 0

0 z2
∗ . . . 0

...
...

. . .
...

0 0 . . . zn
∗

⎤
⎥⎥⎥⎦ ,

and D−1 has on its diagonal the inverse eigenvalues

D−1 =

⎡
⎢⎢⎢⎣

z1
−1 0 . . . 0
0 z2

−1 . . . 0
...

...
. . .

...
0 0 . . . zn

−1

⎤
⎥⎥⎥⎦ .

Consequently, zi
∗ = zi

−1, i = 1,2, . . . ,n, i.e., All the eigenvalues lie on the unit
circle.

If on the other hand, D† = D∗ = D−1 (the eigenspectrum is on the unit circle),
this implies the unitarity of A: A† = A−1, since the representation of operators by
matrices induced by an ON eigenbasis of A is an isomorphism of algebras with unity
in which A† and A−1 are represented just by D† and D−1. Δ

Conclusion: unitary operators in Un are the widest class of operators in Un that
are diagonalizable by the unitary similarity with the eigenvalue spectrum on the unit
circle in the complex plane.

With regard to the n×n matrix A that represents a unitary operator A in an ON
basis in Un, we see from the previous argument that A must be a unitary matrix:
A † = A −1. Such a unitary matrix can be characterized by two additional properties:

(6) The rows of A are orthonormal vectors;
(7) The columns are also orthonormal vectors.

Proof We have already proved (7) when discussing the unitary transition matrix T :

T †T = In⇔ (ci,c j) = δi j, i, j = 1,2, . . . ,n, where ci are the columns of T .

Similarly, for (6), A A † = In is equivalent to (ri,r j) = δi j i = 1,2, . . . ,n, where ri are
the rows of A . In more detail, the (i, j) element of A A † = In is ∑n

k=1 aika∗jk = δi j.
Taking the complex conjugate we get (ri,r j) = δi j. Δ

In Sect. 4.4, we stated (without proof) that n× n unitary matrices form a group
U(n) in the algebra Cn×n of all complex square matrices, and as a subgroup of
the group GL(n,C) of all invertible matrices. This group U(n) is the group of all
automorphisms in C

n, since unitary matrices map bijectively C
n onto C

n preserving
the complete inner-product complex vector space structure of C

n. (Note that in C
n

there are no linmaps which are not matrices.)

Proof [that all the n×n unitary matrices form a group U(n)]

1. In ∈U(n);
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2. A ∈U(n)⇒ (A −1)−1 = A = (A −1)†⇒A −1 ∈U(n);
3. A ∈ U(n) and B ∈ U(n) ⇒ (A B)−1 = B−1A −1 = B†A † = (A B)† ⇒

A B ∈U(n). Δ

Unitary operators in Un exhibit one property which is important especially in the
theory of representations of groups by unitary operators.

Theorem (on reducibility of unitary operators) Let A be a unitary operator in Un

and let W be a subspace of Un which is invariant under A (operator A reduces in W
as A1—restriction of the domain), then the orthocomplement W⊥ is also invariant
under A (operator A reduces in W⊥ as A2 ). The space Un is the orthogonal sum of
W and W⊥: Un = W ⊕W⊥. So, the action of A in Un breaks up into components

Ax̄ = A1x̄1 + A2x̄2,

since every vector x̄ ∈Un is uniquely expressible as the sum

x̄ = x̄1 + x̄2, x̄1 ∈W, x̄2 ∈W⊥, (x̄1, x̄2) = 0.

Proof Since A is an invertible operator, it maps the invariant subspace W onto itself,
because as such it cannot reduce the dimensionality of W . This means that every
vector x̄ ∈W is the image of another vector x̄′, so that Ax̄′ = x̄.

Take now an arbitrary vector ȳ from W⊥, ȳ ∈W⊥ ⇔ (ȳ, x̄) = 0, ∀x̄∈W . We shall
show that Aȳ ∈W⊥ ⇔ (Aȳ, x̄) = 0, ∀x̄ ∈W , i.e., that Aȳ is also orthogonal to any
x̄ ∈W :

(Aȳ, x̄) = (Aȳ,Ax̄′) = (ȳ, x̄) = 0; ∀x̄ ∈W.

So, W⊥ is invariant under A, and A reduces in W⊥ as A2 (it acts as A in the restricted
domain W⊥). Since

Un = W ⊕W⊥ ⇒ x̄ ∈Un, is uniquely written as

x̄ = x̄1 + x̄2, x̄1 ∈W, x̄2 ∈W⊥, (x̄1, x̄2) = 0, so

Ax̄ = A(x̄1 + x̄2) = Ax̄1 + Ax̄2 = A1x̄1 + A2x̄2,

and as Un breaks up into the orthogonal sum of W and W⊥, so does A into the direct
sum of two reduced operators A1 and A2. Δ

If we choose an ON basis in Un which is adapted to the orthogonal decomposition
Un = W ⊕W⊥ [if dimW = k < n, then the first k vectors of this basis span W , and
the rest of (n− k) vectors span W⊥], then the operator A is represented in such a
basis by a block diagonal matrix
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We usually say that the matrix A is the direct sum of matrices A1 and A2 :

A = A1
.
+ A2.

This process of breaking A into the direct sum of smaller matrices A1 and A2 is
of fundamental importance in reducing unitary representations of groups into direct
sums of irreducible representations, i.e., those which have no invariant subspaces.

5.5.2 The Hermitian Operators A† = A

Definition Hermitian operators in Un form a subset of normal operators which are
self-adjoint, i.e., their adjoints are equal to themselves:

A† = A.

Theorem (on four equivalent definitions of Hermitian operators) A linear oper-
ator A ∈ L̂(Un,Un) is called a Hermitian operator if it satisfies one of the following
four properties:

(1) A† = A (it is self-adjoint);
(2) (x̄,Aȳ) = (Ax̄, ȳ), ∀x̄, ȳ ∈Un (it “jumps” from one to the other factor in the inner

product without change);
(3) (x̄,Ax̄) ∈R, ∀x̄∈Un (The “expectation value” of A (a quantum mechanical term)

is always real);
(4) The eigenvalue spectrum of A lies on the real axis in the complex plane.

Proof The properties (1) and (2) obviously imply each other: (1)⇔ (2). We shall
now prove (1)⇔ (3).

If A† = A, then (x̄,Ax̄) = (Ax̄, x̄) = (x̄,Ax̄)∗, which means that (x̄,Ax̄) is a real
number for all x̄ ∈Un.

If, on the other hand, (x̄,Ax̄) is always real (∀x̄ ∈ Un), then we get (x̄,Ax̄) =
(x̄,Ax̄)∗ = (Ax̄, x̄) = (x̄,A†x̄) or (x̄,(A−A†)x̄) = 0 for all x̄ ∈Un. The Lemma from
Sect. 5.5.1 gives immediately A = A†.

Finally, we have to prove (1)⇔ (4). The property A† = A implies the analogous
one for the representing diagonal matrix D in any ON eigenbasis of A, i.e., D† = D ,
so that D is a Hermitian matrix. But, D† = D∗, so that D∗ = D is equivalent to
saying that all the eigenvalues of A are real numbers (z∗i = zi, i = 1,2, . . . ,n), so
(1)⇒ (4). The reasoning in the reverse order gives (4)⇒ (1). Δ

The Hermitian operators play in L̂(Un,Un) the role analogous to the role of real
numbers in C, so we can uniquely write any linear operator B in Un in the Descartes
(Cartesian) form B = H1 + i H2, where H1 and H2 are Hermitian operators, in anal-
ogy with z = x + i y for z ∈ C and x,y ∈R. Indeed,

H1 =
B + B†

2
, H2 =

B−B†

2 i
, and H†

1 = H1, H†
2 = H2.
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For a linear operator C ∈ L̂(Un,Un), the products CC† and C†C are always
Hermitian operators [(CC†) = CC† and (C†C)† = C†C], but in the general case, they
are not equal (they are equal only if C is a normal operator).

Hermitian operators in Un form a real vector space, since (A + B)† = A† + B† =
A + B and (aA)† = a∗A† = aA, a ∈ R. So, the subset of Hermitian operators in the
superspace L̂(Un,Un) is closed under addition and multiplication with a real number.

But, the product AB of two Hermitian operators A and B is again a Hermitian op-
erator if and only if A and B commute: we have (AB)† = B†A† = BA, so commuting
(BA = AB) guarantees the Hermitian nature of AB. Similarly, the Hermitian nature
of AB, i.e., (AB)† = AB, implies the commuting of A and B.

Note that the zero operator 0̂ and the identity operator IU are Hermitian: (x̄, 0̂ȳ) =
(0̂x̄, ȳ) = 0 and (x̄, IU ȳ) = (IU x̄, ȳ) = (x̄, ȳ), ∀x̄, ȳ ∈Un.

The quantity (x̄,Ax̄) is called the expectation value in Quantum Mechanics. It
is the average value of many measurements of the physical observable A which is
measured in the state described by the unit vector x̄. It is natural that such a number
must be real. So, the operators in Quantum Mechanics which correspond to the
observables are Hermitian operators.

An important subset of Hermitian operators consists of positive operators.

Definition A Hermitian operator A is called a positive operator if (x̄,Ax̄) ≥ 0 for
all x̄ ∈Un. The eigenvalue spectrum of a positive operator consists of real numbers
which are greater or equal to 0. The short notation for these operators is A≥ 0.

Positive operators are essential in Quantum Statistical Physics where the state of
the system is not described by vectors in infinite-dimensional unitary space (as is
done in Quantum Mechanics), but by positive operators (with the trace equal to 1),
which are called statistical operators.

Having described unitary and Hermitian operators in Un in detail, we can go
back to normal operators and present two equivalent definitions of these operators
in terms of Hermitian and unitary ones.

Theorem (on two equivalent definitions of normal operators) A normal operator
A in Un which is basically defined by commutation with its adjoint, AA† = A†A, can
be equivalently defined in two more ways:

(1) for a normal operator A it is characteristic that in its Descartes form A = H1 +
iH2, these Hermitian operators commute: H1H2 = H2H1;

(2) Every normal operator A in Un can be written in polar form (in analogy with the
polar form of a complex number z = |z|eiθ ) as a product A = HU , where H is a
positive (Hermitian) operator (H ≥ 0) and U is a unitary operator (U† = U−1).
Furthermore, it is characteristic for the normal operator that its polar factors
commute:

A = HU = UH.

Proof (1) Since H1 = A+A†

2 and H2 = A−A†

2i , we can easily obtain

H1H2−H2H1 =
1
2i

(A†A−AA†),

so that the zero on one side implies the zero on the other side.
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(2) If operator A is normal, it can be represented in an ON eigenbasis by the diago-
nal matrix D whose diagonal consists of complex eigenvalues z j, j = 1,2, . . . ,n.
(Note that D is unique up to the order of the eigenvalues). We can write ev-
ery eigenvalue in polar form: z j = |z j|eiθ j , j = 1,2, . . . ,n (for z j = 0 we have
|z j|= 0, and the phase factor can be any number whose modulus is one). After
this factorization of eigenvalues, we can write D as the product of diagonal ma-
trices D = H U , where the first factor H is a diagonal positive (Hermitian)
matrix, and the second factor U is a diagonal unitary matrix. Being diagonal,
these matrices commute H U = U H .

Using now the isomorphism between algebras L̂(Un,Un) and L̂(Cn,Cn) induced
by the original choice of the ON eigenbasis, we can write

A = HU = UH.

On the other hand, if an operator A can be factorized into the product of a positive
and a unitary operator, so that these factors commute A = HU = UH, then A† =
U†H = HU†, which implies that A is a normal operator:

AA† = HUU†H = H2 and A†A = HU†UH = H2,

so that AA† = A†A, since U†U = UU† = I. Δ

5.5.3 The Projection Operators P† = P = P2

The projection operators form a subset of the Hermitian operators (more precisely
of the positive ones) and they play an important role in the formalism of Quantum
Mechanics.

Definition A linear operator P ∈ L̂(Un,Un) which is Hermitian (P† = P) and idem-
potent (P2 = P) is called a projection operator.

Theorem (on the eigenvalue spectrum of a projection operator and the corre-
sponding eigen decomposition of Un) The range ran P = {Px̄|x̄∈Un} of every pro-
jection operator P is equal (due to the idempotent property of P) to the eigenspace
E1 of P which corresponds to the eigenvalue 1:

ran P = {x̄|x̄ ∈Un and Px̄ = 1 · x̄}.

The kernel ker P = {x̄|x̄ ∈Un and Px̄ = 0̄} = E0 (The eigenspace corresponding to
the eigenvalue 0) is equal (due to the Hermitian property of P) to the orthocomple-
ment of the range:

ker P = (ran P)⊥.

This means that the whole Un is decomposed into the orthogonal sum of ran P
and ker P:

Un = ran P⊕ker P.
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Note that in these subspaces P acts as a multiplicative constant (eigenvalue) 1 and
·
0, respectively, and that there are no more eigenvalues of P.

An arbitrary x̄ ∈Un is uniquely decomposed into orthogonal components—one
from ran P = E1 and the other from ker P = E0: x̄ = ȳ+ z̄, ȳ ∈ ran P, z̄ ∈ ker P. The
action of P on x̄ gives the component ȳ:

Px̄ = Pȳ + Pz̄ = 1 · ȳ+ 0 · z̄ = ȳ, which is called

the projection of x̄ on E1.

Proof We shall start with E1, which is, in fact, the subspace in Un of vectors that are
invariant under P:

E1 = {x̄|x̄ ∈Un and Px̄ = x̄}.
We now want to prove ran P = E1 and ker P = E1

⊥.
Since ran P = {Px̄|x̄ ∈Un}, then, due to the idempotency PP = P, it follows that

P(Px̄) = Px̄, ∀x̄ ∈Un, i.e., an arbitrary vector Px̄ from ran P is invariant under P or,
in set language, ran P⊆ E1. Furthermore, any vector x̄ from E1 is the image of itself
(Px̄ = x̄), so it belongs to the set ran P of all images, E1 ⊆ ran P. Thus, ran P = E1.

From the theorem about adjoint operators (Sect. 4.2), we have the general state-
ment ran A† = (ker A)⊥ for any operator A in Un and its adjoint. For Hermitian
operators A† = A, this equality becomes simpler:

ran A = (ker A)⊥ or ker A = (ran A)⊥.

For the projection operator P, this gives immediately

ker P = (ran P)⊥ = E1
⊥.

It follows that Un = ran P⊕ ker P = E1⊕E0. Thus, the eigenvalue spectrum of
P is just {0,1}. The rest of the theorem follows straightforwardly from the above
decomposition of Un. Δ

We call P the projection operator onto its eigenspace E1 (the subspace of invariant
vectors), since its range is E1.

There is one very practical formula when one works with projection operators,
the formula that is based on two properties which define projection operators:

(Px̄, ȳ) = (P2 x̄, ȳ) = (Px̄,Pȳ) = (x̄,P2 ȳ) = (x̄,Pȳ),

thus (Px̄, ȳ) = (Px̄,Pȳ) = (x̄,Pȳ) ,

and P can act on either factor in the inner product or on both factors without any
change.

The matrix P of the projection operator P has an extremely simple form in any
ON basis which is adapted to the orthogonal decomposition Un = ran P⊕ ker P.
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This form of P is characteristic for projection operators, and it is responsible for
their important applications in Quantum Mechanics. If the rank, i.e., dimran P, is
m, then P is an n×n diagonal matrix, so that the first m elements on the diagonal
are 1, and the rest of the (n−m) elements on the diagonal are 0. It should be noted
that the trace of P is equal to its rank(m). Since the trace does not depend on the
chosen basis, we can say that the trace is a feature of the operator itself:

trP = dimran P.

This is a very useful equality.

Examples of Projection Operators

(1) The projection operator on the whole Un is just the identity operator IU : IU x̄ = x̄
for all x̄ ∈Un;

(2) The projection operator on the null subspace {0̄} is the zero operator 0̂ (it maps
every x̄ ∈Un onto 0̄);

(3) The projection operator on the one-dimensional subspace (the line) L(v̄), which
is spanned by the normalized vector v̄ (||v̄||= 1) is given by its action on ∀x̄ ∈
Un: PL(v̄) x̄ = (v̄, x̄) v̄, i.e., it is the projection of x̄ along v̄;

(4) The projection operator on the subspace V , which is spanned by an ON set
of vectors {v̄1 , v̄2 , . . . , v̄m}, m < n (these vectors are an ON basis in V ),
is given as the sum of the projections of x̄ along all vectors of the basis:
PV x̄ = ∑m

i=1(v̄i, x̄) v̄i. See later (Sect. 5.5.4) the theorem on the sum of orthogonal
projection operators;

(5) The projection operator on a line in C
n. Every normalized vector

x = [x1 x2 . . . xn]T ∈ C
n defines one projection operator (a matrix)

P = xx† =

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦
[
x1
∗ x2

∗ . . . xn
∗]=

=

⎡
⎢⎢⎢⎣

x1x1
∗ x1x2

∗ . . . x1xn
∗

x2x1
∗ x2x2

∗ . . . x2xn
∗

...
...

. . .
...

xnx1
∗ xnx2

∗ . . . xnxn
∗

⎤
⎥⎥⎥⎦ .

This matrix is Hermitian since P† = (xx†)† = xx† = P and idempotent since
P2 = (xx†)(xx†) = x(x†x)x† = xx† = P , because x is a normalized vector
||x̄||2 = x†x = 1. The projection operator P has its trace equal to 1: tr(xx†) =
x†x = 1, so that ran P is a one-dimensional subspace in C

n. We can verify
that x is invariant under P : Px = (xx†)x = x(x†x) = x, thus ran P = L(x),
i.e., P = xx† projects on the subspace (the line) which is spanned by x. The
action of P on an arbitrary vector y ∈C

n is [like in example (3)]
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P y = (xx†)y = x(x†y) = (x,y)x.

5.5.4 Operations with Projection Operators

The following three theorems about the addition, multiplication, and subtraction of
two projection operators are important for most of the applications.

Definition We say that two projection operators P1 and P2 are orthogonal if their
ranges are orthogonal: ran P1 ⊥ ran P2.

This property can be algebraically characterized by P1P2 = P2P1 = 0̂ [where 0̂ is
the zero operator in L̂(Un,Un)]:

P1P2 = P2P1 = 0̂⇔ ran P1 ⊥ ran P2.

This can be shown very easily: if P1P2 = P2P1 = 0̂, then for any x̄1 ∈ ran P1

(P1 x̄1 = x̄1) and x̄2 ∈ ran P2 (P2 x̄2 = x̄2), we obtain (x̄1, x̄2) = (P1 x̄1,P2 x̄2) =
(x̄1,P1P2 x̄2) = (x̄1, 0̂ x̄2) = 0⇒ ran P1⊥ ran P2. On the other hand, if ran P1⊥ ran P2

then for any x̄, ȳ ∈Un we have (P1 x̄,P2 x̄) = 0, since P1 x̄ ∈ ran P1 and P2 ȳ ∈ ran P2.
It gives further (x̄,P1P2 ȳ) = 0 for any x̄, ȳ ∈Un, so that the Lemma in Sect. 5.5.1
enables us to conclude P1P2 = 0̂. Taking the adjoint of both sides (remember that 0̂
is also a Hermitian operator) finalizes the proof P1P2 = P2P1 = 0̂. Δ

Theorem (on the sum of two orthogonal projection operators) Let P1 and P2 be
two projection operators: P2

1 = P1 = P†
1 and P2

2 = P2 = P†
2 . The operator P1 +P2 is a

projection operator if and only if P1 and P2 are orthogonal:

(P1 + P2)2 = P1 + P2 = (P1 + P2)†⇔ P1P2 = P2P1 = 0̂.

In that case, ran (P1 +P2)= ran P1⊕ran P2, meaning that the sum P1 +P2 projects
on the orthogonal sum of the ranges ran P1⊕ ran P2.

Proof It is sufficient for the projection operators P1 and P2 to be orthogonal, that
their sum is also such an operator:

If P1 + P2 is a projection operator, then it follows that P1 and P2 must be
orthogonal:

Multiplying (∗) first from the left with P1, and then from the right also with P1,
we have
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P1P2 + P1P2P1 = 0̂

P1P2P1 + P2P1 = 0̂.

Subtracting these equalities results in

P1P2−P2P1 = 0̂. (∗∗)

The two expressions (∗) and (∗∗) give together

P1P2 = 0̂ implying also P2P1 = 0̂.

Now, we shall prove that ran (P1 + P2) ⊆ ran P1⊕ ran P2. The vector (P1 + P2)x̄
is an arbitrary vector in ran (P1 + P2) when x̄ runs over the whole Un. However,
(P1 + P2)x̄ = P1x̄+ P2x̄ ∈ ran P1⊕ ran P2.

Furthermore, we shall demonstrate that ran P1⊕ ran P2 ⊆ ran (P1 +P2). If x̄ is an
arbitrary vector from ran P1⊕ ran P2 it means that x̄ = ȳ + z̄, ȳ ∈ ran P1 (P1 ȳ = ȳ)
and z̄ ∈ ran P2 (P2 z̄ = z̄). We can now show that x̄ = ȳ+ z̄ is invariant under P1 +P2,
i.e., that it belongs to ran (P1 + P2):

This theorem can be immediately generalized: Let {P1 , P2 , . . . , Pk} be a set of
projection operators in Un. The operator {P1 +P2 + · · ·+Pk} is a projection operator
iff all these operators are mutually orthogonal, i.e.,

Pm Pn = 0̂, m �= n, m,n = 1,2, . . . ,k.

Then, {P1 + P2 + · · ·+ Pk} projects on the orthogonal sum of the corresponding
ranges ran P1⊕ ran P2⊕ . . .⊕ ran Pk.

Definition The set of nonzero projection operators {P1 , P2 , . . . , Pk} which are mu-
tually orthogonal and are such that their sum is the identity operator IU (the projec-
tion operator on Un) ∑k

i=1 Pi = IU , is called the decomposition of the unity.

The obvious consequence of this decomposition is that Un is also decomposed
into the orthogonal sum of the corresponding ranges Un = ∑k

i=1
⊕ran Pi and vice versa.

A typical example of the decomposition of the unity is given if one takes an ON
basis {ū1 , ū2 , . . . , ūn} in Un and follows the above procedure:

IU x̄ =
n

∑
i=1

(ūi, x̄) ūi and Un =
n

∑
i=1

⊕L(ūi). [cf. example (4) in Sect. 5.5.3]

Now is a good opportunity to discuss the relation between the projection oper-
ator P and the operator IU −P. We shall first show that IU −P is also a projection
operator: (IU −P)† = I†

U−P† = IU−P (it is a Hermitian operator, since both IU and
P are Hermitian); (IU −P)2 = I2

U −2P+P2 = IU −P (it is idempotent since both IU
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and P are idempotent). It is worth mentioning that the fact that IU−P is a projection
operator implies P2 = P = P†; If IU −P is a projection operator, then we have just
demonstrated that so is IU − (IU −P) which is equal to P.

Furthermore, P and IU −P are orthogonal:

(IU −P)P = P(IU −P) = P−P2 = 0̂,

so that their sum is also a projection operator P +(IU −P) = IU , implying

ran P⊥ ran (IU −P) and Un = ran P⊕ ran (IU −P) or

ran (IU −P) = Un� ran P = (ran P)⊥ = ker P.

Thus, IU −P projects on the orthocomplement of ran P.

Theorem (on the product of two commuting projection operators) If P1 and P2

are two projection operators, then their product P1P2 is also a projection operator iff
P1 and P2 commute:

(P1P2)2 = P1P2 = (P1P2)†⇔ P1P2 = P2P1.

Then P1P2 projects on the intersection of the ranges of P1 and P2:

ran (P1P2) = ran P1∩ ran P2.

Proof The commuting condition is sufficient for P1P2 to be a projection operator:

If P1P2 is a projection operator (Hermitian and idempotent), then it is obvious
(from the Hermitian nature of P1 and P2) that they necessarily commute:

(P1P2)† = P1P2

(P1P2)† = P†
2 P†

1 = P2P1

}
⇒ P1P2 = P2P1.

The vector P1P2x̄ is an arbitrary element in ran (P1P2) when x̄ runs through the
whole Un. Due to the commuting property of P1 and P2, this vector can be written
in two forms: P1 (P2 x̄) ∈ ran P1 and P2 (P1 x̄) ∈ ran P2. This means that P1P2 x̄ ∈
ran P1∩ ran P2 or

ran (P1,P2)⊆ ran P1∩ ran P2.

On the other hand, if ȳ is any vector from ran P1 ∩ ran P2, this implies both ȳ ∈
ran P1 (P1ȳ = ȳ) and ȳ ∈ ran P2 (P2ȳ = ȳ). Placing one expression into the other, we
get P1P2ȳ = ȳ or ȳ ∈ ran (P1P2)⇒ ran P1∩ ran P2 ⊆ ran (P1P2). Δ
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Theorem (on the difference of two projection operators) The difference P1−P2

of two projection operators P1 and P2 is a projection operator if and only if the range
ran P2 is a subspace of ran P1:

(P1−P2)2 = P1−P2 = (P1−P2)†⇔ ran P2 ⊆ ran P1.

The algebraic form of this condition is P1P2 = P2P1 = P2.
In that case the difference P1−P2 projects on the orthogonal difference of the

corresponding ranges

ran (P1−P2) = ran P1� ran P2.

(This is the subspace of ran P1 consisting of all vectors orthogonal to the whole
ran P2 or the orthocomplement of ran P2 with respect to ran P1).

Proof We shall first find an equivalent algebraic form of the statement that P1−P2

is a projection operator:

[P1−P2 is a projection operator]⇔
⇔ [IU − (P1−P2) = (IU −P1)+ P2 is a projection operator]⇔

⇔ [(IU −P1) and P2 must be orthogonal (IU −P1)P2 = P2(IU −P1) = 0̂]⇔
⇔ [P1P2 = P2P1 = P2] (∗)

But, P2(IU−P1) = 0̂ is equivalent to ran P2 ⊥ ran (IU−P1) = ran P2 ⊥ (ran P1)⊥.
Since ran P2 is orthogonal to (ran P1)⊥, it is a subspace of ran P1:

ran P2 ⊆ ran P1.

Furthermore, since P1−P2
(∗)
= P1−P1P2 = P1(IU−P2), this means that the product

P1 and (IU − P2) projects on the intersection of ran P1 and ran (IU − P2) = Un�
ran P2 or
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ran P1∩ (Un� ran P2)
DISTRIBUTIVITY= ran P1∩Un� ran P1∩ ran P2 =

ran P1� ran P2. Δ

5.5.5 The Spectral Form of a Normal Operator A

Going back to the theorem on the orthogonal decomposition of Un into the
eigenspaces of a normal operator:

Eλ1
⊕Eλ2

⊕·· ·⊕Eλk
= Un,

we remember that the eigenspaces Eλi , i = 1,2, . . . ,k, are uniquely determined as
kernels ker (A−λiIU), where λi are the distinct eigenvalues of A, that Eλi are mutu-
ally orthogonal subspaces and that in the orthogonal sum they give the whole Un.

This theorem can be given another form. In the language of projection operators,
it reads as

k

∑
i=1

Pλi = IU with PλiPλ j = 0̂ for i, j = 1,2, . . . ,k, i �= j,

where Pλi is the projection operator on the eigenspace Eλi and is called the eigen
projection operator corresponding to the eigenvalue λi.

This means that to every normal operator A there corresponds one and only one
eigen decomposition of the unity.

For an arbitrary x̄ ∈Un, this decomposition gives x̄ = ∑k
i=1 Pλi x̄, and applying A

on both sides, we have

Ax̄ =
k

∑
i=1

A(Pλi
x̄) =

k

∑
i=1

λi(Pλi
x̄) = (

k

∑
i=1

λiPλi
)x̄, since Pλi

x̄ ∈ Eλi
.

Thus, we obtain the operator equality

This is the spectral form of the normal operator A in terms of its distinct eigen-
values and the corresponding projection operators. This is the most characteristic
formula for expressing the eigen problem of the normal operator A.

Now, we have achieved the main theorem in the theory of unitary spaces:

Theorem (on the spectral form of a normal operator A) To every normal opera-
tor A (AA† = A†A) in Un, there corresponds a unique set of complex numbers (the
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eigenvalue spectrum of A) {λ1 , λ2 , . . . , λk}, k ≤ n, and the corresponding set of
eigen projection operators {Pλ1

, Pλ2
, . . . , Pλk

}, so that

1. The eigenvalues λi, i = 1,2, . . .k, are distinct from each other;
2. The projection operators Pλi are mutually orthogonal;
3. ∑k

i=1 Pλi = IU—the eigen decomposition of the unity;
4. A = ∑k

i=1 λiPλi—the spectral form of A.

The proof is given in the previous text. Δ
We shall conclude our discussion on normal operators in Un by a theorem which

is fundamental for simultaneous measurement of two commuting observables in
Quantum Mechanics.

Theorem (on simultaneous diagonalization of two commuting normal opera-
tors) Two normal operators A and B in Un have a common orthonormal eigenbasis
if and only if they commute (AB = BA).

Proof If A and B commute, then every eigenspace Eλi , i = 1,2, . . . ,k, of A is an
invariant subspace for B (cf. Lemma 1, Sect. 5.3), i.e., B reduces to Bi by restricting
the domain of B to Eλi . Of course, Bi is a normal operator in Eλi , and we can find
an ON eigenbasis of Bi in Eλi . Collecting the eigenbases of all Bi, i = 1,2, . . . ,k, we
get a common ON eigenbasis in Un for both A and B.

If, on the other hand, A and B have such a basis, then they are represented in
that basis by diagonal matrices DA and DB, which obviously commute, implying,
through the isomorphism of algebras, that AB = BA. Δ

5.6 Diagonalization of a Symmetric Operator in EEE3

In Sect. 4.4, we have seen that a representing matrix A of an operator A in the Eu-
clidean space E3 changes by the orthogonal similarity A ′ = RA R−1 = RA RT ,
when the ON basis v = {v̄1 , v̄2 , v̄3}, in which A was represented by A , changes
to the new ON basis v′ = {v̄′1 , v̄′2 , v̄′3} (in which A is represented by A ′) by the
orthogonal replacement matrix R (R−1 = RT ):

v̄′i =
3

∑
j=1

ri j v̄ j, i = 1,2,3, or

⎡
⎣v̄′1

v̄′2
v̄′3

⎤
⎦= R

⎡
⎣v̄1

v̄2

v̄3

⎤
⎦ .

When the matrix R goes through the whole orthogonal group O(3), we get in this
way all ON bases in E3 and the class {RA R−1|R ∈ O(3)} of all representing
matrices of A in these ON bases. So, the matrix A = [ ai j]3×3 and the ON basis
{v̄1 , v̄2 , v̄3} determine on one side the operator A (Av̄ j = ∑3

i=1 ai jv̄i, i = 1,2,3 or
Ax̄ = ∑3

i, j=1 ai jx jv̄i, x̄ ∈ E3), and on the other side the class {RA R−1|R ∈ O(3)}.
This class is in fact an orthogonal (Cartesian) tensor of the second order
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A ′ = RA R−1⇔ a′km =
3

∑
i, j=1

rkirm jai j, k,m = 1,2,3,

where R−1 = RT or R ∈O(3).

An orthogonal tensor of the second order.

an ON basis in E3

v = {v̄1, v̄2, v̄3}

↓
⎡
⎣v̄′1

v̄′2
v̄′3

⎤
⎦= R

⎡
⎣v̄1

v̄2

v̄3

⎤
⎦

R ∈ O(3)

a bijection−→

the real matrix representing
the operator A in v

A = [ai j]3×3;
ai j = (v̄i,Av̄ j), i, j = 1,2,3

↓

A ′ = RA RT = RA R−1

R ∈ O(3)

The set of all ON bases in E3.
The set of representing matrices of A

in all ON bases in E3.

This tensor is the bijective map that connects the set of all ON bases in E3 with
the class of representing matrices of A, so that this map is determined by the pair
[{v̄1 , v̄2 , v̄3},A ]. Therefore, the operator A and its orthogonal tensor are in fact
the same entity.
(It can be easily shown that the operator A will be given by the same formula Ax̄ =
∑3

i, j=1 ai jx jv̄i, x̄ ∈ E3, if we use any other pair [{v̄′1 , v̄′2 , v̄′3},A ′] from its tensor
instead of [{v̄1 , v̄2 , v̄3},A ]. Indeed,

Ax̄ = A
3

∑
m=1

x′mv̄′m =
3

∑
m=1

x′mAv̄′m =
3

∑
m=1

x′m
3

∑
k=1

a′kmv̄′k =

=
3

∑
k,m=1

(
3

∑
i, j=1

rkirm jai j)
3

∑
n=1

rmnxn

3

∑
p=1

rkpv̄p =

=
3

∑
k,m,i, j,n,p=1

{RT}pk{R}ki︸ ︷︷ ︸
δpi

{RT}nm{R}m j︸ ︷︷ ︸
δn j

ai jxnv̄p =
3

∑
i, j=1

ai jx jv̄i.)

Now we ask one of the most important questions in the theory of Euclidean
spaces: which operators A in E3 have in their tensors a pair that consists of an ON
eigenbasis of A and the corresponding diagonal matrix D with real eigenvalues of A
on its diagonal?

Remember that in unitary spaces Un the answer to a similar question was that
these operators are the normal ones (A+A = AA+), the only difference was that the
diagonal elements were complex numbers, and the tensor was a unitary mixed tensor
of the second order.
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We shall answer this question by starting, as is quite natural, with the character-
istic cubic equation of A and E3 (cf. the remark at the end of Sect. 5.2):

det[A −λI3] =−λ3 + p1λ2− p2λ+ p3 = 0,

where p1 = trA , p3 = detA , and p2 is the sum of the principal minors of the second
order in any matrix A that represents A. (In other words, p1 , p2 , p3 are the sums
of the principal minors of the first, second, and third order in any matrix A that
represents A).

It is worthwhile pointing out that p1 , p2 , p3 are the three basic invariants of every
orthogonal tensor of the second order—these are the combinations of elements in a
representing matrix A that remain the same for all matrices of its class.

This cubic equation with real coefficients can have three real solutions or one
real and two complex conjugate solutions (remember that the field R of real num-
bers is not algebraically closed—Sect. 5.1. the Fundamental Theorem of Algebra).
Therefore, every linear operator in E3 has at least one one-dimensional eigenspace
(an eigenline) which corresponds to that always existing one real solution of the
characteristic cubic equation.

Let us investigate what corresponds geometrically to a possible pair of complex
conjugate solutions λ = α + iβ and λ∗ = α − iβ . We have to get out of E3 (the
so-called complexification of E3) and consider the homogeneous system of linear
equations

[A −λI3]ζ = 0̄

where now the vector ζ of unknowns is a complex vector ζ = [ξ1 + iη1, ξ2 +
iη2, ξ3 + iη3]T :

A ζ = λζ , or in detail⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦
⎡
⎣ξ1 + iη1

ξ2 + iη2

ξ3 + iη3

⎤
⎦= (α + iβ )

⎡
⎣ξ1 + iη1

ξ2 + iη2

ξ3 + iη3

⎤
⎦ .

If we separate the real and imaginary parts of this linear system, and introduce
two real vectors

ξ = [ξ1 ξ2 ξ3 ]T and η = [η1 η2 η3 ]T ,

we get immediately

A ξ = αξ −β η and A η = αη + β ξ .

Notice that we get the same result for the complex conjugate solution λ∗: A ζ ∗ =
λ∗ζ ∗, since the matrix A is a real one.

We have obtained a two-dimensional subspace (a plane) L(ξ ,η) in R
3 which

is spanned by two linearly independent vectors ξ and η and which is an invariant
subspace under A . The vectors ξ and η are linearly independent, since if they were
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dependent, i.e., η = cξ , that would mean

A ξ = αξ − cβ ξ = (α− cβ )ξ ,

and (α − cβ ) would be a real eigenvalue of A , contrary to the assumed existence
of two complex conjugate solutions.

Due to the isomorphism between E3 and R
3, which is established by the choice

of the ON basis {v̄1 , v̄2 , v̄3} in which the operator A is represented by the matrix A ,
the analogous conclusion is valid for the operator A and the invariant plane L(x̄, ȳ)
which is spanned by linearly independent vectors

x̄ =
3

∑
i=1

ξiv̄i and ȳ =
3

∑
i=1

ηiv̄i in E3 :

Ax̄ = α x̄−β ȳ and Aȳ = α ȳ+ β x̄.

Therefore, to the complex conjugate pair λ = α + iβ , λ∗ = α − iβ of solutions
of the characteristic cubic equation of A there corresponds in E3 a two-dimensional
invariant subspace (an invariant plane) L(x̄, ȳ) of the operator A, which is not (for
β �= 0) an eigenspace for A. We shall need this result for the treatment of the canon-
ical form of orthogonal operators (Sect. 5.7).

We can conclude that an operator A in E3 is diagonalizable (i.e., that there exists
an eigenbasis in which A is represented by a diagonal matrix D with real elements)
only if all three solutions of its characteristic cubic equation are real. This is a nec-
essary, but not sufficient, condition:

real spectrum
�⇒
⇐operator A diagonalizable,

since one can easily find operators with a real spectrum, but without an eigenbasis

(see Sect. 5.1, the first example A =

⎡
⎣ 2 1 0
−1 0 1
1 3 1

⎤
⎦).

Theorem (on orthogonally diagonalizable operators in E3) The necessary and
sufficient condition that a linear operator A in E3 has an orthonormal (ON) eigen-
baisis, i.e., that it is orthogonally diagonalizable, is that this operator is symmetric

(Ax̄, ȳ) = (x̄,Aȳ), ∀x̄, ȳ ∈ E3.

Proof We shall first show that the matrices which represent such an operator in
all ON bases are symmetric: A T = A , i.e., symmetric with respect to the main
diagonal. This is obvious since

ai j = (v̄i,Av̄ j)
sym.
= (Av̄i, v̄ j) = (v j,Av̄i) = a ji⇔A T = A ,

for any ON basis {v̄1 , v̄2 , v̄3}.
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Next, we shall prove that all eigenvalues of a symmetric operator A are real,
which is necessary for A to be diagonalizable. Suppose the opposite, that a sym-
metric operator A has a complex conjugate pair λ = α + iβ and λ∗ = α − iβ as
solutions of its characteristic equation. Then in E3 there exist linearly independent
vectors x̄ and ȳ for which

Ax̄ = α x̄−β ȳ and Aȳ = α ȳ+ β x̄.

Multiplying the first expression by ȳ from the right, and the second one by x̄ from
the left, we get

(Ax̄, ȳ) = α(x̄, ȳ)−β (ȳ, ȳ) and (x̄,Aȳ) = α(x̄, ȳ)+ β (x̄, x̄).

For the symmetric operator A the left hand sides are equal; so are the righthand ones,
implying

β [(x̄, x̄)+ (ȳ, ȳ)] = 0.

Since both x̄ and ȳ are nonzero vectors (being linearly independent), this means
β = 0, and the assumption about the complex conjugate pair of solutions is proven
wrong. So, if the operator A is symmetric its eigenvalues are real.

We shall now prove the sufficiency of the condition: when an operator A is sym-
metric, it always has an ON eigenbasis in E3 (operator A symmetric ⇒ there ex-
ists an ON eigenbasis). We start the proof by choosing a real eigenvalue λ1 of A
and find one eigenvector x̄1 which corresponds to λ1. The line L(x̄1) spanned by
x̄1 is a one-dimensional eigenspace of A (it is equal to Eλ1

or it is a subspace of
Eλ1

depending an whether the algebraic multiplicity of λ1 is 1 or greater). But
the two-dimensional orthocomplement of L(x̄1) is always invariant under A: Let
ȳ ∈ L(x̄1)⊥, i.e., (ȳ, x̄1) = 0. We want to prove that Aȳ ∈ L(x̄1)⊥, i.e., (Aȳ, x̄1) = 0.

Indeed, (Aȳ, x̄1)
sym.
= (ȳ,Ax̄1) = (ȳ,λ1x̄1) = λ1(ȳ, x̄1) = 0. We can now consider the

reduced operator A1 obtained when we limit the domain of A to its invariant sub-
space L(x̄1)⊥. Operator A1 is of course symmetric, and it has in L(x̄1)⊥ one real
eigenvalue λ2 and the corresponding one-dimensional eigenspace L(x̄2), which is
obviously orthogonal to L(x̄1). The subspace L(x̄1)⊥�L(x̄2) [the orthocomplement
of L(x̄2) with respect to L(x̄1)⊥] is also invariant under A.

[If z̄ ∈ L(x̄1)⊥ �L(x̄2), this means (z̄, x̄1) = 0 and (z̄, x̄2) = 0. Then (Az̄, x̄1)
sym.
=

(z̄,Ax̄1) = (z̄,λ1x̄1) = λ1(z̄, x̄1) = 0 and (Az̄, x̄2)
sym.
= (z̄,Ax̄2) = (z̄,λ2x̄2) = λ2(z̄, x̄2) =

0, so that Az̄ ∈ L(x̄1)⊥�L(x̄2)].
But, L(x̄1)⊥�L(x̄2) is necessarily a one-dimensional subspace, and as such, it is

an eigenline spanned by an eigenvector x̄3 which is orthogonal to both x̄1 and x̄2.
[A one-dimensional subspace W in E3 is always spanned by a nonzero vector,

say x̄:
W = L(x̄) = {α x̄|α ∈ R}.

To be invariant under A, it must be A(α x̄) ∈W, ∀α ∈R. For this, it is necessary and
sufficient that Ax̄∈W (A(α x̄) ∈W, ∀α ∈R⇔ Ax̄∈W ). But, Ax̄∈W means that Ax̄
is a product of x̄ with some real constant λ, i.e., Ax̄ = λx̄, so that x̄ is an eigenvector
of A and W an eigenspace (an eigenline).]



5.6 Diagonalization of a Symmetric Operator in E3 213

So, we have an orthogonal decomposition of E3:

E3 = L(x̄1)⊕L(x̄2)⊕L(x̄3).

We can now normalize the eigenvectors x̄1 , x̄2 , x̄3, and so doing get an orthonor-
mal eigenbasis in E3 in which the operator A is represented by a real diagonal matrix
D . Thus, we have proved the sufficient condition: A is a symmetric operator⇒ there
exists an ON eigenbasis (A is orthogonally diagonalizable).

The implication in the inverse sense (i.e., the necessary condition) is rather trivial:
if D is a representing diagonal matrix of an operator A in the given ON eigenbasis,
then it is obviously a symmetric matrix (DT = D), which means that A is also a
symmetric operator (Ax̄, ȳ) = (x̄,Aȳ), ∀x̄, ȳ ∈ E3.
[An operator is symmetric if and only if its representing matrix in any ON basis is
symmetric:

(Ax̄, ȳ) = (x̄,Aȳ), ∀x̄, ȳ ∈ E3⇔
⇔ (Av̄i, v̄ j) = (v̄i,Av̄ j), i, j = 1,2,3, and

{v̄1 , v̄2 , v̄3} in an ON basis in E3.

The above⇒ implication we discussed at the beginning of the proof, but now we
need the⇐ implication:

(Ax̄, ȳ) = (A
3

∑
i=1

ξiv̄i),
3

∑
j=1

η j v̄ j) =

=
3

∑
i, j=1

ξiη j(Av̄i, v̄ j)
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and similarly

(x̄,Aȳ) =
3

∑
i, j=1

ξiη j(v̄i,Av̄ j),

so that
(Av̄i, v̄ j) = (v̄i,Av̄ j)

implies
(Ax̄, ȳ) = (x̄,Aȳ).] Δ

Note that the above theorem deals with orthonormal eigenbases in E3. This
suggests that there are 3× 3 real matrices in R3 (see Sect. 5.1, the second exam-
ple) which possesses eigenbases which are not ON, because the matrices are not
symmetric.

5.6.1 The Actual Procedure for Orthogonal Diagonalization
of a Symmetric Operator in EEE3

This procedure is completely analogous to that for a normal operator in Un, so that
there is no need to repeat the proofs.

(i) We represent the symmetric operator A given in E3 by a symmetric matrix A
in R

3 in some ON basis {v̄1 , v̄2 , v̄3} in E3. But, if the initial space is R
3, then

the operator is from the start given as the symmetric matrix A which represents
itself in the standard ON basis {e1 , e2 , e3} in R

3.
(ii) Then, we solve the eigen problem for the matrix A : we find different real eigen-

values λi, i = 1, . . . ,k ≤ 3 with the algebraic multiplicities ni (∑k
i=1 ni = 3) by

solving the characteristic equation det[A − λI3] = 0 of A . Furthermore, for
each λi, we calculate ni eigenvectors matrix-columns (remember that the geo-
metric multiplicity must be equal to the algebraic one for each λi) by solving for
nontrivial solutions the corresponding homogeneous linear system A ξ = λiξ .
When some ni are greater than 1, we have to use the Gram–Schmidt procedure
to get an ON basis in the corresponding eigenspace. When ni = 1, we need
only normalize the corresponding eigenvector. Remember that eigenspaces for
different λi are automatically orthogonal.

Proof Let A be a 3× 3 symmetric matrix, and let v̄1 and v̄2 be two eigenvec-
tors corresponding to distinct eigenvalues λ1 and λ2. We want to show that v̄1 and
v̄2 are orthogonal. We shall first prove λ1(v̄1, v̄2) = λ2(v̄1, v̄2). So λ1(v̄1, v̄2) =
(λ1v̄1, v̄2) = (A v̄1, v̄2) = (A v̄1)T v̄2 = v̄T

1 A T v̄2. On the other hand, λ2(v̄1, v̄2) =
(v̄1,λ2v̄2) = (v̄1,A v̄2) = v̄T

1 A v̄2. Taking into account that A T = A , we prove the
above statement, which can be written as (λ1−λ2)(v̄1, v̄2) = 0⇒ (v̄1, v̄2) = 0 since
(λ1−λ2) �= 0. Δ

Thus, we have obtained an ON eigenbasis of A in R
3: {c̄1 , c̄3 , c̄3}.
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(iii) We form a 3× 3 real matrix T whose columns are the ON eigenvectors
{c̄1 , c̄3 , c̄3}:

T =

⎡
⎣ | | |c1 c2 c3

| | |

⎤
⎦=

⎡
⎣c11 c12 c13

c21 c22 c23

c31 c32 c33

⎤
⎦ .

This new matrix T is orthogonal T −1 = T T since its columns are orthonor-
mal: (ci,c j) = δi j, i, j = 1,2,3⇔ T T T = I3⇔ T −1 = T T . The orthogonal
matrix T maps A by similarity transformation into the diagonal matrix D
which has real λi on its diagonal (each eigenvalue appearing ni times):

D = T −1AT = T T AT .

This demonstrates that the real 3×3 symmetric matrix A is orthogonally di-
agonalizable, i.e., by orthogonal similarity.
The orthogonal matrix T is the transition matrix from the standard ON ba-
sis {e1, e2, e3} in R

3 to the ON eigenbasis {c1, c2, c3} of A in which A is
represented by D : T ei = ci, i = 1,2,3.
Now is a very good moment to show in the most simple way that the matrix
which is orthogonally diagonalizable must be symmetric (again the necessary
condition from our theorem):
If D = T T AT , where D is a diagonal matrix, and T is an orthogonal matrix
(T T T = I3), then (T T T )A (T T T ) = T DT T or A = T DT T . Trans-
posing both sides, we get A T = (T T )T DT T T = T DT T , so that A T = A .

(iv) The ON eigenbasis {v̄′1 , v̄′2 , v̄′3} in which the initial operator A in E3 is repre-
sented by the diagonal matrix D is obtained from the ON basis {v̄1 , v̄2 , v̄3} in
which A was represented by A by making use of the orthogonal replacement
matrix R = T T :

v̄′i =
3

∑
j=1

ri j v̄ j, i = 1,2,3.

Remark If one has studied the eigen problem in the unitary space Un (Sects. 5.3, 5.4,
and 5.5), one can use that knowledge to formulate the orthogonal diagonalization
of symmetric matrices in R

3. Obviously, every real (A ∗ = A ) symmetric (A T =
A ) matrix is also Hermitian [A + = (A ∗)T = A ]. We use property (4) in the first
theorem in Sect. 5.5.2 which says that all the eigenvalues of a Hermitian matrix
are real numbers, so that the eigen spectrum of a symmetric matrix consists only
of real numbers. Hermitian matrices as a subset of normal (A +A = A A +) ones
have three real eigenvalues, counting them with their algebraic multiplicity. Now the
eigenvectors of a real symmetric A can be computed by GJM procedure applied to
A −λiI3, where the λi are the three eigenvalues of A . Because A and λi are real,
the GJM reduced echelon form will be a real matrix also. The dimension of each
kernel (the geometric multiplicity of λi) must be equal to its algebraic multiplicity.
The eigenspaces Eλi for different λi are orthogonal (Sect. 5.4), and we only have
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to apply Gram–Schmidt orthonormalization procedure in each Eλi . Thus, we get a
real orthonormal eigenbasis of A in R

3. The transition matrix T whose columns
are these ON eigenvectors is a real orthogonal 3× 3 matrix (T −1 = T T ) which
diagonalizes A by orthogonal similarity:

T −1AT = T T AT = D .

The diagonal matrix D has the real eigenvalues of A on its diagonal. It should be
emphasized once again that real symmetric matrices are the only linear operators in
R

3 that can be orthogonally diagonalized.

Example Perform the orthogonal diagonalization of the real symmetric 3×3 matrix

A =

⎡
⎣4 2 2

2 4 2
2 2 4

⎤
⎦ .

(1) the characteristic cubic equation for the matrix A is

det[A −λI3] =

∣∣∣∣∣∣
4−λ 2 2

2 4−λ 2
2 2 4−λ

∣∣∣∣∣∣=
= −λ3 +(4 + 4 + 4)λ2− (12 + 12 + 12)

+(64 + 8 + 8−16−16−16)=−λ3 + 12λ2−36λ+ 32 = 0.

Since the free term 32 is 25 and we know that it is the product of three real
eigenvalues, we can conclude that there are only two possibilities: 21,21,23 or
21,22,22, for the spectrum (also any two can be negative). Since 2 is necessarily
one eigenvalue, we shall divide the characteristic polynomial by λ−2:

(λ 3 – 12λ 2 + 36λ – 32) : (λ – 2) = λ 2 – 10λ + 16
λ 3 +2λ 2

–10λ 2 + 36λ
+10λ 2 –20λ

+16λ – 32
–16λ + 32

0

So λ1 = 2, and the other two eigenvalues are the solutions of the quadratic
equation

λ2−10λ+ 16 = 0 or

λ2,3 =
10±√100−64

2
=

10±6
2

or λ2 = 2 and λ3 = 8.
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Solving the homogeneous linear system A ξ = λξ or (A −λI3)ξ = 0̄3 for the
double eigenvalue λ = 2, we get the augmented matrix

⎡
⎣ 2 2 2 0

2 2 2 0
2 2 2 0

⎤
⎦

and the Gauss–Jordan modified reduced echelon form can be obtained
immediately: ⎡

⎣ 1 1 1 0
0 −1 0 0
0 0 −1 0

⎤
⎦ .

The two basis vectors of the kernel of A −2I3 are

v̄1 =

⎡
⎣ 1
−1

0

⎤
⎦ and v̄2 =

⎡
⎣ 1

0
−1

⎤
⎦ .

They are obviously linearly independent, but we have to apply Gram–Schmidt
procedure to get the ON basis in E2. The first vector in the ON basis is the
normalized v̄1:

c̄1 = v̄1 / ||v̄1||= 1√
2

⎡
⎣ 1
−1

0

⎤
⎦ .

The second vector is obtained as the normalized normal from v̄2 on c̄1:

c̄2 = [ v̄2− (c̄1, v̄2) c̄1] / || v̄2− (c̄1, v̄2) c̄1||=⎛
⎝
⎡
⎣ 1

0
−1

⎤
⎦− 1

2
×1×

⎡
⎣ 1
−1

0

⎤
⎦
⎞
⎠
/
||
⎡
⎣

1
2
1
2−1

⎤
⎦ || =

√
2
3

⎡
⎣

1
2
1
2−1

⎤
⎦=

1√
6

⎡
⎣ 1

1
−2

⎤
⎦ .

The only basis vector in the eigenspace E8 is obtained by solving the homoge-
neous linear system (A −8I3)ξ = 0̄3 for a nontrivial solution. The correspond-
ing augmented matrix

⎡
⎣−4 2 2 0

2 −4 2 0
2 2 −4 0

⎤
⎦ is GJM reduced to

⎡
⎣−4 2 2 0

2 −4 2 0
2 2 −4 0

⎤
⎦∼

⎡
⎣−2 1 1 0

2 −4 2 0
2 2 −4 0

⎤
⎦∼

⎡
⎣−2 1 1 0

0 −3 3 0
0 3 −3 0

⎤
⎦∼
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∼
⎡
⎣−2 1 1 0

0 −3 3 0
0 0 0 0

⎤
⎦∼

⎡
⎣1 − 1

2 − 1
2 0

0 1 −1 0
0 0 0 0

⎤
⎦∼

∼
⎡
⎣1 0 −1 0

0 1 −1 0
0 0 0 0

⎤
⎦Gauss− Jordan

modi f ication

⎡
⎣ 1 0 −1 0

0 1 −1 0
0 0 −1 0

⎤
⎦ .

So that v̄3 =

⎡
⎣−1
−1
−1

⎤
⎦ , and c̄3 = 1√

3

⎡
⎣1

1
1

⎤
⎦ .

The orthogonal transition matrix

T =

⎡
⎣ | | |c1 c2 c2

| | |

⎤
⎦=

1√
6

⎡
⎣
√

3 1
√

2
−√3 1

√
2

0 −2
√

2
.

⎤
⎦

Finally, diagonalize A by orthogonal similarity D = T T AT :

1
6

⎡
⎣
√

3 −√3 0
1 1 −2√
2
√

2
√

2

⎤
⎦
⎡
⎣4 2 2

2 4 2
2 2 4

⎤
⎦
⎡
⎣
√

3 1
√

2
−√3 1

√
2

0 −2
√

2

⎤
⎦=

=
1
6

⎡
⎣2
√

3 −2
√

3 0
2 2 −4

8
√

2 8
√

2 8
√

2

⎤
⎦
⎡
⎣
√

3 1
√

2
−√3 1

√
2

0 −2
√

2

⎤
⎦=

=
2
6

⎡
⎣
√

3 −√3 0
1 1 −2

4
√

2 4
√

2 4
√

2

⎤
⎦
⎡
⎣
√

3 1
√

2
−√3 1

√
2

0 −2
√

2

⎤
⎦=

=
1
3

⎡
⎣6 0 0

0 6 0
0 0 24

⎤
⎦=

⎡
⎣2 0 0

0 2 0
0 0 8

⎤
⎦= D . Δ

5.6.2 Diagonalization of Quadratic Forms

A quadratic form in two real variables x and y is a sum of squares of the variables
and products of the two variables:

ax2 + bxy + byx + cy2 = ax2 + 2bxy + cy2.

This form can be written as a matrix product:

[
x y
][a b

b c

][
x
y

]
=
[
ax + by bx + cy

][x
y

]
=

= (ax + by)x +(bx + cy)y = ax2 + 2bxy + cy2.
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It is important to notice that the matrix

[
a b
b c

]
is symmetric.

Definition A quadratic form in the n real variables {x1,x2, . . . ,xn} is an expression

that can be written as [x1 x2 . . . xn ] A

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦, where A is a real symmetric n× n

matrix.

If we introduce the n-vector X =

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦, then this form is a compact matrixproduct

X T A X =
n

∑
i=1

aiix
2
i +

n

∑
i�= j=1

ai jxix j, ai j = a ji.

Example In the three variables {x,y,z}, a quadratic form is

[
x y z

]⎡⎣a d e
d b f
e f c

⎤
⎦
⎡
⎣x

y
z

⎤
⎦ = ax2 + by2 + cz2 + dxy + dyx + exz+

+ ezx + f yz+ f zy = ax2 + by2 + cz2 + 2dxy + 2exz+ 2 f yz. Δ

Quadratic forms have numerous applications in geometry (in particular in ana-
lytic geometry), in vibrations of mechanical systems (elastic bodies), in statistics, in
electrical engineering (electric circuits), and in quantum mechanics.

For this reason, it is important that we know how to diagonalize them, which
means how to remove the cross-product terms by changing variables.

The procedure for orthogonal diagonalization of a symmetric matrix A in R
3

(described in Sect. 5.6.1) can be immediately generalized to R
n, so we have:

Theorem (on diagonalization of quadratic forms in R
n) Let a quadratic form in

R
n be given as

X T A X =
[
x1 x2 . . . xn

]
⎡
⎢⎢⎢⎣

a11 a12 · · · a1n

a12 a22 · · · a2n
...

...
. . .

...
a1n a2n · · · ann

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎥⎦ ,

where A is obviously a symmetric matrix: A T = A or ai j = a ji, i �= j, i, j =
1,2, . . . ,n.

Then there exists an orthogonal matrix T whose columns are the ON vectors of
the eigenbasis of A , which diagonalizes A by orthogonal similarity



220 5 The Eigen Problem or Diagonal Form of Representing Matrices

T −1AT = T T AT = D =

⎡
⎢⎢⎢⎣

λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn

⎤
⎥⎥⎥⎦ ,

where λ1,λ2, . . . ,λn, are the corresponding real eigenvalues of A . If we make the
substitution X = T Y , Y =

[
y1 y2 . . . yn

]T
, then

X T A X = (T Y )T AT Y = Y T (T T AT )Y = Y T DY =

=
[
y1 y2 . . . yn

]
⎡
⎢⎢⎢⎣

λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

y1

y2
...

yn

⎤
⎥⎥⎥⎦= λ1 y2

1 + λ2 y2
2 + · · ·+ λn y2

n,

which is a quadratic form without cross-product terms. So, the orthogonal matrix
T reduces the quadratic form X T A X to a sum of squares of the new variables
{y1,y2, . . . ,yn}.

The proof is obvious. Δ

Example Find a change of variables that reduces the given quadratic form to a sum
of squares.

3x2 + 4y2 + 5z2 + 4xy−4yz⇒A =

⎡
⎣3 2 0

2 4 −2
0 −2 5

⎤
⎦⇒

det[A −λI3] =−λ3 + 12λ2−39λ+ 28 = 0⇒
λ1λ2λ3 = 28, λ1 + λ2 + λ3 = 12⇒

λ1 = 7, λ2 = 4, λ3 = 1, v̄1 =
1
3

⎡
⎣ 1

2
−2

⎤
⎦ , v̄2 =

1
3

⎡
⎣2

1
2

⎤
⎦ , v̄3 =

1
3

⎡
⎣ 2
−2
−1

⎤
⎦⇒

T =
1
3

⎡
⎣ 1 2 2

2 1 −2
−2 2 −1

⎤
⎦ , T T AT =

⎡
⎣7 0 0

0 4 0
0 0 1

⎤
⎦ ,

⎡
⎣x

y
z

⎤
⎦= T

⎡
⎣x′

y′
z′

⎤
⎦ ,

7x′2 + 4y′2 + z′2.

5.6.3 Conic Sections in RRR
2

The most important conic sections (conics) in R
2 are ellipses, hyperbolas, and

parabolas. They are nondegenerate conics. There are also degenerate conics which
are single points (degenerate ellipses), two intersecting lines (degenerate hyperbo-
las) and two parallel lines (degenerate parabolas).
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A nondegenerate conic is in standard position relative to the coordinate axes if
its equation can be expressed as

1. x2

a2 + y2

b2 = 1, a,b > 0 for ellipses (a > b,b > a) and circles (a = b).

2. x2

a2 − y2

b2 = 1, a,b > 0 and − x2

a2 + y2

b2 = 1, a,b > 0 for hyperbolas.

3. y2 = ax (a > 0 and a < 0) and x2 = ay (a > 0 and a < 0) for parabolas.

An example of a degenerate ellipse [a single point (0,0)] is x2

a2 + y2

b2 = 0, an

example of a degenerate hyperbola (two intersecting lines y =± b
a x—asymptotes) is

x2

a2 − y2

b2 = 0, and examples of degenerate parabolas (two parallel lines—horizontal

or vertical) are y2 = a and x2 = a.
We shall now turn our attention to the general quadratic equation in x and y

ax2 + 2bxy + cy2 + dx + ey + f = 0,

where a,b, . . . , f , are real numbers, and at least one of the numbers a,b,c, is not
zero. We call ax2 + 2bxy + cy2 the associated quadratic form. We shall find out
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that graphs of quadratic equations in x and y are conic sections (nondegenerate or
possibly degenerate ones).

It should be noticed that no conic in standard position has an xy-term (the cross-
product term) in its equation. Such a term indicates that the conic is rotated out of
standard position.

Also, no conic in standard position has both an x2 and an x term or both a y2 and
a y term. The occurrence of either of these pairs (and no cross-product term) in the
equation of a conic indicates that the conic is translated out of standard position.

The procedure for identifying the graph of a conic (that is not in standard posi-
tion) consists in rotating and translating the xy-coordinate axes to obtain an x′′y′′-
coordinate system relative to which the conic is in standard position.

To identify conics that are rotated out of standard position, we shall first write
their quadratic equations

ax2 + 2bxy + cy2 + dx + ey + f = 0

in the matrix form

[
x y
][a b

b c

][
x
y

]
+
[
d e
][x

y

]
+ f = 0 or

X T A X +K X + f = 0 where

X =
[

x
y

]
, A =

[
a b
b c

]
, K =

[
d e
]
.
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To eliminate the cross-product term 2bxy, we shall find the 2× 2 orthogonal
matrix T that orthogonally diagonalizes the associated quadratic form X T A X
and makes the coordinate substitution[

x
y

]
= T

[
x′
y′

]
=
[

c11 c12

c21 c22

][
x′
y′

]
or X = T X ′.

[Note that the determinant of T is either +1 or −1 (see later, Sect. 5.7.2, the dis-
cussion about rotations detT = +1 and reflections detT = −1 in R

2), so that we
have to arrange, if necessary, that detT = 1 by interchange of columns].
Finally,

(T X ′)T A (T X ′)+K (T X ′)+ f = 0

will give
X ′T (T T AT )X ′+K (T X ′)+ f = 0

or [
x′ y′
][λ1 0

0 λ2

][
x′
y′

]
+
[
d e
][c11 c12

c21 c22

][
x′
y′

]
+ f = 0

or
λ1x′2 + λ2y′2 + d′x′+ e′y′+ f = 0,

where d′ = d c11 + ec21, e′ = d c12 + ec22.
Every equation of this form with at least one of λ1 and λ2 nonzero describes an

(possibly degenerate or imaginary) ellipse, hyperbola, or parabola.
Now, we can say that the graph is an ellipse if λ1λ2 > 0, a hyperbola if λ1λ2 < 0,

and a parabola if λ1λ2 = 0.
Since this quadratic equation in the rotated x′y′-coordinate system contains x′2,

x′, y′2, y′ terms, but no cross-product term, its graph is a conic that is translated with
respect to the x′y′-coordinate system. So, we have to translate the coordinate system
to the new one x′′y′′ in which the conic is in the standard position. To do this, we
first collect x′ and y′ terms:

(λ1x′2 + d′x′)+ (λ2y′2 + e′y′)+ f = 0,

and then complete the squares on the two expressions in parentheses.
Finally, we translate the coordinate axes x′y′ by the translating equations x′′ =

x′ − p, y′′ = y′ − q, where p and q are the coordinates of the center of the conic in
the coordinate system x′ and y′.

Note One useful method for determining which conic is represented by the
quadratic equation

ax2 + 2bxy + cy2 + dx + ey + f = 0

is obtained before we diagonalize the symmetric matrix of the associated quadratic

form ax2 + 2bxy + cy2, i.e., the matrix A =
[

a b
b c

]
. The characteristic equation is

det(A −λI2) =
∣∣∣∣a−λ b

b c−λ

∣∣∣∣= 0 or
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(a−λ)(c−λ)−b2 = λ2− (a + c)λ+ ac−b2 = 0.

The eigenvalues λ1 and λ2 are given by

λ1,2 =
(a + c)±√(a + c)2−4(ac−b2)

2
=

(a + c)±√(a + c)2 + 4b2−4ac
2

.

These eigenvalues must be real numbers because A is a symmetric matrix. Indeed,
(a− c)2 + 4b2 > 0, which guarantees the reality of the roots. But, if 4b2− 4ac is a
negative number, the square root will be smaller than (a+c), and λ1 and λ2 will have
the same sign (λ1λ2 > 0); if 4b2−4ac > 0, we have λ1λ2 < 0, and if 4b2−4ac = 0,
one of the eigenvalues will be zero (λ1λ2 = 0).

Conclusion : 4b2−4ac < 0⇒ the conic is an ellipse,
4b2−4ac > 0⇒ the conic is a hyperbola,
4b2−4ac = 0⇒ the conic is a parabola.

Two Examples

1. Describe and draw the conic whose equation is

5x2−4xy + 8y2 +
20√

5
x− 80√

5
y + 4 = 0 or

X T A X +K X + 4 = 0, where

X =
[

x
y

]
, A =

[
5 −2
−2 8

]
K =

[
20√

5
− 80√

5

]
.

The associated quadratic form 5x2− 4xy + 8y2 has a cross-product term which
should be eliminated by orthogonal diagonalization of the corresponding 2× 2

symmetric matrix A =
[

5 −2
−2 8

]
. Its eigenvalues λ1 and λ2 are of the same

sign since 4b2− 4ac = 16− 160 = −144 < 0, and this conic is an ellipse. The
eigenvalues are

λ1,2 =
(a + c)±

√
(a + c)2−4(ac−b2)

2
=

13±√169−144
2

=
13±5

2
⇒

λ1 = 4, λ2 = 9.

The corresponding eigenvectors must be orthogonal, and they are obtained by the
GJM reduction method of the homogeneous linear systems:
For λ1 = 4,

[
5−4 −2
−2 8−4

]
=
[

1 −2
−2 4

]
∼
[

1 −2
0 0

]
GJM−→

[
1 −2
0 −1

]
⇒ c̄1 =

1√
5

[
2
1

]
;

For λ2 = 9,
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[
5−9 −2
−2 8−9

]
=
[−4 −2
−2 −1

]
∼
[

1 1
2

0 0

]
GJM−→

[
1 1

2
0 −1

]
⇒ c̄2 =

1√
5

[−1
2

]
.

The rotation matrix is T =

[
2√
5
− 1√

5
1√
5

2√
5

]
, and it represents the rotation (detT =

1) in R
2 through the angle α counter-clockwise T =

[
cosα −sinα
sinα cosα

]
, where

α = 26,565◦.

The quadratic equation after the orthogonal substitution

X =
[

x
y

]
= T

[
x′
y′

]
= T X ′ becomes

[T X ′]T A (T X ′) = K (T X ′)+ 4 = 0⇒

⇒X ′T
[

4 0
0 9

]
X ′+

[
20√

5
− 80√

5

][ 2√
5
− 1√

5
1√
5

2√
5

]
X ′+ 4 = 0 or

4x′2 + 9y′2−8x′ −36y′+ 4 = 0.

To bring the conic into standard position we have to translate the x′y′-axes. We
first collect x′ and y′ terms 4(x′2− 2x′)+ 9(y′2− 4y′) = −4, and then complete
the squares

4(x′2−2x′+ 1)+ 9(y′2−4y′+ 4)−4−36 =−4 or

4(x′ −1)2 + 9(y′ −2)2 = 36.

Then, we translate the coordinate axes

x′′ = x′ −1 and y′′ = y′ −2.

Finally, the equation of our ellipse in standard position in the x′′y′′-coordinate
system becomes

x′′2
9 + y′′2

4 = 1 , a = 3, b = 2.

The sketch of this ellipse is as shown in the diagram, where the rotation of the
coordinate system xy through the angle α = 26,565◦ is clearly indicated, as well
as the subsequent translation of the x′y′ axes by +1 and +2, respectively.

This is the ellipse 5x2−4xy + 8y2 + 20√
5
x− 80√

5
y + 4 = 0 or x′′2

9 + y′′2
4 = 1.
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2. Use rotation and translation of axes to sketch the curve 2xy + 2
√

2x = 1.
The symmetric coefficient matrix of the associated quadratic form 2xy is A =[

0 1
1 0

]
. Since 4b2−4ac = 4 > 0, we have a hyperbola. The eigenvalues of A are

λ1,2 = ±√4
2 =±1. The corresponding eigenvectors must be orthogonal.

For λ1 = 1,

[−1 1
1 −1

]
∼
[

1 −1
0 0

]
GJM−→

[
1 −1
0 −1

]
⇒ c̄1 =

1√
2

[
1
1

]
;

For λ2 =−1,

[
1 1
1 1

]
∼
[

1 1
0 0

]
GJM−→

[
1 1
0 −1

]
⇒ c̄2 =

1√
2

[−1
1

]
.

Thus, T =

[
1√
2
− 1√

2
1√
2

1√
2

]
=
[

cos45◦ −sin45◦
sin45◦ cos45◦

]

represents the rotation (detT = 1) of the xy-coordinate system counter-clockwise
through 45◦, and orthogonally diagonalizes A :

T T AT =
1
2

[
1 1
−1 1

][
0 1
1 0

][
1 −1
1 1

]
=
[

1 0
0 −1

]
.
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The substitution

[
x
y

]
= T

[
x′
y′

]
or x = 1√

2
(x′ − y′), y = 1√

2
(x′+ y′), eliminates

the cross-product term, and leaves the quadratic equation in x′y′-coordinates as

x′2− y′2 + 2x′ −2y′ = 1.

Completing the squares, we get

(x′2 + 2x′+ 1)− (y′2 + 2y′+ 1)−1 + 1 = 1⇒ (x′+ 1)2− (y′+ 1)2 = 1.

Translating both axes x′ and y′ by −1, i.e., x′′ = x′+ 1, y′′ = y′+ 1, we obtain

x′′2− y′′2 = 1 , a = b = 1.

This quadratic equation in x′′y′′-coordinates represents a hyperbola in standard
position obtained by a counter-clockwise rotation of the xy-coordinate system
through 45◦ with subsequent translation of both coordinates x′ and y′ by −1.

Δ
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5.7 Canonical Form of Orthogonal Matrices

5.7.1 Orthogonal Matrices in RRR
n

Real orthogonal matrices of size n× n are defined as those invertible matrices
(A −1 exists) for which the inverse matrix A −1 is equal to its transpose A T :
A −1 = A T or A A T = A T A = In.

These are extremely important in many applications, since they are precisely
those matrices (i.e., linear operators in R

n) which preserve the inner product. To
show this characteristic property of orthogonal matrices, let us first consider the
inner product in R

n

(x̄, ȳ) = x1y1 + x2y2 + · · ·+ xnyn =
n

∑
i=1

xiyi, where

x̄ = [x1 x2 . . . xn]T and ȳ = [y1 y2 . . . yn]T are vectors from R
n.

This inner product can be redefined by means of matrix multiplication (Sect. 3.1)

(x̄, ȳ) = x̄T ȳ = [x1 x2 . . . xn]

⎡
⎢⎢⎢⎣

y1

y2
...

yn

⎤
⎥⎥⎥⎦=

n

∑
i=1

xiyi.

We want to find those linear operators A in R
n that preserve the inner product:

(A x̄,A ȳ) = (x̄, ȳ). They can be obtained immediately, (A x̄,A ȳ) = (A x̄)T (A ȳ) =
x̄T (A T A )ȳ = x̄T ȳ (if A T A = In) = (x̄, ȳ). Therefore, it is sufficient for an n× n
matrix to preserve the inner product in R

n that it is orthogonal. But, to be sure that
only orthogonal matrices preserve the inner product (the necessary condition), we
have to use the analogue of the Lemma in Sect. 5.5.1:

(A x̄,A ȳ) = (x̄, ȳ) for all x̄, ȳ ∈ R
n⇒ (A x̄,A x̄) = (x̄, x̄) for all x̄ ∈ R

n⇒
⇒ (x̄,A T A x̄) = (x̄, x̄) ∀x̄ ∈ R

n⇒ (x̄,(A T A − In)x̄) = 0 ∀x̄ ∈ R
n

⇒A T A = In. Δ

The determinants of orthogonal matrices are equal to either +1 or −1 due to
A T A = In:

det(A T A ) = det(A T )det(A ) = (detA )2 = det In = 1 or

detA =±1.

We have already proved that the set of all n×n orthogonal matrices is the group
O(n) (Sect. 4.4). This is the group of all automorphisms in R

n, since every orthog-
onal matrix is a bijective linear operator in R

n that preserves the inner product.
Remember, an automorphism of a given algebraic structure (here R

n) is a bijective
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map that preserves the complete set of operations that define this structure (here
linear combinations and the inner product).

Obviously, the group O(n) is a subset of the group GL(n,R) of all real n× n
invertible matrices. Since the group operations in GL(n,R) and O(n) are the same
(the multiplication of n×n matrices), it follows that O(n) is a subgroup of GL(n,R).

On the other hand, the set of all orthogonal n×n matrices with the determinant
detA = +1 forms a subgroup SO(n) (special orthogonal matrices) of O(n): this
set is closed under matrix multiplication since det(A B) = detA · detB = 1 · 1 =
1, as well as under inversion det(A −1) = (detA )−1 = 1. The groups SO(n), n =
2,3, . . ., play important roles in applications in mathematics, as well as in physics;
for instance, the rotational symmetry of atoms [SO(3) commutes with the energy
operator] gives as a result the electron orbits in atoms.

We defined orthogonal matrices by the property A −1 = A T (or equivalently by
A A T = A T A = In). It is very useful to know that orthogonal matrices can be char-
acterized by two more properties which concern their columns and rows. They can
be obtained straightforwardly from the above definitions: A T A = In ⇔ (ci,c j) =
δi j, i, j = 1,2, . . . ,n (already used in Sect. 5.6.1) and A A T = In⇔ (ri,r j) = δi j. So,
the columns ci, i = 1,2, . . . ,n, as well as the rows ri, i = 1,2, . . . ,n, of an orthogonal
matrix are orthonormal (ON) sets of vectors.

5.7.2 Orthogonal Matrices in RRR
2 (Rotations and Reflections)

Rotations

We shall first consider the rotation Rot(α) : R
2 → R

2 in the plane R
2 through

an angle α counterclockwise about the origin 0. The rotation Rot(α) is a lin-
ear operator in R

2 (a 2× 2 real matrix), since it preserves the addition of vectors
Rot(α)(x̄ + ȳ) = Rot(α)x̄ + Rot(α)ȳ, as well as the multiplication of scalars with
vectors Rot(α)(cx̄) = cRot(α)x̄. It also preserves the length (the norm) of vectors
||Rot(α)x̄||= ||x̄||, so it is an orthogonal matrix.
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Now, consider the relation between an arbitrary vector r̄ ∈R
2 and its image r̄′ =

Rot(α)r̄ after the rotation. The column matrix of r̄ is

r̄ =
[

x
y

]
=
[

r cosϕ
r sin ϕ

]
, where r = ||r̄||.

That of r̄′ is

r̄′ =
[

x′
y′

]
=
[

r cos(ϕ + α)
r sin(ϕ + α)

]
, where r = ||r̄′||.

Furthermore,
[

r cos(ϕ + α)
r sin(ϕ + α)

]
=
[

r(cosϕ cosα− sinϕ sinα)
r(sin ϕ cosα + cosϕ sinα)

]
=

=
[

xcosα −ysinα
xsinα +ycosα

]
=
[

cosα −sinα
sinα cosα

][
x
y

]
=
[

x′
y′

]
.

Therefore, r̄′ = Rot(α)r̄, where

Rot(α)=
[

cosα −sinα
sinα cosα

]
.

The determinant of this orthogonal matrix (the rows, as well as the columns are ON
vectors) is obviously +1 (cos2 α + sin2 α = 1). So, Rot(α) ∈ SO(2).

We shall now prove that every matrix A =
[

a b
c d

]
∈ SO(2) is a rotation in R

2

counterclockwise through the angle α = arccosa around the origin.

Consider A =
[

a b
c d

]
, a,b,c,d ∈R with properties A −1 = A T and detA = 1,

i.e., A ∈ SO(2). The inverse A −1 can be obtained by the general rule A −1 =
1

detA adjA = 1
+1

[
d −b
−c a

]
, where adjA is the transposed matrix of cofactors of A .

But since A −1 = A T , we have also A −1 =
[

a c
b d

]
. Obviously,

[
d −b
−c a

]
=
[

a c
b d

]

implies a = d and b = −c. Thus, the two conditions A −1 = A T and detA = +1

give A =
[

a −c
c a

]
, so it seems that every 2× 2 special orthogonal matrix is de-

termined by two parameters. But, in addition, the condition detA = 1 for special
orthogonal matrices gives a2 + c2 = 1⇒ c =

√
1−a2 reducing the number of pa-

rameters to one, i.e., a for which |a| ≤ 1. To be able to express A =
[

a −c
c a

]
,

with the condition a2 + c2 = 1, by only one parameter, it is quite natural to use the
trigonometric identity sin2 α + cos2 α = 1 for a2 + c2 = 1, replacing a with cosα
and c with sinα =

√
1− cos2 α .
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Thus, we obtain for A , which is now expressed by one parameter α , the rotation
matrix for α

A = Rot(α) =
[

cosα −sinα
sinα cosα

]
, where α = arccosa, |a| ≤ 1.

Remark If we replaced a with sinβ and c with cosβ (which is another possibility),
we would get

A =
[

sinβ −cosβ
cosβ sinβ

]
=
[

cos(π
2 −β ) −sin(π

2 −β )
sin(π

2 −β ) cos(π
2 −β )

]
= Rot(

π
2
−β ),

which is the rotation through the complementary angle of β , i.e., for (π
2 )− β .

Here β = arcsina. But, since always arcsina + arccosa = π
2 , we see that β =

π
2 − arccosa = π

2 −α , so that α = π
2 −β , and A = Rot(α), as before.

Therefore, A ∈ SO(2), determined by A −1 = A T and detA = +1, is a rotation
in R

2.
One more important property of the group SO(2) is that it is a commutative

(Abelian) group:

Rot(α1)Rot(α2) =
[

cosα1 −sinα1

sinα1 cosα1

][
cosα2 −sinα2

sinα2 cosα2

]
=

=
[

cosα1 cosα2− sinα1 sinα2 −cosα1 sinα2− sinα1 cosα2

sinα1 cosα2 + cosα1 sinα2 −sinα1 sinα2 + cosα1 cosα2

]
=

=
[

cos(α1 + α2) −sin(α1 + α2)
sin(α1 + α2) cos(α1 + α2)

]
= Rot(α1 + α2) =

= Rot(α2)Rot(α1).

On the other hand, orthogonal 2× 2 matrices B with detB = −1 do not
form a subgroup of O(2), since this set is not closed under matrix multiplication:
det(BB′) = detB ·detB′ = (−1) · (−1) = 1 �=−1.

Reflections

We shall prove that a most general 2×2 orthogonal matrix B =
[

a b
c d

]
with deter-

minant equal to −1 represents a reflection in a line through the origin 0 in R
2 that

makes an angle α (counterclockwise) with the y-axis, where α = 1
2 arccos(−a).

However, before embarking on this proof, we analyze reflections in R
2, to find

the general matrix expressions for them.
To represent by a 2×2 matrix the reflection Ref(α) in the line through the origin

0 in R
2 that makes an angle α (counterclockwise) with the y-axis, we notice that it

can be performed in three steps:
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First, rotate the plane through the angle −α (clockwise), in fact perform

Rot(−α) = =
[

cosα sinα
−sinα cosα

]
= = Rot−1(α). The reflection axis now coincides

with the y-axis. Second, perform the reflection in the y-axis Ref(0◦) =
[−1 0

0 1

]
.

⎡
⎣ The reflection in the y-axis is

x′ =−x,y′ = y or

[
x′
y′

]
=
[−1 0

0 1

][
x
y

]
⎤
⎦ .

Finally, rotate the plane back Rot(α) =
[

cosα −sinα
sinα cosα

]
. So,

B = Ref(α) = Rot(α)Ref(0◦)Rot(−α) =

=
[

cosα −sinα
sinα cosα

][−1 0
0 1

][
cosα sinα
−sinα cosα

]
=

=
[−cos2 α + sin2 α −2sinα cosα
−2sinα cosα −sin2 α + cos2 α

]
=
[−cos2α −sin2α
−sin2α cos2α

]
.

It is obvious that Ref(α) is an orthogonal matrix (its columns, as well as rows,
are orthonormal vectors: cos2 2α + sin2 2α = 1, cos2α sin2α− cos2α sin2α = 0).
So, Ref−1(α) = RefT (α). Its determinant is equal to−1:−cos2 2α−sin2 2α =−1.
It is also an involution:
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Ref2(α) =
[−cos2α −sin2α
−sin2α cos2α

][−cos2α −sin2α
−sin2α cos2α

]
=
[

1 0
0 1

]
= I2

or Ref(α) = Ref−1(α), implying RefT (α) = Ref(α), i.e, it is a symmetric matrix,
which is obvious from its form (off-diagonal elements are the same).

Since this matrix is symmetric, it can be orthogonally diagonalized, which can
serve as a verification that this operation in R

2 represents a reflection B.
We shall first find its eigenvalues by solving the characteristic equation det(B−

λI2) = 0. Indeed,
∣∣∣∣−cos2α−λ −sin2α
−sin2α cos2α−λ

∣∣∣∣= 0⇒

⇒−(cos2 2α−λ2)− sin2 2α = 0⇒ λ2− (sin2 2α + cos2 2α)︸ ︷︷ ︸
1

= 0⇒

⇒ λ2 = 1⇒ λ1,2 =∓1.

The corresponding eigenvectors must be orthogonal, and they are obtained by the
GJM reduction process:

For λ1 =−1

[−cos2α + 1 −sin2α
−sin2α cos2α + 1

]
∼
[

1 sin2α
cos2α−1

−sin2α cos2α + 1

]
∼
[

1 sin2α
cos2α−1

0 sin2 2α
cos2α−1 + cos2α + 1

]
∼

∼
[

1 sin2α
cos2α−cos0◦

0 sin2 2α+cos2 2α−1
cos2α−1

]
∼
[

1 2sinα cosα
−2sin2 α

0 0

]
∼
[

1 − cosα
sinα

0 0

]
GJM−→

[
1 − cosα

sinα
0 −1

]
.

So, the unnormalized eigenvector corresponding to λ1 = −1 is ū1 =
[ cosα

sinα
1

]
(the

change of sign is irrelevant, but convenient). Its norm is ||ū1|| =
√

cos2 α
sin2 α + 1 =√

cos2 α+sin2 α
sin2 α = 1

sinα . Dividing by this norm, i.e., multiplying by sinα , we get the

normalized eigenvector for λ1 =−1 c̄1 =
[

cosα
sinα

]
. Similarly, for λ2 = +1 we get

[−cos2α−1 −sin2α
−sin2α cos2α−1

]
∼
[

1 sin2α
cos2α+1

−sin2α cos2α−1

]
∼
[

1 sin2α
cos2α+cos0◦

0 sin2 2α
cos2α+1 + cos2α−1

]
∼

∼
[

1 2sinα cosα
2cos2α

0 sin2 2α+cos2 2α−1
cos2α+1

]
∼
[

1 sinα
cosα

0 0

]
GJM−→

[
1 sinα

cosα
0 −1

]
.

The normalized eigenvector for λ2 = +1 is c̄2 =
[−sinα

cosα

]
.
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The orthogonal transition matrix T that diagonalizes B is

T = [c̄1 c̄2] =
[

cosα −sinα
sinα cosα

]
= Rot(α).

Consequently, T −1BT =
[−1 0

0 −1

]
, implying B = T

[−1 0
0 1

]
T −1. But, this is

exactly the expression we already had for B = Ref(α) = Rot(α)Ref(0◦)Rot(−α).

Geometrically, T performs the rotation by α , c̄1 = cosα ē1 + sinα ē2, c̄2 =
−sinα ē1 + cosα ē2. After this rotation, the new y′-axis becomes the line of
reflection, so that the reflection matrix in the new coordinate system x′y′ becomes

just

[−1 0
0 1

]
.

Now, let us consider the general orthogonal 2× 2 matrix B with determinant
equal to −1:

B =
[

a b
c d

]
, B−1 = BT , detB =−1.

The inverse B−1 can be obtained by the general rule

B−1 =
1

detB
adjB =

1
−1

[
d −b
−c a

]
=
[−d b

c −a

]
,

and by B−1 = BT =
[

a c
b d

]
. Equality of these two representations of B−1 gives

immediately a = −d and b = c. This reduces the number of parameters to two:

B =
[

a c
c −a

]
. The determinant condition −a2 − c2 = −1 or a2 + c2 = 1, fur-

ther reduces the number of parameters to one: c =
√

1−a2, |a| ≤ 1 or B =[
a

√
1−a2√

1−a2 −a

]
, |a| ≤ 1.
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Alternately, we can use one parameter in trigonometric functions, a = −cosθ

and c =−sinθ , |a| ≤ 1. Now, the matrix B =
[−cosθ −sinθ
−sinθ cosθ

]
is a reflection in

the axis which makes an angle α = θ
2 with the y-axis:

B = Ref(α) =
[−cos2α −sin2α
−sin2α cos2α

]
, α =

1
2

arccos(−a), |a| ≤ 1.

The reflection Ref(α) can be expressed in two more different ways, which are
important, among other things, in factorization of dihedral groups Dn (the symmetry
groups of regular n-polygons, n = 3,4, . . .).

Namely,

Ref(α) =
[−cos2α −sin2α
−sin2α cos2α

]
=

=
[

cos2α −sin2α
sin2α cos2α

][−1 0
0 1

]
= Rot(2α)Ref(0◦), or

Ref(α) =
[−1 0

0 1

][
cos2α sin2α
−sin2α cos2α

]
= Ref(0◦)Rot(−2α) = Ref(0◦)Rot−1(2α).

(see next two figures)

Two Examples

1. Dihedral Group D4 (the symmetry group of a square).
There are eight symmetry transformations from O(2) that leave the square in its
place:
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I

A = Rot(
360◦

4
) =

= Rot(90◦) =

=
[

cos90◦ −sin90◦
sin 90◦ cos90◦

]
=

=
[

0 −1
1 0

]
,

II

A2 = Rot(180◦) =

=
[−1 0

0 −1

]
,

III A3 = Rot(270◦) =
[

0 1
−1 0

]
,

IV

A4 = Rot(360◦) = I2 =
[

1 0
0 1

]
,

V B = Ref(0◦) =
[−1 0

0 1

]
,

VI Ref(45◦) = Ref(y =−x) = Rot(90◦)Ref(0◦) = Ref(0◦)Rot−1(90◦),
VII Ref(90◦) = Ref(y = 0) = Rot(180◦)Ref(0◦) = Ref(0◦)Rot−1(180◦),

VIII Ref(135◦) = Ref(y = x) = Rot(270◦)Ref(0◦) = Ref(0◦)Rot−1(270◦).
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Since A−1 = Rot−1(90◦) = Rot(270◦) = A3, we have Ref(45◦) = AB = BA3.
Similarly, A−2 = Rot−1(180◦) = Rot(180◦) = A2, so that Ref(90◦) = A2B = BA2.
Also, A−3 = Rot−1(270◦) = Rot(90◦) = A, and Ref(135◦) = A3B = BA.
The group of all these eight symmetry transformations is D4 = {I2,A,A2,A3,
B,AB,A2B,A3B} = {I2,A,A2,A3,B,BA3,BA2,BA}. It has two cyclic subgroups
C4 = {I2,A,A2,A3} and C2 = {I2,B}. But the subgroup C4 is normal, since it
has only one coset (the coset of reflections), which is left and right at the same
time: BC4 = {B,BA3,BA2,BA}= {B,AB,A2B,A3B}= C4B.
The intersection of these two subgroups is only I2 : C4 ∩C2 = {I2}, and their
product is just the group D4 : C4C2 = D4.
We call D4 a semi-direct product D4 = C4 ∧C2 of its two cyclic subgroups C4

and C2 since the following three conditions are satisfied:

(1) D4 = C4C2,
(2) C4∩C2 = {I2},
(3) C4 is a normal subgroup of D4 : C4 � D4.

But the most economical way of defining a group is by giving its generators
and the corresponding generator relations. The group is obtained by multiplying
all different powers of the generators in all possible ways allowed by generator
relations. The group table is then easily constructed by using these relations.
The group D4 has two generators A = Rot(90◦) and B = Ref(0◦), and three gen-
erator relations

A4 = I2, B2 = I2, (AB)2 = I2
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(the last one is equivalent to any of the three: AB = BA3 or A2B = BA2 or
A3B = BA.

Indeed, AB = BA3/ ·A⇒ ABA = B/ ·B⇒ ABAB = I2⇒ (AB)2 = I2,
A ·/A3B = BA⇒ B = ABA/ ·B⇒ ABAB = I2⇒ (AB)2 = I2,
A2B = BA2/ ·A3⇒ A2(BA3) = BA⇒ A2(AB) = BA⇒ A3B = BA⇒
⇒ (AB)2 = I2.

Also, ABAB = I2/ ·B⇒ ABA = B/ ·A3⇒ AB = BA3,
A3 ·/ABAB = I2⇒ BAB = A3/ ·B⇒ BA = A3B,
ABAB = I2/ ·B⇒ ABA = B/ ·A2⇒ A(BA3) = BA2⇒ A(AB) = BA2⇒
⇒ A2B = BA2.)

The first two generator relations restrict the number of possible group elements
to 5 : I2,B,A,A2,A3, while the third relation (or its equivalents) adds three more
elements: AB = BA3, A2B = BA2, A3B = BA. The total of group elements in D4

is therefore 8, as we have already found.
In the group table of D4 which has 64 entries, 40 of them can be calculated
straightforwardly sometimes using the first two generator relations, while the
other 24 are obtained with the help of the three equivalents of (AB)2 = I2.

2. Dihedral Groups Dn, n≥ 3 (symmetry groups of regular n-sided polygons)
The most important conclusion is that all dihedral groups Dn, n = 3,4,5, . . ., with
2n symmetry transformations from O(2) are semi-direct products of two cyclic
subgroups Cn = {I2,A,A2, . . . ,An−1} and C2 = {I2,B}, where

A = Rot(
360◦

n
) =

⎡
⎣ cos 360◦

n −sin 360◦
n

sin 360◦
n cos 360◦

n

⎤
⎦ and B = Ref(0◦) =

[−1 0
0 1

]
.

In other words, Dn = Cn∧C2, since

(1) Dn = CnC2,
(2) Cn∩C2 = {I2},
(3) Cn �Dn or BCn =CnB (the coset of reflections)(Cn is a normal subgroup of Dn)

Condition (3) in more detail: BCn = {B,BA,BA2, . . . ,BAn−1}= {B,AB,A2B, . . . ,
An−1B}=CnB, since AB = BAn−1, A2B = BAn−2, . . . ,An−1B = BA [(n−1) equal-
ities], which are all equivalent to the third generator relation (AB)2 = I2. The first
two generator relations are An = I2 and B2 = I2, and the two generators are natu-
rally A and B.
The simplest dihedral group is D3, the symmetry group of an equilateral triangle:

A = Rot(
360◦

3
) = Rot(120◦) =

[
− 1

2 −
√

3
2√

3
2 − 1

2

]
,

A2 = Rot(240◦), A3 = I2,

B = Ref(0◦) =
[−1 0

0 1

]
,
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D4 I2 A A2 A3 B AB A2B A3B

I2 I2 A A2 A3 B AB A2B A3B

A A A2 A3 I2 AB A2B A3B B

A2 A2 A3 I2 A A2B A3B B AB

A3 A3 I2 A A2 A3B B AB A2B

B B A3B A2B AB I2 A3 A2 A

AB AB B A3B A2B A I2 A3 A2

A2B A2B AB B A3B A2 A I2 A3

A3B A3B A2B AB B A3 A2 A I2

︷ ︸︸ ︷
(AB)A = A(BA) = A(A3B) = B
(AB)A2 = A(BA2) = A(A2B) = A3B
(AB)A3 = A(BA3) = A(AB) = A2B

(A2B)A = A2(BA) = A2(A3B) = AB
(A2B)A2 = A2(BA2) = A2(A2B) = B
(A2B)A3 = A2(BA3) = A2(AB) = A3B

︷ ︸︸ ︷
B(AB) = (BA)B = (A3B)B = A3

B(A2B) = (BA2)B = (A2B)B = A2

B(A3B) = (BA3)B = (AB)B = A

(AB)(AB) = A(BA)B = A(A3B)B = I2
(AB)(A2B) = A(BA2)B = A(A2B)B = A3

(AB)(A3B) = A(BA3)B = A(AB)B = A2

(A2B)(AB) = A2(BA)B = A2(A3B)B =
(A2B)(A2B) = A2(BA2)B = A2(A2B)B = I2
(A2B)(A3B) = A2(BA3)B = A2(AB)B = A3

(A3B)(AB) = A3(BA)B = A3(A3B)B = A2

(A3B)(A2B) = A3(BA2)B = A3(A2B)B = A
(A3B)(A3B) = A3(BA3)B = A3(AB)B = I2

(A3B)A = A3(BA) = A3(A3B) = A2B
A3B)A2 = A3(BA2) = A3(A2B) = AB

(A3B)A3 = A3(BA3) = A3(AB) = B.
(

A

The group table for D4 obtained with the help of the generator relations.

Ref(60◦) = Rot(120◦)Ref(0◦) = Ref(0◦)Rot(240◦) =

AB = BA2,Ref(120◦) =

Rot(240◦)Ref(0◦) = Ref(0◦)Rot(120◦) = A2B = BA.

So, D3 = {I2,A,A2,B,AB = BA2,A2B = BA}= C3C2, where the two cyclic sub-
groups are C3 = {I2,A,A2} and C2 = {I2,B}, with C3∩C2 = {I2} and C3 � D3,
since BC3 = C3B. Therefore, D3 = C3∧C2 (a semi-direct product). The two gen-
erators are A and B, and three generator relations are

A3 = I2, B2 = I2, (AB)2 = I2.



240 5 The Eigen Problem or Diagonal Form of Representing Matrices

5.7.3 The Canonical Forms of Orthogonal Matrices in RRR
3

(Rotations and Rotations with Inversions)

We start by investigating the eigenvalues of 3×3 orthogonal matrices A in R
3. We

already know that the cubic characteristic equation of A must have at least one real
solution. Now, we show that this eigenvalue is either +1 or −1:

A x̄ = λx̄, x̄ �= 0̄ and (A x̄,A x̄) = (x̄, x̄)⇒ λ2(x̄, x̄) = (x̄, x̄)⇒ λ2 = 1⇒ λ1,2 =±1.

To the eigenvalue λ1 = 1, there corresponds an eigenvector x̄1 (A x̄1 = x̄1), and let
E1 = L(x̄1) be the one-dimensional eigenspace (i.e., the eigenline). We want to show
that the two-dimensional orthocomplement E⊥1 is an invariant plane with respect to
A : Let ȳ1 ∈ E⊥1 ⇔ (ȳ1, x̄1) = 0. Then (A ȳ1, x̄1) = (A ȳ1,A x̄1) = (ȳ1, x̄1) = 0⇒
A ȳ1 ∈ E⊥1 .

An analogous proof is in the case of λ2 =−1, i.e., E⊥−1 is also an invariant plane
with respect to A .

Conclusion: every 3×3 real orthogonal matrix A has one real eigenvalue which
is either +1 or −1, and in either case, the orthocomplement of the corresponding
eigenline is an invariant plane with respect to A .

(Note that another method to come to this conclusion is to use the analogue
of the theorem in Sect. 5.5.1: the orthocomplement of an invariant subspace of an
orthogonal matrix is also an invariant subspace. We need only to notice that an
eigenline is in fact an invariant subspace.)

In an orthonormal (ON) basis adapted to the orthogonal sum E1 ⊕ E⊥1 (or

E−1⊕E⊥−1), the matrix A takes on one of the two forms respectively:

⎡
⎣±1 0 0

0 a b
0 c d

⎤
⎦

with the determinant ±det

[
a b
c d

]
. The reduced 2× 2 matrix A1 =

[
a b
c d

]
in the

orthocomplement is of course orthogonal (its columns, as well as its rows are ON
vectors).

1. If we assume detA1 = +1, we can perform the same analysis as we did in
Sect. 5.7.2, and conclude

A1 = Rot(α) =
[

cosα −sinα
sinα cosα

]
.

2. If the determinant of A1 is −1, we can show that the invariant plane is reducible,
i.e., that it necessarily breaks up into the orthogonal sum of two eigenlines which
correspond to the eigenvalues−1 and +1.

Indeed, the characteristic equation of the matrix A1 =
[

a b
c d

]
with detA1 = −1 is

λ2− (a + d)λ− 1 = 0 [since it is λ2− (Tr A1)λ + detA1 = 0]. The discriminant
of this quadratic equation is (a + d)2 + 4 and it is always positive, so the eigenval-
ues are real and distinct, in fact −1 and +1, since an orthogonal matrix can have
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only such eigenvalues. The eigenlines that correspond to these distinct eigenvalues
are orthogonal, since we have already proved that A1 is also a symmetric matrix
(Sect. 5.6.1). Therefore, the orthogonal matrix A1 with detA1 =−1 has the diago-

nal form

[−1 0
0 1

]
in its ON eigenbasis.

Returning to A =

⎡
⎣±1 0 0

0 a b
0 c d

⎤
⎦, we conclude that detA = +1 can be achieved in

two cases:⎡
⎣+1 0 0

0 cosα −sinα
0 sinα cosα

⎤
⎦ (an eigenline and

the orthogonal
invariant plane)

and

⎡
⎣−1 0 0

0 −1 0
0 0 +1

⎤
⎦ (three

orthogonal
eigenlines).

The first case represents a rotation in R
3 determined by the only eigenvector x̄1

of λ = +1 (this vector defines the axis of rotation) performed through the angle α
(counterclockwise). We can write it as Rotx̄1(α).

The second case is the rotation through the angle π (cosπ = −1, sinπ = 0)
around the third eigenvector x̄3 (the axis of rotation) corresponding to λ = +1. A
convenient notation for this rotation is Rotx̄3(π).

In both cases (with detA = +1), the matrix A represents a rotation in the space
R

3 around the eigenline with λ = +1 as an axis of rotation. The angles of rotation
being α and π , respectively.

If detA =−1, we also have two possibilities:
⎡
⎣−1 0 0

0 cosα −sinα
0 sinα cosα

⎤
⎦ or

⎡
⎣+1 0 0

0 −1 0
0 0 +1

⎤
⎦ .

If we denote by Inv(x̄1) the inversion of the first coordinate axis (i.e., the 3× 3

matrix

⎡
⎣−1 0 0

0 1 0
0 0 1

⎤
⎦ representing the reflection with respect to the plane which is

orthogonal to the first eigenvector x̄1), then the first case is Rotx̄1(α)Inv(x̄1) =
Inv(x̄1)Rotx̄1(α). (We have the rotation around the first coordinate axis through the
angle α followed or preceded by the inversion of that axis).

In the second case, we have Inv(x̄2) =

⎡
⎣ 1 0 0

0 −1 0
0 0 1

⎤
⎦, the inversion of the second

coordinate axis which can be followed or preceded by the rotation around that axis
through the angle 0◦: Rotx̄2(0

◦)Inv(x̄2) = Inv(x̄2)Rotx̄2(0
◦), since Rotx̄2(0

◦) = I3 =⎡
⎣ 1 0 0

0 1 0
0 0 1

⎤
⎦.

Theorem (on canonical forms of orthogonal matrices in R
3 ) Orthogonal ma-

trices A in R
3 are divided into two sets according to their determinants: if the
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determinant is +1 we have rotations and if detA = −1 we have rotations with in-
version of the axis of rotation. Rotations have one eigenline (the axis of rotation)
with the eigenvalue +1 and one invariant plane orthogonal to that eigenline. In the
basis composed of the ort of the eigenline and any ON basis in the plane the rotation
matrix has the canonical form

Rotx̄1(α) =

⎡
⎣ 1 0 0

0 cosα −sinα
0 sin α cosα

⎤
⎦ .

But, the ort x̄1
||x̄1|| of the eigenline should be orientated with respect to the direction

of the rotation to make a right screw. The matrix of a rotation with inversion has the
canonical form

Rotx̄1(α)Inv(x̄1) = Inv(x̄1)Rotx̄1(α)

(where Inv(x̄1) is the matrix of the inversion of the axis of rotation, i.e., of the first

coordinate axis

⎡
⎣−1 0 0

0 1 0
0 0 1

⎤
⎦); more explicitly, this is

⎡
⎣−1 0 0

0 cosα −sinα
0 sinα cosα

⎤
⎦. There

are also two special cases of diagonal forms: the rotation for the angle π around the

third eigenline with λ = +1, i.e., Rotx̄3(π) =

⎡
⎣−1 0 0

0 −1 0
0 0 +1

⎤
⎦, and the trivial rotation

through 0◦ around the second eigenline Rotx̄2(0
◦) = I3 with the inversion of that

eigenline, i.e., Inv(x̄2) =

⎡
⎣ 1 0 0

0 −1 0
0 0 1

⎤
⎦.

Proof Everything has already been proved. Δ



Chapter 6
Tensor Product of Unitary Spaces

6.1 Kronecker Product of Matrices

Definition Let us consider two square matrices (real or complex) A = [ai j]m×m

and B == [bαβ ]n×n (the Greek indices in B are used to avoid confusion in double
index notations). The Kronecker product of the matrices A and B we call the square
block matrix A ©K B which has m rows of blocks and m columns of blocks, such
that the (i, j) block is the square matrix ai jB which is an n×n ordinary matrix:

A ©K B =

⎡
⎢⎢⎢⎣

a11B a12B . . . a1mB
a21B a22B . . . a2mB

...
...

. . .
...

am1B am2B . . . ammB

⎤
⎥⎥⎥⎦ .

More explicitly, we have an ordinary matrix of size mn×mn:

A ©K B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11b11 · · · a11b1n a1mb11 · · · a1mb1n
...

...
... · · · ...

...
...

a11bn1 · · · a11bnn a1mbn1 · · · a1mbnn
...

...
...

...
...

...
...

am1b11 · · · am1b1n ammb11 · · · ammb1n
...

...
... · · · ...

...
...

am1bn1 · · · am1bnn ammbn1 · · · ammbnn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The elements of A ©K B are all possible products of elements from A with
those from B.

So, we may use the double index notation for the elements of A ©K B

[A ©K B]iα , jβ = ai jbαβ , i, j = 1,2, . . . ,m; α,β = 1,2, . . . ,n.

243
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To simplify this notation, we replace the double index notation by the single
index one using the leksicography method: 11→ 1,12→ 2, . . . ,1n→ n, 21→ n +
1,22→ n + 2, . . . ,2n→ 2 ·n, 31→ 2 ·n + 1,32→ 2 ·n + 2, . . . , or generally

iα → (i−1)n + α.

With the single index notation, we have ai jbαβ = [A ©K B](i−1)n+α ,( j−1)n+β ,
where both indices in A ©K B go from 1 to m · n, since i, j = 1,2, . . . ,m; α,β =
1,2, . . . ,n.

Theorem (about the main properties of the Kronecker product of matrices)

(1) Tr (A ©K B) = Tr A ·Tr B (this property is used very much in the theory of
linear representation of groups);

(2) (A ©K B)©K C = A ©K (B©K C ) = A ©K B©K C (this is the property of
associativity of the Kronecker product of matrices and it enables the definition
of the Kronecker product of three and more matrices);

(3) A ©K (B+C )= A ©K B+A ©K C , (A +B)©K C =A ©K C +B©K C ,
(aA )©K B = = A ©K (aB) = a(A ©K B) (these three properties can be
generalized into a single one—the Kronecker product is bilinear:

(∑
i

aiAi)©K (∑
j

b jB j) = ∑
i, j

aib j(Ai©K B j), ai,b j any scalars;

(4) (A ©K B)(C ©K D) = A C ©K BD , where A and C are of size m×m,
whereas B and D are of size n×n (this property connects Kronecker multipli-
cation with ordinary matrix multiplication, and it is important for the represen-
tation of the tensor product of linear operators).

Proof

1. Tr (A ©K B) =
m

∑
i=1

n

∑
α=1

[A ©K B]iα ,iα =
m

∑
i=1

n

∑
α=1

aiibαα =

= (
m

∑
i=1

aii)(
n

∑
α=1

bαα) = TrA ·TrB;

2. (A ©K B)©K C =

⎡
⎢⎣

a11B · · · a1mB
... · · · ...

am1B · · · ammB

⎤
⎥⎦ ©K C =

=

⎡
⎢⎣

a11(B©K C ) · · · a1m(B©K C )
... · · · ...

am1(B©K C ) · · · amm(B©K C )

⎤
⎥⎦

= A ©K (B©K C );
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3. A ©K (B +C ) =

⎡
⎢⎣

a11(B +C ) · · · a1m(B +C )
... · · ·

...
am1(B +C ) · · · amm(B +C )

⎤
⎥⎦=

=

⎡
⎢⎣

a11B +a11C · · · a1mB +a1mC
... · · ·

...
am1B +am1C · · · ammB +ammC

⎤
⎥⎦=

=

⎡
⎢⎣

a11B · · · a1mB
... · · ·

...
am1B · · · ammB

⎤
⎥⎦+

⎡
⎢⎣

a11C · · · a1mC
... . . .

...
am1C · · · ammC

⎤
⎥⎦= A ©K B +A ©K C ,

(A +B)©K C =

⎡
⎢⎣

(a11 +b11)C · · · (a1m +b1m)C
... · · ·

...
(am1 +bm1)C · · · (amm +bmm)C

⎤
⎥⎦=

=

⎡
⎢⎣

a11C · · · a1mC
... · · ·

...
am1C · · · ammC

⎤
⎥⎦+

⎡
⎢⎣

b11C · · · b1mC
... · · ·

...
bm1C · · · bmmC

⎤
⎥⎦=

= A ©K C +B©K C ,

a(A ©K B) = a

⎡
⎢⎣

a11B · · · a1mB
... · · ·

...
am1B · · · ammB

⎤
⎥⎦=

⎡
⎢⎣

(aa11)B · · · (aa1m)B
... · · ·

...
(aam1)B · · · (aamm)B)

⎤
⎥⎦=

=

⎡
⎢⎣

a11(aB) · · · a1m(aB)
... · · ·

...
am1(aB) · · · amm(aB)

⎤
⎥⎦= (aA )©K B = A ©K (aB);

4. We shall calculate the general element (iα, jβ ) of both sides and find that we get
the same expression:

[(A ©K B)(C ©K D)]iα , jβ =
m

∑
k=1

n

∑
γ=1

[A ©K B]iα ,kγ [C ©K D ]kγ, jβ =

=
m

∑
k=1

n

∑
γ=1

aikbαγck jdγβ ,

[A C ©K BD ]iα , jβ = [A C ]i j[BD ]αβ =
m

∑
k=1

aikck j

n

∑
γ=1

bαγdγβ =

=
m

∑
k=1

n

∑
γ=1

aikck jbαγdγβ . Δ
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The Kronecker product of square matrices can be immediately generalized to the
Kronecker product of rectangular matrices using the same definition. It should be
emphasized that for Kronecker multiplication there is NO restriction on the sizes
of factor matrices, unlike the case for ordinary multiplication of matrices where we
can multiply only matrices A = [a]m×p and B = [b]p×n.

Two Examples of Kronecker multiplication of rectangular matrices which we
shall need further.

A. Matrix-columns of length m Kronecker-multiplied with matrix-columns of length
n will give again matrix-columns, but of length m ·n:

ξ ©K η =

⎡
⎢⎢⎢⎣

ξ1
ξ2
...

ξm

⎤
⎥⎥⎥⎦ ©K

⎡
⎢⎣

η1
...

ηn

⎤
⎥⎦= [ξ1η1 ξ1η2 . . . ξ1ηn ξ2η1 . . . ξ2ηn . . . ξmη1 . . . ξmηn]T︸ ︷︷ ︸

m·n

We will use this product (Sect. 6.3) to represent elementary vectors in the tensor
product Um⊗Un.

B. Kronecker product of matrix-columns of length m with matrix-rows of length n
will give matrices of size m×n:

Let ξ =

⎡
⎢⎢⎢⎣

ξ1

ξ2
...

ξm

⎤
⎥⎥⎥⎦ , η =

⎡
⎢⎢⎢⎣

η1

η2
...

ηn

⎤
⎥⎥⎥⎦ ,

ξ ©K ηT = [ξ1 ξ2 . . . ξm]T ©K [η1 η2 · · · ηn] =

⎡
⎢⎢⎣

ξ1ηT

ξ2ηT

. . .
ξmηT

⎤
⎥⎥⎦=

=

⎡
⎢⎢⎢⎣

ξ1η1 ξ1η2 · · · ξ1ηn

ξ2η1 ξ2η2 · · · ξ2ηn
...

...
. . .

...
ξmη1 ξmη2 · · · ξmηn

⎤
⎥⎥⎥⎦= [ξiη j]m×n

It should be noticed that the above Kronecker product gives the same result as
the ordinary matrix product of these factors

ξ ηT =

⎡
⎢⎢⎢⎣

ξ1

ξ2
...

ξm

⎤
⎥⎥⎥⎦ [η1 η2 . . . ηn] =

⎡
⎢⎢⎢⎣

ξ1η1 ξ1η2 · · · ξ1ηn

ξ2η1 ξ2η2 · · · ξ2ηn
...

...
. . .

...
ξmη1 ξmη2 · · · ξmηn

⎤
⎥⎥⎥⎦= [ξi η j]m×n.

Thus, ξ ©K ηT = ξ ηT .
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We will use this product (Sect. 7.3.2) to represent elementary vectors (diads) in
the tensor product Un⊗U∗n of a unitary space Un and its U∗n dual in an ON basis
of Un.

6.2 Axioms for the Tensor Product of Unitary Spaces

The tensor product of unitary spaces is of great importance for the Quantum Me-
chanics of many particles. Also, the multiple tensor product of Un with the multiple
tensor product of U∗n is the principal example for the notion of unitary tensors. To
avoid an abstract exposition of axioms without giving one of the most typical exam-
ples, we shall start with the case that we have already described.

6.2.1 The Tensor product of Unitary Spaces CCC
m and CCC

n

Let us consider the Cartesian product C
m×C

n which consists of all ordered pairs
[ξ ,η ] from C

m and C
n, i.e., ξ ∈ C

m, η ∈ C
n. (We use square brackets for ordered

pairs to avoid confusion with the inner-product notation.)
Now, we shall consider the m ·n-dimensional unitary space C

m·n which consists
of matrix-columns of complex numbers of length m ·n, and concentrate our attention
on those elements from C

m·n which can be expressed as the Kronecker product of
vectors from C

m and C
n. We call them elementary vectors in C

m·n. We see that
there is a natural map ϕ0 which takes every ordered pair [ξ ,η ] from C

m×C
n onto

the unique Kronecker product ξ ©K η in C
m·n:

ϕ0[ξ ,η ] = ξ ©K η .

This map ϕ0 is obviously bilinear, since the Kronecker product is such:

ϕ0[∑
i

aiξi,∑
j

b jη j] = (∑
i

aiξi)©K (∑
j

b jη j) = ∑
i, j

aib j(ξi ©K η j).

The ordered pairs of vectors from the ON standard bases {e1,e2, . . . ,em} and
{e′1,e′2, . . . ,e′n} in C

m and C
n, respectively, are obviously mapped onto the ON stan-

dard basis in C
m·n. As the general rule, the column ei from C

m which has 1 at the
i-th row when Kronecker multiplied with the column eα from C

n which has 1 at the
α-th row will give the column in C

m·n which has 1 at the [(i−1)n + α]th row. The
rest of the elements in all three columns are 0.

These two properties (bilinearity of ϕ0 and that ON standard bases in factor
spaces give the ON standard basis in the product space) of the three unitary spaces
(the dimension of the third one is the product of the dimensions of the other two)
with the map ϕ0 : C

m×C
n→ C

m·n are sufficient that we can consider C
m·n as the

tensor product of C
m and C

n. We denote this as
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C
m·n = C

m⊗C
n,

while for elementary vectors ξ ©K η , we use the general notation ξ ⊗η knowing
how we define them.

There are three important consequences of this definition of the tensor product
between C

m and C
n.

1. The elementary vectors in C
m·n, which make the range of ϕ0, span the whole

C
m·n. As a matter of fact, only a subset of elementary vectors {ei ⊗ e′j | i =

1,2, . . . ,m; j = 1,2, . . . ,n} span the whole C
m·n since this subset is the standard

ON basis in C
m·n. Thus, LIN[ϕ0(Cm×C

n)] = C
m⊗C

n = C
m·n. Δ

2. The inner product between elementary vectors in C
m·n is directly expressible

through the inner products in C
m and C

n:

(ξ ⊗η ,ξ ′ ⊗η ′) = (ξ ,ξ ′)(η ,η ′),

which is easy to verify:

(ξ ⊗η ,ξ ′ ⊗η ′) =
m

∑
i=1

n

∑
j=1

ξ ∗i η∗j ξ ′i η ′j = (
m

∑
i=1

ξ ∗i ξ ′i )(
n

∑
j=1

η∗j η ′j) =

= (ξ ,ξ ′)(η ,η ′). Δ

3. The consequences 1 and 2, together with the requirement of bilinearity of ϕ0, can
be used as three equivalent definitions of the tensor product, so that the property
that ON bases in the factor spaces give an ON basis in the product space follows.
We shall not give the easy proof for this statement.
Instead, we shall show that if any two ON bases in the factor spaces give an ON
basis in the product space (like e.g. standard bases), then this will be valid for
any other pair of ON bases from the factor spaces.

Proof Let {u1, . . . ,um} and {v1, . . . ,vn} be arbitrary ON bases in the factor spaces,
so that (uk ⊗ vl ,up ⊗ vq) = (uk,up)(vl ,vq) = δkpδlq, k, p = 1,2, . . . ,m, l,q =
1,2, . . . ,n, (an ON basis in the product space).

If we now choose another pair of ON bases {u′1, . . . ,u′m} and {v′1, . . . ,v′n} in the
factor spaces obtained by the unitary replacement matrices R and R ′, then

(u′i⊗ v′j,u
′
s⊗ v′t) = ((∑

k

rikuk)⊗ (∑
l

r′jlvl),(∑
p

rspup)⊗ (∑
q

r′tqvq)) =

= ∑
k,l,p,q

r∗ikr′∗jl rspr′tq (uk⊗ vl,up⊗ vq)︸ ︷︷ ︸
δkpδlq

=

= ∑
k

r∗ikrsk ∑
l

r′∗jl r
′
tl = δisδ jt ,

i,s = 1,2, . . . ,m, j,t = 1,2, . . . ,n,

since (RR† = I)∗ ⇔R∗RT = I. Δ
Now, we shall give the general definition of the tensor product of unitary spaces.
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6.2.2 Definition of the Tensor Product of Unitary Spaces,
in Analogy with the Previous Example

Let us take into consideration three unitary spaces Um,Un, and Um·n. We consider
Um·n as the tensor product of Um and Un, and write that as

Um·n = Um⊗Un.

If there exists a map ϕ of Um×Un (the Cartesian product made of ordered pairs from
Um and Un) into Um·n, i.e., ϕ [x̄, ȳ] = x̄⊗ ȳ, x̄ ∈Um, ȳ ∈Un, x̄⊗ ȳ ∈Um·n (the image
x̄⊗ ȳ is called an elementary vector in Um·n), which satisfies only two properties:

1. The map ϕ is bilinear

ϕ [∑
i

aix̄i,∑
j

b jȳ j] = (∑
i

aix̄i)⊗ (∑
j

b jȳ j) = ∑
i, j

aib j(x̄i⊗ ȳ j);

2. If {ū1, . . . , ūm} and {v̄1, . . . , v̄n} are any two ON bases in Um and Un, respectively,
then {ϕ [ūi, v̄ j] | i = 1, . . . ,m; j = 1, . . . ,n} = {ūi⊗ v̄ j | i = 1, . . . ,m; j = 1, . . . ,n}
is an ON basis in Um·n.
For linear operators A from Um and B from Un, we can define their tensor product
A⊗B as the linear operator in Um·n which is given by its action on the vectors
from an ON basis in Um·n

(A⊗B)(ūi⊗ v̄ j) = (Aūi)⊗ (Bv̄ j).

The action of A⊗B on other vectors from Um·n is immediately obtained when
we expand them in the above basis and then apply the linear operator on these
expansions.
Note that not all linear operators in Um·n are in the form of the tensor product of
linear operators from Um and Un.

For the general case of the tensor product of unitary spaces Um·n = Um⊗Un, we
could easily demonstrate the two important consequences 1 and 2, which we proved
in the case of C

m·n = C
m⊗C

n:

1. The elementary vectors x̄⊗ ȳ in Um·n span the whole Um·n:

LIN[ϕ(Um×Un)] = Um·n = Um⊗Un;

2. The inner product between elementary vectors in Um·n is directly expressible
through the inner products in Um and Un:

(x̄⊗ ȳ, x̄′ ⊗ ȳ′) = (x̄, x̄′)(ȳ, ȳ′).

The tensor product of unitary spaces is associative, so it can be defined for more

than two factors: e.g., Un⊗Un⊗·· ·⊗Un =
m⊗Un︸ ︷︷ ︸

m

—the m-th tensorial power of Un.
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6.3 Matrix Representation of the Tensor Product
of Unitary Spaces

Let the two unitary spaces Um and Un be given, together with ON bases {ū1, . . . , ūm}
and {v̄1, . . . , v̄n} in them, respectively. As a consequence, we have two isomorphisms
i1 and i2 between these spaces and unitary spaces C

m and C
n, respectively. So, for

x̄ ∈ Um, we have the image i1(x̄) = ξ = [ξ1, . . . ,ξm]T , where x̄ = ∑m
i=1 ξiūi, and

analogously for ȳ ∈Un, i2(ȳ) = η = [η1, . . . ,ηn]T .
If the third unitary space Um·n is also given, and a map ϕ : Um×Un→Um·n, which

satisfies the two axioms of the tensor product, then due to bilinearity of ϕ

ϕ [x̄, ȳ] = x̄⊗ ȳ =
m

∑
i=1

n

∑
j=1

ξiη j(ūi⊗ v̄ j) =
m

∑
i=1

n

∑
j=1

(ξ ©K η)i j(ūi⊗ v̄ j).

Since {ūi⊗ v̄ j | i = 1, . . . ,m; j = 1, . . . ,n} is an ON basis in Um·n, we have the iso-
morphism i3 between unitary spaces Um·n and C

m·n. So, by choosing ON bases in
Um and Un, we realized a map ϕ ′= i3◦ϕ of Um×Un on the set of elementary vectors
in C

m·n

ϕ ′[x̄, ȳ] = ξ ©K η = ξ ⊗η .

It is easy to verify that the map ϕ ′ is bilinear and that the tensor product of two
ON bases in Um and Un is mapped onto the standard ON basis in C

m·n.
Thus, the unitary space C

m·n represents the tensor product Um·n = Um ⊗Un

through the isomorphism i3, and this representation is achieved by the choice of
ON bases in Um and Un.

More directly, the map ϕ ′ = i3 ◦ϕ enables us to write C
m·n = Um⊗Un. This is a

typical example of a basis-dependent definition of the tensor product.
In a very similar way, one can prove that the operator A⊗B in Um·n is represented

by the Kronecker product A ©K B of matrices A and B that represent A and B in
the chosen bases:

(A⊗B)(ūi⊗ v̄p) = (Aūi)⊗ (Bv̄p) = (
m

∑
j=1

a jiū j)⊗ (
n

∑
q=1

bqpv̄q) =

=
m

∑
j=1

n

∑
q=1

a jibqp(ū j⊗ v̄q) =

=
m

∑
j=1

n

∑
q=1

[A ©K B] jq,ip(ū j⊗ v̄q).

Two Remarks

(1) We notice that there is a second route by which we can reach ξ ©K η (see the
figure below), once the ON bases in Um and Un have been chosen, without taking
into consideration the map ϕ and the particular tensor product Um⊗Un = Um·n



6.3 Matrix Representation of the Tensor Product of Unitary Spaces 251

that this map implies. Namely, the ordered pair [ξ ,η ] of i1(x̄) = ξ and i2(ȳ) = η
is taken by the natural map ϕ0 onto the Kronecker product ξ ©K η in C

m⊗C
n =

C
m·n

ϕ0[i1(x̄), i2(ȳ)] = ξ ©K η (see Sect. 6.2.1).

So, we can conclude that every other realization of the tensor product of Um and
Un is isomorphic to this one

C
m·n = Um⊗Un.

In other words, if Um⊗Un and Um⊗′Un are two distinct tensor products defined
by bilinear maps ϕ and ϕ ′, respectively, then there exists a unique isomorphism
T whose domain is Um⊗Un and the range is Um⊗′Un, so that

T ϕ [x̄, ȳ] = ϕ ′[x̄, ȳ], for all x̄ ∈Um and ȳ ∈Un.
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The tensor product Un⊗U∗n of a unitary space Un and its dual space U∗n is espe-
cially important for its application in Quantum Mechanics (the Dirac notation).
In Sect. 7.3, we shall study two isomorphic realizations of this tensor prod-
uct, namely the superspaces L̂(Un,Un) and L̂(U∗n ,U∗n ), which are connected by
an invariant isomorphism-isodualism, which even enables their identification
(Sects. 4.7 and 7.2.2).

(2) The matrix representation C
m·n = Um⊗Un of the tensor product is basis de-

pendent. In another ON basis in Um, the same vector x̄ is represented by the
matrix-column ξ ′ = R∗ξ (Sect. 4.4), where R is the unitary replacement ma-
trix from the old to the new ON basis, and R∗ = (R†)T = (R−1)T = S is the
unitary contragredient matrix of R. The analogous situation is in Un, the vector
ȳ is now represented by the matrix-column η ′ = R̄∗η , where the unitary ma-
trix R̄∗ = S̄ is contragredient to the unitary matrix R̄ that connects ON bases
in Un. The elementary vector x̄⊗ ȳ is now represented by another elementary
vector in C

m·n

ξ ′ ©K η ′ = R∗ξ ©K R̄∗η = (R∗ ©K R̄∗)(ξ ©K η),

by the fourth property of the Kronecker product.
Thus, even though the matrix representation of the tensor product Um⊗Un is
basis dependent, we know the precise procedure for representing x̄⊗ ȳ in other
ON bases in Um and Un.

6.4 Multiple Tensor Products of a Unitary Space Un and of its
Dual Space U∗n as the Principal Examples of the Notion
of Unitary Tensors

When we multiply the unitary space Un tensorially with itself, i.e., Un⊗Un (this is

called the tensorial square of Un and denoted as
2⊗ Un), this means that there is a

map ϕ which takes the Cartesian product Un×Un into another unitary space Un2 , so
that the two axioms of the tensor product are satisfied.

If we represent that product in an ON basis {v̄1, . . . , v̄n} in Un, then every ele-
mentary vector x̄⊗ ȳ, x̄, ȳ ∈Un, is taken to the Kronecker product ξ ©K η , where
ξ = i(x̄) and η = i(ȳ) are the representative columns of x̄ and ȳ realized by the
isomorphism i : Un→C

n, induced by the choice of the above ON basis in Un.
When we go over to another ON basis {v̄′1, . . . , v̄′n} in Un by the unitary replace-

ment matrix R = [ri j]n×n, then x̄⊗ ȳ will be represented by the Kronecker product
of columns ξ ′ ©K η ′ = R∗ξ ©K R∗η = (R∗ ©K R∗)(ξ ©K η), (Sects. 4.4 and 6.1)
where R∗ = (R†)T = (R−1)T = S is the contragredient matrix to R. In terms of
components, this reads as

ξ ′α η ′β =
n

∑
i, j=1

r∗α ir
∗
β jξiη j, α,β = 1, . . . ,n. (∗)
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In this way, we get a two index system of n2 complex numbers {ξiη j | i, j =
1, . . . ,n} which is attached to the first ON basis in Un, and which changes into the
new system [see above expression (∗)] when the ON basis is changed to the new one
by the replacement matrix R ∈U(n) : v̄′i = ∑n

j=1 ri j v̄ j. This is the principal example
of the unitary tensor which is twice contravariant since both indices change by the
contragredient matrix R∗ = S = (R−1)T . So, the tensorial square of the unitary
space Un generates such a tensor when represented by matrices in ON bases in Un.

We can generalize this idea to the tensor product of Un with itself m times
m⊗Um

(the m-th tensorial power of Un). When we represent that product in an ON basis in
Un, then every elementary vector x̄1⊗·· ·⊗ x̄m is mapped on the Kronecker product
ξ1 ©K · · · ©K ξm which is an m-index system of nm complex numbers. In another
ON basis in Un, which is obtained by the unitary replacement matrix R, this system
is multiplied by the Kronecker product R∗ ©K · · · ©K R∗︸ ︷︷ ︸

m

of m contragredient ma-

trices R∗ = S . This is the principal example of the unitary tensor which is m times
contravariant.

In Sect. 4.1, we analyzed the change of the representation of the dual vector
Dx̄ = f ∈ U∗n which is represented by the row ψ = [ f (ū1) . . . f (ūn)] in an ON
basis {ū1, . . . , ūn} in Un. When the first basis is replaced by the second ON basis
{ū′1, . . . , ū′n} by the unitary replacement matrix R = [ri j]n×n, R−1 = R† : ū′i =
∑ j=1 ri j ū j, then the representing row of f is changed into ψ ′ = ψRT or in terms of
components

f (ū′i) =
n

∑
j=1

ri j f (ū j), i = 1, . . . ,n.

[We may repeat the proof: f (ū′i) = f (∑n
j=1 ri j ū j) = ∑n

j=1 ri j f (ū j) = ∑n
j=1 f (ū j)

{RT} ji, which is expressed in a concise matrix form as ψ ′ = ψRT ].
Here, we have a one index system of n complex numbers which is connected

with an ON basis in Un, and which system changes (varies) in the same way as the
ON basis (we say that this system is a covariant n-vector).

The tensor product of U∗n with itself (the tensorial square
2⊗U∗n ) is represented

so that each elementary vector f1 ⊗ f2 is represented in an ON basis in Un by
the Kronecker product of representing rows ψ1©K ψ2. In another ON basis in
Un, the same elementary vector is represented by ψ ′1 ©K ψ ′2 = ψ1R

T ©K ψ2R
T =

(ψ1 ©K ψ2)(RT ©K RT ). In terms of components

f1(ū′α) f2(ū′β ) =
n

∑
i, j=1

rα irβ j f (ūi) f (ū j). (∗∗)

We get a two index system of n2 complex numbers { f1(ūi) f2(ū j) | i, j = 1, . . . ,n}
which is attached to an ON basis in Un, and which changes by the above expression
(∗∗) when the ON basis is changed into the new one by the replacement matrix
R ∈U(n). This is the principal example of a unitary tensor which is twice covariant,
since both indices vary by the matrix R itself.

This example is easily generalized to
p⊗U∗n , so that we get unitary tensors which

are p-times covariant.
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Now, we shall discuss a further generalization: we consider
p⊗ U∗n , the tensor

product of U∗n with itself p times, which is multiplied tensorially with
m⊗ Un, the

tensor product of Un with itself m times. We represent an elementary vector from

(
p⊗U∗n )⊗ (

m⊗Un)

in an ON basis in Un and get a system of np+m complex numbers (p + m index
system) in the Kronecker product of p rows and m columns (which are all n-vectors).
When we go over to a new ON basis in Un by the unitary replacement matrix R,
this system of complex numbers goes to the new one, so that p indices are changed
by the matrix R, while the other m indices are changed by the contragredient matrix
R∗ = (R†)T = (R−1)T = S .

This is the principal example of a unitary tensor which is p times covariant and
m times contravariant.

6.5 Unitary Space of Antilinear Operators L̂a(Um,Un)
as the Main Realization of Um⊗Un

We denote by L̂a(Um,Un) the set of all antilinear operators which map the unitary
space Um into the unitary space Un, where the index “a” denotes the antilinear nature
of the members of the set.

The members of this set are all antilinear operators Aa which map the whole
Um onto a subspace (proper or improper) of the space Un. But, they map a linear
combination of vectors from Um onto the linear combination of unique images in Un

with the complex conjugate coefficients:

Aa(ax̄1 + bx̄2) = a∗Aax̄1 + b∗Aax̄2, x̄1, x̄2 ∈Um; a,b ∈ C.

This set of antilinear operators is obviously a vector space, because the sum of
any two antilinear operators Aa and Ba is defined as the antilinear operator Ca =
Aa + Ba :

Cax̄ = (Aa + Ba)x̄ = Aax̄ + Bax̄, for every x̄ ∈Um.

The second “+” sign is the addition in Un, which makes Un an Abelian group, so
that this addition in L̂a(Um,Un) makes this set an Abelian group as well. It is closed,
commutative, associative; there exists the additive inverse −Aa for every Aa; and
there exists the additive identity (neutral)—the zero operator 0̂x̄ = 0̂, ∀x̄ ∈Um(Aa +
0̂ = Aa). We also define the product of the antilinear operator Aa with a complex
number c (scalar) as the antilinear operator Da = cAa : Dax̄ = (cAa)x̄ = c(Aax̄), ∀x̄∈
Um, c ∈C. This product satisfies all four properties of scalar multiplication.

Every operator Aa ∈ L̂a(Um,Un) generates by means of the expression (Aax̄, ȳ),
x̄ ∈∈Um, ȳ ∈Un (this inner product is obviously in Un), for a fixed ȳ, a linear map
between Un and U∗m (the unitary space of linear functionals in Um): it adjoins the
complex number (Aax̄, ȳ) to every vector x̄ ∈Um in a linear fashion:
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(Aa(ax̄1 + bx̄2), ȳ) = (a∗Aax̄1 + b∗Aax̄2, ȳ) = a(Aax̄1, ȳ)+ b(A2x̄2, ȳ)

(remember that the inner product is antilinear in the first factor). We can denote this
linear functional in Um by fAa,ȳ, and the map itself as ȳ �→ fAa,ȳ. A linear combination
of ȳs is mapped on the same linear combination of functionals:

fAa,cȳ1+dȳ2 = (Aax̄,cȳ1 + dȳ2) = c(Aax̄, ȳ1)+ d(Aax̄, ȳ2) =
= c fAa,ȳ1 + d fAa,ȳ2 ,

so this map Un→U∗m is linear.
Furthermore, every linear functional in Um (vector in U∗m) is mapped on the cor-

responding dual vector x̄′ in Um by the inverse antilinear dualism D−1 (Sect. 4.1):

x̄′ = D−1 fAa,ȳ.

So, we now have a map ȳ �→ x̄′ which is antilinear

D−1(Aax̄,cȳ1 + dȳ2) = D−1(c fAa,ȳ1 + d fAa,ȳ2) =

= c∗D−1 fAa,ȳ1 + d∗D−1 fAa,ȳ2 = c∗x̄′1 + d∗x̄′2.

We denote this antilinear map Un→Um (which depends on Aa) by A†
a:

A†
aȳ = x̄′, ȳ ∈Un, x̄′ ∈Um.

Remembering The Fundamental Formula of Dualism (FFD) (Sect. 4.1) f (x̄) =
(x̄′, x̄) = = (x̄, x̄′)∗, x̄, x̄′ ∈ Um; f ∈ U∗m where x̄′ = D−1 f , we have (Aax̄, ȳ) =
fAa,ȳ(x̄) = (x̄′, x̄) = = (x̄, x̄′)∗ = (x̄,A†

aȳ)∗, the last inner product is in Um.
So, A†

a ∈ L̂a(Un,Um), and it is uniquely determined by Aa

(Aax̄, ȳ) = (x̄,A†
aȳ)∗, x̄ ∈Um, ȳ ∈Un.

We call this antilinear map A†
a from Un into Um the adjoint of Aa.

The inner product in complex vector space L̂a(Um,Un) is defined as

(Aa,Ba) = Tr B†
aAa,

where B†
aAa is a linear operator in Um, and its trace Tr B†

aAa = ∑m
i=1(ūi,B†

aAaūi) we
can calculate in any ON basis {ū1, . . . , ūm} in Um.

Proof of the three basic properties of the inner product in any complex vector space.

(1) Skew-symmetry: (Aa,Ba) = (Ba,Aa)∗.

(Ba,Aa)∗ = (Tr A†
aBa)∗ =

m

∑
i=1

(ūi,A
†
aBaūi)∗ =

m

∑
i=1

(A†
a(Baūi), ūi) =

=
m

∑
i=1

(Baūi,Aaūi)∗ =
m

∑
i=1

(ūi,B
†
aAaūi) = Tr B†

aAa = (Aa,Ba).
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(2) Linearity in the second factor: (Aa,bBa + cCa) = b(Aa,Ba)+ c(Aa,Ca).

(Aa,bBa + cCa) = Tr (bBa + cCa)†Aa =
m

∑
i=1

(ūi,(bBa + cCa)†Aaūi) =

=
m

∑
i=1

(ūi,(bBa)†Aaūi)+
m

∑
i=1

(ūi,(cCa)†Aaūi) =

=
m

∑
i=1

b(ūi,B
†
aAaūi)+ c

m

∑
i=1

(ūi,C
†
aAaūi) =

= b(Aa,Ba)+ c(Aa Ca),

since, (bBa)† = bB†
a and (cCa)† = cC†

a .

(Note: (Aax̄, ȳ) = (x̄,A†
aȳ)∗ ⇒ a∗(Aax̄, ȳ) = a∗(x̄,A†

aȳ)∗ ⇒ ((aAa)x̄, ȳ) =
(x̄,aA†

aȳ)∗, so (aAa)† = aA†
a).

(3) Positive definiteness: (Aa,Aa) > 0 for Aa �= 0̂.

(Aa,Aa) = Tr A†
aAa =

m

∑
i=1

(ūi,A
†
aAaūi) =

m

∑
i=1

(Aaūi,Aaūi)∗ =

=
m

∑
i=1

||Aaūi||2 > 0. Δ

Thus L̂a(Um,Un) is a unitary space. Its dimension is m · n, which can be shown
analogously as in Sect. 6.1. for L̂(Vn,Wm).

This m ·n dimensional unitary space will become the tensor product of Um and Un,
i.e., L̂a(Um,Un) =Um⊗Un, if we define the map ϕ which takes the Cartesian product
Um×Un into L̂a(Um,Un) so that the two axioms from Sect. 6.2.2 are satisfied.

The map ϕ is defined so that to each ordered pair of vectors [x̄, ȳ] x̄ ∈ Um and
ȳ ∈Un, we adjoin an antilinear operator [elementary vector (x̄⊗ ȳ)a in L̂a(Um,Un)]
which is given by its action on an arbitrary vector z̄ ∈Um:

(x̄⊗ ȳ)az̄ = (z̄, x̄) ȳ.

This operator maps the whole space Um onto the one-dimensional subspace L(ȳ) in
Un which is spanned by the vector ȳ. It is antilinear, since z is in the antilinear factor
of the inner product in Um:

(x̄⊗ ȳ)a(az̄1 + bz̄2) = (az̄1 + bz̄2, x̄)ȳ = a∗(z̄1, x̄)ȳ + b∗(z̄2, x̄)ȳ =
= a∗(x̄⊗ ȳ)az̄1 + b∗(x̄⊗ ȳ)az̄2.

We shall omit “a” in (x̄⊗ ȳ)a for the sake of simplicity in notation.
The adjoint operator of x̄⊗ ȳ, i.e., (x̄⊗ ȳ)†, is the elementary vector ȳ⊗ x̄

from L̂a(Un,Um), which acts analogously on an arbitrary vector ū ∈Un as ȳ ∈Un,
x̄ ∈Um, (ȳ⊗ x̄)ū = (ū, ȳ)x̄. [It maps Un onto L(x̄)].
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Proof

((x̄⊗ ȳ)ū, v̄) = (ū, x̄)∗(ȳ, v̄) = (x̄, ū)(ȳ, v̄) and

(ū,(ȳ⊗ x̄)v̄)∗ = (v̄, ȳ)∗(ū, x̄)∗ = (x̄, ū)(ȳ, v̄), so that

((x̄⊗ ȳ)ū, v̄) = (ū,(ȳ⊗ x̄)v̄)∗, and (x̄⊗ ȳ)† = ȳ⊗ x̄. Δ

We shall now demonstrate that the map ϕ satisfies the two axioms from Sect. 6.2.2.

(1) The map ϕ is bilinear:

((x̄1 + x̄2)⊗ ȳ)z̄ = (z̄, x̄1 + x̄2)ȳ = (z̄, x̄1)ȳ+(z̄, x̄2)ȳ
= (x̄1⊗ ȳ)z̄+(x̄2⊗ ȳ)z̄;

(x̄⊗ (ȳ1 + ȳ2))z̄ = (z̄, x̄)(ȳ1 + ȳ2) = (z̄, x̄)ȳ1 +(z̄, x̄)ȳ2 =
= (x̄⊗ ȳ1)z̄+(x̄⊗ ȳ2)z̄;

a(x̄⊗ ȳ)z̄ = a(z̄, x̄)ȳ = (z̄, x̄)(aȳ) = (z̄,ax̄)ȳ =
= (x̄⊗aȳ)z̄ = (ax̄⊗ ȳ)z̄.

(2) If {ū1, . . . , ūm} and {v̄1, . . . , v̄n} are two ON bases in Um and Un, respectively,
then {ūi⊗ v̄ j | i = 1, . . . ,m; j = 1, . . . ,n} is an ON basis in L̂a(Um,Un):

(ūk⊗ v̄l, ūp⊗ v̄q) = Tr (ūp⊗ v̄q)†(ūk⊗ v̄l) =
m

∑
i=1

(ūi,(v̄q⊗ ūp)(ūk⊗ v̄l) ūi) =

=
m

∑
i=1

(ūi,(v̄q⊗ ūp)(ūi, ūk︸︷︷︸
δik

) v̄l) = (ūk,(v̄l , v̄q︸︷︷︸
δlq

) ūp) = δkpδlq. Δ

Therefore, Um⊗Un = L̂a(Um,Un).

6.6 Comparative Treatment of Matrix Representations of Linear
Operators from L̂(Um,Un) and Antimatrix Representations
of Antilinear Operators from L̂a(Um,Un) = Um⊗Un

(A) We shall first consider L̂(Um,Un) and find matrix representations of linear op-
erators that map Um into Un in a pair of ON bases

u = {ū1, . . . , ūm} in Um and v = {v̄1, . . . , v̄n} in Un.

The general formula for matrix representation was discussed in Sect. 2.6.4: Given
L ∈ L̂(Um,Un), we expand the images of vectors from basis u {Lū1, . . . ,Lūm} in
basis v, so that the expansion coefficients form the columns of the representation
matrix M:

Lū j =
n

∑
k=1

ak jv̄k, j = 1, . . . ,m. (∗)



258 6 Tensor Product of Unitary Spaces

More explicitly,

[Lū j]v =

⎡
⎢⎢⎢⎣

a1 j

a2 j
...

an j

⎤
⎥⎥⎥⎦ , j = 1, . . . ,m (the j-th column of M).

Now, multiplying (∗) from the left with v̄i, i = 1, . . . ,n, we get

(v̄i,Lū j) =
n

∑
k=1

ak j(v̄i, v̄k︸︷︷︸
δik

) = ai j, i = 1, . . . ,n; j = 1, . . . ,m.

So, we have the n×m matrix M = [(v̄i,Lū j)]n×m, which represents L∈ L̂(Um,Un)
on the pair of ON bases u and v.

[x̄]u = ξ =

⎡
⎢⎢⎢⎣

ξ1

ξ2
...

ξm

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

(ū1, x̄)
(ū2, x̄)

...
(ūm, x̄)

⎤
⎥⎥⎥⎦ , [ȳ]v = η =

⎡
⎢⎢⎢⎣

η1

η2
...

ηn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣
(v̄1,Lx̄)
(v̄2,Lx̄)

...
(v̄n,Lx̄)

⎤
⎥⎥⎥⎦= [Lx̄]v.

We have to prove Mξ = η or M[x̄]u = [Lx̄]v .

Proof

Mξ = η or [(v̄i,Lū j)]n×m

⎡
⎢⎢⎢⎣

(ū1, x̄)
(ū2, x̄)

...
(ūm, x̄)

⎤
⎥⎥⎥⎦

m×1

=

⎡
⎢⎢⎢⎣
(v̄1,Lx̄)
(v̄2,Lx̄)

...
(v̄n,Lx̄)

⎤
⎥⎥⎥⎦

n×1
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The product of the first row of M with ξ :

m

∑
j=1

(v̄1,Lū j)(ū j, x̄) =
m

∑
j=1

(L†v̄1, ū j)(ū j, x̄) = (on using Parseval’s identity, Sect. 3.3)

= (L†v̄1, x̄) = (v̄1,Lx̄).

For other rows of M we do the same. Δ

Remark Every operator L ∈ L̂(Um,Un) defines the unique adjoint operator L† ∈
L̂(Un,Um), analogously as we defined the adjoint operator in L̂(Un,Un) (Sect. 4.2),

(x̄,Lȳ) = (L†x̄, ȳ), x̄ ∈Um, ȳ ∈Un.]

(B) To handle antilinear operators from L̂a(Um,Un) properly, we have to introduce
the standard factorization of Aa into the linear factor and the conjugation: we
define a special antilinear operator Ku which leaves invariant all vectors from
the chosen ON basis u = {ū1, . . . , ūm} in Um

Ku ūi = ūi, i = 1, . . . ,m.

This operator is obviously an involution K2
u = IUm . Next, we consider the standard

factorization of Aa

Aa = (Aa Ku)Ku,

which is obviously basis dependant. So, Aa Ku is a linear operator, and its repre-
sentation n×m matrix in the two ON bases u and v = {v̄1, . . . , v̄n} in Um and Un is
obtained as the matrix representing any linear operator

(v̄i,(Aa Ku)ū j) = (v̄i,Aa(Ku ū j)) = (v̄i,Aaū j) = bi j, j = 1, . . . ,m; i = 1, . . . ,n;

so N = [bi j]n×m = [(v̄i,Aaū j)]n×m.
The antilinear operator Ku is represented by the operation K which is obtained

by taking the complex conjugate of all matrices to the right.
The antilinear operator Aa is represented in u and v by

NK = [bi j]n×mK = [(v̄i,Aaū j)]n×mK,

which is more complicated than an ordinary matrix, because K, though a very com-
mon operator in the space of complex column vectors, is not expressible as a matrix.

We refer to such a product of a matrix factor N and the complex conjugation K
as an antimatrix.

Since K is the same for all antilinear operators, every antilinear operator is es-
sentially represented by its matrix factor. There is no need to investigate the trans-
formation properties of K because it is the same operation in the space of complex
column vectors for any choice of bases.
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Let us now consider the following figure

[x̄]u = ξ =

⎡
⎢⎢⎢⎣

ξ1

ξ2
...

ξm

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

(ū1, x̄)
(ū2, x̄)

...
(ūm, x̄)

⎤
⎥⎥⎥⎦ [ȳ]v = η =

⎡
⎢⎢⎢⎣

η1

η2
...

ηn

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

(v̄1,Aax̄)
(v̄2,Aax̄)

...
(v̄n,Aax̄)

⎤
⎥⎥⎥⎦= [Aax̄]v

We have to prove (NK)ξ = η or NK[x̄]u = [Aax̄]v or

[(v̄i,Aaū j)]n×m K

⎡
⎢⎣

(ū1, x̄)
...

(ūm, x̄)

⎤
⎥⎦

m×1

=

⎡
⎢⎣

(v̄1,Aax̄)
...

(v̄n,Aax̄)

⎤
⎥⎦

n×1

Proof The first row of NK multiplied with ξ :

m

∑
j=1

(v̄1,Aaū j)K (ū j, x̄) =
m

∑
j=1

(A†
av̄1, ū j)∗(ū j, x̄)∗

= (A†
av̄1, x̄)∗ = (v̄1,Aax̄),

on using Parseval’s identity, Sect. 3.3.

For other rows of NK we do the same. Δ

It is an interesting fact that the matrix factor

N = [(v̄i,Aaū j)]n×m

consists of the expansion coefficients of the antilinear operator Aa in the orthonormal
basis {ū j⊗ v̄i | i = 1, . . . ,n, j = 1, . . . ,m} in L̂a(Um,Un) = Um⊗Un:
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Aa =
m

∑
j=1

n

∑
i=1

(ū j⊗ v̄i,Aa)(ū j⊗ v̄i) =
m

∑
j=1

n

∑
i=1

(v̄i,Aaū j)(ū j⊗ v̄i).

Proof To prove this, we have only to calculate the Fourier coefficients in the expan-
sion:

(ū j⊗ v̄i,Aa) = Tr A†
a(ū j⊗ v̄i) =

m

∑
k=1

(ūk,A
†
a(ū j⊗ v̄i)ūk) =

=
m

∑
k=1

(ūk,A
†
a(ūk, ū j︸ ︷︷ ︸

δk j

) v̄i = (ū j,A
†
av̄i) = (Aaū j, v̄i)∗ = (v̄i,Aaū j). Δ
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The first study of antilinear unitary operators was done by E.P.Wigner in J. Math.
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bra of Antilinear Operators in the paper “Basic Algebra of Antilinear Operators
and Some Applications” by F.Herbut and M.Vujičić, J. Math. Phys. 8, 1345(1967).
Later on, we discovered three very important applications of antilinear operators
and antimatrices:

(1) In the theory of Superconductivity (“Antilinear Operators in Hartree-Bogolybov
Theory” by F. Herbut and M. Vujičić, Phys. Rev. 172, 1031(1968));

(2) In the theory of Quantum Entanglement (“A Quantum-Mechanical Theory
of Distant Correlations” by M. Vujičić and F. Herbut, J. Math. Phys. 25,
2253(1984));

(3) In the theory of Magnetic Groups (“Magnetic Line Groups” by
M. Damnjanović and M. Vujičić, Phys. Rev. B25, 6987(1982)).



Chapter 7
The Dirac Notation in Quantum Mechanics:
Dualism between Unitary Spaces (Sect. 4.1)
and Isodualism between Their Superspaces
(Sect. 4.7)

7.1 Repeating the Statements about the Dualism D

Consider an n-dimensional unitary space Un and choose an ON basis u = {ū1 . . . , ūn}
in it. Then, every vector x̄ ∈Un is represented in that basis by a matrix-column of
Fourier coefficients

ξ =

⎡
⎢⎣

ξ1
...

ξn

⎤
⎥⎦=

⎡
⎢⎣
(ū1, x̄)

...
(ūn, x̄)

⎤
⎥⎦ .

If the basis changes by a unitary replacement matrix R (R−1 = R†), then
the representing column ξ changes into R∗ξ (S = (R−1)T = (R†)T = R∗)
(Sect. 4.4), which means that x̄ generates a contravariant unitary vector {R∗ξ |R ∈
U(n)}, i.e., a unitary tensor of the first order where a 1-index complex number sys-
tem changes by the contragredient matrix S = R∗ with the change of ON basis.

Every linear functional f ∈ L̂(Un,C) is represented in the same ON basis u by a
matrix-row of the images of this basis ϕ = [ f (ū1) . . . f (ūn)].

If the basis changes by R (ū′i = ∑n
j=1 ri jū j), then the representing row ϕ changes

(like the basis) in ϕRT ( f (ū′i) = ∑n
j=1 ri j f (ū j)) (Sect. 4.1), which means that the

functional f generates a covariant unitary vector {ϕRT |R ∈U(n)}.
All linear functionals in Un form an n-dimensional unitary space U∗n = L̂(Un,C),

called the dual space.
There is a basis-independent antilinear bijection (called dualism D) between Un

and U∗n established by the fundamental formula of dualism (FFD):

f (ȳ) = (x̄, ȳ) , ∀ȳ ∈Un.

This formula determines the dual functional f of x̄:

Dx̄ = f ,

263
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which is consequently represented in u by the adjoint of ξ , i.e.,

ϕ = ξ † = [(ū1, x̄)∗ . . . (ūn, x̄)∗].

The same FFD determines the dual vector x̄ of f :

D−1 f = x̄,

which is now represented in u by the adjoint of ϕ , i.e.,

ξ = ϕ† = [ f (ū1)∗ . . . f (un)∗]T .

That this bijection is basis independent and antilinear has been shown in detail in
Sect. 4.1.

The inner-product in U∗n is defined by that in Un:

(Dx̄1,Dx̄2) = (x̄1, x̄2)∗.

Evidently, we can introduce the dual basis {Dū1, . . . ,Dūn} of u in U∗n , which is
also orthonormal (ON):

(Dūi,Dū j) = (ūi, ū j)∗ = δi j.

In all pairs of dual ON bases, the dual vectors x̄ and f̄ (now we treat f as the vec-
tor f̄ in U∗n ) are represented by complex conjugate columns ξ and ξ ∗, respectively.

Nevertheless, we shall continue to regard all the relations between Un and U∗n
from the point of view of an ON basis u in Un: a linear functional f is represented
in u as the matrix-row ϕ , which changes covariantly as ϕRT with the change of
basis, while a vector x̄ is represented in u as the matrix-column ξ , which changes
contravariantly as R∗ξ . If x̄ and f are dual to each other, then their representing
forms are adjoint to each other

ξ = ϕ†

in all ON bases in Un.
For these reasons, in the Dirac notation (Sect. 4.7), the vector x̄ is written as a

ket |x >, where the left vertical segment | implicitly contains two hidden properties
(which are rarely explained in the literature):

1. The contravariant change R∗|x̄ > of the representing column [here we use this
short simplified form instead of the exact one {R∗ξ |R ∈U(n)}], and



7.1 Repeating the Statements about the Dualism D 265

2. All operators are applied to |x > from that side: A→|x >, because |x > is always
represented by matrix-columns.

The linear functional f is written as a bra < f |, where the right vertical segment
| also contains two hidden points of information:

1. The covariant change < f |RT of the representing row, and
2. All operators are applied to < f | from the right hand side: < f |←A, because < f |

is represented by matrix-rows.

Remark In Quantum Mechanics, one usually writes between the graphic signs | >
and < | the quantum numbers which uniquely determine the state vectors.

The action of the dualism D on the ket |x > gives its dual bra, which we shall
write from now on as < x|:

D|x >=< x|, and also < x|D−1 = |x > .

In the Dirac notation, the fundamental formula of dualism FFD becomes very
simple, which is one of the main features of Dirac notation. Namely, FFD is (x̄, ȳ) =
[Dx̄](ȳ), and in Dirac notation it can be written as

(|x >, |y >) = [D|x >](|y >) = [< x|](|y >) =< x||y >=< x|y > .

(The terms bra and ket come from this form of the FFD, because the graphic symbol
< |> is interpreted as bra �cket: < |>=<bra | ket >).

This simple Dirac form of the inner product of kets by use of the FFD has this
symmetric and elegant form, because it has built in the contraction rule. This rule
can be formulated as follows: when two vertical segments, one left and one right,
meet (as in the case < x||y >, where the functional < x| acts on the vector |y >), then
that can be united as < x|y >. The reason is that here, after tensor multiplication of
the covariant vector < x|RT with the contravariant vector R∗|y >, which gives a
mixed second order tensor, we have an annihilation of their tensorial properties:
< x|RT R∗|y >=< x|y >, because of

RT R∗ = (R†R)∗ = In (R is always a unitary matrix).

Because of this contraction, the expression < x|y > becomes a scalar, i.e., the
tensor of zeroth order. In any ON basis in Un, this is the unique number ξ †η .
Note The term inner product in tensor algebra is used for the tensor product with a
contraction. Every contraction reduces the order of tensor product by two.

We shall have the same rule of merging vertical segments in many applications
of Dirac notation, which appears as one of the main advantages of this notation
(Sects. 7.2.2 and 7.3.2).

The inner product of bras (vectors in U∗n ) is obviously expressed as follows:

(< x|,< y|) = (D|x >,D|y >) = (|x >, |y >)∗ = (|y >, |x >) =< y|x > .
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We are already convinced about the usefulness of Dirac notation, but more is to
come. This notation contracts many complicated mathematical properties of vectors
and operators in Un and U∗n into simple graphical foolproof rules. This notation in an
ingenious manner takes care of the tensor nature of these objects, especially when
the tensor multiplication is followed by contractions.

7.2 Invariant Linear and Antilinear Bijections between
the Superspaces L̂(Un,Un) and L̂(U∗n,U∗n)

7.2.1 Dualism between the Superspaces

In Sect. 7.1, we have analyzed the invariant antilinear bijection D between Un and
U∗n by means of the FFD. As is the case with every bijection between the spaces, the
dualism D induces (by similarity transformation) a bijection D̂ between the super-
spaces L̂(Un,Un) and L̂(U∗n ,U∗n ):

D̂A = DAD−1 = A∗ for every A ∈ L̂(Un,Un).

Obviously, D̂−1A∗ = D−1A∗D = A.
We call this map D̂, the dualism between the superspaces, and A and A∗ the dual

operators. This is also an antilinear bijection, since D is just like that:

D̂(aA + bB) = D(aA + bB)D−1 = a∗A∗+ b∗B∗, a,b ∈ C.

All properties of D̂ are inherited from the properties of D.
When we act with A on a ket |x >, i.e., A|x >, then this is represented in an ON

basis u = {ū1, . . . , ūn} in Un by the matrix-column A ξ , where the matrix elements
of A = [ai j]n×n are ai j = (ūi,Aū j), i, j = 1, . . . ,n, and ξ = [ξ1 . . .ξn]T , where ξ =
(ūi, x̄), i = 1, . . . ,n.

The dual vector D(A|x >) = D(AD−1D|x >) = (DAD−1)D|x > is represented in
the dual basis {Dū1, . . . ,Dūn} in U∗n by the matrix-column A ∗ξ ∗, since the dualism
D when represented, acts between C

n and C
n as the complex conjugation K, so

KA K−1 = KA K = A ∗ and Kξ = ξ ∗.

To get the representing row in the ON basis u in Un, which is one characteristic
of Dirac notation, we have only to transpose that column to get

ξ †A †.

This means that the dual operators A and A∗ are represented in the basis u by
adjoint matrices, but the first one A acts on matrix-columns from the left as A→,
while the second one A † acts on matrix-rows from the right as ←A †.
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It is quite natural to introduce the same notation for the operators:

D̂(A→) =←A† (∗)

(instead of D̂(A→) = A∗→, which is more natural when we represent vectors and
operators in dual bases).

It is immediately clear that the dual of the adjoint of A, i.e., D̂(A †→), will be
represented in the ON basis u in Un by the same matrix A as the matrix of the
operator A→, but the former acts from the right, i.e., ←A .

Therefore, the new rule for writing operators in dual spaces [see (∗) above] sug-
gests the following:

D̂(A†
→) =←A.

This indicates that between the operator A→ from L̂(Un,Un) and the operator
D̂(A†→) =← A from L̂(U∗n ,U∗n ), there exists some very deep connection. Indeed, this
is the realization (for the special case of unitary spaces) of a fundamental connec-
tion between two superspaces which exists even in the case of the most general type
of vector spaces Vn(F), which we studied in Sect. 4.7, i.e., the invariant isomor-
phism (isodualism) between L̂(Vn(F),Vn(F)) and L̂(V ∗n (F),V ∗n (F)) which enables
their identification.

7.2.2 Isodualism between Unitary Superspaces

In Sect. 4.7, we defined isodualism between the superspaces L̂(Vn(F),Vn(F)) and
L̂(V ∗n (F),V ∗n (F)) as the invariant linear bijection between the pairs of operators
from these superspaces that are connected by the fact that they are represented by
the same matrix in every basis in Vn(F). The only difference is that the partner
from L̂(V ∗n (F),V ∗n (F)) is represented by the matrix ←A which acts on the rows that
represent vectors from V ∗n (F), while the partner from L̂(Vn(F),Vn(F)) is represented
by the matrix A→ which acts on the columns that represent vectors from Vn(F).

When we consider special vector spaces, for example, the unitary ones, i.e., Un

and its dual U∗n , and their superspaces L̂(Un,Un) and L̂(U∗n ,U∗n ), then the isodual
partners are any A→ which acts in Un and D̂(A†→) = ←A (the dual of the adjoint of
A→) which acts in U∗n . They are represented by matrices A→ and ←A , respectively,
in every ON basis in Un.

From one ON basis to another related by the unitary replacement matrix R, they
both change by the same transformation:

R∗A→RT and R∗←A RT .

Proof For the first matrix, we proved this kind of change in Sect. 4.4. For the second
one, we know that in the dual ON basis in U∗n the operator D̂(A†) is represented
by the matrix (A †)∗ = A T→. With the change of ON basis by R in Un, the dual
(biorthogonal) basis in U∗n changes by (R−1)T = (R†)T = R∗. The representing
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matrix A T changes by the similarity transformation (Sect. 4.3.2) with the matrix
contragredient to R∗, i.e., [(R∗)−1]T = [(R∗)†]T = (RT )T = R. Thus, the new
representing matrix in U∗n is RA T R−1 = RA T R†. Transposing this column (to
get the representing matrix in Un), we finally get

(RA T
→R†)T = R∗←A RT . Δ

We shall now give the general definition (Sect. 4.7) of the isodual operator AT in
V ∗n (F)

[AT f ](ȳ) = f (Aȳ), ∀ȳ ∈Vn(F),

in Dirac notation
[< x|←A](|y >) = [< x|](A→|y >),

where we use the square bracket [ ] to enclose a functional that acts in Un, while the
round bracket () encompasses a ket (a vector from Un).

However, it is obviously too complicated graphically, since both sides can be
written simply (as is done in Dirac notation in Quantum Mechanics) in the form
< x|A|y >, where it is understood that A can act from the right on the bra < x| as the
isodual operator←A or from the left on the ket |y > as A→, in short

< x|←A|y >=< x|A→|y >⇔< x|A|y > .

This is one of the basic rules in Dirac notation.
Identification of isodual operators A→ ∈ L̂(Un,Un) and ←A ∈ L̂(U∗n ,U∗n ) in this

Quantum Mechanical expression is rarely explained as a consequence of the in-
variant isomorphism between the superspaces. It is easily understood since such an
explanation involves many sophisticated mathematical concepts.

Nevertheless, it should be once properly explained (as well as other features of
the relation between Un and U∗n ), and then use of the rules of Dirac notation implic-
itly takes care of everything and prevents mistakes in calculations.

We have shown the representation matrices of both isodual partners change as

{R∗A RT |R ∈U(n)},

which means that these operators generate mixed second order unitary tensors (once
contravariant and once covariant). We can again write this in a short (incorrect)
form for operators as R∗ART , or in Dirac notation as |A|, where the vertical left
and right segments indicate contravariant and covariant change of the representing
matrix, respectively, just as with kets and bras. Consequently, we have the following
explicit tensor multiplication < x|RT R∗|A|RT R∗|y >, which gives a tensor of the
fourth order, which with two contractions RT R∗ = (R†R)∗ = In becomes finally
< x||A||y >=< x|A|y >, a tensor of the zeroth order (a scalar) which is the unique
number ξ †A η in any ON basis in Un, once calculated in the given ON basis u =
{ū1, . . . , ūn}.

It is very instructive to compare the above compact definition of isodual operators

< x|A|y >⇔< x|←A|y >=< x|A→|y >
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with the definition of the adjoint operator (Sects. 4.2 and 7.1)

(A†x̄, ȳ) = (x̄,Aȳ) for every x̄, ȳ ∈Un.

In Dirac notation the left hand side is (A†|x >, |y >). Using the fundamental
formula of dualism (FFD) which is (|x >, |y >) = [D|x >](|y >), this left hand side
of the above expression is equal to

[D(A†|x >)](|y >) = [(DA†D−1)D|x >](|y >) =
= [D̂(A†)D|x >](|y >) = [< x|←A](|y >) (Sec. 7.2.1 and 7.2.2).

The right hand side becomes (|x >,A|y >) = [D|x >](A|y >) = [< x|](A→|y >)
(Sect. 7.2.2). In this way, we arrive at < x|←A|y >=< x|A→|y > which is just the
definition of isodual operators, and, finally, to its compact form

< x|A|y > .

Summary The definition of the adjoint operator in the space Un : (A†x̄, ȳ) =
(x̄,Aȳ), ∀x̄, ȳ ∈ Un, becomes one simple expression in Dirac notation < x|A|y >,
so that the left hand side of the above definition of the adjoint operator A† is
< x|←A|y >, and the right hand side is < x|A→|y >. From this, it follows again
that in a unitary space the isodual operator ←A of A→ is just the dual of its adjoint:

D̂(A†
→) =←A

or applied to vectors,

D(A†|x >) =< x|A.

Therefore, the combination of adjoining as an invariant autodualism in L̂(Un,Un)
(Sect. 4.2) with an invariant dualism D̂ between superspaces (Sect. 7.2.1) produces

isodualism as an invariant isomorphism between these superspaces L̂(Un,Un)
inv∼=

L̂(U∗n ,U∗n ) which enables their identification.
Graphically, this can be presented as:
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Note that the isodual operator of←A, i.e., A→ is obtained by inverse dualism D̂−1

followed by adjoining.
In any ON basis u = {ū1, . . . , ūn} in Un, the isodual operators A→ and ←A are

represented by the same matrix A , which acts from the left on the representing
columns of kets (vectors in Un) as A→ξ and from the right on the representing rows
of bras (vectors in U∗n ) as ϕ←A , respectively.

The basic formula < x|A|y > is the definition of the adjoint operators A† and A,
as well as of isodual operators < x|←A|y >=< x|A→|y >.

7.3 Superspaces L̂(Un,Un) L̂(U∗n,U∗n) as the Tensor Product
of Un and U∗n, i.e., Un⊗U∗n

Repetition of the definition. (Sect. 6.2.2):
The tensor product of two unitary spaces Um and Un is the third unitary space

Um·n (whose dimension is the product of m and n), if we can define a map ϕ of the
Cartesian product Um×Un into Umn which is:

1. Bilinear, and
2. Such that the Cartesian product of two arbitrary ON bases (one in Um and the

other in Un) is mapped onto an ON basis in Umn. Then, we write

Um·n = Um⊗Un.

The image of every ordered pair [x̄, ȳ], x̄ ∈Um, ȳ ∈Un, i.e., ϕ [x̄, ȳ], is written as
x̄⊗ ȳ and it is called an elementary vector in Umn. It is easy to show (Sect. 7.3.4) that
the elementary vectors span Umn, i.e., LIN[ϕ(Um×Un)] = Um⊗Un.

7.3.1 The Tensor Product of Un and U∗n

This product is very important, especially due to its applications in Quantum Me-
chanics. By a quite natural choice of the map ϕ we get

Un⊗U∗n = L̂(Un,Un)
inv∼= L̂(U∗n ,U∗n ) (Sect. 7.3.3),

i.e., both superspaces are the tensor product of Un and U∗n .
In this case, we shall call elementary vectors by a specific term: diads, and write

them in Dirac notation as |x >< y| instead of |x >⊗< y|, because it is a convention
in Dirac notation that >< replaces ⊗, so >⊗ < would unnecessarily duplicate the
same information.

Thus, we map an ordered pair of vectors, consisting of a ket |x >∈Un and a bra
< y| ∈U∗n , onto an operator (diad) |x >< y| which as isodual acts in both spaces Un

and U∗n . (Notice that a diad is not a pair of vectors, but an associated operator.)
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The action of the operator |x >< y| on the right (on kets from Un) and on the
left (on bras from U∗n ) is defined naturally in accordance with the Dirac rule of
merging the vertical segments (since it means a contraction RT R∗= In in the tensor
product).

So, the operator |x >< y| acts in Un on an arbitrary ket |z > as

(|x >< y|)|z >= |x >< y|z >=< y|z > |x >

(where < y|z > is a complex number).
Consequently, diad |x >< y| is a very specific linear operator which maps the

whole space Un on L(|x >), the one-dimensional subspace in Un spanned by the
ket |x >.

The same diad |x >< y| acts, as the isodual operator, acting on an arbitrary bra
< z| from U∗n as

< z|(|x >< y|) =< z|x >< y|,
i.e., it maps the whole space U∗n on the line L(< y|).

The diad |x >< y| is not necessarily a projector in either case. It will be the
projector on L(|x >) if < y| is equal to ort < x| or < y|= D|x >, i.e.,

|x >< x|, with < x|x >= 1,

in the first case, or
|y >< y| with < y|y >= 1,

in the second case (the projector on L(< y|).
Proof The operator |x >< x| is obviously

1. Hermitian: (|x >< x|)† = |x >< x|, since

(|x >< y|→)† = |y >< x|→.

To verify this last statement, we shall first take the dual of |x >< y|→, i.e.
D(|x >< y|→)D−1 =← |y >< x|, and then the isodual of the obtained operator,
i.e., |y >< x|→.

2. Idempotent: (|x >< x|)(|x >< x|) =< x|x > (|x >< x|) = |x >< x|.
3. Its trace is 1 (so it projects on a one-dimensional subspace): Tr |x >< x| =

< x|x >= 1 (see later Sect. 7.3.3 that Tr |x >< y|=< y|x >).
4. It projects on L(|x >), since it leaves the vector |x > invariant: (|x >< x|)|x >=

< x|x > |x >= |x >. Δ

7.3.2 Representation and the Tensor Nature of Diads

Diads as operators in both Un and U∗n are represented by square n× n matrices
(which act from the left on representing matrix-columns for kets or from the right
on matrix-rows that represent bras).
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However, the specific property in the representation of diads is that both factors
in the tensor product |x >< y| are represented in the same ON basis in the first factor
space Un, e.g., in an ON basis of kets u = {|u1 >,. . . , |un >}. A diad (as the tensor
product of a ket |x > and a bra < y|) is represented by the Kronecker product of
the matrix-column ξ that represents |x >, i.e., ξ = [< u1|x > .. . < un|x >]T , and
the matrix-row η† which represents the bra < y|, i.e., η† = [< y|u1 > .. . < y|un >]
(note that η represents the ket |y >). The square matrix ξ ©K η† so obtained is the
same as one which is the result of ordinary matrix multiplication of ξ and η†:

ξ ©K η† = ξ η† (Sect. 6.1B).

The (i, j)-th element is obviously

< ui|x >< y|u j >,

as it must be, since this result coincides (since the diad is an operator) with the gen-
eral procedure (ai j =< ui|A|u j > for any operator A) for calculating matrix elements
of the operator |x >< y| in the basis u.

It is useful to calculate the trace of the diad |x >< y| (remember that the trace is
associated with the operator since it is the same number in all of its representations):

Tr |x >< y| =
n

∑
i=1

< ui|x >< y|ui >=
n

∑
i=1

< ui|y >∗< ui|x >=

= η†ξ = (|y >, |x >) =< y|x > (Sect. 7.1).

When we change an ON basis in Un by a unitary replacement matrix R, then the
matrix that represents the diad |x >< y| becomes (R∗ξ )(η†RT ) = R∗(ξ η†)RT ,
which means that this is a mixed unitary tensor of the second order, i.e., it behaves
as the matrix of a linear operator, as it should do. This is the tensor product without a
contraction when every factor brings its tensor nature, which graphically means that
the left and right vertical segment in |x >< y| indicate the change R∗→ and ←RT ,
respectively.

We have already mentioned (Sect. 7.2.2) that with any other linear operator A→
in Un, and for its isodual ←A in U∗n , we can use the same two vertical segments in
Dirac notation, i.e., write the operator A as |A| in order to mark its tensor nature.

So, |A||x > and < x||A| are tensors of the third order, which after the contrac-
tion (the vertical segments merge) become |A|x > and < x|A|, tensors of the first
order, i.e., vectors. Similarly, |A||B| is a tensor of the fourth order, which after the
contraction |AB| becomes a mixed tensor of second order.

7.3.3 The Proof of Tensor Product Properties

To prove that by the above choice of the map ϕ of the Cartesian product Un×U∗n
into the superspace L̂(Un,Un), i.e.,
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ϕ [|x >,< y|] = |x >< y|→,

or into the superspace L̂(U∗n ,U∗n )

ϕ [|x >,< y|] =← |x >< y|,

these two identified superspaces are the tensor product of Un and U∗n :

Un⊗U∗n = L̂(Un,Un)
inv∼= L̂(U∗n ,U∗n ),

we have only to prove that the two axioms of the tensor product are satisfied.
These two axioms are 1) that the map ϕ is bilinear and 2) that the product of ON

bases in factor spaces gives an ON basis in the product space.
Explicitly, the first axiom requires that the tensor product is linear in both factors:

(1) (a|x1 > +b|x2 >) < y|= a|x1 >< y|+ b|x2 >< y|,
(2) |x > (a < y1|+ b < y2|) = a|x >< y1|+ b|x >< y2|.

These two requirements can be reduced to three more elementary ones:

(1′) (|x1 > +|x2 >) < y|= |x1 >< y|+ |x2 >< y| (distributivity of addition in Un),
(2′) |x > (< y1|+ < y2|) = |x >< y1|+ |x >< y2| (distributivity of addition in U∗n ),
(3′) a|x >< y|= |x > a < y|= |x >< y|a (commutation of a scalar with factors).

The procedure for proving these properties consists simply in applying the above
operators to an arbitrary |z > for L̂(Un,Un) or to an arbitrary < z| for L̂(U∗n ,U∗n ).

To prove the second axiom, we take an arbitrary ON basis {|u1 >,. . . , |un >} in
Un and its dual ON basis {< u1|, . . . ,< un|} in U∗n , and show that by tensor multi-
plication they produce the ON basis

{|ui >< u j| | i, j = 1, . . . ,n}

in the product space Un ⊗U∗n . We call these product-vectors |ui >< u j| , i, j =
1, . . . ,n, basis diads in both superspaces L̂(Un,Un) and L̂(U∗n ,U∗n ).

Since there are n2 basis diads, which is the dimension of both superspaces, it will
be enough to show that the vectors from that set are orthonormal (which implies
their linear independence) to get the desired ON basis.

For this proof, we need two formulas, which we have already demonstrated:

(|x >< y|)† = |y >< x| (Sect. 7.4.1) and Tr (|x >< y|) =< y|x > (Sect. 7.3.2).

Finally,

(|ui >< uj|, |um >< up|) = Tr (|ui >< uj|)†(|um >< up|) = Tr (|uj >< ui|)(|um >< up)

= < ui|um > Tr (|uj >< up|) =< ui|um >< up|uj >= δimδ jp.

It is important to note that we would obtain the same result if we took some other
ON basis {< u′1|, . . . ,< u′n|} in U∗n , different from the dual basis. The set of vectors
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{|ui >< u′j | i, j = 1, . . .n} is also an ON basis in the superspaces, since the factor
δim in the above result follows from the orthonormality of the basis in Un, while the
factor δ jp follows from the orthonormality of the basis in U∗n , regardless of which
of them is chosen.

It is worthwhile pointing out that the inner product in Un⊗U∗n is linked with the
inner products in Un and U∗n :

(|x >< y|, |u >< v|) = Tr (|x >< y|)†(|u >< v|) = Tr (|y >< x|)(|u >< v|) =
= < x|u > Tr (|y >< v|) = (< x|u >)(< v|y >) =
= (|x >, |u >)(< y|,< v|) (Sect. 7.1).

This result makes the above proof of orthonormality immediate.

7.3.4 Diad Representations of Operators

From the fact that basis diads make an ON basis in both superspaces L̂(Un,Un) and
L̂(U∗n ,U∗n ), it follows that the set of all diads (elementary vectors in Un⊗U∗n ) spans
both superspaces, i.e.,

LIN[ϕ(Un×U∗n )] = Un⊗U∗n .

Thus, an arbitrary operator A from Un (or from U∗n ) can be expressed as a sum of
diads or as a linear combination of n2 basis diads. To obtain either of these two ex-
pansions, we can use the expression for diad representation of the identity operator
(otherwise a very useful formula). To get this representation, we first choose an ON
basis in Un, i.e., {|u1 >,. . . , |un >} and its dual basis {< u1| . . . ,< un|} in U∗n . As we
have already proved the projectors on the lines determined by these basis vectors are

|ui >< ui|, i = 1, . . . ,n

(|ui >< ui|→ is the projector onto L(|ui >), while ←|ui >< ui| projects onto the line
L(< ui|)). Since the unitary space Un is the orthogonal sum of the orthogonal lines
L(|ui >), i.e.,

Un =
n

∑
i=1

⊕L(|ui >) (Sect. 5.5.4),

and analogously for U∗n , it follows (as we demonstrated in Sect. 5.5.4) that the pro-
jector on Un, i.e., the identity operator I, can be obtained as the sum of projectors on
these n orthogonal lines

I =
n

∑
i=1

|ui >< ui|.

From this very important and much used diad representation of the identity oper-
ator, we immediately get the diad representation of an arbitrary operator A from Un:
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A→ = AI =
n

∑
i=1

A|ui >< ui|=
n

∑
i=1

|vi < ui|→,

where A|ui >= |vi > and D|ui >=< ui|, i = 1, . . . ,n, i.e., every operator A from Un

can be expressed as the sum of n diads, in which the first vectors are the images
by A of the given ON basis in Un (as we saw previously the set of these images
completely determines the operator A), and the second vectors are elements of the
dual ON basis.

For the isodual operator←A which acts in U∗n , we have the analogous expression

←A = IA =
n

∑
i=1
|ui >< ui|A =

n

∑
i=1
←|ui >< vi|.

Example Let us consider the diad representation of a real 3×3 matrix A which is
an operator in R

3. The chosen ON basis is the standard basis

{ē1, ē2, ē3}= {
⎡
⎣1

0
0

⎤
⎦ ,

⎡
⎣0

1
0

⎤
⎦ ,

⎡
⎣0

0
1

⎤
⎦}

in R
3:

A =

⎡
⎣a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎦= A I3 =

3

∑
i=1

A ēiē
T
i =

= A (

⎡
⎣1

0
0

⎤
⎦ [100]+

⎡
⎣0

1
0

⎤
⎦ [010]+

⎡
⎣0

0
1

⎤
⎦ [001]) =

=

⎡
⎣a11

a21

a31

⎤
⎦ [100]+

⎡
⎣a12

a22

a32

⎤
⎦ [010]+

⎡
⎣a13

a23

a33

⎤
⎦ [00,1] =

=

⎡
⎣a11 0 0

a21 0 0
a31 0 0

⎤
⎦+

⎡
⎣0 a12 0

0 a22 0
0 a32 0

⎤
⎦+

⎡
⎣0 0 a13

0 0 a23

0 0 a33

⎤
⎦ ,

since I3 =
3

∑
i=1

ēiē
T
i . Δ

The diad representation of an arbitrary A ∈ L̂(Un,Un) in terms of basis diads can
also be obtained easily and naturally:

A = IAI =
n

∑
i, j=1

|ui >< ui|A|u j >< u j|=

=
n

∑
i, j=1

< ui|A|u j > |ui >< u j|=
n

∑
i, j=1

ai j|ui >< u j|,



276 7 The Dirac Notation in Quantum Mechanics

where ai j =< ui|A|u j > are the elements of the matrix A = [ai j]n×n which repre-
sents the operator A in the chosen ON basis {|u1 >,. . . , |un >} in Un.

This formula gives an additional importance to the representation matrix A ,
i.e., its elements are the coefficients in the expansion of A with respect to the
ON diad basis and of course can be obtained as Fourier coefficients of A in
this basis:

(A, |ui >< u j|) = Tr (|ui >< u j|†)A = Tr (|u j >< ui|)A =
= Tr (|u j >< ui|A) =< ui|A|u j > . (Sect. 7.3.1 and 7.3.2).

The above formula for the expansion of the operator A with respect to the diad
basis can be immediately obtained if we use the basic formula for representing the
operator A:

A|u j >=
n

∑
i=1

ai j|ui >,

and put it in the diad representation of A:

A =
n

∑
j=1

A|u j >< u j|=
n

∑
i, j=1

ai j|ui >< u j|.

So, these two diad representations are obtainable from each other by making use
of the basic formula for the representation of A.

It is also interesting and useful to point out three more applications of the diad
representation of the identity operator

I =
n

∑
i=1

|ui >< ui|

(here the two representations coincide since I is always represented by the identity
matrix In = [δi j]n×n:

I =
n

∑
i, j=1

δi j|ui >< u j|=
n

∑
i=1
|ui >< ui).

(1) Representation of a vector |x > from Un in the chosen ON basis (the expansion
with Fourier coefficients):

|x >= I|x >=
n

∑
i=1
|ui >< ui|x >=

n

∑
i=1

< ui|x > |ui > .

An analogous formula is valid for bras. (Sect. 3.2)
(2) Parseval’s identity [the inner product of two vectors in the chosen ON basis

expressed as the standard inner product of the representing columns (Sect. 3.2)]:
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< x|y > = < x|I|y >=
n

∑
i=1

< x|ui >< ui|y >=

=
n

∑
i=1

< ui|x >∗< ui|y >=
n

∑
i=1

ξ ∗i ηi = ξ †η , where ξ = [ξ1 . . .ξn]T .

(3) Isomorphism between the algebra of operators L̂(Un,Un) and the algebra
L̂(Cn,Cn) of representing matrices (Sect. 4.1)

(A) The product of operators AB is represented by the product A B of the
representing matrices:

AB = IAIIBI =
n

∑
i,p,k, j=1

|ui >< ui|A|up > < up||uk >︸ ︷︷ ︸
δpk

< uk|B|u j >< u j|=

=
n

∑
i, j,k=1

|ui >< ui|A|uk >< uk|B|u j >< u j|=
n

∑
i, j,k=1

aikbk j|ui >< u j|=

=
n

∑
i, j=1

{A B}i j|ui >< u j|,

here we use the alternative notation ai j = {A }i j.
(B) The sum of operators A + B is represented by the sum A +B of the rep-

resenting matrices:

A + B = IAI + IBI =
n

∑
i, j=1

|ui >< ui|A|u j >< u j|

+
n

∑
i, j=1
|ui >< ui|B|u j >< u j|=

=
n

∑
i, j=1

ai j|ui >< u j|+
n

∑
i, j=1

bi j|ui >< u j|=

=
n

∑
i, j=1
{A +B}|ui >< u j|.

(C) The product aA of a complex scalar a and an operator A is represented by
the product aA of a and the representing matrix A .

aA = aIAI = a
n

∑
i, j=1

|ui >< ui|A|u j >< u j|=

= a
n

∑
i, j=1

ai j|ui >< u j|=
n

∑
i, j=1
{aA }i j|ui >< u j|.



Bibliography

1. Birkhoff G. and MacLane S., A Survey of Modern Algebra, Macmillan, New York, 1977.
2. Fraleigh J. B. and Beauregard R. A., Linear Algebra Addison-Wesley, Reading, 1995.
3. Lipschutz S., Theory and Problems of Linear Algebra, Schaum’s Outline Series, McGraw-

Hill, New York, 1991.
4. Halmos P. R. Finite Dimensional Vector Spaces, Springer, Berlin, 1974.
5. Merzbacher E., Quantum Mechanics, John Wiley & Sons, New York, 1970.

279



Index

Abelian group, 5, 17, 29, 33, 68, 254
axioms for, 66, 68
properties of, 8
under addition, 28
with respect to addition of matrices, 6, 7, 36

Addition of classes, 3
Addition of cosets, 66
Addition of linmaps, 68
Addition of matrices, 36
Addition of matrix-columns, 7
Addition of vectors, 4, 5, 6, 8, 33, 68
Additive identity, 5
Additive inverse, 5, 7, 36
Adjoint, 52, 127, 153, 255
Adjoint matrices, 266
Adjoint operators, 147, 155, 156, 186,

201, 256
basic operations with, 153
definition of, 269
in superspace, 157

Algebra of antilinear operators, 261
Algebra of matrices, 40, 155
Algebra with unity, 146

of linear operators, 155
Algebraic multiplicities, 175, 176, 178, 179

sum of, 186
Algebraic operations, 145
Algebraic structures, 8, 65, 145, 146
Analytic geometry, 6, 219
Antilinear bijection, 150, 152, 266

basis-independent, 263
between unitary spaces, 157
invariant, 266

Antilinear map, 150, 255
Antilinear operators, 254, 259

applications of, 261
in Hartree-Bogolybov Theory, 261

Antimatrix, 257, 259
Augmented matrix, 76, 85, 90,

101, 109
of consistent linear system, 85, 112
of homogeneous linear system, 177, 179

Autodualism, 157
invariant, 269

Automorphism, 103, 159
of a given algebraic structure, 228

Basis, 9, 32, 33, 36–38
equivalent definitions of, 32

Basis diads, 275
in superspaces, 273

Basis eigenvector, 178
Basis invariant map, 149, 152
Bessel’s inequality, 132, 134
Bijection, 6, 16, 59, 61–63, 67, 71, 103, 116,

164, 171
basis-independent, 147
between algebras, 187
between superspaces, 266
invariant, 157

Bijective correspondence, 66
Bijective linear operator, 228
Bijective linmap, 63, 67
Bijective map, 147, 157, 209, 228
Binary vector operation, 18
Biorthogonal bases, 165–170
Biorthogonal vectors (functionals), 164
Biorthogonality, 164, 166

definitions of, 169
Bra, 171, 265, 268, 271, 272, 277

of /s1 linearly dependent columns of the
augmented matrix, 85, 90, 91, 109

modified, 177
of vectors, 82

281



282 Index

Canonical form, 145
of orthogonal matrices, 241–242
of orthogonal operators, 211

Cartesian plane, 6
Cartesian product, 247, 272

of ordered pairs, 249
Cartesian tensors, 163
Cauchy–Schwarz inequality, 11, 134
Centroid, 14
Characteristic equation, 175–178
Chemical reactions, 173
Class of orthogonally equivalent bases, 124
Class of orthonormal (unitary equivalent)

bases, 130
Class of unitary equivalent bases, 130
Classical adjoint, 127
Classical physics, 1, 145, 158, 173
Closed operation, 4, 7
Codomain, 60, 61, 65, 68
Coefficient matrix, 18, 79
Cofactor, 49

expansion, 51, 53
Column-addition property, 56
Column-interchange property, 49–50
Column matrices, 42
Column space, 80, 86, 87
Column-space criterion, 83
Commutation of an operator

with its adjoint, 186
Commutative algebra, 40
Commutativity, 34, 123
Complex conjugation, 152, 259, 266

of a matrix, 127, 155
Composition of mappings, 61
Composition of two invariant dualisms, 152
Conic sections (conics), 220

degenerate, 220
nondegenerate, 220
in standard position, 222, 223

Conjugate isomorphism, 150
Consistent linear systems, 111
Contraction, 122
Contraction rule, 265
Contragredient matrix, 124, 129, 166, 263
Contravariant change of the representing

column, 264
Contravariant unitary vector, 149, 164, 263
Contravariant vectors, 158, 265
Coplanarity of three vectors, 24
Coset, 59, 65
Coset form solution, 109
Coset of reflections, 237
Coset representative, 78
Coset solution method, 113, 118

Cosine rule, 12
Covariant change of the representing

row, 268
Covariant unitary vector, 149, 263
Covariant vector, 165, 166, 253, 265
Cramer’s rule, 46, 47, 107
Cross product, 18, 21, 22

symbolic determinant, 28
table, 21

Decomposition of the unity, 204
Derivative, 75
Descartes (Cartesian) form, 198
Descartes square, 123
Determinants, 46

of diagonal matrix, 54–55
multiplicative property of, 54
properties of, 45, 50
of triangular block-matrix, 176
of triangular matrix, 53–54

Diads, 247, 270, 271
as operators, 272
representation, 275, 276
as the tensor product of a ket and a bra, 272

Diagonalizability of normal operators,
184, 186

Diagonalizable operator, 186
Diagonalization of a complex matrix, 182
Diagonalization of quadratic forms, 218
Diagonalization procedure

in unitary spaces, 183
Dihedral groups, 235, 238–239
Dimension, 33, 64, 67

of a subspace and its orthocomplement, 142
theorem, 65, 83, 91, 104, 111

Dirac form of the inner product
of kets, 265

Dirac notation, 127, 171, 252, 264,
265, 270

in Quantum Mechanics, 171, 268
Direct eigendecomposition, 180
Direct sum, 85

of eigenspaces, 180
of irreducible representations, 198
of matrices, 196
of two subspaces, 141

Directed line segment, 2, 15
Direction cosines, 25
Direction vector, 25
Disjoint classes of unitary equivalent

bases, 129
Distributivity with respect to addition, 34
Distributivity with respect to the addition of

vectors, 123



Index 283

Domain, 60, 61, 65, 110
common, 68

Dot-multiplication, 10
table, 10

Dot product, 9, 10, 12, 17, 119
characteristic properties of, 123
coordinate definition of, 121
properties of, 120, 122
of two vectors, 1, 119, 121, 122

Double index notation, 243
Dual basis, 165, 264, 266
Dual bra, 265
Dual functional, 263
Dual operators, 266
Dual space, 42, 263

dimension of, 147
rule for writing operators in, 267
second, 167
theory of, 168

Dual vector, 150, 255, 264, 266
Dualism, 148, 150–152, 157, 263,

265, 267
between superspaces, 266, 269
between unitary spaces, 150

Economics, 2, 34, 173
Eigen decomposition, 200

of the unity, 207
Eigen problem, 145, 173, 174, 177, 178

of linear operator, 174
of normal operator, 207

Eigen projection operator, 207
Eigen spectrum of a symmetric matrix, 215
Eigenbasis, 180–182
Eigenline, 210, 240, 241

spanned by an eigenvector, 212
Eigenspaces, 173, 180, 185, 189

mutually orthogonal, 185, 188
Eigenspectrum, 196
Eigenvalue, 173, 174, 177, 179, 189

degenerate, 175
distinct, 181, 189

of a real matrix, 180
nondegenerate, 175
in polar form, 200
spectrum, 194, 198, 201

of a positive operator, 199
of a projection operator, 200

Eigenvalues
of Hermitian matrix, 215
of symmetric operator, 212

Eigenvectors, 173, 174
normalized, 189

Electrical engineering, 219

Electrical systems, 173
Electrodynamics, 41
Electromagnetism, 21
Electron orbits in atoms, 229
Elementary matrices, 93

definition of, 94
general form of, 94

Elementary row operations (eros), 85, 91
on the augmented matrix, 95

Elementary vectors, 247–249, 270
Ellipse, 220, 223, 224

degenerate, 220, 221
in standard position, 225

Energy operator, 229
Equivalence class, 4, 161

of equal vectors, 3, 8, 15
natural representative of, 6

of equivalence relation, 61, 67
of orthogonally equivalent bases, 124
of representing matrices, 183

Equivalence relation, 3, 95, 124, 161
Euclidean plane, 6
Euclidean spaces, 1, 123, 163

complex, 130
theory of, 209

Euclidean vector spaces, 17
Expectation value, 198

in Quantum Mechanics, 199

Factor spaces, 247, 248
Fourier coefficients, 133, 165, 261

in ON basis, 130
Fourier expansion, 133, 148
Fundamental formula of dualism, 148, 149,

151, 165, 255, 263, 265, 269
Fundamental theorem of algebra, 175

Gauss–Jordan modified (GJM) form, 18,
85, 86

Gauss–Jordan modified (GJM) procedure, 19,
91, 111, 117

General quadratic equation, 221
General solution of a linear system, 83,

84, 118
in coset form, 85, 90, 91, 110

Generating set, 141
Generator relations, 238
Genetics, 173
Geometric multiplicity, 176, 178–180
Geometrical vectors, 1

in a Euclidean plane, 2
Geometry, 2, 173, 219
GJ method, 55, 96, 101, 104, 105, 106, 108



284 Index

GJ reduced row-echelon form, 43, 76, 86, 92,
95, 97

of augmented matrix, 112
existence of, 99
fundamental property of, 99, 112

Gram–Schmidt orthonormalization procedure,
130, 134, 136, 137, 142, 192, 216

Group generators, 238
Group of all automorphisms, 163, 196, 228
Group of all real invertible matrices, 229
Group table, 238
Group theory

basic axioms of, 130

Heisenberg, 2
Hermitian adjoint, 127, 153
Hermitian conjugate, 153
Hermitian matrix, 198
Hermitian operators, 145, 198, 199, 201

equivalent definitions of, 198
product of, 199

Hilbert space, 2
of square integrable real functions, 137

Homogeneous linear system, 84, 179
of m equations with n unknowns, 144

Hyperbola, 220, 223, 224, 226
degenerate, 220, 221
in standard position, 227

Idempotency, 201
Idempotent property, 200
Identity maps, 61
Identity matrix, 40, 94, 101
Identity of scalar multiplication, 28–29
Identity operator, 146, 199, 202, 204

diad representation of, 274, 276
Image, 60
Inclusion relation between two subspaces, 155
Inconsistent system, 101
Injection, 61, 62
Inner product, 34, 122–124

between elementary vectors, 248, 249
bilinear, 123
of bras, 265
in complex vector space, 128

basic properties of, 255
definition of, 127, 255

in real vector space, 123
in superspace, 147
in tensor algebra, 265
of two vectors, 130, 133
in unitary spaces, 131
vector space, 131, 132, 136, 141, 154
in vector space of real polynomials, 136

Invariant isomorphism (isodualism), 153, 167,
168, 267

between superspaces, 170, 171, 268, 269
Invariant subspace, 184, 185, 240
Inverse antilinear dualism, 255
Inverse ero, 93
Inverse image, 59, 61, 65, 67, 75

of free vector with respect to matrix
linmap, 79

Inverse map, 61, 63, 66
Inverse matrix, 53, 94
Inverse of unitary contragredient

matrix, 194
Inversion, 241
Invertible matrix, 44, 55, 101, 158
Invertible replacement matrix, 129, 157,

159–161, 165, 167
change of basis by, 159

Involution, 259
Involutive map, 156
Involutive operation, 41
Isodual operator, 268, 275

acting on an arbitrary bra, 271
definition of, 269
general definition in Dirac

notation, 268
Isodualism, 171

between superspaces, 267, 269
Isometric map, 157
Isometric operator, 194
Isometry, 150, 152
Isomorphic map, 63
Isomorphism, 42, 62, 63, 67, 70, 71, 121, 150,

157, 168
between algebras, 156, 187, 200, 277
between domain and range, 110
between unitary spaces, 250
between vector spaces, 67

Kernel, 18, 67, 144
of linmap, 59, 63, 65

Ket, 171, 264–266, 268, 271, 272
Kronecker–Capelli theorem, 101
Kronecker delta symbol, 36
Kronecker multiplication, 246
Kronecker product

of columns, 252
of matrices, 243, 244, 250–252
of p rows and m columns, 254
of rectangular matrices, 246
of representing rows, 253
of square matrices, 246
of vectors, 247



Index 285

Laplace expansion, 48, 51, 52, 54, 57
Legendre equation, 136
Legendre function, 136
Legendre polynomials, 136, 137

normalized, 136, 137, 139
Leksicography method, 244
Length (or norm) of vector, 10, 34, 121
LIND test, 141
Lineal, 29
Linear bijection, 150, 157
Linear combination, 8

of cosets, 67
of standard basis vectors, 71
of two sets, 29
of two vector components, 9

Linear dependence, 97
Linear economic models, 2, 122
Linear functional, 42, 147, 148, 151, 153, 168,

255, 263
Linear group, 44
Linear independence, 97

test for, 111, 180
Linear mapping, 59, 62, 67, 79, 151
Linear operator, 145, 146, 228, 249

in a finite-dimensional unitary space, 153
representation of, 183

Linear span, 29, 33, 77
Linear systems, 2, 79, 90, 110, 122

equivalent, 92
nonhomogeneous, 83

Linearity, 256
Linearly dependent set, 30, 33

of nonzero vectors, 30
Linearly independent (LI) set, 31
Linearly independent eigenvectors, 179,

180, 182
Linmap, 59, 62, 67, 145

defect (nullity) of, 64
elementary basis, 74
many-to-one, 59, 65
matrix representation of, 73
one-to-one (1–1), 61
onto, 75

Magnetic groups, 261
Magnitude of a vector, 122
Mappings, 60

general theory of, 59
one-to-one (1–1), 61

Matrix, 35, 36, 176, 243
algebra, 60, 68, 92
block diagonal, 197
diagonal, 40, 54, 55, 188, 200
factor, 259, 260

of rotation with inversion, 242
size of, 35
subalgebra, 42

Matrix-column, 6
of Fourier coefficients, 263

Matrix multiplication, 39, 41, 53
linear properties of, 125

Matrix representation, 79
of linear operators, 257
of the tensor product, 252

Matrix-row, 6
Mechanical stress, 173
Mechanics, 21, 41
Minor matrix, 48
Mixed tensor of the second order, 161
Mixed triple product, 21
Mixed unitary tensor, 164
Modern physics, 2
Multiplication (composition) of operators,

145, 146
Multiplication of a coset, 66
Multiplication of a linmap with a scalar, 68
Multiplication of scalars with vectors, 68
Multiplicative unity, 146

N-vector, 33, 42, 219
Norm, 2, 122, 133

in ON basis, 133
in inner-product vector spaces, 134
of vector, 127

Norm-preserving map, 150, 152
Normal, 135

normalized, 135, 138, 139
of a vector onto a subspace, 143

Normal matrix, 188, 190
Normal operator, 184, 191

in Descartes form, 199
equivalent definitions of, 199
in polar form, 199
spectral form of, 207
spectrum of, 186, 194

Operators, 145
matrix representation of, 154
positive, 199
in Quantum Mechanics, 199

Ordered set, 32
Ort, 11, 271

of eigenline, 242
Orthocenter, 13
Orthocomplements, 155, 185
Orthogonal (Cartesian) tensor of the second

order, 208
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Orthogonal diagonalization of symmetric
matrices, 214

procedure for, 219
Orthogonal eigenline, 241
Orthogonal groups, 163, 208
Orthogonal invariant plane, 241
Orthogonal matrices, 124, 228–230

canonical forms of, 242
characteristic property of, 228

Orthogonal replacement matrices, 16, 124,
162, 215

Orthogonal set of vectors, 132
Orthogonal similarity, 215
Orthogonal sum, 141, 144, 185

of eigenlines, 241
of subspaces, 141, 145

Orthogonal tensor of the second order, 209
basic invariants of, 210

Orthogonal unit vectors, 9, 21, 124
basis of, 121, 122, 124

Orthogonality condition, 135
Orthogonally diagonalizable operators, 211
Orthonormal (ON) basis, 9, 18, 124, 132, 137

equivalent, 142
Orthonormal (ON) eigenbasis, 184, 185, 191

existence of, 186

Parabola, 220, 223, 224
degenerate, 220, 221

Parallelepiped, 23–24
Parallelogram, 22

rule, 3
Parametric equations of line, 25, 26
Parseval’s identity, 130, 133, 259, 260, 276
Partition, 61
Physical laws, 158

covariant formulation of, 158
Physics, 2, 34, 43, 119, 136
Point-normal equation of plane, 27–28
Positive definiteness, 34, 123, 256
Preimage, 60, 65, 66

subspace, 81
Premultiplication, 93
Product of diagonal matrices, 40
Product of elementary matrices, 55, 101
Product of two commuting projection

operators, 205
Product space, 248
Projection operators, 145, 200, 271

addition, multiplication and subtraction, 203
difference of, 206
matrix of, 201
properties which define, 201

Pythagorean theorem, 131, 143

Quadratic forms, 218, 219
associated, 221, 223, 226

Quantum entanglement, 261
Quantum mechanics, 2, 127, 141, 145, 173,

199, 202, 219, 252, 265, 270
formalism of, 200
of many particles, 247

Quantum numbers, 265
Quantum physics, 158
Quantum statistical physics, 145, 199
Quarks, 2

Range, 63, 110
of linmap, 59, 63
of mapping, 61

Rank, 80, 86, 87
of linmap, 65

Ratio theorem, 13
Rectangular coordinate system, 5
Recurrence formula, 136
Reflections, 231, 241
Replacement matrix, 123, 161, 163, 166, 168
Replacement theorem, 31
Representation matrices, 276

basic formula for, 188
of isodual partners, 268

Representation of diads, 272
Representation of linmaps, 72
Representation of tensor product of linear

operators, 244
Representation of vector in chosen ON

basis, 276
Representation theory, 59, 67–69, 146

illustration of, 72
Representing columns of kets, 270
Representing matrix, 72, 185

general formula for, 154
Representing rows of bras, 270
Reversal rule

for matrix inverses, 44
for transposes, 41

Right-handed coordinate system, 16
Right-handed system, 21
Rodrigues formula, 136, 137
Rotation matrix, 231, 242
Rotational symmetry of atoms, 229
Rotations, 229, 242

with inversion of the axis of rotation, 242
Row-addition property, 56–57
Row equivalence, 95
Row-exchange property, 53
Row-interchange property, 49, 52, 56
Row space, 86, 87
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Sarrus rule, 37, 49
Scalar, 122
Scalar function, 123
Scalar matrix, 40
Scalar-matrix product, 36
Scalar multiplication, 7, 8, 17, 29, 38

property, 54, 55–56
Scalar product of two vectors, 122
Scalar projection, 9, 11
Scalar-valued function, 147
Schrödinger, 2
Section formula, 13
Semi-direct product of two cyclic subgroups,

237, 238
Set of all cosets, 66
Set of all images, 61
Set of all inverse images, 61, 116
Set of all linear operators in a finite-

dimensional unitary space, 145
Set of all real polynomials, 37
Set of all symmetric matrices, 139–140
Set of antilinear operators, 254
Set of skew-symmetric matrices, 140
Sets of vector spaces, 59
Similarity transformation, 160–162, 175
Sine rule, 23
Single index notation, 244
Singular (noninvertible) matrix, 55
Skew-symmetry, 255
Spanning set, 31, 65, 165
Special theory of relativity, 2, 122
Square block matrix, 243
Square matrix, 40

determinant of, 45
Standard basis, 34, 70, 74, 94, 124, 247

for the subspace of skew-symmetric
matrices, 140

Standard inner product, 124, 125, 127,
131, 156

of vector space of real polynomials, 126
Standard model, 2
Standard position, 223

relative to the coordinate axes, 221
Statistical operators, 199
Statistics, 219
Subspaces, 29, 30, 64, 141, 143, 174

dimension of, 33
direct sum of, 139, 140
in an inner-product vector space, 141
orthocomplement of, 141
of vector space, 139

Superconductivity, 261
Superspaces, 147, 156, 157, 168, 266–269, 273
Surjection, 61, 62, 75

Symmetric matrix, 42
Symmetric operator, 212, 213
Symmetric tensors, 41
Symmetry group of equilateral triangle, 239
Symmetry group of square, 237
Symmetry groups of regular n-sided polygons,

238–239
Symmetry transformations, 237

Technology, 136
Tensor algebra, 7, 71
Tensor multiplication

of covariant vector with contravariant
vector, 265

of vector spaces, 122
Tensor product

axioms of, 250, 273
basis dependent definition of, 250
equivalent definitions of, 248
of linear operators, 249
of matrix-column spaces, 122
of two unitary spaces, 270
of a unitary space and its dual, 247
of a unitary space with itself m times, 253
of unitary space(s), 247–249
with a contraction, 265

Tensorial square of a unitary space, 252, 253
Theory of elementary particles, 2
Theory of linear representation of groups, 244
Theory of tensors, 122
Trace, 40

of diad, 272
Transition matrix, 193, 194

from standard basis to eigenbasis, 181
Transition operator, 162, 193
Transpose of matrix, 41

of cofactors, 53, 106, 127, 230
Transpose property, 49–52, 56
Triangle inequality, 11

in inner-product vector spaces, 134
Triangle rule for the addition of vectors, 4, 17
Triangular block-matrix, 176
Triangular matrix, 40, 53–54
Trigonometric identity, 230
Trigonometry, 12

Unit direction vector, 25
Unit norm, 134, 135
Unit vectors (orts), 9, 11, 134
Unitary group, 164
Unitary matrix, 164, 188

characteristic criteria for, 192
definition of, 163
diagonal, 200
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Unitary operators, 145, 194
equivalent definitions of, 194
reducibility of, 197
study of antilinear, 261

Unitary replacement matrix, 129, 149, 150,
163, 183, 263

Unitary spaces, 130, 147, 156, 163, 165, 263
infinite-dimensional, 199
of linear functionals, 254
one-dimensional, 147
theory of, 141

Unitary superspace
adjoining in, 157

Unitary tensors, 253, 254
Unitary transition matrix, 193
Unitary transition operator, 193

Vector equation of line, 25
Vector equation of plane, 26
Vectors, 1, 122, 133, 143

angle between, 34
change of representing

column of, 159

negative, 7
position, 6, 12–14

Vector spaces, 1, 2, 42, 66, 68, 84, 254, 267
change of basis in, 163
complex, 2, 42, 127, 131, 156
of complex polynomials, 131
dimension of, 68, 70
generalized, 1
homomorphism of, 62, 168, 171
infinite dimensional, 126
of linear functionals, 164
of matrix columns, 1, 33
of polynomials, 75
quotient, 59, 66, 67, 84
real, 1, 8, 17, 28, 34, 42, 123

Vibrations, 173
of mechanical systems, 219

Von Neumann, 2

Zero matrix, 36, 40–41
Zero operator, 195, 199, 202
Zero polynomial, 38
Zero vector, 5, 7, 32, 59, 63, 76, 132
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