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Preface

The story of machine learning is one of rigorous success. It is frequently employed by scien-
tists and practitioners around the globe in various areas of application ranging from economics
to chemistry, from medicine to engineering, from gaming to astronomy, and from speech pro-
cessing to computer vision. While the remarkable success of machine learning methods speaks
for itself, they are often applied in an ad hoc manner without much care for their mathematical
foundation or for their algorithmic intricacies. Therefore, we decided to write this book. Our
goal is to provide the necessary background on commonly used machine learning algorithms and
to highlight important implementational and numerical details. The book is based on a well-
received practical lab course, which we established within the mathematics studies course at the
University of Bonn, Germany, in 2017. The course has been taught and successively enhanced
each year since then.

In contrast to other books on machine learning, we aim to give mathematicians, computer
scientists, and practitioners with a basic mathematical background in analysis and linear algebra
an introduction to the algorithmic mathematics of many important machine learning methods.
The book is composed of introductory parts, which present a specific machine learning method;
of information parts, which recapitulate the underlying mathematics; and of practical exercises,
which deepen the understanding of the considered method.
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Chapter 1

The Basics of Machine
Learning

In many branches of science, economy, and industry, the amount of available data has become im-
mense during recent years. Most of these data do not contain any valuable information. However,
the differentiation between useful data and “data waste” is seldom straightforward. Moreover,
in applications where expensive (practical or numerical) experiments are involved in the data
acquisition process, the available data sets are rather small. To meet the different challenges on
real-world data sets, like, for example, describing useful information in a more compact format
(dimensionality reduction) or making predictions on unseen data (regression), many different
ideas and approaches have emerged. These are usually grouped together under the name ma-
chine learning (ML) methods.

Machine learning itself is a subarea of artificial intelligence (AI) and a related subject to data
mining (DM). As a core topic, AI is concerned with all aspects of machine intelligence, i.e., with
cases where a (real or virtual) artificial device is able to take actions to achieve a given goal by
using information, e.g., from sensors, on the surrounding environment in which it lives. The
term data mining, on the other hand, is usually used to describe methodologies with the goal of
detecting statistical trends or relations within or in between different data sets. Oftentimes, ML
and DM are used somewhat ambiguously. To better distinguish these two areas, ML is typically
used when the goal is to predict certain values or outcomes from given data, whereas DM is used
when there is no prediction sought, but rather a statistical analysis of the data.

Generally, machine learning refers to the generation of knowledge by using computational
(and statistical) methods on given data. This means that ML instances automatically learn from
experience in order to achieve a certain goal, i.e., they adapt solutions to given data by optimizing
some criterion. An important aspect to note is that the corresponding algorithms are not explicitly
programmed to produce certain solutions in certain cases, but they determine—or infer—their
solutions according to the given data.

1.1 Aim, organization, and notation
In this book, we explore several well-known machine learning and data analysis algorithms from
both a mathematical perspective and a programming perspective. These two aspects will al-
ways serve as the main guidelines throughout all chapters and tasks. In this way, we want to
specifically address readers with a background in mathematics, who are interested in both the
mathematical foundation of the most commonly used modern-day machine learning algorithms
and the practical knowledge on implementing and using them. Furthermore, we will apply the
algorithms to real-world data sets to get an intuition on the specific needs in different relevant

1



2 Chapter 1. The Basics of Machine Learning

applications. In particular, we will get to know use-cases and data sets from the fields of hand-
written digit recognition, pedestrian detection in images, and biological single-cell analysis, for
instance.

Programming exercises Most chapters of this book will be accompanied by a variety of
programming exercises, which are intended to be solved in JUPYTER notebooks. A short in-
troduction on how to set up the appropriate programming environment can be found at https://
bookstore.siam.org/di03/bonus. There, we also provide templates for some of the programming
exercises. We assume that the reader is familiar with basic PYTHON tools and libraries. How-
ever, we also provide a brief tutorial on the most important PYTHON and NUMPY concepts.
Moreover, we will learn how to use the machine learning libraries SCIKIT-LEARN and KERAS.
The latter serves as an interface to TENSORFLOW.

Info-boxes Three different categories of info-boxes throughout the book will help as an addi-
tional source of information.

� These boxes serve as a brief overview of important, newly introduced ML terminolo-
gies. They are not meant to be comprehensive, but their content aims to illustrate the
idea behind the new concept.

ò These boxes provide brief background information on mathematical concepts, which
are not necessarily needed to understand the most important content in the corre-
sponding section. However, they serve as a reminder on these concepts and hint at
additional facts for a more detailed explanation.

X These boxes contain the practical exercises. Here, the reader is encouraged to imple-
ment and test the introduced concepts and algorithms from the specific chapter. This
serves to deepen understanding and to get some feeling for potential pitfalls when
working with these algorithms.

Content The remainder of this book is organized as follows:

• Chapter 1 introduces the basic terminology used in machine learning without going into
details on specific methods and without providing any mathematical background. The
main intention of Chapter 1 is to create merely a common understanding of fundamental
concepts of ML, which serves as a preparation for the following chapters.

• Chapter 2 deals with two commonly used simple supervised learning algorithms serving as
an entry into the world of machine learning: linear least squares and k-nearest neighbors.
Moreover, first tasks help to familiarize the reader with the PYTHON library NUMPY.

• Chapter 3 introduces support vector machines as a more complicated ML method. After a
thorough mathematical derivation of the basic algorithm, we have a look at nonlinear vari-
ants and get to know the SCIKIT-LEARN library and the MNIST data set of handwritten
digits.

• Chapter 4 provides the first unsupervised learning algorithm of the book: principal compo-
nent analysis. After a look at different mathematical interpretations of this dimensionality
reduction algorithm, we examine an image data set with photos of pedestrians.

https://bookstore.siam.org/di03/bonus
https://bookstore.siam.org/di03/bonus
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• Chapter 5 deals with nonlinear approaches to dimensionality reduction in form of Isomap
and diffusion maps. Here, we also introduce the use-case of biological single-cell analysis.

• Chapter 6 provides an introduction to the topic of artificial neural networks and deep learn-
ing. Here, the KERAS and TENSORFLOW libraries are used to construct neural networks
and to analyze given data sets with them.

• Chapter 7 specializes on a specific type of neural network: variational autoencoders. After
first introducing autoencoders and highlighting their connection to the principal compo-
nent analysis of Chapter 4, we introduce the necessary statistical concepts to also establish
their variational variant.

• Chapter 8 is concerned with the connection between deep learning algorithms and ordinary
differential equations or partial differential equations. We present the concepts of neural
tangent kernels, neural ODEs, and generative diffusion models.

• Chapter 9 introduces the reader to the world of reinforcement learning. Here, the necessary
basics of optimal control theory are provided. Then, we have a look at typical problems
that can be tackled by (deep) reinforcement learning algorithms.

• Chapter 10 concludes this book by giving short introductions to important ML concepts
and algorithms that we did not cover in detail in the previous chapters. More specifically,
we will have a look at recurrent neural networks and transformer networks, as well as
non-vectorial data, ensemble methods, and methods for interpretability.

Notation Since the main intention of this chapter is to create common ground for compre-
hending the contents of the further chapters, we aim to keep the notation for the remainder of
this book mostly consistent with that used in this chapter. To this end, let us provide the naming
conventions, which are valid throughout most of this book:

• Vectors are commonly written with small letters in boldface notation, e.g., x, or with an
arrow on top, e.g., x⃗, to avoid confusion. The jth entry of an indexed vector xi is denoted
by [xi]j .

• Matrices are commonly written with capital letters in boldface notation, e.g., W .

• n and n̄ denote the number of given training and test data points, respectively.

• D := {(xi, yi) ∈ Ω× Γ | i = 1, . . . , n} describes the training data set in supervised learn-
ing. The yi are omitted in unsupervised learning.

• D̄ := {(x̄i, ȳi) ∈ Ω× Γ | i = 1, . . . , n̄} describes the test data set in supervised learning.
The ȳi are omitted in unsupervised learning.

• d denotes the dimension of a data point x.

• d̃ and q are commonly taken to denote dimensions different from d.

• “k-dimensional” is abbreviated by “kD” for any k ∈ N.

• The norm ∥ · ∥ refers to the Euclidean norm ∥ · ∥2 in the corresponding ambient space, e.g.,
Rd, unless otherwise noted.

• M denotes the model space.

• L denotes the loss function.

• µ is the measure according to which training data have been drawn. In the case of super-
vised learning we also use µX as the marginal measure on Ω and µY |X as the conditional
measure of Y given X on Γ.
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In the remainder of this chapter, we introduce the basic terminology and concepts of machine
learning that will be relevant throughout this book. This serves as a motivation and as an overview
on fundamental aspects for readers who are unfamiliar with the ML jargon. To this end, we
deliberately omit technical subtleties here.

We begin by introducing the necessary mathematical concepts. In particular, Section 1.2 is
dedicated to the topics of supervised and unsupervised learning. The mathematical formulation
of the underlying optimization problem is dealt with in Section 1.3. Section 1.4 presents hyper-
parameters of machine learning models. Feature engineering and feature selection are discussed
in Section 1.5. The concentration of measure phenomenon and the curse of dimensionality for
high-dimensional problems are the topics of Section 1.6. Subsequently, Section 1.7 and Sec-
tion 1.8 are dedicated to more applied aspects of machine learning. In particular, Section 1.7
deals with general process models for tackling real-world machine learning problems, e.g., the
CRISP-DM model. Section 1.8 discusses important implementational aspects, such as preferable
programming languages and libraries for machine learning. Finally, Section 1.9 provides refer-
ences to other important textbooks on mathematical and implementational aspects of machine
learning.

Note again that we deliberately only provide motivational and fundamental mathematical and
implementational concepts in this chapter. The corresponding details on the topics discussed
here as well as specific instances of ML methods and algorithms will follow in the later chapters.

1.2 Supervised and unsupervised learning
Many tasks and algorithms can be roughly divided into two different categories: supervised
learning and unsupervised learning.

�
Supervised learning

We are given data samples of inputs and
outputs. The goal is to predict the output
to an input. This can be seen as a func-
tion (or density) reconstruction task. The
prediction should also generalize well to
yet unseen data.
Example: Assume we are given real val-
ues x1, . . . ,x5 as inputs and real values
y1, . . . , y5 as outputs. A possible predic-
tor would be the piecewise linear inter-
polant of the (xi, yi) pairs (indicated by
the blue graph below).i
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Unsupervised learning

We are only given input samples. Com-
mon tasks are clustering/segmentation of
the data or compression/dimensionality
reduction, where we look for a low-
dimensional representation of the high-
dimensional input data.
Example: Assume we are given 12 two-
dimensional points x1, . . . ,x12. A pos-
sible goal could be to assign each point
to one of three groups/clusters (indicated
by color and shape below) according to
their distances to each other.i
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Supervised learning Let us focus on supervised learning first. Here a function1 f is learned
from input-output samples (xi, yi), also referred to as inputs and labels. The goal is not only
that the samples—usually called training data—be (approximately) fitted by f , but also that new
data—usually called test data or evaluation data—which stem from the same distribution as the
training data, be approximated well. Some specific examples of tasks in supervised learning are:

• Classify images according to their content (e.g., cats versus dogs) [KSH12].

• Estimate the risk of disease from patient data [KZK12].

• Mark email messages that are spam [DBC+19].

• Detect critical failures in industrial facilities [CGIT23].

• Predict future values of financial assets [HSK19].

• Categorize musical pieces according to their genre [COSJ17].

In supervised learning, we assume that we are given an input training data set

D := {(xi, yi) ∈ Ω× Γ | i = 1, . . . , n} with (xi, yi)
i.i.d.∼ µ ∀ i ∈ {1, . . . , n}.

Here, the n training data points are independent and identically distributed (i.i.d.) samples of an
unknown probability measure µ on Ω×Γ. Usually (and most of the time in this book) the setting
Ω ⊆ Rd and Γ ⊆ R is considered, which already covers a lot of interesting machine learning
problems. Note however that different settings, such as non-scalar Γ or categorical Ω, may be
encountered when considering certain applications, see Section 10.1.

In supervised learning we are looking for f : Ω→ Γ such that

f(xi) ≈ yi ∀ i ∈ {1, . . . , n}. (1.1)

But instead of just choosing an interpolant in xi, which does the job, we more importantly also
aim for

f(x) ≈ y ∀(x, y) ∼ µ. (1.2)

If Γ is endowed with a distance measure, this is called a regression problem. In the special case
of |Γ| < ∞ and where there is no defined order on Γ, i.e., the values of y represent categories,
we are dealing with a classification problem. To make the search for such a function f more
feasible, we usually restrict ourselves to some model space or classM and try to find the “best”
f ∈ M that fulfills our requirements of fitting the data. We will go into more detail on model
classes and what we mean by “best” f in the next sections.

�
Regression

Regression refers to the determination
of the values of a continuous variable,
given the values of other variables. We
are mostly dealing with the reconstruc-
tion of a real-valued function g : Ω ⊂
Rd → Γ ⊂ R from given values (xi, yi)
for i = 1, . . . , n, where yi = g(xi) + εi
is a function evaluation of g perturbed by
some noise εi.

Classification

Classification deals with the determina-
tion of the class/group which a data point
belongs to. Often, we aim to recon-
struct the class assignment operator g :
Ω ⊂ Rd → Γ = {1, . . . ,K} from data
points (xi, yi) for i = 1, . . . , n, where
yi = g(xi) is the class to which xi be-
longs. Here, K ∈ N is the number of
possible classes.

1More generally, we could consider learning a measure that models the connection between the input-output pairs.
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In contrast to general supervised learning methods, where we assume that the training data D
is given beforehand, the class of active learning methods, which is sometimes considered as
a subclass of supervised learning, deals with a scenario where the algorithm determines the
training data points itself; see [Set12]. More specifically, in active learning we start with a large
base set of xi for i = 1, . . . , N . Then, in each step of the active learning algorithm, one of
the points which has not been chosen before is included in the training data set. In particular
xik for some ik ∈ {1, . . . , N} \ {i1, . . . , ik−1} is chosen in the kth step and the corresponding
label yik is determined. Then, a supervised learning algorithm is applied to the new training
data set. Moreover, a case-dependent heuristic is employed to determine if the currently selected
data points suffice or if more steps in the active learning algorithm are necessary, i.e., if more
points need to be included in the training data set. This type of algorithm is useful when we have
the possibility to infer the correct yik—or at least a good approximation thereof—on the fly,
while the process of doing so involves intensive computations or is very costly and the number
of chosen data points should thus be kept small.

Unsupervised learning In unsupervised learning we are usually interested in an efficient
compression/representation of the input data. This can be done by determining an adequate low-
dimensional representation system for high-dimensional input vectors. Then, this procedure is
referred to as dimensionality reduction.

� Dimensionality reduction

In dimensionality reduction, we usually have data xi ∈ Ω = Rd for i = 1, . . . , n
and aim to find a “good” representation ηi ∈ Rq with q < d. Here, “good” can mean
that the data points retain their main characteristics, such as pairwise distances for
instance. But “good” can also refer to the fact that it should be possible to approxi-
mately reconstruct the original data points xi given just ηi and using an appropriate
reconstruction algorithm. Oftentimes we assume that the original data stem from
some k-dimensional surface or manifold, which we need to detect in order to deter-
mine the ηi.

−→

Figure 1.3

Above is an example for d = 2 and q = 1. The data points on the left approxi-
mately reside on the red curve, which is just one-dimensional. Thus, the data can be
represented in one dimension as points on the black line, shown on the right.

Sometimes, instead of performing dimensionality reduction of the data, one is merely interested
in compressing the data with respect to the number n of data points. Here, resampling approaches
like bootstrapping play an important role; see Section 10.2.4 for more details. Furthermore, it
is a common goal in unsupervised learning to find yet undetected patterns in the data, which is
often pursued for already dimension-reduced data. This is for instance achieved by segmentation
or clustering of the input data into several classes.
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� Clustering

The goal of clustering is to group together sets of data points (so-called clusters)
according to an underlying similarity measure. In particular, we divide a data set
into k ∈ N different parts C1, . . . , Ck. Here, similar points are assigned to the same
cluster, whereas dissimilar points are assigned to different clusters. There exists a
variety of clustering methods which differ in the choice of the underlying similarity
measure. A thorough discussion of clustering and a description of suitable algorithms
can be found in [XW08].

Common examples of applications for unsupervised clustering algorithms are:

• Grouping of gene or protein sequences according to their similarity [NZM+19].

• Separation of tissues in medical images [RBU+20].

• Anomaly/outlier detection in industrial time series data [HGG+20].

• Organization of communities in social networks [ARB19].

• Visual exploration of large-scale databases [YHW+07].

The similarity measure in a clustering algorithm can be defined in various ways using point
distances or densities, for instance. While standard algorithms like k-means, which we will
explore in more detail in Section 5.3, are commonly based on the Euclidean distance between
two data points, it can also be meaningful to choose the underlying similarity measure according
to the application at hand. For example, when clustering different shapes of the human body,
k-means can be used with the so-called Procrustes distance measure instead; see [ADLS10]
for more details. Here a rotation- and translation-invariant distance measure is employed to
determine the coherence of two different shapes. A thorough collection of similarity measures
and divergences, which also stem from practical applications, can be found in [DD09].

Note that clustering can also be used to reduce the number of data points. To this end, a
representative data point for each cluster is chosen. Subsequently, all data points in a particular
cluster are identified with its representative.

1.3 The underlying optimization problem
Now that we have seen what typical supervised and unsupervised learning problems look like,
we want to highlight the fact that there usually is an underlying optimization problem behind
every ML algorithm. Consider supervised learning; here we look for a function f , and the
quantification of what is meant by≈ in (1.1) and (1.2) as suggested for regression or classification
is implicitly contained in the formulation of the optimization problem. Before we can formulate
an ML optimization problem, we need to introduce a respective model classM and a respective
loss function L.

1.3.1 Model classes

The choice of an appropriate model classM is itself an art. From an algorithmic and function
approximation point of view, it is a balancing act between a too-small class, which does not
lead to a satisfactory solution because there is no f ∈ M that fits the data, and a too-large
class, which makes solving the optimization problem tedious because M cannot be efficiently
and exhaustively searched for a good solution. Generally, from an ML point of view, we seek a
tradeoff between bias and variance. A high bias means that the model is very coarse and does not
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represent the given data very well. A high variance, however, means that the model is sensitive
to small fluctuations in the data and therefore does not generalize well to yet unseen data, i.e., the
model has large errors on the test data. In particular, a model that fits the training data well, but
does not perform equally well on the test data, has low bias and high variance, i.e., the model
class is too large. The opposite problem of high bias and low variance is present when the model
class is too small for the given data. In general, more data typically reduce the variance of the
obtained model. Therefore, we can obtain a smaller variance for larger model classes as the
amount of data increases. In contrast, aiming to minimize the variance by using a small model
class is usually more relevant in a setting where only a few data points are available.

� Model class

The model class M is the set of all possible functions considered as solutions to
the machine learning problem at hand. Famous model classes include affine linear
functions, splines, kernel spaces, and (deep) neural networks. Oftentimes functions
in the model class are determined by certain parameters p ∈ Rdp . In this case, the
model class is called parametrized.

Let us consider the simple example of affine linear functions in the setting Ω = Rd and Γ = R.
Here, the parametrized model class is given by

MLin =

{
g : Rd → R

∣∣∣ g(t) = γ0 +

d∑
i=1

γiti for some fixed γ0, . . . , γd ∈ R

}
.

The dp = d + 1 parameters are p = γ := (γ0, . . . , γd)
T . In the case of the affine linear model

class, we will often use the more compact notation g(t) = γT ·t̂ with t̂ := (1, t1, . . . , td)
T . In the

case of parametrized model classes, we sometimes write gp instead of g to make the dependence
on p more distinct.

1.3.2 Loss function

The loss L—sometimes also referred to as cost—is the function whose minimization serves as
the goal. In many cases in ML, loss functions are defined in such a way that they are convex.
Depending on the model classM, this convexity allows us to draw conclusions on the existence
and uniqueness of minimizers f ∈ M of L. Another important aspect of loss functions is their
smoothness with respect to the inputs. A smooth loss function is beneficial when its derivatives
are needed within an optimization procedure.

� Loss function

The determination of f ∈ M is done with the help of a loss function L. For su-
pervised learning it is often defined as a function L : (Γ× Γ)

n → [0,∞]. Note
that most loss functions can be written in terms of a one-sample loss function
L̃ : Γ × Γ → [0,∞]. For instance, a so-called additive loss function L can be
written with one-sample loss L̃ as

L ((z1, z̃1) , . . . , (zn, z̃n)) =
1

n

n∑
i=1

L̃ ((zi, z̃i)) .
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With the help of a model class and a loss function, we can now write down the actual minimiza-
tion problem underlying most (supervised) machine learning algorithms.

� The ML minimization problem

The continuous machine learning problem corresponding to the model classM and
the additive loss L with one-sample loss L̃ can be written as

min
g∈M

Eµ
[
L̃((g(X), Y ))

]
= min
g∈M

∫
Ω×Γ

L̃((g(x), y)) dµ(x, y), (1.3)

i.e., we average the loss over all possible data points drawn i.i.d. according to µ.
The resulting quantity is also known as the estimation error or generalization error.
However, we usually do not have direct access to the underlying measure µ but only
to the training samples (xi, yi) for i = 1, . . . , n. Therefore, we substitute the problem
of minimizing the generalization error by the problem of minimizing the training
error (or empirical loss), i.e., we aim to determine

f := argmin
g∈M

1

n

n∑
i=1

L̃ ((g(xi), yi)) = argmin
g∈M

L ((g(x1), y1) , . . . , (g(xn), yn)) .

(1.4)
In the case of a parametrized model classM, we can rewrite this as

f := argmin
p∈Rdp

L ((gp(x1), y1) , . . . , (gp(xn), yn)) , (1.5)

where the function gp ∈M implicitly depends on p. When it comes to unsupervised
learning it is not straightforward how to write down a general optimization problem
that is valid for most methods. However, an appropriate minimization problem can
often still be formulated on a case by case basis, as we will see in Chapter 4 and
Chapter 7.

One of the most common loss functions is the least squares loss

Lls ((z1, z̃1) , . . . , (zn, z̃n)) :=
1

n

n∑
i=1

(zi − z̃i)2,

which is an additive loss function with one-sample loss L̃(z, z̃) = (z − z̃)2. The least squares
loss computes the normalized squared Euclidean norm of the difference of the vectors z :=
(z1, . . . , zn)

T and z̃ := (z̃1, . . . , z̃n)
T . When evaluating the loss in an ML setting with model

function g, the zi and z̃i are instantiated by the point evaluations g(xi) and yi for i = 1, . . . , n. In
particular, by using the least squares loss function as in the general optimization problem (1.4),
we obtain the least squares ML minimization problem

f := argmin
g∈M

1

n

n∑
i=1

(g(xi)− yi)2 .

Besides the least squares loss many other options exist for L. Simple examples are different
vector norms. For classification problems, logistic loss functions or cross entropies are often
used; see, e.g., Section 6.4.5. In the case of more complicated data sets, e.g., when yi is a
function or a density for all i = 1, . . . , n, the choice of an appropriate loss function becomes
more tricky; see also Section 10.1.
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1.3.3 Solving the optimization problem

We have seen that different combinations of the model classM and the loss function L lead to
different optimization problems (1.3) and thus to different ML methods. Although we are essen-
tially after minimizing the generalization error in machine learning, we usually cannot achieve
this directly. Therefore, we solve (1.4) instead, which leads us to the question of how to choose
M and L and to the question of how to actually solve (1.4).

Properties of minima Let us consider the parametrized variant (1.5) of the optimization prob-
lem. If L is continuously differentiable, we know from basic calculus that

∇pL((gp(x1), y1), . . . , (gp(xn), yn)) = 0

is a necessary condition for gp to be a minimizer of the loss on the training data. Points that fulfill
this equation are called critical points. Additionally, if the Hessian ∇2

pL exists and is positive
definite for gp, we encountered a minimizer. While these conditions help us to check for minima,
we do not know if we encountered a local or a global minimum in general.

The reason for the popularity of convex loss functions, like the least squares loss, is that they
ensure that any critical point of L is automatically a global minimizer if a convex model class is
employed, i.e., a model class that is a convex set of functions. While this does not necessarily
mean that the minimizer is unique, each minimizer is equally good in the sense that it achieves
the same minimum value of L as the others do.

Numerical optimizer While the check for the optimality conditions above can be done by
hand for specific choices of L andM, a minimizer usually needs to be determined by numerical
optimization algorithms. Here, a suitable choice of an algorithm has to be made in accordance
with the properties of the optimization problem (1.4).

For instance, for the least squares loss and an affine linear model class, the minimizer is unique,
and its naive determination boils down to solving a system of linear equations, as we will see in
Chapter 2. An example for a supervised learning problem whose optimization problem deviates
from the form (1.4) is given in Chapter 3. Here, a constrained convex optimization problem is
tackled by an iterative solver. When we look at more complicated settings where the loss function
or the model class is no longer convex, the numerical optimization becomes more intricate. Here,
we usually encounter many local minima.

In general, a local minimum resulting from an iterative numerical optimizer depends on the
initial value and the respective optimization method, provided that it is locally convergent in the
first place. Which local minimum is attained and how much it differs from any global minimum
are mostly unclear and difficult to determine in the non-convex situation. Even in the case of
deep neural networks, for instance, the mathematical analysis of the optimization problem is
hard, and its properties are not completely understood to this day; see Chapter 6. Here, iterative
stochastic methods have heuristically proven to be the numerical optimizers of choice.

1.3.4 Overfitting and regularization

When the combination of M, L, and the data at hand does not lead to a unique minimum of
(1.4), the problem is called ill-posed. In these cases, regularization is often applied, which, in
the best case, leads to a well-posed problem, i.e., a problem with a unique solution. Regularizing
a problem describes the process of adding additional information or constraints to the problem
such that the numerical optimization becomes easier.
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� Overfitting and regularization

Usually regularization is done by adding constraints to the model class, either di-
rectly, e.g., by making it smaller, or indirectly, e.g., by adding an additional term to
L that penalizes certain functions fromM more than others. In ML, regularization
prevents so-called overfitting. This describes the event that a function is fitted to the
training data too strictly and does not generalize well to unseen test data, which is
an indirect effect of too-large model spaces, i.e., of the low bias and high variance
regime.

Let us look at an example for adding a penalty term to a loss function in the case of linear
least squares regression, i.e., when minimizing the least squares loss Lls over the model class
MLin. After adding a penalty (or regularization) term to the parametrized variant (1.5) of the
optimization problem, we obtain

α = argmin
γ∈Rd+1

1

n

n∑
i=1

(
γT · x̂i − yi

)2
+ λ∥γ∥22, (1.6)

where fα(t) = αT · t̂ is the resulting affine linear function with t̂ = (1, t1, . . . , td)
T , as noted

before. Here, we added the weighted (for a fixed λ > 0) squared ℓ2 norm of the coefficient vector
as penalty. Now solutions with large coefficients are penalized more than those with small ones.
This is known as Tikhonov regularization (see [EHN96, Tik63]) or ridge regression (see, e.g.,
[HTF09]).

1.4 Hyperparameters
Often there are so-called hyperparameters in ML algorithms, i.e., parameters that have to be set
by the user. They have to be carefully chosen in order to achieve good results. Having a large
number of hyperparameters is undesirable since their proper choice gets extremely complicated
and often even practically impossible. We address the problem of hyperparameter search in more
detail in Section 3.6.

� Hyperparameters

Hyperparameters are any parameters of the model f ∈ M or the loss L that are
not determined by the optimization of the loss function but which have to be fixed
before the loss minimization can be tackled. An example of a hyperparameter is the
regularization parameter λ in ridge regression introduced above.
An easy but computationally intensive way to search for the optimal hyperparameters
is to compute a lot of solutions for different values of the hyperparameters on a part
of the training data and then evaluate these solutions on another part of the training
data to see which hyperparameter choice performed best.

1.5 Feature engineering and feature selection
A feature in ML is a measurable property or characteristic of the (input) data, which is then fed
into an ML algorithm to determine a model and an output. Relevant features, which mainly guide
the decision process of the ML algorithm, are gathered into a feature vector, which serves as the
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input of an ML algorithm. In this way, the feature construction and selection can also be seen as
a data preprocessing task, which is of major importance within the machine learning pipeline.

� Feature engineering and selection

At a first stage, the process of constructing—or engineering—and selecting features
can be performed by hand if there is prior knowledge about important features. For
example, when learning a radial property of a two-dimensional input (x1, x2), a
meaningful feature would be r :=

√
x21 + x22 instead of the bare coordinates x1

and x2. Modern machine learning algorithms like deep neural networks perform
feature engineering by themselves. However, selecting meaningful features before-
hand is almost always beneficial as it saves computational resources and avoids time-
consuming automated feature detection. Moreover, meaningful features allow a more
direct interpretation of the obtained model.
Naturally, the process of feature construction and selection is also performed by a
dimensionality reduction method. Here, a more efficient representation of the data
is sought, which contains the most important information. Thus, the reduced low-
dimensional coordinates can be seen as the features that have been automatically
generated from the input data.

A feature map ϕ : Ω → Ω̃ assigning the input data xi to some meaningful features ϕ(xi) in
the so-called feature space Ω̃ is a major component of several machine learning algorithms, e.g.,
of support vector machines; see Chapter 3.

1.6 Effects in high dimensions
Our intuition of distances and locality breaks down in high dimensions due to the concentration
of measure principle [Led01] or the so-called curse of dimensionality [Bel61]. Let us briefly
explore two examples of these effects.

� Concentration of measure

The concentration of measure effect describes the fact that high-dimensional ran-
dom, independent vectors concentrate in Euclidean space, i.e., the probability of
them residing in certain regions becomes very large. To illustrate this, consider n
uniformly distributed points xi, i = 1, . . . , n, in the unit ball

B1(0) :=
{
x ∈ Rd

∣∣ ∥x∥2 ≤ 1
}

as training data set D. If we look at their nearest point c to the origin, i.e.,
c := argminxi,i=,1...,n ∥xi∥2, then the median of the norm of c over all different
realizations of the n-element training data set D fulfills

M(d, n) := median (∥c∥2) =
(
1−

(
1

2

) 1
n

) 1
d

;

see also [HTF09]. Thus, we have, for example, for d = 10 and n = 500 that
M(d, n) ≈ 0.52. This means that already in 10 dimensions and for a small number
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of data points, the point c, which is closest to 0, is indeed closer to the boundary of
the unit ball than to its origin 0. Thus, uniformly distributed data in the unit ball in
Euclidean space tend to concentrate along the boundary for large d. Therefore, in
high dimensions and for the Euclidean distance setting, data tend to behave counter-
intuitively.

To the right, we give a schematic illustration of
the concentration of measure effect in high di-
mensions in a projected 2D plot (blue = center
point, red = data points). The red data points xi,
i =, 1, . . . , n, tend to concentrate close to the
boundary of B1(0).
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Figure 1.4

The concentration of measure effect shows us that the Euclidean distance does not seem to be in-
tuitive or even meaningful anymore when relying on point to point distances in high-dimensional
spaces. This is the reason why other choices of distance measures are often considered in such
applications. Here, various ℓp norms, weighted Gaussian distances, or even divergences are rea-
sonable alternatives in certain cases [AHK01, SFSW12]. However, recall that such deviations
from the Euclidean distance often result in non-convex loss functions and/or non-unique minima,
which make the ML minimization problem more complicated.

In the ML community, the terms concentration of measure and curse of dimensionality are
often used ambiguously. From a mathematical perspective, the curse of dimensionality is more
about properties on the necessary sample size.

� Curse of dimensionality

The classical curse of dimensionality effect resembles the fact that we need exponen-
tially (in the domain dimension d) many points to have a sampling that is as dense as
in one dimension. Such a sampling is a necessary foundation for learning an arbitrary
function equally well in d dimensions. This is a famous problem in approximation
theory [NW08].

To the right, we see an illustration of the curse
of dimensionality effect (blue = 1D grid; red =
2D grid). To approximate a univariate (differ-
entiable [NW08]) function up to a fixed accu-
racy, an interpolant on the N = 10 blue sample
nodes can be built. For a bivariate function the
N2 = 100 red points are needed to (asymptot-
ically) achieve the same accuracy. In d dimen-
sions we would need Nd = 10d many points.
Thus, the computational costs scale exponen-
tially in d.
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1.7 Process model for machine learning
Up to now, we have presented foundational mathematical concepts which are relevant in the
machine learning context. But since we also discuss specific implementations of ML algorithms
in this book, process models and computational aspects are important as well. To this end, let us
now consider these topics in detail.

Usually the process of applying data mining and machine learning algorithms to a problem
at hand involves the same steps independently of the application. Therefore, an open standard
process model has been introduced, which describes how an ML problem is treated.

� Cross-industry standard process for data mining (CRISP-DM)
The cross-industry standard process for data mining (CRISP-DM) [She00] has been
developed by leading machine learning experts of different companies in the con-
text of a European union project. As of today, the CRISP-DM model is the most
commonly used process model when tackling machine learning tasks because of its
interdisciplinarity and its generality. A schematic overview of the so-called CRISP-
DM cycle is given in Figure 1.6.

Figure 1.6: The schematic CRISP-DM cycle.

The CRISP-DM cycle consists of six blocks in the following order:

• Business understanding: The situation is assessed, and the goals for the application of
machine learning tools are defined in terms of business objectives and success criteria.

• Data understanding: Data are collected from various sources and merged into a single data
set. An initial data exploration is performed.

• Data preparation: The data set is cleaned (e.g., outliers are removed, and noise is reduced)
and formatted. Irrelevant data points are eliminated.
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• Modeling: Appropriate machine learning models are built, and hyperparameters are deter-
mined.

• Evaluation: The results of the ML model on the data set are gathered and evaluated ac-
cording to the chosen success criteria.

• Deployment: Monitoring and maintenance methods for the whole data pipeline are em-
ployed to enable a continuous process. Reports are created.

While some of these topics are closely intertwined, and while there are dependencies between
earlier and later phases, the overall process follows the aforementioned order. Furthermore, the
cyclic nature of the CRISP-DM model illustrates the fact that the data mining process does not
end after the deployment phase, but new insights gained from the later phases usually lead to a
new understanding of the problem at hand and may trigger the whole process again.

While CRISP-DM is still the most often adopted process model for treating machine learning
problems, there also exist other models such as SEMMA [RM10], which is tailored towards the
usage of SAS software, or Six Sigma,2 which is a more general model for data-based business
processes. More recently, modern and agile frameworks such as the Team Data Science Process
(TDSP)3 and the VDI/VDE guideline 37144 are being employed in industrial data analysis.

1.8 Implementation of machine learning algorithms
Besides the purely theoretical side of discussing the inner workings and properties of machine
learning algorithms, a successful ML practitioner also knows how to use codes and implemen-
tations of these algorithms to tackle given problems. Throughout this book, our task-boxes aim
to encourage readers to both implement certain ML methods on their own and familiarize them-
selves with ready-to-use machine learning libraries and packages.

While there are many possible choices for adequate programming languages to use when tack-
ling ML problems, e.g., C/C++, R, JULIA, SCALA, or JAVA, the most popular one to this day is
PYTHON.5 It nicely combines the possibility to quickly try out new ideas (prototyping) with fast
numerical computations (efficiency) when using the NUMPY6 library. Furthermore, it provides
many well-established machine learning libraries for various kinds of purposes, and its basic
syntax is quite easy to learn, even for beginners without any programming knowledge. There-
fore, we also decided to use PYTHON as the programming language for the tasks and templates
in this book.

When using specific machine learning algorithms we will mainly work with the SCIKIT-
LEARN7 and KERAS8 libraries. Those libraries provide directly applicable implementations of
many famous machine learning methods, and the initial hurdle that one has to overcome to use
these libraries is quite small. However, we want to emphasize that the use of other tools and
libraries might be more appropriate when implementing highly flexible machine learning mod-
els or when aiming for highly optimized production code. Here, libraries like PYTORCH9 and
TENSORFLOW10 for production-grade deep learning models or JAX11 for highly efficient numer-
ical operations are common software platforms of choice.

2https://www.iso.org/standard/52901.html
3https://learn.microsoft.com/en-us/azure/architecture/data-science-process/overview
4https://www.vdi.de/richtlinien/details/vdivde-3714-blatt-1-implementierung-und-betrieb-von-big-data-

anwendungen-in-der-produzierenden-industrie-durchfuehrung-von-big-data-projekten
5https://www.python.org/
6https://www.numpy.org/
7https://scikit-learn.org/
8https://keras.io/
9https://pytorch.org/

10https://www.tensorflow.org/
11https://jax.readthedocs.io

https://www.iso.org/standard/52901.html
https://learn.microsoft.com/en-us/azure/architecture/data-science-process/overview
https://www.vdi.de/richtlinien/details/vdivde-3714-blatt-1-implementierung-und-betrieb-von-big-data-anwendungen-in-der-produzierenden-industrie-durchfuehrung-von-big-data-projekten
https://www.vdi.de/richtlinien/details/vdivde-3714-blatt-1-implementierung-und-betrieb-von-big-data-anwendungen-in-der-produzierenden-industrie-durchfuehrung-von-big-data-projekten
https://www.python.org/
https://www.numpy.org/
https://scikit-learn.org/
https://keras.io/
https://pytorch.org/
https://www.tensorflow.org/
https://jax.readthedocs.io
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To dive directly into the basics of PYTHON and NUMPY, let us begin with the first tasks
of this book. They serve to familiarize the reader with the coding environment as well as the
programming language.

X Task 1.1. Make yourself familiar with programming in PYTHON and its libraries
NUMPY and MATPLOTLIB12. Furthermore, you will need the application JUPYTER
NOTEBOOK13 to run the template codes at https://bookstore.siam.org/di03/bonus. To
this end, the “README.md” file provides a guideline on setting up the programming
environment by hand. Furthermore, we encourage you to have a look at the tutorial
notebooks “Introduction to Python.ipynb” and “Introduction to NumPy.ipynb” and to
familiarize yourself with the concept of vectorization, i.e., using operations on whole
arrays instead of using loops and operating on single array elements.

X Task 1.2. Create a JUPYTER notebook in which you construct an array z consisting
of 10000 random numbers drawn from {0, 1, 2}. Implement two versions of a func-
tion that counts the number of appearances of the subsequence (2, 0, 1) in z. The first
version should work with a loop that accesses the array z elementwise and makes
elementwise comparisons. The second version should be a vectorized one, which
operates on (almost) the whole array z. (Hint: The NUMPY function logical_and
might help you.) Compare the runtime of the two versions.

1.9 Further references on machine learning topics
In this section, we provide references to other textbooks that give an overview of various machine
learning topics. In contrast to our intention of providing solid mathematical background together
with first hands-on coding experience for a broad range of machine learning methods, these
textbooks have a different perspective on the addressed topics.

In [Bis06, HTF09, JWHT21, Mur22, Mur23] the interested reader can find a good overview
of the most important machine learning topics from a statistical point of view. These books
provide an intuitive and conceptual approach to the presented methods. For an introduction
to the main mathematical concepts commonly used in data analysis and machine learning, see
[DFO20, Phi21, Str19]. A special overview on the specific topic of neural networks and their
applications can be found in [GBC16]. This book provides a computer scientist’s perspective
on the state of the art of deep learning and the corresponding algorithms. An introduction to
implementing these deep learning algorithms in PYTHON can be found in [Cho17, Gér19]. A
more mathematical point of view on neural networks is taken in [Cal20]. Here, the mathematical
background behind the inner workings of deep learning algorithms is highlighted. An intuitive
overview on many important dimensionality reduction methods can be found in [LV07]. The au-
thors use the same benchmark data sets for all algorithms to make their comparison more natural.
[WR22] presents a thorough discussion of optimization problems, which appear for many kinds
of tasks in data science. The authors introduce the most common optimization algorithms used
in machine learning and provide a mathematical analysis thereof. Finally, [CZ07] and [Vap99]
provide a mathematical foundation for specific types of machine learning algorithms, namely
so-called kernel algorithms, which we will encounter in Chapter 3.

12https://matplotlib.org/
13https://jupyter.org/

https://bookstore.siam.org/di03/bonus
https://matplotlib.org/
https://jupyter.org/


Chapter 2

Basic Supervised
Learning Algorithms

In this chapter we will introduce specific instances of machine learning algorithms, and we will
see how to evaluate them on given test data. Our first approach, which is probably the most
simple one, namely linear regression, is discussed in Section 2.1. Here, the model class, over
which the learning problem is solved, consists of (affine) linear functions. This leads to an easy
numerical treatment of the underlying optimization problem. Section 2.2 is dedicated to the
introduction of different measures that serve to quantify how well a regression (or classification)
algorithm performs. Subsequently, we encounter our first programming tasks in Section 2.3. In
addition to the direct solvers, which we discuss in Section 2.1, iterative solvers can be employed
to tackle the linear regression problem. They are studied in Section 2.4. Section 2.5 illustrates
the importance of data normalization, especially for iterative solvers. Finally, we will consider
the k-nearest neighbors algorithm in Section 2.6, which provides another intuitive way to solve
a supervised learning task. More details on linear regression and the k-nearest neighbors method
can be found in [HTF09, Mur22].

2.1 Linear least squares
We first address the problem of linear least squares regression, which we briefly introduced in
the last chapter. To this end, recall that we aim to minimize the least squares loss

Lls ((z1, z̃1) , . . . , (zn, z̃n)) =
1

n

n∑
i=1

(zi − z̃i)2

over the parametrized model class of affine linear functions

MLin =

{
g : Rd → R

∣∣∣ g(t) = γ0 +

d∑
i=1

γiti for some fixed γ0, . . . , γd ∈ R

}
.

Therefore, the linear least squares (LLS) problem reads

Find f := argmin
g∈MLin

Lls ((g(x1), y1, ) , . . . , (g(xn), yn))

⇔ argmin
γ0,...,γd∈R

1

n

n∑
i=1

(
γT · x̂i − yi

)2
with parameter vector γ = (γ0, . . . , γd)

T ∈ Rd+1. Here, x̂i := (1, [xi]1, . . . , [xi]d)
T ∈ Rd+1

is the augmented vector based on a data point xi ∈ Rd for all i = 1, . . . , n, and [·]j denotes the

17
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jth component of a vector. The above expression for the LLS problem can be rewritten as

α := argmin
γ∈Rd+1

1

n
(Xγ − y)

T
(Xγ − y) = argmin

γ∈Rd+1

γTXTXγ − 2γTXTy + yTy (2.1)

with X := (x̂1, x̂2, . . . , x̂n)
T ∈ Rn×(d+1) and y := (y1, . . . , yn)

T ∈ Rn.

2.1.1 Normal equations

Note that (2.1) is a quadratic and, thus, a convex minimization problem in the parameters γ.
Therefore, a critical point is automatically a global minimizer since our model class is also con-
vex. Next let us check for critical points, i.e., let us set the derivatives ∂

∂γi
to 0 for all i = 0, . . . , d

to obtain a global minimizer α. This results in

XTXα = XTy, (2.2)

i.e., a minimizer α of (2.1) fulfills this equation and vice versa. This system of linear equations
is also known as the normal equations of the least squares problem.

Furthermore, we note that the minimizer of (2.1) is unique if XTX has full rank, i.e., if it is
an invertible (d+ 1)× (d+ 1) matrix. In this case we have

XTXα = XTy ⇔ α =
(
XTX

)−1

XTy.

Thus, to tackle the LLS regression problem, we need to solve a system of linear equations.
Moreover, if XTX happens to have a non-trivial null space and is, therefore, not invertible, we
can still look for solutions of (2.2) to find a minimizer, but a solution is no longer unique.

ò Linear system solvers: LU and Cholesky decomposition

One important topic in numerical mathematics is the development and analysis of
algorithms to solve systems of linear equations Ax = b with a regular matrix A ∈
Rd̃×d̃ and vectors x, b ∈ Rd̃ for arbitrary d̃ ∈ N. The most straightforward algorithm
to solve such a system would be LU decomposition. In this case, a decomposition
A = LU into a lower and an upper triangular matrix is computed via Gaussian
elimination, which can be done in O

(
d̃3
)

floating point operations. Then,

b = Ax = LUx ⇔ U−1L−1b = x.

Note that the application of the inverses of U and L can be easily computed by
forward and backward substitution, i.e., by successively determining each entry of the
resulting vector. In this way, a complicated, direct matrix inversion can be avoided.
If A is symmetric and positive definite, there exists a unique so-called Cholesky
decomposition A = LLT for a lower-triangular matrix L, which can be computed
via a modified Gaussian elimination. The computation of a Cholesky decomposition
is twice as fast as the one of the LU decomposition. Furthermore, it is stable with
respect to small input changes, which cannot be guaranteed for the LU decomposition
unless pivoting is used. For more details on computing the solution of a system of
linear equations, we refer the reader to [GVL13].
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2.1.2 Pseudo-inverse solutions

To use a Cholesky decomposition or an LU decomposition to compute a solution of the normal
equations (2.2), we would first need to assemble the matrix A := XTX ∈ R(d+1)×(d+1), which
needsO(d2n) floating point operations. However, avoiding the computation of the matrix XTX
is preferable when solving (2.1). The reason for this lies in the condition number of this matrix,
which we will explain soon. Let us first explore another way to numerically solve (2.1) using the
singular value decomposition (SVD).

ò Singular value decomposition (SVD)

The decomposition of a general matrix A ∈ Rn×d̃ into

A = UDW T

with orthogonal matrices U ∈ Rn×n and W ∈ Rd̃×d̃ and the diagonal matrix D =

diag(σ1, . . . , σmin(n,d̃)) ∈ Rn×d̃ of non-negative singular values is called singular
value decomposition. Here, the singular values are non-negative and sorted according
to their size, i.e., σ1 ≥ · · · ≥ σmin(n,d̃) ≥ 0. The singular values of A are uniquely

determined. The SVD can be computed withO(min(d̃, n)2 max(d̃, n)) floating point
operations. For details on the SVD, we refer the reader to [GVL13].

Besides the SVD, we will also need the pseudo-inverse of a matrix in the following.

ò Moore–Penrose pseudo-inverse

The (Moore–Penrose) pseudo-inverse of A ∈ Rn×d̃ with SVD A = UDW T is a
generalization of the inverse of the matrix A. It is given by

A† := WD†UT

with a matrix D† ∈ Rd̃×n that fulfills

D†
ij :=

{
1
σi

if i = j and σi > 0,

0 else.

More generally, the pseudo-inverse is uniquely defined by the four properties

AA†A = A, A†AA† = A†,(
AA†

)T
= AA†,

(
A†A

)T
= A†A.

If A is an invertible square matrix, the pseudo-inverse and the inverse of A coincide.
More details on the pseudo-inverse can be found in, e.g., [GVL13] and [Hig02].

In the case where XTX is a full-rank matrix, the pseudo-inverse of X fulfills

X† =
(
XTX

)−1

XT .

Therefore, the solution to the normal equations (2.2) is just

α = X†y, (2.3)
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which can be computed by using an SVD X = UDW T and employing the pseudo-inverse of
D instead of inverting XTX . However, we can use (2.3) not only in the case of full-rank XTX
but also in the general case to solve (2.1).

Let us explore why (2.3) is a solution to (2.1). Note that (2.1) essentially reads

α = argmin
γ∈Rd+1

1

n
∥Xγ − y∥22.

Therefore, we are looking for a γ such that its image under X is closest to y in the Euclidean
norm. We know from basic linear algebra that this is fulfilled for a γ such that Xγ is an or-
thogonal projection of y onto the image space of X . To this end, let C ∈ R(d+1)×n be a matrix
such that

(XC)2 = XC = (XC)
T
,

i.e., XC is an orthogonal projector onto the image of X . Then, γ := Cy is already a solution
to (2.1) since

Xγ = XCy

is an orthogonal projection of y onto the image of X . Finally, to prove that (2.3) is a solution to
(2.1), we have to show that X† is a valid candidate for such a matrix C. This is straightforward
since(

XX†
)2

=
(
UDW TWD†UT

)2
=
(
UDD†UT

)2
= UDD†DD†UT = XX†

due to the orthogonality of U and W and because DD† is idempotent. The fact that (XX†)T =
XX† is one of the four defining properties of the pseudo-inverse. Therefore, C = X† is a valid
choice, and (2.3) solves (2.1).

2.1.3 Stability of the problem

We have seen that we can solve (2.1) by using either a Cholesky or an LU decomposition to solve
the normal equations (2.2) or by using the SVD to compute (2.3). Although employing the SVD
is usually more expensive with respect to the number of floating point operations being used (see,
e.g., [GVL13], [Hig02], [PTVF07]), it is the preferable way to solve (2.1) in general. The reason
for this is that we avoid the explicit use of the assembled matrix XTX , whose condition number
κ(XTX) is larger than the condition number κ(X) of X .

ò Matrix condition numbers

The condition number of a non-singular matrix A is given as the ratio of its largest
and its smallest singular values

κ(A) :=
σmax(A)

σmin(A)
.

The condition number is a measure for how sensitive the solution x of Ax = b is to
changes in the right-hand side b. Therefore, larger condition numbers introduce po-
tentially larger instabilities when solving a system of linear equations. In particular,
let b+∆b be an altered right-hand side term. We write the corresponding solution as
x+∆x for some perturbation ∆x to x, i.e., we have the two systems of equations

Ax = b and A(x+∆x) = (b+∆b).
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Then it holds that
∥∆x∥2
∥x∥2

≤ κ(A)
∥∆b∥2
∥b∥2

,

i.e., the relative change in the solution is bounded by the condition number multiplied
by the relative change in the right-hand side. For more details on condition numbers
see [Hig02].

Because of its definition, the best condition number we could hope for when solving a system
Ax = b is κ(A) = 1. In this case, all singular values would be equal to 1. In general, we are
aiming for a condition number that is small, i.e., close to 1.

In the least squares setting the system matrix is usually determined by the drawn samples
and is thus fixed. However, while the SVD can be computed by matrix-vector multiplications
with X (see [GVL13] for details), the normal equations (2.2) involve the system matrix XTX .
Assuming that the SVD of X is given by X = UDW T , the system matrix is given by

XTX = WDTUTUDW T = WDTDW T .

Since W is an orthogonal matrix, the decomposition on the right-hand side is already the SVD
of XTX . Therefore, its singular values are given as the diagonal values of DTD, which are the
squared singular values of X . This leads to the fact that

κ(XTX) = κ(X)2,

which is the reason why it is beneficial in terms of numerical stability to use (2.3) instead of
solving (2.2).

Besides employing the SVD to compute the pseudo-inverse in (2.3), using a QR decomposition
of X is another way to solve (2.1) without having to deal with the normal equations (2.2); see
[GVL13] for details.

2.2 Evaluation
After we trained the LLS model, i.e., after we determined the parameters α from (2.1), we want
to study how good the model actually is.

� Evaluation of ML algorithms

To assess the quality of an already trained ML model, we need a way to quantify its
performance. Usually, we do not have direct access to the measure µ from which our
training data was generated, but we assume that we can sample a test data set

D̄ := {(x̄i, ȳi) ∈ Ω× Γ | i = 1, . . . , n̄}

i.i.d. from µ. Then, we approximately quantify how small the test error of the model
is, i.e., the error that we get when taking α—or equivalently f(t) = α0 +

∑d
i=1 αiti

—to predict the outputs/labels of the test data points. There are many possible criteria
to measure the error on the test data but usually the employed loss function is taken
(without all additional regularization terms).
In cases where not enough test data points are available to compute a represen-
tative test error, (re)sampling techniques like bootstrapping can be employed; see
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Section 10.2.4 for details. Of course, it is of major importance that the test data are
not part of the training data in order to avoid an evaluation bias due to overfitting.
Finally, note that the assumption of the test data following the same distribution as
the training data does not necessarily hold in practical applications. For instance, a
covariate shift can occur in the data set, i.e., the measure µ has changed during or
after training; see, e.g., [SK12].

Evaluation measures for regression Since we have chosen a least squares loss to train the
model, it is only natural to evaluate the mean squared error (MSE) on the test data set D̄, i.e.,

MSE
(
f, D̄

)
:=

1

n̄

n̄∑
i=1

(f (x̄i)− ȳi)2 .

Other commonly used error measures include the mean absolute error

MAE
(
f, D̄

)
:=

1

n̄

n̄∑
i=1

|f (x̄i)− ȳi| ,

the relative absolute error

RAE
(
f, D̄

)
:=

∑n̄
i=1 |f (x̄i)− ȳi|∑n̄

i=1

∣∣∣ 1n̄∑n̄
j=1 ȳj − ȳi

∣∣∣ ,
and the coefficient of determination

R2
(
f, D̄

)
:= 1−

∑n̄
i=1 (f (x̄i)− ȳi)

2∑n̄
i=1

(
1
n̄

∑n̄
j=1 ȳj − ȳi

)2 ,
which is close to 1 for a good model and close to 0 (or even negative) for a poor one.

Evaluation measures for classification Since |Γ| < ∞ for classification, it only makes
sense to consider functions f : Ω → Γ with finite image set. An easy way to obtain an appro-
priate classifier f : Ω → Γ from a regression function f̃ : Ω → R is to use a so-called level set
classifier. For example, let us consider a two-class problem with Γ = {a, b} ⊂ R. Then we use

f(x) := fclass(x) :=

{
a if |f̃(x)− a| < |f̃(x)− b|,
b else.

(2.4)

From now on, we implicitly assume that the function under consideration has image Γ when
we use the evaluation measures for classification below. However, by slightly abusing notation,
we can also use them for a real-valued function f̃ : Ω → R when we assume that the level set
classifier (2.4) is employed instead of f̃ in that case.

The most common error measure for classification is the so-called accuracy

Acc
(
f, D̄

)
:=
|{i ∈ {1, . . . , n̄} | f (x̄i) = ȳi}|

n̄
, (2.5)

which measures the proportion of correct classifications among all test data. Further error mea-
sures in binary classification tasks are the sensitivity and the precision, for instance. To this end,
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let us briefly introduce the concept of true/false positives and negatives for a two-class problem,
where Γ = {−1, 1}. After training a model f , the numbers of true positives (TP ) and true
negatives (TN ) on the test data set D̄ are given by

TP := TP (f, D̄) := |{i ∈ {1, . . . , n̄} | f (x̄i) = ȳi = 1}| ,
TN := TN(f, D̄) := |{i ∈ {1, . . . , n̄} | f (x̄i) = ȳi = −1}| .

Analogously, the numbers of false positives (FP ) and false negatives (FN ) are defined as

FP := FP (f, D̄) := |{i ∈ {1, . . . , n̄} | f (x̄i) = 1, ȳi = −1}| ,
FN := FN(f, D̄) := |{i ∈ {1, . . . , n̄} | f (x̄i) = −1, ȳi = 1}| .

With these definitions, we can define the sensitivity or recall as the rate of true positives

Sens(f, D̄) = TP

TP + FN
.

Analogously, the specificity is defined as the rate of true negatives

Spec(f, D̄) = TN

TN + FP
.

Another commonly used measure is the precision

Prec(f, D̄) = TP

TP + FP
,

which describes the ratio between the true positives and all predicted positives. Using these
measures makes more sense than using the accuracy when it is important to minimize the number
of false negatives (or the number of false positives), as in safety-critical applications for instance.
Moreover, these measures are of particular relevance for imbalanced data, i.e., when the number
of instances per class varies strongly.

More sophisticated measures, e.g., the F1 score

F1(f, D̄) = 2
Prec(f, D̄) · Sens(f, D̄)

Prec(f, D̄) + Sens(f, D̄) ,

can be derived from combinations of the sensitivity, specificity, and precision values.
A meaningful measure for multi-class applications, i.e., when |Γ| > 2, is the so-called confu-

sion matrix C ∈ N|Γ|×|Γ|, which displays the true and false positives on a class-by-class basis.
In particular, it has the entries

Cij(f, D̄) = # {Points classified as i by f where the true label is j} .

This metric is especially helpful when certain classes get misclassified as one particular other
class, for instance. The entries of the confusion matrix can further be used to compute more so-
phisticated correlation measures between two classes, e.g., the Matthews correlation coefficient

MCC(i, j) =
CiiCjj − CijCji

(Cii + Cij)(Cji + Cjj)(Cii + Cji)(Cij + Cjj)
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between classes i and j. A generalization of the MCC including all classes at once can also be
considered; see [JRF12] for details.

2.3 Tasks on linear least squares
Let us now begin implementing the linear least squares algorithm and testing it on different data
sets. We start with a simple one-dimensional regression problem.

X Task 2.1. First, draw n = 100 random numbers x1, . . . ,x100 ∈ [0, 1), which are
uniformly distributed. To this end, you can use the numpy.random.rand routine.
Subsequently, compute

yi := 1 + 2xi + 0.2εi with εi ∼ N (0, 1)

for i = 1, . . . , 100. Use matplotlib to generate a scatter plot of the 100 two-
dimensional points (xi, yi) for i = 1, . . . , 100 (i.e., plot the points in a 2D coordinate
system).

X Task 2.2. Implement a linear least squares algorithm using the SVD to com-
pute (2.3). Hint: You can use numpy.linalg.pinv to compute the pseudo-inverse
of a matrix using the SVD. Apply the algorithm to the data from Task 2.1. Plot the
scattered input data as in Task 2.1 together with the regressor f : R→ R given by

f(x) := α0 + α1x.

Compare the resulting coefficients α0 and α1 to the ones you would expect for the
data.

Next, let us consider a two-dimensional classification problem, where we use the level set func-
tion f = fclass (see (2.4)) of a linear least squares regressor f̃ as a solution. To this end, we
first create a suitable two-dimensional data set D in Task 2.3. Subsequently, we will train a
linear least squares regressor f̃ on D and visualize the hyperplane which is defined by the corre-
sponding level set in Task 2.4. In particular, for a two-class problem with Γ = {a, b} ⊂ R, the
hyperplane

H :=
{
x ∈ R2

∣∣ |f̃(x)− a| = |f̃(x)− b|}
splits the ambient space R2 into two parts, which indicate what class f evaluates to.

In the specific use case from Task 2.3 and Task 2.4 the data has labels Γ = {0, 1}. Therefore,
if f̃(x) < 0.5, the point x is assigned to class 0. Otherwise, it is assigned to class 1, i.e.,

f(x) :=

{
0 if f̃(x) < 1

2 ,
1 else.

Because of the affine linear structure of f̃ , this results in

H :=

{
x ∈ R2

∣∣ α0 + α1x1 + α2x2 =
1

2

}
with f̃(x) = αT x̂ and x̂ = (1, [x]1, . . . , [x]d)

T .
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X Task 2.3. Create n = 200 data points in the following way:

(a) Draw ten random i.i.d. samples from the two-variate normal distribution
N
(
( 32 0)T , I

)
and store them in a numpy array a. Draw another ten sam-

ples according toN
(
(0 3

2 )
T , I

)
and store them in another numpy array b. Use

matplotlib to generate a scatter plot of the elements in a and the elements in
b using different colors for the two arrays.

(b) Pick 100 equidistributed indices i1, . . . , i100 from {1, 2, . . . , 10} and set the
jth data point xj to

xj := a[ij ]︸︷︷︸
ij th element of a

+ εj for all j = 1, . . . , 100 with εj ∼ N
(
(0 0)T ,

1

4
I

)
.

Proceed analogously for j = 101, . . . , 200 by substituting a by b. Generate a
scatter plot for the data points xj with j = 1, . . . , 200 with different colors for
the first 100 points and the second 100 points.

(c) The first j = 1, . . . , 100 data points get assigned the label yj = 0; the next
j = 101, . . . , 200 ones get assigned the label yj = 1.

X Task 2.4. Apply the LLS algorithm from Task 2.2 to the data from Task 2.3. Plot the
scattered input data as in step (b) of Task 2.3 together with the separating hyperplane
H , i.e., the contour line given by

α0 + α1x1 + α2x2 =
1

2
,

where x1 and x2 denote the coordinates in R2 (not to be confused with the data xi).
The result for the task should look (approximately) like Figure 2.1.

As mentioned above, the separating hyperplane from Task 2.4 can be used to divide or classify
the data into two parts by the level set classifier (2.4). Let us quantify how good our classifier
really is.

X Task 2.5. Build the confusion matrix C for the data and the hyperplane from
Task 2.4. In our case this is a 2×2 matrix with i, j ∈ {0, 1}, since |Γ| = 2. Calculate
the accuracy trace(C)

n .

X Task 2.6. Create 10 000 test points for each of the two classes in the same way as you
created the training data in step (b) of Task 2.3. Evaluate the LLS classifier, which
was built on the training data, now on the test data and compute the confusion matrix
and the accuracy of the test data. Compare your results to the ones from Task 2.5.

Next, we will try our LLS classifier on the Iris data set [DG17, Fis36]. This data set consists
of 150 points in R4, which describe three different types of Iris plants; see Figure 2.2 for an
example. We have three classes:

{Iris-setosa, Iris-versicolor, Iris-virginica}.
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−3 −2 −1 0 1 2 3 4 5
x1

−2

0

2

4

x
2

Hyperplane H

Hyperplane H: α0 + α1 · x1 + α2 · x2 = 0.5

Class 0

Class 1

Figure 2.1: An example for a contour line plot for a separating hyperplane of two data classes.
Note that the linear separation does not work very well due to the large overlap of the two data
classes.

(a) Iris Setosa.a (b) Iris Versicolor.b (c) Iris Virginica.c

Figure 2.2: Pictures of three Iris plants.

aPhoto by E. Forsberg licensed under the Creative Commons Attribution 2.0 generic license.
bPhoto by Cliff1066 (Flickr) licensed under the Creative Commons Attribution 2.0 generic license.
cPhoto by C. T. Johansson licensed under the Creative Commons Attribution 2.0 generic license.

The four features, i.e., the coordinates in Ω = R4, refer to certain length and width measurements
of the plants.

We will classify one of the three plant classes against both of the remaining classes by using
our LLS algorithm. Thus, we encounter a two-class problem. To this end, we first have to
read in the data set and cast the class names to Γ = {0, 1}. Then, we can proceed as for
the previous tasks, i.e., we build an LLS regressor f̃ and construct the corresponding level set
classifier f = fclass (see (2.4)), for which we compute the confusion matrix and the accuracies.
Instead of reading in the data by hand, we employ the very useful PANDAS library (https://pandas.
pydata.org/) in PYTHON:

https://commons.wikimedia.org/wiki/File:Iris_setosa_var._setosa_(2595031014).jpg
https://creativecommons.org/licenses/by/2.0/deed.en
https://commons.wikimedia.org/wiki/File:Blue_Flag_(Iris_versicolor)_-_United_States_National_Arboretum.jpg
https://creativecommons.org/licenses/by/2.0/deed.en
https://commons.wikimedia.org/wiki/File:IMG_7911-Iris_virginica.jpg
https://creativecommons.org/licenses/by/2.0/deed.en
https://pandas.pydata.org/
https://pandas.pydata.org/
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import pandas as pd
url = ’ h t t p s : / / a r c h i v e . i c s . u c i . edu / ml / machine − l e a r n i n g − d a t a b a s e s / i r i s /

i r i s . d a t a ’
irisDataFrame = pd.read_csv(url, header=None)

In PANDAS, the data are stored in an instance of DataFrame, on which many useful operations
can be run.

X Task 2.7. Make yourself familiar with the basics of PANDAS.

(a) Read in the Iris data set and use the data labels yi = 0 for the Iris-setosa
instances and yi = 1 for the Iris-versicolor and Iris-virginica classes:

a.1. Run the LLS algorithm by using only the first two dimensions of Ω in the
input data, i.e., only look at the first two features. Plot the scattered data
and the separating hyperplane as in Task 2.4.

a.2. Now run the LLS algorithm by using all four features/dimensions of the
input data. Compute the confusion matrix and the accuracy.

(b) Finally, run the same two steps as in (a), but now try to classify Iris-versicolor
instances (label yi = 0) against both Iris-setosa and Iris-virginica (label yi =
1). What do you observe?

2.4 Iterative solvers
We have seen that solving the loss minimization (2.1) reduces either to solving the system of
normal equations (2.2) with the symmetric, positive semi-definite matrix XTX or to computing
the pseudo-inverse of X via SVD and using (2.3). While we have observed that the latter is
preferable because of its numerical stability, we want to consider solving (2.2) here in order
to introduce iterative solvers for linear systems of equations. One of the most famous iterative
solvers, which we will also see again in Chapter 6, is gradient descent.

ò The gradient descent method

The motivation behind the gradient descent method is that solving the system of
linear equations at hand can be recast into a minimization problem. To this end,
consider the system Ax = b with a symmetric, positive definite matrix A ∈ Rd̃×d̃

and vectors x, b ∈ Rd̃. Solving this system is equivalent to minimizing the functional

J(x) := ∥Ax− b∥22 = (Ax− b)
T
(Ax− b) = xTA2x− 2xTAb+ bT b,

since∇J(x) = 2A(Ax− b) and setting∇J(x) = 0 yields Ax = b after multiply-
ing with A−1

2 . Gradient descent (Algorithm 1) now takes iterative steps of size ν > 0
in the direction of the negative gradient of J at the current iterate, i.e.,

x← x− ν∇J(x).

Note that gradient descent can also be applied for nonlinear problems. In this case,
it can be seen as iteratively solving a linear approximation to the nonlinear problem;
see [BV04] for more details.
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Algorithm 1: A gradient descent algorithm with step size (or learning rate) ν > 0

Input: loss function J , step size ν > 0, tolerance ε > 0.

1 Initialize α (e.g., randomly).
2 step← 0.
3 while ∥∇J(α)∥ > ε and step ≤ maxSteps do
4 α← α− ν∇J(α).
5 step← step +1.
6 end while

In the case of linear least squares, we iteratively update our solution by taking steps in the nega-
tive direction of the gradient of the loss function. To this end, let

J(α) := L ((g(x1), y1) , . . . , (g(xn), yn))

with g(x) = αT x̂. Thus, for L = Lls, we obtain J(α) = 1
n

∑n
i=1(g(xi) − yi)2. Although

it is not necessary to run a gradient descent optimizer in the LLS case, we will encounter more
elaborate minimization tasks in later parts of this book, where this will be useful.

Besides gradient descent, there exists a variety of other iterative solvers for systems of linear
equations. Here, standard iterative solvers like Jacobi, Gauss–Seidel, or SOR methods have
to be mentioned. Furthermore, multi-grid or multi-pole methods can reduce the runtime for
(approximately) solving a system of linear equations to O(d̃) or O(d̃ log(d̃)) for d̃× d̃ matrices;
see, e.g., [Hac13] or [Saa03]. However, all of the aforementioned methods have very special
conditions on the structure of the underlying matrix, which are usually not directly fulfilled in the
least squares setting or for other general machine learning tasks. A survey of iterative methods
for the solution of linear systems of equations can be found in [Hac16].

X Task 2.8. Implement the gradient descent method and run an LLS algorithm with
a gradient descent optimizer for the data from Task 2.7 (a.1.). Choose ν ∈
{1, 10−1, 10−2, . . .} as the largest value such that convergence is achieved. Create a
plot of the value of J versus the actual iteration number. What do you observe?

2.5 Data normalization
An underestimated preprocessing step in data analysis is data normalization or data scaling.

� Data normalization

The need for normalizing the data is often overlooked when applying ML algorithms.
However, it is a crucial data preprocessing step, which can significantly alter the
performance and even the outcome of an ML algorithm. The most common method
of data normalization is data standardization. Here, the vector of feature means
is subtracted from the data and the result is divided elementwise by the feature’s
standard deviation. Additionally, other data normalization techniques like clipping at
certain boundaries are used in practical applications.
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X Task 2.9. Normalize the data from Task 2.7 (a.1.) by standardization. To this end,
calculate the mean mj and the standard deviation σj for each feature j (i.e., each
coordinate direction j of the data set) and set the jth component of the ith data point
to

[xi]j :=
[xi]j −mj

σj
.

Now run the gradient descent LLS algorithm on the normalized data. Similarly as in
Task 2.8, choose ν as the largest value such that convergence is achieved. Compare
the first 100 iteration steps by plotting the value of J versus the iteration number for
both the normalized and the unnormalized cases. What do you observe?

2.6 k-nearest neighbors
Another quite simple supervised learning method is the so-called k-nearest neighbors algorithm.

� k-nearest neighbors

The idea of the k-nearest neighbors (k-nn) algorithm on data (xi, yi) ∈ Rd×R is to
build the solution to the least squares problem directly from the labels yi. To this end,
the labels of the k data points closest to an evaluation point x are taken into account.
In particular, we use the piecewise constant approximation

f(x) := NearNeighk(x) :=
1

k

∑
{i|xi∈Nk(x)}

yi (2.6)

with the k-neighborhood14 Nk(x) := {xi | ∃ I ⊂ {1, . . . , n} \ {i}, |I| ≥ n− k
such that ∥x− xi∥ ≤ ∥x− xj∥ ∀ j ∈ I} .

To justify why the k-nn algorithm actually constructs a meaningful solution, we first have a look
at the continuous least squares problem with model classM. We are looking for

min
g∈M

Eµ
[
(Y − g(X))2

]
(expected squared loss)

= min
g∈M

∫
Ω×Γ

(y − g(x))2 dµ(x, y)

= min
g∈M

∫
Ω

∫
Γ

(y − g(x))2 dµY |X(y|x) dµX(x)

with marginal measure µX on Ω and conditional measure µY |X of Y given X on Γ. We observe
that the optimal g(x) at x ∈ Ω is

argmin
c∈Γ

∫
Γ

(y − c)2 dµY |X(y|x) = Eµ [Y |X = x] .

14Note that distance measures other than the Euclidean distance can also be used to define the k-neighborhood.
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Having a closer look at the k-nn estimator, we see that it essentially takes two steps to approx-
imate the quantity Eµ [Y |X = x]:

1. Since only finitely many samples are given, the expected value is approximated by the
sample mean

Eµ [Y |X = x] ≈ 1

p

p∑
j=1

yij ,

where the p ≤ n indices ij ∈ {1, . . . , n} are picked corresponding to data pairs
(
xij , yij

)
with xij = x.

2. Since there usually do not exist (m)any xi in the data set with xi = x, we also take
values sufficiently close to x into account. To this end, we consider the k-neighborhood
Nk(x) of x and use the corresponding p = k indices of the data points in Nk(x) for the
approximation in step 1.

Note that if |Nk(x)| > k, we randomly choose points in Nk(x) with the largest distance to x
and remove them until |Nk(x)| = k to get the appropriate neighborhood size.

X Task 2.10. Let us now test how the algorithm performs for every possible k.
For the implementation of k-nearest neighbors you can use the scipy.spatial.
distance.cdist and numpy.argpartition functions, for example. To this end,
use the k-nearest neighbors algorithm with the level set classifier (2.4).

(a) Run the k-nearest neighbors algorithm for the data from Task 2.3 for all k =
1, . . . , 200 and store the accuracy for each k.

(b) Do the same as in step (a) but now use the data created in Task 2.6 as test data.

(c) Plot the accuracies from steps (a) and (b) versus the value of k. What do you
observe?

As we have seen in Task 2.10, we can use the k-nearest neighbors formula (2.6) together with a
level set classifier for binary classifications tasks. However, to classify a data point x in a multi-
class setting, we determine the majority class among the k-nearest neighbors of x in the training
data set. Note that this gives the same result as the level set classifier in the binary classification
setting.

2.7 Further topics
Stochastics Since we can usually assume that the input data are drawn according to an (un-
known) probability distribution, we can formulate the problem of finding an optimal classifier/re-
gressor also as a stochastic problem. In this context especially the so-called Bayesian methods
are commonly used. Here, Bayes’ theorem is applied to obtain a solution to the corresponding
stochastic optimization problem; see, e.g., [HTF09, Mur22]. A special case of such a Bayesian
learning problem will be tackled in Chapter 7.

Logistic regression Another famous linear model to obtain optimal classifiers is the logistic
regression model, by which the distribution of the underlying random variables is modeled; see
[HTF09, Mur22]. This approach also involves a loss function that is more suitable for classifica-
tion than the least squares loss.
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Regularization Instead of simply minimizing a loss function as in the case of linear least
squares in (2.1), we could add a regularization term to the minimization problem, as we already
sketched at the end of Section 1.3. This can be interpreted as a tradeoff between minimizing the
loss on the training data and obtaining a simple or sparse model; see [HTF09, Mur22]. Examples
for such regularization terms are ℓp norms of the coefficients (Lasso, Tikhonov) or more complex
norms involving derivatives of the minimizer. Note that this approach can also recast an ill-posed
linear least squares problem (2.2) into a well-posed one when the matrix XTX does not have
full rank.



Chapter 3

Optimal Separating
Hyperplanes and
Support Vector Machines

We have seen in Task 2.4 how a linear model can be used to obtain a separating hyperplane
for classification. A drawback of the LLS approach is the fact that the least squares error does
not capture what we expect from an optimal separation. For illustration, let us consider an
example where the xi belonging to one of the two classes Γ = {−1, 1} are spread very widely
over the domain, but the xi belonging to the other class are very densely concentrated. In such
a case we might encounter a situation where there exists an element in MLin such that its 0-
level set function perfectly separates the two classes −1 and 1, but the solution to (2.2) does
not; see Figure 3.1. The reason is that the linear least squares algorithm minimizes the squared
distances between the true class label (either−1 or 1) and the prediction (a real number). Thus, its
objective is not to determine a separating hyperplane but rather to avoid predictions that deviate
significantly from the true label.

In this chapter, we now consider methods to obtain a so-called separating hyperplane for a
two-class classification problem. Section 3.1 deals with the concept of optimal (margin) separat-
ing hyperplanes and the corresponding optimization problem. Since this might not be solvable at
all in certain situations, we introduce a slightly weakened form in Section 3.2, which leads to the
well-known support vector machines. To solve the underlying optimization problem, we study a
special optimization algorithm for quadratic optimization problems with linear constraints called
sequential minimal optimization in Section 3.3. Subsequently, we encounter our first program-
ming tasks on separating hyperplanes in Section 3.4. While the initial model space for support
vector machines contains only affine linear functions, the so-called kernel trick, which we dis-
cuss in Section 3.5, allows us to successfully deal with nonlinear problems too. Since the sup-
port vector machine algorithm employs certain hyperparameters, we consider their optimization
in Section 3.6. Finally, we introduce the PYTHON library SCIKIT-LEARN, which we employ to
deal with an image classification task in Section 3.7.

3.1 Optimal separating hyperplanes
Instead of calculating the 0-level set of the LLS function, we now have a look at the so-called
optimal separating hyperplane (OSH) H that separates the data such that the margin,

M := min
i=1,...,n

dist(xi, H),

is maximized. To explicitly define the distance dist(x, H) of a point x to H , let

H :=
{
x ∈ Rd | f(x) = 0

}
33
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Figure 3.1: Example for a scenario where the 0-level set function of the linear least squares (LLS)
solution does not separate the data classes (depicted by − and +) although there exists a linear
separating hyperplane.

be the 0-level set of a function
f(x) := γTx+ γ0.

Note that γ∗ := γ
∥γ∥ is a unit normal vector to H since

γT (t1 − t2) = f(t1)− f(t2) = 0 ∀ t1, t2 ∈ H.

Therefore, the signed distance of a point x ∈ Rd to H can be computed by

(γ∗)T (x− t0) =
1

∥γ∥
(
γTx+ γ0

)
for any t0 ∈ H and

dist(x, H) =
1

∥γ∥
∣∣γTx+ γ0

∣∣ .
Now, analogously to α in the LLS algorithm, we need to determine a γ := (γ1, . . . , γd)

T ∈ Rd
and a γ0 ∈ R that satisfy our need.

� Optimal separating hyperplane (OSH)

In a two-class problem, the optimal separating hyperplane (OSH) is defined as the
hyperplane that separates the training data classes and maximizes its distance from
the training data. Writing this as an optimization problem in terms of the so-called
margin M ∈ (0,∞), we obtain

max
γ0∈R,γ∈Rd

M s.t. yi
(
γTxi + γ0

)
≥ ∥γ∥ ·M ∀ i ∈ {1, . . . , n}. (3.1)

Note that an OSH does not necessarily exist since the data might not be linearly
separable at all; see Section 3.5 for more details.
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Having a closer look at Figure 3.1, we observe that the dotted separating hyperplane is already
the optimal separating hyperplane in the above sense.

Since we can use arbitrary positive multiples of γ and γ0 and still obtain the same margin M
in (3.1), we set ∥γ∥ = 1

M and obtain the equivalent minimization problem

min
γ0∈R,γ∈Rd

1

2
∥γ∥2 (3.2)

s.t. yi
(
γTxi + γ0

)
≥ 1 ∀ i ∈ {1, . . . , n}.

By equivalence, we mean that a minimizer of (3.2) is also a maximizer of (3.1) and vice versa. As
(3.2) is a convex minimization problem with linear inequality constraints, there exists a unique
(global) minimizer, which is also a Karush–Kuhn–Tucker point.

ò Karush–Kuhn–Tucker (KKT) conditions

The Karush–Kuhn–Tucker (KKT) conditions are necessary criteria for an optimizer
of a nonlinear minimization problem

min
t∈τ

F (t) s.t. Gi(t) ≤ 0, Hj(t) = 0 ∀ i = 1, . . . ,m and j = 1, . . . , l (3.3)

of a continuously differentiable function F : τ ⊂ Rd → R under the constraints
Gi(t) ≤ 0 and Hj(t) = 0 for continuously differentiable Gi, Hj : τ → R with
i = 1, . . . ,m and j = 1, . . . , l. With the definition

L(t,a, b) := F (t) +

m∑
i=1

aiGi(t) +

l∑
j=1

bjHj(t)

of the so-called Lagrangian, the KKT conditions for some t ∈ τ and Lagrange
multipliers a ∈ Rm and b ∈ Rl read

∇tL(t,a, b) = 0,

Gi(t) ≤ 0 ∀ i = 1, . . . ,m,

Hj(t) = 0 ∀ j = 1, . . . , l,

ai ≥ 0 ∀ i = 1, . . . ,m,

aiGi(t) = 0 ∀ i = 1, . . . ,m.

If the problem is convex, i.e., F,Gi for i = 1, . . . ,m and τ are convex and Hj is
(affine) linear for each j = 1, . . . , l, and the triplet (t,a, b) fulfills the KKT condi-
tions, t is already a minimizer fulfilling the constraints. We refer the reader to [BV04]
for more details.

Instead of directly looking for a minimum of (3.2), we can equivalently look for points fulfilling
the KKT conditions. To this end, note that we have m = n inequality constraints Gi(t) and
l = 0 equality constraints Hj(t). Let

L((γ, γ0) ,β) :=
1

2
∥γ∥2 +

n∑
i=1

βi
(
1− yi

(
γTxi + γ0

))
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be the Lagrangian function. The KKT conditions for a minimizer now read

(a) ∇γL = ∇γ0L = 0,

(b) yi
(
γTxi + γ0

)
≥ 1 ∀ i ∈ {1, . . . , n},

(c) βi ≥ 0 ∀ i ∈ {1, . . . , n},
(d) βi

(
yi
(
γTxi + γ0

)
− 1
)
= 0 ∀ i ∈ {1, . . . , n}.

Evaluating condition (a) further leads to

(a1) γ =

n∑
i=1

βiyixi,

(a2) 0 =

n∑
i=1

βiyi.

Because of (a1) the xi with βi > 0 are actually called support vectors since they span the
hyperplane vector γ. If we now substitute (a1) into the Lagrangian and apply (a2), we obtain

L((γ, γ0) ,β) = −
1

2

n∑
i,j=1

βiβjyiyjx
T
i xj −

n∑
i=1

βiyiγ0︸ ︷︷ ︸
=0

+

n∑
i=1

βi.

Therefore, the so-called Wolfe dual problem reads

max
β∈Rn

n∑
i=1

βi −
1

2

n∑
i,j=1

βiβjyiyjx
T
i xj (3.4)

s.t. βi ≥ 0 ∀ i ∈ {1, . . . , n}

and
n∑
i=1

βiyi = 0.

ò Lagrange and Wolfe duality

The problem (3.3) is usually referred to as the primal problem. The Lagrangian
dual problem to (3.3) is given as

max
a∈Rm

b∈Rl

inf
t∈τ

L(t,a, b) s.t. ai ≥ 0 ∀ i = 1, . . . ,m. (3.5)

If the problem is convex and there are no equality constraints Hj present, the above
formulation becomes the so-called Wolfe dual problem

max
t∈τ

a∈Rm

L(t,a, b) s.t. ∇tL(t,a, b) = 0 and ai ≥ 0 ∀ i = 1, . . . ,m. (3.6)

If there exists some t ∈ τ such that Gi(t) < 0 for all i = 1, . . . ,m, it can be shown
that the minimum of (3.3) is a maximum of (3.6) and vice versa, i.e., by solving one
problem we already solved the other one. More details can again be found in [BV04].

In our case, we have strong duality, i.e., the maximal value of the dual problem equals the
minimal value of the primal problem (3.2). Furthermore, because of the convex nature of the
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primal problem, the maximizer of (3.4) defines a minimizer to (3.2) via condition (a1); see
[BV04]. In particular, condition (a1) lets us write the solution to (3.4) as

f(t) = γ0 +

d∑
i=1

γiti = γ0 +

n∑
i=1

βiyix
T
i t. (3.7)

This representation is very efficient if the dimension d is very large but most of the βi are ac-
tually 0. Note that, after solving (3.4), we still have to determine γ0 ∈ R to obtain the final
representation. This will be dealt with in the next section.

3.2 Soft margin hyperplanes and support vector machines
While solving (3.4) will give the optimal separating hyperplane as described in the previous
section, there are situations in which this is not the most desirable solution or in which the
algorithm will even fail to find a meaningful solution. For example, if the data have outliers, the
OSH solution can be heavily influenced by them; see Figure 3.2(a). Furthermore, if the data are
not linearly separable at all, the algorithm might fail; see Figure 3.2(b).

� Outliers

A data point (x, y) that does not exhibit the general behavior of the rest of the data
or that is drawn according to a different distribution from the rest of the data is called
an outlier. Outlier detection is a research area on its own, which we do not address
here. A survey on outlier detection methods is given in [HA04].

To cope with these situations we have to come up with a more sophisticated (and regularized)
version of the algorithm: The so-called soft-margin hyperplanes method, also known as support
vector machine.
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(a) An example where one outlier heavily influences
the solution of the OSH algorithm.
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(b) An example where an OSH solution does not exist
since the data are not linearly separable.

Figure 3.2: Two situations in which the OSH method does not work well or at all.
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� Support vector machines (SVMs)

Support vector machines (SVMs)—as introduced by Cortes and Vapnik in [CV95]—
inherit their name from the support vectors already discussed in the OSH context. The
idea behind SVMs is simple: Instead of using the hard constraints from OSH, some
slack for misclassified values and vectors close to the hyperplane is allowed. This
leads to a more flexible algorithm. For more details on support vector machines, we
refer the reader to [CV95, SS02].

We now introduce slack variables ξi ≥ 0 for all i = 1, . . . , n. Instead of using the hard con-
straints from OSH, we allow some slack for misclassified values and vectors close to the hyper-
plane. To this end, we reformulate the OSH optimization problem (3.2) with the help of the slack
variables to obtain

min
γ0∈R,γ∈Rd,ξ∈Rn

1

2
∥γ∥2 + C

n∑
i=1

ξi

s.t. yi
(
γTxi + γ0

)
≥ 1− ξi ∀ i ∈ {1, . . . , n}

and ξi ≥ 0 ∀ i ∈ {1, . . . , n},
where C > 0 is the regularization parameter. We can recover OSH by setting C = ∞, i.e., by
enforcing ξi = 0 for all i = 1, . . . , n. A large C results in better fits of the training data, while a
small C allows for larger slack and leads to larger margins.

By introducing new Lagrange multipliers ri ≥ 0 for all i = 1, . . . , n, we get the Lagrangian

L((γ, γ0), ξ,β, r) =
1

2
∥γ∥2 + C

n∑
i=1

ξi −
n∑
i=1

βi
(
yi
(
γTxi + γ0

)
− 1 + ξi

)
−

n∑
i=1

riξi.

Again, we are interested in the KKT conditions. Calculating ∇γL and ∇γ0L gives the same
conditions (a1) and (a2) from OSH. Furthermore, a KKT point fulfills

∂

∂ξi
L = C − βi − ri = 0 ⇔ ri = C − βi ∀ i = 1, . . . , n.

Substituting this together with (a1) and (a2) into the Lagrangian, we obtain

L((γ, γ0), ξ,β, r) = −
1

2

n∑
i,j=1

βiβjyiyjx
T
i xj + C

n∑
i=1

ξi −
n∑
i=1

βiyiγ0︸ ︷︷ ︸
=0

+

n∑
i=1

βi −
n∑
i=1

βiξi −
n∑
i=1

(C − βi)ξi

= −1

2

n∑
i,j=1

βiβjyiyjx
T
i xj +

n∑
i=1

βi,

which leads to the Wolfe dual problem

max
β∈Rn

n∑
i=1

βi −
1

2

n∑
i,j=1

βiβjyiyjx
T
i xj (3.8)

s.t. 0 ≤ βi ≤ C ∀ i ∈ {1, . . . , n}

and
n∑
i=1

βiyi = 0.
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Note that this differs from (3.4) only in the upper bound C on each Lagrange parameter βi for
i = 1, . . . , n, which stems from the additional KKT condition for the Lagrange multipliers ri,
i.e., 0 ≤ ri = C − βi. The remaining conditions are derived completely analogously to (3.4).

Finally, we need to fit the so-called bias γ0 ∈ R. To this end, note that computing the KKT
conditions for the Lagrangian L((γ, γ0), ξ,β, r) leads to riξi = 0 and

βi
(
yi
(
γTxi + γ0

)
− 1 + ξi

)
= 0

for all i = 1, . . . , n. If βi > 0, we obtain

n∑
j=1

yiyjβjx
T
j xi − 1 + ξi = −γ0yi

by using (a1). Since yi ∈ {−1, 1}, we get

n∑
j=1

yjβjx
T
j xi − yi + yiξi = −γ0

by multiplying with yi. Since riξi = 0 and ri = C −βi, we have ξi = 0 if βi < C and therefore

yi −
n∑
j=1

yjβjx
T
j xi = γ0

for all i ∈ {1, . . . , n} for which 0 < βi < C. Thus, to average out possible numerical errors, we
choose γ0 to be the mean

γ0 := mean

(
yk −

n∑
i=1

βiyix
T
i xk

)

taken over all indices k ∈ {i ∈ {1, . . . , n} | 0 < βi < C}.

3.3 Sequential minimal optimization
Having a closer look at (3.8), we realize that we have to deal with a quadratic optimization
problem with linear constraints and box constraints. We can easily write it in the more convenient
matrix-vector format

min
β∈Rn

1

2
βTQβ − 1Tβ

s.t. 0 ≤ βi ≤ C ∀ i ∈ {1, . . . , n}
and βTy = 0

with Q ∈ Rn×n with entries Qij = yiyjx
T
i xj for all i, j = 1, . . . , n and label vector y :=

(y1, . . . , yn)
T ∈ Rn.

Chunking If n is quite large, it makes sense to use a so-called chunking approach, i.e., to split
{1, . . . , n} into two disjoint sets w (working set) and κ (fixed set) such that w ∪ κ = {1, . . . , n}.
We write βw and βκ for the subvectors of β corresponding to the indices in w and κ. The idea
is now to solve the problem only with respect to the variables in w and to repeat this process
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several times for different working sets. To this end, the subproblem of optimizing with respect
to w reads

min
βw∈R|w|

1

2
βTwQwwβw − (1w −Qwκβκ)

T
βw +

1

2
βTκQκκβκ + 1Tκβκ︸ ︷︷ ︸

constant

s.t. 0 ≤ βi ≤ C ∀ i ∈ w
and βTwyw = −βTκyκ,

where Qww, Qwκ, and Qκκ canonically denote rows and columns of the matrix Q with respect
to the corresponding index set. Let us have a look at one of the most successful optimization
algorithms using chunking to solve (3.8). The so-called sequential minimal optimization (SMO)
algorithm [Pla98] uses chunking with the smallest possible subsetsw, i.e., |w| = 2 (since nothing
can be optimized for |w| = 1 due to the equality constraints). To this end, the algorithm works
in an iterative manner: At first the values for β and the bias γ0 from the representation (3.7) are
initialized (e.g., as 0). In every iteration step we select two indices i, j ∈ {1, . . . , n} and solve
the corresponding quadratic optimization problem, i.e., we employ the chunking approach and
choose w = {i, j} as the working set.

One step of SMO Let us now have a closer look at one iteration of the SMO algorithm with
w = {i, j}. The working set optimization problem reads

min
βi,βj∈R

1

2

(
β2
i x

T
i xi + β2

jx
T
j xj + 2βiβjyiyjx

T
i xj

)
− ciβi − cjβj (3.9)

s.t. 0 ≤ βi ≤ C
and 0 ≤ βj ≤ C
and yiβi + yjβj = −

∑
l/∈{i,j}

ylβl = yiβ
old
i + yjβ

old
j

with βold
k being βk from before the optimization and

ck := 1− yk ·
∑

l/∈{i,j}

βlylx
T
k xl

for k = i, j.
Note that due to yjyj = 1 the equality constraint is equivalent to βj = ϑ − yiyjβi for ϑ :=

yiyjβ
old
i +βold

j . Therefore, we can substitute βj into the minimization problem above. This leads
to the following formulation:

(3.9)⇔min
βi∈R

1

2
β2
i

xTi xi + xTj xj − 2xTi xj︸ ︷︷ ︸
=: χ



−βi

ci − yiyjcj − ϑyiyjxTi xj + ϑyiyjx
T
j xj︸ ︷︷ ︸

=: ψ


s.t. Lo ≤ βi ≤ Up

with

Lo :=

{
max(0, ϑ− C) if yiyj = 1,
max(0,−ϑ) else
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and

Up :=

{
min(ϑ,C) if yiyj = 1,
min(C − ϑ,C) else.

As this is simply a quadratic minimization problem in one variable with box constraints, the
solution is given by

βi =


min

(
max

(
ψ
χ ,Lo

)
,Up

)
if χ > 0,

Up if χ = 0 and ψ ≥ 0,
Lo if χ = 0 and ψ < 0.

Using the representation for f(x) from (3.7), we can write

ci = 1− yi
∑
l ̸=i,j

βlylx
T
l xi = yi (yi − f (xi) + γ0) + βold

i xTi xi + βold
j yiyjx

T
i xj ,

cj = 1− yj
∑
l ̸=i,j

βlylx
T
l xj = yj (yj − f (xj) + γ0) + βold

j xTj xj + βold
i yiyjx

T
i xj ,

and due to ϑ = βold
j + yiyjβ

old
i we obtain

ψ = yi (yi − f (xi) + γ0) + βold
i xTi xi + βold

j yiyjx
T
i xj

− yi (yj − f (xj) + γ0)− βold
j yiyjx

T
j xj − βold

i xTi xj

+
(
βold
i + βold

j yiyj
) (

xTj xj − xTi xj
)

= yi (yi − f(xi)− (yj − f(xj))) + βold
i χ.

Therefore, we now have an easy way to compute the true solution for the size-2 subproblem with
indices i and j; see Algorithm 2. There, ⟨xi,xj⟩Ω = xTi xj for Ω ⊆ Rd. Note that we can
directly compute the true solution without any numerical approximation (besides floating point
accuracy issues, etc.), which can be an important advantage over chunking algorithms working
with subproblems for which only a numerically approximate solution can be computed. This is
due to the potential accumulation of approximation errors in subsequent optimization steps.

Choosing working sets Finding good candidates for possible subsets w in each iteration of
the SMO algorithm is quite crucial. To this end, note that—due to the KKT conditions for the
soft margin problem—we have

KKTi := riξi + βi (yif(xi)− 1 + ξi) = 0 ∀ i = 1, . . . , n.

One can show that in our case

KKTi = (C − βi)max (0, 1− yif(xi)) + βimax (0, yif(xi)− 1) .

The following theorem [OFG97] helps us to identify possible candidates for w.

Theorem 3.3.1 (Osuna, Freund, Girosi 1997). If we choose w = {i, j} ⊂ {1, . . . , n} such that
KKTl ̸= 0 for any l ∈ w for each SMO step, the SMO algorithm, i.e., the successive iteration of
SMO steps with Algorithm 2, converges to the solution of (3.8).

Therefore, when we choose the working sets according to the non-vanishing KKT conditions
from the theorem above, we are guaranteed that the SMO algorithm, i.e., taking iterative steps
by running Algorithm 2, converges to the true solution of (3.8).
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Algorithm 2: OneStep algorithm performing a single iteration of SMO to update the
coefficients βi, βj and the bias γ0 of f(·) =∑n

l=1 βlyl⟨·,xl⟩Ω+γ0. Here, ⟨·, ·⟩Ω is the
inner product on Ω ⊂ Rd.

Input: indices i, j ∈ {1, . . . , n}.
Output: updates of βi, βj , and γ0.

1 δ ← yi (yi − f(xi)− (yj − f(xj))).
2 s← yi · yj .
3 χ← ⟨xi,xi⟩Ω + ⟨xj ,xj⟩Ω − 2 · ⟨xi,xj⟩Ω.
4 ϑ← sβi + βj .
5 if s = 1 then
6 Lo← max(0, ϑ− C).
7 Up← min(ϑ,C).
8 else
9 Lo← max(0,−ϑ).

10 Up← min(C,C − ϑ).
11 end if
12 if χ > 0 then
13 βi ← min

(
max

(
βi +

δ
χ ,Lo

)
,Up

)
.

14 else if δ ≥ 0 then
15 βi ← Up.
16 else
17 βi ← Lo.
18 end if
19 βj ← ϑ− sβi.
20 Update function evaluations f(xl), l = 1, . . . , n.
21 γ0 ← γ0 − 1

2 (f(xi)− yi + f(xj)− yj).

3.4 Tasks on (linear) support vector machines

X Task 3.1. Implement the function OneStep from Algorithm 2, which takes one iter-
ative step of the SMO algorithm for two selected indices i and j.

X Task 3.2. To have a data set on which we can test our algorithm, draw 20 two-
dimensional vectors according to an exponential distribution with parameter value 4
in each of the coordinate directions, i.e., the jth coordinate of the ith vector is drawn
i.i.d. according to [xi]j ∼ exp(4) for all i = 1, . . . , 20 and j = 1, 2. Assign the label
−1 to these xi. Then, draw 20 two-dimensional vectors according to exp(0.5) in the
same way and assign the label 1 to them.

X Task 3.3. Implement a function SMO that initializes β = 0 and γ0 = 0, then—in each
iteration step—randomly picks i, j ∈ {1, . . . , n} such that i ̸= j, and calls OneStep
with indices i, j to perform an optimization. Use it to complete the following tasks:
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(a) After the last iteration step, we need to compute a final estimate for γ0. To this
end, calculate the mean m of f(xk) − yk for all indices k ∈ {1, . . . , n} for
which 0 < βk < C. Then, set γ0 ← γ0 −m.

(b) Run the SMO function with 10, 000 iteration steps to compute a support vec-
tor regressor f̃ according to (3.7), which maximizes (3.8) for the n = 40 data
points from Task 3.2. Compute the results for C = 0.01, C = 1, and C = 100.
For each C, plot the scattered data and compute the hyperplane corresponding
to f̃ = 0, i.e., compute the hyperplane corresponding to the level set classi-
fier f = fclass; see (2.4). Compare your results to the separating hyperplane
computed by the linear least squares algorithm implemented in Task 2.4.

(c) Count the number of support vectors. Mark the corresponding xk in your
scattered data plot.

(d) Furthermore, also count the number of margin defining vectors, i.e., the num-
ber of indices k ∈ {1, . . . , n} for which C > βk > 0, and mark the cor-
responding xk in the scattered data plot. An example for such a plot can be
found in Figure 3.3.

What influence does the parameter C have on the number of the support vectors and
on the position of the separating hyperplane?
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SVM classifier for C=1

Class -1

Class 1

Support vector
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Figure 3.3: Support vector classifier for C = 1.

Now let us check how our classifiers perform if we evaluate them on some test data.

X Task 3.4. Draw 2, 000 test data points according to the distributions from Task 3.2
(1, 000 points for class −1 and 1, 000 points for class 1). Evaluate the accuracy (per-
centage of correctly classified data points; see (2.5)) for the LLS and SVM models
calculated in Task 3.3.

The random picks of i, j in the SMO algorithm can be very ineffective for large data sets.
Therefore, we have to come up with a better approach to choose appropriate indices in each
step of the SMO algorithm. There exist many heuristics to choose suitable indices in each step;
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see [CL11, Pla98, SS02]. We will employ the Karush–Kuhn–Tucker terms KKTi of the dual
minimization problem.

X Task 3.5. Repeat Task 3.3 and Task 3.4, but, instead of drawing the indices i, j for
each SMO-step randomly, write an outer loop that iterates over all i ∈ {1, . . . , n} and
check if KKTi > 0. If this is the case, randomly pick a j ̸= i for which 0 < βj < C.
If no such j exists, randomly pick a j ∈ {1, . . . , n} \ {i}. Subsequently, run the
OneStep function for the pair (i, j). If KKTi = 0 for each i or if the maximum
number of OneStep calls (10, 000) is reached, the algorithm terminates. Compare
the results achieved with this heuristic with the results achieved by randomly picking
i and j. How do their runtimes compare?

3.5 Nonlinear support vector machines
A major drawback of the linear least squares approach and the support vector machines above
is the fact that the resulting functions are linear. However, in cases where the distribution of the
input data is such that a linear hyperplane is not suitable to classify the data, it is advantageous
to consider nonlinear approaches. An example of such a situation is given in Figure 3.4.
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Figure 3.4: An example of a two-dimensional data set that is not linearly separable. However,
there exists a nonlinear separation curve.

3.5.1 Feature maps

To create nonlinear support vector machines, we can simply apply a suitable feature map; com-
pare also Section 1.5. To this end, we employ a function ϕ : Ω ⊂ Rd → Rd̃ (with d̃ > d) that
transforms the nonlinearly separable input data in Rd in such a way that they become linearly
separable in Rd̃; see, e.g., Figure 3.5. In this way, we can preprocess the input data by applying ϕ
and then run a linear SVM in Rd̃. Note that such a feature map is not necessarily unique. Indeed,
for the example from Figure 3.5, ϕ(s, t) = (s, t, g(s2 + t2)) is also a possible candidate for
any monotonically increasing or monotonically decreasing g. The theoretical motivation behind
employing a feature map to obtain linearly separable data is Cover’s theorem [Cov65].
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Figure 3.5: Example for applying a feature map to a two-dimensional nonlinearly separable data
set (left) such that it becomes linearly separable in three dimensions (right). Here, Ω = [−1, 1]2,
and the feature map ϕ : R2 → R3 is given by ϕ(s, t) := (s, t, s2 + t2)T .

Theorem 3.5.1 (Cover 1965). There are C(n, d) many homogeneously linearly separable di-
chotomies of n points in general position in Rd, where

C(n, d) := 2

d−1∑
k=1

(
n− 1

k

)
.

Let us have a closer look at the statement of Cover’s theorem. To this end, let us first explain
the terminology being used.

• A dichotomy of a set X refers to a splitting of X into two mutually exclusive subsets Y
and Z, i.e., Y ∩ Z = ∅ and Y ∪ Z = X .

• A dichotomy is called homogeneously linearly separable if there exists a homogeneous
linear separator, i.e., if there exists a linear function15 f(x) := γTx whose 0-level set
separates the dichotomy.

• A set of pointsX ⊂ Rd is in general position if any subset of d (or fewer) points is linearly
independent.

Note that the condition of the data points being in general position in Rd might not be true for
real-world data sets with a lot of correlations between data points. However, for randomly drawn
data sets this is valid with probability 1.

For us, the most important conclusion to draw from Cover’s theorem is the fact that, for fixed
n, the number of dichotomies that are linearly separable grows when the dimension d grows.
Thus, it is more likely that the data are linearly separable after being mapped into a higher-
dimensional ambient space. This is the motivation for using a feature map ϕ : Rd → Rd̃ with
d̃ > d. However, we cannot draw any conclusions from Cover’s theorem for a specific data set
at hand. Thus, the careful construction of a suitable feature map to obtain linearly separable data
in Rd is still an important task.

15Note that this has to be understood as a truly linear separator in contrast to an affine linear separator f(x) :=
γTx+ γ0 with γ0 ̸= 0.



46 Chapter 3. Optimal Separating Hyperplanes and Support Vector Machines

X Task 3.6. Generate 50 uniformly distributed i.i.d. points that lie in {t ∈ R2 | ∥t∥2 <
1} (e.g., by drawing uniformly distributed points in (−1, 1)2 until 50 of them are
within the unit sphere) and label them by −1. Now generate 50 data points, which
are uniformly distributed in {t ∈ R2 | 1 < ∥t∥2 < 2}, and label them by 1.

(a) Fit a linear SVM for C = 10 to the data and plot the scattered data as well as
the separating hyperplane.

(b) Transform the data by the feature map ϕ : R2 → R3 defined as

ϕ(t) :=
(
t1, t2, t

2
1 + t22

)
.

Fit an SVM for C = 10 to the transformed data. Depict the scattered data and
the nonlinear separation curve in a 2D plot (i.e., in the same way as in (a)).
What does the feature map do, and why does it work so well?

3.5.2 Kernel trick

Note that—in the dual formulation (3.8) of the SVM—the input vectors xi only appear in the
scalar products xTi xj . Thus, using a feature map ϕ : Rd → Rd̃, we can define the so-called
kernel K : Ω× Ω→ R corresponding to ϕ by

K(xi,xj) := ϕ(xi)
Tϕ(xj).

Now, instead of constructing a feature map ϕ explicitly, we can directly work with a kernel K
since it realizes the inner products needed to solve (3.8). The approach of substituting Euclidean
products of the data by kernel evaluations is usually referred to in the machine learning commu-
nity as the so-called kernel trick [SS02], which is based on the results of Mercer [Mer09]. The
kernel trick is often applied to transform a nonlinearly separable data set to a linearly separable
data set in higher dimensions. Let us now consider which kernels are suitable to describe inner
products of feature maps.

ò Positive (semi-)definiteness and Mercer kernels

A kernel function K : Ω × Ω → R is called symmetric if K(t, s) = K(s, t) for all
s, t ∈ Ω. We say that it is positive semi-definite if

N∑
i,j=1

ζiζjK(ti, tj) ≥ 0 ∀ ti ∈ Ω, ζi ∈ R, i = 1, . . . , N

holds for arbitrary N ∈ N. If the inequality is strict, we say that the kernel is positive
definite. A positive semi-definite, continuous, and symmetric kernel which is L2 in-
tegrable with respect to the marginal data measure µX on Ω, i.e.,K ∈L2,µX

(Ω×Ω),
is called a Mercer kernel; see also [Mer09, RW06, SS02].

We will observe that there is a close relationship between Mercer kernels and feature maps. This
can be exploited to implicitly build suitable feature maps for SVMs. The corresponding feature
space is known to be a so-called reproducing kernel Hilbert space.
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ò Reproducing kernel Hilbert spaces

There is a one-to-one relation between symmetric, positive-definite kernel functions
and certain Hilbert spaces. Let H be a Hilbert space of real-valued functions on
Ω. Let furthermore the point evaluation functionals pt : H → R defined by
pt(f) = f(t) be bounded operators on H for all t ∈ Ω. Then, the space H is called
a reproducing kernel Hilbert space (RKHS); see, e.g., [Aro50, RW06, SS16, SS02].
The reason for the name RKHS is the fact that there exists a symmetric, positive-
definite kernel function K : Ω × Ω → R, called reproducing kernel, such that
K(t, ·) ∈ H and

⟨f,K(t, ·)⟩H = f(t) (reproducing property)

for all t ∈ Ω. Here, ⟨·, ·⟩H denotes the inner product associated withH . The converse
to the above statement is also true due to the Moore–Aronszajn theorem [Aro50]: For
every symmetric positive definite kernel K, there exists a unique RKHS H to which
K is the reproducing kernel.

3.5.3 Mercer’s theorem

The following theorem gives an important characterization of Mercer kernels; see [Mer09, SS02,
Vap99].

Theorem 3.5.2 (Mercer 1909). Let Ω ⊆ Rd be closed and let µX be a strictly positive Borel
measure on Ω, i.e., µX(U) > 0 for all open ∅ ̸= U ⊆ Ω. Let K : Ω × Ω → R be a Mercer
kernel. Then, there exists a sequence of numbers (λi)

∞
i=1 ⊂ [0,∞] and L2,µX

-orthonormal
functions (Φi)∞i=1 such that

K(s, t) =

∞∑
i=1

λiΦi(s)Φi(t),

where the convergence is uniform on Ω and absolute.

To see how this theorem helps, let us define a feature map ϕ : Ω→ ℓ2(R) by

ϕ(x) :=
(√

λ1Φ1(x),
√
λ2Φ2(x), . . .

)
with the λi and Φi, i ∈ N, from Mercer’s theorem. Then, the theorem tells us that

K(s, t) = ⟨ϕ(s), ϕ(t)⟩ℓ2(R).

A Mercer kernel thus implicitly defines a feature map into “R∞” or, more accurately, into the
sequence space ℓ2(R). Therefore, we can simply take a Mercer kernel K and substitute the inner
products xTi xj in (3.8) by K(xi,xj) for all i, j = 1, . . . , n.

Furthermore, the solution of (3.8) can now be written as the finite sum

f(x) = γ0 +

n∑
i=1

βiyiK(xi,x). (3.10)

This fact is known as the so-called representer theorem; see, e.g., [KW70, SS02]. It gives a clear
advantage over the primal representation

f(x) = γ0 + γTϕ(x), (3.11)

where we have to deal with the (potentially) infinite-dimensional vectors γ and ϕ(x).
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Famous examples of Mercer kernels (with respect to the Lebesgue measure µX ) are

• the polynomial kernel

Kq(s, t) := (sT t+ c)q for some q ≥ 2 and

• the Gaussian (or radial basis function (RBF)) kernel

Kσ(s, t) := exp

(
−∥s− t∥2

2σ2

)
for some σ > 0.

For further examples of Mercer kernels used in machine learning and the analysis thereof, we
refer the interested reader to [SW06, Wah90, Wen95].

Note that, besides the constrained SVM optimization problem (3.8) discussed in Section 3.2,
there exists another way to compute the SVM solution using the formulation (3.10). To this
end, a so-called hinge loss function is employed to measure the error between f(xi) and yi.
Furthermore, the RKHS norm of f corresponding to the chosen kernel is used in a weighted
regularization term; see [SS02] for details. This can be seen as a generalization of (1.6) with a
different loss function and regularization term.

X Task 3.7. Change your SMO code such that it allows you to use a kernel function
instead of the scalar product of the input data, i.e., substitute all scalar products by
the evaluation of the kernel function. Perform an SVM classification (C = 10)
with Gaussian kernel (σ = 1) for the data from Task 3.6. Depict the scattered data
and the nonlinear separation curve in a 2D plot. The result should look similar to
Figure 3.6.
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Figure 3.6: Support vector classifier with Gaussian kernel for C = 10, σ = 1.

3.6 Hyperparameter fitting
As introduced in Section 1.4, so-called hyperparameters are often encountered in learning algo-
rithms, i.e., parameters that have to be fixed by the user before applying a method. Examples are
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the regularization parameter C for soft-margin classifiers (see (3.8)), and the kernel parameters
q for the polynomial kernel and σ for the RBF kernel.

A common method to determine the optimal hyperparameters p ∈ P from a finite set
P ⊂ RdH of potential parameter configurations is grid search with either a single validation
set or cross-validation (CV). Here, dH ∈ N is the number of hyperparameters that need to
be chosen and |P | is the number of possible/suitable hyperparameter combinations. Often-
times, P = ⊗dpi=1Pi is chosen, where Pi contains suitable values for the ith hyperparameter,
i = 1, . . . , dH . However, if dH is large, we encounter the curse of dimensionality in the size of
P ; see also Section 1.6. Then, it makes sense to choose a significantly smaller set of possible
configurations P , e.g., by so-called Monte Carlo or quasi Monte Carlo methods; see [BB12].

To look for the best p ∈ P , we compute values of an evaluation measure, e.g., the accuracy,
for the results of our ML algorithm for all |P | possible choices of hyperparameters (grid search).
To obtain representative values, we should not use parts of the training data for this purpose.
Instead, a validation set is usually employed. To this end, the underlying idea is to partition the
original data into two disjoint sets, one training data set and one artificial test data set/validation
set. We then train the |P | different models on the training data set and measure their performance
on the validation set. Finally, the best hyperparameters p ∈ P are those for which the evaluation
measure on the validation set was best. Commonly, the data is split by using roughly 80% for
training the model and 20% for validating the model. Note that we could also employ other
quality measures instead of the accuracies; see Section 2.2.

While using grid search with a validation set often works well, small data sets can lead to
unreliable estimates. In these cases, k-fold cross-validation is employed. Here, several validation
sets are used instead of only one. More precisely, the original data set is randomly split into k
parts, also called folds, of approximately equal size. One fold is chosen as the validation set
while the remaining k− 1 folds serve as training data for our algorithm. Subsequently, we take a
different fold as validation data and the rest as training data and repeat the process k times until
each fold has been used as validation data once. The (arithmetic) average of the k accuracies
calculated on the validation data then serves as the quality measure. Typically, k = 5 or k = 10
is recommended; see [HTF09].

Now, to determine the best choice of hyperparameters, we choose small candidate sets.
For example, for the two hyperparameters of SVM with a Gaussian kernel, namely the reg-
ularization parameter C from (3.8) and the Gaussian kernel bandwidth σ, we choose C ∈
{0.01, 0.1, 1, 10, 100} and σ ∈ {1, 10, 100} and run a k-fold cross-validation for all possi-
ble combinations of parameter pairs. The pair (C, σ) with the best average accuracies in the
cross-validation process is the winner. The corresponding pseudocode can be found in Algo-
rithm 3. Note that it is absolutely crucial to avoid using the test data during the model de-
velopment phase, i.e., when tweaking hyperparameters or changing model parts. Otherwise,
overfitting effects might be present and there is no chance to detect them on the test data. More
details on this approach and variants thereof (e.g., leave-one-out cross-validation) can be found
in [HTF09, JWHT21, Mur22, SS02], for example.

After determining the optimal parameters pbest ∈ P as described in Algorithm 3, we can build
a model on the whole training data setD with parameters pbest and evaluate it on the real, unseen
test data D̄.

3.7 Image classification with support vector machines
We will now apply a support vector machine to a famous benchmark classification problem.
We consider the task of classifying images of handwritten digits from the so-called MNIST
data set.
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Algorithm 3: Abstract k-fold cross-validation scheme
Input: k ∈ N, training data D, possible combinations of hyperparameters P .

1 Randomly split D into k parts D1, . . . ,Dk of (almost) equal size.
2 forall p ∈ P do
3 forall i = 1, . . . , k do
4 Run ML algorithm with input data ∪j ̸=iDj and parameters p.
5 Evaluate resulting model on Di and store accuracy Ai.
6 end forall
7 Average over the accuracies: Ap ← 1

k

∑k
i=1Ai.

8 end forall
9 Determine pbest ← argmaxp∈P A

p.

3.7.1 The MNIST data set

The MNIST data set (http://yann.lecun.com/exdb/mnist/) consists of 70, 000 gray-scale images
(28 × 28 pixels) of handwritten digits. Four exemplary images can be found in Figure 3.7. Our
goal will be to construct an algorithm that is able to identify the correct digit from an image of
the handwritten one.

Figure 3.7: Four example images (28× 28 pixels) created from the MNIST data set.

You can download and extract the data set by hand, or you can use the following lines of
PYTHON code. As you can see, you might need to install the urllib library. To this end, just
run pip install urllib3 in your shell.

#Load MNIST Data
import os
import gzip
from urllib.request import urlretrieve

def download(filename , source= ’ h t t p : / / yann . l e c u n . com / exdb / m n i s t / ’):
print( " Downloading %s " % filename)
urlretrieve(source + filename , filename)

def load_mnist_images(filename):
if not os.path.exists(filename):

download(filename)
with gzip.open(filename, ’ rb ’) as f:

data = np.frombuffer(f.read(), np.uint8, offset=16)
data = data.reshape(-1, 28, 28)
return data / np.float32(256)

def load_mnist_labels(filename):
if not os.path.exists(filename):

http://yann.lecun.com/exdb/mnist/
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download(filename)
with gzip.open(filename, ’ rb ’) as f:

data = np.frombuffer(f.read(), np.uint8, offset=8)
return data

X_train = load_mnist_images( ’ t r a i n −images − idx3 − u b y t e . gz ’)
y_train = load_mnist_labels( ’ t r a i n − l a b e l s − idx1 − u b y t e . gz ’)
X_test = load_mnist_images( ’ t10k −images − idx3 − u b y t e . gz ’)
y_test = load_mnist_labels( ’ t10k − l a b e l s − idx1 − u b y t e . gz ’)

3.7.2 Multi-class learning

Up to now, we always considered classification problems, where our label set Γ was of size
two, i.e., we just had two different classes. In real-world applications one often encounters
so-called multi-class classification problems, where |Γ| > 2. The above handwritten digits data
classification problem is an example with Γ = 10. In this case, a common idea is to use |Γ|(|Γ|−1)

2
pairwise classifiers, i.e., classifiers to distinguish between each possible pair γ1 ̸= γ2 of classes
in Γ. To decide in which class a data point x lies, each pairwise classifier is evaluated and the
class γ ∈ Γ to which x is assigned the most is the one that wins. In this way, we can apply
standard two-class algorithms to solve multi-class problems. We refer the reader to [HTF09,
JWHT21, Mur22, SS02] for more details on different approaches to multi-class problems.

3.7.3 SCIKIT-LEARN: A machine learning library in PYTHON

For the sake of understanding the basic programming and machine learning paradigms, we did
(and will) implement the learning algorithms on our own. However, we will also study how to use
important PYTHON machine learning libraries such as SCIKIT-LEARN (http://scikit-learn.org).
This is an efficient and easy-to-use library in which we can find variants of all algorithms that we
have discussed so far (LLS, k-NN, SVM) and many more. Note that the SVM method of SCIKIT-
LEARN is using LIBSVM [CL11], which is an implementation of an SMO-type decomposition
algorithm with a working set selection using second order information. For a linear kernel, a
more efficient variant based on a coordinate descent approach for the dual problem [FCH+08] is
also available.

X Task 3.8. Make yourself familiar with the SVC function in SCIKIT-LEARN, which
implements a support vector classifier.

(a) Choose a random subset of size 500 from the MNIST training data and use
it as your new training data set for cross-validation. Perform a 5-fold cross-
validation SVM to determine the optimal parameters among C ∈ {1, 10, 100}
and γ = 1

2σ2 ∈ {0.1, 0.01, 0.001}. (Hint: You can use the SCIKIT-LEARN
function GridSearchCV.)

(b) Use the determined optimal parameters to learn a support vector classifier on a
random 2, 000 point subset of the MNIST training data and evaluate the con-
fusion matrix and the accuracy on the whole MNIST test data set. (Hint: You
can use the SCIKIT-LEARN module metrics.)

(c) Predict the labels for the first 200 data points of the test data with the classifier
trained in (b). Print out the predicted label and the true label for all misclassi-
fied instances and visualize them, i.e., plot the corresponding digit images.

http://scikit-learn.org
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3.8 Further topics
Non-numerical data Note that the feature map approach allows us to also classify data that
do not reside in Euclidean space by building appropriate feature maps that assign a value (in Rd̃)
to each element of the input data. This is often useful when it comes to practical applications
where data are not directly given as numerical values or vectors; see also Section 10.1. Also in
the case of structured data, specially tailored kernels (or feature maps) exist; see, e.g., [KJM20]
for kernels on graph-based data structures.

Kernel choice We have not discussed how an appropriate kernel type, e.g., Gaussian, poly-
nomial, etc., for the task at hand can be chosen. If we have some a priori problem knowledge
(such as smoothness of the “true” separation function), for example, we can exploit this in order
to choose an appropriate kernel type; see also [CZ07]. This is an informed machine learning
approach; see also [vRMB+23]. Furthermore, the kernel type (and its optimal hyperparameters)
can also be chosen by cross-validation over a finite set of fixed kernel functions, for instance.
Moreover, so-called multiple kernel learning approaches make use of convex combinations of
different kernel functions; see [GA11].

Regression The linear least squares and the k-nearest neighbors algorithms also apply to
the regression case, where we look for a function f such that f(xi) ≈ yi and the yi can take
arbitrary values in R instead of only discrete ones as in classification. However, for support
vector machines this is not so straightforward since our optimization problem (3.8) originated
from the optimal separating hyperplane formulation. Nevertheless, there exists a support vec-
tor machines regression algorithm based on the minimization of the so-called ε-insensitive loss
function together with a weighted regularization term, which involves the norm of the solution
in the corresponding kernel space; see [Mur22, SS02].

Gaussian processes Besides the SVM there is another famous example for using kernels in
classification/regression methods, namely Gaussian process regression, also known as kriging.
Here, the employed kernel is determined by the covariance matrix of the training data. With the
help of this kernel, a stochastic process is defined for which every point evaluation is normally
distributed with certain mean and covariance structure. Algorithmically, the minimization of a
least squares loss function together with a weighted regularization term is computed there. For
more details on this stochastically motivated regression method, we refer the reader to [Mur22,
See04, RW06].



Chapter 4

Linear Dimensionality
Reduction

One encounters large and nominally high-dimensional data sets in many real-world applications.
However, the information in such data sets is often redundant in the sense that the different
coordinates of a data set, stemming, e.g., from different physical measurements, are typically
not independent but correlated. Thus, the high-dimensional representation of the data is not in
a compact form. To determine a more effective representation of the data, we need to find a
mapping into a lower-dimensional representation space that preserves the relevant information.
But relevant can be understood in different ways, e.g., as preserving pairwise distances between
data points or as allowing for almost lossless reconstruction of the original data set. The process
of determining such a low-dimensional representation of the data is known as dimensionality
reduction; see also Section 1.2.

Dimensionality reduction methods serve many purposes, e.g., to reduce the computational
costs of a task due to the resulting smaller dimension or to gain new insights into inner structures
of the data set. To this end, a good visualization is a powerful tool to develop an idea or intuition
on what is happening. But the more dimensions our data has, the more challenging it is to visu-
alize it. While finding a suitable visualization is a topic on its own, reducing the dimension can
be a helpful start. A computational reason for reducing the dimension is scaling behavior. The
runtime of many algorithms scales polynomially or even exponentially in the dimension of the
input data. Furthermore, some methods do not perform well in high dimensions due to the curse
of dimensionality and the concentration of measure effect; see Section 1.6. Therefore, dimen-
sionality reduction as a preprocessing step can provide more expressive features for a learning
algorithm; see Section 1.5. While the main object of interest is the representation/projection of
the high-dimensional data into the low-dimensional space, we are sometimes also interested in
the representation system itself. This is, for example, the case if we also want to deal with new
data, e.g., when projecting new test data.

A difference in methodology in this chapter compared to the previous chapters is that a
straightforward evaluation criterion for a given solution is usually not directly available. While
a good solution for a regression problem has to provide a good approximation to the underlying
data measure µ, there is often no single best answer in dimensionality reduction. Two represen-
tations could capture or highlight different aspects of the data and might be useful for different
applications. One could say that the criterion of “preserving information” or “reducing redun-
dancy” leaves more space for different objective functions to minimize and also depends on the
task at hand.

This chapter is structured as follows. Section 4.1 introduces the principal component analysis
(PCA), which is the most popular and most commonly used dimensionality reduction method,
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even today. In Section 4.2 we discuss the connection between the PCA and the SVD, which we
already studied in Section 2.1. Subsequently, we give interpretations of the PCA as an algorithm
working on distances between data points in Section 4.3 and as a statistical method to preserve
the data variance as well as possible in Section 4.4. Finally, Section 4.5 presents tasks on a
pedestrian detection problem tackled with the PCA.

4.1 Principal component analysis
In the case of linear dimensionality reduction, we project the high-dimensional data points in
Rd onto a linear subspace. Suppose we conducted an experiment with n i.i.d. measurements in
the two correlated variables A1 and A2, i.e., we are given d = 2-dimensional points xi, where
the coordinates of each measurement are random draws of A1 and A2 but the 2D data points
are highly correlated. An example for such data is plotted in Figure 4.1. The correlation of
the variables can be seen clearly. In this case, we can (approximately) reduce the dimension
to one and project data points onto the blue line determined by the blue arrow. Then, the one-
dimensional values will correspond to points on this line.

The most famous and most frequently employed dimensionality reduction method is the so-
called principal component analysis. Note that this method is also known under different names
depending on the field of application in which data analysis is applied: It is known, e.g., as
Karhunen–Loéve decomposition [KS90] in stochastics and image processing, as proper orthog-
onal decomposition [BHL93, Lum67] in the analysis of physical fields, and as empirical orthog-
onal functions (EOF) [Lor56] in meteorology, among others. From an abstract mathematical
point of view, it is related to the singular value decomposition [GR70] and, thus, to the eigen-
value decomposition of a matrix in linear algebra. Note that we already encountered the SVD in
the context of linear least squares regression in Section 2.1.

� Principal component analysis (PCA)

The first formulation of the principal component analysis goes back to Pearson, who
derived it already in 1901 [Pea01]. Here, the low-dimensional linear subspace, onto
which the input data are projected, is determined by solving a linear least squares-
type problem. To this end, a (vector-valued) affine linear function f : Rq → Rd is
fitted to the input data xi ∈ Rd, i = 1, . . . , n, by minimizing the least squares loss
between the f(ηi) values and the xi values, i.e.,

min
f,ηi∈Rq

1

n

n∑
i=1

∥xi − f(ηi)∥22.

Here, the minimization is done not only with respect to the degrees of freedom of f ,
but also over the low-dimensional variables ηi. One of the major benefits of PCA
is that the solution can be quite easily computed by an eigendecomposition of the
covariance matrix of the data. More detailed discussions of this algorithm can be
found in [Hot33, Jol02, LV07].

Note that there are different derivations of the PCA approach, just as there are different names
for it. As briefly mentioned, we consider an affine linear model

f ∈Mq,d
Lin :=

{
g : Rq → Rd

∣∣ g(η) = ν + V qη with ν ∈ Rd,V q ∈ Sq(Rd)
}
, (4.1)
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Figure 4.1: Highly correlated two-dimensional data. The blue arrow indicates the direction of
the one-dimensional linear subspace along which the data vary the most.

where
Sq(Rd) :=

{
V ∈ Rd×q

∣∣ V TV = I
}

is the so-called Stiefel manifold of d× q matrices with orthonormal columns. Note that the class
Mq,d

Lin is the vector-valued analogue to the classMLin, which we encountered in the LLS setting;
see Section 2.1. We want to fit f to the data x1, . . . ,xn ∈ Rq , i.e., we need to determine ν ∈ Rd,
V q ∈ Rd×q , and ηi ∈ Rq for i = 1, . . . , n such that

f(ηi) = ν + V qηi ≈ xi ∀i = 1, . . . , n. (4.2)

As in the LLS setting, we use the least squares loss, but this time for vector-valued functions,
i.e.,

f(ηi)
n
i=1 := argmin

g∈Mq,d
Lin ,ηi∈Rq

1

n

n∑
i=1

∥xi − g(ηi)∥22. (4.3)

Moreover, in contrast to the supervised learning setting, where the ηi would be known values,
we have to determine them here. This is typical for an unsupervised problem; see Section 1.2.
Note furthermore that the model classMq,d

Lin is no longer convex. So we cannot expect to obtain
a global minimizer by looking for critical points. We will now study how we can still obtain
a solution to (4.3). To this end, we will take two steps: First, we minimize the right-hand side
of (4.3) with respect to ν and ηi for given V q . When V q is fixed, the remaining optimization
problem is convex again. Therefore, we only need to compute the corresponding gradients of the
least squares function and set them to zero, i.e.,

(i)
n∑
i=1

(ν − xi + V qηi) = 0,

(ii) V T
q V qηi − V T

q (xi − ν) = ηi − V T
q (xi − ν) = 0 for all i = 1, . . . , n.

Thus, the ηi = V T
q (xi − ν) are completely determined by (ii). A possibility to fulfill (i) is

to set ν := m := 1
n

∑n
i=1 xi, i.e., ν is set to the mean m of the data points. In a second

step, we determine an appropriate matrix V q that, together with the above values for ηi and ν,
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solves (4.3). Plugging the values for ν and ηi into the minimization problem (4.3), we are left
with

V q = argmin
V ∈Sq(Rd)

1

n

n∑
i=1

∥∥∥xi −m− V V T (xi −m)
∥∥∥2
2

= argmin
V ∈Sq(Rd)

1

n

n∑
i=1

∥∥∥(I − V V T
)
(xi −m)

∥∥∥2
2

(PCAMin)

= argmax
V ∈Sq(Rd)

1

n

n∑
i=1

∥∥∥V T (xi −m)
∥∥∥2
2
. (PCAMax)

Note that I − V qV
T
q is the orthogonal projector onto the orthogonal complement of span(V q).

Thus, we are looking for the linear space spanned by the orthogonal columns of V q such that the
projection of the centered data xi −m onto this space has—on average—the largest Euclidean
norm possible. Let X ∈ Rn×d be the centered data matrix16 with rows xi−m for i = 1, . . . , n,
which can be computed by multiplying the so-called n×n centering matrix H = I − 1

n1n with
the non-centered data matrix with row-wise entries xi, i = 1, . . . , n, i.e.,

X = H (x1 · · · xn)
T
. (4.4)

Here, 1n is the n×n matrix in which all entries are 1. Furthermore, let the columns of V q be vi
for i = 1, . . . , q. Then, we have

n∑
i=1

∥V T
q (xi −m)∥2 =

n∑
i=1

q∑
j=1

(
vTj (xi −m)

)2
=

q∑
j=1

vTj X
TXvj = n

q∑
j=1

vTj Cvj

with the empirical/data covariance matrix C := 1
nX

TX . Now let C = ZΛZT be an orthog-
onal diagonalization of C, i.e., Z−1 = ZT , with Λ = diag(λ1, . . . , λd) with non-increasing
values λ1 ≥ · · · ≥ λd ≥ 0. Then

V q = argmax
V ∈Sq(Rd)

q∑
j=1

vTj Cvj = argmax
V ∈Sq(Rd)

q∑
j=1

vTj ZΛZTvj

= argmax
V ∈Sq(Rd)

q∑
j=1

ṽTj Λṽj = argmax
V ∈Sq(Rd)

d∑
i=1

λi

q∑
j=1

[ṽj ]
2
i ,

where [ṽj ]i denotes the ith entry of ṽj and ṽj := ZTvj . Since Z and V q are orthogonal
matrices, we have

∑q
j=1 [ṽj ]

2
i ≤ 1 for all i = 1, . . . , d and

∑d
i=1

∑q
j=1 [ṽj ]

2
i ≤ q. Thus, we

obtain
d∑
i=1

λi

q∑
j=1

[ṽj ]
2
i ≤

k∑
i=1

λi,

which shows that ṽj = ej maximizes
∑q
j=1 ṽ

T
j Λṽj . Therefore, the jth column of V q is given

by vj = Zej , which is just the jth column of ZT . Our results are summarized in the following
theorem.

16Note that sometimes XT is used instead of X in the literature.
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Theorem 4.1.1. Let x1, . . . ,xn ∈ Rd and let 1 ≤ q ≤ d be a natural number. The minimization
problem

min
ν∈Rd

(ηi)
n
i=1⊂Rq

Vq∈Sq(Rd)

n∑
i=1

∥xi − (ν + V qηi)∥2

is solved for ν = m = 1
n

∑n
i=1 xi and ηi = V T

q (xi −m), where the columns of V q are the
orthogonal unit eigenvectors of C := 1

nX
TX corresponding to the q largest eigenvalues.

The columns of V q are called the q first principal axes of the data X , whereas the projec-
tions ηi are called principal components. While the above theorem shows us how to obtain the
principal components, it can be problematic to compute the eigendecomposition of 1

nX
TX if

the dimension d of the data is quite large. Furthermore, the costs of computing XTX are already
O(d2n).

ò Numerical eigensolvers

To find possible values for λ ∈ R and x ∈ Rd in an eigenproblem of type

Ax = λx

for a square, diagonalizable matrix A ∈ Rd×d, there exist several numerical solvers,
e.g., power methods, Rayleigh quotient iterations, pivoted Cholesky decompositions,
or the Arnoldi/Lanczos algorithms. Note that, in contrast to computing the full eigen-
decomposition of A, these solvers can be employed in such a way that only the largest
q eigenvalues and the corresponding eigenvectors are obtained with fewer computa-
tional costs. Due to the fact that computing these eigenpairs usually needs at least
O(d2q) floating point iterations, the computation gets very costly for large dimension
d. Also, many eigendecomposition algorithms can become instable. For more details
on numerical eigensolvers, their implementation, and computational costs, we refer
the reader to [GVL13, HPS12, PTVF07].

4.2 Connection to the singular value decomposition
Another way to compute the principal axes and components is to use the singular value decom-
position (SVD) of X , which we already introduced in Chapter 2. If we assume n ≥ d, we get an
SVD X = UDW T with singular values σ1 ≥ · · · ≥ σd ≥ 0. This leads to

n ·C = XTX = WDTUTUDW T = W diag(σ2
1 , . . . , σ

2
d)W

T

since U is orthogonal. This is an eigendecomposition of n · C. So, there is a one-to-one rela-
tionship between the eigenspaces spanned by the first q columns of W and the ones spanned by
V q . Furthermore, the eigenvalues of C fulfill λi =

σ2
i

n .
While computing the SVD of X usually costs O(min(d, n)2 max(d, n)) floating point oper-

ations, it can be done in a stable way in contrast to the direct eigendecomposition computation
of XTX; compare with Section 2.1 and see [GVL13, PTVF07]. Therefore, using an SVD is
usually preferable over employing an eigensolver, e.g., a Lanczos iteration algorithm, to compute
the eigenspaces of C or G.
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Interpretation as optimal low-rank approximation

An alternative derivation of the PCA is based on an optimization problem involving low-rank
matrix approximation, namely

min
A∈Rn×d

rank(A)≤q

∥A−X∥F , (4.5)

where ∥ · ∥F denotes the Frobenius norm. The Schmidt–Eckart–Young–Mirsky theorem states
that the solution to this problem is given by a truncated version of the SVD [GVL13]. To this
end, consider again

X = UDW T ,

i.e., the SVD of X with non-increasing singular values σ1 ≥ · · · ≥ σmin(n,d) ≥ 0. We assume
that q ≤ min(n, d); otherwise we just take X as the solution to the optimization problem.
Then the truncated version of the SVD is given by taking U q ∈ Rn×q to be the first q columns
of U and by taking Wq ∈ Rd×q to be the first q columns of W . Finally we define Dq :=
diag(σ1, . . . , σq) ∈ Rq×q . Then, the Schmidt–Eckart–Young–Mirsky theorem states that

A := U qDqW
T
q

is the solution to the best-rank-q-approximation problem (4.5) and we have for the error

∥U qDqW
T
q −X∥2F =

min(n,d)∑
i=q+1

σ2
i .

Furthermore, if σq+1 ̸= σq , the solution is unique.

4.3 Multi-dimensional scaling (MDS)
In Theorem 4.1.1 we derived the PCA via an eigendecomposition of the covariance matrix C =
1
nX

TX ∈ Rd×d for the centered data matrix X from (4.4). However, we can observe that the q
largest eigenvalues λ1, . . . , λq of C for q ≤ min(d, n) are the same as the q largest eigenvalues
of the so-called Gramian matrix G := 1

nXXT ∈ Rn×n of pairwise scalar products of the
centered data, i.e., Gij = 1

n ⟨xi −m,xj −m⟩2 for i, j = 1, . . . , n. Therefore, we can also
perform an eigendecomposition of G, which costs O(n2d) floating point operations, instead of
an eigendecomposition of C, which costs O(nd2) floating point operations. To this end, note
that

GXvj =
1

n
XXTXvj = XCvj = λjXvj

holds for all eigenvectors vj , j = 1, . . . , q, of C. This means that Xvj is an eigenvector of
G to the eigenvalue λj . Since ∥Xvj∥22 = vTj X

TXvj = nλj∥vj∥22 = nλj , the principal
components are given by

ηi = V T
q (xi −m) =

 vT1 (xi −m)
...

vTq (xi −m)

 =


√
nλ1[ṽ1]i

...√
nλq [ṽq]i

 , (4.6)

where [ṽj ]i denotes the ith entry of the (orthogonal) unit eigenvector ṽj , which corresponds
to the jth largest eigenvalue of G. Note that this only holds for one-dimensional eigenspaces.
Otherwise we would also have to deal with possible rearrangements. Moreover, we observe that
the left singular vectors U of X are the eigenvectors of the Gramian matrix G.
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High-dimensional case Sometimes we have to deal with situations where d ≫ n. For in-
stance, in gene expression analysis d ≈ 109 and often n ≈ 103. In these cases, we cannot
directly compute the eigendecomposition of C = 1

nX
TX when dealing with the eigenproblem

Cv = λv,

nor can we easily store the matrix X and compute the SVD, unless we exploit potential sparsity
properties of X . However, as already discussed, there are three ways to compute the principal
components: an SVD of the n×dmatrix X , an eigenvalue decomposition of the d×dmatrix C,
and an eigenvalue decomposition of the n×nmatrix G. Therefore, if d≫ n and if direct access
to X is unavailable, e.g., due to storage constraints or inaccessible data points, the latter variant
is preferred since an SVD can no longer be computed and since the costs of O(n2d) floating
point operations for the eigenvalue decomposition of G are cheaper than the costs of O(d2n)
floating point operations for the eigenvalue decomposition of C.

The computation of the PCA solution using the Gramian matrix is also known as (classical)
multi-dimensional scaling (MDS) or Torgerson MDS. This approach was derived for applications
where only the Gramian matrix G of pairwise similarities or the matrix D of squared pairwise
Euclidean distances ∥xi−xj∥22 is given. The connection between D and the Gramian matrix G
can be established by

∥xi − xj∥22 = Gii +Gjj − 2Gij . (4.7)

Therefore, straightforward calculations show that the Gramian matrix G of the centered data
xi −m, i = 1, . . . ,m, can be computed by

G = −1

2
HDH

when given D; see also [CC00, LV07]. Here, H = I − 1
n1n is the centering matrix introduced

earlier. In summary, we do not need to have access to the original data X if we have access
to either D or G since we can work only with the Gramian matrix to compute the PCA of the
data set.

The underlying optimization problem of MDS One can show that the MDS solution and
thus the PCA solution solves the optimization problem

min
ηi∈Rq,i=1,...,n

n∑
i,j=1

(
⟨xi,xj⟩2 − ⟨ηi,ηj⟩2

)2
, (4.8)

and, equivalently,

min
ηi∈Rq,i=1,...,n

n∑
i,j=1

(
∥xi − xj∥22 − ∥ηi − ηj∥22

)2
, (4.9)

i.e., the low-dimensional representatives ηi of the data xi, i = 1, . . . , n, are such that they
(on average) preserve pairwise inner products, i.e., pairwise similarities, and pairwise squared
distances best. For a proof of this property and more details on MDS, we refer the reader to
[CC00, LV07, YH38].

4.4 Statistical interpretation
Viewing PCA as a statistical method, we can obtain yet another interpretation of it. To this end,
let x ∈ Rd be a random variable with zero mean, i.e., E[x] = 0. Its d × d covariance matrix
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is defined as E[xTx], and we assume that it has rank larger than or equal to q. Now we are
asking for directions v1, . . . ,vq ∈ Rd along which x varies the most, i.e., we first maximize the
variance

v1 := argmax
∥v∥2=1

Var[vTx].

Then, for i = 1, . . . , q, we proceed successively by setting

vi := argmax
∥v∥2=1

v⊥v1,...,vi−1

Var[vTx].

One can show that the resulting solution is given by the q eigenvectors of E[xTx] belonging to
the largest q eigenvalues; see [Jol02]. In fact, the variances are exactly the eigenvalues, i.e.,

Var[vTi x] = λi ∀ i = 1, . . . , q.

Determining q by kept variance

In applications of the PCA to real-world data, q is often not fixed a priori but determined accord-
ing to the decay of the eigenvalues λi. Since the eigenvalues directly correspond to the variance
of the data along the eigenvector directions, this can be interpreted as keeping a certain percent-
age of the total variance Var[x] := trace(C) =

∑min(n,d)
i=1 λi of the data when reducing the

dimensionality. To this end, we fix a threshold of p percent with 0 < p < 100 for kept variance
percentage of the principal components. This means that q ∈ N is chosen as the smallest integer
for which a dimension reduction by PCA, i.e., the computation of vi = ηi for i = 1, . . . , q,
according to Theorem 4.1.1, neglects at most p percent of the variance. Thus, q is the smallest
integer such that ∑q

i=1 Var[v
T
i x]

Var[x]
=

∑q
i=1 λi∑min(n,d)

i=1 λi
≥ p

100
. (4.10)

This establishes a practical criterion to determine a meaningful dimension q a posteriori, i.e.,
after the computation of the eigendecomposition of the covariance matrix C is performed. On
the other hand, recall that we do not necessarily have to compute the eigendecomposition of
the whole matrix C but can only determine the largest few eigenvalues and the corresponding
eigenvectors, as mentioned at the end of Section 4.1. Therefore, to obtain an efficient method,
we can compute eigenvalue and eigenvector pairs successively until (4.10) is fulfilled.

4.5 Tasks on linear dimensionality reduction
Let us implement the PCA and test it on a toy example that we understand well. The ac-
companying material at https://bookstore.siam.org/di03/bonus includes a JUPYTER notebook
PCA_template.ipynb, which should be used as a template for the solution. The material also
includes the data sets and some PYTHON code one may use.

X Task 4.1. Implement a PCA routine whose inputs are {x1, . . . ,xn} and q. Either
use a NUMPY/SCIPY routine to compute eigenvectors directly or use the SVD. In
the case of eigenvectors, make sure your routine does actually return an orthonormal
basis (consult the documentation of your solver).

https://bookstore.siam.org/di03/bonus
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4.5.1 Visualization of high-dimensional data

As a first test case, we consider a toy example with a 2D data set that is embedded into 4D
by rotating and translating it. Additionally, some noise was added to the data. Our goal is to
recover the 2D representation. Each point in the data set contains a label, which resembles a
color assigned to that data point.

X Task 4.2. Test your PCA implementation on the provided toy data set.

(a) Plot a 3D slice of the 4D toy data. Compute the PCA representation for q = 2
and plot it as described in the notebook. Check your result: The plot should
reveal a perfectly round and familiar shape.

(b) Map the 2D representation onto a distorted ellipse in 3D; the code for the trans-
formation is provided in the accompanying notebook. Perform a PCA of this
3D data for q = 2 and plot the result. Repeat this for a few ellipses and describe
how the PCA picks the coordinate system V q .

Now let us revisit the Iris data set from Task 2.7 to check how PCA can be utilized there.

X Task 4.3. Use PCA for the Iris data set.

(a) Compute all (four) singular values of X using a suitable function, e.g.,
scipy.linalg.svdvals. Compute the captured variance percentage when
using only the first principal component and compute the captured variance
when using the first two principal components.

(b) Compute the PCA transformation onto the first two principal components of
the Iris data set. Plot the transformed data in a 2D scatter plot such that the
three labels are distinguishable. Do the same for 1D and use the provided
function to plot it. What do you observe?

(c) Use the insight from the visualization in (b) to build classifiers for the whole
Iris data set. To this end, run three different experiments using a 4D, 2D, and
1D PCA as starting point. Then, apply two linear SVMs to classify a data point
as one of the three Iris labels. You can copy your SVM code from Chapter 3,
but we recommend using SCIKIT-LEARN.

With a better understanding of PCA we now turn our attention to the analysis of a larger data set.

4.5.2 Pedestrian classification

Detecting people in video footage is an interesting topic in many applications. One important
area would be the self-driving car industry. The task can be split broadly into several connected
steps:

• Gather the image material.

• Find region proposals in an image which could be interesting.

• Decide if a given region shows a pedestrian.
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Figure 4.2: Ten pedestrian images and ten garbage (non-pedestrian) images from the TUD-
Brussels data set [WWS09].

The second step is known as a segmentation problem in computer vision, which can also be
interpreted as an unsupervised learning problem. It is often treated by thresholding methods,
clustering approaches, or more sophisticated graph-based algorithms; see [ZA15] for further de-
tails. In the following, we will focus on the last task in more detail, i.e., on deciding whether or
not a picture shows a pedestrian. Note that handling such a problem with a PCA is a rather “clas-
sical” approach in machine learning. Nowadays, these kinds of tasks are usually tackled with
deep neural networks instead; see, e.g., [RDGF16, TMB+16]. For further details on pedestrian
classification, we refer the reader to the reviews [BOHS15, DWSP12].

Our data set consists of labeled pictures of 100x50 pixels; see Figure 4.2. It is a downscaled
subset of the TUD data set [WWS09]. Half of the pictures show a pedestrian; the other half does
not. A separation into training and test data is provided. We begin by preparing the data.

X Task 4.4. Prepare the pedestrian data set.

(a) Load the training and test images into NUMPY arrays with the help of the
routines in the template notebook. Normalize the pixel values to [0, 1].

(b) Write a routine plot_im to plot an image using MATPLOTLIB’s imshow (to
get consistent contrast provide constant values for its arguments vmin and
vmax). Create a plot with ten randomly chosen training images showing a
pedestrian and ten randomly chosen training images not showing a pedestrian.
You can use the subplot method17 from MATPLOTLIB.

Our training data consists of n = 2000 points (images), with dimension d = 15000 (the pixels
of an image for three colors). The dimension is quite large compared to our previous data sets.
The goal is to classify the images (pedestrian or non-pedestrian) using the color values of the
pixels.

After loading the data, we compute a PCA to reduce d to a much smaller number in the next
step. Note that the coordinate axes calculated by the PCA can be interpreted as images, and we
represent the data in terms of coefficients for the corresponding eigenvectors, which are called
eigenpedestrians; see also [SK87] for the general idea of using PCA for image analysis.

17You should implement an optional argument ax for plot_im, so you can use it for the subplot; see plt.gca().
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X Task 4.5. Take a look at the eigenpedestrians. From now on use the PCA implemen-
tation of SCIKIT-LEARN.

(a) Compute the PCA with q = 200 for the full training set (i.e., with pedestrian
and non-pedestrian samples combined).

(b) Plot the first 20 eigenpedestrians, as well as eigenpedestrians 50 to 60 and
eigenpedestrians 100 to 110. What do you observe?

We now use our PCA representation to train a linear SVM.

X Task 4.6. Train a linear SVM (use LinearSVC from SCIKIT-LEARN) employing the
PCA representation of the full training data set for values of the dimension q between
10 and 200 in steps of five. For each q compute and store the prediction accuracy (use
the score method of LinearSVC) on the training and test data set. Plot the scores
for q. Which q seems to be the best choice? Compare the situation to Task 4.3 (c)
with respect to q.

The achieved prediction results are not bad. However, for safety-critical applications, e.g., in self-
driving cars, they are not yet acceptable. Furthermore, the blind trust in error measures like the
accuracy can be fatal in such tasks. Here, gaining insight on how the underlying ML algorithm
came to its decision for certain input data is crucial. To this end, means of interpretability can be
applied; see Section 10.5.

4.5.3 Histogram of oriented gradients

To improve the prediction quality, a handcrafted feature map can be employed in an additional
computational step before applying the PCA. In particular, we will use a histogram of ori-
ented gradients (HOG) of pixel values, which became popular after the well-received experi-
ments in [DT05] were published. Here, pixel gradients are computed, i.e., discrete gradients
in x- and y-directions of the color/gray-scale maps of images. Then, a histogram according to
their magnitude is constructed and used as a feature for the subsequent machine learning algo-
rithm. Applying HOG features for pedestrian detection has proven to be quite successful (see
[BOHS15, DWSP12]) and allows for much better results than the use of the plain PCA for the
linear SVM.

Note that tasks such as image classification or image segmentation are nowadays usually
treated with automatic feature generation methods involving deep neural networks (see Chap-
ter 6) instead of handcrafted HOG features. Nevertheless, it is instructive to understand the main
aspects of the manual feature generation process, and we will therefore explain the details of the
methodology in the following. Moreover, this section can be seen as an introduction to a historic
method for feature selection which is interesting in its own right.

Before we explain HOG in detail, we make a quick digression into computer vision. To this
end, let I ∈ Rh×w be a matrix representing one color channel of an h × w-pixel image. Here,
h denotes the height (number of pixels in the y-direction) and w denotes the width (number of
pixels in the x-direction). The entries of the matrix represent pixel values for the respective
color. Note that we thus have here the order y, x (vertical, horizontal) instead of x, y (horizontal,
vertical) when talking about the entries of image matrices. However, this is consistent with the
usual row, column order of matrices.
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ò Image gradients

A very common tool in computer vision is image gradients. Starting from the differ-
ence quotient

lim
ε→0

f(x+ ε)− f(x)
ε

,

we can define a derivative for images by using a discrete approximation. For a single
color channel, i.e., an image matrix I ∈ Rh×w, we define the image gradient at
position y, x by the partial derivatives of I using a centered difference quotient

∇y,xI :=

(
Iy+1,x − Iy−1,x

s
,
Iy,x+1 − Iy,x−1

s

)T
(4.11)

with s = 2. Whenever there is overlap with the boundary, we set the corresponding
pixel value to zero. Often the relative size of the derivatives is important instead of
its scale. Therefore, the scaling factor s in the denominator can be considered to be
flexible. A popular choice is to take a denominator of s = 1 instead, which we will
also use in the following.

Often, one can represent the discrete derivative calculation by a convolution—whose continuous
counterpart might be known from integration theory.

ò Convolutions

The convolution f ∗ g of two real-valued functions f, g : Rd → R is defined by

f ∗ g(x) :=
∫
Rd

f(τ )g(x− τ ) dτ .

If f and g are only given at discrete values Zd, the integral is substituted by a sum

f ∗ g(z) =
∑
i∈Zd

f(i)g(z − i).

If f, g are only defined on a finite domain, the above definitions can still be applied
by extending the functions to Rd or Zd, respectively, and assigning 0 as their function
values outside the finite domain.

Given a filter matrix K ∈ Rp×q , the convolution I ∗K of K and I is defined pointwise by

(I ∗K)y,x :=
∑

0<i≤p
0<j≤q

Ki,jIy+ky−i,x+kx−j (4.12)

with shifts18 kx and ky . The result is a new color channel whose entries are computed using
weighted sums of the surroundings of each pixel of I . An example of a popular filter is Gaussian
smoothing. Here the entries of K are computed using a Gaussian kernel.

Either the new color channel is smaller or one has to specify how the missing pixel values
outside of the border of I are extrapolated. In our case we are extending I by the constant value
0. The y- and x-derivatives can be computed using scipy.ndimage.convolve with the filters
[−1, 0, 1]T and [1, 0,−1], which correspond to (4.11) with scaling factor s = 1.

18In SCIPY these shifts are chosen to center the filter by default.
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Computing the HOG features

Maximum norm gradients To build the HOG features, we first compute the Euclidean norm
and the direction of the image gradient ∇(j)

y,xI for each pixel (y, x) and each color channel j
according to (4.11). For an RGB image, i.e., j ∈ {1, 2, 3}, this would give three sets of gradient
norms and directions. To reduce this to one set, for each pixel (y, x), we keep only the gradient
for which

∥∥∇(j)
y,xI

∥∥
2

is the largest over all channels j, i.e., we keep

∇(max)
y,x I := ∇(j∗)

y,x I with j∗ := argmax
j

∥∥∥∇(j)
y,xI

∥∥∥
2

for each (y, x).

Binning Subsequently, each (y, x) position is assigned (binned) to a square cell of size |c| ∈
N. The cells span over |c| pixels19 in both directions and form a regular grid. Similarly, the
orientations are binned into #b ∈ N equally sized intervals which partition either the full circle
α := 2π or only the half circle α := π, in which case one calls the orientations unsigned. The
corresponding intervals are[(

α

#b

)
i,

(
α

#b

)
(i+ 1)

)
for i = 0, . . . ,#b− 1.

Computing the histogram In a next step, the gradient norms are accumulated into a his-
togram20 H . Here, the histogram entry H(cy, cx, bi) contains information about the gradient
norms whose pixel (y, x) resides in a cell indexed by (cy, cx) and whose gradient orientation
resides in the interval indexed by bi.

Let us describe in more detail how the histogram entries are computed. For a gradient norm∥∥∇(max)
y,x

∥∥
2

and a gradient direction ϕ ∈ [0, 2π) at position (y, x), we first determine both
the interval index bprec whose center is the largest among all centers which are smaller than or
equal to

ϕ̂ := ϕ mod α

and the succeeding/next21 interval index bsucc. Furthermore, we determine the preceding and
succeeding cell indices cy,prec, cy,succ, cx,prec, cx,succ in the y- and x-directions in the same fashion,
i.e., with respect to their center. Here, out of bounds cells are ignored. Then, the histogram
entries H(cy, cx, bi) for all possible combinations of the above mentioned indices are updated
by adding a fraction of the gradient norm at position (y, x). This fraction is individually defined
for each H(cy, cx, bi) by the coefficients of a convex combination whose terms can be found in
Algorithm 4.

Block building The last step is to combine the histogram entries of the cells into larger blocks,
which are then normalized and clipped according to some clip value T > 0. If |B| ∈ N is the
block size, then a block consists of |B| consecutive cells in the y-direction and |B| consecutive
cells in the x-direction. The blocks do overlap, but only full blocks are considered. Conse-
quently, |B| has to be chosen less than or equal to the minimum number of cells in the y- and
x-direction, respectively. The final HOG feature vector then consists of the entries of all blocks
(in any order).

19Potential overlaps with the boundary of the image are ignored.
20While the method was known earlier, the term histogram (historical diagram) was introduced by Pearson, the inventor

of PCA [Pea01].
21Note that we use a wrap-around when we are at the final index, i.e., the next index would be 0 again.
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Algorithm 4: Computation of HOG features

Input: RGB image I ∈ Rh×w×3, block size |B| (default: 2), cell size |c| (default: 8),
number of bins #b (default: 9), clip value T (default: 0.2), whether to use
unsigned directions (default: yes).

Output: HOG feature vector.

1 α←
{
π if use unsigned directions,
2π else.

2 |b| ← α/#b.
3 Initialize H(cy, cx, bi) to zero for all cell indices cy , cx and all bin indices bi.
4 forall pixel positions (y, x) do
5 forall j = 1, 2, 3 do
6 Compute image gradients∇(j)

y,xI at y, x for channel j.
7 end forall
8 j∗ ← argmaxj=1,2,3 ∥∇(j)

y,xI∥2.

9 ∇(max)
y,x I ← ∇(j∗)

y,x I .

10 ϕ̂← atan2
([
∇(max)
y,x I

]
1
,
[
∇(max)
y,x I

]
2

)
mod α.

11 bprec ← index of orientation interval preceding the orientation ϕ̂ with respect to the
interval’s center (can be −1).

12 cx,prec ← index of horizontally preceding cell with respect to its center (can be −1).
13 cy,prec ← index of vertically preceding cell with respect to its center (can be −1).

14 fb ← ϕ̂−[bprec|b|+ 1
2 |b|]

|b| .

15 fx ← x−[cx,prec|c|+ 1
2 |c|−

1
2 ]

|c| .

16 fy ← y−[cy,prec|c|+ 1
2 |c|−

1
2 ]

|c| .
17 bsucc ← bprec + 1 mod #b, bprec ← bprec mod #b.
18 cx,succ ← cx,prec + 1, cy,succ ← cy,prec + 1.

(The cells with indices −1 and ⌊h/|c|⌋ or ⌊w/|c|⌋ can be stored in H but must not be
considered for the block computation at the end.)

19 H(cy,prec, cx,prec, bprec)← add ∥∇y,x∥ (1− fx)(1− fy)(1− fb).
20 H(cy,prec, cx,prec, bsucc)← add ∥∇y,x∥ (1− fx)(1− fy) fb.
21 H(cy,succ, cx,prec, bprec)← add ∥∇y,x∥ (1− fx) fy (1− fb).
22 H(cy,succ, cx,prec, bsucc)← add ∥∇y,x∥ (1− fx) fy fb.
23 H(cy,prec, cx,succ, bprec)← add ∥∇y,x∥ fx (1− fy)(1− fb).
24 H(cy,prec, cx,succ, bsucc)← add ∥∇y,x∥ fx (1− fy) fb.
25 H(cy,succ, cx,succ, bprec)← add ∥∇y,x∥ fx fy (1− fb).
26 H(cy,succ, cx,succ, bsucc)← add ∥∇y,x∥ fx fy fb.
27 end forall
28 forall blocks do
29 Normalize all histogram values in the block with respect to the Euclidean (vector)

norm of the block.
30 Clip the block, i.e., apply min(·, T ) entrywise, then normalize again.
31 Add the block entries to the final feature vector.
32 end forall
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Figure 4.3: Three random images created from the TUD-Brussels data set [WWS09] together
with their computed HOG features (right of the respective image). In each (cy, cx)-cell of the
HOG histogram and for each orientation index bi we have drawn an arrow with direction cor-
responding to the orientation from bin bi. The brightness of each arrow is proportional to the
histogram entry H(cy, cx, bi). To obtain a better visualization we omitted the block building and
normalizing steps at the end of Algorithm 4.

A visualization of computed HOG features can be found in Figure 4.3. We clearly see that
the HOG features are able to capture coarse shapes and, thus, can be helpful in the detection of
pedestrians. For more details on the actual computation of the HOG features, we refer the reader
to Algorithm 4 and the PYTHON code template provided for the following exercise.

X Task 4.7. Test the HOG features for the pedestrian data set. To this end, repeat the
experiment from Task 4.6 for values of q between 10 and 200 in steps of 5, but use
the HOG features as input for the PCA instead. You can find a function to compute
the HOG features in the template code.

4.6 Further topics
Feature map construction The HOG features allowed us to increase the prediction rate no-
tably compared to plain PCA with linear SVM. They are one of many examples where sophisti-
cated hand-crafted features help to improve on the solution to a problem. Often, a lot of work can
go into such feature maps, and they might be problem specific. In recent years, the deep learn-
ing community has provided powerful tools to tackle computer image vision problems. One
advantage there is that (convolutional) neural networks can learn feature maps on their own, i.e.,
somewhat automatically. However, the training is not well understood and can be quite tedious
and involved; see Chapter 6. Nevertheless, manually created features can still be a valuable tool
in the machine learning workflow in some situations.

General multi-dimensional scaling Besides classical multi-dimensional scaling, i.e., Torg-
erson MDS, which we introduced in Section 4.3, there exist many variations of the MDS algo-
rithm. The class of metric MDS methods considers the preservation of distances, e.g., squared
Euclidean distances as used in (4.9) for Torgerson MDS. More sophisticated variants of metric
MDS employ general distance measures dist in the original data space and introduce additional
(multiplicative) weights wij ≥ 0 for i, j = 1, . . . , n in the i, jth summand of the loss function
(4.9), i.e.,

min
ηi∈Rq,i=1,...,n

n∑
i,j=1

wij
(
dist(xi,xj)− ∥ηi − ηj∥2

)2
.
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For these variants, well-known iterative solvers exist; see, e.g., [BG05]. Examples for metric
MDS methods are Sammon’s mapping, which uses wij = 1/ dist(xi,xj) as weights, Isomap,
which employs an approximation to the geodesic distance, and the so-called kernel PCA, where
a kernel is used in (4.8) instead of a scalar product and distances are defined by a generalized
version of (4.7); see also Chapter 5 and [BG05, LV07]. Note here that the name “kernel PCA” is
quite misleading since the approach relates more closely to classical metric MDS than to PCA.
Besides metric MDS, there also exist non-metric variants like the Kruskal–Shepard algorithm.
Here, the corresponding optimization problem (4.8) is altered in such a way that ordinal informa-
tion, i.e., proximity ranks, is used for determining the low-dimensional representation instead of
pairwise scalar products. For more details on the above-mentioned variants, we refer the reader
to [BG05, LV07].



Chapter 5

Nonlinear Dimensionality
Reduction

In the last chapter we introduced PCA as the essential linear dimensionality reduction method. It
is based on the restrictive assumption that the data resides in an affine linear subspace. In contrast
to that, nonlinear dimensionality reduction methods consider general (curved) manifolds or aim
to preserve aspects of the topology instead; see, e.g., [LV07].

Let us assume that xi, i = 1, . . . , n, are given i.i.d. measurements from two random variables
A1 and A2. Figure 5.1 shows an example, where the noisy data approximately stem from a one-
dimensional curved submanifold of R2, i.e., it can be described by a nonlinear coordinate system.
We will now extend the idea of linear dimensionality reduction to the nonlinear case. To this end,
recall that we have briefly mentioned variants of multi-dimensional scaling algorithms at the end
of Chapter 4, where the goal is to preserve pairwise distances between points as well as possible.
In the following, we first introduce an MDS variant based on geodesic distances called Isomap
in Section 5.1. Subsequently, we introduce diffusion maps in Section 5.2, where we consider
preservation of so-called diffusion distances on the intrinsic (nonlinear) submanifold of Rd the
data are living on. Section 5.3 then deals with clustering algorithms to segment a data set into
different subsets. Combining clustering algorithms with dimensionality reduction, we obtain
a method to visualize a high-dimensional data set in Section 5.4. Finally, tasks on nonlinear
dimensionality reduction can be found in Section 5.5.i

i
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Figure 5.1: An example for a two-dimensional data set of noisy samples from an underlying
curved, nonlinear structure.
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5.1 Isomap
A key idea of many nonlinear dimensionality reduction approaches is to consider data that stem
from (curved) manifolds M instead of just linear subspaces, i.e., the model space contains non-
linear functions instead of only (affine) linear ones. In particular, Riemannian manifolds M and
the corresponding inner product ⟨·, ·⟩M on the tangent space are of interest. On such a manifold
M, the length of the shortest curve connecting two points x,y ∈ M is the geodesic distance,
which we denote by distM(x,y); see [dC92] for definitions and more details on Riemannian
manifolds and geodesic distances.

� Isomap

The motivation behind the Isomap approach [TdL00] is to preserve the pairwise ge-
odesic distances in the lower-dimensional representation. In Isomap the geodesic
distances are approximated by graph distances that are computed on a graph that
represents neighborhood relations of the data set. Using the graph distances, a corre-
sponding centered Gramian matrix is obtained, whose eigendecomposition then gives
the lower-dimensional representation of the data, analogously to MDS.

Approximation of geodesic distances Since we do not have access to the geodesic dis-
tances between data points directly, they have to be estimated in order to compute the Isomap
solution. To this end, we construct a neighborhood graph G on the data set X := {xi}i=1,...,n.

ò Neighborhood graph

A graph G := (V,E) with a so-called vertex set V =
{
v1, . . . , v|V |

}
and a so-called

edge set E ⊆ V × V is often represented by its adjacency matrix, i.e., a matrix A of
size |V | × |V |, where |V | is the number of nodes in the graph. The adjacency matrix
has a non-zero entry at position (i, j) if and only if the ith vertex is connected to the
jth vertex by an edge in the graph, i.e.,

Aij =

{
wij if (i, j) ∈ E,
0 else,

where wij is a suitable non-zero edge weight, which reflects the importance of the
connection between vertex i and vertex j.
An (undirected) neighborhood graph is a graph on a given data set V = X , where
an edge between two data points xi and xj exists if and only if these points are
close to each other. Two famous examples of neighborhood graphs are the k-nearest
neighbors graph, where each data point is connected to its k-nearest neighbors, and
the r-ball neighborhood graph, where an edge between xi and xj exists if and only
if ∥xi −xj∥2 ≤ r for all i, j = 1, . . . , n. In both cases, the edge weights are defined
as the Euclidean distance22 wij := ∥xi − xj∥2.

Given a neighborhood graph G on the data set X , we define the graph distance distG : X ×X →
[0,∞] between two points xi,xj ∈ X according to the shortest path between these points, i.e.,

22Note that distance measures other than the Euclidean distance could also be employed here.
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1. if (xi,xj) ∈ E, then let
distG(xi,xj) := wij ;

2. else let

Iij :=
{
(ik)

s
k=1

∣∣ s ∈ N, i1 = i, is = j and
(
xik ,xik+1

)
∈ E ∀ i = 1, . . . , s− 1

}
be the set of index sequences of all possible finite paths of any length, which we denote by
s, between xi and xj , and let

distG(xi,xj) := inf
(ik)

s
k=1∈Iij

s−1∑
k=1

wikik+1
.

To compute all graph distances distG(xi,xj) between points xi,xj , i, j = 1, . . . , n, Dijk-
stra’s algorithm [Dij59] or the Floyd–Warshall algorithm [Flo62] can be used, for example.

Computing the Isomap solution Given the graph distances, we can formulate the Isomap
approach for reducing the data dimensionality23 from d to q < d. It is known to work well when
the underlying manifold M is isometric to a convex domain; see [ACJP20]. We assume X ⊂
M ⊆ Rd, i.e., the data stem from the manifold M, which is a submanifold of Rd. Furthermore,
if X is sampled densely enough from M, i.e., if the Euclidean distance between local data points
is close to the geodesic distance, and if G only connects close neighbors to each other, we expect
that

distG(xi,xj) ≈ distM(xi,xj).

This means that the graph distance matrix DG with entries dist2G(xi,xj) for i, j = 1, . . . , n

is a good approximation to the geodesic distance matrix DM with entries dist2M(xi,xj) for
i, j = 1, . . . , n. For a formal proof under corresponding assumptions on the data and on the
manifold, see [ACJP20, TdL00].

Our goal is now to find low-dimensional representations {ηi}ni=1 ⊂ Rp of the data points
{xi}ni=1 ⊂ M ⊆ Rd such that their Euclidean distance matrix Dη with entries ∥ηi − ηj∥22 for
i, j = 1, . . . , n fulfills

DG ≈Dη.

This can be done by computing the solution to the Torgerson MDS problem (4.9) with
dist2G(xi,xj) instead of ∥xi−xj∥22. To this end, we first center DG to obtain G = − 1

2HDGH
using the centering matrix from (4.4). Then, we compute the eigenvalue decomposition of G to
obtain the low-dimensional vectors {ηi}ni=1, which are the dimension-reduced representatives
of the original data X . We refer the reader to Algorithm 5 for details and to Section 4.3 for the
analogy to MDS.

5.2 Diffusion maps
Next, we will discuss a more stochastically motivated nonlinear dimensionality reduction
method, namely diffusion maps, which is based on so-called diffusion distances. Unlike the
graph distance, which serves as an approximation to the geodesic distance, the diffusion distance
is robust to noise and topological shortcuts because it involves sums over all paths of a certain
length connecting two points of X .

23Note that q ∈ N is usually chosen a priori. However, as described in Section 4.4, q can also be chosen dynamically
by taking the eigenvalue decay into account.
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Algorithm 5: Isomap algorithm
Input: data X , dimension q < min(n, d)
Output: low-dimensional data representation Y of dimension q.

1 Build a neighborhood graph G = (X , E) (e.g., k-nearest neighbors graph).
2 (DG)ij ← distG(xi,xj) ∀ i, j = 1, . . . , n (e.g., by Dijkstra’s algorithm).
3 G← − 1

2HDGH .
4 Compute the first q eigenvalues {λl}ql=1 and the corresponding eigenvectors {ψl}ql=1 of

G.

5 (η1 η2 · · · ηn)←
(√
λ1ψ1

√
λ2ψ2 · · ·

√
λqψq

)T ∈ Rq×n.
6 Y ← {ηi}ni=1.
7 return Y .

� Diffusion maps

Diffusion maps is a nonlinear dimensionality reduction method introduced by Coif-
man and Lafon; see [CL06]. Here, the value K(xi,xj) of a nonlinear kernel K in
two data points xi and xj is used to represent the similarity between them. The
underlying idea of diffusion maps is to construct a random walk Markov chain on
the data set by using the kernel evaluations to build a transition probability matrix
P ∈ Rn×n on the data set. Then, the low-dimensional data representations can be
constructed from an eigendecomposition of P .

To consider the diffusion maps algorithm in more detail, let X = {x1, . . . ,xn} ⊂ Ω ⊆ Rd
be our data set. We will now encode the geometry of the data in terms of similarities between
two points by a kernel function. To this end, we choose a symmetric and positive kernel K :
Rd × Rd → R, i.e., the kernel fulfills K(x,y) > 0 and K(x,y) = K(y,x) for all x,y ∈ Rd.
The value K(x,y) represents the similarity between the data points x and y, i.e., large kernel
values mean that the respective two points are similar to each other. A prominent example for a
valid kernel, which is most commonly used in diffusion maps, is the Gaussian kernelKσ(x,y) =

exp
(
−∥x−y∥2

2

2σ2

)
with a variance hyperparameter σ > 0. With the help of this kernel, we now

build a Markov chain transition process from a graph defined on the data points.

ò Markov chains and random walks

A family Y = (Xi)i∈N of random variables on the countable set X is a Markov
chain if the transition probabilities fulfill

P
[
Xm = xim | Xm−1 = xim−1

, . . . , X1 = xi1
]

= P
[
Xm = xim | Xm−1 = xim−1

]
for arbitrary m ∈ N and i1, . . . , im ∈ {1, . . . , n}. This can be interpreted such that
the probability of the variable Xi being in a certain state only depends on the state of
Xi−1 and not on the complete history of the process. If the distribution is stationary,
i.e., if P

[
Xm = xi | Xm−1 = xij

]
is the same regardless of m ∈ N, the Markov

chain Y is called the path of a random walk on the data. The analogy becomes clearer
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when the data points are considered to be vertices of a fully connected, directed
graph, where the edge weight from xi to xj is given by P [X2 = xj | X1 = xi].
Then, following the path given by an instance of Y , we obtain a random walk on the
graph. For more details, see [Geo12].

Defining the transition probabilities To construct the Markov chain, let each data point
represent a vertex in a fully connected graph. The edge weights are now built according to
the values of K, which serves as a similarity measure between two data points. To construct
the transition probabilities of the Markov chain, we first normalize the kernel. To this end, we
choose a parameter α ∈ [0, 1] and define

K(α)(x,y) :=
K(x,y)(∑

z∈X K(x, z)
)α (∑

z∈X K(y, z)
)α . (5.1)

With the help of the rescaled kernel K(α) we can define the transition probability from x ∈ X
to y ∈ X by

P [y | x] := P (x,y) :=
K(α)(x,y)∑

z∈X K
(α)(x, z)

. (5.2)

The choice of α Depending on the choice of α, the transition probabilities will change sig-
nificantly. One can show that the value of α corresponds to a specific type of flow field on the
submanifold the data lie on; see [CL06]. In particular, α = 1 leads to a finite-sample approxima-
tion of a so-called Brownian motion random process. This resembles the dynamics of a flow field
following the Laplace–Beltrami operator, i.e., the Laplace operator on the submanifold. When
choosing α = 0, the flow field follows the so-called normalized graph Laplacian for a Gaussian
kernel K. Finally, values of α between 0 and 1 introduce a drift term in addition to the Brownian
motion. When choosing α = 1

2 , for example, we obtain the Fokker–Planck dynamics of the
random walk. For more details, we refer the reader to [CL06].

We will choose α = 1 later on since this choice is optimally suited to get rid of effects of the
data density on the constructed random walk and just recovers the geometry of the submanifold.
For detailed information on the convergence properties of the discrete data manifold towards the
underlying submanifold of Rd, we refer the reader to [GTGHS20].

Diffusion distances If we think about the matrix P ∈ Rn×n with entries P i,j = P (xi,xj)
as the transition matrix of the Markov process, we obtain the t-step transition matrix by comput-
ing the power P t for some t ∈ N. This allows us to define the so-called diffusion distance.

� Diffusion distance

The (squared) diffusion distance at time t ∈ N is defined by

DiffDist2t (xi,xj) :=

n∑
k=1

(
[P t]i,k − [P t]j,k

)2 1

π(xk)
, (5.3)

which resembles how far two points xi and xj on the “data manifold” are away from
each other in terms of reachability within 2t steps by the random walk defined by
P ; see [CL06]. Here, π is the stationary distribution of the random walk on the data
set X . In particular, π ∈ Rn is defined by πi = π(xi) for i = 1, . . . , n and fulfills
πP = π.
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A

C

B

Figure 5.2: Random walks on a dumbbell-shaped data set (blue points). The diffusion distance
between A and C is large since only a few random paths (gray) of length 2t = 10 exist between
them. However, the diffusion distance between A and B is small because there exist many paths
(violet) of length 2t = 10 between them. Note that only some exemplary paths are plotted here
for reasons of clarity.

The diffusion distance provides a measure of distance on the data manifold. In Figure 5.2, for
instance, the diffusion distance between the data points A and B is significantly smaller than the
diffusion distance between A and C due to their different reachability in the data graph. Another
interpretation is that DiffDist2t (xi,xj) is a weighted L2 distance between the corresponding two
probability distributions

(
[P t]i,k

)
k=1,...,n

and
(
[P t]j,k

)
k=1,...,n

over the data set. The difference
between the distributions is small if their main probability masses after time t are in similar
regions of the data set, which means that the corresponding components in (5.3) cancel each
other. This reflects that the two points xi and xj have a large probability of being connected
with a random path of length 2t. In contrast to that, there is no cancellation effect in (5.3) if the
main masses of the distributions lie in different regions of the data set.

By multiplying (5.3) out we can further see that

DiffDist2t (xi,xj) =

n∑
k=1

(
[P t]2i,k − 2[P t]i,k[P

t]j,k + [P t]2j,k

) 1

π(xk)

=

n∑
k=1

[P t]2i,k
1

π(xk)
− 2

n∑
k=1

(
[P t]i,k[P

t]j,k
) 1

π(xk)
+

n∑
k=1

[P t]2j,k
1

π(xk)

= ⟨xi,xi⟩pt,π − 2⟨xi,xj⟩pt,π + ⟨xj ,xj⟩pt,π.

Here, ⟨·, ·⟩pt,π is defined as

⟨xi,xj⟩pt,π :=

n∑
k=1

(
[P t]i,k[P

t]j,k
) 1

π(xk)
,

which is a weighted scalar product of a feature map that involves the probabilities of going from a
point xi (or xj , respectively) to any other node in t steps. Therefore, the scalar product involving



5.2. Diffusion maps 75

the feature map defines a kernel on the data set. Note that the connection between distances and
scalar products above is analogous to (4.7).

Diffusion maps To build now the so-called diffusion map, we exploit an important property of
the eigendecomposition of P : In fact, it can be shown that P admits a sequence of eigenvalues
1 = λ0 > |λ1| ≥ · · · ≥ |λn−1| and corresponding orthonormal eigenvectorsψi, i = 0, . . . , n−1,
i.e., it holds that

Pψi = λiψi ∀ i = 0, . . . , n− 1.

Moreover, [ψ0]j = c for some c ∈ R, for all j = 1, . . . , n, i.e., ψ0 is constant over X . With the
help of these eigenvectors, we can write the diffusion distance as

DiffDist2t (xi,xj) =

n−1∑
k=1

λ2tk ([ψk]i − [ψk]j)
2
.

This is summarized in the following theorem from [CL06].

Theorem 5.2.1 (Coifman, Lafon 2006). For an arbitrary, fixed t ∈ N, let the diffusion map
Ψt : X → Rn−1 be defined by

Ψt(xi) :=

 λt1[ψ1]i
...

λtn−1[ψn−1]i


for all i = 1, . . . , n. Then

∥Ψt(xi)−Ψt(xj)∥2 = DiffDistt(xi,xj).

This theorem tells us that the diffusion map Ψt embeds the data into Rn−1 in a distance pre-
serving way if we take the diffusion distance as our underlying metric. This is not surprising
since it is always possible to embed n data points of arbitrary dimension into Rn−1 in a distance
preserving way. However, since the absolute value of the eigenvalues λi is non-increasing for
growing i, we can additionally truncate the vectors Ψt(·) after q < n − 1 entries if the remain-
ing i = q + 1, . . . , n − 1 values |λi| are small. In this way, we embed the data X into Rq
while still approximately preserving the diffusion distance. The corresponding low-dimensional
representation of xi is then given by the first q coordinates of Ψt(xi), i.e.,

xi −→

 [Ψt(xi)]1
...

[Ψt(xi)]q

 =

 λt1[ψ1]i
...

λtq[ψq]i

 .

The complete diffusion maps approach is given in Algorithm 6. Here, diag(v) for v ∈ Rn
denotes a diagonal matrix with entries

diag(v)i,i = [v]i. (5.4)

Note that we added in lines 4 and 5 of Algorithm 6 an option to set the diagonal of K(α) to
zero. This is a common technique in biological cell development analysis, which we will deal
with in the upcoming tasks. Here, one is interested in transition probabilities between different
data points only and not in the on-point potentials imposed by local densities; see [HBT15] for
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Algorithm 6: Diffusion maps algorithm
Input: data X , α ∈ [0, 1], dimension q < min(n, d), zeroDiag ∈ {False,True}.
Output: low-dimensional data representation Y of dimension q.

1 K ← [K(xi,xj)]
n
i,j=1 with kernel function K : X × X → R.

2 Q← diag(K1) with 1 = (1, . . . , 1)T ∈ Rn. ▷ see (5.4)
3 K(α) ← Q−αKQ−α. ▷ see (5.1)
4 if zeroDiag = True then
5 K

(α)
i,i ← 0 for all i = 1, . . . , n.

6 end if
7 D(α) ← diag(K(α)1). ▷ see (5.4)
8 P ← (D(α))−1K(α). ▷ see (5.2)
9 Compute first q + 1 eigenvalues {λl}ql=0 and corresponding eigenvectors {ψl}ql=0 of P .

10
(
η1 η2 · · · ηn

)
←
(
λ1ψ1 λ2ψ2 · · · λqψq

)T ∈ Rq×n.
11 Y ← {ηi}ni=1.
12 return Y .

more details. In fact, for recovering the structure of the data set based on the graph random
walk and relations between different data points, it can be disadvantageous to have large nonzero
entries on the diagonal of the transition matrix. In this case, setting its diagonal to zero is known
to achieve better results.

5.3 Clustering
Besides dimensionality reduction methods like PCA and diffusion maps, we have already briefly
mentioned clustering as another unsupervised learning approach in Section 1.2. The idea behind
clustering is that we want to separate or segment the data set X into k ∈ N different subsets,
called clusters, C1, . . . , Ck ⊂ X . The data points within each cluster should be more closely
related to each other than to data points in other clusters. Figure 5.3 illustrates the result of a
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Figure 5.3: Application of clustering to a two-dimensional data set. The result is a partitioning
of the data set into three clusters, indicated by the blue squares, the black circles, and the red
triangles.
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clustering algorithm on a two-dimensional data set. Note here that the quality of a clustering
result of any given method is usually hard to evaluate [HTF09, Mur22, XW08]. In particular,
every time clustering is performed on a data set we obtain a result, but it could be completely
meaningless, e.g., due to noise effects; see [JWHT21].

While clustering does not reduce the dimensionality of the data set, it often goes hand in hand
with dimensionality reduction algorithms when it comes to detecting and visualizing the most
important properties of the data. We will discuss this combination in Section 5.4 in more detail.

In the remainder of this section, we will briefly introduce two of the most important clustering
algorithms. First, we discuss k-means clustering, whose intrinsic similarity measure is based
solely on the metric/distance measure of the surrounding space. Subsequently, we have a closer
look at spectral clustering, which employs a data-dependent, intrinsic distance measure within
k-means.

Due to the lack of an underlying model class in clustering algorithms, we cannot easily catego-
rize a clustering method as being either linear or nonlinear. However, since k-means relies solely
on Euclidean distance computations and on the averaging of data points, it could be considered
a linear method. In contrast to this, spectral clustering is inherently based on the result of the
spectral decomposition of the transition probability matrix P of the neighborhood graph from
the previous section. Thus, it can be considered to be a nonlinear method.

� k-means clustering

k-means is the most famous and straightforward way to cluster a data set. It relies on
searching k centroids c1, . . . , ck ∈ Rd, which serve as centers for the corresponding
clusters C1, . . . , Ck. A data point xi is then assigned to the cluster Cj for which the
Euclidean distance ∥xi − cj∥2 is smaller than the distance to any other centroid. In
summary, the k-means algorithm aims to solve the minimization problem

min
c1,...,ck∈Rd

C1,...,Ck⊂X disjoint⋃k
i=1 Ck=X

k∑
i=1

∑
x∈Ci

∥x− ci∥22.

The minimization objective is the so-called within-cluster sum of squared errors.

A famous approach to solve the k-means problem of minimizing the within-cluster sum of
squared errors approximately is Lloyd’s algorithm [Llo82]. It follows the heuristic of alternat-
ingly minimizing the within-cluster sum according to the centroids and according to the cluster
membership. To this end, cluster assignments are computed by determining the nearest centroid
for each data point in the first part of an iteration step of the algorithm. In the second part of an
iteration step the centroids are reassigned by computing the average of all data points within one
cluster. A detailed description can be found in Algorithm 7. Note that the employed simple ran-
dom initialization of the centroids can be improved by using certain heuristics; see, e.g., [VA06]
for the so-called k-means++ initialization. Furthermore, k-means can also be applied with non-
Euclidean distance measures such as the Procrustes distance; see [ADLS10], for example.

While k-means is the most prominent clustering algorithm, its application can become prob-
lematic for high-dimensional data because the Euclidean distance might not be a good distance
quantity due to the concentration of measure effect; see Section 1.6. Here, spectral clustering
becomes a good alternative.
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� Spectral clustering

A spectral clustering algorithm is based on a graph representation of the data, e.g.,
a neighborhood graph. Subsequently, we define a similarity matrix K, e.g., via the
Gaussian kernel as in diffusion maps. From this we build either the normalized (ran-
dom walk) graph Laplacian matrix Lrw on the data graph (see Algorithm 8 for its
computation) or the transition matrix P from diffusion maps. After ordering the ei-
genvalues λ1, . . . , λn−1 and eigenvectors ψ1, . . . , ψn−1 of either I − Lrw or P we
determine the differences between consecutive eigenvalues and take a k < n with
relatively large24 λk−1 − λk to be the number of clusters. Then, the standard clus-
tering algorithm k-means is run on the entries of the eigenvectors ψ1, . . . , ψk−1; see
Algorithm 9 for details.

Algorithm 7: The k-means algorithm by Lloyd
Input: data X , number of clusters k.
Output: clusters C1, . . . , CK .

1 Initialize c1, . . . , ck by drawing k different random samples from X .
2 while not converged do
3 C1, . . . , Ck ← ∅.
4 forall i = 1, . . . , k do
5 Ci ←

{
x ∈ X

∣∣ ∥x− ci∥2 ≤ ∥x− cj∥2 ∀ j ̸= i
}

. ▷ Ties broken randomly.
6 end forall
7 forall i = 1, . . . , k do
8 ci ← 1

|Ci|
∑

x∈Ci
x.

9 end forall
10 end while

Algorithm 8: Computation of the normalized random walk graph Laplacian Lrw
Input: data X .
Output: normalized random walk graph Laplacian Lrw.

1 Construct a graph G on the data set X , e.g., a k-nearest neighbor graph or a fully
connected graph.

2 Compute the weight matrix K, e.g., using the Gaussian kernel K, i.e.,

[K]ij :=

{
K(xi,xj) if there is an edge between xi and xj in G,
0 else.

3 Q← diag(K1) with 1 = (1, . . . , 1)T ∈ Rn; see (5.4).
4 Compute the random walk graph Laplacian Lrw ← I −Q−1K.

Note that, for a fully connected graph G in Algorithm 8 and for α = 0 and zeroDiag = False
in Algorithm 6, I − Lrw equals P . Thus, employing P for spectral clustering instead of Lrw,
which is the classical variant, gives us more flexibility by means of using different values for

24This is also known as the spectral gap.
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Algorithm 9: Spectral clustering on either M = I −Lrw or M = P

Input: data X .
Output: number of clusters k, clusters C1, . . . , CK .

1 Compute the eigenvalues 1 = λ0 > λ1 ≥ · · · ≥ λn−1 of M .
2 Determine k < n such that λk−1 − λk (spectral gap) is large.
3 Compute the corresponding eigenvectors ψ1, . . . , ψk−1 of M .
4 forall i = 1, . . . , n do
5 x̃i ← ([ψ1]i , . . . , [ψk−1]i)

T .
6 end forall
7 Run k-means on {x̃i | i = 1, . . . , n} to determine clusters C̃1, . . . , C̃k.
8 forall j = 1, . . . , k do
9 Ij ←

{
i ∈ {1, . . . , n}

∣∣ x̃i ∈ C̃j}.

10 Cj ← {xi | i ∈ Ij}.
11 end forall

α, which resemble different random walk dynamics as discussed before. Moreover, note that a
mathematical connection between graph theory and spectral clustering with Lrw can be drawn:
One can show that, for k = 2, the resulting segmentation is equivalent to a min-cut on the
underlying graph with weights K(xi,xj) for all i, j = 1, . . . , n. The reason for this is that
the data are clustered according to the eigenvectors of a Markov chain transition matrix. More
details on spectral clustering and its mathematical and graph-theoretical background can be found
in [vL07].

5.4 Visualization of high-dimensional data
As we have already seen throughout this book, a data set can be explored by visualizing it in
various ways. For instance, we discussed the level set and scatter plots in Chapter 3 to visualize
the optimal separating hyperplane and the application of a nonlinear feature map on the data set.
However, if the data are high-dimensional, a visualization like that is not straightforward. Here,
dimensionality reduction and clustering methods can be nicely combined to visualize a data set
and to obtain an overview on similarities and dissimilarities between data points.

As we have explored in the tasks of Chapter 4, we can employ PCA to reduce the data dimen-
sionality to two or three in order to visualize the result in a scatter plot. Of course this procedure
can also be applied for other dimensionality reduction methods, e.g., for diffusion maps. Further-
more, in order to visualize similarities between data points, we can employ clustering algorithms,
e.g., k-means or spectral clustering, on the original (high-dimensional) data set and visualize the
cluster assignments via color coding in the scatter plot of the dimension-reduced data. We will
explore this possibility in Section 5.5.5 in more detail. A schematic overview of this specific
visualization technique is depicted in Figure 5.4. For an overview on visualization methods,
especially for high-dimensional data, we refer the reader to the surveys [DOL03, LMW+17].

5.5 Tasks on nonlinear dimensionality reduction
Use the JUPYTER notebook template DiffusionMaps_template.ipynb which is provided at
https://bookstore.siam.org/di03/bonus for the tasks in this section. First, let us consider Isomap;
see Algorithm 5 for a simple 3D data set.

https://bookstore.siam.org/di03/bonus
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Figure 5.4: Schematic overview of data visualization via dimensionality reduction and cluster-
ing. First, the four high-dimensional input vectors (upper left) are processed by dimensionality
reduction and with a clustering algorithm, respectively. Then, the resulting low-dimensional co-
ordinates (lower left) are plotted in a scatter plot (lower right), where the cluster labels (upper
right) are used for the color coding. Here, the first label is depicted by red, and the second label
is depicted by blue.

X Task 5.1. Use the Isomap algorithm (sklearn.manifold.Isomap) from SCIKIT-
LEARN to analyze the Swiss roll data set. To this end, load and visual-
ize 2000 sample points from the 3D Swiss roll data set with the help of the
sklearn.datasets.make_swiss_roll routine. Embed the loaded data into 2D
using Isomap with a 10-nearest neighbors graph. Compare the resulting embedding
to a 2D PCA embedding. Use the color coding provided by the make_swiss_roll
routine to interpret the results.

As we can see in Figure 5.5, the Isomap algorithm nicely captures the intrinsic two-dimensional
structure of the Swiss roll. However, for practical applications, in particular with noisy data,
diffusion maps often performs better than Isomap. Therefore, let us now consider the diffusion
maps algorithm.

X Task 5.2. Implement the diffusion maps method from Algorithm 6. To this end, you
can use the scipy.spatial.distance.pdist function to efficiently compute the
pairwise distances needed to evaluate the Gaussian kernel function.
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Figure 5.5: The Swiss roll data set (left) and its 2D embedding after the application of Isomap
(right). The color coding serves to illustrate that Isomap nicely detects the intrinsic structure of
the data set.

To study the performance of diffusion maps, we will explore its behavior on biological single-
cell data. To this end, we start with the single-cell sequencing data set from [BNC+15] and
subsequently analyze the Guo data set from [GHT+10]. These data sets contain certain mea-
surements from genes of mouse embryonic stem cells at different developmental stages, which
we will discuss in more detail later. We will explore how data preprocessing and hyperparameter
choices influence the results of diffusion maps on this data set. Our overall goal is to detect the
transition between different developmental stages by visualizing clustering results of the data set.

For the following exercises, we will always use the zeroDiag = True option of Algorithm 6
since we are interested in the inter-cell transitions. Let us begin with the data set from [BNC+15].
It contains 182 data points, which are subdivided into three different groups. Each data point has
a dimension of 8989. While the data set has an underlying biological background, this is not
relevant for the following two tasks. We will use this data set just as a first example to show that
real-world data sets might contain nonlinear structures, which the PCA cannot capture well.

X Task 5.3. A routine to load the data set from [BNC+15] has already been imple-
mented in the template notebook we provide for this chapter. Now, reduce the di-
mension of the data to three by using diffusion maps. Use the Gaussian kernel with
parameter σ = 20 and use α = 1 in Algorithm 6. Visualize the result in a three-
dimensional scatter plot (q = 3), i.e., plot the (scaled) second, third, and fourth
eigenvectors of the transition matrix P from Algorithm 6 against each other. Do not
forget to color (or label) your resulting points in the plot according to the given labels.

X Task 5.4. Repeat Task 5.3 and employ the PCA and Isomap instead of diffusion
maps to reduce the data set dimension. You can use your own PCA implementation
from the last chapter or the one from SCIKIT-LEARN. Compare the PCA and Isomap
results with the ones achieved with diffusion maps in Task 5.3.

5.5.1 Single-cell data analysis

In recent years, dimensionality reduction methods have become popular to extract valuable in-
formation from high-dimensional biological data. Biologists aim to discover how single cells
(e.g., stem cells) differentiate over time and which developmental stages they pass. For this, cell
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data are collected from different developmental time points and are then combined into a single
data set. For each cell, gene expression analysis is done by measuring the expression intensity
of several genes. However, the high number of genes measured for each cell often makes it diffi-
cult for biologists to detect cell differentiation progressions. Dimensionality reduction methods
can help to extract information by projecting the data into a lower-dimensional space. If this
so-called embedding space is two- or three-dimensional, the data can be visualized as described
in Section 5.4. Different cell groups in the data should then be recognizable as different clusters
in the embedding space.

The Guo data set In the following, we will apply diffusion maps to the Guo data [GHT+10].
First, let us study the structure of this data set in more detail. The measurements contained
in it are single-cell qPCR Ct-values for 48 genes of 442 mouse embryonic stem cells at seven
different developmental stages from zygote to blastocyst. The details of qPCR Ct-values will
be explained below, after the description of this data set. Starting from the one-cell stage, cells
transition smoothly either to the trophectoderm (TE) lineage or to the inner cell mass (ICM).
Subsequently, cells transition from the inner cell mass either to the primitive endoderm (PE) or
to the epiblast (EPI) lineage.

In Table 5.12, we can see an exemplary excerpt of the Guo data set. In the first row, the names
of the measured genes (ranging from Actb to Tspan8) are given. The naming annotation in the
first column refers to the embryonic stage, embryo number, and individual cell number; thus
64C 7.14 refers to the 14th cell harvested from the seventh embryo collected from the 64-cell
stage. In the following, we are only interested in the embryonic stage of the cells, which is given
by the first number (e.g., 64C).

Cell Actb Ahcy Aqp3 · · · Gapdh · · · Tspan8
1C 1.1 14.01 19.28 23.89 · · · 16.21 · · · 18.53
1C 1.2 13.68 18.56 28.00 · · · 15.69 · · · 18.29
...

...
...

...
. . .

...
. . .

...
64C 7.14 13.78 25.46 20.79 · · · 17.43 · · · 18.47

Table 5.12: Table of the raw Guo data set. Each of the n = 442 rows contains the Ct-values
for a specific cell at a certain developmental stage. Each of the G = 48 columns contains the
Ct-values for a specific gene.

Ct-measurements To gain the actual data values presented in Table 5.12, a qPCR (real-time
quantitative polymerase chain reaction) was conducted, which consists of several cycles. At each
cycle, the amount of fluorescence is measured. A Ct-value (abbreviation for cycles-to-threshold)
is then defined as the number of cycles for which the fluorescence significantly exceeds the
background fluorescence, i.e., at which a clear fluorescence signal is first detected. Thus, a higher
Ct-value means a lower DNA or gene concentration. For the Guo data set, a total of 28 cycles
of qPCR were performed. All genes that would need more cycles to exceed the background
fluorescence were assigned the threshold value 28. For further details on the analysis of single-
cell development data, Ct-values, and qPCR data, we refer the reader to [BNC+15, GGF09,
GHT+10, Hea23].

5.5.2 Preprocessing

To ensure an accurate and meaningful analysis, data sets often require preprocessing techniques,
such as data cleaning, handling missing or uncertain values, and data normalization; see also
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Section 2.5. In the following, we will learn how to preprocess the Guo data set. To this end, let
us denote the raw data set by

Xraw = {x1, . . . ,xn} ⊂ RG,

where n = 442 is now the number of cells, i.e., the number of rows of Table 5.12, and G = 48
is the number of genes, i.e., the number of columns of Table 5.12. This means that [xi]j is the
expression value of the jth gene of the ith cell. For the raw Guo data set, we have the following
information:

• Cells from the 1-cell stage embryos were treated differently in the experimental procedure.

• Genes that would need more than 28 cycles to exceed the background fluorescence were
assigned the threshold value 28, as mentioned above. However, there still exist a few
entries larger than 28 in the raw data set, which indicate undetectable data. Next, these
data need to be deleted from the data set.

Cleaning the data Since cells from the 1-cell stage and cells with at least one entry larger
than the threshold value have to be excluded from the analysis, a proper cleaning of the data will
be our first step. The resulting cleaned data are given by

X = Xraw \
(
X1C ∪

{
xi ∈ Xraw | max

j=1,...,G
[xi]j > 28

})
,

where X1C denotes the set of cells from the 1-cell stage.

Normalizing the data Next, we need to normalize the data in order to obtain more accurate
results. A common strategy in biology is the normalization via reference genes. In our case,
we subtract for each cell the mean expression of the endogenous control genes Actb and Gapdh.
Moreover, we now also exclude entries which are identical to the threshold value 28, i.e.,

[xi]j ← [xi]j −
1

2
([xi]gActb

+ [xi]gGapdh
)

for all i = 1, . . . , n and j = 1, . . . , G for which [xi]j ̸= 28. Here, gActb and gGapdh denote the
indices of the genes Actb and Gapdh, respectively.

Rescaling the data Subsequently, we need to set the entries with threshold value 28 to a new
baseline. We define this baseline as the smallest integer greater than or equal to the maximum of
the normalized data set, i.e., ⌈max

i,j
{[xi]j | [xi]j ̸= 28}⌉.

X Task 5.5. Preprocess the Guo data set as described above by cleaning, normalizing,
and rescaling it. Finally, round all entries to three digits.

Now we are ready to apply the diffusion maps algorithm to the resulting data set.

X Task 5.6. Perform a diffusion maps analysis of the preprocessed Guo data set for the
Gaussian kernel with σ = 10 and α = 1 in Algorithm 6 and visualize the embedding
in a two-dimensional scatter plot (s = 2). Interpret your result. Can you assign
the branches revealed in the plot to the lineages of the Guo data set described in
Section 5.5.1?
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X Task 5.7. Perform a diffusion maps analysis of the Guo data set with the same pa-
rameters as in Task 5.6, but without full preprocessing (still remove the cells with
undetectable data and round all entries to three digits) and compare your result with
the plot from Task 5.6.

5.5.3 Further dimensionality reduction methods

We have seen that preprocessing is an important step in data analysis. Thus, from now on, we use
the fully preprocessed Guo data set. In the following, we want to compare the diffusion maps
performance on the Guo data set to other dimensionality reduction methods, namely the PCA
and t-SNE.

� t-SNE

The general idea behind t-distributed stochastic neighbor embedding (t-SNE) is that
the similarity between two high-dimensional points xj and xi is measured by the sum
of Gaussian distances exp(−∥xi − xj∥2/σ2

i ) + exp(−∥xi − xj∥2/σ2
j ) for certain

bandwidths σi, σj for i, j = 1, . . . , n. Analogously, for the low-dimensional repre-
sentatives ηi and ηj , similarities are measured by a student t-distribution; see also
[Geo12]. To determine the points ηi, the Kullback–Leibler divergence (see Chap-
ter 7 for a definition) between the Gaussian distribution and the student t-distribution
is minimized. More details can be found in [VdMH08].

We will use the existing t-SNE implementation from SCIKIT-LEARN in the following.

X Task 5.8. Embed the preprocessed Guo data set by using principal component analy-
sis and t-SNE. You can use the corresponding implementations from SCIKIT-LEARN.
Compare the results with the diffusion maps embedding from Task 5.6. Compare the
computation times of the dimensionality reduction methods as well.

5.5.4 Hyperparameter selection

Up to now, we have used the bandwidth σ = 10 for the diffusion maps analysis, which has given
a reasonable result. Nevertheless, the outcome might improve for a different (i.e., better) choice
of σ. But hyperparameter selection is a difficult task in machine learning algorithms, as we have
already seen in Chapter 3, and is even more difficult in unsupervised learning, where there are
no clear performance measures.

X Task 5.9. Compare the diffusion maps embedding of the Guo data set for several
bandwidths σ.

Lafon [CL06] proposed a rule for the choice of a good value for σ as

σ =

√√√√ 1

2n

n∑
i=1

min
j ̸=i
{∥xi − xj∥2}. (5.5)

The radicand indicates half of the average of all nearest neighbor distances in the data set.
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X Task 5.10. Implement the rule (5.5) for the bandwidth σ. Plot the embedding for the
Guo data set with the bandwidth chosen by this rule.

5.5.5 Cell group detection

So far, we had to determine the cell groups and lineages by looking at the plots from the previous
tasks. We now aim to identify the cell lineages by using clustering. To this end, we perform
spectral clustering on the transition matrix P from diffusion maps.

X Task 5.11. Implement the spectral clustering method from Algorithm 9 with the tran-
sition matrix P from diffusion maps and using k-means for clustering (from SCIKIT-
LEARN) for a given number of clusters k.

X Task 5.12. Plot the largest 20 (ordered) eigenvalues of the transition matrix P for
the preprocessed Guo data set and identify k by determining the biggest spectral gap
(use the parameters from Task 5.6).

X Task 5.13. Employ the spectral clustering algorithm for the Guo data set with k from
Task 5.12 and plot the resulting points/clusters in 2D. Interpret your results. Does the
clustering detect the different cell stages?

5.6 Further topics
Other nonlinear dimensionality reductions methods Besides Isomap and diffusion maps
there is a plethora of other nonlinear dimensionality reduction methods based on various ideas
on how to obtain a suitable low-dimensional embedding of the unlabeled data X . We refer the
reader to [LV07] for an overview and some mathematical background.

Besides Isomap, several approaches have been successfully employed which use neighbor-
hood graphs based on specific local Euclidean distances in the original space. Examples are the
Laplacian eigenmaps and Maximum Variance Unfolding (MVU) algorithms; see [LV07]. While
Laplacian eigenmaps works similarly to diffusion maps, MVU solves a regularized shortest path
problem. The goal of MVU is to obtain a Euclidean distance matrix for the embedded points
which is closest to the graph distance matrix [PG12]. Parallel Transport Unfolding [BYF+19],
which is similar to Isomap, also works with shortest path distances. Here, geodesic distances are
approximated using parallel transport along shortest paths on the neighborhood graph. This leads
to a more robust and more accurate approximation of geodesic distances than that for Isomap.

Moreover, two commonly used but more recent methods are the already discussed t-SNE
[VdMH08] (see Section 5.5.3) and Uniform Manifold Approximation and Projection (UMAP)
[MHSG18]. They do not aim to preserve high-dimensional distances, but aim to preserve the lo-
cal neighborhood of each data point in the embedding, while allowing more distortions for long
range distances. As outlined in Section 5.5.3, t-SNE seeks to minimize the difference between
specific probability distributions for the high- and low-dimensional data representations. On the
other hand, UMAP models the data manifold with a fuzzy topological structure. Here, the em-
bedding is found by searching for the low-dimensional projection of the data that has the closest
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possible equivalent fuzzy topological structure. Furthermore, density preserving extensions for
both t-SNE and UMAP were introduced in [NBC21].

Other clustering methods Apart from k-means and spectral clustering there are a variety
of other clustering methods such as hierarchical (agglomerative and divisive) clustering, which
successively builds a hierarchy of clusters, and density-based clustering algorithms like DBScan,
which detect areas of large data density and combine them into clusters. For a discussion of
different clustering approaches, we refer the reader to [XW08].



Chapter 6

Deep Neural Networks

We now focus on the model class of artificial neural networks and especially on so-called deep
neural networks. This class constitutes the present state of the art when it comes to large-scale
machine learning problems (many data points) and has proven to be very successful for various
applications, e.g., in signal processing or image recognition; see [Agg18, GBC16], for example.

This chapter is structured as follows. In Section 6.1 we first introduce the model class of
(deep) neural networks and their graphical representations. Section 6.2 is dedicated to the study
of the approximation properties of the model class. There, we investigate how well the model
class is suited to approximate functions from familiar function spaces, e.g., continuous functions
or functions with smooth derivatives. Subsequently, we have a look at the loss function and the
resulting optimization problem when employing neural network models in Section 6.3. Further-
more, we introduce an efficient algorithm to (approximately) minimize the loss there. Section 6.4
deals with a special subclass of neural networks, namely weight-reduced and convolutional neu-
ral networks. In Section 6.5 we study the algorithm from Section 6.3 in more detail and introduce
variants thereof that have proven to be successful in practical applications. Finally, Section 6.6
presents tasks on deep neural network implementations, where we dive into the PYTHON library
KERAS.

6.1 Feed-forward neural networks
In the following, we introduce the model class of artificial neural networks. Note that this section
is solely dedicated to the model class itself. We will discuss the loss function and the correspond-
ing optimization problem in Section 6.3 in detail.

� (Artificial) neural networks

The basic idea of artificial neural networks (ANNs) is motivated by how information
is propagated/processed between neurons in the human brain [VC19]: Based on the
state of a neuron, a signal is passed to adjacent/neighboring neurons. Depending on
the importance of a neuron-neuron connection, this is done in a weighted fashion.
In this book, we will focus on so-called feed-forward networks, where information
is propagated in a given direction. Moreover, there are also other important classes
of neural networks (NNs) such as recurrent neural networks (RNNs), which are of
special interest for, e.g., time series analysis; see Section 10.3 and [Agg18, GBC16]
for details.

87



88 Chapter 6. Deep Neural Networksi
i

“book-figure14” — 2023/10/9 — 13:26 — page 84 — #1 i
i

i
i

i
i

z1

z2

z3

...
zd

f(z) Output

w1

w2

w3

wd

Input
layer

Output
layer

Figure 6.1: Graph representation for a single-layer neural network with d input neurons and a
single output neuron.

6.1.1 A single-layer neural network

Let us first discuss the most simple example of a single-layer feed-forward network. Commonly,
NNs are represented by a directed graph. For the single-layer NN, the corresponding graph is
given in Figure 6.1.

This has to be interpreted as follows: The input vector z = (z1, . . . , zd) ∈ Rd is represented
elementwise by the nodes/neurons of the input layer. This information is propagated to the output
layer neuron, where the weighted sum with respect to the weights wi, i = 1, . . . , d, is taken and
a so-called bias b is added, i.e.,

f(z) :=

d∑
i=1

wi · zi + b.

Together, the weights and the bias are the parameters p = (w1, . . . , wd, b)
T in the parametrized

model classM1-layerNN of single-layer neural networks, i.e., these parameters are to be learned.
This means that they need to be determined by the minimization of a loss function with respect to
given training data; see Section 6.3. Note that the model class represented by this simple NN is
already familiar to us: It is just the affine linear model classM1-layerNN =MLin from Section 2.1.

Moreover, a nonlinear activation function ϕ is applied to the result. For the most simple choice
of the Heaviside function

ϕ(t) :=

{
1 if t > 0,
0 else,

we obtain the so-called perceptron network. It computes f(z) := ϕ
(∑d

i=1 wizi + b
)

; see
[Ros58]. This approach has been introduced by Rosenblatt in 1957 and was one of the first
ANNs for machine learning.

� Activation functions

An activation function ϕ : R → R at a network node processes the information
propagated to that node and thus defines the output of a node. It is applied after the
summation of the weighted input information and after adding a bias, i.e.,

ϕ

(
d∑
i=1

wizi + b

)
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is the output of a node with bias b, inputs z1, . . . , zd, and input weights w1, . . . , wd.
Classical activation functions are the hyperbolic tangent ϕ(x) := tanh(x) and the
sigmoid function ϕ(x) := sigmoid(x) = 1

1−e−x . Nowadays, the so-called rectified
linear unit (ReLU)

ϕ(x) := max(0, x)

is a popular choice because of its simple but nonlinear structure. Note that the task
of finding suitable activation functions for an application at hand is still an area of
active research; see, e.g., [SX22].

While there is a nonlinearity present in the Heaviside function, it only casts the real-valued output∑d
i=1 wizi + b to 0 and 1 in the same fashion as a level set function; see also Section 2.2. Thus,

the perceptron can only represent affine linear functions.

6.1.2 A two-layer neural network

Our next example for a neural network model is a fully connected25 two-layer NN with d1 = d
neurons in the input layer, d2 neurons in the so-called hidden layer, and one neuron in the output
layer. The corresponding graph representation can be found in Figure 6.2.i
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Figure 6.2: Graph representation for a two-layer neural network with d input neurons, d2 hidden
neurons, and a single output neuron.

This network works as follows:

• Neuron i of the input layer is assigned the value zi.

• The weighted information w(1)
i,j ·zi is propagated from neuron i of the input layer to neuron

j of the hidden layer for all i = 1, . . . , d and all j = 1, . . . , d2.

• All incoming information at neuron j of the hidden layer is summed up together with a
bias b(2)j to obtain the so-called net sum

net
(2)
j :=

d∑
i=1

w
(1)
i,j zi + b

(2)
j .

• A (possibly nonlinear) activation function ϕ(2) is applied to obtain

o
(2)
j := ϕ(2)

(
net

(2)
j

)
.

25This means that each neuron of a layer is connected to each neuron of the subsequent layer.



90 Chapter 6. Deep Neural Networks

• The weighted information is passed to the output neuron to obtain

net(3) :=

d2∑
i=1

w
(2)
i o

(2)
i + b(3)

and
f(z) := o(3) := ϕ(3)

(
net(3)

)
for some activation function ϕ(3). For regression, one usually takes ϕ(3) := id in the
output layer. For classification, it is common to choose a softmax function, which we will
introduce in more detail in Section 6.4.4.

The full model thus reads

f(z) = o(3) = ϕ(3)
(
net(3)

)
= ϕ(3)

 d2∑
j=1

w
(2)
j · ϕ(2)

(
d∑
i=1

w
(1)
i,j zi + b

(2)
j

)
+ b(3)


for some weights w(1)

i,j , w
(2)
j ∈ R and biases b(2)j , b(3) ∈ R for i = 1, . . . , d and j = 1, . . . , d2.

In contrast to the single-layer network model class M1-layerNN, this model class M2-layerNN of
two-layer neural networks with parameters w(1)

i,j , w(2)
j , b(2)j , and b(3) for i = 1, . . . , d1 and

j = 1, . . . , d2 can now represent nonlinear functions of the input z if ϕ(2) is a nonlinear function.
Again, the model, i.e., its parameters, must now be fitted to the available training data, which we
will discuss in Section 6.3.

6.1.3 Deep neural networks

Let us now introduce a general fully connected feed-forward neural network with L ∈ N layers.

� Deep neural networks

The neural network model classes with one or two layers can easily be generalized
to the L-layer case with L − 1 hidden layers for an arbitrary L ∈ N. For large L
(sometimes already for any L > 2), these networks are called deep neural networks
(DNNs). Using an ML algorithm with such a DNN as a model is what the term deep
learning refers to.

In an L-layer neural network, the weight matrices W (l) ∈ Rdl×dl+1 and bias vectors b⃗(l+1) ∈
Rdl+1 for l = 1, . . . , L are the parameters of the model class ML-layerNN. Let us study how a
function f ∈ ML-layerNN is defined, i.e., how the network outputs f(z) are computed for given
weights and biases. To this end, let the values o⃗(l) :=

(
o
(l)
1 , . . . , o

(l)
dl

)T
of the lth layer neurons

be given. Note that o⃗(1) = z is just the input of the network. We set

n⃗et
(l+1)

:=
(
W (l)

)T
· o⃗(l) + b⃗(l+1) (6.1)

for the lth layer weight matrix W (l) with entries W
(l)
i,j = w

(l)
i,j and the bias vector b⃗(l+1) =(

b
(l+1)
1 , . . . , b

(l+1)
dl+1

)T
. Slightly abusing notation, we write

o⃗(l+1) := ϕ(l+1)
(
net(l+1)

)
,
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where the application of the activation function ϕ(l+1) has to be understood elementwise. This
is done for l = 1, . . . , L to obtain

o⃗(L+1) = o
(L+1)
1 =: f(z)

for a single output layer neuron, i.e., dL+1 = 1.
This procedure of computing f(z) for given weight matrices W :=

(
W (1), . . . ,W (L)

)
and

bias terms b⃗ :=
(⃗
b(2), . . . , b⃗(L+1)

)
by layerwise iterations is called forward propagation. Note

however that we still need to optimize the weights and biases with respect to a given loss function;
see Section 6.3.

Although perceptron-based neural networks, like the ones we have discussed so far, were
introduced in the 1950s, they did not gain much interest back then since no efficient training
algorithms existed for multi-layer architectures. This changed in the 1980s when such algorithms
[Lin76, Wer82] were presented. Soon, they were employed successfully for several real-world
applications; see, e.g., [LeC85, RHW86].

6.2 Universal approximation theorem
Now that we have seen how the class of (fully connected) L-layer neural networks is defined,
we study how well functions from this model class approximate some known function classes
in order to assess how well neural networks are suited for learning arbitrary functions. In the
literature, the study of these approximation properties is also commonly referred to as the study
of the expressivity of a neural network model class.

A first result on two-layer neural networks is the so-called universal approximation theorem.
It goes back to [Cyb89] and [Hor91].

Theorem 6.2.1 (Cybenko 1989, Hornik 1991). Let ϕ(2) : R → R be a nonconstant, bounded,
and monotonically increasing function. For all ε > 0 and all g ∈ C

(
[0, 1]d

)
, there exist d2 ∈ N

and w⃗(2) ∈ Rd2 ,W (1) ∈ Rd×d2 , b⃗(2) ∈ Rd2 such that

∥f − g∥∞ < ε

for

f(z) :=
(
w⃗(2)

)T
· ϕ(2)

((
W (1)

)T
· z + b⃗(2)

)
.

This theorem essentially tells us that a two-layer network with an appropriate activation func-
tion is able to represent continuous functions on a compact domain with arbitrary precision. Note
that, for polynomial activation functions, this statement is a trivial consequence of the classical
Stone–Weierstrass theorem [Sto48], which states that linear combinations of polynomials can
approximate continuous functions on an interval arbitrarily well.

Popular activation functions that fulfill the requirements of Theorem 6.2.1 are the hyperbolic
tangent function ϕ(x) := tanh(x) and the sigmoid function ϕ(x) := 1

1−e−x . Interestingly, the
commonly used ReLU function ϕ(x) := max(0, x) does not meet the prerequisites of the above
theorem. However, there exist more recent variants of approximation theorems for NNs, which
cover the ReLU case and various other activation functions and also take the number of weights
and layers into account, e.g., [Yar17, PV18, BGKP19, GK22, GP90, Mha96, Dah22, MZ22].
For a thorough survey on approximation properties of different types of neural networks, see
[DHP21]. Let us have a look at the version from [PV18], which is valid for ReLU activations.
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Theorem 6.2.2 (Petersen, Voigtländer 2018). Let β > 0. There exists a c > 0 such that, for all
ε > 0 and any piecewise Cβ function g on [0, 1]d, there exists a DNN with ReLU activations and

at most O
(
ε−

2(d−1)
β
)

non-zero weights and c · log2(β + 2) ·
(
1 + β

d

)
layers with output f such

that
∥f − g∥L2

< ε.

Similar results are known for functions of higher smoothness, e.g., holomorphic functions.
There, even exponentially decaying bounds in ε on the approximation error ∥f − g∥ in certain
Lipschitz norms can be proven to hold with similar constraints on the numbers of neurons and the
numbers of layers; see [OSZ22]. To this end, the so-called rectified power unit (RePU) activation
function RePUp(x) := max(0, x)p with p ≥ 2 is used in contrast to the ReLU function.

Besides approximation theorems stating how well neural networks approximate certain func-
tion spaces, the function classes that specific neural networks describe have also been studied.
For two-layer feed-forward neural networks, for example, this class is called the Barron space.
In the case of deep residual neural networks, which we will introduce in Section 8.2, this class
is a so-called flow-induced function space. For more details, we refer the reader to [EMW22].
Furthermore, [Uns19] shows that determining the optimal activation functions of a neural net-
work together with its weights and biases results in non-uniform linear spline activations,26 i.e.,
the resulting network function is a piecewise linear spline with a priori unknown knot locations.

6.3 Training the neural network: Computing the weights
and biases

Up to now, we have not answered the question of how to find optimal/good weights and biases.
We have previously seen that a least squares error minimization for a supervised learning problem
with a one-layer NN without nonlinear activation function leads to a system of linear equations;
compare Section 2.1. However, the situation with nonlinear activations and L layers is much
more involved for L ≥ 2. Here, given a loss function L, we need to deal with a nonconvex and
(usually) nonlinear minimization problem, e.g.,

min
g∈ML-layerNN

L ((g(x1), y1) , . . . , (g(xn), yn))

for supervised learning. Note that this optimization problem might feature many local minima,
even for the simple least squares loss.

To tackle such an optimization problem, iterative methods (such as gradient descent; compare
Section 2.4), have proven to work well in practice. There, the fitting of the model parameters,
i.e., the weights W (l) and biases b⃗(l+1) for l = 1, . . . , L, to given training data is iteratively
done. Then, for a locally convergent method, a resulting local minimum depends on the initial
choice of the model parameters, the respective minimization method (e.g., involving successive
linearization steps), and the available training data set.

While there is not yet a mathematically sound theory/analysis, empirical results in the last
decade have shown that gradient descent methods (see Section 2.4) are a good approach to deal
with the optimization task of DNNs. In particular, we use stochastic gradient descent-type opti-
mizers to numerically tackle the above optimization problem.

6.3.1 Stochastic minibatch gradient descent

Let us introduce the stochastic (minibatch) gradient descent algorithm in the following.

26This holds when a total variation regularization is employed.
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� Stochastic gradient descent

The stochastic gradient descent (SGD) method is a stochastic version of gradient
descent from Algorithm 1. It runs the common gradient descent steps by only com-
puting the gradient with respect to a random subset (minibatch) of the training data,
i.e., each iterative step in the direction of the negative gradient of the loss function is
taken based on the gradient on just a subset of the training data. This aims to reduce
the overall costs of the gradient computations while maintaining a fast convergence
of the method; see also Algorithm 10 and Section 6.5 for more details.

Throughout this section, we will stick to the least squares loss function to introduce an SGD
variant for solving the corresponding optimization problem. Nevertheless, the use of other (dif-
ferentiable) loss functions works in an analogous fashion. To reflect our setting, let

CB(f) :=
1

|B|

|B|∑
i=1

Ci(f)

for a set B ⊆ {1, . . . , n} be the so-called minibatch loss on B. Here, we define

Ci(f) := L̃(f(xi), yi) = (f (xi)− yi)2 (6.2)

with the one-sample least squares loss L̃(z, z̃) = (z− z̃)2. Thus C{1,...,n}(f) is our well-known
least squares loss on the whole training data set

D = {(xi, yi) | i = 1, . . . , n}

of the supervised learning problem. Note that we will need to take derivatives of CB(f) with
respect to all the weights W =

(
W (1), . . . ,W (L)

)
and biases b⃗ =

(⃗
b(2), . . . , b⃗(L+1)

)
in order

to determine the next step in a gradient descent method. It should be clear that the function
f ∈ ML-layerNN, which the network realizes, implicitly depends on those variables. The SGD
method for fixed step size ν > 0, also called learning rate, a fixed subset size 0 < κ ≤ n, also
called minibatch size, and a fixed step number S ∈ N is summarized in Algorithm 10.

Note that we can either run the algorithm for a fixed number S of steps (so-called epochs), as
described here, or use a tolerance criterion for the change of the gradients as done in Section 2.4.

The initialization of the weights and biases is usually done randomly, e.g., by b(l)k , w
(l)
i,j ∼

U
(
− 1√

dl
, 1√

dl

)
. Note however that the choice of the initial weights and biases can significantly

influence the outcome and the performance of deep learning algorithms in particular cases; see,
e.g., [GB10, MM15]. Note furthermore that the gradient ∇W ,⃗b CB(f) is an unbiased estimator
for ∇W ,⃗b C{1,...,n}(f) in each SGD step. However, if κ≪ n, ∇W ,⃗b CB(f) is much cheaper to
evaluate than∇W ,⃗b C{1,...,n}(f). Nevertheless, to reduce the variance of this estimator, it makes
sense to choose a reasonably large minibatch size κ. Usually, κ is chosen to meet given hardware
and time constraints.

The convergence properties of stochastic gradient descent are discussed in Section 6.5.

6.3.2 Backpropagation: Computing the gradient of CB(f)

In order to run Algorithm 10, the only thing left to do is to compute

∇W ,⃗b CB(f) =
1

|B|
∑
i∈B
∇W ,⃗b Ci(f).
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Algorithm 10: Stochastic minibatch gradient descent with learning rate ν
Input: learning rate ν > 0, minibatch size κ ≤ n, number of epochs S ∈ N.

1 Initialize all weights W and biases b⃗.
2 forall s = 1, . . . , S do
3 Subdivide {1, . . . , n} into ⌈nκ⌉ random disjoint subsets B1, . . . , B⌈n

κ ⌉ of size
(approximately) κ.

4 forall B = B1, . . . , B⌈n
κ ⌉ do

5 Calculate f(xi) ∀i ∈ B via forward propagation.
6 Calculate the derivative∇W ,⃗b CB(f) with respect to all weights and biases.
7 forall l = 1, . . . , L do
8 forall i = 1, . . . , dl and j = 1, . . . , dl+1 do
9 Update each weight and bias, i.e.,

w
(l)
i,j ← w

(l)
i,j − ν

∂

∂w
(l)
i,j

CB(f) and b
(l+1)
j ← b

(l+1)
j − ν ∂

∂b
(l+1)
j

CB(f).

10 end forall
11 end forall
12 end forall
13 end forall

As mentioned before, we focus here on calculating∇W ,⃗b C(f) for C(f) := (f(x)− y)2, which
resembles eachCi for i = 1, . . . , n, with an abstract data point x. Nevertheless, the computations
for other one-sample loss functions work analogously.

Now, if the input to our L-layer network is z, then o(L+1) := o
(L+1)
1 = f(z). We will show

here only how to compute ∂

∂w
(l)
i,j

C(f). Note that the calculation of ∂

∂b
(l+1)
j

C(f) works in the

same fashion. As a first step, we apply the chain rule to obtain

∂C(f)

∂w
(l)
i,j

=
∂C(f)

∂o
(l+1)
j

·
∂o

(l+1)
j

∂ net
(l+1)
j

·
∂ net

(l+1)
j

∂w
(l)
i,j

=
∂C(f)

∂o
(l+1)
j

·
(
ϕ(l+1)

)′ (
net

(l+1)
j

)
· o(l)i .

Furthermore, we have

∂C(f)

∂o
(l+1)
j

=


2(f(z)− y) if l = L,∑dl+2

i=1
∂C(f)

∂ net
(l+2)
i

· ∂ net
(l+2)
i

∂o
(l+1)
j︸ ︷︷ ︸

=w
(l+1)
j,i

else.

Since
∂C(f)

∂ net
(l+2)
i

=
∂C(f)

∂o
(l+2)
i

· ∂o
(l+2)
i

∂ net
(l+2)
i

=
∂C(f)

∂o
(l+2)
i

·
(
ϕ(l+2)

)′ (
net

(l+2)
i

)
,

we see that we can calculate ∂C(f)

∂w
(l)
i,j

by iteratively working our way from layer L to L−1 to L−2

and so on until we reach layer l. This process is called backpropagation or just backprop. To this
end, we introduce

δ⃗(l) :=

{
2(f(z)− y) if l = L,

W (l+1) ·
(
δ⃗(l+1) ⊙

(
ϕ(l+2)

)′ (
n⃗et

(l+2)
))

else,
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which yields

∇W (l)C(f) = o⃗(l) ·
(
δ⃗(l) ⊙

(
ϕ(l+1)

)′ (
n⃗et

(l+1)
))T

,

∇b⃗(l+1)C(f) = δ⃗(l) ⊙
(
ϕ(l+1)

)′ (
n⃗et

(l+1)
)

for all l = 1, . . . , L. Here, ⊙ denotes the Hadamard product, i.e., the entrywise product between
two vectors.

Note that it is crucial for the performance of the SGD algorithm that the derivatives of CB(f)
can be computed by using basic linear algebra operations without using for-loops over i ∈ B.
Furthermore, note that the ReLU activation function is not differentiable in the classical sense.
However, the differentiation can be understood in a piecewise fashion here.

ò Automatic differentiation

The backpropagation procedure allows us to automatically infer the derivatives
∇W ,⃗b CB(f) for different choices of activation functions and layer numbers. In
contrast to numerical differentiation, where the derivative is approximated, e.g., by
computing the difference quotient, the symbolic knowledge about the network is used
here. In the mathematical community this is just a special case of automatic differen-
tiation or autodiff . Here, the derivative of a mathematical expression is numerically
evaluated by iterative applications of the chain rule on mathematical expressions,
which are built from combining basic mathematical functions, e.g., trigonometric
functions or polynomials, together with basic mathematical operators, e.g., addition,
division, etc. In this way, derivatives can be computed almost exactly (up to machine
precision); see also [GW08, Nau11] for more details and [BPRS18] for a survey on
automatic differentiation in ML.

Finally, we want to remark that the notation of the backpropagation process can differ through-
out the literature. We presented above just one special way to denote it. Another possibility is a
more compact gradient-type notation which is based on [GBC16]. Here, instead of storing δ⃗(l)

for l = 1, . . . , L, we store the gradients g⃗(l) of the loss function with respect to the net sum. To
this end, let

g⃗(l) := ∇
n⃗et

(l)C(f) = h⃗(l) ⊙
(
ϕ(l)
)′ (

n⃗et
(l)
)

for l = 1, . . . , L+ 1 with

h⃗(l) :=

{
2(f(z)− y) if l = L+ 1,

∇o⃗(l)C(f) = W (l) · g⃗(l+1) if l = 1, . . . , L.

Then, the derivatives of the loss with respect to the weights and biases can be written as

∇W (l)C(f) = o⃗(l) ·
(
g⃗(l+1)

)T
,

∇b⃗(l)C(f) = g⃗(l).

6.4 Weight reduction: Regularization
While fully connected networks are a very rich (approximation) model class, they involve a
large number of parameters, and it can quickly become hard or infeasible to train them due to
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overfitting problems and runtime complexity issues. Apart from smoothness regularizations and
bounds on coefficient norms, as for SVM, a very successful method for regularizing NNs is the
so-called dropout approach. Here, in each step of the iterative solver (e.g., SGD), a (hidden) node
in the network is neglected with probability 0 < p < 1. After the training, the whole network
is considered again for testing. There however, the output of each node is usually multiplied by
1− p such that the expected output E

[
o
(l)
i

]
is the same as in the training steps.

Apart from dropout, we could directly use a weight-reduced network, which has fewer param-
eters and, thus, less expressive power than a fully connected one, but which is often sufficient
to get good results. To this end, certain neuron-neuron connections are omitted, as illustrated in
Figure 6.3. i

i
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Figure 6.3: Graph representation for a two-layer neural network where weight reduction is used.
Note that each input neuron is only connected to a subset of hidden neurons.

A special form of weight reduction is weight sharing. Here, while many (or all) neuron con-
nections are still active in the network graph, some of them share the same weights as visualized
by Figure 6.4, where shared weights have the same name and color.
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Figure 6.4: Graph representation for a layer employing weight sharing. Here, three different
weights a, b, c are shared among the connections from one layer to the next one.

6.4.1 Convolutional layers

A special layer with shared weights is the so-called convolutional layer; see, e.g., [GBC16,
KSH12, RW17].

� Convolutional neural networks

Convolutional neural networks (CNNs) are NNs that contain a convolutional layer.
The arithmetic operation performed when forward-propagating information to a
convolutional layer resembles a mathematical convolution; see Section 4.5.3 for a
definition. To be more precise, the incoming weights are shared in such a way that
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the net sum at each node has a convolutional structure, i.e.,

net
(l+1)
j =

m∗∑
k=−m

o
(l)
j+kw

(l)
m+1+k + b

(l+1)
j , (6.3)

where m∗ = m if we want an odd number of 2m + 1 weights w(l)
1 , . . . , w

(l)
2m+1 and

m∗ = m − 1 if we want an even number of 2m weights w(l)
1 , . . . , w

(l)
2m. Here, the

size dl+1 of the (l+1)th layer depends on how we treat indices i for which o(l)i does
not exist, i.e., for which i ≤ 0 or i > dl.

Note that the bias is often omitted in convolutional layers since it does not influence the result
much for large networks. Note also that the indexing in (6.3) differs slightly from the indexing
in the definition of convolutions in Section 4.5.3. We choose the specific definition above to be
consistent with most of the literature on CNNs.

Padding and stride Besides the definition in (6.3), two additional parameters determine the
results and layer size of a convolutional layer in practice: the padding parameter p̃ ∈ N and the
stride parameter s̃ ∈ N.

The padding determines how non-existing values o(l)i for i ≤ 0 and i > dl in (6.3) are treated.
This means that all values o(l)i for −p̃ < i ≤ 0 and dl < i ≤ dl + p are defined to be zero.
Computations involving other non-existing values are neglected.

The stride determines how many o(l)i values are skipped, i.e., how many of the lth layer neurons
are neglected when computing the net sum for the next neuron in the (l+1)th layer. In particular,
the formula (6.3) is only valid for s̃ = 1, which is the default value. For other strides s̃ the
corresponding formula becomes more complicated and reads

net
(l+1)
j =

m∗∑
k=−m

o
(l)
s̃(j−1)+k+1w

(l)
m+1+k + b

(l+1)
j , (6.4)

wherem∗ = m for an odd number of weights andm∗ = m−1 for an even number of weights. A
simple example of a graph for a convolutional layer with three weights and with p̃ = s̃ = m = 1
is depicted in Figure 6.5. i

i
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Figure 6.5: Graph representation for a convolutional layer. The shared weights w1, w2, w3 are
used to compute (6.3) for m∗ = m = 1.
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Layer size The layer size dl+1 directly depends on the size of p̃ and s̃, i.e.,

dl+1 =

⌊
dl + 2 (p̃−m)− 1 + s̃

s̃

⌋
(6.5)

for the case of 2m+ 1 weights and

dl+1 =

⌊
dl + 2 (p̃−m) + s̃

s̃

⌋
(6.6)

for the case of 2m weights. In the following we will assume s̃ = 1 unless specified otherwise.

Parallel layers Convolutional layers are often used in a parallel fashion, i.e., P ∈ N indepen-
dent copies (so-called channels) of a convolutional layer are learned with different weights for
each copy. The concatenated output of all these parallel layers serves as the input to the subse-
quent layer in the network. Another way to look at this is to think of a layer of size dl+1 where
every neuron stores a P -dimensional vector of convolutions, e.g.,

net
(l+1)
j =

(
m∑

k=−m

o
(l)
j+kw

(l,p)
m+1+k + b

(l,p)
j

)P
p=1

for s̃ = 1 and an odd number of weights. We can think of this procedure as creating P different
feature maps for the data. Then, by learning the weights and biases of the subsequent layers, the
most significant combination of those feature maps is chosen by the network.

Finally, let us consider the case of a parallel convolutional layer with Po (output) channels
whose input already consists of Pi (input) channels. In this case, for each output channel, a
convolutional operator is applied to all Pi input channels, but with different (learnable) weights
per input channel. The results are then summed up over all input channels. In this way, each of
the Po output channels contains information about each of the Pi input channels.

6.4.2 Pooling

To reduce the size of a network further and since some information gained in an overlapping-type
of convolutional layer, i.e., s̃ < 2m, is redundant, a so-called pooling layer is often employed af-
ter a convolutional layer. Here, a simple mathematical operation is used to summarize/condense
the information of several neurons into one neuron. The most common type of pooling is max-
pooling, where the maximum of the values of the incoming neurons is stored. Let us consider
the example graph for a max-pooling layer with stride s̃ = 3 in Figure 6.6. We can interpret
this as a maximum operator with three arguments (size = 3), which is applied to the first layer
successively and jumps three neurons ahead after each application (stride s̃ = 3).

6.4.3 Multi-dimensional convolutional and pooling layer

Two-dimensional convolutional layers have been especially successful for image processing. In-
stead of just rearranging the pixels of an image in a 1D-type input layer and then applying a
convolution as in (6.3), we keep the matrix-like structure of the image and apply a 2D convolu-
tional layer with a local 2D stencil. Note that, if the image has more than one color channel, it
is interpreted as a tensor, i.e., for each color channel, the information is stored in a matrix. The
same principle holds if we apply parallel 2D convolutional layers. They operate in the same fash-
ion as the 1D parallel layers described in Section 6.4.1. For ease of notation, let us consider 2D
convolutional layers with one input channel and one output channel in the following formulas. In
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Figure 6.6: Graph representation for a max-pooling layer of size 3 with a stride of 3.

particular, let o(l)i,j denote the (i, j)th entry of the image/matrix at layer l. Then, a 2D convolution
with a 2m1 × 2m2 weight stencil

W̃
(l)

:=


w

(l)
1,1 w

(l)
1,2 . . . w

(l)
1,2m2

w
(l)
2,1 w

(l)
2,2 . . . w

(l)
2,2m2

...
...

...
...

w
(l)
2m1,1

w
(l)
2m1,2

. . . w
(l)
2m1,2m2

 ,

i.e., with an even number of weights in both directions, is given by

net
(l+1)
i,j =

m1−1∑
k1=−m1

m2−1∑
k2=−m2

o
(l)
i+k1,j+k2

w
(l)
m1+1+k1,m2+1+k2

+ b
(l+1)
i,j , (6.7)

where we assumed that m1 and m2 are both odd. In the case of odd stencil sizes we have
to modify the formula accordingly; see (6.3) for the 1D case. A schematic illustration of the
application of a 2D convolutional stencil can be found in Figure 6.7.

Analogously, a (max-)pooling layer can also be defined in the same 2D fashion, as is shown
in Figure 6.8.

A typical 2D-convolutional NN for image classification then consists of a sequence of alter-
nating 2D convolutional layers (possibly P parallel ones) and 2D pooling layers. At the end, a
fully connected layer is usually added. An illustration can be found in Figure 6.9.

6.4.4 Softmax activation

When dealing with a multi-class problem (M classes), we have to alter the structure of the output
layer in order to account for the multiple possible outputs. Usually, a so-called softmax-activation
function is used to model the output as a probability distribution, i.e.,

o
(L+1)
i :=

exp
(
net

(L+1)
i

)
∑M
j=1 exp

(
net

(L+1)
j

) ∀ i = 1, . . . ,M.

Then, we have M output neurons, whose values represent the probability that the input vector
belongs to the corresponding class. As the softmax function depends on net-inputs that (in a strict
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Figure 6.7: Schematic illustration for a 2D convolutional layer with 2 × 2 stencil W̃
(l)

and
s̃ = p̃ = 1 in each direction. The input is of size 6 × 6, and we exemplarily depict the entries
within the red, blue, and green squares. Note that the padding at the boundary leads to the
zeros within the green square. We illustrate the resulting values after the convolution operator is
applied within the square of the same color in the next layer, e.g., 1 · 7+ 2 · 1+ 0 · 4+ 3 · 3 = 18
in the red square in the output. Note that the subsequent layer size increased by one in each
direction according to (6.6).
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Figure 6.8: Illustration of a 2D max-pooling layer with size 3 × 3 and stride s̃ = 3 in each
direction.

sense) do not belong to the neuron at hand, the application of the softmax function is sometimes
also modeled as an extra layer but without any weights/degrees of freedom.

6.4.5 Cross entropy loss

For multi-class classification with classes Γ and a softmax layer at the end of the NN, the least
squares loss does not make much sense anymore. Instead, a commonly used loss function to
compare two probability distributions p1 and p2 is the cross entropy

H(p1, p2) := Ep1 [− log(p2)] = −
∑
c∈Γ

p1(c) log(p2(c)).
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10 parallel con-
volutional layers

10 parallel
pooling layers

20 parallel con-
volutional layers

20 parallel
pooling layers Fully connected

softmax
layer

Figure 6.9: Typical 2D CNN for image classification with several parallel convolutional and
pooling layers and a final fully connected layer, where the 2D data are stacked into a large 1D
vector before applying a softmax activation function. The number of channels (10 and 20) of
the convolutional layers has been chosen arbitrarily here. (Cat image licensed under Pixabay
Content License.)

In our case, p1 will be the distribution the data are drawn from, i.e., p1 = µ, and p2 is the output
of our neural network after the application of the softmax layer, i.e., p2 = f . The motivation
for employing a cross entropy loss is that its minimization is equivalent to the maximization of
the so-called likelihood of the labels given the data and all weights W and biases b⃗ under the
assumption that the data (xi, yi) are independent for different i ∈ {1, . . . , n}, i.e.,

argmax
W ,⃗b

n∏
i=1

p2

(
yi
∣∣ xi,W , b⃗

)
= argmax

W ,⃗b

log

(
n∏
i=1

p2

(
yi
∣∣ xi,W , b⃗

))

= argmax
W ,⃗b

n∑
i=1

log
(
p2

(
yi
∣∣ xi,W , b⃗

))
= argmax

W ,⃗b

Ep1 [log(p2)] .

This holds since p2 is non-negative and the logarithm is a monotonically increasing function,
which does not change the argmax. Note that

argmax
W ,⃗b

Ep1 [log(p2)] = argmin
W ,⃗b

Ep1 [− log(p2)] ,

which shows the equivalence of minimizing the cross entropy between p1 and p2 and maximizing
the likelihood of p2 when the data are drawn according to p1.

6.5 A closer look at different optimizers
While SGD is the most commonly used optimizer in deep learning, it might encounter problems
due to its fixed learning rate ν and due to occasional saddle points, i.e., points where the zero-
gradient is not sufficient to indicate an optimum. To remedy these issues, many variants and
modifications of SGD have been proposed; see [BCN18, GHR20] for a survey.

6.5.1 Stochastic gradient descent

Let us first consider stochastic gradient descent in its most simple form, i.e., with minibatch size
1, see Algorithm 10 with κ = 1. Here it is known that certain properties of the minimization
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problem at hand allow us to derive an error estimate. To this end, let C̃ be a random variable
depending on a data point (x, y) drawn according to the data measure µ. Then, letCi be instances
of C̃ instantiated at the training data points (xi, yi) for i = 1, . . . , n. For example, Ci(f) =
(f(xi) − yi)2 as in (6.2). This leads to the least squares loss C(f) = 1

n

∑n
i=1 Ci(f). Now we

slightly reformulate the minimization problem such that the loss function does not depend on
f but rather on the parameters of f . To obtain a general formulation we denote the parameter
vector by p ∈ Rdp . Then, we arrive at the model problem

min
p∈Rdp

Θ(p) := min
p∈Rdp

1

n

n∑
i=1

Θi(p), (6.8)

where Θi := Ci(f) = Ci ◦ f and the function f is fully defined by the parameters p. In our
case, p contains the weights W and biases b⃗ of a specific neural network class. The following
theorem can be found in [GHR20]. To avoid any confusion about which derivative is considered,
we will write∇p for the derivative with respect to the parameter variable p in the following.

Theorem 6.5.1 (Gorbunov, Hanzely, Richtárik 2020). Let the Θi from (6.8) be convex and let

∥∇pΘi(p̄)−∇pΘi(p̂)∥ ≤ L∥p̄− p̂∥

hold for some L ≥ 0 and for all p̄, p̂ ∈ Rdp and all i = 1, . . . , n (regardless of the data point
defining Ci). Furthermore, let Θ be ξ-strongly quasi-convex, i.e.,

Θ(p∗) ≥ Θ(p) + ⟨∇pΘ(p),p∗ − p⟩+ ξ

2
∥p∗ − p∥2 ∀ p ∈ Rdp

for some ξ > 0, where p∗ = argminp∈Rdp Θ(p). Then, choosing κ = 1 and a learning rate
0 < ν ≤ 1

2L in Algorithm 10 leads to the upper bound

E
[
∥p∗ − pk∥2

]
≤ (1− νξ)k∥p∗ − p0∥2 +

2νσ2

ξ
(6.9)

for the difference between the true solution p∗ and the parameter value pk after the kth iteration,
i.e., after the kth minibatch has been processed.27 Here, p0 is the initial value and σ2 :=
E
[
∥∇pΘ1(p

∗)∥2
]
.

This theorem gives us an upper bound on the error after k iterations of the SGD algorithm.
Note that the upper bound only converges to 0 if σ2 = E

[
∥∇pΘi(p

∗)∥2
]
= 0 would hold for

some/any i (since they are identically distributed). Nevertheless, when choosing a very small
learning rate ν, the second term on the right-hand side of (6.9) almost vanishes. However, the
first term decays then very slowly with increasing k. Therefore, a certain tradeoff is needed to
obtain a fast convergence and a small overall upper error bound.

Many versions of the above theorem for different SGD variants can also be found in [GHR20],
e.g., variants for a minibatch algorithm or a regularized version of it. A similar error bound for
SGD with slightly different prerequisites and a result for a decaying learning rate can be found
in [BCN18].

When applying the above theorem to neural networks we immediately encounter a problem:
The prerequisites are usually not fulfilled. In particular, the convexity of the Θi and the ξ-strong
quasi-convexity of Θ are only met for very special types of multi-layer networks. Therefore, a

27Note that the number of iterations k refers to the number of times that line 6 in Algorithm 10 has been called. This
means that we already performed n iterations after one full epoch if the minibatch size is κ = 1 since we execute line 6
of Algorithm 10 once per epoch for each data point.
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sound convergence theory in more general cases still needs to be established. Nonetheless, SGD
is still frequently applied there. In the next sections we will encounter variants of SGD, which
heuristically perform in some cases even better than the theory predicts. To this end, let us briefly
introduce a compact way to write the kth iteration of the SGD algorithm as

pk = pk−1 − ν∇pΘB(pk−1),

where ΘB(pk−1) = CB(f(·;pk−1)) is the minibatch variant of the notation from (6.8); see also
Section 6.3. Here, we explicitly expressed the network function f in dependence of both the
input and the parameter vector p, which we omitted previously for readability reasons.

6.5.2 Momentum based optimizers

The following momentum-based variants of SGD are quite popular in the ML community. Sim-
ilar to plain SGD, there exist error bounds on them in the case of convex minimization; see
[Nes83].

• Momentum update [RHW86]:

mk := χ ·mk−1 − ν · ∇pΘB(pk−1),

pk = pk−1 +mk.

Here, a momentum term mk is incorporated, which contains the history of already en-
countered gradient steps. It is weighted by 0 < χ < 1 in each iteration. Therefore, the
contribution of values of older gradients decays exponentially with the number of steps
taken. Note that if the most recent gradients have a common direction in which they point,
the contribution of this direction to the next step is largely increased. This can be inter-
preted as pushing a ball down a hill. Typically, χ ≈ 0.9 is chosen. An illustration of
gradient descent with and without momentum updates can be found in Figure 6.10.

• Nesterov update [Nes83]:

mk = χ ·mk−1 − ν · ∇pΘB(pk−1 + χ ·mk−1),

pk = pk−1 +mk.

A problem with the momentum update can be that we still follow the direction of older
gradients while the gradient at our current iterate might point in a completely different
direction. To remedy this issue, Nesterov came up with a clever idea: We first take pk−1+
χ ·mk−1 as an estimate of where we are going in the next step and then compute the
gradient there. This approach has the chance to reach a convergence rate that is twice as
good as that of plain SGD, at least for strongly quasi-convex problems; see [AR20].

Figure 6.10: Gradient descent updates without (left) and with (right) momentum updates are
depicted with orange arrows. The sought minimum is found in the middle of the blue ellipses,
which reflect the isolines of the function under consideration.
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6.5.3 Step size adaptation

Another improvement to SGD with fixed learning rate ν > 0 is to adaptively adjust ν according
to the currently encountered gradient instead and to even choose a separate learning rate for each
entry of the gradient vector. To this end, let ε > 0 be a small threshold.

• AdaGrad [DHS11]:

hk = hk−1 +∇pΘB(pk−1)⊙∇pΘB(pk−1),

pk = pk−1 −
ν∇pΘB(pk−1)√

hk︸ ︷︷ ︸
elementwise

+ε
.

The idea of AdaGrad is to now use the squared sum hk of all previously encountered
gradients to change the learning rate individually for each weight and bias. Here, the
learning rate is damped for weights/biases that already changed largely in the past and it
is increased for weights/biases that only underwent minor changes. Note that the division
and the square-root have to be understood elementwise. Usually, a value of ε ≈ 10−4 is
chosen as threshold to ensure that the denominator in the above equation does not vanish.

• RMSProp [Hinton - unpublished]:

hk = χ · hk−1 + (1− χ)∇pΘB(pk−1)⊙∇pΘB(pk−1),

pk = pk−1 −
χ∇pΘB(pk−1)√

hk + ε
.

A major problem with AdaGrad is that the whole history of squared gradient information
is accumulated in hk and leads to smaller and smaller updates with increasing iteration
numbers. Therefore, the iteration process might be stuck without reaching an adequate
minimum. For RMSProp, a moving average of squared gradients is chosen to remedy this
problem. Usually, the convex combination coefficient is set to χ ≈ 0.9 in practice.

6.5.4 Combining momentum and adaptive step sizes

Considering the advantages of the SGD variants using either momentum based optimization or
adaptive step sizes, it is only logical to combine the two strategies. The most famous optimizer
that follows both strategies is Adam.

• Adam (Adaptive moment estimation) [KB14]: At step k ∈ N, it reads as

mk = β1 ·mk−1 + (1− β1)∇pΘB(pk−1),

hk = β2 · hk−1 + (1− β2)∇pΘB(pk−1)⊙∇pΘB(pk−1),

m̂k =
mk

1− βk1
,

ĥk =
hk

1− βk2
,

pk = pk−1 −
ν · m̂k√
ĥk + ε

.

Here, the two ideas of momentum update and adaptive learning rate are combined. To this
end, moving averages mk of the gradients are used as a momentum term and moving av-
erages hk of the squared gradients are used to adaptively guide the step size. Furthermore,
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a correction of 1
1−βk

1
is made to mk and a correction of 1

1−βk
2

is made to hk. These cor-
rections account for a potential initialization bias for large values of β1 and β2. Note that
there also exists a Nesterov-version of Adam called NAdam [Doz16].

In practice, plain SGD and Adam are most frequently used, and we will encounter them in
Section 6.6 in detail.

6.6 Tasks on deep neural networks
6.6.1 Two-layer neural network

We will start by implementing a two-layer fully connected neural network on our own to grasp
the essentials of the architecture and the forward and backward propagation steps.

X Task 6.1. Implement a class TwoLayerNN, which represents a (fully connected, feed-
forward) two-layer neural network, i.e., L = 2. The activation functions should be
ϕ(2) = ReLU and ϕ(3) = id. The weights and biases can be initialized by drawing
i.i.d. uniformly distributed random numbers in (−1, 1). The class should contain a
method feedForward to calculate the point evaluations of f for a whole minibatch
at once and a method backprop to calculate ∇W ,⃗b CB(f). To this end, avoid using
for-loops over the minibatch and use linear algebra operations (on vectors, matrices,
or tensors) from NUMPY instead.

X Task 6.2. Augment the TwoLayerNN class by implementing a method to randomly
draw a minibatch data set and a routine to perform the stochastic minibatch gradient
descent algorithm.

X Task 6.3. Test your implementation by drawing 250 uniformly distributed points xi
in R2 with norm ∥xi∥ ≤ 1 and label them by yi = −1. Now draw 250 uniformly
distributed points xi in R2 with 1 < ∥xi∥ ≤ 2 and label them by yi = 1. Use your
two-layer neural network with d2 = 20 hidden layer neurons, κ = 20 and 50000
iterations, i.e., use S = 50000

κ = 2500 epochs, to classify the data. Try different
learning rates ν. Output the least squares error every 5000 iterations. After the result
has been computed, make a scatter plot of the data and draw the contour line of your
learned classifier. What do you observe? What happens if you increase S?

6.6.2 KERAS and TENSORFLOW

For the final tasks we use the KERAS library [Cea15]. It provides a high-level and easy to use
abstraction for the popular deep learning backend TENSORFLOW [Aea15].

Defining the network from Task 6.3 could be done as follows:

from tensorflow import keras
import tensorflow.keras.layers as layers

model = keras.models.Sequential()
model.add(layers.Dense(20, input_shape=(2,), activation= ’ r e l u ’))
model.add(layers.Dense(1))

You can print a summary with print(model.summary()).
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Continue with compiling the model

model.compile(loss= ’ mse ’, optimizer= ’ sgd ’, metrics=[ ’ a c c u r a c y ’])

Here, mse stands for mean squared error (cf. (6.2)), and sgd is an abbreviation for stochastic
gradient descent; see Algorithm 10. You can start training the model by

k = 20
S = 50000
history = model.fit(X_train, Y_train, batch_size=k,

epochs=S / (500 / k), verbose=True)

The gradient implementation28 is derived using automatic differentiation. KERAS has support
for several gradient descent variants, which can also be configured (e.g., it allows us to change
the step size). Of course, the final layer can have an activation function too, e.g., softmax when
used for classification.

A convolutional layer with a ReLU activation can be added with

model.add(layers.Conv2D(16, kernel_size=(3, 3), activation= ’ r e l u ’))

which adds 16 parallel layers (i.e., 16 layers of the same shape at the same position29), each with
a 3× 3 convolutional matrix for 2D input. To flatten the result for classification use

model.add(layers.Flatten())

6.6.3 Regularization

To prevent overfitting many techniques are known, but most of them are not well understood
theoretically. A very popular technique is the dropout approach (compare Section 6.4), where,
during each training step, one neglects nodes in a layer with a given probability p. In this way,
random sub-nets are trained. To add dropout regularization to a layer employ

model.add(layers.Dropout(p))

after it.
KERAS also has support for using regularization terms in the loss function, similar to what we

have seen in the discussion of SVMs in Chapter 3.

X Task 6.4. Use KERAS to build a classifier for the MNIST data set (see the template
JUPYTER notebook).

(a) Build a model with the following layers:

– a fully connected layer (Dense) with 128 output nodes + ReLU,
– a fully connected layer with 128 output nodes + ReLU,
– a fully connected layer with 10 output nodes + softmax.

Use the SGD optimizer with a batch size of 128 and the categorical cross en-
tropy loss (loss="categorical_crossentropy") and train for 20 epochs.
Use the accuracy metric (set in model.compile) and provide the test data as

28The network is at least piecewise differentiable.
29This can also be understood in the following way: Each neuron of the convolutional layer contains a 16-dimensional

vector.
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validation data to model.fit (set the parameter validation_data to appro-
priately reshaped versions of (X_test, Y_test)). Plot the fit history (return
value of model.fit).

(b) Build a new network by adding dropout (p = 0.3) to the first and second layers
of the model from (a). Train it for 250 epochs.

(c) Build a third network by using the model from (b) with the optimizer "adam"
instead of SGD. What does this optimizer do in contrast to SGD? Train for 20
epochs.

X Task 6.5. For the MNIST data set, build a CNN with KERAS with the following
layers:

• 16 parallel convolutional layers with kernel size 3× 3 + ReLU,

• 32 parallel convolutional layers with kernel size 3× 3 + ReLU,

• a 2D max pooling layer of size 2× 2, non-overlapping + dropout (p = 0.25),

• a flattening layer, which converts its input to a vector,

• a fully connected layer with 128 outputs + ReLU + dropout (p = 0.5),

• a fully connected layer with output size 10 + softmax.

Train for 15 epochs; the other parameters should be the same as in the previous model
from Task 6.4.

Feel free to change the network/training in order to improve the error.

X Task 6.6. Use a CNN to learn features for pedestrian classification. Proceed as fol-
lows:

• Design and train a CNN for pedestrian classification (use the data from Sec-
tion 4.5.2). Here, you can start with the network from Task 6.5.

• Use the output after the flattening (see KERAS’ FAQ on how to do this) as a
feature vector for a linear SVM, maybe even together with the HOG features.

Try to use PCA in order to improve the accuracy, also tweak the HOG parameters.
Make sure not to overfit (the pedestrian data set is small for deep learning standards).
Hint: You can also install the AUGMENTOR library for PYTHON in order to enlarge
the data set, which is a common technique in deep learning.

6.7 Further topics
GPUs/TPUs KERAS (more precisely its backends) can take advantage of a GPU (graphics
processing unit) in order to speed up the training. When executing the code for the tasks above,
your training was probably using the CPU, even if your machine has a GPU. Setting up KERAS
to run on the GPU instead can be challenging. But if successful, the performance gain is usually
significant. We ran Task 6.5 on six Xeon 3.6 GHz (Sandy Bridge) cores and on a Tesla P100
GPU. For the CPU, one epoch of training took 30 seconds (a 2012 Quad-Core laptop took over
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a minute), while on the GPU an epoch was finished in three seconds. Even higher speedups are
common.

Training a neural network involves a lot of trial-and-error and requires experience and pa-
tience. Modern networks can only be trained (in reasonable time) on a GPU or on dedicated
hardware. For example, the famous AlexNet [KSH12] had 60 million parameters and was trained
over six days on two GPUs in 2012. More recent approaches usually achieve smaller training
times but exploit a much more expensive hardware setup. The authors of [GDG+17], for in-
stance, trained their network within an hour on 256 GPUs in 2017. However, comparing many
recent experiments on the same data set to older results is usually not straightforward since a lot
of pre-training and model/architecture mixing is being done; see, e.g., [YWV+22].

Besides GPUs, so-called tensor processing units (TPUs) have been developed. These are
specific hardware/chip architectures, which are even more efficient for deep learning problems
than GPUs; see, e.g., [Jea17].

References on general neural networks and CNNs The free course at fast.ai30 is a highly
recommended reference when looking for further tutorials on neural networks from a program-
mer’s perspective. A more thorough and complete consideration of many neural network types
is given in the book [GBC16] or in the review [RW17] on CNNs. There you will also find
references on the history of neural networks.

Recurrent neural networks An important type of network, which we only briefly discuss in
Section 10.3, is the recurrent neural network; see also [GBC16]. Here, variable input sizes/di-
mensions and sequence data (such as time series) can be processed. To this end, an internal
state variable is stored and recomputed for each new time step, for instance. The most famous
recurrent neural networks are long short-term memory networks (LSTM) [HS97] or gated recur-
rent units [CvMG+14]. They allow us to process long and possibly instationary sequences by
adaptively learning which time horizon to choose, while using past data in order to predict future
values.

Information-theoretic consideration of deep learning Besides the approximation-theo-
retic results we briefly touched upon in Section 6.2, deep neural networks can also be considered
from an information-theoretic viewpoint. The so-called information bottleneck method quantifies
how much relevant information about the underlying data distribution is retained throughout the
network. Subsequently, the network can be optimized such that an optimal tradeoff between kept
relevant information and information compression is achieved. For more details we recommend
[TZ15] and Chapter 12 from [Cal20].

30http://www.fast.ai/

http://www.fast.ai/


Chapter 7

Variational Autoencoders

In this chapter, we will introduce neural networks specifically designed for the unsupervised
learning task of dimensionality reduction. These networks are called autoencoders.

� Autoencoders

Autoencoders are special feed-forward neural networks. They consist of so-called
encoder layers, which perform the reduction step from the high-dimensional data
space to a certain low-dimensional space, and of decoder layers, where vectors from
the low-dimensional space are mapped back to the high-dimensional space. In this
fashion, two parts are trained simultaneously: A dimensionality reduction architec-
ture and a high-dimensional vector reconstruction algorithm. For details, we refer the
reader to [Bal12, GBC16, Sch15].

The autoencoder approach allows the user to traverse the low-dimensional space of hidden (or
latent) variables, in which—in the best case—the directions can be associated with some mean-
ingful key figures such as physical, biological, or sociological quantities.

� Latent variables and latent space

In unsupervised learning, the term latent variables or hidden variables relates to
the coordinates of the low-dimensional embedding space. The terminology stems
from statistics, where these variables are considered as unobservable in contrast to
the high-dimensional variables, which are observable via the given samples xi for
i = 1, . . . , n. Therefore, the low-dimensional space itself is often referred to as
latent space.

It is oftentimes not a priori clear how to obtain meaningful and interpretable latent vari-
ables for the dimensionality reduction step. Furthermore, it is not clear if, for instance, the
high-dimensional reconstruction of an interpolated vector between two data points in the low-
dimensional space is meaningful at all. To this end, variational autoencoders [Doe16, KW13,
KW19] have been created. They involve a probabilistic approach that ensures an appropriate
data distribution within the latent space and a meaningful process of generating high-dimensional
vectors from low-dimensional representatives. This serves as a first step in the direction of inter-
pretable latent variables.

109
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This chapter is structured as follows. Section 7.1 gives a general introduction to autoencoders
and their connection to the PCA. Next, we present tasks on autoencoders in Section 7.2. Sub-
sequently, we discuss the concept of latent variables and the necessary statistical background in
Section 7.3, before we come to study variational autoencoders in Section 7.4. Finally, we give
tasks on the analysis of the MNIST data set from Section 3.7 with variational autoencoders in
Section 7.5.

7.1 Autoencoders
First, we introduce the concept of autoencoders represented by neural networks. To this end, we
briefly review the idea behind these special architectures and their construction before consider-
ing variations thereof.

7.1.1 Motivation and idea

Autoencoders (AEs) were designed for the task of dimensionality reduction or merely com-
pression of high-dimensional input vectors. Note that we already came across prominent and
successful methods from this area, namely the linear PCA in Chapter 4 and the nonlinear diffu-
sion maps algorithm in Chapter 5. As we learned there, the goal of dimensionality reduction is
to obtain a more effective low-dimensional representation of the input vectors. Moreover, as we
now have encountered neural networks in Chapter 6, it appears only natural to ask whether there
exists a neural network construction for dimensionality reduction. Here, autoencoders represent
a type of neural network for exactly this goal.

Essentially, an AE is built from two maps:

1. An encoderE : Rd → Rq mapping from the original data space Rd to the low-dimensional
embedding space Rq with q < d.

2. A decoder D : Rq → Rd mapping in the opposite direction.

Then, the AE h is just the concatenation of both maps, i.e.,

h := D ◦ E : Rd → Rd.

The main question is how to build the encoder and decoder. To this end, it is crucial to look at
the motivation behind an AE, i.e., the mathematical task it tries to solve.

Recall that the idea behind Isomap or diffusion maps was to preserve a special type of distance:
The Euclidean distance of the embedded vectors approximately matches the geodesic distance
or the diffusion distance, respectively, in the original data space after the dimensionality reduc-
tion. For the linear PCA we also encountered the MDS interpretation (see Section 4.3), where
we saw that pairwise Euclidean inner products between the data points in the low-dimensional
embedding space should approximately match the ones of the high-dimensional vectors.

The main strategy behind autoencoders is instead related to the original idea behind the PCA of
minimizing the (Euclidean) distance between the original vectors and their reconstructed coun-
terparts; cf. (4.3). For AEs this translates to

argmin
h=D◦E

1

n

n∑
i=1

∥xi − h(xi)∥2 = argmin
D,E

1

n

n∑
i=1

∥xi −D ◦ E(xi)∥2. (7.1)

Before we hint at possible difficulties and remedies for tackling this minimization problem, let
us have a closer look at the remaining question of defining E and D or, equivalently, of choosing
appropriate model spaces for the encoder and decoder. For our considerations we will stick to
the case of E and D being special kinds of neural networks.
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Encoder
E : Rd → Rq

Decoder
D : Rq → Rd

Figure 7.1: An autoencoder with d = 5 and q = 2.

7.1.2 Construction

In its most simple form, an autoencoder is just a fully connected two-layer (feed-forward) neural
network, where the hidden layer contains fewer neurons than the input layer. Furthermore, the
output layer has the same size as the input layer. In terms of the dimensions q and d, which we
assigned to the encoder E and decoder D, we thus have d input and output neurons and q < d
hidden neurons; see Figure 7.1.

The encoder can now be simply written as

E(x) = ϕE(WEx+ bE)

for a weight matrix WE ∈ Rq×d, a bias vector bE ∈ Rq , and an activation function ϕE : R→ R
that acts elementwise. Analogously, the decoder can be written as

D(z) = ϕD(WDz + bD)

for a weight matrix WD ∈ Rd×q , a bias vector bD ∈ Rd, and an activation function ϕD : R→ R.
In order to learn the weights and biases of E and D, we minimize the distance between data
points and their reconstructions as given in (7.1) by using one of the optimizers from Section 6.5
together with backpropagation; see Section 6.3. In this way, we learn the encoder and decoder
simultaneously.

7.1.3 Comparison to PCA

We already noted above that the minimization criterion behind the learning process for autoen-
coders is closely related to the one for PCA. However, this is not the only relationship between
these two dimensionality reduction methods: If ϕE = ϕD = id, there is an inherent similarity to
the original PCA minimization problem (4.3), which searches for

argmin
f∈Mq,d

Lin ,ηi∈Rq

1

n

n∑
i=1

∥xi − f(ηi)∥2 = argmin
W∈Rd×q, b∈Rd,ηi∈Rq

1

n

n∑
i=1

∥xi −Wηi + b∥2.

Since ϕD = id, the decoder also fulfills D ∈ Mq,d
Lin and resembles the map f ; see also (4.1).

Now, in the PCA formulation, we aim to minimize with respect to the low-dimensional data
points ηi. In our autoencoder setting, they just resemble the encoded inputs E(xi).
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To see this resemblance more clearly, let us have a look at the autoencoder minimization
problem in this setting and omit the activation functions ϕE , ϕD:

(D∗, E∗) = argmin
(D,E)

1

n

n∑
i=1

∥xi −D ◦ E(xi)∥2

= argmin
WE ,WD,bE ,bD

1

n

n∑
i=1

∥xi −WD (WExi + bE)− bD∥2 .

Note that the solution tuple (D∗, E∗) is not unique since arbitrary basis changes in the latent
space do not influence D ◦E. Now recall that we found in Section 4.1 that the PCA solution for
the ηi is

ηi = W T (xi − b).

This led to

W = argmin
A∈Sq(Rd)

1

n

n∑
i=1

∥∥∥(I −AAT
)
(xi − b)

∥∥∥2 .
Thus, if we set the encoder bias to bE = −WEbD, we obtain a very similar altered autoencoder
problem

(D∗, E∗) = argmin
WE ,WD,bD

1

n

n∑
i=1

∥(I −WDWE) (xi + bD)∥2 .

Essentially, the only difference from PCA is that the encoder matrix WE is not necessarily the
transpose of the decoder matrix WD for the autoencoder. Note furthermore that I − AAT

is an orthogonal projection onto the span of the columns of A. However, for the autoencoder,
I−WDWE is not necessarily an orthogonal projection onto the subspace defined by the columns
of W T

E .
Omitting the biases for a moment and looking at the autoencoder from a matrix factorization

point of view, we consider the decomposition of the matrix X := (x1 . . .xn)
T ∈ Rn×d into

X ≈ LW T
D with a matrix of n latent vectors ηi ∈ Rq , namely L ∈ Rn×q . To this end, we aim

to solve the problem

argmin
L,WD

∥∥∥X −LW T
D

∥∥∥2
F
:= argmin

ηi,WD

n∑
i=1

∥xi −WDηi∥2.

If we assume that WD has orthonormal columns, this problem is exactly solved by the PCA. For
this case, let us write WD as

WD = V q,

where X = USV T is the SVD of X (see Section 4.2), and V q contains the first q columns of
V (see also Section 4.2). Now we can write the transformed data L as

L = XV T
q = USV TV q = USIq = U qSq,

where Sq denotes the upper left q × q submatrix of S.
Next, returning to the autoencoder, let us have a look at the result of feed-forwarding the input

vectors xi. We then compute

X̃ := XW T
EW T

D ∈ Rn×d.
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If we look at our autoencoder loss, we are actually minimizing

argmin
WE ,WD

∥∥∥X̃ −X
∥∥∥2
F
= argmin

WE ,WD

∥∥∥XW T
EW T

D −X
∥∥∥2
F
.

From linear algebra it is known that the minimizer WE is the pseudo-inverse W †
D of WD given

by

WE = W †
D :=

(
W T

DWD

)−1

W T
D

in the case that WD has linear independent columns; see also Section 2.1. In the special case of
the PCA this results in

WE =
(
V T
q V q

)−1

V T
q = V T

q .

Therefore, the encoder is the transposed version of the decoder in this case. This can be seen as
a special kind of weight sharing between the encoder and decoder in the neural network.

Note that we assumed at the very beginning that WD has orthonormal columns to obtain
the special case WD = V q = W T

E . However, any decoder matrix whose columns span the
same subspace as the columns of V q also results in an optimal recovery in the Frobenius norm
sense. Therefore, there exist infinitely many autoencoder solutions with non-orthogonal columns
of WD which will result in the same low-dimensional space as the PCA does, but the low-
dimensional vectors ηi will now be spanned by a non-orthogonal basis.

In general, the real strength of autoencoders—compared to PCA—is of course given by the
additional nonlinearity, which enters through the activation functions ϕD and ϕE .

7.1.4 Multi-layer autoencoders

After our introduction of the most simple form of an autoencoder, it is straightforward to con-
struct more complicated deep autoencoders31 by adding layers to the encoder and decoder net-
works.i
i
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Figure 7.2: A multi-layer/deep autoencoder with d = 6 and q = 2.

Usually, the encoding layers shrink monotonically in size until the stage of highest compres-
sion is reached, whereas the decoding layers grow in size. An example of a four-layer autoen-
coder with a two-layer encoder and a two-layer decoder is depicted in Figure 7.2.

31The term deep autoencoder is also used to describe an architecture of several autoencoders chained together.
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Besides fully connected networks, it is also possible to employ other types of networks within
the AE framework. For instance, when working with images, it is quite natural to use 2D-
convolutional layers in the encoder followed by pooling layers. The decoder is then built from
convolutional layers and upsampling layers, which enlarge the image by using bilinear interpo-
lation, for instance.

7.1.5 Regularization

As we have already seen in Section 7.1.3, the training of an AE is not a well-posed problem
since it admits more than one possible solution. Indeed, already in the most simple case, there are
infinitely many solutions for the weights even for the highly simplified setting from Section 7.1.3.

By adding nonlinearities via the activation functions this problem becomes much more severe.
For instance, there exist nonlinear space-filling curves whose parametrization can be used as a
decoder in order to perfectly reconstruct arbitrary high-dimensional vectors from real numbers;
see [Sag12]. While this might be a meaningful way to compress the data, it is often desirable
to have much more structured and smooth encoding and decoding functions. Numerically this
smoothness serves to avoid instabilities when minimizing the loss functional, but it can also be
beneficial to enable meaningful interpolations in the latent space.

We have already discussed that, with a rising number of degrees of freedom, overfitting quickly
becomes a problem for deep neural networks. As a remedy, dropout or weight sharing were
introduced in Chapter 6. Besides these methods, we want to hint at another way of regularizing
the occurring minimization problem in the following: In order to regularize the problem, we can
add a penalty term to the loss function. This enables us to steer the optimization algorithm to
a more suitable solution, e.g., a smoother or more structured solution. For instance, we could
penalize the (piecewise32) derivatives of the encoder and decoder to obtain smoother functions.
This leads to the minimization problem

argmin
D,E

1

n

n∑
i=1

∥xi −D ◦ E(xi)∥2 + ν1 ∥∇xE(x)∥2L2(Rd) + ν2 ∥∇ηD(η)∥2L2(Rq)

when penalizing the (Bochner33) L2 norms of the derivatives, for instance. Here, ν1 > 0 and
ν2 > 0 are (hyperparameter) weights, which determine how strong the penalization should be.

A famous method of regularization is by penalizing large numbers of non-zero weights. For
instance, we can sum the number of non-zero neurons in the output layer of the encoder and
use this sum as a regularization term. This is called a sparsity enforcing penalty, which leads
to so-called sparse autoencoders. Other variants compute the ℓ1- or ℓ2-norms of the encoder’s
last layer’s neurons. More sophisticated ways to induce sparsity, e.g., by using Kullback–Leibler
divergences of hidden unit activations, can be found in [Ng11].

ò Kullback–Leibler divergence

The Kullback–Leibler divergence is a specific measure for differences between two
probability distributions. Given two distributions of continuous random variables
with densities p1 and p2, the Kullback–Leibler divergence between p1 and p2 is de-
fined by

KL (p1 ∥ p2) := Ep1
[
log

(
p1
p2

)]
=

∫ ∞

−∞
p1(x) log

(
p1(x)

p2(x)

)
dx. (7.2)

32In the case of ReLU activations, the AE is non-differentiable.
33We can think of this as adding all squared L2 norms of each component function of the derivatives.
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For discrete distributions there exists an analogous expression with a sum over all
possible values of the probability space instead of the integral. For more details on
Kullback–Leibler divergences or the more general concept of Bregman divergences,
we refer the reader to [BMDG05].

A special variant of autoencoders called denoising autoencoders is trained on noisy/perturbed
input vectors. To this end, the decoder aims to reconstruct the original unperturbed data pieces;
see [GBC16]. This can also be interpreted as a special type of regularization by making the
algorithm robust against noise. The methodology is comparable to the dropout regularization
considered in Chapter 6.

7.2 Tasks on autoencoders
Before we introduce the variational variant of the autoencoder, we start with two tasks on stan-
dard autoencoders to get a feeling for the latent space. Furthermore, we compare the results
of a PCA and an autoencoder for dimensionality reduction on the MNIST data set, which we
introduced in Chapter 3.

X Task 7.1. Import the MNIST data set. You can use the code introduced in Sec-
tion 3.7. Trim the training and test data sets such that only the digits 0, 1, 2, and 3
are used. Run a PCA with latent dimension q = 2 on the training data and plot the
images of the first ten digits of the original data set as well as the corresponding PCA
reconstructions (i.e., project the images into two dimensions via the PCA and then
calculate the corresponding high-dimensional representations thereof).
Create a plot of the latent space distribution of 1000 random samples from the training
data set, i.e., plot the two-dimensional coordinates of the embedded data points and
use a color to indicate the corresponding label/digit. Furthermore, create a plot with
a 25 × 25 grid of images corresponding to the high-dimensional representatives of
the two-dimensional points at the latent space coordinates x, y ∈ {−4,−4+ s,−4+
2s, . . . , 4− s, 4} with s = 1

3 . An example of such a plot—but computed with a deep
variational autoencoder instead of PCA—can be found in Figure 7.4 at the end of this
chapter.

X Task 7.2. Use KERAS to build a simple autoencoder with one hidden layer and q = 2
(see Figure 7.1) to encode and decode the trimmed MNIST training data set from
Task 7.1. Train it by using Adam for a least squares loss with batch size 64 for 15
epochs. As for PCA in Task 7.1, plot the first ten digit reconstructions, the two-
dimensional coordinates of the first 1000 encoded samples, and the 25×25 grid with
the images for the corresponding latent space coordinates. Compare the results to the
ones from Task 7.1.

7.3 Latent variables and a probabilistic point of view
We will now adopt a more probabilistic point of view than before in order to introduce the
concepts of generative modeling and Bayesian inference, which will be necessary to understand
the motivation and mechanisms behind variational autoencoders.
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Generative modeling Up to now we distinguished between unsupervised and supervised
learning, where the former is characterized by the fact that the given data xi from a data space
Ω ⊂ Rd is unlabeled. In contrast, the latter is characterized by the fact that the given data has
some labels or target values, i.e., we have (xi,yi) in a data space Ω × Γ ⊂ Rd1 × Rd2 for
i = 1, . . . , n. Note that, in order to establish the following relationship between supervised and
unsupervised learning, the target values may also be vectors here, i.e., we allow d2 > 1. In
supervised learning, we are interested in determining a generic f : Ω→ Γ such that f(xi) ≈ yi.
But besides the plain approximation of the given targets yi, we usually also aim for an f that
generalizes well to unseen data. At this point, recall the very beginning of Chapter 1, where the
data was assumed to follow some unknown distribution µ on Ω× Γ, i.e.,

(xi,yi) ∼ µ ∀ i = 1, . . . , n.

In statistics, this task can be looked at from a more general perspective. To this end, we consider
the task of learning the conditional probabilities Pµ(Y |X = x) of a random variable Y on Γ that
is distributed according to the conditional measure µY |X(x, ·) of Y . Here, the measure is condi-
tioned on the assumption that the outcome of a random variable X on Ω distributed according to
the marginal µX of µ on Rd is X = x. This task is referred to as discriminative modeling; see
also [NJ02]. Recall that for neural networks, for instance, we already learned such a probability
distribution by applying the softmax function at the output layer for our classification tasks.

In the following, we return to the unsupervised learning task of dimensionality reduc-
tion, where only data points x1, . . . ,xn ∈ Rd are present and latent space representatives
η1, . . . ,ηn ∈ Rq are sought. We use this notation to reflect the resemblance to the dimension-
ality reduction tasks from before. Nonetheless, we retain the viewpoint of learning conditional
probabilities between an ambient space variable X ∈ Rd and a latent space variable Y ∈ Rq in
the same fashion as in the supervised example above.

� Generative modeling

In contrast to discriminative modeling, where the conditional measure of Y given
X is modelled, there is generative modeling [NJ02]. This term is sometimes used
ambiguously to describe either the modeling of the joint distribution Pµ(X,Y ) or
the modeling of the conditional distribution Pµ(X|Y = η). Note that the latter
distribution can be inferred from the joint one. In this book, we will stick to the case
of approximating Pµ(X|Y = η) when referring to generative modeling.

The idea of generative modeling might seem odd at first since we are aiming to infer information
on the distribution of the observables given the latent variables. However, having a closer look
at the decoder D of our autoencoder in Section 7.1, we see that it is indeed trained to reconstruct
the observables from their latent space representation. It therefore can be seen as a generative
model. As a matter of fact, it generates samples given some latent coordinates.

The latent space distribution While the generative property of D in our AE is nice to have
(e.g., for data augmentation or for the computation of reconstruction errors), we did not yet model
the decoder probabilistically and, thus, have no information on the latent space distribution.
Thus, we are able to compute an x ∈ Rd for a given η ∈ Rq , but we do not know how the
reconstructed x—or, more generally, Pµ(X|Y )—behaves if we vary η gradually. To this end,
we need to have information (or a model) on the latent space distribution of Y as well. This will
be done in the following section by the variational autoencoders.
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7.4 Variational autoencoders
To derive variational autoencoders, we now employ a generative modeling approach to approxi-
mate Pµ(X|Y = η).

� Variational Autoencoders

Variational autoencoders (VAEs) create a generative decoder by modeling the latent
space distribution and by approximating the conditionals Pµ(X|Y ) and Pµ(Y |X).
For a more detailed consideration of VAEs, we refer the reader to [Doe16, KW13,
KW19, Mur23].

7.4.1 Motivation and idea

The latent space prior, i.e., the density p(Y ) that is assumed for Y ∈ Rq , is chosen as a simple
q-dimensional Gaussian density

p(Y ) ∼ N (0, I).

In order for this to be meaningful, the decoder density p(X|Y ) has to be powerful enough to
adequately represent the true conditional Pµ(X|Y ). To this end, it is modeled as

p(X|Y = η) ∼ N
(
f(η), σ2I

)
,

where σ2 > 0 is a fixed hyperparameter of the model and f : Rq → Rd is a (deep) neural
network, which will be trained in such a way that it maps a latent vector ηi approximately to its
high-dimensional representer xi. In this way, the reconstruction process can be quite complex,
and the variance σ2 takes account of possible noise or uncertainty in the reconstruction.

The criterion according to which we want to optimize the network’s parameters is the max-
imization of the probability of obtaining the actual training data X = (x1 . . .xn)

T when we
assume the above prior and conditional, i.e.,

argmax
f

Pp(X) = argmax
f

log (Pp(X)) = argmax
f

log(p(X = X))

= argmax
f

log

(
n∏
i=1

p(X = xi)

)
= argmax

f

n∑
i=1

log(p(X = xi))

= argmax
f

n∑
i=1

log

(∫
Rq

p(xi|Y = η)p(η) dη
)
. (7.3)

This expression maximizes the probability of drawing X under the given model. The product
over all data points appears due to the fact that the data xi are assumed to be independent real-
izations ofX . Computing or even approximating these integrals in every step of the optimization
procedure is a hard and computationally intensive task. For instance, we could draw m random
samples ηj ∼ p(Y ) and compute

∑n
i=1 log

(
p(xi|Y = ηj)

)
for each j = 1, . . . ,m to then ap-

proximate the above integrals by a 1
m -normalized sum over the m samples. But this so-called

Monte Carlo estimator is known to converge only slowly to the true integral, and we thus need a
very large number m of samples to achieve a small approximation error.
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ò Monte Carlo estimator

Let N ∈ N and let f : Ω → R be an integrable function. Furthermore, let xi ∈ Ω
be independent samples drawn according to a measure P . The Monte Carlo (MC)
estimator

MCN (f) :=
1

N

N∑
i=1

f(xi)

uses N samples to approximate the value of the integral
∫
Ω
f(x) dP (x). The moti-

vation behind MC estimators is derived from the law of large numbers, which states
that, forN →∞, the estimator will converge (e.g., in probability) with rateO

(
N− 1

2

)
to the true value of the integral if the variance of MCN (f) is bounded from above.
More information on Monte Carlo estimators and variants thereof can be found in
[Geo12].

An established method from statistics to reduce the number m of necessary samples is impor-
tance sampling. Here, the ηj are drawn only in areas where they contribute much to the actual
integrand, i.e., where p(xi|Y = ηj) is large. To this end, we construct a density r(Y |X = x)
on Rq , which aims to sample those η that are likely to produce x, i.e., for which p(x|Y = η)
is large. Then, we sample according to r(Y |X = x) instead of to the prior p(Y ). But we thus
compute

Er [p(x|Y = η)] :=

∫
Rq

p(x|Y = η)r(η|X = x) dη (7.4)

instead of Ep [p(x|Y = η)], which we wanted to maximize in the first place in (7.3). Therefore,
we have to find a relation between the two quantities Er [p(x|Y = η)] and Ep [p(x|Y = η)].

7.4.2 The ELBo as loss function

To derive a meaningful loss, which allows us to use (7.4) instead of computing Pp(x) directly,
let us inspect the Kullback–Leibler divergence (7.2) between r and the true posterior density
p(η|X = x), i.e.,

Kr,p := KL (r(η|X = x) ∥ p(η|X = x)) := Er [log(r(η|X = x))− log(p(η|X = x))] .

To deal with this expression, we need to reformulate it first.

ò Bayes’ theorem

Bayes’ theorem states that the posterior probability P[A | B] of event A given event
B with P[B] > 0 can be written as

P[A | B] =
P[B | A] P[A]

P[B]
.

Here, P[A] is the prior probability, P[B | A] is the likelihood ofB underA, and P[B]
is called evidence; see [Geo12] for more details. The application of Bayes’ theorem
to compute the posterior is called Bayesian inference.

With Bayes’ theorem we can relate the posterior to the prior via

p(η|X = x) =
p(x|Y = η)p(Y = η)

p(X = x)
.



7.4. Variational autoencoders 119

Substituting this into the Kullback–Leibler divergence gives

Kr,p = Er [log(r(η|X = x))− log(p(x|Y = η))− log(p(Y = η))] + log(p(X = x)),

which is equivalent to

log(p(X = x))︸ ︷︷ ︸
log-evidence

−Kr,p = Er [log (p(x|Y = η))]− KL (r(η|X = x) ∥ p(Y = η))︸ ︷︷ ︸
evidence lower bound (ELBo)

. (7.5)

This is the essential equation for the optimization of VAEs. The right-hand side resembles the
so-called evidence lower bound (ELBo). The name stems from the fact that Kr,p ≥ 0 and
p(X = X) from (7.3) is the (model) evidence. We see that the ELBo equals the log-evidence
up to the Kullback–Leibler divergence Kr,p between r and the true posterior. Therefore, if
r(η|X = x) is a good approximation to p(η|X = x), Kr,p becomes small and we are es-
sentially maximizing (7.3) when maximizing the sum of the ELBos for each x = xi. In this
way, maximizing the ELBo achieves two things:

1. We maximize the likelihood of the given data X , and, thus, our generative model p(X|Y )
becomes better.

2. We minimize the KL divergence between r and the true posterior, and, thus, the so-called
inference model r becomes better.

7.4.3 Minimization of the negative ELBo

By our above considerations, we now see that drawing a sample according to r(·|X = x) acts
like an encoder for x ∈ Rd, and drawing a sample according to p(·|Y = η) acts like a decoder
for η ∈ Rq . In this sense, we have an encoder-decoder pair for variational autoencoders.

Before we can however maximize the ELBo, i.e., minimize the negative ELBo according to
the model parameters, we still have to choose an appropriate model for r. To this end, one usually
takes

r(·|X = x) ∼ N (g1(x), exp(g2(x)) · I)
for two (deep) neural networks g1, g2 : Rd → Rq encoding the mean and the variance structure
of r. Here, exp has to be understood componentwise. Usually, g1 and g2 employ the same
network up to the very last layer. Now the full task to learn a VAE becomes

(f̃ , g̃1, g̃2) = argmin
f,g1,g2

−
n∑
i=1

Er [log (p(xi|Y = η))] + KL (r(η|X = xi) ∥ p(Y = η)) , (7.6)

where the minimization has to be understood with respect to the weights and biases of the net-
works corresponding to f , g1, and g2. This can easily be done by the known optimizers from
Section 6.5 if we are able to evaluate the ELBo in an efficient way. Note that we usually would
not sum over all i = 1, . . . , n data points in (7.6) in each optimization step, but rather use a
minibatch approach as in Algorithm 10 in Section 6.3.

Let us now consider the terms of the ELBo in more detail. By modeling the prior p and
the density r according to the corresponding normal distributions above, the Kullback–Leibler
divergences in (7.6) are taken between two Gaussians. In this case we have two densities p̂k ∼
N (mk,Σk) for k = 1, 2, given by

p̂k(η) =
1

(2π)
q
2 det(Σk)

1
2

exp

(
−1

2
(η −mk)

TΣ−1
k (η −mk)

)
.
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With Kp̂1,p̂2 := KL (p̂1 ∥ p̂2) = Ep̂1 [log p̂1 − log p̂2] this leads to

Kp̂1,p̂2 =
1

2
log

(
detΣ2

detΣ1

)
+

1

2
Ep̂1

[
(η −m2)

TΣ−1
2 (η −m2)− (η −m1)

TΣ−1
1 (η −m1)

]
=

1

2
log

(
detΣ2

detΣ1

)
+

1

2
Ep̂1

[
tr
(
Σ−1

2 (η −m2)(η −m2)
T
)]

−1

2
Ep̂1

[
tr
(
Σ−1

1 (η −m1)(η −m1)
T
)]

since yTx = tr(xyT ) for any two vectors x,y ∈ Rq , where q is the dimension of the latent
space. Because of Ep̂1

[
(η −m1)(η −m1)

T
]
= Σ1, we obtain

Kp̂1,p̂2 =
1

2
log

(
detΣ2

detΣ1

)
+

1

2
Ep̂1

[
tr
(
Σ−1

2

(
ηηT − 2m2η

T +m2m
T
2

))]
− 1

2
tr
(
Σ−1

1 Σ1

)
.

Note that tr
(
Σ−1

1 Σ1

)
= tr (Iq) = q, where Iq ∈ Rq×q is the identity matrix. Using this

together with Ep̂1
[
ηηT

]
= Σ1 + Ep̂1

[
2ηmT

1 −m1m
T
1

]
= Σ1 +m1m

T
1 , we get

Kp̂1,p̂2 =
1

2
log

(
detΣ2

detΣ1

)
− 1

2
q +

1

2
tr
(
Σ−1

2

(
Σ1 +m1m

T
1 − 2m2m

T
1 +m2m

T
2

))
=

1

2
log

(
detΣ2

detΣ1

)
− 1

2
q +

1

2
tr
(
Σ−1

2 Σ1

)
+

1

2
(m2 −m1)

T
Σ−1

2 (m2 −m1) .

With p̂1 = r(·|X = x) ∼ N (g1(x), exp(g2(x))I) and p̂2 = p(Y = ·) ∼ N (0, I), we then
obtain

Kp̂1,p̂2 = KL (r(η|X = x) ∥ p(Y = η))

=
1

2

(
−

q∑
i=1

(g2(x))i − q +
q∑
i=1

exp ((g2(x))i) +

q∑
i=1

(g1(x))
2
i

)
,

which lets us directly evaluate the KL divergence in (7.6).
To compute the term (7.4) appearing in (7.6), we could build a Monte Carlo estimator as de-

scribed earlier. However, this would be quite expensive. Note again that our optimizer will be
computing a minibatch variant of SGD. As mentioned in Section 6.3, this is an unbiased estimator
for the expectation of our loss function. The same reasoning applies when we sample r. There-
fore, instead of building a full Monte Carlo estimator for (7.4), we only draw a single sample
ηi ∼ r(·|X = xi) for each xi in the minibatch and use the one-shot estimator log p(xi|Y = ηi)
as an unbiased estimator34 for (7.4). Then, we just average over all samples in the minibatch to
evaluate the loss function.

7.4.4 Reparametrization trick

Now we are able to compute the ELBo in order to evaluate our loss in (7.6) quite efficiently
for the optimization. But there is one additional issue to deal with: We cannot directly use
backpropagation to take gradients with respect to the model parameters of g1 and g2 because
of the expectation operator Er in (7.6), which nonlinearly depends on g1 and g2. The problem
boils down to the fact that ∇g1,g2Er[. . .] ̸= Er[∇g1,g2 . . .], where ∇g1,g2 refers to the gradient

34Ultimately, this is an unbiased estimator for Eµ [Er [log (p(xi|Y = ηi))]], where µ is the measure according to
which we have drawn our training data.
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with respect to the weights and biases of g1 and g2. Thus, we indeed can use the simple one-
shot estimator described in Section 7.4.3 for forward propagation of the corresponding neural
networks, but we cannot use it directly for backward propagation. To remedy this issue, we first
need to employ the so-called reparametrization trick: We parametrize a random variable η(x)
drawn according to r(η|X = x) ∼ N (g1(x), exp(g2(x))I) by

η(x) := g1(x) +
√

exp(g2(x))I · z, (7.7)

where z ∼ N (0, I) is a standard normal distributed random variable. Here, the square root of
exp(g2) has to be understood componentwise. Then,

∇g1,g2Er [log (p(x|Y = η))] = ∇g1,g2Ez

[
log
(
p
(
x|Y = g1(x) +

√
exp(g2(x))I · z

))]
= Ez

[
∇g1,g2 log

(
p
(
x|Y = g1(x) +

√
exp(g2(x))I · z

))]
,

which is computable in a straightforward way again.

7.4.5 Training and generation

Now we are finally set to learn a variational autoencoder by using the reparametrization trick
to apply a minibatch SGD algorithm (or variants thereof) for the minimization of the negative
ELBo loss (7.6). This determines all weights involved in the representation of f , g1, and g2. The
full VAE architecture is depicted in Figure 7.3.i

i
“book-figure24” — 2023/10/9 — 13:26 — page 114 — #1 i

i

i
i

i
i

Encoder
g1, g2 : Rd → Rq

Decoder
f : Rq → Rd

g1(x)

g2(x)

η(x)

Input x Output f(η(x))

Figure 7.3: A variational autoencoder with d = 6 and q = 2. The encoder computes the vectors
g1(x) and g2(x) for the mean and the log-variance of the distribution r. Then η(x) is formed
according to (7.7). Consequently, the decoder computes f(η(x)).

The encoder, when called with a high-dimensional sample x, now computes g1(x) and g2(x).
A corresponding latent space sample (according to r) can then be drawn by the reparametrization
trick (7.7).

In order to generate new high-dimensional samples from a random latent space element, we
simply draw η ∼ N (0, I) and then run our trained decoder to finally obtain f(η).
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7.5 Tasks on variational autoencoders
Now we implement a variational autoencoder to compare its results with the AE from Task 7.2.

X Task 7.3. Implement a variational autoencoder (see Figure 7.3) with q = 2. The
encoder only consists of the input layer and the layer for g1 and g2. The decoder only
consists of the layer for η and the output layer. The variance of the decoder is set to
σ2 = 1. Plot the analogous reconstructions, the scattered data in the latent space, and
the 25× 25 latent space grid as in Task 7.2. What do you observe?
Hints:

• To draw samples in the latent space, you can use the keras.backend functions,
e.g., keras.backend.random_normal.

• By using the layers and Model class from KERAS, you can build the encoder
by defining the output as a list of outputs, e.g.,

keras.Model(name= " V_Encoder ", inputs=inputs,
outputs=[mean, log_var, sample]),

where mean, log_var, and sample are the outputs of the corresponding layers
evaluated on the inputs.

• Define a custom loss function

def VAE_loss(data, results):

in which you compute the negative ELBo as described in Section 7.4.3. The
keras.backend functions, e.g., mean, exp, sum, should be helpful again.

Next, we investigate how a slightly deeper VAE performs.

X Task 7.4. Add one intermediate layer to both the encoder and decoder from Task 7.3
with size half of the input layer size. Redo the experiments of Task 7.3 and observe
the difference in the resulting plots. An example for the 25×25 latent space grid plot
can be found in Figure 7.4.

7.6 Further topics
Adversarial neural networks Another interesting research topic on classification in combi-
nation with generative methods is the study of attacks against neural networks. For example,
[BMR+17] designed a sticker that you can patch onto (or near) any object to make a CNN clas-
sify it as a toaster and not as the true object anymore. In [EEF+18] the authors investigate how
robustly a CNN can detect traffic stop signs when the sign has graffiti on it. Finally, [PMG+17]
provides examples for manipulated but visually indistinguishable images of traffic signs that get
classified wrongly by a CNN.

To remedy the problems caused by such attacks generative adversarial networks (GANs) have
been invented. The concept of GANs [GPAM+14] stems from zero-sum games in game theory.
The idea is to train two adversarial networks: One (discriminator) that tries to classify the data
correctly and one (generator) that generates data on-the-fly with the aim of maximizing the
probability of the first network misclassifying this data. In this way, the generator mimics attacks
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Figure 7.4: Illustration of the two-dimensional latent space for a variational autoencoder with
three hidden layers trained on the first four digits (0, 1, 2, and 3) of the MNIST data set. We
divided the area [−4, 4]2 of the latent space into a 25× 25 grid. Subsequently, we drew a sample
at each grid point and used the decoder to obtain the corresponding image in the high-dimensional
space. The resulting 25× 25 images are shown at their respective coordinate positions. Created
from the MNIST data set.

against the discriminator. By training the discriminator with the help of the data produced from
the generator, it becomes more robust against such attacks.

Interpretable latent spaces Besides having a meaningful prior distribution in the latent
space, which can be used to generate high-dimensional samples via the decoder, it is also de-
sirable to be able to interpret the coordinates of the latent space. This can be of special interest if
one tries to infer causal relationships between latent space variables and high-dimensional sam-
ple behavior. To this end, special regularization terms are employed to guarantee an interpretable
latent space distribution; see, e.g., [TK21].

Dynamical variational autoencoders So far, the introduced autoencoders treated each in-
put data point independently when building the latent space. However, when there are tempo-
ral correlations in the data (e.g., for time series data), it makes sense to use latent spaces and
autoencoder models that take this into account as well. Here, so-called dynamical variational
autoencoders aim to model joint distributions of whole sequences of input and latent space data.
We refer the reader to [GLB+21] for a detailed survey.



Chapter 8

Deep Neural Networks
and Differential Equations

In this chapter, we will explore relationships between neural network architectures and differ-
ential equations, especially ordinary differential equations (ODEs). In particular, we will have
a look at neural tangent kernels [JGH18] in Section 8.1, Hamiltonian networks [HR18] in Sec-
tion 8.2, neural ODEs [CRBD18] in Section 8.3, and generative diffusion models [HJA20] in
Section 8.4. Here, we aim to hint at the relation between those methods and differential equa-
tions without going into technical details. For a more thorough reference on these methods and
their connection to differential equations, we refer the reader to the corresponding cited articles
and to [EMW20].

In contrast to other chapters, we do not provide any tasks in this chapter since the covered
topics are quite advanced and more theoretical in nature. Furthermore, they serve to highlight
the connection between modern machine learning methods and advanced mathematical concepts
instead of dealing with the algorithmic details of these methods. However, we feel that this
chapter is still quite important when it comes to understanding the mathematical background of
neural networks.

8.1 Neural tangent kernels
A connection between kernels and the learning process of neural networks with gradient descent-
type optimizers like SGD or Adam (see Section 6.5) can be drawn by introducing the neural
tangent kernel (NTK); see also [JGH18]. To this end, we write the output of a given neural
network with parameters p ∈ Rdp , i.e., weights and biases, and input vector z ∈ Rd as f(z;p)
in this chapter, whereas we mostly omitted the parameter dependence in Chapter 6 for reasons
of readability. Furthermore, we here assume that our network has only one output neuron, i.e.,
f(z;p) ∈ R.

8.1.1 Relationship between network features and kernel methods

While the weights and the biases are degrees of freedom of our neural network model class,
the (possibly nonlinear) activation functions ϕ(l) are usually fixed a priori. Let the activation
function of the final layer be ϕ(L+1) = id and let ϕ(l) be arbitrary for l = 1, . . . , L. We can then
rewrite our model as

f(z;p) =
(
w⃗(L)

)T
· ψ(z;p) + b(L+1)

125
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for a vector-valued function ψ : Rd × Rdp → RdL , which depends on the input, but also on the
weights, biases, and activation functions of the previous l = 1, . . . , L − 1 layers. In this way,
we have a direct analogy to SVM or kernel methods in general, where ψ reflects the feature map
that is chosen to transform the data; see (3.10) and (3.11).

However, the difference between the SVM and the hidden-layer neural network model is that
ψ—or equivalently the corresponding kernel K—has been chosen a priori for an SVM, whereas
here, i.e., in the deep neural network model, ψ depends on the degrees of freedom (namely the
weights and biases of the hidden layers). Therefore, the kernel changes during the optimization
steps of, e.g., stochastic gradient descent. The idea behind the neural tangent kernel is to define a
kernel that—in special settings—achieves both: It resembles the network’s structure and it stays
constant during the learning process. In this way, we can use the kernel to run methods like SVM
(see Section 3.5) or kernel ridge regression (see [Mur22, SS02]), which have a well-understood
convergence behavior and guaranteed global optima, instead of running SGD-type optimizers for
highly nonconvex and nonlinear optimization problems that stem from deep neural networks.

Besides the idea of neural tangent kernels, there also exist methods that are hybrids between
kernel methods and deep neural networks called deep kernel networks; see, e.g., [BGR19].

8.1.2 Neural tangent kernels and gradient flows

We will now have a look at the definition of the neural tangent kernel. To this end, let all ϕ(l)

for l = 1, . . . , L+ 1 be arbitrary activation functions again. We will alter the network’s forward
propagation procedure (6.1) slightly by rescaling it with dl, the number of weights in a layer, and
adding a scaling parameter βl+1 > 0 for the bias. We define

n⃗et
(l+1)

:=
1√
dl

(
W (l)

)T
· o⃗(l) + βl+1⃗b

(l+1)

to be the forward step in layer l before the application of ϕ(l+1). This redefinition is necessary to
achieve the upcoming results for large to infinite layer sizes, which we will discuss later in this
section.

� Neural tangent kernel

The neural tangent kernel (NTK) of an artificial neural network function f is a
parameter-dependent kernel—see also Section 3.5 for the definition of kernels—
KNTK(·, ·;p) : Rd × Rd → R defined by

KNTK(x,y;p) := ψNTK(x;p)
TψNTK(y;p) =

dp∑
i=1

∂

∂pi
f(x;p)

∂

∂pi
f(y;p) (8.1)

with the corresponding feature map35 ψNTK(x;p) := ∇pf(x;p). The NTK serves
to describe the dynamics of the training process of a neural network with gradient
descent-type methods such as SGD or Adam. More details can be found in [JGH18,
RYH22].

In order to establish the connection between the NTK and the network’s training process, let us
first look at the kth update step of SGD. Recalling Section 6.5, it can be written as

pk+1 = pk − ν∇pΘB(pk),

35The name neural tangent kernel stems from the fact that the feature map ψNTK is the tangent vector of f in the space
of weights and biases of the network.
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with step size ν and ΘB(pk) being the evaluation of the (batch) loss functionCB of the network’s
output f for the current weight and bias parameters pk. If we rewrite this as

pk+1 − pk
ν

= −∇pΘB(pk), (8.2)

we can think of the left-hand side as a discrete derivative of the trajectory of the iterates pk. In
the limit ν → 0 we would just encounter the derivative of a time-dependent p, i.e., ∂

∂tp(t). In
this regard, we can reinterpret (8.2) as a time-explicit Euler discretization with step width ν for
the ordinary differential equation

∂

∂t
p(t) = −∇pΘB(p(t)). (8.3)

The trajectory described by this ordinary differential equation is often called gradient flow.

ò Ordinary differential equations

Differential equations of type (8.3), where only derivatives with respect to one single
variable are present, are called ordinary differential equations (ODEs). The dis-
cretization, the stability analysis, and the numerical treatment of such equations have
a long history and are well understood; see [WH96, WNH93] for details. A straight-
forward way to approximately solve an ODE of type (8.3) for a given start value p0

is to use the so-called time-explicit Euler scheme (8.2) and to iterate the solution k̃
steps forward in time with a step size ν > 0 until a desired final point in time T = k̃ν
is reached. To guarantee that this results in a convergent and stable algorithm, ν
has to fulfill certain criteria (in view of Dahlquist’s test equation and linear stability)
based on the specific ODE terms; see, e.g., [WH96, WNH93]. More sophisticated
algorithms like the Runge–Kutta methods use more than just one evaluation of the
right-hand side of (8.3) per time step in order to achieve better accuracies.

Having a closer look at (8.3) and recalling Section 6.3, we see that the right-hand side is given
by

−∇pΘB(p) = −
1

|B|
∑
i∈B
∇p Ci(f(·;p)) = −

1

|B|
∑
i∈B

C ′
i(f(·;p))∇pf(xi,p) (8.4)

= − 1

|B|
∑
i∈B

C ′
i(f(·;p))ψNTK(xi;p),

and the evaluation essentially boils down to computing the feature map evaluations ψNTK(xi,p)
because the derivative C ′

i(f(·,p)) of the one-sample least squares loss is directly accessible. For
a least squares loss function, for example, we have C ′

i(f(·,p)) = 2(f(xi;p)− yi); see also the
backpropagation equations in Section 6.3.

The connection between the kernel and the dynamics of the gradient flow becomes even more
obvious when we use the chain rule to compute

∂f(x;p(t))

∂t
= (∇pf(x;p(t)))

T ∂p(t)

∂t
(8.3),(8.4)

= − 1

B

∑
i∈B

C ′
i(f(·;p(t))) (∇pf(x;p(t)))

T ∇pf(xi;p(t))

= − 1

B

∑
i∈B

C ′
i(f(·;p(t))) KNTK(x,xi;p(t)).



128 Chapter 8. Deep Neural Networks and Differential Equations

Here, we directly see that the NTK determines how f evolves over the course of time, i.e., during
the iteration process of SGD.

8.1.3 Convergence properties of stochastic gradient descent

One major benefit of analyzing the NTK is that it can give insights on the convergence properties
of the SGD process. To this end, note that the time derivative of the loss function ΘB(p) from
(6.8) is given by

∂ΘB(p(t))

∂t
= (∇pΘB(p))

T ∂p(t)

∂t
= −∥∇pΘB(p)∥2

= − 1

|B|2

∥∥∥∥∥∥
∑
i∈B

∑
j∈B

C ′
i(f(·;p(t)))C ′

j(f(·;p(t)))KNTK(xi,xj ;p(t))

∥∥∥∥∥∥
2

.

From this equation, we can derive that ΘB(p(t)) is strictly decreasing over time if the NTK
is positive definite for all p(t); see also Section 3.5 for more details on kernel properties like
positive definiteness. Therefore, if we have a convex loss function that is bounded from below,
like, e.g., the least squares loss function, the SGD algorithm will converge to the global optimum
if the NTK is positive definite.

In this way, the positive definiteness of the NTK serves as a sufficient criterion for convergence
of the network’s optimization process. However, analyzing KNTK for all possible trajectories of
p(t) is usually not possible. Therefore, we aim for a setting where the kernel does not change
(much) during the SGD process.

8.1.4 Neural tangent kernels in the infinite-width limit

Let us now consider a first-order Taylor approximation in p of the network’s function f(z;p).

ò Taylor expansion formula

The Taylor formula serves to approximate the value of a real-valued, k-times dif-
ferentiable function f : Rd → R within a local neighborhood of a reference point
x0 ∈ Rd by a polynomial of degree k. It reads

f(x) =
∑

|k|1≤k

∂|k|1f(x0)

∂tk11 · · · tkdd
· (x− x0)

k

k!
+O

(
∥x− x0∥k+1

)
,

where |k|1 is the ℓ1 norm of a multi-index k = (k1, . . . , kd) ∈ Nd and k! :=
k1! . . . kd!. Furthermore, xk := xk11 . . . xkdd . More details can be found, for example,
in [Lan12].

We can write f(z;p) as

f(z;p) = f(z;p0) + ψNTK(z;p0)
T (p− p0) +O

(
∥p− p0∥2

)
p≈p0≈ f(z;p0) + ψNTK(z;p0)

T (p− p0) =: flin(z;p). (8.5)

If p does not vary too much from the initialization p0 of the SGD process, the second order term
in ∥p − p0∥ can be neglected and flin becomes a decent approximation of f . Moreover, flin is
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completely linear in p, which means that taking gradient descent steps for the optimization of
flin with respect to p is equivalent to following the negative gradient direction −ψNTK(z;p0),
which only depends on the initial parameters p0. Furthermore, to achieve global convergence of
the SGD procedure, we would only have to ensure that KNTK(·, ·;p0) is a positive definite kernel
function because the NTK of flin does not change over time.

The important observation, which enables us to work with (8.5), is that p changes less and
less between iterations when we grow the size M := d2 = d3 = . . . , dL of each hidden layer,
i.e., when we increase the number of neurons in the hidden layers. More formally, for the least
squares loss function and ReLU activations, it holds that the NTK converges (in probability) to
a kernel function, which only depends on the initial weights and biases p0 and does not change
during training via SGD when M → ∞; see [JGH18]. Furthermore, if the limit kernel function
is positive definite, we have

sup
t
|f(z;p(t))− flin(z;p(t))| = O

(
M− 1

2

)
for all z with probability arbitrarily close to one; see [LXS+19] for more details.

In this way, we obtain an NTK, which is constant during the training process. Additionally, if
it is positive definite it is guaranteed that we find a global optimum with SGD.36 If we consider
only input vectors with norm one, for instance, it can indeed be proven that the corresponding
infinite-width NTK is positive definite; see [JGH18]. However, we also see that this result only
holds in the limit case of infinitely large layer sizes, i.e., infinitely many neurons in each hidden
layer, which of course does not resemble a real neural network. Nevertheless there exist attempts
to achieve similar results for finite networks; see [AZLS19]. First approximation-theoretic results
on neural tangent kernel spaces can be found in [EW21].

To conclude this section, we present a plot of several NTKs for a toy example in Figure 8.1.
To this end, we trained a three-layer fully connected network with varying sizes M of the inter-
mediate layers on 100 samples of the function f̃ : S2 → R defined on the unit circle as

f̃(z1, z2) := |θ| sin(θ) cos(2θ) with θ := atan2(z2, z1). (8.6)

Note that atan2(z2, z1) defines the angle between (z1, z2) and the x1-axis. As we see in Fig-
ure 8.1, the kernels for a fixed M vary slightly depending on the weight initialization. However,
when M becomes larger, the variation of the NTK values becomes smaller. Furthermore, the
NTK after 200 epochs of training is deviating a lot from the corresponding NTK after initializa-
tion for small M , but both are very close to each other for larger M . This resembles the fact that
the NTK is constant during the training process when the number of intermediate layer neurons
goes to infinity.

8.2 Residual neural networks and differential equations
While we interpreted the iteration process of SGD as a discretized form of a specific ODE in
Section 8.1, we now change our perspective and draw a connection between ODEs and the layer-
wise forward propagation of deep neural networks. To this end, we consider a special class of
neural networks, namely so-called residual networks (ResNets). ResNets were designed to make
the training process of deep neural networks more stable by introducing a residual-type forward
propagation step. They have been successfully employed for machine learning tasks on image

36One could think that training becomes meaningless since the individual entries of p change less and less during
SGD iterations when M → ∞. However, the collective changes influence the network function f just enough such that
training remains meaningful; see [LXS+19].
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Figure 8.1: Top: Neural Tangent Kernel (NTK) for a three-layer network with 2 input neurons,
M neurons at both intermediate layers and 1 output neuron. We omit biases for simplicity. The
weights are each initialized randomly according to N (0, 1). We depict the resulting NTK for
different intermediate layer sizes M directly after the random initialization and after 200 epochs
of training with 100 samples of the function (8.6). For each M we ran 5 experiments with
different random initializations. We depict the value of the corresponding kernel KNTK(z,y;p)
for a fixed value of y ∈ R2 and in dependence of θ = atan2(z2, z1). Bottom: The corresponding
network functions after initialization and after 200 epochs of training.

data, such as classification [HZRS16], semantic segmentation [CPK+18], and object detection
[RHGS15], for instance. One step of a ResNet forward propagation can be written in the form

o⃗(l+1) = o⃗(l) + δt · ϕ(l+1)

((
W(l)

)T
· o⃗(l) + b⃗(l+1)

)
, (8.7)

where δt > 0 is some positive scaling parameter. Note that this implies that o⃗(l) ∈ Rd is of
the same size d for each layer 0 ≤ l ≤ L. To end up with only one output neuron, e.g., for
real-valued regression, we would still need to add a final layer reducing the output size to one. If
we assume that the activation function ϕ(l+1) = ϕ is the same in each iteration step l = 0, . . . , L,
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the above equation can be written as

o⃗(l+1) − o⃗(l)
δt

= ϕ

((
W(l)

)T
· o⃗(l) + b⃗(l+1)

)
. (8.8)

Therefore, we can reinterpret this as a time-explicit Euler discretization with step width δt for
the ordinary differential equation

˙⃗o(t) = ϕ
(
WT (t)o⃗(t) + b⃗(t)

)
. (8.9)

This ODE now describes the forward propagation process of the neural network model. This is
in contrast to (8.3), which resembles the iterative optimizer used to minimize the loss function.
Note that we employed ν as a step size in (8.2) since we also used this letter to denote the learning
rate in SGD; see Algorithm 10. Now, as (8.8) is no longer related to SGD, we use δt in (8.8)
instead.

8.2.1 Stability of feed-forward ResNets

A stable forward propagation (8.7) of a ResNet can only be guaranteed if the ODE itself admits
stable solutions. From ODE theory (see [WNH93]) it is well known that this holds if the real parts
of the eigenvalues of the Jacobian J of the right-hand side of (8.9) are non-positive. Furthermore,
it is necessary that the explicit Euler scheme is stable, which holds if

|1 + δt · λi(J (l))| ≤ 1 ∀ l = 1, . . . , L− 1

is fulfilled for all eigenvalues λi(J (l)) of the lth layer Jacobian J (l) of the right-hand side of
(8.8).

This reinterpretation motivates the creation of new forms of neural networks that allow for
stable evaluations, e.g., networks with anti-symmetric weight matrices or Hamiltonian-based
networks. For the latter, the variable o⃗(t) from (8.9) is split into two vectors y⃗(t) and z⃗(t) (e.g.,
of equal length), which are the solutions to the coupled Hamiltonian ODE system

˙⃗y(t) = ϕ
(
W(t)z⃗(t) + b⃗(t)

)
and ˙⃗z(t) = −ϕ

(
W(t)T y⃗(t) + b⃗(t)

)
.

Because of its structure, this system is automatically stable and, thus, also allows for stable
forward propagation if appropriate discretization schemes are chosen. An example presented
in [HR18] is the symplectic so-called Verlet integration scheme (see also [WNH93]), which
alternates between updating the y and z values, i.e.,

z⃗(l+
1
2 ) = z⃗(l−

1
2 ) − δt · ϕ

((
W(l)

)T
y⃗(l) + b⃗(l+1)

)
and y⃗(l+1) = y⃗(l) + δt · ϕ

(
W(l)z⃗(l+

1
2 ) + b⃗(l+1)

)
with appropriate time step size δt > 0.

8.2.2 Convolutional ResNets and (integro-)differential equations

For ResNets, where the right-hand side of (8.8) is of convolutional type instead of just feed-
forward type, one can show that the convolutional operator can be seen as a spatial discretization
of a partial differential operator. To this end, let us change our forward propagation process from
(8.8) to

o⃗(l+1) − o⃗(l)
δt

= −KTϕ
(
Ko⃗(l)

)
, (8.10)
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where K denotes a convolutional operator matrix applied to o⃗(l). The specific structure is chosen
because of its benign stability properties; see [RH20] for more details. This leads to a direct con-
nection between convolutional ResNets and partial differential equations (PDEs). For instance,
for image data, K can be chosen as a discretized version of the two-dimensional∇ operator; see
[PTVF07] for possible discretizations. If ϕ = id, this results in a discretized version of the heat
equation

˙⃗o(t) = −∇T∇o(t) = −∆o(t),
where the Laplace operator on the right side operates on local patches in the pixel-space. Similar
to the ODE setting, [RH20] shows that, for any non-decreasing activation function ϕ, the forward
propagation of (8.10) is stable.

To allow for more general architectures than just convolutional ResNets, [BGK22] investigates
networks motivated by integro-partial differential equations, where not only local but also global
interactions in the pixel space are taken into account.

8.3 Neural ODEs
In this section we consider a more general ResNet than the one from (8.7). To this end, let us
redefine the right-hand side of (8.8) to obtain

o⃗(l+1) − o⃗(l)
δt

= F
(
o⃗(l),W (l), b⃗(l+1)

)
,

with the more general right-hand side F , which is a function of the layer outputs and parameters.
This corresponds to the ODE

˙⃗o(t) = F
(
o⃗(t),W (t), b⃗(t)

)
(8.11)

when the time step size δt goes to 0.
In Section 8.2 we used the connection between the forward propagation step and the corre-

sponding ODE to derive results on the model’s stability. Now we also consider solving the ODE
(8.11) numerically with some initial condition o⃗(0) = x. This way, we directly obtain o⃗(L · δt)
for some fixed δt, which mimics the result of the corresponding L-layer neural network with
input x. This is known as solving the Neural ODE; see [CRBD18]. A major benefit of this
approach is that the ODE solver can, e.g., choose to adapt the step size if necessary, which would
not automatically be possible when training the network via SGD.

Now, let T be the point in time at which we want to evaluate the ODE solution o⃗(T ) and let S
be the outcome of some arbitrary numerical initial value problem solver depending on T , o⃗(0),
F , W (t), and b⃗(t). Note that we assume that W (t) and b⃗(t) are constant over time to be in
accordance with the Neural ODE setting in [CRBD18]. Then, the problem of optimizing the
weights and biases of the network becomes

min
W ,⃗b

Ĉ(o⃗(T )) = min
W ,⃗b

Ĉ
(
S(T, o⃗(0), F,W , b⃗)

)
,

where Ĉ : Rd → [0,∞) is a loss function mapping the d-dimensional output to a positive, real
number. To solve this optimization problem one needs to be able to compute gradients of the
ODE solver with respect to the weights and biases. This can be done by using the so-called
adjoint sensitivity method (see [CRBD18] for details), which just consists of solving a so-called
adjoint ODE backwards in time. To this end, we define the adjoint

a⃗(t) :=
∂Ĉ(o⃗(T ))

∂o⃗(t)
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as the derivative of the loss function Ĉ at the final result o⃗(T ) with respect to the intermediate
outcome o⃗(t) for some 0 ≤ t ≤ T . It can then be shown that the derivatives of the loss function
with respect to the weights can be obtained by computing the integral

∂Ĉ(o⃗(T ))

∂W
=

∫ T

0

a⃗(t)T
∂F
(
o⃗(t),W , b⃗

)
∂W

dt; (8.12)

see [CRBD18]. The formula for the bias derivative works analogously. To calculate the adjoint
itself, we can solve the ODE

˙⃗a(t) = −a⃗(t)T
∂F
(
o⃗(t),W , b⃗

)
∂o⃗(t)

(8.13)

with a given final value a⃗(T ). In this way, we obtain the adjoint at any time 0 ≤ t ≤ T . For
example, for the training data set (xi, yi) ∈ Rd × R and for a vector-valued least squares loss

Ĉ(o⃗(T )) =
1

dn

n∑
i=1

∥o⃗(T )|i− yi∥2,

where o⃗(T )|i denotes o⃗(T ) for the initial condition o⃗(0) = xi, the final value would be

a⃗(T ) =
2

dn

n∑
i=1

d∑
j=1

(
[o⃗(T )|i− yi]j

)
.

Here, [·]j denotes the jth component of a vector.
Combining (8.12) and (8.13), we have a direct way to take steps in the negative gradient

direction of the loss function with respect to the weights and biases. Solving these equations
can be done by a single call to an ODE solver; see [CRBD18] for more details. In this way,
we substitute the backpropagation step for ResNet optimization with SGD by a call to an ODE
solver where (8.11) is driving the dynamics.

One benefit of following the Neural ODE approach instead of doing regular backpropagation
is that the output at intermediate layers does not need to be stored for Neural ODEs as it can
be automatically inferred by the ODE solver when needed. Hence, the storage requirements
for applying Neural ODEs are significantly reduced in contrast to using backpropagation for
networks with many layers; see also Section 6.3. Furthermore, since standard ODE solvers are
able to give a solution with a pre-defined accuracy in the fastest way possible, we benefit from
an efficient balance of computational time and numerical error when running a Neural ODE
algorithm. Because of their underlying continuous-time model, Neural ODEs are also able to
deal with time series data that has been sampled in irregular intervals. This is usually a problem
for standard recurrent neural networks; see Section 10.3. For more details on these topics, we
refer the interested reader to [CRBD18, Kid22, RBZ23].

8.4 Generative diffusion models
In this section, we consider a class of generative models based on diffusion processes, i.e., spe-
cific stochastic processes, whose underlying dynamics resemble a diffusion equation.

8.4.1 Forward diffusion processes

Generative diffusion models aim to draw samples according to the distribution µ from which an
unlabeled training set x1, . . . ,xn ∼ µ has been drawn. To this end, a link between a known
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distribution, i.e., the standard normal distribution in our case, and µ is established. This can
be seen in correspondence to VAEs, where the latent space samples were assumed to follow a
Gaussian distribution and were mapped to the original data space by the decoder; see Chapter 7.

� Generative diffusion processes

A time-discrete forward diffusion process starting at a data point x(0) ∈ Rd, which
has been drawn according to some unknown data distribution µ, is defined by

x(i) =
√
1− βix(i−1) +

√
βiε (8.14)

for each i ∈ N. Here, x(i) denotes the ith iterate, 0 < βi < 1 is called the ith noise
level, and ε ∼ N (0, I) is a standard normally distributed random variable in Rd.
The original data point x(0) is perturbed by Gaussian noise in each iteration step. In
the limit i → ∞, the iterates x(i) become completely random, normally distributed
vectors.
The main idea of generative diffusion processes is to invert the above forward dif-
fusion process step by step to obtain data points distributed according to µ when
starting at a random Gaussian vector following the distribution N (0, I). Details can
be found in [HJA20, Mur23, SDWMG15].

Before we discuss how to build a generative diffusion process, let us first consider the connection
between diffusion processes and stochastic differential equations.

ò Stochastic differential equations

In contrast to ODEs, stochastic differential equations (SDEs) contain an additional
term in the form of a stochastic process, i.e., a family of random variables.37 In
particular, a typical SDE can be written as

dX(t) = µ(X(t), t)dt+ σ(X(t), t)dW (t)

in the so-called Itô notation, where the drift coefficient µ : Rd → [0,∞) → Rd
is a vector-valued function and the diffusion coefficient σ : Rd × [0,∞) → R is a
real-valued function. Furthermore, X,W : [0,∞) → Rd are stochastic processes.
The above equation has to be interpreted as

dX(t)

dt
= µ(X(t), t) + σ(X(t), t)

dW (t)

dt
. (8.15)

For more details on SDEs and on how to comprehend the time-derivative of W in
(8.15), we refer the reader to [KP92, Pro05].
Oftentimes, e.g., in mathematical finance [Hul14, Sam65] or in particle physics
[Ein56, KSZ96], W is modeled as multi-dimensional standard Brownian motion,
i.e., as a stochastic process whose increments W (t1) −W (t0) are independent and
distributed according to N (0, (t1 − t0)I) for t1 > t0 > 0.

37Another way to interpret a stochastic process is as a random function. In particular, a stochastic process evaluates to
a random element in a pre-defined function space.
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In the context of generative diffusion models, we consider the so-called forward diffusion SDE

dX(t)

dt
= −1

2
β(t)X(t) +

√
β(t)

dW (t)

dt
(8.16)

with some noise variance β : [0,∞) → R. For our purposes, we are not interested in the time-
continuous equation (8.16), but in the Euler–Maruyama discretization [KP92] thereof, which is
a stochastic variant of the time-explicit Euler scheme; see, e.g., (8.2) and (8.8). By using a time
step size δt > 0, we obtain

X(t+ δt)−X(t)

δt
= −1

2
β(t)X(t) +

√
β(t)√
δt

ε, (8.17)

where ε ∼ N (0, I) is a standard normally distributed random variable. Note that this can be
rewritten as

X(t+ δt) =

(
1− β(t)δt

2

)
X(t) +

√
β(t)δt ε.

Now let us consider the forward diffusion equation (8.14) with x(i) = X(i) and βi = β(i)δt,
i.e.,

X(i+ δt) =
√
1− β(i)δtX(i) +

√
β(i)δt ε. (8.18)

Apart from the drift coefficient, i.e., the term in front of X(t) or X(i), respectively, both equa-
tions are the same. Finally, to obtain the connection between these equations, note that a first
order Taylor expansion of

√
1− β(i)δt around δt = 0 yields√
1− β(i)δt = 1− β(i)δt

2
+O

(
(δt)2

)
.

Thus, the Euler–Maruyama discretization (8.17) of the forward diffusion SDE (8.16) resembles
the forward diffusion process (8.14) up to second order in δt for δt→ 0.

8.4.2 Reverse diffusion processes

To draw samples according to the data distribution µ, we need to establish the reverse diffusion
process X̄ , which (approximately) transforms x(T ) computed according to (8.14) for very large
T > 0 back to x(0). To this end, note that it can be proven that (8.16) can be reversed in time
and the solution is given by

dX̄(t)

dt
= −1

2
β(t)(X̄(t) + g(X̄(t), t)) +

√
β(t)

dW̄ (t)

dt
(8.19)

for some function g : Rd × [0,∞)→ Rd; see [And82] for details. Here, dt has to be understood
as an infinitesimal step backwards in time and W̄ is a time-reversed Brownian motion. Applying
an Euler–Maruyama discretization with time step size δt to (8.19), we obtain

X̄(t− δt) = X̄(t)− 1

2
β(t)δt(X̄(t) + g(X̄(t), t)) +

√
β(t)δt ε (8.20)

for an ε ∼ N (0, I). This shows that for both the discretized forward diffusion SDE and the
discretized reversed diffusion SDE, we only need to compute terms depending on the current
iterate and a small Gaussian increment to obtain the next iterate. In fact, this also carries over
to the reverse diffusion process. In particular, since the distribution of x(i) given x(i−1) can be
written as

p∗
(
x(i)

∣∣ x(i−1)
)
∼ N (

√
1− βix(i−1), βiI), (8.21)
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one can show that the (true) distribution of x(i−1) given x(i) and x(0) can be written as

p∗
(
x(i−1)

∣∣ x(i),x(0)
)
∼ N (m̄i, σ̄iI),

where both mean m̄i and noise level σ̄i depend only on x(i), x(0), and βj for 1 ≤ j ≤ i.
For more details and explicit formulas for m̄i and σ̄i, we refer the reader to [HJA20, Mur23].38

Since x(0) is not known when reversing the forward diffusion process to infer x(i−1) from x(i),
we approximate the distribution p∗

(
x(i−1)

∣∣ x(i),x(0)
)

by

p
(
x(i−1)

∣∣ x(i)
)
∼ N (mi, σiI) (8.22)

with degrees of freedom mi and σi not depending on x(0). Oftentimes, the variance coefficients
are fixed a priori, e.g., σi = βi; see also [HJA20]. This means we are left with the task of
determining mi from given data x1, . . . ,xn. To this end, we create a neural network taking x(i)

as input and computing mi as output. To train the network, we could consider minimizing the
cross entropy

−Ep∗(x(0))

[
p(x(0))

]
(8.23)

over the given training data, i.e., the expected value Ep∗(x(0)) would become an average over
the x1, . . . ,xn. However, since p(x(0)) is not directly accessible, we follow the same idea as in
Section 7.4.2 and (7.5), where we discussed the ELBo loss for variational autoencoders. Thus,
instead of minimizing (8.23) to obtain m1, . . . ,mT , we minimize the ELBo

Ep∗
[
log
(
p∗
(
x(T )

))
+

T∑
i=1

log

(
p
(
x(i−1)

∣∣ x(i)
)

p∗
(
x(i)

∣∣ x(i−1)
))] , (8.24)

where T > 0 is the number of steps of the forward diffusion process. For details on the training
procedure, see Section 8.4.3 and [HJA20, Mur23, SDWMG15].

Finally, we observe that, after learning mi from (8.22), both the forward diffusion process

x(i) =
√
1− βix(i−1) +

√
βiεi

and the reverse process
x(i−1) = mi +

√
σiε̄i

with εi, ε̄i ∼ N (0, I) are computed by sampling standard normally distributed random variables.
This has to be seen in analogy to the Euler–Maruyama discretizations (8.18) and (8.20) of the
corresponding forward and reverse diffusion SDEs (8.16) and (8.19).

8.4.3 Training and generation

As mentioned in the previous section, we fix the variances σi for i = 1, . . . , T in (8.22), e.g., by
σi = βi, and employ a neural network to determine mi for given x(i). To train this network, we
minimize the ELBo loss function (8.24) over the training data set x1, . . . ,xn by an SGD-type
algorithm. To this end, we need to be able to evaluate the ELBo.39 Note that (8.24) can get
approximated by

1

n

n∑
j=1

log
(
p∗
(
x
(T )
j

))
+

T∑
i=1

log

 p
(
x
(i−1)
j

∣∣ x(i)
j

)
p∗
(
x
(i)
j

∣∣ x(i−1)
j

)
 , (8.25)

38An even more detailed derivation can be found in the excellent blog article https://lilianweng.github.io/posts/2021-
07-11-diffusion-models.

39Its derivatives can then be computed by automatic differentiation.

https://lilianweng.github.io/posts/2021-07-11-diffusion-models
https://lilianweng.github.io/posts/2021-07-11-diffusion-models
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i.e., we compute an average over the given training data. To evaluate (8.25), we assume that T
is large enough such that x(T )

j is (approximately) standard normally distributed, i.e., we assume

p∗(x
(T )
j ) ∼ N (0, I) for all j = 1, . . . , n. Furthermore, note that p∗(x(i)

j

∣∣ x(i−1)
j ) from (8.21)

is known, i.e., we can evaluate it. Thus, we can compute x
(i)
j for each i = 1, . . . , T and for each

training data point xj , j = 1, . . . , n, by drawing samples according to (8.21), and we thus can
evaluate (8.25).

Finally, assuming that p∗(x(T )) ∼ N (0, I), we minimize (8.25) with respect to the weights
and biases of the network with an SGD-type algorithm.

To use the already trained generative diffusion process for data generation, we simply draw a
random vector x(T ) ∼N (0, I), compute the corresponding mT with the trained neural network,
and apply (8.22) for i= T to obtain x(T−1). This process of computing mi and applying (8.22) is
then repeated for i= T − 1, . . . , 1 to finally obtain the new data point x(0); see [HJA20, Mur23].

8.4.4 Application to image data

Now we will have a look at generative diffusion models for image generation, i.e., starting with
a given image, we generate a slightly noisier image at each time step of the forward diffusion
process. Similarly, we denoise an image step by step following the backward diffusion process.
To this end, let A0 ∈ Rh×w×c be an image in pixel space, where c denotes the number of color
channels. We assume that A0 is drawn according to some image distribution µ on Rh×w×c.
Now, in order to generate a new image Ai from an old image Ai−1, we draw a random sample
from the distribution

p∗(Ai | Ai−1) ∼ N
(√

1− βiAi−1, βiI
)

with some hyperparameters 0 < βi < 1 successively for i = 1, . . . , T . Oftentimes the βi are
chosen according to a certain schedule; see [HJA20, Mur23] for details. After the minimization
of (8.25), and thus after the computation of mi for i = 1, . . . , T , we can denoise an image step
by step by drawing a new iterate according to the distribution

p(Ai−1 | Ai) ∼ N (mi, σiI) . (8.26)

Examples for images created by a generative diffusion model can be found in Figure 8.2. Here,
the resulting denoised images depend on both the initial random image drawn according to
N (0, I) and the random path generated by consecutively sampling according to (8.26).

8.5 Further topics
Neural networks for solving PDEs Besides using the interpretation of ResNets as dis-
cretized numerical solvers for ODEs and PDEs in order to analyze the network’s properties as
we have done in Section 8.2, we can also look at this relation from the opposite perspective. To
this end, we can use deep neural networks in order to approximately solve given ordinary and
partial differential equations. An overview on methodologies which are used for this purpose can
be found in [DWW22, EHJ21, HJKN20].

Physics-informed neural networks Since ODEs and PDEs often appear in applications
from physics, special types of networks, namely physics-informed neural networks (PINNs),
have been developed to specifically deal with such equations. Here, network structures, loss
functions, and regularization terms are adapted to meet specific physical requirements, e.g.,
the loss can be chosen such that it penalizes unphysical behavior in the network output; see
[BE21, RPK19] for an overview on PINNs and [vRMB+23] for a survey on informed machine
learning in general.
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Figure 8.2: Example pictures (deep fakes) of fictitious people created by a generative diffusion
model [HJA20] trained on the CelebA data set [LLWT15] of real celebrities. Each row contains
(from left to right) the iterates Ai for i = 16, 12, 8, 4, 0 of the reverse diffusion process (8.26)
for different random instances of AT ∼ N (0, I) with T = 50. For the corresponding code to
generate the pictures, see https://huggingface.co/google/ddpm-celebahq-256. Created from the
CelebA data set.

Deep operator networks When we are dealing with parametrized ODEs or PDEs for which
many solutions have to be computed, e.g., in uncertainty quantification, it is computationally
beneficial to directly approximate the solution operator corresponding to the parametrized equa-
tion instead of its results for a large discrete set of parameter values. Here, neural networks
that learn nonlinear, continuous operators instead of functions have been developed, like so-
called DeepONets or Fourier neural operators (FNOs). We refer the reader to Section 10.1 and
[KLL+23, KLM21, LMK22, LKA+20, LJP+21] for more details.

SGD variants and ODEs Besides analyzing the performance of SGD via the neural tangent
kernel, which we did in Section 8.1, there also exist approaches studying properties of Nesterov’s
SGD variant (compare Section 6.5) and other momentum-based optimizers with the help of ODE
systems and gradient flows; see [MJ21, SBC16, WWJ16].

https://huggingface.co/google/ddpm-celebahq-256


Chapter 9

Reinforcement Learning

Besides supervised and unsupervised learning, reinforcement learning is the third main category
in modern artificial intelligence. It is influenced by ideas of behaviorism that attribute learning
to a feedback of positive and negative reinforcement.

� Reinforcement learning

The goal in reinforcement learning (RL) is to make sequential decisions in a given
environment, where a decision stems from a fixed set of actions. To this end, an
agent is considered that acts within the environment, i.e., based on a policy, the agent
decides which action to take in which state of the environment. A path of an agent in
the state space, i.e., a sequence of states resulting from the taken actions, is called a
trajectory. An agent is trained by using a quantitative feedback of how good (or bad)
a decision or a sequence of decisions has been. To this end, the agent is guided in its
decisions through rewards.
An important aspect of reinforcement learning is that the agent can only learn by
applying actions and by observing rewards. Thus, no or only incomplete details about
the environment are exposed to the agent. This a key difference from the domain of
optimal control of dynamical systems [BCD97, Ber19, GP17, Pow22, Rec19, SB18,
Vin00].
In general, an agent’s decision that may lead to a high reward later, i.e., after fol-
lowing a trajectory of states, might yield no or even a negative immediate reward at
the time of making it. Therefore, actions are not based on the immediate reward, but
on their estimated long-term value over the whole trajectory, i.e., on their aggregated
reward. To summarize, reinforcement learning is concerned with the interaction of
an agent and its environment under uncertainty, in particular due to incomplete and
stochastic information.

Reinforcement learning is successfully applied in many application areas. For instance,
[Mea15, Sea18, Tes95] investigate the performance of RL algorithms in games. Furthermore,
a deep RL approach for magnetic control of tokamak plasmas can be found in [Dea22]. For RL-
based recommender systems, we refer the interested reader to [ACF22, PT13]. A reinforcement
learning method for constructing fast matrix multiplication algorithms can be found in [Fea22].
[DBK+16] presents a reinforcement learning approach to financial signal representation and
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trading. Surveys on reinforcement learning algorithms applied to tasks in robotics can be found
in [KBP13, PN17].

This chapter is structured as follows: As a first step towards RL, we consider deterministic
optimal control problems in Section 9.1. Here, we are given complete information about the
environment, which is assumed to be deterministic. We introduce state and action spaces, de-
terministic state dynamics, and a reward function. The goal is to find an optimal policy, which
determines the best—in terms of the value, i.e., the aggregated rewards—action to take when the
system is in a particular state. To this end, we first introduce the policy evaluation algorithm,
which computes the value for a given policy. Then, to actually determine an optimal policy, we
consider the value iteration algorithm. Furthermore, we provide the policy iteration algorithm,
which computes an optimal policy by alternating the optimization of a policy and its evaluation.
Subsequently, we generalize the setting by allowing probabilistic state transitions, i.e., the state
dynamics will be modeled by a probability distribution instead of a fixed function. Section 9.2
is then dedicated to the situation where only incomplete information about the environment is
available for reinforcement learning. Here, information cannot be directly accessed but is only
observed by following trajectories of state-action pairs. In such settings, an algorithm such as
Monte Carlo policy evaluation, SARSA, or Q-Learning needs to be employed to compute values
for trajectories and approximate optimal policies. We conclude this chapter with a discussion
of deep reinforcement learning in Section 9.3, where deep neural networks are used to approx-
imately determine optimal solutions. These function approximations are employed in case of
large state spaces when the previously discussed methods can no longer be directly applied due
to their huge costs.

9.1 Optimal control
Instead of starting in an environment with uncertainties or incomplete information and to simplify
the introduction of essential concepts and algorithms, we first consider the easier deterministic
case with complete information. This is also known as sequential deterministic optimal control.

9.1.1 Deterministic optimal control

We begin by describing the specific setting that we encounter in deterministic optimal control.
To this end, let us briefly recapitulate the concept of deterministic Markov decision processes,
which define our environment, i.e., the world in which an agent lives and acts. In particular, our
environment is defined by a set of states, i.e., the states in which the environment can be, a set of
actions, i.e., the actions that can be taken in a given state within the environment, and a function
that describes state transitions, i.e., a function that outputs the state into which the environment
changes when taking an action in a specific state.

ò Deterministic Markov decision process

A tuple (S, A, T,R, γ) is a deterministic, discounted Markov decision process
(MDP) if

• S is a finite nonempty set, called the state space,

• A = ∪s∈SAs is a union of finite, nonempty sets As, where As is a given set of
actions that could be taken in state s,

• T : {(s, a) | s ∈ S, a ∈ As} → S is a state-valued function,
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• R : {(s, a) | s ∈ S, a ∈ As} → R is a real-valued function, and

• γ ∈ (0, 1] is a discount factor.

The set A is the action space, and As is the set of admissible actions in state s. The
evaluation T (s, a) of the state dynamics T defines the next state when taking action
a ∈ As in state s ∈ S, and R(s, a) is the reward when taking the action a ∈ As in
state s ∈ S. Note that a deterministic, discounted MDP can also be represented as a
graph; see Figure 9.1. A function

π : S → A,

such that π(s) ∈ As, is a policy of an agent. Oftentimes, π is also referred to as the
agent itself.
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Figure 9.1: An example for the graph representation of a deterministic MDP environment. Here,
every state s ∈ S is represented by a node and every action a ∈ As is represented by an edge
pointing from s to another node. The label of an edge a originating in s is the rewardR(s, a) ∈ R
for taking action a in state s.

Given a deterministic, discounted MDP as the environment, an agent can in any state s ∈ S
interact with it by choosing an action a ∈ As. To be more precise, given st ∈ S and at ∈ As
for some time index t ∈ N, the environment experiences a transition from the state st to a
state st+1 ∈ S, which is determined by the state dynamics map T , i.e., st+1 = T (st, at).
Consequently, the agent obtains a reward rt+1 ∈ R, which is defined byR, i.e., rt+1 = R(st, at).
The trivial situation of having one fixed action space A = As for all s ∈ S represents the case
of state-independent actions. The continuing interaction of the agent with the environment is
illustrated in Figure 9.2. In summary, the agent encounters a sequence of events, represented
by a trajectory of states st ∈ S , the taken actions at ∈ Ast , the resulting next states st+1 =
T (st, at) ∈ S, and the rewards rt+1 = R(st, at) ∈ R for t ∈ N. The goal is now to find a policy
π∗ : S → A that gives the best action to take in a state in terms of the aggregated rewards. The
question is then how such a policy can be determined. This will be explained in more detail in
the following.

First, to be able to compare the quality of different policies at all, we define the discounted
cumulative reward for a given policy π : S → A and a starting state s0 ∈ S as

V π(s0) :=

∞∑
t=0

γtR(st, π(st)). (9.1)

V π is also called the value function for the policy π. In (9.1), s0, s1, s2, . . . denotes the trajectory
which we obtain when we follow π for the initial state s0, i.e., st+1 = T (st, π(st)) for all t ∈ N.
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Figure 9.2: The repeated interaction between agent and environment. After each action the new
state and the corresponding reward are observed.
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Figure 9.3: A policy for the example from Figure 9.1. Here, we visualize a specific policy
π : S → A by bold edges. For this policy, the value of V π (for γ = 1) is denoted by the numbers
inside the nodes. This means that the value in node s is V π(s). Note that the rightmost node in
the graph represents a terminal state, i.e., actions do not have any effect.

Here, the discount factor γ ∈ (0, 1] models the effect of delayed rewards. We refer the reader to
Figure 9.3 for an abstract example of such a sequential, deterministic Markov decision process
with a value function V π for a chosen policy π.

The optimization problem A policy π is called optimal if it maximizes the discounted cu-
mulative reward V π . Thus, the task of optimal control can now be stated as the following opti-
mization problem: Find an optimal policy π∗ : S → A from the set {π : S → A} of all policies
such that

π∗(s) := argmax
π

V π(s) ∀ s ∈ S. (9.2)

The cumulative reward for the optimal policy π∗ is called the optimal value function and is
denoted40 by V ∗(s) := V π

∗
(s).

For γ = 1 we speak of an undiscounted optimal control problem; otherwise, for 0 < γ < 1,
the problem is called discounted. Note that, for an undiscounted problem, neither the existence
nor the uniqueness of a solution of (9.2) can be guaranteed. However, as we will see later on, a
solution exists for any discounted problem since the value function V π is bounded for γ < 1 and
any bounded reward function R. Note furthermore that the sum in (9.1) is sometimes truncated

40Note that while the optimal value function can be shown to be unique, optimal policies (or actions) are not neces-
sarily unique. In this chapter, argmax is therefore understood as being one of the arguments that are maximizing the
expression.
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after a fixed number of steps T ∈ N, i.e.,

V π(s0) :=

T∑
t=0

R(st, π(st))

is used instead of (9.1). In such a case, the problem (9.2) is called a finite horizon problem.
Otherwise, it is called an infinite horizon problem.

Certain states are often considered to be terminal. This means that actions in a terminal state no
longer have any effect (e.g., when a game ends, when the agent exhausted his capital in trading,
or when a robot has reached a destination in a navigation task), and one may think of those states
as absorbing states. To include these states in our MDP model, we denote a state s as terminal
if all possible actions a ∈ As taken in this state result in zero rewards and lead back to the same
state s, i.e.,

T (s, a) = s, R(s, a) = 0 ∀ a ∈ As. (9.3)

If an agent reaches a terminal state at time T ∈ N, the discounted cumulative reward (9.1)
is effectively finite because all summands for t > T are zero. In practice, the environment
provides the information on whether a state is terminal or not. For example, the rightmost state
in Figure 9.3 is a terminal state since (9.3) holds.

The Bellman equation From the general definition of the discounted cumulative reward (9.1)
we see that V π(s0) can also be formulated in a recursive way. To this end, we split the sum into
the first term and the remainder, which is itself again a representation of the value function, i.e.,

V π(s0) =

∞∑
t=0

γtR(st, π(st))

= R(s0, π(s0)) +

∞∑
t=1

γtR(st, π(st)) (9.4)

= R(s0, π(s0)) + γV π(s1)

for some policy π : S → A. This yields the recursive formulation

V π(s) = R(s, a) + γV π(T (s, a)) (9.5)

with a = π(s). Furthermore, the optimal value function V ∗, i.e., the cumulative reward for the
optimal policy (9.2), is given by the Bellman equation

V ∗(s) = max
a∈As

(
R(s, a) + γV ∗(T (s, a))

)
. (9.6)

This way, V ∗ can be characterized without referring to a specific policy π∗. In particular, choos-
ing a maximizing action in each step yields an equation for the optimal policy

π∗(s) := argmax
a∈As

(
R(s, a) + γV ∗(T (s, a))

)
(9.7)

in terms of the optimal value function V ∗. The policy π∗ now maximizes V ∗(s) for every s. The
idea behind the Bellman equation is Bellman’s optimality principle.
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ò Bellman’s optimality principle

Suppose that π∗ is an optimal policy, i.e., it maximizes (9.2), and s0, s1, s2, . . . is
the sequence of states when following π∗. Then, Bellman’s optimality principle
expresses that π∗ will also be an optimal policy if one starts in any other si for i > 0.
Specifically, the solution to the optimization problem starting at some state s can be
obtained by a combination of the optimal solutions to the following two subproblems:
The problem of going from s to the next state in an optimal way and the problem
of obtaining the value function at the states S \ {s}. This is also known as the dy-
namic programming principle, which states that for an optimal policy “the remaining
decisions must constitute an optimal policy with regard to the state resulting from
the first decisions.” For more details on Bellman’s optimality principle and dynamic
programming, we refer the reader to [Bel57, Ber12, Ber17].

The Bellman operator Let us now introduce the Bellman operator Bπ , which applies (9.5)
for a policy π, i.e.,

Bπ :
{
v : S → R

}
→ {v : S → R},

v 7→
(
s 7→

(
R(s, a) + γv(T (s, a))

))
,

(9.8)

with a = π(s). Moreover, let us define the Bellman optimality operator B, which applies (9.6),
i.e.,

B :
{
v : S → R

}
→ {v : S → R},

v 7→
(
s 7→ max

a∈As

(
R(s, a) + γv(T (s, a))

))
.

(9.9)

For finite state spaces S and finite action spaces A, it is not difficult to verify that Bπ and B
are contractions for γ < 1. It thus holds that

∥Bπv − Bπw∥∞ ≤ γ∥v − w∥∞ and ∥Bv − Bw∥∞ ≤ γ∥v − w∥∞

for all v, w : S → R under natural conditions on the environment. Here, ∥ · ∥∞ denotes the L∞
norm of functions from S to R. Using Banach’s fixed point theorem one can now establish the
following result; see, for instance, [Ber17].

Theorem 9.1.1 (Bellman 1957). Let v : S → R and let γ < 1. The following hold:

(i) V π from (9.5) is the unique solution of the fixed point equation Bπv = v.

(ii) V ∗ from (9.6) is the unique solution of the fixed point equation Bv = v.

(iii) For any policy π it holds that limn→∞ Bnπv = V π.

(iv) It holds that limn→∞ Bnv = V ∗.

The above theorem states that a fixed point of (9.5) or (9.6) is a value function for every s ∈ S
when the equations are understood as recursive update equations.

9.1.2 Policy evaluation and value iteration

The idea of using fixed point iterations with the operators Bπ and B in order to compute a value
function for a given policy and the optimal value function leads to two algorithms, which are
called policy evaluation and value iteration, respectively.
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Algorithm 11: Policy evaluation
Input: deterministic, discounted MDP (S, A, T , R, γ), policy π : S → A, threshold

δ > 0.
Output: (approximation to) the value function V π .

1 Initialize V ′ : S → R arbitrarily such that V ′(s)← 0 for all terminal states s ∈ S.
2 repeat
3 V ← V ′.
4 forall s ∈ S do
5 V ′(s)← R(s, π(s)) + γV (T (s, π(s))).
6 end forall
7 until maxs∈S |V − V ′| ≤ δ.
8 return V ′.

The policy evaluation method computes (an approximation of) the value function V π for the
policy π; see Algorithm 11. This is done by repeatedly applying the Bellman operator Bπ to the
current estimate of V π .

Moreover, using a fixed point iteration with B instead of Bπ , we can compute an optimal value
function. This is the so-called value iteration method; see Algorithm 12. Here, one computes (an
approximation of) the optimal value function V ∗, from which the corresponding (approximately)
optimal policy π∗ is then derived.

Algorithm 12: Value iteration
Input: deterministic, discounted MDP (S, A, T , R, γ), threshold δ > 0.
Output: (approximations to) the optimal value function V ∗ and an optimal policy π∗.

1 Initialize V ′ : S → R arbitrarily such that V ′(s)← 0 for all terminal states s ∈ S.
2 repeat
3 V ← V ′.
4 forall s ∈ S do
5 V ′(s)← maxa∈As

(R(s, a) + γV (T (s, a))).
6 end forall
7 until maxs∈S |V − V ′| ≤ δ.
8 π ←

{
s→ argmaxa∈As

(R(s, a) + γV ′(T (s, a)))
}

.
9 return V ′, π.

The key difference between Algorithm 11 and Algorithm 12 is in line 5 of both algorithms: In
the case of policy evaluation the action is given by the policy π, while in the case of value iteration
the action is being optimized over all possible actions As in state s ∈ S . The value iteration
algorithm and the policy evaluation algorithm first emerged in optimal control applications, also
known as dynamic programming [FF13, Ber19, Pow22]. Variants of both will also be basic
building blocks for more sophisticated reinforcement learning algorithms later on.

X Task 9.1. First, we consider an environment which resembles a frozen lake. Here,
the state space S contains 16 different locations (tiles) on the lake, which are arranged
in a 4×4 square grid. The agent has to travel from a given starting location to a fixed
destination. To this end, the agent is allowed to move along one of four possible
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directions (north, south, west, and east) to a spot adjacent to its current one in each
step. However, the agent has to avoid falling into one of the lake’s holes, which are
present at certain locations that are unknown to the agent at the beginning. Moreover,
the lake can be either non-slippery, i.e., the agent always reaches the lake tile which
corresponds to his chosen action, or slippery, i.e., at random times the agent’s action
is ignored and a random move to an adjacent lake tile is taken instead. A visualization
of the environment can be found in Figure 9.4.
First, get familiar with gymnasium [Tea23] and the ideas of value iteration. To this
end, refer to the JUPYTER notebook ReinforcementLearning_template.ipynb
at https://bookstore.siam.org/di03/bonus.

(a) We pre-defined a class RandomAgent, which takes a random step in any of the
four directions. Implement the action function for this agent and experimen-
tally estimate the expected value of the agent’s policy on the FrozenLake-v1
environment with is_slippery first False then True. What do you observe
and why?

(b) Implement the missing piece of iterative policy evaluation to calculate the
value function for the random policy from task (a) with γ = 0.9 with
is_slippery = False. What is the value function if is_slippery is True?

(c) Implement the missing piece of value iteration to calculate an optimal policy
for the FrozenLake-v1 environment where is_slippery is False. Experi-
mentally estimate the expected return for these optimal policies.

Figure 9.4: A visualization of the FrozenLake-v1 environment in gymnasium created with the
gymnasium.env.render function; see [Tea23]. The agent (top left corner) has to travel to the
destination (bottom right corner) and has to avoid the four holes in the lake. Modified image
used with the kind permission of the Farama foundation and Francisco Coda.

https://bookstore.siam.org/di03/bonus
https://farama.org
https://franuka.itch.io


9.1. Optimal control 147

9.1.3 Policy iteration

In Algorithm 12 we have seen how a fixed point iteration based on the contraction properties of B
can be used to find an optimal policy. Note that, during the iteration process, we only keep track
of a function V, which implicitly defines a policy π. Alternatively, we can compute and store an
optimal policy directly. To this end, policy iteration, which is based on (9.7), is an appropriate
method. Each iteration of this approach consists of two steps: First, policy evaluation is applied;
see Algorithm 11. Second, the so-called policy improvement step is employed.

In particular, we start with an initial policy π for which we first evaluate V π by policy evalua-
tion (Algorithm 11). Then, we obtain a better policy

π′(s)← argmax
a∈As

(
R(s, a) + γV π(T (s, a))

)
(9.10)

by greedily picking the best action a for each state s according to V π . This resembles the policy
improvement step; see Figure 9.5 for an example of two steps of the overall iterative procedure.
The policy iteration algorithm now alternates these two steps; see Algorithm 13.

Algorithm 13: Policy iteration
Input: deterministic, discounted MDP (S, A, R, T , γ), threshold δ > 0.
Output: (approximations to) an optimal policy π∗ and the corresponding value function

V ∗.

1 Initialize π′,v′ arbitrarily.
2 repeat
3 v ← v′.
4 π ← π′.
5 Solve (I − γT )v′ = r and set V π(s)← v′

s for all s ∈ S
(or approximate v′

s = V π(s) by policy evaluation with Algorithm 11).
6 forall s ∈ S do
7 π′(s)← argmaxa∈As

(
R(s, a) + γV π(T (s, a))

)
.

8 end forall
9 until maxs∈S |v − v′| ≤ δ.

10 return V π
′
, π′.

In comparison, Algorithm 12 (value iteration) updates the estimate of the values in each loop
over the state space. Subsequently, after each such loop, it (implicitly) obtains a new policy
based on the updated value function. In contrast to that, Algorithm 13 updates the estimate of
the values for the current policy to a prescribed accuracy in each policy evaluation step. Then,
given this (stable) value, a new policy is determined in the policy improvement step. In terms
of the number of policy updates, policy iteration usually converges faster than value iteration, in
part because more effort is spent between updates.

Note that in line 5 of Algorithm 13, instead of using Algorithm 11, one can solve a system
of linear equations to obtain the current policy iterate. This is potentially more efficient. To see
why both approaches are equivalent, we define the reward vector r ∈ R|S| with entries rs :=
R(s, π(s)) for all states s ∈ S. Moreover, we define the state transition matrix T ∈ R|S|×|S|

with entries T s,s′ := δT (s,π(s)),s′ for all states s, s′ ∈ S with

δT (s,π(s)),s′ :=

{
1 if T (s, π(s)) = s′,
0 else.
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(d) Policy evaluation.

Figure 9.5: Subsequent steps (a)–(d) of the policy iteration algorithm for the example from
Figure 9.3. The new action π′(s) of a policy improvement step is indicated by a dashed edge for
each s ∈ S.

With this, the fixed point equation
Bπv = v (9.11)

for policy evaluation for a deterministic MDP can be written as

v = r + γTv,
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where v ∈ RS has the entries vs = v(s). This indeed provides an alternative to Algorithm 11
since (9.11) is equivalent to solving the system of linear equations

(I − γT )v = r.

Overall, policy iteration, as shown in Algorithm 13, is an iterative method that searches in
the space of policies until it has converged to an optimal policy. The approach was developed
by Bellman [Bel57] and Howard [How60] and is also known as Howard’s algorithm. It can
be shown that policy iteration converges since the number of states and actions in the MDP is
finite; see [Ber12, Ber19, SB18, Mur23]. Under a monotonicity assumption on the matrices T
for each policy, one can indeed prove that policy iteration converges superlinearly. Moreover,
under certain additional regularity assumptions, even quadratic convergence can be shown; see
[BMZ09, SR04] for details. This superior result is related to an interpretation of policy iteration
as a semismooth Newton method for finding a root of Bv − v = 0. In particular, line 5 of
Algorithm 13, which reflects the linear problem from (9.8), can be seen as solving a linearization
of the nonlinear problem (9.9), similar to a Newton method.

9.1.4 Stochastic environments

A more general setting than that of deterministic optimal control is that of stochastic optimal
control. Here, the environment is considered in a stochastic fashion. To this end, a stochastic
Markov decision process is employed as a model for the environment.

ò Stochastic Markov decision process

A tuple (S, A, τ, r, γ) is called a stochastic, discounted Markov decision process
(MDP) if

• S is a finite nonempty set, called the state space,

• A = ∪s∈SAs is a union of finite, nonempty sets As,

• τ is a family of probability measures Pa(s, ·) on S depending on s ∈ S and
indexed by a ∈ As,

• r :
{
(s, a, s′) | s, s′ ∈ S, a ∈ As

}
→ R is a real-valued function, and

• γ ∈ (0, 1] is a discount factor.

As in the deterministic case, the set A is the action space and As is the set of admis-
sible actions in state s. Pa(s, s′) is now the probability that the system will change
to state s′ if action a has been taken in state s. The corresponding reward is given by
r(s, a, s′). In the stochastic setting, a family π of probability measures π(s) on As
indexed by s ∈ S is a policy, where an agent selects an action in s based on π(s).

Note that a stochastic Markov decision process can also be used to model a deterministic one.
To this end, Dirac measures are used as the probability measures Pa(s, ·). To be consistent with
the deterministic case, where π : S → A is a function, notation is oftentimes abused in the
stochastic setting and one writes π(s) instead of a := argmaxa′∈As

π(s)(a′) when referring to
the action a that is most likely in state s for the policy π. Stochastic policies are needed for tasks
involving partially observable environments, e.g., for bluffing in card games with incomplete in-
formation, such as poker (see [SB18]), for disguising the state to obfuscate private information,
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or for exploring the state space, as we will see in Section 9.2.5. One can formally define anal-
ogous expressions of (9.1) in the stochastic setting; see, e.g., [BS96, FS06, SB18]. Then, (9.2)
gives the optimal deterministic policy as before. For details on stochastic policies, see [SB18].

All algorithms from the deterministic case can be employed to obtain a deterministic policy
in a stochastic environment if we slightly alter the definitions: The Bellman optimality equation
(9.6) can be redefined by taking the expected value over the probabilities to obtain

V ∗(s) := max
a∈As

∑
s′∈S

Pa(s, s
′)
(
r(s, a, s′) + γV ∗(s′)

)
(9.12)

in the case of stochastic transactions. Then, Algorithm 11 and Algorithm 12 can be reformulated
for a stochastic environment. To this end, we replace line 5 in Algorithm 11 with

V ′(s)←
∑
a∈As

(
π(s)(a)

∑
s′∈S

Pa(s, s
′)(r(s, a, s′) + γV (s′))

)

and line 5 in Algorithm 12 with

V ′(s)← max
a∈As

(∑
s′∈S

Pa(s, s
′)(r(s, a, s′) + γV (s′))

)
. (9.13)

Here, π(s)(a) denotes the probability that π picks action a given state s.
Besides policy evaluation and value iteration, we can also reformulate policy iteration (Algo-

rithm 13) for a stochastic environment. To this end, the entries of the state transition matrix T
become T s,s′ := Pπ(s)(s, s

′). Furthermore, line 7 in Algorithm 13 becomes

π′(s)← argmax
a∈As

∑
s′∈S

Pa(s, s
′)
(
r(s, a, s′) + γV π(s′)

)
. (9.14)

Note that one can further generalize the setting and also define the reward r as probabilistic.
In this case, Algorithm 11 and Algorithm 12 can be extended to cover such probabilistic rewards
as well. For reasons of simplicity, we will only consider deterministic rewards in the following.

9.2 Classic reinforcement learning
So far, we have dealt with problems that were simple enough to understand them completely,
i.e., we had access to both the transition map T and the reward function R—or τ and r in the
stochastic setting—and we were able to evaluate them at arbitrary states s ∈ S and actions
a ∈ As. In contrast, a reinforcement learning algorithm may not use (full) knowledge about
the environment explicitly. In particular, for many real-world applications, the dynamics of the
system are unknown.

For example, in [Mea15] several Atari games have been considered. Here, no rules of the
game, such as the (potentially stochastic) system dynamics, are available to the agent. A state
just consists of the most recent four picture frames of the game’s screen. Clearly, the space of
all conceivable states S is enormously large, and it is no longer feasible to compute or even to
store all possible state transitions and rewards. In this setting, the authors achieve superhuman
performance employing a reinforcement learning approach.

Generally, the specific information that is available about an environment will depend on the
application at hand. In particular, T—or τ in the stochastic setting—is typically neither known
nor (generally) accessible, but transitions can at least be observed. To tackle a given problem,
RL algorithms use certain sampling techniques in the state space and in the action space. Based
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on the sampled trajectories, approximations of the value function or the optimal policy are then
computed, for instance.

In model-based reinforcement learning, algorithms are employed that train a model of the tran-
sition map from sampled trajectories. Here, while the true transition map is not available, both
value iteration (Algorithm 12) and policy iteration (Algorithm 13) can in principle be applied as
before, but now using the learned model. In the following, we will focus on model-free reinforce-
ment learning approaches, where the sampled trajectories are directly used, e.g., to approximate
the value function, without employing a model of the transition map.

The remainder of this section is structured as follows: After introducing the general reinforce-
ment learning setting in Section 9.2.1, we discuss a Monte Carlo approach for policy evaluation
in Section 9.2.2. Here, the agent learns from experience, i.e., from sampled trajectories, in order
to estimate the value function. This is in line with the conceptual idea of mimicking learning
through positive and negative reinforcement. A more advanced technique than simple Monte
Carlo estimation is the temporal difference (TD) method, which we explore in Section 9.2.2.
The combination of the concepts of temporal differences and Q-functions leads to the SARSA al-
gorithm presented in Section 9.2.4. In Section 9.2.5 we discuss the tradeoff between exploration
and exploitation and the resulting Q-learning algorithm. Subsequently, we introduce the binning
approach to deal with infinite state spaces in Section 9.2.6. Finally, Section 9.2.7 provides tasks
on the introduced RL algorithms.

9.2.1 Setting

Reinforcement learning versus optimal control In the optimal control setting we had per-
fect knowledge about the state transitions. But this is no longer the case in reinforcement learning
and an algorithm cannot explicitly make use of T or τ and the probability measures Pa for any
a ∈ A anymore.

Thus, in the general reinforcement learning setting, information can only be obtained in an
interactive fashion, i.e., one observes the next state st+1 and the reward rt+1 without explicitly
knowing the state dynamics T or the reward function R (or τ and r in the stochastic setting,
respectively). To avoid any confusion about the nature of the environment, we will restrict
ourselves to the stochastic setting41 for the remainder of this chapter and pose the following
assumptions:

1. At any point t ∈ N in time the environment an agent is interacting with is in state st ∈ S .
We can choose at ∈ As and then the environment transitions to the next state st+1, which
is sampled from Pat(st, st+1). Note however that we do not assume that Pat is explicitly
known.

2. We cannot put the system into an arbitrary state s ∈ S.

3. The system might reset (possibly also at our will) to a state from a set of initial states.42

The above assumptions model a human learner, who does not know a priori how the environment
reacts when a certain action is taken. Of course, various modifications of these assumptions exist
in the RL literature. Note that the line between classical optimal control and modern reinforce-
ment learning is further blurred by the fact that, in case the state space S is very large, the
application of RL algorithms using sampled trajectories is often computationally advantageous
in contrast to classical optimal control methods, even in the case of perfect knowledge of the
environment. Here, supervised learning techniques (e.g., regression) can be employed to learn
V π from samples [Ber12].

41Note however that the deterministic setting is just a special case of the stochastic setting.
42This is necessary to be able to sample multiple trajectories.
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Bellman optimality operator in RL To understand the implications of our above assump-
tions, let us consider the Bellman operator Bπ (see (9.8)) and the Bellman optimality operator B
(see (9.9)) in a stochastic environment, i.e.,

(Bπv)(s) :=
∑
a∈As

π(s)(a)
∑
s′∈S

Pπ(s)(s, s
′)
(
r(s, a, s′) + γv(s′)

)
, (9.15)

and
(Bv)(s) := max

a∈As

∑
s′∈S

Pa(s, s
′)
(
r(s, a, s′) + γv(s′)

)
. (9.16)

Recall that we actually want to solve Bπv = v or Bv = v, respectively, over v : S → R, which is
equivalent to finding a root of Bπv − v or Bv − v, respectively; see Theorem 9.1.1. However, in
contrast to the last section, we cannot compute (9.15) or (9.16) directly here since we do not have
access to Pa. Therefore, we will now consider techniques to estimate V π and V ∗ with sampling
techniques instead.

9.2.2 Monte Carlo sampling

The overall idea of Monte Carlo (MC) sampling is to generate trajectories based on observed
states, actions, and rewards from actual (or simulated) interactions with the environment. First,
let us consider a scenario where we want to approximate the value function V π for a given policy
π. The approximation of an optimal policy V ∗ is discussed in later sections.

To this end, an episodic Monte Carlo-based policy evaluation variant of Algorithm 11 is given
in Algorithm 14. Here, based on the collected observations, one approximates the value function
by using averages of the values of the sampled trajectories. To ensure that the value function is
well defined, we only consider episodes of length at most l > 0. This means that trajectories
always end after at most l steps, independent of the chosen actions.

In particular, we generate a sufficiently large number of trajectories and compute observed
discounted cumulative rewards43

C(si) :=

ℓ−1∑
k=i

γk−irk+1 (9.17)

for the states si occurring over a trajectory. We call the above quantity C(si) the target for
V π(si). Then we use the average of the observed targets over all trajectories as an estimate for
V π(si).

In Algorithm 14 only the first visit of a state during an episode is considered when estimating
the value function and later visits are neglected. It is easy to see that each target in the list
Returns(si) is an independent, identically distributed estimate of V π with finite variance. Using
the law of large numbers, one can obtain convergence of the averages of Returns(s) to their
expected value V π(s) in case of this first-visit Monte Carlo approach for all s ∈ S [SS96, SB18].
This basic Monte Carlo policy evaluation method can then be used instead of line 5 in policy
iteration (Algorithm 13), for example.

9.2.3 Temporal difference learning

Another popular technique used when computing an estimate of a value function is temporal
difference learning. It constitutes an important historical milestone in RL.

43Note at this point that fewer summands in C(si) are employed for an i close to l − 1 than for a smaller i.
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Algorithm 14: Episodic first-visit Monte Carlo policy evaluation
Input: policy π, episode length ℓ > 0.
Output: (approximation to) the value function V π .

1 Initialize Returns(si) as an empty list for all si.
2 repeat
3 Choose s0 ∈ S uniformly at random among possible start states.
4 Sample π to generate a trajectory s0, a0, r1, s1, a1, r2, . . . , sℓ−1, aℓ−1, rℓ.
5 target← 0.
6 forall i ∈ ℓ− 1, ℓ− 2, . . . , 0 do
7 target← ri+1 + γ · target.
8 if si /∈ {s0, s1, . . . , si−1} then
9 Append target to Returns(si).

10 V (si)← average(Returns(si)).
11 end if
12 end forall
13 until some stopping criterion is met.
14 return V .

� Temporal differences

The idea behind temporal difference (TD) learning is to use incremental updates for
the computation of V π after every state transition of the system. When transitioning
from si to si+1 by taking action ai, the basic TD update step for the estimator V of
V π is given by

V (si)← V (si) + αdi (9.18)

for some appropriately chosen step size α > 0 while using the temporal difference

di := r(si, ai, si+1) + γV (si+1)− V (si); (9.19)

see also [Sut88, SB18]. Here, an update of V can be computed immediately after
a state transition. This is in contrast to Monte Carlo approaches, where the whole
trajectory of length l has to be known before an update of V (si) can be computed for
any si contained in the trajectory.

Relation between Monte Carlo and temporal differences To see how TD is related to an
episodic Monte Carlo policy evaluation, let us rewrite the latter. To this end, recall definition
(9.17) for C(si), which resembles the target value from Algorithm 14. Then, defining m(si)
as the number of first visits of si over all trajectories up to the current one, we can update the
estimate V , initialized by zero, at each visit of si by

V (si)← V (si) +
1

m(si)
(C(si)− V (si)) =

m− 1

m
V (si) +

1

m
C(si).

This update is equivalent to the computation in line 10 in Algorithm 14. Now we rewrite the
above update step using the temporal differences di from (9.19). To this end, we express the term
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C(si)− V (si) as

C(si)− V (si) = r(si, ai, si+1) + γC(si+1)− V (si)

= di + γ (C(si+1)− V (si+1))

= di + γdi+1 + γ2 (C(si+2)− V (si+2))

= . . .

=

ℓ−1∑
k=i

γk−idk. (9.20)

Thus we can rewrite line 10 of Algorithm 14 as

V (si)← V (si) +
1

m(si)

ℓ−1∑
k=i

γk−idk, (9.21)

which is computed at the end of the episode.
In a temporal difference method an update is performed earlier than in MC methods. For

instance, (9.18) describes an update of the current estimate V (si) directly after each transition.
Here, di from (9.19) is used to approximate C(si)−V (si), i.e., only the first summand in (9.20)
is employed, but with a prefactor α, which is (possibly) different from the factor 1

m(si)
in (9.21).

The update is directly performed when the subsequent state si+1 is reached, i.e.,

V (si)← V (si) + αdi = V (si) + α [r(si, ai, si+1) + γV (si+1)− V (si)] , (9.22)

with step size α > 0. As we see, di contains r(si, ai, si+1) + γV (si+1) as the target value of
the update. Here, the current estimate for V (si+1) is used, which replaces C(si) from the Monte
Carlo update. In this way, the temporal difference can be understood as a residual (or “error”)
between the current estimate V (si) and the observed value r(si, ai, si+1) + γV (si+1) after the
state transition. This is the reason why di is sometimes also referred to as TD error. One can
show (under mild assumptions) that a policy evaluation algorithm using the TD update44 will
also converge to V π [Sut88, SB18].

A significant advantage of updating the value function by (9.22) compared to the update (9.20)
is the possibility to use a TD update in an online fashion.45 In contrast to that, one has to wait
until a trajectory has been fully explored before an update can be computed with Monte Carlo.

9.2.4 Q-functions and SARSA

Instead of using a value function V π evaluated in states s ∈ S , we can alternatively employ
an action-value function Qπ , a so-called Q-function, evaluated in state-action pairs (s, a) with
s ∈ S , a ∈ As. The state-action values Qπ(s, a) are also known as Q-values or Q-factors.
Here, Qπ(s, a) is the expected total (discounted) reward that we receive by starting in state
s ∈ S , choosing action a ∈ As, and subsequently following the policy π. In particular, Qπ is

44Note at this point that an approach of using a current estimate (in our case V (si+1)) when computing an update
for another state (in our case V (si)) is often referred to as bootstrapping in the RL literature. As we will see in Sec-
tion 10.2.4, the term bootstrapping has a different meaning when we consider sampling methods.

45This means that each new iterate can be computed by using only the last iterate and the current reward.
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recursively defined by

Qπ : {(s, a) | s ∈ S, a ∈ As} → R

(s, a)→
∑
s′∈S

Pa(s, s
′)

r(s, a, s′) + γ
∑
a′∈As′

π(s′)(a′)Qπ(s′, a′)

 .

(9.23)

Expanding the recursion into infinitely many nested sums, we obtain

Qπ(s0, a0) =
∑
s1∈S

Pa0(s0, s1)

r(s0, a0, s1) + γ
∑

a1∈As1

π(s1)(a1)

·
∑
s2∈S

Pa1(s1, s2)

r(s1, a1, s2) + γ2
∑

a2∈As2

π(s2)(a2)

·
∑
s3∈S

Pa2(s2, s3)

r(s2, a2, s3) + γ3
∑

a3∈As3

π(s3)(a3) . . .

 .

Note that the definition of Qπ is analogous to (9.4) but it is employed now in the stochastic
setting and with an (s, a)-dependent action-value function Qπ instead of an s-dependent value
function V π . Besides algorithmic aspects, such Q-functions are often employed to simplify the
analysis of RL algorithms; see [SB18].

Note that employing a Q-function Qπ instead of a value function V π implies more than just a
notational difference. Indeed, a Q-function Qπ(s, a) provides direct access to the value for any
action a ∈ As taken in state s ∈ S . This has to be seen in contrast to V π(s), which is the value
when taking the fixed action π(s) in state s. Furthermore, Qπ(s, a) provides the value of the
action a ∈ As for a given state s ∈ S , even if we do not know which state s′ will occur after
employing a. This is of particular importance in the case of model-free reinforcement learning,
i.e., in the case where we no longer have a model for the transition probabilities.

Optimal Q-functions Let Q∗ be the optimal Q-function, i.e.,

Q∗(s, a) := max
π

Qπ(s, a).

Then, the optimal policy π∗ at state s is given as the maximum over the Q-values of the available
actions, i.e.,

π∗(s) := argmax
a∈As

Q∗(s, a). (9.24)

Furthermore, we can deduce from Q∗ the s-dependent value function by

V ∗(s) = max
a∈As

Q∗(s, a).

The crucial difference between (9.24) and (9.7) is that we no longer explicitly need the reward
r or the transition probabilities τ in the definition of the optimal policy. However, the drawback
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of the above approach is that more values need to be stored and computed for Qπ than for the
corresponding value function V π : S → R.

Policy evaluation, value iteration, and policy iteration for Q-functions Because of the
recursive relationship (9.23), it is straightforward to formulate iterative optimization schemes in
the fashion of Algorithm 11, Algorithm 12, and Algorithm 13, but with Q-functions instead of
value functions. For example, we can use Q-functions in policy iteration with a Monte Carlo
policy evaluation as outlined in Section 9.2.2. Furthermore, we are now able to define a Monte
Carlo-based value iteration scheme with Q-functions, similar to Algorithm 12. For that, we
alternate between the following steps:

1. In state si we take an action ai ∼ π(si)(·) relying on a policy π defined by the greedy rule
(9.24) based on our current Q-function estimate, and we observe a reward ri and the new
state si+1.

2. Similar to line 5 of Algorithm 12, we modify our estimate of the optimal Q-function by
Q(si, ai)← ri + γmaxa∈Asi+1

Q(si+1, a).

In this way, our estimate of Q will converge towards the optimal Q-function Q∗ under suitable
assumptions. Note that, for constructing such a Monte Carlo-based value iteration scheme with
a value function V instead of a Q-function Q, either we would have to employ a model-based
approach or we would need to sample each possible action in step 2 from above to obtain the
next state and its value, which is typically not feasible.

SARSA Instead of considering these simple Monte Carlo-based approaches in detail, we will
have a closer look at SARSA, a more advanced RL algorithm that is based on temporal differ-
ences and Q-functions. To this end, let us rewrite the TD update formula (9.22) with Q-functions
to obtain

Q(si, ai)← Q(si, ai) + α (r(si, ai, si+1) + γQ(si+1, ai+1)−Q(si, ai)) . (9.25)

Note that, when replacing V (si+1) with the Q-function value Q(si+1, ai+1), we already use
ai+1 when updating Q(si, ai).

Now, when evaluating a fixed policy π, we take an action ai+1 ∼ π(si+1)(·). In particular, in
each step of (9.25), our knowledge of Q(si, ai) improves through the reward ri = r(si, ai, si+1)
and through our current estimate of the value Q(si+1, ai+1) of the next state si+1 and the next
action ai+1 ∼ π(si+1)(·).

� SARSA

SARSA (or Sarsa) stands for state-action-reward-state-action. The name refers to the
five variables si, ai, ri, si+1, and ai+1 at iteration i. The goal of SARSA is to ap-
proximate the optimal Q-function by sampling trajectories. For that, SARSA follows
the idea of (9.25), i.e., the Q-function is learned from experience; see Algorithm 15.
After Q has been determined, an estimate of an optimal policy π∗ is derived by using
Q as a surrogate for the optimal Q-function Q∗ and by employing (9.24).

Note that SARSA is open-ended by nature, i.e., we investigate trajectory after trajectory. There-
fore, we need to provide a stopping condition for the algorithm to terminate. For our purpose,
we simply use a fixed number of N > 0 trajectories that we traverse.
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Algorithm 15: SARSA
Input: stochastic MDP (S, A, τ , r, γ), number of trajectories N > 0, step size α > 0,

action-selection strategy π̃ (e.g., ε-greedy).
Output: (approximations to) the optimal Q-function Q∗ and an optimal policy π∗.

1 Initialize Q arbitrarily such that Q(s, a)← 0 for all terminal states s ∈ S and all actions
a ∈ As.

2 for i ∈ {0, . . . , N} do
3 Initialize a starting state s ∈ S randomly.
4 Select a according to π̃(s).
5 repeat
6 Take action a, sample next state s′ according to Pa(s, ·), and observe reward

r = r(s, a, s′).
7 Select a′ according to π̃(s′).
8 Q(s, a)← Q(s, a) + α (r + γQ(s′, a′)−Q(s, a)).
9 s← s′.

10 a← a′.
11 until s is terminal.
12 end for
13 Derive policy π from Q by the greedy rule (9.24).
14 return Q, π.

Action-selection strategies When sampling trajectories, we have so far employed a fixed46

policy π to calculate an action π(si) in state si. However, for SARSA we now allow for a more
general action-selection strategy π̃. For example, consider the greedy action-selection strategy

π̃(s) := argmax
a∈As

Q(s, a), (9.26)

which at each step follows a policy that is greedily determined from the current Q-function; see
(9.24). This highlights that the action can be selected according to different policies in each
iteration step. It is important to note that we deliberately do not denote π̃ as a policy since π̃ is
not a function (or a family of probability measures) on S but it inherently depends on Q.

A common alternative to the greedy strategy (9.26) is the so-called ε-greedy strategy, which is
also typically used in SARSA (Algorithm 15) instead of a fixed policy π. The ε-greedy strategy
picks a random action with probability 0 < ε ≤ 1 and a value-maximizing action—like the
greedy strategy—with probability 1−ε. This means that we will obtain the rewards of suboptimal
actions throughout the learning process in the ε-greedy case, but we will observe more diverse
actions than in the greedy case. This leads to better coverage of the state space and of the action
space.

9.2.5 Exploration-exploitation tradeoff and Q-learning

As we have seen in SARSA, a greedy action-selection strategy returns the optimal action ac-
cording to the current Q-function approximation. However, one typically needs to allow also
non-optimal actions to explore the state and action spaces sufficiently, which can be achieved by
an ε-greedy strategy, for example.

46Note that we determined an action also according to the current Q-function in the sketched Monte Carlo value
iteration scheme earlier.
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� Exploration and exploitation

Two key aspects when determining an optimal policy π∗ are exploration and ex-
ploitation. Initially, we traverse trajectories and use the collected state-action-reward
information to determine an estimate of π∗. Given a current policy estimate, the
question arises how to gather additional state-action-reward information. Here, either
we could traverse the state and action spaces in an (approximately) optimal manner
by following a greedy action-selection strategy—and thereby exploit the information
that has already been observed—or we could further explore the state and action spa-
ces, i.e., we (at least partially) ignore the optimal action. Note that, in order to learn
the optimal policy π∗, the trajectories do not need to reflect the optimal paths accord-
ing to the current Q-function estimate. In fact, if an action a is always picked in a
greedy manner, it is possible that a path for a more lucrative action in the long run
is missed. The underlying problem is called the tradeoff (or dilemma) of exploration
and exploitation; see [Ber19, SB18].

A common choice for exploring the state and action spaces is the ε-greedy action-selection strat-
egy. Note that, at the start of the learning process, this strategy is usually employed with a
large value of ε to emphasize exploration. Then, the value of ε is successively reduced over
the course of training to converge to the greedy strategy to emphasize exploitation. This is one
of the most popular approaches since it is easy to implement and yet very powerful. Another
example of a commonly used explorative strategy is the softmax exploration, also called Boltz-
mann exploration. Here, an action a is drawn randomly according to the softmax distribution;
see [Ber19, SB18] for details.

Q-learning In SARSA, one action-selection strategy has been used to both determine the next
action in the current trajectory and calculate the update step for Q using (9.25). This is known as
on-policy learning. In contrast to that, we now consider an off-policy learning approach, where
the traversal of the state space and the update step are based on different strategies.47

� Q-learning

The so-called Q-learning algorithm introduced in [Wat89] is similar to SARSA.
However, while the action-selection strategy π̃ is still used to traverse the state space,
there is a significant difference for the update of the Q-function in Q-learning. Here,
the update step considers the maximum Q-function value over all possible actions
a′ ∈ As′ , i.e., the update uses a greedy strategy; see Algorithm 16.

The estimation of Q in Q-learning is analogous to the value iteration scheme from Algorithm 12.
If we compare the update step from both algorithms, we observe that both depend on the optimal
action given the current estimate of V or Q, respectively. However, different update rules are
employed: In Algorithm 12 the update formula stems from the dynamic programming principle,
while in Algorithm 16 it stems from the temporal differences.

Relation between SARSA, Q-learning, and policy iteration Note that Q-learning and
SARSA coincide if the action-selection strategy π̃ is chosen to be the greedy strategy, i.e., if

47Note that the action-selection strategy for the next trajectory sample can even be based on a conventional controller
or on a human expert in off-policy learning.
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Algorithm 16: Q-learning
Input: stochastic MDP (S, A, τ , r, γ), number of trajectories N > 0, step size α > 0,

action-selection strategy π̃ (e.g., ε-greedy).
Output: (approximations to) the optimal Q-function Q∗ and an optimal policy π∗.

1 Initialize Q arbitrarily such that Q(s, a)← 0 for all terminal states s ∈ S and all actions
a ∈ As.

2 for i ∈ {0, . . . , N} do
3 Initialize a starting state s ∈ S randomly.
4 repeat
5 Select a according to π̃(s).
6 Take action a, sample next state s′ according to Pa(s, ·), and observe reward

r = r(s, a, s′).
7 Q(s, a)← Q(s, a) + α

(
r + γmaxa′∈As′ Q(s′, a′)−Q(s, a)

)
.

8 s← s′.
9 until s is terminal.

10 end for
11 Derive policy π from Q by the greedy rule (9.24).
12 return Q, π.

π̃(s) = argmaxa∈As
Q(s, a). However, as outlined, one usually uses a less greedy approach

when choosing the next action for exploration, e.g., the ε-greedy strategy or the softmax explo-
ration.

Furthermore, comparing Algorithm 15 and Algorithm 16 with policy iteration from Algo-
rithm 13, we note that SARSA and Q-learning can be considered as optimistic policy iteration
methods, where only a single sample is obtained between policy updates instead of a whole
trajectory; see also [Ber19]. Note that numerical issues such as cyclic or oscillating policies
can occur in SARSA or Q-learning. For further details on such numerical problems and their
stabilization by using joint updates after several state-action observations we refer the reader to
[Ber12, Ber19].

9.2.6 Continuous state spaces and binning

So far we have been considering only discrete state spaces S and discrete action spaces A. To
deal with continuous spaces, which are often encountered in real-world applications (e.g., auton-
omous driving and robotics), we now introduce binning for their discretization. Binning refers to
a division of a space (or domain) into cells which represent all the continuous values that reside
in that cell. For example, we can discretize the domain [0, 1] into

Υ := {[0, 0.1), [0.1, 0.2), . . . , [0.8, 0.9), [0.9, 1]}

to obtain ten different bins. Then, after the binning process, we obtain indeed a problem with
discrete state and action spaces by defining a Markov decision process (and the corresponding
policies and Q-functions) on the set of bins instead of the continuous spaces. This allows us
to treat the resulting problem with the reinforcement learning algorithms that we have already
introduced in the previous sections. For a specific continuous state, we then simply look up the
value of the corresponding state bin, e.g., for the state 0.23 in the above example, we take the
value assigned to the third bin [0.2, 0.3). Discrete Q-functions are often called Q-tables to clearly
differentiate between the discrete and the continuous approaches.
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In the same way as above, we can use binning for a two-dimensional domain. For exam-
ple, we can discretize [0, 1]2 into 10 times 10 bins Υ × Υ. When proceeding in this way for
more and more dimensions, the number of bins increases exponentially with the dimension, and
we encounter the curse of dimensionality for high-dimensional problems; see also Section 1.6.
However, in many practical applications, we encounter low-dimensional state and action spaces,
which can be treated very well by a combination of binning and RL algorithms like SARSA or
Q-learning, as we will see in the following task.

9.2.7 Tasks on SARSA and Q-learning

In the following task, we use the already familiar FrozenLake-v1 environment to test the SARSA
and Q-learning algorithms. Furthermore, we explore a new environment, namely CartPole-v1.

X Task 9.2. Experiment with the reinforcement learning algorithms introduced in this
section. To this end, refer to the provided JUPYTER notebook template from Task 9.1.

(a) Implement SARSA or Q-Learning to solve the FrozenLake-v1 environment
with is_slippery=True and γ = 0.9. Use an ε-greedy action-selection strat-
egy with ε = 0.1. Estimate the expected value of this policy experimentally.

(b) We now use the CartPole-v1 environment from gymnasium. Here, the envi-
ronment resembles a cart to which a pole is attached. The cart can move to the
left and to the right. The goal is to balance the pole by accelerating the cart in a
chosen direction at any given point in time. Get familiar with the environment
by implementing a policy which picks admissible random actions. Traverse a
trajectory of this policy and render/visualize it with the help of the gym.make
method with render_mode="human".

(c) Adapt the algorithm from (a) to solve the CartPole-v1 problem. Use binning to
discretize the state space. Experimentally confirm the expected return for the
learned policy and render/visualize one trajectory.

9.3 Deep reinforcement learning
With the help of deep neural networks, as introduced in Chapter 6, we can construct even more
powerful reinforcement learning algorithms than those in the previous sections. To this end, we
will have a closer look at possibilities to combine neural network model classes with reinforce-
ment learning algorithms in the following. Albeit the term deep reinforcement learning is not
clearly defined, we use it here to denote methods whose minimal building blocks are deep neural
networks which work on a Markov decision process. First impressive results in this direction
have been the effective use of so-called deep Q-learning, which we will describe in more de-
tail later, for playing Atari games [Mea15], or of Monte Carlo-type approaches for determining
board game moves, e.g., in chess and Go [Sea18], on a (super)-human level.

While bots that play (computer) games are not a new invention, these results are still re-
markable since the only feedback that the reinforcement learning algorithm gets is the score or
outcome of the game, respectively. Its input and output options resemble those a human player
would have when looking at the screen/board. Thus, the learning process resembles how a hu-
man would tackle a new, complex, big, and uncertain problem. Earlier bots have usually been
programmed to perform specific actions in specific situations by using internal data to reflect
the state.
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9.3.1 Continuous Q-functions and their approximation

Q-function approximation Besides binning, as introduced in Section 9.2.6, another approach
to deal with large or continuous state spaces S is to use a cost-efficient approximation Qπθ to the
real Q-function Qπ for a trajectory π. Here, a model function Qπθ , which is parametrized by
θ = (θ1, . . . , θd)

T ∈ Rd, is chosen such that it can be easily stored and evaluated. Note that
this approach is a good alternative to binning in the case of high-dimensional state spaces if Qπθ
is chosen in such a way that it does not suffer from the curse of dimensionality. The question is
of course what a good model will be. To this end, we aim for a model which is computationally
efficient and achieves only a small approximation error. A classic choice is

Qθ(·, ·) :=
d∑
k=1

θkfk(·, ·), (9.27)

which is linear in θ and employs a set of d maps fk, which are usually chosen to be simple
projections, (Fourier) polynomials, or piecewise constant functions.48 If we assume that fk,
k = 1, . . . , d, are fixed functions, we now only need to store the vector θ ∈ Rd to represent Qθ.
This has to be compared to |S| · |A| values for a standard Q-function Q. Such an approximation
Qθ then just has to be plugged in for Q in Algorithm 15, for instance. Furthermore, infinite state
spaces S could also be dealt with straightforwardly when using the approximation (9.27) with
fixed fk, k = 1, . . . , d.

Update of Q-function approximations To work with Q-function approximations like (9.27)
in SARSA or Q-learning, the update steps (see line 8 of Algorithm 15 and line 7 of Algorithm 16)
need to be properly adapted. While we could try to find a θ ∈ Rd such that Qθ(s, a) is equal
to the new value at (s, a), this approach might significantly worsen the approximation at other
state-action pairs (s̄, ā). Instead, we will determine

argmin
θ

∥Q−Qθ∥∗

in some appropriate norm ∥ · ∥∗. To this end, let us consider the example of a least squares
minimization, i.e., we aim to minimize

∥Q−Qθ∥∗ :=
1

2

∑
s∈S,a∈As

(Q(s, a)−Qθ(s, a))
2
.

Since we do not have access to the true Q-function Q, we instead use the updated target value
r(s, a, s′) + γmaxa′ Qθ(s

′, a′) with s′ ∼ Pa(s, ·) for a state-action pair (s, a) to obtain

∥Q−Qθ∥∗ ≈ ∥r(·, ·, S′) + γmax
a′

Qθ(S
′, a′)−Qθ∥∗,

where S′(s, a) is a random variable distributed according to Pa(s, ·). Now, we employ one step
of gradient descent to move towards a minimizer of this expression, i.e.,

θ ← θ−α
∑

s∈S,a∈As

(
r(s, a, S′(s, a))+γmax

a′
Qθ(S

′(s, a), a′)−Qθ(s, a)
)
∇θQθ(s, a) (9.28)

with a learning rate α > 0.
48In practice, one often handcrafts these fk , k = 1, . . . , d. Then, fk assigns a pre-defined heuristic value to a state-

action pair. In chess, for example, a weighted sum of the number of pieces that one possesses could be employed for f1.
Next, f2 could be a function which evaluates to a positive value if a certain board configuration is present and to zero
otherwise. Choosing d− 2 further heuristics like that would lead to f3, . . . , fd.
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Algorithm 17: Episodic semi-gradient SARSA
Input: deterministic MDP (S, A, T , R, γ), number of trajectories N > 0, step size

α > 0, action-selection strategy π̃ (e.g., ε-greedy).
Output: (approximations to) the optimal Q-function Q∗ and an optimal policy π∗.

1 Initialize θ ∈ Rd arbitrarily.
2 for i ∈ {0, . . . , N} do
3 Initialize a starting state s ∈ S randomly.
4 Select a according to π̃(s).
5 repeat
6 Take action a, sample next state s′ according to Pa(s, ·), and observe reward

r = r(s, a, s′).
7 if s′ is terminal then
8 θ ← θ + α (r −Qθ(s, a))∇Qθ(s, a).
9 end if

10 else
11 Select a′ according to π̃(s′).
12 θ ← θ + α (r + γQθ(s

′, a′)−Qθ(s, a))∇Qθ(s, a).
13 s← s′; a← a′.
14 end if
15 until s′ is terminal.
16 end for
17 Derive policy π from Qθ by the greedy rule (9.24).
18 return Qθ, π.

Since it would be way too costly to evaluate (9.28) several times after each Q-function update
step, we employ the minibatch idea of stochastic gradient descent; see Algorithm 10. Here, when
we are currently in state s ∈ S and take action a ∈ As, we only use this specific state-action pair
(s, a) in (9.28), i.e., we compute

θ ← θ − α
(
r(s, a, S′(s, a)) + γmax

a′
Qθ(S

′(s, a), a′)−Qθ(s, a)
)
∇θQθ(s, a). (9.29)

A SARSA variant with a Q-function approximation based on such an update step is given in
Algorithm 17. Note that, to resemble an SGD algorithm with minibatch size one, we would need
that (s, a) is an i.i.d. sample of all state-action pairs. But depending on the underlying MDP and
the chosen actions, this might not be the case. However, in practice this strategy still works well.
In fact, for the Q-function approximation (9.27), convergence and error bounds can be shown
under certain assumptions; see [SB18].

9.3.2 Deep Q-networks

In Chapter 6 we have seen that deep neural networks are a well-suited model class for function
approximation. Thus, besides an explicit approximation with fixed maps as in (9.27), we may
resort to a deep neural network instead. This leads to Deep Q-Networks (DQN) for RL. The
basic approach of Deep Q-Networks is the same as in Q-learning (see Algorithm 16), but the
optimal Q-function Q∗ is now approximated by a properly chosen deep neural network. Note
that, in contrast to Algorithm 17, where (9.27) was used to approximate Q∗, we now use a differ-
ent approximation from the optimal Q-function Q∗ in DQN. In particular, a network architecture
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Algorithm 18: Deep Q-learning
Input: deterministic MDP (S, A, T , R, γ), number of trajectories N > 0, batch size

nbatch, step size α > 0, action-selection strategy π̃ (e.g., ε-greedy).
Output: (approximations to) the optimal Q-function Q∗ and an optimal policy π∗.

1 Initialize θ ∈ Rd arbitrarily.
2 for i ∈ {0, . . . , N} do
3 Initialize a starting state s ∈ S randomly.
4 repeat
5 Select a according to π̃(s).
6 Take action a, sample next state s′ according to Pa(s, ·), and observe reward

r = r(s, a, s′).
7 Store the transition (s, a, r, s′) in the replay memory.
8 Sample a batch (sj , aj , rj , s

′
j)
nbatch
j=1 from replay memory.

9 for j ∈ {1, . . . , nbatch} do

10 yj =

{
rj if s′j is terminal,
rj + γmaxa′ Qθ

(
s′j , a

′) else.
11 end for
12 Perform a gradient descent step on (9.30).
13 s← s′.
14 until s′ is terminal.
15 end for
16 Derive policy π from Qθ by the greedy rule (9.24).
17 return Qθ, π.

is fixed, i.e., the layers, nodes, and activation functions are chosen a priori. Then, the function
f , which the corresponding network represents, is chosen as approximation Qθ to the optimal
Q-function Q∗. Here, the parameter θ = (W , b⃗) contains the weights and biases of the network.
The resulting method is summarized in Algorithm 18. To train the neural network, a database of
past steps called replay memory is used, which needs to have been collected and stored before-
hand. Let us explain this in more detail next.

Experience replay To obtain less correlated samples than those obtained by just taking
the most recent trajectory information, a technique called experience replay is used in Algo-
rithm 18. Here, the observed transitions (s, a, r, s′) are collected in a replay memory. Each
time a trajectory progresses, we draw nbatch uniformly distributed samples (sj , aj , rj , s

′
j)
nbatch
j=1

from the replay memory, where the batch size nbatch ∈ N is fixed a priori. Then, the tar-
gets yj := rj + maxa′∈As

Qθ(s
′, a′) are computed for each transition (sj , aj , rj , s

′
j) for

j = 1, . . . , nbatch. Finally, we perform a gradient descent step using the loss

1

nbatch

nbatch∑
j=1

(yj −Qθ(sj , aj))
2. (9.30)

The overall approach is given in Algorithm 18 in more detail.

Decoupled targets A variant of Algorithm 18 uses so-called decoupled targets to improve
stability. Here, the targets yi are not computed using Qθ, but instead a second, independent



164 Chapter 9. Reinforcement Learning

instance of target weights θ̂ is used to calculate

yi = ri + γmax
a′i

Qθ̂(s
′
i, a

′
i). (9.31)

This can be seen in analogy to picking an action-selection strategy and, separately, a greedy
update step for the Q-function. Here, we employ an action-selection strategy π̃, and the Q-
function approximation is updated using a gradient descent algorithm based on the targets (9.31).
A similar approach is followed in double Q-learning [vH10]. Here, two different Q-functions are
used to reduce the expected error when determining the value of the next state.

X Task 9.3. Let us now apply the deep reinforcement learning algorithms introduced
in this section to the CartPole-v1 environment introduced in Task 9.2. To this end,
refer again to the template JUPYTER notebook from Task 9.1.

(a) Use episodic SARSA (Algorithm 17) in the CartPole-v1 environment to bal-
ance the pole. To this end, use linear Q-functions to represent the value of each
action a, i.e.,

Qθ(s, a) :=

d∑
k=1

[θa]k [s]k = θTa s,

where s ∈ Rd is the vector representing the current state and θa ∈ Rd is
the parameter vector for action a ∈ A. Employ an ε-greedy action-selection
strategy with ε = 0.9. Experimentally estimate the expected return for the
learned policy.

(b) Use deep Q-learning (Algorithm 18) in the CartPole-v1 environment to balance
the pole. To this end, employ a deep neural network to approximate the Q-
function. You can use the fully connected network, which we provided in the
template notebook. The network has |S| many input neurons and |A| many
output neurons. Thus, the value at the jth output neuron for input s ∈ S
represents the Q-function value Q(s, aj) for j = 1, . . . , |A|. Employ the same
action-selection strategy as in task (a) and experimentally estimate the expected
return for the policy determined by deep Q-learning.

(c) Pick another one of the gymnasium environments and try to solve the corre-
sponding tasks with one of the algorithms developed in task (a) or (b). You
may need to change the network’s hyperparameters. Moreover, you can im-
plement additional tweaks like a decaying ε-strategy or decoupled targets and
perform experiments with that as well.

9.4 Further topics
Convergence results In general, convergence results for the algorithms in optimal control
and reinforcement learning are based on contraction properties of the iterative update steps.
When these properties are present, the algorithm exhibits a unique solution that can be computed
iteratively by fixed point iteration according to Banach’s fixed point theorem [Ber22, SB18].
However, it is quite complicated or even impossible to show such contraction properties in the
reinforcement learning setting. This is due to the involved sampled trajectories and the function
approximation needed for intricate state spaces. Regarding the sampling, a common assumption
is that all states, or state-action pairs, are regularly visited and the value function, or Q-function,
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is updated accordingly [Ber12, Ber22, SB18]. This can however be infeasible in practice even
for moderately large state spaces. In general, the analysis of reinforcement learning algorithms
is said to be difficult, since “it relies on multiple interacting approximations whose effects are
hard to predict and quantify in practise” [Ber19].

Overall, there are two contrasting aspects to consider when we train an RL system. First, from
a theoretical point of view, we typically need to guarantee that every state-action pair is regu-
larly visited to show convergence. Second, from an efficiency point of view, we aim to focus the
limited learning resources on those situations that happen more often and lead to a high reward,
while we mostly ignore theoretically possible but essentially irrelevant states. In general, we aim
for an estimation of expected values under one distribution, reflecting the policy which we want
to learn, while we obtain samples from another distribution, reflecting the action-selection strat-
egy or other decisions affecting the sampled trajectory. Here, returns of the observed trajectories
can be weighted according to the relative probability of the two distributions; see [SB18]. Addi-
tionally, sampling large reward terms more often can increase the sample efficiency; see [Ber12].

n-step learning The basic TD method (9.18) can be generalized to use n-step learning. To
this end, the trajectory is observed for n steps after the current state si, and the n-step discounted
cumulative reward is employed together with an estimate of V (si+n) to obtain

Ri:i+n :=

n−1∑
k=0

γkr(si+k, ai+k, si+k+1) + γnV (si+n).

After observing si+n, the value V (si) is updated by the α-weighted difference between the n-
step reward Ri:i+n and the current estimate for V (si), i.e.,

V (si)← V (si) + α (Ri:i+n − V (si)) .

One can consider n-step methods as a generalization of TD and MC methods. Here, the one-step
TD approach (9.18) with n = 1 is at one end of the scale, whereas the MC update (9.20) is at the
other end with n = l being the length of a whole trajectory.

The n-step idea is also used to improve deep Q-learning. In [HMvH+18], for instance, several
variants of Deep Q-networks were combined and tested for an arcade game environment. There,
one major improvement over the basic DQN was attributed to n-step learning, where, instead of
considering the reward of one step to compute a target y = r + γmaxa′ Q(s′, a), n steps are
combined to compute y =

∑n
j=1 γ

j−1rj + γnmaxan+1
Q(sn+1, an+1); see also [Ber19, GP17,

SB18] for more details.

TD(λ) A further generalization of TD methods involves so-called λ-returns. Here, both ex-
tremes, the basic TD update and the MC update, are combined. By using exponentially decaying
weights (1− λ)λk−1 for k ∈ N with a parameter λ ∈ (0, 1), we define the λ-return

Rλi := (1− λ)
∞∑
k=1

λk−1Ri:i+k.

The method using this value in the update is called TD(λ). Note that one recovers the one-step
TD-algorithm for λ = 0. Furthermore, one can show that λ → 1 represents a Monte Carlo-type
algorithm which is just slightly more general than Algorithm 14; see [SB18]. Moreover, one can
show that one can adjust the tradeoff between bias and variance of the update by varying λ. This
has a large influence on the speed of convergence of the corresponding algorithm. Finally, to
obtain a memory-efficient policy evaluation method with n-step TD or TD(λ) updates, one has
to employ a special technique called eligibility traces. For more information on this technique
and the corresponding algorithms, we refer the interested reader to [Ber12, SB18, vSMP+16].



166 Chapter 9. Reinforcement Learning

Scalability of reinforcement learning algorithms Another area of research aims at reduc-
ing computation time for RL algorithms. To this end, parallel and distributed methods are
being developed. Here, a policy is computed using multiple machines (many CPUs, GPUs,
TPUs, etc.) [MWG+21, Sea18]. Furthermore, to increase the sample efficiency, simulation data
are used to pre-train a policy such that fewer samples are needed in the actual training algo-
rithm [Dea22, ZQW20]. This makes reinforcement learning more applicable in non-simulated
environments like robotics, where training without simulation data is too costly.

Policy gradient methods Note finally that there exist reinforcement learning algorithms that
directly work with continuous action spaces, e.g., policy gradient methods [SMSM99]. The basic
idea of policy gradient methods is to approximate a policy π. One example of a policy gradient
method would be to use the softmax action-selection strategy from Section 9.2.5 and to update
the functional representation of the softmax distribution by an (approximate) gradient ascent
method according to a given scalar performance measure; see [Ber19, SB18]. Note that this
approach is only valid if the functional representation of the softmax distribution is differentiable.
Modern approaches, such as proximal policy optimization (PPO) [SWD+17], employ a deep
neural network πθ as an approximation to π. Then, the network is optimized with respect to a
chosen measure for the reward. Approaches that approximate the value function in addition to
the policy are often called actor-critic methods. Here, actor refers to the policy that provides the
action, and critic refers to the value function that evaluates the given action.

Further literature To obtain detailed insights into the theoretical aspects of reinforcement
learning, we refer the interested reader to [Ber12, Ber17, Ber19, Ber23, Sze10]. Furthermore, an
overview is given in [SB18]. In [Pow22], a unified framework for common sequential decision
problems is proposed.



Chapter 10

Further Developments

This chapter serves as a rough overview on some important machine learning topics that we have
not covered so far. Since they are quite relevant in data science but a thorough treatment of
them would be beyond the scope of this book, we decided to present these techniques in short
introductional overviews in this chapter without going into too much detail. We will not present
any tasks regarding the following topics, but we encourage the interested reader to check out the
given references to learn more in these directions.

In the following, in Section 10.1 we first encounter machine learning problems where the
data is non-vectorial or the labels are non-scalar. Subsequently, we introduce ensemble methods
in Section 10.2. These techniques combine several ML models to create a more sophisticated
one. Recurrent neural networks, which deal with sequence data, are discussed in Section 10.3.
Section 10.4 deals with the transformer network, which presently resembles the state of the
art when it comes to sequence models in deep learning. Finally, we conclude this chapter in
Section 10.5 with a digression into the topic of interpretability.

10.1 Intricate data structures
When considering supervised and unsupervised learning problems, we mostly dealt with vector-
valued data points, i.e., Ω ⊆ Rd, in this book. Moreover, in supervised learning problems,
we have usually only considered scalar-valued data labels, i.e., Γ ⊆ R, so far. However, we
want to emphasize in this section that non-vector-valued data and non-scalar-valued labels are of
particular interest in several areas of application.

An important aspect that arises when taking into account non-scalar labels is the choice of an
appropriate loss function since this can be quite complicated in this case. For instance, when deal-
ing with probability densities as labels, Kullback–Leibler divergences or Wasserstein distances
are possible choices; see Section 7.4 and [FZM+15, HWVG19]. Essentially, each distance mea-
sure can theoretically be used within the loss function and there exists a huge number of possible
choices; see [DD09]. However, building a machine learning algorithm to successfully minimize
the loss function for an arbitrary distance measure and especially for non-scalar-valued labels
is usually not straightforward and can result in various issues for the respective optimization
routines. Note finally that, when employing appropriate loss functions and the methodologies
discussed in the following, the algorithms from this book can often be applied when dealing with
intricate data structures as well.
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10.1.1 Vector-valued data labels

While we have encountered vector-valued data points throughout this whole book, the question
remains how to deal with vector-valued labels, i.e., with the setting Γ ⊆ Rd̃ for some d̃ > 1.
Note that most of the mechanisms of Section 1.3 carry over to this case. Without any additional
structural constraints on the data, scalar-valued model classes can be used separately for each
coordinate j = 1, . . . , d̃. The resulting model class for the vector-valued problem is then just
a combination of d̃ scalar-valued classes. However, employing more complicated model spaces
can be meaningful, advantageous, and more effective in certain scenarios. For instance, in the
realm of kernel-based methods (see Section 3.5), matrix-valued kernels can be employed, which
lead to vector-valued model classes for which the covariances between the label dimensions are
directly reflected by the kernel choice; see, e.g., [MP05].

Furthermore, many loss functions can be generalized to the vector-valued label case by em-
ploying corresponding vector norms. For instance, the common least squares loss becomes

Lls ((z1, z̃1) , . . . , (zn, z̃n)) :=
1

n

n∑
i=1

∥zi − z̃i∥22,

i.e., we included the Euclidean norm to obtain a scalar quantity from the differences of the vector-
valued data labels. We dealt with this particular setting already in Section 4.1 and Section 7.1
when discussing the PCA and autoencoders. Technically, however, we did not have vector-
valued data labels in these cases since we only considered unsupervised learning problems there.
Nevertheless, the reasoning behind the chosen model classes and loss functions is essentially the
same as for vector-valued labels in supervised learning problems. Alternatively, and depending
on the situation at hand, more involved vector norms than the ∥ · ∥2 norm can be employed there.

10.1.2 Matrix- and manifold-valued data and labels

While matrix- (or even tensor-)valued data can just be interpreted as vector-valued data with
large dimension, it might be sensible to directly work with matrix-valued model classes and the
corresponding loss functions, especially when the matrices should have a specific structure. For
instance, for symmetric, positive semi-definite (spd) matrix-valued data, e.g., when the model’s
output is a covariance matrix, specific loss functions have to be used. The reason for this is that
the class of these matrices forms a manifold instead of a plain vector space (or even a Hilbert
space); see, e.g., [JHS+13, MM18]. Distances should then be measured on the manifold and not
just in the surrounding Euclidean space.

Covariance matrices play an important role in the representation of image and video data, for
instance. In particular, an image can be described by a matrix of a fixed number of features (e.g.,
colors, intensities, filters, and gradients thereof) at each pixel. To this end, assume that xi ∈ Rd
contains the d feature values for pixel i ∈ {1, . . . , n}. Then, after computing the centered pixel
feature matrix

X := (x1 −m · · ·xn −m) ∈ Rd×n

with the empirical mean m := 1
n

∑n
i=1 xi, we can represent an image by the feature covariance

matrix
C :=

1

n
XXT .

Now, to compare images to each other, we can use norms and distances on the manifold of
covariance matrices instead of having to deal with the high-dimensional pixel space. For details,
we refer the reader to [MM18].

Furthermore, brain computer interfaces are another field of application where data are com-
monly represented as a covariance matrix. In particular, in the context of electroencephalography
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(EEG), the corresponding time series data is represented as a matrix, which is then cast into a
covariance matrix format; see, e.g., [CKBM21, CBB17].

Besides covariance matrices, symmetric positive-definite matrix-valued data also appear in the
medical area of diffusion tensor imaging (DTI), for example; see [PFA06, JHS+13, PSF19] for
an ML approach to DTI. The ultimate goal of DTI is to generate contrast in magnetic resonance
images by determining the so-called diffusion tensor T ∈ R3×3 for an anisotropic diffusion
process, i.e., we learn the diffusion coefficient in Fick’s first law

J(x) = T (x)∇c(x)

from given flow data. Here, J is the diffusion flux vector and ∇c denotes the (spatial) gradient
of the particle concentration. Employing a log-Euclidean distance

dist(T 1,T 2) := ∥ log(T 1)− log(T 2)∥F

in the loss function has proven to be both efficient and successful for DTI; see also [PSF19].
Here, log(·) denotes the matrix logarithm and ∥ · ∥F is the Frobenius norm. Besides the log-
Euclidean distance, there also exist other, more involved, choices, e.g., affine-invariant metrics,
Cholesky distances, and Stein divergences; see [JHS+13] for details.

Another area of application where spd matrices are to be learned is robotics. In particular,
when we deal with a robotic arm, the configuration49 x(t) ∈ R6 at time t of the end effector,
i.e., the end of the robotic arm, can be expressed in terms of the configurations θ(t) ∈ Rm of the
joints of the robotic arm via

x(t) = f(θ(t))

for some function f : Rm → R6. Here, m depends on the number and the type of robot joints.
To obtain the corresponding velocities, we compute the time derivative

ẋ(t) =
∂f

∂θ
(θ(t))θ̇(t).

Now the sphere of joint velocities θ̇(t)T θ̇(t) can be expressed as

θ̇(t)T θ̇(t) = ẋ(t)T
(
J(θ(t))J(θ(t))T

)−1
ẋ(t),

where J = ∂f
∂θ denotes the Jacobian of f with respect to the joint configurations. Then, the

spd matrix (JJT )−1 defines the so-called manipulability ellipsoid, i.e., the end effector velocity

ellipsoid corresponding to the joint velocity sphere θ̇
T
θ̇. This is a cardinal structure since it

describes the possible movement directions of the end effector at any given time t. Therefore,
learning it from a set of given robot arm trajectories is an important task, e.g., when teaching
a robot to track a reference motion; see [ADHSK21, JRCC21]. A similar machine learning
problem with manifold-valued labels is encountered when attempting to recover robot orientation
data represented by rotation matrices from the Lie manifold SO(3), i.e., the special orthogonal
group in three dimensions; see [ZHS+17].

Besides the above applications, manifold-valued data also appear in the context of image syn-
thesis when the corresponding image is characterized not by RGB color values but by different,
more intricate representations; see, e.g., [HWVG19]. Furthermore, when processing manifold-
valued data, e.g., matrices on Stiefel manifolds or Grassman manifolds, by neural networks
which keep their structure intact, similar challenges are encountered as with manifold-valued
labels; see [CBMV20].

49This is usually a combination of three spatial coordinates and three orientations.
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10.1.3 Graph-valued data and labels

The research area of graph learning considers graphs as data points, whether as inputs or data
labels; see Section 5.1 for the definition of a graph. For an overview on graph learning techniques,
we refer the reader to [CAEHP+22]. Machine learning approaches with graph-valued data are of
particular interest whenever a graph representation makes sense for the given data. For instance,
in molecular biology and chemistry, the task of molecule structure prediction can be tackled
with specialized machine learning algorithms considering a molecule as a graph; see [BBS21,
BMFB+22]. Furthermore, graph-labeled data are used in brain signal analysis [DTRF19] when
exploring relationships between certain areas of the brain. An approach for regression with
graph-valued labels for the visualization of correlations in finance applications can be found in
[CFV22]. Finally, the more general problem of graph generation with given input properties is
an important research area of its own; see [BSZG18, SK18, YYR+18].

10.1.4 Function-valued data and labels

Besides manifold-valued and graph-valued data, infinite-dimensional data that represent func-
tions are of particular interest in the area of functional data analysis (see [RS05, RS07]) and in
operator learning (see [KDP+16, KLL+23]). In these areas, a functional F : V1 → R or even
an operator O : V1 → V2 is approximated, where V1 and V2 are appropriate (potentially infinite-
dimensional) function spaces. This has to be seen in contrast to standard regression, where the
input and output spaces are usually of finite dimension.

An important area where operator learning is useful is uncertainty quantification. Here, many
solutions of parametrized partial differential equations, for instance, have to be computed in order
to approximate a quantity of interest. Instead of building an algorithm to learn the solution for
a fixed set of parameters, it makes sense to directly learn the solution operator corresponding to
the parametrized equation instead. Here, deep learning approaches are especially important; see
[KLM21, LMK22, LKA+20, LJP+21].

10.1.5 Non-numerical data and labels

To deal with non-numerical data, a feature map ϕ : Ω → Rd is usually employed to map each
data point to a numerical vector; see also Section 1.5 and Section 3.5.1. These maps are often
handcrafted according to the specific machine learning problem. For instance, for categorical
data, so-called one-hot-encoding maps or specific hash maps are applied. However, more so-
phisticated approaches based on a feature’s distribution have also been successfully employed;
see [HK20] for details on one-hot-encoding, hash maps, and a survey on other feature maps for
categorical data.

If the data stem from a finite set of possible values, i.e., a dictionary, embedding techniques
can be combined with one-hot-encoding to determine an appropriate latent space distribution of
the data set; see, e.g., [LLHZ16] and Section 10.4 for word embedding feature maps. When
employing a kernel-based method, e.g., an SVM analogous to that in Chapter 3, an appropriate
kernel function can be employed instead of a corresponding feature map; see, e.g., [LSST+02].

Finally, note that the application of a feature map is not always necessary since there exist
machine learning approaches which can be applied directly to non-numerical data. Examples for
such methods are classification and regression trees (CART) and random forests, which can be
altered in such a way that they also work for categorical data. We refer the interested reader to
Section 10.2.5 for an introduction to decision trees and random forests and to [Au18, HTF09]
for more details on their usage for categorical data.
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10.1.6 Sequential data and labels

In the areas of time series analysis and natural language processing, one encounters sequential
data, i.e., a single data point x is given as a sequence

x = (a1, . . . ,am)

of m ∈ N data points a1, . . . ,am, which can be vectorial or even non-numerical themselves,
for instance. Here, the two common approaches are either to use a feature map to transform
(sub)sequences to vectors or to employ a model class which can deal with sequential data directly.

The feature map approach often consists of applying functions which highlight both spatial
and temporal information, e.g., Fourier/Wavelet transformations [RBAF+19] or signature trans-
formations [KBPA+19]. Besides, delay embedding techniques based on Takens’ theorem are
quite common [SDB16, XTL09]. Here, parts of the sequence are stacked into high-dimensional
vectors; see [Tak81] for details. In recent years, the second approach of employing model classes
which operate directly on sequential data became more popular. The reason for this is special-
ized deep neural network architectures like long short-term memory networks and transformers,
which often outperform classical feature map approaches. We will consider these architectures
in more detail in Section 10.3.2 and Section 10.4.

10.2 Ensemble learning
This section is dedicated to the more general topic of ensemble methods. Here, we will briefly
touch on the most important mechanisms and techniques in ensemble learning.

� Ensemble learning

The simple but powerful idea behind ensemble learning is to combine the results
of several basic machine learning models to create a more complex and accurate
model. Results achieved in this way can be superior to those achieved by each of
the single models alone. Most ensemble learning methods rely on a combination of
bootstrapping, boosting, and stacking mechanisms. We refer the reader to [DYC+20,
HTF09, JWHT21, Mur22, SR18], for details.

10.2.1 Voting and averaging

Assume that we have trained m different machine learning models M1, . . . ,Mm called base
models on a certain problem for a given training data set. We now want to use the outputs of
all these base models to compute an output for the whole ensemble of models when a new data
point is presented. To this end, e.g., for a classification problem, one can first consider very
simple approaches like voting. There, the result of the ensemble model is the majority of the
class outcomes of the base models. An example illustration is given in Figure 10.1. Similarly,
for a regression problem, a simple average of the results can be chosen as the overall result.

10.2.2 Stacking

The stacking approach is slightly more advanced than the simple voting and averaging ap-
proaches. Here, a meta-model is constructed to obtain a better result than those obtained by
just considering the base models themselves.
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Figure 10.1: An example for voting with five different models for a classification problem with
classes A, B, and C. After all five models have been trained, the majority vote of the five base
models decides which class is predicted for a given input data point. For the example input above
the model outcomes are B, B, C, A, B. This results in an ensemble vote of B.

� Stacking

In stacking we build a meta-model M on top of m independently trained base mod-
els M1, . . . ,Mm. The meta-model’s input for a specific data point x is the outputs
Mj(x) of the base models for i = j, . . . ,m. Then, the training set50 is taken to train
the meta-model to deliver the best decision according to a given loss function. Often,
the same loss function is chosen for the meta-model as for the base models. However,
it is possible to employ a different meta-loss function as well.

As an example, let us consider the stacking algorithm from [Bre96b]. It uses a positive com-
bination of the base models and the least squares loss to obtain the coefficients

(α1, . . . , αm) = argmin
βj≥0

j=1,...,m

n∑
i=1

(
yi − βjM (i)

j (xi)
)2

(10.1)

of the meta-model M :=
∑m
j=1 αjMj . Moreover, to avoid overfitting in the minimization pro-

cedure for (10.1), the models M (i)
j , i = 1, . . . , n, have been used there instead of the model Mj

for each j = 1, . . . ,m. Here, M (i)
j is the same as Mj , but it has been trained without using the

data point (xi, yi) in its training data set; see [Bre96b] for details.
This way, the most common approach to stacking is to create a meta-model by linearly com-

bining the base models. In contrast to voting or averaging, stacking allows us to learn how to
weight the different outcomes of the different base model classes. This often leads to improved
results over that of any of the base models alone; see [Wol92, Bre96b]. In Figure 10.2 we provide
an example illustration for stacking with five base models. Moreover, there also exist nonlinear
meta-model approaches; see, e.g., [MN15].

50Sometimes the training data set for the meta-model is chosen to be different from the one on which the base models
have been trained.
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Figure 10.2: An example for stacking with five different models. After all five models have been
trained, a meta-model is trained to decide what to output for a certain input depending on the
outputs of the five base models.

10.2.3 Boosting

While for stacking all the m different models have been trained independently from each other
and while the meta-model is then built by minimizing a meta-loss function, we now intertwine
these two steps in boosting by successively taking into account one base model after the other.

� Boosting

In boosting we build the ensemble of models adaptively by starting with just one
simple base model M1. Subsequently, model M2 is trained, where training data
points that produced a large error (or were misclassified) for M1 are given more
importance during the training process of M2. This process is iterated until m base
models have been built. Then, the different base models are combined to come to an
ensemble decision. To this end, there are distinct specific approaches which lead to
different types of boosting methods.

Similarly as in stacking, in boosting the models M1, . . . ,Mm are often combined in a weighted
way to obtain an ensemble model

M :=

m∑
i=1

αiMi

with real-valued coefficients αi. But now, instead of directly optimizing a loss function for the
complicated model M , as we did in stacking, the models Mi and weights αi are optimized
successively by an iterative procedure. This is also known as greedy optimization. We define the
iterates of this process

M̃l := M̃l−1 + αlMl

for l = 1, . . . ,m as our new base models. Here, M̃0 is set to zero. After m iteration steps we
obtain M = M̃m. Here, in the lth iteration step, we compute αl and Ml by (approximately)
determining

(αl,Ml) := argmin
β∈R,M̂∈M

C(M̃l−1 + βM̂) (10.2)



174 Chapter 10. Further Developments

for a given function C(f) := L((f(x1), y1), . . . , (f(xn), yn)), which defines the loss on the
training data, e.g., for least squares loss L. Here, the base model M̂ is chosen from a fixed model
class M, such as the class of affine linear functions, for instance. However, for most model
classes and loss functions, (10.2) is not straightforward to calculate and the minimum is only
approximated. For example, in so-called gradient boosting [Fri01] for regression problems, Ml

is just taken to be the least squares fit to the residuals

ỹi := yi − M̃l−1(xi)

of the true labels yi and the evaluations M̃l−1(xi) on the training data.
The most famous boosting method for classification problems is AdaBoost, which stands for

adaptive boosting. Here, in the training of M̃l, the training data points are weighted in such a
way that points that were wrongly classified by M̃l−1 are assigned larger weights. In particular,
for a two-class problem with yi ∈ {−1, 1} for all i = 1, . . . , n, the exponential weights

w
(l)
i := exp

(
−yiM̃l−1(xi)

)
are used. Thus, each weight is either exp(1), namely if yi ̸= M̃l−1(xi), or exp(−1), otherwise.
Then, M̃l = M̃l−1 + αlMl is determined by solving

(αl,Ml) := argmin
β∈R,M̂∈M

n∑
i=1

w
(l)
i exp

(
−yiβM̂(xi)

)
, (10.3)

where M̂ is optimized over some fixed model classM. For more details on the weighting process
and the greedy optimization, we refer the reader to [FS97, HTF09, HRZZ09]. A schematic
illustration of the AdaBoost mechanism is given in Figure 10.3.
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Figure 10.3: An example for AdaBoost with three base models. After a base model is trained,
misclassified samples (or samples with high error) are given a larger weight before the next model
is trained by (10.3).
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10.2.4 Bagging

Stacking and boosting are ensemble methods which reduce (mainly) the bias of the model, i.e.,
they increase the model complexity either by a meta-model or by adaptively growing the ensem-
ble model. This way, the ensemble model is able to generalize to a broader class of functions
than the individual base models alone. However, another important quantity is the variance of
the ensemble model, which is related to how robust the model is when having new input data;
see also Section 1.3. A method that mainly aims at reducing the variance of the ensemble model
is bagging.

� Bagging

Bagging is an abbreviation for bootstrap aggregation. It means that the base models
M1, . . . ,Mm are trained independently from each other on reduced data sets which
were sampled by so-called bootstrapping. The ensemble model M is then built by
combining the base models appropriately, e.g., by averaging or voting on the results
of the base models. In this way, the bagging ensemble model exhibits reduced vari-
ance compared to the original base models. For more details see [Bre96a].

In contrast to stacking, where the meta-model is the key part, or boosting, where the adaptive
construction of the base models is the core idea, bagging has its focus on the choice of the input
data sets for the base models. These data sets are bootstrapped variants of the original training
data set.

� Bootstrapping

The term bootstrapping describes a specific way to (re-)sample a data set. Assume
we have an original data setD of n samples. Then, a bootstrapped variant B thereof is
a data set of k ≤ n samples that have been drawn fromD randomly with replacement.
Thus, there might be copies of the same data point in B. IfD contains a large number
of independent and identically distributed samples from the underlying, unknown
data distribution, B also can be regarded as representative and independent samples
thereof; see [MD93] for more details.

One of the major benefits of bootstrapping is that we can draw samples from the original data
distribution without knowing it and without having to acquire new data points according to it,
which might be very costly or time-consuming in practical applications. However, the boot-
strapped samples can of course only be representative of the underlying data distribution if the
original data set is representative as well. A schematic illustration of bagging, i.e., of draw-
ing samples for the base models via bootstrapping and combining these models via voting or
averaging, can be found in Figure 10.4.

10.2.5 Random forests

One of the most famous bagging methods is random forests, which we will briefly introduce in
this section.
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Figure 10.4: An example for bagging with four different base models. First, four bootstrapped
sets of some fixed size k ≤ n of the original data set are created. After the four base models
have been trained on the respective bootstrapped sample set, voting or averaging is performed to
acquire the ensemble result.

� Decision trees and random forests

A decision tree is a binary51 tree model for supervised learning, i.e., two branches
emerge from each node of the tree except the leaf nodes. It is trained to recursively
partition the coordinate space Rd into small segments. In particular, for each parti-
tioning step, a coordinate direction c ∈ {1, . . . , d} and a value t ∈ R are chosen and
the ambient space is split into two segments divided by the hyperplane{

x ∈ Rd
∣∣ [x]c = t

}
.

The goal is that parts of the training data set x1, . . . ,xn which exhibit the same (or
similar) labels reside in the same partition. To this end, the training is usually done
by successively choosing partitions that minimize the entropy (or the Gini impurity)
of the two resulting parts of the data set; see [Bre84] for more details.
A random forest is an ensemble model using bagging with decision trees as base
models; see [Ho95]. Furthermore, each decision tree is only allowed to use a cer-
tain subset of the d coordinates of the ambient space during training to reduce the
complexity; see [Bre01].

51Note that a decision tree technically does not have to be a binary tree. However, for almost all practical applications,
decision trees are taken to be binary trees.
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Figure 10.5: An example of an already trained decision tree T of maximum depth 3 for two-
dimensional data. The green leaf nodes illustrate the output values of the tree, i.e., for an input
whose corresponding decision path leads to a specific leaf, the output value of that leaf is taken
as the predicted label for the input. The red path shows how the tree is evaluated for the example
input data point x = (0.5, 0.2). The result is T (x) = 2.

After a decision tree model has been trained, we can evaluate it for a specific data point x by
traversing the corresponding path within the tree beginning at the root and ending in a leaf. As
we will explain in more detail in the following, each non-leaf node checks a condition on one of
the coordinate dimensions x1, . . . , xd of the data point. If the condition is met, we follow the left
branch; else we follow the right one. Once we arrive at a leaf, the value stored in the leaf node is
the prediction for the data point x we started with. An example of a decision tree can be found
in Figure 10.5.

Besides the maximum tree depth, the most important choice when training a decision tree T
is the choice of the splitting criterion for each node. At each node we have to decide which
coordinate direction c ∈ {1, . . . , d} and which value t ∈ R to take for the split. Usually, some
loss function C or a measure for the homogeneity of the target variable within the subsets is used
to evaluate the quality of a specific split, and it is then minimized (heuristically) with respect to
the pair (c, t).

Let us take the least squares loss for regression problems as an example. When splitting the
root at (c, t) for our training data set (x1, y1), . . . , (xn, yn), we create two new index sets

Lc,t =
{
i
∣∣ [xi]c ≤ t, i = 1, . . . , n

}
and Rc,t =

{
i
∣∣ [xi]c > t, i = 1, . . . , n

}
,

where [xi]c denotes the cth coordinate of the vector xi. Now we can compute the least squares
error after the split by taking the average of all labels in the corresponding sets as the predicted
value, i.e.,

1

n

∑
i∈Lc,t

yi − 1

|Lc,t|
∑
j∈Lc,t

yj

2

+
1

n

∑
i∈Rc,t

yi − 1

|Rc,t|
∑
j∈Rc,t

yj

2

.
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This quantity is then minimized to find the optimal (c, t) for the actual splitting step. Subse-
quently, the same procedure is performed for the child nodes with the corresponding (smaller)
data sets; see also [Bre84] for details. This is again a greedy type of optimization, as in boosting,
since we optimize the criterion for all the nodes sequentially. The splitting procedure is stopped
when the least squares error in a node is smaller than some threshold or when the maximum
depth is reached.

Finally, to create an ensemble model, we build m independent decision trees as base models.
To this end, we use a random coordinate subset C̃j ⊂ {1, . . . , d} for each of the j = 1, . . . ,m
models as possible splitting candidates, i.e., for the jth tree, a splitting in a node is only possible
in a direction c ∈ C̃j . Furthermore, bootstrapping is used to reduce the training data set size
for each decision tree. In this way, we arrive at the random forest model, which mitigates the
problem of high variance that single decision trees tend to have; see [Bre01].

10.3 Recurrent neural networks
In Chapter 6, Chapter 7, and Chapter 8 we have discussed feed-forward neural networks, which
propagate information just in one direction, i.e., the data are passed through the network lay-
erwise from the input layer to the final output. In contrast to that, so-called recurrent neural
networks also allow information to be propagated in the opposite direction.

� Recurrent neural networks

Recurrent neural networks (RNNs) are neural networks for which data can be prop-
agated in any direction. This way, loops can be created in the network graph and the
network is no longer acyclic as for the feed-forward NNs from Chapter 6, Chapter 7,
and Chapter 8. Recurrent neural networks are used to tackle problems with sequen-
tial information like time series data, for example. These architectures successively
process single elements of a given sequence in contrast to feed-forward neural net-
works, which use the whole sequence as input. A major benefit of this approach is
that RNNs can treat sequences with different lengths and that they need fewer weights
to achieve good results in practice; see [GBC16] for details.

The idea behind RNNs is that past information can be used to alter the way in which new infor-
mation is processed. Often the output of such a network depends on the most recent input and
an additional (hidden) state h ∈ Rdh with fixed hidden state dimension dh ∈ N. The hidden
state itself depends on earlier inputs and earlier hidden states of the network. This mechanism is
beneficial when processing sequential data.

In the following, we will denote by z ∈ Rd the network’s input52 sequence. Note that the
sequence length d and the hidden state dimension dh are not related in any way. For the sake
of simplicity, we assume here that each element zj for j = 1, . . . , d of the input sequence is
a real number. Note however that the z1, . . . , zd could be vectors themselves, i.e., zt ∈ Rdi
for each t = 1, . . . , d with some application-dependent input dimension di ∈ N. Their spe-
cific form and structure depends on the type of sequence which is to be investigated. Next, let
ht ∈ Rdh be the sequence of hidden state vectors for t = 1, . . . , d. Finally, the network’s output
is denoted by f(z). Depending on the task under consideration, this could be a whole sequence

52For input sequences with variable lengths, the length is also passed on as an input parameter and d is usually chosen
large enough to capture all sequences in the data set. The remaining coordinates of an input are then just set to 0.
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f(z) = (f1, . . . , fd) ∈ Rd or only the value f(z) = fd ∈ R, which is referring to the final com-
putation. The first situation is typically encountered for translator networks (see [CvMG+14]),
while the second situation appears typically for sequence regression networks (see [QSC+17]).
Note here that also the f1, . . . , fd could be vectors themselves instead of real numbers, i.e.,
ft ∈ Rdo with some application-dependent dimension do ∈ N of the output data of the respec-
tive network. For the sake of simplicity, we consider di = do = 1 in the following. The graph
representation of a simple RNN can be found in Figure 10.6.i
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Figure 10.6: Graph representation of a simple recurrent neural network with input z, state vector
h, and output f(z).

An RNN graph as in Figure 10.6 has to be read differently from a graph for a feed-forward
network. Here, A : R × Rdh → Rdh , B : Rdh → Rdh , and C : Rdh → R are not just simple
weights but certain transformations that depend on the specific architecture of the network, as we
will see later on. This representation is used as a compact form of the so-called unfolded graph,
where the loop is completely expanded and, thus, no longer appears; see Figure 10.7.

Here, the unfolded graph has to be understood as follows:

• The calculation begins with the first element z1 of the input sequence to whichA is applied
to compute the first hidden state h1 := A(z1,0) ∈ Rdh with some fixed hidden state
dimension dh. The hidden state is then transformed by C to obtain the first output f1.

• In a next step, z2 is fed into the network. Then, by taking into account the values of z2
and B(h1), the network computes the next hidden state h2 = A(z2, B(h1)) and the next
output f2 = C(h2).

• This procedure is continued until we reach the end of the input sequence zd, i.e., we have
ht = A(zt, B(ht−1)) and ft = C(ht) for all t = 1, . . . , d, where h0 := 0.

10.3.1 Simple recurrent networks

One simple RNN that can be written in the above fashion is the so-called Elman network; see
also [Elm90]. This RNN is sometimes also referred to as simple recurrent network. In the Elman
network we have

A(z,h) := ϕ(az + h+ a0) with a,a0,h ∈ Rdh , z ∈ R, and activation function ϕ,

B(h) := Bh with B ∈ Rdh×dh and h ∈ Rdh , and

C(h) := ψ(cTh+ c0) with c,h ∈ Rdh , c0 ∈ R, and activation function ψ.

Note that the application of the activation function ϕ has to be understood componentwise. As
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Figure 10.7: Unfolded graph representation of a simple recurrent neural network with input
z = (z1, . . . , zd), state vectors ht for t = 1, . . . , d, and output f(z) = (f1, . . . , fd), where
ht = A(zt, B(ht−1)) and ft = C(ht).

we see, the sequence part zt is used to compute the hidden state ht and the output ft via

ht = ϕ(azt +Bht−1 + a0) and ft = ψ(cTht + c0)

for each t = 1, . . . , d, where the variables a,a0,B, c, c0 have to be determined by an opti-
mizer. To this end, backpropagation is applied to the unfolded graph after a loss function has
been chosen. This approach is also known as backpropagation through time. While this works
analogously to feed-forward neural networks, simple RNNs such as the one above, but with long
input sequences, tend to encounter problems with many local minima and vanishing or explod-
ing gradients during the optimization procedure with SGD-type methods; see [GBC16] for more
details. Therefore, skip connections between far away sequence parts have been introduced to
circumvent this problem to some extent, i.e., the output of neurons at part t of the sequence can
directly be accessed by neurons at part t + δt of the sequence for a δt ≫ 1. In other words,
there are connections between neurons corresponding to far away sequence parts. Besides, more
sophisticated RNNs have been proposed, which lead to a more stable optimization process.

10.3.2 Long short-term memory networks

One of the most famous RNNs is the long short-term memory network. It is able to deal with the
problem of vanishing gradients.
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� Long short-term memory network (LSTM)

The idea of long short-term memory networks (LSTMs) is to automatically detect
the time horizon δt for which the relation between ht and ht+δt is still relevant for
any 1 ≤ t ≤ d, i.e., the time horizon is small enough such that ht and ht+δt are
not independent of each other. While an LSTM updates the hidden state during the
processing of the input sequence as simple recurrent networks do, it is also allowed
to forget past information that is simply no longer relevant at a certain time. We refer
the reader to [HS97] for details.

In contrast to previous models, an LSTM introduces a second hidden state variable, the so-called
cell state ct ∈ Rdh . The visualization of an LSTM network is given in Figure 10.8. Here, we
assume that each element of the input and output sequences is indeed a vector. For the sake of
simplicity, we let zt ∈ Rdi be of input dimension di ∈ N at each time step t = 1, . . . , d, and we
let the corresponding output ft ∈ Rdh be of the same dimension dh as the hidden state. Although
these are vectors, we do not use the boldsymbol vector notation for them here to be consistent
with our previous notation from Section 10.3.1 and to avoid confusion.

The illustration in Figure 10.8 shows how the computation of ft ∈ Rdh and the new hidden
states ht ∈ Rdh and cell states ct ∈ Rdh works when given zt ∈ Rdi and ht−1 ∈ Rdh ,
ct−1 ∈ Rdh . Essentially, the computational graph is built by certain arithmetic operations and
activation functions (σ and tanh). The involved weights and biases are omitted here from thei
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graph for the sake of clarity. The forward pass of the illustrated LSTM cell then reads

forgett := σ(Afzt +Bfht−1 + bf ) (forget gate),
updatet := σ(Auzt +Buht−1 + bu) (update gate),
cellActt := tanh(Aczt +Bcht−1 + bc) (cell activation),

ft := σ(Aozt +Boht−1 + bo) (output gate),
ct := ct−1 ⊙ forgett + cellActt ⊙ updatet (new cell state),
ht := tanh(ct)⊙ ft (new hidden state)

with weights Af ,Au,Ac,Ao ∈ Rdh×di and Bf ,Bu,Bc,Bo ∈ Rdh×dh and biases bf , bu, bc,
bo ∈ Rdh . The first four lines compute the so-called forget gate activation, update gate activa-
tion, cell activation, and output gate activation by adding weighted input values, hidden values,
and biases and applying certain activation functions. The latter are either the hyperbolic tangent
tanh or the sigmoidal function σ(x) := (1 + exp(−x))−1. As before, the activation functions
are applied coordinatewise. The last two lines compute the new cell and hidden states by using
Hadamard products ⊙ of the previously computed values. In contrast to the cell state ct, the
hidden state ht also contains information about the output ft. Note that the information on the
previous cell state ct−1 becomes less important if the forget gate value 0 < forgett ≤ 1 is
small. In this way, the LSTM learns via the forget gate’s weights and bias how important older
cell states are. More details on LSTMs can be found in [HS97, She20].

Besides the depicted classical variant of an LSTM network, there are variations of such net-
works using gates. For instance, the gated recurrent unit network [CvMG+14] has more compact
cells than the LSTM network and has been successful in practical applications as well; see also
[GBC16] for details.

10.3.3 Further improvements

A direct way to circumvent the problem of vanishing and exploding gradients during the RNN
optimization consists of using orthogonal/unitary hidden state transition matrices. Let for in-
stance zt ∈ R be scalar again and let us consider the evolution

ht = ϕ (azt +Bht−1 + a0)

of the hidden state vector for some a,a0 ∈ Rdh , B ∈ Rdh×dh . Then, one can show that, for an
orthogonal (or unitary) matrix B and for ϕ = ReLU, the optimization with SGD-like methods
works well, i.e., the norms of the involved gradients stay constant; see [ASB16, HSL16] for
details. However, these networks suffer from a poorer expressivity than standard RNNs, and the
class of functions that can be represented by such a network is thus more limited. Recent research
addresses the question of a good tradeoff between the expressivity and the (almost-)orthogonality
of the RNN; see [KGPT+19].

Another class of RNNs which are able to circumvent the problem of vanishing and exploding
gradients is continuous-time RNNs. Here, similarly to Chapter 8, the RNN’s evolution equations
are interpreted as a time-discrete variant of an ODE. For example, an ODE of type

ḣ(t) = ϕ(az(t) +Bh(t) + a0)

could be discretized as

ht = ht−1 + δtϕ(azt−1 +Bht−1 + a0)
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with time step δt, which just resembles a time-explicit Euler discretization with respect to h and
z. This then defines the hidden state evolution equation for the corresponding RNN. For more
details on the connection between certain ODEs and RNNs, see [She20].

Note that the connection to ODEs allows for a more elaborated stability analysis of the net-
work’s evolution and optimization processes. Thus, more complex ODEs and more intricate
time-discretization schemes can lead to RNNs that have beneficial behavior when it comes to
optimizing the network’s weights and biases with SGD. This way, the problem of vanishing and
exploding gradients can be circumvented; see, e.g., [CCHC19] for antisymmetric hidden state
transition matrices, [EAQ+21] for a learnable scale of symmetrized or antisymmetric hidden
state transition matrices, [RM21] for an RNN stemming from a second-order ODE system moti-
vated by coupled nonlinear oscillators, and [RMEM21] for an RNN stemming from a multi-scale
ODE system. These approaches manage to either reduce the problem of vanishing and exploding
gradients or circumvent it completely.

10.4 Transformer neural networks
Up to the year 2017, the majority of neural network models for handling sequence data were
based on recurrent neural networks. As we have seen in the last section, special care has to be
taken when training these networks for long sequences or time series because of the vanishing
and exploding gradients problem when doing backpropagation through time. In 2017, however,
a new neural network architecture called transformer was presented, which naturally avoids the
above-mentioned problems; see [VSP+17]. Since the topic of transformers is quite involved,
we will not discuss every technical subtlety in detail but rather aim to give a short overview of
the underlying mechanism. For a more detailed and illustrative introduction to transformers we
recommend [VSP+17] and the tutorial at http://jalammar.github.io/illustrated-transformer.

� Transformer neural networks and attention modules

A transformer is a neural network with a special structure that handles sequential in-
put data. Similar to autoencoders, it is built by combining an encoder and a decoder,
both of which consist of a combination of feed-forward neural networks, attention
modules, and normalization layers. The attention modules model the importance of
the dependencies between parts of two sequences. In this way, the network can auto-
matically learn which parts of the input sequence depend on each other, for instance.
This is known as self-attention. More details on attention modules and transformers
can be found in [LPM15, VSP+17].

Transformer-based neural networks have been especially successful in natural language pro-
cessing tasks such as text generation or machine translation [Bea20, DCLT19, VSP+17]. To deal
with sequence-to-sequence problems, e.g., in machine translation, the transformer employs two
separate modules: an encoder and a decoder. First, the encoder processes a sequence, e.g., a sen-
tence (sequence of words) from the source language, as an input. Its goal is to compute a compact
representation of all the relevant information in the input sequence, similar to the hidden state
in RNNs. Next, the representation that the encoder outputs is taken as an input for the decoder.
Moreover, the decoder is usually also fed a piece of the desired output sequence, e.g., the already
translated beginning of a sentence from the target language. Now, the decoder generates the next
element of the output sequence based on the given representation of the input sequence and the
given part of the output sequence. After adding the new element that the decoder produced to
the output sequence, this process is repeated until the whole output sequence has been produced,
e.g., until a full sentence has been output by the decoder.

http://jalammar.github.io/illustrated-transformer
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One major benefit of transformer networks in contrast to recurrent neural networks is that
transformers treat the whole input sequence at once because of the employed self-attention mod-
ules. These are able to efficiently model the semantic dependencies between different words of
an input sentence. In this way, the transformer network can grasp the structure of a sentence
much better than an LSTM network. In this way, long range dependencies, which were problem-
atic for RNNs because of the computational costs and the information loss over long sequences,
can be modeled much more easily. Moreover, even a parallelization of the computations is pos-
sible, which was not the case for RNNs because of their successive computation of the hidden
state vectors.

Before we introduce the specific network architecture of the transformer, we need to have a
look at attention modules to understand their basic mechanisms.

10.4.1 Attention modules

An attention module learns which parts of a sequence are most important in the current context,
i.e., it learns on which parts most of the attention needs to be focused in the actual situation. Let
us assume that each part of a sequence is represented by a vector ri of a fixed dimension d̃ for
i = 1, . . . , d, i.e., the sequence equals (r1, . . . , rd) ∈ Rd̃×d. For language models, for instance,
a sentence (sequence) of length d consists of d separate words (parts of the sequence) that are
then each assigned to a vector in Rd̃ which should—in the best case—reflect their meaning, i.e.,
words with a similar meaning should be assigned to vectors that lie close to each other and vice
versa. This process is called word embedding; see also [BCB15] for more details.

Attention modules and database retrieval For V ∈ N, an attention module computes a
weighted sum of value vectors v1, . . . ,vd ∈ RV , i.e., we compute the expression

d∑
i=1

wivi s.t.
d∑
i=1

wi = 1 and wi ≥ 0 ∀ i = 1, . . . , d (10.4)

with certain weights wi. Here, the value vectors v1, . . . ,vd are related to the representation
vectors r1, . . . , rd. The exact relationship depends on the type of attention module and will
become clearer in the next section.

More specifically, an attention module mimics the process of retrieving a value v ∈ RV
based on a query q ∈ RQ and a key k ∈ RK from a database53 for some fixed dimensions
V,Q,K ∈ N. To this end, let us assume that the d value vectors v1, . . . ,vd correspond to d
key vectors k1, . . . ,kd. Now, we choose the weights wi in (10.4) in such a way that they reflect
the similarity between q and ki. The idea behind this mechanism is that values with keys which
match the query the most should get most of the attention, i.e., they will get assigned larger
weights.54 Let us now discuss how the weights wi are determined for the dot product similarity
measure, which is used in the transformer architecture.

Dot product similarity The most commonly used similarity measure in attention modules is
a scaled dot product between the query vector and the key vectors when Q = K, i.e.,

similarity(q,ki) :=
qTki√
K
.

53When we introduce the specific transformer architecture in Section 10.4.2, it will become evident that the database
contains keys and values which represent feature vectors of words in either the input or the output language. These are
then matched to query feature vectors.

54In the case of database retrieval, this means that a weighted sum of all values from the database is returned, where
the weights reflect how well the query matched the corresponding keys.



10.4. Transformer neural networks 185

Now, in order to fulfill the side conditions of non-negative weights that sum up to one, we apply
the softmax function to the similarities, i.e., we set

wi := softmax(similarity(q,ki)) =
exp (similarity(q,ki))∑d
j=1 exp (similarity(q,kj))

. (10.5)

Note that the weights do not depend on the values v1, . . . ,vd in general. However, in the specific
case of the attention modules in the transformer, there is a linear relationship between the keys
and the values, as we will see in Section 10.4.2. Thus, the weights do depend on v1, . . . ,vd
there.

Multiple queries Finally, let us have a look at the case where we have dq different queries
q1, . . . , qdq of dimension Q = K. If we stack the value, query, and key vectors row-wise into
matrices V ∈ Rd×V ,Q ∈ Rdq×Q, and K ∈ Rd×K and if indeed Q = K, we can write the
output of the attention module as

attention(Q,K,V ) := softmax

(
QKT

√
K

)
V ∈ Rdq×V . (10.6)

Here, QKT

√
K
∈ Rdq×d has entries[

QKT

√
K

]
i,j

= similarity(qi,kj)

for i = 1, . . . , dq and j = 1, . . . , d. The softmax function from (10.5) is applied elementwise.
Although we now know how the attention module works for given queries, keys, and values,

the question remains how the values, queries, and keys are computed in the first place. In the
next section we will see how they are chosen in the transformer network.

10.4.2 The transformer architecture

The overall structure of the transformer network used for machine translation tasks can be found
in Figure 10.9. Note again that we will not discuss every detail of it, but rather give a short
overview on the underlying mechanisms. For a more detailed introduction to transformers we
recommend [VSP+17] and the references therein. Before we explain in Section 10.4.3 how the
transformer is trained and how the trained model is used to generate new sequence data, let us
first briefly discuss the individual parts of the transformer network to understand its main building
blocks. Our guideline will always be the illustration in Figure 10.9. Note that there are actually
N ∈ N sequential instances of both the encoder and the decoder blocks that are omitted in the
picture for better readability. The original transformer architecture from [VSP+17] uses N = 6.

Input/Output embedding Each element of a given input or output sequence is embedded into
a suitable feature space. For instance, for machine translation, each word (or token/subword unit
[SHB16]) of a sentence is embedded into Rd̃ via word embedding. In particular, for the input
embedding, we first fix the size s̃ ∈ N of the possible vocabulary for the input language and
store all possible words in an input dictionary.55 Then, each word of the dictionary is assigned
a different index i ∈ {1, . . . , s̃}. Thus, each word can be encoded by the so-called one-hot

55Note that a dictionary here only contains words from one specific language and not the corresponding translations
into another language. This is consistent with the use of the term dictionary in the machine learning literature.
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Figure 10.9: A schematic overview of the transformer network for translation. The main parts
are N consecutive encoder (left) and decoder (right) blocks containing attention and feed-forward
sub-blocks. Our illustration is based on Figure 1 of [VSP+17].

encoding, i.e., the word belonging to index i is assigned to the ith unit vector ei ∈ Rs̃ with
entries

[ei]j :=

{
1 if i = j,
0 else

for j = 1, . . . , s̃. The resulting embedding vector is obtained by multiplication of a scaled
embedding matrix

√
d̃ ·E(in) ∈ Rd̃×s̃ with the vector ei, i.e., the ith column of

√
d̃ ·E(in) is the
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embedding vector for the ith word from the dictionary. The entries of E(in) are determined during
the training phase of the transformer; see Section 10.4.3 for details. The same process is applied
for the output embedding with a different learnable weight matrix E(out) ∈ Rd̃×t̃, where t̃ ∈ N is
the dictionary size for the output language. In this way, the word embeddings are learned from
scratch by the transformer.

Positional encoding Subsequently, special positional encoding vectors are added to the re-
sults. This is done to ensure that the network can identify the position in which a word occurred
in the original sentence. As the remaining elements of the network, e.g., the attention modules,
are permutation invariant, i.e., they do not work with the initial sequences but only with a set
of vectors without particular order, the algorithm could not infer a word’s position without the
positional encoding. For details on the specific way the positional encoding is calculated in the
case of the transformer, see [VSP+17].

Multi-head attention in the encoder After adding the positional encoding, the resulting vec-
tors are passed to a so-called multi-head attention layer in the encoder. Let us call the incoming
d vectors r1, . . . , rd ∈ Rd̃ and let R = (r1, . . . , rd)

T ∈ Rd×d̃, where d̃ is the embedding di-
mension introduced at the beginning of this section. Note however that different sequences can
have different sequence lengths d, i.e., the word count might vary between the sentences in the
data set.

Now, let us answer the open question from Section 10.4.1 of how the vectors r1, . . . , rd are
related to the attention module’s queries, keys, and values. To this end, note that the atten-
tion module here is a self-attention module, meaning that queries, keys, and values are built
from the same data. More specifically, they are constructed by multiplying the incoming vectors
r1, . . . , rd of R by a matrix, i.e., by performing a linear transform

V = RWvalue, K = RWkey, Q = RWquery

for learnable weight matrices Wvalue ∈ Rd̃×V , Wkey ∈ Rd̃×K , and Wquery ∈ Rd̃×Q, which are
determined in the training phase of the transformer; see Section 10.4.3. Here, we choose the
dimensions V and K a priori and set Q = K. The attention module’s output is then computed
by (10.6). Note that dq = d in the case of self-attention since we have as many queries as we
have keys. Thus, we obtain dq many vectors of dimension V as the result.

While the above procedure describes a single attention module, the transformer uses multi-
head attention. This means that we have H parallel single attention modules (so-called heads),
i.e., H heads are applied with different learnable weight matrices Wh,∗ for h = 1, . . . ,H and
associated ∗ = value, key, query to obtain Vh, Kh, and Qh. This introduces additional learnable
weights and thus increases the expressivity of the transformer network. It can be seen in analogy
to parallel convolutional layers, for instance; see Section 6.4.1. The results of the parallel heads
are collocated to

(attention(V1,K1,Q1), . . . , attention(VH ,KH ,QH)) ∈ Rdq×HV ,

which is finally multiplied by a learnable matrix Wconc ∈ RHV×d̃ to obtain dq vectors of dimen-
sion d̃.

Masked multi-head attention in the decoder Similarly to the multi-head attention module
in the encoder, there is a masked multi-head attention module as a first building block in the
decoder. Both work in the same fashion except for the fact that there is a positional restriction
in the masked variant. More specifically, query vectors can only attend to key vectors that are
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positioned in front of them in the sequence. Technically, this is done by setting the similarity
to −∞ in the case of invalid query-key pairs. This makes sure that the transformer’s decoder is
able to construct sentences word-by-word without using knowledge about parts of the sentence
that have not been constructed yet.

Cross-attention module Finally, there is a second multi-head attention module in the decoder
that mixes the information of the encoded input sequence and the output sequence. Here, dq
query vectors, which have been computed from the output sequence, attend to d key vectors
from the encoded input. Note that dq and d can be different this time. Similar to self-attention,
the queries, keys, and values are constructed via learnable weight matrices

V = RWvalue, K = RWkey, Q = SWquery,

where R ∈ Rd×d̃ are the encoded input vectors and S ∈ Rdq×d̃ are the output vectors after
the masked multi-head attention module and the following normalization. The learnable weight
matrices have the same structure as in the multi-head attention modules described above. Fur-
thermore, we again employ H parallel heads in order to have a multi-head attention module
with H different instances of the learnable weight matrices, which are determined in the training
phase of the transformer; see Section 10.4.3.

Skip connections Next to the multi-head attention modules and the two-layer feed-forward
modules we always have a skip connection as in Figure 10.9, which adds the input of the cor-
responding module to its output. This gives the network the possibility to balance the original
information with the result of the module.

Layer normalization The normalization blocks perform a layer normalization. Here, instead
of using standardization (see Section 2.5), each entry of an incoming vector x = (x1, . . . , xd̃) is
normalized by

xnorm
j := gj

xj −m
σ2

with m :=
1

d̃

d̃∑
i=1

xi and σ2 :=
1

d̃

d̃∑
i=1

(xi −m)2,

where gj is a learnable weight parameter for j = 1, . . . , d̃, which is determined during the
training phase; see Section 10.4.3. For more details on layer normalization see [BKH16].

Two-layer feed-forward network Besides multi-head attention modules and layer normal-
ization, the transformer also employs fully connected two-layer feed-forward neural networks
with ReLU activation functions as modules in both the encoder and decoder. The weights and
biases of these networks are being determined in the training phase of the transformer; see also
Section 10.4.3.

Output probabilities After applying N consecutive decoder blocks, the resulting vectors are
transformed from d̃ dimensions to t̃ dimensions, where t̃ is the size of the vocabulary of the output
language. This transformation is usually fixed to be the transpose of E(out), which we used for
the output word embedding. In particular, for a vector x ∈ Rd̃ resulting from the final decoder
block, we compute

(
E(out))T x. We can think of this as a vector of Euclidean scalar products

between x and the columns of E(out). After applying a final softmax activation function, the
transformer returns the output probabilities of each word in the dictionary. This means that the
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most probable word, i.e., the word for which the scalar product between its embedding vector
and x is the largest among all words from the dictionary, is the best candidate to continue the
given output sequence.

10.4.3 Training and generation

Note that the subtle difference between the self-attention module in the encoder and the masked
self-attention module in the decoder is key to understanding what the main purposes of the en-
coder and the decoder are: The former aims to generate a representative of the whole input
sequence, while the latter aims to construct an output sequence word by word (or token by token)
and thus cannot attend to yet unknown words in the sequence. This shows us that the training and
generation phases will always work on a word by word basis when computing the transformer’s
output. This means that the transformer predicts the next word for a given input sequence and a
given (partial) output sequence. Let us explain this in more detail now.

Training phase As we have seen, the transformer employs an encoder and a decoder, each
consisting of several modules, e.g., input/output embedding, multi-head attention, normalization,
and two-layer feed-forward networks. The learnable parameters, which need to be determined
during the training phase, are

• the input/output embedding matrices E(in),E(out),

• the weight matrices Wh,∗ for h = 1, . . . ,H and ∗ = value, key, query in each multi-head
attention module,

• the matrix Wconc in each multi-head attention module,

• the weights gj for j = 1, . . . , d̃ in each layer normalization module,

• the weights and biases in each two-layer feed-forward module.

To determine these parameters, we use a training data set of pairs of input and corresponding
output sequences, e.g., input sentences in a source language and their corresponding translation
in a target language. A cross entropy loss function (see Section 6.4.5) is employed to compare the
output probabilities after the final softmax layer of the transformer to the true output sequence
from the training data. To this end, partial sequences, which only contain the start of each
output sequence, are employed. In this way, the task becomes to predict the next word of the
output sequence; see also the translation example below. Note that the output sequences from the
training data set are also shifted by one word to the right and start with the placeholder “[start]”.
This is to make sure that the network can translate sentences from scratch without knowing the
first word of the translation in the later generation phase, where only the input sequence is known.
Finally, an SGD-type optimizer is used to minimize the cross entropy over all the training data
in order to determine the free parameters of the transformer.

As an example, let us consider an English-to-German translator. During the training phase,
we feed the network with pairs of English input sentences, e.g., “I will meet you the day after
tomorrow.”, and the corresponding German translations, e.g., “[start] Ich werde dich übermor-
gen treffen.” as output sentence. Regarding both sentences as word-by-word sequences, note
that we included the placeholder [start] in the output sequence, which introduces the aforemen-
tioned shift. During training, we use all the partial sentences “[start]”, “[start] Ich”, “[start] Ich
werde”, “[start] Ich werde dich”, “[start] Ich werde dich übermorgen”, and “[start] Ich werde dich
übermorgen treffen” of the output sequence, together with the whole input sequence, to train the
transformer to predict the next word for each partial output sentence. Note that for the last output
sentence “[start] Ich werde dich übermorgen treffen” the transformer needs to predict that the
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translation is complete, i.e., it should predict a punctuation mark.56 Since the transformer gen-
erates its output on a word by word basis, the optimal prediction from the network for the first
output subsequence “[start]” would be “Ich”, i.e., the word Ich should have the highest output
probability among all words in the output language’s dictionary. For the partial output sentence
“[start] Ich” the transformer should predict “werde” and so on. By following this procedure for
the whole training data set, we obtain prediction probabilities for all pairs of input sequences and
corresponding partial output sequences. These probabilities are processed by the cross entropy
loss function, which is then minimized with respect to the free parameters of the transformer.

Generation phase In the generation phase, we are only given an input sequence, e.g., a sen-
tence in the source language, but not an output sequence, e.g., the corresponding translation
in the target language. Thus, we have to generate the output sequence word by word from its
beginning.

For our English-to-German translator from above this would mean that we are given the input
sequence “I will meet you the day after tomorrow.” and no output sequence. Therefore, we
evaluate the trained transformer for the given input sequence and the output sequence “[start]”.
Similar as in the training phase, the transformer now predicts the next word a from the dictionary,
i.e., a is the word corresponding to the highest value in the transformer’s output probabilities. In
the optimal case, a = Ich. Then, to continue the generation/translation of the output sentence,
we evaluate the trained transformer again for the given input sequence but now with the output
sequence “[start] a” to predict the next word. This process is continued until the transformer
predicts that the sentence has ended, i.e., a punctuation mark or another end-of-sentence token
has the highest probability. In this way, the transformer is employed to generate a whole output
sequence for a given input sequence.

10.4.4 Further improvements

The revolutionary idea of the transformer was to trade the computational costs of O(d · d̃2) for
applying the weight matrices57 to a d̃-dimensional input (or hidden) vector in a recurrent neural
network —an LSTM for instance—with an input sequence of length d by the computational costs
ofO(d2 ·d̃) when computing the (self-)attention matrices in (10.6). Therefore, transformers work
very well for short to moderate sequence lengths. For very large sequences, however, additional
modifications have to be used to get rid of the d2 factor in the computational costs; see, e.g.,
[DFE+22, KKL20, ZTS+21].

Moreover, pre-training transformer models on large databases of (unlabeled) text and then
fine-tuning the resulting architecture for specific tasks like machine translation has shown to be
a major improvement when solving many natural language processing tasks; see, e.g., [Bea20]
for the GPT-3 (Generative Pre-trained Transformer) and [Ope23] for the GPT-4 models. The
pre-training phase of the GPT algorithm employs a so-called decoder-only model, i.e., only the
decoder part of the transformer is used and its cross-attention module is omitted. This means that
there is no input sequence and the model is trained to infer the next word from the given part of
the output sequence without any additional context. Such models are also commonly referred to
as foundation models58 because they have been pre-trained on a large training data set and can
be easily adapted to tackle a variety of more specialized, so-called downstream tasks.

56Usually, a special end-of-sentence token is used instead of a punctuation mark.
57For an LSTM, for instance, these weight matrices are A∗, B∗ with ∗ ∈ {f, u, c, o} with input vectors zt with

d̃ = di and hidden vectors ht with d̃ = dh; see Section 10.3.2.
58Note that also the generative diffusion model for image generation from Section 8.4.4 is considered to be a foundation

model in this sense.
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Another improvement in many natural language processing tasks can be made when introduc-
ing bidirectional learning. Here, instead of inferring the next word in a sentence from the pre-
vious ones, a word is inferred from the whole context, i.e., from all other words in the sentence
including the ones that appear later in the sentence. Together with pre-training on large data-
bases, this is the basic idea of BERT (Bidirectional Encoder Representations from Transformers)
[DCLT19] and RoBERTa (Robustly optimized BERT pre-training approach) [LOG+19]. These
approaches employ encoder-only models, i.e., the decoder part of the transformer is omitted. To
this end, to infer words from context, i.e., to predict a word at a given position, a final fully
connected layer and a softmax activation are added to the encoder.

Most recently, OpenAI’s ChatGPT59 received a lot of attention. It is an AI chat-bot based on
the GPT-3 model, i.e., an algorithm which reacts to both an input prompt from a user and the
conversation history with that user by delivering an appropriate answer. Because of its decoder-
only architecture, no source language is used for the GPT-3 model, and the conversation history is
concatenated to the user prompt to obtain one long sequence that is fed to ChatGPT as the output
sequence. Besides supervised learning on the GPT-3 model, ChatGPT’s training process involved
reinforcement learning from human feedback. Here, a so-called proximal policy optimization
algorithm was employed. Besides ChatGPT, improved transformer models like GPT-3 and BERT
have been the cornerstones for several other successful chat-bots and text-generation algorithms
like Google’s Bard,60 Meta’s Llama Chat,61 AI21 Labs’ Jurassic,62 DeepMind’s Sparrow,63 and
Jasper’s Chat.64 Overall, transformer-based architectures are the present state of the art when it
comes to natural language processing tasks.

10.5 Interpretability
Usually machine learning algorithms are trained in such a way that they achieve a small loss.
However, since metrics like the least squares error or the accuracy are not always sufficient to
assess a trained model’s quality in real-world applications, the demand for understanding how a
specific trained model operates has risen drastically. Moreover, finding the underlying reasons for
the produced decisions of a machine learning algorithm has become more and more important.

� Interpretability and explainability

The topic of interpretability deals with methods and tools that are able to describe
what the specific information is on which the algorithm bases its decision, e.g., which
coordinates (and/or specific linear or nonlinear combinations thereof) of a data point
x = (x1, . . . , xd) are most important for the underlying machine learning model to
come to the output f(x).
Interpretability is closely connected to the topic of explainability, where it is inves-
tigated if the algorithm’s outcome is in coherence with contextual information and
domain knowledge. For example, a model predicting a physical quantity should only
produce results that are in accordance with the corresponding laws of physics. For
more information on the topics of interpretability and explainability and for a survey
of different approaches to these themes, we refer the reader to [Mol20, RBDG20].

59https://openai.com/blog/chatgpt/
60https://blog.google/technology/ai/bard-google-ai-search-updates
61https://ai.meta.com/llama/
62https://www.ai21.com/blog/announcing-ai21-studio-and-jurassic-1
63https://www.deepmind.com/blog/building-safer-dialogue-agents
64https://www.jasper.ai/chat

https://openai.com/blog/chatgpt/
https://blog.google/technology/ai/bard-google-ai-search-updates
https://ai.meta.com/llama/
https://www.ai21.com/blog/announcing-ai21-studio-and-jurassic-1
https://www.deepmind.com/blog/building-safer-dialogue-agents
https://www.jasper.ai/chat
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While some measures to achieve interpretability are already built into certain machine learning
algorithms (see, e.g., [RPK19]), most interpretability methods are post-hoc in the sense that they
are applied to the already trained model of a given machine learning algorithm.

The ultimate goals of applying interpretability methods can be quite diverse, e.g.,

• achieving more acceptance of machine learning algorithms in real-world application sce-
narios,

• disclosing security vulnerabilities, e.g., in autonomous driving [EEF+18],

• gaining scientific insight in the process underlying the measured data [RBDG20],

• detecting biases in the underlying data [Nea20],

• detecting unphysical parts of the machine learning model [RPK19].

While most interpretability methods usually cannot directly achieve these goals, their application
provides a crucial first step in the direction of moving away from black-box machine learning
models that are neither interpretable nor explainable to the user. Let us however emphasize
that interpretability algorithms do not present a full transparent insight into the model’s inner
mechanisms. On the contrary, they usually just compute certain statistics (e.g., correlations)
between input coordinates, features, and the output. There are more sophisticated approaches
like causal machine learning models (see [Pea09, Sch22]), but such techniques are still quite
novel areas of active research.

While the use of interpretability methods does not remedy negative properties that the under-
lying algorithm or data may have, it can still expose those properties and guide the user in the
decision whether to trust a machine learning model or not. Furthermore, when we are able to
distinguish if a model is explainable or not, we can use this information to validate our choices
for the model design, e.g., the number of layers or neurons in deep learning.

We present in the rest of this section an introduction to easy-to-use interpretability algorithms
that can be applied to a trained machine learning model. A more versatile discussion of these
algorithms and more sophisticated variants of interpretability methods can be found in [Mol20].

10.5.1 Sensitivity analysis

Probably one of the most well-known interpretability methods is sensitivity analysis.

� Sensitivity analysis

In sensitivity analysis the influence of an input coordinate (or a feature) is measured
by quantifying how much the loss changes when changing the respective coordinate
value. More generally, sensitivity analysis always answers the question of how robust
a model is with respect to changes in the input.

We will here focus on the example of instance-based sensitivity analysis, which computes the
sensitivities with respect to each input coordinate direction for one specific input data point x.
An alternative could be average sensitivity analysis, where the average importance of an input
coordinate over all training data points is computed. Assume that the outcome of our trained ma-
chine learning model is the real-valued function f . Using notation similar to that in Section 6.3.1,
let Cx(f) denote the loss on the data point (x, y). For instance, consider

Cx(f) := (f(x)− y)2
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for a least squares loss function. Then, the sensitivity S in direction j is computed as

S(f)j :=

∣∣∣∣ ∂∂xjCx(f)

∣∣∣∣ .
Note that xj is here referring to the jth coordinate of the d-dimensional vector x and must not
be confused with the ith training data point xi. After computing S(f)j for each j = 1, . . . , d,
the sensitivity with respect to each input coordinate j is known. Often, the shorthand notation

S(f) := |∇xCx(f)|

is used to define S. Note that the absolute value | · | has to be understood componentwise here.
Sometimes, the loss Cx is even discarded and the sensitivities are directly computed on the
model’s output f(x) instead.

It now remains to compute the derivatives ofCx with respect to x. In the general situation, this
could only be done approximatively, e.g., by replacing the derivative ∂

∂xj
Cx by some suitable

finite difference for each j = 1, . . . , d. It is noteworthy that, for the more sophisticated neural
network models, we can directly use the automatic differentiation modules of deep learning
libraries like KERAS and TENSORFLOW to compute the derivatives in the formula above. Thus,
there is no need for additional implementational effort to calculate S(f) in this case.

The quantity S(f) tells us which coordinate directions are more important than others when
it comes to minimizing the loss function for the specific data point x. When we are dealing
with image data, i.e., when x is an image, we can visualize the sensitivities as a heat map,
sometimes also referred to as saliency map. For a gray-scale picture, each input coordinate
represents a single pixel in the image. Thus, we can visualize the sensitivities by plotting them
as color values (according to their magnitude) for each pixel. The same can be done for color
images after averaging the sensitivities over the color channels, for instance. For an example see
Figure 10.10.

Figure 10.10: An example of a heat map of sensitivity values of an image classification algorithm.
As a model we used the pre-trained GoogLeNet [SLJ+15], which correctly classified the original
image (left) as a cat. The sensitivities of the cat class output (right) have been averaged over the
three color channels of the input picture. The color represents the magnitude of the sensitivity for
each pixel. We see that the pixels which influence the loss the most are indeed the ones showing
the cat’s shape. (Cat image licensed under Pixabay Content License.)
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10.5.2 Activation maximization

A special interpretability method for classification tasks, where a data point belongs to one of
several output classes, is activation maximization, also known as prototypes.

� Activation maximization

The task of finding a prototypical input for a certain output class is solved by acti-
vation maximization. Here, an output class c ∈ Γ is specified in a first step. Subse-
quently, a data point x is determined that the machine learning model f most likely
assigns to the specific class c, i.e., the probability P[f(x) = c] that x belongs to the
class c is very large (or even the largest) compared to other possible inputs. The point
x is also often called prototype for the class.

The naive way to compute a prototype of a class c is to just maximize the probability of that class
with respect to the input, i.e.,

prototype(c) := argmax
x∈Rd

P [f(x) = c], (10.7)

where f : Rd → Γ is the classification model. However, without any further side conditions,
the maximum in (10.7) might not be defined. This is due to the fact that the input coordinate
values (x1, . . . , xd) of a data point x ∈ Rd are unbounded, i.e., we could increase the size of
the coordinates arbitrarily, which, depending on the model f , might lead to larger and larger
probabilities P [f(x) = c]. Therefore, a regularization term like the (weighted) total variation
of the input x is usually subtracted from the class probability in (10.7) to obtain a well-posed
maximization problem and a more intuitive prototype; see [NYC16] for several examples of
activation maximization methods and for more sophisticated variants that additionally take the
training data distribution into account.

To compute a prototype we essentially need to maximize the class probability of a given ma-
chine learning model with respect to its input. This can be done by gradient ascent methods,
for instance. To this end, we can again use the automatic differentiation modules of KERAS or
TENSORFLOW for calculating prototypes of neural network models. In Figure 10.11 we depicted
exemplary prototypes for certain classes of the ImageNet (https://www.image-net.org) data set.

10.5.3 More interpretability methods

Besides sensitivity analysis and prototypes there exists a plethora of other, also more sophisti-
cated interpretability methods. A famous example is LIME (local interpretable model-agnostic
explanations) [RSG16], where different simple models, e.g., linear functions, are used to approx-
imate the original model and make it more accessible.

Another commonly used method based on the so-called Shapley values from game theory is
called SHAP (SHapley Additive exPlanation) [LL17]. Here, the average marginal contribution
of each input coordinate (x1, . . . , xd) of a data point x ∈ Rd to the result of the model is
approximated. This can be seen as a value for the benefit of including a single coordinate xj for
a j ∈ {1, . . . , d} in the model instead of omitting it. In particular, the SHAP values quantify
how much better a model performs when a certain coordinate, e.g., xj for a j ∈ {1, . . . , d},
is considered in the training process compared to a model where the jth coordinate is removed
from all data points before the training.

https://www.image-net.org
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Figure 10.11: Three examples for prototypes of images for the three classes church (left), dumb-
bell (middle), and basketball (right) of the ImageNet data set. As model we used the pre-trained
GoogLeNet [SLJ+15]. The prototypes have been computed by activation maximization with
a total variation regularizer and gradient ascent. While the resulting prototype pictures do not
show realistic scenarios, we can still observe the shapes of multiple church towers (left), dumb-
bells (middle), and basketballs (right).

For neural networks there exist specially designed interpretability methods like layerwise rel-
evance propagation and deep Taylor decomposition [MBL+19]. Here, the output of the network
is passed backwards through it in a specially weighted way depending on each neuron’s activa-
tion. This can also be interpreted as a chain of Taylor expansions of first order in the neurons;
see [MBL+19] for details.

More interpretability methods and the corresponding code packages can be found in [Mol20].
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accuracy, 22
action, 139
action space, 141, 149

continuous, 159
action-selection strategy, 157
activation function, 88

Heaviside, 88
hyperbolic tangent, 89
ReLU, see rectified linear

unit
RePU, see rectified power

unit
sigmoid, 89
softmax, 99, 185

activation maximization, 194
active learning, 6
actor-critic method, 166
AdaBoost, 174
AdaGrad, 104
Adam, 104
adaptive boosting, 174
adaptive gradients, 104
adaptive moment estimation,

104
adjacency matrix, 70
adjoint ordinary differential

equation, 132
adjoint sensitivity method, 132
AE, see autoencoder
agent, 139, 141, 149
attention module, 183–185

cross-, 188
masked, 187
multi-head, 187
parallel, 187
self-, 183, 187

autoencoder, 109–115
deep, 113
denoising, 115
graph of, 113
sparse, 114

variational, 109, 117–123
automatic differentiation, 95,

193, 194
averaging, 171

backprop, see backpropagation
backpropagation, 94, 120
backpropagation through time,

180
bagging, 175–178
Barron space, 92
base model, 171
Bayes’ theorem, 118
Bayesian inference, 30, 118
Bellman equation, 143, 150,

152
Bellman operator, 144, 152
Bellman’s optimality principle,

143
BERT, 191
bias, 7, 39, 175, 192
bias-variance tradeoff, 7, 11,

165, 175
bidirectional learning, 191
binning, 65, 159
biological data analysis, 81–82
black-box model, 192
Boltzmann exploration, 158
boosting, 173–174

adaptive, 174
gradient, 174

bootstrapping, 6, 21, 154, 175
bootstrapping aggregation, 175
Bregman divergence, 115
Brownian motion, 73, 134

CART, 170
causality, 192
cell activation, 182
cell state, 181, 182
centering matrix, 56, 59, 71

centroid, 77
channel, 98
ChatGPT, 191
Cholesky decomposition, 18
chunking, 39
classification, 5, 22–24

deep learning, 87–108
k-nearest neighbors, 30
level set, 22, 24, 89
multi-class, 51, 99
pedestrian, 61–67
separating hyperplane, 33–37
support vector machine,

37–51, 63
clustering, 4, 6–7, 76–79

DBSCAN, 86
hierarchical, 86
k-means, 7, 77
spectral, 78, 85

CNN, see neural network,
convolutional

coefficient of determination, 22
computer vision, 63
concentration of measure,

12–13
condition number, 19–21
confusion matrix, 23, 25
continuous time recurrent

neural network, 182
convolution, 64, 97
convolutional neural network,

see neural network,
convolutional

convolutional stencil, 98
covariance matrix, 54, 56, 59,

168
covariate shift, 22
Cover’s theorem, 44
CRISP-DM, 14–15
critical point, 10, 18
cross entropy, 9, 100, 189

219
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cross-attention module, 188
cross-validation, 49
k-fold, 49
leave-one-out, 49

Ct-value, see
cycles-to-threshold value

curse of dimensionality, 12–13,
49, 160

cycles-to-threshold value, 82

Dahlquist’s test equation, 127
data

biased, 192
bootstrapped, 175
centered, 56
cleaning of, 83
compression of, 6
correlated, 54
function-valued, 170
graph-valued, 170
infinite-dimensional, 170
label, 5, 167
manifold of, 73
manifold-valued, 168–169
matrix-valued, 168–169
minibatch of, 93, 119, 162,

163
noisy, 115
non-numerical, 52, 170
normalization of, 28, 83, 188
outlier, 14, 37
preprocessing of, 14, 82–84
reconstruction of, 6, 53, 110
scaling of, 28, 83
sequential, 171, 178, 183
standardized, 28
test, 5, 21
training, 5, 9, 22
understanding of, 14
validation, 49
visualization of, 53

data fold, 49
data set

cart pole, 160, 164
CelebA, 138
frozen lake, 145, 160
ImageNet, 194
Iris, 25, 61
MNIST, 49–51, 106, 115,

122
single-cell sequencing, 81
Swiss roll, 80
TUD-Brussels, 62, 107

database retrieval, 184

DBSCAN, see density-based
spatial clustering of
applications with noise

decision tree, 170, 176
decoder, 109, 110, 183
decoder-only model, 190
decoupled targets, 163
deep fake, 138
deep learning, 87–138,

178–191
deep neural network, see neural

network, deep
deep Q-learning, 160, 162
n-step, 165

deep Taylor decomposition, 195
DeepONet, 138
delay embedding, 171
denoising, 137
density-based spatial clustering

of applications with
noise, 86

diagonalization, 56
dictionary, 185
differential equation

integro-partial, 132
neural, 132
ordinary, 127, 131, 132, 137,

182
partial, 132, 137, 170
stochastic, 134

diffusion distance, 71, 73
diffusion map, 75
diffusion maps, 71–76, 80–85
diffusion process, 133–137

forward, 134
reverse, 135

diffusion tensor imaging, 169
diffusion term, 134
Dijkstra’s algorithm, 71
dimensionality reduction, 1, 6,

53, 69
autoencoder, 109–115
diffusion maps, 71–76, 80–85
Isomap, 68–71, 80
Laplacian eigenmaps, 85
linear, 53–68
maximum variance

unfolding, 85
multi-dimensional scaling,

58–59, 67, 70
nonlinear, 69–86, 109–123
parallel transport unfolding,

85

principal component analysis,
54–68, 111–113

t-SNE, 84
variational autoencoder,

117–123
discount factor, 141, 142, 149
discounted cumulative reward,

141, 143, 152, 154
discriminative model, 116
discriminator, 122
DNA concentration, 82
dot product similarity, 184
downstream task, 190
DQN, see deep Q-learning
drift term, 73, 134
dropout, 96
DTI, see diffusion tensor

imaging
dual problem, 36
dynamic programming, 144,

145

EEG, see
electroencephalography

eigendecomposition, 54, 57, 58,
70–72, 75, 78

eigenimage, 62
eigensolver, 57
eigenvalue decay, 60, 75
ELBo, see evidence lower

bound
electroencephalography, 168
eligibility trace, 165
Elman neural network, 179
embedding space, 82
empirical orthogonal functions,

54
encoder, 109, 110, 183
encoder-only model, 191
end effector, 169
ensemble learning, 171–178
ensemble model, 171

averaging, 171
bagging, 175–178
bias of, 175
boosting, 173–174
random forest, 170, 175–178
stacking, 171–172
variance of, 175
voting, 171

entropy, 176
environment, 139, 140

cart pole, 160, 164
frozen lake, 145, 160
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epoch, 93
ε-greedy strategy, 157, 158
error

generalization, 9, 10
mean absolute, 22
mean squared, 22
relative absolute, 22
test, 21
training, 9

error measure, 21–24
Euler discretization, 127, 131,

182
stability of, 131

Euler–Maruyama
discretization, 135

evaluation data, see test data
evaluation measure, 21–24
evidence, 118
evidence lower bound, 119, 136
experience replay, 163
explainability, 191
exploding gradients, 180
exploitation, 158
exploration, 158
expressivity, 91, 182

F1 score, 23
feature, 11, 12
feature engineering, 11–12, 67
feature map, 12, 44–47, 63, 74,

126, 127, 170, 171, 185
feature selection, 11–12
feature space, 12, 45, 185
filter matrix, 64
finite horizon problem, 143
flow field, 73
flow-induced function space, 92
Floyd–Warshall algorithm, 71
Fokker–Planck dynamics, 73
forget gate, 182
forward propagation, 91, 126,

130, 131
foundation model, 190
Fourier feature, 171
Fourier neural operator, 138
functional data analysis, 170

GAN, see generative
adversarial network

gate
forget, 182
output, 182
update, 182

gated recurrent unit, 108, 182
Gaussian elimination, 18

Gaussian kernel, 48, 72
Gaussian noise, 134
Gaussian process, 52
Gaussian smoothing, 64
gene expression analysis, 81–82
generalization error, 9, 10
generative adversarial network,

122
generative diffusion process,

133–137, 190
generator, 121, 122, 137
geodesic distance, 70, 71
Gini impurity, 176
GoogLeNet, 193, 195
GPT, 190
GPU, see graphics processing

unit
gradient boosting, 174
gradient descent, 27–28

stochastic, see stochastic
gradient descent

gradient flow, 127
Gramian matrix, 58, 70
graph, 70, 170

autoencoder, 113
fully connected, 73
k-nearest neighbors, 70
Markov decision process, 141
neighborhood, 70, 78, 85
neural network, 88
r-ball neighborhood, 70
recurrent neural network, 179
transformer, 186
unfolded, 179
variational autoencoder, 121

graph distance, 70, 71
graph Laplacian operator, 73
graphics processing unit, 107
Grassman manifold, 169
greedy optimization, 156, 173,

178
greedy strategy, 157
grid search, 49
GRU, see gated recurrent unit
gymnasium, 146

Hamiltonian neural network,
131

heat map, 193
hidden state, 178, 182
hidden variable, 109
hierarchical clustering, 86
histogram of oriented gradients,

63–67

HOG, see histogram of oriented
gradients

Howard’s algorithm, 149
hyperparameter, 11, 48–49, 72,

84, 117

image gradient, 63
image representation, 168
image segmentation, 62
importance sampling, 118
incomplete information, 139
infinite horizon problem, 143
information bottleneck, 108
informed machine learning, 52,

137
integro-partial differential

equation, 132
interpretability, 191–195
Isomap, 68, 69, 80
Itô notation, 134

JUPYTER notebook, 2, 16

k-means, 7, 77
k-nearest neighbors, 29–30
k-nearest neighbors graph, 70
Karhunen–Loéve

decomposition, 54
Karush–Kuhn–Tucker

conditions, 35, 38, 41, 44
KERAS, 2, 15, 105
kernel, 46, 72

Gaussian, 48, 72
matrix-valued, 168
Mercer, 46–48
neural network, 126
neural tangent, 126
normalized, 73
polynomial, 48
positive definite, 46, 128
reproducing, 47

kernel principal component
analysis, 68

kernel trick, 46
key vector, 184, 187
KKT, see Karush–Kuhn–

Tucker conditions
kriging, 52
Kruskal–Shepard algorithm, 68
Kullback–Leibler divergence,

84, 114, 118, 167

label, 5
function-valued, 170
graph-valued, 170
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manifold-valued, 168–169
matrix-valued, 168–169
non-numerical, 170
sequential, 171
vector-valued, 168

Lafon rule, 84
Lagrange duality, 36
Lagrange multiplier, 35–36,

38–39
Lagrangian, 35–36, 38–39
λ-return, 165
Laplace–Beltrami operator, 73
Laplacian eigenmaps, 85
LASSO regularization, 31
latent space, 109, 116
latent variable, 109
layer

attention, 183–185
channel of, 98
convolutional, 96
decoder, 109
encoder, 109
hidden, 89
input, 88
normalization, 183, 188
output, 88
parallel, 98
pooling, 98
size of, 98

layer normalization, 183, 188
layerwise relevance

propagation, 195
learning rate, 93
level set classifier, 22, 24, 89
likelihood, 101, 118
LIME, see local interpretable

model-agnostic
explanations

linear least squares, 11, 17–28,
54

linear stability, 127
Lloyd’s algorithm, 77
local interpretable

model-agnostic
explanations, 194

log-Euclidean distance, 169
logistic regression, 30
long short-term memory, 108,

171, 180–182
loss, 8–9, 167

additive, 8, 9
convex, 8, 10, 102, 128
cross entropy, 9, 100, 189
differentiable, 10

ε-insensitive, 52
empirical, 9
evidence lower bound, 119,

136
hinge, 48
least squares, 9–11, 17, 54,

93, 110, 161, 172, 177
logistic, 9
meta-, 172
minibatch, 93
one-sample, 8, 9, 93
physical, 137
smooth, 8
vector-valued, 168

low-dimensional
representation, see
dimensionality reduction

low-rank approximation, 57–58
LSTM, see long short-term

memory
LU decomposition, 18

machine translation, 183, 189
manifold, 69, 70, 168

Grassman, 169
Stiefel, 169

manipulability ellipsoid, 169
margin, 34, 38
margin defining vector, 43
Markov chain, 72
Markov decision process

deterministic, 140
stochastic, 149

masked attention module, 187
MATPLOTLIB, 16
matrix

adjacency, 70
antisymmetric, 183
centering, 56, 59, 71
covariance, 54, 56, 59, 168
decoder, 112
embedding, 186
encoder, 112
factorization of, 112
filter, 64
Gramian, 58, 70
orthogonal, 19, 56, 182
similarity, 78
special orthogonal, 169
transition, 73, 78, 147, 150

Matthews correlation
coefficient, 23

maximum variance unfolding,
85

MC, see Monte Carlo estimator
MDP, see Markov decision

process
MDS, see multi-dimensional

scaling
mean, 55
mean absolute error, 22
mean squared error, 22
Mercer kernel, 46–48
Mercer’s theorem, 47
meta-model, 171
min-cut problem, 79
minibatch, 93, 119, 162, 163
minimization problem, 7–11

autoencoder, 110, 112
boosting, 174
convex, 10, 18, 35, 55
decision tree, 177
deep learning, 92
diffusion maps, 75
dual, 36
generative diffusion, 136
ill-posed, 10
Isomap, 71
k-means, 77
k-nearest neighbors, 29
least squares, 9
linear least squares, 17
multi-dimensional scaling, 59
neural ordinary differential

equation, 132
optimal control, 142
penalized, 114
principal component

analysis, 54, 57, 58, 111
properties of the, 10
Q-function approximation,

161
quadratic, 39
separating hyperplane, 35
sequential minimal, 39–41
solution of the, 10
stacking, 172
support vector machine, 38
transformer, 189
variational autoencoder, 119

model
base, 171
black-box, 192
discriminative, 116
ensemble, 171
explainable, 191
generative, 116, 134
interpretable, 191
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meta, 171
robust, 192

model class, 5, 7–8
affine linear, 8, 11, 17, 33, 54,

88, 111
autoencoder, 111
convex, 10, 18
neural network, 87, 88, 90
nonlinear, 44, 69
vector-valued, 168

model parameters, 8, 11
momentum term, 103, 138
Monte Carlo estimator, 117

policy evaluation, 152, 153
value iteration, 156

multi-dimensional scaling,
58–59, 67, 70

Kruskal–Shepard, 68
metric, 67
Torgerson, 59, 67, 71

multi-head attention module,
187

multiple kernel learning, 52
MVU, see maximum variance

unfolding

natural language processing,
171, 183, 190

neighborhood graph, 70, 78, 85
Nesterov update, 103, 138
net sum, 89, 126
neural network, 8, 87

activation function of, 88
autoencoder, 109–111
bias of, 88, 92
continuous-time, 182
convolutional, 96, 131
deep, 10, 87, 90
deep kernel, 126
discriminator, 122
Elman, 179
expressivity of, 91, 182
feed-forward, 87, 188
forward propagation of, 91,

126, 130, 131
gated recurrent, 108, 182
generator, 121, 122, 137
graph of, 88, 179, 186
Hamiltonian, 131
hidden layer, 89
infinite-width, 129
initialization of, 93
kernel of, 126
layer of, 88

long short-term memory, 108,
171, 180–182

net sum of, 89, 126
neuron of, 88
physics-informed, 137
Q-function, 162
recurrent, 87, 178–183, 190
ReLU, see rectified linear

unit
RePU, see rectified power

unit
residual, 92, 129
sequential, 178, 183
shallow, 88
spline, 92
tangent kernel of a, 125–129
transformer, 171, 183–191
weight of, 88, 92

neural ordinary differential
equation, 132

neural tangent kernel, 125–129
NLP, see natural language

processing
NN, see neural network
nonlinear oscillator, 183
normal equations, 18
normalization, 28, 83, 183, 188
NTK, see neural tangent kernel
numerical optimization, 10
NUMPY, 15

ODE, see ordinary differential
equation

off-policy learning, 158
on-policy learning, 158
one-hot-encoding, 170, 186
one-shot estimator, 120
operator learning, 170
optimal control, 139–151

deterministic, 140
stochastic, 149

optimality conditions, 10, 35
ordinary differential equation,

127, 131, 132, 137, 182
adjoint, 132
Hamiltonian, 131
neural, 132
stability of, 131

orthogonal projection, 56, 112
oscillator, 183
outlier, 14, 37
output gate, 182
overfitting, 11, 96, 172

padding, 97

PANDAS, 26
parallel attention module, 187
parallel transport unfolding, 85
partial differential equation,

132, 137
parametrized, 170

PDE, see partial differential
equation

penalty term, 11, 114, 194
perceptron, 88
physics-informed neural

network, 137
PINN, see physics-informed

neural network
pixel gradient, 63
policy, 139, 141, 149

optimal, 142, 143, 155
oscillating, 159
stochastic, 149

policy evaluation, 145, 150, 156
policy gradient, 166
policy improvement, 147, 150
policy iteration, 147–150, 156
pooling, 98
positional encoding, 187
PPO, see proximal policy

optimization
pre-training, 190
precision, 23
principal axis, 57
principal component, 57, 58
principal component analysis,

54–68, 111–113
kernel, 68

Procrustes distance, 7, 77
programming exercises, 2, 16
programming language, 15
proper orthogonal

decomposition, 54
prototype, 194
proximal policy optimization,

166, 191
pseudo-inverse, 19
PYTHON, 15, 50

Q-factor, 154
Q-function, 154

approximation of, 161, 162
optimal, 155

Q-learning, 158, 161
deep, 160, 162
deep n-step, 165
double, 164

Q-table, 159
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Q-value, 154
qPCR, see real-time polymerase

chain reaction
QR decomposition, 21
query vector, 184, 187

r-ball neighborhood graph, 70
random forest, 170, 175–178
random walk, 72
real-time polymerase chain

reaction, 82
recall, 23
rectified linear unit, 89, 91
rectified power unit, 92
recurrent neural network, 87,

108, 178–183, 190
graph of, 179

regression, 1, 5
deep learning, 87–99
Gaussian process, 52
k-nearest neighbors, 29–30
linear least squares, 11,

17–28, 54
logistic, 30
random forest, 175–178
ridge, 11
support vector machine, 52

regularization, 10, 31
dropout, 96
LASSO, 31
penalty, 114, 194
slack variable, 38
Tikhonov, 11, 31
total variation, 194
weight reduction, 96

reinforcement learning, 139,
150–166, 191

assumptions in, 151
deep, 139, 160
model-based, 151
model-free, 151

relative absolute error, 22
ReLU, see rectified linear unit
reparametrization trick, 121
replay memory, 163
representer theorem, 47
reproducing kernel Hilbert

space, 47
RePU, see rectified power unit
residual neural network, 92,

129
convolutional, 131
forward propagation of, 130,

131

stability of, 131, 132, 183
ResNet, see residual neural

network
reward, 139, 141, 149

discounted cumulative, 141,
143, 152, 154

stochastic, 150
ridge regression, 11
RKHS, see reproducing kernel

Hilbert space
RMSProp, 104
RNN, see recurrent neural

network
RoBERTa, 191
robotics, 169
robustness, 192
Runge–Kutta method, 127

saliency map, 193
Sammon’s mapping, 68
SARSA, see state-action-

reward-state-action
Schmidt–Eckart–Young–

Mirsky theorem,
58

SCIKIT-LEARN, 2, 15, 51
SDE, see stochastic differential

equation
segmentation, see clustering
self-attention module, 183, 187
semi-gradient state-action-

reward-state-action,
162

sensitivity, 23
sensitivity analysis, 192–193
separating hyperplane, 33–37
sequence-to-sequence problem,

183
sequential minimal

optimization, 39–41
SGD, see stochastic gradient

descent
SHAP, see Shapley additive

explanation
Shapley additive explanation,

194
Shapley value, 194
shortest curve, 70
sigmoid function, 89
signature transformation, 171
similarity matrix, 78
simple recurrent network, 179
singular value decomposition,

19, 54, 57–58, 112

skip connection, 180, 188
slack variable, 38
SO(3), 169
soft margin hyperplane, 37–51
softmax, 99, 158, 166, 185
softmax exploration, 158
solution operator, 170
space-filling curve, 114
sparsity enforcing penalty, 114
special orthogonal group, 169
specificity, 23
spectral clustering, 78, 85
spectral gap, 78
stacking, 171–172
standardization, 28
state, 139

cell, 181, 182
hidden, 178, 182
terminal, 143

state dynamics, 141, 149
state space, 139, 140, 149

continuous, 159, 161
state-action-reward-state-

action, 156, 158,
161

semi-gradient, 162
stencil of a convolution, 98
Stiefel manifold, 55, 169
stochastic differential equation,

134
forward diffusion, 135
reverse diffusion, 135

stochastic gradient descent,
92–93, 101, 126, 161,
163

AdaGrad, 104
convergence of, 102
epoch of, 93
learning rate of, 93
momentum-based, 103, 138
Nesterov, 103, 138
RMSProp, 104

stochastic process, 133
Stone–Weierstrass theorem, 91
stride, 97
subword unit, 185
supervised learning, 4–6, 8,

17–52, 87–108, 175–178
support vector, 36
support vector machine, 37–51,

63
SVD, see singular value

decomposition
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SVM, see support vector
machine

t-distributed stochastic
neighbor embedding, 84

t-SNE, see t-distributed
stochastic neighbor
embedding

Taken’s theorem, 171
target value, 152

decoupled, 163
Taylor formula, 128, 195
TD, see temporal difference
temporal difference, 152, 156
λ, 165
n-step, 165

tensor processing unit, 108
TENSORFLOW, 2, 15, 105
terminal state, 143
test data, 5, 21
test error, 21
text generation, 183
Tikhonov regularization, 11, 31
time horizon, 181

time series, 108, 123, 133, 169,
171, 178, 183

token, 185
Torgerson multi-dimensional

scaling, 59, 67, 71
TPU, see tensor processing unit
training data, 5, 9, 22
training error, 9
trajectory, 139, 152
transformer, 171, 183–191

graph of, 186
transition map, 141
transition matrix, 73, 78, 147,

150
translator, 183, 189

uncertainty quantification, 138,
170

universal approximation
theorem, 91

unsupervised learning, 4, 6–7,
53–86, 109–123,
133–137

update gate, 182

VAE, see variational
autoencoder

validation data, 49
value function, 141, 143, 155

optimal, 142, 155
value iteration, 145, 150, 156
value vector, 184, 187
vanishing gradients, 180
variance, 7, 60, 72, 135, 175
variational autoencoder, 109,

117–123
dynamical, 123
graph of, 121

Verlet integration, 131
visualization, 53, 61, 79, 193
voting, 171

Wasserstein distance, 167
wavelet feature, 171
weight reduction, 96
weight sharing, 96, 113
Wolfe duality, 36
word embedding, 184, 185
working set, 39
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