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Preface

Over the past several years progress in quantum computing technology and algorithms
has accelerated rapidly. We believe that Electrical and Computer Engineers have much
to contribute to this work, and one of the goals of this book is to help introduce those
with ECE backgrounds to this exciting area.
Our interest in quantum computing was initiated by the discussions between NC

State and IBM about establishing the IBM Quantum Hub at NC State, and began in
earnest in the spring of 2018.During this semesterwe both sat in on aComputer Science
special topics seminar led by professors Frank Mueller and Patrick Dreher. This led to
a joint CSC/ ECE special topics course on quantum computing in the fall of 2018 that
was team-taught by professors Mueller and Dreher along with one of us (GTB).
As we have delved more deeply into quantum computing over the past several

years, we have discovered that most of the rapidly-growing literature is addressed to
those with backgrounds in physics, mathematics, and/or computer science, and often
assumes a body of shared prerequisite knowledge and terminology that is not typical
for Electrical and Computer Engineers. Electrical Engineers studying semiconductor
physics do study quantum mechanics, but from a very different perspective. Band
theory, effective mass, tunneling, and perhaps the hydrogen atom are covered, but
quantum computing involves 2-level systems, state vectors and rotations, Hamiltoni-
ans, and unitary operators—topics not normally emphasized in device physics courses.
Further, there is very little available in the current introductory literature explaining
how the systems operate.
Just as semiconductor physics became a standard component of electrical engi-

neering curricula beginning in the early 1960s, we believe that quantum computing
will become integral parts of ECE curricula in the coming decades. The span of ECE
covers the entire range of technologies underpinning quantum computing, including
device physics and modeling, nanofabrication, RF and optical systems, signal process-
ing, information theory, error correction and coding, transpilers and compilers, system
architecture, and algorithms and applications.
At the time of this writing, there are competing technologies for the implementation

of quantum computing, including trapped ions, quantum dots, topological structures,
and artificial atoms made with superconducting devices. While we believe Electrical
and Computer Engineers will be critical to the development of all of these systems, we
have chosen in this volume to concentrate on superconducting technologies relying on
Josephson junction transmons.



xxviii Preface

The intended audience is advanced undergraduate students and first-year graduate
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to bridge the gaps that we have encountered between the prevailing literature and the
backgrounds of Electrical and Computer engineers.
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by technological “pilgrims” hoping to help other “pilgrims” along this exciting journey.
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1

Qubits, Gates, and Circuits

1.1 Bits and Qubits

Digital systems that are most familiar are based on binary digits, or “bits.” Each bit can
take on either the value “1” or “0,” and any arbitrary data can be represented by such a
binary representation. In addition, any arbitrary logical operation can be implemented
using bits. We will refer to these familiar systems as “classical” systems, since they are
governed by the everyday laws of classical physics.
Quantum computing is different from classical computing in a number of significant

ways. The fundamental unit of information in quantum computing is the qubit (pro-
nounced “KEW-bit”), short for quantum bit. The capabilities and behavior of qubits
are quite different than bits, and we begin by pointing out and discussing the key
differences as a launching point for our study of quantum computing.

1.1.1 Circuits in Space vs. Circuits in Time

A simple classical logic circuit is represented by the NOT gate shown in Figure 1.1(a).
The NOT gate turns a “0” into “1” and vice versa. In this circuit diagram the horizontal
direction represents space, i.e., the input and output of the circuit are physically acces-
sible from different points in the circuit, and they can be measured simultaneously.
The quantumversion of theNOTgate is the𝑋 gate shown inFigure 1.1(b). For qubits,

the “0” and “1” states are normally written |0⟩, and |1⟩, respectively.Wewill discuss the
meaning of this notation in more detail in a future section, but for now just consider
them to be labels for the two states. In this case, the horizontal direction represents
time, i.e., the input and output of the circuit represent the state of the same qubit after
performing the𝑋 gate operation. In other words, unlike the usual structure of classical
logic, a quantum gate represents an operation that you perform on a single qubit or set
of qubits. The output effectively overwrites the input, and every time a gate is applied
it changes the state of the qubit.

1.1.2 Superposition

A classical bit must either be a “0” or a “1.” In contrast, a qubit can also be in a super-
position state that is part “0” and part “1.” If the qubit is in a “1” or “0” state, we say

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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0 1 1 0

(a) Classical NOT Circuit diagram. The horizontal direction represents space, i.e., the input and
output of the circuit are physically accessible from different points in the circuit, and they can be
measured simultaneously.

|0〉 |1〉 |1〉 |0〉

(b) Quantum 𝑋 gate circuit (quantum version of the NOT gate). The horizontal direction rep-
resents time, i.e., the input and output of the circuit represent the state of the same qubit after
performing the X gate operation. The lower part of the Figure shows an alternate symbol for the
quantum NOT gate.

Figure 1.1 Interpretation of classical versus quantum NOT gates.

the qubit is in a basis state.1 For basis states, the state of the qubit can be measured
any number of times without changing the state, much like measuring the state of a
classical gate. A superposition state will also yield either a “0” or a “1” whenmeasured,
with a probability determined by the mixture. In this case the action of making the
measurement will “collapse” the superposition state onto one of the constituent basis
states, and the information stored in the superposition state will be lost. For example,
if |𝜓⟩ happens to represent a superposition state, then measuring the qubit at any time
will collapse the state to either |0⟩ or |1⟩, destroying the information in the superposi-
tion state. From this point on, repeated measurement of the qubit will always yield the
same result as the first measurement, just like a classical bit.
Mathematically the superposition state can be written

|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ , (1.1)

where 𝛼 and 𝛽 are complex constants.
As mentioned, if such a superposition state is measured, it will always give either

|0⟩ or |1⟩ but with probabilities of each determined by 𝛼 and 𝛽. Specifically, the
probabilities of measuring the two possible outcomes are given by

𝑃𝑟[0] = |𝛼|2, 𝑃𝑟[1] = |𝛽|2. (1.2)

If these are the only two possible outcomes of the measurement, then the probabilities
must sum to 1, or

|𝛼|2 + |𝛽|2 = 1. (1.3)

This ability to represent superposition states is one of the secrets to the power of
quantum computing: there is a sense in which the qubits are able to explore multiple
possibilities in parallel.

1 To bemore precise, |0⟩ and |1⟩ are known as the “computational basis” or “standard basis” states. For
this chapter, we will restrict our discussion to the standard basis and will simply refer to basis states.
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1.1.3 No Cloning

In a classical logic circuit we can measure the state of a bit at any time, and make as
many copies of the state as wewant.We can also do this for a qubit if it is known to be in
one of the basis states; as described above, we can measure the |0⟩ or |1⟩ state without
disturbing it, and we can make as many copies of |0⟩ or |1⟩ as needed.
However, it turns out that it is not possible to create a precise, independent copy of an

arbitrary quantum state. This is known as the no-cloning theorem. We’ll show a proof
in Section 1.7, but for now let us consider the challenges this poses to the quantum
programmer.
For example, we can’t get estimates of 𝛼 or 𝛽 from running a circuit once. Cloning

would allow me to run the circuit, make lots of copies of the result, and then measure
each copy to estimate |𝛼|2 and |𝛽|2 by the probability of measuring |0⟩ or |1⟩. Without
cloning, we can only measure the result once. To get many measurements, we must
run the same computation many times to produce (hopefully!) the same result over
and over.
We cannot make copies of states for breakpoints, or to help with debugging or error

recovery. It is also challenging to apply different operators to a single state during the
course of a computation. Classical programmers take the ability to copy a state for
granted, and this limitation requires some adjustment.
It turns out that it is possible to copy a quantum state using entanglement (Section

1.1.5), but only by destroying the state being copied. This represents a transfer of state
rather than a copy, and is referred to as teleportation.

1.1.4 Reversibility

Classical NOT gates are reversible; i.e., two NOT gates in series returns the bit to its
original state. However, the situation is different for classical logic gates with multiple
inputs. As an example, consider the NAND Gate shown in Figure 1.2. It is not possible
to uniquely determine the input bits from the output bit. Because of this, conventional
multi-input logic is irreversible.2

In contrast, quantum gates are reversible. As a result, even though the output over-
writes the input, the input is not lost since the effect of a series of gate operations can
be reversed by applying the appropriate inverse operations.

1.1.5 Entanglement

The fact that we can only calculate the probability of measurement results—not the
precise results—on qubits in superposition states allows for a phenomenon that has
no classical analog: entanglement. If two qubits are entangled, then the states are cor-
related even though the outcome of a measurement on either of the qubits can only
be predicted by its probability. For example, if two qubits are entangled, then a mea-
surement on one of the qubits will give a result with probability determined by its
superposition state, just as would happen with an isolated qubit. However, once the

2 Note: There are classical multi-input logic gates that are reversible, called “conservative logic” gates.
To date these have not been widely used, but they have the advantage of making it possible in principle
to compute without dissipating power [1].
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Figure 1.2 NAND circuit diagram.

state of one of the qubits has been collapsed by a measurement, the entanglement
means that we know exactly what we will get if we measure the second qubit.
It is a bit like flipping two coins at the same time, and having them always come up

the same, i.e., both heads or both tails. Or alternatively, having them always come up
opposite—one heads and the other tails. Prior to making a measurement, the states
of both of the qubits have not yet been determined. However, when the state of one is
collapsed by a measurement, the second qubit somehow instantaneously “knows” the
result. This is true regardless of how far apart the qubits are. For example, suppose we
entangle two qubits, send one to New York and the other to Tokyo, then make prior
arrangements to measure both at the same time.Wewill discover that the results of the
measurements will be correlated even though there was not enough time for a signal
traveling the speed of light to travel between the qubits. Einstein called this “spooky
action at a distance.”
If it were possible to control the result of the first measurement, then it would appear

that we could communicate faster than the speed of light—violating the principle of
special relativity. However, the fact that we cannot control the result of the first mea-
surement means that we cannot actually send any information using this mechanism.3

So we can rest comfortably knowing that relativity has not been violated.
We will see that the phenomena of superposition and entanglement give quantum

computing its unusual and powerful capabilities.

1.2 Single-Qubit States

Since there are two components in a qubit’s state, we can represent the state as a two-
dimensional vector, referred to as a state vector. The basis states can be written

|0⟩ = [
1
0]
, |1⟩ = [

0
1]
. (1.4)

It follows that we can express a general superposition state as a weighted sum of the
basis states:

|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ = 𝛼 [
1
0]
+ 𝛽 [

0
1]

= [
𝛼
𝛽]
. (1.5)

3 Entanglement can be used to increase the capacity of a communication channel, however, using a
protocol known as super-dense coding.
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The notation |𝜓⟩ is called a “ket.” The transpose complex conjugate4 of a ket is
denoted ⟨𝜓| and is called a “bra”:

|𝜓⟩† = ⟨𝜓| =
[
𝛼∗ 𝛽∗

]
, (1.6)

where the † superscript indicates the transpose complex conjugate, also referred to as
theHermitian conjugate, or adjoint. The “bra” and “ket” terminologymay seem strange
until you multiply them together to form a “bra-ket.” For example,

⟨𝜓|𝜓⟩ =
[
𝛼∗ 𝛽∗

]
[
𝛼
𝛽]

= 𝛼∗𝛼 + 𝛽∗𝛽 (1.7)

= |𝛼|2 + |𝛽|2. (1.8)

(Note that when written as a bra-ket, only a single vertical bar is used in the center.)
The bra-ket operation (i.e., multiplying a bra and ket) is also referred to as an “inner
product.” Referring to (1.8), we see that the inner product of a state vector with itself
gives the sum of the probabilities that each of the basis states will be obtained in a
measurement. Since the sum of the probabilities of all possible outcomes must equal 1,
we see that the state vectors must be properly normalized to a length of unity.

1.3 Measurement and the Born Rule

We have previously stated that the probability of measuring a given component of
a superposition state is given by the magnitude squared of its coefficient. The act of
measuring requires an apparatus that interacts with the qubit in order to extract infor-
mation. The rules of quantummechanics tell us that the apparatus can only give partial
information, related to a set of basis states. For now, we will assume that measurement
is always with respect to the standard basis states, |0⟩ and |1⟩, which is the case formost
quantum computing systems. However, it is possible for a measurement apparatus to
be associated with a different set of basis states. (We will discuss measurement in more
detail in later chapters.)
When a qubit ismeasured: (a) the state is changed to one of the basis states associated

with the measurement, and (b) the measurement apparatus tells us the resulting state.
In general, the probability that a state |𝜓⟩ will be found in the basis state |𝑎⟩ when
measured is given by

𝑃𝑟[|𝑎⟩] = | ⟨𝜓|𝑎⟩ |2. (1.9)

This is called theBornRule.For example, the probability that the outcome ofmeasuring
the state |𝜓⟩ above is |0⟩ , |1⟩ is given by

𝑃𝑟[|0⟩] = | ⟨𝜓|0⟩ |2 = |𝛼|2| ⟨0|0⟩ |2 = |𝛼|2, (1.10)

𝑃𝑟[|1⟩] = | ⟨𝜓|1⟩ |2 = |𝛽|2| ⟨1|1⟩ |2 = |𝛽|2, (1.11)

as we found before.

4 The transpose of a matrix or vector is formed by interchanging the rows and columns. The trans-
pose of a column vector gives a row vector. The transpose complex conjugate is formed by taking the
transpose of the vector or matrix and then taking the complex conjugate of each element.
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1.4 Unitary Operations and Single-Qubit Gates

We refer to a transformation from one quantum state to another as a gate. The effect of
a single qubit gate is to change 𝛼 and 𝛽 into a new mixture 𝛼′ and 𝛽′:

𝛼′ = 𝑈11𝛼 +𝑈12𝛽
𝛽′ = 𝑈21𝛼 +𝑈22𝛽.

(1.12)

This can be written as a matrix equation

[
𝛼′

𝛽′]
= [

𝑈11 𝑈12
𝑈21 𝑈22

] [
𝛼
𝛽]

(1.13)

|𝜓′⟩ ≡ 𝑈 |𝜓⟩ . (1.14)

Since the length of the state vector must always be unity, we are only allowed to use
matrices𝑈 that conserve the length of the vector. In other words, ⟨𝜓′|𝜓′⟩ = ⟨𝜓|𝜓⟩ = 1.
This puts a very important constraint on the matrix 𝑈:

⟨𝜓′|𝜓′⟩ = ⟨𝜓|𝑈†𝑈|𝜓⟩ = 1, (1.15)

using the following observation:

⟨𝜓′| = (𝑈 |𝜓⟩)† = ⟨𝜓|𝑈†. (1.16)

Since ⟨𝜓|𝜓⟩ = 1, we conclude that

𝑈†𝑈 = 𝐼, (1.17)

where 𝐼 is the identity matrix

𝐼 = [
1 0
0 1]

. (1.18)

Matrices that satisfy this requirement are called unitary matrices. We can view these
matrices as performing an operation on a qubit by changing the mixture of basis states.
Consequently, the matrices 𝑈 are also referred to as unitary operators.
The identity matrix 𝐼 can be considered to be the simplest “gate” and leaves the state

vector unchanged. Classically, the NOT gate is the only non-trivial single-bit gate. In
contrast, there are many non-trivial single qubit quantum gates (technically, the num-
ber of 2 × 2 unitary matrices is unlimited). The most common non-trivial single qubit
gates are the Pauli-X (𝑋), Pauli-Y (𝑌), Pauli-Z (𝑍), and Hadamard (𝐻) gates defined as
follows:

𝑋 = [
0 1
1 0]

, (1.19)

𝑌 = [
0 −𝑖
𝑖 0 ]

, (1.20)

𝑍 = [
1 0
0 −1]

, (1.21)
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𝐻 = 1
√
2
[
1 1
1 −1]

. (1.22)

To get an understanding of what these gates do, consider applying an 𝑋 gate to the
“ground” state |0⟩:

𝑋 |0⟩ = [
0 1
1 0] [

1
0]

= [
0
1]

= |1⟩ . (1.23)

Similarly,

𝑋 |1⟩ = [
0 1
1 0] [

0
1]

= [
1
0]

= |0⟩ . (1.24)

We see then that the𝑋 gate is a “bit flip” gate, and transforms |0⟩ into |1⟩ and vice versa.
This, then is the analog of the classicalNOTgate. You should verify the following results
from applying 𝑌, 𝑍, and𝐻 gates:

𝑌 |0⟩ = 𝑖 |1⟩ , 𝑌 |1⟩ = −𝑖 |0⟩ , (1.25)

𝑍 |0⟩ = |0⟩ , 𝑍 |1⟩ = − |1⟩ , (1.26)

𝐻 |0⟩ = 1
√
2
(|0⟩ + |1⟩) ,

𝐻 |1⟩ = 1
√
2
(|0⟩ − |1⟩) .

(1.27)

In addition, it is interesting to note that each one of thesematrices is its ownHermitian
conjugate. Consequently, these four gates have the property that applying them twice
gives the identity matrix:

𝑋2 = 𝑌2 = 𝑍2 = 𝐻2 = 𝐼. (1.28)

Note that while 𝑋,𝑌, and 𝑍 gates transform between the |0⟩ and |1⟩ states, the
Hadamard gate actually creates a superposition state, and therefore will prove to be
particularly useful. The states resulting from applying 𝐻 to the basis states are given
their own names:

|+⟩ ≡ 𝐻 |0⟩ = |0⟩ + |1⟩
√
2

(1.29)

|−⟩ ≡ 𝐻 |1⟩ = |0⟩ − |1⟩
√
2

. (1.30)

Multiple gates can be sequentially applied to a qubit by matrix multiplication:

𝑋𝑌𝐻 |0⟩ (1.31)

This expression says that we start with the ground state, then apply a Hadamard gate,
followed by a Pauli-Y and then a Pauli-Z. Note that this process conceptually moves
from right to left. This computation can be represented by a quantum circuit diagram
as shown in Figure 1.3. Note that the process moves from left to right on the circuit
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Figure 1.3 Circuit representation of Eq. (1.31). In a
quantum circuit diagram, the operation goes from left to
right, while the matrix expression is shown going from
right to left. The final box is a measurement in the
standard basis, resulting in a classical bit.

diagram: we begin with the ground state on the left, then apply a Hadamard gate, a
Pauli-Y gate, and a Pauli-X.
Finally, after performing a quantum calculation, we generally measure each qubit.

The symbol for a measurement is shown as the last element in Figure 1.3. This action
collapses the final state onto one of the basis states. The outcome of a measurement
is a classical bit that is stored in a classical register. “Quantum wires” are denoted by
solid lines, and “classical wires” are denoted with double lines. A quantumwire simply
represents a time-interval over which the state is kept unchanged.

1.5 Two-Qubit Gates

It is also possible to have gates withmultiple qubits as inputs. However, unlike classical
multi-bit gates, the fact that quantum gates are reversible requires that there must be
the same number of output qubits as input qubits. In this section we will explore some
common two-qubit gates.

1.5.1 Two-Qubit States

When we consider a system with two qubits, we don’t just consider each qubit inde-
pendently of the other. Instead, this forms a two-qubit system with its own set of basis
states. Ifwe know the state of each qubit, then the combined two-qubit state is described
using the tensor product of the two state vectors, defined as follows:

[
𝑎
𝑏]

⊗ [
𝑐
𝑑]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑎 [
𝑐
𝑑]

𝑏 [
𝑐
𝑑]

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑎𝑐
𝑎𝑑
𝑏𝑐
𝑏𝑑

⎤
⎥
⎥
⎥
⎦

. (1.32)

Using the standard basis, the basis states for a two-qubit system are defined by
combinations of the |0⟩ and |1⟩ states:

|00⟩ = |0⟩⊗ |0⟩ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 × [
1
0]

0 × [
1
0]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

1
0
0
0

⎤
⎥
⎥
⎥
⎦

, (1.33)
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|01⟩ = |0⟩⊗ |1⟩ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 × [
0
1]

0 × [
0
1]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

0
1
0
0

⎤
⎥
⎥
⎥
⎦

, (1.34)

|10⟩ = |1⟩⊗ |0⟩ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 × [
1
0]

1 × [
1
0]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

0
0
1
0

⎤
⎥
⎥
⎥
⎦

, (1.35)

|11⟩ = |1⟩⊗ |1⟩ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 × [
0
1]

1 × [
0
1]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

0
0
0
1

⎤
⎥
⎥
⎥
⎦

. (1.36)

Any two-qubit state can be written as a linear combination of the basis states:

|𝜓⟩ = 𝛼00 |00⟩ + 𝛼01 |01⟩ + 𝛼10 |10⟩ + 𝛼11 |11⟩ . (1.37)

Two-qubit state vectors are also normalized:

|𝛼00|2 + |𝛼01|2 + |𝛼10|2 + |𝛼11|2 = 1. (1.38)

As we will see later, while every two-qubit state can be written in the form of Eq. (1.37),
not every two-qubit state can be written as the tensor product of single-qubit states.
This can be generalized into a system with 𝑛 qubits, requiring state vectors with 2𝑛

components with 2𝑛 complex coefficients.

1.5.2 Matrix Representation of Two-Qubit Gates

Just as single qubit gates can be represented by 2 × 2 matrices, an 𝑛-qubit gate can be
represented by a 2𝑛×2𝑛 matrix. Consequently two-qubit gates require the construction
of 4×4 unitary matrices. Given two single-qubit operators𝐴 and 𝐵, the tensor product
is defined as:

𝐴⊗ 𝐵 ≡ [
𝐴11𝐵 𝐴12𝐵
𝐴21𝐵 𝐴22𝐵

] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐴11 [
𝐵11 𝐵12
𝐵21 𝐵22

] 𝐴12 [
𝐵11 𝐵12
𝐵21 𝐵22

]

𝐴21 [
𝐵11 𝐵12
𝐵21 𝐵22

] 𝐴22 [
𝐵11 𝐵12
𝐵21 𝐵22

]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (1.39)

which creates a 4 × 4matrix.
Suppose we wanted to construct a two-qubit circuit starting in the state |10⟩ with an

X gate applied to the left qubit, and a Y gate applied to the other. Mathematically this
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would be written

𝑋 ⊗ 𝑌 |10⟩ . (1.40)

Referring to (1.24) we see that the X gate will simply flip the left qubit, and referring
to (1.25) we see that the Y gate will flip the right qubit and add the coefficient 𝑖. We
conclude that

𝑋 ⊗ 𝑌 |10⟩ = 𝑖 |01⟩ . (1.41)

To see how this would be implemented using the matrix representation, we first
construct the 𝑋 ⊗ 𝑌 matrix:

𝑋 ⊗ 𝑌 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 [
0 −𝑖
𝑖 0 ]

1 [
0 −𝑖
𝑖 0 ]

1 [
0 −𝑖
𝑖 0 ]

0 [
0 −𝑖
𝑖 0 ]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

0 0 0 −𝑖
0 0 𝑖 0
0 −𝑖 0 0
𝑖 0 0 0

⎤
⎥
⎥
⎥
⎦

. (1.42)

Completing the calculation gives the expected result:

𝑋 ⊗ 𝑌 |10⟩ =
⎡
⎢
⎢
⎢
⎣

0 0 0 −𝑖
0 0 𝑖 0
0 −𝑖 0 0
𝑖 0 0 0

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

0
0
1
0

⎤
⎥
⎥
⎥
⎦

= 𝑖
⎡
⎢
⎢
⎢
⎣

0
1
0
0

⎤
⎥
⎥
⎥
⎦

= 𝑖 |01⟩ . (1.43)

A particularly interesting two-qubit circuit is formed by applying a Hadamard gate
to each qubit in the ground state:𝐻 ⊗𝐻 |00⟩. Let us first compute𝐻 ⊗𝐻:

𝐻 ⊗𝐻 = 1
2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 [
1 1
1 −1]

1 [
1 1
1 −1]

1 [
1 1
1 −1]

−1 [
1 1
1 −1]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= 1
2

⎡
⎢
⎢
⎢
⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥
⎥
⎥
⎦

. (1.44)

Completing the calculation gives:

𝐻 ⊗𝐻 |00⟩ = 1
2

⎡
⎢
⎢
⎢
⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

1
0
0
0

⎤
⎥
⎥
⎥
⎦

= 1
2

⎡
⎢
⎢
⎢
⎣

1
1
1
1

⎤
⎥
⎥
⎥
⎦

. (1.45)

Note that the resulting state vector can be decomposed into a sumof all of the two-qubit
basis states:

1
2

⎡
⎢
⎢
⎢
⎣

1
1
1
1

⎤
⎥
⎥
⎥
⎦

= 1
2

⎡
⎢
⎢
⎢
⎣

1
0
0
0

⎤
⎥
⎥
⎥
⎦

+ 1
2

⎡
⎢
⎢
⎢
⎣

0
1
0
0

⎤
⎥
⎥
⎥
⎦

+ 1
2

⎡
⎢
⎢
⎢
⎣

0
0
1
0

⎤
⎥
⎥
⎥
⎦

+ 1
2

⎡
⎢
⎢
⎢
⎣

0
0
0
1

⎤
⎥
⎥
⎥
⎦

, (1.46)

or alternatively

𝐻 ⊗𝐻 |00⟩ = 1
2 (|00⟩ + |01⟩ + |10⟩ + |11⟩) . (1.47)
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We see that application of Hadamard gates to each qubit creates an equally weighted
superposition of all possible basis states. This is often a very useful starting point for a
quantum calculation.
Although the matrix representation can be helpful in understanding the operations,

calculations can often be done more compactly once the effect of the gates are under-
stood. For example, we could write 𝐻 ⊗𝐻 |00⟩ = 𝐻 ⊗𝐻 |0⟩ |0⟩, apply the Hadamard
gates to each qubit, and simplify:

𝐻 ⊗𝐻 |0⟩ |0⟩ = 𝐻 |0⟩⊗𝐻 |0⟩

= |0⟩ + |1⟩
√
2

⊗ |0⟩ + |1⟩
√
2

= 1
2 (|00⟩ + |01⟩ + |10⟩ + |11⟩) .

(1.48)

We conclude this section with a comment on notation. A more compact notation is
often used for situations where the same operator is applied across multiple qubits; i.e.,
𝐻 ⊗𝐻 is alternatively written𝐻⊗2,𝐻 ⊗𝐻 ⊗𝐻 = 𝐻⊗3, etc.

1.5.3 Controlled-NOT

The gates that we have considered so far involve operations that are independently
applied to separate qubits—there is no qubit–qubit interaction. If we are to entangle
two qubits, then we need classes of gates where the operation on one qubit depends
on the state of another. One of the most important such gates is the controlled-NOT,
or CNOT gate. For this gate, one of the input qubits is the “control,” and the other is
the “target.” If the control qubit is zero, then nothing is done to the target qubit, but
if the control qubit is one, then the target qubit is flipped. For example, if the right
qubit in our notation is the control and the left qubit is the target, then the CNOT gate
transforms the basis states as follows:

𝑈CN |00⟩ = |00⟩ ;𝑈CN |01⟩ = |11⟩ ;𝑈CN |10⟩ = |10⟩ ;𝑈CN |11⟩ = |01⟩ . (1.49)

The effect of a CNOT can be compactly represented by 𝑈CN |𝑡⟩ |𝑐⟩ = |𝑐 ⊕ 𝑡⟩ |𝑐⟩, where
⊕ represents exclusive-OR or modulo-2 addition (e.g., 0+1=1, but 1+1=0). Thematrix
representation of the CNOT gate is

𝑈CN =
⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎤
⎥
⎥
⎥
⎦

, (1.50)

and the circuit symbol is shown in Figure 1.4.
It is worth noting at this point that we are putting the least-significant qubit at the top

of a circuit diagram, and on the right on the state labels usedwith kets. This labels states
with the natural binary order. However, there are different conventions in use, and this

| 〉 | 〉
| 〉 | ⊕ 〉

Figure 1.4 Symbol for a CNOT gate, and its effect on basis states.
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can be a point of confusion. Some authors put the top-most qubit in a circuit diagram
on the left when they label kets. In this alternate notation, 𝑈′

𝐶𝑁 |𝑐⟩ |𝑡⟩ = |𝑐⟩ |𝑐 ⊕ 𝑡⟩ so
that

𝑈′
CN |00⟩ = |00⟩ ;𝑈′

CN |01⟩ = |01⟩ ;𝑈′
CN |10⟩ = |11⟩ ;𝑈′

CN |11⟩ = |10⟩ . (1.51)

The matrix representation of the CNOT gate in this alternate convention is

𝑈′
CN =

⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥
⎥
⎥
⎦

. (1.52)

We will consistently use the first convention, with the least-significant qubit (top-most
on a circuit diagram) on the right when writing state labels.

1.6 Bell State

Consider the circuit shown in Figure 1.5. The circuit can be described mathemati-
cally as𝑈CN (𝐼 ⊗ 𝐻) |00⟩. Here the expression 𝐼 ⊗𝐻 simply means a Hadamard gate is
applied to the right qubit, and the identity matrix applied to the left qubit (which leaves
the left qubit unchanged). Completing the calculation gives

𝑈CN (𝐼 ⊗ 𝐻) |00⟩ = 𝑈CN |0⟩ (
|0⟩ + |1⟩
√
2

) (1.53)

= 1
√
2
𝑈CN (|00⟩ + |01⟩) (1.54)

= 1
√
2
(|00⟩ + |11⟩) . (1.55)

Note that there is no way to factor this state into (qubit 1 state)⊗ (qubit 0 state). This
is known as a Bell State, and it is an example of an entangled state, as described in
Section 1.1.5.
If wemeasure the state of one of the qubits in (1.55), then wewill obtain either a zero

or a one with equal probability, as we would expect. The unusual behavior happens
when we measure the second qubit: if we measure |0⟩ on the first qubit, then we know
the state has collapsed to |00⟩, so a measurement of the second qubit will also yield
|0⟩. Similarly, if the first measurement yields |1⟩, then the state must have collapsed to

Figure 1.5 Circuit for creating an entangled state known as a Bell State. When the two qubits
are measured, they will either both be 0, or they will both be 1.
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Figure 1.6 Result of executing the circuit 1024 times on a quantum simulator, compared with
executing the circuit 1024 times on a real IBM quantum computer.

|11⟩, so a measurement of the second qubit will also yield |1⟩. The measurements are
correlated, no matter how far apart the physical qubits might be.
We simulated the Bell circuit using IBM’s Qiskit [2], and also executed the circuit

on real IBM Quantum hardware. A histogram illustrating the results of simulating the
circuit 1024 times (each execution is referred to as a “shot”) is shown in Figure 1.6.
From (1.55), we see that the probability amplitudes of the states |00⟩ and |11⟩ are both
equal to 1∕

√
2. Since the probability of measuring a state is the absolute magnitude

squared of the amplitude, the probability of measuring each state is 1∕2. Consistent
with this, the measurements from the 1024 shots are roughly equally divided between
the states |00⟩ and |11⟩, with no other states occurring.
The simulator gives the result expected from an error-free quantum processor. In

contrast, the quantum processors available today are noisy and contain errors. As an
illustration, Figure 1.6 also shows the result of executing 1024 shots on a real IBM
Quantum processor. Although the states |00⟩ and |11⟩ do occur most frequently, the
error states |01⟩ and |10⟩ occasionally occur as well. Fortunately there are techniques
to reduce and partially mitigate such noise (Chapter 9), and these techniques represent
an active area of research.

1.7 No Cloning, Revisited

With a better understanding of quantum states and operations, we are now ready
to construct a proof of the no-cloning theorem. The proof relies on the fact that
unitary operators are linear; when applied to a sum of states, the operator operates
independently on each component:

𝑈(|𝜓⟩ + |𝜙⟩) = 𝑈 |𝜓⟩ +𝑈 |𝜙⟩ . (1.56)

Suppose we have an operator 𝑈clone that takes two qubits, as shown in Figure 1.7.
When the second qubit is |0⟩, it is replaced with an exact copy of the first qubit. The
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Figure 1.7 Hypothetical cloning operator, that creates an exact
and independent copy of unknown quantum state |𝛼⟩. The text
will show that such an operator cannot be implemented.

proof will show that such an operator cannot exist, because it is not compatible with
the principle of linearity.
Further suppose that we have two states:

|𝛼⟩ = 𝑎0 |0⟩ + 𝑎1 |1⟩ (1.57)

|𝛽⟩ = 𝑏0 |0⟩ + 𝑏1 |1⟩ . (1.58)

By the definition of cloning:

𝑈clone |𝛼⟩ |0⟩ = |𝛼⟩ |𝛼⟩ = |𝛼𝛼⟩ ,

𝑈clone |𝛽⟩ |0⟩ = |𝛽⟩ |𝛽⟩ = |𝛽𝛽⟩ .
(1.59)

Now consider a new state |𝛿⟩ = (|𝛼⟩ + |𝛽⟩)∕
√
2. By the definition of cloning:

𝑈clone |𝛿⟩ |0⟩ = |𝛿⟩ |𝛿⟩

=
|𝛼⟩ + |𝛽⟩

√
2

⊗
|𝛼⟩ + |𝛽⟩

√
2

= 1
2 (|𝛼𝛼⟩ + |𝛼𝛽⟩ + |𝛽𝛼⟩ + |𝛽𝛽⟩) .

(1.60)

However, by the linearity of unitary operators:

𝑈clone |𝛿⟩ |0⟩ =
1
√
2
𝑈clone (|𝛼⟩ |0⟩ + |𝛽⟩ |0⟩)

=
|𝛼𝛼⟩ + |𝛽𝛽⟩

√
2

.
(1.61)

Since Eqs. (1.60) and (1.61) cannot both be true, there is no unitary 𝑈clone that can
perform the cloning operation for all states.
We stated earlier that we can clone a (computational) basis state. This can be done

with the CNOT gate, with the first qubit as the control. (With our bottom-to-top order-
ing, this corresponds to the𝑈′

CN operator from (1.52).) Suppose state |𝜓⟩ is either |0⟩ or
|1⟩, but we don’t know which.

𝑈′
CN |𝜓⟩ |0⟩ =

⎧

⎨
⎩

𝑈′
CN |00⟩ = |00⟩ , if |𝜓⟩ = |0⟩

𝑈′
CN |10⟩ = |11⟩ , if |𝜓⟩ = |1⟩

⎫

⎬
⎭

= |𝜓𝜓⟩ . (1.62)

If we apply the circuit from Figure 1.5 to an arbitrary state |𝜓⟩ = 𝛼 |0⟩+ 𝛽 |1⟩, we get
a result that looks sort of like cloning, but not quite:

𝑈CN(𝐼 ⊗ 𝐻) |0⟩ |𝜓⟩ =
𝛼 |00⟩ + 𝛽 |11⟩

√
2

. (1.63)

The result is not cloning because the two qubits are entangled. We did not succeed in
creating two independent copies of |𝜓⟩. This is a useful construct, however, and can be
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extended to create 𝑛-qubit states that look like this:

𝛼 |0000…⟩ + 𝛽 |1111…⟩
2𝑛∕2

.

These states will be useful for quantum error correction codes (Chapter 10).

1.8 Example: Deutsch’s Problem

We now have enough quantum computing “machinery” to work out a simple example
of a quantum algorithm. The example algorithm is admittedly not very useful, but
it provides some important insights into how quantum computers can outperform
classical computers.
Consider a function that takes a single binary digit as input, and provides a sin-

gle binary digit as output. There are four possible functions: 𝑓1(𝑥) = 0, 𝑓2(𝑥) = 1,
𝑓3(𝑥) = 𝑥, and 𝑓4(𝑥) = 𝑥̄. Suppose someone gave us an implementation of one of
these functions in a black box, and asked us to determine whether 𝑓(0) = 𝑓(1), or if
𝑓(0) ≠ 𝑓(1). Classically, we could do this in two function calls, one with 𝑥 = 0, and one
with 𝑥 = 1. However, using a quantum algorithm we can answer this question with a
single function call! Let’s see how this could be done.
First, suppose that we have the gate 𝑈 shown in Figure 1.8(a) for implementing the

function 𝑓(𝑥). The function is implemented by changing the sign of the state: if 𝑓(𝑥) =
0 then the sign is unchanged, and if𝑓(𝑥) = 1 then the sign of the state is flipped.Wewill
return to the question of how to implement this gate shortly, but for now let us assume
that the gate is given to us, and our job is to determine if 𝑓(0) = 𝑓(1) or 𝑓(0) ≠ 𝑓(1).
Now consider the circuit shown in Figure 1.8(b). Applying the Hadamard gate to the
input |0⟩ gives

𝜓1 =
1
√
2
(|0⟩ + |1⟩) . (1.64)

Note that the Hadamard gate enables us to apply 𝑈 to both |0⟩ and |1⟩ at the same
time. This is referred to as quantum parallelism and is one of the secrets behind the
power of quantum computing (although there are some key qualifications that make
this somewhat less exciting than it would seem at first!).
Continuing with the calculation, we next compute 𝜓2 = 𝑈𝜓1 to obtain

𝜓2 =
1
√
2

[
(−1)𝑓(0) |0⟩ + (−1)𝑓(1) |1⟩

]
. (1.65)

Figure 1.8 Conceptual illustration
of the Deutsch Problem.
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Applying the second Hadamard gate gives the final output:

𝐻𝜓2 =
1
2(−1)

𝑓(0) [|0⟩ + |1⟩] +
1
2(−1)

𝑓(1) [|0⟩ − |1⟩] (1.66)

= 1
2
[
(−1)𝑓(0) + (−1)𝑓(1)

]
|0⟩ + 1

2
[
(−1)𝑓(0) − (−1)𝑓(1)

]
|1⟩ . (1.67)

Examining (1.67), we see that if 𝑓(0) = 𝑓(1) the second term vanishes and the output
is |0⟩. In contrast, when 𝑓(0) ≠ 𝑓(1), then the first term vanishes and the output is
± |1⟩. Therefore, if we measure the output as |0⟩, we know that 𝑓(0) = 𝑓(1), while if
we measure |1⟩, we know that is not the case. (Our measuring device will ignore the
minus sign and show us a result of “1” if the output state is − |1⟩.)
Arranging for the amplitudes of the correct states to add and others to cancel is an

example of quantum interference, another key principle underlying quantum comput-
ing. So we see that in a single function call, we are able to determine whether or not
𝑓(𝑥) is balanced or constant—a feat that would only be possible classically with two
function calls!
Now let us turn our attention to how the gate 𝑈 can be realized. First, we have to

confess that the circuit in Figure 1.8 is hiding something: we need another qubit to
implement the 𝑈 gate.
Consider the function 𝑓(𝑥) = 0. We want a unitary 𝑈𝑓 that converts |𝑥⟩ to |𝑓(𝑥)⟩,

but this is clearly not reversible. Given an output of |0⟩, there’s no way to know
whether the input is |1⟩ or |0⟩. To make the function reversible, we need to include
both 𝑓(𝑥) and 𝑥 in the output, so that we can reconstruct the input when reversing the
operation.
For two outputs, we need two inputs. We typically use |0⟩ as second input, but to be

more general, let’s assume that the second input can be any input |𝑦⟩. With |𝑥⟩ and |𝑦⟩
as the inputs, the outputs will be |𝑥⟩ and |𝑦 ⊕ 𝑓(𝑥)⟩, where⊕ is the standard Boolean
exclusive-OR (XOR) operation. As shown in Figure 1.9, this function is its own inverse;
if we use |𝑥⟩ and |𝑦 ⊕ 𝑓(𝑥)⟩ as the input, we get |𝑥⟩ and |𝑦 ⊕ 𝑓(𝑥)⊕ 𝑓(𝑥)⟩ = |𝑦⟩ as the
output.
Figure 1.10 shows the four alternative implementations of 𝑈𝑓 , depending on which

version of 𝑓(𝑥) we want. From left to right:

● 𝑓1(𝑥) = 0, do nothing to 𝑦, equivalent to 𝑦 ⊕ 0.
● 𝑓2(𝑥) = 1, flip 𝑦 using a NOT gate, equivalent to 𝑦 ⊕ 1.
● 𝑓3(𝑥) = 𝑥, use a CNOT gate to flip 𝑦 if 𝑥 = 1, equivalent to 𝑦 ⊕ 𝑥.
● 𝑓4(𝑥) = 𝑥̄, flip 𝑥 and then XOR with 𝑦 using a CNOT gate, equivalent to 𝑦 ⊕ 𝑥̄. We
then use another NOT gate to restore 𝑥 to its original value.

Now, using our𝑈𝑓 circuit, we will compute (−1)𝑓(𝑥) |𝑥⟩ using a technique known as
phase kickback. If we set |𝑦⟩ = |−⟩ = (|0⟩ − |1⟩)∕

√
2), then the top output of 𝑈𝑓 will

Figure 1.9 Reversible circuit for calculating f(x).
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Figure 1.10 Implementations of black-box function Uf for Deutsch’s problem. Top output is
|y⊕ f(x)⟩, and bottom output is |x⟩.

remain |−⟩ and the bottom output will be |𝑥⟩ if 𝑓(𝑥) = 0 and will be − |𝑥⟩ if 𝑓(𝑥) = 1.
Let’s do the math.
First, consider what happens if we flip |−⟩ using the 𝑋 gate:

𝑋 |−⟩ = 1
√
2
𝑋(|0⟩ − |1⟩)

= 1
√
2
𝑋(|1⟩ − |0⟩)

= − |−⟩ .

(1.68)

In the cases where 𝑈𝑓 flips |𝑦⟩, we have:

𝑈𝑓 |𝑥⟩ |−⟩ = |𝑥⟩ (− |−⟩) = (− |𝑥⟩) |−⟩ . (1.69)

It might seem that we “magically” moved the minus sign from one qubit to the other,
but remember that this is really a two-qubit state, not two individual qubits. And −1 is
just a constant, so we can associate it with either part of the two-qubit state.
Figure 1.11 shows the under-the-covers implementation of the circuit from

Figure 1.8, where the dashed box replaces𝑈. We add our ancilla qubit as part of this cir-
cuit. We typically assume that qubits are initialized in state |0⟩, so we use𝐻𝑋 to create
the desired |−⟩ state. Then we have our black-box function, 𝑈𝑓 , which has the desired
sign-flipping effect on |𝑥⟩. Finally, it is good practice to “uncompute” the ancilla bit,
restoring it |0⟩, so that the qubit can be used elsewhere in a larger circuit.
If the notions of reversible logic and phase kickback seem strange, don’t worry. We’ll

have a lot more to say about them in Chapters 11 and 12.

|0〉 |0〉

|0〉

Figure 1.11 Implementation of Deutsch’s algorithm. The dashed box is equivalent to U in
Figure 1.8.
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1.9 Key Characteristics of Quantum Computing

The Bell and Deutsch examples have illustrated several important characteristics of
quantum computing:

● Results are (usually) statistical: When a classical program is executed, you obtain
the same result each time. However, when a quantum circuit is executed, multiple
results are possible with probabilities determined by the magnitude squared of the
amplitudes of each state. Consequently, in general a circuit must be executed a large
number of times, with the results of the computation extracted from a histogram of
the measured outcomes.
It is possible, however, for the outcome to be one particular state with probability 1.

This is the case for Deutsch’s algorithm, for example.We know the answer for certain
after one execution (assuming the quantummachine is error-free). So it’s not the case
that a quantum algorithmmust be probabilistic, but the most interesting algorithms
tend to be that way.

● Quantum parallelism: Arranging for the input state to be a superposition allows the
calculation to consider multiple cases at once. However, it is not as easy to capitalize
on this as it might sound. As indicated in the previous bullet, even though the output
state may contain the complete solution, a single measurement will yield only one
state with a probability given by the squared magnitude of the amplitude of the state
in the solution of the problem.

● Exponential scaling: The number of cases that can be considered scales as 2𝑁 , where
𝑁 is the number of qubits. Beyond about 50 qubits, a general quantum processor
cannot be simulated by a supercomputer; said differently, a processor with of order
50 or more qubits is capable of computations not possible on the best classical com-
puters. However, if the quantum program is restricted to certain types of gates, then
the operation of the quantum computer can be efficiently simulated by a classical
computer.

● Quantum interference: When multiple cases are considered using superposition, the
goal of the quantum circuit is to arrange for the amplitudes of correct answer(s) to
add constructively, while arranging for the incorrect answer(s) to add destructively.

● Asking the right question: Although the output state of a quantum calculation will
generally contain information about many possibilities, making a measurement col-
lapses the state and therefore only gives a single result. In the Deutsch Problem, two
classical function calls would not only tell you whether the function was constant
or balanced, but it would tell you precisely what the function was. In contrast, the
quantum calculation answers the question about whether the function is constant
or balanced in one function call (which requires consideration of both cases), but it
does not tell you which of the two possible functions it is.

1.10 Quantum Computing Systems

At this point, you may be asking: what kind of physical system exhibits the behavior
that we can exploit for quantum computing? Any two-state quantum mechanical sys-
tem can represent a qubit, and there are several possibilities, such as the spin of an
electron, the polarization of a photon, or the energy level of an electron in a charged ion.
Any of these systems can be used to build a quantum computer, but there are tradeoffs
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regarding how the qubits can be manufactured and controlled, and how they interact
with one another.
In this book, we concentrate on one specific technology for creating qubits and

quantum computing systems: superconducting circuits. Unlike many competing tech-
nologies, superconducting qubits are macroscopic in size and are based onwell-known
nanofabrication technologies. They represent the current technology of choice for
several companies building quantum computer systems, including IBM, Google, and
Rigetti.
A large part of this book, Chapters 2–8, is devoted to a detailed explanation of these

devices and how to control them to carry out the fundamental operations of a quantum
computer, described above. In this section, before diving into the details, we provide a
high-level overview of a superconducting quantum computer.
As we will see in Chapter 2, we will need to couple the qubit to a signal whose

frequency depends on the energy difference between the |0⟩ and |1⟩ states, i.e., the
ground and excited states. In superconducting quantum computers, this energy differ-
ence corresponds to amicrowave frequency near 5 GHz. Consequently, wemust design
a microwave system to control and measure superconducting qubit states.
The general features of the microwave system to control and readout superconduct-

ing qubits are shown in Figure 1.12. A key feature is that the qubits must be held at
a very low temperature, near absolute zero. Consequently the qubits must be located
in a cryogenic refrigerator. To understand why this is necessary, we want to make sure
that if we put the qubit in the ground state, it stays in the ground state. In other words,
we want to make sure that it is unable to absorb enough energy incidentally from its
environment to make a transition. A circuit in equilibrium at temperature 𝑇 can emit
and absorb photons with the energy 𝑘𝑇, where 𝑘 is Boltzmann’s constant. The energy
of a photon is ℏ𝜔, where 𝜔 is the frequency and ℏ is Planck’s constant divided by 2𝜋.
We want tomake sure that 𝑘𝑇 << ℏ𝜔. For𝜔∕(2𝜋) = 5GHz, this means that 𝑇 << 0.24
K. In state-of-the-art dilution refrigerators, the temperature of the qubits can be held
at 10–15 mK. In this range of temperatures, thermal excitation of 5 GHz qubits can be
neglected.
Referring again to Figure 1.12, the quantum processor (QP) containing the qubits

is located at the bottom left of the refrigerator. In addition to being kept very close to
absolute zero temperature, the quantum processor is also sensitive to stray magnetic
fields, so it is further placed inside a magnetic shield within the coldest stage of the
refrigerator.
The round component just above the quantum processor is a circulator. This is a

non-reciprocal microwave component in which energy can only propagate between
ports in the direction of the circulating arrow. By non-reciprocal, we mean that the
behavior of the component is different if you interchange the input with the output.
For example, the RF signal from the control electronics enters the circulator at the top
port; the energy “circulates” around to the port to which the quantum processor is con-
nected. Any reflected energy from the quantum processor, e.g., containing information
about the state of a qubit, then re-enters the bottom port of the circulator. However,
since the circulator is non-reciprocal, instead of returning to the input port on the top
side of the circulator, it flows instead to the port on the right and is conveyed to the cir-
culator located in the center. We will return to this center circulator in a moment, but
let us first consider the chain of coaxial cables and attenuators conveying the control
signal to the first circulator.
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Figure 1.12 System diagram for a superconducting quantum computer.

If we simply used a copper coaxial cable to carry the signal from the room-
temperature electronics into the refrigerator, we would have at least two significant
problems. First, copper is a good conductor of heat as well as electricity, so the cop-
per cable would convey heat from the upper stages to the lower stages, making it very
difficult to reach the temperatures required at the lower stages. To address this, coax-
ial cables made of an alloy of copper and nickel are used instead. This alloy has very
low thermal conductivity to assist with thermally isolating the stages, while having an
acceptable electrical conductivity.
The second problem is that a cable coming straight from the outside environment

would convey significant noise from the environment into the refrigerator. To combat
this, attenuators are placed in the lower stages. These attenuators reduce noise power
from the upper stages, but introduce their own noise proportional to their equilibrium
temperature. Consequently at the lowest stage, the thermal noise is minimized by the
very low temperature of the attenuator. Of course these attenuators also reduce the
amplitude of the control signal, so we must make sure that the signal level produced
by the signal source is strong enough to produce a satisfactory control signal at the
quantum processor.
Returning to the signal reflected from the quantumprocessor, upon entering the cen-

ter circulator, the energy is transferred to the bottom port and delivered to a Josephson
Junction Parametric Amplifier (JPA). This is a quantum-limited amplifier, meaning
that the noise it introduces to the circuit is close to the fundamental minimum allowed
by quantum theory. The JPAworks in reflectionmode, so the amplified reflected signal
is returned to the circulator and transferred to the final circulator at the bottom right.
The circulator at the bottom right is operated as an isolator. Power applied to the

input (left port) is delivered to the output (top port), but any power reflected from
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impedance mismatches further down line, e.g., at the input of the HEMT amplifier,
will be delivered to the matched load attached to the bottom port. In this way, the very
sensitive quantum processor and quantum limited amplifier are isolated from reflected
power or noise from the upper stages.
The measured signal at this point is very weak, and we definitely would not want to

use a stack of attenuators on the output line! Instead, a coaxial cable made of an alloy
of Niobium and Titanium (NbTi) is used to convey the signal to the 3 K stage. NbTi is
a Type II superconductor with a transition temperature of about 10 K, so it provides
an extremely low loss path to the 3 K stage. At the 3 K stage, there is a more conven-
tional low-noise amplifier (LNA), but made using a high electron mobility transistor
(HEMT)—a type of transistor that is known for producing very low noise. The signal
from the output of the HEMT LNA is further amplified at room temperature before
delivery to the signal processing electronics.
Returning to the control-signal electronics, any band-limited signal centered on the

frequency 𝜔 can be represented by sine and cosine components:

𝑓(𝑡) = 𝐼(𝑡) cos𝜔𝑡 + 𝑄(𝑡) sin𝜔𝑡, (1.70)

where 𝐼(𝑡) and 𝑄(𝑡) are “in-phase” and “quadrature” functions whose time variations
are slow compared with the period 𝑇 = 2𝜋∕𝜔. Digital samples of 𝐼 and𝑄 are converted
to band-limited analog signals by digital-to-analog converters followed in general by
low-pass filters to eliminate high-frequency components resulting from aliasing. The
circular components in Figure 1.12 containing “×” are called mixers, and produce an
output that is simply the product of the two input signals. For example, the bottom-most
mixer produces 𝑄(𝑡) sin𝜔𝑡 on its output. Similarly, the output of the next-to-bottom
mixer is 𝐼(𝑡) cos𝜔𝑡. The outputs of the two mixers are applied to a power combiner,
shown as the square component with two terminals on the left, and one on the right.
The output of the combiner is the sum of the two input signals, creating the desired
general signal of the form given by Eq. (1.70). This circuit is referred to as an IQ
modulator.
There are different ways of combining RF signals, but the particular one shown is

known as a Wilkinson combiner, or Wilkinson divider. Note that this component is
reciprocal, so it can be used either as a combiner or a divider. An attractive feature of
the Wilkinson circuit when used as a divider is that if all of the ports are matched, it
does not introduce any loss.
The output signal from the quantumprocessor is applied to a signal processing circuit

at the top center of Figure 1.12 that is very similar to the IQmodulator used to generate
the control signal. The signal is first split into equal parts using a Wilkinson divider,
and the divided signals are multiplied by either cos𝜔𝑡 or sin𝜔𝑡 before being applied
to low-pass filters. The effect of the low-pass filters is to integrate the applied signal, so
since the cross term proportional to cos𝜔𝑡 sin𝜔𝑡 averages to zero, the filter outputs are
proportional to either 𝐼(𝑡) or 𝑄(𝑡). These signals are then digitized and analyzed by the
classical computer.
With this high-level description as motivation, we are now ready to discuss in detail

the principles that underlie the hardware and software of superconducting quantum
computing.
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● Chapters 2 and 3 explore the quantum physics that determine the behavior of qubits
and gates. This gives us the tools to understand the fundamentals of quantum states
and how they can be manipulated.

● Chapters 4–8 show how qubits are constructed from superconducting devices, how
they are coupled to each other with microwave transmission lines, and how they are
controlled and measured by external systems.

● Chapters 9 and 10 discuss how imperfections in the systemswe build affect the quan-
tum information we are trying to process. In the near term, we need mechanisms to
characterize and compensate for errors, while the long-termhope is that wewill have
a sufficient number of high-quality qubits to correct errors dynamically and sustain
long-running, fault-tolerant quantum computations.

● Finally, Chapters 11 and 12 describe the computations that can be accomplished
using qubits and gates, and the potential for applications beyond the capabilities of
classical computers.

Our hope is to lay a firm foundation for those new to the quantum computing field,
whether students or practicing engineers, as a first step toward tackling the many
research and engineering challenges that are needed to make large-scale quantum
computers a reality.

1.11 Exercises

1.1 How many basis states are there for a three-qubit system? Show the vectors for
the (computational) basis states.

1.2 There are four Bell states that can be created by entangling two qubits. In addi-
tion to the state shown in Figure 1.5, the three additional states are listed below.
Construct a circuit for generating each state.
(a) 1

√
2
(|00⟩ − |11⟩)

(b) 1
√
2
(|01⟩ + |10⟩)

(c) 1
√
2
(|01⟩ − |10⟩)

1.3 Prove the following equivalencies.
(a) 𝐻𝑍𝐻 = 𝑋
(b) 𝐻𝑋𝐻 = 𝑍
(c) 𝐻𝑌𝐻 = −𝑌
(d) CNOT1,0 = 𝐻⊗2 CNOT0,1𝐻⊗2

In (d), CNOT𝑖,𝑗 means a CNOT with qubit 𝑖 as the control and qubit 𝑗 as the
target. 𝐻⊗2 means a Hadamard gate applied to both qubits.

1.4 Create a quantum circuit that swaps two qubit states. In other words: |𝑎𝑏⟩ ↦
|𝑏𝑎⟩. Hint: Consider this classical algorithm that swaps two numbers 𝑥 and 𝑦
using an exclusive-OR (XOR) instruction.

𝑥 ← 𝑥 XOR 𝑦

𝑦 ← 𝑦 XOR 𝑥

𝑥 ← 𝑥 XOR 𝑦
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1.5 Supposewedesign a superconducting qubitwhere the energy difference between
|0⟩ and |1⟩ is around 10 GHz. What is the temperature needed to minimize the
effect of thermal energy on the qubit, assuming that the qubit is in thermal
equilibrium with its environment?

1.6 Consider the following three-qubit quantum state:

|𝑞2𝑞1𝑞0⟩ =
|010⟩ + |101⟩ + |001⟩ + |110⟩

2
Is qubit 𝑞2 entangled with the other two qubits? Explain why or why not.

1.7 Suppose we have a way of measuring a qubit in the |+⟩ and |−⟩ basis. As a
reminder:

|+⟩ = |0⟩ + |1⟩
√
2

, |−⟩ = |0⟩ − |1⟩
√
2

(a) Given a qubit in the |0⟩ state, what is the probability ofmeasuring |+⟩? (Hint:
Use the Born Rule.)

(b) Given a qubit in the |1⟩ state, what is the probability of measuring |+⟩?
(c) Given a qubit |𝑅⟩ = 1

√
2
|0⟩+ 𝑖

√
2
|1⟩, what is the probability of measuring |−⟩?

1.8 Given a qubit

|𝜓⟩ = 1
√
2
|0⟩ + 1 + 𝑖

2 |1⟩

(a) What is the probability of measuring |0⟩?
(b) What is the probability of measuring |+⟩?
(c) What is the probability of measuring |−⟩?
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2

Physics of Single Qubit Gates

2.1 Requirements for a Quantum Computer

As you might expect, having some way to represent and manipulate qubits is a basic
requirement of any quantum computer. In thinking through all of the key require-
ments, DiVincenzo [3] identified the following five basic requirements:

1. A scalable physical system with well-characterized qubits
2. The ability to initialize the state of the qubits to a simple fiducial state, such as |000...⟩
3. Long relevant decoherence times, much longer than the gate operation time
4. A “universal” set of quantum gates
5. A qubit-specific measurement capability

In this Chapter we will discuss aspects of two of these requirements, but a bit out of
DiVincenzo’s order:

● We will see that arbitrary manipulations of qubits can be interpreted as rotations, so
we begin by discussing rotations—a subtopic of Requirement 4;

● We will then explore the physics of two-state systems needed to represent qubits—a
subtopic of Requirement 1.

We will delay discussions of entanglement, measurement, initialization, and decoher-
ence time to subsequent chapters.

2.2 Single Qubit Gates

2.2.1 Rotations

In the last chapter we encountered several types of gates and described them by 2 × 2
matrices. To understandmore generally what gates do to qubits we need to understand
rotations. We will then see that the gates we have discussed can be viewed as particular
rotations.
You may have encountered rotations in a classical physics or mechanics class, so we

will begin with a brief review of rotations of classical vectors in 3-space. However, in
quantum mechanics the physical state is represented by the state vector, so we need to
understand how these state vectors are rotated.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
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For a single qubit the state vector is represented by a 2 × 1 matrix (or vector), and
in other areas of quantum mechanics such state vectors are referred to as spinors. The
origin of this term comes from the fact that a particle with spin in amagnetic field is one
of the simplest two-state systems, and in this context the 2 × 1 state vectors represent
the spin state. However, the concepts are valid for any two-state quantum mechanical
system.

2.2.1.1 Classical Rotations
The rotation of a classical vector around the 𝑧 axis by the angle 𝜃 in the counter-
clockwise (CCW) direction is illustrated in Figure 2.1. From the geometry of the figure
we see that the vector of length 𝑟 along the 𝑥 axis rotates into (𝑟 cos 𝜃, 𝑟 sin 𝜃, 0).
Following a similar construction, a vector of length 𝑟 along the 𝑦 axis rotates into
(−𝑟 sin 𝜃, 𝑟 cos 𝜃, 0). In general we can write

⎡
⎢
⎢
⎣

𝑥′

𝑦′

𝑧′

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

cos 𝜃 −sin 𝜃 0
sin 𝜃 cos 𝜃 0
0 0 1

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑥
𝑦
𝑧

⎤
⎥
⎥
⎦

. (2.1)

We refer to the square matrix as the rotation matrix for rotations about the 𝑧 axis:

𝑅𝑐𝑧(𝜃) =
⎡
⎢
⎢
⎣

cos 𝜃 −sin 𝜃 0
sin 𝜃 cos 𝜃 0
0 0 1

⎤
⎥
⎥
⎦

. (2.2)

Here the superscript 𝑐 indicates a classical physics rotation.
Following similar procedures, rotations about the 𝑥 axis and 𝑦 axis are described by

the following matrices:

𝑅𝑐𝑥(𝜃) =
⎡
⎢
⎢
⎣

1 0 0
0 cos 𝜃 −sin 𝜃
0 sin 𝜃 cos 𝜃

⎤
⎥
⎥
⎦

, (2.3)

𝑅𝑐𝑦(𝜃) =
⎡
⎢
⎢
⎣

cos 𝜃 0 sin 𝜃
0 1 0

− sin 𝜃 0 cos 𝜃

⎤
⎥
⎥
⎦

. (2.4)

Figure 2.1 Rotation of a vector of length r
CCW around the z axis.
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2.2.1.2 Rotation of the Quantum Mechanical State Vector
In quantum mechanics, vectors result from taking the expectation value1 of vector
operators for a specific quantum state. For example, to determine the direction of an
electron’s spin, we take the expectation value of the spin operator using the electron’s
state vector. To rotate the measured spin vector, we need to rotate the electron state
vector in such a way that the vector obtained by taking the expectation rotates in the
manner we expect. As mentioned above, it is sometimes helpful to refer to electron
spin as an example, but our discussion applies to any two-state quantum mechanical
system.
For this discussion, consider the general vector operator 𝐀:

𝐀 = 𝐱̂𝐴𝑥 + 𝐲̂𝐴𝑦 + 𝐳̂𝐴𝑧, (2.5)

where 𝐱̂, 𝐲̂, and 𝐳̂ refer to unit vectors in the 𝑥, 𝑦, and 𝑧 direction, respectively.𝐴𝑥 refers
to the matrix component of 𝐀 that operates along the 𝑥 axis.
For the quantum state |𝜓⟩, the expectation of 𝐀 is given by ⟨𝜓|𝐀|𝜓⟩. Now suppose

we would like to rotate the system so that ⟨𝜓|𝐀|𝜓⟩ rotates by an angle 𝜃 in the CCW
direction around the 𝑧 axis.Wewant to find aunitary operator𝑈 such that |𝜓′⟩ = 𝑈 |𝜓⟩,
and

⟨𝜓′|𝐀|𝜓′⟩ = 𝑅𝑐𝑧(𝜃) ⟨𝜓|𝐀|𝜓⟩ . (2.6)

Substituting in for |𝜓′⟩ leads to the following constraint on 𝑈

⟨𝜓|𝑈†𝐀𝑈|𝜓⟩ = ⟨𝜓|𝑅𝑐𝑧(𝜃)𝐀|𝜓⟩ (2.7)

𝑈†𝐀𝑈 = 𝑅𝑐𝑧(𝜃)𝐀. (2.8)

Here we have used the fact that 𝑅𝑐𝑧(𝜃) ⟨𝜓|𝐀|𝜓⟩ = ⟨𝜓|𝑅𝑐𝑧(𝜃)𝐀|𝜓⟩, which is easily verified
by direct calculation. We have also used the fact that (𝑈 |𝜓⟩)† = ⟨𝜓|𝑈†.
To simplify our consideration of (2.8), let us consider an infinitesimal rotation 𝜖 about

the axis 𝐧̂ (a unit vector along the desired axis of rotation). In this case we anticipate
that 𝑈 will depart only slightly from the identity operator, so to first order in small
quantities we can express 𝑈 with the first two terms in a Maclaurin series:

𝑈 = 𝐼 − 𝑖 𝜖2 𝐧̂ ⋅ 𝝈. (2.9)

Here 𝝈 is an arbitrary Hermitian2 vector operator that is yet to be determined. The fact
that 𝝈 is Hermitian along with the coefficient 𝑖 on the second term ensures that 𝑈 is
indeed unitary to first order in 𝜖. (We could have absorbed the factor of −1∕2 into the
so-far-unspecified 𝝈, but including it explicitly as shown will lead us to the definition
of 𝝈 that is most commonly used.)

1 The expectation value is the average outcome of a measurement for the operator.
2 A Hermitian operator 𝐀 is one for which 𝐀† = 𝐀.
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For the case of a rotation around the 𝑧 axis, the 𝑥 component of (2.8) becomes
(
𝐼 + 𝑖 𝜖2𝜎𝑧

)
𝐴𝑥

(
𝐼 − 𝑖 𝜖2𝜎𝑧

)
= 𝐴𝑥 − 𝜖𝐴𝑦 (2.10)

𝐴𝑥 + 𝑖 𝜖2𝜎𝑧𝐴𝑥 − 𝑖 𝜖2𝐴𝑥𝜎𝑧 +
( 𝜖
2

)2
𝜎𝑧𝐴𝑥𝜎𝑧 = 𝐴𝑥 − 𝜖𝐴𝑦 (2.11)

𝜎𝑧𝐴𝑥 − 𝐴𝑥𝜎𝑧 = 2𝑖𝐴𝑦 . (2.12)

On the right-hand side of (2.10), we have used the small angle approximations to the
elements of 𝑅𝑐𝑧: cos 𝜖 ≈ 1, sin 𝜖 ≈ 𝜖. Going from (2.11) to (2.12), we have neglected
terms of second order in 𝜖.
Similar calculations for the 𝑦 and 𝑧 components of (2.8) lead to

𝜎𝑧𝐴𝑦 − 𝐴𝑦𝜎𝑧 = −2𝑖𝐴𝑥 (2.13)

𝜎𝑧𝐴𝑧 − 𝐴𝑧𝜎𝑧 = 0. (2.14)

Now if 𝐴𝑚, 𝜎𝑛 were ordinary numbers, equations (2.12)–(2.14) would imply that
𝐴𝑥 = 𝐴𝑦 = 0, since ordinary numbers commute. However, if these operators are rep-
resented bymatrices, thenmore general solutions can exist since matrix multiplication
is not commutative. Equations (2.12)–(2.14) are referred to as commutation relations,
since they specify the difference obtained by reversing the order of the operators. A
more compact notation is often used to specify commutation relations:

[𝐴, 𝐵] ≡ 𝐴𝐵 − 𝐵𝐴. (2.15)

Rotations about the 𝑥 and 𝑦 axes lead to additional commutation relations which can
be written

[𝜎𝑥, 𝐴𝑥] = 0, [𝜎𝑥, 𝐴𝑦] = 𝑖2𝐴𝑧, [𝜎𝑥, 𝐴𝑧] = −𝑖2𝐴𝑦 , (2.16)

and

[𝜎𝑦 , 𝐴𝑥] = −𝑖2𝐴𝑧, [𝜎𝑦 , 𝐴𝑦] = 0, [𝜎𝑦 , 𝐴𝑧] = 𝑖2𝐴𝑥. (2.17)

Since equations (2.12)–(2.14) were obtained without restrictions on the vector operator
𝐴, they must also be satisfied if we substitute the vector operator 𝐀 = 𝝈. This leads to
the commutation relations for the components of 𝝈:

[𝜎𝑥, 𝜎𝑦] = 𝑖2𝜎𝑧 (2.18)

[𝜎𝑦 , 𝜎𝑧] = 𝑖2𝜎𝑥 (2.19)

[𝜎𝑧, 𝜎𝑥] = 𝑖2𝜎𝑦 . (2.20)

We conclude that for Eq. (2.9) to properly rotate a quantum state vector, the com-
ponents of the vector operator 𝝈must satisfy the commutation relations (2.18)–(2.20).
You can easily verify by direct substitution that the following matrices satisfy these
commutation relations:

𝜎𝑥 = [
0 1
1 0]

, 𝜎𝑦 = [
0 −𝑖
𝑖 0 ]

, 𝜎𝑧 = [
1 0
0 −1]

. (2.21)

In physics these matrices are called the Pauli matrices, and they may look vaguely
familiar—they are identical to the𝑋,𝑌, 𝑍 gatematrices we encountered in the previous
chapter! In quantum computing you will often see these matrices referred to by both
notations. The gate notation is commonly used when quantum circuits are being
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discussed, while the Pauli notation is often used when the Hamiltonian (or operator
for the total energy of a system) of a physical system is being constructed.
In general, four parameters are required to uniquely define a 2 × 2matrix. Since the

identity matrix along with the three Paulis are linearly independent, we can express
any 2 × 2matrix 𝐴 as

𝐴 = 𝑎0𝐼 + 𝑎1𝜎𝑥 + 𝑎2𝜎𝑦 + 𝑎3𝜎𝑧. (2.22)

So far we have seen how to perform infinitesimal rotations, but what about finite
rotations? To make this transition, we note that any two consecutive rotations can be
replaced by a single equivalent rotation, as illustrated in Figure 2.2. The figure illus-
trates rotations about different axes, but let us consider the simpler case of multiple
small rotations about the same axis resulting in an equivalent large rotation; in other
wordswe apply the rotation operator𝑁 timeswith 𝜖 ≈ 𝜃∕𝑁 to achieve the large rotation
𝜃. The equivalent unitary operator for the total rotation can be approximated

𝑈(𝜃) ≈ (𝐼 − 𝑖 𝜃2𝑁 𝐧̂ ⋅ 𝝈)
𝑁

. (2.23)

In the limit 𝑁 → ∞, we obtain a closed-form expression for the unitary operator for
the rotation of quantum states:

𝑈(𝜃) = lim
𝑁→∞

(𝐼 − 𝑖 𝜃2𝑁 𝐧̂ ⋅ 𝝈)
𝑁

(2.24)

= exp (−𝑖 𝜃2 𝐧̂ ⋅ 𝝈). (2.25)

It may seem a bit strange to have matrices as arguments to the exponential function,
but this is simply defined by the conventional Maclaurin series

exp (−𝑖 𝜃2 𝐧̂ ⋅ 𝝈) =
∞∑

𝑘=0

(−𝑖)𝑘[ 𝜃
2
𝐧̂ ⋅ 𝝈]𝑘

𝑘!
. (2.26)

Having written this series, with a little additional work we can obtain an alternative
form for 𝑈 that is often useful in quantum computing. First, we separate the even and

Figure 2.2 Illustration of how two consecutive
rotations can be replaced with a single equivalent
rotation.
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odd terms in the series:

exp (−𝑖 𝜃2 𝐧̂ ⋅ 𝝈) =
∞∑

𝑝=0

(−1)𝑝[ 𝜃
2
𝐧̂ ⋅ 𝝈]2𝑝

(2𝑝)!
− 𝑖

∞∑

𝑞=0

(−1)𝑞[ 𝜃
2
𝐧̂ ⋅ 𝝈]2𝑞+1

(2𝑞 + 1)!
. (2.27)

Here we have used the observations that (−𝑖)2𝑝 = (−1)𝑝 and (−𝑖)2𝑞+1 = −𝑖(−1)𝑞. These
expressions can be simplified with the aid of the identity

(𝐀 ⋅ 𝝈)(𝐁 ⋅ 𝝈) = (𝐀 ⋅ 𝐁)𝐼 + 𝑖(𝐀 × 𝐁) ⋅ 𝝈. (2.28)

Setting 𝐀 = 𝐁 = 𝐧̂, and using the facts that 𝐧̂ is a unit vector and any vector crossed
into itself is zero, we conclude that (𝐧̂ ⋅𝝈)2 = 𝐼. It follows that any even power of (𝐧̂ ⋅𝝈)
is equal to the identity matrix, and any odd power is simply equal to (𝐧̂ ⋅ 𝝈). These
conclusions can be expressed

(𝐧̂ ⋅ 𝝈)2𝑝 = 𝐼, (𝐧̂ ⋅ 𝝈)2𝑞+1 = (𝐧̂ ⋅ 𝝈), (2.29)

where 𝑝 and 𝑞 are positive integers. These results can be used to further simplify (2.27):

exp (−𝑖 𝜃2 𝐧̂ ⋅ 𝝈) =
∞∑

𝑝=0

(−1)𝑝( 𝜃
2
)2𝑝

(2𝑝)!
− 𝑖(𝐧̂ ⋅ 𝝈)

∞∑

𝑞=0

(−1)𝑞( 𝜃
2
)2𝑞+1

(2𝑞 + 1)!
(2.30)

= 𝐼 cos 𝜃2 − 𝑖(𝐧̂ ⋅ 𝝈) sin 𝜃2 . (2.31)

In the last step we recognized that the first sum is the Maclaurin series for the cosine,
and the second sum is the Maclaurin series for the sine function.
Equation (2.31) enables us to easily construct 2× 2matrices for rotations around the

principal axes:

𝑅𝑥(𝜃) = 𝑒−𝑖
𝜃
2
𝜎𝑥 =

⎡
⎢
⎣

cos 𝜃
2

−𝑖 sin 𝜃

2

−𝑖 sin 𝜃

2
cos 𝜃

2

⎤
⎥
⎦
, (2.32)

𝑅𝑦(𝜃) = 𝑒−𝑖
𝜃
2
𝜎𝑦 =

⎡
⎢
⎣

cos 𝜃
2

−sin 𝜃

2

sin 𝜃

2
cos 𝜃

2

⎤
⎥
⎦
, (2.33)

𝑅𝑧(𝜃) = 𝑒−𝑖
𝜃
2
𝜎𝑧 = [

𝑒−𝑖𝜃∕2 0
0 𝑒𝑖𝜃∕2]

. (2.34)

Note that these have a similar appearance to classical rotationmatrices, but the rotation
angle enters as 𝜃∕2 instead of 𝜃. A consequence of this is that a rotation of 2𝜋 does not
return to the same state, but rather the negative of the starting state. However, since
themeasured expectation values are proportional to themagnitude squared of the state
vector amplitude, this sign change has no measurable result.

2.2.1.3 Bloch Sphere
Consider a unit vector pointing along the 𝑧 axis. The vector can be rotated into any
other direction represented by a point on a unit sphere with two rotations: first rotate
an angle 𝜃 about the 𝑦 axis, then an angle 𝜙 about the 𝑧 axis (see Figures 2.2 and 2.3):
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Figure 2.3 Representation of a single qubit
state on the Bloch Sphere (created in part using
[2]).

|𝜓′⟩ = 𝑅𝑧(𝜙)𝑅𝑦(𝜃) |0⟩ (2.35)

= [
𝑒−𝑖𝜙∕2 0
0 𝑒𝑖𝜙∕2]

⎡
⎢
⎣

cos 𝜃
2

−sin 𝜃

2

sin 𝜃

2
cos 𝜃

2

⎤
⎥
⎦
[
1
0]

(2.36)

=
⎡
⎢
⎣

𝑒−𝑖𝜙∕2 cos 𝜃
2

𝑒𝑖𝜙∕2 sin 𝜃

2

⎤
⎥
⎦

(2.37)

= 𝑒−𝑖𝜙∕2 cos 𝜃2 [
1
0]
+ 𝑒𝑖𝜙∕2 sin 𝜃2 [

0
1]

(2.38)

= 𝑒−𝑖𝜙∕2 (cos 𝜃2 |0⟩ + 𝑒𝑖𝜙 sin 𝜃2 |1⟩) . (2.39)

Since an overall phase will not affect a measurement, we can represent any single
qubit state |𝜓⟩ as

|𝜓⟩ = cos 𝜃2 |0⟩ + 𝑒𝑖𝜙 sin 𝜃2 |1⟩ . (2.40)

The term global phase or overall phase is used to describe a phase that affects both basis
states. Two quantum states that differ only by a global phase are indistinguishable. The
term local phase or relative phase is used to describe a phase difference between the
two basis states. Two quantum states with different local phases are distinctly different
states. The usual practice is to associate the phase only with the |1⟩ component, but it’s
not a requirement; it’s the difference in phase that is relevant.
The spherical surface onto which the state vector is mapped using (𝜃, 𝜙) as shown

in Figure 2.3 is called the Bloch Sphere. Any single qubit state can be represented by a
unit vector directed from the origin to a point on the sphere, and the action of a single
qubit gate can be visualized as a rotation of the state along the surface of this sphere.
You may notice some unexpected aspects of how states are represented on the Bloch
Sphere. For example, we know the states |0⟩ and |1⟩ are orthogonal to one another—
however, these states are depicted as co-linear on the Bloch Sphere. It is important to
keep in mind that this is simply a visualization tool; it is not an accurate depiction of
the state vector in a conventional Cartesian vector space.
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2.2.1.4 The Most General Unitary
The rotation about 𝑦 followed by a rotation about 𝑧 allows you to orient a vector in
any direction on the Bloch Sphere as we showed in the previous section. However, in
mechanics, there are three rotations needed to orient an object arbitrarily, e.g., roll,
pitch, and yaw. There are 12 different ways to define the rotations and their order,
referred to as Euler angle conventions. In the discussion of Euler angle rotations, it is
useful to distinguish between the fixed coordinate system, and amobile coordinate sys-
tem defined with respect to the object itself. We will use what is referred to as the 𝑍𝑌𝑍
convention. In this convention an arbitrary orientation is achieved by the following
steps:

● First rotate the system by the angle 𝜆 about the 𝑧 axis of the fixed coordinate system.
● Next rotate the system by the angle 𝜃 about the 𝑦 axis of the fixed coordinate system.
● Finally, rotate the system by the angle 𝜙 once again about the 𝑧 axis of the fixed
coordinate system.

The 𝑍𝑌𝑍 convention is particularly attractive for quantum computing because, as we
will see, rotations about the 𝑧 axis can be experimentally performed with essentially
zero error [4].
Since any possible orientation of the state vector can be achieved with this process,

the most general unitary operator can be written

𝑈(𝜙, 𝜃, 𝜆) = 𝑅𝑧(𝜙)𝑅𝑦(𝜃)𝑅𝑧(𝜆) (2.41)

= 𝑒−𝑖(𝜙+𝜆)∕2
⎡
⎢
⎢
⎢
⎣

cos 𝜃
2

−𝑒𝑖𝜆 sin 𝜃

2

𝑒𝑖𝜙 sin 𝜃

2
𝑒𝑖(𝜙+𝜆) cos 𝜃

2

⎤
⎥
⎥
⎥
⎦

. (2.42)

Recognizing again that an overall phase factor is not observable, we can define themost
general unitary operator as3

𝑢3(𝜃, 𝜙, 𝜆) ≡
⎡
⎢
⎢
⎢
⎣

cos 𝜃
2

−𝑒𝑖𝜆 sin 𝜃

2

𝑒𝑖𝜙 sin 𝜃

2
𝑒𝑖(𝜙+𝜆) cos 𝜃

2

⎤
⎥
⎥
⎥
⎦

. (2.43)

Using the appropriate values of (𝜃, 𝜙, 𝜆), it is straightforward to verify that 𝑢3 can
reproduce all of the gates encountered so far:

𝑢3(0, 0, 0) = [
1 0
0 1]

= 𝐼, (2.44)

3 Note that we have listed the angle parameters in a different order from that in which the rotations are
applied. This was done so that our definition of 𝑢3 agrees with the definition of 𝑢3 in the IBMQuantum
system.
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𝑢3(𝜋, 0, 𝜋) = [
0 1
1 0]

= 𝑋, (2.45)

𝑢3(𝜋, 𝜋∕2, 𝜋∕2) = [
0 −𝑖
𝑖 0 ]

= 𝑌, (2.46)

𝑢3(0, 0, 𝜋) = [
1 0
0 −1]

= 𝑍, (2.47)

𝑢3(𝜋∕2, 0, 𝜋) = 1
√
2
[
1 1
1 −1]

= 𝐻. (2.48)

IBM Qiskit defines two other unitaries as special cases of 𝑢3:

𝑢1(𝜆) = 𝑢3(0, 0, 𝜆) = [
1 0
0 𝑒𝑖𝜆]

, (2.49)

𝑢2(𝜙, 𝜆) = 𝑢3(𝜋∕2, 𝜙, 𝜆) = 1
√
2
[
1 −𝑒𝑖𝜆

𝑒𝑖𝜙 𝑒𝑖(𝜙+𝜆)]
. (2.50)

𝑢1 allows application of a quantum phase, whereas 𝑢2 enables the creation of super-
position states.

2.2.2 Two State Systems

As we have commented, a qubit can be represented by any two-state quantum system.
The simplest two-state system is an electron in a magnetic field. Because the electron
has both charge and spin, it also possesses a magnetic moment. So just like a com-
pass in the Earth’s magnetic field, the energy depends on the orientation of the spin
with respect to the magnetic field, with the lowest energy occurring when the mag-
netic moment and the magnetic field are lined up. In the following sections we will
gain a deeper understanding of the behavior of the spin and how the spin’s behavior
can be manipulated, and relate this back to qubits and gates.

2.2.2.1 Eigenvalues of the Two State Spin System
The expression for the total energy of a system is referred to in physics as the Hamil-
tonian, represented by the symbol ℋ. One of the fundamental postulates of quan-
tum mechanics is that the state vector must satisfy the time-dependent Schrödinger
equation:

𝑖ℏ 𝜕
𝜕𝑡
|𝜓⟩ =ℋ |𝜓⟩ , (2.51)

where ℏ is Planck’s constant divided by 2𝜋. For a system in a static electromagnetic
field, the time-dependent state vector can be written

|𝜓(𝑡)⟩ = 𝑒−𝑖ℰ𝑡∕ℏ |𝜓(0)⟩ . (2.52)

Substituting (2.52) into (2.51) gives the time-independent Schrödinger equation

ℋ |𝜓⟩ = ℰ |𝜓⟩ . (2.53)
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This is of the form of a standard Eigenvalue equation, where |𝜓⟩ is an eigenvector asso-
ciated with the eigenvalue ℰ. Multipying from the left by ⟨𝜓| shows that the eigenvalue
is the expectation value of the operatorℋ associated with the state vector |𝜓⟩:

ℰ =
⟨𝜓|ℋ|𝜓⟩
⟨𝜓|𝜓⟩

. (2.54)

For a magnetic moment 𝝁 in a magnetic field 𝐁, the Hamiltonian is given by

ℋ = −𝝁 ⋅ 𝑩. (2.55)

As we would expect intuitively, this simply says that the energy will be lowest (most
negative) when 𝝁 and 𝐁 are parallel. The energy of a magnetic moment in a magnetic
field described by Eq. (2.55) is referred to as the Zeeman energy, named after the Dutch
physicist Pieter Zeeman.
If a charged particle were moving in a circle, the motion would give rise to angular

momentum given by 𝐋 = 𝐫 × 𝐩, where 𝐫 is the position of the particle, and 𝐩 is its
momentum. This is referred to as orbital angular momentum. Also, if the particle has
charge, then the motion constitutes a current loop resulting in a magnetic moment.
Since both the angular momentum and themagnetic moment arise from the same par-
ticle motion, the magnetic moment and angular momentum are proportional to one
another: 𝝁 = 𝛾𝐿𝑳, where 𝛾𝐿 = 𝑞∕(2𝑚𝑞) is called the gyromagnetic ratio, 𝑞 is the charge
of the particle (negative for an electron), and𝑚𝑞 is the mass of the particle.
The particle may also possess intrinsic angular momentum in addition to that aris-

ing from orbital motion. This intrinsic angularmomentum is called spin and is denoted
𝐒. It behaves similarly to orbital angular momentum, but with several important dif-
ferences: (a) orbital angular momentum can have values of 𝑛ℏ where 𝑛 is an integer
(including zero), while spin angular momentum of a single fundamental matter parti-
cle can only take on the values±ℏ∕2 and cannot be zero; (b) the gyromagnetic ratio for
orbital angular momentum is 𝛾𝐿 = 𝑞∕(2𝑚𝑞), while that for spin is 𝛾𝑆 = 𝑞∕𝑚𝑞; and (c)
while orbital angular momentum can be quantitatively explained by a circular motion
of the particle, no non-relativisticmotion can quantitatively explain spin. Consequently
it is viewed as an intrinsic property of the particle, just as mass and charge are intrinsic
properties.
Although in general the total angular momentum of a particle can have both

orbital and spin contributions, for simplicity we consider the case when there is only
spin angular momentum, and the charge is positive (e.g., for a proton). With these
observations in mind, the Hamiltonian (2.55) can be written

ℋ = −𝛾𝑆𝐒 ⋅ 𝐁 = −
𝑞
𝑚𝑞

𝐒 ⋅ 𝐁, (2.56)

where the spin operator 𝐒 is given by

𝐒 = ℏ
2𝝈, (2.57)

𝝈 is the Pauli vector we previously encountered:

𝝈 = 𝐱̂𝜎𝑥 + 𝐲̂𝜎𝑦 + 𝐳̂𝜎𝑧, (2.58)

and 𝜎𝑗 are Pauli matrices given by Eq. (2.21).
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Consider the case with the magnetic field directed along the 𝑧 axis, or 𝐁 = 𝐳̂𝐵0. The
Hamiltonian can be written

ℋ0 = −12ℏ𝜔0𝜎𝑧, (2.59)

where

𝜔0 =
𝑞
𝑚𝑞

𝐵0. (2.60)

Using this formof the spinHamiltonian, the time-independent Schrödinger equation
(2.53) becomes

[
ℏ𝜔0∕2 + ℰ 0

0 ℏ𝜔0∕2 − ℰ]
|𝜓⟩ = 0. (2.61)

Setting the determinant equal to zero gives the characteristic equation

(
ℏ𝜔0
2 + ℰ) (

ℏ𝜔0
2 − ℰ) = 0 (2.62)

which has solutions

ℰ = ±
ℏ𝜔0
2 . (2.63)

It is easy to verify that the eigenvector for the eigenvalue ℰ = −ℏ𝜔0∕2 is |0⟩, and the
eigenvector for the eigenvalue ℰ = +ℏ𝜔0∕2 is |1⟩.

2.2.2.2 Larmor Precession
Using the basic form from Eq. (2.52), we can write the general solution to the time-
varying Schrödinger equation as

|𝜓(𝑡)⟩ = 𝑐0𝑒𝑖𝜔0𝑡∕2 |0⟩ + 𝑐1𝑒−𝑖𝜔0𝑡∕2 |1⟩ (2.64)

≡ 𝑐0 |𝜓0(𝑡)⟩ + 𝑐1 |𝜓1(𝑡)⟩ . (2.65)

A particularly interesting case results when we choose 𝑐0 = cos (𝜃∕2) and 𝑐1 =
sin (𝜃∕2):

|𝜓(𝑡)⟩ = cos 𝜃2 𝑒
𝑖𝜔0𝑡∕2 |0⟩ + sin 𝜃2 𝑒

−𝑖𝜔0𝑡∕2 |1⟩ . (2.66)

To interpret this state, let us first find the expectation value4 of the 𝑥 component of the
spin operator 𝑆𝑥 = ℏ𝜎𝑥∕2:

⟨𝑆𝑥⟩ = ⟨𝜓(𝑡)| ℏ2𝜎𝑥 |𝜓(𝑡)⟩ (2.67)

= ℏ
2 (cos

𝜃
2 𝑒

−𝑖𝜔0𝑡∕2 ⟨0| + sin 𝜃2 𝑒
+𝑖𝜔0𝑡∕2 ⟨1|) (2.68)

× 𝜎𝑥 (cos
𝜃
2 𝑒

𝑖𝜔0𝑡∕2 |0⟩ + sin 𝜃2 𝑒
−𝑖𝜔0𝑡∕2 |1⟩) . (2.69)

Multiplying this expression out and using the relations 𝜎𝑥 |0⟩ = |1⟩, 𝜎𝑥 |1⟩ = |0⟩, and
⟨𝑚|𝑛⟩ = 𝛿𝑚,𝑛 where 𝛿𝑚,𝑛 is the Kronecker delta and is equal to 1 if 𝑚 = 𝑛 and 0

4 The notation ⟨𝐴⟩ represents the expectation value of an operator 𝐴. If we want to describe the
expectation with respect to a specific state |𝜓⟩, we often write ⟨𝐴⟩𝜓 = ⟨𝜓|𝐴|𝜓⟩.
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otherwise, we obtain

⟨𝑆𝑥⟩ =
ℏ
2 sin 𝜃 cos (𝜔0𝑡). (2.70)

Calculating the expectation values of 𝑆𝑦 and 𝑆𝑧 in a similar way gives

⟨
𝑆𝑦
⟩
= −ℏ2 sin 𝜃 sin (𝜔0𝑡), (2.71)

and

⟨𝑆𝑧⟩ =
ℏ
2 cos 𝜃. (2.72)

These equations describe a vector making an angle 𝜃 with the 𝑧 axis, and precessing
about it with an angular velocity 𝜔0, as shown in Figure 2.4. This motion is known
as Larmor Precession. It is analogous to the motion of a spinning top in the earth’s
gravitational field owing to the angular momentum of the top.
From our previous discussion, we know that there must be some analogous rotation

of the state vector that gives rise to the precession of the expectation of the spin vector.
With this in mind, note that Eq. (2.66) is identical with Eq. (2.39) with 𝜙 = −𝜔0𝑡.

2.2.2.3 Coupled Qubit States
When a two-level system is coupled to a driving field at precisely the frequency corre-
sponding to the energy difference between the states, the system will oscillate between
the two states at a frequency determined by the strength of the driving field. These oscil-
lations are called Rabi oscillations and are the basic mechanism underlying rotations
on the Bloch Sphere. In this section we will examine these oscillations and show how
they can be used to realize the basic gates used in quantum computing.
Without such a coupling field, the states |𝜓0(𝑡)⟩ and |𝜓1(𝑡)⟩ are orthogonal eigenvec-

tors of the Hamiltonian, as we have seen. For the case of a relatively weak interaction
(i.e., the interaction energy much smaller than the energy difference between the
states), we can approach this as a perturbation to the uncoupled system. With this
approach, the general state vector is always a superposition of |𝜓0(𝑡)⟩ and |𝜓1(𝑡)⟩,
but the precise mixture varies slowly in time on the scale of 1∕𝜔0. The time-varying

x
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z
Figure 2.4 Precession of spin vector for a particle with positive
charge in a z-directed magnetic field.
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coefficients can be found by solving a set of coupled Schrödinger equations:

𝑖ℏ𝜕𝑡 (𝑐0(𝑡) |𝜓0(𝑡)⟩) =ℋ0𝑐0(𝑡) |𝜓0(𝑡)⟩ + 𝑉01 |0⟩ ⟨1| 𝑐1(𝑡) |𝜓1(𝑡)⟩

𝑖ℏ𝜕𝑡 (𝑐1(𝑡) |𝜓1(𝑡)⟩) =ℋ0𝑐1(𝑡) |𝜓1(𝑡)⟩ + 𝑉10 |1⟩ ⟨0| 𝑐0(𝑡) |𝜓0(𝑡)⟩ .
(2.73)

Here 𝑉01 |0⟩ ⟨1| represents the coupling from state |1⟩ to state |0⟩, 𝑉10 |1⟩ ⟨0| represents
the coupling from state |0⟩ to state |1⟩, and we have introduced the short-hand notation
𝜕𝑡 ≡ 𝜕∕𝜕𝑡.
Recalling that |𝜓0⟩ = 𝑒𝑖𝜔0𝑡∕2 |0⟩ and |𝜓1⟩ = 𝑒−𝑖𝜔0𝑡∕2 |1⟩, the top equation in (2.73), can

be written in the somewhat simplified form

𝑖ℏ𝜕𝑡 (𝑐0(𝑡) |𝜓0(𝑡)⟩) =ℋ0𝑐0(𝑡) |𝜓0(𝑡)⟩ + 𝑉01𝑐1(𝑡)𝑒−𝑖𝜔0𝑡∕2 |0⟩ . (2.74)

Expanding the derivative on the left-hand-side gives

𝑖ℏ𝑐0(𝑡)𝜕𝑡 |𝜓0(𝑡)⟩ + 𝑖ℏ |𝜓0(𝑡)⟩ 𝜕𝑡𝑐0(𝑡) =

ℋ0𝑐0(𝑡) |𝜓0(𝑡)⟩ + 𝑉01𝑐1(𝑡)𝑒−𝑖𝜔0𝑡∕2 |0⟩ .
(2.75)

Recognizing that the first terms on both sides of the equation are equal owing to the
unperturbed Schrödinger equation, and multiplying from the left by ⟨0| gives

𝜕𝑡𝑐0 = −𝑖
𝑉01

ℏ
𝑒−𝑖𝜔0𝑡𝑐1. (2.76)

Following a similar procedure with the second equation leads to

𝜕𝑡𝑐1 = −𝑖
𝑉10

ℏ
𝑒𝑖𝜔0𝑡𝑐0. (2.77)

These represent two coupled equations that must be solved simultaneously.
Up to this point, we have not put any constraints on 𝑉01 and 𝑉10. To explore the

relationship between these two quantities, recall that the sum of the probabilities that
the system is in one state or the other must sum to 1:

𝑐∗0𝑐0 + 𝑐∗1𝑐1 = 1. (2.78)

It follows that the time derivative of this expression must be zero:

𝜕𝑡
(
𝑐∗0𝑐0 + 𝑐∗1𝑐1

)
= 0, (2.79)

or

𝑐∗0𝜕𝑡𝑐0 + 𝑐0𝜕𝑡𝑐∗0 + 𝑐∗1𝜕𝑡𝑐1 + 𝑐1𝜕𝑡𝑐∗1 = 0. (2.80)

This can be interpreted as requiring “conservation of probability” in the system.
Substituting expressions for the derivatives from (2.76) and (2.77) and simplifying
gives

𝑖𝑐0𝑐∗1𝑒
𝑖𝜔0𝑡 (𝑉01 − 𝑉10) + 𝑐.𝑐. = 0, (2.81)

where 𝑐.𝑐. represents the complex conjugate of the first term.We see then that imposing
the conservation of probability condition requires 𝑉01 = 𝑉10 ≡ 𝑉. With this condition,
the Hamiltonian represented by the right-hand-side of Eq. (2.73) can be written

ℋ = −12ℏ𝜔0𝜎𝑧 + 𝑉𝜎𝑥,

=ℋ0 + 𝒱 .
(2.82)
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2.2.3 Creating Rotations: Rabi Oscillations

2.2.3.1 Rotation Operator Approach
Suppose we consider a time-varying coupling term of the form

𝑉(𝑡) = ℏΩ𝑅 cos (𝜔𝑑𝑡 − 𝛾), (2.83)

where𝜔𝑑 and 𝛾 are the amplitude and phase, respectively, of an RF drive signal applied
to couple the qubit states. The Hamiltonian (2.82) then becomes

ℋ = −
ℏ𝜔0
2 𝜎𝑧 + ℏΩ𝑅 cos (𝜔𝑑𝑡 − 𝛾)𝜎𝑥. (2.84)

Recall from our previous discussion that the state vector of a superposition state pre-
cesses in a CW direction when viewed from the positive 𝑧 axis. It is convenient to
introduce a coordinate system rotating with the state vector so that the vector appears
fixed in the rotating system. We know that the state vector can be rotated about the
𝑧 axis using the unitary 𝑅𝑧(𝜙) (2.34). This is sometimes called an active rotation. To
rotate the coordinate system instead, we use the inverse unitary, effectively cancelling
the apparent rotation of the state. This is referred to as a passive rotation. The state
vector in the rotating system can therefore be written

|𝜓(𝑡)⟩𝑟 = 𝑅†𝑧(𝜙) |𝜓(𝑡)⟩ . (2.85)

Since Schrödinger’s equationmust also be satisfied in the rotating frame, let usmultiply
by 𝑖ℏ and take the time derivative:

𝑖ℏ𝜕𝑡 |𝜓⟩𝑟 = 𝑖ℏ𝜕𝑡
(
𝑅†𝑧 |𝜓⟩

)

= 𝑖ℏ𝑅̇†𝑧 |𝜓⟩ + 𝑅†𝑧 (𝑖ℏ𝜕𝑡 |𝜓⟩)

= 𝑖ℏ𝑅̇†𝑧𝑅𝑧𝑅
†
𝑧 |𝜓⟩ + 𝑅†𝑧ℋ |𝜓⟩

= 𝑖ℏ𝑅̇†𝑧𝑅𝑧 |𝜓⟩𝑟 + 𝑅†𝑧ℋ𝑅𝑧𝑅
†
𝑧 |𝜓⟩

= 𝑖ℏ𝑅̇†𝑧𝑅𝑧 |𝜓⟩𝑟 + 𝑅†𝑧ℋ𝑅𝑧 |𝜓⟩𝑟
=ℋ𝑟 |𝜓⟩𝑟 ,

(2.86)

where

ℋ𝑟 = 𝑖ℏ𝑅̇†𝑧𝑅𝑧 + 𝑅†𝑧ℋ𝑅𝑧. (2.87)

In the above calculations we have used the property 𝑅𝑧𝑅
†
𝑧 = 1, and the fact that |𝜓⟩ sat-

isfies the Schrödinger equation in the laboratory frame. Since the state vector rotation
is given by 𝜙 = −𝜔0𝑡,

𝑅†𝑧(−𝜔0𝑡) = 𝑅𝑧(𝜔0𝑡) = 𝑒−𝑖
𝜔0 𝑡
2
𝜎𝑧 . (2.88)

The first term of the Hamiltonian in the rotating frame (2.87) can now be written

𝑖ℏ𝑅̇†𝑧𝑅𝑧 = 𝑖ℏ(−𝑖
𝜔0
2 𝜎𝑧)𝑅

†
𝑧𝑅𝑧 = +

ℏ𝜔0
2 𝜎𝑧. (2.89)

To evaluate the remaining terms in the rotating frame Hamiltonian, we have

𝑅†𝑧(−𝜔0𝑡)𝜎𝑧𝑅𝑧(−𝜔0𝑡) = 𝜎𝑧, (2.90)
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and

𝑅†𝑧(−𝜔0𝑡)𝜎𝑥𝑅𝑧(−𝜔0𝑡) = [
0 𝑒−𝑖𝜔0𝑡

𝑒𝑖𝜔0𝑡 0 ] . (2.91)

Putting the pieces of the rotating frame Hamiltonian (2.87) together gives

ℋ𝑟 = +
ℏ𝜔0
2 𝜎𝑧 −

ℏ𝜔0
2 𝜎𝑧 + ℏΩ𝑅 cos (𝜔𝑑𝑡 − 𝛾) [

0 𝑒−𝑖𝜔0𝑡

𝑒𝑖𝜔0𝑡 0 ]

=
ℏΩ𝑅
2 [

0 𝑒𝑖(𝜔𝑑−𝜔0)𝑡−𝑖𝛾 + 𝑒−𝑖(𝜔𝑑+𝜔0)𝑡+𝑖𝛾

𝑒𝑖(𝜔𝑑+𝜔0)𝑡−𝑖𝛾 + 𝑒−𝑖(𝜔𝑑−𝜔0)𝑡+𝑖𝛾 0 ] .

(2.92)

Normally the drive frequency 𝜔𝑑 will be close to the resonant frequency 𝜔0. Conse-
quently this Hamiltonian expression contains frequencies close to zero, and frequen-
cies on the order of twice𝜔0. The high frequency oscillations will tend to average out on
the scale of a gate operation, so we neglect these terms going forward. This is called the
rotating wave approximation. Making this approximation and manipulating the form
gives

ℋ𝑟 =
ℏΩ𝑅
2 [

0 𝑒𝑖(∆𝑡−𝛾)
𝑒−𝑖(∆𝑡−𝛾) 0 ] , (2.93)

where ∆ = 𝜔𝑑 − 𝜔0. If the drive frequency equals the qubit resonant frequency, then
we have

ℋ𝑟 =
ℏΩ𝑅
2 [

0 𝑒−𝑖𝛾

𝑒+𝑖𝛾 0 ]

=
ℏΩ𝑅
2

(
cos(𝛾)𝜎𝑥 + sin(𝛾)𝜎𝑦

)

=
ℏΩ𝑅
2 𝐧̂ ⋅ 𝝈,

(2.94)

where

𝐧̂ = 𝐱̂ cos 𝛾 + 𝐲̂ sin 𝛾. (2.95)

The time evolution of the state vector in the rotating frame is therefore

|𝜓(𝑡)⟩𝑟 = 𝑒−𝑖ℋ𝑟𝑡∕ℏ |𝜓(0)⟩𝑟 = 𝑒−𝑖
Ω𝑅𝑡
2
𝐧̂⋅𝝈 |𝜓(0)⟩𝑟 . (2.96)

We see that the unitary operator describing the time evolution is simply a rotation
through the angle Ω𝑅𝑡 about the axis 𝐧̂. As an example, for rotations about the 𝑥 axis,
the matrix form of the unitary is

𝑒−𝑖
Ω𝑅𝑡
2
𝜎𝑥 = [

cos (Ω𝑅𝑡∕2) −𝑖 sin (Ω𝑅𝑡∕2)
−𝑖 sin (Ω𝑅𝑡∕2) cos (Ω𝑅𝑡∕2)

] . (2.97)

If we start in the ground state |0⟩, the time evolution of the coefficients of the two states
is given by

[
𝑐0(𝑡)
𝑐1(𝑡)

] = [
cos (Ω𝑅𝑡∕2) −𝑖 sin (Ω𝑅𝑡∕2)
−𝑖 sin (Ω𝑅𝑡∕2) cos (Ω𝑅𝑡∕2)

] [
1
0]

= [
cos (Ω𝑅𝑡∕2)
−𝑖 sin (Ω𝑅𝑡∕2)

] . (2.98)
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It follows that the probability of measuring the qubit in one state or the other is given
by (upper graph in Figure 2.5):

𝑃0 = |||𝑐0(𝑡)|||
2 = (cos (Ω𝑅𝑡∕2))

2 = 1
2 (1 + cos (Ω𝑅𝑡))

𝑃1 = |||𝑐1(𝑡)|||
2 = (sin (Ω𝑅𝑡∕2))

2 = 1
2 (1 − cos (Ω𝑅𝑡)) .

(2.99)

2.2.3.2 Rotations about z
Rotations about 𝑧 are different from the rotations about 𝑥, 𝑦 owing to the relationship
between the rotating frame and the precession. One way that a 𝑧 rotation could be
realized is to simply detune 𝜔𝑑 from 𝜔0 by a small amount. This would cause a relative
shift between the state vector and the rotating frame that would increase in time.When
the desired phase shift is accumulated, then control pulses return to the condition
𝜔𝑑 = 𝜔0.
However, a more precise way to realize a 𝑧 rotation is simply to control the phase of

the generator. We see from (2.94) that the drive signal phase 𝛾 enables the placement of
the axis of rotation for the Rabi oscillation anywhere in the 𝑥−𝑦 plane. This effectively
implements an arbitrary 𝑧 rotation. With modern signal generators, the phase can be
changed essentially instantaneously and with negligible error [4].

2.2.3.3 Coupled-Mode Theory Approach
Let us return to the coupled equations (2.76) and (2.77), and consider solving them
directly as an alternate way to obtain the behavior of the system. Substituting the
driving term (2.83) into the first coupled equation (2.76) gives

𝜕𝑡𝑐0 = −𝑖Ω𝑅 cos (𝜔𝑑𝑡 − 𝛾)𝑒−𝑖𝜔0𝑡𝑐1

= −𝑖
Ω𝑅
2
(
𝑒𝑖(𝜔𝑑𝑡−𝛾) + 𝑒−𝑖(𝜔𝑑𝑡−𝛾)

)
𝑒−𝑖𝜔0𝑡𝑐1

= −𝑖
Ω𝑅
2
(
𝑒𝑖(𝜔𝑑−𝜔0)𝑡−𝑖𝛾 + 𝑒−𝑖(𝜔𝑑+𝜔0)𝑡+𝑖𝛾

)
𝑐1.

(2.100)

Noting that on the scale of a cycle of𝜔𝑑−𝜔0 the high frequency oscillations from the last
term in (2.100) will approximately average to zero, we can once again apply the rotating
wave approximation andneglect the high frequency term. The coupled equation (2.100)
can then be approximated by

𝜕𝑡𝑐0 = −𝑖
Ω𝑅
2 𝑒𝑖∆𝑡−𝑖𝛾𝑐1, (2.101)

where ∆ = 𝜔𝑑 − 𝜔0. Following a similar procedure, Eq. (2.77) in the rotating wave
approximation becomes

𝜕𝑡𝑐1 = −𝑖
Ω𝑅
2 𝑒−𝑖∆𝑡+𝑖𝛾𝑐0. (2.102)
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Equations (2.101) and (2.102) can be written as the coupled-mode equations5

𝜕𝑡𝑐0 = 𝜅01𝑐1𝑒𝑖∆𝑡, (2.103)

𝜕𝑡𝑐1 = 𝜅10𝑐0𝑒−𝑖∆𝑡, (2.104)

where

𝜅01 = −𝑖
Ω𝑅
2 𝑒−𝑖𝛾 = −𝜅∗10. (2.105)

Solving (2.103) for 𝑐1 and substituting into (2.104) gives a second-order differential
equation for 𝑐0:

𝑐0 − 𝑖∆𝑐̇0+ ∣ 𝜅 ∣2 𝑐0 = 0, (2.106)

where ∣ 𝜅01 ∣=∣ 𝜅10 ∣=∣ 𝜅 ∣, and ∣ 𝜅 ∣= Ω𝑅∕2.
Exponential solutions of (2.106) can be obtained from the roots of the corresponding

characteristic equation

𝑟2 − 𝑖∆𝑟+ ∣ 𝜅 ∣2= 0. (2.107)

The roots of this equation are

𝑟𝑎,𝑏 = 𝑖
(
∆ ±

√
∆2 + 4 ∣ 𝜅 ∣2

)
∕2

= 𝑖 (∆ ± Ω) ∕2,
(2.108)

where

Ω =
√
∆2 + 4 ∣ 𝜅 ∣2 =

√
∆2 +Ω2

𝑅. (2.109)

Two independent exponential solutions are therefore

𝑐0𝑎 = 𝑒𝑖(∆∕2)𝑡+𝑖Ω𝑡∕2, 𝑐0𝑏 = 𝑒𝑖(∆∕2)𝑡−𝑖Ω𝑡∕2. (2.110)

Taking the sum and difference of these expressions allows us to obtain alternate
independent solutions as

𝑐0𝑎 = 𝑒𝑖(∆∕2)𝑡 cos (Ω𝑡∕2), 𝑐0𝑏 = 𝑒𝑖(∆∕2)𝑡 sin (Ω𝑡∕2). (2.111)

The general solution can be expressed as an arbitrary linear combination of these two
independent solutions. Consequently we can write

𝑐0(𝑡) = 𝑒𝑖(∆∕2)𝑡 (𝐴 cos (Ω𝑡∕2) + 𝐵 sin (Ω𝑡∕2)) . (2.112)

The general expression for 𝑐1 can be obtained from (2.103). After some straightforward
algebra, the solutions can be expressed in terms of the initial values at 𝑡 = 0:

𝑐0(𝑡) = 𝑒𝑖(∆∕2)𝑡 [𝑐0(0) cos (Ω𝑡∕2) +
2𝜅01𝑐1(0) − 𝑖∆𝑐0(0)

Ω
sin (Ω𝑡∕2)] , (2.113)

𝑐1(𝑡) = 𝑒−𝑖(∆∕2)𝑡 [𝑐1(0) cos (Ω𝑡∕2) +
2𝜅10𝑐0(0) + 𝑖∆𝑐1(0)

Ω
sin (Ω𝑡∕2)] . (2.114)

5 Researchersworkingwith integrated optical devices ormicrowave circuits and devicesmay recognize
(2.101) and (2.102) from coupled-mode theory; e.g., see [5–7].
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Figure 2.5 Solutions to the coupled mode equations for ∆ = 0 and ∆∕𝜅 = 3. For the case of
Rabi oscillations, |𝜅t| = ΩRt∕2.

As an example, consider the case 𝑐0(0) = 1, 𝑐1(0) = 0. The probabilities of obtaining
the states are

|𝑐0(𝑡)|2 = cos2(Ω𝑡∕2) + (∆
Ω
)
2

sin2(Ω𝑡∕2), (2.115)

|𝑐1(𝑡)|2 = (2|𝜅|
Ω

)
2

sin2(Ω𝑡∕2). (2.116)

These solutions are plotted for the two cases ∆ = 0 and ∆∕𝜅 = 3 in Figure 2.5. Note
that significant coupling only occurs when ∆ ≈ 0.

2.3 Quantum State Tomography

Supposewehave executed several rotation commands on a qubit by applying the appro-
priate RF pulses. How can we verify if we obtained the state we intended? Referring to
Figure 2.3, we could determine the state |𝜓⟩ if we could measure the projection of the
state on each axis. As we have discussed, making a measurement on the state will col-
lapse the state onto either |0⟩ or |1⟩with probabilities determined by the squares of the
magnitudes of the amplitudes of these components of the state. To estimate these prob-
abilities, we need to prepare and measure the same state a large number of times. The
percentage of times we obtain |0⟩ allows us to estimate this probability, and similarly
for |1⟩. This suggests that we could obtain the angle 𝜃 from the calculation

cos 𝜃 = 𝑃0(|𝜓⟩) − 𝑃1(|𝜓⟩), (2.117)

where 𝑃0(|𝜓⟩) is the probability of obtaining |0⟩ and 𝑃1(|𝜓⟩) is the probability of obtain-
ing |1⟩when the state |𝜓⟩ ismeasured. But if we can onlymeasure the projections along
the 𝑧 axis, how do we determine the projections along 𝑥 and 𝑦?We can do this by rotat-
ing the state vector so that the component we want to measure is along 𝑧. For example,
consider a rotation of 𝜋 around the axis 𝐧̂ = (𝐱̂ + 𝐲̂)∕

√
2, as shown in Figure 2.6(a).
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Figure 2.6 Rotations enabling measurement of the projections of the state vector along the x
and y axes. (a) The Hadamard gate corresponds to rotation of the state vector around an axis in
the x–z plane making a 45o angle with the z axis. This rotates the x component to z axis. (b) z
rotation of −90o followed by a Hadamard rotation to estimate the projection along y.

From (2.31) we have

𝑈𝑛(𝜋) = 𝐼 cos 𝜋2 − 𝑖 1√
2
(𝜎𝑥 + 𝜎𝑧) sin

𝜋
2

= −𝑖 1√
2
(𝜎𝑥 + 𝜎𝑧)

= −𝑖 1√
2
[
1 1
1 −1]

= −𝑖𝐻.

(2.118)

Apart from a global phase, we see that this rotation is represented simply by the
Hadamard gate. To see why this rotation is of interest, recall that the state represented
by a vector along 𝑥 is |+⟩ = (|0⟩+ |1⟩)∕

√
2, and the state represented by a vector along

−𝑥 is |−⟩ = (|0⟩ − |1⟩)∕
√
2. Applying a Hadamard gate to these states gives

𝐻 |+⟩ = 1
√
2
[
1 1
1 −1]

1
√
2
[
1
1]

= [
1
0]

= |0⟩ , (2.119)

and

𝐻 |−⟩ = 1
√
2
[
1 1
1 −1]

1
√
2
[
1
−1]

= [
0
1]

= |1⟩ . (2.120)

We see then that the Hadamard gate rotates the state vector so that its 𝑥 component
lies along the 𝑧 axis. Subsequently making measurements enables the component of
the state vector along 𝑥 to be estimated. Thus we can write

sin 𝜃 cos𝜙 = 𝑃0(𝐻 |𝜓⟩) − 𝑃1(𝐻 |𝜓⟩). (2.121)

Finally, we can estimate the projection along the 𝑦 axis by first rotating the 𝑦 axis
into the 𝑥 axis using a 𝑧 rotation of −𝜋∕2, followed by a Hadamard gate to again rotate
𝑥 into 𝑧 as shown in Figure 2.6(b). Note that the 𝑧 rotation operator can be written

𝑅𝑧(𝜙) = 𝑒−𝑖𝜙∕2 [
1 0
0 𝑒𝑖𝜙]

≡ 𝑒−𝑖𝜙∕2𝑃(𝜙), (2.122)



44 2 Physics of Single Qubit Gates

where 𝑃(𝜙) is called a phase gate, and introduces a phase shift of 𝜙 between the states
|0⟩ and |1⟩.6 When written this way it is easy to see that a 𝑍 gate is created by a rotation
of 𝜋 (cf. (2.47)). At this point it is convenient to introduce another gate, 𝑆 = 𝑍1∕2:

𝑆 = [
1 0
0 𝑖]

. (2.123)

In terms of this gate, we see that a 𝑧 rotation of −𝜋∕2 is represented by 𝑆†:

𝑃(−𝜋∕2) = [
1 0
0 −𝑖]

= 𝑆†. (2.124)

We conclude that to estimate the projection along the 𝑦 axis, we apply the operator𝐻𝑆†

followed by a measurement. Similar to before we can therefore write

sin 𝜃 sin𝜙 = 𝑃0(𝐻𝑆† |𝜓⟩) − 𝑃1(𝐻𝑆† |𝜓⟩), (2.125)

and the azimuth angle 𝜙 on the Bloch sphere can be estimated from7

tan𝜙 =
𝑃0(𝐻𝑆† |𝜓⟩) − 𝑃1(𝐻𝑆† |𝜓⟩)
𝑃0(𝐻 |𝜓⟩) − 𝑃1(𝐻 |𝜓⟩)

. (2.126)

Having estimated both 𝜃 and 𝜙 enables us to locate the state vector on the Block sphere,
and we can express the state vector in the 𝑧 basis using (2.40).

2.4 Expectation Values and the Pauli Operators

In Section 2.2.2.2 we considered the case where the state vector represented the spin
of a particle. To find the expectation values of the 𝑥, 𝑦, 𝑧 components of the spin, we
applied the relevant Pauli operator to the state vector. In other words, to obtain the
expected value of the 𝑥 component we calculated ⟨𝜓|𝜎𝑥 |𝜓⟩, and similarly for 𝑦 and 𝑧.
Based on this, one might think that to construct a quantum circuit to measure the

𝑥 component of a qubit state vector, it would be necessary to apply 𝜎𝑥 (i.e., an X gate)
to the qubit of interest prior to measurement. However, from the previous section we
see that simply preparing a state multiple times and taking the average of the mea-
surements yields an estimate for the 𝑧 component. Similarly, to estimate the 𝑥 or 𝑦
components, it is simply necessary to perform suitable rotations to align the desired
component with the 𝑧 axis, then again prepare and measure the state multiple times
to estimate the average. Said differently, ⟨𝜓|𝜎𝑥 |𝜓⟩ represents mathematical operations
that yield the expected value of the 𝑥 component of spin—or more generally of the
state vector. But by definition, (an approximation to) the expectation value is obtained
by taking a large number of measurements of the 𝑥 component and averaging them.
Since in quantum computing we actually take measurements, we obtain estimates of
the state vector components by taking the averages of large numbers of measurements,
rather than doing calculations involving the Pauli matrices.

6 For a single qubit operation, the difference between𝑅𝑧 and𝑃 is a global phase, and is inconsequential.
However, in multi-qubit states, 𝑅𝑧 and 𝑃 may not be equivalent.
7 Note that a 4-quadrant arctangent function should be used to invert this relation, in general.
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As an example, suppose we prepared and measured an identical state𝑁 times (each
time is referred to as a “shot”). Out of these shots, |0⟩ is measured 𝑁0 times, and |1⟩ is
measured𝑁1 times, where𝑁0 +𝑁1 = 𝑁. We obtain an estimate of the 𝑧 component of
the state as follows:

⟨𝜓|𝜎𝑧 |𝜓⟩ = cos 𝜃 = 𝑃0(|𝜓⟩) − 𝑃1(|𝜓⟩) ≈
𝑁0 −𝑁1

𝑁 . (2.127)

Clearly the more shots we execute (larger 𝑁), the better estimate of the 𝑧 component
we obtain. Tomake this more quantitative, we note that by the Central Limit Theorem,
as𝑁 becomes large, the variance of the estimate is 𝜎2∕𝑁, where the variance of an indi-
vidual measurement is 𝜎2. Since the measurement can only yield ±1, we can estimate
an upper limit on the error as the sample standard deviation 1∕

√
𝑁. These ideas are

explored in more detail in Exercise 2.1.

2.5 Density Matrix

Before we move to more complex qubit interactions, it is useful to introduce another
representation of a quantum state, known as a density matrix or density operator.8 The
density matrix is a generalization of the state vector representation. It can represent a
larger set of possible quantum states, including those that do not lie on the surface of
the Bloch sphere.
Until now, we have only considered states that lie on the surface of the Bloch sphere,

so let’s begin there. Such a state is known as a pure state. As we know, it can be precisely
represented as a two-element state vector |𝜓⟩, and the density matrix 𝜌 is defined as:

𝜌 ≡ |𝜓⟩⟨𝜓| . (2.128)

Rather than a two-element vector, 𝜌 is a 2 × 2-element matrix. Following the
definition, here are the density matrices for some states that we have encountered
before:

|0⟩⟨0| = [
1
0]
[
1 0

]
= [

1 0
0 0]

(2.129)

|1⟩⟨1| = [
0
1]
[
0 1

]
= [

0 0
0 1]

(2.130)

|+⟩⟨+| = (
1
√
2
[
1
1]) (

1
√
2

[
1 1

]
) =

1
2 [

1 1
1 1]

(2.131)

|−⟩⟨−| = (
1
√
2
[
1
−1]) (

1
√
2

[
1 −1

]
) =

1
2 [

1 −1
−1 1 ]

. (2.132)

8 Density operator is a more general term, as the density matrix depends on the choice of basis
vectors for the state space. Since we restrict ourselves to the standard basis, we will use the terms
interchangeably.
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Note that basis states (|0⟩ and |1⟩) have no off-diagonal entries, but superposition states
(|+⟩ and |−⟩) do. Also note that the diagonal entries 𝜌𝑗𝑗 represent the probability of
measuring state |𝑗⟩ in the standard basis. Therefore the sum of the diagonal entries,
also known as the trace of the matrix, will always be 1.

Tr(𝜌) =
∑

𝑗
𝜌𝑗𝑗 = 1. (2.133)

For a general state |𝜓⟩ = cos 𝜃
2
+ 𝑒𝑖𝜙 sin 𝜃

2
,

|𝜓⟩⟨𝜓| =
⎡
⎢
⎢
⎣

cos2 𝜃

2
𝑒−𝑖𝜙 sin 𝜃

2
cos 𝜃

2

𝑒𝑖𝜙 sin 𝜃

2
cos 𝜃

2
sin2 𝜃

2

⎤
⎥
⎥
⎦

. (2.134)

One feature of the density matrix is that it can also represent quantum states that are
not on the surface of the Bloch sphere, and thus cannot be defined by a state vector.
Such states are known asmixed states. One example of a mixed state is the description
of the state of one qubit that is part of an entangled group of qubits. We will defer that
discussion until after we discuss two-qubit states and gates in more detail.
The second example is when the state is described as a probabilistic ensemble of pure

states, each with a specified probability. For example, suppose we prepare a qubit in
the |0⟩ state, but there is a 10% probability that our preparation is faulty, and the qubit
actually ends up in the |1⟩ state. (This is very bad hardware that should probably be
retired.) If we want to model the uncertainty in that qubit’s state, we use the following
definition of the density matrix:

𝜌 ≡
∑

𝑖
𝑝𝑖 |𝜓𝑖⟩⟨𝜓𝑖| , (2.135)

where 𝑝𝑖 is the probability of being in state |𝜓𝑖⟩. For our particular example,

|𝜓0⟩ = |0⟩ , 𝑝0 = 0.90 (2.136)

|𝜓1⟩ = |1⟩ , 𝑝1 = 0.10 (2.137)

𝜌 = 0.90 |0⟩⟨0| + 0.10 |1⟩⟨1|

= [
0.90 0
0 0.10]

.
(2.138)

We can distinguish a pure state from a mixed state using the trace of 𝜌2:

Tr(𝜌2) =
⎧

⎨
⎩

1 if a pure state
< 1 if a mixed state.

(2.139)

You can verify that this is true for the pure and mixed states shown above.
With respect to the Bloch sphere, a mixed state lies inside the surface; a vector from

the origin to the point representing the mixed state is not a unit vector. Any density
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Figure 2.7 (a) Bloch sphere representation of a mixed state, and (b) the result of applying a
Hadamard gate (H) to the mixed state. Plots generated using Qiskit [2].

matrix can be written in the following form:

𝜌 = 1
2 [

1 + 𝑧 𝑥 − 𝑖𝑦
𝑥 + 𝑖𝑦 1 − 𝑧 ]

(2.140)

= 1
2
(
𝐼 + 𝑥𝜎𝑥 + 𝑦𝜎𝑦 + 𝑧𝜎𝑧

)
, (2.141)

where 𝑥, 𝑦, and 𝑧 are the Cartesian coordinates in the Bloch sphere representation.
(For the proof, see Rieffel and Polak [8], Section 10.1.3.) Using our simple mixed-state
example above, the Bloch vector coordinates are (0, 0, 0.8), shown in Figure 2.7, which
is clearly not a unit vector.
How does the density matrix change when a unitary𝑈 is applied to a quantum state?

Each state |𝜓𝑖⟩ in the ensemble becomes 𝑈 |𝜓𝑖⟩, so the new density matrix is

𝜌′ =
∑

𝑖
𝑝𝑖𝑈 |𝜓𝑖⟩⟨𝜓𝑖|𝑈† = 𝑈𝜌𝑈†. (2.142)

As with the state vector, the unitary does not change the length of the Bloch vector
associated with the state, only its orientation.
To illustrate, let’s apply the Hadamard gate to our examplemixed state, recalling that

𝐻 = 𝐻†.

𝜌′ = 𝐻𝜌𝐻

= 1
2 [

1 1
1 −1] [

0.90 0
0 0.10] [

1 1
1 −1]

= 1
2 [

1 1
1 −1] [

0.90 0.90
0.10 −0.10]

= 1
2 [

1 0.8
0.8 1 ]

= [
0.5 0.4
0.4 0.5]

.

(2.143)

TheBloch coordinates for 𝜌′ are (0.8, 0, 0)—the𝑥 and 𝑧 coordinates have been swapped,
as expected.
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Finally, we want to be clear to distinguish a mixed state from a pure superposition
state. Because the notion of probabilities factors into both, there can be some confusion.
The following example illustrates the difference.
First, consider a pure state defined by a state vector:

|𝜓⟩ = 1
√
2
|0⟩ + 1

√
2
|1⟩ . (2.144)

Next, consider the state represented by a density matrix:

𝜌 = 1
2 |0⟩⟨0| +

1
2 |1⟩⟨1|

= [
0.5 0
0 0.5]

.
(2.145)

If we measure |𝜓⟩, we have a 50% probability of observing |0⟩ and a 50% chance of
observing |1⟩. The same is true if we measure 𝜌: 50% |0⟩ and 50% |1⟩. So are the two
states the same?
Suppose we use state tomography (Section 2.3) to learn more about the state. We

measure |𝜓⟩ in the 𝑥 basis by first computing 𝐻 |𝜓⟩. This time we observe |0⟩ 100% of
the time, because 𝐻 |𝜓⟩ = |0⟩. Then we measure 𝐻𝜌𝐻, and we see 50% |0⟩ and 50%
|1⟩. Why? First, we observe that 𝐻𝜌𝐻 = 𝜌, so the state has not changed. Second, we
consider that the mixed state is |0⟩ with 50% probability—measuring 𝐻 |0⟩ = |+⟩ will
yield 50% |0⟩ and 50% |1⟩. With 50% probability, the mixed state is |1⟩, and measuring
𝐻 |1⟩ = |−⟩ will also yield 50% |0⟩ and 50% |1⟩. Since this result is very different, it is
clear that the two states are not the same.
We can also compute the Bloch sphere coordinates for each state, which againmakes

it clear that these are very different. The coordinates for |𝜓⟩ are (1, 0, 0), while the
coordinates for 𝜌 are (0, 0, 0). Note that any rotation of 𝜌will not change its coordinates,
so measuring in any basis will result in the same 50–50 distribution of results. This is
known as a maximally mixed state, because we have no information about the state
along any axis. As a matter of fact, there are a number of different ensembles of pure
states that can lead to the same densitymatrix, whichwill bemade clear in Exercise 2.5.
While there is uncertainty in the measurement of either state, the kinds of uncer-

tainty are different. Measurement of |𝜓⟩ exhibits quantum uncertainty; we are uncer-
tain of the result because of the intrinsic nature of the quantum state and the nature
of measurement. The density matrix, however, represents classical uncertainty about
which quantum state was prepared.

2.6 Exercises

2.1 In this exercise we explore the statistics of the expected value obtained by exe-
cuting a large number of “shots” on a quantum circuit. We note that the result
of a measurement is either |0⟩ or |1⟩, which we can represent by +1 and −1,
respectively. A random variable 𝑍 with two possible values is an example of
a random variable with a two-point distribution, and the value of 𝑍 from the
𝑖th measurement we denote 𝑧𝑖 . According to the Central Limit Theorem, the
distribution of

∑
𝑖 𝑧𝑖∕𝑁 tends toward a Gaussian (Normal) distribution for large
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𝑁, with variance 𝜎2∕𝑁, where 𝜎2 is the variance of𝑍. In this exercise wewill find
an upper bound on the value of 𝜎2, and hence an upper bound on the standard
deviation estimate 𝜎∕

√
𝑁.

(a) Let Pr(𝑍 = 1) = 𝑝, and Pr(𝑍 = −1) = 1 − 𝑝. Find E[𝑍2] and E[𝑍].
(b) Find the variance Var[𝑍] = E[𝑍2] − E[𝑍]2.
(c) Show that the maximum value of the variance of 𝑍 is 1, so an upper bound

on the standard deviation of
∑

𝑖 𝑧𝑖∕𝑁 is 𝜎 ≤ 1∕
√
𝑁.

2.2 A particular state |𝜓⟩ has been prepared a large number of times, and the
following estimated probabilities are obtained from measurements: 𝑃0(|𝜓⟩) =
0.8, 𝑃1(|𝜓⟩) = 0.2, 𝑃0(𝐻 |𝜓⟩) = 0.7, 𝑃1(𝐻 |𝜓⟩) = 0.3, 𝑃0(𝐻𝑆† |𝜓⟩) = 0.6,
𝑃1(𝐻𝑆† |𝜓⟩) = 0.4. Find estimates of the angles 𝜃, 𝜙 locating the state on the
Bloch Sphere.

2.3 Show that 𝑋𝑌𝑋 = −𝑌 and use this to prove that 𝑋𝑅𝑦(𝜃)𝑋 = 𝑅𝑦(−𝜃) [9].

2.4 Consider the following definitions:

𝐴 ≡ 𝑅𝑧(𝜙)𝑅𝑦(𝜃∕2)

𝐵 ≡ 𝑅𝑦(−𝜃∕2)𝑅𝑧(−(𝜆 + 𝜙)∕2)

𝐶 ≡ 𝑅𝑧((𝜆 − 𝜙)∕2)

(a) Show that 𝐴𝐵𝐶 = 𝐼.
(b) Show that 𝐴𝑋𝐵𝑋𝐶 = 𝑅𝑧(𝜙)𝑅𝑦(𝜃)𝑅𝑧(𝜆). The purpose of this exercise is to

show that any single-qubit unitary 𝑈 can be implemented using 𝐴𝑋𝐵𝑋𝐶
with appropriate choices of 𝜙, 𝜃, and 𝜆, up to a global phase.

2.5 Consider these two pure states:

|𝑎⟩ =
√
0.90 |0⟩ +

√
0.10 |1⟩ , |𝑏⟩ =

√
0.90 |0⟩ −

√
0.10 |1⟩

Compute the densitymatrix 𝜌 = 1

2
|𝑎⟩⟨𝑎|+ 1

2
|𝑏⟩⟨𝑏|. Compare to Eq. (2.138). Does

a density matrix uniquely correspond to a particular ensemble of pure states?
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3

Physics of Two Qubit Gates

As mentioned in Chapter 1, distinguishing characteristics of quantum computing
include the use of the quantum mechanical phenomena of superposition and entan-
glement. The simplest manifestation of superposition is the case of a single qubit in a
statewith non-zero probabilities of getting either a 0 or a 1whenmeasured.We explored
the physics underlying the generation of such single-qubit gates in Chapter 2.
The simplest manifestation of entanglement is a two-qubit state that cannot be

expressed as a product of single-qubit states. The Bell State described in Section 1.6
is a classic example.
The CNOT gate that we used to create the Bell state combinedwith single-qubit gates

comprise a universal gate set—i.e., a set of gates capable of doing any arbitrary quan-
tum computation1 [10]. Further, it turns out that any two-qubit entangling gate along
with single-qubit gates is universal [11]. Consequently a number of entangling schemes
have been proposed. We will concentrate on two: (1) coupled qubits that have the same
frequency, and (2) coupled qubits with different frequencies where a signal at the fre-
quency of one is applied to the other. This latter scheme is referred to as cross-resonant
entanglement.

3.1
√
iSWAP Gate

It is helpful to begin this discussion by defining the SWAPgate and two of its cousins. As
the name implies, a SWAP gate simply interchanges the states on two qubits. In other
words, it makes the following transformations: |00⟩ → |00⟩, |01⟩ → |10⟩, |10⟩ → |01⟩,
and |11⟩→ |11⟩. It is represented by the matrix

SWAP =
⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎤
⎥
⎥
⎥
⎦

. (3.1)

1 Since any quantum computation can be represented by a unitary matrix, an equivalent definition of
a universal gate set is a set capable of representing any arbitrary unitary matrix.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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The 𝑖SWAP gate is similar, except when the qubit states are different: |01⟩ → 𝑖 |10⟩,
|10⟩→ 𝑖 |01⟩. Its matrix representation is

𝑖SWAP =
⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 0 𝑖 0
0 𝑖 0 0
0 0 0 1

⎤
⎥
⎥
⎥
⎦

. (3.2)

The reason for introducing the SWAP and 𝑖SWAP gates is really to motivate the√
𝑖SWAP:

√
𝑖SWAP =

⎡
⎢
⎢
⎢
⎢
⎣

1 0 0 0
0 1∕

√
2 𝑖∕

√
2 0

0 𝑖∕
√
2 1∕

√
2 0

0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎦

. (3.3)

As the name implies, it is straightforward to verify that
√
𝑖SWAP ⋅

√
𝑖SWAP = 𝑖SWAP.

The common symbols for these gates are shown in Figure 3.1.
As it turns out, a two-qubit gate very similar to the 𝑖SWAP occurs naturally when

two superconducting qubits are coupled with a capacitor [12]. This “natural” gate is
the same as the 𝑖SWAP except for the sign on the 𝑖 terms.2Wewill call this gate 𝑖SWAP′.
Its square root is given by

√
𝑖SWAP′ =

⎡
⎢
⎢
⎢
⎢
⎣

1 0 0 0
0 1∕

√
2 −𝑖∕

√
2 0

0 −𝑖∕
√
2 1∕

√
2 0

0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎦

. (3.4)

This is an entangling gate, since if we start off with either |01⟩ or |10⟩, we end up
with a superposition of the two states: a Bell state. It’s not pretty, but the

√
𝑖SWAP′

can be transformed into a CNOT (within an irrelevant phase factor) by the following
operations (see Exercise 3.1):

Figure 3.1 Common symbols for the SWAP, 𝑖SWAP, and
√
𝑖SWAP two-qubit gates.

2 Some authors, in fact, define the 𝑖SWAP with the negative signs in 𝑖; e.g., see [12, 13].
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Figure 3.2 Operations needed to convert a
√
𝑖SWAP′ gate to a CNOT.

CNOT = [𝐼 ⊗ 𝑅𝑦(−𝜋∕2)][𝑅𝑥(−𝜋∕2)⊗ 𝑅𝑥(𝜋∕2)]
√
𝑖SWAP′

⋅ [𝐼 ⊗ 𝑅𝑥(𝜋)]
√
𝑖SWAP′[𝐼 ⊗ 𝑅𝑦(𝜋∕2)].

(3.5)

The corresponding circuit is shown inFigure 3.2. Note that the order of the operations is
opposite that shown in (3.5) sincemathematically the operations begin by applying the
right-most operator to the state vector, while in the circuit the first operation appears
on the left with time increasing to the right.

3.2 Coupled Tunable Qubits

We now turn our attention to the physics leading to the
√
𝑖SWAP′ gate. We begin by

considering the case of two coupled qubits with different frequencies, but that can be
tuned to the same frequency.3Wewill see that this systemnaturally generates entangled
states that can realize the

√
𝑖SWAP′ gate [12].

If the qubits are uncoupled, then the system state is simply represented by the
product of the single-qubit states:

|𝜓⟩2 = |𝜓𝐴⟩⊗ |𝜓𝐵⟩ (3.6)

where |𝜓𝐴⟩ and |𝜓𝐵⟩ satisfy

𝑖ℏ𝜕𝑡 |𝜓𝐴,𝐵⟩ =ℋ𝐴,𝐵 |𝜓𝐴,𝐵⟩ (3.7)

and the single-qubit Hamiltonians are

ℋ𝐴,𝐵 = −12ℏ𝜔𝐴,𝐵𝜎𝑧. (3.8)

Because the qubits are uncoupled, we could (for example) put qubit A in the state |1⟩
and qubit B in the state |0⟩ or vice versa, and the system would remain in this state for
all time.
Now consider what would happen if there were some mechanism coupling the two

qubits. If the frequencies were very different, then energy conservation would keep
them in the initial states regardless of the coupling.4

On the other hand, if the frequencieswere equal, then there is no fundamental reason
why a photon on qubit A could not make a transition to qubit B (assuming B is in
the ground state) in the presence of some coupling mechanism. In contrast, if both
qubits were in the ground state or both were in the excited state, then the states would
again remain stationary in time. In the first case there would be no energy to transfer,

3 We will see in Section 8.3 that tuning can be realized by applying a magnetic field to a qubit made
using two Josephson junctions configured as a superconducting quantum interference device (SQUID).
4 Here we are neglecting transitions owing to radiation or any other mechanism. If the only states
available have energies ℏ𝜔𝐴 and ℏ𝜔𝐵 , then we would have to either create or dispose of energy to make
the transition if 𝜔𝐴 ≠ 𝜔𝐵 .



54 3 Physics of Two Qubit Gates

and in the second case one might consider an exchange of photons, but since photons
are indistinguishable, the state must remain the same. We can summarize the possible
transitions as follows:

|𝜓00⟩→ |𝜓00⟩ , |𝜓01⟩↔ |𝜓10⟩ , |𝜓11⟩→ |𝜓11⟩ , (3.9)

where we have introduced the shorthand |𝜓0⟩ ⊗ |𝜓1⟩ = |𝜓01⟩ with the state of qubit
A on the left and qubit B on the right. Since the states |𝜓00⟩ and |𝜓11⟩ don’t really do
anything interesting, let’s concentrate on what happens to states |𝜓01⟩ and |𝜓10⟩.
Taking the energies of the states |𝜓0⟩ and |𝜓1⟩ to be −ℏ𝜔∕2 and ℏ𝜔∕2, respectively,

the state |𝜓01⟩must satisfy the Schrödinger equation

𝑖ℏ𝜕𝑡 |𝜓01⟩ = [ℋ𝐴 ⊗ 𝐼 + 𝐼 ⊗ℋ𝐵] |𝜓01⟩

= ℏ
2 (−𝜔𝐴 + 𝜔𝐵) |𝜓01⟩

(3.10)

while the state |𝜓10⟩must satisfy

𝑖ℏ𝜕𝑡 |𝜓10⟩ =
ℏ
2 (𝜔𝐴 − 𝜔𝐵) |𝜓10⟩ . (3.11)

In the presence of coupling, the state vector will not satisfy either of these equations,
but instead an equation with a Hamiltonian modified by an interaction term.
If the coupling is weak, it is reasonable to guess that the state at an arbitrary time

will look like a combination of these two uncoupled states. Since we suspect that
the system may transition between the states |𝜓10⟩ and |𝜓01⟩, let’s make an educated
guess that an approximation to the state might look like a sum of these states with
time-varying coefficients, similar to what we did when describing Rabi oscillations in
Section 2.2.2.3:

|𝜓⟩ = 𝑐01(𝑡) |𝜓01⟩ + 𝑐10(𝑡) |𝜓10⟩ . (3.12)

In this case the two Schrödinger equations need to be modified by adding terms that
couple the equations:

𝑖ℏ𝜕𝑡 (𝑐01(𝑡) |𝜓01⟩) =
ℏ
2 (−𝜔𝐴 + 𝜔𝐵)𝑐01(𝑡) |𝜓01⟩ + 𝜅 |01⟩ ⟨10| 𝑐10(𝑡) |𝜓10⟩ (3.13)

𝑖ℏ𝜕𝑡 (𝑐10(𝑡) |𝜓10⟩) =
ℏ
2 (𝜔𝐴 − 𝜔𝐵)𝑐10(𝑡) |𝜓10⟩ + 𝜅 |10⟩ ⟨01| 𝑐01(𝑡) |𝜓01⟩ . (3.14)

Here we have introduced 𝜅 as a phenomenological constant to describe the coupling.
Proceeding as we did in Section 2.2.2.3, we see that applying the product rule to the

time derivative on the left-hand-side generates two terms, one of which cancels the first
term on the right-hand-side. This leaves

𝑖ℏ𝜕𝑡 (𝑐01(𝑡)) |𝜓01⟩ = 𝜅𝑐10(𝑡) |01⟩ ⟨10|𝜓10⟩ (3.15)

𝑖ℏ𝜕𝑡 (𝑐10(𝑡)) |𝜓10⟩ = 𝜅𝑐01(𝑡) |10⟩ ⟨01|𝜓01⟩ . (3.16)

Recall that

|𝜓01⟩ = 𝑒𝑖ℏ(𝜔𝐴−𝜔𝐵)𝑡∕2 |01⟩

and

|𝜓10⟩ = 𝑒−𝑖ℏ(𝜔𝐴−𝜔𝐵)𝑡∕2 |10⟩ .
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Making this substitution and multiplying the first and second equations from the left
by ⟨01| and ⟨10|, respectively, leads to

𝑖ℏ𝜕𝑡𝑐01(𝑡) = 𝜅𝑐10(𝑡)𝑒+𝑖ℏ∆𝑡 (3.17)

𝑖ℏ𝜕𝑡𝑐10(𝑡) = 𝜅𝑐01(𝑡)𝑒−𝑖ℏ∆𝑡, (3.18)

where ∆ = 𝜔𝐵−𝜔𝐴. The coefficient 𝜅 will be determined by the details of the coupling.
In Chapter 6 we show that for qubits consisting of nonlinear LC circuits coupled by a
capacitor, 𝜅 = −𝑖𝑔 with 𝑔 > 0 (see (6.142) and (6.143)). These equations are then iden-
tical in form to the coupled qubit states (2.103) and (2.104)! It follows that the solutions
are also given by (2.114) with 𝑐0 → 𝑐01 and 𝑐1 → 𝑐10. Referring to Figure 2.5 we see that
significant state conversion only occurs when ∆ ≈ 0, or in other words when the qubit
frequencies are matched. In this case, the probability amplitudes evolve as (see (2.113)
and (2.114)):

𝑐01(𝑡) = 𝑐01(0) cos 𝑔𝑡 − 𝑖𝑐10(0) sin 𝑔𝑡,

𝑐10(1) = −𝑖𝑐01(0) sin 𝑔𝑡 + 𝑐10(0) cos 𝑔𝑡.
(3.19)

This can be conveniently written in matrix form:

[
𝑐01(𝑡)
𝑐10(𝑡)

] = [
cos 𝑔𝑡 −𝑖 sin 𝑔𝑡
−𝑖 sin 𝑔𝑡 cos 𝑔𝑡 ] [

𝑐01(0)
𝑐10(0)

] . (3.20)

Making use of the fact that the states |𝜓00⟩ and |𝜓11⟩ do not change with time, the
evolution of the entire 2-qubit system can be written as the 4 × 4matrix [12]:

⎡
⎢
⎢
⎢
⎣

𝑐00(𝑡)
𝑐01(𝑡)
𝑐10(𝑡)
𝑐11(𝑡)

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 cos 𝑔𝑡 −𝑖 sin 𝑔𝑡 0
0 −𝑖 sin 𝑔𝑡 cos 𝑔𝑡 0
0 0 0 1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑐00(0)
𝑐01(0)
𝑐10(0)
𝑐11(0)

⎤
⎥
⎥
⎥
⎦

. (3.21)

We see that for 𝑔𝑡 = 𝜋∕4 this matrix corresponds to the
√
𝑖SWAP′ gate.5 The coupling

can be effectively turned off by detuning the qubits. So the
√
𝑖SWAP′ gate is formed by

tuning the qubits to the same frequency, leaving them tuned for a time 𝑡 = 𝜋∕(4𝑔), and
then detuning them again.
The analysis showing how the coupling terms we have assumed arise from

capacitively-coupled superconducting qubits is presented in Sections 6.4.6 and 6.4.7.

3.3 Cross Resonance Scheme

Turning on and off the interaction by tuning the qubits requires tuning control lines in
addition to the RF signal lines. This additional complexity impacts the scalability of the
system. In contrast, the cross-resonance scheme uses fixed-frequency qubits with fixed
coupling, and controls the interaction with RF signals—simplifying qubit control [14,
15]. The key idea is that the frequency of qubit 2 is applied to qubit 1, or vice versa.
Owing to the coupling, qubit 2 exhibits Rabi oscillations as expected, but it also acquires

5 We also see that the
√
𝑖SWAP state is generated after a time 𝑔𝑡 = 7𝜋∕4.
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a phase that depends on the state of qubit 1. This provides the basic mechanism for
entanglement. This interaction can be controlled simply by varying the amplitude of
the applied drive field.
The approximate Hamiltonian for this system with the drive signal applied to qubit

1 is (see (2.84) and (6.155))

ℋ = −12ℏ𝜔1𝜎
𝑧
1 + ℏΩ1 cos(𝜔𝑑𝑡)𝜎𝑥1 −

1
2ℏ𝜔2𝜎

𝑧
2 +

1
2ℏ𝜔𝑥𝑥𝜎

𝑥
2𝜎

𝑥
1 . (3.22)

Here we have also made the substitution 𝑔 = 𝜔𝑥𝑥∕2 to facilitate comparison with the
literature [14].
It is worthwhile to pause for a moment to comment on various notations that are

in use. Equation (3.22) uses a shorthand for the Pauli operators. Written explicitly in
terms of tensor products this becomes

ℋ = −12ℏ𝜔1𝐼 ⊗ 𝜎𝑧 + ℏΩ1 cos(𝜔𝑑𝑡) 𝐼 ⊗ 𝜎𝑥

− 1
2ℏ𝜔2𝜎𝑧 ⊗ 𝐼 + 1

2ℏ𝜔𝑥𝑥𝜎𝑥 ⊗ 𝜎𝑥.
(3.23)

Yet anotherway ofwriting thiswhen the connection back to gates is desired is to replace
the Paulis with 𝑋,𝑌, 𝑍 (Recall from Chapter 1 that in our notation 𝑋 = 𝜎𝑥, etc.). In
addition, the tensor product symbol is often omitted, so the Hamiltonian can also be
written

ℋ = −12ℏ𝜔1𝐼𝑍 + ℏΩ1 cos(𝜔𝑑𝑡) 𝐼𝑋 − 1
2ℏ𝜔2𝑍𝐼 +

1
2ℏ𝜔𝑥𝑥𝑋𝑋. (3.24)

Setting 𝜔𝑑 = 𝜔2, making a series of unitary transformations, and applying the rotating
wave approximation [14], the effective Hamiltonian can be written

ℋeff =
ℏ𝜔𝑥𝑥
4

1
1 + (∆∕Ω1)2

(𝑋𝑋 + ∆
Ω1

𝑋𝑍) (3.25)

where ∆ = |𝜔1 − 𝜔2|. If the qubits are sufficiently detuned so that Ω1 ≪ ∆, we then
have

ℋeff ≈
Ω1ℏ𝜔𝑥𝑥
4∆ 𝑋𝑍. (3.26)

From Schrödinger’s equation, the time evolution of the state vector is given by

|𝜓(𝑡)⟩ = 𝑒−𝑖ℋ𝑡∕ℏ |𝜓(0)⟩

= exp (−𝑖Ω1𝜔𝑥𝑥𝑡𝑋𝑍∕(4∆)) |𝜓(0)⟩

≡ exp (−𝑖𝛽𝜋𝑋𝑍∕2) |𝜓(0)⟩

(3.27)

where we have introduced the parameter 𝛽 = Ω1𝜔𝑥𝑥𝑡∕(2𝜋∆). Using (2.31) to expand
the unitary operator, we have

|𝜓(𝑡)⟩ = [𝐼 cos(𝛽𝜋∕2) − 𝑖𝑋𝑍 sin(𝛽𝜋∕2)] |𝜓(0)⟩ . (3.28)

It is clear that if 𝛽 = 1, then

𝑒−𝑖ℋ𝑡∕ℏ = −𝑖𝑋𝑍, (3.29)

or for a general value of 𝛽:

𝑒−𝑖ℋ𝑡∕ℏ = (−𝑖𝑋𝑍)𝛽 = 𝑒−𝑖𝜋𝛽∕2(𝑋𝑍)𝛽 . (3.30)
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This is significant, since (𝑋𝑍)𝛽 alongwith the one-qubit unitaries comprises a universal
gate set for quantum computing [14]. In particular, for 𝛽 = 1∕2, we have (𝑋𝑍)1∕2 to
within a global phase factor, and this unitary can be used to generate a CNOT [14, 16]:

CNOT = (𝐼𝑍)−1∕2(𝑋𝑍)1∕2(𝑋𝐼)−1∕2. (3.31)

Alternatively, this can be written in terms of single-qubit rotations as

CNOT = [𝐼 ⊗ 𝑅𝑧(−𝜋∕2)][𝑋𝑍]1∕2[𝑅𝑥(−𝜋∕2)⊗ 𝐼]. (3.32)

To generate (𝑋𝑍)1∕2, we simply need to apply the excitation to qubit 1 for a time
duration of

𝑡 = 𝜋∆
Ω1𝜔𝑥𝑥

. (3.33)

We see that increasing the coupling 𝜔𝑥𝑥 or drive amplitudeΩ1 shortens the time inter-
val needed, while increasing the frequency separation of the qubits increases the time
interval needed.

3.4 Other Controlled Gates

The CNOT is a fundamental two-qubit gate and is necessary for universal quantum
computing. It plays a large role in the logic of quantum algorithms, and it often creates
entangled states, as we saw with the Bell states in Section 1.6 and Exercise 1.2.
It is often convenient to add a control signal to some other gate, such as controlled-

𝑍, controlled-𝐻, and so forth. We can do this with any single-qubit gate, as shown in
Figure 3.3. The matrix describing a controlled-𝑈 or CU gate is shown below; the sub-
scripts indicate the control qubit followed by the target qubit, while 𝑈𝑗𝑘 indicates the
matrix element (𝑗, 𝑘) of 𝑈.

CU0,1 =
⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 𝑈00 0 𝑈01
0 0 1 0
0 𝑈10 0 𝑈10

⎤
⎥
⎥
⎥
⎦

. (3.34)

We can implement a controlled-𝑈 gate using CNOT and single-qubit gates, using
a decomposition that is described in 2.4. First, recall the 𝑍𝑌𝑍 decomposition of a
unitary 𝑈:

𝑈 = 𝑒𝑖𝛼𝑅𝑧(𝜙)𝑅𝑦(𝜃)𝑅𝑧(𝜆). (3.35)

In this version, we include a global phase 𝛼. When the gate 𝑈 is only applied for basis
states in which the control qubit is |1⟩, then the global phase becomes a relative phase,
because it is not applied to all basis states.

Figure 3.3 Controlled-U gate. If the control qubit is |1⟩,
the U gate is applied to the target qubit. Otherwise, the gate is not applied.
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We then define unitaries 𝐴, 𝐵, and 𝐶:

𝐴 ≡ 𝑅𝑧(𝜙)𝑅𝑦(𝜃∕2)

𝐵 ≡ 𝑅𝑦(−𝜃∕2)𝑅𝑧(−(𝜆 − 𝜙)∕2)

𝐶 ≡ 𝑅𝑧((𝜆 + 𝜙)∕2)

(3.36)

which leads to the following relationships:

𝐴𝐵𝐶 = 𝐼 (3.37)

𝐴𝑋𝐵𝑋𝐶 = 𝑅𝑧(𝜙)𝑅𝑦(𝜃)𝑅𝑧(𝜆) (3.38)

𝑈 = 𝑒𝑖𝛼𝐴𝑋𝐵𝑋𝐶. (3.39)

First, consider how to add a global phase 𝛼 only if the control bit is |1⟩. The unitary
for the global phase is

𝑈𝛼 = 𝑒𝑖𝛼𝐼 = [
𝑒𝑖𝛼 0
0 𝑒𝑖𝛼]

, (3.40)

and the matrix for the controlled version is

CU𝛼 =
⎡
⎢
⎢
⎢
⎣

1 0 0 0
0 𝑒𝑖𝛼 0 0
0 0 1 0
0 0 0 𝑒𝑖𝛼

⎤
⎥
⎥
⎥
⎦

= [
1 0
0 1]

⊗ [
1 0
0 𝑒𝑖𝛼]

= 𝐼 ⊗ 𝑢1(𝛼).

(3.41)

In other words, we can perform a controlled global phase by simply applying a 𝑢1 gate
(Section 2.2.1.4) to the control qubit. This seems odd, but it does what we want: if the
control qubit is |0⟩, nothing happens; when the control qubit is |1⟩ the phase is applied,
keeping in mind that the phase affects the entire two-qubit state, not just the control
qubit.
Then we use Eq. (3.39) and implement the controlled-𝑈 using the circuit shown

in Figure 3.4. If the control qubit is |0⟩, then the CNOT gates are not applied and
𝐴𝐵𝐶 = 𝐼, so nothing happens. If the control qubit is |1⟩, then𝑈 is applied to the target
qubit.

Figure 3.4 Implementation of controlled-U gate using
Eq. (3.39).
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3.5 Two-Qubit States and the Density Matrix

We are now ready to resume our discussion of the density matrix as a representation of
a quantum state. The definition of the density matrix remains the same as before:

𝜌 =
∑

𝑗
𝑝𝑗 |𝜓𝑗⟩⟨𝜓𝑗| . (3.42)

If 𝜓𝑗 is a two-qubit state, then it is a four-element state vector and 𝜌 is a 4 × 4-element
matrix.Wedohave to reviewour definition of pure vs.mixed state, because our previous
definition involves the surface of the Bloch sphere. There is no Bloch sphere for a two-
qubit state, so a pure state is one that can be described as a linear superposition of
two-qubit state vectors. A mixed state is, again, an ensemble of pure states, each with
a probability. In other words, a pure state will only have one term in Eq. (3.42).
If we know the densitymatrices of each of the two qubits, they can be combined using

the tensor product to produce a combined density matrix. In the following equations,
we use 𝜌𝐴 to denote the density matrix of qubit𝐴, and we use 𝜌𝐴𝐵 to denote the density
matrix of the two-qubit state involving qubits 𝐴 and 𝐵.

𝜌𝐴𝐵 = 𝜌𝐴 ⊗ 𝜌𝐵 (3.43)

As an example, suppose qubit A is |1⟩ and qubit B is |+⟩. We can find the density
matrix 𝜌𝐴𝐵 in two ways:

𝜌𝐴𝐵 = |1+⟩⟨1+| =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0
0
1
√
2
1
√
2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

[
0 0 1

√
2

1
√
2

]

=

⎡
⎢
⎢
⎢
⎢
⎣

0 0 0 0
0 0 0 0
0 0 1

2

1

2

0 0 1

2

1

2

⎤
⎥
⎥
⎥
⎥
⎦

(3.44)

𝜌𝐴𝐵 = 𝜌0 ⊗ 𝜌1 = [
0 0
0 1]

⊗ 1
2 [

1 1
1 1]

=

⎡
⎢
⎢
⎢
⎢
⎣

0 0 0 0
0 0 0 0
0 0 1

2

1

2

0 0 1

2

1

2

⎤
⎥
⎥
⎥
⎥
⎦

.

(3.45)

Note that Tr(𝜌𝐴𝐵) = 1, and Tr((𝜌𝐴𝐵)2) = 1, which means it’s a pure state.
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Now let’s consider one of the Bell states: |Ψ+⟩ = 1∕
√
2(|01⟩+|10⟩). The densitymatrix

is:

𝜌𝐴𝐵 = (
|01⟩ + |10⟩

√
2

) (
⟨01| + ⟨10|

√
2

)

= |01⟩⟨01| + |01⟩⟨10| + |10⟩⟨01| + |10⟩⟨10|
2

= 1
2

⎡
⎢
⎢
⎢
⎣

0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

⎤
⎥
⎥
⎥
⎦

.

(3.46)

This is also a pure state, because Tr((𝜌𝐴𝐵)2) = 1. But it is not a product state—it cannot
be decomposed into a tensor product of two state vectors or a tensor product of two
density matrices.
However, the advantage of the density matrix representation is that we can compute

the density matrix of each qubit, even when the total state is not a product state. We do
this using an operation called a partial trace [17, 18]. To recover the state of qubit𝐴, we
“trace out” qubit 𝐵 from the two-qubit density matrix:

𝜌𝐴 = Tr𝐵(𝜌𝐴𝐵). (3.47)

For our purposes, we will assume that the density matrix 𝜌𝐴𝐵 is built using the stan-
dard basis states (|0⟩ and |1⟩) for both qubits 𝐴 and 𝐵. Then the density matrix can be
decomposed as:

𝜌𝐴𝐵 =
∑

𝑖,𝑗,𝑘,𝑙
𝑐𝑖𝑘,𝑗𝑙 |𝑖⟩⟨𝑗|⊗ |𝑘⟩⟨𝑙| , (3.48)

where 𝑖, 𝑗, 𝑘, 𝑙 ∈ {0, 1}, 𝑖, and 𝑗 represent states of 𝐴, and 𝑘 and 𝑙 are states of 𝐵. In this
notation, 𝑖𝑘 means a concatenation of the one-bit numbers 𝑖 and 𝑘. When written as a
matrix, constant 𝑐𝑖𝑘,𝑗𝑙 will appear in row 𝑖𝑘 and column 𝑗𝑙.

𝜌𝐴𝐵 =
⎡
⎢
⎢
⎢
⎣

𝑐00,00 𝑐00,01 𝑐00,10 𝑐00,11
𝑐01,00 𝑐01,01 𝑐01,10 𝑐01,11
𝑐10,00 𝑐10,01 𝑐10,10 𝑐10,11
𝑐11,00 𝑐11,01 𝑐11,10 𝑐11,11

⎤
⎥
⎥
⎥
⎦

. (3.49)

To perform the partial trace Tr𝐵(𝜌𝐴𝐵), we trace only the part of the matrix that is
relevant to qubit 𝐵. This leaves behind the density matrix associated with only qubit𝐴.

𝜌𝐴 = Tr𝐵(𝜌𝐴𝐵) =
∑

𝑖,𝑗,𝑘,𝑙
𝑐𝑖𝑘,𝑗𝑙 |𝑖⟩⟨𝑗|Tr(|𝑘⟩⟨𝑙|) (3.50)

=
∑

𝑖,𝑗,𝑘,𝑙
𝑐𝑖𝑘,𝑗𝑙 |𝑖⟩⟨𝑗| ⟨𝑙|𝑘⟩ (3.51)

=
∑

𝑖,𝑗,𝑘
𝑐𝑖𝑘,𝑘𝑙 |𝑖⟩⟨𝑗| . (3.52)
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Equation (3.51) exploits the fact that Tr |𝛼⟩⟨𝛽| = ⟨𝛽|𝛼⟩ for two states. Since the states
|𝑘⟩ and |𝑙⟩ in this equation are basis states, they are orthogonal, meaning that ⟨𝑙|𝑘⟩ = 1
if 𝑘 = 𝑙, and zero otherwise, leading to (3.52).
Therefore, element 𝑎𝑖,𝑗 of 𝜌𝐴 is given by:

𝑎𝑖,𝑗 =
∑

𝑘
𝑐𝑖𝑘,𝑗𝑘, (3.53)

leading to the following definition of 𝜌𝐴:

𝜌𝐴 = Tr𝐵(𝜌𝐴𝐵) = [
𝑐00,00 + 𝑐01,01 𝑐10,00 + 𝑐11,01
𝑐10,00 + 𝑐11,01 𝑐11,00 + 𝑐11,11

] . (3.54)

Performing a partial trace of 𝐴 to recover 𝜌𝐵 follows an equivalent path:

𝜌𝐵 = Tr𝐴(𝜌𝐴𝐵) =
∑

𝑖,𝑗,𝑘,𝑙
𝑐𝑖𝑘,𝑗𝑙 Tr(|𝑖⟩⟨𝑗|) |𝑘⟩⟨𝑙| (3.55)

=
∑

𝑖,𝑗,𝑘,𝑙
𝑐𝑖𝑘,𝑗𝑙 ⟨𝑗|𝑖⟩ |𝑘⟩⟨𝑙| (3.56)

=
∑

𝑖,𝑘,𝑙
𝑐𝑖𝑘,𝑖𝑙 |𝑘⟩⟨𝑙| (3.57)

= [
𝑐00,00 + 𝑐10,10 𝑐01,00 + 𝑐11,10
𝑐00,01 + 𝑐10,11 𝑐01,01 + 𝑐11,11

] . (3.58)

Returning to the Bell state example (3.46),

𝜌𝐴 = 1
2 [

1 0
0 1]

, 𝜌𝐵 = 1
2 [

1 0
0 1]

. (3.59)

You may recognize this as the density matrix of a maximally mixed state (Section 2.5).
This is very interesting—the two-qubit state is pure, but the state of each qubit on its
own is mixed. Even though we know everything about the two-qubit system, we can
say nothing about the individual qubits within that system.
The density matrix and partial trace approach can easily be extended to more than

two qubits. Instead of qubit 𝐴 and qubit 𝐵, we can have 𝑛-qubit system 𝐴 and𝑚-qubit
system 𝐵, and we can extract the density matrix of either system from the joint density
matrix 𝜌𝐴𝐵. The only change is that 𝑖 and 𝑗 become 𝑛-bit values, while 𝑘 and 𝑙 become
𝑚-bit values.We can also use any basis sets {𝑎𝑖} and {𝑏𝑖} for𝐴 and𝐵, even different ones
for each system. The partial trace approach is very powerful, and is particularly useful
when describing the interaction of a quantummechanical systemwith the surrounding
environment.
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3.6 Exercises

3.1 Verify by direct computation that to within a global phase factor, the following
relation is true:

CNOT = [𝐼 ⊗ 𝑅𝑦(−𝜋∕2)][𝑅𝑥(−𝜋∕2)⊗ 𝑅𝑥(𝜋∕2)]
√
𝑖SWAP′

⋅ [𝐼 ⊗ 𝑅𝑥(𝜋)]
√
𝑖SWAP′[𝐼 ⊗ 𝑅𝑦(𝜋∕2)].

3.2 Given that

𝐼 cos(𝛽𝜋∕2) − 𝑖𝑋𝑍 sin(𝛽𝜋∕2) = 𝑒−𝑖𝜋𝛽∕2(𝑋𝑍)𝛽 ,

find (𝑋𝑍)1∕2.

3.3 Verify by direct computation that to within a global phase factor, the following
relation is true:

CNOT = (𝐼𝑍)−1∕2(𝑋𝑍)1∕2(𝑋𝐼)−1∕2.

3.4 Using the approach in Figure 3.4, create a quantum circuit to implement a
controlled-𝐻 gate. (Hint: Eq. (2.48) will be helpful.)

3.5 Consider the following 3-qubit state:

|𝑄⟩ = |𝑞2𝑞1𝑞0⟩ =
|000⟩ + |001⟩ + |010⟩ + |111⟩

2 .

What is the density matrix for qubit 𝑞2?
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4

Superconducting Quantum Computer Systems

With the high-level description in Section 1.10 as motivation, in this chapter we con-
sider the components of the superconducting quantum computer system and their
operation in more detail. At RF and microwave frequencies, care must be taken about
how components are connected. In particular, when the wavelength of the signal is
comparable to circuit/systemdimensions, familiar low-frequency circuit concepts such
as Kirchoff’s voltage law no longer hold. Instead, we must look at the connections
between all of the components as transmission lines and ensure that we are treating
the signals conveyed by these transmission lines correctly. Consequently we begin our
in-depth consideration of the system components with transmission lines.

4.1 Transmission Lines

4.1.1 General Transmission Line Equations

One type of transmission line that can be used at radio frequencies is the “ladder line”
shown in Figure 4.1. In this type of line, the conductor distance is maintained by insu-
lating spacers placed at regular intervals. As suggested in the diagram, currents flow in
the conductors when signals are traveling along the line. These currents create mag-
netic fields encircling the wires resulting in a small amount of inductance per unit
length. Since real, normal metals also have some small electrical resistance, the cur-
rents also see a small resistance per unit length. Similarly, the two conductors may have
different potentials at a given location along the line, so that electric fields originate on
one wire and terminate on the other. The charge separation associated with this poten-
tial difference results in a small capacitance per unit length, and if the insulators are
not perfect, small leakage currents result in an equivalent conductance per unit length
between the wires.
These observations suggest the equivalent circuit model shown in Figure 4.2. As sug-

gested by part (a) of the figure, lumped elements can be used to represent the series
resistance, series inductance, shunt leakage conductance, and shut capacitance, pro-
vided the distance ∆𝑧 is small compared to the distance that the signal propagates
during one period of oscillation.
To analyze how the voltage and current change along the length of the line, consider

one section of the line as shown inFigure 4.2(b). ApplyingKirchoff’s voltage lawaround

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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Figure 4.1 Ladder line used for radio frequency transmission.

Figure 4.2 Equivalent circuit for a transmission line. (a) Lumped elements can be used so
long as the distance ∆z is small compared to the distance traveled during a period of the
signal. (b) Single section along the line for analysis.

the outer loop gives

𝑣(𝑧, 𝑡) − 𝑖(𝑧, 𝑡)𝑅′∆𝑧 − 𝐿′∆𝑧
𝜕𝑖(𝑧, 𝑡)
𝜕𝑡

− 𝑣(𝑧 + ∆𝑧, 𝑡) = 0. (4.1)

This can be rearranged to obtain

𝑣(𝑧 + ∆𝑧) − 𝑣(𝑧, 𝑡)
∆𝑧 = −𝑖(𝑧, 𝑡)𝑅′ − 𝐿′

𝜕𝑖(𝑧, 𝑡)
𝜕𝑡

. (4.2)

If we now take the limit as ∆𝑧 → 0, we have a differential equation relating the voltage
𝑣(𝑧, 𝑡) and the current 𝑖(𝑧, 𝑡):

𝜕𝑣
𝜕𝑧

= −𝑖𝑅′ − 𝐿′ 𝜕𝑖
𝜕𝑡
. (4.3)
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Next, consider Kirchoff’s current law applied to node A in Figure 4.2(b):

𝑖(𝑧, 𝑡) = 𝑖(𝑧 + ∆𝑧, 𝑡) + 𝑣(𝑧 + ∆𝑧, 𝑡)𝐺′∆𝑧 + 𝐶′∆𝑧
𝜕𝑣(𝑧 + ∆𝑧, 𝑡)

𝜕𝑡
. (4.4)

Rearranging this and taking the limit as before gives a second differential equation
relating the current and voltage:

𝑖(𝑧 + ∆𝑧, 𝑡) − 𝑖(𝑧, 𝑡)
∆𝑧 = −𝐺′𝑣(𝑧 + ∆𝑧, 𝑡) − 𝐶′ 𝜕𝑣(𝑧 + ∆𝑧, 𝑡)

𝜕𝑡
.

𝜕𝑖
𝜕𝑧

= −𝐺′𝑣 − 𝐶′ 𝜕𝑣
𝜕𝑡
. (4.5)

Obtaining the general solution to Eqs. (4.3) and (4.5) is, unfortunately, rather compli-
cated. However, solutions can be obtained easily for two important cases: lossless lines,
and the sinusoidal steady state. These will be considered in the next sections.

4.1.2 Lossless Transmission Lines

Since the loss is represented by the series resistance 𝑅′ and the parallel conductance
𝐺′, we need only to set these quantities to zero to obtain the equations for a lossless
transmission line. Equations (4.3) and (4.5) become

𝜕𝑣
𝜕𝑧

= −𝐿′ 𝜕𝑖
𝜕𝑡

(4.6)

and

𝜕𝑖
𝜕𝑧

= −𝐶′ 𝜕𝑣
𝜕𝑡
. (4.7)

To solve these equations, we need to combine them to either eliminate 𝑖 or 𝑣. As an
example, let us eliminate 𝑣. The first step is to differentiate both sides of Eq. (4.6) with
respect to 𝑡, and both sides of Eq. (4.7) with respect to 𝑧:

𝜕2𝑣
𝜕𝑡𝜕𝑧

= −𝐿′ 𝜕
2𝑖
𝜕𝑡2

, (4.8)

𝜕2𝑖
𝜕𝑧2

= −𝐶′ 𝜕2𝑣
𝜕𝑧𝜕𝑡

= −𝐶′ 𝜕2𝑣
𝜕𝑡𝜕𝑧

.
(4.9)

In writing the last line of Eq. (4.9), we have made use of the fact that 𝑧 and 𝑡 are inde-
pendent variables, so the order of differentiation does not matter. The voltage 𝑣 can
now be eliminated from Eqs. (4.8) and (4.9) to obtain

𝜕2𝑖
𝜕𝑡2

= 1
𝐿′𝐶′

𝜕2𝑖
𝜕𝑧2

. (4.10)

If we do a similarmanipulation to eliminate 𝑖 instead of 𝑣, wewill find that the equation
for 𝑣 is identical to Eq. (4.10). This is called the wave equation, for reasons that will
become clear as we discuss its properties.
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It is straightforward to show that any function of the form 𝑓(𝑧 ± 𝑢𝑡) is a solution to
Eq. (4.10). To see this, let 𝑠 = 𝑧±𝑢𝑡 and substitute 𝑓(𝑠) into Eq. (4.10). Using 𝜕𝑠∕𝜕𝑧 = 1
and 𝜕𝑠∕𝜕𝑡 = ±𝑢, we obtain

𝑢2
𝜕2𝑓
𝜕𝑠2

= 1
𝐿′𝐶′

𝜕2𝑓
𝜕𝑠2

. (4.11)

We conclude that 𝑓(𝑧 ± 𝑢𝑡) is a solution to the wave equation provided

𝑢 = 1
√
𝐿′𝐶′

. (4.12)

To interpret this, wenote that𝑓(𝑠) = 𝑓(𝑧±𝑢𝑡) represents an arbitrarywaveformmoving
along the 𝑧 axis. To follow a particular point on the curve to see how fast it is moving,
we hold the argument 𝑠 constant. Taking the time derivative of 𝑠 and setting it to zero
gives

d𝑠
d𝑡

= d𝑧
d𝑡

± 𝑢 = 0, (4.13)

or

d𝑧
d𝑡

= ∓𝑢. (4.14)

Consequently, the rate atwhich 𝑧must change to follow a constant point on the curve
is given by 𝑢. We call 𝑢 the phase velocity of the waveform. The choice of sign simply
means that the waveform can travel in either direction along the 𝑧 axis.
Another important property of the signal that travels along the transmission line can

be obtained by using what we have now learned with one of the original lossless trans-
mission line equations, say Eq. (4.6). If both 𝑖 and 𝑣 have solutions of the form 𝑓(𝑧±𝑢𝑡)
so that 𝑖 = 𝑖0𝑓(𝑧 ± 𝑢𝑡) and 𝑣 = 𝑣0𝑓(𝑧 ± 𝑢𝑡) then Eq. (4.6) can be written

𝑣0
𝜕𝑓
𝜕𝑠

= ∓𝐿′𝑢𝑖0
𝜕𝑓
𝜕𝑠
. (4.15)

Solving for the ratio 𝑣0∕𝑖0 gives
𝑣0
𝑖0
= ∓𝐿′𝑢

= ∓𝐿′ 1
√
𝐿′𝐶′

= ∓
√

𝐿′
𝐶′ .

(4.16)

Since the ratio of voltage to current has dimensions of impedance, we define the
characteristic impedance 𝑍𝑐 of the transmission line as:

𝑍𝑐 =
√

𝐿′
𝐶′ . (4.17)

We see, then, that if an arbitrary pulse shape is transmitted along a lossless transmis-
sion line, the pulse will propagate without distortion at the speed 1∕

√
𝐿′𝐶′, and at each

point, the ratio of the voltage to the current is given by the characteristic impedance
(4.17). When loss is present, both of these observations will need to be modified.
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4.1.3 Transmission Lines with Loss

4.1.3.1 Sinusoidal Steady State
As indicated earlier, the presence of loss makes the general solution of the transmis-
sion line equations much more difficult, but we can solve them fairly easily for the
sinusoidal steady state. In this case we can write1

𝑖(𝑧, 𝑡) = Re
{
𝐼(𝑧)𝑒𝑗𝜔𝑡

}

𝑣(𝑧, 𝑡) = Re
{
𝑉(𝑧)𝑒𝑗𝜔𝑡

} (4.18)

where 𝐼(𝑧) and𝑉(𝑧) are complex amplitudes that represent themagnitude and phase of
the steady state signal as a function of position along the line. In terms of these complex
amplitudes, the transmission line Eqs. (4.3) and (4.5) become

𝜕𝑉
𝜕𝑧

= − (𝑅′ + 𝑗𝜔𝐿′) 𝐼, (4.19)

𝜕𝐼
𝜕𝑧

= − (𝐺′ + 𝑗𝜔𝐶′)𝑉. (4.20)

As in the lossless case, we proceed to eliminate either 𝐼 or 𝑉 to obtain a single dif-
ferential equation. For example, solving Eq. (4.19) for 𝐼 and substituting the result into
Eq. (4.20) gives

𝜕
𝜕𝑧

(− 1
𝑅′ + 𝑗𝜔𝐿′

𝜕𝑉
𝜕𝑧

) = − (𝐺′ + 𝑗𝜔𝐶′)𝑉

𝜕2𝑉
𝜕𝑧2

= (𝑅′ + 𝑗𝜔𝐿′) (𝐺′ + 𝑗𝜔𝐶′)𝑉

𝜕2𝑉
𝜕𝑧2

= 𝛾2𝑉,

(4.21)

where we define

𝛾2 = (𝑅 + 𝑗𝜔𝐿) (𝐺 + 𝑗𝜔𝐶) . (4.22)

Following a similar procedure to eliminate 𝑉 results in an equation of the same form
for 𝐼:

𝜕2𝐼
𝜕𝑧2

= 𝛾2𝐼. (4.23)

You can easily verify that solutions to Eqs. (4.21) and (4.23) are of the form

𝑉(𝑧) = 𝑉+
0 𝑒

−𝛾𝑧 + 𝑉−
0 𝑒

𝛾𝑧 (4.24)

and

𝐼(𝑧) = 𝐼+0 𝑒
−𝛾𝑧 + 𝐼−0 𝑒

𝛾𝑧, (4.25)

where we define 𝛾 as the positive square root of Eq. (4.22):

𝛾 =
√
(𝑅′ + 𝑗𝜔𝐿′) (𝐺′ + 𝑗𝜔𝐶′) ≡ 𝛼 + 𝑗𝛽. (4.26)

1 Here we use the electrical engineering convention for time-dependence exp(𝑗𝜔𝑡), while in quantum
mechanics and quantum computing it is more common to use the convention exp(−𝑖𝜔𝑡). So to avoid
confusion, in this book we use the convention 𝑗 = −𝑖.
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The parameter 𝛾 is sometimes referred to as the propagation constant, since it describes
how the waves change as they move along the 𝑧 direction. (Note however that while 𝛾
is a constant with respect to position and time, it does vary with frequency.)
The coefficients of the terms on the right-hand side of Eqs. (4.24) and (4.25) can be

related with the aid of Eq. (4.19):

𝐼(𝑧) = − 1
𝑅′ + 𝑗𝜔𝐿′

𝜕𝑉
𝜕𝑧

= −
𝛾

𝑅′ + 𝑗𝜔𝐿′
(
−𝑉+

0 𝑒
−𝛾𝑧 + 𝑉−

0 𝑒
+𝛾𝑧)

=
𝛾

𝑅′ + 𝑗𝜔𝐿′
(
𝑉+
0 𝑒

−𝛾𝑧 − 𝑉−
0 𝑒

+𝛾𝑧) .

(4.27)

Comparing Eqs. (4.27) and (4.25), we see that

𝑉+
0

𝐼+0
= −

𝑉−
0
𝐼−0

=
𝑅′ + 𝑗𝜔𝐿′

𝛾 . (4.28)

This suggests that we define the characteristic impedance for the lossy line as

𝑍𝑐 ≡
𝑅′ + 𝑗𝜔𝐿′

𝛾 =
𝑅′ + 𝑗𝜔𝐿′

√
(𝑅′ + 𝑗𝜔𝐿′) (𝐺′ + 𝑗𝜔𝐶′)

=

√
𝑅′ + 𝑗𝜔𝐿′
𝐺′ + 𝑗𝜔𝐶′ . (4.29)

Note that this reduces to the lossless expression (4.17) when 𝑅′ = 𝐺′ = 0.
Returning to the time domain, we have

𝑣(𝑧, 𝑡) = R𝑒
{
𝑉+
0 𝑒

−𝛾𝑧+𝑗𝜔𝑡 + 𝑉−
0 𝑒

𝛾𝑧+𝑗𝜔𝑡}

= R𝑒
{||||𝑉

+
0
|||| 𝑒

−𝛼𝑧−𝑗𝛽𝑧+𝑗𝜔𝑡+𝑗𝜙+ + ||||𝑉
−
0
|||| 𝑒

𝛼𝑧+𝑗𝛽𝑧+𝑗𝜔𝑡+𝑗𝜙− }

= ||||𝑉
+
0
|||| 𝑒

−𝛼𝑧 cos (𝜔𝑡 − 𝛽𝑧 + 𝜙+)
⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟

wave traveling in +𝑧 direction

+ ||||𝑉
−
0
|||| 𝑒

𝛼𝑧 cos (𝜔𝑡 + 𝛽𝑧 + 𝜙−)
⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟

wave traveling in the −𝑧 direction

.

(4.30)

To see why the first and second terms describe waves traveling in the positive and neg-
ative 𝑧 directions, respectively, consider what the value of 𝑧must do for the arguments
of the cosines to remain constant. For the first term, the value of 𝑧 must increase as 𝑡
increases, so the constant point on the wave moves in the positive 𝑧 direction. Simi-
larly, 𝑧 must decrease as 𝑡 increases in the second term for the argument of the cosine
to remain constant. To find the speed with which the constant point moves, we set the
arguments equal to a constant, solve for 𝑧, then differentiate with respect to time. For
example, from the argument of the cosine in the first term we have

𝜔𝑡 − 𝛽𝑧 + 𝜙+ = 𝑐𝑜𝑛𝑠𝑡

𝑧 = 𝜔
𝛽
𝑡 +

𝜙+ − 𝑐𝑜𝑛𝑠𝑡
𝛽

and

𝑢 = 𝑑𝑧
𝑑𝑡

= 𝜔
𝛽
. (4.31)
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Signals that have the form of sinusoidal variations moving along a particular direction
are referred to aswaves. In the presence of loss, the sinusoids also decrease in amplitude
as they move, or propagate, according to the factors exp(±𝛼𝑧) in Eq. (4.30). Solutions
of this type are referred to as damped waves, and the decrease in amplitude caused by
the loss is referred to as attenuation.
The attenuation of a transmission line is often described in terms of decibels per unit

length, or dB/m. The attenuation of a cable in dB is obtained from the ratio of the volt-
age (or current) magnitude after propagating a distance 𝐿, to the voltage (or current)
magnitude at the input to the line:

𝑑𝐵 = −20log10 (
𝑣(𝐿)
𝑣(0)

) = −20log10 (
𝑒−𝛼𝐿

𝑒0
)

= 20𝛼𝐿 log10𝑒

= 8.69𝛼𝐿.

(4.32)

The attenuation per unit length is therefore

𝑑𝐵∕𝑚 = 8.69𝛼. (4.33)

An important parameter of a wave is the distance required to obtain a phase shift of 2𝜋,
called the wavelength. To find this distance, we take the difference between the values
of the argument of one of the cosines in Eq. (4.30) at two difference positions, set this
difference equal to 2𝜋, and solve for the necessary separation. For example, for thewave
traveling in the +𝑧 direction:

[𝜔𝑡 − 𝛽 (𝑧 − 𝜆) + 𝜙+] − [𝜔𝑡 − 𝛽𝑧 + 𝜙+] = 2𝜋

𝛽𝜆 = 2𝜋

𝜆 = 2𝜋
𝛽
.

(4.34)

Since 𝛽 = 2𝜋∕𝜆 can be interpreted as the number of wavelengths in a distance of 2𝜋
meters, 𝛽 is referred to as the wave number.2 These general results for velocity and
wavelength can be easily reduced to the lossless case. FromEq. (4.22) with 𝑅′ = 𝐺′ = 0,

𝛾 =
√
𝑗𝜔𝐿′𝑗𝜔𝐶′ =

√
−𝜔2𝐿′𝐶′ = 𝑗𝜔

√
𝐿′𝐶′ = 𝑗𝛽, (4.35)

and

𝛽 = 𝜔
√
𝐿′𝐶′. (4.36)

The phase velocity is therefore

𝑢 = 𝜔
𝛽
= 1
√
𝐿′𝐶′

(4.37)

2 In some contexts, the quantity 1∕𝜆 is referred to as the “wave number.” In this case it represents the
number of wavelengths per meter, as opposed to the number per 2𝜋meters. This alternate definition is
sometimes used in optics.
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as before. The wavelength in the lossless case is

𝜆 = 2𝜋
𝛽

= 2𝜋

𝜔
√
𝐿′𝐶′

𝜆 = 1

𝑓
√
𝐿′𝐶′

.
(4.38)

Equations (4.36) and (4.38) relating the angular frequency to the wave number or the
frequency to the wavelength are referred to as dispersion relations.

4.1.3.2 Low Loss Transmission Lines
Inmany practical situations, the loss (or attenuation) of a transmission line is small but
not negligible. For this reason it is useful to examine the expressions for the transmis-
sion line parameters and find approximations that are valid in the small-loss limit. In
making these approximations, we will keep only the lowest-order non-vanishing terms
for the parameters 𝑍𝑐, 𝛼, 𝛽, and 𝜆.
Let us first consider the characteristic impedance given by Eq. (4.29). The conditions

for low loss are

𝑅′ ≪ 𝜔𝐿′

𝐺′ ≪ 𝜔𝐶′.
(4.39)

With this limit in mind, we can write the characteristic impedance as

𝑍𝑐 =

√
√√√√√√√

𝑗𝜔𝐿′ (1 + 𝑅′

𝑗𝜔𝐿′
)

𝑗𝜔𝐶′ (1 + 𝐺′

𝑗𝜔𝐶′
)
. (4.40)

Now if the conditions given by (4.39) are satisfied, then the terms inside the paren-
theses in both the numerator and denominator are approximately equal to unity, and
the characteristic impedance is well-approximated to lowest-order by that of a lossless
line:

𝑍𝑐 ≈
√

𝐿′
𝐶′ . (4.41)

Next consider the propagation constant 𝛾, fromwhich we can obtain 𝛼 and 𝛽. FromEq.
(4.22) and anticipating the limit (4.39), the propagation constant can be written

𝛾 =

√

−𝜔2𝐿′𝐶′ [1 − 𝑅′𝐺′

𝜔2𝐿′𝐶′ − 𝑗𝜔 (𝐿
′𝐺′ + 𝑅′𝐶′

𝜔2𝐿′𝐶′ )]

= 𝑗𝜔
√
𝐿′𝐶′

√

1 − 𝑅′𝐺′

𝜔2𝐿′𝐶′ − 𝑗 ( 𝐺′

𝜔𝐶′ +
𝑅′
𝜔𝐿′ ).

(4.42)

Now consider the terms in the square root carefully. In view of the assumptions
(4.39), the third term is linear in small quantities while the second term is quadratic in
small quantities. We conclude that to lowest order, the second term can be neglected.
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Further, we note that
√
1 + 𝑥 ≈ 1 + 𝑥∕2 (4.43)

if |𝑥|≪ 1. Making these two approximations, Eq. (4.42) can be written

𝛾 ≈ 𝑗𝜔
√
𝐿′𝐶′ [1 −

𝑗
2 (

𝐺′

𝜔𝐶′ +
𝑅′
𝜔𝐿′ )]

= 𝑗𝜔
√
𝐿′𝐶′ + 1

2 (𝐺
′

√
𝐿′
𝐶′ + 𝑅′

√
𝐶′

𝐿′ )

≈ 𝑗𝜔
√
𝐿′𝐶′ + 1

2 (𝐺
′𝑍𝑐 + 𝑅′∕𝑍𝑐) .

(4.44)

Here we have also used the approximation (4.41) for 𝑍𝑐 in the last step. Equating the
real part of this expression with 𝛼 and the imaginary part with 𝛽 gives

𝛼 ≈ 1
2 (𝐺

′𝑍𝑐 + 𝑅′∕𝑍𝑐) , (4.45)

𝛽 ≈ 𝜔
√
𝐿′𝐶′. (4.46)

It follows that 𝑢 and 𝜆 are also approximated by their lossless values to lowest order:

𝑢 = 𝜔
𝛽
≈ 1
√
𝐿′𝐶′

, (4.47)

𝜆 = 2𝜋
𝛽

≈ 1

𝑓
√
𝐿′𝐶′

. (4.48)

We conclude that in the low loss limit we can approximate the attenuation constant 𝛼
with (4.45), and the remainder of the parameters with their lossless expressions.

4.2 Terminated Lossless Line

Since the whole point of a transmission line is to carry signals from one place to
another, it is critical that we understand what happens when we connect something
(like a qubit!) to the end of the transmission line. The thing connected to the end of
the transmission line is called the load. As we will see, the amount of power delivered
to the load depends critically on how the load impedance compares with the charac-
teristic impedance of the transmission line. For simplicity, we will assume the line is
lossless.

4.2.1 Reflection Coefficient

To begin the discussion, consider the geometry shown inFigure 4.3. A transmission line
with characteristic impedance𝑍𝑐 andwavenumber𝛽 is terminatedwith the impedance
𝑍𝐿. In the most general case, we imagine that we can have waves traveling both to the
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Figure 4.3 A transmission line terminated with a load
impedance. Note that two coordinate systems have
their origins at the load location: the coordinate z
increases to the right, and the coordinate l increases to
the left.

right (incident on the load) and to the left (reflected from the load). In this case, general
expressions for the voltage and current along the line are

𝑉(𝑧) = 𝑉+
0 𝑒

−𝑗𝛽𝑧 + 𝑉−
0 𝑒

𝑗𝛽𝑧, (4.49)

𝐼(𝑧) = 𝐼+0 𝑒
−𝑗𝛽𝑧 + 𝐼−0 𝑒

𝑗𝛽𝑧

=
𝑉+
0
𝑍𝑐

𝑒−𝑗𝛽𝑧 −
𝑉−
0
𝑍𝑐

𝑒𝑗𝛽𝑧,
(4.50)

where we have used (4.27) and (4.28) to relate the currents and voltages of the incident
and reflected waves in terms of the characteristic impedance. In particular, note that
the sign of the reflected wave term in the expression for current (4.50) has changed.
At the load, the total voltage and current must be related by Ohm’s law:

𝑍𝐿 =
𝑉𝐿
𝐼𝐿

=
𝑉(0)
𝐼(0)

=
𝑉+
0 + 𝑉−

0
𝑉+
0

𝑍𝑐
− 𝑉−

0

𝑍𝑐

= 𝑍𝑐
𝑉+
0 + 𝑉−

0

𝑉+
0 − 𝑉−

0
= 𝑍𝑐

1 + 𝑉−
0 ∕𝑉

+
0

1 − 𝑉−
0 ∕𝑉

+
0

= 𝑍𝑐
1 + Γ
1 − Γ .

(4.51)

Here we have defined the voltage reflection coefficient

Γ ≡
𝑉−
0

𝑉+
0
. (4.52)

Equation (4.51) can be solved for the reflection coefficient in terms of the
impedances:

Γ =
𝑍𝐿 − 𝑍𝑐
𝑍𝐿 + 𝑍𝑐

. (4.53)

It is important to note that the only way to prevent some portion of the incident
wave from being reflected is for the load impedance to exactly equal the characteris-
tic impedance of the line. This is referred to as a matched load. In practice, the load is
almost never perfectly matched, so some portion of the incident signal will be reflected
from the load.

4.2.2 Power (Flow of Energy) and Return Loss

Recall that one of the convenient things about phasor (complex) notation is that the
time average of the product of two quantities is easily obtained by multiplying one
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quantity by the complex conjugate of the other, then taking half the real part of the
result. With this tool in hand, let us consider the time averaged power (flow of energy)
in the incident and reflected waves on the transmission line. The time averaged power
in the incident wave is

⟨𝑃𝑖𝑛𝑐⟩ =
1
2Re

{
𝑉+
0
(
𝐼+0
)∗}

= 1
2Re

{
𝑉+
0
(
𝑉+
0 ∕𝑍𝑐

)∗}

=
||||𝑉

+
0
||||
2

2𝑍𝑐
.

(4.54)

This is the power incident on the load. However, not all of the incident power is
absorbed by the load in general. The power of the wave reflected from the load is

⟨𝑃ref⟩ =
1
2Re

{
𝑉−
0
(
𝐼−0
)∗}

= 1
2Re

{
𝑉−
0
(
−𝑉−

0 ∕𝑍𝑐
)∗}

= −
||||𝑉

−
0
||||
2

2𝑍𝑐
.

(4.55)

The minus sign on the reflected power indicates that the energy is actually flowing to
the left, away from the load. The ratio of the reflected to incident power in magnitude
is given conveniently in terms of the reflection coefficient:

|||||||
⟨𝑃ref⟩
⟨𝑃inc⟩

|||||||
=
|||||||||

𝑉−
0

𝑉+
0

|||||||||

2

= |Γ|2. (4.56)

The fraction of power that is reflected is referred to as the return loss and is usually
expressed in dB:

𝑅𝐿 = −10log10
|||||||
⟨𝑃ref⟩
⟨𝑃inc⟩

|||||||
= −10log10|Γ|

2

= −20log10 |Γ| .
(4.57)

Note that since |Γ| ≤ 1, the minus sign ensures that the return loss is always positive.
There is a common temptation to want to make the “loss” negative (i.e., to say, “the
return loss is –10 dB”), but this would result in a double negative; a negative loss would
be the same as gain!
In practice, it is commonly assumed that thematch is acceptable if at least 90% of the

incident power is absorbed by the load. This corresponds to a return loss of 10 dB.

4.2.3 Standing Wave Ratio (SWR)

Another common way of quantifying the degree of mismatch between a load and a
line is the standing wave ratio. Since the incident and reflected waves are traveling in
opposite directions, they go in and out of phase with each other as you move along
the line. Consequently, at some points they add constructively to give a total voltage
higher than that of the incident wave, and at other points they add destructively to give
a total voltage lower than that of the incident wave. The ratio of the largest value of
the voltage magnitude to that of the smallest value is called the voltage standing wave
ratio, orVSWR. (You sometimes hear people try to pronounce this acronym, resulting in
something that sounds like, “viz-wahr.”) It turns out that the magnitude of the current
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fluctuates in a similar manner, and if you take the ratio of the maximum to minimum
values you will get the identical numerical result for a lossless line. Consequently it is
not really necessary to add the qualifier, “voltage,” and it is also common to simply call
this ratio the standing wave ratio, or SWR (not usually pronounced!). The SWR can be
obtained from the reflection coefficient as follows:

𝑉𝑆𝑊𝑅 = 𝑆𝑊𝑅 =
|𝑉|max
|𝑉|min

=
||||𝑉

+
0
|||| +

||||𝑉
−
0
||||

||||𝑉
+
0
|||| −

||||𝑉
−
0
||||

=
1 + ||||𝑉

−
0
|||| ∕
||||𝑉

+
0
||||

1 − ||||𝑉
−
0
|||| ∕
||||𝑉

+
0
||||

𝑆𝑊𝑅 =
1 + |Γ|
1 − |Γ|

.

(4.58)

If the line is perfectly matched, |Γ| = 0, and the SWR is 1 (or 1:1). On the other hand,
if all of the power is reflected, |Γ| = 1 and the SWR→ ∞. As mentioned previously,
a match is usually considered acceptable if 90% of the power is delivered to the load,
and this occurs when the Return Loss is 10 dB. This situation corresponds to an SWR
of about 2 (or 2:1).
It is also convenient to express the magnitude of the reflection coefficient in terms of

the SWR:

|Γ| =
𝑆𝑊𝑅 − 1
𝑆𝑊𝑅 + 1 . (4.59)

It is instructive to consider the shape of the voltage waveform along the line in a bit
more detail. Referring to the coordinate systems shown in Figure 4.3, the voltage at a
distance 𝑙 to the left of the load is obtained by setting 𝑧 = −𝑙 in Eq. (4.49). Expressed in
terms of the reflection coefficient, we obtain

𝑉(−𝑙) = 𝑉+
0
[
𝑒𝑗𝛽𝑙 + Γ𝑒−𝑗𝛽𝑙

]

= 𝑉+
0 𝑒

𝑗𝛽𝑙 [1 + Γ𝑒−𝑗2𝛽𝑙
]
.

(4.60)

Next, let us explicitly show the magnitude and phase of the reflection coefficient,
Γ = |Γ| 𝑒𝑗𝜃 . Substituting this into Eq. (4.60) and taking the magnitude of the entire
expression gives

|||𝑉(−𝑙)||| =
||||𝑉

+
0
||||
||||1 + |Γ| 𝑒𝑗(𝜃−2𝛽𝑙)|||| . (4.61)

An example of the voltagemagnitude described by this equation is shown in Figure 4.4.
Although the wave patterns for the incident and reflected waves move to the right and
left, respectively, the pattern for the total voltage magnitude is stationary. This voltage
pattern is called the standing wave pattern or envelope.

4.2.4 Impedance as a Function of Position

Although the current pattern has peaks and valleys just like the voltage pattern, the
peaks and valleys do not occur at the same locations. As a result, the ratio of voltage to
current varies continuously along the line. If the line were cut at some point a distance
𝑙 from the load as shown in Figure 4.5, the input impedance seen looking into the line
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Figure 4.4 Voltage standing wave pattern along a transmission line with a mismatched load.

Figure 4.5 Impedance looking into a terminated
transmission line of length l.

at that point would be the ratio of the voltage to current at that distance from the load:

𝑍𝑖𝑛 =
𝑉(−𝑙)
𝐼(−𝑙)

=
𝑉+
0
[
𝑒𝑗𝛽𝑙 + Γ𝑒−𝑗𝛽𝑙

]

𝑉+
0

𝑍𝑐

[
𝑒𝑗𝛽𝑙 − Γ𝑒−𝑗𝛽𝑙

]

= 𝑍𝑐
𝑒𝑗𝛽𝑙 + Γ𝑒−𝑗𝛽𝑙

𝑒𝑗𝛽𝑙 − Γ𝑒−𝑗𝛽𝑙
.

(4.62)

This can be expressed entirely in terms of the impedances using Eq. (4.53). Making the
substitution for Γ and simplifying gives

𝑍𝑖𝑛 = 𝑍𝑐
(𝑍𝐿 + 𝑍𝑐) 𝑒𝑗𝛽𝑙 + (𝑍𝐿 − 𝑍𝑐) 𝑒−𝑗𝛽𝑙

(𝑍𝐿 + 𝑍𝑐) 𝑒𝑗𝛽𝑙 − (𝑍𝐿 − 𝑍𝑐) 𝑒−𝑗𝛽𝑙

= 𝑍𝑐
𝑍𝐿

(
𝑒𝑗𝛽𝑙 + 𝑒−𝑗𝛽𝑙

)
+ 𝑍𝑐

(
𝑒𝑗𝛽𝑙 − 𝑒−𝑗𝛽𝑙

)

𝑍𝐿
(
𝑒𝑗𝛽𝑙 − 𝑒−𝑗𝛽𝑙

)
+ 𝑍𝑐

(
𝑒𝑗𝛽𝑙 + 𝑒−𝑗𝛽𝑙

)

= 𝑍𝑐
𝑍𝐿 cos 𝛽𝑙 + 𝑗𝑍𝑐 sin 𝛽𝑙
𝑗𝑍𝐿 sin 𝛽𝑙 + 𝑍𝑐 cos 𝛽𝑙

𝑍𝑖𝑛 = 𝑍𝑐
𝑍𝐿 + 𝑗𝑍𝑐 tan 𝛽𝑙
𝑍𝑐 + 𝑗𝑍𝐿 tan 𝛽𝑙

.

(4.63)

Since the tangent is periodic in 𝜋 rather than 2𝜋, the impedance is periodic in
distances of half a wavelength rather than a wavelength.
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Three limiting cases give some insight into the behavior of the impedance function
(4.63). In the case of a short circuit, 𝑍𝐿 = 0 and the input impedance becomes

𝑍𝑠𝑐 = 𝑗𝑍𝑐 tan 𝛽𝑙. (4.64)

However, if the line is open circuited so that 𝑍𝐿 →∞, the input impedance becomes

𝑍𝑜𝑐 = −𝑗𝑍𝑐 cot 𝛽𝑙. (4.65)

It is interesting to note the relationship

𝑍𝑠𝑐𝑍𝑜𝑐 = 𝑍2𝑐 . (4.66)

This suggests an experimental technique for measuring the characteristic impedance
of a transmission line!
If the line is electrically short, 𝛽𝑙 ≪ 1, the tangent can be approximated by its argu-

ment and the cotangent by the inverse of its argument. Comparing with the circuit
equations 𝑋𝐿 = 𝑗𝜔𝐿 and 𝑋𝐶 = −𝑗∕𝜔𝐶, we see that an electrically short length of
short-circuited transmission line acts like an inductorwhose inductance is proportional
to length, and a short length of open-circuited transmission line acts like a capacitor
whose capacitance is proportional to length.
Finally, if the line is terminated in the characteristic impedance of the line, i.e., 𝑍𝐿 =

𝑍𝑐, then the input impedance is simply equal to the characteristic impedance regardless
of the length of the transmission line.

4.2.5 Quarter Wave Transformer

From the previous discussions, we see that it is generally desirable for a transmis-
sion line to be terminated in a matched impedance; i.e., a real impedance equal to the
characteristic impedance of the line. Under these conditions, the reflection coefficient
will be zero, indicating that all of the incident power is absorbed by the load. Further,
the input impedance of the line will simply be equal to the characteristic impedance
regardless of the length.
The quarter wave transformer is a common and effective technique used for

impedance matching. Consider the transmission line circuit terminated in a real
impedance 𝑅𝐿 illustrated in Figure 4.6.
For a quarter wavelength section of transmission line, the argument to the tangent

functions in Eq. (4.63) is 𝛽𝑙 = (2𝜋∕𝜆)(𝜆∕4) = 𝜋∕2. Since the tangent increases without
bounds as the argument approaches 𝜋∕2, the tangent terms dominate the numerator

= 4 Figure 4.6 A real impedance can be matched to
a lossless transmission line using a quarter
wavelength line whose impedance is the
geometric mean of the load and line to be
matched. This is referred to as a quarter wave
matching transformer.
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and denominator of the expression for the input impedance (4.63), and we find

lim
𝛽𝑙→𝜋∕2

𝑍𝑖𝑛 =
𝑍21
𝑅𝐿
. (4.67)

If we want to eliminate reflections (i.e., Γ = 0), then we want 𝑍𝑖𝑛 = 𝑍𝑐. Imposing this
condition on Eq. (4.67) leads to

𝑍𝑐 =
𝑍21
𝑅𝐿
. (4.68)

Consequently we see that we can match any real load 𝑅𝐿 to a line with impedance 𝑍𝑐
provided we use a quarter-wavelength segment of transmission line whose character-
istic impedance is the geometric mean of 𝑅𝐿 and 𝑍𝑐:

𝑍1 =
√
𝑍𝑐𝑅𝐿. (4.69)

It is important to keep in mind, however, that this match will only be perfect at the
single frequency where 𝑙 = 𝜆∕4. At other frequencies there will be some reflections
from the load. The bandwidth over which the SWR is 2:1 or less depends on the degree
of mismatch between the load and the line to be matched. For example, if a 122 Ω
line is used to match a 300 Ω load to a 50 Ω line, the impedance bandwidth for an
SWR < 2:1 is about ±20%. It is also important to keep in mind that this technique only
works for real load impedances. However, any load impedance can be transformed into
a real impedance at a given frequency by adding the appropriate lumped capacitance or
inductance in series or parallel with the load. Further, since short segments of transmis-
sion line can be made to look like either inductors or capacitors, any load impedance
can be transformed to a purely real impedance by putting another appropriate segment
of transmission line in series or parallel with the load.

4.2.6 Coaxial, Microstrip, and Coplanar Lines

Although the ladder line is conceptually convenient since the geometry resembles its
lumped-circuit model, it is mainly used as a low-loss feed line for high-frequency (i.e.,
below 30 MHz) antennas. It is not of interest for superconducting quantum comput-
ing systems owing to the lack of shielding and incompatibility with nanofabrication
methods. Instead, coaxial lines (or coax for short) are used to convey signals between
component blocks, and coplanar transmission lines are typically used to convey sig-
nals on quantum computing chips. The simpler microstrip lines are used in some
components of interest for superconducting computer control and readout systems.
The detailed analysis of the fields and modes of these transmission lines are beyond

the scope of our present discussion, but expressions for the characteristic impedance𝑍𝑐
and effective relative permittivity 𝜖𝑒 are summarized below. In all cases, the wavelength
along the line is given by

𝜆 =
𝜆0√
𝜖𝑒
, (4.70)

where 𝜆0 is the wavelength in free space.
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Figure 4.7 Some commonly-used types of transmission lines. Since there are multiple ways
to drive the coplanar guide, the most common source connection is explicitly shown. All of the
dielectric materials are assumed to be nonmagnetic for our purposes.

4.2.6.1 Coaxial Lines
The field structure and parameters for coaxial transmission lines are discussed in
most introductory texts on electromagnetics, e.g., [19]. Referring to Figure 4.7(a), the
characteristic impedance is

𝑍𝑐 =
1
2𝜋

√
𝜇0
𝜖0𝜖𝑟

ln (𝑏∕𝑎). (4.71)

In this case 𝜖𝑒 = 𝜖𝑟 since the coax is uniformly filled with dielectric.

4.2.6.2 Microstrip Lines
RF andmicrowave components such as filters, power dividers, and quadrature hybrids
are often made using metallized substrates with transmission line patterns etched
on one side using a process similar to that used to make printed circuit boards.
Figure 4.7(b) describes the geometry and key dimensions. Unlike coax, simple and
accurate analytical expressions are not available, and instead expressions are obtained
by fitting approximate analytical expressions to the results of numerical modeling. In
the common case of RF and microwave components described above, the conductor
thickness 𝑡 is much less than either the conductor width 𝑤 or the substrate thickness
ℎ and can be neglected. Under this assumption, models for the key parameters have
been discussed by a number of authors [20–24]. Here we quote the expressions for
characteristic impedance given by Pozar [21]:

𝑍𝑐 =

⎧
⎪
⎪

⎨
⎪
⎪
⎩

60
√
𝜖𝑒
ln (8ℎ𝑤 + 𝑤

4ℎ
) for 𝑤∕ℎ ≤ 1

120𝜋
√
𝜖𝑒[𝑤∕ℎ + 1.393 + 0.667 ln (𝑤∕ℎ + 1.444)]

for 𝑤∕ℎ ≥ 1,

(4.72)
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and the effective relative dielectric constant is approximated by

𝜖𝑒 =
𝜖𝑟 + 1
2 +

𝜖𝑟 − 1
2

1
√
1 + 12ℎ∕𝑤

. (4.73)

4.2.6.3 Coplanar Waveguide
Microstrip lines require metallization on both sides of the circuit substrate. A geome-
try that is more compatible with nanofabrication techniques is the coplanar waveguide
(CPW) shown in Figure 4.7(c). For example, the bottom dielectric could be a silicon
substrate, and the top dielectric could be an oxide layer grown on the silicon. The pla-
nar metallization pattern could then be formed using conventional photolithographic
techniques (similar to those used tomake printed circuit boards). In such a case the sub-
strate thickness is so much larger than the oxide thickness and the lateral dimensions
of the transmission line that it can be considered infinite. Consequently only the thick-
ness of the top dielectric layer (oxide in our silicon example) affects the transmission
line properties.
We have shown the usual excitation connections for this transmission line, since

three conductors permit excitation to be applied in multiple ways.
When the conductor thickness 𝑡 can be neglected, analytical expressions for the char-

acteristic impedance can be obtained using amathematical technique called conformal
mapping [25–27]. The result is

𝑍𝑐 = 4𝜖0𝜖𝑒
𝐾(𝑘0)
𝐾(𝑘′

0)
. (4.74)

Here 𝐾 is the complete elliptic integral of the first kind, and its arguments are defined
as

𝑘0 =
𝑤

𝑤 + 2𝑠 , 𝑘′

0 =
√
1 − 𝑘20 . (4.75)

The effective relative permittivity is

𝜖𝑒 = 1 + 1
2(𝜖𝑟1 − 1) + 𝑞(𝜖𝑟2 − 𝜖𝑟1), (4.76)

where

𝑞 = 1
2
𝐾(𝑘)𝐾(𝑘′

0)
𝐾(𝑘′)𝐾(𝑘0)

(4.77)

and

𝑘 =
sinh

(𝜋𝑤
4ℎ

)

sinh
(𝜋(𝑤+2𝑠)

4ℎ

) , 𝑘′ =
√
1 − 𝑘2. (4.78)

As an example, [26] analyzed a coplanar waveguide with 𝑤 = 10𝜇m, 𝑠 = 6.6𝜇m,
ℎ = 550 nm, and 𝑡 = 200 nm. The line was fabricated on a high-resistivity silicon
wafer with thickness 500𝜇. The substrate thickness is clearly much larger than the
other transmission line dimensions, justifying the assumption of infinite thickness. In
contrast, the conductor thickness in this case is not negligible, and the authors found
that for their geometry, available analytic expressions such as Eq. (4.76) for the effective
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relative permittivity were inaccurate. For such geometries, the effective permittivity
must be calculated numerically using tools such as the finite element method.
The impedance expression (4.74) is based on themagnetic contributions to the induc-

tance per unit length, i.e., the conventional inductance resulting from magnetic flux
linking the current. However, in Chapter 7, we will see that in superconducting cur-
rents there is a kinetic contribution to the inductance associated with the inertia of
charge carriers as well. This kinetic contribution to the inductance of superconducting
coplanar waveguides has been considered by [26, 28], and is negligible when the tem-
perature is significantly below the superconducting transition temperature, as is the
case in quantum computing. Consequently, this kinetic contribution can be neglected
in our cases of interest.

4.3 S Parameters

Because voltages and currents vary with position, it is often more convenient to char-
acterize devices and circuits in a language that is more consistent with the notions
of incident, reflected, and transmitted waves. Consider the two-port circuit shown in
Figure 4.8. The incoming wave voltage amplitudes are denoted by a “+” superscript,
and the outgoingwave voltage amplitudes are denoted by a “−” superscript. For a linear
circuit, the incoming and outgoing waves are related by

[
𝑉−
1

𝑉−
2
] = [

𝑆11 𝑆12
𝑆21 𝑆22

] [
𝑉+
1

𝑉+
2
] , (4.79)

or

𝑉− = 𝑆𝑉+. (4.80)

The elements of the 𝑆 matrix are called 𝑆 parameters and are defined as follows:

𝑆11 =
𝑉−
1

𝑉+
1

|||||||||𝑉+
2 =0

= reflection coefficient from port 1 (Γ1),

𝑆21 =
𝑉−
2

𝑉+
1

|||||||||𝑉+
2 =0

= transmission coefficient from port 1 to port 2,

𝑆12 =
𝑉−
1

𝑉+
2

|||||||||𝑉+
1 =0

= transmission coefficient from port 2 to port 1,

𝑆22 =
𝑉−
2

𝑉+
2

|||||||||𝑉+
1 =0

= reflection coefficient from port 2 (Γ2).

(4.81)

Figure 4.8 Incoming and outgoing
wave amplitudes used in the
definitions of S parameters.
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4.3.1 Lossless Condition

For a lossless network, all the power that goes inmust come out. For example, assuming
all ports have the characteristic impedance 𝑍𝑐, we require

||||𝑉
+
1
||||
2

2𝑍𝑐
+
||||𝑉

+
2
||||
2

2𝑍𝑐
−
||||𝑉

−
1
||||
2

2𝑍𝑐
−
||||𝑉

−
2
||||
2

2𝑍𝑐
= 0. (4.82)

Equivalently, this can be expressed

(𝑉+)† 𝑉+ − (𝑉−)† 𝑉− = 0, (4.83)

where the superscript † represents the transpose complex conjugate. We can use the 𝑆
matrix to express this entirely in terms of the incident wave voltage amplitudes:

(𝑉+)† 𝑉+ − (𝑆𝑉+)† 𝑆𝑉+ = 0

(𝑉+)† 𝑉+ − (𝑉+)† 𝑆†𝑆𝑉+ = 0

(𝑉+)†
(
𝐼 − 𝑆†𝑆

)
𝑉+ = 0.

(4.84)

From this we conclude that

𝑆†𝑆 = 𝐼 (4.85)

and the 𝑆 matrix of a lossless network must be unitary.

4.3.2 Reciprocity

Amicrowave network is said to be reciprocal if the transmission from port 𝑖 to port 𝑗 is
the same as from 𝑗 to 𝑖. In other words, a reciprocal network will work the same if the
input and output are interchanged. In terms of 𝑆 parameters we require 𝑆𝑖𝑗 = 𝑆𝑗𝑖 . We
conclude that the 𝑆 matrix of a reciprocal network is symmetric.

4.4 Transmission (ABCD) Matrices

In many cases, microwave networks consist of a cascade of 2-port components. It is
therefore useful to define a 2 × 2 transmission matrix that can be used to obtain the
voltage at the output port from that of the input port. Transmission through a cascade
of 2-ports can then be obtained by multiplying the transmission matrices. These matri-
ces are also called ABCD matrices owing to the common symbols used for the matrix
elements.
Unlike 𝑆 parameters, the ABCD matrix for a 2-port is defined in terms of the total

voltages and currents as defined in Figure 4.9. Note that the sign convention for current
is directed in on the input, and out on the output. This ensures consistent definitions
when multiple two-ports are cascaded. In terms of these quantities, the ABCD matrix
is defined as

[
𝑉1
𝐼1
] = [

𝐴 𝐵
𝐶 𝐷] [

𝑉2
𝐼2
] . (4.86)
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Figure 4.9 Definition of voltages and currents for
the ABCD transmission matrix.

From this equation we obtain the definitions of the matrix components as

𝐴 =
𝑉1
𝑉2

|||||||𝐼2=0
, (4.87)

𝐵 =
𝑉1
𝐼2

|||||||𝑉2=0
, (4.88)

𝐶 =
𝐼1
𝑉2

|||||||𝐼2=0
, (4.89)

𝐷 =
𝐼1
𝐼2

|||||||𝑉2=0
. (4.90)

As an example of the construction of an ABCDmatrix, consider the length of lossless
transmission line shown in Figure 4.10. The total voltage and current as functions of
position along the line are given by

𝑉(𝑧) = 𝑉+
0 (𝑒

−𝑗𝛽𝑧 + Γ𝑒𝑗𝛽𝑧), (4.91)

𝐼(𝑧) =
𝑉+
0
𝑍𝑐

(𝑒−𝑗𝛽𝑧 − Γ𝑒𝑗𝛽𝑧), (4.92)

where Γ is the reflection coefficient at port 2, and 𝑉+
0 is the amplitude of the wave

incident wave from the left.
The voltages and currents at the ports are given by

𝑉1 = 𝑉(−𝑙) = 𝑉+
0 (𝑒

𝑗𝛽𝑙 + Γ𝑒−𝑗𝛽𝑙), (4.93)

𝐼1 = 𝐼(−𝑙) =
𝑉+
0
𝑍𝑐

(𝑒𝑗𝛽𝑙 − Γ𝑒−𝑗𝛽𝑙), (4.94)

𝑉2 = 𝑉(0) = 𝑉+
0 (1 + Γ), (4.95)

𝐼2 = 𝐼(0) =
𝑉+
0
𝑍𝑐

(1 − Γ). (4.96)

Figure 4.10 Definitions for constructing the ABCD matrix of a section
of transmission line.
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Referring to Eqs. (4.87) and (4.89), we see that𝐴 and 𝐶 are calculated with 𝐼2 = 0. This
implies an open circuit at port 2, for which Γ = +1 from Eq. (4.96). This gives

𝐴 =
𝑉1
𝑉2

|||||||𝐼2=0
= 𝑒𝑗𝛽𝑙 + 𝑒−𝑗𝛽𝑙

2

= cos 𝛽𝑙,
(4.97)

and

𝐶 =
𝐼1
𝑉2

|||||||𝐼2=0
= 𝑒𝑗𝛽𝑙 − 𝑒−𝑗𝛽𝑙

2𝑍𝑐

= 𝑗 1𝑍𝑐
sin 𝛽𝑙 = 𝑗𝑌𝑐 sin 𝛽𝑙.

(4.98)

Similarly, the definitions of 𝐵 and 𝐷 from Eqs. (4.88) and (4.90) require 𝑉2 = 0,
implying a short circuit at port 2, and Γ = −1 from Eq. (4.95). It follows that

𝐵 =
𝑉1
𝐼2

|||||||𝑉2=0
= 𝑒𝑗𝛽𝑙 − 𝑒−𝑗𝛽𝑙

2∕𝑍𝑐

= 𝑗𝑍𝑐 sin 𝛽𝑙,
(4.99)

and

𝐷 = [
𝐼1
𝐼2 𝑉2=0

= 𝑒𝑗𝛽𝑙 + 𝑒−𝑗𝛽𝑙
2

= cos 𝛽𝑙.
(4.100)

The ABCD matrix for the section of transmission line is therefore

[
cos 𝛽𝑙 𝑗𝑍𝑐 sin 𝛽𝑙

𝑗𝑌𝑐 sin 𝛽𝑙 cos 𝛽𝑙 ] . (4.101)

The ABCD matrices for several useful 2-ports are given in Table 4.1.

Table 4.1 Useful ABCD matrices.

Circuit ABCD matrix

⎡
⎢
⎣

cos 𝛽𝑙 𝑗𝑍𝑐 sin 𝛽𝑙

𝑗𝑌𝑐 sin 𝛽𝑙 cos 𝛽𝑙

⎤
⎥
⎦

⎡
⎢
⎣

1 𝑍

0 1

⎤
⎥
⎦

⎡
⎢
⎣

1 0

1∕𝑍 1

⎤
⎥
⎦
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Asmentioned above, the input voltages and currents of a series of cascaded two-ports
are obtained by simply multiplying the ABCD matrices of the two-ports. For example,
the voltage and current at the input to two cascaded two-ports can be obtained in terms
of the voltage and current at the output as follows:

[
𝑉1
𝐼1
] = [

𝐴1 𝐵1
𝐶1 𝐷1

] [
𝐴2 𝐵2
𝐶2 𝐷2

] [
𝑉3
𝐼3
] . (4.102)

Although ABCD matrices are convenient for analyzing cascaded networks, ulti-
mately one is often interested in the 𝑆 parameters of the equivalent 2-port. As
an example, consider 𝑆11 for the general case of a terminated transmission line of
impedance 𝑍1 connected to port 1, and a terminated transmission line of impedance
𝑍2 connected to port 2 [29]. The voltage at port 2 will be related to the current as
𝐼2 = 𝑉2∕𝑍2:

[
𝑉1
𝐼1
] = [

𝐴 𝐵
𝐶 𝐷] [

1
1∕𝑍2

]𝑉2

= [
𝐴 + 𝐵∕𝑍2
𝐶 + 𝐷∕𝑍2

]𝑉2.

(4.103)

The impedance 𝑍in1 looking into port 1 is then

𝑍in1 =
𝑉1
𝐼1

=
𝐴 + 𝐵∕𝑍2
𝐶 + 𝐷∕𝑍2

. (4.104)

Since 𝑆11 is equal to the reflection coefficient Γ, we have

𝑆11 = Γ =
𝑍in1 − 𝑍1
𝑍in1 + 𝑍1

. (4.105)

Substituting (4.104) into (4.105) and simplifying gives

𝑆11 =
𝐴 + 𝐵∕𝑍2 − 𝐶𝑍1 − 𝐷𝑍1∕𝑍2
𝐴 + 𝐵∕𝑍2 + 𝐶𝑍1 + 𝐷𝑍1∕𝑍2

. (4.106)

To obtain 𝑆21, we now return to the top equation in (4.103):

𝑉1 = (1 + 𝑆11)𝑉+
1 = (𝐴 + 𝐵∕𝑍2)𝑉2. (4.107)

Solving for 𝑉2∕𝑉+
1 , substituting in for 𝑆11, and simplifying gives

𝑆21 =
2

𝐴 + 𝐵∕𝑍2 + 𝐶𝑍1 + 𝐷𝑍1∕𝑍2
. (4.108)

To obtain 𝑆22 we first invert the ABCD matrix to obtain

[
𝑉2
𝐼2
] =

1
𝐴𝐷 − 𝐵𝐶 [

𝐷 −𝐵
−𝐶 𝐴 ] [

𝑉1
𝐼1
] . (4.109)

However, referring to Figure 4.9, 𝐼1 is pointing into the network and 𝐼2 is pointing out
of the network. To consider 𝑆22 we need to reverse these directions, so we introduce
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𝐼′1 = −𝐼1 and 𝐼′2 = −𝐼2, with 𝑍in2 = 𝑉2∕𝐼′2 and 𝑍1 = 𝑉1∕𝐼′1. The inverted ABCD matrix
equation then becomes

[
𝑉2
−𝐼′2

] =
1

𝐴𝐷 − 𝐵𝐶 [
𝐷 −𝐵
−𝐶 𝐴 ] [

1
−1∕𝑍1

]𝑉1

= 1
𝐴𝐷 − 𝐵𝐶 [

𝐷 + 𝐵∕𝑍1
−𝐶 − 𝐴∕𝑍1

]𝑉1.

(4.110)

The impedance 𝑍in2 looking into port 2 is then

𝑍in2 =
𝑉2

𝐼′2
=
𝐷 + 𝐵∕𝑍1
𝐶 + 𝐴∕𝑍1

. (4.111)

Similar to before, 𝑆22 is given by

𝑆22 =
𝑍in2 − 𝑍2
𝑍in2 + 𝑍2

=
𝐷 + 𝐵∕𝑍1 − 𝐶𝑍2 − 𝐴𝑍2∕𝑍1
𝐷 + 𝐵∕𝑍1 + 𝐶𝑍2 + 𝐴𝑍2∕𝑍1

.
(4.112)

Finally, to obtain 𝑆12, we return to the top equation in (4.110):

𝑉+
2 (1 + 𝑆22) =

𝐷 + 𝐵∕𝑍1
𝐴𝐷 − 𝐵𝐶 𝑉1. (4.113)

Solving for 𝑉1∕𝑉+
2 , substituting for 𝑆22, and simplifying leads to

𝑆12 =
2(𝐴𝐷 − 𝐵𝐶)(𝑍1∕𝑍2)

𝐴 + 𝐵∕𝑍2 + 𝐶𝑍1 + 𝐷𝑍1∕𝑍2
. (4.114)

In the most common case of 𝑍1 = 𝑍2 ≡ 𝑍𝑐, the equations relating 𝑆 parameters to
the ABCD matrix reduce to the following:

𝑆11 =
𝐴 + 𝐵∕𝑍𝑐 − 𝐶𝑍𝑐 − 𝐷
𝐴 + 𝐵∕𝑍𝑐 + 𝐶𝑍𝑐 + 𝐷

, (4.115)

𝑆22 =
−𝐴 + 𝐵∕𝑍𝑐 − 𝐶𝑍𝑐 + 𝐷
𝐴 + 𝐵∕𝑍𝑐 + 𝐶𝑍𝑐 + 𝐷

, (4.116)

and for reciprocal networks,

𝑆12 = 𝑆21 =
2

𝐴 + 𝐵∕𝑍𝑐 + 𝐶𝑍𝑐 + 𝐷
. (4.117)

In obtaining this expression, we see that we must require 𝐴𝐷 − 𝐵𝐶 = 1 for reciprocal
networks with the same impedance at each port.

4.5 Attenuators

Attenuators are reciprocal components that are used to reduce the amplitude of a signal
on a transmission line. Ideally, we would like to do this without creating reflections
along the line. This means, of course, that we want both ports to be matched to the
characteristic impedance of the line. It follows from reciprocity that the attenuator has
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Figure 4.11 Circuit for an attenuator.

the same behavior regardless of which port is used as the input and which is used as
the output.
One way to realize such a component is with a symmetric lumped-element circuit

as shown in Figure 4.11. The equivalent ABCD matrix for this circuit can be obtained
by multiplying three matrices: the first for a series impedance of 𝑅1, the second for a
shunt impedance of 𝑅2, and the third for another series impedance of 𝑅1. Referring to
Table 4.1 we have:

[
1 𝑅1
0 1 ] [

1 0
1∕𝑅2 1] [

1 𝑅1
0 1 ]

= [
1 + 𝑅1∕𝑅2 𝑅1(1 + +𝑅1∕𝑅2)
1∕𝑅2 1 + 𝑅1∕𝑅2

] . (4.118)

First, let us consider the conditions that provide matched ports. In terms of 𝑆 param-
eters, this implies 𝑆11 = 𝑆22 = 0. From Eq. (4.115), this implies 𝐴 + 𝐵∕𝑍𝑐 = 𝐶𝑍𝑐 + 𝐷,
or 𝐵∕𝑍𝑐 = 𝐶𝑍𝑐 since 𝐴 = 𝐷 (see Eq. (4.118)). We have then,

1
𝑍𝑐

(𝑅1 +
𝑅21
𝑅2
) =

𝑍𝑐
𝑅2

𝑅2
𝑍𝑐

(
𝑅1
𝑅2

+
𝑅21
𝑅22
) =

𝑍𝑐
𝑅2

(4.119)

or

𝑅2 =
𝑍𝑐√
𝑟 + 𝑟2

, (4.120)

where 𝑟 = 𝑅1∕𝑅2.
Next we want to choose the resistor ratio 𝑟 = 𝑅1∕𝑅2 so that the desired attenuation

is obtained. If 𝐺 is the desired power gain, then we want to require 𝑆12 = 𝑆21 =
√
𝐺.

Since 𝐴 = 𝐷 and 𝐵∕𝑍𝑐 = 𝐶𝑍𝑐, 𝑆12 from Eq. (4.117) can be written

𝑆12 =
2

2(𝐴 + 𝐶𝑍𝑐)

= 2
2(1 + 𝑟 + 𝑍𝑐∕𝑅2)

= 1

1 + 𝑟 +
√
𝑟 + 𝑟2

.

(4.121)

With
√
𝐺 = 𝑆12, this can be written
√
𝑟 + 𝑟2 = 1

√
𝐺
− 1 − 𝑟. (4.122)

Squaring both sides and solving for 𝑟 gives

𝑟 =
√
𝐺
2 (

1
√
𝐺
− 1)

2

. (4.123)
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To summarize, we first choose 𝐺 for the desired attenuation, and calculate the
required resistor ratio 𝑟 from Eq. (4.123). Once 𝑟 is known, 𝑅2 is given by Eq. (4.120),
and 𝑅1 = 𝑟𝑅2.

4.6 Circulators and Isolators

To explore the implications of reciprocity a bit more, consider a 3-port, lossless
network:

⎡
⎢
⎢
⎣

𝑆11 𝑆12 𝑆13
𝑆21 𝑆22 𝑆23
𝑆31 𝑆32 𝑆33

⎤
⎥
⎥
⎦

. (4.124)

If all ports are matched, 𝑆11 = 𝑆22 = 𝑆33 = 0. Requiring the 𝑆 matrix to be unitary
leads to

⎡
⎢
⎢
⎣

0 𝑆∗21 𝑆∗31
𝑆∗12 0 𝑆32 ∗
𝑆∗13 𝑆23 ∗ 0

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

0 𝑆12 𝑆13
𝑆21 0 𝑆23
𝑆31 𝑆32 0

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

1 0 0
0 1 0
0 0 1

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

|𝑆21|2 + |𝑆31|2 𝑆∗31𝑆32 𝑆∗21𝑆23
𝑆∗32𝑆31 |𝑆12|2 + |𝑆32|2 𝑆∗12𝑆13
𝑆∗23𝑆21 𝑆∗13𝑆12 |𝑆13|2 + |𝑆23|2

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

1 0 0
0 1 0
0 0 1

⎤
⎥
⎥
⎦

.

(4.125)

This represents nine simultaneous nonlinear equations, six of which are independent.
To find a solution, let us assume for the moment that 𝑆21 ≠ 0. From the equation on
the lower left, it immediately follows that 𝑆23 = 0. But in this case, the equation on the
lower right requires |𝑆13| = 1. This in turn requires 𝑆12 = 0 from the bottom center
equation, leading to |𝑆32| = 1 from the center equation. The center left equation then
gives 𝑆31 = 0. Finally, the top left equation then requires |𝑆21| = 1. We conclude that
the form of the 𝑆 matrix is

⎡
⎢
⎢
⎣

0 0 𝑆13
𝑆21 0 0
0 𝑆32 0

⎤
⎥
⎥
⎦

. (4.126)

Note that this equation is not symmetric and so is nonreciprocal; the signal can flow
from ports 1 → 2, 2 → 3, and 3 → 1, but not in the reverse direction. This device is
called a circulator. We conclude that any matched, lossless 3-port circuit must be non-
reciprocal. But any circuit made entirely of reciprocal components such as inductors,
capacitors, and resistors must be reciprocal, so we conclude that no reciprocal 3-port
circuit can be perfectly matched.
It turns out that it is possible to realize a nonreciprocal circuit, but it requires

something more than inductors, capacitors, and resistors. In particular, passive non-
reciprocal devices can be realized by including magnetized material in the device. The
detailed analysis of the electrodynamics of nonreciprocal devices is beyond the scope
of this discussion, but we can get some understanding from the behavior of two-state
quantum systems discussed in Chapter 2. Generally speaking, the laws of physics have
time-reversal symmetry, i.e., the equations remain valid with the substitution 𝑡 → −𝑡.
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We know from Chapter 2 that a spin in a magnetic field precesses in a direction deter-
mined by the direction of the applied magnetic field. Since the magnetic moment of a
material generally arises from some combination of electron orbital and spin angular
momentum, it turns out that when placed in a magnetic field, the magnetization also
precesses with a preferred sense.
Now in a reciprocal network, interchanging the input and the output is equivalent

to making the substitution 𝑡 → −𝑡. However, if magnetic materials are present, sim-
ply interchanging the input and output will not reverse the sense of precession; to
obtain true time reversal would also require reversing the direction of the magnetic
field. So if the direction of the magnetic field remains the same, the circuit will in
general have different behavior if the input and output are interchanged. This is the
fundamental origin of nonreciprocal behavior in passive devices. The most common
implementation of nonreciprocal devices uses insulatingmagnetic materials called fer-
rites. Formore information about the operation of nonreciprocal ferrite devices, see [21,
30].
Commonly used symbols for circulators are shown in Figure 4.12. In these symbols,

the connections can be viewed as signal lines, with an implied ground comprising
the second conductor of the transmission lines. In actual devices, the ports are ori-
ented at 120◦ intervals, as shown on the symbol on the left. However, in drawing
circuits, it is often convenient to draw the ports at 90◦ intervals as shown in the center
symbol.
It is interesting to consider how the operation of the device depends on the

impedance terminating the ports in the circuit. For example, consider that port 2 is
terminated in a matched load. In this case, power that enters port 1 will be transferred
to the load at port 2, and no reflections will occur. In this case port 3 sees no signal at all.
But what if the load at port 2 is not perfectly matched? In this case there will be some
reflected power, which will appear as an input signal to port 2. The power entering port
2 will be conveyed to port 3, and if port 3 is connected to a perfectly matched load as
shown in the right symbol in Figure 4.12, the reflected power will be dissipated in the
load on port 3 and none of the reflected power will return to the original source at port
1. Devices like this that isolate the source from the load are referred to as isolators. They
play an important role in preventing noise from reaching a qubit, while still allowing
the weak signal from the qubit to be measured.

Figure 4.12 Circulator Circuit diagrams. In actual devices, the three ports are symmetrically
placed at 120◦ angles, as represented on the left. However, in drawing circuit diagrams, it is
often convenient to show the ports at right angles, as shown in the center. As shown on the
right, you can make an isolator by connecting one of the ports to a matched load.
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4.7 Power Dividers/Combiners

If we need to connect the same signal to two different high-impedance inputs at low
frequencies, we would simply wire them together directly. However, at RF frequen-
cies where transmission line effects must be considered, we need a component called a
splitter or divider to connect a signal to two different loads. The reason is that each con-
nection represents a transmission line, and if the two loads were placed in parallel, the
impedance seen by the input line would be 1/2 its characteristic impedance, resulting
in reflections to previous parts of the circuit.
The particular type of divider depicted in Figure 4.13 is known as aWilkinson divider.

The input line splits into two 𝜆∕4 lines with characteristic impedance
√
2𝑍𝑐, where 𝑍𝑐

is the characteristic impedance of the lines external to the components. From (4.68),
the input to each branch of the 𝜆∕4 lines would be (

√
2𝑍𝑐)2∕𝑍𝑐 = 2𝑍𝑐. Consequently,

when the two branches are placed in parallel, the effective impedance will be 𝑍𝑐, and
the input line will be matched.
Since the output voltages in the two branches are symmetric, there is no potential

difference across the resistor, and the resistor has no effect on the circuit. Consequently,
in theory aWilkinson divider can be lossless (in practice there will always be some loss
owing to the finite conductivity of the conductors, dielectric losses, etc.).
In contrast, when the circuit is used as a combiner for signals that are not identical,

then there will be a potential difference across the resistor and some of the power will
be dissipated.3 However, the value of the resistor can be chosen so that ports 2 and 3 are
matched (the proper value for the resistor turns out to be 2𝑍𝑐). Consequently although
all ports are matched, the circuit is not lossless when used as a combiner. (We saw
in the previous section that a lossless 3-port device with all ports matched must be a
circulator instead of a divider/combiner.) A detailed analysis of the Wilkinson divider
can be found in [21].
It is also possible to realize a divider with a 4-port network. Figure 4.14 shows a type

of 4-port where the ports are connected with quarter-wave branches of transmission
line with the impedances shown. This is a type of branch coupler called a quadrature
hybrid. As we will see, this coupler divides power applied to port 1 equally between
ports 2 and 3, with port 4 isolated (i.e., there is no coupling between port 1 and port 4).
In addition, the signals at the output ports 2 and 3 are 90 degrees out of phase—a useful
feature enabling sine and cosine signals to be generated from a single local oscillator.

Figure 4.13 Wilkinson power divider.

3 If the amplitudes and phases of the signals to be combined were precisely time-reversed versions of
the output signals when used as a splitter, then by reciprocity the device would be lossless. However, in
general, arbitrary signals to be combined result in some loss in the resistor.
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Figure 4.14 Quadrature hybrid 4-port
network. For clarity each transmission line
is represented by a single line, with the
return conductors understood (e.g., an
implied ground plane) [24].

Figure 4.15 Even and odd mode analysis of a
quadrature hybrid coupler. All impedances are
shown normalized to Zc [24].

To understand how the quadrature hybrid works, it is helpful to consider
the network response to even (in-phase) and odd (out-of-phase) signals applied
to ports 1 and 3 as shown in Figure 4.15. In the case of an odd excitation
(Figure 4.15(a)), the voltage must be zero along the dashed line owing to symme-
try, while the current is zero along the dashed symmetry line for an even exci-
tation (Figure 4.15(b)). In both cases, the two sides of the 4 port network are
effectively de-coupled. The resulting 2-ports can then be analyzed to obtain the
reflection and transmission coefficients Γ𝑒,𝑜 and 𝑇𝑒,𝑜. Adding the signals for the
two cases gives the response of the 4-port to a single excitation applied to port 1.



4.7 Power Dividers/Combiners 91

The resulting network 𝑆 parameters are then given by

𝑆11 =
1
2 (Γ𝑒 + Γ𝑜) , (4.127)

𝑆21 =
1
2 (𝑇𝑒 + 𝑇𝑜) , (4.128)

𝑆31 =
1
2 (𝑇𝑒 − 𝑇0) , (4.129)

𝑆41 =
1
2 (Γ𝑒 − Γ𝑜) . (4.130)

First, consider the odd excitation as shown in Figure 4.15(a). We can analyze this
as the cascade of a quarter wavelength section of transmission line with normalized
impedance of 1∕

√
2 between two shunt impedances consisting of shorted 1/8 wave-

length stubs. From Eq. (4.64) we have 𝑍𝑠𝑐 = 𝑗 tan 𝛽𝑙 for the normalized impedance of
the stub, or with 𝛽𝑙 = 𝜋∕4, 𝑍𝑠𝑐 = 𝑗. The ABCD matrix for the network of cascaded
2-ports is:

[
𝐴𝑜 𝐵𝑜
𝐶𝑜 𝐷𝑜

] = [
1 0
−𝑗 1] [

0 𝑗∕
√
2

𝑗
√
2 0

] [
1 0
−𝑗 1]

= 1
√
2
[
1 𝑗
𝑗 1]

.

(4.131)

The odd-mode transmission and reflection coefficients are then

Γ𝑜 =
𝐴𝑜 + 𝐵𝑜 − 𝐶𝑜 − 𝐷𝑜
𝐴𝑜 + 𝐵𝑜 + 𝐶𝑜 + 𝐷𝑜

=
1 + 𝑗 − 𝑗 − 1
1 + 𝑗 + 𝑗 + 1 = 0, (4.132)

𝑇𝑜 =
2

𝐴𝑜 + 𝐵𝑜 + 𝐶𝑜 + 𝐷𝑜
= 2

(1 + 𝑗 + 𝑗 + 1)∕
√
2
=
1 − 𝑗
√
2
. (4.133)

Following a similar procedure for the even-mode excitation in Figure 4.15(b), we note
that the normalized input impedance of an open-circuited stub is 𝑍𝑜𝑐 = −𝑗 cot 𝛽𝑙, or
𝑍𝑜𝑐 = −𝑗 for the 𝜆∕8 stub. The ABCD matrix for the even-mode excitation is

[
𝐴𝑒 𝐵𝑒
𝐶𝑒 𝐷𝑒

] = [
1 0
𝑗 1] [

0 𝑗∕
√
2

𝑗
√
2 0

] [
1 0
𝑗 1]

= 1
√
2
[
−1 𝑗
𝑗 −1]

.

(4.134)

The even-mode transmission and reflection coefficients are then

Γ𝑒 =
𝐴𝑒 + 𝐵𝑒 − 𝐶𝑒 − 𝐷𝑒
𝐴𝑒 + 𝐵𝑒 + 𝐶𝑒 + 𝐷𝑒

=
−1 + 𝑗 − 𝑗 + 1
−1 + 𝑗 + 𝑗 − 1 = 0, (4.135)

𝑇𝑒 =
2

𝐴𝑒 + 𝐵𝑒 + 𝐶𝑒 + 𝐷𝑒
= 2

(−1 + 𝑗 + 𝑗 − 1)∕
√
2
= −

1 + 𝑗
√
2
. (4.136)
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Figure 4.16 Commonly-used symbol for a quadrature
hybrid. A signal applied to port 1 is evenly split into
quadrature signals at ports 2 and 3.

The key 𝑆 parameters can now be calculated:

𝑆11 =
1
2 (Γ𝑒 + Γ𝑜) = 0, (4.137)

𝑆21 =
1
2 (𝑇𝑒 + 𝑇𝑜) = −

𝑗
√
2
, (4.138)

𝑆31 =
1
2 (𝑇𝑒 − 𝑇0) = − 1

√
2
, (4.139)

𝑆41 =
1
2 (Γ𝑒 − Γ𝑜) = 0. (4.140)

We see then that the power input at port 1 will be equally divided between ports 2
and 3, but the signal at port 2 will be shifted by −𝜋∕2, and the signal at port 3 will be
shifted by 𝜋. This behavior is summarized in Figure 4.16 in terms of a commonly-used
symbol for a quadrature hybrid.
Alternatively, if we take the signal at port 2 as the reference cosine, then port 3

becomes the sine owing to the relative phase shift of −𝜋∕2, providing us with the
quadrature local oscillator signals needed for the system shown in Figure 1.12.

4.8 Mixers

In microwave systems, amixer is a device that multiplies two waveforms together:

𝑓out(𝑡) = 𝑓in 1(𝑡)𝑓in 2(𝑡). (4.141)

The commonly-used symbol is shown in Figure 4.17. As with the circulator, the con-
nections represent signal lines with an implied ground (not shown) completing the two
conductors needed for a transmission line.
A common way to realize a mixer is to use the non-linear 𝐼-𝑉 characteristic of a

junction diode. The current in a diode is given by

𝐼(𝑉) = 𝐼𝑆
(
𝑒𝑞𝑉∕𝑛𝑘𝐵𝑇 − 1

)
, (4.142)

where 𝐼𝑆 is the saturation current of the diode when reverse biased, 𝑞 is the electronic
charge, 𝑘𝐵 is Boltzmann’s constant, 𝑛 is an ideality factor (generally between 1 and 2
for silicon), and 𝑇 is the absolute temperature. For silicon at room temperature, 𝑘𝐵𝑇∕𝑞
is about 26 mV. For small voltage excursions about a steady state value 𝑉 = 𝑉0 + 𝑣, the

Figure 4.17 Mixer Circuit diagrams. In an ideal mixer, the signal at
the output terminal is the product of the signals applied to the two
input ports.
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diode current can be expanded in a Taylor series:

𝐼(𝑉) ≈ 𝐼0 + 𝑣 d𝐼
d𝑉

|||||||𝑉0

+ 1
2𝑣

2 d2𝐼
d𝑉2

|||||||||𝑉0

+ … . (4.143)

If 𝑣 = 𝑣1 + 𝑣2, then the second-order term in (4.143) will contain product terms of the
form (4.141).
Mixers are typically used for two primary functions: controlling the shape of the sig-

nal envelope to control a pulse shape or encode information on the signal (modulation),
or translating a signal either up or down in frequency.
As an example of pulse shaping in quantum computing systems, pulses must be

applied to qubits to control rotations on the Bloch sphere, where the duration of the
pulse determines the amount of rotation. Figure 4.18(a) shows a circuit for controlling
the shape of a pulse, and Figure 4.18(b) shows the waveforms at each terminal. In this
context, the cos(𝜔𝑡) term is referred to as the “carrier,” and 𝑓𝑝(𝑡) is referred to as the
“baseband pulse.”
As an example of translating a signal to a different frequency, consider the situation

of applying the inputs 𝑓𝑝(𝑡) cos𝜔1𝑡 and cos𝜔2𝑡 to the inputs of a mixer. In this type of
circuit, the frequency 𝜔2 is referred to as the “local oscillator” or “LO” frequency. In
this case the output signal would be

𝑓out = 𝑓𝑝(𝑡) cos𝜔1𝑡 cos𝜔2𝑡

= 1
2𝑓𝑝(𝑡) [cos(𝜔1 − 𝜔2)𝑡 + cos(𝜔1 + 𝜔2)𝑡] ,

(4.144)

where we have expanded the cosine product with the identity 2 cos𝑢 cos 𝑣 = cos(𝑢 −
𝑣)+cos(𝑢+𝑣).We see that the outputwill contain pulses at both the sum and difference
frequencies. Typically only one of these will be desired, and the desired signal can be
selected using either a low-pass or a high-pass filter. In particular, if we were to choose
𝜔1 = 𝜔2, then use of a low-pass filter would enable recovery of the original pulse 𝑓𝑝(𝑡).
A particularly interesting case is when the pulse carrier frequency has an arbitrary

phase with respect to the LO signal. Such a signal can be expressed as the sum of a sine

Figure 4.18 (a) Circuit to shape a microwave pulse. (b)
Example of creating a pulse with a Gaussian pulse
shape.
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component and a cosine component whose amplitudes are determined by the phase:

𝑓𝑝(𝑡) cos(𝜔𝑡 − 𝜙) = 𝑓𝑝(𝑡) [cos𝜙 cos𝜔𝑡 + sin𝜙 sin𝜔𝑡] . (4.145)

In this case the output of the mixer would be

𝑓out = 𝑓𝑝(𝑡) cos(𝜔𝑡 − 𝜙) cos𝜔LO𝑡

= 1
2𝑓𝑝(𝑡) [cos((𝜔 − 𝜔LO)𝑡 − 𝜙) + cos((𝜔 + 𝜔LO)𝑡 − 𝜙)] .

(4.146)

Comparing with (4.145) we see that if 𝜔LO = 𝜔, then the difference signal is propor-
tional to the amplitude of the cosine component of the signal pulse. Similarly, if the LO
signal is a sine instead of a cosine, the output would be

𝑓out = 𝑓𝑝(𝑡) cos(𝜔𝑡 − 𝜙) sin𝜔LO𝑡

= 1
2𝑓𝑝(𝑡) [sin((𝜔 + 𝜔LO)𝑡 − 𝜙) − sin((𝜔 − 𝜔LO)𝑡 − 𝜙)] .

(4.147)

In this case we see that the difference frequency component is proportional to the
amplitude of the sine component of the signal pulse.
Using these observations, we can construct a circuit to measure the phase of the sig-

nal as shown in Figure 4.19(a). The low-pass filters block the 2𝜔 signal component
coming from the mixer, leaving only the difference-frequency signal. The 𝐼 and 𝑄

Figure 4.19 (a) Circuit to recover the cosine (in-phase, or I) and sine (quadrature, or Q)
components of an RF signal. (b) The amplitude and phase plotted on the IQ plane. (c) Raw I-Q
signals measured on ibm-q-armonk, a 1 qubit demonstration processor on the IBM Q Network.
The means for each state are indicated by the large markers.
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outputs can be used to easily construct both the magnitude |𝑓𝑝(𝑡)| =
√
𝐼2 + 𝑄2 and

phase 𝜙 = arctan𝑄∕𝐼 of the signal. The magnitude and phase are often plotted on the
𝐼-𝑄 plane, as shown in Figure 4.19(b). When the signals reflected from a qubit are plot-
ted on the 𝐼-𝑄 plane, the signal points from |0⟩ and |1⟩ states cluster separately, enabling
the states to be identified. An example signal constellation showing |0⟩ and |1⟩ states
using an IBM Q processor is shown in Figure 4.19(c).

4.9 Low-Pass Filters

As we found in the previous section, the product of two sinusoidal signals obtained
from amixer contains sum and difference frequencies. In the case of the 𝐼-𝑄 demodula-
tor shown in Figure 4.19, we are only interested in the difference frequency component,
and so we need a low-pass filter—i.e., a filter that only passes frequencies below a cer-
tain frequency—to isolate the desired components. In addition, if a digitally-sampled
signal is used to define the pulse shape in a circuit such as Figure 4.18, signals will also
appear at harmonics of the sampling frequency (these are referred to as aliased signals).
Again, a low-pass filter is needed to remove these spurious signals from the output.
Simple “𝜋” and “𝑇” circuits illustrating the operation of a low-pass filter are shown in

Figure 4.20. Intuitively, the blocking of high-frequency signals results from the fact that
the impedance of the series inductors increases with frequency while the impedance of
the shunting capacitors decreases with frequency. As an example, we will analyze the
𝑇 network shown in Figure 4.20(b).
We have already analyzed a similar 𝑇 network when we considered the attenua-

tor design shown in Figure 4.11. Making the identifications 𝑅1 = 𝑗𝜔𝐿∕2 and 𝑅2 =
1∕(𝑗𝜔𝐶), we can obtain the ABCD matrix from Eq. (4.118). The result is

[
𝐴 𝐵
𝐶 𝐷]

= [
1 − 𝜔2𝐿𝐶∕2 𝑗𝜔𝐿∕(1 − 𝜔2𝐿𝐶∕4)

𝑗𝜔𝐶 1 − 𝜔2𝐿𝐶∕2) ] . (4.148)

To see if the network can bematched, let us explore the conditions under which 𝑆11 (or
𝑆22) can vanish. As with the attenuator circuit, 𝐴 = 𝐷 owing to symmetry, so referring
to Eq. (4.115), 𝑆11 = 0 when 𝐵∕𝑍𝑐 = 𝐶𝑍𝑐. This gives

𝑗𝜔𝐿
𝑍𝑐

(1 −
𝜔2𝐿𝐶
4 ) = 𝑗𝜔𝐶𝑍𝑐, (4.149)

or

𝐿
𝐶 (1 −

𝜔2𝐿𝐶
4 ) = 𝑍2𝑐 . (4.150)

Figure 4.20 Low-pass filter circuits.
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The form of this equation suggests the definition of a characteristic frequency

𝜔𝑐 =
2

√
𝐿𝐶

. (4.151)

The significance of this frequency will become apparently shortly. Since we are partic-
ularly interested in a match at low frequencies that we want to pass, let us consider Eq.
(4.150) in the limit 𝜔 → 0. We conclude that to ensure the best match, we require4

√
𝐿
𝐶 = 𝑍𝑐. (4.152)

Next, to check that the circuit works as a low-pass filter, wewant to see how 𝑆21 varies
with frequency. From (4.117) and (4.148), we have

𝑆21 =
2

2(1 − 𝜔2𝐿𝐶∕2) + (1 − 𝜔2𝐿𝐶∕4)𝑗𝜔𝐿∕𝑍𝑐 + 𝑗𝜔𝐶𝑍𝑐
. (4.153)

Recognizing that 𝐿∕𝑍𝑐 = 𝐶𝑍𝑐 =
√
𝐿𝐶 = 2∕𝜔𝑐, 𝑆21 can be simplified to

𝑆21 =
1

1 − 2𝑗𝜔∕𝜔𝑐 − 2(𝜔∕𝜔𝑐)2 + 𝑗(𝜔∕𝜔𝑐)3
. (4.154)

Clearly for small 𝜔 we have 𝑆21 ≈ 1, as expected. Let us consider the case 𝜔 = 𝜔𝑐. After
substituting and simplifying, we find that

𝑆21 = −12(1 − 𝑗), |𝑆21|2 =
1
2 . (4.155)

We see then that 𝜔𝑐 is the frequency at which the transmitted power drops by half,
referred to as the “cutoff” frequency. The magnitude squared of 𝑆11 and 𝑆21 are plotted
in Figure 4.21, clearly showing the behavior of a low-pass filter.

Figure 4.21 Frequency response of the T network low-pass filter.

4 Actually, we see that Eq. (4.149) is satisfied at 𝜔 = 0 without any requirement on 𝐿 or 𝐶 owing to
the 𝜔 factors on both sides. However this requirement on the ratio of 𝐿∕𝐶 improves the low-frequency
match for 𝜔 ≠ 0.
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A more extensive treatment of the design of filters can be found in Pozar [21], but
our discussion illustrates the basic principles.

4.10 Noise

Measurements of any kind typically exhibit random errors. We must pay particular
attention to these errors when measuring very small quantities, as is the case when
measuring the state of a qubit.

4.10.1 Thermal Noise

A fundamental source of error arises from charge vibrations associated with the equi-
librium temperature of the physical system. This thermal noise or Johnson noise is the
result of a phenomenon called black body radiation. For a resistor at absolute tempera-
ture 𝑇 (K), the power per unit frequency 𝑓 emitted to the circuit containing the resistor
is given by the one-dimensional analogue of the Planck radiation law:

𝑃𝑓 =
ℎ𝑓

𝑒ℎ𝑓∕𝑘𝑇 − 1
. (4.156)

Hereℎ and 𝑘 are Planck’s andBoltzmann’s constants, respectively.We can interpret this
as the power per unit bandwidth5 ℎ𝑓 times the probability that the state ℎ𝑓 is occupied.
The latter is given by the Bose-Einstein distribution function, and is discussed in more
detail in Section 7.1. If the resistor is connected to a load through a lossless band pass
filter as illustrated in Figure 4.22, the total power injected into the circuit is just 𝑃𝑓𝐵,
where 𝐵 is the bandwidth of the filter (Hz). Maximum power will be transferred to

Figure 4.22 Circuit illustrating thermal noise power from a resistor at temperature T. (a)
Resistor at temperature T coupled to a load through a lossless bandpass filter with bandwidth
B. (b) Equivalent circuit explicitly showing a noise voltage source that depends on temperature.

5 Note that power per unit bandwidth has units (J/s)/(1/s)=J which is the same as energy. Con-
sequently, depending on the context, ℎ𝑓 can be considered either as an energy or power per unit
bandwidth.
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the load if 𝑍𝐿 = 𝑅, in which case the load is matched to the source.6 The rms voltage
dropped across a matched load will be 𝑣𝐵∕2, if 𝑣𝐵 is the band-pass-filtered voltage of
an equivalent noise voltage source 𝑣 (i.e., half of the voltage is dropped across each
resistor). This voltage can be related to the power delivered to the load by setting the
standard expression for rms power in a resistor equal to the power 𝑃𝑓𝐵:

(𝑣𝐵∕2)2

𝑅 =
ℎ𝑓𝐵

𝑒ℎ𝑓∕𝑘𝑇 − 1
, (4.157)

or

𝑣𝐵 =

√
4ℎ𝑓𝐵𝑅

𝑒ℎ𝑓∕𝑘𝑇 − 1
. (4.158)

Typically in microwave circuits the frequencies and temperatures are such that
ℎ𝑓 << 𝑘𝑇. For example, for a 5 GHz signal at room temperature (∼ 300K), ℎ𝑓∕(𝑘𝑇) ≈
8 × 10−4. In this case, exp (ℎ𝑓∕𝑘𝑇) ≈ 1 + ℎ𝑓∕𝑘𝑇, and (4.158) can be approximated by

𝑣𝐵 ≈
√
4𝑘𝑇𝐵𝑅. (4.159)

In this limit the thermal power delivered to the load 𝑅𝐿 = 𝑅 is

𝑃 =
(𝑣𝐵∕2)2

𝑅 = 𝑘𝑇𝐵. (4.160)

This is called the Rayleigh-Jeans approximation. Since the power does not depend on
frequency, thermal noise is white noise in this limit.
To illustrate the concept we have focused on the power supplied by resister 𝑅 to resis-

tor 𝑅𝐿. However, it is clear from the symmetry of the circuit that noise energy also flows
in the other direction—from 𝑅𝐿 to 𝑅. If both resistors have the same temperature, the
noise power supplied by each resistor will be equal and the system will be in thermal
equilibrium. However, suppose 𝑅 is associated with a circuit at room temperature, and
𝑅𝐿 is associated with the quantum processor at a temperature of a few milli-Kelvins.
In this case significant net thermal energy would be flowing into the quantum proces-
sor. Not only will this require the refrigerator to work hard to keep the processor at the
correct temperature, but the noise power would thermally excite the qubit introducing
significant errors. The solution to this problem is to provide signals from room tem-
perature electronics to the processor through cooled attenuators. We will return to this
topic in a future section.
In conventional circuits, although the energy of a single photon is much less than

the thermal energy, the signal will typically have large numbers of photons so that the
signal power will be larger than the noise power. However, in the case of a qubit in
thermal equilibrium, if ℎ𝑓 ≪ 𝑘𝑇 then the |1⟩ state would be constantly excited by
thermal energy, and we would not have the ability to control the state of the qubit.
Consequently for qubits we would like to have ℎ𝑓 ≫ 𝑘𝑇. The temperature equivalent
to the photon energy is 𝑇 = ℎ𝑓∕𝑘, which for a 5 GHz signal gives 𝑇 ≈ 0.23 K. So to
satisfy this condition the temperature of the qubitmust bemuch less than 0.23 K. Using

6 Of course an equal amount of power will be delivered from the resistor on the right to the the resistor
on the left by symmetry, if both start at the same temperature. Otherwise, net energy will flow toward
the colder resistor.
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Figure 4.23 Quantum noise as a
function of temperature normalized to
the photon energy. Solid line is the
exact expression (4.161), while the
dashed line is the Rayleigh-Jeans
approximation (4.160).

dilution refrigerators, qubit temperatures can be held as low as 0.01 K. In this limit we
must add the zero-point power to (4.156):

𝑃𝑓 =
ℎ𝑓

𝑒ℎ𝑓∕𝑘𝑇 − 1
+
ℎ𝑓
2

=
ℎ𝑓
2
𝑒ℎ𝑓∕𝑘𝑡 + 1
𝑒ℎ𝑓∕𝑘𝑡 − 1

=
ℎ𝑓
2 coth

ℎ𝑓
2𝑘𝑇

.

(4.161)

The quantum noise power spectral density (4.161) is compared with the Rayleigh-
Jeans approximation (4.160) used at higher temperatures in Figure 4.23. For the case
of a 5 GHz qubit at 0.01 K, 𝑘𝑇∕(ℎ𝑓) ≈ 0.04, so the noise power is dominated by the
zero-point fluctuations.
An attenuator is a passive element with 𝐺 < 1, and is of particular interest for quan-

tum computing systems. Referring to Figure 4.24, we see that if 𝐺 ≪ 1 then the noise
at the output of the component is dominated by the noise added by the compo-
nent. Since the attenuator is passive, the added noise is simply the thermal noise
corresponding to the temperature of the attenuator.
At very low temperatures it is convenient to introduce the added-noise number [31]

𝑛N =
𝑃𝑓
ℎ𝑓

. (4.162)

The added-noise number clearly has the quantum limit 1/2, which is sometimes
referred to as “one-half photon of noise.”

4.10.2 Equivalent Noise Temperature

It is often the case that the noise introduced by amplifiers and other electronic compo-
nents is not a strong function of frequency within the system bandwidth. In such cases,
we can model the noise with an equivalent temperature; i.e., we can replace the noise
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Figure 4.24 Noise added by a circuit with power gain G. For
an amplifier, G > 1, while for an attenuator G < 1.

source with a resistor at temperature 𝑇𝑁 and the same noise power would be produced.
As an example, consider the circuit shown in Figure 4.24.
The equivalent noise temperature 𝑇𝑁 is defined as the increase in input temperature

required to account for all the output noise referred to the input:

𝐺𝑁𝑖 +𝑁𝑎 = 𝐺𝑃𝑓(𝑇0 + 𝑇𝑁)𝐵

= 1
2𝐺ℎ𝑓𝐵 coth (

ℎ𝑓
2𝑘(𝑇0 + 𝑇𝑁)

).
(4.163)

If the noise at the input is the result of a source at the reference temperature 𝑇0, then

𝑁𝑎 +
1
2𝐺ℎ𝑓𝐵 coth (

ℎ𝑓
2𝑘𝑇0

) = 1
2𝐺ℎ𝑓𝐵 coth (

ℎ𝑓
2𝑘(𝑇0 + 𝑇𝑁)

). (4.164)

The IEEE has established a standard [32] for the measurement of noise based on a
specific reference temperature.7 Assuming we use the standard reference temperature
of 𝑇0 = 290 K for our input noise source, then 𝑘𝑇0 ≫ ℎ𝑓 for microwave frequencies,
and we can expand the coth(𝑥) function for small 𝑥: coth(𝑥) ≈ 1 + 1∕𝑥 for 𝑥 ≪ 1.
Making this approximation in (4.164) and simplifying leads to

𝑇𝑁 =
𝑁𝑎

𝐺𝑘𝐵
. (4.165)

The minimum amount of added noise is the equivalent of 1/2 photon at the input, or
𝑁𝑎 ≥ 𝐺ℎ𝑓𝐵∕2. Consequently the quantum limit on the noise temperature of a device
is

𝑇𝑁 ≥
𝐺ℎ𝑓𝐵∕2
𝐺𝑘𝐵

=
ℎ𝑓
2𝑘

. (4.166)

4.10.3 Noise Factor and Noise Figure

The noise factor 𝐹 is an engineering metric that is often use to characterize the amount
of noise added by an RF component. The concept was introduced by Friis [33] who
defined the noise factor as

𝐹 ≡
𝑆𝑖∕𝑁𝑖

𝑆𝑜∕𝑁𝑜
≥ 1, (4.167)

where 𝑆𝑖∕𝑁𝑖 is the signal power to noise power ratio at the input of the component,
and 𝑆𝑜∕𝑁𝑜 is the signal to noise power ratio at the output of the component. For a

7 Clearly there is a computational simplification from choosing a relatively large value for 𝑇0 since this
enables the expansion of the coth function. But why not choose something closer to room temperature
than 290 k (63 F)? The value of 290 K was proposed by Friis [33] because it made the value of 𝑘𝑇 a
convenient round number: 𝑘𝑇0 = 4.00 × 1021 J. This was particularly attractive in an era of hand and
slide-rule computation [34].
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component with gain 𝐺 as shown in Figure 4.24, the noise factor can be written

𝐹 =
𝑆𝑖
𝑁𝑖

𝐺𝑁𝑖 +𝑁𝑎
𝐺𝑆𝑖

= 1 +
𝑁𝑎
𝐺𝑁𝑖

=
𝑃𝑓(𝑇0 + 𝑇𝑁)
𝑃𝑓(𝑇0)

≈ 1 +
𝑇𝑁
𝑇0

.

(4.168)

In the last step we have assumed use of the standard noise temperature of 290 K. If the
amount of noise added is negligible compared to the noise at the input to the compo-
nent, then 𝐹 ≈ 1. The noise temperature can also be expressed in terms of the noise
factor by solving (4.168) for 𝑇𝑁 :

𝑇𝑁 = 𝑇0(𝐹 − 1). (4.169)

The noise figure 𝑁𝐹 is simply the noise factor expressed in dB:

𝑁𝐹 = 10 log10 𝐹. (4.170)

4.10.4 Attenuators and Noise

Let us consider the noise contributed to a circuit by a passive reciprocal element such
as an attenuator. Power that is incident on port 2 is split three ways: some of it may be
reflected if there is an impedancemismatch at port 2, some of it will be transmitted, and
some of it will be dissipated as heat in the element. In Figure 4.25 the power dissipated
is visualized as being transmitted to a fictitious third port that is perfectly matched to a
thermal reservoir at temperature 𝑇. Power conservation allows us to write

𝑃2 = 𝑃𝑟 + 𝑃1 + 𝑃𝑑. (4.171)

Dividing through by 𝑃2 enables us to write this in terms of 𝑆 parameters:

1 =
𝑃𝑟
𝑃2

+
𝑃1
𝑃2

+
𝑃𝑑
𝑃2

= |𝑆22|2 + |𝑆12|2 + |𝑆32|2.
(4.172)

Consequently the magnitude squared of the 𝑆 parameter for the fictitious port 3 can be
obtained in terms of the actual circuit parameters 𝑆22 and 𝑆12:

|𝑆32|2 = 1 − |𝑆22|2 − |𝑆12|2. (4.173)

However, thermal noise associated with temperature 𝑇 is also injected into the
element via port 3, and the portion of this power appearing at port 2 is simply

𝑃𝑛2 = 𝑃𝑇|𝑆23|2. (4.174)

Since the element is reciprocal, |𝑆32| = |𝑆23| and |𝑆12| = |𝑆21|, and we can use (4.173)
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Figure 4.25 Thermal noise from a passive element such as an attenuator at temperature T.
(a) Power applied to port 2 is partially reflected and partially transmitted to the output, with
the balance dissipated as heat. The power dissipated is visualized as being conveyed to a
fictitious port 3 connected to a thermal reservoir at temperature T. (b) The total power out has
a contribution from the input as well as the thermal reservoir attached to the fictitious port 3.

to write

𝑃𝑛2 = 𝑃𝑇
(
1 − |𝑆22|2 − |𝑆21|2

)
. (4.175)

If power is also applied to port 1, then the total power output at port 2 is

𝑃𝑜 = 𝑃1|𝑆21|2 + 𝑃𝑇
(
1 − |𝑆22|2 − |𝑆21|2

)
. (4.176)

If the input power is the noise power from a previous stage with effective temperature
𝑇𝑖 , then we can write 𝑃1 = 𝑁𝑖 and 𝑃𝑇 = 𝑁𝑇 , and the total noise at the output of the
attenuator is

𝑁𝑛𝑇 = 𝑁𝑖|𝑆21|2 +𝑁𝑇
(
1 − |𝑆22|2 − |𝑆21|2

)
. (4.177)

Usually both circuit ports of the attenuator are matched so that 𝑆22 = 0 and this
simplifies to

𝑁𝑛𝑇 = 𝐺𝑁𝑖 + (1 − 𝐺)𝑁𝑇 , (4.178)

where we have identified |𝑆21|2 with the power gain 𝐺 of the attenuator.
For a low-loss component, e.g., a low-loss transmission line, 𝐺 ≈ 1 and the noise

power at the output is essentially the same as the noise power at the input. In contrast,
if the attenuation is high so that𝐺 ≪ 1, then the noise output power is just the thermal
noise associated with the temperature 𝑇.
This has significance for providing control signals to a cryogenic qubit, in that a low-

loss transmission line from the room would convey thermal noise power much greater
than the energy levels of the qubit, making it impossible to control the energy state.
In contrast, if the signal goes through a series of attenuators, each at a colder stage
of the refrigerator, then the noise from the control signal will be dominated by the
temperature of the last attenuator. If this last attenuator can be held at a comparable
temperature to the qubit, then the thermal excitation of the qubit will beminimized. Of
course the control signal is also attenuated, so the input signal power to the attenuator
chain must be large enough to ensure sufficient amplitude to control the qubit.



4.10 Noise 103

Finally, let us consider the noise factor for the attenuator:

𝐹 =
𝑆∕𝑁𝑖

𝐺𝑆∕(𝐺𝑁𝑖 + (1 − 𝐺)𝑁𝑇)

= 1 + (𝐿 − 1)
𝑁𝑇
𝑁𝑖

,
(4.179)

where we have introduced the loss factor 𝐿 = 1∕𝐺 of the attenuator. Note that if the
input noise temperature is the same as that of the attenuator, then 𝐹 = 𝐿. In case of the
IEEE noise factor definition, we have

𝐹 = 1 + (𝐿 − 1) 𝑇𝑇0
, (4.180)

where 𝑇0 = 290 K. Comparing with (4.168) we see that the equivalent noise tempera-
ture of an attenuator is

𝑇𝑁 = (𝐿 − 1)𝑇. (4.181)

For an attenuator with 𝐿 ≫ 1, it may seem odd that the effective noise temperature is
muchhigher than the actual temperature of the attenuator. The reason for this is simply
that 𝑇𝑁 is defined referred to the input of the device, and a very large temperature at
the input is needed to produce the observed noise level at the output of the attenuator!

4.10.5 Noise in Cascaded Systems

Often in microwave systems the signal must pass through several components in
sequence, for example if a single component does not provide enough gain or atten-
uation for the application. Consider the noise in the cascaded system shown in
Figure 4.26. The noise power at the output of each component is

𝑁1 = 𝐺1𝑁𝑖 +𝑁𝑎1, (4.182)

𝑁2 = 𝐺1𝐺2𝑁𝑖 + 𝐺2𝑁𝑎1 +𝑁𝑎2, (4.183)

𝑁𝑜 = 𝐺1𝐺2𝐺3𝑁𝑖 + 𝐺2𝐺3𝑁𝑎1 + 𝐺3𝑁𝑎2 +𝑁𝑎3. (4.184)

If a signal 𝑆𝑖 is applied to the input, the noise figure will be

𝐹 =
𝑆𝑖
𝑁𝑖

𝐺1𝐺2𝐺3𝑁𝑖 + 𝐺2𝐺3𝑁𝑎1 + 𝐺3𝑁𝑎2 +𝑁𝑎3

𝐺1𝐺2𝐺3𝑆𝑖

= 1 +
𝑁𝑎1
𝐺1𝑁𝑖

+
𝑁𝑎2

𝐺1𝐺2𝑁𝑖
+

𝑁𝑎3

𝐺1𝐺2𝐺3𝑁𝑖
.

(4.185)

This is more commonly written in the form

𝐹 = 𝐹1 +
𝐹2 − 1
𝐺1

+
𝐹3 − 1
𝐺1𝐺2

. (4.186)

G1, T1 G2, T2 G3, T3

N1Ni N2 No

Figure 4.26 Noise in a system of cascaded components.
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Note that if𝐺1, 𝐺2, 𝐺3 ≫ 1, the noise added by component 1 dominates the added noise
in the output, and we have

𝐹 ≈ 1 +
𝑁𝑎1
𝐺1𝑁𝑖

= 𝐹1. (4.187)

In contrast, for attenuators with 𝐺1, 𝐺2, 𝐺3 ≪ 1, the noise from component 3 domi-
nates the added noise at the output. In this case, the output noise power is primarily
determined by the physical temperature of the third attenuator:

𝑁𝑜 ≈ 𝑃𝑓(𝑇3)𝐵 = 1
2ℎ𝑓𝐵 coth

ℎ𝑓
2𝑘𝑇3

. (4.188)

We therefore arrive at two key observations: for a chain of amplifiers, the noise figure of
the first amplifier dominates, so it is critical that this first amplifier have the lowest possible
noise; but for a chain of attenuators, the noise from the last attenuator dominates, so it is
critical for this attenuator to be as cold as possible.

4.11 Low Noise Amplifiers

In conventional transistor amplifiers, noise arises from resistance in the device. This
resistance is caused by scattering of the charge carriers by either lattice vibrations (i.e.,
phonons; see Chapter 7) or departures from the perfect periodicity of the ions in the
material from defects in crystal structure or impurities. Scattering from lattice vibra-
tions can be minimized by cooling the device, and material growth techniques can
significantly reduce imperfections in the crystal structure. However, charge carriers
essential for device operation are provided by dopant impurities, and it is more dif-
ficult to reduce this source of resistance. While there are approaches to designing the
circuit tominimize the impact of device noise (see for example, Chapter 13 in Lee [34]),
it is clearly advantageous to start with a device with as low resistance as possible.
A high electron mobility transistor, or HEMT, is a structure that minimizes scattering

from impurities by spatially separating the donors supplying the charge carriers, and
the channel in which the charge carriers move. This is schematically represented in
Figure 4.27. The changes in energy band structure between the layers is such that the
donor electrons have the lowest energy if they are in the GaAs layer but very near the
interface between the intrinsic layers of AlGaAs and GaAs. The spacer layer minimizes
the influence of the donor atoms, and scattering is extremely low in the near-perfect
intrinsic semiconductor layers.
The cooling capacity at the lowest-temperature stage in a dilution refrigerator is very

limited, and although the losses inHEMT amplifiers are small, they consume toomuch
power to be kept at the lowest temperature stage. However, they can be cooled at the
4K stage, and typically exhibit noise numbers 𝑛HEMT𝑁 ≳ 20 [35].
Amplifiers that can be supported at the lowest temperature stage are parametric

amplifiers. Very low power parametric amplifiers can be constructed using supercon-
ducting Josephson junctions.Wewill discuss thesemore inChapter 8, but these circuits
amplify by periodically varying the inductance in a resonant circuit at, for example,
twice the signal frequency. Because the superconducting devices have extremely low
loss and operate at the lowest temperature in the refrigerator, noise numbers of order
1–4 can be achieved [35].
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Figure 4.27 Layered structure of different semiconductor materials used to separate the
donor impurities from the donor electrons to achieve minimal scattering. Structures of
different materials like this are referred to as heterostructures. Owing to the different band
structure of AlGaAs and GaAs, donor electrons from the heavily-doped AlGaAs layer become
trapped on the GaAs side of the interface between intrinsic GaAs and AlGaAs, forming a “2D
electron gas.” This concentration of electrons is depicted by the shaded region. A
heterostructure similar to this is a key feature of HEMTs.

4.12 Exercises

4.1 RG-58 coaxial cable has a characteristic impedance of 50Ω and a capacitance per
unit length of about 100 pf/m. Find the inductance per unit length.

4.2 The return loss from a terminated lossless transmission line is measured to be 15
dB. What percentage of the incident power is absorbed by the load?

4.3 What is the characteristic impedance of a quarter-wave matching section
designed to match a 300 Ω transmission line to a 75 Ω load?

4.4 Referring to Figure 4.11, find the values of 𝑅1 and 𝑅2 needed to make a 20 dB
attenuator for a 50 Ω transmission line.

4.5 For the circuit of Figure 4.20(b), find 𝐿 and 𝐶 to obtain a cutoff frequency of 100
MHz when used in a 50 Ω system.

4.6 Calculate the minimum quantum limited noise temperature from (4.166) for an
amplifier at 6 GHz.

4.7 The noise temperature of a certain HEMT amplifier is 𝑇𝑁 = 4 K. Calculate the
noise figure.
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5

Resonators: Classical Treatment

Resonators play an important role in superconducting quantum computers. The qubits
themselves are nonlinear resonators, and inmany architectures, the qubits are coupled
to other qubits and to external circuits through transmission line segments functioning
as resonators. In quantum computers these resonators are excited with small numbers
of photons, and so must ultimately be analyzed quantum mechanically. However, it
is helpful to gain intuition about the behavior of both lumped circuits and transmis-
sion line resonators using classical analysis. Consequently we will focus on a classical
treatment in this chapter, and then consider a quantum mechanical treatment in
Chapter 6.

5.1 Parallel Lumped Element Resonator

Consider the lumped-element circuit shown in Figure 5.1(a) consisting of a capacitor,
inductor, and resistor in parallel.
The impedance 𝑍in of the circuit is given by:

𝑍in = ( 1
𝑗𝜔𝐿 + 1

𝑅 + 𝑗𝜔𝐶)
−1

. (5.1)

For large 𝑅, the impedance will be sharply peaked around 𝜔0 = 1∕
√
𝐿𝐶. Consequently,

let us expand the impedance about 𝜔0, i.e., 𝜔 = 𝜔0 + ∆𝜔:

𝑍in = (
1

𝑗𝐿(𝜔0 + ∆𝜔)
+ 1
𝑅 + 𝑗𝐶(𝜔0 + ∆𝜔))

−1

. (5.2)

The first term can be re-written using the series expansion for small 𝑥

1
1 + 𝑥 ≈ 1 − 𝑥, (5.3)

where 𝑥 = ∆𝜔∕𝜔0:

𝑍in ≈ ( 1
𝑗𝜔0𝐿

(1 − ∆𝜔
𝜔0

) + 1
𝑅 + 𝑗𝜔0𝐶 + 𝑗∆𝜔𝐶)

−1

. (5.4)

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
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www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers


108 5 Resonators: Classical Treatment

Figure 5.1 Resonator circuits.

This expression can be further simplified by recognizing that the inductive and capac-
itive reactances are equal and opposite at resonance so that 𝑗𝜔0𝐶 = −1∕(𝑗𝜔0𝐿), and
also recognizing that 𝜔20𝐿 = 1∕𝐶:

𝑍in ≈ (−
1

𝑗𝜔20𝐿
∆𝜔 + 1

𝑅 + 𝑗∆𝜔𝐶)
−1

≈ 𝑅
1 + 𝑗2𝑅𝐶∆𝜔 .

(5.5)

In the following it is useful to recall that in the sinusoidal steady state we have
𝐼𝑆 = 𝐼0 exp (𝑗𝜔𝑡) and 𝑉 = 𝑉0 exp (𝑗𝜔𝑡). The quality factor (𝑄) of the resonant circuit is
defined as

𝑄 ≡
𝜔0𝑈
𝑃𝑑

, (5.6)

where𝑈 is the time-averaged energy stored in the circuit and 𝑃𝑑 is time average power
dissipated. The average energy stored in the capacitor is

𝑈𝐶 =
1
4𝐶|𝑉0|2. (5.7)

At resonance, the average energy stored in the inductor is equal to that stored in
the capacitor, so the total average stored energy is 𝑈 = 𝐶|𝑉0|2∕2. The average power
dissipated is

𝑃𝑑 =
|𝑉0|2

2𝑅 . (5.8)

Combining this result with the expression for the total energy gives

𝑄 =
𝜔0𝐶|𝑉0|2∕2
|𝑉0|2∕(2𝑅)

= 𝜔0𝐶𝑅 = 𝑅
𝑋𝐶

, (5.9)

where 𝑋𝐶 = 1∕(𝜔0𝐶). Since the magnitudes of the inductive and capacitive reactances
are equal at resonance, we can write
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𝑄 = 𝑅
𝑋𝐶

= 𝜔0𝑅𝐶 = 𝑅
𝑋𝐿

= 𝑅
𝜔0𝐿

. (5.10)

Using these results, we can also write the impedance in terms of the 𝑄:

𝑍in =
𝑅

1 + 𝑗2𝑄∆𝜔∕𝜔0
. (5.11)

In terms of the source current, the power dissipated as a function of frequency is

𝑃𝑑 =
1
2Re(𝐼S𝑉

∗)

= 1
2Re(𝐼S𝐼S

∗𝑍∗in)

=
|𝐼0|2

2 Re
(
𝑍∗in

)
.

(5.12)

To find the real part of the impedance, wemultipy and divide by the complex conjugate
of the denominator:

𝑍in =
𝑅

1 + 𝑗2𝑄∆𝜔∕𝜔0
(
1 − 𝑗2𝑄∆𝜔∕𝜔0
1 − 𝑗2𝑄∆𝜔∕𝜔0

)

=
𝑅(1 − 𝑗2𝑄∆𝜔∕𝜔0)
1 + (2𝑄∆𝜔∕𝜔0)2

.

(5.13)

Taking the real part and substituting into the expression for power dissipated (5.12)
gives

𝑃𝑑 =
|𝐼0|2

2
𝑅

1 + (2𝑄∆𝜔∕𝜔0)2
. (5.14)

From this equation, we note that the magnitude of the dissipated power will drop to
half its peak value if

𝑄 =
𝜔0
2∆𝜔 ≡

𝜔0
𝐵𝑊 , (5.15)

where the bandwidth 𝐵𝑊 ≡ 2∆𝜔. Said differently, the 𝑄 is given by the center
frequency divided by the full-width at half maximum of the power dissipated curve.

5.2 Capacitive Coupling to a Parallel Lumped-Element
Resonator

Ultimately, to excite or measure the properties of a lumped-element resonator, it must
be connected to an external circuit. One way to do this is by way of a coupling capacitor
as shown in Figure 5.2(a). The load resistor 𝑅𝐿 is the Thevenin equivalent impedance
of the circuit to which the resonator is coupled, e.g., a source or transmission line with
a 50 Ω impedance. Alternatively, near the resonance frequency we can represent the
series impedance of the coupling capacitor and external load resistance with an equiv-
alent parallel combination as shown in Figure 5.2(b). To see this, we write the input
admittance of the series circuit and isolate the real and imaginary parts:
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Figure 5.2 Equivalent circuits for
capacitively-coupled lumped-element
resonator.

𝑌 = (𝑅𝐿 +
1

𝑗𝜔0𝐶𝑔
)
−1

=
𝑗𝜔0𝐶𝑔

1 + 𝑗𝜔0𝑅𝐿𝐶𝑔

1 − 𝑗𝜔0𝑅𝐿𝐶𝑔
1 − 𝑗𝜔0𝑅𝐿𝐶𝑔

=
𝜔20𝑅𝐿𝐶

2
𝑔

1 + 𝜔20𝑅
2
𝐿𝐶

2
𝑔
+ 𝑗𝜔0

𝐶2
𝑔

1 + 𝜔20𝑅
2
𝐿𝐶

2
𝑔

≡ 1
𝑅′𝐿

+ 𝑗𝜔0𝐶′
𝑔,

(5.16)

where we have defined the equivalent parallel, or Norton, resistance and capacitance
values

𝑅′𝐿 =
1 + 𝜔20𝑅

2
𝐿𝐶

2
𝑔

𝜔20𝑅𝐿𝐶
2
𝑔

, 𝐶′
𝑔 =

𝐶𝑔
1 + 𝜔20𝑅

2
𝐿𝐶

2
𝑔
. (5.17)

If the coupling capacitor is small such that 𝜔20𝑅
2
𝐿𝐶

2
𝑔 ≪ 1, then we have approximately

𝑅′𝐿 ≈
𝑅𝐿

𝜔20𝑅
2
𝐿𝐶

2
𝑔
, 𝐶′

𝑔 ≈ 𝐶𝑔, (5.18)

where 𝑅′𝐿 ≫ 𝑅𝐿. The 𝑄 of the coupled resonator can be written

1
𝑄 = 1

𝜔0𝐶𝑒𝑞𝑅𝑒𝑞

= 1
𝜔0𝐶𝑒𝑞

(
1
𝑅 + 1

𝑅′𝐿
)

= 1
𝜔0𝐶𝑒𝑞𝑅

+ 1
𝜔0𝐶𝑒𝑞𝑅′𝐿

≈ 1
𝑄int

+ 1
𝑄ext

,

(5.19)

where we have made the approximation 𝐶eq = 𝐶 + 𝐶′
𝑔 ≈ 𝐶 in the last line. Here 𝑄int is

the intrinsic𝑄 of the isolated resonator, and 𝑄ext is the external𝑄, or𝑄 associated with
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the loading of the external circuit. The ratio of internal to external 𝑄 is referred to as
the coupling constant 𝑔:

𝑔 =
𝑄int
𝑄ext

= 𝑅
𝑅′𝐿
. (5.20)

If 𝑔 > 1 the resonator is said to be over-coupled, for 𝑔 = 1 the resonator is said to be
critically-coupled, and for 𝑔 < 1 the resonator is said to be under-coupled.
Note that the effective resonant frequency of the loaded circuit is also shifted slightly:

𝜔′0 =
1

√
𝐿𝐶eq

≈ 𝜔0 (1 −
𝐶𝑔
2𝐶 ) . (5.21)

5.3 Transmission Line Resonator

Next, let us consider the transmission line segment of length 𝑙 shown in Figure 5.1(b).
Since the segment is open circuited at the right end, the input impedance is given by
Eq. (4.65):

𝑍in = −𝑗𝑍𝑐 cot 𝛽𝑙

= 𝑍𝑐 coth (𝑗𝛽𝑙).
(5.22)

In the second line we have re-written this in terms of the hyperbolic cotangent to make
it a bit easier to write the corresponding expression for a transmission line with loss. In
particular, we simply need to replace 𝑗𝛽 with 𝛾 = 𝛼 + 𝑗𝛽:

𝑍in = 𝑍𝑐 coth (𝛼 + 𝑗𝛽)𝑙

= 𝑍𝑐
1 + 𝑗 tanh𝛼𝑙 tan 𝛽𝑙
tanh𝛼𝑙 + 𝑗 tan 𝛽𝑙

.
(5.23)

Herewehave used a trigonometric identity towrite the impedance using only functions
with real arguments. We next simplify this expression by assuming that the transmis-
sion line is low-loss, and that the length of the line is very close to an integer multiple
of half a wavelength. For a low-loss line, 𝛼𝑙 ≪ 1 so that

tanh𝛼𝑙 ≈ 𝛼𝑙. (5.24)

If the line is close to an integer multiple of half a wavelength, we can write

𝛽𝑙 = 𝛽𝑛𝑙 + ∆𝛽𝑙, 𝑙 =
𝑛𝜆𝑛
2 , (5.25)

where 𝛽𝑛 = 2𝜋∕𝜆𝑛 is the wave number at which the line is a multiple of exactly one
half wavelength. It immediately follows that

𝛽𝑛𝑙 =
2𝜋
𝜆𝑛

𝑛𝜆𝑛
2 = 𝑛𝜋. (5.26)

Wewill see that the transmission line segment behaves like a resonator, with this as the
resonance condition. The frequencies of these resonances are given by

𝜔𝑛 = 𝑢𝛽𝑛 =
1

√
𝐿′𝐶′

𝑛𝜋
𝑙
, (5.27)
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from which we can obtain the resonant length 𝑙

𝑙 = 𝑢𝑛𝜋
𝜔𝑛

, (5.28)

where 𝑢 is the phase velocity on the transmission line. Using this expression for 𝑙 we
can write

∆𝛽𝑙 = ∆𝜔
𝑢
𝑢𝑛𝜋
𝜔𝑛

= 𝑛𝜋∆𝜔𝜔𝑛
. (5.29)

Putting these observations together, for frequencies near one of the resonances we have

tan 𝛽𝑙 = tan (𝑛𝜋 + ∆𝛽𝑙) ≈ ∆𝛽𝑙 = 𝑛𝜋∆𝜔𝜔𝑛
. (5.30)

Substituting the expressions for tanh𝛼𝑙 and tan 𝛽𝑙 into the expression for the input
impedance (5.23) and keeping only terms that are first-order in small quantities leads
to

𝑍in =
𝑍𝑐∕(𝛼𝑙)

1 + 𝑗 𝑛𝜋
𝛼𝑙

∆𝜔

𝜔𝑛

. (5.31)

We can cast this into the same form as the impedance for a lumped parallel 𝑅𝐿𝐶 cir-
cuit by defining appropriate equivalent values of 𝑅, 𝐿, and 𝐶. Comparing with (5.5)
immediately suggests

𝑅𝑛 =
𝑍𝑐
𝛼𝑙

≡ 𝑅. (5.32)

With this identification, comparison of the denominators gives

2𝑅𝐶𝑛 = 𝑛𝜋
𝑅𝑛
𝑍𝑐

1
𝜔𝑛

, (5.33)

or

𝐶𝑛 =
𝑛𝜋
2𝑍𝑐

𝑙
√
𝐿′𝐶′

𝑛𝜋

= 𝑙
2

√
𝐶′

𝐿′
√
𝐿′𝐶′

= 1
2𝐶

′𝑙 ≡ 𝐶.

(5.34)

Finally, the equivalent inductance can be obtained from the expression for the resonant
frequency:

1
√
𝐿𝑛𝐶

= 1
√
𝐿′𝐶′

𝑛𝜋
𝑙
=
√

(𝑛𝜋)2
𝐿′𝑙𝐶′𝑙

=
√

(𝑛𝜋)2
2𝐿′𝑙𝐶

(5.35)

or

𝐿𝑛 =
2𝐿′𝑙
(𝑛𝜋)2

. (5.36)

The 𝑄 is given by

𝑄𝑛 = 𝜔𝑛𝑅𝐶 = 1
√
𝐿′𝐶′

𝑛𝜋
𝑙
𝑍𝑐
𝛼𝑙
𝐶′𝑙
2 = 𝑛𝜋

2𝛼𝑙
. (5.37)
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Note that this expression could also be immediately obtained by comparing the denom-
inators of (5.11) and (5.31).
For a given resonator, we see that the𝑄 increaseswith 𝑛. So for applications requiring

a large 𝑄 (e.g., quantum computing), does this mean that it is better to use higher-
order resonances? Closer examination shows that there is a catch: if we want to choose
a higher-order resonance but keep the actual frequency the same, then 𝑙 = 𝑢𝑛𝜋∕𝜔𝑛.
Consequently the increase in the numerator of (5.37) is cancelled by the increase in 𝑙
in the denominator, so we might as well use the fundamental mode of the resonator
(𝑛 = 1) since it has the smallest physical size. For the fundamental mode resonance
with frequency 𝜔0, the equivalent lumped 𝐿 and 𝐶 values are

𝐶 = 𝜋
2

1
𝑍𝑐𝜔0

, (5.38)

𝐿 = 2
𝜋
𝑍𝑐
𝜔0
. (5.39)

5.4 Capacitive Coupling to a Transmission Line Resonator

Oneway to create and simultaneously couple to a transmission line resonator is to place
small gaps with a spacing of 𝜆∕2 in a transmission line as shown in Figure 5.3(a). The
gaps create discontinuities causing reflections and the standing wave characteristic of
the resonance, but also provide capacitive coupling to an external circuit.
This circuit can be analyzed using the ABCD matrix approach of Section 4.4. Refer-

ring to Figure 5.3(b) and Table 4.1, the ABCD matrix for the capacitively-coupled
transmission line resonator is

Figure 5.3 Capacitively-coupled transmission line resonator.
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[
𝐴 𝐵
𝐶 𝐷]

=
⎡
⎢
⎣

1 1

𝑗𝜔𝐶𝑔
0 1

⎤
⎥
⎦
[
cosh 𝛾𝑙 𝑍𝑐 sinh 𝛾𝑙
𝑌𝑐 sinh 𝛾𝑙 cosh 𝛾𝑙 ]

⎡
⎢
⎣

1 1

𝑗𝜔𝐶𝑔
0 1

⎤
⎥
⎦
. (5.40)

The 𝑆 parameters can be obtained from the ABCD matrix using Eqs. (4.115), (4.116),
and (4.117).
From a system design perspective, it is important to be able to estimate the strength

of the transmitted and reflected signals at resonance. To do this, first consider the equiv-
alent circuits near resonance shown in Figure 5.4. As discussed previously in Section
5.3, near resonance the transmission line resonator shown in Figure 5.3(b) can bemod-
eled by the lumped-element circuit shown in Figure 5.4(a). Further, as discussed in
Section 5.2, the transmission line loading on both sides can also be represented by Nor-
ton equivalents as shown in Figure 5.4(b). Compared to the discussion of Section 5.2,
we see that the additional equivalent parallel capacitance from loading is now 2𝐶𝑔, and
the equivalent parallel resistive loading is𝑅′𝐿∕2. As a result, the coupling coefficient and
loaded frequency can be immediately obtained from (5.20) and (5.21):

𝑔 =
𝑄int
𝑄ext

= 2𝑅
𝑅′𝐿
, (5.41)

𝜔′0 =
1

√
𝐿𝐶eq

≈ 𝜔0 (1 −
𝐶𝑔
𝐶 ) . (5.42)

At resonance, the reactances cancel, yielding the simplified equivalent circuit shown
in Figure 5.5(a). The current 𝐼′𝐿 represents the current delivered to the output transmis-
sion line or load, and is obtained using the current divider relation:

Figure 5.4 Near the 𝑛th resonant frequency of the transmission line, the
capacitively-coupled transmission line resonator can be modeled as a capacitively-coupled
lumped-element resonator.
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Figure 5.5 Equivalent circuits used to calculate the insertion loss and return loss of a
capacitively-coupled transmission line resonator.

𝐼′𝐿 = 𝐼𝑆
1∕𝑅′𝐿

1

𝑅′𝐿
+ 1

𝑅𝑛
+ 1

𝑅′𝐿

= 𝐼𝑆
𝑅𝑛∕𝑅′𝐿

1 + 2𝑅𝑛∕𝑅′𝐿
.

(5.43)

To convert this into the parameter𝑆21, weneed to divide by themagnitude of the current
launched by the source onto the input transmission line. As shown in Figure 5.5(b), the
amplitude of the incident current is 𝐼+ = 𝐼𝑆∕2. Consequently, we have

𝑆21 =
𝐼′𝐿
𝐼+ =

𝑔
1 + 𝑔 , (5.44)

with 𝑔 given by (5.41). The insertion loss of the resonator in dB is therefore given by

𝐼𝐿 = −20 log10
𝑔

1 + 𝑔 . (5.45)

We can also use this circuit to estimate the reflection coefficient at resonance. By
symmetry, the current 𝐼′𝑆 through the source equivalent impedance is the same as 𝐼

′
𝐿

through the load. However, the total current through the source impedance can be
understood as the incident current plus the reflected current:

𝐼′𝑆 = 𝐼+ (1 − Γ) . (5.46)

Using the fact that 𝐼′𝑆 = 𝐼′𝐿, we can write

𝐼′𝑆
𝐼+ = 1 − Γ =

𝐼′𝐿
𝐼+ =

𝑔
1 + 𝑔 . (5.47)



116 5 Resonators: Classical Treatment

Solving for the reflection coefficient gives

Γ = 𝑆11 =
1

1 + 𝑔 . (5.48)

The return loss in dB is therefore

𝑅𝐿 = −20 log10
1

1 + 𝑔 . (5.49)

The magnitudes of the reflection and transmission 𝑆 parameters are plotted in
Figure 5.6 for under-coupled and over-coupled example cases. As can be seen from
these examples, when 𝑔 is small the frequency shift resulting from coupling is small and
the𝑄 remains high, but the reflected and transmitted signals are weak. In contrast, the
reflected and transmitted signals are strong for large 𝑔, but the frequency shift caused
by loading is larger and the 𝑄 is reduced.

Figure 5.6 Characteristics of capacitively-coupled transmission line resonator. Note the
significantly different frequency scales on the horizontal axis as well as the different vertical
scales for |S11|. Parameters used are Ln = 0.453𝜇H/m, Zc =RL =50Ω, f0 = 5 GHz, Qint = 2.3 × 105,
and l = 11.04 mm. These values are comparable to experimentally-measured parameters. Based
on [26].
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Typical transmission line resonator circuits for quantum processors are made on
high-resistivity silicon substrates, with coplanar resonator structures fabricated in 200
nm thick niobium films [36–38].

5.5 Capacitively-Coupled Lossless Resonators

Circuits important to quantum computing also include qubits coupled to resonators,
and qubits coupled to one another. Insight into the behavior of such circuits can be
obtained by considering the idealized case of two lossless LC resonators coupled by a
capacitor, as shown in Figure 5.7. To analyze this circuit, we write Kirchoff’s current
law at nodes 𝐴 and 𝐵:

𝐼𝐿𝐴 + 𝐼𝐶𝐴 + 𝐼𝑔 = 0, (5.50)

𝐼𝐿𝐵 + 𝐼𝐶𝐵 − 𝐼𝑔 = 0. (5.51)

These equations can be written entirely in terms of the currents in the two inductors
using the relations

𝐼𝐶𝐴 = 𝐶𝐴
d𝑉𝐴
d𝑡

, 𝐼𝐶𝐵 = 𝐶𝐵
d𝑉𝐵
d𝑡

, (5.52)

𝑉𝐴 = 𝐿𝐴
d𝐼𝐿𝐴
d𝑡

, 𝑉𝐵 = 𝐿𝐵
d𝐼𝐿𝐵
𝑑𝑡

, (5.53)

𝐼𝑔 = 𝐶𝑔
d
d𝑡
(𝑉𝐴 − 𝑉𝐵) . (5.54)

The result is

d2𝐼𝐿𝐴
d𝑡2

+ 𝜔2𝐴𝐼𝐿𝐴 = 𝐶𝑔𝐿𝐵𝜔2𝐴
d2𝐼𝐿𝐵
d𝑡2

, (5.55)

d2𝐼𝐿𝐵
d𝑡2

+ 𝜔2𝐵𝐼𝐿𝐵 = 𝐶𝑔𝐿𝐴𝜔2𝐵
d2𝐼𝐿𝐴
d𝑡2

, (5.56)

where

𝜔𝐴 =
1

√
𝐿𝐴(𝐶𝐴 + 𝐶𝑔)

, (5.57)

𝜔𝐵 =
1

√
𝐿𝐵(𝐶𝐵 + 𝐶𝑔)

. (5.58)

We are particularly interested in theweak coupling limit, when𝐶𝑔 ≪ 𝐶𝐴,𝐵. Substituting
Eq. (5.56) into (5.55) andneglecting terms of second-order in the small quantity𝐶𝑔 gives

Figure 5.7 Two LC resonant circuits coupled by a
capacitor.
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d2𝐼𝐿𝐴
d𝑡2

+ 𝜔2𝐴𝐼𝐿𝐴 = 𝐶𝑔𝐿𝐵𝜔2𝐴𝜔
2
𝐵𝐼𝐿𝐵 . (5.59)

Similarly, Substituting Eq. (5.55) into (5.56) and again neglecting terms of second-order
in the small quantity 𝐶𝑔 gives

d2𝐼𝐿𝐵
d𝑡2

+ 𝜔2𝐵𝐼𝐿𝐵 = 𝐶𝑔𝐿𝐴𝜔2𝐵𝜔
2
𝐴𝐼𝐿𝐴 . (5.60)

For an isolated 𝐿𝐶 circuit, an initial charge on the capacitor will cause the circuit to
oscillate indefinitely at the natural frequency 𝜔0 = 1∕

√
𝐿𝐶. Consequently, if the two

resonant circuits are very weakly coupled, then we expect the behavior to be a small
perturbation on the two circuits oscillating at their natural frequencies. In particular,
we take the currents in the inductors to be of the form

𝐼𝐿𝐴 =

√
2

𝜔𝐴𝐿𝐴
𝐴(𝑡)𝑒𝑗𝜔𝐴𝑡, (5.61)

𝐼𝐿𝐵 =

√
2

𝜔𝐵𝐿𝐵
𝐵(𝑡)𝑒𝑗𝜔𝐵𝑡, (5.62)

where𝐴(𝑡) and 𝐵(𝑡) are functions that vary slowly compared to the frequencies𝜔𝐴, 𝜔𝐵.
The normalization factors are chosen so that the complex power 𝑆 = 𝑉𝐼∗∕2 in both
inductors will have a magnitude of unity if 𝐴 = 𝐵 = 1.
Using Eq. (5.61), the second time derivative is found to be

d2𝐼𝐿𝐴
d𝑡2

=

√
2

𝜔𝐴𝐿𝐴
(
d2𝐴
d𝑡2

+ 𝑗2𝜔𝐴
d𝐴
d𝑡

− 𝜔2𝐴𝐴) 𝑒
𝑗𝜔𝐴𝑡,

≈

√
2

𝜔𝐴𝐿𝐴
(𝑗2𝜔𝐴

d𝐴
d𝑡

− 𝜔2𝐴𝐴) 𝑒
𝑗𝜔𝐴𝑡.

(5.63)

Here we have assumed that 𝐴 is sufficiently slowly varying on the scale of the period
of 𝜔𝐴 that

|||||||||

d2𝐴
d𝑡2

|||||||||
≪

|||||||
2𝜔𝐴

d𝐴
d𝑡

|||||||
. (5.64)

Substituting (5.63) into (5.59) and simplifying leads to

d𝐴
d𝑡

= 𝑗𝜅𝐵𝑒𝑗∆𝑡, (5.65)

where

𝜅 = 1
2𝐶𝑔𝜔𝐴𝜔𝐵

√
𝜔𝐴𝐿𝐴𝜔𝐵𝐿𝐵,

≈
𝐶𝑔

2
√
𝐶𝐴𝐶𝐵

√
𝜔𝐴𝜔𝐵,

(5.66)

and

∆ = 𝜔𝐵 − 𝜔𝐴. (5.67)
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Here we have simplified 𝜅 by expressing the inductors in terms of the frequencies using
(5.57) and (5.58), and neglecting terms that are second order in the small quantity 𝐶𝑔.
Following a similar procedure, the equation for 𝐼𝐿𝐵 (5.60) expressed in terms of the

amplitudes 𝐴 and 𝐵 becomes

d𝐵
d𝑡

= 𝑗𝜅𝐴𝑒−𝑗∆𝑡. (5.68)

Equations (5.65) and (5.68) are the same coupled-mode equations we found in Section
2.2.3.3. In the present context, the general solutions (2.114) take the form

𝐴(𝑡) = 𝑒𝑗(∆∕2)𝑡 [𝐴(0) cos (Ω𝑡∕2) +
2𝜅𝐵(0) − 𝑗𝐴(0)∆

Ω
sin (Ω𝑡∕2)] , (5.69)

𝐵(𝑡) = 𝑒−𝑗(∆∕2)𝑡 [𝐵(0) cos (Ω𝑡∕2) +
2𝜅𝐴(0) + 𝑗𝐵(0)∆

Ω
sin (Ω𝑡∕2)] , (5.70)

with

Ω =
√
∆2 + 4𝜅2. (5.71)

Expressed as real functions of time, the currents are

𝐼𝐿𝐴 (𝑡) = Re
⎛
⎜
⎝

√
2

𝜔𝐴𝐿𝐴
𝐴(𝑡)𝑒𝑗𝜔𝐴𝑡

⎞
⎟
⎠
, (5.72)

𝐼𝐿𝐵 (𝑡) = Re
⎛
⎜
⎝

√
2

𝜔𝐵𝐿𝐵
𝐵(𝑡)𝑒𝑗𝜔𝐵𝑡

⎞
⎟
⎠
. (5.73)

As an example, let us consider the case 𝐴(0) = 1, 𝐵(0) = 0, and normalize both
currents by dividing through by

√
2∕(𝜔𝐴𝐿𝐴). This gives

𝐼𝐿𝐴 (𝑡) = cos (𝜔ave𝑡) cos (Ω𝑡∕2) +
∆
Ω
sin (𝜔ave𝑡) sin (Ω𝑡∕2), (5.74)

𝐼𝐿𝐵 (𝑡) =
2𝜅
Ω

√
𝜔𝐴𝐿𝐴
𝜔𝐵𝐿𝐵

cos (𝜔ave𝑡) sin (Ω𝑡∕2). (5.75)

Here we have used the observation that ∆∕2+𝜔𝐴 = −∆∕2+𝜔𝐵 = (𝜔𝐴+𝜔𝐵)∕2 ≡ 𝜔ave.
Interestingly, with a bit more manipulation and expressing the time dependence in
terms of the normalized time 𝜅𝑡, we see that the coupled currents can be written in
terms of just two parameters: 𝜔𝐵∕𝜔𝐴 and 𝐶𝑔∕

√
𝐶𝐴𝐶𝐵. The first describes the degree

of detuning between the two resonators, and the second describes the coupling. The
result is

𝐼𝐿𝐴 (𝜅𝑡) = cos (
𝜔ave
𝜅 𝜅𝑡) cos ( Ω2𝜅𝜅𝑡) +

∆
Ω
sin (

𝜔ave
𝜅 𝜅𝑡) sin ( Ω2𝜅𝜅𝑡), (5.76)

𝐼𝐿𝐵 (𝜅𝑡) =
2𝜅
Ω

√
𝜔𝐵
𝜔𝐴

cos (
𝜔ave
𝜅 𝜅𝑡) sin ( Ω2𝜅𝜅𝑡), (5.77)
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where

𝜔ave
𝜅 = (

1 + 𝜔𝐵∕𝜔𝐴√
𝜔𝐵∕𝜔𝐴

)

√
𝐶𝐴𝐶𝐵
𝐶𝑔

, (5.78)

Ω
𝜅 =

√
(∆∕𝜅)2 + 4, (5.79)

∆
𝜅 = 2 (

𝜔𝐵∕𝜔𝐴 − 1
√
𝜔𝐵∕𝜔𝐴

)

√
𝐶𝐴𝐶𝐵
𝐶𝑔

, (5.80)

∆
Ω
= 1
√
1 + 4(𝜅∕∆)2

. (5.81)

The normalized inductor currents are plotted in Figure 5.8 for the case 𝐶𝑔∕
√
𝐶𝐴𝐶𝐵 =

0.05. When the frequencies of the two circuits are the same, the energy slowly shifts
completely from one circuit to the other at a rate determined by 𝐶𝑔∕

√
𝐶𝐴𝐶𝐵 (Figure

5.8(a)). In contrast, when the frequencies are not the same, there is some periodic
energy exchange, but the exchange is never complete. If the detuning is large enough,
the energy exchanged can be small enough to be neglected. Consequently, if the fre-
quency of one of the circuits can be controlled, the coupling can be effectively turned
on and off. The larger the value of 𝐶𝑔∕

√
𝐶𝐴𝐶𝐵, the larger the detuning required to turn

off the coupling.
Similar behavior can be observed with identical swings on a playground if the swings

are not isolated from one another. For example, consider two swings hung from the
same horizontal rope instead of a rigid frame. As one swing moves, the support rope is
slightly twisted, and this twist affects the motion of the other swing. Imagine pulling
back and releasing one swing with the other left at rest. Initially the swing that was
pulled back will go back and forth at its natural frequency. However, over time the cou-
pling through the support rope will start the second swing moving, and the maximum
excursion of the first swing will gradually get smaller until only the second swing is
moving at very nearly the initial maximum excursion of the first swing. The coupling
will then start the first swingmoving again until all of themotion is once againwith the
first swing. If the swings are not identical, e.g., if the length of the swing supports or the
weight of the seats are different, then the energy will never be completely transferred
to the second swing, although the back and forth transfer will still be apparent.

5.6 Classical Model of Qubit Readout

The coupled-resonatormodel can be used to describe a transmission line resonator cou-
pled to a qubit, providedwe only allow the resonator representing the qubit to have two
states. As wewill see in Chapter 8, this can be realized to a good approximation in prac-
tice by using a nonlinear inductor so that the energy separation between higher-order
states is different than between the ground state and first excited state. In such a case
we can limit our consideration to the two lowest states, provided the excitation signals
do not have frequency components corresponding to the higher-level transitions.
The geometry of a transmon qubit coupled to a transmission line resonator is

depicted in Figure 5.10(a). The figure shows the top view of the chip, with the insu-
lating substrate shown as white, and the superconducting regions shown as shaded.
The capacitor associated with the qubit resonance is formed by the two large parallel
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Figure 5.8 Coupling between lossless LC resonators for Cg∕
√
CACB = 0.05.

rectangular conductor patterns in the center of the dielectric region. The two conduc-
tors are connected at the center by a Josephson junction (see Chapter 8) which forms
a nonlinear inductor. The capacitance in parallel with the inductance forms the reso-
nant circuit for the qubit. Small gaps in the superconducting patterns provide capacitive
coupling to input and output transmission lines, as well as ground. On the left side, the
transmission line forms a resonator, with the length between the qubit and the gap on
the left forming an electrical half wavelength at resonance. Note that Figure 5.10(a)
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Figure 5.9 Tire swings suspended from a common support rope
have similar behavior to coupled LC resonators.

does not show the resonator and qubit at proportional scales, to make it easier to depict
the key elements of the geometry. A photograph of an actual four qubit chip is shown in
5.10(b) [37]. The length of the resonator is much longer than the size of the qubit, and
the resonator is meandered to reduce the area required on the chip. Additional details
regarding qubit fabrication can be found in [36, 38].
As we will see in Section 6.4.9, when a qubit is coupled to a resonator and the fre-

quencies of the qubit 𝜔𝑞 and resonator 𝜔0 are such that 𝜔0, 𝜔𝑞 ≫ |𝜔0 − 𝜔𝑞| ≫ 𝜅, the
energy does not “slosh” back and forth between the resonator and the qubit as we saw
with the coupled resonators of the last section, but instead the frequency of each is
shifted by the state of the other. This is a purely quantum phenomenon. In particular,

Figure 5.10 Geometry of a transmon qubit coupled to a transmission line resonator.
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the frequency of the resonator is:

𝜔r = 𝜔0 ±
𝜅2

|∆|
. (5.82)

This situation is referred to as the dispersive limit. Under this circumstance, a sig-
nal near the resonator frequency applied to the left input in Figure 5.10(a) will show
features in the reflected power that indicate the frequency shift of the resonator. Since
this shift will depend on the qubit state, it provides a practical way to read the state of
a qubit.
More details of the measurement configuration are shown in Figure 5.10(b). Refer-

ring to the upper left-hand connections as an example, a signal at the frequency of
resonator 𝑅1, 𝜔𝑀1 is applied to 𝑅1. A circulator is used to separate the reflected sig-
nal from the input signal. After amplification, the amplitude and phase of the reflected
signal are then extracted using a circuit similar to that shown in Figure 4.19. An approx-
imate equivalent circuit of the qubit coupled to the transmission line resonator is shown
in Figure 5.11(a). The Josephson junction is shown as the “×” in parallel with the
shunt capacitance𝐶𝑠. At frequencieswell above the resonant frequency of the qubit, the
impedance of the the shunt capacitor will effectively short-out the Josephson junction,
leading to the approximatemodel shown in Figure 5.11(b). This circuit can be analyzed
using theABCDmatrixmethod described in Chapter 4. In particular, the systemABCD
matrix is given by

𝑀sys = 𝑀s(𝐶𝑝)𝑀t(𝑙)𝑀s(𝐶′
𝑝)𝑀p(𝐶′′

𝑝 )𝑀s(𝐶′
𝑝) (5.83)

Figure 5.11 Equivalent circuits for transmission line resonator coupled to a transmon qubit.
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where

𝑀sys = [
𝐴sys 𝐵sys
𝐶sys 𝐷sys

] , (5.84)

𝑀s(𝐶) = [
1 1

𝑗𝜔𝐶
0 1

] , (5.85)

𝑀p(𝐶) = [
1 0

𝑗𝜔𝐶 1]
, (5.86)

𝑀t(𝑙) = [
cosh 𝛾𝑙 𝑍𝑐 sinh 𝛾𝑙
𝑌𝑐 sinh 𝛾𝑙 cosh 𝛾𝑙 ]

, (5.87)

and 𝛾𝑙 = 𝛼𝑙 + 𝑗𝛽𝑙. The reflected signal 𝑆11 can be obtained from the system ABCD
matrix𝑀sys using (4.106).
The slight shift in the resonant frequency described by (5.82) can bemodeled by small

shifts in the length 𝑙. Technically, this would change both 𝛼𝑙 and 𝛽𝑙. For sufficiently
small changes we can neglect the effects on amplitude from 𝛼𝑙 but keep the effects on
phase from 𝛽𝑙. In this case the product 𝛾𝑙 can be written (see (5.29) and (5.37))

𝛾𝑙 = 𝜋
2𝑄0

+ 𝑗𝜋 𝜔
𝜔r
, (5.88)

where the fundamental resonance is assumed (𝑙 = 𝜆∕2), and𝑄0 and𝜔r are the intrinsic
Q and resonant frequency, respectively. Using (5.82) for 𝜔r enables us to model the
frequency shift caused by the qubit state.
The magnitude of the reflection coefficient for an example calculation is shown in

Figure 5.12(a). The shift in frequency of the dip in the reflected signal allows the state
of the qubit to be determined. The qubit state can also be read from the phase of the
reflected signal. The phase of the reflected signal is shown in Figure 5.12(b), but note
that the size of the phase shift is relatively small (« 1 radian). The reason for this
small shift is that the reflected signal is dominated by the simple reflection from an
open-circuited transmission line, with a small perturbation caused by coupling to the
resonator. Since the reflection coefficient from an open-circuited line is just +1, the
reflected component from the resonator can be made more apparent by subtracting 1
from the reflected signal to form 𝑆11 = 𝑆11 − 1. The phase of the offset quantity 𝑆11 is
shown in Figure 5.12(c).1 The qubit state can be obtained, for example, by measuring
the phase at a single frequency midway between the |0⟩ and |1⟩ peeks.

5.7 Exercises

5.1 Consider a lumped-element resonant circuit. The full-width at half maximum
of power dissipation versus frequency is measured to be 50 kHz. If the center
frequency of the resonance is 5 GHz, find the 𝑄 of the resonator.

1 The phase shown has also been “unwrapped” to recover a continuous curve by adding or subtracting
an appropriate multiple of 2𝜋 when the phase variation exceeds ±𝜋.
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(a) Magnitude of the reflection coefficient from the transmission line resonator for both qubit
states. The frequency of the resonator is a few MHz below the intrinsic resonator frequency
𝑓0 owing to the loading effects of the coupling capacitors.

(b) Phase of the raw reflected signal. The phase shift is relatively small since the effect of the
resonator is masked by the large reflection from the nominally open-circuited line.

(c) Phase of the reflected signal after subtracting off the constant reflection coefficient vector
and normalizing.

Figure 5.12 Magnitude and phase of the reflected signals from the resonator in the
dispersive limit. Parameters used in the calculations are: Zc = 50 Ohms, fq = 𝜔q∕2𝜋 = 5 GHz,

f0 = 𝜔0∕2𝜋 = 7 GHz, Q0 = 2.3 × 105, C12 = 0.5 fF, C23 = C45 = C47 = C12∕2, 𝜅 = 7 MHz.
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5.2 Consider a lumped-element resonator coupled to an external circuit through a
capacitor with value 𝐶1. The measured 𝑄 is found to be 5 × 104. However, mea-
surements have also been made with increasingly smaller coupling capacitors,
and it has been determined that as the coupling capacitor gets smaller, the mea-
sured 𝑄 approaches 2 × 105. What is 𝑄ext when the resonator is coupled through
𝐶1?

5.3 A coplanar waveguide transmission line resonator has a fundamental resonance
at 6 GHz. If the characteristic impedance of the transmission line is 50 Ω, what
are the equivalent lumped values of inductance and capacitance?

5.4 Consider a transmission line resonator capacitively coupled to input and output
transmission lines as shown in Figure 5.3. If the resonator is critically coupled,
what is the insertion loss in dB?

5.5 Consider two identical coupled LC resonators, with 𝐶𝐴 = 𝐶𝐵 = 1 pF, 𝐿𝐴 = 𝐿𝐵 =
1 nH, and 𝐶𝑔 = 50 fF. Find the frequency Ω characterizing the oscillation of
energy back and forth between the resonators.

5.6 A qubit with resonant frequency 5 GHz is coupled to a transmission line res-
onator with resonant frequency 7 GHz. The coupling strength is 𝜅 = 7 MHz.
What is the total shift in frequency of the transmission line resonator for the
qubit being in the states |0⟩ and |1⟩?



127

6

Resonators: Quantum Treatment

The basic requirement for a quantum mechanical system to be used as a qubit is for it
to have two distinct states that can be unambiguously controlled andmeasured. In this
chapter we will discuss how qubits can be realized from superconducting microwave
circuits, drawing on our understanding of resonators from Chapter 5.
However, before we can jump right into understanding superconducting circuits, we

need to lay a foundation with some concepts in mathematics and physics.
Several formulations of classical physics have been developed over the past several

centuries. Newton’s Laws are probably the most widely known, but alternatives of
particular interest in making the transition from classical to quantum formulations
are Lagrange’s equations and Hamilton’s equations. More detailed discussions of these
can be found in texts on classical mechanics such as [39]. We begin with Lagrangian
Mechanics and Harmonic Oscillators.

6.1 Lagrangian Mechanics

6.1.1 Hamilton’s Principle

Of particular interest to us for our discussion of circuits are Lagrange’s equations,which
are based on Hamilton’s principle.
According to Hamilton’s Principle, the motion of a system from time 𝑡1 to time 𝑡2 is

the path along which the quantity

𝐼 =∫
𝑡2

𝑡1

ℒ(𝑡)d𝑡 (6.1)

is stationary, where ℒ is called the Lagrangian and is given by the difference between
the kinetic and potential energies of the system: ℒ = 𝒯 −𝒱 . The quantity 𝐼 is referred
to as the action, so Hamilton’s Principle is also sometimes referred to as the Principle
of Stationary Action and can be compactly expressed

𝛿∫
𝑡2

𝑡1

ℒ(𝑡)d𝑡 = 0. (6.2)

Hamilton’s Principle is entirely equivalent to Newton’s Laws.
To state a bit more precisely what we mean by being “stationary,” we need to make a

small side trip into the calculus of variations.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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6.1.2 Calculus of Variations

Consider the integral over an expression that in general depends on a coordinate 𝑥, a
function 𝜙(𝑥), and its derivative 𝜙̇(𝑥). Specifically, we are interested in the expression

𝐼[𝜙] =∫
𝑏

𝑎
ℒ
(
𝜙, 𝜙̇, 𝑥

)
d𝑥. (6.3)

Note that 𝐼 will simply be a number that depends on the choice of 𝜙, i.e., it maps a func-
tion onto a number. Such an expression is referred to as a functional, in contrast with
a function that maps one number onto another number. The functional 𝐼 is stationary
for a given 𝜙 if it has the property

𝐼[𝜙(𝑥) + 𝜉(𝑥)] = 𝐼[𝜙(𝑥)] + Order(𝜉2), (6.4)

where 𝜉 represents a small perturbation of the function 𝜙. It will be convenient if we
write 𝜉 as the product of a small coefficient 𝛼 and a function 𝜂(𝑥) that is arbitrary except
that its value is zero at the endpoints, i.e., 𝜂(𝑎) = 𝜂(𝑏) = 0. We can then expand the
functional (6.3) as a Taylor series in 𝛼:

𝐼(𝛼) =∫
𝑏

𝑎
ℒ
(
𝜙 + 𝛼𝜂, 𝜙̇ + 𝛼𝜂̇, 𝑥

)
d𝑥

= ℒ(0) + 𝛼∫
𝑏

𝑎
(
𝜕ℒ
𝜕𝜙

𝜂 + 𝜕ℒ
𝜕𝜙̇

𝜂̇) d𝑥 + Order(𝛼2).

(6.5)

This will be stationary according to Eq. (6.4) if the coefficient of 𝛼 is zero, i.e.,

∫
𝑏

𝑎
(
𝜕ℒ
𝜕𝜙

𝜂 + 𝜕ℒ
𝜕𝜙̇

𝜂̇) d𝑥 = 0. (6.6)

We can integrate the second term by parts to obtain

∫
𝑏

𝑎
(
𝜕ℒ
𝜕𝜙

− 𝑑
𝑑𝑥

𝜕ℒ
𝜕𝜙̇

) 𝜂d𝑥 +
𝜕ℒ
𝜕𝜙̇

𝜂
||||||||

𝑏

𝑎

= 0. (6.7)

The last term vanishes since 𝜂(𝑎) = 𝜂(𝑏) = 0. If the remaining integral must vanish for
an arbitrary 𝜂, then we conclude that the coefficient of 𝜂 must identically vanish over
the path from 𝑎 to 𝑏, i.e., we require

𝜕ℒ
𝜕𝜙

− d
d𝑥

𝜕ℒ
𝜕𝜙̇

= 0. (6.8)

This is called the Euler-Lagrange equation, and describes the dynamics of the system.
This can be easily extended to functionals that depend on multiple functions. For

example, in the two-function case 𝐼[𝜙1, 𝜙2], Eq. (6.5) becomes

𝐼(𝛼1, 𝛼2) = ℒ(0) + 𝛼1∫
𝑏

𝑎
(
𝜕ℒ
𝜕𝜙

𝜂1 +
𝜕ℒ
𝜕𝜙̇

𝜂1) d𝑥

+ 𝛼2∫
𝑏

𝑎
(
𝜕ℒ
𝜕𝜙

𝜂2 +
𝜕ℒ
𝜕𝜙̇

𝜂2) d𝑥

+ Order(𝛼21) + Order(𝛼22).

(6.9)
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It is clear that the coefficients of both 𝛼1 and 𝛼2 must vanish separately to eliminate
first-order dependence on 𝛼1,2. We conclude that in general

𝜕ℒ
𝜕𝜙𝑖

− d
d𝑥

𝜕ℒ
𝜕𝜙̇𝑖

= 0. (6.10)

We recover Hamilton’s Principle by simply making the identification 𝑥 → 𝑡.
More detailed discussions of the calculus of variations can be found in [39] and [40].

6.1.3 Lagrangian Equation of Motion

In the Lagrangian formulation of mechanics, the functions 𝜙𝑖 are usually taken to be
the coordinates of particles, 𝑞𝑖 . Making this identification along with 𝑥 → 𝑡 gives the
common form of the Lagrangian equation of motion

𝜕ℒ
𝜕𝑞𝑖

− d
d𝑡
𝜕ℒ
𝜕𝑞̇𝑖

= 0, 𝑖 = 1, 2, ...𝑁. (6.11)

For a particle in the presence of a magnetic field the Lagrangian is given by [39]

ℒ = 1
2𝑚𝐫̇

2 − 𝑒𝒱 + 𝑒𝐀 ⋅ 𝐫̇. (6.12)

As an example, let us evaluate the equation of motion for the coordinate 𝑥 of the
particle. First consider the kinetic energy term:

𝐾𝐸 = 1
2𝑚𝐫̇

2 = 1
2𝑚

(
𝑥̇2 + 𝑦̇2 + 𝑧̇2

)
. (6.13)

When substituted into the equation of motion (6.11) with 𝑞𝑖 = 𝑥 we obtain

𝜕(𝐾𝐸)
𝜕𝑥

− d
d𝑡
𝜕(𝐾𝐸)
𝜕𝑥̇

= −𝑚𝑥̈. (6.14)

Next, consider the electrostatic potential term:

𝜕(−𝑒𝒱)
𝜕𝑥

− d
d𝑡
𝜕(−𝑒𝒱)
𝜕𝑥̇

= −𝑒 𝜕𝒱
𝜕𝑥

. (6.15)

Finally, consider the last term with the magnetic vector potential 𝐀:

𝑒𝐀 ⋅ 𝐫̇ = 𝑒(𝐴𝑥𝑥̇ + 𝐴𝑦 𝑦̇ + 𝐴𝑧𝑧̇). (6.16)

The contribution to the equation of motion is

𝜕(𝑒𝐀 ⋅ 𝐫̇)
𝜕𝑥

− d
d𝑡
𝜕(𝑒𝐀 ⋅ 𝐫̇)

𝜕𝑥̇
=

𝑒 (
𝜕𝐴𝑥

𝜕𝑥
𝑣𝑥 +

𝜕𝐴𝑦

𝜕𝑥
𝑣𝑦 +

𝜕𝐴𝑧

𝜕𝑥
𝑣𝑧) − 𝑒

d𝐴𝑥

d𝑡
.

(6.17)

The total time derivative of 𝐴𝑥 is obtained from the chain rule:

d𝐴𝑥

d𝑡
=
𝜕𝐴𝑥

𝜕𝑡
+ (𝑣𝑥

𝜕𝐴𝑥

𝜕𝑥
+ 𝑣𝑦

𝜕𝐴𝑥

𝜕𝑦
+ 𝑣𝑧

𝜕𝐴𝑥

𝜕𝑧
) . (6.18)

Here the first term results from the explicit dependence on time, and the terms in paren-
thesis are from the motion of the particle, which causes the location at which 𝐴𝑥 is
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evaluated to change with time. Substituting this expression into (6.17) and simplifying
gives

𝜕(𝑒𝐀 ⋅ 𝐫̇)
𝜕𝑥

− d
d𝑡
𝜕(𝑒𝐀 ⋅ 𝐫̇)

𝜕𝑥̇
=

𝑒 𝑣𝑦 (
𝜕𝐴𝑦

𝜕𝑥
−
𝜕𝐴𝑥

𝜕𝑦
) + 𝑒 𝑣𝑧 (

𝜕𝐴𝑧

𝜕𝑥
−
𝜕𝐴𝑥

𝜕𝑧
)

= 𝑒
(
𝑣𝑦(∇ ×𝐀)𝑧 − 𝑣𝑧(∇ ×𝐀)𝑦

)

= 𝑒(𝑣𝑦𝐵𝑧 − 𝑣𝑧𝐵𝑦)

= 𝑒(𝐯 × 𝐁)𝑥.

(6.19)

Adding all the pieces together gives

𝑚𝑥̈ = 𝑒 (−𝜕𝒱
𝜕𝑥

+ (𝐯 × 𝐁)𝑥) (6.20)

which we recognize as the 𝑥 component of the Lorentz force law.

6.2 Hamiltonian Mechanics

In the Lagrangian formalism, a system is described in terms of the variables (𝑞, 𝑞̇, 𝑡).
In the Hamiltonian formalism, the system is described in terms of the variables
(𝑞, 𝑝, 𝑡), where 𝑞, 𝑝 are referred to as canonical variables, and 𝑝 is called the conjugate
momentum. The conjugate momentum is obtained from the Lagrangian using

𝑝𝑖 =
𝜕ℒ(𝑞𝑖 , 𝑞̇𝑖 , 𝑡)

𝜕𝑞̇𝑖
. (6.21)

Further, instead of the Lagrangian, the system dynamics are formulated in terms of the
new function

ℋ(𝑞, 𝑝, 𝑡) =
∑

𝑖
𝑞̇𝑖𝑝𝑖 −ℒ(𝑞, 𝑝, 𝑡). (6.22)

The functionℋ is referred to as theHamiltonian. The dynamics of the system are then
described by Hamilton’s equations:

𝑞̇𝑖 =
𝜕ℋ
𝜕𝑝𝑖

, (6.23)

𝑝̇𝑖 = −𝜕ℋ
𝜕𝑞𝑖

. (6.24)

For the case of a particle in an electromagnetic field, the conjugate momentum can
be found from (6.12) and (6.21):

𝐩 = 𝑚𝐯 + 𝑒𝐀. (6.25)

The Hamiltonian is then constructed from (6.22):

ℋ = 𝐫̇ ⋅ (𝑚𝐫̇ + 𝑒𝐀) − 1
2𝑚𝐫̇

2 + 𝑒𝒱 − 𝑒𝐀 ⋅ 𝐫̇

= 1
2𝑚𝐫̇

2 + 𝑒𝒱 .
(6.26)
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We see that in this case, the Hamiltonian is simply the sum of the kinetic and potential
energies.1Althoughnot true in general,2 the observation that theHamiltonian is simply
the total energy (sum of kinetic and potential energies) is true for all of the systems that
we will consider.

6.3 Harmonic Oscillators

The harmonic oscillator plays an important role in both classical and quantum physics.
In classical physics, a simple harmonic oscillator is formed by a mass attached to an
anchored spring. If themass is displaced from its equilibrium position, themass will be
pulled back toward the equilibrium by the spring, but the inertia of the moving mass
will cause it to move past equilibrium. As soon as it passes the equilibrium position,
however, the spring will start pushing it back until the motion stops, and the mass
starts back toward the equilibrium position. In the absence of any loss or damping,
this back and forth motion, or oscillation, will continue indefinitely. The oscillation is
also referred to as harmonic motion. This system is important in its own right (e.g.,
when used as part of the shock absorbing system of a vehicle), but it is also important
because many other physical systems exhibit the same or very similar behavior, and
so can be modeled with the harmonic oscillator. An excellent example is an electrical
circuit consisting of an inductor in parallel with a capacitor. The equations describing
the behavior of the voltage and current are of exactly the same form as the equation of
motion for the spring-mass system.
The harmonic oscillator is significant in the quantum theory, as well, since every

classical physical system that can be modeled with the harmonic oscillator can also
be modeled as a quantum mechanical harmonic oscillator for very small excitations.
In particular, although the voltage and current in the LC resonant circuit mentioned
above can classically have any value, in the quantum theory they can have only discrete
values. Thiswill be important to us in thatwewill use two of these levels to forma qubit.
Consequently we start by considering the classical and quantum harmonic oscillators
to form the foundation for our discussion of transmon qubits. More detailed treatments
of the harmonic oscillator can be found in [41–43] and in most introductory quantum
mechanics texts.

6.3.1 Classical Harmonic Oscillator

Consider the mechanical system shown in Figure 6.1. A spring with force constant 𝐾
is anchored on the left, and a mass 𝑚 is attached to the other end of the spring. We
will take the position of the mass to be 𝑥, with 𝑥 = 0 corresponding to the equilibrium
position as shown. We will first analyze this system with Newton’s laws, and then with
the Lagrangian formulation.
If the mass is displaced from equilibrium by 𝑥, the force exerted by the spring is

𝐹 = −𝐾𝑥, i.e., in a direction trying to return the mass to equilibrium. At the same

1 Note that the circular motion caused by the magnetic field does not contribute to the kinetic energy
of the particle.
2 For a discussion of the necessary conditions, see [39] Sections 2–6.
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Figure 6.1 Classical harmonic oscillator consisting of
a mass m attached to an anchored spring with force
constant K.

time, Newton’s law 𝐹 = d𝑝∕d𝑡 must apply. Setting these two forces equal gives us the
equation of motion for the mass:

d𝑝
d𝑡

= −𝐾𝑥. (6.27)

This can be expressed entirely in terms of 𝑥 by noting that 𝑝 = 𝑚𝑣 = 𝑚d𝑥∕d𝑡, so
d𝑝∕d𝑡 = 𝑚d2𝑥∕d𝑡2:

𝑚d2𝑥
d𝑡2

= −𝐾𝑥. (6.28)

It is straightforward to verify that 𝑥(𝑡) = 𝐴 cos𝜔𝑡 is a solution to this equation,
provided

𝜔 = 𝜔0 =
√

𝐾
𝑚. (6.29)

This is the frequency at which the mass will naturally oscillate. Often it is conve-
nient to use complex phasor notation as used in circuit theory. In this case we take
𝑥 = 𝐴 exp (−𝑖𝜔𝑡), and the actual function of time is obtained by taking the real part of
this expression.
Next, let us consider the system with the Lagrangian formulation. The Lagrangian is

given by

ℒ = 1
2𝑚𝑥̇

2 − 1
2𝐾𝑥

2. (6.30)

The Euler-Lagrange equation of motion is then

𝜕ℒ
𝜕𝑥

− d
d𝑡
𝜕ℒ
𝜕𝑥̇

= 0

−𝐾𝑥 −𝑚𝑥̈ = 0,
(6.31)

which is the same as (6.28).
The canonical momentum is given by

𝑝 =
𝜕ℒ(𝑥, 𝑥̇, 𝑡)

𝜕𝑥̇
= 𝑚𝑥̇, (6.32)

and the Hamiltonian is given by

ℋ = 𝑚𝑥̇2 − 1
2𝑚𝑥̇

2 + 1
2𝐾𝑥

2

=
𝑝2

2𝑚 + 1
2𝐾𝑥

2

=
𝑝2

2𝑚 + 1
2𝑚𝜔

2
0𝑥

2.

(6.33)
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We note that the total energy of the system sloshes back and forth between kinetic
(motion of the mass) and potential (displacement of the spring) forms. At any given
time, the total energy is given by the sum of the potential and kinetic energies.

6.3.2 Quantum Mechanical Harmonic Oscillator

In Chapter 2 we saw that to convert the classical Hamiltonian representing the Zee-
man energy into its quantum counterpart, the classical vector representing the angular
momentum had to be replaced by an operator. In the case of spin angular momen-
tum, the corresponding quantum operator is the vector whose 𝑥, 𝑦, and 𝑧 components
are the corresponding Pauli matrices. We then represented the quantum system with
a state vector. This was convenient and sufficient because spin only takes on discrete
values.
More generally, a system with continuous variables (such as position) is represented

by a wave function that is constructed by the product of a continuous function and
a vector representing spin (sometimes referred to as a spinor). As is the case with
spin, classically continuous variablesmust be replacedwith corresponding operators to
obtain the quantum Hamiltonian. Some common quantities and their corresponding
quantum mechanical operators are shown in Table 6.1.
Note that in classical physics, 𝑝 and 𝑥 are simply scalars and so commute: 𝑥𝑝 = 𝑝𝑥.

However, the corresponding quantum mechanical operators do not commute:

𝑝𝑥 |𝜓⟩ = ℏ
𝑖
𝜕
𝜕𝑥

(𝑥 |𝜓⟩)

= (ℏ𝑖 + 𝑥ℏ𝑖
𝜕
𝜕𝑥

) |𝜓⟩

= (ℏ𝑖 + 𝑥𝑝) |𝜓⟩

(6.34)

or

(𝑥𝑝 − 𝑝𝑥) |𝜓⟩ = 𝑖ℏ |𝜓⟩ . (6.35)

This relationship is compactly represented by introducing the commutator, defined as
[𝑥, 𝑝] ≡ 𝑥𝑝 − 𝑝𝑥. The specific value of the commutator indicates whether or not two
operators commute. In this case we have

[𝑥, 𝑝] = 𝑖ℏ. (6.36)

The fact that 𝑥, 𝑝 do not commute underlies the uncertainty principle, i.e.,∆𝑥∆𝑝 ≥ ℏ∕2.
The quantities 𝐩 and 𝐫 are related through a Fourier transform,3 and are referred to as
conjugate variables.
The quantum mechanical version of the Hamiltonian (6.33) can be constructed

by replacing 𝑥 and 𝑝 with the corresponding operators from Table 6.1. The time-
independent Schrödinger equation (see (2.53)) for the harmonic oscillator is therefore

3 The Fourier transform relation also expresses the uncertainty relation, since a narrow waveform in
one domain requires a wide waveform in the other.
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Table 6.1 Classical parameters and the
corresponding quantum operators.

Quantity Operator

position 𝐫 𝐫

momentum 𝐩 ℏ
𝑖 ∇

spin 𝐒 ℏ
2𝝈

ℋ |𝜓⟩ = ℰ |𝜓⟩ ,

[−
ℏ2
2𝑚

d2

d𝑥2
+ 1
2𝑚𝜔

2
0𝑥

2] |𝜓⟩ = ℰ |𝜓⟩ .
(6.37)

Here the second term on the left represents the potential energy 𝒱 = 𝑚𝜔20𝑥
2∕2. The

solutions to this second-order differential equation are the harmonic oscillator wave
functions

|𝜓𝑛⟩ =
𝑒−𝑥2∕(2𝛼2)𝐻𝑛(𝑥∕𝛼)√

𝛼2𝑛𝑛!
√
𝜋

, (6.38)

where 𝑛 is a positive integer,𝐻𝑛(𝑦) is the 𝑛th Hermite polynomial, and 𝛼 =
√
ℏ∕(𝑚𝜔0)

is a characteristic length for the system. The first three polynomials are

𝐻0(𝑦) = 1,

𝐻1(𝑦) = 2𝑦,

𝐻2(𝑦) = −2 + 4𝑦2.

(6.39)

Hermite polynomials have the following useful properties, referred to as recurrence
relations:

d𝐻𝑛

d𝑦
= 2𝑛𝐻𝑛−1, (6.40)

𝐻𝑛+1 = 2𝑦𝐻𝑛 − 2𝑛𝐻𝑛−1. (6.41)

These recurrence relations lead to the following properties of harmonic oscillator wave
functions:

d
d𝑥

|𝜓𝑛⟩ =
1
𝛼 (

√
𝑛
2 |𝜓𝑛−1⟩ −

√
𝑛 + 1
2 |𝜓𝑛+1⟩) , (6.42)

𝑥
𝛼 |𝜓𝑛⟩ −

√
𝑛 + 1
2 |𝜓𝑛+1⟩ =

√
𝑛
2 |𝜓𝑛−1⟩ . (6.43)

The values of 𝑛 correspond to discrete energy values

ℰ𝑛 = ℏ𝜔0 (𝑛 +
1
2) . (6.44)

The first three harmonic oscillator wave functions are shown in Figure 6.2(a). Thewave
functions are plotted in arbitrary amplitude units at their respective energy levels in this
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Figure 6.2 Quantum mechanical harmonic oscillator (a) and perturbed harmonic oscillator
(b). The wave functions are plotted in arbitrary amplitude units at the associated energy level.

diagram. Note that when 𝒱(𝑥) < 𝐸𝑛 the solutions are oscillatory, while they decay for
𝒱(𝑥) > 𝐸𝑛.

6.3.3 Raising and Lowering Operators

The operators 𝑥 and 𝑝 are useful for describing the physical properties of a state, but
for some applications it is more convenient to have operators that more directly relate
to the energy level of a state instead of its physical properties. Consider the operator

𝑎 =
√

𝑚𝜔0
2ℏ

(𝑥 + 𝑖
𝑝

𝑚𝜔0
) . (6.45)

It is convenient to normalize the position to the characteristic length 𝛼. The operator 𝑎
becomes

𝑎 = 1
√
2
(𝑥𝛼 + 𝑖 1

𝛼𝑚𝜔0
ℏ
𝑖
d
d𝑥

)

= 1
√
2
(𝑥𝛼 + 𝛼 d

d𝑥
) .

(6.46)

To see why this operator is interesting, let us apply it to the wave function:

𝑎 |𝜓𝑛⟩ =
1
√
2
(
𝑥
𝛼 |𝜓𝑛⟩ +

√
𝑛
2 |𝜓𝑛−1⟩ −

√
𝑛 + 1
2 |𝜓𝑛+1⟩)

= 1
√
2
(2
√

𝑛
2 |𝜓𝑛−1⟩)

=
√
𝑛 |𝜓𝑛−1⟩ .

(6.47)

Here we used the recurrence relation (6.43) in the second line. Since the operator 𝑎
changes the state 𝑛 to 𝑛 − 1, it is called a lowering operator.
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Next, consider the operator formed by taking the Hermitian conjugate (i.e., trans-
pose4 complex conjugate) of 𝑎:

𝑎† =
√

𝑚𝜔0
2ℏ

(𝑥 − 𝑖
𝑝

𝑚𝜔0
) . (6.48)

Normalizing the position to the characteristic length 𝛼 as before and applying 𝑎† to the
wave function lead to

𝑎† |𝜓𝑛⟩ =
√
𝑛 + 1 |𝜓𝑛+1⟩ . (6.49)

Here, since 𝑎† takes the state 𝑛 to the state 𝑛 + 1, it is referred to as a raising operator.
What happens if both operators are applied to the wave function? Since one lowers

and one raises, we expect to stay in the same state:

𝑎†𝑎 |𝜓𝑛⟩ = 𝑎†
√
𝑛 |𝜓𝑛−1⟩ = 𝑛 |𝜓𝑛⟩ . (6.50)

If the operators are applied in the reverse order, we would still expect to stay in the
same state, but let us see if the pre-factor is the same:

𝑎𝑎† |𝜓𝑛⟩ = 𝑎
√
𝑛 + 1 |𝜓𝑛+1⟩ = (𝑛 + 1) |𝜓𝑛⟩ . (6.51)

Since the pre-factors are different when the order is reversed, we conclude that the
operators do not commute. In particular,

(𝑎𝑎† − 𝑎†𝑎) |𝜓𝑛⟩ = |𝜓𝑛⟩ . (6.52)

As in the case of position and momentum, this relationship is compactly represented
by the commutator [𝑎, 𝑎†] ≡ 𝑎𝑎† − 𝑎†𝑎. In this case we have

[𝑎, 𝑎†] = 1. (6.53)

We can easily invert the pair of Eqs. (6.45) and (6.48) to express 𝑥 and 𝑝 in terms of
𝑎 and 𝑎†. The result is

𝑥 =

√
ℏ

2𝑚𝜔0

(
𝑎 + 𝑎†

)
, (6.54)

𝑝 = −𝑖
√

ℏ𝑚𝜔0
2

(
𝑎 − 𝑎†

)
. (6.55)

Let’s see what the harmonic oscillator Hamiltonian (6.33) looks like when expressed in
terms of the new raising and lowering operators. The Hamiltonian becomes

ℋ = − 1
2𝑚

1
2 (

ℏ
𝛼 )

2 (
𝑎 − 𝑎†

)2
+
𝑚𝜔20
2

𝛼2
2
(
𝑎 + 𝑎†

)2

=
ℏ𝜔0
4

(
𝑎†𝑎 − 𝑎𝑎 − 𝑎†𝑎† + 𝑎𝑎† + 𝑎†𝑎 + 𝑎𝑎 + 𝑎†𝑎† + 𝑎𝑎†

)

=
ℏ𝜔0
2

(
𝑎†𝑎 + 𝑎𝑎†

)

= ℏ𝜔0 (𝑎†𝑎 +
1
2) .

(6.56)

4 In this case the operator is a scalar, so the transpose has no effect. However the dagger notation is
commonly used as it does make a difference in cases where, e.g., operators are represented by matrices.
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Herewe substituted the definition of𝛼 and simplified between the first and second line,
and used the commutator (6.53) between last two lines. Expressing the Hamiltonian in
terms of raising and lowering operators yields a form that only contains the natural
frequency and the number operator 𝑎†𝑎. In this representation, the wave function can
be specified simply by the excited state number: |𝜓𝑛⟩→ |𝑛⟩.

6.3.4 Can a Harmonic Oscillator Be Used as a Qubit?

After getting some understanding of the quantum mechanical harmonic oscillator, let
us consider for a moment if there is a way to use one as a qubit. Recall that the key
requirement of a system to be used as a qubit is for it to have only two states. In con-
trast, the harmonic oscillator has an unlimited number of states with identical spacing.
Consider what would happen if we tried to use one as a qubit. Suppose the harmonic
oscillator was prepared in the ground state, and then a 𝜋-pulse is used to put it in the
first excited state. Now suppose we wanted to return the system to the ground state.
With a two-level system, application of another 𝜋-pulse will do the trick, but in the
case of the harmonic oscillator, the second 𝜋-pulse will be just as likely to move the
system into the 𝑛 = 2 state as to return it to the ground state!
The spin system we considered in Chapter 2 has exactly two excited states, and so

works well as a qubit. However, most other physical systems havemore than two states.
Having more than two states does not prevent a system from being used as a qubit,
provided that the energy spacings of the states are sufficiently different that you can
use a pulse frequency that will only couple two of the states. The problem with the
harmonic oscillator is that all of the states are equally spaced!
Is there some way to perturb the harmonic oscillator so that all of the states do not

have the same spacing? It turns out that the equal spacing of the states is a special
property of the quadratic potential function. So if we perturb the potential so that it is
no longer exactly quadratic, then the spacing between the levels will no longer be the
same.
Before considering perturbations specifically, note that from Eq. (2.53), the energy of

any system can be written

ℰ = ⟨𝜓|ℋ |𝜓⟩ , (6.57)

where we have assumed the wave function is normalized, i.e., ⟨𝜓|𝜓⟩ = 1. Now suppose
that the Hamiltonian has two parts: one part for which one has the exact solution, plus
a small perturbationℋ =ℋ0 + 𝑉′:

ℰ = ⟨𝜓| (ℋ0 + 𝑉′) |𝜓⟩

= ⟨𝜓|ℋ0 |𝜓⟩ + ⟨𝜓|𝑉′ |𝜓⟩ .
(6.58)

For sufficiently small perturbations, we can approximate the wave function with that
of the unperturbed problem:

ℰ′𝑛 ≈ ⟨𝜓𝑛|ℋ0 |𝜓𝑛⟩ + ⟨𝜓𝑛|𝑉′ |𝜓𝑛⟩

≈ ℰ𝑛 + ⟨𝜓𝑛|𝑉′ |𝜓𝑛⟩ .
(6.59)

Here |𝜓𝑛⟩ is the 𝑛th exact solution for the Hamiltonianℋ0. As an example, consider
Figure 6.2(b). Here a perturbation is applied to the potential that increases with 𝑥∕𝛼
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but is negligible for 𝑥∕𝛼 ≪ 1. Because the spatial extent of the wave functions |𝜓𝑛⟩
increaseswith𝑛, the effect of the perturbation is larger as𝑛 increases. As a result,ℰ′𝑛+1−
ℰ′𝑛 ≠ ℰ′𝑛 − ℰ′𝑛−1. If this difference is large enough to be experimentally distinguished,
then we can just address transitions between, say, the ground and first excited state,
and ignore the rest of the states (at least as an initial approximation).
In the case of our mechanical harmonic oscillator, such a perturbation would result

from any departure from the ideal spring force law 𝐹 = −𝐾𝑥2∕2. We will see shortly
that a linear 𝐿𝐶 circuit behaves like a harmonic oscillator. In this case, a Josephson
junction is used as a nonlinear inductor to introduce the perturbation needed to realize
a qubit.

6.4 Circuit Quantum Electrodynamics

In this section we explore circuit analogs of the classical and quantum harmonic
oscillators discussed previously, and how they can be used to implement qubits.
The most common method of analysis for electrical circuits with lumped elements

is the systematic application of Kirchhoff’s laws: the sum of the currents leaving a node
is zero, and the sum of voltages around a loop is zero (assuming no time-changing flux
links the circuit). However, similar to what we observed for formulations of mechan-
ics, an alternate formulation based on Lagrange’s equations is useful for the transition
from classical circuit theory to quantum circuit theory, generally referred to as circuit
quantum electrodynamics [44–49].

6.4.1 Classical LC Resonant Circuit

Consider the 𝐿𝐶 parallel circuit shown in Figure 6.3. The classical Hamiltonian for the
circuit is just the sum of the energy stored in the inductor and the energy stored in the
capacitor:

ℋ = 1
2𝐶𝑉

2 + 1
2𝐿𝐼

2
𝐿. (6.60)

Recognizing that the charge on the capacitor is given by 𝑄 = 𝐶𝑉 and the total flux
linkage in the inductor is Φ = 𝐿𝐼𝐿, we can re-write this as

ℋ =
𝑄2

2𝐶 + Φ2

2𝐿 . (6.61)

Comparing with the harmonic oscillator Hamiltonian (6.33), we see that this is of the
same form if we make the identifications𝑚 → 𝐶 and 𝐿 = 1∕(𝐶𝜔20), or

𝜔0 =
1

√
𝐿𝐶

. (6.62)

Figure 6.3 LC resonant circuit.
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This is the familiar resonant frequency of an 𝐿𝐶 circuit.
It will be useful for subsequent analyses to discuss the conjugate variables Φ and 𝑄

in a bit more detail, beforemoving on to a quantum analysis of the 𝐿𝐶 circuit. Note that
the current through the inductor 𝐼𝐿 and the node voltage𝑉 are related by𝑉 = 𝐿𝑑𝐼𝐿∕𝑑𝑡,
or assuming a time invariant inductor:

𝑉 = dΦ
d𝑡
. (6.63)

Integrating this equation gives the following expression for the flux Φ:

Φ(𝑡) =∫
𝑡

−∞
𝑉(𝑡′)d𝑡′. (6.64)

Here we assume the voltage vanishes as 𝑡 → −∞. Note that since there is a voltage
associated with every node in general, it is also possible to associate a flux with each
node. In a similar way, noting that 𝐼𝐶 = 𝑑𝑄∕𝑑𝑡, the charge on the capacitor can be
written

𝑄(𝑡) =∫
𝑡

−∞
𝐼𝐶(𝑡′)d𝑡′, (6.65)

where we also assume the current vanishes in the limit 𝑡 → −∞.
We can obtain the “equation of motion” using the Lagrangian formulation discussed

in Section 6.1. To do this, we note that the “kinetic” energy term can alternatively
be expressed in terms of the time derivative of the flux. In terms of the flux and its
derivative, we can construct the Lagrangian as the difference between the “kinetic”
and “potential” energies, where the energy in the capacitance is the analog of kinetic
energy, and the energy in the inductance is the analog of potential energy:

ℒ = 1
2𝐶Φ̇

2 − Φ2

2𝐿 . (6.66)

The corresponding equation of motion is

−Φ𝐿 − 𝐶Φ̈ = 0, (6.67)

which we recognize as having the same form as the equation of motion of the classical
mechanical harmonic oscillator (6.28) with 𝜔0 = 1∕

√
𝐿𝐶 as before.

6.4.2 Quantization of the LC Circuit

Following a similar approach to howwe quantized themechanical harmonic oscillator,
we treat the𝐿𝐶 circuit quantummechanically by replacing𝑄 andΦwith corresponding
operators satisfying the commutation relation

[Φ, 𝑄] = 𝑖ℏ. (6.68)
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As with the mechanical harmonic oscillator, we can also define raising and lowering
operators such that

Φ =

√
ℏ

2𝜔0𝐶
(
𝑎 + 𝑎†

)
, (6.69)

𝑄 = −𝑖
√

ℏ𝜔0𝐶
2

(
𝑎 − 𝑎†

)
, (6.70)

where the raising and lowering operators satisfy the commutation relation [𝑎, 𝑎†] = 1
as before. Substituting these expressions into the Hamiltonian for the 𝐿𝐶 circuit (6.61)
and simplifying lead to

ℋ = ℏ𝜔0 (𝑎†𝑎 +
1
2) . (6.71)

Since the energy thatwe are quantizing is actually stored in the electromagnetic fields
of the capacitor and the inductor, we have effectively quantized the electromagnetic
field. Application of the raising operator 𝑎† corresponds to adding the energy of a pho-
ton ℏ𝜔0 to the circuit, and application of the lowering operator 𝑎 subtracts the energy
of a photon ℏ𝜔. Consequently, 𝑎† and 𝑎 are also referred to as creation and annihila-
tion operators. Also, the energy level 𝑛 indicates the number of photons stored in the
circuit, and so 𝑎†𝑎 gives the photon occupancy of the circuit.

6.4.3 Circuit Electrodynamic Approach for General Circuits

The following procedure is valid for lossless circuits that do not contain mutual
inductances, and that are not linked by external magnetic fields.

1. Choose one node as the ground, or reference node. The remaining nodes are referred
to as active nodes.

2. For each of the active nodes, assign a node voltage 𝑣𝑖 and generalized node flux 𝜙𝑖 ,
where 𝑣𝑖 = 𝜙̇.

3. Define branch fluxes asΦ𝑏 = 𝜙𝑛−𝜙𝑛′ , where 𝑛 and 𝑛′ are adjacent connected nodes.
4. Define the branch voltage as the time derivative of the branch flux, 𝑣𝑏 = Φ̇𝑏.
5. Calculate the energy stored in the capacitors in terms of the branch voltage across

each capacitor, and sum to find the total energy stored in capacitors. This stored
energy is the analog of the kinetic energy 𝒯:

𝒯 =
∑

𝑏

1
2𝐶𝑏𝑣

2
𝑏 =

∑

𝑏

1
2𝐶𝑏Φ̇

2
𝑏. (6.72)

6. Calculate the energy stored in the inductors in terms of the branch flux through each
inductor, and sum to find the total energy stored in inductance. This stored energy
is the analog of the potential energy 𝒱 :

𝒱 =
∑

𝑏

1
2𝐿𝑏𝑖

2
𝑏 =

∑

𝑏

Φ2
𝑏

2𝐿𝑏
. (6.73)
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7. Construct the Lagrangian as the difference between the capacitive and inductive
stored energies:

ℒ
(
𝜙1, 𝜙̇1, ..., 𝜙𝑁 , 𝜙̇𝑁

)
= 𝒯 − 𝒱 . (6.74)

8. TheEuler-Lagrange equation for this Lagrangian can be used alongwith appropriate
boundary/initial conditions to describe the modes of the circuit.

9. The conjugate variables to the node fluxes are the node charges, defined as

𝑞𝑛 =
𝜕ℒ
𝜕𝜙̇𝑛

. (6.75)

10. Finally, the Hamiltonian is constructed from

ℋ
(
𝜙1, 𝜙̇1, ..., 𝜙𝑁 , 𝜙̇𝑁

)
=

𝑁∑

𝑖=1
𝜙̇𝑖𝑞𝑖 −ℒ. (6.76)

6.4.4 Circuit Model for Transmission Line Resonator

Let us now apply this procedure to the transmission line circuit shown in Figure 6.4.
As shown in the figure, let us choose the bottom node as our reference, and assign
node voltages and fluxes as indicated. If the entire circuit was small compared to a
wavelength, we could consider the reference node having a single potential. However,
since we assume the length of the line could be large, we interpret the node voltages
as measured between the node and the reference node at the same location, in other
words, the node voltages are the voltages across the corresponding capacitors. In this
case, the node voltages and fluxes are the same as the branch voltages and fluxes, so
the total kinetic energy is

𝒯 =
𝑁∑

𝑖=1

1
2𝐶𝑖𝑣

2
𝑖 =

𝑁∑

𝑖=1

1
2𝐶

′∆𝑧𝜙̇2𝑖 , (6.77)

where 𝐶′ is the capacitance per unit length of the line. Similarly, the total potential
energy term is

𝒱 =
𝑁−1∑

𝑖=1

1
2𝐿𝑖𝑖

2
𝑖 =

𝑁−1∑

𝑖=1

(𝜙𝑖+1 − 𝜙𝑖)2

2𝐿′∆𝑧 (6.78)

Figure 6.4 Lumped circuit model for an open-circuited section of transmission line of length
N∆z =𝓁.
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where 𝐿′ is the inductance per unit length of the line. We can now write the
Lagrangian as

ℒ
(
𝜙1, 𝜙̇1, ..., 𝜙𝑁 , 𝜙̇𝑁

)
=

𝑁∑

𝑖=1

1
2𝐶

′∆𝑧𝜙̇2𝑖 −
𝑁−1∑

𝑖=1

1
2𝐿′ (

𝜙𝑖+1 − 𝜙𝑖
∆𝑧 )

2

∆𝑧. (6.79)

Taking the limit 𝑁 →∞ this becomes

ℒ
(
𝜙, 𝜙̇, 𝜙𝑧

)
=∫

𝓁

0
(
1
2𝐶

′𝜙̇2 − 1
2𝐿′ (

𝜕𝜙
𝜕𝑧

)
2

) d𝑧, (6.80)

where 𝓁 is the length of the transmission line. Note that in this case the function 𝜙
depends on 𝑧 as well as 𝑡. The Euler-Lagrange equation can be easily generalized to the
case of two variables by adding a term containing 𝑧 derivatives in addition to the term
containing time derivatives:

𝜕ℒ
𝜕𝜙

− d
d𝑡
𝜕ℒ
𝜕𝜙̇

− d
d𝑧

𝜕ℒ
𝜕𝜙𝑧

= 0. (6.81)

(Note that we have made the change of notation 𝜙𝑡 ≡ 𝜙̇.) Observing that the integrand
does not explicitly depend on 𝜙, we have 𝜕𝐿∕𝜕𝜙 = 0. For the remaining two terms we
have

𝜕ℒ
𝜕𝜙̇

= 𝐶′𝜙̇, (6.82)

and

𝜕ℒ
𝜕𝜙𝑧

= − 1
𝐿′
𝜕𝜙
𝜕𝑧
. (6.83)

The Euler-Lagrange equation becomes, finally:

𝜕2𝜙
𝜕𝑡2

− 1
𝐿′𝐶′

𝜕2𝜙
𝜕𝑧2

= 0. (6.84)

We recognize this as the wave Equation (4.10), where the wave velocity is given by
𝑣 = 1∕

√
𝐿′𝐶′. For sinusoidal excitations, the general solution to this equation is a super-

position of waves traveling to the left and to the right along the line. The precise mix
depends on the boundary conditions. In phasor notation,5 the general solution is

𝜙 = 𝜙−0 𝑒
𝑗𝛽𝑧+𝑗𝜔𝑡 + 𝜙+0 𝑒

−𝑗𝛽𝑧+𝑗𝜔𝑡 . (6.85)

In our case, the transmission line is open-circuited, so the branch currents are zero
at each end. Since the flux 𝜙(𝑧) is proportional to current, we require the flux to also
vanish at each end. For 𝜙 to vanish at 𝑧 = 0 we require 𝜙+0 = −𝜙−0 ≡ 𝜙0. Making this
substitution and multiplying and dividing by 2𝑗 gives

5 Here we have used the time-dependence convention used in Chapter 4 to facilitate reference to that
chapter, and to be consistent with phasor notation in Electrical Engineering. Remember that we are
using the convention 𝑗 = −𝑖.
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𝜙 = 2𝑗𝜙0 sin 𝛽𝑧 𝑒𝑗𝜔𝑡

= 2|𝜙0| sin 𝛽𝑧 𝑒𝑗𝜔𝑡+𝑗𝜃.
(6.86)

Here we have introduced the phase 𝜃 associated with the amplitude such that 𝑗𝜙0 =
|𝜙0| exp (𝑗𝜔𝑡 + 𝑗𝜃). The time-domain expression can be obtained by taking the real part
of (6.86):

𝜙(𝑧, 𝑡) = 2|𝜙0| sin (𝛽𝑧) cos (𝜔𝑡 + 𝜃). (6.87)

Requiring the flux to vanish at 𝑧 = 𝓁 leads to the condition

𝛽𝑛 =
𝑛𝜋
𝓁
, or 𝓁 =

𝑛𝜆𝑛
2 . (6.88)

In writing the second expression above we have used the relation 𝛽 = 2𝜋∕𝜆. We con-
clude that modes exist whenever the length of the line is equal to a multiple of a half
wavelength where

𝜆𝑛 =
𝑣
𝑓𝑛

= 1

𝑓𝑛
√
𝐿′𝐶′

. (6.89)

In general, the flux can be expressed as the sum of all possible modes:

𝜙(𝑧, 𝑡) =
∞∑

𝑛=1
𝐴𝑛 sin (𝑛𝜋𝑧∕𝓁) cos (𝜔𝑛𝑡 + 𝜃𝑛)

=
∞∑

𝑛=1
Φ𝑛 sin (𝑛𝜋𝑧∕𝓁)

(6.90)

where we have defined

Φ𝑛(𝑡) = 𝐴𝑛 cos (𝜔𝑛𝑡 + 𝜃𝑛). (6.91)

Substituting this into the Lagrangian (6.80) gives

ℒ =
∞∑

𝑛=1
∫

𝓁

0
(
1
2𝐶

′Φ̇2
𝑛 sin

2 (𝑛𝜋𝑧
𝓁

) −
Φ2
𝑛

2𝐿′ (
𝑛𝜋
𝓁
)
2

cos2 (𝑛𝜋𝑧
𝓁

)) d𝑧

=
∞∑

𝑛=1
∫

𝑛𝜋

0
(
1
2𝐶

′Φ̇2
𝑛 sin

2 (𝛼) −
Φ2
𝑛

2𝐿′ (
𝑛𝜋
𝓁
)
2

cos2 (𝛼))
𝓁
𝑛𝜋d𝛼,

(6.92)

where we have made the change of variable 𝛼 = 𝑛𝜋𝑧∕𝓁. Recognizing that

∫
𝑛𝜋

0
cos2 𝛼 d𝛼 =∫

𝑛𝜋

0
sin2 𝛼 d𝛼 = 𝑛𝜋

2 , (6.93)

the Lagrangian becomes

ℒ =
∞∑

𝑛=1
(
𝐶′𝓁
4 Φ̇2

𝑛 −
(𝑛𝜋)2

4𝐿′𝓁
Φ2
𝑛) . (6.94)

The variables conjugate to the node fluxes can now be found:

𝑄𝑛 =
𝜕ℒ
𝜕Φ̇𝑛

= 𝐶′𝓁
2 Φ̇𝑛, (6.95)
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suggesting the effective capacitances 𝐶𝑛 = 𝐶′𝓁∕2. The Lagrangian now takes the form
of a resonant LC circuit for each 𝑛:

ℒ =
∞∑

𝑛=1
(
𝑄2
𝑛

2𝐶𝑛
−

Φ2
𝑛

2𝐿𝑛
) , (6.96)

where we have also defined an effective inductance 𝐿𝑛 = 2𝐿′𝓁∕(𝑛𝜋)2.
Finally, we can construct the Hamiltonian as

ℋ =
∞∑

𝑛=1
𝑄𝑛Φ̇𝑛 −ℒ

=
∞∑

𝑛=1
(
𝐶′𝓁
2 Φ̇2

𝑛 −
𝑄2
𝑛

2𝐶𝑛
+

Φ2
𝑛

2𝐿𝑛
)

=
∞∑

𝑛=1
(
𝑄2
𝑛

𝐶𝑛
−

𝑄2
𝑛

2𝐶𝑛
+

Φ2
𝑛

2𝐿𝑛
)

=
∞∑

𝑛=1
(
𝑄2
𝑛

2𝐶𝑛
+

Φ2
𝑛

2𝐿𝑛
) .

(6.97)

6.4.5 Quantizing a Transmission Line Resonator

As with the 𝐿𝐶 circuit, we can quantize the transmission line circuit by interpreting𝑄𝑛
andΦ𝑛 as operators with the commutation relation [Φ𝑛, 𝑄𝑛] = 𝑖ℏ and introduce raising
and lowering operators 𝑎†𝑛, 𝑎𝑛 in a manner analogous to (6.69) and (6.70), so that the
Hamiltonian can be written

ℋ =
∞∑

𝑛=1
ℏ𝜔𝑛 (𝑎

†
𝑛𝑎𝑛 +

1
2) , (6.98)

with𝜔𝑛 = 𝑛𝜋𝑣∕𝓁. Here each value of 𝑛 represents a resonantmode of the transmission
line characterized by 𝑛 half wavelengths along the line, and 𝑎†𝑛𝑎𝑛 gives the number of
photons with frequency 𝜔𝑛, i.e., the photon occupancy of mode 𝑛, for the transmission
line. Usually we are concerned with exciting a single mode on the transmission line,
and in this case the Hamiltonian can be simplified to

ℋ = ℏ𝜔𝑟 (𝑎†𝑎 +
1
2) , (6.99)

where 𝜔𝑟 is resonant frequency of the mode of interest, and 𝑎†, 𝑎 are the creation
and annihilation operators for that mode. Often the mode of interest is simply the
fundamental mode with 𝑛 = 1.

6.4.6 Quantized Coupled LC Resonant Circuits

Consider two lossless LC resonant circuits coupled by a capacitor as shown in Figure
6.5. Note that since a transmission line resonator can be modeled as a lumped-element
circuit near one of its resonant frequencies, this could just aswell represent two coupled
transmission line resonators, or a lumped-element resonator coupled to a transmission
line resonator. The conventional classical analysis of this circuit using coupled-mode
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CA

Cg

LB

IB

CBLA

IA

φA φB

Figure 6.5 Capacitively-coupled LC resonant
circuits.

theory was presented in Section 5.5. In this section we analyze the circuit using the
Lagrangian formulation described in Section 6.4.3, and proceed to construct a quan-
tized Hamiltonian for the circuit using the principles of circuit QED discussed in
Section 6.4.2.
The analog to the kinetic energy𝒯 is the sum of the energy stored in the capacitors:

𝒯 = 1
2𝐶𝐴𝜙̇

2
𝐴 +

1
2𝐶𝐵𝜙̇

2
𝐵 +

1
2𝐶𝑔

(
𝜙̇𝐴 − 𝜙̇𝐵

)2
. (6.100)

Similarly, the analog of the potential energy 𝒱 is the energy stored in the inductors:

𝒱 = 1
2𝐿𝐴𝐼

2
𝐴 +

1
2𝐿𝐵𝐼

2
𝐵

=
𝜙2𝐴
2𝐿𝐴

+
𝜙2𝐵
2𝐿𝐵

.
(6.101)

Here we have used the definition of the fluxes 𝜙𝑗 = 𝐿𝑖𝐼𝑖 . Taking the difference 𝒯 − 𝒱
forms the Lagrangian

ℒ = 1
2 (𝐶𝐴𝜙̇

2
𝐴 + 𝐶𝐵𝜙̇2𝐵 + 𝐶𝑔

(
𝜙̇𝐴 − 𝜙̇𝐵

)2
−
𝜙2𝐴
𝐿𝐴

−
𝜙2𝐵
𝐿𝐵
) . (6.102)

From step 9 in Section 6.4.3, the node charges are given by

𝑞𝐴 =
𝜕ℒ
𝜕𝜙̇𝐴

=
(
𝐶𝐴 + 𝐶𝑔

)
𝜙̇𝐴 − 𝐶𝑔𝜙̇𝐵 (6.103)

and

𝑞𝐵 =
𝜕ℒ
𝜕𝜙̇𝐵

=
(
𝐶𝐵 + 𝐶𝑔

)
𝜙̇𝐵 − 𝐶𝑔𝜙̇𝐴. (6.104)

These equations can be solved simultaneously to find 𝜙̇𝐴,𝐵 in terms of 𝑞𝐴,𝐵. Using a
matrix approach we can write (6.103) and (6.104) as

[
𝑞𝐴
𝑞𝐵
] = [

(𝐶𝐴 + 𝐶𝑔) −𝐶𝑔
−𝐶𝑔 (𝐶𝐵 + 𝐶𝑔)

] [
𝜙̇𝐴
𝜙̇𝐵
] . (6.105)

Inverting this equation gives

[
𝜙̇𝐴
𝜙̇𝐵
] =

1
𝐷 [

(𝐶𝐵 + 𝐶𝑔) 𝐶𝑔
𝐶𝑔 (𝐶𝐴 + 𝐶𝑔)

] [
𝑞𝐴
𝑞𝐵
] , (6.106)

where 𝐷 is the matrix determinant

𝐷 = (𝐶𝐴 + 𝐶𝑔)(𝐶𝐵 + 𝐶𝑔) − 𝐶2
𝑔

= 𝐶𝐴𝐶𝐵 + 𝐶𝑔(𝐶𝐴 + 𝐶𝐵).
(6.107)
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The expressions for 𝜙̇𝐴,𝐵 can now be substituted back into the kinetic energy expres-
sion (6.100) to express the kinetic energy in terms of 𝑞𝐴,𝐵. After some rather tedious
algebra, we can construct a Hamiltonian for the coupled LC circuit entirely in terms of
the conjugate variables 𝑞𝐴,𝐵 and 𝜙𝐴,𝐵. The result is

ℋ = 𝒯 + 𝒱

=
𝑞2𝐴
2𝐶′

𝐴
+

𝜙2𝐴
2𝐿𝐴

+
𝑞2𝐵
2𝐶′

𝐵
+

𝜙2𝐵
2𝐿𝐵

+
𝑞𝐴𝑞𝐵
2𝐶𝐴𝐵

,
(6.108)

where

𝐶′
𝐴 =

(
𝐶𝐴𝐶𝐵 + 𝐶𝑔(𝐶𝐴 + 𝐶𝐵)

)2

𝐶𝐴(𝐶𝐵 + 𝐶𝑔)2 + 𝐶𝐵𝐶2
𝑔 + 𝐶2

𝐵𝐶𝑔
, (6.109)

𝐶′
𝐵 =

(
𝐶𝐴𝐶𝐵 + 𝐶𝑔(𝐶𝐴 + 𝐶𝐵)

)2

𝐶𝐵(𝐶𝐴 + 𝐶𝑔)2 + 𝐶𝐴𝐶2
𝑔 + 𝐶2

𝐴𝐶𝑔
, (6.110)

𝐶𝐴𝐵 =
1
2𝐶𝑔

(
𝐶𝐴𝐶𝐵 + 𝐶𝑔(𝐶𝐴 + 𝐶𝐵)

)
. (6.111)

If the coupling between the two resonant circuits is weak so that 𝐶𝑔 ≪ 𝐶𝐴, 𝐶𝐵, these
expressions reduce to

𝐶′
𝐴 ≈ 𝐶𝐴 (1 +

𝐶𝑔
𝐶𝐴

)) , (6.112)

𝐶′
𝐵 ≈ 𝐶𝐵 (1 +

𝐶𝑔
𝐶𝐵

) , (6.113)

𝐶𝐴𝐵 ≈
𝐶𝐴𝐶𝐵
2𝐶𝑔

. (6.114)

Up until this point, our treatment has been entirely classical. To quantize the circuit,
we reinterpret the charges and fluxes as operators, and introduce raising and lowering
operators just as we did for the harmonic oscillator:

𝜙𝐴 =
√

ℏ
2𝜔′𝐴𝐶

′
𝐴

(
𝑎𝐴 + 𝑎†𝐴

)
, (6.115)

𝜙𝐵 =
√

ℏ
2𝜔′𝐵𝐶

′
𝐵

(
𝑎𝐵 + 𝑎†𝐵

)
, (6.116)

𝑞𝐴 = −𝑖

√
ℏ𝜔′𝐴𝐶

′
𝐴

2

(
𝑎𝐴 − 𝑎†𝐴

)
, (6.117)

𝑞𝐵 = −𝑖

√
ℏ𝜔′𝐵𝐶

′
𝐵

2

(
𝑎𝐵 − 𝑎†𝐵

)
, (6.118)

where

𝜔′𝐴 =
1

√
𝐿𝐴𝐶′

𝐴

, 𝜔′𝐵 =
1

√
𝐿𝐵𝐶′

𝐵

. (6.119)
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Substituting these expressions into the Hamiltonian (6.108) and simplifying leads to

ℋ = ℏ𝜔′𝐴 (𝑎
†
𝐴𝑎𝐴 +

1
2) + ℏ𝜔′𝐵 (𝑎

†
𝐵𝑎𝐵 +

1
2)

− ℏ𝑔
(
𝑎𝐴 − 𝑎†𝐴

) (
𝑎𝐵 − 𝑎†𝐵

)
,

(6.120)

where

𝑔 = 1
4

√
𝜔′𝐴𝜔

′
𝐵

√
𝐶′
𝐴𝐶

′
𝐵

𝐶𝐴𝐵
. (6.121)

6.4.7 Schrödinger, Heisenberg, and Interaction Pictures

To further understand and analyze the quantized Hamiltonian of the coupled LC
resonator circuit (6.120), it is useful to make a brief side-trip into three different
formulations of quantum mechanics.
We have been using a formulation of quantum mechanics referred to as the

Schrödinger picture. In this formulation, the state vector is time dependent, but the
operators are not. In theHeisenberg picture, the state vectors are constant and the oper-
ators and observables are time dependent, while in the Interaction picture (also called
theDirac picture) both the operators and the state vectors are time dependent.While the
Interaction picture may sound more complicated, we will see that it provides helpful
simplifications in cases where we can divide a Hamiltonian up into two pieces where
one piece describes a problem that can be exactly solved, while the other describes a
small perturbation to this solvable problem. We will concentrate on the Schrödinger
and Interaction pictures here.
Let us first consider the Schrödinger picture that has been the basis of our analysis

up to this point. The state vectors satisfy the Schrödinger equation

𝑖ℏ𝜕𝑡 |𝜓(𝑡)⟩𝑆 =ℋ |𝜓(𝑡)⟩𝑆 , (6.122)

where the time evolution of the state vector is given by

|𝜓(𝑡)⟩𝑆 = 𝑒𝑖ℋ𝑡∕ℏ |𝜓(0)⟩𝑆 . (6.123)

Now suppose that the Hamiltonian can be separated into two parts as described above:
ℋ = ℋ0 + 𝒱 , where 𝒱 is a perturbation on a Hamiltonian for which the state vector
and energies (eigenvectors and eigenvalues) are known. In the Interaction picture, the
state vector is obtained from the Schrödinger state vector by a transformation that only
involves the unperturbed component of the Hamiltonian:

|𝜓(𝑡)⟩𝐼 = 𝑒𝑖ℋ0𝑡∕ℏ |𝜓(𝑡)⟩𝑆 . (6.124)
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To appreciate the advantage of the Interaction picture, consider the time derivative of
|𝜓(𝑡)⟩𝐼 :

𝑖ℏ𝜕𝑡 |𝜓(𝑡)⟩𝐼 = 𝑖ℏ𝜕𝑡
(
𝑒𝑖ℋ0𝑡∕ℏ |𝜓(𝑡)⟩𝑆

)

= 𝑒𝑖ℋ0𝑡∕ℏ (𝑖ℏ𝜕𝑡 −ℋ0) |𝜓(𝑡)⟩𝑆
= 𝑒𝑖ℋ0𝑡∕ℏ (ℋ0 + 𝒱 −ℋ0) |𝜓(𝑡)⟩𝑆
= 𝑒𝑖ℋ0𝑡∕ℏ𝒱 |𝜓(𝑡)⟩𝑆
= 𝑒𝑖ℋ0𝑡∕ℏ𝒱𝑒−𝑖ℋ0𝑡∕ℏ
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝒱𝐼(𝑡)

𝑒𝑖ℋ0𝑡∕ℏ |𝜓(𝑡)⟩𝑆⏟⎴⎴⎴⏟⎴⎴⎴⏟
|𝜓(𝑡)⟩𝐼

= 𝒱𝐼 |𝜓(𝑡)⟩𝐼 .

(6.125)

We see, then, that the state vector in the Interaction picture obeys a Schrödinger-like
equation, but which only involves the perturbation 𝒱𝐼 .
With this background, let us transform the Hamiltonian (6.120) into the Interaction

picture. The perturbation part of the Hamiltonian becomes

𝒱𝐼 = −ℏ𝑔𝑒𝑖ℋ0𝑡∕ℏ
(
𝑎𝐴 − 𝑎†𝐴

) (
𝑎𝐵 − 𝑎†𝐵

)
𝑒−𝑖ℋ0𝑡∕ℏ

= −ℏ𝑔𝑒𝑖ℋ0𝑡∕ℏ
(
𝑎𝐴𝑎𝐵 − 𝑎†𝐴𝑎𝐵 − 𝑎𝐴𝑎

†
𝐵 + 𝑎†𝐴𝑎

†
𝐵

)
𝑒−𝑖ℋ0𝑡∕ℏ,

(6.126)

whereℋ0 =ℋ𝐴 +ℋ𝐵 and

ℋ𝐴 = ℏ𝜔′𝐴 (𝑎
†
𝐴𝑎𝐴 +

1
2) , (6.127)

ℋ𝐵 = ℏ𝜔′𝐵 (𝑎
†
𝐵𝑎𝐵 +

1
2) . (6.128)

Let us consider the first term in (6.126) in a bit more detail. Note that we can separate
the transformation of the product of 𝑎𝐴𝑎𝐵 into separate transformations of 𝑎𝐴 and 𝑎𝐵
by inserting an equivalent identity operator exp (−𝑖ℋ0𝑡∕ℏ) exp (+𝑖ℋ0𝑡∕ℏ) between the
two lowering operators:

(
𝑒𝑖ℋ0𝑡∕ℏ𝑎𝐴𝑒−𝑖ℋ0𝑡∕ℏ

) (
𝑒𝑖ℋ0𝑡∕ℏ𝑎𝐵𝑒−𝑖ℋ0𝑡∕ℏ

)
. (6.129)

Note that ifℋ0 commuteswith𝑎𝐴,𝐵, then the exponentials before and after the lowering
operators would simply cancel. For example, since ℋ𝐴 and ℋ𝐵 operate on different
subsystems, i.e., resonator 𝐴 vs. resonator 𝐵, exp (𝑖ℋ𝐵𝑡∕ℏ) does commute with 𝑎𝐴, so
this component cancels in the transformation of 𝑎𝐴:

𝑒𝑖ℋ0𝑡∕ℏ𝑎𝐴𝑒−𝑖ℋ0𝑡∕ℏ = 𝑒𝑖ℋ𝐴𝑡∕ℏ𝑎𝐴𝑒−𝑖ℋ𝐴𝑡∕ℏ
(
𝑒𝑖(ℋ𝐵−ℋ𝐵𝑡∕ℏ

)

= 𝑒𝑖ℋ𝐴𝑡∕ℏ𝑎𝐴𝑒−𝑖ℋ𝐴𝑡∕ℏ.
(6.130)

Similarly, exp (𝑖𝜔′𝐴𝑡∕2) commutes with both lowering operators, since it is simply a
scalar number:

𝑒𝑖ℋ𝐴𝑡∕ℏ𝑎𝐴𝑒−𝑖ℋ𝐴𝑡∕ℏ = 𝑒𝑖𝜔′𝐴𝑎
†
𝐴𝑎𝐴𝑡𝑎𝐴𝑒−𝑖𝜔

′
𝐴𝑎

†
𝐴𝑎𝐴𝑡

(
𝑒𝑖(𝜔′𝐴−𝜔′𝐴)𝑡∕2

)

= 𝑒𝑖𝜔′𝐴𝑎
†
𝐴𝑎𝐴𝑡𝑎𝐴𝑒−𝑖𝜔

′
𝐴𝑎

†
𝐴𝑎𝐴𝑡.

(6.131)
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To simplify this expression let us define 𝛼 = 𝑖𝜔′𝐴𝑡, and

𝑓(𝛼) = 𝑒𝛼𝑎†𝑎𝑎𝑒−𝛼𝑎†𝑎, (6.132)

where for the moment we have omitted the subscripts for clarity. Taking the derivative
with respect to 𝛼 gives

d𝑓
d𝛼

= 𝑒𝛼𝑎†𝑎
(
𝑎†𝑎𝑎 − 𝑎𝑎†𝑎

)
𝑒−𝛼𝑎†𝑎

= 𝑒𝛼𝑎†𝑎
(
𝑎†𝑎 − 𝑎𝑎†

)
𝑎𝑒−𝛼𝑎†𝑎.

(6.133)

However, we know that 𝑎𝑎† − 𝑎†𝑎 = 1, so

d𝑓
d𝛼

= 𝑒𝛼𝑎†𝑎
(
𝑎†𝑎 − (1 + 𝑎†𝑎)

)
𝑎𝑒−𝛼𝑎†𝑎

= −𝑒𝛼𝑎†𝑎𝑎𝑒−𝛼𝑎†𝑎

= −𝑓.

(6.134)

The solution of 𝑑𝑓∕𝑑𝛼 = −𝑓 is simply

𝑓(𝛼) = 𝐴𝑒−𝛼, (6.135)

where 𝐴 is a constant. We can find the value of 𝐴 by substituting 𝛼 = 0 into (6.132).
This gives 𝑓(0) = 𝐴 = 𝑎, from which we obtain an equivalent expression for 𝑓:

𝑓 = 𝑎𝑒−𝛼 = 𝑎𝑒−𝑖𝜔′𝐴𝑡. (6.136)

Following a similar procedure for transforming 𝑎† leads to

𝑒𝛼𝑎†𝑎𝑎†𝑒−𝛼𝑎†𝑎 = 𝑎†𝑒𝛼 = 𝑎†𝑒𝑖𝜔′𝐴𝑡. (6.137)

The Hamiltonian in the Interaction picture (6.126) can therefore be written

𝒱𝐼 = −ℏ𝑔
(
𝑎𝐴𝑎𝐵𝑒−𝑖(𝜔

′
𝐴+𝜔

′
𝐵)𝑡 − 𝑎†𝐴𝑎𝐵𝑒

𝑖(𝜔′𝐴−𝜔
′
𝐵)𝑡

−𝑎𝐴𝑎
†
𝐵𝑒

−𝑖(𝜔′𝐴−𝜔
′
𝐵)𝑡 + 𝑎†𝐴𝑎

†
𝐵𝑒

𝑖(𝜔′𝐴+𝜔
′
𝐵)𝑡
)
.

(6.138)

Note that if 𝜔′𝐴 ≈ 𝜔′𝐵, the first and last terms are rapidly oscillating in time while the
second and third terms are slowly oscillating.We encountered a situation similar to this
in Chapter 2 in the context of the rotating wave approximation. Consistent with this
approximation, we assume that on time scales of interest (e.g., time intervals needed
to measure or manipulate the weakly-coupled circuits) the rapidly-oscillating terms
average to zero, leaving us only with the slowly-oscillating terms. We have finally

𝒱𝐼 ≈ ℏ𝑔
(
𝑎†𝐴𝑎𝐵𝑒

𝑖∆𝑡 + 𝑎𝐴𝑎
†
𝐵𝑒

−𝑖∆𝑡
)
, (6.139)

where ∆ = 𝜔′𝐵 − 𝜔′𝐴.
A moment’s thought shows that this result is consistent with energy conservation.

The surviving terms 𝑎†𝐴𝑎𝐵 and 𝑎𝐴𝑎
†
𝐵 represent destroying a photon on resonator 𝐵 and

creating a photon on resonator 𝐴 or vice versa. This simply represents energy being
transferred from one resonator to the other, which is permitted by energy conserva-
tion (provided the time interval over which this transfer occurs is small compared to
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1∕|𝜔′𝐵 −𝜔
′
𝐴|). In contrast, the terms 𝑎𝐴𝑎𝐵 and 𝑎

†
𝐴𝑎

†
𝐵 represent either destroying or cre-

ating photons simultaneously on both resonators–processes that would violate energy
conservation.
Consider the lowest excited states of the coupled-resonator system: the states with

a single photon either in resonator A or in resonator B. Let us attempt to construct an
interaction picture solution by adding up eigenstates of the unperturbed Hamiltonian,
but with time-dependent coefficients:

|𝜓(𝑡)⟩𝐼 = 𝑐01(𝑡) |01⟩ + 𝑐10(𝑡) |10⟩ . (6.140)

Substituting this trial solution into the interaction picture equation of motion (6.125)
gives

𝑖ℏ𝜕𝑡 |𝜓(𝑡)⟩𝐼 = 𝒱𝐼 |𝜓(𝑡)⟩𝐼

𝑖ℏ𝜕𝑡 (𝑐01 |01⟩ + 𝑐10 |10⟩) = ℏ𝑔
(
𝑎†𝐴𝑎𝐵𝑒

𝑖−∆𝑡 + 𝑎𝐴𝑎
†
𝐵𝑒

𝑖∆𝑡
)

× (𝑐01 |01⟩ + 𝑐10 |10⟩)

= ℏ𝑔
(
𝑐01𝑒−𝑖∆𝑡 |10⟩ + 𝑐10𝑒𝑖∆𝑡 |01⟩

)
.

(6.141)

Here we have used the facts that 𝑎𝐴𝑏
†
𝐵 |10⟩ = |01⟩, 𝑎𝐴𝑏

†
𝐵 |01⟩ = 0, 𝑎†𝐴𝑎𝐵 |01⟩ = |10⟩,

and 𝑎†𝐴𝑎𝐵 |10⟩ = 0 (see (6.47) and (6.49)). This can be separated into two simultaneous
equations by making use of the orthogonality of the states |01⟩ and |10⟩. Specifically,
⟨01|01⟩ = ⟨10|10⟩ = 1 and ⟨01|10⟩ = ⟨10|01⟩ = 0. Multiplying from the left by ⟨01|
gives

𝜕𝑡𝑐01 = −𝑖𝑔𝑐10𝑒𝑖∆𝑡, (6.142)

while multiplying from the left by ⟨10| gives

𝜕𝑡𝑐10 = −𝑖𝑔𝑐01𝑒−𝑖∆𝑡. (6.143)

We recognize these as the familiar coupled-mode equations that we first encountered
in Chapter 2 (see (2.103) and (2.104)). These are also the same equations that we
obtained from our classical analysis of coupled resonators in Section 5.5 (see (5.65) and
(5.68)). 6

From our studies of the solutions to the coupled-mode equations, we see that if the
frequencies of the two resonators are sufficiently close, adding the coupling capacitor
will allow the probability of finding the photon on a particular resonator to vary sinu-
soidally with time. When there is a finite probability for the photon to be on either
resonator, the states |01⟩ and |10⟩ are entangled. Maximum entanglement is obtained
when the photon is equally likely to be found on either resonator (i.e., states |01⟩ and
|10⟩ are equally likely).

6.4.8 Resonant Circuits and Qubits

Although our analysis in the previous section was for two coupled resonant circuits,
since only the states |01⟩ and |10⟩ were involved, the result would have been the same
for two coupled qubits.

6 Note that 𝜅 = 𝑔 to first order in 𝐶𝑔, and recall that 𝑗 = −𝑖.
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Another structure of interest for quantum computers is a transmission line coupled
to a qubit. The transmission line can be modeled as an 𝐿𝐶 resonant circuit near one of
its resonant modes, so the Hamiltonian terms from the previous section are appropri-
ate. However, to model a qubit, we need to impose the constraint that there can be only
two states (as opposed to the infinite ladder of states of the linear harmonic oscillator).
As we will see, this situation can be approximated by using a nonlinear inductor in the
resonant circuit. In such a case, the photons coupled to the nonlinear resonator could at
most excite the state |1⟩ from the ground state |0⟩, since the energy difference between
state |1⟩ and higher-level states would not match the energy of available photons. Con-
sequently the energies of the accessible states would correspond to having either zero
or one photons (i.e., 𝑛 = 0, 1, where 𝑛 is the eigenvalue of 𝑎†𝑎). Taking resonant circuit
B to be nonlinear, the corresponding energies would be 𝐸0 = ℏ𝜔′𝐵∕2 and 𝐸1 = 3ℏ𝜔′′𝐵∕2.
Since the value of the reference energy does not affect the system dynamics, we can
subtract off the average value (𝐸0 + 𝐸1)∕2, resulting in energy values of ±ℏΩ∕2, where
Ω = 𝐸1 −𝐸0. We encountered a system with energy eigenvalues of this form in Section
2.2.2.1: a single spin in a magnetic field with Hamiltonian −ℏΩ𝜎𝑧∕2. Consequently, to
model a qubit, we can replace the harmonic oscillator Hamiltonian ℏ𝜔′𝐵(𝑎

†
𝐵𝑎𝐵 + 1∕2)

with the two state qubit Hamiltonian −ℏΩ𝜎𝑧∕2.
Tomodel the qubit in the interaction term,we need two-state operators that raise and

lower the state similar to 𝑎, 𝑎† for the harmonic oscillator. With this in mind, consider
the following operators:

𝜎± =
1
2
(
𝜎𝑥 ± 𝑖𝜎𝑦 .

)
. (6.144)

Using the definitions of the Pauli matrices (2.21), we have

𝜎+ =
1
2 [

0 1
1 0]

+ 𝑖
2 [

0 −𝑖
𝑖 0 ]

= [
0 1
0 0]

,

(6.145)

and

𝜎− =
1
2 [

0 1
1 0]

− 𝑖
2 [

0 −𝑖
𝑖 0 ]

= [
0 0
1 0]

.

(6.146)

With our usual definitions of ground and excited states, it immediately follows that

𝜎+ |0⟩ = 0 (6.147)

𝜎+ |1⟩ = |0⟩ (6.148)

𝜎− |0⟩ = |1⟩ (6.149)

𝜎− |1⟩ = 0. (6.150)

Recall from the Bloch sphere representation that by convention |0⟩ is represented by a
vector pointing up,while |1⟩ is represented by a vector pointing down. Since𝜎+ converts
a vector pointing down into a vector pointing up, we can interpret it as an operator that
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increases the value of the 𝑧 component of the state vector. Alternatively, if our two-state
system consisted of a spin in a magnetic field as we discussed in Section 2.2.2.1, then
𝜎+ raises the 𝑧 component of the spin. It then makes sense if 𝜎+ |0⟩ = 0, since in a
two-state system the 𝑧 component cannot be raised any higher than the ground state.
Similarly, 𝜎− converts a vector pointing up to a vector pointing down, and so lowers the
value of the 𝑧 projection of the state vector.
We can therefore consider 𝜎+ and 𝜎− to be spin raising and lowering operators,

respectively. However, the terminology here can become a bit confusing; we previously
used the terms “raising” and “lowering” to refer to operators that raised or lowered
the energy of a system. In the present case, raising the 𝑧 component of the state vector
lowers the energy! Since it is intuitive for “+” to indicate raising and “−” to indicate
lowering, we define qubit raising and lowering operators as

𝜎̂± =
1
2
(
𝜎𝑥 ∓ 𝑖𝜎𝑦

)
. (6.151)

With this definition, the two-state system operators that have the same effects as the
harmonic oscillator operators 𝑎, 𝑎† are

𝑎 → 𝜎̂−, 𝑎† → 𝜎̂+. (6.152)

Putting these pieces and observations together,we canwrite down theHamiltonian cor-
responding to a linear resonator or resonant circuit coupled to a qubit. Starting from
the Schrödinger picture expression for the Hamiltonian for two coupled linear reso-
nant circuits (6.120), we first replace the harmonic oscillator Hamiltonian for circuit B
with the qubit Hamiltonian, ℏ𝜔′𝐵(𝑎

†
𝐵𝑎𝐵+1∕2)→ −ℏΩ𝜎𝑧∕2, neglect the coupling terms

𝑎𝐴𝑎𝐵 and 𝑎
†
𝐴𝑎

†
𝐵 since they do not satisfy energy conservation under our assumptions,

and finally make the substitutions 𝑎𝐵 → 𝜎̂− and 𝑎
†
𝐵 → 𝜎̂+ to convert from harmonic

oscillator raising and lowering operators to spin raising and lowering operators. The
result is

ℋ𝐽𝐶 = ℏ𝜔 (𝑎†𝑎 + 1
2) −

ℏΩ
2 𝜎𝑧 + ℏ𝑔

(
𝑎𝜎̂+ + 𝑎†𝜎̂−

)
. (6.153)

Here we have also dropped the subscripts from the operators 𝑎, 𝑎† since there is no
longer the need to distinguish between two resonators, and re-named the qubit fre-
quencies𝜔′𝐴 ≡ 𝜔 andΩ ≡ 𝜔′′𝐵−𝜔

′
𝐵 to simplify the notation. This Hamiltonian is known

as the Jaynes-Cummings Hamiltonian, and has been studied extensively in quantum
optics where it also applies to the excitation of atoms in an optical cavity (the study in
the quantum optics case is known as cavity quantum electrodynamics).
If we limit both resonators to the ground and first excited states, then we can also

convert (6.120) to represent the case of two capacitively-coupled qubits by making the
substitutionsℏ𝜔′𝐴,𝐵(𝑎

†
𝐴,𝐵𝑎𝐴,𝐵+1∕2)→ −ℏ𝜔2,1𝜎𝑧2,1∕2, alongwith𝑎𝐴,𝐵 → 𝜎̂−2,1 and𝑎

†
𝐴,𝐵 →

𝜎̂+2,1. The result is

ℋ2𝑞 = −
ℏ𝜔2
2 𝜎𝑧2 −

ℏ𝜔1
2 𝜎𝑧1 − ℏ𝑔

(
𝜎̂−2 − 𝜎̂+2

) (
𝜎̂−1 − 𝜎̂+1

)

= −
ℏ𝜔2
2 𝜎𝑧2 −

ℏ𝜔1
2 𝜎𝑧1 + ℏ𝑔𝜎𝑦2𝜎

𝑦
1 .

(6.154)

Note that we have made the identification 𝐴, 𝐵 → 2, 1 so that 𝜎1 is on the right as the
least significant qubit, according to our convention. In the literature the interactionwill
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often be written 𝜎𝑥𝜎𝑥 instead of 𝜎𝑦𝜎𝑦 . In this context the choice is arbitrary and does
not impact the dynamics of the system [48]. Consequently, one often sees the coupled
2-qubit Hamiltonian written

ℋ2𝑞 = −
ℏ𝜔2
2 𝜎𝑧2 −

ℏ𝜔1
2 𝜎𝑧1 + ℏ𝑔𝜎𝑥2𝜎

𝑥
1 . (6.155)

Note that we are using a shorthand by using a subscript to indicate which qubit the
operator affects. Making this more explicit using the tensor product notation leads to

ℋ2𝑞 = −
ℏ𝜔2
2 𝜎𝑧 ⊗ 𝐼 −

ℏ𝜔1
2 𝐼 ⊗ 𝜎𝑧 + ℏ𝑔𝜎𝑥 ⊗ 𝜎𝑥. (6.156)

6.4.9 The Dispersive Regime

In our previous analyses of coupled resonators, we have taken the two resonant fre-
quencies to be close together. This is the condition that most strongly couples the
resonators and facilitates entanglement.
However, it is also of interest to consider the regimewhere the resonators are detuned

so that |𝜔−Ω|≫ 𝑔, where ℏ𝑔 is the coupling energy. This is referred to as the dispersive
regime, and is useful for reading out the state of a qubit as we will see. To consider this
regime, wemust return to the original coupled-resonator Hamiltonian (6.120). Making
the same changes in notation consistent with interpreting one resonator as a qubit that
we discussed in the last section, we have

ℋ = ℏ𝜔 (𝑎†𝑎 + 1
2) −

ℏΩ
2 𝜎𝑧 − 𝑔̄

(
𝑎 − 𝑎†

)
(𝜎̂− − 𝜎̂+) . (6.157)

The approach that we will use for the dispersive regime is to make a unitary trans-
formation on the Hamiltonian that eliminates linear terms in the coupling constant,
𝑔. This is called the Schrieffer-Wolff transformation. Specifically, we want to consider a
transformation of the form

ℋ̃ = 𝑒𝑆ℋ𝑒−𝑆 = 𝑒𝑆(ℋ0 +ℋint)𝑒−𝑆 , (6.158)

where

ℋ0 = ℏ𝜔 (𝑎†𝑎 + 1
2) −

ℏΩ
2 𝜎𝑧 (6.159)

and

ℋint = −ℏ𝑔
(
𝑎 − 𝑎†

)
(𝜎̂− − 𝜎̂+)

= −𝑖ℏ𝑔
(
𝑎 − 𝑎†

)
𝜎𝑦 .

(6.160)

Our task is to find 𝑆 so that the linear terms in 𝑔 are eliminated. Expanding exp (𝑆) and
exp (−𝑆) in Tayor series gives

ℋ̃ = [1 + 𝑆 + 𝑆2
2 …]ℋ [1 − 𝑆 + 𝑆2

2 …]

=ℋ + 𝑆ℋ −ℋ𝑆 + 1
2𝑆

2ℋ + 1
2ℋ𝑆2 − 𝑆ℋ𝑆 + …

=ℋ0 +ℋint + [𝑆,ℋ0] + [𝑆,ℋint] +
1
2 {𝑆

2,ℋ0} − 𝑆ℋ0𝑆 + … .

(6.161)
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Here we have used the anticommutator {𝑎, 𝑏} ≡ 𝑎𝑏 + 𝑏𝑎 to write the expansion more
compactly. To eliminate the terms linear in 𝑔 we want to find 𝑆 such that

[𝑆,ℋ0] = −ℋint. (6.162)

Imposing this condition means that 𝑆 ∼ 𝑔. With this in mind, note that the last three
terms in (6.161) are second order in 𝑔, and all additional terms are higher-order in 𝑔.
The transformed Hamiltonian becomes

ℋ̃ =ℋ0 + [𝑆,ℋint] +
1
2 {𝑆

2,ℋ0} − 𝑆ℋ0𝑆 + … . (6.163)

The second-order terms can be simplified as follows:

ℋ̃ −ℋ0 = [𝑆,ℋint] +
1
2 {𝑆

2,ℋ0} − 𝑆ℋ0𝑆 + …

= [𝑆,ℋint] +
1
2𝑆 (𝑆ℋ0 −ℋ0𝑆) +

1
2 (ℋ0𝑆 − 𝑆ℋ0) 𝑆 + …

= [𝑆,ℋint] +
1
2𝑆[𝑆,ℋ0] −

1
2[𝑆,ℋ0]𝑆 + … .

(6.164)

Using (6.162) this becomes

ℋ̃ −ℋ0 = [𝑆,ℋint] −
1
2 (𝑆ℋint −ℋint𝑆) + …

= [𝑆,ℋint] −
1
2[𝑆,ℋint] + …

= 1
2[𝑆,ℋint] + … .

(6.165)

So our task of finding the second-order terms reduces to evaluating [𝑆,ℋint]. We can
do this using the trial form

𝑆 = (𝑢𝜎𝑥 + 𝑣𝜎𝑦)𝑎 + (𝑢𝜎𝑥 + 𝑣𝜎𝑦)𝑎†, (6.166)

where 𝑢, 𝑣, 𝑢, and 𝑣 are constants to be determined so that (6.162) is satisfied. The two
parts ofℋ0 that do not commute with 𝑆 are 𝜎𝑧 and 𝑎†𝑎. Using the commutation rela-
tions [𝑎, 𝑎†𝑎] = 𝑎, [𝑎†, 𝑎†𝑎] = −𝑎†, [𝜎𝑥, 𝜎𝑧] = −2𝑖𝜎𝑦 , and [𝜎𝑦 , 𝜎𝑧] = 2𝑖𝜎𝑥, we have

[𝑆, 𝜎𝑧] = 2𝑖
[
(𝑣𝜎𝑥 − 𝑢𝜎𝑦)𝑎 + (𝑣𝜎𝑥 − 𝑢𝜎𝑦)𝑎†

]

= 2𝑖
[
(𝑣𝑎 + 𝑣𝑎†)𝜎𝑥 − (𝑢𝑎 + 𝑢𝑎†)𝜎𝑦

] (6.167)

and

[𝑆, 𝑎†𝑎] = (𝑢𝜎𝑥 + 𝑣𝜎𝑦)𝑎 − (𝑢𝜎𝑥 + 𝑣𝜎𝑦)𝑎†

= (𝑢𝑎 − 𝑢𝑎†)𝜎𝑥 + (𝑣𝑎 − 𝑣𝑎†)𝜎𝑦 .
(6.168)
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Putting the pieces together we have

[𝑆,ℋ0] = ℏ𝜔[𝑆, 𝑎†𝑎] − ℏΩ
2 [𝑆, 𝜎𝑧]

=
[
ℏ𝜔(𝑢𝑎 − 𝑢𝑎†) − 𝑖ℏΩ(𝑣𝑎 + 𝑣𝑎†)

]
𝜎𝑥

+
[
ℏ𝜔(𝑣𝑎 − 𝑣𝑎†) + 𝑖ℏΩ(𝑢𝑎 + 𝑢𝑎†)

]
𝜎𝑦

=
[
(ℏ𝜔𝑢 − 𝑖ℏΩ𝑣)𝑎 − (ℏ𝜔𝑢 + 𝑖ℏΩ𝑣)𝑎†

]
𝜎𝑥

+
[
(ℏ𝜔𝑣 + 𝑖ℏΩ𝑢)𝑎 − (ℏ𝜔𝑣 − 𝑖ℏΩ𝑢)𝑎†

]
𝜎𝑦 .

(6.169)

For this expression to be equal to −ℋint, the coefficient of 𝜎𝑥 must vanish. This will be
satisfied if

𝑢 = 𝑖Ω𝜔 𝑣, and 𝑢 = −𝑖Ω𝜔 𝑣. (6.170)

We must next compare the coefficients of 𝑎, 𝑎† in the 𝜎𝑦 terms in [𝑆,ℋ0] and −ℋint.
Requiring the coefficients to be the same in both expressions gives

𝜔𝑣 + 𝑖Ω𝑢 = 𝑖𝑔, and 𝜔𝑣 − 𝑖Ω𝑢 = 𝑖𝑔. (6.171)

Solving (6.170) and (6.171) simultaneously for 𝑢, 𝑣, 𝑢, 𝑣 gives

𝑢 = −𝑢 =
Ω𝑔

𝜔2 −Ω2 , (6.172)

and

𝑣 = 𝑣 =
𝑖𝜔𝑔

𝜔2 −Ω2 . (6.173)

Substituting these expressions into (6.166) gives

𝑆 =
Ω𝑔

Ω2 − 𝜔2
[(𝜎𝑥 − 𝑖 𝜔

Ω
𝜎𝑦) 𝑎 − (𝜎𝑥 + 𝑖 𝜔

Ω
𝜎𝑦) 𝑎†] . (6.174)

Now if the frequency difference is large compared with 𝑔 but small compared with 𝜔
and Ω, i.e., if Ω, 𝜔 ≫ |Ω− 𝜔|≫ 𝑔, then

𝑆 ≈
Ω𝑔

2Ω(Ω − 𝜔)
[(
𝜎𝑥 − 𝑖𝜎𝑦

)
𝑎 −

(
𝜎𝑥 + 𝑖𝜎𝑦

)
𝑎†
]

=
𝑔

Ω− 𝜔
[
𝜎̂+𝑎 − 𝜎̂−𝑎†

]
.

(6.175)

We can now evaluate the second-order terms in ℋ̃. The needed commutator is

[𝑆,ℋint] =
−𝑖ℏ𝑔2

Ω− 𝜔
[𝜎̂+𝑎 − 𝜎̂−𝑎†, (𝑎 − 𝑎†)𝜎𝑦]

=
−𝑖ℏ𝑔2

Ω− 𝜔
(
−[𝜎̂−𝑎†, 𝑎𝜎𝑦] − [𝜎̂+𝑎, 𝑎†𝜎𝑦]

)
.

(6.176)

Note that there are four termswhen the commutator is expanded, but only two survive.
The reason is that the expectation value of terms with 𝑎𝑎 and 𝑎†𝑎† vanishes, since
⟨𝑛| 𝑎𝑎 |𝑛⟩ ∼ ⟨𝑛|𝑛 − 2⟩ = 0 and ⟨𝑛| 𝑎†𝑎† |𝑛⟩ ∼ ⟨𝑛|𝑛 + 2⟩ = 0, where |𝑛⟩ is the state with
𝑛 photons in the resonator.
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Continuing the calculation and simplifying using the commutation relations
[𝑎, 𝑎†] = 1, [𝜎𝑥, 𝜎𝑦] = 2𝑖𝜎𝑧, and [𝜎̂−, 𝜎𝑦] = [𝜎̂+, 𝜎𝑦] = 𝑖𝜎𝑧, we have

[𝑆,ℋint] =
−𝑖ℏ𝑔2

Ω− 𝜔
(
𝑎𝜎𝑦𝜎̂−𝑎† − 𝜎̂−𝑎†𝑎𝜎𝑦 + 𝑎†𝜎𝑦𝜎̂+𝑎 − 𝜎̂+𝑎𝑎†𝜎𝑦

)

=
−𝑖ℏ𝑔2

Ω− 𝜔
(
𝜎𝑦𝜎̂− − 𝜎̂+𝜎𝑦 + (𝜎𝑦𝜎̂− − 𝜎̂−𝜎𝑦 + 𝜎𝑦𝜎̂+ − 𝜎̂+𝜎𝑦)𝑎†𝑎

)

=
−𝑖ℏ𝑔2

Ω− 𝜔
[(
𝜎𝑦𝜎𝑥 + 𝑖 − 𝜎𝑥𝜎𝑦 + 𝑖

)
∕2 − 2𝑖𝜎𝑧𝑎†𝑎

]

=
−𝑖ℏ𝑔2

Ω− 𝜔
(
𝑖 − 𝑖𝜎𝑧 − 2𝑖𝜎𝑧𝑎†𝑎

)

=
ℏ𝑔2

𝜔 −Ω
(
−1 + (1 + 2𝑎†𝑎)𝜎𝑧

)

=
2ℏ𝑔2

𝜔 −Ω
(𝑎†𝑎 + 1

2)𝜎𝑧 + constant.

(6.177)

We can ignore the constant, since it does not affect the dynamics of the system.
The Hamiltonianℋ is finally

𝐻̃ =ℋ0 +
1
2[𝑆,ℋint] + …

= ℏ𝜔 (𝑎†𝑎 + 1
2) −

ℏΩ
2 𝜎𝑧 +

ℏ𝑔2

∆ (𝑎†𝑎 + 1
2)𝜎𝑧 + …

(6.178)

where ∆ = 𝜔 −Ω. If the last term is combined with the first, then the frequency of the
resonator will be shifted by ±𝑔2∕∆ depending on the state of the qubit. Alternatively,
grouping the terms with 𝜎𝑧 instead shows that the frequency of the qubit is shifted
by an amount dependent on the the number of photons in the resonator: (𝑔2∕∆)(𝑛 +
1∕2). Since frequency can be controlled and measured very accurately, measuring the
frequency of the coupled resonator provides a way to read out the qubit state.

6.5 Exercises

6.1 Consider the classical harmonic oscillator Hamiltonian given by (6.33).
(a) Using Hamilton’s equations (6.23) and (6.24), find 𝑥̇ and 𝑝̇.
(b) Combine the expressions for 𝑥̇ and 𝑝̇ to obtain a single second-order differ-

ential equation for 𝑥.
(c) Show that the solution to the differential equation for 𝑥 is of the form 𝑥(𝑡) =

𝑥0 exp 𝑗𝜔0𝑡.

6.2 Write a Python program to calculate and plot the first three quantummechanical
harmonic oscillator wave functions.

6.3 Invert the pair of equations for𝑎 and𝑎† (6.45) and (6.48) to obtain the expressions
for 𝑥, 𝑝 in terms of 𝑎, 𝑎†, (6.54) and (6.55).
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6.4 Substitute the operators for Φ, 𝑄 given by (6.69) and (6.70) into the Hamiltonian
for the𝐿𝐶 circuit (6.61) and simplify to obtain theHamiltonian in terms of raising
and lowering operators (6.71).

6.5 Explicitly construct the 4 × 4matrix representing the Hamilton (6.156).
(a) Find the eigenvalues of this Hamiltonian to find themodified energies of the

coupled system.
(b) Find the eigenvectors associated with each of the eigenvalues for the case

𝜔1 = 𝜔2 ≡ 𝜔0 ≫ 𝑔.
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Theory of Superconductivity

When we think of a “good” conductor, we normally think of a metal like copper that
is commonly used in electrical circuits. The quality that makes it “good” is a relatively
low resistance to the flow of electrical current. It is natural, then to think of a “perfect”
conductor as amaterial that has zero electrical resistance.What then is a “superconduc-
tor”? Superconductors do indeed have zero resistance to DC currents, but they have a
number of other remarkable properties that distinguish them from amaterial that sim-
ply has zero resistance. These properties appear below a certain critical temperature.
Above the critical temperature the behavior is that of an ordinary conducting material.
The unusual properties that appear below the critical temperature include:

● Perfect DC conductivity
● Tendency to expel magnetic fields
● A gap for energy absorption, somewhat like a semiconductor
● An effective wave function that maintains coherence over macroscopic dimensions
● Remarkable behavior of weakly-coupled junctions between two superconductors.

A detailed study of these effects and the theory of superconductivity is beyond the
scope of our discussion, but we will introduce some fundamental notions about the
theory of solids with the goal of giving some insight into the differences between
normal conductors—metals in particular—and superconductors, and the origins and
descriptions of the properties of superconductors that are most useful for understand-
ing superconducting qubits. A number of texts treat the theory of superconductivity
more thoroughly; our discussion draws heavily from Van Duzer and Turner [50] and
Tinkham [51].

7.1 Bosons and Fermions

All particles in physics are classified as either Bosons or Fermions. It will be helpful
in the discussions in this chapter to compare and contrast the properties of these two
classes of particles. Fermions are particles with half-integer spin, and obey the Pauli-
exclusion principle: i.e., no twoFermions can be in the same state at the same time. This
has important consequences for the symmetry of the wave function of a multi-Fermion
system. For example, suppose the wave function was symmetric such that interchang-
ing two particles left the wave function unchanged. If exchanging the particles does not

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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change the wave function, then the two particles must be in the same state—which is
not allowed by the Pauli-exclusion principle. Consequently we can ensure the Pauli-
exclusion principle is satisfied by constructing wave functions that are anti-symmetric
with respect to the exchange of any two particles.
At a finite temperature 𝑇, the probability that a Fermion state with energy ℰ is

occupied is given by the Fermi-Dirac Distribution function:

𝑓FD(ℰ) =
1

𝑒(ℰ−𝜇)∕(𝑘B𝑇) + 1
, (7.1)

where 𝜇 is called the chemical potential. If the number of particles 𝑁 in the system is
conserved, then the chemical potential is determined by requiring

∑

𝑠

1
𝑒(ℰ𝑠−𝜇)∕(𝑘B𝑇) + 1

= 𝑁. (7.2)

At low temperatures typical of those encountered in superconductivity, the chemical
potential is well-approximated by the Fermi energy—the energy of the highest energy
state that is occupied at 0 K. The behavior of the Fermi-Dirac distribution function is
illustrated in Figure 7.1.
Similar to what we did for the harmonic oscillator in Section 6.3.2, we can also

define creation and annihilation operators for Fermions, 𝑐†𝑗 and 𝑐𝑗 , respectively. How-
ever, unlike the harmonic oscillator creation and annihilation operators, the Fermion
operators obey the anti-commutation relations:

{𝑐𝑗 , 𝑐
†
𝑘} = 𝑐𝑗𝑐

†
𝑘 + 𝑐†𝑘𝑐𝑗 = 𝛿𝑗,𝑘. (7.3)

The Fermion that we will be most concerned with is the electron.
Bosons are particles with integer spin, and do not obey the Pauli-exclusion principle.

As a result, any number of Bosons can be in the same state, and the wave function for a
multi-particle Boson system must be symmetric with respect to the interchange of any
two particles.
At a finite temperature 𝑇, the expected number of Bosons in a state with energy ℰ is

given by the Bose-Einstein Distribution function:

𝑓BE(ℰ) =
1

𝑒(ℰ−𝜇)∕(𝑘B𝑇) − 1
. (7.4)

Figure 7.1 The Fermi-Dirac
distribution gives the probability that
a Fermion state with a given energy is
occupied at a specified temperature.
The lower the temperature, the
sharper the transition from occupied
to not-occupied at ℰ =𝜇.
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Figure 7.2 The Bose-Einstein
distribution gives the expected number
of Bosons in a state with energy ℰ at
the temperature 𝑇. When the number
of particles is not conserved (e.g., with
photons and phonons), the chemical
potential 𝜇 is set to zero.

As with the Fermi-Dirac distribution, if the number𝑁 of Bosons in the system is fixed,
the chemical potential is determined by requiring

∑

𝑠

1
𝑒(ℰ𝑠−𝜇)∕(𝑘B𝑇) − 1

= 𝑁. (7.5)

An example of a casewith conserved particleswould be a systemof 4Heatoms. (4Hehas
two protons, two neutrons, and two electrons. Each of these has spin 1/2. In the ground
state each pair of spins is anti-parallel, resulting in a net spin of zero. Consequently,
4He is a composite Boson.) If the number of particles is not conserved, for example with
photons and phonons, then the chemical potential𝜇 is set to zero. In this case, the Bose-
Einstein distribution gives the average number of particles with a particular energy at
a given temperature (see Figure 7.2):

1
𝑒ℰ𝑠∕(𝑘B𝑇) − 1

= 𝑛ℰ,𝑇 . (7.6)

The Boson creation and annihiliation operators satisfy the commutation relation

[𝑎𝑗 , 𝑎
†
𝑘] = 𝛿𝑗,𝑘 . (7.7)

The quantum resonators discussed in Chapter 6 are examples of Bosonic systems, since
any number of photons with energy ℏ𝜔0 can be stored in the resonator.
Details of the derivation of the Fermi-Dirac and Bose-Einstein distributions are

beyond the scope of our present discussion, but can be found in [52] and other
introductory texts in solid state physics and statistical mechanics.

7.2 Bloch Theorem

The metals we encounter in our everyday experience are not perfect crystals; i.e., the
atoms in themetal are not organized as a perfect 3-dimensional pattern characteristic of
the material. Instead, they are usually composed of randomly-oriented grains of crys-
tals within which the atoms are ordered in the pattern characteristic of the material.
Essentially all of the properties of the metal depend on the details of this characteristic
order as well as the specific properties of an atom of the metal. It is useful, then, to
consider the somewhat idealized case of a perfect crystal. This 3-dimensional pattern
is referred to as the crystal lattice. Each lattice point has a volume associated with it
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Figure 7.3 Depiction of a periodic
potential created by the sum of Coulomb
potentials from an array of ions
(represented by dots).

called a primitive cell. The shape of the primitive cell depends on the type of lattice,
but is constructed so that the volume of a sample can be constructed without gaps by
stacking primitive cells.
The mobile electrons leave behind positive ions at the lattice sites, and so the elec-

trons are constantly moving in the presence of this periodic potential. A depiction of a
periodic potential from ions is shown in Figure 7.3. If electron–electron interactions are
neglected, the energy states available to electrons in such a lattice can be obtained by
solving Schrödinger’s equation in the presence of the periodic potential from the ions:

− ℏ2
2𝑚𝑒

∇2𝜓 + 𝑉(𝐫)𝜓 = ℰ𝜓. (7.8)

Note that𝑉(𝐫) has the same translational symmetry as the lattice; i.e.,𝑉(𝐫+𝐑) = 𝑉(𝐫)
where 𝐑 is a vector connecting any two ions in the lattice.
According to the Bloch Theorem, the solution to Schrödinger’s equation in such a

periodic potential is of the form

𝜓(𝐫) = 𝑈𝐤(𝐫)𝑒𝑖𝐤⋅𝐫 (7.9)

where 𝑈𝐤(𝐫) also has the translational symmetry of the lattice: 𝑈𝐤(𝐫 +𝐑) = 𝑈𝐤(𝐫).
As a plausibility argument for Bloch’s Theorem, consider the following. We can

always write 𝜓(𝐫) in the form

𝜓(𝐫) = 𝑓(𝐫)𝑈𝐤(𝐫) (7.10)

where 𝑓(𝐫) is a function to be determined. Since the potential is periodic, one would
also expect all of the observables to be periodic. In particular

|𝜓(𝐫 +𝐑)|2 = |𝜓(𝐫)|2

|𝑓(𝐫 +𝐑)𝑈𝐤(𝐫 +𝐑)|2 = |𝑓(𝐫)𝑈𝐤(𝐫)|2

|𝑓(𝐫 +𝐑)|2 = |𝑓(𝐫)|2.

(7.11)

The last step follows from the fact that 𝑈𝐤(𝐫 + 𝐑) = 𝑈𝐤(𝐫). It would appear, then,
that |𝑓|2 is either periodic in 𝐑 or independent of 𝐑. However, a function periodic in
𝐑 would be better treated by simply redefining 𝑈𝐤(𝐫). A more general possibility is

𝑓(𝐫) = 𝑒𝑖𝐤⋅𝐫 . (7.12)

This clearly satisfies (7.11) since the magnitude squared is unity for any value of 𝐫. We
conclude that the wave function in the presence of a periodic potential can always be
written in the form
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𝜓(𝐫) = 𝑒𝑖𝐤⋅𝐫𝑈𝐤(𝐫). (7.13)

Because of this form, 𝜓 has the following important properties:

1. 𝜓 has the form of a traveling plane wave with wave vector 𝐤, modulated by 𝑈𝐤(𝐫).
2. Because of the plane wave character, the electron has a de Broglie wavelength 𝜆 =

2𝜋∕𝑘 and a crystal momentum 𝐩 = ℏ𝐤.
3. The function 𝜓 represents a state in which the electron is shared throughout the

crystal. Such a delocalized state is consistent with the plane wave picture in item 1.
It is as if the electron is able to move through the crystal without colliding with or
scattering from the ions giving rise to the potential.

7.3 Free Electron Model for Metals

Experimentally, electrons in a metal are found to behave like free particles, except for
the fact that they are confined to the finite volume of the sample. Recall the Schrödinger
equation for a 1-dimensional free electron:

− ℏ2
2𝑚𝑒

d2𝜓
d𝑥2

= ℰ𝜓. (7.14)

It can be easily verified that the solution is of the form

𝜓(𝑥) ∼ 𝑒𝑖𝑘𝑥, (7.15)

provided

ℰ = ℏ2𝑘2
2𝑚𝑒

. (7.16)

Comparison with the classical expression for the energy of a free electron 𝑝2∕(2𝑚𝑒)
enables us to identify the momentum as 𝑝 = ℏ𝑘.

7.3.1 Discrete States in Finite Samples

If the particle is confined to a 1-dimensional sample of length𝐿, thenwemust give some
thought to the boundary conditions at the sample edges. One common assumption is
the use of periodic1 boundary conditions, i.e., we impose the condition that 𝜓(0) =
𝜓(𝐿):

𝜓(0) = 𝜓(𝐿)

1 = 𝑒𝑖𝑘𝐿.
(7.17)

This implies 𝑘𝐿 = 2𝜋𝑛, 𝑛 = 0,±1,±2,… or

𝑘𝑛 =
2𝜋𝑛
𝐿 . (7.18)

1 It turns out that the key insights come from the fact that imposing any boundary conditions results in
only discrete values of 𝑘 being allowed, so exactly what boundary conditions we choose is not critical.
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ky

kz

kx

Figure 7.4 Cubic lattice in k-space resulting from
periodic boundary conditions.

Following a similar argument, for a 3-dimensional sample the shape of a cube of edge
𝐿 we require

𝑘𝑥 =
2𝜋𝑛𝑥
𝐿 , 𝑘𝑦 =

2𝜋𝑛𝑦
𝐿 , 𝑘𝑧 =

2𝜋𝑛𝑧
𝐿 (7.19)

where 𝑛𝑥, 𝑛𝑦 , 𝑛𝑧 are integers. The discrete values of 𝐤 can be visualized as comprising
a cubic lattice of points in “k-space” as shown in Figure 7.4. Close examination shows
that each point is shared by 8 cubes, and there are 8 points associatedwith each cube, so
there is one allowed state for each cube. Alternatively, the volume per state is (2𝜋∕𝐿)3.
According to the Pauli exclusion principle from quantummechanics, no two electrons
can be in the same state. Consequently, if we have 𝑁0 electrons in the sample, we can
start with the lowest energy state and then fill the states until we run out of electrons.
In doing so, we note that each point in 𝑘-space can accommodate two electrons with
opposite spin. Owing to the symmetry of the sample, there is no preference for positive
or negative values of the components of 𝐤. As a result, whenwe have finished assigning
all available electrons to a state, the shape of the volume of filled states in 𝑘-space will
be approximated by a sphere.
The number of states inside a sphere of radius 𝑘 is therefore

𝑁0(𝑘) = 2

4

3
𝜋𝑘3

(2𝜋∕𝐿)3
= 8𝜋

3 ( 𝐿2𝜋 )
3

𝑘3 (7.20)

where we have included spin with an overall factor of 2. It is useful to normalize to the
volume of the sample, in which case the number of states per unit volume of real space
is

𝑁(𝑘) = 8𝜋
3 ( 𝑘2𝜋 )

3

. (7.21)

We can estimate the number of states in the sphere of radius 𝑘 + d𝑘 using a Taylor
series:

𝑁(𝑘 + d𝑘) ≈ 𝑁(𝑘) + 𝜕𝑁
𝜕𝑘

d𝑘. (7.22)
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The number of states in the shell between 𝑘 and 𝑘 + d𝑘 is therefore

𝑁(𝑘 + d𝑘) −𝑁(𝑘) = 𝜕𝑁
𝜕𝑘

d𝑘

= 8𝜋 ( 1
2𝜋 )

3

𝑘2d𝑘

= ( 𝑘𝜋 )
2

d𝑘.

(7.23)

In the free electron model, a spherical surface of constant |𝐤| also implies a spherical
constant energy surface, in view of (7.16). With this observation we can also write

𝑁(ℰ)dℰ = ( 𝑘𝜋 )
2

d𝑘 (7.24)

where𝑁(ℰ) is the number of states per unit volume between ℰ and ℰ+dℰ and is called
the density of states. Using the expression for the energy of a free particle (7.16) the
density of states can be expressed explicitly in terms of the energy:

𝑁(ℰ) = 1
2𝜋2

(
2𝑚𝑒

ℏ2
)
3∕2

ℰ1∕2. (7.25)

Note that 𝑁(ℰ) is the volume density of states between ℰ and ℰ + dℰ. To obtain the
number of electrons in this range, we must multiply by the probability that a state of
energy ℰ is occupied:

d𝑛(ℰ) = 𝑓(ℰ)𝑁(ℰ)dℰ, (7.26)

where 𝑓(ℰ) is the Fermi-Dirac distribution function (7.1).2 To find the number of
electrons per unit volume with energy less than ℰ, we simply integrate:

𝑛(ℰ) =∫
ℰ

0
𝑓(ℰ′)𝑁(ℰ′)dℰ′. (7.27)

The chemical potential is aweak function of temperature and is determined by integrat-
ing over all energies and setting the integral equal to the density of available electrons.
At 𝑇 = 0 the chemical potential is equal to the Fermi energy ℰF defined as the energy of
the highest occupied states at 𝑇 = 0. For our discussion of superconductors, the tem-
peratures will generally be sufficiently low that 𝜇 ≈ ℰF to a good approximation. At
𝑇 = 0, 𝑓(ℰ) = 1 for ℰ < ℰF and is zero otherwise, so the Fermi level is related to the
total number of electrons per unit volume by

𝑛 =∫
ℰF

0
𝑁(ℰ′)dℰ′. (7.28)

Substituting the density of states (7.25) and performing the integration gives

ℰF =
ℏ2
2𝑚𝑒

(3𝜋2𝑛)2∕3. (7.29)

Comparison with the free electron energy (7.16) gives immediately

𝑘F = (3𝜋2𝑛)1∕3. (7.30)

2 Here we omit the subscript FD for clarity.
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The velocity at the Fermi surface is given by 𝑝∕𝑚𝑒 = ℏ𝑘F∕𝑚𝑒. As an example, the
conduction band electron density of aluminum is 18.1 × 1028m−3, leading to a Fermi
velocity of about 2 × 106 m/s and a Fermi energy3 of 1.87 × 10−18 J, or 11.7 eV.

7.3.2 Phonons

Interactions between electrons and lattice vibrations are important for understanding
conductivity in both normal and superconducting metals.
Consider a simple 1-dimensionalmodel of a lattice consisting ofmasses connected by

springs as shown in Figure 7.5. In equilibrium, the interatomic spacing is 𝑎. However,
if the atoms are displaced, the springs provide restoring forces. The force on the 𝑚th
atom is

𝐹𝑚 = 𝛽 (𝑢𝑚+1 − 𝑢𝑚)⏟⎴⎴⎴⏟⎴⎴⎴⏟
force from𝑚+1

− 𝛽 (𝑢𝑚 − 𝑢𝑚−1)⏟⎴⎴⎴⏟⎴⎴⎴⏟
force from𝑚−1

= 𝛽 (𝑢𝑚+1 + 𝑢𝑚−1) − 2𝛽𝑢𝑚.

(7.31)

Equating this to the force from Newton’s law gives the difference equation

𝑀
d2𝑢𝑚
d𝑡2

= 𝛽 (𝑢𝑚+1 + 𝑢𝑚−1) − 2𝛽𝑢𝑚. (7.32)

Let us seek a plane wave solution of the form

𝑢𝑚 = 𝐴𝑒𝑖𝑞𝑥𝑚−𝑖𝜔𝑡 (7.33)

where 𝑥𝑚 = 𝑚𝑎 is the equilibrium position of the 𝑛th atom. Substituting and
simplifying gives

−𝑀𝜔2𝐴𝑒𝑖𝑞𝑚𝑎 = 𝛽𝐴
(
𝑒𝑖𝑞(𝑚+1)𝑎 + 𝑒𝑖𝑞(𝑚−1)𝑎 − 2𝑒𝑖𝑞𝑚𝑎

)

−𝑀𝜔2 = 𝛽
(
𝑒𝑖𝑞𝑎 + 𝑒−𝑖𝑞𝑎 − 2

)

= 2𝛽 (cos 𝑞𝑎 − 1) .

(7.34)

Using the identity cos 𝜃 − 1 = −2 sin2 𝜃∕2 and solving for 𝜔 gives

𝜔𝑞 =

√
4𝛽
𝑀

|||sin (𝑞𝑎∕2)||| . (7.35)

Note that this relation is periodic with period 2𝜋∕𝑎. All of the unique values are repre-
sented in the range −𝜋∕𝑎 < 𝑞 ≤ 𝜋∕2, and this range is referred to as the first Brillouin

β β β

M M M M

m − 1 m m + 1 m + 2

a

Figure 7.5 Spring-mass model for phonons on a 1-D lattice.

3 Energy in electron volts (eV) is obtained by dividing the energy in Joules by the electronic charge 𝑒.
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zone. Similar to our discussion of the free electron confined to a sample, suppose the
linear chain has a length 𝐿 = 𝐾𝑎, where 𝐾 + 1 is the number of atoms in the chain.
Imposing period boundary conditions as before leads to the quantized values of 𝑞:

𝑞𝑚 = 2𝜋𝑚
𝐾𝑎 . (7.36)

For definiteness, consider the case when 𝐾 is even. In this case the range of 𝑚 in the
first Brillouin zone is −𝐾∕2 < 𝑚 ≤ 𝐾∕2, giving a total of 𝐾 unique values.
In the modes that we have considered, the displacements of adjacent atoms are sim-

ilar. Modes of this type are referred to as acoustic modes. When there are two or more
types of atom per primitive cell, there are also modes in which the displacements of
adjacent atoms are in opposite directions. These are called optical modes. The term
“optical mode” is appropriate for two reasons. First, the branch occurs in the infrared
for most materials. Second, if the material is polar, the motion will create alternating
electric dipoles that couple strongly to electromagnetic waves at the same frequency
(i.e., infrared light).
Note that there are other modes of vibration in addition to the longitudinal vibra-

tion modes that we have considered. The vibrations could be transverse to the chain,
either in the plane of the paper, or perpendicular to the plane. Since the restoring forces
will be different for the transverse modes, there will generally be three branches to the
dispersion relation: one longitudinal and two transverse.
Classically, themasses can vibratewith any amplitude.However, aswe saw in Section

6.3.2, when considered as a quantum mechanical harmonic oscillator the vibrational
energy can take on only discrete values. These quantized modes are called phonons.
The energy of the quantized system is given by

ℰ𝑞 = ℏ𝜔𝑞
(
𝑛𝑞 + 1∕2

)
(7.37)

where 𝑛𝑞 is the number of excited phonons with wave number 𝑞.

7.3.3 Debye Model

Many calculations involving phonons at low temperature can be performed satis-
factorily using the Debye model. In this model, the temperature is considered to be
sufficiently low that the excitation of the optical branches is negligible. The first Bril-
louin zone is replaced with a sphere containing the same number of modes, and no
distinction is made between the acoustic branches. If there are𝑁𝑐 primitive cells in the
specimen, then there are𝑁𝑐 values of 𝑞. The radius of the equivalent sphere is therefore
determined by

𝑁𝑐 = ( 𝐿2𝜋 )
3 4
3𝜋𝑞

3
𝐷 (7.38)

or

𝑞𝐷 =
(
6𝜋2𝑁

)1∕3
(7.39)

where 𝑞𝐷 is the Debye wave number and 𝑁 is the number of primitive cells per unit
volume.
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TheDebyemodel also assumes a simple linear relation between𝜔 and 𝑞. This enables
us to define the Debye frequency as

𝜔𝐷 = 𝑣𝑠𝑞𝐷 = 𝑣𝑠
(
6𝜋2𝑁

)1∕3
, (7.40)

where 𝑣𝑠 is the speed of sound. The Debye frequency can be thought of as the highest
possible phonon frequency. We also define the Debye temperature 𝜃𝐷 as 𝑘𝐵𝜃𝐷 = ℏ𝜔𝐷 .

7.3.4 Electron–Phonon Scattering and Electrical Conductivity

Recall from the Bloch theorem that electrons can move without collisions with the
atoms in the lattice if the placement of the atoms is perfectly periodic. At finite tem-
perature, however, there will be vibrations of the atoms away from their equilibrium
positions. These vibrations interrupt the perfect periodicity, and electron collisionswith
the atoms in the lattice are possible.4

Since the energy of the lattice excitations is quantized, the interaction between elec-
trons and phonons can bemodeled as collisions between particles, as depicted in Figure
7.6. Single scattering events must satisfy conservation of both energy and momentum.
The conservation equations for scattering by phonon absorption and emission are given
in Table 7.1.
A free electron in an electric field would experience a constant force resulting in a

constant acceleration, from Newton’s law. This constant acceleration would result in a
linear increase of velocity with time. However, if the electron periodically scatters from
lattice vibrations, there will be time intervals in which the velocity increases punctu-
ated by scattering events that suddenly reduce the component of velocity parallel to the
electric field. The resulting average velocity is independent of time, but proportional to

Figure 7.6 Graphical depiction of electron scattering
by absorption of a phonon (left), and by emission of a
phonon (right).

Table 7.1 Energy and momentum conservation in
electron-phonon single scattering events.

Quantity conserved Phonon absorption Phonon emission

Energy ℏ2𝑘2

2𝑚𝑒
+ ℏ𝜔𝑞 =

ℏ2𝑘′2

2𝑚𝑒

ℏ2𝑘2

2𝑚𝑒
= ℏ𝜔𝑞 +

ℏ2𝑘′2

2𝑚𝑒

Momentum ℏ𝐤 + ℏ𝐪 = ℏ𝐤′ ℏ𝐤 = ℏ𝐪 + ℏ𝐤′

4 Scattering can also occur from defects in the lattice, independent of temperature.



7.3 Free Electron Model for Metals 169

the strength of the electric field. This average velocity is also referred to as the drift
velocity.
To be specific, consider themotion of an electron in the presence of a constant electric

field along the 𝑥 direction. The behavior of the average velocity can be modeled by the
classical equation of motion

𝑚𝑒
d ⟨𝑣𝑥⟩
d𝑡

+𝑚𝑒
⟨𝑣𝑥⟩
𝜏 = −𝑒𝐸𝑥. (7.41)

The second term represents damping caused by scattering of the electrons. The scatter-
ing is characterized by themomentum relaxation time 𝜏. At low temperatures (𝑇 ≪ 𝜃𝐷),
only phonons with small values of 𝑞 are excited, while the scattered electrons will be
near the Fermi surface with relatively large momenta 𝑘 ≈ 𝑘F. Consequently, at low
temperatures, only small angle scattering is possible and many collisions are required
to significantly alter the momentum. If the average time between collisions is 𝜏𝑐, we
conclude that 𝜏𝑐 ≪ 𝜏.
For static fields, the steady-state is obtained by setting the time derivative to zero.

This gives

𝑚𝑒
⟨𝑣𝑥⟩
𝜏 = −𝑒𝐸𝑥 (7.42)

or

⟨𝑣𝑥⟩ = − 𝑒𝜏
𝑚𝑒

𝐸𝑥. (7.43)

To get the current density, we multiply by the charge and the density of electrons:

𝐽𝑥 = −𝑛𝑒 ⟨𝑣𝑥⟩ =
𝑛𝑒2𝜏
𝑚𝑒

𝐸𝑥 ≡ 𝜎𝐸𝑥 (7.44)

where 𝜎 is the electrical conductivity in the free electron model

𝜎 = 𝑛𝑒2𝜏
𝑚𝑒

. (7.45)

We can interpret this result in either of two equivalent ways. The most straightfor-
ward interpretation is that each electron is moving with an average velocity of ⟨𝑣𝑥⟩ so
that the total current is given by (7.44). Alternatively, consider the following picture, as
illustrated in Figure 7.7. When 𝐸𝑥 = 0, the velocities of the electrons in the “Fermi sea”
cancel in pairs so that no net current exists (left part of Figure 7.7). Now consider what
happens when an electric field is applied. According to our previous arguments, each
electron now acquires a drift velocity ⟨𝑣𝑥⟩. Consequently, if 𝐄 is along the+𝐱̂ direction,
the Fermi sphere is displaced along the −𝐱̂ direction as depicted in the right portion
of Figure 7.7. Although the velocities of most of the electrons still cancel in pairs, the
small number in the shaded crescent now contribute to conduction. Using this pic-
ture we can estimate the fraction of total electrons that are uncompensated as ⟨𝑣𝑥⟩ ∕𝑣F.
Since these uncompensated electrons are very near the Fermi surface, their velocities
are approximately −𝑣F. The current density can then be estimated as

𝐽𝑥 ≈ −𝑒𝑛
|||||||
⟨𝑣𝑥⟩
𝑣F

|||||||
(−𝑣F) = 𝑒𝑛| ⟨𝑣𝑥⟩ |. (7.46)

In this interpretation, we can view the conduction as only involving electrons near the
Fermi surface.
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Figure 7.7 Visualizing conduction as the displacement of the Fermi sea. Left: in the absence
of an electric field, the k-vectors cancel in pairs. Right: the application of an electric field shifts
the Fermi sphere, resulting in a small sliver of volume near the Fermi surface in which the
k-vectors are not canceled.

7.3.5 Perfect Conductor vs. Superconductor

Let’s return to the equation of motion for the electrons (7.41), but this time consider a
time-varying electric field 𝐸𝑥 = 𝐸0𝑒𝑗𝜔𝑡 . Substituting this into (7.41) and solving for ⟨𝑣𝑥⟩
gives

⟨𝑣𝑥⟩ =
−(𝑒𝜏∕𝑚𝑒)
1 + 𝑗𝜔𝜏 𝐸𝑥. (7.47)

For a perfect conductor there is no scattering, so we let 𝜏 →∞. In this limit the current
density is

𝐽𝑥 = −𝑒𝑛 ⟨𝑣𝑥⟩ = −𝑗 𝑒
2𝑛

𝜔𝑚𝑒
𝐸𝑥. (7.48)

We note two interesting things:

● although the electric field must vanish at DC (𝜔 = 0) for finite 𝐽𝑥, a time-varying
electric field is possible inside of a perfect conductor

● a perfect conductor exhibits an inductance resulting from the inertia of the electrons.

To explore this second observation a bit more, consider a rectangular perfectly con-
ductingwire as shown inFigure 7.8. Recognizing that the current is 𝐼 = 𝐽𝑥𝐴 and voltage
is 𝑉 = 𝐸𝑥𝓁, the relation between the voltage and the current is

𝐼 = −𝑗 𝑒
2𝑛𝐴
𝜔𝑚𝑒𝓁

𝑉. (7.49)

A
�

Figure 7.8 A rectangular wire used to relate the
voltage to the current in normal and perfect
conductors.
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Comparing this to the relation between current and voltage in an inductor 𝐼 =
𝑉∕(𝑗𝜔𝐿), we identify a kinetic inductance given by

𝐿𝑘 =
𝑚𝑒𝓁
𝑒2𝑛𝐴

. (7.50)

This kinetic inductance is in addition to the magnetic inductance resulting from mag-
netic fields linking the current. Superconductors also exhibit a kinetic inductance,
except that the electrons form pairs so that the charge and mass of the particles are
twice those of the electron.
Next let’s consider the magnetic properties of a perfect conductor. From Maxwell’s

equation from Faraday’s law

∇ × 𝐄 = −𝜕𝐁
𝜕𝑡
. (7.51)

If the electric field is zero, then 𝜕𝐁∕𝜕𝑡 = 0 and the magnetic field 𝐁must be constant.
We conclude that in a perfect conductor the magnetic field cannot change, but it does
not have to be zero. Suppose that as we cooled the metal there was a transition from
a normal conductor to a perfect conductor. If we applied a magnetic field, then cooled
it so that it became a perfect conductor, the magnetic field would remain constant—it
would be “frozen in.”
Experimentally, however, Meissner and Ochsenfeld[53] found that the magnetic

field in a superconductor is not only constant—it must be zero. Instead of the field
being frozen in, the lines of magnetic flux are expelled from the sample (see Figure
7.9).We conclude that a superconductormust be fundamentally different fromaperfect
conductor.

Figure 7.9 A superconductor expels magnetic flux (top),
while static magnetic flux can penetrate a perfect
conductor (bottom).
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7.4 Bardeen, Cooper, and Schrieffer Theory of
Superconductivity

A microscopic theory of superconductivity was presented by Bardeen, Cooper, and
Schrieffer[54] that has had significant quantitative success, despite being based on a
very simplified free electron model without any reference to the underlying crystal
structure. Central to this theory is the formation of bound states consisting of elec-
tron pairs. Since particles with the same charge would normally repel each other, the
ability of electrons to form bound states is remarkable. The key ingredient to creating a
net attractive interaction turns out to be scattering between electrons and phonons. We
begin our discussion by first assuming that an attractive potential exists, and showing
that this leads to bound pair states.We then consider how the electron–phonon interac-
tion can give rise to a net attractive potential leading to electron binding in pairs. Next
we use this foundation to consider the superconducting ground state, and discuss how
this leads to the ability to describe the superconductor with a macroscopic effective
wave function.

7.4.1 Cooper Pair Model

We now consider a simple model first proposed by Cooper[55] that shows that pairing
of electrons as just discussed can actually lower the energy of the system. Consider a
filled Fermi sea with all states filled for 𝑘 ≤ 𝑘F. Two electrons are now added with 𝑘 >
𝑘F. We assume that there is an interaction between the electrons that can be described
by a potential energy term in the form 𝒱(𝐫1 − 𝐫2). The Hamiltonian of the added pair
can be written

ℋ =ℋ0 + 𝒱(𝐫1 − 𝐫2), (7.52)

where ℋ0 is the two particle Hamiltonian in the absence of interactions, using the
Fermi energy ℰF as the reference energy. The two-particle wave function 𝜓(𝐫1 − 𝐫2)
must, of course, satisfy the Schrödinger equation

ℋ𝜓 = ℰp𝜓 (7.53)

where ℰp is the energy of the two-electron state.
To construct a reasonable guess for 𝜓, we note that there are two parts to the wave

function—one that describes the spatial distribution, and one that describes the spin
orientations of the electrons. We can use what we know about the required symmetry
of the wave function alongwith the fact that we are particularly interested in the lowest
energy state to see if a bound state is formed to arrive at forms for the two parts of the
wave function. First, let’s consider the spatial part of the wave function. Since we are
looking for a bound state, it is reasonable to look for a state with zero net momentum,
since net momentum would be associated with increased kinetic energy. If we approx-
imate the non-interacting electron wave functions as plane waves, this suggests that a
key building block would be terms of the form exp(𝑖𝐤 ⋅ 𝐫1) exp(−𝑖𝐤 ⋅ 𝐫1) = exp(𝑖𝐤 ⋅
(𝐫1− 𝐫2)), or electrons with opposite momenta. We could construct even or odd combi-
nations of these building blocks—e.g., cos (𝐤 ⋅ (𝐫1 − 𝐫2)) or sin (𝐤 ⋅ (𝐫1 − 𝐫2)). However,
anticipating that we are looking for bound states with the electrons attracted to one
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another, the cosine seems to be the best choice, since it suggests a large probability
amplitude for finding the electrons close together.
Turning now to the spin part of thewave function (sometimes referred to as a spinor),

we know from Section 7.1 that the two-electron wave function must be anti-symmetric
with respect to the interchange of the particles, so if the spatial part of thewave function
is even,we should choose an odd form for the spinor portion. Putting these observations
together leads to a trial wave function of the form

𝜓(𝐫1 − 𝐫2) =
⎡
⎢
⎣

∑

𝑘>𝑘F

𝑔𝐤 cos (𝐤 ⋅ (𝐫1 − 𝐫2))
⎤
⎥
⎦
(𝛼1𝛽2 − 𝛽1𝛼2) , (7.54)

where 𝛼𝑖 and 𝛽𝑖 represent the spin-up and spin-down states, respectively, for electron
𝑖. A key take-away from these arguments is that the most likely combinations of elec-
tronic states to lead to a bound pair are electrons with opposite momenta, and opposite
spin. Having made this observation, we will concentrate on the spatial part of the wave
function and omit the spinor part in the remainder of our discussion. Further, it will
be mathematically convenient to proceed with a somewhat more general and compact
form for the spatial part of the wave function:

𝜓(𝐫1 − 𝐫2) =
∑

𝑘′>𝑘F

𝑎𝐤′ 𝑒𝑖𝐤
′⋅(𝐫1−𝐫2)

=
∑

𝑘′>𝑘F

𝑎𝐤′ 𝑒𝑖𝐤
′⋅𝐫 .

(7.55)

Here we have also made the substitution 𝐫 = 𝐫1 − 𝐫2. Note that this form is slightly
more general than (7.54) in that it no longer explicitly imposes even symmetry in 𝐫, but
it does preserve the choice of electrons with opposite momenta. Substituting this new
form for the wave function into the Schrödinger equation (7.53) leads to

(
ℰp −ℋ0

) ∑

𝑘′>𝑘F

𝑎𝐤′ 𝑒𝑖𝐤
′⋅𝐫 = 𝒱(𝐫)

∑

𝑘′>𝑘F

𝑎𝐤′ 𝑒𝑖𝐤
′⋅𝐫 . (7.56)

To find the Fourier coefficients, we multiply both sides by exp (−𝑖𝐤 ⋅ 𝐫) and integrate
over all space. Let’s first consider the right-hand-side of (7.56):

1
Ω
∫

Ω
d3𝑟𝑒−𝑖𝐤⋅𝐫𝒱(𝐫)

∑

𝑘′>𝑘F

𝑎𝐤′ 𝑒𝑖𝐤
′⋅𝐫 =

∑

𝑘′>𝑘F

𝑎𝐤′
1
Ω
∫

Ω
d3𝑟𝑒−𝑖𝐤⋅𝐫𝒱(𝐫)𝑒𝑖𝐤′⋅𝐫

=
∑

𝑘′>𝑘F

𝑎𝐤′𝒱𝐤,𝐤′ ,
(7.57)

where Ω is the volume of the sample and 𝒱𝐤,𝐤′ is given by

𝒱𝐤,𝐤′ =
1
Ω
∫

Ω
d3𝑟𝑒−𝑖𝐤⋅𝐫𝒱(𝐫)𝑒𝑖𝐤′⋅𝐫

≡ ⟨𝐤,−𝐤|𝒱 |𝐤′,−𝐤′⟩ .
(7.58)

𝒱𝐤,𝐤′ represents the probability of making a transition between the states |𝐤′,−𝐤′⟩ and
|𝐤,−𝐤⟩ because of scattering induced by the potential 𝒱 .
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Next, consider the left-hand-side of (7.56):

1
Ω
∫

Ω
d3𝑟 𝑒−𝑖𝐤⋅𝐫

(
ℰp −ℋ0

) ∑

𝑘′>𝑘F

𝑎𝐤′ 𝑒𝑖𝐤
′⋅𝐫

= ℰp
∑

𝑘′>𝑘F

𝑎𝐤′
1
Ω
∫

Ω
d3𝑟 𝑒𝑖(𝐤′−𝐤)⋅𝐫

− 1
Ω
∫

Ω
d3𝑟 𝑒−𝑖𝐤⋅𝐫

∑

𝑘′>𝑘F

𝑎𝐤′ ℋ0𝑒𝑖𝐤
′⋅𝐫

= ℰp𝑎𝐤 −
∑

𝑘′>𝑘F

𝑎𝐤′
1
Ω
∫

Ω
d3𝑟 𝑒−𝑖𝐤⋅𝐫ℋ0𝑒𝑖𝐤

′⋅𝐫

=
(
ℰp − 2𝜖𝐤

)
𝑎𝐤 .

(7.59)

Here we have made use of the fact that

1
Ω
∫

Ω
d3𝑟 𝑒𝑖(𝐤′−𝐤)⋅𝐫 = 𝛿𝐤′,𝐤 (7.60)

as well as recognizing that

1
Ω
∫

Ω
d3𝑟 𝑒−𝑖𝐤⋅𝐫ℋ0𝑒𝑖𝐤

′⋅𝐫 = ⟨𝐤,−𝐤|ℋ0 |𝐤′,−𝐤′⟩ = 2𝜀𝐤𝛿𝐤,𝐤′ (7.61)

where 𝜀𝐤 is the energy of a single free particle. In other words, the expected value of the
two-particle Hamiltonian without interactions is simply twice the energy of a single
free particle.
Putting together the results from integrating over the left and right sides of (7.56)

gives

𝑎𝐤 =
1

ℰp − 2𝜀𝐤

∑

𝑘′>𝑘F

𝑎𝐤′𝒱𝐤,𝐤′ . (7.62)

We now make an important simplifying assumption: we take 𝒱𝐤,𝐤′ = −𝒱 (with 𝒱
positive) when both ℏ2𝑘2∕(2𝑚) and ℏ2(𝑘′)2∕(2𝑚) lie within the energy shell between
ℰF and ℰF + ℏ𝜔D, and is zero otherwise. In other words, we assume that only electrons
near the Fermi surface scatter with phonons (since the available empty states are just
above the Fermi surface), and the maximum energy that can be gained from phonon
scattering corresponds to themaximumphonon frequency, approximated by the energy
at the Debye frequency ℏ𝜔D. The expression for the Fourier amplitudes then becomes

𝑎𝐤 =
−𝒱

ℰp − 2𝜀𝐤

∑

𝑘′>𝑘F

𝑎𝐤′ . (7.63)

Summing both sides allows us to cancel terms as follows:

∑

𝑘>𝑘F

𝑎𝐤 =
∑

𝑘>𝑘F

−𝒱
ℰp − 2𝜀𝐤

∑

𝑘′>𝑘F

𝑎𝐤′

1 = −𝒱
∑

𝑘>𝑘F

1
ℰp − 2𝜀𝐤

.
(7.64)
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The sum over 𝐤 can be replaced by an integral over the corresponding range of energies
provided we add a factor of the density of states 𝑁(𝜀):

1 = −𝒱∫
ℏ𝜔D

0

𝑁(𝜀)
ℰP − 2𝜀d𝜀. (7.65)

Because the Debye energy is small compared to the energy at the Fermi surface, we can
approximate the density of states as constant and equal to that at the Fermi surface.
Since we have taken our zero of energy at the Fermi surface, we represent this constant
as 𝑁(0). This simplification allows us to evaluate the integral:

1 = −𝒱𝑁(0)∫
ℏ𝜔D

0

1
ℰP − 2𝜀d𝜀

= −
𝒱𝑁(0)
2 ln (ℰP − 2𝜀)|||

ℏ𝜔D
0

= −
𝒱𝑁(0)
2 ln (1 −

2ℏ𝜔D
ℰP

).

(7.66)

Solving this for the pair energy gives

ℰP =
2ℏ𝜔D

1 − 𝑒2∕𝒱𝑁(0)
. (7.67)

In most superconductors it is found that the interaction is weak so that 𝒱𝑁(0)≪ 1, in
which case the energy is given approximately by

ℰP = −2ℏ𝜔D𝑒−2∕𝒱𝑁(0). (7.68)

The fact that this is negative indicates that the increase in kinetic energy associated
with scattering into states slightly above the Fermi surface is more than compensated
by the decrease in potential energy associatedwith the attractive interaction. The Fermi
surface is therefore unstable; slight thermal excitations of electrons to states just above
the Fermi surface will lead to reductions in energy as the excited electrons form bound
pair states. Presumably this process would continue until a new equilibrium state is
reached in which the formation of additional bound pairs no longer reduces the total
energy. We will return to what this ground state looks like after considering the origin
of the attractive interaction between the electrons.

7.4.2 Dielectric Function

When an electric field is applied to amaterial, charges are redistributed and/or induced
in such a way that the electric field generated by the new charge distribution opposes
the applied electric field. As a result, the effect of the applied field is diminished or
“screened.” The dielectric function, or permittivity, describes the screened response of
thematerial. As an example, let us take the interaction energy between the Cooper pair
electrons to be the Coulomb interaction

𝒱(𝐫1 − 𝐫2) =
𝑒2

4𝜋𝜖|𝐫1 − 𝐫2|
. (7.69)

For two isolated electrons in a vacuum, the dielectric function is simply the permittiv-
ity of free space, i.e., 𝜖 = 𝜖0. However, in a physical material, the electrons and ions can
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redistribute themselves in such a way as to screen the two electrons from one another.
In this case, 𝜖 > 𝜖0. However, depending on the dynamics of the particles in the mate-
rial, the dielectric function can be less than that of free space, or even negative. The case
of a negative dielectric function is of particular interest to us, since this would turn the
repulsive Coulomb potential (7.69) into an attractive potential—just what we need to
form Cooper pairs.
We therefore need to develop a model for the dielectric function. To do this it will

be helpful to obtain a relation between the dielectric function and the imposed and
induced charges. Let us assume that there is nonet charge in themedium in the absence
of an imposed perturbation. From Gauss’ law we have

∇ ⋅𝐃 = 𝛿𝜌 (7.70)

where 𝛿𝜌 is the imposed charge fluctuation. However, we also know that𝐃 = 𝜖0𝐄+𝐏.
Substituting this expression for 𝐃 gives

∇ ⋅ 𝐄 =
𝜌T
𝜖0

=
𝛿𝜌 + 𝜌s
𝜖0

(7.71)

where the total charge density 𝜌T is equal to the imposed charge density 𝛿𝜌 plus the
screening response of the medium 𝜌s = −∇ ⋅ 𝐏.
Since we are interested in phonon scattering, let us consider the case where 𝛿𝜌 and

𝜌s are proportional to exp (𝑖𝐪 ⋅ 𝐫):

𝑖𝐪 ⋅ 𝐄 =
𝛿𝜌 + 𝜌s
𝜖0

. (7.72)

We define the dielectric function 𝜖(𝜔, 𝑞) by the constitutive relation 𝐃 = 𝜖𝐄. This
enables us to write

𝑖𝐪 ⋅𝐃
𝜖 =

𝛿𝜌 + 𝜌s
𝜖0

. (7.73)

However, 𝑖𝐪 ⋅ 𝐃 = 𝛿𝜌 from (7.70). Making this substitution and solving for 𝜖 gives the
relation we are looking for between the imposed and induced charge densities and the
dielectric function:

𝜖 = 𝜖0
𝛿𝜌

𝛿𝜌 + 𝜌s
. (7.74)

The screening charge density 𝜌s is composed of contributions from both themovement
of the electrons as well as the background ions

𝜌s = 𝜌e + 𝜌i. (7.75)

In the next section we will examine simple models for both contributions.

7.4.3 Jellium

“Jellium” is a simplematerialmodel that gives insight into important features ofmetals.
In this model, the solid is viewed much like a plasma. The electrons form a negatively-
charged gas that interpenetrates a positively-charged gas of ions. The electron gas is
just the same as in our free electron model. On the other hand, there is no periodicity
in the ion gas so the jelliummodel is just the continuummodel for longitudinal phonon
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modes in the lattice. Transverse phonon modes do not exist in a gas and are neglected
in the jellium model.
Recall that the electron density is related to the Fermi energy by

𝑛 = 1
3𝜋2

(
2𝑚e

ℏ2
)
3∕2

ℰ3∕2F . (7.76)

In the presence of a charge perturbation, there will also be a potential perturbation
given by Poisson’s equation:

∇2𝜙 = −
𝜌T
𝜖0
, (7.77)

with 𝜌T = 𝛿𝜌 + 𝜌s representing the sum of the charge perturbation and the induced
screening charge. This potential perturbation will also cause local fluctuations in the
electron density:

𝑛 + 𝛿𝑛 = 1
3𝜋2

(
2𝑚e

ℏ2
)
3∕2

(ℰF + 𝑒𝜙)3∕2

= 1
3𝜋2

(
2𝑚e

ℏ2
)
3∕2

ℰ3∕2F (1 +
𝑒𝜙
ℰF
)
3∕2

≈ 𝑛 (1 +
3𝑒𝜙
2ℰF

) .

(7.78)

It follows that the perturbation in electron density is

𝛿𝑛 ≈ 3𝑛𝑒
2ℰF

𝜙. (7.79)

The induced screening charge from the electrons is therefore

𝜌e = −𝑒𝛿𝑛 = −3𝑛𝑒
2

2ℰF
𝜙. (7.80)

We are interested in particular in perturbations caused by lattice vibrations, or
phonons. With this in mind, let 𝜙 ∼ exp (𝑖𝐪 ⋅ 𝐫). Poisson’s equation becomes

−𝑞2𝜙 = −
𝜌T
𝜖0

(7.81)

or

𝜙 =
𝜌T
𝑞2𝜖0

. (7.82)

Substituting this expression for 𝜙 into (7.80) enables us to express the induced elec-
tronic charge as

𝜌e = −
𝑘2s
𝑞2
(𝛿𝜌 + 𝜌s), (7.83)

where

𝑘2s =
3𝑛𝑒2

2𝜖0ℰF
. (7.84)

We can also define a length 𝜆s such that

𝑘s =
2𝜋
𝜆s
. (7.85)



178 7 Superconductivity

The length 𝜆s is called the Thomas-Fermi scattering length.
We now need an expression for the induced screening charge from the ions. The

induced movement of the ions is much smaller owing to their much larger mass, so we
use a simple model of the dynamics based on Newton’s law

𝑀
d𝐯i
d𝑡

= 𝑍𝑒𝐄 (7.86)

where 𝑀 and 𝐯i are the mass and velocity of an ion, respectively; 𝑍 is the atomic
number; and the force on a single charge from an imposed electric field is 𝑒𝐄.
The current density resulting from the motion of the ions is

𝐉i = 𝑛i𝑍𝑒𝐯i = 𝑛𝑒𝐯i. (7.87)

Herewe have noted that because the jelliummodel is electrically neutral, we know that
𝑛 = 𝑛𝑖𝑍. Solving this expression for 𝐯i and substituting into (7.86) gives

𝑀
d𝐉i
d𝑡

= −𝑍𝑛𝑒2∇𝜙, (7.88)

where we have also used the relation between the potential and the electric field 𝐄 =
−∇𝜙.
Note that from the chain rule we have

d𝐽𝑥(𝐫, 𝑡)
d𝑡

=
𝜕𝐽𝑥
𝜕𝑡

+
𝜕𝐽𝑥
𝜕𝑥

𝜕𝑥
𝜕𝑡

+
𝜕𝐽𝑥
𝜕𝑦

𝜕𝑦
𝜕𝑡

+
𝜕𝐽𝑥
𝜕𝑧

𝜕𝑧
𝜕𝑡
. (7.89)

The analogous equations for the three components of the current density can be
combined into the single vector equation

d𝐉i
d𝑡

=
𝜕𝐉i
𝜕𝑡

+ (𝜕𝐫
𝜕𝑡

⋅∇) 𝐉i

=
𝜕𝐉i
𝜕𝑡

+ (𝐯i ⋅∇) 𝐉i

= −𝑖𝜔 (1 −
𝐯i ⋅ 𝐪
𝜔 ) 𝐉i

(7.90)

where in the last step we have taken 𝐉i ∼ exp (𝑖𝐪 ⋅ 𝐫 − 𝑖𝜔𝑡). If the motion of the ions is
sufficiently small so that 𝑣i ≪ 𝜔∕𝑞, then

d𝐉i
d𝑡

≈
𝜕𝐉i
𝜕𝑡
. (7.91)

We can then write (7.88) as

𝑀
𝜕𝐉i
𝜕𝑡

= −𝑍𝑛𝑒2∇𝜙. (7.92)

The current density can now be related to the charge density using the continuity
equation

𝜕𝜌i
𝜕𝑡

= −∇ ⋅ 𝐉i. (7.93)

Taking the partial derivative with respect to time on both sides, assuming time and
position dependence of the form exp (𝑖𝐪 ⋅ 𝐫 − 𝑖𝜔𝑡), and combining with (7.92) leads to

𝜌i =
𝜔2Pi
𝜔2

(𝛿𝜌 + 𝜌s) , (7.94)
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where 𝜔Pi is the ion plasma frequency given by

𝜔2Pi =
𝑍𝑛𝑒2
𝜖0𝑀

. (7.95)

Noting that 𝜌s = 𝜌e + 𝜌i, from (7.83) and (7.94) we now have two equations in the
two unknowns 𝜌e and 𝜌i, expressed in terms of the imposed charge perturbation 𝛿𝜌.
However, we would really like the total screening charge 𝜌s to substitute into (7.74) to
find the dielectric function.We can obtain thismore directly by adding (7.83) and (7.94)
and solving for 𝜌s:

𝜌e + 𝜌i = 𝜌s = (𝜌s + 𝛿𝜌)
𝜔2Pi𝑞

2 − 𝜔2𝑘2s
𝜔2𝑞2

. (7.96)

Solving for 𝜌s gives

𝜌s =
𝜔2Pi𝑞

2 − 𝑘2s𝜔2

𝜔2(𝑘2s + 𝑞2) − 𝑞2𝜔2Pi
𝛿𝜌. (7.97)

Substituting this result into (7.74) gives the dielectric function

𝜖(𝜔, 𝑞) = 𝜖0
𝜔2(𝑘2s + 𝑞2) − 𝑞2𝜔2Pi

𝜔2𝑞2
. (7.98)

It will be useful to express this in terms of the natural vibration frequency of the ions in
the presence of the electron screening. We can obtain this frequency by setting 𝛿𝜌 = 0
in (7.96) and solving for 𝜔2. The result is

𝜔2 =
𝜔2Pi𝑞

2

𝑘2s + 𝑞2
≡ 𝜔2𝑞, (7.99)

where𝜔𝑞 is the screenednatural frequency for an excitationwithwave number 𝑞. Using
this expression to eliminate 𝜔2Pi from (7.98) gives the following form for the dielectric
function:

𝜖(𝜔, 𝑞) = 𝜖0(𝑘2s + 𝑞2)
𝜔2 − 𝜔2𝑞
𝜔2𝑞2

. (7.100)

7.4.4 Scattering Amplitude and Attractive Electron–Electron Interaction

Armedwith amodel for the dielectric function, let us return to the discussion of Section
7.4.1 in which we discussed a scattering amplitude for making the transition from state
𝐤′ to state 𝐤. From (7.58) and using our screened Coulomb potential, the scattering
amplitude is

𝒱𝐤,𝐤′ =
1
Ω
∫

Ω
d3𝑟𝑒−𝑖𝐤⋅𝐫𝒱(𝐫)𝑒𝑖𝐤′⋅𝐫

= 1
Ω
∫

Ω
d3𝑟 𝑒2

4𝜋𝜖𝑟 𝑒
𝑖(𝐤′−𝐤)⋅𝐫

= 𝑒2
4𝜋𝜖

1
Ω
∫

Ω
d3𝑟 1𝑟 𝑒

𝑖𝐪⋅𝐫

= 𝑒2

Ω𝜖𝑞2
.

(7.101)
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Figure 7.10 The potential is negative
(attractive) for 𝜔 < 𝜔q in the Jellium
model. The BCS theory simply assumes
that the potential is a negative constant
up to the maximum phonon frequency 𝜔D.

For the details of evaluating the integral in the last step, see Exercise 7.5. For simplicity,
in the following we will simplify our notation by taking a unit volume Ω = 1 without
loss of generality. Substituting explicitly for 𝜖 gives

𝒱𝐤,𝐤′ =
𝑒2𝜔2

𝜖0(𝑘2s + 𝑞2)(𝜔2 − 𝜔2𝑞)
. (7.102)

This shows that an attractive (i.e., negative) potential is possible for 𝜔 < 𝜔𝑞. In the
Debye model, the maximum phonon frequency is 𝜔D. This suggests a simple appoxi-
mation that is used in the BCS theory: take the amplitude𝒱𝐤,𝐤′ to be a negative constant
out to 𝜔D, as suggested in Figure 7.10.
Note that 𝒱𝐤,𝐤′ can also be written as

𝒱𝐤,𝐤′ =
𝑒2𝜔2 + 𝑒2𝜔2𝑞 − 𝑒2𝜔2𝑞
𝜖0(𝑘2s + 𝑞2)(𝜔2 − 𝜔2𝑞)

= 𝑒2

𝜖0(𝑘2s + 𝑞2)
+

𝑒2𝜔2𝑞
𝜖0(𝑘2s + 𝑞2)(𝜔2 − 𝜔2𝑞)

.

(7.103)

Thefirst term is just the screenedCoulomb interaction,while the second termdescribes
the interaction with the lattice that gives rise to an attractive potential for 𝜔 < 𝜔𝑞.

7.4.5 Interpretation of Attractive Interaction

The origin of the attractive electron–electron interaction can be pictured in the follow-
ing way. Imagine for a moment the artificial picture of a stationary electron among the
ions. The ions in the latticewill be attracted toward the electron creating a local increase
in the positive charge that opposes the charge of the electron. As a result, the electronic
charge is partially shielded and other electrons do not see the entire bare charge. How-
ever, in reality the electron is moving very rapidly (on the order of the Fermi velocity)
while the ions respond relatively slowly because of their larger mass. Consequently,
by the time the ions have fully responded, the electron has left the region! As a result,
the delayed ion displacement creates a local increase in positive charge that can then
attract another electron. This interaction can be viewed as electrons interacting by the
emission and absorption of a phonon, as depicted diagrammatically in Figure 7.11.
Figure 7.12 suggests how electrons with opposite momenta are particularly subject to
this effective mutual attraction.
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Figure 7.11 Diagrammatic representation of two electrons interacting
via the emission and absorption of a phonon.

Figure 7.12 The delayed response to the presence of an electron creates a local
concentration of positive charge that can attract another electron.

7.4.6 Superconductor Hamiltonian

We now have a sense of what the form of the superconducting Hamiltonian should be:
the kinetic energy associated with the electrons in the Fermi sea must be combined
with an attractive potential interaction between electrons with opposite momenta and
opposite spins. To construct such a Hamiltonian, let us introduce appropriate Fermion
creation and annihilation operators similar to those described in Section 7.1. In partic-
ular, we define 𝑐∗𝐤↑ as a creation operator

5 for an electron with spin up in state 𝐤, and
𝑐𝐤↑ as an annihilation operator for an electron with spin up in state 𝐤. If we denote the
state with no particles as |𝜙0⟩ and the state with one spin up particle in state 𝐤 as |1𝐤↑⟩,
then

𝑐∗𝐤↑ |𝜙0⟩ = |1𝐤↑⟩ ,

𝑐𝐤↑ |1𝐤↑⟩ = |𝜙0⟩ ,

𝑐𝐤↑ |𝜙0⟩ = 0,

𝑐∗𝐤↑ |1𝐤↑⟩ = 0.

(7.104)

The last two relations follow from the facts thatwe cannot remove a particle froma state
that is already empty, and two Fermions cannot occupy the same state. The electron–
phonon–electron interaction depicted in Figure 7.11 can then be represented as

𝑐∗(𝐤2−𝐪)↓𝑐
∗
(𝐤1+𝐪)↑

𝑐𝐤2↓𝑐𝐤1↑,

5 In the superconductivity literature, creation operators are usually denoted by an asterisk instead of a
dagger. We adopt the asterisk notation here to agree with the common notation in the literature.
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or, with 𝐤2 = −𝐤1 = −𝐤:

𝑐∗−(𝐤+𝐪)↓𝑐
∗
(𝐤+𝐪)↑𝑐−𝐤↓𝑐𝐤↑.

The potential energy associated with this interaction is therefore represented by the
operator

𝒱 =
∑

𝐤,𝐤′
𝒱𝐤,𝐤′𝑐∗−𝐤′↓𝑐

∗
𝐤′↑𝑐−𝐤↓𝑐𝐤↑ (7.105)

where 𝐤′ = 𝐤 + 𝐪.
The kinetic energy of a pair is 2𝜀𝐤 , where 𝜀𝐤 is the energy measured with respect to

the Fermi surface:

𝜀𝐤 =
ℏ2𝑘2
2𝑚e

− ℰF. (7.106)

Note that 𝑐∗−𝐤↓𝑐
∗
𝐤↑𝑐−𝐤↓𝑐𝐤↑ |𝜓⟩ = |𝜓⟩ if the state |𝜓⟩ contains a particle pair corresponding

to 𝐤 and is zero otherwise. Consequently, we define the pair number operator as

𝑛̂𝐤 = 𝑐∗−𝐤↓𝑐
∗
𝐤↑𝑐−𝐤↓𝑐𝐤↑. (7.107)

Combining the kinetic and potential energy expressions gives the Hamiltonian used in
the BCS theory:

ℋBCS = 2
∑

𝐤
𝜀𝐤 𝑛̂𝐤 +

∑

𝐤,𝐤′
𝒱𝐤,𝐤′𝑐∗−𝐤′↓𝑐

∗
𝐤′↑𝑐−𝐤↓𝑐𝐤↑. (7.108)

7.4.7 Superconducting Ground State

We would now like to find the ground state and the ground state energy of the BCS
Hamiltonian (7.108). The approach we will take is to construct a trial wave function
with adjustable parameters, and vary these parameters to minimize the expectation
value of the BCS Hamiltonian. Ideally, the trial wave function would have features
similar to what we expect for the true wave function. An educated guess of this sort
is sometimes referred to as an ansatz.
To construct the ground state ansatz used in the BCS theory, we start with the vac-

uum state, or state with no particles, and apply operators that create particle pairs with
opposite spin and opposite momenta. The state with one Cooper pair is constructed as

[
𝑢𝐤 + 𝑣𝐤𝑐∗−𝐤↓𝑐

∗
𝐤↑

]
|𝜙0⟩

where 𝑢𝐤 is the probability amplitude that the pair state is empty, and 𝑣𝐤 is the probabil-
ity amplitude that the pair state is occupied. It follows that |𝑢𝐤|2 + |𝑣𝐤|2 = 1. Similarly,
the state with two Cooper pairs is

[
𝑢𝐤′ + 𝑣𝐤′𝑐∗−𝐤′↓𝑐

∗
𝐤′↑

] [
𝑢𝐤 + 𝑣𝐤𝑐∗−𝐤↓𝑐

∗
𝐤↑

]
|𝜙0⟩ .

Continuing this process leads to ground state

|𝜓⟩ =
∏

𝐤

[
𝑢𝐤 + 𝑣𝐤𝑐∗−𝐤↓𝑐

∗
𝐤↑

]
|𝜙0⟩ . (7.109)

We want to vary 𝑣𝐤 in the trial ground state so as to minimize ⟨𝜓|ℋBCS |𝜓⟩. This will
give us the best estimate for the ground state energy. The |𝑣𝐤|2 will then give us the
ground state pair occupancy.
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Let us begin by considering the expectation of the first term (the kinetic energy term)
in (7.108). For simplicity, we will consider a single term in the sum. Recognizing that
the pair number operator will only be non-zero when the pair state 𝐤 is occupied, it is
sufficient to construct a simplified trial statewith only this pair.With these assumptions
we can calculate the expectation as follows:

⟨𝜓| 𝑛̂𝐤 |𝜓⟩ = ⟨𝜓| 𝑛̂𝐤
[
𝑢𝐤 + 𝑣𝐤𝑐∗−𝐤↓𝑐

∗
𝐤↑

]
|𝜙0⟩

= ⟨𝜓| 𝑛̂𝐤 [𝑢𝐤 |𝜙0⟩ + 𝑣𝐤 |1−𝐤 , 1𝐤⟩]

= ⟨𝜓| 𝑣𝐤 |1−𝐤 , 1𝐤⟩

= ⟨𝜙0|
[
𝑢∗𝐤 + 𝑣∗𝐤𝑐−𝐤↓𝑐𝐤↑

]
𝑣𝐤 |1−𝐤 , 1𝐤⟩

= |𝑣𝐤|2 ⟨𝜙0|𝜙0⟩

= |𝑣𝐤|2

(7.110)

where we have used the orthogonality property ⟨𝜙0|1−𝐤 , 1𝐤⟩ = 0 and the normalization
⟨𝜙0|𝜙0⟩ = 1. This is a very reasonable result, stating that the expectation value of the
pair number operator for state 𝐤 is simply the probability that the state is occupied.
Following a similar argument, let us consider a single term in the second sum (the

potential energy) in (7.108). Since a single term only involves pairs at 𝐤 and 𝐤′, it
suffices to consider a two pair state:

⟨𝜓| 𝑐∗−𝐤′↓𝑐
∗
𝐤′↑𝑐−𝐤↓𝑐𝐤↑ |𝜓⟩ = ⟨𝜓𝐤′𝐤| 𝑐∗−𝐤′↓𝑐

∗
𝐤′↑𝑐−𝐤↓𝑐𝐤↑ |𝜓𝐤′𝐤⟩ (7.111)

where

|𝜓𝐤′𝐤⟩ =
[
𝑢𝐤′ + 𝑣𝐤′𝑐∗−𝐤′↓𝑐

∗
𝐤′↑

] [
𝑢𝐤 + 𝑣𝐤𝑐∗−𝐤↓𝑐

∗
𝐤↑

]
|𝜙0⟩ . (7.112)

Completing this calculation using a similar approach to that used for the kinetic energy
term leads to

⟨𝜓| 𝑐∗−𝐤′↓𝑐
∗
𝐤′↑𝑐−𝐤↓𝑐𝐤↑ |𝜓⟩ = 𝑢∗𝐤𝑣

∗
𝐤′𝑢𝐤′𝑣𝐤 . (7.113)

The interpretation of this term is also intuitive. The scattering event takes the pair at
(𝐤,−𝐤) and scatters it into the state (𝐤′,−𝐤′). Thus the initial state is characterized by
pair 𝐤 being occupied, and the pair 𝐤′ being empty. The probability amplitude of this
state is 𝑢𝐤′𝑣𝐤 . Similarly, the term 𝑢∗𝐤𝑣

∗
𝐤′ is the conjugate of the probability amplitude of

the final state with the pair 𝐤′ occupied and 𝐤 being empty.
Summing terms for all 𝐤 leads to the expectation value of the BCS Hamiltonian

𝑊 = ⟨𝜓|ℋBCS |𝜓⟩ = 2
∑

𝐤
𝜀𝐤|𝑣𝐤|2 +

∑

𝐤,𝐤′
𝒱𝐤,𝐤′𝑢∗𝐤𝑣

∗
𝐤′𝑢𝐤′𝑣𝐤 . (7.114)

Similar to our discussion about Cooper pairs in Section 7.4.1, the BCS theory simplifies
𝒱𝐤,𝐤′ as

𝒱𝐤,𝐤′ =
⎧

⎨
⎩

−𝒱 if |𝜀𝐤| and |𝜀𝐤′ | ≤ ℏ𝜔D
0 otherwise

(7.115)

where 𝒱 is a positive constant.
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Figure 7.13 The probability that a
pair state is occupied as a function of
energy near the Fermi surface. The
width of the transition is
approximately 2∆.

The next step is tominimize𝑊 by varying 𝑣𝐤 subject to the constraint |𝑢𝐤|2+ |𝑣𝐤|2 =
1. The details of this calculation are beyond the scope of our discussion, but can be
found in Tinkham [51] and Van Duzer and Turner [50]. The result is found to be

𝑣2𝐤 =
1
2 [1 −

𝜀𝐤
ℰ𝐤

] , (7.116)

where

ℰ𝐤 =
√
𝜀2𝐤 + ∆2 (7.117)

is the energy of an electron that has broken free from a bound pair, referred to as a
quasi-particle, and

∆ ≈ 2ℏ𝜔D 𝑒−1∕𝒱𝑁(0). (7.118)

The behavior of 𝑣2𝐤 is shown in Figure 7.13.
For an electron at the Fermi surface, 𝜀𝐤 = 0, so ℰ𝐤 = ∆. In other words, theminimum

amount of energy a quasi-particle can have after escaping a Cooper pair is ∆. However,
to break a Cooper pair requires an energy of 2∆, since there are two electrons. Thus
there is an energy gap of 2∆ that must be overcome to break a Cooper pair.
The previous analysis is valid at a temperature of 0 K. The model can be extended to

finite temperature by incorporating the Fermi-Dirac distribution function to describe
the probability that energy states are occupied. The resulting calculation shows that
the superconducting gap ∆ decreases as the temperature increases, and goes to zero
at a critical temperature 𝑇c. The expression for the critical temperature from the BCS
theory is

𝑘B𝑇c ≈ 1.13ℏ𝜔D 𝑒−1∕𝒱𝑁(0). (7.119)

One of the remarkable results of the BCS theory is that the ratio of the energy gap to
the critical temperature is a constant, independent of model parameters such as 𝒱 and
𝜔D:

2∆(0)
𝑘B𝑇c

≈ 3.5. (7.120)

This result is comparedwith the experimental values for several technologically impor-
tant materials in Table 7.2. The fact that this result is independent of the precise details
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Table 7.2 Comparison of 2∆(0)∕𝑘B𝑇c
with the BCS theory predition for some
technologically important
superconductors.

Element 2𝚫(0)∕kBTc

BCS 3.5

Al 3.3

Nb 3.8

Ta 3.6

of the model for the potential and phonon interactions helps to justify the simple
approximations associated with the jellium model.

7.5 Electrodynamics of Superconductors

7.5.1 Cooper Pairs and the Macroscopic Wave Function

Recall that the two-particle wave function could be written (see (7.55))

𝜓 =
∑

𝐤
𝑎𝐤 𝑒𝑖𝐤⋅(𝐫1−𝐫2) (7.121)

where the sum over 𝐤 includes only values in a range ∆𝑘 about 𝑘F. The range ∆𝑘 can
be estimated from the associated range of energies ∆ℰ using

ℰ = ℏ2𝑘2
2𝑚e

.

For ∆ℰ near the Fermi surface, we have

∆ℰ =
ℏ2𝑘F
𝑚e

∆𝑘 = ℏ𝑣F∆𝑘 (7.122)

where 𝑣F is the velocity at the Fermi surface. We can then estimate the size of the pair
using the uncertainty relation

∆𝑟∆𝑘 ≈ 1

or

∆𝑟 ≈ 1
∆𝑘

≈
ℏ𝑣F
∆ℰ . (7.123)

If the states making up a pair state are within a range 2∆(0) about the Fermi energy,
then from (7.120)

∆𝑟 ∼
ℏ𝑣F

3.5𝑘B𝑇c
. (7.124)

The size of a Cooper pair is also referred to as the coherence length 𝜉0. The actual value
from the BCS theory is

∆𝑟 ∼ 𝜉0 = 0.18
ℏ𝑣F
𝑘B𝑇c

. (7.125)
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As an example, consider aluminum, which has a critical temperature of 1.18 K and a
Fermi velocity of 2.03 × 106 m/s in the free electron theory [56]. The size estimate is
then

∆𝑟 ≈ 𝜉0 = 2.4𝜇m. (7.126)

Since the range of 𝑘’s is centered about 𝑘F, there are rapid oscillations within this wave
packet with period of order

𝜆F =
2𝜋
𝑘F

= 2𝜋ℏ
𝑚e𝑣F

≈ 3.6 × 10−4 𝜇m.

Taking∆𝑟 to be the diameter of a spherical volume associated with a Cooper pair, the
volume is found to be of order 6.8×10−18m3. The electron density in aluminum is 𝑛e =
18.1 × 1028m−3, so the volume associated with a pair is of order 2∕𝑛e = 1.1 × 10−29m3.
We conclude that a Cooper pair overlaps with billions of other Cooper pairs. Under
these circumstances it is energetically favorable for the pairs to “lock phases.” In the
absence of net pair momentum, the fluid of Cooper pairs can be represented by an
ensemble average function

𝜓 = |𝜓(𝐫)|. (7.127)

This is not an actual wave function, but rather it represents an ensemble average. If net
pair momentum does exist, then the ensemble average takes the form

𝜓 = |𝜓(𝐫)| 𝑒𝑖𝐊⋅𝐫 , (7.128)

or more generally

𝜓 = |𝜓(𝐫)| 𝑒𝑖𝜃(𝐫). (7.129)

A fundamental assumption in our treatment of the electrodynamics of superconductors
is that the superconducting fluid can be represented by such a macroscopic many body
wave function with a well-defined amplitude and phase.

7.5.2 Potential Functions

It is possible to define auxiliary functions Φ and 𝐀 from which the electromagnetic
fields 𝐄 and 𝐁 can be obtained:

𝐄 = −∇Φ − 𝜕𝐀
𝜕𝑡

(7.130)

𝐁 = ∇ × 𝐀 (7.131)

where Φ is the electric scalar potential and 𝐀 is the magnetic vector potential. Note
that some computational economy is apparent since 𝐄,𝐁 (6 scalar components) can
be derived from Φ,𝐀 (4 scalar components). These functions are constructed to satisfy
two of Maxwell’s equations:

∇ ⋅ 𝐁 = ∇ ⋅ (∇ ×𝐀) = 0, (7.132)
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and

∇ × 𝐄 = −∇ × (∇Φ) − 𝜕
𝜕𝑡
∇ ×𝐀

∇ × 𝐄 = −𝜕𝐁
𝜕𝑡
.

(7.133)

Here we have used the vector identities∇ ⋅ (∇×𝐐) = 0 and∇×(∇𝜙) = 0, where 𝜙 and
𝐐 are arbitrary differentiable scalar and vector functions, respectively.
By requiring that the other twoMaxwell equations be satisfied we obtain differential

equations for Φ,𝐀. Assuming the scalar constitutive relations 𝐃 = 𝜖𝐄 and 𝐁 = 𝜇𝐇 we
have

∇ ⋅𝐃 = 𝜌

∇ ⋅ 𝐄 =
𝜌
𝜖

− [∇ ⋅∇Φ + 𝜕
𝜕𝑡
(∇ ⋅𝐀)] =

𝜌
𝜖

∇2Φ + 𝜕
𝜕𝑡
(∇ ⋅𝐀) =

𝜌
𝜖

(7.134)

and

∇ ×𝐇 = 𝜕𝐃
𝜕𝑡

+ 𝐉

∇ × 𝐁 = 𝜇𝜖 𝜕𝐄
𝜕𝑡

+ 𝜇𝐉

∇ × (∇ ×𝐀) = 𝜇𝜖 [−∇
𝜕𝚽
𝜕𝑡

− 𝜕2𝐀
𝜕𝑡

] + 𝜇𝐉

∇2𝐀 − ∇ [∇ ⋅𝐀 + 𝜇𝜖𝜕Φ
𝜕𝑡
] − 𝜇𝜖 𝜕

2𝐀
𝜕𝑡2

= −𝜇𝐉

(7.135)

where in the last line we have used the vector identity ∇× (∇ ×𝐀) = ∇(∇ ⋅𝐀) − ∇2𝐀.
So far we have only specified the curl of 𝐀. However, according to the Helmholtz

theorem, both the divergence and the curlmust be specified to uniquely define a vector
field. Two common choices are the Coulomb gauge and the Lorentz gauge.
The Coulomb gauge is∇ ⋅𝐀 = 0. This is particularly useful for static problems where

time derivatives vanish. In this case the two differential equations become decoupled.
The Lorentz gauge is ∇ ⋅ 𝐀 = −𝜇𝜖𝜕Φ∕𝜕𝑡. This choice decouples the equations even

in the presence of time-varying fields.
We will return to the discussion of the choice of gauge for superconductors after the

next section.

7.5.3 London Equations

Recall from Section 6.2 that the canonical momentum for a particle in an electro-
magnetic field is 𝐩 = 𝑚𝐯 + 𝑒𝐀. It follows that the momentum for a Cooper pair is

𝐩 = 𝑚∗𝐯s + 𝑒∗𝐀 (7.136)
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where 𝑚∗ = 2𝑚e and 𝑒∗ = −2𝑒. If the pair density is 𝑛∗s and all pairs have the same
momentum, then the momentum density is 𝑛∗s𝐩. To make the transition to a quantum
description, we make the identification

𝑛∗s𝐩 = ⟨𝜓| ℏ𝑖 ∇ |𝜓⟩ (7.137)

where𝜓(𝐫) =
√
𝑛∗s (𝐫) exp 𝑖𝜃(𝐫) is the pair-fluidwave function. If 𝑛∗s (𝐫) is constant, then

ℏ
𝑖 ∇𝜓 = ℏ∇𝜃 𝜓. (7.138)

It follows that6

⟨𝜓| ℏ𝑖 ∇ |𝜓⟩ = ℏ∇𝜃 ⟨𝜓|𝜓⟩ = 𝑛∗s ℏ∇𝜃 (7.139)

and

𝐩 = ℏ∇𝜃 = 𝑚∗𝐯s + 𝑒∗𝐀. (7.140)

The pair current density is

𝐉s = 𝑛∗s 𝑒∗𝐯s. (7.141)

Solving for 𝐯s and substituting into the expression for 𝐩 gives

𝐩 = ℏ∇𝜃 = 𝑒∗Λ𝐉s + 𝑒∗𝐀 (7.142)

where

Λ = 𝑚∗

𝑛∗s (𝑒∗)2
. (7.143)

Taking the curl of (7.142) gives

∇ × 𝐩 = ℏ∇ × ∇𝜃 = 𝑒∗Λ∇ × 𝐉s + 𝑒∗∇ ×𝐀. (7.144)

However, ∇ × ∇𝜃 ≡ 0, so we have

Λ∇ × 𝐉s + 𝐁 = 0. (7.145)

This is known as the second London equation. We will see in Section 7.5.5 that when
combinedwithMaxwell’s equation fromFaraday’s law, this equation implies that fields
decay exponentially from a surface into a superconductor.

6 Note that here the wave function has been normalized so that ⟨𝜓|𝜓⟩ = 𝑛∗s instead of the usual case
⟨𝜓|𝜓⟩ = 1.
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Taking the time derivative of (7.145) gives

Λ∇ ×
𝜕𝐉s
𝜕𝑡

= −𝜕𝐁
𝜕𝑡
. (7.146)

Comparing this to Maxwell’s equation from Faraday’s law

∇ × 𝐄 = −𝜕𝐁
𝜕𝑡

(7.147)

suggests that

Λ
𝜕𝐉s
𝜕𝑡

= 𝐄. (7.148)

This is known as the first London equation. It states that particles accelerate when a
field is applied, as opposed to sustaining a current against resistance as is the case in
normal conductors.

7.5.4 London Gauge

F. London argued that ⟨𝐩⟩ = 0 for the ground state of a superconductor with no mag-
netic fields applied. He then pointed out that if the wave function was unchanged to
lowest order when a field was applied, then ⟨𝐩⟩ = 0 would still be true. This “rigidity”
of the state can be thought of as resulting from the energy gap; i.e., application of suffi-
ciently small fields cannot change the state of the system. Setting 𝐩 = 0 in (7.142) gives

𝐉s = − 1
Λ𝐀. (7.149)

Since this depends on 𝐀 directly, it can only be true if the gauge of 𝐀 is specified
properly. To do this, consider the simply-connected superconductor shown in Figure
7.14. Integrating the second London equation over a closed surface S just inside the
superconductor gives

Figure 7.14 Geometry used to understand the London gauge.
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∫
S
𝐉s ⋅ 𝐝𝐬 = − 1

Λ∫
S
𝐀 ⋅ 𝐝𝐬. (7.150)

If the current leaving the superconductor is the same as that entering so that there is
no net charge accumulation, then

∫
S
𝐉s ⋅ 𝐝𝐬 =∫

S
𝐀 ⋅ 𝐝𝐬 = 0. (7.151)

Using the divergence theorem to relate the integral over a closed surface to one over
the enclosed volume, we have

∫
S
𝐀 ⋅ 𝐝𝐬 =∫

V
∇ ⋅𝐀d𝑣 = 0. (7.152)

If this is true for any volume inside the superconductor, then it must be true that

∇ ⋅𝐀 = 0. (7.153)

This along with (7.149) is known as the London gauge. It is also generally true that
inside a superconductor Φ = 0.

7.5.5 Penetration Depth

For static fields, we have from Maxwell’s equation from Ampere’s law:

∇ × 𝐁 = 𝜇0𝐉s. (7.154)

Taking the curl of both sides and using the identity∇×(∇×𝐁) = ∇(∇ ⋅𝐁)−∇2𝐁 along
with the Maxwell equation ∇ ⋅ 𝐁 = 0 gives

∇2𝐁 = 1
𝜆2L
𝐁, (7.155)

where

𝜆L =

√
Λ
𝜇0

=
√

𝑚∗

𝜇0𝑛∗s (𝑒∗)2
. (7.156)

Note that (7.149) implies that the current at a particular point depends only on the
field at that point. However, if the coherence length is large compared to the variations
in the field, then the current has a non-local relationship to the field and the point rela-
tion (7.149) is not valid. In such cases it turns out that (7.155) is still useful, though the
effective characteristic length will be different from 𝜆L. Consequently in the following
discussion we use the more generic 𝜆 instead of 𝜆L.
As an example, consider the case of a magnetic field applied parallel to the surface of

a semi-infinite superconducting region as illustrated in Figure 7.15. In this case (7.155)
becomes
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Figure 7.15 Behavior of the magnetic field and
superconducting current at the interface between a
superconductor and a normal region. (Note that the
field and current have different scales.)

𝜕2𝐵𝑦
𝜕𝑥2

= 1
𝜆
𝐵𝑦 . (7.157)

The general solution to this equation is

𝐵𝑦 = 𝐵+ 𝑒𝑥∕𝜆 + 𝐵− 𝑒−𝑥∕𝜆. (7.158)

If𝐵𝑦 is to remain finite, we conclude𝐵+ = 0. Further,matching the boundary condition
at 𝑥 = 0 gives 𝐵− = 𝐵0. The solution inside the superconductor is therefore

𝐵𝑦(𝑥) = 𝐵0 𝑒−𝑥∕𝜆, 𝑥 ≥ 0. (7.159)

The current is then obtained from (7.154):

𝐽s𝑧 = −
𝐵0
𝜇0𝜆

𝑒−𝑥∕𝜆. (7.160)

We see that the field is indeed excluded from the bulk, but it does penetrate a distance
𝜆. Thefield deepwithin the superconductor vanishes because of shielding currents near
the surface that also extend over a depth 𝜆.

7.5.6 Flux Quantization

In this section we will see that although the magnetic field must be zero inside a super-
conductor, a field can exist in a hole through a superconductor, but it can only take on
discrete values.
Consider a superconducting sample with a hole in it as shown in Figure 7.16. Recall

that the canonical momentum in a superconductor in the presence of a magnetic field
is 𝐩 = ℏ∇𝜃 = 𝑒∗Λ𝐉s + 𝑒∗𝐀. Let us integrate this around the closed contour C shown in
Figure 7.16:

Figure 7.16 Geometry of a
superconducting sample containing a
hole used to calculate the magnetic
flux quantum.



192 7 Superconductivity

∮ 𝐩 ⋅ 𝐝𝐥 = ℏ∮ ∇𝜃 ⋅ 𝐝𝐥 =∮ 𝐀 ⋅ 𝐝𝐥. (7.161)

Here we have used the fact that 𝐉s = 0 if we choose the contour to be deep within the
superconductor (i.e., deep with respect to the decay length 𝜆).
Note that in general

∫
𝑏

𝑎
∇𝜃 ⋅ 𝐝𝐥 = 𝜃𝑏 − 𝜃𝑎. (7.162)

Since the wave function must be single-valued and the phase is determined to within a
multiple of 2𝜋 at each point, we have 𝜃𝑏 = 𝜃𝑎 + 2𝑛𝜋 if the starting and ending points
are the same (i.e., if the contour is closed). We conclude that

ℏ∮ ∇𝜃 ⋅ 𝐝𝐥 = 2𝑛𝜋ℏ =∮ 𝐀 ⋅ 𝐝𝐥. (7.163)

Stokes’s theorem enables us to relate a contour integral to an integral over the surface
enclosed by the contour:

∮ 𝐀 ⋅ 𝐝𝐥 = 𝑒∗∫
S
(∇ ×𝐀 ⋅ 𝐝𝐬

= 𝑒∗∫
S
𝐁 ⋅ 𝐝𝐬

≡ 𝑒∗Φs

(7.164)

where Φs is the total flux enclosed by the contour C. Since the flux density is zero in
the bulk of the superconductor, Φs is the flux through the hole. We conclude that the
flux is quantized:

Φs =
2𝑛𝜋ℏ
𝑒∗ = 𝑛ℎ

𝑒∗ . (7.165)

The basic unit of flux, called the flux quantum, is

Φ0 =
ℎ
2𝑒 = 2.07 × 10−15 Wb. (7.166)

The trapped flux is accompanied by shielding currents required to keep 𝐁 zero in the
bulk of the superconductor. These persistent currents do not exhibit any measurable
decay.

7.6 Chapter Summary

In this chapter we have provided an introduction to the microscopic theory of super-
conductivity, along with the needed basic concepts from solid state physics. The main
points for our purposes can be summarized briefly as follows:

● Below a certain critical temperature, conduction electrons in certain materials expe-
rience a net attractive interaction caused by their interaction with the ions in the
material.

● As a result of this attractive interaction, electrons with opposite spin and opposite
momenta form bound states called Cooper pairs.
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● The size of a Cooper pair is very large compared to the distance between electrons so
that there is significant overlap between Cooper pairs.

● Owing to this overlap, it is energetically favorable for the Cooper pairs to “lock
phases” so that a macroscopic sample can be described with a single ensemble
average wave function of the form 𝜓 = |𝜓(𝐫)| exp (𝑖𝜃(𝐫)).

● The formation of Cooper pairs lowers the energy of the ground state from that of the
normal metal. The amount of energy necessary to break a Cooper pair—and thus
increase the system energy—is 2∆, where ∆ is the superconducting energy gap and
represents the energy needed to remove a single electron from a Cooper pair.

● Because of the energy gap, application of small perturbations to the system that do
not break Cooper pairs will not change the ground state. As a result, application of
a magnetic field will result in supercurrents near the surface that cancel the applied
field interior to the sample, provided the energy stored in this inducedmagnetic field
is insufficient to break Cooper pairs.

● The fact that the magnetic field is zero inside a superconductor along with the effec-
tivemacroscopicwave function lead to the conclusion that themagnetic flux through
a hole in a superconductor must be quantized. The value of the flux quantum is
Φ0 = ℎ∕2𝑒.

7.7 Exercises

7.1 Using the free electron model of a metal, find the Fermi energy of copper if the
density of conduction electrons is 8.47 × 1028 m−3. Express your answer in both
Joules and electron volts (eV).

7.2 Aluminum has an atomic density of 6.03 × 1028 m−3 and an acoustic phonon
velocity (longitudinal sound velocity) of 6,420 m/s. Find the Debye frequency
and Debye temperature.

7.3 The conductivity of copper is 5.96× 107 S/m. If the electron density is 8.47× 1028

m−3, estimate the momentum relaxation time 𝜏 using the free electron model.

7.4 Estimate the kinetic inductance of a copper wire 1 cm long and 0.1 mm in
diameter. The electron density in copper is 8.47 × 1028 m−3.

7.5 In this problem we will find the 3D Fourier transform of the Coulomb potential,
that is we will show that

ℱ{ 1𝑟 } =∫ d3𝑟 1𝑟 𝑒
𝑖𝐪⋅𝐫 = 1

𝑞2
. (7.167)

Our approachwill be to take the Fourier transformof a similar integralwith expo-
nential damping, then taking the limit as the damping goes to zero. A suitable
form is the Yukawa potential exp(−𝜆𝑟)∕𝑟.
(a) Choose the coordinate system so that 𝐪 is along the 𝑧 axis, and write the

integral explicitly in spherical coordinates, replacing the dot product with
cos 𝜃. Complete the integration over the azimuthal coordinate 𝜙.
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(b) Perform a change of variable from 𝜃 to 𝑥 = cos 𝜃, also changing the limits of
integration as appropriate. Perform the integration over 𝑥.

(c) Finally, perform the integration over 𝑟 and take the limit as 𝜆 → 0 to recover
the desired result.

7.6 Calculate the London penetration depth for aluminum if the single-particle
electron density is 18.1 × 1028 m−3.
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8

Josephson Junctions

The device that is the workhorse of most superconducting computers is the Joseph-
son Junction, which consists of two superconducting regions separated by a non-
superconducting layer—usually an insulator. A typical junction is fabricated from
aluminum films with thicknesses in the range of 35–85 nm. The native oxide of the
aluminum is used to form the insulating layer. This structure exhibits a non-linear
inductance, which results in different spacings between the excited energy levels and
enables us to uniquely address only two states—a key requirement for a qubit. By
biasing the Josephson junction with different currents, it can also be used to realize
a time-varying inductance that is used in low noise parametric amplifiers. Finally,
when two junctions are placed in parallel, the effective inductance can be varied by
the application of a magnetic field. This makes it possible to realize tunable qubits.
The useful dynamics result from Cooper pairs that “tunnel” across the non-

superconducting layer in the junction. This tunneling phenomenon is purely quantum
mechanical and very unintuitive. For this reason we begin the chapter with a basic
discussion of tunneling.

8.1 Tunneling

Suppose that we have a tennis ball in the bottom of a box. The only way to get the ball
out of the box classically is to lift it up and over the side. In doing this, we are giving
the ball additional gravitational potential energy so that its energy exceeds the potential
energy at the top of the wall of the box.
In contrast, if we consider instead an electron trapped in a “box,” we must analyze

the problem quantummechanically. It turns out that because the wave function of the
electron does not go to zero inside the wall of the box but rather decays exponentially,
there is a finite possibility that the electron will be found outside the box if a measure-
ment is made. It is as if the electron can “tunnel” through the barrier represented by
the wall of the box.
The amount of energy it takes to remove an electron from a metal is called the

work function, and is usually of order several electron volts—enough to keep the elec-
trons comfortably inside the metal under normal circumstances. We can consider the
electrons trapped inside a box with walls whose height is represented by the work
function.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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However, if two superconductors are placed sufficiently close together, the “wall”
of the box becomes sufficiently thin that the wave function representing each super-
conductor still has non-negligible amplitude at the other side of the barrier, making
tunneling possible.
The details of tunneling between two superconductors are not critical for our pur-

poses, but it is helpful to have an intuitive notion about tunneling. Toward this end, let
us consider the 1-dimensional problem of a particle incident on a potential barrier that
is higher than the energy of the particle.1Wefirst consider the case of a step in potential
so that the barrier thickness extends indefinitely, then we consider the case of a finite
thickness barrier.

8.1.1 Reflection from a Barrier

Consider an electron represented by the plane wave exp (𝑖𝑘𝑥) incident from the left on
a potential barrier 𝑈(𝑥) of the form

𝑈(𝑥) = {
0 𝑥 ≤ 0
𝑉 𝑥 > 0

(8.1)

as shown in Figure 8.1(a). To understand the behavior of the electron in this case, we
need to solve the Schrödinger equation

− ℏ2
2𝑚

d2𝜓
d𝑥2

+𝑈(𝑥)𝜓 = ℰ𝜓. (8.2)

It is easy to verify that when 𝑈 is a constant, the general solution of Schrödinger’s
equation is

𝜓 = 𝐴 𝑒𝑖𝑘𝑥 + 𝐵 𝑒−𝑖𝑘𝑥, (8.3)

where 𝐴, 𝐵 are constants determined by the boundary conditions, and

𝑘 = 1
ℏ
√
2𝑚(ℰ −𝑈). (8.4)

With these definitions we can construct the general solution for the wave function in
the two regions as

𝜓(𝑥) = {
𝑒𝑖𝑘𝑥 + 𝑅 𝑒−𝑖𝑘𝑥 𝑥 ≤ 0

𝑇 𝑒−𝜅𝑥 𝑥 > 0.
(8.5)

Here

𝑘 = 1
ℏ

√
2𝑚ℰ (8.6)

and

𝜅 = 1
ℏ
√
2𝑚(𝑉 − ℰ). (8.7)

1 This problem is discussed in most introductory texts on quantum mechanics. Our discussion draws
from [41].
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Figure 8.1 Geometry for a
particle incident from the left on
a potential barrier filling the
half-space for x> 0. The wave
function plot is for the case
ℰ = V /2.

The quantity 1∕𝜅 can be interpreted as a characteristic decay length in the barrier;
it represents the distance over which the amplitude decays to 1∕𝑒 of its value at the
interface.
The two simultaneous equations needed to solve for 𝑅 and 𝑇 are obtained by

requiring the wave function and its derivative to be continuous at 𝑥 = 0:

1 + 𝑅 = 𝑇 (8.8)

𝑖𝑘(1 − 𝑅) = −𝜅𝑇. (8.9)

Eliminating 𝑇 and solving for 𝑅 gives

𝑅 = 𝑖𝑘 + 𝜅
𝑖𝑘 − 𝜅

≡ 𝑒𝑖𝛼. (8.10)

The introduction of the phase angle 𝛼 is motivated by the observation that the numer-
ator and denominator have the same magnitude, so 𝑅 is characterized by unity
magnitude but with a phase that depends on the barrier height. |𝑅|2 simply gives the
probability that the electron will be reflected, and the fact that its magnitude is unity
means, of course, that it will always be reflected since its energy is less than the barrier
height. It follows from (8.8) that

𝑇 = 1 + 𝑒𝑖𝛼. (8.11)
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Substituting these values for 𝑅, 𝑇 into (8.5) gives

𝜓 =
⎧

⎨
⎩

2𝑒𝑖𝛼∕2 cos (𝑘𝑥 − 𝛼∕2) 𝑥 ≤ 0

2𝑒𝑖𝛼∕2 cos (𝛼∕2)𝑒−𝜅𝑥 𝑥 > 0.
(8.12)

This wave function is plotted in Figure 8.1(b) for the case 𝑉 = 2ℰ. The pattern to the
left of the boundary is simply the envelope of a standing wave pattern, similar to that
shown in Figure 4.4.
Note that although the particle is reflected with certainty, the wave function does

penetrate into the barrier with an exponential decay. It is easy to imagine what would
happen if the barrier had a finite depth: satisfying the boundary conditions at the
second interface would require a finite amplitude beyond the barrier. In other words
there would be some non-zero probability that the electron would be found beyond the
barrier, even though its energy was less than the barrier height!

8.1.2 Finite Thickness Barrier

To verify our intuition, the problem can be generalized to the case of a barrierwith finite
width as shown in Figure 8.2(a) using a similar approach. In this case the potential is
given by

𝑈(𝑥) = {
𝑉 |𝑥| ≤ 𝑎∕2
0 otherwise.

(8.13)

Figure 8.2 Geometry for a
particle incident from the left on
a potential barrier with finite
width. The wave function plot is
for the case ℰ = V /2.
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With these definitions we can construct the general solution for the wave function in
the three regions as

𝜓(𝑥) =
⎧

⎨
⎩

𝑒𝑖𝑘𝑥 + 𝑅 𝑒−𝑖𝑘𝑥 𝑥 ≤ −𝑎∕2
𝐴 𝑒−𝜅𝑥 + 𝐵 𝑒𝜅𝑥 |𝑥| < 𝑎∕2

𝑇 𝑒𝑖𝑘𝑥 𝑥 ≥ 𝑎∕2.
(8.14)

The four equations needed to find 𝑅,𝐴, 𝐵, 𝑇 are provided by satisfying the boundary
conditions that both𝜓 and d𝜓∕d𝑥 are continuous at 𝑥 = ±𝑎∕2. The resulting equations
for 𝑥 = −𝑎∕2 are

𝑒−𝑖𝑘𝑎∕2 + 𝑅 𝑒𝑖𝑘𝑎∕2 = 𝐴 𝑒𝜅𝑎∕2 + 𝐵 𝑒−𝜅𝑎∕2 (8.15)

𝑖𝑘𝑒−𝑖𝑘𝑎∕2 − 𝑖𝑘𝑅 𝑒𝑖𝑘𝑎∕2 = −𝜅𝐴 𝑒𝜅𝑎∕2 + 𝜅𝐵 𝑒−𝜅𝑎∕2. (8.16)

Adding and subtracting these two equations and expressing the result in matrix form
gives

⎡
⎢
⎢
⎣

1

𝑅

⎤
⎥
⎥
⎦

= 1
2

⎡
⎢
⎢
⎢
⎣

(
1 + 𝑖 𝜅

𝑘

)
𝑒(𝜅+𝑖𝑘)𝑎∕2

(
1 − 𝑖 𝜅

𝑘

)
𝑒(−𝜅+𝑖𝑘)𝑎∕2

(
1 − 𝑖 𝜅

𝑘

)
𝑒(𝜅−𝑖𝑘)𝑎∕2

(
1 + 𝑖 𝜅

𝑘

)
𝑒(−𝜅−𝑖𝑘)𝑎∕2

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝐴

𝐵

⎤
⎥
⎥
⎦

. (8.17)

Similarly, applying the boundary conditions at 𝑥 = 𝑎∕2 gives

𝐴 𝑒−𝜅𝑎∕2 + 𝐵 𝑒𝜅𝑎∕2 = 𝑇 𝑒𝑖𝑘𝑎∕2 (8.18)

−𝜅𝐴 𝑒−𝜅𝑎∕2 + 𝜅𝐵 𝑒𝜅𝑎∕2 = 𝑖𝑘𝑇 𝑒𝑖𝑘𝑎∕2. (8.19)

Adding and subtracting these equations as before leads to the matrix equation

⎡
⎢
⎢
⎣

𝐴

𝐵

⎤
⎥
⎥
⎦

= 1
2

⎡
⎢
⎢
⎢
⎣

(
1 − 𝑖 𝑘

𝜅

)
𝑒(𝜅+𝑖𝑘)𝑎∕2

(
1 + 𝑖 𝑘

𝜅

)
𝑒(−𝜅+𝑖𝑘)𝑎∕2

⎤
⎥
⎥
⎥
⎦

𝑇. (8.20)

Substituting (8.20) into (8.17) gives

𝑇 = 𝑒−𝑖𝑘𝑎

cosh 𝜅𝑎 + 𝑖(𝜀∕2) sinh 𝜅𝑎
, (8.21)

and

𝑅 =
−𝑖(𝜂∕2) sinh 𝜅𝑎 𝑒−𝑖𝑘𝑎

cosh 𝜅𝑎 + 𝑖(𝜀∕2) sinh 𝜅𝑎
, (8.22)

where

𝜀 = 𝜅
𝑘
− 𝑘
𝜅 , and 𝜂 = 𝜅

𝑘
+ 𝑘
𝜅 . (8.23)

The coefficients 𝐴, 𝐵 are then given by (8.20). The magnitude of the resulting wave
function for the case of ℰ = 𝑉∕2 is shown in Figure 8.2(b). Note that the finite ampli-
tude in the transmitted region means that there is some probability that the electron
will somehow “tunnel” through the barrier even though its energy is less than the bar-
rier height. Note also that the cancellation in the standing wave pattern on the left
side is not complete, since the amplitude of the reflected wave is now diminished, and
conservation of probability requires that |𝑅|2 = 1 − |𝑇|2 (see 8.1).
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In this section we have discussed the tunneling of a single electron. In the case of the
Josephson junction, Cooper pairs are tunneling as opposed to single electrons (which
in this context we would refer to as quasi-particle tunneling). The main notions of the
wave function decaying exponentially across a thin barrier allowing coupling between
excitations on the two sides remains applicable, but there are important differences.
In particular, pair tunneling can occur even without a bias voltage applied across the
junction, and consequently currents can flow without a voltage drop under certain
circumstances.

8.2 Josephson Junctions

In this section we use a phenomenological approach to model the coupling between
the superconductors in a Josephson junction resulting from the tunneling of Cooper
pairs.

8.2.1 Current and Voltage Relations

As we have discussed, the state of a superconductor can be represented by a macro-
scopic wave function of the form

𝜓(𝐫) =
√
𝑛∗ 𝑒𝑖𝜃 . (8.24)

For an isolated superconductor, this wave function must satisfy the time-dependent
Schrödinger equation

𝑖ℏ
𝜕𝜓
𝜕𝑡

= 𝑈𝜓, (8.25)

where 𝑈 is the energy of the superconducting state. The magnitude of this wave func-
tion will be uniform inside the superconductor, but will decay exponentially away
from the surface. Consequently, if two superconductors are placed close enough to
one another, it is possible for the wave functions to overlap, resulting in tunneling of
Cooper pairs from one to the other. As previously discussed, a Josephson Junction is
formed when two superconductors are separated by a thin insulating layer as shown in
Figure 8.3. The interaction causes shifts in the energies of the two wave functions. The
interaction can be described phenomenologically by the coupled equations2

Figure 8.3 A Josephson junction is formed by two superconductors separated by a thin
insulating layer.

2 Our analysis follows Feynman [57].
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𝑖ℏ
𝜕𝜓1
𝜕𝑡

= 𝑈1𝜓1 + 𝜅𝜓2, (8.26)

𝑖ℏ
𝜕𝜓2
𝜕𝑡

= 𝑈2𝜓2 + 𝜅𝜓1, (8.27)

where 𝜅 is a coupling constant describing the strength of the interaction, and deter-
mined by the details of the geometry. This approach has the advantage of enabling us
to understand the behavior of the junction without detailed modeling of the tunneling
process.
Now suppose the voltage +𝑉∕2 is applied to superconductor 1, and −𝑉∕2 to super-

conductor 2, as shown in Figure 8.3. If both superconductors are identical, then 𝑈1 =
𝑈0− 𝑒∗𝑉∕2 and𝑈2 = 𝑈0+ 𝑒∗𝑉∕2, where 𝑒∗ is the magnitude of the charge of a Cooper
pair, i.e., 𝑒∗ = 2|𝑒|, and 𝑈0 is the energy of the uncoupled superconductors. Choosing
𝑈0 as our reference energy, the coupled equations become

𝑖ℏ
𝜕𝜓1
𝜕𝑡

= −𝑒
∗𝑉
2 𝜓1 + 𝜅𝜓2, (8.28)

𝑖ℏ
𝜕𝜓2
𝜕𝑡

= +𝑒
∗𝑉
2 𝜓2 + 𝜅𝜓1. (8.29)

Substituting 𝜓1 =
√
𝑛∗1 exp 𝑖𝜃1 and 𝜓2 =

√
𝑛∗2 exp 𝑖𝜃2 into (8.28) leads to

𝑖ℏ
𝜕𝑛∗1
𝜕𝑡

− 2ℏ𝑛∗1
𝜕𝜃1
𝜕𝑡

= −𝑒∗𝑉𝑛∗1 + 2𝜅
√
𝑛∗1𝑛

∗
2 𝑒

𝑖𝜙, (8.30)

where 𝜙 = 𝜃2 − 𝜃1 is the difference in phase between the wave functions in the two
superconductors. Taking the real and imaginary parts of (8.30) gives

𝜕𝜃1
𝜕𝑡

= 𝑒∗𝑉
2ℏ

− 𝜅
ℏ

√
𝑛∗2
𝑛∗1

cos𝜙, (8.31)

and

𝜕𝑛∗1
𝜕𝑡

= 2𝜅
ℏ

√
𝑛∗1𝑛

∗
2 sin𝜙. (8.32)

Following a similar process with (8.29) leads to

𝜕𝜃2
𝜕𝑡

= −𝑒
∗𝑉
2ℏ

− 𝜅
ℏ

√
𝑛∗1
𝑛∗2

cos𝜙, (8.33)

𝜕𝑛∗2
𝜕𝑡

= −2𝜅
ℏ

√
𝑛∗1𝑛

∗
2 sin𝜙. (8.34)

Note that 𝜕𝑛∗1∕𝜕𝑡 = −𝜕𝑛∗2∕𝜕𝑡; i.e., when pairs flow across, the tendency to increase
on one side is equal to the tendency to decrease on the other. We say tendency, since a
charge imbalance is prevented by allowing the electrons to return through the external
circuit.
To relate this to the current density across the junction, let us consider what this

tendency would mean if there was no external circuit. Consider a volume that encloses
superconductor 1 and passes through the insulator. The continuity equation relates the
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current across the junction to the change in charge in the volume:

∮ 𝐉1 ⋅ 𝐝𝐬 = − 𝜕
𝜕𝑡
∫

𝑣
𝜌1𝑑𝑣

𝐽1𝐴 = − 𝜕
𝜕𝑡
∫

𝑣
(−𝑒∗𝑛∗1)𝑑𝑣

= 𝑒∗
𝜕𝑛∗1
𝜕𝑡

𝐴𝑊

= 𝑒∗𝐴𝑊 2𝜅
ℏ

√
𝑛∗1𝑛

∗
2 sin𝜙,

(8.35)

or

𝐼1 = 𝐼𝑐 sin𝜙. (8.36)

Here 𝐽1, 𝐼1 are the current density and current directed from superconductor 1 to
superconductor 2, 𝐴 is the junction area, and𝑊 is the dimension of superconductor 1
perpendicular to the junction (we assume the superconductor to be a rectangular solid
for simplicity). The quantity 𝐼𝑐 represents the maximum current that can flow through
the superconducting junction, also referred to as the critical current.
The behavior of 𝜙 is given by

𝜕𝜙
𝜕𝑡

=
𝜕𝜃2
𝜕𝑡

−
𝜕𝜃1
𝜕𝑡

. (8.37)

If the superconductors are identical so that 𝑛∗1 = 𝑛∗2 , this reduces to

𝜕𝜙
𝜕𝑡

= 𝑒∗𝑉
ℏ

= 2𝜋
ℎ
2𝑒𝑉 ≡ 2𝜋

Φ0
𝑉, (8.38)

where Φ0 = ℎ∕(2𝑒) is the flux quantum. The voltage across the junction can therefore
be written

𝑉 =
Φ0
2𝜋

𝜕𝜙
𝜕𝑡
. (8.39)

Equations (8.36) and (8.39) give the current and voltage across a Josephson junction in
terms of the phase difference 𝜙.
To get some understanding about why the Josephson junction is of interest for mak-

ing qubits, let’s take the derivative of the Josephson current (8.36), then express this in
terms of the Josephson voltage using (8.39):

𝜕𝐼
𝜕𝑡

= 𝐼𝑐 cos𝜙
𝜕𝜙
𝜕𝑡

= 𝐼𝑐 cos𝜙
2𝜋𝑉
Φ0

.
(8.40)
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Solving for the voltage, we have

𝑉 =
Φ0

2𝜋𝐼𝑐 cos𝜙
𝜕𝐼
𝜕𝑡

=
Φ0

2𝜋𝐼𝑐
√
1 − sin2 𝜙

𝜕𝐼
𝜕𝑡

=
Φ0

2𝜋𝐼𝑐
√
1 − (𝐼∕𝐼𝑐)2

𝜕𝐼
𝜕𝑡

≡ 𝐿eff(𝐼)
𝜕𝐼
𝜕𝑡
,

(8.41)

where

𝐿eff =
Φ0

2𝜋𝐼𝑐
√
1 − (𝐼∕𝐼𝑐)2

. (8.42)

The Josephson junction therefore looks like a non-linear inductor; i.e., an inductor
whose value depends on the current through it. The consequence of this is that if this
inductor was used to form a circuit resonator, the energy levels would be unequally
spaced—unlike a circuit with a linear inductor that can be modeled as a quantum har-
monic oscillator. This enables individual transitions to be specifically addressed so that
an approximation to a two-level system can be obtained and used to represent a qubit.
It is important to note that the inductance described by (8.42) does not arise from

magnetic flux linkage as in the case of familiar magnetic inductors. Instead, it is a
kinetic phenomena arising from the inertia of the Cooper pairs.
From the geometry (Figure 8.3), it is also clear that there is a junction capacitance

in parallel with the Josephson tunneling junction. Consequently, the equivalent circuit
for the Josephson junction is shown in Figure 8.4.

8.2.2 Josephson Junction Hamiltonian

In the previous section, we treated the current and voltage through the Josephson
junction as classical circuit quantities. Recall that our procedure for transitioning to a
quantum analysis of a system is to obtain the Hamiltonian, then replace the conjugate
variables in the Hamiltonian with operators. We therefore need to obtain the Hamil-
tonian for the Josephson Junction. Our discussion follows the treatment in the Qiskit
Textbook [58].
Consider the circuit shown inFigure 8.5 consisting of a Josephson junction in parallel

with a capacitance. In general the capacitance includes the junction capacitance as
well as additional parallel capacitance from the circuit. Since we have observed that
the Josephson junction has a kinetic inductance (i.e., an inductance arising from the
momentum of the Cooper pairs as opposed to magnetic induction), this represents a
resonant circuit.

I

CI0

I

I0, C=

Figure 8.4 Circuit symbols for a Josephson junction. Left:
equivalent circuit showing the tunneling junction in parallel with
the junction capacitance. Right: compact symbol including both
the tunneling junction and the capacitance.
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IJ

C

IC

V,Φ

I0

Figure 8.5 Non-linear resonant circuit formed by shunting a
Josephson tunnel junction with a capacitor. Here C is the total parallel
capacitance including the intrinsic junction capacitance.

Applying Kirchhoff’s current law to the top node gives

𝐼𝐽 + 𝐼𝐶 = 0

𝐼𝑐 sin𝜙 + 𝐶 d𝑉
d𝑡

= 0

𝐼𝑐 sin𝜙 +
𝐶Φ0
2𝜋

d2𝜙
d𝑡2

= 0

(8.43)

where use has beenmade of the relation between the phase and voltage given by (8.39).
Comparing (8.39) with (6.63), we see that the phase is related to the node flux by 𝜙 =
2𝜋Φ∕Φ0. The equation from Kirchhoff’s law can then be written in terms of the node
flux:

𝐼𝑐 sin (2𝜋Φ∕Φ0) + 𝐶Φ̈ = 0. (8.44)

Since we are interested in the two lowest energy states, we are interested in solutions
when Φ is small. In this case the sine function can be approximated by its argument. If
we further take the solution of the form exp (𝑗𝜔𝑡), this gives the ground state resonant
frequency as

𝜔0 =

√
2𝜋𝐼𝑐
Φ0𝐶

. (8.45)

We will return to this frequency in a moment.
In Section 6.1 we obtained the “equation of motion” from the Lagrangian using the

Euler-Lagrange equation. In this case, we have the equation of motion and we need to
work backward to find the Lagrangian. Specifically, we need to find ℒ that satisfies

𝜕ℒ
𝜕Φ

− d
d𝑡
(𝜕ℒ
𝜕Φ̇

) = 𝐼𝑐 sin (2𝜋Φ∕Φ0) + 𝐶Φ̈ = 0. (8.46)

Noting that Φ only appears in the first term on the RHS of (8.46), and Φ̇ only appears
in the second term, we can guess

𝜕ℒ
𝜕Φ

= 𝐼𝑐 sin (2𝜋Φ∕Φ0), (8.47)

and

𝜕ℒ
𝜕Φ̇

= −𝐶Φ̇. (8.48)

Integrating both of these expressions and noting that the overall sign of the Euler-
Lagrange equation does not affect the dynamics suggests that a suitable Lagrangian
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is given by3

ℒ =
𝐼𝑐Φ0
2𝜋 cos (2𝜋Φ∕Φ0) +

𝐶
2
(
Φ̇
)2
. (8.49)

Following the procedure outlined in Section 6.4.3, the conjugate variable to Φ̇ is
given by

𝑄 = 𝜕ℒ
𝜕Φ̇

= 𝐶Φ̇, (8.50)

and the Hamiltonian is given by

ℋ = Φ̇𝑄 −ℒ

=
𝑄2

2𝐶 −
𝐼𝑐Φ0
2𝜋 cos (2𝜋Φ∕Φ0)

= 4𝐸𝐶 (
𝑄
𝑒∗ )

2

− 𝐸𝐽 cos (2𝜋Φ∕Φ0),

(8.51)

where we have introduced the charging energy4 for a single electron 𝐸𝐶 = 𝑒2∕(2𝐶) and
the Josephson energy 𝐸𝐽 = 𝐼𝑐Φ0∕(2𝜋). The charging energy of a Cooper pair is then
4𝐸𝐶 . We see that the capacitive term is the same form as in the linear resonator model,
but the inductive term is now replaced by the Josephson cosine term. In terms of the
charging and Josephson energies, the resonant frequency (8.45) becomes

𝜔0 =
√
8𝐸𝐶𝐸𝐽
ℏ

. (8.52)

8.2.3 Quantized Josephson Junction Analysis

Our general procedure for quantizing the Hamiltonian is to re-interpret the conju-
gate variables as non-commuting operators. To transform into the second-quantized
or occupation number representation, we introduce the operators

𝑄 = −𝑖 𝑒
∗

2 (
𝐸𝐽
2𝐸𝐶

)
1∕4 (

𝑐 − 𝑐†
)
, (8.53)

Φ =
Φ0
2𝜋 (

2𝐸𝐶
𝐸𝐽

)
1∕4 (

𝑐 + 𝑐†
)
, (8.54)

where [𝑐, 𝑐†] = 1, and 𝑐†, 𝑐 are raising and lowering operators for the anharmonic
system and have the usual properties

𝑎 |𝑗⟩ =
√
𝑗 |𝑗 − 1⟩ , 𝑎† |𝑗⟩ =

√
(𝑗 + 1) |𝑗 + 1⟩ , 𝑎†𝑎 |𝑗⟩ = 𝑗 |𝑗⟩ , (8.55)

and |𝑗⟩ is the 𝑗th state of the anharmonic system.

3 Note that we have not rigorously integrated the equation of motion, but rather have made some
“educated guesses” to obtain a satisfactory form for the Lagrangian.
4 Recall that the energy stored in a capacitor is 𝐶𝑉2∕2, and the charge is related to the voltage through
𝑄 = 𝐶𝑉. Combining these to eliminate 𝑉 gives the energy 𝑄2∕(2𝐶). Thus 𝑒2∕(2𝐶) is the energy
contained in a capacitor charged with a single unit of charge.
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One of the most commonly-used superconducting qubits is the transmon (short
for transmission-line shunted plasma oscillation) qubit. This qubit is realized for our
Josephson junction resonant circuit if 𝐸𝐽 ≫ 𝐸𝐶 . This is realized by adding a large
shunt capacitance. This condition minimizes sensitivity to fluctuations in charge. In
this limit, we see from (8.54) that Φ becomes small, enabling us to expand the cosine
term in (8.51) in a Taylor series

−𝐸𝐽 cos (
2𝜋Φ
Φ0

) = −𝐸𝐽 (1 −
1
2! (

2𝐸𝐶
𝐸𝐽

)
1∕2 (

𝑐 + 𝑐†
)2

+ 1
4! (

2𝐸𝑐
𝐸𝐽

)
(
𝑐 + 𝑐†

)4
+ …)

= −𝐸𝐽 +
√
8𝐸𝐶𝐸𝐽
4

(
𝑐 + 𝑐†

)2
−
𝐸𝐶
12

(
𝑐 + 𝑐†

)4
+ …

= −𝐸𝐽 +
ℏ𝜔0
4

(
𝑐 + 𝑐†

)2
−
𝐸𝐶
12

(
𝑐 + 𝑐†

)4
+ … .

(8.56)

Next let’s consider the first term in the Hamiltonian (8.51):

4𝐸𝐶 (
𝑄
𝑒∗ )

2

= −𝐸𝐶 (
𝐸𝐽
2𝐸𝐶

)
1∕2 (

𝑐 − 𝑐†
)2

= −
√
8𝐸𝐽𝐸𝐶
4

(
𝑐 − 𝑐†

)2

= −
ℏ𝜔0
4

(
𝑐 − 𝑐†

)2
.

(8.57)

Adding (8.56) and (8.57) and simplifying using the commutator [𝑐, 𝑐†] = 1 allows us to
write the complete Hamiltonian as

ℋ = −𝐸𝐽 + ℏ𝜔0
(
𝑐†𝑐 + 1∕2

)
−
𝐸𝐶
12

(
𝑐 + 𝑐†

)4
+ … . (8.58)

Let’s consider taking the expectation value of theHamiltonian ⟨𝑗|ℋ |𝑗⟩. From the third
term in (8.58) we need to evaluate ⟨𝑗| (𝑐+𝑐†)4 |𝑗⟩. Because ⟨𝑗|𝑘⟩ = 𝛿𝑗,𝑘, the terms in this
expectation will vanish unless there are the same number of 𝑐’s and 𝑐†’s in the term.
The surviving terms are therefore

(𝑐 + 𝑐†)4 → 𝑐 𝑐 𝑐†𝑐† + (𝑐 𝑐†)2 + 𝑐 𝑐†𝑐†𝑐 + 𝑐†𝑐 𝑐 𝑐† + (𝑐†𝑐)2 + 𝑐†𝑐†𝑐 𝑐. (8.59)

Using the commutator for 𝑐 and 𝑐† this can be simplified to
(
𝑐 + 𝑐†

)4
→ 3 + 6𝑐†𝑐 + 6(𝑐†𝑐)2. (8.60)

The Hamiltonian finally becomes

ℋ = −𝐸𝐽 −
𝐸𝐶
4 +

ℏ𝜔0
2 + (ℏ𝜔0 −

𝐸𝐶
2 ) 𝑐†𝑐 −

𝐸𝐶
2
(
𝑐†𝑐

)2
. (8.61)

The result of a measurement of the energy will be the expectation value

⟨𝑗|ℋ |𝑗⟩ = −𝐸𝐽 −
𝐸𝐶
4 +

ℏ𝜔0
2 + (ℏ𝜔0 −

𝐸𝐶
2 ) 𝑗 −

𝐸𝐶
2 𝑗2

≡ ℏ𝜔𝑗

(8.62)
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where ℏ𝜔𝑗 is the energy of the 𝑗th transmon state. We are particularly interested in the
difference between adjacent states, since that is the energy that must be supplied or
given up for the transmon to change states. The energy gap between the state (𝑗 + 1)
and 𝑗 is

ℏ(𝜔𝑗+1 − 𝜔𝑗) = ℏ𝜔0 − 𝐸𝐶(1 + 𝑗). (8.63)

The energy needed for the transition |0⟩→ |1⟩ is therefore ℏ𝜔0 − 𝐸𝐶 , while the energy
for the transition |1⟩ → |2⟩ is ℏ𝜔0 − 2𝐸𝐶 . This makes it possible to just address the
|0⟩ → |1⟩ transition, and therefore model the transmon as a two-state system. The dif-
ference in energy between adjacent transitions, 𝐸𝐶 , is referred to as the anharmonicity
and sometimes denoted 𝛿.

8.3 Superconducting Quantum Interference Devices (SQUIDs)

A qubit can also be formed by placing two Josephson junctions in parallel as shown in
Figure 8.6. This configuration is referred to as a Superconducting Quantum Interfer-
ence Device, or SQUID. The name comes from the observation that when an applied
current splits along the two branches, the currents will acquire different phase shifts if
magnetic flux links the loop. The currents will then interfere when they recombine in
a manner that is determined by the magnitude of the flux linking the loop. This config-
uration is of interest in the present context since it allows a mechanism for tuning the
frequency of the qubit by applying a magnetic field.
Recall from Section 7.5.3 that the momentum of a Cooper pair is given by

𝐩 = ℏ∇𝜃 = 𝑒∗ (Λ𝐉𝑆 +𝐀) . (8.64)

Consider the line integral of themomentum around the dashed line shown in Figure
8.6. Assuming that the thickness of the superconductor is large compared with the
London penetration depth, we can choose the location of the path interior to the
superconductor where the current density is zero. The line integral becomes

∮ ∇𝜃 ⋅ 𝐝𝓁 = 𝑒∗

ℏ
∮ 𝐀 ⋅ 𝐝𝓁

𝜙1 − 𝜙2 =
𝑒∗

ℏ
∫ 𝐁 ⋅ 𝐝𝐬

𝜙1 − 𝜙2 =
𝑒∗

ℏ
𝐵𝐴

= −
2𝜋Φ𝐵
Φ0

(8.65)

Figure 8.6 Two Josephson junctions in parallel forming a
Superconducting Quantum Interference Device, or SQUID.
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Figure 8.7 Example geometry for applying a current to
tune a SQUID-type transmon qubit. The interdigital
pattern is a capacitance in parallel with a SQUID. A current
is applied to create a magnetic field linking the SQUID,
appearing as the small “Y”-shaped structure near the
center of the interdigital structure. Source: [59].

or

𝜙2 = 𝜙1 +
2𝜋Φ𝐵
Φ0

. (8.66)

Here we have used Stoke’s Theorem to relate the closed line integral to an integral over
the surface enclosed by the line contour, the total flux through the loop from the uni-
form magnetic field is Φ𝐵 = 𝐵𝐴 (neglecting the flux contribution from the induced
supercurrent),Φ0 = ℎ∕(2𝑒) is the flux quantum, and 𝑒∗ = −2𝑒. Assuming the junctions
are identical, the total current through the SQUID is

𝐼𝑇 = 𝐼𝑐 (sin𝜙1 + sin𝜙2)

= 𝐼𝑐 (sin𝜙1 + sin (𝜙1 +
2𝜋Φ𝐵
Φ0

)) .
(8.67)

For a given value of Φ𝐵, there is a value of 𝜙1 that maximizes 𝐼𝑇 . This maximum value
is the effective critical current of the SQUID and is given by (see Exercise 8.5)

𝐼𝑇𝑐(Φ𝐵) = 2𝐼𝑐
|||||||
cos (

𝜋Φ𝐵
Φ0

)
|||||||
. (8.68)

Since the natural frequency of a Josephson junction resonant circuit depends on the
critical current (see (8.52)), the frequency of the qubit can be tuned by varying the
strength of an applied magnetic field. This provides one way to control the coupling
between qubits, since we have seen that weakly-coupled qubits interact most strongly
when they have the same frequency.
An example of a tunable SQUID qubit is shown in Figure 8.7 [59]. The current 𝐼

entering the structure at the top is split along two paths. The left of the two paths passes
near a SQUID structure so thatmagnetic flux generated by the current links the SQUID
allowing it to be tuned.

8.4 Josephson Junction Parametric Amplifiers

As the name suggests, a parametric amplifier is a device that amplifies a particular
quantity by varying the value of a system parameter in just the right way. Perhaps the
most common example is “pumping” your legs to get height on a swing. The body
center-of-mass is shifted in such away that it adds energy to themotionwhen the swing
is at its highest positions. The person swinging supplies the energy to do this.
As a circuit example, consider the LC resonant circuit shown in Figure 8.8(a). As we

saw in Chapters 5 and 6, at the resonance frequency, the energy oscillates back and
forth between being stored in the capacitor and the inductor. Suppose that whenever
the magnetic flux in the inductor is maximum, we increased the inductance. Since the
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Figure 8.8 Parametric reflection amplifiers using variable inductors.

stored energy is 𝐿𝐼2∕2, if we increase 𝐿 for a given 𝐼, we will add energy to the system.
Note that the energy is stored in the inductor twice each cycle: once with the current
in either direction. As a result, if we want to get the maximum amplification effect,
we want to increase the inductance twice per cycle of the resonance frequency. Said
differently, we want the pump frequency to be twice the resonance frequency. Since
an ideal device has zero loss, the only noise introduced by the parametric amplifier
is noise associated with the pump signal source. Consequently it is possible to obtain
noise performance very near the quantum limit, and since there is no dissipation in the
device, it can be kept cold at the lowest temperatures in a dilution refrigerator.
An implementation using a flux-biased SQUID is shown in Figure 8.8(b) [60]. The

bias point for the SQUID is set with aDC current in the bias coil, while a variation in the
inductance is inducedwith anACcurrent at twice the resonance frequency in the pump
coil. As observed above, we canmodel the SQUID as a tunable Josephson junction, and
will refer to it as such. An input signal at the resonant frequency of the circuit creates
currents circulating between the Josephson junction and the capacitor. Because energy
is added by changing the inductance value at the proper time, the reflected signal can
be larger than the input signal, and amplification is achieved. A circulator is used to
separate the output signal from the input signal since the amplified signal is reflected
to the same transmission line used for the input. Additional detail about the operation
of Josephson junction parametric amplifiers can be found in [61] and [35].

8.5 Exercises

8.1 Starting with Eqs. (8.21) and (8.22), show that

|𝑅|2 + |𝑇|2 = 1, (8.69)
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i.e., the probability that the particle is reflected plus the probability that the
particle is transmitted must equal one.

8.2 A certain Josephson junction has a critical current of 𝐼𝑐 = 20 nA and is
shunted by a capacitance of 𝐶 = 60 fF, which is much greater than the junction
capacitance.
(a) Calculate the single electron charging energy, 𝐸𝐶 .
(b) Calculate the Josephson energy, 𝐸𝐽 .
(c) What is the resonant frequency of the circuit?
(d) Calculate the anharmonicity expressed as a frequency, 𝛿∕(2𝜋ℏ).

8.3 A certain Josephson junction has a critical current of 𝐼𝑐 = 15 nA. What capac-
itance is needed in parallel with the junction to create a resonant circuit at 6
GHz?

8.4 A SQUID is formed using two identical Josephson junctions with critical current
𝐼𝑐 = 20 nA.
(a) What is the effective Josephson energy 𝐸𝐽 if no magnetic flux links the

circuit?
(b) What magnetic flux Φ𝐵 should be applied to reduce the effective Josephson

energy to 0?

8.5 Starting from the expression for the total current through a SQUID (8.67), show
that for a given magnetic flux Φ𝐵, the maximum value of the current 𝐼𝑇 is given
by (8.68).
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9

Errors and Error Mitigation

9.1 NISQ Processors

As we have mentioned before, the first generation of quantum computers is known
as NISQ (Noisy Intermediate-Scale Quantum), a term coined by John Preskill [62].
Intermediate-scale refers to the number of qubits available in fully-programmable sys-
tems over the next several years (i.e., the 2020s), in the range of fifty to a few thousand.
The number 50 is important, because it is generally considered the point at which
classical computers1 cannot use brute force simulation to replicate the behavior of a
quantum system. Therefore, these systems are large enough to do something interest-
ing, potentially demonstrating a computational advantage over classical computing,
but are not large enough to employ error correction (see Chapter 10) for long-running,
fault-tolerant quantum computing.
In this chapter, we concentrate on the N in NISQ: Noisy. The ability to manipulate

matter at a quantum scale is nothing short of remarkable. But the qubits and our abil-
ity to control them are not perfect. Theory tells us what will happen in a closed system,
with no interaction with the surrounding environment, but this can never be achieved
in practice.Noise is a generic term that refers to anything that leads to non-ideal behav-
ior of the systemunder consideration, including: environmental interactions, imprecise
control of qubits, non-ideal measurements, and undesired interactions between qubits.
We describe various types of noise that lead to errors in superconducting quantum
computers, and measures that can be taken to mitigate the effect of errors, leading to
higher-fidelity results.
Error mitigation is different from the quantum error correction techniques described

in Chapter 10. Error correction actively detects and corrects errors during the operation
of the quantum circuit, allowing quantum programs to run for long times in a fault-
tolerant manner. Error mitigation, on the other hand, does not extend the depth of the
circuit beyond the limits imposed by decoherence times. It tries to either suppress the
effects of noise in the physical implementation of a circuit, or to improve the interpre-
tation of the measured results, making them as close as possible to what would have
been observed in an ideal, error-free quantum system. The former case (suppressing
the effects of noise) is also known as noise mitigation.

1 Again, using 2020s-era systems.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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Mitigation techniques are critical for getting useful results from NISQ computers,
and noise suppression is an important component of the path toward the development
of highly-reliable, scalable systems required for fault-tolerant quantum computing.

9.2 Decoherence

The term decoherence refers to any loss of quantum information due to interaction
with the environment surrounding a qubit (or quantum system). It is synonymous
with quantum noise. There are many sources of decoherence, and it cannot be avoided
for any physical quantum system, because it is impossible to completely isolate the
system from the environment. For superconducting qubits, common sources of noise
include fluctuations in the Josephson energy of the junctions, gate charge fluctuations,
magnetic field fluctuations, and interaction with photons and phonons [63, 64].
The decoherence of a single qubit is quantified by two “decoherence times,” known

as 𝑇1 and 𝑇2. 𝑇1, known as the relaxation time, is the average time it takes for a qubit
in the excited state |1⟩ to spontaneously relax to the ground state |0⟩. This process is
also known as depolarization or decay. 𝑇2 is the dephasing time, the time it takes for a
superposition state to flip the relative phase between its |0⟩ and |1⟩ components.
Figure 9.1 illustrates an experimental method to measure 𝑇1. First, we prepare the

qubit in state |1⟩, using an 𝑋 gate, and then we delay for a certain time (∆𝑡) before
measuring. By increasing ∆𝑡, we increase the probability that the state will relax from
|1⟩ to |0⟩. The experiment is repeated many times for each value of ∆𝑡, to get a good
average of measurements, and we report the percentage of measurements that return
“1” for each delay time.
The right side of the figure shows the results for one qubit of a superconducting quan-

tum computer.2 As the delay increases, the percentage of ones drops exponentially from
100% (no decay) to 0% (complete decay). The data points are fitted to a curve of the
following form:

𝑓(𝑡) = 𝐴𝑒−𝑡∕𝑇1 + 𝐵 (9.1)

Figure 9.1 Measurement of T₁ relaxation time. The horizontal axis in the graph is delay in
microseconds.

2 All experimental results in this chapter were run on IBM Quantum hardware. Hardware: IBMQ
Jakarta, seven qubits, Falcon r5.11H processor. Software: qiskit 0.28.0, qiskit-terra 0.18.0,
qiskit-ignis 0.6.0. Experiments were run in July 2021.
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Figure 9.2 Measurement of T₂ dephasing time. The horizontal axis in the graph is delay in
microseconds.

The time𝑇1 represents the average time to decay to 50%,meaning that the initial |1⟩ has
an equal chance of being measured as 1 or 0. The current generation of IBM hardware
exhibits 𝑇1 times around 50–150 microseconds.
Figure 9.2 illustrates an experimental method to measure 𝑇2. There are a few differ-

ent measurement techniques, and this is the one used by the Qiskit Ignis software for
qubit characterization on IBM’s hardware. This particular approach is known as the
CPMG (Carr-Purcell-Meiboom-Gill) method [65, 66].
Starting with state |0⟩, we first rotate by 𝜋∕2 around the 𝑌 axis, resulting in state

|+⟩ = (|0⟩+ |1⟩)∕
√
2. We then delay for an arbitrary time∆𝑡∕2, followed by a 𝜋 rotation

around the𝑌 axis. In the absence of dephasing noise, this would take the state to |−⟩ =
(|0⟩− |1⟩)∕

√
2. After another delay of∆𝑡∕2, we apply another 𝑅𝑦(𝜋∕2) rotation. If there

is no dephasing, this would bring the state back to |0⟩. (The delay is denoted as ∆𝑡∕2 so
that the total delay is ∆𝑡, comparable to the 𝑇1 experiment described above.)
In the presence of dephasing noise, the state precesses around the 𝑍 axis during the

delays. Consider the case where the state moves clockwise around the axis. The second
𝜋∕2 rotation then brings the state back toward |0⟩, but it is not lined up directly with
the 𝑍 axis, which introduces a probability of measuring 1.
As before, the experimental data is fitted to an exponential curve, this time with 𝑇2

as the time constant:

𝑓(𝑡) = 𝐴𝑒−𝑡∕𝑇2 + 𝐵 (9.2)

Why does the curve decay to 50% andnot zero?During the delay, the superposition state
is also subject to 𝑇1 relaxation. If the state decays to |0⟩, then the second 𝜋∕2 rotation
takes the state to |+⟩, resulting in an equal chance of measuring 1 or 0. In contrast, the
states |0⟩ and |1⟩ are not sensitive to phase change, so dephasing does not impact the
results of the 𝑇1 experiment.
Decoherence times are a key metric for a quantum system, because they directly

impact the depth of quantum circuits that are reasonable—that is, the number of quan-
tum gates that can be performed before decoherence makes the results too random to
be useful. For the hardware used in this chapter, the latency of a single-qubit gate is



214 9 Errors

around 35ns, and the latency of a two-qubit cnot ranges from 350ns to 550ns, depend-
ing on the qubit pair. With a decoherence time in the 100𝜇s range, one could expect to
execute a few hundred gates with a reasonable chance of meaningful results.

9.3 State Preparation and Measurement Errors

In addition to decoherence, caused by environmental interactions, quantum systems
experience errors during state preparation, gates, and measurements. Gate errors will
be discussed in the next section, so here we will concentrate on state preparation and
measurement errors, also known as SPAM errors. A state preparation error occurs
when a qubit is initialized to |0⟩, but ends up in the |1⟩ state instead. A measurement
error occurs when a |0⟩ state is measured as 1, or vice versa. Measurement errors are
typically larger than state preparation or gate errors, partially because the duration
of a measurement is relatively long, and decoherence can occur during the process.
In practice, it is usually not possible to separate state preparation from measurement
errors [67]. For example, suppose we prepare a state |0⟩ andmeasure 1. Is this evidence
of a state preparation error, or a measurement error? Since measurement errors are
more likely, we will ignore state preparation and assume all SPAM errors are actually
measurement errors.
We can calibrate SPAM errors simply, by preparing each possible state for 𝑛 qubits

and then measuring it many times. We store the outcomes—the percentage of occur-
rences of each possible output—in a matrix 𝑀e, shown in Figure 9.3. Each column 𝑗
shows the measured outputs after preparing state |𝑗⟩. In other words, matrix element
(𝑖, 𝑗) is the probability of measuring 𝑖 after preparing |𝑗⟩. There is no delay between
preparation and measurement, and there is at most one 𝑋 gate for each qubit, so these
errors can be attributed to SPAM.
The matrix 𝑀e can be used to adjust the measured outputs of other circuits to

compensate formeasurement errors. Let 𝑣 be the vector ofmeasurements from the exe-
cution of a circuit 𝐶: each element 𝑣𝑖 is the percentage of occurrences of measurement
𝑖. Let 𝑥 be the vector of mitigated results, which is intended to correct the measured
outputs to be closer to the exact results that would have been measured in the absence
of any SPAM errors.

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝟎.𝟖𝟎𝟒 0.024 0.044 0.001 0.054 0.002 0.001 0.
0.010 𝟎.𝟕𝟕𝟕 0.002 0.035 0. 0.044 0. 0.001
0.053 0. 𝟎.𝟖𝟑𝟐 0.019 0.002 0. 0.05 0.
0.001 0.062 0.010 𝟎.𝟖𝟒𝟎 0. 0.001 0.001 0.037
0.122 0.004 0.004 0. 𝟎.𝟖𝟕𝟐 0.019 0.059 0.001
0. 0.123 0. 0.007 0.009 𝟎.𝟖𝟓𝟗 0. 0.056

0.009 0.001 0.106 0.002 0.061 0.002 𝟎.𝟖𝟕𝟖 0.020
0.001 0.009 0.002 0.096 0.002 0.073 0.011 𝟎.𝟖𝟖𝟓

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Figure 9.3 Measurement error calibration matrix Me for three qubits. Element (i,j) shows the
probability of measuring i after preparing state |j⟩. Thus, each column 𝑗 corresponds to the
outcomes when preparing state |j⟩. Diagonal elements show probabilities of correct
measurement, while off-diagonals represent probabilities of errors.
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|0〉 H

|0〉

|0〉

Figure 9.4 Mitigating measurement errors using the calibration matrix from Figure 9.3.
Prepared state is (|000⟩ + |111⟩)∕

√
2.

We can think of the matrix 𝑀e as an error operator that takes the desired output
vector 𝑥 to the measured output vector 𝑣:𝑀e𝑥 = 𝑣. However, if we invert𝑀e to solve
for 𝑥, we may end up with values outside of the range 0 ≤ 𝑥 ≤ 1 [68]. To avoid this
problem,weuse the least squaresmethod. Change the problem tofinding theminimum
of the following function:

𝑓(𝑥) =
2𝑁−1∑

𝑖=0
(𝑣𝑖 − (𝑀e𝑥)𝑖)2, (9.3)

given the constraints 0 ≤ 𝑥𝑖 ≤ 1 and
∑
𝑥𝑖 = 1.

To demonstrate the use of the error matrix, consider the experiment in Figure 9.4,
in which we prepare the three-qubit state (|000⟩ + |111⟩)∕

√
2. We ran the circuit on

quantum hardware and obtained the results in the light gray bars; this is vector 𝑣 in the
equation above. The𝑀e for this system comes from the calibration experiment shown
in Figure 9.3. Solving for 𝑥 gives the mitigated results, shown by the dark gray bars.
There are still errors in themitigated results, but the frequency of correctmeasurements
has increased and many of the errors have been eliminated.

9.4 Characterizing Gate Errors

Errors are also created by imperfect quantum gates. Recall that a gate is a unitary
operation performed on some number of qubits; for our purposes, we will restrict our
attention to one- and two-qubit gates, because those are currently the only gates directly
implemented by quantum hardware. For transmon qubits, gates are performed using
control pulses that interact with the circuit tomove it to the desired state. Due to impre-
cise control and noise in the system, the pulse can be slightly off in terms of frequency
or amplitude, or the pulse signal may contain undesired frequency components. Any
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of these factors, as well as manufacturing defects, can result in incorrect behavior of
the gate operation.
Full characterization of the behavior of a gate can be done through a technique

known as quantum process tomography. A known set of quantum states are used to
observe the dynamics of the system. (For a full description, see Chapter 8 of Nielsen
and Chuang [9].) However, the cost of process tomography scales exponentially with
the number of qubits, so it is prohibitively expensive for systems with more than a few
qubits.
Randomized benchmarking (RB) is proposed as a scalable method to partially char-

acterize the error rate of applying quantum gates [69]. The general idea is to apply a
sequence of randomly-chosen gates that combine to perform the identity operation, and
to measure the fidelity of the result as the number of gates in the sequence increases.
If the starting state is |0⟩⊗𝑛, and the gates are perfect, then the ending state will also be
|0⟩⊗𝑛. If the gates have errors, then the percentage of results that are measured in the
desired state decays exponentially with the length of the sequence. The rate of decay is
related to the gate error rate.
Figure 9.5 shows the structure of an RB experiment. Each operator 𝐶𝑖 is selected at

random from a well-defined group of operators. In this case, we use the Clifford group,
generated by the set {𝐻, 𝑆,cnot}, where𝐻 is theHadamard gate and 𝑆 is the phase gate
(𝜋∕2 rotation around the 𝑍 axis). The Pauli gates can all be generated using𝐻 and 𝑆, so
they are also included in the set of Clifford operators. (For simplicity, we will call these
Clifford “gates,” even though each operatormay containmultiple basic gates of the type
discussed inChapter 1.) The advantage of using theClifford group is that it is easy to cal-
culate the final operator, 𝐶−1, that performs the inverse of all the preceding operators.
For each value 𝑚, a number of random circuits are generated with 𝑚 Clifford gates

plus the final inverting gate that should bring the state back to all zeroes. Each circuit
is run multiple times to determine the fidelity, which in this case is the percentage of
measurements that yield all zero. Then the fidelity of each random circuit of size 𝑚 is
averaged.
There is a fair amount of math involved, but the end result is that the experimental

data is then fit to a curve of the following form:

𝑓(𝑥) = 𝐴0𝛼𝑚 + 𝐵0. (9.4)

The error rate 𝑟 per Clifford gate, also known as Errors per Clifford (EPC), is related to
𝛼 as follows:

𝑟 = 1 − 𝛼 − 1 − 𝛼
2𝑛 = 2𝑛 − 1

2𝑛 (1 − 𝛼), (9.5)

where 𝑛 is the number of qubits. The constants 𝐴0 and 𝐵0 account for SPAM errors.

. . .n|0〉 C0 C1 C2 Cm−1 C−1 Figure 9.5 Randomized benchmarking
circuit. A random selection of m operators
is followed by a single operator
representing the inverse of the previous m
operators. With no errors, the output will
be |0⟩⊗n.
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Figure 9.6 Randomized benchmarking experiment on IBM Q hardware.

Figure 9.6 shows the results of an RB experiment using the same IBM quantum sys-
tem as the other experiments in this chapter. On the left is the one-qubit experiment.
The number of Clifford gates (𝑚) varies from1 to 500. For each number of Clifford oper-
ators, five different random circuits were generated. The red (dashed) line connects the
average percentage of zeroes in the results, and the blue (solid) line shows the exponen-
tial fit. The graph shows 𝛼 = 1.000, but that’s a rounding issue. The corresponding EPC
is 1.994 × 10−4. The numbers in parentheses are the calculated errors for the fit.
On the right-hand side is the two-qubit RB experiment. In this case, the Clifford gate

includes both single-qubit and cnot gates. Because two-qubit gates have both higher
latency and higher error rates, we only vary the number𝑚 from 1 to 100. The two-qubit
EPC is reported as 2.350 × 10−2, two orders of magnitude higher than the single-qubit
EPC.
Note that each Clifford gate is implemented using one or more native gates provided

by the quantum hardware. How does EPC relate to the error rate of those native gates?
The hardware used for these experiments provides the following native gates: 𝑅𝑍(𝜃),𝑋,
cnot, and

√
𝑋, defined as:

√
𝑋 = 1

2 [
1 + 𝑖 1 − 𝑖
1 − 𝑖 1 + 𝑖]

. (9.6)

In other words, all gates are decomposed by the transpiler into sequences of these basic
operations.
In the single-qubit case, we can analyze the circuits used in the experiment to figure

out how many of each gate are used for each Clifford gate. For the experiment in
Figure 9.6, the values are shown in the table below.

Gate Avg. per Clifford
𝑅𝑍 3.885
𝑋 0.246√
𝑋 1.866

In IBM’s hardware, 𝑍-rotations are performed “virtually” by adding a phase offset to
subsequent control pulses. These are essentially zero-latency and zero-error, so we will
simply ignore them in the following calculation. The 𝑋 and

√
𝑋 are both implemented

with a single pulse of the same duration but different amplitudes. In terms of errors,
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. . .n|0〉 C0 C C1 C Cm−1 C C−1 Figure 9.7 Interleaved
Randomized Benchmarking (IRB)
adds a specific Clifford gate, C,
after each randomized gate. The
relationship between the
exponential curves with and
without C characterize the error
rate for C.

they are expected to be essentially the same, sowewill bundle them together. Therefore,
we have 𝑔 = 2.112 gates per Clifford.
Defining EPC in terms of errors per gate (EPG), where EPG≪ 1:

EPC = 1 − (1 − EPG)𝑔

≃ EPG ⋅ 𝑔,
(9.7)

which means EPG = EPC∕2.112 = 9.21 × 10−5.
For the two-qubit experiment, we want to find the EPG rate for the cnot gate. As

before, we analyze the circuits to count the single-qubit and two-qubit gates on both
qubits.

Gate Avg. per Clifford
𝑅𝑍 7.727 7.531
𝑋 0.258 0.251√
𝑋 3.795 3.691

cnot 1.484 1.484

Because the error of the cnot dominates, we can approximate its error rate by
EPC∕1.484 = 1.584 × 10−2. Using a more accurate method described by McKay et al.
[70] (see supplemental material), which takes the one-qubit EPG into account, we get
an estimate of 1.555 × 10−2 errors per cnot gate.
Suppose we are interested in the error rate of a specific gate that is not a native gate.

For example, what is the EPG for a Hadamard gate? One approach is to extract infor-
mation about how this gate is implemented using native gates, and estimate based on
the native gate EPG. Another method is called Interleaved Randomized Benchmarking,
shown in Figure 9.7.
For IRB, we interleave the gate that we want to characterize (𝐶) in between the ran-

dom gates chosen for the RB sequence. First we run RB to find the parameter 𝛼, as
above. Then we run the IRB sequence and find a new parameter for the decay of that
curve, 𝛼𝐶 . The estimated error rate for Clifford gate 𝐶 is:

𝑟est𝐶 =
(𝑑 − 1)(1 − 𝛼𝐶∕𝛼)

𝑑
, (9.8)

where 𝑑 is 2𝑛 and 𝑛 is the number of qubits. The error of the estimate is bounded,
depending on the assumptions about the quantum error characteristics [71].
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9.5 State Leakage and Suppression Using Pulse Shaping

As discussed in Chapter 8, transmons can be modeled as qubits owing to the fact that
the nonlinear inductance shifts the frequencies of the excited states so that the energy
difference between the ground and first excited state does notmatch any other level dif-
ference. Consequently a monochromatic tone tuned to the energy difference between
the ground and excited stateswill cause Rabi oscillations only between those two states,
the higher-energy states can be ignored, and the transmon can be treated as a two-state
system.
However, as discussed in Chapter 2, we need to apply pulses of finite width to

control the Rabi oscillations. These pulses are not monochromatic, but have spectral
width that is inversely proportional to the pulse duration. As a result, it is possi-
ble that higher states can be inadvertently excited if the bandwidth of the control
pulse also includes frequencies matching transitions to higher transmon states. This
phenomenon is known as state leakage.
As an example, consider a Gaussian pulse in time with half-width 𝜏:

𝑣G(𝑡) = 𝑉0𝑒−𝑡
2∕2𝜏2 . (9.9)

The frequency spectrum is obtained by taking the Fourier transform:

𝑉G(𝜔) =∫
∞

−∞
𝑣G(𝑡)𝑒−𝑗𝜔𝑡d𝑡

= 𝜏
√
2𝜋𝑉0𝑒−𝜔

2𝜏2∕2,

(9.10)

which has the half-width in frequency of 1∕𝜏.
However, as discussed in Section 4.8, we are normally interested in modulating a

signal whose frequency matches a qubit transition frequency with a shaped pulse. In
other words, we are interested in the spectrum of a pulse of the form

𝑣m(𝑡) = 𝑣G(𝑡) cos𝜔0𝑡. (9.11)

The spectrum of the modulated pulse is easily obtained, given the spectrum of the
Gaussian pulse:

𝑉m(𝜔) =∫
∞

−∞
𝑣G(𝑡) cos𝜔0𝑡 𝑒−𝑗𝜔𝑡d𝑡

=∫
∞

−∞
𝑣G(𝑡)

1
2
(
𝑒−𝑗(𝜔−𝜔0)𝑡 + 𝑒−𝑗(𝜔+𝜔0)𝑡

)
d𝑡

= 1
2𝑉G(𝜔 − 𝜔0) +

1
2𝑉G(𝜔 + 𝜔0).

(9.12)

We see then that the energy is spread about the qubit frequency of 𝜔0 with half-width
1∕𝜏. If the transition frequency from |1⟩ → |2⟩ lies within this range, then there is
some probability of exciting this third state, and the system will expand beyond the
qubit states, causing errors.
This suggests putting a notch in the spectrumof the pulse at this particular frequency,

tominimize exciting this transition. Oneway to do this is to apply a pulsewithGaussian
modulation to a cosine signal, the derivative of the Gaussian pulse modulated on a
sine signal, and sum the two waveforms [72–76]. This approach is referred to as the
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Figure 9.8 Optimized spectrum with
a notch at the anharmonicity value of
−300 MHz.

Derivative Removal by Adiabatic Gate protocol, or DRAG. Specifically, we are interested
in the spectrum of the pulse waveform

𝑣D(𝑡) = 𝑣G(𝑡) cos𝜔0𝑡 + 𝛼
d𝑣G
d𝑡

sin𝜔0𝑡, (9.13)

where 𝛼 is a parameter controlling the location of the notch in the spectrum. Following
a procedure similar to that of (9.12), we find that

ℱ
{
𝑣′G
}
= 1
2𝑗𝑉

′
G(𝜔 − 𝜔0) −

1
2𝑗𝑉

′
G(𝜔 + 𝜔0) (9.14)

where 𝑣′G = d𝑣G∕d𝑡 and 𝑉′
G(𝜔) = ℱ{𝑣′G(𝑡)}. From the properties of the Fourier

transform3 we have

ℱ
{
𝑣′G
}
= 𝑗𝜔𝑉G(𝜔). (9.15)

The positive-frequency portion of the spectrum of the optimized waveform (9.13) is
therefore

𝑉D(𝜔)|||𝜔>0 = 𝑉0𝜏
√

𝜋
2 (1 + 𝛼(𝜔 − 𝜔0)) 𝑒−(𝜔−𝜔0)

2𝜏2∕2. (9.16)

From Section 8.2.3, for a transmon with anharmonicity 𝛿, the frequency of the transi-
tion |1⟩ → |2⟩ is 𝜔0 − 𝛿∕ℏ if the frequency of the transition |0⟩ → |1⟩ is 𝜔0. Requiring
𝑉D(𝜔0 − 𝛿∕ℏ) = 0 gives

𝛼 = ℏ
𝛿
. (9.17)

This spectrum is plotted in normalized dB in Figure 9.8 (i.e., 𝑉D(𝑑𝐵) =
20 log10(|𝑉D|∕max 𝑉D)) for the case of anharmonicity expressed as a frequency
(𝛿∕(2𝜋ℏ)) of 300 MHz. The notch at the desired frequency is readily apparent.

9.6 Zero-Noise Extrapolation

In the event that noise cannot be removed from the quantum system, it would be nice
if there were a way to remove the effects of the noise from the results of the compu-
tation. A technique known as zero-noise extrapolation [78–80] does this by artificially

3 See, for example, [77].
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increasing the impact of noise in a controlled way, and then extrapolating back to the
expected outcome if there were zero noise. The following description is largely adapted
from Kandala et al. [81].
Any quantum circuit can be described by evolution under a drive Hamiltonian:

𝐾(𝑡) =
∑

𝛼
𝐽𝛼(𝑡)𝑃𝛼, (9.18)

for a time 𝑇, where each 𝑃𝛼 represents an𝑁-qubit Pauli operator and 𝐽𝛼 is the strength
of the associated interaction. At time𝑇, suppose that the expectation value of an observ-
able is 𝐸∗. An estimate of that observable in the presence of noise 𝜆 ≪ 1 can be written
as a power series

𝐸𝐾(𝜆) = 𝐸∗ +
𝑛∑

𝑘=1
𝑎𝑘𝜆𝑘 + 𝑂(𝜆𝑛+1), (9.19)

where coefficients 𝑎𝑘 depend on the specific details of the noise model.
We are interested in 𝐸∗ = lim𝜆→0 𝐸𝐾(𝜆), but we can only observe the noisy estimate.

If we can scale 𝜆 in a controlled way to make additional observations, Richardson’s
deferred approach to the limit [82] can be used to suppress higher-order noise terms in
(9.19). For this reason, the technique is also known as Richardson’s extrapolation.
If we can obtain 𝑛 additional estimates 𝐸̂𝐾(𝑐𝑖𝜆) by precisely amplifying the noise rate

by factors 𝑐𝑖 for 𝑖 = 1,… , 𝑛, we can improve the estimate with reduced error of𝑂(𝜆𝑛+1):

𝐸̂𝑛𝐾(𝜆) =
𝑛∑

𝑖=0
𝛾𝑖𝐸̂𝐾(𝑐𝑖𝜆). (9.20)

For a given choice of 𝑐𝑖 , coefficients 𝛾𝑖 are solutions to
∑𝑛

𝑖=0 𝛾𝑖 = 1 and
∑𝑛

𝑖=0 𝛾𝑖𝑐
𝑘
𝑖 = 0

for 𝑘 = 1,… , 𝑛.
How do we precisely increase noise 𝜆 by 𝑐𝑖 , also known as stretch factors?We can add

redundant gates to the circuit [79], but that requires that the noise characteristics of the
gates be precisely understood. Instead, we can focus on the Hamiltonian description in
Eq. (9.18). If the noise is time-invariant, we can “stretch” the time to 𝑐𝑖𝑇 and also scale
the interaction parameters to retain the original evolution. For stretch factor 𝑐𝑖 , the
scaled Hamiltonian 𝐾𝐼(𝑡) is derived as follows:

𝐾𝐼(𝑡) =
∑

𝛼
𝐽𝑖𝛼(𝑡)𝑃𝛼 (9.21)

𝐽𝑖𝛼(𝑡) =
𝐽𝛼(𝑡∕𝑐𝑖)

𝑐𝑖
. (9.22)

In practice this means that we scale the duration of the control pulse for 𝑃𝛼 by a fac-
tor of 𝑐𝑖 , and we scale the amplitude by 1∕𝑐𝑖 . The term “time-invariant” in this context
means that the noise can be described by a dynamical equation that is not sensitive to
time scaling, such as constant-amplitude relaxation and dephasing noise (Section 9.2)
or other noise caused by constant coupling with the environment. This is a reason-
able approximation for quantum circuits that are well within the system’s decoherence
limits.
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Figure 9.9 Error-mitigated results for a
single-qubit randomized benchmarking
circuit. The four lower curves are the
measured results with stretch factors c =
1 (red), c = 2 (orange), c = 3 (yellow), and
c = 4 (green). The upper curves are the
Richardson extrapolations to the first
(light blue), second (dark blue), and third
order (violet). The color bars represent
histogram frequencies of 100 data points
for each sequence size. Source: [81].

Figures 9.9–9.11 show experimental evidence provided by Kandala et al. on the
effectiveness of the technique. Experiments were performed on a five-qubit IBM sys-
tem. It should be noted that the two-qubit cnot gates in these experiments were
implemented with significantly longer latency than usual, in order to avoid nonlinear
interactions between qubits and to remain in range of time-invariant noise required by
the technique [81].
Figure 9.9 shows results from a randomized benchmarking experiment, as described

in Figure 9.5. The middle curve (red) shows the unscaled outcome (𝑐 = 1), while the
lower curves show the effects of increasing noise with scaling factors 2, 3, and 4. The
upper curves show themitigated results using varying numbers of the scaled results for
the extrapolation.
A second single-qubit experiment is shown in Figure 9.10. In this case a sequence of

unitaries𝑈𝑗 are applied to a starting state of |0⟩. In the absence of errors, the statemoves

Figure 9.10 Error-mitigated results for
traversal of a path along the Bloch
sphere. The first-order mitigated result
(blue) reaches the target state of |1⟩,
while the experimental results show the
effects of decoherence. Stretch factors
are c = 1 (red), c = 2 (orange), and c = 3
(green). Source: [81].
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Figure 9.11 Error-mitigated results for finding the ground state energy of a lithium-hydride
(LiH) molecule using VQE on a four-qubit system. Stretch factors are 1, 1.1, 1.25, and 1.5, and
the mitigated result uses first-order Richardson extrapolation. The inset shows the topology of
the qubits involved in the experiment. Source: [81].

along the surface of the Bloch sphere and should go to |1⟩ in the last step. The position
on the Bloch sphere is computed by measuring expectation values ⟨𝑋⟩, ⟨𝑌⟩, and ⟨𝑍⟩ for
each unitary. Stretch factors 𝑐 = 1, 2, 3 show increasing effects of decoherence, while
the mitigated result (dark blue) does reach the |1⟩ state.
Figure 9.11 shows the results from a quantum chemistry calculation, finding

the ground state energy of a lithium hydride (LiH) molecule at different inter-
atomic distances using the variational quantum eigensolver (Section 12.6.1). The
VQE circuit includes both single-qubit and two-qubit gates. The mitigated results
are much closer to the classically-computed known exact values for the ground state
energy.

9.7 Optimized Control Using Deep Learning

In this final section, we briefly introduce recent work on using Deep Reinforcement
Learning (DRL) to optimize the control pulses for one- and two-qubit gates on a super-
conducting quantum computer [83], led byQ-CTRL. TheDRL agent is able to optimize
gates without knowing the detailed Hamiltonian of the system, its controls, or the
underlying error processes. This is a promising step toward automatic calibration and
control of large-scale quantum systems.
Quantum control is a discipline that seeks to manipulate systems that obey the laws

of quantum mechanics to create desired behaviors [84]. Growing from early work in
nuclear magnetic resonance (NMR) and other technologies, current efforts involve
control of experimental quantum systems in computing, sensing, and communication.
In the context of quantum computing, the emphasis is to enhance the reliability and
robustness of qubits and gates.
Traditional methods of quantum optimal control require precise knowledge of the

Hamiltonian of the system and the noise processes that act on the system. As we’ve
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seen in this chapter, it becomes more and more difficult to fully characterize systems
as they scale, and it is evenmore challenging to deal with noise sources thatwe have not
discussed: known and unknown transients, control signal distortion in transmission,
cross-talk among qubits, and so forth.
Instead of beginning with a full and robust mathematical model, we can use the

standard machine learning approach: (1) observe the state of the system through mea-
surement, (2) choose an action to perform, in this case a control pulse to be applied,
and (3) measure the new state and determine the reward resulting from the previous
action. The DRL agent uses a deep neural network to maximize the cumulative reward
over many trials.
The control system is represented by a piecewise constant (PWC) Hamiltonian,

divided into 𝑁𝑠𝑒𝑔 segments of width ∆𝑡:

𝐻ctrl(𝑡) =
𝑁𝑠𝑒𝑔∑

𝑘=0
𝐻𝑘1𝑘(𝑡), (9.23)

where 1𝑘 = 1 if (𝑘−1)∆𝑡 ≤ 𝑡 < 𝑘∆𝑡 and zero otherwise. We observe the state after step
𝑘 and have the agent decide what action to take in step 𝑘+ 1. Because measurement is
destructive, the system has to perform steps 0 through 𝑘 each time.
Observation is based on quantum state tomography. States are prepared in each of

the Pauli bases for single-qubit gates, and all two-qubit Pauli strings for two-qubit gates,

Figure 9.12 Sample control pulses generated by deep reinforcement learning (DRL) agent for
the RX (𝜋∕2) gate. (a) Standard IBM DRAG pulse with a duration of 35ns. (b) Result of
randomized benchmark characterization. The gray area shows the spread of data points and
the black line is the exponential fit. The number is the errors per gate (EPG). (c)–(d) Stepwise
DRL pulse (28.4ns) and RB results. Different colors represent the real (in-phase) and imaginary
(out-of-phase) components of the waveform. RB fidelity is slightly better and spread of data is
slightly smaller. (e)–(f) Stepwise DRL pulse with a 12.4ns duration, with similar fidelity. Source:
[83].
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and expectation values are calculated. The reward is computed as the fidelity once the
full waveform is composed.
Figure 9.12 shows two example pulses generated by the DRL agent for the 𝑅𝑋(𝜋∕2)

gate, compared to the standard IBM DRAG pulse on the left. The stepwise nature of
the DRL pulses is evident. The 28.4ns pulse (c) has a slightly better EPG than the IBM
pulse, with a somewhat tighter range of results. The pulse on the right (e) is nearly
one-third the latency of the standard IBM pulse, with essentially the same fidelity.
In addition, the DRL-generated pulses were found to be robust across variations in

system parameters. IBM gates are recalibrated and can show variances in amplitude on
the order of several percent fromday to day. TheDRLpulseswere evaluated on the same
machines over a period of two weeks, with no recalibration, and showed consistent
performance relative to the default gates, with measured EPG tracking fluctuations in
hardware 𝑇1 measurements taken over that time period.

9.8 Exercises

9.1 Consider the 𝑇2 measurement experiment in Figure 9.2. If noise causes a 𝑧-
rotation of 𝜋∕16 in a counter-clockwise direction during the delay of ∆𝑡, what
is the probability of measuring zero?

9.2 Assume afixed delay of 50 nanoseconds for any one- or two-qubit gate. Assuming
no gate errors and ignoring dephasing, what should 𝑇1 be in order to execute a
quantum circuit with a depth of 100, with an 85% probability of measuring the
correct result?

9.3 Consider a quantum circuit with four qubits, where each layer of the circuit con-
tains at least one CNOT gate. If the CNOT error rate is 0.015, what is the depth of
the circuit that can be executed with an overall 85% success rate? (Assume that
gate error is the only source of noise, ignoring decoherence time.)

9.4 Consider the implementation of a three-qubit Toffoli gate, shown in Figure 9.13.
Given the per-gate error rates from Section 9.4, what is the expected error per
Toffoli gate?

=

T

T † T † S

H T † T T † T H

Figure 9.13 Implementation of a three-qubit Toffoli gate (see Section 11.1.1).
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10

Quantum Error Correction

In Chapter 9, we discussed various sources of noise in quantum systems, and how to
reduce and compensate for noise. However, noise cannot be completely eliminated.
Some noise will cause errors in the quantum information used in our computations. In
this chapter, we discuss how qubit errors can be detected and corrected, leading to the
development of fault-tolerant quantum computing.
To deal with errors, we encode information using additional qubits. For example,

we might use 12 qubits to represent 28 basis states, rather than 8. This allows us to
distinguish valid encodings, representing the 28 “good” states, from invalid encod-
ings, representing error states. With enough information in the extra qubits, we can
determine which data qubit has an error and how to correct it.
Such error correction codes are used extensively in the classical computing realm,

particularly for communicating over noisy channels or dealing with leakage errors
in memory. Quantum Error Correction (QEC) codes build on these concepts, but
additional features are required to deal with the nature of quantum information and
errors.

10.1 Review of Classical Error Correction

Errors may occur when transmitting information across a noisy channel. A channel is
any medium through which information is communicated, either through space (e.g.,
transmission of bits over a wire) or time (e.g., bits stored in memory). The channel sits
between the transmitter of information and the receiver of information, as shown in
Figure 10.1.
In classical computing, the only error that matters is a bit flip, where 0 is transmitted

but 1 is received, or vice versa. In this chapter, we will assume a simple error model, in
which each transmitted bit will experience a bit flip error with probability 𝑝, as shown
in Figure 10.1. Bits are independent of each other, so that an error in one bit has no
influence on whether an error occurs in another bit.
In order to protect against errors, we transmit redundant information, which can

be used by the receiver to better estimate the information that was transmitted over
the noisy channel. We use an encoder to transform the intended message by adding
information (bits), and a decoder to extract the intended message from the received
bits, as shown in Figure 10.2.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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Pr(0→ 1) = Pr(1→ 0) = 𝑝

Pr(0→ 0) = Pr(1→ 1) = 1 − 𝑝

Figure 10.1 Classical noisy channel.

Figure 10.2 Encoding data for
error detection/correction: k-bit
data is encoded using n bits to
transmit over the channel.
Decoding detects/corrects errors
and transforms back to k bits.

10.1.1 Error Detection

An error detection code (EDC) allows the receiver to determine that an error has
occurred, but it cannot determine which bit has flipped. For example, a single parity
bit can be added to a group of 𝑛 bits, so that the total number of 1’s in the encoded data
is always odd. By counting the 1’s in the received bits, the decoder can detect a single
bit flip. While it knows that an error occurred, it cannot know which bit flipped, since
flipping any bit will cause the number of 1’s to go from odd to even. Likewise, it will
not detect the case where two bits have flipped, since the total number of 1’s will still
be odd. (A parity bit will detect any odd number of errors.)
Note that it is just as likely for the parity bit to flip as any other bit. This generates

a false positive, since there is no error in any of the data bits that we actually care
about. It’s important to understand that errors may occur within the error detection
and correction process itself.

10.1.2 Error Correction: Repetition Code

An error correction code (ECC) provides enough redundant information for the
decoder to know which bit has flipped. This allows the error to be corrected, rather
than simply detected.
The simplest code that allows correction of a single bit flip is the repetition code,

in which each message bit is transmitted multiple times. If the error probability 𝑝 is
small enough, we can expect that only a minority of bits will be flipped. Therefore, the
decoder can use a “majority vote” to determine the intended value. Any bits that are
different than the majority can be flipped to correct the error.
For example, let’s choose to repeat each bit three times. To transmit a logical 0, we

send 000. To transmit a logical 1, we send 111. If the receiver gets 101, there are two
possible reasons: (a) 000 was transmitted, and the first and last bits were flipped, or (b)
111 was transmitted, and the middle bit was flipped.
Which of these scenarios is more likely? Since each bit is independent:

Pr(000→ 101) = 𝑝 ⋅ (1 − 𝑝) ⋅ 𝑝 = 𝑝2 − 𝑝3 ≈ 𝑝2 (10.1)

Pr(111→ 101) = (1 − 𝑝) ⋅ 𝑝 ⋅ (1 − 𝑝) = 𝑝 − 2𝑝2 + 𝑝3 ≈ 𝑝. (10.2)

Since 𝑝 is small, it’s more likely that 111 was transmitted. This is consistent with the
majority decoder. The zero bit is flipped to recover the original data 111.
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Figure 10.3 Error correction
using the 3-bit repetition code.

Figure 10.3(a) shows a decoder for the three-bit replication code that uses a majority
vote (MAJ) logic circuit. In the figure, the decoded data is re-encoded (replicated) for
use in another part of the system. This approach, however, assumes that theMAJ circuit
alwaysworks correctly. In part (b), theMAJ circuit fails, generating an incorrect output.
When encoded, this replicated incorrect output cannot be corrected by the rest of the
system because 000 is a legal encoding.
A fault-tolerant approach is shown in Figure 10.3(c). We replicate the MAJ circuit,

and each part of the encoded input is replicated and sent to three decoders. If all of the
MAJ circuits function correctly, then the circuit will produce 000 or 111. If one MAJ
fails, however, the result is correctable by the next stage of the system.
The repetition code can correct for more than a single error if we add more bits. For

example, with 5 bits, the code can correct up to 2 errors, because the 3 correct bits form
a majority. With 7 bits, we can correct 3 errors. In general, an 𝑛-bit repetition code can
correct 𝑛−1

2
errors. On the other hand, the 𝑛-bit code requires us to transmit 𝑛 times

more data. This is not very efficient, because we only get one logical bit of information
for every 𝑛 physical bits transmitted. The capacity of the communication channel is
reduced, even though the correctness of the data being received is improved.
A general notation to describe an ECC is [𝑛, 𝑘, 𝑑], where 𝑛 is the number of physical

bits, 𝑘 is the number of logical bits, and 𝑑 is the minimum distance between any two
legal (no-error) encodings. For two binary strings, the distance is the number of bits that
are different. A code with distance 𝑑 can correct up to 𝑑−1

2
errors. Using this notation,

the repetition codes are [𝑛, 1, 𝑛] codes, because the distance between 𝑛 zeroes and 𝑛
ones is 𝑛.

10.1.3 Hamming Code

To improve efficiency, we must be more sophisticated in how to generate the encoded
bits. As an example, we consider a [7, 4, 3] Hamming code, developed by Richard
Hamming at Bell Labs in 1950 [85]. The encoding includes three parity bits, cover-
ing different combinations of data bits, which allow the encoder to distinguish among
different single-bit errors. Figure 10.4 shows the generation of the parity bits 𝑐𝑖 for a
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s1 = d7 ⊕ d6 ⊕ d3 ⊕ c2

s2 = d7 ⊕ d6 ⊕ d5 ⊕ c4

Figure 10.4 Hamming [7,4,3] code.
Data bits are di and parity bits are ci.
Syndrome bits (s) indicate the position
of a single bit flip error.

four-bit data value 𝑑. The parity bits are interleaved with the data bits, and the num-
bering starts at 1 instead of 0 for convenience; when the syndrome bits are calculated,
they indicate the position of a single bit flip error.1

Suppose we start with data value 1010. The parity bits are interleaved to create
101x0xx. The parity bits are calculated to create an even parity with the associated data
bits. For example, 𝑐2 = 1 because 𝑑7 ⊕ 𝑑6 ⊕ 𝑑3 = 1, so the encoded value is 1010010.
Now a bit flip error occurs on 𝑑3, leading to a received value of 1010110. The syndrome
bits are calculated as 011, correctly indicating that bit 𝑑3 is flipped.
Consistent with a distance of 3, this code is not able to detect or correct two-bit errors.

For example, suppose we start with 0000000 and flip both 𝑑6 and 𝑑5. The received value
is 0110000. The syndrome bits are 011, which incorrectly indicates that 𝑑3 was flipped.
The efficiency of the [7, 4, 3] code is 4∕7 = 0.571, meaning that 57.1% of the transmit-

ted bits contain data. This is significantly better than the 33.3% efficiency of the [3, 1, 3]
code above. We can increase the size of the code to improve efficiency even more. The
number of parity bits needed for 𝑛 data bits is𝑂(log𝑛), so the ratio of data to parity bits
gets better and better. However, we still end upwith aminimum distance of 3, meaning
that only single-bit errors can be corrected. The more bits we add in the data block, the
higher probability that multiple independent bits will be flipped. If this happens too
often, more errors go undetected and the quality of the channel degrades.
We will end our discussion of classical ECCs at this point. There has been a lot of

progress over the decades since Hamming’s discovery, but that is the topic for another
textbook. We now turn our attention to quantum errors and how encoding can play a
role in the development of fault-tolerant quantum computing.

10.2 Quantum Errors

Error correction becomes more complicated in the quantum realm because of three
major factors.

● The quantum state is more complex than a binary 1 or 0. Information carried by
superposition and relative phase is critical to the correct execution of quantum
algorithms. We will see that errors in both amplitude and phase are important.

● Measuring the qubit to detect an error is destructive. For example, supposed a bit flip
error changes a state from 𝛼 |0⟩+𝛽 |1⟩ to 𝛽 |0⟩+𝛼 |1⟩. If we measure while detecting
the error, we end up in state |0⟩ or |1⟩, and we lose the opportunity to correct back to
the desired state.

1 It is traditional to use 𝑝𝑖 to denote a parity bit, but we use 𝑐𝑖 to avoid confusion with our error
probability 𝑝.
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● The no-cloning theorem prevents us from copying the state tomeasure it. No-cloning
also means that we cannot simply replicate an existing state to encode it.

Figure 10.5 illustrates the more complex nature of quantum errors. Even if we consider
only errors that manifest as rotations on the Bloch sphere—so-called Pauli errors—we
see that the space of possible errors is continuous.
A bit flip error is analogous to a bit flip in the classical realm, where a |0⟩ becomes a

|1⟩ and vice versa. Note that this is equivalent to an X gate being applied to the state. If
we can detect this error, then it can easily be corrected with another X gate.
A phase flip is a new type of error, with no classical equivalent. The error changes the

relative phase in the quantum state. Whenmeasuring in the computational basis, such
an error is not visible, but phase differences can be critical in the proper execution of
many quantum algorithms. When detected, this error can also be easily corrected by
applying a Z gate.
However, an error can cause a fractional rotation along any or all of the axes of the

Bloch sphere, as shown in the bottom line of Figure 10.5. These errors can occur due
to imprecise control during gate operations or state preparation, or through interaction
with other qubits or the environment. It would seem that correcting this sort of error
would be impossible, because we’d have to know precisely the amount of rotation in
each basis.
The good news, however, is that the technique for detecting (measuring) errors will

project the state into another state which exhibits a bit flip and/or phase flip error,
which can then be corrected. This is known as quantization of quantum errors, and
leads to the following maxim:

Errors are continuous.Measured errors are discrete.

By detecting and correcting bit and phase flip errors, we also address the more subtle
cases of continuous errors. We will see how this works in the following sections.
Of course, there are other types of non-Pauli errors, as described in Chapter 9. After

our detailed discussion of Pauli errors, we will consider these other error types in the
last section of this chapter.
In the rest of the chapter, logical qubit |𝜓⟩𝐿 is an encoding of state |𝜓⟩ using 𝑛 phys-

ical qubits, which we will label |𝜓⟩𝑛−1 , |𝜓⟩𝑛−2 ,… , |𝜓⟩1 , |𝜓⟩0. Physical qubit |𝜓⟩0 is the
least significant qubit in the multi-qubit state, and will be drawn at the top of a circuit

Figure 10.5 Quantum channel with Pauli errors.
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Figure 10.6 Quantum error correction: encoding, error, correction.

diagram. Likewise, |𝜓⟩𝑛−1 is the most significant physical qubit, and will be drawn at
the bottom.
We represent a noisy quantum channel as an error operator 𝐸 acting on the logical

qubit. We use subscripts to denote single-qubit operators on the physical qubits. For
example, 𝑋𝑖 is the 𝑋 operator applied to qubit 𝑖.
Figure 10.6 illustrates the error correction process: (1) Data qubits and additional bits

are used to encode the desired state. (2) An encoded state |𝜓⟩𝐿 passes through a noisy
channel, represented by error operator 𝐸, producing a new state |𝜓⟩′. (3) The error
correction circuit (QEC) then detects and corrects any errors, resulting in the original
state |𝜓⟩𝐿. As shown, the QEC circuit typically relies on ancilla qubits; as we’ll see later,
this avoids the need to directly measure the data qubits.
For now, wewill assume that both the encoding circuit and the QEC circuit are error-

free.
In general, a quantum error correction code is described as [[𝑛, 𝑘, 𝑑]], where 𝑛 is the

number of physical qubits, 𝑘 is the number of logical qubits, and 𝑑 is the minimum
number of errors that will transform one logically-encoded state into another. As in
the classical case, correcting 𝑡 errors requires 𝑑 ≥ 2𝑡 + 1.

10.3 Detecting and Correcting Quantum Errors

10.3.1 Bit Flip

Let’s create a QEC code for a single logical qubit that will detect and correct a single bit
flip error. In our classical code, we used replication to create logical bits 000 and 111.
We will take a similar approach here and use |000⟩ = |0⟩𝐿 to represent a logical |0⟩ and
|111⟩ = |1⟩𝐿 to represent a logical |1⟩.
We can’t replicate a single qubit to create the logical qubit, butwe can create an entan-

gling circuit, shown in left-hand box of Figure 10.7. An initial state |𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩
becomes an entangled superposition of our logical qubits:

|𝜓⟩𝐿 = 𝛼 |000⟩ + 𝛽 |111⟩ = 𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿 . (10.3)

Mathematically, we are embedding the two-dimensional Hilbert space (ℋ2) repre-
senting the single-qubit state into a larger Hilbert space, in this case a 23-dimensional
space (ℋ8) created with three physical qubits. Correct values of the logical qubit fall
into a subspace, represented by

𝒞 = span{|000⟩ , |111⟩} ⊂ℋ8. (10.4)
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Figure 10.7 Three-qubit error correction code for bit flips only. The double lines are classical
signals after measurement. Closed circles are controls, and open circles are “control-if-zero.”

In other words, a legal logical state is any linear combination of |0⟩𝐿 and |1⟩𝐿. The
subspace ℱ = ℋ8 − 𝒞 is the subspace formed by error states. If we can determine
whether a state |𝜓⟩𝐿 is in 𝒞 or ℱ, we can detect an error.
In this section, our error operator 𝐸 can only be a bit flip on a single physical qubit

(or no flip at all). In other words:

𝐸 ∈ {𝐼, 𝑋0, 𝑋1, 𝑋2}. (10.5)

Table 10.1 shows the effect of each error on an encoded qubit.
To detect a bit flip, we check whether any bit is different than the others. In addition,

we need to know which bit is different, so that we can correct the error by applying the
𝑋 operator to only that bit. In order to avoid direct measurement of the data qubits, we
use ancilla qubits. The detection circuit is shown in the middle of Figure 10.7. The first
ancilla qubit 𝑞0 will become |1⟩ if |𝜓⟩0 and |𝜓⟩1 are different. Otherwise, it will remain
|0⟩. Likewise, 𝑞1 will become |1⟩ if |𝜓⟩1 and |𝜓⟩2 are different. Measuring these ancilla
qubits, therefore, gives us two classical bits that determine which data qubit, if any, has
been flipped. In error correction terminology, these are known as syndrome bits.

Table 10.1 Effects of bit-flip error channel on a 3-qubit replication code.

|𝝍⟩𝑳 = |𝟎⟩𝑳 𝑬 |𝝍⟩′

|000⟩ 𝐼 |000⟩

|000⟩ 𝑋0 |001⟩

|000⟩ 𝑋1 |010⟩

|000⟩ 𝑋2 |100⟩

|𝝍⟩𝑳 = |𝟏⟩𝑳 𝑬 |𝝍⟩′

|111⟩ 𝐼 |111⟩

|111⟩ 𝑋0 |110⟩

|111⟩ 𝑋1 |101⟩

|111⟩ 𝑋2 |011⟩

|𝝍⟩𝑳 𝑬 |𝝍⟩′

𝛼 |000⟩ + 𝛽 |111⟩ 𝐼 𝛼 |000⟩ + 𝛽 |111⟩

𝛼 |000⟩ + 𝛽 |111⟩ 𝑋0 𝛼 |001⟩ + 𝛽 |110⟩

𝛼 |000⟩ + 𝛽 |111⟩ 𝑋1 𝛼 |010⟩ + 𝛽 |101⟩

𝛼 |000⟩ + 𝛽 |111⟩ 𝑋2 𝛼 |100⟩ + 𝛽 |011⟩
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The right-hand side of the figure shows the correction, using themeasured syndrome
bits (𝑠1 and 𝑠0) as controls. An 𝑋 gate is applied to at most one of the data qubits,
restoring the original logical state.
What happens if there are two bit flips? Just like in the classical case, the detection

circuit will misclassify the error. For example, applying an error of 𝑋1𝑋0 on an input
state of |000⟩ results in |011⟩. This will be interpreted as an error in qubit 2, and the
“restored” logical state will be |111⟩. In other words, two physical bit flip errors will
result in a logical bit flip error.
This simple encoding, however, is not a complete QEC code, because it fails to detect

and correct phase errors. Consider the general logical state |𝜓⟩𝐿 = 𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿. A
phase flip (𝑍 gate) on any single bit yields 𝛼 |000⟩ − 𝛽 |111⟩. The detection circuit will
produce syndrome bits 00 and the phase error will be completely missed.

10.3.2 Phase Flip

In order to detect and correct for a phase flip, we change the basis set by applying
a Hadamard gate after the encoding circuit, shown in Figure 10.8. This results in an
encoding of |0⟩𝐿 = |+++⟩ and |1⟩𝐿 = |−−−⟩. We now consider a quantum channel
that only exhibits single-qubit phase flips, namely:

𝐸 ∈ {𝐼, 𝑍0, 𝑍1, 𝑍2}. (10.6)

A single-phase flip error changes one of the |+⟩ states into |−⟩ or vice versa, as shown
in Table 10.2.

Figure 10.8 Three-qubit error correction code for phase flips only.

Table 10.2 Effects of phase-flip error channel
on a 3-qubit phase replication code.

|𝝍⟩𝑳 𝑬 |𝝍⟩′

𝛼 |+++⟩ + 𝛽 |−−−⟩ 𝐼 𝛼 |+++⟩ + 𝛽 |−−−⟩

𝛼 |+++⟩ + 𝛽 |−−−⟩ 𝑍0 𝛼 |++−⟩ + 𝛽 |−−+⟩

𝛼 |+++⟩ + 𝛽 |−−−⟩ 𝑍1 𝛼 |+−+⟩ + 𝛽 |−+−⟩

𝛼 |+++⟩ + 𝛽 |−−−⟩ 𝑍2 𝛼 |−++⟩ + 𝛽 |+−−⟩
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Using a similar technique as in Section 10.3.1, the error detection circuit uses ancilla
qubits to determine whether the relative phases of two qubits are equal. In the cir-
cuit shown in Figure 10.8, Hadamard gates are used to translate the phase-encoded
data qubits back into the computational basis. CNOT gates are then used to pro-
duce syndrome bits, followed by another set of Hadamards to restore the +∕− basis.
Controlled-𝑍 gates are then used to apply a 𝑍 operator to the bit that was flipped.
As before, this is not a full QEC code, because it only detects and corrects phase flip

errors. Suppose we have logical state |𝜓⟩𝐿 = 𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿. Consider a bit flip error
on a single physical qubit, such as 𝑋0. The resulting state is 𝛼 |0⟩𝐿 − 𝛽 |1⟩𝐿, and the
syndrome bits will be calculated as 00 and no correction is made. The physical bit flip
error becomes a logical phase flip error that cannot be corrected.

10.3.3 Correcting Bit and Phase Flips: Shor’s 9-Qubit Code

The first-known example of a complete QEC, one that corrects both bit flip and phase
flip errors, was published by Peter Shor in 1995 [86]. It uses nine physical qubits to
represent one logical qubit, and it can detect and correct any single bit or phase flip. It
is a generalization of the three-qubit codes described above.
The encoding is shown in Figure 10.9. First the data qubit is replicated via entangle-

ment, and then the Hadamard gate changes basis. This is reminiscent of the phase flip
code described earlier. Now, each of those bits is triplicated by entanglement, allow-
ing a bit flip within each group of three to be corrected. The encoding created by this
circuit is:

|0⟩𝐿 =
1

2
√
2

[
(|000⟩ + |111⟩)⊗ (|000⟩ + |111⟩)⊗ (|000⟩ + |111⟩)

]

|1⟩𝐿 =
1

2
√
2

[
(|000⟩ − |111⟩)⊗ (|000⟩ − |111⟩)⊗ (|000⟩ − |111⟩)

]
.

(10.7)

An error correction circuit for the Shor code is shown in Figure 10.10. In the left-
hand section, a bit flip error is detected for each group of three, using the technique in
Section 10.3.1. The middle section detects a phase flip error. As in Section 10.3.2, we
change to the 𝑥-axis basis to compare the phase of the physical qubits. This might not
be obvious, but a single phase flip would cause an odd number of the CNOT gates on

|ψ〉 H

|ψ〉L

|0〉
|0〉

|0〉 H

|0〉
|0〉

|0〉 H

|0〉
|0〉

Figure 10.9 Shor’s [[9,1,3]] code that corrects a
single bit flip or phase flip.
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Figure 10.10 Correction circuit for Shor’s [[9,1,3]] code.

the ancilla qubit to flip. The first ancilla checks for a phase flip in either the first group
or the second group; the second ancilla checks for a phase flip in the second or third
groups.
Finally, the appropriate correction gate—𝑋 or 𝑍, or both—will be applied to the

appropriate qubit, based on themeasured syndrome bits. The phase correction is a little
different than before. A single phase flip in a group can be corrected by performing a 𝑍
gate on any of the three qubits.
This code is classified as [[9, 1, 3]] because it requires nine physical qubits to encode

a single logical qubit. The minimum number of errors that can result in a valid state is
three. For example, a single phase flip in each group of three would transform |0⟩𝐿 to
|1⟩𝐿 or vice versa. There are somemulti-qubit errors that can be corrected by this code,
such as a single bit flip in each of the three groups.

10.3.4 Arbitrary Rotations

So far, we have only considered bit flips and phase flips, each representing a rotation of
𝜋 around one of the axes of the Bloch sphere. At the beginning of this section, however,
we describe a quantum channel in which arbitrary rotations may occur. How does our
QEC code perform on such errors?
For purposes of illustration, we again consider the bit flip code from Section 10.3.1.

Consider applying an error operator 𝑅𝑥(𝜋∕4) = 𝑋1∕4 to a initial state of |0⟩. The result-
ing state is cos 𝜋

8
|0⟩+ 𝑖 sin 𝜋

8
|1⟩. Measuring this state yields 0 with 85% probability and

1 with 15% probability,2 as shown in Figure 10.11.

2 The math: cos2 𝜋

8
≈ (0.924)2 ≈ 0.85; 𝑠𝑖𝑛2 𝜋

8
≈ (0.383)2 ≈ 0.15.
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Figure 10.11 Partial rotation around the x-axis.

If this state is used as the control of a CNOT with a target of |0⟩, the result is an
entangled state: cos 𝜋

8
|00⟩ + 𝑖 sin 𝜋

8
|11⟩. If we measure the target qubit and get 0 (85%

chance), then the control bit is projected to |0⟩, because that is the only state compatible
with a measurement of 0. Likewise, if we measure 1 (15% chance), the control qubit is
projected to |1⟩.
Finally, consider the error correction circuit from Figure 10.7. Assume that the 𝑅𝑥(𝛿)

error occurs on physical qubit |𝜓⟩0. The first ancilla qubit becomes entangled with |𝜓⟩0
as described, and the syndrome bit could be measured as 0 or 1. Does this mean that
sometimes the error is corrected and sometimes not? No. If the measurement is 0, then
|𝜓⟩0 = |0⟩ and no correction is needed. If the measurement is 1, then |𝜓⟩0 = |1⟩; the
correcting 𝑋 gate corrects this to |0⟩.
This is interesting—there’s an 85% chance that no error will be detected and no

correction will be made. We “know” that a rotation occurred, because we explicitly
performed it, but the measurement corrected the rotation without any further action.
In otherwords, we cannot reliably observewhether the error occurred or not. If we don’t
observe an error, then for all practical purposes, it never happened! This is captured by
a saying attributed to Alexander Korotkov:

In quantum mechanics, you don’t see what you get, you get what you see.

When the rotation occurs on the second qubit, |𝜓⟩1, there are two ancilla qubits
involved. Is it possible for one of them to measure 0 and the other measure 1?
No, because the two CNOT gates create a three-way entangled state, illustrated in
Figure 10.11. If one measurement is 0, then the other measurement is certainly also 0.
Therefore the error is consistently detected or not by the two ancilla qubits, and the data
qubit is projected to either the valid state or the error state. The appropriate correction
is performed.
While we have considered only an initial state of |0⟩ and only a portion of the cor-

rection circuit, the same math applies to all the other qubits, and also to the phase
correction portion. Therefore, the 9-qubit Shor code will correct any Pauli error on a
single physical qubit.
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10.4 Stabilizer Codes

Many QEC codes can be conveniently and compactly described through the use of sta-
bilizers. This description allows codes to be analyzed and developed in a more formal
and systematic way. In this section, we introduce the stabilizer approach and describe
additional QEC codes.

10.4.1 Stabilizers

An operator𝑀 is said to stabilize a state |𝜓⟩ if it leaves the state unchanged.

𝑀 |𝜓⟩ = |𝜓⟩ = (+1) |𝜓⟩ . (10.8)

The state |𝜓⟩ is an eigenstate of the matrix representation of operator 𝑀, with an
eigenvalue of +1.
In Section 10.3.1, we described a code as a partition of an extended Hilbert space,

where valid states occupy one subspace 𝒞, which we call the codespace, and all other
states are members of an orthogonal subspace ℱ. We can use the stabilizer formalism
to determine whether a state is in 𝒞 or ℱ.
Consider a two-bit code that detects a single bit flip. (This is not a correction code,

because we won’t be able to tell which bit was flipped, only that a flip occurred.) We
choose |0⟩𝐿 = |00⟩ and |1⟩𝐿 = |11⟩. It is clear that a single bit flip will produce a
non-valid state. Another way to express this:

𝒞 = span{|00⟩ , |11⟩}, ℱ = span{|01⟩ , |10⟩}. (10.9)

There is an operator 𝑀 = 𝑍1𝑍0 that stabilizes all states in 𝒞 and does not stabilize
states inℱ. Stated another way, 𝒞 is in the+1-eigenspace of𝑀. Recall that the notation
𝑍𝑖 means that 𝑍 is applied to qubit 𝑖 of the multi-qubit state, and qubit 0 is the least
significant qubit.

𝑀 |00⟩ = 𝑍1𝑍0 |00⟩ = |00⟩

𝑀 |11⟩ = 𝑍1𝑍0 |11⟩ = |11⟩

𝑀 |01⟩ = 𝑍1𝑍0 |01⟩ = − |01⟩ (10.10)

𝑀 |10⟩ = 𝑍1𝑍0 |10⟩ = − |10⟩ .

Because 𝑍 is a Pauli operator, we know that it is Hermitian with eigenvalues±1, and
that means that 𝑍1𝑍0 is an observable. We can perform a projective measurement of
the observable 𝑍1𝑍0 using a controlled-𝑍1𝑍0 gate, as shown in Figure 10.12. An ancilla
qubit is used to perform the measurement. Measuring in the computational basis will
result in 0 for eigenvalue +1 and 1 for eigenvalue −1. Note that we are not measuring

Z1Z0

|0〉 H H

Z

Z

|0〉 H H

Z

Z

|0〉 H H

Figure 10.12 Measuring Z1Z0 for the two-qubit bit flip detection code. The top two qubits are
the state to be measured, and the bottom qubit is an ancilla. The three circuits are equivalent,
just drawn in different ways.
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n n
M

|0〉 H H

Figure 10.13 Projective measurement for an
n-bit observable M with eigenvalues ±1.

𝑍0 and then 𝑍1 and then multiplying the results. We are measuring the state using the
combined operator 𝑍1𝑍0.
In general, amulti-qubit observable𝑀with eigenvalues±1 can bemeasuredwith the

circuit shown in Figure 10.13. If a stabilizer 𝑀 is chosen such that it anti-commutes3

with an error operator 𝐸, then measuring 𝑀 after the error operator will yield an
eigenvalue of −1:

𝑀𝐸 |𝜓⟩ = −𝐸𝑀 |𝜓⟩ = −𝐸 |𝜓⟩ . (10.11)

Therefore, the projective measurement reliably distinguishes between the error state
and the non-error state. If we choose𝑀 to be a tensor product of Pauli operators, then
any error that is also a combination of Pauli operators will either commute or anti-
commute with the stabilizer. If all error operators anti-commute, then we can perform
error detection.

10.4.2 Stabilizers for Error Correction

In order to correct an error, we need for two different errors 𝐸 and 𝐹 to be distinguished
from one another, so that we know which to correct. We do this by choosing multiple
stabilizers—𝑀𝑎,𝑀𝑏, etc.—such that 𝒞 is in the +1-eigenspace of each𝑀. In addition,
we choose the 𝑀’s to commute with each other, so that 𝒞 is stabilized by the product
of any combination of𝑀’s. To be a bit more mathematically precise, the stabilizer 𝑆 for
a code is an Abelian group of operators, and {𝑀𝑎,𝑀𝑏,…} is a set of generators for that
group. (Abelian means that the group elements all commute with one another.) The
set of generators is not unique. For a more rigorous mathematical description, refer to
Daniel Gottesman’s thesis [87].
Each error operator 𝐸 must anti-commute with at least one of the𝑀’s. This means

that the error can be detected by at least one of the stabilizers. By finding stabilizers
that interact differently with errors, we can uniquely identify the specific error.
For example, consider a 3-qubit code with two stabilizer generators:

𝑀𝑎 = 𝑍1𝑍0, 𝑀𝑏 = 𝑍2𝑍1. (10.12)

This code can correct any single bit-flip error. 𝑋0 anti-commutes with 𝑀𝑎, so it will
measure 1 for that stabilizer; it commutes with𝑀𝑏, which means it will measure 0. 𝑋2
anti-commutes with𝑀𝑏, and 𝑋1 anti-commutes with both𝑀𝑎 and𝑀𝑏. By measuring
both stabilizers, we can distinguish among these three errors. Also, because 𝑀𝑎 and
𝑀𝑏 commute, then 𝑀𝑎𝑀𝑏 is also a stabilizer: 𝑀𝑏𝑀𝑎 |𝜓⟩ = 𝑀𝑏 |𝜓⟩ = |𝜓⟩, leaving the
original state undisturbed by the measurement.
In Figure 10.14, we show the measurement outcomes for each possible error in the

single-bit-flip channel.We use a commonnotation for the stabilizer and error operators
in which the Pauli operation is shown in each bit position: 𝑍1𝑍0 is 𝐼𝑍𝑍. The figure also

3 An operator 𝐴 commutes with operator 𝐵 if 𝐴𝐵 − 𝐵𝐴 = 0. 𝐴 anti-commutes with 𝐵 if 𝐴𝐵 + 𝐵𝐴 = 0.
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Figure 10.14 Stabilizer version of 3-qubit bit flip error detection.

shows the error detection circuit based on the stabilizer formalism. This is equivalent
to the 3-qubit circuit shown in Figure 10.7.
The [[9,1,3]] Shor code from Section 10.3.3 can also be described using the stabi-

lizer formalism. There are eight stabilizers, shown below. The 𝑍 operators are used to
detect bit flips, while the 𝑋 operators are used to detect phase flips. (The 𝑍 error anti-
commutes with the 𝑋 stabilizer. Note that 𝑌 anti-commutes with both 𝑋 and 𝑍, so the
same stabilizers detect a bit and phase flip on the same physical qubit.)

𝐼 𝐼 𝐼 𝐼 𝐼 𝐼 𝐼 𝑍 𝑍
𝐼 𝐼 𝐼 𝐼 𝐼 𝐼 𝑍 𝑍 𝐼
𝐼 𝐼 𝐼 𝐼 𝑍 𝑍 𝐼 𝐼 𝐼
𝐼 𝐼 𝐼 𝑍 𝑍 𝐼 𝐼 𝐼 𝐼
𝐼 𝑍 𝑍 𝐼 𝐼 𝐼 𝐼 𝐼 𝐼
𝑍 𝑍 𝐼 𝐼 𝐼 𝐼 𝐼 𝐼 𝐼
𝐼 𝐼 𝐼 𝑋 𝑋 𝑋 𝑋 𝑋 𝑋
𝑋 𝑋 𝑋 𝑋 𝑋 𝑋 𝐼 𝐼 𝐼.

(10.13)

In general, an𝑛-qubit code that represents 𝑘 logical qubits requires𝑛−𝑘 independent
stabilizers. Each stabilizer reduces the size of the codespace by a factor of 2.
In 1996, AndrewSteane [88] proposed a quantumerror correction code that is related

to the classical [7, 4, 3] code discussed in Section 10.1.3. It uses seven physical qubits
to encode one logical qubit, and it corrects any single qubit bit or phase flip. This is
an example of a more general class of codes known as Calderbank-Shor-Steane (CSS)
codes [89]. CSS codes combine classical linear codes to create quantum codes that cor-
rect bit and phase flips. Though these codes were not originally described using the
stabilizer formalism, they are a useful subclass of stabilizer codes.
Table 10.3 shows the stabilizer generators for the Steane code. These operators follow

the same pattern as theHamming code, though the order of qubits is different. The first
group of 𝑋 operators work to detect phase flip errors, and the group of 𝑍 operators is
used to detect bit flips. Table 10.4 shows the syndrome bits that result from measuring
the ancilla qubits in the error correction circuit in Figure 10.15. Three of the syndrome
bits indicate the location of a bit flip, and the other three syndrome bits indicate the
location of a single phase flip. This code can actually correct two errors, if both a bit
and phase flip occur on different physical qubits.
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Table 10.3 Stabilizer generators for
Steane [[7, 1, 3]] code.

Name Operator

𝑀0 𝐼 𝐼 𝐼 𝑋 𝑋 𝑋 𝑋

𝑀1 𝐼 𝑋 𝑋 𝐼 𝐼 𝑋 𝑋

𝑀2 𝑋 𝐼 𝑋 𝐼 𝑋 𝐼 𝑋

𝑀3 𝐼 𝐼 𝐼 𝑍 𝑍 𝑍 𝑍

𝑀4 𝐼 𝑍 𝑍 𝐼 𝐼 𝑍 𝑍

𝑀5 𝑍 𝐼 𝑍 𝐼 𝑍 𝐼 𝑍

Table 10.4 Syndrome measurements for all single-qubit
errors in the Steane code. Each syndrome bit corresponds
to the measurement of the corresponding operator from
Table 10.3—e.g., bit 0 corresponds to measuring𝑀0.

Error Syndrome Error Syndrome Error Syndrome

𝑍0 000111 𝑋0 111000 𝑌0 111111

𝑍1 000011 𝑋1 011000 𝑌1 011011

𝑍2 000101 𝑋2 101000 𝑌2 101101

𝑍3 000001 𝑋3 001000 𝑌3 001001

𝑍4 000110 𝑋4 110000 𝑌4 110110

𝑍5 000010 𝑋5 010000 𝑌5 010010

𝑍6 000100 𝑋6 100000 𝑌6 100100

|ψ〉′

Z Z Z Z X

|ψ〉L

Z Z Z X

Z Z Z X

Z Z X

Z Z Z X

Z Z X

Z Z X

|0〉 H H

|0〉 H H

|0〉 H H

|0〉 H H

|0〉 H H

|0〉 H H

Figure 10.15 Error correction circuit for the [[7, 1, 3]] Steane code.
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|0〉 H

|ψ〉L

|0〉 H

|0〉 H

|0〉
|0〉
|0〉
|ψ〉

Figure 10.16 Encoding circuit for the [[7, 1, 3]] Steane
code.

The encoding of the logical |0⟩𝐿 and |1⟩𝐿 states for the Steane code is less obvious
than for the Shor code.

|0⟩𝐿 =
1

2
√
2

(
|0000000⟩ + |1010101⟩ + |0110011⟩ + |1100110⟩

+ |0001111⟩ + |1011010⟩ + |0111100⟩ + |1101001⟩
)

|1⟩𝐿 =
1

2
√
2

(
|1111111⟩ + |0101010⟩ + |1001100⟩ + |0011001⟩

+ |1110000⟩ + |0100101⟩ + |1000011⟩ + |0010110⟩
)
.

(10.14)

Each component of the state is stabilized by each of the generator operators, and there
are a couple of notable features. The components of |1⟩𝐿 are derived by flipping all
qubits in the |0⟩𝐿 representation—in other words, 𝑋⊗7 |0⟩𝐿 = |1⟩𝐿. Also, all compo-
nents of |0⟩𝐿 have an even number of bits, so that𝑍⊗7 |0⟩𝐿 = |0⟩𝐿, while all components
of |1⟩𝐿 have an odd number of bits, resulting in 𝑍⊗7 |1⟩𝐿 = − |1⟩𝐿.
An encoding circuit for the Steane code is in Figure 10.16. While this version is

adapted from Preskill [90], Cleve and Gottesman [91] describe a general method for
encoding stabilizer codes.

10.5 Operating on Logical Qubits

In the previous sections, we have considered how to encode logical qubit states |0⟩𝐿,
|1⟩𝐿, and general superposition states. Of course, we also need to perform quantum
operations on these states. If quantum gates get significantly more complex, we will
pay a cost in both circuit width and circuit depth for fault tolerance.
From the examples in the previous section, it should be pretty clear how we can

perform a logical 𝑋, which we denote as 𝑋. Each encoding of |0⟩𝐿 has a corresponding
encoding in |1⟩𝐿 with all of the bits flipped. Therefore, just performing an 𝑋 gate on
each physical qubit, as shown in Figure 10.17 has the result of flipping the logical state.
Likewise, all encodings of |0⟩𝐿 have an even number of ones, so performing a 𝑍 on all

qubits has no net effect. On the other hand, all encodings of |1⟩𝐿 have an odd number
of ones, and performing a 𝑍 on all qubits will multiply the state by −1. Therefore, 𝑍 is
equivalent to performing 𝑍 on each physical qubit.
This property is known as transversality, and such gates are known as transversal

gates. The CNOT gate is also transversal, achieved by choosing the control and target
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7 7|ψ〉L X⊗7 X |ψ〉L
Figure 10.17 The logical X operator is transversal for the
[[7,1,3]] code, consisting of a single X gate on each physical
qubit. Logical operators for Z, H, S, and CNOT are also
transversal.

Figure 10.18 Performing the T operation on encoded data.

qubits from corresponding positions in the encoded states. In addition,𝐻 and 𝑆 are also
transversal; in the case of 𝑆, the 𝑆† operator must be applied to each qubit. (The proof
is left as an exercise for the reader.)
Tranversality is a useful property. Not only is it trivially easy to implement, it also

means that qubits do not need to interact with each other. Therefore, errors do not
propagate from one qubit to another during the logical operation.
However, not all encoded gates can be implemented transversally. For example, 𝑇 is

not transversal for the Steane code. While the Clifford gates are all transversal, the 𝑇
gate is required for universal quantum computation. In fact, there can be no code for
which a transversally-encoded gate set is universal [92].
The logical 𝑇 gate can be performed with the help of a so-calledmagic state. For the

𝑇 gate, we can use a magic state |𝐴⟩𝐿 with the circuit shown in Figure 10.18 to perform
the 𝑇 operator on an encoded state |𝜓⟩𝐿. State |𝐴⟩𝐿 is equivalent to a 𝑇 operation on
encoded state |+⟩𝐿. We can create this state by encoding a single-qubit state 𝑇𝐻 |0⟩
using the circuit in Figure 10.16. This is not a fault-tolerant preparation, however. The
process of creating a high-quality magic state is known as distillation, in which several
copies of the magic state are prepared and refined into higher-fidelity magic states.

10.6 Error Thresholds

In this section, we describe what is known as the threshold theorem, which claims that
arbitrarily accurate quantum computing can be performed, provided that the error per
operation is below a threshold value [93]. It is this result that gives hope that large-
scale quantum computation is possible, even with less-than-perfect qubits and gates.
The threshold gives a target for a “reasonable” amount of noise in our physical system.

10.6.1 Concatenation of Error Codes

TheQECcodeswehave discussed all have a distance of 3,meaning that they can correct
only a single physical error. One way to tolerate more physical errors is to concatenate
codes into higher-level encodings. Concatenation means that we take multiple logical
qubits and further encode them, using either the same or a different code.
For example, suppose we take 49 logical qubits and encode them in groups of seven,

using the Steane [[7, 1, 3]] code. This yields seven level-1 logical qubits. It’s not strictly
necessary that each of these level-1 qubits use the same code, but it’s easier to assume so.
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Then we perform the [[7, 1, 3]] encoding operation again on the seven level-1 logical
qubits, using transveral logical operators, creating a level-2 logical qubit. We now have
72 = 49 physical qubits, one logical qubit, and a distance of 32 = 9, meaning we can
detect and correct up to four physical errors on the 49 qubits: 𝑡 = (𝑑−1)∕2 = (9−1)∕2 =
4.
We can continue this indefinitely, choosing the same or different encodings at each

level. Using the Steane code, a 𝑔-level encoding requires 7𝑔 physical qubits and with a
distance of 3𝑔. Both the distance and the number of qubits scale exponentially with
the number of levels; unfortunately the number of qubits scales faster. In addition,
the encoding and error correction circuits require additional quantum gates, provid-
ing more opportunity for errors. Does concatenation result in a lower overall logical
error rate? It depends on the physical error rate, as we discuss in the next section.

10.6.2 Threshold Theorem

The threshold theorem allows us to understand whether using more physical qubits
will reduce the errors that are observed at the logical qubit level.
First, we assume that qubit errors are independent of each other, and that each qubit

experiences an 𝑋 and/or 𝑍 error with probability 𝑝 for each gate operation. Second,
we assume that quantum circuits are composed according to fault-tolerant principles,
such that any single gate failure will result in at most one error at the input of a logical
qubit block. Finally, we assume that a round of error correction is performed after each
logical operation, using a code that can correct a single-qubit error. This means that the
logical operation will fail only if two or more errors occur.
Therefore, the failure rate of each operation is

𝑝𝐿1 = 𝑐𝑝2, (10.15)

where 𝑝𝐿1 is the rate of level-1 logical error and 𝑐 is an upper bound for the number
of possible two-error combinations that can occur while performing the logical and
error correction operations. The value of 𝑐 is considered constant for a given correction
code, and it depends on the implementation of the code and the details of the quantum
computer.
If we now concatenate using the same code, the logical failure rate of a level-2

operation is

𝑝𝐿2 = 𝑐(𝑝𝐿1)2 = 𝑐3𝑝4. (10.16)

Extending this to a 𝑔-level concatenated code yields

𝑝𝐿𝑔 =
(𝑐𝑝)2𝑔

𝑐 . (10.17)

This implies that for a given physical error rate of 𝑝, the failure rate of a level-𝑔 log-
ical qubit can be made arbitrarily small, as long as 𝑐𝑝 < 1. This inequality defines a
threshold physical error rate, such that application of additional error correction will
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Figure 10.19 Estimated logical error rates for a concatenated Steane [[7, 1, 3]] code for
various physical error rates. For error rates below the threshold (pth), additional levels of
concatenation can reduce the logical error rate.

reduce the failure rate of logical gates.

𝑝th < 1∕𝑐. (10.18)

As a concrete example, Knill et al. [93] estimated 𝑐 ≤ 313, 894 for a system with
aribtrary qubit interconnect, using the Steane [[7, 1, 3]] code. This estimate was based
on the preparation of the |𝜋∕8⟩ state, and it leads to a threshold 𝑝th = 3 × 10−6. The
value of 𝑐 would be higher for realistic systems with limited interconnect.
Figure 10.19 shows the calculated logical error rates of a concatenated Steane code for

various physical error rates. If the physical error rate is above 𝑝th then adding layers of
error correction only makes things worse. However, if the physical error rate is below
the threshold, then the logical error rate can be driven arbitrarily low by using more
qubits.
Given current gate and readout errors on the order of 10−2, it appears that the Steane

code is not a feasible path to fault-tolerant quantum computing in the near term. How-
ever, a different family of error correction codes, known as surface codes, is known to
have a higher threshold than the Steane code.

10.7 Surface Codes

The desire for scalable error correction led to an investigation of topological codes. These
codes are constructed on a lattice (of dimension ≥ 2), and the protection of informa-
tion relies on the unlikelihood of error chains forming non-trivial paths over the code
surface.
The first such code was defined by Kitaev [94] for a 2D lattice on the surface of a

torus, with data qubits representing the edges of the lattice and stabilizers located at
the vertices and on the faces. It is therefore known as the toric code. Others have shown
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that the toric topology is not a requirement, which led to the development of planar
surface codes [95, 96].
The surface code exploits localized interactions between neighboring qubits, so it is

well-suited for the types of planar connection topologies that are common in super-
conducting quantum systems. It is also insensitive to local errors and can be scaled to
improve the logical error rate. The threshold for the surface code is estimated in the 10−2

to 10−3 range, orders of magnitude better than the stabilizer codes discussed earlier.
However, a large number of physical qubits are required to implement a single log-

ical qubit. In addition, logical operations require operations that move logical qubits
around on the planar surface. Just like the stabilizer codes, non-Clifford gates (such
as 𝑇) require the preparation (distillation) of special states, which incurs significant
overhead.
In spite of these overheads, the surface code is a promising candidate for achieving

fault-tolerant quantum computing for technologies that favor nearest-neighbor inter-
action among physical qubits. Our description of the 2D planar surface code is largely
based on the survey paper by Fowler et al. [97].

10.7.1 Stabilizers

The operation of the surface code is based on 𝑋 and 𝑍 stabilizers. The basic construct
is a square mesh of physical qubits, as shown in Figure 10.20. This square mesh rep-
resents a single logical qubit, though we will see that larger collections will be needed
for realistic error correction. The distance of the code is determined by the size of the
square, and the distance determines howmany physical errors can be reliably detected
and corrected. If errors are rare and not physically-correlated, a larger array can detect
and correct more physical errors.
Physical qubits are designated as data qubits and stabilizer (measurement) qubits.

Data qubits are shown as white circles in the figure. Each data qubit is surrounded by
measure-Z (yellow/light gray) qubits andmeasure-X (teal/dark gray) qubits. Eachmea-
surement qubit performs a stabilizer measurement on four data qubits; the direction

Figure 10.20 Surface code, composed by a
square mesh of physical qubits. Data qubits
(white) are interleaved with measure-X qubits
(teal/dark gray) and measure-Z qubits
(yellow/light gray). The direction of arrows
show the direction of CNOT operations for
projective measurements.
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of the arrows indicate the direction of the CNOT operation performed during the pro-
jective measurement. Each data qubit is associated with twomeasure-X qubits and two
measure-Z qubits, except on the boundaries of the square.
The left and right edges of the square are known as X boundaries, because the edge

only contains data and measure-X qubits. This is also known as a “smooth” boundary
in the surface code literature. The top and bottom edges are Z boundaries, also known
as “rough” boundaries.
The distance of the code is determined by the minimum number of data qubits

in a path that connects one boundary to the other boundary of the same type. In
Figure 10.20, 𝑑 = 4. It’s not a requirement that the mesh be square, but since distance
is determined by the minimum path between left/right or top/bottom edges, there is
no advantage to adding more qubits in only one dimension.
There are more data qubits than measurement qubits in the square. In this example,

there are 25 data qubits and 24measurement qubits. Therefore, there are 2×25 degrees
of freedom in the measured outcomes of data qubits, with 2×24 contraints imposed by
the stabilizers. The stabilizers are linearly independent, as no stabilizer can be written
as a product of the other stabilizers. The two unconstrained degrees of freedom can be
used to define a single logical qubit, as we will show later.
As a side note, the description above does not apply to arrays that have strictly X

boundaries or strictly Z boundaries. In this case one of the stabilizers can be written as
a product of the others, so there are 2 × (𝑁 − 1) constraints. In such arrays, there are
only 𝑁 − 1 data qubits, so the array is completely constrained by the stabilizers, and
there are no additional degrees of freedom. In order to create a logical qubit, the array
must have both X and Z boundaries.
The error correction cycle is performed with 𝑋𝑋𝑋𝑋 and 𝑍𝑍𝑍𝑍 stabilizer measure-

ments performed on all of the data qubits in parallel. Figure 10.21 shows a zig-zag
pattern (a, b, c, d) of access to neighboring data qubits. Each measurement qubit is
reset to the |0⟩ state, and then CNOT gates are used to perform projective measure-
ments on the data qubits. The idle (𝐼) gates in the 𝑍𝑍𝑍𝑍 circuit are used to compensate
for the Hadamard (𝐻) gates in the𝑋𝑋𝑋𝑋 circuit, so that the timing of each cycle is the
same. Each physical CNOT gate is performed on all data qubits in parallel, before the
next step is performed.
Suppose all of the data and measurement qubits are initialized to |0⟩, and then an

error correction cycle is performed. As a result of the measurements, the data qubits
will be projected to a state |𝜓⟩ that is a simultaneous eigenstate of all of the𝑋 and 𝑍 sta-
bilizers. This is known as a quiescent state; repeated measurement cycles will leave the
state as |𝜓⟩ and will result in the same measurement outcomes for all of the measure-
X and measure-Z qubits. Each measurement will result in a +1 or −1 outcome. For
𝑁 measurement qubits, there are 2𝑁 such quiescent states, and any of them can be
used as the logical |0⟩𝐿 state. We’ll discuss the manipulation of this logical state in a
later section, but first let’s consider how this code allows a physical qubit error to be
detected and corrected.

10.7.2 Error Detection and Correction

Figure 10.22 shows what happens when a bit-flip error occurs on a data qubit. The two
𝑍 stabilizers on either side will report a different measurement than before the error.
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Figure 10.21 Surface code error cycle. The top row is a measure-Z circuit (ZZZZ stabilizer);
the second row is a measure-X circuit (XXXX stabilizer). The sequence of gates allows for all
measurements to happen in parallel across the entire surface.

Figure 10.22 When a bit flip (X) error occurs on a
data qubit, the two measure-Z qubits will flip their
measurement outcomes, indicated by circles and a
change in color. This can be used as a syndrome to
detect a bit flip error on a specific data qubit.

For instance, if the prior measurement was +1, the measurement in this cycle will be
−1, because an odd number of flips occurred.
Recall the measure-Z circuit in Figure 10.21. To simplify the discussion, assume that

all of the neighboring qubits, 𝑎–𝑑, are in state |0⟩.4 The measurement outcome will
therefore be +1, the eigenvalue corresponding to measuring |0000⟩.
Now assume that a bit flip error occurs on qubit 𝑏. In other words, this measure-Z

qubit is the one to the right of the flipped data qubit in Figure 10.22. This change affects
one of the CNOT gates in the circuit, causing the measurement outcome to change
to −1.

4 They won’t be |0⟩, because each data qubit is projected into an eigenstate of all of its 𝑋 and 𝑍
stabilizers, but this makes for an easier explanation.
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For themeasure-Z qubit to the left of the error, the same thing happens, only this time
because its data qubit 𝑐 has flipped. Note that the𝑋 stabilizer measurements above and
below the data qubit are unaffected, because they detect only phase flips, not bit flips.
Therefore, the change of two neighboring measure-Z outcomes can be used as a syn-

drome to indicate a bit flip error on the data qubit shared by those twomeasure-Z qubits.
Similarly, a phase flip error causes outcomes to change for the two adjacent measure-X
qubits, as shown in Figure 10.23. If both a bit flip and a phase flip error occurs (a 𝑌
error), all four of the neighboring measurement qubits will have flipped outcomes.
In the case of a partial bit or phase flip, the stabilizer measurement performs as dis-

cussed in Section 10.4.1. The state will be projected to an eigenstate of the stabilizers.
This will either correct the error, or it will project to a “full” bit/phase flip that can be
corrected.
Figure 10.24 shows the effect on measurements when two, three, and four bit flip

errors occur in the same area of the array. With two errors, a different (diagonal) pat-
tern of 𝑍 stabilizers changes. However, this is not a unique syndrome—the red errors
(bottom plus left) and the gray errors (top and right) result in the same outcome. The
code cannot reliably detect the difference between these two scenarios.

Figure 10.23 A phase flip error affects the outcome of its two adjacent X stabilizers. If both
bit and phase flips occur, all four neighboring stabilizers will flip their outcomes.

Figure 10.24 When multiple errors occur in the same vicinity, they may not be uniquely
distinguishable. In general, many different chains of bit flip errors can result in the same
syndrome measurement. In the case of four errors (right), no change in the measurement
outcome occurs. This actually not an error at all, because the resulting state is trivially related
to the original quiescent state |𝜓⟩.
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The case of three errors, in the middle, has the same syndrome as the one-error sce-
nario in Figure 10.22. In fact, many different chains of 𝑋 errors can result in this same
measurement outcome. However, if errors are rare and not physically correlated, the
probably of a single bit flip error is much higher. Therefore, the error detection soft-
ware will generally interpret this as a single-qubit error, even though that would be an
incorrect interpretation in this case.
The rightmost part of Figure 10.24 shows a ring of four 𝑋 errors. This is interesting,

because none of the stabilizermeasurements is affected. Eachmeasure-Z stabilizer sees
two bit flips, which maintains the sign of the previous measurement. This seems like
an undetected error. In fact, it’s effectively not an error at all: it’s another version of
the quiescent state |𝜓⟩. The key observation is that the four 𝑋 operators are equiva-
lent to the measure-X stabilizer in the middle of the four data qubits. Therefore, |𝜓⟩
already includes the superposition of both the flipped and unflipped versions of these
data qubits, and the overall state does not change.
Going back to the middle picture, consider what happens if these three errors occur,

but the error correction software decides to correct by applying an𝑋 operator to the gray
data qubit instead. This correction creates a loop of 𝑋 operators, just like the rightmost
picture, which produces the original quiescent state. In fact, any path that connects the
two flipped measure-Z qubits will either undo the actual errors, or will create a loop
that will neutralize the errors. (The chosen path must include only data qubits and
measure-Z qubits.)
At each surface code cycle, the measurement results are compared to the previous

cycle’s results. Classical control software must track and interpret changes in the mea-
surements. Since the results can be ambiguous, the software must decode any changes
to determine the most likely error(s) that caused the result. A variety of decoding algo-
rithms have been proposed, such as minimum weight perfect matching [98, 99] or
approaches based on neural networks [100].
Of course, errors can also occur on the measurement qubits. A measurement error

can be distinguished from a data qubit error in two ways. First, only one measurement
outcome changes. Second, a measurement error is not likely to happen on the next
measurement cycle, so it will tend to be ephemeral. A data qubit error, on the other
hand, will create a new quiescent state whichwill be stable overmultiplemeasurement
cycles. Typically, each error detection cycle involves 𝑑 measurements, to reduce the
probability and impact of measurement errors.
When a physical error is detected, we could apply an 𝑋 or 𝑍 operation to correct it.

However, such operations are also error-prone, so we are not guaranteed that the error
will be corrected. Instead of manipulating the data qubit, the software can track the
error and compensate when logical measurements are performed. For example, if a bit
flip error occurs on data qubit𝑎, if that qubit is latermeasured as 0, the software can cor-
rect themeasured value to 1. This approach of software-corrected errors ismore reliable
than using faulty hardware operations to restore data qubits to their original states.

10.7.3 Logical X and Z Operators

In Section 10.7.1, we noted that the data qubits in the array outnumber the measure-
ment qubits, which creates two unconstrained degrees of freedom. We can manipulate
those degrees of freedom to realize a two-state system equivalent to a logical qubit.
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Figure 10.25 Logical X and Y operations on the surface code array.

Consider what happens when we apply an 𝑋 operator to each of the data qubits in a
single row, as shown in the left-hand part of Figure 10.25. Since each measure-Z qubit
in that row sees two bit flips, their measurement outcomes do not change. We have
applied an operator 𝑋1𝑋2𝑋3𝑋4 to create a new state |𝜓𝑋⟩ that has exactly the same
measurement outcomes as |𝜓⟩.
However, unlike the loop of 𝑋 operations in Figure 10.24, this set of 𝑋 operations

is not equivalent to a measure-X stabilizer. Also, it cannot be written as a product of
measure-X stabilizers. Therefore, |𝜓𝑋⟩ is not equivalent to |𝜓⟩, but it is a new quies-
cent state with the samemeasurement outcomes. We have manipulated one of the two
degrees of freedom available in the array, and we can say:

|𝜓𝑋⟩ = 𝑋 |𝜓⟩ (10.19)

where 𝑋 is the notation we used earlier to denote a logical 𝑋 operator.
The 𝑋 operator uses data qubits from one X-boundary of the array to the other. Does

the sequence have to be along a single row? In other words, are there other logical 𝑋
operators that would produce a state different than |𝜓𝑋⟩?
Consider the operation shown in Figure 10.26, where we choose an alternate path

between the two X-boundaries. We’ll call this operator 𝑋 ′ = 𝑋1𝑋5𝑋6𝑋7𝑋3𝑋4. Using

X

X

X X

X

X X

Figure 10.26 Any path of X operators
connecting one X boundary to the other is
equivalent to the logical X operator, up to a
global phase.
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the relationship 𝑋2 = 𝐼, we can rewrite this operator as in terms of 𝑋 as follows:

𝑋 ′ = 𝑋1𝑋5𝑋6𝑋7𝑋3𝑋4

= 𝑋5𝑋6𝑋7𝑋2(𝑋1𝑋2𝑋3𝑋4)

= 𝑋5𝑋6𝑋7𝑋2(𝑋).

(10.20)

The operator𝑋5𝑋6𝑋7𝑋2 forms a loop that is equivalent to the𝑋 stabilizer in the mid-
dle of that loop. Therefore we have multiplied 𝑋 by an operator that is stabilized to a
±1 eigenvalue by the surface code, which means that:

𝑋 ′ |𝜓⟩ = ±𝑋 |𝜓⟩ = ± |𝜓𝑋⟩ (10.21)

where the + or − depends on the measurement outcome of the X stabilizer.
Similarly, any path that crosses the array from one X boundary to the other can be

written as a product of 𝑋 times a product of X stabilizers, and therefore will differ only
by the sign of those stabilizer measurements. That means there is only one state |𝜓𝑋⟩
that is linearly independent of |𝜓⟩ and only one logical operator 𝑋.
By the same logic, we can define a logical 𝑍 operator by performing 𝑍 operations on

a chain of data qubits connecting one Z boundary to the other, as shown in the right-
hand side of Figure 10.25. Beginning with quiescent state |𝜓⟩, this creates a state |𝜓𝑍⟩
that has the same measurement outcomes but cannot be represented as a product of
stabilizers.

|𝜓𝑍⟩ = 𝑍 |𝜓⟩ (10.22)

Because any 𝑋 operator and any 𝑍 operator will intersect at exactly one data qubit,
and because the 𝑋 and 𝑍 operators on that qubit anti-commute, we can show that the
logical 𝑋 and 𝑍 operators also anti-commute [97]:

𝑋 𝑍 = −𝑍 𝑋. (10.23)

Therefore the logical 𝑋 and 𝑍 operators have the desired properties and the array can
be viewed as a logical qubit.
Fowler et al. [97] describe the system in the following way. The quiescent state can

be written as the product |𝜓⟩ = |𝑄⟩ |𝑞𝐿⟩, where |𝑄⟩ is a vector in the 2𝑁-dimensional
Hilbert space defined by the 𝑁 stabilizers. |𝑄⟩ is constrained to a specific state in this
Hilbert space, as determined by the measurement outcomes. The remaining degrees
of freedom in |𝜓⟩ are captured by |𝑞𝐿⟩. The stabilizers have no effect on |𝑞𝐿⟩, and the
logical operators have no effect on |𝑄⟩.
In the array described above, there are two degrees of freedom that are unconstrained

from the stabilzers, so |𝑞𝐿⟩ is defined by a two-dimensional Hilbert space. The eigen-
states of 𝑍 are |0⟩𝐿 and |1⟩𝐿, such that 𝑍 |0⟩𝐿 = + |0⟩𝐿, and 𝑍 |1⟩𝐿 = − |1⟩𝐿. The
eigenstates of 𝑋 are |+⟩𝐿 = (|0⟩𝐿 + |1⟩𝐿)∕

√
2 and |−⟩𝐿 = (|0⟩𝐿 − |1⟩𝐿)∕

√
2. Either

pair of logical states can be used as a basis for |𝑞𝐿⟩.
In order to use this as a logical qubit, wemust be able to initialize it into a known state

and to measure it. To initialize as |0⟩𝐿, we initialize all data qubits as |0⟩ and perform 𝑑
rounds of error correction. Alternatively, we can initialize in the |+⟩𝐿 state by intializing
the physical data qubits to |+⟩. To perform a logical measurement in either basis, we
perform a physical measurement of all qubits in the appropriate basis (𝑍 or 𝑋) and
then calculate the parity of the physical measurement outcomes. The measurement
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outcomes may be adjusted due to errors tracked by the control software for specific
physical qubits. An even parity indicates |0⟩𝐿 (|+⟩𝐿) and odd parity indicates |1⟩𝐿 (|−⟩𝐿).
To do quantum computation, we also need other single-qubit gates, such as 𝐻, 𝑆,

and 𝑇, as well as two-qubit gates, like CNOT. There are several different surface code
approaches. In the next section, we will describe a technique known as lattice surgery.

10.7.4 Multiple Qubits: Lattice Surgery

Given the planar surface array described above, there are several alternatives for imple-
menting multiple qubits. We could have a separate array for each qubit. This creates
difficulty for multi-qubit operations: a CNOT, for example, can be performed transver-
sally between corresponding physical data qubits, but this requires operations between
qubits that are physically distant, eliminating the nearest-neighbor interactions that
make the surface code attractive for technologies like superconducting qubits that
prefer planar, local interconnections.
Another approach is to introduce defects or “holes” in the surface by turning off the

stabilizer measurements on some qubits [97]. This creates an additional degree of free-
dom within the array that can be manipulated as a logical qubit. Typically, two defects
are required for each logical qubit, and the distance between the holes is related to the
desired distance 𝑑 of the error correction code. This creates a significant overhead in
the number of physical qubits needed for each logical qubit. In this model, two-qubit
operations are performed by moving the defect of one logical qubit around the defect
in another, an operation known as braiding.
A more efficient approach is to use multiple planar arrays, and to perform inter-

actions between the arrays using a technique known as lattice surgery. As the name
suggests, qubits can be stitched together (merged) and cut apart (split). The effects of
the splitting andmerging on the logical states of the qubit can be used to perform entan-
gling operations using only nearest-neighbor interactions. In the rest of this section, we
show the merge and split operations, and then show how CNOT can be performed.

10.7.4.1 Lattice Merge
The merge operation takes two planar logical qubits and merges them into one larger
qubit. In this section, we describe how to perform amerge, and what the resulting state
will be.
Figure 10.27(a) shows two qubits with distance 𝑑 = 4. We’ll call the left qubit |𝜆⟩𝐿

and the right qubit |𝜌⟩𝐿.

|𝜆⟩𝐿 = 𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿 (10.24)

|𝜌⟩𝐿 = 𝛼′ |0⟩𝐿 + 𝛽′ |1⟩𝐿 . (10.25)

Note that these qubits are rotated by 90 degrees, relative to Figure 10.20: the X (smooth)
boundaries are at the top and bottom, and the Y (rough) boundaries are at the left and
right.
Between the two qubits is a column of unused physical qubits. Following the same

pattern as the logical qubits, we label each as either a data qubit or a measure-X qubit.
These qubits are “unconnected,” in the sense that they are not participating in any of
the stabilizer measurements for the logical qubits.
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Figure 10.27 Rough merge of two planar qubits.

Because we are going to perform a merge along the rough boundaries, this action
is known as a rough merge. To perform a rough merge, we initialize the physical
data qubits in the middle column to |0⟩. We then turn on the measure-X qubits and
connect the measure-Z qubits along the boundaries to the data qubits, as shown in
Figure 10.27(b), and perform 𝑑 rounds of error correction. The result is a single logical
qubit that still has distance 𝑑 = 4, because the distance is determined by the length of
the 𝑋 operator, which hasn’t changed. The interesting part, however, is how the state
of this logical qubit relates to the states of the previous two logical qubits.
After error correction, we can look at the measurement outcomes for the new

measure-X qubits that span the two original qubits, and we know the eigenvalue of the
product of these X stabilizers. This is equivalent to measuring 𝑋 𝑋 on the two logical
qubits. The initial state with two logical qubits is |𝜆⟩𝐿 |𝜌⟩𝐿. If we measure 𝑋 𝑋 without
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merging, we end up in this logical state:

1
√
2

(
|𝜆⟩𝐿 |𝜌⟩𝐿 + (−1)𝑀𝑋 |𝜆⟩𝐿 𝑋 |𝜌⟩𝐿

)
(10.26)

where𝑀 is the logical outcome of the measurement (0 or 1).
After themerge, however, we have one logical qubit, not two.We canwrite the result-

ing logical state as follows, using the symbol⊙ to represent the roughmerge operation:

|𝜆⟩𝐿 ⊙ |𝜌⟩𝐿 = 𝛼 |𝜌⟩𝐿 + 𝛽𝑋 |𝜌⟩𝐿

= 𝛼′ |𝜆⟩𝐿 + 𝛽′𝑋 |𝜆⟩𝐿 .
(10.27)

In classical terms, when the input qubits are either in the |0⟩𝐿 or |1⟩𝐿 state, the result
of the merge is an XOR of the two states:

|𝜆⟩𝐿 |𝜌⟩𝐿 |𝜆⟩𝐿 ⊙ |𝜌⟩𝐿
|0⟩𝐿 |0⟩𝐿 |0⟩𝐿
|0⟩𝐿 |1⟩𝐿 |1⟩𝐿
|1⟩𝐿 |0⟩𝐿 |1⟩𝐿
|1⟩𝐿 |1⟩𝐿 |0⟩𝐿

A smooth merge operation can also be performed, which merges two planar qubits
along their X (smooth) boundaries, adding new data and measure-Z qubits. In this
operation the data qubits are initialized to |+⟩ before the 𝑑 rounds of error correc-
tion. The resulting logical state is shown below, where⊚ represents the smooth merge
operation:

|𝜆⟩𝐿 ⊚ |𝜌⟩𝐿 = (𝑎 |+⟩𝐿 + 𝑏 |−⟩𝐿)⊚ (𝑎′ |+⟩𝐿 + 𝑏′ |−⟩𝐿)

= 𝑎 |𝜌⟩𝐿 + 𝑏𝑍 |𝜌⟩𝐿

= 𝑎′ |𝜆⟩𝐿 + 𝑏′𝑍 |𝜆⟩𝐿 .

(10.28)

An interesting property of the merge operation is that it is not unitary. It starts with
two logical qubits and endswith one. However, it is well-defined and fault-tolerant, and
only requires nearest-neighbor operations.

10.7.4.2 Lattice Split
The opposite of a merge is a split, which takes one logical qubit and creates two. This
is also a non-unitary operation, since it changes the number of logical qubits. Unlike
merge, however, no information is lost; a split can be logically reversed by performing
a merge.
The split operation can change the distance. Splitting a square logical qubit would

result in two qubits with distance 𝑑∕2. To preserve the distance 𝑑, we must start with
a rectangular qubit, with distance 𝑑 in one direction and 2𝑑 in the other. Note that this
is exactly what we ended up with after the merge in the previous section.
As with the merge, a split can be either rough or smooth, depending on the type of

boundary that is created by the split. Figure 10.28 illustrates a smooth split, creating two
logical qubitswith twonew smooth (X) boundaries. For a smooth split, the separation is
performed by measuring the physical data qubits in the 𝑋 basis. The measure-Z qubits
in the row/column are turned off, and the measure-X qubits attached to the removed
data qubits are converted to three-qubit stabilizers.
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Figure 10.28 Smooth split of a planar qubits.

The removal of the measure-Z qubits has no effect on any of the other Z stabilizers,
and all of the data qubits in the left and right sides of the split remain in the same Z-
basis eigenstates. In other words, the logical 𝑍 operator on the two resulting logical
qubits are unchanged and independent from each other.
The𝑋-measurements of the removed data qubits will each have a result of +1 (logical

0) or −1 (logical 1). The measure-X qubits on either side must be must be multiplied
by this result for the purpose of error correction. The parity of the remainder of the
surface remains fixed, but now there are two surfaces, so the original logical 𝑋 state is
effectively entangled across the two resulting qubits. The result is that the smooth split
generates the following transformation:

𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿 ⟶ 𝛼 |00⟩𝐿 + 𝛽 |11⟩𝐿 . (10.29)
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A rough split operation is complementary, splitting along a rough boundary and
measuring the data qubits in the 𝑍 basis. Again the result is an entanglement:

𝑎 |+⟩𝐿 + 𝑏 |−⟩𝐿 ⟶ 𝑎 |++⟩𝐿 + 𝑏 |−−⟩𝐿 . (10.30)

10.7.5 CNOT

As we’ve seen, the CNOT is a two-qubit entangling gate that is necessary for quantum
computation. Any logical qubit schememust support such a gate, and themotivation of
lattice surgery is to enable CNOT without requiring long-distance transversal interac-
tions between physical qubits. This section shows how to perform CNOT using lattice
split and merge operations [101].
Figure 10.29 shows a control qubit |𝐶⟩, a target qubit |𝑇⟩, and a helper intermediate

qubit |𝐼𝑁𝑇⟩. |𝐶⟩ and |𝑇⟩ have arbitrary quantum states, and |𝐼𝑁𝑇⟩ is initialized to |+⟩𝐿.
There are also physical qubits set up to perform merge operators, as needed.

|𝐶⟩ = 𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿

= 1
√
2
(𝑎 + 𝑏) |0⟩𝐿 +

1
√
2
(𝑎 − 𝑏) |1⟩𝐿

= 𝑎 |+⟩𝐿 + 𝑏 |−⟩𝐿
|𝑇⟩ = 𝛼′ |0⟩𝐿 + 𝛽′ |1⟩𝐿

|𝐼𝑁𝑇⟩ = |+⟩𝐿 .

(10.31)

Figure 10.29 Preparation for a CNOT operation on control qubit |C⟩ and target qubit |T⟩, with
the help of an intermediate qubit |INT⟩.
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First, a smooth merge is performed between |𝐶⟩ and |𝐼𝑁𝑇⟩.

|𝐶⟩⊚ |𝐼𝑁𝑇⟩ = 𝑎 |+⟩𝐿 + (−1)𝑀𝑏 |−⟩𝐿

= 1
√
2
(𝑎 + (−1)𝑀𝑏) |0⟩𝐿 +

1
√
2
(𝑎 − (−1)𝑀𝑏) |1⟩𝐿

(10.32)

where 𝑀 is the logical measurement of 𝑍 𝑍 performed by the merge. Consider the
output for each value of𝑀:

|𝐶⟩⊚ |𝐼𝑁𝑇⟩ = 1
√
2
(𝑎 + 𝑏) |0⟩𝐿 +

1
√
2
(𝑎 − 𝑏) |1⟩𝐿 ,𝑀 = 0

= 1
√
2
(𝑎 − 𝑏) |0⟩𝐿 +

1
√
2
(𝑎 + 𝑏) |1⟩𝐿 ,𝑀 = 1.

(10.33)

If 𝑀 is 1, we do a bit flip (𝑋), either in software or by flipping the appropriate data
qubits, to fix the result as:

|𝐶⟩⊚ |𝐼𝑁𝑇⟩ = 𝛼 |0⟩𝐿 + 𝛽 |1⟩𝐿 . (10.34)

In other words, by doing a smooth merge with |+⟩𝐿, plus the correction, we have
effectively changed the shape of the qubit without changing its state.
Second, we perform a smooth split to separate the qubits back into their original

shapes. As described above, this results in an entangled pair of logical qubits:

|𝐶′ 𝐼𝑁𝑇′⟩ = 𝛼 |00⟩𝐿 + 𝛽 |11⟩𝐿 . (10.35)

Third, we perform a rough merge of |𝐼𝑁𝑇′⟩ with |𝑇⟩:

|𝐶′(𝐼𝑁𝑇′ ⊙ 𝑇)⟩ = 𝛼 |0⟩𝐿 ⊗ (|0⟩𝐿 ⊙ |𝑇⟩) + 𝛽 |1⟩𝐿 ⊗ (|1⟩𝐿 ⊙ |𝑇⟩)

= 𝛼 |0⟩𝐿 ⊗ |𝑇⟩ + (−1)𝑀′𝛽 |1⟩𝐿 ⊗𝑋 |𝑇⟩
(10.36)

where 𝑀′ is the logical measurement of 𝑋 𝑋 performed by the merge. Correcting for
𝑀′ = 1, either in software or with a 𝑍, we now have two logical qubits with state
equivalent to |𝐶⟩⊕ |𝑇⟩.
Finally, note that the second logical qubit is a different shape than the original |𝑇⟩.

It’s not necessary, but we may want to restore the target qubit to its original region. If
we split this qubit, we end up with entanglement with the helper qubit, which is not
what we want. Instead, we can “shrink” the qubit to the original shape by measuring
all of the data qubits in the unwanted region in the 𝑍 basis.

10.7.6 Single-Qubit Gates

To support universal quantum computing, the surface code must be able to perform
the Clifford+T set of gates on logical qubits. We’ve discussed the Pauli gates (𝑋, 𝑍, 𝑌)
and CNOT. In this section we will briefly describe how to perform 𝐻, 𝑆, and 𝑇 gates,
which complete the required set.
The𝐻 and 𝑆 gates can be performed classically, in software, by simply relabeling the

logical operators on the qubit [102]. For example, since 𝐻𝑋 = 𝑍, we “perform” an H
gate on the qubit in Figure 10.25 by redefining𝑋 to be what is normally the 𝑍 operator:
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Figure 10.30 State injection. (a) Prepare a single data qubit with the desired state |𝜓⟩, and
other qubits as |0⟩. (b) Entangle data qubits to create multi-qubit state. (c) Stabilize to create
logical state |𝜓⟩𝐿 .

a sequence of 𝑍 operators between two Z boundaries. The 𝑍 operator would similarly
be redefined as the old 𝑋. The 𝑆 gate maps:

𝑋 → 𝑌

𝑌 → −𝑋

𝑍 → 𝑍.

(10.37)

Alternatively, a Hadamard can be peformed transversally on all physical data qubits,
followed by changing the roles of the stabilizer qubits: measure-X qubits become
measure-Z, and vice versa. This changes the orientation of the planar qubit, but there
are various transformations to rotate the block if needed [101, 103].
The 𝑇 gate, however, requires the use of a magic state, as described in Section 10.5. A

procedure for state injection, as described by Horsman et al. [101], is described below
and illustrated in Figure 10.30.
First, a distance-3 surface qubit is prepared, with all physical qubits, except one, pre-

pared in the |0⟩ state. The middle qubit (orange/gray) is prepared in the desired state
|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩. For example, |𝜓⟩ could be the magic state required for a 𝑇 gate:
1
√
2
(|0⟩ + 𝑒𝑖𝜋∕4 |1⟩).
Next, CNOT gates are used to entangle |𝜓⟩ with the measurement qubits above and

below, and then swaps are performed to move the entangled states into the data qubits,
as shown in the figure. This creates the state 𝛼 |000⟩+𝛽 |111⟩. The stabilizer qubits are
then turned on to produced a distance-3 logical qubit in the desired state. To enlarge
the state, we prepare additional physical qubits in state |0⟩ and merge. This step can be
repeated as many times as necessary to create a qubit with the desired distance.
Since the operations used to prepare the state for injection are not fault-tolerant,

then the state injection process is not error-free. A process calledmagic state distillation
is used to create high-fidelity magic states using fault-tolerant operations. Distillation
is beyond the scope of this chapter, but there are a number of good sources for fur-
ther information [104–106]. The cost of producing and consuming high-quality magic
states is expected to be a large fraction of the time and space required for long-running
quantum programs.

10.8 Summary and Further Reading

A chapter on quantum error correction will naturally be an incomplete treatment of
such a broad and fast-moving field. We have tried to convey the key concepts and
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to illustrate some of the practical steps needed to build large, fault-tolerant quantum
computing systems.
Quantum errors are continuous, but measured errors are discrete. Though quantum

states are quite complex (pardon the pun), the errors we can observe are constrained
along the dimensions in which they are measured. This chapter discusses a simplified
error model, one in which only rotations on the Bloch sphere are applied. Other types
of errors include environmental decoherence, leakage, and so forth. The stabilizer for-
malism serves to digitize these errors into correctable bit and phase flips. Devitt, Monro,
and Nemoto [107] provide a good introduction to how QEC addresses a broader range
of errors.
Many physical qubits are required to implement a high-fidelity logical qubit.As in clas-

sical error correction, extra qubits are needed to provide sufficient redundancy to detect
and correct physical errors. The threshold theorem [108] shows that we can increase
fidelity by increasing the number of physical qubits, but only if the error rate of a
physical qubit is better than the threshold. One of the attractive properties of the sur-
face code is that its threshold requirement is much higher than other stabilizer codes,
which makes it more likely to apply to qubits that can be reliably deployed in the near
term. Even so, it is generally estimated that something on the order of 1000 physical
qubits will be needed for each logical qubit, in order to effectively execute long-running
algorithms like the ones described in later chapters. With additional needs for logical
ancilla qubits,magic states, and qubit relocation, the actual resource needs can bemuch
higher. Resource estimates for integer factoring, for example, are given by Van Meter
et al. [109], Fowler et al. [97], and Gidney and Ekarå [110].
Fault tolerance is a broader topic than error correction. Most of the discussion above

assumes that error detection and correction circuits are error-free. Some techniques are
relatively simple, such as designing circuits so that a single error is not propagated to
multiple qubits. Techniques from classical fault-tolerant circuits can be helpful. Gottes-
man [111] and Nielsen and Chuang [9, Chapter 10] offer good discussions of fault
tolerance for stabilizer codes. For surface codes, fault tolerance largely comes in the
form of repeated rounds of error correction, but is also influenced by the ability of
control software to correctly interpret error syndromes.
There are several additional types of QEC code that were not discussed here, building

on both classical and quantum information theory. Examples include subsystem codes,
such as Bacon-Shor [112], color codes [113], and convolutional codes [114] (designed
for communication). There are also a number of flavors of surface code, using dif-
ferent versions and combinations of lattice surgery, defects, and twists [97, 101, 115,
116]. While most surface codes assume a square lattice, as shown in the previous
sections, some vendors have used less dense topologies (see Figure 11.18 in the next
chapter) tominimize frequency collisions, crosstalk, and other factors. Chamberland et
al. [117] propose hybrid surface/Bacon-Shor code on a (heavy) hexagonal lattice, which
is consistent with recent versions of the IBM superconducting systems.
In summary, the surface code approach appears to be the best suited for super-

conducting quantum computers, because of their 2D, nearest-neighbor topologies. In
addition, its relatively high threshold makes it more likely to be practical in the near
term. However, systems have not yet scaled to the number of qubits needed for fault-
tolerant quantum computing. Quantum error correction has been called the “biggest
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flipping challenge” in quantum computing [118], and it is likely to remain an active
area of research and development for many years.

10.9 Exercises

10.1 Demonstrate that the 𝐻 gate is transversal for the [[7, 1, 3]] Steane code: 𝐻 =
𝐻⊗7.

10.2 Demonstrate that the 𝑆 gate (rotation of 𝜋∕2 around the 𝑧-axis) is transversal
for the [[7, 1, 3]] Steane code, such that 𝑆 = (𝑆†)⊗7.

10.3 Demonstrate that the 𝑇 gate (rotation of 𝜋∕4 around the 𝑧-axis) is not transver-
sal for the [[7, 1, 3]] Steane code.

10.4 Suppose the measure-Z qubits shown in Figure 10.31 indicate a change since
the last surface code cycle. What physical 𝑋 operations on data qubits would
you perform to correct the error?

Figure 10.31 Errors in surface code for
Exercise 10.4.

10.5 Using the array-based logical qubit in Figure 10.25, show that the logical𝑋 and
𝑍 operators anti-commute: 𝑋 𝑍 = −𝑍 𝑋.





263

11

Quantum Logic: Efficient Implementation of Classical
Computations

In this chapter, we describe how to implement classical computations, such as addition
andmultiplication, using quantum gates. Of course, if your quantumprogram contains
only classical operations on classical data, you’re doing it wrong! We already have fast
and inexpensive classical logic gates to do this, and a quantum program should exploit
uniquely quantum features, such as phase, superposition, and entanglement.
However, there are very good reasons to consider efficient quantum implementations

of classical logic. First, these operations are embedded as kernels in important quantum
algorithms, such as Shor’s algorithm for factoring large integers, and Grover’s search
algorithm. Second, classical computations can be performed on quantum information,
and we will see how logical operations operate on general quantum states. If we had to
transfer information from the quantum realm to the classical realm in order to perform
arithmetic, we would lose the opportunity to utilize quantum parallelism.
As a motivating example, consider the quantum circuit in Figure 11.1. The function

𝑈ADD is a three-bit adder: it takes the 3-qubit quantum state |𝑥⟩ and the 3-qubit quan-
tum state |𝑦⟩ and produces |(𝑥 + 𝑦) mod 8⟩, where 𝑥 and 𝑦 are interpreted as unsigned
binary numbers. Actually, the output of the circuit is |𝑥, 𝑥 + 𝑦⟩, because an output of
|𝑥 + 𝑦⟩ by itself would not be reversible: given only 𝑥 + 𝑦, there’s no way to undo the
calculation to recover the inputs 𝑥 and 𝑦. However, if we have both 𝑥 and 𝑥+𝑦, we can
easily recover the other input 𝑦.
Therefore, if the inputs are |3⟩ and |2⟩, then the output would be |3, 5⟩. It’s tempting

to think of |𝑥⟩ and |𝑥 + 𝑦⟩ as independent states—the input and the output—but in
reality they are entangled. If we measure |𝑥⟩ and get 3, then we know that measuring
the other qubits will yield 3 + 𝑦.
What happens for general quantum states? Suppose |𝑥⟩ is a superposition of 1 and 3:

|𝑥⟩ = 1
√
2
(|1⟩ + |3⟩), and |𝑦⟩ = |2⟩. Then the output will also be a superposition:

|𝑥, 𝑥 + 𝑦⟩ = 1
√
2
(|1, 3⟩ + |3, 5⟩). (11.1)

Again, note the entanglement. If we measure |𝑥⟩ and get 3, we know that measuring
the other bits will yield 5.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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|y〉
U |x, x + y〉

|x〉

Figure 11.1 Three-qubit quantum adder.

Table 11.1 Boolean algebra operators.

Operator Notation Description

NOT 𝑎 Logical inverse: true if 𝑎 is false.

AND 𝑎𝑏, 𝑎 ⋅ 𝑏 Conjunction: true if both 𝑎 and 𝑏 are true.

OR 𝑎 + 𝑏 Disjunction: true if either 𝑎 or 𝑏 is true.

XOR 𝑎 ⊕ 𝑏 Exclusive-OR: true if either 𝑎 or 𝑏 is true, but not both.

What if both inputs are superpositions?

|𝑥⟩ = 1
√
2
(|3⟩ + |6⟩)

|𝑦⟩ = 1
√
2
(|1⟩ + |4⟩)

|𝑥, 𝑥 + 𝑦⟩ = 1

2
(|3, 4⟩ + |3, 7⟩ + |6, 7⟩ + |6, 2⟩).

(11.2)

It seems like we’re computing four sums with one execution of the quantum function,
and that’s true. That’s quantum parallelism! Unfortunately, we only get to use one of
the results. Once we measure the output, the other three states are destroyed.
In the rest of this chapter, we’ll discuss how such circuits are built from quantum

gates. We will almost exclusively consider quantum states in the computational basis,
that is |0⟩ and |1⟩, as well as superpositions of those states. We will also use standard
Boolean algebra notation, as shown in Table 11.1. In Section 11.4, wewill consider logic
operations that affect the phase of the quantum states, which will be quite useful for
quantum algorithms.

11.1 Reversible Logic

A reversible function is one that can be “uncomputed”—given the outputs, it is pos-
sible to recreate the inputs. Early interest in reversible computing [119] was driven
by a desire to minimize the energy dissipated during computation. For our purposes,
however, we note that any operation performed on a qubit must be reversible. There-
fore, any computational function must be built from reversible quantum gates, and the
function itself must be reversible.

11.1.1 Reversible Logic Gates

In classical logic, some gates are naturally reversible. For example, a NOT gate can be
reversed by another NOT gate (Figure 11.2).
For other gates, some or all of the inputs must be carried forward, so that the full set

of inputs can be deduced from the output. For example, Figure 11.3 shows a reversible
exclusive-OR (XOR) gate. Given the outputs 𝑥 and 𝑥 ⊕ 𝑦, the original input can be
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x
xx

Figure 11.2 A NOT gate is reversible. By using another NOT
gate, we recover the original input x.

y x ⊕ y

x x

y x ⊕ y

x x

Figure 11.3 The reversible XOR gate requires
that one of the inputs be carried over to the
output. The result is the classical equivalent of
the quantum CNOT gate.

computed as 𝑦 = 𝑥 ⊕ (𝑥 ⊕ 𝑦). This gate is the classical equivalent of the quantum
CNOT gate introduced in Chapter 1.
The NOT and CNOT gates are examples of in-place reversible circuits, where some

of the inputs are replaced by outputs. In general, however, this may not be possible.
Consider theANDgate in Figure 11.4. If we only carry one of the inputs (𝑥 or 𝑦) through
the gate, then we can’t reverse the computation. If 𝑥𝑦 is zero, it could be because 𝑥 = 0
or 𝑦 = 0 or both. Therefore, we have to carry both inputs through to the output, and
we must introduce a new input (typically initialized to zero) that will be replaced with
the computational output.
The Toffoli gate, shown in Figure 11.5, is a universal gate for reversible computing.

The Toffoli is essentially a CNOT gate with two control bits: if both control bits are 1,
the target bit is flipped. In other words, for control bits 𝑥 and 𝑦 and target bit 𝑧, the
Toffoli gate computes 𝑥𝑦 ⊗ 𝑧.
We say that the Toffoli gate is “universal” because we can implement a NAND gate,

as shown in Figure 11.6(a). Any Boolean combinational circuit can be implemented
using only NAND gates. Toffoli-based implementations of other fundamental Boolean
gates are shown in the figure. Note that the OR implementation uses negative control
bits; this is just a shortcut notation for putting a NOT on the control signal before and
after the gate.

xy
x

y

0
xy

x x

y y

Figure 11.4 To make an AND gate reversible, we must remember both of its input bits.
Otherwise, for xy = 0, there’s no way to know whether x = 0, y = 0, or both.

z xy ⊕ z

y y

x x

z
xy ⊕ z

x x

y y

Figure 11.5 The Toffoli gate has two control bits and a target bit. The target is flipped if and
only if both control bits are 1. The gate symbol for Toffoli is shown in (a), while (b) shows an
implementation using classical gates.
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1 xy

y y

x x

0 xy

y y

x x

1 x + y

y y

x x

Figure 11.6 The Toffoli gate is
universal for Boolean logic,
because it can be used to
implement the NAND gate.
Implementations of several
fundamental gates are shown here.
An open circle is a negative control;
the control is active if the input bit
is 0.

a a

b b

c c

x abc ⊕ x

Figure 11.7 Examples of multi-controlled
Toffoli (MCT) gates.

The Toffoli is essentially a controlled-CNOT, so it is sometimes called CCNOT or
C2NOT. The concept can be extended to more than two control bits, known as a multi-
controlled Toffoli (MCT) or C𝑘NOT for 𝑘 control bits. In general, the control bits can
be either positive or negative. Also, the target bit does not have to be on the bottom or
top—it can be anywhere. Examples ofMCT gates are shown in Figure 11.7.WhileMCT
gates are convenient for expressing complex logic functions, they can be expensive to
implement, especially using quantum gates, as we’ll see in Section 11.2.

11.1.2 Reversible Logic Circuits

A reversible combinational logic circuit has the following characteristics: (1) The num-
ber of input signals is equal to the number of output signals. (2) There are no loops. (3)
There is no explicit fanout; an output of a gate can only be connected as input to one
other gate.
With regard to (3), we can simulate fanout using a CNOT gate, as shown in

Figure 11.10. Classically, the input value 𝑥 is replicated to both output bits, and this
copying can be reversed using another CNOT gate. In the quantum realm, things are a
bit more complicated, but we’ll address that in the next section.
When extra bits are needed to implement a reversible circuit, these are known as

ancilla bits. Ancilla bits may be initialized to 0 or 1. Sometimes ancilla bits are used
to carry the output of a gate, as in the AND gate in Figure 11.4. Other times, ancillae
are used to carry intermediate results from one gate to another in a reversible circuit.
Ancilla bits that are not needed for the output must be restored to their original values;
this restoration must be done by uncomputing the bit, because simply resetting it to 0
or 1 is not a reversible operation. If ancilla bits are not uncomputed, the circuit may not
be reversible.
The use of ancilla bits is illustrated in Figure 11.8. The circuit implements a four-way

AND using only Toffoli gates. Ancilla bits (𝑡1 and 𝑡0) are needed to carry the output
from one gate to the input of the next. After the computation, the ancilla bits have
intermediate values, which means they cannot be used again for other parts of a larger
circuit. Figure 11.9 shows how the ancilla bits are uncomputed by reversing all gates
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a = 0 x3x2x1x0

t0 = 0 x3x2x1

t1 = 0 x3x2

x0 x0

x1 x1

x2 x2

x3 x3

Figure 11.8 Reversible four-input AND circuit. The
temporary values held in the ancilla bits t₁ and t0 make
this circuit unusable as a general reusable computing
block; the ancilla bits cannot be reused in other parts of
a larger circuit.

a= 0 x3x2x1x0

t0 = 0 0

t1 = 0 0

x0 x0

x1 x1

x2 x2

x3 x3

Figure 11.9 Reversible four-input AND
circuit; ancilla bits t₁ and t0 are uncomputed
and restored to zero.

except the one generating the desired output. Note that this circuit implements a four-
way MCT, with four control bits (𝑥) and one target bit (𝑎).
Toffoli [120] developed a general technique for implementing a reversible circuit for

an irreversible function 𝑓(𝑥), shown in Figure 11.11. Suppose the function 𝑓(𝑥) takes
an 𝑚-bit input 𝑥 and produces an 𝑛-bit output value. The reversible circuit takes an
𝑚-bit input 𝑥 and an 𝑛-bit input 𝑦 and produces 𝑥 and 𝑦 ⊕ 𝑓(𝑥). This is guaranteed
to be reversible, because using the output 𝑦 ⊕ 𝑓(𝑥) as the input (along with 𝑥), yields
𝑦 ⊕ 𝑓(𝑥)⊕ 𝑓(𝑥) = 𝑦. Typically, the 𝑦 input is initialized to 0, as shown in part (b) of
the figure.
Figure 11.12 sketches a generalized procedure for generating the type of circuit

shown in Figure 11.11. If we have a circuit 𝐹 that computes 𝑓(𝑥) using only NOT
and AND gates, we can replace the AND gates with Toffoli gates, adding ancilla bits
as needed. The output bits from 𝐹 include both the desired result and some unneeded
“garbage” bits: temporary values and possibly changed input bits. The desired output

0 x

x x

Figure 11.10 Reversible fanout using a CNOT. While this works for classical
circuits, copying (cloning) of an arbitrary state is not permitted in quantum
circuits (Section 11.2).

y

Cf

y ⊕ f(x)

x x

0
Cf

f(x)

x x

f(x)

Cf

0

x x

Figure 11.11 General reversible circuit (a) for irreversible function f (x). Using zero inputs (b)
generates f (x), and the circuit is its own inverse (c).
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m m

n n

y y ⊕ f(x)

0
F F−1

0

x x

Figure 11.12 Sketch of a generalized
reversible circuit. Circuit F replaces
AND gates with Toffoli gates, using
additional ancilla bits as needed.
Some CNOT gates (illustrated by the
MCT in the middle) XOR the results
with the y bits to produce the output y
⊕ f (x). Then circuit F−1 uncomputes
the ancilla bits and restores the x bits
as needed.

0 f(x)

0 0

0 0

0 0 0 0
x x

Figure 11.13 Reuse of ancilla bits (dashed lines) reduces the number of bits/qubits required
for the circuit. (Adapted from [8].)

bits are copied using CNOT gates (represented by the MCT gate in the middle of the
figure), and then garbage bits are uncomputed using 𝐹−1, which is the same circuit as
𝐹, except the order of gates is reversed. The ancilla bits are part of the implementation
of 𝐶𝑓 and are therefore inside the dashed box; they are not visible to the rest of the
circuit. The outputs are therefore 𝑥 (the original input) and 𝑦 ⊕ 𝑓(𝑥).
As the combinational circuit gets larger, uncomputing temporary bits allows them

to be reclaimed and reused, reducing the number of extra bits needed. Using this tech-
nique, illustrated in Figure 11.13, Bennett [121] proves that an irreversible Boolean
circuit using 𝑡 steps and 𝑠 bits can be implemented as a reversible circuit with 𝑂(𝑡1+𝜖)
steps and𝑂(𝑠 log 𝑡) bits. In otherwords, a reversible version of a Boolean circuit requires
roughly the same order of steps (time) and a moderate increase in the number of bits
(space).

11.2 Quantum Logic Circuits

With a basic understanding of reversible logic, we cannowdiscuss how to do arithmetic
and logic operations on qubits. If we restrict ourselves to qubits in the computational
basis states—|0⟩ and |1⟩—then the same principles apply, and we build quantum
circuits using the same techniques. However, there are a few considerations worth
noting.

● If the inputs are general quantum states, then the action of the gates often results
in entangling the states. This creates useful behavior that we can exploit, but it also
makes uncomputing (and disentangling) temporary states even more important.

● The implementation of multi-qubit gates, like Toffoli and MCT, is non-trivial
using one- and two-qubit gates. This means that even simple-looking circuits from
Section 11.1 can require a significant amount of quantum resources.

● Physical qubits must be coupled to each other in order to interact via a two-qubit
gate. This often requires the insertion of SWAP gates to rearrange qubits during the
execution of a circuit, increasing both time and the probability of error.
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11.2.1 Entanglement and Uncomputing

In Figure 11.10, we showed how fanout can be achieved in a reversible circuit using
a CNOT gate. However, this appears to violate the no-cloning theorem that was intro-
duced in Section 1.1.3: there is no unitary transform that will copy the state of one qubit
to another.
If the input state is known to be |0⟩ or |1⟩, cloning works just fine. In Figure 11.14(a),

the two-qubit input is |𝑥0⟩ and the two-qubit output state is |𝑥𝑥⟩.
On the other hand, if the input state |𝑥⟩ is a superposition, then its state is not

cloned—rather, the output is an entangled state. For example, consider Figure 11.14(b),
where |𝑥⟩ = 𝛼 |0⟩ + 𝛽 |1⟩). The two-qubit input state is 𝛼 |00⟩ + 𝛽 |10⟩, which is not
entangled, but the output state is 𝛼 |00⟩ + 𝛽 |11⟩. This is an entangled state, because it
cannot be factored into two independent qubit states.
Figure 11.15 illustrates how general quantum states are affected by a Toffoli gate.

Again, the three qubit states are not separable. If the output (top) bit is measured as 1,
then the 3-qubit state is |111⟩—in other words, the control qubits are known to both
be |1⟩. Even if we measure 0, we know something about the control bits: at least one of
them will be measured as 0.
Since many quantum inputs are actually superpositions, this means that the qubits

are often entangled with one another after the circuit is executed.1 This is generally a
good thing, especially for circuits that produce a state like |𝑥⟩ |𝑓(𝑥)⟩. Whenwemeasure
a certain classical value 𝑓(𝑥), we can be sure that the 𝑥 that we measure is the one that
matches the result 𝑓(𝑥).
However, the entanglement also applies to temporary values (ancilla qubits) used

during the execution of the circuit. This makes uncomputing even more important for
quantum circuits than for classical reversible circuits. If an entangled ancilla qubit is
measured or experiences a decoherence error, it can affect the state of a qubit in the
primary output or in another part of the computation. Uncomputing has the effect of

Figure 11.14 A CNOT can be used to replicate
computational basis states (a), but for a superposition,
the resulting state is entangled (b).

|0〉
α1α0 |000〉 + α1β0 |010〉
+β1α0 |100〉 + β1β0 |111〉α0 |0〉 + β0 |1〉

α1 |0〉 + β1 |1〉

Figure 11.15 Action of Toffoli gate on
superposition states.

1 The notion of input and output of a quantum circuit is somewhat misleading, as the circuit is exe-
cuted in time rather than in space. The terms before and after are more accurate, but the input/output
terminology is commonly used.
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1√
2
(|00〉 + |11〉

1√
2
(|0〉 + |1〉)

|0〉

Figure 11.16 An entangled Bell state is
disentangled by a CNOT gate.

=

T

T † T † S

H T † T T † T H

Figure 11.17 Implementation of Toffoli gate [9].

disentangling the qubit from the primary input/output qubits. As an illustration, con-
sider what happens to the entangled Bell state in Figure 11.16; after the CNOT gate, the
two qubits are no longer entangled.

11.2.2 Multi-Qubit Gates

While circuits using Toffoli andMCT gates appear simple, like the ones in Figures 11.6
and 11.7, we must understand that quantum computers typically only directly imple-
ment one- and two-qubit gates. In fact, each computer provides CNOT and some basic
set of one-qubit gates, and all other gates are implemented in terms of these “native”
gates.
Figure 11.17 shows an implementation of the Toffoli gate using CNOT, Hadamard,

and phase rotations. The 𝑆 gate is a rotation of 𝜋∕4 around the 𝑧-axis of the Bloch
sphere. The 𝑇 and 𝑇† gates are 𝑧-rotations of 𝜋∕4 and −𝜋∕4, respectively. Proof of this
implementation is beyond the scope of this chapter,2 but the important takeaway is that
a single Toffoli gate requires six CNOT and multiple single-qubit gates, with a depth of
13. This has significant implications for NISQ computers, because the higher depth
means a higher probability of error.
MCT and other multi-controlled gates require multiple Toffoli gates, as well as mul-

tiple ancilla qubits to hold temporary results, as shown in Figure 11.9. Fewer ancilla
qubits can be used by uncomputing and reusing them, but the uncomputing introduces
more gates and results in a higher circuit depth. Current quantum computers are lim-
ited in both the number of bits (width) and the number of gates (depth), so this tradeoff
must be carefully managed.

11.2.3 Qubit Topology

In our circuits so far, we have been free to connect any qubit with any other qubit using
gates. However, two qubits need to be physically connected in order to directly inter-
act using a two-qubit gate, like CNOT. Because of physical limitations, the qubits are
not fully-interconnected, as shown in Figure 11.18. The connections are chosen by the
designers of the quantum system, based on physical limitations, noise characteristics,
and other considerations.

2 See [9, chapter 4] for a more complete discussion.
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.

.

.

Figure 11.18 Qubit topologies for some superconducting quantum systems.

The connections in the figure are shown as bidirectional, implying that either qubit
can be used as the control qubit in a CNOT. In fact, this may not be the case. For
example, a desired control qubit may not have a control signal that would allow it to
drive the connection bus at the target qubit’s frequency. In this case, Hadamard gates
can be used to reverse the direction of the CNOT as shown in Figure 11.19.
Because of this limited connection topology, when implementing a quantum circuit

on an actual quantum system, we have to be aware of which qubits are connected to
which, andwe can only performCNOToperations on physically-connected qubits. For-
tunately, if we want two non-connected qubits to interact with one another, we can
move (not copy!) the quantum state to physical qubits that are connected. This is done
using a SWAP operation.
SWAP is a reversible two-qubit operation, and it has its own symbol, shown on the

left-hand side of Figure 11.20. It is typically not implemented natively, however, but
through the use of three CNOT gates. As shown in the figure, we can use Hadamard
gates, if needed, to reverse the direction of one of the CNOT gates.
Figure 11.21 shows an example circuit inwhichwe need to perform aCNOTbetween

the bottomqubit and the top qubit. Suppose that only neighboring qubits are connected
to each other.Weneed to insert SWAPgates tomove the desired qubit states next to each

=
H H

H H

Figure 11.19 The direction of a CNOT gate can be
reversed using Hadamard gates.

==
H H

H H

Figure 11.20 The SWAP gate exchanges the state of two qubits. It can be implemented using
three CNOT gates.
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=

Figure 11.21 SWAP gates may be needed to move
qubit states into a position where they can interact. In
the figure, we move the top and bottom qubits to the
middle, perform a CNOT, and then move them back.

other, then perform the desired CNOT, and then swap again to move the result back to
the original locations.
SWAP insertion increases the depth of a quantum circuit, so it is very important in

NISQ systems to match the circuit as closely as possible to the system’s topology. In
most quantum programming environments, the SWAP insertion is performed by the
compiler that translates a circuit diagram or high-level language into low-levelmachine
instructions for the quantum system. The programmer can happily assume a fully-
connected topology, and part of the compiler’s job is to map the logical qubits in the
program/circuit to physical qubits in system, in a way that minimizes the number of
SWAP gates that must be inserted. For example, the compiler may decide to leave the
qubits in Figure 11.21 where they are, after the CNOT gate, rather than moving them
back, transforming the downstream circuit accordingly.

11.3 Efficient Arithmetic Circuits: Adder

In this section, we focus on implementing common arithmetic operations on unsigned
binary integers, using a binary adder as an example. The circuits also work for two’s
complement signed integers, but the explanation will be simpler if we only consider
unsigned numbers. An integer 𝑎 is represented by a sequence of bits 𝑎𝑛−1𝑎𝑛−2 … 𝑎1𝑎0,
where 𝑎𝑖 has a weight of 2𝑖 . Therefore, an 𝑛-bit integer represents decimal values
between 0 and 2𝑛 − 1.
For our quantum circuits, we assume that our input qubits carry only classical

information—that is, each qubit is |0⟩ or |1⟩. As discussed at the beginning of this
chapter, the circuitswill alsoworkwith any superposition of computational basis states,
but we will keep the examples simple by only considering a single-valued state.
For an 𝑛-bit binary integer 𝑎, the notation |𝑎⟩ represents the 𝑛-qubit state

|𝑎𝑛−2𝑎𝑛−1 … 𝑎0⟩ , (11.3)

where 𝑎𝑖 is the bit in position 𝑖, and position 0 is the least significant bit.
For the adder, we take two unsigned 𝑛-bit binary numbers 𝑎 and 𝑏 and produce an

𝑛+1-bit sum: 𝑠 = (𝑎+𝑏).3 The simplest classical implementation of an adder, shown in
Figure 11.22, is a collection of one-bit full adder circuits. For each bit position 𝑖, input
bits 𝑎𝑖 and 𝑏𝑖 are added with a carry-in bit 𝑐𝑖 from the previous stage, producing a sum
bit 𝑠𝑖 and a carry-out bit 𝑐𝑖+1, which serves as the carry-in to the next bit position. Bit
𝑐0 is assumed to be zero, and the carry-out of position 𝑛 − 1 (𝑐𝑛) becomes the most sig-
nificant sum bit 𝑠𝑛. This is known as a ripple-carry adder, because the carry propagates
sequentially from one bit position to the next.

3 In many digital implementations, it is common to drop the most significant output bit to keep the
number of bits as 𝑛. For unsigned integers, this would compute the sum modulo 2𝑛 .
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bi

ci+1

ai

ci si
Figure 11.22 Classical non-reversible one-bit
full adder.

11.3.1 Quantum Ripple-Carry Adder

Figure 11.23 shows a simple quantum implementation of a one-bit adder. The circuit
on the left is a half adder, with no carry input. This is suitable for the least significant
bit in an adder circuit, because the carry-in is zero and can be ignored. Note that we do
not simply implement the classical Boolean logic gates using Toffoli gates, as discussed
in Section 11.1.1.
The sum bit is calculated using two CNOT gates: if either |𝑎0⟩ or |𝑏0⟩ is |1⟩, then the

sum qubit will be flipped to |1⟩. If both are one, then the sum qubit is flipped twice,
resulting in the correct output of |0⟩. For the half-adder, the carry-out is |1⟩ only if both
inputs are |1⟩. This can be implemented using a single Toffoli gate.
A full adder, shown in the right half of the figure, is needed for the higher-order bits

in the computation. The carry-out from the previous stage becomes an additional input
to this stage. The sum requires only one additional CNOT gate—any odd combination
of |1⟩ inputs will result in a |1⟩ output. The carry-out requires two additional Toffoli
gates to implement the expression 𝑎𝑏 ⊕ 𝑎𝑐 ⊕ 𝑏𝑐.
An 𝑛-bit adder can be implemented by replicating the full adder circuit, using the

carry-out bit from the previous position as the carry-in of the next. A three-bit adder
is shown in Figure 11.24. Note that the internal carry bits (except for |𝑐𝑛⟩) are not part
of the desired output; they are ancilla bits. If we want to reclaim them for later use,
or if we are concerned about entanglement of carry bits with other bits, we need to
uncompute to reclaim them, as shown in Figure 11.25. Note that the carry bits can only
be uncomputed in reverse order: since |𝑐𝑖⟩ is needed to uncompute |𝑐𝑖+1⟩, it cannot be
uncomputed until after |𝑐𝑖+1⟩ is uncomputed.
In order to evaluate the efficiency of a quantum circuit, we measure the number of

qubits, the number of gates, and the depth of the circuit. Since the input and output
qubits of a particular computation are always the same, we focus on the the number of
ancilla bits. For size and depth, we will assume that single-qubit, two-qubit, and Toffoli
gates will all count as a single gate (even though we know that Toffoli gates require
multiple elementary gates). The size is the total number of gates in the circuit, and the
depth is the longest sequence of gates that must be applied.

|a0〉 |a0〉
|b0〉 |b0〉
|0〉 |s0〉

|0〉 |c1〉

|ci |〉 ci〉
|ai |〉 ai〉
|bi |〉 bi〉
|0 |〉 si〉

|0 |〉 ci+1〉

Figure 11.23 Simple quantum adder. Carry output from bit i becomes an input for bit i + 1.
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|a0〉 |a0〉
|b0〉 |b0〉
|0〉 |s0〉

|0〉 |c1〉
|a1〉 |a1〉
|b1〉 |b1〉
|0〉 |s1〉

|0〉 |c2〉
|a2〉 |a2〉
|b2〉 |b2〉
|0〉 |s2〉

|0〉 |s3〉

Figure 11.24 Three-bit ripple-carry adder.

|a0〉 |a0〉
|b0〉 |b0〉
|0〉 |s0〉

|0〉 |0〉
|a1〉 |a1〉
|b1〉 |b1〉
|0〉 |s1〉

|0〉 |0〉
|a2〉 |a2〉
|b2〉 |b2〉
|0〉 |s2〉

|0〉 |s3〉

Figure 11.25 Three-bit ripple-carry adder with reclaimed ancillas.

By inspecting Figure 11.25, we can estimate the efficiency of the ripple adder circuit.
For the estimate,we’ll ignore the half adder and assume that every bit of output requires
one full adder. Each full adder requires six gates, plus another three gates to reclaim
the ancilla bit. Therefore the total size is roughly 9𝑛, which is 𝑂(𝑛). Each full adder
increases the number of ancilla bits by one, so there are also 𝑂(𝑛) ancilla bits required
for the carries. Finally, gates in a full adder are applied sequentially, so the depth of
each adder is 6. Potentially, the last CNOT of the sum and the first Toffoli of the carry-
out can be done in parallel, but this has little real effect, since the Toffoli is in reality
much more expensive than the CNOT. Also, as shown in Figure 11.24, each full adder
depends on an input from the previous one. Therefore, the depth is overall 𝑂(𝑛).
We can improve the depth of our simple adder circuit by performing the non-carry

part of the sum computations in parallel, as shown in Figure 11.26. In addition, the
part of the carry computation that relies only on |𝑎𝑖⟩ and |𝑏𝑖⟩ can be done in parallel.
However, the depth remains𝑂(𝑛) because of the dependency on the carry bits. This sort
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|a0〉 |a0〉
|b0〉 |b0〉
|0〉 |s0〉

|0〉 |0〉
|a1〉 |a1〉
|b1〉 |b1〉
|0〉 |s1〉

|0〉 |0〉
|a2〉 |a2〉
|b2〉 |b2〉
|0〉 |s2〉

|0〉 |s3〉

Figure 11.26 Three-bit ripple-carry adder, redrawn to better show circuit depth.

of rearrangement of the gates to extract parallelism is typically done by the compiler in
a quantum programming environment.

11.3.2 In-Place Ripple-Carry Adder

In the previous adder, both input arguments are carried through to the output, so that
we end up with 𝑎, 𝑏, and 𝑎 + 𝑏. However, this is not necessary for the circuit to be
reversible. If we only have 𝑎 and 𝑎+𝑏, we can easily reverse the computation to recover
𝑏. Cuccaro et al. [125] designed a ripple-carry adder in which 𝑏 is replaced by the sum.
In addition, the adder requires only one ancilla bit, rather than 𝑂(𝑛).
The adder is built using a pair of three-qubit functions, known as MAJ and UMA,

shown inFigure 11.27.MAJ is an in-place “majority” function: given three input qubits,
the output (on the bottom) is |0⟩ if two of the input bits are |0⟩, and |1⟩ otherwise.

Figure 11.27 MAJ (majority) and UMA (unmajority and add) functions for in-place ripple-carry
adder. The three-CNOT version of UMA on the right is used in the optimized adder circuit.
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|ci ⊕ ai〉

|ai ⊕ bi〉

|ci+1〉

|ci〉 |ci〉

|bi |〉 si〉

|ai |〉 ai〉

Figure 11.28 Full adder built with MAJ and
UMA.

|c0 ⊕ a0〉

|a0 ⊕ b0〉

|c1 ⊕ a1〉

|a1 ⊕ b1〉

|c2 ⊕ a2〉

|a2 ⊕ b2〉

|c3〉

|0〉

|0〉 |0〉

|b0〉 |s0〉

|a0〉 |a0〉

|b1〉 |s1〉

|a1〉 |a1〉

|b2〉 |s2〉

|a2〉 |a2〉

|0〉 |s3〉

Figure 11.29 Three-bit ripple adder with one ancilla bit.

Logically, for inputs 𝑎𝑖 , 𝑏𝑖 , and 𝑐𝑖 , this computes 𝑎𝑖𝑏𝑖 ⊕ 𝑎𝑖𝑐𝑖 ⊕ 𝑏𝑖𝑐𝑖 , which is the same
as 𝑐𝑖+1 in the adder described above. The other output bits are shown in the figure.
The UMA function stands for “Unmajority and Add.” This function restores the

top and bottom inputs to their previous values (𝑐𝑖 and 𝑎𝑖 , respectively), and uses 𝑐𝑖 to
conditionally flip the middle bit, replacing 𝑏𝑖 with the sum bit 𝑠𝑖 .
To create an 𝑛-bit adder, we use the carry-out of one MAJ as the carry-in of the next

MAJ. After 𝑛 repetitions, we have calculated the high-order carry-out 𝑐𝑖+1. We make
a copy of the carry-out bit to become the high-order sum bit 𝑠𝑛. (Recall that we can
copy a qubit in the computational basis without violating the no-cloning rule.) Then
we use a series of UMA functions to uncompute the 𝑠𝑖 and 𝑎𝑖 bits. Figure 11.29 shows
the implementation of a three-bit adder using this construction.
We can improve the circuit in Figure 11.29 by performing some reordering and

optimizations, described in more detail in [125]: (1) Since we know that 𝑐0 is zero,
we can simplify the top adder and move the ancilla bit to hold 𝑐1 instead. (2) Shift
and reverse the order of some gates (without affecting the computation) to perform
gates in parallel as much as possible. (3) Generate the high-order sum bit (𝑠3) directly,
rather than computing, copying, and uncomputing it. The optimized circuit is shown
in Figure 11.30.
Compared to Figure 11.26, the number of qubits required by this adder is significantly

reduced, because we don’t need the carry ancilla bits, and we don’t need both 𝑏𝑖 and
𝑠𝑖 in the output. In addition, the depth is reduced, although it is still 𝑂(𝑛). (Takahashi
and Kunihiro [126] describe a ripple-carry adder with zero ancilla bits and fewer gates,
also with 𝑂(𝑛) depth.)
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|b0 |〉 s0〉
|a0 |〉 a0〉
|0 |〉 0〉

|b1 |〉 s1〉

|a1 |〉 a1〉

|b2 |〉 s2〉
|a2 |〉 a2〉
|0 |〉 s3〉

Figure 11.30 Optimized three-bit ripple adder
with one ancilla bit.

Could we expect a compiler to take a programmer-friendly description like
Figure 11.29 and optimize it into Figure 11.30? It seems feasible. Recognizing that 𝑐0 is
zero and removing it is roughly equivalent to constant propagation. Directly computing
𝑠3 instead of 𝑐3 is a form of dead expression elimination. Finally, changing the order and
timing of gates is based on dependency analysis. All of these are standard optimizations
performed by classical compilers on sequential code, so there’s reason to believe they
can be performed on quantum gates (instructions), as well.
Could we expect a compiler to take the naive ripple-carry adder from Section 11.3.1

and transform it into Figure 11.30? That seems less likely, because it involves algo-
rithmic changes. At this stage of quantum software maturity, the design of optimized
algorithmic building blocks is more similar to digital logic design than high-level pro-
gramming.Wewill still rely on talented algorithmdesigners to creatively optimize gates
and map to quantum hardware.
Finally, there is one important concern to emphasize: the organization of qubits in

the input and output values. Instead of starting with two 𝑛-qubit values, the circuit
assumes that 𝑎0 is next to 𝑏0, 𝑎1 is next to 𝑏1, and so on. Of course we can redraw the cir-
cuit to group all the 𝑎 and 𝑏 qubits together, but we also know that in practice these bits
do need to be close to each other in order to interact using CNOT gates. The sequence of
SWAPgates necessary to perform such a rearrangement is explored in Exercise 11.4, but
it’s worth noting that both the movement of qubits and the complexity of Toffoli gates
will increase the actual cost of performing this fundamental arithmetic computation.

11.3.3 Carry-Lookahead Adder

Several variations of fast adders have been developed for classical logic, typically adding
gates to reduce the depth of the circuit. One specific approach is a carry-lookahead
adder (CLA), which allows carry bits to propagate more quickly through the circuit.
Instead of calculating the carry from each bit position in conjunction with the sum bit,
the CLA computes the carry-out for a group of bits as fast as possible. This group carry
is passed to the next group of bits, so that the sum bits of both groups can be computed
in parallel (using the standard ripple-carry approach).
Figure 11.31 shows the carry-out logic for a four-bit CLA in classical digital logic.

Each pair of input bits, 𝑎𝑖 and 𝑏𝑖 , is used to generate two intermediate bits. The generate
bit, 𝑔𝑖 , is true when the inputs will definitely generate a carry-out: when 𝑎𝑖 and 𝑏𝑖 are
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[0, 1]
a0

b0

[1, 2]
a1

b1

[2, 3]
a2

b2

[3, 4]
a3

b3

[4, 5]
a4

b4

[5, 6]
a5

b5

[6, 7]
a6

b6

[7, 8]
a7

b7

[0, 2]

[1, 3]

[2, 4]

[3, 5]

[4, 6]

[5, 7]

[6, 8]

[0, 3]

[0, 4]

[1, 5]

[2, 6]

[3, 7]

[4, 8]

[0, 5]

[0, 6]

[0, 7]

[0, 8]

Figure 11.31 Carry-lookahead circuit for 8-bit adder. All carry bits are generated using O(log
n) levels of logic. Block [i,j] calculates both propagate P[i,j] and generate G[i,j] signals. To
compute c8 = G[0,8], only the shaded blocks are required.

both one, then there will definitely be a carry-out, no matter whether 𝑐𝑖 is 0 or 1. The
propagate bit, 𝑝𝑖 indicates whether an incoming carry of 1 would be passed along to the
next higher bit; this is true if either 𝑎𝑖 or 𝑏𝑖 is true.

𝑔𝑖 = 𝑎𝑖𝑏𝑖 (11.4)

𝑝𝑖 = 𝑎𝑖 ⊕ 𝑏𝑖 . (11.5)

The 𝑝𝑖 and 𝑔𝑖 bits can be calculated in parallel, because they only depend on the
input bits, not on the output of any bits in a previous stage. Note: We use an XOR gate
to compute 𝑝𝑖 to clearly distinguish generate from propagate. With this definition, it is
never the case that both 𝑝𝑖 and 𝑔𝑖 will be 1.
Now we consider the notions of generate and propagate over a range of bits [𝑖, 𝑗],

where 0 ≤ 𝑖 < 𝑗 < 𝑛. We define 𝑃[𝑖, 𝑗] to be 1 if a carry is propagated from bit 𝑖 to bit 𝑗.
In other words, if the carry-in to position 𝑖 is 1, and exactly one input bits is 1 in all bits
𝑖 to 𝑗, then that carry would be propagated from 𝑖 to 𝑗.

𝑃[𝑖, 𝑖 + 1] = 𝑝𝑖 = 𝑎𝑖 ⊕ 𝑏𝑖 (11.6)

𝑃[𝑖, 𝑗] = 𝑃[𝑖, 𝑡]𝑃[𝑡, 𝑗], for any 𝑖 < 𝑡 < 𝑗. (11.7)



11.3 Efficient Arithmetic Circuits: Adder 279

We define 𝐺[𝑖, 𝑗] to be 1 if there is a carry generated between bits 𝑖 and 𝑗. This would
be true if the carry is generated at bit 𝑗, or is generated at 𝑗 − 1 and propagated at 𝑗, or
is generated at 𝑗 − 2 and propagated at both 𝑗 − 1 and 𝑗, and so on. The carry-out for
an 𝑛-bit adder would be 𝐺[0, 𝑛].

𝐺[𝑖, 𝑖 + 1] = 𝑔𝑖 = 𝑎𝑖𝑏𝑖 (11.8)

𝐺[𝑖, 𝑗] = 𝐺[𝑖, 𝑡]𝑃[𝑡, 𝑗]⊕𝐺[𝑡, 𝑗], for any 𝑖 < 𝑡 < 𝑗. (11.9)

We can also rewrite the definition of the sum (𝑠) bits using only 𝑃 and 𝐺.

𝑠0 = 𝑎0 ⊕ 𝑏0 = 𝑃[0, 1] (11.10)

𝑠𝑖 = 𝑎𝑖 ⊕ 𝑏𝑖 ⊕ 𝑐𝑖 = 𝑃[𝑖, 𝑖 + 1]⊕𝐺[0, 𝑖], 0 < 𝑖 < 𝑛 (11.11)

𝑠𝑛 = 𝐺[0, 𝑛]. (11.12)

It is clear, then, that we need to calculate𝐺[0, 𝑖] for all values of 𝑖 in order to compute
the sums. This seems like a linear process, since each 𝐺 may depend on the 𝑔𝑖 and 𝑝𝑖
values for all lower-order bits. However, we can compute non-overlapping values of
𝐺[𝑖, 𝑗] in parallel, and combine them using the equation above. In particular, we can
compute in groups of 2, then 4, etc., until all the necessary values are generated.
As shown in Figure 11.31, all carry bits 𝐺[0, 𝑖] can be calculated with 𝑂(log𝑛) lev-

els of logic. This is much faster than the ripple-carry adder, but it also requires a lot
more gates. A compromise is to divide the values into fixed-size chunks—e.g., 8 bits—
and use CLA to calculate only the high-order carry-out signal, 𝑐8, which requires only
the shaded blocks in the figure. This can be used as the carry-in to the next group of
bits while the carry signals internal to this group are rippled as before. (The first stage
[0, 1] would require another input, 𝑐0, as the input carry from the previous group.)
This allows the ripple-carry of each group to be “activated” earlier, and the ripple-carry
adders can proceed largely in parallel.
A quantum carry-lookahead adder operates according to the same principles. First,

local 𝑃 and 𝐺 values are generated, which are then combined to create 𝑃 and 𝐺 values
for larger and larger groups. The group size is doubled in each step, until all 𝐺[0, 𝑗] bits
(which are the carry-in 𝑐𝑗 bits) are generated. Finally, the 𝑐 bits are combined with 𝑎
and 𝑏 to generate the sum.
Figure 11.32 shows an 8-bit adder, as designed by Draper et al. [127]. This version is

an “out-of-place” adder, in which additional qubits are provided for the sum. For an 𝑛
bit adder, we have 2𝑛 input qubits, 𝑛 + 1 output qubits, and 𝑂(𝑛 − log𝑛) ancilla bits.
An in-place adder is also an option, in which the sum overwrites one of the inputs, but
additional ancilla bits are required; the total number of qubits is essentially the same,
and the depth of the circuit is higher.
The INIT phase of the circuit calculates the local 𝐺 and 𝑃 values:

𝐺[𝑖, 𝑖 + 1] = 𝑎𝑖𝑏𝑖 (11.13)

𝑃[𝑖, 𝑖 + 1] = 𝑎𝑖 ⊕ 𝑏𝑖 . (11.14)

Note that 𝑏𝑖 is replaced by 𝑃[𝑖, 𝑖 + 1].
Next, in the P phase, the local 𝑃 values are combined into group propagate values.

For example, we use 𝑃[2, 3] (which was |𝑏2⟩) and 𝑃[3, 4] (which was |𝑏3⟩) to com-
pute 𝑃[2, 4]. In the first round, we compute 𝑃[2, 4], 𝑃[4, 6], and 𝑃[6, 8]. In the second
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Figure 11.32 Quantum carry-lookahead adder for 8-bit integers [127].

round, we compute 𝑃[4, 8]. In general, there are ⌊log𝑛⌋−1 rounds to generate all of the
necessary 𝑃 values; in each round the size of the group doubles.
In the G phase, we compute selected 𝐺 values using this relationship:

𝐺[𝑖, 𝑗] = 𝐺[𝑖, 𝑡]𝑃[𝑡, 𝑗]⊕𝐺[𝑡, 𝑗]. (11.15)

This requires ⌊log𝑛⌋ rounds, in which we again double the size of the group used in
each round’s calculation. Consider the top Toffoli gate in each round of the G phase:

𝐺[0, 2] = 𝐺[0, 1]𝑃[1, 2]⊕𝐺[1, 2]

𝐺[0, 4] = 𝐺[0, 2]𝑃[2, 4]⊕𝐺[2, 4]

𝐺[0, 8] = 𝐺[0, 4]𝑃[4, 8]⊕𝐺[4, 8].

(11.16)
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In the C phase, we complete the calculation of all carry-in values for the addition
operation. Recall that the carry-in for bit 𝑗 is 𝐺[0, 𝑗].
Next, we uncompute the 𝑃 values by reversing the operations from the P phase. We

call this the P−1 phase. After this phase, qubit |𝑏𝑖⟩ again holds the value 𝑃[𝑖, 𝑖+1] = 𝑎𝑖𝑏𝑖
that was computed in the INIT phase. For each sumqubit |𝑠𝑖⟩, we compute 𝑠𝑖 = 𝑐𝑖⊕𝑎𝑖𝑏𝑖
with a CNOT gate. For bit 0, there is no 𝑐0, so we have only computed 𝑠0 = 𝑏0; therefore,
we need to XORwith 𝑎0 to compute the sum. Finally, we uncompute𝑃[𝑖, 𝑖+1] to restore
the original |𝑏𝑖⟩ values.

11.3.4 Adder Comparison

The differences in the adder designs illustrate basic tradeoffs in reversible logic design.
The optimized ripple-carry adder performs addition in-place (replacing one of the
inputs) and only requires one extra ancilla qubit, but the depth increases linearly with
the number of bits in the input data. The carry-lookahead adder uses a logarithmic
structure to significantly reduce the depth, scaling as 𝑂(log𝑛) for an 𝑛-bit adder. This
adder, however, requires 𝑛+ 1 additional qubits for the sum output, as well as roughly
𝑛 − log𝑛 ancilla qubits. (There is an in-place version of the adder, but it requires twice
the depth and about the same total number of qubits as this version.)
Table 11.2 shows how the number of qubits and the circuit depth grow for each cir-

cuit as the input size increases. In this table, only Toffoli gates are counted and each
has a depth of one; this is reasonable for comparison, since the cost is dominated by
Toffoli gates, especially when expanded into two-qubit gates (which we will explore
below). If you think a 1024-bit adder is unreasonable, keep inmind that Shor’s factoring
algorithm requires operations on large numbers with 1000’s of bits.
Table 11.3 givesmore insight intowhat happenswhenwe try tomap these algorithms

onto an actual superconducting quantum system. The table shows the depth and num-
ber of qubits for an 8-bit adder that generates a 9-bit sum. In the ideal case, where any
qubit can interact with any other qubit, the in-place ripple-carry adder uses the fewest
qubits, but the CLA has the lowest depth.
The second row in the table shows the depth of the circuit when implemented using

Toffoli gates. However, current quantum systems do not implement Toffoli or other
three-qubit gates directly. They translate the Toffoli gate into a collection of one- and
two-qubit gates, as shown in Figure 11.17. The third row shows the depth when that

Table 11.2 Comparison of in-place ripple-carry and
carry-lookahead adder circuits. For this table, depth only counts
Toffoli gates.

Input size Depth Qubits

(bits) Ripple CLA Ripple CLA

8 15 8 18 29

64 127 14 130 250

256 511 18 515 1016

1024 2047 22 2050 4086
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Table 11.3 Comparison of adder circuits for 8-bit
binary numbers. The bottom two rows show the
results of compiling the circuit to a specific quantum
computer topology. Sparse is the 53-qubit IBM
Rochester topology, and Full mesh is Google
Sycamore topology, both shown in Figure 11.18.

Ripple In-place ripple CLA

Qubits 24 18 28

Depth: Toffoli gates 37 20 11

Depth: 2-qubit gates 277 141 83

Depth: Sparse 433 213 204

Depth: Full mesh 456 200 249

transformation is performed by the IBM Qiskit transpiler [2]. The CLA has an advan-
tage, even with only eight bits, and its depth grows as 𝑂(log𝑛), compared to 𝑂(𝑛) for
the ripple-carry adders.
However, the CLA uses Toffoli gates that require interaction between qubits that are

far away from one another. Compare the Toffoli gates in Figure 11.30 to those used in
Figure 11.32. With the interleaving of input qubits, the ripple-carry adder uses gates
that involve nearby qubits. In the CLA circuit, especially in the 𝐺 and 𝐶 stages, Tof-
foli gates span distances that grow by a factor of 2 in each level. Depending on the
system topology, this can require many swap gates to move qubit values close enough
to interact, as described in Section 11.2.3. Each swap gate increases the depth of the
circuit.
To see the impact of swap gates, we use the IBM Qiskit transpiler to map the cir-

cuit to actual machine topologies. For the 8-bit adder, we need at most 29 qubits,
so we use the two larger topologies from Figure 11.18. The row labeled Sparse is
IBM’s Rochester machine with interconnecting rings, and the row labeled Full mesh is
Google’s Sycamore. For this experiment, the transpiler assumes that all physical qubits
and gate operations are error-free.
There are two interesting observations from the data. First, theCLA circuit loses all of

its depth advantage compared to in-place ripple-carry. The extra SWAP gates needed to
move data around introduces significant overhead.We expect this overhead to increase
with adder size, since qubits are further apart, but we also expect that the logarithmic
scaling of the CLA would start to dominate with larger circuits.
Second, there is not much difference between the two topologies, even though the

mesh has a larger number of connections. In fact, it performs worse for the CLA, when
more qubit movement is required. There could be mesh-specific optimizations that the
IBM transpiler does not consider, since the IBMmachines do not use a mesh topology.
The choice of topology has other implications for the system, such as the susceptibility
to crosstalk errors between qubits. It is clear that the choice of topology and the map-
ping of circuits to a physical topology are important considerations in the performance
of applications on physical systems.
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11.4 Phase Logic

So far, we have only considered logic that operates in the computational basis, the
|0⟩ and |1⟩ states that are most familiar to us from Boolean logic. In this section, we
consider operations that affect the phase of the quantum state.
Phase adds a quantum twist to the topic of computational logic. It allows qubit states

to constructively and destructively interfere with one another, which is an extremely
useful tool in the quantum algorithms discussed in Chapter 12. In the context of this
chapter, we will be using phase to “mark” certain basis states as interesting. Later, we
will see how differences in phase can be converted to differences in amplitude.

11.4.1 Controlled-𝑍 and Controlled-Phase Gates

As a single-qubit gate, recall that the 𝑍 performs a rotation of 𝜋 around the 𝑧-axis of
the Bloch sphere. Since 𝑒𝑖𝜋 = −1, this introduces a factor of -1, but only for the |1⟩
component of the state in the standard basis.

𝑍 = [
1 0
0 −1]

𝑍 |0⟩ = |0⟩

𝑍 |1⟩ = − |1⟩

𝑍 |𝜓⟩ = 𝛼 |0⟩ − 𝛽 |1⟩ .

(11.17)

Also recall that we have 𝑆 and 𝑇 gates that perform rotations of 𝜋∕2 and 𝜋∕4, respec-
tively. We can also consider a generalized phase gate, often called 𝑃, that performs an
arbitrary rotation of 𝜆.

𝑃(𝜆) = [
1 0
0 𝑒𝑖𝜆]

𝑃(𝜆) |0⟩ = |0⟩

𝑃(𝜆) |1⟩ = 𝑒𝑖𝜆 |1⟩

𝑃(𝜆) |𝜓⟩ = 𝛼 |0⟩ + 𝑒𝑖𝜆𝛽 |1⟩ .

(11.18)

Now consider the controlled version of the 𝑍, called CZ. This is a two-qubit gate, with
a control and a target. If the control qubit is |1⟩, the 𝑍 operator is applied to the target
qubit. The truth table for this operation is shown in Table 11.4, where 𝑞0 is the control
bit and 𝑞1 is the target.
Notice that the CZ gate has no effect unless both qubits are |1⟩. Also, as shown in the

last line, itmakes no differencewhetherwe interpret the phase shift as occurring on the
target or the control: the affect is the same. There really is no distinction between the
control and target, in this case. For this reason, the CZ gate is often drawn as two con-
nected dots, rather than a control bit and a 𝑍 gate, emphasizing the symmetric nature
of the gate, as shown in Figure 11.33.
The controlled-phase (CP) gate is similar. When both qubits are |1⟩, the rotation of 𝜆

is applied.
You may be wondering why this phase rotation even matters, since it appears that

the CZ imposes a global phase, and we know that |11⟩ and− |11⟩ are indistinguishable.
However, when a state is in superposition, only the basis states where both qubits are
one will be affected, introducing a relative phase shift.
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Table 11.4 Controlled-Z (CZ) gate,
where q0 is the control and q₁ is the
target.

𝒒𝟏 𝒒𝟎 𝑪𝒁(𝒒𝟎, 𝒒𝟏)

|0⟩ |0⟩ |00⟩

|0⟩ |1⟩ |01⟩

|1⟩ |0⟩ |10⟩

|1⟩ |1⟩ |(−1)1⟩ = |1(−1)⟩ = − |11⟩

= =
Z

Z

= =
λ

P (λ)

P (λ)

Figure 11.33 Controlled-𝑍 (CZ) and
controlled-phase (CP) gates.

For example, consider a two-qubit state |𝜓⟩ that is in equal superposition:

|𝜓⟩ = 𝐻⊗2 |00⟩ = 1
2(|00⟩ + |01⟩ + |10⟩ + |11⟩). (11.19)

ApplyingCZ to |𝜓⟩will flip the phase of only the |11⟩ basis state, resulting in a relative
phase difference:

CZ(|𝜓⟩) = 1
2(|00⟩ + |01⟩ + |10⟩ − |11⟩). (11.20)

See Figure 11.34 for an illustration of this circuit and the output state. This figure
also introduces a new disc notation to visualize a quantum state, adopted from John-
ston et al. [128]. Each standard basis state is represented by a disc. The magnitude is
represented by a shaded circle whose radius is the probability amplitude. The area of
the shaded circle is proportional to the square of the radius, so this is a visual indica-
tion of the probability of measuring that state. (An “empty” disc means the basis state
has a magnitude of zero.) The phase of each basis state is represented by a line that
rotates counter-clockwise; straight upmeans zero phase. This notation is convenient for
quickly visualizing the magnitude and phase of each component of a multi-qubit state,
and is often more helpful than the Bloch sphere visualization, especially for entangled
states. However, the number of discs scales as 2𝑛 for an 𝑛-qubit state, so it is most use-
ful when 𝑛 is not too large. A similar notation is used by the Quirk quantum circuit
simulator [129].

|0〉 H

|0〉 H

Figure 11.34 CZ gate acting on an equal
superposition of basis states. Only the state
where both qubits are one is flipped.
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|0〉 H |0〉 + eiπ/4 |1〉

|0〉 T |1〉

Figure 11.35 Phase kickback using controlled-T gate. The target qubit is apparently
unaffected, while the phase rotation occurs on the control qubit.

The symmetric nature of the controlled-phase gates leads to a phenomenon called
phase kickback, where applying a phase rotation to one qubit causes a phase change on
one or more other qubits.
Consider the circuit shown in Figure 11.35, where both qubits are initialized as |0⟩.

The state before the CP is |1+⟩. Even though the phase change is shown on the target,
the effect is to leave the target qubit alone and to apply the𝜋∕4 phase shift to the control
qubit.

CP(𝜋∕4) |1+⟩ = CP(𝜋∕4)( 1√
2
|10⟩ + 1

√
2
|11⟩)

= 1
√
2
(|10⟩ + 𝑒𝑖𝜋∕4 |11⟩)

= |1⟩⊗ 1
√
2
(|0⟩ + 𝑒𝑖𝜋∕4 |1⟩).

(11.21)

11.4.2 Selective Phase Change

The CZ and CP gates allow us to change the phase of a specific basis state, but what
if we want to be more general, to change the phase of any basis states that satisfy a
particular logical condition?
Consider an 𝑛-qubit state |𝐴⟩, which is a superposition of basis states:

|𝐴⟩ = 𝑎0 |0… 00⟩ + 𝑎1 |0… 01⟩ +⋯ + 𝑎𝑛−1 |1… 11⟩

= 𝑎0 |0⟩ + 𝑎1 |1⟩ +⋯ + 𝑎𝑛−1 |𝑛 − 1⟩

=
𝑛−1∑

𝑥=0
𝑎𝑥 |𝑥⟩ .

(11.22)

Now consider a predicate function 𝑆(𝑥) that returns either 1 (true) or false (0) for any
𝑛-bit integer value 𝑥, and the set of integers𝐺 that contains all of the integers for which
𝑆(𝑥) = 1.

𝐺 = {𝑥 ∈ ℤ ∣ 0 ≤ 𝑥 ≤ 2𝑛−1 and 𝑆(𝑥) = 1}. (11.23)

We can write |𝐴⟩ as a combination of basis states that satisfy the predicate 𝑆 and
those that don’t. We’ll use |𝐺⟩ to represent the “good” basis states that satisfy 𝑆 and |𝐵⟩
to represent the “bad” basis states that don’t.

|𝐴⟩ =
∑

𝑥∉𝐺
𝑎𝑥 |𝑥⟩ +

∑

𝑥∈𝐺
𝑎𝑥 |𝑥⟩ = |𝐵⟩ + |𝐺⟩ . (11.24)

Nowconsider a unitary function𝑈𝑆 that takes an𝑛-qubit integer state |𝑥⟩ and a single
ancilla qubit, and calculates 𝑆(𝑥) on the ancilla. In other words,𝑈𝑆 |0⟩ |𝑥⟩ = |𝑆(𝑥)⟩ |𝑥⟩.
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|A〉
US U−1

S

|A′〉

|0〉 P (λ) |0〉

Figure 11.36 Selective phase rotation of basis
states in |A⟩ for which the predicate S evaluates as
true. US is a unitary function that calculates the
predicate S using an ancilla qubit.

We put the ancilla bit as the most significant, because we want to draw it at the bottom
of the circuit, as shown in Figure 11.36.
What happens if we put our superposition state |𝐴⟩ as the input to the circuit?

𝑈𝑆 |0⟩ |𝐴⟩ = 𝑈𝑆 |0⟩ (|𝐵⟩ + |𝐺⟩) = |0⟩ |𝐵⟩ + |1⟩ |𝐺⟩. (11.25)

In general, the output state is entangled. Measuring the integer part of the output state
will completely determine the value of the ancilla qubit. Likewise, if we measure the
ancilla bit, the integer part will be projected to either |𝐺⟩ (if 1) or |𝐵⟩ (if 0).
Next, we apply a phase gate 𝑃(𝜆) to the ancilla qubit. This rotates the part of the

entangled state for which the ancilla bit is |1⟩:

𝑃(𝜆)𝑈𝑆 |0⟩ |𝐴⟩ = |0⟩ |𝐵⟩ + 𝑒𝑖𝜆 |1⟩ |𝐺⟩ . (11.26)

Note that the phase change applies to the entire multi-qubit state; we can either
associate it with the most significant qubit |1⟩ or the rest of the state |𝐺⟩.
Finally, if we uncompute the predicate, we restore the ancilla qubit to |0⟩, but the

phase change on |𝐺⟩ remains, because the predicate logic operates on computational
basis states without affecting phase.

𝑈−1
𝑆 (|0⟩ |𝐵⟩ + 𝑒𝑖𝜆 |1⟩ |𝐺⟩) = |0⟩ |𝐵⟩ + 𝑒𝑖𝜆 |0⟩ |𝐺⟩

= |0⟩
( ∑

𝑥∉𝐺
𝑎𝑥 |𝑥⟩ + 𝑒𝑖𝜆

∑

𝑥∈𝐺
𝑎𝑥 |𝑥⟩

)
. (11.27)

If we ignore the ancilla bit, we have created a new state |𝐴′⟩, which has the same ampli-
tudes and basis states of the original |𝐴⟩ state with a phase rotation of 𝜆 applied to all
basis states that satisfy the predicate 𝑆.
In the special case of a 𝜋-rotation, the circuit can be even simpler, avoiding the need

for uncomputing, as shown in Figure 11.37. To understand this circuit, first consider
the simplified circuit in Figure 11.38, where |𝜓⟩ is a single-qubit state. On the left-hand
side, phase kickback will flip the phase of the |1⟩ component of |𝜓⟩. On the right-hand
side, we use the relationship 𝑍 = 𝐻𝑋𝐻 to redraw the circuit using a CNOT instead of
a CZ.
Now, consider𝑈𝑆 to be a sort of “generalized CNOT,” which flips the target (ancilla)

qubit whenever the control |𝐴⟩ satisfies the predicate. Then the same phase kickback

|A〉
US

|A′〉

|0〉 H H |0〉

Figure 11.37 Selective phase flip (𝜋-rotation)
of basis states in |A⟩ for which the predicate S
evaluates as true. US is a unitary function that
calculates the predicate S using an ancilla
qubit.

|ψ〉 |ψ′〉

|1〉 Z |1〉
=

|ψ〉 |ψ′〉

|1〉 H H |1〉

Figure 11.38 Phase kickback using
CZ and CNOT gates.
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will apply the phase flip to the basis states of |𝐴⟩ that cause the ancilla bit to flip. This
is exactly what we want, and leads to the circuit in Figure 11.37. The uncompute part is
not needed, because the ancilla bit is returned to |1⟩ after the second Hadamard gate,
and it is not entangled with the output state |𝐴′⟩.

11.4.3 Phase Logic Gates

In some cases, we can implement logical phase rotations directly, without the use of
ancilla qubits. Johnston et al. [128] illustrate a number of fundamental logic operations
that encode the result in the phase of the output state, shown inFigure 11.39. The inputs
to these circuits are interpreted as logical values encoded in the computational basis.
The output amplitudes are unchanged, but the phase rotation has been applied to the
basis states according to the desired logical operation.
Since these circuits do not operate on phase-encoded states, they cannot be used

together to create complex logical operations. Instead, the phase logic replaces the last
stage of a more standard logic circuit, using Toffoli and CNOT gates, as described in
Section 11.2. Then the first stages must be uncomputed to restore the amplitudes to
their original states, while keeping the phase rotations intact.
To perform a general logical phase rotation using 𝑛-stage combinational logic:

1. Perform the first 𝑛 − 1 stages using conventional logic.
2. Substitute the last gate with one of the circuits in Figure 11.39.
3. Uncompute the first 𝑛 − 1 stages.

For a concrete example, adopted from [128], consider the following logic operation:

(𝑎 OR NOT 𝑏) AND 𝑐

We first perform the OR using a Toffoli gate and an ancilla qubit, as shown in
Figure 11.40. Then we apply a phase-AND with 𝑐 and the ancilla qubit. Finally, we
uncompute the OR. If the input state is an equal superposition, the resulting output
state is shown in the figure: the phases of all basis states for which (𝑎 + 𝑏) ⋅ 𝑐 is true
have been flipped.
With the exception of phase-AND and phase-NOR, these phase logic circuits do

not easily extend to more than two qubits. For phase-AND, the CP gate can eas-
ily be extended to a multi-controlled-phase (MCP) or multi-controlled-𝑍 (MCZ) gate.
However, while these gates look simple, remember that they must be implemented in
terms of two-qubit gates on actual hardware.

P (λ)

P (λ)

P (−λ) P (λ)

P (λ)

P (λ)

P (−λ) P (λ)

Figure 11.39 Phase logic gates:
performs phase rotation of 𝜆 on
computational basis states that
satisfy the Boolean operator.
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Figure 11.40 Flipping the phase when (a
+b)⋅ c is true. If the input starts as an
equal superposition, the output state is
shown below the circuit.

11.5 Summary and Further Reading

Manipulating quantum data in the computational basis is an important building block
for quantum algorithms. As we’ve shown in this chapter, any classical reversible logic
can be implemented using quantum gates. But quantum gates are much slower and
(currently) more error-prone than classical logic gates, so why should we bother?
Shouldn’t we do classical operations on classical hardware and leave the quantum
computer to do the hard stuff?
One source of quantum speedup is through quantum parallelism: the effect of logical

operations onmultiple basis states in a superposition. In otherwords, a unitary operator
that converts |𝑥, 0⟩ to |𝑥, 𝑓(𝑥)⟩ will perform that transformation on all components of
|𝑥⟩:

∑

𝑖
|𝑥𝑖 , 𝑓(𝑥𝑖)⟩ . (11.28)

This is different than classical parallelism, in that we do not get to see all of those
values of 𝑓(𝑥𝑖). But we know that they are there, encoded in the quantum state. We
can extract information about the values using the quantum building blocks described
in Chapter 12. For example, the Quantum Fourier Transform (QFT) can reveal infor-
mation about the sequence 𝑓(0), 𝑓(1), 𝑓(2),…. Shor’s algorithm combines QFT with
modular exponentiation (a classical function) to help find prime factors of a large inte-
ger. As another example, if𝑓(𝑥) is a Boolean function, a technique known asAmplitude
Amplification can make it easier to discover a value of 𝑥 that makes 𝑓(𝑥) = 𝗍𝗋𝗎𝖾.
Both phase logic and regular logic are indispensable components of these algorithms.

Ironically, because of the current limitations on the number of qubits and the number
of operations that can be performed before decoherence, it is often the classical compu-
tations that are the most challenging to perform efficiently. Automated optimization of
large quantum circuits is an active area of research, with approaches adopted from clas-
sical and reversible logic design and synthesis [130, 131], compiler techniques [132],
machine learning and other optimized searching [133, 134], and others [135].
Of course, the circuits discussed in this chapter assume error-free logical qubits. The

error correction techniques from Chapter 10 will require orders of magnitude more
physical qubits. Gidney and Ekerå [110] give a detailed resource estimate for factoring
large integers using Shor’s algorithm. While some of the details rely on understanding
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information presented in Chapter 12, a large part of the discussion revolves around
efficient adders and multipliers and their implementation on the surface code.

11.6 Exercises

11.1 Without using a Toffoli gate, draw an implementation of a reversible classi-
cal OR gate. Also draw the inverse OR−1 gate, or show that the gate is its own
inverse.

11.2 Prove that the SWAP gate can be implemented using three CNOT gates, as
shown in Figure 11.20. Also show the unitary matrix representation of the
operation performed by the SWAP gate.

11.3 Using big-𝑂 notation, what is the depth of an 𝑛-bit quantum ripple-carry adder
(Section 11.3.1) if we don’t uncompute the carry bits?

11.4 Use swap gates to interleave the qubits of two four-qubit values, as shown in
Figure 11.41. Assume a linear qubit topology: only qubits that are neighbors
and can swap with each other.

Figure 11.41 Interleave function for Exercise 11.4.

11.5 Design a quantum circuit to compute the absolute value of a number. Given
a four-qubit value |𝑥⟩, produce the four-qubit value |𝑦⟩, where 𝑥 and 𝑦 are 2’s
complement binary integers and 𝑦 = |𝑥|. You may use Toffoli gates and any
one- or two-qubit gates. Youmay need additional qubits tomake this reversible,
and youmay add ancilla qubits, butminimize the total number of qubits in your
solution.

11.6 Given two three-qubit states |𝑎⟩ and |𝑏⟩, each representing a three-bit unsigned
integer, we want a quantum circuit that outputs the larger value on the top and
the smaller value on the bottom. See Figure 11.42.

(a) The function as drawn is not reversible. Explain why, and describe how
adding another qubit to the input and output states can make a reversible
function.

(b) Design a quantum circuit to implement the reversible function. Ancilla
qubits can be added, if needed, as long as they are uncomputed.
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Figure 11.42 Max function for Exercise 11.6.

11.7 Given two four-qubit states |𝑎⟩ and |𝑏⟩, each representing a four-bit unsigned
integer, design a quantum circuit that flips the phase of |𝑏⟩ if the two integers
are equal.
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Some Quantum Algorithms

In this final chapter, we present a few selected quantum algorithms that illustrate the
promise of quantum computers to provide a computational advantage over classical
computers. We use the word “advantage” informally here, simply meaning that there
is some problem size at which the quantum computer can give a solution faster than
any feasible classical computer.
What do we mean by “faster”? In the next section, we briefly discuss computa-

tional complexity and how it applies to quantum computing. Then we present the two
most famous quantum algorithmswhich promise quantum advantage: Grover’s search
algorithm (12.2) and Shor’s algorithm for factoring (12.5). In the process, we will intro-
duce several fundamental building blocks, including amplitude amplification (12.2),
the Quantum Fourier Transform (12.3), and quantum phase estimation (12.4). Finally,
we will discuss a class of hybrid classical-quantum algorithms, known as variational
algorithms, that are designed to operate within the realm of noisy, intermediate-scale
quantum (NISQ) systems that are likely to be prevalent in the early years of quantum
applications.

12.1 Computational Complexity

In classical computing, we analyze algorithms to determine the resources needed to
solve a computational problem. A resource typically means time or space, but could be
energy, circuit gates, or some other measurable quantity. We are especially interested
in the algorithm’s behavior as the problem size increases. We use “big-O” notation to
abstract away details, concentrating on upper-bound execution time as problem size
(𝑛) increases. When we say that the run-time 𝑇(𝑛) for a problem size 𝑛 is 𝑂(𝑔(𝑛)), we
mean that there are positive numbers𝑀 and 𝑛0 such that

𝑇(𝑛) ≤ 𝑀𝑔(𝑛), for all 𝑛 ≥ 𝑛0. (12.1)

Using this approach, we can state that using the selection sort algorithm on a col-
lection of 𝑛 items requires 𝑂(𝑛2) time (computational steps), while the quicksort
algorithm requires𝑂(𝑛 log𝑛) time.We can’t saywhether quicksort will be faster for any
particular size𝑛, because𝑂(⋅) does not explicitly include constant factors or other terms
that are dominated by the highest-power terms. However, we can say with confidence
that large sorting problems are likely to run much faster using quicksort.

Principles of Superconducting Quantum Computers, First Edition. Daniel D. Stancil and Gregory T. Byrd.
© 2022 John Wiley & Sons, Inc. Published 2022 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers

www.wiley.com/go/stancil/principlesofsuperconductingquantumcomputers
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12.1.1 Quantum Program Run-Time

The execution time of a quantum algorithm is estimated by the depth of the circuit:
the longest sequence of one- and two-qubit gates between the initial state preparation
and the final measurement. Even though different gate operations may take different
amounts of time, we typically simplify and assume that all one- and two-qubit gates
execute in unit time. Some estimates focus on the number of Toffoli gates, since they
require multiple simple gates and are very prevalent in quantum logic (Chapter 11).
Other approaches focus on the number of sequential 𝑇 gates, since they require costly
magic state distillation for error-corrected computation (Chapter 10).
For the purposes of understanding the run-time complexity of an algorithm, a num-

ber of assumptions are made. First, the width of the circuit, the number or (logical)
qubits required, is generally unbounded; we can use asmany qubits as we need, includ-
ing helper (ancilla) qubits. (The number of qubits, however, may be considered as an
additional measure of scalability. There is often a tradeoff between circuit depth (time)
and width.) Second, the qubits are usually assumed to be completely connected—any
qubit can interact with any other qubit, though we may favor algorithms for which
nearby connections are sufficient. Finally, we assume fault-tolerant computation, using
error-free logical qubits with long decoherence times.
Some algorithms utilize oracles, which are “black-box” functions that return a spec-

ified result. The details of the oracle are not known to the algorithm, and therefore
cannot be included in estimates of computational complexity. In these cases, we nor-
mally refer to query complexity as the number of times the oracle must be queried for
a problem size 𝑛. There is an implicit assumption that the execution of the oracle is
efficient; otherwise, the cost of running the algorithm will be dominated by the cost of
computing the oracle function.

12.1.2 Classical Complexity Classes

Weuse complexity classes to group together problems in terms of the resources required
to solve them. The best-known classification scheme deals with decision problems,
those that provide a single yes/no answer. Many computational problems can be trans-
formed into decision problems, so this choice does not limit the generality of the
approach. Other problems types have their own complexity class hierarchies. For our
purposes, we will be casual about this difference, and we will not distinguish between
different types of computational problems. Much of the discussion below is based on
Arora and Barak [136].
P is the class of decision problems that run in polynomial time. In other words, the

execution time of a problem with input size 𝑛 is 𝑂(𝑛𝑘) for some positive integer 𝑘.
Most of the fundamental algorithms we learn early in our computing experience are in
P: computing the product of two integers, finding a particular value in an array, sorting
an array of values, etc.
NP is the class of decision problems for which a solution can be verified in polynomial

time. The cost of finding a solutionmay bemore than polynomial. For example, finding
the prime factors of 𝑥 is difficult, and the time grows exponentially with the number
of bits needed to represent 𝑥, but it is easy to verify whether 𝑝 is a prime factor of 𝑥,
simply by dividing 𝑥 by 𝑝.
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NP does not stand for “nonpolynomial,” as you might expect, but for nondeterminis-
tic polyonomial, because an alternate definition stems from problems that can be solved
in polynomial time using a nondeterministic Turingmachine. In fact, it is clear thatNP
contains P (P ⊆ NP), since any solution that can be computed in polynomial time can
certainly be verified in polynomial time.
On the other hand, there are problems that are known to be inNP that are not known

to be in P—that is, there is no known polynomial-time solution. One example is the
satisfiability problem, known as SAT: Given a Boolean formula with 𝑛 binary variables,
is there an assignment of variables (to 0 or 1) for which the forumula is true (satisfied)?
The fastest-known algorithm for 3SAT, in which each part of the formula can have up
to three variables, is reported as 𝑂(1.30331𝑛), where 𝑛 is the number of variables in the
formula [137]. However, it is very easy to plug in a solution of 𝑛 variables and verify
that the formula is true. In the worst case, anNP problem can be solved in exponential
time, since a “brute force” check of an 𝑛-bit input requires 2𝑛 polynomial verifications.
A problem is known as NP-hard if any problem in NP is reducible to this problem.

By reducible, we mean that there is a polynomial-time function that can transform an
instance of one problem to an instance of the other. If a problem isNP-hard and is also
in NP, it is said to be NP-complete. In some sense, the set of NP-complete problems
represents the “hardest” problems inNP. Thousands of problems have been identified
to beNP-complete.
The significance ofNP-complete problems is that everyNP problem can be provably

reduced to an NP-complete problem. Therefore, if someone finds a polynomial-time
algorithm to solve an NP-complete problem, it means that all problems in NP can be
solved in polynomial time, which means P = NP. While is it strongly conjectured that
P ≠ NP, it has never been proven, and this is one of the most important outstanding
problems in computational computer science.
Before we discuss how quantum processors fit in, we introduce one more classical

complexity class. BPP is the set of decision problems that can be solved in polyno-
mial time on a probabilistic Turing machine (one that can make a random decision at
each step) with a bounded probability of error. This allows randomness to be incorpo-
rated into algorithms. The bounded error usuallymeans that the probability of a correct
answer is ≥ 2∕3, though the definition allows for any value greater than one-half.
It should be clear that P ⊆ BPP, since the random choice could be the same as

the deterministic choice. It is an open question whether P = BPP, or whether there
is a way to convert every probabilistic algorithm to a deterministic algorithm. Many
theorists believe this is true, but it has not been proven. We do not know if BPP ⊆ NP.

12.1.3 Quantum Complexity

For analyzing problems and algorithms in the quantum domain, Deutsch [138] devel-
oped the quantum Turing machine in 1985. This was refined later [139, 140], and Yao
[141] formalized the quantum circuit model in 1993, establishing that the run-time of
a quantum program is based on the depth of its circuit, as described above.
BQP is the class of decision problems that run in polynomial time on a quantum

circuit, with bounded error. Because of the probabilistic nature of quantum measure-
ments, quantum programs are more like BPP than P. In Chapter 11, we showed that



294 12 Some Quantum Algorithms

any classical computation can be done efficiently on a quantum computer, so it should
be clear that BPP ⊆ BQP.
What do we know about the relationship between BQP andNP? Not a lot. There’s a

popular misconception that quantum computers can solve any exponential problem in
polynomial time, but that’s not true. There are some NP problems that are in BQP—
for example, integer factoring and discrete logarithm are solved by Shor’s algorithm
(Section 12.5). However, there are otherNP (and particularlyNP-complete) algorithms
for which there are no known polynomial quantum algorithms. Therefore, there is a
strong conjecture that NP ⊈ BQP, but there is no proof. Watrous [142] provides more
information about quantum complexity classes.
There is an understanding that problems must have a certain kind of structure that

can be exploited by quantum algorithms in order to get large speedups. This struc-
ture can be exploited by algorithmic building blocks such as amplitude amplification
(Section 12.2) and the Quantum Fourier Transform (Section 12.3), which are described
in this chapter. For some problems, it is believed that quantum computing will pro-
vide no speedup at all. Aaronson [143] provides a discussion of how complexity theory
informs our understanding about what is possible for quantum computers.

12.2 Grover’s Search Algorithm

Grover’s algorithm, published in 1996 [144], identifies a single 𝑛-bit value 𝑥 that sat-
isfies a yes/no predicate. In other words, it finds the value 𝑥 for which 𝑃(𝑥) = 1. The
predicate is calculated by an oracle, a black-box subroutine for which the algorithm has
no information. A classical algorithm must evaluate 𝑃(𝑥) for every value 0 ≤ 𝑥 < 𝑁
until it finds the correct answer, where𝑁 = 2𝑛. On average, this will require𝑁∕2 trials.
Grover’s algorithm, however, will find the value 𝑥 using only 𝑂(

√
𝑁) trials, which has

been shown to be optimal for any quantum algorithm [145].
The oracle requirement means that there is no information within the value 𝑥 or any

known structure to the search space that would yield an improved classical search. For
example, binary searchwould take𝑂(log𝑁) evaluations, but requires that the predicate
be related to the order of values.
It’s a simple matter to create a superposition of all 𝑥 values, using Hadamard gates,

and then to compute 𝑃(𝑥) on the superposition. However, a measurement will yield
only one output state, |𝑥𝑖 , 𝑃(𝑥𝑖)⟩, and there would only be a 1∕𝑁 chance that 𝑥𝑖 = 𝑥.
Therefore, this randomsampling approach does not give an advantage over the classical
approach: it would require 𝑂(𝑁) trials to find a likely match. (In fact, this would be
worse than the classical approach,which could try each value sequentially. The random
samplingmay takemore than𝑁 trials and in fact is never guaranteed to find the correct
result.)
In order to exploit the quantum parallelism enabled by superposition, some other

operation is needed to increase the likelihood of measuring the desired state.

12.2.1 Grover Iteration

Starting with an equal superposition of all values, Grover’s algorithm iterates the
following two steps:
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Figure 12.1 Grover search initialization. All
states are in equal superposition. The correct
answer (x = 4) is shown in black.

Figure 12.2 First iteration of Grover search. On the left, the oracle changes the sign of the
correct answer, reducing the mean amplitude. On the right, all amplitudes are inverted around
the mean, increasing the amplitude of the correct answer.

1. Flip the phase of the state |𝑥𝑝⟩ for which the predicate is true. In other words, if the
amplitude of |𝑥𝑝⟩ is 𝑎𝑝, change it to −𝑎𝑝.

2. For each element of the superposition, change amplitude 𝑎𝑖 to 2𝐴 − 𝑎𝑖 , where 𝐴 is
the mean amplitude.

The process is illustrated in Figures 12.1 and 12.2. In this example, there are eight
candidate values (0–7), encoded in three qubits. The qubits are initialized in an equal
superposition, each with amplitude 1∕

√
8 = 0.354. For the purpose of this example, we

know that 𝑥 = 4 is the desired solution, and we show that state in a darker color. If we
measure the state at this point, the probability of measuring 4 is 1∕8, no better than a
random guess.
Figure 12.2 shows the first search iteration. The first step flips the phase of the state

𝑥 where 𝑃(𝑥) = 1. This also has the effect of lowering the mean amplitude (𝐴 = 0.265),
since this state now contributes a negative value. Each non-marked (positive) state’s
amplitude is now greater than 𝐴, so the second step reduces these amplitudes to 2𝐴 −
0.354 = 0.176, while the marked (negative) state is significantly increased to 2𝐴 +
0.354 = 0.884.
If wemeasure the state after this iteration, the probability ofmeasuring 4 is (0.884)2 =

0.781. Performing a second iteration (Figure 12.3) again increases the amplitude of the
correct state and raises its probability to (0.972)2 = 0.945.
However, notice that the amplitudes of the incorrect answers have become nega-

tive. This is enough to make the mean amplitude negative as well. If we perform a
third iteration (Figure 12.4), the amplitude of the correct answer decreases, reducing
the probability that it will be measured. The optimal number of iterations, 𝑘, depends
on the number of qubits involved in the search:

𝑘 = ⎢
⎣
𝜋
4
√
𝑁⎥
⎦

(12.2)
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Figure 12.3 Second iteration of Grover search, further increasing the amplitude of the correct
answer.

Figure 12.4 Third iteration of Grover search. In this case, the amplitude of the correct answer
is reduced from its previous value.

where𝑁 = 2𝑛 and 𝑛 is the number of qubits.1 In our example,𝑁 = 8 and ⌊(𝜋∕4)
√
8⌋ =

2, which is exactly what we discovered.
The amplitude of the correct answer will decrease with additional iterations, and

then will start to increase again, exhibiting a periodic behavior. With𝑁 = 8, the ampli-
tude after six iterations is very close to −1.0, yielding essentially a 100% probability
of measuring the correct answer. However, each iteration increases the depth of the
quantum circuit, which increases both the time and the chance for error. Just repeat-
ing the entire computation (with two iterations) gives the correct answer with a 99.7%
probability, and only requires a total of four iterations.

12.2.2 Quantum Implementation

A quantum circuit for Grover search with one iteration is shown in Figure 12.5.
We first need to create an equal superposition. This is easily done by initializing 𝑛

qubits to |0⟩ and using 𝑛 Hadamard gates.
The next step is to flip the phase of the basis state for which the predicate is true.

This is an instance of phase logic, described in Section 11.4. First, we create a unitary
𝑈𝑃 that sets an ancilla qubit to 1 when 𝑃(𝑥) = −1. If we initialize that ancilla qubit to
|−⟩, phase kickback will change the phase of the desired basis state. Since the ancilla
qubit state does not change, we initialize it at the beginning and leave it in the |−⟩ state
through all of the iterations.
The cost of this first step depends on the cost of computing𝑈𝑃. If the cost of comput-

ing𝑈𝑃 is too high (as a function of 𝑛), then it may dominate the computation time and
essentially eliminate the

√
𝑁 advantage of Grover’s algorithm.

1 The floor operator ⌊𝑥⌋ returns the largest integer that is less than or equal to 𝑥.
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Figure 12.5 Grover search algorithm for 𝑛 qubits. Boxes flip phase and invert form one
iteration, which is repeated k = (𝜋∕4)

√
N times, where N = 2n.

The second step seems more challenging. How do we compute the mean amplitude,
and how do we invert all of the amplitudes around themean? The circuit, shown in the
invert box in Figure 12.5, is quite simple, so our task is to convince you that the circuit
performs the desired computation.
First, the transformation we want is given by the following unitary matrix, remem-

bering that 𝑁 = 2𝑛:

𝐷 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2

𝑁
− 1 2

𝑁
⋯ 2

𝑁
2

𝑁

2

𝑁
− 1 ⋯ 2

𝑁

⋯ ⋯ ⋯ ⋯
2

𝑁

2

𝑁
⋯ 2

𝑁
− 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (12.3)

To convince yourself this is correct, take a column vector with amplitudes 𝑎𝑖 and
multiply times the 𝑗-th row of the matrix to produce the new amplitude 𝑎′𝑗:

𝑎′𝑗 =
( 2
𝑁
∑

𝑖≠𝑗
𝑎𝑖
)
+
( 2
𝑁 − 1

)
𝑎𝑗

=
( 2
𝑁
∑

𝑖
𝑎𝑖
)
− 𝑎𝑗

= 2𝐴 − 𝑎𝑗 .

(12.4)

Now consider the middle part of the invert circuit, the controlled-𝑍 surrounded by𝑋
gates. Based on our understanding of phase logic, this will flip the phase of |000… 00⟩
and leave the other basis states alone. We’ll call this 𝑛-qubit operator 𝑆𝑛, and its matrix
is:

𝑆𝑛 =
⎡
⎢
⎢
⎢
⎣

−1 0 ⋯ 0
0 1 0 ⋯
0 ⋯ ⋯ 0
0 ⋯ 0 1

⎤
⎥
⎥
⎥
⎦

. (12.5)
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We define a matrix 𝑅 which will give us the factor of 2 we’re looking for, and is related
to 𝑆 as follows:

𝑆𝑛 = 𝐼 − 𝑅𝑛 = 𝐼 −
⎡
⎢
⎢
⎢
⎣

2 0 ⋯ 0
0 0 0 ⋯
0 ⋯ ⋯ 0
0 ⋯ 0 0

⎤
⎥
⎥
⎥
⎦

. (12.6)

Before and after 𝑆, we have a collection of Hadamard gates,𝐻⊗𝑛. This circuit is also
known as the Walsh-Hadamard transform. We’ll use the notation 𝑊𝑛 to denote the
𝑛-qubit transform. For 𝑛 > 1, the matrix can be defined recursively:

𝑊𝑛 =
1

√
2𝑛

[
𝑊𝑛−1 𝑊𝑛−1
𝑊𝑛−1 −𝑊𝑛−1

] . (12.7)

Here are a couple of examples:

𝑊2 =
1
2

⎡
⎢
⎢
⎢
⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥
⎥
⎥
⎦

(12.8)

𝑊3 =
1

2
√
2

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 = 1 1 1 −1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (12.9)

Element (𝑖, 𝑗) of the matrix is defined as

(𝑊𝑛)𝑖,𝑗 = (−1)𝑖⋅𝑗 , (12.10)

where 𝑖 ⋅ 𝑗 is the number of bits that are different in the binary representations of 𝑖 and
𝑗, also known as the Hamming distance. For the purposes of this discussion, note that
both the top row and the left column always contain 1.
So the invert circuit is described as𝑊𝑆𝑊, leaving off the subscript 𝑛 for convenience,

which we rewrite as:

𝑊𝑆𝑊 =𝑊(𝐼 − 𝑅)𝑊 = 𝐼 −𝑊𝑅𝑊 = −(𝑊𝑅𝑊 − 𝐼), (12.11)

noting that𝑊𝑊 = 𝐼. Each element of𝑊𝑅𝑊 is calculated as:

𝑊𝑅𝑊𝑖,𝑗 = (𝑊𝑖,0𝑅0,0𝑊0,𝑗) =
2
𝑁 . (12.12)

Therefore, it should be relatively clear that 𝑊𝑅𝑊 − 𝐼 = 𝐷, and 𝑊𝑆𝑊 = −𝐷. Note
that there is a global phase of −1 applied to the output of the circuit, which makes no
difference in themeasured outcome, orwhen this outcome is fed into the next iteration.
To summarize: (1) Phase oracle 𝑈𝑃 flips the phase of the basis state which satisfies

the predicate. (2)𝑊𝑆𝑊 inverts the amplitudes around the mean. (3) These two steps
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are repeated 𝑂(
√
𝑁) times. (4) The output state is measured, which yields the desired

basis state with high probability.

12.2.3 Generalizations

The algorithm assumes that there is only one basis state |𝑥⟩ for which 𝑃(𝑥) = 1. It will
also work with multiple matching states. Fewer iterations are needed to maximimize
the probability of measuring one of the matching states. For𝑚matching states,

𝑘 = 𝜋
4

√
𝑁
𝑚. (12.13)

Of course, the measurement will only yield one of the states; there is no guaranteed
way to read them all.
Because themeasurement likelihood goes down if toomany iterations are performed,

it is important for the number of iterations to agree with the number of possible
answers. Otherwise, the algorithm can be run assuming𝑚 = 1, 2,… until a satisfactory
answer is measured.
A more generalized version of the algorithm is known as amplitude amplification.

Instead of starting with 𝑊 |0⟩ (an equal superposition of all possible states), suppose
we have a transform 𝑈 such that 𝑈 |0⟩ gives an initial state with a higher probability
for correct basis states.
Starting with the state 𝑈 |0⟩, the algorithm proceeds as above, except that𝑊𝑆𝑊 is

replaced with 𝑈𝑆𝑈−1. If the algorithm 𝑈 succeeds with probability 𝑡, then a classi-
cal repetition of 𝑈 requires an average of 1∕𝑡 iterations to find a solution. According
to Rieffel and Polak [8, Chapter 9], amplitude amplification improves this bound to
𝑂(
√
1∕𝑡).

Grover extended his algorithm to solve other non-search problems, such as finding
the mean andmedian of a function [146]. Other applications include finding collisions
in functions [147] and string matching [148].

12.3 Quantum Fourier Transform

The Quantum Fourier Transform (QFT) is one of the most important building blocks
for quantum algorithms. It was developed in the early 1990s by Peter Shor [149] and
Don Coppersmith [150]. On its own, it is of interest because it exhibits an exponen-
tial speedup over the Fast Fourier Transform—a classical algorithm that can be used
to compute the Discrete Fourier Transform when the number of samples is a power of
2. However, although the complete transform is available in the output state, a mea-
surement will only give one component of the output with a probability proportional
to the square of the corresponding Fourier coefficient. With this limitation its bene-
fits may not be obvious, but it is a crucial component in factoring (Section 12.5) and
other algorithms that show promise for quantum advantage. In particular, the QFT is
useful when the measured value has some utility—some important information about
the input state—or when the processed state is passed along to some other stage of
quantum processing.
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The QFT has much in common with the Discrete Fourier Transform (DFT), familiar
to most electrical and computer engineers for its utility in digital signal processing. In
the case of the QFT, the “time domain” signal is the set of basis state amplitudes in a
quantum state. For an 𝑛-qubit state, the sequence of amplitudes for |0⟩ , |1⟩ ,… , |2𝑛 − 1⟩
is interpreted as a periodic signal that wraps around. TheQFT relates to the frequencies
associated with that periodic function.

12.3.1 Discrete Fourier Transform

The Discrete Fourier Transform takes a sequence of 𝑁 complex numbers 𝑥𝑘 and
transforms them into a new sequence of complex numbers 𝑦𝑙, given by

𝑦𝑙 =
1
√
𝑁

𝑁−1∑

𝑘=0
𝑥𝑘𝑒

2𝜋𝑖 𝑘𝑙
𝑁 . (12.14)

The value 𝜔𝑁 = 𝑒2𝜋𝑖∕𝑁 is known as an 𝑁-th root of unity, and the equation above is
often simplified as:

𝑦𝑙 =
1
√
𝑁

𝑁−1∑

𝑘=0
𝑥𝑘𝜔𝑘𝑙𝑁 . (12.15)

Asmentioned, themost common case in electrical engineering is when the sequence
𝑥𝑘 represents a sampled signal in time, and the 𝑥𝑘 are real numbers.
Consider the case of a single non-zero sample: 𝑥0 = 1, with 𝑥𝑘 = 0 for all 𝑘 ≠ 0. In

this case we have

𝑦𝑙 =
1
√
𝑁
, (12.16)

i.e., the DFT consists of all “1s”. The is the discrete expression of the analog notion that
an impulse contains all frequencies equally. Suppose instead that 𝑥1 = 1 and all other
samples are zero. This gives

𝑦𝑙 =
1
√
𝑁
𝑒2𝜋𝑖

𝑙
𝑁 . (12.17)

Incrementing the index of the nonzero sample by 1 is equivalent to introducing a time
delay of one sampling interval, and this results in a “spectrum” that is again uniform
in magnitude, but now has a linear phase shift. This phase undergoes a shift of 2𝜋 for
𝑙 ranging from 1 to 𝑁. In general, we can see that a time shift of𝑚 samples introduces
a phase shift in the spectrum that has𝑚multiples of 2𝜋 for 𝑙 ranging from 1 to 𝑁.
For real-valued input sequences, the frequency-domain sequence has the property

that 𝑦𝑙 = 𝑦∗𝑁−𝑙. The transformof a complex sequence does not have this symmetry.How-
ever, occasionally using examples of real sequences can help us connect to intuition and
experience with Fourier transforms of time signals.

12.3.2 Inverse Discrete Fourier Transform

The DFT is unitary, so it has an inverse defined as:

𝑥𝑘 =
1
√
𝑁

𝑁−1∑

𝑙=0
𝑦𝑙𝜔−𝑘𝑙𝑁 . (12.18)
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Note how similar this is to the QFT: only the sign in the exponent is different! Let
us again consider the case where only a single component of the input sequence is
nonzero: 𝑦0 = 1. In this case we have

𝑥𝑘 =
1
√
𝑁
, (12.19)

i.e., all of the “time domain” samples are positive constants, so this represents a “DC”
signal. Proceeding as before, suppose instead that 𝑦1 = 1 and all other elements of the
sequence are zero, this gives

𝑥𝑘 =
1
√
𝑁
𝑒−2𝜋𝑖

𝑘
𝑁 . (12.20)

We obtain a complex “time domain” signal, because we omitted the “negative fre-
quency” component of the signal, and consequently only included one exponential.
The negative frequency component is given by 𝑦𝑁−1 whose inverse transform is

𝑥𝑘 =
1
√
𝑁
𝑒+2𝜋𝑖

𝑘
𝑁 . (12.21)

Clearly the sum of these inverse transforms will give a real-time domain function as
expected.
Note that althoughwe have given different interpretations of what happens whenwe

take the DFT and IDFT, the effects of the transforms are very similar: a single non-zero
element transforms into a sequence with uniform magnitude and linear phase varia-
tions for both transforms! In fact, it is common in electrical engineering to reverse the
signs of the exponents (remember our convention 𝑖 = −𝑗). This effectively interchanges
the definitions of the DFT and the IDFT. However, regardless of the sign convention
on the transform, in common usage the DFT transforms the time or signal domain into
the frequency or Fourier domain.

12.3.3 Quantum Implementation of the DFT

In the case of the QFT, the sequence is encoded in the input quantum state as the
coefficients of the basis states. For example, let’s start with an 𝑛-qubit quantum state
|𝛼⟩ =

∑𝑁−1
𝑘=0 𝑥𝑘 |𝑘⟩, where𝑁 = 2𝑛 and |𝑘⟩ is a computational basis state corresponding

to the binary representation of 𝑘. The QFT transforms this to a state |𝛽⟩ =
∑𝑁−1

𝑙=0 𝑦𝑙 |𝑙⟩,
where the amplitudes 𝑦𝑙 are related to the amplitudes 𝑥𝑘 by (12.14). After taking the
QFT we say that the state is expressed in the Fourier basis.
Similar to our discussion of the DFT, suppose |𝛼⟩ = |2⟩, meaning that 𝑥2 = 1 and all

other 𝑥𝑘 = 0. To make our example concrete, let 𝑁 = 16. Then,

𝑦𝑙 =
1
4𝜔

2𝑙
16 =

1
4𝑒

2𝜋𝑖 𝑙
8 . (12.22)

Each basis state therefore has an equal magnitude (1∕4) and has a phase rotation of
𝑙𝜋∕4. If we view the states in sequence, as in Figure 12.6, we clearly see that the phase
shift has completed two full cycles, as expected from our discussion of the DFT.
Each non-zero basis state |𝑘⟩ of the original state |𝛼⟩ represents a sample of the

encoded signal. Each basis state |𝑙⟩ of the resulting state |𝛽⟩ will be the sum of the
corresponding phase shifted amplitudes resulting from the QFT of the basis states. For
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Figure 12.6 QFT of the state |2⟩.

Figure 12.7 QFT of the state (|2⟩ + |3⟩)∕
√
2.

another example, let’s consider |𝛼⟩ = (|2⟩+ |3⟩)∕
√
2. The output, shown in Figure 12.7

is the sumof the linear phase amplitudes ofQFT(|2⟩) andQFT(|3⟩). Both themagnitude
and phase vary, due to constructive and destructive interference.
Finally, consider that theDFT of a real-valued signal has frequency components such

that complex conjugates are mirrored around 𝑁∕2. For example, one period of a sine
wave would have frequency peaks at 1 and𝑁 −1, where the amplitudes of these peaks
are complex conjugates of one another, as discussed previously. It follows that the QFT
of the state |𝑘⟩ is the complex conjugate of the QFT of the state |𝑁 − 𝑘⟩. This means
that the QFT of a superposition of these states will yield a real function. As a concrete
example, the QFT of the quantum state of (|1⟩ + |15⟩)∕

√
2 is shown in Figure 12.8.

We see that the output state amplitudes are all real numbers (with phase equal to zero
or 𝜋).

12.3.4 Encoding Quantum States

In the examples above, the encoded input signals were single basis states that can be
created by starting with the ground state |0⟩⊗𝑛 and inserting X gates where needed to

Figure 12.8 Result of QFT applied to (|1⟩ + |15⟩)∕
√
2 yields a real-valued Fourier-basis state.

Amplitudes are shown in the plot on the right, clearly showing one period of a sinusoid.
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represent the desired computational basis state. However, in general, we would like
to create an input state containing multiple computational basis states with different
complex amplitudes representing our data.
Creating an arbitrary state like this is one of the challenges of applying quantum

computing to useful data (see, for example, Section 12.6.1). However, we can create a
real square wave in a relatively straightforward way, as an illustration of a non-trivial
input state.
We know that applying a Hadamard gate to each input qubit creates an equal super-

position of all computational basis states. To flip the sign on half of these, we only need
to add an X gate to the most significant qubit, as shown in Figure 12.9 for four qubits
as an example. This creates the state

1
4

[
(|0⟩ − |1⟩)⊗ (|0⟩ + |1⟩)⊗ (|0⟩ + |1⟩)⊗ (|0⟩ + |1⟩)

]
. (12.23)

Multiplying this out shows that every state with “1” in the most significant qubit has
a negative sign, so that the sequence of amplitudes creates a square wave. As shown
in Figure 12.10, the amplitudes are real, alternating between +1∕𝑁 and −1∕𝑁. (The
magnitudes are 1∕𝑁, and phase alternates between 0 and 𝜋.) The output state of the
QFT is shown in Figure 12.11. By plotting the amplitudes only in Figure 12.12, we see
the familiar pattern of the frequency components of a squarewave: a primary frequency
(1) with decreasing odd harmonics, followed by a reflection around frequency 𝑁∕2.

Figure 12.9 Circuit for creating a quantum-encoded square wave
state with frequency = 1.

Figure 12.10 Quantum-encoded square wave state with frequency = 1 generated from the
circuit in Figure 12.9.

Figure 12.11 Output of QFT
applied to square wave.
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Figure 12.12 Magnitudes of basis states from Figure 12.11. The same pattern is observed
when taking the DFT of a time-domain square wave.

12.3.5 Quantum Implementation

A quantum circuit for the 4-qubit QFT is shown in Figure 12.13. The purpose of this
section is to explain how this circuit works.
Consider the quantum-encoded signal shown in Figure 12.6. How would we create

this state without thinking about the QFT? We want a sequence of basis states that
make two complete revolutions (2𝜋 × 2) in phase. Since there are 16 basis states, each
phase rotation should be incremented by 2𝜋×2∕16 = 𝜋∕4. We could: (a) start with four
qubits in the |0⟩ state, (b) apply Hadamard gates to get an equal superposition, and (c)
rotate each component state |𝑘⟩ by 𝑘 × 𝜋∕4.
To do part (c), we note that 𝑘 can bewritten in binary as 𝑘3𝑘2𝑘1𝑘0, andwe can rewrite

the multiplication in terms of powers of two:

𝑘 × 𝜋
4 = (𝑘3 × 8)

𝜋
4 + (𝑘2 × 4)

𝜋
4 + (𝑘1 × 2)

𝜋
4 + (𝑘0 × 1)

𝜋
4 . (12.24)

The binary decomposition also applies to the quantum state |𝑘⟩, such that the 𝑗-th bit
of 𝑘 corresponds to the 𝑗-th qubit of |𝑘⟩. Therefore, if we add a relative phase of 2𝑗×𝜋∕4
to each qubit, we get our desired sequence. The state can be written as a tensor product
of phase-shifted qubits:

1
4

[
(|0⟩ + 𝑒

8𝜋
4 |1⟩)⊗ (|0⟩ + 𝑒

4𝜋
4 |1⟩)⊗ (|0⟩ + 𝑒

2𝜋
4 |1⟩)⊗ (|0⟩ + 𝑒

𝜋
4 |1⟩)

]
. (12.25)

|α0〉 H |β0〉

|α1〉 H P (π
2 ) |β1〉

|α2〉 H P (π
2 ) P (π

4 ) |β2〉

|α3〉 H P (π
2 ) P (π

4 ) P (π
8 ) |β3〉

Figure 12.13 QFT for four qubits.
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Figure 12.14 Relative phase
rotations for each qubit in a 4-qubit
QFT. Output state is a tensor product
of these qubit states.

H P (π
2 ) P (π

4 ) P (π
8 )

Figure 12.15 First stage of 4-qubit QFT.

|α0〉 H |β0〉

|α1〉 P (−π
2 ) H |β1〉

|α2〉 P (−π
4 ) P (−π

2 ) H |β2〉

|α3〉 P (−π
8 ) P (−π

4 ) P (−π
2 ) H |β3〉

Figure 12.16 Inverse QFT for four qubits.

This rotation is illustrated in Figure 12.14. For the computational basis state |𝑘⟩, the
total number of rotations must be 𝑘, which means that the incremental rotation is
2𝜋𝑘∕𝑁.
Now consider the circuit in Figure 12.15, which is a copy of the first part of the 4-

qubit QFT circuit from Figure 12.13. Assume that the input state is a single integer
state |𝑘⟩. Because this is a 4-qubit transform, the smallest rotation increment will be
2𝜋∕24 = 𝜋∕8.
Assume for the moment that qubit 3 is |0⟩, so the Hadamard gate produces (|0⟩ +

|1⟩)∕
√
2. The other controlled-𝑃 gates perform a conditional rotation on the |1⟩ com-

ponent, and the amount of rotation is weighted according to the position of the control
qubit.

● If qubit 0 is 1, rotate by 20 × 𝜋

8
= 𝜋

8
.

● If qubit 1 is 1, rotate by 21 × 𝜋

8
= 𝜋

4
.

● If qubit 2 is 1, rotate by 22 × 𝜋

8
= 𝜋

2
.

What about qubit 3? The Hadamard gate also performs a conditional rotation. If qubit
3 is 1, the initial state is (|0⟩ − |1⟩)∕

√
2, which adds a relative phase of 23 × (𝜋∕8) = 𝜋.

The cumulative effect is that qubit 3 has a relative phase rotation of 𝑘(2𝜋∕8). The
next part of the circuit in Figure 12.13 does the same for qubit 2, except only the least
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Table 12.1 Result of conditional phase rotations, the first four
stages of Figure 12.13. The swap circuits at the end of the circuit
reverse the order of the qubits, in order to match the desired
rotations in Figure 12.14.

Qubit Relative phase

3 𝑘 × 2𝜋

𝑁

2 2𝑘 × 2𝜋

𝑁

1 4𝑘 × 2𝜋

𝑁

0 8𝑘 × 2𝜋

𝑁

significant three qubits are used for the conditional rotation, and the rotation incre-
ments are doubled. This means that qubit 2 will have a relative phase of 2𝑘(2𝜋∕8). The
next two sections result in relative phases of 4𝑘(2𝜋∕8) and 8𝑘(2𝜋∕8) for qubits 1 and
0, respectively. The result is summarized in Table 12.1.
Compared to Figure 12.14, this is almost what we want, but the rotations have been

applied to the qubits in the wrong order. Therefore, we need to reverse the order, which
is accomplished by the swap gates at the end of Figure 12.13.
For a general 𝑛-qubit QFT, the number of stages increases to 𝑛, and the rotation

increment is 2𝜋∕𝑁 = 𝜋∕2𝑛−1. Of course, additional swap gates are also needed to
reverse the rotated qubits. For the inverse QFT circuit, the stages are in reverse order,
and the rotation amounts are multiplied by −1. The 4-qubit inverse QFT is shown in
Figure 12.16.

12.3.6 Computational Complexity

TheQFTprovides an exponential scaling advantage, compared to the classical DFT. For
a classical time-domain signal with 2𝑛 samples, the best known algorithm is known as
the Fast Fourier Transform (FFT) [151], which takes 𝑂(𝑛2𝑛) computational steps. In
comparison, an 𝑛-qubit QFT requires 𝑛 stages of 𝑛 or fewer gates, resulting in a 𝑂(𝑛2)
steps. Rieffel and Polak [8, Chapter 7] show a QFT implementation that more closely
follows the FFT.
The QFT should be considered a drop-in replacement for the FFT for most appli-

cations. The output is encoded in a quantum state, which means that collection of
individual amplitudes of each sample/frequency is not available in a single execution
and measurement. However, the scaling benefit does mean that quantum algorithms
using the QFT cannot always be efficiently simulated classically using the FFT.
It has been shown that the QFT can be classically simulated for some input states, in

the sense that a classical computer can efficiently sample from a distribution identical
to the output of the QFT [152]. However, this has not been shown for the output of
modular exponentiation, as used in Shor’s algorithm 12.5. Such a result would lead to
an efficient classical algorithm for the factoring problem [8].
From a practical standpoint, note that the high-order qubit must interact with all

other qubits in the first stage. Interacting with distant qubits can create significant
overhead, as we observed in Chapter 11. In addition, as the QFT circuit becomes
large, it spends more andmore time doing smaller and smaller rotations [58]. Limiting
the number of rotations in a stage results in an approximate QFT that may be “good
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enough.” Limiting the number of gates is beneficial for near-termmachines, and it also
limits the interaction distance between qubits.

12.4 Quantum Phase Estimation

Quantum Phase Estimation (QPE) is another building block for quantum algorithms,
for which the utility is not immediately obvious. It’s an important component of many
interesting algorithms. Combined with Grover’s search algorithm (12.2), it leads to the
quantum counting algorithm, which estimates the number of solutions to a search prob-
lem. Combined with the inverse QFT (12.3), it is the core of Shor’s factoring algorithm
(12.5). It is a crucial part of algorithms that sample from the solution of a linear system
of equations [153, 154].
The problem solved by QPE is the following: Given a unitary operator𝑈 with known

eigenstate |𝜓⟩, find the eigenphase 0 ≤ 𝜃 < 1 such that

𝑈 |𝜓⟩ = 𝑒2𝜋𝑖𝜃 |𝜓⟩ . (12.26)

More precisely, we will find an 𝑛-bit unsigned integer 𝑡 such that 𝜃 ≈ 𝑡

2𝑛
with accu-

racy depending on the number of bits in 𝑡. (Another interpretation is that 𝑡 represents
an 𝑛-bit binary fraction, with the binary point to the left of the most significant bit:
0.𝑡𝑛−1𝑡𝑛−2 … 𝑡1𝑡0.)
The major steps of the algorithm are:

1. Initialize an 𝑛-qubit register with |0⟩ and create an equal superposition in the
computational basis.

2. Rotate qubit 𝑗 by 2𝑗 × 2𝜋𝜃. This creates a quantum-encoded periodic signal, as
described in Section 12.3, with frequency 2𝑛𝜃.

3. Use the inverse QFT to determine 𝑡, measure the output state, and compute 𝜃 ≈ 𝑡

2𝑛
.

12.4.1 Quantum Implementation

A circuit for QPE is shown in Figure 12.17. In the first stage, we initialize the top qubits,
which will hold the solution, as |0⟩ and then use Hadamard gates to create an equal
superposition in the computational basis.

|0〉⊗n

H

QFT † t

H

H

H

|ψ〉 U U2 U4 · · · U2n−1

Figure 12.17 Quantum Phase Estimation. Following our normal convention, the least
significant bit qubit for the phase is at the top.



308 12 Some Quantum Algorithms

For the bottom half of the circuit, the input |𝜓⟩ is an eigenstate of𝑈. In particular, it
is the eigenstate for which we want to learn the eigenphase. The algorithm still works
if |𝜓⟩ is not an eigenstate, but the output is different, as we will discuss later.
The next stage of the circuit creates a quantum-encoded periodic signal, with 2𝜋𝜃

as the incremental rotation for each basis state. The total rotation over 2𝑛 states is
(2𝜋)(2𝑛𝜃) = 2𝜋𝑡, which translates to a frequency of 𝑡.
Phase kickback (Section 11.4) is used to rotate the qubits in the top register. Qubit

0 is the control qubit for a controlled-𝑈 gate. Since |𝜓⟩ is an eigentate, then 𝑈 |𝜓⟩ =
𝑒2𝜋𝑖𝜃 |𝜓⟩. The phase is applied to qubit 0, and |𝜓⟩ is unchanged.
Qubit 1 has a weight of 2 in the output state, so we need to scale the rotation by a

factor of 2. We accomplish this with a controlled-𝑈2 gate:

𝑈2 |𝜓⟩ = 𝑈(𝑒2𝜋𝑖𝜃 |𝜓⟩)

= (𝑒2𝜋𝑖𝜃)(𝑒2𝜋𝑖𝜃) |𝜓⟩

= 𝑒2𝜋𝑖(2𝜃) |𝜓⟩ .

(12.27)

Similarly, each qubit 𝑗 has aweight of 2𝑗 , andwe use controlled-𝑈2𝑗 to realize a rotation
of 2𝜋(2𝑗𝜃).
Now we have the encoded signal based on 𝜃, but we don’t know what 𝜃 is. We use an

inverse QFT to change the state to |𝑡⟩ and we measure the state in the computational
basis to recover 𝑡.

12.4.2 Computational Complexity and Other Issues

If we treat 𝑈2𝑥 as a black box taking one computational step, then the computational
cost is 𝑂(𝑛2), where 𝑛 is the number of bits in 𝑡 and also the number of qubits in the
upper part of the circuit. There are 𝑛 invocations of the black box, and the inverse QFT
requires 𝑂(𝑛2) steps.
Of course the time complexity of 𝑈 may depend on the number of bits in |𝜓⟩. Con-

version of 𝑈 to controlled-𝑈 is essentially a constant, though non-trivial, overhead. If
we naively repeat 𝑈 to implement 𝑈2𝑥 , then this time scales exponentially with 𝑛 and
will dominate the computation time. For QPE to be efficient, there must be an efficient
way to compute 𝑈2𝑥 .
Because 𝑡 has limited precision, it may be that 𝜃 cannot be represented exactly. In

that case, |𝑡⟩ will be a superposition of values that are close to 𝜃. The closest value will
have the highest amplitude, so there is a reasonable chance that the best approximate
value will be measured. As in many quantum algorithms, the circuit can be executed
a number of times, and the most frequently occuring output is very likely to be a good
approximation of 𝜃.More qubits provides amore precise answer, at the cost of increased
circuit depth.
What if the eigenstates of 𝑈 are not known? Any state can be expressed as a lin-

ear combination of eigenstates of 𝑈. Therefore, if a non-eigenstate is used as input
instead of |𝜓⟩, the output will be a superposition of eigenphases. Therefore, any mea-
sured value will be an approximation of some eigenphase, but the algorithm will give
no information about the eigenstates.
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12.5 Shor’s Algorithm

Shor’s algorithm is the most famous and arguably most important quantum algo-
rithm discovered to date. Published in 1994 [149], the algorithm solves the integer
factoring problem: given a number 𝑀, find two prime numbers 𝑝 and 𝑞 such that
𝑝𝑞 = 𝑀. For large integers, this is an extremely hard problem for classical computers;
the best known classical algorithm requires𝑂(𝑒𝑚1∕3) time,where𝑚 is the number of bits
required to represent 𝑀. In contrast, Shor’s algorithm requires 𝑂(𝑚2 log𝑚 log log𝑚)
steps, reducing a sub-exponential problem to a polynomial problem.
The impact of this algorithm was huge, because it showed a clear quantum advan-

tage on a problem that is important to a lot of people. The widely-used RSA public-key
cryptography system [155] is based on the difficulty of factoring a large publicly-
known integer. If this problem becomes easy due to quantum computing, then a lot
of encrypted secret information would become vulnerable. As we’ll see, the problem
is certainly not easy, or even feasible, with the small quantum computers that we can
build today, but the ability to factor a large integer (e.g., 2048 bits) serves as a milestone
and benchmark for practical quantum computing [110].
Incidentally, Shor’s algorithm is also applicable to the discrete logarithm problem,

which is the basis for a different public key scheme known as Diffie-Hellman, used to
exchange secret key information [156, 157]. The algorithmhas spawned a new subfield,
known as post-quantum cryptography, devoted to finding cryptographic schemes based
on mathematical problems for which quantum computer are not expected to have an
advantage.

12.5.1 Hybrid Classical-Quantum Algorithm

Shor’s algorithm is not a “pure” quantum algorithm. It is an example of a hybrid algo-
rithm, with work divided between classical and quantum processors. While quantum
processors can perform classical operations (Chapter 11), classical processors aremuch
faster and more efficient if that’s all you’re doing. The quantum processor is best used
for things that are impractical for classical hardware.
A simplified flowchart for factoring𝑀 is shown in Figure 12.18. Only the gray box,

finding the period of the modular exponentiation function, is performed on a quantum
computer. The classical part of the computation includes finding the greatest common
divider (GCD) of two integers (Euclidean algorithm), and extracting the period from
the measured value returned by the quantum computation (continued fractions).

1. Choose a random integer 𝑎 between zero and 𝑀. Computing the GCD tells us
whether 𝑎 and 𝑀 have a factor in common. If there is a common factor greater
than one, then we have found a factor of 𝑀, so we return it. Otherwise, 𝑎 and 𝑀
are relatively prime, and we proceed with the algorithm.

2. Use the quantum processor to find the period 𝑟 of the function 𝑓(𝑥) = 𝑎𝑥 mod 𝑀.
This process is described in the next section.

3. If the period 𝑟 is even, then we know that both 𝑎𝑟∕2 + 1 and 𝑎𝑟∕2 − 1 will have a
common factor with𝑀, because:

(𝑎𝑟∕2 + 1)(𝑎𝑟∕2 − 1) = 𝑎𝑟 − 1 ≡ 0 (mod 𝑀). (12.28)
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Figure 12.18 Factoring integer𝑀 using Shor’s algorithm. The gray box is the only part of the
algorithm that runs on a quantum computer.

If 𝑟 is odd, then the rest of the algorithm does not work, so we return to the first step
and choose a new value of 𝑎. We also choose a new 𝑎 if either 𝑎𝑟∕2 + 1 or 𝑎𝑟∕2 − 1 is
a multiple of𝑀. (This is not shown in the flowchart.)

4. We can nowfind a factor of𝑀 by computing theGCDusing either 𝑎𝑟∕2+1 or 𝑎𝑟∕2−1.

12.5.2 Finding the Period

For any relatively prime numbers 𝑎 and𝑀, the function 𝑓(𝑥) = 𝑎𝑥 mod 𝑀 is periodic.
The period is the smallest integer 𝑟 such that𝑓(𝑥) = 𝑓(𝑥+𝑟). For example, Figure 12.19
plots the values of 𝑓(𝑥) = 3𝑥 mod 35, showing that the period is 12.
For small values of 𝑀, we could repeatedly multiply by 𝑎 until we see a result of

1, indicating the beginning of a new period. Unfortunately, the worst case number of
iterations for this method scales exponentially with 𝑚 = log2𝑀, the number of bits
required to represent𝑀. On a quantum computer, however, if we can encode the values
from Figure 12.19 in the amplitudes of a quantum state, we can use the QFT to extract
information about the period.
Consider a unitary transform𝑈 that performs modular multiplication with 𝑎 and𝑀

as fixed values2:

𝑈 |𝑦⟩ = |𝑎𝑦 mod 𝑀⟩ . (12.29)

We can compute 𝑎𝑥 mod 𝑀 using repeated applications of this transform. Returning
to the specific case of 𝑎 = 3 and𝑀 = 35 from Figure 12.19, we know that the period

2 To make this unitary and reversible, we also need to specify that 𝑈 |𝑦⟩ = |𝑦⟩ for 𝑦 ≥ 𝑀. It’s easier to
leave out this detail in the description.
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Figure 12.19 For a = 3 and M = 35, the period of ax mod M is 12. Finding the period by brute
force scales exponentially with m, the number of bits in M.

𝑟 = 12:

𝑈 |1⟩ = |3⟩

𝑈2 |1⟩ = 𝑈 |3⟩ = |9⟩ = |32 mod 35⟩

𝑈3 |1⟩ = 𝑈 |9⟩ = |27⟩ = |33 mod 35⟩

𝑈4 |1⟩ = 𝑈 |27⟩ = |11⟩ = |34 mod 35⟩

⋯

𝑈𝑟−1 |1⟩ = 𝑈 |4⟩ = |12⟩ = |311 mod 35⟩

𝑈𝑟 |1⟩ = 𝑈 |12⟩ = |1⟩ = |312 mod 35⟩ .

(12.30)

In more general terms,

𝑈𝑥 |𝑦⟩ = |𝑎𝑥𝑦 mod 𝑀⟩

𝑈𝑥 |1⟩ = |𝑎𝑥 mod 𝑀⟩ .
(12.31)

To compute𝑈𝑥, is there amore efficient way than having 𝑥 copies of𝑈? Yes, if you’re
willing to do a little classical precomputation. Consider 𝑥 written as an 𝑛-bit binary
value:

𝑥 = 𝑥𝑛−1 ⋅ 2𝑛−1 + 𝑥𝑛−2 ⋅ 2𝑛−2 +⋯ + 𝑥1 ⋅ 21 + 𝑥0 ⋅ 20. (12.32)

We can rewrite 𝑈𝑥 using this binary expansion:

𝑈𝑥 |𝑦⟩ = 𝑈𝑥𝑛−1⋅2𝑛−1+𝑥𝑛−2⋅2𝑛−2+⋯𝑥1⋅21+𝑥0⋅20 |𝑦⟩

= 𝑈𝑥𝑛−1⋅2𝑛−1𝑈𝑥𝑛−2⋅2𝑛−2 ⋯𝑈𝑥1⋅21𝑈𝑥0⋅20 |𝑦⟩

=
𝑛−1∏

𝑗=0
𝑈𝑥𝑗 ⋅2𝑗 |𝑦⟩ =

𝑛−1∏

𝑗=0
|𝑎𝑥𝑗 ⋅2𝑗𝑦 mod 𝑀⟩ .

(12.33)

The values of 𝑥𝑗 will be zero or one. If zero, we don’t perform the multiplication. We
can classically precompute 𝑎2𝑗 mod 𝑀, so we need at most 𝑛modular multiplications,
one for each non-zero bit in 𝑥.
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|x〉 |x〉

|1〉 U U2 U4 · · · U2n−1 |ax mod M〉

Figure 12.20 Modular exponentiation
circuit using repeated modular
multiplication, where Uk |y⟩ = |ak y mod M⟩.

Figure 12.20 shows a quantumcircuit to performmodular exponentiation in thisway.
If |𝑥𝑗⟩ is zero, the multiplication is not performed. If |𝑥𝑗⟩ is one, the multiplication is
performed. According to Shor [149], the most efficient circuit for modular multipli-
cation takes 𝑂(𝑛 log𝑛 log log𝑛) steps for 𝑛 bits, so this form of exponentiation takes
𝑂(𝑛2 log𝑛 log log𝑛) steps.
We can use Hadamard gates to create an equal superposition of 𝑥 values, and we will

end up with a superposition of all 𝑎𝑥 mod 𝑀 values. That’s quantum parallelism—in
the same time it takes to compute one value, we can compute 2𝑛 values. This essentially
results in a state that looks like the graph in Figure 12.19.
However, all those values are encoded in one quantum state, andwedon’t have access

to them. If we measure the outcome, we only get one specific randomly-selected value
𝑥̃ and its corresponding value 𝑎𝑥̃ mod 𝑀. This tells us nothing about the period 𝑟,
and even multiple measurements will only give us a random sample with no usable
information.
Luckily, the inverse Quantum Fourier Transform (12.3) is designed to extract fre-

quency information from a quantum-encoded signal. In fact, the circuit in Figure 12.20
looks a lot like the first part of the circuit for Quantum Phase Estimation (12.4), extract-
ing the eigenphase of 𝑈. Let’s see if the eigenphase gives us any information about 𝑟.
Again, consider the values shown in Figure 12.19 for 𝑎 = 3 and𝑀 = 35. Consider a

superposition state of the first 𝑟 values of 𝑎𝑥 mod 𝑀:

|𝜆0⟩ =
1

√
12

(
|1⟩ + |3⟩ + |9⟩ +⋯ + |4⟩ + |12⟩

)

= 1
√
𝑟

𝑟−1∑

𝑘=0
|𝑎𝑘 mod 𝑀⟩ .

(12.34)

It is easy to see that this is an eigenstate of 𝑈, since applying 𝑈 sends |1⟩→ |3⟩ , |3⟩→
|9⟩ ,… , |12⟩→ |1⟩. The eigenvalue corresponding to |𝜓0⟩ is 1:

𝑈 |𝜆0⟩ = |𝜆0⟩ . (12.35)

For a more interesting eigenstate, consider applying a phase rotation of−2𝜋𝑖(𝑘∕𝑟) to
the ket representing the 𝑘-th power of 𝑎:

|𝜆1⟩ =
1
√
𝑟

(
|1⟩ + 𝑒

−2𝜋𝑖
𝑟 |3⟩ + 𝑒

−4𝜋𝑖
𝑟 |9⟩ +⋯

+ 𝑒
−20𝜋𝑖
𝑟 |4⟩ + 𝑒

−22𝜋𝑖
𝑟 |12⟩

)

𝑈 |𝜆1⟩ =
1
√
𝑟

(
|3⟩ + 𝑒

−2𝜋𝑖
𝑟 |9⟩ + 𝑒

−4𝜋𝑖
𝑟 |27⟩ +⋯

+ 𝑒
−20𝜋𝑖
𝑟 |12⟩ + 𝑒

−22𝜋𝑖
𝑟 |1⟩

)

= 𝑒2𝜋𝑖
1
𝑟 |𝜆1⟩ .

(12.36)
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This is very interesting. If we could create the eigenstate 𝜆1, we could measure the
phase to get a close approximation of 2𝜋∕𝑟. Of course, we would have to know 𝑟 in
order to create 𝜆1, so that’s not helpful.
Based on the logic above, there are 𝑟 eigenstates, each with a phase that is a multiple

of 2𝜋∕𝑟:

|𝜆𝑗⟩ =
1
√
𝑟

(
|1⟩ + 𝑒

−2𝑗𝜋𝑖
𝑟 |3⟩ + 𝑒

−4𝑗𝜋𝑖
𝑟 |9⟩ +⋯

+ 𝑒
−20𝑗𝜋𝑖

𝑟 |4⟩ + 𝑒
−22𝑗𝜋𝑖

𝑟 |12⟩
)

𝑈 |𝜆𝑗⟩ =
1
√
𝑟

(
|3⟩ + 𝑒

−2𝑗𝜋𝑖
𝑟 |9⟩ + 𝑒

−4𝑗𝜋𝑖
𝑟 |27⟩ +⋯

+ 𝑒
−20𝑗𝜋𝑖

𝑟 |12⟩ + 𝑒
−22𝑗𝜋𝑖

𝑟 |1⟩
)

= 𝑒2𝜋𝑖
𝑗
𝑟 |𝜆𝑗⟩ .

(12.37)

If we can’t create any of these eigenstates without knowing 𝑟, how does this help?
Recall that any quantum state can be written as a superposition of eigenstates of𝑈. So
if we use any state as the input to QPE, even one that is easy to prepare, the result will
be a superposition of eigenphases.
A very interesting observation is that |1⟩ is an equal superposition of all of the |𝜆𝑗⟩

eigenstates.

|1⟩ = 1
𝑟

𝑟−1∑

𝑗=0
|𝜆𝑗⟩ . (12.38)

Therefore, if we create a QPE circuit for 𝑈 with |1⟩ as the input, the state after the
inverse QFT will be an equal superposition of all of the eigenphases 2𝜋(𝑗∕𝑟). This
circuit is shown in Figure 12.21.
When we measure this outcome, we will get one of the eigenphases, which we call

𝜙 = 𝑠∕𝑟 in the figure. But we don’t know which one, which means we don’t know 𝑠

|0〉⊗n

H

QFT † ≈ s
r

H

H

H

|1〉 U U2 U4 · · · U2n−1

U |y〉 = |ay mod M〉 Uk |y〉 = |aky mod M〉

Figure 12.21 Quantum circuit for period-finding in Shor’s algorithm. M is the integer to be
factored, a is a number that is relatively prime to M, and r is the period of ak mod M. The
number of qubits n is chosen such that M2 ≤ 2n < 2M2. The measured eigenphase
approximates a multiple of 1∕r, and classical post-processing determines r.



314 12 Some Quantum Algorithms

and we don’t know 𝑟. Therefore, we need to do some classical post-processing on the
measured value to estimate 𝑟. We use the technique of continued fraction expansion,
which is well-described by Rieffel and Polak [8, Chapter 8]. In the case where 𝑟 is a
power of 2, we get an exact answer. Otherwise, the measured result will yield a fraction
that is close to 𝑠∕𝑟 with high probability. With large enough 𝑛, only a few executions of
the algorithm are needed to have a high probability of success.

12.5.3 Computational Complexity

The quantum component of the factoring algorithm is dominated by themodular expo-
nentiation and the inverse QFT. As described in Section 12.3, the inverse QFT requires
𝑂(𝑛2) time for 𝑛 qubits. The discussion above shows that modular exponentiation
is 𝑂(𝑚2 log𝑚 log log𝑚). Since 𝑛 ≈ 2𝑚, the cost of modular exponentiation domi-
nates. The cost of state preparation is trivial, so the overall quantum complexity is
𝑂(𝑚2 log𝑚 log log𝑚).
The classical computation time is quite modest. There are 𝑛 pre-computed values of

𝑎2𝑘 , each of which takes 𝑂(𝑚2𝑛). The GCD calculations use Euclid’s algorithm, which
is 𝑂(𝑛) for 𝑛-bit numbers. Continued fraction expansion is likewise linear in 𝑛. Recall-
ing that classical processor cycles are much faster than quantum gate times in modern
systems, it is clear that the quantumcomputation dominates the overall execution time.
As shown in the flowchart (Figure 12.18) and discussed above, there are four things

that can require the calculation to be repeated [8, Chapter 8]:

● The period 𝑟 could be odd.
● The calculation could yield𝑀 as a factor of𝑀.
● The measured QPE value might not be close enough to a multiple of 1∕𝑟.
● The values 𝑠 and 𝑟 in the measured value 𝑠∕𝑟 may have a common factor, in which
case the reduced fraction will have a denominator that is a factor of 𝑟, rather than 𝑟
itself.

Classical analysis bounds the probability of the first two cases to at most 1∕2. For the
third case, the choice of 𝑛 and the use of |1⟩ as an equal superposition of eigenstates
gives a high probability of measuring a value that is close to a multiple of 1∕𝑟. Shor
shows that the last case requires only 𝑂(log log 𝑟) attempts to have a high probability
of success [149].
Therefore, if we can build a quantum computer that is sufficiently large, fast, and

reliable, it seems clear that there is a value of 𝑚 for which factoring an 𝑚-bit integer
𝑀 will be significantly faster than classical processing. Gidney and Ekarå [110] give
a detailed analysis of the resources needed to factor a 2048-bit number, as well as a
review of the literature on implementing Shor’s algorithm. There are other candidate
algorithms for factoring, such as Variational Quantum Factoring [158], which nicely
leads us to our next section.

12.6 Variational Quantum Algorithms

The algorithms described so far in this chapter, as well as Chapter 11, are written for
scalable, fault-tolerant quantum computers. While efforts are made to optimize the
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number of qubits or the depth of the circuit, they generally assume an unlimited num-
ber of error-free qubits, as well as the ability for any qubit to interact with any other.
As we have described in this textbook, current quantum systems do not match those
characteristics. As a consequence, current hardware can successfully execute only very
small instances of algorithms like QPE or Shor’s factoring algorithm.
Since quantumhardware has becomepublically available, amajor effort has emerged

to find algorithms that are suitable for addressing practical problems on near-term
NISQ machines. As noted by Cerezo et al. [159], such algorithms must account for:

● Limited number of qubits.
● Limited interconnectivity among qubits.
● Coherent and incoherent errors, including short decoherence times, that limit the
depth of quantum circuits.

Variational quantum algorithms (VQA) represent a strategy that combines
parameterized quantum circuits with classical optimization and machine learn-
ing approaches [159]. The name comes from the variational principle in mathematics,
which allows a problem to be solved using the calculus of variations, finding functions
that can be optimized to discover quantities of interest. An example is Hamilton’s
Principle, used in Section 6.1 to describe the physics of superconducting qubits.
The first such algorithmwas theVariationalQuantumEigensolver (VQE) [160], along

with the closely-related Quantum Approximate Optimization Algorithm (QAOA) [161],
discovered around the same time. These algorithms will be described in some detail
later in this section, but the term is now used for any algorithm based on the VQA
strategy.
The structure of a VQA is shown in Figure 12.22. The vector 𝜽 is a set of discrete

or continuous parameters that will be used to adapt the quantum circuit to produce
different states. The parameterized quantum circuit is known as an ansatz. Starting
with a known (and easy to produce) initial state, the ansatz is a unitary transform that
is meant to estimate the desired quantum state that will lead to a problem solution. The
circuit uses the values in 𝜽 to generate different states; for example, parameter 𝜃𝑖 might
be the angle of rotation for a particular gate in the circuit. In the figure, the quantum
state is shown as |𝜓(𝜽)⟩.
The next component is a cost function,𝐶(𝜽), that represents the problem to be solved.

The cost function is based on measured observables of the state |𝜓(𝜽)⟩, and it is calcu-
lated by the classical computer. The cost function must be minimal when applied to a

Figure 12.22 Components of a Variational Quantum Algorithm (VQA). Parameterized state
preparation and measurement occur on the quantum processor, followed by classical
optimization of the cost function.
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state that represents a solution. We will discuss cost functions more in the context of
VQE and QAOA below.
Finally, a classical optimizer is used to find the parameters that minimize the cost

function. A new set of parameters produces a new quantum circuit, which generates
a new |𝜓(𝜽)⟩, and the cycle repeats until the cost function is minimized. One type of
optimizer is based on the idea of gradient descent. By changing the parameters a bit
and re-evaluating 𝐶(𝜽), you can determine the rate of change in various “directions.”
You then want to make changes along the gradient that decreases the cost the most.
The choice of optimizer is informed by a large body of literature in both optimization
and machine learning. A few examples that are often mentioned in the VQA literature
include SPSA [162], COBYLA [163], and Adam [164].
The output of the algorithmdepends on the problem that is being solved.We could be

interested in the expectation value of a particular observable, the bit string represented
by the qubit states, or a probability distribution. In addition, the optimized version
of 𝜽 may be the desired outcome, i.e., the ability to prepare this state, or to use the
parameterized ansatz as a quantum operator.
The next two sections describe two fundamental and widely-used VQAs. Then we

will wrap up with a discussion of challenges and opportunities for running VQAs on
near-term hardware.

12.6.1 Variational Quantum Eigensolver

The Variational Quantum Eigensolver (VQE) [160] is a method for finding the mini-
mum eigenvalue of a known Hamiltonian, which describes the energy of a system. The
minimum eigenvalue corresponds to the ground state, the state with the lowest energy.
In quantum chemistry, the ground state energy of a particular molecule gives insight
into other useful properties, such as reaction rates, binding energies, and molecular
pathways [165]. In general, finding the ground state energy is NP-hard [166, 167].

12.6.1.1 Eigenvalues and Expectations
The energy of a system is described by its Hamiltonian,ℋ. This operator represents a
measurable value, and all of its eigenvalues are real.ℋ can be represented as a linear
combination of operations on its eigenstates:

ℋ =
∑

𝑖
𝜆𝑖 |𝑢𝑖⟩ ⟨𝑢𝑖| , (12.39)

where |𝑢𝑖⟩ is an eigenstate and 𝜆𝑖 is the corresponding eigenvalue. Furthermore, we’ve
seen before that any quantum state can be written as a superposition of an operator’s
eigenstates.
Because ℋ models a physical system, it has a minimum energy—the ground state

energy. The value of the ground state energy (𝐸0) is given by the minimum eigenvalue,
which we will denote as 𝜆0, and the corresponding eigenstate |𝑢0⟩ is the ground state.

𝐸0 = 𝜆0 =ℋ |𝑢0⟩ . (12.40)

Since VQE’s goal is to find the ground state energy ofℋ, this is equivalent to finding
the minimum eigenvalue.
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If we apply ℋ to an arbitrary quantum state |𝜓⟩ and measure the outcome, what
would we expect to see? If |𝜓⟩ is an eigenstate, then we would only see the eigenvalue
associated with that state. Otherwise, we will see one of the eigenvalues (𝜆𝑖), with a
probability |𝑎𝑖|2 determined by the amplitude 𝑎𝑖 of the corresponding eigenstate:

|𝜓⟩ =
∑

𝑖
𝑎𝑖 |𝑢𝑖⟩ . (12.41)

A single measurement ofℋ |𝜓⟩ does not give us much information about |𝜓⟩. We need
to prepare and measure the state multiple times and collect information about the
various measurements.
In statistics, the expectation (or expected value) of a random variable 𝑋 is the sum

of its possible values times the probability of each value. In quantum mechanics, a
measurement outcome is a random variable with a specific probability distribution.
The expectation of operatorℋ is denoted as ⟨ℋ⟩, and the expectation for a given state
|𝜓⟩ is:

⟨ℋ⟩𝜓 ≡ ⟨𝜓|ℋ|𝜓⟩ . (12.42)

Rewritingℋ in terms of its eigenstates and eigenvalues gives us the following result:

⟨ℋ⟩𝜓 = ⟨𝜓|ℋ|𝜓⟩ = ⟨𝜓|
(∑

𝑖
𝜆𝑖 |𝑢𝑖⟩ ⟨𝑢𝑖|

)
|𝜓⟩

=
∑

𝑖
𝜆𝑖 ⟨𝜓|𝑢𝑖⟩ ⟨𝑢𝑖|𝜓⟩

=
∑

𝑖
𝜆𝑖 |⟨𝑢𝑖|𝜓⟩|2.

(12.43)

Since each of the weights |⟨𝑢𝑖|𝜓⟩|2 ≥ 0 and the sum of the weights must equal 1,
the expected value of any state |𝜓⟩ will be greater than or equal to the ground state
energy:

⟨ℋ⟩𝜓 ≥ 𝜆0 = 𝐸0. (12.44)

We can think of it this way: if we start with the correct ground state and add in a little
bit of any other eigenstate, the probability of measuring the extra state must be sub-
tracted from the probability of measuring the ground state. This replaces a little bit of
the ground state eigenvalue in (12.43) with an equal amount of a larger eigenvalue.
Consequently any mixture other than the pure ground state will yield an expectation
value larger than that of the ground state.

12.6.1.2 Ansatz
Applying the variational method to the problem involves creating a state |𝜓⟩ that is
an estimate of the ground state, known as an ansatz. As described above, the ansatz
is created using a parameterized quantum circuit, with a vector of parameters 𝜽. By
adjusting 𝜽, we can produce a state |𝜓(𝜽)⟩ that gets closer and closer to the ground
state.
An ansatz can be problem-inspired or problem-agnostic. If information is available

about the likely range of the ground state, based on the problem being solved, that may
be used to restrict the choice of circuit and may lead to faster convergence. Examples
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of this approach from the quantum chemistry domain include variants of the Unitary
Coupled Cluster method [64, 168].
The problem-agnostic approach, on the other hand, chooses a circuit from a set of

variational forms that are designed to generate states over a large range of the state
space. This property of an ansatz is known as expressibility.
For a single qubit, the state space is the Bloch sphere. Figure 12.23 illustrates the

expressibility of a few circuits, where 𝑅𝑥, 𝑅𝑧, and 𝑈 are parameterized. In Circuit A,
rotating around the 𝑧-axis will only generate states around the equator, while Circuit B
can access more of the space by allowing rotations around both the 𝑥- and 𝑧-axes.
For multi-qubit states, it is important to also introduce entangling gates to explore

the Hilbert space. Figure 12.24 shows a few examples of ansatzes considered in the
expressibility study by Sim et al. [170] The choice of an ansatz may also be driven by its
ease of implementation on specific hardware, known as hardware-efficient ansatzes.
For example, entangling gates between neighboring qubits will be a better fit for
superconducting quantum processors with limited interconnectivity.

Figure 12.23 Expressibility of various ansatzes, illustrated by 2000 sampled states [170].
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Figure 12.24 Examples of problem-agnostic ansatz circuits from Sim et al. (Redrawn from
[170].). Rx, Ry, and Rz gates are parameterized. In general, CNOT gates can be replaced with
controlled-{Z,Rz,Rx,Ry}. Each circuit is a layer that can be repeated.
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12.6.1.3 Measuring the Hamiltonian
As described above, the cost function for VQE is the expectation of the Hamilto-
nian, ⟨ℋ⟩. But where does the Hamiltonian come from, and how do we measure it?
The first question is beyond the scope of this discussion, as it is problem-dependent.
For quantum chemistry, the molecular structure determines electron–electron and
electron–nuclei interactions, and well-known fermion-to-qubit transformations (such
as Jordan-Wigner and Bravyi-Kitaev) are used to generate a Hamiltonian that is a lin-
ear combination of Pauli operators [171]. For example, a two-qubit Hamiltonian for the
hydrogen molecule is

ℋ = 𝑔0𝐼 + 𝑔1𝑍0 + 𝑔2𝑍1 + 𝑔3𝑍0𝑍1 + 𝑔4𝑌0𝑌1 + 𝑔5𝑋0𝑋1, (12.45)

where the Pauli subscripts represent the qubit, and 𝑔𝑖 are efficiently computable con-
stants from the hydrogen–hydrogen bond length [64]. We then measure the various
Pauli operators separately, multiply (classically) by the scaling factors, and sum the
expectations:

⟨ℋ⟩ = 𝑔0 + 𝑔1 ⟨𝑍0⟩ + 𝑔2 ⟨𝑍1⟩ + 𝑔3 ⟨𝑍0𝑍1⟩ + 𝑔4 ⟨𝑌0𝑌1⟩ + 𝑔5 ⟨𝑋0𝑋1⟩ . (12.46)

Some of the Pauli operators do not commute, and therefore we cannot measure
them all at once. We can group together commuting terms, but we must use sepa-
rate circuits for non-commuting measurements. Depending on the capabilities of the
quantum computer, the circuits can be run concurrently on different sets of qubits, or
sequentially.
In addition, most quantum processors only measure in the 𝑍 basis. To measure in

the 𝑌 or 𝑋 basis, we can perform projective measurements (as shown for stabilizers
in Chapter 10) or perform rotations into the 𝑍 basis prior to the measurements (see
Section 2.3). In other words, to measure in the 𝑋 basis, first apply a Hadamard gate 𝐻
and then measure in the 𝑍 basis. To measure in the 𝑌 basis, first apply the operator
𝐻𝑆† and then measure in the 𝑍 basis. In all cases, measuring the |0⟩ state corresponds
to an eigenvalue of +1, and measuring |1⟩ corresponds to an eigenvalue of −1.

12.6.1.4 Summary
To summarize, the steps performed for the VQE algorithm are:

1. Determine the Hamiltonianℋ that expresses the energy of the system.
2. Choose an ansatz with an initial set of parameters 𝜽.
3. Generate a candidate state |𝜓(𝜽)⟩.
4. Measure and compute the expectation ⟨𝜓(𝜽)|ℋ|𝜓(𝜽)⟩.
5. Pass the expectation and 𝜽 to a classical optimizer.
6. Repeat steps 3–5 with new 𝜽 to find ⟨ℋ⟩𝑚𝑖𝑛 ≈ 𝐸0.

While the discussion above is in the context of quantum chemistry, VQE and
its variants can be used in many domains, given an appropriate Hamiltonian.
Example domains include combinatorial optimization [172], financial portfolio opti-
mization [173], quantum simulation [174], and linear algebra [175]. We will further
discuss the challenges and opportunities for VQE in the larger context of VQAs (12.6.3),
but we first describe QAOA, the other best-known variational algorithm, specifically
designed for combinatorial optimization.
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12.6.2 Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm (QAOA) [161] was developed
around the same time as VQE, and they have many common properties. But its origins
are more closely linked to adiabatic quantum computing than to variational methods.
Its goal is to provide approximate solutions to combinatorial optimization problems.
As described by Farhi et al. [161], a combinatorial optimization problem involves 𝑛

bits and𝑚 clauses. Each clause is a constraint on a subset of the bits, which is satisfied
for certain assignments (0 or 1) of those bits and unsatisfied for all other assignments.
The objective function is

𝐶(𝑥) =
𝑚∑

𝛼=1
𝐶𝛼(𝑥) (12.47)

where 𝑥 is an 𝑛-bit string and 𝐶𝛼(𝑥) = 1 if clause 𝛼 is satisfied. In most cases, only a
few bits are involved in each 𝐶𝛼. Approximate optimization asks for a string whose cost
is close to the maximum of 𝐶(𝑥).
The number of combinations (potential solutions) often grows exponentially (𝑒𝑛) or

combinatorially (𝑛!). Most such problems are NP-hard, meaning there is no known
polynomial solution for large problems. Well-known problems in this space are the
Travelling Salesperson Problem, the Knapsack Problem, and various graph/network
problems, such as MaxCut.
Similar to VQE, we start with a Hamiltonian, 𝐻𝐶 , that describes the objective func-

tion that we want to minimize or maximize. (We will discuss how to create this
Hamiltonian below.) Then we create a parameterized unitary operator:

𝑈(𝐻𝐶 , 𝛾) = 𝑒−𝑖𝛾𝐻𝐶 . (12.48)

Second, we create amixing operator out of Pauli 𝑋 operators on each of 𝑁 qubits:

𝐻𝐵 =
𝑁∑

𝑖
𝑋𝑖 (12.49)

𝑈(𝐻𝐵, 𝛽) = 𝑒−𝑖𝛽𝐻𝐵 . (12.50)

The mixing operator is very easy to implement, as the exponentiation results in a
collection of 𝑅𝑥(2𝛽) gates.
Now we choose a number of steps, 𝑝, and a set of angles 𝛾𝑖 and 𝛽𝑖 for each step, and

construct the state |𝜸 , 𝜷⟩ as follows:

|𝜸 , 𝜷⟩ = 𝑈(𝐻𝐵, 𝛽𝑝)𝑈(𝐻𝐶 , 𝛾𝑝)𝑈(𝐻𝐵, 𝛽𝑝−1)𝑈(𝐻𝐶 , 𝛾𝑝−1)⋯

𝑈(𝐻𝐵, 𝛽1)𝑈(𝐻𝐶 , 𝛾1) |𝑠⟩ , (12.51)

where |𝑠⟩ is an initial state, usually |00… 000⟩ or |++… +++⟩.
When we measure |𝜸 , 𝜷⟩, we get a bit string that encodes a potential solution to the

problem. We evaluate the cost function for the solution, and use a classical optimizer
to choose a new set of 𝜸 and 𝜷, and iterate until we find a good solution.
The algorithm is not guaranteed to find an exact solution to the problem, but the

approximation improves as 𝑝 increases. So there is a clear tradeoff between circuit
depth (𝑂(𝑝)) and solution quality.
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12.6.2.1 Encoding the Objective Function
Consider a specific clause 𝐶𝛼(𝑥) from the objective function above. Suppose the clause
is only satisfied when a small subset of bits 𝑄 are all set to 1, and another small subset
𝑄 are set to 0. To count toward the objective function, the term in the objective function
related to this clause must look like this:

𝐶𝛼(𝑥) =
∏

𝑖∈𝑄
𝑥𝑖
∏

𝑗∈𝑄̄
(1 − 𝑥𝑗). (12.52)

To convert to a Hamiltonian, we replace each binary variable 𝑥𝑖 with a Pauli 𝑍
operator acting on a single qubit, using the following substitution:

𝑥𝑖 ↦
1
2(1 − 𝑍𝑖). (12.53)

This means that (𝑥𝑖 = 0) corresponds to a measured eigenvalue of +1 in the computa-
tional (𝑍) basis, and (𝑥𝑖 = 1) corresponds to a measured eigenvalue of −1.
The Hamiltonian term for that clause then takes on this form:

𝐻𝛼 =
1

2|𝑄|+|𝑄|
∏

𝑖∈𝑄
(1 − 𝑍𝑖)

∏

𝑗∈𝑄̄
(1 + 𝑍𝑗). (12.54)

The overallHamilton𝐻𝐶 =
∑
𝐻𝛼 is diagonal and𝑘-local if atmost𝑘 qubits are involved

in each term. (With some luck, the circuit will not be too deep for NISQ hardware.)
As a concrete example, consider the MaxCut problem for an unweighted graph. This

is the most commonly-used example for QAOA, because it’s easy to understand, and
it’s the example used in the original QAOA paper [161].
The goal ofMaxCut is to partition a graph such that the number of edges between the

two partitions is maximized. This can be viewed as assigning one of two colors to each
vertex; an edge is considered “cut” if it connects vertices with different colors. Figure
12.25 shows an example, where a black vertex is encoded as 1, and a gray vertex is 0. 𝐸
is the set of edges. For an edge between vertices 𝑖 and 𝑗, we consider both 01 and 10 as
assignments that will contribute toward the objective.

𝐶(𝑥) =
∑

(𝑖,𝑗)∈𝐸
𝑤𝑖(1 − 𝑤𝑗) + (1 − 𝑤𝑖)𝑤𝑗

𝐻𝐶 =
∑

(𝑖,𝑗)∈𝐸

1
4(1 − 𝑍𝑖)(1 + 𝑍𝑗) +

1
4(1 + 𝑍𝑖)(1 − 𝑍𝑗)

=
∑

(𝑖,𝑗)∈𝐸

1
2(1 − 𝑍𝑖𝑍𝑗).

(12.55)

12.6.2.2 Ising and QUBO Formulations
A general technique for mapping combinatorial optimization problems to Hamiltoni-
ans is derived from the Ising model of ferromagnetic materials. The model consists of

Figure 12.25 Example of MaxCut: Partition a graph such that
the number of edges crossing between the partitions is
maximized.
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discrete variables, each with a spin of +1 (up) or −1 (down). Variables are connected
in a graph, usually a lattice, and the energy depends on the relative spin values on
neighboring sites.
The Ising model is normally written as a function of 𝑁 spins:

𝐻(𝑠) = −
∑

𝑖<𝑗
𝐽𝑖𝑗𝑠𝑖𝑠𝑗 −

𝑁∑

𝑖=1
ℎ𝑖𝑠𝑖 (12.56)

where 𝐽𝑖𝑗 is the strength of interaction between spins 𝑖 and 𝑗, and ℎ𝑖 is an addi-
tional magnetic field acting on spin 𝑖. This is converted to a quantum Hamiltonian by
replacing spins with the Pauli 𝑍 operator.
Ising models are very flexible for encoding binary combinatorial problems.

Lucas [176] provides mappings for many NP-hard and NP-complete problems, with
the number of spins at most cubic in the problem size. In the mathematical literature,
similar problems are more commonly known asQuadratic Unconstrained Binary Opti-
mization (QUBO) formulations. Glover et al. [177] provide a good overview with many
examples. Ising/QUBO formulations are the basis for hardware that performs quantum
annealing, which is less general than universal quantum computing, but may provide
quantum speedup on some optimization problems [178].

12.6.2.3 QAOA Ansatz
As shown earlier, the ansatz is built by alternating parameterized unitaries, based on
the cost Hamiltonian and the mixing Hamiltonian:

𝑈(𝐻𝐶 , 𝛾) = 𝑒−𝑖𝛾𝐻𝐶 , 𝑈(𝐻𝐵, 𝛽) = 𝑒−𝑖𝛽𝐻𝐵 . (12.57)

For𝐻𝐶 , the circuit is generally built around phase (𝑅𝑥) and controlled-phase gates. For
example, Figure 12.26 shows one term of 𝑈(𝐻𝐶 , 𝛾) for the MaxCut problem: phase is
rotated by 𝛾𝑘 if qubits 𝑖 and 𝑗 are different.
Themixing Hamiltonian,𝐻𝐵, is composed of𝑋 gates, so𝑈(𝐻𝐵, 𝛽) is simply a rank of

𝑅𝑥(2𝛽) gates acting on each qubit. While other mixing circuits can be used [179], it is
important that the mixing operators do not commute with the cost function operators,
in order to enhance the expressibility of the ansatz.
Figure 12.27 shows the first part of aQAOAcircuit for theMaxCut problemdescribed

earlier. Each edge performs a phase rotation if the vertex assignment is different, and
the𝑅𝑥 gates perform themixing operator. For depth of 𝑝, the ansatz is repeated 𝑝 times,
and the optimizer chooses a value of 𝛾 and 𝛽 for each instance.

12.6.2.4 Comparison with VQE
While QAOA can be viewed as a special case of VQE, with a specific ansatz, the moti-
vation from combinatorial optimization leads to some distinctions that are helpful to
note.

|qi〉 P (γ)

|qj〉 P (−2γ) P (γ)

Figure 12.26 Circuit to rotate qubits i and j by −𝛾, if they are
different.
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−2γ1 γ1 −2γ1 γ1 −2γ1 γ1

γ1 −2γ1 γ1 −2γ1 γ1 −2γ1 γ1

γ1 γ1 −2γ1 γ1

−2γ1 γ1 γ1 γ1

γ1 γ1 γ1

|0〉 H RX(2β1)

|0〉 H RX(2β1)

|0〉 H RX(2β1)

|0〉 H RX(2β1)

|0〉 H RX(2β1)

Figure 12.27 QAOA circuit for MaxCut example in Figure 12.25. Dashed box is repeated p
times with different parameters 𝛾i and 𝛽i in each iteration. Dot notation is used for phase
rotation gates to save space.

● The ansatz is derived from the problem instance, rather than a variational form
designed to explore the Hilbert space. Depending on the problem, this often results
in a circuit that is deeper than those often used for VQE.

● Only single-qubit measurements in the computational basis are required, which
simplifies the circuit execution.

● The goal is to find a good near-optimal answer, rather than to find a single solution.

12.6.3 Challenges and Opportunities

VQAs are a very active area of research, because they may offer the best opportunity to
demonstrate quantum advantage with the first generation of quantum computers. The
hybrid strategy allows quantumprocessors to dowhat they do best, while exploiting the
extensive capabilities provided by classical optimization and machine learning tools.
Wedon’t have a section on computational complexity or run-time advantage, because

VQA is a framework, not a specific algorithm. Run-time will depend on the depth of
the ansatz, the measurement scheme, the number of parameters, the efficiency of the
classical optimizer, and the number of iterations required to converge to a good answer.
These issues are difficult to quantify in a general way.
For application areas that are inherently quantum, such as quantum chemistry,

nuclear physics, and quantum simulation, the advantage comes from the ability to
prepare states that are classically intractable, and also in the ability to model time evo-
lution of the Hamiltonian. For examples, see Cao et al. [165] and Kokail et al. [180].
For optimization and other problems expressed in the computational basis, QAOA is a
preferred option because it provides some guarantee about the quality of the approx-
imation. QAOA tends to be more resource-intensive, but Harrigan et al. [181] have
demonstrated results on a physical machine using 23 qubits. They have shown cases
where performance improves with 𝑝 > 1, despite the increased circuit depth (and
increased errors) required for such circuits.
VQAs appear to be fairly robust to noise, particularly for the VQE-style problems,

and full error correction is not mandatory. The noise techniques described in Chapter 9
appear to be well-suited to improving the accuracy and reliability of results. This allows
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the additional physical qubits provided by hardware scaling to be applied to solving
larger problems, rather than implementing logical qubits.
One area of concern, however, comes with the need to optimize over more parame-

ters as problem sizes scale. For some choices of ansatz, large regions of the optimization
space appear to be fairly flat, giving little information about how to adjust parameters.
Known as a barren plateau, the problemhas been shown to get worse withmore qubits,
further restricting the fruitful area of exploration [182]. Potential solutions involve
starting with a better initial state, choosing better ansatzes, or optimizing layer-by-layer
using adaptive circuits.
While we have described the two best-known VQAs, algorithms have been devel-

oped in a variety of areas, including factorization [158], matrix decomposition [183],
quantum simulation [184], and compilation of quantum programs [185].

12.7 Summary and Further Reading

In this chapter, we have described only a few major quantum algorithms. These were
chosen because of their prevalence as building blocks for quantum applications, and
because they illustrate properties that indicate the potential for speedups over classi-
cal computation. After a few decades of research, the source of quantum computing’s
power is still an open question, as eloquently discussed by Rieffel and Polak [8].
Quantum parallelism and the exponential size of the quantum state space are often

cited as the primary source of speedup. However, only 𝑛 bits of state can be extracted
from 𝑛 qubits; to get values of 𝑓(𝑥) for all 2𝑛 values of 𝑥 still requires 2𝑛 operations,
the same as classical processing. Algorithms that rely on quantum parallelism for
speedup require nontraditional programming techniques, such as amplifying ampli-
tudes of desired states (Grover) or finding properties of the entire set of 𝑓(𝑥) values
(Shor).
Similarly, the 𝑛-qubit quantum state is extremely large, so that the majority of

states cannot be approximated by an efficient quantum algorithm. Therefore, quantum
parallelism does not come close to exploring the entire state space.
Entanglement is also mentioned as the source of quantum computing’s power, and

there is no classical analog. Josza and Linden [186] show that any pure state quantum
algorithm that shows exponential speedup must make use of entanglement among a
number of qubits that increases with the size of the problem. However, similar results
can be proved for other properties, and the result does not hold for less dramatic
speedups. Other applications of quantum processing do not include any entanglement
at all.
One observation that should be made from this chapter is that quantum computers

in the early 2020s are far from the scale required for fault-tolerant universal quantum
computing, at least at the scale needed to solve classically intractable problems. Vari-
ational algorithms and those based on quantum walks [187] offer paths that may be
more resistant to noise and more useful with short-depth circuits in the near term.
The Quantum Algorithm Zoo [188] is a catalog of known quantum algorithms, and

Montanaro [189] provides an excellent overview of past research and promising direc-
tions. The availability of commercial systems, software infrastructure, and educational
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material have inspired a new generation of quantum enthusiasts, and will continue to
accelerate the development of new approaches and applications.

12.8 Exercises

12.1 Consider a quantum state consisting of two four-qubit values |𝑎⟩ and |𝑏⟩.
Design a phase oracle that flips the phase when 𝑏 is the reverse of 𝑎. In other
words, if 𝑎 = 1011, then flip the phase when 𝑏 = 1101.

12.2 Design a phase oracle that flips the phase of input qubits |𝑥𝑗⟩ if the following
function returns true. (∧ is and, ∨ is or, ¬ is not.)

𝑓(𝑥2, 𝑥1, 𝑥0) = (¬𝑥2 ∨ ¬𝑥1 ∨ ¬𝑥0) ∧ (𝑥2 ∨ ¬𝑥1 ∨ 𝑥0) ∧ (𝑥2 ∨ 𝑥1 ∨ ¬𝑥0)

∧ (𝑥2 ∨ ¬𝑥1 ∨ ¬𝑥0) ∧ (¬𝑥2 ∨ 𝑥1 ∨ 𝑥0).

How many combinations of 𝑥2𝑥1𝑥0 will be flipped?

12.3 (a) Use the brute forcemethod to determine the period 𝑟 of 𝑓(𝑥) = 11𝑥 mod 21.
(b) Write the 𝑟 eigenstates of 𝑈 |𝑦⟩ = |11𝑦 mod 21⟩.
(c) Show that the normalized sum of all of the eigenstates is equal to |1⟩.
(d) Show that both 11𝑟∕2+1 and 11𝑟∕2−1 have factors in common with 21. You

can use Euclid’s algorithm to find the GCD, but you also probably know the
prime factors of 21, so you can just check those.
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approximation 98
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