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Preface

This volume contains a refereed selection of papers presented during the
10th Jubilee Conference of the International Federation of Classification So-
cieties (IFCS) on Data Science and Classification held at the Faculty of Social
Sciences of the University of Ljubljana in Slovenia, July 25-29, 2006. Papers
submitted for the conference were subjected to a careful reviewing process in-
volving at least two reviewers per paper. As a result of this reviewing process,
37 papers were selected for publication in this volume.

The book presents recent advances in data analysis, classification and
clustering from methodological, theoretical, or algorithmic points of view. It
shows how data analysis methods can be applied in various subject-specific
domains. Areas that receive particular attention in this book are similarity
and dissimilarity analysis, discrimination and clustering, network and graph
analysis, and the processing of symbolic data. Special sections are devoted
to data and web mining and to the application of data analysis methods in
quantitative musicology and microbiology. Readers will find a fine selection
of recent technical and application-oriented papers that characterize the cur-
rent developments in data science and classification. The combination of new
methodological advances with the wide range of real applications collected in
this volume will be of special value for researchers when choosing appropriate
newly developed analytical tools for their research problems in classification
and data analysis.

The editors are grateful to the authors of the papers in this volume for
their contributions and for their willingness to respond so positively to the
time constraints in preparing the final versions of their papers. Without their
work there would be no book. We are especially grateful to the referees – listed
at the end of this book – who reviewed the submitted papers. Their careful
reviews helped us greatly in selecting the papers included in this volume.

We also thank Dr. Martina Bihn and the staff of Springer-Verlag, Heidel-
berg for their support and dedication for publishing this volume in the series
Studies in Classification, Data Analysis, and Knowledge Organization.

Vladimir Batagelj, Ljubljana
Hans–Hermann Bock, Aachen

Anuška Ferligoj, Ljubljana

May 2006 Aleš Žiberna, Ljubljana



The 10th IFCS Conference – a Jubilee

The International Federation of Classification Societies (IFCS) was founded
July 4, 1985 in Cambridge (UK) at a time when classification problems were
frequently being encountered in such diverse fields as biology, marketing, so-
cial sciences, pattern recognition, picture processing, information retrieval,
and library science. These often massive problems had to be solved by quan-
titative or computerized methods based on data and measurements. In fact,
the IFCS founding agreement paved the way for an intensive bilateral and
multilateral cooperation and scientific as well as personal contacts among
the members of the six ‘national’ classification societies from United King-
dom (BCS), North America (CSNA), Germany (GfKl), Japan (JCS), France
(SFC), and Italy (SIS) that formed the IFCS in those times.

A main activity of IFCS is the organization of a biennial conference series.
The first one with the title ‘Classification, Data Analysis, and Related Meth-
ods’ was held in Aachen (Germany) from June 29 to July 1, 1987 with about
300 participants from 25 countries and more than 180 scientific papers. Since
that time, eight more IFCS conferences have taken place at different locations
around the world (see the table below), always with a broad international par-
ticipation from inside and outside the IFCS. Typically, a selection of scientific
papers was published in a Proceedings volume in the Springer series ‘Studies
in Classification, Data Analysis, and Knowledge Organization’ so that the
results became available worldwide.

The biennial IFCS conferences

Hosting
Year Place Society Organizer

1987 Aachen (Germany) GfKl H.-H. Bock
1989 Charlottesville (USA) CSNA H. Bozdogan
1991 Edinburgh (UK) BCS D. Wishart, A. Gordon
1993 Paris (France) SFC E. Diday
1996 Kobe (Japan) JCS Ch. Hayashi
1998 Rome (Italy) SIS A. Rizzi, M. Vichi
2000 Namur (Belgium) SFC, VOC J.-P. Rasson, H. Kiers
2002 Cracow (Poland) SKAD A. Sokolowski
2004 Chicago (USA) CSNA F.R. McMorris
2006 Ljubljana (Slovenia) SDS A. Ferligoj, V. Batagelj

As a consequence, more and more national groups or societies working in
the classification and data analysis field joined the IFCS: the VOC from
Belgium/Netherlands, the CLAD from Portugal, the Polish society (SKAD),
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the KCS from Korea, the Irish Pattern Recognition and Classification Soci-
ety (IPRCS), and finally the Central American and Caribbean society (SoC-
CAD).

The 10th IFCS conference is being hosted by the Statistical Society of Slove-
nia (SDS) at the University of Ljublajana (Slovenia), in July 2006, with
Anuska Ferligoj and Vladimir Batagelj chairing. It will, without any doubt,
be a new highlight in the history of IFCS, provide a challenging marketplace
for scientific and applied research results, and foster further cooperation and
contacts within the worldwide classification community.

This Jubilee Conference is certainly an occasion for recalling the history and
achievements of the 20 years of IFCS’s life. But it also marks the beginning
of another decade of tasks and activities for IFCS: with new challenges for
research and application, with interesting scientific conferences, with an in-
tensive cooperation among IFCS members, and hopefully also a large impact
on the worldwide development of our favorite domains: data analysis and
classification.

May 2006 Hans-Hermann Bock
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A Tree-Based Similarity for Evaluating

Concept Proximities in an Ontology

Emmanuel Blanchard, Pascale Kuntz, Mounira Harzallah, and Henri Briand

Laboratoire d’informatique de Nantes Atlantique
Site École polytechnique de l’université de Nantes
rue Christian Pauc
BP 50609 - 44306 Nantes Cedex 3
emmanuel.blanchard@univ-nantes.fr

Abstract. The problem of evaluating semantic similarity in a network structure
knows a noticeable renewal of interest linked to the importance of the ontologies
in the semantic Web. Different semantic measures have been proposed in the lit-
erature to evaluate the strength of the semantic link between two concepts or two
groups of concepts within either two different ontologies or the same ontology. This
paper presents a theoretical study synthesis of some semantic measures based on
an ontology restricted to subsumption links. We outline some limitations of these
measures and introduce a new one: the Proportion of Shared Specificity. This mea-
sure which does not depend on an external corpus, takes into account the density
of links in the graph between two concepts. A numerical comparison of the different
measures has been made on different large size samples from WordNet.

1 Introduction

With a long history in psychology (Tversky (1977), Rosch (1975)), the prob-
lem of evaluating semantic similarity in a network structure knows a notice-
able renewed interest linked to the development of the semantic Web. In the
70’s many researches on categorization were influenced by a theory which
states that, from an external point of view, the categories on a set of objects
were organized in a taxonomy according to an abstraction process. Describ-
ing proximity relationships between domain concepts by a hierarchy, or more
generally a graph, remains a common principle of the current knowledge rep-
resentation systems, namely the ontologies associated with the new languages
of the semantic Web –in particular OWL (Bechhofer et al. (2004)). As defined
by Gruber (1993), “an ontology is a formal, explicit specification of a shared
conceptualization” and “a conceptualization is an abstract, simplified view
of the world that we wish to represent for some purpose”.

From an operational point of view, the development and the exploitation
of an ontology remains a complex task in a global process of knowledge en-
gineering. Upstream, extracting and structuring large sets of concepts with
increasing sizes represents one of the major difficulties. Downstream, retriev-
ing subsets of concepts requires approaches that are not time-consuming and
are efficient in terms of semantic relevance of the results. To make these
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tasks easier, some proposals resort to an estimation of a semantic similarity
between the pairs of concepts.

Generally speaking, a “semantic similarity” σ(oi, oj) between two objects
oi and oj is related to their commonalities and sometimes their differences.
Most of the definitions considered in the literature suppose that the objects
are associated with their extension –a collection of elements or a set of de-
scriptors. In this case, the semantic similarities can be roughly classified in
three main classes depending on the object description:

1. The extensions are simply subsets of elements. Then, the similarity σ(oi,
oj) between two objects oi and oj is a function of the subsets of the
elements common (set intersection) to and the elements different (set
symmetric difference) for oi and oj . This class includes similarities well-
known in the taxonomic literature such as the Jaccard’s coefficient and
the Dice’s coefficient.

2. Each element in the domain is taken to be a dimension in a vector space
(Salton and McGill (1983)), and each object oi can be described by a
vector whose components describe the elements in the collection. This
representation popular in the information retrieval domain makes use of
the usual Cosine-Similarity, and many adaptations have been proposed
(Salton and McGill (1983)).

3. A hierarchical domain structure is given. The leaves are the elements of
the collection and nodes represents an organization of concepts. Different
similarities –often generalizations of case 2– have been proposed to exploit
the hierarchical structure (see Ganesan et al. (2003) for a recent review).
Very recently, the problem has been extended to graphs (Maguitman
et al. (2005)).

When considering ontologies, the concepts are not necessarily described
by their extension ; the internal organization of a domain ontology is often
the product of a consensus of experts (Guarino (1995)). Hence, defining a
semantic similarity σ(ci, cj) between a pair ci, cj of concepts sets specific
problems depending on the information at our disposal. Some measures only
depend on the concept structuring –often hierarchical– ; others, in addition,
require textual corpus of the domain.

This paper presents a review of the main measures of the literature avail-
able for comparing pairs of concepts within a domain ontology. Our descrip-
tion in a unified framework allows to highlight their commonalities and their
differences. In particular, we show that they can be defined as functions of a
restricted set of parameters, and that only one of the measures based on a
corpus exploits all the parameters. To overcome this limitation, we propose a
new measure, the Proportion of Shared Specificity (PSS) which is an adapta-
tion of the Dice’s coefficient to a hierarchical structure. We show that the Wu
and Palmer’s coefficient is a particular case of our measure. And, we present
experimental comparisons on different large size samples extracted from the
semantic network WordNet 2.0.
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2 Graph-based similarities for domain ontologies

Formally, an ontology can be modeled by a graph where nodes represent
concepts and arcs represent labeled relationships. Here, like often in the lit-
erature, we restrict ourselves to the hyperonymy and hyponymy relationships
associated to the relationship of subsumption (is-a). For instance: “a dog is
an animal” implies that dog is an hyponym of animal and animal is an hy-
peronym of dog. This relationship is common to every ontology, and different
researches have been confirmed that it is the more structuring one (e.g. Rada
et al. (1989)).

Let O be a domain ontology with a set C = {c1, c2, . . . , cn} of concepts.
The relationships “hyperonymy” (generalization) and “hyponymy” (special-
ization) are dual : for any pair (ci, cj) ∈ C × C if hyperonymy(ci, cj) then
hyponymy(cj, ci), and vice-versa. And, each concept ci has no more than one
hyperonym. Moreover, to maintain the connectivity, it is common to add a
virtual concept c0 (“thing” or “entity”). Consequently, O can be modeled by
a rooted tree TO(C,A) with the root c0 and so that each arc (ci, cj) ∈ A repre-
sents an hyponymy relationship between ci and cj (figure 1). By construction
of an ontology, the deeper is a concept in TO(C,A), the more specific it is.
We adopt this restricted framework of a rooted tree in the following of this
paper.

object

artifact

instrumentality

device

musical_instrument

entity

wind_instrument

percussion_instrument

electronic_instrument

music_box

Fig. 1. Example extracted from WordNet.

The graph-based measures –also called structural measures– can be re-
grouped in two main classes : the functions of combinatorial properties, and
the measures which incorporate an additional knowledge source from a cor-
pus analysis. Note that, depending on the authors, the definitions have been
originally given on the form of a dissimilarity δ or a similarity σ ; as the
transformation of σ in δ is not unique, we here retain this diversity.
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2.1 Approaches using combinatorial properties

A comparative study of the different measures based on combinatorial prop-
erties shows that their definitions depends on four main components: (i) the
length (edge number) len(ci, cj) of the path between two concepts ci, cj in
TO(C,A), (ii) the most specific subsumer mscs(ci, cj) (the lowest common
ancestor in the tree) of ci and cj , (iii) the depth h(ci) (length from the root
to ci) of a concept ci in TO(C,A).

The simplest dissimilarity, proposed by Rada et al. (1989), is δr(ci, cj) =
len(ci, cj). Despite its simplicity, experiments in information retrieval have
shown that, when the paths are restricted to is-a links like here, this measure
could contribute to good results. A normalization has been introduced by

Leacock and Chodorow (1998): σlc(ci, cj) = − log
len(ci,cj)

2·maxc∈C [h(c0)]
.

The Wu and Palmer similarity takes into account the specificity of the

subsumer of ci and cj : σwp(ci, cj) =
2·h(mscs(ci,cj))

len(ci,cj)+2·h(mscs(ci,cj))
.

Based on linguistic properties, Sussna (1993) have introduced a weight
function for the relationships : wr(ci, cj) for the hyperonymy (resp. wo(cj , ci)
for the hyponymy). When the concepts ci, cj are adjacent in TO(C,A), the

dissimilarity is a scaled sum of the weights : δs(ci, cj) =
wr(ci,cj)+wo(ci,cj)
2·max(h(ci),h(cj))

.

For two arbitrary concepts, it is computed as the sum of the dissimilarities
between the pairs of adjacent concepts along the path connecting them.

2.2 Approaches using a corpus

These approaches introduce a measure of the information shared by a pair of
concepts. One criterion to evaluate the similarity between two concepts is the
extent to which they share information in common. The required additional
notion is the probability P (ci) ∈ [0, 1] of encountering an occurrence of ci. In
practice, this probability is estimated from a text corpus S by the occurrence
frequency of ci in S num(ci)/num(c0). To compute num(ci), Resnik (1995)
proposes to count not only the number of occurrences of ci, but also the
number of occurrences of the concepts which are subsumed by ci.

For Resnik, the information shared by two concepts ci and cj is the “in-
formation content” of their most specific common subsumer : σr(ci, cj) =
− logP (mscs(ci, cj)). Lin (1998) and Jiang and Conrath (1997) moderate
this value by the quantity of information which distinguishes the two con-

cepts : σl(ci, cj) =
2·log P (mscs(ci,cj))
log P (ci)+log P (cj)

and δjc(ci, cj) = 2 · logP (mscs(ci, cj))−
(logP (ci) + logP (cj)).

3 A new measure: the Proportion of Shared Specificity

Each of the previous measures attempts to exploit the information contained
in the ontology at best to evaluate the similarity between the pairs of concepts
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(ci, cj). The Rada’s coefficient is the simplest ; it takes only into account the
length of the paths joining ci and cj . The Lin’s coefficient is the more com-
plex ; it takes into account the common information shared by the concepts
and, via the estimation of P (ci), the density of concepts between the root
c0 and ci and cj . When the density is high, this means that the hyponyms
are more specific, and consequently the Lin’s similarity is higher. However,
the computation of the Lin’s coefficient requires a corpus in addition to the
ontology. And this latter should be significant enough to provide a “good”
estimation of P (ci). As this condition may be very restrictive for numerous
real-life applications, we have developed a new measure which shares some
properties of the Lin’s coefficient but which only depends on TO(C,A).

When each concept ci is described by a set of unitary characteristics
cha(ci), one of the most commonly used measure is the Dice coefficient (Gane-
san et al. (2003)):

σd(ci, cj) =
2 · |cha(ci)

⋂
cha(cj)|

|cha(ci)|+ |cha(cj)| (1)

In this model, two concepts are all the more similar since they share
numerous common characteristics and few different ones. We here propose to
adapt this formula to measure the (dis)similarity between a pair of concepts
in an ontology.

Intuitively, |cha(ci)| is an indicator of a known part of the information car-
ried by the concept ci. In the approaches using a corpus (2.2) the quantity of
information carried by a concept is evaluated by − log(P (ci)). Let us remark,
that when replacing in (1) |cha(ci)| (resp. |cha(cj)|) by − log(P (ci)) (resp.
− log(P (cj))) and |cha(ci)∩ cha(cj)| by − log(P (mscs(ci, cj))) we rediscover
the Lin’s formula.

When no additional information is available, we can exploit the hierar-
chical structure of the ontology TO(C,A). Our reasoning rests on an analogy
with the case where we dispose of a set of instances. In an ontological model,
each concept is not necessarily described by a collection of characteristics,
and the associated instances are not explicitly given. Nevertheless, by con-
struction, we can consider that the probability of an instance to be associated
with the more general concept c0 (the root) is equal to 1. If c0 specializes

in k hyponyms c11, c
2
1, . . . , c

k
1 , then

∑k
i=1 P (ci

1) = 1. And, if the distribution
of the instance number is supposed to be uniform for each concept, then
P (ci

1) = 1
k . Then, when this assumption is available for all the levels of

TO(C,A), for any concept ci deeper in TO, we have a series of specialisations
in k1, k2, . . . , kh(ci) concepts. Then P (ci) = 1

k1·k2·····kh(ci)
. Consequently, the

quantity of information associated with the specificity of ci is measured by
log(k1) + log(k2) + · · ·+ log(kh(ci)).

Moreover, the quantity of information shared by two concepts ci and cj

can be measured, like in the Lin’s coefficient, by the quantity of information
of their most specific subsumer. Hence, the Proportion of Shared Specificity
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is defined by:

σpss(ci, cj) =
2 · log

(
P (mscs(ci, cj))

)
log

(
P (ci)

)
+ log

(
P (cj)

) (2)

Let us remark, that when we consider the simplest case where all the
nodes have the same degree k, then P (ci) = k−h(ci) for any concept ci at
depth h(ci). Consequently, the quantity of information associated with the
specificity of ci is measured by h(ci)·log k and we obtain the Wu and Palmer’s
measure.

4 Experimental results

This section presents an analysis of the behavior of the previous coefficients
on samples of concepts drawn from the semantic network WordNet 2.0 (Fell-
baum (1998)). Let us briefly recall that, inspired from the psycholinguistic
theories on the lexical human memory, WordNet was created as an attempt
to model the lexical knowledge of a native English speaker. The lexical en-
tities (e.g. nouns, verbs, adjectives) are organized into synonym sets that
are interlinked with different relations. We here restrict ourselves to nouns
and to the subsumption hierarchy (hyperonymy/hyponymy). This hierarchy,
which contains 146690 nodes, constitutes the backbone of the noun subnet-
work accounting for close to 80% of the links (Budanitsky (1999)). It can
be properly represented by the tree model TO(C,A) described in section 2,
and consequently, for our experiments we do not enter into the discussion
between experts concerning the ontological nature of WordNet. The compu-
tations have been performed with the Perl modules of Pedersen et al. (2004).

We have randomly drawn a sample of 1000 concepts from TO, and com-
puted the coefficient values for each pair. Figure 2 shows the distributions
associated with the different measures. Due to the random draw and the size
of TO, numerous pairs contain concepts without semantic links, and it is not
surprising to find numerous null values (around 60%). Contrary to other com-
binatorial measures, the PSS coefficient allows a more subtle differentiation
of the concepts.

Due to the theoretical relationships between σpss, σl (Lin) and σwp (Wu
& Palmer) we have analyzed the values of the rank correlation of Spear-
man on the pair set of the sample : ρ(wp, l) = 0.813, ρ(l, pss) = 0.835 and
ρ(pss, wp) = 0.970. Obviously, it is interesting to find a strong correlation
between the PSS coefficient and the Lin’s coefficient which requires an addi-
tional corpus. However, a part of these high values can be explained by the
great number of distant pairs. Nevertheless, when we restrict ourselves to the
subset which contains 1% of the most similar pairs both for σpss and σl, the
correlation is still significant (ρ(pss, l) = 0.53).

To go deeper in the analysis, we have computed the correlations on differ-
ent subtrees of TO associated with identified sets of themes (e.g. insect, tree,
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Fig. 2. histograms of value numbers.

musical instrument). Table 1 gives the different correlations. As WordNet is
homogeneous (the number of hyponyms is barely constant), the correlation
between Wu Palmer and PSS measures is naturally strong. It is important
to note that ρ(pss, l) > ρ(w, l) for all our experiments.

Table 1. Correlation on three WordNet subsets

root insect tree musical instrument

number of concepts 157 454 1013

number of pairs 12246 102831 512578

median number of hyponyms 3 2 3

ρ(pss, l) 0.65 0.53 0.30

ρ(pss,wp) 0.91 0.85 0.90

ρ(w, l) 0.63 0.52 0.27
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5 Conclusion

This paper presents a new similarity for evaluating the strength of the se-
mantic links between pairs of concepts in an ontology. Its computation does
not require an external corpus like the well-known Lin’s coefficient. At the
origin, our objective was guided by real-life applications, in particular in
knowledge management (Berio and Harzallah (2005), Laukkanen and Helin
(2005)), where additional corpuses are rarely available. From the Dice’s co-
efficient, we have built a measure which exploits the structural properties
of the ontology. Our numerical experiments on WordNet have confirmed its
discriminant behavior and highlighted its links with other coefficients of the
literature. The main arguments for the choice of this experimental frame-
work are its size –which allows statistical analysis– and its computational
accessibility. However, to assess the semantic significance of the results ob-
tained with the PSS coefficient, we plan to apply it in the near future to a
professional environment ontology.

Moreover, we have here restricted ourselves to a hierarchical structure
deduced from the “is-a” link. Although this structure is known to be the most
structuring of a real-life ontology, we now attempt to generalize our approach
to a graph structure to simultaneously take other links into account.
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Abstract. This paper focuses on the Fréchet distance introduced by Maurice
Fréchet in 1906 to account for the proximity between curves (Fréchet (1906)). The
major limitation of this proximity measure is that it is based on the closeness of
the values independently of the local trends. To alleviate this set back, we propose
a dissimilarity index extending the above estimates to include the information of
dependency between local trends. A synthetic dataset is generated to reproduce
and show the limited conditions for the Fréchet distance. The proposed dissimilar-
ity index is then compared with the Fréchet estimate and results illustrating its
efficiency are reported.

1 Introduction

Time series differ from ”non-temporal” data due to the interdependence be-
tween measurements. This work focuses on the distances between time series,
an important concept for time series clustering and pattern recognition tasks.
The Fréchet distance is one of the most widely used proximity measure be-
tween time series. Fréchet distance uses time distortion by acceleration or
deceleration transformations to look for a mapping that minimizes the dis-
tance between two time series. We show in section 4, that the Fréchet distance
ignores the interdependence among the occurring values; proximity is only
based on the closeness of the values; which can lead to irrelevant results.
For this reason, we propose a dissimilarity index extending this classical dis-
tance to include the information of dependency between local trends. The
rest of this paper is organized as follows: the next section presents the defini-
tions and properties of the conventional Fréchet distance. Section 3, discusses
the major limitations of such proximity estimate, then gives the definition
and properties of the new dissimilarity index. Section 4, presents a synthetic
dataset reproducing limited conditions for this widely used time series prox-
imity measure, then perform a comparison between the proposed dissimilarity
index and the Fréchet distance before concluding.
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2 The Fréchet distance between time series

The success of a distance, intended to distinguish the events of a time series
that are similar from those that are different, depends on its adequacy with
respect to the proximity concept underlying the application domain or the
experimental context.

The Fréchet distance was introduced by Maurice Fréchet in 1906 (Fréchet
(1906)) to estimate the proximity between continuous curves. We present a
discrete variant of this distance. An in-depth study of the Fréchet distance
is provided by Alt (Alt and Godau (1992)) and an interesting comparison of
the different distance theories can be found in Eiter and Mannila (1994). The
popular and highly intuitive Fréchet distance definition is: ”A man is walking
a dog on a leash. The man can move on one curve, the dog on another. Both
may vary their speed independently, but are not allowed to go backwards.
The Fréchet distance corresponds to the shortest leash that is necessary”.
Let’s provide a more formal definition.

We define a mapping r ∈M between two time series S1 = (u1, ..., up) and
S2 = (v1, ..., vq) as the sequence of m pairs preserving the observation order:

r = ((ua1 , vb1), (ua2 , vb2), ..., (uam
, vbm

))

with ai ∈ {1, .., p}, bj ∈ {1, .., q} and satisfying for i ∈ {1, ..,m − 1} the
following constraints:

a1 = 1, am = p b1 = 1, bm = q (1)

ai+1 = ai or ai + 1 bi+1 = bi or bi + 1 (2)

We note |r| = maxi=1,..,m |uai
−vbi

| the mapping length representing the max-
imum span between two coupled observations. The Fréchet distance δF (S1, S2)
is then defined as:

δF (S1, S2) = min
r∈M

|r| = min
r∈M

( max
i=1,..,m

|uai
− vbi

|) (3)

Graphically, a mapping between two time series S1 = (u1, ..., up) and S2 =
(v1, ..., vq) can be represented by a path starting from the corner (1, 1) and
reaching the corner (p, q) of a grid of dimension (p, q). The value of the
square (i, j) is the span between the coupled observations (ui, vj). The path
length corresponds to the maximum span reached through the path. Then,
the Fréchet distance between S1 and S2 is the minimum length through all
the possible grid paths. We can easily check that δF is a metric verifying
the identity, symmetry and triangular inequality properties (a proof can be
found in Eiter and Mannila (1994)).

According to δF two time series are similar if there exists a mapping
between their observations, expressing an acceleration or a deceleration of the
occurring observation times so that the maximum span between all coupled
observations is close.
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Note that the Fréchet distance is very useful when only the occurring
events, not their occurring times, are determinant for the proximity evalu-
ation. This explains the great success of Fréchet distance in the particular
domain of voice processing where only the occurring syllables are used to
identify words; the flow rate being specific to each person.

3 Fréchet distance extension for time series proximity
estimation

Generally, the interdependence among the occurring values, characterizing
the local trends in the time series, is determinant for the time series proximity
estimation. Thus, Fréchet distance fails as it ignores such main information.
Section 4 illustrates two major constraints in the Fréchet measure: ignorance
of the temporal structure and the sensitivity to global trends. To alleviate
these drawbacks in the classical Fréchet estimate we propose a dissimilarity
index extending Fréchet distance to include the information of dependency
between the time series local trends. The dissimilarity index consists of two
components. The first one estimates the closeness of values and is based on a
normalized form of the conventional proximity measure. The second compo-
nent, based on the temporal correlation Von Neumann (1941-1942)), Geary
(1954) and (Chouakria-Douzal (2003), estimates the dependency between the
local trends.

3.1 Temporal correlation

Let’s first recall the definition of the temporal correlation between two time
series S1 = (u1, ..., up) and S2 = (v1, ..., vp):

cort(S1, S2) =

∑p−1
i=1 (u(i+1) − ui)(v(i+1) − vi)√∑p−1

i=1 (u(i+1) − ui)2
∑p−1

i=1 (v(i+1) − vi)2

The temporal correlation coefficient cort ∈ [−1, 1] estimates how much
the local trends observed simultaneously on both times series, are posi-
tively/negatively dependent. By dependence between time series we mean
a stochastic linear dependence: if we know at a given time t the growth of
the first time series then we can predict, through a linear relationship, the
growth of the second time series at that time t. Similar to the classical correla-
tion coefficient, a value of cort = 1 means that, at a given time t, the trends
observed on both time series are similar in direction and rate of growth, a
value of -1 means that, at a given time t, the trends observed on both time
series are similar in rate but opposite in direction and finally, a value of 0
expresses that the trends observed on both time series are stochastically lin-
early independent.
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Contrary to the classical correlation coefficient, the temporal correlation es-
timates locally not globally the dependency between trends; indeed, two time
series may be highly dependent through the classical correlation and linearly
independent through the temporal correlation (illustrated in section 4). Fi-
nally, contrary to classical correlation, the temporal correlation is global trend
effect free. Let’s now present the new dissimilarity index as an extension of
the Fréchet distance.

3.2 The dissimilarity index

The proposed dissimilarity index consists in the combination of two com-
ponents. The first one, estimates the closeness of values and is based on a
normalized form of the Fréchet distance. The second one is based on the
temporal correlation introduced above. Many functions could be explored for
such combination function. To illustrate well the additive value of the tem-
poral correlation to account for local trends dependency, we limit this work
to a linear combination function. Let’s note DisF the dissimilarity index
extending δF :

DisF (S1, S2) = α
δF (S1, S2)

maxSi,Sj∈ΩS
δF (Si, Sj)

+ (1 − α)
1 − cort(S1, S2)

2

where DisF (S1, S2) ∈ [0, 1], ΩS is the set of the observed time series, α ∈
[0, 1] determines the weight of each component in the dissimilarity evaluation
and cort the temporal correlation defined above.

Note that for α = 1, DisF corresponds to the normalized δF and the
proximity between two time series is only based on taken values, considered
as independent observations. For α = 0, DisF corresponds to cort and the
proximity is based solely on the dependency between local trends. Finally for
0 < α < 1, DisF implies a weighted mean of the normalized δF and cort,
the proximity between time series includes then, according to their weights,
both the proximity between occurring values and the dependency between
local trends.

4 Applications and results

In this section, we first present the time series synthetic dataset which re-
produces the limited conditions for Fréchet distance. Then we explore and
compare the distribution of the temporal and classical correlations between
the synthetic dataset time series. Finally, the proposed dissimilarity index is
compared to the conventional estimate.

4.1 Synthetic dataset

To reproduce the limited conditions for the widely used conventional dis-
tances, we consider a synthetic dataset of 15 time series divided into three
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classes of functions. The first five time series are of class F1, the next five
are of class F2 and the last five are of the class F3; where, F1, F2 and F3 are
defined as follows:

F1 = {f1(t) | f1(t) = f(t) + 2t + 3 + ε}
F2 = {f2(t) | f2(t) = µ− f(t) + 2t + 3 + ε}
F3 = {f3(t) | f3(t) = 4f(t)− 3 + ε}

f(t) is a given discrete function, µ = E(f(t)) is the mean of f(t) through
the observation period, ε � N(0, 1) is a zero mean gaussian distribution and
2t + 3 describes a linear upward trend tainting F1 and F2 classes. Figure 1
represents simultaneously these three classes through 15 synthetic time series.
Note that F1 and F3 show similar local tendencies, they increase (respectively
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Fig. 1. Three classes of synthetic time series

decrease) simultaneously. On the contrary, F2 shows local tendencies opposite
to those of F1 and F3, when F2 increases (respectively decreases) F1 and F3

decreases (respectively increases). Finally, F1 and F2 are the closest in values.

4.2 Time series temporal correlation vs classical correlation

Let’s explore in figure 2 the distribution of the temporal and classical correla-
tions among the times series into F1, F2 and F3 classes. On the one hand, the
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temporal correlation distribution cort(F1, F3) ∈ [0.87, 0.92], cort(F1, F2) ∈
[−0.73,−0.60] and cort(F2, F3) ∈ [−0.91,−0.86]) reveal a high positive de-
pendency between F1 and F3 classes and a high negative dependency between
F2 and the two remaining classes. These results supported well the depen-
dencies illustrated above in figure 1.

On the other hand, the classical correlation distribution cor(F1, F3) ∈
[0.15, 0.35], cor(F1, F2) ∈ [0.45, 0.70] and cor(F2, F3) ∈ [−0.66,−0.56]) in-
dicates a weak (nearly independence) positive dependency between F1 and
F3 classes and a high positive dependency between F1 and F2 classes. These
results illustrate well that the classical correlation estimates globally (not
locally) the dependency between tendencies of time series. Indeed, F1 and
F2 which are not locally but globally dependent, due to the linear upward
trend tainting them, are considered as highly dependent; whereas F1 and F3

which are dependent locally not globally are considered as very weakly de-
pendent. Note that contrary to classical correlation, the temporal correlation
is global-trend effect free.

4.3 Comparative analysis

To compare the above proximity measures, we estimate first the proxim-
ity matrices between the 15 synthetic time series, according to DisF and
δF . DisF is evaluated with α = 0.5 and α = 0. For α = 1, results are
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similar to those obtained from δF . A hierarchical cluster analysis is then
performed on the obtained proximity matrices. Figure 3 illustrates the ob-
tained dendograms. Note first that the three above proximity measures (δF ,
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Fig. 3. δF DisF (α = 0.5) DisF (α = 0)

DisF (α = 0.5) and DisF (α = 0)) divide the 15 time series on the well ex-
pected three classes F1 (from 1 to 5), F2 (from 6 to 10) and F3 (from 11 to
15). In addition, on the one hand, δF dendogram works out the time series
of the classes F1 and F2 as the closest. Indeed, for δF , after stretching each
class to match well an other class, the proximity evaluation is based solely
on the taken values, which are close on F1 and F2.

On the other hand, DisF for α = 0.5 and α = 0 determines successfully
the classes F1 and F3 as the closest. Note particularly that for α = 0.5 DisF
still provides three classes with a high proximity between F1 and F3; whereas
for α = 0 F1 and F3 are nearly merged and the respective dendogram comes
out with only two main classes. Indeed, for α = 0 the proximity evaluation
are based solely on the dependency between time series which is very high
between F1 and F3.

5 Discussion and conclusion

This paper focuses on the Fréchet distance between time series. We have pro-
vided the definitions and properties of this conventional measure. Then we
illustrated the limits of this distance. To alleviate these limits, we propose
a new dissimilarity index based on the temporal correlation to include the
information of dependency between the local trends.

Note that, as this paper introduces the benefits of the temporal correla-
tion for time series proximity estimation, and mainly for clarity reasons, we
limit our work on two points. First we restrict the combination function to
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a linear function to show clearly, by varying the parameter α, the additive
value of the temporal correlation. Secondly, we restrict the illustration of the
proposed index to a synthetic dataset which reproduces the limited condi-
tions for the conventional Fréchet distance.

Future works, on the one hand, will study other combination functions.
For instance, if we consider the two dimensional space defined by the compo-
nents cort and a normalized form of δF , then we can define a new euclidean
distance between time series as their norm vector in such two dimensional
space. On the second hand, these combination functions will be compared to
the conventional Fréchet distance through a wide range of a real datasets.

Finally, let’s remark that the proposed dissimilarity index DisF could be
very useful for time series classification problem, where the aim consists in
determining the most adaptable DisF by looking for the optimal value of
α maximizing a classification rate. This is an interesting direction to study
through a priori time series classification.
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Abstract. In this paper, we compare five classical distance indices on Pn, the set
of partitions on n elements. First, we recall the definition of the transfer distance
between partitions and an algorithm to evaluate it. Then, we build sets Pk(P )
of partitions at k transfers from an initial partition P . Finally, we compare the
distributions of the five index values between P and the elements of Pk(P ).

1 Introduction

The comparison of partitions is a central topic in clustering, as well for com-
paring partitioning algorithms as for classifying nominal variables. The liter-
ature abounds in distances (small values when partitions are close) or indices
(large values when partitions are close) defined by many authors to compare
two partitions P and Q defined on the same set X . The most commonly used
are: the Rand index (1971), the Jaccard index and the Rand index corrected
for chance (Hubert and Arabie, 1985). We also test two indices derived from
lattice distances on partitions. The definitions of these indices are given in
Section 4. The comparison of these indices is only interesting (from a practi-
cal point of view) if we consider close partitions, which differ randomly one
from each others as mentioned by Youness and Saporta (2004). They gener-
ate such partitions from an Euclidian representation of the elements of X .
Here, we develop a more general approach, independent of the representation
space for X .

In 1964, Régnier used a distance between partitions which fits this type
of study. It is the minimum number of transfers of one element from its
class to another (eventually empty) to turn P into Q (see Section 2). The
computational aspect has been largely studied by Day (1981) and we have
recently bounded the distance between two partitions with respect to their
number of classes (Charon et al., 2005). Here we compare the distributions of
the similarity indices mentioned above on partitions at k transfers from P . If
k is small enough, these partitions represent a small percentage α of all the
partitions of X . This permits to define a value kα of the maximum number



22 Denœud and Guénoche

of transfers allowed (see Section 3), and to build sets of random partitions at
k transfers from P for k < kα. The results of the comparison of the indices
for some given initial partition P are given in Section 5.

2 The transfer distance

Let P and Q be two partitions on a set X of n elements with respectively
|P | = p and |Q| = q classes (also called cells in the literature); we will assume
that p ≤ q.

P = {P1, .., Pp} and Q = {Q1, .., Qq}.
The minimum number of transfers to turn P into Q, denoted θ(P,Q), is
obtained by establishing a matching between the classes of P and those of Q
keeping a maximum number of elements in the matched classes, those that
do not need to be moved. Consequently, we begin to add q − p empty cells
to P , so that P is considered also as a partition with q classes.

Let Υ be the mapping from P × Q −→ N which associates to any pair
of classes the cardinal of their intersection. Classically, ni,j = |Pi ∩ Qj | and
pi = |Pi| and qj = |Qj| denote the cardinals of the cells. Let ∆ be the
mapping which associates to each pair of classes (Pi, Qj) the cardinal of their
symmetrical difference, noted δi,j . We have δ(i, j) = pi + qj − 2 × ni,j . We
consider the complete bipartite graph whose vertices are the classes of P and
Q, with edges weighted either by Υ (denoted (Kq,q, Υ )) or by ∆ ((Kq,q, ∆)).

Proposition 1 (Day 1981) The bijection minimizing the number of trans-
fers between two partitions P and Q with q classes corresponds to a matching
of maximum weight w1 in (Kq,q, Υ ) or, equivalently, to a perfect matching of
minimum weight w2 in (Kq,q, ∆); moreover, θ(P,Q) = n− w1 = w2

2 .

Establishing the bipartite graph can be done in O(n2). The weighted
matching problem in a complete bipartite graph can be solved by an as-
signment method well-known in operational research. The algorithm has a
polynomial complexity in O(q3). We will not go into further details, given
for instance in J. Van Leeuwen (1990). We just develop an example of the
computation of the transfer distance.

Example 1 We consider the two partitions P = (1, 2, 3|4, 5, 6|7, 8) and Q =
(1, 3, 5, 6|2, 7|4|8). The following two tables correspond to the intersections
and to the symmetrical differences between classes of P and Q. Two extreme
matchings are edited in bold. Each one gives θ(P,Q) = 4.
To the maximum weighted matching in the table Υ may correspond the series
of 4 transfers: (1, 2, 3|4, 5, 6|7, 8)→ (1, 3|4, 5, 6|2, 7, 8)→ (1, 3, 5|4, 6|2, 7, 8)→
(1, 3, 5, 6|4|2, 7, 8) → (1, 3, 5, 6|4|2, 7|8).
To the minimum weighted perfect matching in the table ∆ may correspond an-
other optimal series: (1, 2, 3|4, 5, 6|7, 8)→ (1, 2, 3, 7|4, 5, 6|8)→ (2, 3, 7|1, 4, 5, 6|8)
→ (2, 7|1, 3, 4, 5, 6|8) → (2, 7|1, 3, 5, 6|8|4).
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Υ 1,3,5,6 2,7 4 8 ∆ 1,3,5,6 2,7 4 8

1,2,3 2 1 0 0 3 3 4 4

4,5,6 2 0 1 0 3 5 2 4

7,8 0 1 0 1 6 2 3 1

∅ 0 0 0 0 4 2 1 1

3 Close partitions with respect to transfers

We note Pn the set of partitions on a set of n elements and Pk(P ) the set of
partitions at k transfers from P and P≤k(P ) the set of partitions at at most
k transfers from P .

P≤k(P ) = {Q ∈ Pn such that θ(P,Q) ≤ k} =
⋃

0≤i≤k

Pi(P )

Statistically, we consider that a partition Q is close to P at threshold α if
there are less than α percent of the partitions that are closer to P than Q
with respect to transfers. The matter is then to know how many partitions
are within a k radius from P . For k = 0, there is just one partition, P itself,
otherwise θ would not be a distance. We can easily give a formula for P1(P ),
but for larger k it becomes more difficult. For a given partition P , we call
critical value at threshold α, the greatest number of transfers kα such as

|P≤kα
(P )|

|Pn| ≤ α.

While n ≤ 12, we can enumerate all the partitions in Pn to compute
|Pk(P )|. For that, we use the procedure NexEqu in Nijenhuis and Wilf (1978).
The algorithm builds the next partition with respect to the lexicographic
order, starting from the partition with a single class.

For n > 12, there are too many partitions to achieve an exhaustive enu-
meration. Then we select at random a large number of partitions to be com-
pared to P , to estimate |P≤k(P )|/|Pn|. To obtain a correct result, these
partitions must be equiprobable; the book by Nijenhuis and Wilf provides
also such a procedure (RandEqu).

Thus we measure a frequency f in order to estimate a proportion p. We
want to find a confidence interval around p = 0.1 for a risk ρ fixed (ρ = 5%)
and a gap δ between f and p judged as acceptable (δ = 0.01). For these
values, we can establish the size of the sample S using the classical formula

t(ρ)

√
f(1− f)

|S| ≤ δ

in which t(ρ) is given by the normal Gauss distribution (Brown et al 2002).
We obtain that 3600 trials should be carried out, which is quite feasible. Note
that this number decreases with p (when p < 0.5) and it is independent of n.
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Example 2 For n = 12, there are |P12| = 4213597 partitions that can be
compared to P in order to establish the distribution of |Pk(P )| according to k.
For P = {1, 2, 3, 4|5, 6, 7|8, 9|10, 11|12}, as for all the partitions with classes
having the same cardinality, the number of partitions at 0, . . . , 8 transfers
from P are respectively 1, 57, 1429, 20275, 171736, 825558, 1871661, 1262358,
60522. The cumulated proportions in % are respectively 0.0, 0.0, 0.0, 0.5, 4.6,
24.2, 68.6, 99.6,and 100. For α = 5% the critical value is 4; indeed there
are just 4.6% of the partitions that are at 4 transfers or less from P , while
for 5 transfers, there are 24.2%. The cumulated frequencies computed from P
and 5000 random partitions are: 0.0, 0.0, 0.1, 0.5, 4.4, 23.9, 68.7, 98.3 and 100.
Thus the critical value computed by sampling is also equal to 4.

4 Distance indices between partitions

Classically, the comparison of partitions is based on the pairs of elements of
X . Two elements x and y can be joined together or separated in P and Q.
Let r be the number of pairs simultaneously joined together, s the number
of pairs simultaneously separated, and u (resp. v) the number of pairs joined
(resp. separated) in P and separated (resp. joined) in Q. Also classical is
the following partial order relation on Pn providing a lattice structure. A
partition P is finer than Q (P ≺ Q) if and only if all the classes of P are
included in those of Q (dually, Q is coarser than P ):

P ≺ Q iff ∀(i, j) Pi ∩Qj ∈ {Pi, ∅}.
In this lattice, the finest partition Pn has n singletons and the coarsest

P 0 has only one class. Let us recall the meet (∧) and the join (∨) definitions
on partitions: The classes of partition P ∧ Q are the intersections of those
of P and Q ; the classes of P ∨ Q are the unions of classes having a non-
empty intersection or the transitive closure of the relation ”to be joined”
in P or Q. We will note π(P ) the set of joined pairs in P , that is to say

|π(P )| = ∑
i∈{1,...,p}

ni(ni−1)
2 . According to the previous notations, we have

r =
∑
i,j

ni,j(ni,j − 1)

2
= π(P ∧Q).

We compare five of the most usual indices used in the literature. One can
find a larger sample in Arabie & Boorman (1973) or Day (1981).

4.1 The Rand index

The Rand index, denoted R, is simply the fraction of pairs for which P and
Q agree. It belongs to [0, 1] and 1 − R(P,Q) is the symmetrical difference
distance between π(P ) and π(Q).

R(P,Q) =
r + s

n(n− 1)/2
.
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4.2 The Jaccard index

In the Rand index, the pairs simultaneously joined or separated are counted
in the same way. However, partitions are often interpreted as classes of joined
elements, separations being the consequences of this clustering. We use then
the Jaccard index (1908), denoted J , which does not take the s simultaneous
separations into account:

J(P,Q) =
r

r + u + v
.

4.3 The corrected Rand index

In their famous paper of 1985, Hubert and Arabie noticed that the Rand
index is not corrected for chance so that its expectation is equal to zero for
random partitions having the same type, that is the same number of elements
in their respective classes. They introduced the corrected Rand index, whose
expectation is equal to zero, denoted here HA, to pay homage to the authors.

The corrected Rand index is based on three values: the number r of com-
mon joined pairs in P and Q, the expected value Exp(r) and the maximum
value Max(r) of this index, among the partitions of the same type as P and
Q. It leads to the formula

HA(P,Q) =
r − Exp(r)

Max(r) − Exp(r)

with Exp(r) = |π(P )|×|π(Q)|
n(n−1)/2 and Max(r) = 1

2 (|π(P )| + |π(Q)|). This maxi-

mum value is questionable since the number of common joined pairs is neces-
sarily bounded by inf{|π(P )|, |π(Q)|}, but Max(r) insures that the maximum
value of HA is equal to 1 when the two partitions are identical. Note that
this index can take negative values.

4.4 The Johnson index

This index is another normalization of the number of pairs simultaneously
joined in P and in Q. It has been essentially suggested by Johnson in 1968,
and therefore denoted Jo:

Jo(P,Q) =
2r

π(P ) + π(Q)
.

A similar index has been proposed by Wallace (1983) using the geometrical
average instead of the arithmetical one ; it gives almost identical results.
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4.5 The Boorman index

This index has been proposed in 1973 and is denoted herein B.

B(P,Q) = 1− |P |+ |Q| − 2|P ∨Q|
n− 1

.

It is not based on the pairs of elements but on the number of classes of P ,
Q and P ∨Q; for any partition P there exists at least one partition Q such
that P ∨Q = Pn, so one can divide the distance by n− 1:

5 Comparison of indices

Let P be a partition on X with p classes. When n = |X | ≤ 12, we enumerate
the sets Pk(P ), then we evaluate the minimum and maximum values of each
index above between P and any Q belonging to Pk(P ). We consider the
results obtained for n = 10 and P = (1, 2, 3, 4, 5|6, 7, 8, 9, 10) in Table 1. The
partitions being at at most 3 transfers represent 1.7% of the 115975 partitions
on 10 elements.

Table 1. Distribution of the number of partitions at k transfers from P =
(1, 2, 3, 4, 5|6, 7, 8, 9, 10) and extreme values of the distance indices.

Nb. of transfers 1 2 3 4 5 6 7 8

Nb. of partitions 20 225 1720 9112 31361 54490 17500 1546

R min .80 .64 .53 .47 .44 .44 .44 .44

R max .91 .87 .82 .78 .69 .64 .60 .56

J min .64 .43 .32 .22 .15 .08 .04 0.0

J max .80 .70 .60 .50 .44 .21 .10 0.0

HA min .60 .28 .06 -.08 -.12 -.17 -.19 -.22

HA max .82 .72 .63 .53 .32 .22 .11 0.0

Jo min .78 .60 .49 .36 .27 .14 .08 0.0

Jo max .89 .82 .75 .67 .62 .34 .18 0.0

B min .78 .67 .56 .44 .33 .22 .11 0.0

B max .89 .89 .78 .78 .89 .67 .56 .44

The lowest index value obtained for partitions at 3 transfers are quite
small and do not reveal their closeness to P ; it is particularly true for the
corrected Rand index that can only be slightly positive. A contrario, the Rand
and the Boorman indices can keep large values for partitions at maximum
transfer distance. More serious, for each index the maximum value obtained
for partitions at 5 transfers are greater than the minimum value obtained for
2 transfers, suggesting that partitions at 5 transfers from P can be closer to
P than partitions at 2 transfers.
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When n > 12, we cannot enumerate Pn anymore, nor select randomly
equiprobable partitions at a small transfer distance, that are too rare. So, we
build a set of partitions from P , by selecting recursively and at random one
element and its new class number between 1 and p+1 (the number of classes
is eventually updated). The number of iterations varies in order to obtain a
set Qk(P ) of partitions for each value of k ∈ {1, ..., k5%}. We then compute
the values of each index and the average, standard deviation, minimum and
maximum values for any k.

Here we restrict ourselves to two partitions of 100 elements; P1 with 5
balanced classes and P2 having type (40, 30, 20, 5, 5). Both critical values at
5% are here equal to 83. The averages of the different indices are represented
in Figure 1 which fits for both (we have considered here 170 000 partitions
nearly uniformly distributed in Qk(P ) for k ≤ 80).

Fig. 1. Averages of the distance indices between P and partitions of Qk(P )

The indices of Jaccard, corrected Rand and Johnson have approximately
the same behavior: they are high when k is small and decrease regularly near
to 0 when k = k5%. Remarkably, the corrected Rand index becomes negative
for larger transfer values. The Rand index and the Boorman index stay near
0.8 whatever is k ; consequently they seem unadapted for the comparison
of partitions. Standard deviations of all the indices are similar in the range
[0; 0.03]. Therefore we focus again on the extreme values of each index: We
have computed in Table 5 the largest interval of transfer distance [θ−; θ+]
for partitions having the same index value; that is to say that two partitions
being respectively at θ− and θ+ transfers from P can have the same index
value.

Contrary to the case n = 10, the values of θ+ − θ− are reasonably small
for the indices of HA, J and Jo. That is to say that high values of these
indices cannot be obtained by distant partitions in terms of transfer.
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Table 2. Largest interval of transfer for partitions having the same index value

R HA J Jo B

θ− 36 45 32 32 9

θ+ 80 62 42 42 75

θ+ − θ− 44 17 10 10 66

We have done the same observations with several other initial partitions.
We can conclude, according to the studied partitions, that the Jaccard and
the Johnson indices are the most accurate to compare close partitions. The
corrected Rand index comes after according to table 5. We also illustrate
that these classical indices are correlated with the small values of the transfer
distance, but only when n is large enough. For small n, the transfer distance
is a much appropriate measure of the closeness of partitions.

Acknowledgements This work is supported by the CNRS ACI IMP-Bio.
We also want to thank B. Fichet and J.P. Barthélemy for their help and
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Abstract. We give some guidelines for the choice and design of dissimilarity mea-
sures and illustrate some of them by the construction of a new dissimilarity measure
between species distribution areas in biogeography. Species distribution data can
be digitized as presences and absences in certain geographic units. As opposed to
all measures already present in the literature, the geco coefficient introduced in the
present paper takes the geographic distance between the units into account. The
advantages of the new measure are illustrated by a study of the sensitivity against
incomplete sampling and changes in the definition of the geographic units in two
real data sets.

1 Introduction

We give some guidelines for the choice and design of dissimilarity measures
(in Section 2) and illustrate some of them by the construction of a new
dissimilarity measure between species distribution areas in biogeography.

Species distribution data can be digitized as presences and absences in
certain geographic units, e.g., squares defined by a grid over a map. In the so-
called R-mode analysis in biogeography, the species are the objects between
which the dissimilarity is to be analyzed, and they are characterized by the
sets of units in which they are present.

More than 40 similarity and dissimilarity measures between distribution
areas have already been proposed in the literature (see Shi, 1993, for 39 of
them). The choice among these is discussed in Section 3.

Somewhat surprisingly, none of these measures take the geographic dis-
tance between the units into account, which can provide useful information,
especially in the case of incomplete sampling of species presences. Section 4
is devoted to the construction of a new dissimilarity coefficient which incor-
porates a distance matrix between units. In most applications this will be the
geographic distance.

Some experiments have been performed on two data sets of species dis-
tribution areas, which explore the high stability of the new measure under
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incomplete sampling and change of the grid defining the units. They are ex-
plained in detail in Hennig and Hausdorf (2005). An overview of their results
is given in Section 5.

2 Some thoughts on the design of dissimilarity
measures

In many situations, dissimilarities between objects cannot be measured di-
rectly, but have to be constructed from some known characteristics of the
objects of interest, e.g. some values on certain variables.

From a philosophical point of view, the assumption of the objective exis-
tence of a “true” but not directly observable dissimilarity value between two
objects is highly questionable. Therefore we treat the dissimilarity construc-
tion problem as a problem of the choice or design of such a measure and not
as an estimation problem of some existing but unknown quantities.

Therefore, subjective judgment is necessarily involved, and the main aim
of the design of a dissimilarity measure is the proper representation of a
subjective or intersubjective concept (usually of subject-matter experts) of
similarity or dissimilarity between the objects. Such a subjective concept may
change during the process of the construction - the decisions involved in such
a design could help the experts to re-think their conceptions. Often the initial
expert’s conceptions cannot even be assumed to be adequately representable
by formulae and numbers, but the then somewhat creative act of defining
such a representation may still have merits. It enables the application of
automatic data analysis methods and can support the scientific discussion by
making the scientist’s ideas more explicit (“objectivating” them in a way).

Note that Gordon (1990) discussed the problem of finding variable weights
in a situation where the researchers are able to provide a dissimilarity matrix
between the objects but not a function to compute these values from the
variables characterizing the objects, in which case the design problem can be
formalized as a mathematical optimization problem. Here we assume that the
researchers cannot (or do not want) to specify all dissimilarity values directly,
but rather are interested in formalizing their general assessment principle,
which we think supports the scientific discourse better than to start from
subjectively assigned numbers.

The most obvious subjective component is the dependence of a dissimi-
larity measure on the research aim. For example, different similarity values
may be assigned to a pair of poems depending on whether the aim is to find
poems from the same author in a set of poems with unknown author or to
assess poems so that somebody who likes a particular poem will presum-
ably also like poems classified as similar. This example also illustrates a less
subjective aspect of dissimilarity design: the quality of the measure with re-
spect to the research aim can often be assessed by observations (such as the
analysis of dissimilarities between poems which are known to be written by
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the same author). Such analyses, as well as the connection of the measure to
scientific knowledge and common sense considerations, improve the scientific
acceptability of a measure.

A starting point for dissimilarity design is the question: “how can the
researcher’s (or the research group’s) idea of the similarity between objects
given a certain research aim be translated into a formally defined function of
the observed object characteristics?”

This requires at first a basic identification of how the observed character-
istics are related to the researcher’s concept. For species distribution areas,
we start with the idea that similarity of two distribution areas is the result
of the origin of the species in the same “area of endemism”, and therefore
distribution areas should be treated as similar if this seems to be plausible.
Eventually, the dissimilarity analysis (using techniques like ordination and
cluster analysis) could provide us with information concerning the historic
process of the spciation (Hausdorf and Hennig, 2003).

It is clear that the dissimilarity measure should become smaller if (given
constant sizes of the areas) the number of units in which both species are
present becomes larger. Further, two very small but disjunct distribution
areas should not be judged as similar just because the number of units in
which both species are not present is large, while we would judge species
present at almost all units as similar even if their few non-occurrences don’t
overlap. This suggests that the number of common absences is much less
important (if it has any importance at all) for dissimilarity judgments than
the number of common presences. The species distribution area problem is
discussed further in the next section.

Here are some further guidelines for the design and “fine-tuning” of dis-
similarity measures.

• After having specified the basic behaviour of the dissimilarity with respect
to certain data characteristics, think about the importance weights of
these characteristics. (Note that variable weights can only be interpreted
as importance weights if the variables are suitably standardized.)

• Construct exemplary (especially extreme) pairs of objects in which it is
clear what value the dissimilarity should have, or at least how it should
compare with some other exemplary pairs.

• Construct sequences of pairs of objects in which one characteristic changes
while others are held constant, so that it is clear how the dissimilarity
should change.

• Think about whether and how the dissimilarity measure could be dis-
turbed by small changes in the characteristics, what behaviour in these
situations would be adequate and how a measure could be designed to
show this behaviour.

• Think about suitable invariance properties. Which transformations of
the characteristics should leave the dissimilarities unchanged (or only
changed in a way that doesn’t effect subsequent analyses, e.g. multiplied
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by a constant)? There may be transformations under which the dissim-
ilarities can only be expected to be approximately unchanged, e.g. the
change of the grid defining the geographic units for species areas.

• Are there reasons that the dissimilarity measure should be a metric (or
have some other particular mathematical properties)?

• The influence of monotone characteristics on the dissimilarity should not
necessarily be linear, but can be convex or concave (see the discussion of
the function u below).

• If the measure should be applied to a range of different situations, it
may be good to introduce tuning constants, which should have a clear
interpretation in terms of the subject matter.

3 Jaccard or Kulczynski coefficient?

We denote species areas as sets A of geographic units, which are subsets of
the total region under study R = {r1, . . . , rk} with k geographic units. |A|
denotes the number of elements in A (size of A).

The presumably most widely used dissimilarity measure in biogeography
is the Jaccard coefficient (Jaccard, 1901)

dJ(A1, A2) = 1− |A1 ∩A2|
|A1 ∪A2| .

This distance has a clear direct interpretation as the proportion of units
present in A1 or A2, but not in both of them. It does not depend on the
number of common absences, which is in accord with the above discussion.

However, there is an important problem with the Jaccard distance. If a
smaller area is a subset of a much larger area, the Jaccard distance tends to
be quite large, but this is often inadequate. For example, if there are k = 306
units (as in an example given below), A ⊂ B, |A| = 4, |B| = 20, we have
dJ (A,B) = 0.8, though both species may have originated in the same area of
endemism. A may only have a worse ability for dispersal than B. We would
judge A as more similar (in terms of our research aims) to B than for example
a species C with |C| = 20, |B ∩C| = 10, but dJ(B,C) = 0.67. The reason is
that the Jaccard denominator |A1 ∪A2| is dominated by the more dispersed
species which therefore has a higher influence on the computation of dJ .

Giving both species the same influence improves the situation, because
|A ∩ B| is small related to |B|, but large related to |A|. This takes into
account differences in the sizes of the species areas to some extent (which is
desirable because very small species areas should not be judged as very similar
to species occupying almost all units), but it is not dominated by them as
strongly as the Jaccard distance. This leads to the Kulczynski coefficient
(Kulczynski, 1927)

dK(A1, A2) = 1− 1

2

( |A1 ∩A2|
|A1| +

|A1 ∩A2|
|A2|

)
,
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for which dK(A,B) = 0.4 and dK(B,C) = 0.5 while the good properties of
the Jaccard coefficient mentioned above are preserved. However, the Jaccard
coefficient is a metric (Gower and Legendre, 1986) while the triangle inequal-
ity is not fulfilled for the Kulczynski coefficient. This can be seen as follows.
Consider D ⊂ B, |D| = 4, |D ∩A| = 0. Then dK(D,B) + dK(B,A) = 0.8 <
dK(A,D) = 1. But this makes some sense. Using only set relations and ig-
noring further geographical information, the dissimilarity between A and D
should be the maximal value of 1 because they are disjunct. On the other
hand, for the reasons given above, it is adequate to assign a small dissimi-
larity to both pairs A,B and B,D, which illustrates that our subject matter
concept of dissimilarity is essentially non-metric. Therefore, as long as we do
not require the triangle inequality for any of the subsequent analyses, it is
more adequate to formalize our idea of dissimilarity by a non-metric mea-
sure. Actually, if we apply a multidimensional scaling algorithm to embed
the resulting dissimilarity matrix in the Euclidean space, such an algorithm
will essentially reduce the distance between A and D in the situation above,
which is satisfactory as well, because now the fact that the common superset
B exists can be taken into account to find out that A and D may have more
in common than it seems from just looking at A∩D. For example, they may
be competitors and therefore not share the same units, but occur in the same
larger area of endemism.

Note that the argument given above is based on the fact that |B| =
20 is much smaller than the whole number of units. This suggests that a
more sophisticated approach may further downweight the relation of |A1 ∩
A2| to the size of the larger area, dependent on the number of common
absences (an extreme and for our aims certainly exaggerated suggestion is

the consideration of 1− |A1∩A2|
|A1| where A1 is the smaller area, see Simpson,

1960).

4 Incorporating geographic distances

Assume now that there is a distance dR defined on R, which usually will
be the geographic distance. Obviously this distance adds some useful infor-
mation. For example, though A and D above are disjunct, the units of their
occurrence could be neighboring, which should be judged as a certain amount
of similarity in the sense of our conception.

Furthermore, small intersections (and therefore large values of both dJ

and dK) between seemingly similar species areas may result from incomplete
sampling or very fine grids.

The motivation for the definition of our new geco coefficient (the name
comes from “geographic distance and congruence”) was that we wanted to
maintain the equal weighting of the species of the Kulczynski coefficient while
incorporating the information given by dR.
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The general definition is

dG(A1, A2) =
1

2

⎛⎜⎜⎝
∑

a∈A1

min
b∈A2

u(dR(a, b))

|A1| +

∑
b∈A2

min
a∈A1

u(dR(a, b))

|A2|

⎞⎟⎟⎠ ,

where u is a monotone increasing transformation with u(0) = 0. To motivate
the geco coefficient, consider for a moment u as the identity function. Then,
dG is the mean of the average geographic distance of all units of A1 to the
respective closest unit in A2 and the average geographic distance of all units
of A2 to the respective closest unit in A1. Thus, obviously, dG(A1, A1) =
0, dG(A1, A2) ≥ 0, dG(A1, A2) = dG(A2, A1) and dG(A1, A2) ≤ maxu(dR).
If u(dR(a, b)) > 0 for a 
= b, then dG(A1, A2) > 0 for A1 
= A2. dG reduces to
the Kulczynski coefficient by taking dR = δ with δ(a, a) = 0, δ(a, b) = 1 if
a 
= b and u as the identity function, because

|A1 ∩A2] =
∑

a∈A1

min
b∈A2

(1− δ(a, b)) =
∑
b∈A2

min
a∈A1

(1− δ(a, b)).

It follows that dG is not generally a metric, though it may become a metric
under certain choices of u and dR (δ is a metric, which shows that demanding
dR to be a metric does not suffice). Given that A and D from the example of
the previous Section are far away from each other and B is present at both
places, the violation of the triangle inequality may still be justified.

Note that for general dR,
∑

a∈A minb∈B(1−dR(a, b)) =
∑

b∈B mina∈A(1−
dR(a, b)) does not hold, and therefore it is favorable for the aim of general-
ization that |A ∩ B| appears in the definition of the Kulczynski coefficient
related to |A| and |B|. A corresponding generalization of the Jaccard distance
would be less intuitive.

The identity function may be reasonable as a choice for u in particu-
lar situations, but often it is not adequate. Consider as an example dR as
geographic distance, and consider distribution areas A, B, C and D all oc-
cupying only a single geographic unit, where the unit of A is 10 km distant
from B, 5000 km distant from C and 10000 km distant from D. Then, if u
is the identity function, the geco distances from A to B, C and D are 10,
5000 and 10000, thus distribution area D is judged as twice as different from
A than C. But while in many circumstances a small geographic distance is
meaningful in terms of the similarity of distribution areas (because species
may easily get from one unit to another close unit and there may be similar
ecological conditions in close units, so that species B is in fact similar to A),
the differences between large distances are not important for the similarity
between species areas and units which are 5000 and 10000 km away from
A may both simply not be in any way related to the unit of A. Thus, we
suggest for geographical distances a transformation u that weights down the
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differences between large distances. A simple choice of such a transformation
is the following:

u(d) = uf (d) =

{
d

f∗max dR
: d ≤ f ∗max dR

1 : d > f ∗max dR
, 0 ≤ f ≤ 1.

That is, uf is linear for distances smaller than f times the diameter (max-
imum geographical distance) of the considered region R, while larger geo-
graphical distances are treated as “very far away”, encoded by uf = 1. This
yields max dG = maxu(dR) = 1, makes the geco coefficient independent of
the scaling of the geographical distances (kilometers, miles etc.) and directly
comparable to the Kulczynski distance. In fact, f = 0 (or f chosen so that
f∗maxdR is smaller than the minimum nonzero distance in R) yields the Kul-
czynski distance, and f = 1 is equivalent to u chosen as the identity function
scaled to a maximum of 1. f should generally be chosen so that f ∗max dR can
be interpreted as the minimal distance above which differences are no longer
meaningful with respect to the judgment of similarity of species. We suggest
f = 0.1 as a default choice, assuming that the total region under study is
chosen so that clustering of species may occur in much smaller subregions,
and that relevant information about a particular unit (e.g., about possible
incomplete sampling) can be drawn from a unit which is in a somewhat close
neighborhood compared to the whole area of the region. f = 0.1 has been
used in both experiments below. A larger f may be adequate if the region
under study is small, a smaller f may be used for a very fine grid.

There are alternatives to the choice of u that have a similar effect, e.g.,
u(d) = log(f ∗ d + 1). However, with this transformation, f would be more
difficult to choose and to interpret.

The geco coefficient may be used together with more sophisticated mea-
sures dR quantifying for example dissimilarities with respect to ecological
conditions between units or “effective distances” taking into account geo-
graphical barriers such as mountains.

5 Experiments with the geco coefficient

We carried out two experiments to explore the properties of the geco coeffi-
cient and to compare it with the Kulczynski coefficient. Full descriptions and
results can be found in Hennig and Hausdorf (2005).

The first experiment considers the sensitivity against incomplete sam-
pling. The data set for this experiment includes the distribution of 366 land
snail species on 306 grid squares in north-west Europe. The data set has been
compiled from the distribution maps of Kerney et al. (1983). These maps are
interpolated, i.e., presences of a species have been indicated also for grid
squares in which it might have not been recorded so far, but where it is prob-
ably present, because it is known from the surrounding units. Therefore this



36 Hennig and Hausdorf

data set is artificially “complete” and especially suitable to test the effect of
incomplete sampling on biogeographical analyses.

To simulate incomplete sampling, every presence of a species in a geo-
graphic unit given in the original data set has been deleted with a prob-
ability P (which we chose as 0.1, 0.2 and 0.3 in different simulations; 100
replications have been performed for all setups) under the side condition
that every species is still present in the resulting simulated data. To compare
the Kulczynski distance and the geco coefficient, we computed the Pearson
correlation between the vector of dissimilarities between species in the origi-
nal data set and the vector of dissimilarities between species in the simulated
data set. We also carried out a non-metric MDS and a cluster analysis based
on normal mixtures (see Hennig and Hausdorf, 2005, for the whole method-
ology) and compared the solutions from the contaminated data sets with the
original solutions by means of a Procrustes-based coefficient (Peres-Neto and
Jackson, 2001) and the adjusted Rand index (Hubert and Arabie, 1985).

In terms of Pearson correlations to the original data set, the geco coeffi-
cient yielded mean values larger than 0.975 for all values of P and outper-
formed the Kulczynski coefficient on all 300 simulated data sets. The results
with respect to the MDS and the clustering pointed into the same direc-
tion. The tightest advantage for the geco coefficient was that its clusterings
obtained a better Rand index than Kulczynski “only” in 78 out of 100 sim-
ulations for P = 0.1.

The second experiment explores the sensitivity against a change of the
grid. The data set for this experiment includes the distribution of 47 weevil
species in southern Africa. We used a presence/absence matrix for 2 degree
latitude x 2 degree longitude grid cells as well as a presence/absence matrix
for 1 degree latitude x 1 degree longitude grid cells, both given by Mast and
Nyffeler (2003).

Hausdorf and Hennig (2003) analyzed the biotic element (species area
cluster) composition of the weevil genus Scobius in southern Africa using
Kulczynski distances. The results obtained with a 1 degree grid differed con-
siderably from those obtained with a 2 degree grid. On the coarser 2 degree
grid, a more clear clustering and more seemingly meaningful biotic elements
have been found, though the finer grid in principle provides more precise in-
formation. Hausdorf and Hennig (2003) suggested that “If the grid used is
too fine and the distribution data are not interpolated, insufficient sampling
may introduce artificial noise in the data set”.

If the 1 degree grid is analysed with the geco coefficient, the structures
found on the 2 degree grid by geco and Kulczynski coefficients can be repro-
duced and even a further biotic element is found. The geco analyses on both
grids are much more similar to each other (in terms of Pearson correlation,
Procrustes and adjusted Rand index) than the two Kulczynski analyses.
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6 Conclusion

We discussed and introduced dissimilarity measures between species distri-
bution areas. We used some techniques that are generally applicable to the
design of dissimilarity measures, namely the construction of archetypical ex-
treme examples, the analysis of the behaviour under realistic transformations
or perturbations of the data and the introduction of nonlinear monotone
functions and clearly interpretable tuning constants to reflect the effective
influence of some characteristics of the data.
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Abstract. The obtention of a set of homogeneous classes of pages according to
the browsing patterns identified in web server log files can be very useful for the
analysis of organization of the site and of its adequacy to user needs. Such a set
of homogeneous classes is often obtained from a dissimilarity measure between the
visited pages defined via the visits extracted from the logs. There are however many
possibilities for defined such a measure. This paper presents an analysis of different
dissimilarity measures based on the comparison between the semantic structure of
the site identified by experts and the clustering constructed with standard algo-
rithms applied to the dissimilarity matrices generated by the chosen measures.

1 Introduction

Maintaining a voluminous Web site is a difficult task, especially when it
results from the collaboration of several authors. One of the best way to con-
tinuously improve the site consists in monitoring user activity via the analysis
of the log file of the server. To go beyond simple access statistics provided by
standard web log monitoring software, it is important to understand brows-
ing behaviors. The (dis)agreement between the prior structure of the site (in
terms of hyperlinks) and the actual trajectories of the users is of particular
interest. In many situations, users have to follow some complex paths in the
site in order to reach the pages they are looking for, mainly because they
are interested in topics that appeared unrelated to the creators of the site
and thus remained unlinked. On the contrary, some hyperlinks are not used
frequently, for instance because they link documents that are accessed by
different user groups.

One way to analyze browsing patterns is to cluster the content of the Web
site (i.e., web pages) based on user visits extracted from the log files. The
obtained clusters consist in pages that tend to be visited together and thus
share some semantic relationship for the users. However, visits are complex
objects: one visit can be, for example, the time series of requests sent by
an user to the web server. The simplest way to cluster web pages on the
server based on the visits is to define a dissimilarity between pages that take
into account the way pages appear in the visits. The main problem with this
approach is to choose a meaningful dissimilarity among many possibilities.



40 Rossi et al.

In this article, we propose a benchmark site to test dissimilarities. This
small site (91 pages) has a very well define semantic content and a very
dense hyperlink structure. By comparing prior clusters designed by experts
according to the semantic content of the site to clusters produced by standard
algorithms, we can assess the adequacy of different dissimilarities to the web
usage mining (WUM) task described above.

2 Web usage data

2.1 From log files to visits

Web usage data are extracted from web server log files. A log file consists in
a sequence of request logs. For each request received by the server, the log
contains the name of the requested document, the time of the request, the
IP address from where the request originates, etc. Log files are corrupted by
many sources of noise: web proxies, browser caches, shared IP, etc. Different
preprocessing methods, such as the ones described in Tanasa and Trousse
(2004), allow to extract reliably visits from log files: a visit is a sequence of
requests to a web server coming from an unique user, with at most 30 minutes
between each request.

While the time elapsed between two requests of a visit is an important
information, it is also quite noisy, mainly because the user might be disturbed
while browsing or might doing several tasks at a time. In this paper, we don’t
take into account the exact date of a request. A visit consists therefore in a
list of pages of the site in which the order of the pages is important.

2.2 Usage guided content analysis

As explained in the introduction, our goal is to cluster pages of a site by using
the usage data. We have therefore to describe the pages via the visits. Let us
consider the simple case of a web site with 4 pages, A, B, C and D. Let us
define two visits, v1 = (A,B,A,C,D) and v2 = (A,B,C,B). The visits can
be considered as variables that can be used to describe the pages (which are
the individuals). A possible representation of the example data set is given
by the following way:

v1 v2

A {1, 3} {1}
B {2} {2, 4}
C {4} {3}
D {5} ∅

In this representation, the cell at row p and column v contains the set of the
position of page p in navigation v. While this representation does not loose
any information, compared to the raw data, it is quite difficult to use, as the
variables don’t have numerical values but variable size set values. Moreover,
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for voluminous web sites, the table is in general very sparse as most of the
visits are short, regardless of the size of the web site.

2.3 Dissimilarities

Our solution consists in combining some data transformation methods with
some dissimilarity measure in order to build a dissimilarity matrix for the
pages. One of the simplest solutions is to map each set to a binary value, 0
for an empty set and 1 in the other case (then cell (p, v) contains 1 if and only
if visit v contains at least one occurrence of page p). Many (dis)similarity
measures have been defined for binary data (see e.g. Gower and Legendre
(1986)). For WUM, the Jaccard dissimilarity is quite popular (see e.g. Foss,
Wang, and Zäıane (2001)). It is given by

dJ(pi, pj) =
|{k|nik 
= njk}|

|{k|nik 
= 0 ou njk 
= 0}| , (1)

where nik = 1 if and only if visit vk contains page pi and where |A| denotes
the size of set A.

For the Jaccard dissimilarity, two pages may be close even if one page
appears many times in any visit whereas the other one only appears once
in the considered visits. This is a direct consequence of the simple binary
transformation. Using a integer mapping allows to keep more information:
rather than using nik, we rely on mik defined as the number of occurrences
of page pi in visit vk. Among the numerous dissimilarities available for integer
valued data table, we retained the cosine and the tf×idf ones. Cosine is defined
by

dcos(pi, pj) = 1−
∑N

k=1 mikmjk√(∑N
k=1 m

2
ik

)(∑N
k=1 m

2
jk

) , (2)

where N is the number of visits. The other dissimilarity is inspired by text
mining: tf×idf takes into account both the relative importance of one visit
for the page but also the length of the visit. A long visit goes through many
pages and the information provided on each page is less specific than for a
short visit. The dissimilarity is given by

dtf×idf(pi, pj) = 1−
N∑

k=1

wikwjk, (3)

with

wik =
mik log P

Pk√∑N
l=1 m

2
il log

(
P
Pl

)2
, (4)

where P is the number of pages and Pk the number of distinct pages in visit
vk (see for instance Chen(1998)).
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3 Comparison of dissimilarities

3.1 Benchmark Web site

Comparison between dissimilarities is conducted via a benchmark web site.
We have chosen the site of the CIn, the laboratory of two of the authors. The
site consists in dynamic web pages, implemented by servlets. The URLs of the
pages are very long (more than one hundred characters) and not very easy to
remember, as they corresponds to programmatic call to the servlets. Because
of this complexity, we assume that most of the users will start browsing by
the first main page of the site and then navigate thanks to the hyperlinks.

The site is quite small (91 pages) and very well organized in a tree with
depth 5. Most of the content lies in the leafs of the tree (75 pages) and
internal nodes have mostly a navigation and organization role. The hyperlink
structure is very dense. A navigation menu appears on each page: it contains
a link to the main page and to the 10 first level pages, as well as a link to the
parents of the current page and to its siblings in the tree. There is sometimes
up to 20 links in the menu which seems too complex in this situation.

The web log ranges from June 26th 2002 to June 26th 2003. This corre-
sponds to 2Go of raw data from which 113 784 visits are extracted.

3.2 Reference semantic

We have classified the content of the site into 13 classes of pages, based on
their content. Dissimilarity are compared by building clusters with a cluster-
ing algorithm and by comparing the obtained classes to the reference classes.
As some of the classes are quite small (see Table 1), we also consider a prior
clustering into 11 classes, where classes 9, 10 and 11 of the 13 classes partition
are merged (they contain documents for graduate students).

Table 1. Size of the prior classes

1 2 3 4 5 6 7

Publications Research Partners Undergraduate Objectives Presentation Directory

8 9 10 11 12 13

Team Options Archives Graduate News Others

4 Results

4.1 Partition quality assessment

To compare the dissimilarities presented in section 2.3, we produce homo-
geneous classes of pages, then we compare these classes with those result-
ing from the expert analysis on the site reference. For classification, we use
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a k-means like algorithm adapted to dissimilarity data (see Kaufman and
Rousseeuw (1987)) and a standard hierarchical clustering based on average
linkage.

To analyze the results, we use two criteria. The first algorithm works
with a user specified number of classes. We compare the obtained partition
with the prior partition thanks to the corrected Rand index (see Hubert and
Arabie (1985)). It takes values in [−1, 1] where 1 corresponds to a perfect
agreement between partitions, whereas a value equal or below 0 corresponds
to completely different partition.

For the hierarchical clustering, we monitor the evolution of the F measure
(see van Rijsbergen (1979)) associated to each prior class with the level of
the cut in the dendrogram: the F measure is the harmonic mean of the
precision and the recall, i.e. respectively of the percentage of elements in the
obtained class that belong to the prior class and the percentage of the prior
class retrieved in the obtained class. This method allows seeing if some prior
classes can be obtained thanks to the clustering algorithm without specifying
an arbitrary number of classes. In a sense this analysis can reveal specific
weaknesses or skills of dissimilarities by showing whether they can discover
a specific class.

4.2 Dynamic clustering

The dynamic clustering algorithm requires a prior number of classes. To limit
the effects of this choice, we study the partitions produced for a number of
classes from 2 to 20. The results are summarized in Table 2.

Table 2. Dynamic clustering results

Dissimilarity Rand index Found classes min F mesure

Jaccard 0.5698 (9 classes) 6 0.4444

Tf×idf 0.5789 (16 classes) 7 0.5

Cosinus 0.3422 (16 classes) 4 0.3

For a global analysis (corrected Rand index), we indicate the size of the
partition which maximizes the criterion. It is clear that tf×idf and Jaccard
give rather close results (slightly better for the first one), whereas cosine
obtains very unsatisfactory results. For a detailed analysis, we search to each
prior class a corresponding class (by means of the F measure) in the set of
classes produced while varying the size of the partition from 2 to 20. We
indicate the number of perfectly found classes and the worst F measure for
the not found classes. The tf×idf measure seems to be the best one. The
classes perfectly found by other dissimilarities are also obtained by tf×idf
(which finds classes 3, 4, 5, 7, 8, 9 and 12). However, we can notice that the



44 Rossi et al.

perfectly found classes are in different partitions, which explains the relatively
bad Rand indices, compared to the results class by class.

4.3 Hierarchical clustering

We carry out the same analysis for the case of hierarchical classification. We
vary here the number of classes by studying all the levels of possible cut in
the dendrogramme. We obtain the results summarized in Table 3.

Table 3. Hierarchical clustering results

Dissimilarity Rand index Found classes min F mesure

Jaccard 0.6757 (11 classes) 3 0.5

Tf×idf 0.4441 (15 classes) 3 0.4

Cosinus 0.2659 (11 classes) 5 0.4

In general, we can notice a clear domination of Jaccard and an improve-
ment of the results for this one. The criterion of the average link used here,
as well as the hierarchical structure, seems to allow a better exploitation of
the Jaccard dissimilarity, whereas the results are clearly degraded for other
measures. The results class by class are more difficult to analyze and seem
not to depend on measure. However, the satisfactory performances of tf×idf
and cosine correspond to a good approximation of the classes for very dif-
ferent cutting levels in the dendrogramme: it is thus not possible to obtain
with these measures a good recovery of the set of classes, whereas Jaccard is
overall better.

5 Discussion

Overall, the Jaccard dissimilarity appears to be the best one for recovering
the prior clusters from the usage data. The tf×idf dissimilarity gives also
satisfactory results, while the cosine measure fails to recover most of the prior
structure. It is important however to balance the obtained results according
to the way prior clusters were designed.

The organization of the CIn web site is a bit peculiar because of the
generalization of navigation pages. Class 6, for instance, contains 8 pages
that describe the CIn; class 5 contains 6 pages that describe the objectives
of the CIn. One of the page of class 5 acts as an introductory page to the
detailed presentations of the objectives, sorted into the 5 other pages. This
introduces two problems: 1) this page acts as a bridge between the general
description of the CIn and the detailed description of its objectives 2) there is
no simple way to avoid this page and yet to access to the description of CIn’s
objectives. The decision to put this page in the prior class 5 has some effect
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on the Jaccard dissimilarity. Indeed, as there is no simple way to view other
pages of class 5 without viewing the bridge page, the Jaccard dissimilarity will
tend to consider that the bridge page is close to the other pages. Moreover,
as there is no way to reach the bridge page without viewing the main page
of the description of the CIn, the Jaccard dissimilarity will have difficulties
to separate class 5 from class 6. More generally, the tree structure of the
CIn’s web site and the navigation (or bridge) pages are quite difficult to
handle for the Jaccard dissimilarity. It appears for instance that if we cut the
dendrogram constructed via this dissimilarity in order to obtain 13 classes,
we face problems that seem to be directly related to the organization of the
site. For instance, class 5 and class 6 are merged into one cluster, except for
two pages of class 6: the first of those pages is the general presentation of
the CIn (a bridge page from the main page to presentation pages) and the
localization page that gives instruction to reach the CIn (this page can be
accessed directly from the main page).

Tf×idf is less sensitive to this type of problem. The 13 classes obtained
from the hierarchical clustering contain one class for all pages of class 5
together with one page from class 6 (a page that describes the mission of the
CIn) and another class with all the remaining pages from class 6. However,
tf×idf suffers from the reduction of the relevance of long visits induced by its
definition. Some pages with a low number of visits tend to appear in longer
visits, from people that try to get a general view of the CIn. Clustering tends
therefore to produce small classes of pages unrelated to other pages, and then
to merge those classes in a quite meaning less.

The case of the cosine dissimilarity is far less clear. That bad results seem
to be linked the early creation (in the hierarchical clustering) of a big cluster
that mix pages from the research part of CIn’s site to the pages for graduate
students. The dissimilarity appears to be dominated by some long visits that
tend to go through all the pages of the site. The exact source of the limitations
of the cosine dissimilarity are still under investigation, however.

It is clear that it would be interesting to investigate how to modify the
weighting in the tf×idf to get results closer to the one of Jaccard, will keeping
the correct behavior in some circumstances. It seems also important to find a
way to take into account both the structure of the site and the visits, because
the global organization of the visits seem to be dominated by the structure:
it would therefore be interesting to emphasize “surprising” co-occurrence of
pages in a visit rather than considering all co-occurrences equality.

6 Conclusion

The results presented here give interesting insight on the adequacy of three
dissimilarity measures to a clustering problem related to Web Usage Mining.
While they tend to support earlier results of Foss, Wang, and Zäıane (2001)
that consider the Jaccard dissimilarity to be well adapted to this type of
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problem, they also show that the design of the benchmark and the structure
of the reference web site can have strong impact on the outcome of the com-
parison. Further works include the comparison the chosen dissimilarities on
other prior clustering of the reference web site as well as an analysis of the
effect of the dissimilarities on the results of other clustering algorithm, such
as an adapted version of Kohonen’s Self Organized Map, as used in Rossi,
El Golli, and Lechevallier (2005).
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Abstract. This paper gives an overview of shape dissimilarity measure properties,
such as metric and robustness properties, and of retrieval performance measures.
Fifteen shape similarity measures are shortly described and compared. Their re-
trieval results on the MPEG-7 Core Experiment CE-Shape-1 test set as reported
in the literature and obtained by a reimplementation are compared and discussed.

1 Introduction

Large image databases are used in an extraordinary number of multimedia
applications in fields such as entertainment, business, art, engineering, and
science. Retrieving images by their content, as opposed to external features,
has become an important operation. A fundamental ingredient for content-
based image retrieval is the technique used for comparing images. It is known
that human observers judge images as similar if they show similar objects.
Therefore, similarity of objects in images is a necessary component of any
useful image similarity measure. One of the predominant features that deter-
mine similarity of objects is shape similarity.

There exist a large variety of approaches to define shape similarity mea-
sures of planar shapes, some of which are listed in the references. Since an
objective comparison of their qualities seems to be impossible, experimental
comparison is needed. The Motion Picture Expert Group (MPEG), a working
group of ISO/IEC (see http://www.chiariglione.org/mpeg/) has defined
the MPGE-7 standard for description and search of audio and visual content.
A region based and a contour based shape similarity method are part of the
standard. The data set created by the MPEG-7 committee for evaluation
of shape similarity measures (Bober et al. (1999), Latecki, Lakaemper and
Eckhardt (2000)) offers an excellent possibility for objective experimental
comparison of the existing approaches evaluated based on the retrieval rate.
The shapes were restricted to simple pre-segmented shapes defined by their
outer closed contours. The goal of the MPEG-7 Core Experiment CE-Shape-
1 was to evaluate the performance of 2D shape descriptors under change of
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a view point with respect to objects, non-rigid object motion, and noise. In
addition, the descriptors should be scale and rotation invariant.

2 Properties

In this section we list a number of possible properties of similarity measures.
Whether or not specific properties are desirable will depend on the particular
application, sometimes a property will be useful, sometimes it will be unde-
sirable. A shape dissimilarity measure, or distance function, on a collection
of shapes S is a function d : S × S → R. The following conditions apply to
all the shapes A, B, or C in S.

1 (Nonnegativity) d(A,B) ≥ 0.

2 (Identity) d(A,A) = 0 for all shapes A.

3 (Uniqueness) d(A,B) = 0 implies A = B.

4 (Strong triangle inequality) d(A,B) + d(A,C) ≥ d(B,C).

Nonnegativity (1) is implied by (2) and (4). A distance function satisfying
(2), (3), and (4) is called a metric. If a function satisfies only (2) and (4),
then it is called a semimetric. Symmetry (see below) follows from (4). A more
common formulation of the triangle inequality is the following:

5 (Triangle inequality) d(A,B) + d(B,C) ≥ d(A,C).

Properties (2) and (5) do not imply symmetry.

Similarity measures for partial matching, giving a small distance d(A,B) if
a part of A matches a part of B, in general do not obey the triangle inequality.
A counterexample is the following: the distance from a man to a centaur
is small, the distance from a centaur to a horse is small, but the distance
from a man to a horse is large, so d(man, centaur) + d(centaur, horse) ≥
d(man, horse) does not hold. It therefore makes sense to formulate an even
weaker form:

6 (Relaxed triangle inequality) c(d(A,B) + d(B,C)) ≥ d(A,C), for some
constant c ≥ 1.

7 (Symmetry) d(A,B) = d(B,A).

Symmetry is not always wanted. Indeed, human perception does not always
find that shape A is equally similar to B, as B is to A. In particular, a variant
A of prototype B is often found more similar to B than vice versa.

8 (Invariance) d is invariant under a chosen group of transformations G if
for all g ∈ G, d(g(A), g(B)) = d(A,B).



Properties and Performances of Shape Similarity Measures 49

For object recognition, it is often desirable that the similarity measure is
invariant under affine transformations.

The following properties are about robustness, a form of continuity. They
state that a small change in the shapes lead to small changes in the dissimi-
larity value. For shapes defined in R

2 we can require that an arbitrary small
change in shape leads to an arbitrary small in distance, but for shapes in Z

2

(raster images), the smallest change in distance value can be some fixed value
larger than zero. We therefore speak of an ‘attainable ε > 0’.

9 (Deformation robustness) For each attainable ε > 0, there is an open
set F of homeomorphisms sufficiently close to the identity, such that
d(f(A), A) < ε for all f ∈ F .

10 (Noise robustness) For shapes in R
2, noise is an extra region anywhere in

the plane, and robustness can be defined as: for each x ∈ (R2 − A), and
each attainable ε > 0, an open neighborhood U of x exists such that for
all B, B − U = A − U implies d(A,B) < ε. When we consider contours,
we interpret noise as an extra region attached to any location on the
contour, and define robustness similarly.

3 Performance

First we shortly describe the settings of the MPEG-7 Core Experiment CE-
Shape-1. The core experiment was divided into part A: robustness to scaling
(A1) and rotation (A2), part B: performance of the similarity-based retrieval,
and part C: robustness to changes caused by non-rigid motion.

Fig. 1. Some shapes used in MPEG-7
Core Experiment CE-Shape-1 part B.

device9-5 device9-2

fly-13 fly-1 fly-14

guitar-1 spoon-12 key-16spoon-17

fly-5

device9-6 device9-15

Fig. 2. The shapes with the same
name prefix belong to the same class.

Part A can be regarded as a useful condition that every shape descriptor
should satisfy. The main part is part B, where a set of semantically classified
images with a ground truth is used. Part C can be viewed as a special case of
part B. Here also the performance of the similarity-based retrieval is tested,
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but only the deformation due to non-rigid motion is considered. Only one
query shape is used for part C.

The test set consists of 70 different classes of shapes, each class containing
20 similar objects, usually (heavily) distorted versions of a single base shape.
The whole data set therefore consists of 1400 shapes. For example, each row
in Fig. 1 shows four shapes from the same class.

We focus our attention on the performance evaluation of shape descriptors
in experiments established in Part B of the MPEG-7 CE-Shape-1 data set
(Bober et al. (1999)). Each image was used as a query, and the retrieval
rate is expressed by the so called Bull’s Eye Percentage (BEP): the fraction
of images that belong to the same class in the top 40 matches. Since the
maximum number of correct matches for a single query image is 20, the total
number of correct matches is 28000.

Strong shape variations within the same classes make that no shape sim-
ilarity measure achieves a 100% retrieval rate. E.g., see the third row in Fig.
1 and the first and the second rows in Fig. 2. The third row shows spoons
that are more similar to shapes in different classes than to themselves.

Fig. 3. SIDESTEP interface.

To compare the performance of similarity measures, we built the frame-
work SIDESTEP – Shape-based Image Delivery Statistics Evaluation Project,
http://give-lab.cs.uu.nl/sidestep/. Performance measures such as the
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number of true/false positives, true/false negative, specificity, precision, re-
call, negative predicted value, relative error, k-th tier, total performance, and
Bull’s Eye Percentage can be evaluated for a single query, over a whole class,
or over a whole collection, see Fig. 3.

4 Shape similarity measures

In this section we list several known shape similarity measures and summarize
some properties and their performance in Table 1 on the MPEG-7 CE-Shape-
1 part B data set. The discussion of the results follows in Section 5.

Shape context (Belongie, Malik and Puzicha (2002)) is a method that
first builds a shape representation for each contour point, using statistics of
other contour points ‘seen’ by this point in quantized angular and distance
intervals.

The obtained view of a single point is represented as a 2D histogram
matrix. To compute a distance between two contours, the correspondence of
contour points is established that minimizes the distances of corresponding
matrices.

Image edge orientation histogram (Jain and Vailaya (1996)) is built by
applying an edge detector to the image, then going over all pixels that lie on
an edge, and histogramming the local tangent orientation.

Hausdorff distance on region is computed in the following way. First a
normalization of the orientation is done by computing the principal axes of all
region pixels, and then rotating the image so that the major axis is aligned
with the positive x-axis, and the minor axis with the positive y-axis. The
scale is normalized by scaling the major axes all to the same length, and the
y-axes proportionally. Then the Hausdorff distance between the sets A and
B of region pixels is computed: the maximum of all distances of a pixel from
A to B, and distances of a pixel from B to A. The Hausdorff distance has
been used for shape retrieval (see for example Cohen (1995)), but we are not
aware of experimental results on the MPEG-7 Core Experiment CE-Shape-1
test set reported in the literature.

Hausdorff distance on contour is computed in the same way, except that
it is based on set of all contour pixels instead of region pixels.

Grid descriptor (Lu and Sajjanhar (1999)) overlays the image with a coarse
grid, and assigns a ‘1’ to a grid cell when at least 15% of the cell is covered by
the object, and a ‘0’ otherwise. The resulting binary string is then normalized
for scale and rotation. Two grid descriptors are compared by counting the
number of different bits.

Fourier descriptors are the normalized coefficients of the Fourier transfor-
mation, typically applied to a ‘signal’ derived from samples from the contour,
such as the coordinates represented by complex numbers. Experiments have
shown that the centroid distance function, the distance from the contour to
the centroid, is a signal that works better than many others (Zhang and Lu
(2003)).
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Distance set correspondence (Grigorescu and Petkov (2003)) is similar
to shape contexts, but consists for each contour point of a set of distances
to N nearest neighbors. Thus, in contrast to shape contexts, no angular
information but only local distance information is obtained. The distance
between two shapes is expressed as the cost of a cheapest correspondence
relation of the sets of distance sets.

Delaunay triangulation angles are used for shape retrieval in Tao and
Grosky (1999) by selecting high curvature points on the contour, and making
a Delaunay triangulation on these points. Then a histogram is made of the
two largest interior angles of each of the triangles in the triangulation. The
distance between two shapes is then simply the L2-distances between the
histograms.

Deformation effort (Sebastian, Klien and Kimia (2003)) is expressed as
the minimal deformation effort needed to transform one contour into the
other.

Curvature scale space (CSS) (Mokhtarian and Bober (2003)) is included
in the MPEG-7 standard. First simplified contours are obtained by convo-
lution with a Gaussian kernel. The arclength position of inflection points
(x-axis) on contours on every scale (y-axis) forms so called Curvature Scale
Space (CSS) curve. The positions of the maxima on the CSS curve yield the
shape descriptor. These positions when projected on the simplified object
contours give the positions of the mid points of the maximal convex arcs
obtained during the curve evolution. The shape similarity measure between
two shapes is computed by relating the positions of the maxima of the cor-
responding CSS curves.

Convex parts correspondence (Latecki and Lakaemper (2000)) is based
on an optimal correspondence of contour parts of both compared shapes. The
correspondence is restricted so that at least one of element in a corresponding
pair is a maximal convex contour part. Since the correspondence is computed
on contours simplified by a discrete curve evolution (Latecki and Lakaemper
(1999)), the maximal convex contour parts represent visually significant shape
parts. This correspondence is computed using dynamic programming.

Contour-to-centroid triangulation (Attalla and Siy (2005)) first picks
the farthest point from the centroid of the shape and use it as the start
point of segmenting the contour. It then divides the contour into n equal
length arcs, where n can be between 10 and 75, and considers the triangles
connecting the endpoints of these arcs with the centroid. It builds a shape
descriptor by going clockwise over all triangles, and taking the left interior
contour angle, the length of the left side to the centroid, and the ratio contour
segment length to contour arc length. To match two descriptors, the triangle
parameters are compared to the correspond triangle of the other descriptor,
as well as to its left and right neighbor, thereby achieving some form of elastic
matching.
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Contour edge orientation histogram are built by going over all pixels
that lie on object contours, and histogramming the local tangent orientation.
It is the same as the ‘image edge orientation histogram’, but then restricted
to pixels that lie on the object contour.

Chaincode nonlinear elastic matching (Cortelazzo et al. (1994)) rep-
resents shape in images as a hierarchy of contours, encoded as a chaincode
string: characters ‘0’ to ‘7’ for the eight directions travelling along the con-
tour. Two images are compared by string matching these chaincode strings.
Various different string matching methods are possible, we have taken the
‘nonlinear elastic matching’ method.

Angular radial transform (ART) is a 2-D complex transform defined on
a unit disk in polar coordinates. A number of normalized coefficients form
the feature vector. The distance between two such descriptors is simply the
L1 distance. It is a region-based descriptor, taking into account all pixels
describing the shape of an object in an image, making it robust to noise. It
is the region-based descriptor included in the MPEG-7 standard (Salembier
and Sikora (2002)).

Table 1. Performances and properties of similarity measures.

method unique deform noise BEP BEP
reported reimpl

Shape context + + + 76.51
Image edge orientation histogram − + + 41
Hausdorff region + + − 56
Hausdorff contour + + + 53
Grid descriptor − + + 61
Distance set correspondence + + + 78.38
Fourier descriptor − + + 46
Delaunay triangulation angles − − − 47
Deformation effort + + + 78.18
Curvature scale space − + + 81.12 52
Convex parts correspondence − + + 76.45 ∼
Contour-to-centroid triangulation − − − 84.33 79
Contour edge orientation histogram − + + 41
Chaincode nonlinear elastic matching + + + 56
Angular radial transform + + + 70.22 53

5 Discussion

The Angular radial transform, the grid descriptor, the ‘Hausdorff region’,
and image edge orientation histogram are region based methods, all others
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work only for shapes defined by a single contour. Naturally, the region based
methods can also be applied to contour shapes.

Even though invariance under transformations is not always a property
of the base distance, such as the Hausdorff distance, it can be easily obtained
by a normalization of the shape or image, as many of the methods do.

Table 1 tabulates a number of properties and performances of the similar-
ity measures listed in section 4. The column ‘unique’ indicates whether (+)
or not (−) the method satisfies the uniqueness property, ‘deform’ indicates
deformation robustness, ‘noise’ indicates robustness with respect to noise,
‘BEP reported’ lists the Bull’s Eye Percentage reported in the literature,
‘BEP reimpl’ lists the BEP of the reimplementations (performed by master
students) plugged into SIDESTEP. The symbol ∼ indicates that the method
is of one of the authors.

Methods that are based on sampling, histogramming, or other reduction
of shape information do not satisfy the uniqueness property: by throwing
away information, the distance between two shapes can get zero even though
they are different.

The methods that are based on angles, such as the ‘Contour-to-centroid
triangulation’ and ‘Delaunay triangulation angles’ methods, are not robust
to deformation and noise, because a small change in the shape can lead to a
large change in the triangulation.

The Hausdorff distance on arbitrary sets is not robust to noise (an extra
region anywhere in the plane), and therefore also not for regions. However,
for contours, we interpret noise as an extra point attached to any contour
location. As a result the Hausdorff distance on contours is robust to noise.

Fourier descriptors have been reported to perform better than CSS (Zhang
and Lu (2003)), but the comparison has not been done in terms of the Bull’s
Eye Percentage.

It is remarkable that the ‘Contour-to-triangulation’ does not satisfy, the-
oretically, uniqueness and robustness properties, while in practice it performs
so well. This is explained by the fact that the method does not satisfy the
property for all shapes, while the performance is measured only on a limited
set of shapes, where apparently the counterexamples that prevent the method
from obeying the property simply don’t occur.

The difference between the Bull’s Eye Percentages of the method as re-
ported in the literature and the performances of the reimplement methods
is significant. Our conjecture is that this is caused by the following. Firstly,
several methods are not trivial to implement, and are inherently complex.
Secondly, the description in the literature is often not sufficiently detailed to
allow a straightforward implementation. Thirdly, fine tuning and engineering
has a large impact on the performance for a specific data set. It would be
good for the scientific community if the reported test results are made repro-
ducible and verifiable by publishing data sets and software along with the
articles.
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The most striking differences between the performances reported in the
literature and obtained by the reimplementation are the ones that are part
of the MPEG-7 standard: the Curvature Scale Space and the Angular Radial
Transform. In the reimplementation of both methods we have followed closely
the precise description in the ISO document (Yamada et al. (2001)), which
is perhaps less tweaked towards the specific MPEG-7 Core Experiment CE-
Shape-1 test set.

The time complexity of the methods often depends on the implementa-
tion choices. For example, a naive implementation of the Hausdorff distance
inspects all O(N2) pairs of points, but a more efficient algorithm based on
Voronoi Diagrams results in a time complexity of O(N logN), at the expense
of a more complicated implementation.
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Classification and Clustering
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Abstract. Boxplots are well-known exploratory charts used to extract meaningful
information from batches of data at a glance. Their strength lies in their ability to
summarize data retaining the key information, which also is a desirable property of
symbolic variables. In this paper, boxplots are presented as a new kind of symbolic
variable. In addition, two different approaches to measure distances between boxplot
variables are proposed. The usefulness of these distances is illustrated by means of
a hierarchical clustering of boxplot data.

1 Introduction

Symbolic data analysis (SDA) proposes an alternative approach to deal with
large and complex datasets as it allows the summary of these datasets into
smaller and more manageable ones retaining the key knowledge. In a symbolic
dataset, items are described by symbolic variables such as lists of (categorical
or quantitative) values, intervals and distributions (Bock and Diday (2000)).
However, new types of symbolic variables can be considered.

We believe that boxplots (henceforth BPs) can be proposed as a new
kind of quantitative symbolic variable, which have interesting features. BPs,
developed by Tukey (1977) and also called box-and-whiskers plots, are an
univariate data display of a summary of an empirical distribution which, con-
ventionally, consists of five values: the extremes, the lower and upper quartiles
(hinges) and the median. BPs are an extremely useful exploratory tool, which
is widely used in data analysis. The reasons are given by Benjamini (1988):

• BPs offer an excellent summary for a batch of data available at a glance.
• Good compromise among detailed description and a condensed display

of summaries.
• Easy implementation and computation.
• Allowing comparison between many batches of data.
• Easy explanation to non-statisticians.

These properties also explain why BPs can be considered as an interesting
type of symbolic variable. The main feature of symbolic variables is that they
provide more information than classical ones, where only one single number
or category is allowed as value. They also are well suited for characterizing
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the properties of classes obtained after an aggregation process, time-varying
patterns or complex scenarios. BP variables fit in the symbolic context, as
BPs represent empirical distributions in a shortened but explanatory way,
reporting about their location, spread, skewness and normality.

BP variables offer an intermediate point between the simplicity of interval
variables and the detailed information provided by histogram variables. Inter-
val variables do not provide information about the central area of an empirical
distribution, while BP variables do this by means of the three quartiles. In
the other hand, histogram variables report in detail about the empirical dis-
tribution, but their structure is more complex: a set of consecutive intervals
with associated weights is needed. The structure of the BP variable is simpler,
but it is enough to report about the shape of the distribution. In addition,
BP variables do not suffer from the subjectivity of histogram variables, that
is, a BP is always defined by five definite components, while the components
of the histogram depends on the analyst criterion.

This paper defines the concept of boxplot variable in the SDA frame-
work,proposes two ways to measure distances between BP variables and il-
lustrates the approach by a hierarchical clustering of BP data.

2 Definition of boxplot variable

Let Y be a variable defined for all elements of a finite set E = {1, ..., N}, Y is
termed a BP variable with domain of values Y , if Y is a mapping from E to
a range B(Y) with the structure {m, q,Me,Q,M} , where −∞ < m ≤ q ≤
Me ≤ Q ≤ M < ∞, and m represents the minimum, q the lower quartile,
Me the median, Q the upper quartile, and M the maximum.

This definition follow the style of the definitions of other symbolic vari-
ables given by Billard and Diday (2003). Equivalently, a BP variable can be
considered as an special case of an interval-valued modal variable. Interval-
valued modal variables are variables where each individual take as value one
or more intervals, each one with a weight attached (weights usually repre-
sent frequency, probability or possibility). BP variables are a kind of modal
interval-valued variable with the following restrictions: the number of inter-
vals is always four, intervals are consecutive, the weights represent frequency
or probability, and the weight of each interval is 0.25. Consequently, BP
variables can also be defined by: a lower-whisker interval ξ1 = [m, q), a lower-
mid-box interval ξ2 = [q,Me), an upper-mid-box interval ξ3 = [Me,Q), and
an upper-whisker interval ξ4 = [Q,M), with pi = 0.25, i = 1, ..., 4.

In a SDA context, BP variables can describe the quantitative properties
of the classes obtained after an aggregation process, i.e. a BP variable sum-
marizes the batch of values of a quantitative feature for each class. In these
cases, determining the value of the elements describing each BP is needed.

Regarding the quartiles, Frigge et al (1989) show that different definitions
are applied in the statistical software packages. It has been verified that the
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lack of standardization still prevails nowadays. Frigge et al (1989) suggested
the definition proposed by Tukey (1977). Tukey’s definition for the lower
quartile in terms of the ordered observations x(1) ≤ x(2) ≤ ... ≤ x(n) is

q = (1 − g)x(j) + gx(j+1), (1)

where [(n + 3)/2]/2 = j + g (note that g=0 or g=1/2).
In the case of extreme values, outliers require special attention. According

to Hoaglin et al (1986), [q − k(Q − q), Q + k(Q − q)] with k = 1.5 or k = 2
is a resistant rule for flagging outliers in exploratory contexts. In practice,
deciding wether outliers should be removed or not depends on issues such as
the problem domain, the properties of the data set, the aims of the analysis
and so on.

BP variables can also describe properties of symbolic individuals where
the theoretical distribution is known. In those cases, if the minimum (resp.
maximum) value of the distribution is −∞ (resp.+∞) we recommend the use
of the 0.01- or 0.05-quantile (resp. 0.99- or 0.95-quantile). Trenkler (2002) of-
fers further information about turning theoretical distributions into boxplots.

3 Distances for BP variables

In this section, two approaches for measuring distances for BP data are con-
sidered: the first entails considering that a BP variable is a symbolic variable
described by five single-valued variables and the second entails considering
that a BP variable is a special case of interval-valued modal variable.

3.1 The classical approach

If a BP variable is considered as a variable compound of five sub-variables
(m, q,Me,Q,M) the distance between a pair of BPs can be measured by
means of a classical metric in R

5. If a Minkowski metric with a given order
q = 1 is considered, we obtain the Manhattan distance between a pair of
BPs, BP1 and BP2:

dq=1 (BP1, BP2) = |m1 −m2|+ |q1 − q2|+ |Me1 −Me2|+
|Q1 −Q2|+ |M1 −M2| .

(2)

Other Minkowski metrics such as Euclidean or Chebychev or other kinds
of distances can be applied. As the approach is straightforward, further details
will not be given.

3.2 The Ichino-Yaguchi distance function

Ichino and Yaguchi (1994) define a generalized Minkowski metric for a mul-
tidimensional space of mixed variables (quantitative, qualitative and struc-
tural variables), which is based on the Cartesian join and meet operators.
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Let A = [A,A] and B = [B,B] be a pair of intervals, the Cartesian meet
and join operations for intervals are defined as A⊗B = A ∩B and A⊕B =
[min(A,B),max(A,B)], respectively. The Ichino-Yaguchi dissimilarity mea-
sure is defined by:

φ(A,B) := |A⊕B| − |A⊗B|+ γ(2|A⊗B| − |A| − |B|), (3)

where |X | = X −X and γ ∈ [0, 0.5] is a parameter which controls the effects
of the inner-side nearness and the outer-side nearness between A and B. If
γ = 0.5, the resulting dissimilarity function is:

φ(A,B)γ=0.5 = |A⊕B| − 0.5(|A|+ |B|). (4)

Ichino and Yaguchi consider that (4) is a suitable distance function. It
can be seen that (4) is equivalent to:

φ(A,B)γ=0.5 =
|A−B|+ |A−B|

2
. (5)

In order to measure distances between a pair of individuals, X and Y , de-
scribed by p variables of different kinds, Ichino and Yaguchi (1994) proposed
the generalized Minkowski metric of order q, with q ≥ 1:

δ (X,Y ) =

(
p∑

i=1

φ(Xi, Yi)
q

)1/q

. (6)

If BPs are considered as elements compound by four consecutive intervals,
(6) can be applied to measure distances between them. Given (5) and (6) with
order q = 1, the Ichino-Yaguchi distance function between a pair of BPs, BP1

and BP2, is defined as follows:

δq=1 (BP1, BP2) =
1

2
(|m1 −m2|+ 2 |q1 − q2|+ 2 |Me1 −Me2|+

2 |Q1 −Q2|+ |M1 −M2|).
(7)

This distance assigns more weight to the differences between quartiles
than to the difference between the extremes. Therefore, it is not greatly con-
ditioned by the behavior of the extremes, which is usually less stable than
the behavior of the quartiles. Hence (7) seems suitable in contexts where
the interest mainly lies in the behavior of the central area of the considered
distributions.

As the BP distance in (7) is defined as the combination of the distances
between the four intervals that characterizes each BP, it has to be divided
into four in order to be integrated in the Ichino-Yaguchi metric for symbolic
data given in (6). If not, BP variables would have quadruple weight than
the other of the variables considered. The resulting BP distance is defined as
follows:

η (BP1, BP2) =
δ (BP1, BP2)

4
. (8)
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Fig. 1. Electric daily demand represented by a BP variable.

4 Hierarchical BP clustering: an example based on the
daily electric demand

In order to illustrate our approach, an agglomerative clustering using the
distances proposed is carried out in a real-life dataset which is available
at: http://www.iit.upcomillas.es/∼cmate/. This dataset describes the hourly
electric demand in a Spanish distribution area during 31 days, from 1-Jan-
1991 until 31-Jan-1991, i.e. 31 individuals (days) described by 24 quantitative
variables (hours) which records the value of the demand (the value of the de-
mand is normalized). The dataset is summarized by means of a BP variable
which represents the empirical distribution of the 24 values of the hourly
demand along each day. The resulting dataset, shown in Fig. 1, is described
by one BP variable.

An agglomerative clustering algorithm with the complete linkage method
is applied to the distance matrix obtained with the Ichino-Yaguchi distance
for BP data. The resulting dendrogram is shown in Figure 2. It can be seen
that at 0.9 the dataset is clearly partitioned into two clusters: the first one
with the holidays (Sundays and New Year’s Day) and the second one with the
working-days. In the second cluster, a subcluster containing all the January’s
Saturdays and other subcluster containing Mondays can be seen. This den-
drogram is quite similar to the one shown in Figure 4, which is obtained by
clustering the original dataset (described by 24 classical variables) using the
Manhattan distance matrix. This strong resemblance reinforces the proposed
approach and the Ichino-Yaguchi distance for BP variables.

In addition, Figure 3 shows the dendrogram yielded by the clustering al-
gorithm of the distance matrix obtained by applying the Manhattan distance
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Fig. 2. Dendrogram obtained yielded by the Ichino-Yaguchi BP distance.
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Fig. 3. Dendrogram yielded by the Manhattan BP distance.

for BP variables in the symbolic dataset. The main difference with the other
dendrograms is that the subcluster of Saturdays belongs to the cluster of the
Holidays. This makes sense as Saturdays are holidays for certain sectors.

Finally, the classical dataset has been summarized into a symbolic dataset
described by a histogram variable representing the daily demand. The his-
togram variable has the same structure for all the 31 elements (days) of
the set. Each histogram is composed by 10 fixed intervals partitioning the
range of the variable, each interval with an attached weight representing its
frequency. The distance matrix has been estimated with the quadratic-form
distance proposed by Niblack et al. (1993) for image retrieval:
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Fig. 4. Dendrogram yielded by the Manhattan distance in the classical dataset.
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Fig. 5. Dendrogram obtained using the quadratic-form distance in the dataset de-
scribed by a histogram variable.

d(H,K) =
√

(h− k)′A(h− k), (9)

where h and k are vectors representing the interval weights of the histograms
H and K, respectively; matrix A = [aij ] denote the similarity between in-
tervals i and j; aij = 1 − dij/max(dij) where dij is the ground distance
between the midpoints of intervals i and j. The dendrogram obtained with
the quadratic-form distance and shown in Figure 5 generally resembles with
those shown in Figures 2 and 4.
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The example has shown that the summarization by means of BP vari-
ables and the subsequent clustering based on the distances proposed obtains
analogous results to those obtained with histogram variables and with the
clustering of the classical dataset. This fact endorses the approach proposed
and shows that BP variables are a kind of variable worth considering in SDA
contexts.

5 Conclusions

This paper presents BP variables as a new kind of symbolic variable with a
great potential in SDA. BP variables enable the efficient summary of quanti-
tative data providing information about the location, the spread,the skewness
and the normality of the summarized empirical distribution. The proposed
distances enhance the role of BPs as an exploratory tool, because, thus far,
the comparison between BPs is made visually and cannot be quantified in an
objective way.

Our approach to cluster BP variables is just the first step, but other
clustering methods and distances for BP variables can be proposed. The
adaptation of other statistical methods to BP variable also are interesting
extensions to the present work.
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Abstract. Allocation of individuals or objects to labels or classes is a central prob-
lem in statistics, particularly in supervised classification methods such as Linear
and Quadratic Discriminant analysis, Logistic Discrimination, Neural Networks,
Support Vector Machines, and so on. Misallocations occur when allocation class
and origin class differ. These errors could result from different situations such as
quality of data, definition of the explained categorical variable or choice of the
learning sample. Generally, the cost is not uniform depending on the type of error
and consequently the use only of the percentage of correctly classified objects is not
enough informative.
In this paper we deal with the evaluation of allocation rules taking into account the
error cost. We use a statistical index which generalizes the percentage of correctly
classified objects.

1 Introduction

Allocation of objects to labels is a central problem in statistics. Usually, the
discussed problems focus on the way to build the assignment rules, tests and
validation. We are concerned here with the posterior evaluation of a given
rule taking into account the error cost. Such an evaluation allows one to de-
tect different problems including the ability of a procedure to assign objects
to classes, the quality of available data or the definition of the classes.
Allocations considered here could be descriptive or inductive.The first situ-
ation consists in allocations as primary data. The second situation concerns
supervised learning methods as discriminant analysis (LDA, QDA), logistic
discrimination, support vector machines (SVM), decision trees, and so on.
For these two ways of allocation, the errors depend on the quality of the data.
Specially for supervised classification methods, errors could result from vari-
ous different causes such as the ability of these data to predict, the definition
of the predicted categorical variable, the choice of the learning sample, the
methodology to build the allocation rule, the time robustness of the rule and
so on.
Our point, here, is the study of missallocations when the associated costs
are non uniform and consequently using only the correctly classified rate is
insufficient.
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In the statistical literature, the hypothesis of a non uniform cost is only con-
sidered when elaborating and validating the decision rule(Breiman, 1984).
Unfortunately, in real situations validated allocation rules minimizing some
cost function could generate higher misclassification costs.
This paper deals with a post-learning situation i.e. the allocation rule is given
and we have to evaluate it using a new observed sample. We, frequently, en-
counter such a situation when one needs confidentiality or when allocation
and origin class are only realized for a sample of individuals. In insurance,
for instance, the sample could be individuals subject to some risk observed
over the first year from subscription.
The proposed approach consists of evaluating allocation rules, using an in-
dex which is some generalization of the correctly classified rate. To compute
the significance level of an observed value of such an index, we consider the
p-value associated with a null hypothesis consisting in an acceptable cost.
The determination of the p-value leads to a non linear programming prob-
lem one could resolve, using available packages of numerical analysis. For the
simple case of 3 cost values, we give an analytical solution.

2 Methodology

definitions and notations.

Let us denote by Ω the set of individuals and by Y the associated label vari-
able i.e.

Y : Ω −→ G = (g1, ..., gq),

ω −→ Y (ω).

We denote by Ck,l the error cost, when assigning to label gk an individual
from gl, by ψ(Ω −→ G) the labelling rule (i.e. ψ(ω) consists of the allocation
class of the individual ω and by C the cost variable (i.e. C(ω) = Ck,l when
ψ(ω) = gk and Y (ω) = gl).
Consider the random variable Z(Ω −→ [0, 1]) where Z(ω) measures the level
of concordance between the allocation and the origin class of individual ω.
Given a stratified sample, the problem of interest is to infer a comparison
between allocations and origin classes for all individuals of Ω.
We propose a statistical index which measures the level of concordance be-
tween functions ψ and Y , using observed data. Such an index is a linear
combination of the concordance sampling variables.

acceptable cost hypothesis.

Let us denote by {(αk,l, pk,l) : k, l = 1, . . . , q} the probability distribution of
the variable Z i.e. (αk,l) are the possible values of Z and (pk,l) the associated
probabilities.
Obviously, the cost of a decision decreases as the associated level of concor-
dance rises. Hence, αk,l ≥ αi,j when Ck,l ≤ Ci,j .
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The mean of the misallocation cost is given by E(Z) =
∑

k,l Ck,lpk,l and for
a fixed threshold δ ∈ R the null hypothesis of acceptable cost is

H0(C, δ) : {(pk,l) ∈ R
+,q×q,

∑
k,l pk,l = 1,

∑
k,l Ck,lpk,l ≤ δ}.

Let us denote by Zh,j (h = 1, .., q j = 1, .., nh) the sampling variables dis-
tributed as Z.
We consider, here, the non independent case derived from sampling without
replacement and with replacement when group sizes are large.

generalized correctly classified rate.
As a statistical index, to measure the concordance between functions Y, ψ
given a sample Z(n) = (Zh,j)h,j , we propose

Tψ,Y (Z(n), α, w) =

q∑
h=1

nh∑
j=1

ωn,h Zh,j.

Here n = n1 + ... + nq and w = (wn,h)h is a weighting parameter where
samplings from a same group are weighted identically. We suppose, without
loss of generality (w.o.l.g.), positive components,

∑q
1 nhwn,h = 1 and conse-

quently, Tψ,Y (Z(n), α, w) ∈ [0, 1].
Note that, for equal weighting and a unique type of error, we deal with the
classical correctly classified rate or Tψ,Y (Z(n), (δl

k), ( 1
n )) where δl

k is the Kro-
necker coefficient.

3 Probabilistic study

Asymptotic distribution.

Tψ,Y (Z(n), α, w) is a linear combination of multinomial variables. Under the
assumptions of the independence of sampling variables and convergence of∑

h nh w2
n,h, we obtain from the Lindeberg theorem (Billingsley 1995 p.359-

362)

Tψ,Y − µn

σn

d−→ N(0, 1), n→∞, (1)

where µn(p̄) =
∑

k,l αk,l pk,l and σ2
n(p̄) = (

∑
k,l α

2
k,l pk,l − (

∑
k,l αk,l pk,l)

2)∑
h nh w2

n,h.

From a practical point of view, to use the previous result leading to the
gaussian model, we have to consider carefully the atypical individuals.
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The optimization problem to compute p-value.
Given an observed value t of Tψ,Y , we deal with computation of the asso-
ciated p-value. Here, the definition corresponding to the most powerful test
consists of p− value(t) = maxp̄ prob(Tψ,Y ≤ t/p̄ ∈ H0(C, δ)).

Let Fα,t([0, 1] −→ R) be the function such that t−µn(p̄)
σn(p̄) = 1√

h
nh w2

n,h

Fα,t(p̄).

Using the asymptotic distribution, we obtain

p− value(t) = Φ(
1√ ∑

h nh w2
n,h

max Fα,t(p̄)), (2)

where Φ is the CDF of the N(0, 1) distribution.

The calculation of the p− value leads to the following optimization problem.

Problem(M.d) :

⎧⎪⎨⎪⎩
maxFα,t(p̄) = L(p̄)√

Q(p̄)
,

p̄ ∈ H0(C, δ).

The order d of the problem corresponds to the number of distinct non null
cost values.
Here, the constraints of H0(C, δ) are linear inequalities and as L is a linear
function of the components of p̄ and Q a quadratic one, Fα,t(p̄) is non linear
function. To solve the general problem (M.d) one could use or adapt non
linear programming optimization procedures.
An ad hoc SCILAB program called VACC(VAlidation under Cost Constraints)
is available at http://www-math.univ-poitiers.fr/Stat/VACC.html.

4 Application: The case of problem (M.2)

The case of problem (M.2) is relatively frequent in real situations and has sim-
ple analytical solutions. For this case, we deal with three cost values w.o.l.g.
Ck,l = 1, C, 0 with 1 > C > 0. The concordance variable Z is defined as
follows.

Z(ω) =

⎧⎨⎩
1 if C(ω) = 0 (p1),
α if C(ω) = C (pα),
0 if C(ω) = 1 (1− p1 − pα).

and the optimization problem is
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Problem(M.2) :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

maxFα,t(p̄) = Fα,t(p1, pα) = t−p1−αpα√
p1+α2pα−(p1+αpα)2

,

p1 ≥ 0, pα ≥ 0, p1 + pα ≤ 1,

Cpα + (1− p1 − pα) ≤ δ.

We derive the solution of problem (M.2), using the following result.

Lemma 1. For t, α ∈ [0, 1] and C, δ such that 1 > C > δ > 0, the maximum
of Fα,t(x, y) is attained for (C − 1)y − x + 1 = δ.

Let us set r = δ−1
C−1 and s = 1

C−1 . For (x, y) such that y = sx + r (i.e. the
cost constraint at boundary) Fα,t(x, y) = G(x) where

G(x) =
−(1 + αs)x + t− αr√−(1 + αs)2x2 + (1 + α2s− 2αr − 2α2rs)x + α2(r − r2)

. (3)

We establish the following result.

Proposition 1. Let ∆ = ∆(α,C, t) = (1 − αs)(1 − α2s − 2t + 2αst) and
x0(t) = −(α3rs− α2st(2r− 1)− 2α2r + 2αrt + αr− t)/∆(α,C, t). Then, the
following result holds.

maxFα,t(x, y) =

⎧⎨⎩
G(x0(t) if x0(t) ∈ [1− δ

C , 1− δ] and ∆ < 0,

max(G(1− δ
C ), G(1 − δ)) elsewhere.

On the parameters.
The parameters α, δ, C are fixed by the users of the discussed methodology
and the value t is derived from data. The choice α = 0.5 leads to the UMP
test, when using the class of statistics Tψ,Y (Zn, α, w)
The choice wn,h = 1

n minimizes
∑

h nhw
2
n,h when

∑
h nhwn,h = 1. For such

a choice of w, p − value(t) = Φ(
√
n maxFα,t(p)) and constitutes an upper

bound for the other choices.

Example: α = C = 0.5 and δ < C
The problem, here, consists of maximizing Fα,t(x, y) = t−x−0.5y√

x+0.25y−(x+0.5y)2

with the system of constraints
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H0 = {(x, y) : y > 0, x + y ≤ 1, x + 0.5y ≥ 1− δ}.

We derive from the previous proposition

max p− value(t) =

⎧⎪⎨⎪⎩
√

n(t−1+δ)√
0.5δ−δ2

if t > 1− δ,

√
n(t−1+δ)√

δ−δ2
elsewhere.

As an illustration, we give the following table. The considered t values relate
real situations. The associated p-value is calculated for some δ values.

Table 1. Computations for n = 50

t value δ value
√

n maxFα,t max p − value(t)

0.90 0.20 2.887 0.998
0.15 1.543 0.939
0.10 0.000 0.500
0.05 -2.357 0.009

0.75 0.20 -1.443 0.074
0.15 -3.086 0.001
0.10 -5.303 0.000
0.05 -9.428 0.000

5 Conclusion

Using the generalized correctly classified rate, the interpretation of an ob-
served value integrates the case of non uniform error cost. As forthcoming
applications and extensions, we have in mind:

• The study of the same concordance statistic in the non gaussian case.
Such a case appears when n is small or when weights are unbalanced.

• The study of other statistics measuring the quality of an allocation rule,
under cost constraints.

• The extension of the cost notion to take into account the structure of
classes. This structure is, sometimes, given by proximity measures be-
tween classes as for the terminal nodes of a decision tree or for ordered
classes.
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Crisp Partitions Induced by a Fuzzy Set
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Abstract. Relationship between fuzzy sets and crisp partitions defined on the
same finite set of objects X is studied. Granular structure of a fuzzy set is described
by rough fuzzy sets and the quality of approximation of a fuzzy set by a crisp
partition is evaluated. Measure of rough dissimilarity between clusters from a crisp
partition of X with respect to a fuzzy set A defined on X is introduced. Properties
of this measure are explored and some applications are provided. Classification of
membership grades of A into linguistic categories is discussed.

1 Introduction

The ambition of fuzzy set theory is to provide a formal setting for incom-
plete and gradual information as expressed by people in natural language.
Membership function of a fuzzy set A defined on universal set X assigns to
each element x ∈ X value A(x) ∈ [0, 1] called the membership grade of x in
A. For example, fuzzy set A representing the concept “successful” applicant
for a credit card may have the following membership grades on a set of 10
applicants:

A = 0/x1 + 0.2/x2 + 0.2/x3 + 0.2/x4 + 0.45/x5 +

+ 0.5/x6 + 0.8/x7 + 0.8/x8 + 1/x9 + 1/x10. (1)

There are many approaches to the construction of the membership function
of a fuzzy set (Bilgic and Turksen (2000), Viertl (1996)). Because of interpre-
tation and further applications, fuzzy sets are often approximated by “less
fuzzy” (rough) fuzzy sets or even crisp sets. These approximations are derived
from the level set of A,

ΛA = {α ∈ [0, 1] : α = A(x) for some x ∈ X}. (2)

The most rough characterization of membership grades A(x), x ∈ X is

min
x∈X

A(x) ≤ A(x) ≤ max
x∈X

A(x). (3)

If minx∈X A(x) = 0 and maxx∈X A(x) = 1, we do not obtain any specific
information about A. By splitting X into two clusters C1, C2, we obtain less
rough (more specific) information. For x ∈ Ci, i = 1, 2,

min
x∈Ci

A(x) ≤ A(x) ≤ max
x∈Ci

A(x). (4)
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Partition C = {C1, C2} of X is useful for summary characterization of A
by (4) only if maxx∈C1 A(x) < minx∈C2 A(x). Then elements x ∈ C1 can be
labeled as objects with lower membership grade in A and elements x ∈ C2 as
objects with higher membership grade in A. We say that C is a 2-category
(binary) scale induced by A. The most common binary scales are created by
α-cut Aα defined for all α ∈ (0, 1] as follows:

Aα = {x ∈ X |A(x) ≥ α}. (5)

Then Cα = {C1 = X−Aα, C2 = Aα}. The choice of α ∈ (0, 1] varies from ap-
plication to application and it is usually determined by a researcher familiar
with the area of study. If no additional information is given, α = 0.5 is used. In
our example of credit card applicants, C0.5 = {C1 = {x1, x2, x3, x4, x5}, C2 =
{x6, x7, x8, x9, x10}}. Cluster C1 represents the subset of unsuccessful appli-
cants (no credit card), while C2 the subset of successful applicants (credit
card will be issued). Crisp set Ã with the membership function Ã(x) = 0 for
x ∈ C1, and Ã(x) = 1 for x ∈ C2, is the crisp approximation (defuzzifica-
tion) of A. The quality of approximation of A by Cα can be measured by the
coefficient of accuracy or the coefficient of roughness known from the the-
ory of rough sets (Pawlak (1982)) and rough fuzzy sets (Dubois and Prade
(1990)). If the quality of approximation is high, we say that A has a rea-
sonable 2-granule structure and the summary characterization of A by (4)
is appropriate. If there is no clear distinction between the “large” and the
“small” membership grades, fuzzy set A should be approximated by a crisp
partition with more than two clusters. Approximation of a fuzzy set A by
k-category scale is the main topic of our paper.

Partition C = {C1, C2, . . . , Ck} of X is called a scale induced by fuzzy set
A, if for each cluster Ci, i = 1, . . . k − 1,

max
x∈Ci

A(x) < min
x∈Ci+1

A(x). (6)

If C is a scale, then all membership grades A(x) from a fuzzy set granule A/Ci

can be described by a common linguistic term. Some useful terms are: k = 2
(small, large), k = 3 (small, medium, large) and k = 5 (very small, small,
medium, large, very large). Each linguistic characterization means “with re-
spect to the set of all different membership grades of A,”

ΛA = {a1, . . . , am}, (7)

where ai < ai+1, i = 1, . . . ,m − 1. Fuzzy set A has a reasonable k-granule
structure if it induces a scale C = {C1, . . . , Ck} on X such that the dissim-
ilarity between different clusters from C with respect to A is high and the
roughness of approximation of A by C is low (the accuracy of approximation
is high). We will introduce the measure of rough dissimilarity between crisp
clusters Cr and Cs with respect to fuzzy set A . This measure evaluates how
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the roughness of approximation of membership grades A(x), x ∈ Cr ∪Cs de-
creases, when we approximate A(x) instead of by the coarser cluster Cr ∪Cs

by two separate clusters Cr and Cs. Rough dissimilarity will be used in the
search for a reasonable 2-granule structure of A, and consequently for de-
fuzzification of A . If the quality of approximation of A by 2-cluster scale is
low, we will search for a reasonable k-granule structure, k > 2. Finally, we
will use rough dissimilarity to create a fuzzy proximity relation on the set
of all elementary crisp clusters induced by A. Proximity relation will lead to
the construction of a hierarchical crisp approximation of fuzzy set A.

2 Relationship between fuzzy sets and crisp partitions

Let F(X) denote the set of all fuzzy sets defined on X and let P(X) denote
the set of all crisp partitions of X . Relationship between A ∈ F(X) and
C ∈ P(X) can be described by some concepts from the theory of rough fuzzy
sets (Dubois and Prade (1990)). In this paper we assume that X is a finite
set with cardinality |X | = n, and A 
= ∅. Cardinality of A is given by

|A| =
n∑

i=1

A(xi). (8)

We will adjust the description of rough fuzzy sets to these assumptions.
Let C = {C1, . . . , Ck} ∈ P(X), k ≤ n. The rough fuzzy set associated

with C and A is the pair (AC , AC) of fuzzy sets from X/C → [0, 1] defined
as follows: for all Ci ∈ C,

AC(Ci) = min
x∈Ci

A(x), and AC(Ci) = max
x∈Ci

A(x). (9)

We will use the simplified notations

AC(Ci) = ACi
, and AC(Ci) = ACi

. (10)

The accuracy of approximation of A in the approximation space (X,C) is
evaluated by the coefficient of accuracy

λC(A) =

∑k
i=1 |Ci|ACi∑k
i=1 |Ci|ACi

. (11)

The roughness of approximation is measured by the coefficient of roughness

κC(A) = 1− λC(A). (12)

Rough fuzzy set (AC , AC) is associated with two fuzzy sets A∗
C and A

∗
C from

X → [0, 1] defined as follows: for x ∈ X , if x ∈ Ci ∈ C then

A∗
C(x) = ACi

, A
∗
C(x) = ACi

. (13)
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Fuzzy set A∗
C is the lower rough approximation of A by C and fuzzy set A

∗
C

is the upper rough approximation of A by C . The difference between the
upper and the lower approximations evaluated for all x ∈ X by fuzzy set

BNDC(A)(x) = A
∗
C(x)−A∗

C(x), (14)

describes the boundary region (rough region) of rough fuzzy set (AC , AC).
The size (cardinality) of the boundary region gives information about the
roughness (uncertainty) of approximation of A by C. Obviously,

σC(A) = |BNDC(A)| =
k∑

i=1

|Ci|(ACi
−ACi

) =
k∑

i=1

σCi
(A), (15)

where σCi
(A) is the size of the boundary region of granule (ACi

, ACi
) of rough

fuzzy set (AC , AC). The smaller is the value of σCi
(A) the more specific is

characterization of elements x ∈ Ci by (4).

Example 1 Assume fuzzy set A of the “successful” credit card applicants
given by the membership function (1). Then ΛA = {0, 0.2, 0.45, 0.5, 0.8, 1}
and there are five binary scales Cα induced by A. The maximal coefficient
of accuracy and the minimal size of the rough region associated with Cα is
obtained for α = 0.8. We have σC0.8(A) = 3.8 and λC0.8 = 0.46. Because 0.46
is considered low, we conclude that fuzzy set A does not have a reasonable
2-granule structure. We will explore its k-granule structure, 2 < k ≤ 6, in the
next section.

3 Rough dissimilarity

The most refined scale induced by a fuzzy set A ∈ F(X) is partition
E = {E1, . . . , Em} ∈ P(X), such that for each ai ∈ ΛA = {a1, . . . , am},

Ei = {x ∈ X : A(x) = ai}. (16)

We will call Ei the ith elementary cluster induced by A and E the elementary
scale induced by A. Any partition C ∈ P(X) induced by A is obtained by
aggregation of clusters from E. When we aggregate two different clusters
Cr, Cs ∈ C ∈ P(X) then

σCr∪Cs
(A) ≥ σCr

(A) + σCs
(A). (17)

Assume Cr, Cs ∈ C ∈ P(X) such that ACr
= ACs

= a and ACr
= ACs

= b
and Cr 
= Cs. (Obviously, C is not a scale on A.) Then the rough approxi-
mation of each membership grade A(x) for x ∈ Cr is given by a ≤ A(x) ≤ b,
which is the same as the rough approximation of membership grades A(x)
for x ∈ Cs. Therefore, for all x ∈ Cr ∪ Cs we have that a ≤ A(x) ≤ b and

σCr∪Cs
(A) = σCr

(A) + σCs
(A). (18)
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The larger is the difference between the size of the rough region of the ag-
gregated granule (ACr∪Cs

, ACr∪Cs
) and the sum of sizes of the rough regions

of the individual granules (ACr
, ACr

) and(ACs
, ACs

), the more dissimilar are
clusters Cr, Cs with respect to the fuzzy set A.

Definition 1 Assume A ∈ F(X) and C = {C1, . . . , Ck} ∈ P(X). The rough
dissimilarity between clusters Cr, Cs ∈ C with respect to A is evaluated by

δA(Cr, Cs) = ψrs − (σCr
(A) + σCs

(A)), (19)

where

ψrs = (|Cr |+ |Cs|)(max{ACr
, ACs

)} −min{ACr
, ACs

}). (20)

Note: When r 
= s then ψrs = σCr∪Cs
(A) and

δA(Cr, Cs) = σCr∪Cs
(A)− (σCr

(A) + σCs
(A)). (21)

Rough dissimilarity between two clusters Cr and Cs with respect to fuzzy set
A evaluates how the roughness of approximation of membership grades of A
increases when we approximate A(x) by the coarser cluster Cr∪Cs instead of
by two separate clusters Cr and Cs. The following properties of the measure
of rough dissimilarity can be easily proved.

Proposition 1 Assume A ∈ F(X) and C ∈ P(X). Then for Ci, Cj , Ct ∈ C,

1. 0 ≤ δA(Ci, Cj) ≤ |X |(maxx∈X A(x) −minx∈X A(x)) = σX(A),
2. δA(Ci, Ci) = 0,
3. δA(Ci, Cj) = δA(Cj , Ci),
4. δA(Ci, Cj) = |X |(maxx∈X A(x)−minx∈X A(x)) if Ci = {x ∈ X : A(x) =

maxx∈X A(x)}, Cj = {x ∈ X : A(x) = minx∈X A(x)} and Ci ∪Cj = X,
5. δA(Ci ∪ Cj , Ct) ≥ max{δA(Ci, Ct), δA(Cj , Ct)}.

The change in the accuracy of approximation of fuzzy set A by partition
C = {C1, . . . , Ck} and then by the coarser partition L = {L1, . . . , Lk−1}
created from C by aggregation of two different clusters is related to the rough
dissimilarity of the aggregated clusters as follows:

Proposition 2 Assume A ∈ F(X). Let C = {C1, . . . , Ck} be a crisp parti-
tion of X and let L = {L1, . . . , Lk−1} be partition of X obtained from C such
that L1 = Cr ∪ Cs, Cr, Cs ∈ C, and {L2, . . . , Lk−1} = C − {Cr, Cs}. Then

λL(A) =

∑k−1
j=1 |Lj |ALj∑k−1
j=1 |Lj |ALj

=

∑k
i=1 |Ci|ACi

− δ1∑k
i=1 |Ci|ACi

+ δ2
, (22)

where δ1 ≥ 0, δ2 ≥ 0 and δ1 + δ2 = δA(Cr , Cs).
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Example 2 Let A be the fuzzy set from Example 1 and let Cα = {Cα
1 , C

α
2 }

be partition induced on X by α-cut Aα, α ∈ ΛA−{0}. Because Cα
1 ∪Cα

2 = X ,
we have that

δA(Cα
1 , Cα

2 ) = σX(A)− (σCα
1
(A) + σCα

2
(A)) = σX(A)− σCα(A).

The best α-cut approximation of A (interpretation of A) is partition Cα∗

,
which provides the largest decrease of the size of the boundary region σX(A).
Partition Cα∗

splits X into two best separated clusters (most rough dissimilar
clusters). From Example 1 we know that the smallest σCα was σC0.8 = 3.8
and σX(A) = 10. Therefore

max
α

δA(Cα
1 , Cα

2 ) = max
α

(σX(A)− σCα(A)) = δA(C0.8
1 , C0.8

2 ) = 6.2.

Rough dissimilarity δA(Cα
1 , Cα

2 ) can be used as a criterion for the choice of
the “best” α-cut approximation of A and consequently defuzzification of A.

Example 3 Let A be the fuzzy set from Example 1. We want to find par-
tition C ∈ P(X) with a minimal number of clusters such that C is a scale
induced by A and λC(A) is “large”, say larger than 0.7.
We start with E = {E1, E2, E3, E4, E5, E6} ∈ P(X), where E1 = {x1}, E2 =
{x2, x3, x4}, E3 = {x5}, E4 = {x6}, E5 = {x7, x8}, and E6 = {x9, x10}.
Because we are looking for a scale, we will consider only aggregation of ad-
jacent clusters from E. Then for i ∈ IE = {1, 2, 3, 4, 5},

min
i∈IE

δA(Ei, Ei+1) = min{0.8, 1, 0.1, 0.9, 0.9}= 0.1 = δA(E3, E4).

By aggregation of clusters E3, E4 we obtain partition D = {D1 = E1, D2 =
E2, D3 = E3 ∪ E4, D4 = E5, D5 = E6}, which approximates A with the
coefficient of accuracy λD(A) = 0.98 > 0.7. Then for i ∈ ID = {1, 2, 3, 4},

min
i∈ID

δA(Di, Di+1) = min{0.8, 1.4, 1.3, 1.3, 0.8}= 0.8 = δA(D1, D2) =

= δA(D5, D6).

By aggregation of clusters D1, D2 and then D5, D6 we obtain partition
T = {T1 = D1 ∪D2, T2 = D3, T3 = D5 ∪D6} = {E1 ∪E2, E3 ∪E4, E5 ∪E6},
which approximates A with the coefficient of accuracy λT (A) = 0.71 > 0.7.
Then for i ∈ IT = {1, 2},

min
i∈IT

δA(Ti, Ti+1) = min{2.1, 2.4} = 2.1 = δA(T1, T2).

By aggregation of clusters T1, T2 we obtain partition Q = {Q1 = T1∪T2, Q2 =
T3}, which approximates A with the coefficient of accuracy λQ(A) = 0.44 <
0.7. Note that Q is the same as the binary partition C0.8 obtained by the 0.8-
cut of A. We conclude that fuzzy set A has a reasonable 3-granule structure
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that can be approximated by the scale T = {T1, T2, T3} on X . Applicants
from cluster T1 are unsuccessful (no credit card), applicants from T2 are pos-
sibly successful (they may get the credit card) and applicants from T3 are
successful (they will get the credit card).

For Cr, Cs ∈ C ∈ P(X), the value of δA(Cr, Cs) depends not only on the
membership grades A(x) of x ∈ Cr ∪ Cs, but also on the size (cardinality)
of Cr, Cs. It may happen that that minEj∈E δA(Ei, Ej) is not δA(Ei, Ei+1).
Therefore, a scale obtained by aggregation of adjacent clusters by the method
shown in Example 3 is not always the partition of X obtained by aggregation
of the least rough dissimilar clusters. However, if a cluster Cr ∈ C is ob-
tained by aggregation of non adjacent clusters, C is not a scale. Now we will
base our search for the k-granule structure of A on the matrix of all values
δA(Ei, Ej), (Ei, Ej) ∈ E ×E. First of all we will introduce the coefficient of
rough proximity between two clusters.

Definition 2 Assume a non constant fuzzy set A ∈ F(X) and partition
C = {C1, . . . , Ck} ∈ P(X). The coefficient of rough proximity between clus-
ters Cr , Cs ∈ C with respect to A is evaluated by

ωA(Cr , Cs) = 1− δA(Cr , Cs)

|X |(maxx∈X A(x) −minx∈X A(x))
= 1− δA(Cr , Cs)

σX(A)
. (23)

If A is a constant fuzzy set then ωA(Cr, Cs) = 1.

Fuzzy relation ωA : C × C → [0, 1] is reflexive and symmetric, and therefore
it is a proximity relation. Transitive closure of a proximity relation is a fuzzy
equivalence relation, called also a similarity relation. Each α-cut of a similar-
ity relation is a crisp equivalence relation.

Example 4 Let A be the fuzzy set from Example 1. Elementary partition
E induced by A was presented in Example 3. Values of ωA(Ei, Ej) for all
(Ei, Ej) ∈ E × E create symmetric matrix R. Transitive closure RT of R
can be determined by a simple algorithm (Klir and Yuan (1995)) that consists
of 3 steps:
1. R′ = R ∪ (R ◦R).
2. If R′ 
= R, make R = R′ and go to Step 1.
3. R′ = RT .
We use the usual composition and union of fuzzy relations given by

(R ◦R)(Ei, Ej) = max{min
Et∈E

{R(Ei, Et),R(Et, Ej)}},

and
(R ∪ (R ◦R))(Ei, Ej) = max{R(Ei, Ej), (R ◦R)(Ei, Ej)}.

In our case the set of all different values of matrix RT is

ΛRT
= {0.91, 0.92, 0.94, 0.99, 1}.
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For each nonzero α ∈ ΛRT
we obtain partition πα of E (and therefore of X)

as follows:
Ei, Ej ∈ πα if RT (Ei, Ej) ≥ α.

Then
π1 = {E1, E2, E3.E4, E5, E6}, and λπ1(A) = 1,
π0.99 = {E1, E2, E3 ∪E4, E5, E6}, and λπ0.99(A) = 0.98,
π0.94 = {E1 ∪E2, E3 ∪ E4, E5, E6}, and λπ0.94(A) = 0.83,
π0.92 = {E1 ∪E2, E3 ∪ E4, E5 ∪ E6}, and λπ0.92(A) = 0.71,
π0.91 = {E1 ∪E2 ∪ E3 ∪ E4 ∪ E5 ∪ E6}, and λπ0.91(A) = 0.

Note that partition π0.92 is the same as the “best” scale T = {T1, T2, T3}
found in Example 3. Fuzzy set A can be approximated by the sequence of
five nested partitions πα, α ∈ ΛRT

. Their refinement relationship gives in-
formation about the hierarchical granular structure of A.

4 Conclusion

Our paper is a contribution to the ongoing study of the relationship between
fuzzy sets and rough sets. Rough fuzzy sets were used to define the rough
dissimilarity between clusters from a crisp partition of X with respect to a
fuzzy set A defined on X . Crisp partitions of X induced by the membership
grades of A were studied. Attention was given to special types of partitions,
called scales, whose clusters can be labeled by terms from an ordered linguis-
tic scale. We presented binary scales with the most rough dissimilar clusters
created by α-cut of A, then k-category scales (k > 2) obtained by aggregation
of the least rough dissimilar adjacent clusters from the elementary partition
induced by A, and a hierarchical crisp approximation of A derived from the
rough dissimilarities of all pairs of elementary crisp clusters induced by A.
Further applications of rough dissimilarity in agglomerative and divisive hi-
erarchical clustering procedures will be presented in our future work.
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1 Mathématiques Appliquées de Bordeaux, UMR 5466 CNRS,
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Abstract. DIVCLUS-T is a descendant hierarchical clustering method based on
the same monothetic approach than classification and regression trees but from an
unsupervised point of view. The aim is not to predict a continuous variable (re-
gression) or a categorical variable (classification) but to construct a hierarchy. The
dendrogram of the hierarchy is easy to interpret and can be read as decision tree.
An example of this new type of dendrogram is given on a small categorical dataset.
DIVCLUS-T is then compared empirically with two polythetic clustering methods:
the Ward ascendant hierarchical clustering method and the k-means partitional
method. The three algorithms are applied and compared on six databases of the
UCI Machine Learning repository.

1 Introduction

Descendant hierarchical clustering algorithm consists in, starting from the
main data set:

• choosing one cluster in the current partition,
• splitting the chosen cluster into two sub-clusters (bi-partitional algo-

rithm).

In this paper we present a descendant hierachical clustering method called
DIVCLUS-T where both steps are based on the within-cluster inertia and
we compare empirically this new method with two well-known clustering
methods: the Ward ascendant hierarchical clustering method and the k-means
partitional method.

The input of DIVCLUS-T is a data matrix X = (xj
i )n×p. The entries of

this matrix are the values of a set of n objects O = {1, . . . , i, . . . , n} on p
variables X1 . . .Xj . . . Xp either all numerical or all categorical. A weight wi

is also given as input for each object i. For instance, the objects {1, ..., i, ..., n}
may be themselves summaries of different groups of objects. An object i is
then described on the p variables by the mean values of those objects, and
its weight wi is the number of objects in this group.
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The measure of heterogeneity of a cluster C� ⊂ O is the inertia defined by
I(C�) =

∑
i∈C�

wi d
2(xi, g(C�)) where d is the Euclidean distance and g(C�)

is the gravity centre of C� defined by g(C�) =
∑
i∈C�

wi∑
k∈C�

wk
xi. When all

the weights wi are equal to 1, the inertia is the well-known sum of squares
criterion (SSQ). For categorical data the inertia of a cluster is computed, as
in multiple correspondence analysis, on the n row-profiles of the indicator
matrix of X , weighted by 1/n (if the original weights are wi = 1), and with
the χ2-distance.

A k-clusters partition Pk is a list (C1, . . . , Ck) of subsets of O verifying
C1 ∪ . . . ∪ Ck = O and C� ∩ C�′ = ∅ for all � 
= �′. An adequacy measure of
this partition Pk is the within-cluster inertia defined as the sum of the inertia
of all its clusters: W (Pk) =

∑k
�=1 I(C�). We will see that in DIVCLUS-T the

bi-partitional algorithm and the choice of the cluster to be split are based on
the minimization of the within-cluster inertia.

Concerning the bi-partitional algorithm, the complete enumeration of all
the 2n�−1 − 1 bi-partitions of a cluster C� of n� objects is avoided by using
the same monothetic approach than classification or regression trees. Breiman
et al. (1984) proposed and used binary questions in a recursive partitional
process, CART, in the context of discrimination and regression. Use of a
stepwise optimal tree structure in a least squares regression dates back to the
Automatic Interaction Detection (AID) program proposed by Morgan and
Sonquist (1963). Both AID and CART distinguish the response variable and
the predictor variables. The set of all possible binary questions is defined on
the set of the predictor variables, and the within-variance of the bi-partitions
induced by this set of binary questions are calculated on the response variable.
This is a problem of regression. As for DIVCLUS-T, in the context of cluster-
ing, there are no predictor and no response variables. The binary questions
are defined on the p variables of the data matrix X , and the within-cluster
inertia of the bi-partitions induced by those binary questions are calculated
on the same variables (possibly standardized). The bi-partitional algorithm
will then select, among all the bi-partitions (A�, Ā�) of C� induced by all the
possible binary questions, the one of smallest within-cluster inertia.

A binary question on a numerical variable is noted “is Xj ≤ c ?”.
This binary question splits a cluster C� into two sub-clusters A� and Ā� such
that A� = {i ∈ C� | xj

i ≤ c} and Ā� = {i ∈ C� | xj
i > c}. For a numerical

variable there is an infinity of possible binary questions, but they induce at
most n� − 1 different bi-partitions. Usually the cut-values c of the binary
questions associated with the bi-partitions are chosen as the middle of two
consecutive values observed on this variable. For numerical data, the number
of bi-partitions to be evaluated is then at most p(n�− 1) and the complexity
of the bi-partitional algorithm is o(n(log(n) + p)).

In the same way, a binary question on a categorical variable is noted
“is Xj ∈ M ?” where M is a subset of categories of Xj. This



Monothetic Divisive Clustering, Ward and the k-means 85

binary question splits a cluster C� into two sub-clusters A� and Ā� such that
A� = {i ∈ C� | xj

i ∈ M} and Ā� = {i ∈ C� | xj
i ∈ M} where M is the

complementary of M . For a categorical variable having mj categories, the
number of possible binary questions - and hence the number of bi-partitions -
is at most 2mj−1 − 1. For categorical data, the number of bi-partitions to be
evaluated is then

∑p
j=1(2

mj−1−1), and grows exponentially with the number

of categories mj .

At each stage, DIVCLUS-T chooses to split the cluster C� of the partition
Pk whose splitting, according to the above bi-partitional algorithm, produces
a new partition Pk+1 with minimum within-cluster inertia. Because the iner-
tia criterion is additive we have W (Pk)−W (Pk+1) = I(C�)− I(A�)− I(Ā�)
and because W (Pk) is a constant value, minimizing W (Pk+1) is equivalent to
maximize the inertia variation I(C�)− I(A�)− I(Ā�). A well-known result is
also that the inertia variation obtained when C� is split (or when A� and Ā�

are aggregated) can be rewritten as a weighted Euclidean distance between
the gravity centres of the two sub-clusters. This quantity is also the measure
of aggregation D of the Ward ascendant hierarchical clustering algorithm:

D(A�, Ā�) = µ(A�)µ(Ā�)
µ(A�)+µ(Ā�)

d2(g(A�), g(Ā�)).

In divisive clustering, the hierarchical level index has to be linked to the
criterion used to choose the cluster to be split. Obviously the set of clusters
obtained with DIVCLUS-T after K − 1 successive divisions is a binary hi-
erarchy whose singletons are the K “leaf”-clusters. Nevertheless, because in
descendant hierarchical clustering the divisions are not necessarily continued
until clusters are reduced to one element (or made of identical objects), a
cluster represented higher in the dendrogram of the hierarchy has to be split
before the others. The hierarchical level index in DIVCLUS-T is then the
application h: h(C�) = D(A�, Ā�). This hierarchical level index is the same
than in the Ward ascendant hierarchical clustering method.

DIVCLUS-T is hence a DIVisive CLUStering method where the output
is not a classification or a regression tree but a CLUStering-Tree. Because
the dendrogram can be read as a decision tree, it provides partitions into
homogeneous clusters having a simple interpretation.

In Chavent (1998) a simplified version of DIVCLUS-T was presented
for quantitative data. It was applied in Chavent et al. (1999) with another
monothetic divisive clustering method (based on correspondence analysis)
to a categorical data set of healthy human skin data. A first comparison of
DIVCLUS-T with Ward and the k-means was given in this paper but only
for one categorical dataset and for the 6-clusters partition. More recently
DIVCLUS-T was also applied to accounting disclosure analysis (Chavent et
al. (2005)). A hierarchical divisive monothetic clustering method based on
the Poisson process has also been proposed in Pircon (2004). A complete
presentation of DIVCLUS-T for numerical and for categorical data and an
analysis of its complexity is given in Chavent et al. (2006).
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Having a simple interpretation of the clusters is an advantage of the mono-
thetic approach. By contrast, the monothetic approach should induce parti-
tions of worst quality (according to the within-cluster inertia). The aim of
this paper is then to compare the monothetic method DIVCLUS-T with two
polythetic methods (WARD and the k-means). In order to point out the ad-
vantage of the monothetic approach in term of interpretability of the clusters,
we first give the dendrogram of the hierarchy obtained with DIVCLUS-T on
a simple categorical example. Then we will compare the quality of the par-
titions from 2 two 15 clusters, obtained with DIVCLUS-T, WARD and the
k-means, on six datasets (3 continuous and 3 categorical) of the UCI Machine
Learning repository (Hettich et al. (1998)). Because those three methods are
based on the minimization of the within-cluster inertia, we will compare the
proportion of the total inertia explained by those partitions.

2 A simple example

In this example the divisive method is applied to a categorical dataset where
27 races of dogs are described by 7 categorical variables (Saporta (1990)).
The dendrogram of the hierarchy and the 7 first binary questions are given
Figure 1.

At the first stage, the divisive clustering method constructs a bi-partition
of the 27 dogs. There are 17 different binary questions and 17 bi-partitions to
evaluate: two variables are binary (and induce two different bi-partitions) and
the five other variables have 3 categories and induce then 5× 3 different bi-
partitions. The question “Is the size large?” which induces the bi-partition of
smallest within-cluster inertia is then chosen. The inertia variation obtained
by splitting the 15 “large” dogs is slightly smaller than the one obtained by
splitting the 12 “small or medium” dogs. This latter cluster is then divided.
For comparison purpose with the Ward hierarchy, the process is repeated here
until getting singleton clusters or clusters of identical dogs. The Pekingese
and the Chihuahua for instance have exactly the same description and can
not then be divided. Finally the divisions are stopped after 25 iterations.

The Ward ascendant clustering method is defined for quantitative data.
We thus applied WARD on the 12 principal components from the Multiple
Factorial Analysis. The hierarchy obtained with WARD is identical to the
one obtained with DIVCLUS-T. In DIVCLUS-T the inertia of categorical
data is calculated as in multiple correspondence analysis on the row profiles
of the indicator matrix of the data matrix X . It is well-known that this
inertia is equal to the inertia performed on all the principal components
from Multiple Factorial Analysis. For this reason, we checked that DIVCLUS-
T and WARD give the same value for the inertia of the partitions of the
hierarchy. Moreover because they use the same hierarchical level index, the
dendrogram obtained with WARD is identical to the one of Figure 1 but
without the binary questions.
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Fig. 1. DIVCLUS-T dendrogram for categorical data

3 Empirical comparison with WARD and the k-means

We have applied DIVCLUS-T, WARD and the k-means algorithms on three
numerical and three categorical datasets of the UCI Machine Learning repos-
itory (Hettich et al. (1998)). For the three numerical datasets, the variables
have been standardized previously. For the three categorical datasets, WARD
has been applied to the principal components obtained by Multiple corre-
spondence analysis. A short description of the six databases is given Table 1.

Table 1. Databases descriptions

Name Type Nb objects Nb variables(nb categories)

Glass numerical 214 8
Pima Indians diabete numerical 768 8
Abalone numerical 4177 7
Zoo categorical 101 15(2) + 1(6 )
Solar Flare categorical 323 2(6) + 1(4) + 1(3) + 6(2)
Contraceptive Method Choice (CMC) categorical 1473 9(4)
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The quality of the partitions built by these three clustering methods on the
6 datasets can be compared with the proportion of explained inertia criterion.
The proportion of explained inertia E of a k-clusters partition Pk of a set O

is E(Pk) = (1−W (Pk)
I(O) )×100, where W (Pk) is the within-cluster inertia of Pk

and I(O) is the total inertia. This criterion takes its values between 0 and 100.
It is equal to 0 for the singleton partition and it is equal to 100 for the partition
reduced to one cluster. Because E decreases with the number of clusters k
of the partition, it can be used only to compare partitions having the same
number of clusters. In the following comments, we say that a partition P is
better (for the inertia criterion) than a partition P ′ if E(P ) > E(P ′).

We have built the partitions with 2 to 15 clusters for the three numerical
databases (see Table 2) and for the three categorical databases (see Table 3).
For each database the two first columns give the proportion of explained in-
ertia of the partitions built with DIVCLUS-T and WARD. The third column
(W+km) gives the proportion of explained inertia of the partitions built with
the k-means (km) when the initial partition is obtained with WARD (W).
As already stated two proportions of explained inertia can be compared only
for partitions of the same database and having the same number of clusters.
For this reason we will never compare two values in two different rows and
two values of two different databases.

Table 2. Numerical databases

Glass Pima Abalone

K DIV WARD W+km DIV WARD W+km DIV WARD W+km

2 21.5 22.5 22.8 14.8 13.3 16.4 60.2 57.7 60.9
3 33.6 34.1 34.4 23.2 21.6 24.5 72.5 74.8 76.0
4 45.2 43.3 46.6 29.4 29.4 36.2 81.7 80.0 82.5
5 53.4 53.0 54.8 34.6 34.9 40.9 84.2 85.0 86.0
6 58.2 58.4 60.0 38.2 40.0 45.3 86.3 86.8 87.8
7 63.1 63.5 65.7 40.9 44.4 48.8 88.3 88.4 89.6
8 66.3 66.8 68.9 43.2 47.0 51.1 89.8 89.9 90.7
9 69.2 69.2 71.6 45.2 49.1 52.4 91.0 90.9 91.7
10 71.4 71.5 73.9 47.2 50.7 54.1 91.7 91.6 92.4
11 73.2 73.8 75.6 48.8 52.4 56.0 92.0 92.1 92.8
12 74.7 76.0 77.0 50.4 53.9 58.0 92.3 92.4 93.0
13 76.2 77.6 78.7 52.0 55.2 58.8 92.6 92.7 93.3
14 77.4 79.1 80.2 53.4 56.5 60.0 92.8 93.0 93.7
15 78.5 80.4 81.0 54.6 57.7 61.0 93.0 93.2 93.9

First we compare the results for the three numerical databases (Table 2).
For the Glass database the partitions obtained with DIVCLUS-T are either
better (for 4 clusters), worse (for 2, 3, and from 12 to 15 clusters) or equivalent
(from 5 to 11 clusters). For the Pima database the partitions of DIVCLUS-T
are better or equivalent until 4 clusters, and WARD takes the lead from 5
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clusters on. Because DIVCLUS-T is descendant and WARD is ascendant, it
is not really surprising that when the number of clusters increases WARD
tends to become better than DIVCLUS-T. For the Abalone database which
is bigger than the two others (4177 objects), DIVCLUS-T makes better than
WARD until 4 clusters and the results are very close afterwards. A reason for
having better results of DIVCLUS-T on the Abalone dataset is perhaps the
greater number of objects in this database. Indeed the number of bi-partitions
considered for optimization at each stage increases with the number of ob-
jects. We can then expect to have better results with bigger databases. In the
third column (W+km) of the three databases, the k-means algorithm is exe-
cuted on the WARD partition (taken as initial partition) and the proportion
of explained inertia is then necessarily greater than the one in the second
column WARD. Finally, on those three continuous databases, DIVCLUS-T
seems to perform better for few clusters partitions and for bigger datasets.

Table 3. Categorical databases

Zoo Solar Flare CMC

K DIV WARD W+km DIV WARD W+km DIV WARD W+km

2 23.7 24.7 26.2 12.7 12.6 12.7 8.4 8.2 8.5
3 38.2 40.8 41.8 23.8 22.4 23.8 14.0 13.1 14.8
4 50.1 53.7 54.9 32.8 29.3 33.1 18.9 17.3 20.5
5 55.6 60.4 61.0 38.2 35.1 38.4 23.0 21.3 24.0
6 60.9 64.3 65.1 43.0 40.0 42.7 26.3 24.9 27.7
7 65.6 67.5 68.4 47.7 45.0 47.6 28.4 28.1 29.8
8 68.9 70.6 71.3 51.6 49.8 52.1 30.3 30.7 32.7
9 71.8 73.7 73.7 54.3 53.5 54.6 32.1 33.4 35.2
10 74.7 75.9 75.9 57.0 57.1 58.3 33.8 35.5 37.7
11 76.7 77.5 77.5 59.3 60.4 61.7 35.5 37.5 40.1
12 78.4 79.1 79.1 61.3 62.9 64.4 36.9 39.4 41.5
13 80.1 80.6 80.6 63.1 65.2 65.7 38.1 41.0 42.9
14 81.3 81.8 81.8 64.5 66.2 67.7 39.2 42.0 44.2
15 82.8 82.8 82.8 65.8 68.6 69.3 40.3 43.1 44.9

With the three categorical databases (Table 3) we obtain the same kind
of results. For the Solar Flare and the CMC databases, DIVCLUS-T is bet-
ter than WARD until respectively 10 and 8 clusters. For the Zoo database
DIVCLUS-T performs worst than WARD. This is maybe because all the vari-
ables in the Zoo database are binary and, as already stated, the quality of
the results (in term of inertia) may depend on the number of categories and
variables.
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4 Conclusion

Imposing the monotheticity of the clusters as in DIVCLUS-T is an advantage
for the interpretation of the results: the dendrogram gives a very simple in-
terpretation of the levels of the hierarchy. This advantage has to be balanced
by a relative rigidity of the clustering process. Simple simulations should be
able to show easily that DIVCLUS-T is unable to find correctly clusters of
specific shapes. But what are the shapes of the clusters in real datasets ?
We have seen on the six databases of the UCI Machine Learning reposi-
tory that the proportions of explained inertia of the partitions obtained with
DIVCLUS-T are very comparable to those obtained with the Ward or the
k-means algorithms, particularly for partitions with few clusters (at the top
of the dendrograms). A more complete comparative study of these three clus-
tering methods is necessary in order to better understand the influence of the
number of objects, categories and variables in the quality of the results, as
well as a study of their stability.
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Méthodes divisives de classification et segmentation non supervisée: recherche
d’une typologie de la peau humaine saine. Revue Statistique Appliquée, XLVII
(4), 87-99.

CHAVENT, M., DING, Y., FU, L., STOLOWY and H., WANG, H. (2005): Dis-
closure and Determinants Studies: An extension Using the Divisive Clustering
Method (DIV). European Accounting Review, to publish.

CHAVENT, M., BRIANT, O. and LECHEVALLIER, Y. (2006): DIVCLUS-T: a
new descendant hierarchical clustering method. Internal report U-05-15, Labo-
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Abstract. This paper addresses model selection using information criteria for bi-
nary latent class (LC) models. A Monte Carlo study sets an experimental design
to compare the performance of different information criteria for this model, some
compared for the first time. Furthermore, the level of separation of latent classes is
controlled using a new procedure. The results show that AIC3 (Akaike information
criterion with 3 as penalizing factor) has a balanced performance for binary LC
models.

1 Introduction

In recent years latent class (LC) analysis has become an important technique
in applied research. Let y = (y1, ...,yn) denote a sample of size n; J rep-
resents the number of manifest or observed variables; and yij indicates the
observed value for variable j in observation i, with i = 1, ..., n, j = 1, ..., J .
The latent class model with S classes for yi = (yi1, ..., yiJ ) is defined by

f(yi; ϕ) =
∑S

s=1 πsfs(yi; θs), where the latent class proportions πs are posi-
tive and sum to one; θs denotes the parameters of the conditional distribution
of latent class s, defined by fs(yi; θs); π = (π1, ..., πS−1), θ = (θ1, ...,θS),
and ϕ = (π,θ). For binary data, Yj has 2 categories, yij ∈ {0, 1}, and
follows a Bernoulli distribution. From the local independence assumption –
the J manifest binary variables are independent given the latent class –,
fs(yi; θs) =

∏J
j=1 θ

yij

sj (1 − θsj)
1−yij , where θsj is the probability that obser-

vation i belonging to latent class s falls in category 1 (success) of variable j.
Therefore, the binary LC model has probability mass function

f(yi; ϕ) =

S∑
s=1

πs

J∏
j=1

θ
yij

sj (1− θsj)
1−yij .

The number of free parameters in vectors π and θ are dπ = S − 1 and
dθ = SJ , respectively. The total number of free parameters is dϕ = dπ +
dθ. The likelihood and log-likelihood functions are L(ϕ;y) =

∏n
i=1 f(yi; ϕ)
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and �(ϕ;y) = logL(ϕ;y), respectively. It is straightforward to obtain the
maximum likelihood (ML) estimates of ϕ using the EM algorithm.

The increased use of the binary LC model in applied research as result of
the widespread application of batteries of dichotomous (’yes/no’) variables
has added pressure on making available reliable model selection tools for the
number of latent classes. From a probabilistic viewpoint, the likelihood ratio
test (LRT) has been used extensively as a model selection tool, because under
regularity conditions, has a simple asymptotic theory (Wilks, 1938). However,
these regularity conditions fail for LC models. For example, in testing the hy-
pothesis of a single latent class against more than one, the mixing proportion
under H0 is on the boundary of the parameter space, and consequently the
LRT statistic is not asymptotically chi-squared distributed. Information cri-
teria have become popular alternatives as model selection tools. In particular,
the Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) have been widely used. Despite that, little is known about the perfor-
mance of these and other information criteria for binary LC models. Most of
the simulation studies have been set for finite mixtures of Gaussian distrib-
utions (McLachlan and Peel, 2000).

This paper is organized as follows. Section 2 reviews the literature on
model selection criteria. Section 3 describes the design of the Monte Carlo
study. Section 4 presents and discusses the results. The paper concludes with a
summary of main findings, implications, and suggestions for further research.

2 Information criteria

The Akaike’s information criterion (AIC) is based on the Kullback-Leibler
distance between the true density and the estimated density (Akaike, 1974).
AIC chooses S which minimizes

AIC = −2�(ϕ̂;y) + 2dϕ,

where ϕ̂ is the ML estimate, �(ϕ̂;y) is the log-likelihood value at the ML
estimate and dϕ is the number of independent parameters (Akaike, 1974).
It can be a drastically negatively biased estimate of the expected Kullback-
Leibler information of the fitted model (Hurvich and Tsai, 1989). Bozdogan
(1993) argues that the marginal cost per free parameter, the so-called magic
number 2 in AIC’s equation above, is not correct for finite mixture models.
Based on Wolfe (1970), he conjectures that the likelihood ratio for comparing
mixture models with K and k free parameters is asymptotically distributed as
a noncentral chi-square with noncentrality parameter δ and 2(K−k) degrees
of freedom instead of the usual K− k degrees of freedom as assumed in AIC.
Therefore, AIC3 uses 3 as penalizing factor. The consistent AIC criterion
(CAIC: Bozdogan, 1987) chooses S which minimizes

CAIC = −2�(ϕ̂;y) + dϕ(log n + 1).
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The Bayesian information criterion (BIC), proposed by Schwarz (1978),
utilizes the marginal likelihood p(y) =

∫
L(ϕ;y)p(ϕ)dϕ, which is the weighted

average of the likelihood values. Using the Laplace approximation about the
posterior mode (ϕ̃, where L(ϕ;y)p(ϕ) is maximized), it results (Tierney and
Kadane, 1986)

log p(y) ≈ �(ϕ̃;y) + log p(ϕ̃)− 1

2
log |H(ϕ̃;y)| + dϕ

2
log(2π),

where H(ϕ̃;y) is the negative of the Hessian matrix of the log-posterior func-
tion, logL(ϕ;y)p(ϕ), evaluated at the modal value ϕ = ϕ̃. BIC assumes a
proper prior, which assigns positive probability to lower dimensional sub-
spaces of the parameter vector. For a very diffuse (almost non-informative,
and consequently ignorable) prior distribution, H(ϕ̃;y) can be replaced by
the observed information matrix I(ϕ̃;y). Replacing the posterior mode by
the ML estimate ϕ̂, the approximation becomes

log p(y) ≈ �(ϕ̂;y) + log p(ϕ̂)− 1

2
log |I(ϕ̂;y)|+ dϕ

2
log(2π). (1)

From the asymptotic behavior of the approximation above, the Bayesian
information criterion (BIC) chooses S which minimizes

BIC = −2�(ϕ̂;y) + dϕ logn.

Approximation (1) can be used itself as suggested by McLachlan and Peel
(2000). The resulting Laplace-empirical criterion (LEC) chooses S which min-
imizes

LEC = −2�(ϕ̂;y) − 2 log p(ϕ̂) + log |I(ϕ̂;y)| − dϕ log(2π).

The prior distribution p(ϕ) assumes that parameters are a priori indepen-

dent, p(ϕ) = p(π)
∏S

s=1

∏J
j=1 p(θsj). The Dirichlet distribution is a nat-

ural prior for these parameters. For ω = (ω1, ω2, ..., ωk), it is denoted by
D(ξ1, ..., ξk) with parameters (ξ1, ..., ξk) and density function p(ω1, ω2, ..., ωk) =

Γ (ξ0)
k
j=1 Γ (ξj)

∏k
j=1 ω

ξj−1
j , where ωj ≥ 0 for j = 1, ..., k,

∑k
j=1 ωj = 1, Γ (.) is

the gamma function, and ξ0 =
∑k

j=1 ξj . The expected value and variance of

ωj are E(ωj) = ξj/ξ0 and Var(ωj) = ξj(ξ0 − ξj)/
[
ξ2
0(ξ0 + 1)

]
, respectively.

LEC-U and LEC-J criteria are defined by the uniform and Jeffreys’ priors for
ϕ, respectively 1:

1. The uniform prior (U) corresponding to Dirichlet distributions with π ∼
D(1, ..., 1) and θsj ∼ D(1, 1) is given by

log p(ϕ) = log [(S − 1)!] ;

1 Note that for binary data the Dirichlet distribution for θsj = (θsj , 1 − θsj) re-
duces to a Beta distribution. However, because of π, we keep the general case,
simplifying the expressions whenever it applies.
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2. The Jeffreys’ prior (J) corresponding to Dirichlet distributions with π ∼
D(1/2, ..., 1/2) and θsj ∼ D(1/2, 1/2) is

log p(ϕ) = −2JS logΓ

(
1

2

)
+

1

2

S∑
s=1

J∑
j=1

log [θsj(1− θsj)]

+ logΓ

(
S

2

)
− S logΓ

(
1

2

)
+

1

2

S∑
s=1

log πs.

Complete data information criteria are based on data augmentation, where
the observed data (y) is expanded to a new space (y, z), which includes the
missing data (z). The missing datum (zis) indicates whether latent class s
has generated observation i. The expected value of zis is given by

αis =
πsfs(yi; θs)∑S

v=1 πvfv(yi; θv)
, (2)

and corresponds to the posterior probability that yi was generated by the
latent class s. The entropy of the matrix α = (αis), i = 1, ..., n, s = 1, ..., S is

defined by EN(α) = −∑n
i=1

∑S
s=1 αis logαis. For EN(α) � 0, latent classes

are well separated. Note that α is function of ϕ and y. Celeux and Soromenho
(1996) introduced an entropic measure for the selection of S. As EN(α) has
no upperbound, they proposed the normalized entropy criterion (NEC). NEC
chooses S that minimizes

NEC =
EN(α̂)

�(ϕ̂;y)− �1(ϕ̂;y)
,

where �1(ϕ̂;y) is the log-likelihood value for the one-latent-class model and α̂

comes from (2) at the ML estimate. To overcome the impossibility of deciding
between S = 1 and S > 1, Biernacki et al. (1999) proposed the following rule:
if there is no S such that NEC< 1, then S = 1 has to be preferred.

3 Experimental design

The relative performance of these criteria for the binary LC model is assessed
by a Monte Carlo (MC) simulation study. In our simulations all estimated LC
models have non-singular estimated information matrix. The Monte Carlo
experimental design controls the number of latent classes, the number of
variables, the sample size, the balance of latent class sizes, and the level of
separation of latent classes. The number of latent classes is set to 2 and 3, and
models with one, two, three, four latent classes are estimated. The number
of variables (J) was set at levels 5 and 8. From preliminary analises with
J = 5, we concluded that datasets with a non-singular estimated information
matrix for the three-latent-class LC model with sample sizes smaller than
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600 are difficult to obtain. Therefore, the factor sample size (n) assumes the
levels: 600, 1200, and 2400. The latent class sizes were generated using the

expression πs = as−1
(∑S

v=1 a
v−1

)−1

, with s = 1, ..., S and a ≥ 1. For a = 1

yields equal proportions; for larger values of a, latent class sizes become more
unbalanced. In our MC study, we set three levels for a: 1, 2 and 3.

Despite the importance of controlling the level of separation of latent
classes in Monte Carlo studies, the approach has mostly been based on ad hoc
procedures such as randomly generated parameters of the first latent class,
and the other latent classes are obtained by adding successively a different
constant in low and high level of separation of latent classes. In this paper, we
apply a sampling procedure recently introduced by Dias (2004). The vector
θ is generated as:

1. Draw θ1j from the Dirichlet distribution with parameters (φ1, φ2), j =
1, .., J ;

2. Draw θsj from the Dirichlet distribution with parameters (δθ1j , δ (1− θ1j)),
j = 1, ..., J , s = 2, ..., S.

This procedure assumes that parameters θ of the LC model are sam-
pled from a superpopulation defined by the hyperparameters δ and (φ1, φ2),
j = 1, ..., J , and defines a hierarchical (Bayesian) structure. We set (φ1, φ2) =
(1, 1), which corresponds to the uniform distribution. For s = 2, ..., S, we have
E(θsj) = θ1j and Var(θsj) = θ1j (1− θ1j) / (δ + 1). With this procedure, on
average, all latent classes are centered at the same parameter value generated
from a uniform distribution (first latent class). The constant δ > 0 controls
the level of separation of the latent classes. As δ increases, the latent class
separation decreases as a consequence of the decreasing of the variance. As
δ → ∞, all latent classes tend to share the same parameters. Based on re-
sults in Dias (2004), three levels of δ give a good coverage of the level of
separation of the latent classes. The values of δ set in this study were: 0.1
(well-separated latent classes), 1 (moderately-separated latent classes), and
5 (weakly-separated latent classes).

This MC study sets a 22 × 33 factorial design with 108 cells. The main
performance measure used is the frequency with which each information cri-
terion picks the correct model. For each dataset, each criterion is classified as
underfitting, fitting, or overfitting, based on the relation between S and the
estimated S by those criteria.

Special care needs to be taken before arriving at conclusions based on
MC results. In this study, we performed 100 replications within each cell to
obtain the frequency distribution of selecting the true model, resulting in
a total of 10800 datasets. To avoid local optima, for each number of latent
classes (2, 3, and 4) the EM algorithm was repeated 5 times with random
starting centers, and the best solution (maximum likelihood value out of the
5 runs) and model selection results were kept. The EM algorithm ran for
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1500 iterations, which was enough to ensure the convergence in all cells of
the design.

Comparing our design with previous analyses by Lin and Dayton (1997)
and Nadif and Govaert (1998), we extend their studies by varying the number
of latent classes (both previous studies keep S = 2), the number of variables
(they keep it fixed at 4 and 10 variables, respectively), the sample size (fixed
at 960 and 200, respectively), the latent class proportions (fixed at equal
and unequal levels, respectively). Moreover, Lin and Dayton (1997) analyzed
AIC, BIC and CAIC and Nadif and Govaert (1998) used AIC, AIC3, BIC
and NEC. We analyzed all these criteria plus the LEC for the first time.

4 Results

The key feature of the results is the overall remarkable performance of AIC
and AIC3 (Table 1). While many criteria often perform satisfactory, AIC
and AIC3 find the true model 69.5% and 69.1% of the times, respectively.
Overall, the BIC-like criteria perform reasonably well. As in other studies, our
results document the tendency of AIC to overfit. LEC-U presents the same
pattern. BIC, CAIC, and LEC-J tend to choose slightly more parsimonious
models. By comparing LEC-U and LEC-J results, we conclude that LEC is
very sensitive to the prior setting. Finally, NEC tends to underfit in latent
class modeling as has been shown by Nadif and Govaert (1998).

Table 1. Overall results

AIC AIC3 CAIC BIC LEC-U LEC-J NEC

Underfit 18.37 30.33 48.47 45.79 27.88 47.99 85.26
Fit 69.48 69.13 51.53 54.21 57.68 52.01 13.89
Overfit 12.15 0.54 0.00 0.00 14.44 0.00 0.85

A second objective of the study was to compare these criteria across the
factors in the design (Table 2). Increasing the number of latent classes (S)
reduces the performance of all information criteria. Increasing the sample
size tends to improve the performance of information criteria. Increasing the
number of variables (J) mostly reduces the underfitting, and improves the
performance of the information criteria. For AIC, increasing the number of
variables (J) is associated with overfitting. In general, the more balanced the
latent class sizes are, the better is the performance of these criteria. More-
over, increasing the balance of latent class sizes tends to overfit and reduces
underfitting. The level of separation of latent classes has a dramatic effect on
the performance of these criteria. For example, AIC3 finds the correct model
in 92.7% of the cases for well-separated latent classes, but just in 30.8% for
the ill-separated case. Moreover, BIC and CAIC can be extremely conserv-
ative for ill-separated latent classes. AIC3 tends to succeed in most of the
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Table 2. Results across the experimental design

Factors AIC AIC3 CAIC BIC LEC-U LEC-J NEC

Latent classes (S)
Underfit 8.30 16.70 31.67 29.20 18.02 31.52 71.78

2 Fit 79.59 82.56 68.33 70.80 74.46 68.48 26.72
Overfit 12.11 0.74 0.00 0.00 7.52 0.00 1.50
Underfit 28.44 43.97 65.28 62.37 37.74 64.46 98.74

3 Fit 59.37 55.70 34.72 37.63 40.89 35.54 1.06
Overfit 12.19 0.33 0.00 0.00 21.37 0.00 0.20

Sample size (n)
Underfit 23.42 38.17 55.08 52.97 31.33 55.31 83.34

600 Fit 65.17 60.67 44.92 47.03 46.28 44.69 14.58
Overfit 11.41 1.16 0.00 0.00 22.39 0.00 2.08
Underfit 19.58 30.14 49.53 46.42 28.06 51.53 84.56

1200 Fit 70.38 69.78 50.47 53.58 58.25 48.47 14.97
Overfit 10.04 0.08 0.00 0.00 13.69 0.00 0.47
Underfit 12.11 22.69 40.81 37.97 24.25 37.14 87.89

2400 Fit 72.89 76.95 59.19 62.03 68.50 62.86 12.11
Overfit 15.00 0.36 0.00 0.00 7.25 0.00 0.00

Number of variables (J)
Underfit 23.56 34.35 54.31 50.28 28.39 52.02 88.63

5 Fit 72.68 65.61 45.69 49.72 48.44 47.98 11.22
Overfit 3.76 0.04 0.00 0.00 23.17 0.00 0.15
Underfit 13.19 26.31 42.63 41.30 27.37 43.96 81.88

8 Fit 66.28 72.65 57.37 58.70 66.91 56.04 16.56
Overfit 20.53 1.04 0.00 0.00 5.72 0.00 1.56

Proportions (a)
Underfit 17.50 26.36 43.81 41.94 21.58 43.56 85.42

1 Fit 68.06 72.81 56.19 58.06 59.31 56.44 12.75
Overfit 14.44 0.83 0.00 0.00 19.11 0.00 1.83
Underfit 15.06 29.33 46.83 44.64 28.39 47.39 84.75

2 Fit 74.42 70.06 53.17 55.36 59.03 52.61 14.69
Overfit 10.53 0.61 0.00 0.00 12.58 0.00 0.56
Underfit 22.56 35.31 54.78 50.78 33.67 53.03 85.61

3 Fit 65.97 64.52 45.22 49.22 54.69 46.97 14.22
Overfit 11.47 0.17 0.00 0.00 11.64 0.00 0.17

Level of separation (δ)
Underfit 2.69 6.86 15.25 10.75 6.11 14.00 64.53

0.1 Fit 85.19 92.72 84.75 89.25 77.86 86.00 33.83
Overfit 12.12 0.42 0.00 0.00 16.03 0.00 1.64
Underfit 5.50 15.06 38.33 36.44 12.69 40.11 91.61

1 Fit 80.86 83.88 61.67 63.56 68.25 59.89 7.47
Overfit 13.64 1.06 0.00 0.00 19.06 0.00 0.92
Underfit 46.92 69.08 91.83 90.17 64.83 89.86 99.64

5 Fit 42.39 30.78 8.17 9.83 26.92 10.14 0.36
Overfit 10.69 0.14 0.00 0.00 8.25 0.00 0.00



98 Dias

experimental conditions, presenting balanced results across different levels of
separation of latent classes. Despite AIC outperforms AIC3 for some condi-
tions, the former tends to overfit. Even for well-separated latent classes, AIC
gives a high percentage of overfitting.

5 Conclusion

The paper compared the performance of information criteria for binary LC
models. Because most of the information criteria are derived from asymptot-
ics, this extensive Monte Carlo study allowed their assessment for realistic
sample sizes. We have included traditional and recently proposed information
criteria, some of them are compared for the first time. A large experimental
design was set, controlling sample size, number of variables, number of cat-
egories, relative latent class sizes, and separation of latent classes. The level
of separation of latent classes was controlled using a new procedure.

The main finding is the overall good performance of the AIC3 criterion
for binary LC models. AIC has the best overall performance among all the
information criteria, however it tends to overfit. Therefore, AIC3 becomes a
more attractive overall information criterion.

Future research could extend our findings to other latent class models
(multinomial or count data) or more general latent models (Lin and Dayton,
1997). These results suggest that the type of approximation for the mar-
ginal likelihood needed for the derivation of the LEC and BIC has to be
further studied. Indeed, despite the difficulty of the ill-separated scenario,
approximations other than the Laplace may improve the performance of the
information criteria, in particular for discrete data models.
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Finding Meaningful and Stable Clusters

Using Local Cluster Analysis

Hans-Joachim Mucha
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D-10117 Berlin, Germany

Abstract. Let us consider the problem of finding clusters in a heterogeneous, high-
dimensional setting. Usually a (global) cluster analysis model is applied to reach
this aim. As a result, often ten or more clusters are detected in a heterogeneous
data set. The idea of this paper is to perform subsequent local cluster analyses.
Here the following two main questions arise. Is it possible to improve the stability
of some of the clusters? Are there new clusters that are not yet detected by global
clustering? The paper presents a methodology for such an iterative clustering that
can be a useful tool in discovering stable and meaningful clusters. The proposed
methodology is used successfully in the field of archaeometry. Here, without loss of
generality, it is applied to hierarchical cluster analysis. The improvements of local
cluster analysis will be illustrated by means of multivariate graphics.

1 Introduction and task

Cluster analysis models are applied frequently in order to find clusters in a
heterogeneous, high-dimensional setting. As a result, often ten or more clus-
ters are detected. It is highly recommended that the stability of the obtained
clusters has to be assessed by using validation techniques (Jain and Dubes
(1988), Mucha (1992), Hennig (2004)). Furthermore, if possible, the clusters
should be visualized in low dimensional projections for a better understanding
of the clustering results. By doing so, often one can observe that the clusters
have a quite different stability. Some of them are very stable. Thus, they can
be reproduced and confirmed to a high degree, for instance, by simulations
based on random resampling techniques. They are both homogeneous inside
and well separated from each other. Moreover, sometimes they are located
far away from the main body of the data like outliers. On the other side,
hidden and tight neighboring clusters are more difficult to detect and they
cannot be reproduced to a high degree.

The idea of this paper is to perform local clusterings subsequent to the
usual cluster analysis. For example, both global and local statistical clustering
models are used recently by Priebe et al. (2004) and Schwarz and Arminger
(2005). Figure 1 contains a proposal of a programming flowchart that will
become more clear in sections 4 and 5. Here, the key is a general approach
for the assessment of the stability of individual clusters that is applicable
to every clustering algorithm (concerning hierarchical clustering, see Mucha
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Fig. 1. Simplified graph of stages in iterative local cluster analysis methodology.

and Haimerl (2005)). Special statistical distances based on weight matrices
Q (see section 3 for some examples) can alter dramatically by going from
global to local cluster analysis. An improvement of the performance of cluster
analysis can be expected by using local weight matrices Q∗. Moreover, it can
be expected that new clusters occur that are not yet detected by global
clustering.

The proposed methodology is applied to hierarchical cluster analysis of
more than six hundred Roman bricks and tiles. They are characterized by 19
chemical elements measured by XRF (X-Ray Fluorescence Analysis). Figure 2
shows the result of global hierarchical clustering (for details, see Mucha et al.
(2005)). The bivariate non-parametric density estimation is based on the first
two axes of principal components analysis (PCA). Generally, it is essential
to observe that there are two main mountain chains. Figure 3 gives a more
detailed view by several cuts of the bivariate density. At the right hand side,
very compact clusters like ”Straßburg-Königshofen” or ”Groß-Krotzenburg”
are characterized by dense regions, i.e. high peaks, and divided from each
other by deep valleys. The mountain ridge on the left hand side could be
identified with ”not yet known 1”, ”Rheinzabern A and B”, and ”Worms”
(from left to right). But visually, there seems to be not a sufficient possibility
to distinguish the several neighboring clusters. Especially ”Worms” proves
almost to be only a ”slope” of the cluster ”Rheinzabern A and B”. This
potential interesting region for local cluster analysis is additionally marked
by an ellipse.

2 What are meaningful and stable individual clusters?

Here we don’t consider special properties like compactness and isolation (Jain
and Dubes (1988)). What are stable clusters from a general statistical point
of view? These clusters can be confirmed and reproduced to a high degree.
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Fig. 2. Continuous visualization of cluster analysis results based on PCA.

Fig. 3. Several cuts of the bivariate density that was shown in Figure 2.
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To define stability with respect to the individual clusters, measures of corre-
spondence between a cluster E and a cluster F like

γ0(E ,F) =
|E ∩ F|
|E ∪ F| , γ(E ,F) =

|E ∩ F|
|E| (1)

have to be defined. (E and F are nonempty subsets of some finite set.) Hennig
(2004) suggests the Jaccard coefficient γ0. This measure is symmetric and it
attains its minimum 0 only for disjoint sets and its maximum 1 only for equal
ones. The asymmetric measure γ assesses the rate of recovery of subset E by
the subset F . It attains its minimum 0 only for disjoint sets and its maximum
1 only if E ⊆ F holds. Obviously, it is necessary γ0 ≤ γ.

Now suppose, a clustering of a set of entities C = {1, ..., i, ..., I} into a
collection of K subsets {C1, ..., Ck, ..., CK} of C has to be investigated. Let Ck

be one individual cluster whose stability has to be assessed. To investigate
the stability, validation techniques based on random resampling are recom-
mended. Let’s consider one simulation step: Clustering of a random drawn
sample of the set of entities C into a collection of K clusters {F1, ...,FK}
in the same way as the whole set C. The definition of stability of cluster Ck

using measure γ is based on the most similar cluster

γ∗
k = max

Fi∈{F1,...,FK}
γ(Ck,Fi).

By repeating resampling and clustering many times, the stability of the clus-
ter Ck can be assessed, for instance, by computing the median of the corre-
sponding values of γ∗

k . Let us denote such an estimate γ̂∗
k. It is difficult to fix

an appropriate threshold to consider a cluster as stable (see the section be-
low). To support the decision about stable regions, the clusters can often be
visualized in low dimensional projections by applying methods like discrim-
inant analysis, principal components analysis, and multidimensional scaling
(e.g., see Figure 3). The simulation itself is computationally expensive.

What are meaningful or relevant clusters (from the researcher’s point of
view)? Here external information and experience of experts from application
area can help to reconfirm the relevance of clusters that are stable from the
statistical point of view. The ultimate aim of an application has to be finding
stable and meaningful clusters in the data at hand.

3 Clustering based on statistical distances

Let a sample of I observations in RJ be given and denote by X = (xij) the
corresponding data matrix consisting of I rows and J variables. Then the
generalized L2-distance between observations (rows) xi and xl is

d2
Q(xi,xl) = (xi − xl)

T Q(xi − xl) (2)
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with a positive definite weight matrix Q, which is the inverse covariance
matrix usually. The special L2-case Q = IJ (same weights, that is, all the
variables are measured in the same scale) will not be considered here because
these distances remain unchanged by going from global to local cluster analy-
sis. (Thus, it makes usually no sense to switch to local clustering steps.) Some
interesting special weight matrices for the proposed local clustering will be
given below. A well-known special distance measure of (2) is the Mahalanobis
distance, where

Q = S
−1

with S =
1

I −K

K∑
k=1

∑
i∈Ck

(xi − xk)(xi − xk)T ,

the pooled covariance matrix. Remember, K denotes the number of clusters.
Furthermore, xk is the usual maximum likelihood estimate of expectation
vector in cluster Ck. Another special statistical distance of (2) is the squared
weighted Euclidean distance, where Q is diagonal:

Q = (diag(S))−1 with S =
1

I − 1

∑
i

(xi − x)(xi − x)T , (3)

the usual covariance matrix. Here x = (1/I)XT1 is the vector of total means.
In order to preserve the natural degree of variation the use of special weights

Q = (diag(x1, x2, ..., xJ))−2 (4)

has been recommended (Underhill and Peisach (1985)). Otherwise one can use
adaptive weights like the diagonal elements proportional to the inverse pooled
within-cluster variances: Q = (diag(S))−1. These adaptive weights can be
estimated in an iterative manner (Mucha (1992)). Diagonal weights like (3)
or (4) are important for simple model-based Gaussian clustering when the
variables are measured in different scales. As a consequence of this weighting
scheme the variables become comparable one with each other. Concerning
model-based clustering the paper of Banfield and Raftery (1993) is a good
reference for a further reading on this topic. For instance, in the simplest case
the well-known sum-of-squares criterion

VK =

K∑
k=1

tr(Wk) =

K∑
k=1

∑
i∈Ck

d2
Q(xi,xk) (5)

has to be minimized. Here Wk =
∑

i∈Ck
(xi − xk)(xi − xk)T is the sample

cross-product matrix for the k-th cluster Ck.

4 Local cluster analysis methodology

Mucha and Haimerl (2005) recommended an automatic validation of hierar-
chical clustering based on resampling techniques that can be considered as
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Fig. 4. Bivariate density estimation based on the first two axes of the local PCA.

a three level assessment of stability. The first and most general level is deci-
sion making about the appropriate number of clusters. The decision is based
on such well-known measures of correspondence between partitions like the
Rand index, the adjusted Rand index, and the index of Fowlkes and Mallows
(Hubert and Arabie (1985)). Second, the stability of each individual cluster
is assessed based on measures of similarity between subsets, e.g., the sym-
metric Jaccard measure γ0 or the asymmetric measure of rate of recovery γ.
It should be mentioned that it makes sense to investigate the (often quite
different) specific stability of clusters. This is the basis of the methodology
for global and successive local clustering that is presented in Figure 1. In
the third and most detailed level of validation, the reliability of the cluster
membership of each individual observation can be assessed.

The general approach of such a three level build-in validation is based
on a contingency table that is obtained by crossing two partitions (Mucha
(2004)). One of them, i.e. that one that has to be validated, is fixed during
the simulations whereas the other ones are the result of clustering other
samples that are drawn randomly from the data at hand X. As a result of
several hundred simulations one gets a corresponding set of estimates of the
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measures of (2). Working with a appropriate threshold on the average or
median of the set of measures one can decide to consider clusters as stable
or instable. The instable ones are set aside for further local analysis.

Hierarchical cluster analysis is in some sense more general than partition-
ing methods because the resultant hierarchy can be considered as a sequence
of nested partitions. Thus, cluster validation based on comparing partitions
is a more complex task here.

5 Application of local cluster analysis

The application of local cluster analysis in archeaometry is based on the result
of hierarchical clustering that was already shown in Figure 2 and 3 (for details,
see Mucha et al. (2005). The hierarchical Ward method minimizes (5) (Ward
(1963)). It is applied for both the global and the local cluster analyses. The
special weights (4) are used in order to handle the quite different scales of
the variables. Some of the underlying estimates of these weights are heavily
affected by going from global to local cluster analysis.

The thresholds γ̂∗
k > 0.99 and γ̂∗

k > 0.95 are used to consider a clus-
ter as very stable and stable, respectively. Thus, ”Groß-Krotzenburg” and
”Straßburg-Königshofen” are the most stable clusters with a median γ̂∗

k = 1.0
and an average rate of recovery of 0.999 and 0.995, respectively (Figure 3). On
the other side, the most instable clusters are ”Rheinzabern A and B” with
(γ̂∗

k = 0.806) followed by ”Frankfurt-Nied B” (γ̂∗
k = 0.929) and ”Worms”

(γ̂∗
k = 0.966).
To demonstrate local clustering, the two (former) global clusters ”Rhein-

zabern A and B” and ”Worms” were selected for further analysis. Figure 4
shows a stable two cluster solution of local cluster analysis. The bivariate
density is figured out using the first two components of the local PCA of
the covariance matrix. Obviously, the local clusters are zoned much better
from each other than the global ones. The corresponding medians of rates
of recovery are γ̂∗

k = 0.9896 (local ”Rheinzabern A and B”) and γ̂∗
k = 1.0

(local ”Worms”, i.e., the smaller but more compact mountain at the right
hand side), respectively. These medians were improved considerably. All the
results here are obtained with respect to 250 simulations. Taking into account
external information and experience of experts from the application area, the
meaningfulness of local clustering can be confirmed (Mucha et al. (2005)).

6 Conclusion

Usually, subsequent cluster analysis requires the selection of clusters for local
use. This can be done by general validation of results of cluster analysis based
on contingency tables and by looking at multivariate graphics. The stability
of results of cluster analysis based on statistical distances can be improved
by subsequent local clustering with weight matrices that are based on local
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statistics. In applications, the stabilized local clusters (from a statistical point
of view) can become often also more meaningful ones from the experts point
of view.

References

BANFIELD, J.D. and RAFTERY, A.E. (1993): Model-Based Gaussian and non-
Gaussian Clustering. Biometrics, 49, 803–821.

HENNIG, C. (2004): A General Robustness and Stability Theory for Cluster Analy-
sis. Preprint, 7,, Universität Hamburg.

HUBERT, L.J. and ARABIE, P. (1985): Comparing Partitions. Journal of Classi-
fication, 2, 193–218.

JAIN, A. K. and DUBES, R. C. (1988): Algorithms for Clustering Data. Prentice
Hall, Englewood.

MUCHA, H.-J. (1992): Clusteranalyse mit Mikrocomputern. Akademie Verlag,
Berlin.

MUCHA, H.-J. (2004): Automatic Validation of Hierarchical Clustering. In: J. An-
toch (Ed.): Proceedings in Computational Statistics, COMPSTAT 2004, 16th
Symposium. Physica-Verlag, Heidelberg, 1535–1542.

MUCHA, H.-J., BARTEL, H.-G., and DOLATA, J. (2005): Model-based Cluster
Analysis of Roman Bricks and Tiles from Worms and Rheinzabern. In: C.
Weihs and W. Gaul, W. (Eds.): Classification - The Ubiquitous Challenge,
Springer, Heidelberg, 317–324.

MUCHA, H.-J. and HAIMERL, E. (2005): Automatic Validation of Hierarchical
Cluster Analysis with Application in Dialectometry. In: C. Weihs and W. Gaul,
W. (Eds.): Classification - The Ubiquitous Challenge, Springer, Heidelberg,
513–520.

PRIEBE, C. E., MARCHETTE, D. J., PARK, Y., WEGMAN, E. J., SOLKA, J.
L., SOCOLINSKY, D. A., KARAKOS, D., CHURCH, K. W., GUGLIELMI,
R., COIFMAN, R. R., LIN, D., HEALY, D. M., JACOBS, M. Q., and TSAO,
A. (2004): Iterative Denoising for Cross-Corpus Discovery. In: J. Antoch (Ed.):
Proceedings in Computational Statistics, COMPSTAT 2004, 16th Symposium.
Physica-Verlag, Heidelberg, 381–392.

SCHWARZ, A. and ARMINGER, G. (2005): Credit Scoring Using Global and Local
Statistical Models. In: C. Weihs and W. Gaul, W. (Eds.): Classification - The
Ubiquitous Challenge, Springer, Heidelberg, 442–449.

UNDERHILL, L.G. and PEISACH, M. (1985): Correspondence analysis and its
application in multielement trace analysis. J. Trace and microprobe techniques
3 (1 and 2), 41–65.

WARD, J.H. (1963): Hierarchical Grouping Methods to Optimise an Objective
Function. JASA, 58, 235–244.



Comparing Optimal Individual and Collective

Assessment Procedures

Hans J. Vos1, Ruth Ben-Yashar2, and Shmuel Nitzan2

1 Department of Research Methodology, Measurement and Data Analysis,
University of Twente, P.O. Box 217, 7500 AE Enschede, the Netherlands

2 Department of Economics, Bar-Ilan University, 52900 Ramat-Gan, Israel

Abstract. This paper focuses on the comparison between the optimal cutoff points
set on single and multiple tests in predictor-based assessment, that is, assessing
applicants as either suitable or unsuitable for a job. Our main result specifies the
condition that determines the number of predictor tests, the collective assessment
rule (aggregation procedure of predictor tests’ recommendations) and the function
relating the tests’ assessment skills to the predictor cutoff points.

1 Introduction

The existing psychological and educational literature discusses how cutoff
points can be determined, while there is only one psychological or educational
test or one measure which weighs the scores on a number of psychological
or educational tests as a composite score, or, for many tests, how the cutoff
point on each predictor test can be determined separately. However, no re-
sults are reported how in case of a multiple test composed of several tests the
cutoff points on each separate test and the collective assessment rule (i.e., ag-
gregation procedure of predictor tests’ recommendations) can be determined
dependently. For example, take a predictor-based assessment system in which
the collective assessment rule is that an applicant must pass (n+ 1)/2 out of
n predictor tests for being selected, then one must decide on a cutoff point
for each separate predictor test. Therefore, the goal of this paper is to present
a model that takes into account the dependence between the cutoff points
on a number of predictor tests composing a multiple test and its aggregation
process to come to a collective assessment in terms of rejecting or admitting
an applicant for a job in industrial/organizational (I/O) psychology. Doing
so, Bayesian decision theory will be used as a conceptual framework (e.g.,
Lehmann, 1959). In other words, the predictor cutoffs and the collective as-
sessment rule will be optimized simultaneously by maximizing the multiple
test’s common expected utility. It should be emphased that in the remainder
with test is meant a psychological test, and thus, no hypothesis test.

The model advocated here has been applied earlier successfully by Ben-
Yashar and Nitzan (2001) to economics where organizations face the compa-
rable problem of deciding on approval or rejection of investment projects. A
team of n decision makers has to decide which ones of a set of projects are
to be accepted so as to maximize the team’s common expected utility.
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2 The model

In the field of personnel selection, it often occurs that an applicant is as-
sessed as being either accepted or rejected for a job based on a multiple
test composed of several predictor tests, i.e., a battery of n (n ≥ 1) per-
formance measures such as psychological tests, role-plays, and work sample
tasks. It is assumed that the true state of an applicant regarding the cur-
rent job performance (usually a supervisory performance rating) is unknown
and can be assessed as either suitable (s = 1) or unsuitable (s = −1). An
applicant is assessed as suitable if his or her performance is at least equal
to a pre-established cutoff point (performance level) on the criterion vari-
able(s) represented by the current job performance. Furthermore, based on
applicant’s performance on predictor test i (1 ≤ i ≤ n), it is decided if an
applicant is qualified as being passed (ai = 1) or failed (ai = −1) on predic-
tor test i. The predictor tests i will usually differ in their outcomes regarding
passing or failing of applicants.

The true state of an applicant, however, is unknown on each of the n pre-
dictor tests. Instead, an applicant receives a test score xi (i.e., a performance
rating) on each predictor test i which depends on applicant’s performance in
a certain skill area. The pass-fail decision ai is now made by setting a cutoff
point on each test score xi in the form of a threshold Ri (i.e., predictor cutoff)
such that

xi ≥ Ri → ai = 1

xi < Ri → ai = −1

The test score xi is drawn from a distribution function represented by the
density f1(xi) for suitable and f2(xi) for unsuitable applicants. Therefore,
the conditional probabilities p1

i and p2
i that a predictor test i makes a correct

pass-fail decision under the two possible states of nature (the assessment
skills of each predictor test) are:

p1
i = Pr{ai = 1 | s = 1} =

∫ ∞

Ri

f1(xi)dxi

p2
i = Pr{ai = −1 | s = −1} =

∫ Ri

−∞
f2(xi)dxi,

where (1 − p1
i ) and (1− p2

i ) can be interpreted as Type I and Type II error
probabilities (i.e., probabilities of making incorrect fail and pass decisions) of
each predictor test i. Assessment skills of predictor tests are assumed to be
endogeneous variables that depend on the cutoff points to be set.

The vector a = (a1, ..., an) is referred to as the assessment profile of a
set of n predictor tests for an individual applicant, where ai = 1 or ai = −1
denotes if the applicant is either passed or failed on predictor test i (1 ≤ i ≤
n). The collective assessment, acceptance (1) or rejection (-1) of an applicant,
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is then determined by means of a collective assessment rule g that transforms
the profile of assessments of n predictor tests into a collective assessment. g
is referred to as the structure of the collective assessment process and assigns
1 or -1 (acceptance or rejection of an applicant) to any assessment profile a
in Ω = {1,−1}n. That is, g: Ω → {1,−1}.

To formally define the objective function (i.e., the multiple test’s common
expected utility), we need to present the conditional probabilities of reaching
a correct collective assessment, given the structure g. Let us therefore par-
tition the set Ω of all assessment profiles into A(g/1) and A(g/ − 1), where
A(g/1) = {a ∈ Ω | g(a) = 1} and A(g/ − 1) = {a ∈ Ω | g(a) = −1}, and
where g(a) is the collective assessment rule for an assessment profile a. For
a given structure g, the collective assessment accepts a suitable applicant
and rejects an unsuitable applicant with probability ϕ(g/1) and ϕ(g/ − 1),
respectively, where ϕ(g/1) = Pr{a ∈ A(g/1) | s = 1} and ϕ(g/−1) = Pr{a ∈
A(g/ − 1) | s = −1}. Note that for a single test i, ϕ(g/1) and ϕ(g/ − 1) are
equal to respectively p1

i and p2
i .

3 Necessary conditions for optimal cutoff points

For a multiple test, our goal is to derive the collective assessment rule g and
cutoff point Ri (1 ≤ i ≤ n) on predictor test i (1 ≤ i ≤ n) dependently
that maximize the multiple test’s common expected utility. Therefore, the
following problem is faced:

Max Ri
,g αU(1/1)ϕ(g/1) + αU(−1/1)[1− ϕ(g/1)] +

(1− α)U(−1/− 1)ϕ(g/− 1) + (1− α)U(1/− 1) [1− ϕ(g/− 1)], (1)

where U(1/1), U(1/− 1), U(−1/− 1) and U(−1/1) are the (economic) utili-
ties corresponding to the four possible assessment outcomes on each predictor
test, that is, correct passing (true positive), incorrect passing (false positive),
correct failing (true negative), and incorrect failing (false negative). Further-
more, α and (1 − α) denote the a priori probabilities that an applicant is
assessed as either suitable (1) or unsuitable (-1). Since [αU(−1/1) + (1 −
α)U(1/ − 1)] does not depend on Ri, the above maximization problem can
be reduced to the following form:

Max Ri
,g αU(1/1)ϕ(g/1)− αU(−1/1)ϕ(g/1) +

(1− α)U(−1/− 1)ϕ(g/− 1)− (1 − α)U(1/− 1)ϕ(g/− 1). (2)

Note that the optimal assessment method for a multiple test consists of a
collective assessment rule g and a vector of optimal predictor cutoff values.
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4 Qualified majority rule (QMR)

Quite often the collective assessment rule g is given and not necessarily opti-
mal. However, it might still be possible to improve the predictor-based assess-
ment process by controlling its optimal cutoff point R∗

i on each predictor test
i (1≤ i ≤ n). Suppose now that a qualified majority rule (QMR) is employed,
which is defined as follows:

g =

{−1 for N(−1) ≥ kn
1 otherwise,

(3)

where N(−1) is the number of predictor tests failed by the applicant, n is
the number of predictor tests, and k (1/n ≤ k ≤ 1 and kn is an integer)
is the minimal proportion of predictor tests failed by the applicant neces-
sary for the collective assessment to be -1 (rejection of applicant). The pa-
rameter k represents the collective assessment rule g, or the structure of the
assessment process. For instance, a simple majority rule k = n+1

2n implies

that an applicant is rejected if N(−1) ≥ n+1
2 and accepted otherwise. Let

U(1) = [U(1/1)−U(−1/1)] and U(−1) = [U(−1/−1)−U(1/−1)] denote the
positive net utility corresponding to respectively the correct pass and correct
fail decision, it then follows that we face the following problem:

Max Ri
αU(1)ϕ(k/1) + (1− α)U(−1)ϕ(k/− 1). (4)

Given the structure k of the collective assessment process and the number
n of predictor tests, the optimal cutoff point R∗

i on predictor test i (1 ≤ i ≤ n)
of a multiple test is determined by the following necessary condition:

dp1
i

dRi
= −Z

dp2
i

dRi
Wi, (5)

where

Z =
(1− α)U(−1)

αU(1)
(6)

Wi =

∂ϕ(g/−1)
∂p2

i

∂ϕ(g/1)
∂p1

i

=

(
p2

i

1− p1
i

)kn−1 (
1− p2

i

p1
i

)n−kn

(7)

The proof of the above assertion is given in Ben-Yashar and Nitzan (2001).
In a single test i, it obviously holds that n, and thus k, is equal to 1

implying that Wi = 1. It follows then immediately from the above equation
that the optimal cutoff point R+

i on predictor test i (1 ≤ i ≤ n) in this case
is determined by the following necessary condition:

dp1
i

dRi
= −Z

dp2
i

dRi
. (8)
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5 Relationship between optimal cutoff points for single
and multiple tests

The optimal cutoff points for single and multiple tests in predictor-based
assessment are usually different. Whether or not the cutoff points for single
tests are stricter than the cutoff points for multiple tests depends on the
characteristics of the assessment process: the preferred assessment skills of
the predictor tests, the number of predictor tests and the collective assessment
rule. Our main result specifies the condition that determines the relationship
between the optimal cutoff points R+

i and R∗
i for single and multiple tests in

predictor-based assessment.
Theorem:

R∗
i

>

<
R+

i ⇐⇒ Wi
>

<
1 ⇐⇒ k

>

<
λi (9)

where

λi =
1

n
+

n− 1

n

ln
p1

i

1−p2
i

β1
i + β2

i

, (10)

n is the fixed size of the number of predictor tests, β1
i = ln

p1
i

1−p1
i

and β2
i =

ln
p2

i

1−p2
i

. The parameter λi (1 ≤ i ≤ n) can be interpreted as the bias/asymmetry

of the tests’ assessment skills. For the proof of this theorem, we refer to Ben-
Yashar and Nitzan (2001).

6 Predictor-based assessment using the Assessment
Center method: An illustration

To illustrate the theorem for comparing the optimal cutoff points R+
i and

R∗
i set on single and multiple tests, the Assessment Center (AC) method is

given as an empirical example. In a typical Assessment Center the candi-
dates applying for a job participate in a variety of exercises (e.g., leadership,
sensitivity, delegation, etc.) that enable them to demonstrate a particular (in-
terpersonal) skill, knowledge, ability, or competence. The performance rating
on each exercise is done by observers (called assessors). Comparing these
ratings with a pre-established cutoff point, it is decided whether or not an
applicant’s performance on each specific exercise is satisfactorily enough to
be passed. Then the assessors combine the pass-fail decisions on all the ex-
ercises and reach a collective assessment for each applicant, that is, either
accept or reject the applicant for the job.

In the current example, data of candidates applying for trainee positions
were available for a large company. The performance on each of the 15 exer-
cises (i.e., the predictor tests i) of the Assessment Center (i.e., the multiple
test) was rated by a team of two carefully trained assessors on a 100-point
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scale running from 0 to 100. So, i was running from 1 to 15 and each predictor
score xi was running from 0 to 100.

Since the company did not have any prior information of the applicants,
the a priori probabilities a and (1− α) of assessing an applicant’s true state
(i.e., current job behavior) as respectively suitable (s = 1) or unsuitable
(s = −1) were set equal. Hence, α = (1 − α) = 0.5.

Furthermore, using the lottery method described in Luce and Raiffa (1957),
the positive net utility corresponding to a correct pass decision (i.e., U(1))
was perceived by the company from an economic perspective twice as large as
the positive net utility corresponding to a correct fail decision (i.e., U(−1)).
Hence, since the utility ratio U(1)/U(−1) = 2 and α = (1 − α) = 0.5, it
follows that Z = 0.5.

In order to calculate the optimal cutoff point R∗
i on each single exercise i

(1 ≤ i ≤ 15) of the AC, given the collective assessment rule k and number n
of exercises, we finally still need to specify p1

i and p2
i as functions of Ri. It was

assumed that the test score distributions f1(xi) and f2(xi) for exercise i (1 ≤
i ≤ 15) in the suitable and unsuitable group of applicants followed a normal
distribution with mean µ1

i and µ2
i (with µ2

i lower than µ1
i ) and standard

deviation σ1
i and σ2

i , respectively. Based on a group of 127 candidates (69
accepted and 58 rejected) who all applied for actual trainee positions in the
past, it will first be described how it was determined if an applicant was
assessed as either suitable (s = 1) or unsuitable (s = −1).

First, depending on applicant’s performance, for each applicant (both
accepted and rejected ones) a test score xi (0 ≤ xi ≤ 100) was assigned to
each exercise i (1 ≤ i ≤ 15) by the team of two assessors. Henceforth, the
predictor score on exercise i will be denoted as Xi. Next, for each selected
applicant a criterion score yi (i.e., applicant’s supervisor rating of current job
performance concerning exercise i on a 100-point scale) was determined on
the criterion variable Yi (1 ≤ 15). Current job performance will be denoted
as the composite criterion variable Y . For the group of selected applicants
the following statistics could now be computed for each exercise i (1 ≤ i ≤
15): the means µXi

and µYi
, the standard deviations σXi

and σYi
, and the

correlation ρXiYi
between Xi and Yi. Using these statistics, we then computed

for each rejected applicant the predicted criterion score ŷi (i.e., job behavior
on exercise i if the applicant would have been selected) as a linear regression
estimate on applicant’s predictor score xi:

ŷi = µYi
+ ρXiYi

(σYi
/ σXi

)(xi − µXi
). (11)

Next, for each applicant (both accepted and rejected ones), a composite
criterion score y on Y was calculated by taking his or her average criterion
score over all 15 exercises. Finally, each applicant was assessed as either
suitable (s = 1) or unsuitable (s = −1) by examining if applicant’s composite
criterion score y was above or below a pre-established cutoff point yc = 55 on
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the criterion variable Y. The mean and standard deviation of f1(xi) and f2(xi)
could now be estimated straightforward for each exercise i (1 ≤ i ≤ 15).

The comparison of the optimal cutoff points R+
i and R∗

i set on single and
multiple tests by using the theorem will be illustrated for the 9th exercise of
leadership (i.e., i = 9). The parameters of f1(x9) and f2(x9) were estimated as
follows: µ1

9 = 74.12, µ2
9 = 50.68, σ1

9 = 10.79, and σ2
9 = 11.66. The assumption

of normality for f1(x9) and f2(x9) was tested using a Kolmogorov-Smirnov
goodness-of-fit test. It turned out that the p-values were respectively 0.289
and 0.254, showing a satisfactory fit against the data (α = 0.05).

Then, using the customary notation Φ(µ, σ) for the normal distribution
with mean µ and standard deviation σ, the cumulative density is Φ(µ1

9, σ
1
9)

for the suitable and Φ(µ2
9, σ

2
9) for the unsuitable applicants on Exercise 9.

It then follows that p1
9 = 1 − Φ((R9 − µ1

9) / σ
1
9) (where Φ((R9 − µ1

9) / σ
1
9)

now represents the lower tail probability of the standard normal distribution
evaluated at the cutoff point R9), whereas p2

9 = 1− Φ((R9 − µ2
9) / σ

2
9).

Relation between R∗

9 and R
+
9 for given values of k and n

R+
9 was computed by inserting

dp1
9

dR9
= −Φ((R9 − µ1

9) / σ
1
9),

dp2
9

dR9
= Φ((R9 −

µ2
9) / σ

2
9), and Z = 0.5 into (8) resulting in R+

9 = 58.77. R+
9 was computed

numerically using a root finding procedure from the software package Math-
ematica.

In order to investigate the influence of more and less lenient assessment
rules on the optimal predictor cutoff, R∗

9 was computed for k = 3/15, k =
8/15, and k = 13/15. Inserting first k = 3/15 and n = 15 into W9, and next
W9 and Z = 0.5 into (5), and using again the root finding procedure from
Mathematica, resulted in R∗

9 = 51.04, W9 = 0.219, λ9 = 0.224, p1
9 = 0.984,

and p2
9 = 0.512. So, verifying the theorem for k = 3/15 = 0.2, results in:

R∗
9 = 51.04 < R+

9 = 58.77 ⇐⇒ W9 = 0.219 < 1 ⇐⇒ k = 0.2 < λ9 = 0.224.

As can be seen from the above result, R∗
9 < R+

9 implying that a more
tolerant cutoff point is set on Exercise 9 of the multiple test composed of 15
exercises relative to the cutoff point set on the single Exercise 9. This result
can be accounted for that the collective rule k = 3/15 is much less lenient
toward qualifying applicants as accepted than the simple majority rule since
kn = 3 < 8 (i.e., (15+1)/2).

Next, for k = 8/15 = 0.533 (i.e., the simple majority rule), we obtained
the following results: R∗

9 = 62.43, W9 = 1.995, λ9 = 0.520, p1
9 = 0.861, and

p2
9 = 0.843. According to the theorem, a somewhat stricter cutoff point R∗

9 is
now set on Exercise 9 of the multiple test composed of 15 exercises relative to
the cutoff point R+

9 set on the single Exercise 9. This makes sense since the
simple majority rule is more lenient toward qualifying applicants as accepted
than the collective rule k = 3/15.
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Finally, for k = 13/15 = 0.867, we obtained the following results: R∗
9 =

73.36, W9 = 14.31, λ9 = 0.819, p1
9 = 0.528, and p2

9 = 0.974. As can be verified
from the theorem (i.e., W9 >> 1), a much stricter cutoff point R∗

9 is now set
on Exercise 9 of the multiple test composed of 15 exercises relative to the
cutoff point R+

9 set on the single Exercise 9. This is because the collective
rule k = 13/15 is much more lenient toward qualifying applicants as accepted
than the simple majority rule.

7 Concluding remarks

Although the field of personnel selection is a useful application of the pro-
posed model for dichtomous assessment procedures, it should be emphasized
that the model advocated in this paper has a larger scope of application. As
mentioned already in the Introduction, the proposed collective aggregation
procedure can be applied to many binary decisions determined by teams of
n (n ≥ 2) decision makers or test batteries. Optimal collective aggregation
procedures in organizations that face such uncertain dichotomous choices as
deciding on approval or rejection of investment projects have also been ex-
tensively studied in Pete et al (1993).

For reasons of mathematical tractability, it has been assumed that suit-
ability and unsuitability for a job consists of two ”natural classes” that can be
characterized by different normal distributions. However, it seems more real-
istic to assume that suitability and unsuitability in reality are rather defined
by a more or less arbitrary cutoff on a continuous scale.

References

BEN-YASHAR, R. and NITZAN, S. (2001): Investment Criteria in Single and
Multi-Member Economic Organizations. Public Choice, 109, 1-13.

LEHMANN, E.L. (2000): Testing Statistical Hypotheses. Macmillan, New York.
LUCE, R.D. and RAIFFA, H. (1957): Games and Decisions. Wiley, New York.
PETE, A., PATTIPATI, K.R. and KLEINMAN, D.L. (1993): Optimal Team and

Individual Decision Rules in Uncertain Dichotomous Situations. Public Choice,
75, 205-230.



Part III

Network and Graph Analysis



Some Open Problem Sets for Generalized

Blockmodeling

Patrick Doreian

Department of Sociology, University of Pittsburgh,
2603 WWPH, Pittsburgh, PA 15260, USA

Abstract. This paper provides an introduction to the blockmodeling problem of
how to cluster networks, based solely on the structural information contained in the
relational ties, and a brief overview of generalized blockmodeling as an approach
for solving this problem. Following a formal statement of the core of generalized
blockmodeling, a listing of the advantages of adopting this approach to partitioning
networks is provided. These advantages, together with some of the disadvantages
of this approach, in its current state, form the basis for proposing some open prob-
lem sets for generalized blockmodeling. Providing solutions to these problem sets
will transform generalized blockmodeling into an even more powerful approach for
clustering networks of relations.

1 Introduction

Hummon and Carley (1993) identified blockmodeling as a particularly im-
portant area of social network analysis. Blockmodeling was founded on the
concept of structural equivalence, a concept introduced by Lorrain and White
(1971). In essence, the goal of blockmodeling is to partition the actors (ver-
tices) of social network simultaneously with their relational ties. Based on
some conception of equivalence, the actors are clustered into positions and
the relational ties are clustered into blocks. If there are k positions in a block-
model, there will be k2 blocks, of which k will be diagonal blocks.

Two vertices are structurally equivalent if they are connected to the net-
work in an identical fashion. This approach caught fire with the implemen-
tation of practical programs for identifying blockmodels based on structural
equivalence, notably CONCOR (Breiger et al. (1975)) and STRUCTURE
(Burt (1976)). A generalization of structural equivalence is regular equiva-
lence (Sailer (1978), White and Reitz (1983)) where vertices are regularly
equivalent if they are equivalently connected to equivalent others. (Formal
definitions of these equivalences can be found in the original sources and in
Doreian et al. (2005: Chapter 6).)

As a simple example consider the sociogram (network) shown in Figure 1
and on the left in Table 1 where the vertices are in an arbitrary order and
labeled. The example is taken from Doreian et al. (2005). In general, the
essential structure of a network is not obvious when networks are large and/or
complex. Blockmodeling attempts to discern and represent network structure
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Fig. 1. An Artificial Network

Table 1. A Sociomatrix and Blockmodel for the Artificial Network

Sociomatrix Blockmodel

a b c d e f g h i j k a k b j f c d h i e g
a 0 1 0 0 0 0 0 0 0 0 0 a 0 0 1 0 0 0 0 0 0 0 0
b 1 0 1 1 0 0 0 0 0 0 0 k 0 0 0 1 0 0 0 0 0 0 0
c 0 1 0 1 1 1 0 0 0 0 0 b 1 0 0 0 0 1 1 0 0 0 0
d 0 1 1 0 1 1 0 0 0 0 0 j 0 1 0 0 0 0 0 1 1 0 0
e 0 0 1 1 1 1 0 0 0 0 0 f 0 0 0 0 0 1 1 1 1 1 1
f 0 0 1 1 1 0 1 1 1 0 0 c 0 0 1 0 1 0 1 0 0 1 0
g 0 0 0 0 0 1 0 1 1 0 0 d 0 0 1 0 1 1 0 0 0 1 0
h 0 0 0 0 0 1 1 0 1 1 0 h 0 0 0 1 1 0 0 0 1 0 1
i 0 0 0 0 0 1 1 1 0 1 0 i 0 0 0 1 1 0 0 1 0 0 1
j 0 0 0 0 0 0 0 1 1 0 1 e 0 0 0 0 1 1 1 0 0 0 0
k 0 0 0 0 0 0 0 0 0 1 0 g 0 0 0 0 1 0 0 1 1 0 0

and does so through appealing to some form of equivalence. In this case,
specifying regular equivalence leads to the blockmodel shown on the right in
Table 1 where the vertices of the network have been permuted into the order
shown on the right in Table 1 and a coherent partition imposed. There are
5 positions and 25 blocks. The blocks in this table are either all null (null
blocks) or take the form where each row and column of the block contain a
1 (regular blocks). If we label the regular blocks with 1 and the null blocks
with 0, we get the image matrix shown in Table 2. This has a much simpler
structure that captures the essence of Figure 1 where C1 is {a, k}, C2 is {b,
j}, C3 is {f}, C4 is {c, d, h, i}, and C5 is {e, g}.

Borgatti and Everett (1989) proved that every binary network has a class
of regular equivalences that form a lattice. The network shown in Figure 1 has
21 exact regular equivalence partitions. Both Borgatti and Everett’s result,
and the use of generalized blockmodeling, make it clear that a network can
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have a (potentially large) number of optimal partitions rather than having a
single blockmodel. This feature raises some interesting substantive and em-
pirical tasks of assessing the set of such partitions in most empirical contexts
when multiple optimal partitions are located.

Table 2. The Image of the Artificial Network

C1 C2 C3 C4 C5

C1 0 1 0 0 0
C2 1 0 0 1 0
C3 0 0 0 1 1
C4 0 1 1 1 1
C5 0 0 1 1 0

There have been two approaches to the blockmodeling problem: indirect
methods and direct methods. Indirect methods are characterized by trans-
forming one (or more) network(s) into some (dis)similarity matrix and then
clustering this matrix by some clustering procedure. Direct methods skip the
transformation(s) and work with the data directly. Because of the increased
combinatorial burden of considering all of the partitions of a network as the
size of the network increases, examining all possible partitions is not possible
for large networks. An alternative is the adoption of a (local) optimization
procedure and this has been called an optimizational approach to block-
modeling by Doreian et al. (2005) as one distinctive feature of ‘generalized
blockmodeling’.

2 Generalized blockmodeling

The key step in moving from conventional blockmodeling (where an indirect
approach is used) to generalized blockmodeling is the translation of an equiv-
alence type into a set of permitted block types. For structural equivalence there
are two: null blocks and complete blocks. Similarly, there are two permitted
block types for regular equivalence: null and regular blocks (Batagelj et al.
(1992a)). Specifying new types of equivalence is done through the specifica-
tion of new permitted block types. See Doreian et al. (1994, 2005) for details
of some new block types and new blockmodel types.

We denote a network as N = (V,R) where V is the set of vertices of the
network and R is a social relation. The nature of a blockmodel partition of
a network is characterized by:

• A partition of vertices: C = {C1, C2, ..., Ck}
• With k clusters, C partitions also the relation R into k2 blocks where

R(Ci, Cj) = R ∩ Ci × Cj
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• Each block is defined in terms of units belonging to clusters Ci and Cj

and consists of all arcs from units in cluster Ci to units in cluster Cj . If
i = j, the block R(Ci, Ci) is called a diagonal block.

With a set of empirical blocks and a corresponding set of permitted blocks,
it is straight forward to think of comparing the empirical blocks with the cor-
responding permitted blocks on a block by block basis. Clearly, if an empirical
block and an ideal permitted block are the same, there will no inconsistencies
between the two. A criterion function is specified that does two things:

• For each pair of empirical and corresponding ideal blocks, it captures the
difference between the blocks in an empirical partition and the blocks in
a permitted (ideal) partition.

• The block by block differences (inconsistencies) are combined (added)
into and overall criterion function as a measure of fit.

In general terms, for a network, N = (V,R):

• We let Θ denote the set of all relations of a selected type (e.g. structural
or regular equivalence);

• A criterion function P (C) is defined to measure the difference between
an empirical partition and a partition with permitted block types;

• This criterion function has the following the properties:

P1. P (C) ≥ 0
P2. P (C) = 0 ⇔ ∼∈ Θ,

• And the criterion functions are defined to reflect the equivalence type.

More specifically, for a clustering C = {C1, C2, . . . , Ck}
• Let B(Cu, Cv) denote the set of all ideal blocks corresponding to an em-

pirical block R(Cu, Cv).
• The global inconsistency of clustering C with an ideal clustering can be

expressed as P (C) =
∑

Cu,Cv∈C minB∈B(Cu,Cv) d(R(Cu, Cv), B)
• where d(R(Cu, Cv), B) measures the difference (number of inconsisten-

cies) between the block R(Cu, Cv) and the ideal block B.
• The function d has to be compatible with the selected type of equivalence

(Batagelj et al., 1992b).

In practice, a local optimization procedure has been used and imple-
mented in pajek1(Batagelj and Mrvar, 1998) for generalized blockmodeling.
First, an initial clustering with a specified number (k) of clusters is created
randomly. The neighborhood of the clustering is determined by two transfor-
mations: moving a vertex from one cluster to another or by interchanging a
pair of vertices from two different clusters. If the criterion function diminishes

1 This program is updated frequently to implement new procedures and to elimi-
nate bugs. Version 1.12 is dated February 12, 2006.
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Fig. 2. A Picture of the Blockmodeling Scheme

under a transformation, the algorithm moves to it and repeats the transfor-
mation steps until the criterion function gets no smaller. This partition (or
a set of such partitions) is (are) stored and the procedure is repeated many
times. Only the best fitting partitions (those with the minimized value of
the criterion function) are kept for further exploration as blockmodels of the
network. There can be, and often are, multiple equally well fitting partitions
(blockmodels) of a network.

Pictorially, the process is visualized in Figure 2. The vertices (units) clus-
tered together in Ci are mapped under µ to the position i and the vertices
(units) clustered into Cj are mapped under µ to the position j. The values
of a set of ties, {axy}, between vertices in Ci and the vertices in {Cj} are
summarized in some fashion by a value, denoted by a, and assigned to a block
type (predicate) T . More formally, the generalized blockmodeling scheme is
specified by:

• A network with units V
• A relation R ⊆ V × V .
• Let Z be a set of positions (or images of clusters of units)
• Let µ : V → Z denote a mapping which maps each unit to its position.

The cluster of units C(t) with the same position t ∈ Z is

C(t) = µ−1(t) = {x ∈ V : µ(x) = t}
Therefore

C(µ) = {C(t) : t ∈ Z}
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is a partition (clustering) of the set of units V .
• A blockmodel is an ordered quadruple M = (Z,K, T, π) where:

– Z is a set of positions;
– K ⊆ Z × Z is a set of connections between positions;
– T is a set of predicates used to describe the types of connections

between clusters in a network; we assume that nul ∈ T ;
– A mapping π : K → T \ {nul} assigns predicates to connections.

3 Benefits of generalized blockmodeling

There are considerable advantages that follow from using the generalized
blockmodeling framework. They include:

• The use of an explicit criterion function that is compatible with a given
type of equivalence means that a built in measure of fit, one that is inte-
gral to the establishment of blockmodels, is always used. This stands in
stark contrast with conventional modeling which, in the main, is charac-
terized by the absence of compelling and coherent measures of fit.

• Thus far, in comparisons with conventional blockmodeling, with attention
restricted to structural and regular equivalence, partitions established by
using generalized blockmodeling frequently out-perform partitions estab-
lished by the conventional approach and never perform less well.

• Within conventional blockmodeling, the prevailing equivalence types are
structural and regular equivalence. By focusing on the permitted block
types, it is possible to expand their number and, with the expanded set
of permitted block types, we can specify new types of blockmodels. See
Doreian et al. (2005).

• The potentially unlimited set of new block types permit the inclusion of
substantively driven blockmodels. Structural balance theory, for which
Heider (1946) is credited with the first formal statement, is included
naturally (Doreian and Mrvar (1996)). The specification of a balance
theoretic blockmodel is one with positive blocks (having only positive or
null ties) on the main diagonal of the image and negative blocks (having
only negative or null ties) off the main diagonal are specified. The ranked
clusters models of Davis and Leinhardt (1972) is included through the
use of symmetric blocks on the diagonal of the image matrix and the
specification of an acyclic block structure (Doreian et al. (2000). Routines
for establishing both of these models are implemented in pajek (Batagelj
and Mrvar (1998)).

• Conventional blockmodeling has been used primarily in an inductive way
when an equivalence type is specified and the analyst accepts what is
delineated as a result of the clustering procedure. Yet, we often know
more about the expected block structure and can include this knowledge
into the specification of blockmodels.
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– Not only can we specify the block types, we can specify also the lo-
cation of some of them in the blockmodel. The ranked clusters model
has this feature where symmetric (or null) blocks are on the diagonal
of the image and null blocks are specified above the main diagonal
(or below it, but not both above and below the main diagonal). In
the extreme, the location of every block type can be specified. The
structural balance model exemplifies this feature.

– Constraints can be included in the specification of a blockmodel by
specifying which vertices must be clustered together, or specifying
pairs of vertices that should never be clustered together. In the ex-
treme, the location of all vertices in their positions can be specified.

– Penalties can be imposed on specific block types so that inconsis-
tencies with these block types are penalized severely. If null blocks
are particularly important, inconsistencies in such blocks can be em-
phasized by specifying a heavy penalty. The result, typically, is that
empirical null blocks are identified without inconsistencies with a cor-
responding ideal null block.

• Together, the pre-specification of the location of block types in a block-
model, the use of constraints, and invoking of penalties permit the de-
ductive use of blockmodeling. This feature is displayed in Table 3 where
a ‘?’ means ‘unspecified’.

Table 3. Inductive and Deductive Approaches to Blockmodeling

Clustering Blockmodel

Inductive ? ?

Pre-specification ? given
Deductive Constraints given ?

Constrained Pre-specification given given

In conventional blockmodeling, with only the specification of an equiva-
lence type, neither the clustering nor the blockmodel form are specified.
With generalized blockmodeling, one or both of these features can be
specified. Further discussion of this topic is presented in Doreian et al.
(2005: Chapter 7).

Examples of the use of generalized blockmodeling are found throughout
Doreian et al. (2005). These include partitions of the following: social re-
lations in work settings; signed relations over time in a pseudo-fraternity;
signed relations in a monastery; classroom networks; networks among the
members of Little League baseball teams; search and rescue interorganiza-
tional networks; political actor networks; discussion networks for a student
government; baboon grooming networks; marriage ties among noble families;
and journal citation networks.
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4 Some generalized blockmodeling open problem sets

The open problems that I propose we consider stem from both potential
weaknesses of generalized blockmodeling and its strengths listed above.

1. We do not have a clear idea about the sensitivity of generalized block-
modeling to particular data features. Even with all network members
represented, there can be missing data for the ties. In addition, some
relational ties may be present in the data that are not veridical. One
problem set, then, is exploring the sensitivity of generalized blockmod-
eling, in general, and the use of specific block types in blockmodels, in
particular, to the presence of missing and inaccurate data. This can be
done with simulated data where processes generating ‘missing’ data are
built into the simulation. It also can be done with real data sets where
some ties are edited (i.e. corrupted) to examine the impacts on block-
models established when using the real data and the corrupted data.

2. A second open problem set for generalized blockmodeling is the exam-
ination of boundary problems. One example of network boundaries oc-
curs with blockmodels of journal citation networks where two types of
problem can occur. Even within specific fields, some journals and cita-
tion pairs are missed. This could, perhaps, be included in the previous
problem set. More important, when the focus is on a specific discipline,
is the exclusion of adjacent relevant disciplines. These other disciplines
are the environment for a particular discipline. Omitting them creates a
boundary and the omission of related fields can dramatically influence
the established partitions. Laumann et al. (1989) point to the crucially
important ‘boundary specification problem’. Solutions, for example, Dor-
eian and Woodard (1994), have been proposed as ways of appropriately
delineating the boundary of a network. Often however, the boundary that
has been specified still omits other relevant units. Pursuing this problem
set will give us some idea of the vulnerability of generalized blockmodel-
ing to the boundary imposed on an empirical network and a sense of the
implications for the validity of the blockmodels that are established.

3. A third problem set stems from coming at the boundary problem from
a different direction. This is to seek representations of the wider envi-
ronment of a network so that the validity of blockmodel that has been
established is preserved even though the details of the connections to the
rest of the networked world are not included in the data. An example of
this line of thinking is found in Doreian (1993) in the context of estab-
lishing measures of standing for a set of national scientific communities
with and without the rest of the world being considered.

4. One obvious response to the boundary problem is to include more ver-
tices and study larger networks within the generalized blockmodeling
framework. Unfortunately, generalized blockmodeling is computationally
burdensome and this imposes a practical network size constraint for gen-
eralized blockmodeling. One advantage of the conventional blockmodeling
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approach is that it can be used for much larger networks than is the case
for generalized blockmodeling2. This fourth set of open problems amounts
to creating more efficient algorithms for establishing generalized block-
models. It may be useful, as a part of this effort, to find ways in which
both conventional and generalized blockmodeling methods can be used in
conjunction. This suggests the creation of (dis)similarity measures that
are compatible with, and sensitive to, the new types of blocks and new
blockmodel types for use in clustering procedures via indirect methods.
Such partitions could then be optimized via generalized blockmodeling
methods.

5. Thinking about missing data, inaccurate data, and boundary problems
points to a more general issue. For most social networks for which we
gather data, our information will be incomplete. Even if board interlock
data are complete for a set of organizations, such ties are only part of the
broader structure of interorganizational relations, much of which will be
unobservable for most network observers. Or, as a variant of this more
general problem, consider having data on email exchanges between mem-
bers of an organization. Do these data tell us anything about the structure
of the organization? If we have intercepted exchanges between units of an
enemy in a battle field, can these network data help identify the spatial
structure and locations of the enemy units? The general problem is one
of identifying structure from incomplete network information. Given that
one of the goals of blockmodeling is to delineate the underlying structure
of a network, can generalized blockmodeling be used to tackle this broad
generic problem of identifying structure from incomplete information?

6. Most of the examples considered by Doreian et al. (2005) concern bi-
nary networks. The obvious extension is to consider valued networks in
a principled fashion. A promising start is found in Žiberna (2005).

7. It is clear that, within the generalized blockmodeling framework, the
criterion function for a particular problem is minimized for a specified
blockmodel3. And if the number of inconsistencies is zero or very small
it seems reasonable to accept that the established blockmodel fits the
network data well. When the blockmodel is specified truly on substantive
grounds this might be enough. However, if a specified blockmodel fits with
a ‘larger’ number of inconsistencies, can we say that the blockmodel fits?
Answering this question is complicated by the fact that different block
types and types of blockmodels have criterion functions that differ in the

2 The drop down menu for operations in pajek uses an asterisk (*) to mark oper-
ations where network size is a serious problem. This is a clear signal that there
is limit to what can be done within this framework as far a network size is con-
cerned.

3 Because a local optimization procedure is used in generalized blockmodeling,
there is always the possibility that an optimized partition is missed. One partial
solution is to use many repetitions of the procedure. Even so, the general point
stands.



128 Doreian

‘magnitude’ of the criterion function. As a result, the magnitudes of the
criterion functions cannot be compared across different types of block-
models. It is always possible to over-fit a blockmodel in ways that are
idiosyncratically responsive to specific features of a specific data by using
a set of ad hoc of block types. Such a blockmodel is likely to be worth-
less. This raises the issue of evaluating statistically whether a selected
blockmodel type fits a body of network data - based on the structural
data alone. This last point is important. Network equivalence is a purely
structural concept.

8. Conventional blockmodeling deals with the issue of multiple relations in a
straightforward but simplistic fashion. The relations are simply ‘stacked’
and measures of (dis)similarity are computed for the vectors made up of
rows and/or columns of the relations. If the relations are essentially the
same, this approach may have value. But if the relations are qualitatively
different and have different structures, then the stacking strategy is likely
to obliterate those difference. Instead, we need an approach that permits
different relations to have different structures with, potentially, different
block type structures. Batagelj et al. (2006) use a simple example for
an organization where one relation is the organizational hierarchy repre-
senting ‘subordinate to’ (which is consistent with regular equivalence and
column-regular equivalence) and an advice seeking relation that conforms
exactly to a ranked clusters model. Each relation has the same clustering
of actors but the blockmodel types for each relation differ. This feature
is not recovered by stacking the relations in the conventional blockmod-
eling approach. This amounts to seeking a general blockmodeling strat-
egy for partitioning three dimensional network data. Put differently, this
eighth problem set calls for methods for partitioning of a relational box
in the sense of Winship and Mandel (1983) - but without the inclusion
of products of relations. Baker (1986) suggested an approach to three
dimensional blockmodeling within conventional blockmodeling.

9. For a long time, network analysis had a static character where the disci-
plinary focus was restricted to delineating network structure. Many tools
were created to describe network structure and this ‘static phase’ may
have been necessary for the development of a structural perspective. How-
ever, most networks are generated over time by network processes and,
recently, more attention has been given to the study of temporal network
processes. Doreian and Stokman (1997) outlined an agenda for studying
the evolution of social networks. There is, indeed, a new focus on studying
networks over time at the level of the observed network. The final problem
set for generalized blockmodeling stems from the question: Can general-
ized blockmodeling be used to study the evolution of the fundamental
(or underlying) structure of the network? The question arises naturally.
If generalized blockmodeling is an appropriate strategy to delineate the
underlying structure of a network and if it is correct to think of networks
evolving, surely, it is the underlying structure that evolves with the ob-
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served network providing the relevant data for studying evolution of the
fundamental network. This can be viewed in terms of a relational box
and, while this has the same logical structure of the multiple networks
relational box, it seems to call for distinctive methods. It may be useful
to couple this problem set with the statistical evaluation problem set by
specifying generative models for the evolution of fundamental network
structure in the form of generalized blockmodel images.

5 Summary

I have provided an overview of generalized blockmodeling and some if its
advantages. However, there are some limitations to the approach in its current
form. Together the advantages and limitations provide the foundations for
proposing some open problems sets. Just as generalized blockmodeling has
transformed blockmodeling, the successful pursuit of these open problems
sets will transform generalized blockmodeling.
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Abstract. Spectral clustering is a procedure aimed at partitionning a weighted
graph into minimally interacting components. The resulting eigen-structure is de-
termined by a reversible Markov chain, or equivalently by a symmetric transition
matrix F . On the other hand, multidimensional scaling procedures (and factorial
correspondence analysis in particular) consist in the spectral decomposition of a
kernel matrix K. This paper shows how F and K can be related to each other
through a linear or even non-linear transformation leaving the eigen-vectors invari-
ant. As illustrated by examples, this circumstance permits to define a transition
matrix from a similarity matrix between n objects, to define Euclidean distances
between the vertices of a weighted graph, and to elucidate the “flow-induced” nature
of spatial auto-covariances.

1 Introduction and main results

Scalar products between features define similarities between objects, and re-
versible Markov chains define weighted graphs describing a stationary flow.
It is natural to expect flows and similarities to be related: somehow, the
exchange of flows between objects should enhance their similarity, and tran-
sitions should preferentially occur between similar states.

This paper formalizes the above intuition by demonstrating in a general
framework that the symmetric matrices K and F possess an identical eigen-
structure, where K (kernel, equation (2)) is a measure of similarity, and F
(symmetrized transition. equation (5)) is a measure of flows. Diagonalizing
K yields principal components analysis (PCA) as well as mutidimensional
scaling (MDS), while diagonalizing F yields spectral clustering. By theorems
1, 2 and 3 below, eigenvectors of K and F coincide and their eigenvalues are
simply related in a linear or non-linear way.

Eigenstructure-based methods constitute the very foundation of classical
multivariate analysis (PCA, MDS, and correspondence analysis). In the last
decade, those methods have been very extensively studied in the machine
learning community (see e.g. Shawe-Taylor and Cristianini 2004, and refer-
ences therein), in relationship to manifold learning and spectral clustering
(Bengio et al. 2004). The general “K − F connection” described here hence
formalizes a theme whose various instances have already been encountered
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and addressed in the classical setup (see section 2.2) or in the kernel setup,
at least implicitly. The relative generality of the present approach (weighted
objects, weighted variables, weighted graphs) might provide some guidance
for defining the appropriate objects (kernels, scalar products, similarities or
affinities, etc.). Also, the same formalism permits to characterize a broad
family of separable auto-covariances, relevant in spatial statistics.

Multi-dimensional scaling (MDS) in a nutshell: consider n objects
described by p features. Data consist of Φ = (ϕij) where ϕij is the value of
the j-th feature on the i-th object. Let ρj > 0 denote the weight of feature
j, with

∑p
j=1 ρj = 1, and define the diagonal matrix R := diag(ρ). Also,

let πi > 0 denote the weight of object i, with
∑n

i=1 πi = 1, and define
Π := diag(π). Also, define

Bii′ :=
∑

j

ρjϕijϕi′j Dii′ := Bii+Bi′i′−2Bii′ =
∑

j

ρj(ϕij−ϕi′j)
2 (1)

The scalar product Bii′ constitutes a measure a similarity between objects i
and i′, while the squared Euclidean distance Dii′ is a measure of their dissimi-
larity. Classical MDS consists in obtaining distance-reproducing coordinates
such that the (total, weighted) dispersion ∆ := 1

2

∑
ii′ πiπi′Dii′ is optimally

represented in a low-dimensional space. To that effect, the coordinate xiα of
object i on factor α is obtained from the spectral decomposition of the kernel
K = (Kii′ ) with Kii′ :=

√
πiπi′Bii′ as follows:

K :=
√
ΠB

√
Π = UΓU ′ U = (uiα) Γ = diag(γ) xiα :=

√
γα√
πi

uiα

(2)
where U is orthogonal and contains the eigenvectors of K, and Γ is diagonal
and contains the eigenvalues {γα} of K. Features are centred if

∑
i πiϕij = 0.

In that case, the symmetric, positive semi-definite (p.s.d) matrices B and K
obey Bπ = 0 and K

√
π = 0, and will be referred to as a proper similarity

matrix, respectively proper kernel matrix. By construction

Dii′ =
∑
α≥2

(xiα − xi′α)2 ∆ =
∑
α≥2

γα (3)

where γ1 = 0 is the trivial eigenvalue associated with u1 =
√
π.

Spectral clustering in a nutshell: consider the (n× n) normalised, sym-
metric exchange matrix E = (eii′ ) where eii′ = ei′i ≥ 0, ei• :=

∑
i′ eii′ > 0,

and
∑

ii′ eii′ = 1. By construction, wii′ := eii′/ei• is the transition matrix of a
reversible Markov chain with stationary distribution πi := ei•. In a weighted
graph framework, eii′ constitutes the weight of the undirected edge (ii′), mea-
suring the proportion of units (people, goods, matter, news...) circulating in
(ii′), and πi is the the weight of the object (vertex) i.
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The minimal normalized cut problem consists in partitioning the vertices
into two disjoints sets A and Ac as little interacting as possible, in the sense
that

h := min
A

e(A,Ac)

min(π(A), π(Ac))
(with e(A,Ac) :=

∑
i∈A,i′∈Ac

eii′ , π(A) :=
∑
i∈A

πi)

(4)
where the minimum value h is the Cheeger’s constant of the weighted graph.

The eigenvalues of W = (wii′ ) are real and satisfy 1 = λ1 ≥ λ2 ≥ . . . λn ≥
−1, with λ2 < 1 iff the chain is irreducible and λn > −1 iff the chain is not of
period two (bipartite graphs). The same eigenvalues appear in the spectral
decomposition of the symmetrized transition matrix F = (fii′ ) defined as
fii′ = eii′/

√
πiπi′ :

F := Π− 1
2EΠ− 1

2 = UΛU ′ U = (uiα) Λ = diag(λ) (5)

where U is orthogonal and Λ diagonal. By construction, F
√
π =

√
π. A

symmetric, non-negative matrix F with eigenvalues in [−1, 1] and F
√
π =

√
π

will be refereed to as a proper symmetrized transition matrix.
In its simplest version, spectral clustering (see e.g. Ng et al. (2002); Verma

and Meila (2003)) consists in partitioning the graph into two disjoints sub-
sets A(u) := {i|ui2 ≤ u} and Ac(u) := {i|ui2 > u}, where ui2 is the
second eigenvector and u a threshold, chosen as u = 0, or as the value
u making

∑
i∈A(u) u

2
i2
∼= ∑

i∈Ac(u) u
2
i2, or the value minimising h(u) :=

e(A(u), Ac(u))/min(π(A(u)), π(Ac(u))). Minimal normalized cut and spec-
tral clustering are related by the Cheeger inequalities (see e.g. Diaconis and
Strook (1991); Chung (1997))

2h ≥ 1− λ2 ≥ 1−
√

1− h2 (6)

where the spectral gap 1 − λ2 controls the speed of the convergence of the
Markov dynamics towards equilibrium.

Theorem 1. (F→ K). Let E be an (n×n) exchange matrix with associated
symmetrized transition matrix F = UΛU ′ and vertex weight π. Then any
(n× n) matrix K = (Kii′ ) of the form

K := (a− b)F + (a + b)I − 2a
√
π
√
π
′

(7)

constitutes, for a, b ≥ 0, a centred proper kernel with spectral decomposition
F = UΓU ′ with eigenvalues γα = (a− b)λα + (a + b)− 2a δα1.

Proof : the eigenvectors uα of I and
√
π
√
π
′

are identical to those of F ,
with associated eigenvalues µα ≡ 1 and µα = δα1 respectively. In particular,
K
√
π = [(a − b) + (a + b) − 2a]

√
π = 0, making K centred. It remains to

show the positive-definiteness of K, that is γα ≥ 0. Actually, γ1 = 0 and, for
α ≥ 2, γα = a(1 + λα) + b(1− λα) ≥ 0 since −1 < λα < 1. �
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Fig. 1. domain of possible values Aγ∗ and B insuring the existence of a proper
symmetrized transition F from a kernel K by (8). Although allowing for non-
trivial values A, B �= 0, the domain is not optimal, and degenerates into A = 0
and B ∈ [0, 1] for n → ∞ in view of π∗ → 0. The point (1, 0) depicts the values
corresponding to the FCA example of section (2.2).

Theorem 2. (K → F). Let K be an (n×n) centred kernel with trivial eigen-
vector

√
π. Then any (n× n) matrix F = (fii′) of the form

F = AK + BI + (1−B)
√
π
√
π
′

(8)

constitutes, for A ∈ [−π∗

γ∗
, π∗

(1−π∗)γ∗
] and B ∈ [−π∗+min(A,0)γ∗

1−π∗
, π∗−|A|γ∗

π∗
] (where

γ∗ := maxα γα and π∗ := mini πi), a non-negative symmetrized transition
matrix with associated stationary distribution π (see figure 1).

Proof : treating separately the cases A ≥ 0 and A ≤ 0, and using (in
view of the positive-definite nature of K) maxi Kii ≤ γ∗, mini Kii ≥ 0,
maxi
=i′ Kii′ ≤ γ∗ and mini
=i′ Kii′ ≥ −γ∗ as well as mini,i′

√
πiπi′ = π∗

demonstrates that F as defined in (8) obeys mini
=i′ fii′ ≥ 0 and mini fii ≥ 0.
Thus eii′ :=

√
πiπi′fii′ is symmetric, non-negative, and satisfies in addition

ei• = πi in view of K
√
π = 0. �

The coefficients (A,B) of theorem 2 are related to the coefficients (a, b)
of theorem 1 by A = 1/(a− b) and B = (b+ a)/(b− a), respectively a = (1−
B)/2A and b = −(1 + B)/2A. The maximum eigenvalue γ∗ := maxα γα > 0
of K is γ∗ = a(1 + λ2) + b(1− λ2) = (λ2 − B)/A for a > b (i.e. A > 0), and
γ∗ = a(1 + λn) + b(1− λn) = (λn −B)/A for a < b (i.e. A < 0).
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Fig. 2. Two-dimensional factorial towns configuration xiα for α = 2, 3 for the initial
network (n = 55, left) and, for the largest sub-network obtained after four minimal
normalized cuts (n = 48, right).

Fig. 3. Determining the minimal normalized cuts minu h(u) along the “second-
eigenvalue path” with discrete values ui =

√
πi xi2. Left: 55 towns, from which

Ticino (4 towns, 1st iteration) and Graubünden (3 towns, 2nd and 3rd iteration)
are removed. Right: the resulting 48 towns, split into (VS-VD-GE) and (NE-FR-
JU-BE-SO) for the first group, and the rest of the German-speaking towns for the
second group.
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2 Examples

2.1 Spectral clustering: Swiss commuters

The number of daily commuters nij from place i to place j (between n = 55
extended Swiss towns) yields (after symmetrization) a weighted graph with
associated transition matrix F .

Eigenvalues are λ1 = 1 > λ2 = .9947 > . . . > λ55 = .5116. Factor
coordinates xiα (figure 2) define “flow-revealed” distances Dii′ . In view of
theorem 1 (and in view of the arbitrariness of γ(λ), and of the closeness
between the eigenvalues λα) the coordinates are simply defined (see equation
(2)) as xiα = uiα/

√
πi = uiα/ui1. They are obviously reminiscent of the

geographical map, but the precise mechanism producing the factor maps of
figure 2 remains to be elucidated. The spectral clustering determination of
the threshold u minimizing h(u) (section 1) is illustrated in figure 3.

2.2 Correspondence analysis: educational levels in the region of
Lausanne

Let N = (nij) be a (n ×m) contingency table counting the number of indi-
viduals belonging to category i of X and j of Y . The “natural” kernel matrix
K = (Kii′ ) and transition matrix W = (wii′ ) associated with factorial corre-
spondence analysis (FCA) are (Bavaud and Xanthos 2005)

Kii′ =
√
πi
√
πi′

∑
j

ρj(qij − 1)(qi′j − 1) wii′ := πi′

∑
j

ρjqijqi′j (9)

where πi = ni•/n•• are the row profiles, ρj = n•j/n•• the columns profiles,
and qij = (nij n••)/(ni•n•j) are the independence quotients, that is the ratio
of the counts by their expected value under independence.

Coordinates xiα (2) obtained from the spectral decomposition of K are
the usual objects’ coordinates in FCA (for α ≥ 2), with associated χ-square
dissimilarities Dii′ and χ-square inertia ∆ = chi2/n•• (Bavaud 2004). On
the other hand, wii′ is the conditional probability of drawing an object of
category i′ starting with an object of category i and “transiting” over all
possible modalities j of Y . The resulting Markov chain on n states is reversible
with stationary distribution π, exchange matrix eii′ = ei′i = πiwii′ and
symmetrized transition matrix fii′ =

√
πi
√
πi′

∑
j ρjqijqi′j .

Here K and F are related as K = F − √π
√
π
′
, with values A = 1 and

B = 0 (respectively a = −b = 1/2) and γ∗ = 1 in theorems 2 and 1. The
corresponding value lie outside the non-optimal domain of figure 1.

Data1 give the number of achieved educational levels i (8 categories)
among 169′836 inhabitants living in commune j (among p = 12 communes
around Lausanne, Switzerland). Eigenvalues are γ1 = 0 and 1 > γ2 = λ2 =

1 F.Micheloud, private communication
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.023 > . . . λ8 = .000026 with inertia ∆ = .031. While significantly non-zero
(n••∆ >> χ2

.99[77]), those low values are close to the perfect mobility case
(section 4), that is regional educational disparities are small in relative terms.
Figure 4 depicts the factor configuration (α = 2.3) with coordinates (2) as
well as dual regional coordinates. The biplot confirms the existence of the
well-attested West-East educational gradient of the region.

Fig. 4. Biplot: FCA rows and columns objects’ coordinates. The symmetric quan-
tity sii′ := wii′/πi′ is a size-independent measure of similarity with average 1
(Bavaud and Xanthos 2005), defining strong (s ≥ 1.05), weak (1.05 > s ≥ 1) or no
(s < 1) links between distinct education levels.

3 Non-linear transformations

Theorem 3. i) Let K be a proper kernel. Then Kr (for r = 1, 2, . . .) and
h(K) :=

∑
r≥1 hrK

r (where hr ≥ 0 and
∑

r≥1 hr = 1) are proper kernels.
ii) Let F be a proper symmetrized transition. Then F r (for r = 0, 1, 2, . . .),

f(F ) :=
∑

r≥1 frF
r (where fr ≥ 0 and

∑
r≥1 fr = 1) and cf(F ) + (1 − c)I

(where 0 < c ≤ 1) are proper symmetrized transitions.
iii) K and F can be put in non-linear correspondence by

h(K) = (a− b̃)f(F ) + (a + b̃)I − 2a
√
π
√
π
′

a, b̃ ≥ 0 (10)
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Proof : i) and ii) are immediate. Part iii) follows from theorem (1) and
definition b̃ := (1 − c)a + cb. �

Since h(UΓU ′) = Uh(Γ )U ′ and f(UΛU ′) = Uf(Λ)U ′, theorem 3 exhibits
a broad class of MDS - spectral clustering correspondences (see the examples
of section 4), differing by their eigenvalues spectrum but sharing the same
eigenvectors, in particular u1 and hence the weights vector π = u2

1.

4 Separable auto-covariances

The present formalism turns out to be relevant in spatial statistics, where
spatial autocorrelation is defined by a covariance matrix between the objects
(= regions).

To that extent, consider a spatial field {Xi}n
i=1 measured on n regions,

with common expectation E(Xi) = µ and associated weights {πi}n
i=1. Let

X̄ :=
∑

i πiXi. The auto-covariance matrix Σ = (σii′ ) is said to be separable
if, for any i, the variables Xi − X̄ and X̄ − µ are not correlated.

Theorem 4. Σ is separable iff Σπ = σ21, where σ2 = E((X̄ − µ)2) and 1
is the unit vector. In this case, the (n× n) matrices

K :=
1

σ2

√
ΠΣ

√
Π −√π

√
π
′

B =
1

σ2
Σ − J (11)

(where J := 11′ is the unit matrix) constitute a proper kernel, respectively
dissimilarity.

Proof : Σπ = σ21 iff σ2 =
∑

i′ πi′ [E((Xi − µ)(Xi′ − X̄)) +E((Xi − µ)(X̄ −
µ))] = E((Xi− X̄)(X̄−µ))+E((X̄−µ)(X̄−µ)) iff E((Xi− X̄)(X̄−µ)) = 0
and E((X̄ − µ)2) = σ2. �

Under separability, equations (1) and (11) show the variogram of Geo-
statistics to constitute a squared Euclidean distance since Var(Xi − Xi′) =
σ2Dii′ . Observe that Σ or B as related by (11) yield (up to σ2) the same
distances. Together, theorem 3 (with h(x) = x) and theorem 4 imply the
following

Theorem 5. Let f(F ) the function defined in theorem 3 and a, b̃ ≥ 0. Then
the (n× n) matrix

1

σ2
Σ := (a− b̃)Π− 1

2 f(F )Π− 1
2 + (a + b̃)Π−1 + (1− 2a)J (12)

constitutes a separable auto-covariance.

Theorem 5 defines a broad class of “flow-induced” spatial models, among
which (deriving the relations between parameters is elementary):
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• the auto-regressive model Σ = σ2(1− ρ)(I − ρW )−1Π−1

• equi-correlated covariances σ−2Σ2 = ãΠ−1 + c̃J , with associated geo-
statistical distances Dii′ = ã(1/πi + 1/πi′) for i 
= i′. This occurs un-
der contrasted limit flows, namely (A) perfect mobility flows wii′ = πi′

(yielding f(F ) = F =
√
π
√
π
′
) and (B) frozen flows wii′ = δii′ (yielding

f(F ) = F = I).

Irrespectively of the function f , any auto-covariance Σ defined in theorem
5 must be separable, a testable fact for a given empirical Σ. Also, the facto-
rial configuration of the set of vertices in a weighted graph or of states in a
reversible chain can be obtained by MDS on the associated geostatistical dis-
tances Dii′ . As demonstrated by theorem 3, all those configurations are iden-
tical up to dilatations of the factorial axes; in particular, the low-dimensional
plot α = 2, 3 is invariant up to dilatations, provided f is increasing.
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Abstract. The U.S. patents network is a network of almost 3.8 millions patents
(network vertices) from the year 1963 to 1999 (Hall et al. (2001)) and more than
16.5 millions citations (network arcs). It is an example of a very large citation
network.

We analyzed the U.S. patents network with the tools of network analysis in
order to get insight into the structure of the network as an initial step to the study
of innovations and technical changes based on patents citation network data.

In our approach the SPC (Search Path Count) weights, proposed by Hummon
and Doreian (1989), for vertices and arcs are calculated first. Based on these weights
vertex and line islands (Batagelj and Zaveršnik (2004)) are determined to identify
the main themes of U.S. patents network. All analyses were done with Pajek – a
program for analysis and visualization of large networks. As a result of the analysis
the obtained main U.S. patents topics are presented.

1 Introduction

Patents are a very good source of data for studying the innovation devel-
opment and technical change because each patent contains information on
innovation, inventors, technical area, assignee etc. Patent data also include
citations to previous patents and to scientific literature, which offer the possi-
bility to study linkages between inventions and inventors. On the other hand
we have to be aware of the limitations when using such datasets, since not all
inventions are patented, the patent data are not entirely computerized, and
that it is hard to handle very large datasets.

The database on U.S. patents (Hall et al. (2001)) was developed be-
tween 1975 and 1999. It includes U.S. patents granted between January 1963
and December 1999. It counts 2,923,922 patents with text descriptions and
other 850,846 patents represented with scanned pictures, altogether 3,774,768
patents. There are 16,522,438 citations between them. Since it is a legal duty
for the assignee to disclose the existing knowledge, a citation represents pre-
viously existing knowledge contained in the patent.
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The idea of using patent data for economic research originated from
Schmookler (1966), Scherer (1982), and Griliches (1984). Hall et al. (2001) in-
cluded more information about patents in the analyses and also demonstrated
the usefulness of citations.

The idea of our work was to look at the patents data as a large network.
In the network patents are represented by vertices. Two patents (vertices)
are linked with a directed link, an arc, when one cites the other one. We used
the SPC method to obtain the weights of patents and their citations. Weight
of a particular patent or particular citation can be interpreted as a relative
importance of that patent or that citation in the network. We used weights
to determine islands – groups of ’closely related’ vertices.

Hall, Jaffe, and Trajtenberg aggregated more than 400 USPTO (United
States Patent and Trademark Office) patent classes into 36 2-digit technolog-
ical subcategories, and these are further aggregated into 6 main categories:
Chemical, Computers and Communications, Drugs and Medical, Electrical
and Electronics, Mechanical, and Others. We examined the constructed vari-
able of technological subcategory and checked the titles of patents in order
to confirm our hypothesis, that islands determine specific theme of patents.

2 Search path count method

Let us denote a network by N = (V, L), where V is a set of vertices and L
is a set of arcs. The arc (v, u) goes from vertex v ∈ V to vertex u ∈ V iff
the patent represented by v cites the patent represented by u. This network
is a citation network. Citation networks are usually (almost) acyclic. The
cycles, if they exist, are short. Network can be converted to acyclic one by
using different transformations – for example, by simply shrinking the cycles.
Hummon and Doreian proposed in 1989 three arc weights to operationalize
the importance of arcs in citation networks: (1) node pair projection count
method, (2) search path link count method, and (3) search path node pair
method.

Batagelj (1991, 2003) showed that the use of SPC (Search Path Count)
method computes efficiently, in time O(|L|), the last two (2) and (3) of Hum-
mon and Doreian’s weights. The SPC method assumes that the network is
acyclic. In an acyclic network there is at least one entry – a vertex of indegree
0, and at least one exit – a vertex of outdegree 0. Let us denote with I and O
the sets of all entries and all exits, respectively. The SPC algorithm assigns
to each vertex v ∈ V as its value the number of different I-O-paths passing
through the vertex v; and similarly, to each arc (v, u) ∈ L as its weight the
number of different I-O-paths passing through the arc (v, u). These counts
are usually normalized by dividing them by the number of all I-O-paths.

We calculated normalized weights of edges and vertices for the U.S. patents
network using the SPC method in Pajek. The number of all paths through
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the network is 1,297,400,940,682. We multiplied the weights with one million
since the normalized values of most of the weights were very small.

3 Determining islands

The following table

size 1 & 2 3 & 4 5 & 6 7 & 8 9 & 10 11 & 12 13 & 14 15 & 16 19 3,764,117

number 2830 583 276 72 35 12 6 2 1 1

shows the (not fully detailed) distribution of the size of weak components. A
weak component is a subnetwork of vertices that are connected when disre-
garding the arcs direction. There exist several small weak components and
one huge one (3,764,117 vertices). This implies that most of the patents are
somehow connected to almost all other patents. Patents in small weak com-
ponents might be the early ones (granted before the year 1975), which would
be densely connected if the citation data were available or there might exist
patents that started a very specific topic which is indeed just locally con-
nected.

Based on the calculated weights more informative connected subnetworks
can be also determined. For this purpose we used line and vertex islands.
Islands (Batagelj and Zaveršnik (2004), Zaveršnik (2003)) are connected sub-
networks (groups of vertices) that locally dominate according to the values
of vertices or lines.

Let N = (V, L, p) be a network with vertex property p : V → R. Non-
empty subset of vertices C ⊆ V is called a vertex island of network N if
the corresponding induced subnetwork is connected and the weights of the
neighboring vertices N(C) are smaller or equal to the weights of vertices from
C

max
u∈N(C)

p(u) ≤ min
v∈C

p(v).

The line islands are defined similarly. Let N = (V, L,w) be a network with
line weight w : L → R. Nonempty subset of vertices C ⊆ V is called a line
island of network N if there exists a spanning tree T in the corresponding
induced subnetwork, such that the lowest line of T has larger or equal weight
than the largest weight of lines from C to the neighboring vertices

max
(u,v)∈L,u/∈C,v∈C

w(u, v) ≤ min
e∈L(T )

w(u, v).

Let us look at values p(v) of vertices as heights of vertices. The network
can be seen as some kind of a landscape, where the vertex with the largest
value is the highest peak. Eliminating the vertices (and the corresponding
lines) with height lower than t, we obtain a group of internally connected
subnetworks – islands called a vertex cut at cutting level t. Unfortunately this
does not give a satisfying result. We are usually interested in subnetworks
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with specific number of vertices – not smaller than k and not larger than K
– trying to embrace single theme clusters. To identify such islands we have to
determine vertex cuts at all possible levels and select only those islands of the
selected size. Batagelj and Zaveršnik (2004) developed an efficient algorithm
for determining such islands. It is implemented in Pajek.

We determined vertex islands of sizes [1, 300]. When determining line
islands of sizes [2, 300] we excluded all ’weak, submerged’ lines (lines in the
line island with weights lower than the largest value of the line linking island
to the rest of network). We obtained 24,921 vertex islands on 36,494 vertices
and 169,140 line islands on 424,191 vertices.
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Fig. 1. Distributions of the islands based on their size.

Figure 1 shows the size distribution of islands (vertex and line islands
respectively). The x axis represents the size of islands and the y axis repre-
sents the frequency of islands. It can be seen that the relation in the log-log
scale is almost linear. With the increase of the size of islands, their frequency
decreases with power-law.

4 Line islands

In this section some of the most interesting line islands will be presented. We
chose them with respect to their size and to the size of the weights on the
lines. We scanned through all the islands that have at least 21 vertices and
islands that are smaller but with the minimal line weight 10. There are 231
such islands. We were interested in the technological subcategory, title of the
patent and grant year for each vertex (each patent) of the island.

Titles of the patents were obtained from the website of The United States
Patent and Trademark Office. We automatized their extraction using statis-
tical system R and its package XML.
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We found out that the patents in an individual island are dealing with
the same (or very similar) topic which is very likely in the same technologi-
cal subcategory. We noticed that islands with smaller weights are mainly of
categories Others (category code 6) and Chemical (code 1). With increase in
the minimal island weight, categories first change in favor of Drugs and Med-
ical category (code 3), then Electrical and Electronics (code 4) and last to
Computers and Communications (code 2). Interestingly Mechanical category
was not noticed throughout the scan.

The largest island is surprisingly mostly of category Chemical. It has
exactly 300 vertices and its minimal weight is the highest (3332.08). The
patents are mostly from the category code 19 (Miscellaneous-Chemical). 254
vertices or approximately 84.7% are from this category. The second largest
category code is 14 (Organic Compounds), which counts 27 vertices or 9%.
When examining the titles of the patents we found out that this island is
about liquid crystals, that could be used for computer displays. This somehow
connects the theme to the category Computers and Communications and
makes the theme in the largest island less surprising.

The second largest island (298 vertices) is even more homogenous in topic
than the first one. Its theme is about manufacturing transistors and semi-
conductor devices, which is classified in category code 46 (Semiconductor
Devices). There are 270 (approx. 90.6 %) vertices in even more specific clas-
sification group code 438 (USPTO 1999 classification class Semiconductor
device manufacturing process).

We also observed small size islands with large minimal weights. The topic
of 5 islands within 31 islands with the largest minimal weights deals with the
internal combustion engine for vehicles and its fuel evaporation system. This
very likely implies that there is a huge island (more than 300 vertices) about
this theme, but due to our maximum island size restriction (300 vertices in the
island) there are only its peaks (subislands) captured in our result. We verified
this hypothesis by determining line islands of a larger size. When calculating
islands of size [2, 1000] there were 2 islands of 1000 vertices with the largest
minimal weights. The theme of one of them is about internal combustion
engines (for details see Kejžar 2005). It contains the small islands captured
with the initial calculation of the line islands. This shows that this theme is
much broader than most of other themes and hence it was not possible to
embrace it completely with an island of maximum 300 vertices.

Figure 2 shows an island with 229 vertices and the seventh largest minimal
weight, that has 3 strong theme branches. Through the years patents were
granted (the oldest patents are at the bottom of the network) these 3 different
topics became connected. In the Figure 3 the title of every patent in the first
branch is shown separately. We can see that the topic of the longest branch is
about television market research with video on demand. The second branch is
about the identity verification apparatus, and the third about the computer
security system. The three branches are thematically not far away, so the



146 Batagelj et al.

4630108

4658290

4750034

4963995

5132992

5247347

5357276

39964504051460

4120030 4123747

41868714259720

4264782

4317957

4327251

4386233

4399331

4423287

4503288

4546382

5442390

Fig. 2. An island with 3 theme branches.

4327251 Automatic telephone directory message system

4399331 Telephone microprocessor system

4503288 Intelligent telephone

4546382 Television and market research data collection system and method

4630108 Preprogrammed over-the-air marketing research system

4658290 Television and market research data collection system and method

4750034 Apparatus for monitoring the replay of audio/video information carriers

4963995 Audio/video transceiver apparatus including compression means

5132992 Audio and video transmission and receiving system

5247347 PSTN architecture for video-on-demand services

5357276 Method of providing video on demand with VCR like functions

5442390 Video on demand with memory accessing and or like functions

Fig. 3. First branch of the island.

findings of a patent that mainly belongs to one of them use (or are used) also
in the other two branches. This shows in the island the connections among
branches that are strong enough to merge the three branches together in one
(a bit more diverse) island.
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5 Vertex islands

Some of the most interesting vertex islands were obtained by restricting the
minimal vertex island’s size to 10, or the minimal vertex island’s size to 5
and weights larger than 10. There are 123 such islands on 2, 971 vertices.

Three of them have size 300. The one of them with the largest weights
includes patents mostly from the category Chemical. The main theme in this
island is the liquid crystals which is also the main theme in the main line
island.

The next largest vertex island beside the largest three is the island on
119 patents. It is very homogenous – all patents belong to the Electrical and
Electronics subcategory Semiconductor Devices (code 46), and all patents are
classified into USPTO Patent Class 438.

Large and powerful vertex islands show a very similar structure of themes
as in line islands. This is not surprising since weights (from the SPC method)
on lines and neighboring vertices are highly correlated. It can be noticed that
significantly less vertex islands than line islands are obtained when the same
size range is considered.

There are also some small vertex islands with very high weights. Some of
them are presented in the Table 1. The meaning of the codes for technical
subcategories can be obtained from Hall, Jaffe and Trajtenberg article about
the patents data.

Table 1. Some of the small vertex islands with the highest weights (minw > 200)

Island No. Size Weights Subcategory Theme

minw

maxw

24900 5 1018.58 53 controlling an ignition timing
1846.06 for an internal combustion engine

24878 5 632.32 46 fabricating monocrystalline semiconductor layer
1039.10 19 on insulating layer by laser crystallization

24874 8 590.82 24 multiprocessor cache coherence system
1043.82

24811 10 357.48 22 area navigation system including a map display unit
901.61 21, 49

24806 10 343.46 22 programmable sequence generator
562.06 for in-circuit digital testing

24797 10 322.46 53 valve timing control system for engine
966.49

24796 10 318.69 24 track transverse detection signal generating circuit
1818.92 12, 19

6 Conclusion

An approach to determine main themes in large citation networks is pre-
sented, which can be viewed as a kind of network clustering. A very large
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network of U.S. patents was used as an example. We used the SPC (Search
Path Count) method to get vertex and line weights. Vertices and lines with
higher weights represent more important patents and citations in the net-
work. We used them to determine vertex and line islands of the network.
Islands are non overlapping connected subsets of vertices. Due to the citation
links between the vertices, vertices have similar characteristics (similar topics
in our case). Therefore islands can be viewed as thematic clusters.

The characteristics of patents in more than 300 islands were examined.
The islands that were examined were selected by their size and minimal line or
vertex weight. The results confirmed the hypothesis that an island consists
of vertices with similar features (in our case themes). Due to the limited
space in this paper we could only present the most important and the most
interesting vertex and line islands. There are some differences between the
vertex and the line islands, but the main themes and the main islands remain
roughly the same.
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Identifying and Classifying Social Groups:

A Machine Learning Approach

Matteo Roffilli and Alessandro Lomi

University of Bologna (Italy)

Abstract. The identification of social groups remains one of the main analyt-
ical themes in the analysis of social networks and, in more general terms, in the
study of social organization. Traditional network approaches to group identification
encounter a variety of problems when the data to be analyzed involve two-mode
networks, i.e., relations between two distinct sets of objects with no reflexive rela-
tion allowed within each set. In this paper we propose a relatively novel approach
to the recognition and identification of social groups in data generated by network-
based processes in the context of two-mode networks. Our approach is based on a
family of learning algorithms called Support Vector Machines (SVM). The analyti-
cal framework provided by SVM provides a flexible statistical environment to solve
classification tasks, and to reframe regression and density estimation problems. We
explore the relative merits of our approach to the analysis of social networks in
the context of the well known “Southern women” (SW) data set collected by Davis
Gardner and Gardner. We compare our results with those that have been produced
by different analytical approaches. We show that our method, which acts as a data-
independent preprocessing step, is able to reduce the complexity of the clustering
problem enabling the application of simpler configurations of common algorithms.

1 Introduction

A variety of phenomena of interest to students of organization and social
networks involve the collection and analysis of two-mode network data that
give rise to rectangular arrays recording the association between column el-
ements - for example, individuals - and row elements - for example, events.
Statistical methods for the simultaneous representation of the elements of
a two mode networks - such as correspondence analysis - have been used
for many years to analyze simple two-way and multi-way tables containing
some measure of correspondence between the rows and columns (Greenacre
(1984)). In practice however, correspondence analysis is not well suited to
the analysis of discrete network data and its results are frequently difficult
to interpret in the context of social networks (Borgatti and Everett(1997)).
A more direct and theoretically inspired approach to the analysis of two-
mode networks is based on the observation that they embed information on

1 The present research is part of a broader project on “Models for representing
organizational knowledge.” The project receives generous financial support from
MIUR (The Italian Ministry of University and Scientific Research) through the
FIRB research funding scheme (grant code number RBNE03A9A7 005).
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two one-mode networks: a person-by-person network and an event-by-event
network (Breiger (1974)). These networks can then be analyzed separately
to explore dual patterns of association of events through persons, and of per-
sons through events, an insight that is also central to the interpretation of
lattice models (Freeman (2003); Freeman and White (1994); Pattison and
Breiger (2002)). Until recently, the connection between the duality revealed
by patterns of association between actors and events and core network-based
notions of role, positions and role-structures had not been clearly articulated
(White, Boorman and Breiger (1976); Boorman and White (1976)). Doreian,
Batagelj and Ferligoj (2004) moved a number important steps in this direc-
tion by extending generalized blockmodeling techniques (Doreian, Batagelj
and Ferligoj (2005)) to the analysis of two-mode network data. The unique
advantages of the approach proposed by Doreian, Batagelj and Ferligoj (2004)
reside in its ability to analyze two-mode data directly and on its reliance on
an explicit optimization approach. One potential drawback of this approach
is the need of an a priori definition of the number of blocks that are being
sought and their type. Optimization-based blockmodeling techniques try to
find the best value of the parameters of a prefixed model by minimizing a
loss measure which depends on given data. Although this leads to results
that are clearly interpretable, we note that this approach to blockmodeling
is perhaps better suited for pattern recognition tasks - i.e. finding expected
patterns inside data - rather than for pattern discovery tasks - i.e. the ability
to discover unknown and unpredictable patterns. Because the discovery of so-
cial groups is one of the defining problems of modern social network analysis
(Freeman (2003)), we feel that there is at least some value in thinking about
approaches that allow pattern discovery. To improve on purely exploratory
approaches to blockmodeling, we think that search for structural patterns
in social network data should be conducted as much as possible in the con-
text of a rigorous statistical framework. In this paper we elaborate on these
considerations and present a novel approach to the identification of groups
in two-mode network data. The approach is based on the theory of Support
Vector Machines, a family of learning algorithms based on recent advance-
ments in Statistical Learning Theory (Vapnik (1995)). It shares a number
of features with the approach suggested by Doreian, Batagelj and Ferligoj
(2004). For example, both approaches are based explicitly on optimization
procedures, and they both adopt a penalty cost concept. Finally, both ap-
proaches can be applied directly to the analysis of two-mode network data
and extended to the analysis of one mode-networks (provided that one is will-
ing to interpret the column of an adjacency matrix as features of the rows)
We reframe the problem of identifying social groups as a problem of finding
classes and illustrate the performance of the method that we propose on the
well known “Southern Women” data set collected in the 1930s by ethnogra-
phers Allison Davis, Elizabeth Stubbs, Davis, Burleigh B. Gardner, Mary R.
Gardner and J. G. St. Clair Drake (Henceforth DGG). They collected data
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on social stratification in Natchez, Mississippi and produced a comparative
study of social class in black and in white society (Davis et al (1941)). The
part of this work that is of direct relevance to our study concerns the data
that the original research team collected on the participation of a small group
of 18 women in 14 distinct social events. This data has since become a sort
of test bank for exploring the performance of various analytical approaches
to the problem of group identification in social networks (Freeman (2003)).
As Freeman recently noted, the Southern Women data set is useful because
is it contains a relatively simple structural pattern. In Freeman’s own words
(): “According to DGG, the women seemed to organize themselves into two
more or less distinct groups. Moreover, they reported that the positions-core
and peripheral of the members of these groups could also be determined in
terms of the ways in which different women had been involved in group ac-
tivities.” Hence a careful reanalysis of this data holds promise to yield results
that may be compared with those obtained by more conventional scaling or
network-analytic methods. A second advantage of using the Southern Women
(SW) data set to illustrate our approach to group identification is that the
results can be tested against the intuition that the members of the original
research team have developed based on their extensive ethnographic work.
We use the well known SW data set to establish the validity of our modeling
approach and to test the consistency of its results with those produced by
more established network analytical methods. In the next section we provide
a non technical introduction to SVM followed by a brief outline of its recent
history. In section 2 we introduce the problem of learning in the context of
a binary classification problem and we discuss the problem of novelty detec-
tion - an issue that relates directly to the problem of mutual constitution of
space and classes that we have mentioned in this introduction. In section 3
we illustrate the value of our methodological proposal in a reanalysis of the
Southern Women data set. We conclude the paper with a short discussion of
the main findings and with an outline of some directions for future research.

2 Support Vector Machines

The Support Vector Machine is a new powerful learning algorithm based on
recent advances in Statistical Learning Theory (SLT) also known as Vapnik-
Chervonenkis theory (Vapnik (1995)). SVM offers versatile tools to solve
classification, regression and density estimation problems. Given a binary
(e.g. {0,1} or {positive,negative}) labeling yi of l objects, the task of finding
a way to separate them into the two classes is called learning. Exploiting
the learned model, the algorithm is able to predict the labels of unseen and
unlabeled objects. A common way in the machine learning community to
represent an object makes use of a collection of n real-valued characteristics,
called features, that exploit particular properties of interest. In doing so, each

object
→
x behaves as a point in an n-dimensional space, called input space. In
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this scenario, the aim of the learning phase of SVM is to place a hyperplane
in such way that all positive objects will be placed on its positive side and all
negative objects on the negative one. In the testing phase, an unknown object
→
x will be classified by checking on what side of the hyperplane it is located.
From a mathematical point of view, the quest for such hyperplane is formu-
lated as a Quadratic Programming (QP) problem with convex constraints.
The dual formulation with Lagrangian multipliers αi is:

Maximize→
α

l∑
i=1

αi − 1

2

l∑
i,j=1

αiαjyiyjK(xi, xj)

subject to : 0 ≤ αi ≤ C, i = 1, . . . , l
l∑

i=1

αiyi = 0.

(1)

where K, called kernel, is a measure of similarity between two vectors in a
highly nonlinear space called feature space, which substitutes the input space,
while the parameter C controls the maximal quantity of admissible errors.
This optimization problem does not have local maxima achieving indepen-
dence from the starting point of the optimization. One of the most used kernel
function, which substitutes the original dot product, is the Gaussian kernel
defined as:

Gaussian K(
→
xi,

→
xj) = exp

(
−‖

→
xi − →

xj ‖2
2σ2

)
(2)

Novelty detection

Let’s imagine now that the labels yi of the objects are not provided. In
this case the presented framework of binary classification can not be applied
since we do not have two classes to separate but only one class (e.g. without
loss of generality we can label each object as positive). This special kind of
problem is called one-class classification or alternatively novelty detection.
The new goal is to find some subsets of the input space in which there is
a high probability to find an object. The subset is expressed as a function
which takes positive values in the area with high probability and negative
ones in the other case. When a new object becomes available, we can predict
if it is drawn from the same distribution or it is novel by computing the
value of the estimated function in the point where it is located. In this sense
we are always dealing with a classification problem, which justifies the term
one-class classification. In the statistical framework the quest for such subset
is referred as density estimation stressing that the target is to estimate how
objects are drawn from an unknow, but existent, probability density function
(pdf). The Support Vector Data Description (SVDD) is one of the available
approach to density estimation inspired to SVM. It was developed by Tax
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and Duin (2004) and it is aimed at finding in the feature space the smallest

hypersphere with center
→
c and radius R that contains the given l objects

→
xi.

The formulation of the problem solved by SVDD is the following:

Minimize
R,

→
c ,

→

ξ
R2 + C

l∑
i=1

ξi

subject to :
∥∥∥→c − →

xi

∥∥∥2

≤ R2 + ξi

ξi ≥ 0.

(3)

As we can see, SVDD exploits slack variables allowing to keep some objects
outside the positive region (with non zero associated ξi) in order to assure
a smoother representation of the boundary. The parameter C controls the
fraction of the objects that can be kept outside the hypersphere. To solve the
problem we can switch to the following dual formulation which makes use of
the Gaussian kernel:

Maximize→
α

l∑
i=1

αi − 1

2

l∑
i,j=1

αiαjK(xi, xj)

subject to : 0 ≤ αi ≤ C, i = 1, . . . , l
l∑

i=1

αi = 1.

(4)

From this dual formulation it becomes clear why SVDD is considered as an
extension of the standard SVM (see formula 1) for the case where labels yi

are not available. Indeed, this result is very important since it unleashes the
exploitation of the key features of SV methods. As in the 2-class SVM, the
region where the function is positive is expressed using only the objects at the
boundary plus those outside the region that are together the Support Vectors
(both with αi > 0). It is worth recalling that has been proved by Schölkopf
et al (2001) that their standard extension of SVM and the SVDD approach
are completely equivalent in the case of Gaussian kernel. One goal of this
work is to show that 1-class SVM can be a valuable tool helping the search of
groups in social network analysis. As previously presented, the main task of
SVDD is to find a hypersurface in the input space that separates the data in
two classes: object inside the hypersurface (positive) and object outside the
hypersurface (negative). Notably, the method does not use any information
regarding the data and no priors have to be specified. Indeed, if we know more
about the data we can incorporate this knowledge in the C parameter even
if it can be experimentally tested that SVDD is very robust in the respect of
this value. As in other approaches based on the optimization theory (e.g. the
blockmodeling), the value of αi can be interpreted as a price to pay in order

to include the sample
→
xi in the solution and the trade-off can be managed

via the C parameter which, in addition, has a clear interpretation. In respect
to other methods, SVDD has many key features:
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• the SLT works very well with very sparse matrix (indeed it can be seen
as a Bayesian theory for small samples);

• the shape of the boundary of the pdf can be very complex;
• the possibility of reject examples permits to find rationale (smooth) pdf

avoiding overfitting;
• the optimization problem has no local maxima;
• we do not have to specify a priori the type of the model as for example

in the blockmodeling approach;
• it can be applied directly to one-mode and two-mode data.

We note that the estimated hypersurface is able to produce only a binary
labeling of the objects which is not so useful in the clustering sense. A first
attempt to export the SVDD approach to clustering was due to Benhur et al
(2001). In this case, graph analysis is performed after the density estimation
to find the number of clusters and their members. We propose a different
approach for improving the detection of classes especially in the context of
social network analysis. In the following, the overall method will be explained
using the well-known two-mode DGG dataset.

3 Illustration

In this section we illustrate a way to cluster the DGG dataset, making use
of the SVDD tool provided by Tax (2005). We start by the original dataset
directly arranged by the authors in a matrix of 18 women × 14 events. Fol-
lowing a standard setting in the machine learning community, we consider
the 14 values of one row as vector of features representing the attendance
pattern of each woman. We apply the SVDD with Gaussian kernel in order
to find the objects which are inside the hypersurface. The reject fraction pa-
rameter is chosen such as a large fraction (say > 60%) of objects can be put
outside the region boundary while the σ parameter of the Gaussian kernel
is set to a common value of 4.5. Obtained the hypersurface, we can remove
all the objects with negative label which are not support vectors (indeed this
procedure assures to keep clusters with few members). In order to find if
there is a more fine separation inside each of the found subsets we can iterate
this process only on the extracted subsets. In every case, the resulting set
of objects represents the core of the distribution. We yet do not have clus-
ters nor cluster membership since all we know is that residual objects belong
to the core of the pdf. For instance, given an unknown pdf composed by n
Gaussian distributions, we are not able to estimate the value of n. What we
can extract are those objects which exhibits large variance relatively to their
distribution, often called outliers. These outliers could affect the application
of standard clustering methods, as the blockmodeling, since they are likely to
become singletons. By removing singletons, we can make use of simpler mod-
els which have more chances to avoid overfitting. The idea is now to create a
new set of data where singletons and peripheral objects are not present and
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then to apply standard clustering techniques to the aim of finding clusters
and their membership. In order to show this approach, we apply a standard

1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 W W W W W W W W

2 X X X X

3 X X X X X X X

4 W W W W W W W

5 X X X X X X X X

6 W W W W

7 X X X X X X X

8 X X X X

9 W W W W W W W

10 W W

11 X X X

12 W W W W

13 X X X X

14 W W W W W W

15 X X X X

16 X X X X X X X X

17 W W W W

18 W W

1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 X X X X X X X X

2 X X X X X X X

3 X X X X X X X X

4 X X X X X X X

5 X X X X

6 X X X X

7 X X X X

8 X X X

9 X X X X

10 W W W W

11 W W W W

12 W W W W W W

13 W W W W W W W

14 W W W W W W W W

15 W W W W W W W

16 W W W W

17 W W

18 W W

event event

w
om

an

Fig. 1. The labeling of the scrambled DGG dataset (left) obtained by permutation
of both rows and columns and the labeling obtained after the resuming of the
original arrangement (right). The X and W represent the classes.

hierarchical clustering with adaptive cut-off parameter to this new dataset.
The clustering algorithm, based on the Euclidean metric, founds two clus-
ters and labels each objects according to the membership function. Finally,
we reintroduce the removed objects and associate them to the cluster of the
nearest labeled object (using Euclidean distance). Exploiting the interest-
ing propriety of no local maxima of the QP problem we safety can permute
the rows, the columns or both of the original dataset without changing the
extracted subset. However, we must note that in the case of two or more iden-
tical samples (e.g. the case of women 17 and 18) the optimization problem
can converge to different equivalent solutions with the same maximal value
of the objective function. This is consistent with the fact that all these sam-
ples show the same attendance pattern and they are interchangeable both in
an optimization and an interpretative sense. Figure 1 shows the labeling of
a new dataset obtained by permutation of both rows and columns and the
labeling obtained after the resuming of the original arrangement. As figure 2
shows, the resulting labeling is compatible with those found by several other
approaches (Breiger (1974); Freeman (2003)).

4 Conclusions

This paper proposes a new approach for the analysis of relational data which
relies on a novel machine learning technique based on the SVM, a powerful
implementation of the Statistical Learning Theory. To achieve the novelty
detection - a natural extension of the binary classification - we adopted an
SVM-like algorithm known as SVDD. It finds the minimal hypersphere that
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1,2,3,4,5,6,7,9

10,11,12,13

17,18

14,15

16

8

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Lomi - Roffilli X X X X X X X X X W W W W W W W W W

1 DGG41 X X X X X X X X XW W W W W W W W W W

2 HOME50 X X X X X X X XW W W W W W W W W

3 P& C72 X X X X X X X X X W W W W W W W W W

4 BGR74 X X X X X X X X W W W W WY WY Y Y

5 BBA75 X X X X X X X W X W W W W W W W W W

6 BCH78 X X X X X X W W W W W W

7 DOR79 X X X X X X X X W W W W W W

8 BCH91 X X X X X X X X X W W W W W W W W W

9 FRE92 X X X X X X X X W W W W W W W

10 E& B93 X X X X X X X X W W W W W W

11 FR193 X X X X X X X X X W W W W W W W W W

12 FR293 X X X X X X X W W W W W W W W XW W W

13 FW193 X X X X X X X X X W W W W W W XW W W

14 FW293 X X X X X X X X W W W W W W W W

15 BE197 X X X X X X X X W W W W W W

16 BE297 X X X X X X X X X W W W W W W W W W

17 BE397 X X X X X X X X X W W W W W W W W W

18 S& F99 X X X X X X X X X W W W W W W W W

19 ROB00 X X X X X X X X X W W W W W W W W W

20 OSB00 X X X X X X X X X X X X X X X X W W

21 NEW01 X X X X X X X W X W W W W W W W W W

woman

m
et

ho
d

Fig. 2. The Breiger (left) and the Freeman (right) partition of the DGG dataset.

encloses the data in a more representative hyperspace called feature space.
When we back project the hypersphere from feature to input space we obtain
a hypersurface that encloses some of the objects. In addition SVDD finds the
examples, called Support Vectors, which are responsible for the shape of the
pdf. As parameter, the SVDD requires to specify a priori the fraction of ex-
amples which can be rejected during the optimization. In this scenario, we
proposed to use SVDD as a preprocessing step before applying a standard
clustering technique. The idea is to find a subset of data that is easier to
cluster, then to apply clustering to it, and finally to labels the data kept
outside the subset according to the results. To do so, firstly we use SVDD
to find such subset, then we remove objects outside the boundary. Reiter-
ating this procedure we can control the sharpness of the boundary shape.
In this way, we are likely to produce an easier clustering problem where all
the original clusters are guarantied to be represented. Indeed, SVDD assures
that clusters with few members are kept in the subset since they are con-
sidered as SVs. At this point we can use classical clustering techniques (for
instance hierarchical clustering or blockmodeling) to find out the number of
clusters and their membership. We now reintroduce the objects previously
taken apart, and we associate them to the right cluster. To assess the perfor-
mance of our approach, we tested the proposed method on the well-known
two-mode Davis-Gardner-Gardner dataset. We found that the SVDD is able
to efficiently extract a subset of original data which facilitate the cluster-
ing step. We showed that obtained cluster memberships are in line with the
finds of other methods. However, we note that DGG is only a illustrative
testbed because of its extremely simplicity. We are currently testing our ap-
proach on different one-mode and two-mode datasets with multiple clusters
following the insight offered by recent work on generalized blockmodeling
techniques applied to two-mode data (Doreian, Batagelj and Ferligoj, 2003).
Preliminary experiments not reported in this paper, suggest that the ability
of 1-class SVM of managing high dimensional spaces lowly populated is of
primarily importance to reach successful results.
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Abstract. Multidimensional scaling aims at reconstructing dissimilarities between
pairs of objects by distances in a low dimensional space. However, in some cases the
dissimilarity itself is unknown, but the range, or a histogram of the dissimilarities is
given. This type of data fall in the wider class of symbolic data (see Bock and Diday
(2000)). We model a histogram of dissimilarities by a histogram of the distances
defined as the minimum and maximum distance between two sets of embedded
rectangles representing the objects. In this paper, we provide a new algorithm
called Hist-Scal using iterative majorization, that is based on an algorithm, I-Scal
developed for the case where the dissimilarities are given by a range of values ie
an interval (see Groenen et al. (in press)). The advantage of iterative majorization
is that each iteration is guaranteed to improve the solution until no improvement
is possible. We present the results on an empirical data set on synthetic musical
tones.

1 Introduction

Ordinary multidimensional scaling (MDS) represents the dissimilarities among
a set of objects as distances between points in a low dimensional space. The
aim of these MDS methods is to reveal relationships among the objects and
to uncover the dimensions giving rise to the space. For example, the goal in
many MDS studies in the fields of psychoacoustics and marketing is to visual-
ize the objects and the distances among them and to discover the dimensions
underlying the dissimilarity ratings.

Sometimes the proximity data are collected for n objects yielding a single
dissimilarity matrix with the entry for the i-th row and the j-th column be-
ing the dissimilarity between the i-th and j-th object (with i = 1, . . . , n and
j = 1, . . . , n). Techniques for analyzing this form of data (two-way one-mode)
have been developed (see, e.g., Kruskal (1964), Winsberg and Carroll (1989),
or Borg and Groenen (2005)). Sometimes the proximity data are collected
from K sources such as a panel of K judges or under K different conditions,
yielding three way two mode data and an n× n×K array. Techniques have
been developed to deal with this form of data permitting the study of in-
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dividual or group differences underlying the dissimilarity ratings (see, e.g.,
Carroll and Chang (1972), Winsberg and DeSoete (1993)).

These MDS techniques require that each entry of the dissimilarity matrix
be a single numerical value. It may be that the objects in the set under
consideration are of such a complex nature that the dissimilarity between
each pair of them is better represented by a range, that is, an interval of
values, or a histogram of values rather than a single value. For example, if the
number of objects under study becomes very large, it may be unreasonable to
collect pairwise dissimilarities from each judge and one may wish to aggregate
the ratings from many judges where each judge has rated the dissimilarities
from a subset of all the pairs. In such cases, rather than using an average
value of dissimilarity for each object pair the researcher may wish to retain
the information contained in the histogram of dissimilarities obtained for
each pair of objects. Or it may be interesting to collect data reflecting the
imprecision or fuzziness of the dissimilarity between each object pair.

Then, the ij-th entry in the n× n data matrix, that is, the dissimilarity
between objects i and j, is an empirical distribution of values or, equivalently,
a histogram. For example, we may have enough detailed information so that
we can represent the empirical distribution of the dissimilarity as a histogram,
for example by .10[0, 1], .30[1, 2], .40[2, 3], .20[3, 4], where the first number in-
dicates the relative frequency and values between the brackets define the bin.
A special case would be when the resulting entry of the n × n dissimilarity

matrix would be an interval of values [a, b] corresponding to [δ
(L)
ij , δ

(U)
ij ] . Of

course, if a given entry of the matrix was single valued this data type is also
a special case of the histogram data under consideration here.

The case where the dissimilarity between each object pair is represented
by a range or interval of values has been treated. Denœux and Masson (2000)
and Masson and Denœux (2002) have developed MDS techniques that treat
dissimilarity matrices composed of interval data. These techniques model each
object as alternatively a hyperbox (hypercube) or a hypersphere in a low di-
mensional space; they use a gradient descent algorithm. Groenen et al. (in
press) have developed an MDS technique for interval data which yields a
representation of the objects as hyperboxes in a low-dimensional Euclidean
space rather than hyperspheres because the hyperbox representation is re-
flected as a conjunction of p properties where p is the dimensionality of the
space. We follow this latter approach here.

This representation as a conjunction is appealing for two reasons. First
linguistically, in everyday language, if we have objects consisting of repeated
sound bursts differing with respect to loudness and the number of bursts per
second, a given sound, might be referred to as having a loudness lying be-
tween 2 and 3 dbSPR and a repetition rate between 300 and 400 milliseconds
between bursts, that is, as a conjunction of two properties. We would not re-
fer to a sound as a hypersphere with a loudness and repetition rate centered
at 2.5 dbSPR and 350 msec and a radius of 10 to be expressed in just what



Multidimensional Scaling of Histogram Dissimilarities 163

units. Perceptually a sound might not have a precise loudness or repetition
rate to a listener. Second, since one of the principal aims of MDS is to re-
veal relationships among the objects in terms of the underlying dimensions,
it is most useful for this type of data to express the location of each object
in terms of a range, or histogram of each of these underlying attributes or
dimensions.

We have extended the method developed by Groenen et al. (in press) to
deal with the case in which the dissimilarity between object i and object j
is an empirical distribution of values or, equivalently, a histogram. We can
represent the results of our MDS analyses in two ways: a plot for each pair
of dimensions displaying each object as a series of embedded rectangles, one
for each bin of the histogram; and a graph for each underlying dimension
displaying the location and histogram for each object on that dimension.

In the next section, we review briefly the I-Scal algorithm developed by
Groenen et al. (in press) for MDS of interval dissimilarities based on iterative
majorization. Then, we present the extension to histogram data, and the
Hist-Scal algorithm. We have analyzed some empirical data sets dealing
with dissimilarities of sounds. We end the paper with some conclusions and
suggestions for continued research.

2 MDS of interval dissimilarities

To develop MDS for interval dissimilarities, the ranges of dissimilarities must
be represented by ranges of distances. Here, we choose to represent the ob-
jects by rectangles and approximate the upper bound of the dissimilarity by
the maximum distance between the rectangles and the lower bound by the
minimum distance between the rectangles. Figure 1 shows an example of rec-
tangle representation and how the minimum and maximum distance between
two rectangles is defined.

Not only the distances are represented by ranges, the coordinates them-
selves are also ranges. Let the rows of the n×p matrix X contain the coordi-
nates of the center of the rectangles, where n is the number of objects and p
the dimensionality. The distance from the center of rectangle i along axis s,
denoted the spread, is represented by ris. Note that ris ≥ 0. The maximum
Euclidean distance between rectangles i and j is given by

d
(U)
ij (X,R) =

(
p∑

s=1

[|xis − xjs|+ (ris + rjs)]
2

)1/2

(1)

and the minimum Euclidean distance by

d
(L)
ij (X,R) =

(
p∑

s=1

max[0, |xis − xjs| − (ris + rjs)]
2

)1/2

. (2)
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Fig. 1. Example of distances in MDS for interval dissimilarities where the objects
are represented by rectangles.

Even though Euclidean distances are used between the hyperboxes, the lower
and upper distances change when the solution is rotated. The reason is that
the hyperboxes are defined with respect to the axes. For a dimensional inter-
pretation, the property rotational uniqueness can be seen as an advantage of
symbolic MDS. Of course, if R = 0 all hyperboxes shrink to points and then
symbolic MDS simplifies into ordinary MDS, which can be freely rotated.

The objective of symbolic MDS for interval dissimilarities is to represent
the lower and upper bounds of the dissimilarities by minimum and maximum
distances between rectangles as well as possible in least-squares sense. The
I-Stress loss function that models this objective and needs to be minimized
over X and R is given by

σ2
I (X,R) =

n∑
i<j

wij

[
δ
(U)
ij − d

(U)
ij (X,R)

]2
+

n∑
i<j

wij

[
δ
(L)
ij − d

(L)
ij (X,R)

]2
,

where δ
(U)
ij is the upper bound of the dissimilarity of objects i and j, δ

(L)
ij is

the lower bound , and wij is a given nonnegative weight.
One can also obtain diagnostics such as the variance for each dimension

and fit per object. Groenen et al. (in press) have derived a majorization al-
gorithm called I-Scal to minimize I-Stress for two reasons. First, iterative
majorization is guaranteed to reduce I-Stress in each iteration from any start-
ing configuration until a stationary point is obtained. Although majorization
cannot exclude the possibility that the stationary point is a saddle point, its
monotone descent property ensures in practice that the stationary point is
a local minimum indeed. Second, as in each iteration the algorithm operates
on a quadratic function in X and R it is easy to impose constraints that have
well known solutions for quadratic functions. This property can be useful for
extensions of the algorithm that require constraints.
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The majorization algorithm minimizes I-Stress over X and R. The basic
idea of iterative majorization is that the original loss function is replaced in
each iteration by an auxiliary function that is easier to handle. The auxiliary
function, the so called majorizing function, needs to satisfy two requirements:
(i) the majorizing function is equal to the original function at the current es-
timate, and (ii) the majorizing function is always larger than or equal to the
original function. Usually, the majorizing function is linear or quadratic so
that the minimum of the majorizing function can be calculated easily. From
the requirements it can be derived that (a) the loss of the majorizing function
and the original loss function is equal at the current estimate, (b) at the up-
date the majorizing function is smaller than at the current estimate, so that
(c) the original loss function is smaller at the update since the original loss
function is never larger than the majorizing function. This reasoning proves
that if the conditions (i) and (ii) are satisfied, the iterative majorization algo-
rithm yields a series of nonincreasing function values. In addition, constraints
with an easy solution for quadratic loss functions can be easily handled. For
more details on iterative majorization, see, for example, Borg and Groenen
(2005).

Groenen et al. (in press) have derived the quadratic majorizing function
for σ2

I (X,R) at the right hand side of

σ2
I (X,R) ≤

p∑
s=1

(x′
sA

(1)
s xs − 2x′

sB
(1)
s ys)

+

p∑
s=1

(r′sA
(2)
s rs − 2r′sb

(2)
s ) +

p∑
s=1

∑
i<j

(γ
(1)
ijs + γ

(2)
ijs), (3)

where xs is column s of X, rs is column s of R, ys is column s of Y
(the previous estimate of X). The expression above contains several matri-

ces (A
(1)
s ,B

(1)
s ,A

(2)
s ), vectors (b

(2)
s ), and scalars (γ

(1)
ijs , γ

(2)
ijs) that all depend

dependent on previous estimates of X and R, thus are known at the present
iteration and their definition can be found in Groenen et al. (in press). The
important thing is to realize that the majorizing function (3) is quadratic in
X and R, so that an update can be readily derived by setting the deriva-
tives equal to zero. The I-Scal algorithm consists of iteratively minimizing
the quadratic majorizing function in (3), so that a converging sequence of
decreasing I-Stress values is obtained.

The I-Scal algorithm has been validated by analyzing several artificial
data sets, and by investigating the local minimum problem (see Groenen et
al. (in press)). The algorithm permits considering both the rational start
described in Groenen et al. (in press) and many random starts and then
chooses the best global solution. It was shown that majorization combined
with this multistart strategy, ie the I-Scal algorithm, performs better than
the gradient descent approach used by Denœux and Masson (2002).
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Table 1. Example of upper and lower bounds of the distribution of δij used in
symbolic MDS for histograms for α′ = [.20, .30, .40].

Lower bound Upper bound

	 α� Percentile δ
(L)
ij� Percentile δ

(U)
ij�

1 .20 20 δ
(L)
ij1 80 δ

(U)
ij1

2 .30 30 δ
(L)
ij2 70 δ

(U)
ij2

3 .40 40 δ
(L)
ij3 60 δ

(U)
ij3

3 Symbolic MDS for histogram data

Consider the case that instead of having a single interval available for each δij ,
we have its empirical distribution so that a histogram can be made for each
dissimilarity. Then, the objective of symbolic MDS is to find a distribution
of the MDS coordinates. In particular, we compute several percentiles α� for
the distribution of each δij . For example, choose α′ = [.20, .30, .40] yields

δ
(L)
ij1 to be the α1 × 100 (= 20-th) percentile of the distribution of δij and

δ
(U)
ij1 the (1 − α1) × 100 (= 80-th) percentile. Table 1 shows the bounds for

this little example. Then, symbolic MDS for histogram data models the lower
and upper bounds for each percentile by concentric rectangles, that is, each
object has the same center coordinate xis but has different width ris� for
each percentile. In addition, we want the rectangle of the next percentile
to be larger than (or equal to) the previous rectangle. These objectives are
minimized by the Hist-Stress loss function

σ2
Hist(X,R1, . . . ,RL) =

∑
�

n∑
i<j

wij

[
δ
(U)
ij� − d

(U)
ij (X,R�)

]2
+
∑

�

n∑
i<j

wij

[
δ
(L)
ij� − d

(L)
ij (X,R�)

]2

,

subject to 0 ≤ ris1 ≤ ris2 ≤ . . . ≤ risL.

where the subscript � is added to indicate dependence on the percentile α�

and L is the number of percentiles. Note that σ2
Hist has been proposed earlier

by Masson and Denœux (2002) in the somewhat different context of α-cuts
for fuzzy dissimilarities but without the inequality restrictions on the radii.

Hist-Stress can be seen as several separate I-Stress functions that have
the restriction that there is a single X. The I-Scal algorithm can be easily
adapted for Hist-Stress. The reason is that the I-Scal algorithm is based
on iterative majorization with quadratic majorizing functions for X and R�.
Now, for each percentile α�, we can compute a majorizing function as in the
I-Scal case; and just as Hist-Stress is a sum of I-Stress functions, so the
majorizing function for Hist-Stress is a sum of the majorizing functions for
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I-Stress, that is,

σ2
Hist(X,RAll) ≤

p∑
s=1

(
x′

s

[∑
�

A
(1)
s�

]
xs − 2x′

s

[∑
�

B
(1)
s�

]
ys

)

+
∑

�

p∑
s=1

(r′s�A
(2)
s� rs� − 2r′s�b

(2)
s� ) +

∑
�

p∑
s=1

∑
i<j

(γ
(1)
ijs� + γ

(2)
ijs�), (4)

where the subscript � refers to percentile α� and RAll = [R1 | . . . | RL] . As
(4) is again a quadratic function in X and R�, the updates can be obtained
by setting the derivatives to zero.

For updating X, the linear system that should be solved for x+
s is

(
∑

�

A
(1)
s� )x+

s = (
∑

�

B
(1)
s� )ys.

It turns out that by construction A
(1)
s� is not of full rank and has a zero

eigenvalue corresponding to the eigenvector n−1/21 (which also holds for

B
(1)
s� so that (

∑
� B

(1)
s� )ys is column centered). Therefore, the update for X

can be computed by adding the null space 11′ to A
(1)
s� and solving

(11′ +
∑

�

A
(1)
s� )x+

s = (
∑

�

B
(1)
s� )ys. (5)

The unconstrained update of R is given by r̄is� = b
(2)
is�/a

(2)
is� and those for

object i in dimension s are gathered in the L × 1 vector r̄is. Let Ais be a
diagonal matrix with the weights. Then, the part of the majorizing function
that is a function of RAll can be minimized by

r+
is = argmin‖ris − r̄is‖2Ais

subject to 0 ≤ ris1 ≤ ris2 ≤ . . . ≤ risL, (6)

that is, by applying for each combination of i and s Kruskal’s (1964) weighted
monotone regression with r̄is and weights the diagonal values of Ais. Note
that the order in which X and R are updated is unimportant because the
majorizing function in (4) has separate quadratic terms for X and R.

The Hist-Scal algorithm for minimizing σ2
Hist(X,RAll) using iterative

majorization is shown in Figure 2.

4 Synthesized musical instruments

We have considered an empirical data set where the entries in the dissimilar-
ity matrix are a histogram of values. The objects in the study (see Table 2)
correspond to sounds from 18 synthesized musical instruments some of which
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1 Initialize X(0) and R
(0)
All.

Set k := 0, X(−1) := X(0), R
(−1)
All := R

(0)
All for all 	.

Set ε to a small positive value.

2 While k = 0 or σ2
Hist(X

(k−1),R
(k−1)
All ) − σ2

Hist(X
(k),R

(k)
All) ≤ ε

3 k := k + 1
5 For s = 1 to p
6 Compute the update of xs by (5).
7 For 	 = 1 to L
8 Compute the update of rs� by (6).
9 End for

10 End for

11 Set Xk := X and R
(k)
All := RAll.

12 End

Fig. 2. The Hist-Scal algorithm.

are hybrids of natural instruments (e.g., the guitarnet is a combination of spe-
cific features of the guitar and the clarinet). The pitch, duration, and loudness
of the sounds were equalized. We applied the Hist-Scal algorithm to 50 ran-
dom starts so that bad local minima are avoided. The first two dimensions
of the best 3D solution having σ2

Hist = 0.01407128 are given in Figure 3. The
first three recovered dimensions are respectively, log rise time (attack time),
spectral centroid, and spectral irregularity, (spectral flux). Higher values on
dimension 1 correspond to shorter rise times, higher values on dimension 2 to
higher spectral centroids, and higher values on dimension 3 (not shown) cor-
respond to lesser spectral flux. The solution has the following two properties:
the rise times of sounds with longer rise times are more difficult to localize,
than shorter rise times, sounds with long rise times and low spectral cen-
troids are easier to localize on the spectral centroid dimension. In addition,
the 3d solution indicates that the spectral flux dimension is more defined or
localized for sounds of greater spectral flux. These three dimensions are those
that have been recovered in many previous studies of musical timbre.

The results for rise time are consistent with those observed for a single
judge, an expert, reporting an interval of values for the dissimilarity of each
pair of sounds which were synthesized so as to have the two dimensions
rise time and spectral centroid corresponding to the general range found in
musical instruments (see Groenen et al. (in press)).

5 Discussion and conclusions

We have presented an MDS technique for symbolic data that deals with fuzzy
dissimilarities consisting of a histogram of values observed for each pair of
objects. In this technique, each object is represented as a series of embedded
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Table 2. Eighteen synthesized musical instruments and their abbreviation.

Instrument Instrument

Bassoon bsn Obochord (oboe/harpsichord) obc
Bowed string stg Oboleste(oboe/celeste) ols
Clarinet cnt Piano pno
English horn ehn Striano(bowed string/piano) sno
French horn hrn Trombone tbn
Guitar gtr Trumpar(trumpet/guitar) tpr
Guitarnet (guitar/clarinet) gnt Trumpet tpt
Harp hrp Vibraphone vbs
Harpsichord hcd Vibrone (vibraphone/trombone) vbn

Fig. 3. First two dimensions of a 3D Hist-Scal solution of the synthesized musical
instruments data having σ2

Hist = 0.01407128.

hyperboxes in a p dimensional space. By representing the objects as em-
bedded hypercubes, we are able to convey information contained when the
dissimilarity between the objects or for any object pair needs to be expressed
as a histogram of values not a single value. It may be so, moreover, that the
precision inherent in the dissimilarities is such that the precision in one re-
covered dimension is worse than that for the other dimensions. Our technique
is able to tease out and highlight this kind of information.

The Hist-Scal algorithm for MDS of histogram dissimilarities is based
on iterative majorization, and the I-Scal algorithm created to deal with the
case when dissimilarities are given by a range or interval of values. The ad-
vantage is that each iteration yields better Hist-Stress until no improvement
is possible. Simulation studies have shown that I-Scal and Hist-Scal com-
bined with multiple random start and a rational start yields good quality
solutions.
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Denœux and Masson (2000) discuss an extension for interval data that
allows the upper and lower bounds to be transformed. Although it is techni-
cally feasible to do so in our case, we do not believe that transformations are
useful for symbolic MDS with interval or histogram data. The reason is that
by having the available information of a given interval for each dissimilarity,
it seems unnatural to destroy this information. Therefore, we recommend
applying symbolic MDS without any transformation.

As the Hist-Scal algorithm is based on iterative majorization, each ma-
jorizing function is quadratic in the parameters. Therefore, restrictions as the
extension of symbolic MDS to three-way data (by, for example, the weighted
Euclidean model) can be easily derived combined with this algorithm. We
intend to pursue these extensions in future publications.
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Università di Napoli Federico II
Complesso Universitario di Monte S. Angelo, Via Cinthia
I-80126 Napoli, Italy

Abstract. Data analysis is often affected by different types of errors as: measure-
ment errors, computation errors, imprecision related to the method adopted for
estimating the data. The methods which have been proposed for treating errors
in the data, may also be applied to different kinds of data that in real life are of
interval type. The uncertainty in the data, which is strictly connected to the above
errors, may be treated by considering, rather than a single value for each data, the
interval of values in which it may fall: the interval data. The purpose of the present
paper is to introduce methods for analyzing the interdependence and dependence
among interval-valued variables. Statistical units described by interval-valued vari-
ables can be assumed as a special case of Symbolic Object (SO). In Symbolic Data
Analysis (SDA), these data are represented as boxes. Accordingly, the purpose of
the present work is the extension of the Principal Component Analysis to obtain
a visualization of such boxes, on a lower dimensional space. Furthermore, a new
method for fitting an interval simple linear regression equation is developed. With
difference to other approaches proposed in the literature that work on scalar recod-
ing of the intervals using classical tools of analysis, we make extensively use of the
interval algebra tools combined with some optimization techniques.
keywords: interval-valued variable, interval algebra, visualization.

1 Introduction

The statistical modelling of many problems must account in the majority of
cases of ”errors” both in the data and in the solution. These errors may be for
example: measurement errors, computation errors, errors due to uncertainty
in estimating parameters. Interval algebra provides a powerful tool for deter-
mining the effects of uncertainties or errors and for accounting them in the
final solution. Interval mathematics deals with numbers which are not sin-
gle values but sets of numbers ranging between a maximum and a minimum
value. Those sets of numbers are the sets all possible determinations of the
errors. Modern developments of such an algebra were started by R.E. Moore
(Moore (1966)). Main results may be found in Alefeld-Herzerberger (1983).
The methods which have been proposed for treating errors in the data, may
be as well applied to different kind of data that in real life are of interval
type. For example: financial data opening value and closing value in a ses-
sion), customer satisfaction data (expected or perceived characteristic of the
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quality of a product), tolerance limits in quality control, confidence intervals
of estimates from sample surveys, query on a database. Statistical indexes for
interval-valued variables have been defined in Canal-Pereira (1998) as scalar
statistical summaries. These scalar indexes, may cause loss of information
inherent in the interval data. For preserving the information contained in
the interval data many researchers and in particular Diday and his school
of Symbolic Data Analysis (SDA) have developed some methodologies for
interval data which provide interval index solutions that sometimes appear
oversized as they include unsuitable elements. An approach, which is typical
for handling imprecise data, is proposed by Marino-Palumbo (2003). Inter-
dependence analysis among interval-valued variables aims to extend classical
methods for analyzing the relations existing among more than two interval-
valued variables. Methods for Factorial Analysis and in particular for Prin-
cipal Component Analysis (PCA) on interval data, has been proposed by
Cazes et al. (1997), Lauro-Palumbo (2000), Gioia (2001), Palumbo-Lauro
(2003), Gioia-Lauro (2005b). Statistical units described by interval data can
be assumed as a special case of Symbolic Object (SO). In Symbolic Data
Analysis (SDA), these data are represented as boxes. The purpose of the
present work is the extension of Principal Component Analysis (PCA) to ob-
tain a visualisation of such boxes, in a lower dimensional space pointing out
the relationships among the variables, the units, and between both of them.
The introduced methodology, named Interval Principal Component Analysis
(IPCA) will embrace classical PCA as special case.
Dependence analysis between two interval-valued variables has been treated
in Billard-Diday (2000) and Billard-Diday (2002): methods for studying the
linear relationship between two interval-valued variables are introduced. The
authors derive the results as a combination of two different regression equa-
tions for single-valued variables. An alternative methodology, is proposed
by Marino-Palumbo (2003) with an approach which takes into account the
centre and the radius of each considered interval and the relations between
these two quantities. In the present work, a new method for fitting a simple
linear regression equation for interval-valued variables (IRA) is developed.
Following our previous paper Gioia-Lauro (2005a), both IPCA and RIA are
based on interval algebra and optimization tools whereas existing methods
are based on scalar recoding of the intervals and on classical tools of analysis.
The proposed method has been tested on real data sets and the numerical
results have been compared with the one already in the literature.

2 Interval algebra

An interval [a, b] with a ≤ b, is defined as the set of real numbers between
a and b: [a, b] = {x : a ≤ x ≤ b}. Degenerate intervals of the form [a, a],
also named thin intervals, are equivalent to real numbers. Let � be the set
of intervals. Thus if I ∈ � then I = [a, b] for some a ≤ b. Let us introduce
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an arithmetic on the elements of �. The arithmetic will be an extension of
real arithmetic. If • is one of the symbols +,−, ·, /, we define arithmetic
operations on intervals by:

[a, b] • [c, d] = {x • y : a ≤ x ≤ b, c ≤ y ≤ d} (1)

except that we do not define [a, b] \ [c, d] if 0 ∈ [c, d].
The sum, the difference, the product, and the ratio (when defined) between
two intervals is the set of the sums, the differences, the products, and the
ratios between any two numbers from the first and the second interval re-
spectively (Moore (1966)).

Definition 2.1
An n× p interval matrix is the following set:

XI =
[
X,X

]
= {X : X ≤ X ≤ X}

where X and X are n × p matrices satisfying: X ≤ X ; the inequalities are
understood to be component wise. Operations between interval matrices are
defined in Alefeld-Herzerberger (1983).
Given an n × p interval data matrix XI , a lot of research has been done in
characterizing solutions of the following interval eigenvalues problem:

XIuI = λuI (2)

which has interesting properties (Deif (1991a)), and it serves a wide range of
applications in physics and engineering.
The interval eigenvalue problem (2) is solved by determining two sets λI

α and
uI

α given by:

λI
α =

[
λα(X) : X ∈ XI

]
and uI

α =
[
uα(X) : X ∈ XI

]
where (λI

α,u
I
α) is an eigenpair of X ∈ XI . The couple (λI

α,u
I
α) will be the α-th

eigenpair of XI and it represents the set of all α-th eigenvalues and the set of
the corresponding eigenvectors of all matrices belonging to the interval matrix
XI . Results for computing interval eigenvalues, interval singular values and
interval eigenvectors of an interval matrix may be found in Deif (1991a), Deif
(1991b), Seif et al. (1992).

3 Principal component analysis on interval data

The task of the present section is to adapt the mathematical models, on the
basis of the classical PCA, to the case in which an n× p interval data matrix
matrix XI is given.

Let us suppose that the interval-valued variables have been previously
standardized (Gioia-Lauro (2005b)).
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It is known that the classical PCA on a real matrix X , in the space spanned by
the variables, solves the problem of determining m ≤ p axes uα, α = 1, . . . ,m
such that the sum of the squared projections of the point-units on uα is
maximum:

uT

αX
TXuα = Max, 1 ≤ α ≤ m (3)

under the constraints: {
uT

αuβ = 0 α 
= β

uT

αuβ = 1 α = β

The above optimization problem may be reduced to the eigenvalue problem:

XTXuα = λuα 1 ≤ α ≤ m (4)

When the data are of interval type, XI may be substituted in (4) and the in-
terval algebra may be used for the products; equation (4) becomes an interval
eigenvalue problem of the form:

(XI)TXIuα = λIuα (5)

which has the following interval solutions:

[
λα(Z) : Z ∈ (XI)TXI

]
,
[
uα(Z) : Z ∈ (XI)TXI

]
, α = 1, . . . , p (6)

i.e., the set of α-th eigenvalues of any matrix Z contained in the interval
product (XI)TXI , and the set of the corresponding eigenvectors respectively.
The intervals in (6) may be computed as in Deif (1991a).
Using the interval algebra for solving problem (5), the interval solutions will
be computed but, refer to worse, those intervals are oversized with respect
to the intervals of solutions that we are searching for as it will be discussed
below. For the sake of simplicity, let us consider the case p = 2, thus two
interval-valued variables:

XI
1 = (Xi1 = [xi1, xi1]), i = 1, . . . , n,XI

2 = (Xi2 = [xi2, xi2]), i = 1, . . . , n

have been observed on the n considered units. XI
1 and XI

2 assume an interval
of values on each statistical unit: we do not know the exact value of the
components xi1 or xi2 for i = 1, . . . , n, but only the range in which this value
falls. In the proposed approach the task is to contemplate all possible values
of the components xi1, xi2 each of which in its own interval of values Xi1 =
[xi1, xi1]), Xi2 = [xi2, xi2]) for i = 1, . . . , n. Furthermore for each different
set of values x11, x21, . . . , xn1 and x12, x22, . . . , xn2, where xij ∈

[
xij , xij

]
,

i = 1, . . . , n,j = 1, 2 a different cloud of points in the plane is uniquely
determined and the PCA on that set of points must be computed. Thus,
with interval PCA (IPCA) we must determine the set of solutions of the
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classical PCA on each set of point-units, set which is uniquely determined
for any different choice of the point-units each of which is in its own rectangle
of variation.
Therefore, the interval of solutions which we are looking for are the set of
the α-th axes, each of which maximize the sum of square projections of a set
of points in the plane, and the set of the variances of those sets of points
respectively. This is equivalent to solve the optimization problem (3), and
so the eigenvalue problem (4) for each matrix X ∈ XI . In the light of the
above considerations, the background in approaching directly the interval
eigenvalue problem (5), comes out by observing that the following inclusion
holds:

(XI)TXI =
{
XY : X ∈ (X I)T , Y ∈ XI

} ⊃ {
XTX : X ∈ XI

}
(7)

this means that in the interval matrix (XI)TXI are contained also matrices
which are not of the form XTX . Thus the interval eigenvalues and the interval
eigenvectors of (7) will be oversized and in particular will include the set of
all eigenvalues and the set of the corresponding eigenvectors of any matrix
of the form XTX contained in (XI)TXI . This drawback may be solved by
computing an interval eigenvalue problem considering instead of the product:

(XI)TXI =
{
XY : X ∈ (X I)T , Y ∈ XI

}
the following set of matrices:

ΘI =
{
(XI)TXI : X ∈ (X I)T

}
i.e., the set of all matrices given by the product of a matrix multiplied by its
transpose. For computing the α-th eigenvalue and the corresponding eigen-
vector of set Θ, that will still be denoted by λI

α and uI
α, the singular values

of XI may be computed as in Deif (1991b). The α-th interval axis or interval
factor will be the α-th interval eigenvector associated with the α-th inter-
val eigenvalue in decreasing order 1. The orthonormality between couples of
interval axes must be interpreted according to:

∀uα ∈ uI
α such that uT

αuα = 1, ∃uβ ∈ uI
β with α 
= β such that uT

βuβ = 1 :

uT

αuβ = 0

Thus two interval axes are orthonormal to one another if, taking a unitary
vector in the first interval axis there exists a unitary vector in the second
one so that their scalar product is zero. In the classical case the importance

1 Considering that the α-th eigenvalue of ΘI is computed by perturbing the α-
th eigenvalue of (Xc)TXc, the ordering on the interval eigenvalues is given by
natural ordering of the corresponding scalar eigenvalues of (Xc)TXc
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explained by the α-th factor is computed by: λα
p

β=1 λβ
. In the interval case

the importance of each interval factor is the interval:[
λα

λα +
∑p

β=1,β 
=α λβ

,
λα

λα +
∑p

β=1,β 
=α λβ

]
(8)

i.e., the set of all ratios of variance explained by each real factor uα belonging
to the interval factor uI

α.
Analogously to what already seen in the space  p, in the space spanned

by the units ( n), the eigenvalues and the eigenvectors of the set

(ΘT)I =
{
XXT : X ∈ X I

}
must be computed as in Deif (1991b); the α-th interval axis will be the

α-th interval eigenvector associated with the α-th interval eigenvalue in de-
creasing order. It is known that a real matrix and its transpose have the same
eigenvalues and the corresponding eigenvectors connected by a particular re-
lationship. Let us indicate again with λI

1, λ
I
2, . . . , λ

I
p the interval eigenvalues

of (ΘT)I and with vI
1 ,v

I
2, . . . ,v

I
p the corresponding eigenvectors, and let us

see how the above relationship applies also for the ”interval” case. Let us
consider for example the α-th interval eigenvalue λI

α and let uI
α, vI

α be the
corresponding eigenvectors of ΘI and (ΘT)I associated with λI

α respectively.
Taking an eigenvector of some XTX : vα ∈ vI

α , then:

∃u ∈ uI
α : uα = kαX

Tuα

where the constant kα is introduced for the condition of unitary norm of the
vector XTvα.

Representation and interpretation

From classical theory, given an n × p real matrix X we know that the α-th
principal component cα is the vector of the coordinates of the n units on the
α-th axis. Two different approaches may be used to compute cα:

1. cα may be computed by multiplying the standardized matrix X by the
α− th computed axis uα : Xuα

2. from the relationship (3) among the eigenvectors of XTX and XXT, cα

may be computed by the product
√
λα ·vα of the α-th eigenvalue of XXT

with the corresponding eigenvector.

When an n× p interval-valued matrix XI is given, the interval coordinate of
the i-th interval unit on the α-th interval axis, is a representation of an interval
which comes out from a linear combination of the original intervals of the i-th
unit by p interval weights; the weights are the interval components of the α-th
interval eigenvector. A box in a bi-dimensional space of representation, is a
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rectangle having for dimensions the interval coordinates of the corresponding
unit on the couple of computed interval axis. For computing the α-th interval
principal component cI

α = (cI
1α, c

I
2α, . . . , c

I
nα) two different approaches may

be used:

1. compute by the interval row-column product: cI
α = XIuI

α,
2. compute the product between a constant interval and an interval vector:

cI
α =

√
λI

αvI
α

In both cases, the interval algebra product is used thus, the i-th component
cI
iα of cI

α will include the interval coordinate, as it has been defined above, of
the i-th interval unit on the α-th interval axis. We refer to the first approach,
for computing the principal components, when the theorem for solving the
eigenvalue problems (for computing vI

α) cannot be applied if its hypothe-
ses are not verified. Classical PCA gives a representation of the results by
means of graphs, which permit us to represent the units on projection planes
spanned by couples of factors. The methodology (IPCA), that we have intro-
duced, permits to visualize on planes how the coordinates of the units vary
when each component, of the considered interval-valued variable, ranges in
its own interval of values, or equivalently when each point-unit describes the
boxes to which it belongs. Indicating with U I the interval matrix whose j-th
column is the interval eigenvector uI

α (a = 1, . . . , p), the coordinates of all the
interval-units on the computed interval axis are represented by the interval
product XIU I . In the classical case, the coordinate of the i-th variable on the
α-th axis is the correlation coefficient between the considered variable and
the α-th principal component. Thus variables with greater coordinates (in
absolute value) are those which best characterize the factor under considera-
tion. Furthermore, the standardization of each variable makes the variables,
represented in the factorial plane, fall inside the correlation circle. In the in-
terval case the interval coordinate of the i-th interval-valued variable on the
α-th interval axis is the interval correlation coefficient (Gioia-Lauro (2005))
between the variable and the α-th interval principal component. The interval
variables in the factorial plane however, are represented, not in the circle
but in the rectangle of correlations. In fact, computing all possible couple
of elements, each of which in its own interval correlation, may happens that
couples with the coordinates that are not in relation one another would be
also represented; i.e. couples of elements which are correlations of different
realizations of the two single-valued variables for which the correlation would
be considered. The interval coordinate of the i-th interval-valued variable on
the first two interval axes uI

αuI
β , namely, the interval correlation between

the considered variable and the first and second interval principal component
respectively, will be computed according to the procedure in Gioia-Lauro
(2005) and indicated as follow:

corr((Xuα)I , XI
i ) = [corr(uα, i), corr(uα, i)]

corr((Xuβ)I , XI
i ) = [corr(uβ , i), corr(uβ , i)]

(9)
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Naturally the rectangle of correlations will be restricted, in the represen-
tation plane, to its intersection with the circle with center in the origin and
unitary radius.

Numerical results

This section shows an example of the proposed methodology on a real data
set: the Oil data set (Ichino 1988) (Table 1). The data set presents eight dif-
ferent classes of oils described by four quantitative interval-valued variables:
”Specific gravity”, ”Freezing point”, ”Iodine value”, ”Saponification”.

Table 1. The Oil data set

Spec. gravity Freezing point Iodine value Saponification

Linseed 0.93 0.94 -27 -18 170 204 118 196

Perilla 0.93 0.94 -5 -4 192 208 188 197

Cotton 0.92 0.92 -6 -1 99 113 189 198

Sesame 0.92 0.93 -6 -4 104 116 187 193

Camellia 0.92 0.92 -21 -15 80 82 189 193

Olive 0.91 0.92 0 6 79 90 187 196

Beef 0.86 0.87 30 38 40 48 190 199

Hog 0.86 0.86 22 32 53 77 190 202

The first step of the IPCA consists in calculating the following interval
correlation matrix:

Table 2. The interval correlation matrix

Spec. gravity Freezing point Iodine value Saponification

Spec. gravity [1.00, 1.00]

Freezing point [-0.97, -0.80] [1.00, 1.00]

Iodine value [0.62, 0.88] [-0.77, -0.52] [1.00, 1.00]

Saponification [-0.64, -0.16] [0.30, 0.75] [-0.77, -0.34] [1.00, 1.00]

The interpretation of the interval correlations must take into account both
the location and the span of the intervals. Intervals containing the zero are
not of interest because they indicate that ”everything may happen”. An in-
terval with a radius smaller than that of another one is more interpretable.
In fact as the radius of the interval correlations decreases, the stability of the
correlations improves and a better interpretation of the results is possible.
In the considered example, the interval correlations are well interpretable be-
cause all intervals do not contain the zero, thus each couple of interval-valued
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variables are positively correlated or negatively correlated. For example we
observe a strong positive correlation between Iodine and Specific gravity and
a strong negative correlation between Freezing point and Specific gravity. At
equal lower bounds, the interval correlation between Iodine value and Freez-
ing point is more stable than that between Iodine value and Saponification.
Eigenvalues and explained variance:
λ1 = [2.45, 3.40], Explained Variance on the 1st axes: [61%, 86%]
λ2 = [0.68, 1.11], Explained Variance on the 2nd axes: [15%, 32%]
λ3 = [0.22, 0.33], Explained Variance on the 1st axes: [4%, 9%]
λ4 = [0.00, 0.08], Explained Variance on the 1st axes: [0%, 2%].
The choice of the eigenvalues and so of the interval principal components
may be done using the interval eigenvalue-one criterion [1, 1]. In the nu-
merical example, only the first principal component is of interest because
the lower bound of the corresponding eigenvalue is greater than 1. The sec-
ond eigenvalue respects the condition of the interval eigenvalue-one partially
and, moreover, it is not symmetric with respect to 1. Thus the representa-
tion on the second axis is not of great interest even though the two first
eigenvalues reconstruct most part of the initial variance. Thus, the second
axis is not well interpretable. Interval variables representation: The princi-
pal components representation is made analyzing the correlations among the
interval-valued variables and the axes, as illustrated below:

Table 3. Correlations variables/axes

Spec. gravity Freezing point Iodine value Saponification

Correlations Vars/1st axes [-0.99, -0.34] [0.37, 0.99] [-0.99, -0.20] [-0.25, 0.99]

Correlations Vars/2st axes [-0.99, 0.99] [-0.99, 0.99] [-0.99, 0.99] [-0.99, 0.99]

The first axis is well explained by the contraposition of the variable Freez-
ing point, on the positive quadrant, with respect to the variables Specific
gravity and Iodine value on the negative quadrant. The second axis is less
interpretable because all the correlations vary from −0.99 and 0.99. Here
below, the graphical results achieved by IPCA on the input data table are
shown. In Figure 1 the graphical representation of the units is presented; in
Figure 2 Specific gravity and Freezing point are represented.

The objects (Figure 1) have a position on the first axis which is strictly
connected to the ”influence” that the considered variables have on that axis.
It can be noticed that Beef and Hog are strongly influenced by Saponification
and Freezing point; on the contrary Linseed and Perilla are strongly influenced
by Specific gravity and Iodine value. The other oils Camilla and Olive, are
positioned in the central zone so they are not particularly characterized by
the interval-valued variables.
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Fig. 1. Left figure: Representation of the units on the 1st factorial plane;
Right figure: Representation of the variables on the first factorial plane.

It is important to remark that the different oils are characterized not only
by the positions of the boxes but also by their size and shape. A bigger size
of a box with respect to the first axis, remarks a greater variability of the
characteristics of the oil represented by the first axis. However also the shape
and the position of the box can give information on the variability of the
characteristics of the oil, with respect to the first and second axis.

4 Interval simple regression

In this section we propose an extension of simple linear regression to the case
of interval data. Let us indicate with XI and Y I the independent and the
dependent interval-valued variables respectively, which assume the following
interval values on the n statistical units chosen for our experiment:

XI = (Xi = [xi, x̄i]) , i = 1, · · · , n

Y I =
(
Yi = [y

i
, ȳi]

)
, i = 1, · · · , n

The aim is to take into account all possible values of the components xi

yi each of which is in its interval of values [xi, x̄i] , [y
i
, ȳi] for i = 1, · · ·n.

Thus making regression between two interval-valued variables means to com-
pute the set of regression lines each of which realizes the best fit, in the
Minimum Least Square sense, of a set of points in the plane. This set of
points is univocally determined each time the components x1, x2, · · · , xn,
y1, y2, · · · , yn take a particular value in their own interval of variation.
Mathematically computing the interval regression line between two interval-
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valued variables XI and Y I is equivalent to compute the following two sets:

β̂I =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
β̂(X,Y ) =

n∑
i=1

(xi − x)(yi − y)

n∑
i=1

(xi − x)2
, X ∈ XI , Y ∈ Y I

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(10)

α̂I =
{
α̂(X,Y ) = ȳ − β̂x̄, X ∈ XI , Y ∈ Y I

}
(11)

where and x̄ and ȳ, regarded as functions of x1, x2,· · ·, xn, y1, y2,· · ·, yn, are
given by:

x̄ =
1

n

n∑
i=1

xi ; ȳ =
1

n

n∑
i=1

yi

Sets (10) and (11) are respectively the set described by the slopes and the
set described by the intercepts of all regression lines

y = α̂ + β̂x

varying xi, yi in their own interval of values Xi = [xi, x̄i], Yi =
[
y

i
, ȳi

]
for i = 1, · · · , n. These sets may be computed numerically by solving some
optimization problems; i.e., searching for the minimum and for the maximum
of functions α̂(X,Y ) and β̂(X,Y ) in (10) and (11). These functions are both
continuous2 on a connected and compact set and this assures that sets (10)
and (11) are the following closed intervals:

β̂I =

⎡⎢⎢⎢⎣ min
X ∈ XI

Y ∈ Y I

ˆβ(X,Y ), max
X ∈ XI

Y ∈ Y I

ˆβ(X,Y )

⎤⎥⎥⎥⎦ (12)

α̂I =

⎡⎢⎢⎢⎣ min
X ∈ XI

Y ∈ Y I

ˆα(X,Y ), max
X ∈ XI

Y ∈ Y I

ˆα(X,Y )

⎤⎥⎥⎥⎦ (13)

The interval regression line may be written as:

[y, ȳ] = α̂I + β̂I [x, x̄] (14)

2 The quantity n

i=1(xi − x)2 could be nil only in the case in which: x1 = x2 =
· · · = xn. This is in contradiction with the classic hypothesis that at least two
different observations must be available in the experiment.
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and may be interpreted as follow: chosen an intercept α̂ in the interval
α̂I it exists a slope β̂ in the interval β̂I so that the regression line:

y = α̂ + β̂x (15)

is the unique line that realizes the best fit, in the of Minimum Least
Square sense, of a given set of points (x1, y1), (x2, y2), . . . , (xn, yn) in the
plane (xi ∈ [xi, x̄i], yi ∈ [y

i
, ȳi], i = 1, . . . , n).

Given the interval [xi, xi] of the independent variable XI , the prevision [y
i
, ȳi]

of the interval value assumed by the dependent variable Y I is: [y
i
, ȳi] =

α̂ + β̂[xi, x̄i].

Numerical results

In the following example (Marino-Palumbo (2003)) we will take into account
the relationship between the weaving of ground and the water retention. We
will compute a simple regression involving the water retention as dependent
variable and the bulk density (for the weaving of ground) as independent
one. Let us consider the (49 × 2) interval data matrix of Table 4, we find
the following interval intercepts and interval slope: β0 = [0.79, 1.05], β1 =
[−0.46,−0.25] which are narrower than those calculated in Marino-Palumbo
(2003).

Table 4. The data set

water retention min water retention max bulk density min bulk density max

0.5885 0.6127 0.9609 0.9632

0.6261 0.6261 0.9350 0.9350

. . . .

. . . .

0.4482 0.4656 1.2156 1.2418

0.4931 0.4931 1.1345 1.1345
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Abstract. Symbolic Data Analysis (SDA) aims to to describe and analyze com-
plex and structured data extracted, for example, from large databases. Such data,
which can be expressed as concepts, are modeled by symbolic objects described by
multivalued variables. In the present paper we present a new distance, based on the
Wasserstein metric, in order to cluster a set of data described by distributions with
finite continue support, or, as called in SDA, by “histograms”. The proposed dis-
tance permits us to define a measure of inertia of data with respect to a barycenter
that satisfies the Huygens theorem of decomposition of inertia. We propose to use
this measure for an agglomerative hierarchical clustering of histogram data based
on the Ward criterion. An application to real data validates the procedure.

1 Introduction

Symbolic Data Analysis (Bock and Diday (2000), Billard and Diday (2003))
is a new approach in statistical analysis that aims to supply techniques and
methodologies for the analysis of complex data. The complexity of data is re-
lated to their description. While classical data are described by a single value
for each variable, symbolic data are described by multiple values for each
descriptor. Further, in symbolic data description it is possible to take into ac-
count extra information expressed in terms of relationships between descrip-
tors (hierarchical or dependence rules) or within descriptors (taxonomies).
Such way to describe data may have two main sources. The most common
(from a statistical point of view) is a compositional or a classification source:
for example, when a group of records is extracted from a database, it needs
a suitable representation by means of intervals of values, frequency distri-
butions, and so on. For example, the weather conditions across a day can
be described by the temperature, by the atmospheric conditions (cloudy or
sunny) and by the directions and the forces of winds during the 24 hours.
These three characteristics cannot be suitably synthesized by a single value.
For example, temperature can be described by the interval of the observed
values, or by the distribution of values observed at given times.
In the present paper we consider symbolic data described by a “histogram”
of values, that is a particular kind of symbolic description (Bock and Diday
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(2000)). Gibbs and Su (2002) present a good review about metrics between
probability measures (histograms can be considered as the representation an
empirical frequency distribution). In a different context of analysis, Chavent
et al.(2003) propose two measure for the comparison of histograms: the L2

norm and a two component dissimilarity. L2 norm is simply computed consid-
ering the weights of the elementary intervals but not their width. While the
two component is a dissimilarity which does not satisfy the usual properties
of distance measures. In section 2, after recalling the definition of histogram
data we present an extension of the Wassertein distance in order to compare
two histograms descriptions. We also prove that is possible to define an iner-
tia measure among data that satisfies the Huygens theorem. The last result
allows to use the Ward criterion to cluster data according to a hierarchi-
cal agglomerative procedure. In section 3, we present some results for a real
dataset. Section 4 reports some concluding remarks.

2 Wasserstein metric for histogram data

According to Billard and Diday (2003) histogram data can be considered as a
special case of compositional data. Compositional data (Aitchison, 1986) are
vectors of nonnegative real components having a constant sum; probability
measures or histogram data can be considered as a special case of compo-
sitional data having sum equal to one. They can arise, for example, when
it is necessary to synthesize information about a group of individuals. These
types of data can be written as symbolic data by taking into account the vari-
ation inside a class of units assuming this class as the new statistical unit.
In SDA, an histogram variable is a special kind of symbolic descriptor. It is
a multi-valued descriptor with a frequency, probability, or weight associated
with each of the values observed on the individuals. I.e., given a set of units
i ∈ Ω a weighted variable Y is a mapping

Y (i) = {S(i), πi}

for i ∈ Ω, where πi is a nonnegative measure or a distribution on the domain
of Y and S(i) is the support of πi. In the case of histogram description it is
possible to assume that S(i) = [zi; zi], where zi ∈  . Considering a set of
uniformly dense intervals Ihi = [zhi, zhi) such that

i. Ili ∩ Imi = ∅; l 
= m ;
ii.

⋃
s=1,...,ni

Isi = [zi; zi]

the support can be written also as S(i) = {I1i, ..., Iui, ..., Inii}. In the present
paper we denote by ψi(z) the density function associated with the description
of i and by Ψi(z) its distribution function. It is possible to define the modal
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description of i as:

Y (i) = {(Iui, πui) | ∀Iui ∈ S(i); πui =

∫
Iui

ψi(z)dz ≥ 0} where

∫
S(i)

ψi(z)dz = 1.

An example of histogram data of its graphical representation (Fig. 1) of the
mean monthly temperatures recorded in Alabama from 1895 to 20041 is the
following:

YJan(Alab.) = { ([32.5; 37.5],0.03); ([37.5; 40],0.08); ([40; 42.5],0.11);

([42.5; 45],0.25); ([45; 47.5],0.18); ([47.5; 50],0.20);

([50; 55],0.13); ([55; 62.5],0.03)}

In the present paper, our main aim is to obtain a distance measure for

Fig. 1. Temperature in Fahrenheit degrees observed in Alabama in January from
1895 to 2004

comparing two histogram descriptions in order to perform a clustering of
histogram data.
Among several measures presented in the literature (Gibbs and Su (2002)),
we adopt the Wasserstein (or Kantorivich) metric as the most suitable for
our aims, having some interesting properties. If F and G are the distribution
functions of µ and ν respectively, the Kantorovich metric is defined by

dW (µ, ν) :=

+∞∫
−∞

|F (x)−G(x)| dx =

1∫
0

∣∣F−1(t)−G−1(t)
∣∣ dt.

We are interested in computing the following distance, which derives from
the previous one on considering a Euclidean norm:

dW (Y (i), Y (j)) :=

√√√√√ 1∫
0

(
Ψ−1

i (w)− Ψ−1
j (w)

)2
dw. (1)

1 Data are freely available at http://www1.ncdc.noaa.gov/pub/data/cirs/
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It is the well known Mallow’s (1972) distance in L2, derived from the Kan-
torovich metric, and it can be considered as the expected value of the squared
Euclidean distance between homologous points of the supports of the two dis-
tributions.
Given an histogram description of i by means of ni weighted intervals as
follows:

Y (i) = {(I1i, π1i) , ..., (Iui, πui) , ..., (Inii, πnii)}
we may define the following function in order to represent the cumulative
weights associated with the elementary intervals of Y (i):

wli =

⎧⎨⎩
0 if l = 0

l∑
h=1

πhi if l = 1, ..., ni
(2)

Using (2), and assuming uniformity within the intervals, we may describe the
distribution function as:

Ψi(z) = wi + (z − z li)
wli − wl−1i

z li − zli
iff z li ≤ z ≤ zli

Then the inverse distribution function can be written as the following piece-
wise function:

Ψ−1
i (t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

z 1i + t
w1i

(z 1i − z 1i) 0 ≤ t < w1i

...
...

z li + t−wl−1i

wli−wl−1i
(zli − z li) wl−1i ≤ t < wli

...
...

z nii +
t−wni−1i

1−wni−1i

(
znii − z nii

)
wni−1i ≤ t < 1

In order to compute distance between two histogram descriptions Y (i) and
Y (j) we need to identify a set of uniformly dense intervals to compare. Let
w be the set of the cumulative weights of the two distributions:

w =
{
w0i, ..., wui, ...., wnii, w0j , ..., wvi, ...., wnjj

}
.

In order to compute the distance, we need to sort w without the repetitions.
The sorted values can be represented by a vector

w = [w0, ..., wl, ...., wm]

where: w0 = 0 wm = 1 max(ni, nj) ≤ m ≤ (ni + nj − 1) .
The last vector permits us to prove that the computation of the square of (1)
can be decomposed as the following sum:

d2
W (Y (i), Y (j)) :=

m∑
l=1

wl∫
wl−1

(
Ψ−1

i (t)− Ψ−1
j (t)

)2
dt. (3)
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Each couple (wl−1, wl) permits to identify two uniformly dense intervals, one
for i and one for j, having respectively the following bounds:

Ili = [Ψ−1
i (wl−1);Ψ

−1
i (wl)] and Ilj = [Ψ−1

j (wl−1);Ψ
−1
j (wl)].

As intervals are uniformly distributed, in order to show that the distance is
decomposable into quadratic terms, we consider each interval according to a
transformation into a function of t and of its center and radius as follows:

I = [a, b] ⇔ I(t) = c+r(2t−1) for 0 ≤ t ≤ 1 where c =
a + b

2
and r =

b− a

2
.

Using w, we compute a vector of m weights π = [π1, . . . , πl, . . . , πm] where
πl = wl −wl−1. After some algebra, it is possible to rewrite the equation (3)
as:

d2
W (Y (i), Y (j)) :=

m∑
l=1

πl

1∫
0

[(cli + rli(2t− 1))− (clj + rlj(2t− 1))]2 dt

d2
W (Y (i), Y (j)) :=

m∑
l=1

πl

[
(cli − clj)

2
+

1

3
(rli − rlj)

2

]
. (4)

Given p histogram variables for the description of i and j, under the hypoth-
esis that the variables are independent (as is usually assumed in SDA) it is
possible to express a multivariate version of d2

W (Y (i), Y (j)) as follows:

d2
W (Y (i), Y (j)) :=

p∑
k=1

mk∑
l=1

π
(k)
l

[(
c
(k)
li − c

(k)
lj

)2

+
1

3

(
r
(k)
li − r

(k)
lj

)2
]
. (5)

In the classification context, dW has useful properties for the classification of
histograms, especially when we need to define a measure of inertia of a set of
histogram data. First of all, given a cluster of histograms data, it is possible
to obtain the “barycenter” expressed again as an histogram.

Once we fix m (and hence also πm) equal to the cardinality of the elemen-
tary intervals of the union of the supports of the Y (i)’s, the support of Y (b)
can be expressed as a vector of m couples of (cjb, rjb). The barycentric his-
togram can be computed as the solution of the minimization of the following
function:

f(Y (b)|Y (1), . . . , Y (i), . . . , Y (n)) = f(c1b, r1b, . . . , cmb, rmb) = (6)

=
n∑

i=1

d2(Y (i), Y (b)) =
n∑

i=1

m∑
j=1

πj

[
(cji − cjb)

2 +
1

3
(rji − rjb)

2

]
that is minimized when the usual first order conditions are satisfied:⎧⎪⎪⎨⎪⎪⎩

∂f
∂cjb

= −2πj

n∑
i=1

[(cji − cjb)] = 0

∂f
∂rjb

= − 2
3πj

n∑
i=1

[(rji − rjb)] = 0
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for each j = 1, . . . ,m. Then, the function (6) has a minimum when:

cjb = n−1
n∑

i=1

cji ; rjb = n−1
n∑

i=1

rji.

We may write the barycentric histogram description of n histogram data as:

Y (b) = {([c1b − r1b; c1b + r1b], π1); . . . ; ([cjb − rjb; cjb + rjb], πj); . . . ;
; . . . ; ([cmb − rmb; cmb + rmb], πm)}.

The identification of the barycenter permits us to show a second property of
the proposed distance. It is possible to express a measure of inertia of data
using d2

W . The total inertia(TI), with respect a barycentric description Y (b)
of a set of n histogram data, is given by:

TI =
n∑

i=1

d2
W (Y (i), Y (b)).

We here show that TI can be decomposed into the within (WI) and between
(BI) clusters inertia, according to the Huygens theorem. Let us consider a
partition of Ω into k clusters. For each cluster Ch, h = 1, .., k, a barycenter
denoted as Y (bh) is computed by a local optimization of (6). Minimizing the
following function:

f(Y (b)|Y (b1), . . . , Y (bh), . . . , Y (bk)) = f(c1b1 , r1b1 , . . . , cmbk
, rmbk

) =

=
k∑

h=1

|Ch|
n d2(Y (bh), Y (b)) =

k∑
h=1

|Ch|
n

m∑
j=1

πj

[
(cjbh

− cjb)
2

+ 1
3 (rjbh

− rjb)
2
]

(7)
where |Ch| is the cardinality of cluster Ch, it is possible to prove that the
problem (6) and (7) have the same solution for Y (b). The last result permits
us to obtain a decomposition of the total inertia2 as follows:

TI = WI + BI =

=
k∑

h=1

∑
i∈Ch

d2
W (Y (i), Y (bh)) +

k∑
h=1

|Ch|d2
W (Y (bh), Y (b)).

(8)

In SDA, this result assumes a great interest because few distances proposed
in the literature for this kind of data respects this property.

In order to exploit the properties of the proposed distance, we propose a
hierarchical agglomerative clustering algorithm of histogram data using the
Ward criterion (Ward (1963)). Indeed, given two disjoint clusters Cs and Ct

the inertia of their union can be computed as follows:

TI(Cs ∪ Ct) = TI(Cs) + TI(Ct) +
|Cs||Ct|
|Cs|+ |Ct|d

2
W (Y (bs), Y (bt))

2 For the sake of brevity, we do not report the whole proof.
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from which we find that the Ward criterion to join two clusters can be com-
puted as:

dWard(Cs, Ct) =
|Cs||Ct|
|Cs|+ |Ct|d

2
W (Y (bs), Y (bt)).

In a hierarchical clustering agglomerative procedure, in order to pass from n
to n− 1 clusters, the two clusters corresponding to the minimum dWard are
joined.

3 Application

In the present section we present some results of an analysis performed on
a climatic dataset. The original dataset drd964x.tmpst.txt3 contains the

Fig. 2. Ward clustering tree of USA temperature dataset. On the left, the five
clusters are colored in different levels of gray

sequential “Time Biased Corrected” state climatic division monthly Average
Temperatures recorded in the 48 states of US from 1895 to 2004 (Hawaii and
Alaska are not present in the dataset).
The analysis consists of the following three steps:

1. we have represented the distributions of temperatures of each of the 48
states for each month by means of histograms;

2. we have computed the distance matrix using dW ;

3 freely available at the National Climatic Data Center website of US
http://www1.ncdc.noaa.gov/pub/data/cirs/
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3. we have performed a hierarchical clustering procedure based on the Ward
criterion .

The main results are shown in figure 2 and seem to be consistent with the
geographic characteristics of the clustered states.

4 Conclusions

In this paper we have presented a new distance for clustering symbolic data
represented by histograms. As histograms are bounded and locally uniform
distributed, we have shown how to compute the distance. The proposed dis-
tance can be considered also as an inertia measure satisfying the Huygens
theorem of decomposition of inertia. We have shown also a coherent way to
identify the barycenter of a cluster of histograms as an histogram itself. Fur-
ther, as proposed by Irpino and Verde (2005), the same distance can be used
also when data are intervals and it is possible to consider them as uniformly
dense. The distance is theoretically useful also when data are represented by
continuous density functions, but, in this case, some computational problems
may arise due to the invertibility of CDF’s.
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Abstract. We present an approach to cluster large datasets that integrates the
Kohonen Self Organizing Maps (SOM) with a dynamic clustering algorithm of
symbolic data (SCLUST). A preliminary data reduction using SOM algorithm is
performed. As a result, the individual measurements are replaced by micro-clusters.
These micro-clusters are then grouped in a few clusters which are modeled by
symbolic objects. By computing the extension of these symbolic objects, symbolic
clustering algorithm allows discovering the natural classes. An application on a real
data set shows the usefulness of this methodology.

1 Introduction

Cluster analysis aims to organize a set of items (usually represented as a vec-
tor of quantitative values) into clusters, such that items within a given cluster
have a high degree of similarity, whereas items belonging to different clusters
have a high degree of dissimilarity. The most usual structures furnished by
the clustering algorithms are hierarchies and partitions.

Dynamic Clustering Algorithms (DCA) are based on an iterative two-
step relocation procedure. At each iteration, DCA’s look for clusters and a
suitable representation of them by prototype (means, axes, probability laws,
groups of elements, etc.). The criterion optimized is an adequacy measure be-
tween the clusters and their corresponding representation (Diday and Simon
(1976)). DCA’s perform an allocation step in order to assign the objects to
the classes according to their proximity to the prototypes. This is followed
by a representation step where the prototypes are updated according to the
new objects assigned to classes at the allocation step, until achieving the con-
vergence of the algorithm, when the adequacy criterion reaches a stationary
value.

Objects to be clustered are usually represented as a vector of quantitative
measurements. Nevertheless this model is too restrictive to represent complex
data which, in their descriptions, take into account the variability and/or the
uncertainty inherent to the data. Moreover, it can be interesting to create
typologies of objects homogeneous from a conceptual point of view. That is
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typical of classifications in the natural world as well as in the definition of
types of behaviors in economics, political and social analysis. So, according to
Symbolic Data Analysis (SDA), we assume that the objects to be clustered
are described by a set of categories or intervals, possibly even with associated
a system of weights.

Nowadays, many clustering methods for complex data (i.e. symbolic data)
have been proposed (Michalski et al. (1981), De Carvalho et al. (1999); Verde
et al. (2001); Chavent et al. (2002, 2003); Lechevallier et al. (2004)) which
differ in the type of the data descriptors, in their cluster structures and/or
in the clustering criteria. In particular, this paper deals with a method for
clustering a set of objects which represent not simple individuals but con-
cepts. Such concepts are modeled by symbolic objects (SO’s) and described
by multi-valued variables: intervals, multi-categorical, modal (Bock and Di-
day (2000)). The number of clusters in which the set have to be partitioned is
predefined. The classes are suitably interpreted and represented by class pro-
totypes. The proposed partitioning algorithm is based on a generalization of
the classical ”Dynamic Clustering Method”. The general optimized criterion
is a measure of the best fitting between the partition and the representation
of the classes. The prototype is a model of a class, and its representation
can be an element of the same space of representation of the concepts to be
clustered which generalizes the characteristics of the elements belonging to
the class. Therefore, the prototype is a concept itself and it is modeled as a
symbolic object too.

The allocation function for the assignment of the objects to the classes
depends on the nature of the variables which describe the SO’s. The choice
of the allocation function must be related to the particular type of prototype
taken as a representation model of the class.

The peculiarity of this symbolic clustering method is in the interpreta-
tion of the classes as concepts. Modeling the concepts by prototypes, defined
as SO’s, it makes possible to give a symbolic meaning at the elements of
the partition at each step of the algorithm and not only at the end of the
procedure.

In spite of the usefulness of clustering algorithms in many application
areas, the rapid collection of large data sets of increasing complexity poses a
number of new problems that traditional algorithms are not equipped to ad-
dress. One important feature of modern data collection is the ever increasing
size of a typical data base: it is not so unusual to work with databases contain-
ing few millions of individuals and hundreds or thousands of variables. Now,
most classical clustering algorithms are severely limited as to the number of
individuals they can handle (from a few hundred to a few thousands).

This paper presents an approach to cluster large datasets that integrates
the Kohonen Self Organizing Maps (SOM) with the dynamic clustering al-
gorithm of symbolic data (SCLUST). A preliminary data reduction using
SOM algorithm is performed. As a result, the individual measurements are
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replaced by micro-clusters. These micro-clusters are then grouped in a few
clusters which are modeled by symbolic objects. The calculation of the ex-
tension of these symbolic objects allows the symbolic clustering algorithm
to discover the natural classes. An application on a real database shows the
usefulness of this methodology.

2 The dynamic clustering approach

The proposed Dynamic Clustering Method generalizes the standard cluster-
ing method in order to partition a set of individuals E, modeled by symbolic
descriptions or a set of concepts C, modeled by SO’s in k classes.

The algorithm is based on: a) the choice of the prototypes for representing
the classes; b) the choice of a proximity function to allocate the concepts to
the classes at each step. The clustering criterion to be optimized is a measure
of best fitting between the partition of the set of concepts and the prototype
descriptions.

2.1 The input data

We recall that a SO sc is defined (Bock and Diday (2000)) by the triple
(ac, R, dc), where dc = (d1

c , . . . , d
p
c) ∈ D is its description, R is a binary or

fuzzy relation between descriptions, and ac is the mapping from a set of
individuals Ω to the interval [0,1] or to the set {0,1}.

The clustering method runs on a Symbolic Data Table, denoted X (Bock
and Diday (2000)). The columns of the input data table represent a set of p
variables y1, . . . , yp and the rows contain the descriptions dc of the concepts
c of C, which are modeled by SO’s.

The prototype gi of a class Pi ∈ P is modeled as a symbolic object by the
triple (agi

, R,Gi). We denote Λ as the space of the prototypes g ∈ Λ and Γ
the space of their descriptions. If the space D of description of the elements
of C is the same space Γ of the descriptions of the prototypes gi then we
have: ψ(c, gi) = R(y(c), y(gi)) = [dcRGi].

2.2 The symbolic dynamic clustering algorithm (SCLUST)

Symbolic Dynamic Clustering method is a generalization of the standard
Dynamic Clustering method to cluster a set of concepts c ∈ C, modeled by
SO’s sc ∈ E into k homogeneous classes.

In particular, the algorithm is here performed on symbolic data described
by symbolic variables of two types: multi-categorical and interval ones. This
method allows us to construct a partition of symbolic objects using dissimi-
larity or distance measures defined for both types of variables.

The criterion ∆(P,L) optimizes by the algorithm is defined as the sum of
the dissimilarity values ψ(c, gi) computed between each concept c belonging
to a class Pi ∈ P and the prototype gi ∈ Λ of Pi :
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∆(P,L) =

k∑
i=1

∑
c∈Pi

ψ(c, gi),

The criterion ∆(P,L) is also additive with respect to the data descriptors.
Therefore, the convergence of the algorithm to a optimum of the function ∆
is guaranteed by the consistence between the representation of the classes by
prototypes and the allocation function ψ(.).

The general scheme of symbolic dynamic clustering algorithm

• Initialization
Let P (o)= {P (o)

1 , . . . , P
(o)
k } be the initial random partition of C in k

classes.
• Representation step t

For i = 1, . . . , k, compute a prototype g
(t)
i as the SO representing the

class Pi ∈ P (t)

• Allocation step t
Any concept c ∈ C is assigned to the class Pi, iff ψ(c, gi) is a minimum:

P
(t+1)
i = {c ∈C | i = argmin{ψ(c, gl)/l = 1, . . . , k}

• Stopping rule or stability
If P (t+1) = P (t) then STOP else GO TO Representation step

To define the prototype which represents the classes of the partition P ,
we can distinguish between two cases: the prototype, expressed by a single
element of the class (e.g., the element at the minimum average distance from
all the elements of the class as well as by the element which minimizes the
criterion function); a prototype, chosen as a summarizing function of the ele-
ments of the class. In this last case, the prototype can be suitably modeled by
a modal SO (Bock and Diday (2000)). The description of a modal SO is given
by frequency (or probability) distributions associated with the categories of
the p multi-categorical descriptors.

In the representation step, according to the nature of the descriptors of
the set C of SO’s we distinguish different cases: i) all the SO descriptors are
intervals; ii) all the SO descriptors are multi-categorical variables.

In the first case, Chavent et al. (2002, 2003) demonstrated that is possi-
ble to represent a class by an interval chosen as the one at minimum average
distance from all the others intervals belonging to the class. The optimal solu-
tion was found analytically, assuming as distance a suitable measure defined
on intervals: the Hausdorff distance.

The second case can be considered according to two different approaches:
a) the prototype is expressed by the most representative element of the class
(or by a virtual element vb) according to the allocation function; b) the pro-
totype is a high order SO’s, described by the distribution function associated
with the multi-nominal variables.
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In particular, in the first approach the prototype is selected as the neigh-
bour of all the elements of the class. Given a suitable allocation function
ψ(ch, gi) the prototype gi of the class Pi is chosen as the symbolic object asso-
ciated with the concept ch where h = argmin{∑h′∈Pi

ψ(ch”, ch′) : ch” ∈ Pi}.
Similarly, a prototype g of Pi can be constructed considering all the descrip-
tions of the SO’s ch ∈ Pi and associating with them a set of descriptions
corresponding to the most representatives among the elements of Pi, such
that

∑
h∈Pi

ψ(ch, g) = min
{∑

h∈Pi
ψ(ch, g

′) : g′ ∈ Γ
}
. A similar criterion

has been followed by Chavent et al. (2002, 2003) in the choice of the descrip-
tion of the prototypes as interval data, according to the Hausdorff distance.

Nevertheless, we can point out that if the virtual prototype g is not a SO
associated with a concept of C, its description could be inconsistent with a
conceptual meaning own of a symbolic object. So that, instead of taking g to
represent the class Pi it is more appropriate to choose the nearest SO of ch ∈
Pi, according to the allocation function value. This choice is a generalization
of the nearest neighbours algorithm criterion in the dynamical clustering.
However, it respects the numerical criterion of the minimum dissimilarity
measure and guarantees coherence with the allocation function.

In the second approach, we can also assume to associate with multi-
categorical variables a uniform distribution in order to SO descriptors as
modal ones. The prototype gi of cluster Pi is described by the minimum gen-
eralization of the descriptions of the elements belonging to the class Pi, for
all the categorical multi-valued variables (De Carvalho et al. (1999)).

In the allocation step the coherence between the prototype and the alloca-
tion function guarantees the convergence of the partitioning algorithm. Thus,
we distinguish two different situations: (1). the SO and prototype description
space is the same; (2). the prototypes are modal SO’s.

In the first case, both prototypes and SO’s are modeled by vectors of in-
tervals for interval descriptors as well as, by sets of categories for categorical
multi-valued variables. Finally, they are also in the same space of represen-
tation whenever both are described by modal variables. The second case cor-
responds to situation where the prototypes are modeled by modal variables,
whereas the SO’s are described by interval and/or categorical multi-valued
variables.

Partitioning for modal symbolic data. When the set of elements to be clus-
tered are modal objects and D = Γ , suitable dissimilarity measures can be
proposed as an allocation function. When both concepts and prototypes are
modeled by distributions a classical φ2 distance can be proposed as an allo-
cation function. As noted above, modal data can be derived by imposing a
system of weights (pseudo-frequencies, probabilities, beliefs) on the domain of
categorical multi-valued or interval descriptors. These transformations of the
SO’s description space are requested wherever prototypes have been chosen
as modal SO’s. Simple Euclidean distances between profiles can be suitably
used too.
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Partitioning for mixed symbolic data. All the proposed distance functions
for p variables are determined by sums of dissimilarities corresponding to the
univariate symbolic component descriptors yj . In practice, however, symbolic
data to be clustered are typically described by different types of variables.
In order to compute an overall dissimilarity measure two approaches are
proposed here:

1) Weighted linear combination of dissimilarity measures: if the symbolic
object associated with c is described by different type of variables the
overall dissimilarity between c and gi is obtained by a linear combina-
tion of the proximity measures computed with respect to the different
(classical or symbolic) variables.

2) Categorization (discretization, segmentation, ...): in this case, all the vari-
ables yj are transformed to the same type.

3 An application of the integrated methods: SOM and
SCLUST

Our approach to clustering large datasets is to integrate the Symbolic Dy-
namic Clustering (SCLUST) algorithm and the Kohonen Self Organizing Map
(SOM) algorithm. The strategy starts with a pre-processing step where the
dataset is partitioned in a few hundreds micro-classes by the SOM algorithm
(Murtagh (1995), Ambroise et al. (2000)), then to describe each micro-class
by symbolic interval variables, to cluster these micro-class symbolic descrip-
tions in a few number of clusters by using the Hausdorff distance.

These clusters are then modeled by symbolic objects whose symbolic de-
scriptions generalize the characteristics of the micro-classes belonging to the
respective classes. The extension of the clusters, that is the elements which are
assigned to each cluster, is obtained using the Hausdorff distance as matching
function.

To show the usefulness of the proposed approach to cluster large datasets,
we have applied the proposed strategy to the well known waveform dataset
(Breiman et al (1984), pp 49 − 55). For each class a set of individuals is
generated using a model for data generation. Each model uses two basic
waveforms (each one being a shifted triangular distribution) and Gaussian
noise. The number of the individuals of each class is 20000 and the number
of variables describing the individuals is 21. All variables are quantitative
continuous. The Bayes misclassification rate for this three-class classification
problem is approximately 0.14.

Our aim is to compare the partition quality of the partitioning of the wave-
form dataset in six classes, measured by the error rate of classification, given
by a direct application of the Kohonen Self Organizing Map (SOM) algorithm
with the presented approach which integrates the Symbolic Dynamic Cluster-
ing (SCLUST) algorithm and SOM algorithm. SCLUST clustering algorithm
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is implemented in the SODAS software (www.info.fundp.ac.be/asso/), a com-
puter program developed in the framework of the ASSO European project
(17 European and 1 Brazilian teams) whose aim was to develop new data
analysis methods and algorithms to manage symbolic data.

1x1 1x2 1x3 1x4 1x5 1x6 1x7 1x8 1x9 1x10 1x11 1x12 1x13

2x1 2x2 2x3 2x4 2x5 2x6 2x7 2x8 2x9 2x10 2x11 2x12 2x13

3x1 3x2 3x3 3x4 3x5 3x6 3x7 3x8 3x9 3x10 3x11 3x12 3x13

4x1 4x2 4x3 4x4 4x5 4x6 4x7 4x8 4x9 4x10 4x11 4x12 4x13

5x1 5x2 5x3 5x4 5x5 5x6 5x7 5x8 5x9 5x10 5x11 5x12 5x13

6x1 6x2 6x3 6x4 6x5 6x6 6x7 6x8 6x9 6x10 6x11 6x12 6x13

7x1 7x2 7x3 7x4 7x5 7x6 7x7 7x8 7x9 7x10 7x11 7x12 7x13

8x1 8x2 8x3 8x4 8x5 8x6 8x7 8x8 8x9 8x10 8x11 8x12 8x13

Fig. 1. Kohonen Self Organizing Maps for 104 micro-classes

The error rate of classification was 0.39, 0.305, 0.292 and 0.286 respec-
tively for the partitioning of the waveform dataset in six classes by the direct
application of the SOM algorithm and the partitioning of this dataset in
104 (Fig.1), 150 and 200 micro-classes in the pre-processing step using the
SOM algorithm. These results showed that the proposed approach, which in-
tegrates the SOM algorithm and the SCLUST symbolic clustering algorithm
clearly outperforms the direct application of the SOM algorithm concerning
the partitioning of large datasets. The classes are represented by intervals,
given by the minimum and maximum curves (plotted in Fig. 1 by dash lines),
rather than by the average curve (plotted in Fig. 1 by continuous line) as in
the classical SOM approach.

4 Final remarks and conclusions

This paper presents an approach to partitioning large datasets in a few num-
ber of homogeneous classes through the integration of Kohonen Self Orga-
nizing Map (SOM) algorithm and the Symbolic Dynamic Cluster (SCLUST)
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algorithm. To show the usefulness of the proposed approach it considered the
recognition of a three classes synthetic waveform dataset by the SOM algo-
rithm alone versus the integration of the SOM and SCLUST algorithms. The
error rate of classification was calculated and the clustering results showed
that the integration of SOM and SCLUST algorithms outperforms the direct
application of the SOM algorithm concerning the partitioning of this large
dataset.
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Abstract. A dynamic clustering method for mixed feature-type symbolic data is
presented. The proposed method needs a previous pre-processing step to transform
Boolean symbolic data into modal symbolic data. The presented dynamic clustering
method has then as input a set of vectors of modal symbolic data and furnishes a
partition and a prototype to each class by optimizing an adequacy criterion based
on a suitable squared Euclidean distance. To show the usefulness of this method,
examples with symbolic data sets are considered.

1 Introduction

Clustering aims to summarize data sets in homogeneous clusters that may be
organized according to different structures (Gordon (1999), Everitt (2001)):
hierarchical methods yield complete hierarchy, i.e., a nested sequence of par-
titions of the input data, whereas partitioning methods seek to obtain a single
partition of the input data into a fixed number of clusters by, usually, opti-
mizing a criterion function.

In classical data analysis, the items to be grouped are usually represented
as a vector of quantitative or qualitative measurements where each column
represents a variable. In particular, each individual takes just one single value
for each variable. In practice, however, this model is too restrictive to repre-
sent complex data since to take into account variability and/or uncertainty
inherent to the data, variables must assume sets of categories or intervals,
possibly even with frequencies or weights.

The aim of Symbolic Data Analysis (SDA) is to extend classical data
analysis techniques (clustering, factorial techniques, decision trees, etc.) to
these kinds of data (sets of categories, intervals, or weight (probability) dis-
tributions) called symbolic data (Bock and Diday (2000)). SDA is a domain
in the area of knowledge discovery and data management related to multi-
variate analysis, pattern recognition and artificial intelligence.

This paper addresses the partitioning of mixed feature-type symbolic data
using the dynamic clustering methodology. Dynamical clustering is an itera-
tive two steps relocation partitioning algorithm involving, at each iteration,
the construction of clusters and the identification of a suitable representation
or prototype (means, axes, probability laws, groups of elements, etc.) for each
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cluster by locally optimizing an adequacy criterion between the clusters and
their corresponding representatives.

SDA has provided partitioning methods in which different types of sym-
bolic data are considered. Ralambondrany (1995) extended the classical k-
means clustering method in order to deal with data characterized by numer-
ical and categorical variables. El-Sonbaty and Ismail (1998) have presented
a fuzzy k-means algorithm to cluster data on the basis of different types of
symbolic variables. Bock (2002) has proposed several clustering algorithms
for symbolic data described by interval variables, based on a clustering cri-
terion and thereby generalized similar approaches in classical data analysis.
Chavent and Lechevallier (2002) proposed a dynamic clustering algorithm for
interval data where the class representatives are defined based on a modified
Hausdorff distance. Souza and De Carvalho (2004) have proposed partitioning
clustering methods for interval data based on city-block distances.

In this paper, we introduce a partitioning dynamic clustering method for
mixed feature-type symbolic data. To be able to manage ordered and non-
ordered mixed feature-type symbolic data, this method assumes a previous
pre-processing step the aim of which is to obtain a suitable homogenization
of mixed symbolic data into modal symbolic data. Section 2 presents the data
homogenization pre-processing step. Section 3 presents the dynamic cluster-
ing algorithm for mixed feature-type symbolic data. To evaluate this method,
section 4 shows experiments with real symbolic data sets, the clustering qual-
ity being measured by an external cluster validity index. In Section 5, the
concluding remarks are given.

2 Data homogenization pre-processing step

Usual data allow exactly one value for each variable. However, this data
is not able to describe complex information, which must take into account
variability and/or uncertainty. It is why symbolic variables have been intro-
duced: multi-valued variables, interval variables and modal variables (Bock
and Diday (2000)).

Let Ω = {1, . . . , n} be a set of n items indexed by i described by p symbolic
variables X1, . . . , Xp. A symbolic variable Xj is categorical multivalued if,

given an item i, Xj(i) = xj
i ⊆ Aj where Aj = {tj1, . . . , tjHj

} is a set of
categories. A symbolic variable Xj is an interval variable when, given un item

i, Xj(i) = xj
i = [aj

i , b
j
i ] ⊆ Aj where Aj = [a, b] is an interval. A symbolic

variable Xj is a modal variable if, given un item i, Xj(i) = (S(i),q(i)) where
q(i) is a vector of weights defined in S(i) such that a weight w(m) corresponds
to each category m ∈ S(i). S(i) is the support of the measure q(i).

Each object i (i = 1, . . . , n) is represented as a vector of mixed feature-
type symbolic data xi = (x1

i , . . . , x
p
i ). This means that xj

i = Xj(i) can be a
(ordered or non ordered) set of categories, an interval or a weight distribution
according to the type of the corresponding symbolic variable.
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Concerning the methods described in Chavent et al. (2003), there is one
of them which is a dynamic clustering algorithm based on a suitable squared
Euclidean distance to cluster interval data. This method assumes a pre-
processing step which transform interval data into modal data. However,
the approach considered to accomplish this data transformation is not able
to take into consideration the ordered nature inherent to interval data.

In this paper we consider a new data transformation pre-processing ap-
proach, the aim of which is to obtain a suitable homogenization of mixed
symbolic data into modal symbolic data, which is able to manage ordered
and non-ordered mixed feature-type symbolic data in the framework of a
dynamic clustering algorithm. In this way, the presented dynamic cluster
algorithm has as input data only vectors of weight distributions.

The data homogenization is accomplished according to type of symbolic
variable: categorical non-ordered or ordered multivalued variables, interval
variables.

Categorical multivalued variables. If Xj is a categorical non-ordered

multivalued variable, its transformation into a modal symbolic variable X̃j is

accomplished in the following way: X̃j(i) = x̃j
i = (Aj ,q

j(i)), where qj(i) =

(qj
1(i), . . . , q

j
Hj

(i)) is a vector of weights qj
h(i) (h = 1, . . . , Hj), a weight being

defined as (De Carvalho (1995)):

qj
h(i) =

c({tjh} ∩ xj
i )

c(xj
i )

(1)

c(A) being the cardinality of a finity set A.
If Xj is a categorical ordered multivalued variable, its transformation

into a modal symbolic variable X̃j is accomplished in the following way:

X̃j(i) = x̃j
i = (Aj ,Q

j(i)), where Qj(i) = (Qj
1(i), . . . , Q

j
Hj

(i)) is a vector of

cumulative weights Qj
h(i) (h = 1, . . . , Hj), a cumulative weight being defined

as:

Qj
h(i) =

h∑
r=1

qj
r(i), where qj

r(i) =
c({tjr} ∩ xj

i )

c(xj
i )

(2)

It can be shown (De Carvalho (1995)) that 0 ≤ qj
h(i) ≤ 1 (h = 1, . . . , Hj)

and
∑Hj

h=1 q
j
h(i) = 1. Moreover, qj

1(i) = Qj
1(i) and qj

h(i) = Qj
h(i)−Qj

h−1(i) (h =
2, . . . , Hj).

Interval variables. In this case, the variable Xj is transformed into a modal

symbolic variable X̃j in the following way (De Carvalho (1995), De Carvalho

et al. (1999), Chavent et al. (2003)): X̃j(i) = x̃j
i = (Ãj ,Q

j(i)), where Ãj =
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{Ij
1 , . . . , I

j
Hj
} is a set of elementary intervals, Qj(i) = (Qj

1(i), . . . , Q
j
Hj

(i))

and Qj
h(i) (h = 1, . . . , Hj) is defined as:

Qj
h(i) =

h∑
r=1

qj
r(i), where qj

r(i) =
l(Ij

r ∩ xj
i )

l(xj
i )

(3)

l(I) being the length of a closed interval I.
The bounds of these elementary intervals Ij

h (h = 1, . . . , Hj) are obtained

from the ordered bounds of the n+ 1 intervals {xj
1, . . . , x

j
n, [a, b]}. They have

the following properties:

1.
⋃Hj

h=1 I
j
h = [a, b]

2. Ij
h

⋂
Ij
h′ = ∅ if h 
= h′

3. ∀h ∃i ∈ Ω such that Ij
h

⋂
xj

i 
= ∅
4. ∀i ∃Sj

i ⊂ {1, . . . , Hj} :
⋃

h∈Sj
i
Ij
h = xj

i

It can be shown (De Carvalho (1995)) that also in this case 0 ≤ qj
h(i) ≤ 1

(h = 1, . . . , Hj) and
∑Hj

h=1 q
j
h(i) = 1. Moreover, again qj

1(i) = Qj
1(i) and

qj
h(i) = Qj

h(i)−Qj
h−1(i) (h = 2, . . . , Hj).

3 A dynamic clustering algorithm for mixed
feature-type symbolic data

This section presents a dynamic clustering method which allows to cluster
mixed feature-type symbolic data. The aim of this method is to determine
a partition P = {C1, . . . , CK} of Ω into K classes such that the resulting
partition P is (locally) optimum with respect to a given clustering criteria.

Let Ω = {1, . . . , n} be a set of n items. After the pre-processing step,
each object i (i = 1, . . . , n) is represented by a vector of modal symbolic
data x̃i = (x̃1

i , . . . , x̃
p
i ), x̃j

i = (Dj ,u
j(i)), where Dj is a (ordered or non-

ordered) set of categories if X̃j is a modal variable, Dj is a non-ordered set

of categories if X̃j is a categorical non-ordered multivalued variable, Dj is an

ordered set of categories if X̃j is a categorical ordered multivalued variable

and Dj is a set of elementary intervals if X̃j is an interval variable. Moreover,

uj(i) = (uj
1(i), . . . , u

j
Hj

(i)) is a vector of weights if Dj is a non-ordered set of

categories and uj(i) is a vector of cumulative weights if Dj is an ordered set
of categories or a set of elementary intervals.

As in the standard dynamical clustering algorithm (Diday and Simon
(1976)), this clustering method for symbolic data aims to provide a partition
of Ω in a fixed number K of clusters P = {C1, . . . , CK} and a corresponding
set of prototypes L = {L1, . . . , LK} by locally minimizing a criterion W that
evaluates the fit between the clusters and their representatives.
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Here, each prototype Lk of Ck (k = 1, . . . ,K) is also represented as a
vector of modal symbolic data gk = (g1

k, . . . , g
p
k), gj

k = (Dj ,v
j(k)) (j =

1, . . . , p), where vj(k) = (vj
1(k), . . . , vj

Hj
(k)) is a vector of weights if Dj is a

non-ordered set of categories and vj(k) is a vector of cumulative weights if
Dj is an ordered set of categories or a set of elementary intervals. Notice that
for each variable the modal symbolic data presents the same support Dj for
all individuals and prototypes. The criterion W is then defined as:

W (P,L) =

K∑
k=1

∑
i∈Ck

φ(x̃i,gk) (4)

where

φ(x̃i,gk) =

p∑
j=1

d2(uj(i),vj(k)) (5)

The comparison between the two vectors of (non-cumulative or cumula-
tive) weights uj(i) and vj(k) for the variable j is accomplished by a suitable
squared Euclidean distance:

d2(uj(i),vj(k)) =

Hj∑
h=1

(uj
h(i)− vj

h(k))2 (6)

The cumulative weights obtained in the pre-processing step will allow the
dynamic clustering algorithm to take into account the order inherent to the
categorical multivalued or interval symbolic data.

As in the standard dynamical clustering algorithm (Diday and Simon
(1976)), this algorithm starts from an initial partition and alternates a rep-
resentation step and an allocation step until convergence when the criterion
W reaches a stationary value representing a local minimum.

3.1 Representation step

In the representation step, each cluster Ck is fixed and the algorithm looks for
the prototype gk = (g1

k, . . . , g
p
k) of class Ck (k = 1, . . . ,K) which minimizes

the clustering criterion W in equation (4).
As the criterion W is additive, the optimization problem becomes to find

for k = 1, . . . ,K, j = 1, . . . , p and h = 1, . . . , Hj , the weight vj
h(k) minimizing

W (Ck, Lk) =
∑
i∈Ck

(uj
h(i)− vj

h(k))2 (7)

The solution for vj
h(k) is :

v̂j
h(k) =

1

nk

∑
i∈Ck

uj
h(i) (8)
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where nk is the cardinality of the class Ck. The prototype of class Ck is then
ĝk = (ĝ1

k, . . . , ĝ
p
k), where ĝj

k = (Dj , v̂
j
h(k)).

3.2 Allocation step

In this step, the vector of prototypes L = (L1, . . . , LK) is fixed. The algorithm
finds for each k ∈ {1, . . . ,K} the class

Ck = {i ∈ Ω : φ(x̃i,gk) ≤ φ(x̃i,gm), ∀m ∈ {1, . . . ,K}} (9)

3.3 The algorithm

The dynamic cluster algorithm for mixed feature-type symbolic data has the
following steps:
Schema of dynamic clustering algorithm for weight distribu-

tions of symbolic data

1. Initialization.
Randomly choose a partition {C1 . . . , CK} of Ω or randomly choose K
distinct objects L1, . . . , LK belonging to Ω and assign each objects i to
the closest prototype Lk∗, where k∗ = arg mink=1,...,K φ(x̃i,gk).

2. Representation step.
(the partition P is fixed)
For k = 1, . . . ,K, compute the vector of modal symbolic data proto-
type gk = (g1

k, . . . , g
p
k), gj

k = (Dj ,v
j(k)) (j = 1, . . . , p), where vj(k) =

(vj
1(k), . . . , vj

Hj
(k)) and vj

h(k) (h = 1, . . . , Hj) is given by equation (8).
3. Allocation step.

(the set of prototypes L is fixed)
test← 0
for i = 1 to n do

define the cluster Ck∗ such that
k∗ = arg mink=1,...,K φ(x̃i,gk)

if i ∈ Ck and k∗ 
= k
test← 1
Ck∗ ← Ck∗ ∪ {i}
Ck ← Ck \ {i}

4. Stopping criterion.
If test = 0 then STOP, else go to (2).

4 Experimental evaluation

In order show the usefulness of the proposed dynamic clustering method, this
section presents the clustering results furnished by it on a real symbolic data
set. To evaluate the clustering results furnished by this dynamic clustering
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method an external index, the adjusted Rand index (CR), will be considered
(Hubert and Arabie (1985)). The CR index measures the similarity between
an a priori partition and a partition furnished by the clustering algorithm.
CR takes its values on the interval [-1,1], where the value 1 indicates perfect
agreement between partitions, whereas values near 0 (or negatives) corre-
spond to cluster agreement found by chance.

We apply the proposed dynamic clustering algorithm on a real symbolic
interval data set. Our aim is to compare the approach presented in (Chavent
et al. (2003)), which transforms interval symbolic data on modal symbolic
data represented by non-cumulative weight distributions, with the approach
presented in this paper, which transforms interval symbolic data on modal
symbolic data represented by cumulative weight distributions.

The car data set consists of a set of 33 car models described by 8 interval,
3 nominal variables (see Table 1). In this application, the 8 interval variables
- Price, Engine Capacity, Top Speed, Acceleration, Step, Length, Width and
Height and 2 categorical non-ordered multi-valued variables - Alimentation
and Traction - have been considered for clustering purposes, the nominal
variable Car Category has been used as a a priori classification.

Table 1. Car data set with 8 interval and one nominal variables

Price Engine . . . Height Category
Capacity

Alfa 145 [27806, 33596] [1370, 1910] . . . [143, 143] Utilitarian
Alfa 156 [41593, 62291] [1598, 2492] . . . [142, 142] Berlina

. . . . . . . . . . . . . . . . . .
Porsche 25 [147704, 246412] [3387, 3600] . . . [130, 131] Sporting
Rover 25 [21492, 33042] [1119, 1994] . . . [142, 142] Utilitarian
Passat [39676, 63455] [1595, 2496] . . . [146, 146] Luxury

Concerning this data set, the CR indices taken with respect to Car cate-
gory were 0.11 and 0.55, repectively, for the approach presented in (Chavent
et al. (2003)) and for the approach presented in this paper. This indicates
that, for this data set, the accumulated version outperforms the non-accumulated.

5 Concluding remarks

A partitioning clustering method for mixed feature-type symbolic data us-
ing a dynamic cluster algorithm based on the squared Euclidean distance was
presented in this paper. To be able to manage ordered and non-ordered mixed
feature-type symbolic data, it was introduced a previous pre-processing step
the aim of which is to obtain a suitable homogenization of mixed symbolic
data into modal symbolic data. An application considering a real interval
symbolic data set allowed to compare the results of this clustering algorithm
using non-cumulative and cumulative weight vectors to represent this interval
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data set. The accuracy of the results furnished by the clustering method intro-
duced in this paper was assessed by the adjusted Rand index. These results
clearly show that the accuracy of the clustering method using cumulative
weight vectors of interval data is superior to that which uses non-cumulative
weight vectors.
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Abstract. A procedure for detecting outliers in regression problems based on in-
formation provided by boosting trees is proposed. Boosting is meant for dealing
with observations that are hard to predict, by giving them extra weights. In the
present paper, such observations are considered to be possible outliers, and a pro-
cedure is proposed that uses the boosting results to diagnose which observations
could be outliers. The key idea is to select the most frequently resampled observa-
tion along the boosting iterations and reiterate boosting after removing it. A lot
of well-known bench data sets are considered and a comparative study against two
classical competitors allows to show the value of the method.

1 Introduction

The book by Rousseeuw and Leroy (1987) contains an overview of outlier
detection problems in the regression context. The underlying model, the es-
timation method and the number of outliers with respect to the number of
observations lead to define various kinds of outliers. For example, one can
consider different ways of contamination: outliers in the response space, out-
liers in the covariate space or outliers in both spaces. Many methods have
been developed to cope with such situations. They are essentially supported
by robustness ideas and are based on linear modeling (for a short software-
oriented review, see Verboven and Hubert (2005)).
Of course, these approaches suffer from the restriction of the outlier definition
related to deviations with respect to the linear model. More generally, the
outlier definition depends on a given parametric regression design method.
Here we consider the generalized regression model Y = f(X) + ξ.
The aim of this paper is to propose a procedure based on boosting and
such that the regression design method is nonparametric and able to explore
different features of the data by adaptive resampling; the detection is entirely
automatic and the associated parameters are data-driven; it is possible to
detect outliers in the response direction as well as in the covariate space.

2 Boosting regression trees

A classical remark about the boosting procedure AdaBoost (introduced for
classification problems by Freund and Schapire (1997) and then for regres-
sion ones by Drucker (1997)) and its variants, is its sensitivity to outliers.



214 Cheze and Poggi

This property is in general identified as a drawback, but it can be used (see
Gey and Poggi (2006)) to improve the model estimated by a given estimation
method to be better adapted to particularly hard observations. The goal is
here to use it to detect outliers. Our procedure is based on the information
provided by the adaptive resampling process generated when boosting CART
regression trees (see Breiman et al. (1984)) is used. This adaptive process tells
us a lot about the data set and this is one of the most attractive features of
the boosting from the data analytic point of view.

Table 1. Boosting algorithm [M, i0] = boost(L, K).

Input: L the sample of size n and K the number of iterations
Initialization: Set p1 = D the uniform distribution on {1, . . . , n}

Loop: for k = 1 to K do
step 1 - randomly draw from L with replacement, according

to pk, a sample Lk of size n,

step 2 - using CART, construct an estimator f̂k of f from Lk,
step 3 - set from the original sample L: i = 1, . . . , n

lk(i) = Yi − f̂k(Xi)
2

and εpk
= n

i=1 pk(i)lk(i),

βk =
εpk

max
1≤i≤n

lk(i)−εpk

and dk(i) = lk(i)
max

1≤i≤n
lk(i)

,

pk+1(i) = β
1−dk(i)
k pk(i),

normalize pk+1 to be of sum 1
step 4 - compute Ii,k the number of times when the

observation i appears in Lk

Output: compute Si = 1
K

K

k=1

Ii,k and

M = maxi∈L Si, i0 = argmaxi∈L Si

The boosting algorithm generates a sequence of regression function estimates
whose elements are fitted from a bootstrap sample obtained from the orig-
inal training sample by adaptive resampling, highlighting the observations
poorly predicted by its predecessor in the sequence. It turns out that such a
resampling leads to focus on hard observations with respect to the chosen es-
timation method, that is to focus on more often badly predicted observations.
Of course an outlier is such an observation.

The boosting algorithm used in this paper, proposed by Drucker (1997) and
studied in Gey and Poggi (2006)) can be found in Table 1.
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3 Outlier detection procedure

So the adopted strategy given in Table 2, is two stages: the first highlights
the hard observations and the second selects among them the outliers.

Table 2. Outlier detection algorithm.

Input: J the number of applications of boosting,
L the initial sample,
α the indicative significance level of confidence interval and
K the number of iterations of each boosting.

Initialization: Set L1 = L
Stage 1: for j = 1 to J do

[Mj , i(j)] = boost(Lj , K);
Lj+1 = Lj \ i(j);

H = L \ LJ

Stage 2: Outliers are defined as the observations of index
i(j) ∈ H such that (Mj > Cα)

The key idea of the first stage is to retain the most frequently resampled
observation along the boosting iterations and reiterate after removing it. So
the final set H of Table 2 contains the J observations whose indices are i(j)
and which have appeared in average Mj times in the bootstrap samples. The
second stage defines a data-driven confidence region to select outliers in H ,
the rationale for the selection rule is the following.

For each j ∈ (1, ..., J), let us assimilate the outlier detection problem to
the individual test of the null hypothesis: H0 : the observation i(j) is not
an outlier, against the alternative hypothesis: H1 : the observation i(j) is an
outlier. Since if i(j) is associated to an outlier then Mj is large, it is consistent
to choose the rejection region W = (Mj > Cα) for a given level of significance

α. Using Tchebychev’s inequality, we obtain Cα = m̂rob +

√
σ̂2

rob

α where m̂rob

and σ̂2
rob are robust estimators of m and σ2 the expectation and variance of

Mj under the hypothesis H0. The gap between Mj and m = EH0(Mj) under
H1 allows to circumvent the usual Tchebychev’s inequality conservativeness.
Indeed, even if PH0

(|Mj −m|/ > σα−1/2
)
<< α, leads to shrink the rejection

region, the hypotheses to be tested are sufficiently separated to correctly
select the outliers. So in the sequel, we use α = 5% for all the computations.
We emphasize that it is noise distribution free.

Let us make two additional remarks.
Why to reiterate boosting? As a matter of fact, the j0 most frequently resam-
pled observations along the iterations of a single boosting are different from



216 Cheze and Poggi

the first j0 observations selected stepwise using J boosting reiterations. The
reason is that for a given boosting application, the most frequently resampled
observation would mask other hard observations.
How to choose the number of boosting iterations? Boosting is reiterated until
all the outliers have been removed and in addition a sufficient number of
observations non contaminated by outliers are available to estimate the mean
and variance under H0 to plug in the Tchebichev’s inequality. When n is not
too large, a convenient choice for J is to take the integer part of 0.75n.

4 Outliers in well-known small size real data sets

We have examined various well-known bench data sets allowing to study
the behavior of the proposed method for various kinds of outliers depend-
ing on the way of contamination, for various sample sizes including small
ones (which could be critical for nonparametric estimation method) as well
as larger ones, see Cheze and Poggi (2005) in which we focus on a lot of
interesting and intensively studied real examples of small sample size from
the book of Rousseeuw and Leroy (1987), examined during twenty years by
many authors. We apply our method to all the examples and take the results
given by the Least Trimmed Squares (LTS) method as a reference since it has
been considered as a convenient one for such small data sets. The main con-
clusion is that in many cases, we obtain results very close to those obtained
using Minimum Covariance Determinant (MCDCOV) and LTS methods in
spite of the small sample size (around twenty for most of these data sets) and
the parametric model. More precisely, we obtain unsuccessful results for only
three examples among eighteen. For the others, we obtain always satisfactory
detection with partial or total selection.
Let us illustrate the three typical situations. Each of them corresponds to a
figure containing four plots: at the top left, the relevant data are displayed
(a legend specifies the concerned useful data); at the top right, the plot rep-
resents the value of Mj for 1 ≤ j ≤ J (defined in Table 2) obtained by our
method (using α = 5%); at the bottom, two plots give the results obtained
by the two alternative methods based on the standardized LTS residuals and
the robust distances respectively. Let us denote by nLTS

out the number of out-
liers detected by the LTS method. The estimates m̂rob and σ̂rob needed to
compute the rejection bound are obtained from the MCD estimators applied
to (Mj)1≤j≤J . These estimates and the results obtained by these alternative
methods have been carried out using the library LIBRA (see Verboven and
Hubert (2005)) developed using MATLAB�. We use for each method, the
default values for the corresponding parameters.
For our method and the MCDCOV one, outliers are indices associated with
points located above the solid horizontal line while for the LTS method, out-
liers are located outside the interval delimited by two horizontal lines. In
addition, we indicate, for simulated data sets, the indices of outliers and for
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real data sets, those of some observations chosen to facilitate the interpreta-
tion of the plots. Let us remark that in the plot corresponding to our method
the J points corresponding to the J boosting reiterations are drawn while for
the two other methods, n points are drawn.

4.1 Why the method can fail?

First of all, let us focus on the three examples for which the method fails. A
careful examination of the decision trees leads to easily explain this drawback:
when CART creates a single node containing all the outliers, the method
cannot highlight them.
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Fig. 1. Data set page 27 in Rousseeuw and Leroy (1987), n = 47, p = 1, nLTS
out = 4.

Figure 1 illustrates such a situation: as it can be seen at the top left plot, the
four outliers (identified using LTS) of indices 11, 20, 30 and 34, are atypical
both in response and covariate directions. Let us mention that these data
come from the Hertzsprung-Russell Diagram of the Star Cluster CYG OB1,
giving the logarithm of the effective temperature at the surface of the star (X)
and the logarithm of the light intensity of the star (Y ). The four identified
stars are the huge ones. We detect only two of them, LTS captures the four
and MCDCOV identifies the four same observations plus three others. The
explanation is that CART is sufficiently flexible to create a node containing
the four outliers which are atypical in a similar way: their X-values are close
to each other and far from the other observations, and their Y -values are the
four first maxima. Let us observe that, along the iterations of the detection
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algorithm (see the top right plot), as soon as the observations 34 and 30 are
suppressed from the learning sample, outliers of index 20 and 11 are then
easily detected.

4.2 Examples of correct detection

Second, when the percentage of outliers is less than 10%, our method performs
correctly except, of course, when the above mentioned drawback occurs. In
particular, when the two other methods do not detect any outlier, our method
also performs correctly.
The example of Figure 2 exhibits interesting behaviour and highlights an
important difference with MCDCOV and LTS methods.
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Fig. 2. Data set page 94 in Rousseeuw and Leroy (1987), n = 75, p = 3, nout = 4.

Since it is the only one simulated in Rousseeuw and Leroy (1987), so the
number of ”true” outliers is known and equal to 4. The top left plot shows
that the sample can be divided in three parts, two different populations and
the outliers: the observations of index from 1 to 10, those of index greater
than 15 and the four outliers from 11 to 14. Our method detects correctly
the four outliers without any false detection while the two other methods
assimilate the first population to outliers. MCDCOV detects the outliers and
the first observations since it tracks outliers separately in each direction. LTS
fails to detect outliers since it fits a single linear model for all the data which
delivers a robust prediction close to zero.
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4.3 Example of good selection but poor detection

Third, when the percentage of outliers is greater than 10%, the outliers are
brought at the top of the set H but the threshold is too large to automatically
select all the outliers.
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Fig. 3. Data set page 26 in Rousseeuw and Leroy (1987), n = 24, p = 1, nLTS
out = 6.

Figure 3 shows a perfect detection for both MCDCOV and LTS methods,
while our method fails to correctly detect the seven outliers which are the
observations of index from 15 to 20, as it can be seen in the top left plot
showing the sample values of the explained variable Y . Nevertheless, the
boosting method selects correctly the outliers: the top eight values of the set
H do contain all the outliers but the bound is too large. This comes from the
following fact: n = 24 and J − j0 = 19 − 6 are too small to have a sufficient
number of observations to conveniently estimate the unknown parameters
involved in the detection region definition.

5 A real-world example of large size data set

The Paris Pollution data are used to deal with the analysis and prediction of
ozone concentration in Paris area (see Cheze et al. (2003)). Highly polluted
days are often hard to predict and the underlying model becomes highly
nonlinear for such observations. In Figure 4, it can be seen as expected,
that the LTS and MCDCOV methods lead to very large numbers of false
detections while the boosting one highlights only one day.
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Fig. 4. Pollution real data set.

A deeper examination of this day selected by the boosting-based algorithm,
shows that it corresponds to a day where the temperature is high (about
28◦C), the day before is polluted (about 126 µg/m3) and there is no wind,
so the ozone concentration should be about 120 µg/m3 but only 15 µg/m3 is
observed, which is particularly hard to predict and atypical with respect to
the small set of explanatory variables considered in this model.
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Abstract. A canonical variance analysis (CVA) biplot can visually portray a one-
way MANOVA. Both techniques are subject to the assumption of equal class co-
variance matrices. In the application considered, very small sample sizes resulted in
some singular class covariance matrix estimates and furthermore it seemed unlikely
that the assumption of homogeneity of covariance matrices would hold. Analysis of
distance (AOD) is employed as nonparametric inference tool. In particular, AOD
biplots are introduced for a visual display of samples and variables, analogous to
the CVA biplot.

1 Introduction

The biplot as introduced by Gabriel (1971) proved to be a valuable tool for
exploring data visually. Moreover, the philosophy of Gower and Hand (1996)
to view the biplot as the multivariate analogue of a scatterplot made biplot
interpretation easily accessible to non-statistical audiences.

MANOVA is a popular inferential method for data with a class structure.
This can be complemented by a canonical variate analysis (CVA) biplot for
visual appraisal of class separation and overlap. Analysis of distance (AOD)
(Gower and Krzanowski (1999)) is an alternative inferential method when
class covariance matrices differ.

The question addressed in this paper is whether morphometric differences
among tortoises might point to different subspecies. The data set consisting of
carapace measurements of tortoise shells from different geographical regions
contained very small subsample sizes for some regions. It seemed unlikely for
the assumption of homogeneity of class covariance matrices to hold. Test-
ing this MANOVA assumption was problematic due to some singular class
covariance matrix estimates. However, AOD inference on classes with fewer
observations than variables could be performed. The permutation tests sug-
gested by Gower and Krzanowski (1999) provided an inferential procedure
for testing class differences. These authors give pictorial representations of
the class means and discuss the inclusion of individual samples.

In this paper AOD biplots are constructed. In contrast to the plots of
Gower and Krzanowski (1999) only displaying information on the samples,
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the biplot contains information on both samples and variables providing a
multivariate scatterplot for exploring class separation and overlap.

2 Analysis of distance

The basic variance formula can be written as the sum of squared Euclidean
distances among all sample points, viz.

1

n− 1

n∑
i=1

(xi − x)
2

=
1

2n(n− 1)

n∑
i=1

n∑
j=1

(xi − xj)
2
.

Gower and Krzanowski (1999) introduced AOD analogous to analysis of
variance by decomposing the total intersample squared distances into a within
and a between component.

Consider a data matrix X: n × p containing n1 + n2 + . . . + nJ = n
observations on p variables where nj observations come from the j -th class
(j = 1, 2, . . . , J) and an indicator matrix G: n×J with ij-th element equal to
1 if observation i is in class j and zero otherwise. The matrix of class means
is given by X = N−1GT X where N = diag(n1, n2, . . . , nJ).

Let D: n× n be the matrix with ih-th element dih = 1
2δ

2

ih where

δih =

√
p∑

k=1

(xik − xhk)
2

is the Euclidean distance between the i-th and h-th

observations. The sum of all the squared distances between samples xi and
xh is twice T = 1

n1T
nD1n where 1n denotes a n× 1 vector of ones. Parallel

to the variance decomposition in MANOVA, Gower and Krzanowski (1999)
show that T = W + B where W is the within-class component and B the
between class component.

Partitioning D into J2 submatrices where Drs contains the squared dis-
tances (divided by two) between samples from class r and class s the within-

class sum of squared distances W =
J∑

j=1

1
nj

1T
nj

Djj1nj
. Similar to D: n× n ,

define the matrix ∆: J×J with rs-th element the squared distance (divided
by two) between the class means of classes r and s then the between class
sum of squared distances B = 1

nnT∆n where n: J × 1 is a vector containing
the class sizes n1, n2, . . . , nJ .

Nonparametric inference based on permutation tests can be performed
without making any distributional or homogeneity of covariance matrices
assumptions. The only assumption is that the distance can be calculated
between any two samples. Dividing the n observations randomly into J classes
of sizes n1, n2, . . . , nJ respectively should reduce the between class sum of
squared distances B if significant differences among the observed classes do
exist.
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3 AOD biplots

The nonlinear biplot described by Gower and Harding (1988), Gower and
Hand (1996) and Gardner (2001) is a versatile general formulation for con-
structing a multidimensional scatterplot. The nonlinear biplot uses principal
co-ordinate analysis (PCO), also known as classical multi-dimensional scaling,
to produce a visual display of any distance matrix D containing Euclidean
embeddable distances.

Two special cases of the nonlinear biplot are the principal component
analysis (PCA) biplot where D is calculated from ordinary Euclidean dis-
tances and the CVA biplot where D is calculated from Mahalanobis distances
using the pooled within class covariance matrix of the data.

It is well known that PCA aims to optimally represent the variability
in a data set in a few, say r, dimensions. For a PCA biplot usually r = 2
representing as much variability as possible in two dimensions. In the situa-
tion where the data set consists of different classes, PCA does not take this
into account. If the directions of maximum variation happen to coincide with
the directions separating the classes, different classes can be distinguished in
the PCA biplot. Since the PCA technique does not take cognisance of the
class structure the directions of maximum variation might disguise the class
structure and classes cannot be distinguished in the lower dimensional plot.

On the other hand, a CVA biplot operates on the Mahalanobis distances
among the class means. CVA is closely linked to linear discriminant analysis
and aims to find the linear combinations maximising the between to within
class variance ratio. Under the assumption of equal class covariance matrices,
permitting the pooling of class covariance matrices into a within class covari-
ance matrix, a CVA biplot optimally separates the classes in a few (usually
two) dimensions. Since the between class and pooled within class covariance
matrices used for a CVA biplot are also employed in performing a MANOVA,
the CVA biplot can be viewed as a (possibly reduced space) visual display of
a MANOVA.

When the assumption of equal class covariance matrices does not hold, or
when some classes’ covariance matrices yield singular covariance matrix esti-
mates, CVA is not applicable. Gower and Krzanowski (1999) suggest a PCO
based on the matrix ∆ defined in section 2 above to pictorially represent
differences among classes.

An AOD biplot can be constructed using the relationship between PCO
for nonlinear biplots and PCA biplots discussed above. It follows that an AOD
biplot is a special case of the nonlinear biplot based on ordinary Euclidean
distances between the class means without making any distributional or co-
variance matrix assumptions. Since the PCA biplot is a special case of a PCO
where ordinary Euclidean distances are used, an AOD biplot is simply a PCA
biplot of the matrix of class means X: J × p.

The formulation of the AOD display in this way enables the construction
of a well-defined AOD biplot. The representation of the original variables of
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measurement as calibrated biplot axes for PCA biplots is discussed in e.g.
Gower and Hand (1996). The resulting biplot will display the class means
and biplot axes of the original variables of measurement. To display the indi-
vidual samples on the biplot, these are added as supplementary points. The
PCO procedure is discussed by Gower and Krzanowski (1999) but the refor-
mulation in terms of a PCA biplot facilitates this interpolation process by a
simple matrix multiplication.

4 Principal component analysis in morphometrics

It is customary to analyse the natural logarithm of measurements in mor-
phometric data. The data matrix X: n × p is therefore assumed to contain
the logarithm of each observation.

When analysing morphometric data with PCA, the first principal com-
ponent usually plays the role of a size vector. This is due to the fact that all
measurements are positively correlated, leading to a first principal component
with all coefficients of similar sign.

Let X̃: n × p be the centred data matrix calculated from X: n × p, the
principal components are calculated from the singular value decomposition
X̃T X̃ = VΛVT where the s-th column of V: p× p contains the coefficients
of the s-th principal component when the eigenvalues in the diagonal matrix
Λ are ordered in decreasing order. Since the eigenvectors are only unique up
to multiplication by –1, it can be assumed that the coefficients of the first
principal component are all positive.

Following Flury (1997) the one dimensional principal component approx-
imation of the data matrix X is given by Y(1) = 1xT + (X− 1xT )v1v

T
1

where v1 is the first column of V. The p-dimensional principal component
approximation has a similar form and can be decomposed as follows:

Y(p) = 1xT + (X− 1xT )VVT

= X

= 1xT + (X− 1xT )
[
v1 V∗ ] [vT

1

V∗T

]
= 1xT + (X− 1xT )v1v

T
1 + (X− 1xT )V∗V∗T .

The first two terms in the row above, can be viewed as a size component with
the remaining third term containing the shape component as well as random
error. When investigating differences in shape among classes of observations,
the size component is removed and the analysis of

X(−size) = (X− 1xT )V∗V∗T

focuses on differences in shape only. Each of the variables represented in
X(−size) can be interpreted as the deviation in that variable from the value
of an ‘average shaped tortoise’ of that particular size.
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5 Application: Homopus Areolatus

The common padloper, Homopus Areolatus, is a small terrestrial tortoise
species endemic to South Africa. Although taxonomically H. areolatus is
recognised as a single species with little geographical variation (Branch (1998);
Boycott and Bourquin (2000); Varhol (1998)) analysed the molecular system-
atics of these tortoises and found higher than expected sequence variation
within the genus, suggesting distinct population structuring and possibly
cryptic species.

Subtle morphometric differences between tortoise shells were noticed in
H. areolatus specimens from different geographical regions. In an effort to
compare the possible morphometric differences to the conclusion of Varhol
(1998) that inland H. areolatus warrants taxonomic recognition, the sample of
109 shells originating from six geographical regions were analysed statistically.
The number of tortoise shells available are summarised in Table 1.

Table 1. Number of tortoise shells available for analysis from the six geographical
regions Fynbos Western Cape (FWC), Fynbos Central Mountains (FCM), Fynbos
Southern Cape (FSC), Eastern Cape (EC), Great Karoo (GK) and Little Karoo
(LK). The Karoo regions are inland, with all other regions along the coast.

Region Males Females Juveniles Total

FWC 17 12 4 33
FCM 8 10 0 18
FSC 1 5 5 11
EC 20 12 1 33
GK 4 3 1 8
LK 3 2 1 6

It is clear from Table 1 that in some cases very few observations are avail-
able, specifically for the regions of greatest interest, namely the inland Karoo
regions. For each tortoise shell 17 variables were measured in accordance to
the measurements used in the study of Germano (1993). A list of the variables
is given in Table 2.

Because H. areolatus is sexually dimorphic with the females being larger
than the male tortoises, possible shape differences could occur between the
sexes and influence tests for shape differences among regions. As a first step
in the analysis, the shape data for each region were subjected to AOD per-
mutation tests, to test for differences among the three classifications in Table
1 (males, females and juveniles). The random allocation to classes was per-
formed according to the algorithm of Good (2000). Since the juveniles cannot
be classified as male or female and not all regions showed negligible differences
among the three classes, the juveniles were excluded from the remainder of
the analysis.
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Table 2. Variables measured on 109 H. areolatus tortoise shells.

Abbreviation Variable description

CL Straight carapace length
CW Straight carapace width
CH Shell height
V1, V2, V3, V4, V5 Straight length of vertebral scutes respectively
M6 Width of the sixth left marginal scute at the contact

with the costal
PL Straight maximum plastron length
MPL Mid-plastron length from gular notch to anal notch
GL Midline gular length
H Midline humeral length
P Midline pectoral length
AB Midline abdominal length
F Midline femoral length
A Midline anal length

Similar AOD permutation tests were performed for each region separately
to test for differences in shape between males and females only. From the
results in Table 3 it is clear that there are no significant differences between
the shapes of males and females. The permutation tests for FWC, FCM and
EC were performed with 10 000 replicates while for FSC, GK and LK the
exact permutation distributions were calculated.

Table 3. Achieved significance levels (ASL) in testing for differences between the
shape of male and female tortoise shells for each geographical region.

Region FWC FCM FSC EC GK LK

ASL 0.1469 0.3076 1.0000 0.1174 0.5429 0.6000

Since the shape does not differ significantly between male and female
tortoises, all adult tortoise shells were used in an AOD permutation test for
testing differences in shape between the geographical regions. The achieved
significance level based on 10 000 replicates was found to be ASL = 0.0002.
The shape does indeed differ statistically significantly among the regions.

To visually represent the shape differences among the regions, an AOD
biplot is shown in Figure 1. Both the individual sample points and the class
means, as well as the variables are represented in the biplot.

Comparing the samples from the different geographical regions, it is clear
that the tortoises from the Great Karoo (GK) differ most noticeably from the
norm (point of concurrency of biplot axes corresponding with zero on each
variable). Orthogonally projecting the GK class mean onto the biplot axes
reveals that shape differences manifest in lower values for height and width.
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Fig. 1. (a) AOD biplot. All 17 variables are represented by biplot axes. Due to
the large number of axes, no calibration of axes is shown but the axis direction
is indicated by the convention of naming biplot axes on the positive side. (b) The
biplot is identical to top panel but the representation of axes 4 to 17 is suppressed.
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Although this supports the suggestions of Varhol (1998), similar shape dif-
ferences are not perceptible for the Little Karoo (LK) region. However, the
tortoise shells from FSC exhibit signs of being short and wide. Visually com-
paring the spread of observations for different regions confirm the uncertainty
about homogeneity of class covariance matrices.

6 Conclusion

In this paper testing for differences among classes was accomplished with-
out making any distributional or homogeneity of class covariance matrix as-
sumptions. AOD inference is based simply on the assumption of being able
to calculate distances among sample points. Apart from employing permuta-
tion tests to establish the statistical significance of difference an AOD biplot
is proposed for visually representing class separation and overlap. Utilising
the AOD biplot as a multivariate scatterplot, orthogonal projections of class
means onto biplot axes provide researchers with detailed information regard-
ing characteristics of each class.
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Abstract. In this paper the impact of improving Boxplot based discretization
(BbD) on the methodology of Boxplot based induction rules (BbIR), oriented to
the automatic generation of conceptual descriptions of classifications that can sup-
port later decision-making is presented.

1 Introduction

In automatic classification where the classes composing a certain domain are
to be discovered, one of the most important required processes and one of
the less standardized ones, probably, is the interpretation of classes, closely
related to validation and critical for usefulness of the discovered knowledge.
The interpretation of the classes, so important to understand the meaning
of the obtained classification as well as the structure of the domain, used
to be done in an artistic-like way. But this process becomes more and more
complicated as the number of classes grows. This work is involved with the
automatic generation of useful interpretations of classes in such a way that
decisions about the treatment or action associated to a new object can be
modelled and it is oriented to develop, in the long term, decision support
system. Such methods are especially needed in the context of decision-making
with number of variables or classes too big for human interpretation. In this
work we focus on first step for automatic generation of the interpretation of
classes.

This is different from what is pursued by other inductive learning tech-
niques as association rules algorithms, see Dietterich and Michalski (1993),
where the set of produced association rules use to be huge in Data Mining
context and the greater is the number of variables or/and classes in involved
in the analysis, the more complex are the generated rules and the more dif-
ficult the interpretation of classes from those rules.

Decision trees (COBWEB, Michalsky in Michalski (1980)) are also an
alternative for assigning concepts to groups of objects, but there is no guar-
antee that terminal nodes remain pure, i.e. composed by elements of a single
class and many different terminal nodes may correspond to the same class,
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which produces long description of the classes. On the other hand, algorithms
such as COBWEB are very expensive and it takes a lot of time to get the
decision tree when the number of objects and variables are really big as in
Data Mining.

Boxplot based induction rules (BbIR), see Gibert and Pérez-Bonilla (2006),
is a proposal to produce compact concepts associated to the classes, oriented
to express the differential characteristic of every class in such a way that the
user can easily understand which is the underlying classification criterion and
can easily decide the treatment or action to be assigned to each class. Given
a classification, the idea is to provide an automatic interpretation for it that
supports the construction of intelligent decision support systems. The core
of this process is a method for discretizing numerical variables in such a way
that particularities of the classes are elicited called Boxplot based discretiza-
tion (BbD). In this work special details of BbD are presented.

A particular application to Waste Water Treatment Plants (WWTP) is
in progress and results appear to be very promising. Examples used in this
paper come for this real application. The presented proposal integrates dif-
ferent findings from a series of previous works, see Gibert (1996), Gibert and
Roda (2000), in a single methodological tool which takes advantage of the
hierarchical structure of the classification to overcome some of the limitations
observed in Gibert (1996) and Gibert et al. (1998).

This paper is organized as follows: After the introduction, previous work
of this research is in Section 2. The Section 3 presents Revising Boxplot based
discretization. Finally in Section 4 conclusions and future work are discussed.

2 Previous work

The present research is based on previous works in which the automatic
process of characterization of classes has been analyzed. The main idea was
to automatically analyze conditional distributions through Multiple boxplot1,
(see Figure 1) in order to identify characterizing variables, introduced in
Gibert et al. (1998) as main concepts which are in the kernel of this work:

Let us consider I as the set of n objects to be analyzed. They are
described by K numerical variables Xk, (k = 1 : K);xik is the value
taken by variable Xk for object i.

• Given a variable Xk and a partition P of I, x is a characterizing value
of class C ∈ P if ∃i ∈ C tq xik = x and ∀i /∈ C, xik 
= x.

1 It is a graphical tool introduced by Tukey (1977). For each class the range of the
variable is visualized and rare observations (outliers) are marked as “◦” or “*”. A
box is displayed from Q1 (first quartile) to Q3 (third quartile) and the Median,
usually inside the box, is marked with a vertical sign. Boxes include, then, the
50% of the elements of the class and the whiskers extend until the minimum and
maximum.
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• Variable Xk is Totally characterizing class C ∈ P , if either one or more
of the values taken by Xk in class C are characterizing values of C.

The concepts defined in Gibert (1996) are formal and general. There is no
guarantee that characterizing values exist in a class, which immediately re-
quires a proposal for dealing with their lack. A first procedure of character-
ization is to detect minimum sets of variables that distinguish a class from
another one only using qualitative variables.

Paralelly, extension to numerical variables was faced in Gibert and Roda
(2000). Numerical variables are very relevant in many domains, as is the case
of WWTP. Analysis of high-order interactions in this context is not easy
and in this case experts required graphical representations for interpreting
the classes. Thus, the starting point of the presented proposal was to study
multiple boxplots, Tukey (1977); Gibert and Pérez-Bonilla (2006), (Fig. 1).
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∧

Fig. 1. Boxplot of Q-E (Inflow wastewater in daily m3 of water) in WWTP vs a
certain partition P = {C391, C389}; see Gibert and Pérez-Bonilla (2006).

The Boxplot based discretization (BbD) is presented in Gibert and Pérez-
Bonilla (2006) as an efficient way of transforming a numerical variable into a
qualitative one in such a way that the cut points for discretizing identify where
the set of classes with non-null intersection of Xk changes and it consists:

1. Calculate de minimum (mk
C) and maximum (Mk

C) of Xk inside any class.
Built Mk = {mk

C1
, . . . ,mk

Cξ
,Mk

C1
, . . . ,Mk

Cξ
}, where card(Mk) = 2ξ

2. Built the set of cutpoints Zk by sorting Mk in increasing way into Zk =
{zk

i ; i = 1, . . . , 2ξ}. At every zk
i the set of intersecting classes changes.

In Fig.1, for example, both C391 and C389 take values between 30,592.1
and 52,255.8 but only C391, takes values between 29,920.0 and 30,592.1
while only C389 between 30,592.1 and 54,088.6 .
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3. Built the set of intervals Ik induced by P on Xk by defining an interval
Ik
s between every pair of consecutive values of Zk. Ik = {Ik

1 , . . . , I
k
2ξ−1}

is the BbD of Xk. The Ik
s intervals have variable length and the set of

intersecting classes is constant all along the interval and changes from
one to another.

In Vázquez and Gibert (2001) there is a proposal of building all the Ik
s

following a single pattern: Ik
s = (zk

s , z
k
s+1] ∀s > 1 being Ik

1 = [zk
1 , z

k
2 ].

In Gibert and Pérez-Bonilla (2005) a deeper discussion about situations
in which closed or open intervals are more convenient is presented.

In Gibert (2004) the formulation of the methodology boxplot based in-
duction rules (BbiR) is presented. It is a method for generating probabilistic
concepts with a minimum number of attributes on the basis of the boxplot
based discretization (BbD) of Xk.

1. Use the Boxplot based discretization to build Ik = {Ik
1 , I

k
2 , I

k
3 , . . . , I

k
2ξ−1}.

2. For every interval produce the rules: rs : If xik ∈ Ik
s

psC−→ i ∈ C

where, psC = P (C|Ik = Ik
s ) = P (i ∈ C|xik ∈ Ik

s ) =
card{i : xik∈Ik

s ∧i ∈C}
card{i∈I:xik∈Ik

s }
If psC = 1, Ik

s is a set of characterizing values of Xk. If ∀s = 1 : 2ξ − 1,
∃C ∈ P tq psC = 1 then Xk is a totally characterizing variable.

Although obtained results were satisfactory from an applied point of view,
it is not clear that they are optimal in terms of coverage. This proposal was
improved in Gibert and Pérez- Bonilla (2005) in such a way that the proba-
bility of the generated concepts increases, and yields more certain interpre-
tations. The final goal of this research is to elaborate a new proposal, on
the basis of previous work, which overcomes all the observed limitations and
consolidates a methodology of automatic generation of interpretations from a
given classification, giving support to the construction of intelligent decision
support systems in the case of WWTP.

In Comas et al (2001) a comparison between a very primary version of
the method and other inductive methods has shown that BbIR appears as
a good imitation of the real process used by experts to manually interpret
the classes. It also confirmed that modifying the method to provide more
flexibility would sensibly improve its performance, (Gibert (2004)).

In Gibert and Pérez- Bonilla (2006), the Boxplot based discretization
(BbD) was used in the Methodology of conceptual characterization by embed-
ded conditioning (CCEC) which is a methodology for generating automatic
interpretations of a given partition P ∈ τ , where τ = {P1,P2,P3,P4, ...,Pn}
is an indexed hierarchy of I. Taking advantage of the hierarchy it is reduced
to iteratively distinguish pairs of classes, what justifies that in this work only
binary partitions are considered from now on.

3 Revising boxplot based discretization
For a binary partition P2 = {C1, C2}, Zk always contains 4 elements which
are minimum and maximum values of C1and C2 conveniently ordered. That
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is the reason why Ik will always have 3 intervals built upon Zk values. In
the particular case of binary partitions, the previous proposal (Vazquez and
Gibert (2002)), established the following structure for Ik:

Ik
1 = [zk

1 , z
k
2 ], Ik

2 = (zk
2 , z

k
3 ], Ik

3 = (zk
3 , z

k
4 ]

In Gibert and Pérez-Bonilla (2005) is evidenced that the rules generated
from Ik following BbIR are sensitive to the form of the limits of every Ik

s .
Let us analyse the simple example in figure 1, where the multiple boxplot

of a variable Q-E vs a binary partition called P is displayed. Table 1(left)
shows minimum and maximum of variable Q-E in classes C391 and C389, while
Table 1(right) shows MQ−E , set of extreme values of Q-E|P and ZQ−E , the
corresponding sorting in increasing order. Following the previous proposal of
Vázquez and Gibert (2002), the IQ−E = {IQ−E

1 , IQ−E
2 , IQ−E

3 } is build in the
following way:
IQ−E
1 = [29920.0, 30592.2], IQ−E

2 = (30592.2, 52255.8], IQ−E
3 = (52255.8, 54088.6].

Table 1. (left): Minimum and Maximum of Q − E; (right): MQ−E and ZQ−E .

classes min (mQ−E
C ) max (MQ−E

C )

C3
391 29,920.0 52,255.8

C3
389 30,592.1 54,088.6

MQ−E ZQ−E

29,920.0 29,920.0

52,255.8 30,592.1

30,592.1 52,255.8

54,088.6 54,088.6

From this, the BbIR this produces the following set of rules:

r1 : xi,Q−E ∈ [29920.0, 30592.2]
0.5−→ i ∈ C389

r2 : xi,Q−E ∈ [29920.0, 30592.2]
0.5−→ i ∈ C391

r3 : xi,Q−E ∈ (30592.2, 52255.8]
0.83−→ i ∈ C391

r4 : xi,Q−E ∈ (30592.2, 52255.8]
0.17−→ i ∈ C389

r5 : xi,Q−E ∈ (52255.8, 54088.6]
1.0−→ i ∈ C389

From the Figure 1 it is clear that zk
s , and in consequence Mk

C , are identify-

ing the points where intersecting classes change; the area delimited by IQ−E
1

should certainly be assigned to C391 what is not according to r1 and r2. The
reason why the probability of r1 is 0.5 instead of 1 is that right limit of IQ−E

1

should be open instead of closed. Doing this redefinition, a new IQ−E is de-
fined as:
IQ−E
1 = [29920.0, 30592.2), IQ−E

2 = [30592.2, 52255.8], IQ−E
3 = (52255.8, 54088.6].

and the new set of rules is:

r1 : xi,Q−E ∈ [29920.0, 30592.2]
1.0−→ i ∈ C391

r2 : xi,Q−E ∈ (30592.2, 52255.8]
0.827−→ i ∈ C391

r3 : xi,Q−E ∈ (30592.2, 52255.8]
0.173−→ i ∈ C389

r4 : xi,Q−E ∈ (52255.8, 54088.6]
1.0−→ i ∈ C389
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Making a similar analysis on all different situations that can be found,
Fig.2 shows the more convenient way of redefining the Boxplot based dis-
cretization (BbD) in each case, see Gibert and Pérez-Bonilla (2005) for de-
tails. Observing the column with header pattern, see Fig.2, it is easily seen
that there are only 2 patterns of building Ik from Zk according to the limits
of this intervals. Both will generate Ik with 3 intervals:

1. Open-Center : In the case 1 and case 2, 3 intervals are defined in such
a way that the center (Ik

2 ) is an open interval by both sides. The pattern
is the following: Ik

1 = [zk
1 , z

k
2 ] ,Ik

2 = (zk
2 , z

k
3 ) and Ik

3 = [zk
3 , z

k
4 ].

2. Closed-Center : In the other cases (4 to 13), 3 intervals are defined in
such a way that the center [Ik

2 ] is a closed interval by both sides. The
pattern is the following:Ik

1 = [zk
1 , z

k
2 ), Ik

2 = [zk
2 , z

k
3 ] and Ik

3 = (zk
3 , z

k
4 ].

These would represent a more realistic model for all different situations
that can be found in the multiple Boxplot, detailed in Gibert and Pérez-
Bonilla (2005).None of these patterns coincides with the proposal in Vazquez
and Gibert (2001). From this analysis it was also seen that the condition to
generate an open center pattern is: Mk

C2 < mk
C1 and Mk

C1 < mk
C2, all other

cases should be treated as closed center. Using this new way of intervals gen-
eration it was seen that more certain rules can be induced from the classes
which directly leads on more reliable interpretations. Table 2 shows the com-
parison between both proposals for some variables taken from the previously
referred real application on WasteWater Treatment Plants (WWTP) Gibert
and Roda (2000), which is in progress. The following systems of probabilistic
rules then can be induced for the variables DBO-E (Biodegradable organic
matter (m/l)) and SS-S (Suspended Solids (mg/l)) :

Table 2. Comparison between both proposal.

Original Boxplot based discretization Revised Boxplot based discretization

r1 : xDBO−E,i ∈ [90.00, 220.0]
0.96−→ C390 r1 : xDBO−E,i ∈ [90.00, 220.0)

1.0−→ C390

r2 : xDBO−E,i ∈ [90.00, 220.0]
0.04−→ C383 r2 : xDBO−E,i ∈ [220.0, 382.0]

0.78−→ C390

r3 : xDBO−E,i ∈ (220.0, 382.0]
0.78−→ C390 r3 : xDBO−E,i ∈ [220.0, 382.0]

0.22−→ C383

r4 : xDBO−E,i ∈ (220.0, 382.0]
0.22−→ C383 r4 : xDBO−E,i ∈ (382.0, 987.0]

1.0−→ C383

r5 : xDBO−E,i ∈ (382.0, 987.0]
1.0−→ C383

r1 : xSS−S,i ∈ [2.80, 3.200]
0.5−→ C389 r1 : xSS−S,i ∈ [2.80, 3.200)

1.0−→ C391

r2 : xSS−S,i ∈ [2.80, 3.200]
0.5−→ C391 r2 : xSS−S,i ∈ [3.20, 20.00]

0.74−→ C391

r3 : xSS−S,i ∈ (3.20, 20.00]
0.75−→ C391 r3 : xSS−S,i ∈ [3.20, 20.00]

0.26−→ C389

r4 : xSS−S,i ∈ (3.20, 20.00]
0.25−→ C389 r4 : xSS−S,i ∈ (20.0, 174.8]

1.0−→ C391

r5 : xSS−S,i ∈ (20.0, 174.8]
1.0−→ C391

In most of the cases the number of rules with probability 1 produced by
Revised BbD increases (rules with null probability can be eliminated).
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Case Characteristic Multiple Boxplot Pattern
N CCEC

1 Mk
C2

< mk
C1

[ ],( ), [ ]

2 Mk
C1

< mk
C2

[ ],( ), [ ]

3 mk
C1

= mk
C2
∧Mk

C1
= Mk

C2
[ ), [ ], ( ]

4 mk
C1

> mk
C2
∧Mk

C1
> Mk

C2
∧mk

C1
< Mk

C2
[ ), [ ], ( ]

5 mk
C1

< mk
C2
∧Mk

C1
< Mk

C2
∧mk

C2
> Mk

C1
[ ), [ ], ( ]

6 mk
C1

< mk
C2
∧Mk

C1
> Mk

C2
∧mk

C1
< Mk

C2
[ ), [ ], ( ]

7 mk
C1

> mk
C2
∧Mk

C1
< Mk

C2
∧mk

C1
< Mk

C2
[ ), [ ], ( ]

8 mk
C1

= mk
C2
∧Mk

C1
< Mk

C2
[ ), [ ], ( ]

9 mk
C1

= mk
C2
∧Mk

C1
> Mk

C2
[ ), [ ], ( ]

10 mk
C1

> mk
C2
∧Mk

C1
= Mk

C2
[ ), [ ], ( ]

11 mk
C1

< mk
C2
∧Mk

C1
= Mk

C2
[ ), [ ], ( ]

12 Mk
C1

= mk
C2

[ ), [ ], ( ]

13 Mk
C2

= mk
C1

[ ), [ ], ( ]

Fig. 2. Way of redefining the BbD in each case.
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4 Conclusions and future work

In this paper a revision of Boxplot based discretization (BbD) is presented
in such a way that the resulting discretization of a numerical variable allows
induction of more certain rules. The BbD is a step of a wider methodology
called CCEC and presented in Gibert and Pérez-Bonilla (2006) which is
oriented to generate automatic interpretations from a group of classes in
such a way that concepts associated to classes are built taking advantage of
hierarchical structure of the underlying clustering.
The BbD, is a quick and effective method for discretizing numerical variables
for generating conceptual model of the domain, which will greatly support
the posterior decision-making. Revised BbD has been included in CCEC and
the whole methodology has been successfully applied this to real data coming
from a Wastewater Treatment Plant. Benefits of this proposal are of special
interest in the interpretation of partitions with great number of classes. The
induced model can be included as a part of an Intelligent Decision Support
System to recommend decisions to be taken in a certain new situation, see
R.-Roda et al. (2002). The main requirement of CCEC is to have an efficient
way of discretizing numerical variables according to the subsets of classes that
can share values of a certain variable, so the generated concepts can express
particularities than can distinguish one class from the others. The main prop-
erty of Revised BbD is that it allows finding the cut points of the variable
where class overlapping changes by a simple and cheap sorting of extreme
values of conditioned distributions, which is extremely cheap compared with
directly analysing intersections among classes with continuous variables. The
Revised BbD increases the quality of produced knowledge and decision mak-
ing support incrementing the number of certain rules. At present, different
criteria for deciding which variable is to be kept in the final interpretation are
being analysed to see the impact of BbD on final interpretation. As Fayyad et
al. (1996)point out, Data Mining should also be involved with “interpretation
of the patterns generated by Data Mining algorithms”. CCEC (and Revised
BbD) is trying to contribute to this particular issue.
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Abstract. High-throughput screening (HTS) is an efficient technological tool for
drug discovery in the modern pharmaceutical industry. It consists of testing thou-
sands of chemical compounds per day to select active ones. This process has many
drawbacks that may result in missing a potential drug candidate or in selecting in-
active compounds. We describe and compare two statistical methods for correcting
systematic errors that may occur during HTS experiments. Namely, the collected
HTS measurements and the hit selection procedure are corrected.

1 Introduction

High-throughput screening (HTS) is an effective technology that allows for
screening thousands of chemical compounds a day. HTS provides a huge
amount of experimental data and requires effective automatic procedures to
select active compounds. At this stage, active compounds are called hits;
they are preliminary candidates for future drugs. Hits obtained during pri-
mary screening are initial elements for the determination of activity, speci-
ficity, physiological and toxicological properties (secondary screening), and for
the verification of structure-activity hypotheses (tertiary screening) (Heyse
(2002)).

However, the presence of random and systematic errors has been recog-
nized as one of the major hurdles for successful implementing HTS technolo-
gies (Kaul (2005)). HTS needs reliable data classification and quality control
procedures. Several methods for quality control and correction of HTS data
have been recently proposed in the scientific literature. See for example the
papers of Zhang et al. (1999), Heyse (2002), Heuer et al. (2003), and Brideau
et al. (2003).

There are several well-known sources of systematic error (Heuer et al.
(2003)). They include reagents evaporation or decay of cells which usually
show up as smooth trends in the plate mean or median values. Another typi-
cal error can be caused by the liquid handling or malfunctioning of pipettes.
Usually this generates a localized deviation of expected values. A variation
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in the incubation time, a time drift in measuring different wells or different
plates, and reader effects may appear as smooth attenuations of measure-
ments over an assay. This kind of effects may have a significant influence
on the selection process of active compounds. They can result in an under-
estimation (false negative hits) or overestimation (false positive hits) of the
number of potential drug targets.

We have developed two methods to minimize the impact of systematic
errors when analyzing HTS data. A systematic error can be defined as a
systematic variability of the measured values along all plates of an assay. It
can be detected, and its effect can be removed from raw data, by analyzing the
background pattern of plates of the same assay (Kevorkov and Makarenkov
(2005)). On the other hand, one can adjust the data variation at each well
along the whole HTS assay to correct the traditional hit selection procedure
(Makarenkov et al. (2006)). Methods described in Sections 3 and 4 originate
from the two above-mentioned articles.

2 HTS procedure and classical hit selection

An HTS procedure consists of running samples (i.e. chemical compounds)
arranged in 2-dimensional plates through an automated screening system that
makes experimental measurements. Samples are located in wells. The plates
are operated in sequence. Screened samples can be divided into active (i.e.
hits) and inactive ones. Most of the samples are inactive, and the measured
values for the active samples are significantly different from the inactive ones.
In general, samples are assumed to be located in a random order, but it is
not always the case in practice.

The mean values and standard deviations are calculated separately for
each plate. To select hits in a particular plate, one usually takes the plate
mean value µ and its standard deviation σ to identify samples whose values
differ from the mean µ by at least cσ, where c is a preliminary chosen constant.
For example, in the case of an inhibition assay, by choosing c = 3, we would
select samples with the values lower than µ − 3σ. This is the simplest and
most widely-known method of hit selection. This method is applied on a
plate-by-plate basis.

3 Correction by removing the evaluated background

This correction method is a short overview of the corresponding procedure
of Kevorkov and Makarenkov (2005). To use it properly, we have to assume
that all samples are randomly distributed over the plates and systematic er-
ror causes a repeatable influence on the measurements in all plates. Also,
we have to assume that the majority of samples are inactive and that their
average values measured for a large number of plates are similar. Therefore,
the average variability of inactive samples is caused mainly by systematic
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error, and we can use them to compute the assay background. In the ideal
case, the measurements background surface is a plane, but systematic errors
can introduce local fluctuations in it. The background surface and hit distri-
bution surface of an assay represent a collection of scalar values which are
defined per well and are plotted as a function of the well coordinates in a
3-dimentional diagram.

An appropriate statistical analysis of experimental HTS data requires a
preprocessing. This will ensure the meaningfulness and correctness of the
background evaluation and hit selection procedures. Therefore, we use nor-
malization by plate and exclude outliers from the computations. Keeping in
mind the assumptions and pre-procession requirements, the main steps of
this method can be outlined as follows:

• Normalization of experimental HTS data by plate,
• Elimination of outliers from the computation (optional),
• Topological analysis of the evaluated background,
• Elimination of systematic errors by subtracting the evaluated background

surface from normalized raw data,
• Selection of hits in the corrected data.

3.1 Normalization

Plate mean values and standard deviations may vary from plate to plate. To
compare and analyze the experimental data from different plates, we need
first to normalize all measurements within each plate.

To do this, we use classical mean centering and unit variance standardiza-
tion of the data. Specifically, to normalize the input measurements, we apply
the following formula:

x′
i =

xi − µ

σ
, (1)

where xi, i = 1, 2, . . . , n, is the input element value, x′
i, i = 1, 2, . . . , n, is the

normalized output element value, µ is the plate mean value, σ is the plate
standard deviation, and n is the total number of elements (i.e. number of
wells) in each plate. The output data will have the plate mean value µ′ = 0
and the plate standard deviation σ′ = 1.

Another possibility discussed by Kevorkov and Makarenkov (2005) is to
normalize all the plate values to a given interval. This normalization generally
produces results similar to the described one.

3.2 Evaluated background

Systematic error is assumed to appear as a mean fluctuation over all plates.
Therefore, an assay background can be defined as the mean of normalized
plate measurements, i.e.:

zi =
1

N

N∑
j=1

x′
i,j , (2)
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where x′
i,j , i = 1, 2, . . . , n, j = 1, 2, . . . , N , is the normalized value at well i

of plate j, zi is the background value at well i, and N is the total number of
plates in the assay.

Clearly, Formula 2 is more meaningful for a large number of plates: in this
case the values of inactive samples will compensate the outstanding values of
hits. To make Formula 2 useful and more accurate for an assay with a small
number of plates, one can exclude hits and outliers from the computations.
Thus, the evaluated background will not be influenced by the outstanding
values and will better depict systematic errors.

3.3 Subtraction of evaluated background

Analyzing the distribution of selected hits, we can tell whether any system-
atic error is present or not in the assay: hits should be more or less evenly
distributed over all wells. Otherwise, the hit amounts vary substantially from
one well to another indicating the presence of systematic errors.

Deviations of the evaluated background surface from the zero plane indi-
cate an influence of systematic errors on the measured values. Therefore, it is
possible to correct raw HTS data by subtracting the evaluated background,
defined by Formula 2, from the normalized values of each plate, given in
Formula 1. After that, we can reassess the background surface and hit distri-
bution again.

4 Well correction method

This section is a concise description of the well correction approach presented
in detail in Makarenkov et al. (2006). We have to make the assumptions stated
in the previous section about input HTS data and positions of samples in
wells. The main steps of the well correction method are the following:

• Normalization of all sample values by plate,
• Analysis of hit distribution in the raw data,
• Hit and outlier elimination (optional),
• Correction and normalization of samples by well,
• Normalization of all samples by plate,
• Selection of hits in the corrected data.

Similarly to the evaluated background approach, the normalization of all
samples by plate is done here using the mean centering and unit variance
standardization procedure described above. The hit distribution surface can
be computed as a sum of selected hits by well along the whole assay. If
this surface is significantly different from a plane, it implies the presence of
systematic errors in the assay measurements. Excluding hits and outliers from
the computation, we obtain the non-biased estimates for the mean values and
standard deviations of inactive samples in plates.
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4.1 Well correction technique

Once the data are plate-normalized, we can analyze their values at each par-
ticular well along the entire assay. The distribution of inactive measurements
(i.e. excluding hits and outliers) along wells should be zero-mean centered if
systematic error is absent in the dataset.

However, a real distribution of values by well can be substantially different
from the ideal one. Such an example is shown in the article by Makarenkov
et al. (2006). A deviation of the well mean values from zero indicates the
presence of systematic errors. Experimental values along each well can have
ascending and descending trends (Makarenkov et al. (2006)). These trends
can be discovered using the linear least-squares approximation (e.g. the trends
can be approximated by a straight line).

In the case of approximation by a straight line (y = ax+b), the line-trend
is subtracted from or added to the initial values bringing the well mean value
to zero (x denotes the plate number, and y is the plate-normalized value of
the corresponding sample). For the analysis of large industrial assays, one
can also use some non-linear functions for the approximation. On the other
hand, an assay can be divided into intervals and a particular trend function
characterizing each interval can be determined via an approximation. After
that, the well normalization using the mean centering and unit variance stan-
dardization procedure is carried out. Finally, we normalize the well-corrected
measurements in plates and reexamine the hit distribution surface.

5 Results and conclusion

To compare the performances of the two methods described above, we have
chosen an experimental assay of the HTS laboratory of McMaster University
(http://hts.mcmaster.ca/Competition 1.html). These data consist of a
screen of compounds that inhibit the Escherichia coli dihydrofolate reduc-
tase. The assay comprises 1250 plates. Each plate contains measurements for
80 compounds arranged in 8 rows and 10 columns. A description of the hit
follow-up procedure for this HTS assay can be found in Elowe et al. (2005).

Table 1 shows that the proposed correction methods have slightly in-
creased the number of selected hits. However, the standard deviation of se-
lected hits by well and the χ-square values (obtained using the χ-square
contingency test with α-parameter equal to 0.01; the null hypothesis, H0,
here is that the hit distribution surface is a constant plane surface) become
smaller after the application of the correction procedures. Moreover, the well
correction method allowed the corresponding hit distribution surface to pass
the χ-square contingency test in both cases (using 2.5σ and 3σ thresholds for
hit selection). Figure 1 shows that the hit distribution surfaces have become
closer to planes after the application of the correction methods.

To demonstrate the effectiveness of the proposed correction procedures,
we have also conducted simulations with random data. Thus, we have con-
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Table 1. Results and statistics of the hit selection carried out for the raw, back-
ground removed (Rem. backgr.) and well-corrected (Well correct.) McMaster data.

Raw Rem. Well Raw Rem. Well
data backgr. correct. data backgr. correct.

Hit selection threshold 3σ 3σ 3σ 2.5σ 2.5σ 2.5σ

Mean value of hits per well 3.06 3.13 3.08 6.93 6.93 7.03

Standard deviation 2.17 2.16 2.06 3.93 3.55 2.61

Min number of hits per well 0 0 0 1 2 2

Max number of hits per well 10 10 10 19 22 15

χ-square value 121.7 118 109.1 175.8 143.8 76.6

χ-square critical value 111.14 111.14 111.14 111.14 111.14 111.14

χ-square contingency H0 No No Yes No No Yes

sidered random measurements generated according to the standard normal
distribution. The randomly generated dataset also consisted of 1250 plates
having wells arranged in 8 rows and 10 columns. The initial data did not con-
tain any hit. However, the traditional hit selection procedure has found 119
false positive hits in the random raw data using the 3σ threshold. The correc-
tion methods detected 117 (removed background) and 104 (well correction)
false positive hits.

Then, we have randomly added 1% of hits to the raw random data. The
hit values were randomly chosen from the range [µ − 3.5σ;µ − 4.5σ], where
µ denotes the mean value and σ denotes the standard deviation of the ob-
served plate. After that, the data with hits were modified by adding the
values 4c, 3c, 2c, c, 0, 0,−c,−2c,−3c, and −4c to the 1st, 2nd, . . ., and 10th
columns, respectively, thus simulating a systematic error in the assay, where
the variable c was consequently taking values 0, σ/10, 2σ/10, . . ., and 5σ/10.
The value c = 0 does not create any systematic error, but bigger values of c
increase systematic error proportionally to the standard deviation σ.

For each value of the noise coefficient c, hits were selected in the raw,
background removed and well-corrected datasets using the 3σ threshold.
The hit detection rate as well as the false positive and false negative rates
were assessed. The hit detection rate was generally higher for both corrected
datasets. Figure 2(a) shows that the background and well correction proce-
dures successfully eliminated systematic error from the random data. Both
methods were robust and showed similar results in terms of the hit detection
rate. However, the well correction method systematically outperformed the
background method in terms of the false positive hit rate (see Figure 2(b)).

In conclusion, we developed two statistical methods that can be used to
refine the analysis of experimental HTS data and correct the hit selection
procedure. Both methods are designed to minimize the impact of systematic
error in raw HTS data and have been successfully tested on real and artifi-
cial datasets. Both methods allow one to bring the hit distribution surface
closer to a plane surface. When systematic error was not present in the data,
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Fig. 1. Hit distribution surfaces computed for the 3σ and 2.5σ hit selection thresh-
olds for the raw (a and b), background removed (c and d), and well-corrected (e
and f) McMaster datasets.
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both correcting strategies did not deteriorate the results shown by the tra-
ditional approach. Thus, their application does not introduce any bias into
the observed data. During the simulations with random data, the well cor-
rection approach usually provided more accurate results than the algorithm
proceeding by the removal of evaluated background.
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Fig. 2. Correct (a) and false positive (b) detection rates for the noisy random data
obtained by the traditional hit selection procedure (denoted by �), the removed
background (denoted by ◦), and well correction (denoted by �) methods.
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Abstract. We present experimental results of confronting the k-Nearest Neighbor
(kNN) algorithm with Support Vector Machine (SVM) in the collaborative filtering
framework using datasets with different properties. While k-Nearest Neighbor is
usually used for the collaborative filtering tasks, Support Vector Machine is consid-
ered a state-of-the-art classification algorithm. Since collaborative filtering can also
be interpreted as a classification/regression task, virtually any supervised learning
algorithm (such as SVM) can also be applied. Experiments were performed on two
standard, publicly available datasets and, on the other hand, on a real-life corpo-
rate dataset that does not fit the profile of ideal data for collaborative filtering. We
conclude that the quality of collaborative filtering recommendations is highly de-
pendent on the quality of the data. Furthermore, we can see that kNN is dominant
over SVM on the two standard datasets. On the real-life corporate dataset with
high level of sparsity, kNN fails as it is unable to form reliable neighborhoods. In
this case SVM outperforms kNN.

1 Introduction and motivation

The goal of collaborative filtering is to explore a vast collection of items in
order to detect those which might be of interest to the active user. In contrast
to content-based recommender systems which focus on finding contents that
best match the user’s query, collaborative filtering is based on the assumption
that similar users have similar preferences. It explores the database of users’
preferences and searches for users that are similar to the active user. The
active user’s preferences are then inferred from preferences of the similar
users. The content of items is usually ignored.

In this paper we explore how two different approaches to collaborative
filtering – the memory-based k-Nearest Neighbor approach (kNN) and the
model-based Support Vector Machine (SVM) approach – handle data with
different properties. We used two publicly available datasets that are com-
monly used in collaborative filtering evaluation and, on the other hand, a
dataset derived from real-life corporate Web logs. The latter does not fit the
profile of ideal data for collaborative filtering. Namely, collaborative filtering
is usually applied to research datasets with relatively low sparsity. Here we
have included a real-life dataset of a company in need of providing collabo-
rative filtering recommendations. It turned out that this dataset has much
higher sparsity than usually handled in the collaborative filtering scenario.
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The rest of this paper is arranged as follows. In Sections 2 and 3 we
discuss collaborative filtering algorithms and data quality for collaborative
filtering. The three datasets used in our experiments are described in Section
4. In Sections 5 and 6 the experimental setting and the evaluation results are
presented. The paper concludes with the discussion and some ideas for future
work (Section 7).

2 Collaborative filtering in general

There are basically two approaches to the implementation of a collaborative
filtering algorithm. The first one is the so called “lazy learning” approach
(also known as the memory-based approach) which skips the learning phase.
Each time it is about to make a recommendation, it simply explores the
database of user-item interactions. The model-based approach, on the other
hand, first builds a model out of the user-item interaction database and then
uses this model to make recommendations. “Making recommendations” is
equivalent to predicting the user’s preferences for unobserved items.

The data in the user-item interaction database can be collected either
explicitly (explicit ratings) or implicitly (implicit preferences). In the first
case the user’s participation is required. The user is asked to explicitly submit
his/her rating for the given item. In contrast to this, implicit preferences are
inferred from the user’s actions in the context of an item (that is why the term
“user-item interaction” is used instead of the word “rating” when referring
to users’ preferences in this paper). Data can be collected implicitly either
on the client side or on the server side. In the first case the user is bound
to use modified client-side software that logs his/her actions. Since we do
not want to enforce modified client-side software, this possibility is usually
omitted. In the second case the logging is done by a server. In the context
of the Web, implicit preferences can be determined from access logs that are
automatically maintained by Web servers.

Collected data is first preprocessed and arranged into a user-item matrix.
Rows represent users and columns represent items. Each matrix element is
in general a set of actions that a specific user took in the context of a specific
item. In most cases a matrix element is a single number representing either
an explicit rating or a rating that was inferred from the user’s actions.

Since a user usually does not access every item in the repository, the vector
(i.e. the matrix row), representing the user, is missing some/many values. To
emphasize this, we use the terms “sparse vector” and “sparse matrix”.

The most intuitive and widely used algorithm for collaborative filtering
is the so called k-Nearest Neighbor algorithm which is a memory-based ap-
proach. Technical details can be found, for example, in Grcar (2004). The
algorithm is as follows:

1. Represent each user by a sparse vector of his/her ratings.
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2. Define the similarity measure between two sparse vectors. In this paper,
we consider two widely used measures: (i) the Pearson correlation co-
efficient which is used in statistics to measure the degree of correlation
between two variables (Resnick et al. (1994)), and (ii) the Cosine similar-
ity measure which is originally used in information retrieval to compare
between two documents (introduced by Salton and McGill (1983)).

3. Find k users that have rated the item in question and are most similar
to the active user (i.e. the user’s neighborhood).

4. Predict the active user’s rating for the item in question by calculating the
weighted average of the ratings given to that item by other users from
the neighborhood.

The collaborative filtering task can also be interpreted as a classifica-
tion task, classes being different rating values (Billsus and Pazzani (1998)).
Virtually any supervised learning algorithm can be applied to perform clas-
sification (i.e. prediction). For each user a separate classifier is trained (i.e.
a model is built – hence now we are talking about a model-based approach).
The training set consists of feature vectors representing items the user already
rated, class labels being ratings from the user. Clearly the problem occurs
if our training algorithm cannot handle missing values in the sparse feature
vectors. It is suggested by Billsus and Pazzani (1998) to represent each user
by several instances (optimally, one instance for each possible rating value).
On a 1–5 rating scale, user A would be represented with 5 instances, namely
{A, 1}, {A, 2}, ..., {A, 5}. The instance {A, 3}, for example, would hold ones
(“1”) for each item that user A rated 3 and zeros (“0”) for all other items.
This way, we fill in the missing values. We can now use such binary feature
vectors for training. To predict a rating, we need to classify the item into
one of the classes representing rating values. If we wanted to predict ratings
on a continuous scale, we would have to use a regression approach instead of
classification.

In our experiments we confronted the standard kNN algorithm (using
Pearson and Cosine as the similarity measures) with SVM classifier and SVM
regression (Vapnik (1998)). In the case of SVM we did not convert the user-
item matrix into the dense binary representation, as SVM can handle sparse
data directly.

3 Sparsity problem and data quality for collaborative
filtering

The fact that we are dealing with a sparse matrix can result in the most
concerning problem of collaborative filtering – the so called sparsity problem.
In order to be able to compare two sparse vectors, similarity measures require
some values to overlap. Furthermore, the lower the amount of overlapping
values, the lower the reliability of these measures. If we are dealing with high
level of sparsity, we are unable to form reliable neighborhoods.



254 Grčar et al.

Sparsity is not the only reason for the inaccuracy of recommendations
provided by collaborative filtering. If we are dealing with implicit preferences,
the ratings are usually inferred from the user-item interactions, as already
mentioned earlier in the text (Section 2). Mapping implicit preferences into
explicit ratings is a non-trivial task and can result in false mappings. The
latter is even more true for server-side collected data in the context of the
Web since Web logs contain very limited information. To determine how much
time a user was reading a document, we need to compute the difference in
time-stamps of two consecutive requests from that user. This, however, does
not tell us wether the user was actually reading the document or he/she, for
example, went out to lunch, leaving the browser opened. There are also other
issues with monitoring the activities of Web users, which can be found in
Rosenstein (2000).

From this brief description of data problems we can conclude that for
applying collaborative filtering, explicitly given data with low sparsity are
preferred to implicitly collected data with high sparsity. The worst case sce-
nario is having highly sparse data derived from Web logs. However, collecting
data in such a manner requires no effort from the users and also, the users
are not obliged to use any kind of specialized Web browsing software. This
“conflict of interests” is illustrated in Figure 1.

Fig. 1. Data characteristics that influence the data quality, and the positioning of
the three datasets used in our experiments, according to their properties.

4 Data description

For our experiments we used three distinct datasets. The first dataset was
EachMovie (provided by Digital Equipment Corporation) which contains ex-
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plicit ratings for movies. The service was available for 18 months. The second
dataset with explicit ratings was Jester (provided by Goldberg et al. (2001))
which contains ratings for jokes, collected over a 4-year period. The third
dataset was derived from real-life corporate Web logs. The logs contain ac-
cesses to an internal digital library of a fairly large company. The time-span
of acquired Web logs is 920 days. In this third case the user’s preferences are
implicit and collected on the server side, which implies the worst data quality
for collaborative filtering.

In contrast to EachMovie and Jester, Web logs first needed to be ex-
tensively preprocessed. Raw logs contained over 9.3 million requests. After
all the irrelevant requests (i.e. failed requests, non-GET requests, requests
by anonymous users, requests for images, index pages, and other irrelevant
pages) were removed we were left with only slightly over 20,500 useful re-
quests, which is 0.22% of the initial database size. For detailed description of
the preprocessing that was applied see Grčar et al. (2005). Note that only the
dataset termed “Corporate 1/2/3/2” in Grčar et al. (2005) was considered
in this paper.

Table 1 shows the comparison between the three datasets. It is evident
that a low number of requests and somewhat ad-hoc mapping onto a discrete
scale are not the biggest issues with our corporate dataset. The concerning
fact is that the average number of ratings per item is only 1.22, which in-
dicates extremely poor overlappingness. Sparsity is consequently very high,
99.93%. The other two datasets are much more promising. The most appro-
priate for collaborative filtering is the Jester dataset with very low sparsity,
followed by EachMovie with higher sparsity but still relatively high aver-
age number of ratings per item. Also, the latter two contain explicit ratings,
which means that they are more reliable than the corporate dataset (see also
Figure 1).

Table 1. The data characteristics of the three datasets, showing the explicitness
of ratings (explicit, implicit), size of the dataset and the level of sparsity.
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5 Experimental setting

To be able to perform evaluation we built an evaluation platform (Grčar et
al. (2005)). We ran a series of experiments to see how the accuracy of collabo-
rative filtering recommendations differs between the two different approaches
and the three different datasets (from EachMovie and Jester we considered
only 10,000 randomly selected users to speed up the evaluation process). Rat-
ings from each user were partitioned into “given” and “hidden” according to
the “all-but-30%” evaluation protocol. The name of the protocol implies that
30% of all the ratings were hidden and the remaining 70% were used to form
neighborhoods.

We applied three variants of memory-based collaborative filtering algo-
rithms: (i) k-Nearest Neighbor using the Pearson correlation (kNN Pearson),
(ii) k-Nearest Neighbor using the Cosine similarity measure (kNN Cosine),
and (iii) the popularity predictor (Popularity). The latter predicts the user’s
ratings by simply averaging all the available ratings for the given item. It
does not form neighborhoods or build models and it provides each user with
the same recommendations. It serves merely as a baseline when evaluating
collaborative filtering algorithms (termed “POP” in Breese et al. (1998)). For
kNN variants we used a neighborhood of 120 users (i.e. k=120), as suggested
in Goldberg et al. (2001).

In addition to the variants of the memory-based approach we also ap-
plied two variants of the model-based approach: SVM classifier, and SVM
regression. In general, SVM classifier can classify a new example into one of
the two classes: positive or negative. If we want to predict ratings, we need
a multi-class variant of SVM classifier, classes being different rating values.
The problem also occurs when dealing with continuous rating scales such as
Jester’s. To avoid this, we simply sampled the scale interval and thus trans-
formed the continuous scale into a discrete one (in our setting we used 0.3
precision to sample the Jester’s rating scale).

Although the work of Billsus and Pazzani (1998) suggests using items as
examples, the task of collaborative filtering can equivalently be redefined to
view users as examples. Our preliminary results showed that it is best to
choose between these two representations with respect to the dataset prop-
erties. If the dataset is more sparse “horizontally” (i.e. the average number
of ratings per user is lower than the average number of ratings per item), it
is best to take users as examples. Otherwise it is best to take items as ex-
amples. Intuitively, this gives more training examples to build models which
are consequently more reliable. With respect to the latter, we used users as
examples when dealing with EachMovie (having on average 41.86 ratings per
user vs. 1,577.60 ratings per item) and Jester datasets (having on average
56.34 ratings per user vs. 41,363.60 ratings per item) and items as examples
when dealing with the corporate dataset (having on average 11.17 ratings per
user vs. 1.22 ratings per item).
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We combined several binary SVM classifiers in order to perform multi-
class classification. Let us explain the method that was used on an example.
We first transform the problem into a typical machine learning scenario with
ordered class values as explained earlier in the previous paragraph. Now, let
us consider a discrete rating scale from 1 to 5. We need to train 4 SVMs
to be able to classify examples into 5 different classes (one SVM can only
decide between positive and negative examples). We train the first SVM to
be able to decide weather an example belongs to class 1 (positive) or to any of
the classes 2–5 (negative). The second SVM is trained to distinguish between
classes 1–2 (positive) and classes 3–5 (negative). The third SVM distinguishes
between classes 1–3 (positive) and classes 4–5 (negative), and the last SVM
distinguishes between classes 1–4 (positive) and class 5 (negative). In order
to classify an example into one of the 5 classes, we query these SVMs in
the given order. If the first one proves positive, we classify the example into
class 1, if the second one proves positive, we classify the example into class
2, and so on in that same manner. If all of the queries prove negative, we
classify the example into class 5. We used SVM classifier as implemented in
Text-Garden (http://www.textmining.net). We built a model only if there
were at least 7 positive and at least 7 negative examples available (because
our preliminary experiments showed that this is a reasonable value to avoid
building unreliable models).

SVM regression is much more suitable for our task than SVM classifier.
It can directly handle continuous and thus also ordered discrete class values.
This means we only need to train one model as opposed to SVM classifier
where several models need to be trained. We used SVM regression as imple-
mented in Text-Garden. As in the case of SVM classifier, we built a model
only if there were at least 15 examples available.

Altogether we ran 5 experiments for each dataset-algorithm pair, each
time with a different random seed (we also selected a different set of 10,000
users from EachMovie and Jester each time). When applying collaborative
filtering to the corporate dataset, we made 10 repetitions (instead of 5) since
this dataset is smaller and highly sparse, which resulted in less reliable eval-
uation results. Thus, we ran 100 experiments altogether.

We decided to use normalized mean absolute error (NMAE) as the ac-
curacy evaluation metric. We first computed NMAE for each user and then
we averaged it over all the users (termed “per-user NMAE”) (Herlocker et
al. (2004)). MAE is extensively used for evaluating collaborative filtering
accuracy and was normalized in our experiments to enable us to compare
evaluation results from different datasets.

6 Evaluation results

We present the results of experiments performed on the three datasets using
the described experimental setting (see Section 5). We used two-tailed paired
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Student’s t-Test with significance 0.05 to determine if the differences in results
are statistically significant.

We need to point out that in some cases the algorithms are unable to
predict the ratings, as the given ratings do not provide enough information
for the prediction. For instance, Popularity is not able to predict the rating
if there are no ratings in the given data for a particular item. When calculat-
ing the overall performance we exclude such ratings from the evaluation, as
we are mainly interested in the quality of prediction when available, even if
the percentage of available predictions is low. We prefer the system to pro-
vide no recommendation if there is not enough data for a reasonably reliable
prediction.

As mentioned earlier in Section 4, the three datasets have different charac-
teristics that influence the accuracy of predictions. Jester is the dataset with
the lowest sparsity and thus the most suitable for the application of collab-
orative filtering of the three tested datasets. We see that the kNN methods
significantly outperform the other three methods. kNN Pearson slightly yet
significantly outperforms kNN Cosine. SVM classifier also performs well, sig-
nificantly outperforming SVM regression and Popularity. Interestingly, SVM
regression performs significantly worse than Popularity.

EachMovie is sparser than Jester yet much more suitable for the applica-
tion of collaborative filtering than the corporate dataset. Here kNN Cosine
performs significantly better than kNN Pearson, followed by SVM classifier
and Popularity. kNN Pearson slightly yet significantly outperforms Popular-
ity. Again, SVM regression performs significantly worse than Popularity.

The corporate dataset is the worst of the three – it is extremely sparse
and collected implicitly on the server side. It reveals the weakness of the
kNN approach – lack of overlapping values results in unreliable neighbor-
hoods. Notice that we do not provide the results of applying SVM classifier
on this dataset, as the quality of the corporate dataset is too low for the
classification setting. We see that SVM regression and Popularity perform
best in this domain. The difference between them is not significant but they
both significantly outperform the kNN approach. In this paper we are not
concerned with the inability to predict but it is still worth mentioning that
SVM regression can predict 72% of the hidden ratings, Popularity 23.7%, and
the kNN approach only around 8% of the hidden ratings.

7 Discussion and future work

In our experimental setting we confronted the k-Nearest Neighbor algorithm
with Support Vector Machine in the collaborative filtering framework. We
can see that on our datasets, kNN is dominant on datasets with relatively
low sparsity (Jester). On the two datasets with high to extremely high level
of sparsity (EachMovie, the corporate dataset), kNN starts failing as it is
unable to form reliable neighborhoods. In such case it is best to use a model-
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Fig. 2. The results of the experiments.

based approach, such as SVM classifier or SVM regression. Another strong
argument for using the SVM approaches on highly sparse data is the ability to
predict more ratings than with the variants of the memory-based approach.

Interestingly, Popularity performs extremely well on all domains. It fails,
however, when recommending items to eccentrics. We noticed that the true
value of collaborative filtering (in general) is shown yet when computing
NMAE over some top percentage of eccentric users. We defined eccentric-
ity intuitively as MAE (mean absolute error) over the overlapping ratings
between “the average user” and the user in question (greater MAE yields
greater eccentricity). The average user was defined by averaging ratings for
each particular item. This is based on the intuition that the ideal average
user would rate every item with the item’s average rating. Our preliminary
results show that the incorporation of the notion of eccentricity can give the
more sophisticated algorithms a fairer trial. We computed average per-user
NMAE only over the top 5% of eccentric users. The power of the kNN al-
gorithms over Popularity became even more evident. In the near future we
will define an accuracy measure that will weight per-user NMAE according
to the user’s eccentricity, and include it into our evaluation platform.

In future work we also plan to investigate if the observed behaviour – that
SVM regression outperforms the kNN approaches at a certain level of sparsity
– holds in general or only for the three datasets used in our evaluation.

Also interesting, the Cosine similarity works just as well as Pearson on
EachMovie and Jester. Early researches show much poorer performance of
the Cosine similarity measure (Breese et al. (1998)).
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Abstract. Social bookmark tools are rapidly emerging on the Web. In such sys-
tems users are setting up lightweight conceptual structures called folksonomies.
These systems provide currently relatively few structure. We discuss in this paper,
how association rule mining can be adopted to analyze and structure folksonomies,
and how the results can be used for ontology learning and supporting emergent
semantics. We demonstrate our approach on a large scale dataset stemming from
an online system.

1 Introduction

A new family of so-called “Web 2.0” applications is currently emerging on
the Web. These include user-centric publishing and knowledge management
platforms like Wikis, Blogs, and social resource sharing systems. In this pa-
per, we focus on resource sharing systems, which all use the same kind of
lightweight knowledge representation, called folksonomy. The word ‘folkson-
omy’ is a blend of the words ‘taxonomy’ and ‘folk’, and stands for conceptual
structures created by the people.

Resource sharing systems, such as Flickr1 or del.icio.us,2 have acquired
large numbers of users (from discussions on the del.icio.us mailing list, one can
approximate the number of users on del.icio.us to be more than one hundred
thousand) within less than two years. The reason for their immediate success
is the fact that no specific skills are needed for participating, and that these
tools yield immediate benefit for each individual user (e.g. organizing ones
bookmarks in a browser-independent, persistent fashion) without too much
overhead. Large numbers of users have created huge amounts of information
within a very short period of time. As these systems grow larger, however, the
users feel the need for more structure for better organizing their resources.
For instance, approaches for tagging tags, or for bundling them, are currently
discussed on the corresponding news groups. Currently, however, there is a
lack of theoretical foundations adapted to the new opportunities which has
to be overcome.

1 http://www.flickr.com/
2 http://del.icio.us
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A first step towards more structure within such systems is to discover
knowledge that is already implicitly present by the way different users assign
tags to resources. This knowledge may be used for recommending both a hi-
erarchy on the already existing tags, and additional tags, ultimately leading
towards emergent semantics (Staab et al. (2002), Steels (1998)) by converg-
ing use of the same vocabulary. In this sense, knowledge discovery (KDD)
techniques are a promising tool for bottom-up building of conceptual struc-
tures.

In this paper, we will focus on a selected KDD technique, namely asso-
ciation rules. Since folksonomies provide a three-dimensional dataset (users,
tags, and resources) instead of a usual two-dimensional one (items and trans-
actions), we present first a systematic overview of projecting a folksonomy
onto a two-dimensional structure. Then we will show the results of mining
rules from two selected projections on the del.icio.us system.

This paper is organized as follows. Section 2 reviews recent developments
in the area of social bookmark systems, and presents a formal model. In Sec-
tion 3, we briefly recall the notions of association rules, before providing a sys-
tematic overview over the projections of a folksonomy onto a two-dimensional
dataset in Section 4. In Section 5, we present the results of mining associ-
ation rules on data of the del.icio.us system. Section 6 concludes the paper
with a discussion of further research topics on knowledge discovery within
folksonomies.

2 Social resource sharing and folksonomies

Social resource sharing systems are web-based systems that allow users to
upload their resources, and to label them with names. The systems can be
distinguished according to what kind of resources are supported. Flickr,3

for instance, allows the sharing of photos, del.icio.us4 the sharing of book-
marks, CiteULike5 and Connotea6 the sharing of bibliographic references,
and 43Things7 even the sharing of goals in private life. Our own upcoming
system, called BibSonomy,8 will allow to share simultaneously bookmarks
and BibTEX entries (see Fig. 1).

In their core, these systems are all very similar. Once a user is logged in,
he can add a resource to the system, and assign arbitrary labels, so-called
tags, to it. We call the collection of all his assignments his personomy, and the
collection of all personomies is called folksonomy. The user can also explore
the personomies of other users in all dimensions: for a given user he can see

3 http://www.flickr.com/
4 http://del.icio.us/
5 http://www.citeulike.org/
6 http://www.connotea.org/
7 http://www.43things.com/
8 http://www.bibsonomy.org
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Fig. 1. Bibsonomy displays bookmarks and (BibTEXbased) bibliographic references
simultaneously.

the resources that user has uploaded, together with the tags he has assigned
to them (see Fig. 1); when clicking on a resource he sees which other users
have uploaded this resource and how they tagged it; and when clicking on a
tag he sees who assigned it to which resources.

The systems allow for additional functionality. For instance, one can copy
a resource from another user, and label it with one owns tags. Overall, these
systems provide a very intuitive navigation through the data.

2.1 State of the art

There are currently virtually no scientific publications about folksonomy-
based web collaboration systems. Among the rare exceptions are Hammond
et al. (2005) and Lund et al. (2005) who provide good overviews of social
bookmarking tools with special emphasis on folksonomies, and Mathes (2004)
who discusses strengths and limitations of folksonomies. The main discussion
on folksonomies and related topics is currently only going on mailing lists,
e.g. Connotea (2005). To the best of our knowledge, the ideas presented in
this paper have not been explored before, but there is a lot of recent work
dealing with folksonomies.

Mika (2005) defines a model of semantic-social networks for extracting
lightweight ontologies from del.icio.us. Besides calculating measures like the
clustering coefficient, (local) betweenness centrality or the network constraint
on the extracted one-mode network, Mika uses co-occurence techniques for
clustering the concept network.

There are several systems working on top of del.icio.us to explore the
underlying folksonomy. CollaborativeRank9 provides ranked search results
on top of del.icio.us bookmarks. The ranking takes into account, how early
someone bookmarked an URL and how many people followed him or her.

9 http://collabrank.org/
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Other systems show popular sites (Populicious10) or focus on graphical rep-
resentations (Cloudalicious11, Grafolicious12) of statistics about del.icio.us.

2.2 A formal model for folksonomies

A folksonomy basically describes users, resources, tags, and allows users to
assign (arbitrary) tags to resources. We present here a formal definition of
folksonomies, which is also underlying our BibSonomy system.

Definition 1. A folksonomy is a tuple F := (U, T,R, Y,≺) where

• U , T , and R are finite sets, whose elements are called users, tags and
resources, resp.,

• Y is a ternary relation between them, i. e., Y ⊆ U ×T ×R, called assign-
ments, and

• ≺ is a user-specific subtag/supertag-relation, i. e., ≺⊆ U×((T×T )\{(t, t) |
t ∈ T }).
The personomy Pu of a given user u ∈ U is the restriction of F to u, i. e.,

Pu := (Tu, Ru, Iu,≺u) with Iu := {(t, r) ∈ T×R | (u, t, r) ∈ Y }, Tu := π1(Iu),
Ru := π2(Iu), and ≺u:= {(t1, t2) ∈ T × T | (u, t1, t2) ∈≺}.

Users are typically described by their user ID, and tags may be arbitrary
strings. What is considered as a resource depends on the type of system. In
del.icio.us, for instance, the resources are URLs, and in Flickr, the resources
are pictures. In our BibSonomy system, we have two types of resources, book-
marks and BibTEXentries. From an implementation point of view, resources
are internally represented by some ID.

In this paper, we do not make use of the subtag/supertag relation for sake
of simplicity. I. e.,≺ = ∅, and we will simply note a folksonomy as a quadruple
F := (U, T,R, Y ). This structure is known in Formal Concept Analysis (Wille
(1982), Ganter and Wille (1999)) as a triadic context (Lehmann and Wille
(1995), Stumme (2005)). An equivalent view on folksonomy data is that of
a tripartite (undirected) hypergraph G = (V,E), where V = U ∪̇T ∪̇R is the
set of nodes, and E = {{u, t, r} | (u, t, r) ∈ Y } is the set of hyperedges.

2.3 Del.ico.us — a folksonomy-based social bookmark system

In order to evaluate our folksonomy mining approach, we have analyzed the
popular social bookmarking sytem del.icio.us. Del.icio.us is a server-based
system with a simple-to-use interface that allows users to organize and share
bookmarks on the internet. It is able to store in addition to the URL a

10 http://populicio.us/
11 http://cloudalicio.us/
12 http://www.neuroticweb.com/recursos/del.icio.us-graphs/
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description, a note, and tags (i. e., arbitrary labels). We chose del.icio.us
rather than our own system, Bibsonomy, as the latter is going online only after
the time of writing of this article. For our experiments, we collected from the
del.ico.us system |U | = 75, 242 users, |T | = 533, 191 tags and |R| = 3, 158, 297
resources, related by in total |Y | = 17, 362, 212 triples.

3 Association rule mining

We assume here, that the reader is familiar with the basics of association rule
mining introduced by Agrawal et al. (1993). As the work presented in this
paper is on the conceptual rather than on the computational level, we refrain
in particular from describing the vast area of developing efficient algorithms.
Many of the existing algorithms can be found at the Frequent Itemset Mining
Implementations Repository.13 Instead, we just recall the definition of the
association rule mining problem, which was initially stated by Agrawal et al.
(1993), in order to clarify the notations used in the following. We will not use
the original terminology of Srikant et al, but rather exploit the vocabulary
of Formal Concept Analysis (FCA) (Wille (1982)), as it better fits with the
formal folksonomy model introduced in Definition 1.14

Definition 2. A formal context is a dataset K := (G,M, I) consisting of a
set G of objects, a set M of attributes, and a binary relation I ⊆ G ×M ,
where (g,m) ∈ I is read as “object g has attribute m”.

In the usual basket analysis scenario, M is the set of items sold by a super-
market, G is the set of all transactions, and, for a given transaction g ∈ G, the
set gI := {m ∈M |(g,m) ∈ I} contains all items bought in that transaction.

Definition 3. For a set X of attributes, we define A′ := {g ∈ G | ∀m ∈
X : (g,m) ∈ I}. The support of A is calculated by supp(A) :=

|A′|
|G| .

Definition 4 (Association Rule Mining Problem (Agrawal et al.
(1993))). Let K be a formal context, and minsupp,minconf ∈ [0, 1], called
minimum support and minimum confidence thresholds, resp. The association
rule mining problem consists now of determining all pairs A→ B of subsets
of M whose support supp(A → B) := supp(A ∪ B) is above the thresh-

old minsupp, and whose confidence conf(A → B) := supp(A∪B)
supp(A) is above the

threshold minconf.

As the rules A → B and A → B \ A carry the same information, and in
particular have same support and same confidence, we will consider in this

13 http://fimi.cs.helsinki.fi/
14 For a detailed discussion about the role of FCA for association rule mining see

(Stumme (2002)).
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paper the additional constraint prevalent in the data mining community, that
premise A and conclusion B are to be disjoint.15

When comparing Definitions 1 and 2, we observe that association rules
cannot be mined directly on folksonomies, because of their triadic nature. One
either has to define some kind of triadic association rules, or to transform the
triadic folksonomy into a dyadic formal context. In this paper, we follow the
latter approach.

4 Projecting the folksonomy onto two dimensions

As discussed in the previous section, we have to reduce the three-dimensional
folksonomy to a two-dimensional formal context before we can apply any
association rule mining technique. Several such projections have already been
introduced in Lehmann and Wille (1995). In Stumme (2005), we provide a
more complete approach, which we will slightly adapt to the association rule
mining scenario.

As we want to analyze all facets of the folksonomy, we want to allow to
use any of the three sets U , T , and R as the set of objects – on which the
support is computed – at some point in time, depending on the task on hand.
Therefore, we will not fix the roles of the three sets in advance. Instead,
we consider a triadic context as symmetric structure, where all three sets
are of equal importance. For easier handling, we will therefore denote the
folksonomy F := (U, T,R, Y ) alternatively by F := (X1, X2, X3, Y ) in the
following.

We will define the set of objects – i. e., the set on which the support will
be counted – by a permutation on the set {1, 2, 3}, i. e., by an element σ of
the full symmetric group S3. The choice of a permutation indicates, together
with one of the aggregation modes ‘

G

’, ‘

M

’, ‘∃n’ with n ∈ N, and ‘∀’, on which
formal context K := (G,M, I) the association rules are computed.

• K
σ, G

:= (Xσ(1)×Xσ(3), Xσ(2), I) with ((xσ(1), xσ(3)), xσ(2)) ∈ I if and only
if (x1, x2, x3) ∈ Y .

• K
σ, M

:= (Xσ(1), Xσ(2) × Xσ(3), I) with (xσ(1), (xσ(2), xσ(3))) ∈ I if and
only if (x1, x2, x3) ∈ Y .

• K
σ,∃n := (Xσ(1), Xσ(2), I) with (xσ(1), xσ(2)) ∈ I if and only if there exist

n different xσ(3) ∈ Xσ(3) with (x1, x2, x3) ∈ Y .

• K
σ,∀ := (Xσ(1), Xσ(2), I) with (xσ(1), xσ(2)) ∈ I if and only if for all

xσ(3) ∈ Xσ(3) holds (x1, x2, x3) ∈ Y . The mode ‘∀’ is thus equivalent to
‘∃n’ if |Xσ(3)| = n.

15 In contrast, in FCA, one often requires A to be a subset of B, as this fits better
with the notion of closed itemsets which arose of applying FCA to the association
mining problem (Pasquier et al. (1999), Zaki and Hsiao (1999), Stumme (1999)).
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Fig. 2. All rules with two elements of K1 with .05 % support, 50% confidence

These projections are complemented by the following way to ‘cut slices’ out
of the folksonomy. A slice is obtained by selecting one dimension (out of
user/tag/resource), and then fixing in this dimension one particular instance.

• Let x := xσ(3) ∈ Xσ(3). K
σ,x := (Xσ(1), Xσ(2), I) with (xσ(1), xσ(2)) ∈ I if

and only if (x1, x2, x3) ∈ Y .

In the next section, we will discuss for a selected subset of these projections
the kind of rules one obtains from mining the formal context that is resulting
from the projection.

5 Mining association rules on the projected folksonomy

After having performed one of the projections described in the previous sec-
tion, one can now apply the standard association rule mining techniques
as described in Section 3. Due to space restrictions, we have to focus on
a subset of projections. In particular, we will address the two projections
K

σi,

G

with σ1 := id and σ2 := (1 "→ 1, 2 "→ 3, 3 "→ 2). We obtain the two
dyadic contexts K1 := (U ×R, T, I1) with I1 := {((u, r), t)|(u, t, r) ∈ Y } and
K2 := (T × U,R, I2) with I2 := {(t, u), r)|(u, t, r) ∈ Y }.

An association rule A→ B in K1 is read as Users assigning the tags from
A to some resources often also assign the tags from B to them. This type of
rules may be used in a recommender system. If a user assigns all tags from
A then the system suggests him to add also those from B.

Figure 2 shows all rules with one element in the premise and one element
in the conclusion that we derived from K1 with a minimum support of 0.05%
and a minimum confidence of 50%. In the diagram one can see that our
interpretation of rules in K1 holds for these examples: users tagging some
webpage with debian are likely to tag it with linux also, and pages about
bands are probably also concerned with music. These results can be used in
a recommender system, aiding the user in choosing the tags which are most
helpful in retrieving the resource later.

Another view on these rules is to see them as subsumption relations, so
that the rule mining can be used to learn a taxonomic structure. If many re-
sources tagged with xslt are also tagged with xml, this indicates, for example,
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Fig. 3. Rules with two elements of K2 with 0.05 % support, and 10 % confidence

that xml can be considered a supertopic of xslt if one wants to automatically
populate the ≺ relation. Figure 2 also shows two pairs of tags which occur to-
gether very frequently without any distinct direction in the rule: open source
occurs as a phrase most of the time, while the other pair consists of two tags
(ukquake and ukq:irc), which seem to be added automatically to any resource
that is mentioned in a particular chat channel.

The second example are association rules A→ B in K2 which are read as
Users labelling the resources in A with some tags often also assign these tags
to the resources in B. In essence both resources have to have something in
common. Figure 3 shows parts of the resulting graph for applying association
rules with 0.05% support, and 10% confidence on K2. Only associations rules
with one element in premise and one element in conclusion are considered in
the graph. In the figure 3 we identified four major areas in the graph which
we labeled with the topics delicious hacks, Javascript, Ajax, and CSS. The
topics can be derived by applying the FolkRank (Hotho et al. (2006)) on
some of the resources of interest, which also yields relevant users and other
resources for the respective area, such that communities of interest can be
identified.

6 Conclusion

In this paper, we have presented a formal model of folksonomies as a set of
triples – or, equivalently, a tripartite hypergraph. In order to apply associ-
ation rule mining to folksonomies, we have systematically explored possible
projections of the folksonomy structure into the standard notion of “shopping
baskets” used in rule mining.
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For two selected projections, we demonstrated the outcome of rule mining
on a large-scale folksonomy dataset. The rules can be applied for different
purposes, such as recommending tags, users, or resources, populating the
supertag relation of the folksonomy, and community detection.

Future work includes the tighter integration of the various techniques we
used here, namely, association rule mining, FolkRank ranking, and graph
clustering, to further contribute to the abovementioned applications.
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Abstract. Recommender Systems (RS) have helped achieving success in E-com-
merce. Delving better RS algorithms has been an ongoing research. However, it has
always been difficult to find adequate datasets to help evaluating RS algorithms.
Public data suitable for such kind of evaluation is limited, especially for data con-
taining content information (attributes). Previous researches have shown that the
performance of RS rely on the characteristics and quality of datasets. Although,
a few others have conducted studies on synthetically generated data to mimic the
user-product datasets, datasets containing attributes information are rarely inves-
tigated. In this paper, we review synthetic datasets used in RS and present our
synthetic data generator that considers attributes. Moreover, we conduct empiri-
cal evaluations on existing hybrid recommendation algorithms and other state-of-
the-art algorithms using these synthetic data and observe the sensitivity of the
algorithms when varying qualities of attribute data are applied to the them.

1 Introduction

Recommender systems(RS) have acted as an automated tool to assist users to
find products accustomed to their tastes. RS algorithms generate recommen-
dations that are expected to fit the users purchase preferences. The prevalent
algorithm in practice uses the nearest-neighbor method, called collaborative
filtering (CF ; Goldberg et al. (1992)). Methods that rely only on attributes
and disregard the rating information of other users, are commonly called the
Content-Based Filtering (CBF). They have shown to perform very poorly.
Yet, attributes usually contain valuable information; hence it makes it desir-
able to include attribute information in CF models, so called hybrid CF/CBF
filtering methods. There are several proposals on integrating attributes in CF
for ratings. For instance, few others attempt linear combination of recommen-
dation of CBF and CF predictions (Claypool et al. (1999), Good et al. (1999),
Li and Kim (2003) and Pazzani (1999)). There also exists methods that apply
a CBF and a CF model sequentially (Melville et al. (2002)) or view it as a
classification problem (Basilico and Hofmann (2004), Basu et al (1998) and
Schmidt-Thieme (2005)). As we lose the simplicity of CF, we do not consider
those more complex methods here.
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When evaluating these recommendation algorithms, suitable datasets of
users and items have always been demanding, especially when diversity of
public data is limited. It is not enough to compare only the recommendation
quality of algorithms but also the sensitivity of the algorithms especially
when varying qualities of data are provided to the algorithms. Thus, one
should investigate the behavior of the algorithms as systematic changes are
applied to the data. Although there are already a few attempts in generating
synthetic data for the use in RS, to our best knowledge, there is no prior
approach in generating synthetic data for evaluating recommender algorithms
that incorporate attributes.

In this paper, (i) we will propose our Synthetic Data Generator which
produces user-item and object attribute datasets and introduce the use of
entropy to measure the randomness in the artificial data. (ii) we will survey
some of the existing hybrid methods that consider attribute information in
CF for predicting items. In addition, we will conduct empirical evaluations on
three existing hybrid recommendation algorithms and other state-of-the-art
algorithms and investigate their performances when synthetic datasets with
varying qualities of synthetic attributes data are applied.

2 Related works

One of the most widely known Synthetic Data Generators (SDG) in data min-
ing is the one provided by the IBM Quest group (Agrawl and Srikant (1994)).
It generates data with a structure and was originally intended for evaluating
association rule algorithms. Later on, Deshpande and Karypis (2004) used
this SDG for evaluating their item-based top-N recommendation algorithm.
Popescul et al. (2001) have proposed a simple approach by assigning a fixed
number of users and items into clusters evenly and draw a uniform probabil-
ity for each user and item in each cluster. A similar attempt has been done
for Usenet News (Konstan et al. (1997) and Miller et al. (1997)) as well as
Aggarwal et al. (1999) for their horting approach. Traupman and Wilensky
(2004) tried to reproduce data by introducing skewed data to the synthetic
data similar to a real dataset. Another approach is to produce datasets by
first sampling a complete dataset and re-sample the data again by missing
data effect (Marlin et al. (2005)).

The focus of this paper is to investigate SDG for CF algorithms which
consider attributes. To the best of our knowledge, there is no prior attempts
in examining SDGs for hybrid RS algorithms.

3 Synthetic data generator

The SDG can be divided into two phases: drawing distributions and sampling
data. In the first phase, it draws distribution of User Cluster (UC) and Item
Cluster (IC), next it affiliates UC or IC with object attribute respectively
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as well as to associate the UC and IC. Using these generated correlations,
users, items, ratings and object attribute datasets can then be produced in
the second phase.

3.1 Drawing distributions

To create the ratings and attributes datasets, we generate five random dis-
tributions models:

• P (UC), how users are distributed in the UC.
• P(IC ), how items are distributed in the IC.
• P(A | UC ) ∀ UC, how user attributes (A) are distributed in UC.
• P(B | IC ) ∀ IC, how item attributes (B) are distributed in IC.
• P(IC | UC ) ∀ UC, how UC are distributed in IC.
• q be the probability that an item in ICi is assigned to UCj .

The SDG first draws P (UC) and P (IC) from a Dirichlet distribution
(with parameters set to 1). This asserts that the sum of P (UC) or P (IC)
forms to one. P (B | IC) shows the affiliation of item attributes with the item
clusters by drawing |B| number of attributes from a Chi-square distribution
rejecting values greater than 1 for each IC. Other types of distribution have
also been examined, yet, Chi-square distribution has shown to give the most
diverse entropy range. Likewise, the correlation between UC and IC is done
by drawing the distribution P (IC | UC), but in this case M is replaced
with N and |B| with M . User attributes can be drawn with similar manner,
however, the attribute-aware CF algorithms we discuss in this paper do not
take user-attributes into account.

By virtue of the randomness in those generated models, it is necessary to
control or to measure the informativeness of these random data. Hence, we
apply the Information Entropy and compute the average normalized entropy.

H(X) = −
∑

x∈dom(X)

P (x) log2 P (x)

log2 | dom(X)| . (1)

The conditional entropy for the item-attribute data therefore is:

H(Bi|IC) = −
1∑

b=0

∑
j∈dom IC

P (Bi = b, IC = j) · log2 P (Bi = b|IC = j)

log2 | dom IC| (2)

In our experiment, H(B|IC) is sampled for 11 different entropy values by
varying the degrees of freedom of the Chi-square distribution. By rejection
sampling, P (B | IC) is drawn iteratively with various Chi-square degrees
of freedom until desired entropies, H(B|IC), have been reached. We expect
that as the entropy increases, which implies the data is less structured, the
recommendation quality should decrease. The overall drawing distributions
process is summarized in (Algo. 1).
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Algorithm 1 Drawing distribution

Input: |A|, |B|, N, M, HA, HB, HIC , εA, εB , εC

Output: P (UC), P (IC), P (A|UC), P (B|IC), P (IC|UC)
P (UC) ∼ Dira1,a2...,aN

P (IC) ∼ Dirb1,b2...,bM

P (A|UC) = Sχ2ED(|A|, N, HA, εA)
P (B|IC) = Sχ2ED(|B|, M, HB, εB)
P (IC|UC) = Sχ2ED(N, M, HIC , εIC)

Sχ2ED(N, M, HXY , εXY ) :
d=1
repeat

P (Xi|Yj) ∼ χ2
d|[0,1] ∀i = 1...N, ∀j = 1...M

d=d+1
until |H(X|Y ) − HXY | < εXY

return P (X|Y )

Algorithm 2 Sampling data

ucu ∼ P (UC) user class of user u
ici ∼ P (IC) item class of item i
ock,l ∼ P (ICk|UCl) items of class k prefered by user of class l
ou,i ∼ binom(q) ∀u, i : ocici,ucu = 1
ou,i = 0 else
bi,t ∼ P (Bt|IC = ici) item i contains attribute t

3.2 Sampling data

Once these distributions have been drawn, users, items, ratings and item-
attributes data are then sampled accordingly to those distributions. Firstly,
users are assigned to user clusters by random sampling P (UC). Similar pro-
cedure applies for sampling items. The user-item(ratings) data is generated
by sampling P (ICk|UCl) of users belonging to UCl and then assigning q por-
tion of items belonging to ICk to the sampled users. The affiliation between
items and attributes is done by sampling P (Bt | IC = ici) of items which
contain attribute Bt. The same procedure can be applied to generate the
user-attributes datasets. The overall sampling data process is summarized in
(Algo. 2).

4 Hybrid attribute-aware CF methods

These three existing hybrid methods (Tso and Schmidt-Thieme (2005)) are
selected to be evaluated using the synthetic data.



Evaluation of Attribute-Aware RS Algorithms with Synthetic Data 275

Sequential CBF and CF is the adapted version of an existing hybrid
approach, Content-Boosted CF, originally proposed by Melville et al. (2002)
for predicting ratings. This method has been conformed to the predicting
items problem here. It first uses CBF to predict ratings for unrated items
and then filters out ratings with lower scores (and applies CF to recommend
topN items.

Joint Weighting of CF and CBF (Joint-Weighting CF-CBF), first
applies CBF on attribute-dependent data to infer the fondness of users for
attributes. In parallel, user-based CF is used to predict topN items with
ratings-dependent data. Both predictions are joint by computing their geo-
metric mean.

Attribute-Aware Item-Based CF (Attr-Item-based CF) extends
item-based CF (Deshpande and Karypis (2004)). It exploits the content/attri-
bute information by computing the similarities between items using attributes
thereupon combining it with the similarities between items using ratings-
dependent data.

For the last two algorithms, λ is used as a weighting factor to vary the
significance applied to CF or CBF.

5 Evaluation and experimental results

In this section, we present the evaluation of the selected attributes-aware
CF algorithms using artificial data generated by SDG and compare their
performances with their corresponding non-hybrid base models: user-based
and item-based CF as well as to observe the behavior of the algorithms after
supplement of attributes.

Metrics Our paper focuses on the item prediction problem, which is to pre-
dict a fixed number of top recommendations and not the ratings. Suitable
evaluation metrics are Precision, Recall and F1.

Parameters Due to the nature of collaborative filtering, the size of neighbor-
hood has significant impact on the recommendation quality (Herlocker et al.
(1999)). Thus, each of the randomly generated data should have an assorted
neighborhood sizes for each method. In our experiments, we have selected op-
timal neighborhood sizes and λ parameters for the hybrid methods by means
of a grid search. See Fig. 1. Threshold and max, for the Sequential CBF-CF
are set to 50 and 2 accordingly as chosen in the original model. For more
detail explanation of the parameters used in those algorithms, please refer to
(Tso and Schmidt-Thieme (2005)) and (Melville et al. (2002)).
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Method Neighborhood Size λ

user-based CF 35-50 –
item-based CF 40-60 –

joint weighting CF–CBF 35-50 0.15
attr-aware item-based CF 40-60 0.15

Fig. 1. The parameters chosen
for the respective algorithms.

Description Symbol Value

Number of users n 250
Number of items m 500

Number of User Clusters N 5
Number of Item Clusters M 10

Number of Item Attributes |B| 50
Probability of i in IC assigned to a UC q 0.2

Fig. 2. The parameters settings for the
synthetic data generator.

Experimental Results In our experiments, we have generated five different
trials. For each trial, we produce one dataset of user-item (ratings) and eleven
different item-attributes datasets with increasing entropy from 0-1 with 0.1
interval, by rejection sampling. In addition, to reduce the complexity of the
experiment, it is assumed that the correlation between the user and item
clusters to be fairly well-structure and have a constant entropy of 0.05. The
results of the average of five random trials where only item-attributes with
entropy of 0.05 are presented in Fig. 3.

Fig. 3. Recall with entropy ≤ 0.05 Fig. 4. Recall vs. Entropy from 0-1

As shown in Fig. 3, Joint-Weighting CF-CBF achieves the highest Recall
value by around 4% difference w.r.t. its base method. On the other hand,
Attr-Item-based CF does not seem to be effective at all as attributes are
appended to its base model. It also has a very high standard deviation. This
suggests that the algorithms to be rather unstable and unreliable. Although
Melville et al. (2002) reported that CBCF performed better than user-based
and pure CBF for ratings, it fails to provide quality top-N recommendations
for items in our experiments. Therefore, we will focus our evaluation on the
other two algorithms in the rest of the paper. As the aim of the paper is to
examine the behavior of the models as the characteristic of attribute data
varies, what is more important is to observe the performance as entropy
varies. As anticipated, the recommendation quality increases, when there
exists more structure in the data. The results of an average of five random
trials of item-attribute datasets with eleven various entropies are presented
in Fig. 4.
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trials of item-attribute datasets with eleven various entropies are presented
in Fig. 4.

We can see that for both Attr-Item-based CF and Joint-Weighting CF-
CBF algorithms, the quality of recommendation reaches its peaks when the
entropy approaches zero and it gradually decreases as entropy increases. As
for Attr-Item-based CF, although it carries the right entropy trend, its peak
does not surpass its base model and the quality drops gradually below its base
model, which does not make use of attributes. On the other hand, Joint-
Weighting CF-CBF, the value of recall descends gradually as the entropy
raises, still the recall maintain above its base-model until entropy approaches
1 where recall plummets to below its base-line score. This shows that Joint-
Weighting CF-CBF algorithm has a rather reliable performance when mixed
qualities of attributes are applied to it.

6 Conclusions and future works

The aim of this paper is to conduct an empirical evaluation on three existing
hybrid recommendation models and other state-of-the-art algorithms with
data generated by the SDG presented in this paper. In particular, attribute
data with varying qualities has been observed. Joint-Weighting CF-CBF, ap-
pears to enhance recommendations quality when reasonable amount of infor-
mative attributes are presented. This implies that the algorithm should have
fairly consistent performances in realistic cases, where mixed attributes are
presented most of the time. The other algorithms do not seem to be sensitive
to attributes. Yet, we expect the outcomes could be ameliorated by adding
more structural dependency between clusters. In addition, currently the data
are only controlled by the entropy of item-attribute datasets; however, other
distributions such as the user-item data should also be investigated when
various entropies are considered. Furthermore, more extensive experiments
should be done to examine the effect of varying other parameters settings.
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Ralf Wagner

Business Administration and Marketing, Bielefeld University
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Abstract. Mining association rules is well established in quantitative business
research literature and makes up an up-and-coming topic in marketing practice.
However, reducing the analysis to the assessment and interpretation of a few se-
lected rules does not provide a complete picture of the data structure revealed by
the rules.

This paper introduces a new approach of visualizing relations between items
by assigning them to a rectangular grid with respect to their mutual association.
The visualization task leads to a quadratic assignment problem and is tackled by
means of a genetic algorithm. The methodology is demonstrated by evaluating a
set of rules describing marketing practices in Russia.

1 Introduction

Data mining applications frequently focus on the relations between item of
finite set of similar items. For instance, recommender systems often need to
predict the clients’ interest in a particular item from the prior knowledge of
their interest in other items of the systems’ domain. Another example is the
optimization of retail assortments. Here, the importance of each item has to
be assessed by means of it’s impact on the sales of other items of the as-
sortment. Moreover, in web usage mining we are interested in the identifying
a visitor’s probability of traversing from any precursor page of an Internet
portal to one of the target pages which enable financial transactions. The
computation of association rules provides us with detailed knowledge about
the relation between two items or–more generally–two item sets. But, even
from small sets of items a large number of rules is likely to be computed.
Reducing this number by increasing the minimum support and confidence,
a rule has to meet to be considered, restricts our focus to “strong” relations
only. Therefore, rules which might be interesting for the management because
of their novelty will possibly be ignored. Using measures of interestingness
as discussed by Hilderman and Hamilton (2001) and Wagner (2005a) does
not provide us with a remedy, if we are interested in grasping the complete
structure between the items. Accepting the old marketing wisdom that “a
picture says a thousand words” to humans, this paper aims to introduce an
innovative procedure displaying the structure of items by assigning them to a
rectangular grid. This method avoids the difficulties arising from the transfor-
mation of co-occurrences to similarities for applying conventional projection
methods, such as multidimensional scaling. The problems mentioned above
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might be summarized as “market basket” problems. Applications of cluster
analysis in high dimensional feature spaces face the same problem at the stage
of characterizing the clusters of a solution. The combination of some features
gives reason for assigning an observation to a cluster. But, this combination
has to be revealed and communicated to the analyst.

The remainder of this paper is structured as follows. In the next section
the methodology is introduced. The subsequent section comprises details of
a data set describing contemporary marketing practices in Russia and an
outline of the pattern revealed by applying the methodology. The paper con-
cludes with a final discussion of the procedure, its’ limitations, and promising
venues of further improvements.

2 Methodology

An association rule describes the relation between the set X of one or more
items in the antecedent, which implies the items of a set Y are likely to be
combined in one entry of a data base, e.g. in one market basket or one session
recorded in a web log file. Let K be a finite set of items with |K| = K and T

the set of entries in a data set. Already the simple enumeration of all rules
has a time complexity much higher than O(2K) (Zaki and Ogihara (1999)).
Since the user has to interpret the rules rather than simply to enumerate
in order to grasp the structure some aid is needed. For our purpose we are
interested in bilateral relations only, thus |X| = |Y| = 1 and X ∩ Y = ∅ hold.
The strength of the relation of two items is assessed by the support of the
rule.

sup(X ⇒ Y) =
|{T̃ ∈ T|(X ∪ Y) ⊆ T̃}|

|T| (1)

Let G be a I × J = K grid in the two-dimensional plane. The grid should at
least be as large as the number of items. The items are assigned to the grid so
that if item k is frequently combined with item l in the entries of our database,
both items are next to each other on the grid. The extent to which item k
and item l are combined is quantified by the support sup(Xk ⇒ Yl) where
the antecedent set consists only of item k and the consequent set consists
only of item l. As is evident from equation 1, in this case sup(Xk ⇒ Yl) =
sup(Yl ⇒ Xk) holds and ensures a unique weight for each edge of the grid.
In a two-dimensional grid, each item has no more than 4 neighbours, but
the support for K − 1 relations has to be considered for each of the items
in order to assign them on the grid. Let us consider a simple example of 6
items {A,B, C,D, E ,F} with a sup(X ⇒ Y) = 0.2, if the characters succeed
each other in the alphabetical order and 0.1 otherwise. Figure 1 illustrates
two possible configurations of assigning the six items on a 2× 3 grid.

Although item A is connected to B, C to D, and E to F in the left
configuration the alphabetical order is distorted and, thus, the structure un-
derlying the data does not become obvious by this assignment. In the right
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Fig. 1. Examples of assigning items to a two-dimensional grid

configuration the alphabetical order is easily seen by considering the items
in a clockwise manner. The edges in the left configuration capture a sum of
support equal to one. In the right configuration the edges capture a sum of
support equal 1.2. More generally, patterns in the data become emergent by
maximizing the support captured by the grid. The maximization problem is:

max
K∑

k=1

I∑
i=1

J∑
j=1

⎡⎣ L∑
l=1
l �=k

sup(Xk ⇒ Yl)aijka(i−1)jl +
L∑

l=1
l �=k

sup(Xk ⇒ Yl)aijka(i+1)jl

+
L∑

l=1
l �=k

sup(Xk ⇒ Yl)aijkai(j−1)l +
L∑

l=1
l �=k

sup(Xk ⇒ Yl)aijkai(j+1)l

⎤⎦ (2)

s.t.
I∑

i=1

J∑
j=1

aijk = 1

K∑
k=1

aijk ≤ 1 ∀(i, j) ∈ G
aijk ∈ {0, 1}

The indicator variable aijk is equal to 1, if item k is assigned to knot (i, j) in
the grid, otherwise it is equal to zero. The first constraint assures that each
item is assigned exactly once. The second constraint ensures that each knot
of the grid is covered by a maximum of one item. Limiting aijk to be equal
to one or to zero in the third constraint guarantees a precise assignment. The
boundary of the grid is defined by a0jl = ai0l = a(I+1)jl = ai(J+1)l = 0 ∀ l.
This problem can be rewritten in a linear form:

max
K∑

k=1

I∑
i=1

J∑
j=1

⎡⎣ L∑
l=1
l �=k

sup(Xk ⇒ Yl)bi(i−1)jkl +
L∑

l=1
l �=k

sup(Xk ⇒ Yl)bi(i+1)jk

+
L∑

l=1
l �=k

sup(Xk ⇒ Yl)bij(j−1)kl +
L∑

l=1
l �=k

sup(Xk ⇒ Yl)bij(j+1)kl

⎤⎦ (3)
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s.t.
I∑

i=1

J∑
j=1

aijk = 1

K∑
k=1

aijk ≤ 1 ∀(i, j) ∈ G
aijk + a(i−1)jl − bi(i−1)jkl ≤ 1
aijk + ai(j−1)l − bij(j+1)kl ≤ 1

0 ≤ bi(i−1)jkl ≤ 1
0 ≤ bij(j+1)kl ≤ 1
aijk ∈ {0, 1}

bi(i−1)jkl and bij(j+1)kl are additional variables enabling a linear formulation
of the problem which is widely known as QAP (Quadratic Assignment Prob-
lem) and has been proven to be NP-hard (Sahni and Gonzalez (1976)). Cela
(1998) outlines algorithms of solving the problem exactly with no more than
22 items. In order to overcome this restriction, we consider a meta-heuristic
approach for the assignment. In a first step the items are assigned randomly
on the grid. We use a genetic algorithm with a simple one point cross over and
mutations with a repair function (Zbigniew and Fogel (2000)) to tackle the
maximization problem. In each generation, new combinations of assignments
are created by crossover and mutation using the roulette wheel method. The
fitness function is given by the sum of support reflected by the grid. More-
over, the ten best solutions of the previous generation were added to the new
population.

One of the major difficulties in solving the problem described in equation
3 with heuristic procedures is the danger of premature convergence toward
sub-optimal solutions (Blum and Roli (2003)). For the approach presented
herein the diversity is ensured by the mutation operator. It’s simple form just
performs a small random perturbation of an individual, introducing some
kind of noise. Since each mutated string has to be repaired in order to satisfy
the constrains that each item is assigned once and only once to a position
of the grid, every mutation introduces at least two changes of the solution
string and therefore, maintains the population diversity.

3 Empirical application

3.1 Domain and data

The data set used to demonstrate the methodology describes marketing prac-
tices in Russia. It comprises |T| = 72 observations which were obtained using
the standardized questionnaire developed within the Contemporary Market-
ing Practices project (CMP)1. The respondents are managers or directors

1 The CMP group is an international research team investigating aspects of mar-
keting practice. It has developed a classification scheme to describe current mar-
keting practices and has published extensively on the empirical evidence and the
conceptual framework. See http://cmpnetwork.webexone.com.
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concerned with marketing activities of their companies. They answered ques-
tions describing the marketing practices of their companies or organizations.
The items of interest are different aspects of modern marketing.

While the framework distinguishes between five aspects of marketing
practices - transactional marketing (TM), data-base marketing (DM), e-
marketing (EM), interactive marketing (IM), and network marketing (NM)
- it does not assume that these practices are mutually exclusive. Thus com-
panies can practice assorted combinations of TM, DM, IM, NM and EM.
The question of interest is the extent to which they practice these different
aspects and more important, how they combine the different activities. For
example, a consumer goods firm may be expected to practice higher levels of
TM and DM and lower levels of IM, EM, and NM. The nine dimensions used
to define these five aspects of marketing practice are as follows:

1. purpose of exchange ,
2. nature of communication,
3. type of contact,
4. duration of exchange,
5. formality of exchange,

6. managerial intent,
7. managerial focus,
8. managerial investment,
9. managerial level of relations,

and
10. orientation when dealing

with primary customers

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
exchange dimensions

⎫⎪⎪⎬⎪⎪⎭ managerial dimensions

⎫⎬⎭ overall judgement

Clearly, for each of the aspects the dimensions capture different meanings.
The “managerial investment ” (i.e. people, time, and money) might be a good
example to clarify this.

• Transactional Marketing is characterized by investments in the classical
marketing mix by means of product, promotion, price, and distribution
activities or some combination of these (item: TM 8).

• Database Marketing requires ongoing investments in database technol-
ogy to maintain and improve communication with the customers (item:
DM 8).

• e-Marketing requires investments in operational assets (IT, website, lo-
gistics) and functional systems integration, e.g., marketing with IT (item:
EM 8).

• For Interaction Marketing the investments need to be devoted to es-
tablishing and building personal relationships with individual customers
(item: IM 8).

• Network Marketing is characterized by strategic investments in devel-
oping the organization’s network relationships within their market(s) or
wider marketing system (item: NM 8).
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Each observation T̃ ∈ T of the data set is described by the activities which
are judged to be important for the marketing activities of the company or
organization. One item (TM 1) is missing in the data set due to a printing
error in the questionnaires. Thus 49 items have to be assigned.

3.2 Results

In order to create a start population, the items reflecting the marketing ac-
tivities were randomly assigned 200 times to the grid describing the contem-
porary marketing practices. Computing the cumulative support for each of
these assignments yields the initial fitness for applying the roulette wheel pro-
cedure to select individuals for crossover and mutation. Each new population
is made up of 100 individuals using the one point cross over operator and
a repair function. An additional 100 individuals are generated by mutation.
Moreover, the best 10 individuals of the former population are added to the
new population as a of kind of memory for good solutions. A total of 1,300
populations have been computed, but after rapid improvements in the first
populations, the best results did not improve during the last 450 populations.

Figure 2 reveals the pattern of marketing practices in Russia. For the in-
terpretation it should be kept in mind that combinations of items, which are
shared by many companies in this market are likely to be located in the cen-
ter of the grid. Contrastingly, combinations holding only for few observations
are likely to be located at the borders of the grid. Evident from the figure is
the impression of mixed combinations rather than well-ordered blocks. In the
lower left quadrant EM activities are adjoining the IM activities. For instance,
IM 10 (overall orientation towards interaction marketing when dealing with
primary customers) is directly connected with EM 7 (marketing activities
are carried out by marketing specialists with technology specialists, and pos-
sibly senior managers). Moreover, the overall orientation towards the DM
activities (DM 10) is directly connected with the items DM 2 (marketing
planning is focused on issues related to the customers in the market(s) in
addition to the offers) and DM 7 (marketing activities are carried out by
specialist marketers, e.g., customer service manager, loyalty manager). The
area of technology-driven marketing activities fades out to the upper left
quadrant. The two fields are interconnected by EM items on the middle col-
umn. The upper field is characterized by adjoining transactional marketing
activities. Overall, the transactional marketing as well as the network mar-
keting activities seem to spread over the grid. However, the items of these
marketing orientations are frequently adjoining. This contradicts some priors
about the Russian marketing practices. As Russia has experienced a strong
economic growth in the very last few years after the collapse of the Soviet
Union, the vendors in these markets are expected to have a clear orienta-
tion towards the Transactional Marketing (cf. Wagner (2005b) for a detailed
discussion). Surprisingly, the overall orientation towards Transactional Mar-
keting (TM 10) is assigned to the border of the grid. This clearly indicates
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Fig. 2. Patterns of Contemporary Marketing Practices in Russia

that the Russian marketers are already adopting the modern sophisticated
marketing techniques and assemble these to meet the requirements of their
customers better than by simply adopting textbook knowledge.

4 Discussion

The methodology presented in this paper aims at a summary of the infor-
mation that are revealed by analyzing the associations between items. By re-
stricting to bilateral relations between items the mining task is simplified. A
selection of rules by means of a reduction of the information to be revealed by
the data analysis is evitable. The visualization provides an impression of the
strengths of the relation between the items. In a general view the method can
be considered as a mapping to a two-dimensional space similar to principal
component analysis or correspondence analysis. But, in difference to many
eigenvalue-decomposition based procedures this method provides a nonlin-
ear projection based on co-occurrences instead of correlations. Moreover, the
distances and the neighborhood relations might be easier to interpret than
χ2-distances in correspondence analysis.
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The scope of applications are finite item sets comprising not too many
items, because otherwise understanding the graphical representation would
become rather cumbersome. The question of how many items are too many
can not be answered in a general way, but depends on the distortion of pre-
viously expected blocks, such as brand families in market basked analysis or
the marketing types considered in the application presented herein. More-
over, the range of applications is not restricted to huge data sets. Even from
smaller sets the unknown patterns of relations between the items can be vi-
sualized. Scalability offers another challenge for the method proposed herein.
Although no general claims on the convergence behavior of genetic algorithms
can be proved, the assignment appears to be not that sensitive (in terms of
computational effort) to an increase of the number of items as exact methods.

Two venues of further research seem to be promising. First, the items
do not need to be assigned to a rectangular grid, but – as learned from self
organizing maps – other shapes might be useful as well. Secondly, a projection
of some measures of interestingness in the third dimension will assist the user
to identify the most interesting parts of the grid without losing the context
of the whole underlying patterns. Moreover, an assessment of the quality of
fit has to be considered. The improvement of the fit function of the genetic
algorithm might be a suitable basis fit measure for all applications that aim
to reveal a priori unknown patterns.
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Abstract. In this paper we propose three generalizations of well-known N-gram
approaches for measuring similarity of single-line melodies. In a former paper we
compared around 50 similarity measures for melodies with empirical data from
music psychological experiments. Similarity measures based on edit distances and
N-grams always showed the best results for different contexts. This paper aims at a
generalization of N-gram measures that can combine N-gram and other similarity
measures in a fairly general way.

1 Introduction

For similarity comparisons melodies are often viewed as sequences (strings)
of pitch symbols. This is a quite natural approach in the light of common
practice music notation and indeed proves to be quite sufficient and adequate
for many applications. However, some important aspects of melodies such as
the order of tones regarding to pitch height or the dimension of rhythm are
often left out. In our former work (Müllensiefen & Frieler (2004)) we acheived
optimized similarity measures as linear combinations of similarity measures
coming from different musical dimensions such as pitch, contour, rhythm, and
implicit tonality. We now aim at more complex combinations with a gener-
alization of the N-gram approach. To do this we first to set out some basic
concepts, viewing melodies as (time) series of arbitrary length in an arbitrary
event space. We go on with the definition of melodic similarity measures and
present three common N-gram-based approaches for text similarity and their
application to melodies. We will then develop a generalization of these N-
gram measures using the concept of similarity on a lower level whereby we
come close to some concepts of fuzzy logic.

2 Abstract melodies

The fundamental elements of symbolic music processing are discrete finite
sequences. We will state some basic definitions at the beginning.
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2.1 Discrete sequences

Definition 5 (sequences). Let E be a set and N ≤M two integer numbers.
A sequence over E is a discrete map

φ : [N : M ] → E

k "→ φ(k)

We write |φ| = M − N + 1 for the length of a sequence. A sequence is said
to have normal form, if N = 0. For sequences of length N we write FN (E).

The N-gram approaches for similarity are based on the concept of subse-
quences length N (Downie (1999), Uitdenbogerd (2002)).

Definition 6 (N-gram). Let s ∈ FN (E) and 0 ≤ i ≤ j < N . Then

φi
j : [i : j] → E

k "→ φ(k)

is called a N-gram or subsequence of φ of length n = j − i+ 1. The set of
all N-grams of φ of length n is notated with Sn(φ).

Music can be abstracted and symbolically represented in many ways. Two
main classes can be differentiated: audio (signal) oriented and notation (sym-
bolical) oriented representations. For our purposes of measuring melodic sim-
ilarity we use solely symbolically coded music on the abstraction level of
common practice music notation. Most music theorist and music psycholo-
gists agree that onset and pitch are mostly sufficient to capture the ‘essence’
of a melody. We share this viewpoint and will give now the definition of an
abstract melody, considered as a finite, discrete sequence in some event space.

Definition 7 (Melody). Let E be an event space. A finite, discrete map

µ : [0 : N−1] → R× E

n "→ (tn, pn),

is called melody if
tn < tm ⇔ n < m.

The vaues pn are called generalized pitch.

3 Similarity measures

After this introduction of the basic notions, we will now discuss similarity
measures for melodies. At the beginning we had to make the basic choice
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between the complementary concepts of similarity and dissimilarity (i.e. dis-
tance) measures. In the statistical practice the use of distance measures is
far more common, e.g. for MDS or cluster analysis. However, our aim was
to compare many different (dis-)similarity measures on a common ground
and moreover with experimental data. Because the task to judge similarity is
much easier and more familiar for musical experts than to judge dissimilar-
ity, we choose similarity as our basic concept. Because of the complementary
nature of the two approaches every similarity measure can be formulated as
dissimilarity measure and vice versa, but not uniquely, i.e. with some degree
of freedom due to choice of normalization and transformation function. We
state our definition of general similarity maps and of similarity measures for
melodies.

Definition 8 (Similarity map). Let M be an arbitray set. A similarity
map is a map

σ : M×M→ [0, 1]

(µ, µ′) "→ σ(µ, µ′)

with the following properties

1. Symmetry: σ(µ, µ′) = σ(µ, µ′)
2. Self-identity: σ(µ, µ) = 1 and σ(∅, µ) = 0 ∀µ 
= ∅

The similarity map σ(µ, µ′) = 1 is called the trivial similarity map. A simi-
larity map with

σ(µ, µ′) = 1 ⇔ µ = µ′

is called definite. The value of σ(µ, µ′) is the degree of similarity of µ and
µ′.

A similarity map can be viewed as a generalization of Kroneckers δ-
operator. Between the two distinct cases identic and non-identic a non-trivial
similarity map provides a whole continuum of similarity. This is related to
concepts of fuzzy logic, where one has degrees of belongingness of elements
to sets and degrees of truth for logical statements.

For similarity measures for melodies we demand additionally the invari-
ance under pitch transposition, time shift and tempo change. For a more
detailed discussion of this properties we refer the interested reader to Mül-
lensiefen & Frieler (2004).

3.1 N-gram measures

N-gram based approaches form a set of standard techniques for measuring
similarity of strings and texts and for abstract melodies as well (Downie
(1999), Uitdenbogerd (2002)). All of them are more or less based on counting
common N-grams in two strings. We will discuss here three basic forms, the
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Count-Distinct, the Sum-Common and the Ukkonen measure. For this and
for later purposes we first define the frequency fs(r) of a N-gram r with
respect to a sequence s:

fs(r) =
∑

u∈Sn(s)

δ(u, r)

(The δ-operator for sequences is obviously given through the identity of cor-
responding sequence elements.) The set of all distinct N-grams of a sequence
s will be written as n(s)

Definition 9 (Count-Distinct, Sum-Common and Ukkonen mea-
sure). Let s and t be two sequences over a event space E, and let 0 < n ≤
min(|s|, |t|) be a positive integer.

1. The Count-Distinct measure (CDM) is the count of N-grams com-
mon to both sequences:

Sd(s, t) =
∑

r∈n(s)∩n(t)

1 = |n(s) ∩ n(t)|

2. The Sum-Common measure (SCM) is the sum of frequencies of N-
grams common to both sequences

Sc(s, t) =
∑

r∈n(s)∩n(t)

fs(r) + ft(r),

3. The Ukkonen measure (UM) counts the absolute differences of fre-
quencies of all distinct N-grams of both sequences:

Su(s, t) =
∑

r∈n(s)∪n(t)

|fs(r) − ft(r)|

The Count-Distinct and the Sum-Common measures are (unnormalized) sim-
ilarity measures, the Ukkonnen measures is a distance measure. To fulfill our
definition of a similarity map we need to apply a normalization to the first
and second, and for the UM we additionally need a suitable transformation
to a similarity measure.

σd(s, t) =
Sd(s, t)

f(|n(s)|, |n(t)|)
σc(s, t) =

Sc(s, t)

|s|+ |t| − 2n + 2

σu(s, t) = 1− Su(s, t)

|s|+ |t| − 2n + 2

The choice of this normalizations come mainly from the self-identity property
and from the desirable property of being definite. Natural choices for f(x, y)
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are max(x, y) and 1
2 (x + y). The normalization for the SCM comes from the

cases of two identic constant sequences, and for the UM from the case of two
constant sequences with no common N-grams. The choice of the functional
form 1− x to transform the UM into a similarity map after normalization is
arbitrary but quite natural and simple. Of course any monotonic decreasing
function with f(0) = 1 and limx→∞ f(x) = 0 like e−x could have been used
as well.

Example 1. We will give an short example with 4-grams. We consider the
beginning 6 notes of a major and a minor scale, e.g. in C we have s =
{C,D,E,F,G,A} and t = {C,D,Eb,F,G,Ab}. We neglect the rhythm
component. We will transform this to a presentation using semitone intervals
to acheive transposition invariance:

s = {2, 2, 1, 2, 2}, t = {2, 1, 2, 2, 1}

We have two 4-grams for each melody

s1 = {2, 2, 1, 2}, s2 = {2, 1, 2, 2}

t1 = {2, 1, 2, 2}, s2 = {1, 2, 2, 1}
with only one common 4-gram s2 resp. t1. Thus the normalized CD similarity
is

σd =
1

2

the normalized SCM is likewise

σc =
1 + 1

|s|+ |t| − 2 · 4 + 2
=

1

2

and the normalized UM is

σu = 1− 1 + |1− 1|+ 1

5 + 5− 8 + 2
=

1

2

Incidentally, all three measures give the same value for this example.

4 Generalized N-grams

4.1 Reformulation

We now come to the generalization procedure for the three N-gram measures.
The basic idea is to generalize identity of N-grams to similarity. A common
N-gram is a N-gram present in both sequences, or, stated in other words, the
frequencies with respect to both sequences of a common N-gram is greater
than zero. We will use this idea to restate the N-gram measures in a way
more suitable for generalization.
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For the following let be s and t be sequences over E of length |s| = N and
|t| = M , 0 < n ≤ min(N,M), and 0 ≤ ε < 1 be an arbitrary real constant.
Moreover let σ be a similarity map for Fn(E). A helpful function is the step
function Θ which is defined as

Θ(t) =

{
1 t > 0
0, t ≤ 0

The presence function Θs of a N-gram r with respect to s can be defined
as

Θs(r) = Θ(fs(r) − ε) =

{
1 r ∈ Sn(s)
0, r /∈ Sn(s)

For compactness of presentation it is moreover useful to define the frequency
ratio of a N-gram r with respect to s and t:

gst(r) =
fs(r)

ft(r)

We are now able to restate the basic definitions of the three N-gram measures.

Lemma 2. The CDM, SCM and UM can be written as follows:

1. (CDM)

Sd(s, t) =
∑

r∈Sn(s)

Θt(r)

fs(r)

2. (SCM)

Sc(s, t) =
∑

r∈Sn(s)

Θt(r)(1 + gts(r))

3. (UM)

Su(s, t) =
∑

r∈Sn(s)

1 + Θt(r)(
1

2
|1− gts(r)| − 1) + (s↔ t) (1)

Proof. First, we note that a sum over distinct N-grams can be rewritten as
sum over all N-grams: ∑

r∈n(s)

F (r) =
∑

r∈Sn(s)

F (r)

fs(r)
(2)

We will only shortly proof the formula for the Sum-Common-Measure, the
other proofs follow similar lines of argumenation.∑

r∈Sn(s)

Θt(r)(1 + gts(r)) =
∑

r∈Sn(s)

Θt(r)(fs(r) + ft(r))

fs(r)

=
∑

r∈n(s)

Θt(r)(fs(r) + ft(r))

=
∑

r∈n(s)∪n(t)

(fs(r) + ft(r))$%
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After this reformulation we again have to apply a normalization to fulfill our
similarity map definition. We will state this without proof and define some
auxiliary functions

β(s) =
∑

r∈Sn(s)

1

fs(r)
,

λ(s, t) =
∑

r∈Sn(s)

1 + gts(r) =
∑

r∈Sn(s)

fs(r) + ft(r)

fs(r)

and

η(s, t) =
∑

r∈Sn(s)

2 + |1− gts(r)|

With this functions we can write down the normalized similarity measures in
a compact way:

σd(s, t) =
Sd(s, t)

f(β(s), β(t))

σc(s, t) =
Sc(s, t)

f(λ(s, t), λ(t, s))

σu(s, t) = 1− Su(s, t)

f(η(s, t), η(t, s))

Again the function f(x, y) can be max(x, y) or 1
2 (x+y). For the following we

fix f to the second form of the arithmetic mean.

4.2 Generalization

This new form of the N-gram measures can now be generalized. The main
step is the introduction of generalized frequencies:

νs(r) =
∑

u∈Sn(s)

σ(u, r) ≥ fs(r)

and generalized frequency ratios:

ωst(r) =
νs(r)

νt(r)

By substituting frequencies with generalized frequencies the desired gener-
alization is achieved. Now arbitrary similarity maps (and measures) can be
used to judge the degree of similarity between N-grams. The old definition
is contained as a special case of this generalized N-gram measure with Kro-
necker’s δ as similarity map.
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Example 2. We take the same two melodies as in example 1 with 4-grams
and use a similarity measure based on the Levensthein-Distance d(u, v) (see
e.g. Müllensiefen & Frieler (2004) for a definition and discussion):

σ(u, v) = 1− d(u, v)

max(|u|, |v|)
First of all we need the similarities between all 4-grams:

σ(s1, s2) = σ(s1, t1) = σ(s2, t2) =
1

2
σ(s1, t2) = 0

We can now calculate the generalized frequencies:

νs(s1) = νs(s2) = νt(t1) = νt(t2) = νt(s2) = νs(t1) =
3

2

νt(s1) = νs(t2) =
1

2

with generalized frequency ratios:

ωst(t1) = ωts(s2) = 1

ωst(t2) = ωts(s1) =
1

3

Now we determine the presence functions of all 4-grams with ε = 1
2 .

Θt(s1) = Θs(t2) = Θ(
1

2
− 1

2
) = 0

Θt(s2) = Θs(t1) = Θ(
3

2
− 1

2
) = 1

As a last step we determine values of the auxiliary functions:

β(s) = β(t) =
4

3

λ(s, t) = λ(t, s) =
10

3

η(s, t) = η(t, s) =
14

3

With this preleminaries we can now calculate the three generalized N-grams
measures. First the GCDM:

σd(s, t) =
2

β(s) + β(t)

∑
r∈Sn(s)

Θt(r)

νs(r)

=
2

4/3 + 4/3

1

νs(s2)
=

1

2
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Then the GSCM:

σc(s, t) =
2

λ(s, t) + λ(t, s)

∑
r∈Sn(s)

Θt(r)(1 + ωts(r))

=
3

10
(1 + ωts(s2)) =

3

5
,

and at last the GUM:

σu(s, t) = 1− 2

η(s, t) + η(t, s)

∑
r∈Sn(s)

1 + Θt(r)(
1

2
|1− ωts(r)| − 1) + (s↔ t)

= 1− 2

14/3 + 14/3
(1 +

1

2
|1− ωts(s2)|+ 1 +

1

2
|1− ωst(t1)|)

= 1− 3

14
(1 + 1) =

4

7

We see from this example that the generalized measures usually raise the
similarity values compared to the orginal version.

There is some more possibility for further generalization. For this purpose
we define a ramp function:

ρ(t) =

⎧⎨⎩
0, t ≤ 0
t, 0 ≤ t < 1
1, t ≥ 1

and can now generalize the presence function (with some real constant a > 0):

θs(r) = ρ(
νs(r)

a
)

Example 3. We consider again the above example and will calculate the
GCDM with this new generalized presence function (a = 1).

θt(s1) = ρ(νt(s1)) = ρ(
1

2
) =

1

2

θt(s2) = ρ(νt(s2)) = ρ(
3

2
) = 1

θs(t1) = ρ(νs(t1)) = ρ(
3

2
) = 1

θs(t2) = ρ(νs(t2)) = ρ(
1

2
) =

1

2
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Applying this to the GCDM gives the following similarity value for our ex-
ample.

σd(s, t) =
2

β(s) + β(t)

∑
r∈Sn(s)

θt(r)

νs(r)

=
2

4/3 + 4/3
(
θt(s1)

νs(s1)
+

θt(s2)

νs(s2)
)

=
3

4
(
1/2

3/2
+

1

3/2
) =

3

4

5 Conclusion

We proposed a generalization of well-known similarity measures based on
N-grams. The application of these techniques to melodies made a generaliza-
tion desirable because of the cognitively multidimensional nature of melodies.
They can be viewed to some extent as string of symbols but this already
neglects such important dimension as rhythm and pitch order. Besides the
possibility of using linear combination of similarity measures that focus on
different musical dimensions, it could be fruitful to combine this measure in
a more compact way. This, however, waits for further research, particularly
an implementation of the generalized N-gram measures proposed here (which
is currently under development), and a comparision with existing empirical
data and other similarity measures. Thus, this paper should be viewed as a
first sketch of ideas in this direction.
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Evaluating Different Approaches to Measuring

the Similarity of Melodies

Daniel Müllensiefen and Klaus Frieler

Institute of Musicology, University of Hamburg,
Neue Rabenstr. 13, D-20354 Hamburg, Germany

Abstract. This paper describes an empirical approach to evaluating similarity
measures for the comparision of two note sequences or melodies. In the first sections
the experimental approach and the empirical results of previous studies on melodic
similarity are reported. In the discussion section several questions are raised that
concern the nature of similarity or distance measures for melodies and musical
material in general. The approach taken here is based on an empirical comparision
of a variety of similarity measures with experimentally gathered rating data from
human music experts. An optimal measure is constructed on the basis of a linear
model.

1 Introduction

While working on an empirical project on human memory for melodies at
Hamburg University (Müllensiefen (2004), Müllensiefen and Hennig (2005))
it soon became very clear that measuring the similarity of two given melodies
is an important analytical tool in setting up a prediction model for what
people can remember of melodies that they just heard once. But melodic
similarity is not only a key concept in memory research or music psychology,
but also several of musicology’s subdisciplines have a strong need for valid
and reliable similarity measures for melodies. Some of these subdisciplines
are ethnomusicology, music analysis, copyright issues in music, and music
information retrieval. So it is not surprising that many different approaches
and concepts for measuring the similarity of melodies have been proposed
in the literature in the last two decades. Several techniques for computing
melodic similarity have been defined that cover distinct aspects or elements of
melodies. Among these aspects are intervals, contour, rhythm, and tonality,
each with several options to transform the musical information into numeri-
cal datasets. In combination with each of these aspects different approaches
for constructing distance or similarity measures have been used with music
data in the past. Some important algorithms are the edit distance, n-grams,
geometric measures and hidden Markov models. In the literature there many
examples of successful applications of specific similarity measures that com-
bine an abstraction technique for a special musical aspect of melodies with
a specific approach to computing similarities or distances. In the past, we
dedicated several studies to the comparison of different approaches to the
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similarity measurement for melodies (Müllensiefen and Frieler (2004a, 2004b,
2006)) and its applications for example in folk music research (Müllensiefen
and Frieler (2004c)). In this earlier work it was shown that these differently
constructed similarity measures may generate very different similarity values
for the same pair of melodies. And from the mathematical or algorithmical
construction of the similarity measures it is by no means clear which one is
the most adequate to be used in a specific research situation, like a memory
model. The answer to this confusing situation was to compare the measure-
ment values of different similarity measures to ratings from human judges
that rate the similarity of melody pairs after listening to the two melodies.
This paper first resumes our previous comparative work and in the discus-
sion section we are able to adress some issues of melodic similarity from a
meta-perspective.

2 Different approaches to measuring the similarity of
melodies

To introduce a general framework for comparing different algorithms for sim-
ilarity measurement it seems useful to first get a clear idea what a melody
is on an abstract level. In a useful working definition that was pointed out
earlier (Müllensiefen and Frieler (2004a)), a melody will be simply viewed as
a time series, i.e., as a series of pairs of onsets and pitches (tn, pn), whereby
pitch is represented by a number, ususally a MIDI number, and an onset is
a real number representing a point in time. A similarity measure σ(m1,m2)
is then a symmetric map on the space of abstract melodies M, mapping two
melodies to a value between 0 and 1, where 1 means identity. The similarity
measure should meet the constraints of symmetry, self-identity, and invari-
ance under transposition in pitch, translation in time, and tempo changes.
The construction of most algorithms for measuring melodic similarity involves
the following processing stages:

1. Basic transformations (representations)
2. Main transformations
3. Computation

The most common basic transformations are projection, restriction composi-
tion and differentiation. Projections can be either on the time or pitch coor-
dinate, (with a clear preference for pitch projections). Differentiation means
using coordinate differences instead of absolute coordinates, i.e. intervals and
durations instead of pitch and onsets.

Among the main transformations rhythmical weighting, Gaussification
(see Frieler (2004a)), classifications and contourization are the most impor-
tant. Rhythmical weighting can be done for quantized melodies, i.e. melodies
where the durations are integer multiples of a smallest time unit T . Then
each pitch of duration nT can be substituted by a sequence of n equal tones
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with duration T . After a pitch projection the weighted sequence will still re-
flect the rhythmical structure. The concept of rhythmical weighting has been
widely used in other studies (e.g. Steinbeck (1982), Juhasz (2000)). Classifi-
cation is mainly used to assign a difference between pitch or time coordinates
to a class of musical intervals or rhythmic durations. Other studies used this
idea of classification in very similar ways (e.g. Pauws (2002)). Contouriza-
tion is based on the idea that the perceptionally important notes are the
extrema, the turning points of a melody. One takes this extrema (which to
take, depends on the model) and substitutes the pitches in between with lin-
ear interpolated values, for example. We used linear interpolation exclusively
for all of the tested contour models. The contourization idea was employed,
for example, in the similarity measures by Steinbeck (1982) and Zhou and
Kankanhalli (2003).

For computing the similarity of melodies several basic techniques have
been described in the literature. Most of these techniques have their origin in
application areas other than music, e.g. text retrieval and comparing gene se-
quences. But for most of them it has been shown that an adaption for musical
data is possible. It is impossible to explain these techniques here in detail, so
the reader should refer to the following publications or may find a summary
in Müllensiefen and Frieler (2004). Among the most prominent techniques
for computing melodic similarity are the edit distance algorithm (McNab et
al (1996) Uitdenbogerd (2002)), n-grams (Downie (1999)), correlation and
difference coefficients (O’Maidin (1998), Schmuckler (1999)), hidden Markov
models (Meek and Birmingham (2002)), and the so-called earth mover dis-
tance (Typke et al (2003)).

As is described in Müllensiefen and Frieler (2004a) we implemented 48
similarity measures into a common software framework. These 48 similarity
measures were constructed as meaningful combinations of basic and main
transformations plus a specific computing technique.

3 Experimental evaluation of melodic similarity
measures

3.1 Experimental design

We conducted three rating experiments in a test-retest design. The subjects
were musicology students with longtime practical musical experience. In the
first experiment the subjects had to judge the similarity of 84 melody pairs
taken from western popular music on a 7-point scale. For each original melody
six comparison variants with errors were constructed, resulting in 84 vari-
ants of the 14 original melodies. The error types and their distribution were
constructed according to the literature on memory errors for melodies (Slo-
boda and Parker (1985), Oura and Hatano (1988), Zielinska and Miklaszewski
(1992)). Five error types with differing probabilities were defined: rhythm er-
rors, pitch errors leaving the contour intact, pitch errors changing the contour,
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errors in phrase order, modulation errors (pitch errors that result in a tran-
sition into a new tonality). For the construction of the individual variants,
error types and degrees were randomly combined.

The second and third experiment served as control experiments. In the
second experiment two melodies from the first experiment were chosen and
presented along with the original six variants plus six resp. five variants, which
had their origin in completely different melodies. The third experiment used
the same design as the first one, but tested a different error distribution for
the variants and looked for the effects of transposition of the variants.

3.2 Stability and correlation of human ratings

Only subjects who showed stable and reliable judgments were taken into ac-
count for further analysis. From 82 participants of the first experiment 23
were chosen, which met two stability criteria: They rated the same pairs of
reference melody and variant highly similar in two consecutive weeks, and
they gave very high similarity ratings to identical variants. For the second
experiment 12 out of 16 subjects stayed in the analysis. 5 out of 10 sub-
jects stayed in the data analysis of the third experiment. We assessed the
between-subject similarity of the judgements in the three experiments us-
ing two different, i.e. Cronbach’s alpha and the Kaiser-Meyer-Olkin measure
(Kaiser (1974)). The inter-personal jugdments of the selected subjects showed
very high correlations:

• As an indicator of the coherence of the estimations of the latent magni-
tude ‘true melodic similarity’ Cronbach’s alpha reached values of 0.962,
0.978, and 0.948 for subjects’ ratings of the three experiments respec-
tively.

• The Kaiser-Meyer-Olkin measure reached values as high as 0.89, 0.811,
and 0.851 for the three experiments respectively.

This high correlation between the subjects’ ratings led us to assume, that
there is something like an objective similarity at least for the group of ‘western
musical experts’, from which we took a sample.

3.3 Optimisation of similarity measures

It is an old assumption in music research that for the perception and mental
computation of melodies all musical aspects play a role to a certain degree.
We therefore considered melodic similarity to work on five musical dimen-
sions: contour information, interval structure, harmonic content, rhythm and
characteristic motives. For each dimension the euclidean distances of the in-
cluded measures to the mean subjects’ ratings were computed, and the best
measure for each dimension was pre-selected to serve as an input for a linear
regression. This regression was done for the data of all three experiments
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separately and used the step-wise variable selection procedure. The best five
similarity measures for experiment 1 were (ordered according to their euclid-
ean distances, minimum first):

• coned (edit distance of contourized melodies)
• rawEdw (edit distance of rhythmically weighted raw pitch sequences)
• nGrCoord (coordinate matching based on count of distinct n-grams of

melodies)
• harmCorE (edit distance of harmonic symbols per bar, obtained with the

help of Carol Krumhansl’s tonality vectors (Krumhansl (1990))
• rhytFuzz (edit distance of classified length of melody tones)

From this input we obtained a linear combination of the two measures rawEdw
and nGrCoord for the data from experiment 1, which was 28.5% better than
the best single measure for that experiment in terms of the euclidean distance
from the subjects ratings over all 84 melody pairs. The model reached an
corrected R2 value of 0.826 and a standard error of 0.662. Given these results
the optimisation within the linear model can be seen as successful. As the
experimental task and the constructed melodic variants to be rated differed
systematically in experiment 2 and 3 different similarity measures were pre-
selected for the five musical dimensions and linear regression lead to weighted
combinations of similarity measures that were different for each experiment.

3.4 Applications

We used our similarity measures in several analytical tasks on a folk song
collection that was investigated thoroughly by an expert ethnomusicologist
(Sagrillo (1999)). For example we filtered out successfully variants and exact
copies of melodies in a catalogue of about 600 melodies from Luxembourg
using the optimised similarity measure from our experiment 3 (Müllensiefen
and Frieler (2004c)). This specific linear combination of similarity measures
was chosen because the experimental taks the subjects had to fullfill in exper-
iment 3 came closest to the duty of finding highly similar melodies. A second
application within this folk song research (Müllensiefen and Frieler (2004c))
was to predict if two given melodic phrases from the total of 3312 phrases
in the catalogue belong to the same group as classified by Sagrillo. For this
task, we again pre-selected the best five out of 48 similarity measures (this
time according to their area under curve values after drawing a ROC curve
for each similarity measure) and we subsequently used logistic regression to
predict for each melody pair if the two melodies belonged to the same group
or not. Further applications that we tested so far, are the measurement of
melodic similarity in cases of plagiarism in pop songs where one melody is
assumed to be an illegal copy of a previously existing melody, and the or-
dering of short melodic phrases from classical music (incipits) according to
similarity criteria.
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4 Discussion

Having worked very intensely for three years on the measurement of similarity
between melodies, we came across several conceptual issues that are hardly
discussed in the literature. We would like to pose the respective questions
here and answer with some tentative hypotheses, but the field is still very
open to discussion.

• Homogeneity of human similarity judgements For all experiments
we conducted so far, we found very high correlations of similarity judge-
ments between subjects (Cronbach’s α with values > 0.9). This is not
to forget that we always selected subjects on the basis of their within-
subject reliability, i.e. subjects had to rate the same melody pair in two
consequent weeks alike, and they should rate identical melodies as highly
similar. The interesting fact is that subjects selected according to their
within-subject reliability show a very high between-subjects correlation.
The only bias that entered our selection procedure for subjects was the
natural requirement that subjects should rate identical melodies as highly
similar. But in their judgments of non-identical melodies, subjects were
completely free to give their subjective evaluation of the rhythmical,
pitch, and contour differences between the melodies. It could have turned
out that some of the reliable subjects rated differences in the rhythmi-
cal structure as much more severe than others or that contour errors
would have been of different importance to different subjects. This would
have resulted in lower correlations as reflected by the between-subjects
correlation measures, which we actually did not find. These high between-
subject correlations could be interpreted as if there is a latent but clear
inter-personal notion of melodic similarity that each subject tries to esti-
mate in an experimental situation. This assumption of an inter-personal
agreement on what melodic similarity actually is, lays the conceptual
foundation for the statistical modelling of human similarity perception of
melodies.

• Human notion of melodic similarity may change Although there
seems to be a consensus on what is similar in melodies, this consensed
notion may make different use of the information in the various musical
dimensions. For example for melodies that are all very similar because
they were constructed as variants from each other like in expriment 1 it
was possible to model subjects ratings exclusively with similarity mea-
sures that exploit pitch information only. Whereas in experiment 2 where
some of the to be compared melodies were drawn at random from a larger
collection and were therefore very dissimilar, subjects’ ratings could be
modeled best including similarity measures that reflect rhythmical in-
formation and implicit harmonic content. So obviously, humans show an
adaptive behaviour to different tasks, different stylistic repertoires, and
different contexts of experimental materials. For modelling subjects’ rat-
ings there are two solutions to this adaptive behaviour:
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1. Find a general similarity measure that works well in most situations,
but be aware that it might not be the optimal measure to model a
specific task with a specific repertoire of melodies.

2. Try to gather test data of that specific situation and run an optimi-
sation on that test data before predicting similarity in that domain.

• Distance vs. similarity measures for melodies To our knowledge
all studies in the literature that deal with the comparision of melody
pairs make exclusive use of similarity measures to conceptualise the rela-
tionship between two given melodies. Distance measures are never used
for example for clustering or ordering of melodies. This seems to reflect
an intuitive cognitive approach towards the processsing of comparable
melodies. Humans seem to make sense out of melodies that differ in only
a few notes. Obviously music listeners are used to relate them to each
other effortlessly. But unrelated melodies that differ strongly in most mu-
sical dimensions are hard to relate. From our data it was clear that the
subjects were much better at differentiating small changes on the rat-
ing scale when the two melodies were quite similar as when they had
little in common. This might be interpreted as a reflection of the distri-
bution of similarity values in large melody collections. As was outlined
in Müllensiefen and Frieler (2004b) the distribution of about 250.000
similarity values between about 700 folk song phrases show a gauss-like
distribution, but the shape of the curve was much steeper. Almost all
previous studies with the exception of Kluge (1974) use similarity mea-
sures that are bounded between 0 and 1. Kluge’s special research interest
lead him to consider negatively correlated melodies as well and his simi-
larity measure was therefore bounded between -1 and 1. Among our own
48 similarity measures we used several measures based on vector correla-
tions and we tried both variants: Measures between -1 and 1 and measures
where we set all negative correlation values to 0. In comparison with our
experimental rating data almost always the variants with limits of 0 and
1 showed a superior performance than their -1/1 analogues.
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MÜLLENSIEFEN, D. and FRIELER, K. (2004a): Cognitive Adequacy in the Mea-
surement of Melodic Similarity: Algorithmic vs. Human Judgments. Computing
in Musicology, 13, 147–176.
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Abstract. Based on a model of Davy and Godsill (2002) we describe a general
model for time series from monophonic musical sound to estimate the pitch. The
model is a hierarchical Bayes Model which will be estimated with MCMC methods.
All the parameters and their prior distributions are motivated individually. For
parameter estimation an MCMC based stochastic optimization is introduced. In a
simulation study it will be looked for the best implementation of the optimization
procedure.

1 Introduction

Pitch estimation of monophonic sound can be supported by the joint estima-
tion of overtones as demonstrated in (Weihs and Ligges (2006)). One impor-
tant model including the fundamental frequency together with its overtones is
formulated by Davy and Godsill (2002) with the number of relevant overtones
to be estimated as well. Furthermore, the model can deal with time-variant
amplitudes, i.e. with varying loudness of tones. Being defined as a hierarchical
Bayes model, the model and the corresponding estimation procedure contain
many parameters. MCMC estimation is computationally very expensive. As
a short-cut, an MCMC based stochastic optimization is introduced for esti-
mation. Moreover, in a simulation study we look for the best pre-fixings of
parts of the parameters in order to restrict the parameter space.

2 Harmonic model

In this section a harmonic model is introduced and its components illustrated.
The whole model which is based on the model of Davy and Godsill (2002)
has the following structure:

yt =

H∑
h=1

(ah,t cos(2πhf0t) + bh,t sin(2πhf0t)) + εt.

In this model one tone is composed out of harmonics from H partial tones.
The first partial is the fundamental frequency f0, the other H−1 partials are
called overtones. The time-variant amplitudes of each partial tone are ah,t

and bh,t. Finally, εt is the model error.
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In order to avoid this high complexity, the time-variant amplitudes are
modelled with so-called basis functions:

yt =

H∑
h=1

I∑
i=0

φt,i [ah,i cos(2πhf0t) + bh,i sin(2πhf0t)] + εt with

ah,t =

I∑
i=0

ah,iφt,i and bh,t =

I∑
i=0

bh,iφt,i.

In our model the basis functions φt,i are Hanning windows with 50% over-
lap. Hanning windows are shifted stretched squared cosine functions defined
as

Φt,i := cos2 [π(t− i∆)/(2∆)] , ∆ = (N − 1)/I,N = no. of observations.

In principle a basis function can be any non-oscillating function (Davy
and Godsill (2002)).

Figure 1 shows the difference of modelling a tone with oder without time-
variant amplitudes. In figure 1,left it can be seen, that the model assumes
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Fig. 1. Original oscillation (dots) and approximation (line) by a harmonic model
with constant amplitudes (left) and with time-variant amplitudes (right), 4 basis
functions

constant amplitudes over time. The model cannot depict the higher ampli-
tudes at the beginning of the tone. Modelling with time-variant amplitudes
(see figure 1,right) leads to better results.

3 Hierarchical Bayes-Model

In this section a hierarchical Bayes-Model is introduced for the parameters
in the pitch model.
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The likelihood of the tone is assumed to be normally distributed:

p(y | θ, f0, H, σ2
ε) =

1

(2πσ2
ε)N/2

exp

[
− 1

2σ2
ε

(y −Dθ)T (y −Dθ)

]
,

where D is a matrix with sine and cosine entries multiplied by the values of
the basis functions:

Dt+1,2(Hi+h)−1 = φt,i cos(hf0t), Dt+1,2(Hi+h) = φt,i sin(hf0t).

For each time point and for each basis function the number of entries is 2 times
the number of partial tones. So the matrix has the dimension N ×2H(I +1).

The priors in the Bayes-Model have a hierarchical structure:

p(θ, f0, H, σ2
ε) = p(θ | f0, H, σ2

ε)p(f0 |H)p(H)p(σ2
ε).

The amplitudes ah,i and bh,i are combined in one amplitude-vector θ:

θ2(Hi+m)−1 = ah,i, θ2(Hi+m) = bh,i.

The following parameters determine the model: fundamental frequency
f0, number of partials H , parameter vector θ, and the predefined number of
basis functions I + 1. For these parameters we assume the following priors

• The amplitude vector θ is chosen normally distributed with expectation
0 and covariance matrix σ2

εΣθ: θ | f0, H, σ2
ε ∼ N(0, σ2

εΣθ), where Σθ is
calculated with Σ−1

θ = 1
ξ2D

TD. ξ2 is a inverse-gamma distributed hy-

perparameter with parameters αξ = 1 and βξ = 1: ξ ∼ IG(1, 1).
• The prior density for the fundamental frequency f0 is chosen to be uni-

formly distributed. One could propose a prior restricted to a discrete set
of frequencies such as for the keys of the piano, but for simplicity the fol-
lowing uninformative prior is used f0 |H ∼ U(0, π/H), where the upper
limit π/H is chosen in order to be able to represent the highest involved
partial.

• The number of partials H can be any positive integer depending on the
instrument playing. Nevertheless, for generality one prior for all instru-
ments has been chosen H ∼ Poi(Λ), where Λ is a so called hyperparameter
of the Poisson distribution being Gamma distributed with parameters ε1

and ε2: Λ ∼ Gamma(0.5 + ε1, ε2). Here we set ε1 = 1 and ε2 = 0.01. Λ
can be interpreted as the expected number of partials.

• The prior of the variance parameter σ2
ε is inverse gamma distributed with

parameters αε and βε: σ
2
ε ∼ IG(αε, βε). In this case we chose αε = 1 and

βε = 0.5.

4 Stochastic optimization procedure

The basic idea of parameter estimation is optimization of likelihood by sto-
chastic search for the best coefficients in given regions with given probability
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distributions. In standard MCMC methods the distributions are fully gener-
ated. This leads to a heavy computational burden. As a short cut, we used
an optimal model fit criterion instead:

Every 50 MCMC iterations it is checked whether linear regression of the
last 50 residuals against the iteration number delivers a slope significant at
a previously specified level with a maximum number of iterations of 2000.

Figure 2 shows the decreasing error with an increasing number of itera-
tions. Between iteration number 350 and iteration number 400 the slope is
no more significant at a level of 10 %.
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Fig. 2. Progression of model error

5 Simulation

5.1 Data

In a simulation study we aim at finding optimal levels of some of the unknown
parameters of the hierarchical Bayes model and the estimation procedure. As
a data base real audio data are used. We chose 5 instruments (flute, electric
guitar, piano, trumpet and violin) each with 5 notes (220, 262, 440, 523 and
880 Hz) from the McGill database (McGill University Master Samples).

The instruments were chosen out of two groups, bowed instruments and
wind instruments. There are three ways a bowed instrument can be played.
They can be picked, bowed or stroke. We chose one instrument for each way.
The two wind instruments can be distinguished as a woodwind instrument
and a brass instrument.

The choice of the pitches was restricted by the availability of the data
from the McGill database and the different ranges of the instruments.

For each tone N = 512 data points at a sampling rate 11025 Hz are used.
Since the absolute overall loudness of the different recordings is not relevant,
the waves are standardized to the interval [−1, 1].
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5.2 Model

In the simulation we estimated all the unknown parameters of the hierarchical
Bayes model except the number of basis functions which was fixed to 1 to 5,
where one basis function implies constant amplitudes over time.

5.3 Algorithm

There a some unknown parameter in the estimation algorithm optimized in
our simulation. The main aim was to fix the stopping criterion. The questions
are which significance level in the linear regression leads to best results and
whether non-significance should be met more than once to avoid local optima.
The significance level was varied from 0.05 to 0.55 in steps of 0.05. The
procedure is stopped if non-significance is met once, twice or three times.

Moreover, 3 Markov chains with different frequency starting points are
simulated. The frequency starting points are 175 Hz, 1230 Hz and the result
ffHeur of a Heuristic fundamental frequency estimation (Ligges et al. (2002)):

ffHeur = h +
s− h

2

√
ds/dh,

where h is the peaking Fourier frequency, s is the peaking neighbor frequency.
The corresponding density values are dh and ds. The chain started at ffHeur

is simulated with a Burn In of 200 iterations.

5.4 Design

Overall, the design leads to a full factorial design (5 instruments * 5 notes *
11 levels * 3 stops * 5 basis functions) with 4125 experiments each applied
to 3 chains. In table 1 there is an overview of all components of the design.
Instruments, notes and starting points define the environment of the simula-
tion. For the three parameters level, stops and number of basis functions we
looked for the best level.

Table 1. Factors and correspondending levels of the full factorial design

factor level

data instruments flute, electric guitar, piano, trumpet, violin
notes 220, 262, 440, 523, 880 Hz

chains starting points 175 Hz, 1230 Hz and ffHeur

optimization level 0.05, 0.1, . . ., 0.55
stops 1, 2, 3
no. of basis functions 1, 2, . . ., 5
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5.5 Results

The deviations of the estimated frequencies from the real frequencies are
measured in cents. 100 cent correspond to one halftone. The estimated fre-
quencies are assigned to the correct note if the estimated values are enclosed
by the interval of [-50,50] cents around the real frequency.
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Fig. 3. Boxplots of deviations of estimated fundamental frequency, 3 basis func-
tions, starting point = 175 Hz (left), and ffHeur , BurnIn = 200 (right) iterations

Figure 3,left shows the deviation of the estimated frequencies from the
fundamental frequency in cents. The estimates are from the chain with 3
basis functions and 175 Hz as starting point. It can be seen that there are
less wrongly estimated frequencies if the stopping criterion is met more than
once. The results improve by using the outcome of the Heuristics as the
starting point and dismissing the first 200 iterations of the chain (see figure
3,right).

Now the three Markov chains with the different starting points are com-
bined in that for each estimated frequency the chain with the minimal error is
chosen. This way, there are only few estimates outside the bounds of [-50,50]
cents. Actually almost all values are enclosed by the interval [-25,25] cents,
see figure 4 for an outcome from three basis functions. Moreover, it can be
seen that now the number of times non-significance has to be met is no more
relevant. Hence it is sufficient so choose “meet non-significance once” as the
stopping criterion.

Finally we looked for the best level for the stopping criterion and an opti-
mal number of basis functions. A low level of 10 % for the stopping criterion
appeared to be sufficient. With higher levels there is no improvement. Figure
5 shows the estimated deviation in cents for all levels. Here, the chain and
the number of basis functions with the smallest error are chosen. As shown
before, most values are inside the interval of [-25,25] cents. Only few frequen-
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Fig. 4. Boxplots of deviations of estimated fundamental frequency, 3 basis func-
tions, choosing chain with minimal error

cies are estimated incorrectly, i.e. are outside the interval of [-50,50] cents.
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Fig. 5. Boxplots of deviations of estimated fundamental frequency, 3 basis func-
tions, choosing chain with minimal error

Concerning the number of basis functions only one basis function, mean-
ing constant amplitudes over time, lead to the highest number of incorrectly
estimated fundamental frequencies. The modulation with time-variant am-
plitudes generally lead to far better results with an optimum for 3 basis func-
tions. In Table 2 the number of deviations from the fundamental frequencies
bigger than 50 cents are shown.
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Table 2. Number of deviations bigger than 50 cents

no. basis functions
stop 1 2 3 4 5

1 21 3 0 8 2
2 11 1 1 2 1
3 8 2 1 0 1

6 Conclusion

In this paper a pitch model for monophonic sound has been introduced. The
unknown parameters have been estimated with an MCMC method imple-
mented as a stochastic optimization procedure. In a simulation study the
optimal settings for some free optimization parameters have been deter-
mined. Next steps will include merging the vibrato model of Rossignol et al.
(1999) with our model and the expansion to a polyphonic model.
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Abstract. Investigating a data set containing different sounds of several instru-
ments suggests that local modelling may be a promising approach to take into
account different timbre characteristics of different instruments. For this reason,
some basic ideas towards such a local modelling are realized in this paper yielding
a framework for further studies.

1 Introduction

Sound characteristics of orchestra instruments derived from spectra are cur-
rently a very important research topic (see, e.g., Reuter (1996, 2002)). The
sound characterization of voices has, however, many more facets than for
instruments because of the sound variation in dependence of technical level
and emotional expression (see, e.g., Kleber (2002)).

During a former analysis of singing performances (cp. Weihs and Ligges
(2003)) it appeared that register can be identified from the spectrum even af-
ter elimination of pitch information. In this paper this observation is assessed
by means of a systematic analysis not only based on singing performances
but also on corresponding tones of high and low pitched instruments.

For similar work on spectral analysis for discrimination of timbre of musi-
cal instruments see, for example, McAdams et al. (1999), Horner et al. (2004),
and Röver et al. (2005).

The big aim of our work is to provide basic research on sound charac-
teristics. The aim of this particular report is to investigate some basic ideas
of local modelling towards achieving the goal of classification of the register
of instrument or singer by timbre, i.e. by the spectrum after pitch informa-
tion is eliminated. To this end, pitch independent characteristics of spectral
densities of instruments and voices are generated.

Similar to the voice prints introduced in Weihs and Ligges (2003) we use
masses and widths of peaks of the first 13 partials, i.e. of the fundamental
and the first 12 overtones. These variables are computed for representatives
of all tones involved in the classical christmas song “Tochter Zion” composed
by G.F. Händel. For the singing performances the first representative of each
note was chosen, for the instruments the representatives were chosen from
the “McGill University Master Samples” (Opolko and Wapnick (1987), see
also Section 2). In Section 3 existing models such as those used for global
modelling by Weihs et al. (2005b) and Szepannek et al. (2005) are extended
towards local modelling of the different instruments and singers.



316 Weihs et al.

2 Data

The analyses of this paper are based on time series data from an experiment
with 17 singers performing the classical song “Tochter Zion” (Händel) to a
standardized piano accompaniment played back by headphones (cp. Weihs
et al. (2001)). The singers could choose between two accompaniment ver-
sions transposed by a third in order to take into account the different voice
types (Soprano and Tenor vs. Alto and Bass). Voice and piano were recorded
at different channels in CD quality, i.e. the amplitude of the corresponding
vibrations was recorded with constant sampling rate 44100 hertz in 16-bit for-
mat. The audio data sets were transformed by means of a computer program
into wave data sets. For time series analysis the waves were reduced to 11025
Hz (in order to restrict the number of data), and standardized to the interval
[−1, 1]. Since the volume of recording was already controlled individually, a
comparison of the absolute loudness of the different recordings was not sensi-
ble anyway. Therefore, by our standardization no additional information was
lost.

Since our analyses are based on variables derived from tones correspond-
ing to single notes, we used a suitable segmentation procedure (Ligges et
al. (2002), Weihs and Ligges (2005)) in order to get data of segmented tones
corresponding to notes. For further analysis the first representative of the
notes with identical pitch in the song was chosen. This leads to 9 different
representatives per voice in “Tochter Zion”.

The notes involved in the analyzed song were also identified in the “McGill
University Master Samples” in the Alto and in the Bass version for the fol-
lowing instruments:

Alto version (McGill notation, referred to as ‘A’): aflute-vib, cello-bv, elec-
guitar1, elecguitar4, flute-flu, flute-vib, frehorn, frehorn-m, marimba, piano-
ld, piano-pl, piano-sft, tromb-ten, viola-bv, viola-mv, violin-bv, violin-mv.

Bass version (referred to as ‘B’): bflute-flu, bflute-vib, cello-bv, elecgui-
tar1, elecguitar4, frehorn, frehorn-m, marimba, piano-ld, piano-pl, piano-sft,
tromb-ten, tromb-tenm, viola-mv.

Thus, 17 high instruments and 14 low instruments were chosen together
with 10 high female singers and 7 male. The McGill database contains almost
all notes played by a huge collection of instruments, hence it was easily pos-
sible to reproduce a song at same pitch height if the instrument of interest
can play the note in question.

From the periodogram corresponding to each tone corresponding to an
identified note pitch independent voice characteristics are derived (cp. Weihs
and Ligges (2003)). For our purpose we only use the size and the shape
corresponding to the first 13 partials, i.e. to the fundamental frequency and
the first 12 overtones, in a periodogram. To calculate the periodograms we
used a window size of 2048 observations.

In order to measure the size of the peaks in the spectrum, the mass
(weight) of the peaks of the partials are determined as the sum of the per-
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centage shares of those parts of the corresponding peak in the spectrum which
are higher than a pre-specified threshold. The shape of a peak cannot easily
be described. Therefore, we only use one simple characteristic of the shape as
a variable, namely the width of the peak of the partials. The width of a peak is
measured by the range (i.e. maximum - minimum) of the Fourier frequencies
(in Hertz) of the peak with a spectral height above a pre-specified thresh-
old. For a discussion on choosing an appropriate measure for peak widths see
Szepannek et al. (2005).

Overall, every tone is characterized by the above 26 variables which are
used as a basis for classification. Mass is measured as a percentage (%),
whereas width is measured in Hertz.

3 Towards local modelling

3.1 Global modelling

Global modelling of the data have been described by Weihs et al. (2005b)
and Szepannek et al. (2005). In these papers, we have classified the register
of different instruments and singers using common techniques, in particular
the classical linear discriminant analysis (LDA). Resulting error rates based
on 10-fold cross validation are 0.345 (using LDA with all 26 variables) and
0.340 (LDA with mass and width of the first 2 partials as variables after vari-
able selection). Even using variable selection techniques and applying other
classification methods, it was hardly possible to reduce the error rate below
0.34. Obviously, the resulting classification errors of a global classification are
not satisfying at all.

3.2 Introduction to local modelling

In the following subsection, local models are built for all instruments sepa-
rately (indexed by l, where {1, . . . , L} represent all instruments). For each
instrument a local classification rule for the register is developed, returning
posterior probabilities pl(k|x) given the instrument l and an observed tone
with masses and widths x to belong to either high or low register, denoted
as classes k.

Since the goal consists in classification of any observed note to the cor-
rect register, the instrument (or voice) playing this note can not assumed
to be known in advance. For this reason, the problem consists in finding a
classification rule out of all L local classification models.

How classification rules may be constructed out of all local (classification)
models l, l = 1, . . . , L, will be explained in the following subsections.

For each local model parameters are estimated and all observations of the
complete data set were predicted with all local models. The instruments men-
tioned in Section 2 were collected into the following groups: cello, elecguitar,
flute, frenchhorn, marimba, piano, singer, trombone, violin-viola.



318 Weihs et al.

Table 1. Best performing local models using LDA for each instrument group.

instrument selected variables # cases L1o error

cello mass02 + mass05 18 0.056
elecguitar mass02 + mass03 + 36 0.111

mass04 + width02
flute mass06 + width04 45 0.200
frenchhorn mass08 36 0.056
marimba width01 18 0.111
piano mass01 + mass07 54 0.148
singer width01 153 0.209
trombone mass01 27 0.074
violin, viola mass13 45 0.111

weighted L1o error 432 0.150

All local models are generated on (local) variable subsets, found by the
stepclass-algorithm using LDA (see Weihs et al. (2005a)). Variables are added
stepwise to the data set until the L1o cross validated error rate can not be
improved by more than 1%.

Table 1 shows the LDA based local models for the different instruments.
Selected variables are shown in the table where mass01 denotes the mass
of the first partial (fundamental frequency) and width02 the width of the
second partial. Moreover, the number of cases used for L1o cross validation is
shown as well as the L1o error rate. The L1o error weighted by the number of
observations falling in the different local models is 0.15. This is a lower error
bound for the error rate that would be possible in case of a perfect choice of
the correct local models for a new observation of an unknown instrument.

In a second idealized step, let us assume that the correct instrument of
a new observation is still known, but we do want a global variable selection
used for all local models. In this case, stepclass variable selection results in a
model including the variables mass01, mass02, width01, and width02, i.e. the
four measures of the first two partials. The corresponding overall L1o error
rate is 0.194.

3.3 Comparing posterior probabilities

A first straightforward intuition for the combination of local models consists
in comparing the posterior probabilities of the different local models. This
is possible by classifying an object to the class k̂ with the highest posterior
probability (maximum-posterior rule) of all local models l

k̂ = arg max
k

(
max

l
pl(k|x)

)
(1)

or to that class k̂ possessing the largest average posterior probability averaged
over all local models (average-posterior rule)
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k̂ = arg max
k

∑
l

pl(k|x) (2)

A third competitor is majority voting of the local classification rules

k̂ = arg max
k

∑
l

I[pl(k|x)>pl(j|x)∀ j 
= k](k), (3)

where I is the indicator function. The variable subset selection is performed
for every local model separately, leading to possibly different variable subsets
of the different local models (= instruments).

Using the ‘maximum-posterior’ classification rule (equation 1) results in
an error rate of 0.479. Both averaging the local posterior probabilities and
majority voting lead to an improvement of the total error rate to the same
value of 0.391. The obtained error rate is worse compared to global modelling
as described in the previous subsection.

Surprisingly, using the maximum-posterior classification rule (see equa-
tion 1) more than 50% of the chosen local models are of class ‘marimba’. On
the other hand, the singer’s local model is never chosen. Ignoring the pos-
sibly misleading local marimba models for the analysis can slightly but not
drastically improve the total error rates up to 0.42 (0.365 for averaging and
0.388 for majority voting).

3.4 Comparing densities

In some situation an observation may have a large posterior probability of
class k close to one in some local model l even if its density fl(x|k) given this
class (here: the register) and the instrument is very small.

Assume for simplicity equal prior probabilities pl(k) = pl(1)∀ k, l. Then,

pl(k|x) =
fl(k|x)∑
k fl(k|x)

=
fl(x, k)

fl(x)pl(1)

pl(1)fl(x)∑
k fl(x, k)

=
fl(x|k)∑
k fl(x|k)

.

This means pl(k|x) ∼ 1 if fl(x|k) >> fl(x|j), ∀ j 
= k. For some other class
j1 
= k both inequalities fm(x|j1) >> fl(x|k) and fm(x|j1) > fm(x|k) may
still hold for a different local model m 
= l even if the posterior probability
of this class in model m is smaller than those of class k in model l.

For this reason, densities may be better to be compared rather than pos-
terior probabilities.

Classification rules may then be derived from (maximum-density rule)

k̂ = argmax
k

(
max

l
fl(x|k)

)
(4)

or (average-density rule)

k̂ = arg max
k

∑
l

fl(x|k). (5)
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Table 2. Frequency of chosen local models at maximum-density rule.

chosen local models

instrument cel. el.guit. flute french. marim. piano sing. tromb. viol.

cello 0 0 2 0 0 1 2 2 11
elecguitar 0 3 9 0 0 2 7 7 8

flute 1 3 14 0 1 6 8 0 12
frenchhorn 0 2 4 0 0 0 0 16 14

marimba 3 2 6 0 6 1 0 0 0
piano 0 4 17 1 0 3 4 6 19
singer 1 6 40 4 0 21 29 24 28

trombone 0 1 5 0 0 2 2 6 11
violin-viola 0 0 11 0 1 0 4 5 24

Comparing the densities of the different local models is questionable if they
are built on different variables. Therefore in this situation the variable se-
lection was performed simultaneously for all local models in common (see
Section 3.2).

Classifying according to the local model with maximum density (see equa-
tion 4) yields a total L1o error rate of 0.354. Table 2 shows that in many cases
the wrong local model is chosen. Averaging over all local model densities re-
sults in an error rate of 0.301.

Note that comparing posteriors and densities yields in identical results in
the case of known local models, hence we refer to Section 3.2 for lower error
bounds (0.194).

Classifying on the whole data set of all 26 variables without any variable
selection here leads to error rates of 0.368 (maximum-density rule, equation 4)
or 0.366 (averaging, equation 5).

3.5 Global weighting of local models

Simply comparing posterior probabilities or densities of local models may
work well if all instruments have (at least nearly) the same probability π(l)
to appear. But these measures do not take into account that on the other
hand the probability of an observed object to belong to this local partition
(corresponding to a certain local model) of the population can be very small.
Therefore a weighting of the posterior probabilities is done in this attempt
by performing a double classification. Besides predicting by the local models,
a global step is added that classifies an observation into one of the local
models, returning posterior probabilities π(l) that the observed tone comes
from instrument l.

The result can be used to choose the local model (global model choice
rule):

k̂ = argmax
k

pl̂(k|x), (6)

l̂ = argmax
l

π(l).
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Table 3. Summary of error rates for the various presented methods.

method global idealized min error local models according to equation number
model individual overall (1) (2) (3) (4) (5) (6) (7)

error 0.340 0.150 0.194 0.479 0.391 0.391 0.354 0.301 0.285 0.269

The local results (in form of local posterior probabilities) also can be
weighted according to the posterior probabilities of the global modelling step
(global model weighting rule):

k̂ = argmax
k

∑
l

pl(k|x)π(l). (7)

Using LDA as a classification method in both the global and the local
step, and using variable selection in the global step (width02, mass01 ) as
well as in the local step (mass01, mass02, width01, and width02 ) this led to
an overall error rate of 0.285. But the error in choosing the right local model
is 0.564. Weighting the local posteriors by the global posteriors reduces the
error to be 0.269.

4 Summary

Classification of register in music is performed using timbre characteristics of
the first 13 harmonics. Different aspects are shown, how local classification
rules can replace global classification rules, some of them yielding ameliora-
tions of the misclassification rate.

Table 3 shows a summary of the misclassification rates. While the global
model results in an error of 0.340, lower error bounds are given for local
models — assuming the correct local model is known a-priori. One lower
error bound (0.150) is based on variable selection in each local model and
is comparable with models 1–3. These models cannot even outperform the
global model. The other lower error bound (0.194) is based on the same
variable selection for all local models and is comparable with models 4–7.
Using the model described in equation (7), we have considerably improved
the error (0.269) compared to the global model, but there is still some space
for improvements to shorten the gap to the lower bound.

The presented proceeding can be understood as some basic work allowing
a more comprehensible and more effective classification of musical data by
issues of local modelling. One topic of further research may take into account
that variable subsets of different local models may differ. At the moment,
comparison of such local models is difficult.
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Abstract. The gene expression data is characterized by its considerably great
amount of features in comparison to the number of observations. The direct use
of traditional statistics techniques of supervised classification can give poor results
in gene expression data. Therefore, dimension reduction is recommendable prior to
the application of a classifier. In this work, we propose a method that combines two
types of dimension reduction techniques: feature selection and feature extraction.
First, one of the following feature selection procedures: a univariate ranking based
on the Kruskal-Wallis statistic test, the Relief, and recursive feature elimination
(RFE) is applied on the dataset. After that, principal components are formed with
the selected features. Experiments carried out on eight gene expression datasets
using three classifiers: logistic regression, k-nn and rpart, gave good results for the
proposed method.

1 Introduction

Some of the classical classification methods, like k-nearest-neighbors (k-nn)
classifiers, do not require explicitly n(observations)> p(features) but give
poor classification accuracy in practice when the number of irrelevant fea-
tures(variables) is too large, as in gene expression data from microarray ex-
periments. Other methods, like classical discriminant analysis, can not be
applied if n < p. There are three main ways to handle high-dimensional data
in a supervised classification framework: i) Select a subset of relevant features
and apply a classical classification method (e.g. linear discriminant analysis,
decision trees, k-nn, Support Vector Machine (SVM), etc.) on this small sub-
set of features. For gene expression data, this approach is often referred as
gene selection, feature selection, or subset selection. ii) Use a dimension re-
duction technique, where either linear or non-linear principal components
of the features are created. These components summarize the data as well
as possible in certain way. The new components are then used as predictor
variables for a classical classification method. Principal component analysis
(PCA) and Partial least squares (PLS) are two examples of these techniques.
iii) Use of a regularization method, also known as penalty-based or feature
weighting method. These methods constrain the magnitudes of the parame-
ters by assigning them a degree of relevance during the learning process.
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Hence, regularization methods are an indirect way to select features. Penal-
ized Logistic Regression is an example of regularization. The three approaches
can be combined. For instance, Dettling and Buhlmann (2003) use a decision
tree classifier after feature selection, Nguyen and Rocke (2002) perform PLS
after feature selection, and Zhu and Hastie (2004) carried out penalized logis-
tic regression after applying two feature selection methods: univariate ranking
and recursive feature elimination. In this paper, we will combine three feature
selection procedures with principal component analysis (PCA), perhaps the
best known dimension reduction technique. We will show empirically that
this combination gives very good results and it improves the predictive capa-
bilities of PCA for supervised classification. This idea has also been used by
Bair et al (2004) in the context of regression and survival analysis, and was
called by them Supervised Principal Components. This paper is organized as
follows. In section 2, a description of the feature selection methods is given.
In section 3, we discuss the algorithms used for combining feature selection
and principal components. In section 4, experimental results using real data
are presented, and finally conclusions and future work are given in section 5.

2 Feature selection methods

Various feature selection schemes have been applied to gene expression data
with a double purpose: i)As a preliminary step before classification, because
the chosen classification method works only with a small subset of variables.
ii)Biologists are very interested in identify genes which are associated with
specific diseases. Guyon and Eliseeff (2003) classified feature selection meth-
ods into three distinct groups: filters, wrappers, and embedded. In a wrapper
method, the optimality criterion of a each subset of features is based on the
accuracy of decision functions built using only these features. Wrappers have
two major drawbacks. First, they are often computationally intensive and
difficult to set up than filter methods. Second, they generally suffer from
overfitting. In this paper, we use two filter methods: The first one is a uni-
variate ranking method based on the Kruskal-Wallis test, and the second one
it is called the Relief. We have also considered a wrapper selection method
called Recursive Feature Elimination (RFE) which uses SVM as a classifier.
Next we will give a brief description of the methods used in this paper.

2.1 Univariate ranking methods

In these methods each feature is taken individually and a relevance score
measuring the discriminating power of the feature is computed. The features
are then ranked according to their score. One can choose to select only the
p1 top-ranking features (where p1 < p) or the features whose score exceeds
a given threshold. One of the first relevance score proposed was a variant of
the F-statistic (Golub et al, 1999). The BSS/WSS ratio used by Dudoit et
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al (2002) equals the F-statistic up to a constant. For two classes problems,
the t-statistic can be used (t2 = F ). Since microarray data contain a lot of
outliers and few samples, some authors (e.g. Dettling and Buhlmann (2003))
prefer to use a more robust statistic such as Wilcoxon’s rank sum statistic
for the case K = 2. For multi-categorical responses (K > 2), one can use
the Kruskal-Wallis test statistic. Considering that for each feature we have K
independent samples, corresponding to the K classes, each of them of size nk

(k = 1, . . . ,K), then the values taken in each feature are ordered in increasing
order and a rank is given to each of them. Let Rk be the sum of the ranks
for the given feature in the k-th class. The Kruskal-Wallis statistic test will

be given by H = 12
n(n+1)

∑K
k=1

R2
k

nk
− 3(n + 1). In case of ties an adjustment

is applied. We must assume that the values of the features are independents
among the classes. Also the measurement scale should be at least ordinal.
The major drawback of univariate ranking methods is that correlations and
interactions among features are omitted. In some cases, the subset of the top-
ranking variables is not the best subset according to classification accuracy.

2.2 The Relief method for feature selection

The idea of this filter method is to choose among the features which distin-
guish most between classes. In the Relief the features are considered simul-
taneously. Initially all the p features of the dataset D have relevance weight
Wj = 0 (j = 1, . . . , p). Then at each step of an iterative process an instance
x is chosen randomly from D and the weights are updated according to the
distance of x to its NearHit and Nearmiss. The Nearmiss is the instance in
D closest to x but that belongs to different class. The updating formula of
Wj is given by Wj = Wj − diff(xj , Nearhitj)

2 + diff(xj , Nearmissj)
2,

where xj is the j − th component of x, and the function diff computes the
distance between the values of a feature for two given instances. For nomi-
nal and binary features, diff is either 1 (the values are different) or 0 (the
values are equal). For ordinal and continuous features, diff is the difference
of the values of the feature for the two instances normalized by the range of
the feature. The process is repeated M times, usually M is equal to the size
of D. At the end the best subset is the one that includes the features with
relevance weight greater than a threshold fixed beforehand. For more details,
see Acuna, (2003). Computation of the Relief was carried out using the R
library dprep (Acuna and Rodriguez, 2005).

2.3 Recursive feature elimination (RFE)

RFE is a wrapper method described in detail in Guyon and Elisseff (2003). It
is based on the recursive elimination of features. In each step of an iterative
process a classifier (SVM) is used with all current features, a ranking criterion
is calculated for each feature, and the feature with the smallest criterion



328 Acuña and Porras

value is eliminated. A ranking criterion commonly used is defined by ∆Pj =
bj

2 { δ2P
δb2

j

} where, P is a loss function computed on the training dataset and bj is

the corresponding coefficient of the j-th feature in the model. The sensitivity
of P for the j-th feature is approximated by ∆Pj . For the SVM classifier and
the quadratic loss function P = ||y − bTx||2, we get that ∆Pj = b2j ||xj ||2.
Assuming that the features have similar range then ∆Pj = b2j is frequently
used. Due to computational reasons it might be more efficient to eliminate
at the same time a large number of features, but there is a risk to degrade
the performance of the classifier. In this paper, we have selected features
by the RFE method using the R library RFE, developed by Ambroise and
McLachlan (2002).

3 Combining feature selection and PCA

Let X be an n×p matrix, and Y the class vector, where the columns (features)
of X have been centered to have mean zero. The singular value decomposi-
tion of X is given by X = UDV T where U ,D,V are of order n×m, m×m
and m × p respectively, and m = min(n, p) is the rank of X . The diagonal
matrix D contains the singular values dj of X . The matrix Z = UD is called
the principal components scores matrix, and C = V T is the loadings matrix.
Using schemes similar to Nguyen and Rocke (2002) but with different mis-
classification error estimation, we are proposing two algorithms to combine
feature selection and principal components.

First algorithm Repeat r times the following steps:
1. Apply a feature selection method to the whole dataset to find out the p1

features that discriminate best the classes. This step will produce a reduced
matrix XR or order n× p1.where p1 < p
2. Divide XR and the class vector Y in a learning sample L formed by XR

L of
order nL× p1 and Y (nL × 1), where nL = 2n/3, and a test sample T formed
by the remaining n/3 observations. The splitting is done in such way that in
each class of the learning and test sample the proportion 2/3 and 1/3 holds.
3. Standardize the learning sample and test sample using in both cases the
mean and the standard deviation of each column from the learning sample
L. Let XR∗

L and XR∗
T be the standardized learning sample and standardized

test sample respectively.
4. Apply principal component analysis to XR∗

L to obtain the transformed data
matrix ZL (scores) of order nL ×m, where m is the number of components
to be used, and the loadings matrix C of order p1 ×m.
5. Apply a classifier to ZL and YL to find out the optimum number of prin-
cipal components based on the misclassification error rate. This number of
components will be used on the test sample.
6. Find the scores matrix ZT = XR∗

T C.
7. Apply a classifier to ZT and YT to obtain the misclassification error on the
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Table 1. Summary of datasets used in the experiments.

Datasets Genes classes Observations per class Reference

Colon 2000 2 40 Tumor, 22 Normal Alon et al, 1999

Leukemia 3571 2 47 ALL, 25 AML Golub et al., 1999

Prostate 6033 2 50 Normal, 52 prostate Singh et al, 2002

Carcinoma 7463 2 18 Normal, 18 carcinomas Notterman et al, 2001

BRCA 3207 3 7 sporadic, 7 BRCA1, 8 BRCA2 Hedenfalk et al. 2001

Lymphoma 4026 3 42 DLBCL, 9 FL, 11 CLL Alizadeh et al, 2001

SRBCT 2308 4 23 EWS, 20 BL, 12 NB, 8 RMS Kahn et al, 2001

Brain 5597 5 10 medulloblastomas, 10 ATRT,
10 gliomas, 8 PNET and 4 hu-
man cerebella

Pomeroy et al., 2002

test sample.
In this work we have chosen p1 = 100, and the number m of components
was varied from 1 to 5. Also, the number of repetitions was taken as r = 50.
These repetitions are done to reduce the variability of misclassification error,
since in each of them different learning and test are obtained.

Second algorithm It is similar to the First algorithm, but interchanging the
first two steps. Thus,
1. Divide X and the vector class Y in a learning sample L formed by XL of
order nL × p and Y (nL × 1), where nL = 2n/3, and a test sample T formed
by the remaining n/3 observations. The splitting is done in such way that in
each class of the learning and test sample the proportion 2/3 and 1/3 holds.
2. Apply a feature selection method to L to find out the p1 features that
discriminate best the classes. In this work we have chosen p1 = 100. This
step will produce a reduced matrix XR or order n× p1, where p1 < p.
Then, the steps 3-7 from the first algorithm are applied to the matrix XR.
As in the first algorithm, the whole procedure is repeated r times. In this
paper we used r = 50.

4 Experimental methodology

The two algorithms described in Section 3 have been applied to eight well
known gene expression datasets. Table 1 shows the number of genes, the
number of classes, and the number of observations per class for each dataset.
The table also includes the main reference for each dataset.

Most of these datasets have been preprocessed through thresholding and
filtering.

In this paper, we have used three classifiers: i) Rpart (it stands for recur-
sive partition) which is a decision tree classifier, ii) the k-nn classifier, and
iii) the multinomial logistic regression. All these classifiers are available in
libraries of the R statistical software. The first one is available in the rpart,
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Table 2. Misclassification error rates for the three classifiers using up to three
principal components without feature selection.

Datasets
Rpart 3-nn LogR

1PC 2PC 3PC 1PC 2PC 3C 1PC 2PC 3PC

Colon 33.2 31.0 22.4 22.8 20.6 18.6 33.8 31.6 23.9

Leukemia 18.0 10.5 12.5 16.5 4.0 4.2 21.0 4.7 0.9

Prostate 32.1 29.5 17.6 22.1 19.6 15.6 42.3 42.7 18.7

Carcinoma 52.5 47.5 49.5 29.0 4.8 9.6 38.7 0.3 0.0

BRCA 57.1 57.1 57.1 26.6 29.7 32.0 28.6 10.9 0.9

Lymphoma 15.1 15.2 14.9 6.4 2.9 1.6 5.9 0.6 0.0

SRBCT 53.5 51.1 48.9 39.9 31.4 29.6 59.6 42.6 27.2

Brain 77.5 76.7 78.7 39.0 34.4 30.1 41.0 18.6 3.3

the second in the class library, and the last one in the nnet library. We have
considered k = 3 neighbors in our experiments.

4.1 Misclassification error estimation

The error estimation is computed by repeating N times the random splitting
of the whole dataset into a training dataset and a test dataset, followed by the
construction of the classifier using the training set, and computing then the
misclassification error on the test sample. The sample mean of the N errors
estimates will be the overall misclassification error. Increasing N decreases
the variance of the sample mean. Decreasing the ratio between the size of
the learning set and the size of the whole dataset generally increases the
mean error rate. Increasing the ratio increases the correlation between the
estimated error rates obtained with the N partitions. Common values for the
ratio are 2/3, 0.7 and 9/10. Dudoit et al. (2002) recommended a ratio of 2/3.
According to Braga-Neto and Dougherty (2004) the training-test splitting
should be preferred to k-fold cross-validation for gene expression data. In
this work, we have used N = 50 and ratio of 2/3.

4.2 Results

In table 2, we report misclassification error for the three classifiers based
on principal components without performing feature selection. We can see
that Rpart does not perform well in classifying gene expression data, spe-
cially when there are more than two classes. The 3-nn classifier seems to be
the best classifier based on one principal component, but logistic regression
tends to improve quickly, and when 3 components are used it becomes the
best classifier. From tables 3 and 4 we can see clearly that feature selection
boost the performance of principal components for supervised classification.
The effect is more evident when more components are used. Also, the first
algorithm seems to be better than the second algorithm since on average
yields lower misclassification error. Furthermore, its computation is faster.
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Table 3. Misclassification error rate for the three classifiers using the first algo-
rithm. The optimal number of components appears between brackets.

Datasets
KW RFE Relief

Rpart 3-nn LogR Rpart 3-nn LogR Rpart 3-nn logR

Colon 8.9 [4] 11.1 [3] 5.4 [4] 8.4 [2] 5.9 [4] 1.4 [3] 11.2 [5] 10.6 [2] 8.3 [3]

Leukemia 0.6 [1] 1.0 [1] 0.1 [2] 0.0 [1] 0.0 [1] 0.0 [1] 0.0 [1] 0.2 [1] 0.0 [1]

Prostate 9.3 [1] 6.3 [3] 3.1 [4] 1.6 [3] 0.8 [3] 0.0 [3] 3.0 [2] 3.2 [2] 3.7 [2]

Carcinoma 51.7 [2] 1.2 [3] 0.0 [1] 50.8 [1] 0.0 [1] 0.0 [1] 51.3 [3] 0.0 [1] 0.0 [1]

BRCA 57.1 [1] 12.2 [2] 0.0 [2] 57.1 [1] 3.1 [2] 0.0 [2] 57.1 [1] 16.0 [3] 0.0 [3]

Lymphoma 14.2 [2] 0.9 [5] 0.0 [3] 14.2 [2] 0.0 [1] 0.0 [1] 14.2 [2] 0.0 [2] 0.0 [1]

SRBCT 31.9 [1] 0.1 [4] 0.0 [2] 31.8 [4] 0.1 [4] 0.0 [2] 33.0 [2] 0.4 [3] 0.0 [3]

Brain 76.6 [2] 13.5 [5] 0.0 [3] 77.3 [3] 5.3 [5] 0.0 [2] 78.7 [4] 19.0 [4] 0.0 [4]

Table 4. Misclassification error rates for the three classifiers using the second
algorithm. The optimal number of components appears between brackets.

Datasets
KW RFE Relief

Rpart 3-nn LogR Rpart 3-nn LogR Rpart 3-nn logR

Colon 12.6[3] 12.4[2] 12.8[1] 14.1[4] 14.4[2] 1.7[1] 10.9[4] 12.6[2] 11.7[1]

Leukemia 1.2[4] 2.3[3] 0.0[3] 1.0[1] 1.3[1] 0.2[3] 0.8[3] 2.3[2] 0.0[4]

Prostate 11.2[4] 8.0[5] 6.7[3] 10.0[4] 6.0[2] 5.1[3] 8.1[4] 7.3[2] 6.9[3]

Carcinoma 52.1[3] 2.6[1] 0.0[1] 48.3[5] 2.8[1] 0.0[2] 48.5[1] 3.7[1] 0.0[2]

BRCA 57.1[3] 25.7[2] 3.6[3] 57.1[4] 23.5[3] 2.1[3] 57.1[2] 29.2[2] 1.4[3]

Lymphoma 14.2[2] 3.3[5] 0.7[3] 14.3[2] 0.2[2] 0.0[2] 14.3[4] 2.7[1] 0.0[2]

SRBCT 31.8[2] 0.9[3] 0.9[2] 32.0[4] 1.3[3] 4.5[2] 32.9[3] 0.7[4] 0.5[3]

Brain 76.9[5] 20.7[4] 1.9[3] 82.3[2] 18.8[4] 0.4[3] 75.3[1] 26.2[5] 4.6[3]

5 Conclusions

Our experiments strongly suggest that the classification accuracy of classifiers
using principal components as predictors improves when feature selection is
applied previously. Our conclusions are based on the 100 best features, but
it should be interesting to see what happen if a smaller number of features
is used. RFE seems to be a better procedure for feature selection than Relief
and KW, but the difference diminishes when more components are used. The
combination RFE with logistic regression gives the best results. Doing first
feature selection followed by cross validation gives better results that doing
feature selection within the cross validation procedure.

References

ACUNA, E. (2003), A Comparison of Filter and Wrapper Methods for Feature Se-
lection in Supervised Classification, Proceedings of Interface Computing Sci-
ence and Statistics, 35.



332 Acuña and Porras

ACUNA, E., and RODRIGUEZ, C. (2005), Dprep: data preprocessing
and visualization functions for classification. R package version 1.0.
http://math.uprm.edu/edgar/dprep.html.

ALON, U., BARKAI, N., NOTTERMAN, D. A., GISH, K., et al. (1999). Broad
patters of gene expression revealed by clustering analysis of tumor and normal
colon tissues probed by oligonucleotide arrays. PNAS 96, 6745-6750.

ALIZADEH, A., EISEN, M., DAVIS, R., MA, C., LOSSOS, I., ROSENWALD, A.,
BOLDRICK, J., SABET, H., et al. (2000). Distinct types of diffuse large B-
Cell-Lymphoma Identified by Gene Expression Profiling. Nature, 403, 503-511.

AMBROISE, C. and MCLACHLAN, G. (2002). Selection bias in gene extraction
on the basis of microarray gene-expression data. PNAS vol. 99, 6562-6566.

BAIR, E., HASTIE, T., DEBASHIS, P., and TIBSHIRANI, R. (2004). Prediction
by supervised principal components. Technical Report, Departament of Statis-
tics, Stanford University

BRAGA-NETO, U. and DOUGHERTY, E. R. (2004). Is cross-validation valid for
small-sample microarray classification?. Bioinformatics 20, 2465-2472.

DETTLING, M. and BUHLMANN, P. (2003). Boosting for Tumor Classification
with Gene Expression Data. Bioinformatics, 19, 1061-1069.

DUDOIT, S., FRIDLYAND, J. and SPEED, T. (2002). Comparison of Discrimi-
nation Methods for the Classification of Tumors Using Gene Expression Data.
JASA, 97, 77-87.

GOLUB, T., SLONIM, D., TAMAYO, P., HUARD, C., GASSENBEEK, M., et al.
(1999). Molecular Classification of Cancer: Class Discovery and Class Predic-
tion by Gene Expression Monitoring. Science, 286, 531-537.

GUYON, I. and ELISSEEFF, A. (2003). An introduction to Variable and Feature
Selection. Journal of Machine Learning Research 3, 1157-1182.

HEDENFALK, I., DUGGAN, D., CHEN, Y., RADMACHER, M., BITTNER, M.,
SIMON, R., MELTZER, P., et al. (2001). Gene-expression profiles in hereditary
breast cancer. New England Journal of medicine 344, 539-548.

KHAN, J., WEI, J., RINGNER, M., SAAL, L., LADANYI, M., et al. (2001). Clas-
sification and Diagnostic Prediction of Cancer Using Gene Expression Profiling
and Artificial Neural Networks. Nature Medicine, 6, 673-679.

NGUYEN, D.V. and ROCKE, D. M. (2002). Multi-Class Cancer Classification via
Partial Least Squares with Gene Expression Profiles Bioinformatics, 18, 1216-
1226.

NOTTERMAN, D. A., ALON, U., SIERK, A. J., et al. (2001). Trancriptional gene
expression profiles of colorectal adenoma, adenocarcinoma, and normal tissue
examined by oligonucleotide arrays. Cancer Research 61, 3124-3130.

POMEROY, S., TAMAYO, P., GAASENBEEK, M., STURLA, L., ANGELO, M.,
MCLAUGHLIN, M., et al. (2002). Prediction of Central Nervous System Em-
bryonalTumor Outcome Based on Gene Expression. Nature, 415, 436-442.

SINGH, D., FEBBO, P., ROSS, K., JACKSON, D., MANOLA, J., LADD, C.,
TAMAYO, P., RENSHAW, A., et al. (2002). Gene Expression Correlates of
Clinical Prostate Cancer Behavior. Cancer Cell, 1, 203-209.



A New Efficient Method for Assessing Missing

Nucleotides in DNA Sequences in the
Framework of a Generic Evolutionary Model
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Abstract. The problem of phylogenetic inference from datasets including incom-
plete characters is among the most relevant issues in systematic biology. In this
paper, we propose a new probabilistic method for estimating unknown nucleotides
before computing evolutionary distances. It is developed in the framework of the
Tamura-Nei evolutionary model (Tamura and Nei (1993)). The proposed strategy is
compared, through simulations, to existing methods ”Ignoring Missing Sites” (IMS)
and ”Proportional Distribution of Missing and Ambiguous Bases” (PDMAB) in-
cluded in the PAUP package (Swofford (2001)).

1 Introduction

Incomplete datasets can arise in a variety of practical situations. For example,
this is often the case in molecular biology, and more precisely in phylogenet-
ics, where an additive tree (i.e. phylogenetic tree) represents an intuitive
model of species evolution. The fear of missing data often deter systematists
from including in the analysis the sites with missing characters (Sanderson
et al. (1998), Wiens (1998)). Huelsenbeck (1991) and Makarenkov and La-
pointe (2004) pointed out that the presence of taxa comprising big percentage
of unknown nucleotides might considerably deteriorate the accuracy of the
phylogenetic analysis. To avoid this, some authors proposed to exclude char-
acters containing missing data (e.g. Hufford (1992) and Smith (1996)). In
contrast, Wiens (1998) argued against excluding characters and showed a
benefit of ”filling the holes” in a data matrix as much as possible. The pop-
ular PAUP software (Swofford (2001)) includes two methods for computing
evolutionary distances between species from incomplete sequence data. The
first method, called IMS (”Ignoring missing sites”), is the most commonly
used strategy. It proceeds by the elimination of incomplete sites while com-
puting evolutionary distances. According to Wiens (2003), such an approach
represents a viable solution only for long sequences because of the presence
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of a sufficient number of known nucleotides. The second method included in
PAUP, called PDMAB (”Proportional distribution of missing and ambiguous
bases”), computes evolutionary distances taking into account missing bases.
In this paper we propose a new method, called PEMV (”Probabilistic esti-
mation of missing values”), which estimates the identities of all missing bases
prior to computing pairwise distances between taxa. To estimate a missing
base, the new method proceeds by computing a similarity score between the
sequence comprising the missing base and all other sequences. A probabilistic
approach is used to determine the likelihood of an unknown base to be either
A, C, G or T for DNA sequences. We show how this method can be applied in
the framework of Tamura-Nei evolutionary model (Tamura and Nei (1993)).
This model is considered as a further extension of the Jukes-Cantor (Jukes
and Cantor (1969)), Kimura 2-parameter (Kimura, (1980)), HKY (Hasegawa
et al. (1985)), and F84 (Felsenstein and Churchill (1996)) models. In the
next section we introduce the new method for estimating missing entries in
sequence data. Then, we discuss the results provided by the methods IMS,
PDMAB and PEMV in a Monte Carlo simulation study carried out with
DNA sequences of various lengths, containing different percentages of miss-
ing bases.

2 Probabilistic estimation of missing values

The new method for estimating unknown bases in nucleotide sequences,
PEMV, is described here in the framework of the Tamura-Nei (Tamura and
Nei (1993)) model of sequence evolution. This model assumes that the equi-
librium frequencies of nucleotides (πA, πC , πG and πT ) are unequal and
substitutions are not equally likely. Furthermore, it allows for three types of
nucleotide substitutions: from purine (A or G) to purine, from pyrimidine
(C or T) to pyrimidine and from purine to pyrimidine (respectively, from
pyrimidine to purine). To compute the evolutionary distance between a pair
of sequences within this model, the following formula is used:

D = −2πAπG

πR
ln

(
1− πR

2πAπG
PR − 1

2πR
Q

)
−2πCπT

πY
ln

(
1− πY

2πCπT
PY − 1

2πY
Q

)
(1)

−
(
πRπY − πAπGπY

πR
− πCπTπR

πY

)
ln

(
1− 1

2πRπY
Q

)
,

where PR,PY and Q are respectively the transitional difference between
purines, the transitional difference between pyrimidines and the transver-
sional difference involving pyrimidine and purine; πR and πY are respectively
the frequencies of purines (πA + πG) and pyrimidines (πC + πT ).

Assume that C is a matrix of aligned sequences, the base k,denoted as X,
in the sequence i is missing and X is either A, C, G or T. To compute the
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distance between the sequence i and all other considered sequences, PEMV
estimates, using Equation 2 below, the probabilities Pik(X), to have the nu-
cleotide X at site k of the sequence i. The probability that an unknown base
at site k of the sequence i is a specific nucleotide depends on the number of
sequences having this nucleotide at this site as well as on the distance (com-
puted ignoring the missing sites) between i and all other considered sequences
having known nucleotides at site k. First, we calculate the similarity score δ
between all observed sequences while ignoring missing data. For any pair of
sequences, this score is equal to the number of matches between homologous
nucleotides divided by the number of comparable sites.

Pik(X) =
1

Nk

⎛⎝ ∑
{j|Cjk=X}

δij +
1

3

∑
{j|Cjk 
=X}

(1− δij)

⎞⎠ , (2)

where Nk is the number of known bases at site k (i.e. column k) of the consid-
ered aligned sequences, and δij is the similarity score between the sequences
i and j computed ignoring missing sites. The following theorem charac-
terizing the probabilities Pik(A), Pik(C), Pik(G) and Pik(T), can be stated:

Theorem 1. For any sequence i, and any site k of the matrix C, such that
Cik is a missing nucleotide, the following equality holds: Pik(A) + Pik(C) +
Pik(G) + Pik(T) = 1.

Due to space limitation the proof of this theorem is not presented here.

Once the different probabilities Pik are obtained, we can compute for
any pair of sequences i and j, the evolutionary distance using Equation 1.
First, we have to calculate the nucleotide frequencies (Equation 3), the tran-
sitional differences PR and PY (Equation 4), and the transversional difference
Q (Equation 5). Let πX be the new frequency of the nucleotide X:

πX =
Λi

X +
∑

{k|Cik=?} Pik (X) + Λj
X +

∑
{k|Cjk=?} Pjk (X)

2L
, (3)

where X denotes the nucleotide A, C, G or T;Λi
X is the number of nucleotides

X in the sequence i; symbol ? represents a missing nucleotide; L is the total
number of sites compared.

P (i, j) =
P ′ (i, j) +

∑
{k|(Cik=?orCjk=?)} P

′ (i, j, k)

L
, (4)

Q(i, j) =
Q′ (i, j) +

∑
{k|(Cik=?orCjk=?)} Q

′ (i, j, k)

L
, (5)

where P’(i,j) is the number of transitions of the given type (either purine to
purine P’R, or pyrimidine to pyrimidine P’Y ) between the sequences i and j
computed ignoring missing sites; P’(i,j,k) is the probability of transition of the
given type between the sequences i and j at site k when the nucleotide at site
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k is missing either in i or in j (e.g. if the nucleotide at site k of the sequence
i is A and the corresponding nucleotide in j is missing, the probability of
transition between purines is the probability that the missing base of the
sequence j is G, whereas the probability of transition between pyrimidines is
0); Q’(i,j) is the number of transversions between i and j computed ignoring
missing sites; Q’(i,j,k) is the probability of transversion between i and j at
site k when the nucleotide at site k is missing either in i or in j.

When both nucleotides at site k of i and j are missing, we use similar for-
mulas as those described in Diallo et al. (2005). It is worth noting that PEMV
method can be used to compute the evolutionary distance independently of
the evolutionary model (Equation 6):

d∗ik =
N c

ij −Nm
ij +

∑
{k|(Cik=?orCjk=?)}(1− P k

ij)

L
, (6)

where Nm
ij is the number of matches between homologous nucleotides in the

sequences i and j; Nc
ij is the number of comparable pairs of nucleotides in i

and j (i.e. when both nucleotides are known in the homologous sites of i and
j); Pk

ij is the probability to have a pair of identical nucleotides at site k of i
and j.

3 Simulation study

A Monte Carlo study has been conducted to test the ability of the new method
to compute accurate distances matrices that can be used as input of distance-
based methods of phylogenetic analysis. We examined how the new PEMV
method performed, compared to the PAUP strategies, testing them on ran-
dom phylogenetic data with different percentages of missing nucleotides. The
results were obtained from simulations carried out with 1000 random binary
phylogenetic trees with 16 and 24 leaves. In each case, a true tree topology, de-
noted T, was obtained using the random tree generation procedure proposed
by Kuhner and Felsenstein (1994). The branch lengths of the true tree were
computed using an exponential distribution. Following the approach of Guin-
don and Gascuel (2002), we added some noise to the branches of the true phy-
logeny to create a deviation from the molecular clock hypothesis. The source
code of our tree generation program, written in C, is available at the following
website: http://www.labunix.uqam.ca/˜makarenv/tree generation.cpp.

The random trees were then submitted to the SeqGen program (Rambault
and Grassly (1997)) to simulate sequence evolution along their branches. We
used SeqGen to obtain the aligned sequences of the length l (with 250, 500,
750, and 1000 bases) generated according to the HKY evolutionary model
(Hasegwa et al. (1985)) which is a submodel of Tamura-Nei. According to
Takashi and Nei (2000), the following equilibrium nucleotide frequencies were
chosen: πA = 0.15, πC = 0.35, πG = 0.35, and πT = 0.15. The transi-
tion/transversion rate was set to 4. To simulate missing data in the sequences,
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we used one of the two strategies described by Wiens (2003). This strategy
consists of the random elimination of blocks of nucleotides of different sizes.
This elimination is certainly more realistic from a biological point of view.
Here, we generated data with 0 to 50% of missing bases. The obtained se-
quences were submitted to the three methods for computing evolutionary
distances. For each distance matrix provided by IMS, PDMAB and PEMV,
we inferred a phylogeny T’ using the BioNJ algorithm (Gascuel (1997)). The
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Fig. 1. Improvement in topological recovery obtained for random phylogenetic trees
with 16 species. The percentage of missing bases varies from 0 to 50% (abscissa axis).
The curves represent the gain (in %) against the less accurate method of PAUP. The
difference was measured as the variation of the Robinson and Foulds topological
distance between the less accurate method of PAUP and the most accurate method
of PAUP (�) and PEMV (©).The sequences with (a) 250 bases, (b) 500 bases, (c)
750 bases, and (d) 1000 bases are represented.

phylogeny T’ was then compared to the true phylogeny T using the Robinson
and Foulds (1981) topological distance. The Robinson and Foulds distance
between two phylogenies is the minimum number of operations, consisting of
merging and splitting internal nodes, which are necessary to transform one
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tree into another. This distance is reported as percentage of its maximum
value (2n-6 for a phylogeny with n leaves). The lower this value is, the closer
the obtained tree T’ to the true tree T.
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Fig. 2. Improvement in topological recovery obtained for random phylogenetic trees
with 24 species. The percentage of missing bases varies from 0 to 50% (abscissa axis).
The curves represent the gain (in %) against the less accurate method of PAUP. The
difference was measured as the variation of the Robinson and Foulds topological
distance between the less accurate method of PAUP and the most accurate method
of PAUP (�) and PEMV (©). The sequences with (a) 250 bases, (b) 500 bases,
(c) 750 bases, and (d) 1000 bases are represented.

For each dataset, we tested the performance of the three methods depend-
ing on the sequence length. Figures 1 and 2 present the results given by the
three competing methods for the phylogenies with 16 and 24 leaves. First, for
the phylogenies of both sizes PEMV clearly outperformed the PAUP meth-
ods (IMS and PDMAB) when the percentage of missing data was large (30%
to 50%). Second, the results obtained with IMS were very similar to those
given by PDMAB. Third, the gain obtained by our method was decreasing
while the sequences length was increasing. At the same time, the following
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trend can be observed: the impact of missing data decreases when sequence
length increases. Note that the same tendency has been pointed out by Wiens
(2003).

4 Conclusion

The PEMV technique introduced in this article is a new efficient method
that can be applied to infer phylogenies from nucleotide sequences compris-
ing missing data. The simulations conducted in this study demonstrated the
usefulness of PEMV in estimating missing bases prior to phylogenetic recon-
struction. Tested in the framework of the Tamura-Nei model (Tamura and
Nei (1993)), the PEMV method provided very promising results. The deletion
of missing sites, as it is done in the IMS method, or their estimation using
PDMAB (two methods available in PAUP) can remove important features
of the data at hand. In this paper, we presented PEMV in the framework
of the Tamura-Nei (Tamura and Nei (1993)) model which can be viewed as
a generalization of the popular F84 (Felsenstein and Churchill (1996) and
HKY85 (Hasegawa et al. (1985)) models. It would be interesting to extend
and test this probabilistic approach within Maximum Likelihood and Maxi-
mum Parsimony models. It is also important to compare the results provided
by BioNJ to those obtained using other distance-based methods of phylo-
genetic reconstruction, as for example, NJ (Saitou and Nei (1987)), FITCH
(Felsenstein (1997)) or MW (Makarenkov and Leclerc (1999)).
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phylogénétique. In: Proceeding of the 12th meeting of Société Francophone de
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Abstract. In this article we describe a new method allowing one to predict and
visualize possible horizontal gene transfer events. It relies either on a metric or
topological optimization to estimate the probability of a horizontal gene transfer
between any pair of edges in a species phylogeny. Species classification will be
examined in the framework of the complete and partial gene transfer models.

1 Introduction

Species evolution has long been modeled using only phylogenetic trees, where
each species has a unique most recent ancestor and other interspecies rela-
tionships, such as those caused by horizontal gene transfers (HGT) or hy-
bridization, cannot be represented (Legendre and Makarenkov (2002)). HGT
is a direct transfer of genetic material from one lineage to another. Bacte-
ria and Archaea have sophisticated mechanisms for the acquisition of new
genes through HGT, which may have been favored by natural selection as
a more rapid mechanism of adaptation than the alteration of gene func-
tions through numerous mutations (Doolittle (1999)). Several attempts to
use network-based models to depict horizontal gene transfers can be found
(see for example: Page (1994) or Charleston (1998)). Mirkin et al (1995) put
forward a tree reconciliation method that combines different gene trees into
a unique species phylogeny. Page and Charleston (1998) described a set of
evolutionary rules that should be taken into account in HGT models. Tsirigos
and Rigoutsos (2005) introduced a novel method for identifying horizontal
transfers that relies on a gene’s nucleotide composition and obviates the need
for knowledge of codon boundaries. Lake and Rivera (2004) showed that the
dynamic deletions and insertions of genes that occur during genome evolu-
tion, including those introduced by HGT, may be modeled using techniques
similar to those used to model nucleotide substitutions (e.g. general Markov
models). Moret et al (2004) presented an overview of the network modeling
in phylogenetics. In this paper we continue the work started in Makarenkov
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et al (2004), where we described an HGT detection algorithm based on the
least-squares optimization. To design a detection algorithm which is math-
ematically and biologically sound we will consider two possible approaches
allowing for complete and partial gene transfer scenarios.

2 Two different ways of transferring genes

Two HGT models are considered in this study. The first model, assumes par-
tial gene transfer. In such a model, the original species phylogeny is trans-
formed into a connected and directed network where a pair of species can
be linked by several paths (Figure 1a). The second model assumes complete
transfer; the species phylogenetic tree is gradually transformed into the gene
tree by adding to it an HGT in each step. During this transformation, only
tree structures are considered and modified (Figure 1b).

A
 B C     D E          F 

Root

A  B C     D E          F 

Root

A  B C     D E          F 

Root

Partial Transfer Complete Transfer 
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41
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(a) (b)

Fig. 1. Two evolutionary models, assuming that either a partial (a) or complete (b)
HGT has taken place. In the first case, only a part of the gene is incorporated into
the recipient genome and the tree is transformed into a directed network, whereas
in the second, the entire donor gene is acquired by the host genome and the species
tree is transformed into a different tree.
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3 Complete gene transfer model

In this section we discuss the main features of the HGT detection algorithm
in the framework of the complete gene transfer model. This model assumes
that the entire transferred gene is acquired by the host (Figures 1b). If the
homologous gene was present in the host genome, the transferred gene can
supplant it. Two optimization criteria will be considered. The first of them
is the least-squares (LS) function Q:

Q =
∑

i

∑
j

(d(i, j)− δ(i, j))2, (1)

where d(i,j) is the pairwise distance between the leaves i and j in the species
phylogenetic tree T and δ(i,j) the pairwise distance between i and j in the
gene tree T1. The second criterion that can be useful to assess the incongru-
ence between the species and gene phylogenies is the Robinson and Foulds
(RF) topological distance (1981). When the RF distance is considered, we
can use it as an optimization criterion as follows: All possible transforma-
tions (Figure 1b) of the species tree, consisting of transferring one of its sub-
trees from one edge to another, are evaluated in a way that the RF distance
between the transformed species tree T ′ and the gene tree T1 is computed.
The subtree transfer providing the minimum of the RF distance between T ′

and T1 is retained as a solution. Note that the problem asking to find the
minimum number of subtree transfer operations necessary to transform one
tree into another has been shown to be NP-hard but approximable to within
a factor of 3 (Hein et al (1996)).

Gene
sub-tree 1

Gene
sub-tree 2

Gene
sub-tree 1

x

y

z

w
a b

�
�

Gene
sub-tree 2

x

y

z

w
a b

T T1

Fig. 2. Timing constraint: the transfer between the edges (z,w) and (x,y) of the
species tree T can be allowed if and only if the cluster regrouping both affected
subtrees is present in the gene tree T1.

Several biological rules have to be considered in order to synchronize the
way of evolution within a species phylogeny (Page and Charleston (1998)).
For instance, transfers between the species of the same lineage must be pro-
hibited. In addition, our algorithm relies on the following timing constraint:
The cluster combining the subtrees rooted by the vertices y and w must be
present in the gene tree T1 in order to allow an HGT between the edges
(z,w) and (x,y) of the species tree T (Figure 2). Such a constraint enables us,
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first, to arrange the topological conflicts between T and T1 that are due to
the transfers between single species or their close ancestors and, second, to
identify the transfers that have occurred deeper in the phylogeny. The main
steps of the HGT detection algorithm are the following:
Step 0. This step consists of inferring the species and gene phylogenies de-
noted respectively T and T1 and labeled according to the same set X of n
taxa (e.g. species). Both species and gene trees should be explicitly rooted.
If the topologies of T and T1 are identical, we conclude that HGTs are not
required to explain the data. If not, either the RF difference between them
can be used as a phylogeny transformation index, or the gene tree T1 can be
mapped into the species tree T fitting by least-squares the edge lengths of T
to the pairwise distances in T1 (see Makarenkov and Leclerc (1999)).
Step 1. The goal of this step is to obtain an ordered list L of all possible gene
transfer connections between pairs of edges in T . This list will comprise all
different directed connections (i.e. HGTs) between pairs of edges in T except
the connections between adjacent edges and those violating the evolutionary
constraints. Each entry of L is associated with the value of the gain in fit,
computed using either LS function or RF distance, found after the addition
of the corresponding HGT connection. The computation of the ordered list
L requires O(n4) operations for a phylogenetic tree with n leaves. The first
entry of L is then added to the species tree T .
Steps 2 ... k. In the step k, a new tree topology is examined to determine
the next transfer by computing the ordered list L of all possible HGTs. The
procedure stops when the RF distance equals 0 or the LS coefficient stops de-
creasing (ideally dropping to 0). Such a procedure requires O(kn4) operations
to add k HGT edges to a phylogenetic tree with n leaves.

4 Partial gene transfer model

The partial gene transfer model is more general, but also more complex and
challenging. It presumes that only a part of the transferred gene has been
acquired by the host genome through the process of homologous recombi-
nation. Mathematically, this means that the traditional species phylogenetic
tree is transformed into a directed evolutionary network (Figure 1a). Figure
3 illustrates the case where the evolutionary distance between the taxa i and
j may change after the addition of the edge (b,a) representing a partial gene
transfer from b to a.

From a biological point of view, it is relevant to consider that the HGT
from b to a can affect the distance between the taxa i and j if and only if a
is located on the path between i and the root of the tree; the position of j
is assumed to be fixed. Thus, in the network T (Figure 3) the evolutionary
distance dist(i,j) between the taxa i and j can be computed as follows:

dist(i, j) = (1− µ)d(i, j) + µ(d(i, a) + d(j, b)), (2)
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where µ indicates the fraction (unknown in advance) of the gene being trans-
ferred and d is the distance between the vertices in T before the addition of the
HGT edge (b,a). A number of biological rules, not discussed here due to the
space limitation, have to be incorporated into this model (see Makarenkov
et al (2004) for more details). Here we describe the main features of the
network-building algorithm:

Root

i

j
x

y

z

w

a b
i
1

Fig. 3. Evolutionary distance between the taxa i and j can be affected by the
addition of the edge (b,a) representing a partial HGT between the edges (z,w) and
(x,y). Evolutionary distance between the taxa i1 and j cannot be affected by the
addition of (b,a).

Step 0. This step corresponds to Step 0 defined for the complete gene trans-
fer model. It consists of inferring the species and gene phylogenies denoted
respectively T and T1. Because the classical RF distance is defined only for
tree topologies, we use the LS optimization when modeling partial HGT.
Step 1. Assume that a partial HGT between the edges (z,w) and (x,y)
(Figure 3) of the species tree T has taken place. The lengths of all edges
in T should be reassessed after the addition of (b,a), whereas the length of
(b,a) is assumed to be 0. To reassess the edge lengths of T , we have first to
make an assumption about the value of the parameter µ (Equation 2) indi-
cating the gene fraction being transferred. This parameter can be estimated
either by comparing sequence data corresponding to the subtrees rooted by
the vertices y and w or by testing different values of µ in the optimization
problem. Fixing this parameter, we reduce to a linear system the system
of equations establishing the correspondence between the experimental gene
distances and the path-length distances in the HGT network. This system
having generally more variables (i.e. edge lengths of T ) than equations (i.e.
pairwise distances in T ; number of equations is always n(n-1)/2 for n taxa)
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can be solved by approximation in the least-squares sense. All pairs of edges
in T can be processed in this way. The HGT connection providing the small-
est value of the LS coefficient and satisfying the evolutionary constraints will
be selected for the addition to the tree T transforming it into a phylogenetic
network.
Steps 2 ... k. In the same way, the best second, third and other HGT edges
can be added to T , improving in each step the LS fit of the gene distance. The
whole procedure requires O(kn5) operations to build a reticulated network
with k HGT edges starting from a species phylogenetic tree with n leaves.

5 Detecting horizontal transfers of PheRS synthetase

In this section, we examine the evolution of the PheRS protein sequences for
32 species including 24 Bacteria, 6 Archaea, and 2 Eukarya (see Woese et al
(2000)). The PheRS phylogenetic tree inferred with PHYML (Guindon and
Gascuel (2003)) using G-law correction is shown in Figure 4.
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M. jannaschii
S. solfataricus 
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Fig. 4. Phylogenetic tree of PheRS sequences (i.e. gene tree). Protein sequences
with 171 bases were considered. Bootstrap scores above 60% are indicated.

This tree is slightly different from the phylogeny obtained by Woese et
al (2000, Fig. 2); the biggest difference involves the presence of a new clus-
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ter formed by two Eukarya (H. sapiens and S. cerevisiae) and two Archaea
(A. fulgidus and M. thermoautotrophicum). This 4-species cluster with a low
bootstrap support is probably due to the reconstruction artifacts. Otherwise,
this tree shows the canonical pattern, the only exception being the spirochete
PheRSs (i.e. B. bugdorferi and T. pallidum). They are of the archaeal, not
the bacterial genre, but seem to be specifically related to P. horokoshii within
that grouping (Figure 4). The species tree corresponding to the NCBI taxo-
nomic classification was also inferred (Figure 5, undirected lines). The com-
putation of HGTs was done in the framework of the complete gene transfer
model. The five transfers with the biggest bootstrap scores are represented.
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Fig. 5. Species phylogeny corresponding to the NCBI taxonomy for the 32 species in
Figure 4. HGTs with bootstrap scores above 60% are depicted by arrows. Numbers
on the HGT edges indicate their order of appearance in the transfer scenario.

The bootstrap scores for HGT edges were found fixing the topology of the
species tree and resampling the PheRS sequences used to obtain the gene tree.
The transfer number 1, having the biggest bootstrap support, 88%, links P.
horokoshii to the clade of spirochetes. This bootstrap score is the biggest one
that could be obtained for this HGT, taking into account the identical 88%
score of the corresponding 3-species cluster in the PheRS phylogeny (Figure
4). In total, 14 HGTs, including 5 trivial connections, were found; trivial
transfers occur between the adjacent edges. Trivial HGTs are necessary to
transform a non-binary tree into a binary one. The non-trivial HGTs with low
bootstrap score are most probably due to the tree reconstruction artifacts.
For instance, two HGT connections (not shown in Figure 5) linking the cluster
of Eukarya to the Archaea (A. fulgidus and M. thermoautotrophicum) have
a low bootstrap support (16% and 32%, respectively). In this example, the
solution found with the RF distance was represented. The usage of the LS
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function leads to the identical scenario differing from that shown in Figure 5
only by the bootstrap scores found for the HGT edges 3 to 5.

6 Conclusion

We described a new distance-based algorithm for the detection and visual-
ization of HGT events. It exploits the discrepancies between the species and
gene phylogenies either to map the gene tree into the species tree by least-
squares or to compute a topological distance between them and then estimate
the probability of HGT between each pair of edges of the species phylogeny.
In this study we considered the complete and partial gene transfer models,
implying at each step either the transformation of a species phylogeny into
another tree or its transformation into a network structure. The examples of
the evolution of the PheRS synthetase considered in the application section
showed that the new algorithm can be useful for predicting HGT in real data.
In the future, it would be interesting to extend and test this procedure in
the framework of the maximum likelihood and maximum parsimony models.
The program implementing the new algorithm was included to the T-Rex
package (Makarenkov (2001), http://www.trex.uqam.ca).
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