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Preface

This volume was born from the experience of the authors as researchers and
educators, which suggests that many students of data mining are handicapped
in their research by the lack of a formal, systematic education in its mathe-
matics.

The data mining literature contains many excellent titles that address the
needs of users with a variety of interests ranging from decision making to pat-
tern investigation in biological data. However, these books do not deal with
the mathematical tools that are currently needed by data mining researchers
and doctoral students. We felt it timely to produce a book that integrates
the mathematics of data mining with its applications. We emphasize that this
book is about mathematical tools for data mining and not about data mining
itself; despite this, a substantial amount of applications of mathematical con-
cepts in data mining are presented. The book is intended as a reference for
the working data miner.

In our opinion, three areas of mathematics are vital for data mining: set
theory, including partially ordered sets and combinatorics; linear algebra, with
its many applications in principal component analysis and neural networks;
and probability theory, which plays a foundational role in statistics, machine
learning and data mining.

This volume is dedicated to the study of set-theoretical foundations of data
mining. Two further volumes are contemplated that will cover linear algebra
and probability theory.

The first part of this book, dedicated to set theory, begins with a study of
functions and relations. Applications of these fundamental concepts to such is-
sues as equivalences and partitions are discussed. Also, we prepare the ground
for the following volumes by discussing indicator functions, fields and o-fields,
and other concepts.

In this part, we have also included a précis of universal and linear algebra
that covers the needs of subsequent chapters. This part concludes with a
chapter on graphs and hypergraphs.
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The second part is centered around partially ordered sets. We present alge-
braic structures closely related to partial orders, namely lattices, and Boolean
algebras. We study basic issues about lattices, such as their dual roles as
special partially ordered sets and algebraic structures, the theory of complete
lattices and Galois connections, and their applications to the study of associa-
tion rules. Special attention is paid to Boolean algebras which are of increasing
interest for data mining because they allow the discovery of minimal sets of
features necessary for explaining observations and the discovery of hidden
patterns.

An introduction to topology and measure theory, which is essential for the
study of various concepts of dimension and the recent preoccupations of data
mining researchers with the applications of fractal theory to data mining, is
also a component of this part.

A variety of applications in data mining are discussed, such as the notion of
entropy, presented in a new algebraic framework related to partitions rather
than random distributions, levelwise algorithms that generalize the Apriori
technique, and generalized measures and their use in the study of frequent
item sets. This part concludes with a chapter on rough sets.

The third part is focused on metric spaces. Metrics play an important role
in clustering, classification, and certain data preprocessing techniques. We
study a variety of concepts related to metrics, from dissimilarities to metrics,
tree metrics, and ultrametrics. This chapter is followed by an application chap-
ter dedicated to clustering that includes basic types of clustering algorithms,
limitations of clustering, and techniques for evaluating cluster quality.

The fourth part focuses on combinatorics, an area of mathematics dedi-
cated to the study of finite collections of objects that satisfy certain criteria.
The main topics discussed are the inclusion-exclusion principle, combinatorics
of partitions, counting problems related to collections of sets, and the Vapnik-
Chervonenkis dimension of collections of sets.

Each chapter ends with suggestions for further reading. The book contains
more than 400 exercises; they form an integral part of the material. Some of the
exercises are in reality supplemental material. For these, we include solutions.
The mathematics required for making the best use of our book is a typical
three-semester sequence in calculus.

We would like to thank Catherine Brett and Frank Ganz from Springer-
Verlag for their professionalism and helpfulness.

Boston and Villeneuve d’Ascq Dan A. Simovici
January 2008 Chabane Djeraba



Contents

Preface . ... e v

Part I Set Theory

1 Sets, Relations, and Functions ............................. 3
1.1 Introduction ......... ...t 3
1.2 Sets and Collections .......... ..., 3
1.3 Relations and Functions . ............ ... . ... ... ... .. ...... 9

1.3.1 Cartesian Products of Sets ......................... 9
1.3.2 Relations . ...t 10
1.3.3 Functions ....... ... ... .. 15
1.3.4 Finite and Infinite Sets............ ... ... ... ....... 22
1.3.5 Generalized Set Products and Sequences ............. 24
1.3.6 Equivalence Relations.............................. 30
1.3.7 Partitions and Covers .. ......... ... ... .. .. ... ... 32
1.4 The Axiom of Choice ......... ..., 34
1.5 Countable Sets .. ... 35
1.6 Elementary Combinatorics. ................ooiiiina... 38
1.7 Multisets . ..o 44
1.8 Relational Databases. ......... ... ... .. i 46
Exercises and Supplements . ......... .. .. . . i 49
Bibliographical Comments . ..............coiiiiineenaenaon.. 55

2 Algebras..... ... 57
2.1 Introduction ........ ... ... 57
2.2 Operations and Algebras .......... ... ... . .. 57
2.3 Morphisms, Congruences, and Subalgebras.................. 61
2.4 Linear SPaceS . .. ...ttt 64

2.5 MatriCes ... e 68



viii

Contents
Exercises and Supplements . ......... ... .. . 74
Bibliographical Comments .......... .. .. .. ... . .. .. .. ... .. 77
Graphs and Hypergraphs ........... .. .. ... ... ... ....... 79
3.1 Imtroduction .......... ... . 79
3.2 Basic Notions of Graph Theory .......... ... ... ... ... ... 79
3.2.1 Degrees of Vertices ...........coo i 80
3.2.2 Graph Representations . ......................o..... 84
3.2.3 Paths ... .. 85
3.2.4 Directed Graphs ......... .. .. i 86
3.3 Trees ..o 92
3.4 Flows in Digraphs ...... .. ... . 111
3.5 Hypergraphs .. ... ... 118
Exercises and Supplements . ......... ... ... ... . 121
Bibliographical Comments .......... ... ..., 124

Part II Partial Orders

4

Partially Ordered Sets ........... .. .. ... 129
4.1 Introduction .......... ... 129
4.2 Partial Orders ...... ... 129
4.3 Special Elements of Partially Ordered Sets.................. 133
4.4 The Poset of Real Numbers .. ........ ... ... .. ... ... 137
4.5 Closure and Interior Systems. ........ ... ... .. .. oo ... 139
4.6 The Poset of Partitions of a Set ........................... 144
4.7 Chains and Antichains ........... ... ... ... . .. . .. 148
4.8 Poset Product ....... ... 155
4.9 Functions and Posets ....... .. . .. i i 158
4.10 Posets and the Axiom of Choice ........................... 160
4.11 Locally Finite Posets and Md&bius Functions ................ 162
Exercises and Supplements . .......... i 168
Bibliographical Comments .......... ... ... ... ... . .. 172
Lattices and Boolean Algebras............................. 173
5.1 Introduction .......... ... .. 173
5.2 Lattices as Partially Ordered Sets and Algebras ............. 173
5.3 Special Classes of Lattices ......... ... ... o .. 180
5.4 Complete Lattices ........... i 188
5.5 Boolean Algebras and Boolean Functions ................... 192
5.6 Logical Data Analysis......... ... oo, 211
Exercises and Supplements . ....... .. .. .. . . L i 219

Bibliographical Comments . ..............ooiiiineennennon.. 224



Contents ix

Topologies and Measures ............... .. .. ... ... 225
6.1 Introduction ........... ... . i 225
6.2 Topologies . ... ... 225
6.3 Closure and Interior Operators in Topological Spaces ........ 226
6.4 Bases . ... 235
6.5 Compactness. . .. ...vot i 239
6.6 Continuous Functions .......... ... .. ... . .. ... 241
6.7 Connected Topological Spaces. ........ ... ... 244
6.8 Separation Hierarchy of Topological Spaces ................. 247
6.9 Products of Topological Spaces............................ 249
6.10 Fields of Sets . ... ..ot 251
6.11 MeEaSUTES . ..ottt 256
Exercises and Supplements . ............ .. i 265
Bibliographical Comments . ..............ooiiunineeneennon.. 272
Frequent Item Sets and Association Rules ............... .. 273
7.1 Introduction .......... ... .. 273
7.2 Frequent Item Sets ........ .. ... .. ... . . .. . 273
7.3 Borders of Collections of Sets ............................. 279
7.4 Association Rules ........ ... ... .. . .. ... 281
7.5 Levelwise Algorithms and Posets .......................... 283
7.6 Lattices and Frequent Item Sets ........... ... ... ... ..... 288
Exercises and Supplements . ......... .. .. i i 290
Bibliographical Comments . ..............ooiiuniniennennon.. 292
Applications to Databases and Data Mining ............... 295
8.1 Introduction ........ ... ... 295
8.2 Tables and Indiscernibility Relations ..................... .. 295
8.3 Partitions and Functional Dependencies .................... 298
8.4 Partition Entropy ......... ... .. .. i 305
8.5 Generalized Measures and Data Mining .................... 321
8.6 Differential Constraints ........... ... ... .. 325
Exercises and Supplements . ......... .. .. i i 330
Bibliographical Comments ............. ..., 332
Rough Sets ... . 333
9.1 Introduction ....... ... .. ... 333
9.2 Approximation SPaces . ... .......iiiiiii 333
9.3 Decision Systems and Decision Trees . ...................... 337
9.4 Closure Operators and Rough Sets......................... 345
Exercises and Supplements . ......... ... .. i 347

Bibliographical Comments . ............c..ooiinineeeennon.. 348



Contents

Part IITI Metric Spaces

10

11

12

Dissimilarities, Metrics, and Ultrametrics................ .. 351
10.1 Introduction ......... ... 351
10.2 Classes of Dissimilarities ........... .. .. ... ... i, 351
10.3 Tree Metrics . ..ot 357
10.4 Ultrametric Spaces .. ... ...t 366
10.5 Metrics on R™ . .. 377
10.6 Metrics on Collections of Sets . ........... .. ..., 388
10.7 Metrics on Partitions ........... ... i 394
10.8 Metrics on SEqUeNCEs ... ...t 398
10.9 Searches in Metric Spaces . ...........c. i 402
Exercises and Supplements . ......... ... .. i 411
Bibliographical Comments .......... ... .. .. ... ... i, .. 421
Topologies and Measures on Metric Spaces ................ 423
11.1 Introduction . ..... ... oo 423
11.2 Metric Space Topologies . ... ..., 423
11.3 Continuous Functions in Metric Spaces .. ................... 426
11.4 Separation Properties of Metric Spaces .. ................... 427
11.5 Sequences in Metric Spaces ......... .. ... 435
11.6 Completeness of Metric Spaces .. ... . 439
11.7 Contractions and Fixed Points ....... ... ... .. .. ... ... 445
11.8 Measures in Metric Spaces . .. .....ovuuniiieninan.. 449
11.9 Embeddings of Metric Spaces ........... ... oo 452
Exercises and Supplements . ......... .. .. . . 454
Bibliographical Comments .......... .. .. . ... . .. . . ... 458
Dimensions of Metric Spaces ............. ... ... ... ....... 459
12.1 Introduction . ...t e 459
12.2 The Dimensionality Curse ...........c..ooiiiineaen. . 459
12.3 Inductive Dimensions of Topological Metric Spaces .......... 462
12.4 The Covering Dimension ......... ... ... . 472
12.5 The Cantor Set ........... i 475
12.6 The Box-Counting Dimension .............. ... ... ... .... 479
12.7 The Hausdorff-Besicovitch Dimension ...................... 482
12.8 Similarity Dimension. ........ ... .. . i i 486
Exercises and Supplements . ............. ... ... 490

Bibliographical Comments ............. ..., 493



13

Contents xi

Clustering . .......... 495
13.1 Introduction . ...... ... 495
13.2 Hierarchical Clustering ........... ... .. ... 496
13.2.1 Matrix-Based Hierarchical Clustering ................ 498
13.2.2 Graph-based Hierarchical Clustering ................. 506
13.3 The k-Means Algorithm . ........ ... ... i ... 512
13.4 The PAM Algorithm . ... ... .. .. .. 514
13.5 Limitations of Clustering ......... ... ... .. ... 516
13.6 Clustering Quality ... ...t 520
13.6.1 Object Silhouettes........ ... ... 520
13.6.2 Supervised Evaluation ............................. 521
Exercises and Supplements . ......... .. .. . . 523
Bibliographical Comments . ..............coiiiineenaennon.. 525

Part IV Combinatorics

14

15

Combinatorics . ....... ... .. . 529
14.1 Introduction . ...... ... 529
14.2 The Inclusion-Exclusion Principle .......... .. .. ... .. ... 529
14.3 Ramsey’s Theorem ......... .. .. .. . .. 533
14.4 Combinatorics of Partitions . .............. ... ... .. ..., 536
14.5 Combinatorics of Collections of Sets ................. ... ... 539
Exercises and Supplements . ......... .. .. . . o i 544
Bibliographical Comments . ..............coiiuiiuneennennon.. 549
The Vapnik-Chervonenkis Dimension ...................... 551
15.1 Introduction . ........ . 551
15.2 The Vapnik-Chervonenkis Dimension ...................... 551
15.3 Perceptrons. . ... 563
Exercises and Supplements . ......... ... ... .. . 565
Bibliographical Comments .......... ... .. ..., 567

Part V Appendices

A

B

C

Asymptotics . ... 571
Convex Sets and Functions ............. ... .. .. .. .. .... 573
Useful Integrals and Formulas ............................. 583
C.1 Euler’sIntegrals........ .. .. i 583
C.2 Wallis’s Formula ........ ... . i 587
C.3 Stirling’s Formula ....... .. ... 588

C.4 The Volume of an n-Dimensional Sphere ................... 590



xii Contents

D A Characterization of a Function ..........................

References .

Topic Index



Part 1

Set Theory



1

Sets, Relations, and Functions

1.1 Introduction

In this chapter, dedicated to set-theoretical bases of data mining, we assume
that the reader is familiar with the notion of a set, membership of an element
in a set, and elementary set theory. After a brief review of set-theoretical
operations we discuss collections of sets, ordered pairs, and set products.

The Axiom of Choice, a basic principle used in many branches of math-
ematics, is discussed in Section 1.4. This subject is approached again in the
context of partially ordered sets in Chapter 4. Countable and uncountable
sets are presented in Section 1.5. An introductory section on elementary com-
binatorics is expanded in Chapter 14. Finally, we introduce the basics of the
relational database model.

1.2 Sets and Collections

If z is a member of a set S, this is denoted, as usual, by € S. To denote
that x is not a member of the set S, we write &€ S.

Throughout this book, we use standardized notations for certain important
sets of numbers:

C  the set of complex numbers

R the set of real numbers

R>g the set of nonnegative real numbers
R+ the set of positive real numbers
R the set Rso U {+00}

the set R U {—o00, 400}

the set of rational numbers

the set of irrational numbers

the set of integers

the set of natural numbers

the set of positive natural numbers

Z2zZNTo R

Jay

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_1, (© Springer-Verlag London Limited 2008
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The usual order of real numbers is extended to the set R by —oco <z < 400
for every € R. In addition, we assume that

T+ 00 =00+ =400,

r—00=—00+T=—00,

for every x € R. Also,

+oo x>0
T-00=00 T =
-0 ifz <0,

and

-0 ifz>0
00 if x <0.

Note that the product of 0 with either +00 or —oo is not defined. Division is
extended by x/ 4+ oo = 2/ — 0o = 0 for every = € R.

If S is a finite set, we denote by |S| the number of elements of S.

Sets may contain other sets as elements. For example, the set

C= {@, {O}a {07 1}7 {07 2}7 {17 2, 3}}

contains the empty set @ and {0}, {0,1},{0,2},{1,2,3} as its elements. We
refer to such sets as collections of sets or simply collections. In general, we use
calligraphic letters €, D, ... to denote collections of sets.

If € and D are two collections, we say that C is included in D, or that C is
a subcollection of D, if every member of € is a member of D. This is denoted
by € C D.

Two collections € and D are equal if we have both € C D and D C C.
This is denoted by € = D.

Definition 1.1. Let C be a collection of sets. The union of €, denoted by |JC,
1s the set defined by

UG:{J: | €S for some S € C}.
If C is a nonempty collection, its intersection is the set [ C given by
ﬂ(ﬁ':{x | €S for every S € C}.

If ¢={S,T}, we have x € [JC if and only if z € Sor x € T and x € |JC
if and only if z € S and y € T'. The union and the intersection of this two-set
collection are denoted by S UT and S NT and are referred to as the union
and the intersection of S and T, respectively.

We give, without proof, several properties of union and intersection of sets:
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SU(TUU)=(SUT)UU (associativity of union),
SUT =TUS (commutativity of union),

SUS =8 (idempotency of union),

SuUfd=2.,

SN(TNU)=(SNT)NU (associativity of intersection),
SNT =TnNS (commutativity of intersection),

SNS =S8 (idempotency of intersection),

SN =10,

PN T WD

for all sets S, T,U.

The associativity of union and intersection allows us to denote unambigu-
ously the union of three sets 5,7, U by SUT UU and the intersection of three
sets S, T,U by SUT UU.

Definition 1.2. The sets S and T are disjoint if SNT = ().
A collection of sets C is said to be a collection of pairwise disjoint sets if
for every S and T in C, if S AT, S and T are disjoint.

Definition 1.3. Let S and T be two sets. The difference of S and T is the
set S — T defined by
S—T={zeS|zgT}

When the set S is understood from the context, we write T for S — T, and
we refer to the set T as the complement of T with respect to S or simply the
complement of T.

The relationship between set difference and set union and intersection is
given in the following theorem.

Theorem 1.4. For every set S and nonempty collection C of sets, we have

s—-Je={s-c|cee},
s—-e=Uis-c|cee}

Proof. We leave the proof of these equalities to the reader. 0O

Corollary 1.5. For any sets S,T,U, we have

S—(TulU)=(S-T)n(S-0),
S—(TnU)=(S-T)U(S-0).

Proof. The corollary follows immediately from Theorem 1.4 by choosing € =
{T,U}. O

With the notation previously introduced for the complement of a set, the
equalities of Corollary 1.5 become
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TUU
TnU

NN
al

N
U

3

The link between union and intersection is given by the distributivity
properties contained in the following theorem.

Theorem 1.6. For any collection of sets C and set T, we have

(Ue) nT=JicnT | Ceel.

If C is nonempty, we also have

(ﬂe) uT =(J{CuT | Ceel.

Proof. We shall prove only the first equality; the proof of the second one is
left as an exercise for the reader.
Let 2 € (|J€)NT. This means that x € | JCand € T. Thereisaset C' € C
such that « € C; hence, x € C' NT, which implies z € J{C NT | C € C}.
Conversely, if z € J{C'NT | C € C}, there exists a member C'NT of this
collection such that x € CNT,so x € C and x € T. It follows that = € |JC,
and this, in turn, gives z € (JC)NT. O

Corollary 1.7. For any sets T, U, V', we have

UUV)NT =UNT)U(VNT),
UNV)UT = U UT)N(VUT).

Proof. The corollary follows immediately by choosing € = {U,V} in Theo-
rem 1.6. O
Note that if € and D are two collections such that € C D, then

JecUn
ADce.

We initially excluded the empty collection from the definition of the intersec-
tion of a collection. However, within the framework of collections of subsets of
a given set S, we will extend the previous definition by taking (0 = S for the
empty collection of subsets of S. This is consistent with the fact that ) C €
implies (€ C S.

The symmetric difference of sets denoted by & is defined by

and

UoV=U-V)u(V-U)

for all sets U, V.



1.2 Sets and Collections 7

Theorem 1.8. For all sets U, V,T, we have
HUsU=0;

iHyveV=VerT;

(iii) Us V)T =Us(VaeT).

Proof. The first two parts of the theorem are direct applications of the defini-
tion of @. We leave to the reader the proof of the third part (the associativity
of @).

The next theorem allows us to introduce a type of set collection of funda-
mental importance.

Theorem 1.9. Let {{z,y},{z}} and {{u,v},{u}} be two collections such that
Hz,y}, {z}} = {{u, v}, {u}}. Then, we have x = u and y = v.

Proof. Suppose that {{z,y},{z}} = {{u, v}, {u}}.
If = y, the collection {{x,y}, {z}} consists of a single set, {z}, so

the collection {{u,v},{u}} will also consist of a single set. This means that
{u,v} = {u}, which implies u = v. Therefore, x = u, which gives the desired
conclusion because we also have y = v.

If © # y, then neither (z,y) nor (u,v) are singletons. However, they both
contain exactly one singleton, namely {z} and {u}, respectively, so z = wu.
They also contain the equal sets {z,y} and {u, v}, which must be equal. Since
v € {z,y} and v # u = x, we conclude that v =y. O

Definition 1.10. An ordered pair is a collection of sets {{z,y},{z}}.

Theorem 1.9 implies that for an ordered pair {{z,y},{z}}, = and y are
uniquely determined. This justifies the following definition.

Definition 1.11. Let {{z,y},{x}} be an ordered pair. Then x is the first
component of p and y is the second component of p.

From now on, an ordered pair {{z,y}, {z}} will be denoted by (z,y). If
both x,y € S, we refer to (x,y) as an ordered pair on the set S.

Definition 1.12. Let C and D be two collections of sets such that | JC = |JD.
D is arefinement of C if, for every D € D, there exists C € C such that D C C.
This is denoted by C C D.

Ezample 1.13. Consider the collection € = {(a,00) | a € R} and D = {(a,b) |
a,b € R,a < b}. It is clear that JC =D =R.

Since we have (a,b) C (a,00) for every a,b € R such that a < b, it follows
that D is a refinement of C.

Definition 1.14. A collection of sets € is hereditary if U € C and W C U
implies W € C.
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Ezample 1.15. Let S be a set. The collection of subsets of S, denoted by P(5),
is a hereditary collection of sets since a subset of a subset T" of S is itself a
subset of S.

The set of subsets of S that contain k elements is denoted by Pj(S).
Clearly, for every set S, we have Py(S) = {0} because there is only one
subset of S that contains 0 elements, namely the empty set. The set of all
finite subsets of a set S is denoted by Pf;n(5). It is clear that P, (S) =
Uk € NP(9).

Ezample 1.16.1f S = {a,b, ¢}, then P(S) consists of the following eight sets:

0.{a},{b},{c}.{a, b}, {a,c}, {b,c}, {a,b, c}.

For the empty set, we have P(0)) = {(}.

Definition 1.17. A collection C has finite character if C' € C if and only if
every finite subset of C' belongs to C.

It is clear that, for a collection € of finite character, if C' € € and D C C,
then we also have D € €. In other words, every collection of finite character
is hereditary.

Theorem 1.18. Let C be a collection of finite character that consists of sub-
sets of a set S. If Uy, ..., Uy, ... are members of € such that Uy C --- C U, C
oo, then U = |J{U; | i >0} € C.

Proof. Let W = {w; | 0 < i < n — 1} be a finite subset of U. For every
we € W, let wy be the least integer such that wy € Uy, for 0 < ¢ <n —1.If
¢ = max{qo, ..., qk—1}, then W C U,, so W € C. Since every finite subset of
U belongs to €, we obtain U € C. O

Definition 1.19. Let C be a collection of sets and let K be a set. The trace
of the collection € on the set K is the collection {C N K | C € C}.

An alternative notation for Cx is C |, a notation that we shall use when the
collection € is adorned by other subscripts.

We conclude this presentation of collections of sets with two more opera-
tions on collections of sets.

Definition 1.20. Let C and D be two collections of sets. The collections CVD,
CAD, and C— D are given by

CvD={CUD | CeCandD e D},
CAD={CnND | CeCandD e D},
C—D={C—-D | CeCandDeD}.



1.3 Relations and Functions 9
Ezample 1.21. Let € and D be the collections of sets defined by
€= {{z} {y, 2} {z, v}, {z,y, 2}},
D = {{y} {z,y}, {u,y, 2}}.
We have
e \ D = {{J}, y}? {ya Z}a {.’If, y7 Z}7 {’LL, ya Z}a {U, Z, y7 Z}}7
CAD = {0, {z}, {y}, {z, 9}, {y, 2} },

C—-D= {@, {SC}, {Z}a {I’, Z}}a
D—C={0,{u},{z}, {v}, {u, 2}, {u,y, 2}}.

Unlike “U” and “N”, the operations “V” and “A” between collections of
sets are not idempotent. Indeed, we have, for example,

DVvD={y}{z, v}, {w,y, 2}, {w, 2, y,2}} # D.

The trace Cx of a collection € on K can be written as Cx = C A {K}.

1.3 Relations and Functions

This section covers a number of topics that are derived from the notion of
relation.

1.3.1 Cartesian Products of Sets

Definition 1.22. Let X and Y be two sets. The Cartesian product of X and
Y is the set X XY, which consists of all pairs (z,y) such that x € X and
yey.

If either X =P or Y = (), then X x Y = 0.

Ezample 1.23. Consider the sets X = {a,b,c} and Y = {0, 1}. Their Cartesian
product is the set:

X XY = {(xa 0)7 (ya 0)7 (Z’ 0)7 (x’ 1)7 (y7 1)7 (Zv 1)}

Ezample 1.24. The Cartesian product R x R consists of all ordered pairs of
real numbers (z,y). Geometrically, each such ordered pair corresponds to a
point in a plane equipped with a system of coordinates. Namely, the pair
(u,v) € R x R is represented by the point P whose z-coordinate is u and
y-coordinate is v (see Figure 1.1)

The Cartesian product is distributive over union, intersection, and differ-
ence of sets.
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Fig. 1.1. Cartesian representation of the pair (z,y).

Theorem 1.25. If x is one of U,N, or —, then for any sets R, S, and T, we
have

(RxS)xT=(RxT)x(SxT),
Tx(RxS)=(TxR)x(Tx8S).

Proof. We prove only that (R—S) xT = (RxT)— (S xT). Let (z,y) €
(R—S)xT. We have x € R— S and y € T. Therefore, (z,y) € R x T and
(x,y) € S x T, which show that (z,y) € (RxT)— (S xT).

Conversely, (z,y) € (R xT) — (S x T) implies € and y € T and also
(x,y) € S xT. Thus, we have z ¢ S, so (z,y) € (R—S) xT. O

It is not difficult to see that if R C R and S C S/, then R x S C R’ x §'.
We refer to this property as the monotonicity of the Cartesian product with
respect to set inclusion.

1.3.2 Relations

Definition 1.26. A relation is a set of ordered pairs.

If S and T are sets and p is a relation such that p C S x T, then we refer
to p as a relation from S to T'.

A relation from S to S is called a relation on S.

P(S x T) is the set of all relations from S to T

Among the relations from S to T, we distinguish the empty relation () and
the full relation S x T.

The identity relation of a set S is the relation tg C S x S defined by
ts = {(z,x) | x € S}. The full relation on S is g =S x S.

If (z,y) € p, we sometimes denote this fact by x p y, and we write z py
instead of (z,y) & p.

Ezxample 1.27. Let S C R. The relation “less than” on S is given by

{(z,y) | z,y € S and y =z + z for some z € R>¢}.
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Example 1.28. Consider the relation v C Z x Q given by
v=A{(n,q) | n€Z, qeQ, andn<g<n-+1}.

We have (—3,-2.3) € v and (2,2.3) € v. Clearly, (n,q) € v if and only if
n is the integral part of the rational number q.

Example 1.29. The relation § is defined by
d={(m,n) e Nx N | n=Fkm for some k € N}.

We have (m,n) € ¢ if m divides n evenly.

Note that if S C T, then s C v7 and g C 0.

Definition 1.30. The domain of a relation p from S to T is the set
Dom(p) ={x € S | (z,y) € p for somey € T}.

The range of p from S to T is the set
Ran(p) ={y €T | (z,y) € p for some x € S}.

If p is a relation and S and T are sets, then p is a relation from S to T if
and only if Dom(p) C S and Ran(p) C T. Clearly, p is always a relation from
Dom(p) to Ran(p).

If p and o are relations and p C o, then Dom(p) € Dom(o) and Ran(p) C
Ran(o).

If p and o are relations, then so are pUo, pNo, and p— o, and in fact if p
and o are both relations from S to 7', then these relations are also relations
from S to T.

Definition 1.31. Let p be a relation. The inverse of p is the relation p~!

given by
pt={y.2) | (x,y) € p}.

The proofs of the following simple properties are left to the reader:
(i) Dom(p~') = Ran(p),

(ii) Ran(p~!) = Dom(p),

(iii) if p is a relation from A to B, then p~

() ()t =p

for every relation p. Furthermore, if p and o are two relations such that p C o,
then p_1 Co! (monotonicity of the inverse).

Lis a relation from B to A, and

Definition 1.32. Let p and o be relations. The product of p and o is the
relation po, where

po ={(z,2) | for somey, (z,y) € p, and (y,z) € o}.
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It is easy to see that Dom(po) C Dom(p) and Ran(po) C Ran(o). Further,
if p is a relation from A to B and o is a relation from B to C, then po is a
relation from A to C.

Several properties of the relation product are given in the following theo-
rem.

Theorem 1.33. Let p1, p2, and ps be relations. We have

(i) p1(p2p3) = (p1p2)ps (associativity of relation product).

(ii) p1(p2Ups) = (p1p2)U(p1ps) and (p1Up2)ps = (p1p3)U(paps) (distributivity
of relation product over union).

(iii) (prp2) ™" = p5 o7

(iv) If pa C p3, then pipa C p1ps and pap1 C psp1 (monotonicity of relation
product).

(v) If S and T are any sets, then tsp1 C p1 and prer C p1. Further, tsp1 = p1
if and only if Dom(p1) C S, and p1vr = p1 if and only if Ran(p;) C T.
(Thus, p1 is a relation from S to T if and only if Lspr = p1 = p1tr.)

Proof. We prove (i), (ii), and (iv) and leave the other parts as exercises.

To prove Part (i), let (a,d) € p1(p2ps). There is a b such that (a,b) € p1
and (b,d) € paps. This means that there exists ¢ such that (b,¢) € py and
(c,d) € ps. Therefore, we have (a,c) € p1p2, which implies (a,d) € (p1p2)ps-
This shows that p1(p2p3) C (p1p2)ps3-

Conversely, let (a,d) € (p1p2)ps. There is a ¢ such that (a,c) € p1p2
and (c¢,d) € ps. This implies the existence of a b for which (a,b) € p; and
(b,¢) € ps. For this b, we have (b,d) € p2ps, which gives (a,d) € p1(p2ps).
We have proven the reverse inclusion, (p1p2)ps € p1(p2p3), which gives the
associativity of relation product.

For Part (ii), let (a,c¢) € p1(p2Ups). Then, there is a b such that (a,b) € py
and (b,c) € pz or (b,c) € ps. In the first case, we have (a,c) € pip2; in the
second, (a,c) € p1ps. Therefore, we have (a,c) € (p1p2)U(p1p3) in either case,
so p1(p2 U p3) C (p1p2) U (p1p3)-

Let (a,c¢) € (p1p2) U (p1p3). We have either (a,c) € p1p2 or (a,c¢) € p1ps.
In the first case, there is a b such that (a,b) € p; and (b,¢) € p2 C p2 U ps.
Therefore, (a,c) € p1(p2 U p3). The second case is handled similarly. This
establishes

(p1p2) U (p1p3) € pi(p2 U ps).

The other distributivity property has a similar argument.
Finally, for Part (iv), let po and p3 be such that pa C ps3. Since paUps = p3,
we obtain from (ii) that

p1p3 = (p1p2) U (p1p3),
which shows that p1ps C p1p3. The second inclusion is proven similarly. O

Definition 1.34. The n-power of a relation p C S x S is defined inductively
by p° = 15 and p"*t = p"p for n € N.
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Note that p! = p°p = 15p = p for any relation p.
Example 1.35. Let p C R x R be the relation defined by
p={(z,z+1) | x € R},
The zero-th power of p is the relation (. The second power of p is
P’ =p-p={(x,y) ERxR | (2,2) € pand (2,y) € p for some z € R}.

In other words, p? = {(z,z +2) | z € R}. In general, p" = {(z,z+n) | z €
R}.

Definition 1.36. A relation p is a function if for all x,y,z, (z,y) € p and
(z,2) € p imply y = z; p is a one-to-one relation if, for all xz,2’, and y,
(z,y) € p and (2,y) € p imply x = 2'.

Observe that 0 is a function (referred to in this context as the empty func-
tion) because () satisfies vacuously the defining condition for being a function.

Ezample 1.37. Let S be a set. The relation p on S x P(S) given by

p=A{(x{z}) | = €S}

is a function.

Example 1.38. For every set S, the relation tg is both a function and a one-to-
one relation. The relation v from Example 1.28 is a one-to-one relation, but
it is not a function.
Theorem 1.39. For any relation p, p is a function if and only if p~' is a
one-to-one relation.

Proof. Suppose that p is a function, and let (yi, ), (y2,2) € p~!. Definition
1.31 implies that (x,y1), (x,y2) € p; hence, y; = y2 because p is a function.
This proves that p~! is one-to-one.

Conversely, assume that p~! is one-to-one and let (z,y1), (z,v2) € p. Ap-
plying Definition 1.31, we obtain (y1,x), (y2,7) € p~! and, since p~!
to-one, we have y; = yo. This shows that p is a function. O

is one-

Ezample 1.40. We observed that the relation v introduced in Example 1.28
is one-to-one. Therefore, its inverse v=! C Q x Z is a function. In fact, v=!
associates to each rational number ¢ its integer part |¢].

Definition 1.41. A relation p from S to T is total if Dom(p) = S and is
onto if Ran(p) =T.
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Any relation p is a total and onto relation from Dom(p) to Ran(p). If both
S and T are nonempty, then S x T' is a total and onto relation from S to 7.

It is easy to prove that a relation p from S to T is a total relation from S
to T if and only if p~—' is an onto relation from T to S.

If p is a relation, then one can determine whether or not p is a function or
is one-to-one just by looking at the ordered pairs of p. Whether p is a total
or onto relation from A to B depends on what A and B are.

Theorem 1.42. Let p and o be relations.
(i) If p and o are functions, then po is also a function.
(i) If p and o are one-to-one relations, then po is also a one-to-one relation.
(iii) If p is a total relation from R to S and o is a total relation from S to T,
then po is a total relation from R to T.
(iv) If p is an onto relation from R to S and o is an onto relation from S to
T, then po is an onto relation from R to T.

Proof. To show Part (i), suppose that p and o are both functions and that
(x,21) and (, z2) both belong to po. Then, there exists a y; such that (z,y,) €
pand (y1,21) € o, and there exists a yo such that (x,y2) € p and (y2, 22) € 0.
Since p is a function, y1 = y2, and hence, since o is a function, z; = 29, as
desired.

Part (ii) follows easily from Part (i). Suppose that relations p and o are
one-to-one (and hence that p~! and o~! are both functions). To show that
po is one-to-one, it suffices to show that (po)~ = 07 1p~! is a function. This
follows immediately from Part (i).

We leave the proofs for the last two parts of the theorem to the reader.
O

The properties of relations defined next allow us to define important classes
of relations.

Definition 1.43. Let S be a set and let p C S x S be a relation. The relation
p is:

(i) reflexive if (s,s) € p for every s € S;

(ii) irreflexive if (s, s) &€ p for every s € S;

(iil) symmetric if (s, s’) € p implies (s',s) € p for s,s' € S;

(iv) antisymmetric if (s, s'), (s, s) € p implies s = s’ for s,s' € S;

(v) asymmetric if (s,s") € p implies (s',s) & p; and

(vi) transitive if (s, s'), (s, s") € p implies (s,s") € p.

Ezample 1.44. The relation tg is reflexive, symmetric, antisymmetric, and
transitive for any set S.

Example 1.45. The relation ¢ introduced in Example 1.29 is reflexive since
n-1=mn for any n € N.

Suppose that (m,n), (n,m) € §. There are p,q € N such that mp = n and
ng = m. If n = 0, then this also implies m = 0; hence, m = n. Let us assume
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that n # 0. The previous equalities imply ngp = n, and since n # 0, we have
qp = 1. In view of the fact that both p and ¢ belong to N, we have p = ¢ = 1;
hence, m = n, which proves the antisymmetry of p.

Let (m,n), (n,r) € 6. We can write n = mp and r = nq for some p,q € N,
which gives r = mpq. This means that (m,r) € §, which shows that ¢ is also
transitive.

Definition 1.46. Let S and T be two sets and let p C S x T be a relation.

The image of an element s € S under the relation p is the set p(s) = {t €
T | (st) € p}.

The preimage of an element ¢ € T under p is the set {s € S | (s,t) € p},
which equals p~1(t), using the previous notation.

The collection of images of S under p is

M, = {p(s) | 5 € S},
while the collection of preimages of T is
PIM, = IM,— = {p~'(t) | t € T}.

If € and €' are two collections of subsets of S and T, respectively, and €' = IM,
and € = PIM,, for some relation p C S x T, we refer to €' as the dual class
relative to p of C.

Ezxample 1.47. Any collection D of subsets of S can be regarded as the col-
lection of images under a suitable relation. Indeed, let € be such a collection.
Define the relation p C Sx Cas p={(s,C) | s € S,C € C and ¢ € C}. Then,
IM,, consists of all subsets of P(C) of the form p(s) = {C' € € | s € C} for
s € 5. It is easy to see that PIM,(C) = C.

The collection IM, defined in this example is referred to as the bi-dual
collection of C.

1.3.3 Functions

We saw that a function is a relation p such that, for every = in Dom(p), there
is only one y such that (z,y) € p. In other words, a function assigns a unique
value to each member of its domain.

From now on, we will use the letters f, g, h, and k to denote functions, and
we will denote the identity relation tg, which we have already remarked is a
function, by 1g.

If f is a function, then, for each x in Dom(f), we let f(z) denote the
unique y with (z,y) € f, and we refer to f(x) as the image of x under f.

Definition 1.48. Let S and T be sets. A partial function from S to T is a
relation from S to T that is a function.
A total function from S to T (also called a function from S to T or a

mapping from S to T') is a partial function from S to T that is a total relation
from S toT.
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The set of all partial functions from S to T is denoted by S ~» T and the
set of all total functions from S to T'by S — T. We have S — T C S~ T
for all sets S and T

The fact that f is a partial function from S to T is indicated by writing
f 8~ T rather than f € S~ T. Similarly, instead of writing f € S — T,
we use the notation f: S5 — T.

For any sets S and T, we have ) € S ~ T. If either S or T is empty, then
() is the only partial function from S to T. If S = (), then the empty function
is a total function from S to any 7. Thus, for any sets S and T', we have

SM@Z{Q}?
0o T = (0],
(Z)—)T:{(Z)}.

Furthermore, if S is nonempty, then there can be no (total) function from S
to the empty set, so we have

S—0=0(GfS#0).

Definition 1.49. A one-to-one function is called an injection.

A function f : S~ T is called a surjection (from S to T) if f is an onto
relation from S to T, and it is called a bijection (from S to T) or a one-to-one
correspondence between S and T if it is total, an injection, and a surjection.

Using our notation for functions, we can restate the definition of injection
as follows: f is an injection if for all s,s' € Dom(f), f(s) = f(s') implies
s = s'. Likewise, f : S ~ T is a surjection if for every ¢t € T there is an s € S
with f(s) =t.

Ezample 1.50. Let S and T be two sets and assume that S C T. The contain-
ment mapping ¢ : S — T defined by ¢(s) = s for s € S is an injection. We
denote such a containment by ¢: .S — T.

Ezxample 1.51. Let m € N be a natural number, m > 2. Consider the function
rm : N — {0,...,m—1}, where r,,(n) is the remainder when n is divided by
m. Obviously, 7, is well-defined since the remainder p when a natural number
is divided by m satisfies 0 < p < m — 1. The function ., is onto because of
the fact that, for any p € {0,...,m — 1}, we have r,,,(km + p) = p for any
keN.

For instance, if m = 4, we have r4(0) = r4(4) = r4(8) = --- =0, r4(1) =
ra(5) =r4(9) = =1,74(2) = 74(6) = 74(10) = - - - =2 and 74(3) = 74(7) =
ra(11) = - = 3.

Example 1.52. Let P, (N) be the set of finite subsets of N. Define the function
¢:Psin(N) — N as
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0 if K =10
P(K) = o 7
(K) { Po2m K ={ny,...,npt.

It is easy to see that ¢ is a bijection.

Since a function is a relation, the ideas introduced in the previous section
for relations in general can be equally well applied to functions. In particular,
we can consider the inverse of a function and the product of two functions.

If f is a function, then, by Theorem 1.39, f~! is a one-to-one relation;
however, f~! is not necessarily a function. In fact, by the same theorem, if f
is a function, then f~! is a function if and only if f is an injection.

Suppose now that f : S ~» T is an injection. Then, f~! : T ~+ S is also
an injection. Further, f=! : T ~» S is total if and only if f : S ~ T is a
surjection, and f~!: T ~» S is a surjection if and only if f : S ~» T is total. It
follows that f : .S ~» T is a bijection if and only if f=! : T ~» S is a bijection.

If f and g are functions, then we will always use the alternative notation
gf instead of the notation fg used for the relation product. We will refer to
gf as the composition of f and g rather than the product.

By Theorem 1.42, the composition of two functions is a function. In fact,
it follows from the definition of composition that

Dom(gf) = {s € Dom(f) | f(s) € Dom(g)}

and, for all s € Dom(gf),

9f(s) = g(f(s)).
This explains why we use g f rather than fg. If we used the other notation, the
previous equation would become fg(s) = g(f(s)), which is rather confusing.

Definition 1.53. Let f : S — T. A left inverse (relative to S and T') for f
is a function g : T — S such that gf = 1g. A right inverse (relative to S
and T) for f is a function g : T — S such that fg = 1p.

Theorem 1.54. Let f : S — T.

(i) f is a surjection if and only if f has a right inverse (relative to S and T).

(ii) If S is nonempty, then f is an injection if and only if f has a left inverse
(relative to S and T ).

Proof. To prove the first part, suppose first that f : S — T is a surjection.
Define a function g : T — S as follows: For each y € T, let g(y) be some
arbitrarily chosen element € S such that f(x) = y. (Such an z exists because
f is surjective.) Then, by definition, f(g(y)) =y for all y € T', so g is a right
inverse for f. Conversely, suppose that f has a right inverse g. Let y € T
and let © = g(y). Then, we have f(z) = f(g(y)) = 1r(y) = y. Thus, [ is
surjective.

To prove the second part, first suppose that f : S — T is an injection
and S is nonempty. Let g be some fixed element of S. Define a function
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g : T — S as follows: If y € Ran(f), then, since f is an injection, there
is a unique element = € S such that f(z) = y. Define g(y) to be this x. If
y € T — Ran(f), define ¢g(y) = zo. Then, it is immediate from the definition
of g that, for all x € S, g(f(x)) = «, so g is a left inverse for f. Conversely,
suppose that f has a left inverse g. For all z1,25 € S, if f(z1) = f(z2), we
have x1 = 1g(z1) = g(f(x1)) = g(f(x2)) = lg(x2) = xo. Hence, f is an
injection. O

We have used in this proof (without an explicit mention) an axiom of set
theory that we discuss in Section 1.4. For a proof that makes explicit use of
this axiom, see Supplement 38.

Theorem 1.55. Let f : S — T. Then, the following statements are equiva-
lent:
(i) f is a bijection.
(ii) There is a function g : T — S that is both a left and a right inverse for
I
(iii) f has both a left inverse and a right inverse.
Further, if f is a bijection, then f~1 is the only left inverse that f has,
and it is the only right inverse that f has.

Proof. (i) implies (ii): If f : S — B is a bijection, then f~!: T — S is both
a left and a right inverse for f.

(ii) implies (iii): This implication is obvious.

(iii) implies (i): If f has both a left inverse and a right inverse and S # 0,
then it follows immediately from Theorem 1.54 that f is both injective and
surjective, so f is a bijection. If S = (}, then the existence of a left inverse
function from 7' to S implies that T is also empty; this means that f is the
empty function, which is a bijection from the empty set to itself.

Finally, suppose that f : S — T is a bijection and that g : T — S is a
left inverse for f. Then, we have

fTh=1sf =) =g9(ff ) =glr =4

Thus, f~! is the unique left inverse for f. A similar proof shows that f~! is
the unique right inverse for f. O

To prove that f : S — T is a bijection one could prove directly that f
is both one-to-one and onto. Theorem 1.55 provides an alternative way. If we
can define a function g : T'— S and show that g is both a left and a right
inverse for f, then f is a bijection and g = f~!.

The next definition provides another way of viewing a subset of a set S.

Definition 1.56. Let S be a set. An indicator function over S is a function
I:58—{0,1}.

If P is a subset of S, then the indicator function of P (as a subset of S)
is the function Ip : S — {0,1} given by
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In(z) = {1 ifreP

0 otherwise,
for every x € S.

It is easy to see that

Ipnq(z) = Ip(x) - Io(x),
Ipug(x) = Ip(x) + Ig(x) — Ip(2) - Io(x),
Ip(x) =1—1Ip(z),
for every P,Q C S and z € S.

The relationship between the subsets of a set and indicator functions de-
fined on that set is discussed next.

Theorem 1.57. There is a bijection ¥ : P(S) — (S — {0,1}) between the
set of subsets of S and the set of indicator functions defined on S.

Proof. For P € P(S), define ¥(P) = Ip. The mapping ¥ is one-to-one. Indeed,
assume that Ip = Ig, where P,QQ € P(S). We have € P if and only if
Ip(x) = 1, which is equivalent to Ig(x) = 1. This happens if and only if
z € @; hence, P = ) so ¥ is one-to-one.

Let f: S — {0,1} be an arbitrary function. Define the set Ty = {z €
S| f(z) =1}. It is easy to see that f is the indicator function of the set 7.
Hence, ¥(Ty) = f, which shows that the mapping ¥ is also onto and hence it
is a bijection. O

Definition 1.58. A simple function on a set S is a function f: S — R that
has a finite range.

Simple functions are linear combinations of indicator functions, as we show
next.

Theorem 1.59. Let f : S — R be a simple function such that Ran(f) =
{yla e ay’n} g R Then,

F=> vl
i=1

Proof. Let z € R. If f(x) = y;, then

1 ifl=j,
0 otherwise.

Ip-1(y,)(z) = {

Thus

)

(Z yi-[f—l(yi)> (z) = yj,
i=1

which shows that f(z) = (X1 yilf-1y,)) (z). O
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Theorem 1.60. Let f1,..., fr be k simple functions defined on a set S. If
g: R* — R is an arbitrary function, then g(f1,..., fx) is a simple function
on S and we have

mi me

91 @) =D D 9@ U)o (e () ()

p1=1 pr=1

for every x € S, where Ran(f;) = {yi1, ..., Yim, } for 1 <i <k.

Proof. Tt is clear that the function g(f1,..., fx) is a simple function because
it has a finite range. Moreover, if Ran(f;) = {yi1, - - -, Yim, }, then the values of

g(fi, ..., fi) have the form g(yip,, ..., Yrps), and g(f1,..., fr) can be written
as

g(fla"'7fk)(x)

my my

= Z Z g(ylpu~~7ykpk)-rff1(y1pl)(x)"'Ifk—l(ykpk)(x)

p1=1 pr=1

miy
= Z e Zpk — ]-mkg(ylpm e ’ykpk)[fl_l(yml)ﬁ"'ﬁfk_l(ykpk)(x)

p1=1

forxeS. O
Theorem 1.60 justifies the following statement.

Theorem 1.61. If f1,..., fr are simple functions on a set S, then

max{ fi(z),..., fr(x)},
min{ fi(z), ..., fe(z)},
fi(@) + -+ fir(x),

are simple functions on S.

Proof. The statement follows immediately from Theorem 1.60. 0O

Functions and Sets

Let f: S — T be a function. If L is a subset of S, we define the subset f(L)
of T'as f(L) = {f(s) | s € L}. The set f(L) is the image of L under f.

Also, if H is a subset of T, we define the set f~!(H) as the subset of S
given by f~1(H) ={s €S | f(s) € H} and we refer to this set as the inverse
image of H under f.

It is easy to verify that L C L' implies f(L) C f(L') (monotonicity of set
images) and H C H' implies f~1(H) C f~1(H’) for every L, L' € P(S) and
H,H' € P(T) (monotonicity of set inverse images).

Next, we discuss the behavior of images and inverse images of sets with
respect to union and intersection.
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Theorem 1.62. Let f : S — T be a function. If C is a collection of subsets
of S, then we have

() F(UC) = U{F(L) | L eC} and

(ii) f(N€) S MN{f(L) | LeC}

Proof. Note that L C |JC for every L € €. The monotonicity of set images
implies f(L) C f(J©). Therefore, | J{f(L) | L € C} C f(UC).

Conversely, let ¢ € f(|JC). There is s € |J€ such that ¢t = f(s). Further,
since s € |J€ we have s € L, for some L € €, which shows that f € f(L) C
U{f(L) | L € €}, which implies the reverse inclusion f(JC) C U{f(L) |
L e C}.

We leave to the reader the second part of the theorem. 0O

Theorem 1.63. Let f: S — T and g : T — U be two functions. We have
F g X)) = (gf)"HX) for every subset X of U.

Proof. We have s € f~1(g7%(X)) if and only if f(s) € g~1(X), which is
equivalent to g(f(s)) € X, that is, with s € (¢f) '(X). The equality of the
theorem follows immediately. O

Theorem 1.64. If f : S — T is an injective function, then f((\C) =
{f(L) | L € C} for every collection C of subsets of S.

Proof. By Theorem 1.62, it suffices to show that for an injection f we have
NUAD) | Leejc fne).

Lety € ({f(L) | L € C}. For each set L € C there exists x, € L such that
f(xp) =y. Since f is an injection, it follows that there exists x € S such that
xy, = x for every L € €. Thus, x € () €, which implies that y = f(z) € f(©C).
This allows us to obtain the desired inclusion. O

Theorem 1.65. Let [ : S — T be a function. If D is a collection of subsets
of T, then we have

(i) f~HUD) =U{f Y(H) | H € D} and

(i) /71 (ND)={f""(H) | H € D}.

Proof. We prove only the second part of the theorem and leave the first part
to the reader.

Since (VD C H for every H € D, we have f~1(D) C f~1(H) due to the
monotonicity of set inverse images. Therefore, f~1(N\D) C N{f '(H) | H €
D}.

To prove the reverse inclusion, let s € N{f~'(H) | H € D}. This means
that s € f~1(H) and therefore f(s) € H for every H € D. This implies
f(s) €D, so s € f~HND), which yields the reverse inclusion ({f~(H) |
HeDyC f~YND). O

Note that images and inverse images behave differently with respect to
intersection. The inclusion contained by the second part of Theorem 1.62
may be strict, as the following example shows.
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Ezample 1.66. Let S = {sq,s1,82}, T = {to,t1}, and f : S — T be the
function defined by f(so) = f(s1) = to and f(s2) = t1. Consider the collection
C = {{so0}, {s1,s2}}. Clearly, NC = 0, so f((NC) = 0. However, f({so}) =
{to} and f({s1,s2}) = {to,t1}, which shows that ("{f(L) | L € C} = {to}.

Theorem 1.67. Let f : S — T be a function and let U and V be two subsets
of T. Then, f~Y(U -V) = f~1U) - f~1(V).

Proof. Let s € f~1(U—V). We have f(s) € U—V,so f(s) € U and f(s) € V.
This implies s € f~Y(U) and s ¢ f~1(V), so s € f~Y(U) — f~1(V), which
yields the inclusion

FU=V) S U) - V).

Conversely, let s € f~1(U) — f~1(V). We have s € f~1(U) and s ¢
F~Y(V) which amount to f(s) € U and f(s) € V, respectively. Therefore,
f(s) € U —V, which implies s € f~*(U — V). This proves the inclusion:

) = V) iU -V,
which concludes the argument. O

Corollary 1.68. Let f : S — T be a function and let V' be a subset of T'.
We have f~1(V) = f~1(V).

Proof. Note that f~1(T) = S for any function f : S — T. Therefore, by
choosing U = T in the equality of Theorem 1.67, we have

S—fV)y=f1r-Vv),

which is precisely the statement of this corollary. 0O

1.3.4 Finite and Infinite Sets

Functions allow us to compare sizes of sets. This idea is formalized next.

Definition 1.69. Two sets S and T are equinumerous if there is a bijection
f:85—T.

The notion of equinumerous sets allows us to introduce formally the no-
tions of finite and infinite sets.

Definition 1.70. A set S is finite if there exists a natural number n € N such
that S is equinumerous with the set {0,...,n—1}. Otherwise, the set S is said
to be infinite.

If S is an infinite set and 7T is a subset of S such that S — T is finite, then
we refer to T' as a cofinite set.
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Theorem 1.71. If n € N and f : {0,...,n — 1} — {0,...,n — 1} is an
injection, then f is also a surjection.

Proof. Let f:{0,...,n—1} — {0,...,n—1} be an injection. Suppose that f
is not a surjection, that is, there is k such that 0 <k <n—1 and k ¢ Ran(f).
Since f is injective, the elements f(0), f(1), f(n — 1) are distinct; this leads to
a contradiction because k is not one of them. Thus, f is a surjection. 0O

Theorem 1.72. For any natural numbers m,n € N, the following statements
hold:
(i) There exists an injection from {0,...,n—1} to {0,...,m —1} if and only

ifn <m.

(ii) There exists a surjection from {0,...,n—1} to {0,...,m—1} if and only
ifn<m>0orifn=m=0.

(iii) There exists a bijection between {0,...,n — 1} and {0,...,m — 1} if and
only if n = m.

Proof. For the first part of the theorem, if n < m, then the mapping f :
{0,...,n—1} — {0,...,m — 1} given by f(k) = k is the desired injection.
Conversely, if f:{0,...,n — 1} — {0,...,m — 1} is an injection, the list
(f(0),..., f(n —1)) consists of n distinct elements and is a subset of the set
{0,...,m — 1}. Therefore, n < m.

For the second part, if n = m = 0, then the empty function is a surjection
from {0,...,n — 1} to {0,...,m — 1}. If n > m > 0, then we can define a
surjection f: {0,...,n—1} — {0,...,m — 1} by defining

fr) =

r if0<r<m-—1,
0 ifm<r<n-1.

Conversely, suppose that f:{0,...,n—1} — {0,...,m — 1} is a surjection.
Define g : {0,...,m—1} — {0,...,n—1} by defining ¢g(r), for 0 <r <m-—1,
to be the least t, 0 <t < n — 1, for which f(¢) = r. (Such ¢ exists since f is
a surjection.) Then, g is an injection, and hence, by the first part, m < n. In
addition, if m = 0, then we must also have n = 0 or else the function f could
not exist.

For Part (iii), if n = m, then the identity function is the desired bijection.
Conversely, if there is a bijection from {0,...,n — 1} to {0,...,m — 1}, then
by the first part, n < m, while by the second part, n > m, son=m. 0O

Corollary 1.73. If S is a finite set, then there is a unique natural number n
for which there exists a bijection from {0,...,n—1} to S.

Proof. Suppose that f:{0,...,n—1} — Sand ¢g:{0,...,m—1} — S are
both bijections. Then, g='f : {0,...,n — 1} — {0,...,m — 1} is a bijection,
son=m. 0O

If S is a finite set, we denote by |S| the unique natural number that exists
for S according to Corollary 1.73. We refer to |S| as the cardinality of S.
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Corollary 1.74. Let S and T be finite sets.

(i) There is an injection from S to T if and only if | S| < |T.
(ii) There is a surjection from S to T if and only if |S| > |T|.
(iii) There is a bijection from S to B if and only if |S| = |T.

Proof. Let |S| = n and |T| = m and let f : {0,...,n—1} — S and g :
{0,...,m — 1} — T be bijections. If h : S — T is an injection, then
g thf:{0,...,n—1} — {0,...,m— 1} is an injection, so by Theorem 1.72,
Part (i), n < m, ie. |S| < |T|. Conversely, if n < m, then there is an
injection k : {0,...,n — 1} — {0,...,m — 1}, namely the inclusion, and
gkf~':S — T is an injection.

The other parts are proven similarly. 0O

Corollary 1.75. Let S and T be two finite sets with the same cardinality. If
h:S — T, then the following are equivalent:
(i) h is an injection,
(ii) h is a surjection, and
(iii) h is a bijection.

Proof. Let |S| =|T| =nand let f:{0,...,n—1} — Sand ¢g:{0,...,m —
1} — T be bijections. If h is an injection, then k = g~ *hf : {0,...,n—1} —
{0,...,n—1} is also an injection, so, by Theorem 1.72, k is a surjection. But
then h = gkf~! is also a surjection.

If h is a surjection, then, for each b € T, h=1({b}) is nonempty. Thus,
since f is a surjection, for each b € T, there is some ¢, 0 < i < n — 1, with
h(f(i)) = b. We may thus define k : T — S by defining k(b) to be f(i),
where ¢ is the least number with A(f(i)) = b. Then, k is a right inverse for
h, and k is an injection. By the first part of the proof, k is a surjection and
hence a bijection, and h, being a left inverse for k, must be k~!, so h is also
a bijection.

Finally, if h is a bijection, then h is an injection. 0O

1.3.5 Generalized Set Products and Sequences

The Cartesian product of two sets was introduced as the set of ordered pairs
of elements of these sets. Here we present a definition of an equivalent notion
that can be generalized to an arbitrary family of sets.

Definition 1.76. Let S and T be two sets. The set product of S and T is
the set of functions of the form p: {0,1} — S UT such that f(0) € S and
f)eT.

Note that the function @ : P — S x T given by ®(p) = (p(0),p(1)) is a
bijection between the set product P of the sets S and T and the Cartesian
product S x T. Thus, we can regard a function p in the set product of S and
T as an alternate representation of an ordered pair.
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Definition 1.77. Let C = {S; | ¢ € I} be a collection of sets indezxed by a set
I. The set product of € is the set [ C of all functions f : I — |JC such that
f(i) e S; for everyi e I.

Ezample 1.78. Let € = {{0,...,i} | i € N} be a family of sets indexed by
the set of natural numbers. Clearly, we have | J€ = N. The set [[ € consists
of those functions f such that f(i) € {0,...,i} for i € N, that is, of those
functions such that f(i) <i for every i € I.

Definition 1.79. Let C = {S; | i € I} be a collection of sets indexed by a set
I and leti be an element of I. The i*" projection is the function p; : [[€ — S;

defined by p;(f) = f(i) for every f € T]C.

Theorem 1.80. Let C = {S; | i € I} be a collection of sets indexed by a
set I and let T be a set such that, for every i € I there exists a function
gi : T — S;. Then, there exists a unique function h : T — []C such that
gi = pih for everyi € I.

Proof. For t € T, define h(t) = f, where f(i) = g;(t) for every i € I. We have
pi(h(t)) = pi(f) = ¢i(t) for every t € T, so h is a function that satisfies the
conditions of the statement.

Suppose now that h; is another function, hy : T — []C, such that
gi = pih1 and hq(t) = fi. We have g;(t) = pi(h1(t)) = pi(f1) = pi(f), so
f@) = f1(@) for every ¢ € I. Thus, f = f1 and h(t) = hy(t) for every t € T,
which shows that h is unique with the property of the statement. 0O

Definition 1.81. Let € = {Sp,...,Sn—1} be a collection of n sets indexed by
the set {0,...,n —1}.

The set product [[P consists of those functions f : {0,...,n — 1} —
U;:Ol S; such that f(i) € S; for 0 <i<n-—1.

For set products of this type, we use the alternative notation Sox--+X.S,_1.

If Sy =---=8,_1 =25, we denote the set product Sy X --- x Sy_1 by S™.

A sequence on S of length n is a member of this set product. If the set S
1s clear from the context, then we refer to s as a sequence.

The set of finite sequences of length n on the set S is denoted by Seq,,(.5).

If s € Seq,,(5), we refer to the number n as the length of the sequence
s and it is denoted by [s|. The set of finite sequences on a set S is the set
U{Seq,,(S) | n € N}, which is denoted by Seq(5).
For a sequence s of length n on the set S such that s(i) = s; for 0 <1 <
n — 1, we denote s as
S = (SQ7 Slyevny 3n—1)~
The elements s, ..., s,_1 are referred to as the components of s.

For a sequence r € Seq(.S), we denote the set of elements of S that occur
in s by set(r).
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In certain contexts, such as the study of formal languages, sequences over
a nonempty, finite set I are referred to as words. The set I itself is called
an alphabet. We use special notation for words. If I = {ag,...,a,—1} is an
alphabet and s = (a;, a4y, .- ., a;, ,) is a word over the alphabet I, then we
write 8 = a;,a;, -+ Q;,_, -

The notion of a relation can also be generalized.
Definition 1.82. Let € = {C; | i € I} be a collection of sets. A C-relation
is a subset p of the generalized Cartesian product [[C. If I is a finite set and
|I| = n, then we say that p is an n-ary relation.

For small values of n, we use specific terms such as binary relation for
n = 2 or ternary relation for n = 3.

The number n is the arity of the relation p.

Ezample 1.83. Let I = {0,1,2} and Cy = C; = Cy = R. Define the ternary
relation p on the collection {Cy, C1,Cs} by

p={(z,y,2) eR’ | x <y <z},
In other words, we have (x,y, z) € p if and only if y € (z, 2).

Definition 1.84. Let p and q be two finite sequences in Seq(S) such that
|p| = m and |g| = n. The concatenation or the product of p and q is the
sequence T given by

r(z){p(@) if0<i<m-—1

qii—m) fm<i<m+n-1
The concatenation of p and q is denoted by pq.
Ezample 1.85. Let S = {0,1} and let p and q be the sequences

p=(0,1,0,0,1,1),
q = (17 ]'7 1’0)'

By Definition 1.84, we have

pq = (0,1,0,0,1,1,1,1,1,0),
ap = (1,1,1,0,0,1,0,0,1,1).

The example above shows that, in general, pq # qp.
It follows immediately from Definition 1.84 that

AP =pA=p

for every sequence p € Seq(5S).
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Definition 1.86. Let  be a sequence, © € Seq(S). A sequence y € Seq(S)
is:
(i) a prefix of @ if = yv for some v € Seq(9);
(ii) @ suffix of @ if x = uy for some v € Seq(S); and
(iii) an infix of  if € = uyv for some u, v € Seq(9).
A sequence y is a proper prefix (a proper suffix, a proper infix) of © if y
is a prefiz (suffiz, infix) and y & {\, x}.

Ezample 1.87. Let S = {a,b,¢,d} and x = (b, a,b,a,c,a). The sequence y =
(b,a,b,a) is a prefix of x, z = (a, ¢, a) is a suffix of x, and t = (b, a) is an infix
of the same sequence.

For a sequence x = (o, ..., Zp—1), we denote by x;; the infix (z;,...,x;)
for0<i<j<n—-11fj <i, x5 =A

Definition 1.88. Let S be a set and let r,s € Seq(S) such that |r| < |s|.
The sequence T is a subsequence of s, denoted r C s, if there is a function
F:{0,...,m—1} —{0,...,n — 1} such that f(0) < f(1) <--- < f(m—1)
and r= sf.

Note that the mapping f mentioned above is necessarily injective.
If r C s, as in Definition 1.88, we have r; = sy(;) for 0 <4 < m—1. In other
words, we can write r = (8;,...,8i,,_,), where i, = f(p) for 0 <p <m —1.
The set of subsequences of a sequence s is denoted by SUBSEQ(s). There
is only one subsequence of s of length 0, namely .

Ezample 1.89. For S = {a,b,c,d} and x = (b,a,b,a,c,a) we have y =
(b,b,c) C x because y = xf, where f : {0,1,2} — {0,1,2,3,4} is defined
by f(0) =0, f(1) = 2, and f(2) = 4. Note that set(y) = {b,c} C set(x) =
{a,b,c}.

Definition 1.90. Let T' be a set. An infinite sequence on T is a function of
the form s : N — T.

The set of infinite sequences on T is denoted by Seq..(T). If s € Seq.(T),
we write |s| = oo.

For s € Seq (T') such that s(n) = s, for n € N, we also use the notation
S =(S0y.+s8n,y...)

The notion of a subsequence for infinite sequences has a definition that is
similar to the case of finite sequences. Let s € Seq  (T) and let r: D — T
be a function, where D is either a set of the form {0,...,m — 1} or the set
N. Then, r is a subsequence of s if there exists a function f : D — N such
that f(0) < f(1) < --- < f(k—1) < --- such that r = sf. In other words,
a subsequence of an infinite sequence can be a finite sequence (when D is
finite) or an infinite sequence. Observe that r(k) = s(f(k)) = sy for k € D.
Thus, as was the case for finite sequences, the members of the sequence r are
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extracted among the members of the sequence s. We denote this by r C s, as
we did for the similar notion for finite sequences.

Ezample 1.91. Let s € Seq, (R) be the sequence defined by s(n) = (—1)" for
neN;s=(1,-1,1,-1,...). If f : N — N is the function given by f(n) = 2n
for n € N, then r = sf is defined by r, = r(k) = s(f(k)) = (—1)%¢ =1 for
ke N.

Occurrences in Sequences

Let x,y € Seq(S). An occurrence of y in x is a pair (y,4) such that 0 <1 <
x| — |y|] and y(k) = x(i + k) for every k, 0 < k < |y| — 1.

The set of all occurrences of y in x is denoted by OCCy (x).

There is an occurrence (y,¢) of y in x if and only if y is an infix of x. If
|y| = 1, then an occurrence of y in x is called an occurrence of the symbol
y(0) in x.

|OCC4)(x)| will be referred to as the number of occurrences of a symbol
s in a finite sequence x and be denoted by |x|s.

Observe that there are |x| + 1 occurrences of the null sequence A in any
sequence X.

Let x € Seq(S) and let (y,4) and (y’,j) be occurrences of y and y’ in x.
The occurrence (y’, j) is a part of the occurrence (y,i) if 0 < j—i < |y|—|y’|-

Ezample 1.92. Let S = {a,b,c} and let x € Seq(S) be defined by x =
(a,a,b,a,b,a,c). The occurrences ((a,b),1),((b,a),2), and ((a,b),3) are parts
of the occurrence ((a, b, a,b),1).

Theorem 1.93. If (y,j) € OCCy(x) and (z,i) € OCC,(y), then (zi+ j) €
OCC, ().

Proof. The argument is left to the reader. O

Definition 1.94. Let « be a finite sequence and let (y,i) be an occurrence of
y in x If € = xpyxy, where |xy| = i, then the sequence which results from
the replacement of the occurrence (y,1) in x by the finite sequence y' is the
sequence oy x;, denoted by replace (z, (y,4),y).

Ezample 1.95. For the occurrences ((a,b),1),((a,b),3) of the sequence (a,b)
in the sequence x = (a,a, b, a, b, a, c), we have

replace (x, ((a,b),1), (¢,a,¢)) = (a,¢,a,¢c,a,b,a,c)

replace (x, ((a,b),3), (¢,a,¢)) = (a,a,b,c,a,c,a,c).
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Sequences of Sets

Next we examine sets defined by sequences of sets.

Let s be a sequence of sets. The intersection of s is denoted by ﬂ?:_ol S;ifs
is a sequence of length n and by ;= S; if s is an infinite sequence. Similarly,
the union of s is denoted by U?:_(Jl S; if s is a sequence of length n and by
Ui2o S if s is an infinite sequence.

Definition 1.96. A sequence of sets s = (Sp, S1,...) is expanding if i < j
implies S; C S; for every i,j in the domain of s.

If i < j implies S; C S; for every i,j in the domain of s, then we say that
s is a contracting sequence of sets.

A sequence of sets is monotonic if it is expanding or contracting.

Definition 1.97. Let s be an infinite sequence of subsets of a set S, where
s(i) = S; forieN.

The set ;2o (j=; S; is referred to as the lower limit of s; the set
Nizo U;; S; is the upper limit of s. These two sets will be denoted by liminf s
and lim sup s, respectively.

If z € liminfs, then there exists 7 such that = € ﬂ;il Sj; in other words,
x belongs to almost all sets .S;.

If x € limsups, then for every ¢ there exists j > 4 such that z € §;; in
this case, z belongs to infinitely many sets of the sequence.

Clearly, we have liminfs C limsups.

Definition 1.98. A sequence of sets s is convergent if liminf s = limsup s.
In this case, the set L = liminf s = limsup s is said to be the limit of the
sequence s.

The limit of s will be denoted by lim s.

Example 1.99. Every expanding sequence of sets is convergent. Indeed, since
s is expanding, we have ()72, S; = S;. Therefore, liminfs = [ J;Z, ;. On the
other hand, |J;Z,; S; € U2, Si and therefore limsups C liminf's. This shows
that liminfs = limsups, that is, s is convergent.

A similar argument can be used to show that s is convergent when s is
contracting.

Let C be a collection of subsets of a set S. Denote by €, the collection of
all unions of subcollections of € indexed by N and by C; the collection of all
intersections of such subcollections of C,

Co

el cnees,

n<0

C=<()CnlCnet

n<0
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Observe that by taking C,, = C € C for n > 0, it follows that € C €, and
G C Cy.

Theorem 1.100. For any collection of subsets C of a set S, we have (Cy )y =
GU and (65)5 = (‘35,

Proof. The argument is left to the reader. 0O

The operations ¢ and § can be applied iteratively. We shall denote se-
quences of applications of these operations by subscripts adorning the affected
collection. The order of application coincides with the order of these symbols
in the subscript. For example, (€)y5, means ((Cy)s),. Thus, Theorem 1.100
can be restated as the equalities C,, = C, and Cs5 = Cs.

Observe that if ¢ = (Cy,C1,...) is a sequence of sets, then limsupc =
Nizo U= Cj € €5 and liminf e = JZ, N;2; C; belongs to Cs,, where € =
{C,, | n € N}

1.3.6 Equivalence Relations

Equivalence relations occur in many data mining problems and are closely
related to the notion of partition, which we discuss in Section 1.3.7.

Definition 1.101. An equivalence relation on a set S is a relation that is
reflexive, symmetric, and transitive.

The set of equivalences on A is denoted by EQS(S).
An important example of an equivalence relation is presented next.

Definition 1.102. Let U and V' be two sets, and consider a function f :
U — V. The relation ker(f) CU x U, called the kernel of f, is given by

ker(f) ={(u,u') € U x U | f(u) = f(u)}.

In other words, (u,u’) € ker(f) if f maps both u and v’ into the same element
of V.

It is easy to verify that the relation introduced above is an equivalence.
Indeed, it is clear that (u,u) € ker(f) for any u € U, which shows that
twy C ker(f).

The relation ker(f) is symmetric since (u, u’) € ker(f) means that f(u) =
f(u'); hence, f(u') = f(u), which implies (u',u) € ker(f).

Suppose that (u,u’), (u',u") € ker(f). Then, we have f(u) = f(u') and
f') = f(u"), which gives f(u) = f(u”). This shows that (u,u”) € ker(f);
hence, ker(f) is transitive.

Ezample 1.103. Let m € N be a positive natural number. Define the function
fm : Z — N by fm(n) = r if r is the remainder of the division of n by m.
The range of the function f,, is the set {0,...,m — 1}.

The relation ker(f,,) is usually denoted by =,,. We have (p,q) €=, if
and only if p — ¢ is divisible by m; if (p, q) €=, we also write p = g(mod m).
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Definition 1.104. Let p be an equivalence on a set U and let u € U.
The equivalence class of u is the set [u],, given by

[ul, ={y €U | (u,y) € p}.

When there is no risk of confusion, we write simply [u] instead of [u],,.
Note that an equivalence class [u] of an element w is never empty since
u € [u] because of the reflexivity of p.

Theorem 1.105. Let p be an equivalence on a set U and let u,v € U. The
following three statements are equivalent:
(i) (u,v) € p;
(if) [u] = [v];
(iii) [u] N [v] # 0.

Proof. The argument is immediate and we omit it. O

Definition 1.106. Let S be a set and let p € EQS(S). A subset U of S is
p-saturated if it equals a union of equivalence classes of p.

It is easy to see that U is a p-saturated set if and only if z € U and
(z,y) € p imply y € U. It is clear that both () and S are p-saturated sets.
The following statement is immediate.

Theorem 1.107. Let S be a set, p € EQS(S), and C = {U; | i € I} be a
collection of p-saturated sets. Then, both |JC and (\C are p-saturated sets.
Also, the complement of every p-saturated set is a p-saturated set.

Proof. We leave the argument to the reader. 0O
A more general class of relations that generalizes equivalence relations is
introduced next.

Definition 1.108. A tolerance relation (or, for short, a tolerance on a set S
18 a relation that is reflexive and symmetric.

The set of tolerances on A is denoted by TOL(S).

Ezample 1.109. Let a be a nonnegative number and let p, € R x R be the
relation defined by

pa ={(z,y) € S XS [ & —y| <a}.
It is clear that p, is reflexive and symmetric; however, p, is not transitive

in general. For example, we have (3,5) € p2 and (5,6) € pa, but (3,6) & pa.
Thus, p2 is a tolerance but is not an equivalence.
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1.3.7 Partitions and Covers

Next, we introduce the notion of partition of a set, a special collection of
subsets of a set.

Definition 1.110. Let S be a nonempty set. A partition of S is a nonempty
collection of nonempty subsets of S, m ={B; | i € I}, such that | J{B; | i €
I} =S, and B,N B; =0 for every i,j € I such that i # j.

FEach set B; of m is a block of the partition 7.

The set of partitions of a set S is denoted by PART(S). The partition of
S that consists of all singletons of the form {s} with s € S will be denoted by
ag; the partition that consists of the set S itself will be denoted by wg.

Ezample 1.111. For the two-element set S = {a, b}, there are two partitions:
the partition ag = {{a}, {b}} and the partition ws = {{a, b}}.
For the one-element set T' = {c}, there exists only one partition, ar =

wr = {{t}}.

Ezample 1.112. A complete list of partitions of a set S = {a,b, ¢} consists of
the following:

mo = {{a}, {b},{c}},
m = {{a,b},{c}},
T2 = {{a}7 {b7 C}}v
T3 = {{a7c}7{b}}7
my = {{a,b,c}}.

Clearly, mp = ag and 14 = wg.

Definition 1.113. Let S be a set and let w,0 € PART(S). The partition w is
finer than the partition o if every block C' of o is a union of blocks of w. This
1s denoted by m < o.

Theorem 1.114. Let # = {B; | i € I} and 0 = {C; | j € J} be two
partitions of a set S.

For ;0 € PART(S), we have w < o if and only if for every block B; €
there exists a block C; € o such that B; C C}.

Proof. If m < o, then it is clear for every block B; € 7 there exists a block
C;j € o such that B; C Cj.

Conversely, suppose that for every block B; € 7 there exists a block C; € o
such that B; C C}. Since two distinct blocks of o are disjoint, it follows that
for any block B; of 7 the block C; of o that contains B; is unique. Therefore,
if a block B of 7 intersects a block C of o, then B C C.

Let @ = U{B; € # | B; C C;}. Clearly, @ C C;. Suppose that there
exists u € C; — Q. Then, there is a block B, € 7 such that x € B, N}, which
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implies that B, C C;. This means that v € B, C C, which contradicts the
assumption we made about x. Consequently, C; = @, which concludes the
argument. 0O

Note that ag < 7 < wg for every m € PART(S).

We saw that two equivalence classes either coincide or are disjoint. There-
fore, starting from an equivalence p € EQS(U), we can build a partition of
the set U.

Definition 1.115. The quotient set of the set U with respect to the equiva-
lence p is the partition U/p, where

U/p={lu, | weU}.

An alternative notation for the partition U/p is 7.
Moreover, we can prove that any partition defines an equivalence.

Theorem 1.116. Let m = {B; | i € I} be a partition of the set U. Define the
relation pr by (x,y) € pr if there is a set B; € m such that {x,y} C B;. The
relation pr is an equivalence.

Proof. Let B; be the block of the partition that contains u. Since {u} C B;,
we have (u,u) € pr for any u € U, which shows that p, is reflexive.

The relation p, is clearly symmetric. To prove the transitivity of p,, con-
sider (u,v), (v, w) € pr. We have the blocks B; and B; such that {u,v} C B;
and {v,w} C Bj. Since v € B; N B, we obtain B; = B; by the definition of
partitions; hence, (u,w) € pr. O

Corollary 1.117. For any equivalence p € EQS(U), we have p = p,,. For
any partition m € PART(U), we have m =, _.

Proof. The argument is left to the reader. 0O

The previous corollary amounts to the fact that there is a bijection ¢ :
EQS(U) — PART(U), where ¢(p) = m,. The inverse of this mapping, ¥ :
PART(U) — EQS(U), is given by ¥(m) = px.

Also, note that, for m, 7" € PART(S), we have 7 < 7’ if and only if
Pr - Pr’ -

We say that a subset T" of a set S is w-saturated if it is a p,-saturated set.

Theorem 1.118. For any mapping f : U — V, there is a bijection h :
U/ker(f) — f(U).

Proof. Consider the ker(f) class [u] of an element u € U, and define h([z]) =
f(z). The mapping h is well-defined for if v’ € [u], then (u,u’) € ker(f),
which gives f(u) = f(u).

Further, h is onto since if y € f(U), then there is u € U such that f(u) =y,
and this gives y = h([u]).
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To prove the injectivity of h, assume that h([u]) = h([v]). This means that
f(u) = f(v); hence, (u,v) € ker(f), which means, of course, that [u] = [v].
O

An important consequence of the previous proposition is the following
decomposition theorem for mappings.

Theorem 1.119. Every mapping f : U — V can be decomposed as a com-
position of three mappings: a surjection g : U — U/ker(f), a bijection
h:U/ker(f) — f(U), and an injection k : f(U) — V.

Proof. The mapping g : U — U/ker(f) is defined by g(u) = [u] for u € U,
while k : f(A) — B is the inclusion mapping given by k(v) = v for all
v € f(U). Therefore, k(h(g(u))) = k(h([u])) = k(f(uw)) = f(u) for all u € U.
O

A generalization of the notion of partition is introduced next.

Definition 1.120. Let S be a set. A cover of S is a nonempty collection C of
nonempty subsets of S, C={B; | i € I}, such that | J{B; | i€ I}=2S5.
The set of covers of a set S is denoted by COVERS(S).

Ezample 1.121. Let S be a set. The collection Py (S) of subsets of S that
contain k elements is a cover of S for every k > 1. For k = 1, P1(5) is actually
the partition ag.

The notion of collection refinement introduced in Definition 1.12 is clearly
applicable to covers and will be used in Section 12.4.

1.4 The Axiom of Choice

The Axiom of Choice, one of the fundamental principles of set theory was
formulated by Ernst Zermello at the beginning of the twentieth century. To
state this axiom, we need the notion introduced next.

Definition 1.122. Let C be a nonempty collection of nonempty sets that are
pairwise disjoint. A selective set for € is a set K such that for every set S € C
the intersection K N M contains exactly one element.

A related notion is the notion of a choice function.

Definition 1.123. A choice function for a collection of sets C is a mapping
f:C—UC, such that, for each S € C if S # 0, then f(S) € S.

A selective function for set M is a choice function for the collection P(M).

Attempts at proving this axiom from other principles of set theory have
failed; instead many equivalent formulations of the Axiom of Choice were
obtained, and we present a few of these formulations in this section.
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Axiom of Choice Every collection of sets has a choice function.

Note that the Axiom of Choice merely states the existence of a choice
function but states no criterion for choosing its values.

Theorem 1.124. The Aziom of Choice is equivalent to the following state-
ments:

(i) Every collection of nonempty, pairwise disjoint sets has a selective set.
(ii) For every set, there exists a selective function.
(iii) The Cartesian product of every family of nonempty sets is nonempty.

Proof. The Axiom of Choice implies (i): Consider a collection C that
consists of nonempty sets that are pairwise disjoint. The Axiom of Choice
implies the existence of a selective function f for C.

We claim that the set K = {f(M)|M € C} is a selective set for C. Indeed,
we have f(M) € KN M for every M € C, and since the sets of C are pairwise
disjoint, it follows that K N M consists of exactly one element f(M).

(i) implies (ii): If M = 0, then the function f : P(0) — {0} defined by
F(0) = (0 can serve as a selective function. Therefore, we may assume that M
is nonempty. Consider the collection € of all sets having the form K x { K} for
K C M. Observe that, if K # H, the sets K x { K} and H x { H} are disjoint.
Indeed, if we have t € (K x {K})N(H x {H}), thent = (z,K) = (y,H), and
this implies K = H.

Let D be a selective set for C. For every K C M, there is x € K such
that DN (K x {K}) = {(z, K)}. We can define the selective function on M
by f(K) = z, where (z,K) € D. Since z € K, it follows that f is indeed a
selective function for the set M.

(i) implies (iii): Consider a collection of nonempty sets € = {M;|i € I},
and let M = [J{M;|i € I}. If f is a selective function for M, then for every
M; € @C, we have f(M;) € M;. Consider the mapping ¢t : I — M defined by
t(i) = f(M;). We have t € [],.; M; by Definition 1.77.

(iii) implies the Axiom of Choice: Let C = {M;|i € I} be a collection of sets.
Consider the set of indices J = {ili € I, M; € C,M; # ()} and the collection
D = {M;|M;,i € J}.

Let t € [[D. For every i € J, we have t(i) € M;, which means that for
every M; € ©, M; # 0, we have t(i) € M;. This means that t is a choice
function for €. O

1.5 Countable Sets

A set is called countable if it is either empty or the range of a sequence. A set
that is not countable is called uncountable.

Note that if S is a countable set and f : S — T is a surjection, then T is
also countable.



36 1 Sets, Relations, and Functions

Ezxample 1.125. Every finite set is countable. Let S be a finite set. If S = 0,
then S is countable. Otherwise, suppose that S = {ag, ..., a,—1}, wheren > 1.
Define the sequence s as

. a; if 0 S 7 S n — 1,
s(i) = .
a,—1 otherwise.

Tt is immediate that Ran(s) = S.

Ezxample 1.126. The set N is countable because N = Rans, where s is the
sequence s(n) = n for n € N. A similar argument can be used to show that
the set Z is countable. Indeed, let t be the sequence defined by

{”21 if n is odd

f% if n is even.

Let m be an integer. If m > 0, then m = t(2m — 1); otherwise (that is, if
m < 0), m = t(—2m), so z = Ran(t).

Ezxample 1.127. We shall prove now that the set N x N is countable. To this
end, consider the representation of pairs of natural numbers shown in Fig-
ure 1.2. The pairs of the set N x N are scanned in the order suggested by the
dotted arrows. The 0 pair is (0,0), followed by (0,1), (1,0), (0,2), (1,1),
(2,0), etc. We define the bijection 8 : N x N — N as 3(p,q) = n, where n
is the place occupied by the pair (p,¢) in the previous list. Thus, 5(0,0) = 0,
£(0,1) =1, 5(2,0) =5, and so on.

In general, bijections of the form h : N x N — N are referred to as pairing
functions, so 0 is an example of a pairing function.

The existence of the inverse bijection 57! : N — N x N shows that N x N
is indeed a countable set because N x N = Ran(371).

Another example of a bijection between N x N and P can be found in
Exercise 22.

Starting from countable sets, it is possible to construct uncountable sets,
as we see in the next example.

Ezample 1.128. Let F be the set of all functions of the form f: N — {0, 1}.
We claim that F' is not countable.

If F were countable, we could write F' = {fo, f1,..., fn,...}. Define the
function g : N — {0,1} by g(n) = f,(n) for n € N, where 0 =1 and 1 = 0.
Note that g # f,, for every f, in F because g(n) = f,(n) # fn.(n), that is, ¢
is different from f,, at least on n for every n € N. But g is a function defined
on N with values in {0,1}, so it must equal some function f,, from F. This
contradiction implies that F' is not countable.

Theorem 1.129. A subset T' of a countable set S is countable.
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. ©0,4) | (1,4) | 2,4). (3,4) | (4,4) | (5,4)

Lo |0y | ey |6y | w6y

Lo | o] @0 | 30| @ | 5.0
Fig. 1.2. Representation of N x N.

Proof. If either S or T are empty, the statement is immediate. Suppose there-
fore that neither S nor T' are empty and that S = {aog,...,an_1}. Since T
is a subset of S, we can write T' = {a;,,...,ai,,_,}, so T is the range of the
sequence t : {0,...,m—1} — S given by t(j) = a;, for 0 < j < m—1. Thus,
T is countable. O

Theorem 1.130. Let C = {C; | i € I} be a collection of sets such that each
set C; is countable and the indexing set is countable. Then, | C is a countable
set.

Proof. Without loss of generality, we can assume that none of the sets C; is
empty. Also, if I = (), then | J € is empty and therefore countable.

Suppose, therefore, that C; is the range of the sequence s; for i € I and
that I # (). Since I is a countable set, we can assume that I is the range of a
sequence z.

Define the function f: NxN — (J€ by f(p,q) = 5.(»)(q) for p,q € N. It
is easy to verify that f is a surjection. Indeed, if ¢ € |J €, there exists a set C;
such that ¢ € C; and, since C; is the range of the sequence s;, it follows that
¢ =s;(q) for some ¢ € N.

Suppose that i = z(p). Then, we can write ¢ = s,(,)(¢) = f(p,q), which
allows us to conclude that |J€ = Ran(f). To obtain the enumerability of
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J @, observe that this set can now be regarded as the range of the sequence
u given by u(n) = f(371(n)), where 3 is the pairing function introduced in
Example 1.127. O

Theorem 1.131. The set Q of rational numbers is countable.

Proof. We show first that the set of positive rational numbers Qs is count-
able. Indeed, note that the function f : N x N — Q- defined by f(m,n) =
77 Is a surjection. A similar argument shows that the set of negative ratio-
nal numbers is countable. By Theorem 1.130, the countability of Q follows

immediately. O

1.6 Elementary Combinatorics

In this section, we discuss some counting techniques for certain collections of
objects. We begin with a study of bijections of finite sets that is useful for the
presentation of these techniques.

Definition 1.132. A permutation of a set S is a bijection f:S — S.

A permutation f of a finite set S = {so, ..., Sp—1} is completely described
by the sequence (f(so),..., f(sn—1)). No two distinct components of such a
sequence may be equal because of the injectivity of f, and all elements of the
set S appear in this sequence because f is surjective. Therefore, the number
of permutations equals the number of such sequences, which allows us to
conclude that there are n(n — 1)---2 -1 permutations of a finite set .S with
|S| =n.

The number n(n — 1)---2 - 1 is usually denoted by n!. This notation is
extended by defining 0! = 1, which is consistent with the interpretation of n!
as the number of bijections of a set that has n elements.

The set of permutations of the set S = {1,...,n} is denoted by PERM,,.
If f € PERM,, is such a permutation, we write

f’(alu.-a/i-.-a/n),
where a; = f(i) for 1 < i < n. To simplify the notation, we shall specify f
just by the sequence (as,...,a;,...,a,).

Definition 1.133. Let S be a finite set, f be a permutation of S, and x € S.
The cycle of x is the set of elements of the form Cs, = {f'(z) | i € N}. The
number |Cy ;| is the length of the cycle.

Cycles of length 1 are said to be trivial.
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Let S be a finite set. Since C'y, C S, it is clear that Cy , is a finite set. If
|Cy 2| = ¢, then
Cio=A{z, f(2),... ).

Note that each pair of elements f?(x) and f7(x) are distinct for 0 < i,j < /-1,
and i # j because otherwise we would have |C .| < ¢. Moreover, f(z) = x.
If 2 € Cyy, then z = fF(x) for some k, 0 < k < £ — 1, where £ = |Cy ,|.
Since x = f%(x), it follows that x = f*~*(z), which shows that z € Cy ..
Thus, Cy . = Cy...
Thus, the cycles of a permutation of a finite set S form a partition 7, of

S.

Definition 1.134. A k-cyclic permutation of a finite set S is a permutation
such that 7y consists of a cycle of length k and a number of |S| — k cycles of
length 1.

A transposition of S is a 2-cyclic permutation.

Note that if f is a transposition of S, then f? = 1.

Theorem 1.135. Let S be a finite set, f be a permutation, and w; =
{Cfarr--,Cra,} be the cycle partition associated to f. Define the cyclic
permutations gi,...,gm of S as

oolt) = {f(t) ift € Cra,.

t otherwise.
Then, gp9q = gq0p for every p,q such that 1 < p,qg < m.

Proof. Observe first that u € Cy, if and only if f(z) € Cy, for any cycle
Ct .

We can assume that p # g. Then, the cycles Cy ., and Cy ., are disjoint.
Ifu g Cy o, UCy,,, then we can write g,(gq(u)) = gp(u) = v and gq(g,(u)) =
9q(u) = u.

Suppose now that u € Cy,, — Cf,,. We have g,(g,(u)) = gp(u) = f(u).
On the other hand, g,(gp(u)) = gq(f(u)) = f(u) because f(u) & Cy,.
Thus, g,(94(w)) = g4(9p(u)). The case where v € Cy, — Cf,, is treated
similarly. Also, note that Cy, N Cf,, = 0, so, in all cases, we have
09(90(2)) = gy(p(w)). D

The set of cycles {g1,...,9m} is the cyclic decomposition of the permuta-
tion f.

Definition 1.136. A standard transposition is a transposition that changes
the places of two adjacent elements.

Ezxample 1.137. The permutation f € PERMs5 given by
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£ 12345
"\13245

is a standard transposition of the set {1,2,3,4,5}.
On the other hand, the permutation

(12345
9:\15342

is a transposition but not a standard transposition of the same set because
the pair of elements involved is not consecutive.

If f € PERM,, is specified by the sequence (aq,...,a,), we refer to each
pair (a;,a;) such that ¢ < j and a; > a; as an inversion of the permutation
f. The set of all such inversions will be denoted by INV(f). The number of
elements of INV(f) is denoted by inuv(f).

A descent of a permutation f of S = {1,...,n} is a number j such that
1<j<n-—1anda; > ajt1. The set of descents of f is denoted by D(f).

Example 1.138. Let f € PERM;g be:
Iy 123456
"\425163)/°
We have

INV(f) = {(47 2)3 (47 1)7 (47 3)3 (27 1)7 (5a 1); (5’ 3)7 (Gv 3)}
and inv(f) = 7. Furthermore, D(f) = {1, 3, 5}.

It is easy to see that the following conditions are equivalent for a permu-
tation f of the finite set S:
(i) f=1s;
(i) inv(f) = 0;
(iif) D(f) = 0.

Theorem 1.139. Every permutation f € PERM, can be written as a com-
position of transpositions.

Proof. If D(f) = 0, then f = 1g and the statement is vacuous. Suppose
therefore that D(f) # 0, and let j € D(f), which means that (a;,a;j4+1) is an
inversion f. Let g be the standard transposition that exchanges a; and a;1.
It is clear that inv(gf) = inu(f) — 1. Thus, if g; are the transpositions that
correspond to all standard inversions of f for 1 < ¢ < p = inu(f), it follows
that g, --- g1 f has 0 inversions and, as observed above, g, --- g1 f = 1g. Since
g*> = 1g for every transposition g, we have f = g,---g1, which gives the
desired conclusion. 0O
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Theorem 1.140. If f is a permutation of the finite set S, then inv(f) is the
least number of standard transpositions, and the number of standard trans-
positions involved in any other factorization of f as a product of standard
transposition differs from inv(f) by an even number.

Proof. Let f = hy - -+ h1 be a factorization of f as a product of standard trans-
positions. Then, hy ---hqf = 15 and we can define the sequence of permuta-
tions f; = hy---hyf for 1 <[ < ¢. Since each h; is a standard transposition,
we have inv(fi41) —inf(f;) = 1 or inv(fi11) —inf(f;) = —1. If

Hl ] 1<1<q—1and nv(fi+1) —inv(f;) =1} =,

then [{I | 1 <1< q—1and inv(fi41) — inov(f;) = —1} = g —r, so inv(f) +
r — (¢ —r) = 0, which means that ¢ = inv(f) + 2r. This implies the desired
conclusion. O

Definition 1.141. A permutation f of {1,...,n} is even (odd) if inv(f) is
an even (odd) number.

Note that any transposition is an odd permutation.

Theorem 1.142. The set of subsets of a set that contains n elements consists
of 2™ subsets.

Proof. Let S be a set that contains n elements. The argument is by induction
on n.

In the basis step, n = 0, so S is the empty subset and P(S) is nonempty
because it contains (J; thus, |P(0)] = 1.

Suppose now that S contains n elements, say S = {sg,...,S,—1}, and let
S =S —{sp_1}. Any subset Z of S belongs to one of the following two
disjoint classes:

1. s, 1€ Z,507Z C S, or

2. 8y_1€ 4,807 —s,_1CS5".
By the inductive hypothesis, both these collections contain 2"~! subsets.
Therefore, P(S) contains 2 - 2"~1 = 2" subsets. O

Let S be a finite nonempty set, S = {s1,...,8,}. We seek to count the
sequences of S having length k& without repetitions.

Suppose initially that & > 1. For the first place in a sequence s of length
k, we have n choices. Once an element of .S has been chosen for the first place,
since the sequence may not contain repetitions, we have n — 1 choices for the
second place, etc. For the k™ component of s, there are n — 1 + k choices.
Thus, the number of sequences of length k without repetitions is given by
n(n—1)---(n—k+1). We shall denote this number by A(n, k).

There exists only one sequence of length 0, namely the empty sequence,
so we extend the definition of A by A(n,0) = 1 for every n € N.
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An important special case of this counting problem occurs when k& = n. In
this case, a sequence of length n without repetitions is essentially a permuta-
tion of the set S. Thus, the number of permutations of S is n(n—1)---1; this
number is denoted by n!, and we refer to it as the factorial of n.

In the case n = 0, we define 0! = 1 to maintain consistency with the
definition of A(n, 0).

Theorem 1.143. Let S and T be two finite sets. We have

|ISUT| = [S|+|T|—|SNT],
IS@&T|=|S|+|T|—2-SNT).

Proof. If SNT = (), then SUT = S®T and the equalities above are obviously
true. Therefore, we may assume that S NT = {z1,...,2,}, where p > 1.
Thus, the sets S and T' can be written as S = {zg,...,Zm—1,21,...,2p} and
T ={yo,---,Yn—1,%1,---,2p}. The symmetric difference S@ T can be written
as

SEBT: {'1:07"'737771—17?/0’"'ayn—l}-

Since |S|=m+p, T=n+p, |[SUT|=m+n+p,and |S®T| =m+ p, the
equalities of the theorem follow immediately. O

Let us now count the number of k-element subsets of a set that contains
n elements.

Let S be a set such that |S| = n. Define the equivalence ~ on the set
Seq(S) by s ~ t if there exists a bijection f such that s =tf.

It is easy to verify that ~ is an equivalence, and we leave it to the reader to
perform this verification. If s : {0,...,p—1} — Sand t:{0,...,¢—1} — S,
s~t,and f:{0,...,p—1} — {0,...,¢ — 1} is a bijection, then we have
p = q, by Theorem 1.72.

If T is a subset of S such that |T'| = k, there exists a bijection t : {0, ..., k—
1} — T clearly, this is a sequence without repetitions and there exist A(n, k)
such sequences. Note that if u is an equivalent sequence (that is, if t ~ u), then
the range of this sequence is again the set T" and there are k! such sequences
(due to the existence of the k! permutations f) that correspond to the same
set T. Therefore, we may conclude that P (S) contains A(Z!’k) elements. We
denote this number by (2) and we refer to it as the (n, k)-binomial coefficient.

We can write (Z) using factorials:

(n> _ Ak _n(n—1)--(n—k+1)

k ko k!
~nn—=1)---n—k+1)(n—Fk)---2-1
B kl(n —k)!
n!
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We mention the following useful identities:
n n—1
= 1.1
) =) =
-1
(”) = ”(” ) (1.2)
m m\m—1

Equality (1.1) can be extended as

k(k—l)---(k—ﬂ)(Z) :n(n—l)u-(n—é)(;l_ﬁ_i) (1.3)

for0 </¢<k-—1.
Consider now the n-degree polynomial in =

p(x) = (z +ao) - (z + an2)(@ + an-1).

Observe that the coefficient of ™% consists of the sum of all monomials
of the form a;, - --a;,_,, where the subscripts ig,...,ix—1 are distinct. Thus,
the coefficient of "% contains (Z) terms corresponding to the k-element
subsets of the set {0,...,n — 1}. Consequently, the coefficient of z"~* in the
power (x + a)™ can be obtained from the similar coefficient in p(z) by taking

ag = -+ = ap_1 = a; thus, the coefficient is (Z) aF. This allows us to write:
(r+a)" = Z ") gn—hqk (1.4)
k=0 k

This equality is known as Newton’s binomial formula and has numerous ap-
plications.

Ezample 1.144. If we take x = a = 1 in Formula (1.4) we obtain the identity

o — zn: (Z) (1.5)

k=0

Note that this equality can be obtained directly by observing that the right
member enumerates the subsets of a set having n elements by their cardinality
k.

A similar interesting equality can be obtained by taking x =1 and a = —1
in Formula (1.4). This yields

50

k=0

=(6) <)1)
) -6) ()
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This inequality shows that each set contains an equal number of subsets having
an even or odd number of elements.

Ezample 1.145. Consider the equality (z + a)® = (z + a)" !'(z + a). The
coefficient of 2™ *a* in the left member is (Z) In the right member 2™ *a*

has the coefficient (("') + (}Z])), so we obtain the equality

()= = (o) i

Multinomial coefficients are generalizations of binomial coefficients that
can be introduced as follows. The nt" power of the sum xy + -+ - + x, can be
written as

for0<k<n-1.

D VLU Ioe 3

(71,057%)

where the sum involves all (r1,...,7) € N* such that Zle r; = n. By
analogy with the binomial coefficients, we denote ¢(n,r1, ..., %) by (h’.’f“).
As we did with binomial coefficients in Example 1.145, starting from the
equality (z1+--+2x)" = (1 4+ +xx)" H(z1 + - +a3), the coefficient of
the monomial 27" - - - }* in the right member is (n,-rf:rn)' On the left member,

the same coefficient is

i=1

so we obtain the identity

n n—1
= 1.7
<7“1,...,rn> Z(rl,...,ri—l,...,rn)’ ( )

a generalization of the identity (1.6).

1.7 Multisets

Multisets generalize the notion of a set by allowing multiple copies of an
element. Formally, we have the following definition.

Definition 1.146. A multiset on a set S is a function M : S — N. Its
carrier is the set carr(M) = {x € S | M(z) > 0}. The multiplicity of an
element x of S in the multiset M is the number M (x).

The set of all multisets on S is denoted by M(S).
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Example 1.147. Let PRIMES be the set of prime numbers:
PRIMES = {2,3,5,7,11,...}. (1.8)

A number is determined by the multiset of its prime divisors in the fol-
lowing sense. If n € N, n > 1, can be factored as a product of prime
numbers, n = pfll --~pff, where p; is the i*® prime number and ki, ..., ke
are positive numbers, then the multiset of its prime divisors is the multiset
M, : PRIMES — N, where M, (p) is the exponent of the prime number p in
the product (1.8).

For example, Miggp is given by

3 ifp=2,
Migeo(p) = {1 if p=5,
2 ifp=T.

Thus, carr(Mygeo) = {2,5,7}.
Note that if m,n € N, we have M,,, = M, if and only if m = n.

We denote a multiset by using square brackets instead of braces. If z has
the multiplicity n in a multiset M, we write x a number of times n inside the
square brackets. For example, the multiset of Example 1.147 can be written
as [2,2,2,5,7,7].

Note that while multiplicity counts in a multiset, order does not matter;
therefore, the multiset [2,2,2,5,7,7] could also be denoted by [5,2,7,2,2,7]
or [7,5,2,7,2,2]. We also use the abbreviation n * 2 in a multiset to mean
that x has the multiplicity n in M. For example, the multiset Miggp can be
written as Miggo = [3%2,1% 5,2 7).

The multiset M on the set S defined by M () =0 for = € S is the empty
multiset.

Multisets can be combined to construct new multisets. Common set-
theoretical operations such as union and intersection have natural general-
izations to multisets.

Definition 1.148. Let M and N be two multisets on a set S.
The union of M and N is the multiset M U N defined by

(M UN)(x) =max{M(x), N(x)}

forx e S.
The intersection of M and N is the multiset M NN defined by

(M N N)(z) =min{M(z), N(z)}

forxz e S.
The sum of M and N is the multiset M + N given by

(M + N)(z) = M(z)+ N(x)

forxz e S.
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Ezxample 1.149. Let m,n € N be two numbers that have the prime factoriza-
tions

k Ky
m:pill...plﬂ’

h B

n = pjll .. 'ph;’
and let M,,, M,, be the multisets of their prime divisors, as defined in Exam-
ple 1.147. Denote by ged(m,n) the greatest common divisor of m and n, and

by lem(m,n) the least common multiple of these numbers.
We have

gcd( n) — My, 0 My,
Mlcm(m n) — My, U My,
My = My, + an

as the reader can easily verify.

A multiset on the set P(S) is referred to as a multicollection of sets on S.

1.8 Relational Databases

Relational databases are the mainstay of contemporary databases. The prin-
ciples of relational databases were developed by C. D. Codd in the early
1970s [30, 31], and various extensions have been considered since. In this sec-
tion, we illustrate applications of several notions introduced earlier to the
formalization of database concepts.

The notion of a tabular variable (or relational variable) was introduced by
C. J. Date in [35]; we also formalize the notion of table of a relational variable.
To reflect the implementations of a relational database system we assume
that table contents are sequences of tuples (and not just sets of tuples, a
simplification often adopted in the literature that is quite distant from reality).

Let U be a countably infinite injective sequence having pairwise distinct
members, U = (Ag, A1, ...). The components of U are referred to as attributes
and denoted, in general, by capital letters from the beginning of the alphabet,
A, B,C,.... We also consider a collection of sets indexed by the components
of U, D = {Da | A € U}. The set Dy is referred to as the domain of the
attribute A and denoted alternatively as Dom(A). We assume that each set
D4 contains at least two elements.

Let H be a finite subset of set(U), H = {A;,,..., A;, }. We refer to such
a set as a heading. In keeping with the tradition of the field of relational
databases, we shall denote H as H = A; ---A; . For example, instead of
writing H = {A, B,C, D, E}, we shall write H = ABCDE.

The set of tuples on H = A;, --- A;, is the set Dy, %o % DAip denoted
by tupl(H). Thus, a tuple t on the heading H = A;, --- A;, is a sequence
t=(t1,...,1tp )buchthatt € Dom(A;;) for 1 < j <np.
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A tabular variable is a pair 7 = (T, H), where T is a word over an alphabet
to be defined later and H is a heading.

A value of a tabular variable 7 = (T, H) is a triple § = (T, H,r), where
r is a sequence on tupl(H). We refer to such a triple as a table of the tabular
variable T or, a T-table; when the tabular variable is clear from the context or
irrelevant, we refer to € just as a table.

The set set(r) of tuples that constitute the components of a tuple sequence
r is a p-ary relation on the collection of sets tupl(H); this justifies the term
“relational” used for the basic database model.

Ezxample 1.150. Consider a tabular variable that is intended to capture the
description of a collection of objects,

7 = (OBJECTS, shape length width height color),

where
Dom(shape) = Dom(color) = {a,...,z}* and
Dom(length) = Dom(width) = Dom(color) = N.

A value of this variable is
(OBJECTS, shape length width height color, r),

where r consists of the tuples

(cube, 5,5, 5, red),

(sphere, 3, 3, 3, blue),

(pyramid, 5, 6, 4, blue),

(cube, 2,2, 2, red),

(sphere, 3, 3, 3, blue),

that belong to tupl(shape length width height color). It is convenient to rep-
resent this table graphically as

OBJECTS
shape |length|width|height|color
cube 5 5 5 |red
sphere 3 3 3 |blue
pyramid| 5 6 4 |blue
cube 2 2 2 |red
sphere 3 3 3 |blue

The set set(r) of tuples that corresponds to the sequence r of tuples of the
table is

set(r) = {(cube, 5,5, 5, red), (sphere, 3, 3, 3, blue),
(pyramid, 5, 6, 4, blue), (cube, 2, 2,2, red)}.

Note that duplicate tuples do not exist in set(r).
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We can now formalize the notion of a relational database.

Definition 1.151. A relational database is a finite, nonempty collection D
of tabular variables 7; = (T), Hy), where 1 < k < m such that i # j implies
Tl#TJ forlgz,jgm

In other words, a relational database D is a finite collection of tabular variables
that have pairwise distinct names.

Let D ={r,...,7m} be a relational database. A state of D is a sequence
of tables (1,...,60,,) such that ; is a table of 7; for 1 < ¢ < m. The set of
states of a relational database D will be denoted by 8.

To discuss further applications we need to introduce table projection, an
operation on tables that allows us to build new tables by extracting “vertical
slices” of the original tables.

Definition 1.152. Let § = (T, H,r) be a table, where H = Ay ---A, and
r=(t1,...,tn), and let K = A; -+ A; be a subsequence of set(H).

The projection of a tuple t € tupl(H) on K is the tuple t[{K] € tupl(K)
defined by t[K](j) = t(i;) for every j, 1 <i <gq.

The projection of the table 8 on K is the table 0[K] = (T[K], K, r[K]),
where T[K] is the sequence (t1[K],. .., t,[K]).

Observe that, for every tuple ¢ € tupl(H), we have t[}] = A; also, t[H] =t.

Ezxample 1.153. The projection of the table

OBJECTS
shape |length|width|height|color
cube 5 5 5 |red
sphere 3 3 3 |blue
pyramid| 5 6 4 |blue
cube 2 2 2 |red
sphere 3 3 3 |blue

on the set K = shape color is the table

OBJECTS]|shape color]
shape |color

cube red

sphere |blue
pyramid|blue

cube red

sphere |blue

Two simple but important properties of projection are given next.
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Theorem 1.154. Let H be a set of attributes, u,v € tupl(H), and let K and

L be two subsets of H. The following statements hold:

(i) w[K][K N L] =u[L][K N L] = u[K N L].

(ii) The equality u[K L] = v[K L] holds if and only if u[K] = v[K] and u[L] =
v[L].

Proof. The argument is a straightforward application of Definition 1.152 and
is left to the reader. 0O

Exercises and Supplements

1. Prove that for any set S we have |JP(S) = S.

A set is transitive if X C P(X). Prove that {0, {0}, {{0}}} is transitive.

3. Let € and D be two collections of sets such that ¢ C D. Prove that
UJC C UD; also, if € # @, then show that (1€ 2 N D.

4. Let {C; | i € I} be a family of hereditary collections of sets. Prove that
Nics Ci is also a hereditary collection of sets.

5. Let C be a nonempty collection of nonempty subsets of a set S. Prove that
C is a partition of S if and only if every element a € S belongs to exactly
one member of the collection C.

6. Let S be a set and let U be a subset of S. For a € {0,1}, define the set

Ua:{U ifa=1,

N

S—U ifa=0.

a) Prove that if D = {D1,...,D,} is a finite collection of subsets of S,
then the nonempty sets that belong to the collection

{D*NDs*N---ND& | (a1,a2,...,a.) € {0,1}"},

constitute a partition mp of S.
b) Prove that each set of D is a me-saturated set.

Solution: For a = (ay,...,a,) € {0,1}", denote by D? the set DI N
D3y*N---NDgr.

Let a,b € {0,1}" such that a # b and a = (aj,...,a,) and b =
(b1,...,b,). Note that D2NDP = (). Further, let z € S. Define d; as d; = 1
if x € D; and d; = 0 otherwise for 1 < i < r, and let d = (dy,...,d,).
Then, it is clear that x € DY and therefore S = J{D? | d € {0,1}"}.
This concludes the argument for the first part.

For the second part, note that each set D; € D can be written as

D= [{p*nDgNn---ND;N---N D
| (CL17...7a7;,1,1,ai+17...7(1»,‘) S {O,I}T}
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17.
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. Prove that if m, 7" € PART(S) and n’ < 7, then every m-saturated set is
a 7'-saturated set.

. Let € and D be two collections of subsets of a set S. Prove that if T is a
subset of S, then (CU D)y = Cr U Dy and (CND)r C Cr N Dr.

. Let S be a set and let C be a collection of subsets of S. The elements z

and y of S are separated by C if there exists C' € C such that either z € C'

and y ¢ Corz ¢ C and y € C. Let p C § x € be the relation defined in

Example 1.47.

Prove that x and y are separated by € if and only if p(x) # p(y).

Prove that for all sets R, S,T we have

a) (RUS)®(RNS)=R® S,

b) RN(SeT)=(RNS)& (RNT).

Let P and @ be two subsets of a set S.

a) Prove that PUQ = S if and only if S — P C Q.

b) Prove that PN Q = 0 if and only if Q C S — P.

Let S be a nonempty set and let sy be a fixed element of S. Define the

collection [z,y] = {{z,s0},{y, {so}}}. Prove that if [x,2'] = [y,y'], then

r=yand 2’ =y

Let S and T be two sets. Suppose that the function p: S x T — T given

by p(z,y) =y for x € S and y € T is a bijection. What can be said about

the set S?

Let S and T be two sets. The functions p; : SxT — S and ps : SXT —

T defined by p1(z,y) = = and pa(z,y) = y for x € S and y € T are the

projections of the Cartesian product S x T on S and T, respectively. Let

U be a set such that f : U — S and g : U — T are two functions.

Prove that there is a unique function h : U — S x T such that p1h = f

and poh = g.

Let € be a collection of subsets of a set S. Define the relations pe and oe

on S by

oe ={(z,y) € Sx S| |reCif and only if y € C for every C € C}
and
pe ={(z,y) € S xS | |xr € C implies y € C for every C € C}.

Prove that, for every collection €, the relation oe is an equivalence and
that pe is a reflexive and transitive relation.

Prove that a relation p is a function if and only if p~!p C LRan(p)-

Prove that p is a one-to-one relation if and only if pp~! C !Dom(p)-

Prove that p is a total relation from A to B if and only if 14 C pp~ 1.
Prove that p is an onto relation from A to B if and only if 1z C p~1p.
Prove that the composition of two injections (surjections, bijections) is an
injection (a surjection, a bijection, respectively).

Let f:S; — S5 be a function. Prove that, for every set L € P(Ss), we
have
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23.
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27.

28.
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S1— ' (S2— L) = fH(L).

Prove that the function v : N x N — P defined by v(p,q) = 2P(2¢ + 1)
for p, g € N is a bijection.

Let f: S — T be a function. Prove that f is an injection if and only if
fUNV)=fU)N f(V) for every U,V € P(S5).

Let S be a set and let f; : S — S be m injective mappings for 1 << m. If
s = (i1,42,...,ix) € Seq({1,...,m}) let fs be the injection f;, fi, - fi,
and let T be the set f;, (fi, (- (fi,(T)++)))-

a) Prove that if (i1,42,...) € Seq({1,...,m}), then T D T;, D T},4, 2

b) Prove that if {T},,T;,,...,T;, } is a partition of the set T', then {7}, |
u € Seq,,({1,...,n})} is a partition of T for every p > 1.

Solution: One can prove by induction on |s| that Ty; C Ty for every
sequence s € Seq({1,...,m}) and i € {1,...,m}. This implies the first
statement. A proof of the second statement can be obtained by induction
on p.

Let f: S — T be a function. Prove that for every U € P(S) we have
U C f~Y(f(U)) and for every V € P(T) we have f(f~1(V)) = V.

Let S be a finite set and let € be a collection of subsets of S. For z € S,
define the mapping ¢, : € — P(S) by

C—{z} ifzeCandC—-{z}¢C,
C otherwise,

for C' € €. Prove that |C| = |¢.(C) | C € C|.

Solution: To prove the equality, it suffices to show that ¢, is injective.
Suppose that ¢,(C1) = ¢,(C3). Observe that in this case both ¢,(C)
and ¢, (Cs) are computed by applying the same case of the definition of
¢.. Indeed, if this were not the case, suppose that ¢,(C7) is obtained
by applying the first case and ¢, (C>) is obtained by applying the second
case. This entails C; — {a} = Cs, @ € C1, and Cy — {z} € €, which is
contradictory. Thus, we have Cy = Cs.

Let C={C; | i € I} and D = {D; | i € I} be two collections of sets
indexed by the same set I. Define the collections

GVID:{CZVDZ | iEI},
e/\]D:{CZ'/\Di | ’LEI}

Prove that
(He) N (HD) -l er D),
(ITe)u(II2) < IT(evi D).

Prove that the relation p C .S x S is
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a) reflexive if 1g C p,

b) irreflexive if 15 N p = 0,

c) symmetric if p=! = p,

d) antisymmetric if pNp~t C g,

e) asymmetric if p=1 N p =0,

f) transitive if p? C p.
Prove that if S is a finite set such that |S| = n, then there are 27 binary
relations on S.
Prove that there are 27("~1) binary reflexive relations on a finite set S
that has n elements.
Prove that the number of antisymmetric relations on a finite set that has
n elements is 2" - 3"
Let S be a set and let p be a relation on S. Prove that p is an equivalence
on S if and only if there exists a collection C of pairwise disjoint subsets
of S such that S =JCand p=J{C xC | C € C}.
Let p and p’ be two equivalence relations on the set S. Prove that p U p’
is an equivalence on S if and only if pp’ U p'p C pUp'.
Let € = {p; | i € I} be a collection of equivalence relations on a set S
such that, for p;, p; € €, we have p; C p; or p; C p;, where 4, j € I. Prove
that |J € is an equivalence on S.
Let p be a relation on a set .S. Prove that the relation o = UneN(PUP_l U
ts)™ is the least equivalence on S that includes p.
Let x = (xo,...,%n—1) be a sequence in Seq(R), where n > 2. The se-
quence is said to be unimodal if there exists 7, 0 < 7 < n — 1 such that
o<z <---<xjand x; > 301 > > T
Prove that if x € Seq(Rx) and 12,11 < xf, for 1 <p <n-—2,then x
is a unimodal sequence.
Let py1, p2, p3, ... be the sequence of prime numbers 2,3, 5, - --. Define the
function f : Seq(N) — N by f(ni,...,ng) = pi'*---p.*. Prove that
fna,...ong) = f(ma,...,mg) implies (ny,...,ng) = (Mmq,...,mg).
Prove that the Axiom of Choice is equivalent to the statement “every
surjective function has a right inverse”.

Solution: Let f : U — V be a surjective function. If V = (), then
X =0, so f is the empty function. The desired right inverse is also the
empty function. Suppose that V' # () and consider the nonempty collection
€y ={f"'(v) | v €V} that consists of nonempty sets, that are pairwise
disjoint. Let K be a selective set for Cy and let h : V' — U be the function
defined by h(v) = u if KN f~(y) = {u}. It is easy to see that h is a right
inverse for f.

Conversely, let C be a nonempty collection of nonempty, pairwise dis-
joint sets and let f : |JC — € be the function defined by f(z) = C
if € C. It is clear that f is a surjection, so it has a right inverse,
h:C— |JC. Then, K = h(C) is a selective set for C.

Give a selective set for the collection of sets € = {(z,2 + 1) | z € Z}.
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Let f : S — T be a function such that f~1(¢) is a countable set for every
t € T. Prove that the set S is countable.

Prove that P(N) is not countable.

Let S = (So, S1,...) be a sequence of countable sets. Prove that liminf S
and limsup S are both countable sets.

Let S be a countable set. Prove that Seq(S) is countable. How about
Seq,.(5)?

Let f and ¢ be two transpositions on a set S. Prove that there is i €
{1,2,3} such that (fg)’ = 1g.

Let z € R and let m € N. Prove that if > 0 and m > 1, then

xmfl ™M - (x+1)m
(m—-1!" m! =  m!

Starting from Newton’s binomial formula, prove the following identities:

En:(n — k) (Z) = non1,

k=0

S~

— n—k+1 n+1

Prove that

for myn,k € Nand k <m + n.
Prove that max{(}) | 0 <k < n} = (LQJ) = (f;)

Prove that 5
2 - 2n < 92n
2n+1 "\ n /) —
for n > 0.
Let S and T be two finite sets such that [S| = m and |T| = n.

a) Prove that the set of functions S — T contains n™ elements.

b) Prove that the set of partial functions S ~» T contains (n + 1)™
elements.

Let I be a finite set. A system of distinct representatives for a collection

of sets € = {C; | i € I} is an injection r : I — |J € such that (i) € C;

fori e I.

Define the mapping @¢ : P(I) < P(|JC) by @e(L) = ;e Ci for L C 1.

a) Show that if € has a system of distinct representatives, then |$e(L)| >
|L| for every L such that L C {1,...,n}.

b) A subset L of I is @-critical if |Pe(L)| = |L|. Let x € |JC. Define
@' P(I) <P(YC) by &'(L) = Pe(L)—{x}. Prove that if no nonempty
set L is @-critical, then |¢'(L)| > |L| for every L.
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¢) Let L be a nonempty minimal @e-critical set such that L C I. Define
the collection D = {C; —®(L) | i € I —L}. Prove that |$p(H)| > |H|
for every H C I — L.

d) Prove, by induction on the number n = |I|, the converse of the first
statement: If |$e(L)| > |L| for every L in P(I), then a system of
distinct representatives exists for the collection € (Hall’s matching

theorem).
2
n n n
<
(7)) =(()
for1<i<n-—1.

Let € be a collection of subsets of a finite set S.

a) Prove that if C'N D # () for every pair (C, D) of members of €, then
|e| < 2181=1,

b) Prove that if C' U D C S for every pair (C, D) of members of €, then
je| < 218I-1,

Let € be a collection of subsets of a finite set S such that € C Py (S) for

some k < |S|. The shadow of € is the collection AC = {D € Pr_1(5) |

D C C for some C € C}. The shade of C is the collection VC = {D €

Pr+1(S) | C C T for some C € C}.

Prove that:

a) |AC| > R_Lkﬂm for k > 0;

Ve[ > 2=E€] for k < n;
lAc|

2@fork>0;

() = )

)
)
d) Wf' > |S‘ for k < n;
)
)

Prove the inequality

() = ()

if k < 2L then |[VE€| > |C];

if k> 2L then [AC| > |€].
Solution: We discuss only the first inequality since the argument for
the second is similar. If C' € C, there are k elements that can be removed
from C to yield a set D € AC. Thus, there are |C|k pairs (C, D) € € x AC
such that D C C. If D € AGC, since |D| = k — 1, it is possible to get
n —k + 1 sets C such that D C C. Thus, k|C| < (n — k + 1)|AC|.

The last two parts of this supplement show that the fraction of sets of
size k — 1 that are in the shadow of € and the fraction of sets of size k+ 1
that are in the shade of C are at least as large as the fraction of the size of
sets k in the collection C. This fact is known as the normalized matching
property of sets.

Let M,, and M, be the multisets of prime divisors of the numbers n and
p, respectively, where n,p € N. Prove that M,, + M, = M,,,.

For two multisets M and P on a set .S, denote by M < P the fact that
M (x) < P(z) for every x € S. Prove that M < P implies MUQ < PUQ
and M NQ < PNQ for every multiset () on S.
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57. Let M and P be two multisets on a set S. Define the multiset difference
M — P by (M — P)(x) = max{0, M (z) — P(x)} for x € S.
a) Prove that P < @Q implies M — P > M —@Q and P— M < Q — M for
all multisets M, P,Q on S.
b) Prove that

M—-(PuUQ)=(M-P)N(M-Q),
M—-(FPnQ)=(M-P)UM-Q),

for all multisets M, P,@Q on S.
58. Define the symmetric difference of two multisets M and P as (M @ P) =
(M U P) — (M N P). Determine which properties of the symmetrical dif-
ference of sets can be extended to the symmetric difference of multisets.

Bibliographical Comments

The reader may find [51] a useful reference for a detailed presentation of
many aspects discussed in this chapter and especially for various variants
of mathematical induction. Suggested introductory references to set theory
are [62, 131].
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Algebras

2.1 Introduction

This chapter briefly presents several algebraic structures to the extent that
they are necessary for the material presented in the subsequent chapters. Lin-
ear spaces and matrices, which are also discussed here, will receive an extensive
treatment in the separate volume dedicated to linear algebra tools for data
mining. We emphasize notions like operations, morphisms, and congruences
that are of interest for the study of any algebraic structure.

2.2 Operations and Algebras

The notion of operation on a set is needed for introducing various algebraic
structures on sets.

Definition 2.1. Let n € N. An n-ary operation on a set S s a function
f:8" — S. The number n is the arity of the operation f.

If n = 0, we have the special case of zero-ary operations. A zero-ary oper-
ation is a function f : S° = {)} — S, which is essentially a constant element
of S, f(). Operations of arity 1 are referred to as unary operations.

Binary operations (of arity 2) are frequently used. For example, the union,
intersection, and difference of subsets of a set S are binary operations on the
set P(9).

If f is a binary operation on a set, we denote the result f(z,y) of the
application of f to x,y by xfy rather than f(x,y).

We now introduce certain important types of binary operations.

Definition 2.2. An operation f on a set S is

(i) associative if (xfy)fz =xf(yfz) for every x,y,z € S,
(ii) commutative if xfy = yfx for every x,y,€ S, and
(iii) idempotent if zfx = x for every x € S.

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_2, (© Springer-Verlag London Limited 2008
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Ezample 2.3. Set union and intersection are both associative, commutative,
and idempotent operations on every set of the form P(5).

The addition of real numbers “+” is an associative and commutative op-
eration on R; however, “4” is not idempotent.

The binary operation g : R* — R given by g(z,y) = % for z,y € Ris a
commutative and idempotent operation of R that is not associative. Indeed,
we have (zgy)gz = % and zg(ygz) = %fy“

Ezample 2.4. The binary operations max{x,y} and min{z, y} are associative,
commutative, and idempotent operations on the set R.

Next, we introduce special elements relative to a binary operation on a
set.

Definition 2.5. Let f be a binary operation on a set S.
(i) An element u is a unit for f if xfu=ufr = x for every x € S.
(ii) An element z is a zero for f if zfu=wufz = z for every x € S.

Note that if an operation f has a unit, then this unit is unique. Indeed,
suppose that v and u’ were two units of the operation f. According to Defini-
tion 2.5, we would have ufxr = zfu = x and, in particular, ufu’ = v’ fu = u'.
Applying the same definition to u’ yields v’ fz = zfu’ = x and, in particular,
u fu=wufu =wu. Thus, u=1'

Similarly, if an operation f has a zero, then this zero is unique. Suppose
that z and 2’ were two zeros for f. Since z is a zero, we have z fr = zfz = 2
for every x € S; in particular, for z = 2/, we have zfz' = 2/ fz = z. Since 2’ is
zero, we also have 2/ fx = xfz = 2/ for every x € S; in particular, for z = z,
we have 2/ fz = zf2' = 2/, and this implies 2z = 2/.

Definition 2.6. Let f be a binary associative operation on S such that f has
the unit u. An element x has an inverse relative to f if there exists y € S such
that xfy =yfr = u.

An element x of S has at most one inverse relative to f. Indeed, suppose
that both y and y" are inverses of x. Then, we have

y=yfu=yf(zfy) = wfe)fy =ufy =9,

which shows that y coincides with 3.

If the operation f is denoted by “4”, then we will refer to the inverse of x
as the additive inverse of x, or the opposite element of x; similarly, when f is
denoted by “”, we refer to the inverse of x as the multiplicative inverse of x.
The additive inverse of x is usually denoted by —z, while the multiplicative

inverse of z is denoted by z 1.

Definition 2.7. Let 3 = {f;|i € I} be a set of operations on a set S indexed
by a set I. An algebra type is a mapping 6 : I — N.
An algebra of type 6 is a pair A = (A,J) such that
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(i) A is a set, and
(ii) the operation f; has arity 0(i) for every i € I.

The algebra A = (A,J) is finite if the set A is finite. The set A will be
referred to as the carrier of the algebra A.

If the indexing set I is finite, we say that the type 0 is a finite type and
refer to A as an algebra of finite type.

If # : I — N is a finite algebra type, we assume, in general, that the
indexing set I has the form (0,1,...,n — 1). In this case, we denote 6 by the
sequence (0(0),0(1),...,0(n —1)).

Next, we discuss several algebra types.

Definition 2.8. A groupoid is an algebra of type (2), A = (A, {f}). If f is
an associative operation, then we refer to this algebra as a semigroup.

In other words, a groupoid is a set equipped with a binary operation f.

Ezample 2.9. The algebra (R,{f}), where f(x,y) = L;y is a groupoid. How-
ever, it is not a semigroup because f is not an associative operation.

Ezample 2.10. Define the binary operation g on R by zgy = In(e® + ¢¥) for
z,y € R. Since

(2g9)gz = n(eH") = Ine® + eV + )
rg(ygz) = In(z + €¥9%) = In(e” + ¥ + €7),

for every x,y, 2z € R it follows that g is an associative operation. Thus, (R, g)
is a semigroup. It is easy to verify that this semigroup has no unit element.

Definition 2.11. A monoid is an algebra of type (0,2), A = (A, {e, f}), where
e is a zero-ary operation, [ is a binary operation, and e is the unit element

for f.

Ezample 2.12. The algebras (N, {1,-}) and (N, {0, gcd}) are monoids. In the
first case, the binary operation is the multiplication of natural numbers, the
unit element is 1, and the algebra is clearly a monoid. In the second case, the
binary operation ged(m,n) yields the greatest common divisor of the numbers
m and n and the unit element is 0.

We claim that gcd is an associative operation. Let m,n,p € N. We need
to verify that ged(m, ged(n,p)) = ged(ged(m, n), p).

Let k = ged(m, ged(n, p)). Then, (k,m) € 6 and (k,ged(n, p)) € &, where §
is the divisibility relation introduced in Example 1.29. Since ged(n, p) divides
evenly both n and p, it follows that (k,n) € 6 and (k,p) € 6. Thus, k divides
ged(m, n), and therefore k divides h = ged(ged(m,n), p).

Conversely, h being ged(ged(m,n),p), it divides both ged(m,n) and p.
Since h divides ged(m,n), it follows that it divides both m and p. Conse-
quently, h divides ged(n, p) and therefore divides k = ged(m, ged(n, p)). Since
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k and h are both natural numbers that divide each other evenly, it follows that
k = h, which allows us to conclude that gcd is an associative operation. Since
n divides 0 evenly, for any n € N, it follows that ged(0,n) = ged(n,0) = n,
which shows that 0 is the unit for ged.

Definition 2.13. A group is an algebra of type (0,2,1), A = (A, {e, f,h}),
where e 1s a zero-ary operation, f is a binary operation, e is the unit element
for f, and h is a unary operation such that f(h(zx),x) = f(z,h(z)) = e for
every x € A.

Note that if we have xfy = yfx = e, then y = h(z). Indeed, we can write
h(z) = h(z) fe = h(z) f(xfy) = (h(z)fz)fy = efy =y.

We refer to the unique element h(x) as the inverse of x. The usual notation

for h(x) is 71,

A special class of groups are the Abelian groups, also known as commutative
groups. A group A = (A, {e, f,h}) is Abelian if x fy = yfx for all z,y € A.

Ezample 2.14. The algebra (Z,{0,+,—}) is an Abelian group, where “+7 is
the usual addition of integers, and the additive inverse of an integer n is —n.

Traditionally, the binary operation of an Abelian group is denoted by “+”.

Definition 2.15. A ring is an algebra of type (0,2,1,2), A = (A,{e, f,h,g}),
such that A = (A,{e, f,h}) is an Abelian group and g is a binary associative
operation such that

zg(ufv) = (zgu)f(zgv),
(ufv)ge = (ugz)f(vgz),
for every x,u,v € A. These equalities are known as left and right distributivity
laws, respectively.
The operation [ is known as the ring addition, while - is known as the

ring multiplication. Frequently, these operations are denoted by “+” and “7,
respectively.

Ezample 2.16. The algebra (Z,{0,4, —,-}) is a ring. The distributivity laws

amount to the well-known distributivity properties
p-(g+tr)=(-a)+/-r),
(g+7)-p=I(q-p)+(r-p),

for p,q,r € Z, of integer addition and multiplication.
Ezxample 2.17. A more interesting type of ring can be defined on the set of

numbers of the form m+mn+v/2, where m and n are integers. The ring operations
are given by
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(m+nv2) + (p+qV2) =m+p+ (n+q)V2,
(m4+nv2) - (p+qvV2)=m-p+2-n-q+(m-q+n-pVv2.

If the multiplicative operation of a ring has a unit element 1, then we
say that the ring is a unitary ring. We consider a unitary ring as an algebra
of type (0,0,2,1,2) by regarding the multiplicative unit as another zero-ary
operation.

Observe, for example, that the ring (Z,{0,1,4,—,-}) is a unitary ring.
Also, note that the set of even numbers also generates a ring ({2k | k €
7},{0,+, —,-}). However, no multiplicative unit exists in this ring.

Rings with commutative multiplicative operations are known as commu-
tative rings. All examples of rings considered so far are commutative rings. In
Section 2.5, we shall see an important example of a noncommutative ring.

Definition 2.18. A field is a pair A = (A,{e, f,h,g,u}) such that A =
(A, {e, f,h,g}) is a commutative and unitary ring and w is a unit for the
binary operation g such that every element x # e has an inverse relative to
the operation g.

Ezample 2.19. The pair R = (R,{0,+,—,-,1}) is a field. Indeed, the multi-
plication “” is a commutative operation and 1 is a multiplicative unit. In
addition, each element z # 0 has the inverse <

T

2.3 Morphisms, Congruences, and Subalgebras

Morphisms are mappings between algebras of the same type that satisfy cer-
tain compatibility conditions with the operations of the type.

Let 6 : I — N be a type. To simplify notation, we denote the operations
that correspond to the same element ¢ with the same symbol in every algebra
of this type.

Definition 2.20. Let 6 : I — N be a finite algebra type and let A = (A,J)
and B = (B,J) be two algebras of the type 6. A morphism is a function
h: A — B such that, for every operation f; € J, we have

h(filar, . wn,)) = filh(z1), ... Man,))

for (x1,...,xyn;) € A™, where n; = 0(1).

If the algebras A and B are the same, then we refer to f as an endomor-
phism of the algebra A.

The set of morphisms between A and B is denoted by MOR(A, B).

Ezample 2.21. A morphism between the groupoids A = (A4,{f}) and B =
(B,{f}) is a mapping h : A — B such that
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h(f (21, 22)) = f(h(z1), h(22)) (2.1)

for every x7 and z9 in A. Exactly the same definition is valid for semigroup
morphisms.

If A= (A{e f}) and B = (B,{e, f}}) are two monoids, where e is a
zero-ary operation and f is a binary operation, then a morphism of monoids
must satisfy the equalities h(e) = e and h(f(z1,22)) = f(h(x1),h(xs)) for
r1, 19 € A.

Ezample 2.22. Let (N, {0,gcd}) be the monoid introduced in Example 2.12.
The function h : N — N defined by h(n) = n? for n € N is an endomorphism
of this monoid because ged(p, ¢)? = ged(p?, ¢?) for p,q € N.

Example 2.23. A morphism between two groups A = (4, {e,-, "'}) and B =
(B,{e,-, ~'}) satisfies the conditions h(e) = e, h(z1 - x2) = h(z1) - h(z2), as
well as h(zy') = (h(z1))™, for 1,29 € A.

It is interesting to observe that, in the case of groups, the first and last
conditions are consequences of the second condition, so they are superfluous.
Indeed, choose x5 = e in the equality h(zy - z2) = h(z1) - h(z2); this yields
h(x1) = h(x1)h(e). By multiplying both sides with h(x;)~! at the left and
applying the associativity of the binary operation, we obtain h(e) = e. On the
other hand, by choosing x5 = 7', we have e = h(e) = h(x1)h(z;'), which
implies h(zy ') = (h(z1))™".

Example 2.24. Let A = (A,{0,+,7%,-}) and B = (B,{0,+, 1, }) be two
rings. Then, h : A — B is a ring morphism if h(0) = 0, h(z; + z2) =
h(z1) + h(z2), and h(zq - 22) = h(z1) - h(xs).

Definition 2.25. Let A = (A,J) be an algebra. An equivalence p € EQS(A)
18 a congruence if, for every operation [ of the algebra, f : A" — A,

(2i0i) € p for 1 < i < n implies (F(@1,..20), fy1,--y) € p for
Tlyeeoy Ty Ylye- - Yn € A.

Recall that we introduce the kernel of a mapping in Definition 1.102. When
the mapping f is a morphism, we have further properties of ker(f).

Theorem 2.26. Let A = (A,7) and B = (B,J) be two algebras of the type 6
and let h : A — B be a morphism. The relation ker(h) is a congruence of
the algebra A.

Proof. Let x1,...,%n,Y1,-..,yn € A such that (z;,y;) € ker(h) for 1 <i < n;
that is, h(z;) = h(y;) for 1 <i < n. By applying the definition of morphism,
we can write for every n-ary operation in J

h(f(x1,...,2n)) = f(h(z1),...,h(zn))

= f(h(y1)7 SR h(yn))
=h(f(y1s---sn)),
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which means that (f(x1,...,25), f(y1,...,yn)) € ker(f). Thus, ker(f) is a
congruence. [

If A = (A,J) is an algebra and p is a congruence of A, then the quotient set
A/p (see Definition 1.115) can be naturally equipped with operations derived
from the operations of A by

F([z1]p, - [znl,) = [f(@1, .. 2n)]p (2.2)

for x1,...,x, € A. Observe first that the definition of the operation that
acts on the A/p is a correct one for if y; € [z;], for 1 < i < n, then

[FQrs syl = [f (21,0 2n)lp

Definition 2.27. The quotient algebra of an algebra A = (A,J) and a con-
gruence p is the algebra A/p = (A/p,T), where each operation in I is defined
starting from the corresponding operation f in A by Equality (2.2).

Example 2.28. Let A = (A, {e,-,'}) be a group. An equivalence p is a con-
gruence if (z1,22), (y1,92) € p imply (z7",257) € p and (a1 - y1, 22 - y2) € p.

Definition 2.29. Let A = (A,J) be an algebra. A subset B of A is closed if
for every n-ary operation f €3, x1,...,x, € B implies f(x1,...,2,) € B.

Note that if the set B is closed, then for every zero-ary operation e of J we
have e € B.

Let A = (A,J) be an algebra and let B be a closed subset of A. The pair
(B,7"), where I’ = {g, = fi 1p| i € I}, is an algebra of the same type as A.
We refer to it as a subalgebra of A. Often we will refer to the set B itself as a
subalgebra of the algebra A.

It is clear that the empty set is closed in an algebra A = (A4,7) if and only
if there is no zero-ary operation in J.

We refer to subalgebras of particular algebras with more specific terms.
For example, subalgebras of monoids or groups are referred to as submonoids
or subgroups, respectively.

Theorem 2.30. Let A = (A, {e,-, " *}) be a group. A nonempty subset B of
A is a subgroup if and only if x -y~ € B for every x,y € B.

Proof. The necessity of the condition is immediate. To prove that the condi-
tion is sufficient, observe that since B # () thereis x € B, sox -2~ ! = e € B.

Next, let € B. Since e - 27! = z~! it follows that z=! € B. Finally,
if 2,y € B, then -y = x- (y~!)~! € B, which shows that B is indeed a
subgroup. 0O

Ezample 2.31. Let A = (A,{e,-,"'}) be a group. For u € A, define the set
C.,={z€G | ru=uz}. If x € C,, then zu = uz, which implies ruzr~! = u,
so ur~! =z~ 'u. Thus, 7! € C,. It is easy to see that e € C,, and z,y € C,

implies xy € C,. Thus C,, is a subgroup.
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2.4 Linear Spaces

Linear spaces are studied in a distinct mathematical discipline, named linear
algebra. Applications of linear spaces in data mining will be the object of a
dedicated volume. In this section, we discuss basic properties of linear spaces
that are useful for the present volume.

Definition 2.32. Let L be a nonempty set and let F = (F,{0,+,—,-,}) be a
field whose carrier is a set F. An F-linear space is a triple (L, +,-) such that
(L,{0,+,-1}) is an Abelian group and - : F' x L — L is an operation such
that the following conditions are satisfied

()a-(b-2)=(a-b)- =

(i)l -z==,
(iii)a-(z+y)=a-z+a-y, and
(iv)(a+b)-z=a-z+b-x

for every a,b € F and x,y € L.

If F is the field of real numbers R, then we will refer to any R-linear space
as a real linear space.

Note that the commutative binary operation of L is denoted by the same
symbol “+” as the corresponding operation of the field F. The operation
- Fx L — L is an external operation since its two arguments belong to two
different sets, F' and L. Again, this operation is denoted by the same symbol
used for denoting the multiplication on F'.

The elements of the set L will be denoted using bold letters x,y, z, etc.
The members of the field will be denoted by small letters from the beginning
of the alphabet.

The additive element 0 is a special element called the zero element; every
F-linear space must contain at least this element.

Ezample 2.33. The set R™ of n-tuples of real numbers is an R-linear space
under the definitions

X+y:(xl+y17“w1’n+yn)a

a-x=(a-T1,...,aTy),

of the operations + and -, where x = (z1,...,z,) and y = (y1,...,¥yn). In
this linear space, the zero of the Abelian group is the n-tuple 0 = (0,...,0).

Example 2.34. Let S be a set. The set of real-valued functions defined on §
is a real linear space. The addition of functions is given by (f + g)(s) =

f(s)+g(s), and the multiplication of a function with a real number is defined
by (af)(s) = af(s) for s € S and a € R.

Ezample 2.85. Let C be the set of real-valued continuous functions defined on
R

)
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C={f:R— R | f is continuous}.

Define f +g by (f +g)(x) = £(z) + g(x) and (a- £)(z) = a- f(z) for = € R.
The triple (C, +,-) is a real linear space.

Definition 2.36. Let ¥ = (F,{0,+,—,-,}) be a field and let L = (L,+,")
be an F-linear space. For a finite subset K = {@x,...,®,} of L, a linear
combination of K is a member of L of the form cix; + --- + cpx,, where
C1y...,cp € F.

A subset K = {xy,...,x,} of L is linearly independent if ¢y + -+ +
Cn®, = 0 implies ¢y = -+ = ¢, = 0. If K is not linearly independent, we refer
to K as a linearly dependent set.

If x # 0, then the set {x} is linearly independent. Of course, the set {0}
is not linearly independent because 10 = 0.

It is easy to see that if K is a linearly independent subset of a linear space,
then any subset of K is linearly independent.

Ezample 2.37. Let e; = (0,...,0,1,0,...) be a binary vector that has a unique

nonzero component in place i, where 1 < i < n. The set F = {ey,...,e,}
is linearly independent. Indeed, suppose that cie; + - -+ + ¢,e, = 0. This is
equivalent to (¢1,...,¢,) = (0,...,0), that is, ¢; = -+ = ¢, = 0. Thus, E is

linearly independent.

If U is an arbitrary subset of a linear space, we say that x € L is a linear
combination of U if there exists a finite subset K of U such that x is a linear
combination of K.

Theorem 2.38. Let (L,+,-) be an F-linear space. A subset K of L is linearly
independent if and only if for every x € L that is a linear combination of K,
x =), c;Ti, the coefficients c¢; are uniquely determined.

Proof. Suppose that x = ¢1x1 + -+ + ¢pX, = ¢fx1 + -+ + ¢, X, and there
exists ¢ such that ¢; # ¢. This implies Y., (¢; — ¢})x; = 0, which contradicts
the linear independence of K. O

Definition 2.39. A subset S of a linear space (L,+,-) spans the space L
(or S generates the linear space) if every © € L can be written as a linear
combination of S.

A basis of the linear space (L,+,-) is a linearly independent subset that
spans the linear space.

In view of Theorem 2.38, a set B is a basis if every x € L can be written
uniquely as a linear combination of elements of B.

Definition 2.40. Let § = (F,{0,+,—,-,}) be a field. A subspace of a F-
linear space (L,+,-) is a nonempty subset U of L such that x,y € U implies
z+yeUanda-x €U for everya € F.
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Note that the set Uy = {0} is a subspace of any F-linear space (L, +,-).
Moreover, Uy is included in any subspace of the linear space.

If {K; | i € I} is a nonempty collection of subspaces of a linear space,
then {K; | ¢ € I} is also a linear subspace.

Theorem 2.41. Let L = (L, +,) be an F-linear space. The following state-
ments are equivalent:
(i) The finite set K = {@x,...,x,} is spanning the linear space (L,+,-) and
K is minimal with this property.
(ii) K is a finite basis for (L,+,-).
(iii) The finite set K is linearly independent, and K is maximal with this prop-
erty.

Proof. (i) implies (ii): We need to prove that K is linearly independent. Sup-
pose that this is not the case. Then, there exist c¢1,...,¢, € F such that
c1X1 + s+ Xy, = O and at least one of ¢y, ..., ¢,, say ¢;, is nonzero. Then,
X; = — 2%y —---— 2x,, and this implies that K {x;} also spans the linear
space, thus contradlctmg the minimality of K.

(i) implies (i): Let K be a finite basis. Suppose that K’ is a proper subset
of K that spans L. Then, if z € K — K’, 2’ is a linear combination of elements
of K’, which contradicts the fact that K is a basis.

We leave to the reader the proof of the equivalence between (ii) and (iii).
O

Corollary 2.42. Every linear space that is spanned by a finite subset has a
finite basis. Further, if B is a finite basis for an F-linear space (L,+,-), then
each finite subset U of L such that [U| = |B| + 1 is linearly dependent.

Proof. This statement follows directly from Theorem 2.41. O

Corollary 2.43. If B and B’ are two finite bases for a linear space (L,+,-),
then |B| = |B'|.

Proof. If B is a finite basis, then |B| is the maximum number of linearly
independent elements in L. Thus, |B’| < |B|. Reversing the roles of B and
B’, we obtain |B| < |B’|, so |B| = |B'|. O

Thus, the number of elements of a finite basis of L is a characteristic of L
and does not depend on any particular basis.

Definition 2.44. A linear space (L,+,-) is n-dimensional if there exists a
basis of L such that |B| = n. The number n is the dimension of L and is

denoted by dim(L).

Definition 2.45. An inner product on a real linear space (L,+,-) is a func-
tion p: L> — R that has the following properties

(1) p(m, y) = p(y’ 113),
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(ii) p(w, ay) = ap(x, y),

(iii) p(z, y + v) = p(z, y) + p(x,y/), and

(iv) p(z, ) > 0 and p(x, ) = 0 implies = 0,
for every x,y € L and a € R.

The linear product p(x,y) is denoted by x - y.

Ezxample 2.46. An inner product on R" is defined by
Xy =o1y1+ -+ TpYn

for every x = (21,...,2,) and y = (y1,...,y,) in R™.

Definition 2.47. A norm on a real linear space (L,+,-) is a mapping v :
L — Ry such that
(i) v(x) > 0, and v(x) = 0 implies = 0,
(ii) v(ax) = |a|lv(x), and
(i) v(z + y) < v(z) +v(y)
for everya € R and z,y € L.

Theorem 2.48. Let (L, +,-) be a linear space and let x,y € L. We have the
inequality

v(@) — vly)| < vie—y).
Proof. By applying the definition of the norms, we can write

v(x—y)+rv(y),
v(y —x) +v(x),
which are equivalent to

v(x) —v(y) <v(x—y) and
v(y) —v(x) < v(y —x),

respectively.

Since v(x —y) = v(y — x) (by the second property of Definition 2.47), it
follows that

—v(x—y) <v(x)—v(y) Svix-y),
which gives the desired inequality. O

Theorem 2.49 (Cauchy’s Inequality). Let (L,+,-) be a linear space. For
every x,y € L, we have

(z-y)?* < (z-2)(y-9),

where u - v denotes the inner product of u,v € L.
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Proof. Consider the function f : R — R defined by f(\) = (x+Ay)- (x+Ay)
for A € R. Observe that f(\) = x-x + 2Ax -y + A%y - y. By Definition 2.45,
we have f(A) > 0 for every A and this implies that the discriminant of the
quadratic expression, (x-y)? — (x-x)(y - y) must be not greater than 0. This
gives the desired inequality. O

If an inner product exists on a real linear space (L, +,-), a norm can be

defined by
v(z) = Vx - X,

for every x € L. We leave it to the reader to verify that v is indeed a norm.
The satisfaction of the third condition of Definition 2.47 follows immediately
from Cauchy’s inequality.

An alternative notation for the norm of an element x € L is || x ||

Ezample 2.50. The norm || x ||2 on R" defined by

Ix llo= g/t + - +af,

where x = (x1,...,x,) € R", is induced by the inner product on R" defined
in Example 2.46 because || x ||2= v/Xx - x.
This norm is known as the Euclidean norm on R".

There exist norms in linear spaces that cannot be generated by inner products
(see Exercises 18 and 19).

Definition 2.51. Let w be a vector in R™ and let t € R. A hyperplane in R"
is a subset Hyy of R™ defined by

Hyy ={xecR" | wx=t}.

The vector w is said to be normal to the hyperplane Hy .

2.5 Matrices

We define a class of two-argument functions that is ubiquitous in mathematics
and is very important for the applications that we consider here.

Definition 2.52. Let S be a nonempty set. A matrix on S is a function
M:{1,....m}x{1,...,n} — S.
The pair (m,n) is the format of the matriz M.

Matrices can be conceived as two-dimensional arrays as shown below:
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M(i,1) M(5,2) ... M(i,n)

Alternatively, a matrix M : {1,...,m} x {1,...,n} — S can be regarded as
consisting of m rows, where each row is a sequence of the form

(M(i,1), M(i,2),...,M(i,n)),

for 1 <i <mn, or as a collection of n columns of the form

M(m, j)

where 1 < j < m.
IfM:{1,...,m} x{l,...,n} — S is a matrix on S, we shall say that

M is an (m x n)-matrix on S. The set of all such matrices will be denoted by
Sm)(’ﬂ'

Ezample 2.53. Let S = {0,1}. The matrix
101
011)”

The element M (4, j) of the matrix M will usually be denoted by M;;.
Regardless of the set S, we can consider the following two types of matrices
over S.

is a (3 x 2)-matrix on the set S.

Definition 2.54. A square matrix on S is an (n x n)-matriz on the set S for
somen > 1.

An (n x n)-square matriz on S is symmetric if M;; = Mj; for every i, j
such that 1 <i,5 < n.

Ezample 2.55. The (3 x 3)-matrix

over the set of reals R is symmetric.

Definition 2.56. The transpose of an (m xn)-matrix M is an (nxm)-matriz
M defined by M[T*™ = Mj;.
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In other words, the transpose M %" of a matrix M has as rows the transposed
columns of M; equivalently, the columns of M %" are the transposed rows of
M.

It is easy to verify that, for any matrix M € S™*" we have

(Mtran)tru,n = M.

If the set S is equipped with the structure of a unitary ring (S, {0, +, —, -}),
then we can consider more interesting facts on the set S™*™.

Definition 2.57. The (n x n)-unit matrix on the ring (S,{0,+,—,-}) is the
square matriz I, € S™*™ given by

100---0
010---0

I,—|001-0]
000-- 1

whose entries located outside its main diagonal are Os.
The (m x n)-zero matrix is the (m x n)-matric O, ,, € S " given by

000---0
000---0
Om,n: 000---0

000---0

The ring structure (5, {0, 4+, —, -}) allows the definition of matrix addition
and matrix multiplication.

Definition 2.58. Let (S,{0,+,—,-}) be a ring and let M, P € S™*™ be two
matrices that have the same format. The sum of the matrices M and P is the
matriz M + P having the same format and defined by

(M-FP)I‘J‘:MZ‘J‘-FPM
for1<i<mand1l<j<n.

Ezample 2.59. Let M, P € R**3 be two matrices given by
1-2 3 -123
M = (O 9 _1> andP-(1 42>.

Their sum is the matrix
006
M+ P = (1 6 1) .
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It is easy to verify that the matrix sum is an associative and commutative
operation on S™*": that is,

M+(P+Q)=(M+P)+Q,
M+P=P+M,

for all M, P,Q € S™*™.
The zero matrix O, ,, acts as an additive unit on the set S™*"; that is,

M+ Ompn =0mn+M

for every M € S™*™,
The additive inverse, or the opposite of a matrix M € S™*"™, is the matrix
—M given by (=M);; = —M;j for 1 <i<mand1<j<n.

Ezample 2.60. The opposite of M € R**3 given by
1-2 3
M= (O 2 1)

-12 -3
_M<0 -2 1)'

It is immediate that M + (—M) = Og 3.

is the matrix

The discussion above shows that the set of matrices S™*™ defined on a ring
(Sa {Oa +7 ) }) is an Abelian group (Smxn’ {Om,n, +7 7})

Definition 2.61. Let (S,{0,+,—,-}) be a ring and let M € S™*" and P €
S™*P be two matrices. The product of the matrices M, P is the matriz Q €
S™XP defined by

n
Qir = Z M;; Pjy,
i=1

where 1 < i < m and 1 < k < p. The product of the matrices M, P will be
denoted by MP.

The matrix product is a partial operation because in order to multiply two
matrices M and P, they must have the formats m x n and n x p, respectively.
In other words, the number of columns of the first matrix must equal the
number of rows of the second matrix.

Theorem 2.62. Matrix multiplication is associative.
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Proof. Let M € S™*" P € S"*P and R € SP*" be three matrices, where
(5,{0,4, —,-}) is a ring. We need to prove that (M P)R = M(PR).
By applying the definition of the matrix product, we have

(MP)R)i¢ = Z(Mp)ikRké
k=1

P n
=> (> My;Py | Rie

k=1 \j=1

for 1 <i<mand 1 < /¢ <r, which shows that matrix multiplication is indeed
associative. 0O

Theorem 2.63. If M € S™*", then I,,M = MI, = M.

Proof. The statement follows immediately from the definition of a matrix
product. O

Note that if M € S™*™, then I, M = M1, = M, so I, is a unit relative to
matrix multiplication considered as an operation on the set of square matrices
Snxn.

The product of matrices is not commutative. Indeed, consider the matrices
M, P € Z**? defined by

01 —-11
= (00) wip = (712).

10 22
MP—(12) andP—<01>7
so MP # PM.

Matrices are used in studying partitions.

We have

Definition 2.64. Let # = {By,...,Bp} and 0 = {C1,...,Cy} of a finite
set S = {s1,...,8¢}. The contingency matrix of the partitions © and o is
the (m x n)-matriz Q(m, o), where Q(w,0)i; = |B; N Cj| for 1 <i < m and
1 < j < n. The element Q(m,0);; will be denoted by g;; for 1 < i < m and
1<j<n.
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Starting from a contingency matrix Q(m, o), we introduce the marginal
totals of such a matrix:

q.; = Zqij for 1 S] <n and
i=1

n
i :Zqijforlgigm.
j=1

Clearly, |C)| = ¢, |Bi| = qi., and |S| = 3312, ¢i. = 377, ¢.5 = |S]. Also, we

have . .
ZZ%:Z i —qu—ﬁ

Let p, and p, be the equivalence relations that correspond to the partitions
7 and o, introduced in Theorem 1.116.

The set of unordered pairs of elements of S was denoted by Po(S). If
|S| = ¢, then it is easy to see that |Po(S)]| = zQsz distinct unordered pairs
of elements. An unordered pair {s,s’} belongs to one of the following four

classes:
/

1. Type 1 pairs are those pairs such that (s,s’) € pr and (s,s") € p,.
2. Type 2 pairs are those pairs such that (s,s’) € p, and (s, s’) € p,.
3. Type 3 pairs are those pairs such that (s,s’) € pr and (s,s") € p,.
4. Type 4 pairs are those pairs such that (s,s’) € pr and (s,s") € po-

The number of agreements agr(w, o) of the partitions 7 and o is the total
number of pairs of types 1 and 2; the number of disagreements of these par-
titions dagr(m, o) is the total number of pairs of types 3 and 4. Clearly, we
have

02—/
5
Note that the number of pairs of type 1 equals

g:m HMZE by 2 _
1 ZZ 9 2 quw

i=1 j=1 i=1 j=1

agr(m, o) + dagr(m, o) =

The number of pairs of type 3 is

nQQ—Q‘ m nQQ—Q“ 1 n m n
-J J ¥ v 2 2
B 3 D R D DI
j=1 i=1 j=1 j=1 i=1j=1
while the number of pairs of type 4 is:
m m n

|
X
N
X

£4:iqz—Qi~_iiq?j*Qij _ !
pt 2 2 2

=1 j=1 i=1 i=1 j=1
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The equalities above allow us to compute the number of pairs of type 2 as

2 _
8222 9 ‘ —63—64
1 n
=1 j= J=

Thus, we obtain

agr(m,o) = % 2 Z quj + 0% — Z — Zq% , (2.3)
i=1 j=1

=1 j=1

Zq +qu —222%] : (24)

i=1 j=1

N |

dagr(m,o) =

Exercises and Supplements

1. Let a,b,c,d be four real numbers and let f : R* — R be the binary
operation on R defined by

f(z,y) = azy + bz +cy +d

for z,y € R.
a) Prove that f is a commutative operation if and only if b = c.
b) Prove that f is an idempotent operation if and only if a = d = 0 and

b+c=1.
¢) Prove that f is an associative operation if and only if b = ¢ and
b2 —b—ad=0.

2. Let * be an operation defined on a set T and let f : S — T be a bijection.
Define the operation o on S by zoy = f~1(f(z)* f(y)) for x,y € T. Prove
that:

a) The operation o is commutative (associative) if and only if * is com-
mutative (associative).
b) If u is a unit element for *, then v = f~!(u) is a unit element for o.

3. Prove that the algebra (R, {*}), where x is a binary operation defined
by = * y = z'°8¥, is a commutative semigroup.

4. Define the binary operation o on Z x Z by (x1,y1) o (x2,y2) = (z122 +
2y1Y2, T1Y2 + w2y ). Prove that the algebra (Z x Z,{o}) is a commutative
monoid.

5. Let A = (A, {e,-,~'}) be a group and let p be a congruence of A. Prove
that the set {x € A | (z,e) € p} is a subalgebra of A, that is, a subgroup.
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Let S be a set and let (G, {u,-, ~'}) be a group. A group action on S is a
binary function f: G x S — S that satisfies the following conditions:
(i) f(z-y,s) = f(x, f(y,s)) for all z,y € G and s € S;
(ii) f(u,s) = s for every s € S.
The element f(z,s) is denoted by wzs. If an action of a group on a set S is
defined, we say that the group is acting on the set S.

The orbit of an element s € S is the subset O, of S defined by Os = {xs |
x € G}. The stabilizer of s is the subset of G given by T, = {z € G | xs = s}.

6. Let (G,{u,-, "1}) be a group acting on a set S. Prove that if O, N O, # 0,
then O, = O..
7. Let (G,{u,-,~'}) be a group acting on a set S. Prove that:
a) f O,NO, # 0, then Oy = O, for every s,z € S.
b) For every s € S, the stabilizer of s is a subgroup of G.
8. Let B be a subgroup of a group A = (A4, {e,-, "'}). Prove that:
a) The relations pp and op defined by

pp={(z,y) €AxA|z -y~ €B}
op={(z,y) € Ax A | x_l-yeB},

are equivalence relations on A.

b) (x,y) € pp implies (x-z,y-2) € pp and (z,y) € op implies (z-z,2-y) €
op for every z € A.

c) If A is a finite set, then |[u],,| = |[u]o, = |B] for every u € G.

d) If A is finite and B is a subgroup of A, then |B| divides |A|.

9. If B is a subgroup of group A = (A, {e,-, " '}),let zB={z-y | y € B}
and Bx = {y -z | y € B}. Prove that pg = op if and only if B = Bx
for every x € A; also, show that in this case pp is a congruence of A.

10. Let A and B be two algebras of the same type. Prove that f : A — B
belongs to MOR(A, B) if and only if the set {(z,h(z)) | © € A} is a
subalgebra of the product algebra A x B.

Let A = (A,J) be an algebra. The set Pol,,(A) of n-ary polynomials of the

algebra A consists of the following functions:

(i) Every projection p; : A" — A is an n-ary polynomial.

(ii) If f is an m-ary operation and gi,..., g, are n-ary polynomials, then
f(g1,...,9n) is an n-ary polynomial.

The set of polynomials of the algebra A is the set Pol(A) = |, . Poln(A).
A k-ary algebraic function of A is a function h : A¥ — A for which there

exists a polynomial p € Pol,,(A) and n — k elements a;,,...,a;, _, of A such

that h(z1,...,25) = p(T1, oy Qiyyeeny @iy oye o x) for a1, 28 € Al

11. Let p be a congruence of an algebra A = (A,J) and let f € Pol,,(A). Prove
that if (z;,v;) € p for 1 <i <mn, then (f(z1,...,2n), f(Y1,--.,Yn)) € p.
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12. Let A = (A,J) be an algebra and let S be a subset of A. Define the se-
quence of sets S = (Sp, S1,...) as Sp = S and Sp41 = SpU{f(a1,...,am) |
f is an m-ary operation, ay,...,am, € Sp}.
a) Prove that the least subalgebra of A that contains S is |J, .py Sn-
b) Prove by induction on n that if a € S,,, then there is a finite subset
U of A such that a belongs to the least subalgebra that contains U.
13. Let A = (A4,79) be an algebra, S be a subset of A, and a be an element
in the least subalgebra of A that contains S. Prove that there is a finite
subset T" of S such that a belongs to the least subalgebra of A that contains
T.

Let A = {A; | i € I} be a collection of algebras of the same type indexed
by the set I, where A; = (4;,7). The product of the collection 2 is the al-
gebra [[;c; Ai = ([, 4i,J), whose operations are defined componentwise,
as follows. If f € J is an n-ary operation and ¢y,...,t, € [[,c; Ai, where
ty = (tgi)ier for 1 < k < n, then f(t1,...,t,) = s, where s = (s;);e;r and
S; = f(t1i7~"7tni) foriel.

14. Let 2 = {A; | i € I} be a collection of algebras of the same type 6 indexed
by the set I, where A; = (A;,7), and let A = [],.; A; be their product.
Prove that each projection p; : [];c; Ai — A; belongs to MOR(A, A;).
Furthermore, prove that if B is an algebra of type 6 and h; € MOR(B, A;)
for every i € I, then there exists a unique morphism h € MOR(B, A) such
that h; = p;h for every i € I.

15. Let (L,+,-) be an F-linear space. Prove that if ax = 0 for ¢ € F' and
x € L, then either a =0 or x = 0.

16. Prove that a subset K of a linear space is linearly dependent if and only of
there is x € K that can be expressed as a linear combination of K — {x}.

17. Let K be a finite set that spans the F-linear space (L, +,-) and let H be a
subset of L that is linearly independent. There exists a basis B such that
HCBCK.

18. Prove that every norm v on R" that is generated by an inner product
satisfies the equality

v(x+y)* +v(x—y)? =2(x)? +v(y)?)

for every x,y € R" (the parallelogram equality).

19. Prove that the norms 11 and v, on R™ are not generated by an inner
product.
Hint:Use Exercise 18.

20. Let v be a norm on R" that satisfies the parallelogram equality as intro-
duced in Exercise 18. Prove that the function p : R” x R" — R given
by

(v(x+y)* —v(x—y)?)

RNy

p(X, y) =

is an inner product on R".
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Bibliographical Comments 7

Let S be a finite set S = {x1,...,2,} and let * be a binary operation
on S. For t in S, define the matrices L;, M, € S™*™ as (L;);; = u if
(ixt)xaxj =uand (Ry);; =vifa;x (t*xz;) =u

Prove that “x” is an associative operation on S if and only if for every
t € S we have L; = R;.

Let A = (a;;) be an (m x n)-matrix of real numbers. Prove that

max min a;; < minmax a;;
J i i J
(the minimaz inequality).
Solution: Note that a;;, < max; a;; for every 7 and jg, so min; a;;, <
min; max; a;;, again for every jo. Thus, max; min; a;; < min; max; a;;.

Bibliographical Comments

This chapter is a limited introduction to algebras and linear spaces. The read-
ers interested in a deeper study of those structures should consult the vast
mathematical literature concerning general and universal algebra [32, 14, 52,
113] as well as linear algebra [85, 58, 55, 121].
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Graphs and Hypergraphs

3.1 Introduction

Graphs model relations between elements of sets. The term “graph” is sug-
gested by the fact that these mathematical structures can be graphically rep-
resented. We discuss two types of graphs: directed graphs, which are suitable
for representing arbitrary binary relations, and undirected graphs that are
useful for representing symmetric binary relations. Special attention is paid
to trees, a type of graph that plays a prominent role in many data mining
tasks.

3.2 Basic Notions of Graph Theory

Definition 3.1. An undirected graph, or simply a graph, is a pair § = (V, E),
where V' is a set of vertices or nodes and E is a collection of two-element sets.
If {z,y} € E, we say that e = {x,y} is an edge of G that joins x to y. The
vertices x and y are the endpoints of the edge e.

A graph § = (V, E) is finite if both V' and E are finite. The number of
vertices |V| is referred to as the order of the graph.

If u is an endpoint of an edge e, we say that e is incident to u. To simplify
the notation, we denote an edge ¢ = {z,y} by (z,y). If e = (z,y) is an edge,
we say that x and y are adjacent vertices. If e and ¢’ are two distinct edges in
a graph G, then [ene/| < 1.

Graphs can be drawn by representing each vertex by a point in a plane
and each edge (z,y) by an arc joining = and y.

Ezample 3.2. Figure 3.1 contains the drawing of the graph § = ({v; | 1 <i <
8}, E), where

E = {(v1,v2), (v1,v3), (v2,v3), (v4, v5),

(vs,v6), (ve, v7), (v7,v8), (V5,vs) }-

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_3, (© Springer-Verlag London Limited 2008
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V4

V2 Vs V8

Fig. 3.1. Graph § = ({v; | 1 <i <8}, F).

An equivalent representation is to use a two-column table Tg in which
each row represents an edge (v;,v;), where ¢ < j. For example, the graph
introduced in Example 3.2 can also be represented in tabular form, as shown
in Table 3.1.

Table 3.1. Tabular representation of a graph.

First |Second
Vertex| Vertex
U1 U2
U1 U3
V2 U3
V4 Vs
Vs Ve
Ve Krd
(rd U8
Vs vs

The set of vertices that are adjacent to the vertex x in the graph G is
denoted by I'g(x), or simply by I'(z) if the graph is clear from the context.

3.2.1 Degrees of Vertices

Definition 3.3. Let § = (V, E) be a graph. The degree of a vertex v is the
number

dg(v) = [I'g(z)|.
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When the graph G is clear from the context, we omit the subscript and
simply write d(z) and I'(x) instead of dg(x) and I'g(x), respectively.

If d(v) = 0, then v is an isolated vertex. Note that the degree of a vertex v
equals the number of rows of the table in which v occurs and the total number
of rows equals the number of edges. For a graph § = (V, E), we have

> {dw) | veV}=2[E| (3.1)

because when adding the degrees of the vertices of the graph we count the
number of edges twice. Since the sum of the degrees is an even number, it
follows that a finite graph has an even number of vertices that have odd
degrees. Also, for every vertex v, we have d(v) < |V|— 1.

Definition 3.4. A sequence (dy,...,d,) € Seq,,(N) is a graphic sequence if
there is a graph G = ({v1,...,vn}, E) such that d(v;) = d; for 1 <i<n.

Clearly, not every sequence of natural numbers is graphic since we must
have d; < n — 1 and Z?zl d; must be an even number. For example, the
sequence (5,5,4,3,3,2,1) is not graphic since the sum of its components is
not even. A characterization of graphic sequences obtained in [66, 60] is given
next.

Theorem 3.5 (The Havel-Hakimi Theorem). Let d = (dy,...,d,) be a
sequence of natural numbers such that dy > dy > --- > d,, n>2,dy > 1, and
d; <n—1 for1 <i<n. The sequence d is graphic if and only if the sequence

e=(da—1,d3g—1,...,da,+1 — 1, dag, y2,...,dp)
1s graphic.

Proof. Suppose that d = (dy,...,d,) is a graphic sequence, and let § =
({v1,...,v,}, F) be a graph having d as the sequence of degrees of its vertices.

If there exists a vertex vy of degree d; that is adjacent with vertices having
degrees da, d3, . ..,dg,+1, then the graph G’ obtained from § by removing the
vertex v and the edges having v as an endpoint has e as its degree sequence,
so e is graphic.

If no such vertex exists, then there are vertices v;,v; such that i < j (and
thus d; > dj), such that (vi,v;) is an edge but (v1,v;) is not. Since d; > d;
there exists a vertex vy such that vy is adjacent to v; but not to v;.

Now let § be the graph obtained from § by removing the edges (v1,v;)
and (v;, vx) shown in Figure 3.2(a) and adding the edges (vi,v;) and (v;,vx)
shown in Figure 3.2(b). Observe that the degree sequence of G remains the
same but the sum of the degrees of the vertices adjacent to v; increases. This
process may be repeated only a finite number of times before ending with a
graph that belongs to the first case.
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V1 V1

(% (%

vj Vj

Vk Vk

(a) (b)

Fig. 3.2. Construction of graph g.

Conversely, suppose that e is a graphic sequence, and let §; be a graph that
has e as the sequence of vertex degrees. Let G5 be a graph obtained from G; by
adding a new vertex v adjacent to vertices of degrees do—1,ds—1,...,dq,+1—1.
Clearly, the new vertex has degree d; and the degree sequence of the new graph
is precisely d. O

Ezample 3.6. Let us determine if the sequence (5,4,4,3,3,3,3,1) is a graphic
sequence. Note that the sum of its components is an even number. The se-
quence derived from it by applying the transformation of Theorem 3.5 is
(3,3,2,2,2,3,1). Rearranging the sequence in nonincreasing order, we have
the same question for the sequence (3,3,3,2,2,2,1). A new transformation
yields the sequence (2,2,1,2,2,1). Placing the components of this sequence
in increasing order yields (2,2,2,2,1,1). A new transformation produces the
shorter sequence (1,1,2,1,1). The new resulting sequence (2,1,1,1,1) can be
easily seen to be the degree sequence of the graph shown in Figure 3.3(a). We
show the degree of each vertex.
The process is summarized in Table 3.2.

Table 3.2. Degree sequences.

di [Sequence
(5,4,4,3,3,3,3,1)
3,3,3,2,2,2,1)

5 |(
3|
2 |(
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Starting from the graph having degree sequence (2,1,1,1,1), we add a new
vertex and two edges linking this vertex to two vertices of degree 1 to obtain
the graph of Figure 3.3(b), which has the degree sequence (2,2,2,2,1,1).

In the next step, a new vertex is added that is linked by three edges to
vertices of degrees 2,2, and 1. The resulting graph shown in Figure 3.3(c) has
the degree sequence (3,3,3,2,2,2,1). Finally, a vertex of degree 5 is added
to produce the graph shown in Figure 3.3(d), which has the desired degree
sequence.

* *
1 2
® 2 ® > )
1 2
. °
(a) (b)
* *

Fig. 3.3. Construction of a graph with a prescribed degree sequence.

A graph §G is k-regular if all vertices have the same degree. If G is k-regular
for some k, then we say that the graph is regular.

Definition 3.7. A bipartite graph is a graph G = (V, E) such that there is a
two-block partition m = {Vy,Va} for which E C Vi x Va. If E =V} x Va, then
we say that G is bipartite complete.

In other words, G is bipartite if every edge of the graph has its endpoints
in two distinct classes.
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A bipartite complete graph, where |Vi| = p and |Va| = ¢ is denoted by
Kpq-

Ezxample 3.8. The bipartite graph X3 3 is shown in Figure 3.4.

V3 Ve
V2 Vs
V1 V4

Fig. 3.4. Bipartite graph X3 3.

3.2.2 Graph Representations

Finite graphs are often represented using matrices.

Definition 3.9. Let § = (V, E) be a finite graph, where V.= {v1,...,0n}
and E ={ey,...,e,}.
The incidence matrix of G is the m x n matriz I = (ip,) given by

. 1 if v, is incident to e,
1 =
v 0 otherwise,

for1<p<mand1l <r <n.
The adjacency matrix of G is the m x m matriz Ag = (apq) given by

1 if vy, is adjacent to vq,
Apg = .
0 otherwise,

for 1 <p,qg <m.

Example 3.10. Let G be the graph shown in Figure 3.5. Its incidence matrix

is the 6 x 7 matrix
1000000

1000000
0110010
0011001
0101100
0000111

<o)
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Us

U1

€1 €2 €4

€6 €7

V2

€3
U3 V4

Fig. 3.5. Graph § = ({v1,...,vs},{e1,...,e7}).

The adjacency matrix is the 6 x 6-matrix

010000
100000
000111
001011
001101
001110

3.2.3 Paths

Definition 3.11. A path of length n in a graph G = (V, E) is a sequence of
vertices p = (vg, . ..,v,) such that (v;,viy1) is an edge of G for 0 <i<n-—1.
The wvertices vg and v, are the endpoints of p, and we say that the path p
connects the vertices vy and v,. The length of the path p will be denoted by
t(p).

A path is simple if all vertices of the path are distinct.

A path p = (vo,...,v,) is a cycle if n > 3 and vo = v,. A cycle is simple
if all vertices are distinct with the exception of the first and the last. A cycle
of length 3 is called o triangle.

A graph with no cycles is said to be acyclic.

For every vertex v of a graph § = (V| E), there is a unique path (v) of
length 0 that joins v to itself.

Definition 3.12. Let § = (V, E) be a graph and let z,y € V be two vertices.
The distance d(x,y) between x and y is the length of the shortest path that has
x and y as its endpoints. If no such path exists, then we define d(x,y) = co.

Example 3.13. The distances between the vertices of the graph shown in Fig-
ure 3.1 are given in the following table.
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d |v1 vy V3 V4 V5 Vg V7 Vg
v1/0 1 1 00000000 0
vl 0 1 00000000 0
vzl 1 0 oo oo oo 0o 00
vgloooc0ooco 001 2 3 2

vslooocoo 1 0 1 2 1
vgloooooo 2 1 0 1 2
vrloccocooo 3 2 1 0 1
vgloooooo 2 1 2 1 0

3.2.4 Directed Graphs

Directed graphs differ from graphs in that every edge in such a graph has an
orientation. The formal definition that follows captures this aspect of directed
graphs by defining an edge as an ordered pair of vertices rather than a two-
element set.

Definition 3.14. A directed graph (or, for short, a digraph ) is a pair G =
(V,E), where V is a set of vertices or nodes and E C 'V x V is the set of
edges.

A digraph G = (V, E) is finite if both V and E are finite.

If e = (u,v) € E, we refer to u as the source of the edge e and to v as
the destination of e. The source and the destination of an edge e are denoted
by source(e) and dest(e), respectively. Thus, we have the mappings source :
E — V and dest : E — V', which allow us to define for every subset U of
the set of vertices the sets

out(U) = {source " (U) — dest ' (U)},
in(U) = {dest " (U) — source *(U)}.
In other words, out(U) is the set of edges that originate in U without ending

in this set and in(U) is the set of edges that end in U without originating in
U.

Definition 3.15. Let § = (V, E) be a digraph. The in-degree of a vertex v is
the number
do(v) = {e € E | source(e) = v},

and the out-degree of a vertex v is the number

di(v) = |{e € E | dest(e) = v}|.

Clearly, we have

D do(v) =Y di(v) = |E.

veV veV
The notion of a path for digraphs is similar to the notion of a path for graphs.
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Definition 3.16. Let G = (V, E) be a digraph. A path in G is a sequence of
vertices p = (vg,...,vy) such that (v;,v;41) € E for every i, 0 <i <n— 1.
The number n is the length of p. We refer to p as a path that joins vy to
Un—1-

If all vertices of the sequence (vo,...,Un—1,0n) are distinct, with the pos-
sible exception of vy and v,, then p is a simple path.

If vg = vy, then p is a cycle. A directed graph with no cycles is said to be
acyclic.

Note that a path p may have length 0; in this case, p is the null sequence
of edges and the sequence of vertices of p consists of a single vertex.

If there is a path p from u to v in a directed acyclic graph, then there
is no path from v to u, where v and v are two distinct nodes of G, because
otherwise we would have a cycle.

Definition 3.17. Let § = (V, E) be an acyclic digraph and let u,v € V. The
vertex u is an ancestor of v, and v is a descendant of u if there is a path p
from u to v.

Note that every vertex is both an ancestor and a descendant of itself due
to the existence of paths of length 0. If u is an ancestor of v and u # v, then
we say that u is a proper ancestor of v. Similarly, if v is a descendant of u and
u # v, we refer to v as a proper descendant of u.

Definition 3.18. A forest is an acyclic digraph G = (V, E) such thatd;(v) <1
for every vertezx v.

Theorem 3.19. Let Vi be the set of vertices of a finite forest § = (V, E)
having in-degree 0. For every vertex v € V. — Vj, there exists a unique vertex
vg € Vo and a unique path that joins vy to v.

Proof. Since v € V —Vj, we have d;(v) = 1 and there exists at least one edge
whose destination is v. Let p = (vo,v1,...,v,-1) be a maximal path whose
destination is v (so v,—1 = v). We have d;(vo) = 0. Indeed, if this is not the
case, then there is a vertex v’ such that an edge (v',v) exists in E and v’ is
distinct from every vertex of p because otherwise § would not be acyclic. This
implies the existence of a path p’ = (v',vg,v1,...,v,_1), which contradicts
the maximality of p.

The path that joins a vertex of in-degree 0 to v is unique. Indeed, suppose
that q is another path in G that joins a vertex of in-degree 0 to v. Let u be
the first vertex having a positive in-degree that is common to both paths. The
predecessors of v on p and q must be distinct, which implies that d;(u) > 1.
This contradicts the fact that G is a forest. The uniqueness of the path implies
also the uniqueness of the source. 0O
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Theorem 3.20. Let § = (V, E) be a graph. The relation g on V that consists
of all pairs of vertices (x,y) such that there is a path that joins x to y is an
equivalence on V.

Proof. The reflexivity of vg follows from the fact that there is a path of length
0 that joins any vertex z to itself.
If a path p = (vo,...,v,) joins  to y (which means that z = vy and y =
vn), then the path q = (vy,...,vo) joins y to . Therefore, g is symmetric.
Finally, suppose that (z,y) € vg and (y,z) € vg. There is a path p =
(vo, ... ,v,) with & = vy and y = v, and a path q = (v{,...,v},) such that
y = v and z = v),,. The path r = (vg,...,v, = v{,...,v,,) joins = to z, so

m*

(x,z) € vg. Thus, vg is transitive, so it is an equivalence. O

Definition 3.21. Let § = (V, E) be a graph. The connected components of G
are the equivalence classes of the relation vg.
A graph is connected if it has only one connected component.

Ezample 3.22. The sequences (v4, vs, s, v7) and (v4, vs, g, v7) are both paths
of length 3 in the graph shown in Figure 3.1.
The connected components of this graph are

{v1,v2,v3} and {vs,vs, ve, v7, vs}.

Definition 3.23. A subgraph of a graph G = (V, E) is a graph §' = (V', E’),
where V! CV and E' C E.

The subgraph of G induced by a set of vertices U is the subgraph Gy =
(U, Ey), where Ey ={e € E | e = (u,u’) and u,u’ € U}.

A spanning subgraph of a graph § = (V, E) is a subgraph of the form
G = (V,E'); that is, a subgraph that has the same set of vertices as G.

Ezample 3.24. Consider the graph G shown in Figure 3.1. In Figures 3.6(a)-
(d), we show the subgraphs of the graph § induced by the sets

{U4,’U57’U8}7 {’U47’U57UG7U8}7 {/047/0571)7}7 {1)5,1)6,’1)77’09},

respectively.

Ezxample 3.25. The graph shown in Figure 3.7 is a spanning subgraph of the
graph defined in Example 3.2.

Theorem 3.26. If § = (V, E) is a connected graph, then |E| > |V|— 1.

Proof. We prove the statement by induction on |E|. If |E| = 0, then |[V] <1
because G is connected and the inequality is clearly satisfied.

Suppose that the inequality holds for graphs having fewer than n edges,
and let § = (V, E) be a connected graph with |E| = n. Let e = (z,y) be an
arbitrary edge and let §' = (V, E — {e}) be the graph obtained by removing
the edge e. The graph §’ may have one or two connected components, so we
need to consider the following cases:
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V4 V4

™~ Vs U8

V4

\"05 Vs

vr Ve

(c) (d)

Vs Us

Ve

v7

Fig. 3.6. Subgraphs of the graph G.

V4
V2 Vs Vs
U1 i U3 Ve V7

Fig. 3.7. Spanning subgraph of the graph defined in Example 3.2.

1. If §' is connected, then, by the inductive hypothesis, we have |E’| > |V|-1,

which implies |E| = |E'|+ 1> |V]| - 1.

2. If §’ contains two connected components Vy and V7, let Ey and E be the
set of edges whose endpoints belong to V;, and Vi, respectively. By the
inductive hypothesis, |Ep| > |Vp| — 1 and |Ey| > |Vi| — 1. This implies

|E| = |Eo| + |Er|+1> [Vo| + V1| —1=|V| -1



90 3 Graphs and Hypergraphs

This concludes the argument. O

Corollary 3.27. Let § = (V, E) be a graph that has k connected components.
We have |E| < |V| — k.
Proof. Let V; and E; be the set of edges of the i*" connected component of G,

where 1 < ¢ < k. It is clear that

k k
V:UViandE:UEZ-.

i=1 i=1

Since the sets Vi,...,V}, form a partition of V' and the sets Fq,..., E} form

a partition of E, we have
k k
B =Y |E[; <Y [VIi—k=|V| -k,
i=1 i=1

which is the desired inequality. O

Definition 3.28. A graph § = (V, E) is complete, if for every u,v € E such
that u # v, we have (u,v) € E.

The complete graph § = ({1,...,n}, F) will be denoted by X,,.

Ezample 3.29. The graph shown in Figure 3.8 is complete.

Vs V4

Ve

U1

V2

Fig. 3.8. Complete graph.

U3
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A subset U of the set of vertices of a graph § = (V| E) is complete if the
subgraph induced by it is complete.

A set of vertices W is a clique in G if it is maximally complete. In other
words, W is a clique if the graph induced by W is complete and there is no
set of vertices Z such that W C Z and Z is complete.

Ezample 3.30. The cliques of the graph shown in Figure 3.9 are {v1, v, v3,v4}

and {U3,05,06}.

Ve

V4 VU3

Us

U1 V2

Fig. 3.9. Graph and its two cliques.

Definition 3.31. Let §; = (V;, E;) be two graphs, where i € {1,2}. The
graphs G1 and Go are isomorphic if there exists a bijection f : Vi — V5
such that (f(u), f(v)) € E' if and only if (u,v) € E. The mapping f in this
case is called a graph isomorphism. If §1 = Gs, then we say that f is a graph
automorphism of 9.

Two isomorphic graphs can be represented by drawings that differ only
with respect to the labels of the vertices.

Example 3.32. The graphs
91 - ({1}1,U2,U3,U4,U5},E1) and 92 - ({ul,UQ,Ug,U4,’LL5},E2),

shown in Figures 3.10(a) and (b), respectively, are isomorphic. Indeed, the
function f : {vy,ve,vs,v4,v5} — {u1, ua, us, uq, us} defined by

f(v1) =, f(v2) = us, f(v3) = us, f(va) = ua, f(vs) = ua

can be easily seen to be a graph isomorphism. On the other hand, both graphs
shown in Figure 3.11 have six vertices but cannot be isomorphic. Indeed, the
first graph consists of one connected component, while the second has two
connected components ({uy,us,us} and {uz,uq, ug}).
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V2 V3 u2 us

V1 Ul U4
Vs us
(a) (b)
Fig. 3.10. Two isomorphic graphs.
V2 U3 U2 us
e
/ \ S
/ \ T
U1 ( > V4 U1 .< >. Ug
\ / Y
\ / )x/
R
Ve Vs Ue us

Fig. 3.11. Two graphs that are not isomorphic.

If two graphs are isomorphic, they have the same degree sequences. The inverse
is not true; indeed, the graphs shown in Figure 3.11 have the same degree

sequence d = (2,2,2,2,2,2) but are not isomorphic.

In general, an invariant of graphs is a set of numbers that is the same for
two isomorphic graphs. Thus, the degree sequence is an invariant of graphs.

3.3 Trees

Trees are graphs of special interest to data mining due to the presence of
tree-structured data in areas such as Web and text mining and computational

biology.

Definition 3.33. A tree is a graph § = (V, E) that is both connected and
acyclic. A forest is a graph G = (V, E) whose connected components are trees.

Ezxample 3.34. The graph shown in Figure 3.12 is a tree having

V= {t’uavaw7$7yﬁz}
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as its set of vertices and

E = {(t7 ’U)7 (/U’w)’ (y7 u)’ (y? ,U)7 (x’ y)’ (1‘7 Z)}

as its set of edges.

u
w
Y x z
L @
v
///
t 7
//////
[ 3

Fig. 3.12. Tree having V = {t,u,v,w,x,y, z} as its set of vertices.

Next, we give several equivalent characterizations of trees.

Theorem 3.35. Let § = (V, E) be a graph. The following statements are
equivalent:
(i) G is a tree.
(ii) Any two vertices x,y € V are connected by a unique simple path.
(iii) G is minimally connected; in other words, if an edge e is removed from E,
the resulting graph §' = (E,V — {e}) is not connected.
(iv) G is connected, and |E| = |V| —1.
(v) G is an acyclic graph, and |E| = |V| — 1.

Proof. (i) implies (ii): Let G be a graph that is connected and acyclic and let
u and v be two vertices of the graph. If p and q are two distinct simple paths
that connect u to v, then pq is a cycle in G, which contradicts its acyclicity.
Therefore, (ii) follows.

(i) implies (iii): Suppose that any two vertices of G are connected by a
unique simple path. If e = (u,v) is an edge in G, then (u,v) is a simple path
in § and therefore it must be the unique simple path connecting v and v. If e
is removed, then it is impossible to reach v from u, and this contradicts the
connectivity of G.

(iii) implies (iv): The argument is by induction on |V|. If |[V| = 1, there is no
edge, so the equality is satisfied. Suppose that the statement holds for graphs
with fewer than n vertices and that |V| = n. Choose an edge (u,v) € E.
If the edge (u,v) is removed, then the graph separates into two connected
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components Go = (Vp, Ey) and G§; = (Vi, Ey) with fewer vertices because
G is minimally connected. By the inductive hypothesis, |Ey| = |Vp| — 1 and
|E1| = |V1|—1 Therefore, |E| = |E()|+|E1|+1 = |VE)|—1+‘V1|—1+1 = ‘V‘—].

(iv) implies (v): Let G be a connected graph such that |E| = |V| — 1.
Suppose that G has a simple cycle ¢ = (v1,...,vp,v1). Let §o = (V, Ep) be
the subgraph of G that consists of the cycle. Clearly, Gy contains p vertices
and an equal number of edges.

Let U =V —{v1,...,v,}. Since G is connected, there is a vertex u; € U
and a vertex v of the cycle ¢ such that an edge (ug,v) exists in the graph §.
Let §1 = (V4, E1), where Vi = Vo U {u1} and Ey = Eg U {(u1,v)}. Tt is clear
that |V1| = |E1|. It V — V3 # 0, there exists a vertex vo € V — V4 and an edge
(vg, w), where w € V4. This yields the graph Go = (V3 U{va2}, E1 U {(v2,w)}),
which, again has an equal number of vertices and edges. The process may
continue until we exhaust all vertices. Thus, we have a sequence Gg, G1,...,Gm
of subgraphs of G, where G,, = (Vin, En), |Em| = |Vin| and V,,, = V. Since
Gm is a subgraph of G, we have |V| = |V,,,| = |Eyn| < |E|, which contradicts
the fact that |E| = |[V| — 1. Therefore, G is acyclic.

(v) implies (i): Let § = (V, E)) be an acyclic graph such that |E| = |V]— 1.
Suppose that G has k connected components, Vi,..., Vi, and let F; be the
set of edges that connect vertices that belong to the set V;. Note that the
graphs §; = (V;, E;) are both connected and acyclic so they are trees. We
have |E| = Y0 | |Ei| and |V| = Y1, |V;|. Therefore, |E| = Y1 | |E;| =
S |Vil—k = |V|—k. Since |E| = |[V|—1 it follows that k = 1,s0 § = (V, E)
is connected. This implies that G is a tree.

This concludes our argument. 0O

Corollary 3.36. The graph G = (V, E) is a tree if and only if it is mazimally
acyclic; in other words, if an edge e is added to E, the resulting graph §' =
(E,V U{e}) contains a cycle.

Proof. Let G be a tree. If we add an edge e = (u, v) to the E, then, since u and
v are already connected by a path, we create a cycle. Thus, § is maximally
acyclic.

Conversely, suppose that G is maximally acyclic. For every pair of vertices

u and v in G, two cases may occur:

1. there is an edge (u,v) in G or

2. there is no edge (u,v) in .
In the second case, adding the edge (u,v) creates a cycle, which means that
there is a path in § that connects u to v. Therefore, in either case, there is a
path connecting u to v, so G is a connected graph and therefore a tree. 0O

Corollary 3.37. If G = (V, E) is a connected graph, then G contains a sub-
graph that is a tree that has V as its set of vertices.

Proof. Define the graph T = (V, E’) as a minimally connected subgraph hav-
ing the set V as its set of vertices. It is immediate that T is a tree. O
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We shall refer to a tree 7 whose existence was shown in Corollary 3.37 as
a spanning tree of G.

Corollary 3.38. If G is an acyclic graph, then G contains |V |— |E| connected
components.

Proof. This statement follows immediately from the proof of Theorem 3.35.
O

Definition 3.39. A rooted tree is a pair (T,vo), where T = (V, E) is a tree
and vy is a vertex of T called the root of R.

If (T, v0) is a rooted tree and v is an arbitrary vertex of I there is a unique
path that joins vy to v. The height of v is the length of this path, denoted by
height(v).

The number max{height(v) | v € V} is the height of the rooted tree
(T, v0); this number is denoted by height(T, vg).

Rooted trees are generally drawn with the root at the top of the picture;
if (u,v) is an edge and height(u) = height(v) + 1, then u is drawn above v.

Ezample 3.40. Let (T,vg) be the rooted tree shown in Figure 3.13. The heights
of the vertices are shown in the following table:

v V1 Vg V3 U4 Uy Vg U7 U8
height(v)[1 2 3 1 2 2 3 3

A rooted tree (T,v9) may be regarded as a directed graph. Note that
if (u,v) is an edge in a rooted tree, the heights of v and v differ by 1. If
height(u) = height(v) 4+ 1, then we say that u is an immediate descendant of
v and that v is an immediate ascendant of u. The unoriented edge {u,v} can
now be replaced by the oriented edge (u,v).

In a rooted tree, vertices can be partitioned into sets of nodes named levels.
Each level L; consists of those nodes whose height in the tree equals i. In a
rooted tree (T, vp) of height h there exist h + 1 levels, Lo, - , Lp.

Ezxample 3.41. The directed graph that corresponds to the rooted tree from
Figure 3.13 is shown in Figure 3.14.
The levels of this rooted tree are

Lo = {vo},

Ly = {v1,v4},
Lo = {vq, v5,v6},
L3 = {vs,v7,v8}.
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V3 @ U7 [ J U8
Fig. 3.13. Rooted tree.
V4
V2 Vs
U3 U8

Fig. 3.14. Directed graph of a rooted tree.
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Often we associate to each vertex of a rooted tree a sequence of its im-
mediate descendants. The formal concept that corresponds to this idea is the
notion of an ordered rooted tree defined as a triple (T, vg,r), where T = (V, E)
and vy have the same meaning as above, and r : V. — Seq(V) is a func-
tion defined on the set of vertices of T such that r(v) is a sequence, without
repetition, of the descendants of the node v. If v is a leaf, then r(v) = A.

Ezample 3.42. In Figure 3.15, we present an ordered rooted tree that is created
starting from the rooted tree from Figure 3.14.

\\
\,
\\\\\\
N, V4
7(va) = (vs)
ve, 7(ve) = Vs
\\\£U3,U7,U8) r(vs) = A
\\
\\\\
\\
v7 AN g
r(vr) = A r(vg) = A

Fig. 3.15. Ordered rooted tree.

In general, we omit the explicit specification of the sequences of descendants
for an ordered rooted tree and assume that each such sequence r(v) consists
of the direct descendants of v read from the graph from left to right.

Definition 3.43. A binary tree is a rooted tree (T,vy) such that each node
has at most two descendants.

The rooted tree is a subgraph of (T,vp) that consists of all descendants
of the left son of vy is the left subtree of the binary tree. Similarly, the set of
descendants of the right son of vy forms the right subtree of T.

In a binary tree, a level L; may contain up to 2¢ nodes; when this happens,
we say that the level is complete. Thus, in a binary tree of height h, we may
have at most 2"*! nodes.
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The notion of an ordered binary tree corresponds to binary trees in which
we specify the order of the descendants of each node. If v, x, y are three nodes
of an ordered binary tree and r(v) = (z,y), then we say that x is the left son
of v and y is the right son of v.

An almost complete binary tree is a binary tree such that all levels, with
the possible exception of the last, are complete. The last level of an almost
complete binary tree is always filled from left to right.

Note that the ratio of the number of nodes of a right subtree and the
number of nodes of the left subtree of an almost complete binary tree is at
most 2. Thus, the size of these subtrees is not larger than % the size of the
almost complete binary tree.

Ezxample 3.44. The binary tree shown in Figure 3.16 is an almost complete
binary tree.

(%4 v Vg Vio V11

Fig. 3.16. An almost complete binary tree.

Almost complete binary trees are useful for defining a data structure known
as a heap.

Definition 3.45. A heap is a 4-tuple (T,vo,7,0) such that (T,vo,r) is an
almost complete binary tree and £ : V. — R is a function defined on the set
of vertices of T such that if r(v) = (v',v"), then £(v) < min{l(v'), L(v")}.
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Ezample 3.46. Starting from the almost complete binary tree shown in Fig-
ure 3.15, we show a heap in Figure 3.17. The values of ¢ are placed near the
names of the vertices of (T, vg, 7).

Vo
15

V2

30

Vs Ve

65 J 57

vr Us V9 V10 Vi1

50 60 29 70 80

’15‘20‘30|45|25|65|57|50‘60‘29‘70|80‘

0o 1 2 3 4 5 6 7 8 9 10 11

Fig. 3.17. A heap and its array.

A frequently used implementation of heaps makes use of arrays. The value
of £(vp) is stored in the first element of an array HI[0]. If the value of ¢(v;)
is placed in H[i — 1], then the values of £(v’) and ¢(v”), the left and right
sons of v, are placed in H[2i+ 1] and H[2i + 2], respectively. Thus, for a node
represented in the position j > 1, its parent is placed in the position

parent(j) = |j/2] — L.

Note that parent(j) is defined only if 5 > 1. Also, the numbers 2i + 1 and
2i + 2 are denoted by leftchild(¢) and rightchild(¢), respectively.

For further applications, we need to examine in some detail how a heap
is put together starting from an array A of size A.size. Observe that the
leafs of the heap are stored in the last k nodes of the array, where k£ =
A.size — 2082 4sze] and that the number of nonleaves is | A.size/2].

The procedure called heapify(A, i) starts from an array A and rearranges
the elements of the portion of the array located between the positions ¢ and
A.size — 1 of the array such that the resulting subarray is a heap. When this
procedure is called with the parameter i, we make the assumption that the
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trees that correspond to the positions leftchild(i) and rightchild(i) are already
heaps.
The procedure heapify(A, i) is

heapify(A, i){

left = leftchild(7);

right = rightchild(¢);

if (left < A.size and Alleft] < A[i])
then smallest = left;

else
smallest = right;

if (right < A.size and A[right] < A[smallest])
then smallest = right;

if (smallest! =) {
swap(A[i],A[smallest]);
heapify(A,smallest);

}

The variable smallest is used to store the smallest of the elements contained
by A[i], Alleftchild(4)], and A[rightchild(7)]. If the smallest value is contained by
Ali], then the algorithm halts. Otherwise, the array does not satisfy the heap
condition, Ai] is swapped with the smallest of its children, and the algorithm
is applied to the subtree that now has A[i] at its root.

As we observed, the size of a subtree cannot exceed 2?”, where n = A.size.
Thus, the time T'(n) required by the heapify for an array of size n can be

expressed as
2
T(n) :T(;> +a,

where a is a constant that takes into account the cost of the other operations.
Applying this recurrence repeatedly, we have

=1 ((2) n) 1

Let ¢,d € Rs¢ be two fixed numbers such that ¢/d > 3/2. Choosing h such
that ¢ < (%)h n < d, it follows that h = O(logn), so T'(n) = O(logn).
Observe that the part of the array located between positions A.size — k
and A.size—1 already satisfies the heap condition since it contains only values
associated to leaves (which have no children). Therefore, the algorithm that

constructs the heap begins with position | A.size/2| — 1 and halts at position
0:

build_heap(A){

for i = | A:size/2| — 1 downto 0 do
heapify(A,7);

}
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The cost of this algorithm is O(n logn) since there are O(n) calls to heapify
and each call costs O(logn).

When using a heap, we need to define at least two operations: insert(A, x),
which returns a heap in which the number x is placed into the proper position,
and getsmallest(A), which returns the smallest element from the heap and a
new heap that contains the remaining elements. The pseudocode for the first
procedure is

insert(A, z){

A.size + +;

s = A.size — 1;

Als] = x;

while ((s > 1) and (A[s] < A[parent(s)]))
swap(A[s], A[parent(s)]);
s = parent(s);

endwhile;

}

The procedure begins with placing the new element in the last position of the
array. Then, the element percolates in the tree to its proper position through
swaps with its parent. The number of swaps is proportional to the height of
the tree; therefore, the time requirement of this procedure is O(logn).

The procedure getsmallest(A) extracts the element located at the top of the
array, then places the element located at the bottom of the heap, A[size — 1],
at the top of the heap, and then calls heapify(A,0). This procedure is

getsmallest(A){

z = A[0];

A[0] = Alsize — 1J;
A.size — —;

1= 0;

heapify(A, 0);
return z;

}

The cost of this procedure is again O(logn).

Given a graph § = (V,E) and two unconnected vertices u,v € V let
G + (u,v) be the graph (V,E U {(u,v)}). If (r,s) is an edge in G, we denote
by G — (r,s) the graph (V, E — {(r, s)}).

Definition 3.47. A weighted graph is a pair (G, w), where § = (V, E) is a
graph and w : E — R is a weight function. If e € E, we refer to w(e) as the
weight of the edge e.

The weight of a set of edges F' is the number w(F) defined by

w(F) = {w(e)e € F}.
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A minimal spanning tree for G = (V, E) is a spanning graph for G that is
a tree T = (V, F) such that w(F) is minimal.

We present an effective construction of a minimal spanning tree for a
weighted graph (G, w), where § = (V, E) is a finite, connected graph known
as Kruskal’s algorithm. Suppose that ey, ea, ..., ey, is the list of all edges of
G listed in increasing order of their weights; that is, w(e;) < w(ez) < ... <
w(em). We use the following algorithm.

Algorithm 3.48 (Kruskal’s Algorithm)

Input: a weighted graph (G, w).

Output: a set of edges F' that defines a minimal spanning tree.

Method:

initialize F' = eq;

repeat
select the first edge e in the list such that e ¢ F

and the subgraph (V) F'U {e}) is acyclic;

F:=FU{e};

until no edges exist that satisfy these conditions;

output T = (V, F)

When the algorithm is completed, we built a maximal acyclic subgraph
T = (V,F), that is, a spanning tree.

We claim that T = (V| F) is a minimal spanning tree. Indeed, let J° =
(V,F') be a minimal spanning tree such that |F N F’| is maximal. Suppose
that F' # F, and let e = (x,y) be the first edge of F in the list of edges that
does not belong to F’.

The tree 77 contains a unique path p that joins x to y. Note that this path
cannot be included in 7 since otherwise T would contain a cycle formed by
p and (z,y). Therefore, there exists an edge ¢’ on the path p that does not
belong to T.

Note that the weight of edge e cannot be larger than the weight of €’
because e was chosen for T by the algorithm and ¢’ is not an edge of T, which
shows that e precedes €’ in the previous list of edges. The set Fy; = F' —{e’} U
{e} defines a spanning tree J7, and since w(F) = w(F’) — w(e') + w(e) <
w(F"), it follows that the tree 77 = (V, F’) is a minimal spanning tree of .
Since |Fy N F| > |F' N F|, this leads to a contradiction. Thus, F' = F and T
is indeed a minimal spanning tree.

Example 3.49. Consider the weighted graph given in Figure 3.18, whose edges
are marked by the weights. The list of edges in nondecreasing order of their
weights is

(v1,v2), (v1,24), (ve,v7), (vs,V6),

(v3,v4), (v3,5), (vs, vs), (v7,s),

(1)2, ’Ug), (1]1, ’Ug), (Ug, 1}6), (’U4, 'UG).
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V4 U8

V1 v7

V2 Ve
Fig. 3.18. Weighted graph (S, w).
The minimal spanning tree for this weighted graph is shown in thick lines in

Figure 3.19. The sequence of edges added to the set of edges of the minimal
spanning tree is

(/0131)2)7 (Ul,v4), (Uﬁa U7)> (/0531)6)7 (U37'U4), (USJ U5)7 (/0531)8)'

V4 e

U1 v7

V2 Ve

Fig. 3.19. Minimal spanning tree for the weighted graph from Figure 3.18.

An alternative algorithm known as Prim’s algorithm is given next. In this
modality of constructing the minimal spanning tree of a finite, connected
graph § = (V, E), we construct a sequence of pairs of sets of vertices and
edges that begins with a pair (V4,F1) = ({v},0), where v is an arbitrary
vertex.

Suppose that we constructed the pairs (V1, E1), ..., (Vi, Eg). Define the
set of edges H, = {(v,w) € Elv € Vi,w & Vi }. If (vg,tx) is an edge in Hy,
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of minimal weight, then V41 = Vi U {vi} and Ep11 = Ep U {(vg,tx)}. The
algorithm halts when Hj, = §).

Consider the increasing sequences V; C Vo C -+ and By C Fy C ---. An
easy induction argument on k shows that the subgraphs (V4, E)) are acyclic.
The sequence halts with the pair (V,, E,,), where H,, = (), so V;, = V. Thus,
(Vy, Ey) is indeed a spanning tree.

To prove that (V,,, E,) = (V, E,,) is a minimal spanning tree, we will show
that for every subgraph (Vi, Ey), E}, is a subset of the set of edges of a minimal
spanning tree T = (V| E).

The argument is by induction on k. The basis case, k = 1, is immediate
since E; = 0.

Suppose that Fj is a subset of the set of edges of a minimal spanning tree
T = (V, E) and Fyi1 = Ep U {(Uk,tk)}.

Since T is a connected graph, there is a path in this graph that connects
vg to tg. Let (1, s) be the first edge in this path that has one endpoint in V.
By the definition of (v, tx), we have w(vg,tr) < w(r, s). Thus, if we replace
(r,8) by (vg,tx) in T, we obtain a minimal spanning tree whose set of edges
includes Ej1.

Ezxample 3.50. We apply Prim’s algorithm to the weighted graph introduced
in Example 3.49 starting with the vertex vs.

The sequences V; C V5, C -+ and Ey C Fy C -+ are given in the following
table:

Ey Vi
{vs}
{vs,vs} v3,vs5)}

0
{(
{vs,vs,v6} {(vs,v5), (vs,v6)}

{vs, vs,v6,v7} {(v3,v5), (vs,v6), (ve,v7)}

{vs,vs, v6,v7,v4} {(v3,v5), (v5,v6), (ve, v7), (v3,v4)}

{vs, v5, v6, V7, va,v1} {(vs,vs), (vs,v6), (v, v7), (v3,v4), (va,v1)}
{v3,vs,v6,v7,v4, v1,v2} [{(v3,v5), (vs,v6), (ve, v7), (v3,v4), (Va,v1), (V1,v2)}
{'U3,'U5,’U5,'U7,'U4,’U1,'U2} {('U3,’l)5), (’U5,'U6)7 (UG)’U7): ('U37'U4), (’U4,'U1), ('Ul,’UQ), ('US,'US)}

00 3D U WN |3

Next, we introduce three notions related to two-block partitions of the set
of vertices of a weighted graph. These concepts will be useful in presenting an
application of minimal spanning trees to clustering initiated by C. T. Zahn
in [147].

Definition 3.51. Let (G, w) be a weighted graph, where § = (V, E), and let
m = {V1,Va} be a two-block partition of the set of vertices V of G.
The separation of w is

sep(m) = min{w(vy,v2) | v1 € Vi and vy € Va}.

The cut set of m is the set CS(w) = {(z,y) € E | x € V1 and y € Va}.
Finally, the set of links of 7 is the set of edges

LE(m) = {(z,y) € CS(r) | w(z,y) = sep(m)}.
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Theorem 3.52. For every partition 1 = {V1,Va} of a weighted graph (G, w)
and minimal spanning tree T, there exists an edge that belongs to T and to
LK(r).

Proof. Suppose that T is a minimal spanning graph that contains no edge
of LK(m). If an edge (vi,v2) € LK({Vi,Va2}) is added to T, the resulting
graph G’ contains a unique cycle. The part of this cycle contained in T must
contain at least one other edge (s,t) € CS({Vi,Va2}) because v; € V; and
vg € Va. The edge (s,t) does not belong to LK({V1,Va}) by the supposition
we made concerning T. Consequently, w(s,t) > w(vy,vs), which means that
the spanning tree J; obtained from T by removing (s,t) and adding (vq, vg)
will have a smaller weight than T. This would contradict the minimality of 7.
O

Theorem 3.53. If (z,y) is an edge of a tree T = (V, E), then there exists a
partition m = {V1,Va} of V' such that CS{V1,Va}) = {(z,v)}.

Proof. Since T is a minimally connected graph, removing an edge (x, y) results
in a graph that contains two disjoint connected components V3 and V5 such
that z € V1 and y € Va. Then, it is clear that {(z,y)} = CS({V1,V2}). O

Theorem 3.54. Let (S, w) be a weighted graph and let T be a minimal span-
ning link of G. All minimal spanning tree edges are links of some partition of

(G, w).

Proof. Let § = (V, E) and let (z,y) be an edge in T. If (V1, V3) is the partition
of V that corresponds to the edge (z,y) that exists by Theorem 3.53, then, by
Theorem 3.52, T must contain an edge from CS({Vy,V5}). Since T contains
only one such edge, it follows that this edge must belong to LK({V1,V2}). O

Corollary 3.55. Let (G,w) be a weighted graph, where § = (V, E). If w :
E — R is an injective mapping (that is, if all weights of the edges are
distinct), then the minimal spanning tree is unique. Furthermore, this minimal
spanning tree has the form T = (V, L(9)), where L(SG) is the set of all links of
G.

Proof. Let T = (V, E’) be a minimal spanning tree of (G, w). The injectivity
of w implies that, for any partition 7 of V', the set LK(m) consists of a unique
edge that belongs to each minimal spanning tree. Thus, L(G) C E’. The
reverse inclusion follows immediately from Theorem 3.54, so G has a unique
spanning tree T = (V,L(9)). O

Theorem 3.56. Let (G, w) be a weighted graph, where § = (V, E). If U is a
nonempty subset of V' such that sep({Uy,Us}) < sep(U,V —U) for every two-
block partition m = {Uy,Us} € PART(U), then, for every minimal spanning
tree T of (G, w), the subgraph Ty is a subtree of T.
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Proof. Let m = {Uy, Us} be a two block partition of U. To prove the statement,
it suffices to show that every minimal spanning tree T of (G, w) contains an
edge in CS(r). This, in turn, will imply that the subgraph Ty of T determined
by U has only one connected component, which means that Ty is a subtree
of T.

To prove that T contains an edge from CS(7), it will suffice to show
that sep(Uy,Us) < sep(Uy,V — U) because this implies LK(U;,V — U;) C
CS(Uy, Us). Indeed, if this is the case, then the shortest link between a vertex
in U7 and one outside of U; must be an edge that joins a vertex from U; to a
vertex in Us.

Observe that

sep(U, V —=U) = sep(Uy UU2, V = U) = min{sep(Uy,V = U), sep(Us, V = U)},

and therefore sep(Uy,V —U) > sep(U,V —U).
By the hypothesis of the theorem, sep(U,V —U) > sep(Uy, Us), and there-
fore
sep(Uy,Us) < sep(U,V = U) < sep(Uy,V —U),

which leads to the desired conclusion. O

Search enumeration trees were introduced by R. Rymon in [116] in order
to provide a unified search-based framework for several problems in artificial
intelligence; they are also useful for data mining algorithms.

Let S be a set and let d : S — N be an injective function. The number
d(x) is the index of x € S. If P C S, the view of P is the subset

view(d, P) = {s €S| d(s)> maxd(p)} .

peP

Definition 3.57. Let C be a hereditary collection of subsets of a set S. The
graph G = (€, E) is a Rymon tree for C and the indexing function d if
(i) the root of G is the empty set, and
(ii) the children of a node P are the sets of the form P U {s}, where s €
view(d, P).
If S ={s1,...,8n} and d(s;) =i for 1 <i <n, we will omit the indexing
function from the definition of the Rymon tree for P(S).

Ezample 3.58. Let S = {iy,i2,13,i4} and let € be P(S), which is clearly a
hereditary collection of sets. Define the injective mapping d by d(i) = k for
1 <k < 4. The Rymon tree for € and d is shown in Figure 3.20.

A key property of a Rymon tree is stated next.

Theorem 3.59. Let G be a Rymon tree for a hereditary collection C of subsets
of a set S and an indexing function d. Fvery set P of C occurs exactly once
in the tree.
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{i1} {is}

{i1,42}

[ ]
{1,104} {io,is} {ia,ia} {i3,ia}

{i1,42,i3}

{i1, 42,44} {i1,143,44} {12,13,14}

{i1,42,13,14}

Fig. 3.20. Rymon tree for P({i1,i2,73,44}).

Proof. The argument is by induction on p = |P|. If p = 0, then P is the root
of the tree and the theorem obviously holds.

Suppose that the theorem holds for sets having fewer than p elements, and
let P € @€ be such that |P| = p. Since C is hereditary, every set of the form
P — {z} with « € P belongs to € and, by the inductive hypothesis, occurs
exactly once in the tree.

Let z be the element of P that has the largest value of the index function
d. Then view(P —{z}) contains z and P is a child of the vertex P —{z}. Since
the parent of P is unique, it follows that P occurs exactly once in the tree.
O

If a set U is located at the left of a set V in the tree Gy, we shall write
U C V. Thus, we have

0 {Zl} [ {il,ig} [ {il,i27i3,i4}
C {i1,i2,i4} C {i1, iz} T {i1, 43,74}
C {il,i4} C {7,2} C {’ig,ig,}
[ {ig,ig,’i4} C {i27i4} C {’Lg}
C {i3,i4} C {14}
Note that in the Rymon tree of a collection of the form P(S), the collection

of sets of 8, that consists of sets located at distance r from the root denotes
all (') subsets of size r of S.
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Definition 3.60. A numbering of a graph § = (V, E) is a bijection v : V —
1,...,|V|. The pair (G,v) is referred to as a numbered graph.

Theorem 3.61. Let v : V — {1,...,n} be a bijection on the set V, where
|V| = n. There are n™~2 numbered trees (T,v) having V as the set of vertices.

Proof. The best-known argument for this theorem is based on a bijection
between the set of numbered trees having n vertices and the set of sequences
of length n — 2 defined on the set {1,...,n} and has been formulated in [109].

Let (T,v) be a numbered tree having n vertices. Define a sequence of trees
(T1,...,Tn_1) and a Prifer sequence ({1,...,4,_2) € Seq,, (N) as follows. The
initial tree T7 equals T. The tree T; will have n—i+1 vertices for 1 < i < n—1.

The T;11 is obtained from T; by seeking the leaf 2 of T; such that v(z) is
minimal and deleting the unique edge of the form (x,y). The number v(y) is
added to the Priifer sequence. Note that the label ¢ of a vertex u will occur
exactly d(u) — 1 times in the Priifer sequence, once for every vertex adjacent
to u that is removed in the process of building the sequence of trees.

Let L(T,v) be the Priifer sequence of (T,v). If NT,, is the set of numbered
trees on n vertices, then the mapping L : NT,, — Seq,,_»({1,...,n}) is a
bijection.

The edges that are removed in the process of constructing the Priifer
sequences can be listed in a table:

Starting Tree| Leaf | Vertex|Resulting Tree
T T Y1 T2
‘Tn—Z In—2| Yn—2 Tn—l
Tnfl LTn—1| Yn—1 -

Note that the edges of T; are (x;,y;) for i < j <n—1.

The next to the last tree in the sequence, T, _o, has two edges and therefore
three vertices. The last tree in the sequence T, _1 consists of a unique edge
(n—1,Yn—1)- Since a tree with at least two vertices has at least two leaves, the
node whose label is n will never be the leaf with the minimal label. Therefore,
V(Yn—1) = n and n is always the last number of L(T,v).

Also, observe that the leaves of the tree T; are those vertices that do not
belong to {x1,...,%i—1,¥i,...,Yn—1}, which means that x; is the vertex that
has the minimal label and is not in the set above. In particular, x; is the
vertex that has the least label and is not in L(T,v). This shows that we can
uniquely determine the vertices x; from L(T,v) and z1,...,2;-1. O

Ezxample 3.62. Consider the tree T shown in Figure 3.21.
The labels of the vertices are placed at the right of each rectangle that
represents a vertex. The table that contains the sequence of edges is
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Fig. 3.21. Enumerated tree.

Starting Tree|Leaf|Vertex y|v(y)|Resulting Tree
71 u Yy 5 72
TQ w v 1 ‘Ig
‘Ig z x 7 74
‘I4 t v 1 75
‘T5 v Yy 5 76
Ts Y x 7 —

This means that L(T,u) = (5,1,7,1,5) = v~ *(y,v,x,v,y). The vertex with
the smallest label that does occur in L(T,u) = (5,1,7,1,5) is u because
¢(u) = 2. This means that the first edge is (u,y) since £(y) = 5. The succes-
sion of trees is shown in Figure 3.22. Under each tree, we show the sequence
(1, s Ti1,Yis- -, Yn—1), which allows us to select the current leaf x;.

Ezample 3.63. Suppose again that we have a tree having the set of nodes
V ={z,y,z,u,v,w,t} with the numbering given by

Vertex |xz|y|z|ulv|w|t
v(vertex)|7|54|2(1[316

We reconstruct the tree that has (2,3, 5,2, 3) as its Priifer sequence. The first
leaf of this tree will be the vertex with the least value of v that is not present
in the sequence v=%(2,3,5,2,3) = (u,w,y,u,w); that is, v. This means that
we start with the following table.

Starting Tree|Leaf|Vertex y|v(y)|Resulting Tree
‘3'1 x u 2 ‘IQ
TQ w 3 73
T3 Y 5 T4
74 u 2 75
‘Ig, w 3 76
‘Iﬁ xr 7 —
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(u, v, 2,v,y) (y,v,2,v,y)

Fig. 3.22. Numbered trees with sequences (T1,...,Ti—1,%i, .-, Yn—1)-

For each step in filling in this table, we construct the sequence

('rh'-~7xi—1ayi7"'7yn—1)

and choose x; as the vertex having minimal numbering that is not in the
sequence. The final table is
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Starting Tree|Leaf|Vertex y|v(y)|Resulting Tree
‘Il xZ (A 2 72
‘IQ z w 3 ‘Tg
‘Ig t y 5 74
‘T4 Yy u 2 75
75 u w 3 {.T6
Te w T 7 —

and gives the tree shown in Figure 3.23.

Fig. 3.23. Tree reconstructed from its Priifer sequence.

3.4 Flows in Digraphs

Definition 3.64. A network is a 4-tuple N = (G, cap, s,t), where

e G=(V,E) is a finite digraph,

o cap:V xV — Ry is a function called the capacity function such that
(u,v) & E implies cap(u,v) =0, and

e s and t are two distinct vertices of G, referred to as the source and the
sink, respectively.
The number cap(e) is the capacity of the edge e. If p = (vg,...,v,

is a path in the graph G the capacity of this path is the number cap(p) =

min{ cap(v;,vit1) | 0 <i>n—1}.

Ezample 3.65. The network N = (G, cap, s,t) is shown in Figure 3.24. If (u, v)
is an edge in G, the number cap(u,v) is written near the edge.

The capacity of the path p = (v1,v2,v5,v6) is 3 because the smallest
capacity of an edge on this path is cap(vq, vs) = 3.
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V2 Va4

U1 Ve

U3 Us

Fig. 3.24. 6-vertex network.

Definition 3.66. A flow in the network N = (G, cap, s,t) is a function f :
V x V. — R that satisfies the following conditions:
(i) For every edge (u,v) € E we have 0 < f(u,v) < cap(u,v).
(ii) The function f is skew-symmetric, that is, f(u,v) = —f(v,u) for every
pair (u,v) € Vx V.
(iii) The equality

> {fwx) [veVy=0,

known as Kirkhoff’s law, holds for every vertex x € V. — {s,t}.
The value of a flow f in a network N = (G, cap, s,t) is the number

val(f) =Y {f(s,0) | veV},

that is, the net flow that exits the source.

The set of flows of a network N is denoted by FL(N).

A flow h in N is maximal if val(f) < val(h) for every flow f € FL(N).

If f(u,v) = e(u,v) for an edge of G, then we say that the edge (u,v) is
saturated.

Let N = (G, cap, s,t) be a network, where § = (V, E). If f(u,v) = 0 for
every pair (u,v) € V x V, then f is a flow in the network. We will refer to
this flow as the zero flow in N.

Theorem 3.67. Let N = (G, cap, s,t) be a network, f and g be two flows in
FL(N), and a and b be two real numbers. Define the function af + bg by

(af +bg)(u,v) = af(u,v) + bg(u,v)

for every (u,v) € Vx V. If0 < (af + bg)(u,v) < c(u,v) for (u,v) € VxV,
then af + bg is a flow in the network N.

Proof. We leave this easy argument to the reader. O
Note that if v € V — {s,t}, Kirkhoff’s law can be written equivalently as
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Z{f(v,:ﬁ) | veV, (v,z) e E} —|—Z{f(v,x) | veV, (z,v) e E} =0,
which amounts to
S {fwx) [veV,(v,x) € B} =Y {f(x,v) | veV,(z,v) € E}
due to the skew symmetry of f.

Theorem 3.68. Let N = (G, cap, s,t) be a network and let f be a flow in N.
If U is a set of vertices such that s € U and t ¢ U, then

> {Fw,0) | (u,0) € out(U)} = > {f(w,0) | (u,v) € in(U)} = val(f).

Proof. If f is a flow in N and x is a vertex in G, then

S {f@w) |veV)= Y {f.) |Uev}_{wl<f> o=

itx e U —{s}.
Therefore,
S (Xt [vevy=Y {fv.a) | veV}) = vi(f).
zeU

If an edge that occurs in the inner sums has both its endpoints in U, then its
contribution in the first inner sum cancels with its contribution in the second
inner sum. Thus, the previous equality can be written as

Z{f(u,v) | (u,v) € out(U)} — Z{f (u,v) | (u,v) € in(U)} = val(f).

O

Corollary 3.69. Let N = (9, cap, s,t) be a network and let f be a flow in N.
For every verter x, we have

Y {fwx) [veVy=3 {f(x,0) | veV}=oalf)
Proof. Choose U =V — {x}. For the set U, we have

out(U) = (V x {z})NE,
in(U) = ({z} x V)N E,

so it follows that

D Afwa) [vevy =) {f(z,v) | veV}=wvalf)
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Definition 3.70. A cut in a network N = (G, cap, s,t) is a partition {C,C"}
of the set of vertices V' of the digraph G such that s € C and t € C'.
The capacity of a cut (C,C") is the number

cap(C,C") = Z{cap(u,w) | ue C andw e C'}.

A cut with minimal capacity is a minimal cut.
If f is a flow in N and (C,C") is a cut, the value of the flow f across the
cut (C,C") is the number

f(C.C) = {f(u,w) | ueC andw e C'}.
The set of cuts of a network N is denoted by CUTS(N).

Thus, Theorem 3.68 can be rephrased as stating that the flow across any
cut equals the value of the flow. An essential observation is that since the
value of a flow across a cut cannot exceed the capacity of the cut, it follows
that the value of any flow is less than the capacity of any cut. As we shall see,
the maximum value of a flow equals the minimal capacity of a cut.

Definition 3.71. Let N = (G, cap, s,t) be a network and let f be a flow in
N. The residual network of N relative to f is the network RES(N, f) =
(N, cap', s,t), where cap’(u,v) = cap(u,v) — f(u,v).

Theorem 3.72. Let f be a flow on the network N = (G, cap, s,t) and let
g be a mazimal flow of N. The value of a mazimal flow on RES(N, f) is

val(g) — val(f).

Proof. Let [’ be a flow in the residual network RES(N, f). It is easy to see
that f+ f’ € FL(N), so val(f’) < val(g) —wval(f). On the other hand, h = g— f
is a flow on RES(N, f) and val(h) = val(g) — val(f), so h is a maximal flow
having the value val(g) — val(f). O

Theorem 3.73. The following statements that concern a flow [ in a network

N = (S, cap, s,t) are equivalent:

(i) f is a maximal flow.

(ii) There is no path that joins s to t in the residual network RES(N, f) with
a positive capacity.

(ili) val(f) = cap(C,C") for some cut (C,C") in N.

Proof. (i) implies (ii): Let f be a maximal flow in N, and suppose that there
is a path p in the residual network RES(N, f) with a positive capacity. Then,
the flow g defined by

flu,v) + cap(p) if (u,v) is an edge on p,
9(u,v) = :
f(u,v) otherwise,



3.4 Flows in Digraphs 115

is a flow in N and val(g) = val(f) + cap(p), which contradicts the maximality
of the flow f.

(i) implies (iii): Suppose that there is no path is the residual network
RES(N, f) that joins the source with the sink and has a positive capacity.

Let C be the set of vertices that can be reached from s via a path with
positive capacity (to which we add s) in the residual network RES(N, f) and
let C" =V — C. Then the pair (C,C") is a cut in N. Observe that if z € C
and y € C’, then the residual capacity of the edge (x,y) is 0 by the definition
of C, which means that f(x,y) = cap(z,y). Thus, val(f) = f(C,C").

(iii) implies (i): Since any flow value is less than the capacity of any cut, it
is immediate that f is a maximal flow. O

Any path that joins the source to the target of a network N and has a
positive capacity in that network is called an augmenting path for the network.

Theorem 3.73 suggests the following algorithm for constructing a maximal
flow in a network.

Algorithm 3.74 (The Ford-Fulkerson Algorithm)
Input: a network N = (G, cap, s, ).
Output: a maximal flow in N.
Method:
initialize flow f to the zero flow in N;
while (there exists an augmenting path p) do
augment flow f along p;
return f

Ezample 3.75. To find a maximal flow, we begin with the zero flow f; shown
in Figure 3.25(a). There are several cuts in this graph having a minimal ca-
pacity equal to 9. One such cut is {{v1}, {va, v3,v4,v5,06}}; the edges that
join the two sets are (v1,v2) and (v1,v3), which have the capacities 4 and 5,
respectively.

The first augmenting path is (vq, va, v4, v6), having capacity 2. The flow
f1 along this path has the value 2, it saturates the edge (ve,v4), and is shown
in Figure 3.25(b). The next augmenting path is (v1, va,vs,vs), which has a
capacity of 3 and is shown in Figure 3.25(c). Now the edges (vi,v2) and
(va,v5) become saturated. The next flow in also shown in Figure 3.25(c). In
Figure 3.25(d), we show the augmenting path (vq,vs, vs,vs) having capacity
3. This saturates the edge (vs,vg). Finally, the last augmenting path of capac-
ity 1 (shown in Figure 3.25(e)) is (v1,v3,v4,06), and the corresponding flow
saturates the edge (v1,v3). The value of the flow is 9.

Corollary 3.76. Let N = (G, cap, s,t) be a network such that cap(e) is an
integer for every edge of the graph G. Then, a maximal flow ranges over the
set of natural numbers.

Proof. The argument for the corollary is on the number n of augmenting paths
used for the construction of a flow.
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V2 2,0 wva

U1

V1

U3 1,3 vs

(e)

Fig. 3.25. Construction of a flow in a network.

The basis step, n = 0, is immediate since the zero flow takes as values
natural numbers.

Suppose that the statement holds for the flow constructed after applying
n — 1 augmentations. Since the value of any path is a natural number and
the residual capacities are integers, the values obtained after using the nth
augmenting path are again integers. 0O

Flows in networks that range over the set of integers are referred to as
integral flows.

Network flows can be used to prove several important graph-theoretical
results.

We begin with a technical result.

Lemma 3.77. Let N = (G, cap, z,y) be a network such that cap(u,v) =1 for
every edge (u,v) € E. If f is an integral flow in FL(N) and val(f) = m, then
there are m pairwise edge-disjoint simple paths from x to y.
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Proof. If f is a flow in N that ranges over integers, then f(u,v) € {0,1} for
every edge (u,v) € E. Also, note that the capacity of any path that joins x
to y equals 1.

Let E; be the set of edges saturated by the flow f,

Er ={(u,v) € B[ f(u,v) =1}

Note that no two distinct simple paths can share an edge because this would
violate Kirkhoff’s law. Since each path contributes a unit of flow to f, it
follows that there exist m pairwise edge-disjoint paths in N. 0O

Theorem 3.78 (Menger’s Theorem). Let G = (V, E) be a directed graph
and let x and y be two vertices. The mazximum number of paths that join x
to y whose sets of edges are pairwise disjoint equals the minimum number of
edges whose removal eliminates all paths from x to y.

Proof. Define a network N = (G, cap, z,y) such that cap(u,v) = 1 for every
edge (u,v) € E, and let f be an maximal integral flow in N whose value is
m. By Lemma 3.77, this number equals the number of pairwise edge-disjoint
simple paths from x to y and is also equal to the minimum capacity of a cut
in N. Since this latter capacity equals the minimal number of edges whose
removal eliminates all paths from x to y, we obtain the desired equality. O

Menger’s theorem allows us to prove the following statement involving
bipartite graphs.

Definition 3.79. Let G = (V, E) be a bipartite graph. A matching of G is a
set M of edges such that no two distinct edges have a common endpoint.

An edge cover of G is a set of vertices U such that, for every edge e € V,
one of its endpoints is in U.

Theorem 3.80 (Konig’s Theorem for Bipartite Graphs). Let § =
(V, E) be a bipartite graph. A maximum size of a matching of G equals the
minimum size of an edge cover of G.

Proof. Suppose that {V;, V5} is the partition of the vertices of the graph such
that E C V; x V,. Define the digraph §' = (V U {s,t},{(z,y) | (z,y) €
EYu{(s,z) | € V}U{(z,t) | = € V}) and the network N = (9, cap, s, 1).
We assume that s, ¢ are new vertices. The capacity of every edge equals 1.

A matching M of the bipartite graph G yields a number of |M| pairwise
disjoint paths in N.

An edge cover U in G produces a cut in the network N using the following
mechanism. Define the sets of vertices Uy, Uy as U; = UNV; for i € {1,2}.
Then, ({s}UUy, UsU{t}) is a cut in N and its capacity equals |U|. By removing
the edges having an endpoint in U, we eliminate all paths that join s to t.
Thus, the current statement follows immediately from Menger’s theorem. O
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3.5 Hypergraphs

Definition 3.81. A hypergraph is a pair H = (V,€) such that
(i) V is a set and
(ii) € is a collection of nonempty subsets of V.
IfUE =V, then we say that H is a full hypergraph. The hypergraph is simple
if X, Y € & and X CY implies X =Y. A simple hypergraph is also known
as Sperner family of sets.

The elements of V' are the vertices of the hypergraph, while the sets of €
are the hyperedges of the hypergraph.

The order of the hypergraph H = (V, &) is |V|.

Note that a graph is a simple hypergraph whose hyperedges contain two
vertices.
Hyperedges are drawn as curves encircling the vertices they contain.

Ezample 3.82. The hypergraph H = ({vy,...,v9},{U1,...,Us}), where

Ui = {v1,v2,v4},
Uz = {vs},

Us = {vg, v7,vs, 09},
Uy = {vs,vs,v9},
Us = {vs,vs},

is represented in Figure 3.26.

The incidence matriz of a hypergraph H = ({vy, ..., o0}, {Us,...,Up}) is
an m X n matrix M, where

1 if v; € Uv'7
M;; = L’
0 otherwise,

forl1<i<mand1l<j<n.

Example 3.83. The incidence matrix of the hypergraph considered in Exam-
ple 3.82 is the 9 x 5 matrix

10000
10000
01000
10100
M=100011
00001
00100
00110
00110
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aw

Fig. 3.26. Graphical representation of a hypergraph.

The definition of a hypergraph implies that every column of the incidence
matrix contains at least a 1 (because hyperedges are nonempty subsets of
vertices). Also, if H is a full hypergraph, then each row must contain at least
one 1.

Theorem 3.84. If H = (V, &) is a simple hypergraph of order n, then we

have the inequality .
<1. (3.2)
20

Bl < (LnJ) (33)

Proof. Let V be a finite set such that |S| = n. Define the digraph Gg =
(P(V), E) having the set of edges

Moreover, we have

E={(T,U)eP(V)xP(V)|TcUand |T| =|U| - 1}.

If U € €, the number of paths in G from @) to U is |U|!. Note that there are
|U|!(n — |U|)! paths from @) to V that pass through U. If U is a hyperedge of
H, then no such path contains another hyperedge of the graph because H is
a simple hypergraph. Therefore, we have
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n > 3 Ul - U],

vee

which gives Inequality (3.2).
For the second inequality, observe that (ﬁ}‘) < (LZ J)' Therefore,
2

€]
(%))

which implies Inequality (3.3). O

™
—

< <1

)

(o)

[SER~

Definition 3.85. A hitting set (or a transversal) of a hypergraph H = (V, E)
is a subset T of V' such that T N E # () for every hyperedge E of H.

T is a minimal transversal (or a minimal hitting set) of H if T is a
transversal and for no U C T is U a transversal (or a hitting set).

The set of minimal transversals of a hypergraph H denoted by M(H)
defines a simple hypergraph MINTR(H) = (V, M(K).

Theorem 3.86. Let H = (V, &) and H' = (V,&') be two simple hypergraphs
on the set V. Then H' = MINTR(XH) if and only if for every two-block parti-
tion m = {A, B} of V exactly one of the following situations occurs:

(i) There exists an E € € such that E C A.

(ii) There exists an E' € & such that E' C B.

Proof. Suppose that H' = MINTR(H), and consider a two-block partition
7 ={A,B} € PART(V).

If there exists U € & such that U C A, then we have (i); otherwise,
B = V — A intersects each U € &, which means that B is a transversal
of H and therefore contains a minimum transversal U’ of H. Thus, U’ is a
hyperedge of H' and U’ C B and we have (ii).

Note that (i) and (ii) cannot occur together for if we were to have U € &
such that U C A and U’ € & such that U’ C B, then U' NU = 0.

To prove the reverse implication, suppose that the condition of the theorem
holds, and let U’ be a hyperedge of H’'. Suppose that there exists a hyperedge
U of H such that U'NU = (), that is, U C V — U’. By applying the condition
of the theorem to the partition {U’, V —U"}, it follows that there is no Uj € &’
such that Uj C U’, which is absurd (because the role of U] can be played by
U’). Thus, U’ is a transversal of H.

We claim that U’ is a minimal transversal. Suppose that the transversal
U’ is not minimal; then, it strictly includes a minimal transversal G of .
Consider the partition {V — G,G}. Suppose that there exists U € & such
that U C V — G; this leads to a contradiction because U and G should have
a nonempty intersection since G is a transversal of . The alternative is
the existence of a hyperedge Uj of H' such that U] C G. This would imply
U C U’, contradicting the fact that H’' is a simple hypergraph. 0O
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Corollary 3.87. Let H = (V,E) be a hypergraph and let H' = MINTR(F).
Then, H = MINTR(H').

Proof. The corollary follows immediately by observing the symmetry of the
conditions of Theorem 3.86 relative to the hypergraphs H and H'. 0O

Corollary 3.87 can be written succinctly as

MINTR(MINTR(¥)) = K (3.4)

for any simple hypergraph H.

Exercises and Supplements

1.

2.

How many graphs exist that have a finite set of vertices V' such that
V| =n?

Let § = (V, E) be a finite graph. How many spanning subgraphs exist for
g?

In Definition 3.11 it is required that the length n of a cycle p = (vg, ..., vy,)
in a graph G be at least 3. Why is this necessary?

Let S be a finite set. Define the graph Gg = (P(S), E) such that an edge
(K, L) existsif K C L and |L| = |K|+1. Prove that there exist (|M|—|K]|)!
paths that join the vertex K to M.

Let § = (V, E) be a finite graph. Define the triangular number of G as
t =max{|['(x) N I'(y)| | (z,y) € E}.

a) Prove that for every two vertices 2,y € V we have d(x)+d(y) < |[V|+t.
b) Show that

Y {d@) +dy) | (z,y) € B} =Y d(x).

zeV

Conclude that
> d (@) < (VI + 1) Bl
zeV
Let m(SG) be the minimum degree of a vertex of the graph G. Prove that
G contains a path of length m(3G) and a cycle of length at least m(G) + 1.
Hint: Consider a path of maximal length in G.
Let € be a collection of sets. The graph Ge of C has C as the set of vertices.
The set of edges consists of those pairs C, D € € such that C' # D and
CnD#0Q.
a) Prove that for every graph G there exists a collection of sets C such
that 9 = 9@.
b) Let € = (V, E) and let

¢(9) = min{|S| | § = Ge for some € C P(S5)}.

Prove that if G is connected and |G| > 3, then ¢(@) < |E]|.
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8. Let § = (V, E) be a graph such that (u,v) € (V x V) — E implies d(u) +
d(v) > |V|, where V contains at least three vertices. Prove that § is
connected.

Solution: Suppose that v and v belong to two distinct connected
components C' and C’ of the graph G, where |C| = p and |C’| = ¢, so
p+q<|V|.Ifz € C and y € C’, then there is no edge (z,y), d(z) <p—1
and d(y) < g—1. Thus, d(z)+d(y) < p+q—2 < |V|—2, which contradicts
the hypothesis. Thus, u, v must belong to the same connected component,
so G is connected.

Let § = (V, E) be a graph and let C' be a set referred to as the set of colors.
A C-coloring of G is a function f : V. — C such that (u,v) € E implies
fw) # f(v). The chromatic number of G is the least number |C| such that
the graph has a C-coloring. The chromatic number of § is denoted by x(9);
if x(9) = n, then we say that G is n-chromatic.

9. Prove that the graph G has x(§) = 1 if and only if it is totally disconnected.
Further, prove that x(§) = 2 if and only if it has no odd cycles.

Let G = (V, E) be a graph. A Hamiltonian path that joins the vertex u to the
vertex v is a simple path in G that joins u to v such that every vertex of V'
occurs in the path. A Hamiltonian cycle in G is a simple cycle that contains all
vertices of §. Next, we present several sufficient conditions for the existence
of a Hamiltonian path due to O. Ore and G. A. Dirac.

10. Let § = (V, E) be a graph such that (u,v) € (V x V) — E implies d(u) +
d(v) > |V|, where V contains at least three vertices. Prove that § contains
a Hamiltonian cycle.

Solution: The graph G is connected. Let p = (v1, ..., vy, ) be the longest
simple path in G.

Suppose that m = |V|, which implies that p is a Hamiltonian path that
joins v1 to vy,. If v, and vy are joined by an edge, then (v1,..., v, v1) is
a Hamiltonian cycle.

Suppose that no edge exists between v, and vy, so d(v1) + d(vy,) >
|[V]. The vertex vy is joined to d(vy) vertices on the path (va,...,vm)
and there are d(v;) nodes that precede these nodes on the path p. If
vy, were not joined to any of these nodes, then the set of nodes on p
joined to v, would come from a set of m — 1 — d(v1) nodes, so we would
have d(v,,) < m — 1 — d(v1), which would contradict the assumption
that d(vy) + d(v,,) > |V|. Thus, there exists a node v; on p such that
(1)1, ’Ui), (Uz'—ly Un) € E. Therefore (’Ul, ViyVi41yew3Un,yVi—1,V5—-2,...,02,U1
is a Hamiltonian cycle.

Suppose that m < |V|. If there is an edge (w,v1), where w is not a
node of p, then (w,vy,...,v,) is longer than p. Thus, v; is joined only
to nodes in p and so is v,,. An argument similar to the one previously
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used shows that there exists a simple cycle g = (y1, ..., Ym,y1) of length
m. Since m < |V|] and § is connected, there is a node ¢ not on q that is
joined to some vertex yy in q. Then (¢, Yk, Yk+1,-- - Ym, Y1, Y2, -« - s Y1)
is a path of length m + 1, which contradicts the maximality of the length
of p. Since this case cannot occur, it follows that § has a Hamiltonian
cycle.

Let G = (V, E) be a graph such that [V| > 3 in which d(v) > |V]/2.

a) Prove that G is connected.

b) Prove that § has a Hamiltonian cycle.

Let § = (V, E) be a graph such that |E| > W + 2. Prove that
G has a Hamiltonian cycle.

Prove that a tree that has at least two vertices has at least two leaves.
Prove that if 7 is a tree and x is a leaf, then the graph obtained by
removing x and the edge that has = as an endpoint from T is again a tree.
Also, show that if z is a new vertex, then the graph obtained from T by
joining z with any node of T is also a tree.

Let f : S — S be a function. Define the directed graph §; = (S, E),
where E = {(z,y) € S xS | y = f(z)}. Prove that each connected
component of G consists of a cycle and a number of trees linked to the
cycle.

Let N = (G, cap, s,t) be a network. Prove that if (C1,C}) and (Cs, C%) are
minimal cuts, then (C7 U Co, C1 N CY) is a minimal cut.

Let M € {0,1}"*" be a binary matrix. A line of M is either a row or a
column; two 1s are independent if they are neither in the same row nor
in the same column. A line cover of M is a set of lines such that every
1 is located in one of these lines. Prove that the maximum number of
independent 1s equals the minimum size of a line cover.

Solution: Let R = {uy,...,u,,} be the set of rows of the matrix M
and let C' = {vy,...,v,} be the set of columns of M = (m;;). Consider
the bipartite graph Gn = (R U C, E), where an edge exists in between
the row u; and the column v; if and only if m;; = 1. Two independent
1s correspond to two edges that have no common endpoints; therefore
the maximum number of 1s equals the size of a maximal matching. The
statement follows immediately from Konig’s theorem for bipartite graphs
(Theorem 3.80).

A hypergraph H = (V, &) is said to be k-uniform if & C Py (V). For a
k-uniform hypergraph, where k > 2, prove that if |V| < 2k, then any two
hyperedges have a nonempty intersection.

Let H = (V, &) be a hypergraph, where |V| = n. Prove that if |€| < |V,
then there exists v € V such that for any hyperedges U, U’ € & we have
U—{v}#U" —{v}.

Solution: If U and U’ are two distinct hyperedges, and U — {v} =
U’ — {v}, then U ® U’ = {v}. Suppose that there is no vertex v with the
stated property. This amounts to saying that for every vertex v € V there
exists a pair of hyperedges U,y and Uy, such that U,y © Uy, = {v}.
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Let § = (&, E) be a graph having the set of hyperedges of H as its
vertices. An edge (U, U’) exists in this graph if and ounly if U @ U’ = {v}.
From the supposition made above, it follows that |E| > |V|.

We claim that § is acyclic. Suppose that (Ui,...,U,,U1) is a cycle
of minimal length in G. Then, there is a sequence of vertices in Seq(V)
(v1,...,vp) such that v; € U; ® Ujpq for 1 <i<p—1and v, € U, ® U;.
This implies

{Up}:Ul@U =0 oU)e(U20Us) - @ (Up—1 D Up)
U U @Uprl —{Ul,...ﬂ}p,l},

so v, = v for some ¢, 1 < ¢ < p — 1. This contradicts the minimality
of the cycle, so G is acyclic. However, this also leads to a contradiction
because the acyclicity of § implies |E| <[] -1 < |V|— 1.

Many concepts from graph theory have natural extensions to hypergraphs.
For instance, the degree of a vertex x in a hypergraph H = (V&) is
diz)y={U e & | xe U}

Prove that there exists a hypergraph H = (V, €), where V = {vy,...,v,}
and €& = {Uy,...,U,,} such that d(z;) = d; for 1 <1i < n and |U;| =7,
for 1 < j < m, where d; > dy > d,, if and only if the following conditions
are satisfied:

a) >0y min{ry, k} > dy + -+ dy for 1 <k <n.

b) E;n:l’l“j :d1 +"'+dn.

Hint: Consider a network N = (9, cap, s, t), where

S={s,z1,. ., 20, U1,..., Un} E)

and the edges and their capacities are given by

e For every Uj, there is an edge (s, U;) with cap(s,U;) = r;.

e For every x;, there is an edge (x;,t) with cap(x;,t) = d;.

e For every U; and w;, there is an arc (Uj, z;) with cap(U;, x;) = 1.
Prove that a maximal flow in this network corresponds to a hypergraph
that satisfies the desired conditions.

Let § = (V,E) be a digraph. If U C V., let C(U) = {(z,y) € E | = €
Uy ¢ U} and let f : P(V) — R be the function given by f(U) =
|C(U)] for U € P(V). Prove that f satisfies the inequality

f(U1UUs) + f(U1NUs) < f(Ur) + f(Uz)
for every Uy, Us € P(V).
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Partially Ordered Sets

4.1 Introduction

Partially ordered sets are mathematical structures that play a fundamental
role in both mathematics and computer science. After introducing the notion
of a partially ordered set (poset) and defining several classes of special ele-
ments associated with partial orders, we discuss closure and interior systems,
topics that have multiple applications in topology, algebra, and data mining.
Two partially ordered sets receive special attention: the poset of real numbers
and the poset of partitions of a finite set.

Finally, partially ordered sets serve as the starting point for the study of
several algebraic structures in Chapter 5.

4.2 Partial Orders

The fundamental notion of this chapter is introduced next.

Definition 4.1. A partial order on a set S is a relation p C S x S that is
reflexive, antisymmetric, and transitive.

The pair (S, p) is referred to as a partially ordered set or, for short, a
poset.

When |S] is finite, we refer to poset (S, p) as a finite poset.
A strict partial order, or more simply, a strict order on S, is a relation
p € S x S that is irreflexive and transitive.

Example 4.2. The identity relation on a set S, tg, is a partial order; this is
often referred to as the discrete partial orderon S. Also, the relation g = Sx S
is a partial order on S.

Ezample 4.3. The relation “<” on the set of partitions of a set PART(S)
introduced in Definition 1.113 is a partial order on the set PART(SS).

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_4, (© Springer-Verlag London Limited 2008
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Example 4.4. The relation § introduced in Example 1.29 is a partial order on
N since, as we have shown in Example 1.45, § is reflexive, antisymmetric, and
transitive.

For a poset (S, p), we prefer to use the infiz notation; that is, write spt
instead of (s,t) € p. Moreover, various partial orders have their traditional
notations, which we favor. For example, the relation § introduced in Exam-
ple 1.29 is usually denoted by |. Therefore, we write m | n to denote that
(m,n) € 6. This is the well-known divisibility relation on N. Whenever prac-
tical, for generic partially ordered sets, we denote their partial order relation
by <. Generic strict partial orders will be denoted by <.

Ezample 4.5. The inclusion relation C is a partial order on the set of subsets
P(S) of a set S. The reader can easily verify that “C” is reflexive, antisym-
metric, and transitive.

Ezample 4.6. Let S be a set and let <,y be the relation on Seq(S) defined
by u <prer vif uis a prefix of v. Clearly, u <,,..¢ v if and only if there exists
t € Seq(S5) such that v = ut. It is immediate that “<,,..;” is a reflexive
relation.

Suppose that u <p..; v and v <p,..¢ u. There exist t,t’ € Seq(S) such
that v = ut and u = vt/, which implies u = utt’. Thus, tt' = X,sot =t' = X,
which allows us to infer that u = v. This shows that the relation “<,,.;” is
antisymmetric.

Finally, suppose that u <,..y v and v <.y w. We have v = ut and
w = vs for some s,t € Seq(S5). This implies w = uts, which shows that
u <pper w. Thus, “<,,.;” is indeed a partial order on Seq(S).

In a similar manner, it is possible to show that the relations

<supf ={(u,v) € (Seq(S))2 | v =tu for some t € Seq(S)},
<ing ={(u,v) € (Seq(S))2 | v =tut’ for some t,t’ € Seq(9)},

are partial orders on Seq(S) (exercise!).

If (S, <) is a poset and T C S, then (T, <r) is also a poset, where <p=<
N(T x T) is the trace of < on T.

Every strict partial order is also asymmetric. Indeed, let < be a strict
partial order on S and assume that x < y. If y < x, then = < x due to the
transitivity of <, which contradicts the irreflexivity of <. This shows that <
is indeed asymmetric.

A strict partial order is not, in general, a partial order since strict par-
tial orders are irreflexive, while partial orders are reflexive. The link between
partial orders and strict partial orders is given next.

Theorem 4.7. If < is a partial order on a set S and <=< —u.g, then the
relation < is a strict partial order on S.
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Conversely, if < is a strict partial order on S, then <=< U.g is a partial
order on S.

Proof. Since 15N <= (), the relation < is irreflexive.

To prove the transitivity of <, let z,y,2z € S be such that z < y,y < z.
Because of the transitivity of <, we have z < z. On the other hand, we also
have x # z. Indeed, if we assume that x = z, then we would have both
z < y and y < z, which is impossible by the asymmetry of <. Therefore,
(z,2) €< —1g =<, which implies the transitivity of <.

Now, let < be a strict partial order and let <=< Urg. The reflexivity of
< is immediate.

To show that < is antisymmetric, assume that x < y and y < z. Because
of the definition of <, we may have x < y or (z,y) € tg (that is, x = y). In
the first case, we have a contradiction. Indeed, if y < z, this contradicts the
asymmetry of <; if (y,x) € g, we also have (x,y) € tg, and this contradicts
the irreflexivity of <. Consequently, we must have x = y.

Let z <y and y < . We need to consider the following four cases.

(i) f # < y,y < z, we have < z because of the transitivity of <. This

implies = < z.

(ii) If (z,y) € ts and y < z, we have x = y; hence, x < z and therefore x < z.

(iii) If z < y and (y, z) € tg, we follow an argument similar to the one used in
the previous case.

(iv) If (z,y), (y, 2) € tg, we have (x,z) € 1g because of the transitivity of tg;

hence, = < z.

We proved that < is also transitive, and this concludes our argument. 0O

Ezample 4.8. Consider the relation <C R x R, which is a partial order. The
strict partial order attached to it by the previous proposition is the relation
“<77 .

A relation p C S x S is acyclic if p" N1g = ) for every n > 1.
Acyclicity is a hereditary property; this means that if a relation ¢ C S x S
is acyclic and 6 C o, then 0 is also acyclic.

Theorem 4.9. Fvery strict partial order is acyclic.

Proof. Let p be a strict partial order relation on S. Its transitivity implies the
existence of the descending sequence

S CptCe-CpPCop
Since p is irreflexive, we have pNtg = ), and this implies p" N1g = 0. O
Next we introduce a graphical representation of partial orders.

Definition 4.10. Let (S,<) be a poset. The Hasse diagram of (S, <) is the
digraph of the relation < —(<)?, where “<” is the strict partial order corre-
sponding to <.
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In view of the properties of acyclic relations discussed above, it is clear
that the relation < —(<)? is acyclic; therefore, the Hasse diagram is always
an acyclic directed graph. We will denote this relation by “<”.

Observe that = < y if x # y, < y, and there is no u € S such that z < u
and v < y. In other words, if z < y, then y covers x directly, without any
intermediate elements.

The use of Hasse diagrams in representing posets is justified by the fol-
lowing statement.

Theorem 4.11. If < is a partial order on a finite set S, < is the strict partial
order corresponding to <, and 0 =< —(<)?, then 0* =<.

Proof. Let x,y € S such that @ < y. If 2 =y, then we have (x,y) € tg C 6*.

Assume now that z < y and = # y, which means that x < y. Consider
the collection Cyy, of all sequences of elements of A that can be “interpolated”
between x and y:

Coy = {(s(0),...,8(n—1)) | 2 =s(0),s(n —1) =y, and
s(i) <s(i+1) for0<i<n-—2n>2}

We have €., # () since the sequence (z,y) belongs to C,,. Furthermore, no
sequence from €., may contain a repetition because, if we have s(p) = s(q)
for a sequence (s(0),...,s(n — 1)) with 1 < p < ¢ < n, by the transitivity of
<, this implies s(p) < s(g). This is a contradiction because < Nitg = . Since
S is finite, C;, contains a finite number of sequences.

Consider a sequence of maximal length from C,,,

(S(O)a 5(2)7 ce ,S(m - 1))7

where z = s(0) and y = s(m — 1). Observe that for no pair (s(i),s(i + 1))
can we have (s(i),s(i + 1)) € (<)?. Indeed, if (s(j),s(j + 1)) € (<)?, then
there is € S such that s(i) < z and x < s(i + 1), and this contradicts the
maximality of m. Therefore, (s(i),s(i + 1)) €< —(<)? = 6, and this shows
that (z,y) € ™1 C 6*.

Conversely, if (z,y) € 6%, there is k € N such that (z,y) € 6%, which means
that there exists a sequence (z(0),...,z(k)) such that

x =12(0),(z(i),z(i+1)) € 0 for 0 <i < k—1and y = z(k).

This implies z(7) < z(i+1); hence, (x,7) € (<)* C< because of the transitivity
of <. O

The relation 6 introduced in Theorem 4.11 is called the transitive reduction
of the partial order p.

Ezample 4.12. The Hasse diagram of the poset (P(S), C), where S = {a, b, c},
is given in Figure 4.1.

Ezample 4.13. Consider the poset ({2,3,4,5,6,7,8},0), where § is the divis-
ibility relation introduced in Example 1.29. Its Hasse diagram is shown in
Figure 4.2.
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{aa b7 C}

{a,b} {b, c}

0

Fig. 4.1. Hasse diagram of the poset (P(S5), Q).

[ ]
N |

Fig. 4.2. Hasse diagram of the poset ({2,3,4,5,6,7,8},0).

4.3 Special Elements of Partially Ordered Sets

Let (S, <) be a poset and let K C S.

Definition 4.14. The set of upper bounds of the set K is the set
K°={yeS | z<y foreveryx € K}.

The set of lower bounds of the set K is the set

K'={yecS|y<uz for everyx € K}.

133
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If K* # 0, we say that the set K is bounded above. Similarly, if K* # 0,
we say that K is bounded below. If K is both bounded above and bounded
below we will refer to K as a bounded set.

If K =0 (K" =10), then K is said to be unbounded above (below).

Theorem 4.15. Let (S, <) be a poset and let U and V' be two subsets of S.
IfU CV, then we have V' C U and V° C U".
Also, for every subset T of S, we have T C (T%)" and T C (T%)*.

Proof. The argument for both statements of the theorem amounts to a direct
application of Definition 4.14. 0O
Note that for every subset T of a poset .S, we have both

T = (1)) (4.1)

and

T = (1)), (1)
Indeed, since T' C (T*)*, by the first part of Theorem 4.15, we have ((7%)%)* C
T7. By the second part of the same theorem applied to 7%, we have the reverse

inclusion 7% C ((T%)")*, which yields T = ((T*))*.

Theorem 4.16. For any subset K of a poset (S,p), the sets K N K° and
K N K? contain at most one element.

Proof. Suppose that y1,y. € K N K?. Since y; € K and yo € K*®, we have
(y1,y2) € p. Reversing the roles of y; and ys (that is, considering now that
ys € K and y; € K*), we obtain (ya,y1) € p. Therefore, we may conclude
that y; = yo because of the antisymmetry of the relation p, which shows that
K N K? contains at most one element.

A similar argument can be used for the second part of the proposition; we
leave it to the reader. O

Definition 4.17. Let (S, <) be a poset. The least (greatest) element of the
subset K of S is the unique element of the set K N K* (K N K*, respectively)
if such an element exists.

If K is unbounded above, then it is clear that K has no greatest element.
Similarly, if K is unbounded below, then K has no least element.

Applying Definition 4.17 to the set S, the least (greatest) element of the
poset (5, <) is an element a of S such that a < z (x < a, respectively) for all
rzeSs.

It is clear that if a poset has a least element u, then w is the unique
minimal element of that poset. A similar statement holds for the greatest and
the maximal elements.
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Definition 4.18. Let (S, <) be a poset that has 0 as its least element. An
atom of (S, <) is an element x of S such that 0 < x.
If (S, <) is a poset that has 1 as its greatest element, then y is a co-atom

of (8,<) ify <1

Ezample 4.19. For the poset introduced in Example 4.12, the greatest element
is {a, b, c}, while the least element is (.

The atoms of this poset are {a},{b},{c}; its co-atoms are {a,b}, {b, c},
and {a,c}.

Definition 4.20. The subset K of the poset (S, <) has a least upper bound
wif KN (K%)= {u}.
K has the greatest lower bound v if KN (K*)* = {v}.

We note that a set can have at most one least upper bound and at most one
greatest lower bound. Indeed, we have seen above that for any set U the set
U NU? may contain an element or be empty. Applying this remark to the set
K, it follows that the set K*N(K?®)* may contain at most one element, which
shows that K may have at most one least upper bound. A similar argument
can be made for the greatest lower bound.

If the set K has a least upper bound, we denote it by sup K. The greatest
lower bound of a set will be denoted by inf K. These notations come from the
terms supremum and infimum used alternatively for the least upper bound

and the greatest lower bound, respectively.

Ezample 4.21. Consider the poset (N,d), and let m and n be two distinct
natural numbers m # n.

We claim that any set {m,n} has both an infimum and a supremum.
Indeed, let p be the least common multiple of m and n. Since (n, p), (m,p) € 0,
it is clear that p is an upper bound of the set {m, n}. On the other hand, if k is
an upper bound of {m, n}, then k is a multiple of both m and n. In this case,
k must also be a multiple of p because otherwise we could write kK = pq + r
with 0 < r < p by dividing k& by p. This would imply r = k — pg; hence, r
would be a multiple of both m and n because both k and p have this property.
However, this would contradict the fact that p is the least multiple that m
and n share! This shows that the least common multiple of m and n coincides
with the supremum of the set {m,n}.

The reader can easily prove that the infimum of {m,n} coincides with the
greatest common divisor of the numbers m and n.

Ezample 4.22. Consider a set M and the poset (P(M),C). Let K and H be
two subsets of M. The set {K, H} has an infimum and a supremum. Indeed,
let L=KNH. Clearly, L C K and L C H, so L is a lower bound of the set
{K, H}. Furthermore, if J C K and J C H, then J C L by the definition of
the intersection. This proves that the infimum of {K, H} is the intersection
K N H. A similar argument shows that K U H is the supremum of {K, H}.
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In the previous two examples, any two-element subset of the poset has
both a supremum and an infimum.

For a one-element subset {x} of a poset (S, p), we have sup{z} = inf{z} =
T.

Definition 4.23. A minimal element of a poset (S, <) is an element x € S
such that {z}* = {x}. A maximal element of (S, <) is an element y € S such

that {y}* = {y}.

In other words, x is a minimal element of the poset (5, <) if there is no element
less than or equal to x other than itself; similarly, x is maximal if there is no
element greater than or equal to x other than itself.

The set of minimal elements of a poset (S, <) is denoted by MIN(S, <);
the set of maximal elements of this poset is denoted by MAX(S, <).

Ezxample 4.24. Not every subset of a poset has a least or a greatest element.
Indeed, let ({2,3,4,5,6,7,8,},9) be a poset whose Hasse diagram is shown in
Figure 4.2. It is easy to see that

MIN({2,3,4,5,6,7,8,},0) = {2,3,5,7},
MAX({2,3,4,5,6,7,8,},6) = {5,6,7,8}.

There is no least element and there is no largest element in this poset.

Theorem 4.25. Every finite nonempty subset K of a poset (S, <) has a min-
1mal element and a mazimal element.

Proof. Suppose that K = {xg,...,2,_1} for n > 1. Define the element uy =
To and

Tk if ap, < Uk—1,
Uk = .
up_1 otherwise.

Then, u,_1 is a minimal element. The proof of the existence of a maximal
element of K is similar. O

Next, we discuss a simple property of partially ordered sets that will allow
us to obtain half of some of the arguments related to the properties of partial
orders for free.

1

Theorem 4.26. Let p be a partial order on a set S. The inverse p~* is also

a partial order on the same set.

Proof. Since (z,z) € p for every x € S, it follows that (z,z) € p~! for every
z €8, 50 p~! is reflexive.

The antisymmetry of p=1 follows from (p~!)~! = p and because of the
antisymmetry of p.

To prove the transitivity of p~!, assume that (z,y) € p~! and (y, 2) € p~ L.
This means that (y,z),(z,y) € p, and because of the transitivity of p, we
obtain (z,z) € p, so (x,2) € p~t, which proves that p~! is transitive. O

-1
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Definition 4.27. The dual of the poset (S, p) is the poset (S,p~1).

Concepts valid for a poset have a counterpart for their dual poset. For
instance, z is an upper bound for the set K in the poset (S, p) if and only if
z is a lower bound for K in the dual poset. Similarly, ¢ = sup K in the poset
(S, p) if and only if ¢ = inf K in the dual poset. Similar pairs are minimal
element and maximal element, infimum and supremum, etc.

If all concepts occurring in a statement about posets are replaced by their
duals, we obtain the dual statement; the method of proving statements about
posets is known as dualization. Furthermore, if a statement holds for a poset
(S, p), its dual holds for the dual poset (S, p~!). This allows us to formulate
the following principle.

The Duality Principle for Posets: If a statement is true for all posets,
then its dual is also true for all posets.

The validity of this principle follows from the fact that any poset can be
regarded as the dual of some other poset. The duality principle allows us
to simplify proofs of certain statements that concern posets. For statements
involving both a concept and its dual we need to prove only half of the state-
ment; the other half follows by applying the duality principle. For instance,
once we prove the statement “any subset of a poset can have at most one least
upper bound,” the dual statement “any subset of a poset can have at most
one greatest lower bound” follows.

4.4 The Poset of Real Numbers

For the poset (R, <), it is possible to give more specific descriptions of the
supremum and infimum of a subset when they exist.

Theorem 4.28. If T C R, then u =supT if and only if u is an upper bound
of T and, for every e > 0, there ist € T such that u —e€ <t < u.

The number v is inf T if and only if v is a lower bound of T' and, for every
€ >0, there ist € T such that v <t <v+e.

Proof. We prove only the first part of the theorem; the argument for the
second part is similar and is left to the reader.

Suppose that u = sup T'; that is, {u} = T°U(T*)". Since u € T, it is clear
that u is an upper bound for 7. Suppose that there is € > 0 such that no
t € T exists such that u — e < ¢t < w. This means that u — € is also an upper
bound for 7', and in this case u cannot be a lower bound for the set of upper
bounds of T'. Therefore, no such € may exist.

Conversely, suppose that w is an upper bound of T and for every € > 0,
there is ¢t € T such that u — e < t < u. Suppose that u does not belong to
(K*)*. This means that there is another upper bound u’ of T' such that v’ < u.
Choosing ¢ = v — v/, we would have no ¢t € T such that u —e = v <t <wu
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because this would prevent u’ from being an upper bound of T'. This implies
ue (K" sou=supT. O
A very important axiom for the set R is given next.
The Completeness Axiom for R: If T is a nonempty subset of R
that is bounded above, then T has a supremum.

A statement equivalent to the Completeness Axiom for R follows.

Theorem 4.29. If T is a nonempty subset of R that is bounded below, then
T has an infimum.

Proof. Note that the set T? is not empty. If s € T? and t € T, we have s < t,
so the set T? is bounded above. By the Completeness axiom v = sup 7" exists
and {v} = (T%)* N ((T%)*)" = (T*)* N T* by Equality (4.1). Thus, v = inf T
O

We leave to the reader to prove that Theorem 4.29 implies the Complete-
ness Axiom for R.

Another statement equivalent to the Completeness Axiom is the following.

Theorem 4.30 (Dedekind’s Theorem). Let U and V' be nonempty subsets
of R such that UUV =R and x € U,y € V imply x < y. Then, there exists
a € R such that if x > a, then x € V, and if x < a, then x € U.

Proof. Observe that U # () and V' C U*. Since V # (), it means that U is
bounded above, so by the Completeness Axiom sup U exists. Let a = sup U.
Clearly, u < a for every u € U. Since V C U?, it also follows that a < v for
every v € V.

If x > a, then x € V because otherwise we would have x € U since
U UV =R and this would imply z < a. Similarly, if x < a, then x € U. O

Using the previously introduced notations, Dedekind’s theorem can be
stated as follows: if U and V' are nonempty subsets of R such that UUV = R,
Us CV, Vi CU, then there exists a such that {a}* CV and {a}’ C U.

One can prove that Dedekind’s theorem implies the Completeness Axiom.
Indeed, let T" be a nonempty subset of R that is bounded above. Therefore
V = T% # (). Note that U = (T*)* # () and U UV = R. Moreover, U* =
(T*)")* =T =V and V' = (T?%)" = U. Therefore, by Dedekind’s theorem,
there is @ € R such that {a}* C V = T* and {a}! C U = (T*)*. Note that
a € {a}* N{a}’ CT%N(T%)", which proves that a = sup T

By adding the symbols 400 and —oo to the set R, one obtains the set R.
The partial order < defined on R can now be extended to R by —oo < & and
x < 400 for every x € R.

We also extend the addition and multiplication of reals to R by
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r+o0o=+400+x=+c0 for — o0 <x < +4o00,
r—o00=-00+x=—00for —oo<x< 400,
—o0 if —c0o <2 <0,
0 ifz=0 ,
00 fo<z <40

00 if —c0o<ax<0,

r-00=00"-T

z-(—o0)=—00-2 =<X0 if x =0, ;
—o00 if0<z <400
ﬁzf}o =0 for x € R.

The operations 400 — 00 and —0co + 0o are undefined.
Note that, in the poset (R, <), the sets T* and T are nonempty for every
T € P(R) because —oco € T% and +o0o € T* for any subset T of R.

Theorem 4.31. For every set T' C R, both supT and inf T' exist in the poset
(R, <).

Proof. We present the argument for sup 7. If sup T exists in (R, <), then it is
clear that the same number is sup 7 in (R, <).

Assume now that sup7 does not exist in (R, <). By the Completeness
Axiom for R, this means that the set T' does not have an upper bound in
(R, <). Therefore, the set of upper bounds of T in (T, <) is T% = {4oc0}. It
follows immediately that in this case supT = 400 in (R,<). O

4.5 Closure and Interior Systems

The notions of closure system and interior system introduced in this section
are significant in algebra and topology and have applications in the study of
frequent item sets in data mining.

Definition 4.32. Let S be a set. A closure system on S is a collection C of
subsets of S that satisfies the following conditions:

(i) S €€ and

(ii) for every collection D C €, we have (D € C.

Ezample 4.33. Let € be the collection of all intervals [a,b] = {z € R | a <
x < b} with a,b € R and a < b together with the empty set and the set R.
Note that | J€ =R € €, so the first condition of Definition 4.32 is satisfied.

Let D be a nonempty subcollection of C. If ) € D, then (D =0 € C. If
D = {R}, then (D = R € C. Therefore, we need to consider only the case
when D = {[a;,b;] | i € I'}. Then, (D = () unless a = sup{a; | i € I'} and
b =inf{b; | i € I} both exist and a < b, in which case (D = [a,b]. Thus, C
is a closure system.
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Ezample 4.34. Let A = (A,J) be an algebra and let S(A) be the collection of
subalgebras of A, S(A) = {(A;,7) | i € I}. The collection 8§ = {A; | i € I}
is a closure system. It is clear that we have S € 8. Also, if {4; | i € J} is a
family of subalgebras, then (. ; A; is a subalgebra of A.

Many classes of relations define useful closure systems.

Theorem 4.35. Let S be a set and let REFL(S), SYMM(S) and TRAN(S)
be the sets of reflexive relations, the set of symmetric relations, and the
set of transitive relations on S, respectively. Then, REFL(S), SYMM(S) and
TRAN(S) are closure systems on S.

Proof. Note that S x S is a reflexive, symmetric, and transitive relation on
S. Therefore, | JREFL(S) = S x S € REFL(S), USYMM(S) = S x S €
SYMM(S), and | TRAN(S) = S x S € TRAN(S).

Now let € = {p; | i € I} be a collection of transitive relations and let
p=(pi | i €I} Suppose that (z,y),(y,2) € p. Then (z,y),(y,2) € pi
for every i € I, so (x,z) € p; for i € I because each of the relations p; is
transitive. Thus, (z,z) € p, which shows that (1€ € TRAN(S). This allows
us to conclude that TRAN(S) is indeed a closure system. We leave it to the
reader to prove that REFL(S) and SYMM(S) are also closure systems. 0O

Theorem 4.36. The set of equivalences on S, EQS(S), is a closure system.

Proof. The relation g = S x S, is clearly an equivalence relation as we have
seen in the proof of Theorem 4.35. Thus, |J EQS(S) = 0s € EQS(S).

Now let € = {p; | @ € I} be a collection of transitive relations and let
p=(Wp: | i € I}. It is immediate that p is an equivalence on S, so FQS(S)
is a closure system. 0O

Definition 4.37. A mapping K : P(S) — P(S) is a closure operator on a
set S if it satisfies the conditions
(i) U € K(U) (expansiveness),
(ii) U C V implies K(U) C K(V) (monotonicity), and
(iii) K(K(U)) = K(U) (idempotency)
for U,V € P(S).

Ezample 4.38. Let K : P(R) — P(R) be defined by

0 U=,
K(U) = {[a,b] if both a =infU and b = sup U exist,
R otherwise,

for U € P(R). We leave to the reader the verification that K is a closure
operator.
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Closure operators induce closure systems, as shown by the next lemma.

Lemma 4.39. Let K : P(S) — P(S5) be a closure operator. Define the family
of sets Cxk ={H € P(S) | H= K(H)}. Then, Ck is a closure system on S.

Proof. Since S CK(S) C S, we have S € Ck, so | JCk = S € Ck.

Let D = {D; | i € I} be a collection of subsets of S such that D; = K(D)
for i € I. Since D C D;, we have K((D) C K(D;) = D; for every i € I.
Therefore, K((D) C (D, which implies K(()D) = (D. This proves our
claim. 0O

Note that Ck, as defined in Lemma 4.39, equals the range of K. Indeed,
if L € Ran(K), then L = K(H) for some H € P(S5), so K(L) = K(K(H)) =
K(H) = L, which shows that L € Ck. The reverse inclusion is obvious.

We refer to the sets in Ck as the K-closed subsets of S.

In the reverse direction from Lemma 4.39, we show that every closure
system generates a closure operator.

Lemma 4.40. Let C be a closure system on the set S. Define the mapping
Ke :P(S) — P(S) by Ke(H)=(\{L€C | HCL}. Then, K¢ is a closure
operator on the set S.

Proof. Note that the collection {L € € | H C L} is not empty since it
contains at least S, so Ke(H) is defined and is clearly the smallest element of
C that contains H. Also, by the definition of Ke(H), it follows immediately
that H C Ke(H) for every H € P(S5).

Suppose that Hy, Hy € P(S) are such that H; C Hs. Since

{LeC|H,CL}C{LeC | H CL}

we have
(MLee|HicLyc({LeC | HyC L},

SO K@(Hl) g KQ(HQ)

We have Ke(H) € € for every H € P(S) because € is a closure system.
Therefore, Ke(H) € {L € C | Ke(H) C L}, so Ke(Ke(H)) C Ke(H). Since
the reverse inclusion clearly holds, we obtain Ke(Ke(H)) = Ke(H). O

Definition 4.41. Let C be a closure system on a set S and let T be a subset
of S. The C-set generated by T is the set Ke(T).

Note that Ke(T') is the least set in € that includes T'.

Theorem 4.42. Let S be a set. For every closure system C on S, we have
C = Ck,. For every closure operator K on S, we have K = Ke,.

Proof. Let C be a closure system on S and let H C M. Then, we have the
following equivalent statements:
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1. H e GK@~
2. Ke(H)=H.
3. HeC.
The equivalence between (2) and (3) follows from the fact that Ke(H) is the
smallest element of € that contains H.
Conversely, let K be a closure operator on S. To prove the equality of K
and Ke,, consider the following list of equal sets, where H C S:
1. Ke (H).
2. {LeCk | HCL}
3. {Le®S) | HCL=K(L)}.
4. K(H).
We need to justify only the equality of the last two members of the list.
Since H C K(H) = K(K(H)), we have K(H) € {L € P(S) | H C L =
K(L)}. Thus, ({L € P(S) | HC L=K(L)} C K(H). To prove the reverse
inclusion, note that for every L € {L € P(S) | H C L = K(L)}, we have
H C L,so K(H) CK(L) = L. Therefore, K(H) C({L € P(S) | HC L=
K(L)}. O
Theorem 4.42 shows the existence of a natural bijection between the set
of closure operators on a set S and the set of closure systems on S.

Definition 4.43. Let C be a closure system on a set S and let T be a subset
of S. The C-closure of the set T is the set Ke(T).

As we observed before, Ke(T') is the smallest element of € that contains 7.

Example 4.44. Let K be the closure operator given in Example 4.38. Since the
closure system Ck equals the range of K, it follows that the members of Ck,
the K-closed sets, are (), R, and all closed intervals [a,b] with a < b. Thus,
Ck is the closure system € introduced in Example 4.33. Therefore, K and €
correspond to each other under the bijection of Theorem 4.42.

For a relation p, on S define p as Krgan(s)(p). The relation p* is called
the transitive closure of p and is the least transitive relation containing p.

Theorem 4.45. Let p be a relation on a set S. We have
p+:U{p" | neNandn > 1}.

Proof. Let T be the relation | J{p" | n € Nand n > 1}. We claim that 7 is
transitive. Indeed, let (z,z2),(z,y) € 7. There exist p,q € N, p,q > 1 such
that (z,z) € pP and (z,y) € p?. Therefore, (z,y) € pPp? = pPT1 C p*, which
shows that p™ is transitive. The definition of pT implies that if o is a transitive
relation such that p C o, then p* C o. Therefore, p* C 7.

Conversely, since p C p* we have p" C (pT)" for every n € N. The
transitivity of p* implies that (p™)™ C p™, which implies p™ C pT for every
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n > 1. Consequently, 7 = [J{p" | n € Nand n > 1} C p*. This proves the
equality of the theorem. 0O
It is easy to see that the set of all reflexive and transitive relations on a
set S, REFTRAN(S), is also a closure system on the set of relations on S.
For a relation p on S, define p* as Krgprran(s)(p). The relation p* is
called the transitive-reflexive closure of p and is the least transitive and reflex-
we relation containing p. We have the following analog of Theorem 4.45.

Theorem 4.46. Let p be a relation on a set S. We have
7= J{o" | neny.

Proof. The argument is very similar to the proof of Theorem 4.45; we leave
it to the reader. O

Definition 4.47. Let S be a set and let F be a set of operations on S. A
subset P of S is closed under F', or F-closed, if P is closed under f for every
f € F; that is, for every operation f € F, if f is n-ary and pg,...,pn—1 € P,
then f(po,...,pn-1) € P.

Note that S itself is closed under F'. Further, if € is a nonempty collection
of F-closed subsets of S, then [ € is also F-closed.

Ezxample 4.48. Let F be a set of operations on a set S. The collection of all
F-closed subsets of a set S is a closure system.

Let S be a set. The dual of the poset (P(5),C) is the poset (P(S),D).
Thus, the dual of the notion of closure operator on a set S, introduced in
Definition 4.37, is a mapping I : P(S) — P(S) that satisfies the conditions

1. U D X(U) (contraction),

2. U D V implies I(U) 2 I(V') (monotonicity), and

3. I(I(U)) =1(U) (idempotency),
for U,V € P(S). Such a mapping is known as an interior operator on the set
S.

The dual notion for the notion of closure system on a set introduced in
Definition 4.32 is introduced next.

Definition 4.49. An interior system on a set S is a collection J of subsets of
S such that

(i) 0 €7 and,

(ii) for every subcollection D of I we have | JD € J.

Theorem 4.50. Let I : P(S) — P(S) be an interior operator. Define the
family of sets Iy = {U € P(S) | U = I(U)}. Then, I is an interior system
on S.

Conversely, if J is an interior system on the set S, define the mapping
L :P(S) — P(S) by L(U)=U{V €J | VCU}. Then, Iy is an interior

operator on the set S.
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Moreover, for every interior system J on S, we have J = Ji,. For every
interior operator I on S, we have I = Iy,.

Proof. This statement follows by duality from Lemmas 4.39 and 4.40 and from
Theorem 4.42. O
We refer to the sets in Jy as the I-open subsets of S.

Theorem 4.51. Let K : P(S) — P(S) be a closure operator on the set S.
Then, the mapping L : P(S) — P(S) given by L({U) = S — K(S — U) for
U € P(S) is an interior operator on S.

Proof. Since S — U C K(S — U), it follows that L(U) C S — (S —-U) = U,
which proves property (i) of Definition 4.49.

Suppose that U C V', where U,V € P(S). Then, we have S —V C S —U,
so K(S—V) C K(S—"U) by the monotonicity of closure operators. Therefore,

L(U)=S-K(S—-U)CS—K(S—V)=L(V),

which proves the monotonicity of L.

Finally, observe that we have L(L(U)) C L(U) because of the contraction
property already proven for L. Thus, we need only show that L(U) C L(L(U))
to prove the idempotency of L. This inclusion follows immediately from

L(L(U)) = L(5 - K(S — U)) D L(S — (S - U)) = L(U).

O
From Theorem 4.51, by duality, we can prove that if L is an interior op-
erator on a set S, then K : P(S) — P(S) defined as K(U) =S — L(S — U)
for U € P(S) is a closure operator on the same set.
In Chapter 6, we extensively use closure and interior operators.

4.6 The Poset of Partitions of a Set

In Definition 1.113, we introduced the relation < on the set of partitions
PART(S) of S. It is easy to verify that this is a partial order relation on
PART(S). Thus, the pair (PART(S), <) is a poset. In this section, we study
a few properties of this poset.

Ezample 4.52. The Hasse diagram of (PART({1,2,3,4}),<) is given in Fig-
ure 4.3. To simplify this figure, we represent each nonempty subset of {1,2, 3,4}
as an increasing set of its elements and omit the outer braces; for instance,
instead of {1,2, 3}, we write 123.

Theorem 4.53. Let m,0 € PART(S) such that m < o. The partition o covers
the partition 7 if and only if there exists a block C' of o that is the union of
two blocks B and B’ of m and every block of o that is distinct of C is a block

of m.
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1,2,3,4

Fig. 4.3. The Hasse diagram of (PART({1,2,3,4}),<).

Proof. Suppose that o is a partition that covers the partition 7. Since 7 < o,
every block of ¢ is a union of blocks of 7. Suppose that there exists a block E of
o that is the union of more than two blocks of 7; that is, E = J{B; | i € I},
where |I| > 3, and let By, , B;,, B;, be three blocks of 7 included in E. Consider
the partitions

g1 :{CEU | C%E}U{BZNBZQ,B“},
0'2:{060' | C#E}U{BhUBiQ,BiS}.

It is easy to see that m < 01 < 09 < o, which contradicts the fact that o
covers . Thus, each block of ¢ is the union of at most two blocks of .

Suppose that o contains two blocks C’ and C” that are unions of two
blocks of m, namely C’ = B;, U B;, and C” = B;, U B;,. Define the partitions

o ={Ceo | Cg{C C"}}yu{C B, B},
o'={Ceoc | Cg{C C"}}U{B,,B,,C"}.

Since m < ¢’,0” < o, this contradicts the fact that o covers w. Thus, we
obtain the conclusion of the theorem. 0O
The poset (PART(S), <) has ag as its first element and wg as its largest.
We shall prove that for two partitions 7w and o the infimum and the supre-
mum of the set {m, o} always exist. To facilitate the description of the parti-
tions inf{m,c} and sup{r, o}, we introduce the graph of a pair of partitions.

Definition 4.54. Let m,0 € PART(S), where # = {B; | i € I} and 0 =
{C; | j € J}. The graph of the pair (7,0) is the graph
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9#,02({Bi | ZGI}U{C] ‘ jEJ}aE)7
where E consists of those two-element sets {B;, C;} such that B; N C; # (.

Ezample 4.55. Let S ={a; | 1 <i <12} andlet 7 ={B; | 1 <i <5} and
o={C; | 1 <j <4}, where

By = {a1,a2}, Cy = {az, a4},

By = {a3,a4,a5}, Cy ={a1,a3,as,a6,ar},
Bs = {as, ar}, Cs = {as,a11},

By = {ag,a9,a10}, Cy = {ag, a1o, a12},

By = {0117a12}-

The graph G » is shown in Figure 4.4.

By ai,az
az, a4 Cl
B> as, a4, a5
ai,as, as, ae, ar Co
ae, ar
Bs ’
as, ag, a1o as, a1l
B4 ) bl ) CS
B aii, a12 ag, a10, @12 Cy

Fig. 4.4. The graph G .

Theorem 4.56. Let m,0 € PART(S), where # = {B; | i € I} and 0 = {C} |
Jj € J}. The partition inf{m,c} exists and is given by

inf{r, o} = {BiﬂCj |iel,jed and B; N C; #@}
Proof. 1t is clear that the collection of sets
T:{BiﬁCj|i€[,j€JaHdBiﬂOj7é®}

is a partition of S and that 7 < 7 and 7 < 0.

Let 7" be a partition of S such that 7/ < 7 and 7/ < o and let D be a
block of 7. There are B; € m and C; € ¢ such that D C B; and D C C}, so
D C B; N Cj. Therefore, 7/ < 7 and this proves that 7/ = inf{mr,c}. O
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The partition inf{r, o} will be denoted by 7 A o. Note that the blocks of
m A o correspond to the edges of the graph G ..

Ezample 4.57. If m and o are the partitions introduced in Example 4.55, then
the partition 7 A o consists of nine blocks that correspond to the edges of the
graph:

Bl n Cl = {ag}, Bl n 02 = {al}, BQ N Cl = {a4},
ByNCy ={as,as}, BsNCqy={ag,ar}, BaNCs = {as},
ByNCy ={ag,a10}, BsNC3 ={ai1}, BsNCy={az}.

Theorem 4.58. Let m and o € PART(S), where m = {B; | i € I} and
o=A{C; | j€J}. Thesup{m, o} exists in the poset (PART(S), <), and the
blocks of the partition sup{m, o} are the unions of the blocks that belong to
connected components of the graph G .

Proof. The connected components of the graph G , form a partition of the
set of vertices of the graph. Let 7 be the partition of S whose blocks are the
unions of the blocks that belong to connected components of the graph G .

Let D be a block of 7 and let {B;,,...,B;,} and {Cj,,...,C}, } be the
sets of blocks of m and o, respectively, that are included in 7. We claim that

UiBi | 1<k<pt=|J{Cj | 1<h<q}

Indeed, let z € (J{B;, | 1 < k < p}. There exists a block B;, such that
x € B;,. Also, there is a block C of ¢ such that x € C. Since z € B;, N C,
it follows that there exists an edge (B;,,C) in G, so C belongs to the
same connected component as B;,; that is, C' = C;, for some g, 1 < g < q.
Therefore, '

UBi 1<k <pr |G, [ 1<h<q}

The reverse inclusion can be shown in a similar manner. This proves the
needed equality, which can now be written

D= J{Bi, | 1<k<p=|J{C), 1<h<q}

It is clear that we have both # <7 and o < 7.

Suppose now that 7’ is a partition such that 7 <7/ and 7 < 7. Let Be 7
and C' € o be two blocks that have a nonempty intersection. If x € BNC', then
both B and C' are included in the block of 7/ that contains x. In other words,
if in G, an edge exists that joins B and C, then they are both included in
the same block of 7/. This property can be extended to paths: if there is a
path in G, , that joins a block B of 7 to a block C' of o, then the union of
all m-blocks and of all the o-blocks along this path is included in a block FE
of 7/. The argument, by induction on the length of the path, is immediate
and is omitted. Thus, every block of 7, which is a union of all m-blocks that
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belong to a connected component (and of all o-blocks that belong to the same
connected component), is included in a block of 7/. Therefore, 7 < 7/, and
this proves that 7 = sup{m,c}. O

Let m,0 € PART(S) and let 7 = sup{m,c}. We have (z,y) € p, if and
only if {z,y} is enclosed in the same connected component of the graph G »;
that is, if and only if there exists an alternating sequence of blocks of © and
o By,C;,,B;,,Cj,,...,B;,,C;. — such that x € B;, and y € Cj,. This
is equivalent to the existence of a sequence of elements zg,z1,...,2, of S
such that zo = x, 2z, = v, and (24, 2i41) € pr OF (24, 2i+1) € po for every i,
0<i1<m-—1.

The partition sup{r, o} will be denoted by 7 V o.

Ezample 4.59. The graph of the partitions 7, o introduced in Example 4.55
has two connected components that correspond to the blocks,

Dy = {a1,as,a3,a4,as5,a6,ar}
— B,UByU By
=C1UCy,

Dy = {ag, a9, a10,a11,a12}

— B,UBs
= (C3 Uy,

of the partition 7V o.

Theorem 4.60. Let S be a set and let p,p’ € EQS(S). We have m, A 1, =
Tonp’ -

Proof. Indeed, note that p N p’ is an equivalence on S, and the equivalence
classes of this equivalence (that is, the blocks of the partition m,n,/) are the
nonempty intersections of the blocks of p and p’. The definition of the infimum
of two partitions shows that the set of blocks of 7, A 7, is exactly the same,
which gives the equality of the theorem. 0O

4.7 Chains and Antichains
The main notions of this section are introduced next.

Definition 4.61. Let (S, <) be a poset. A chain of (S, <) is a subset T of S
such that for every xz,y € T such that x # y we have either x <y ory < z.
If the set S is a chain, we say that (S,<) is a totally ordered set and the
relation < is a total order.

If s € Seq(S) (or s € Seq,(S)) and for everyi,j € N we have s(i) < s
or s(j) < s(i), we refer to the sequence s as a chain in S; if s(i) < s(j) o
s(j) < s(i) for everyi,j € N, then we say that s is a multichain in (S, <).
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If S ={xy,...,z,}, the total order whose diagram is given in Figure 4.5
is denoted by TO(xy,...,xy).

.

€2

Tl
Fig. 4.5. Hasse diagram of a total order on S = {z1,x2,...,%n}.

Let (S, <) be a poset. The elements x,y of S are incomparable if we have
neither z < y nor y < x. This is denoted by z || y. It is easy to see that
“|I” is a symmetric and irreflexive relation. The set of pairs of incomparable
elements of a poset (5, <) is

INC(S, <) ={(z,y) e Sx S | x £y and y £ z}.

Definition 4.62. An antichain of (S, <) is a subset U of S such that, for
every two distinct elements x,y € U, we have z || y.

Example 4.63. The set of real numbers equipped with the usual partial order
(R, <) is a chain since, for every x,y € R, we have either x < y or y < z.

Ezxample 4.64. In the poset (N, d), the set of all prime numbers is an antichain
since if p and ¢ are two distinct primes, we have neither (p, ¢) € d nor (¢,p) € 4.

Ezample 4.65. If S is a finite set such that |S| = n, the set of subsets of S
that contain k elements (for a fixed k, k& < |S|) is an antichain in the poset
(P(S),C) that contains (}}) elements.

Ezample 4.66. If (S, <) is a poset, then both MIN(S, <) and MAX(S, <) are
maximal antichains of (S, <) (with respect to set inclusion).

Every finite chain of a poset has a least element and a greatest element.
Indeed, by Theorem 4.25, a finite chain has a minimal element and a maxi-
mal element. Since the notions of minimal and maximal elements in a chain
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coincide with the notions of least element and largest element, respectively, it
statement follows.
Not every poset is a chain, as shown in the next example.

Ezample 4.67. The poset (P(S), C) considered in Example 4.12 is not a chain;
elements of P(S) such as {a,b} and {b, ¢} are incomparable.

The poset from Example 4.13 is not a chain since it contains incomparable
elements (for instance, 4 || 6). However, the subset {2, 4,8} is a chain, as can
be easily seen. Thus, a poset (S, <) that is not a chain itself may very well
contain subsets that are chains with respect to the trace of the partial order
of the set itself.

Denote by CHAINS(S) the set of chains of a poset (5, <). We use the
poset (CHAINS(S), C), where the partial order relation is the set inclusion.

Theorem 4.68. If {U; | i € I} is a chain of the poset (CHAINS(S), C) (that
is, a chain of chains of (S, <)), then \|J{U; | i € I} is itself a chain of (S, <)
(that is, a member of (CHAINS(S),C)).

Proof. Let x,y € |J{U; | i € I}. There are 4,5 € I such that x € U; and
y € U; and we have either U; C U; or U; C U;. In the first case, we have
either z; < x; or x; < x; because both 2 and y belong to the chain U;. The
same conclusion can be reached in the second case when both 2 and y belong

to the chain U;. So, in any case, z and y are comparable, which proves that
\U{U; | i € I'} is a chain of (S,<). O

Definition 4.69. A well-ordered poset is a poset for which every nonempty
subset has a least element.

A well-ordered set is necessarily a chain. Indeed, consider the well-ordered
set (S,<) and z,y € S. Since the set {x,y} must have a least element, we
have either x <y or y < .

Ezample 4.70. The set of natural numbers is well-ordered. This property of
natural numbers is known as the well-ordering principle.

(Well-Ordering Axiom) Given any set S, there is a binary relation
p such that (S, p) is a well-ordered set.

The set (R, <) is not well-ordered, despite the fact that it is a chain, since
it contains subsets such as (0,1) = {x | z € R,0 < z < 1} that do not have
a least element.

Definition 4.71. Let “<” be the strict partial order of the poset (S,<).
An infinite descending sequence in a poset (S,p) is an infinite sequence
s € Seq,,(S) such that s(n+ 1) < s(n) for alln € N.

An infinite ascending sequence in a poset (S,p) is an infinite sequence
s € Seq,, (S) such that s(n) < s(n+ 1) for alln € N.
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A poset with no infinite descending sequences is called Artinian. A poset
with no infinite ascending sequences is called Noetherian.

Clearly, the range of every infinite ascending or descending sequence is a
chain.

Ezample 4.72. The poset (N,¢) is Artinian. Indeed, suppose that s is an in-
finite descending sequence of natural numbers. If s(0) # 0, then the natural
number s(0) has an infinite set of divisors {s(0),s(1),...}. If s(0) = 0, in view
of the fact that any natural number is a divisor of 0, we obtain the impossibil-
ity of an infinite descending sequence by applying the same argument to s(1).
However, this poset is not Noetherian. For instance, the sequence z : N — N
defined by z(n) = 2" for n € N is an infinite ascending sequence.

A generalization of well-ordered posets is considered in the next definition.
Definition 4.73. A well-founded poset is a partially ordered set where every
nonempty subset has a minimal element.

Since the least element of a subset is also a minimal element, it is clear
that a well-ordered set is also well-founded. However, the inverse is not true;
for instance, not every finite set is well-ordered.

Theorem 4.74. A poset (S, p) is well-founded if and only if it is Artinian.

Proof. Let (S, p) be a well-founded poset, and suppose that s is an infinite
descending sequence in this poset. The set T = {s(n) | n € N} has no
minimal element since, for every s(k) € T, we have (s(k + 1),s(k)) € pu,
which contradicts the well-foundedness of (S, p).

Conversely, assume that (S, p) is Artinian; that is, there is no infinite
descending sequence in (S, p). Suppose that K is a nonempty subset of S
without minimal elements. Let xy be an arbitrary element of K. Such an
element exists since K is not empty. Since zq is not minimal, there is 1 € K
such that (z1,29) € p. Since ;1 is not minimal, there is o € K such that
(z2,21) € p, etc., and this construction can continue indefinitely. In this way,
we can build an infinite descending sequence s : N — S, where s(n) = z,,
forneN. O

Theorem 4.74 implies immediately that any finite poset is well-founded.

Ezample 4.75. We will show that the poset (N x N, <) is well-founded.

If (m,ng) = (m,nq) > ... is a descending chain of pairs having the same
first component, then ng > n; > ... is a descending chain of natural numbers
and such a chain is finite. Therefore, (m,ng) > (m,n1) > ... must be a finite
chain.

Consider now an arbitrary descending chain,

(o, qo) = (P1,q1) > ...,
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in (N x N, <). We have py > p; > ..., and in this sequence we may have only
finite “constant” fragments py = pry1 = -+ = pry;- Therefore, the chain of
the first components of the pairs of the sequence (pg,qo) = (p1,¢q1) > ... is
ultimately decreasing, and this shows that the chain is finite. Thus, this poset
is Artinian and therefore, by Theorem 4.74, it is well-founded.

Definition 4.76. Let (S, <) be a poset that has a least element denoted by 0.
The height of an element x € S (denoted by height(x)) is the least upper
bound of the lengths of the chains of the form 0 < z1 < --- < x}, = .

If = is an atom of a poset that has the least element 0, then height(z) = 1.

Definition 4.77. A poset (S, <) satisfies the Jordan-Dedekind condition if
all maximal chains between the same elements have the same finite length.

Ezample 4.78. The poset (Ms,<) whose Hasse diagram is shown in Fig-
ure 4.6(a) satisfies the Jordan-Dedekind condition; the poset (N5, <) shown
in Figure 4.6(b) fails this condition because it contains two maximal chains
0<zxz<y<landO<z<1of different lengths between 0 and 1.

1 1

0 0
(a) (b)

Fig. 4.6. Hasse diagrams of posets (M5, <) and (N5, <).

Theorem 4.79. Let (S, <) be a poset that has finite chains and has the least
element 0. (S, <) satisfies the Jordan-Dedekind condition if and only if the
following conditions are satisfied:

(i) z < y implies height(x) < height(z) and

(ii) y covers x implies height(y) = height(z) + 1
for every x,y € S.
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Proof. If the height function satisfies the conditions of the theorem, then any
chain between the elements x and y has length height(y) — height(x), so the
Jordan-Dedekind condition is satisfied. Conversely, if the Jordan-Dedekind
condition holds, then height(z) is the length of any maximal chain between 0
and x and the conditions of the theorem follow immediately. 0O

Theorem 4.79 suggests the following definition.

Definition 4.80. A graded poset is a triple (S, <,h), where (S, <) is a poset
and h : S — N is a function that satisfies the conditions
(i) z <y implies h(x) < h(x) and
(ii) y covers x implies h(y) = h(z) + 1,
for every x,;y € S. The function h is referred to as the grading function.
The set Ly, = {x € S | h(x) = k} is called the k-th level of the poset
(5,<.h).

Ezample 4.81. Define the function h : M5 — N by h(0) =0, h(a) = h(b) =
h(c) =1, and h(1) = 2. The triple (M5, <, h) is a graded poset. Its levels are

LO = {0}7
Ly ={a,b,c},
L, = {1}.

Definition 4.82. Let (S, <) be a finite poset. The height of (S, <), denoted
by height(S, <), is the mazimal number of elements of a chain. The width of
(S, <), width(S, <), is the mazimal number of elements of an antichain. The
length of (S, <) is the number length(S, <) = height(S, <) — 1.

Ezample 4.83. Let S = {s1,...,8,} be a finite set such that |S| = n.
The poset (P(S), <) has height n 4+ 1 since a maximal chain has the form
(0,{si, },{Sir, Sin }s---,5), where (si,,8ip,...,8;,) is a permutation of S. Its
width is (|,)-

It is clear that if a finite poset (S, <) contains an antichain U such that
|U| = m, then S is the union of at least m chains since no two elements of an
antichain may belong to the same chain.

Theorem 4.84 (Dilworth’s Theorem). If (S, <) is a finite nonempty poset
such that width(S, <) = m, then there is a partition of S into m chains.

Proof. The argument is by strong induction on n = |S|. If n = 1, then the
statement holds trivially.

Suppose that the statement holds for sets with fewer than n elements, and
let (S, <) be a poset with |S| = n.

Let C' be a maximal chain in (5, <). Two cases may occur:
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(i) If no antichain of (S — C,<) has m elements, then, by the induction
hypothesis, there exists a partition of S — C into m — 1 chains, so there is
a partition of S into m chains.

(ii) If S — C has an antichain U = {uy,..., Uy}, define the sets UPy and
DOWNy as

UPy = {x € S|z > u; for some u; € U},
DOWNy = {z € S|z < u; for some u; € U}.

Note that S = UPy U DOWNys since otherwise S would contain an antichain
with more than m elements. Since (S, <) is a finite poset, the chain C' has
a largest element ¢; and a smallest element t5. We have the strict inclusions
UPy € S and DOWNy C S because t1 ¢ DOWNy and tg ¢ UPy. Thus, both
DOWNy and UPy have fewer than n elements.

By the induction hypothesis, we can decompose both UPy and DOWNy
as partitions of chains, UPy = [Ji~, CL and DOWNy = (J!*, CL, where
u; € CL N CL. Note that u; is the least element of C% and the greatest
element of CL. Therefore, C4 U CL is a chain, which gives the desired result.
O

Next, we state a related statement using antichains.

Theorem 4.85. If (S, <) is a finite nonempty poset such that height(S, <) =
m, then there is a partition of S into m antichains.

Proof. We construct a sequence of finite posets (.5;, <;) for 0 < i < k—1. The
first poset is (Sp, <o) = (S, <).

Suppose that we defined the nonempty poset (S;,<;). Consider the an-
tichain U;4; = MAX(SL, Sz) and the poset (Si+1, §i+1)7 where S;11 =
Si — Uiy1 and <;41= (<i)s,,,- The process halts when S, = Sip—1 — Uy, = 0.
It is clear that the Uy, ..., Uy are k pairwise disjoint antichains in (S, <) and
that S = ¥, U;.

Since no two members of an antichain may belong to the same chain and
S contains a chain having m elements, it follows that any partition of .S into
antichains requires at least m antichains. Therefore, we have m < k, which
means that we need to show only that k£ < m.

To prove that k£ < m, we construct a chain z1 < x9 < --- < xp in the
poset (S, <) beginning with x;. Choose ) to be an arbitrary element of Uy.
If x; € U; for i < j <k, then choose x;_; € U;—; such that x; < x;_1. This
choice is possible because otherwise x; € U;—1 = MAX(S;-1,<;_1), which is
contradictory because x; € U;. This proves that {z1,...,2;} is a chain, so
height(S,<)=m >k. O
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4.8 Poset Product

Let I be a set, and (5, p) be a poset. The partial order p generates a partial
order p on the set of functions I — S using the following definition. If
fyg: T — S, we have (f,g) € pif (f(i),9(i)) € p for every i € I.

The relation p on I — S is a partial order. We verify only the antisym-
metry and leave for the reader the proofs of the reflexivity and transitivity.
Assume that (f,g), (g, f) € p for f,g: I — M. We have (f(i),g(i)) € p and
(g(7), f(i)) € p for every i € I. Therefore, taking into account the antisymme-
try of p, we obtain f(i) = g(¢) for all ¢ € I; hence, f = g, which proves the
antisymmetry of p.

For a set of functions FF C I — S, define the subset F(i) of S as S(i) =
{f@) | feF}foriel.

Theorem 4.86. The subset F' of the poset (I — S, p) has a supremum if
and only if sup F'(i) exists for every i € I in the poset (S, p).

Proof. Suppose that sup F(7) exists for every ¢ € I in the poset (S, p). Define
the mapping g : I — S by ¢(i) = sup F(i) for every ¢ € I. We claim that g
is sup F.

If f € F, then (f(4),g(i)) € p for every i € I because of the definition of
g. This shows that (f,g) € p; hence, g is an upper bound of F. Let h be an
upper bound of F. For every f € F, we have (f(i),h(i)) € p for i € I. The
definition of g implies (g(4), h(i)) € p for ¢ € I; hence, g = sup F.

Conversely, assume that & = sup F' exists in the poset (I — S, p). We
prove that k(i) is sup F'(i) for every ¢ € I in the poset (S, p).

The definition of k implies that, for every f € F, we have (f, k) € p; that
is, (f(i), k(7)) € p for every i € I. Therefore, k(i) is an upper bound of the set
F(i) for every i € I.

Let I; be an upper bound for F'(i) for ¢ € I. Define the function: [ — S
as [(i) = I; for i € I. Clearly, [ is an upper bound of the set F' in the poset
(I — S, p), and therefore (k,l) € p. This, in turn, means that (k(7),1(i)) =
(k(4),1;) € p, which shows that sup F'(i) exists and is equal to k(z). O

Definition 4.87. The product of the posets {(S;,<;) | ¢ € I} is the poset
(D, <), where D = [[,c; Si and “<” is the partial order introduced above on
D. When I ={1,...,n}, the product will be denoted by

(S1,<1) X - X (S, <a)
or by [Lie (Si, <i)-

Theorem 4.88. Let {(S;,<;) | i € I} be a family of partially ordered sets.
If H C [[;c; Si, then in the product poset, sup H (inf H) exists if and only
if supp;(H) (inf p;(H), respectively) exists for every i € I. Moreover, if y =
sup H (y = inf H), then p;(y) = supp;(H) (pi(y) = inf p;(H)) for everyi € I.
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Proof. Assume that y; = sup p;(H) exists for every i € I. We need to prove
that the element y of [],.; S; defined by p;(y) = y; is sup H.

Consider an arbitrary element z € H. Since p;(z) € p;(H), we have
pi(2) <; yi, that is, p;(z) <; pi(y) for every i € I. This means that z < y,
which shows that y is an upper bound of H.

Suppose now that v is an arbitrary upper bound of H. To show that y is
sup H, we need to prove that y is the least upper bound of H; that is, y < v
or, equivalently, p;(y) <; p;(v) for every i € I.

If v is an upper bound of H, then p;(v) is an upper bound of p;(H). Since
pi(y) = y; = sup p;(H), we obtain immediately p;(y) <; p;(v) for every i € I.

Conversely, suppose that sup H exists. Let y = sup H and let y; = p;(y)
for every i € I. We have x; € p;(H) if there is © € H such that p;(z) = ;.
Since x < y, it follows that x; <; p;(y), which shows that p;(y) is an upper
bound for p;(H).

Let w; be an arbitrary upper bound of p;(H) for every ¢ € I. There
is w € [[;c; Si such that p;(w) = w;, and we have y < w because w is
an upper bound for H. Consequently, p;(y) <; pi(w), and this means that
y; = sup p;(H) for every i € I.

The statement for inf follows by dualization. O

Another kind of partial order that can be introduced on S; x - x S, is
defined next.

Theorem 4.89. For f,g € S1 X+ XSy, define f < g if f = g or if there is k,
1 < k <mn, such that f(k) # g(k), f(i) = g(i) for 1 <i < k and f(k) <x g(k).
The relation =< is a partial order on S; X --- X S,,.

Proof. The relation < is obviously reflexive. Suppose now that f < ¢ and
g = f and that f # g. There are k, h € N such that f(i) = g(i) for 1 <1i < k,
f(k) <k g(k), and f(i) = g(i) for 1 <i < h, f(h) <p g(h). If k < h, this leads
to a contradiction since we cannot have f(k) <j g(k) and f(k) = g(k). The
case h < k also results in a contradiction. For k = h, the previous supposition
implies f(k) <p g(k) and g(k) <j f(k), which is contradictory because “<j”
is a strict partial order.

Assume that f < g and ¢ <[ and that f # g, g # [. There are k,h € N
such that f(i) = g(i) for 1 <i <k, f(k) <x g(k), and g(¢) = 1(¢) for 1 <i < h,
g(h) <p, 1(h). Define p as being the least of the numbers k, h. For 1 <i < p,
we have f(i) = g(i) = l(¢). In addition, we have f(p) <, I(p). Three cases
may occur:

1. f(p) = g(p) and g(p) <p l(p) (when k > h),
2. f(p) <, g(p) and g(p) = I(p) (when k < h), and
3. f(p) <p 9(p)) and g(p) <p l(p)) (when k = h).

If f =1, then we have f < [. Therefore, we can assume that f # [. In the
first two cases mentioned above, this would imply immediately f <[ because
of the fact that f(p) <, l(p). The same conclusion can be reached in the third
case because of the transitivity of the strict partial order <,. 0O
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We refer to the partial order “=X” as the lexicographic partial order on
Sl X oo X Sn

Let {(Si;;<i) | 1 < i < n} be a family of totally ordered posets. The
product poset []1,(S;, <;) is not necessarily a total order; however, the lex-
icographic product (S7 X -+ x S, =) is a total order (see Exercise 25).

Ezample 4.90. Consider the totally ordered set ({0, 1}, <), whose Hasse dia-
gram is given in Figure 4.7(a). The Hasse diagram of the poset (S x S, <) is
shown in Figure 4.7(b).

(0,1)

(a) (b)

Fig. 4.7. Hasse diagrams of ({0,1}, <) and ({0, 1}?, <).

On the other hand, the Hasse diagram of the poset ({0,1}2, <) given in
Figure 4.8 shows that “<” is a total order on {0,1}2.

® (1,1)
® (1,0
® (0.1)
® (0,0

Fig. 4.8. Hasse diagram of ({0,1}?, <).

If Sy =---5, =9, then we obtain the poset (Seq,,(S5), <).
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4.9 Functions and Posets
Let (S, <) and (T, <) be two posets.

Definition 4.91. A morphism between (S,<) and (T,<) or a monotonic
mapping between (S,<) and (T,<) is a mapping f : S — T such that
u,v €S and u < v imply f(u) < f(v).

A mapping g : S — T is antimonotonic if u,v € S and u < v imply
g(u) > g(v).

The mapping [ is strictly monotonic if u < v implies f(u) < f(v), where
“<” is the strict partial order associated with the partial order “<”.

Note that g : S — T is antimonotonic if and only if ¢ is a monotonic
mapping between the poset (5, <) and the dual (T, >) of the poset (T, <).

Ezample 4.92. Consider a set M, the poset (P(M), C), and the functions f, g :
(P(M))? — P, defined by f(K,H) = KU H and g(K,H) = K N H, for
K,H € P(M). If the Cartesian product is equipped with the product partial
order, then both f and g are monotonic. Indeed, if (K7, Hy) C (K2, Hy), we
have K1 C Ky and Hy; C Hs, which implies that

f(Ky,Hy) =K UH; C KoUH, = f(Ky, Ho).
The argument for g is similar, and it is left to the reader.

Ezample 4.93. Let {(S;, pi) | i € I} be a collection of posets and let

(ITs0)

be the product of these posets. The projections p; : [[,; Si — S; are mono-
tonic mappings, as the reader will easily verify.

Ezample 4.94. Let (M, p) be an arbitrary poset. Any function f: S — M is
monotonic when considered between the posets (S, ts) and (M, p).

Theorem 4.95. Let (P, <), (R, <), (S, <) be three posets and let f : P — R,
g: R — S be two monotonic mappings. The mapping gf : P — S is also
momnotonic.

Proof. Let x,y € P be such that x < y. In view of the monotonicity of f,
we have f(x) < f(y), and this implies (¢(f(x)) < g(f(y)) because of the
monotonicity of g. Therefore, gf is monotonic. O

Let (P, <) and (R, <) be two posets. For a monotonic function f: P —
R, the quotient set, P/ker(f) can also be organized as a poset. Indeed, if
[],[y] € P/ker(f), then we define [z] < [y] if f(x) < f(y). This partial
order o P/ker(f) is well-defined because if 2’ € [z] and y' € [y], we have

(f@), f(y') = (f(x), f(y))-
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Theorem 4.96. The mapping g : P — P/ker(f) defined by g(x) = [z] for
x € P is a monotonic mapping between the posets (P, <) and (P/ker(f),<).

Proof. The argument is straightforward, and it is left to the reader as an
exercise. O

Let f: S — T be a monotonic bijection between the posets (5, <) and
(T, <). As we have seen in Chapter 1, the inverse f~! is also a bijection.
Nevertheless, the inverse is mot necessarily monotonic, as follows from the
next example.

Ezample 4.97. Let (Ms,<) and (N5, <) be the posets whose Hasse diagrams
are given in Figure 4.6, and consider the mapping f : My — N5 de-
fined by f(0) = 0, f(a) =y, f(b) = z, f(c) = z, and f(1) = 1. The in-
verse bijection f~! is not monotonic because we have z < y in (Nj, <) and

(f (@), f~H(y)) = (b,a) and b £ a in (M5, <).

Let (R, <) and (5, <) be two posets. The previous considerations justify
the following definition.

Definition 4.98. A poset isomorphism between the posets (R, <) and (S, <)
is a monotonic bijective mapping f : R — S for which the inverse mapping
£~ is also monotonic.

If a poset isomorphism exists between the posets (P, <) and (S,<), then
we refer to these posets as isomorphic.

Ezample 4.99. Let {p1,p2,...,pn} be the first n primes, py = 2, pos = 3,
p3 = 5, etc. Let m = py -+ p, be their product and let D,, be the set of all
divisors of m. Consider an arbitrary set A = {a1,...,a,} having n elements.
The posets (P(A), C) and (D,,, d) are isomorphic. Indeed, define the map-
ping f : P(A) — Dy, by f(0) =1 and f({ai,,...,ai}) = pi, -+ Piy-
The mapping f is bijective. Indeed, for any divisor h of m, we have h =
Diy - - - Dij, and therefore h = f({ai,, ..., a;, }), which shows that f is surjective.

If f{aiy, .., a5.}) = f({aj,,...,a;}), then p;y ---p;, = pj, -~ pj,. This

gives k = 1 and i1 = ji,...,9 = Ji; hence, {a;,,...,a;,} = {aj,,...,a;},
which proves that f is injective.
The mapping f is monotonic because if {a;,,...,a; } € {a;,,...,a;},

{i1,.yin} S {1,501},

and this means that the number p;, ---p;, divides p;, ---p;,.
The inverse mapping ¢ : D,, — P(A) is also monotonic; we leave the
argument to the reader.

Monotonic functions map chains to chains, as we show next.

Theorem 4.100. Let (P, <) and (R,<) be two posets and f : P — R be a
monotonic function. If L C P is a chain in (P, <), then f(L) is a chain in
(R, <).
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Proof. Let u,v € f(L) be two elements of f(L). There exist 2,y € L such that
f(@) =wand f(y) = v. Since L is a chain, we have either <y or y < z. In
the former case, the monotonicity of f implies u < v; in the latter situation,
we have v <wu. 0O

4.10 Posets and the Axiom of Choice

A statement equivalent to the Axiom of Choice, known as Zorn’s lemma, can
be stated in the framework of posets.

Zorn’s Lemma: If every chain of a poset (.5, <) has an upper bound,
then S has a maximal element.

Theorem 4.101. The following three statements are equivalent for a poset
(S,<):
(i) If every chain of (S, <) has an upper bound, then S has a maximal element

(Zorn’s Lemma,).

(ii) If every chain of (S,<) has a least upper bound, then S has a mazimal
element.

(iii) S contains a chain that is mazimal with respect to set inclusion (Hausdorff
mazximality principle).

Proof. (i) implies (ii) is immediate.

(ii) implies (iii): Let (CHAINS(S),C) be the poset of chains of S or-
dered by set inclusion. By Theorem 4.68, every chain {U; | ¢ € I} of the
poset (CHAINS(S), C) has a least upper bound | J{U; | ¢ € I'} in the poset
(CHAINS(S), Q). Therefore, by (ii), (CHAINS(S), C) has a maximal element
that is a chain of (S, <) that is maximal with respect to set inclusion.

(iii) implies (i): Suppose that S contains a chain W that is maximal with
respect to set inclusion and that every chain of (S, <) has an upper bound.
Let w be an upper bound of W.

If w € W, then w is a maximal element of S. Indeed, if this were not the
case, then S would contain an element ¢ such that w < ¢t and W U {t} would
be a chain that would strictly include W.

If w ¢ W, then W U {w} would be a chain strictly including W, which,
again, would contradict the maximality of W. Thus, w is a maximal element
of (5,<). O

Denote by PORD(S) the collection of partial order relations on the set S.

Definition 4.102. Let p, p’ € PORD(S). The partial order p' is an extension
of pif (x,y) € p implies (x,y) € p'. Equivalently, we shall say that p' extends
p.

An important consequence of Zorn’s lemma is the next statement, which
shows that any partial order defined on a set can be extended to a total order
on the same set.
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Theorem 4.103 (Szpilrajn’s Theorem). Let (S, <) be a poset. There is a
total order <’ on S that is an extension of <.

Proof. Let PORD(S, <) be the set of partial order relations that can be de-
fined on the set S and contain the relation “<”; clearly, the relation “<”
itself is a member of PORD(S, <). We will apply Zorn’s lemma to the poset
(PORD(S, <), C).

Let R = {p; | i € I} be a chain of (PORD(S, <), C); that is, a chain of
partial orders p; relative to set inclusion such that x < y implies (z,y) € p;
for every i € I and all x,y € S. We claim that the relation p = JR is a
partial order on S.

Indeed, since tg C < C p; for i € I we have tg C p, so p is a reflexive
relation. To prove that p is antisymmetric let ,y € S be two elements such
that (z,y) € p and (y,x) € p. By the definition of p, there exist i,j € I such
that (z,y) € p; and (y,z) € p;. Since R is a chain, we have either p; C p; or
p; C pi. In the first case, both (x,y) and (y, z) belong to p;, so x = y because
of the antisymmetry of p;; in the second case, the same conclusion follows
because (z,y) and (y,z) belong to p;. Thus, p is indeed antisymmetric.

We leave it to the reader to prove the transitivity of p. Thus, p is a partial
order that includes “<” and the arbitrary chain R has an upper bound. By
Zorn’s lemma the poset (PORD(S, <), C) has a maximal element <’. We now
prove that <’ is a total order.

Suppose that (u,v) and (v,u) are two distinct ordered pairs of elements
of S such that u €’ v and v £ u. We show that this supposition leads to a
contradiction.

Let <j be the relation on S given by

<1 ={(x,y) € Sx S |z <"y u{(u,0)}
U{(z,v) € S x {v} | 2 <" v} U{(u,t) € {u} xS | u<'t}

Since 15 C <’ C <4, it follows that <; is reflexive.
To prove the antisymmetry of <, suppose that p <; ¢ and g <; p. Since

v £ u, it follows that (p,q) # (u,v). Thus, the following cases may occur:

(i) If p < g and ¢ <’ p, then p = ¢ by the antisymmetry of <'.

(ii) If p = u, we have u <; ¢ and ¢ <y u. By the definition of <;, this implies
u <’ ¢ and g <’ u, respectively, so ¢ = u = p.

(iii) If ¢ = v, we have p <y v and v <y p, which imply p <" v and v <’ p,
respectively. Thus, p = v = q.

We leave the proof of transitivity for “<;” to the reader.
Note that <’ is strictly included in <; because u £’ v. This contradicts

the maximality of the partial order <’, so <’ must be a total order. 0O

Ezample 4.104. Consider the poset (N5, <) introduced in Example 4.78. The
posets (N5, <;), where 1 < i < 3 whose Hasse diagrams are shown in Fig-

ure 4.9(a)—(c) are such that < C <; and <; is a total order for 1 < ¢ < 3.
Also, it is easy to see that we have actually < = <; N <j.
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1 1 1
Y Y z
T z )
z x x
0 0 0

(a) (b) (c)

Fig. 4.9. Hasse diagrams of three total orders on the set {0,z,vy, z,1}.

Corollary 4.105. Let (S, <) be a poset and let x and y be two incomparable
elements in (S,<). There exists a total order <’ on S that extends < such
that x <"y and a total order <" that extends < such that y <" x.

Proof. This statement follows immediately from Szpilrajn’s theorem. 0O

4.11 Locally Finite Posets and Mobius Functions

Definition 4.106. Let (S, <) be a poset and let x,y € S be such that x < y.
The closed interval of (S, <) defined by x,y is the set

[z,y] ={te S |z <t <y}

In addition, we define the open interval (x,y) as
(r,y)={teS|x<t<y}

and the semiclosed (or semiopen) intervals [z,y) and (z,y] by

[x,y)={teS | xz<t<uy},
(,yl={tes | z<t<y}

respectively.
Note that if z = y, then [z, z] = {z}, while (x,z) = 0.

Definition 4.107. A poset (S, <) is locally finite if every closed interval of
(S, <) is finite.

Ezample 4.108. The poset (N, <) is locally finite. Indeed, if [p, ¢] is a closed
interval of this poset, then [p, ¢| is a finite set that consists of ¢ —p+ 1 natural
numbers.
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Ezample 4.109. The poset (N, ) introduced in Example 1.29 is locally finite.
Indeed, if p divides ¢, then [p,q| is a finite set that contain all multiples of
p that divide ¢. For example, the closed interval [2,12] contains the numbers
2,4,6 and 12.

Let (S, <) be alocally finite poset and let A(S, <) be the set of all functions
of the form f:S x S — R such that £ y implies f(x,y) =0 for z,y € S.
We refer to A(S, <) as the incidence algebra of the poset (S, <).

Note that if f € A(S,<) and > y or z || y, then f(x,y) =0.

Definition 4.110. Let (S, <) be a locally finite poset and let f,g € A(S, <)
be two functions. Their convolution product is the function h: S xS — R

defined by
h(z,y) = {Zze[z,y] flz,2)g(zy) ifz <y,

0 otherwise,
for x,y € S. The function h will be denoted by f * g.

Lemma 4.111. The operation x is well-defined on the set A(S,<); further,
“” is associative on A(S, <) and has the Kronecker function k defined by

k(z,y) = {1 ifx:y

0 otherwise,
forx,y € S as its unit element.

Proof. Suppose that h = fxg, where f, g € A(S,<). If x £ y, then h(x,y) =0,
so h € A(S, <).

Let e, f, g be three functions of A(S, <). We claim that (ex f)xg = ex(f*g).
Suppose that < z. Then, we have

(ex f)xg)(z,2) = D (ex f)(wy)g(y.=)

y€[z,z2]

SN Y e@wuwfuy) | gly.2)

yE€lz,z] \u€(z,y]

= > > el u)f(uygy, )

y€[z,2] uelz,y]

> e 9)9(y, )

yElz,z] u€(z,z]
(because if u > y we have f(u,y) =0)

Z > el )9y, ).

u€(z,z) y€z,z]
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On the other hand, we can write

(ex (frg))(z,2) = Y elw,u)(f*g)(u,z)

u€z,z)

> elwu) Y fluy)gly,2)

u€|r,z] y€lu,z]

> oelwu) Y fwy)gy, 2),

u€E(x,z) y€lz,z]

(because if u > y we have f(u,y) =0)

for x,z € S, which shows that * is associative.
If f e A(S,<) and = <y, then we can write

(fxk)(x,y) = foz (z,9)

z€[z,y]

= f(m,y)

for z,y € S. Thus, f*xk = f. A similar argument shows that k x f = f. This
allows us to conclude that k is indeed the unit with respect to the % operation.
0

Let 3(S,<) = {[z,y] | #,y € S and z < y} U {0} be the set of intervals
of the poset (S5, <) to which we add the empty set. A useful point of view
(see [128]) is to regard the incidence algebra of (S, <) as consisting of formal
sums of the form > {f(z,y)-[z,y] | [z,y] € I(S, <)—{0}}. Define the product
of two intervals as

1] otherwise.

ot - {0

Further, we assume that the product of formal sums is distributive with re-
spect to addition of these sums. Let f,g € A(S, <) be two functions and let
f and g be their corresponding formal sums,

f: Z{f($7y) ’ [:E,y] | [x,y] €J(s, S)},
Z{g(u,v) : [uvv} ‘ [ua v] € J(Sa S)}

Then, it is immediate that

g

> ey, 2)lx, 2,

e<y<z

so the usual product of the formal sums f g corresponds to the convolution
product of f and g.
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Theorem 4.112. Let (S, <) be a locally finite poset. A function f € A(S, <)
has an inverse relative to the operation * if and only if f(x,x) # 0 for every
rxeS.

Proof. Suppose that there exists an inverse f’ of f (that is, f* f' = f'* f = k)
which yields (f * f')(x,2) = k(z,z) = 1 for every x. Since (f % f')(z,z) =
> cefwa) [ (@, 2)f (2,2) = fz,2) f'(x,2), it follows that f(z,z) # 0.

To prove the converse implication, we first show the existence of a left
inverse of f; that is, a function f’: S x S — R such that f'* f = k. For z < v,
we must have - ... f'(z,2)f(2,y) = k(z, y). This implies f'(z,z)f(z,z) =
Land 3 cp, 1 f'(2,2) f(2,9) = 0 if  # y. Thus, we must have

1

Flo5) = oy (13)
/ _ _; /
fz,y) = 70 ze%;y)f (,2)f(2,9), (4.4)
when z < y and
f(z,y) =0,

when = £ y. Equalities (4.3) and (4.4) give an inductive definition of f
because the poset (S, <) is locally finite.
To verify that f’ is a left inverse of f, suppose that x < y. Then,

> P 2)f(zy)

z€[z,y]

> P2 f(zy) + @,y f(yy) = 0.

z€[zy)

(f" = ), y)

If x =y, then (f'* f)(y,y) = 1 and = £ y implies (f"* f)(z,y) = 0. Therefore,
f'*f=k

The function f is also a right inverse of f. Let h = f x f’. We have shown
above that every function of A(S, <) has a left inverse, so let A’ be the left
inverse of h. Thus, we have fx*f' = h = kxh = (h/sxh)xh = h/*(fxf")«(fxf") =
hox fxk*f =h xfx*f =h xh =k, which proves that f’ is also a right
inverse of f. Thus, f’ is the inverse of f. O

If the inverse of f € A(S, <) exists, we will denote it by the common
notation f~!.

Corollary 4.113. Let (S, <) be a locally finite poset and let IA(S, <) be the
set of invertible functions of A(S,<). Then (JA(S, <), {k,*, ~1}) is a group.

Proof. This is a mere restatement of Theorem 4.112. O
Let (S, <) be a locally finite poset and let ¢ : S x .S — R be the Riemann
function defined by
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C(z,y) = {1 o<y,

0 otherwise,

for z,y € S. Clearly, ¢ € A(S,<), so the function (~! exists by Corol-
lary 4.113. This inverse, known as the Mdbius function, is denoted by p and
its values can be computed from Equalities (4.3) and (4.4) as

1
wnt) = oy = b
pla,y) == > e, 2)((2y)
z€[x,y)
== Y ),
z€[x,y)

for x < y; for £ y, we have p(z,y) = 0.
The special role played by p is discussed next.

Theorem 4.114 (Mobius Inversion Theorem). Let (S, <) be a locally
finite poset that has the least element 0. If f,g : S — R are two real-valued

functions such that
o) = S ),

0<z<wz
then
f@)= > g(z)ulz x)
0<z<wz
forxz e S.

Proof. Starting from the functions f, g :.S — R, define the functions F, G €
A(S, <) by

F(0,2) = f(z),G(0,2) = g(z)

F(u,z) = G(u,z) =0, if u > 0.

The equality g(z) = Y <, <, f(2) can be written as

G(0,z) = Z F(0,2)¢(z,x),

0<z<z

where ( is Riemann’s function. We also have G(u,z) =3, -, -, F(u, 2)((2, z)
for u > 0 because in this case G(u,z) =0 and F(u,z) = 0. Thus, G = F = (.
Since p is the inverse of ¢ in JA(S, <), it follows that F' = G* . Consequently,

f(x) = F(0,x)
= Z G(0,2)u(z, x)

0<z<z

Y 9(@uz ),

0<z<z
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which is the desired equality. O

Now let (S,<) be a poset that has the greatest element 1. By applying
the Mébius inversion theorem to its dual (S,<71!) = (S,>) we obtain the
following dual form of the theorem.

Theorem 4.115 (M6bius Dual Inversion Theorem). Let (S, <) be a lo-
cally finite poset that has the greatest element 1. If f,g : S — R are two
real-valued functions such that

> )

r<z<1
then
fl@)y= > g(z)u(z )
r<z<1
forxz e S.

Proof. This statement follows immediately from Theorem 4.114. O

Ezxample 4.116. Let M be a finite set and let (P(M), C) be the poset of all its
subsets. The Mobius function of this poset is given by

(A.B) = (—1)IBI=IALif A C B,
P2 = 0 otherwise,

for A, B € P(M).

Let A, B € P(M) be such that A C B. We shall prove that u(A, B) =
(—1)!BI=141 by induction on n = |B| — |A|.

In the basis case n = 0, so A = B, which implies u(A, B) = 1, thus
verifying the equality above. Suppose that the equality holds for sets that
differ by fewer than n elements and that |B|—|A| = n. Then, by the definition
of the Mobius function, we have

HLA?ED - = EE: H(A,C»,

C€[A,B)

= 3 (-pei-al

C€[A,B)

Note that there are 2™ — 1 sets C' in [A4, B). Namely, there are (Z) sets C' such
that |C| — |A| = k. Therefore,

T ()il = 3 g = gn (Z)

C€[A,B)

Choosing © = —1 in the identity
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o5 0

implies 0 = >, (%) (—1)*, which yields the equality

; (7) -0 = o

Thus, (A, B) = (—=1)"*2 = (=1)" = (=1)IBI-14],

Exercises and Supplements

1.

2.

10.

Define the relation < on the set N” by (p1,...,pn) < (q1,--+,¢n) if pi < ¢;
for 1 <i < n. Prove that (N", <) is a partially ordered set.

Let S and T be two sets and let C be the relation on S ~ T defined by
f Egif Dom(f) € Dom(g) and f(s) = g(s) for every s € Dom(f). Prove
that C is a partial order on S~ T.

Prove that a binary relation p on a set S is a strict partial order on §' if
and only if it is irreflexive, transitive, and antisymmetric.

Let (S, <) be a poset. An order ideal is a subset I of S such that z € I
and y < z implies y € I. If I(S, <) is the collection of order ideals of
(S, <), prove that X C J(S, <) implies (K € I(5, <). Further, argue that
S eJ(S,<).

Let (S, <) be a poset. An order filter is a subset F' of S such that = € F
and y > x implies y € F. If F(S, <) is the collection of order filters of
(S, <), prove that X C F(S, <) implies (X € F(S5, <). Further, show that
S e J(S, <).

Let (S, <) be a finite poset. Prove that S contains at least one maximal
and at least one minimal element.

Let (S,<) be a finite poset, where S = {z1,...,x,}. Construct the se-
quence of posets ((S1,<1), (52, <s2),...) as follows. Let (S, <1) = (5, <).
For 1 < ¢ < n, choose z,, to be the first element of S; in the sequence
s = (z1,...,xy,) that is minimal in (S;, <). Define S;11 = S; — {z,, } and
<it1=<; N (Siz1 % Si+1). Prove that the sequence (xp,,...,p,) is a
total order on S that extends the partial order <.

Let S be an infinite set and let (€, C) be the partially ordered set of its
cofinite sets. Prove that for every U,V € € both sup{U, V} and inf{U, V'}
exist.

Does the poset of partial functions (S ~» T,C) introduced in Exercise 2
have a least element?

Let (S, <) be a poset and let U and V be two subsets of S such that
U C V. Prove that if both supU and sup V' exist, then supU < sup V.
Prove that if both inf U and inf V' exist, then inf V < inf U.



11.

12.

13.

14.

15.

16.
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Prove that the Completeness Axiom of R implies that for any positive real
numbers z,y there exists n € N such that nz > y (Archimedes’s property
of R).

Suppose that S and T are subsets of R that are bounded above. Prove
that S UT is bounded above and sup S UT = max{sup S,sup7'}.

Let m and o be two partitions of a finite set S. Prove that |r| + |o| <
T Ao+ |TVal

Prove that if 7 is a partition of a set S and |r| = k, then there are (g)
partitions that cover 7.

Let (S, <) be a poset. Prove that if a chain in S has at most p elements
and an antichain has at most ¢ elements, then |S| < pq.

Let (S, <) be a poset. Prove that (S, <) is a chain if and only if for every
subset T of S both sup T and inf 7" exist and {sup T,inf T’} C T

Let (S, <) be a poset. A realizer of (S,<) is a family of total orders on S,
R ={<;| i € I} such that

<=({<:ilierl}.

If (S,<) is a finite poset, the dimension of (S, <) is the smallest size d of
a realizer of (S5, <). The dimension of a finite poset (5, <) is denoted by
dim(S, <).

17.

18.

Let S = {z1,...,2,} be a finite set. Prove that the discrete partial order
tg on S has dimension 2.

Solution: Consider the total order <;= TO(z1,...,x,) and its dual
<o= TO(xy,...,x2,21). Note that (z,2') €<; N <y if and only if x = 2/;
that is, if and only if (z,2') € tg.

Let (S,, <) be the poset whose Hasse diagram is given in Figure 4.10,
where S, = {z1,...,Zn,v1,...,2n}. This poset was introduced in [43]
and is known as the standard example. Prove that dim(S,,<) = n.

Fig. 4.10. The Hasse diagram of the standard example.
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19.

20.

21.

22.

23.

24.
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Consider the poset (T4, <), whose Hasse diagram is given in Fig-
ure 4.11. The set Tj,,,, consists of three sets of pairwise incompa-
rable elements {zi1,...,2p}, {u1,...,un}, and {wq,...,wy} such that
zi < uj < wp forevery 1 <4 <p, 1< j<m,andl <k < g
Prove that if at least one of the numbers p, m, ¢ is greater than 1, then

z1 ) Z3 Zp

Fig. 4.11. Hasse diagram of the poset T, p,q-

dim(Ty m.q, <) = 2.

Prove that the set of partial order relations on a set S is a closure system

on the set S x S.

Prove that the transitive closure of an acyclic relation is a strict partial

order.

Let K be a closure operator on a set .S. Prove the following statements:

a) if U € Ck and X C U C K(X), then K(X) = U;

b) K(X)NK(Y) 2 K(XNY);

¢) K(X)nK(Y) € Ck,

for X,Y € P(9).

Let S and T be two sets and let f : S — T be a function. Suppose that

K and L are two closure operators on S and T, respectively, such that

if V € Cr, then f~1(V) € Ck. Prove that, for every W € €, we have

S—fHT-W) e Ck.

Let K be a closure operator on a set S. For U € P(5), define the K-border

of the set U as 0k (U) = K(U)NK(S —U). Let S and T be two sets and

let K, L be two closure operators on S and 7', respectively.

a) Prove that if f~'(K(V)) = L(f~*(V)) for every V € P(T), then
f7Hou(V)) = ok (f~H(V)).

b) Now let f : S — T be a bijection such that both f~}(K(V)) =
L(f~1(V)) for every V € P(T) and f(K(U)) = L(f(U)) for every
U € P(S). Prove that ok (f~1(V)) = f~1(0n(V)) and aL(f(U)) =
f(Ox(U)) for U € P(S) and V € P(T).
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26.

27.

28.

29.

30.

Exercises and Supplements 171

Prove that if {(S;,<;) | 1 <i < n} is a family of totally ordered posets,
then the lexicographic product (S7 X - -+ x S, <) is a total order.
Let (S1,<7) and (S2,<3) be two posets and let f : S; — Sy be a
monotonic mapping. Prove that if Sy has a least element 0, then f~1(0)
is an order filter of S, and if S, has a greatest element 1, then f~1(1) is
an order ideal of S;.
Let (S,<) be a poset. Define the mapping f< : S — P(S) by f<(x) =
{fyesS|z<yh
a) Prove that f< is an antimonotonic mapping between the posets (.5, <)
and (P(9), C).
b) If C'is a chain in (S, <), prove that f<(C) is a chain in (P(5), C).
¢) Let (S, <) and (S, <’) be two posets defined on the set S. Prove that
f<n</ () = f<(z) N f</(z) for every x € S.

In the proof of Szpilrajn’s theorem, we introduced the set of partial or-
ders that extend the partial order “<”. The inclusion between relations
defines a partial order on PORD(S, <). We saw that the maximal ele-
ments of PORD(S, <) are total orders on S and that the least element of
PORD(S, <) is the relation < itself.
Let (S, <) be a poset. Prove that there exists a collection of total orders
{<i] i € I} on S such that <=(,.; <

Solution: If < is itself a total order, then the desired collection of total
orders consists of < itself. Suppose therefore that < is not total, and let
INC(S, <) be the set of all pairs of incomparable elements of (5, <).

For each pair (z,y) € INC(S, <), consider the total orders </, and <7,
that extend < such that x </, ey yandy < < y - Clearly,

<C ({<hy N <l | (2,y) € INC(S, <)}

Suppose that (<, N <7, | (v,y) € INC(S, <)} contains a pair of el-
ements (7, s)INC(S, <) Then, we have both r </ . s and r <”_ s. Since
s <! r, this would imply r = s by the antisymmetry of </.. This, how-
ever, contradicts the incomparability of (r, s) in (5, <). Thus, for any pair
(u,v) € ({<hy N <4, | (2,y) € INC(S, <)}, we have u < v or v < u,
which shows that

<= <k N <ty | (ey) € INC(S, <)}

Let S be a finite set. Prove that the poset (Seq(S), <iny), where <;,,¢ is

the partial order introduced in Example 4.6, is locally finite.

Let ¢ : S xS — R be the Riemann function of a locally finite poset

(S,<), and let ¢*¥ be the product ¢ * ¢ * --- * ¢, which contains k zeta

factors, where k € N. Prove that:

a) (*(z,y) = |[z,y]| if z <.

b) ¢¥(x,y) gives the number of multichains of length & that can be in-
terpolated between x and y.
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31. Prove that the Mdobius function of the poset (N, ), is given by

1 if n is a product of an even number of distinct primes,
u(n) =< —1 if nis a product of an odd number of distinct primes,

0 otherwise,

for n € N.
32. If p is the M6bius function of the poset (N, d) prove that

1 ifn=1
m m,n) €40} = ’
Z{M( )1 ) } {0 otherwise.
Solution: For n = 1, the equality is immediate. Suppose that n > 1.
Only numbers m that are products of distinct prime numbers contribute
to the sum Y {p(m) | (m,n) € 6}. If n = p{* ---pl, then this sum equals

Yico (2)(_1)1 =0.
Bibliographical Comments
There is a vast body of literature dealing with posets and their applications

and a substantial number of references that focus on combinatorial study of
posets. Among these we mention [135, 136, 128, 138].
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Lattices and Boolean Algebras

5.1 Introduction

Lattices can be defined either as special partially ordered sets or as algebras.
In this chapter, we present both definitions and show their equivalence. We
study several special classes of lattices: modular and distributive lattices and
complete lattices. The last part of the chapter is dedicated to Boolean algebras
and Boolean functions and to their applications in data mining.

5.2 Lattices as Partially Ordered Sets and Algebras

We begin with a simple algebraic structure.

Definition 5.1. A semilattice is a semigroup 8 = (S, {*}) such that s*s = s
and s xt =1t xs for all s,t € S.

In other words, 8 = (S, {x}) is a semilattice i
idempotent operation.

Wy
K

is a commutative and

Ezample 5.2. Let * be the binary operation on the set Ny of positive natural
numbers defined by n % p = ged(n, p). In Example 2.12, we saw that * is an
associative operation. Since ged(n, p) = ged(p, n) and ged(n,n) = n for every
n € N, it follows that (Ny, {*}) is indeed a semilattice.

It is easy to see that (N, {lem}) is also a semilattice.

Theorem 5.3. Let § = (S, {x}) be a semilattice. The relation x <y defined
by x = x xy for xz,y € S is a partial order on S. Further, inf{u,v} in the
partially ordered set (S, <) exists for all u,v € S and u* v = inf{u,y}.

Proof. The idempotency of %, x = x * x implies x < x for every x € S; that
is, the reflexivity of <.

Suppose that © < y and y < z; that is, z = z %y and y = y *x x. The
commutativity of * implies that = y, so * is antisymmetric.

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_5, (© Springer-Verlag London Limited 2008
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Now let z,y, z be three elements of S such that x <y and y < z, that is,
r=uxx*xy and y =y * z. We can write

Tkz=(T*yY)*z
=z (y*2)
(due to the associativity of )

=T *Y,

which proves that < z. Thus, < is transitive, so it is a partial order on S.
Let v and v be two arbitrary elements of S. Note that u * v < u and
v * v < u because

(usv)ku=ux*(u*xv)=(uxu)xv=1u*v

and
(uxv)xv=ux(v*xv)=ux*uv.

Thus, u * v is a lower bound of the set {u,v}. Suppose now that w is an
arbitrary lower bound of {u,v}, that is, w = w * v and w = w * v. We have
w* (u*v) = (w*u)*v = ws*v = w, which proves that w < wx*wv. This allows
us to conclude that u * v is indeed the largest lower bound of {u,v}; that is,
uxv =inf{u,v}. O

We also need the following converse result.

Theorem 5.4. Let (S, <) be a partially ordered set such that inf{u,v} ewxists
for all u,v € S. If * is the operation defined by u* v = inf{u, v} for u,v € S,
then (S, {x}) is a semilattice.

Proof. Tt is immediate that % is an idempotent and commutative operation.
We prove here only its associativity.
Let t,u,v be three elements of S and let p, ¢ be defined by

p = inf{¢, inf{u,v}},
q = inf{inf{t,u},v}.

By the definition of infimum, we have p < t and p < inf{u, v}, so p < u and
p < w. Since p < t and p < u, we have p < inf{¢,u}. This inequality together
with p < v implies p < inf{inf{t, u}, v}, so p < q.

By the same definition of infimum, we have ¢ < inf{t,u} and ¢ > wv.
The first inequality implies ¢ < ¢t and ¢ < w. Thus, ¢ < inf{u,v}; together
with ¢ < t, these inequalities allow us to write ¢ < inf{¢,inf{u,v}} = p. We
conclude that p = ¢, which shows that * is indeed an associative operation.
O

The next statement is closely related to the previous theorem.

Theorem 5.5. Let (S, <) be a partially ordered set such that sup{u,v} exists
for all u,v € S. If % is the operation defined by u*v = sup{u,v} for u,v € S,
then (S, {x}) is a semilattice.
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Proof. This statement follows from Theorem 5.4 by duality. O

Ezample 5.6. The partially ordered sets (P, <) and (Q, <), whose Hasse di-
agrams are given in Figure 5.1, are semilattices because sup{u,v} exists for
any pair of elements in each of these sets. The operation * is described by the
the following table.

(P, x)|abc|l|(Q,%)|zy 2z
a laccell z |zyz
b lebell v |yyz
¢ lecell z |zzz

(a) (b)
Fig. 5.1. Hasse diagrams of the posets (P, <) and (Q, <).

Ezample 5.7. Let S be a set and let (Seq(S), <pres) be the poset introduced
in Example 4.6. We will prove that this is a semilattice by verifying that
inf{u, v} exists for any sequences u,v € Seq(S).

Note that any two sequences have at least the null sequence A as a common
prefix. If t and s are common prefixes of u and v, then either t is a prefix of
s or vice-versa. Thus, the finite set of common prefixes of u and v is totally
ordered by “<,,.;” and therefore it has a largest element z. The sequence
z is the longest common prefix of the sequences u and v. It is clear that
z = inf{u, v} in the poset (Seq(S), <pres)-

We will denote the result of the semilattice operation introduced here,
which associates with u and v their longest common prefix, by lep(u, v).

The associativity of this operation can be written as

lep(u, lep(v, w)) = lep(lep(u, v), w) (5.1)
for all sequences u, v, w € Seq(S).

A useful property of the semilattice (Seq(S),lcp) introduced in Exam-
ple 5.7 is given next.
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Theorem 5.8. Let S be a set and let u, v, w be three sequences in Seq(S).
Then, at most two of the sequences lep(u, v), lep(v, w), lep(w, w) are distinct.
The common value of two of these sequences is a prefix of the third sequence.

Proof. Let t = lep(u, v), r = lep(v, w), and s = lep(w, u). Note that any two
of the sequences t, r, s are prefixes of the same sequence. Therefore, they form
a chain in the poset (Seq(S), <pres)-

Suppose, for example, that t <,..; r <,,.cr s. Observe that r is a prefix of
v because it is a prefix of s. Thus, r is a prefix of both u and v. Since t is the
longest common prefix of u and v, it follows that r is a prefix of t, so r = t.

The remaining five cases that correspond to the remaining permutation of
the sequences t,r, and s can be treated in a similar manner. 0O

Theorems 5.4 and 5.5 show that, in principle, a partial order relation on a
set S may induce two semilattice structures on S. Traditionally, the semilattice
(S, %) has been referred to as the meet semilattice, while (S,x) is called the
join semilattice, and the operations “x” and “x” are denoted by “A” and “V”,
respectively. This is a notation that we will use from now on.

Definition 5.9. Let §; = (S1,{A}) and S5 = (S2,{A}) be two semilattices.
A morphism h from 81 to 82 is a function h : S; — So such that h(z Ny) =
h(z) A h(y) for xz,y € Sy.

The semilattices 81 and 8o are isomorphic if there exist two bijective mor-
phisms h : S1 — Sy and h' : S — Sy that are inverse to each other.

A semilattice morphism is a monotonic function between the partially
ordered sets (S1,<) and (S2,<). Indeed, suppose that z,y € Sy such that
z < y, which is equivalent to x = = A y. Since h is a morphism, we have
h(z) = h(z) A h(y), so h(z) < h(y). The converse is not true; a monotonic
function between the posets (51, <) and (S, <) is not necessarily a semilattice

morphism, as the next example shows.

Ezample 5.10. Let (P, {x}) and (Q, {*}) be the semilattices defined in Exam-
ple 5.6. The function f : P — @ given by f(a) =z, f(b) =y, and f(c) = z is
clearly monotonic, and it is even a bijection. However, it fails to be a semilat-
tice morphism because f(axb) = f(¢) = z, while f(a)x f(b) =xxy =y # 2.

However, we have the following theorem.

Theorem 5.11. Let 81 = (S1,{A}) and 82 = (S2,{A}) be two semilattices.
81 and 85 are isomorphic if and only if there exists a bijection h : S — So
such that both h and h™! are monotonic.

Proof. Suppose that h : S; — S is a bijection such that both h and h~! are
monotonic functions, and let x and y be two elements of .S;. Since xAy < x and
xAy <y, we have h(xAy) < h(x) and h(xAy) < h(y), so h(xAy) < h(z)Ah(y).
We further prove that h(x A y) is the infimum of h(z) and h(y).
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Let u € Sy such that v < h(x) A h(y), so u < h(z) and v < h(y). Equiv-
alently, we have h=!(u) < z and h~!(u) < y, which implies h=1(u) < z A y.
Therefore, u < h(x A y), which allows us to conclude that h(z) A h(y) =
inf{h(x),h(y)} = h(z Ay), so h is indeed a morphism. Similarly, one can
prove that ="' is also a morphism, so 8; and 8, are isomorphic.

Conversely, if 81 and 85 are isomorphic and h : S — Sy and I/ : So —
S1 are morphisms that are inverse to each other, then they are clearly inverse
monotonic mapping. 0O

A structure that combines the properties of join and meet semilattices is
introduced next.

Definition 5.12. A lattice is an algebra of type (2,2), that is, an algebra
L = (L, {A,V}) such that A and V are both idempotent, commutative, and
associative operations and the equalities (known as absorption laws)

zV(xAy)=x,zAN(xVy) ==z

are satisfied for every x,y € L.

Observe that if (L, {A,V}) is a lattice, then both (L,{A}) and (L, {V})
are semilattices. Thus, by Theorem 5.3, both operations induce partial order
relations on L. Let us denote these operations temporarily by “<” and “<'”,
respectively. In other words, we have z < yifz = x Ay and v <" vifu =uVo.

The absorption laws that link together the operations A and V imply that
the two partial orders are dual to each other. Indeed, suppose that x < y,
that is, x =  A'y. Then, since y Va =y V (y Az) =y, we have y <" x. We
usually use the partial order < on the lattice (L, {A, V}).

If (L,{A,V}) is a lattice, then for every finite, nonempty subset K of L,
inf K and sup K exist, as it can be shown by induction on n = |K|, where
n > 1 (see Exercise 2). Moreover, if K = {x1,...,2,}, then

inf K =x1 Axg A+ Ay,
supK =z Vaa V-V,

Ezample 5.13. Let S be a set. The algebra (P(S),{N,U}) is a lattice. Also, if
P£(S) is the set of all finite subsets of S, then (Pf(S),{N,U}) is also a lattice.

Ezample 5.14. The posets My and N5 from Example 4.78 are both lattices.
Indeed, the operations A and V for the first poset is given by the following
table.

(M5,A)[0abcl||(Ms,V)0abcl
0 00000 0 [Dabel

a 0a00a a aalll
b 00b0ObD b bl1b1l1
c 000cc c cllel
1 Oabel 1 11611
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The similar operations for N5 are given next.

(N5, N)|0zy z 1||(N5,V)|0zy 21
0 00000 0 [Dxyzl
z [0xzz0x z |zxyll
y [0zy0yl| vy |yyyll
z 1000zz z |zl11z1
1 [0zyll 1 (11111

Ezample 5.15. The poset of partitions of a finite set (PART(S), <) introduced
in Example 4.3 is a lattice. Indeed, we saw in Section 4.8 that for every two
partitions 7, o, both inf{m, o} and sup{m, o} exist.

Ezxample 5.16. Consider the set N x N and the partial order < on this set
defined by (p,q) < (m,n) if p < m and ¢ < n. Then inf{(u,v), (z,y)} =
(minf{w, 2}, min{v, y}) and sup{(u,v), (z,y)} = (max{u, 2}, max{v, y}).

Theorem 5.17. Let (L,{A,V}) be a lattice. If x <y and u < v, then x Au <
yAv and xVu < yVo (compatibility of the lattice operations with the partial
order).

Proof. Note that x < y is equivalent to x = x Ay and to y = x V y. Similarly,
u < v is equivalent to u = u A v and to v = u V v. Therefore, we can write

(Au)A(YAv)=(xAYy)AN(uAv)=2Au,

so z Au < y Awv. The proof of the second inequality is similar. O

Let (L,{A,V}) be a lattice. If the poset (L, <) has the largest element 1,
then we have 1Nz = x Al =z and 1Vz = V1 = z If the poset has
the least element 0, then 0OAx =2 A0=0and 0V z =2V 0 = z. In other
words, if a lattice has a largest element 1, then 1 is a unit with respect to the
A operation; similarly, if the least element exists, then it plays the role of a
unit with respect to V.

Let K and H be two finite subsets of L, where (L,{A,V}) is a lattice. If
K C H, then it is easy to see that sup K < sup H and that inf K > inf H.
Since @ C H for every set H, by choosing H = {z} for some z € L, it is clear
that if a lattice has the least element 0 and the greatest element 1, then we
can define sup ) = 0 and inf () = 1.

Definition 5.18. A lattice (L,{A,V}) is bounded if the poset (L, <) has the
least element and the greatest element 1.

If a lattice (L, {A, V}) is bounded, then every finite subset of L (including the
empty set) is bounded.

If L = (L,{A,V}) is a finite lattice, then L is bounded. Indeed, since both
sup L and inf L exist, it follows that sup L is the greatest element and inf L is
the least element of L, respectively.
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Definition 5.19. Let L1 = (L1, A, V) and Ly = (L2, A, V) be two lattices. A
morphism h from L1 to Lo is a function h : L1 — Lo such that h(x Ny) =
h(z) Ah(y) and h(z VvV y) = h(x) V h(y) for every x,y € L.

A lattice isomorphism is a bijective lattice morphism.

A counterpart of Theorem 5.11 characterizes isomorphic lattices.

Theorem 5.20. Let L1 = (L1, {A,V}) and Lo = (Lo, {N\,V}) be two lattices.
L1 and Lo are isomorphic if and only if there exists a bijection h : L1 — Lo
such that both h and h™' are monotonic.

Proof. The proof is similar to the proof of Theorem 5.11; we leave the argu-
ment to the reader as an exercise. O

Definition 5.21. Let L = (L,{A,V}) be a lattice. A sublattice of L is a
subset K of L that is closed with respect to the lattice operations. In other
words, for every x,y € K, we have both x ANy € K and xVy € K.

Note that if K is a sublattice of £, then the pair X = (K, {A, V}) is itself
a lattice. We use the term “sublattice” to designate both the set K and the
lattice K when there is no risk of confusion. For example, if K and K’ are
two sublattices of a lattice L and f : K — K’ is a morphism between the
lattices K = (K, {A, V}) and X' = (K',{A, V}), we designate f as a morphism
between K and K'.

Ezample 5.22. Let L = (L,{A,V}) be a lattice and let a and b be a pair of
elements of L. The interval [a,b] is the set

{rel|a<axz<b}.

Clearly, an interval [a,b] is nonempty if and only if @ < b. Each such set is a
sublattice. Indeed, if [a, b] = ), then () is clearly a sublattice.

Suppose that z,y € [a,b]; that is, a < 2 < b and a < y < b. Due to
the compatibility of the lattice operations with the partial order, we obtain
immediately a < x Ay <band a < xVy <D, so [a,b] is a sublattice in all
cases.

Ezample 5.23. Let [a,b] be a nonempty interval of a lattice L = (L, {A, V}).
The function h : L — [a,b] defined by h(z) = (z V a) A b is a surjective
morphism between L and the lattice ([a, ], {A, V}) because

ha Ay) = ((zAy)Va)A

((z /\(y\/a))/\b
((xVa)Ab)A((yVa)) Ab))
h(z) A h(y)

Ay
Va
Va
) A

)
)
)
Ah
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and
hzVy)=(zVy)Va)A
:((m\/a)\/(y\/a))/\b
= ((zVva)Ab)V((yVa))Ab))
= h(z) vV h(y)
for x,y € B.

The elements a and b are invariant under h. Indeed, we have h(a) = a
because h(a) = (aVa)Ab =aAb = aand h(b) = (bVa)Ab = b by
absorption. Moreover, this property is shared by every member of the interval
[a, b] because we can write

h(h(z)) = h((x V a) Ab) = h(z V a) A h(b)

= (h(z) V h(a)) A h(D) = (h(z) Va) AD
(((xvVa)Ab)Va)AD
= (
= (

a)\N(bVa)Ab

TV
xVa)ANb=h(z)

for € B. We refer to h as the projection of L on the interval [a, b].

5.3 Special Classes of Lattices

Let (L,{A,V}) be a lattice and let u,v,w be three members of L such that
u < w. Since u < u Vv and u < w, it follows that

u < (uVo)Aw. (5.2)
Starting from the inequalities v A w < v < wu Vv and v Aw < w, we have also
vAw < (uVo)Aw. (5.3)

Combining Inequalities (5.2) and (5.3) yields the inequality
uV (vAw) < (uVo)Aw, (5.4)

which is satisfied whenever u < w. This inequality is known as the submodular
iequality.

An important class of lattices is obtained when we replace the submodular
inequality (satisfied by every lattice) with an equality, as follows.

Definition 5.24. A lattice (L,{A,V}) is modular if, for every u,v,w € L,
u < w implies
uV (v Aw) = (uVv)Aw. (5.5)
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Observe that if u = w, Equality (5.5) holds in every lattice. Therefore, it
is sufficient to require that v < w implies v V (v A w) = (v V v) A w for all
u, v, w € L to ensure modularity.

Ezample 5.25. The lattice My introduced in Example 5.14 is modular. Indeed,
suppose that z < z. If u = 0 and w = 1, it is easy to see that Equality (5.5)
is verified. Suppose, for example, that « = a and w = 1. Then, vV (v A w) =
aV(vAl) =aVvand (uVv)Aw = (aVv)Al = aVu for every v € {0,1,a,b,c}.
The remaining cases can be analyzed similarly.

On the other hand, the lattice N5 introduced in the same example is not
modular because we have z <y, tV (z Ay) =2zV0 =2z, and (xVz) Ay =

1Ny =y # .
The special role played by N5 is described next.

Theorem 5.26. A lattice L = (L,{A,V}) is modular if and only if it does
not contain a sublattice isomorphic to Ns.

Proof. Suppose L contains a sublattice K = {to,t1,t2,t3,t4} isomorphic to
N5, and let f : K — Nj5 be an isomorphism. Suppose that f(tp) = 0,
ft) ==, f(ta) =y, f(ts) = z, and f(ts) = 1. Also, let g : N5 — K be the
inverse isomorphism.

Since = < y, g(x) = t1, and g(y
hand, t1 V (t3 A ta) = g(z) V (9(2)
(b V ts) Ao = (9(2) V 9(2)) A g(y) =
shows that L is not modular.

Conversely, suppose that L = (L, {A, V}) is not modular. Then, there exist
three members of L — u, v, w — such that u < w and uV (v Aw) < (uVv) Aw
because L still satisfies the submodular inequality. Observe that the elements
to,...,ts given by:

= to, we have t; < tg. On the other

Y)
9(y)) = gz V (2 ANy)) = g(z) = t1 and
g((z vV 2) Ny) = g(y) = ta2 # t1, which

to =v A\w,
ti=uV (vAw),
to = (u Vo) Aw,
lg = v,

ty = (uVo)Aw

form a sublattice isomorphic to N5. 0O
An important property of modular lattices relates intervals of the form
[a Ab,a] and [b,a V b] for any a,b € L.

Theorem 5.27. Let L = (L,{A,V}) be a modular lattice and let a and b be
two elements. The mappings ¢ : [a Ab,a] — [b,a VvV b] and ¢ : [b,a Vb —
[a A b,a] defined by ¢p(x) = x Vb and Y(y) = y Aa for x € [a Abb] and
y € [a,a V b] are inverse monotonic mappings between the sublattices [a N\ b, b
and [a,a V b].
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Proof. Note that, for a Ab < x < a, we have

(xvb)ANa=zV(bAa)
(since L is modular)

= z(because a A b < x).

Thus, ¥(¢(z)) = x for every = € [a A b,a]. Similarly, one can prove that
o(Y(y)) =y for every y € [b,a V b], which shows that ¢ and 1 are inverse to
each other. The monotonicity is immediate. O

Corollary 5.28. Let L = (L,{A,V}) be a modular lattice and let a and b be
two elements such that a and b cover a ANb. Then aV b covers both a and b.

Proof. Since a covers a A b, the interval [a A b,a] consists of two elements.
Therefore, by Theorem 5.27, the interval [b, a \Vb] also consists of two elements,
so a Vb covers b. A similar argument shows that a V b covers a (starting from
the fact that b covers a A b). O

The property of modular lattices described in Corollary 5.28 allows us to
introduce a generalization of the class of modular lattices.

Definition 5.29. A lattice L = (L, {A, V}) is semimodular, if for every a,b €
L such that both cover a \'b, the same elements are covered by a\V b.

Clearly, every modular lattice is semimodular. The converse is not true,
as the next example shows.

Ezample 5.30. Let (PART(S),{A,V}) the lattice of partitions of the set S =
{1,2,3,4}, whose Hasse diagram is shown in Figure 4.3. By Theorem 4.53,
a partition o covers the partition 7 if and only if there exists a block C of
o that is the union of two blocks B and B’ of m, and every block of o that
is distinct of C' is a block of w. Thus, it is easy to verify that this lattice is
indeed semimodular.

To show that (PART({1,2,3,4}),{A, V}) is not modular, consider the par-
titions

m = {12,3,4},
Ty = {123, 4},
Ty = {14,2,3}.

It is easy to see that the sublattice ag, 71, T2, T3, wg is isomorphic to N5 and
therefore the lattice is not modular.

A more general statement follows.

Theorem 5.31. The partition lattice (PART(S),{N,V}) of a nonempty set
s semimodular.
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Proof. Let m,0 € PART(S) be two partitions such that both cover = A . By
Theorem 4.53, both 7 and ¢ are obtained from 7 A o by fusing two blocks of
this partition. If ¥ Ao = {Bjy, ..., B, }, then there exist three blocks of m A o,
B,, By, By, such that 7 is obtained by fusing B, and B,, and ¢ is obtained
by fusing B, and B,. To simplify the argument we can assume without loss
of generality that p =1, ¢ =2, and r = 3.

The graph G , of the partitions 7 and o is given in Figure 5.2. The blocks
of the partition 7 V o correspond to the connected components of the graph
Gr.o,s0mV o ={ByUByUBs,...,B,}, which covers both 7 and o. Thus,
(PART(S),{A,V}) is semimodular.

By
B1 UBQ\/

Bs /\BQUB:;

Fig. 5.2. The graph G, of 7 and o.

O

Ezample 5.32. Let L = ({0,a,b,¢,d,e,1},{A,V}) be the lattice whose Hasse
diagram is shown in Figure 5.3. This is a semimodular lattice that is not
modular. Indeed, we have a < ¢ but (aVe)Ac=c¢, whileaV (eAc)=a#c.
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Fig. 5.3. Hasse diagram of lattice L = ({0,a,b,¢,d,e, 1}, {A, V}).
Let L = (L,{A,V}) be a lattice and let z,y, z be three elements of L. We
have the inequalities

xAy)V
zVy)

xA(yV2)

—~

T A z), (5.6)
(xV 2). (5.7)

IN IV
>

xV(yAz

Indeed, note that z > x Ay and z > z Az, s0 x > (x Ay) V (z A z). Also,
(yVvz) > (xAy) and (yVz) > (2 Az), which implies (yVz) > (x Ay) V(A z).
Therefore, we conclude that z A (y V z) > (z Ay) V (z A z). The argument for
the second inequality is similar. We refer to Inequalities (5.6) and (5.7) as the
subdistributive inequalities.

The existence of subdistributive inequalities satisfied by every lattice serves
as an introduction to a very important class of lattices, which we define next.

Definition 5.33. A lattice (L,{A,V}) is distributive if

cA(yVz)=(xAy)V(xAz),
xV(yAnz)=(xVy A(zVz),

forx,y,z € L.

In fact, it is sufficient that only one of the equalities of Theorem 5.33 be
satisfied to ensure distributivity. Suppose, for example, that x A (y V 2) =
(x Ay) V(A z) for z,y,z € L. We have
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xV(yAz)=(zV(xA2)V(yAz)
(by absorption)
=zV((xA2)V(yAz))
(by the associativity of V)
=zV((zA2)V(2AY))
(by the commutativity of A)
=zV(zA(xVy))
(by the first distributivity equality)
=zV ((xVy)Az)
(by the commutativity of A)
— @A @V V (V) A2)
(by absorption)
—(@VH) AD)V (V) A2)
(by the commutativity of A)
=@ Vy) AxVz),
(by the first distributivity equality),

which is the second distributivity law. In a similar manner, one could show
that the second distributivity law implies the first law.

Theorem 5.34. Every distributive lattice is modular.

Proof. Let L = (L,{A,V}) be a distributive lattice. Suppose that v < w.
Applying the distributivity, we can write

uV@Aw)= (Vo)A (uVw)
= (u V) Aw,

(because u < w),

which shows that L is modular. 0O

We saw that the lattice N5 is not modular and therefore is not distribu-
tive. The lattice M5 is modular (as we have shown in Example 5.25) but not
distributive. Indeed, note that

aV{bArc)=aV0=a
and
(avVb)A(aVve)=1A1#0.

It is easy to see that every sublattice of a distributive lattice is also distribu-
tive. Thus, a distributive lattice may not contain sublattices isomorphic to
My or Ng. This allows the formulation of a statement for distributive lattices
that is similar to Theorem 5.26.
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Theorem 5.35. A lattice L = (L, {A,V}) is distributive if and only if it does
not contain a sublattice isomorphic to Ms or Ns.

Proof. The necessity of this condition is clear, so we need to prove only that
it is sufficient.

Let £ be a lattice that is not distributive. Then, £ may or may not be
modular. If £ is not modular, then by Theorem 5.26 it contains a sublattice
isomorphic to N5. Therefore, we need to consider only the case where L is
modular but not distributive. We show in this case that £ contains a sublattice
that is isomorphic to Ms.

The nondistributivity of £ implies the existence of z,y, z € L such that

e A(YyVz)>(@Ay)V(xAz), (5.8)
xV(yAz) < (zVy A(xVz). (5.9)

Let u and v be defined by

v=(xAy)V(yAz)V(zAzx)

<
N
<
X
>
0
<

We first prove that v < u.

Note that
TAu
=zA((xVy)A(yVz)A(zVa)) (by the definition of u)
=(@xA(@Vy)AyVz)A(zVae) (by the associativity of A)
=z A(yVz)A(zVz) (by absorption)
=z A(zVax)A(yVz) (by associativity and commutativity of A)
=z A(xVz)A(yVz) (by commutativity of V)
=ax A (yV z) (by absorption).
Also,
r Vo

=zV({(xAy)V(yAz)V(zAx)) (by the definition of v)
=zV((xAy)V(zAz)V(yAz)) (by associativity and commutativity)
=((@Ay)V(@A2)V(zA[YyAz)
(by modularity since (z Ay) V (z A z) < z)
=(xAy)V(xAz)(because c Ay Az < (xAy)V (zAz)).
Thus, by Inequality (5.8), we have x Vv < 2V u, which clearly implies v < u.

Consider now the projections x1,y1, 21 of z,y, z on the interval [v, u] given
by
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1= (@ Au)Vo,y1=WYAu)Vo,z1 = (2 Au)Vo.

It is clear that v < x1,y1,21 < u. We shall prove that {u,z1,y1,21,v} is a
sublattice isomorphic to M5 by showing that

iA1=y Az1=z21Ar1=vandxi1Vy1 =11 V21 =21 VI =u.

We have
1 A Y1
=((x Au) Vo)A ((y Au) Vo) (by the definition of 21 and y;)
=((z Au) A ((y Au) Vo)) Vo (by modularity since v < (y Au) Vo)
= ((x Au) A ((y Vo) Au)) Vo (by modularity since v < u)
= ((z Au)AuA (y Vo)) Vo (by associativity and commutativity of A)
= ((x Au) A (y Vv)) Vo (by absorption)
=@ANyVz)AyV(rAz))) Vo (because x Au=x A (yV z) and

=@ AV ({(yVz)A(xAz)))) Vo (by modularity since y <y V 2)
=(@A(yV(xAz))Vo(sincex Az <yVz)

= (xAz)V(yAz) Vo (by modularity since x < x A 2)

= v (due to the definition of v).

Similar arguments can be used to prove the remaining equalities. 0O

Definition 5.36. Let L = (L,{A,V}) be a bounded lattice that has 0 as its
least element and 1 as its largest element.
The elements x and y are complementary if t ANy =0 and xVy=1.

If x and y are complementary we say that one element is the complement
of the other. Lattices in which every element has a complement are referred
to as complemented lattices.

Ezxample 5.37. The lattice N5 is a complemented lattice. Indeed, x and z are
complementary elements and so are y and z. The lattice M5 is also comple-
mented.

Ezample 5.38. Let S be a set and let (P(S),N,U) be the bounded lattice of
its subsets having () as its first element and S as its last element. Unlike the
lattices mentioned in Example 5.37, a set X € P(5) has a unique complement
S —X.

Ezample 5.39. Let (N U {o0}, <) be the infinite chain of natural numbers ex-
tended by oo. If m,n € NU {oo}, then m A n = min{m,n} and m Vv n =
max{m,n}. Clearly, this is a bounded lattice and no two of elements except
0 and oo are complementary.
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Theorem 5.40. Let L = (L,{A,V}) be a bounded, distributive lattice. For
every element x, there exists at most one complement.

Proof. Let x € L and suppose that both r and s are complements of x; that
is,tAr=0,zVr=1,and x As =0, zVs=1. We can write

r=rAl
=rA(xVs)
=(rAz)V(rAs)
=0V (rAs)

=7rAs,
which implies r < s. Similarly, starting with s, we obtain

s=s5AN1
sA(rVe)
=(sAT)V(sAx)
=(sAr)Vvo0

=SAT,

which implies s < r. Consequently, s =r. 0O

5.4 Complete Lattices

We saw that lattices can be viewed either as algebras or as partially ordered
sets. In this section, we focus on a class of lattices that is important for a
variety of applications using the second point of view.

Definition 5.41. A complete lattice is a poset (L, <) such that for every
subset U of L both supU and inf U exist.

Note that if U and V are two subsets of a complete lattice and U C V,
then sup U < sup V and inf V' <inf U. Therefore, for every subset T" of L, we
have

sup@ <supT < supL and inf L <infT < inf (.

If T is a singleton (that is, 7' = {t}), then these inequalities amount to
supf <t <supL and inf L <t <inf(

for every t € L. This means that a complete lattice has a least element 0 =
sup ) = inf L and a greatest element 1 = inf () = sup L.
For a subset U of the complete lattice, we denote supU by \/ U and inf U

by AU.
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Obviously, every complete lattice is also a lattice since  Vy and x Ay are
sup{z,y} and inf{x, y}, respectively.

The associative properties of the usual lattices can be extended to complete
lattices as follows. Let (L, <) be a complete lattice and let € = {C; | C; C
L for i € I} be a collection of subsets of L. Then,

Ve =VUe

el

ANG=AUe.

iel

Theorem 5.42. Let (L, <) be a poset such that sup U exists for every subset
U of L. Then (L,<) is a complete lattice.

Proof. 1t is sufficient to prove that inf U exists for each subset U of the lattice.
By hypothesis, the set U? of lower bounds of U has a supremum z = sup U.
Every element of U is an upper bound of U?, which means that 2 < u, which
implies that x is a lower bound for U. Thus, z € U*N(U")*, which means that
z=infU. O

Theorem 5.43. If (L, <) is a poset such that inf U exists for every set U,
then (L, <) is a complete lattice.

Proof. This statement follows by duality from Theorem 5.42. O

Ezample 5.44. Let S be a set. The poset of its subsets (P(S), C) is a complete
lattice because, for any collection € of subsets of S, sup € = |JC€ and inf € =

ne.

Ezxample 5.45. Let C be a closure system on a set S and let K be the
corresponding closure operator. Then, (€, C) is a complete lattice because
inf D =D and supD = K (|JD) for any subcollection D of C.

It is clear that inf D exists and equals (D for any subcollection D of €.
We show that K (|JD) equals sup D. It is clear that D C K (|JD). Suppose
now that E is a subset of € that is an upper bound for D, that is, D C E for
every D € D. We have |JD C E, so K(IUD) € K(E) = E because E € C.
Therefore, K (D) is the least upper bound of D.

The notion of a lattice morphism is extended to complete lattices.

Definition 5.46. Let (L1, <) and (La, <) be two complete lattices. A function
f + L1 — Lo is a complete lattice morphism if f(\V/U) = V f(U) and
FNU) =N\ fU) for every subset U of L.

If f is a bijection such that both f and f~! are complete lattice morphisms,
then we say that f is a complete lattice isomorphism.
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Theorem 5.47. Every complete lattice is isomorphic to the lattice of closed
sets of a closure system.

Proof. Let (L,<) be a complete lattice and let I, = {t € L | ¢t < z} for
x € L. We claim that J = {I, | € L} is a closure system on L.

Indeed, note that I; (where 1 is the largest element of L) coincides with
L,so Lel.

Now let {I, | € M} be an arbitrary family of sets in J, where M is a
subset of L. Note that (\{I, | + € M} = I,,, where y = inf M. Thus, J is a
closure system.

It is easy to verify that f : L — J given by f(x) = I, is a complete lattice
isomorphism. O

Definition 5.48. Let (S, <) and (T, <) be two posets. A Galois connection
between S and T is a pair of mappings (¢,v), where ¢ : S — T and ) :
T — S that satisfy the following conditions.

(i) If s1 < 59, then ¢(s2) < ¢(s1) for every s1,s2 € S.

(i) If t1 < ta, then ¢(t2) < @(t1) for every t1,ty € T.
(iii) s < P(P(s)) and t < Pp((t)) forse€ S andt € T.

Ezxample 5.49. Let X and Y be two sets and let p be a relation, p C X x Y.
Define ¢, : P(X) — P(Y) and v, : P(Y) — P(X) by

0,(U)={yeY | (z,y) € pforall z U},
Y, (V)={z e X | (z,y) epforally e V}

for U € P(X) and V € P(Y).

The pair (¢,,1,) is a Galois connection between the posets (P(X),C)
and (P(Y), Q). It is immediate to verify that the first two conditions of Def-
inition 5.48 are satisfied. We discuss here only the third condition of the
definition.

To prove that U C ¢,(¢,(U)), let u € U. We need to show that (u,y) € p
for every y € ¥,(U). By the definition of 9, if y € ¥,(U), we have indeed
(u,y) € p. The proof of the second inclusion of the third part of the definition
is similar.

The pair (¢,,1,) will be referred to as the polarity generated by the relation
p-

Theorem 5.50. Let (S, <) and (T,<) be two posets. A pair of mappings
(¢,1), where ¢ : S — T and b : T — S, is a Galois connection between
(S, <) and (T, <) if and only if s < (t) is equivalent to t < ¢(s).

Proof. Suppose that (¢,) is a pair of mappings such that s < (t) is
equivalent to ¢t < ¢(s). Choosing t = ¢(s), it is clear that t < ¢(s), so
s < P(t) = ¥(H(s)). Similarly, we can show that ¢ < ¢(1(t)), so the pair
(¢, 1) satisfies the third condition of Definition 5.48.
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Let s1,82 € S such that s; < so. Since sy < ¥(d(s2)), we have s1 <
Y(p(s2)), which implies ¢(s2) < @(s1). A similar argument can be used to
prove that t; < to implies ¥(t2) < 9(t1), so (¢, ) satisfies the remaining
conditions of the definition, and therefore is a Galois connection.

Conversely, let (¢,1) be a Galois connection. If s < 1(t), then ¢(¢(t)) <
¢(s). Since t < P(e(t)), we have t < ¢(s). The reverse implication can be
shown in a similar manner. 0O

The notion of a closure operator, which was discussed in Section 4.5, can
be generalized to partially ordered sets.

Definition 5.51. Let (L, <) be a poset. A mapping k : L — L is a closure
operator on L if it satisfies the following conditions:
(i) u < k(u) (expansiveness),
(ii) u < v implies k(u) < k(v) (monotonicity), and
(iii) k(k(u)) = k(u) (idempotency)
foru,v e L.

Ezample 5.52. Let (S,<) and (T, <) be two posets, and suppose that (¢, 1))
is a Galois connection between these posets. Then, ¥¢ is a closure on S and
¢ is a closure on T

By the third part of Definition 5.48, we have s < ¥ (¢(s)), so ¢ is expan-
sive. Suppose that s; < so. This implies ¢(s2) < ¢(s1), which in turn implies
W(d(s1)) < P(Pp(s2)). Thus, ¢ is monotonic.

In exactly the same manner, we can prove that ¢t < ¢(¢(t)) and that ¢
is monotonic.

Since s < (p(s)), we have p(¢(4(s))) < ¢(s). On the other hand, choosing

s

t = §(s), we have 6(s) < B(8(s))), 50 6(s) = B(H(s))) for every s €
S. A similar argument shows that ¥ (t) = ¥(¢(¥(t))). Therefore we obtain

U(9(s)) = P(d(1h(4(s)))) for every s € S and ¢(¥(t)) = ¢(¢(d(¥(t)))), which
proves that ¢ and ©¢ are idempotent.

o

Lemma 5.53. Let (L, <) be a complete lattice and let k : L — L be a closure
operator. Define the family of k-closed elements Q,, = {x € L | x = k(x)}.
Then, 1 € Q, and for each subset D of Qx, N D € Q.

Proof. Since 1 < k(1) <1, we have 1 € Q.

Let D = {u; | i € I'} be a collection of elements of L such that u; = r(u;)
for i € I. Since A D < w;, we have k(A D) < k(u;) = u; for every ¢ € I.
Therefore, k(A D) < A D, which implies (A D) = A D. Thus, AD € Q..
0O

Theorem 5.54. Let (L, <) be a complete lattice and let k be a closure operator
on L. Then, (Q«, <) is a complete lattice.

Proof. This statement follows from Lemma 5.53 and from Theorem 5.43. O
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If (¢, 1) is a Galois connection between the posets (S, <) and (7, <), then
each of the mappings ¢, is an adjunct of the other. The next theorem char-
acterizes those mappings between posets that have an adjunct mapping.

Theorem 5.55. Let (S, <) and (T, <) be two posets and let ¢ : S — T be
a mapping. There exists a mapping ¥ : T — S such that (¢,) is a Galois
connection between (S, <) and (T, <) if and only if for every t € T there exists
z € S such that

oM veT |v<t))={ueS|u<z}

Proof. Suppose that the condition of the theorem is satisfied by ¢. Given
t € T, the element z € S is unique because the equality {u € S | u < z} =
{u €S | u<z}implies z = 2. Define the mapping ¢ : T — S by ¥(t) = z,
where z is the element of S whose existence is stipulated by the theorem. Note
that s < ¢(t) is equivalent to ¢t < ¢(s), which means that (¢,1) is a Galois
connection according to Theorem 5.50.

The proof of the necessity of the condition of the theorem is immediate.
O

5.5 Boolean Algebras and Boolean Functions

If L = (L,{A,V}) is a bounded distributive lattice that is complemented,
then, by Theorem 5.40, there is a mapping h : L — L such that h(x) is the
complement of x € L. This leads to the following definition.

Definition 5.56. A Boolean lattice is a bounded distributive lattice that is
complemented.

An equivalent notion that explicitly introduces two zero-ary operations
and one unary operation is the notion of Boolean algebra.

Definition 5.57. A Boolean algebra is an algebra B = (B,{A,V, ~,0,1})

having the type (2,2,1,0,0) that satisfies the following conditions:

(i) (B,{A,V}) is a distributive lattice having 0 as its least element and 1 as
its greatest element, and

(ii)": B — B is a unary operation such that T is the complement of x for
x e B.

Every Boolean algebra has at least two elements, the ones designated by
its zero-ary operations.

Ezample 5.58. The two-element Boolean algebra is the Boolean algebra By =
({0,1},{A,Vv,7,0,1}) defined by:
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0A0=0,1A1=1,
0OAL=1A0=0,
0vV0=0,1V1=1,
OvV1i=1v0=1,
0=1,1=0.

Example 5.38 can now be recast as introducing a Boolean algebra.

Ezample 5.59. The set P(S) of subsets of a set S defines a Boolean algebra
(P(S),{N,u, ,0,S}), where X = S — X.

Ezample 5.60. Let B, = ({0,a,a,1},{A,V, ~,0,1}) be the four-element
Boolean algebra whose Hasse diagram is given in Figure 5.4. We leave it to
the reader to verify that the poset defined by this diagram is indeed a Boolean
algebra.

0

Fig. 5.4. Hasse diagram of the four-element Boolean algebra.

The existence of the zero-ary operations means that every subalgebra of a
Boolean algebra must contain at least 0 and 1.

In a Boolean algebra B = (B, {A,V, ,0,1}), we have T = z because of the
symmetry of the definition of the complement and because the complement
of an element is unique (since B is a distributive lattice). This property is
known as the involutive property of the complement.

Theorem 5.61 (DeMorgan Laws). Let B = (B,{A,V, ~,0,1}) be a
Boolean algebra. We have

TNANYy=TVYy,xVy=TNy
forxz,y € B.

Proof. By applying the distributivity, commutativity, and associativity of A
and V operations, we can write
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@VyA@Ay)=@A@Ay)VEAEAY)
=(@Az)ANYy) V((IAY)AT)
=0Ay)V(OAZ)=0

and

@EVvyV(@Ay)=@VyVa)A(EVyVy)
=(1lvyrn(lvz)=1vi=1
for x,y € B. This shows that Z V ¢ is the complement of x A y; that is,
rNy=xVuy.
The second part of the theorem has a similar argument. 0O

Definition 5.62. Let B; = (B;,{A,V,7,0,1}), i = 1,2, be two Boolean alge-
bras. A morphism from By to By is a function h : By — Bs such that

h(z Ny) = h(x) A h(y),
h(aVy) = hz) vV h(y),
h(z) = h(z),

forxz,y € By.
An isomorphism of Boolean algebras is a morphism that is also a bijection.

Ezample 5.63. Let B = (B, {A,V, 7,0,1}) be a Boolean algebra and let ¢,d €
B such that ¢ < d. We can define a Boolean algebra on the interval [c, d] as

B[c,d] = ([C, d}v {/\7 vV, d})a

where A,V are the restrictions of the operations of B to the set [c,d] and
Z=(xVe)Adfor x e B.

The projection h : B — [¢,d] defined by h(z) = (x V) Ad for z € B is a
morphism between B and B, 4. We already saw in Example 5.23 that h is a

lattice morphism. Thus, we need to prove only that h(x) = h(Z) = (Z V) Ad
for z € B. The verification of this equality is left to the reader.

Boolean Rings

Let B = (B,{A,V, 7,0,1}) be a Boolean algebra and let “@” be a binary
operation on B defined by

a®b=(aANb)V(aNbd)

for a,b € B.
It is easy to verify that
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a®b=>b®Da,
(a®b)@Dc=a® (bDec),

a®a=0,

a®l=a,
aN(b®c)=(aAND)D(aNc),

alNl=a,

for every a, b, c € B. Thus, the Boolean algebra B has a related natural struc-
ture of a commutative unitary ring (B, {0, 1,®, h, A}), where the role of the
addition or the ring is played by the operation &, the additive inverse is given
by h(a) = a for a € B, and each element is idempotent.

Ezample 5.64. For the Boolean algebra (P(S5),{A,V, ~,0,S5}) introduced in
Example 5.59, the additive operation of the ring is the symmetric difference
of sets

UaeV=U-V)UlV-0)

for U,V € P(S). Thus, we obtain a commutative unitary ring structure
(P,{0,S,6,h,N}), where h(U) = U for U € P(9).

A commutative unitary ring in which each element is its own additive
inverse and each element is idempotent defines a Boolean algebra, as we show
next.

Theorem 5.65. Let J = (B,{0,1,+,h,-,1} be a commutative unitary ring
such that h(b) =b and bAb =10 for every b € B. Define the operations V, \,”

by
aVb=a+b+a-b,
aANb=a-b,
a=1+4a,

fora € B. Then, B = (B,{A,V,7,0,1}) is a Boolean algebra.

Proof. The operation V is commutative because J is a commutative ring. Ob-
serve that

aV(Ve)=aV(b+c+be)
=a+ b+ c+ bc+ ab+ ac + abe,
(aVb)Ve=a+b+ab+ c+ ac+ be+ abe,

which proves that V is also associative. Further, we have aVa = a+a+aa = a,
which proves that V is idempotent.

The operation “A” is known to be commutative, associative, and idem-
potent since it coincides with the multiplication of the ring J. To prove the
distributivity, note that
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aA(®dVe)=alb+c+bc)=ab+ ac+ abe

and
(anb)V(aAc)=ab+ ac+ (ab)(ac) = ab+ ac + abe

due to the commutativity and idempotency of multiplication in J. Thus, we
have shown that B = (B, {A,V,0,1}) is a distributive lattice having 0 as its
least element and 1 as its largest element.

We need to show only that h(a) = 1 + a is the complement of a. This
is indeed the case because a V (1 +a) = a+1+a+ a(l +a) = 1 and
aAh(a)=a(l+a)=a+a=0foreverya e B. O

Boolean Functions

Definition 5.66. Let B = (B,{A,V, ~,0,1}) be a Boolean algebra. Forn € N,
the set BF(B,n) of Boolean functions of n arguments over B contains the
following functions:

(i) For every b € B, the constant function f, : B* — B defined by

fb(.l?o, e ,xn_l) =b

for every xq, ..., x,_1 € B belongs to BF(B,n).

(ii) Fvery projection function p' : B™ — B given by pI'(zg,...,Tn-1) = T;
for every xq, ... ,x,—1 € B belongs to BF(B,n).

(iii) If f,g € BF(B,n), then the functions f A g, fV g, and f given by

(fAg)(xo,...,xn_1) = f(zo,. .. xn_1) Ag(T0,s .- Tpo1),
(f \/g)(l'(),. . -azn—l) = f('TOa e 7xn—1) \/g(fEO, e axn—l)v

and

f(fL'o, N ,.’Enfl) = f(xo, e ,$n,1)

for every xq,...,x,-1 € B belong to BF(B,n).

Definition 5.67. For n € N, the set SBF(B,n) of simple Boolean functions

of n arguments consists of the following functions:

(i) Bvery projection function p} : B™ — B given by pl'(zo, ..., Tn-1) = ¥;
for every xg,...,xp_1 € B.

(i) If f,g € SBF(B,n), then the functions f A g, fV g and f given by

(f /\g)(l‘o, .o ,.Z‘n_l) = f(a]‘(), ‘e ,LEn_l) A g(l‘o, ‘e ,xn_l),
(f Vg)(.’IJQ, . ,Z‘n,]_) = f(ajo, . ,l‘n,]_) \/g(l‘o, . ,.’En,]_),

and

f(l‘o, e ,.Tn_l) = f(l‘o, e ,Jin_l)

for every xq, ... ,x,—1 € B belong to SBF(B,n).
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If x € B and a € {0, 1}, define the function 2 as

“ z ifa=1
xr =
z ifa=0.
Observe that x = a if and only if 2z* = 1, and « = a if and only if 2* = 0.
For A = (ay,...,a,) € {0,1,*}", define the simple Boolean function t* :

B" — B as

A a;g a; Qaj,

(@1, ) =2 AT A x; "
for (x1,...,2,) € B", where {a;,,...,a;,} = {a; | a; # *,1 < i < n}. This
function is an n-ary term for the Boolean algebra B. The set of n-ary terms
of a Boolean algebra is denoted by T(B,n).

Those components of A that equal * denote the places of variables that
do not appear in the term t*.

Ezample 5.68. Let A = (1,%,0,0,%) € {0,1}". The 5-term t* is
t(z1, 2, 03,24, T5) = 1 NT3 A\ Ty
for every (1,22, 3,74, 75) € B®.

It is easy to see that if A, B € {0,1}", then

B(A) {1 if A =B,

0 if A #B.
To simplify the notation, whenever there is no risk of confusion, we omit the
symbol “A” and denote an application of this operation by a simple juxtapo-
sition of symbols. For example, instead of writing a A b, we use the notation
ab. For the same reason, we will assume thar A has higher priority than V.
These assumptions allow us to write a V be instead of a V (b A ¢).

Theorem 5.69. Let B = (B, {A,V, 7,0,1}) be a Boolean algebra. For every
(x1,...,xy) € B", where n > 1, we have
() tA(z1, ..., 2)tB(x1,...,2,) =0 for A,B€ {0,1}" and A # B,
(i) V{tA(z1,...,2,) | A €{0,1}"} =1, and
(iii) tA(z1,...,2,) = V{tB(21,...,2,) | B€{0,1}" — {A}}
for every (x1,...,2,) € B™.

Proof. Let A = (ag,...,an—1) and B = (bg,...,b,—1). If A # B, then there
exists ¢ such that 0 < ¢ < n — 1 and a; # b;. Therefore, by applying the
commutativity and associativity properties of A, the expression

A B (1, ..y an) =2 A Azt A A At

can be written as
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A8 (@1, .. xn) = AzB Az A=Azt AZ) AL =0

The proof of the second part can be done by induction on n. In the base case,
n = 1, the desired equality amounts to 2§ V #1 = 1, which obviously holds.
Suppose now that the equality holds for n. We have

\/{(tA(xl,...,;vnH) | A€ {01}

{1, ) @) A 20 | (a, ..., a,) € {0,1}"}

{1, zp) @) Agl ] (a,.. ., 0,) €{0,1}7)
{1,y ) @) | (ay, ... a,) € {0,1}"} A (20 4 Vah )

{(@1,...,2,) @) | (ay,... a,) € {0,1}"}
=1 (by the inductive hypothesis).

Part (iii) of the theorem follows by observing that

m: {1 ?f (T1,...,2n) £ A,
0 if (z1,...,2,) = A.

The right-hand member of the equality takes exactly the same values, as can
be seen easily. O

The set BF(B,n) is itself a Boolean algebra relative to the operations V,
A, and ~ from Definition 5.66. The least element is the constant function fj :
B™ — B given by fo(z1,...,z,) = 0, and the largest element is the constant
function f; : B® — B given by fi(z1,...,z,) =0 for (z1,...,z,) € B".

A partial order on BF(B,n) can be introduced by defining f < g if
flze, .. xn) < glay,...,2,) for x1,...,2, € B. It is clear that f < g if
and only if fVg=gor fAg=f.

Theorem 5.70. Let B = (B,{A,V, ~,0,1}) be a Boolean algebra, A, B €
{0,1,%}", and let t4 and tB be the terms in T(B,n) that correspond to A and
B, respectively. We have t4 < tB if and only if a, = * implies by, = * and
ap # * implies ap, = by or by =% for 1 <k <n.

Proof. Suppose that t* < tB; that is,
@iy @iy ip bjy bj, bjq
Tyt Ny, /\wip < it AN /\atjq ,

for (z1,...,2,) € B". Here {i1,...,ip} ={i | 1 <i <mnanda; # *} and
{t,- - dgt=1{i | 1 <j <nandbj #*}.

Suppose that aj = * but b, € {0,1}. Choose x;, = a;, for 1 < ¢ < p and
73, = bg. The remaining components of (x4, ..., ;) can be chosen arbitrarily.
Clearly, t*(x1,...,7,) = 1 and tB(zy,...,2,) = 0 because xi’“ = 0. This
contradicts the inequality t* < tB, so we must have by, = *.
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Suppose now that a; € {0,1} and by # *. This means that zj occurs
in both ¢4 and tB, so there exists i, = j, = k for some r,s, 1 < r < p
and 1 < s < ¢. Choose as before z;, = a;, for 1 < ¢ < p, which implies
tA(z1,...,2,) = 1, which in turn implies tB(x1,...,x,) = 1. This is possible
only if by = ay, which concludes the argument. 0O

Corollary 5.71. The minimal elements of the poset (T(B,n),<) are terms
that depend on all their arguments, that is, terms of the form

B by b by,
2z, ) = 2] @R xy)

for (x1,...,x,) € B™.

)y —

tB. Suppose that there is k such that b, = *. Then, by defining

{bz- if i £k,
a; =

0 or 1 otherwise,

Proof. 1f tB is a minimal element of (T(B,n), <), then & < B implies t4 =

we would have t4 < tB, which would contradict the minimality of 8. O
The minimal terms of the poset (T(B,n), <), described by Corollary 5.71
are known as n-ary minterms.

Definition 5.72. Let B = (B,{A,V, ~,0,1}) be a Boolean algebra and let
f : B™ — B be a Boolean function. A disjunctive normal form of f is
an expression of the form \/f:1 t4i(z1,...,70)ba,, where A; € {0,1,%}",
{bAl,...,bAk} C B, and

f(wl,...,xn) = \/tAi(l‘l,...,l‘n)bAi

for (x1,...,x,) € B"™.
We can prove the existence of a special disjunctive normal form for every

Boolean function, which involves only minterms.

Theorem 5.73. Let B = (B,{A,V, ~,0,1}) be a Boolean algebra. A function
f: B™ — B is a Boolean function if and only if there exists a family {ba |
A €{0,1}"} of elements of B

f(xlw"axn) = \/ tA(xla'-'axn)bA (510)
Ae{0,1}"

for every (z1,...,x,) € B™.
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Proof. The sufficiency of this condition is obvious. The necessity will be shown
by induction on the definition of Boolean functions.

For the base case, we need to consider constant functions and projections.
Let A = (ag,...,an—1) € {0,1}". For a constant function f,(z1,...,2,) =a
for (x1,...,2,), we can define ba = a for every A € {0,1}" because

f(xla"'axn):a: \/ tA(xla"'axn)a

Ac{0,1}™
by the second part of Theorem 5.69.

For a projection p? : B"™ —— B given by pl(x1,...,2,) = ax; for
(x1,...,2,) € B™, let ba be

1 ifa; =1,
ba = .
0 otherwise,

for A € {0,1}"™. We have

\/ tA(xla"'axn)bA

Ac{0,1}"
= \/ t(a1,~~7ai—1,1,ai+1,--~7an)(xl’"'73;”)

Ae{0,1}"

WO ooy Qi1 QT yeeey Oy —
=x; \/ (xo,...,xi_l,xi+1,...,xn_1)( 0 i—1oditdl n—1)
Ae{0,1}n—1
n

=x; =p(X1,...,Tp).

For the inductive step, suppose that the statement holds for the functions
fyg € BE(B,n); that is,

flay,... x,) = \/ tA(a:l,...,xn)bA,

Ac{o,1}"

gz, ..., xy) = \/ tA(x1,..., 1),
Ac{0,1}"

for (z1,...,2,) € B™ Then, fVgis

(Vg ar,....z) = \/ t*x1,...,20)(ba Vea)
Aec{0,1}"

by the associativity, commutativity, and idempotency of “V”.
For f A g, we can write
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(fFAG(x1,... xp) = \/ A, zn)ba
Ac{0,1}™

A \/ tA(xl,...,xn)cA

Ac{0,1}n

= \/ tA(@1,. . wn)(ba Aca)
Ac{0,1}"

by applying the distributivity properties of the operations V and A.
For f, we have

fx1,.. o x,) = /\ (tA(xl,...,xn)\/E)

Ae{0,1}"

A (VB2 | B {01}~ {A}} Via)

Ae{0,1}"

A (\/{tB(xl,...,mn) I Be {o,1}n—{A}}va).

Ae{o,1}n

For C,D € {0,1}" and (z1,...,%,) € B", define ¢c p(z1,...,2,) as

tP(zy,...,z,) if D#C,

¢CD (@15, Tn) = {bc ifD=C.

Then, we can write

flxy,. ... zy) = /\ \/ PAD(T1, .., Tp)

Aec{0,1}" De{0,1}m

= \/ /\ daD(T1,. .. T0)

De{0,1}™ Ae{0,1}"
(by the distributivity property)

= \/ (P(1,....2.) AbD),

De{0,1}n

which concludes the argument. 0O

Equality (5.10) is known as the standard disjunctive normal form of the
Boolean function f.

Note that by replacing (z1,...,2,) by C = (c1,...,¢,) € {0,1}" in Equal-
ity (5.10), we obtain f(cy,...,c,) = be, which shows that the elements of the
form ba, known as the standard disjunctive coefficients, are uniquely deter-
mined by the function f. Now, we can rewrite Equality (5.10) as

flar,.m) = \/ A1, 20 f(A)

Ac{0,1}"
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for every (z1,...,z,) € B".
_ Consider the standard disjunctive normal form of the Boolean function
f: B™ — B given by

flar,...,2,) = \/ tA($1,--~79€n)ﬁ~
Ac{0,1}"

By applying the ~ operation in both members, we can write

fnm) = N -z v F(A))

Ac{0,1}"

\/xfi \/f(al,...,an)>

(a1,...,an)€{0,1}7 (i_l

(\/ l‘gi vV f(&l, c ,an)>

=1

I
=

(@1,....an)€{0,1}"

_ A (\/x;.“\/f(al,...,an)>.

(ar,an)€{0,1}7 \i=1

The last equality is known as the conjunctive normal form of the function f.

The existence of the standard disjunctive normal form shows that a
Boolean function f : B" — B is completely determined by its values on
n-tuples A € {0, 1}". Thus, to fully specify a Boolean function, we can use a
table that has 2™ rows, one for each n-tuple A.

Example 5.74. Consider the Boolean function f : B> — B given by

f(x17x27x3)
a

8
_

8
o

8
w

e i i e i e B o B e
== O OO OO
— O, ORFRORFRO
TSR TR 2

Its standard disjunctive normal form is

f(z1, 20, 23) = t(o,o,o)(mh X9, x3)a V t(o’o’l)(xl,xg,xg)a v $(0:1,0) (21,22, 23)a
\/t(o’l’l)(xl,x27x3)b\/t(l’o’o)(xl,xg,xg)a\/t(l’o’l)(xl,xg,xg)b
\/t(l’l’o)(.’ﬂl,xg,l’g)b\/t(l’l’l)(l'l,l'g,xg)b.

Theorem 5.75. Let B = (B,{A,V, ~,0,1}) be a Boolean algebra and let

fyg € BF(B,n). We have f < g if and only if f(A) < g(A) for every A €
{0,1}™.



5.5 Boolean Algebras and Boolean Functions 203

Proof. The necessity of the condition is obvious. Suppose that f(A) < g(A)
for every A € {0,1}". Then, by the monotonicity of the binary operations of
the Boolean algebra, we have

f(!L‘l,...,LL'n): \/ tA(flyw-»xn)f(A)

Ae{0,1}"

< \/ tA(mlv--',xn)g(A):g(xla”wxn)
Ae{0,1}"

for x1,...,x, € B™, which gives the desired inequality. O
The next theorem (see [114]) is a characterization of simple Boolean func-
tions.

Theorem 5.76. Let B = (B, {A,V, ~,0,1}) be a Boolean algebra. The follow-
ing statements that concern a function f: B® — B are equivalent:
(i) f 4s a simple Boolean function.
(i) f 4s a Boolean function, and f(A) € {0,1} for every A € {0,1}™.
(iii) f(x1,...,2,) =0 for every (z1,...,x,) € B"™ or

flar,.zn) =\, .., z)" | f(A) =1}

Proof. (i) implies (ii): Clearly every simple Boolean function is a Boolean func-
tion. The proof that f(A) € {0,1} for every A € {0,1}" is by induction on
the definition of simple Boolean functions and is left to the reader.

(ii) implies (iii): This implication follows from the existence of the standard
disjunctive normal form of Boolean functions.

(iii) implies (i): The constant function fo(z1,...,x,) =0 for (z1,...,2,) €
B™ can be written as fo(x1,...,2,) = 1 A 21, so fo is a simple Boolean
function. Tt is clear that if f(z1,...,2,) = V{(z1,...,z,)? | f(A) = 1},
then f is a simple Boolean function. 0O

For a Boolean algebra B = (B,{A,V, 7,0,1}) with |B| = k there exist
k¥ functions of the form f : B® — B. The number of Boolean functions
can be considerably smaller. Indeed, since a Boolean function f is completely
determined by the collection {f(A) | A € {0,1}"}, it follows that the number
of Boolean functions in BF(B,n) is 22". For example, if B is the four-element
Boolean algebra from Example 5.60, there are 44" = 22048 functions of five ar-
guments defined on the Boolean algebra. However, only 232 of these functions
are Boolean functions.

Binary Boolean Functions

Definition 5.77. Let By = ({0,1},{A,V, 7,0,1}) be the two-element Boolean
algebra. A binary Boolean function is a function f:{0,1}" — {0,1}.

We saw that in general Boolean algebra there are many functions that
are not Boolean. However, in two-element Boolean algebras, any function is
a Boolean function, as we show next.
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Theorem 5.78. Every function f : {0,1}" — {0,1} is a binary Boolean
function in the two-element Boolean algebra Bs.

Proof. Consider the binary Boolean function g : {0,1}" — {0, 1} defined by
g(x1,.. . ) = \/AG{(],l}“ (21, ..., 2,)2f(A). It is clear that g(A) = f(A) for
every A € {0,1}", s0 g = f. Thus, f = \/AE{O,I}” (w1, ..., 2,)*f(A), which
implies that f is indeed a Boolean function. O

Definition 5.79. An implicant of a binary Boolean function f : {0,1}" —
{0,1} is a term t4 € T(Bg,n) such that t* < f.

The rank of an implicant t4 of f : {0,1}" — {0,1} is the number r(t4) =
{i | 1 <i<mn,a; =x*}|. Observe that implicants with higher ranks contain
fewer literals than implicants with lower rank.

The set of implicants of rank k of f, 0 < k < n, is the set L’;c that consists
of all implicants of rank k for f.

The set of implicants of f will be denoted by IMPL¢. For f : {0,1}" —
{0,1}, we have IMPL; = J;Z} Lk.

Starting from the standard disjunctive normal form for a function f :
B" — B,
flre, . xn) = \/ tA (1, w0 F(A),

Ac{0,1}"

it follows that if f(A) = 1, then the minterm #* is an implicant of f in
L(}. Furthermore, each such term is a minimal implicant of f (relative to the
partial order introduced on T(Ba,n)).

In the next definition, we introduce a partial operation on the set T(Bo, n).

Definition 5.80. Let A, B € {0,1,%}"™ be two n-tuples. Suppose that there
exists k, 1 < k <n such that

lLa=bifl<i<nandi#k;

2. ag, by, € {0, 1} and aj, = Bk.

The consensus of the terms t4 and tB is the term t€, where C = (cq,...,¢n)
and
a; = bi Zfl 75 k‘,
ci =
! * otherwise,
for1<i<n.

The consensus of t4 and t€ is denoted by t4 BtE.

Observe that if the consensus t€ of the terms t* and tA exists, then
r(t€) = r(tA) +1 = r(t®) + 1. Furthermore, it is immediate that t€ = ¢4 v ¢B
in the Boolean algebra of Boolean functions.
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Ezample 5.81. Let t* and tB be the terms
tA =21 NT3 NTq N\ Tg,

IfB:{,13‘1/\.’L’g/\:f;;/\ib’e7

from T(B3,6). Their consensus is the term

tA(Jil,...,l‘G) VtB(xl,...,xG)
= (x1 ATy ANTqy Axg) V(21 A3 ATy A Zg)

=21 NTg N\ Zg.

Theorem 5.82. Let f : {0,1}" — {0,1} be a Boolean function. If t* and
tB are implicants of f and their consensus t¢ = tA\V tB exists, then t€ is also
an implicant of f.

Proof. The existence of the consensus t€ of t* and t® means that there exists
k, 1 <k < nsuch that a; = b; if 1 <i < n and a # k, a, by € {0,1}, and
ap = bk

Since both ¢4 and t® are implicants of f, it follows that t*(xy,...,2,) <
f(wy,...,2,) and tB(xq,...,2,) < f(z1,...,2,) for every (z1,...,2,) €
{0,1}". Thus,

tC(x1, .. ) = A (@1, xn) VB (2, 1) < fla, .. ),

which means that t€ is an implicant of f. 0O

Definition 5.83. A prime implicant of a function f :{0,1}" — {0,1} is a
mazimal element of the poset (IMPLy,<).

Theorem 5.84. For every binary Boolean function f :{0,1}" — {0,1}, we
have
LI;H(‘P) ={tAviP | tAviP e L;‘é and tA v tB exists}

for0<k<n-—1.

Proof. We observed already that if r(t4) = r(tB) = k and t* V1B exists, then
r(tA Vv tB) = k + 1. Thus, we have

LI;H(S@) D{tA VB | tAviB e L and tA v tB exists}

for 0 < k <n —1, and we need to prove only the reverse inclusion.
Let t€ ¢ L’;'H, where C = (¢1,...,¢,). There exists £, 1 < ¢ < n such
that ¢, = *, so t€ does not depend on z;. If t€(z1,...,1,) = a:fil . x:n":k’:l ,

then ¢ & {i1,...,i,—r—1} and both

Ciq - 0 ce Cin—k—1

A _

t (.’L‘l,..-,xn) =T, Ly Ip—k—1 and
A _ Gy 1 Cip _fp—1
(@, Tn) =g gy
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belong to Liﬁ. Clearly, t€ is the consensus of t* and tB, which yields the
reverse inclusion. 0O

Theorem 5.84 suggests that we can generate the posets of all implicants
of a binary Boolean function f : {0,1}" — {0,1} by producing inductively
the sets L(}, ..., L" ' The algorithm that implements this idea is the Quine-
McCluskey algorithm, discussed next.

Algorithm 5.85 (Quine-McCluskey Algorithm)
Input: A binary Boolean function given in tabular form.
Output: The set IMPLy of all implicants of f.
Method: Let L(} be the set of minterms for f.
For each k, 0 < k < n — 2, include in L’;“ every
term that can be obtained as a consensus of two terms
from L’;.
Return the collection | J;—} Lk

The correctness of the algorithm is an immediate consequence of Theo-
rem 5.84.

Ezample 5.86. Consider the Boolean function f : {0,1}* — {0,1} given by

xy wp w3|f (21,72, 23)
000 0
001 0
010 0
01 1 1
100 0
101 1
110 1
111 1

Its standard disjunctive normal form is

f($1,3327903) = t(o’l’l)($17$2,ﬂf3) \ t(l’o’l)(xh 332,333)

vt (11,0 (1,2, 3) V t(l’l’l)(xl, T, x3),

so the set L?c consists of the minterms

S 1)(;101,:527963) = x?x%xé,
t(l’o’l)(:cl,xz,xg) = x%xgxé,
A O)(ml,xg,xg) = ziT8T,
ASE 1)(331,:52,363) = rixjrs,

for (z1,22,23) € {0,1}3.

The Hasse diagram of IMPL; is shown in Figure 5.5. Clearly, IMPL; =
L?UL} because there is no consensus possible among any two of the implicants
from L}.
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1.1 1,1
T3 173 T1T2

rlzyay TiTHT TiT3Ty TITHTS

Fig. 5.5. Hasse diagram of IMPL;y.

Definition 5.87. A nonempty set of terms T = {tBr ... tBn} of impli-
cants of a binary Boolean function f : {0,1}™ — {0,1} is a cover of f
if flz1,... zn) = Ve tBi(z1, ... z0).

T is a minimal cover of f if T is a cover of f and no proper subset of T
18 a cover of f.

The set of all minterms of f is clearly a cover of f. However, other covers
may exist for f that contain terms of rank that is higher than 0 and it is
important to determine such simpler covers.

Since (IMPLy, <) is a finite poset, for every B € IMPL; there is a prime
implicant tA such that B < 4.

Theorem 5.88. Let f be a binary Boolean function that is not the constant
function fo. A set of implicants of f, T = {tB1 ... tBn} is a cover of f if
and only if for every minterm t4 of f there is an implicant t® € T such that
tA < B,

Proof. Suppose that T satisfies the condition of the theorem. Let {A €
{0,1}™ | f(A) =1} ={A4,...,A}. Then, since

flxy, ... xy) = \/ tA(zl,...,xn)S \/ tBlgf(:cl,...,xn),

1<i<k 1<i<m

it is immediate that T is a cover for .
Conversely, let T be a cover of f, T = {tB1 ... tB»} and let t* be a
minterm, where A = (ay,...,a,). Since

tA(xy, .. m) < flzy,.. an) < \/{tB(xl,...,xn) | tB e T},

it follows that there is B such that ¢tB(ay,...,a,) = 1. This implies t* < B.
O
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Corollary 5.89. Let f :{0,1}" — {0,1} be a function that is distinct from

the constant function fo. If T = {tB',... tB=} is a cover of f, and t€ is
an implicant of f such that tB: < t© for some i, 1 < i < m, then T' =
{tBr B € 4B BmY s a cover of f.

Proof. The statement follows immediately from Theorem 5.88. |

We now discuss the Quine-McCluskey systematic construction that starts
with the set of prime implicants and the set of minterms of a nonzero Boolean
function f : {0,1}" — {0,1} and yields covers of f that consist of prime
implicants.

Let My = (m;;) be a p x ¢-matrix having one row for each prime implicant
tB1. ..., tB» and one column for each minterm {tA1,... t4¢} of f. Define

1 if Ay < A
My, =
" 0 otherwise.

If a column of My contains a single 1, that corresponding prime implicant
will be referred to as an essential prime implicant. Denote by F; the set of
essential prime implicants for f. Clearly, the set £y must be contained in any
cover by prime implicants of f.

Eliminate from M all essential prime implicants and the columns corre-
sponding to the minterms they dominate.

If the set of rows of M in which a column of a minterm tA has 1s strictly
includes the set of rows in which some other column of a minterm tA" has 1s,
then eliminate column t*. Next, if among the remaining columns several have
the same pattern of 1s, then retain only one of them.

Eliminate from My all rows that contain no 1s. The output consists of
every minimal set of rows in M such that at least one 1 exists in these rows
for every column, to each of which we add the set of essential prime implicants
Es.

Example 5.90. Let f : {0,1}* — {0,1} be the binary Boolean function de-
fined by
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T T T3 T4 f(wl,l’g,xg)
0000 1
0001 0
0010 1
0011 0
0100 1
0101 1
01 10 1
0111 1
1000 0
1 001 0
1010 1
1 011 0
1100 0
1101 0
1110 1
1111 0

Starting from the minterms

tAl = fli’gfgiq, tA5 = f1I2I3f4,
fli’2$3f4, tAG = f11’2563$4,
tAS = Zfll’g.’zgle, tA7 = Zli'g.’ﬂg(f;;,
tA4 = (fﬂl’g.’fg(ﬂ;;, tAg = $1$2$3"f4,

the =

we have the following sets of implicants computed by using the Quine-
McCluskey algorithm:

L(} = {Z1T273%4, T1 72374, T1 027374, T1 T2 T34,
T1Tox3T 4, T1X283%s, X1 ToX3 Ty, T1 220374, },

L} = {Z1T2%4, T173T4, T1 03T 4, ToT3Ty, T1T2T3,
T\ ToT g, T1T2X3, TaX3Ta, T123T4 ),

L} = {Z124, x3%4, T122}.

The prime implicants of f are the terms tB' = Z1Z4, tB2 = 2374, and tB3 =
T1T2.
The matrix My introduced above is a 3 x 8 matrix:

11101000
My;=({01001011
00111100

The first, fourth, and the last three columns contain exactly one 1. Thus, all
three prime implicants are essential, and they form a unique cover of prime
implicants of f.
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Definition 5.91. A partially defined Boolean function (pdBf) on the two-
element Boolean algebra is a partial function f: {0,1}"™ ~» {0,1}.

A pdBf f: {0,1}" ~ {0,1} is completely defined by the pair of disjoint
sets

Ty = {A € Dom(f)

| f(A) =1},
Fy ={A € Dom(f) | f(A) =0}

Definition 5.92. Let f : {0,1}" — {0, 1} be a binary Boolean function and
let i be an integer such that 1 < i <mn. The function is i-positive if

f(xla"'7xi—1;07zi+17~~';xn) § f(xla"'7xi—lalaxi+17-"axn)

for every Ty, ..., Ti—1,Tiz1,..., 2T, € {0,1}.
Similarly, f is i-negative if

f(xl,...,xi_l,O,xi_,_l,... ,J}n) Z f(.’I,‘l,...,xi_171,$i+1,. ..,LI,‘n)

for every xy, ..., Ti_1,Tiq1,..., 2y € {0,1}.
The function is i-monotonic if it is either i-positive or i-negative.

Ezample 5.93. For every A € {0,1,*}", the term t* is i-monotonic for 1 <
i < n. Indeed, if a; € {1,%}, then t* is i-positive; if a; € {0, *}, then t* is
i-negative.

Theorem 5.94. Let f : {0,1}" — {0,1} be a binary Boolean function and
let i be an integer such that 1 < i <mn. If f is i-positive, then for every prime
implicant t4 of f we have a; € {1,*}, where A = (ay,...,a,).

If f is i-negative, then a; € {0, x}.
Proof. Suppose that f is i-positive. Then,

f(ml,...,xi_l,O,a:i+1,... ,In) S f(.]jl,...7337;_1,1,.73i+1,. ..,mn)

for every @1,...,Ti—1,Tit1, ..., @y € {0, 1},
Suppose that a; = 0, that is,

tA (@, ) = AT A

We claim that this implies the inequality

a A;—1 _Ai41 An
ot i < f(m e T, T g, T)
for every x1,...,2, € {0,1}. In other words, we have to prove that we have

both
ay Aj—1 Q41 an
oftex e e at < f(w 1,0, 200, - )
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and

al a;—1 _Qi41 a
oft e e e ai < f(w e mion, Lig, T

Since [ is i-positive, only the proof of the first inequality is necessary. The
fact that t* is an implicant of f means that

tA(xy, .. ) < fla, ... )

for every x1,...,x, € {0,1}. Therefore,

A _ar i1 Git1 an
(1, 21,0, @440,y ) = 2w
< f(xla cee 7:1;7;717071.2'4*17 s 7xn)~
Qg — a; . . .
Thus, tB(zy, ..., 2n) = 2" -2 2 -+ 2% is also an implicant of f and,

since t4 < tB, this contradicts the fact that ¢ is a prime implicant of f.
The second part of the theorem can be shown in a similar manner. 0O

5.6 Logical Data Analysis

Logical data analysis (LDA) is a methodology that aims to discover patterns in
data using Boolean methods. LDA techniques were introduced by the Rutcor
group (see [21]).

Let D = (0,C) be a pair (also referred to as a decision system), where
0 = (T,H,r) is a table having the heading H = A;--- A,C and C is the
decision attribute. All attributes are binary, that is, we have Dom(A;) =
-+ = Dom(A,) = Dom(C) = {0,1}. The content of § represents a sequence
of observations that consists of the projections t[A; --- A,] of the tuples of
r. The component ¢[C] of ¢ is the class of the observation ¢. The sequence of
positive observations is

vt = {t{A, - A]inr | £[C]

1}

the sequence of negative observations is
r- ={t[A;---A4,] inr | ¢[C] =0}

It is clear that the sets set(r™) and sef(r™) are disjoint and thus define a
partial Boolean function of n arguments. We refer to 7 as an observation
table.

Ezample 5.95. Consider the decision system D = ((T, A1 A3 A3C,r),C) given
by
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T
Ay Ay As|C
0 0 1|0
0 1 1]0
1 1 110
0 0 01
1 0 0]1
1 1 011

The sequence of positive observations is
= ((0,0,0),(1,0,0),(1,1,0)).

The sequence of negative observations is
- =((0,0,1),(0,1,1),(1,1,1)).

Starting from a pdBf specified by two sequences of positive and negative
observations, rt = (Aq,...,A,) € Seq({0,1}") and r~ = (By,...,B,) €
Seq({0,1}"), we define two corresponding binary Boolean functions f* and

f~ as

1 if (z1,...,2,) does not occur in r—,
Pz = 4L )
0 otherwise,

for (x1,...,2,) € {0,1}", and
_ 1 if (x1,...,x,) does not occur in r,
f (xl,...,$n>: ( . n)
0 otherwise,

for (x1,...,2,) € {0,1}". Clearly, we have

f+(331,...,a:n \/{ T1,... \ A occurs in r” },
[ (z,. ., \/{ Ty, xn)t | A occurs in r}.

Definition 5.96. The positive (negative) patterns of a decision system D =
(0,C), where 8 = (T, H,r), are the prime implicants of the binary Boolean
function ft (of the function f~) that cover at least one minterm t4, where
A is a positive (negative) observation of T.

Ezample 5.97. For the positive and negative observations considered in Ex-
ample 5.95, the binary Boolean functions f* and f~ are given by

+ = = = — — [
iz, 20, 23,2) = T1T2T3 V T122T3 V 21T2T3 V

T1ZTox3 V T1ToT3
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and

f_(l‘l, QZ‘Q,JIQ,,JJ) = T1Zox3 V T1T2T3 V T1Tox3 V

T1T2x3 V T1ToT3

for (z1,72,23) € {0,1}3. The Hasse diagram of the poset of implicants
(IMPL+,<) is shown in Figure 5.6. The prime implicants of f* are Z3 and
r1%2, and they are both positive patterns. Indeed, 23 covers every positive
observation, while x1Z5 covers the minterm that corresponds to the positive
observation (1,0,0).

x3
T1T3 T1T3
T122X3 T1T2%3 T12T2X3 T1XT2X3 T1T2X3

Fig. 5.6. Hasse diagram of (IMPL+, <).

A positive pattern can be regarded as a combination of values taken by
a small number of variables that never appeared in a negative observation
and did appear in some positive observation. Thus, if a new observation is
covered by a positive pattern, this fact can be regarded as an indication that
the observation is a positive one.

Next, we discuss algorithms for generating positive patterns (the negative
patterns can be found using similar techniques).

Two basic approaches are described for finding positive patterns: a top-
down approach and a bottom-up approach (directions are defined relative to
the Hasse diagram of the poset (T(B2,n), <)). In the bottom-up approach, we
start with the minterms that correspond to positive observations, which are
clearly positive patterns of rank 0. If one or more literals are removed from
such a pattern, the resulting term may still be a pattern if it does not cover
any negative examples. The process consists of a systematic removal of literals
from minterms and verifying whether the resulting minterms remain positive
patterns until prime patterns are reached.

The top-down approach begins with terms of rank n — 1; that is, with
patterns that contain one literal. If such a term does not cover any negative
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observations, then it is a positive pattern; otherwise, literals are added sys-
tematically until a positive pattern is obtained.

The number of positive patterns can be huge, which suggests that seek-
ing only patterns whose rank is sufficiently high (and therefore contain few
literals) is a good practical compromise.

Ezample 5.98. The Hasse diagram of the poset (T(Bsg,3),<) is shown in
Figure 5.7. We apply the top-down method to determine the positive pat-
terns of the decision system introduced in Example 5.95.

~ /\ ~
\,"\/ N ~
e NI T AT TS
=T [ ~ = - I~
@ iizo @ =172 ‘GLTQ;'@l@g’zlmg,‘xlz;q\r 13;. sz; $213j. $213;)
~ = ==
E;E}\- S~ \\\>,’\/§/\ I >\/ // — o
1 N ~NT L T e /\/\‘///j/ /\////// 273
~ —_— = i Ny N -
o~ D Rl T I R ;
~ - e T = | T e ~J i
AN PR P e - ™ e I - 7
+9 - @& @& +® e +e =@

T1T2T3 T1Tox3y T1xQT3 Tixoxy T]TQT3 xr]Tawy T]TT3 T1T2T3

Fig. 5.7. Hasse diagram of the poset (T(B2, 3), <).

We begin with the minterms that correspond to positive observations,
000 (21, 29, 23) = 717273,
tH00 (21, 29, 3) = 212273,

t(l’l’o)($1,9€2,$3) = X1T2T3.

The terms that can be obtained from these terms by discarding one literal are
listed below.

Original|Derived|Negative Patterns
Term | Term Covered
flfgfg fgfg none
T1X2X3 T1T3 none
T1T2X3 | T1Zo T1X2X3
T1T2X3 | Tols none
T1T2T3 | T1T3 none
Ili’gfg T1T2 none
T1T2T3 | XT2X3 none
T1X2X3 | T1T3 none
T1X2X3 | T1Z9 XT1X2X3

The preceding table yields a list of seven positive patterns of rank 1:
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ToX3,T1T3,T2%3, 123, T1T2, X2X3, T123.

By discarding one literal, we have the following patterns of rank 2:

Original|Derived|Negative Patterns
Term | Term Covered
ToX3 To T1X2x3
T3 T3 none
T1T3 T3 none
Z1%3 1 L1223, L1223
ToT3 T3 none
Tols To T1T2X3
173 T3 none
173 T T1T2X3, T1T2T3
1%2 To T1T2T3
T1%2 T1 T1T223
ToZ3 T3 none
ToT3 T2 T1T2T3, T1T2T3
r1T3 T3 none
T1T3 T T1T2x3

The unique positive pattern of rank 2 is T3, which covers all positive patterns
of rank 1 with the exception of x1Zs. Thus, we retrieve the results obtained
in Example 5.97, where we used the Hasse diagram of (IMPL+,<).

A pattern generation algorithm is given in [21]. The algorithm gives pref-
erence to high-ranking patterns and attempts to cover every positive obser-
vation.

Data binarization is a preparatory process for LAD. Its goal is to allow
the application of the Boolean methods developed in the LAD, and there are
other computational benefits that follow from the binarization process.

Let D = (0, C) be a decision system where § = (T, H,r) is a table having
the heading H = A; --- A, C. We assume that the attributes of H, except C,
are nominal or numerical rather than binary. Nominal attributes have discrete
domains that do not admit a natural partial order. For example, a color at-
tribute having as domain the set {red, white, blue} is a nominal attribute. The
domain of C' is the set {0,1}, and we continue to refer to 6 as an observation
table.

As in Section 5.6, the content of 6 represents a sequence of observations
that consists of the projections t[A; - - - A,] of the tuples of r, and ¢[C] of ¢ is
the class of the observation ¢t. The sequence of positive observations is

vt ={t[A;---A,]inr | t{C] = 1};
the sequence of negative observations is

v~ = {t[A, - A, inr | t{C] =0}
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Data binarization comnsists of replacing nominal or numerical attributes by
binary attributes. The technique that is described here was introduced in [21].

In the case of a nominal attribute B whose domain consists of the values
{b1,...,b,}, we introduce p attributes Bi,...,B,. The B-component of a
tuple ¢[B] will be replaced with p components corresponding to the attributes

By, ..., By, such that
1 if t[{B] = b;,
t[B;] _—{ if 5]

0 otherwise,

for 1 <i<np.

For a numerical attribute A, we define a set of cut points. Suppose that
the set of values that appear under the attribute A is {ay, ..., ar} such that
ap < ap < --- < ag. If two consecutive values a; and a;41 belong to two
different classes, a cut point v is defined as v = aﬁ# The role of cut
points is to separate consecutive values of an attribute that belong to different
classes.

There is no sense in choosing cut points below min; a; or above max; a;
because they could not distinguish between positive or negative observations.
Also, there is no reason to choose cut points between consecutive values that
correspond to two positive observations or two negative observations. There-
fore, we need to consider at most one cut point between any two consecutive
values of A that correspond to different classes.

Each cut point v defines a level binary attribute A,. The A,-component of

a tuple ¢ is
if t[A
t[Av}: ; 1 t[ ]<U7
1 if ¢t[A] > v.

Each pair (v,v’) of consecutive cut points defines an interval binary attribute
Ay, where the A,,,-component of ¢ is

HAy] = 0 ifv<t[4] <,
") 1 otherwise.

Ezample 5.99. Consider the decision system D = (0, PlayTennis), where 0 is
the following table.

TENNIS

Outlook Temperature Humidity Wind |PlayTennis
overcast 90 70 weak 1

rain 65 72 weak 1

rain 50 60 weak 1
overcast 55 55 strong 1

rain 89 58 weak 1

rain 58 52 strong 0

sunny 75 75 weak 0

rain 77 7 strong 0
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The attributes Outlook and Wind are nominal, while the attributes Temper-
ature and Humidity are numerical.

Since there exist three distinct values (overcast, rain, and sunny) for the
attribute Outlook, this attribute will be replaced with three binary attributes,
O,, O,, Oy that correspond to these values. Similarly, the attribute Wind will
be replaced by two binary attributes, W,, and W.

The sequence of values for Temperature is shown together with the class

of the observations:
50 55 58 65 75 77 89 90

++ -4+ - -+ +
This requires four cut points placed at the midpoints of intervals determined
by consecutive values that belong to distinct classes: 56.5,61.5, 70, 83.
Similarly, the sequence of values for Humidity is

52 55 58 60 70 72 75 77
-+ ++++ - -

In this case, we need two cut points: 53.5 and 73.5. We use a simplified notation
for binary attributes shown in the right column of the next table.

Attribute|Simplified
Notation
O, By
O, By
Os B3
T56.5 By
T61.5 Bs
T7o Bg
T3 By
T56.5,61.5 By
T61.5,70 By
T70.83 Big
Hs3 5 By
H7z 5 Bis
Hszs5735| DBis
W, Bia
W, Bis
The binarized table is
By By B3 By Bs Bg By Bg Bg B1g Bij Bjig Big Big Bis[C
t1[ 1 0 0 1 1 1 1 0 4] 0 1 0 1 1 0 1
to| O 1 0] 1 1 0 0 0 1 0 1 0 1 1 0 1
t3 0 1 0] 0 0 0 0 0 0] 0 1 0 1 1 0 1
tg| 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 1
ts| O 1 0] 1 1 1 1 0] 0 0 1 0 1 1 0 1
tg| O 1 0] 1 0] 0 0 1 0 0 0 0 0] 0 1 0
tr| O 0 1 1 1 1 0 0 0 1 1 1 0 1 0 0
tg| O 1 [0} 1 1 1 0 0 0 1 1 1 0 0 1 0
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The number of binary attributes can be reduced; however, the remaining
attributes must allow the differentiation between positive and negative cases.

Definition 5.100. Let D = (0, C) be a decision system where 0 = (T, H, r) is
a table having the heading H = By - - - Bp,C' that consists of binary attributes.
A support heading for D is a subset L = B;, --- B;, of By --- B, such that
if w occurs in T and v occurs in r—, then u[L] # v[L]. For any two such
tuples, define their difference set Ap(u,v) = {i € H | u[B;] # v[B;]}.
A support heading L is irredundant if no proper subset of L is a support
heading of D.

If L is a support set for a decision system D = (0,C), then L must have
a nonempty intersection with each set of the form {B; | i € Ap(u,v)} for
each positive example u and each negative example v. Finding an irredundant
support heading can be expressed as a discrete optimization problem, as was
shown in [21].

Ezample 5.101. Let y = (y1,- .., y14) be the characteristic sequence of a sup-
port heading L; that is,

)1 it B e L,
i 0 otherwise.

The decision system introduced in Example 5.99 has five positive examples
and three negative examples, so there are 15 difference sets:
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The requirement that a support heading intersect each of these sets leads to
15 inequalities. For example, the requirement that Ap (¢1,t6) N L # () amounts
to

y1+y2+ys+ys +yrtys+yin i3 +yiatyis 2 L

Fourteen other similar inequalities can be similarly written.
Note that the set {13} intersects all these sets, so it is a minimal support
heading.

To find an irredundant support heading for a decision system D = (0, C),
where § = (T, H,r) is a table having the heading H = By --- B,C, we need to
minimize the sum Y y; subjected to restrictions of the form:

Sy i€ Apltity)} > 1

for every pair of tuples (¢;,t;) such that t; is a positive example and t; is a
negative example.

Exercises and Supplements

1. Consider the partially ordered sets (P, <) and (Q, <) whose Hasse dia-
grams are given in Figures 5.8(a) and (b), respectively. Determine which
diagram corresponds to a lattice.

Fig. 5.8. Hasse diagrams of two partially ordered sets.
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2. Prove that if (L, {A, V}) is a lattice, then for every finite, nonempty subset

K of L, inf K and sup K exist.

Prove that every chain is a lattice.

4. Let L = (L, {A, V}) be alattice and let  and y be two elements of L. Prove
that the least sublattice of L that contains x and y is {z,y,z Ay, x V y}.

had

Let L = (L, {A, V}) be a lattice. A nonempty subset I of L is an ideal of L if
xVy € I holds if and only if both z € I and y € I. A filter of L is a nonempty
subset F' of L such that x Ay € F if and only if z € F and y € F.

5. Prove that a set K is an ideal of the lattice L = (L, {A, V}) if and only if
reKandye Kimply xVy € K, and x € K and t < z imply ¢t € K.

6. Prove that a set K is a filter of the lattice L = (L, {A,V}) if and only if
reKandye KimplyxAyel,andz € K andt > x imply t € K.

7. Prove that, for every element x of a lattice L = (L, {A,V}), the set I, =
{t € L | t <a}is an ideal and the set F, = {t € L | = <t} is a filter.
They are referred to as the principal ideal of x and the principal filter of
x.

8. Let L = (L, {A,V}) be a lattice and let A = (a;;) be an m x n matrix of
elements of L.

a) Prove the following generalization of the minimax inequality (see Ex-
ercise 22 of Chapter 2):

V Aais < AV ai

Jj ot g

b) Suppose that L has the least element 0. Write the inequality that
follows from the application of the minimax inequality to the matrix

Oab
A=|b0c
acO

9. Prove the following generalization of Theorem 5.40. In a distributive lat-
tice L = (L,{A, V}), the equalities x Vy =2V z and £ Ay = 2 V z imply
y = z. Conversely, if t Vy=xVzand z Ay =z V z imply y = z for all
x,y,z € L, then L is distributive.
10. Prove that every lattice having four elements is distributive.
11. Prove that a lattice L = (L, {A, V}) is modular if and only if

e A(yV(@Az)=(xAy)V(zAz2)

for every z,y,z € L.

12. Let L = (L,{A,V}) be a lattice that has the least element 0. If the set
{t € L | «Vt =0} has a largest element 2*, then we say that z* is the
pseudocomplement of x. If every element of L has a pseudocomplement,
then we say that L is a pseudocomplemented lattice.
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a) Prove that any pseudocomplemented lattice has a largest element.
b) Prove that if £ is a chain having the least element 0 and the largest
element 1, then L is pseudocomplemented.
c¢) Prove that < 2™ and a* = 2*** for z € L.
d) Prove that (z Ay)*™ = z** Ay** for z,y € L.
13. Let (5, <) be a poset, x be an element of S, and I, = {s € S | s < z}.
a) Prove that for every x € S the set I, = {s € S | s <z} is an order
ideal of (S, <). This is the principal order ideal of x.
b) Let J,(S, <) be the collection of principal order ideals of (5, <) and
let f:S — 79,(S, <) be the mapping defined by f(z) = I, for x € S.
Prove that f is a monotonic injection.
¢) Let T be a subset of S. Prove that if supT (inf T') exists in (S, <),
then sup{l, | « € T} in (J,(5,<),Q) is Igpr (inf{l, | z € T} in
(jp(sﬂ S)v g) is IinfT)'
d) Prove that the poset of principal order ideals of S, (J,(S,<),C) is a
complete lattice.
14. Let (L1, <) and (L2, <) be two complete lattices and let f : L1 — Lo be
a monotonic function between these posets. Prove that

F(VE) =\ ),
F(ANK) < \N1E),

for every subset K of L.

15. Let (L, <) be a complete lattice and let f : L — L be a monotonic
mapping. Prove that there exists € L such that f(z) = x (Tarski’s
fixed-point theorem).

Solution: Let T = {x € L | z < f(z)} and t = supT. Since x < ¢,
we have f(z) < f(t) for every z € T, so x < f(x) < f(t). This implies
t < f(t), so t € T. Therefore, f(t) < f(f(t)), so f(t) € T, which implies
f(t) <t. This shows that t = f(t).

16. Let S and T be two sets and let f : S — T, g : T — S be two
injective functions. Define the function F' : P(S) — P(S) as F(U) =
S —g(T — f(U)) for every U € P(S5).

a) Prove that F' is a monotonic mapping between the complete lattices
(P(8),C) and (P(T), ).
b) Let Uy C S be a fixed point of F'. Define the function h: S — T by

h(z) = {f(x) ?fx € Uy,
Y if v ¢ Uy and g(y) = «.

Show that h is well-defined and, moreover, is a bijection. (The exis-
tence of a bijection h between S and T when the injections f and g
exist is known as the Schrdder-Bernstein theorem.)
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17.

18.
19.

20.

21.

22.

23.

5 Lattices and Boolean Algebras

Prove that f: B™ — B is a Boolean function if and only if

(ml,...,xn)Af(acl,...,xn) = (xl,...7xn)Af(A)

for every A € {0,1}".

Prove that there are 2""“(2) n-ary terms of rank k.

A Horn term is a term t* : B® — B such that A contains at most one
0. Prove that if the consensus t€ of the Horn t?, tB exists, then ¢€ is a
Horn term.

Let B = (B,{A,V,,0,1}) be a Boolean algebra and let f : B* — B be
a Boolean function. Prove that, for every b € B, there exists a Boolean
function f(;) : B" — B such that

b/\f(x()a"'axn—l) :f(b)(b/\z()a"'ab/\xn—l)

for (xzg,...,2p—1) € B™.

Hint: The argument is by induction on the definition of Boolean functions.

Let S be a set and let m be a partition of S. Prove that the collection

of m-saturated subsets of S is a Boolean subalgebra S; of the Boolean

algebra (P(S),{N,U, ,0,S}).

Let € be a finite collection of subsets of a set S. Prove that the subalgebra

of (P(5),{n,U, ,0,S}) generated by € coincides with the collection of all

me-saturated sets, where 7e is the partition defined in Supplement 6 of

Chapter 1. Further, show that the atoms of this subalgebra are the blocks

of the partition me.

Let S and T be two sets and let f : S — T be a mapping.

a) Prove that the function F : P(T) — P(S) defined by F(V) = f~1(V)
for V€ P(T) is a Boolean algebra morphism between the algebras
(P(T),{N,U, 0, T}) and (P(S), {N,U, .0, 5}).

b) Let D = {Di,...,D,} be a finite collection of subsets of T" and let
C={F(D) | D € D} be the corresponding finite collection of subsets
of C.

If mp is the partition of T associated to D, then prove that for any
block B of this partition, F'(B) is either the empty set or a block of
the partition 7e of S, and each block of the partition e is of the form
F(B). Further, if f is a surjective mapping, then F(B) is always a
block of me.

Solution: The first part is a consequence of Theorems 1.65 and 1.67.

For the second part, let

Day,..a, = Di* N---0 D

be an atom of mp for some (ai,...,a,). Note that F(Dq, . q4,) = C{* N
<N C% where C; = f~1(D;) = F(D;) for 1 <i < r. If this intersection
is nonempty, then it is clearly a block of 7.

If f is surjective, the preimage of any nonempty set f~'(Dg,. 4, ) is
nonempty and therefore a block of 7e.
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24. Let F : {0,1}"™ — {0,1}™ be a function. Prove that there exists a bi-

25.

jection G : {0,1}" — {0,1}" such that G(x) A x = F(x) A x for every
x € {0,1}".

Solution: Without loss of generality, we may assume that F(x) < x
for x € {0,1}". Thus, we need to prove the existence of G such that
G(x) A x = F(x).

For x C {0,1}" let Kp(x) = {u € {0,1}" | uAx = F(x)}. If X C
{0,1}", define Kp(X) = U{K(x) | x € X}. Then, we should have G(x) €
Kp(x) for each x € {0,1}". To obtain the result it suffices to show that,
for every X, we have | X| < |Kp(X)| because this would imply that there
is a bijection G such that G(x) € Kp(x).

Note that if F(x) = x, then Kp(x) = {u € {0,1}" | u > x}, so
x € Kp(x) for every x € {0,1}", which implies | X| < |Kp(X)|.

Forx = (21,...,2,) and F(x) = (y1,Y2, - .., Yn), define Fy : {0,1}" —
{0,1}" by modifying the first component of F'(x) as

Fl(x) = ($17y27'~'7yn)'

If u = (ui,ug,...,u,) € {0,1}", denote by uy and upy the n-tuples
ujg = (0,uz,...,u,) and upy = (L, ug, ..., up).

We claim that |Kp, (X)| < |Kp(X)|. To prove this inequality, it suffices
to show that [Kg, (X) N {uj, up}| < [Kp(X) N {ug),up}| for every
ue{0,1}".

If up € I(F1 (X), then {U[O],U[l]} - KF(X) Indeed, up € I(F1 (X)
implies ujg A x = Fi(x) for some x = (21, 22,...,2,) € X, which yields
x1 = 0. Since F(x) < x, it follows that (F(x)); = 0 and (F(x)); =
(Fi(x))1. Thus, up; A x = ujg) A x = F(x), so {up,up) € Kp(X)}. If
up) €€ Fl(X) and ujg) ¢ Fl(X), then {U[O],U[l]} N KF(X> # (. Under
these assumptions, there exists x € X such that up; A x = Fi(x) and
up A X #+ P (X) Note that (U[o] A x)q; = (U[l] A X),L' = (F1 (X))z = (F(X))z
for 2 <4 < n. Also, we have (F'(x)); =0 = (ujg) Ax); or (F(x))1 =1=
(up) Ax)1. Thus, either ug A x = F(x) or up) Ax = F(x).

The treatment applied to the first coordinate can now be repeated
for the second component starting from F} to produce a function Fj :
{0,1}™ — {0,1}" such that |Kg,(X)| < |Kp, (X)|, etc. After n steps,
we reach a function F, such that F,,(x) = x. We have Kp, (x) = {u €
{0,1}™ | u > x}, so X C Kp (X), which implies | X| < |Kp, (X)| <
[Kr(X).

Let S be a finite set and let U be a subset of S. Prove that there exists
a bijection Gy : P(S) — P(S) such that Gy (T) AT =T NU for every
subset T of S.
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Topologies and Measures

6.1 Introduction

Topology is an area of mathematics that investigates both the local and the
global structure of space. The term “topology” is derived from the Greek
words T7émoC (topos, place) and AdyoC (logos, reason) and was introduced
in [90]. We present in this chapter an introduction to point-set topology that
is important for a subsequent discussion of various notions of dimensions of
sets. Data mining makes use of topology in formulating searching algorithms
that take into account the local properties of data sets.

6.2 Topologies

)

The term “topology” is used both to designate a mathematical discipline and
to name the fundamental notion of this discipline, which is introduced next.

Definition 6.1. A topology on a set S is a family O of subsets of S that
satisfies the following conditions.

(i) €O and S € 0.

(ii) For every collection C such that € C O, |JC € O.
(iii) If D is a finite collection and D C O, then (D € O.

The sets that belong to O are referred to as the open sets of the topology O.
The pair (S,0) will be referred to as a topological space.

It is easy to see that Part (iii) of Definition 6.1 is equivalent to

(iii") if U, U’ € O, then UNU’ € O.

Actually, the first condition of Definition 6.1 is superfluous. Indeed, since
we deal here with collections of subsets of S, by Part (iii) of the definition,
the intersection of the empty collection of subsets of S belongs to O, and this
intersection is S. On the other hand, by Part (ii), the union of the empty
collection (which is the empty set) belongs to O, so Part (i) is a consequence
of the remaining parts of the definition.

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_6, (© Springer-Verlag London Limited 2008
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Ezample 6.2. The pair (S, P(9)) is a topological space. The topology P(S) is
known as the discrete topology.
The collection {), S} is the indiscrete topology.

Ezample 6.3. The pair (0, {0}) is a topological space as the reader can easily
verify. We refer to (0, {0}) as the empty topological space.

Example 6.4. Let O be the collection of subsets of R defined by L € O if for
every & € L there exists € € Ry such that |u — 2| < e implies u € L. We
claim that O is a topology on R.

Indeed, it is immediate that () and R belong to O.

Let € be such that € C O and let « € |JC. There exists L € € such that
x € L and, therefore, by the definition of O, there is € > 0 such that |[u—z| < €
implies u € L. Thus, u € [JC, so [JC € O.

Suppose now that D is a finite subcollection of O, D = {Dy, ..., D,}, and
let x € D. Since & € D; for 1 < i < n, there exists €y,...,€, such that
|lu — 2| < ¢ implies u € D; for every i, 1 < i < n. Therefore, by defining
e =min{e; | 1 <i < n}, it follows that |z — u| < e implies u € (D, which
proves that (D € O. We conclude that O is a topology on R. This topology
is called the usual topology on R. Unless stated otherwise, we assume that the
set of real numbers is equipped with the usual topology.

Ezample 6.5. Example 6.4 can be extended to R™ by defining the collection of
sets O as consisting of subsets L of R™ such that for every x € L there exists
€ € Rog such that da(u,x) < € implies u € L. It is easy to verify that (R", )
is a topological space.

For each topology O on a set .S, we define the collection of closed sets as
closed(0) ={S - X | X € O}
and the collection of neighborhoods of an element x of S as

neigh,, (0) = {U € P(9)] there is W € O such that x € W C U}.

Theorem 6.6. Let (S,0) be a topological space. The following statements
hold:
(i) O and S are closed sets.
(ii) For every collection C of closed sets, (| C is a closed set.
(iii) For every finite collection D of closed sets, | JD is a closed set.

Proof. This is an immediate consequence of Definition 6.1. O

6.3 Closure and Interior Operators in Topological Spaces

Theorem 6.6 implies that for every topological space (5,0) the collection
closed(Q) of closed sets is a closure system on S. For the closure operator
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attached to this closure system denoted by Ks o, we have the supplementary

property:
Kso(HUL)=Kgo(H)UKgo(L) (6.1)

for all subsets H, L of S.
Since H,L C HU L, we have Kgo(H) C Kgo(HUL) and Kgo(L) C
Ks o(H UL) due to the monotonicity of Kg ¢. Therefore,

Ks)o(H) U K&@(L) - Ksyo(H U L)

To prove the reverse inclusion, note that the set Kgo(H) UKgo(L) is a
closed set by the third part of Theorem 6.6 and HUL C Kg o(H)UKg o(L).
Therefore, the closure of HUL is a subset of Kg o (H)UKg o(L), so Kg o(HU
L) CKg,o(H)UKg (L), which implies Equality (6.1).

Also, note that Kg o(f)) = ) because the empty set itself is closed.

If there is no risk of confusion, we will denote the closure operator Kg ¢
simply by K.

Note that Equality (6.1) is satisfied for every H, L € P(S) if and only if the
union of two K-closed sets is K-closed. Indeed, suppose that Equality (6.1)
is satisfied, and let U and V be two K-closed sets. Since U = K(U) and
V =K(V), it follows that UUV = K(U) UK(V) = K(U U V), which shows
that UUV is K-closed. Conversely, suppose that the union of two K-closed sets
is K-closed. Then, K(U) UK(V) is K-closed and contains U U V. Therefore,
K({UUV) CK(U)UK(V). The reverse equality follows from the monotonicity
of K.

Theorem 6.7. Let S be a set and let K : P(S) — P(S) be a closure oper-
ator that satisfies Equality (6.1) for every H,L € P(S) and K(0) = (0. The
collection Og = {S —U | U € Ck} is a topology on S.

Proof. We have K(S) = S, so both () and S are K-closed sets, which implies
@, S e Ok.

Suppose that € = {L; | i € I} C Ok. Since S — L; € Ck, it follows that
n{S— L; ‘ xS I} =5 UiGILi € Ck. Thus, UiGILi € Ok.

Finally, suppose that D = {Dy,...,D,} is a finite collection of subsets
such that D C Ok. Since S—D; € Ck we have S—J, D; =N\, (S—D;) €
Ck, hence U;L:1 D, € Ok. This proves that Ok is indeed a topology. O

Theorem 6.8. Let (S,0) be a topological space and let U and W be two sub-
sets of S. If U is open and UNW =), then U N K(W) = (.

Proof. UNW = () implies W C S — U. Since U is open, the set S — U is
closed, so K(W) C K(S —U) = S — U. Therefore, U NK(W) =0. O

Often, we shall use the contrapositive of this statement: if U is an open
set such that U N K (W) # () for some set W, then UNW # 0.
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Ezample 6.9. In the topological space (R, ), every open interval (a,b) with
a < bis an open set. Indeed, if z € (a,b) and |z —u| < ¢, where € = 3 min{|z —
al,|z — bl}, then u € (a,b). A similar argument shows that the half-lines
(b, +00) and (—oo, a) are open sets for a,b € R. Therefore, (—o0, a) U (b, +00)
is an open set which implies that its complement, the interval [a, ], is closed.
Also, (—o0,b] and [a,00) are closed sets (as complements of the open sets
(b,0) and (a, o), respectively).

Open sets of the topological space (R, ), where O is the usual topology
on the set of real numbers have the following useful characterization.

Theorem 6.10. A subset U of R is open in the topological space (R, ) if and
only if it may be written as a union of a countable collection of disjoint open
intervals.

Proof. Since every open interval (finite or not) is an open set, it follows that
the union of a countable collection of disjoint open intervals is open.

To prove the converse, let U be an open set. Note that U can be written
as a union of open intervals since for each x € U there exists ¢ > 0 such that
r€(x—ex+e) CU.

Define the relation 0y on the set U by afyy if there exist a,b € R such
that {z,y} C (a,b) C U, where (a,b) is the open interval determined by a, b.
We claim that 0y is an equivalence relation on U.

Since U is open, z € U implies the existence of a positive number € such
that {z} C (z —e,x +¢€) C U for every x € U, so Oy is reflexive. The
symmetry of 0y is immediate. To prove its transitivity, let x,y, 2 € U be such
that z0y z and z0yy. There are a, b, ¢,d € R such that {z,z} C (a,b) C U and
{z,y} C (¢,d) CU. Since z € (a,b) N (¢, d), it follows that (a,b) U (¢, d) is an
interval (e,e’) such that {x,y} C (e,e’) C U, which shows that z0yy. Thus,
Ay is an equivalence on U.

We claim that each equivalence class [x]g,, is an open interval or a set of the
form (a,+00) or a set of the form (—oo,b). Indeed, suppose that u,v € [z]q,,
(that is, ufyz and vfyz) and that ¢ € (u,v). We now prove that ty .

There are two open intervals (a,b) and (¢, d) such that {u,z} C (a,b) C U
and {x,v} C (¢,d) C U. Again, (a,b) U (c,d) is an open interval (e, e’) and we
have (u,v) C (e,e’) C U. Thus, if [z]p, contains two numbers v and v, it also
contains the interval (u,v) determined by these numbers.

To prove that [x]g,, has the desired form, we will prove that this set has no
least element and no greatest element. Suppose that [x]g,, has a least element
y. Then, there exist a and b such that ¢ <y < z < b and (a,b) C U. Since y
is supposed to be the least element of [z],, if a < z < y, we have z & [z]g,, .
This contradicts yfyz and yfyx. In a similar manner, it is possible to show
that [x]e, has no largest element.

Finally, we prove that the partition that corresponds to 6y is countable.
Select a rational number 7, € [x]p, N Q. Since the equivalence classes [z]g,,
are pairwise disjoint, it follows that [z]g, # [yle, implies 7, # r,. Thus, we
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have an injection r : U/0y — Q given by r([z]g,) = 7, for x € U. By
Theorem 1.131, the set U/fy is countable. O

Example 6.11. Let S be an infinite set. The family of sets
O={0yU{L eP(S) | S—U is finite}

is a topology on S. We shall refer to O as the cofinite topology on S.

Note that both § and S belong to O. Further, if € is a subcollection of O,
then S—JC = ({(S—L) | L € €}, which is a finite set because it is a subset
of every finite set S — L, where L € C.

Also, if U,V € O, then S—(UNV) = (S—U)U(S—V), which shows that
S —(UNV)is a finite set. Thus, UNV € O.

Ezample 6.12. Let (S, <) be a partially ordered set. A subset T of S is upward
closed if x € T and x < y implies y € T'. The collection of upwards closed sets
O' is a topology on S.

It is clear that both () and S belong to O'. Further, if {L; | i € I} is a
family of upwards closed sets, then | J{L; | ¢ € I} is also an upwards closed
set. Indeed, suppose that x € |J{L; | i € I} and = < y. There exists L; such
that « € L; and therefore y € L;, which implies y € |J{L; | i € I'}. Moreover,
it is easy to see that any intersection of sets from O belongs to O, not just a
finite intersection (which would suffice for OT to be a topology). This topology
is known as the Alexandrov topology on the poset (.9, <).

Definition 6.13. A topology O is finer than a topology O’ or, equivalently, O’
is a coarser than O, if O’ C O.

Every topology on a set S is finer than the indiscrete topology on S; the
discrete topology P(S) (which has the largest collection of open sets) is finer
than any topology on S.

Theorem 6.14. Let (S,0) be a topological space and let T be a subset of S.
The collection O 117 defined by

O1r={LNT | LeO}
18 a topology on the set T'.
Proof. We leave the proof of this theorem to the reader as an exercise. 0O

Definition 6.15. If U is a subset of S, where (S,0) is a topological space,
then we refer to the topological space (U, O 1y) as a subspace of the topological
space (S,0).

To simplify notation, we shall denote the subspace (U, O 1y7) just by U.
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Theorem 6.16. Let (S,0) be a topological space and let (T,O 17) be a sub-
space of this space. Then, a set H is closed in (T, 0 |r) if and only if there
exists a closed set Hy in (S,0) such that H =T N Hy.

Proof. Suppose that H is closed in (7,0 |r). Then, the set T'— H is open
in this space and therefore there exists an open set Ly in (S,0) such that
T — H =TnN Ly. This is equivalent to H =T — (TN Ly) =T N (S — Lg). We
define Hy as the closed set S — L.

Conversely, suppose that H = T'N Hy, where Hj is a closed set in S. Since
T—-H=Tn(S— Hy) and S — Hy is an open set in (5,0), it follows that
T — H is open in the subspace and therefore H is closed. O

Corollary 6.17. Let (S,0) be a topological space and let T C S. Denote by
Kg and Kr the closure operators of (S,0) and (T,0 1), respectively. For
every subset W of T, we have Kr(W) = Kg(W)NT.

Proof. The set Kg(W) is closed in S, so Kg(W)NT is closed in T' by Theo-
rem 6.16. Since W C Kg(W) N T, it follows that Ko (W) C Kg(W)NT.

To prove the converse inclusion, observe that we can write Kp(W) =
TN H, where H is a closed set in S because K7 (W) is a closed set in T'. Since
W C H, it follows that Ks(W) C H,so Ks(W)NT CHNT =Kp(W). O

Corollary 6.18. Let (S,0) be a topological space and let T C S. If U is a
subset of S, then
Kr(UNT)C Ksg(U)NT.

Proof. By applying Corollary 6.17 to the subset U N'T" of T' we have
KT(U n T) = Ks(U N T) NnT.
The needed inclusion follows from the monotonicity of Kg. O

Definition 6.19. A set U is dense in a topological space (S,0) if K(U) = S.
A topological space is separable if there exists a countable set U that is dense

in (S,0).

Theorem 6.20. IfT is a subspace of a separable topological space (S, 0), then
T itself is separable.

Proof. Since S is separable, there exists a countable set U such that Kg(U) =
S. On the other hand, K7 (UNT) = Ks(UNT)NT C Kg(U)NT =SNT =T,
which implies that the countable set UNT is dense in T". Thus, T is separable.
0

Theorem 6.21. IfT is a separable subspace of a topological space (S, ), then
so is Kg(T).
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Proof. Let U be a countable subset of T' that is dense in T, that is, K (U) =
T. We need to prove that Kk 7)(U) = Ks(T') to prove that U is dense in
Ks(T) also.

By Corollary 6.17, we have

KKS(T)(U) = Ks(U) N Ks(T) = Ks(U)

due to the monotonicity of Kg.

Note that T = K¢ (U) = Kg(U) N T, so T C Kg(U), which implies
Ks(T) € Kg(U). Since Kg is monotonic, we have the reverse inclusion
Ks(U) € Ks(T), so Ks(U) = Kg(T). This allows us to conclude that
Kk, (U) =Ks(T), so U is dense in Kg(T'). O

Theorem 6.22. Let (S,0) be a topological space. The set U is dense in (S,0)
if and only if U N L # () for every non-empty open set L.

Proof. Suppose that U is dense, so K(U) = S. Since K(UN L) = K(U) N
K(L)=SNK(L)=K(L), UNL =0 would imply K(L) = K(0) = 0, which
is a contradiction because () # L C K(L).

Conversely, suppose that U has a non-empty intersection with every non-
empty open set L. Since K(U) is closed, S — K(U) is open. Observe that
UN(S—K(U)) =0, so the open set S —K(U) must be empty. Therefore, we
have K(U)=S. O

Theorem 6.23. Let (S, 0) be a topological space and let x € S. The following
statements hold:
(i) If U,V € neigh,(O), then U NV € neigh,(O).
(ii) If U € neigh,(O) and U CW C S, then W € neigh,(0O).
(iii) A set L is open if and only if L is a neighborhood of all its points.

Proof. The first two parts follow immediately from Definition 6.6. We discuss
here only the third statement.

If L is open, it is immediate that L is a neighborhood of all its points.
Conversely, suppose that L is a neighborhood of all its members. Then, for
each x € L there exists W, € O such that z € W, C L. Therefore,

L=|J{ztc W CL,

xzeL zeL

which implies L = J ., W,. This in turn implies L € 0. O
Definition 6.24. Let (S, 0) be a topological space. A subset U of S is clopen

if it is both open and closed.

Clearly, in every topological space (S, 0), both () and S are clopen sets.
In Chapter 4, we discussed the notion of an interior system of sets on a set .S
and the notion of an interior operator. Since () is an open set in any topological
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space (S,0) and any union of open sets is an open set, it follows that the
topology itself is an interior system on S. In addition, an interior system of
open sets is closed to finite intersection. Definition 6.25 which follows is a
restatement of the definition of the interior operator associated to an interior
system contained by Theorem 4.50.

Definition 6.25. Let (S,0) be a topological space. The interior of a set U,
U CS, is the set
I0)=J{reo|Lcu}.

The interior I(U) of a set U is the largest open set included in U, because
the union of any collection of open sets is an open set. Furthermore, a set is
open in a topological space if and only if it equals its interior.

Theorem 6.26. Let (S,0) be a topological space and let U be a subset of S.
The closure K(S —U) of the set S —U equals S — I(U).

Proof. Since I(U) is an open set, the set S—I(U) is closed. Note that S—U C
S —I(U). Therefore, K(S —U) C S —I(U).

Conversely, the inclusion S — U C K(S — U) implies S — K(S —U) C U.
Since S — K(S — U) is an open set included in U and I(U) is the largest such
set, it follows that S —K (S —U) C I(U), which implies S —I(U) C K(S—-U).
O

Corollary 6.27. For every subset U of a topological space (S,0), we have
IU)=S-K(S-0U)

and
KU)=S-1I(S-U).

Proof. The first equality is immediate; the second follows from Theorem 6.26
by replacing U by S —U. 0O

Theorem 6.28. Let (S,0) be a topological space. The following statements

are equivalent:

(i) Every countable intersection of dense open sets is a dense set.

(ii) Every countable union of closed sets that have an empty interior has an
empty interior.

Proof. (i) implies (ii): Let Hy,..., H,,... be a sequence of closed sets with
I(H;) = (0 for n > 1. Then, for the open sets L; given by L; = S — H;, we
have K(L;) = K(S — H;) = S — I(H;) = S, so every set L; is dense. By (i),
we have K((,~; Li) =S, so
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I(JH | =S-K|[s-|JH

i>1 i>1

which shows that (ii) holds.

(i) implies (i): this argument is similar to the preceding one and we will
omit it. O

A topological space that satisfies one of the equivalent conditions of this
theorem is called a Baire space. As we shall see in Chapter 11 (Theorem 11.54),
a very important category of topological spaces, the complete topological met-
ric spaces, are Baire spaces.

Definition 6.29. Let (S,0) be a topological space. The border of a set U,
where U € P(S), is the set IsK = K(U)N K(S —U).

If S is clear from the context, then we will omit the subscript and will
denote the border of U just by OU.

The border itself is obviously a closed set, as it is an intersection of two closed
sets.

Note that, by using Corollary 6.27, the border of a set can be expressed
also in term of interiors:

U =(S—I(S—-U)N(S—LU)) =S — 1S -U)ULU)).  (6.2)

Theorem 6.30. The border of a subset U of a topological space (S, 0) consists
of those elements s of S such that for every open set L that contains s we have

both LNU # 0 and LN (S —U) # 0.

Proof. Let x € OU and let L be an open set such that z € L. By Equality( 6.2),
we have both € I(S — U) and « € I(U). Therefore, L Z S —U and L € U,
which imply LNU # @ and LN (S —U) # 0.

Conversely, suppose that, for every open set L that contains s, we have
both LNU # @ and LN (S —U) # 0. This implies 2 € I(U) and s ¢ I(S —U),
so z € OU by Equality (6.2). O

Theorem 6.31. Let (S,0) be a topological space, (T, O 11) be a subspace, and
W be a subset of S. The border Or(W NT) of WNT in the subspace T is a
subset of the intersection 0s(W) N T, where Os(W) is the border of W in S.
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Proof. By Definition 6.29, we have

OorWnT)=Kr(WnT)NKp(T — (WnNT))
=Kr(WnT)nKp(T —-W)
C (Ks(W)N'T) NK(T — W)
by Corollary 6.17.

Again, by Corollary 6.17, we have Kr(T—W) =Ky (TN(S—W)) C Kg(S—
W)NT, and this allows us to write

OorWnNnT)C(KsW)NnT)NKg(S—W)NT =0s(W)NT,

which is the desired conclusion. 0O
The next statement relates three important sets that we defined for each
subset U of a topological space (S, 0).

Theorem 6.32. Let (S,0) be a topological space. For every subset U of S,
we have K(U) = I(U)UdU.

Proof. By Equality (6.2), we have U = (S—I(S—U))N(S—I(U)). Therefore,

OUUIU)=(S-I(S-U))nIU)
(by Corollary 6.27)
=K({U)NIU)
(because I(U) C K(U))
=K(U).

O

Corollary 6.33. Let (S,0) be a topological space and let (T, 11) be a sub-
space of (S,0). For any subset U of S, we have Or(UNT) C dg(U).

Proof. Let t € Or(UNT). By Theorem 6.30, for every open set L € O |7 such
that ¢ € L we have both LN (UNT) # 0 and LN (T —(UNT)) #0.

If L, is an open set of (S, 0) that contains S, then L; N7 is an open set
of (T, 0 17) that contains ¢, so for Ly we have both (Ly NT)N(UNT) #
and (L NT)N (T — (UNT)) # 0. This immediately implies L; N U # () and
Lin(S—U)#0, that is, t € 95(U). O

Theorem 6.34. Let (S,0) be a topological space. A set U is clopen if and
only if OU = 0.

Proof. Suppose that U is clopen. Then U = K(U); moreover, S — U is also
closed (because U is open) and therefore S — U = K(S — U). Thus, K(U) N
KS-U)=Un(S—-U)=10,s0dU = 0.
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Conversely, suppose that OU = (. Then, since K(U) NK(S —U) = 0, it
follows that K(U) C S—K(S—U). Therefore, K(U) C S—(S—U) = U, which
implies K(U) = U. Thus, U is closed. Furthermore, by Equality (6.2), 90U = ()
also implies I(S — L)UI(L) = S, so S —I(S — L) C I(L). By Corollary 6.27,
we have K(L) C I(L), so L C I(L). Thus, L =I(L), so L is also an open set.
O

Definition 6.35. Let (S, 0) be a topological space and let U be a subset of S.
An element t of S is an accumulation point or a cluster point of the set U if,
for every open set L such that t € L, the set U N (L — {t}) is not empty.

The set of all accumulation points of a set U is the derived set of U and
is denoted by U’.

Lemma 6.36. Let (S,0) be a topological space and let U be a subset of S.
We have OU C U UU’.

Proof. By Theorem 6.30, if x € QU, then for every open set L such that x € L,
we have both LNU # @ and LN (S —U) # 0.

If UN(L—{z}) # 0 for every open set L, then x € U’. Otherwise, there
is an open set Lo such that zo € L and U N (Lo — {z}) = . This can happen
only if € U. Therefore, in either case, x € U U U’, which gives the desired
inclusion. 0O

Theorem 6.37. Let (S,0) be a topological space and let U be a subset of S.
We have K(U) = U UU’ for every subset U of S.

Proof. By Theorem 6.32 and Lemma 6.36, we have K(U) = I(U) U9U C
L({U)UU UU =UUU because I(U) C U.

Let x be an accumulation point of U. If z € U, then clearly x € K(U).
Otherwise, ¢ U and we claim that in this case x € K(U). Indeed, if x were
not an element of K(U), it would belong to the open set S —K(U). This would
imply that the set UN(S—K(U)—{z}) is not empty, which is a contradiction.
This yields the reverse inclusion, U UU’ CK(U). O

6.4 Bases

Let O = {0, | i € I} be a family of topologies defined on a set S that contains
the discrete topology P(S). We claim that O is a closure system on P(.S). The
first condition of Definition 4.32 is satisfied due to the definition of 9. It is
easy to verify that for every subfamily O’ of O, (O’ is a topology, so O is
indeed a closure system.

Thus, if § is a family of subsets of S, there exists the smallest topology
that includes 8.
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Theorem 6.38. The topology TOP(8) generated by a family 8 of subsets of
S consists of unions of finite intersections of the members of 8.

Proof. Let € be the collection of all unions of finite intersections of the mem-
bers of 8. It is clear that 8§ C £. We claim that & is a topology that contains
S.

Note that the intersection of the empty collection of sets in § is S, so
S € &; also, the union of an empty collection of finite intersections is ), so
Pec.

Every U € € can be written as

U= J{v; | jedu},

where the sets Vj are finite intersections of sets of 8. Therefore, it is immediate
that any union of sets of this form belongs to €.

Suppose that {U; | 7 € I} is a finite collection of parts of S, where
Ui=U{V; € 8 | j € J;} and that each V; can be written as V; = ({W;,, €
8 | h € H;}, where each set H; is finite. One can prove by induction on
p=|I| that {U; | i € I} € €. To simplify the presentation, we discuss here
only the case where |I| = 2. So, if U; = [ J{V; € § | j € J;} for i = 1,2, we
have

UnUs=|J{V;, €8 | jne W}l J{Vj, €8 | ja € Jo}
= () (Vi N Vi)

J1,J2

Since each intersection V; NV}, is in turn a finite intersection of sets of 8, it
follows that U; N Uy € 8.

Thus, TOP(8) is contained in € because TOP(8) is the coarsest topology
that contains 8. This gives the desired conclusion. 0O

Corollary 6.39. Let B be a collection of subsets of the set S such that for
every finite subcollection D of B, x € (D implies the existence of a set B € B
such that x € B C (D. Then, TOP(B), the topology generated by B, consists
of sets that are unions of subcollections of B.

Proof. By Theorem 6.38, TOP(B) consists of unions of finite intersections of
the members of B. Therefore, unions of sets of B belong to TOP(B).

Conversely, let U € B, that is, U = [J{V; | i € I'}, where each V; is a finite
intersection of members of B. For every x € V;, there exists a set B,; € B
such that € B, ; C V;. Therefore, V; = Umem B, ;, and this implies that U
is indeed a union of sets from B. O

Definition 6.40. Let S be a set. A collection S is a subbasis for a topology
O if O = TOP(S8).
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A collection B of subsets is a basis for a topology if, for every finite sub-
collection D of B, if v € (D, then there exists a set B € B such that
xr€BCND.

Corollary 6.39 implies that, for a basis B, we have |JB = S. Indeed,
consider the intersection of the empty collection of parts of B, which equals
S. Then, for every x € S, there is a set B € B such that x € B C S, which of
course implies (JB = 5.

Clearly, every set of B is an open set in the topological space (S, TOP(B).

Starting from a topology, we find a basis using the following theorem.

Theorem 6.41. Let (S, 0) be a topological space. If B is a collection of open
subsets of S such that for every x € S and every open set L € O there exists
a set B € B such that x € B C L, then B is a basis for (S,0).

Proof. This statement is an immediate consequence of Definition 6.40. O

Theorem 6.42. Let (S,0) be a topological space. The following statements
involving a family B of subsets of S are equivalent.
(i) B is a basis for (S,0);
(ii) For every x € S and U € neigh,(0), there exists B € B such that x €
BCU.
(iii) For every open set L, there is a subcollection C of B such that L =|JC.

Proof. (i) implies (ii): Let B be a basis for (5,0) and let U € neigh,,(O). There
exists an open set L such that x € L C U. Since B is a basis, there exists a
set B € B such that x € B C L C U, which is what we aimed to prove.

(ii) implies (iii): Suppose that the second statement holds, and let L be an
open set. Since L is a neighborhood for all its elements, for every x € L there
exists B, € B such that {«} C B, C L. Therefore, L = J{B, | = € L}.

(iii) implies (i): Part (iii) implies Part (i) immediately. O

Corollary 6.43. Let U be a subspace of a topological space (S,0). If B is a
basis of (S,0), then By ={UNB | B € B} is a basis of the subspace U.

Proof. Let K be an open subset in the subspace U. There is an open set L in
(S,0) such that K = U N L. Since B is a basis for (S,0), by the third part
of Theorem 6.42, there is a subcollection € of B such that L = [J€, which
implies K = (J{UNC | C € C}. Thus, By is a basis for U. O

Ezample 6.44. The collection of open intervals {(a,b) | a,b € Rand a <
b} is a basis for the topological space (R, O) by Theorem 6.10. Further, the
collection

§={(a,+0) | a e R} U{(—00,b) | b€ R}

is a subbasis of this topology because every member (a, b) of the basis can be
written as (a,b) = (—00,b) N (a, +00).
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Definition 6.45. A topological space satisfies the first axiom of countability
if for every x € S there is a countable family of open sets L, = {L,, | n € N}
such that x € (\{Ly, | n € N} and for every open set L that contains x there
s a set L,, € L, such that L, C L.

A topological space satisfies the second axiom of countability if it has a
countable basis.

It is clear that the second axiom of countability implies the first, and we
will deal mostly with this second axiom. Furthermore, by Corollary 6.43, every
subspace of a topological space that satisfies the second axiom of countability
satisfies this axiom itself.

Theorem 6.46. Let (S,0) be a topological space. If (S,0) has a countable
basis, then (S, Q) is separable.

Proof. Let {B,, | n € N} be a countable basis for (S,0) and let z,, be an
element of B, for n € N. We claim that S = K({z,, | n € N}), which is
equivalent to S — K({z,, | n € N}) = 0.

Indeed, observe that S — K({z, | n» € N}) is a non-empty open set;
therefore, there exists m € N such that B,, C S — K({z, | n € N}), so
Tm € S —K({x, | n € N}) CS—{z, | n € N}, which is a contradiction.
Therefore, the countable set {x,, | n € N} is dense in (S,0). O

The notion of an open cover of a topological space is introduced next.

Definition 6.47. A cover of a topological space (S,0) is a collection of sets
C such that JC = S.

If C is a cover of (S,0) and every set C' € C is open (closed), then we refer
to C as an open cover (a closed cover, respectively).

A subcover of an open cover € is a collection D such that D C C and
Ub==s.

Theorem 6.48. If a topological space (S,0) satisfies the second aziom of
countability, then every basis B for (S,0) contains a countable collection By
that is a basis for (S,0).

Proof. Let B = {L; | i € N} be a countable basis for (S,0) and let C; be the
subcollection of B defined by €; ={V € B | V C L;} for i € N. Since B is a
basis for (S,0), it is clear that C; is an open cover for L;; that is, |JC; = L;
for every ¢ € N. Since each subspace L; has a countable basis, C; contains a
countable subcover €] of L;. The collection By = [J{C} | i € N} is countable
and is a basis for (S, 0) that is included in B. O

Corollary 6.49. If a topological space (S, 0) has a countable basis, then every
open cover of (S,0) contains a countable subcover.

Proof. This fact follows directly from Theorem 6.48. O
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6.5 Compactness

Definition 6.50. A topological space (S, ) is compact if every open cover C
of this space contains a finite subcover.

Another useful concept is the notion of a family of sets with the finite
intersection property.

Definition 6.51. A collection C of subsets of a set S has the finite intersection
property (f.i.p.) if (D # O for every finite subcollection D of C.

Theorem 6.52. The following three statements concerning a topological space
(S,0) are equivalent:
(i) (S,0) is compact.
(i) If D is a family of closed subsets of S such that (\D = 0, then there exists
a finite subfamily Do of D such that (Do = 0.
(iii) If € is a family of closed sets having the f.i.p., then (& # 0.

Proof. The argument is left to the reader. 0O

Another characterization of compactness that is just a variant of Part (iii)
of Theorem 6.52 that applies to an arbitrary family of sets (not necessarily
closed) is given next.

Theorem 6.53. A topological space (S,0) is compact if and only if for every
family of subsets C that has the f.ip., {K(C) | C € C} # 0.

Proof. If for every family of subsets C that has the f.i.p. we have {K(C) |
C € @} # 0, then, in particular, if € consists of closed sets, it follows that
N{C | C € €} # 0, which amounts to Part (iii) of Theorem 6.52, so (S, 0) is
compact.

Conversely, suppose that the space (.S, O) is compact, which means that the
property of Part (iii) of Theorem 6.52 holds. Suppose that € is an arbitrary
collection of subsets of S that has the f.i.p. Then, the collection of closed
subsets {K(C) | C € €} also has the f.i.p. because C' € K(C) for every
C € C. Therefore, ({K(C) | C€C}#0. O

Ezxample 6.54. Let Uy 2 Uy O --- be a descending sequence of non-empty
closed subsets of a compact space (S5,0). Its intersection (1),~; U, is non-
empty because (S,0) is compact and ﬂ’;:l Uy, = U # 0, where | =
min{iy, ..., i} for every k > 1.

This implies that the topological space (R, Q) introduced in Example 6.4
is not compact because (),,~[n, 00) = 0.

The notion of cover refinement can be used to characterize compact topo-
logical spaces. Recall that we introduced this notion in Definition 1.12.
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Theorem 6.55. A topological space (S,0) is compact if and only if every
open cover C is refined by some finite open cover of the space.

Proof. Suppose that (S, 0) is compact. Then, every open cover € contains a
finite subcover €. Since every C’ € €' is a member of €, it follows that € is
refined by €.

Conversely, suppose that every open cover € is refined by some finite open
cover D = {Dq,...,Dp}. Then, for every D; € D there exists a set C; € C such
that D; C C; for 1 <4 < p. Since |J;_, D; = S, it follows that !, C; = S,
so {C4,...,Cy,} is a finite subcover of C, which means that (S, Q) is compact.
O

If (T, O 1r) is a compact topological space, then we say that T is a compact
set.

Ezample 6.56. Every closed interval [z, y] of R is a compact set. Indeed, if C is
an open cover of [z, y] we can assume without loss of generality that C consists
of open intervals € = {(a;,b;) | i € I'}.

Let

K=<c|ce€lz,y]and [z, C U(aj’bj) for some finite J C I
JjeJ

Observe that K # () because x € K. Indeed, we have [z, 2] = {2z} and therefore
[z, 2] C (a;,b;) for some i € I.

We claim that y < w = sup K. It is clear that w < y because y is an upper
bound of [z, y] and therefore an upper bound of K. Suppose that w < y. Note
that in this case there exists an open interval (a,,b,) for some p € I such
that w € (ap,bp). By Theorem 4.28, for every e > 0, there is z € K such
that sup K — € < z. Choose € such that e < w — a,. Since the closed interval
[z, 2] is covered by a finite collection of open intervals [z,z] C (aj,,bj,) U
---U(aj,,bj,), it follows that the interval [z, w] is covered by (a;,,b;,)U---U
(@j,,bj,) U (ap,bp). This leads to a contradiction because the open interval
(ap,bp) contains numbers in K that are greater than w. So we have w = y,
which shows that [z,y] can be covered by a finite family of open intervals
extracted from C.

Ezample 6.57. The open interval (0,1) is not compact. Indeed, it is easy to
see that the collection of open sets {(%, 1-— %)} is an open cover of (0,1).
However, no finite sub-collection of this collection of sets is an open cover of
(0,1).

Example 6.57 suggests the interest of the following definition.

Definition 6.58. A subset T of a topological space is relatively compact if its
closure K(T') is compact.
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Ezample 6.59. The set (0,1) is a relatively compact subset of R but not a
compact one.

Theorem 6.60. If (S,0) is a compact topological space, any closed subset T'
of S is compact.

Proof. Let T be a closed subset of (S, 0). We need to show that the subspace
(T, 0 17) is compact. Let € be an open cover of the space (7,0 1r). Then,
CU{S — T} is a open cover of (S,0). The compactness of (S, 0) means that
there exists a finite subcover D of (S, O) such that D C CU{S —T}. It follows
immediately that D — {S — T’} is a finite subcover of € for (7,0 7). O

A topological space (S, 0) is locally compact if for every x € S there exists
an open set L € O such that x € L and K(L) is a compact set.

Theorem 6.61. If (S,0) is a compact topological space, then, for every infi-
nite subset U of S we have U' # ) (the Bolzano-Weierstrass property ).

Proof. Let U = {z; | i € I'} be an infinite subset of S. Suppose that U has no
accumulation point. For every s € S, there is an open set L such that s € Ly
and U N (Ls — {s}) = 0. Clearly the collection {Ls | s € S} is an open cover
of S, so it contains a finite subcover {Ls,, ..., Ly, }. Thus, S = L, U---UL, .
Note that each L, contains at most one element of U (which happens when
s; € U), which implies that U is finite. This contradiction means that U’ # (.
O

6.6 Continuous Functions

The notion of a continuous function is central in topology; we introduce it in
the next definition.

Definition 6.62. Let (S1,01) and (S2, 02) be two topological spaces. A func-
tion f : Sy — Sy is continuous if, for every open set V.€ Os, we have

F7H(V) e 0.

If f:S5 — S5 is a continuous function between the topological spaces
(S1,01) and (S2, 02) and O} and O} are topologies on S; and Sa, respectively,
such that O C 05 and O7 C Of, then f is also a continuous function between
the topological spaces (S1,0]) and (S2, 0%). Therefore, any function defined
on the topological space (S, P(S5)) (equipped with the discrete topology) with
values in an arbitrary topological space (S’,0) is continuous; similarly, any
function f : S — S’ between a topological space (S,0) and (S',{0,5'})
(equipped with the discrete topology) is continuous.

Theorem 6.63. Let (S,0),(T,0"), and (U,0") be three topological spaces and
let f:S — T and g : T — U be two continuous functions. Then, the
function gf : S — T is continuous.
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Proof. This statement is an immediate consequence of Definition 6.62 and
Theorem 1.63. O

The next theorem provides several equivalent characterizations of contin-
uous functions and thus gives several alternative methods for proving the
continuity of a function.

Theorem 6.64. Let (S,0) and (T,0") be two topological spaces and let f :

S — T be a function. The following statements are equivalent:

(i) f is continuous.

(ii) For every closed set L, L C T, the set f~1(L) is a closed set in (S,0).

(iii) f(K1(H)) C Ko(f(H)) for every H C S, where Ky and Ky are the closure
operators of the topological spaces (S,0) and (T,0O’), respectively.

(iv) For every x € S and V' € neighy,)(0"), there exists U € neigh,(O) such
that f(U) C V.

Proof. To prove that (i) implies (ii), let f be a continuous function and let
C be the open set given by C =T — L. By (i), f~*(C) is open in (S,0) and
therefore S — f=1(C) is closed in (S, 0). Since

S—fHC) =8S-fHT-L)=f""L)

(see Exercise 21), we have shown the desired implication.

To prove that (ii) implies (iii), we start from the fact that H C f~1(f(H)).
Therefore, H C f~1(Ka(f(H))). Since Ka(f(H)) is closed, it follows that
YKo (f(H))) is also closed. Thus, K;(H) C f~1(Ka(f(H))).

We now show that (iii) implies (iv). Let V be a neighborhood of f(z)
in (T,0") and let W be an open set such that f(x) € W C V. Define the
set U C SasU = 8 — fYT —W). Since f(z) € W, f(z) ¢ T — W,
x & f~HT — W) and therefore z € U.

By (iii), we have

FE(FTHT = W)) SK(f(FTUT = W))) CKA(T = W) =T~ W,

because T — W is a closed set. Consequently, Ky (f~1{(T—-W)) C f~YT-W),
so Ky (f~HT—W)) = f~YT—W), which implies that f~}(T'— W) is a closed
set. This means that U is an open set, and hence it is a neighborhood of .
Then,
fO)=f(S=fHT-W))=f(fH (W) CW.

Finally, to show that (iv) implies (i), let V' be an open set in (7,0") and
x € f7Y(V), so f(xr) € V. Since V is open, it is a neighborhood of f(x),
so by (iv) there exists U € neigh,(O) such that f(U) C V, which implies
UC f~4(V) and f~%(V) is a neighborhood of z. By Theorem 6.23, f~1(V)
is open so f is continuous. O

Definition 6.65. Let (S,0) and (T, 0’) be two topological spaces. A bijection
f:S — T is a homeomorphism if both f and its inverse f~' are continuous
functions.
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If a homeomorphism exists between the topological spaces (S, 0) and (S,0"),
we say that these spaces are homeomorphic.

Theorem 6.66. A bijection f: S — T between two topological spaces (S, 0O)
and (T,0") is a homeomorphism if and only if U € O is equivalent to f(U) €
o

Proof. Suppose that f is a homeomorphism between (5,0) and (7,0"). If
U € O the continuity of f~! implies that (f~!)~1(U) = f(U) € O’; on the
other hand, if f(U) € O/, then, since U = f~1(f(U)), the continuity of f
yields U € O.

Conversely, suppose that for the bijection f: S — T, U € O if and only
if f(U) € O’. Suppose that V' € O'; since f is a bijection, there is W C S such
that V = f(W) and W € O by hypothesis. Observe that f~1(V) = W, so f is
continuous. To prove that f~! is continuous, note that we need to verify that
(f~H71(Z) is an open set in (S,0) for any set Z € O/, which is effectively
the case because (f~1)"%(Z) = f(Z). O

Any property of (S,0) that can be expressed using the open sets of this
topological space is preserved in topological spaces (7, 0’) that are homeo-
morphic to (S, Q). Therefore, such a property is said to be topological.

The collection of all pairs of topological spaces that are homeomorphic
is an equivalence relation on the class of topological spaces as can be easily
shown.

Ezample 6.67. We prove that all open intervals of R, bounded or not, are
homeomorphic.

Let (a,b) and (c¢,d) be two bounded intervals of R and let f : (a,b) —
(¢,d) be the linear function defined by f(x) = pz + ¢, where p = g:; and
q= bz:zd. It is easy to verify that f is a homeomorphism, so any two bounded
intervals of R are homeomorphic; in particular, any bounded interval (a,b) is
homeomorphic with (0,1).

Any two unbounded intervals (a,o00) and (b, c0) are homeomorphic; the
mapping g(z) = gx is a homeomorphism between these sets. Similarly, any
two unbounded intervals of the form (—o0, a) and (—oc, b) are homeomorphic,
and so are (a,00) and (—oo, b).

The function h : (0,1) — (0,00) defined by h(x) = tan ¢ is a homeo-
morphism, whose inverse mapping is h~!(z) = 2 arctanz so (0,1) is homeo-
morphic with (0, 00). Finally, (—1,1) is homeomorphic to (—oo, c0) since the
mapping hy : (—=1,1) — (—o00,00) defined by h(x) = tan &F for x € (—1,1)
is a homeomorphism.

The next theorem shows that compactness is preserved by continuous func-
tions.
Theorem 6.68. Let (S,0) and (T,0") be two topological spaces and let f :

S — T be a continuous function. If (S,0) is compact, then f(S) is compact
in (T,0").
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Proof. Let D = {D; | i € I} be an open cover of f(S). Then f~(D;) is an
open set in (S, 0) because f is continuous and the collection € = {f~1(D;) |
i € I} is an open cover of S. Since (5,0) is compact, there exists a finite
subcover € = {f~Y(D;) | i € I} of S (I is a finite subset of I). Since
S=U{f"YD;) | i € I}, we have

(U{f )| i€ Il})
_U{f ) | i€}
:U{DZ | iEIl},

which shows that D contains a finite subcover of f(5). O
Using the notion of the neighborhood of an element, it is possible to localize
the notion of continuity.

Definition 6.69. Let (S,0) and (T,0") be two topological spaces. A function
f S — T is continuous at s, where s € S, if for every neighborhood V of
f(s) there exists a neighborhood U of s such that f(U) C V.

Theorem 6.70. Let (S,0) and (T,0") be two topological spaces. A function
f S — T is continuous if and only if it is continuous at every element s of

S.

Proof. This statement follows immediately from Definition 6.70 and from the
last part of Theorem 6.64. O

6.7 Connected Topological Spaces

We now discuss a formalization of the notion of a “one-piece” topological
space.

Theorem 6.71. Let (S,0) be a topological space. The following statements
are equivalent:
(i) There exists a clopen subset K of S such that K & {(),S}.
(ii) There exist two non-empty open subsets L, L’ of S that are complementary.
(iii) There exist two non-empty closed subsets H, H' of S that are complemen-
tary.

Proof. (i) implies (ii): If K is clopen and K ¢ {), S}, then both K and K are
non-empty open sets.

(i) implies (iii): Suppose that L and L’ are two non-empty complementary
open subsets of S. Then, L and L’ are in the same time closed because the
complements of each set is open.

(iii) implies (i): If H and H' are complementary closed sets, then each of
them is also open because the complements of each set is closed. Thus, both
sets are clopen. 0O
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Definition 6.72. A topological space (S, Q) is disconnected if it satisfies any
of the equivalent conditions of Theorem 6.71. Otherwise, (S,0) is said to be
connected.

A subset T of a connected topological space is connected if the subspace T
is connected.

Theorem 6.73. Let T be a subset of S, where (S,0) is a topological space.

The following statements are equivalent:

(i) T is connected.

(ii) There are no open sets Ly, Lo in (S, 0) such that T C LyULs, and TN Ly,
and T N Ly are non-empty and disjoint.

(iii) There are no closed sets Hy, Ho in (S,0) such that T C Hy U Hs, and
TN Hy and T N Hy are non-empty and disjoint.

(iv) There is no clopen set in (S,0) that has a non-empty intersection with T.

Proof. The equivalence of the statements follows immediately from the defi-
nition of the subspace topology. 0O

Theorem 6.74. Let C = {C; | i € I} be a family of connected subsets of a
topological space (S,0). If C; N C; # 0 for every i,j € I such that i # j, then
U@ is connected.

Proof. Suppose that C' = |J€ is not connected. Then C' contains two com-
plementary open subsets L’ and L”. For every i € I, the sets C; N L' and
C; N L" are complementary and open in C;. Since each C; is connected, we
have either C; N L' = () or C; N L" = () for every ¢« € I. In the first case,
C; C L”, while in the second, C; C L’. Thus, the collection € can be parti-
tioned into two subcollections, € = €' U €”, where €' = {C; € € | C; C L'}
and ¢” = {C; € € | C; C L"}. Clearly, two sets C; € € and C; € ¢”
are disjoint because the sets L’ and L” are disjoint, and this contradicts the
hypothesis. 0O

Corollary 6.75. Let (S, 0) be a topological space and let x € S. The collection
C. of connected subsets of S that contain x has K, = |JC, as ils largest
element.

Proof. This follows immediately from Theorem 6.74. O
We will refer to K, as the connected component of x.

Theorem 6.76. Let T be a connected subset of a topological space (S,0),
and suppose that W is a subset of S such that T C W C K(T). Then W is
connected.

Proof. Suppose that W is not connected (that is, W = U UU’, where U and
U’ are two nonempty, disjoint, and open sets in W). There exist two open
sets L, L' in S such that U = WNL and U = WNL'. Since T'C W, the sets
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TNU and TNU’ are open in T, disjoint, and their union equals T'. Thus, we
have either TNU =0 or TN U’ = () because T is connected.
UTNU=0,then TNL=(TNW)NL=TNn(WnL) =TnU =10,
so T C L. Since L is closed, K(T') C L, which implies W C L, which implies
U =WnNL = 0. This contradicts the assumption made ecarlier about U. A
similar contradiction follows from T'N U’ = (). Thus, W is connected. O

Corollary 6.77. If T is a connected subset of a topological space (S,0), then
K(T) is also connected.

Proof. This statement is a special case of Theorem 6.75. O

Theorem 6.78. Let (S,0) be a topological space. The collection of all con-
nected components of S is a partition of S that consists of closed sets.

Proof. Corollary 6.77 implies that each connected component K, is closed.
Suppose that K, and K, are two connected components that are not disjoint.
Then, by Theorem 6.74, K, U K, is connected. Since z € K, U K, it follows
that K, U K, C K, because K, is the maximal connected set that contains
z, so K, C K,. Similarly, K, C K, so K, = K,. 0O

Ezample 6.79. The topological space (R, Q) is connected. Suppose that K is
a clopen set in R distinct from R and (), and let z € R — K.

Suppose that the set K N [z,00) is nonempty. Then, this set is closed
and bounded below and therefore has a least element w. Since K N [z, 00) =
K N(z,00) is also open, there exists € > 0 such that (u—e,u+e¢) C KN|x,00),
which contradicts the fact that u is the least element of K N[z, 00). A similar
contradiction is obtained if we assume that K N (—oo,z] # @}, so R cannot
contain a clopen set distinct from R or 0.

Theorem 6.80. The image of a connected topological space through a contin-
uous function is a connected set.

Proof. Let (S1,01) and (S2, O2) be two topological spaces and let f:S; —
Sy be a continuous function, where S; is connected. If f(S7) were not con-
nected, we would have two nonempty open subsets L and L’ of f(S7) that
are complementary. Then, f~1(L) and f~*(L’) would be two nonempty, open
sets in S; which are complementary, which contradicts the fact that S is
connected. 0O

A characterization of connected spaces is given next.

Theorem 6.81. Let (S,0) be a topological space and let ({0,1},P({0,1}) be
a two-element topological space equipped with the non-discrete topology. Then,
S is connected if and only if every continuous application f : S — {0,1} is
constant.
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Proof. Suppose that S is connected. Both f~1(0) and f~!(1) are clopen sets
in S because both {0} and {1} are clopen in the discrete topology. Thus, we
have either f=1(0) = 0 and f=(1) = S, or f~1(0) = S and f~(1) = 0. In
the first case, f is the constant function f(z) = 1; in the second, it is the
constant function f(x) = 0.

Conversely, suppose that the condition is satisfied for every continuous
function f : S — {0,1} and suppose (S,0) is not connected. Then, there
exist two nonempty disjoint open subsets L and L’ that are complementary.
Let f = 1, be the indicator function of L, which is continuous because both
L and L' are open. Thus, f is constant and this implies either L = () and
L'=Sor L=Sand L' =, so S is connected. O

Ezample 6.82. Theorem 6.81 allows us to prove that the connected subsets of
R are exactly the intervals.

Suppose that T is a connected subset of S but is not an interval. Then,
there are three numbers z,y,z such that ¢ < y < z, z,z € T but y ¢ T.
Define the function f : T — {0,1} by f(u) = 0if v < y and f(u) =1
if y < u. Clearly, f is continuous but is not constant, and this contradicts
Theorem 6.81. Thus, T" must be an interval.

Suppose now that 7" is an open interval of R. We saw that 7" is homeomor-
phic to R (see Example 6.67), so T is indeed connected. If T is an arbitrary
interval, its interior I(7T") is an open interval and, since I(T") C T C K(I(T)),
it follows that 7" is connected.

Definition 6.83. A topological space (S, 0) is totally disconnected if, for ev-
ery © € S, the connected component of x is K, = {x}.

Example 6.84. Any topological space equipped with the discrete topology is
totally disconnected.

Theorem 6.85. Let (S,0) be a topological space and let T be a subset of S.

If for every pair of distinct points x,y € T there exist two disjoint closed
sets H, and H, such that T C H, UH,, x € H,, and y € H,, then T is
totally disconnected.

Proof. Let K, be the connected component of z, and suppose that y € K,
and y # x, that is, K, = K, = K. Then, K N H, and K N H, are nonempty
disjoint closed sets and K = (K N H,) U (K N Hy), which contradicts the
connectedness of K. Therefore, K, = {z} for every x € T and T is totally
disconnected. O

6.8 Separation Hierarchy of Topological Spaces

The next definition introduces a hierarchy of topological spaces that is based
on separation properties of these spaces.
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Definition 6.86. Let (S,0) be a topological space and let x and y be two

arbitrary, distinct elements of S. This topological space is:

(i) a Ty space if there exists U € O such that one member of the set {x,y}
belongs to U and the other to S — U;

(ii) a Ty space if there exist U,V € O such thatx € U —V andy €V —U;

(iii) a Ty space or a Hausdorfl space if there exist U,V € O such that x € U
andy €V and UNV = 0;

(iv) a T5 space if for every closed set H and x € S — H there exist UV € O
such that v €U and H CV and UNV = {;

(v) a Ty space if for all disjoint closed sets H,L there exist U,V € O such
that HCU,LCV,andUNV = 0.

Theorem 6.87. A topological space (S,0) is a Ty space if and only if every
singleton {x} is a closed set.

Proof. Suppose that (S, 0) is a T, space and for every y € S—{x} let U, and
Vy be two open sets such as z € Uy —V,, and y € V}, — Uy. Then, z € U, ,, U,
andz ¢ U, ., Vy, s0y € U, ., Vy €5 —{z}. Thus, S — {2} is an open set,
so {x} is closed.

Conversely, suppose that each singleton {u} is closed. Let z,y € S be two
distinct elements of S. Note that the sets S — {z} and S — {y} are open and
xe(S—{y})—(S—{z}) and y € (S — {z}) — (S — {y}), which shows that
(5,0) is a Ty-space. O

Theorem 6.88. Let (S, 0) be a Ty-separated topological space. If H is a closed
set and L is an open set such that H C L, then there exists an open set U
such that H CU C K(U) C L.

Proof. Observe that H and S — L are two disjoint closed sets under the as-
sumptions of the theorem. Since (S, 0) is a Ty-separated topological space,
there exist U,V € O such that H C U, S— L C V and UNV = (. This
implies U € S —V C L. Since S — V is closed, we have

HCUCKU)CK(S-V)=5-VCL,

which proves that U satisfies the conditions of the theorem. 0O
The next theorem is in some sense a reciprocal result of Theorem 6.60,
which holds in the realm of Hausdorff spaces.

Theorem 6.89. Each compact subset of a Hausdorff space (S,0) is closed.

Proof. Let H be a compact subset of (5, 0) and let y be an element of the set
S — H. It suffices to show that the set S — H is open. For every x € H, we
have two open subsets U, and V,, such that z € U,, y € V, and U, NV, = (.
The collection {U, | € H} is an open cover of H and the compactness of
H implies the existence of a finite subcover U,,,...,U,, of H. Consider the
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open set V = (I, V,,, which is disjoint from each of the sets Uy,,...,Us,
and, therefore, it is disjoint from H. Thus, for every y € S — H there exists
an open set V such that y € V C S — H, which implies that S — H is open.
0

Corollary 6.90. In a Hausdorff space (S,0), each finite subset is a closed
set.

Proof. Since every finite subset of S is compact, the statement follows imme-
diately from Theorem 6.89. 0O

It is clear that every 75 space is a T; space and each T3 space is a T
space. However, this hierarchy does not hold beyond T5. This requires the
introduction of two further classes of topological spaces.

Definition 6.91. A topological space (S, ) is regular if it is both a Ty and a
T3 space; (S,0) is normal if it is both a Ty and a Ty space.

Theorem 6.92. Every reqular topological space is a Ty space and every nor-
mal topological space is a reqular one.

Proof. Let (S,0) be a topological space that is regular and let  and y be
two distinet points in S. By Theorem 6.87, the singleton {y} is a closed set.
Since (S,0) is a T3, space, two open sets U and V exist such that z € U,
{y} CV,and UNV =0, so (S,0) is a T, space. We leave the second part of
the theorem to the reader. 0O

6.9 Products of Topological Spaces

Theorem 6.93. Let {(5;,0;) | ¢ € I} be a family of topological spaces in-
dexed by the set I. Define on the set S = [[,.;S:i the collection of sets
B= {ﬂjerj*l(Lj) | L; € O; and J finite}. Then, B is a basis.

Proof. Note that every set ﬂjejpj-_l(Lj) has the form [[;c; ;% [[;c; Lj. We
need to observe only that a finite intersection of sets in B is again a set in B.
Therefore, B is a basis. O

Definition 6.94. The topology TOP(B) generated on the set S by B is called
the product of the topologies O; and is denoted by HZEI ;.

The topological space {(S;,0;) | i € I} is the product of the collection of
topological spaces {(S;,0;) | i € I}.

The product of the topologies {O; | i € I} can be generated starting from
the subbasis 8 that consists of sets of the form D = {t | t € [[,c; | t(j) €
L}, where j € I and L is an open set in (S;,0;). It is easy to see that any set
in the basis B is a finite intersection of sets of the form D; .
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Ezample 6.95. Let R™ = R X --- X R, where the product involves n copies of
R and n > 1. In Example 6.44, we saw that the collection of open intervals
{(a,b) | a,b € R and a < b} is a basis for the topological space (R, Q). There-
fore, a basis of the topological space (R", O x --- Q) consists of parallelepipeds
of the form (aq,b1) X « -+ X (an,by), where a; < b; for 1 <i <n.

Theorem 6.96. Let {(5;,0;) | ¢ € I} be a collection of topological spaces.
Each projection pg : [,c; Si — Se is a continuous function for £ € I. More-
over, the product topology is the coarsest topology on S such that projections
are conlinuous.

Proof. Let L be an open set in (S, O;). We have

(L) = {te IIs: |t eL},

iel

which has the form Hiel K;, where each set K; is open because

g[S i
L ifi=¢,

for ¢ € I. Thus, le(L) is open and py is continuous.
The proof of the second part of the theorem is left to the reader. O
The next lemma is a preliminary result to a theorem that refers to the
compactness of products of topological spaces.

Lemma 6.97. Let C be a collection of subsets of S =[]
the f.i.p. and C is mazimal with this property.

We have (D € € for every finite subcollection D of C. Furthermore, if
TNC #0 for every C € €, then T € C.

i1 i such that € has

Proof. Let D = {Dy,...,D,} be a finite subcollection of C and let D = (D #
(). Note that the intersection of every finite subcollection of €U {D} is also
nonempty. The maximality of € implies D € €, which proves the first part of
the lemma.

For the second part of the lemma, observe that the intersection of any
finite subcollection of D U {T'} is not empty. Therefore, as above, T € €. O

Theorem 6.98 (Tychonoff’s Theorem). Let {(S;,0;) | i € I} be a
collection of topological spaces such that S; # O for every i € I. Then,
(ILics SisIlics Oi) is compact if and only if each topological space (S;, 0;)
is compact for i € 1.

Proof. 1f ([[;c; Si, O) is compact, then, by Theorem 6.68, it is clear that each
of the topological spaces (S;,0;) is compact because each projection p; is
continuous.
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Conversely, suppose that each of the topological spaces (S;, O;) is compact.

Let € be a family of sets in S = [[,; S; that has the f.i.p. and let (&, C)
be the partially ordered set whose elements are collections of subsets of S that
have the f.i.p. and contain the family €.

Let {C; | i € I} be achain in (&, C). It is easy to verify that [ J{C; | i € I'}
has the f.i.p., so every chain in (€, C) has an upper bound. Therefore, by Zorn’s
lemma (see Theorem 4.101), the poset (€, C) contains a maximal collection
€ that has the f.i.p.and contains €. We aim to find an element ¢ € [[,.; S;
that belongs to ({K(C) | C' € C} because, in this case, the same element
will belong to ({K(C) | C € £} and this would imply by Theorem 6.53 that
(S,0) is compact.

Let C; be the collection of closed subsets of .S; defined by

C = {Ki(p:(C)) | C €€}

for i € I, where K; is the closure of the topological space (S;, 0;).

It is clear that each collection C; has the f.i.p. in S;. Indeed, since C has
the f.i.p.,if {C1,...,Cy} € Cand x € ;_; Ck, then p;(z) € N;_; K(p:(Ck)),
so €; has the f.i.p. Since (S;,0;) is compact, we have (| C; # 0, by Part (iii)
of Theorem 6.52. Let ¢; € (€, = [[{Ki(pi(C)) | C € C} and let t € S be
defined by t(i) = t; for i € I.

Let Djp = {u | u € [[,c; | u(j) € L}, a set of the subbasis of the
product topology that contains ¢, defined earlier, where L is an open set in
(S;,0;). Since g(j) € L, the set L has a nonempty intersection with every
set K;(pi(C)), where C' € €. On the other hand, since p;(D; ) = S; for
i # j, it follows that for every i € I we have p;(Dj 1) N(\oee Ki(pi(C)) # 0.
Therefore, p;(D; ) has a nonempty intersection with every set of the form
K;(pi(C)), where C' € C. By the contrapositive of Theorem 6.8, this means
that p; (D) Upi(C) # 0 for every i € I and C' € €. This in turn means
that D; ;, UC # 0 for every C' € €. By Lemma 6.97, it follows that D; 1, € C.
Since every set that belongs to the basis of the product topology is a finite
intersection of sets of the form Dj 1, it follows that any member of the basis
has a nonempty intersection with every set of C. This implies that g belongs
to U{K(C) | C € €}, which implies the compactness of ([],c; S, [];c; 04).
O

Ezample 6.99. In Example 6.56, we have shown that every closed interval [z, y]
of R where z < y is compact. By Theorem 6.98, any subset of R" of the form
[x1,91] X -+ X [2n, yn] is compact.

6.10 Fields of Sets

In this section, we introduce collections of sets that play an important role in
measure and probability theory.
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Definition 6.100. Let S be a set. A field of sets on S is a family of subsets
€ of S that satisfies the following conditions:
(i) Seé&.
(i) IfU € &, then U= S — U € &.
(iii) If U, ..., Un—1 belong to &, then | Jy<;<, 1 Ui belongs to €.
A o-field of sets on S is a family of subsets & of S that satisfies Conditions
(i) and (ii) and, in addition, satisfies the following condition:
(ii') if {U; | i € N} is a countable family of sets included in &, then
U,en Ui belongs to €.
Clearly, every o-field is also a field on S.
If & is a o-field of sets on S, we shall refer to the pair (S,€) as a measur-
able space.

Ezample 6.101. The collection &y = {0}, S} is a o-field on S; moreover, for
every o-field € on S, we have &y C €.

The set P(S) of all subsets of a set S is a o-field on S.

If T is a subset of S, then the collection {0, T,S — T,S} is a o-field on S.

Theorem 6.102. The class of all fields (o-fields) of sets on S is a closure
system on P(S).

Proof. Let € = {&; | i € I} be a collection of fields of sets on S. Since S € &;
for every i € I, it follows that S € (\{&; | i € I}.

Suppose that A € (€. Since A € &; for every i € I, it follows that A € &;
for every i € I, which implies that A € N{&; | i € I}.

Finally, if {4; | 1 < i <n} € ({& | ¢ € I}, it is easy to see that
Uy 4i e & | i e T}

A similar argument proves that the class of all o-fields of sets is also a
closure system on P(S). O

Ezample 6.105. Let A be a subset of the set S. The o-field generated by the
collection {A} is {0, A, A, S}.

Definition 6.104. Let (S,0) be a topological space. A subset T of S is said
to be a Borel set if it belongs to the o-field generated by the topology O.
The o-field of Borel sets of (S,0) is denoted by Beo.

It is clear that all open sets are Borel sets. Also, every closed set, as a com-
plement of an open set, is a Borel set.

Ezample 6.105. We identify several families of Borel subsets of the topological
space (R, 0).

It is clear that every open interval (a,b) and every set (a,c0) or (—o0,a)
is a Borel set for a,b € R because they are open sets. The closed intervals of
the form [a, ] are Borel sets because they are closed sets in the topological
space.
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Since [a,b) = (—00,b) — (=00, a), it follows that the half-open intervals of
this form are also Borel sets.

For every a € R, we have {a} € By because {a} = [a,b) — (a,b) for every
b € R such that b > a. Therefore, every countable subset {a,, | n € N} of R
is a Borel set.

Ezample 6.106. Let m = {B; | i € I} be a countable partition of a set S. The
o-field generated by w is

Eﬂ:{UB”JQI}.

icJ

Clearly, every block B; belongs to £, so m C &.

To verify that €, is a o-field, note first that we have S € &, since § =
Uier Bi- If A € &, then A = UieJ B; for some subset J of I, so A =
Uier_s Bi, which shows that A € €. Let {4, | £ € L} be a family of sets
included in &,. For each set Ay, there exists a set J; such that A, = (J{B; |

i € Jy}. Therefore,

UAZ:U{BZ-MGUJg},

LeL leL

which shows that (J,.; A¢ € €. This proves that €, is a o-field. Moreover,
any o-field on S that includes 7 also includes €., which concludes the argu-
ment.

Theorem 6.107. Let (S, &) be a measurable space. The following statements
hold:

(i) 0ecé.
(i) If A,B € €, then A— B and A @ B belong to E.

Proof. The first statement follows from the fact that ) = S.
Let {A; | i € N} be a family of subsets of S such that A; € € for i € N.
Since A; € €, we have | J{A; | i € N} € €. Thus,

& |ieN}={4i | ieN}eg,

which yields the second part of the theorem.
The third statement of the theorem is immediate. O

Corollary 6.108. Let (S, ) be a measurable space and let {U,, | n € &} be a
sequence of members of £. Then, both liminf{U,, | n € N} and limsup{U, |
n € N} belong to €.
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Proof. This statement follows immediately from Definition 6.100 and from
Theorem 6.107. O

Note that if (S, €) is a measurable space (that is, if € is a o-field on 5),
then condition (iii’) of Definition 6.100 amounts to &, C &. Moreover, by Part
(ii) of Theorem 6.107, we also have 5 C €.

Example 6.109. Let S be an arbitrary set and let B be the family of sets that
consists of sets that are either countable or complements of countable sets.
We claim that (5, B) is a measurable space.

Note that S € B because S is the complement of @), which is countable.
Next, if A € B is countable, A is a complement of a countable set, so A € B:
otherwise, if A is not countable, then it is the complement of a countable set,
which means that A is countable, so A € B.

Let A and B be two sets of B. If both are countable, then AU B € B. If
A and B are countable, then AUB = AN B, so AU B € B because it has
a countable complement. If A is countable and B is countable, then AN B is
countable because it is a subset of B. Therefore, AU B € B as a complement
of a countable set. The case where A and B are countable is treated similarly.
Thus, in any case, the union of two sets of B belongs to B.

Finally, we have to prove that if {A; | ¢ € N} is a family of sets included
in B, then the set A = UieN A; belongs to B. Indeed, let us split the set I into
I’ and I, where ¢ € I’ if the set A; is countable and 7 € I" if the complement
A; = 5§ — A; is countable. Note that both A" = (J,c;, A; and A" = ;.0 A;
are countable sets (by Theorem 1.130 and by the fact that every subset of a
countable set is countable, respectively), and that A = A’ U A”. Since both
A" and A” belong to B, it follows that A € B.

Definition 6.110. Let (S, D) and (T, &) be two measurable spaces. A function
f: S — T is said to be measurable if f~1(V) € D for every V € €.

It is easy to verify that if (.S;, ;) are measurable spaces for 1 <i < 3 and
f:5 — S5, g: Sy — S3 are measurable functions, then their composition
gf is also a measurable function.

Theorem 6.111. Let S and T be two sets and let f : S — T be a function. If
& is a o-field on T, then the collection f~(&) defined by f~*(&) = {f~ (V) |
Ve &} is ao-field on S.

Proof. Since T € &, it is clear that S = f~1(T') belongs to f~1(€).

Suppose that U € f~1(€); that is, U = f~1(W) for some W € €. Since
S—U= f~YT) - f~Y(W) = f~4T — W) (by Theorem 1.67), it follows
that S — U € f~1(€). Similarly, if {W; | i € N} is a countable family of sets
included in &, then {f~1(W;) | i € N} is a countable family of sets included in
F71(€) and J{f~*(W;) | i € N} belongs to f~1(€) by Theorem 1.65. Thus,
7€) isaofieldon S. O
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Corollary 6.112. Let f : S — T be a function, where (T, £) is a measurable
space. Then, f=1(€) is the least o-field of subsets of S such that f is is a
measurable function between S and (T, E).

Proof. Suppose that D is a o-field on S such that f is measurable. Then,
fYE) e D for every E € &, so f71(€) C D. The statement follows immedi-
ately since f~1(&) is a o-field of sets. O

Theorem 6.113. Let S and T be two sets and let f: S — T be a function.
If € is a o-field on S, then the collection & = {W € P(T) | f~Y(W) € &} is
a o-field on T.

Proof. The proof is straightforward and is left to the reader as an exercise.
O

Theorem 6.114. Let (S,0) and (T,0) be two topological spaces and let
f: 8 — T be a continuous function. Then, [ is measurable relative to the
measurable spaces (S, Bo) and (T,Bw:), where By and Bo: are the collections
of Borel sets in (S,0) and (T,0"), respectively.

Proof. The collection of sets & = {W € P(T) | f~1(W) € By} is a o-field
on T'. Since f is continuous, it is clear that &' contains every open set in 0’, so
the o-field of Borel sets By that is generated by O’ is contained in &’. Thus,
for every Borel set U in T, f~1(U) € By, which allows us to conclude that f
is indeed measurable. 0O

Next, we describe the o-field generated by a countable partition of a set.

Theorem 6.115. Let m = {B; | i € I} be a countable partition of a set S. In
other words, we assume that the set of indices I of the blocks of 7 is countable.
The o-field generated by 7 is the collection of sets:

{ZLGJJBi | Jg[}.

Proof. Let €, be the o-field generated by . Clearly, we have

T C {UBi | Jg]} Cén.
icJ

The collection {{J,c; Bi | J C I} is a o-field. Indeed, we have S = |J{B |
Ber},soSe{U,Bi | JCI}. B

Suppose that A = |J{B; | i € J}. Then A = {B; | i € I — J}, which
shows that A € {U;c, Bi | J C I}

Suppose that Ag, ..., A,,... belong to &, so A, = J{B; | i € Ji}, where
Jp €I for k€ N. Then, U~ Ar = U{Bi | i € Ug>o Jr}, which implies that
Urso Ak € {Uies Bi | J C I}

This implies that &, = {{J;c, B: | JCI}. O

We now give a technical result that concerns o-fields.
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Theorem 6.116. Let (S, &) be a measurable space and let {U; € € | i € N}
be a family of sets from &. There exists a family of sets {V; € € | i € N} that
satisfies the following conditions:

(i) If i,j € N and i # j, then V;NV; = 0.

(ii) V; C U; fori e N.
(i) {Vi [ i e N} = U{U; | i e N}

Proof. The sets V,, are defined inductively by

%:U07
Vi=U;— | J{U; l0<j<i—1}

It is clear that the first two conditions of the theorem are satisfied; we prove
the last part of the theorem.

For z € |J{U; | i € N}, let i, be the least ¢ such that = € Uj;; clearly,
x ¢ Uj for j < i,s0x € V;. Thus, | {U; | i € N} C|J{V; | ¢ € N}. The
reverse inclusion follows immediately from the fact that V; C U, for every
1eN. O

6.11 Measures

Measurable spaces provide the natural framework for introducing the notion
of measure.

Definition 6.117. Let (S, E) be a measurable space. A measure is a function

m: & — Rzo that satisfies the following conditions:

(i) m(0) = 0.

(ii) For every countable collection Uy, Uy, ... of sets in & that are pairwise
disjoint, we have

m UU” :Zm(Un)

neN neN

the (additivity property).
We refer to the triple (S, &, m) as a measure space.

In particular, if the collection Uy, Uy, . . . consists of two disjoint sets U and
V', then
mUUV)=m(U)+m(V). (6.3)

Observe that if U,V € € and U C V, then V. = U U (V — U), so by the
additivity property, m(V) = m(U) + m(V — U) > m(U). This shows that
U C V implies m(U) < m(V) (the monotonicity of measures).

Let X and Y be two subsets of €. Since X UY = X U (Y — X), Y =
(Y — X)U (Y NX), and the pairs of sets X, (Y — X) and (Y — X), (Y N X)
are disjoint, we can write



6.11 Measures 257

m(XUY)=m(X)+ml —X)
=m(X)+mY)-—m(XnNY). (6.4)

The resulting equality
mXUY)+m(XNY)=m(X)+m() (6.5)
for X, Y € € is known as the modularity property of measures.

Ezample 6.118. Let S be a finite set and let & = P(S). The mapping m :
P(S) — R given by m(U) = |U| is a measure on P(S), as can be verified
immediately.

Ezample 6.119. Let S be a set and let s be a fixed element of S. Define the
mapping my : P(S) — R by

) 1 ifselU,
me =
0 otherwise.

It is easy to verify that m is a measure defined on P(S). Indeed, we have
ms(0) = 0. If Uy, Uy,... is a countable collection of pairwise disjoint sets,
then s may belong to at most one of these sets. If there is a set U; such that
s e U, s € UneN U;, so mg (UneN Un) = ZneNmS(Un) = 1. If no such
set U; exists, then my (UneN Un) = ZnEN ms(Up,) = 0. In either case, the
second condition of Definition 6.117 is satisfied.

The behavior of measures with respect to limits of sequences of sets is
discussed next.

Theorem 6.120. Let (S, E,m) be a measure space. If (Up,Uy,...) is an in-
creasing or a decreasing sequence of sets from &, then m(lim U,,) = lim m(U,,).

Proof. Suppose that Uy C U; C --- is an increasing sequence of sets, so
m(lim U,) = m(U,, Un).

By Theorem 6.116, there exists a sequence Vy C V3 C --- of disjoint sets
in & such that YU, = UV, and Vy = Uy, and V,, = U, — V,,_; for n > 1.
Then,

m(limU,) = m (U Vn> =m(Vo) + Y_m(Vy)

n>1

= Jlim, (m(%) +Zm<w>>

i=1

n

= lim m VOUUVZ-

n—oo
n>1

= lim m(U;).

n—oo
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Suppose now that Uy D U; D --- is a decreasing sequence of sets, so
m(limU,) = m(,, Un).

Define the sequence of sets Wy, W1, ... by W,, = Uy — U,, for n € N. Since
this sequence is increasing, we have m(UJ, .y Wn) = limm(W,,) by the first
part of the theorem. Thus, we can write

m U Wy, | =limm(W,,) = m(Up) — limm(U,).
neN

Since

m U W, =m U(Uo—Un)
neN neN

=m | Uo— () Un
nEN

=m(Uy) —m ﬂ U, |,
neN

it follows that

m(limU,) =m ﬂ U, | =lmm(U,).
nEN

O

Definition 6.121. Let S be a set. An outer measure on S is a function p :
P(S) — Rx¢ that satisfies the following properties:

() u(0) = 0.
(ii) p is countably subadditive; that is,

pl U En] <D {uE) | neN}
nEN

for every countable family {E, € P(S) | n € N} of subsets of S.
(iil) p is monotonic.
A subset T' of S is u-measurable if

p(H) = p(HNT)+pu(HNT)

for every set H € P(S).
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Lemma 6.122. Let S be a set and let p be an outer measure on a set S. A
set T is p-measurable if and only if

W(H) > p(HOT) + p(H N T)
for every H € P(S) such that u(H) < co.

Proof. The necessity of the condition is obvious. Suppose therefore that the
condition is satisfied. Since p is subadditive, we have

p(H) <p(HNT)+p(HNT),
which implies u(H) = u(HNT)+pu(HNT). O

Theorem 6.123. Let pu be an outer measure on a set S. The collection of
p-measurable sets is a o-field €, on S.

Proof. Tt is immediate that () € €,. Suppose that Ty, Th, ... is a sequence of
p-measurable sets. Then, we can write

p(H) = p(H N To) + p(H N Tp).
By substituting H N7y and H NTy by H, we obtain

wHNTy) =p(HNToNTy) + p(HNTyNTy),
u(HNTy) = p(HNToNTy) + p(HNToNTy),

which implies

w(H) = p(HNToNTy) +p(HNToNTy ) u(HNToNTy) +p(HNToNTy). (6.6)
Replacing H by H N (Tp UTy), we obtain the equality

wHN(TouT)) =uw(HNToNTy) +pu(HNToNTy) + p(HNTyNTy). (6.7)

Therefore, -
w(H) = p(HN(ToyUTy)) 4+ p(HNTyUTy),

which shows that 7o U T is p-measurable. An easy argument by induction
shows that |J;_, 7} is p-measurable for every n € N. -
By replacing H in Equality (6.6) by HNTy — 171 = HN (1o UT1), we have

p(HN(TyUTh)) = p(HN Ty NTy) + p(HNToNTh) + p(H 0Ty N T,
which allows us to write
p(H) = p(H N'To = T1) + p(H N (To N =T1)),

which proves that Ty — T3 is p-measurable.
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If Uy and U; are two disjoint g-measurable sets, then Equality (6.7) implies
p(H N (Ug UUL)) = p(H NUo) + p(H N U)

for every H. Again, an inductive argument allows us to show that if Ty, ..., T},
are pairwise disjoint, p-measurable sets, then

o (H N LnJ Ul> = i,u(H N Uz) (68)

=0

Define W,, = |J;_, ;- We have seen that W,, is p-measurable for every
n € N. Thus, we have

p(H) = p(HOWy) + p(H N

—u<Hﬂ (UT)) + u(HNW,,)
>,L<Hm (L_J()T)) + p(HNW),

where W = ;5 7;. By Equality (6.8), we have

p(H) > > p(HNT) + p(HAW) (6.9)
i>0

for every n € N. Therefore,

p(H) > u(HNTy) + p(HNW),
i>0
hence u(H) > u(H N W) + u(H N W). By Lemma 6.122, the set W is -
measurable. Note also that we have shown that

n
p(H) =Y u(HOT) +p(HOAW) = w(HOW) + u(HNW).  (6.10)
i>0
Suppose now that the sets Ty, 771, . . . are not disjoint. Consider the sequence
of pairwise disjoint sets Vj, Vi, ... defined by

‘/0 = TOa
n—1
Vo=T,—|JT,
=0

for n > 1. The measurability of each set V,, is immediate and, by the pre-
vious argument, |J, . Vi is p-measurable. Since |, .y Ve = U, eN Ths it
follows that (J, N7y is p-measurable. We conclude that the collection of
p-measurable sets is a o-field. O
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Corollary 6.124. Let S be a set and let yu : P(S) — Rsq be an outer mea-
sure on S. The restriction ju g, to the o-field €, is a measure.

Proof. Let Ty, T1,... be a sequence of sets in €, that are pairwise disjoint.
Choosing H = W in Equality (6.10), we have

uW) =3 uT),

i>0
which proves that p |¢, is indeed a measure. 0O

Corollary 6.125. Let pu be an outer measure and let Uy, Uy, ... be a sequence
of p-measurable sets. Then, both liminf U,, and limsup U,, are p-measurable
sets.

Proof. This statement follows immediately from Theorem 6.123 and from
Corollary 6.108. O
Theorem 6.127, which follows gives a technique for constructing outer mea-
sures known as Munroe’s Method I or simply as Method I (see [100, 61, 44]).
First, we need the following definition.

Definition 6.126. A sequential cover of a set S is a collection C of subsets of
S such that O € C, and for every subset T of S there is a countable subcollection
D ={Dy, D1,...} of C such that T C |J,— Dy.

The family of all countable collections of sets from € that are covers of a
set W € P(S) is denoted by De w. If the collection C is clear from the context,
the subscript C will be omitted.

Theorem 6.127. Let S be a set, C a sequential cover of the set S, and f :
€ — R a nonnegative function defined on € such that f(0) = 0.
The function py : P(S) — Rxq given by

py(T) = inf { Y HU) | De zae,T}

UeD

for T € P(S) is an outer measure on S.

Proof. Since ) is covered by the empty collection, and an empty sum has the
value 0, it follows that pz(0) = 0.

If T, 7" € P(S) and T C T”, then any cover of T is also a cover of T'; that
is, e, C De,p. Therefore, pus(T) < pup(17).

Let {T,, | n € N} be a countable collection of subsets of S. If i (T},) = 400
for one of the members of this collection, then the subadditivity of p,

1233 U Un < Z ,Uf(Un),
nEN nEN



262 6 Topologies and Measures

is satisfied. Therefore, we assume now that the value 1 7(T},) is finite for each
n € N.

The definition of 117(T;,) as an infimum allows us to assume the existence
of a collection of sets D,, € Dy, such that

> D) )+27
UED,

Consider the collection D = | J, .y Dn- D is a cover for | J, .y 77 Therefore,
by the definition of uy, we have

w | U T <) | Ueny

nEN
<> Y U
neNUeDn
< Z;Lf(Tn)-i-eZ 2%
neN neN
= Z wr(Tn) + 2e.
HGN

Since this inequality holds for every e, it follows that

pr | U Tu | €D {us(T0) | ne N},

nGN

which proves that ¢ is subadditive. We conclude that iy is an outer measure.
O

Corollary 6.128. Let S be a set, C a sequential cover of the set S, and f :

C— Rzo a function such that f(0) = 0. The outer measure iy is the unique

outer measure on S that satisfies the following properties:

(i) pr(U) < f(U) for every U € €, and

(ii) if ' is an outer measure such that p/(U) < f(U) for every U € C then
W(T) < pus(T) for every T € P(S).

Proof. Since {0, U} is a cover for U, the inequality p(U) < f(U) is immediate
for every U € C.

Let ¢/ be an outer measure such that p/(U) < f(U) for every U € € and
let D be a sequential cover of a set T' € P(S). Then, we have

W) <p (JD) < (W) | UeD} <Y {f(U) | UeD}

so 1/ (T) < ps(T). The uniqueness of py follows by changing the roles of
and p/. O
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Corollary 6.129. Let S be a set, € and C two sequential covers of S such
that ' C C, and f : € — Rzo a function such that f(0) = 0. Ifu’f and py are
the outer measures that correspond to the collections € and C, respectively,
then pp(T) < p's(T) for T € P(S).

Proof. Observe that if ®/. C D1, where ©/. and D are the families of count-
able collections of sets from €' and @, respectively, that are covers of T, then
the definitions of u’f and py immediately imply the desired inequality. O

Ezxample 6.130. Theorem 6.127 allows us to introduce a very important outer
measure on R. Let € be the collection of open intervals of R to which the
empty set is added.

Define the function f : € — R by f(a,b) = b — a for every open interval
(a,b) € € and f(0) = 0. For a subset T' of R, the value of the outer measure
u(T) = my(T) is

w(T) =inf S (by—an) €C | TS| Janbn) g,
nEN n

where the infimum is considered over all countable collections of open intervals
(an, by) that cover the set T'. This is the Lebesgue outer measure of the set T

Let p be the Lebesgue outer measure on R. We have pu([a,b]) = b — a.
Since [a,b] C (a —€,b+€) for every € > 0, it follows that u([a,b]) < b—a+ 2¢
for every e > 0, so pu([a,b]) < b — a. On the other hand, (a,b) C [a,b], so
p([a,b]) > b — a, which yields p([a,b]) = b — a.

This type of measure can be generalized to R™ by defining € as the collec-
tion of n-dimensional intervals of the form I = (a1,b1) X -+ X (ay, by,) to which
we add the empty set and letting f(I) be the volume vol(1) = [, |b; — ai
of I. Thus, the Lebesgue measure of a set T'C R" is

W(T) = inf {Zvol(]) | TeeTC UI}, (6.11)

Definition 6.131. An outer measure i on a set S is regular if for every
T € P(S) there exists a pu-measurable set U such that T C U and u(T) = p(U).

Exzample 6.132. Let p be the Lebesgue outer measure on R™ and let T be a
subset of R™. For every m € N there exists a countable collection of intervals
{I¥ | k € N} such that

1 1
w(T) <y ) <wT) +—<p| JIn | +—
keN keN

Let U = ,,eN Nyen 1 Clearly, U is p-measurable and T C U, so u(T) <
u(U). Since U € (. L), we have

m?
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1
pO) <l (Vo) <D | (I ) <u@+—,
keN keN keN

so w(U) < w(T). Consequently, u(U) = u(T'), which proves that the Lebesgue
outer measure on R" is regular.

Theorem 6.133. Let S be a set and let (Sp, S1,...) be a sequence of subsets of
S. If u is a regular outer measure on S, then p(liminf, S,) < liminf, u(S,).

Proof. Since p is regular, for each n € N there exists a p-measurable set U,
such that S, C U, and pu(S,) = p(Uy). Then, liminf, x(S,) liminf,, x(U,).
Since lim inf,, u(U,) is measurable (by Corollary 6.125), we have

p(liminf S,) < p(liminf U,,) < liminf p(U,) = liminf x(S,).
n n n n
O

Corollary 6.134. Let i1 be an outer measure on a set S. If S = (Sp,S1,...)
is an expanding sequence of subsets of S, then p(lim,, S,) = lim, u(Sy).

Proof. Since S is an expanding sequence lim,, S, = {J,, Sn, then p(lim,, S,) >
w(Sy) for n € N, so p(lim, S,) > lim, x(Sy,). On the other hand, Theo-
rem 6.133 implies p(lim S,,) < lim u(S,), which gives the desired equality.
O

For finite regular outer measures, the measurability condition can be sim-
plified, as shown next.

Theorem 6.135. Let p be a reqular outer measure on a set S such that u(_S’)

is finite. A subset T of S is measurable if and only if u(S) = u(T) + u(T),
where T =5 —T.

Proof. The condition is clearly necessary. To prove its sufficiency, let T be a
subset of S such that u(S) = u(T) + wu(T). By Lemma 6.122, to prove that
T is measurable, it suffices to show that if H is a set with pu(H) < oo, then
p(H) > p(HNT) + p(HNT).

The regularity of p implies the existence of a p-measurable set K such
that H C K and pu(H) = p(K). Since K is measurable, we have

p(H) = p(HNK) + p(H N K),
p(H) = p(HNK) + p(HNK).

This implies

w(S) = pu(T) + (1)
pTNK)+u(TNK)+pu(TNK)+u(TNK)

> p(K) + p(K) = p(S).
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Thus,

WTNE)+u(TNE)+u(TNK)+p(TNEK) = u(K) + p(K) = u(S).

Since pu(K) < pu(TNK)+p(TNK), it follows that u(KNT)+u(KNT) < p(K).
Since HNT CKNTand HNT C KNT, we have uy(HNT)+ pu(HNT) <
w(K) = p(H), which shows that T is indeed p-measurable. O

Exercises and Supplements

1.

2.

Prove that the family of subsets {(—n,n) | n € N} U {(, R} is a topology

on R.

Let S be a set and let sop be an element of S. Prove that the family of

subsets Oy, = {L € P(S) | sop € L} U {0} is a topology on S.

Let (S, 0) be a topological space, L be an open set in (S,0), and H be a

closed set.

a) Prove that a set V is open in the subspace (L, O 1) if and only if V/
is open in (S,0) and V C L.

b) Prove that a set W is closed in the subspace (H,O 1g) if and only if
W is closed in (S,0) and W C H.

Let (S,0) be a topological space where O = {(), U, V, S}, where U and V

are two subsets of S. Prove that either {U,V'} is a partition of S or one

of the sets {U,V'} is included in the other.

Let (S,0) be a topological space and let I be its interior operator. Prove

that the poset of open sets (O, C) is a complete lattice, where sup L = | J L

and inf L =T (L) for every family of open sets L.

Let (S,0) be a topological space, let K be its interior operator and let

X be its collection of closed sets. Prove that (X, C) is a complete lattice,

where supL = K (L) and inf L = (" L for every family of closed sets.

Prove that if U,V are two subsets of a topological space (S,0), then

K({UNV)CK(U)NK(V). Formulate an example where this inclusion is

strict.

Let T be a subspace of the topological space (S5,0). Let Kg,Ig, and ds

be the closure, interior and border operators associated to S and Kr, I

and Jr the corresponding operators associated to T'. Prove that

a) Kr(U) = Ks(U)NT,

b) Is(U) C Ly (U), and

c) OprU C OsU

for every subset U of T.

Let (S, 0) be a topological space and let K and I be its associated closure

and interior operator, respectively. Define the mappings ¢,v¢ : P(S) —

P(S) by ¢(U) = L(K(U)) and ¢(U) = K(I(U)) for U € P(9).

a) Prove that ¢(U) is an open set and ¢(U) is a closed set for every set
U e P(9).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
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b) Prove that )(H) C H for every closed set H and L C ¢(L) for every
open set L.

¢) Prove that ¢(¢(U)) = ¢(U) and ¥ (¢(U)) = 1 (U) for every U € P(95).

d) Let (Jq,...,J,) be a sequence such that J; € {K,I}. Prove that there
are at most seven distinct sets of the form J, (- - (J1(U)) - - -) for every
set U € P(5), and give an example of a topological space (S,0) and
a subset U of S such that these seven sets are pairwise distinct.

Let 8 be the set of subsets of R such that, for every U € §, x € U implies

—2 € U. Prove that {(} U8 is a topology on R.

Let (S,0) be a topological space, and U and U’ be two subsets of S.

a) Prove that (U UV) C oU U V.

b) Prove that oU = 9(S — U).

Let (S,0) be a topological space. The subsets X and Y are said to be

separated if X NK(Y)=K(X)NY = 0.

a) Prove that X and Y are separated sets in (S, 0) if and only if they
are disjoint and clopen in the subspace X UY.

b) Prove that two disjoint open sets or two disjoint closed sets in (S, O)
are separated.

Let B be a base for a topological space (S,0). Prove that if B’ is a col-

lection of subsets of S such that B C B’ C O, then B’ is a basis for

0.

Let (S, 0) be a topological space, U and U’ two subsets of S, and B and B’

two bases in the subspaces (U, 0 1) and (U’, 0 1y-), respectively. Prove

that B vV B’ is a basis in the subspace U U U’.

Solution: Let M be an open set in the subspace UUV. By the definition
of the subspace topology, there exists an open set L € O such that M =
LNUUV)=(LNU)U(LNV),so L is the union of two open sets, LNU
and L NU’, in the subspaces U and U’. Since B is a basis in U, there
is a subcollection By such that L N U = |JB;. Similarly, B’ contains a
subcollection B such that LNU = |JB). Therefore, M = JB;U|JB) =
U BV CB/l
Let S be an uncountable set and let (.S, 0) be the cofinite topology on S.
a) Prove that every nonfinite set is dense.

b) Prove that there is no countable basis for this topological space. What
does this say about Theorem 6.467

Let € be the family of open intervals € = {(a,b) | a,b € R and ab > 0}.

Prove that:

a) Every open set L of (R, ) contains a member of C.

b) C is not a basis for the topology O.

Let € be a chain of subsets of a set S such that |J€ = S. Prove that C is

the basis of a topology.

Prove that if (S, O) is a topological space such that O is finite, then (S, Q)

is compact.

Prove that the topological space (R, O) introduced in Example 6.4 is not

compact.
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20. Let (S,0) be a compact space and let H = (Hp, Hy,...) be a non-
increasing sequence of nonempty and closed subsets of S. Prove that
(;eN Hi is nonempty.

21. Let (S1,01) and (S2,02) be two topological spaces and let f :.S; — S
be a continuous surjective function. Prove that if (S2, O2) is compact, then
(S1,01) is compact.

22. Let f : R — R be a continuous function defined on the topological space
(R, Q). Prove that if f(q) = 0 for every ¢ € Q, then f(z) = 0 for every
reR.

23. Let f : R — R be a continuous function in xg. Prove that if f(z¢) > 0,
then there exists an open interval (a, b) such that o € (a,b) and f(x) >0
for every z € (a,b).

24. Let (5, 04,) be the topological space defined in Exercise 2, where sg € S.
Prove that any continuous function f :.S — R is a constant function.

25. Let (S,0) and (T,0’) be two topological spaces and let B’ be a basis of
(T,O"). Prove that f : S — T is continuous if and only if f~1(B) € O
for every B € B’.

Let (S1,01) and (S2,02) be two topological spaces and let f : Sy — Sy be
a function. Then f is an open function if f(L) is open for every open set L,
where L € Oy; the function f is a closed function if f(H) is closed for every
closed set H in Sj.

26. Let (S1,01) and (S2,02) be two topological spaces and let K; and I, be
the closure and interior operators of the space S; for i = 1, 2.

a) Prove that f:S; — S is an open function if and only if f(I,(U)) C
I,(f(U)) for every U € P(S51).

b) Prove that f : S; — S5 is a closed function if and only if Ko(f(U)) C
F(Kq(0)) for every U € P(S1).

c¢) Prove that a bijection f:S; — Ss is open if and only if it is closed.

27. Prove that the function f : R — R defined by f(x) = 22 for # € R is
continuous but not open.

28. Prove that if @ < b and ¢ < d, then the subspaces [a,b] and [e,d] are
homeomorphic.

29. Let (S,0) be a connected topological space and [ : S — R be a contin-
uous function. Prove that if z,y € S, then for every r € [f(z), f(y)] there
is z € S such that f(z) =r.

30. Let a and b be two real numbers such that a < b. Prove that if f : [a,b] —
[a,b] is a continuous function, then there is ¢ € [a, b] such that f(c) = c.

31. Prove that a topological space (5, 0) is connected if and only if 9T = ()
implies T € {(), S} for every T € P(S5).

Let (S,0) be a topological space and let  and y be two elements of S. A
continuous path between z and y is a continuous function f : [0,1] — S
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such that f(0) =z and f(1) = y. We refer to x as the origin and to y as the
destination of f.

(S,0) is said to be arcwise connected if any two points x and y are the
origin and destination of a continuous path.

32. Prove that any arcwise connected topological space is connected.
33. Let (S,0) be a Ty topological space. Define the relation “<” on S by

x <yif z € K({y}). Prove that < is a partial order.

34. Let (S,0) be a Ty topological space.

a) Let H and H' be two closed sets and L be an open set such that
HNH' C L. Prove that there exists two open sets U and U’ such that
HCU,H CU,and L=UNU".

b) If {H1,...,H,} is a collection of closed sets such that p > 2 and

_, H; = 0, prove that there exists a family of open sets {U1,...,U,}
such that !_, U; =0 and H; CU; for 1 <i < p.

Solution: Observe that the sets H — L and H' — L are closed and
disjoint sets. Since (S, 0) is Ty, there are two disjoint open sets V' and
V'’ such that H — L C V and H' — L C V'. Define the open sets U and
U asU =V UL and U = V'UL. It is clear that U and U’ satisfy the
requirements of the statement.

The second part is an extension of Definition 6.86. The argument is
by induction on p. The base case, p = 2, follows immediately from the
definition of T spaces.

Suppose that the statement holds for p, and let {Hi,...,Hp+1} be a
collection of closed sets such that ﬂfill H; =0.

By applying the inductive hypothesis to the collection of p closed sets
{H1,...,H,_1,H, N H,11}, we obtain the existence of the open sets
Ui,...,Up-1,U such that H; CU; for 1 <i<p-1, H,NHpy1 CU, and
(ﬂf;i Uj> N U = (. By the first part of this supplement, we obtain the
existence of two open sets U, and U, such that H, C Uy, Hyp41 C Upi1,
and U = U, N Upy1. Note that ﬂj:1 U; = 0, which concludes the argu-
ment.

35. Let (S,0) be a Ty topological space and let L = {Lq,...,L,} be an open

cover of S.

a) Prove that for every k, 1 < k < p there exist k open sets Vi,..., Vg
such that the collection {S—K(V41),...,S—K(Vi), Lgt1,..., Ly} isan
open cover of S and for the closed sets H; = S —V; we have H; C L;
for 1 <j<k.

b) Conclude that for every open cover L = {Li,...,L,} of S there is a
closed cover H = {H;,...,H,} of S such that H; C L; for 1 <i < p.

Solution: The proof of the first part is by induction on k, 1 < k < p.
For the base case, k = 1, observe that S — L, C U?:Q L; because L is
a cover. Since (S,0) is a Ty space, there exists an open set V; such that
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S—L1 Q V1 g K(Vl) g U§:2 Lj. For H1 = S—‘/l7 it is clear that H1 Q L1
and {S — K(V1),Lo,..., Ly} is an open cover of S.
Suppose that the statement holds for k. This implies

p

k
S—Lia S -KW)u |J L
J=1 Jj=k+2

Again, by the property of Ty spaces, there is an open set Vi1 such that

k p
S = Lit1 € Vi1 SK(Vi) | JS-KWV)u | L;.
j=1 j=k+2

Thus, {S—-KMW1),...,5—K(V;),S —K(Vk41), Liyo, ..., Ly} is an open
cover of S and Hpy1 =S — Vi1 C Liy1, which concludes the inductive
step.

The second part follows immediately from the first by taking k = p.
Indeed, since {S—K(V1),...,S—K(V,)} is a cover of S and S —K(V;) C
H; for 1 <1 < p, it follows immediately that J is a cover of S.

Let (S,0) be a Ty topological space, L = {L1,...,L,} be an open cover
of S, and H = {Hy,...,H,} be a closed cover of S such that H; C L; for
1<i<pand H=0.
a) Prove that for every k, 1 < k < p there exist k open sets My, ..., My
such that:
1. Hj Q Mj and K(Mj) Q Lj for 1 Sj § k,
ii. the collection {Mj,..., My, Liy1,...,Ly} is an open cover of S,
and
it O, K(M;) N (Yo Hi = 0.
b) Prove that there exists an open cover M = {Mj,..., My} of S such
that M; C L; for 1 <i <pand (M = 0.

Solution: The proof of the first part is by induction on k, 1 < k < p.
For the base case, £k = 1, observe that Hi N ﬂf:2 H; = () implies H; C
S—N_,H;, so H C Ly N (S—(_, H;). This implies the existence of
an open set M, such that

P
Hy C M, CK(M;)C LN (S—ﬂHZ),
1=2

which implies K(M;) C Ly and K(M;) N(i_y H; = 0.
Suppose that the statement holds for k. We have Hy 1 C Liy1 and, by

the inductive hypothesis, Hy1; C 5 — (ﬂle K(M;) N (V_is Hl) Thus,

k P
Hiy1 C Lyi1 N (s (ﬂ K(M)n () H)) .

i=k+2
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37.

38.

39.

40.

41.

42.

43.
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By the T} separation property, there exists an open set My, such that

k P
Hyo1 € Mysr € K(Myg1) € Liga N <S - (ﬂ K(M;)n () H>) :
i=1

i=k+2

which implies K(Mp11) € Lyt1 and ()5 K(M;) N (Voo H; = 0.

The second part of the supplement follows directly from the first part.
Prove that if (S, P(S)) and (S, P(S”)) are two discrete topological spaces,
then their product is a discrete topological space.

Let (S,0), (S,0") be two topological spaces. Prove that the collection

{SxL | L'eO}U{LxS | Le0O}

is a subbase for the product topology O x O’.

Let (S,0),(S,0’) be two topological spaces and let (S x S/, 0 x O') be

their product.

a) Prove that for all sets T, 7" such that T C Sand T' C S", K(T xT") =
K(T)x K(T") and I(T x T") = I(T) x I(T").

b) Prove that O(T x T") = (O(T) x k(T")) U (k(T') x oT").

Prove that the following classes of topological spaces are closed with re-

spect to the product of topological spaces:

a) the class of spaces that satisfy the first axiom of countability;

b) the class of spaces that satisfy the second axiom of countability;

¢) the class of separable spaces.

Prove that, for a topological space (5,0), the following statements are

equivalent:

a) (5,0) is connected.

b) If S = L1 ULy and Ly N Ly = B, where L; and Ly are open, then
L1 = @ or L2 = @

c) If S = Hy U Hy and H; N Hy = (), where Hy and H, are closed, then
Hy =0 or Hy = 0.

d) If K is a clopen set, then K =@ or K = S.

Prove that any subspace of a totally disconnected topological space is

totally disconnected, and prove that a product of totally disconnected

topological spaces is totally disconnected.

Let S be a set and let € be a collection of subsets of S. Define the collec-

tions of sets

€ =CuU{S—T |Tee},
e’ ={Np|pcey,
e“’:{U@ | @ge"}.

Prove that €' equals the o-field generated by C.
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45.

46.

47.

48.

49.

50.
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52.

53.
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Let S and T be two sets and let f : S — T be a function. Prove that if
& is a o-field on T, then {f~1(V) | V € &'} is a o-field on A.
Prove that any o-field € contains the empty set; further, prove that if
s = (S, 51, . ..) is a sequence of sets of €, then both liminf s and limsup s
belong to €.
Let S be an infinite set and let & be the collection &€ = {E € P(S) |
E is finite or cofinite}. Prove that € is a field of sets on X but not a
o-field.
Let S be a set and let & be a o-field. Define the function m : € — Rxg
by

m(U) = {U| if U is .ﬁnite,

oo otherwise,

for U € P(S). Prove that m is a measure.

Let z,y,a1,b1,...,a,,b, be n real numbers such that x < y and a; < b;
for 1 < i < n. Prove, by induction on n, that if [,y] C U}, (a;,b;), then
y—o <30 (b — ).

Let (S,&,m) be a measure space. Prove that if s = (Sp, S1,...) is a se-
quence of sets such that ). m(S;) < oo, then m(liminfs) = 0 (the Borel-
Cantelli lemma).

Solution: Let T}, = U;’ip S; for p € N. By the subadditivity of m, we
have m(T},) < Zgﬁpm(si), and therefore lim,_... m(7T,) = 0 because of
the convergence of the series 3, m(S;). Since liminfs = (2 ;2 Si =
Mpeo Tp, it follows that m(liminfs) < m(T,) for every p € N, so
m(liminfs) < inf, m(7T,) = 0, which implies m(liminfs) = 0.

Let I be a bounded interval of R. Prove that if K is a compact subset of R
such that K C I, then pu(I) = p(K) + p(I — K), where p is the Lebesgue
outer measure.

Let {(S;,&;,m;) | © € I} be a collection of measure spaces such that
SiS =0 if i # j fori,j € I. Define the triplet (o Si, €, m), where
€:{U | UgUSi,UﬂS¢68fori€I},

icl

and m : & — Rxq is given by m(U) = Yiermi(UNS;) for U € E. Prove
that ({J,c; Si, €,m) is a measure space and that m(U) is finite if and only
if there exists a countable subset .J of I such that if j € J, then p; is finite
and u; =0ifie Il —J.

The measure space (S, &, m) is complete if for every W € &€ such that
m(W) =0, U C W implies U € €. In Corollary 6.124 we saw that for
every outer measure i : P(S) — Rsq the triple (S, &, x) is a measure
space. Prove that this space is complete.

Let (S, €, m) be a measure space. Define &’ ={UUT | Ue€ T CWe
& and m(W) =0}, and m’ : & — Rsq by m/(UUT) = m(U) for every
set T such that T C W € € and m(W) = 0.
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a) Prove that £’ is a o-field that contains €.
b) Prove that m/ is a measure. The measure m’ is known as the comple-
tion of m.
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Frequent Item Sets and Association Rules

7.1 Introduction

Association rules have received lots of attention in data mining due to their
many applications in marketing, advertising, inventory control, and many
other areas.

A typical supermarket may well have several thousand items on its shelves.
Clearly, the number of subsets of the set of items is immense. Even though a
purchase by a customer involves a small subset of this set of items, the number
of such subsets is very large. For example, even if we assume that no customer
has more than five items in his shopping cart, there are Z?Zl (10900) possible
contents of this cart, which corresponds to the subsets having no more than
five items of a set that has 10,000 items, and this is indeed a large number!

The supermarket is interested in identifying associations between item sets;
for example, it may be interested to know how many of the customers who
bought bread and cheese also bought butter. This knowledge is important
because if it turns out that many of the customers who bought bread and
cheese also bought butter, the supermarket will place butter physically close
to bread and cheese in order to stimulate the sales of butter. Of course, such a
piece of knowledge is especially interesting when there is a substantial number
of customers who buy all three items and a large fraction of those individuals
who buy bread and cheese also buy butter.

We will formalize this problem and will explore its algorithmic aspects.

7.2 Frequent Item Sets

Suppose that [ is a finite set; we refer to the elements of I as items.

Definition 7.1. A transaction data set on I is a function T : {1,...,n} —
P(I). The set T(k) is the k' transaction of T. The numbers 1,...,n are the
transaction identifiers (tids).

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_7, (© Springer-Verlag London Limited 2008
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An example of a transaction set is the set of items present in the shopping
cart of a consumer that completed a purchase in a store.

Ezxample 7.2. The table below describes a transaction data set on the set of
over-the-counter medicines in a drugstore.

Trans.|Content
T'(1)|{Aspirin, Vitamin C}
T'(2)|{Aspirin, Sudafed}
T'(3)|{Tylenol}
T'(4)|{Aspirin, Vitamin C, Sudafed}
T'(5)|{Tylenol, Cepacol}
T'(6)|{Aspirin, Cepacol}
T'(7)|{Aspirin, Vitamin C}

The same data set can be presented as a 0/1 table:

Aspirin Vitamin C Sudafed Tylenol Cepacol
T 1 1 0 0 0
T2) 1 0 1 0 0
T3) 0 0 0 1 0
T4)] 1 1 1 0 0
7)) 1 0 0 0 1
T6) 1 0 0 0 1
T 1 1 0 0 0

The entry in the row T'(k) and the column 4, is set to 1 if i; € T'(k); otherwise,
it is set to 0.

Example 7.2 shows that we have the option of two equivalent frameworks
for studying frequent item sets: tables or transaction item sets.

Given a transaction data set T on the set I, we would like to determine
those subsets of I that occur often enough as values of T

Definition 7.3. Let T : {1,...,n} — P(I) be a transaction data set on a
set of items I. The support count of a subset K of the set of items I in T is
the number suppcounty(K) given by

suppcountp(K) =|{k | 1<k <n and K CT(k)}.
The support of an item set K is the number

suppcounty(K)

supp () =
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Ezample 7.4. For the transaction data set T considered in Example 7.2, we
have

suppeountp ({ Aspirin, VitaminC'}) = 3
because { Aspirin, VitaminC'} is a subset of three of the sets T'(k). Therefore,
suppp({Aspirin, VitaminC'}) = %

Ezample 7.5. Let I = {i1,42,13,94} be a collection of items. Consider the
transaction data set T given by

T(1) = {i1, 12},
7(2) = {i1,is},
T(3) = {i1, 12,14},
T(4) = {i1;i37i4}7
T(5) = {i1,12},
T(6) = {is,ia}

Thus, the support count of the item set {i1,i2} is 3; similarly, the sup-
port count of the item set {i1,i3} is 2. Therefore, suppp({i1,iz}) = % and
suppr({i1,i3}) = 3.

The following rather straightforward statement is fundamental for the
study of frequent item sets.

Theorem 7.6. Let T : {1,...,n} — P(I) be a transaction data set on a set
of items I. If K and K’ are two item sets, then K' C K implies suppyp(K') >

suppr (K).

Proof. Note that every transaction that contains K also contains K’. The
statement follows immediately. O

If we seek those item sets that enjoy a minimum support level relative to a
transaction data set T, then it is natural to start the process with the smallest
nonempty item sets.

Definition 7.7. An item set K is p-frequent relative to the transaction data
set T if suppp(K) > p.

We denote by F. the collection of all u-frequent item sets relative to the
transaction data set T and by F4. . the collection of p-frequent item sets that
contain r items for r > 1. 7

Note that
g’f{“ = U g“g",r'

r>1

If 4 and T are clear from the context, then we may omit either or both
adornments from this notation.
Let I = {i1,...,i,} be an item set that contains n elements.
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Denote by G; = (P(I), E) the Rymon tree of P(I). Recall that the root
of the tree is 0. A vertex K = {ip,,...,lp, } with i, < ip, < --- < ip, has
n — iy, children K U {j}, where i, <j <n.

Let 8, be the collection of item sets that have r elements. The next theorem
suggests a technique for generating §,.;1 starting from §,.

Theorem 7.8. Let G be the Rymon tree of P(I), where I = {iy,...,in}. If
W € 8,41, where r > 2, then there exists a unique pair of distinct sets U,V €
8, that has a common immediate ancestor T € 8,_1 in G such that U NV €
8r_1 and W =UUYV.

Proof. Let u and v be the two elements of W that have the largest and the
second-largest subscripts, respectively. Consider the sets U = W — {u} and
V =W — {v}. Both sets belong to §,.. Moreover, Z = U NV belongs to 8,_;
because it consists of the first r — 1 elements of W. Note that both U and V'
are descendants of Z and that UUV = W.

The pair (U, V) is unique. Indeed, suppose that W can be obtained in the
same manner from another pair of distinct sets U’, V'’ € §,. such that U’ and
V' are immediate descendants of a set Z’ € §,._1. The definition of the Rymon
tree §; implies that U’ = Z’ U {i,,} and V' = Z’ U {i,}, where the letters in
7" are indexed by a number smaller than min{m, ¢}. Then, Z’ consists of the
first » — 1 symbols of W, so Z’ = Z. If m < q, then m is the second-highest
index of a symbol in W and ¢ is the highest index of a symbol in W, so U’ = U
and V' =V. O

Ezample 7.9. Consider the Rymon tree of the collection P({i1,i2,1i5,i4})
shown in Figure 7.1.

The set {iy,43,44} is the union of the sets {i1,i3} and {i1,i4} that have
the common ancestor {i1 }.

Next we discuss an algorithm that allows us to compute the collection
F of all p-frequent item sets for a transaction data set 7. The algorithm is
known as the Apriori algorithm.

We begin with the procedure apriori_gen, which starts with the collec-
tion ff’;«’k of frequent item sets for the transaction data set 7' that contain k
elements and generates a collection Cg1 of sets of items that contains I7., ., |,
the collection of the frequent item sets that have k + 1 elements. The justifi-
cation for this procedure is based on the next statement.

Theorem 7.10. Let T be a transaction data set on a set of items I and let
k € N such that k > 1.

If W is a p-frequent item set and |W| = k + 1, then there exists a -
frequent item set Z and two items i, and iq such that |Z| =k -1, Z C W,
W = Z U {im, 14}, and both Z U {i,,} and Z U{iq} are p-frequent item sets.
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1112

Qof3  d2l4 1304

117213
212214 Z17,514 2213744

111921314

Fig. 7.1. Rymon tree for P({i1,i2,73,44}).

Proof. Tf W is an item set such that |W| =k + 1, then we already know that
W is the union of two subsets U and V of I such that |U| = |V| = k and that
Z =UnNYV has k — 1 elements. Since W is a u-frequent item set and Z, U,V
are subsets of W, it follows that each of these sets is also a p-frequent item
set. 0O

Note that the reciprocal statement of Theorem 7.10 is not true, as the
next example shows.

Ezxample 7.11. Let T be the transaction data set introduced in Example 7.5.
Note that both {i,i2} and {i1,i3} are 3-frequent item sets; however,

suppr ({i1,i2,43}) =0,
so {i1, 42,3} fails to be a i-frequent item set.

The procedure apriori_gen mentioned above is Algorithm 7.12. This pro-
cedure starts with the collection of item sets Jrj and produces a collection
of item sets Cr ;41 that includes the collection of item sets Fr ;41 of frequent
item sets having k + 1 elements.

Algorithm 7.12 (Procedure apriori_gen)
Input: a minimum support g, the collection 4. . of
frequent item sets having k elements; 7
Output: the set of candidate frequent item sets G% [
Method:
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set 7 =1;
e%j+1 = 0;
for each L, M € 7, such that
L # M and LﬂMe?’Tﬂkfl do
add LU M to €, 1;
remove all sets K in €4, 41 Where
there is a subset of K containing k elements
that does not belong to 7.

Note that in apriori_gen no access to the transaction data set is needed.

The Apriori algorithm 7.13 operates on “levels.” Each level k consists of
a collection G% . of candidate item sets of u-frequent item sets. To build the
initial collection of candidate item sets G’;«J, every single item set is consid-
ered for membership in €4 ;. The initial set of frequent item sets consists of
those singletons that pass the minimal support test. The algorithm alternates
between a candidate generation phase (accomplished by using apriori_gen)
and an evaluation phase that involves a data set scan and is therefore the
most expensive component of the algorithm.

Algorithm 7.13 (The Apriori Algorithm)
Input: transaction data set T" and a minimum support u;
Output: the collection F4. of p-frequent item sets;
Method: €., = {{i} | i € I'};

set ©+ = 1;
while (€., # 0) do
/* evaluation phase */
I, ={L€Cp,; | suppr(L) > u};
/* candidate generation */
Cfiy1 = apriori gen(J7 ,);
1+ 4
end while;
output 5. = U, I ;

Ezxample 7.14. Let T be the data set given by

.
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The support counts of various subsets of I = {iy,...,i5} are given below:

i io is i is
5 6 5 2 5
ivie iy d1a  G1ds oty daia oty dzia  G3iy  dais
3 2 1 3 5 2 3 2 3 2
i1inis G1i0ia G1i0is G1i3i4 G10305 G1iais G2i3is G2i5is G2iais i3iais
2 1 1 1 1 1 2 3 2 2

i1i2i3i4 i1i2i3i5 i1i2i4i5 i1i3i4i5 i2i3i4i5
1 1 1 1 2
111213%415
0

Starting with g = 0.25 and S'”gi,o = {0}, the Apriori algorithm computes the
following sequence of sets:
Cr 1 = {i,d2,43,14, 75},
9:";"71 = {Z.la iZa i37 i47 i5}a
Ch o = {i1i2, 9143, d11a, 0115, i2i3, Ii4, i2is, i3ia, 1315, 14i5 },
T = {ivia, i3, 0145, i2i3, i9is, i2i5, 1314, 305, 1405},
G%?, = {41493, 119285, 111305, 120304, iaisis, i2iais, 130405 },
3"%’3 = {i1i9i3, ioi3ly, 120315, 920405, 130415 },
€4, = {iziiais},
Fh, = {iniziais),
Crs = 0.

Thus, the algorithm will output the collection

4
3”7{ = U 3#,1‘
i=1
= {i1, 12,13, 14, i5, 1102, 1113, 1115, 1213, i214, I215, 1314, 1305, 1415,
i1i2i37i2i3i47i2i3i5,i2i4i5,i3i4i5,i2i3i4i5}.
7.3 Borders of Collections of Sets

Let J be a collection of sets such that J C P(I), where [ is a set.
Definition 7.15. The border of J is the collection
BD(J)={LeP(I) | UCLimpliesU €7 and L C'V implies V & J}.

The positive border of J is the collection
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BD*(J) = BD(9)N7J
={LeJ|UCL impliesU €J and L CV implies V ¢ I}, }

while the negative border is

BD~(J3) = BD(J) — 9
={LeP(I)-7|UCLimpliesU €I and L CV implies V ¢ J}.

Clearly, we have BD(J) = BD(J) U BD™ (J).

If J is a hereditary collection of sets (see Definition 1.14), then the positive
and the negative borders of J are given by

BD*(J)={L€J | LCV implies V ¢ J}

and
BD™(3)={Le®(I)—-7J | U C L implies U € J},

respectively. Thus, for a hereditary collection of subsets J, the positive border
consists of the maximal subsets of J, while the negative border of J consists
of the minimal subsets of the collection P(I) — 7.

Note that if J and J’ are two hereditary collections of subsets of I and
BD*(J) = BD"(7), then J = 7'. Indeed, if K € J, one of the following two
cases may OcCcur:

1. If K is not a maximal set of J, then there is a maximal set H of J such

that K C H. Since H € BD"(J) = BD"(7"), it follows that H € J’, hence

K €7 because J' is hereditary.

2. If K is a maximal set of J, then K € BD"(J) = BD"(J'); hence, K € J'.
In either case K € J’, so J C J'. The reverse inclusion can be proven in a
similar way, so J =7'.

Similarly, we can show that for two hereditary collections 7,7’ of subsets
of I, BD" (J) = BD (7') implies 3 = J’. Indeed, suppose that K € J—J'. Since
K ¢ 7', there exists a minimal subset V of K such that V ¢ J’ and each of
its subsets is in J’. The set V belongs to the negative border BD™ (J') and,
therefore to BD™ (J). This leads to a contradiction because K € J and V is
subset of K does not belong to J, thereby contradicting the fact that J is a
hereditary family of sets.

Since no such set K may exist, it follows that J C J’. The reverse inclusion
can be be shown in the same manner.

Borders of collections of sets play an important role in the study of the
Apriori algorithm. Observe, for example, that after computing the collection
3:;,3 = {i1i2i3,i2i3i4,i2i3i5, i2i4i5, i3i4i5} in Example 7.14, the candidate set
6%4 = {igigiqis} is the negative border of 3"%’3. In general, G%’Hl is the
negative border BD™ (F%.,).

For the same example, the negative and the positive borders of the collec-
tion of frequent sets F4. are given by
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BDT(F4) = {ivis, i1i2is, i2i3iais },
BD™ (F}) = {i1i4, 11215, 111305},

respectively. Clearly, BD" (F%.) consists of the maximal p-frequent item sets,
while BD™ (F%.) consists of the minimal yg-infrequent item sets.

The time complexity of the Apriori algorithm is dominated by the number
of accesses to the data set T that is required for computing the support of
candidate item sets.

Theorem 7.16. The Apriori algorithm performs |F4| + |BD™ (F4.)| support
computations.

Proof. The Apriori algorithm selects the p-frequent item sets from among the
candidate item sets, and for each candidate item set it must perform a support
computation. A number of |F%.| candidate sets turn out to be p-frequent, so
the algorithm will perform |F%| computations for these sets. On the other
hand, a candidate set C' is not retained as a p-frequent set if and only if all its
subsets are p-frequent (a requirement of apriori-gen) and C' itself is not u-
frequent, which means that none of its supersets are p-frequent. This happens
if and only if C belongs to the negative border of F%. Thus, the total number
of support computations is || + |BD™(F5)|. O

Theorem 7.17. Let I be a set and let J be a hereditary family of subsets of
1. Consider the collection of sets

E={I-L | LeBD" (9}

and the hypergraph H = (I, E&). Then, the collection of minimal transversals
of the hypergraph € equals BD™ (J), the negative border of J.

Proof. The following statements concerning a subset X of I are easily seen to
be equivalent:

(i) X is a transversal of H.

(i) XNY #0 for every Y € €.
(iii) X N (I — L) # 0 for every L € BD*(J).
(iv) X is not included in any maximal set L of J.

(v) X €79.

Thus, X is a transversal of H if and only if X ¢ J. Consequently, X is a
minimal transversal of H if and only if X is a minimal set with the property
that X ¢ J, which means that X € BD™ (J). O

7.4 Association Rules

Definition 7.18. An association rule on an item set I is a pair of nonempty
disjoint item sets (X,Y).
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Note that if [I| = n, then there exist 3" — 27! 4 1 association rules on
I. Indeed, suppose that the set X contains k£ elements; there are (Z) ways of
choosing X. Once X is chosen, Y can be chosen among the remaining 27 % —1

nonempty subsets of I — X. In other words, the number of association rules is

(e £ 0 -£0)

k=1 k=1 k=1

By taking z = 2 in the equality

we obtain
n

"ok —gn _gn,

> ()
Since Y p_, (Z) = 2" —1 the desired equality follows immediately. The number
of association rules can be quite considerable even for small values of n. For
example, for n = 10, we have 30 — 21 1 1 = 57002 association rules.

An association rule (X, Y) is denoted by X = Y. The confidence of X = Y’
is the number
suppr(XY')

confr(X =Y) = suppr(X)

Definition 7.19. An association rule holds in a transaction data set T with
support p and confidence ¢ if suppp(XY) > p and confp(X =Y) > c.

Once a p-frequent item set Z is identified, we need to examine the support
levels of the subsets X of Z to ensure that an association rule of the form
X = Z—X has asufficient level of confidence, confr(X = Z—-X) = m.
Observe that suppp(X) > p because X is a subset of Z. To obtain a high level
of confidence for X = Z — X, the support of X must be as small as possible.

Clearly, if X = Z — X does not meet the level of confidence, then it is
pointless to look for rules of the form X’ = Z — X’ among the subsets X’ of
X.

Ezxample 7.20. Let T be the transaction data set introduced in Example 7.14.
We saw that the item set L = igi3i4i5 has support count equal to 2 and
therefore suppy (L) = 0.25. This allows us to obtain the following association
rules having three item sets in their antecedent that are subsets of L:

Rule suppcountp(X)|confp(X =Y)
1913%4 = 15 2 1
inigis = iy 3 2
12415 = 13 2 1
130415 = 19 2 1
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Note that igizis = 15, 120415 = 13, and i3i4i5 = i9 have 100% confidence. We
refer to such rules as exact association rules.

The rule i9i3i5 = i4 has confidence % It is clear that the confidence of
rules of the form U = V with U C iyi3i5 and UV = L will be lower than %

since suppp(U) is at least 3. Indeed, the possible rules of this form are:

Rule suppcountp(X)|confp(X = Y)
inis = i4is 5 :
tols = 1314 3 2
1315 = 1904 3 g
19 = 131415 6 ﬁ
13 = 191415 5 g
15 = 191304 5 %

Obviously, if we seek association rules having a confidence larger than %, no
such rule U = V can be found such that U is a subset of izi3is.

Suppose, for example, that we seek association rules U = V that have a
minimal confidence of 80%. We need to examine subsets U of the other sets,
i9i3iy, i2i4i5, OT i3i415, which are not subsets of isizis (since the subsets of
i9i3%5 cannot yield levels of confidence higher than %) There are five such
sets:

Rule suppcounty(X)|confr (X = Y)
121y = 1315 2 1
1314 = 1915 2 1
1415 = 1913 2 1
1304 = 1915 2 1
14 = 191315 2 1

Indeed, all these sets yield exact rules, that is, rules having 100% confidence.

Many transaction data sets produce a huge number of frequent item sets
and therefore a huge number of association rules, particularly when the levels
of support and confidence required are relatively low. Moreover, it is well-
known (see [132]) that limiting the analysis of association rules to the sup-
port/confidence framework can lead to dubious conclusions. The data min-
ing literature contains many references that attempt to derive interestingness
measures for association rules in order to focus data analysis of those rules
that may be more relevant (see [107, 4, 7, 23, 74, 68]).

7.5 Levelwise Algorithms and Posets
This section focuses on the levelwise algorithms, a powerful and elegant gen-

eralization of the Apriori algorithm that was introduced in [95].
Let (P, <) be a partially ordered set and let @) be a subset of P.
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Definition 7.21. The border of Q is the set

BD(Q)={p € P | u<pimpliesu € Q and p < v implies v € Q}.
The positive border of Q) is the set:

BD'(Q) = BD(Q)NQ,

while the negative border of Q is

BD™(Q) = BD(Q) — Q.

Clearly, we have BD(Q) = BD"(Q) U BD™ (Q).

An alternative terminology exists that makes use of the terms general-
ization and specialization. If r,p € P and r < p, then we say that r is a
generalization of p or that p is a specialization of r. Thus, the border of a set
@ consists of those elements p of P such that all of their generalizations are
in @ and none of their specializations is in Q.

Theorem 7.22. Let (P, <) be a partially ordered set. If Q and Q' are two
disjoint subsets of P, then BD(Q U Q") C BD(Q) U BD(Q’).

Proof. Let p € BD(Q U Q'). Suppose that v < p, so u € QU Q'. Since @ and
Q' are disjoint, we have either u € Q or u € )'. On the other hand, if p < v,
then v € QU Q’, so v ¢ Q and v ¢ Q'. Thus, we have p € BD(Q) U BD(Q").
O

The notion of a hereditary subset of a poset is an immediate generalization
of the notion of a hereditary family of sets.

Definition 7.23. A subset Q of a poset (P, <) is said to be hereditary if p € Q
and r <p imply r € Q.

Theorem 7.24. If Q is a hereditary subset of a poset (P, <), then the positive
and the negative borders of Q are given by

BDT(Q)={pc Q| p<wv impliesv & Q}

and
BD™(Q)={pe P —-Q | u<p implies u € Q},

respectively.

Proof. Let t be an element of the positive border BD™(Q) = BD(Q) N Q. We
have t € @ and t < v implies v € @ because t € BD(Q).

Conversely, suppose that ¢ is an element of @ such that ¢ < v implies
v & Q. Since @ is hereditary, u < ¢ implies v € @, so t € BD(Q). Therefore,
t € BD(Q)NQ = BDT(Q).
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Now let s be an element of the negative border of Q; that is, s € BD(Q)—Q.
We have immediately s € P—Q. If u < s, then u € @), because @ is hereditary.
Thus, BD™(Q) C{p € P—Q | u < pimplies u € Q}.

Conversely, suppose that s € P—Q and u < s implies u € Q. If s < v, then
v cannot belong to @ because this would entail s € @) due to the hereditary
property of @. Consequently, s € BD(Q) and so s € BD(Q) — Q = BD (Q).
O

Theorem 7.24 can be paraphrased by saying that for a hereditary subset
Q of P the positive border consists of the maximal elements of ), while the
negative border of () consists of the minimal elements of P — Q.

Note that if @ and Q' are two hereditary subsets of P and BD"(Q) =
BDT(Q"), then @ = Q'. Indeed, if z € P, one of the following two cases may
occur:

1. If z is not a maximal element of @), then there is a maximal element w
of @ such that z < w. Since w € BD"(Q) = BD'(Q’), it follows that

w € Q’'; hence z € Q' because Q' is hereditary.

2. If z is a maximal element of @, then z € BD"(Q) = BD"(Q'), hence
zeqQ’.

In either case z € @', so @ C Q. The reverse inclusion can be proven in a

similar way, so Q = Q.

Similarly, we can show that for two hereditary collections @ and Q' of
subsets of I, BD™(Q) = BD (Q') implies @ = Q'. Indeed, suppose that
z € Q— Q. Since z & @', there exists a minimal element v such that v & Q’
and each of its lower bounds is in @’. Since v belongs to the negative border
BD™(Q'), it follows that v € BD™ (Q). This leads to a contradiction because
z € @ and v (for which we have v < z) does not, thereby contradicting the
fact that @ is a hereditary subset. Since no such z may exist, it follows that
@ C @'. The reverse inclusion can be shown in the same manner.

Definition 7.25. Let D be a relational database, 85 be the set of states of D,
and (B, <, h) be a ranked poset referred to as the ranked poset of objects.

A query is a function q : 8p x B — {0, 1} such that D € 85, b <V, and
q(D,b') =1 imply q(D,b) = 1.

Definition 7.25 is meant to capture the framework of the Apriori algorithm
for identification of frequent item sets. As was shown in [95], this framework
can capture many other situations.

Ezample 7.26. Let D be a database that contains a tabular variable (T, H)
and let = (T, H, p) be the table that is the current value of (T, H) contained
by the current state D of D.

The graded poset (B, <,h) is (P(H),C,h), where h(X) = |X|. Given a
number p, the query is defined by

1 if suppp(K) < g,
0 otherwise.

Q(DvK)_{
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Since K C K’ implies suppp(K') < suppp(K), it follows that ¢ satisfies the
condition of Definition 7.25.

Example 7.27. As in Example 7.26, let D be a database that contains a tabular
variable (T, H), and let 8 = (T, H, p) be the table that is the current value of
(T, H) contained by the current state D of D. The graded poset (P(H), 2, g)
is the dual of the graded poset considered in Example 7.26, where g(K) =
|H| — |K|. If L is a set of attributes, the function ¢y, is defined by

1 if K — L holds in 0,

D K)=
4w ) {0 otherwise.

Note that if K/ C K and D satisfies the functional dependency K’ — L, then
D satisfies K — L. Thus, ¢ is a query in the sense of Definition 7.25.

Definition 7.28. The set of interesting objects for the state D of the database
and the query q is given by

INT(D,q) = {be B | q(D,b) = 1}.

Note that the set of interesting objects is a hereditary set (B, <). Indeed,
if b € INT(D, q) and ¢ < b, then ¢ € INT(D, q) according to Definition 7.25.
Thus,

BD*(INT(D,q)) = {b € INT(D,q) | b < v implies v ¢ INT(D, q)},
BD™ (INT(D,q)) ={be B—INT(D,q) | w < b implies uw € INT(D, q)}.

In other words, BDT(INT(D,q)) is the set of maximal objects that are in-
teresting, while BD™ (INT(D, q)) is the set of minimal objects that are not
interesting.

Algorithm 7.29, which we discuss next, is a general algorithm that seeks
to compute the set of interesting objects for a state of a database. The algo-
rithm is known as the levelwise algorithm because it identifies these objects
by successively scanning the levels of the graded poset of objects.

If Lo, Lq,... are the levels of the graded poset (B, <,h), then the algo-
rithm begins by examining all objects located on the initial level. The set of
interesting objects located on the level L; is denoted by F;; for each level L;,
the computation of F; is preceded by a computation of the set of potentially
interesting objects C; referred to as the set of candidate objects.

The first set of candidate objects, €y, coincides with the level L;. Only the
interesting objects on this level are retained for the set J.

The next set of candidate objects, C;11, is constructed by examining the
level L;y; and keeping those objects b having all their subobjects ¢ in the
interesting sets of the previous levels.
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Algorithm 7.29 (General Levelwise Algorithm)
Input: a database state D, a graded poset of objects (B, <, h),
and a query ¢;
Output: the set of interesting objects for D;
Method: (31 = Ll;
1=1;
while (C; # () do
/* evaluation phase */
¥ = {b e ‘ q(D7b) = 1};
/* candidate generation */
Cit1 ={b€ Lit1 | c <bimplies c € U;; T} —U;<; €5
14+
end while;
output U, _; F;

Ezxample 7.30. For frequent item sets, we can work in the framework described
in Example 7.26. The algorithm, which is essentially the Apriori algorithm
described in Section 7.2, goes through the while loop no more than k + 1
times, where

k =max{|X| | X C H, suppy(X) > p}.

Ezxample 7.31. In Example 7.27, we defined the grading query g, as

1 if K — L holds in 0,

ar(D, K) {0 otherwise,
for K € P(H). The levelwise algorithm allows us to identify those subsets K
such that a table § = (T, H, p) satisfies the functional dependency K — L.
The first level consists of all subsets K of H that have |H| — 1 attributes.
There are, of course, | H| — 1 such subsets, and the set F; will contain all these
sets such that K — H is satisfied. Successive levels contain sets that have
fewer and fewer attributes. Level L; contains sets that have |H| —i attributes.
The algorithm will go through the while loop at most 1+ |H — K| times,
where K is the smallest set such that K — L holds.

Observe that the computation of €;1; in the generic levelwise algorithm
Cit1=14b€ Lit1 | ¢ <bimplies ¢ € Uffj - U(?j
j<i j<i
can be written as

ch=BD |[|JF]|-UJe.

J<i J<i
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This shows that the set of candidate objects at level L; 1 is the negative border
of the interesting sets located on the lower level, excluding those objects that
have already been evaluated.

The most expensive component of the levelwise algorithm is the evaluation
of ¢(D,b) since this requires a scan of the database state D. Clearly, we
need to evaluate this function for each candidate element, so we will require
| Ule C;| evaluations, where ¢ is the number of levels that are scanned. Some
of these evaluations will result in including the evaluated object b in the
set F;. Objects that will not be included in INT(D,q) are such that any of
their generalizations are in INT(D, q), even though they fail to belong to this
set. They belong to BD™ (INT(D, q)). Thus, the levelwise algorithm performs
|INT(D,q)| + |BD™(INT(D, q))| evaluations of q(D,b).

7.6 Lattices and Frequent Item Sets

Galois connections discussed in Section 5.4 are useful in the study of frequent
item sets. This approach was introduced for the first time in [105].

Let I be a set of items and T : {1,...,n} — P(I) be a transaction
data set. Denote by D the set of transaction identifiers D = {1,...,n}. The
functions itemsr : P(D) — P(I) and tidst : P(I) — P(D) are defined by

itemsr(E) = ﬂ{T(k) | k€ E},
tidsy(H) = {k € D | HC T(k)},

for every E € P(D) and every H € P(I).
Note that suppcounty(H) = |tidsy(H)| for every H € P(I).

Theorem 7.32. Let T : {1,...,n} — P(I) be a transaction data set. The
pair (itemsy, tidst) is a Galois connection between the posets (P(D),C) and

(P(1), <)

Proof. We need to prove that

1. if E C F’, then itemsy(E') C itemsr(FE),

2. if H C H', then tidsp(H') C tidsp(H),

3. E C tidsp(itemsp(E)), and

4. H Citemsy(tidsp(H))

for every E,E' € P(D) and every H, H € P(I).

The first two properties follow immediately from the definitions of the
functions itemsr and tidsr.

To prove Part (iii), let k¥ € E be a transaction identifier. Then, the item
set T'(e) includes itemsp(E) by the definition of itemsp(E). By Part (ii),
tidsy(T(e)) C tidsr(itemsr(FE)). Since e € tidsp(T(e)), it follows that e €
tidsr (itemsp(F)), so E C tidsy (itemsy (F)).

The argument for Part (iv) is similar. O
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The theorem can be obtained directly by noting that (itemsr, tidsy) is the
polarity determined by the relation

p={(k,i)e DxI |ieT(k)}.
Corollary 7.33. Let T : D — P(I) be a transaction data set and let
K, : P(I) — P() and K; : P(D) — P(D) be defined by K;(H) =

itemsy (tidsp(H)) for H € P(I) and K4(F) = tidsyp(itemsp(E)) for E €
P(D). Then, K; and K4 are closure operators on I and D, respectively.

Proof. The argument was made in Example 5.52. O

Theorem 7.34. Let T : D — P(I) be a transaction data set. We have

K;(H, U H,) = K;(H,) N K;(H>),
K, (Ey U E) = Kq(E1) N Ky(Ey),

fO?” Hl,HQ g I and El,EQ g D.

Proof. This statement is a direct consequence of the definitions of K; and K.
m|

Closed sets of items (that is, sets of items H such that H = K;(H)) can
be characterized as follows.

Theorem 7.35. Let T : {1,...,n} — P(I) be a transaction data set.
A set of items H is closed if and only if, for every set L € P(I) such that
H C L, we have suppp(L) < suppp(H).

and that H is not a closed set of items. Therefore, the set K;(H)
itemsp(tidsp(H)) is a superset of H and consequently suppcount(H)
suppcounty (itemsy (tidsp(H))). Since

Proof. Suppose that for every superset L of H we have suppp(H) > suppp(L)
>

suppcounty(itemsy (tidsp(H))) = |tidsy (itemsy (tidsp(H)))| = |tidsy (H)|,

this leads to a contradiction. Thus, H must be closed.
Conversely, suppose that H is a closed set of items,

H =K, (H) = itemsr(tidsp(H)),

and let L be a strict superset of H. Suppose that suppp(L) = suppp(H). This
means that |tidsp(L)| = |tidsy (H)|.
Since H = itemsy(tidsy(H)) C L, it follows that

tidsy (L) C tidsy (itemsy (tidsp(H))) = tidsy(H),

which implies the equality tidsy (L) = tids(itemsy(tidsy(H))) because the
sets tidsy (L) and tidsy(H) have the same number of elements. Thus, we have
tidsy (L) = tidsp(H). In turn, this yields



290 7 Frequent Item Sets and Association Rules
H = itemsy(tidsp(H)) = itemsy (tidsp(L)) 2 L,

which contradicts the initial assumption H C L. O

The importance of determining the closed item sets is based on the equal-
ity suppcounty(itemsy(tidsp(H))) = |tidsy(itemsy(tidsp(H)))| = |tidsp (H)|.
Thus, if we have the support counts of the closed sets, we have the support
count of every set of items and the number of closed sets can be much smaller
than the total number of item sets. An interesting algorithm focused on closed
item sets was developed in [148].

Exercises and Supplements

1. Let I = {a,b,c¢,d} be a set of items and let T be a transaction data set
defined by

a) Find item sets whose support is at least 0.25.
b) Find association rules having support at least 0.25 and a confidence
at least 0.75.

T(l) =11, T(6) == Zli2i4,
T(2) = Zlig, T(?) = le’Qis,
T(3) = 21i223, T(8) = 22i3i4,
T(4) = i2i3, T(9) = 22i3i5,
T(5) 121314, T(IO) = i3i4i5

Also, determine all rules whose confidence is at least 0.75.

3. Let T be a transaction dataset T on anitemset I, T : {1,...,n} — P(I).
Define the bit sequence of an item set X as sequence b™ = (by,...,b,) €
Seq,,({0,1}), where

. {1 if X CT(i),

0 otherwise,

for1 <i<n.

For b € Seq,,({0,1}), the number /[{i[l <i < n,b; = 1}] is denoted by
|| b ||. The distance between the sequences b and c is defined as || b@®c |.
Prove that:
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a) bXYY =b* AbY for every X,Y € P(I).
b) pEOL — pl g bK, where K & L is the symmetric difference of the
item sets K and L. K B
c) [\/suppp(K) — \/suppr(L)| < W
4. For a transaction data set T on an item set I = {i1,...,in}t, T :
{1,...,n} — P(I) and a number h, 1 < h < n, define the number
vr(h) by

vr(h) =2"""by + -+ + 2by + by,

where
{1 if i), € T(h),
. =

0 otherwise,

for 1 < k < n. Prove that i, € T'(h) if and only if the result of the integer
division vr(h)/k is an odd number.

Suppose that the tabular variables of a database D are (T4, Hy),. .., (T, Hp).
An inclusion dependency is an expression of the form T;[K| C T}[L], where
K C H; and L C Hj for some 4, j, where 1 <4, j < p are two sets of attributes
having the same cardinality. Denote by IDg the set of inclusion dependencies
of D.

Let D € 8p be a state of the database D, ¢ = T;[K] C Tj[L] be an
inclusion dependency, and 0; = (T;, H;, p;), 0; = (T, Hj, p;) be the tables that
correspond to the tabular variables (T;, H;) and (T}, H;) in D. The inclusion
dependency ¢ is satisfied in the state D of D if for every tuple ¢t € p; there is
a tuple s € p; such that t[{K| = s[L].

5. For ¢ = T;[K] C T;[L] and ¢ = T4[K'] C T.[L'], define the relation ¢ < ¢
ifd=14,e=7, K CK', and H C H'. Prove that “<” is a partial order

on IDD.
6. Prove that the triple (IDp,<,h) is a graded poset, where h(T;[K] C
T(L)) = |K]

7. Prove that the function ¢ : 8p x IDp — {0,1} defined by

1 if ¢ is satisfied in D,
a(D, ¢) = .
0 otherwise,
is a query (as in Definition 7.25).
8. Specialize the generic levelwise algorithm to an algorithm that retrieves
all inclusion dependencies satisfied by a database state.

Let T: {1,...,n} — P(D) be a transaction data set on an item set D. The
contingency matrix of two item sets X and Y is the 2 x 2-matrix:
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where
m11:|{k|X§Tk andYQTk }|,
myg = {k|X CT(k) and Y £ T(k)},

mo1 = |{k|X @ T
moo = |{k|X T

k
k

—~ o~ —~
— — — ~—

(k)

(k)
and Y C T(k)},
and Y € T(k)}|.

Also, let mi. = mq1 + mqo and m.; = mqy1 + mo1.

9.

10.

11.

Let X = Y be an association rule. Prove that

miy
confrp(X =Y) pea—
Which significance has the number mig for X = Y?
Let T : {1,...,n} — P(I) be a transaction data set on a set of items
I and let m be a partition of the set {1,...,n} of transaction identifiers,
7 ={B,...,Bp}. Let n; = |B;| for 1 <i < p.
A partitioning of T is a sequence T1,...,T), of transaction data sets on
I such that T; : {1,...,n;} — P(I) is defined by T;(¢) = T'(k¢), where
Bi={ki,...,kp, }for 1 <i<p.
Intuitively, this corresponds to splitting horizontally the table of T" into p
tables that contain ng,...,n, consecutive rows, respectively.
Let K be an item set. Prove that if supp;(K) > p, there exists j, 1 < j <
p, such that suppr, (K) > p. Give an example to show that the reverse
implication does not hold; in other words, give an example of a transaction
data set 7', a partitioning 71, ...,7, of T, and an item set K such that K
is p-frequent in some 7; but not in 7.
Piatetsky-Shapiro formulated in [107] three principles that a rule inter-
estingness measure R should satisfy:

a) R(X =Y)=0if my; = ML
b) R(X —Y) increases with my; when other parameters are fixed, and
¢) R(X —Y) decreases with m.; and with my. when other parameters

are fixed.

The lift of a rule X = Y is the number lift(X = Y) = L. The
PS measure is PS(X — Y) = my; — ™21 Do [lift and PS satlsfy
Piatetsky-Shapiro’s principles? Give examples of interestingness measures
that satisfy these principles.
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lead to an interesting and rewarding journey through the data mining litera-
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interesting condensed representation of the data set was developed by Jiawei
Han et al. [64].

An algorithm that searches the collection of item sets in a depth-first man-
ner with the purpose of discovering maximal frequent item sets was proposed
in [2] and [3].

Exercises 5-8 are reformulations of results obtained in [95].
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Applications to Databases and Data Mining

8.1 Introduction

In this chapter, we discuss various applications of partially ordered sets and
some of their associated structures (closure operators), the lattice of parti-
tions, monotonicity of functions, etc.

8.2 Tables and Indiscernibility Relations

Definition 8.1. Let § = (T, H,r) be a table, where r = (t1,...,t,). The
indiscernibility relation defined by a set of attributes X, X C set(H) is the
relation X C {1,...,n}? given by

e ={(pq) € {1,....n}* | t,[X] = t,[X]}.

It is easy to verify that ¢¥ is an equivalence for every set of attributes
X. The partition of {1,...,n} that corresponds to this equivalence will be
denoted by 7.

Ezample 8.2. Consider again the table introduced in Example 1.153.

OBJECTS
shape |length|width|height|color
1|cube 5 5 5 |red
2|sphere 3 3 3 |blue
3lpyramid| 5 6 4 |blue
4|cube 2 2 2 |red
5|sphere 3 3 3 |blue

Several partitions defined by sets of attributes of this table are:

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_8, (© Springer-Verlag London Limited 2008
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wohape — (£1,4}, (2,5}, {3}}
qlength _ {{1,3},{2,5},{4}},
ovidth — 169} (9.5} {3}, {4}},
mheleht — £091 19 5} {3}, {4}},

reelor — 111 43, {2,3,5}},
qshape length _ {{1},{4},1{2,5},{3}},
ehape color _ f19 4y f9 51 311,

Theorem 8.3. Let § = (T, H,r) be a table and let X and Y be two sets of
attributes, X, Y C H. We have ¢¥¥ =X neY.

Proof. Let t,,t, € set(r) be two tuples such that (p,q) € ¢X¥. This means
that ¢,[XY] = t,[XY]. By the second part of Theorem 1.154, this holds if and
only if ¢,[X] = t,[X] and t,[Y] = t,[Y]; that is, if and only if (p,q) € X and
(p,q) € €Y. Thus, XY =X ne¥. O

Corollary 8.4. Let 0 = (T, H,r) be a table and let X and Y be two sets of
attributes, X, Y C H. We have n5¥ = 7¥ A 7Y,

Proof. This statement follows immediately from Theorems 8.3 and 4.60. O

Corollary 8.5. Let 0 = (T, H,r) be a table and let X and Y be two sets of
attributes, X, Y C H. If X C Y, we have 7Y < gX,

Proof. Since X C Y, we have XY =Y, so 77 = ¥ A 7Y, which implies
¥ <7X., 0O

Definition 8.6. A reduct of a table 0 = (T, H, r) is a set of attributes L that
satisfies the following conditions:
(i) 7l = 7" and
(ii) L is a minimal set having the property (i); that is, for every J C L, we
have ©/ > 71
The core of 0 is the intersection of the reducts of the table.

Ezample 8.7. Let 0 = (T, ABCDE,r) be the following table:

T
A|B|C|D|E
ay|by|ci|dy|er
az|ba|ca|da|er
ay|ba|ca|dy|e2
az|ba|ci|da|e2
ay|by|er|dy|er
ay|by|ci|dy|er
a1|ba|ca|dy|ez

N O U W N
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We have 7f = {{1,5,6},{3,7}, {2}, {4}}. Note that we have 74¢ = 7 and
7PE = 7H_ On the other hand, we also have
™ = {{1,3,5,6,7},{2,4}},
© = {{1,4,5,6},{2,3.7}},
™ = {{1,3,5,6,7},{2,4}},
= {{1,2,5,6},{3,4,7}},

which shows that both AC and DE are reducts of this table.

s

Table reducts are minimal sets of attributes that have the same separating
power as the entire set of attributes of the table. Example 8.7 shows that a
table may possess several reducts.

Note that no two distinct reducts may be comparable as sets because of
the minimality condition. Therefore, each maximal chain of sets in the poset
(P(H), ©) that joins # to H may include at most one reduct. Thus, the largest
number of reducts that a table with n attributes may have is (Ln% J)'

Example 8.8. Let 0 be the table

T
A|B|C|D
ap b1 C1 d1
aq b2 C1 d2
a9 bl C1 d1
4@2 bg C1 dg

W DN =

It is easy to see that this table has two reducts, AB and AD. Therefore, the
core of this table consists of the attribute A.
On the other hand, the core of the two-tuple table

S
A|B|C|D
1a1b1c1d1
2a1b201d2

is empty because its two reducts, B and D, have no attributes in common.

The following theorem gives a characterization of table reducts.
Theorem 8.9. Let 0 = (T,H,r) be a table such that || = n and let § :
{1,...,n}? — P(H) be the function defined by

6(i,j) = {A € set(H) | t;[A] # t;[A]}

for 1 < i,5 < n. The set of attributes L is a reduct for 0 if and only if
LN6§(i,5) # 0 for every pair (i,j) € {1,...,n}? such that §(i,5) # 0 and L is
minimal with this property.
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Proof. Suppose that L is a reduct for 6 and that (¢,7) is a pair such that
8(i,j) # 0. The equality §(i,j) # 0 implies that (i,5) & e = €&, so t;[L] #
t;[L]. Therefore, L N (i, j) # 0.

Suppose that there is a strict subset G of L such that G N (i, 5) # O for
every pair (i,7) € {1,...,n}? such that 6(i,j) # 0. This implies €& =
which contradicts the minimality of the reduct L.

Conversely, suppose that L N §(i,j) # () for every pair (i,5) € {1,...,n}?
such that §(¢,5) # () and L is minimal with this property. Since L C H, we
have ¢ C ¢L.

Now let (h, k) be a pair in ¢”. Since t;, coincides with t; on every attribute
of L, it follows that we must have &§(h,k) = (), which implies (h,k) € €.
Thus, e/ = €L, If L is a minimal set satisfying the condition of the theorem,
it follows immediately that L is minimal in the collection of sets of attributes
that differentiate the tuples of 8, so L is a reduct. O

The notion of a key that is frequently used in databases is related to the
notion of a reduct.

Definition 8.10. A key of a table 0 = (T, H,r) and 7= (t1,...,t,) is a set

of attributes L that satisfies the following conditions:

(1) TrL = Q{1,...,n}> and

(ii) L is a minimal set having the property (i); that is, for every J C L, we
have 7/ > Qf1,..n}-

A table 0 = (T, H,r) has a key if and only if the sequence r does not
contain duplicate tuples.

8.3 Partitions and Functional Dependencies

If we examine the table defined in Example 8.2, we observe that if two objects
have the same shape, then they have the same color. We also note that the
reverse implication is not true because two objects may have the same color
without having the same shape. This observation suggests the introduction of
a type of constraint that applies to the table contents for every table that is
a value of a tabular variable.

Definition 8.11. Let H be a set of attributes. A functional dependency is an
ordered pair (X,Y) of subsets of H.

The set of all functional dependencies on a set of attributes H is denoted
by FD(H). If (X,Y) € FD(H) we shall write this pair as X — Y using a
well-established convention in database theory.

Definition 8.12. Let 0 = (T, H, r) be a table and let X and Y be two subsets
of H. The table 0 satisfies the functional dependency X — Y if u[X] = v[X]
implies ulY| = v[Y] for every two tuples u,v € set(r).
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In other words, a table 6 satisfies the functional dependency X — Y if
and only if eX C €V or, equivalently, 7% < V.

Ezxample 8.13. Let us consider a tabular variable whose values are intended
to store the data reflecting the instructors, students, and musical instruments
studied by the students of a community music school. Lessons are scheduled
once a week, and each instructor is teaching one instrument:

7 = (SCHEDULE, student instructor instrument day time room).

Any table 6 that is a value of this tabular variable must satisfy functional
dependencies that reflect these “business rules” as well as other semantic

restrictions:
student instrument — instructor,

instructor — instrument,

student instrument — day time,
room day time — student instructor,
student day time — room,
instructor day time — room.

For example, a possible value of this tabular variable is the table:

SCHEDULE
student [instructor[instrument]day [time[room
1[Margo Donna piano Mon|4 A
2|Danielle |Igor violin Mon|4 B
3|Joshua Donna piano Mon|5 A
4|Ondine |Donna piano Tue |3 A
5|Michael |[Donna piano Tue |4 A
6|Linda Mary flute Tue |4 B
7|Todor Mary flute Tue |5 A
8|Sarah Emma piano Tue |6 A
9|Samuel |Donna piano Tue |6 B
10| Alex David guitar Tue |6 C
11|Dan Emma piano Wed |3 A
12|William [Mary flute Wed |4 A
13|Nora David guitar Wed |4 B
14| Amy Donna piano Wed |5 A
15|Peter Igor violin Thr 4 A
16|Kenneth |David guitar Thr |4 B
17|Patrick |Donna piano Thr |5 A
18|Elizabeth| Emma piano Thr |5 B
19|Helen Mary flute Thr |5 C
20|Cris Mary flute Fri |4 B
21|Richard |Igor violin Fri |4 C
22|Yves Donna piano Fri |5 A
23|Paul Emma piano Fri |5 B
24|Colin Igor violin Fri |6 C

The reader can easily check that this table satisfies all functional dependencies
identified after the definition of the tabular variable.

It is clear that if X, Y C H and Y C X, any table § = (T, H,r) satisfies
the functional dependency X — Y.
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Definition 8.14. A functional dependency X — Y is trivial if it is satisfied
by every table @ = (T, H, r) such that X,Y € P(H).

Theorem 8.15. Let H be a finite set of attributes. A functional dependency
X — Y € FD(H) is trivial if and only if Y C X.

Proof. For each attribute A € H, let us and vs be two distinct values in
Dom(A). Suppose that X — Y is a trivial functional dependency and that YV
is not included in X. This means that there exists an attribute B € Y — X.
Consider the table § = (T, XY,r), where r = (t1,t2), where t1[A] = uy4 for
every A € XY, and

bald] = {uA if A+#B,

vB if A= B.

Since t1[X] = t2[X] and #1[Y] # t2[Y], it follows that 6 violates the functional
dependency X — Y, which contradicts the fact that X — Y is trivial.

The sufficiency of the condition is immediate. O

Suppose now that § = (T, H,r) satisfies the functional dependencies X —
Y and Y — Z, where X,Y, Z are subsets of H. This means that 7% < 7¥
and 7¥ < 74, which implies 7% < 7Z. Thercfore, 6 satisfies the functional
dependency X — Z.

If 6 = (T, H,r) satisfies the functional dependency X — Y and W is a
subset of H, then we have 7% < 1¥. Therefore, we have

W =gX AW <a¥ AxW =YW

)

which means that 0 satisfies the functional dependency XW — Y.

In the database design process, it is necessary to identify functional de-
pendencies satisfied by tables that are values of tabular variables. Thus, for a
tabular variable T = (T, H), the design of the database entails the construc-
tion of the functional dependency schema defined as a pair S = (H, F'), where
F C FD(H). Tables that are values of 7 are also said to satisfy the schema S.
The identification of these functional dependencies is based on the meaning
of the attributes involved. For example, in a table schema that contains the
attributes ssn (standing for social security number) and name, it is natural
to impose the functional dependency ssn — name. Every table that satisfies
this schema will satisfy this functional dependency.

Suppose that a table satisfies the functional dependencies A — B and
B — C. Then, by a previous observation, the table will also satisfy A — C.
Thus, it is not necessary to explicitly stipulate that the table will satisfy
A — C'. This functional dependency is obtained by applying the rule

A—B,B—C
A—C ’

which is an instance of the transitivity rule
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X-=YY -7
X —- 7 Rirans,

for every X,Y,Z € P(H). Here H is the set of attributes of a table. Our
previous argument shows that this rule is sound; in other words, if a table
satisfies X — Y and Y — Z, then the table satisfies X — Z.

The previous arguments allow us to identify two more sound rules, the

inclusion rule
XCY

Y — X Rincs

and the augmentation rule

X—-Y
XW — YW Eaug:

for every X, Y, W € P(H).

As we saw above, rules are denoted as fractions; the objects that appear in
the numerator are known as the premises of the rule; the object that appears
in the denominator is the conclusion of the rule.

The three rules introduced so far (transitivity, augmentation, and inclu-
sion) are known as Armstrong’s rules.

The previous discussion establishes the soundness of the rules R, Raug,
and Ry.qn. This means that a table that satisfies a set I’ of functional de-
pendencies will satisfy any functional dependency obtained from F' through
applications of these rules.

In a certain sense that will be made clear in what follows, these are all the
rules we need in order to reason about functional dependencies.

Rules are used to generate in a syntactic manner new functional dependen-
cies starting from existing sets of such dependencies. The process of producing
such new functional dependencies is known as a proof. This notion is formal-
ized in the next definition.

Definition 8.16. Let S = (H,F) be a functional dependencies schema. A
non-null sequence of functional dependencies:

U1_>‘/17"'7Un_)vn

1s an F-proof of length n if one of the following conditions is satisfied for
every i, 1 <i < mn:
(i) U; — V; is one of the functional dependencies of F, or
(ii) U; — V; is obtained from 0,1, or 2 predecessors in the sequence by applying
one of Armstrong’s rules.
The last dependency in the sequence U,, — V,, is the target of the F'-proof.

Ezample 8.17. Suppose that S = (H, F') is a functional dependency schema,
where H = ABCDE and F is the set of functional dependencies
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F={A—C/,AB— D,CD — E}.
We claim that the sequence

A— C,AB — BC,AB — ABC,AB — D,
ABC —- CD,AB—CD,CD — E,AB — FE

is an F-proof of AB — E for the following reasons:

(i) A — C belongs to F.

(ii) AB — ABC is obtained from (i) by applying Rg., with W = AB.
(iii) AB — D belongs to F.

i)

)

(iv) ABC — CD is obtained from (iii) by applying Raug with W = C.
v) AB — CD is obtained from (ii) and (iv) by applying Ripan-

(vi) CD — E belongs to F.

(vii) AB — E is obtained from (v) and (vi) by applying Rirqn.

The existence of an F-proof that has a functional dependency U — V as
a target is denoted as FA;MU — V.

Finding an F-proof for a functional dependency can be a daunting task
if the number of attributes and functional dependencies is large. Fortunately,
there are ways of simplifying this process.

Theorem 8.18. Let S = (H,F) be a functional dependency schema. If

FFX —>YadF F X — Z then F v X — YZ for every
ARM ARM ARM

XY, ZCH.

Proof. Let Uy — V4,...,U, — V, and U; — V{,...,U! — V! be two F-
proofs that have X — Y and X — Z as targets. Using the augmentation by
X, the first proof generates the F-proof

u,—-Vv,....U0, =V, =X =Y, X - XY.
On the other hand, starting from the second proof
u—-Vv,....U -V =X — Z,
by augmenting the last functional dependency by Y, we have the F-proof
u —Vv,. ..U, -V =X —2Z2XY ->YZ

By concatenating the two newly obtained proofs and applying the transitivity
property, we have the F-proof

U, —-V,....U, = V,, X = XY,
u—-v,. ..U =V XY —->YZX->YZ,

which has the desired functional dependency X — Y Z as its target. O
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The last theorem shows that we can derive the functional dependency
X — Y Z from the functional dependencies X — Y and X — Z. This fact is
interpreted as a “derived rule” known as the additivity rule and is denoted by

X—=YX—-7Z
X —-YZ Raar

Another derived rule is introduced in the next theorem.

Theorem 8.19. If F - X —=YZ, then F = X =Y forevery X,Y,Z C
ARM ARM
H.

Proof. Let Uy — Vi,...,U, — V,, be an F-proof that has X — Y Z as its
target. We can add to this proof the functional dependency YZ — Y obtained
by applying R;,.. This yields the needed F-proof

u,—-v,....U, =V, =X=>YZYZ-Y X =Y,

)

where the last step was obtained by applying the transitivity rule to the
previous two steps. 0O

Thus, from X — Y Z we can derive the functional dependency X — Y.
This derived rule is known as the projectivity rule and is denoted by

X—=YZ

Note that if F is a set of functional dependencies, F C FD(H) and X C H,
then it is always possible to find Y such that F A;M X — Y. Indeed, it suffices

to take Y = X and we can always prove X — X starting from F' because the
functional dependency X — X can be generated by applying R;,..

Let X — Yi,...,X — Y, be the set of all functional dependencies such
that F A;MX — Y, where X, Y C H. By repeatedly applying the additivity

rule, we have FA;MX — Y7 ---Y,. The set Y7 ---Y), is the largest set ¥

such that F¥ + X — Y. Further, we have FF + X — V if and only if
ARM ARM

V CYi---Y,. Indeed, it is clear that if FA;MX — V,then V CY;---Y,.

Conversely, if VCY;---Y,, then Y; ---Y, =V (by Rine), s0 FA;MX -V

by Riran. Thus, the set Y7 ---Y), plays a special role; we will refer to it as the
closure of X under F and will denote it by clp(X).

Theorem 8.20. Let S = (H,F) be a functional dependency schema. The
mapping clp : P(H) — P(H) is a closure operator on H.

Proof. We need to show that clp satisfies the conditions of Definition 4.37.
Since we have FAII;MX — X, it is clear that X C clp(X).
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Suppose now that X, X’ € P(H) and X’ C X. Since FA;MX — X' by
Ripe and F F X' — clp(X'), it follows that F = X — c¢lp(X’). This
ARM ARM

implies ¢lp(X’) C clp(X), so clp is monotonic.
Finally, note that we have both FF - X — clp(X)and F +  clp(X) —
ARM ARM

clp(clp(X)), which yields FA;MX — clp(clp(X)) by Riran. This implies

clp(clp(X)) C clp(X). The converse inclusion follows from the fact that X C
clp(X) and the monotonicity of clg. Thus, clp(clp(X)) = clp(X) for every
X eP(H). O

The statement that F' AI};MX — Y has a syntactic character; it can be
shown by constructing an F-proof that has X — Y as its target. Actually, a
computation of c¢lp(X) allows us to decide whether F A;MX — Y without

constructing the F-proof, as shown in the next theorem.

Theorem 8.21. Let S = (H, F) be a functional dependency schema. We have
FA;MX —Y if and only if Y C clp(X).

Proof. 'Y C clp(X), then we have FA;M clp(X) — Y by a single applica-
tion of Rj,.. Then, since FA;MX — clp(X), (by the definition of clp(X)),
another application of R4, yields F A;MX —Y.

Conversely, if F A;MX — Y, thenY C clp(X) by the definition of ¢lp(X).

O

Now we introduce a semantic counterpart of relation Al— .
RM

Definition 8.22. Let S = (H, F) be a functional dependency schema. The
set F' logically implies the functional dependency X — Y if every table that
satisfies all functional dependencies of F' also satisfies X — Y. This is denoted
by FEX —Y.

The soundness of Armstrong’s rules means that if F’ A;MX — Y, then

F = X — Y. It is interesting that the reverse implication also holds. This fact
is known as the completeness of Armstrong’s axioms and will be established
next. To this end, we introduce the notion of an Armstrong table.

Definition 8.23. Let S = (H, F') be a functional dependency schema, where
H = A;---A,, and let X € P(H). For each attribute A € H, let ua
and vy be two distinct values from Dom(A). The Armstrong table 0p x =
(Tr,x,H,rpx) contains a two-row sequence rr x) = (to,t1), where to(A) =
uy for A€ H and

¢ (A): UA ifAGClF(X),
! va ifA€H - clp(X).
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Note that the existence of Armstrong relations is assured by our assumption
that the domain of every attribute contains at least two values.

Lemma 8.24. Let F be a set of functional dependencies F C FD(H), H =
Ay--- Ay, and let X € P(H). The Armstrong table 0p x = (Trx,H,rrx)
satisfies all dependencies that can be proven from F.

Proof. Suppose that U — V is a functional dependency that can be proven
from F (which means that F A;MU — V) and that this dependency is vi-

olated by 0 x. Since 0 x contains two tuples, this is possible only if these
tuples have the same projection on U but distinct projections on V. The
definition of Op x allows this only if U C clp(X) and V € clp(X). By the
definition of ¢lp(X) this is possible only if FAEMX — U and FAZ‘MX — V.

This leads to a contradiction because F - X — Uand F = U — V imply
ARM ARM
F X n). 0O
ARM -V (by Rira L)

Theorem 8.25 (Completeness of Armstrong’s Rules). Let F' be a set of
functional dependencies, F C FD(H), H = Ay--- A, and let X, Y € P(H).
IfFEX Y, thenFAEMXHY.

Proof. Suppose that FF = X — Y but FAZ‘MX — Y, which means that

Y & c¢lp(X). The Armstrong table 8p x = (T x, H,rp x) satisfies X — YV
because it satisfies all functional dependencies of F'. Since X C clp(X), this
implies Y C ¢lp(X), which yields a contradiction. 0O

Corollary 8.26. Let S = (H, F) be a functional dependency schema and let
X =Y be a functional dependency in FD(F). The following three statements
are equivalent:
(i) Y C cp(X).
(i) F F X—>Y.
ARM
(iii) FE X =Y.

Proof. (i) is equivalent to (ii) by Theorem 8.21. We have (ii) implies (iii) by
the soundness of Armstrong’s rules and (iii) implies (ii) by the completeness
of these rules. 0O

8.4 Partition Entropy

The notion of entropy is as a probabilistic concept that lies at the foundation
of information theory. Our goal is to define entropy in an algebraic setting
by introducing the notion of entropy of a partition taking advantage of the
partial order that is naturally defined on the set of partitions of a set. Actually,
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we will introduce a generalization of the notion of entropy that has the Gini
index and Shannon entropy as special cases.

Let S be a finite set and let 7 = {Bj1,..., By} be a partition of S. The
Shannon entropy of m is the number

— |Bil | Bi
H(m) = — 1 .

The Gini index of w is the number

gini(m) =1 — Z ('éﬁ')z.

i=1

Both numbers can be used to evaluate the uniformity of the distribution of
the elements of S in the blocks of m because both values increase with the
uniformity of the distribution of the elements of S.

Ezxample 8.27. Let S be a set containing ten elements and let 71, 7o, 73, 74 be
the four partitions shown in Figure 8.1.

. H(r4) = 1.9609
L]
. . H(ms) = 2.0464
L] L] L] L] L] L] L]
. . H(me) = 2.1709
L] L] L] L] L] L] L] L]
H(m) = 2.3219
L[] L] L] L] L] L] L] L] L] L]

Fig. 8.1. Entropy increasing with partition uniformity.

The partition 71, which is the most uniform (each block containing two
elements), has the largest entropy. At the other end of the range, partition
w4 has a strong concentration of elements in its fourth block and the lowest
entropy. Similar results involving the Gini index are shown in Figure 8.2.

If S and T are two disjoint and nonempty sets, 7 € PART(S) and o €
PART(T), where m1 = {By,...,Bn}, 0 = {C4,...,C,}, then the partition
T+ o is the partition of S UT given by
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. gini(ma) = 0.68
e o o | o |evel|
. . . . . . . gini(ms) = 0.72
. . . L gini(mz) = 0.79
o oo oo o0 oo o gini(m1) = 0.80

Fig. 8.2. Gini index increasing with partition uniformity.

7T+O':{Bl,...,Bm,,Cla"'vc"L}'

Whenever the “+” operation is defined, then it is easily seen to be associative.
In other words, if S,T,U are pairwise disjoint and nonempty sets and 7w €
PART(S), 0 € PART(T), 7 € PART(U), then 1+ (0 +7) = (m + 0) + 7.
Observe that if S and T' are disjoint, then ag + ar = agur. Also, wg + wr is
the partition {S, T} of the set SUT.

Ifr={B,...,Bn}, o0 ={C4,...,C,} are partitions of two arbitrary sets
S, T, then we denote the partition {B; xC; | 1 <i<m,1<j<n}of SxT
by ™ x . Note that ag X ar = agxr and wg X wr = wgxT.

We introduce below a system of four axioms.

Definition 8.28. Let S € R, 8 > 1, and @ : R2>0 — R>o be a continuous

function such that ¢(z,y) = ®(y,z), and ®(z,0) = x for z,y € R>o.
A (D, B)-system of axioms for a partition entropy Hg : PART(S) — Rxq

consists of the following axioms:

(P1) If m,n" € PART(S) are such that m < 7', then Hg(n") < Hg(m).

(P2) If S and T are two finite sets such that |S| < |T|, then Ha(ag) <
Hg(ar).

(P3) For all disjoint sets S and T and partitions 1 € PART(S) and o €
PART(T) we have

(s 7\’

(P4) We have
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Hp(m x ) = B(Hp(m), Hp(o))
for m € PART(S) and o € PART(T).

Observe that we postulate that Hg(m) > 0 for any partition 7 since the range
of every function Hg is R>g.

Lemma 8.29. For every (@, 3)-entropy Hg and set S, we have Hg(wg) = 0.

Proof. Let S and T be two disjoint sets that have the same cardinality, |S| =
|T|. Since wg + wr is the partition {S, T} of the set SUT, by Axiom (P3) we
have

1 153
55w + wr) = () (Fs(ws) + Ha(wr)) + Ha((S.T)),

2
which implies Hg(ws) + Ha(wr) = 0. Since Hg(ws) > 0 and Hg(wr)) > 0, it
follows that Hg(ws) = Ha(wr) = 0. 1

Lemma 8.30. Let S and T be two disjoint sets and let 7,7 € PART(SUT)
be defined by m = o + ar and ' = o + wy, where 0 € PART(S). Then,

153
3o(m) = H(n') + (Sl'f'm) 3 o).

Proof. By Axiom (P3), we can write

s Y
o051 = (g7 %
B8
+(|5||+T|T|> Is(ar) + Hs({S.T})
and

n_ (18
He(r') = (|5|+T|> Hg(o)

7L N e
+ (i) Holer) + ((5.7)

B
_ <|S||+S|T|> Ha(0) + H(1S,T)
(by Lemma 8.29).

The equalities above immediately imply the equality of the lemma. |

Theorem 8.31. For every (P, 3)-entropy and partition 7 = {B1,...,Bny} €
PART(S), we have

m ) B
Io(m) = Hslos) — 3 ('f?') Hs(am,).

i=1
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Proof. Starting from the partition 7, consider the following sequence of par-
titions in PART(S):

To = wp, +w, +wp, + Fwn,

T =ap, twp, twp, + tws,

Ty =ap, +ap, twpy, + -+ wp,

Tp = Qp, +ap, +ap;, +---+apg

m*°
Let 0 = ap, ++--+ap, +wp,,, + - +wp,,. Then, 7 = 0, +wp,,, and

Tigl = 0; + QB 5 thereforé7 by Lemma 8.30, we have

B; s
Gp(mign) = Ho(m) + ( | 5|> Hp(apeys)

for0<i<m-—1.
A repeated application of this equality yields

m—1 B
B;
j‘fg(ﬂ'm) = g‘fﬁ(ﬂ'o) + Z < |§_|1|> 9‘(5(0&3i+1)~
=0

Observe that my = 7 and 7, = ag. Consequently,

m N
Ho(m) = Hslos) 3 (@4) 3 (0p,).

i=1

1

Note that if S and T are two sets such that |S| = |T'| > 0, then, by Axiom

(P2), we have Hg(ag) = Hg(ar). Therefore, the value of Hs(ag) depends

only on the cardinality of S, and there exists a function ;o : Ny — R>( such

that Hg(as) = u(]S|) for every nonempty set S. Axiom (P2) also implies that

1 is an increasing function. We will refer to p as the kernel of the (2, 3)-system
of axioms.

Corollary 8.32. Let Hg be a (P, 3)-entropy. For the kernel v defined in ac-
cordance with Aziom (P2) and every partition m = {By, ..., By} € PART(S),
we have

m N B
Io(m) = u((S)) — 3 ('f;]') w(1Bi): (8.1)

i=1
Proof. The statement is an immediate consequence of Theorem 8.31. |

Theorem 8.33. Let @1 = {By,..., By} be a partition of the set S. Define
the partition 7' obtained by fusing the blocks By and Bs of m as 7’ = {B; U
By, Bs, ..., By} of the same set. Then
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B
J‘fg(ﬂ) = J‘fg(ﬂl) + <|B1|USBQ|) g{ﬁ({Bl,BQ}).

Proof. A double application of Corollary 8.32 yields

163
Hs(') = u(|S]) - (“Bf;m) w(1B1 U By

-2 () s

i>2

and

B
({1, Ba)) = (1B U Ba) — (520 ) )

- (Bl"fj'BZ)ﬁquQD.

Substituting the expressions above in

163
'B“B) Hs({By, Ba})

o) + (g

we obtain Hg(m). 1
Theorem 8.33 allows us to extend Axiom (P3):

Corollary 8.34. Let By,..., B, be m nonempty, disjoint sets and let w; €
PART(B;) for 1 <i<m. We have

N\
Ho(mi+ -+ +7mm) = Z (|f;l|> Hp(mi) + Hp({Bi, ..., Bn}),

where S = By U---U B,,.

Proof. The argument is by induction on m > 2. The basis step, m = 2, is Ax-
iom (P3). Suppose that the statement holds for m, and let By, ..., By, Byt
be m+1 disjoint sets. Further, suppose that 71, ..., T, Tm41 are partitions of
these sets, respectively. Then, 7, + 7,1 is a partition of the set B,,, U B, 1.
By the inductive hypothesis, we have

9{5(71—1 et (Wm + Tmt1))

m—1 B
} : |B | ) |Bm| + |Bm+1‘

- < ‘S| ( 1) + |S‘ j—cﬁ(ﬂm+ﬂm+1)
‘HHB({BM sy (Bm U Bm-H)})a

where S =By U---UB,;, UB,41.
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Axiom (P3) implies

o
=
3

1+"'+(7rm+7rm+l))

3

3

B\ Byl + |Bpail\?
+<| S|+1> f}C[3(7Tm+1)‘f‘(|||SI|+1|> Hp{Bm, Bmy1}

+Hs({B1,. .., (B U Bmi1)}).

Finally, an application of Theorem 8.33 gives the desired equality. |
Theorem 8.35. Let 1 be the kernel of a (@, 3)-system. If a,b € Ny, then
p(ab) — p(a) -0~ = p(b).

Proof. Let A = {z1,...,2,} and B = {y1,...,ys} be two nonempty sets.
Observe that ws X ap consists of b blocks of size a: A X {y1},..., A x {yp}.
By Axiom (P4),

5‘(5((4),4 X aB)
= O(Hpg(wa), Hp(ap)) = (0, Hs(ap)) = Hg(ap) = u(b).

On the other hand,

N
(b> Ho(@ax(y,})

-

Hp(wa x ap) = Hp(aaxp) —

1=1

= p(ab) — b%bw(a),

which gives the needed equality. |
An entropy is said to be non-Shannon if it is defined by a (@, 8)-system
of axioms such that 8 > 1; otherwise (that is if 8 = 1), the entropy will be
referred to as a Shannon entropy. As we shall see, the choice of the parameter
(3 determines the form of the function .
Initially we focus on non-Shannon entropies, that is, on (@, 3)-entropies,
where 3 > 1.

Theorem 8.36. Let Hp be a non-Shannon entropy defined by a (@, 3)-system
of axioms and let u be the kernel of this system of axioms.

There is a number k > 0 such that u(a) = k- (1 —a'=P) for every a € Ny.
Proof. Theorem 8.35 implies that

p(ab) = p(a) -0~ 4 p(b) = u(b) - "7 + p(a)
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for every a,b € N;. Consequently,

pa) )
1—a=F 1-b1-F

for every a,b € Ny, which gives the desired equality. O
Corollary 8.37. If Hg is a non-Shannon entropy defined by a (P, 3)-system

of azioms and m € PART(S), where 1 = {By,...,B,,}, then there exists a
constant k € R such that

m I\ B
Hy(m) =k (1 -3 <|§j||) ) : (8.2)
i=1

Proof. By Corollary 8.32 and Theorem 8.36, we have

Ho(r) = u(lS]) - Z(@') (1B:)

(1) <5 () ()
:k@_m;l)_k;(w) +kz|§;'
=k (1-2('?;")6).

The last equality follows from the fact that Y ;- |B;| = |S]. 1
The constant k£ introduced in Theorem 8.36 is given by

k= lim p(a), (8.3)
and the range of values assumed by p is [0, k].

Our axiomatization defines entropies (and therefore the kernel p) up to
the multiplicative constant k and the Equality (8.3) expresses this constant
in terms of the limit of u(a) when a tends to infinity.

The next theorem shows that the function @ introduced by Definition 8.28
and used in Axiom (P4) is essentially determined by the choices made for
and k.

Theorem 8.38. Let Hp be the non-Shannon entropy defined by a (2, [)-
system and let k be as defined by Equality (8.3), where u is the kernel of
the (@, 3)-system of axioms.

The function @ of Aziom (P4) is given by ®(x,y) = x +y — % - xy for
z,y € R>q.



8.4 Partition Entropy 313

Proof. Let m = {B1,...,Bn} € PART(S) and 0 = {C4,...,C,} € PART(T)
be two partitions. Since

we can write
" Bl
Ha(r x o) = 1—2 E ST

—k (1 - (1 - ;Hﬁ(w)) (1 - ;f}fﬁ(a)»

= 35(m) + Ia(0) — 2Ha(m)Ha(0).

Suppose initially that 8 > 1. Observe that the set of rational numbers of

the form
n
g
DT
=1

where 1, € Q, 0 <r;, <1forl<1[<n and Zl”:lrl =1, for some n € Ny, is
dense in the interval [0, 1]. Thus, Formula (8.2) shows that the set of entropy
values is dense in the interval [0, k] because the sets By, ..., B,, are finite but
of arbitrarily large cardinalities. Since the set of values of entropies is dense
in the interval [0, k], the continuity of @ implies the desired form of &. O

Choosing k = —5—5 in Equality (8.2), we obtain the Havrda-Charvat
entropy (see [67]):

1
1-21-

_ 1 (1B
“ﬁ“)—l_w'(l‘;(m))'

If 5 =2, we obtain Hy(7), which is twice the Gini index,

s (- 5(2))

2
The Gini indez, gini(m) = 1->_1", ( El ) , is widely used in machine learning

and data mining.
The limit case, limg_.; Hg(7), yields
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1 O (1Bi]\”
li =lim —— .| 1—
lim Hp(m) AT 518 ( 2 5]
m B
. 1 |Bi | Bi
=lim — | — 1

521 2TB In 2 ( 2 ( E ) S

_ NI, 1B
S| M

i=1

which is the Shannon entropy of 7.
When G = 1, by Theorem 8.35, we have

p(ab) = p(a) + p(b)

for a,b € N;. If n : Ny — R is the function defined by n(a) = ap(a) for
a € Ny, then 7 is clearly an increasing function and we have

n(ab) = abu(ab) = bn(a) + an(b)

for a,b € Nj. By Theorem D.6, there exists a constant ¢ € R such that
n(a) = calogy a for a € Ny, so u(a) = clogy(a). Then, Equation (8.1) implies:
H —c. i i)
a(m) =c Z a log, a
=1
for every partition 7 = {A1,..., A, } of aset A, where |4;| = a; for 1 <i<m
and |A| = a. This is exactly the expression of Shannon’s entropy.

The continuous function @ is determined as in the previous case. Indeed,
if A, B are two sets such that |A| = a and |B| = b, then we must have

c¢-logyab = Ha(aa x ag) = P(c-logy a,c-log, b)

for any a,b € Ny and any ¢ € R. The continuity of @ implies ¢(z,y) =z + y.
The B-entropy of ag is given by

187

Holos) = 5755

(8.4)
The entropies previously introduced generate corresponding conditional
entropies.
Let m € PART(S) and let C' C S. Denote by m¢ the “trace” of @ on C
given by
mc = {BNC|B € 7 such that BN C # 0}.

Clearly, mc € PART(C); also, if C is a block of 7, then 7¢ = we.
Definition 8.39. Let m,0 € PART(S) and let 0 = {C4,...,Cy}. The (-

conditional entropy of the partitions m,0 € PART(S) is the function Hg :
PART(S)? — Rx¢ defined by
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Observe that Hg(rlws) = Hp(m) and that Hg(ws|m) = Hg(r|ag) = 0 for
every partition m € PART(S).

For m ={By,...,By,} and 0 = {C4,...,C,}, the conditional entropy can
be written explicitly as

- $(9) S (57

Jj=1

~=en((§) R e

i=1

For the special case when m = ag, we can write

(G’ 1 Sy
J{ﬁ(as|a)—j_zl<|g| }Cﬁ(acj)—m Z TS ST

j=1

Theorem 8.40. Let m and o be two partitions of a finite set S.
We have Hg(mw|o) =0 if and only if o < .

Proof. Suppose that o = {C1,...,C,}. Ifo <7, then 7o, = we, for1 <j<n

and therefore B
5 ()

j=1

Conversely, suppose that

This implies Hg(mc,) = 0 for 1 < j < n, which means that 7o, = wc, for
1 < j < n by a previous remark. This means that every block C; of o is
included in a block of m, 80 0 < 7. O

The next statement is a generalization of a well-known property of Shan-
non’s entropy.

Theorem 8.41. Let m and o be two partitions of a finite set S. We have

Hpo(m N o) =Hg(mlo) + Hp(o) = Hg(olm) + Hps(m),
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Proof. Suppose that @ = {Bjy, ..., B} and that o = {C4,...,C,}. Observe
that
TNo=7¢, +-+7c, =0B, +- -+ 0B

m"*

Therefore, by Corollary 8.34, we have

which implies
Hp(m No) = Hp(wlo) + Ha(o).

The second equality has a similar proof. O
Corollary 8.42. If Hg(m A o) = Ha(n), then m < 0.

Proof. Since Hg(m A o) = Hg(w), Theorem 8.41 implies Hg(o|r) = 0. By
Theorem 8.40, we have 7 < o. 0O

Lemma 8.43. Let § > 1. If wq,...,w, are n positive numbers such that
rywg=1anday,...,a, €0,1], then
B

n n B a
1— (szal> (Zwi(l—ai)> zz_:wf (1—af—(1—ai)5) .

Proof. Let ¢ : [0,1] — R be the function given by ¢(z) = 2% + (1 — z)? for
x € [0,1]. It is easy to see that ¢(0) = ¢(1) = 1 and that ¢ has a minimum
for x = 1/2, ¢(1/2) = 1/2'=7. Thus, we have

P +1-2)f<1 (8.7)

for z € [0, 1].
Inequality (8.7) implies

wi(l —a] = (1-a,)") > w/(1—a] - (1 -a))

i

because w; € [0,1] and § > 1.
By applying Jensen’s inequality for the convex function f(x) = z”, we
obtain the inequalities:

Thus, we can write



8.4 Partition Entropy 317

n B n B
- (Z w,'ai) - <Z wz(l - az)>
n . n Z_ﬁ n Ié]
= Zwi - (Z wﬂi) - (Z w;(1 — ai)>
> Zwi - Zwiaf - sz(l —a;)P
i=1 i=1 i—1

n

:Zwi (1—aff(lfai)ﬁ)

i=1
n
= Zw? (1 —af -1 —ai)5> ,
i=1
which is the desired inequality. O

Theorem 8.44. Let S be a set, 7 € PART(S) and let C and D be two disjoint
subsets of S. For B > 1, we have

<|C|L;D|>ﬁ9fﬁ( cup) = <||g|> HM”C)*‘(H?DBJ{Q(WD)'

Proof. Suppose that m = {Bj, ..., B, } is a partition of S. Define the numbers

|B; N (CUD)
ICUD|

w; =

m

for 1 <i < m. It is clear that > ", w; = 1. Let

|Bi N C|
G =———
|B; N (C'UD)|
for 1 <4 <. It is immediate that 1 — a; = \B‘mB(iggllm

Applying Lemma 8.43 to the numbers wy, ..., w,, and ay, ..., a,, we ob-
tain

- (SE0d) - (s mn)

=S () (- (o) - (moeten) )

Since

Z|B ncl . |C| andZ|BmD|: D|
« |CUD| ~ |CuD| |CuD| |CuD|’
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the last inequality can be written
(el (Dl Y’
|C'U D] |Cum

E: |B; N (C UD)| §é|&00\5_i:|&ﬂD|ﬂ
- |C'U D| —~ \|[CUD| icuD| )’

i=1

which is equivalent to

(BRI (O (o (o))

i=1 i=1

() (- (552 ):

which yields the inequality of the theorem. O

The next result shows that the -conditional entropy is dually monotonic
with respect to its first argument and is monotonic with respect to its second
argument.

Theorem 8.45. Let 7,0,0" € PART(S), where S is a finite set. If o < o/,
then Hga(o|r) > Ha(o'|m) and Hp(w|o) < Hg(w|o').

Proof. Since ¢ < ¢/, we have 1 Ao < m A o', so Hg(m A o) > Hg(m A
o’). Therefore, Hg(o|m) + Hp(m)Hg(o'|7) + H(m), which implies Hg(o|m) >
Hp(o'|m).

For the second part of the theorem, it suffices to prove the inequality for
partitions o, ¢’ such that o < ¢’. Without restricting the generality, we may
assume that o = {C1,...,Cp—2,Cp—1,Cr} and o/ = {C4,...,Cp2,Cp1 U
Cp}. Thus, we can write

Hp(wlo!
n—2 B8 B

O C,_1UC,
2 <|H;”> Ha(reo,) + <|f5'|> Holre )

1

2:(Tgﬂ)ﬁjﬁﬂﬂq)+-<Cﬁiﬂ)ﬁﬂﬂﬂﬂaLJ-F(K?ﬂ>59ﬁﬂﬂaJ

by Theorem 8.44)
= H(r|o).

~—

<

O
Corollary 8.46. We have Hg(m) > Hp(r|o) for every m,0 € PART(S).

Proof. We observed that Hg(r) = Hg(m|lws). Since wg > o, the statement
follows from the second part of Theorem 8.45. O
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Corollary 8.47. Let £,0,6" be three partitions of a finite set S. If 6 > ¢’
then

Ho(§N0) — Hp(0) = Ha(E A 0) — Ha(6).
Proof. By Theorem 8.41, we have
Hp(ENO) — FHa(E NO') = FHp(E]0) + FHa(0) — FHs(£]60") — Hp(8").

The monotonicity of Hg(]) in its second argument means that: Hg(£|0) —
Hp(£l0') > 0,50 Hg(ENO) —FHa(ENO) > FH(0) — Hp(0), which implies the
desired inequality. 0O

The behavior of G-conditional entropies with respect to the “addition” of
partitions is discussed in the next statement.

Theorem 8.48. Let S be a finite set and ™ and 0 be two partitions of S,
where @ = {D1,...,Dy}. If 0, € PART(D;) for 1 <i < h, then

h N
Hp(mlor+ - +op) = Z ('f;fl) Ha(

).

If r ={F,...,F;} and o = {C4,...,C,} are two partitions of S, let
m; € PART(F;) for 1 <i<k. Then,

k B
F;
}Cﬁ(ﬂl + ot mlo) = E <|S|> J‘fﬁ(m‘UFi) + }Cﬁ(ﬂa).
i=1

Proof. Suppose that o; = {E{ | 1 < ¢ < p;}. The blocks of the partition

o1+ -+ + o, are the sets of the collection U?:l{Ef | 1 < ¢ < p;}. Thus, we
have

Ho(wlor +-+on) =3 <|SZ|) Holmpe).
=1

i=1 0

On the other hand, since (7p,) e = Tge, we have

2 () oo =2 (5 )ﬁi(liflfww

which gives the first equality of the theorem.
To prove the second part, observe that (my + -+ m)c; = (m1)c; +---+
(mk)c; for every block C; of o. Thus, we have

n I\ B
9{5(7T1 + - mlo) = Z <||OSJ||> f}fg((ﬂ'l)cj 4+t (Wk)cj).
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By applying Corollary 8.34 to partitions (m1)c;, - . ., (7x)c; of Cj, we can write
k 8
NG,
}Cg((ﬂl)cj +"'+(7T;€)Cj) = (| |C| J|> g‘fﬁ((ﬂi)cj)—l—f}fg(ch).
; J

Thus,

1\ & Ao
|};||> Z (W) Hp((mi) Fine;) + Hp(Tlo)

(%) 2
(

8
) Hy(mlor,) + Ha(rlo),

which is the desired equality. O

Theorem 8.49. Let w, 0,7 be three partitions of the finite set S. We have
Ha(mlo A1)+ FHp(o|T) = Ha(m A o|T).

Proof. By Theorem 8.41, we can write

Ha(mlo AT) =Hg(m Ao AT) —Hg(o AT)
Hp(o|r) = Ha(o A1) = Hp(7).

By adding these equalities and again applying Theorem 8.41, we obtain the
equality of the theorem. O

Corollary 8.50. Let w,o0,7 be three partitions of the finite set S. Then, we
have
Hp(w|o) + Hp(o|r) = Hp(w[7).

Proof. By Theorem 8.49, the monotonicity of (§-conditional entropy in its
second argument, and the antimonotonicity of the same in its first argument,
we can write

Hp(mlo) + Hg(o|r) > Ha(rlo A7) + Hs(o|T)
= Hg(m A o|T)
> g‘f[g(ﬂh’)’

which is the desired inequality. O
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Corollary 8.51. Let m and o be two partitions of the finite set S. Then, we
have
Ha(mVo)+Ha(mrAo) < Hg(m) + Hga(o).

Proof. By Corollary 8.50, we have Ha(n|o) < Hg(nw|r) + Hpg(7|o). Then, by
Theorem 8.41, we obtain

Ha(m No) = Hp(o) < Hp(m A7) = Hp(r) + Hp(r Ao) — Ha(o),

hence
Ha(r) +Hp(m Ao) <Hg(m A1)+ Hp(T Ao).

Choosing 7 = 7 V ¢ implies immediately the inequality of the corollary. O

The property of Hg described in Corollary 8.51 is known as the submodu-
larity of the generalized entropy. This result generalizes the modularity of the
Gini index proven in [118] and gives an elementary proof of a result shown
in [89] concerning Shannon’s entropy.

8.5 Generalized Measures and Data Mining

The notion of a measure is important for data mining since, in a certain sense,
the support count and the support of an item sets are generalized measures.
The notion of generalized measure was introduced in [118], where general-
izations of measures of great interest to data mining are considered.
We need first to introduce four properties that apply to real-valued func-
tions defined on a lattice.

Definition 8.52. Let (L, {A,V}) be a lattice. A function f: L — R is
e submodular if f(uVv)+ fuAV) < flu)+ f(v),

e supramodular if f(uVv)+ f(uAv) > f(u) + f(v),

e logarithmic submodular if f(u V) - f(uAv) < f(u)- f(v), and

e logarithmic supramodular if f(uVv) - f(u Av) > f(u)- f(v),

for every u,v € L.

Clearly, if f is a submodular or supramodular function then a/ is logarithmic
submodular or supramodular, respectively, where a is a fixed positive number.

Generalized measures are real-valued functions defined on the lattice of
subsets (P(5),{U,N}) of a set S. The first two properties introduced in Defi-
nition 8.52 may be combined with the monotonicity or antimonotonicity prop-
erties to define four types of generalized measures.

Definition 8.53. A generalized measure or g-measure on a set S is a map-
ping m : P(S) — R that is either monotonic or anti-monotonic and is either
submodular or supramodular.
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Ezample 8.54. Let S be a finite nonempty set of nonnegative numbers, S =
{z1,z9,...,x,} such that 1 < x5 < --- < x,. Define the mapping max :
P(S) — R>q by

the largest element of U if U # (),

max(U) {xl iU =0,
for U € P(S).

Note that the definition of max is formulated to ensure that the function
is monotonic; that is, U C V implies max U < max V.

The function max is submodular. Indeed, let U and V' be two subsets of
S and let v = maxU and v = max V. Without restricting the generality, we
may assume that u < v. In this case, it is clear that max(UUV') = v and that
max(U NV) < maxU and max(U NV) < max V. This implies immediately
that max is submodular and therefore that max is a g-measure.

The function min is defined similarly by

) the least element of U if U # 0,
min(U) = .
Tn if U = 0.
The function min is antimonotonic; that is, U C V implies min V' < min U. If
U = (), then we have () C V for every subset V of S and therefore min V' <
min () = z,,, which is obviously true.
It is easy to show that min is a supramodular function, so it is also a
g-measure.

Let f : P(S) — R>o be a nonnegative function defined on the set of
subsets of S. The functions f"°% and f° introduced in [118] are defined by

freE(X) = F(9) + £(0) — f(X),
X)) = f(§ - X),

for X € P(X).

Theorem 8.55. Let f : P(S) — Rxg be a nonnegative function defined on
the set of subsets of S. The following statements are equivalent:
(i) f is monotonic.

(ii) ™ is antimonotonic.
(iii) f° 4s antimonotonic.
(iv) (f°)™9 is monotonic.

Also, the following statements are equivalent:

(i) f is submodular.

(ii) ™ is supramodular.
(iil) f° is submodular.
(iv) (fe°)™e is supramodular.
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We have (f"9)"9 = f and (f) = f (the involutive property of neg
and co).

Proof. The arguments are straightforward and are left to the reader. 0O
The next result (also from [118]) provides four examples of g-measures.

Theorem 8.56. Let S be a set and let B be a finite collection of subsets of
S. Consider the f’U,TLCtiOTLS fa7sup7'a7 fm,suprm fa,suba fm,sub deﬁnEd on :P(S) :

vsupra(X) = [{B € B|X C B},

a,supra
msupra(X) = |{B € B|‘Xv c B}|7
asub(X) = |{B € B|‘Xv /@ B}|7

for X € P(S). Then, f2 supra 1S antimonotonic and supramodular, f%sup,,a is

monotonic and supramodular, fa up 18 antimonotonic and submodular, and

fE . is monotonic and submodular, so all four functions are g-measures.
,

Proof. Since {B € B|XUY C B} C {B € B|X C B}, it follows that
eupra( X UY) < 2 .(X) for every X,Y € P(S). Thus, fP,,.q(X) is
antimonotonic.
Observe that
{BEB|XNY CB}D{BeBXCBU{BeBXCB}
(BeB|XUY CB}={BeB|XCBn{BeBXCB.

Therefore,

supra(X 0Y)
> |{BeB|X CB}U{BeB|X C B}
= |{B € B|X C B} + |{B € B|X C B}
—|{B e B|X C B}n{Be B|X C B}
=|{BeB|X CB}+|{BecB|XCB}-|{BecBXUY C B}
= fasupraX) + Fasupra(Y) = fasupra(X UY),

which yields the supramodular equality.
Observe now that

B _ ( )co
m,supra a,supra ’
B B
fa,sub = (fa,supra)neg7
B o ( B )ncg
a,supra — \Jm,supra .

The rest of the theorem follows immediately from Theorem 8.55. 0O

We consider next two important examples of g-measures related to data-
base tables and sets of transactions, respectively. Recall that the partition
generated by the set of attributes X of a table was denoted by 7%
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Definition 8.57. Let 0 = (T, H, r) be a table and let X be a set of attributes,
X C H. The B-entropy of X, Hg(X), is the 3-entropy of the partition of the
set of tuples setl(r) generated by X :

Hp(X) = Hp(r ™).

FEzxample 8.58. We claim that Hg is a monotonic submodular g-measure on
the set of attributes of the table on which it is defined.

Indeed, if X C Y, we saw that 7% < 7%, so Hg(nrX) < Hg(rY) by the
first axiom of partition entropies. Thus, Hg is monotonic.

To prove the submodularity, we start from the submodularity of the (-
entropy on partitions shown in Corollary 8.51. We have

Ho(rX va¥) + Ha(rX ArY) < Hp(nX) + Hp(nY);
hence
Ha(nX v a¥) + Hp(mXY) < Hg(n ) + Hg(n")

because 7XYY = 7X A 7Y . Since XNY C X and X NY C Y it follows that
aX < XMW oand 7Y < aXMY g0 ¥ vr¥ < XY By Axiom (P1), we have
Ha(rX v r¥) > Hg(nX™), which implies

Ha(mX ™) + Hp(n X)) < Hp(nX) + Hp(nY),
which is the submodularity of the g-measure Hg.

Ezample 8.59. Let T be a transaction data set over a set of items I as in-
troduced in Definition 7.1. The functions suppcount; and suppp introduced
in Definition 7.3 are antimonotonic, supramodular g-measures over P(I). The
antimonotonicity of these functions was shown in Theorem 7.6.

Let K and L be two item sets of T. If k is the index of a transaction
such that either K C T'(k) or L C T'(k), then it is clear that K N L C T'(k).
Therefore, we have

suppcountp(KNL) > {k | KCT(k)}U{k | L CT(k)}.
This allows us to write

suppcountp (K N L)
=|{k | KNLCT(k)}
>k | KCSTk)}U{k | LCT(k)}
=k [ KCSTE)}+ Kk | LCST(k)}
Kk | KCSTk)}n{k | KCT(k)}|
= suppcounty(K) + suppcounty(L) — suppcount; (K U L)

for every K,L € P(I), which proves that suppcount; is supramodular. The
supramodularity of supp, follows immediately.



8.6 Differential Constraints 325

The definition of conditional entropy of partitions allows us to extend this
concept to attribute sets of tables.

Definition 8.60. Let 0 = (T, H, r) be a table and let X andY be two attribute
sets of this table. The B-conditional entropy of X,Y is defined by

Ha(XY) = Ha(m™|m").

Properties of conditional entropies of partitions can now be easily trans-
ferred to conditional entropies of attribute sets. For example, Theorem 8.41
implies

Hp(Y]X) = Hp(XY) — Hp(X).

8.6 Differential Constraints

Differential constraints have been introduced in [119]. They apply to real-
valued functions defined over the set of subsets of a set. Examples of such
functions are abundant in databases and data mining. For example, we have
introduced the entropy of attribute sets mapping sets of attributes into the
set of real numbers and the support count of sets of items mapping such sets
into natural numbers. Placing restrictions on such functions help us to better
express the semantics of data.

Definition 8.61. Let C be a collection of subsets of a set S and let f :
P(S) — R be a function. The C-differential of f is the function D? :
P(S) — R defined by

Dé(x) =Y (-1)?ly (XUUD)
Dce
for X € P(9).
The density function of f is the function dy : P(S) — R defined by
di(X)="Y_ (=)Xrw) (8.8)
XCUCS

for X € P(9).

Recall that in Example 4.116 we have shown that the Mobius function of
a poset (P(5),C) is given by

(—DIWI=IXTif X C U,

0 otherwise,

(X, U) = {

for X,U € P(S). Therefore, the density d; can be written as
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dp(X)= > X, U)f(U)

XCUCS
for X, U € P(S5), which implies
X)) = > di(U) (8.9)
XCUCS

by the M&bius dual inversion theorem (Theorem 4.115).
The density of f can be expressed also as a C-differential. For X € P(S),
define the collection Cx as Cx = {{y}|y € X}. Then, we can write

Déx(x)= Y (-1)PIf (X U UD)

DCCx

= > )PlfxuD)

DCS—X

= > YY),

XCcucs

In the last equality, we denoted U = X U D. Since D is a subset of S — X, we
have immediately D = U — X, which justifies the last equality. This allows us
to conclude that dy(X) = D?" (X) for X € P(9).

Ezample 8.62. Let S be a finite set and let f : P(S) — R. If C = (), we
have D?(X) = f(X). Similarly, if C is a one-set collection € = {Y}, then
D¢(X) = f(X) - f(XUY). When € = {Y, Z}, we have D®(X) = f(X) —
fFIXUY)—f(XUZ)+ f(XUY UZ) for X € P(S5).

Ezample 8.63. Let S = {a,b,c,d} and let f: P(S) — R be a function. For
X = {a,b}, we have €x = {{c},{d}}. Thus, d;({a,0}) = D"V ({a,b}).
Note that the collections of subsets of S included in the collection {{c}, {d}}
are 0, {{c}}, {{d}}, and {{c},{d}}. Therefore,

DI ({a,0}) = f({a,b}) = f{a,b,eh) = f({a,bd}) + f({a,b,e,d}),
which equals d¢({a,b}), as computed directly from Equality (8.8).
Definition 8.64. Let C be a collection of subsets of a set S. A subset W of
S is a witness set of € if W C|JC and X "W #£ () for every X € C.

The collection of all witness sets for € is denoted by W(C).
Observe that W(()) = {0}.

Ezample 8.65. Let S = {a,b,c,d} and let € = {{b}, {c,d}} be a collection of
subsets of S. The collection of witness sets of € is
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W(C) = {{b,c},{b,d},{b,c,d}}.
For the collection D = {{b, ¢}, {b,d}}, we have

W(D) = {{b}, {b, ¢}, {b, d}, {c, d}, {b, ¢, d}}.

Definition 8.66. Let C be a collection of subsets of S and let X be a subset
of S. The decomposition of € relative to X is the collection L[X, C] of subsets
of S defined as a union of intervals by

Lxe = |J xwy
Wew(e)

where W =8 —W.

Ezample 8.67. The decomposition of the collection € = {{b},{c,d}} consid-
ered in Example 8.65 relative to the set X = {a} is given by

LIX, €] = [{a},{b,c}] U [{a}, {b,d}] U [{a},{b, c,d}]
= [{a}, {a,d}] U [{a}, {a,c}] U [{a},{a}]
= {{a}» {a’ d}a {a7 C}}

Similarly, we can write for the collection D = {{b, ¢}, {b,d}}

L[X,D]

= [{a}, {b}] U [{a}, {b, c}] U [{a}, {b,d}] U [{a}, {c,d}] U [{a}, {b, c, d}]

= [{a},{a,c,d}] U [{a}, {a, d}] U[{a}, {a, c}] U [{a}, {a,b}] U [{a}, {a}]

= {{a}. {a,c},{a,d} {a,c,d}, {a,b}}
Ezample 8.68. We have L[X, 0] = Uy e [X W] = [X, S] because W(0)) =
{0}. Consequently, L[0,0] = P(S) for every set S.

Note that if X # 0, then W({X}) = P(X) — {0}. Therefore, L[X, {X}] =
Uwew(e)[X, W] = 0 because there is no set 7" such that X C 7' C W.

Theorem 8.69. Let S be a finite set, X, Y € P(S), and let € be a collection
of subsets of S. We have

LIX, € =L[X,CU{Y}ULIXUY,€].

Proof. We begin the proof by showing that L[X,CU {Y}] C L[X,C]. Let
U € L[X,CU{Y}]. There is a witness set W for CU{Y } such that X CU C W.
The set W/ =W N[JC is a witness set for C. Indeed, we have W’ C | JC,
and for every set Z € € we have W/NZ # (). Since W/ C W, we have W C W7,
so X CU C W'. Therefore, U € L[X, €.
Next, we show that L[X UY,€] C L[X,C]. Let V € LIXUY,C],s0V €

[X UY, W] for some witness set of €. Since [X UY, W] C [X, W], the desired
conclusion follows immediately. Thus, we have shown that
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LIX,eU{YULIX UY, €| C L[X,el.

To prove the converse inclusion, let U € L[X, €]. There is a witness set W
of @ such that X C U C W. Depending on the relative positions of the sets
U and Y, we can distinguish three cases:

(i) Y CU;
(i) YZU and Y NW £ {);
(iii) YU and Y N W = 0.
Note that the first condition of the second case is superfluous because Y "W #£
() implies Y € U.

In the first case, we have U € L[X UY, C].

In Case (ii), W is a witness set for CU{Y}, and therefore U € L[X, CU{Y }].

Finally, in the third case, define W7, = WU(Y —U). We have W; C |JCUY.
Since every member of € has a nonempty intersection with Wi and YNW7; # (),
it follows that Wy is a witness set of CU {Y'}. Note that U C W;. Therefore
UellX,Cu{Y}. O

The connection between differentials and density functions is shown in the
next statement.

Theorem 8.70. Let S be a finite set, X € P(S) and let C be a collection of
subsets of S. If [ : P(S) — R, then

D§(X) = {d;(U) | U € LIX,€]}.
Proof. By Definition 8.61, the C-differential of f is

D¢(X) =3 (-1)y (X U U@)

DCe
= =Pty (),
DCe XU DCUCS

(by Equality 8.9)

> 4wy Y (=p¥

XCUCS DC{Y€EC|YCU}

S {dp(U) | XCUCSand{Y €D | Y CU} =0}

O
Constraints can be formulated on real-valued functions defined on collec-
tion subsets using differentials of functions or density functions. Both types
of constraints have been introduced and studied in [120, 119, 118].

Definition 8.71. Let S be a set, C a collection of subsets of S, and f : P(S) —
R a function.
The function [ satisfies the differential constraint X — C if D?(X) =0.
The function f satisfies the density constraint X ~» C if d;(U) = 0 for
every U € L[X, C].
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By Theorem 8.70, if f satisfies the density constraint X ~» €, then f
satisfies the differential constraint X »— C. If the density of f takes only
nonnegative values (or only nonpositive values), then, by the same theorem,
the reverse also holds. However, in general, this is not true, as the next example
shows. Thus, differential constraints are weaker than density constraints.

Ezample 8.72. Let S = {a} and let f : P(S) — R be defined by f(0) = 0
and f({a}) = 1. Observe that D?@((])) = f(0) =0, so f satisfies the differential
constraint () — (.

Observe that Cyp = {{a}} and €4} = 0. Therefore, we have

dg(0) = D*(0) = £(0) — f({a}) = -1,
dy({a}) = D{ ({a}) = f({a}) = 1.

On the other hand, L[, ] = P(S) by Example 8.68, and f fails to satisfy the
density constraint () ~ ().

Ezample 8.73. Consider the 3-entropy Hg defined on the set of subsets of the
heading of a table § = (T, H,r). We saw that Hg is a monotonic, submodular
g-measure on P(H).

We claim that Hg satisfies the differential constraint X »— {Y} if and only
if the table 0 satisfies the functional dependency X — Y.

By Example 8.62, Hg satisfies the differential constraint X ~— {Y}, that
is, DY (X) = 0 if and only if Hs(X) = Hg(X UY). This is equivalent to
Hp(rXY) = Ha(nX) or to Ha(nX A7) = Hg(r¥) by Corollary 8.4. This
equality implies: 7¥ < 7Y by Corollary 8.42, which shows that 6 satisfies the
functional dependency X — Y.

The observation contained in this example generalizes the result of Sayrafi
([118]) proven for the Gini index and the result contained in [93, 87, 33] that
involves the Shannon entropy.

Note also that this shows that

Hs(Y[X) = -DP(X)
for X,Y € P(H).
Ezample 8.74. Let S = {a, b, c}. To compute L[{a}, {{b}}], note that
W({{b}}) = {{b}}-

Thus, L[{a}, {{b}}] = [{a},{a,c}] = {{a},{a,c}}. In general, we have for
x,y,z € S that are pairwise distinct

Lz}, {yd} = e {z, 23

Consider now a function f : P(S) — R such that
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2 if X € {0,{c}},
f(X) = .
1 otherwise.
have

di({c}) = f({c}) = F({a,c}) = F({b,c}) + F({a,b,c}) = 1,
df({aa b, C}) = f({a7 b, C}) =1

For X & {{c},{a,b,c}}, we have d(X) = 0. For example,

dp({o}) = F({b}) — F({a,0}) = F({b,c}) + F({a,b,c}) =0,
df({bv C}) = f({b7 C}) - f({av b, C}) =0.

This shows that f satisfies the density constraints {a} ~~ {{b}} and {b} ~~
{{c}} but fails to satisfy {c} ~ {{a}} because L[{c},{{a}}] consists of {c}
and {b, c}.

Exercises and Supplements

1.

2.

Let H = A;--- A, be a set of n attributes. Prove that |[FD(H)| = 4™ and
that there exist 4” — 3™ nontrivial functional dependencies in FD(H).
How many functional dependency schemas can be defined on a set H that
contains n attributes?

Consider the table
T

ABCDE
ay by c1 dy eq
ay by ca do e
ay by ca d3 e

Show several functional dependencies that this table violates.

Let @ = (T, H,r) be a table of a table schema (H, F') such that r contains
no duplicate rows. Prove that the set of attributes K is a key of 6 if
and only if ¢lp(K) = H and for every proper subset L of K we have
clp(L) C clp(K). Formulate and prove a similar statement for reducts.
Let (S, F') be a functional dependency schema. Prove that if A is an at-
tribute in H that does not occur on the right member of any functional
dependency, then A is a member of the core of the schema.

Let S = (ABCDE,{AB — D,BD — AE,C — B}) be a functional
dependency schema. Is the functional dependency ABC — DE a logical
consequence of F'7

Let S = (Ay...A,By--- By, F) be a table schema, where F = {4; —
B;,B; — A; | 1 <i < n}. Prove that any table of this schema has 2"
reducts.



8.

9.

10.
11.
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Let S be a finite set. Prove that for every partition m € PART(S) we have
Hp(as|m) = Ha(as) — Hp(m).

Let m = {Bjy,..., By} be a partition of the finite set S, where |S| = n. Use
Jensen’s inequality (Theorem B.19) applied to suitable convex functions
to prove the following inequalities:

B

m | Bi| .

a) for f> 1, o= < S, (1)
b) logm > — Zz 1 ‘\g\‘ log || ‘|

3]
c) mew < Zi:le TST .

Solution: Choose, in all cases p; = -+ = pp, = % The needed convex
functions are 2” with 8 > 1, zlogx, and e®, respectively.
Use Supplement 9 to prove that if 8 > 1, then Hg(w) < 11"2171/,
Prove that if K is a reduct of a table § = (T, H,r), then Hg(K) =

min{Hz(L) | L € P(H)}.

1-8

If L = (L,{A,V}) is a lattice, a mapping f : L — R is submodular
(supramodular) if f(z Vy) + f(z Ay) < f(z) + fy) (f(zVy) + flzry) =
f(@) + 1)

12.

13.

14.

15.

Let L = (L,{A,V}) be a lattice and let f: L — R be an antimonotonic
mapping. Prove that the following statements are equivalent:
a) f is submodular.
b) F(z)+ flw Ay) < f(@A2)+ f(zAy) for 2,2 € L.

Solution: To prove that (i) implies (ii), apply the submodular inequal-
ity to A z and z A y. This yields

flzA2)V(zAy)+ flexAhyAz) < flxAz)+ f(zAy).

By the subdistributive inequality (5.6) and the anti-monotonicity of f, we
have

fzAz)V(zAy) < f(zV(@Ay) < f(2)

Since f(z Ay) < f(xz Ay A z), the desired inequality follows immediately.
The reverse implication follows immediately by replacing z by = Vy and

using the absorption properties of the lattice.

Let L = (L, {A, V}) be a lattice and let f: L — R be an anti-monotonic

mapping. Prove that the following statements are equivalent:

a) f is supramodular.

b) f(z)+ f(xVy) > f(xVz)+ f(zVy) for z,y,z € L.

Let T : {1,...,n} — P(I) be a transaction data set on the set of items

I. Prove that if f = suppcounty, then for the density dy we have d(K) =

i | T(i) = K}| for every K € P(I).

Let T : {1,...,n} — P(I) be a transaction data set on the set of items

I and let C be a collection of sets of items. Prove that D, .o (K) =

S {dsuppeonnt(U) | U € LK, €]}
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Rough Sets

9.1 Introduction

Rough sets are approximative descriptions of sets that can be achieved using
equivalences (or partitions). This fertile idea was introduced by the Polish
mathematician Z. Pawlak and has generated a large research effort in math-
ematics and computer science due to its applications.

Unless stated otherwise, all sets in this chapter are finite.

9.2 Approximation Spaces

Definition 9.1. Let S be a set. An approximation space on S is a pair (S, p),
where p is an equivalence relation defined on the set S.

If S is clear from the context, we will refer to (S, p) just as an approxima-
tion space.

If (S, p) is an approximation space defined on S and U is a subset of S,
then the p-degree of membership of an element x of S in U is the number

— :|Uﬂ[xp]|
U=

Clearly, we have 0 < m,(z,U) < 1.

Ezample 9.2. Let S be the set of natural numbers {0,1,...,12} and let p
be the equivalence =5 N(S x S). The equivalence classes of p are {0,5,10},
{1,6,11}, {2,7,12}, {3,8}, and {4, 9}.

If E is the subset of even members of S, then we have m,(2,E) =

|[En{2,7,12}| _ 2 and mp(4,E) _ 1En{49} _ 1

27121 3 {49 — 2

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOI: 10.1007/978-1-84800-201-2_9, (© Springer-Verlag London Limited 2008
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Definition 9.3. Let (S, p) be an approximation space and let U be a subset
of S. The p-lower approximation of U is the set obtained by taking the union
of all p-equivalence classes included in the set U:

lap,(U) =\ J{le), € 5/p | lal, S UY.

The p-upper approximation of U is the set obtained by taking the union of
p-equivalence classes that have a nonempty intersection with the set U:

uap,(U) = | J{[], € S/p | [2],NU # 0}.
The p-boundary of U is the set
bd,(U) = uap,(U) — lap,(U).

If x € lap,(U), then z € U and m,(z,U) = 1. Thus, lap,(U) is a strong
approximation of the set U that consists of those objects of S that can be
identified as members of U. This set is also known as the p-positive region of
U and denoted alternatively by POS,(U).

On the other hand, if € uap,(U), then  may or may not belong to U.
Thus, uapp(U ) contains those objects of S that may be members of U and we
have 0 < m,(z,U) < 1. For z € S — uap,(U) we have x ¢ U. This justifies
naming the set S — uapp(U) the p-negative region of U.

Note that, in general, lap,(U) C uap,(U) for any set U.

The equivalence p shall be used interchangeably with the partition 7, in
the notations introduced in Definition 9.3. For example, we can write

lap,(U) = J{Bem, | BCU}

and
uap,(U) = U{B en, | BNU # 0}.

Definition 9.4. Let (S,p) be an approzimation space. A set U, U C S is
p-rough if bd,(U) # 0 and is p-crisp otherwise.

Ezample 9.5. Let S be a set and p be an equivalence such that the correspond-
ing partition 7 consists of 12 blocks, By, ..., B2 (see Figure 9.1). For the set
U shown in this figure, we have

lap,(U) = {Bs, B2},
U’a’pp(U) = {B17BQ7B4aB57B6aB77BSaB97B107312}7
bd,(U) = {B1, B2, B4, Bs, B7, Bg, By, B1o }

Thus, U is a p-rough set.
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B Bs
B 1 - B 2
N\ Ba
Bio/ Bs \
|
| |
| |
\ Bl 2 |
) Y
By
e . B | 4 B
\8‘7 // 7

Fig. 9.1. Lower and upper approximations of set U.

The notion of a p-saturated set was introduced in Chapter 1. The next
statement links this notion to the notion of a p-crisp set.

Theorem 9.6. Let (S, p) be an approximation space. A subset U of S is p-
crisp if and only if p is a w,-saturated set.

Proof. Let U be a p-crisp set. Since bd,(U) = uap,(U)—lap,(U) = 0, it follows
that wap,(U) = lap,(U). Thus, [x],NU # @ implies [z], C U. Clearly, ifu € U,
then u € [u], N U and therefore [u], C U, which implies (J, ¢ [ul, € U. The
reverse inclusion is obvious, so J,cy[u], = U, which means that U is p-
saturated.

Conversely, suppose that U is p-saturated; that is, (J, o [ul, = U. If 2 €
uap,(U), then [z], NU # (), which means that [z], N [u], # () for some u € U.
Since two equivalence classes that have a nonempty intersection must be equal,
it follows that [z], = [u], C U, so x € lap,(U). O

Theorem 9.7. The following statements hold in an approximation space
(S, p):
(i) lapp( )= uapp((l)) =0 and lapp(S) = uap,(S) = S,
(i) lap,(UNV) = lap,(U) N lap,(V')
(iii) wap,(U U V) = uap,(U) U uap,(V),
(iv) lap,(U U V) 2 lap,(U) U lap,(V),
(v) uap,(UNV) C uap,(U) N uap,(V),
)

(vi) lap,(U°) = (uapp(U))c and uap,(U°¢) = (lapp(U))c,
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(vii) lap,(lap,(U)) = uap,(lap,(U)) = lap,(U), and
(viii) uapp(uapp(U)) = lapp(uapp(U)) = uapp(U)
for every U,V € P(S).

Proof. We leave the verification of these statements to the reader. 0O

Corollary 9.8. Let (S, p) be an approximation space and let U and V be two
subsets of S. If U C'V, then lap,(U) C lap,(V) and uap,(U) C uap,(V).

Proof. U CV, we have U = UNV, so by Part (iii) of Theorem 9.7, we have
lap,(U) = lap,(U) N lap,(V'), which implies lap,(U) C lap,(V'). The second
part of this statement follows from Part (iv) of the same theorem. 0O

Definition 9.9. Let (S, p) be an approzimation space. A subset U of S is
p-definable if lap,(U) # 0 and uap,(U) # S.

If U is not p-definable, then we say that U is p-undefinable. In this case,
three cases may occur:
L. If lap,(U) = 0 and uap,(U) # S, then we say that U is internally p-
undefinable.
2. If lap,(U) # 0 and wap,(U) = S, then U as an externally p-undefinable
set.
3. If lap,(U) = 0 and wap,(U) = S, then U is a totally p-undefinable set.

Definition 9.10. Let (S, p) be a finite approzimation space on S. The accu-
racy of the p-approximation of U is the number

_ lap,(U)]

accp(U) = W.

It is clear that 0 < accp(U) < 1. If accp(U) = 1, U is a p-crisp set; otherwise
(that is, if acep(U) < 1), U is p-rough.

Ezample 9.11. Let S be the set of natural numbers {0, 1,...,12} and let p be
the equivalence =5 N(S x S) considered in Example 9.2. For the set E of even
members of S, we have uap,(E) = 0 and lap,(E) = S, so the set E is a totally
p-undefinable set.

On the other hand, for the subset of perfect squares in S, P = {1,4,9},
we have

lap,(P) = {4,9},
uap,(P) = {1,4,9,6,11}.

Thus, the accuracy of the p-approximation of P is acc,(P) = 0.4.

The notion of a p-positive subset of a set is extended to equivalences as
follows.
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Definition 9.12. Let S be a set, p and p' be two equivalences on S, and
m={B1,...,Bn}, 0 ={C1,...,Cp} the partitions that correspond to p and
o', respectively. The positive set of p’ relative to p is the subset of S defined
by

POS,(p) = | ] lap,(C}).

Jj=1

Theorem 9.13. Let S be a set, and p and p’ two equivalences on S. We have
p < p'if and only if POS,(p") = S.

Proof. Let 1 = {B1,...,B,,} and ¢ = {C4,...,C,} be the partitions that
correspond to p and p’, respectively.

Suppose that p < p’. Then, each block C; of ¢ is a union of blocks of ,
so lap,(C;) = Cj. Therefore, we have

POS,(p) = | J lap,(C;) = | C; = 5.
j=1

Jj=1

Conversely, suppose that POS,(p’) = S, that is, U;‘L:1 lap,(C;) = S. Since
we have lap,(C;) C Cj for 1 < j <n, we claim that we must have lap,(C;) =
Cj for every j, 1 < j < n. Indeed, if we have a strict inclusion lap,(C},) C
Cj, for some jo, this implies J;_, lap,(C;) € Uj—, C; = S, which would
contradict the equality U?:1 lapp(Cj) = S. Therefore, we have lapp(C'j) =,
for every j, which shows that each block of ¢ is a union of blocks of .
Consequently, p < p/. O

9.3 Decision Systems and Decision Trees

Classifiers are algorithms that place objects in certain classes based on charac-
teristic features of those objects. Frequently classifiers are constructed starting
from a set of objects known as a training set; for each object of the training
set the class of the object is known and the classifier can be regarded as a
function that maps as well as possible the objects of a training set to their
respective classes.

It is desirable that the classifiers constructed from a training set do a
reliable job of placing objects that do not belong to the training set in their
correct classes. When the classifier works well on the training set but does
a poor job of classifying objects outside the training set, we say that the
classifier overfits the training set.

Decision systems use tables to formalize the notion of a training set. The
features of the objects are represented by the attributes of the table; a special
attribute (called a decision attribute) represents the class of the objects.
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Definition 9.14. A decision system is a pair D = (0, D), where § = (T, H, r)
and D s a special attribute of H called a decision attribute. The attributes of
H that are distinct from D are referred to as conditional attributes, and the
set of conditional attributes of H will be denoted by H..

Clearly, H. is obtained by removing D from H.

Ezample 9.15. The decision system considered in this example is based on a
data set that is well-known in the machine-learning literature (see [99, 110]).
The heading H and domains of the attributes are specified below:

Attribute Domain

Outlook {sunny, overcast, rain }
Temperature {hot, mild, cool}
Humidity ~ {normal, high}

Wind {weak, strong}

The decision attribute is PlayTennis; this attribute has the domain {yes, no}.
The sequence r consists of 14 tuples, t1,...,t14, shown in Table 9.1:

Table 9.1. The content of the decision system.

Outlook|Temperature| Humidity|Wind ||PlayTennis
1 [sunny |hot high weak [|no
2 [sunny |hot high strong||no
3 |overcast|hot high weak |[|yes
4 |rain mild high weak ||yes
5 |rain cool normal |weak ||yes
6 |rain cool normal |strong||no
7 |overcast|cool normal |strong||yes
8 [sunny |mild high weak ||no
9 [sunny |cool normal |weak ||yes
10(|rain mild normal |weak [|yes
11|sunny |mild normal |strong||yes
12|overcast {mild high strong||yes
13|rain hot normal |weak [|yes
14|rain mild high strong||no

The partitions of the form 74 (where A is an attribute) are

gOutlook — 169 9.8 9 11},{3,7,12},{4,5,6,10,13,14} },

plemperatire = {{1,2,3,13},{4,8,10,11,12,14},{5,6,7,9}},
pHumidity — £11 9 3 4.8 12,14}, {5,6,7,9,10,11,13}},
aWind — 1113.4,5,8,9,10,13},{2,6,7,11,12, 14} },
7_{_PlayTennis _ {{1, 27 67 87 14}, {3’ 4, 57 77 9’ 107 117 127 13}}
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Let D = (0,D) be a decision system, where § = (T,H,r) and r =
(t1,...,tn). The decision function of D is the function dp : {1,...,n} —
Dom(D) given by

Sp(i) = {d € Dom D | (i,5) € " and t,;[D] = d},
where /¢ is the indiscernibility relation defined by the set of conditional
attributes of D. Equivalently, we can write

(i) = {;[D] | j € [iJene }

for1 <i<n.

If |dp ()| = 1 for every i, 1 <i < n, then D is a deterministic (consistent)
decision system; otherwise, D is a nondeterministic (inconsistent) decision
system. In other words, a decision system D is consistent if the values of the
components of a tuple that correspond to the conditional attributes determine
uniquely the value of the tuple for the decision attribute.

If there exists d € Dom(D) such that dp (i) = {d} for every i, 1 <i < mn,
then D is a pure decision system.

Definition 9.16. Let D = (0, D) be a decision system, where 6 = (T, H, r)
and |r| = n. The classification generated by D is the partition ™" of the set
{1,...,n}.

If By is the block of ©P that corresponds to the value d of Dom(D), we
refer to By as the d-decision class of D.

Note that the partition 72 contains a block for every element of Dom(D) that
occurs in set(r[D]).

If X is a set of attributes, we denote the functions uap_x and lap_x by X
and X, respectively.

Example 9.17. The decision classes of the decision system D of Example 9.15
are

B, ={1,2,6,8,14},
Byes = {3,4,5,7,9,10,11,12,13}.

Definition 9.18. Let U be a set of conditional attributes of D = (6, D), where
0 = (T,H,r) and |r| = n. The U-positive region of the decision system D is
the set

POSy(D) = | {U(BJ) | d € set(r[D])}.

The tuples whose indexes occur in POSy, (D) can be unambiguously
placed in the d-decision classes of D.
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Example 9.19. For the decision system D of Example 9.15, we have

POSOutlook(D) = {37 7, 12},
POSTemperatUTe(Q) = POSHumidity(iD) = POSWan('D) = (.

Thus, using the value of a single attribute, we can reach a classification deci-
sion only for the tuples t3,t7,and t12 (based on the Outlook attribute).

Next, we attempt to classify tuples using partitions generated by two at-
tributes. We have six such partitions:

ﬂ_Outlook,Temperature _ {{1’ 2}7 {3}, {4, 10, 14}’ {57 6}7

{73, {8, 11}, {9}, {12}, {13}},
qOutlook, Humidity _ 11 9 8} (3 12}, {4, 14}, {5,6,10,13},
{73,{9,11}},
7rOutlook,Wind _ {{1’ 8, 9}’ {2’ 11}, {3}7
{4,5,10,13},{6,14},{7,12}},
plemperature, Humidity — £7 9 3} {4,8,12,14},{5,6,7,9},
{10,11},{13}},
glemperature,Wind — (41 3 13}, {2}, {4,8,10},
{5,9},{6,7},{11,12,14}},
gHumidity, Wind _ £17 3 4 8}, {2,12,14}, {5,9, 10,13},

{6,7,11}},

and their corresponding positive regions are

POSOutlook‘,Temperatu're(D) = {17 27 37 7a 9a 13}7
POSOutlook,Humidity(D> = {L 27 37 7a 87 9; 117 12}7
POSOutlook,Wind(D) = {37 4,5, 6, 7, 10, 12, 13, ].4},
POSTemperature,Humidity(D) == {10, 113 13}7
POSTe'rereratuTe,Wind(D) = {27 579}7
POSHumidity,wina(D) = {5,9,10,13}.
There are four partitions generated by three attributes:
7_[_Oui&look,Temperature,Humidity _ {{1’ 2}’ {3}7 {4, 14}’ {5’ 6},
- ATHASE{9h {10}, {11}, {12}, {13}},
,R_Outloolc,Temperature,Wznd _ {{1}7 {2}’ {3}’ {47 10}, {5}’ {6},
{7}, {8}, {9}, {11}, {12}, {13}, {14}},
7TOutlook,Humiaiity,Wind _ {{1,8}, {2}7 {3}7 {4}7 {57 107 13}7
LT 9) {11, (12), (14},
,”Temperature,Humzdzty,Wznd _ {{1’3}7 {2}’ {4,8}, {5’9}’
{6, 7}, {10}, {11}, {12, 14}, {13} }.
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Their positive regions are

{1,2,3,7,8,9,10,11,12,13},

POSoutiook, Temperature, Humidity (D) =
POSoutiook, Temperature,wind(D) = set(H),

(D) =

(D) =

set(H),
{2 5,9,10,11,13}.

POSOutlook,Humidity,Wind D

POSTempeTature,Humidity,Wind D

This computation shows that a classification decision can be reached for ev-
ery tuple starting from its components on the projection on either the set
Outlook, Temperature, Wind or the set Outlook, Humidity, Wind.

Finally, note that D is a deterministic system because 75¢*(He) = Olget(H,)-

Theorem 9.20. Let D = (0, D) be a decision system, where = (T, H,r)
and |r] = n. The following statements are equivalent:
(i) D is deterministic;
(i) 7He < 7P ;
(iii) POSy, (D) ={1,...,n}.

Proof. (i) implies (ii): Suppose that D is deterministic. Then, if two tuples u
and v in r are such that u[H.] = v[H.], then u[D] = v[D]. This is equivalent
to saying that 7fe < 7P
(i) implies (iii): This implication follows immediately from Theorem 9.13.
(iii) implies (i): Suppose that POSy (D) = {1,...,n}, that is,

\{He(Ba) | d € set(x[D])} = {1,...,n}. (9.1)

Note that H.(Bq) = lap.u.(Bq) C Bg. Therefore, we have lap u.(Bq) = Bg
for every d € set(r[D]) because if the inclusion were strict for any of the sets
By, then Equality 9.1 would be violated. Thus, each block By is a union of
blocks of the partition 7¢. In other words, each equivalence class of e is
included in a block By, which means that for every j € [i].n. we have t;[D] = d
and the set 0 (7) contains a single element. Thus, D is deterministic. O

Next, we discuss informally a classification algorithm that makes use of
decision systems. This algorithm is recursive and begins with the selection
of a conditional attribute (referred to as a splitting attribute) by applying
a criterion that is specific to the algorithm. The algorithm halts when it
applies to a pure decision system (or to a decision system where a minimum
percentage of tuples have the same decision value).

The splitting attribute is chosen here as one of the attributes whose pos-
itive region has the largest number of elements. This choice is known as a
splitting criterion. The table of the decision system is split into a number of
tables such that each new table is characterized by a value of the splitting
attribute. Thus, we obtain a new set of decision systems, and the algorithm
is applied recursively to the new decision systems. The process must stop be-
cause the tables become smaller with each split; its result is a tree of decision
systems known as a decision tree.
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Example 9.21. As we saw in Example 9.19, a classification decision can be
reached immediately for the tuples ts, t7,t12, which are characterized by the
condition Outlook = ’overcast’.

Define the tables

0o = (6 where Outlook = ’sunny’)[K],
01 = (6 where Outlook = ’overcast’)[K],
02 = (6 where Outlook = rain’)[K],

where
K = Temperature Humidity Wind PlayTennis

is the heading obtained by dropping the Outlook attribute and the decision
systems D; = (0;, D) for 0 < i < 3.

Note that the decision system D; is pure because the tuples of #; belong
to the same PlayTennis-class as shown in Table 9.2.

Table 9.2. The table 0;.

Temperature|Humidity |Wind [|PlayTennis
3 |hot high weak ||yes
7 |cool normal [strong|/yes
12|mild high strong||yes

For the remaining systems
Do = (6p, PlayTennis) and Dy = (o, PlayTennis),

we have the tables shown in Tables 9.3(a) and (b).

The same process is now applied to the decision systems Dy and Ds. The
positive regions are:

POSTemperature(DO) - {17 2a9},
POStumidity(Do) = {1,2,8,9,11},
POSwina(Do) =0,

POSTemperature (92) = {13}’
POSHumidity(j)Q) = ®7
POSwina(D2) = {4,5,10,13,6,14}.

Thus, the splitting attribute for Dq is Humidity; the splitting attribute for
The decision system Dy yields the decision systems

Doo = (6oo, PlayTennis) and Doy = (6p1, PlayTennis),

where 6y9 and 6y, are given by
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Table 9.3. The tables 6y and 6.

Temperature| Humidity |[Wind ||PlayTennis
1 |hot high weak [|no
2 |hot high strong||no
8 |mild high weak |[no
9 |cool normal |weak ||yes
11|mild normal [strong||yes

(a)

Temperature|Humidity | Wind ||PlayTennis
4 |mild high weak ||yes
5 |cool normal |weak ||yes
6 |cool normal |strong||no
10|mild normal |weak |[|yes
13|hot normal |weak ||yes
14|mild high strong||no

(b)

oo = (0o where Humidity = high’)[Kj],

001 = (6p where Humidity = 'normal’)[ K],

where

Ky = Temperature Wind PlayTennis.

343

The tables 0o and 6y are shown in Tables 9.4(a) and (b), respectively. Note
that both decision systems Dy, and Dy are pure, so no further action is

needed.

Table 9.4. The tables 0gg and 0p;.

Temperature|Wind |[|PlayTennis
1{hot weak ||no
2|hot strong||no
8|mild weak ||no

(a)

Temperature|Wind ||PlayTennis
9 |cool weak ||yes
11|mild strong||yes

(b)

The decision system Dy produces the decision systems

Doy = (020, PlayTennis) and Doy = (021, PlayTennis),

where 059 and 051 are given by
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020 = (6p where Wind = "weak’)[K>]
021 = (6p where Wind = ’strong’)[Ks],

where
K5 = Temperature Humidity PlayTennis.

The tables 059 and 021 are shown in Tables 9.5(a) and (b), respectively.

Table 9.5. The tables 6o and 0.

Temperature|Humidity||Play Tennis

4 |mild high yes
5 |cool normal ||yes
10|mild normal ||yes
13|hot normal ||yes

@

Temperature|Humidity||PlayTennis

6 |cool normal |[no
14|mild high no

)

Again, both decision systems are pure, so no further splitting is necessary.
The decision tree that is obtained from this process is shown in Figure 9.2.

Outlook D
sunny overcast rain
Humidity Do Dy Wind D
high normal weak strong
Doo Do1 Dao Doy

Fig. 9.2. Decision tree.
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9.4 Closure Operators and Rough Sets

In Exercise 10, the reader is asked to prove that the lower approximation
operator lap, defined by an equivalence on a set .S is an interior operator on
S and the upper approximation operator uap, is a closure operator on the
same set. In addition, it is easy to see (Exercise 2) that

uap,(0) = 0,
uap,(UUV) = uap,(U) U uap,(V),
U C S — uap, (8 — uap,(U)),
lap,(S) = S,
lapp(U nv) = lapp(U) N lapp(V)7
U2 S —lap,(S — lap,(U)),

for every U,V € P(9).
It has been shown (see [146]) that approximation spaces can be defined
starting from certain closure operators or interior operators.

Theorem 9.22. Let S be a set and let K be a closure operator on S such that
the following conditions are satisfied:

(i) K () =0,

(i) K(UUV) = K({U)UK(V), and
(i) U € S — K(S — K(U)),
for every U,V € P(S). Then, the mapping I : P(S) — P(S) defined by
I(U) = S—K(S-U) forU € P(S) is an interior operator on S and there exists
an approzimation space (S, p) such that lap,(U) = I(U) and uap,(U) = K(U)
for every U € P(S).

Proof. Define the relation p by

p=A{(x,y) € §x 5 | x e K{y}h}

Denote the set {v € S | u € K({v})} by r(u) for u e S.
Observe that we have

K({y}) ={zes5|yer(z)}

for x,y € S. We begin the argument by proving that p is an equivalence.
The reflexivity of p follows from z € K({z}) for z € S.
We claim that y ¢ K(W) if and only if r(y) N W = ). Since K(W) =
U{K{z}) | x € W}, it follows that the statements
() y ¢ K(OW),
(ii) y € K({z}) for every z € W,
(iil) = & r(y) for every x € W, and
(iv) r(y)y NW =10
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are equivalent, which justifies our claim.

Property (iii) of Theorem 9.22 implies that {y} C S — K(S — K({y}));
that is, v ¢ K(S — K({y})). Therefore, by the argument of the previous
paragraph, we have r(y) N (S — K({y})) = 0, which implies r(y) € K({y}).
Thus, if z € r(y), it follows that € K({y}); that is, y € r(z). In terms of the
relation p, this means that (y,z) € p implies (x,y) € p, so p is a symmetric
relation.

To prove the transitivity of p, suppose that (z,y),(y,2z) € p. We have
z € K({y}) and y € K({z}). By the idempotency of K, we have K({y}) C
K(K({z})) = K({z}), so 2 € K({z}). Consequently, (z,z) € p. This allows
us to conclude that p is indeed an equivalence. Moreover, we realize now that
r(z) is exacly the equivalence class [z], for z € S.

An immediate consequence of this fact is that we have « € r(y) if and only
if y € r(x). Therefore,

K{y}) ={zeSlyer(@)}={vecS[zer(y}=ry),

and by the second property of K, we have

K({U) =|J{r(w) | ue U}

for U € P(S). Consequently, we can write

uap,(U) = J{r(x) | r(z)nU # 0}
=Jtrw) |we U}
=K(U).

Also, we have K({z}) = r(z) for every z € S.

The definition of I implies immediately that this function is an interior
operator on S that enjoys two additional properties, namely I(S) = S and
(UnNv)=1U)NnIV).

By applying the definition of I, we have

I({U)=5S-K(S-0)
=S J{K({z}) | z€S-U}
=S-J{r(x) | zes-U}
~Utr») | ze 0}
= lap,(U).
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Exercises and Supplements

1. Let p; and ps be two equivalences on a set S such that p; C ps. Prove that
lap, (U) 2 lap,,(U) and lap, (U) C lap,,(U). Conclude that bd,, (U) C
bd,, (U) for every U € P(S).
2. Let (S, p) be an approximation space. Prove that
) uap,(0) =0,
b) wap,(UUV) = uap,(U) U uap,(V),
&) U C S — uap, (5 — nap, (V)
d) lap,(S) = S,
e) lapp(U NV) =lap,(U) N lap,(V), and
£) U DS — lap, (5 — lap, (1))

for every U,V € P(S).

3. Let (S, p) be an approximation space. A lower (upper) sample of a sub-

set U of S is a subset Y of S such that Y C U and wap,(Y) = lap,(U)
(uap,(Y) = uap,(U), respectively). A lower (upper) sample of U is mini-
mal if there no lower (upper) sample of U with fewer elements.
Prove that every nonempty lower (upper) sample Y of a set U has a
nonempty intersection with each p-equivalence class included in lap,(U)
(lap,(U), respectively). Prove that if Y is a lower (upper) minimal sample,
then its intersection with each p-equivalence class included in lap,(U)
(lap,(U), respectively) consists of exactly one element.

A generalized approximation space is a pair (S, p), where p is an arbitrary re-
lation on S. Denote the set {y € S | (z,y) € p} by p(x). The lower and upper
p-approximations of a set U € P(S) generalize the corresponding notions from
approximation spaces and are defined by

U{p(2) | plx) c U},
o) | p(z) U #0},

lapp(U)
uap,(U)

for U € P(S).

4. Let (S, p) be a generalized approximation space. Prove that
a) lap,(U) =S — uap,(S - U),

lap,(S) =5,

lap,(UNV) = lap,
lap,(

)

) N (U) N lap,(V),
) Uuv)D lapp(U) U lapp(V),
) U Q 1% 1mphes lap,(U) C lap,(V),
) wap,(U) =S —lap,(S —U),

) uap, (D) = @

) uapp(Uﬂ V) C uapp(U) N uap,, )
) uapp(UU V)= uapp( U uap,, ),
) U C V implies uapp( ) C uap,(V),
) lap, (S =U)UV) C (S —lap,(U))Ulap,(V)

b

%
I\
I\
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for U,V € P(S).
Let (S, p) be a generalized approximation space, where p is a tolerance
relation. Prove that

a) lap, (0) =0,

b) lap,(U) C U,

o UcC lapp(uapp(U))

d) wap,(S) = S,

e) U C uap,(U), and

f) uapp(lapp(U)) cvU
for U,V € P(S).
Does every table have a reduct?
What can be said about a table § that has a nonempty core that is a
reduct?
Let D = (6, D) be a decision system. A D-reduct is a set of attributes L,
L C H,. such that ¥ = P and L is minimal with this property. Prove
that every reduct of the table # includes a D-reduct.
Let D = (0, D) be a decision system. If U and V" are two sets of conditional
attributes such that U C V, then prove that POSy (D) O POSy (D).
Let S be a set and let p be an equivalence on S.

a) Prove that lap, is an interior operator on S.

b) Prove that uap, is a closure operator on S.

¢) Prove that the lap -open subsets of S coincide with the uap,-closed

subsets of S.

Let (S, 0) be a finite topological space. Prove that there exists a bijection
between the set FQS(S) of equivalences on S and the set of topologies on
S in which every open set is also closed.

Bibliographical Comments

Rough sets were introduced by Z. Pawlak (see [106]). Excellent surveys sup-
plemented by large bibliographies are [81] and [42]. The notions of lower and
upper samples discussed in Exercise 3 are introduced in [19]. Various gener-
alizations of the notion of approximation space are presented in [146].
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Dissimilarities, Metrics, and Ultrametrics

10.1 Introduction

The notion of a metric was introduced in mathematics by the French math-
ematician Maurice René Fréchet in [53] as an abstraction of the notion of
distance between two points. In this chapter, we explore the notion of metric
and the related notion of metric space, as well as a number of generalizations
and specializations of these notions.

Clustering and classification, two central data mining activities, require
the evaluation of degrees of dissimilarity between data objects. This task is
accomplished using the notion of dissimilarity and a variety of specializations
of this notion, such as metrics, tree metrics, and ultrametrics. These notions
are introduced in Section 10.2.

Substantial attention is paid to ultrametrics due to their importance for
clustering algorithms. Various modalities for generating ultrametrics are dis-
cussed, starting with hierarchies on sets, equidistant trees, and chains of par-
titions (or equivalences).

Metrics on several quite distinct data types are discussed: vectors in R",
subsets of finite sets, partitions of finite sets, and sequences. The chapter
concludes with a section dedicated to the application of elementary properties
of metrics to searching in metric spaces. Further applications of metrics are
presented in subsequent chapters.

10.2 Classes of Dissimilarities

Dissimilarities are functions that allow us to evaluate the extent to which data
objects are different.

Definition 10.1. A dissimilarity on a set S is a function d : S* — Rxg
satisfying the following conditions:
(DISS1) d(z,z) =0 for all x € S;

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_10, (© Springer-Verlag London Limited 2008
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(DISS2) d(x,y) = d(y,x) for all z,y € S.
The pair (S,d) is a dissimilarity space. A trivial example of a dissimilarity
space is the pair (0,dy), where dy is the empty function on () x ().

The set of dissimilarities defined on a set S is denoted by Dg.
Additional properties may be satisfied by dissimilarities. A nonexhaustive
list is given next.
1. d(z,y) = 0 implies d(z, z) = d(y, z) for every z,y,z € S (evenness).
. d(z,y) = 0 implies « = y for every x,y (definiteness).
Cd(z,y) < d(x,z) 4+ d(z,y) for every x,y, z (triangular inequality).
cd(z,y) <max{d(z,z),d(z,y)} for every z,y, z (the ultrametric inequality).

SV V)

ot

d(z,y)+d(u,v) < max{d(z,u)+d(y,v),d(z,v)+d(y,u)} for every z,y, u, v
(Buneman’s inequality, also known as the four-point condition).

If d : S — R is a function that satisfies the properties (DISS1), (DISS2),
and the triangular inequality, then the values of d are nonnegative numbers.
Indeed, by taking x = y in the triangular inequality, we have

0=d(z,z) <d(z,z)+d(z,x) = 2d(x, 2),

for every z € S.
Later in this chapter, we explore various connections that exist among
these properties. As an example, we can show the following statement.

Theorem 10.2. Both the triangular inequality and definiteness imply even-
ness.

Proof. Suppose that d is a dissimilarity that satisfies the triangular inequality,
and let 2,y € S be such that d(z,y) = 0. By the triangular inequality, we
have both d(z,2z) < d(x,y)+d(y,z) = d(y, z) and d(y, z) < d(y,z)+d(x,z) =
d(x, z) because d(y,x) = d(x,y) = 0. Thus, d(z,z) = d(y, z) for every z € S.
We leave it to the reader to prove the second part of the statement. 0O
We denote the set of definite dissimilarities on a set S by DY. Further
notations will be introduced shortly for other types of dissimilarities.

Definition 10.3. A dissimilarity d € Dg is
1. a metric if it satisfies the definiteness property and the triangular inequal-
ity,
2. a tree metric if it satisfies the definiteness property and Buneman’s in-
equality, and
8. an ultrametric if it satisfies the definiteness property and the ultrametric
inequality.
The set of metrics on a set S is denoted by Mg. The sets of tree metrics
and ultrametrics on a set S are denoted by Ts and Ug, respectively.
If d is a metric or an ultrametric on a set S, then (S,d) is a metric space
or an ultrametric space, respectively.
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The pair (0, dy) mentioned before is a trivial example of metric space.

If d is a metric defined on a set S and z,y € S, we refer to the number
d(z,y) as the d-distance between = and y or simply the distance between x
and y whenever d is clearly understood from context.

Thus, a function d : S? — Rx is a metric if it has the following proper-
ties:

(M1) d(x,y) =0 if and only if z = y for z,y € S;
(M2) d(z,y) = d(y,z) for @,y € S;
(M3) d(z,y) <d(z,z) 4+ d(z,y) for z,y,z € S.

If property (M1) is replaced by the weaker requirement that d(z,z) = 0
for z € S, then we refer to d as a semimetric on S. Thus, if d is a semimetric
d(x,y) = 0 does not necessarily imply = y and we can have for two distinct
elements z,y of S, d(z,y) = 0.

Example 10.4. Let S be a nonempty set. Define the mapping d : % — R>q

by
1 if
d(u,v):{ ifu o,

0 otherwise,

for z,y € S. It is easy to see that d satisfies the definiteness property. To
prove that d satisfies the triangular inequality, we need to show that

d(z,y) < d(z, 2) + d(z,y)

for all x,y,z € S. This is clearly the case if x = y. Suppose that = # y, so
d(xz,y) = 1. Then, for every z € S, we have at least one of the inequalities
x # zor z # y, so at least one of the numbers d(z,z) or d(z,y) equals 1.
Thus d satisfies the triangular inequality. The metric d introduced here is the
discrete metric on S.

Ezample 10.5. Consider the mapping d : (Seq,,(5))?> — Rxq defined by

d(p,q)=|{i | 0<i<n—1and p(i) # q(i)}|

for all sequences p, q of length n on the set S.

Clearly, d is a dissimilarity that is both even and definite. Moreover, it
satisfies the triangular inequality. Indeed, let p,q,r be three sequences of
length n on the set S. If p(i) # q(é), then r(i) must be distinct from at least
one of p(i) and q(i). Therefore,

{i ] 0<i<n—1andp(i)#q(i)}
C{i|0<i<n—-Tlandp(i)#r(i)}U{i | 0<i<n-—1andr(i)+#q(i)},

which implies the triangular inequality.

A function d : §? — R>¢ is an ultrametric if it has the following proper-
ties:
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(U1) d(z,y) =0 if and only if x = y for z,y € S;
(U2) d(z,y) = d(y,z) for z,y € S;
(U3) d(z,y) < max{d(z,z),d(z,y)} for z,y,z € S.
As we did for metrics, if property (U1) is replaced by the weaker require-
ment that d(x,x) =0 for z € S, then d is a quasi-ultrametric on S.

Ezample 10.6. Let m = {B,C} be a two-set partition of a nonempty set S.
Define the mapping d : S? — R>g by

d(z,y) = 0 if{z,y} CBor{x,yt CC
= 1 otherwise,

for xz,y € S.

We claim that d is a quasi-ultrametric. Indeed, it is clear that d(z,2) =0
for every x € S and d(z,y) = d(y,z) for z,y € S. Now let x,y, z be three
arbitrary elements in S. If d(z,y) = 1, then z and y belong to two distinct
blocks of the partition 7, say to B and C, respectively. If z € B, then d(z, z) =
0 and d(z,y) = 1; similarly, if z € C, then d(x,z) = 1 and d(z,y) = 0. In
either case, the ultrametric inequality is satisfied and we conclude that d is a
quasi-ultrametric.

Theorem 10.7. . Let ag,a1,a2 € R be three numbers. If a; < max{a;,ar}
for every permutation (i, j, k) of the set {0,1,2}, then two of the numbers are
equal and the third is not larger than the two others.

Proof. Suppose that a; is the least of the numbers ag, a1, a2 and aj, a, are the
remaining numbers. Since a; < max{a;, ar} = ar and a, < max{a;,q;} = q;,
it follows that a; = ar > a;. O

A simple and interesting property of triangles in ultrametric spaces is given
next.

Corollary 10.8. Let (S, d) be an ultrametric space. For every x,y,z € S, two
of the numbers d(x,y),d(x, z),d(y, z) are equal and the third is not larger than
the two other equal numbers.

Proof. Since d satisfies the ultrametric inequality, the statement follows im-
mediately from Theorem 10.7. O

Corollary 10.8 can be paraphrased by saying that in an ultrametric space
any triangle is isosceles and the side that is not equal to the two others cannot
be longer than these.

In this chapter, we frequently use the notion of a sphere.

Definition 10.9. Let (S,d) be a metric space. The closed sphere centered in
x €S of radius r is the set

Bd(xar) = {y € Sld(l’,y) S 7’}.
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The open sphere centered in x € S of radius r is the set
Ca(w,r) ={y € Sld(z,y) <r}.

Definition 10.10. Let (S, d) be a metric space. The diameter of a subset U of
S is the number diamg 4(U) = sup{d(z,y) | =,y € U}. The set U is bounded
if diamg q(U) is finite.

The diameter of the metric space (S,d) is the number

diamg q = sup{d(z,y) | =,y € S}.

If the metric space is clear from the context, then we denote the diameter of
a subset U just by diam(U).
If (S,d) is a finite metric space, then diamg g = max{d(z,y) | =,y € S}.

A dissimilarity d : S x S — Rsq can be extended to the set of subsets of
S by defining d(U, V) as

d(U,V) = inf{d(u,v) | w € Uand v € V'}

for U,V € P(S). The resulting extension is also a dissimilarity. However, even
if d is a metric, then its extension is not, in general, a metric on P(S) because
it does not satisfy the triangular inequality. Instead, we can show that for
every U, V, W we have

AU, W) < d(U,V) + diam(V) + d(V,W).

Indeed, by the definition of d(U, V') and d(V, W), for every € > 0, there exist
ueU,v,v €V, and w € W such that

By the triangular axiom, we have
d(u,w) < d(u,v) + d(v,v") + d(v', w).

Hence,
d(u,w) < d(U, V) + diam(V') + d(V, W) + €,

which implies
d(U,W) <d(U,V) + diam(V) + d(V,W) + €
for every € > 0. This yields the needed inequality.

Definition 10.11. Let (S,d) be a metric space. The sets U,V € P(S) are
separate if d(U,V) > 0.
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We denote the number d({u}, V) = inf{d(u,v) | v € V} by d(u,V). It is
clear that uw € V implies d(u, V) = 0. Further properties of this functions are
discussed in Theorem 11.16 on page 427.

Let d be a dissimilarity and let S(z,y) be the set of all nonnull sequences
s = (s1,...,8,) € Seq(S) such that s; = z and s,, = y. The d-amplitude of s
is the number ampy(s) = max{d(s;, si+1) | 1 <i<n—1}.

If d is an ultrametric, we saw that d(z,y) < amp,(s) for any nonnull
sequence s = (81,...,S,) such that s; = z and s,, = y. Therefore, we have

d(z,y) <min{ampy(s) | s € S(z,y)},

where S(x,y) is the set of sequences of S that start with  and end with y.
Since (z,y) € S(z,y), we have the equality

d(z,y) = min{amp,(s) | s € S(z,y)}.

Dissimilarities defined on finite sets can be represented by matrices. If
S = {x1,...,2,} is a finite set and d : S x § — R>q is a dissimilarity,
let My € (R>0)™*™ be the matrix defined by M;; = d(x;,x;) for 1 < 4,5 <
n. Clearly, all main diagonal elements of M, are 0 and the matrix M is
symmetric.

Ezample 10.12. Let S be the set {1,292, x3,24}. The discrete metric on S is
represented by the 4 x 4-matrix

0111
1011
1101
1110

My =

If 1, 22, 23 € R are three real numbers the matrix that represents the distance
e(x;, ;) = |z; — x;| measured on the real line is

0 ‘331—332‘ ‘1‘1—333‘
Me = |.Z‘1 — £172| O ‘mg — 1‘3‘
|CE1 — (E3| IfEQ — (E3‘ 0

Next we introduce the notion of extended dissimilarity by allowing oo as
a value of a dissimilarity.

Definition 10.13. Let S be a set. An extended dissimilarity on S is a func-
tion d : 8> — Rsq that satisfies the conditions (DISS1) and (DISS2) of
Definition 10.1.

The pair (S,d) is an extended dissimilarity space.

The notions of extended metric and extended ultrametric are defined start-
ing from the notion of extended dissimilarity using the same process as in the
definitions of metrics and ultrametrics.
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10.3 Tree Metrics

The distance d between two vertices of a connected graph § = (V| E) in-
troduced in Definition 3.12 is a metric on the set of vertices V. Recall that
d(x,y) = m if m is the length of the shortest path that connects z and y.

We have d(z,y) = 0 if and only if x = y. The symmetry of d is obvious.
If p is a shortest path that connects z to z and q is a shortest path that
connects z to y, then pq is a path of length d(x, z) + d(z,y) that connects x
to y. Therefore, d(z,y) < d(x,z) + d(z,y).

The notion of distance between the vertices of a connected graph can be
generalized to weighted graphs as follows. Let (G, w) be a weighted graph
where § = (V, E), and let w : E — Rx( be a positive weight. Define d,,(z,y)
as

dy(z,y) = min{w(p) | p is a path joining x to y}

for z,y € V. We leave to reader to prove that d,, satisfies the conditions (M1)
- (M3) using an argument that is similar to the one given above.

If (T,w) is a weighted tree the metric d,, is referred to as a tree metric.
Since T is a tree, for any two vertices u,v € V there is a unique simple path
p = (vo,...,v,) joining u = vy to v = v,. In this case,

|
—

n

du(u,v) = ) w(vi,vit1).

~
Il
=]

Moreover, if t = vy, is a vertex on the path p, then
o (U, t) + doy (t,0) = dyy (0, v), (10.1)

a property known as the additivity of d,,.
We already know that d,, is a metric for arbitrary connected graphs. For
trees, we have the additional property given in the next statement.

Theorem 10.14. If (T,w) is a weighted tree, then d,, satisfies Buneman’s
imequality
duw (2, y) + dw(u,v) < max{dy(z,u) + dw(y,v), dw(z,v) + duw(y, u)}

for every four vertices x,y,u,v of the tree T.

Proof. Let x,y,u,v be four vertices in T. If x = v and y = v, the inequality
reduces to an obvious equality. Therefore, we may assume that at least one of
the pairs (z,u) and (y,v) consists of distinct vertices.

Suppose that x = u. In this case, the inequality amounts to

Ao (2,y) + dy(2,v) < max{dy,(y,v), dy(z,v) + dyw(y,x)},

which is obviously satisfied. Thus, we may assume that we have both x # u
and y # v. Since T is a tree, there exists a simple path p that joins z to y and
a simple path q that joins u to v.
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Two cases may occur, depending on whether p and q have common edges.
Suppose initially that there are no common vertices between p and q. Let
s be a vertex on the path p and ¢ be a vertex on q such that d,(s,t) is the
minimal distance between a vertex located on the path p and one located on
q; here d(s,t) is the sum of the weights of the edges of the simple path r

that joins s to t.

The path r has no other vertices in common with p and q except s and t,
respectively (see Figure 10.1). We have

dw(z,u) = dy(x, 8) + d (s, t) + duy (t, u),
(Y, v) = do (Y, 8) + duw (s, t) + duw(t,v),
A (2,0) = dy (2, 8) + dy (8, t) + duw(t,v),
dw(y,u) = dy(y, ) + duw(s,t) + dy (t, u).

Thus, dw(xa U’)"'dw (y7 U) = dy (Z‘, U)+du1(ya u) = dw(x7 8)+dw(57 t)+dw(t7 u)+
dw(y,8) + dw(s,t) + dw(t,v) = dy(x,y) + dw(u,v) + 2dy,(s,t), which shows
that Buneman’s inequality is satisfied.

Fig. 10.1. Paths that have no common vertices.

If p and q have some vertices in common, the configuration of the graph
is as shown in Figure 10.2. In this case, we have

which implies

A (2,y) = dy(2,t) + dy (t, 8) + duw (s, y),
dw(u,v) = dy(u, t) + dy(t, s) + diy(s,v),
dw(z,u) = dy(z,t) + dip (L, u),
du(y,v) = du(y, s) + du(s,v),
dy(z,v) = dy(x,t) + dy(t, s) + dw(s,v),
dw(y,u) = dy(y, s) + dw(s,t) + dy (t, u),
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Fig. 10.2. Paths that share vertices.

dw(z,y) + dw(u,v) = dy (2, t) + 2dy (¢, 5) + duw (8, y) + duw(u, t) + dy (s, v),
dw(z,u) + dy(y,v) = dy (2, t) + dp(t,w) + d(y, 8) + dw(s,v),
Qo (2,0) + dop (y, 1) = duy (2, 1) + 2dyy (E, ) + dop (8, 0) + do (Y, 8) + du (t, 10).

Thus, Buneman’s inequality is satisfied in this case, too, because
dw(zv y) + dw(“v ’U) = dw(I, ’U) =+ d(y7 u) Z dw(l‘, U) + dw(ya ’U).

(]

By Theorem 10.7, Buneman’s inequality is equivalent to saying that of the
three sums d(z,y) + d(u,v), d(z,u) + d(y,v), and d(z,v) + d(y,u), two are
equal and the third is no less than the two others.

Next, we examine the relationships that exist between metrics, tree met-
rics, and ultrametrics.

Theorem 10.15. Every tree metric is a metric, and every ultrametric is a
tree metric.

Proof. Let S be a nonempty set and let d be a tree metric on S, that is,
a dissimilarity that satisfies the inequality d(z,y) + d(u,v) < max{d(z,u) +
d(y,v),d(x,v) + d(y,u)} for every x,y,u,v € S. Choosing v = u, we obtain
d(z,y) < max{d(xz,u) +d(y,u), d(x,u) + d(y,u)} = d(x,u) + d(u,y) for every
x,y,u, which shows that d satisfies the triangular inequality.

Suppose now that d is an ultrametric. We need to show that

d(z,y) + d(u,v) < max{d(z,u) + d(y,v),d(x,v) + d(y,v)}

for x,y,u,v € S. Several cases are possible depending on which of the elements
u, v is the closest to z and y, as the next table shows:
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Case|Closest to Implications
]l y
1 jul  w  |d(z,v) =d(u,v), dly,v) = d(u,v)
2 |lul v |d(z,v) =d(u,v), dly,u) = d(u,v)
3 vl w  |d(x,u) =d(u,v), d(y,v) = d(u,v)
4 (vl v |d(z,u) =d(u,v), dly,u) = d(u,v)

We discuss here only the first two cases; the remaining cases are similar and
are left to the reader.

In the first case, by Corollary 10.8, we have d(x,u) < d(x,v) = d(u,v) and
d(y,u) < d(y,v) = d(u,v). This allows us to write

max{d(z,u) + d(y,v),d(x,v) + d(y,v)}

= max{d(z,u) + d(u,v),d(u,v) + d(y,v)}

= max{d(z,u),d(y,v)} + d(u,v)

> max{d(z,u),d(u,y)} + d(u,v)
(because u is closer to y than v)

> d(z,y) + d(u,v)

(since d is an ultrametric),

which concludes the argument for the first case.
For the second case, by the same theorem mentioned above, we have
d(xz,u) < d(xz,v) = d(u,v) and d(y,v) < d(y,u) = d(u,v). This implies that

d(z,u) +d(y,v) < d(z,v) + d(y,v) = 2d(u,v).

Thus, it remains to show only that d(x,y) < d(u,v). Observe that we have
d(z,u) < d(u,v) = d(u,y). Therefore, in the triangle x, y, u, we have d(x,y) =
d(u,y) = d(u,v), which concludes the argument in the second case. 0O
Theorem 10.15 implies that for every set S, Us C Tg C Mg.
As shown in [24], Buneman’s inequality is also a sufficient condition for a
graph to be a tree in the following sense.

Theorem 10.16. A graph § = (V, E) is a tree if and only if it is connected,
contains no triangles, and its graph distance satisfies Buneman’s inequality.

Proof. By our previous discussions, the conditions are clearly necessary. We
show here that they are sufficient.

Let p be a cycle of minimal length /. Since § contains no triangles, it
follows that ¢ > 4. Therefore, ¢ can be written as ¢ = 4q + r, where ¢ > 1
and 0 < r < 3. Since p is a minimal circuit, the distance between its end
points is given by the least number of edges of the circuit that separate the
points. Therefore, we can select vertices x, u,y,v (in this order) on the cycle
such that the distances d(x,u),d(u,y),d(y,v),d(v, z) are all either q or g + 1
and
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d(z,u) + d(u,y) + d(y,v) + d(v,x) = 4q + 7.

Then, 2¢ < d(z,y) < 2¢ + 2 and 2q < d(u,v) < 2q + 2, so 4q < d(z,y) +
d(u,v) < 4q + 4, which prevents d from satisfying the inequality d(x,y) +
d(u,v) < max{d(z,u) + d(y,v),d(xz,v) + d(y,u)}. This condition shows that
G is acyclic, so it is a tree. O

In data mining applied in biology, particularly in reconstruction of phylo-
genies, it is important to determine the conditions that allow the construction
of a weighted tree (T, w) starting from a metric space (.9, d) such that the tree
metric induced by (T, w) coincides with d when restricted to the set S.

Ezample 10.17. Let S = {a, b, ¢} be a three-element set and let d be a distance
defined on S. Suppose that (a,b) are the closest points in S, that is, d(a,b) <
d(a,c) and d(a,b) < d(b,c).

We shall seek to determine a weighted tree (T,w) such that the restric-
tion of the metric induced by the tree to the set S coincides with d. To this
end, consider the weighted tree shown in Figure 10.3. The distances between
vertices can be expressed as

d(a,b) = m+n,

d(a,c) =m+p+q,

d(b,c) =n-+p+gq.
It is easy to see that

d(a,c) + d(b,c) — d(a,b)

ptaq= B) .

A substitution in the last two equalities yields

d(a,c) —d(b,c) + d(a,b)

m = 9 > 07
. d(b,c) — d(<12, ¢) +d(a,b) >0,

which determines the weights of the edges that end in a and b, respectively.

For the remaining two edges, one can choose p and ¢ as two arbitrary positive
d(a,c)+d(b,c)—d(a,b)
5 .

numbers whose sum equals

Theorem 10.18. Starting from a tree metric d on a nonempty set S, there
exists a weighted tree (T,w) whose set of vertices contains S and such that
the metric induced by this weighted tree on S coincides with d.

Proof. The argument is by induction on n = |S|. The basis step, n = 3, is
immediate.

Suppose that the statement holds for sets with fewer than n elements, and
let S be a set with |S| = n. Define a function f : S — R as f(x,y,2) =
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Fig. 10.3. Weighted tree.

d(x,z) +d(y,z) — d(x,y). Let (p,q,7) € S3 be a triple such that f(p,q,r) is
maximum. If z € S — {p,q}, we have f(z,q,7) < f(p,q,r) and f(p,z,r) <
f(p,q,7). These inequalities are easily seen to be equivalent to

d(z,r) +d(p,q) < d(z,q) +d(p,7),

d(z,r) +d(p,q) < d(x,p) +d(q,7),
respectively. Using Buneman’s inequality, we obtain

d(x,q) + d(p,r) = d(z,p) + d(q,7). (10.2)
Similarly, for any other y € S — {p, ¢}, we have

d(y,q) +d(p,r) = d(y,p) + d(q,7),

SO
d(x, q) + d(y,p) = d(z,p) + d(y, q).
Consider now a new object ¢, t ¢ S. The distances from ¢ to the objects of S
are defined by
d(p,q) + d(p,r) — d(g,7)
2 )

d(t,p) =
and
where x # p.
For x # p, we can write
d(t,x) = d(z,p) — d(t,p)
d(p,q) +d(p,r) —d(q,r

) — (P, q) (192 ) —d(g,r)

(by the definition of d(t, p))

2
(by Equality (10.2))

d(p,x) —d(p.q) + d(g,2) _
. > 0.
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Choosing = = ¢ in Equality (10.3), we have

d(t,q) = d(q,p) — d(t,p)

- d(p,q) - L0 F d(g’ r) -~ dg.7)

_ dp.g) —d(p.r) +da.r)
2 - Y

which shows that the distances of the form d(¢,-) are all nonnegative.
Also, we can write for x € S — {p, q}

d(p,q) —d(p,r) +d(q,7) n d(p,z) —d(p,q) +d(q, )

d(g,t) +d(t,x) =

2 2
_ dp.q) —dp.2) +dg.x) | dpx) —dlp.q) +d(g, 2)
2 2
(by Equality (10.2))

=d(q,x).

Tt is not difficult to verify that the expansion of d to S U {t} using the values
defined above satisfies Buneman’s inequality.

Consider the metric space ((S — {p,q}) U {t},d) defined over a set with
n — 1 elements. By inductive hypothesis, there exists a weighted tree (T, w)
such that the metric induced on (S — {p,q}) U {t} coincides with d. Adding
two edges (t,p) and (¢, q) having the weights d(t,p) and d(t,q), we obtain a
tree that generates the distance d on the set S. O

A class of weighted trees that is useful in clustering algorithms and in
phylogenetics is introduced next.

Definition 10.19. An equidistant tree is a triple (T,w,vg), where (T,vq) is
a rooted tree and w is a weighting function defined on the set of edges of T
such that dy,(vo,v) is the same for every leaf of the rooted tree (T, vg).

In an equidistant tree (T,w;vg), for every vertex u there is a number k such
that dy,(u,t) = k for every leaf that is joined to vy by a path that passes
through u. In other words, the equidistant property is inherited by subtrees.

Ezample 10.20. The tree shown in Figure 10.4 is an equidistant tree. The
distance d,, from the root to each of its four leaves is equal to 8.

Theorem 10.21. A function d : S x S — R is an ultrametric if and only if
there exists an equidistant tree (T, w;vo) having S as its set of leaves and d is
the restriction of the tree distance dy, to S.

Proof. To prove that the condition is necessary, let (T, w;vg) be an equidistant
tree and let x,y,z € L be three leaves of the tree. Suppose that u is the
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€T ) T3 T4

Fig. 10.4. An equidistant tree.

common ancestor of x and y located on the shortest path that joins x to y.
Then, dy, (2, y) = 2dy (u, ) = 2d,, (u, y).

Let v be the common ancestor of y and z located on the shortest path
that joins y to z. Since both uw and v are ancestors of y, they are located on
the path that joins vg to y. Two cases may occur:

Case 1 occurs when dy,(vg,v) < dy(vo, u) (Figure 10.5(a)).

Case 2 occurs when dy, (v, v) > dyw(vo, u) (Figure 10.5(b)).

Vo Vo
° d
/ /
/ /
v & /
/N #
N
/ N u/ ~
U @ N N
RN N / e
AN N\ -~
/ ~ N / N ~ -
o e “e ¢ ) ~e
T z T Y z
(a) (b)

Fig. 10.5. Two equidistant trees.

In the first case, we have d(u, z) = d(u,y) and d(v, z) = d(v,u) +d(u,z) =
d(v,u) + d(u,y) because (T,w,vy) is equidistant. Therefore,
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Since dy, (u,y) = dy(u, z), the ultrametric inequality

dy(2,y) < max{dy(x,2),dy(z,9)}

follows immediately. The second case is similar and is left to the reader.

Conversely, let d : S x S — R be an ultrametric, where S = {s1,...,s,}.
We prove by induction of n = |S| that an equidistant tree can be constructed
that satisfies the requirements of the theorem.

For n = 2, the simple tree shown in Figure 10.6(a), where w(xo,s1) =
w(zg, s2) = W satisfies the requirements of the theorem. For n = 3,
suppose that d(s1, s2) < d(s1, $3) = d(s2, $3). The tree shown in Figure 10.6(b)
is the desired tree for the ultrametric because d(si,s3) — d(s1,s2) > 0.

T

d(s1,s3)—d(s1,52)
2

T1
o d(312753)
d(s1,s2) d(s1,s2) d(s1,s2) d(s1,s2)
2 2 2 2
S1 S92 S1 S2 S3
(a) (b)

Fig. 10.6. Small equidistant weighted trees.

Suppose now that n > 4. Let s;, s; be a pair of elements of S such that the
distance d(s;, s;) is minimal. By the ultrametric property, we have d(s, s;) =
d(sk,sj) > d(s;, s;) for every k € {1,...,n} —{i,j}.

Define S = S — {s;,s;} U{s}, and let d’ : S’ x S’ — R be the mapping
given by

d/(sk, Sl) = d(Sk, Sl) if s, 51 € 8

and d'(sg, s) = d(sk, s;) = d(sg, s;). It is easy to see that d’ is an ultrametric
on the smaller set S’, so, by inductive hypothesis, there exists an equidistant
weighted tree (T7,w’;vy) that induces d’ on the set of its leaves S’.

Let 2 be the direct ancestor of s in the tree 7’ and let s,,, be a neighbor of
s. The weighted rooted tree (T, w;wvg) is obtained from (77, w’;vg) by trans-
forming s into an interior node that has the leaves s; and s; as immediate
descendants, as shown in Figure 10.7. To make the new tree T be equidistant,
we keep all weights of the edges of 7 in the new tree T except the weight of
the edge (z, s), which is defined now as

d(sm, s;) — d(si,s;5)
5 .

w(z,s) =

We also define the weight of the edges (s, s;) and (s, s;) as
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Vo Vo
N A
7N [
7o (I
/o \\ | \\
,." ! \ ! \
J ! \ ! \
J N \ | \
) T \ \ J \ \
,l | N
7 5 N
/ \
/ N
7 \
L @— — — - - — - — = A
Sk Sm S

Si Sj

Fig. 10.7. Constructing (T, w;vg) starting from (77, w’; vo).

d(Si, Sj)

w(s,s;) = w(s,s;) = 5

These definitions imply that T is an equidistant tree because

d ms 2%
d ($m,z) = d(5m, i) 5 i)
(because of the definition of d)
=d'(z,5)
(since J” is equidistant),
d my o) d iy 97 d iy 9] d my 91
d(z,s;) =w(z,s) +w(s,s;) = (Sm, 81) = d(si, 3;) + GIL = (Sm, 8 )

2 2 2
and d(z, z;,) = d'(2,8m). O

10.4 Ultrametric Spaces

In Section 10.2, we saw that ultrametrics represent a strengthening of the
notion of a metric, where the triangular inequality is replaced by a stronger
requirement.

Theorem 10.22. Let B(xz,r) be a closed sphere in the ultrametric space
(S,d). If z € B(z,d), then B(xz,r) = B(z,r). In other words, in an ultra-
metric space, a closed sphere has all its points as centers.

Proof. Suppose that z € B(z,r), so d(z,z) < r. We saw that two of the
numbers d(z, z),d(z,y),d(x,y) are equal and the third is less than the equal
numbers for any y € S.
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Let y € B(z,r). Since d(y,z) < max{d(y,z),d(z,z)} < r, we have y €
B(z,r). Conversely, if y € B(x,r), we have d(y, z) < maxd(d(y,z),d(z,z) <
r, hence y € B(z,r). O

Corollary 10.23. If two closed spheres B(z,r) and B(y, ") of an ultrametric
space have a point in common, then one of the closed spheres is included in
the other.

Proof. The statement follows directly from Theorem 10.22. O
Theorem 10.22 implies that the entire space S equals the closed sphere
B(z, diamg 4) for any point x € S.

Ultrametrics, Partitions, and Equivalences

We present now the link between ultrametrics defined on a finite set S and
chains of equivalence relations on S (or chains of partitions on S). The next
statement gives a method of constructing ultrametrics starting from chains of
equivalence relations.

Theorem 10.24. Let S be a finite set and let d : S xS — R>¢ be a function
whose range is Ran(f) = {r1,...,rm}, where ry = 0 such that d(z,y) = 0 if
and only if © = y. Define the relations n,, = {(z,y) € S x S | d(z,y) < r;}
for1<i<m.

The function d is an ultrametric on S if and only if the sequence of re-
lations Ny, ..., My, 1S an increasing sequence of equivalences on S such that
Nry = LS and Mrp = Os.

Proof. Suppose that d is an ultrametric on S. We have (z,z) € 7., because
d(xz,x) = 0, so all relations 7,, are reflexive. Also, it is clear that the symmetry
of d implies (z,y) € n,, if and only if (y,z) € n,,, so these relations are
symmetric.

The ultrametric inequality is essential for proving the transitivity of the
relations n,.,. If (z,v), (y,2) € 0y, then d(z,y) < r; and d(y,z) < r;, which
implies d(z, z) < max{d(x,y),d(y,z)} < r;. Thus, (z,z) € n,,, which shows
that every relation 7,, is transitive and therefore an equivalence.

It is straightforward to see that n,, < n,, < --- < 1, ; that is, this
sequence of relations is indeed a chain of equivalences.

Conversely, suppose that 7,,,...,n,, is an increasing sequence of equiva-
lences on S such that n,, = tg and n,, = 0g, where n,, = {(z,y) € S x S |
d(z,y) <r;} for 1 <i<mand r; =0.

Note that d(z,y) = 0 is equivalent to (z,y) € n,, = tg, that is, to z = y.

We claim that

d(z,y) = min{r | (z,y) € n,}. (10.4)

Indeed, since 7, = 0g, it is clear that there is an equivalence 7,, such that
(x,y) € 0. If (z,y) € 7y, the definition of #,, implies d(x,y) < 7, so
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d(z,y) <min{r | (z,y) € n,}. This inequality can be easily seen to become an
equality since (z,y) € 74(z,y)- This implies immediately that d is symmetric.

To prove that d satisfies the ultrametric inequality, let x,y,z be three
members of the set S. Let p = max{d(z, z),d(z,y)}. Since (, 2) € N4(z,2) €
and (2,9) € Nq(zy) S Np, it follows that (z,y) € n,, due to the transitivity
of the equivalence n,. Thus, d(z,y) < p = max{d(z, z),d(z,y)}, which proves
the triangular inequality for d. 0O

Of course, Theorem 10.24 can be formulated in terms of partitions.

Theorem 10.25. Let S be a finite set and let d : S xS — R>¢ be a function
whose range is Ran(f) = {r1,...,rm}, where r1 = 0 such that d(x,y) = 0 if
and only if v = y. For u € S and r € Rxq, define the set D, , = {z € S |
d(u,x) <r}.

Define the collection of sets m., = {D(u,r;) | u€ S} for 1 <i<m.

The function d is an ultrametric on S if and only if the sequence of col-
lections Ty, ..., T, 1S an increasing sequence of partitions on S such that
Tp, = Qg and T, = Ws.

Proof. The argument is entirely similar to the proof of Theorem 10.24 and is
omitted. O

Hierarchies and Ultrametrics

Definition 10.26. Let S be a set. A hierarchy on the set S is a collection of
sets H C P(S) that satisfies the following conditions:

(i) the members of H are nonempty sets;

(ii) S € H;

(iii) for every x € S, we have {z} € H;

(iv)if H H € H and HN H' # 0, then we have either H C H or H' C H.

A standard technique for constructing a hierarchy on a set S starts with
a rooted tree (T,vp) whose nodes are labeled by subsets of the set S. Let V
be the set of vertices of the tree J. The function p: V — P(S), which gives
the label p(v) of each node v € V, is defined as follows:

(i) The tree T has | S| leaves, and each leaf v is labeled by a distinct singleton

p(v) ={x} for z € S.

(ii) If an interior vertex v of the tree has the descendants vy, vs, ..., v,, then

u(w) = U2, (o).

The set of labels Hg of the rooted tree (T,vg) forms a hierarchy on S.
Indeed, note that each singleton {x} is a label of a leaf. An easy argument by
induction on the height of the tree shows that every vertex is labeled by the
set of labels of the leaves that descend from that vertex. Therefore, the root
vg of the tree is labeled by S.

Suppose that H, H' are labels of the nodes u,v of T, respectively. If H N
H' # (), then the vertices u,v have a common descendant. In a tree, this can



10.4 Ultrametric Spaces 369

take place only if u is a descendant of v or v is a descendant of u; that is, only
if HC H', or H C H, respectively. This gives the desired conclusion.

Ezample 10.27. Let S = {s,t,u,v,w,x,y} and let T be a tree whose vertices
are labeled as shown in Figure 10.8. It is easy to verify that the family of
subsets of S that label the nodes of T,

Ho={{sh At} {u}, {v} {w} {z}, {y},

{s? t? u}? {w7 x}? {s? t? u? v}? {w7 x? y}7 {s’ t? u’ ,U’ w? 1’? y}}

is a hierarchy on the set S.

{57 t? u? y? w? $7 y}

{87 t? u? y}

{s,t,u}

{sb {3 {u} {o} {w} {z} {4y}

Fig. 10.8. Tree labeled by subsets of S.

Chains of partitions defined on a set generate hierarchies, as we show next.

Theorem 10.28. Let S be a set and let C = (w1, 7o, ...,m,) be an increasing
chain of partitions (PART(S), <) such that 71 = ag and w, = ws. Then,

the collection He = U?Zl m; that consists of the blocks of all partitions in the
chain is a hierarchy on S.

Proof. The blocks of any of the partitions are nonempty sets, so H¢ satisfies
the first condition of Definition 10.26.

We have S € He because S is the unique block of 7, = wg. Also, since all
singletons {z} are blocks of avg = 71, it follows that H¢ satisfies the second
and the third conditions of Definition 10.26. Finally, let H and H’ be two
sets of He such that H N H' # (). Because of this condition, it is clear that
these two sets cannot be blocks of the same partition. Thus, there exist two
partitions m; and 7; in the chain such that H € m; and H' € 7;. Suppose that
i < j. Since every block of 7; is a union of blocks of m;, H' is a union of blocks
of m; and H N H' # () means that H is one of these blocks. Thus, H C H'. If
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j > 1, we obtain the reverse inclusion. This allows us to conclude that H¢ is
indeed a hierarchy. 0O

Theorem 10.28 can be stated in terms of chains of equivalences; we give
the following alternative formulation for convenience.

Theorem 10.29. Let S be a finite set and let (p1,. .., pn) be a chain of equiv-
alence relations on S such that py = 1s and p, = 0g. Then, the collection of
blocks of the equivalence relations p, (that is, the set \J,,~,, S/pr) is a hier-
archy on S.

Proof. The proof is a mere restatement of the proof of Theorem 10.28. O
Define the relation “<” on a hierarchy H on S by H < K if H, K € X,
H C K, and there is no set L € H such that H C L C K.

Lemma 10.30. Let H be a hierarchy on a finite set S and let L € H. The
collection P, = {H € H | H < L} is a partition of the set L.

Proof. We claim that L = |JP,. Indeed, it is clear that |J P, C L.
Conversely, suppose that z € L but z & |JP. Since {z} € H and there is
no K € Py, such that z € K, it follows that {z} € P, which contradicts the
assumption that z ¢ | JPr. This means that L = |JPy.
Let Ko, K1 € P, be two distinct sets. These sets are disjoint since other-
wise we would have either Ky C K; or K1 C Ky, and this would contradict
the definition of P;. 0O

Theorem 10.31. Let H be a hierarchy on a set S. The graph of the relation
< on H is a tree whose root is S; its leaves are the singletons {x} for every
reS.

Proof. Since < is an antisymmetric relation on H, it is clear that the graph
(3, <) is acyclic. Moreover, for each set K € J{, there is a unique path that
joins K to S, so the graph is indeed a rooted tree. 0O

Definition 10.32. Let H be a hierarchy on a set S. A grading function for
H is a function h : H — R that satisfies the following conditions:
(i) h({z}) =0 for every x € S, and
(ii) if H,K € H and H C K, then h(H) < h(K).

If h is a grading function for a hierarchy 3, the pair (3, h) is a graded
hierarchy.

Ezample 10.33. For the hierarchy H defined in Example 10.27 on the set S =
{s,t,u,v,w,z,y}, the function h : H — R given by

h({s}) = h({t}) = h({u}) = h({v}) = h({w}) = h({z}) = h({y}) = 0,
h({s,t,u}) =3, h({w,x}) =4, h({s,t,u,v}) = 5, h({w,z,y}) = 6,
h({S, t7 uw,v,w,zr, y}) - 77

is a grading function and the pair (3, h) is a graded hierarchy on S.
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Theorem 10.28 can be extended to graded hierarchies.

Theorem 10.34. Let S be a finite set and let C = (71, 7a,...,7,) be an
increasing chain of partitions (PART(S), <) such that m = ag and 7, = wg.

Consider o function f : {1,...,n} — Rxq such that f(1) = 0. The
function h : He — Rx>¢ given by

hK)= f(min{j | K € m;})
s a grading function for the hierarchy Hc.

Proof. Since {z} € m = ag, it follows that h({z}) = 0, so h satisfies the first
condition of Definition 10.32.

Suppose that H, K € He and H C K. If £ = min{j | H € 7;} it is
impossible for K to be a block of a partition that precedes 7. Therefore,
¢ < min{j | K € 7}, so h(H) < h(K), and (H¢,h) is indeed a graded
hierarchy. O

A graded hierarchy defines an ultrametric, as shown next.

Theorem 10.35. Let (3, h) be a graded hierarchy on a finite set S. Define
the function d : S> — R as

d(z,y) =min{h(U) | U € K and {z,y} CU}
for x,y € S. The mapping d is an ultrametric on S.

Proof. Observe that for every x,y € S there exists a set H € H such that
{z,y} C H because S € H.

It is immediate that d(z,z) = 0. Conversely, suppose that d(x,y) = 0.
Then, there exists H € H such that {x,y} € H and h(H) = 0. If © # y,
then {z} C H, hence 0 = h({z}) < h(H), which contradicts the fact that
h(H)=0. Thus, z = y.

The symmetry of d is immediate.

To prove the ultrametric inequality, let x,y,z € S, and suppose that
d(z,y) = p, d(z,z) = ¢, and d(z,y) = r. There exist H, K,L € H such
that {z,y} C H, h(H) =p, {z,2} C K, h(K) =q, and {z,y} C L, h(L) =r.
Since K N L # 0 (because both sets contain z), we have either K C L or
L C K, so KU L equals either K or L and, in either case, K U L € H. Since
{z,y} € K UL, it follows that

d(z,y) < h(K UL)=max{h(K),H(L)} = max{d(z, z),d(z,y)},

which is the ultrametric inequality. 0O
We refer to the ultrametric d whose existence is shown in Theorem 10.35
as the ultrametric generated by the graded hierarchy (H,h).
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Example 10.36. The values of the ultrametric generated by the graded hierar-
chy (H, h) on the set S introduced in Example 10.33 are given in the following
table:

distuvwzy
0335777
3035777
3305777
5550777
TTT7T7T046
TTT7T7T406
T7T7T7660

e 8 22 *o»

The hierarchy introduced in Theorem 10.29 that is associated with an
ultrametric space can be naturally equipped with a grading function, as shown
next.

Theorem 10.37. Let (S, d) be a finite ultrametric space. There ezists a graded
hierarchy (H,h) on S such that d is the ultrametric associated to (H,h).

Proof. Let H be the collection of equivalence classes of the equivalences 7, =
{(z,y) € S? | d(z,y) < r} defined by the ultrametric d on the finite set S,
where the index r takes its values in the range R4 of the ultrametric d. Define
h(E) =min{r € Rq | E € S/n,} for every equivalence class E.

It is clear that h({z}) = 0 because {z} is an ny-equivalence class for every
reSs.

Let [z]; be the equivalence class of x relative to the equivalence 7;.

Suppose that E and E’ belong to the hierarchy and F C E’. We have
E = [z], and E' = [z], for some € X. Since E is strictly included in E’,
there exists z € E' — E such that d(x,2) < s and d(z,z) > r. This implies
r < s. Therefore,

hME)=min{r e Ry | E€ S/n.} <min{s € Ry | E' € S/ns} = h(E'),

which proves that (H, h) is a graded hierarchy.
The ultrametric e generated by the graded hierarchy (H,h) is given by
e(zr,y) = min{h(B) | B € H and {z,y} C B}

=min{r | (z,y) € N}
— min{r | d(z,) <r}

= d(z,y),
for x,y € S; in other words, we have e =d. 0O

Ezample 10.38. Starting from the ultrametric on the set S = {s,t, u,v,w, x,y}
defined by the table given in Example 10.36, we obtain the following quotient
sets:
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Values of r S/ny ‘
10,3)  |{s} {t} {u}, {v} {w} {2}, {y}

[3,4) {s,t,u}, {v}, {w}, {z}, {y}
[4,5) {s,t,u}, {v}, {w,z}, {y}
[5,6) {s,t,u,v}, {w,z},{y}
[6’ 7) {S7t’ u? v}’ {w’x’ y}

[7700) {S»tyua%w»%y}

We shall draw the tree of a graded hierarchy (H,h) using a special rep-
resentation known as a dendrogram. In a dendrogram, an interior vertex K
of the tree is represented by a horizontal line drawn at the height h(K). For
example, the dendrogram of the graded hierarchy of Example 10.33 is shown
in Figure 10.9.

As we saw in Theorem 10.35, the value d(x,y) of the ultrametric d gen-
erated by a hierarchy JH is the smallest height of a set of a hierarchy that
contains both z and y. This allows us to “read” the value of the ultrametric
generated by H directly from the dendrogram of the hierarchy.

[N
T

=N W e
T

Fig. 10.9. Dendrogram of graded hierarchy of Example 10.33.

Ezxample 10.39. For the graded hierarchy of Example 10.33, the ultrametric
extracted from Figure 10.9 is clearly the same as the one that was obtained
in Example 10.36.

The Poset of Ultrametrics

Let S be a set. Recall that we denoted the set of dissimilarities by Dg. Define
a partial order < on Dg by d < d' if d(z,y) < d'(x,y) for every x,y € S. It is
easy to verify that (Dg, <) is a poset.

The set Ug of ultrametrics on S is a subset of Dg.

Theorem 10.40. Let d be a dissimilarity on a set S and let Uy be the set of
ultrametrics
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Us={ecUs | e <d}.
The set Uy has a largest element in the poset (Dg, <).

Proof. The set U; is nonempty because the zero dissimilarity dy given by
do(z,y) = 0 for every x,y € S is an ultrametric and dy < d.

Since the set {e(z,y) | e € Uy} has d(z, y) as an upper bound, it is possible
to define the mapping e; : S — Rx as

e1(z,y) = sup{e(z,y) | e € Uy}

for z,y € S. It is clear that e < ey for every ultrametric e. We claim that e;
is an ultrametric on S.

We prove only that e; satisfies the ultrametric inequality. Suppose that
there exist x,y, z € S such that e; violates the ultrametric inequality; that is,

max{e(z,2),e1(z,y)} < e1(z,y).

This is equivalent to

sup{e(z,y) | e € Ua}
> max{sup{e(x, z) | e € Ug},sup{e(z,y) | e € Uyg}}.

Thus, there exists é € Uy such that

é(xz,y) > sup{e(x,2) | e € Uy},
é(z,y) > sup{e(z,y) | e € Ug}.

In particular, é(z,y) > é(z, z) and é(z,y) > é(z,y), which contradicts the
fact that é is an ultrametric. O

The ultrametric defined by Theorem 10.40 is known as the mazimal sub-
dominant ultrametric for the dissimilarity d.

The situation is not symmetric with respect to the infimum of a set of
ultrametrics because, in general, the infimum of a set of ultrametrics is not
necessarily an ultrametric.

For example, consider a three-element set S = {z,y, z}, four distinct non-
negative numbers a, b, ¢, d such that a > b > ¢ > d and the ultrametrics d and
d' defined by the triangles shown in Figures 10.10(a) and (b), respectively.
The dissimilarity do defined by do(u,v) = min{d(u,v),d (u,v)} for u,v € S is
given by

do(z,y) = b,do(y, z) = d, and do(x, z) = ¢,

and dy is clearly not an ultrametric because the triangle xyz is not isosceles.
In what follows, we give an algorithm for computing the maximal subdom-
inant ultrametric for a dissimilarity defined on a finite set S.
We will define inductively an increasing sequence of partitions m; =
my < --- and a sequence of dissimilarities di,d>,... on the sets of blocks
of 7y, ma, ..., respectively.
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x
Y
a a
b b
Y d z x . z
(a) (b)

Fig. 10.10. Two ultrametrics on the set {z,y, z}.

For the initial phase, m = ag and dy ({z}, {y}) = d(x,y) for z,y € S.
Suppose that d; is defined on ;. If B,C' € m; is a pair of blocks such that
d;(B,C) has the smallest value, define the partition m; 1 by

Ti4+1 = (7'(‘1‘ - {B,C}) U {B ] C}

In other words, to obtain m;11, we replace two of the closest blocks B and C,
of m; (in terms of d;) with new block BUC. Clearly, m; < m; 41 in PART(S) for
i > 1. Note that the collection of blocks of the partitions m; forms a hierarchy
H4 on the set S. The dissimilarity d; 1 is given by

dit1(U, V) = min{d(z,y) | €U,y € V} (10.5)

for U,V € mi41.

We introduce a grading function hg on the hierarchy defined by this chain
of partitions starting from the dissimilarity d. The definition is done for the
blocks of the partitions 7; by induction on 7.

For i = 1 the blocks of the partition 7, are singletons; in this case we
define hq({z}) =0for z € S.

Suppose that hg is defined on the blocks of m;, and let D be the block of
mi+1 that is generated by fusing the blocks B and C' of m;. All other blocks of
m;4+1 coincide with the blocks of ;. The value of the function hy for the new
block D is given by

ha(D) = min{d(z,y) | * € B,y € C}.

It is clear that hy satisfies the first condition of Definition 10.32.
For a set U of H,, define

py =min{i | U € m;} and qu = max{i | U € m;}.
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To verify the second condition of Definition 10.32, let H, K € H, such that
H C K. It is clear that gy < px. The construction of the sequence of parti-
tions implies that there are Hy, Hy € 7,1 and Ky, Ki € mp, —1 such that
H = HyU H; and K = Ky U K. Therefore,

ha(H) = min{d(z,y) | © € Ho,y € Hi},
hqe(K) = min{d(z,y) | © € Ko,y € K1}.

Since Hy and Hy were fused (to produce the partition m,,, ) before Ky and K;
were (to produce the partition ,, ), it follows that hq(H) < hq(K).

By Theorem 10.35, the graded hierarchy (g4, hy) defines an ultrametric;
we denote this ultrametric by e and will prove that e is the maximal subdom-
inant ultrametric for d. Recall that e is given by

e(z,y) = minfha(W) | {z,y} € W}

and that hq(W) is the least value of d(u,v) such that u € U,v € Vif W € 7,
is obtained by fusing the blocks U and V of 7, 1. The definition of e(x,y)
implies that we have neither {z,y} C U nor {z,y} C V. Thus, we have either
xeUandyeVorazeVandyeU. Thus, e(x,y) < d(z,y).

We now prove that:

e(z,y) = min{ampy(s) | s € S(x,y)}

for xz,y € S.

Let D be the minimal set in H,; that includes {x,y}. Then, D = BUC,
where B and C are two disjoint sets of H4 such that x € B and y € C. If s is
a sequence included in D, then there are two consecutive components of s, s
and spy1, such that s € B and siy; € C. This implies

e(z,y) = min{d(u,v) | v € B,v € C}
< d(sk, Sk+1)
< ampy(s).

If s is not included in D, let s, and 5,41 be two consecutive components of
s such that s, € D and sqr1 ¢ D. Let I be the smallest set of 34 that
includes {sq,sq+1}. We have D C E (because s € D N E) and therefore
ha(D) < hg(E). If E is obtained as the union of two disjoint sets £’ and E”
of Hy such that s € E' and sgy1 € E”, we have D C E’. Consequently,

he(E) = min{d(u,v) | v € E',v € E"} < d(sk, Sk+1),
which implies
e(z,y) = ha(D) < ha(E) < d(sk, sp+1) < ampgy(s).

Therefore, we conclude that e(z,y) < amp,(s) for every s € S(z,y).
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We now show that there is a sequence w € S(x,y) such that e(z,y) >
amp,(w), which implies the equality e(z,y) = amp,(w). To this end, we prove
that for every D € m, C H, there exists w € S(z,y) such that ampy(w) <
ha(D). The argument is by induction on k.

For k = 1, the statement obviously holds. Suppose that it holds for
1,....,k—1, and let D € 7. The set D belongs to mp_1 or D is obtained
by fusing the blocks B,C of mp_1. In the first case, the statement holds by
inductive hypothesis. The second case has several subcases:

(i) If {z,y} C B, then by the inductive hypothesis, there exists a sequence

u € S(x,y) such that amp,(u) < hq(B) < hq(D) = e(x,y).

(ii) The case {z,y} C C is similar to the first case.

(iii) If x € B and y € C, there exist w,v € D such that d(u,v) = hy(D).
By the inductive hypothesis, there is a sequence u € S(z,u) such
that ampg(u) < hg(B) and there is a sequence v € S(v,y) such that
ampy(v) < hg(C). This allows us to consider the sequence w obtained
by concatenating the sequences u,(u,v),v; clearly, w € S(x,y) and
ampy(w) = max{amp,(u), d(u, v), ampy(v)} < ha(D).

To complete the argument, we need to show that if e’ is another ultrametric
such that e(x,y) < €'(x,y) < d(z,y), then e(x,y) = ¢/(z,y) for every z,y € S.
By the previous argument, there exists a sequence s = (sg,...,8,) € S(z,9)
such that amp,(s) = e(x,y). Since €'(x,y) < d(z,y) for every x,y € S, it
follows that €'(x,y) < ampy(s) = e(x,y). Thus, e(z,y) = €'(x,y) for every

z,y € S, which means that e = ¢’. This concludes our argument.

10.5 Metrics on R™

Data sets often consist of n-dimensional vectors having real number compo-
nents. Dissimilarities between these vectors can be evaluated by using one
of the metrics that we present in this section. We begin with two technical
results.

Lemma 10.41. Let p,q € R — {0,1} such that % + % = 1. Then we have
p > 1 if and only if ¢ > 1. Furthermore, one of the numbers p,q belongs to
the interval (0,1) if and only if the other number is negative.

Proof. We leave to the reader the simple proof of this statement. O

Lemma 10.42. Let p,q € R—{0,1} be two numbers such that % —&—% =1 and
p > 1. Then, for every a,b € R>q, we have

al  b?
abg 7—’_77
p q

where the equality holds if and only if a = b T
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Proof. By Lemma 10.41, we have ¢ > 1. Consider the function f(x) = % +
% —z for z > 0. We have f/'(z) = 2P~! — 1, so the minimum is achieved when
x=1and f(1) = 0. Thus,

f (ab—ﬁ) > f(1) =0,

which amounts to .
|
@I L s,
p q

By multiplying both sides of this inequality by bﬁ, we obtain the desired
inequality. O

Observe that if % + % =1 and p < 1, then ¢ < 0. In this case, we have the
reverse inequality
aP?  be
ab> — 4+ —. (10.6)
p q
which can be shown by observing that the function f has a maximum in x = 1.

The same inequality holds when ¢ < 1 and therefore p < 0.

Theorem 10.43 (The Holder Inequality). Let ay, .. .,a, andby, ..., b, be
2n nonnegative numbers, and let p and q be two numbers such that ]%Jr% =1

and p > 1. We have
1
n n n q
i=1 i=1 i=1
Q; b;

Proof. Define the numbers
— and y; = —
iz a}) (i b))

for 1 <i < n. Lemma 10.42 applied to x;,y; yields

=

xTr; =

T=

(S al) (0 b0 P i a i b

i—=1 4 i=1Y

Adding these inequalities, we obtain

n n % n %
(54 (59
i=1 i=1 i=1
because % + % =1. 0O
The nonnegativity of the numbers aq, ..., a,,b1,...,b, can be relaxed by
using absolute values. Indeed, we can easily prove the following variant of
Theorem 10.43.
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Theorem 10.44. Let ay,...,a, and by, ..., b, be 2n numbers and let p and
q be two numbers such that % + % =1andp>1. We have

zn:aibi < (i ai|p> P . <i bi|q> a .
=1 =1 =1

Proof. By Theorem 10.43, we have

Z|ai”bi| < (Z |ai|p> : (Z |bi|q> :
i=1 i=1 i=1

The needed equality follows from the fact that

n n
D aibi| < lail[bil-
i=1 i=1

O

Corollary 10.45 (The Cauchy Inequality). Let aq,...,a, and by,...,b,
be 2n numbers. We have

n

Z aZbL

i=1

n n

< D lasl? - | (bl

i=1 i=1

Proof. The inequality follows immediately from Theorem 10.44 by taking p =
q=2. O

Theorem 10.46 (Minkowski’s Inequality). Let ai,...,a, and by,...,b,
be 2n nonnegative numbers. If p > 1, we have

(e vor) = () + ()

If p < 1, the inequality sign is reversed.

Proof. For p = 1, the inequality is immediate. Therefore, we can assume that
p > 1. Note that

n

Z(ai +0;)P = zn:ai(ai +b)P 7+ ibi(ai + ;)P

i=1 i=1 i=1

By Holder’s inequality for p, ¢ such that p > 1 and % + % =1, we have
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1
> ai(a; +bi)P (Z aﬁ’) < (a; +bi)(p_1)q>
1=1 =1 =1

( ' (a¢+bi)p>q.

(iwb

= 1[-

I
z ~
i M s
[

Q

&
\/

3 =

Similarly, we can write

Zb a; +b;)"! (pry

i=1

v
Q=

Adding the last two inequalities yields

Zn:(ai—kbi)pé (Za) <pr>; (i(ai—kbi)p)q,

i=1

which is equivalent to the desired inequality

(o) = (E2) + (B0)

Corollary 10.47. For p > 1, the function v, : R" — R>( defined by

n B
Vp(z1,...,¢p) = <Z|xz|p> )
i=1

where € = (21,...,x,) € R", is a norm on the linear space (R",+,-).

O

Proof. We must prove that v, satisfies the conditions of Definition 2.47. The
argument for the first two parts of this definition are immediate and are left
to the reader.

Let x = (z1,...,2n), Yy = (Yy1,.-.,¥n) € R". Minkowski’s inequality ap-
plied to the nonnegative numbers a; = |z;| and b; = |y;| amounts to

(i(lxz + lyil) ) (Z |sz”> (i Iyil”);

Since |z; + y;| < |zi| + |ys| for every i, we have

(é('xﬁy’) (lezlp>l (iﬁ;mw);,

that is, vp(x +y) < vp(x) + vp(y). Thus, v, is a norm on R™". O
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Exzample 10.48. Consider the mappings v1, Vo : R — R given by
vi(x) = [z1] + |za| 4+ -+ + |znl,
Voo (x) = max{|x1], 22|, ..., |zal},

for every x = (z1,...,2,) € R". Both v; and v are norms on R". However,
neither 1 nor v, are generated by an inner product on R" (see Exercise 19).

We will frequently use the alternative notation || x ||, for v,(x).
A special metric on R" is the function v : R™ — Rxq given by

Voo (x) = max{|z;| | 1 <i<n} (10.7)

for x = (z1,...,2,) € R".
Vs clearly satisfies the first two conditions of Definition 2.47. To prove
that it satisfies the third condition, we start from the inequality

‘xi + yi‘ < |‘TZ| + |yz| < VOO(X) + Voo(y)
for every i, 1 < i <mn. This in turn implies
Voo(x+y) = max{|z; + yi| | 1 <i<n}t <ve(X)+ vaoly),

which gives the desired inequality.

This norm can be regarded as a limit case of the norms v,. Indeed, let
x € R" and let M = max{|z;| | 1 <i < n} = |xy| = = |xg,| for some
ly,... by, where 1 < {y,..., 0, <mn. Here z4,,...,24, are the components of
x that have the maximal absolute value and k£ > 1. We can write

. . VLAY T 1
lim v,(x) = lim M = lim M(k)» = M,

pmee p( ) pmee <; < M p—0o0 ( )
which justifies the notation v.

The following statement holds for every linear space and therefore for the
linear space (R", +,).

Theorem 10.49. Each norm v : L — Rxq on a metric space (L, +,-) gen-

erates a metric on the set L defined by d,(x,y) =|| € — y || for z,y € L.

Proof. Note that, by the first property of norms from Definition 2.47, if
d,(x,y) =|| x —y ||= 0, it follows that x —y = 0; that is, x = y.

The symmetry of d,, is obvious and so we need to verify only the triangular
axiom. Let x,y,z € L. Applying the third property of Definition 2.47, we have

vix—z) =v(x—y+y—2z) <vix-y)+v(y -2

or, equivalently, d,(x,z) < d,(x,y) + d.(y,z), for every x,y,z € L, which
concludes the argument. 0O
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We refer to d, as the metric induced by the norm v on the linear space
(L,+,-).

For p > 1, then d, denotes the metric d,,, induced by the norm v, on the
linear space (R",+, ) known as the Minkowski metric on R".

If p = 2, we have the Fuclidean metric on R™ given by

n

da(x,y) = Z |z — yil* = Z(Ii —¥i)*
i=1

i=1

For p =1, we have
n

di(xy) = [a: — vl
i=1
These metrics can be seen in Figure 10.11 for the special case of R?. If
x = (z9,x1) and y = (Yo, y1), then da(x,y) is the length of the hypotenuse of

the right triangle and d;(x,y) is the sum of the lengths of the two legs of the
triangle.

y = (yo,y1)

x = (2o, %1) (yo, 1)

Fig. 10.11. The distances di(x,y) and da2(x,y).

Theorem 10.51 to follow allows us to compare the norms v, (and the met-
rics of the form d),) that were introduced on R". We begin with a preliminary
result.

Lemma 10.50. Let ay, ..., a, be n positive numbers. If p and q are two pos-
itive numbers such that p < q, then

1 1
(@ 4+ +al)F = af + -+ al)

Proof. Let f: R”° — R be the function defined by
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Since In (a© -
In f(r) = oL ¥ o)
r
it follows that
ffiry 1, ” 1 aflnay+---+allna,
f(?")i rg(a1+ +an)+r a714++a; .

To prove that f/(r) < 0, it suffices to show that

ajlna, +---+al lna, - In(a] +---+aj)
ai +---+ay - T

This last inequality is easily seen to be equivalent to

n

al a
Z — L In——~L—— <0,
i:1a1+...+an a1+...+an

which holds because

for1<i<n. O

Theorem 10.51. Let p and q be two positive numbers such that p < q. For
every u € R, we have || w ||,>| w ||,

Proof. This statement follows immediately from Lemma 10.50. O

Corollary 10.52. Let p, q be two positive numbers such that p < q. For every
z,y € R", we have d,(x,y) > dy(x, y).

Proof. This statement follows immediately from Theorem 10.51. O
Theorem 10.53. Let p > 1. For every © € R™ we have
2 o<l @ [p<nl 2 -

Proof. The first inequality is an immediate consequence of Theorem 10.51.
The second inequality follows by observing that

-

n P
I = (Z |xz-|p) <n max o =n | x s -
i=
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Corollary 10.54. Let p and q be two numbers such that p,q > 1. There ezist
two constants ¢,d € R such that

clal<lzl,<dl 2,
for x € R™.

Proof. Since || X |loo<|| x ||, and || z [[;< n || X ||co, it follows that || z ||,<
n || x ||,- Exchanging the roles of p and ¢, we have || z |[,<n || x ||4, so

1
—lxlleslxlp=n x|,

for every x e R". O

Corollary 10.55. For every x,y € R" and p > 1, we have doo(x,y) <
dy(z,y) < nd(,y). Further, for p,q > 1, there exist ¢,d € Rso such that

cdy(z,y) < dp(z,y) < cdy(z, y)
for x,y e R™.

Proof. This follows from Theorem 10.53 and from Corollary 10.55. O
Corollary 10.52 implies that if p < g, then the closed sphere By, (x,) is
included in the closed sphere By, (x,7). For example, we have

Bd1 (07 1) - de (O’ 1) - Bdoo (07 1)'

In Figures 10.12 (a) - (c¢) we represent the closed spheres By, (0,1), Bg,(0,1),
and Bdoc (0, 1).

(a) (b) (c)
Fig. 10.12. Spheres Bg,(0,1) for p = 1,2, cc.

An useful consequence of Theorem 10.43 is the following statement:

Theorem 10.56. Let x1, ...,z and y1, ..., Yn be 2m nonnegative numbers
such that Z:’;l T = Z:;l y; = 1 and let p and q be two positive numbers such
that % + % = 1. We have
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1 1

1 1 1
Proof. The Holder inequality applied to x{, ...,z and yy, ...,y yields the

needed inequality
m 1 m m
Dowiy <> Y =
= ol

-Q\»—A

O
Theorem 10.56 allows the formulation of a generalization of the Holder
Inequality.

Theorem 10.57. Let A be an nxm matriz, A = (a;;), having positive entries
such that Z;nzl ai; =1 for1 <i<n.Ifp=(p1,....pn) s an n-tuple of
positive numbers such that 2?21 p; =1, then

3| G

j=1i=1

Proof. The argument is by induction on n > 2. The basis case n = 2 follows
immediately from Theorem 10.56 by choosing p = =-, ¢ = =, ©; = a1, and
y; = agj for 1 < j <m.

Suppose that the statement holds for n, let A be an (n + 1) X m-matrix
having positive entries such that Z;nzl aj; = 1for 1 <i<n+1, and let
P = (P1,,PnsPnt+1) be such that py + -+ p, +ppp1 = 1.

It is easy to see that

m n+l

E Pi § p1 Pn 1 \PntPn41
H 1]§ al_] n— 1]an]+an+1])" .

=1 1=1

By applying the inductive hypothesis, we have

m n+1
STl <1
j=1i=1
O
A more general form of Theorem 10.57 is given next.
Theorem 10.58. Let A be an n x m matriv, A = (a;;), having positive
entries. If p = (p1,...,pn) s an n-tuple of positive numbers such that
S pi=1, then »
m n n m pi
> IIal <1 {2
j=1i=1 i=1 \j=1

Proof. Let B = (b;;) be the matrix defined by
Qg5

by = =9
J mo
Zj:l Qij
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for1<i<nand1l < j<m.Since Z;":l b;j = 1, we can apply Theorem 10.57
to this matrix. Thus, we can write

Sl Sl ()

I
NERD
=N
5
= |
=

O
We now give a generalization of Minkowski’s inequality (Theorem 10.46).
First, we need a preliminary result.

Lemma 10.59. If a1,...,a, and by, ..., b, are positive numbers and r < 0,

then .
Zarbl = <z> -<Zbi>
=1 =1

Proof. Let ci,...,¢n,d1,. .., d, be 2n positive numbers such that Y . ¢; =
1

1
>, di = 1. Inequality (10.6) applied to the numbers a = ¢/ and b = d;@
yields:

1—r

1 1 d
cldf >S4 2
p q

Summing these inequalities produces the inequality

"oo11

Zcip diq Z 1)

i=1
or

Zcrdl ">1,

=1 i L Qi o= b :

where r = > < 0. Choosing ¢; = ST and d; = s We obtain the
desired inequality. 0O

Theorem 10.60. Let A be an n x m matriz, A = (a;;), having positive
entries, and let p and q be two numbers such that p > q and p # 0, ¢ # 0. We
have

Qe
S

S (50)) = [ (5

j=1 \i=1 i=1 \j=1
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Proof. Define

S
I
NE
oS
[
S
N——
(1)
Ql

Qs
10

and u; = Z;”:l agj for 1 <i<n.

There are three distinct cases to consider related to the position of 0
relative to p and q.

Suppose initially that p > g > 0. We have

3 p_1
D __ n q _ n It
FP=3%"" u =D i Wil

P_1q p_1q
= Z:‘L:l Z;‘n:1 agjuiq = Zybﬂ Z:‘L:l agjuiq .

By applying the Holder inequality, we have

Satul (Z(a?j)5> (Z(up1)> : (10.8)

i=1 i=1

q _a
n D n 2 1

— p . q

= E :a’ij E ,“L )
i=1 =1

which implies FP < F1FP~1, This, in turn, gives F'? < F9, which implies the
generalized Minkowski inequality.

Suppose now that 0 > p > ¢, so 0 < —p < —q. Applying the generalized
Minkowski inequality to the positive numbers b;; = i gives the inequality

S

IN

b~

1
P

Y]

\%
M-
g
&
<

£ (50)

j=1 \i=1

s
Il

-
<
Il

-

which is equivalent to

<3
|
Sl

<
Il

—
~
Il

—

v
M=

iNg
S

i <i a§j>

j=1 \i=1

A last transformation gives
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S

1
m n % P n m
q p
> 2dd S DI DI B
1

j=1 \i=1 =1 \Jj=

which is the inequality to be proven.
Finally, suppose that p > 0 > ¢. Since % < 0, Inequality (10.9) is replaced
by the opposite inequality through the application of Lemma 10.59:

a 1—4
n v p_1q n » P n P P
a . q
E @ > E @y E u; .
i=1 i=1 =1

This leads to FP > E1FP~% or F4 > E9. Since ¢ < 0, this implies F < E. O

10.6 Metrics on Collections of Sets

Dissimilarities between subsets of finite sets have an intrinsic interest for data
mining, where comparisons between sets of objects are frequent. Also, metrics
defined on subsets can be transferred to metrics between binary sequences us-
ing the characteristic sequences of the subsets and thus become an instrument
for studying binary data.

A very simple metric on P(59), the set of subsets of a finite set S is given
in the next theorem.

Theorem 10.61. Let S be a finite set. The mapping § : (P(S))? — Rxo
defined by §(X,Y) = |X @ Y] is a metric on P(S).

Proof. The function ¢ is clearly symmetric and we have §(X,Y) = 0 if and
only if X =Y. Therefore, we need to prove only the triangular inequality

XaeY|<|XaeZ+|ZaY|

for every X, Y, Z € P(S).

Since XY =(X@Z)e(ZaY),wehave | XY | < | X Z|+|ZaY],
which is precisely the triangular inequality for §. O

For U,V € P(S), we have 0 < 6(U,V) < |S|, where §(U,V) = |S] if and
only if V.=S5-U.

Lemma 10.62. Let d : S x S — Rx>q be a metric and let w € S be an
element of the set S. Define the Steinhaus transform of d as the mapping
dy : S xS — Rxq given by

0 ’Lf.’L' =Yy=u
du(z,y) = d(z,y) otherwise
d(z,y)Fd(z,u)+d(w,y) '

Then, d, is a metric on S.
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Proof. Tt is easy to see that d,, is symmetric and, further, that d,(z,y) = 0 if
and only if z = y.
To prove the triangular inequality, observe that a < a’ implies

a a’

at+k ~ a +k

(10.9)

which holds for every positive numbers a, a’, k. Then, we have

&
s

du(.’li,y) =

which is the desired triangular inequality. O

Theorem 10.63. Let S be a finite set. The function d : P(S)? — Rsg
defined by

X aY]

IXUY]|

d(X,Y) =
for X, Y € P(S) is a metric on P(S5).

Proof. Tt is clear that d is symmetric and that d(X,Y) = 0 if and only if X =
Y. So, we need to prove only the triangular inequality. The mapping ¢ defined
by 6(X,Y) = |X ¢ Y] is a metric on P(X), as we proved in Theorem 10.61.
By Lemma 10.62, the mapping dy is also a metric on P(S). We have

(X aY]|

Sp(X,Y
o )= IXaY|+|Xal+0aY|

Since X 20 =X,00Y =Y, we have
IXeY|+|Xal+0aY|=|XaY|+|X|+]|V]|=2/XUY]|

which means that 25p(X,Y) = d(X,Y) for every X,Y € P(S). This implies
that d is indeed a metric. 0O
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Theorem 10.64. Let S be a finite set. The function d : P(S)*> — Rxg

defined by Xov
S

S| =X NnY]|
for XY € P(S) is a metric on P(S).

dX,Y) =

Proof. We only prove that d satisfies the triangular axiom. The argument
begins, as in Theorem 10.63, with the metric §. Again, by Lemma 10.62, the
mapping g is also a metric on P(S). We have

X aY|
IXoY|+|XaS| +|SaY]
_ X oY
XY+ |S-X|+|S-Y]
B X aY]
CXeY|+|S-X|+|S-Y]|
__ 1Xaev]
2(]S| = |x nYY)

55(X,Y) =

because | X @ Y| +|S — X|+|S = Y| = 2(|S| — |X NY]), as the reader can
easily verify. Therefore, d(X,Y) = 265(X,Y"), which proves that d is indeed
a metric. O
A general mechanism for defining a metric on P(S), where S is a finite set,
|S| = n, can be introduced starting with two functions:
1. a weight function w: S — Rx>q such that > {w(z) | z € S} =1 and
2. an injective function ¢ : P(S) — (S — R).
The metric defined by the pair (w, ¢) is the function dy, , : P(5)* — Rxg
defined by

Q=

dy o (X,Y) <Zw cp(Y)(S)Iq>

seS

for X,Y € P(5).
The function w is extended to P(S) by

= {w(@) |z €T}

Clearly, w(?) = 0 and w(S) = 1. Also, if P and @ are two disjoint subsets, we
have w(P U Q) = w(P) + w(Q).

We refer to both w and its extension to P(S) as weight functions.

The value ¢(T') of the function ¢ is itself a function p(T) : S — R, and
each subset T of S defines such a distinct function. These notions are used in
the next theorem.
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Theorem 10.65. Let S be a set, w : S — R>g be a weight function, and
p:P(S) — (S — R) be an injective function.

If w(z) > 0 for every x € S, then the mapping dy, : (P(5))? — R
defined by

o (U, V) = (Z w(@)|p(U)(x) - sD(V)(OJ)I”> p (10.10)

zes

for U,V € P(S) is a metric on P(S).

Proof. 1t is clear that dy (U, U) = 0. If dy,,(U,V) = 0, then ¢(U)(z) =
o(V)(x) because w(xz) > 0, for every x € S. Thus, o(U) = ¢(V), which
implies U = V' due to the injectivity of .

The symmetry of d, ., is immediate.

To prove the triangular inequality, we apply Minkowski’s inequality. Sup-
pose that S = {xg,..., 2,1}, and let U, V, W € P(S). Define the numbers

c
—~
8

j‘

&

I
£
=

Tl = =
€ € €
<
o

8

:S-/

w (i),

o
S
I
—
g
A
8
$
N
=

for 0 <i <n — 1. Then, by Minkowski’s inequality, we have

n—1 % n—1 % n—1 %
(zmi-w) <<zai—ci|p> +<z|ci-w> ,
=0 i=0 =0

which amounts to the triangular inequality dy (U, V) < dy (U, W) +
dy,»(W, V). Thus, we may conclude that d,, , is indeed a metric on P(S).
O

Ezample 10.66. Let w : S — [0, 1] be a positive weight function. Define the
function ¢ by

—L_ ifzreU,
p(U)(x) = ¢ Vo)
0 otherwise.
It is easy to see that o(U) = ¢(V) if and only if U = V, so ¢ is an injective
function.
Choosing p = 2, the metric defined in Theorem 10.65 becomes

dyy (U V) = (Z w(@)|p(U)(x) —sD(V)(fE)I2> :

zesS

Suppose initially that neither U nor V are empty. Several cases need to be
considered:
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1.If z e UNYV, then

The total contribution of these elements of S is

1 1 2
MU0W<wwy+MVY_1meWJ'

If x €e U -V, then

le(U)(@) = o(V)(@)* = ——=

w(U)
and the total contribution is w(U — V)W'
2. When z € V — U, then
1
— 2 e —
[P(0)(@) = (V@) = =

and the total contribution is w(V — U)(—

)’
3. Finally, if z ¢ U UV, then |p(U)(x) — (V) (x)|> =
Thus, we can write

2 — L ! =
dy o (UV) = w(UNV) (w(U) Twv) w(U)w<V>>
1
FwU = V)——= (U) +w(V - U)w(V)
wUAV) +wU-V) , wlUNV)+w(V-0)
w(U) w(V)
_2wUnV)
w(U)w(V)

_o(1_ wUNV)
w(@)w(V) )
where we used the fact that w(UNV) +w(U —V) =w(U) and w(UNV) +
w(V —U) =w(V). Thus,

do (U V)= |2[1- _wnv)
w(U)w(V)
If U # 0 and V = 0, then it is immediate that d,, ,(U,0) = 1. Of course,
w,e(0,0) = 0.
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Thus, the mapping d,,, defined by

0 ifU =V =1,
1 ifU#Pand V =0,
dw (U, V)=<(1 ifU=0andV #0,

__wUnv) .
\/2 (1 —w(U)w(V)> if U0 and V #£0,
for U,V € P(S) is a metric, which is known as the Ochiai metric on P(S5).

Ezxample 10.67. Using the same notation as in Example 10.66 for a positive
weight function w : S — [0, 1], define the function ¢ by

L ifreU
U)(z) = »@ ’
P(U)(@) {0 otherwise.

It is easy to see that ¢ is an injective function.
Suppose that p = 2 in Equality (10.10). If U # @ and V # (), we have the
following cases:
1.Ifx € UNYV, then

The total contribution of these elements of S is

1 1 2
wnv) (w(U)? T wvE T w<U>w<V>) '
If x € U -V, then

1
. 2 —
[P0)(a) ~ (V)@ = oo
and the total contribution is w(U — V)W
2. When z € V — U, then
1
— 2 —
P0)@) ~ e V)@ =

and the total contribution is w(V — U)W
3. Finally, if z ¢ U UV, then |p(U)(x) — p(V)(z)* = 0.
Summing up these contributions, we can write

, ! 1 - wUNV)
doy o (U, V) = w(U) * w(V)  “wl)w(V)
(

~wU)+wV)-20wUNV)
- w(l)w(V)
w(lU V)

w(l)w(V)’
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IV =0,dy,U0 = ,/ﬁU); similarly, dy,,(0,V) = ,/ﬁ.
We proved that the mapping d,, , defined by

wlWOV)_ i {7 £ () and V # 0,

w(D)w(V)

- if U AV =0,
by = VAT AR

\ w07y ifU=0and V # 0,

0 if U=V =1,

for U,V € P(S), is a metric on P(S) known as the x? metric.

10.7 Metrics on Partitions

Metrics on sets of partitions of finite sets are useful in data mining because
attributes induce partitions on the sets of tuples of tabular data. Thus, they
help us determine interesting relationships between attributes and to use these
relationships for classification, feature selection, and other applications. Also,
exclusive clusterings can be regarded as partitions of the set of clustered ob-
jects, and partition metrics can be used for evaluating clusterings, a point of
view presented in [97].

Let S be a finite set and let m and ¢ be two partitions of S. The equivalence
relations p, and p, are subsets of S x S that allow us a simple way of defining
a metric between m and o as the relative size of the symmetric difference
between the sets of pairs p, and p,,

1 1
6(m, o) ::Izﬂg‘Pw D po| = tgz7 (pxl + 1po| = 2]px N pol) - (10.11)

|51
If 7 ={Bi,...,Bn}and 0 = {C1,...,C,}, then there are " | |B;|? pairs in
Prs 2i—1 |C5]? pairs in py, and 377 377 | B N C;]* pairs in pr N py. Thus,
we have

1 m n n n
6(#,0):@ STIBIP+ Y ICP=2> > IBinCP | . (10.12)
i=1 j=1

i=1j=1

The same metric can be linked to a special case of a more general metric
related to the notion of partition entropy.
We can now show a central result.

Theorem 10.68. For every 3 > 1 the mapping dg : PART(S)*> — Rxg
defined by
dg(m, o) = Hg(w|o) + Hp(o|m)

for m,0 € PART(S) is a metric on PART(S).
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Proof. A double application of Corollary 8.50 yields

Hp(mlo) + Hp(o|r) = Hp(x|7),
Hp(o|m) + Hp(rlo) = Hp(r|m).

Adding these inequalities gives
dg(m, o)+ dg(o, 1) > dg(m,7),

which is the triangular inequality for dg.

The symmetry of dg is obvious, and it is clear that dg(m,m) = 0 for every
m € PART(S).

Suppose now that dg(m, o) = 0. Since the values of S-conditional entropies
are nonnegative, this implies Hg(n|o) = Hg(o|r) = 0. By Theorem 8.40, we
have both ¢ < 7 and 7 < o, so m = ¢. Thus, dg is a metric on PART(S). O

An explicit expression of the metric between two partitions can now be
obtained using the values of conditional entropies given by Equality (8.5),

dﬁ(ﬂ—a 0)

m m n

:W STBIP+> 1P =23 Y BinCyl? |,
j=1

i=1 i=1j=1

where 71 = {By,...,By} and ¢ = {C4,...,C,} are two partitions from
PART(S).
In the special case 3 = 2, we have

do(,0)

2 m n m n
S LTS TR B LA )
i=1 j=1

i=1 j=1

which implies da(7,0) = 20(w, o), where ¢ is the distance introduced by using
the symmetric difference in Equality (10.12).

It is clear that dg(m,ws) = Hg(m) and dg(m,ag) = H(ag|r). Another
useful form of dg can be obtained by applying Theorem 8.41. Since Hg(7|o) =
Ha(m A o) —Hg(o) and Hg(o|r) = Hg(m A o) — Hg(o), we have

dg(m,0) =2Hg(m N o) — Ha(m) — Ha(o), (10.13)
for m,0 € PART(S).

The behavior of the metric dg with respect to partition addition is dis-
cussed in the next statement.

Theorem 10.69. Let S be a finite set and w and 0 be two partitions of S,
where @ = {Dy,...,Dp}. If 0; € PART(D;) for 1 < ¢ < h, then we have
o1+ +o, <0 and
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h g
D;
dg(m,o1+---+op) = Z (|S||) dg(mp,,0:) + Ha(0|).
i=1

Proof. This statement follows directly from Theorem 8.48. O
Theorem 10.70. Let o and 0 be two partitions in PART(S) such that
0={Dy,...,Dp}

and o < 0. Then, we have

i('f;') 4o (0., 7.)

i=1

Proof. In Theorem 10.69, take m = 0 and 0; = op, for 1 <4 < h. Then, it is
clear that o0 = 01 + - - - + 0, and we have

h B
D;
dﬁ(@,O’): (||S|) dﬂ(wDi’UDi)
1=1

because 0p, =wp, for 1 <i< h. O
The next theorem generalizes a result from [97].

Theorem 10.71. In the metric space (PART(S),dg), we have that
(i) if o < m, then dg(m,0) = Ha(o) — Hp(m),

(ii) dg(as, o) +dg(o,ws) = dg(as,ws), and

(iil) dg(m,m AN o) +dg(m ANo,o) = dg(m,0)

for all partitions m,0 € PART(S).

_ 1T’
Furthermore, we have dg(wp, ar) =

To1=5 for every subset T of S.
Proof. The first three statements of the theorem follow immediately from
Equality (10.13); the last part is an application of the definition of dg. O

A generalization of a result obtained in [97] is contained in the next state-
ment, which gives an axiomatization of the metric dg.

Theorem 10.72. Let d : PART(S)?> — Rxq be a function that satisfies the
following conditions:

(D1) d is symmetric; that is, d(m,0) = d(o, 7).

(D2) d(ag,0) + d(o,ws) = d(ag,ws).

(D3) d(m,0) =d(m,m Ao)+d(m No,o).

(D4) if 0,0 € PART(S) such that @ = {D1,...,Dp} and o <0, then we have

h N
d(0,0) = Z; (@") d(wp,,0D,).

(D5) d(wr,ar) = 1;‘;‘1:55 for every T C S.
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Then, d = dg.

Proof. Choosing o = ag in axiom (D4) and using (D5), we can write
h )
D;
d(as, 9) = Z (||S||) d(wD“aDi)
i=1
_ 3o (12 11D
IE=ANE 1-—21-8

_ X 1D -S|
(1= 2-A)[SpF

From Axioms (D2) and (D5) it follows that

d(a,ws) = d(as,ws) — d(as, 0)

e e Wiy I | G ]

1-21-8 (1—21-8)|98

ISP - D)
(1—21-7)[S)P

Now let m,0 € PART(S), where m = {By,..., B} and 0 = {C1, . . .,

397

Ol

Since 7 Ao < 7 and op, = {C1 N B;,...,C, N B;}, an application of Axiom

(D4) yields:

d(wp,, (T No)p,)

)
)

d(m,m N o) :Z (Hif”

P1Bil? = 3 |Bin Gl
1_21 B,

1 n n
= DL B LRI
i=1

j=11i=1

because (r Ao)p, =op,. O
By Axiom (D1), we obtain the similar equality

1 m n n
_ 8 ) |8
d(r No,o) = TP EEISE E_l | B;] E E |B; NC;|7 |,

j=1i=1

which, by Axiom (D3), implies:
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n n

d(m,0) = m Z|B|5+Z|C|ﬁ—2ZZ|B NGyl | ;

j=11i=1

that is, d(7,0) = dg(m,0). O

10.8 Metrics on Sequences

Sequences are the objects of many data mining activities (text mining, bio-
logical applications) that require evaluation of the degree to which they are
different from each other. For a fixed n, we can easily define a metric on the
set Seq,,(5) as

for every x = (z¢,...,2n—1) and y = (yo,...,Yn—1) in Seq,,(S). This is a
rather rudimentary distance known as the Hamming distance on Seq,,(.5).
If we need to compare sequences of unequal length, we can use an extended
metric d’ defined by

% if x| # [yl-

The Hamming distance is not very useful in this context due to its inability to
measure anything but the degree of coincidence between symbols that occur in
similar position. A much more useful tool is Levenshtein’s distance, introduced
in [88], using certain operations on sequences.

Recall that we introduced the notion of replacement of an occurrence (y, i)
in a sequence x in Definition 1.94 on page 28.

Definition 10.73. Let S be a set and let € Seq(S). The insertion of s € S
in x at position i yields the sequence

is.i(x) = replace (x, (A7), s),

where 0 < i < |a|.
The deletion of the symbol located at position 7 yields the sequence:

di(x) = replace (x, (z(i),7),A),

where 0 < i < |z| — 1.
The substitution of s € S at position 7 by s’ produces the sequence

537i78' (33) = replace (:1:7 (57 l)v S/)7

where 0 <4 < |a| — 1.
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In Definition 10.73, we introduced three types of partial functions on the
set of sequences Seq(S), is,i,di, and s ; ¢, called insertion, deletion, and sub-
stitution, respectively. There partial functions are collectively referred to as
editing functions. Observe that, in order to have x € Dom(d;), we must have
|x| > i.

Definition 10.74. An edit transcript is a sequence (fo, f1,..., fr—1) of edit
operations.

Ezample 10.75. Let S be the set of small letters of the Latin alphabet, S =
{a,b,...,z}, and let x = (m,i,¢,k,e,y), y = (m,o,u,s,e). The following
sequence of operations transforms x into y:

Step|Sequence Operation
0 |(m,i,c,k,e,y) |si1.0
(m,o,¢,k,e,y)|Sc2u
(m,o,u,k,e,y)|ds
(m,o,u,e,y) |ds
(
(
(

m,o,u, y) 's,3
m70au757y) Sy,4,e
m,o,u, s, e)

S T W N~

The sequence
(si,l,m Sc,2,us d3, d37 iS,3a sy,4,e)

is an edit transcript of length 6.

If (fo, f1,---, fx—1) is an edit transcript that transforms a sequence x into
a sequence y, then we have the sequences zg,z1,...,2; such that zy = x,
z; € Dom(f;), and f;(z;) = z;41 for 0 < ik — 1 and z; = y. Moreover, we can
write

Y = Jea(-- filfox)) ).

Theorem 10.76. Let £ : Seq(S) x Seq(S) — Rx¢ be a function defined by
Lz, y) = n if n is the length of the shortest edit transcript needed to transform
x into y. The function £ is a metric on Seq(S).

Proof. Tt is clear that ¢(x,x) = 0 and that ¢(x,y) = {(y, x) for every x,y €
Seq(.S). Observe that the triangular inequality is also satisfied because the
sequence of operations that transform x into y followed by the sequence of
operations that transform y into z will transform x into z. Since the smallest
such number of transformations is ¢(x,z), it follows that

lx,z) < Ux,y)+Ly,z).

This allows us to conclude that £ is a metric on Seq(S). O
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We refer to ¢ as the Levenshtein distance between x and y.

Recall that we introduced on page 27 the notation x;; for the infix
(2i,..., ;) of a sequence x = (x¢,...,Tn_1).

Let x = (20,...,2p—1) and y = (Yo,-..,Ym—1) be two sequences and
l;j(x,y) be the length of a shortest edit transcript needed to transform xg ;
¥o,; for =1 <4 <[x[ and —1 < j < [y]. In other words,

lij = £(x0,i,Y0.5) (10.14)

for0<i<n-—1and 0 <j<m-—1, where n = |x| and m = |y|.

When i = —1, we have xo 1 = A; similarly, when j = -1, y, _; = A
Therefore, [_; ; = j since we need to insert j elements of S into A to obtain
Yo,j—1 and l; 1 = ¢ for similar reasons.

To obtain an inductive expression of /;;, we distinguish two cases. If z; =
y;, then [; ; = l;_1 j_1; otherwise (that is, if x; # y;) we need to choose the
edit transcript of minimal length among the following edit transcripts:

(i) the shortest edit transcript that transforms xg; into y, ;_; followed by
lzs,5
(ii) the shortest edit transcript that transforms xo ;1 into y, ; followed by
dg;
(iii) the shortest edit transcript that transforms x ;-1 into y ;_; followed by
substitution s, ;.. if ; # y;.
Therefore,

Lij=min{l; 1 ; + 1,01+ 1,121+ 0(4,7)}, (10.15)

where

1 otherwise.

o —
6<z‘,j>—{0 ol

The numbers [;; can be computed using a bidimensional (m + 1) x (n + 1)
array L. The rows of the array are numbered from —1 to |x| — 1, while the
columns are numbered from —1 to |y| — 1. The component L;; of L consists
of a pair of the form (I;;, A;;), where A;; is a subset of the set {T,—,\}.

Initially, the first row of L is Ly ; = (I_1;,{«}) for -1 < j < |y| -1,
the first column of L is L; 1 = (I; —1,7) for =1 <4 < |x| — 1.

For each of the numbers l;_1; + 1, l; ;1 + 1, or l;_1 ;1 + (¢, 7) that
equals /;;, we include in A;; the symbols T, —, or ™\, respectively, pointing
to the surrounding cells that help define /;;. This will allow us to extract an
edit transcript by following the points backward from L,,_1 -1 to the cell
L_q,—1. Each symbol «+ denotes an insertion of y; into the current string,
each symbol T as a deletion of x; from the current string, and each diagonal
edge as a match between x; and y; or as a substitution of z; by y;.

Ezample 10.77. Consider the sequences x = (a,b,a,b,¢c,a,b,a,¢) and y =
(a,b,c,a,a,c).
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a b c a a c

-1 0 1 2 3 4 5

-1 0| <0 ~0 —0 ~0 —0 —0
a 010 ~O0| —~1]—~2 N2 | —~3 —4
b 1[11]1~1 NI N2 =13 3| —~4
a 212 1| <12 ~N2 2| 3| 4
b 3[13] 12 NIEESIEESIEESIERY
c 414 13 12 ~1 4| 1~4 ~3
a 51514 13 12 ~N 1 —2 3
b 6|16 15 ~4 13 12 2 [ —~3
a 7[17[1\6 15 4] 1nN3] N3] N3
c 818 17 16 15 14| 14 3

The content of Lg 5 shows that £(x,y) = 3. Following the path

Lgs L7a Lo Lss Lao Ls1 Lo Lo Loy
3 =3 12 <1 ~1 ~1 1 0 0

that leads from Lg 5 to Lo o, we obtain the following edit transcript:

a,b,a,b,c,a,a,c match o =yg = a
a,a,b,c,a,a,c) d;

a,b,c,a,a,c) do

Step|Sequence Operation|Remark

0 |((a,b,a,b,c,a,b,a,c) match zg = ys = ¢
1 |(a,b,a,b,c,a,b,a,c) match z7 = y4 = a
2 |(a,b,a,b,c,a,a,c) dg

3 |(a,b,a,b,c,a,a,c) match z5 = y3 =a
4 |(a,b,a,b,c,a,a,c) match 4 =y2 = ¢
5 |(a,b,a,b,c,a,a,c) match z3 =y1 = b
6 |( )

7|

8 |(

The notion of an edit distance can be generalized by introducing costs for
the edit functions.

Definition 10.78. A cost scheme is a triple (¢;,cq,¢s) € Rzo; where the
components c;, cq, and cs are referred to as the costs of an insertion, deletion,
and substitution, respectively.

The cost of an edit transcript t = (fo, f1,. .., fr—1) according to the cost
scheme (¢;, ¢q, ¢s) 18 nic; + ngcq + nscs, where n;, ng, and ng are the number
of insertions, deletions, and substitutions that occur in t.

When ¢; = ¢q = ¢ = 1, the cost of t equals the length of t, and finding the
Levenshtein distance between two strings x,y can now be seen as determining
the length of the shortest editing transcript that transforms x into y using
the cost schema (1,1,1). It is interesting to remark that, for any cost schema,
the minimal cost of a transcript that transforms x into y remains an extended
metric on Seq(S). This can be shown using an argument that is similar to
the one we used in Theorem 10.76.
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Note that a substitution can always be replaced by a deletion followed
by an insertion. Therefore, for a cost scheme (1,1, 00), the edit transcript of
minimal cost will include only insertions and deletions. Similarly, if ¢ = 1
and ¢; = ¢4 = 00, then the edit transcript will contain only substitutions if
the two sequences have equal lengths and the distance between strings will be
reduced to the Hamming distance.

The recurrence (10.15) that allowed us to compute the length of the short-
est edit transcript is now replaced by a recurrence that allows us to compute
the least cost Cj; of transforming the prefix x; into y ;:

Cij = min{Ci_Lj + ¢, li7j_1 + cq, li_17j_1 -+ 5(2,])03} (1016)

The computation of the edit distance using the cost scheme (¢;, cq, cs) now
proceeds in a tabular manner similar to the one used for computing the length
of the shortest edit transcript.

10.9 Searches in Metric Spaces

Searches that seek to identify objects that reside in the proximity of other ob-
jects are especially important in data mining, where the keys or the ranges of
objects of interest are usually unknown. This type of search is also significant
for multimedia databases, where classical, exact searches are often meaning-
less. For example, querying an image database to find images that contain
a sunrise is usually done by providing an example image and then, identify-
ing those images that are similar to the example. The natural framework for
executing such searches is provided by metric spaces or, more generally, by
dissimilarity spaces [27], and we will examine the usefulness of metric proper-
ties for efficient searching algorithms. We show how various metric properties
benefit the design of searching algorithms.

Starting from a finite collection of members of S, T" C S, and a query
object q, we consider two types of searching problems:

(i) range queries that seek to compute the set B(q,r) NT, for some positive
number r, and
(ii) k-nearest-neighbor queries that seek to compute a set N}, such that Ny C

T, |Ng| = k and for every « € Nj, and y € T— Ny, we have d(z, q) < d(y, q).

In the case of k-nearest-neighbor queries the set Ny is not uniquely iden-
tified because of the ties that may exist. For k = 1, we obtain the nearest-
neighbor queries.

The triangular inequality that is satisfied by every metric plays an es-
sential role in reducing the amount of computation required by proximity
queries. Suppose that we select an element p of S (referred to as a pivot) and
we compute prior to executing any proximity searches the set of distances
{d(p,z) | @ € S}. If we need to compute a range query B(q,r) NT, then by
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the triangular inequality, we have d(g,x) > |d(p,q) — d(p,z)|. Since the dis-
tances d(p, ¢) and d(p,x) have been already computed, we can exclude from
the search all elements x such that |d(p, q) — d(p,x)| > r.

The triangular inequality also ensures that the results of the search are
plausible. Indeed, it is expected that if both x and y are in the proximity of
¢, then a certain degree of similarity exists between = and y. This is ensured
by the triangular inequality that requires d(z,y) < d(z,q) + d(q,y).

To execute any of these searches, we need to examine the entire collection
of objects C' unless specialized data structures called indexes are prepared in
advance.

One of the earliest types of indexes is the Burkhard-Keller tree (see [25]),
which can be used for metric spaces where the distance is discrete; that is,
the range of the distance function is limited to a finite set. To simplify our
presentation, we assume that Ran(d) = {0,1,...,k}, where k € N.

Algorithm 10.79 (Construction of the Burkhard-Keller Tree)
Input: a collection of elements C of a metric space (5, d), where
Ran(d) = {0,1,...,k}.
Output: a tree To whose nodes are labeled by objects of C.

Method:
if |C| =1, return a single-vertex tree whose root is labeled p;
else

select randomly an object p € C' to serve as root of T¢;
partition C' into the sets C, ..., C) defined by
Ci={o€eC | d(o,p) =1} for 1 <i<Fk;

construct the trees corresponding to Cj,,...,C;, ,, which are
the nonempty sets among C1, ..., Ck;
connect the trees ‘J'Clo Yo 77017”,1 to p;
return To
Ezample 10.80. Consider the collection of points {o1,...,016} in R? shown

in Figure 10.13. Starting from their Euclidean distance dz(0;,0;), we con-
struct the discrete distance d as in Exercise 17), namely, we define d(o;,0;) =
[d2(04,04)] for 1 <4,j < 16.

The Manhattan distances d(0;,0;) are given by the following matrix and
we shall use this distance to construct the Burkhard-Keller tree.

o

I
CUR WA WNRRN-WN RO
CAWRAWNWRNNRENN RO
AWRTWNWANRNWRORN
WAUTONWER G HNWAODRNW
CAWNAWNRWN R ORWN
AWNWWN NN RORWN N
WNWANFNWFORNNRN®W
Wk UTHNWERORNWRNWR
AWNEFWNHRFORWNRORWN
WNHNNFEORWNFNRWW®W
NHENWHORNNFDN®WWND WA
FNWAOKRNWRENWRNDWRO
WNHORAWNRURAWNDO AW
MO WN RN WD WI A WA
FORNNFNDW®WNDWRAWRO
OCHNWHRNWANWRATWA GO
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» Y

| | | |
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| | | |

1 013 1 014 1 015 1 016

| | | |
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109 :010 :011 :012
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| | | |
e —— & — — - — —& — —

\01 \02 \03 \04

Fig. 10.13. Set of 16 points in R>.

We begin by selecting og as the first pivot. Then, we create trees for the sets

Cy = {02, 05, 07,010},

Co = {01,03,08,011,014},
C3 = {04,0127013,015}7
Cy = {016}

Choose o7, og, and 013 as pivots for the sets C'1, Cs, and Cs, respectively. Note
that J¢, is completed because it consists of one vertex. Assuming certain
choices of pivots, the construction results in a tree shown in Figure 10.14.

o7
2
05
2
o
02
2 2
o [ J
010 011

014

Fig. 10.14. Burkhard-Keller tree.
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Burkhard-Keller trees can be used for range queries that seek to compute
sets of the form Oy, c = B(g,r) N C, where d is a discrete metric. In other
words, we seek to locate all objects o of C such that d(g,0) < r.

By Exercise 1 we have |d(p,0) —d(p, q)| < d(q,0) < r, where p is the pivot
that labels the root of the tree. This implies d(p, ¢) —r < d(p,0) < d(p,q) +r,
so we need to visit recursively the trees T¢, where d(p,q) —r < i < d(p,q)+r.

Algorithm 10.81 (Searching for Burkhard-Keller Trees)
Input: a collection of elements C of a metric space (5, d),
a query object ¢ and a radius r;
Output: the set O(q,r,C) = B(q,r) N C;
Method:
O(q’ T, C) = 0;
if d(p,q) <r then O(q,r,C) = O(q,r,C) U {p};
compute [ ={i | 1 <i<k,d(p,q) —r <i<d(p,q)+r};
compute (J,.; O(q,7, Ci);
O(Qv T, C) = O(Q» T C) U Uq',e] O(qv r, Cz)a
return O(q,r,C)

Ezample 10.82. To solve the query B(o11,1) N C, where C is the collection of
objects introduced in Example 10.80, we begin by observing that d(o11,06) =
2, so the pivot itself does not belong to O(o011,1,C). The set I in this case is

I={1,2,3}.
We need to execute three recursive calls, namely O, 1,¢y5 Ooyy.1,¢5, and
001171703'

For the set Cy having the pivot o7, we have o7 € O(011,1,C1) because
d(o7,011) = 1. Thus, O(011, 1, Cy) is initialized to {07} and the search proceeds
with the set C 2, which consists of the objects 05,02, 010 located at distance
2 from the pivot o7.

Since d(05,011) = 3, 05 does not belong to the result. The set C 2 2 consists
of {02, 010 }. Choosing o5 as the pivot, we can exclude it from the result because
d(OQ,OH) = 3. Finally, the set 01,272,2 consists of {010} and d(0107011) =1.
Thus,

0(011,1,C1222) = O(011,1,C1.22) = O(011,1,C12) = {010},
so O(011,1,Cy) = {07,010}

Similarly, we have O(o011,1,C5) = 011 and O(011,1,C3) = {012,015}. The

result of the query is O,,, 1,c = {07, 010,011,012, 015}

Orchard’s algorithm [101] aims to solve the nearest-neighbor problem and
proceeds as follows.

Algorithm 10.83 (Orchard’s Algorithm)
Input: a finite metric space (S, d) and a query ¢ € S.



406 10 Dissimilarities, Metrics, and Ultrametrics

Output: the member of S that is closest to the query g.
Method: for each w € S establish a list L,, of elements of S
in increasing order of their distance to w;
(preprocessing phase)
select an initial candidate c;
repeat
compute d(c, q);
scan L. until a site s closer to ¢ is found;
c=s;
until (L. is completely traversed or
s is found in L. such that d(c, s) > 2d(c, q));
return ¢

Since L. lists all elements of the space in increasing order of their distance
to ¢, observe that if the scanning of a list L. is completed without finding
an element that is closer to ¢, then it is clear that p is one of the elements
that is closest to ¢ and the algorithm halts. Let s be the first element in the
current list L. such that d(c, s) > 2d(c, q) (if such elements exist at all). Then,
none of the previous elements on the list is closer to ¢ than s since otherwise
we would not have reached s in L.. By Exercise 5, (with & = 2) we have
d(q,s) > d(c,q), so c is still the closest element to ¢ on this list. If z is an
element of L. situated past s, it follows that d(z,¢) > d(s,c) because L. is
arranged in increasing order of the distances to ¢, so d(c, z) > 2d(c, q), which
ensures that z is more distant from ¢ than c. So, in all cases where c is closest
to ¢, the algorithm works correctly.

The preprocessing phase requires an amount of space that grows as ©(n?)
with n, and this limits the usefulness of the algorithm to rather small sets of
objects.

An alternative algorithm known as the annulus algorithm, proposed in [69],
allows reduction of the volume of preprocessing space to O(n).

Suppose that the finite metric space (5, d) consists of n objects. The pre-
processing phase consists of selecting a pivot o and constructing a list of
objects L = (01,09,...,0,) such that d(o,01) < d(0,02) < -+ < d(o,0,).
Without loss of generality, we may assume that o = o;.

Suppose that u is closer to the query ¢ than v; that is, d(q,u) < d(g,v).
Then we have

|d(u’ 0— d(‘]» 0)‘ < d(u> q) < d(qa U)

by Exercise 1, which implies
d(q’ O) - d(Q7 U) < d(u7 0) < d(q7p) + d(qa U)'

Thus, u is located in an annulus centered in o that contains the query point ¢
and is delimited by two spheres, B(o, d(q, 0)—d(q,v)) and B(o,d(q, p)+d(q,v)).



10.9 Searches in Metric Spaces 407

Algorithm 10.84 (Annulus algorithm)
Input: a finite metric space (S, d) and a query ¢ € S.
Output: the member of S that is closest to the query q.
Method: select a pivot object o;
establish a list L of elements of .S
in increasing order of their distances to o;
(preprocessing phase)
select an initial candidate v;
compute the set of U, that consists of those u such that
d(q,0) —d(q,v) < d(u,o0) < d(q,p) + d(q,v);
scan U, for an object w closer to g;
if such a vector exists then
replace v by w, recompute U, and resume scan;
otherwise, output v

The advantage of the annulus algorithm over Orchard’s algorithm consists
of the linear amount of space required for the preprocessing phase. Imple-
mentations of these algorithms and performance issues are discussed in detail
in [149].

A general algorithm for the nearest-neighbor search in dissimilarity spaces
was formulated in [50]. The algorithm uses the notion of basis for a subset of
a dissimilarity space.

Definition 10.85. Let (S,d) be a dissimilarity space and let (a, 3) be a pair
of numbers such that o > 3 > 0. A basis at level («, 3) for a subset H, H C S
is a finite set of points {z1,...,zk} C S if for any x,y € H we have

ad(z,y) > max{|d(z, z;) — d(y,z)| | 1 <i <k} > pBd(z,y).

A dissimilarity space is k-dimensional if there exist o, 3, and k depending only
on (S,d) such that for any bounded subset H of S, there are k points of S
that form a basis at level («, 3) for H.

Ezample 10.86. Consider the metric space (R",ds), and let H be a bounded
subset of R™. A basis at level (1,0.5) for H can be formed by the n + 1 ver-
tices of a sufficiently large n-dimensional simplex S,, that contains H. Indeed,
observe that da(x,y) > |d2(x,2;) — da(y, z;)| for 1 <i <n+ 1 by Exercise 1,
which shows that the first condition of Definition 10.85 is satisfied.

On the other hand, if the n + 1 points of the n-dimensional simplex are
located at sufficient distances from the points of the set H, then there exists
at least one vertex z; such that |da(u,z;) — da(v,z;)| > 0.5d2(u, v); that is,
max{|d2(u,2;) —da(v,z;)| | 1 <i <k} > 0.5d(u,v). Indeed, let h; be the
distance from z; to the line determined by u and v, and let w; be the projec-
tion of z; on this line (see Figure 10.15). We discuss here only the case where
w; is located outside the segment (u,v). Let k; = min{da(u, w;), da(v, w;)}.

To satisfy the condition
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z;

Fig. 10.15. Point of the basis for a set H in R".

N~

|d2(u,2;) — da(v,2;)| >

or the equivalent equality

’\/hf+ (0 k)2 —/h2 + k2 = g

0+ 2k; > \/h? + (£ + k;)2.

This inequality is satisfied if k; > % (\/6—1— 4h? — E). Thus, if z; is chosen
appropriately, the set z1,...,2,,2Z,+1 is a (1,0.5) basis for H.

it suffices to have

Algorithm 10.87 (Faragé-Linder-Lugosi Algorithm)

Input: a collection H = {x1,...,x,} of a dissimilarity space (.5, d);
an (a, B)-basis 21, ...,z for H, and a query x € S;

Output: the member of H that is closest to the query z;

Method: compute and store all dissimilarities d(z;, z;) for
1<i<nand 1<j<Ek (preprocessing phase);

I=A{x1,...,an};

~v(z;) = maxi<j<g |d(x;, 25) — d(z, 2;)| for 1 <4 < n;

to = miny<i<pn v(24);

delete all points z; from J such that ~v(z;) > %to;

find the nearest neighbor of x in the remaining part of J by
exhaustive search and output z,, = argmini<;<, y(z;).
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If a tie occurs in the last step of the algorithm, then an arbitrary element
is chosen among the remaining elements of J that minimize ~(z;).

The first phase of the algorithm is designated as the preprocessing phase
because it is independent of the query z and can be executed only once for
the data set H and its base. Its time requirement is O(nk).

To prove the correctness of the algorithm, we need to show that if an
element of H is deleted from J, then it is never the nearest neighbor z,,, of
x. Suppose that the nearest neighbor x,, were removed. This would imply
Y(Tpn) > %to or, equivalently,

1 1
av(:cnn) >3 lglilgnv(zi)-

Since {z1,..., 2} is a basis for the set H, we have

1 1
d(z,zny,) > — max |d(z,2;) — d(@nn, 2j)| > av(sc,m)

@ 1<j<k

and )
— min v(z;) > min d(z,z;
ﬂlgign’}/( i) ~1<i<n (@, 21),

which implies d(z, zp,) > mini<;<p, d(z, z;). This contradicts the definition
of ., so it is indeed impossible to remove x,,,. Thus, in the worst case, the
algorithm performs n dissimilarity calculations.

Next, we present a unifying model of searching in metric spaces introduced
in [27] that fits several algorithms used for proximity searches. The model
relates equivalence relations (or partitions) to indexing schemes.

Definition 10.88. The index defined by the equivalence p on the set S is the
surjection I, : S — S/p defined by 1,(x) = [x], where [z] is the equivalence
class of x in the quotient set S/p.

A general searching strategy can be applied in the presence of an index
and involves two phases:

(i) identify the equivalence classes that contain the answers to the search,
and

(ii) exhaustively search the equivalence classes identified in the first phase.

The cost of the first phase is the internal complexity of the search, while the

cost of the second phase is the external complexity.

If p1,p2 € EQS(S) and p1 < po, then |S/p1| > |S/p2|. Therefore, the
internal complexity of the search involving I, is larger than the internal
complexity of the search involving I,, since we have to search more classes,
while the external complexity of the search involving I,,, is smaller than the
external complexity of the search involving I, since the classes that need to
be exhaustively searched form a smaller set.

Let (S,d) be a metric space and let p be an equivalence on the set S. The
metric d generates a mapping dq,, : (S/p)? — Rx( on the quotient set S/p,
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where §q4 ,([2], [y]) = inf{d(u,v) | u € [z] and v € [y]}. We will refer to dq,, as
the pseudo-distance generated by d and p. It is clear that 64 ,([x], [y]) < d(z,y),
for z,y € S, but éq,, is not a metric because if fails to satisfy the triangular
inequality in general.

If a range query B(q,r)NT ={y € T | d(q,y) < r} must be executed we
can transfer this query on the quotient set S/p (which is typically a smaller set
than S) as the range query B([q],7) N {[t] | ¢t € T'}. Note that if y € B(q,r),
then d(q,y) < 7,50 d4,,([¢], [y]) < d(g,y) < r. This setting allows us to reduce
the search of the entire set T' to the search of the set of equivalence classes
] | v € T.0a,(lal ly) < ).

Since d4,, is not a metric, it is not possible to reduce the internal complexity
of the algorithm. In such cases, a solution is to determine a metric e on the
quotient set S/p such that e([z], [y]) < 0q4,,([z], [y]) for every [z], [y] € S/p. If
this is feasible, then we can search the quotient space for classes [y] such that
e([g], [y]) < r using the properties of the metric e.

Let p1, p2 € EQS(S) be two equivalences on S such that p; < ps. Denote
by [z]; the equivalence class of z relative to the equivalence p; for i = 1, 2.

If p1 < po, then [z]; C [z]2 for every z € S and therefore

8a.py ([2]1, [ylh) = inf{d(u,v) | u € [z]; and v € [y]y
> inf{d(u,v) | u € [z] and v € [y]2
= ba,p, ([2]2, [y]2)-

1
}

Thus, dq,p, ([2]1, [y]1) > da,p, ([x]2, [y]2) for every x,y € S, and this implies

{wly | 0a,p, (g [y]) <7} S {lY]2 | dap,(lal, [y]) <7},

confirming that the external complexity of the indexing algorithm based on
p2 is greater than the same complexity for the indexing algorithm based on

P1-

Ezample 10.89. Let (.S, d) be a metric space, p € S, and let r be a sequence of
positive real numbers r = (7, 71,...,7,—1) such that ro < r4 < ... < 1r,_1.
Define the collection of sets € = {Ey, E1,...,E,} by Eg ={z € 5 | d(p,z) <
ro}, BEi={x €S| r-1 <dpz)<r}tforl<i<n-—1 and E, = {z €
S | rn_1 < d(p,x)}. The subcollection of € that consists of nonempty sets is
a partition of S denoted by .. Denote the corresponding equivalence relation
by pr.

If E; # (), then F; is an equivalence class of p, that can be imagined as a
circular ring around p. Then, if i < j and E; and E; are equivalence classes,
we have 04 ,(E;, Ej) > rj_1 — ;.

Ezample 10.90. Let (S,d) be a metric space and p be a member of S. Define
the equivalence

pp=1{(z,y) € S xS | dlp,x) =d(p,y)}.
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We have dq,,([z], [y]) = |d(p,x) — d(p,y)|. It is easy to see that the pseudo-
distance d4,, is actually a distance on the quotient set S/p.

Exercises and Supplements

1.

2.

Let (S,d) be a metric space. Prove that d(x,y) > |d(z, z) — d(y, )| for all
x,y,z €S.

Let (S,€) be a measurable space and let m : &€ — Rzo be a measure.
Prove that the d,, defined by d,,, (U, V) = m(U @ V) is a semimetric on €.
Let B = {x1,...,2,} be a finite subset of a metric space (S,d). Prove
that

(n—1) Zd(x,xi) > Z{d(mhmj) | 1<i<j<n}
i=1
for every z € S.
Explain why this inequality can be seen as a generalization of the trian-
gular inequality.
Let (S, d) be a metric space and let T be a finite subset of S. Define the
mapping Dr : S? — Rxq by

Dr(z,y) = max{ld(t,z) —d(t,y)| | t € P}

for z,y € S.

a) Prove that Dy is a semimetric on S and that d(z,y) > Dy(z,y) for
x,y €S.

b) Prove that if 7' C T, then Dy (x,y) < Dy (z,y) for every x,y € S.

Let (S,d) be a metric space and let p,q,z € S. Prove that d(p,z) >

kd(p, q) for some k > 1, then d(q,z) > (k — 1)d(p, q).

Let (S, d) be a metric space and let 2,y € S. Prove that if r is a positive

number and y € Cy(x, 5), then Cy(x, 5) € Ca(y, 7).

Let (5, d) be a metric space and p € S. Define the function d,, : S — R>q

by
0 if x =y,
du(z,y) = !
d(x,u) + d(u,y) otherwise,

for z,y € S. Prove that d is a metric on S.

Let f : L — R>( be a real-valued, nonnegative function, where £ =
(L,{A,V}) is a lattice. Define the mapping d : L? — R as d(z,y) =
2f(z Ny) — f(x) — f(y) for &,y € L. Prove that d is a semimetric on L if
and only if f is anti-monotonic and submodular.

Hint: Use Supplement 12 of Chapter 8.

Let f : L — R>( be a real-valued, nonnegative function, where £ =
(L,{A,V}) is a lattice. Define the mapping d : L? — R as d(x,y) =
f(x)+ fly) —2f(x Vy) for x,y € L. Prove that d is a semimetric on L if
and only if f is anti-monotonic and supramodular.
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10.

11.

12.

13.

14.

15.

16.

17.

18.
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Let T : {1,...,n} — P(I) be a transaction data set over a set of items

I. Prove that the mapping d : (P(I))? — Rsq defined by d(H,K) =

suppecount(H) + suppcount( K) — 2suppcount(HK) for K, H C I is a semi-

metric on the collection of item sets.

Let d : S xS — R>( be a metric on a set S and let & be a number

k € R>¢. Prove that the function e : S x .S — R>( defined by €(z,y) =

min{d(z,y), k} is a metric on S.

Let S be aset and e : P(S)? — Rxq be the function defined by e(X,Y) =

|X — Y] for X,Y € P(S). Prove that e satisfies the triangular axiom but

fails to be a dissimilarity.

Let S be a set and e : S? — R be a function such that

e ¢(x,y)=0if and only if x = y for z,y € S,

o c(x,y) =e(y,z) for z,y € S, and

o elvy) < eln.2) +e(zy)

for x,y,z € S. Prove that e(z,y) > 0 for 2,y € S.

Let S be a set and f : S2 — R be a function such that

o f(x,y)=0if and only if x =y for z,y € S

e f(z,y)= f(y,x) for z,y € S;

o F(0,9) = f(z.2) + f(zy) for 2,y,2 € S.

Note that the triangular inequality was replaced with its inverse. Prove

that the set S contains at most one element.

Let d : S?> — R be a function such that d(z,y) = 0 if and only if z = y

and d(z,y) < d(x, z)+d(y, z) (note the modification of the triangular ax-

iom), for z,y, z € S. Prove that d is a metric, that is, prove that d(x,y) > 0

and d(z,y) = d(y,x) for all z,y € S.

Let f:R>9 — R>q be a function that satisfies the following conditions:

a) f(z)=0if and only if z = 0.

b) f is monotonic on Rx>o; that is, < y implies f(x) < f(y) for z,y €
R>o.

¢) fissubadditive on R>; that is, f(x+y) < f(z)+ f(y) for x,y € R>q.

a) Prove that if d is a metric on a set S, then fd is also a metric on S.
b) Prove that if d is a metric on S, the v/d and #‘ld are also metrics on
S. What can be said about d??

Let d : S x § — R>( be a metric on the set S. Prove that the function

e: S xS — Ryq defined by e(z,y) = [d(z,y)] for z,y € S is also be a

metric on the set S. Also, prove that if the ceiling function is replaced by

the floor function, then this statement is no longer valid. Note that e is a

discretized version of the metric d.

Let S be a set and let ¢ : S — [0,1] be a function such that c(z,y) +

c(y,xz) =1 and c(z,y) < c(x,t) + c(t,y) for every x,y,t € S.

a) Prove that the relation p. = {(z,y) € S? | c(x,y) = 1} is a strict
partial order on S.

b) Let “<” be a strict partial order on a set S. Define the function
e: 5% — {0,1} by
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if x <,

e(x,y) = if z,y are incomparable

O = =

ify <z,

for z,y € S. Prove that e(x,y) + e(y,z) = 1 and ¢(x,y) < c(x,t) +
c(t,y) for every x,y,t € S.
19. A function F': R > 0 — R is convez if for every s,t € R>g and a € [0, 1]
we have F(as+ (1 —a)t) < aF(s)+ (1 — 1)F(t).
a) Prove that if F(0) = 0 and F' is monotonic and convex, then F' is
subadditive.
b) Prove that if f is a metric on the set S, then the function given by

dl(xa y) =1- eikd(z’y)a

where k is a positive constant and x,y € S, is also a metric on S. This
metric is known as the Schoenberg transform of d (see [37]).
Solution: By applying the convexity of F' to the interval [0, z+y] with
a= way’ we have

Fla-04+ (1 —a)(z+vy)) <aF(0)+ (1 —a)F(z+y),

we have F(y) < min(m + y). Similarly, we can show that F(z) <

mT_yF(:z: + y). By adding the last two inequalities, we obtain the sub-
additivity of F.
20. Let S be a finite set and let d : S2 — R>( be a dissimilarity. Prove that

there exists a € R>( such that the dissimglarity d, defined by

do(a9) = { e 2

for z,y € S satisfies the triangular inequality.
Hint: Observe that lim,_qd,(z,y) is a dissimilarity that satisfies the
triangular inequality.

21. Let U be a set and let f : U — S be an injective function. Show that if
(S,d) is a metric space, then the pair (U, d’) is also a metric space, where
&'(u,0) = d(f(u), f(v)).

22. Let (S1,dy),...,(Sn,d,) be n metric spaces, where n > 1, and let v be
a norm on R". Define the mapping D, : (S; x -+- x S,)? — Rzo as
D,(x,y) = v(di(z1,91), .-, dn(Tn,yn)) for x = (z1,...,2,) and y =
(y17 s ayn)

a) Prove that D, is a metric on S1 X -+ X S,.
We refer to (S1 x -+ x S,,D,) as the v-product of the metric
spaces (S1,d1),...,(Sn,dyn). When v is the Euclidean norm, we re-
fer to (S1 X -+ x Sy, D,) simply as the product of the metric spaces
(S1,d1), ..., (Sn,dp).
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b) Let (S1,d1), (S2,ds) be two metric spaces. Consider the functions 4, §’ :
S1 X Sy — Rzo given by

6((z,y), (u,v)) = d(z,u) + d(y,v),
5,((’13,y), (U,U)) - max{d(x,u), d(y,v)},

for every (x,y), (u,v) € Sy x Sy. Prove that both § and ¢ are metrics
on the set product S; x Ss.

23. Let (S,d) be a finite metric space. Prove that there exists a graph § =
(S, E) such that d is the distance associated with this graph if and only
if d(xz,y) € N and d(z,y) > 2 implies the existence of z € S such that
d(z,y) =d(z,2z) + d(z,y) for z,y € S.

24. Prove that every metric defined on a finite set S such that |S| = 3 is a
tree metric.

25. Let S be a finite set, d : S x § — R>q be a dissimilarity on S, and s be
an element of S. Define the mapping ds  : S x S — R by

btdry)—dlro)—dlys) f g £y

ds ) =
#(@9) {0 if v =y,

for z,y € S.
a) Prove that there is k£ > 0 such that d, , > 0 for every s € S.
b) Prove that d is a tree metric if and only if there exists k& such that
ds 1 is an ultrametric for all s € S.
26. Let S be a set, m be a partition of S, and a,b be two numbers such that
a < b. Prove that the mapping d : S — Rxq given by

0 ifx=uy,
dz,y) =< a ifx#yandz=,y,
b ifx #q vy,

is an ultrametric on S.

27. Prove the following extension of the statement from Exercise 26.
Let S be a set, mp < m < -+ < m_1 be a chain of partitions on S, and
let ap < ay... < ap_1 < ai be a chain of positive reals. Prove that the
mapping d : S — R>q given by

0 ifx =y,

ao itx#yand v =g, v,

d(z,y) = :
ap—1 fax#, ,yandz=,_, v,

ag if x $—é7rk_1 Y,

is an ultrametric on S.



28.

29.

30.

31.

32.

33.

34.

35.
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Solution: It is clear that d(x,y) = 0 if and only if x = y and that
d(z,y) = d(y,x) for any z,y € S. Thus, we need to show only that d
satisfies the ultrametric property.

Suppose that z,y,z € S are such that d(z,y) = a; and d(y, z) = a;,
where a; < a; and 7 < j. The definition of d implies that = Z,, , v,
T =g, Yy, and y Fx,_, 2, Y =x, 2. Since m; < 75, it follows that x =, 2 by
the transitivity of =,. Thus, d(z,2) < j = max{d(z,y),d(y, z) }.

Using the Steinhaus transform (Lemma 10.62 on page 388), prove that if
the mapping d : R" x R" — R is defined by

d2(x7Y)
da(x,y)+ [ x [+ ]y’

d(X, Y) =

for x,y € R", then d is a metric on R" such that d(x,y) < 1.

Using Exercises 19 and 28, prove that the mapping e : R" x R" — Rxg
given by

d2 (Xa y)

e(Xy) = e
=l +1yl

for x,y € R" is a metric on R".

Prove that the following statements that concern a subset U of (R",d,)

are equivalent:

a) U is bounded.

b) There exists n closed intervals [a1,b1],...,[an,by] such that U C
[ahbl] X e X [an,bn}.

c¢) There exists a number k& > 0 such that d,(0,x) < k for every x € U.

Let S = {x1,...,X} be a finite subset of the metric space (RQ,dp).

Prove that there are at most m pairs of points (x;,%;) € S x S such that

dp(24,z5) = diam(S).

Let x,y € R?. Prove that z is outside the circle that has the diameter X,y

if and only if d3(x,2z) + d3(y, z) > d3(x,y).

Let S = {x1,...,X,,} be a finite subset of the metric space (R?,d,). The

Gabriel graph of S is the graph § = (5, E), where (x;,%;) € E if and only

if d3(x;,xx) + d3(x;,x5) > d3(x,y) for every k € {1,...,n} — {i, j}.

Prove that if x,y,z € S and (y —x) - (z — x) < 0, for some y € S, then

there is no edge (x,z) in the Gabriel graph of S. Formulate an algorithm

to compute the Gabriel graph of S that requires an amount of time that

grows as m?.

Let C € R™" be a square matrix such that Cw = 0 implies w = 0 for

w € R™™!. Define de : R" xR™ — R by do(x,y) = (x—y)"*"C""C(x—

y) for x,y € R™*!. Prove that dc is a metric on R".

Let U, = {(21,...,z,) € R™ | 31", 2 = 1} be the set of unit vectors in

R". Prove that the mapping d : U? — R>( defined by

d(x,y) = arccos (Z xlyl> ,

i=1
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where x = (z1,...,2,) and y = (y1,...,yn) belong to U, is a metric on
Un,.

36. Let (S,d) be a finite metric space. Prove that the functions D,E :
P(5)? — R defined by

DU, V) = max{d(u,v) | ue Uwv eV},

E(U,V) = %\VI S {d(u,v) | ueUveV},

U]

for U,V € P(S) such that U # V, and D(U,U) = E(U,U) = 0 for every
U € P(S) are metrics on P(S5).

37. Prove that if we replace max by min in Exercise 36, then the resulting
function F : P(S)? — R defined by

DU, V) = min{d(u,v) | ue U,v eV}

for U,V € P(S) is not a metric on P(S), in general.
Solution: Let S =U UV UW, where

U= {(07 0)7 (07 1)7 (1’ 0)7 (17 L, )}a
V= {(2a 0)» (27 1)7 (2 + £, 0)7 (2 + ¢, 1)}7
W= {(£+1,0),(C+1,1), (£ 42,0, (£ +2,1)}.

The metric d is the usual Euclidean metric in R?. Note that F(U,V) =
F(V,W) = 1; however, F(U,W) = ¢ + 2. Thus, if £ > 0, the triangular
axiom is violated by F'.

38. Let (S,d) be a metric space. Prove that:
a) d(z,T) <d(z,y) +d(y,T) for every z,y € S and T € P(5).
b) If U and V are nonempty subsets of S, then:

Ilrellf] d(z,V) = wlrel‘f/ d(z,U).

39. Let S be a finite set and let 6 : P(5)? — R>( defined by

B X oY
MXY) = R

for X,Y € P(S). Prove that § is a dissimilarity but not a metric.
Hint: Consider the set S = {z,y} and its subsets X = {z} and Y = {y}.
Compare §(X,Y) with 6(X,S) 4+ 6(S,Y).

40. Let S be a finite set and let 7 and o € PART(S). Prove that

dg(m,0) < dg(as,ws) = Hg(as)

for every 5 > 1.
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41. Let S be a finite set and let 7w, 0 be two partitions on S. Prove that if o
covers the partition 7, then there exist B;, B; € 7 such that

4-|Bil-|Bj|
dg(’/T,O') = TJ

42. Let X be a set of attributes of a table § = (T, H,r), r = (t1,...,t,), and
let 7% be the partition of {1,...,n} defined on page 295. For 3 € R such
that 8 > 1, prove that:

a) We have Hg(rVV) = Hg(zV|xV) + H(xV).

b) If Dg : P(H)? — Rxq is the semimetric defined by Dg(U,V) =
dg(m¥, 7V, show that Dg(U, V) = 2Hz(7VV) — Hg(xV) — Ha(x").

¢) Prove that if 6 satisfies the functional dependency U — V, then
Ds(U,V) = Hg(n") = Hg(x").

d) Prove that Dg(U,V) < Hg(7V) — Hg(xV v V).

43. An attribute A of a table 0 is said to be binary if Dom(A) = {0, 1}. Define
the contingency matrix of two binary attributes of a table 8 = (T, H,r)

as the 2 x 2-matrix
oo 101
KAB = )
1o N1t

where r = (t1,....t,) and n;; = |[{k | tx[AB] = (4,7)}|. Prove that
Dy (U, V) = 4(ngo + n11)(n1o + no1), where Dy is a special case of the
semimetric Dg introduced in Exercise 42.

44. Let m ={By,..., By} and 0 = {C},...,C,} be two partitions of a set S.
The Goodman-Kruskal coeflicient of © and ¢ is the number

1 m
GK(m,0) =1— & ;121;“2% |B; N Cyl.

a) Prove that GK(m,0) = 0 if and only if 7 < 0.
b) Prove that the function GK is monotonic in the first argument and

dually monotonic in the second argument.
c) If 0, 7,0 € PART(S), then prove that:

GK(m N0,0) + GK(0,7) > GK(0,7 N o).

d) Prove that GK(0,7) + GK(w,0) > GK(0,0) for 0, 7,0 € PART(S).
e) Prove that the mapping dgi : PART(S) x PART(S) — R given by

dei(m,0) = GK(m,0) + GK(o, )
for 7,0 € PART(S), is a metric on PART(S).

Partition metrics can be used to determine the validity of classification algo-
rithms that yield essentially partitions of objects (see [72]). If o is a partition
of a set of objects S that reflects a categorization of the objects that is in-
dependent of the classification algorithm applied and 7 is the partition that
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is produced by the classification algorithm, then the value of dg(7, o) can be
used to determine the validity of m compared to the classification of reference
.

45. The Rand index of two partitions w,0 € PART(S) is the number
agr(m, o)
(3)
2

where agr(m, o) and dagr(w, o) were defined on page 73 . Prove that:

rand(r,o) =

a) dagr(r,o) = 52 . dy(r, 0).
2
b) rand(w,0) =1— %dg(ﬂ',g).
¢) 0 < rand(w, o) < 1; moreover, rand(mw, o) = 1 if and only if 7 = 0.
46. Let S be a set and let ¢ : Seq(S) — R be a function such that
u <,y v implies ¢(u) > ¢(v) for u,v € Seq(S5).
a) Define the mapping d, : (Seq(S))?> — Rxq by

dy(u,v) = 0 ifu=v,
o d(lep(u,v))  otherwise,

for u, v € Seq(S). Prove that dy is an ultrametric on Seq(S5).

b) Consider an extension of the function d, to the set Seq. (S) obtained
by replacing the sequences u, v in the definition of dy by infinite se-
quences. Note that this extension is possible because the longest com-
mon prefix of two distinct infinite sequences is always a finite sequence.
Prove that the extended function is an ultrametric on Seq,(5).

¢) Give examples of functions ¢ that satisfy the conditions of Part (a)
and the associated ultrametrics.

Solution for Part (a): It is clear that dg(u,v) = 0 if and only if
u = v and that dy(u,v) = dg(v,u). Thus, we need to prove only the
ultrametric inequality. Let u,v,w be three sequences. In Theorem 5.8
we have shown that at most two of the sequences lep(u,v), lep(v, w),
lep(w,u) are distinct and that the common value of two of these sequences
is a prefix of the third sequence. This is equivalent to the ultrametric
inequality for dy.

47. Let x,y € Seq..({0,1}) be two infinite binary sequences. Define d :

(Seq.. ({0, 1}))2 — RZO as d(x,y) = Zzo lxail, where a > 1.

Prove that d is a metric on Seq,,, ;,({0,1}) such that d(x,y) = d(x, z)
implies y = z for all x,y,z € Seq,,, s, ({0, 1}).

A longest common subsequence of two sequences x and y is a sequence z that
is a subsequence of both x and y and is of maximal length. For example, if
X = (a17 a2,0a3,04, A2, GQ) and y = (a33 az, a1, as,a2,a1, d, az, 0/1), then both
(a2, as,as2,a2) and (a1, a3, az,az) are both longest subsequences of x and y.
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The length of a longest common subsequence of x and y will be denoted by
les(x,y).

48.

49.

50.

ol.

52.

Let x = (xg,...,Zpn—1) and y = (Yo,---,Ym—1) be two sequences. Prove
that we have

0 ifx=MXNory =\,
llCS(X, y) = llCS(Xo}n,Q, yO,m72) + 1 lf Tn—1 = Ym—1,
max{lles(Xo,n—2,¥), es(X, Yo m—2)}-

Based on this equality, formulate a tabular algorithm (similar to the one
used to compute Levenshtein’s distance) that can be used to compute
lles(x,y) and all longest common subsequences of x and y.

Let d be the string distance calculated with the cost scheme (1,1, 00).
Prove that d(x,y) = |x| + |y| — 2lles(x,y).

Let d be the string distance calculated with the cost scheme (00, 00,1).
Show that if x = (zg,...,2n—1) and y = (yo, .- -, Ym—1), then

’ {il0<i<n-—1a#y} if |x[=ly|

A shortest common supersequence of two sequences X and y is a sequence

of minimum length that contains both x and y as subsequences. Prove

that the length of a shortest common supersequence of x and y equals

x|+ [y = les(x, y).

Let (S, d) be a finite metric space. A metric tree for (S,d) (see [28]) is a

binary tree J(.5, d), defined as follows:

o If |S| =1, then T(S,d) consists of a single node that is sphere B(s,0),
where S = {s}.

e If|S| > 1 create a node v labeled by a sphere B(s,r) C S and construct
the trees T(B(s,r),d) and T(S — B(s,r),d). Then, make T(B(s,r) and
T(S — B(s,r) the direct descendants of v.

Design an algorithm for retrieving the k-nearest members of S to a query

q € S using an existing metric tree.

The AESA algorithm (an acronym of Approximating and Eliminating Search
Algorithm) starts with a finite metric space (5, d), a subset X = {z1,...,z,}
of S, and a query ¢ € S and produces the nearest neighbors of ¢ in X.
The values of distances between the members of X are precomputed. The
algorithm uses the semimetric Dy defined in Exercise 4.

The algorithm partitions the set X into three sets: K, A, E/, where K is the

set of known elements (that is, the set of elements of S for which d(x,q) has
been computed), A is the set of active elements, and FE is the set of eliminated
elements defined by

E={xeX | Dk(z,q) >min{d(y,q) | y € K}}.
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The algorithm is given next.

93.

54.

95.

Algorithm 10.91 (AESA)
Input: a metric space (S, d) and a query ¢ € S;
Output: the set of nearest neighbors of ¢ in X;
Method: compute the matrix of dissimilarities (d(x;,z;))
of the elements of X;
(preprocessing phase)
A=X; K=0; E=0;
while (A # 0) do
D) = o0
select € A such that = argmin{Dg (z,q) | x € A};
compute d(z,q); K = KU{a}; A=A —{a};
update 7 = min{d(z,q) | z € K};
update Dk (2/, q) for all 2’ € A as
Dicoio (27, 4) = max{ Dic (&', ), |d(z, 4) — d(a, ") };
K =KU/{z};
if D (2',q) > r then {
A=A—-{z'};
E=FEU{z'};
}
end while;
return the set K

Prove that the AESA algorithm is indeed computing the set of nearest
neighbors of ¢.
Let (S, d) be a metric space and let X = {x1,...,2,} be a finite subset of
S. Suppose that not all distances between the elements of X are known.
The distance graph of X is a weighted graph (Gx,w), where Gx = (X, E).
An edge (z,y) exists in the underlying graph Gy if d(z,y) is known; in
this case, w(z,y) = d(x,y).
If p is a simple path in the graph (Gx,w) that joins = to y, define n(p) =
w(é) =Y {w(e) | eisin p,e # é}, where é is the edge of maximum weight
in p. Prove that d(z,y) > n(p).
Let paths(z,y) be the set of simple paths in (Gx,w) that joins z to y.
Define the approzimate distance map for X as an n x n matrix A = (a;;)
such that

a;; = max{n(p) | p € paths(x;,x;)}

for 1 <4,j < n. Also, define the n x n-matrix M = (m;;) as
m;; = min{w(p) | p € paths(z;,z;)}

for 1 <i,j < n. Prove that a;; < d(z;,x;) < m;; for 1 <i,j <n.
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56. Let paths;(z,y) be the set of simple paths in (Sx,w) that join = to y and
do not pass through any of the vertices numbered higher than k, where

k > 1. Denote by afﬁ mfj, bfj the numbers

af; = max{n(p) | p € paths, (x;,z,)},

m¥; = min{w(p) | p € paths, (z;, 2;)},

bfj =max{n(p) | p € pathsk(xi,xk)pathsk(xk,xj)}
for 1 <i,j < n. Prove that

ko k—1 k=1 k-1 k-1
bij_max{aij My A T My, }

for 1 <k <n.

Bibliographical Comments

A comprehensive, research-oriented source for metric spaces is [37].

The reader should consult two excellent surveys [27, 17] on searches
in metric spaces. Nearest-neighbor searching is comprehensively examined
in [28],[29]. The AESA algorithm was introduced in [140, 141]. Weighted
graphs of partially defined metric spaces and approximate distance maps are
defined and studied in [143, 122], where Exercises 54-56 originate. Finally,
we refer the reader to two fundamental references for all things about met-
rics [37],[36].
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Topologies and Measures on Metric Spaces

11.1 Introduction

The study of topological properties of metric spaces allows us to present an
introduction to the dimension theory of these spaces, a topic that is relevant
for data mining due to its role in understanding the complexity of searching
in data sets that have a natural metric structure.

Topologies of metric spaces are presented in Section 11.2.

11.2 Metric Space Topologies

Metrics spaces are naturally equipped with topologies using a mechanism that
we describe next.

Theorem 11.1. Let (S,d) be a metric space. The family of sets Oq defined
by

04 ={L € P(S) | for each x € L there exists € > 0 such that Cyq(x,e) C L}

is a topology on the set S.

Proof. We have ) € O4 because there is no x in (), so the condition of the defini-
tion of O4 is vacuously satisfied. The set S belongs to O4 because Cy(x,¢) C S
for every x € S and every positive number e.

If{U; | i € I} C 0Oqand z € J{U; | i € I}, then & € U; for some
j € I. Then, there exists e > 0 such that S(x,€) C U; and therefore S(z,€) C
U{U; | i € I}. Thus, |J{U; | i € I} € Q4.

Finally, let U,V € O4 and let z € U NV. Since U € Oy, there exists ¢ > 0
such that C(z,e) C U. Similarly, there exists € such that C(z,¢’) C V. If
€1 = min{e, €'}, then

C(r,e1) CCz,e)NC(z,e) CUNY,

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_11, (© Springer-Verlag London Limited 2008
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so UNV € Q4. This concludes the argument. 0O
Theorem 11.1 justifies the following definition.

Definition 11.2. Let d be a metric on a set S. The topology induced by d s
the family of sets

Oq={L € P(S) | foreach x € L there exists € > 0 such that Cq(x,¢e) C L}.
We refer to the pair (S,04) as a topological metric space.

Ezxample 11.3. The usual topology of the set of real numbers R introduced in
Example 6.4 is actually induced by the metric d : R x R — R>( given by
d(z,y) = |x —y| for z,y € R. Recall that, by Theorem 6.10, every open set of
this space is the union of a countable set of disjoint open intervals.

The next statement explains the terms “open sphere” and “closed sphere,”
which we have used previously.

Theorem 11.4. Let (S,04) be a topological metric space. Ift € S and r > 0,
then any open sphere C'(t,r) is an open set and any closed sphere B(t,r) is a
closed set in the topological space (S, Q).

Proof. Let x € C(t,r), so d(t,z) < r. Choose € such that ¢ < r — d(t,z). We
claim that C(x,¢) C C(¢,7). Indeed, let z € C(x,¢). We have d(x,z) < € <
r — d(t,x). Therefore, d(z,t) < d(z,z) + d(z,t) < r, so z € C(t,r), which
implies C(z,¢) C C(t,r). We conclude that C(¢,7) is an open set.

To show that the closed sphere B(t,r) is a closed set, we will prove that
its complement S — B(t,r) = {u € S | d(u,t) > r} is an open set. Let
v € S — B(t,r). Now choose € such that € < d(v,t) — r. It is easy to see that
C(v,e) € S — B(t,r), which proves that S — B(t,r) is an open set. O

Corollary 11.5. The collection of all open spheres in a topological metric
space (S,04) is a basis.

Proof. This statement follows immediately from Theorem 11.4. 0O
The definition of open sets in a topological metric space implies that a
subset L of a topological metric space (5, O4) is closed if and only if for every
x € S such that x ¢ L there is € > 0 such that C(z,€) is disjoint from L.
Thus, if C(z,€) N L # ( for every € > 0 and L is a closed set, then x € L.
The closure and the interior operators Ko, and Iy, in a topological metric
space (S, 0q) are described next.

Theorem 11.6. In a topological metric space (S, O4), we have
Ko,(U)={xe€ S | Clz,e)NU # 0 for every e > 0}

and
Io,(U)={x €S | Clx,e) CU for some e >0}

for every U € P(S).
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Proof. Let K = Kop,. If C(z,e)NU # 0 for every € > 0, then clearly C(z,€e)N
K(U) # 0 for every € > 0 and therefore x € K(U) by a previous observation.

Now let z € K(U) and let € > 0. Suppose that C(x,e) N U = (). Then,
UCS—C(z,e) and S—C(x,¢) is a closed set. Therefore, K(U) C S—C(z,¢€).
This is a contradiction because z € K(U) and = ¢ S — C(z,¢).

The second part of the theorem follows from the first part and from Corol-
lary 6.27. O

If the metric topology O4 is clear from the context, then we will denote
the closure operator K¢, simply by K.

Corollary 11.7. The subset U of the topological metric space (S,04) is closed
if and only if C(x,e) NU £ 0 for every e > 0 implies z € U.

Proof. This statement is an immediate consequence of Theorem 11.6. O

Corollary 11.8. Let (S,04) be a topological metric space and let L be a subset
of K. Then, the border OL of the set L is given by

OL ={x € S| for every e > 0,C(z,e)NL #0, and C(xz,e)N (S — L) # 0}.

Theorem 11.9. Let T be a subset of a topological metric space (S,04). We
have diam(T) = diam(K(T)).

Proof. Since T C K(T'), it follows immediately that diam(T) < diam(K(T)),
so we have to prove only the reverse inequality.

Let u,v € K(T). For every positive number €, we have C(u,e) N T # ()
and C(v,e) N T # (. Thus, there exists x,y € T such that d(u,z) < € and
d(v,y) < e. Thus, d(u,v) < d(u,z) + d(z,y) + d(y,v) < 2e + diam(T) for
every ¢, which implies d(u,v) < diam(T) for every u,v € K(T). This yields
diam(K(T)) < diam(T). O

A metric topology can be defined, as we shall see, by more than one metric.

Definition 11.10. Two metrics d and d' defined on a set S are topologically
equivalent if the topologies O4 and Oy are equal.

Example 11.11. Let d and d’ be two metrics defined on a set S. If there exist
two numbers a,b € R+ such that

ad(z,y) < d'(z,y) < bd(z,y),

for ,y € S, then Og = 0). Let Cy(x,r) be an open sphere centered in z,
defined by d. The inequalities above imply

Cy (%) C Cu(z,7) C Oy (ac 2) .

Let L € O4. By Definition 11.2, for each x € L there exists € > 0 such that
Cy(x,€) C L. Then, C/(x,ae) C Cy(z,e) C L, which implies L € Oy. We
leave it to the reader to prove the reverse inclusion Oz C Oy.

By Corollary 10.52, any two Minkowski metrics d), and d, on R" are topo-
logically equivalent.
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11.3 Continuous Functions in Metric Spaces

Continuous functions between topological spaces were introduced in Defini-
tion 6.62.

Next, we give a characterization of continuous functions between topolog-
ical metric spaces.

Theorem 11.12. Let (S,04) and (T,0,) be two topological metric spaces.
The following statements concerning a function f: S — T are equivalent:
(i) f is a continuous function.

(ii) For every x € S and € > 0, there exists 6 > 0 such that

f(Ca(x,9)) € Ce(f(2),€).

Proof. (i) implies (ii): Suppose that f is a continuous function. Since C.(f(z), €)
is an open set in (7,0,), the set f~1(C.(f(x),¢) is an open set in (S, 04).
Clearly, z € f~1(C.(f(x),¢€)), so by the definition of the metric topol-
ogy there exists § > 0 such that Cy(z,6) C f~1(Ce(f(x),¢€), which yields
F(Ca(,9)) € C.(f(x), o).

(ii) implies (i): Let V be an open set of (T,0.). If f~1(V) is empty, then
it is clearly open. Therefore, we may assume that f~(V) is not empty. Let
x € f17(V). Since f(z) € V and V is open, there exists ¢ > 0 such that
Ce(f(x),e) € V. By Part (ii) of the theorem, there exists § > 0 such that
f(Ca(z,8)) C Co(f(z),€), which implies x € Cy(z,5) C f~1(V). This means
that f=1(V) is open, so f is continuous. 0O

In general, for a continuous function f : S — T, the number § depends
both on z and on €. If § is dependent only on €, then we say that f is uniformly
continuous. Thus, f is uniformly continuous if for every € > 0 there exists §
such that if d(u,v) < J, then e(f(u), f(v)) < e.

Theorem 11.13. Let (S,04) and (T, 0.) be two topological metric spaces and
let f:S — T be a function. The following statements are equivalent.
(i) f is uniformly continuous.

(ii) For all sequences w = (ug,u1,...) and v = (vg, v1,...) in Seq..(S) such
that limy, o0 d(tn, vy) = 0 we have lim,_,o e(f(uy), f(vy,)) = 0.

(iii) For all sequences u = (ug,uy,...) and v = (vg,v1,...) in Seq.,(S) such
that limy, o0 d(un,v,) = 0, we have limg_,o e(f(un,), f(vn,)) =0, where
(Ungs Unys---) and (Upg,Uny,...) are two arbitrary subsequences of w and
v, respectively.

Proof. (i) implies (ii): For € > 0, there exists § such that d(u,v) < § implies
e(f(u), f(v)) < e. Therefore, if u and v are sequences as above, there exists
ns such that n > ng implies d(un,v,) < d, so e(f(un), f(vn)) < €. Thus,

(i) implies (iii): This implication is obvious.
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(iii) implies (i): Suppose that f satisfies (iii) but is not uniformly continuous.
Then, there exists € > 0 such that for every § > 0 there exist u,v € X such
that d(u,v) < & and e(f(u), f(v)) > €. Let u,, v, be such that d(u,,v,) < L
for n > 1. Then, lim, o d(un,v,) = 0 but e(f(uy,), f(v,)) does not converge
to0. O

Ezample 11.14. The function f : R — R given by f(z) = x sin « is continuous
but not uniformly continuous. Indeed, let uw,, = n7 and v, = n7 + % Note
that lim, e [tn, — v = 0, f(un) =0, and f(v,) = (nm + L) sin(nm + 1) =
(nm+ 1)(=1)"sin 1. Therefore,

T [f(un) — F(00)

. ( 1> o1
= lim (nw+ — ) sin—
n— oo n n

=7 lim —
n—oo sin =
n

= T.

This implies that f is not uniformly continuous.

A local continuity property is introduced next.

Definition 11.15. Let (S,04) and (T,0.) be two topological metric spaces
and let x € S.

A function f : S — T is continuous in x if for every e > 0 there exists
0 > 0 such that

f(C(z,0)) € C(f(z),€).

It is clear that f is continuous if it is continuous in every z € S.
The definition can be restated by saying that f is continuous in z if for
every € > 0 there is § > 0 such that d(z,y) < § implies e(f(x), f(y)) < e.

11.4 Separation Properties of Metric Spaces

We begin by discussing properties of distances between points and sets in
metric spaces.

Theorem 11.16. Let (S, d) be a metric space. The following statements hold:
() ld(u, V) — d(!, V)| < d(u, o),

(ii) d(u, V) =0 if and only if u € K(V), and

(iii) d(u, V) = d(u, K(V))

for every u,u’ € S and V C S.

Proof. Let v be an element of v. Since d(u,v) < d(u,u’) + d(u,v), it follows
that d(u, V) < d(u,u') + d(u',v) by the definition of d(u, V). Since d(u, V) —
d(u,u') < d(u',v) for every v € V', by the same definition we obtain d(u, V') —
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d(u,uv") < d(u', V). Thus, d(u, V) — d(v', V) < d(u,u’). Reversing the roles of
uw and v’ we have d(u’, V) — d(u, V) < d(u,u), which gives Inequality (i).

Suppose that d(u, V') = 0. Again, by the definition of d(u, V'), for every € >
0 there exists v € V such that d(u,v) < €, which means that C(u,e) NV # 0.
By Theorem 11.6, we have u € K(V'). The converse implication is immediate,
so (ii) holds.

Finally, to prove (iii), observe that V' C K(V') implies that d(u, K(V)) <
d(u, V), so we need to prove only the reverse inequality.

Let w be an arbitrary element of K(V'). By Theorem 11.6, for every ¢ > 0,
C(w,e)NV £ 0. Let v € C(w,e) NV. We have

d(u,v) < d(u,w) + d(w,v) < d(u,w) + ¢,

so d(u,V) < d(u,w) + €. Since this inequality holds for every €, d(u,V) <
d(u,w) for every w € K(V), so d(u,V) < d(u,K(V)). This allows us to
conclude that d(u, V) = d(u, K(V)). O

Theorem 11.16 can be restated using the function dy : S — R>( defined
by dy(u) = d(u,V) for u € S. Thus, for every subset V of S, we have

|dy (u) — dv ()] < d(u, '),
dy (u) = 0 if and only if u € K(V), and
dv = dk(v)

for u,u’ € S.

Corollary 11.17. Let (S,04) be a topological metric space and let V be a
subset of S. Then, the function dy is a continuous function on the space
(S,04) and K(V) = dy,' (0).

Proof. This statement is an immediate consequence of Theorem 11.16. O
The notions of an open sphere and a closed sphere in a metric space (S, d)
are extended by defining the sets C'(T,r) and B(T,r) as

CT,r)y={uesS | duT)<r}
B(T,’I") = {u S ‘ d(u7T) < T}a

for T € P(S) and r > 0, respectively.
The next statement is a generalization of Theorem 11.4.

Theorem 11.18. Let (S,04) be a topological metric space. For every set T,
T CS, and every r > 0, C(T,r) is an open set and B(T,r) is a closed set in
(S,04).

Proof. Let w € C(T,r). We have d(u,T) < r, or, equivalently, inf{d(u,t) |
t € T} < r. We claim that if € is a positive number such that ¢ < &, then
C(u,e) CC(T,r).
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Let z € C(u,¢€). For every v € T, we have d(z,v) < d(z,u) + d(u,v) <
€+ d(u,v). From the definition of d(u,T’) as an infimum, it follows that there
exists v" € T such that d(u,v’) < d(u,V)+§, so d(z,v") < d(u,T)+e <r+e.
Since this inequality holds for every e > 0, it follows that d(z,v") < r, so
d(z,T) < r, which proves that C(u,e) C C(T,r). Thus, C(T,r) is an open
set.

Suppose now that s € K(B(T,r)). By Part (ii) of Theorem 11.16, we have
d(s,B(T,r)) = 0, so inf{d(s,w) | w € B(T,r)} = 0. Therefore, for every
€ > 0, there is w € B(T,r) such that d(s,w) < e. Since d(w,T') < r, it follows
from the first part of Theorem 11.16 that |d(s,T) — d(w,T)| < d(s,w) < € for
every € > 0. This implies d(s,T) = d(w,T), so s € B(T,r). This allows us to
conclude that B(T,r) is indeed a closed set. O

Theorem 11.19 (Lebesgue’s Lemma). Let (S,04) be a topological metric
space that is compact and let C be an open cover of this space. There exists
r € Rsg such that for every subset U with diam(U) < r there is a set L € @
such that U C L.

Proof. Suppose that the statement is not true. Then, for every k € P, there
exists a subset Uy of S such that diam(Uy) < % and U}, is not included in
any of the sets L of €. Since (S, 04) is compact, there exists a finite subcover

{Ll,...,Lp} of C.

Let z;;, be an element in U, — L;. For every two points x;j, ., we have
d(zik, zj,) < % because both belong to the same set Uy. By Theorem 11.60,
the compactness of S implies that any sequence x; = (x;1, %2, ...) contains
a convergent subsequence. Denote by x; the limit of this subsequence, where
1 < i < p. The inequality d(z;x, ;x) < 4 for k > 1 implies that d(z;,z;) =0
so x; = xj for 1 < i,7 < p. Let & be their common value. Then = does not
belong to any of the sets L;, which contradicts the fact that {Li,...,L,} is
an open cover. [

Theorem 11.20. Every topological metric space (S, 04) is a Hausdorff space.

Proof. Let x and y be two distinct elements of S, so d(z,y) > 0. Choose

€= @ It is clear that for the open spheres C(z,¢€) and C(y,¢€), we have

x € C(z,e), y € Cly,e), and C(x,e) N C(y,e) = 0, so (S,04) is indeed a
Hausdorff space. O

Corollary 11.21. Fvery compact subset of a topological metric space is closed.
Proof. This follows directly from Theorems 11.20 and 6.89. O

Corollary 11.22. If S is a finite set and d is a metric on S, then the topology
Oq s the discrete topology.
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Proof. Let S = {z1,...,x,} be a finite set. We saw that every singleton {z;}
is a closed set. Therefore, every subset of S is closed as a finite union of closed
sets. 0O

Theorem 11.23. Every topological metric space (S,04) is a Ty space.

Proof. We need to prove that for all disjoint closed sets H; and Hs of S there
exist two open disjoint sets Vi and V5 such that Hy C Vi and Hy C V5.

Let © € Hy. Since Hy N Hy = (), it follows that @ ¢ Hy = K(Ha),
so d(x,Hs) > 0 by Part (ii) of Theorem 11.16. By Theorem 11.18, the set

C (Hl, M) is an open set and so is

3
Qu U{O (Hl,d(x?;L)> | mGHl}.

The open set Qpr, is defined in a similar manner as

QHQU{C/“(HQ,‘W) |y€H2}.

The sets Qm, and Qp, are disjoint because t € Qm, N Q g, implies that there
is 1 € Hy and x2 € Hy such that d(t,z1) < w and d(t,zq) < w.
This, in turn, would imply

d(l‘h HQ) -+ d(lL’Q, Hl)

d(zy,22) < 3

2
< 7d(zla ‘TQ)a

3
which is a contradiction. Therefore, (S, 04) is a Ty topological space. O
Corollary 11.24. Every metric space is normal.

Proof. By Theorem 11.20, a metric space is a T space and therefore a T}
space. The statement then follows directly from Theorem 11.23. 0O

Corollary 11.25. Let H be a closed set and L be an open set in a topological
metric space (S,04) such that H C L. Then, there is an open set V' such that
HCVCK({V)CL.

Proof. The closed sets H and S — L are disjoint. Therefore, since (S, 0) is
normal, there exist two disjoint open sets V' and W such that H C V and
S —L CW. Since S — W is closed and V' C S — W, it follows that K(V) C
S —W C L. Thus, we obtain HCV CK(V)CL. 0O

A stronger form of Theorem 11.23, where the disjointness of the open sets
is replaced by the disjointness of their closures, is given next.

Theorem 11.26. Let (S,04) be a metric space. For all disjoint closed sets
H, and Hy of S, there exist two open sets Vi and Vo such that Hy C Vi,
Hy C Vs, and K(V1) N K(Vs) = 0.
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Proof. By Theorem 11.23, we obtain the existence of the disjoint open sets
Qu, and Q g, such that Hy C Qp, and Hy C Qp,. We claim that the closures
of these sets are disjoint.

Suppose that s € K(Qp,) NK(Qm,). Then, we have C (s, 5) N Qp, # 0
and C (s, ﬁ) N Qpu, # 0. Thus, there exist t € Qp, and t' € Qp, such that
d(t,s) < 15 and d(t',5) < 5.

As in the proof of the previous theorem, there is 1y € H; and y; € Ho
such that d(t,z1) < d(%’H?) and d(t',y1) < %. Choose t and ¢ above
for € = d(x1,y1). This leads to a contradiction because

5
d(z1,y1) < d(z1,t) +d(t,s) +d(s, ') +d(t',y1) < gd($17y1)~
O

Corollary 11.27. Let (S,04) be a metric space. If x € L, where L is an open
subset of S, then there exists two open sets Vi and Vs in S such that © € V7,
S — L CVy, and K(V1) N K(Va) = 0.

Proof. The statement follows by applying Theorem 11.26 to the disjoint closed
sets Hy ={z} and Hy =S —L. O

Recall that the Bolzano-Weierstrass property of topological spaces was in-
troduced in Theorem 6.61. Namely, a topological space (S, ) has the Bolzano-
Weierstrass property if every infinite subset 7' of S has at least one accumu-
lation point. For metric spaces, this property is equivalent to compactness, as
we show next.

Theorem 11.28. Let (S,04) be a topological metric space. The following
three statements are equivalent:
(i) (S,04) is compact.
(ii) (S, 04) has the Bolzano-Weierstrass property.
(iii) Fvery countable open cover of (S,04) contains a finite subcover.

Proof. (i) implies (ii): by Theorem 6.61.

(ii) implies (iii): Let {L,, | n € N} be a countable open cover of S. Without
loss of generality, we may assume that none of the sets L, is included in
UZ;11 L,; indeed, if this is not the case, we can discard L,, and still have a
countable open cover. Let x,, € L, — UZ;11 L, and let U = {z,, | n € N}.
Since (S, O4) has the Bolzano-Weierstrass property, we have U’ # (), so there
exists an accumulation point z of U. In every open set L that contains z, there
exists z,, € U such that x,, # z.

Since {L, | m € N} is an open cover, there exists L, such that
z € Ly,. Suppose that the set L,, contains only a finite number of elements
ZpyseorTny, and let d = min{d(z,z,,) | 1 < i < k}. Then, L,, N C(z,%)
is an open set that contains no elements of U with the possible exception
of z, which contradicts the fact that z is an accumulation point. Thus, L.,
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contains an infinite subset of U, which implies that there exists x4 € Ly, for
some ¢ > m. This contradicts the definition of the elements x, of U. We
conclude that there exists a number rg such that L, — U:;Ol L; =0 for r > rg,
s0 S=LyU---ULy,_1, which proves that Lg,...,L,,—1 is a finite subcover.

(iii) implies (i). Let € be a positive number. Suppose that there is an infinite
sequence X = (zo,..., Ty, ...) such that d(x;,z;) > € for every i,j € N such
that ¢ # j. Consider the open spheres C(z;,¢€) and the set

c=s-k|JC(23)
ieN

We will show that {C} U {C(z;,€) | i € N} is a countable open cover of S.

Suppose that x € S—C’; thatisz € K (UieN C (Jci, %)) By Theorem 6.37,
we have either that z € UieN C (mi, %) or x is an accumulation point of that
set.

In the first case, x € [,y C(xi, €) because C (z;, §) € C(ay,€). If z is an
accumulation point of UiEN C (:Ei, g), given any open set L such that x € L,
then L must intersect at least one of the spheres C (:Ei, 5) Suppose that
C (x, %) nc (xi, %) # (), and let ¢ be a point that belongs to this intersection.
Then, d(z,z;) < d(z,t) +d(t,z;) < §+§ =€, 50 x € C(x4,€).

Therefore, {C'} U{C(z;,€) | i € N} is a countable open cover of S. Since
every countable open cover of (S,04) contains a finite subcover, it follows
that this open cover contains a finite subcover. Observe that there exists an
open sphere C(z;,€) that contains infinitely many x,, because none of these
elements belongs to C'. Consequently, for any two of these points, the distance
is less than €, which contradicts the assumption we made initially about the
sequence X.

Choose ¢ = % for some k € N such that £ > 1. Since there is no infinite
sequence of points such that every two distinct points are at a distance greater
than %, it is possible to find a finite sequence of points x = (zg,...,Tp_1)
such that ¢ # j implies d(x;, x;) > % for 0 <4,j7 <n—1 and for every other
point x € S there exists a; such that d(z;,x) < %

Define the set Ly, ; as the open sphere C' (x;, =), where z; is one of the
points that belongs to the sequence above determined by k& and m € N and
m > 1. The collection {Lj 1 | m > 1,0 <i < n—1} is clearly countable. We
will prove that each open set of (S,04) is a union of sets of the form Ly, ,, ;;
in other words, we will show that this family of sets is a basis for (S, O4).

Let L be an open set and let z € L. Since L is open, there exists ¢ > 0
such that z € C(z,¢) C L. Choose k and m such that % <1< 5. By the

m
definition of the sequence x, there is x; such that d(z, x;) < % We claim that

1
Lym:i=C <$i, ) CL.
m
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Let y € Lim,i. Since d(z,y) < d(z,2;) + d(z;,y) < + + L <, it follows that
Lim.i € C(z,€) C L. Since d(y, z) < % < %, we have z € Ly, ., ;. This shows
that L is a union of sets of the form Ly, ,, ;, so this family of sets is a countable
open cover of S. It follows that that there exists a finite open cover of (S, 0,)
because every countable open cover of (S,04) contains a finite subcover. 0O

Closed or open spheres in ultrametric spaces have an interesting property,
which we discuss next.

Corollary 11.29. If d is an ultrametric on S, then any closed sphere B(t,r)
and any open sphere C(t,r) is a clopen set in the topological ultrametric space
(S, 0a).

Proof. We already know that B(t,r) is closed. To prove that this set is also
open if d is an ultrametric, let s € B(t,r). We saw that s is again a center
of the sphere (see Theorem 10.22). Therefore, C (s, 5) € B(t,r), so B(t,r) is
open. We leave the proof that C(t,r) is also closed to the reader. O

By Theorem 6.34, the border of a closed sphere or of an open sphere in an
ultrametric space is empty.

Theorem 11.30. Let d and d’' be two metrics on a set S such that there exist
co,c1 € Rsg for which cod(x,y) < d'(z,y) < erd(z,y) for every x,y € S.
Then, the topologies O4 and Qg coincide.

Proof. Suppose that L € Og4, and let x € L. There exists € > 0 such that
Cy(z,e) C L. Note that Cg (z,c1€) € Cy(x,€). Thus, Cy(z,€') C L, where
¢ = cye, which shows that L € Oy . In a similar manner, one can prove that
Og C Oy, so the two topologies are equal. 0O

If d and d' are two metrics on a set S such that Oy = Oy, we say that
d and d' are topologically equivalent. Corollary 10.55 implies that all metrics
d, on R™ with p > 1 are topologically equivalent.

In Section 6.2, we saw that if a topological space has a countable basis, then
the space is separable (Theorem 6.46) and each open cover of the basis contains
a countable subcover (Corollary 6.49). For metric spaces, these properties are
equivalent, as we show next.

Theorem 11.31. Let (S,04) be a topological metric space. The following
statements are equivalent:
(i) (S,04) has a countable basis.
(ii) (S, 04) is a separable.
(iii) Every open cover of (S,04) contains a countable subcover.

Proof. By Theorem 6.46 and Corollary 6.49, the first statement implies (ii)
and (iii). Therefore, it suffices to prove that (iii) implies (ii) and (ii) implies
(i).

To show that (iii) implies (ii), suppose that every open cover of (S, 04)
contains a countable subcover. The collection of open spheres {C' (z,1) | = €
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S,n € Nyg} is an open cover of S and therefore there exists a countable set
T, C S such that C, = {C (z,1) | € T,,,n € N5} is an open cover of S.
Let C =,,>; Tn. By Theorem 1.130, C' is a countable set.

We claim that C is dense in (S,0,). Indeed, let s € S and choose n
such that n > % Since C,, is an open cover of S, there is = € T,, such that
s € C(z,+) C C (). Since T,, C C, it follows that C' is dense in (S, 0y4).
Thus, (5,0,) is separable.

To prove that (ii) implies (i), let (S, O4) be a separable space. There exists
a countable set U that is dense in (S, O4). Consider the countable collection

G:{C(u,i) |u€U,n21}.

If L is an open set in (S,04) and & € L, then there exists € > 0 such that
C(z,€) C L. Let n be such that n > 2. Since U is dense in (S, 04), we know
that € K(U), so there exists y € S(z,e)NU and z € C (y, %) ccC ({E, %) C
C(z,€e) C L. Thus, C is a countable basis. 0O

Theorem 11.32. Let (S, 04) be a topological metric space. Every closed set
of this space is a countable intersection of open sets, and every open set is a
countable union of closed sets.

Proof. Let H be a closed set and let U,, be the open set

wo={o(2) 1eer}

It is clear that H C ﬂn>1 U,. Now let u € ﬂn>1 U, and let € be an arbitrary
positive number. For every n > 1, there is an element x, € H such that
d(u,x,) < L. Thus, if 1 < e, we have z,, € HNC(u,¢), so C(u,e) N H # 0.
By Corollary 11.7, it follows that w € H, which proves the reverse inclusion
,,>1 Un € H. This shows that every closed set is a countable union of open
sets.

If L is an open set, then its complement is closed and, by the first part
of the theorem, it is a countable intersection of open sets. Thus, L itself is a
countable union of closed sets. O

Definition 11.33. Let (S,04) be a topological metric space. A Gs-set is a
countable intersection of open sets. An Fg-set is a countable union of open
sets.

Now, Theorem 11.32 can be restated by saying that every closed set of a
topological metric space is a Gg-set and every open set is an Fy-set.

Theorem 11.34. Let U be a Gs-set in the topological metric space (S,04).
If T is a Gg-set in the subspace U, then T is a Gs-set in S.
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Proof. Since T is a Gs-set in the subspace U, we can write T = nnEN L,,
where each L, is an open set in the subspace U. By the definition of the
subspace topology, for each L,, there exists an open set in S such that L,, =

L, NU, so
T=()Lo=()EZ,nU)=UN ()L,
neN neN neN

Since U is a countable intersection of open sets of S, the last equality shows
that T is a countable intersection of open sets of S and hence a Gs-set in S.
O

11.5 Sequences in Metric Spaces

Definition 11.35. Let (S,04) be a topological metric space and let & =
(Toy .-y Tn,...) be a sequence in Seq.,(5).

The sequence x converges to an element x of S if for every e > 0 there
exists ne € N such that n > n. implies x,, € C(x,€).

A sequence x is convergent if it converges to an element x of S.

Theorem 11.36. Let (S,04) be a topological metric space and let x =
(o, ..., Tn,...) be a sequence in Seq..(S). If x is convergent, then there exists
a unique x such that x converges to x.

Proof. Suppose that there are two distinct elements = and y of the set S
that satisfy the condition of Definition 11.35. We have d(x,y) > 0. Define
€= @ By definition, there exists n. such that n > n. implies d(z, z,) < €
and d(z,,y) < e. By applying the triangular inequality, we obtain

2
d(z,y) < d(z,r,) +d(z,,y) < 2= gd(fmy),

which is a contradiction. 0O

If the sequence x = (xq,...,%n,...) converges to z, this is denoted by
lim,,— oo T, = T.

An alternative characterization of continuity of functions can be formu-
lated using convergent sequences.

Theorem 11.37. Let (S,04) and (T,0.) be two topological metric spaces
and let f : S — T. The function f is continuous in = if and only if
for every sequence © = (xg,...,%n,...) such that lim, . x, = x we have

lim,, o f(zn) = f(2).

Proof. Suppose that f is continuous in z, and let x = (zg,...,2p,...) be a
sequence such that lim,, . z,, = . Let € > 0. By Definition 11.35, there exists
d > 0 such that f(C(x,0)) C C(f(z),€). Since lim,,_, o0 T, = z, there exists ns
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such that n > ng implies x,, € C(x,0). Then, f(z,) € f(C(z,d)) C C(f(x),€).
This shows that lim, . f(z,) = f(z).

Conversely, suppose that for every sequence x = (xq, ..., Zn,...) such that
lim,, 0 &, = x, we have lim, o f(z,) = f(z). If f were not continuous in
x, we would have an € > 0 such that for all § > 0 we would have y € C(z, )
but f(y) € C(f(z),€). Choosing 6 = L, let y, € S such that y, € C (z, 1)
and f(yn) & C(f(z),€). This yields a contradiction because we should have

Sequences of Real Numbers

Theorem 11.38. Let = (xq,...,Zn,...) be a sequence in (R,0), where O
1s the usual topology on R.

If © is an increasing (decreasing) sequence and there exists a number b € R
such that x, <b (x, > b, respectively), then the sequence x is convergent.

Proof. Since the set {x, | n € N} is bounded above, its supremum s ex-
ists by the Completeness Axiom for R given in Section 4.4. We claim that
lim,, .~ &, = s. Indeed, by Theorem 4.28, for every € > 0 there exists n. € N
such that s —e < x,,, < s. Therefore, by the monotonicity of the sequence and
its boundedness, we have s — ¢ < z,, < s for n > n,, so x,, € C(x,¢), which
proves that x converges to s.

We leave it to the reader to show that any decreasing sequence in (R, O)
that is bounded below is convergent. O

If x is an increasing sequence and there is no upper bound for x, this
means that for every b € R there exists a number n; such that n > n; implies
T, > b. If this is the case, we say that x is a sequence divergent to +o0o and we
write lim,, .~ x, = +o0o. Similarly, if x is a decreasing sequence and there is
no lower bound for it, this means that for every b € R there exists a number
ny such that n > ny implies z,, < b. In this case, we say that x is a sequence
divergent to —oo and we write lim,_, o z, = —oc.

Theorem 11.38 and the notion of a divergent sequence allow us to say that
lim,, .~ x, exists for every increasing or decreasing sequence; this limit may
be a real number or +o0o depending on the boundedness of the sequence.

Theorem 11.39. Let [ag,bo] 2 [a1,b1] D -+ D [an,bn] D -+ be a sequence

of nested closed intervals of real numbers. There exists a closed interval [a, b]
such that a = lim,, .o apn, b =1lim, . b, and

[a,b] = ﬂ [an, bp].
nEN

Proof. The sequence ag,ay,...,ay,,... is clearly increasing and bounded be-
cause we have a,, < b,, for every n,m € N. Therefore, it converges to a
number ¢ € R and a < b, for every m € N. Similarly, by, b1,...,bp,... is



11.5 Sequences in Metric Spaces 437

a decreasing sequence that is bounded below, so it converges to a number b
such that a,, < b for n € N. Consequently, [a,b] C [, cnlan, bn]-

Conversely, let ¢ be a number in () _n[@n,bn]. Since ¢ > a,, for n € N, it
follows that ¢ > sup{a,, | n € N}, so ¢ > a. A similar argument shows that
¢ < b, so c € [a,b], which implies the reverse inclusion (), .lan,bn] C [a,b].
O

In Example 6.56, we saw that every closed interval [a, b] of R is a compact
set. This allows us to prove the next statement.

Theorem 11.40 (Bolzano-Weierstrass Theorem). A bounded sequence
of real numbers has a convergent subsequence.

Proof. Let x = (xg,...,%n,...) be a bounded sequence of real numbers. The
boundedness of x implies the existence of a closed interval Dy = [ag, by] such
that {x,, | n € N} C [ag, by].

Let ¢ = %2t be the midpoint of Dy. At least one of the sets x*([ao, co)),
xY([co, bo]) is infinite. Let [a1,b1] be one of [ag,co] or [co,bo], for which
x*([ao, co]), x ([co, bo]) is infinite.

Suppose that we have constructed the interval D, = [a,,b,] having
o “"TH)" as its midpoint such that x~!(D,,) is infinite. Then, D, =

[@n41,bny1] is obtained from D,, as one of the intervals [a,, ¢,] or [c,, b,] that
contains x,, for infinitely many n.

Thus, we obtain a descending sequence of closed intervals [ag,bg] D
[a1,b1] D -+ such that each interval contains an infinite set of members of
the sequence x. By Theorem 11.39, we have [a,b] = |, Nlan,bn], where
a = lim, ,oca, and b = lim,_.-b,. Note that b, — a, = bog—ﬂ% SO
a = lim,_ o ap = lim, o b, = b.

The interval Dy contains at least one member of x, say z,,. Since D;
contains infinitely many members of x, there exists a member z,, of x
such that ny > ng. Continuing in this manner, we obtain a subsequence
Tngs Tnyse s Tnys e - SiNCE Ay < Ty, < by, it follows that the sequence
(Tng, Tnyy- oy Tn,,...) converges to a. 0O

Let x = (zg, 21, ...) be a sequence of real numbers. Consider the sequence
of sets S, = {zn, Tpt1,...} for n € N. It is clear that Sp 251 2 ---C S, D
-+ +. Therefore, we have the increasing sequence of numbers inf Sy < inf S; <
--+ <inf S, < ---; we define liminf x as lim,, .., inf S,,. On the other hand,
we have the decreasing sequence sup Sy > supS; > -+ > sup S, > -+ of
numbers; we define limsupx as lim,, ., sup S,.

Ezample 11.41. Let x be the sequence defined by z, = (—1)" for n € N.
It is clear that supS,, = 1 and inf S,, = —1. Therefore, limsupx = 1 and
liminfx = —1.

Theorem 11.42. For every sequence x of real numbers, we have liminf x <
lim sup .
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Proof. Let S, = {zn,zpnt1,-..}, Yo = infS,, and z, = sup S, for n € N.
If p > n, we have v, <y, < 2, < 2p, 50 Yyp < 2, for every n,p such that
p > n. Since 21 > 29 > -+ > zp, it follows that y, < z, for every p € N.
Therefore, limsup x = lim,_, 2, > ¥, for every n € N, which in turn implies
liminfx = lim,, .o ¥y, < limsupx. O

Corollary 11.43. Let © = (2o, Z1,...,%n,...) be a sequence of real numbers.
We have liminf = limsup « = ¢ if and only if lim, o z, = £.

Proof. Suppose that liminfx = limsupx = £ and that it is not the case that
lim,,_. o , = £. This means that there exists € > 0 such that, for every m € N,
n > m implies |z, — £| > €, which is equivalent to x,, > ¢ + € or x,, < { — €.
Thus, at least one of the following cases occurs:
(i) there are infinitely many n such that z, > ¢ + ¢, which implies that
limsupx, > {+¢, or
(ii) there are infinitely many n such that z, < ¢ — €, which implies that
liminf x, > ¢ — €.
Either case contradicts the hypothesis, so lim,, ., z, = £.
Conversely, suppose that lim,, .~ z,, = £. There exists n. such that n > n.
implies / —¢ < x,, < £+e¢. Thus, sup{z,, | n >n.} < l+e¢, solimsupx < {+e.
Similarly, y — € < liminf x and the inequality

{—e<liminfx <limsupx </ + e,

which holds for every ¢ > 0, implies liminf x = limsupx = ¢. O

Sequences and Open and Closed Sets

Theorem 11.44. Let (S,04) be a topological metric space. A subset U of S
is open if and only if for every x € U and every sequence (xg, ..., Tn,...) such
that lim,, .o x, = x there is m such that n > m implies z,, € U.

Proof. Suppose U is an open set. Since x € U, there exists ¢ > 0 such
that C(x,e) C U. Let (xg,...,%pn,...) be such that lim, .., = x. By Defi-
nition 11.35, there exists n. such that n > n. implies x,, € C(z,¢) C U.

Conversely, suppose that the condition is satisfied and that U is not open.
Then, there exists x € U such that for every n > 1 we have C' (x, %) —U #0.
Choose z,,_1 € C (:1:, %) for n > 1. Tt is clear that the sequence (xq, ..., Zp,...)
converges to x. However, none of the members of this sequence belong to U.
This contradicts our supposition, so U must be an open set. O

Theorem 11.45. Let (S, 04) be a topological metric space. A subset W of S
is closed if and only if for every sequence © = (xg,...,Tp,...) € Seq. (W)
such that lim,,_ o x,, = x we have x € W.
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Proof. If W is a closed set and x = (zg,...,Zn,...) is a sequence whose
members belong to W, then none of these members belong to S — W. Since
S — W is an open set, by Theorem 11.45, it follows that z ¢ S — W; that is,
zeW.

Conversely, suppose that for every sequence (zg,...,Zn,...) such that
lim, ..o = z and =, € W for n € N we have x € W. Let v € S — W,
and suppose that for every n > 1 the open sphere C' (v, %) is not included in
S — W. This means that for each n > 1 thereis z,,_1 € C (v, %) NW. We have
lim,, .o 2, = v; this implies v € W. This contradiction means that there is
n > 1 such that C' (v7 %) C V,so V is an open set. Consequently, W =5—-V
is a closed set. O

11.6 Completeness of Metric Spaces

Let x = (zg,...,2n,-..) be a sequence in the topological metric space (.S, O4)
such that lim, ..z, = 2. If m,n > ne, we have d(zm,n) < d(zm,z) +
d(z,r,) < §+ § = €. In other words, if x is a sequence that converges to ,
then given a positive number ¢ we have members of the sequence closer than
e if we go far enough in the sequence. This suggests the following definition:

Definition 11.46. A sequence * = (xq,...,&n,...) in the topological metric
space (S,04) is a Cauchy sequence if for every e > 0 there exists n. € N such
that m,n > n. implies p(xp,, x,) < €.

Theorem 11.47. Every convergent sequence in a topological metric space
(S,04) is a Cauchy sequence.

Proof. Let x = (xg,21,...) be a convergent sequence and let & = lim,, o X.
There exists n’i such that if n > n’g, then d(z,,z) < §. Thus, if m,n > n. =
n; , it follows that

€ €
d(fm,l'n) § d(xmax) + d(xa xn) < 5 + 5 =6
which means that x is a Cauchy sequence. 0O

Example 11.48. The converse of Theorem 11.47 is not true, in general, as we
show next.

Let ((0,1),d) be the metric space equipped with the metric d(z,y) = |z—y|
for x,y € (0,1). The sequence defined by x,, = n%_l for n € N is a Cauchy
sequence. Indeed, it suffices to take m,n > % — 1 to obtain |z, — x| < €
however, the sequence z,, is not convergent to an element of (0, 1).

Definition 11.49. A topological metric space is complete if every Cauchy
sequence is convergent.
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Ezample 11.50. The topological metric space (R, Qq4), where d(x,y) = |z — y|
for z,y €€ R, is complete.

Let x = (xo,21,...) be a Cauchy sequence in R. For every ¢ > 0, there
exists n. € N such that m,n > n, implies |z, — x,| < e. Choose mg € N such
that mg > ne. Thus, if n > n,, then x,,, — € < 2, < zy,, + €, which means
that x is a bounded sequence. By Theorem 11.40, the sequence x contains a
bounded subsequence (z;,, T, , . ..) that is convergent. Let £ = limy_,o0 24, . It
is not difficult to see that lim,,  x, = ¢, which shows that (R, O4) is complete.

Theorem 11.51. Let (S,04) be a complete topological metric space. If T is
a closed subset of S, then the subspace T is complete.

Proof. Let T be a closed subset of S and let x = (zg,1,...) be a Cauchy se-
quence in this subspace. The sequence x is a Cauchy sequence in the complete
space S, so there exists x = lim,,_,o, x,,. Since T is closed, we have z € T, so
T is complete.

Conversely, suppose that T is complete. Let @ € K(T'). There exists a
sequence x = (xg,21,...) € Seq,,(T) such that lim, .. x, = x. Then, x
is a Cauchy sequence in T, so there is a limit ¢ of this sequence in T. The
uniqueness of the limit implies x =¢ € T', so T is a closed set. 0O

Theorem 11.52. There is no clopen set in the topological space (R, 0) except
the empty set and the set R.

Proof. Suppose that L is a clopen subset of R that is distinct from ) and R.
Then, there exist € L and y & L. Starting from = and y, we define inductively
the terms of two sequences x = (zg,...,Zn,...) and ¥y = (Yo, -+, Yn,...) as
follows. Let ¢y = = and yy = y. Suppose that z, and y, are defined. Then,

Tnt¥n  §f Totin o T
T _ 2 2 )
n+1 —

Ty otherwise,

and
TntYn 3£ TntYn
) i e ¢ L,
Yn+1 = .
UYn otherwise.

Tt is clear that {z,, | n € N} C L and {y, | n € N} C R — L. Moreover, we
have

| —r |_|yn_$n|_._._|y_$|
Yn+1 n+1| = —2 = = ot
Note that

ly — x|

|xn+1 - xn| S |yn - xn| S on

This implies that x is a Cauchy sequence and therefore there is © = lim,, o Tp;
moreover, the sequence y also converges to x, so x belongs to dL, which is a
contradiction. 0O
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Theorem 11.53. In a complete topological metric space (S,04), every de-
scending sequence of closed sets Vo D Vi D -V, C V41 D -+ such that
lim,, o diam(V,,) = 0 has a nonempty intersection, that is, mnGN Vi # 0.

Proof. Consider a sequence xg, Z1,...,Zy,... such that z,, € V,,. This is a
Cauchy sequence. Indeed, let € > 0. Since lim,,_, o, diam(V},) = 0, there exists
ne such that if m,n > n. we have xp, 2, € Viningm,n}- Since min{m,n} >
ne, it follows that d(z,,,x,) < diam(Viinm,n) < €. Since the space (S, 0q)
is complete, it follows that there exists x € S such that lim, .., x, = =x.
Note that all members of the sequence above belong to V,,, with the possible
exception of the first m members. Therefore, by Theorem 11.45, x € V,,, so

T €N,eN Vs 30 NpeNVa 0. O
Recall that the definition of Baire spaces was introduced on page 233.

Theorem 11.54. Every complete topological metric space is a Baire space.

Proof. We prove that if (S, 0,) is complete, then it satisfies the first condition
of Theorem 6.28.

Let Ly,...,L,,... be a sequence of open subsets of S that are dense in
S and let L be an open, nonempty subset of S. We construct inductively a
sequence of closed sets Hq, ..., Hy, ... that satisfy the following conditions:
(i) HH C LoNL,

(i) H, C L, N H,_4 forn > 2,
(i) I(H,) # 0, and

(iv) diam(H,) < +

for n > 2.

Since L is dense in S, by Theorem 6.22, Ly N L # (), so there is a closed
sphere of diameter less than 1 enclosed in Ly N L. Define H; as this closed
sphere.

Suppose that H,_; was constructed. Since I(H,_1) # (), the open set
L, NI(H,_1) is not empty because L, is dense in S. Thus, there is a closed
sphere H,, included in L,,NI(H,_1), and therefore included in L,,NH,,_1, such
that diam(H,) < +. Clearly, we have I(H,) # (). By applying Theorem 11.53
to the descending sequence of closed sets Hy, ..., H,,..., the completeness of
the space implies that (,~; H, # 0. If s € (), ~; Hp, then it is clear that
z €(),>; Ln and x € L, which means that the set (),~, L, has a nonempty
intersection with every open set L. This implies that (1, ~; L, is dense in S.
m|

The notion of precompactness that we are about to introduce is a weaker
notion than the notion of compactness formulated for general topological
spaces, which can be introduced for topological metric spaces.

Definition 11.55. Let (S,d) be a metric space. A finite subset {z1,...,x,}
is an r-net on (S,d) if S =J_; C(z;,7).

Observe that, for every positive number r the family of open spheres
{C(x,r) | = € S} is an open cover of the space S.
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Definition 11.56. A topological metric space (S,04) is precompact if, for
every positive number r, the open cover {C(z,r) | © € S} contains an r-net

{C(z1,7),...,C(zpn,7)}

Clearly, compactness implies precompactness.
Using the notion of an r-net, it is possible to give the following character-
ization to precompactness.

Theorem 11.57. The topological metric space (S,04) is precompact if and
only if for every positive number r there exists an r-net N, on (S,04).

Proof. This statement is an immediate consequence of the definition of pre-
compactness. O
Next, we show that precompactness is inherited by subsets.

Theorem 11.58. If (S,04) is a precompact topological metric space and T C
S, then the subspace (T, 04 17) is also precompact.

Proof. Since (S, 04) is precompact, for every r > 0 there exists a finite open
cover €,p = {C (si,%) | si € 5,1 <i < n}. Let ¢ = {C(si;,5) | 1 <
j <m} be a minimal subcollection of C,./, that consists of those open spheres
that cover T'; that is,

TgU{C(:;ij,g) | 1§j§m}.

The minimality of €’ implies that each set C (sij, g) contains an element y; of
T. By Exercise 6 of Chapter 10, we have C (sij, %) C C(y;, ) and this implies
that the set {y1,...,¥Ym} is an r-net for the set T. 0O

If the subspace (T, 04 1) of (S,04) is precompact, we say that the set T
is precompact.

The next corollary shows that there is no need to require the centers of
the spheres involved in the definition of the precompactness of a subspace to

be located in the subspace.

Corollary 11.59. Let (S,04) be a topological metric space (not necessarily
precompact) and let T be a subset of S. The subspace (T,Oq4 11) is precom-
pact if and only if for every positive number r there exists a finite subcover
{C(x1,7),...,C(xpn,7) | s €8S for 1 <i<n}.

Proof. The argument has been made in the proof of Theorem 11.58. O
The next theorem adds two further equivalent characterizations of compact
metric spaces to the ones given in Theorem 11.28.

Theorem 11.60. Let (S,04) be a topological metric space. The following
statements are equivalent.

(1) (S,04) is compact.

(ii) Fvery sequence x € Seq.,(S) contains a convergent subsequence.



11.6 Completeness of Metric Spaces 443
(iii) (S, Oq) is precompact and complete.

Proof. (i) implies (ii): Let (S,04) be a compact topological metric space and
let x be a sequence in Seq, (S). By Theorem 11.28, (S, O4) has the Bolzano-
Weierstrass property, so the set {x,, | n € N} has an accumulation point ¢.
For every k > 1, the set {z, | n € N} N C (f,1) contains an element
distinct from ¢. Since d(t, z,, ) < % for k£ > 1, it follows that the subsequence
(Tny, Tny, - - ) converges to t.

(i) implies (iii): Suppose that every sequence x € Seq.,(S) contains a
convergent subsequence and that (S, O4) is not precompact. Then, there exists
a positive number r such that S cannot be covered by any collection of open
spheres of radius r.

Let zp be an arbitrary element of S. Note that C(zg,r) — S # ) because
otherwise the C'(zg, r) would constitute an open cover for S. Let x; be an arbi-
trary element in C'(zg,r) — S. Observe that d(zg,2z1) > 7. The set (C(zo,7)U
C(x1,r)) — S is not empty. Thus, for any x5 € (C(xg,7) U C(z1,7)) — S, we
have d(xg,x2) > r and d(zo, z1) > r, etc. We obtain in this manner a sequence
20,T1, ..., &n, ... such that d(z;,z;) > r when i # j. Clearly, this sequence
cannot contain a convergent sequence, and this contradiction shows that the
space must be precompact.

To prove that (S,04) is complete, consider a Cauchy sequence x =
(o, @1, ..., Zn,...). By hypothesis, this sequence contains a convergent sub-
sequence (Tpy,Zn,,--.). Suppose that limy_,o x,, = [. Since x is a Cauchy
sequence, there is ne such that n,n; > n; implies d(zy,, 2y, ) < §. The con-
vergence of the Subsequence (a:no,xm,...) means that there exists n’i’ such
that n, > n% implies d(zy,,1) < §. Choosing nj > n’%’, ifn > n’% = n., we
obtain

d(xn, ) < d(xn, 2n,) + d(xy,,1) < g + % =

which proves that x is convergent. Consequently, (S, Q4) is both precompact
and complete.

(iii) implies (i): Suppose that (S, 04) is both precompact and complete but
not compact, which means that there exists an open cover C of S that does
not contain any finite subcover.

Since (S,04) is precompact there exists a 1-net, {z1,... 2, }. For each
of the closed spheres B(z},3), 1 < i < ny, the trace collectlon Coar,1) 18

an open cover. There is a closed sphere B(z such that the open cover

25, 3)

e B(z1,3) does not contain any finite subcover of B(z} since (S,04) was

5. 3)
assumed not to be compact. Let z; = mjl

By Theorem 11.58, the closed sphere B(z1, 2) is precompact. Thus, there
exists a gz-net {3, ..., 22 } of B(21, 3). There exists a closed sphere B(xk, )
such that the open covcr ¢ B3, %) does not contain any finite subcover of

B(xk, 22) Let 29 = xk, note that d(z1,292) < %
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Thus, we construct a sequence z = (z1, 22, . ..) such that d(z,11, 2,) < 2%
forn > 1.
Observe that

d(z7,+p, Zn) < d(zn—&-pv Zn+p—1) + d(zn+p—17 Zn+p—2) +oF d(zn+1v Zn)
- 1 1 1
S gnpignp2 T

L1
on—1\" 9p )"

Thus, the sequence z is a Cauchy sequence and there exists z = lim,,_.o zn,
because (5, 04) is complete.

Since € is an open cover, there exists a set L € C such that z € L. Let r be
a positive number such that C(z,r) C L. Let ng be such that d(z,, z) < £ and

2
& < L. If 2 € B(zn, 3= ), then d(z,2) < d(z,2,) + d(2n,2) < 55 + 5 <7, 50
B(zy, 5=) € C(2,7) C L. This is a contradiction because the spheres B(zy, 3= )
were defined such that Cp(, 1 did not contain any finite subcover. Thus,

(S,04) is compact. O

Theorem 11.61. A subset T of (R",0) is compact if and only if it is closed
and bounded.

Proof. Let T be a compact set. By Corollary 11.21. T is closed. Let r be
a positive number and let {C(t,7) | ¢ € T} be a cover of T. Since T is
compact, there exists a finite collection {C(¢;,r) | 1 < i < p} such that
T C U{C(ti,r) | 1 < i < p}. Therefore, if x,y € T, we have d(x,y) <
2+ max{d(t;,t;) | 1 <4,j < p}, which implies that 7" is also bounded.

Conversely, suppose that T is closed and bounded. The boundedness of T
implies the existence of a parallelepiped [x1,y1] X -+ X [Xn, yn] that includes
T, and we saw in Example 6.99 that this parallelepiped is compact. Since T’
is closed, it is immediate that 7" is compact by Theorem 6.60. O

Corollary 11.62. Let (S,0) be a compact topological space and let f : S —
R be a continuous function, where R is equipped with the usual topology. Then,
f is bounded and there exist ug,uy € S such that f(ug) = infyes f(x) and

flur) = sup,eg f(x).

Proof. Since S is compact and f is continuous, the set f(S) is a compact
subset of R and, by Theorem 11.61, is bounded and closed.

Both inf,cg f(z) and sup,cg f(x) are cluster points of f(S); therefore,
both belong to f(S), which implies the existence of ug and uy. O

Theorem 11.63 (Heine’s Theorem). Let (S,04) be a compact topological
metric space and let (T,0.) be a metric space. Every continuous function
f 8 — T is uniformly continuous on S.
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Proof. Let u = (ug, u1,...) and v = (vg,v1,...) be two sequences in Seq(.5)
such that lim,,_, o d(u,,v,) = 0. By Theorem 11.60, the sequence u con-
tains a convergent subsequence (upy,Up,,...). If @ = lim, o up,, then
lim,, 00 vp, = x. The continuity of f implies that lim,,—..c e(f(up, ), f(vp,)) =
e(f(x), f(x)) =0, so f is uniformly continuous by Theorem 11.13. O

11.7 Contractions and Fixed Points

Definition 11.64. Let (S,d) and (T,d') be two metric spaces. A function
f S — T is a similarity if there ewists a number r > 0 for which
d'(f(z), fly)) = rd(z,y) for every xz,y € S. If the two metric spaces coin-
cide, we refer to f as a self-similarity of (S, d).

The number r is called the ratio of the similarity f and is denoted by
ratio(f).

An isometry is a similarity of ratio 1. If an isometry exists between the
metric spaces (S,d) and (T,d'), then we say that these spaces are isometric.

If there exists r > 0 such that d'(f(x), f(y)) < rd(z,y) for all x,y € S,
then we say that f is a Lipschitz function. Furthermore, if this inequality is
satisfied for a number r < 1, then f is a contraction.

Ezample 11.65. Let (R,d) be the metric space defined by d(z,y) = |z — y|.
Any linear mapping (that is, any mapping of the form f(x) = ax+b for x € R)
is a similarity having ratio a.

Theorem 11.66. Let (S,04) and (T,04) be two metric spaces. Every Lips-
chitz function f: S — T is continuous.

€

o |

Proof. Let € be a positive number. Define 6 = £.If z € f(C(x,d)), there exists
y € C(x,0) such that z = f(y). This implie e(f(z),z) = e(f(x), f(y)) <
kd(z,y) < kéd =€, so z € C(f(x),€). Thus, f(C(x,0)) C C(f(x),€), so f is
continuous. O

Theorem 11.66 implies that every similarity is continuous.

Let f: S — S be a function. We define inductively the functions f(™
S — S for n € N by

fO) =

and
FD (@) = f(F ()
for € S. The function (™ is the n'* iteration of the function f.

Ezample 11.67. Let f : R — R be the function defined by f(z) = ax + b for
z € R, where a,b € R and a # 1. We have



446 11 Topologies and Measures on Metric Spaces

for x € R.

Definition 11.68. Let f : S — S be a function. A fixed point of f is a
member x of the set S that satisfies the equality f(x) = x.

Ezxample 11.69. The function f defined in Example 11.67 has the fixed point

b
o = T—a-

Theorem 11.70 (Banach Fixed Point Theorem). Let (S,04) be a com-
plete topological metric space and let f : S — S be a contraction on S.
Then, there exists a unique fized point uw € S for f, and for any © € S we
have lim,, ., ) (z) = u.

Proof. Since f is a contraction, there exists a positive number r, r < 1, such
that d(f(x), f(y)) < rd(z,y) for z,y € S. Note that each such function has
at most one fixed point. Indeed, suppose that we have both v = f(u) and
v = f(v) and u # v, so d(u,v) > 0. Then, d(f(u), f(v)) = d(u,v) < rd(u,v),
which is absurd because r < 1.

The sequence s = (z, f(x),..., f(z),...) is a Cauchy sequence. Indeed,
observe that

d(f (@), fOHD (@) < rd(fOD (@), fP () < - < rd(a, f(2)).

For n < p, this implies

d(f" (@), fP (@) < d(F™) (@), D (@) + d(FOD (@), FU (@) +
e d(f (), £ (@)
< rtd(e, f(@) 4o d(, f(2)

< (e, £(a),

which shows that the sequence s is indeed a Cauchy sequence. Since (S, 04)
is complete, there exists u € S such that u = lim,, o, f(™ (). The continuity
of f implies

u=lim fO+(2) = lim f(f"(2)) = f(w),

n—00 n—oo
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so u is a fixed point of f. Since d(f™(z), fP)(z)) < 1=

—r

d(z, f(z)), we have

,r.’ﬂ

lim d(f™) (), P (@) = d(f") (@), u) <

p—00 —r

d(x, f(x))

forneN. 0O

The Hausdorff Metric Hyperspace of Compact Subsets

Lemma 11.71. Let (S,d) be a metric space and let U and V' be two subsets
of S. If r € Rxg is such that U C C(V,r) and V C C(U,r), then we have
|d(z,U) —d(x,V)| <r for every x € S.

Proof. Since U C C(V,r), for every u € U there is v € V such that d(u,v) < r.
Therefore, by the triangular inequality, it follows that for every u € U there is
v € V such that d(z,u) < d(xz,v) +r, so d(z,U) < d(x,v) + r. Consequently,
d(z,U) < d(z,V) 4+ r. In a similar manner, we can show that V' C C(U,r)
implies d(x,V) < d(x,U) +r. Thus, |d(z,U) — d(z, V)| < r for every z € S.
O

Let (S,04) be a topological metric space. Denote by K(S,04) the col-
lection of all nonempty, compact subsets of (S,04), and define the mapping
0: :K(S, Od)2 — RZO by

(U, V)=imf{reRs | UCC(V,r)and V C C(U,r)}
for U,V € X(S, 0q).

Lemma 11.72. Let U and V' be two compact subsets of a topological metric
space (S,04). We have

sup |d(z,U) — d(z, V)| = max {sup d(x,U), sup d(z, V)} )
zesS zeV zeU

Proof. Let x € S. There is vg € V such that d(x,vg) = d(z, V') because V is
a compact set. Then, the compactness of U implies that there is ug € U such
that d(ug, vo) = d(vo, U). We have

d(z,U) —d(z,V) = d(x,U) — d(x, vo)
< d(z,ug) — d(x,vp)

< d(ug,vo) < sup d(U, z).
zeV

Similarly, d(x,U) — d(z, V) < sup,cy d(x, V'), which implies

sup |d(z,U) — d(z, V)| < max {sup d(x,U), sup d(z, V)} .
z€S zeV zeU
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On the other hand, since U C S, we have

sup |d(z,U) — d(z, V)| > sup |d(z,U) — d(z, V)| = sup d(z, V)
zes xzeU zeU

and, similarly, sup,cg |d(z,U)—d(z, V)| > sup,cy d(z,U), and these inequal-
ities prove that

sup |d(z,U) — d(x, V)| > max {sup d(x,U), sup d(z, V)} )
€S zeV zeU

which concludes the argument. 0O
An equivalent useful definition of § is given in the next theorem.

Theorem 11.73. Let (S, d) be a metric space and let U and V' be two compact
subsets of S. We have the equality

o(U, V) =sup |d(z,U) — d(x, V).
TES

Proof. Observe that we have both U C C(V,sup,cyd(z,V)) and V C
C(U,sup,cy d(x,U)). Therefore, we have

0(U,V) < max{sup d(z,U), sup d(z,V)}.
zeV zeU

Combining this observation with Lemma 11.72 yields the desired equality. O

Theorem 11.74. Let (S,04) be a complete topological metric space. The
mapping & : K(S,04)? — Rxq is a metric on K(S, ).

Proof. Tt is clear that §(U,U) > 0 and that §(U,V) = §(V,U) for every
U,V € X(S,04). Suppose that §(U,V) = 0; that is, d(z,U) = d(z,V) for
every € S. If z € U, then d(z,U) = 0, so d(z, V) = 0. Since V is closed, by
Part (ii) of Theorem 11.16, we have z € V, so U C V. The reverse inclusion
can be shown in a similar manner.

To prove the triangular inequality, let U, V, W € K (S, O4). Since

d(@,U) — d(z, V)| < |d(@,U) - d(@, V)| + |d(z, V) — d(z, W),
for every x € S, we have
sup [d(z, U) — d(z, V)| < sup (|d(x, U) — d(z, V)| + |d(z, V) — d(z, W)
zeS €S

< sup |d(z,U) — d(z, V)| + sup |d(z, V) — d(z, W),
zeS zeS

which implies the triangular inequality
(U, V) <o(UW)+ (W, V).

O
The metric § is known as the Hausdorff metric, and the metric space
(K(S,04),0) is known as the Hausdorfl metric hyperspace of (S, 0,).
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Theorem 11.75. If (S,04) is a complete topological metric space, then so is
the Hausdorff metric hyperspace (X(S,04),0).

Proof. Let U = (U, Uy, ...) be a Cauchy sequence in (K(S5,04),d) and let
U = K(U,cn Un). It is clear that U consists of those elements = of S such
that = lim,_,« 2, for some sequence x = (zg, z1,...), where z,, € U, for
n € N.

The set U is precompact. Indeed, let ¢ > 0 and let ng be such that
0(Un,Up,) < € for n > ng. Let N be an enet for the compact set H =
Up<ny Un- Clearly, H C C(N,e). Since 6(Uy,Un,) < €, it follows that
U C C(H,e), so U C C(N,2¢). This shows that U is precompact. Since
U is closed in the complete space (S, 04), it follows that U is compact.

Let € be a positive number. Since U is a Cauchy sequence, there exists
ng such that m,n > ng implies §(Up,, Up) < 53 that is, sup,cg |d(s, Um) —
d(s,Uy,)| < §. In particular, if z,,, € Uy,, then d(2y,,U,) = inf,cp,, d(z,y) <
5, so there exists y € U, such that d(z,,,y) < 5.

For z € U, there exists a sequence x = (xq, x1, ...) such that x, € U, for
n € N and lim,,_, o, x, = x. Therefore, there exists a number n’% such that
p > n’% implies d(z,x,) < §. This implies d(z,y) < d(z,x,) + d(xp,y) < € if
n > max{ng,n’%}, and therefore U C C(U,,¢).

Let y € U,. Since U is a Cauchy sequence, there exists a subsequence
U’ = Uy, Uy, . . .) of U such that ko = g and 6(Uy,, Uy,) < 27¢ for all n > k;.

Define the sequence z = (zg, 21, . ..) by choosing z; arbitrarily for k < ¢,
zqg =y, and z; € Uy for k; < k < kjy1 such that d(zx,2,) < 277¢. The
sequence z is a Cauchy sequence in S, so there exists z = limg_oo 2 and
z € U. Since d(y,z) = limy_o0 d(y, zx) < €, it follows that y € C(U,e€).
Therefore, 6(U,U,,) < €, which proves that lim, ., U, = U. We conclude
that (X(S,04),0) is complete. O

11.8 Measures in Metric Spaces

In this section, we discuss the interaction between metrics and measures de-
fined on metric spaces.

Definition 11.76. Let (S,d) be a metric space. A Carathéodory outer mea-
sure on (S,d) is an outer measure on S, u : P(S) — Rzo such that, for
every two sets U and V' of the topological space (S,04) such that d(U, V') > 0,
we have (U UV) = u(U) + (V).

Ezample 11.77. The Lebesgue outer measure introduced in Example 6.130 is
a Carathéodory outer measure.

Indeed, let U and V be two disjoint subsets of R™ such that dy(U, V) > 0
and let D be the family of n-dimensional intervals that covers U UV. Suppose
that the diameter of each of these intervals is less than r. If D = | D, we
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have D = Dy U Dy U D', where U C Dy, V C Dy, and D'N(UUV) = .
Since vol(Dy) + vol(Dy) < vol(D), we have u(U) + (V) < u(U UV'), which
implies that u is a Carathéodory outer measure.

Theorem 11.78. Let (S,d) be a metric space. The outer measure p on S
is a Carathéodory outer measure if and only if every closed set of (S,04) is
p-measurable.

Proof. Suppose that every closed set is y-measurable, and let U and V' be two
subsets of S such that d(U, V') > 0. Consider the closed set K(C'(U,r)), where

d(

r= “TU) Since this is a py-measurable set, we have

pUUV) =p(UUV)NCU,r) +p(UUV)NK(CU,7))) = wU) + u(V),

so u is a Carathéodory outer measure.

Conversely, suppose that p is a Carathéodory outer measure; that is,
d(U,V) > 0 implies p(UUV) = pu(U) + (V).

Let U be an open set, L be a subset of U, and L, Lo, . .. be a sequence of
sets defined by

1
L, = {t el |dit,KU))> }
n
for n > 1. Note that Li,Ls,... is an increasing sequence of sets, so the
sequence p(Ly), p(La), ... is increasing. Therefore, lim,, o p(L;) exists and

lim,, oo p(L;) < p(L). We claim that lim, o pu(L;) = p(L).

Since every set L, is a subset of L, it follows that Un>1 L, C L. Let
t € L C U. Since U is an open set, there exists ¢ > 0 such that C(t,e) C U,
so d(t, K(U)) > L if n > 1. Thus, for sufficiently large values of n, we have
te€ Ly, soL CJ,>; Ly. This shows that L = J,,~; Ln.

Consider the sequence of sets M,, = L,, .1 — L, for n > 1. Clearly, we can
write

L=LsU |J My =Low | Moy | Mopsr,
k=2n p=n p=n
S0 . .
(L) < p(Lan) + Z p(Mzp) + Z (Maps1).
p=n p=n
If both series 7 | pu(Map) and 7% | pu(Map11) are convergent, then

lim Z p(Map) =0 and lim Z wW(Mopi1) =0,
n Oop:n n Oop:n
and so (L) < limy, oo (Laop)-
If the series Z;o:n w(May) is divergent, let t € M, C Lopiq. If z € K(U),
then d(t, z) by the definition of Lapiq. Let y € Mapio C Lopis. We
have

1
Z 2p+1
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> d(y,z) >

2p +2 2p+ 3’

SO
1 1

d(t >t(t,z) —d > — — —
(t.9) 2 102) = d.2) 2 5oy — 5

which means that d(Map, Mapy2) > 0 for p > 1. Since p is a Carathéodory
outer measure, we have

iM(M%) =p (0 M2p> < pi(Lay).

p=1 p=1

This implies lim,, o p(Ly) = lim,, o0 1(Lay) = 00, so we have in all cases
lim,, o0 p(Ay) = p(L).

Let F be a closed set in (S,04) and let V' be an arbitrary set. The set
V UK(F) is contained in the set K(F) = F, so, by the previous argument,
there exists a sequence of sets L,, such that d(L,,F) > L for each n and
limy, oo p(Ly) = w(V NK(F)). Consequently, u(V) > u((VNF)U L,) =
wW(VUF)4p(Ly,). Taking the limit, we obtain p(V') > p(VNE)+u(VNK(F)),

which proves that F'is u-measurable. 0O

Corollary 11.79. Let (S,d) be a metric space. Every Borel subset of S is
w-measurable, where p is a Carathéodory outer measure on S.

Proof. Since every closed set is y-measurable relative to a Carathéodory outer
measure, it follows that every Borel set is p-measurable with respect to such
a measure. 0O
Thus, we can conclude that every Borel subset of S is Lebesgue measurable.
Let (S,d) be a metric space and let € be a countable collection of subsets
of S. Define
C,={C e | diam(C) < r},

and assume that for every x € S and r > 0 there exists C' € G, such that
x € C. Thus, the collection C, is a sequential cover for S, and for every
function f: € — Rzo we can construct an outer measure py, using Method I
(the method described in Theorem 6.127). This construction yields an outer
measure that is not necessarily a Carathéodory outer measure.

By Corollary 6.129, when r decreases, jif, increases. This allows us to
define

i =l
We shall prove that the measure fi; is a Carathéodory outer measure.

Since each measure py,, is an outer measure, it follows immediately that
fiy is an outer measure.

Theorem 11.80. Let (S,d) be a metric space, C be a countable collection of

subsets of S, and f : C — Rzo- The measure fif is a Carathéodory outer
measure.
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Proof. Let U and V be two subsets of S such that d(U,V) > 0. We need to
show only that fi(UUV) > s (U) + fip (V).

Choose r such that 0 < r < d(U, V), and let D be an open cover of U UV
that consists of sets of C,. Each set of D can intersect at most one of the set
U and V. This observation allows us to write D as a disjoint union of two
collections, D = Dy U Dy, where Dy is an open cover for U and Dy is an
open cover for V. Then,

Y {f(D) | DeD}=> {f(D)| DeDy}t+» {f(D)|DeDy}
> g (U) + ppr (V).

This implies ps,(UUV) > pp (U) + py(V), which yields g (U UV) >
fg(U) + fip(V) by taking the limit for r — 0. O

The construction of the Carathéodory outer measure fiy described earlier
is knows as Munroe’s Method II or simply Method II (see [100, 44]).

11.9 Embeddings of Metric Spaces

Searching in multimedia databases and visualization of the objects of such
databases is facilitated by representing objects in a k-dimensional space, as
observed in [49]. In general, the starting point is the matrix of distances be-
tween objects, and the aim of the representation is to preserve as much as
possible the distances between objects.

Definition 11.81. Let (S,d) and (S’,d’)) be two metric spaces. An embed-
ding of (S,d) in (S',d’) is a function f : S — S’. The embedding [ is an
isometry if d'(f(x), f(y)) = cd(x,y) for some positive constant number c. If
f is an isometry, we refer to it as an isometric embedding.

If an isometric embedding [ : S — S’ ewists, then we say that (S, d) is
isometrically embedded in (5, d).

Note that an isometry is an injective function for if f(z) = f(y), then
d'(f(x), f(y)) =0, which implies d(z,y) = 0. This, in turn, implies = = y.

Ezample 11.82. Let S be a set that consists of four objects, S = {01, 02, 03,04},
that are equidistant in the metric space (5, d); in other words, we assume that
d(0;,05) = k for every pair of distinct objects (0;,0;).

The subset U = {01,02} of S can be isometrically embedded in Rl; the
isometry h : U — R is defined by h(01) = (0) and h(oz) = (k).

For the subset {01, 02,05} define the embedding f : {01, 09,03} — R? by

f(o1) = (0,0),

f(OQ) = (k,O),
f(o3) = (c1,¢2),
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subject to the conditions

c% —i—cg = k2,
(c1 — k)2 +c2 =K

These equalities yield ¢; = g and c2 = %. Choosing the positive solution of
. . k k»
the last equality yields f(o3) = (5, %g)
To obtain an isometric embedding ¢ of S in R®, we seek the mapping

g:S — R? as

9(01) = (07070),
9(02) = (k,0,0),

9(03) = <§?%§a0> ’

9(04) = (ela €2, 63)7

where
e% + eg + eg = k2,
(e1 Zpeltel=k%
elf— (62—> +e§:k2.
The first two equalities imply e; = % this, in turn, yields
3k?
2 =T
kv3
(62 - —\/_> + % = k2
2
Subtracting these equalities, one gets es = %g. Finally, we have e3 = %

Choosing the positive solution, we obtain the embedding
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Ezample 11.83. Let (S, d) be a finite metric space such that |S| = n. We show
that there exists an isometric embedding of (S, d) into (R™ !, d,), where du,
was defined by Equality (10.7).

Indeed, suppose that S = {x,...,z,}, and define f: S — R"! as

flx) = (d(z1,2;),. .., d(Tp-1,2;))

for 1 < ¢ < n. We prove that d(z;,z;) = doo(f(x:), f(z;)) for 1 < 4,5 < n,
which will imply that f is an isometry with ¢ = 1.
By the definition of d.,, we have
doo (f (@i), f(25)) = | pax ld(z, ;) — d(z), z;5)|-

Note that for every k we have |d(zk,x;) — d(xg, z;)| < d(z;,z;) (see Exer-
cise 1). Moreover, for k = 4, we have |d(x;,2;) — d(x;,2;)| = d(zs,2;), so
maxi<p<n—1 |d(zk, z;) — d(xk, 2;)| = d(z;, z;). The isometry whose existence
was established in this example is known as the Fréchet isometry and was
obtained in [54].

Example 11.84. We now prove the existence of an isometry between the metric
spaces (R?,dy) and (R?, d;).
Consider the function f : R?* — R? defined by

Fluv) = (u;v7u—;—v>

for (u,v) € R2.
Since max{a,b} = 1 (|la — b| + |a + b|) for every a,b € R, it is easy to see
that

9

1
max{|u —u'[,|v —v'|} = ilu—u' —(v—="2")

—|—‘u—u'—|—(v—v’)

which is equivalent to

doo (1,0, (")) = dn ((ugvu—gv) ’ <u’;v”u’—2|—v’>).

The last equality shows that f is an isometry between (R?, du) and (R?, dy).

Exercises and Supplements

1. Prove that any subset U of a topological metric space (S,0,4) that has
a finite diameter is included in a closed sphere B(x, diam(U)) for some
relU.

2. Let d, be the metric defined in Exercise 7 of Chapter 10, where S = R?
and d is the usual Euclidean metric on R,
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a) Prove that if © # u, the set {z} is open.

b) Prove that the topological metric space (R?, 9,4, ) is not separable.

. Let (5,04) be a topological metric space.

a) Prove that, for every s € S and every positive number r, we have
K(C(z,7)) C B(z,1).

b) Give an example of a topological metric space where the inclusion
K(C(z,r)) € B(x,r) can be strict.

Solution for Part (b): Let (Seq.,({0,1}),dy) be the ultrametric space,
where the ultrametric dy was introduced in Supplement 46 of Chapter 10
and ¢(u) = \qu for u € Seq({0,1}).

It is clear that B(x,1) = Seq,,({0,1}) because dy(x,y) < 1 for every
X,y € Seq.,({0,1}). On the other hand, C'(x,1) contains those sequences
y that have a non-null longest common prefix with x; the first symbol of
each such sequence is the same as the first symbol s of x.

Since dy is an ultrametric, the open sphere C'(x,1) is also closed, so
C(x,1) = K(C(x,1)). Let s’ be a symbol in S distinct from s and let
z = (¢,¢,...) € Seq,(5). Note that dy(x,2z) = 1, s0 z ¢ C(x,1) =
K(C(x,1)). Thus, we have K(C(x,1) C B(x,1).

. Consider the ultrametric space (Seq..({0,1}),dy), where ¢(u) = ﬁ for
u € Seq({0,1}). For u € Seq({0,1}), let P, = {ut | t € Seq..({0,1})}
be the set that consists of all infinite sequences that begin with u. Prove
that {Py | u € Seq({0,1})} is a basis for the topological ultrametric
space defined above.

. Let (S,04) be a topological metric space and let U and V' be two subsets
of S such that §(U, V) < r. Prove that if D ={D; | i € I} is a cover for
V, then the collection D' = {C(D;,r) | i € I} is a cover for U.

. Prove that if NV, is an r-net for a subset T of a topological metric space
(S,04), then T C C(N,,r).

Solution: Suppose N, = {y; | 1 <i<n},soT CJ", C(y;,7). Thus,
for each ¢t € T there is y; € N, such that d(y;,t) < r. This implies that
d(t,N,) =inf{d(t,y) | y € N.} <r,s0t € C(N,,r).

. Prove that if NV, is an r-net for each of the sets of a collection of subsets
of a metric space (S, d), then N, is an r-net for | JC.

. Let U and V be two subsets of a metric space (.5, d) such that (U, V) < c.
Prove that every r-net for V' is an (r + ¢)-net for U.

. Let {U; | i € I} be a collection of pairwise disjoint open subsets of the
topological metric space (R",0g4,) such that for each i € I there exists
x;,y; € R" such that B(x;,ar) CV; C B(y,,br). Then, for any B(u,r),
we have |[{V; | K(V;) N B(u,r) # 0} < (1£22)".

Solution: Suppose that K(V;) N B(u,r) # (. Then K(V;) C B(u,r +
2br). Recall that the volume of a sphere of radius r in R" is V,(r) =

inil) as shown in Section C.4. If m = {V; | K(V;) N B(u,r) # 0}|, the
2

total volume of the spheres B(x;,ar) is smaller than the volume of the
sphere B(u, (1 + 2b)r), and this implies ma™ < (1 4 2b)™.
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10. Let (S,04) be a topological metric space and let f : S — R be the
function defined by f(z) = d(zg, z) for € S. Prove that f is a continuous
function between the topological spaces (5, 04) and (R, O).

11. Define the function f: R — (0,1) by

1

1@ = o=

for x € R. Prove that f is a homeomorphism between the topological
spaces (R, 0q) and ((0,1),04 1(0,1))-
Conclude that completeness is not a topological property.

12. Let X and Y be two separated sets in the topological metric space (S, 04)
(recall that the notion of separated sets was introduced in Exercise 12 of
Chapter 6). Prove that there are two disjoint open sets L1, Lo in (S, O4)
such that X C L, Y C Lo.

Solution: By Corollary 11.17, the functions dx and dy are continuous,
K(X) = dy'(0), and K(Y) = dy'(0). Since X and Y are separated, we
have X Ndy'(0) = Y Ndy'(0) = 0. The disjoint sets L; = {s € S |
dx(s) —dy(s) <0} and Ly = {s € S | dx(s) — dy(s) > 0} are open due
to the continuity of dx and dy, and X C Ly and Y C Ls.

13. This is a variant of the T separation property of topological metric spaces

formulated for arbitrary sets instead of closed sets.
Let (S, 04) be a topological metric space and let Uy and Us be two subsets
of S such that Uy N K(Us) = 0 and Uy N K(U;) = 0. There exists two
open, disjoint subsets Vi and V5 of S such that U; CV; for i =1, 2.

Solution: Define the disjoint open sets

Vi={zeS | dxU)<d(zUs)},

Vo = {IE es | d(x, UQ) < d((E,Ul)}
We have Uy C Vj because, for « € Uy, d(z,Uy) = 0 and d(z, Us) > 0 since
x ¢ K(Us). Similarly, Uy C V5.

14. Prove that, for every sequence x of real numbers, we have liminfx =
— lim sup(—x).

15. Find liminf x and limsup x for x = (zo,...,2p,...), where
a) x, = (—1)" - n,
b) =, = (G20l

16. Let (S,04) %e a topological metric space. Prove that x = (zg,z1,...) is
a Cauchy sequence if and only if for every € > 0 there exists n € N such
that d(z,, Tnim) < € for every m € N.

17. Let (S,04) be a topological metric space. Prove that if every bounded
subset of S is compact, then (S,04) is complete.

18. Prove that if (S1,d4),...,(Ss,d,) are complete metric spaces, then their
product is a complete metric space.

19. Prove that a topological metric space (S,04) is complete if and only if
for every nonincreasing sequence of nonempty closed sets S = (S, S1,...)
such that lim,, . diam(S,) = 0, we have (,.N Si # 0.
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21.

22.

23.

24.

25.
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Prove that x = (xg,1,...) is a Cauchy sequence in a topological ultra-

metric space (S, Q4) if and only if lim,, oo d(2,, Tpt1) = 0.

Let (S,d) and (T,d') be two metric spaces. Prove that every similarity

f S — T is a homeomorphism between the metric topological spaces

(S,04) and (T, 0g/).

Let (S, 04) be a complete topological metric space and let f : B(xzq,r) —

S be a contraction such that d(f(x), f(y)) < kd(z,y) for z,y € B(x,r)

and k € (0,1).

a) Prove that if d(f(z¢), o) is sufficiently small, then the sequence x =
(zo,x1,...), where x;11 = f(x;) for i € N, consists of points located
in B(zg,7).

b) Prove that y = lim, . @, exists and f(y) = y.

Let f: R"™ — R" be a self-similarity of the topological metric (R",ds)

having similarity ratio r. Prove that if H is a Lebesgue-measurable set,

then f(H) is also Lebesgue-measurable and p(f(H)) = r"u(H), where u

is the Lebesgue outer measure.

Solution: Suppose initially that r > 0. Since f is a homeomor-
phism, the image on an n-dimensional interval I = ] (a;,b;) is the
n-dimensional interval f(I) =[]\, (f(a;), f(b;)). The definition of f im-
plies vol(f(I)) = r™vol(I).

Since

{ vol(f |IeeHcUI}
<

it follows that w(f(H)) r"u(H). Note that the inverse of f is a
self similarity with ratio 1, which implies u(f(H)) > r"u(H). Thus,
W (H)) = r™ ().
If U is a subset of R™ and p is the Lebesgue outer measure, then p(U) =
inf{u(L) | U C L, L is open }.

Solution: The monotonicity of p implies p(U) < inf{u(L) | U C
L, L is open }. If u(U) = oo, the reverse inequality is obvious. Suppose
therefore that u(U) < co. By Equality (6.11) of Chapter 6, we have

= inf Zvol |]€JUCU

jeJ

so there exists a collection of n-dimensional open intervals {I; | j €
N} such that }-. N u(l;) < p(U) + e Thus, p(U) = inf{u(L) | U C
L, L is open}.
A subset U of R" is Lebesgue measurable if and only if for every € > 0
there exist an open set L and a closed set H such that H C U C L and
WL —H)<e
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12

Dimensions of Metric Spaces

12.1 Introduction

Recent research results attempt to counteract the dimensionality curse by
focusing on local dimensionality of data by using the fractal dimension of
data.

Subsets of R™ may have “intrinsic” dimensions that are much lower than
n. Consider, for example, two distinct vectors a,b € R"™ and the line L =
{a+tb | t € R}. Intuitively, L has the intrinsic dimensionality 1; however, L
is embedded in R™ and from this point of view is an n-dimensional object. In
this chapter we examine formalisms that lead to the definition of this intrinsic
dimensionality.

Difficulties related to the high number of correlated features that occur
when data mining techniques are applied to data of high dimensionality are
collectively designated as the dimensionality curse. In Section 12.2 we discuss
properties of the R™ spaces related to the dimensionality curse and we show
how the reality of highly dimensional spaces contradicts the common intu-
ition that we acquire through our common experience with lower dimensional
spaces. Higher dimensional spaces are approached using analogies with lower
dimensional spaces.

12.2 The Dimensionality Curse

The term “dimensionality curse,” invented by Richard Bellman in [8], is used
to describe the difficulties of exhaustively searching a space of high dimen-
sionality for an optimum value of a function defined on such a space. These
difficulties stem from the fact that the size of the sets that must be searched
increases exponentially with the number of dimensions. Moreover, phenomena
that are at variance with the common human intuition acquired in two- or
three-dimensional spaces become more significant. This section is dedicated
to a study of these phenomena.

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_12, (© Springer-Verlag London Limited 2008
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The dimensionality curse impacts many data mining tasks, including clas-
sification and clustering. Thus, it is important to realize the limitations that
working with high-dimensional data impose on designing data mining algo-
rithms.

In Section C.4, we show that the volume of a sphere of radius R in R" is

ﬂRn
Vo (R) = e
T+
Let Q. (¢) be an n-dimensional cube in R". The volume of this cube is ™.
Consider the n-dimensional closed sphere of radius R that is centered in the
center of the cube @, (2R) and is tangent to the opposite faces of this cube.
We have: "
m 2B
n—oo 2PRN 2n[ (g + 1)

In other words, as the dimensionality of the space grows, the fraction of the
cube volume that is located inside the sphere decreases and tends to become
negligible for very large values of n.

It is interesting to compare the volumes of two concentric spheres of radii
R and R(1 — €), where € € (0,1). The volume located between these spheres
relative to the volume of the larger sphere is

Va(R) — Va(R(1—¢))
Va(R)

=1-(1-9"

and we have

o ValB) = V(R )
n—oo Va (R)

Thus, for large values of n, the volume of the sphere of radius R is concentrated
mainly near the surface of this sphere.

Let Q,(1) be a unit side-length n-dimensional cube, @, (1) = [0,1]", cen-
tered in ¢, = (0.5,...,0.5) € R"™. The dy-distance between the center of the
cube ¢, and any of its vertices is:

V0.52 4+ - 0.52 = 0.5¢/n,

and this value tends to infinity with the number of dimensions n despite the
fact that the volume of the cube remains equal to 1. On the other hand, the
distance from the center of the cube to any of its faces remains equal to 0.5.
Thus, the n-dimensional cube is exhibits very different properties in different
directions; in other words the n-dimensional cube is an anisotropic object.
An interesting property of the unit cube @Q,(1) is observed in [82]. Let
P = (p,...,p) € R™ be a point located on the main diagonal of @, (1) and
let K be the subcube of @, (1) that includes (0,...,0) and P and has a side
of length p; similarly, let K’ be the subcube of @, (1) that includes P and

= 1.
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(1,...,1) and has side of length 1 — p. The ratio of the volumes V' and V' of

the cubes K and K’ is N
r(p) = (=) .
1-p

To determine the increase § of p needed to double the volume of this ratio,

we must find § such that % = 2, that is

p(l—p)+0(1—-p) .
pl—p)—d0p V2
Equivalently, we have
s pl-p)(¥3-1)
l—p+p¥2

The first factor ’)(17793 remains almost constant for large values of n. How-
1—p+p V2

ever, the second factor ¥/2 — 1 tends toward 0, which shows that within large
dimensionality smaller and smaller moves of the point p are needed to dou-
ble the ratio of the volumes of the cubes K and K’. This suggests that the
division of @, (1) into subcubes is very unstable. If data classifications are
attempted based on the location of data vectors in subcubes, this shows in
turn the instability of such classification schemes.

Another interesting example of the counterintuitive behavior of spaces of
high dimensionality is given in [17]. Now let @, (1) be the unit cube centered
in the point ¢,, € R", where c,, = (0.5,...,0.5). For n = 2 or n = 3, it is easy
to see that every sphere that intersects the sides of Q2(1) or all faces of Q3(1)
must contain the center of the cube c,,. We shall see that, for sufficiently high
values of n a sphere that intersects all (n — 1)-dimensional faces of @,,(1) does
not necessarily contain the center of @, (1).

Consider the closed sphere B(q,,,r), whose center is the point q, =
(q,-..,q), where ¢ € [0,1]. Clearly, we have q,, € Q,(1) and da2(cy,,q,) =
Vn(g? —q+0.25).

If the radius 7 of the sphere B(q,,, r) is sufficiently large, then B(q,,,r) in-
tersects all faces of @,,. Indeed, the distance from q,, to an (n—1)-dimensional
face is no more than max{q, 1 —¢}, which shows that r > max{q, 1—q} ensures
the nonemptiness of all these intersections. Thus, the inequalities

n(g—0.5)? > r? > max{¢? (1 —¢)*} (12.1)

ensure that B(q,,,r) intersects every (n — 1)-dimensional face of @,,, while
leaving c¢,, outside B(q,,, ). This is equivalent to requiring

max{¢, (1 — )’}
(¢ —0.5)°

n >

For example, if we choose ¢ = 0.3, then n > % = 12.25. Thus, in the case of

R'3, Inequality (12.1) amounts to 0.52 > r? > 0.49. Choosing r = 2 gives
the sphere with the desired “paradoxical” property.
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The examples discussed in this section suggest that precautions and sound
arguments are needed when trying to extrapolate familiar properties of two-
or three-dimensional spaces to spaces of higher dimensionality.

12.3 Inductive Dimensions of Topological Metric Spaces

We present two variants of the inductive dimensions of topological metric
spaces: the small inductive dimension ind(S,0,4) and the large inductive di-
mension IND(S,O4). Informally, these dimensions capture the intuitive idea
that a sphere B(z,r) in R"™" has a border that is n-dimensional. They are
defined by inductive definitions, which we present next.

Definition 12.1. Let (S,04) be a topological metric space. The large induc-
tive dimension of (S,0q4) is a member of the set {n € Z | n > —1} U {o0}
defined by:

(i) If S = 0 and O4 = {0}, then IND(S,04) = —1.

(ii) IND(S,04) < n forn > 0 if, for every closed set H and every open set L
such that H C L, there exists an open set V' such that H CV C L such
that IND(OV, Og 1ov) <n — 1.

(iii) IND(S, 04) = n if IND(S, 04) < n and IND(S, 0) £ n — 1.

(iv) If there is no integer n > —1 such that IND(S, O4) = n, then IND(S,04) =
00.

An immediate equivalent definition of IND(S, Q) is contained by the next
theorem.

Theorem 12.2. If IND(S,04) € Z, then IND(S,O4) is the smallest integer
n such that n > —1, and for every closed set H and every open set L of the
topological metric space (S,04) such that H C L, there exists an open set V
such that H CV C L such that IND(OV, 04 1ov) <n — 1.

Proof. The statement is an immediate consequence of Definition 12.1. O

If we relax the requirement of Definition 12.1 by asserting the existence of
the set V' only when the closed set H is reduced to an element of S, we obtain
the following definition of the small inductive dimension.

Definition 12.3. Let (S, 04) be a topological metric space. The small induc-
tive dimension of (S,0q4) is a member of the set {n € Z | n > —1} U {o0}
defined by:

(i) If S = 0 and O4 = {0}, then ind(S,O04) = —1.

(ii) ind(S,04) < n, where n > 0, if for x € S and every open set L that
contains x, there exists an open set V such that x € V C L such that
an(@V,od ]3\/) S n—1.

(iii) ind(S, Oq) = n if IND(S, Oq) < n and ind(S,0q4) £ n — 1.
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(iv) If there is no integer n > —1 such that ind(S,04) = n, then ind(S,04) =
0.

Theorem 12.4. If ind(S,04) € Z, then ind(S, Oq4) is the smallest integer n
such that n > —1, and for every x € S and every open set L that contains x,
there is an open set V such that x € V C L and ind(0V, 04 1ov) < n — 1.

Proof. The statement is an immediate consequence of Definition 12.3. O
Since {z} is a closed set for every x € S, it is clear that, for every topo-
logical metric space (S, O4), we have ind(S,04) < IND(S, O4).
If there is no risk of confusion, we denote ind(S, O4) and IND(S,O4) by
ind(S) and IND(S), respectively.

Definition 12.5. A topological metric space (S,04) is zero-dimensional if
ind(S, Od) =0.

Clearly, if IND(S,04) = 0, then (S, 04) is zero-dimensional.

Theorem 12.6. Let (S,04) be a nonempty topological metric space. The
space is zero-dimensional if and only if there exists a basis for Q4 that consists
of clopen sets.

Proof. Suppose that ind(S) = 0. By Definition 12.3, for every z € S and every
open set L, there is an open set V such that 2 € V C L and ind(0V) < —1,
which implies ind(9V) = —1 and thus OV = (). This shows that V is a clopen
set and the collection of all such sets V' is the desired basis.

Conversely, if there exists a basis B for Q4 such that each set in B is clopen,
then for every z € S and open set L there exists V' € B such that OV = (),
x €V =K(V) C L. This implies ind(S) =0. O

Theorem 12.7. Let (S,04) be a zero-dimensional separable topological metric
space. If Hy and Hs are two disjoint closed subsets of S, there exists a clopen
set U such that Hy CU and U N Hy = 0.

Proof. Since ind(S) = 0, by Theorem 12.6 there exists a base B of (S, 0q4)
that consists of clopen sets.

Let z € S. If x ¢ H,p, then x belongs to the open set S — Hy, so there
exists U, € B such that x € U, C S — Hy, which implies U, N H; = ().

If x & Hs, a similar set U, can be found such that x € U, N Hy = (). Since
every x is in either of the two previous cases, it follows that U = {U, | = € S}
is an open cover of S and each set U, is disjoint from H; or Hs.

By Theorem 11.31, the separability of (S,0,) implies that U contains a
countable subcover, {U,,,Us,,,...}. Let V1, V4, ... be the sequence of clopen
sets defined inductively by Vi = U,,, and V,, = U, — U?;ll V; for n > 1. The
sets V; are pairwise disjoint, J;~, Vi = S, and each set V; is disjoint from H;
or Hg.
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Let U = {V; | VinHy = 0}. The set U is open, H; C U, and UNHy = {).
Note that the set U is also closed because S—U = | J{V; | ViNHa # (0} is also
open. This means that U is clopen and satisfies the conditions of the theorem.
O

Theorem 12.7 can be restated by saying that in a zero-dimensional space
(S,0y4), for any two disjoint closed subsets of S, H; and Ha, there exist two
disjoint clopen subsets U; and Us such that H; C U; and Hy C Us. This
follows from the fact that we can choose Uy = U and Uy =S — U.

Corollary 12.8. Let (S, 04) be a zero-dimensional separable topological met-
ric space. If H is a closed set and L is an open set such that H C L, then
there exists a clopen set U such that H C U C L.

Proof. This statement is immediately equivalent to Theorem 12.7. O

Corollary 12.9. Let (S,04) be a separable topological metric space. We have
ind(S) = 0 if and only if IND(S) = 0.

Proof. We saw that IND(S) = 0 implies ind(S) = 0. Suppose that ind(S) = 0.
By Corollary 12.9, if H is a closed set and L is an open set such that H C L,
then there exists a clopen set U such that H C U C L. This implies IND(S) =
0 by Theorem 12.2. O

Ezample 12.10. If (S,04) is a nonempty topological ultrametric space, then
ind(S) = 0 because the collection of open spheres is a basis for O4 that consists
of clopen sets (see Corollary 11.29).

Ezample 12.11. For any nonempty, finite topological metric space (S, 04), we
have ind(S) = 0. Indeed, consider the a open sphere C(z,¢). If we choose
e < min{d(x,y) | z,y € S and = # y}, then each open sphere consists of {z}
itself and thus is a clopen set.

Ezample 12.12. Let Q be the set of rational numbers and let I = R —Q be the
set of irrational numbers. Consider the topological metric spaces (Q, 0’) and
(I, 0"), where the topologies O’ and 0" are obtained by restricting the usual
metric topology O4 of R to Q and I, respectively. We claim that ind(Q, 0’) =
ind(I,0”) =0

Let r be a rational number and let o be an irrational positive number.
Consider the set D(r,a) = {qg € Q | |r — ¢ < a}. It is easy to see that the
collection {D(r, ) | r € Q,w € I} is a basis for (Q,0"). We have

OD(r,a) ={q€Q | [g—r|<a}n{qgeQ | |g—71]>a}
={qecQllg—rl=a}=10

because the difference of two rational numbers is a rational number. Therefore,
the sets of the form D(r, «) are clopen and ind(Q,0") = 0.
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Let r and p be two rational numbers. Consider the set of irrational numbers
E(r,p) ={ael | |r—al <p}.

We claim that the collection &€ = {E(r,p) | r,p € Q} is a basis for (I,0").
Indeed, let 8 € I, and let L be an open set in O”. There exists an open sphere
C(B,u) such that v > 0 and C(5,u) C L. Let ri,72 € Q be two rational
numbers such that § —u <7 < 8 <ry <+ wu. If we define r = (r; +r2)/2
and p = (ro —71)/2, then 8 € E(r,p) C C(B,u) C L, which proves that & is
indeed a basis. We have

OE(r,p) ={acl||r—a/<p}n{acl| |r—al >p}
={a€l||r—al=p}=0

for reasons similar to the ones given above. The sets in the basis € are clopen,
and therefore ind(I,0"”) = 0.

Ezample 12.13. We have ind(R, Q) = 1. Indeed, by Theorem 11.52, its topo-
logical dimension is not 0 and, on the other hand, it has a basis that consists
of spheres C(x,r), that are open intervals of the form (x — r, 2 + r). Clearly,
O(z —r,x +r) is the finite set {—r, 7}, which has a small inductive dimension
equal to 0. Therefore, ind(R, O) = 1. It is interesting to observe that this shows
that the union of two zero-dimensional sets is not necessarily zero-dimensional
because nd(Q, ") = ind(I,0”) = 0, as we saw in Example 12.12.

Theorem 12.14. Let (S,0,4) be a topological metric space and let T be a
subset of S. We have ind(T,0q 17) < ind(S,04).

Proof. The statement is immediate if ind(S,04) = co. The argument for the
finite case is by strong induction on n = dim(S, 04) > —1.

For the base case, n = —1, the space (S, 04) is the empty space (0, {0}),
so T'= () and the inequality obviously holds.

Suppose that the statement holds for topological metric spaces of dimen-
sion no larger than n. Let (S,04) be a metric topological space such that
ind(S,04) = n+ 1, T be a subset of S, t be an element of T, and L be an
open set in (T, 04 17) such that t € L.

There is an open set Ly € O4 such that L = L1NT. Since ind(S, O4) = n+1,
n is the least integer such that there is an open set W C S for which

tew C Ly (12.2)

and ind(OW) < n. The set V.= W NT is an open set in (T,04 1), and we
have
teVCL

by intersecting the sets involved in Inclusions (12.2) with 7. Theorem 6.31
implies that
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or(V)=0r(WnT)C os(W)

and, by the inductive hypothesis, ind(0r(V')) < ind(0s(W)) < n. Therefore,
the small inductive dimension of 7' cannot be greater than n + 1, which is the
desired conclusion. 0O

A similar statement involving the large inductive dimension can be shown.

Theorem 12.15. Let (S,04) be a topological metric space and let T be a
subset of S. We have IND(T, 04 17) < IND(S,04).

Proof. The argument is similar to the one given in the proof of Theorem 12.14.
O

We denote ind(T, 04 1v) by ind(T).

An extension of Theorem 12.6 is given next.

Theorem 12.16. Let (S, 0q) be a topological metric space. We have ind(S) =
n, where n > 0, if and only if n is the smallest integer such that there exists
a basis for Oq such that for every B € B we have ind(0B) <n — 1.

Proof. The necessity of the condition is immediate from Definition 12.3 be-
cause the sets V' constitute a basis that satisfies the condition.

To prove that the condition is sufficient, note that from the proof of The-
orem 11.23 we obtain the existence of two open disjoint sets V; and V5 such
that {z} € V; and S — L C V5 because {z} and S — L are two disjoint closed
sets. This is equivalent to x € V; C S —V, C L and, because S — V5 is
closed, we have x € V; C K(V7) C L. Let B be a set in the basis such that
x € BCVy. We have x € B C L and ind(0B) < n — 1; since n is the least
number with this property, we have ind(S) =n. 0O

Corollary 12.17. For every separable topological metric space (S,04), we
have ind(S) = n, where n > 0, if and only if n is the smallest integer such
that there exists a countable basis for O4 such that, for every B € B, we have
ind(0B) <n—1.

Proof. This statement is a consequence of Theorems 12.16 and 6.48. O
The inductive dimensions can be alternatively described using the notion
of set separation.

Definition 12.18. Let (S,0) be a topological space, and let X and Y be two
disjoint subsets of S. The subset T' of S separates the sets X and Y if there
exists two open, disjoint sets L1 and Lo in (S,0) such that X C Ly, Y C Lo,
and T =5 — (Ll ULQ).

It is clear that if T separates X and Y, then T must be a closed subset of S.

Observe that the empty set separates the sets X and Y if and only if the
space S is the union of two open disjoint sets L; and Lo such that X C I,
and Y C Lo. Since Ly is the complement of Ls, both Ly and Ly are clopen
sets.
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Theorem 12.19. Let (S,0) be a topological space, and let X and Y be two
disjoint subsets of S. The set T separates the sets X and Y if and only if the
following conditions are satisfied:
(i) T is a closed set in (S,0), and
(ii) there exist two disjoint sets Ky and Ky that are open in the subspace S—T
such that X C K1, Y C Ky, and S — T = Ky U K.

Proof. Suppose that T separates the sets X and Y. It is clear that we have
both X CS—T and Y C S —T. We already observed that T is closed, and
so S — T is open. Therefore, the sets L; and Lo considered in Definition 12.18
are open in S — T and the second condition is also satisfied.

Conversely, suppose that conditions (i) and (ii) are satisfied. Since T is
closed, S — T is open. Since K; and K5 are open in S — 7', they are open in
(S,0), so T separates X and Y. O

Theorem 12.20. Let (S,0) be a topological space, H be a closed set, and L
be an open set such that H C L. The set T' separates the disjoint sets H and
S — L if and only if there exists an open set V and a closed set W such that
the following conditions are satisfied:

(H)HCVCWCS—L and

i) T=W-=-V.

Proof. Suppose that T' separates H and S — L. There are two disjoint open
sets Ly and Lo such that H C L1, S — L C Ly, and T = S — (L1 U La).
This implies S — Ly C L, and T = (S — L) N (S — Ly). Let V = Ly and
W = S — Ls. Since Ly and Ly are disjoint, it is clear that V' C W. Also,
T=(S-V)NW=W-V.

Conversely, if the conditions of the theorem are satisfied, then T sepa-
rates H and S — L because V and S — W are the open sets that satisfy the
requirements of Definition 12.18. O

Using the notion of set separation, we have the following characterization
of topological metric spaces having large or small inductive dimension n.

Theorem 12.21. Let (S,04) be a topological metric space and let n € N.

(i) IND(S) = n if and only if n is the smallest integer such that for every
closed subset H and open set L of S such that H C L there exists a set
W with IND(W) <n — 1 that separates H and L.

(i) ind(S) = n if and only if n is the smallest integer such that for any
element x of S and any open set L that contains x there exists a set W
with ind(W) <n —1 that separates {x} and L.

Proof. Suppose that IND(S) = n. By Definition 12.1, n is the smallest integer
such that n > —1, and for every closed set H and every open set L such that
H C L, there exists an open set V such that H C V C K(V) C L such that
IND(OV) < n—1. Let W = K(V) — V. It is clear that W separates H and
L. Since



468 12 Dimensions of Metric Spaces
W=K(V)-V=KV)n(S-V)CKWV)NK(S V) =a(V),

it follows that IND(W) < n — 1.

Conversely, suppose that n is the least integer such that for any closed set
H and open set L such that H C L there exist an open set V and a closed
set Usuchthat HCV CUCL, W =U-V,and IND(W) <n— 1. Clearly,
we have K(V) C U and therefore

HCV CK(V)CL.
Note that

OV)=K(V)NnK(S-V)
=K{lV)n(S-V)
because S — V is a closed set
cCUNS-vV)=Uu-v="w,
which implies IND(V) <n — 1.
The proof of the second part of the theorem is similar. O

The next statement shows the possibility of lifting the separation of two
closed sets from a subspace to the surrounding space.

Theorem 12.22. Let (S,04) be a topological metric space, and let Hy and
Hy be two closed and disjoint subsets of S. Suppose that Uy and Us are two
open subsets of S such that Hy C Uy, Hy C Uy and K(Uy) N K(Us) = 0.

If T C S and the set K separates the sets T N K(Uy) and T N K(Us) in
the subspace (T, 04 17), then there exists a subset W of S, that separates Hq
and Hy in (S,04) such that WNT C K.

Proof. Since K separates the sets TNK(U;) and TNK(Us) in T there are two
open, disjoint subsets V; and V5 of T such that TNK(U;) C Vi, TNK(Us) C
Vo,and T — K = V3 U Vs,

We have

Ulﬂ‘/g = Ulﬂ(Tﬂvz)
=UNT)NV,
CK{U)NTNV,
g Vl N ‘/2 - ®7
and therefore U1 NK(V2) = (), because U is open (by Theorem 6.8). Therefore,
H; NK(Vs) = 0. Similarly, Hy N K(V;) = (). Consequently,
(HiuVi) N (K(H2 U Vz)) = (H1UVi) N (K(H2) UK(V2))
= (H1 U Vl) N (HQ U K(Vg)) =0

and similarly
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K(H UVy) N (Hy UVa) =0.

By Supplement 13 of Chapter 11, there exist two disjoint open sets Z; and Zs

such that Hy UV; C Z7 and Ho U Vo C Zs. Then, the set W =5 — (Z; U Z3)

separates Hy and Ho, and WNT CT — (Z1UZy) CT - (ViUWe) =K. O
We can now extend Corollary 12.8.

Corollary 12.23. Let (S,04) be a separable topological metric space and let
T be a zero-dimensional subspace of S. For any disjoint closed sets Hi and
Hy in S, there exist two disjoint open sets Ly and Lo such that Hy C Ly,
Hy C Ly, and TNOLy =T NAOLy = 0.

Proof. By Theorem 11.26, there are two open sets V; and V5 such that H; C
Vi, Hy C Vs, and K(V1) NK(V3) = (. By Theorem 12.7, there exists a clopen
subset U of T such that TNK(Vy) C U and T NK(V2) C T — U. Therefore,

we have
T-UCS-KW)CcS-ViCS—H,
UCT-K(Va) CS Va2 C S~ Hy,
which implies that the sets H; UU and Hy U (T — U) are disjoint.
Let f,g : S — R be the continuous functions defined by f(z) = dp, v (x)
and g(x) = dg,ur—v)(x) for x € S. The open sets

Li={z eS| fz) <g(®)},

Ly={z eS| f(z)>g(x)}
are clearly disjoint. Note that if x € H; we have f(x) = 0 and g(x) > 0, so
H1 g Ll. Similarly, H2 Q L2.

Since U is closed in T, we have f(z) = 0 and g(z) > 0 for every = € U;
similarly, since T'— U is closed in T, we have f(x) > 0 and g(z) = 0. Thus,
Ung andT—Ung, SOTngLJLQ.

Note that we have the inclusions

OLy = K(L1) NK(S — L)

(by the definition of the border)
=K(L)N(S—Ly)

(because S — L is a closed set)
CK(S—Ly)nS— 1Ly

(since Ly € S — Lo)
=(S—Ly)N(S—Ly)
=S5 —(L1ULy)
cSsS-T.

Similarly, we can show that 9L, €S —T,s0 TNOL, =T NALy =0. O
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Theorem 12.24. Let T be a zero-dimensional, separable subspace of the topo-
logical metric space (S,04). If Hy and Hs are disjoint and closed subsets of
S, then there exists a set W that separates Hy and Hy such that W NT = ().

Proof. By Theorem 11.26, there exist two open sets U; and Us such that
H1 g Ul, H2 Q UQ, and K(Ul) ﬂK(UQ) = (Z)

Since T is zero-dimensional, the empty set separates the sets T'N K (Uy)
and TNK(Uy) in the space T. By Theorem 12.22, there exists a set W of S
that separates Hy and Hs in (S, 04) such that W NT = (), as stipulated in
the statement. 0O

Theorem 12.25. Let (S, 04) be a nonempty separable topological metric space
that is the union of a countable collection of zero-dimensional closed sets { Hy, |
n € N}. Then, (S,04) is zero-dimensional.

Proof. Let x € S and let L be an open set such that « € L. By Corollary 11.27,
two open sets Uy and Wy exist such that = € Uy, L C Wy, and K(Up) N
K(Wo) = 0.

We define two increasing sequences of open sets Uy, Ui,...,U,,... and
Wo, Wi,...,W,,...such that
(i) K(U;) nK(W;) =0 for i > 0;

Suppose that we have defined the sets U,, and W,, that satisfy the condi-
tions above. Observe that the disjoint sets H,+1 NK(U,,) and H, 11 NK(W,,)
are closed in the subspace H, 4.

Since dim(H,4+1) = 0, by Theorem 12.7, there is a clopen set K in H, 41
such that H,+1 NK(U,) C K and K N (H,+1 NK(W,)) = 0. Both K and
H,,+1 — K are closed sets in the space S because H, 41 is a closed subset of
S, which implies that the sets K UK(U,) and (H,+1 — K) UK(W,,) are also
closed. Moreover, we have

(K UK(Un)) N (Hps1 — K) UK(Wy)) =0,

so there exist two open subsets of S, U,+1 and W, 11, such that K UK(U,,) C
Un—i—l: (Hn+1 — K) @] K(Wn) - Wn+1, and K(Un_,_l) N K(Wn_t,q) = @

Consider the open sets U = (J,.NyUn and W = {J, .y Wa. It is clear
that UNW = 0 and UUW = S, so both U and W are clopen. Since
relUy CU=S-WCVand S—V C Wy, C W, it follows that S is
zero-dimensional. [0

It is interesting to contrast this theorem with Example 12.13, where we
observed that ind(R,0) = 1 and ind(Q,0’) = ind(I,0”) = 0. This happens,
of course, because the subspaces Q and I are not closed.

Theorem 12.26. Let (S, 04) be a separable metric space. If X andY are two
subsets of S such that S = X UY, ind(X) < n—1, and ind(Y) = 0, then
ind(S) <n.
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Proof. Suppose that S can be written as S = X UY such that X and Y satisfy
the conditions of the theorem. Let © € S and let L be an open set such that
x € L. By applying Theorem 12.24 to the closed sets {x} and S — L, we obtain
the existence of a set W that separates {z} and S — L such that W NY = {),
which implies W C X. Thus, ind(W) < n —1, and this yields ind(S) <n. 0O

Theorem 12.27 (The Sum Theorem). Let (S,04) be a separable topolog-
ical metric space that is a countable union of closed subspaces, S = J;~1,
where ind(H;) < n. Then, ind(S) < n, where n > 0. B

Proof. The argument is by strong induction on n. The base case, n = 0, was
discussed in Theorem 12.25.

Suppose that the statement holds for numbers less than n, and let S be
a countable union of closed subspaces of small inductive dimension less than
n. By Corollary 12.17, each subspace H; has a countable basis B; such that
ind(Om, B;) < n —1 for every B; € B;.

Each border 0, B; is closed in H; and therefore is closed in S because
each H; is closed. Define X = (J,»,U{9B; | B; € B;}. By the inductive
hypothesis, we have ind(X) <n — 1.

Define the sets K; = H; — X for i > 1. The collection ¢; = {K;NB | B €
B} consists of sets that are clopen in K;, and therefore, for each nonempty set
K;, we have ind(K;) = 0. Let Y = S — X. Since Y is a countable union of the
closed subspaces K; = H; NY, it follows that ind(Y") = 0. By Theorem 12.26,
it follows that ind(S) <n. O

The next statement complements Theorem 12.26.

Corollary 12.28. Let (S,04) be a separable metric space. If ind(S) < n, then
there exist two subsets X andY of S such that S = X UY, ind(X) <n-—1,
and ind(Y') = 0.

Proof. Let S be such that ind(S) < n and let B be a countable basis such that
ind(0B) <n—1 for every B € B. The existence of such a basis is guaranteed
by Corollary 12.17. Define X = |J{0B | B € B}. By the Sum Theorem, we
have ind(X) <n—-1.1Y =85—X,then {YNB | Be€ B}isabaseof V
that consists of clopen sets (in Y), so ind(Y) <0. O

Theorem 12.29 (The Decomposition Theorem). Let (S,04) be a sepa-
rable metric space such that S # 0. We have ind(S) = n, where n > 0 if and
only if S is the union of n + 1 zero-dimensional subspaces.

Proof. This statement follows from Theorem 12.26. O

Theorem 12.30. [The Separation Theorem] Let (S,04) be a separable topo-
logical metric space such that ind(S) < n, where n > 0. If Hy and Hy are two
disjoint closed subsets, then there exist two disjoint open subsets Ly and Lo
that satisfy the following conditions:
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(1) H1 g L1 and H2 Q LQ,’
(ii) ind(0L1) <n —1 and ind(OL2) <n — 1.

Proof. By Theorem 12.26, there exist two subsets X and Y of S such that
S =XUY, indX) <n-—1, and ind(Y) = 0. By Corollary 12.23, there
exist two disjoint open sets L; and Ly such that Hy C Ly, Hy C Lo, and
YNOL; = YNOLy = (). Therefore, 0L; C X and OLs C X, 50 ind(0L1) < n—1
and ind(0Ls) <n—1. O

The next statement is an extension of Theorem 12.24.

Theorem 12.31. Let T be a subspace of a separable topological metric space
(S,04) such that ind(T) = k, where k > 0. If Hy and Hy are disjoint closed
subsets of S, then there exists a subset U of S that separates Hy and Ho such
that ind(TNU) < k—1.

Proof. The case k = 0 was discussed in Theorem 12.24.

If k> 1, then T = X UY, where ind(X) = k — 1 and ind(Y) = 0. By
Theorem 12.24, the closed sets H; and H are separated by a set W such that
W NY =, which implies WNT C X. Thus, ind WNT)<k-—1. O

Theorem 12.32. Let (S, 04) be a separable topological metric space. We have
ind(S) = IND(S).

Proof. We observed already that ind(S) < IND(S) for every topological met-
ric space. Thus, we need to prove only the reverse equality, IND(S) < ind(.S).
This clearly holds if ind(S) = oc.

The remaining argument is by induction on n = ind(S). The base case,
n = 0, was discussed in Corollary 12.9.

Suppose that the inequality holds for numbers less than n. If H; and Ho
are two disjoint and closed sets in .S, then they can be separated by a subset U
of S such that ind(U) < n—1 by Theorem 12.31. By the induction hypothesis,
IND(U) <n-—1,s0 IND(S)<n. O

12.4 The Covering Dimension

Definition 12.33. Let € be a family of subsets of a set S. The order of € is
the least number n such that any n + 2 sets of € have an empty intersection.
The order of € is denoted by ord(E).

If ord(€) = n, then there exist n + 1 sets in € that have a nonempty intersec-
tion. Also, we have ord(&) < |€| + 1.

Ezample 12.34. 1f ord(€) = —1, this means that any set of & is empty, so
& ={0}.

The order of any partition is 0.
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Definition 12.35. A topological metric space (S, O4) has the covering dimen-
sion n if n is the least number such that n > —1 and every open cover C of
S has a refinement D that consists of open sets with ord(D) = n. If no such
number n exists, then the covering dimension is c0.

The covering dimension of (S,04) is denoted by cov(S,0q4), or just by
cov(S), when there is no risk of confusion.

Theorem 12.36. Let (S,04) be a topological metric space. The following
statements are equivalent:
(i) cov(S) < n.

(ii) For every open cover L = {L1,...,L,} of (S,04), there is an open cover
K ={Ki,...,K,} such that ord(X) <n and K; C L; for 1 <i <p.

(iii) For every open cover & = {Lq,...,Ly1o} there exists an open cover K =
{Ky,...,Kpnia} such that NK =0 and K; C L; for1 <i<n+2.

(iv) For every open cover L ={Ly,...,L,y2} there exists a closed cover H =

{H1,...,Hyyo} such that VH =0 and H; C L; for 1 <i<n+2.

Proof. (i) implies (ii): If cov(S) < n, then for the open cover L = {Lq,...,L,}
of (5,04) there exists an open cover U that is a refinement of L such that
ord(U) < n. We need to derive from U another open cover that is also a
refinement of L, contains the same number of sets as L, and satisfies the
other conditions of (ii).

For U € U, let iy be the least number ¢ such that U C L;. Define the open
set K; = {U e U | iy =i} for 1 < i < p. Observe that X = {K4,...,K,}
is an open cover.

An arbitrary element z € S belongs to at most n + 1 members of the
collection U because ord(U) < n. Observe that « € K; only if z € U for some
U € U, which implies that = belongs to at most n + 1 members of K. Thus,
ord(X) < n.

(i) implies (iii): This implication is immediate.

(iii) implies (iv): Suppose that (iii) holds, so for every open cover L =
{L1,...,Lyy2} there exists an open cover X = {Kj,...,K,412} such that
AKX =0 and K; C L; for 1 < 4 < n + 2. Starting from the open cover
X, by Supplement 35(b) of Chapter 6, we obtain the existence of the closed
cover H = {Hy,...,H, 2} such that H; C K; for 1 < n + 2. This implies
immediately that H satisfies the requirements.

(iv) implies (iii): Suppose that (iv) holds, so for every open cover L =
{L1,...,Lyy2} there exists a closed cover H = {Hy,...,Hp42} such that
AH =0and H; C L; for 1 <i < n+ 2. By Part (b) of Supplement 36 of
Chapter 6, there exists an open cover X = {Kj,..., K, 12} such that K; C L;
for1<i<n+2and K =0.

(iii) implies (ii): Suppose that (S,O) satisfies condition (iii), and let L =
{L1,...,L,} be an open cover of (S,04). If p < n + 1, then the desired
collection is L itself. Thus, we may assume that p > n + 2.
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We need to prove that there exists an open cover X = {Kj,...,K,} such
that ord(X) < n and K; C L; for 1 < i < p. This means that we have to
show that the intersection on any n + 2 sets of X is empty. Without loss of
generality, we can prove that the intersection of the first n + 2 sets of X is
empty.

Consider the open cover {L1,...,Ly41, Lyyo U--- U L, }. By (iii), there
exists an open cover Q = {Q1,...,Qni2} such that Q=0 and Q; C L; for
1<i<n+land Qpy2 C LyiaU---ULy. For 1 <4 < p, define the open sets

K = Qi if1<i<n+1,
" | @ni2NLi ifn4+2<i<p.

The collection X = {K1,...,K,} is clearly an open cover, K; C L; for 1 <
i < p, and ﬂ?:f K, =0.
(i) implies (i): This implication is immediate. O

Corollary 12.37. Let (S,04) be a nonempty topological metric space. The
following statements are equivalent:
(i) cov(S) = 0.
(ii) For all open sets Ly and Lo such that Ly ULs = S, there exist two disjoint
open sets K1 and Ko such that K; C L; for i € {1,2}.
(iii) For all open sets Ly and Lo such that L1 U Ly = S there exist two disjoint
closed sets Hy and Hy such that H; C L; fori € {1,2}.

Proof. This corollary is a special case of Theorem 12.36. 0O

Theorem 12.38. Let (S, 04) be a topological metric space. We have cov(S) =
0 if and only if IND(S) = 0.

Proof. Suppose that cov(S) = 0. Let Hy and Hy be two disjoint closed sets.
Then {S — H;,S — H»} is an open cover of S. By Part (ii) of Corollary 12.37,
there exist two disjoint open sets K; and K5 such that K; C S — H; and
K2 Q S_H2 ThUS, K1UK2 Q (S—Hl)U(S—HQ) :S—(HlmHg) :S,
which means that both K; and K are clopen. This implies IND(S) = 0.

Conversely, suppose that IND(S) = 0, so ind(S) = 0. Let Ly and Ly be
two open sets such that Ly U Ly = .S. The closed sets S — Ly and S — Ly are
disjoint, so by Theorem 12.7 there exists a clopen set U such that S—L; C U
(that is, S — U C L1) and U N (S — Lo) = 0 (that is, U C Ly). Since the sets
S — U and U are also closed, it follows that cov(S) = 0 by the last part of
Corollary 12.37. O

Theorem 12.39. If (S,04) is a separable topological space, then cov(S) <
ind(S).

Proof. The statement clearly holds if ind(S) = co. Suppose now that ind(S) =
n.
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By the Decomposition Theorem (Theorem 12.29), S is the union of n + 1
zero-dimensional spaces, S = U;L:Jrll T,. It L ={Ly,..., Ly} is a finite open
cover of S, then € = {L1NT;, ..., L,,NT;} is a finite open cover of the subspace
T;. Since ind(T;) = 0, we have cov(T;) = 0 by Theorem 12.38. Therefore, the
open cover C has a finite refinement that consists of disjoint open sets of the
form K;; such that K;; C L; and szl K;; C T;. Consequently, the collection
K={B;; | 1 <i<n+1,1<j<m}isacoverof S that refines the collection
L. Every subcollection X of K that contains n+ 2 sets must contain two sets
that have the same second index, so any such intersection is empty. This allows
us to conclude that cov(S) <n =ind(S). O

12.5 The Cantor Set

We introduce a special subset of the set of real numbers that plays a central
role in the dimension theory of metric spaces.
Let v, : {0,1}" — N be the function defined by

Un(b0s b1,y ba1) = 2" g + - 4 2by 0 + by
for every sequence (bo, ..., b,) € {0,1}". Clearly, v,(bg,...,bp—2,b,—1) yields
the number designated by the binary sequence (by, ..., b,_2,b,_1). For exam-
ple, v3(110) =22-1+2' -1+ 0 =6.
Similarly, let w,, : {0,1,2}" — N be the function defined by
wn(bOa b17 sy bnfl) = 3"_150 + -+ 3bn72 + bnfl

for every sequence (b, ...,b,) € {0,1,2}". Then, w, (by,...,bp—2,b,—1) is the

number designated by the ternary sequence (bo, ..., b,—2,b,—1). For example,
w3(110) =3%- 1+ 31140 =12.
Consider a sequence of subsets of R, E°, Bt ... where E° = [0,1] and

E! is obtained from EY by removing the middle third (1/3,2/3) of E°. If the

remaining closed intervals are E} and E{, then E' is defined by E' = E}UFE].
By removing the middle intervals from the sets E} and E{, four new closed

intervals E3, E3,, E%,, E?, are created. Let E? = E2) U EZ, U E?) U E%,.

E™ is constructed from E™~! by removing 2"~ ! disjoint middle third in-
tervals from E"~1 (see Figure 12.1). Namely, if Ez?:;~~~in71 is an interval of the
set E™, by removing the middle third of this interval, we generate two closed
intervals E'*) ~ and E'TL

In general, F,, is the union of 2" closed intervals

E" = U {EZ) 11111 i1 | (Z.(),...,Z'nfl) S {0,1}”}7
B0 yeeesbn—1

for n > 0.
An argument by induction on n € N shows that
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o  [2wnlioy .- yin—1) 2wn(igy- .. in_1)+ 1
do-in—1 30 ; T :

Indeed, the equality above holds for n = 0. Suppose that it holds for n, and

denote by a and b the endpoints of the interval E7 ; ; that is,
o = an(iOa s ain—l)’
31’L
b— an(io, ce ain—l) +1
3n '
By the inductive hypothesis, the points that divide Ef(‘) i, _, are
2a + b o 6wn(i0, e 7in—1) + 1
3 - 3n+1
_ an-‘rl(iOa s 77;71—170) +1
- 3n+1
and
a—+2b . 6wn(i0, .. 7in,1> +2
3 3nt1
2wy (o, in-1,1)
- g+l .
Thus, the remaining left third of EZ) iy, 18
En+1 o -an<i0, . ,anfl) 2wn+1(i0, ey Zln,h 0) + 1
G0 in_10 3n ) 3n+1
B [ 2w, 4130y -+ -y in—1,0) 2wpi1(i0s---yin_1,0) +1
- gn+1 ’ gn+1 ’
while the remaining right third is
En+1 - _2wn+1(i0, N ,in_l, 1) an(io, e fin—l) —+ 1
G0 rin_11 gn+l ) 3n

o —an+1(i0, e 7in—17 1) 2wn+1(i0, PN 7in—la 1) + 1
- 3n+1 ’ 3n+1 ?

which concludes the inductive argument.

Each number z located in the leftmost third E} = [0,1/3] of the set
Ey = [0,1] can be expressed in base 3 as a number of the form & = 0.0dads - - -;
the number 1/3, the right extreme of this interval, can be written either as
r=0.1or z=0.022---. We adopt the second representation which allows us
to say that all numbers in the rightmost third Ef = [2/3,1] of E° have the
form 0.2dad3 - -+ in the base 3.

The argument applies again to the intervals E3, B3, E?,, E?, obtained
from the set E1. Every number x in the interval E?j can be written in base 3
as x = 0.i'5" -+ where ' = 2i and j' = 2j.
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0 1

| | B°
Ep Ei

A 1 pg!

o B o

— — — — 2

—_— —_—— — — E3

Fig. 12.1. Construction of the Cantor dust.

The Cantor set is the intersection
Czﬂ{E" | n>0}.

Let us evaluate the total length of the intervals of which a set of the form

E,, consists. There are 2" intervals of the form E7 ., . and the length of
each of these intervals is . Therefore, the length of E, is (2/3)", so this

length tends toward 0 when n tends towards infinity. In this sense, the Cantor
set is very sparse. Yet, surprisingly, the Cantor set is equinumerous with the
interval [0, 1]. To prove this fact, observe that the Cantor set consists of the
numbers x that can be expressed as

[eS)
a
QTZZ n’
n=1

where a,, € {0,2} for n > 1. For example, 1/4 is a member of this set since 1/4

can be expressed in base 3 as 0.020202 - - - . Define the function g : C' — [0, 1]

by g(z) = y if * = 0.aaz--- (in base 3), where a; € {0,2} for ¢ > 1 and

y = 0.bybs - - - (in base 2), where b; = a;/2 for i > 1. It is easy to see that this is

a bijection between C and [0, 1], which shows that these sets are equinumerous.
We now study the behavior of the sets

w‘:

En - 2wn(io,...,in_1) an(io,...,in_1)+1

10 in—1 3n ’ 3n

relative to two mappings fo, f1 : [0,1] — [0, 1] defined by

T+ 2
3

folz) = g and f1(z) =
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for z € [0, 1].
Note that
. 2’(1}”(2'07...,2'“,1) 2wn(i0,...7in,1)+1
Jo(ER i, ) = { 311 ’ 3l

- 2wn+1(0i0,...,in_1) 2wn+1(0i0,...,in_1) +1
- gn+1 ) gn+1
_ n+1
- EOio-“in—f

Similarly,

f(EL . ) =E}!

Lig--vip—1"

Thus, in general, we have f;(E}! ; )= EZ:_l_iVl for ¢ € {0,1}.

This allows us to conclude that E"** = fo(E™) U f1(E™) for n € N. Since
both fo and f; are injective, it follows that

c=()E"=()E""
n>1 n>0
= ([fo(E™) U f1(E™)]
n>0

) fo(E) | u | () AE

n>0 n>0
= Jo ﬂ E™ U fi ﬂ E"
n>0 n>0

In Figure 12.2 we show how sets of the form Efj are mapped into sets

of the form Efjk by fo (represented by plain arrows) and f; (represented by

dashed arrows).

3 3 3 3 3 3 3 3
EOOO EOOI EOlO EOll ElOO ElOl EllO Elll

3

Fig. 12.2. Mapping sets E}; into sets EJ;;.

Theorem 12.40. The small inductive dimension of the Cantor set is 0.

Proof. We saw that
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C = ﬂ E" = ﬂ U B

neN neN o in—1

The sets CﬂE{é,,_ini1 form a base for the open sets of the subspace C' of (R, ).
Note that the length of a closed interval EJ! is - and the distance
between two distinct intervals ET

-1

. 1 .
and E7 is at least 5. Thus,

ZO“'in—l 'jn—l
CNE;. ., _ isclosed in C. On the other hand, the same set is also open
because ) )
CQE;(LJH@N,,] = C’ﬂ <CL— 37,b+ 3n> s
where
o an(io, e ,Z'nfl)
a = an ,
b— an(io, e ,infl) +1
= T .

IfxeC,then CNEY ,  CCNS(z,r) provided that 3% < 7. This shows
that C has a basis that consists of clopen sets, so ind(C) = 0 by Theorem 12.6.

0

12.6 The Box-Counting Dimension

The box-counting dimension reflects the variation of the results of measuring
a set at a diminishing scale, which allows the observation of progressively
smaller details.

Let (S,04) be a topological metric space and let T' be a precompact set.
For every positive r, there exists an r-net for T'; that is, a finite subset N, of
S such that T C [J{C(x,r) | x € N,} for every r > 0. Denote by ny(r) the
smallest size of an r-net of T'. It is clear that r < »’ implies nr(r) > nr(r').

Definition 12.41. Let (S,04) be a topological metric space and let T be a
precompact set.
The upper box-counting dimension of T is the number

ubd(T) = lim sup T (71) .

r—0 log o

The lower box-counting dimension of T' is the number

’ILT(T’).

Ibd(T) = lim inf
r—0 log

If wbd(T) = 1bd(T), we refer to their common wvalues as the box-counting
dimension of T', denoted by bd(T).
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Ezample 12.42. Let T = {0} U {1 | n > 1} be a subset of R. The interval
[0,7] contains almost all members of T" because if n > [1], we have L € [0,7].
It is easy to verify that

1
n—1

>1 1
n n+1’

1
n
for n > 1. Note that ﬁ — % > r is equivalent to n? —n — % < 0, and this

happens when
1+4/1+4
< —.
2

Thus, each number of the form 1 for

n

r

1+4/1+42
n<nyg=|——75——

requires a distinct interval of size r to be covered.

The portion of T that is located to the left of L and ends With the number
r has length 2 il and can be covered with no more than W — 1 intervals
of length 7. The least number of intervals of length r that are needed has

1 1+ 1+%

™o 2

as an upper bound, a number that has the order of magnitude ©(r~1/2). Thus,
ubd(T) < %

The notion of an r-net is related to two other notions, which we introduce
next.

Definition 12.43. Let (S,d) be a metric space, T be a subset of S, and let r
be a positive number.

A collection C of subsets of S is an r-cover of T of S if, for every C € C,
diamg(C) < 2r and T C |JC;

A subset W of T is r-separated if, for every x,y € W, x # y implies
d(x,y) > r. The cardinality of the largest r-separated subset W of T is denoted
by pr(r) and will be referred to as the r-separation number of T

Observe that an r-net for a set T is an r-cover.

Example 12.44. Consider the metric space ([0,1]%,ds), where dy is the Eu-
clidean metric. Since the area of a circle By, (z,r) is 772, it follows that for
any 2r-cover € that consists of circles, we have 7 - r2 - |C| > 1. Thus, a cover
of this type of ([0,1]%,d2) must contain at least — circles.
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In general, the volume of a sphere By, (z,r) in R™ is

which means that in the metric space ([0, 1]™, d2), a cover by spheres of radius
r contains at least
n
r(z+1)
TErn

spheres.

Ezample 12.45. Let W = {wy, ..., w, } be an r-separated subset of the interval
[0,1], where wy < -++ < wy,. We have 1 > w, —wy > (n—1)r,son < L+ 1.
This implies

Pro1)(r) = H + 1J :

Ezample 12.46. Let T = {0} U{+ | n € N;}. We seck to determine an upper
bound for o7 (r). Note that if p > n, then

1
n+1

1
>
n

S

1
p
By the Mean Value Theorem, there exists ¢ € (n,n 4 1) such that

—_
—_
—_

and therefore

> = — > .
n2" " n n+1" (n+1)2

Let n1 be the largest number such that > r. Then, an r-separated

1
(n1+1)?
subset of T has at least ny elements; thus, the number \/%7 is a lower bound
for the number of elements of an r-separating set.

Theorem 12.47. Let T be a subset of a metric space (S,d). The following
statements are equivalent:
(i) For each r > 0, there exists an r-net for T.
(ii) For each r > 0, every r-separated subset of T is finite.
(iii) For each r > 0, there exists a finite r-cover of T.

Proof. (i) implies (ii): Let W be an r-separated subset of 7" and let Nz be an
5-net for T'. By the definition of F-nets, for each w € W there exists t € Nz
such that d(w,t) < %; that is, w € C (t, %) Note that each sphere C(t, 5)
contains at most one member of w because W is an r-separated subset of T.
The finiteness of T implies that W is finite too.
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(i) implies (iii): Let W = {w1,...,w,} be a maximal finite r-separated
subset of T. If t € T, then there exists w; € W such that d(¢,w;) < r since oth-
erwise the maximality of W would be contradicted. Thus, T C (J!_, B(w;,r),
each set B(w;,r) has a diameter of 2r, and this implies that {B(w;, 7)1 <
i < n} is an r-cover of T.

(iii) implies (i): Let D = {Dy,..., D, } be a finite “£<-cover of T', where
€ > 0. Select y; € D, for 1 <i <n, and define the set Y = {y1,...,yn}. Since
the diameter of every set D; is not larger than r + €, for every t € T there
exists y; such that d(t,y;) < r + ¢ for every € > 0, so d(t,y;) < r. Therefore,
Y is an r-net for . O

The connection between the numbers ny(r) and p7(r) is discussed next.

Corollary 12.48. For every precompact set T of a topological metric space
(S,04), we have

ne(r) < pr(r) < nr (3)

for every positive r.

Proof. The first inequality follows from the proof of the first implication in
Theorem 12.47. The second is a consequence of the last two implications of
the same theorem. 0O

The open spheres of radius r in the definition of a box-counting dimension
of a precompact set T' can be replaced with arbitrary sets of diameter 2r.
Indeed, suppose ny(r) is the smallest number of open spheres of radius r that
cover T and nr(2r) is the least number of sets of diameter 2r that cover
T. Since each sphere of radius r has diameter 2r, we have ny(2r) < np(r).
Observe that each set of diameter 2r that intersects T is enclosed in an open
sphere with radius 2r centered in T, so np(2r) < np(2r)’. The inequalities
nr(2r) < np(2r) < np(r) imply that the replacement previously mentioned
does not affect the value of the box dimension. For example, open spheres can
be replaced by closed spheres without affecting the value of the box-counting
dimension.

Theorem 12.49. Let T be a subset of a topological metric space (S,04). We
have ubd(K(T)) = ubd(T) and Wd(K(T')) = lbd(T).

Proof. Let {B(x1,7),...,B(x,,r)} be a finite collection of closed spheres such
that T C Ji, B(x;,r). Clearly, we have K(T) C (_, B(z;,7). Thus, a
finite collection of closed spheres covers T if and only if it covers K(T'). The
conclusion follows immediately. O

12.7 The Hausdorfl-Besicovitch Dimension

The Hausdorff-Besicovitch measure plays a fundamental role in the study of
fractals. The best-known definition of fractals was formulated by B. Mandel-
brot [94], who is the founder of this area of mathematics, and states that
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a fractal is a geometrical object whose Hausdorff-Besicovitch dimension is
greater than its small inductive dimension. The most famous example is the
Cantor set whose small inductive dimension is 0 (by Theorem 12.40) and
whose Hausdorff-Besicovitch dimension is iﬁ—g, as we shall prove below.

Recall that a collection € of subsets of a metric space (5, d) is an r-cover
of a subset U of S if, for every C € €, diamq(C) < 2r and U C |JC.

Let (S, d) be a metric space and let €,.(U) be the collection of all countable
r-covers for a set U. Observe that r1 < ry implies &, (U) C &, (U) for
r1,T2 € R>0.

Let s be a positive number. We shall use the outer measure HB; obtained
by applying Method I (see Theorem 6.127) to the function f : € — Rxq
given by f(C) = (diam(C))® for C € €, which is given by

HB(U) = f (di Y| Ccece
ee1@11([])2{ iam(C))* | C € C}.

The function HB;(U) is antimonotonic with respect to r. Indeed, if r1 < rq,
then &, (U) C €,,(U), so

inf Z{ (diam(C))* | C € €} < < i Z{ (diam(C))* | C € €},

66672

which means that #B;,(U) < HB; (U). Because of this, lim, .o HB;(U) exists
for every set U, and this justifies the next definition.

Definition 12.50. The Hausdorff-Besicovitch outer measure HB® is given by
HB*(U) = lin% HB(U)
for every U € P(S).

Theorem 12.51. Let (S,d) be a metric space and let U be a Borel set in this
space. If s and t are two positive numbers such that s < t and HB*(U) is
finite, then HB'(U) = 0. Further, if HB'(U) > 0, then HB*(U) = cc.

Proof. 1If s <t and C is an r-cover of U, then
> {(diam(C))" | C € €} = {(diam(C))"*(diam(C))* | C € €}
<rt- SZ{dmm ))° | C e},

which implies
HBL(U) < r'"*HB:(U).

This, in turn, yields
HB'(U) = lim HBL(U) < lim 'S HB*(U).

If HB*(U) is finite, then HB'(U) = 0. On the other hand, if HB'(U) > 0, the
last inequality implies HB*(U) = co. O
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Corollary 12.52. Let (S, d) be a metric space and let U be a Borel set. There
exists a unique so such that 0 < so < oo and

oo if s < sg,
0 if s> so.

HB*(U) = {

Proof. This statement follows immediately from Theorem 12.51 by defining
So as

so =1inf{s € R>g | HB*(U) = 0} = sup{s € R>¢ | HB*(U) = co}.

O
Corollary 12.52 justifies the following definition.

Definition 12.53. Let (S, d) be a metric space and let U be a Borel set. The
Hausdorff-Besicovitch dimension of U is the number

HBdim(U) = sup{s € R | HB*(U) = o0}.

Theorem 12.54. The Hausdorff-Besicovitch dimension is monotonic; that is,
U C U’ implies HBdim(U) < HBdim(U").

Proof. If U C U’, then it is clear that &,.(U’) C €,.(U). Therefore, we have
HB;(U) < HB;(U’), which implies HB*(U) < HB*(U’) for every s € Rx.
This inequality yields HBdim(U) < HBdim(U'). O

Theorem 12.55. If {U,, | n € N} is a countable family of sets, then

HBdim | | ) Un | = sup{HBdim(U,) | n € N},
nEN

Proof. By Theorem 12.55, we have HBdim(U,) < HBdim (U, cnUn), so
sup{ HBdim(U,,) | n € N} < HBdim (U, oy Un)-

If HBdim(U,) <t for n € N, then HB'(U,) = 0, so HB" (J,,cyUn) =0
since the Hausdorff-Besicovitch outer measure HB' is subadditive. Therefore,
HBdim (U, ey Un) < t. This implies HBdim (U, .y Un) < sup{ HBdim(U,,) |
n € N}, which gives the desired equality. O

Ezample 12.56.If U = {u} is a singleton, then HB({u}) = 0. Thus,
HBdim({z}) = 0. By Theorem 12.55, we have HBdim(T') = 0 for every count-
able set T

Ezample 12.57. Let f :[0,1]> — R be a function that is continuous and has
bounded partial derivatives in the square [0,1]? and let S be the surface in
R? defined by z = f(z,%). Under these conditions, there is a constant k such
that |f(2',y") — f(z,y)| < k(|2" — x|+ |y’ —y|). We prove that HBdim(S) = 2.
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Suppose that S is covered by spheres of diameter d;, S C U{B(zi, %) |
i € I}. Then, the square [0, 1]? is covered by disks of diameter d; and therefore

el Wff? > 1, which is equivalent to 3, ;d? > 2. Therefore, HB*(S) > 0,
so HBdim(S) > 2. Observe that, in this part of the argument, the regularity
of f played no role.

To prove the converse inequality, HBdim(S) < 2, we show that HB**¢(S) =
0 for every € > 0; that is, lim, .o HB*"*(U) = 0 for every € > 0.

Divide the square [0,1]? into n? squares of size % Clearly, for any two
pairs (z,y) and (2/,y") located in the same small square, we have |f(z/,y’) —

f(z,y)| < 2£, which means that the portion of S located above a small square
n

can be enclosed in a cube of side 2n and therefore in a sphere of diameter 2\[’“
For the covering € that consists of these n? spheres, we have

2+€
2\/§k> 2Bk
- .

n€

> {(diam(C))*™* | C € €} =n? (

If n is chosen such that %ﬂ < 7, we have HB>T¢(S) < 2‘7?”“ Thus,
lim, o HB2(S) = 0, so HBdim(S) < 2.

Example 12.58. We saw that the Cantor set C' is included in each of the sets

FE,, that consists of 2" closed intervals of length 7w+ Thus, we have

2™ 2\"
HB (C) < ==
3 ( ) — 3sn (35)

9~

for every n > 1. If 2 < 1 (that is, if s > [22), we have lim,, .o HB% = 0.If

37
s < %n2 then llmn—>oo HBSI = 00, 80 Hdem(C) - %E%

Theorem 12.59. Let (S,04) be a topological metric space and let T be a
precompact set. We have HBdim(T') < 1bd(U).

Proof. Suppose that T' can be covered by nr(r) sets of diameter r. By the
definition of the outer measure HB;(U), we have

HB(U) < r°np(r).

Since HB*(U) = lim,_,o HB;(U), if HB*(U) > 1, then if r is sufficiently small
we have HB;(U) > 1, so log HB}(U) > 0, which implies slogr + lognp(r) >
0. Thus, if r is sufficiently small, s < Tllng(?’ so s < Ibd(U). This entails
HBdim(U) < Ibd(U). O

The following statement is known as the mass distribution principle
(see [48]).
Theorem 12.60. Let (S,d) be a metric space and let p be a Carathéodory
outer measure on S such that there exist s, > 0 such that p(U) < c-diam(U)*
for all U € P(S) with diam(U) < r. Then, HB*(W) < @ and s <
HBdim(W) < Ibd(W') for every precompact set W € P(S) with p(W) > 0.
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Proof. Let {U; | i € I} be a cover of W. We have

iel A

0<u(W)<p <U Ui) < U < e (diam(U))?,

so Y.(diam(Uy))* > Y Therefore, HBS(W) > &0

- ) —, which implies
HB*(W) > @ > 0. Consequently, HBdim(W) > “W) 0. 0

c

12.8 Similarity Dimension

The notions of similarity and contraction between metric spaces were intro-
duced in Definition 11.64.

Definition 12.61. Let © = (r1,...,7,) be a sequence of numbers such that
r; €(0,1) for 1 <i<mn and let (S,d) be a metric space.

An iterative function system on (S,d) that realizes a sequence of ratios
r=(r1,...,7mn) is a sequence of functions f= (f1,..., fn), where f; : S — S
s a contraction of ratio r; for 1 <i < n.

A subset T of S is an invariant set for the iterative function system

(fb s »fn) ZfT = U?:l fl(T)
Ezample 12.62. Let fo, f1 :[0,1] — [0, 1] defined by

T+ 2
3

folw) = 5 and fi() =

for = € [0,1], which are contractions of ratio 1.
The Cantor set C' is an invariant set for the iterative function system
f= (fo, f1), as we have shown in Section 12.5.

Lemma 12.63. Let rq,...,r, ben numbers such thatr; € (0,1) for1 <i<mn
and n > 1. There is a unique number d such that

{4y 4l =1
Proof. Define the function ¢ : R>g — R>g by
O@) =1i +rE o

for > 0. Note that ¢(0) = n, lim, . ¢(z) = 0, and ¢'(z) = r{lnry +
rilnry +rZ1nr, < 0. Since ¢'(z) < 0, ¢ is a strictly decreasing function, so
there exists a unique d such that ¢(d) =1. O

Definition 12.64. Let r = (rq,...,r,) be a sequence of ratios such that r; €
(0,1) for 1 <i <n and n > 1. The dimension of r is the number d, whose
existence was proven in Lemma 12.635.
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Observe that if the sequence r has length 1, r = (1), then r{ = 1 implies
d=0.

Example 12.65. The dimension of the sequence r = (%, %) is the solution of
the equation

. _ log2
that is, d = Tog 3"

Lemma 12.66. Let (S,04) be a complete topological metric space and let f=
(f1,---, [n) be an iterative function system that realizes a sequence of ratios
r = (r1,...,m). The mapping F : K(S,04) — K(5,04) defined on the
Hausdorff metric hyperspace (KX(S,04),9) by

F(U) = f:()
1S a contraction.

Proof. We begin by observing that F' is well-defined. Indeed, since each con-
traction f; is continuous and the image of a compact set by a continuous
function is compact (by Theorem 6.68), it follows that if U is compact, then
F(U) is compact as the union of a finite collection of compact sets.

Next, we prove that 6(F(U), F(V)) < ré(U,V) for r = maxo<ij<n—17;i < 1.

Let 2z € F(U). There is u € U such that z = f;(u) for some i, 1 <1i < n.
By the definition of ¢, there exists v € V such that d(u,v) < 6(U,V).
Since f; is a contraction, we have d(u,v) = d(fi(v), fi(u)) < rid(u,v) <
rd(u,v) < r§(U,V), so F(U) C C(F(V),r6(U,V)). Similarly, F(V) C
C(F(U),r6(U,V)), so 6(F(U),F(V)) < r§(U, V), which proves that F' is a
contraction of the Hausdorff metric hyperspace (X(S,04),d). O

Theorem 12.67. Let (S,04) be a complete topological metric space and let

f="(f,..., [n) be an iterative function system that realizes a sequence of ra-
tios 7= (r1,...,ry). There exists a unique compact set U that is an invariant
set for f.

Proof. By Lemma 12.66, the mapping F : K(S,04) — K(S,0,) is a con-
traction. Therefore, by the Banach fixed point theorem (Theorem 11.70), F'
has a fixed point in K(5,O4), which is an invariant set for f. O

The unique compact set that is an invariant for an iterative function system
f is usually referred to as the attractor of the system.

Definition 12.68. Let (S,04) be a topological metric space and let U be an
invariant set of an iterative function system f= (f1,..., fn) that realizes a
sequence of ratios = (r1,...,Ty).

The similarity dimension of the pair (U, f) is the number SIMdim(f), which
equals the dimension of .
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In principle, a set may be an invariant set for many iterative function
systems.

Ezample 12.69. Let p,q € (0,1) such that p+ ¢ > 1 and let fo, f1 : [0,1] —
[0,1] be defined by fo(z) = px and fi(z) = gz + 1 — ¢q. Both fp and f; are
contractions. The sequence f = (fy, f1) realizes the sequence of ratios r = (p, q)
and we have (0,1) = fp(0,1)U f1(0,1). The dimension of the pair (U, r) is the
number d such that p? + ¢¢ = 1; this number depends on the values of p and
q.

Theorem 12.70. Let (S,04) be a complete topological metric space, f =
(f1,---y fn) be an iterative function system that realizes a sequence of ratios
r= (r1,...,m), and U be the attractor of f. Then, we have HBdim(U) <
SIMdim(f).

Proof. Suppose that r{ + 74 +--- 4+ 7% = 1, that is, d is the dimension of f.
For a subset T' of S denote the set fi, (fi, (-~ fi,(T)--+)) by fiyiz.i, (T).
If U is the attractor of f, then

U= U{filiz“'ip (U) | (i177;2a cee 7ip) € Seqp({l’ s 777’})}

This shows that the sets of the form f;,4,...;,(U) constitute a cover of U.
Since fi,, fiy,-- -, fi, are similarities of ratios r;,,7i,,...,7,, respectively,
it follows that diam(fi,i,....,(U)) < (14,74, - 14,)diam(U). Thus,

> {(diam(fiyipeoi, ) | (iri2, ..., ip) € Seq,,({1,...,n})}
< Z{riri . ~Tfp diam(U)? | (i1, i2,...,ip) € Seq,,({1,...,n})}

= (Zri) (Zri) erp diam(U)?

ip

= diam(U ).

For € R+, choose p such that diam(f;,i,...;,(U)) < (maxr;)Pdiam(U) < r.
This implies HBY(U) < diam(U)%, so HB*(U) = lim, o HB*(U) < diam(U)®.
Thus, we have HBdim(U) < d = SIMdim(f). O

The next statement involves an iterative function system £f= (f1,..., fim)
acting on a closed subset H of the metric space (R",ds) such that each con-
traction f; satisfies the double inequality

bida(x,y) < da(fi(x), fiy)) < rida(x,y)

for 1 <i<m and x,y € H. Note that each of the functions f; is injective on
the set H.



12.8 Similarity Dimension 489

Theorem 12.71. Let f = (f1,..., fm) be an iterative function system on a
closed subset H of R™ that realizes a sequence of ratios T = (r1,...,7m).
Suppose that, for every i, 1 < i < m, there exists b; € (0,1) such that
dy(fi(), fi(y)) = bida(x, y) for x,y € H.

If U is the nonempty and compact attractor of f and {f(U),..., fm(U)}
is a partition of U, then U is a totally disconnected set and HBdim(U) > ¢,

where ¢ is the unique number such that Y | bf = 1.

Proof. Let
t = min{ds(f;(U), f;(U) | 1 <4,5 <m andi#j}.

Using the same notation as in the proof of Theorem 12.70, observe that the
collection of sets

{firi, (U) | (in, - ip) € Seq({1,...,m})}

is a sequential cover of the attractor U. Note also that all sets fi,..;,(U)
are compact and therefore closed. Also, since each collection {f;,..;,(U) |
(i1,---,ip) € Seq,({1,...,m}) is a partition of U, it follows that each of
these sets is clopen in U. Thus, U is totally disconnected.

Define
m(fi1i2-<~z'p(U)) = (bilbi2 e bip)c~
Note that
Z m(f“mlpz(U)) - Z(bzl big e bipbi)c
i=1 i=1

= (biybiy -+ 0i,) » bF

NE

1
= (biybiy - bi,) = m(fiyiyei, (U))

=m (U fi1i2---ipi(U)> :

For € U, there is a unique sequence (i1, is,...) € Seq ({1,...,m}) such
that « € U;,...;, for every k > 1. Observe also that

.
Il

UDU;, 2Uiyiy 2 D Uijigeig 2 -7+ -

Consider the decreasing sequence 1 > b;, > b; bi, > -+ > by -+ b, > -+
If 0 < r < t, let k be the least number j such that % > by - bij. We have

r
bi, by, > " > by, - by,

so m(Usy.ip_y) > = > m(Ui, iy )
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Let (i7,...,1),) be a sequence distinct from (i1,...,4). If ¢ is the least
integer such that i} # i,, then Uz"l---z'; - Ui; and U, ..., € U;,. Since U;, and
U;,, are disjoint and separated by ¢, it follows that the sets U;,. 4, and Uii--%
are disjoint and separated by at least b;, ---b;,t > r. Thus, U N B(z,r) C

Ui1--~ika SO

r\C
m(U N B(z,r)) <m(Us,...i,) = (biy -+ 0;,.)¢ < (E) _
IfUNW # 0, then W C B(z,r) for some x € U with r = diam(W). Thus,
m(W) < 4emW) oo HB(U) > 0 and HBdim(U) > ¢. O

tc

Exercises and Supplements

1. Let @, (¢) be an n-dimensional cube in R". Prove that:
a) there are (}) - 2"~* k-dimensional faces of @ (();
b) the total number of faces of Q,,(¢) is >_p_; (}) - 2" F =3" — 1.

2. Let T be a subset of R. Prove that T is zero-dimensional if and only if it
contains no interval.

3. Prove that the Cantor set C is totally disconnected.
Hint: Suppose that a < b and b belongs to the connected components
K, of a. By Example 6.82, this implies [a,b] C K, C C, which leads to a
contradiction.

4. Prove the following extension of Example 12.42. If T = {0}U{-% | n > 1},
then (T) = ﬁ

5. Let (S,04) be a compact topological metric space, € S, and let H be
a closed set in (S,0). Prove that if the sets {z} and {y} are separated
by a closed set K, with ind(K,,) < n —1 for every y € H, then {x} is
separated from H by a closed set K with ind(K) <n — 1.

6. Prove that every zero-dimensional separable topological space (S,0) is
homeomorphic to a subspace of the Cantor set.
Hint: By the separability of (S, 0) and by Theorem 12.6, (S,0) has a
countable basis { By, B1, ..., By, ...} that consists of clopen sets. Consider
the mapping f : S — Seq..({0,1}) defined by f(x) = (bg, b1, ...), where
b = Ip,(x) for : € N.

7. Let T be a subset of R". A function f : T — R" satisfies the Hélder
condition of exponent « if there is a constant k such that |f(x) — f(y)] <
klx —y|* for x,y € R™. Prove that

HB& (f(T)) < ks HB*(T).

Solution: If C C R" is a set of diameter diam(C'), then f(C), the image
of C under f, has a diameter no larger than k(diam(C))*. Therefore, if
C is an r-cover of T, then {f(T'NC) | C € C} is a kr*-cover of f(T).
Therefore,
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> {(diam(T N C))= | C €€} < {(k(diam(C))*)~ | C € C}
= k= {(diam(C))* | C € €},

which implies HBE (T) < k«HBX(T). Since lim, _qkr® = 0, we have
HB= (f(T)) < k& HB*(T).

. Consider the ultrametric space (Seq,.({0,1}),ds) introduced in Supple-
ment 46 of Chapter 10, where ¢(u) = 2714/ for u € Seq({0,1}). Prove
that if (S, O4) is a separable topological metric space such that ind(S) = 0,
then S is homeomorphic to a subspace of the topological metric space
(Seqoo{oa 1}7 Od¢)'

Solution: Since ind(S) = 0, there exists a basis B for O4 that consists
of clopen sets (by Theorem 12.6). Further, since (.5, O4) is countable, there
exists a basis B C By that is countable. Let B = {By, By, ...}.

If s = (s0,51,---,8p-1) € Seq,({0,1}), let B(s) be the clopen set
B(s)=B"NB{'N---NB" .

Define the mapping h : S — Seq.({0,1}) by h(z) = (so,51,--.),
where s; = 1 if ¢ € B; and s; = 0 otherwise for x € S. Thus, s is a
prefix of h(z) if and only if # € B(s). The mapping h is injective. Indeed,
suppose that x # y. Since S — {y} is an open set containing z, there exists
i with « € B; € S — {y}, which implies (h(x)); = 1 and (h(y)); = 0, so
h(z) # h(y). Thus, h is a bijection between S and h(.S).

In Exercise 5 of Chapter 11, we saw that the collection {P, | u €
Seq({0,1})} is a basis for Seq..({0,1}) and h=1(P,) = B(u), so h™! :
h(S) — S is continuous.

Note that h(U;) = h(S)N{0,1}*"'Seq., ({0,1}) is open in Seq,, ({0, 1})
for every i € N, so h™! is continuous. Thus, h is a homeomorphism of S
into h(S).

. Let £ = (f1,..., fm) be an iterative function system on R" that realizes
the sequence (r,...,r) with r € (0,1) and let H be a nonempty compact
set in R™. Prove that if U is the attractor of f, then

S(H,U) < ié(H,F(H)),

where ¢ is the metric of the Hausdorff hyperspace of compact subsets and
F(T) = U, £(T) for T € 9(S).

Solution: In the proof of Lemma 12.66, we saw that §(F(H), F(U)) <
rd(H,U). This allows us to write

S(H,U)<6(H,F(H))+0(F(H),U
=0(H,F(H))+6(F(H),F(U))
<(H,F(H))+r6(H,U),

which implies the desired inequality.
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10.

11.

12.
13.
14.

15.

12 Dimensions of Metric Spaces

Consider the contractions fy, fi : R — R defined by fo(z) = rz and
fi(x) =re+1—r for x € R, where r € (0,1). Find the attractor of the
iterative function system f = (fo, f1).

Let (S, 04) be a compact topological metric space. Prove that cou(S)
if and only if for every e > 0 there is an open cover C of S with ord(C)
and sup{diam(C) | C € C} < e.

Solution: The set of open spheres {C(z,¢/2) | * € S} is an open cover
that has a refinement with order not greater than n; the diameter of each
of the sets of the refinement is less than e.

Conversely, suppose that for every € > 0 there is an open cover € of S
with ord(€) < n and sup{diam(C) | C € €} < e.

Let D be a finite open cover of S. By Lebesgue’s Lemma (Theo-
rem 11.19) there exists » > 0 such that for every subset U of S with
diam(U) < r there is a set L € D such that U C L.

Let € be an open cover of S with order not greater than n and such
that sup{diam(C") | C" € €'} < min{e,r}. Then €’ is a refinement of D,
so cou(S) < n.

Prove that if f: R™ — R™ is an isometry, then HB= (f(T)) = HB*(T).
Let F be a finite set of a metric space. Prove that HB’(F) = |F|.

A useful variant of the Hausdorff-Besicovitch outer measure can be defined
by restricting the r-covers to closed spheres of radius no greater than r.
Let 9, (U) be the set of all countable covers of a subset U of a metric
space (S,d) that consist of closed spheres of radius no greater than r.

Since B, (U) C €,.(U), it is clear that HB(U) < HB;S(U), where

<n
<n

HBF(U) = eela?f U)Z{ (diam(C))® | C € C}.
Prove that:
a) HB(U) < 2°HB}(U),
b) HB'U < HB*U < 2°HB*U, where HB*(U) = lim,_o HB,*(U), and
¢) HBdim(U) = HBdim'(U), where HBdim'(U) = sup{s € Rsq |
HB*(U) = oo}
for every Borel subset U of S.
Prove that if U is a subset of R" such that I(U) # 0, then HBdim(U) = n.

Let (S,d) be a metric space, s and r be two numbers in R+, U be a subset
of S, and

—sup{Zdzam | B;€B,.(U )}

where B,.(U) is the collection of disjoint closed spheres centered in U and
having diameter not larger than r. Observe that lim,_,o P?(U) exists because
P#$(U) decreases when r decreases. Let P*(U) = lim,_,o P3(U).
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16. Let (S,04) be a topological metric space. Define PK*(U) as the outer
measure obtained by Method I starting from the function P?,

PK*(U) = e;éiﬁmz {P*(C) | Cecy,

where €,.(U) is the collection of all countable r-covers for a set U.

a) Prove that if U is a Borel set in (5,04), 0 < s < ¢, and PK*(U)
is finite, then PK'(U) = 0. Further, prove that if PK'(U) > 0, then
PK*(U) = 0.

b) The packing dimension of U is defined as

PKdim(U) = sup{s | PK*(U) = co}.

Prove that HBdim(U) < PKdim(U) for any Borel subset U of R".

Bibliographical Comments

The first monograph dedicated to dimension theory is the book by Hurewicz
and Wallman [71]. A topology source with a substantial presentation of topo-
logical dimensions is [47]. The literature dedicated to fractals has several ex-
cellent references for dimension theory [44, 45, 48]. Supplement 9 appears in
the last reference. Example 12.57 is from [13], where an interesting connection
between entropy and the Hausdorff-Besicovitch dimension is discussed.
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Clustering

13.1 Introduction

Clustering is the process of grouping together objects that are similar. The
groups formed by clustering are referred to as clusters. Similarity between
objects that belong to a set S is usually measured using a dissimilarity d :
S x 8 — Rxg that is definite (see Section 10.2). This means that d(x,y) =0
if and only if z = y and d(z,y) = d(y,z) for every z,y € S. Two objects x
and y are similar if the value of d(x,y) is small; what “small” means depends
on the context of the problem.

Clustering can be regarded as a special type of classification, where the
clusters serve as classes of objects. It is a widely used data mining activity with
multiple applications in a variety of scientific activities ranging from biology
and astronomy to economics and sociology.

There are several points of view for examining clustering techniques. We
follow here the taxonomy of clustering presented in [73].

Clustering may or may not be exclusive, where an exclusive clustering tech-
nique yields clusters that are disjoint, while a nonexclusive technique produces
overlapping clusters. From an algebraic point of view, an exclusive clustering
algorithm generates a partition of the set of objects, and most clustering al-
gorithms fit in this category.

Clustering may be intrinsic or extrinsic. Intrinsic clustering is an unsuper-
vised activity that is based only on the dissimilarities between the objects to
be clustered. Most clustering algorithms fall into this category. Extrinsic clus-
tering relies on information provided by an external source that prescribes, for
example, which objects should be clustered together and which should not.

Finally, clustering may be hierarchical or partitional.

In hierarchical clustering algorithms, a sequence of partitions is con-
structed. In hierarchical agglomerative algorithms this sequence is increasing
and it begins with the least partition of the set of objects whose blocks con-
sist of single objects; as the clustering progresses, certain clusters are fused
together. As a result, an agglomerative clustering is a chain of partitions on

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_13, (© Springer-Verlag London Limited 2008
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the set of objects that begins with the least partition avg of the set of objects
S and ends with the largest partition wg. In a hierarchical divisive algorithm,
the sequence of partitions is decreasing. Its first member is the one-block par-
tition wg, and each partitions is built by subdividing the blocks of the previous
partition.

Partitional clustering creates a partition of the set of objects whose blocks
are the clusters such that objects in a cluster are more similar to each other
than to objects that belong to different clusters. A typical representative al-
gorithm is the k-means algorithm and its many extensions.

Our presentation is organized around the last dichotomy. We start with a
class of hierarchical agglomerative algorithms. This is continued with a dis-
cussion of the k-means algorithm, a representative of partitional algorithms.
Then, we continue with a discussion of certain limitations of clustering cen-
tered around Kleinberg’s impossibility theorem. We conclude with an evalua-
tion of clustering quality.

13.2 Hierarchical Clustering

Hierarchical clustering is a recursive process that begins with a metric space
of objects (S,d) and results in a chain of partitions of the set of objects. In
each of the partitions, similar objects belong to the same block and objects
that belong to distinct blocks tend to be dissimilar.

In agglomerative hierarchical clustering, the construction of this chain be-
gins with the unit partition 7! = «g. If the partition constructed at step k
is

™ ={Uf,..., UL 1,

then two distinct blocks U;? and Ulf of this partition are selected using a
selection criterion. These blocks are fused and a new partition

k+1 _ rrrk k
ot ={U7,..., U

p—1

Uky, .. U UE L U uUEy
is formed. Clearly, we have 7% < 7%*!. The process must end because the
poset (PART(S),<) is of finite height. The algorithm halts when the one-
block partition wg is reached.

As we saw in Theorem 10.28, the chain of partitions !, 72, ... generates a
hierarchy on the set S. Therefore, all tools developed for hierarchies, including
the notion of a dendrogram, can be used for hierarchical algorithms.

When data to be clustered are numerical (that is, when S C R™), we can
define the centroid of a nonempty subset U of S as:

cy = ﬁZ{ob eU}.

If 7 = {Uy,...,Uy} is a partition of S, then the sum of the squared errors of
m is the number



13.2 Hierarchical Clustering 497

sse(m) = Z Z{d2(o,cUi)|o e U}, (13.1)

where d is the Euclidean distance in R".

If two blocks U and V of a partition 7 are fused into a new block W to
yield a new partition 7’ that covers 7, then the variation of the sum of squared
errors is given by

sse(n’) — sse(m) = Z{dQ(o, cw)loe UUV}
=Y {d*(o,cp)lo € U} = > {d*(o,cy)lo € V1.

The centroid of the new cluster W is given by

1

U 1%
ol Wl
IR

This allows us to evaluate the increase in the sum of squared errors:
sse(m') — sse(m) = z:{dz(o7 cw) |oeUUV}
—Z{dz(o,cU) |ocU} — Z{dQ(o,cv) | o€V}
= Z{dz(o,cw) —d*(o,cy) | o€ U}
+Z{d2(o,cw) —d*(o,cy) | o€V}

Observe that:

= |Ul(cly — i) +2(cu —cw) Yo
ocU

= |U|(c}y — ¢f) + 2|U|(cv — ew)eu
= (CW — CU) (|U|(CW + CU) — 2|U|CU)
=|U|(ew — cu)?.

Using the equality ey — cpy = \‘Vl{/ll cy + \|W‘| cy —cy = % (cy —cu), we

obtain Y {d*(o,cw) — d*(o,cy) | 0 € U} = lT\J{L[‘/Yz‘ (cy —cp)’.
Similarly, we have

PV
W

> {d*(o,cw) — d*(o,cv) [ 0 €V} =

VﬁCU)Qa
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S0,
ul||\v

sse(r') — sse(m) = | |Il[|/| | (cy —cp)?. (13.2)

The dissimilarity between two clusters U and V' can be defined using one of

the following real-valued, two-argument functions defined on the set of subsets

of S:

si(U, V) = min{d(u,v)|u € U,v € V};
c(U, V) = max{d(u,v)|u € Uyv € V};
2 Adw,v)lueUve Vi

sV == o
cen(U,V) = (cy — cy)?;
Ul|lv
ward(U, V) = |U—||—|V| (cy —cp)®.

The names of the functions s, cl, gav, and cen defined above are acronyms
of the terms “single link”, “complete link”, “group average”, and “centroid”,
respectively. They are linked to variants of the hierarchical clustering algo-
rithms that we discuss in later. Note that in the case of the ward function the
value equals the increase in the sum of the square errors when the clusters
U,V are replaced with their union.

13.2.1 Matrix-Based Hierarchical Clustering

The specific selection criterion for fusing blocks defines the clustering algo-
rithm. All algorithms store the dissimilarities between the current clusters
w8 ={UF,...,Uk } in an my x my-matrix D* = (dfj), where dfj is the dis-
similarity between the clusters Ui]~c and U]’?. As new clusters are created by
merging two existing clusters, the distance matrix must be adjusted to reflect
the dissimilarities between the new cluster and existing clusters.

The general form of the algorithm is as follows.

Algorithm 13.1 (Matrix Agglomerative Clustering)
Input: the initial dissimilarity matrix D?!.
Output: the cluster hierarchy on the set of objects .S,
where |S] = n;
Method:
k=1;
initialize clustering: 7' = asg;
while (7% contains more than one block) do
merge a pair of two of the closest clusters;
output new cluster;
k4 +;
compute the dissimilarity matrix D¥;
endwhile
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To evaluate the space and time complexity of hierarchical clustering, note
that the algorithm must handle the matrix of the dissimilarities between ob-
jects, and this is a symmetric n X n-matrix having all elements on its main
diagonal equal to 0; in other words, the algorithm needs to store @ num-
bers. To keep track of the clusters, an extra space that does not exceed n — 1
is required. Thus, the total space required is O(n?).

The time complexity of agglomerative clustering algorithms has been eval-
uated in [84]; the proposed implementation requires a heap that contains the
pairwise distances between clusters and therefore has a size of n2.

Observe that the while loop is performed n times as each execution reduces
the number of clusters by 1. The initial construction of the heap requires a time
of O(n?logn?) = O(n?logn). Then, each operation inside the loop requires
no more than O(logn?) = O(logn) (because the heap has size n?). Thus, we
conclude that the time complexity is O(n? logn).

The computation of the dissimilarity between a new cluster and existing
clusters is described next.

Theorem 13.2. Let U and V' be two clusters of the clustering w that are
joined into a new cluster W. Then, if Q € m — {U,V'}, we have

SIW,Q) = $5IU,Q) + 35V, Q) ~ 2|slU,@) — si(V; Q)

)

)

AW, Q) = 5el(U,Q) + 5V, Q) + 5|1, Q) — (V. Q)

1, Q) = o gan(U,Q) + Tl gV, Q)
cen(IV,Q) = il oen(U.Q) + i cen(,Q)
(e GAG]
ward(W, Q) = %wam(a Q)+ %wam(w Q)
M_’_:%ward(a V).

Proof. The first two equalities follow from the fact that
infa,b} = (0 +8) ~ 5la b
min == — —la —
a, 5@ 5l ,
1 1
max{a,b} = i(a +0b)+ §|a — bl

for every a,b € R.
For the third equality, we have
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> {d(w, q)lw € W,q € Q}
gav(W, Q) W0l
2 {dw,Qluel,geQ} Y Adw glveV,qeQ}
Wi-le| Wl-1Q|
_ U Y dw,glueUqge @} | V] 3 {dw,g)lveV.qge @}

L UT-1Q] T Vi@l

U Vv
= W”ﬁgav(a Q)+ ﬁgav(% Q).

The equality involving the function cen is immediate. The last equality
can be easily translated into

[QIW| >

Qv (ee o)
oo wiel
U+ V] + QI U] + Q|
Vi+lel [VIQ 2
+ co —Cy
U1+ VI+ VI + gl @ )
Lol VL e
U+ [VI+ QU]+ V] ’
which can be verified replacing |W| = |U| + |V] and ey = %CU + %cv.

O
The equalities contained by Theorem 13.2 are often presented as a single
equality involving several coefficients.

Corollary 13.3 (The Lance-Williams Formula). Let U and V be two
clusters of the clustering 7 that are joined into a new cluster W. Then, if
Q € m—{U,V}, the dissimilarity between W and @Q can be expressed as

dW,Q) = ayd(U, Q) + avd(V,Q) + bd(U, V) + c[d(U, Q) — d(V,Q)|,

where the coefficients ay, ay,b,c are given by the following table:

Function ay ay b c
T I T
sl 3 3 0 —3
T T T
Cl 5 5 0 5
U V]
gav [TI+IV] [TI+V] 0 0
cen U V] ___Ujlv] 0
[U+]V] [U]+]V] (JUI+V])?
[U[+]Q] [V]+Q [9]]
ward —
[UHIVIHQIIUTHIVIHQI]  [U+HVIHQ] 0

Proof. This statement is an immediate consequence of Theorem 13.2. O
The variant of the algorithm that makes use of the function s/ is known as
the single-link clustering. It tends to favor elongated clusters.
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Ezample 13.4. We use single-link clustering for the metric space (S, dy), where
S C R? consists of seven objects, S = {o1,...,07} (see Figure 13.1).

03

&

O5 o7

: !
O¢

0 1 2 3 4 5 6 7

Fig. 13.1. Set of seven points in R?.

The distances dq(0;,0;) for 1 < 4,5 < 7 between the objects of S are
specified by the 7 x 7 matrix

0 13681110
1 0257109
320358 7
6 53025
8 75203
1110853 0
109 744 3

S W

We apply the hierarchical clustering algorithm using the single-link variant to
the set S. Initially, the clustering consists of singleton sets:

m' = {{o;} | 1 <i < 7H{o1}, {02}, {03}, {04}, {05}, {06}, {or}}.

Two of the closest clusters are {01}, {02}; these clusters are fused into the
cluster {07, 02}, the new partition is

7% = {{o01,02},...,{o7}},

and the matrix of dissimilarities becomes the 6 x 6-matrix
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0257109
203587
53025 4
75203 4
10853 0 3
974430

The next pair of closest clusters is {01,02} and {03}. These clusters are fused
into the cluster {01, 02,03}, and the new 5 x 5-matrix is:

03587
30254
D3=|520341,
85303
74430

which corresponds to the partition

7% = {{01,02,03},{04},...,{o7}}.

Next, the closest clusters are {04} and {o5}. Fusing these yields the partition

7t = {{01,02,03},{04,05}, {06}, {o7}}

and the 4 x 4-matrix
0387

3034
8303
7430

D* =

We have three choices now since there are three pairs of clusters at distance

3 of each other: ({01,02,03},{04,05}), ({04,05},{06}), and ({0}, {07). By
choosing to fuse the first pair, we obtain the partition

7T5 = {{017 02,03, 04, 05}7 {06}7 {07}}7
which corresponds to the 3 x 3-matrix
034

D>=1303
430

Observe that the large cluster {07, 02,03,04,05} formed so far has an elon-
gated shape, which is typical for single-link variant of the algorithm.
Next, we coalesce {01,02,03,04,05} and {0}, which yields

0= {{01, 02703704,05706}, {07}}

and
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s _ (03
D_<30>.

Finally, we join the last two clusters, and the clustering is completed.
The dendrogram of the hierarchy produced by the algorithm is given in
Figure 13.2.

01 02 03 Oy O35 O¢ o7

Fig. 13.2. Dendrogram of single-link clustering.

The variant of the algorithm that uses the function ¢l is known as the
complete-link clustering. It tends to favor globular clusters.

Ezxample 13.5. Now we apply the complete-link algorithm to the set S consid-
ered in Example 13.4. It is easy to see that the initial two partitions and the
initial matrix are the same as for the single-link algorithm.

However, after creating the first cluster {o7,02}, the distance matrices
begin to differ. The next matrix is

0 3681110
30358 7
63025 4
8§ 5203 4
11853 0 3
107443 0

which shows that the closest clusters are now {o4} and {o5}. Thus,

= {{01702}7 {03}7 {04705}7 {06}7 {07}}
and the new matrix is
0 381110
3058 7
D*=|8505 3
11850 3
10733 0
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Three pairs of clusters correspond to the minimal value 3 in D3:

({01,02},{03}),
({047 05}’ {03})v
({os}, {or}).

If we merge the last pair, we get the partition

7t = {{o1,02}, {03}, {04,05}, {06, 07} }

and the matrix
0 3811

3058
8505
1185 0

D* =

Next, the closest clusters are {01,02}, {03}. Merging those clusters will result
in the partition 7° = {{01, 02,03}, {04,05},{06,07}} and the matrix

0811
D*=1|805
1150

The current clustering is shown in Figure 13.3. Observe that in the case of
the clusters obtained by the complete-link method that appear early tend to
enclose objects that are closed in the sense of the distance.

O4

3 e

Fig. 13.3. Partial clustering obtained by the complete-link method.

Now the closest clusters are {04, 05} and {0g,07}. By merging those clus-
ters, we obtain the partition 7% = {{01, 02,03}, {04, 05,06,07}} and the ma-
trix
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6 (011
=(h)

The dendrogram of the resulting clustering is given in Figure 13.4.

—
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01 02 03 04 O35 O¢ o7

Fig. 13.4. Dendrogram of complete-link clustering.

The group average method, which makes use of the gav function gener-
ates an intermediate approach between the single-link and the complete-link
method. What the methods mentioned so far have in common is the mono-
tonicity property expressed by the following statement.

Theorem 13.6. Let (S, d) be a finite metric space and let D, ..., D™ be the
sequence of matrices constructed by any of the first three hierarchical methods
(single, complete, or average link), where m = |S|. If p; is the smallest entry
of the matriz D' for 1 <i < m, then 11 < po <o < iy In other words, the
dissimilarity between clusters that are merged at each step is nondecreasing.

Proof. Suppose that the matrix D7*! is obtained from the matrix D7 by
merging the clusters €}, and C, that correspond to the lines p and ¢ and to
columns p, g of D?. This happens because dpg = dgp is one of the minimal
elements of the matrix D7. Then, these lines and columns are replaced with a
line and column that corresponds to the new cluster C,. and the dissimilarities
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between this new cluster and the previous clusters Cj, where i # p, ¢. The ele-
ments @’} of the new line (and column) are obtained either as min{d), . d},},

max{d;h, dgh}, or |‘gfI d;h+ IgZI déh, for the single-link, complete-link, or group
average methods, respectively. In any of these cases, it is not possible to ob-
tain a value for di:l that is less than the minimal value of an element of D7.
O

The last two methods captured by the Lance-Williams formula are the
centroid method and the Ward method of clustering. As we observed before,
Formula (13.2) shows that the dissimilarity of two clusters in the case of
Ward’s method equals the increase in the sum of the squared errors that
results when the clusters are merged. The centroid method adopts the distance
between the centroids as the distance between the corresponding clusters.
Either method lacks the monotonicity properties.

13.2.2 Graph-based Hierarchical Clustering

Starting from a finite metric space (5,d), we can construct a sequence of
threshold graphs So, ..., Sk, where k = diamg 4 is the diameter of (S,d). The
threshold graph G, = (S, E,) is defined by its set of edges

EP:{(xay) ESXS | d(x,y) Sp}

for 0 < p < k. The graph Gy is (5, 0), while Gy is a complete graph on the set
S.

Ezample 13.7. The sequence of threshold graphs for the metric space (.5, d;)
introduced in Example 13.4 is given in Figures 13.5 and 13.6.

A variant of single-link clustering can now be achieved by working on the
sequence of threshold graphs. Let Gg,...,Gx be the sequence of threshold
graphs of a finite metric space, where k = diams 4, and let ¢; be the number
of connected components of the threshold graph G; for 1 <i < k.

Algorithm 13.8 (Graph-Based Single-Link Clustering)
Input: a finite metric space (5, d) of diameter k, where |S| = n.
Output: a hierarchy of clusters on S.

Method:
initialize the threshold graph Go;
¢ =mn; // current number of connected components
p=1
while (¢, > 1) do

if (¢, <c¢) then

output the connected components Gp;

p++;

endwhile
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O3 @ [} Oy 03 @ ) 04
o2 @ ® O5 02 ® O5
o1 @ ® O¢ o1 ® Og

[ ] [ ]
(014 o7
So G1

03 04 03 04
02 O5 02 O5
(e} ® Og o1 O¢

° o/
o7 o7
G2 93

o7 o7

Se G7
Fig. 13.5. Threshold graphs of (S, d).
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Fig. 13.6. Threshold graphs of (S,d) (continued).

Observe that in Algorithm 13.8 some of the connected components of a
threshold graph G, persist as connected components of the graph G,,. Others
will coalesce to form larger clusters, and this is possible if at least one edge of
weight p exists between the clusters that are about to combine. This explains
the term “single-link” used to designate this algorithm (see [56]).

Ezxample 13.9. For the threshold graphs of Example 13.7, the connected com-
ponents are shown in the next table:

Connected Components of G;|c;
{01}7{02}3{03}’{04}7 7
{os}, {06}, {or}
{01702}7{03}’{04}7 6
{05}7 {06}3 {07}

.

=}

—_

2 {01702703}7{04a05}7 4
{os},{o7}
3|{o1,09,...,07} 1

Algorithm 13.10 (Graph-Based Complete-link Clustering)
Input: a finite metric space (S, d) of diameter k, where |S| = n;
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Output: a hierarchy of clusters on .S;
Method:
initialize the threshold graph Gy;
initialize the collection of clusters to all singleton sets;
while (p < k) do
for all pairs of disjoint clusters (P, () in G, do
if PUQ@ is a clique in G411 then
add P U @ to the set of clusters;
pt+;
endwhile

Note that not all cliques that form in the threshold graphs are produced
as clusters by Algorithm 13.10. Indeed, the algorithm generates a cluster only
when two disjoint clusters that have already appeared are cliques and will
form a new clique by the addition of edges that have been added in successive
threshold graphs. In this manner, the algorithm indeed produces a hierarchy
of clusters.

Example 13.11. In Table 13.1, we show the cluster formation in the graph-
based clustering algorithm. Observe that the cluster {oy4,05,06,07} is pro-
duced at p = 5, when in intermediate threshold graphs G3 and G, sufficient
edges were added to allow us to join the disjoint clusters {o4, 05}, {0, 07}
into the new cluster.

Table 13.1. Clusters produced by the complete-link graph-based algorithm

Clusters in G,

{{o1},{02},{03}, {04}, {05}, {06}, {or}}
{{017 02}7 {03}7 {04}7 {05}5 {06}5 {07}}
{{01,02}, {03}, {04,05},{06},{07}}
{{017 02, 03}7 {047 05}7 {067 07}}

{{017 02, 03}5 {047 05}7 {065 07}}
{{01,02,03},{04,05,06,07}}

gl x| w| |~ o

10 {{01702703}7 {04705706,07}}
11 {{01702,03704,05,06,07}}

The usefulness of the application of minimal spanning trees to clustering
was explored by C. T. Zahn [147].

Let S = {o1,...,0,} be a set of n objects and let d: S x .S — Rx¢ be a
metric. The weighted complete graph (X,,, w) is defined by K,, = (S, {(0s,0;) |
i #7}), and w(o;,05) = d(0;,05) for 1 <i,j <n and i # j.

The notion of an inconsistent edge is essential for Zahn’s algorithm and
there are several plausible definitions for it. For instance, we can define an
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edge to be inconsistent if its weight is larger by a certain factor than the
averages of the weights of both sides of (z,y).

Algorithm 13.12 (Zahn’s Clustering Algorithm)
Input: a complete graph (X,,, w), where
K, = (S.{(01,05) | i # j}), and
w(0;,05) = d(0;,05) for 1 < 4,5 <n and i # j;
Output: a clustering of the objects of S.
Method:
construct a minimal spanning tree for (I, w);
identify inconsistent edges in the minimal spanning tree;
create a cluster hierarchy by successively removing inconsistent
edges.

Zahn’s algorithm leads to a hierarchy on the set of vertices since each
removal of an edge from a tree creates two disjoint connected components of
that tree, that are themselves trees.

Example 13.13. Again, we are using the set of objects introduced in Exam-
ple 13.4 equipped with the d; metric given by the weight matrix

0 13681110
1 0257109
320358 7
6 53025

8§ 75203
1110853 0
109 744 3

O W o

Kruskal’s algorithm (Algorithm 3.48) applied to the weighted complete graph
(X7, w) yields the minimal spanning tree shown in Figure 13.7. Suppose that
an edge is deemed to be inconsistent if its weight is larger than the average
of the adjacent edges. Then the most inconsistent edge is (03,04) of weight
3, which is 1.5 times the average of the adjacent edges. By removing this
edge the tree is divided into two connected components, {01, 02,03, } and
{04,05,06,07}. Among the edges of the first component, the edge (02, 03) is
the most inconsistent. By removing it, we get the clusters {01, 02} and {o3}.
Similarly, by removing the edge (05,06), the second cluster is split into the
clusters {bfo4, 05} and {bfog,07}.

There exists an interesting link between the single-link clustering algorithm
and the subdominant ultrametric of a dissimilarity, which we examined in
Section 10.4.

To construct the subdominant ultrametric for a dissimilarity space (.5, d),
we built an increasing chain of partitions my,ms,... of S (where 1 = ag)
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o7

Fig. 13.7. Spanning tree of the graph (K7, w).

and a sequence of dissimilarities dyi,ds,... (where d; = d) on the sets of
blocks of 71, ms, ..., respectively. We claim that this sequence of partitions
1, T, ... coincides with the sequence of partitions 7!, 72, ..., and that the
sequence of dissimilarities di,ds, ... coincides with the sequences of dissim-
ilarities d', d?,... defined by the matrices D’ constructed by the single-link
algorithm. This is clearly the case for i = 1.

Suppose that the statement is true for ¢. The partition ;41 is obtained
from 7; by fusing the blocks B, C of 7 such that d;(B,C) has the smallest
value, that is,

Ti41 = (ﬂ'i — {B,C}) U {B U C}

Since this is exactly how the partition 7¢*! is constructed from 7%, it follows
that m; .1 = 7°*1. The inductive hypothesis implies that

d"(U, V) =d;(U,V) = min{d(u,v) | u€ Uv eV}

for all U,V € m;. Since the dissimilarity d;11 is d;+1(U,V) = min{d(u,v) |
u € U,u € V} for every pair of blocks U, V of m; 11, it is clear that d;11 (U, V) =
d;(U,V) =d'(U,V) = d"*1(U, V) when neither U nor V equal the block BUC.
Then,

dit1(BUC, W)
= min{d(t,w) | t€ BUC,w e W}
= min{min{d(b,w) | b € B,w € W} min{d(c,w) | c€ C,w € W}}
= min{d;(B,W),d;(C,W)}
= min{d" (B, W), d"(C, W)}
=dT(BUC,W).
Thus, d;4 = d'*1.
Let x,y be a pair of elements of S. The value of the subdominant ultra-
metric is given by

e(z,y) =min{hg(W) | W € Hy and {z,y} C W}.
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This is the height of W in the dendrogram of the single-link clustering and
therefore the subdominant ultrametric can be read directly from this dendro-
gram.

Ezxample 13.14. The subdominant ultrametric of the Euclidean metric consid-
ered in Example 13.4 is given by the following table:

6(01',0]') 01 02 03 04 O5 Og O7
0] 0123333
09 1023333
03 2203333
04 3330233
05 3332033
06 33333203
o7 33333320

13.3 The k-Means Algorithm

The k-means algorithm is a partitional algorithm that requires the specifica-
tion of the number of clusters k as an input. The set of objects to be clustered
S = {o!,...,0"} is a subset of R™. Due to its simplicity and its many imple-
mentations it is a very popular algorithm despite this requirement.

The k-means algorithm begins with a randomly chosen collection of k
points ¢!,...,c¥ in R™ called centroids. An initial partition of the set S of
objects is computed by assigning each object o’ to its closest centroid c’. Let
U; be the set of points assigned to the centroid ¢/.

The assignments of objects to centroids are expressed by a matrix (b;;),

where
b — 1 ifole Uj,
10 otherwise.

Since each object is assigned to exactly one cluster, we have Z§:1 bij = 1.
On the other hand, 2?21 b;; equals the number of objects assigned to the
centroid c’.

After these assignments, expressed by the matrix (b;;), the centroids c/
must be re-computed using the formula:

. " b0f
o = Ziz1 b (13.3)
iz bij
for1 <j <k
The sum of squared errors of a partition 7 = {Uj,..., U} of a set of

objects S was defined in Equality (13.1) as



13.3 The k-Means Algorithm 513
k
sse(m Z Z (0,¢’),
j=1lo€U;

where ¢’ is the centroid of Uj for 1 < j < k. The error of such an assignment

is the sum of squared errors of the partition 7 = {Uy, ..., Uy} defined as
n k
sse(m ZZbUHO —cJ|]?
i=1 j=1
n k m

=330 (0 - ).

i=1j=1 p=1

The mk necessary conditions for a local minimum of this function,

Osse(m) " i ~

for 1 <p<mand1l<j<k, can be written as

or as " .
o= Dic bijop,

P nog

> i1 bij

for 1 < p < m. In vectorial form, these conditions amount to

> i bijo’
n b
Zi:l bij

which is exactly the formula (13.3) that is used to update the centroids. Thus,
the choice of the centroids can be justified by the goal of obtaining local
minima of the sum of squared errors of the clusterings.

Since we have new centroids, objects must be reassigned, which means
that the values of b;; must be recomputed, which in turn will affect the values
of the centroids, etc.

The halting criterion of the algorithm depends on particular implementa-
tions and may involve
(i) performing a certain number of iterations;

(ii) lowering the sum of squared errors sse(m) below a certain limit;
(iii) the current partition coinciding with the previous partition.
This variant of the k-means algorithm is known as Forgy’s algorithm.

c =
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Algorithm 13.15 (Forgy’s Algorithm)
Input: set of objects to be clustered S = {o',...,0"} and the num-
ber of clusters k;
Output: a collection of k clusters;
Method:
obtain a randomly chosen collection of k points ¢y,..., ¢ in R™;
assign each object o to the closest centroid c¢7;
let 7 = {Uj,...,Ux} be the partition defined by c!,...,c";
recompute the centroids of the clusters Uy, ..., Ug;
while (halting criterion is not met) do
compute the new value of the partition 7
using the current centroids;
recompute the centroids of the blocks of ;
endwhile

The popularity of the k-means algorithm stems from its simplicity and its
low time complexity O(knf), where n is the number of objects to be clustered
and ¢ is the number of iterations that the algorithm is performing.

Another variant of the k-means algorithm redistributes objects to clusters
based on the effect of such a reassignment on the objective function. If sse(m)
decreases, the object is moved and the two centroids of the affected clusters
are recomputed. This variant is carefully analyzed in [12]

13.4 The PAM Algorithm

Another algorithm, named PAM (an acronym of “Partition Around Medoids”)
developed by Kaufman and Rousseeuw [76], also requires as an input param-
eter the number £ of clusters to be extracted.

The k clusters are determined based on a representative object from each
cluster, called the medoid of the cluster. The medoid is intended to have the
most central position in the cluster relative to all other members of the cluster.
Once medoids are selected, each remaining object o is assigned to a cluster
represented by a medoid o; if the dissimilarity d(o, 0;) is minimal.

In a second phase, swapping objects and existing medoids is considered. A
cost of a swap is defined with the intention of penalizing swaps that diminish
the centrality of the medoids in the clusters. Swapping continues as long as
useful swaps (that is, swaps with negative costs) can be found.

PAM begins with a set of objects S, where |S| = n, a dissimilarity n x n
matrix D, and a prescribed number of clusters k. The d;; entry of the matrix
D is the dissimilarity d(o;,0;) between the objects o; and o;. PAM is more
robust than Forgy’s variant of k-clustering because it minimizes the sum of
the dissimilarities instead of the sum of the squared errors.

The algorithm has two distinct phases: the building phase and the swapping
phase. The building phase aims to construct a set L of selected objects, L C S.
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The set of remaining objects is denoted by R; clearly, R = S — L. We begin
by determining the most centrally located object.

The quantities Q; = Z;.lzl d;; are computed starting from the matrix D.
The most central object o, is determined by

¢ = arg min;Q);.

The set L is initialized as L = {o4}.

Suppose now that we have constructed a set L of selected objects and
|L| < k. We need to add a new selected object to the set L. To do this, we
need to examine all objects that have not been included in L so far, that is, all
objects in R. The selection is determined by a merit function M : R — N.

To compute the merit M (o) of an object 0 € R, we scan all objects in
R distinct from o. Let o’ € R — {0} be such an object. If d(o,0") < d(L,0’),
then adding o to L could benefit the clustering (from the point of view of o)
because d(L,0") will diminish. The potential benefit is d(o’, L) — d(o,0’). Of
course, if d(o,0") > d(L, o), no such benefit exists (from the point of view of
0'). Thus, we compute the merit of o as

M(o)= Y max{D(L,d") - d(o0,0),0}.
o’'eR—{o}

We add to L the unselected object o that has the largest merit value. The
building phase halts when |L| = k.

The objects in set L are the potential medoids of the k clusters that we seek
to build. The second phase of the algorithm aims to improve the clustering
by considering the merit of swaps between selected and unselected objects.
So, assume now that o; is a selected object, o; € L, and op is an unselected
object, oy, € R =5 — L. We need to determine the cost C(0;,0) of swapping
o; and op. Let o; be an arbitrary unselected object. The contribution c¢;; of
0;j to the cost of the swap between o; and oy, is defined as follows:

1. If d(o;,05) and d(on,0;) are greater than d(o,0;) for any o € L — {o;},
then ¢;; = 0.

2. If d(0;,05) = d(L,0;), then two cases must be considered depending on
the distance e(o0;) from e; to the second-closest object of S.
a) If d(on, 0;) < e(0;), then ¢;n; = d(op,05) — d(S,05).
b) If d(op,0;) > e(0j), then c;p; = e(o;) — d(S, o).
In either of these two subcases, we have

¢inj = min{d(on, 0;),e;} — d(0;, 0;).

3. If d(0;,05) > d(L, 0;) (that is, o; is more distant from o; than from at least
one other selected object) and d(op,,05) < d(L, 0;) (which means that o; is
closer to o, than to any selected object), then ¢;n; = d(op, 05) — d(S, 0;).
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The cost of the swap is C(0;,05,) = ZojeRCihj' The pair that minimizes
C(0;,04) is selected. If C(0;,0;) < 0, then the swap is carried out. All potential
swaps are considered.

The algorithm halts when no useful swap exists; that is, no swap with
negative cost can be found.

The pseudocode of the algorithm follows.

Algorithm 13.16 k_means PAM{
construct the set L of k medoids;
repeat
compute the costs C(o;,0p) for 0; € L and oy, € R;
select the pair (0;, 05,) that corresponds to the minimum
m = C(0;,0p);
until (m > 0);
}

Note that inside the loop repeat - - - until there are [(n—1) pairs of objects
to be examined, and for each pair we need to involve n—[ non-selected objects.
Thus, one execution of the loop requires O(I(n —[)?), and the total execution

may require up to O (ZZ:IZ l(n— 1)2), which is O(n*). Thus, the usefulness of
PAM is limited to rather small data set (no more than a few hundred objects).

13.5 Limitations of Clustering

As we stated before, an exclusive clustering of a set of objects S is a partition
of S whose blocks are the clusters. A clustering method starts with a definite
dissimilarity on S and generates a clustering. This is formalized in the next
definition.

Definition 13.17. Let S be a set of objects and let D'y be the set of definite
dissimilarities that can be defined on S.
A clustering function on S is a mapping f : Dy — PART(S).

FEzrample 13.18. Let g : R>g — R>( be a continuous, nondecreasing and
unbounded function and let S C R" be a finite subset of R". For k € N and
k > 2, define a (g, k)-clustering function as follows.

Begin by selecting a set T of k points from S such that the function
AY(T) = 3 cs9(d(z,T)) is minimized. Here d(z,T) = min{d(z,t)|[t € T}.
Then, define a partition of S into k clusters by assigning each point to the
point in 7" that is the closest and breaking the ties using a fixed (but otherwise
arbitrary) order on the set of points. The clustering function defined by (d, g),
denoted by f9, maps d to this partition.
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The k-median clustering function, is obtained by choosing g(z) =
x € R>q; the k-means clustering function is obtained by taking g(z) =
T € RZO'

x for
22 for

Definition 13.19. Let k be a partition of S and let d,d’ € Dy. The defi-
nite dissimilarity d' is a k-transformation of d if the following conditions are
satisfied:

(i) if x =4 y, then d'(z,y) < d(z,y);
(ii) if © Zx y, then d'(z,y) > d(x,y).
In other words, d’ is a k-transformation of d if for two objects that belong to
the same k-cluster d'(x,y) is smaller than d(x,y), while for two objects that
belong to two distinct clusters d'(x,y) is larger than d(x,y).

Next, we consider three desirable properties of a clustering function.

Definition 13.20. Let S be a set and let f : D'y — PART(S) be a clustering
function. The function f is
(i) scale-invariant if, for every d € D and every o > 0, we have f(d) =
flad);
(ii) rich, if Ran(f) = PART(S);
(ili) consistent if, for every d,d" € Dy and k € PART(S) such that f(d) = k
and d' is a k-transformation of d, we have f(d') = &,

Unfortunately, as we shall see in Theorem 13.25, established in [80], there is
no clustering function that enjoys all three properties.
The following definition will be used in the proof of Lemma 13.23.

Definition 13.21. A dissimilarity d € D'y is (a, b)-conformant to a clustering
K if © =, y implies d(x,y) < a and x #, y implies d(z,y) > b.

A dissimilarity is conformant to a clustering k if it is (a,b)-conformant to
k for some pair of numbers (a,b).

Note that if d’ is a s-transformation of d, and d is (a, b)-conformant to &,
then d’ is also (a,b)-conformant to k.

Definition 13.22. Let k € PART(S) be a partition on S and let f be a
clustering function on S. A pair of positive numbers (a,b) is k-forcing with
respect to f if, for every d € DY that is (a,b)-conformant to k, we have

f(d) = k.

Lemma 13.23. If f is a consistent clustering function on a set S, then for
any partition k € Ran(f) there exist a,b € Rsg such that the pair (a,b) is
k-forcing.

Proof. For k € Ran(f) there exists d € DY such that f(d) = k. Define the
numbers
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Qg d = mln{d(z,y) | &€ 7£ Y, T =k y}a
be.a = max{d(z,y) | = #. y}.

In other words, a,, q is the smallest d value for two distinct objects that belong
to the same k-cluster, and b, ¢ is the largest d value for two objects that belong
to different x-clusters.

Let (a,b) be a pair of positive numbers such that a < a, q and b > b, 4. If
d' is a definite dissimilarity that is (a, b)-conformant to x, then = =, y implies
d(z,y) <a<agq <d(zy) and x £, y implies d'(x,y) > b > b, q > d(z,y),
so d' is a k-transformation of d. By the consistency property of f, we have
f(d') = k. This implies that (a,b) is k-forcing. O

Theorem 13.24. If f is a scale-invariant and consistent clustering function
on a set S, then its range is an antichain in poset (PART(S), <).

Proof. This statement is equivalent to saying that, for any scale-invariant and
consistent clustering function, no two distinct partitions of S that are values
of f are comparable.

Suppose that there are two clusterings, kg and k1, in the range of a scale-
invariant and consistent clustering such that ko < k1.

Let (a;,b;) be a k;-forcing pair for ¢ = 0,1, where ag < by and a; < by.
Let as be a number such that as < a; and choose € such that

0<ex< a0a2.
0

By Supplement 27 of Chapter 10 construct a distance d such that

1. for any points z,y that belong to the same block of kg, d(z,y) < €

2. for points that belong to the same cluster of k; but not to the same cluster

of ko, as < d(x,y) < ay; and

3. for points that do not belong to the same cluster of k1, d(z,y) > b;.
The distance d is (a1, by )-conformant to k1, and so we have f(d) = k1. Take
o= bo , and define d’ = ad. Since f is scale-invariant, we have f(d’) = f(d) =
K1- Note that for points x,y that belong to the same cluster of kg, we have

€b
d/(‘ray) < > < ao,
a2
while for points z,y that do not belong to the same cluster of kg we have

asb
az
Thus, d’ is (ao, bp)-conformant to kg, and so we must have f(d’') = ko. Since
Ko # K1, this is a contradiction. 0O

Theorem 13.25 (Kleinberg’s Impossibility Theorem). If |S| > 2, there
s no clustering function that is scale-invariant, rich and consistent.
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Proof. If S contains at least two elements, then the poset (PART(S), <) is
not an antichain. Therefore, this statement is a direct consequence of Theo-
rem 13.24. O

Theorem 13.26. For every antichain A of the poset (PART(S),<), there
exists a clustering function f that is scale-invariant and consistent such that

Ran(f) = A.

Proof. Suppose that A contains more than one partition. We define f(d) as
the first partition 7 € A (in some arbitrary but fixed order) that minimizes
the quantity
Dy(m) = Y dx,y).
T=nY

Note that @,q = a®,. Therefore, f is scale-invariant.

We need to prove that every partition of A is in the range of f.

For a partition p € A, define d such that d(z,y) < ‘S% if 2 =, y and
d(xz,y) > 1 otherwise. Observe that ®4(p) < 1. Suppose that &4(f) < 1. The
definition of d means that

D4(0) = Z d(z,y) <1,

T=pY

so for all pairs (z,y) €=¢ we have d(z,y) < #, which means that v =, y.
Therefore, we have m < p. Since A is an antichain, it follows that p must
minimize @, over all partitions of A and, consequently, f(d) = p.

To verify the consistency of f, suppose that f(d) = 7, and let d’ be a
m-transformation of d. For o € PART(S), define 6(o) as $4(0) — g (o). For
o € A, we have

5(0) = _Z (d(l’,y) - d/(.’E,y))

< Y (dlay) —d'(wy)
T=oy
and T=ry
(only terms corresponding to pairs in the same
cluster are nonnegative)

< §(m)
(every term corresponding to a pair in the
same cluster is nonnegative).

Consequently,

@d(a) - @d/(U) S @d(ﬂ') - @d/(ﬂ)
or @y(0) —Py(m) < Py (o) — Dy (m). Thus, if m minimizes P4(m), then &4(0) —
@g(m) > 0 for every o € A and therefore @4 (0) — Py (m) > 0, which means
that 7 also minimizes @4 (7). This implies f(d’) = m, which shows that f is
consistent. O
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13.6 Clustering Quality

There are two general approaches for evaluating the quality of a clustering:
unsupervised evaluation, which measures the cluster cohesion and the separa-
tion between clusters, and supervised evaluation which measures the extent
to which the clustering we analyze matches a partition of the set of objects
that is specified by an external labeling of the objects.

13.6.1 Object Silhouettes

The silhouette method is an unsupervised method for evaluation of clusterings
that computes certain coefficients for each object. The set of these coefficients
allows an evaluation of the quality of the clustering.
Let O = {uy,...,u,} be a collection of objects, d : O x O — Ry a
dissimilarity on O, and let f: O — {C1,...,C)} be a clustering function.
Suppose that f(u;) = Cy. The (f,d)-average dissimilarity is the function
ar,q : O — R given by

arau;) = S{d(ui,u) | f(u) = f(u;) and u # u;}
ha )] :

that is, the average dissimilarity of u; to all objects of f(u;), the cluster to
which wu; is assigned.
For a cluster C' and an object u; let

d(u;, C) = Z{d(uz,u)|é|f(u) = C}’

be the average dissimilarity between wu; and the objects of the cluster C.

Definition 13.27. Let f : O — {C1,...,Cy} be a clustering function A
neighbor of u; is a cluster C' # f(u;) for which d(u;, C') is minimal.

In other words, a neighbor of an object u; is “the second best choice” for a
cluster for u;. Let b: O — R be the function defined by

by,a(ui) = min{d(u;,C) | C' # f(ui)}.
If f and d are clear from the context, we shall simply write a(u;) and b(u;)

instead of ay q(u;) and by q(u;), respectively.

Definition 13.28. The silhouette of the object w; for which |f(u;)| > 2 is the
number sil(u;) given by

1— 8 ifau) < b,
sil(u;)) =<0 if a(ui) = b(u;)
b(“f) =1 ifalu;) > b(uy).
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Equivalently, we have

b(u;) — a(u;)

sil(u;) = max{a(w;), b(u;)}

foru; € O.
If f(u;) =1, then s(u;) = 0.

Observe that —1 < sil(u;) < 1. When sil(u;) is close to 1, this means that
a(u;) is much smaller than b(w;) and we may conclude that w; is well-classified.
When sil(u;) is near 0, it is not clear which is the best cluster for u,. Finally,
if sil(u;) is close to —1, the average distance from w to its neighbor(s) is much
smaller than the average distance between u; and other objects that belong
to the same cluster f(u;). In this case, it is clear that u; is poorly classified.

Definition 13.29. The average silhouette width of a cluster C' is

S {sil(u) | we C}
C] .

sil(C) =

The average silhouette width of a clustering k is

_ Ssillu) | ue O}'

sil(k) 0]

The silhouette of a clustering can be used for determining the “optimal”
number of clusters. If the average silhouette of the clustering is above 0.7, we
have a strong clustering.

13.6.2 Supervised Evaluation

Suppose that we intend to evaluate the accuracy of a clustering algorithm
A on a set of objects S relative to a collection of classes on S that forms a
partition o of S. In other words, we wish to determine the extent to which
the clustering produced by A coincides with the partition determined by the
classes.

If the set S is large, the evaluation can be performed by extracting a
random sample 7" from S, applying A to T', and then comparing the clustering
partition of T' computed by A and the partition of 1" into the preexisting
classes.

Let k = {C4,...,Cy} be the clustering partition of T and let o =
{Ki,...,K,} be the partition of T" into preexisting classes. The evaluation is
helped by n x m-matrix @), where ¢;; = |C; N K| named the confusion matriz.

We can use distances associated with the generalized entropy, dg(x, o), to
evaluate the distinction between these partitions. This was already observed
in [111], who proposed as a measure the cardinality of the symmetric difference
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of the sets of pairs of objects that belong to the equivalences that correspond
to the two partitions.
Frequently, one uses the conditional entropy

- \C\ - - CﬂK| |C; N K|
H(olk) =
> oo =3 S g hes,
to evaluate the “purity” of the clusters C; relative to the classes K, ..., K,.

Low values of this number indicate a high degree of purity.

Some authors [132] define the purity of a cluster C; as pur (C;) =

max; Icfgf‘{" and the purity of the clustering k relative to o as

n

pur Z

Larger values of the purity indicate better clusterings (from the point of view
of the matching with the class partition of the set of objects).

Ezxample 13.30. Suppose that a set of 1000 objects consists of three classes
of objects K1, Ko, K3, where |K;| = 500, |K3| = 300, and |K;| = 200. Two
clustering algorithms A and A’ yield the clusterings k = {C},Cs,C3} and
k' ={C1,C%,C%} and the confusion matrices @ and @Q’, respectively:

K, Ky Kj K Ky K;
11400 0 |25 and Cy1]1 60| 0 {180
(5] 60 {200} 75 02 4001 50| O

(53| 40 (100{100 C%140 (2501 20

The distances da(k,0) and da(k', o) are 0.5218 and 0.4204, suggesting that
the clustering ' produced by the second algorithm is closer to the partition
in classes.

As expected, the purity of the first clustering, 0.7, is smaller than the
purity of the second clustering, 0.83.

Another measure of clustering quality, proposed in [112] which applies to
objects in R™ and can be applied, for example, to the clustering that results
from the k-means method, is the validity of clustering. Let m = {Uy,...,Ux}
be a clustering of N objects, c1,...,c, the centroids of the clusters. The
clustering validity is

val(r) = sse(r)

Nmini<j dQ(Ci, Cj) '

The variety of clustering algorithms is very impressive and it is very helpful
to the reader to consult two excellent surveys of clustering algorithms [73, 11]
before exploring in depth this domain.
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Exercises and Supplements

1. Apply hierarchical clustering to the data set given in Example 13.4 using
the average-link method, the centroid method, and the Ward method.
Compare the shapes of the clusters that are formed during the aggregation
process. Draw the dendrograms of the clusterings.

2. Using a random number generator, produce h sets of points in R™ normally
distributed around h given points in R"™. Use k-means to cluster these
points with several values for k and compare the quality of the resulting
clusterings.

3. A variant of the k-means clustering introduced in [130] is the bisecting k-
means algorithm described below. The parameters are S the set of objects
to be clustered, k£ the desired number of clusters, and nt, the number of
trial bisections.

Algorithm 13.31 bisecting k-means{
set_of-clusters = {S};
while (|set_of_clusters| < k)
extract a cluster C' from the set_of_clusters;
k=0;
for i =1 to nt do
let Cy;, C1; be the two clusters obtained from C' by bisecting

()
using standard k-means (k = 2);
if (i = 1) then s = sse({Co;, C1;});
if (sse({Cos, C1i}) < s) then
k=1,
s = sse({Coi, Cri});
endif;
endfor;
add Cyi, C1i to set_of_clusters;
endwhile

}

The cluster C' that is bisected may be the largest cluster or the cluster
having the largest sse.

Evaluate the time performance of bisecting k-means compared with the
standard k-means and with some variant of a hierarchical clustering.

4. One of the issues that the k-means algorithm must confront is that the
number of clusters &k must be provided as an input parameter. Using
clustering validity, design an algorithm that identifies local maxima of
validity (as a function of k) to provide a basis for a good choice of k.
See [112] for a solution that applies to image segmentation.

5. Let B C R" be a finite subset of R". The clustering feature of B is
a triple (p,s,q), where p = |B|, s = > {x | x € R"}, and q =
(X{at | xe B},..., > {a} | x € B}). The center of B is X = _s, the
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average distance between the center and the members of B is

and the average distance between the members of the clusters is

\/z{ _v2|uveB}
— .

Prove that z, Rp, and Dp can be computed starting from the cluster
feature.

Let § = (V, E) be a finite graph. A graph clustering [22] is a partition k =
{C1,...,C,} of the set V; the clusters are the subgraphs S¢, = (C;, E¢;)
induced by the blocks of k. The intracluster edges are the edges in E, =

P _, Ec,, while the intercluster edges are the edges in E — E,,. The set of
edges between nodes in C' and C” is denoted by E(C,C").

6. The quality of a graph clustering k is measured by its modularity index
q(k) given by

1B (1O + S EC.CIY
q(’”‘z{ - ( 7 ) }

cer

2
Prove that q(k) = > cc, { B (%) } What does it take for a

clustering to achieve a high value of the modularity index?
7. Prove that ¢(k) € [-0.5,1] for every clustering of a graph § and the
minimum is achieved when all edges are intercluster edges.
8. Prove that there is always a clustering of a graph G that has maximum
modularity in which each cluster consists of a connected subgraph.
9. Let § = (V, E) be a bipartite graph with the partition = = {V;, 2} (see
Definition 3.7). Prove that ¢(x) = —0.5.
10. Prove that for £ > 2 and for sufficiently large sets of objects, the clustering
function f9 introduced in Example 13.18 is not consistent.
Solution: Suppose that k = {C1,Cs,...,Cy} is a partition of S and
d is a definite dissimilarity on S such that d(z,y) = r; if * # y and
{z,y} C C; for some 1 < i < k and d(x,y) = r + a if 2 and y belong to
two distinct blocks of k, where r = max{r;|1 <i <k} and a > 0.
Suppose that T is a set of kK members of S. Then, the value of g(d(x,T'))
is g(r) if the closest member of T is in the same block as z and is
g(r 4+ a) otherwise. This means that the smallest value of AY(T) =
> wec, 9(d(z,T)) is obtained when each block C; contains a member

of T for 1 < i < k and the actual value is A%(T) = Zf:1(|0i| —1)r? =
(IS| = k)r

<.
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Consider now a partition &’ = {C],CY,Cy, ..., Cy}, where C; = C{UCY
so k' < k. Choose 1’ to be a positive number such that ' < r and define
the dissimilarity d’ on S such that d'(xz,y) = ' if x # y and z =4 y
and d'(z,y) = d(z,y) otherwise. Clearly, d' is a s-transformation of d.
The minimal value for A%(T") will be achieved when T” consists of k + 1
points, one in each block of k’; as a result, the value of the clustering
function for d’ will be ¥’ # k, which shows that no clustering function
obtained by this technique is consistent.

Bibliographical Comments

Several general introductions in data mining [132, 130] provide excellent refer-
ences for clustering algorithms. Basic reference books for clustering algorithms
are [72] and [76]. Recent surveys such as [11] and [73] allow the reader to get
familiar with current issues in clustering. Cluster features discussed in Exer-
cise 5 were considered in the BIRCH algorithm [150]. Exercises 6-9 contain
results obtained in [22].
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Combinatorics

14.1 Introduction

Combinatorics is the area of mathematics concerned with counting collections
of mathematical objects. Several elementary combinatorial problems were al-
ready discussed in Chapter 1, where we counted the number of permutations
of a set of size n, the number of subsets of size k, etc. In this chapter, we
present several of the more involved combinatorial techniques that are rele-
vant for data mining.

14.2 The Inclusion-Exclusion Principle

Let A and B be two finite sets. It is easy to verify that
|AUB| =|A|+|B|—-|ANDB|. (14.1)

In this section we discuss a generalization of Equality( 14.1) known as the
inclusion-exclusion principle.

Note that if U and V' are two subsets of a finite set S such that V' C U,
then the function I defined by I(z) = Iy (x) — Iy (x) for x € S is an indicator
function, namely the indicator function of the subset U — V of S.

Let a and b be two numbers that belong to the set {—1,1} such that the
function I, defined by

Tp(x) = aly(x) + bly (x)

for z € S is the indicator function of a subset W of the set S. Since I,(x) €
{0, 1}, the following cases are possible:
1. If a = b =1, then we have UNV = (); otherwise (that is, if z € UNV) we
would have aly(x) + bly (xz) = 2 and this would prevent I, from being
an indicator function. Clearly, in this case, W =U U V.

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_14, (© Springer-Verlag London Limited 2008
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2. If a=1 and b = —1, we must have Iy (z) < Iy (x) for every z € S, which
implies V C U. Thus, W =U — V.
3. The case where a = —1 and b = 1 is similar to the previous case, and we
have W =V - U.
4. The case when a = —1 and b = —1 is possible only if U = V = (). In this
case, W = {).
Note that in all these cases we have |W| = a|U| 4 b|V|. This observation is
generalized by the following statement.

Theorem 14.1. Let Uy, ..., U,_1 be n subsets of a finite set S, where n > 2,
and let (ag,...,an—1) € Seq,,({—1,1}) be a sequence of n numbers such that
the function I : S — {0,1} defined by
I(z) = aoly, () + -+ + an-1lu, _, ()
for x € S is the indicator function of a subset W of S. Then,
|W| = a0|U0| + -+ an_1|Un_1|.

Proof. If W is a subset of S, then ) ¢ Iw(x) = |[W| because for each = € S
its contribution to the sum ) ¢ Iw(z) is equal to 1 if and only if 2 € W.

Therefore, if Iy (z) = Y27 aily, (z) for = € S, we have

W= Twe) = 30 S il (o)

€S zeS i=0

= Z_: > aily, (@)

i=0 z€S

—ZazZIU

= zeS
i=0
O

Corollary 14.2 (Principle of Inclusion-Exclusion). Let Ag, ..., A,_1 be
n finite sets, where n > 2. We have

STolAl- YD AL N AL+

0<i<n—1 0<i1<in<n—1

> |[A;, N Ay, N A, — -+ (=)™ Ao NN Ap_y].

0<i1<ia<iz<n—1
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Proof. Suppose that A; C S for 0 < i < n — 1, where S is a finite set. For
x € S, we have x QA:U;:OlAZ- if and only if x € A; for 0 <i <n —1. This
is equivalent to writing

1= Ta(x) = (1= Lo, (2)) - (1= La, _ (x))

for every x € S. This equality is, in turn, equivalent to
TA(

z)
iui(x)— Y I, (@)a, ()
=0

0<i1<iz<n-—1

+

> La, (2)a, (@) La,, (@) =+ (1) Lag (@) -+ La, _, ()

0<iy<iz<ig<n—1
n—1
= § IAi, ('T) - E IAil NA;, (Jf)
=0 0<i1<ip<n—1

+ Z IAilﬁAigﬁAz‘g (1‘) -t (_1)n+IIAoﬁ"'ﬁAn71(‘r)'

0<iy<iz<ig<n—1

By applying Theorem 14.1, we obtain the equality of the corollary. O

Corollary 14.3. Let A, ..., A,_1 be n finite sets, where n > 2, and let S =
Ul Ai. We have

n—1
N Ai|=181— > lAl+ > |4, N4,
=0

0<i<n—1 0<i1<iz<n—1

— > |As;, MA;, N A+ -+ (=)Ao NN Ap_q).

0<i1<ia<izg<n—1

Proof. This follows immediately from Corollary 14.2 by observing that

n—1 n—1
() A =IsI— | A
i=0 i=0
O
It is interesting to observe that the principle of inclusion-exclusion can
be obtained also from the M&bius dual inversion theorem. Let Ag,..., A,_1

be n finite sets, where n > 2, S = U?:_()l A;, and I be a subset of the set
{0,...,n — 1}. The complement of I, {0,...,n — 1} — I is denoted by I.

Let By be the subset of S that consists of those elements that belong to
every one of the sets A; with ¢ € I and to no other sets. Clearly, we have

B; = (ﬂAi) n {4

i€l il
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Note that if T # I’, then the sets By and By are disjoint. We claim that

UBsITCcTcH{o,....n—1}} =) 4 (14.2)

iel

If I C J, then By C(),c; Ai. Therefore,

A c| Byl 1cTc{o,....n—1}}

iel
Conversely, let z € (),c; A; and let J, = {j € {0,...,n—1} | = € A;}. It
is clear that I C J, and that € B, . Therefore, x € |J{B; | I C J C
{0,...,n —1}} and we have the reverse inclusion

iel

which proves Equality (14.2). This allows us to write

N

el

:Z{\BJ| | ICJCH{0,...,n—1}}.

Define f(J) as |By|. The last equality can now be rewritten as

ne

iel

=Y {f() | TCTCH{0,...,n—1}}.

By the Mdobius dual inversion theorem (Theorem 4.115) applied to the poset
(PH{0,...,n—1}),9), we have

71y = Y (=1

ICJ

Na

ic€J

For the special case I = ), we have f(0) = ‘S’ — Uo<icn1 Ai‘ because the
intersection of an empty collection of subsets of a set S equals S. Thus,

S— U A= "N A

0<i<n—1 J ieJ

)

which is equivalent to Corollary 14.3.

Ezxample 14.4. Let n be a natural number such that n > 2. Using the inclusion-
exclusion principle we can compute the number ¢(n) of positive integers that
are less than n and are relatively prime with n; that is, the number of integers
r such that 1 <r <mn such that ged{n,r} = 1.
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Suppose that n = pi'ps5? - - - pm where py, ..., pn, are distinct prime num-
bers and aq, ..., a,, are positive integers. Let M; = {r € N | r < n and p;|r}

for 1 <i<m.
It is clear that |M;| = ﬁ for 1 < i < m and that

n
|M;, "M, NN M, | = ——
pi1pi2 t 'pi;c
for 1 <iq,...,0p < m.

Note that r is relatively prime with r if and only if r ¢ U?;l M;.
Thus, the number that we are seeking is n — || !, M;|. By the inclusion-

exclusion principle, we have

q’)(n):n—‘UMi
=1
=n— Y M|+ > [MNM,|-

1<i<m 1<iy <ia<m
+...+(_1)W‘M1m...mMm‘
n n
SR VIR
1<is<is<m PiyPiy
n

PipP2 - Pm

+o o (D

The function ¢ is known as Fuler’s function. It is easy to see that ¢(2) = 1,
?(3) = 2, ¢(4) = 2, etc. Furthermore, for any prime number p, we have

o(p) =p— 1.

14.3 Ramsey’s Theorem

Data miners should be aware of what is known today as Ramsey theory be-
cause this family of combinatorial results establishes that data sets that are
sufficiently large contain spurious patterns whose existence is caused by the
sheer size of the data set and do not represent “significant” structures from a
data mining point of view.

We begin with a set of basic terms of Ramsey theory.

Definition 14.5. Let C = {c1,...,ck} be a finite set referred to as the set of
colors. A C-coloring of a set S is a mapping f : S — C. The set f~*(c) is
the set of elements of S colored by c.

A subset T of S is monochromatic in the color ¢; if f(t) = ¢; for every
teT. A subset W of S is f-monochromatic if it is monochromatic in some
color ¢;.
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Clearly, every set of the form f~!(c) for a C-coloring of S is f-monochromatic.
Recall that the set of subsets of size g of a set S is denoted by P,(95).

Theorem 14.6. Let S be a finite set, ¢ a positive natural number, f :
S — {c1,c2} a coloring of the set S such that every set in P,(S) is f-
monochromatic, and a; and as be two natural numbers not less than 2.

There is a number denoted by R(ay,as,q) such that if |S| > R(aq,az,q),
then there is i € {1,2} and a subset T of S such that |T| = a; and every
subset of Py(T') has the color c;.

Proof. We begin by showing that R(a1,q,q) = a; for a; > q. Let S be a set
of size aj. One of the following two cases may occur:

Case 1: There is a subset T of S of size ¢ that is colored by cy. In this
case, the statement holds since the T" has only itself as a subset of size q.

Case 2: There is no subset T" of S of size ¢ that is colored by cy. Now all
subsets of size ¢ of S have color ¢q, and if T is a subset of S of size a;, then
all its subsets of size ¢ have the color ¢; (since they are g-subsets of \S).

This shows that R(a1,q,q) = a1 for a; > g; similarly, R(q, as,q) = as for
az 2 q.

The argument is by induction on gq.

In the basis case, ¢ = 1, and we color each element individually. If S is
a set of size a; + as — 1, then we must have either a; elements colored ¢y or
as elements colored co since otherwise, the set S would have no more than
a1 + as — 2 elements.

For the inductive step, suppose the theorem holds for ¢ — 1. Now we act
by induction on p = a; + as. The basis case, where a; = as = ¢, is included
in the previous discussion.

Suppose that the theorem holds for a; +as—1, and let by = R(a; —1, az, q)
and by = R(ay,a2—1,q). Let S be a set whose size is at least R(by, b2, g—1)+1,
and suppose that all its g-subsets are colored by ¢y or cs. If s is a fixed element
of S, then any set U € P,(S) such that s € U yields a subset U — {s} of size
g—1 of the set S’, where S” = S — {s} is colored in the same color as U. Thus,
we obtain a coloring of the ¢—1 subsets of the set S—{s} that contains at least
R(by,bs,q— 1) elements. By the inductive hypothesis, there is either a subset
V of 8" such that |V| = by = R(a; — 1,az2,q) and all its ¢ — 1 subsets have
color ¢; or there is an subset W of S’ such that |W| = by = R(az,a2 — 1,9)
and all its ¢ — 1 subsets have color c,.

The first case yields a coloring of S in which the g-subsets of S obtained
by adding s to the (¢ — 1)-subsets of S” are colored in ¢;. By the definition of
R(a1 — 1, a9, q), there exists either a subset 77 of S’ that has a; — 1 elements
whose ¢-subsets are colored c¢; or a ag-subset T of S whose g-subsets are
colored cy. The statement follows in the first situation by observing that 77 U
{s} has a; elements. The second situation requires no further argument.

The second case is treated similarly. O
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Corollary 14.7. We have the inequality
R(ay,az,q) < R(R(ay —1,a2,9),R(ar,a2 — 1,q)) +1
for every q > 1 and ay,as such that ay,as > q.

Proof. The inequality follows immediately from the proof of Theorem 14.6.
O

In the proof of Ramsey’s theorem, we shall use the preliminary result
contained in Theorem 14.6.

Theorem 14.8 (Ramsey’s Theorem). Let S be a finite set, q a positive
natural number, f : S — {c1,...,cx} a coloring of the set S such that every
setin Py(S) is f-monochromatic, and a = (as, ..., ax) a sequence of k positive
natural numbers such that a; > q for 1 <i < k.

There is a number denoted by Ramsey(a, q) such that if |S| > Ramsey(a, q),
then there exists a number i, 1 < i <k, and a set T with |T| = a; such that
every subset of P,(T) has the color c;.

Proof. This time the proof is by induction on k, the number of colors. The ba-
sis case, k = 2, was discussed in Theorem 14.6. We have Ramsey((a1, az2),q) =
:R(ala az, Q)

Suppose the statement holds for k£ — 1 colors.

Let S be a set such that |S| > Ramsey((Ramsey((a1,...,ax—1),q),ax),q)
and let f: S — {c1,...,c;} be a coloring of S using k colors. Define the
coloring g : S — {co, ci} by

g(x) _ {C() if f(l‘) S {01, ey Ckfl},
cp if f(z) = cx,

for x € S. Using the coloring g, every g-subset of S that was colored
c1,...,cx—1 will receive the color ¢y and every g-subset of S colored ¢ will
remain colored by c¢x. By the two-color case of Theorem 14.6, either there
is a subset T such that |T'| = Ramsey((a1,...,ax—1),q) whose g-subsets are
colored ¢y or a subset U such that |U| = a; whose g-subsets are colored c.
Since f colors the g-subsets of T" in any of the colors ¢y, ..., cx_1, the theorem
follows immediately from the inductive hypothesis. O

Corollary 14.9. We have the inequality

Ramsey((ax, ..., ax),q) < Ramsey((Ramsey((a1, ..., ar-1),q),ax),q)

for every q > 1 and a; such that a; > q for 1 <i <k.

Proof. This result follows from the proof of Ramsey’s theorem. 0O
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Note that Ramsey((2,...,2),1) = k + 1. Indeed, if we color the elements
k
of a set S using |S| + 1 colors, then there is a subset T of S that contains two
elements colored with the same color. This is a well known combinatorial fact
known as the pigeonhole principle.
A beautiful application of Theorem 14.8 is known as the Erdos-Szekeres
theorem. We need the following preliminary observation.

Lemma 14.10. Let P be a set of points in R%. If every four-point subset of
P is a convex polygon, then the set P itself is a convex polygon.

Proof. This is a direct consequence of Theorem B.12. O

Theorem 14.11 (The Erdos-Szekeres Theorem). For every number n €
N, n > 3, there exists a number E(n) such that any set P of points in the
plane such that |P| = E(n) and no three points of P are collinear contains an
n-point convex polygon.

Proof. A four-point subset of P may or may not be a convex polygon. Thus,
the four-point subsets may be colored with two colors: ¢; for convex polygons
and ¢y for the other four-point sets.

Another key observation is that every five-point set in R? such that no
three points are collinear contains a four-point convex polygon.

Choose E(n) = Ramsey((n, 5),4), which involves coloring all sets in P4(P)
with the colors ¢ and ¢y. Note that by Klein’s theorem, (Theorem B.14), no
five point set can be colored in ¢o (which would mean that none of its four-
point sets is convex). Therefore, there exists an n-element set K that can be
colored by c¢q, and, by Lemma 14.10, the set K is convex. 0O

Ramsey’s theorem can be used to derive interesting properties of graphs.
Indeed, if G = (V, E) is a graph, then E C P5(V), and Ramsey functions
of the form Ramsey(a,2) yield lower bounds of the cardinality of the vertex
sets that guarantee the existence of subgraphs having monochromatic sets of
edges and containing a number a; of vertices for some i, 1 < i < n, and
a=(ay,...,an).

14.4 Combinatorics of Partitions

Let S be a set having n elements. We are interested in the number of partitions
of S that have m blocks. We begin by counting the number of onto functions
of the form f: A — B, where |A| =n, |B| =m, and n > m.

Lemma 14.12. Let A and B be two sets, where |A| = n, |B| = m, and
n > m. The number of surjective functions from A to B is given by
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m—1 m
>0 ()=

Proof. There are m™ functions of the form f: A — B.

We begin by determining the number of functions that are not surjective.
Suppose that B = {b1,...,by}, and let F; = {f : A — B | b; & f(A)} for
1 < j < m. A function is not surjective if it belongs to one of the sets F};. Thus,
we need to evaluate | U;nzl F}|. By using the inclusion-exclusion principle, we
can write

U Z J1|7 Z |AjlnAj2|
Jj=1 1=1 J1,j2=1
+ Z |A;, NMA;, NAj, | = —+(=1)™A N Ay NN Ayl

J1,j2,93=1

Note that the set |A;_1NAj,N---NA; |is actually the set of functions defined
on A with values in the set B —{y;,,vj,,.--,¥j, }, and there are (m —p)™ such
functions. Since there are (ZL) choices for the set {j1,j2,...,7p}, it follows
that there are

(e 3o (e ()

functions that are not surjective.
Thus, we can conclude that there are

(g

]:0

i r————

surjective functions from A to B. 0O

Theorem 14.13. The number of partitions of a set S that have m blocks
(m < n) is given by

nﬂf(—nj (7 )om =

Proof. Note that there are m! distinct onto functions that have the same kernel
partition. Indeed, given a surjective function f : A — B, one can obtain
a function g that has the same partition as f by defining g(a) = p(f(a)),
where p is a permutation of the set B, that is, a bijection p : B — B.
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Since there are m! such bijections, it follows that the number of partitions is
m—1 s /m \n
%ijo (*1)](]')(7” - O
The numbers S(n, m) defined by

-1

(m

—_ 1\ —_ s\n

Stnm) = 3 (<17 (7 ) m = )
7=0

for m,n € N and m < n are known as the Stirling numbers of the second kind.

So far, we have examined partitions of sets. Next we consider partitions of

natural numbers.

Definition 14.14. An integral partition of n is a nonincreasing sequence k =
(k1,...,ke) of positive integers such that Ele ki =n.

The set of integral partitions of n is denoted by IP,; the set of integral
partitions of n that consist of £ components is denoted by IP,({).

Ezample 14.15. The sequence k = (5,5,3,2,2,2,1,1) is an integral partition
of 21.

We can regard an integral partition of n as a multiset P on the set
{1,2,...,n}, where P(k) is the number of entries in the sequence k of Defi-
nition 14.14 that equal k.

Ezample 14.16. The integral partition (5,5,3,2,2,2,1,1) € IPs; defines the
multiset P on the set {1,...,21} given by

2 ifk=1ork=25,
3 ifk=2
Plhy=47 0
1 ifk=3,
0 in every other case.

An integral partition k can be represented graphically by a Ferrers diagram
that consists of a sequence of rows of squares such that each component k of
k corresponds to a row of k cells in the diagram.

Ezample 14.17. The Ferrers diagram of (5,5,3,2,2,2,1,1) of integer 21 is
shown in Figure 14.1(a).

Starting from the Ferrers diagram of k € IP,,, we can derive a new integral
partition k’ € IP,, by exchanging the rows of the diagram with its columns.
The new integral partition k' is called the conjugate integral partition of k.
The Ferrers diagram of the conjugate partition k' of k (where k is the integral
partition defined in Example 14.17) is shown in Figure 14.1(b).
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[ ]

(a) (b)
Fig. 14.1. Ferrers diagrams.

Theorem 14.18. The number of integral partitions in IP, where the largest
component is ¢ equals IP,({), the number of integral partitions on n with ¢
components.

Proof. This statement follows immediately by observing that the function
f : IP,, — IP, that maps k into its conjugate k' is a bijection and the image
under f of an integral partition that has £ components is an integral partition
whose largest component is £. O

14.5 Combinatorics of Collections of Sets

Definition 14.19. A Sperner system is a collection of sets C such that X, Y €
Cand X £Y implies X LY.

If C is a Sperner system and C C P(S), then we say that C is a Sperner
system on the set S.

The next theorem presents an inequality known as the LYM inequality,
an acronym of the names of the mathematicians whose work is related to it
(Lubell, Yamamoto, and Meshalkin [91, 145, 98]).

Theorem 14.20 (The LYM Inequality). Let C be a Sperner system on a
finite set S such that |S| = n. Define the function ¢ : {0,1,...,n} — N by
clk) =X eC | |X|=k} for 0 <k <n. We have

<1

(]
o=
T3

S~—

k=0

Proof. Let (z1,...,2,) be one of the n! permutations of the set S. For U € €
define the set Py as
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Py ={(z1,...,z,) | {z1,...,2m} = U, where m = |U|}.

Since C is a Sperner system, we have Py NPy = () for U # V and U,V € C.
The number of permutations in Py is |U|!(n — |U])!, so

S U= U < nl.
vee

Using the definition of the function ¢, we have
S ek [kl (n — k) < n,
k=0

which immediately yields the desired inequality. O
The next statement is known as Sperner’s theorem and was obtained
in [127] using a different approach (outlined in Supplement 21).

Corollary 14.21. Let S be a finite set such that |S| = n. If € is a Sperner
system on S, then
n
el < ( )
15

Proof. The largest value of the binomial coefficient (Z) is achieved when k =
| 5]. Therefore, we have

fjc(sz(n e > Zizo k) _ 1€

— (|
k=0
By the LYM inequality we obtain |C| < (L;) O

The Ahlswede-Daykin inequality involves functions defined on sets and
collections of sets. We use the operations “V” and “A” between collections of
sets introduced in Definition 1.20.

Let € be a collection of subsets of a set S and let ¢ : P(S) — R be a
function. We define a new function (denoted by the same letter ¢) on the set
of all collections of subsets of S (that is, on P(P(S5))) as

$(€) =) {#(E) | E€é}.
This definition allows us to formulate a powerful combinatorial inequality.

Theorem 14.22 (The Ahlswede-Daykin Inequality). Let S be a set such
that S # () and let
O[,ﬁ,’y,(S : :P(S) — N

be four functions that satisfy the inequality
a(A)B(B) < 4(AUB)5(AN B)

for A, B € P(S). For all collections A, B of subsets of S, we have
a(A)B(B) < ¥(AV B)S(A A B).
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Proof. The argument is by induction on n = |S|, where n > 1. For the base
case, |S| =1, we have P(S) = {0, S}. Thus, we can write

a(0)8(0) < ()5 (@), (14.3)
a(0)B(S) < ~(5)s(0), (14.4)
a(S)B(0) < ~(5)6(0), (14.5)
a(S)B(S) < 7(5)(5) (14.6)

Since €, B C {0, S}, we need to analyze the following cases.

Case|A B AV BIANB
I [{or {0} [{op {9}
I 1oy [{st [{st |9}
mr j{sy oy [{st [{0}
IV {st |{st |[{st |{s}
vV {0} [{9,S}1{9, SH{0}
vi |{S} |{0,S}H{S}t [{0,S}
VIT {0, S}{0} [{0,S}|{0}
VIII {0, S}H{S} [{S} |{0,S}
IX [{0,S}H{0,S}{0,S}{0,S}

We discuss only case IX; the remaining cases are similar and are left to the
reader. The inequality that we need to prove,

(@(®) +a(5)(BO) + 5(5)) < (v(0) +~(9))(3(0) + 6(5))

follows immediately by adding Inequalities (14.3) to (14.6).

Suppose that the inequality holds for sets containing m elements, and let
S ={s0,-.-,Sm—1,5m} be a set of size m+ 1. Define U = {s¢,...,S$m—1} and
V ={sm}

The mappings a1, 51,71, 01 : P(U) — N are defined by

a1(C) = {a(A) | Ac Aand ANU = C},
$1(C)=> {a(B) | B€Band BNU =C},
n(C)=> {yE) | E€EAVBand ENU =C},
51(C)=> {5(F) | FEAABand FNU =C}.

Observe that
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al(PU) =) {a(C) | CePU)}
Z Z{a | Ac Aand ANU =C}

ceP(U)

= Z{a | Ae A}
= aA).

Similarly, 81(P(U)) = B(B), 11(P(U)) = v(AV B), and 61 (P(V)) = v(AAB).
Let R € P(V). We have either R =0 or R = {s,,}.
Let C, D 6 P(U) and let E=CUD and F = CND. Define the mappings
a27/827’y27 U}(V)_>be
a(RUC) if RUC € A,
of(R) = § 2P .
0 otherwise,

85 (R)

B(RUD) if RUD e B,
0 otherwise,

YRUE) if RUE€ AV B,
0

E

R
72 (R) otherwise,
33 (R)

{6(RUF) if RUF € ANB,

0 otherwise.

We have a;1(C) = af (P(V)) for every C C U. Indeed,

ag (P(V) = a5 (0) + a5 ({sm})

a(C)+ a(CU{sp}) if CeAand CU{s,} € A,
~Ja(0) ifCeAand CU{sp,} A,
] a(CU{sm}) if C ¢ Aand CU {s,} €A,

0 otherwise.
= Oll(C).

Similar arguments show that 3;(D) = B2 (P(V)) for D € PU), 1 (E) =
VE(P(V)) for E € P(U), and 6,(F) = 64 (P(V)) for F € P(U).

We claim that o (R)88(Q) < AF(RUQ)6S (RN Q) for all R,Q € P(V).

If S (R)BP(Q) = 0 the inequality obviously holds.

Now suppose that oS (R)BP(Q) # 0, that is, RUC € A and QU D € B
and of (R)AY(Q) = a(RU C)B(Q U D). Note that

(RUCYU(QUD)=(RUQ)U(CUD)=(RUQ)UE € AV B

and
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(RUC)N(QUD) = (RNQ)U(RND)U(CNQ)U(CND)
= (RNQ)U(CND)=(RNQ)UF € AAB
because RN D =CNQ =0 (since R,Q € P(V) and C, D € P(U)). Thus,
1% (RUQ)& (RNQ) =v(RUQUE)S((RNQ)UF).

By the defining property of a, (3,7, and 4, we have a(R U C)3(Q U D) <
Y(RUQU E)§((RNQ) U F), which yields the inequality

af (R)BY(Q) < vF(RUQ)SS (RN Q)

for all R,Q € P(V).
The inductive hypothesis (for n = 1) implies

a1 (C)B1(D)
= a5 (P(V)B5 (P(V)) <5 (P(V))d5 (P(V))
= ’)/1(0 U D)51(C n D)

Again applying the inductive hypothesis, we can write
a(A)B(B) = ar(P(U))B1(PU)) < n(PU))6L(PU)) = (A V B)S(A A B).
O
Corollary 14.23. Let A and B be two collections of subsets of S. In this case,
|A|-|B| < |AVB|-|AAB|

Proof. In the Ahlswede-Daykin inequality, choose «, 37,6 : P(S) — N such
that a(C) = B(C) =~(C) = 6(C) =1 for C € P(S). The required inequality
follows immediately. 0O

Definition 14.24. A hereditary collection of sets is a collection J such that
CeJand D CC implies D € 3.

A dually hereditary collection of sets is a collection of sets F such that
CeTF and C C D implies D € F.

Note that if J is a hereditary family of subsets of a set S, then P(S) —J
is a dually hereditary family of subsets; similarly, if F is a dually hereditary
family of subsets of S, then P(S) — F is a hereditary family.

Theorem 14.25. Let J and ' be two hereditary families of sets. Then,
IvI =3n7.

Proof. Let C € IV J. Then, C = AN B, where A € J and B € J'. Since
C C A and C C B, the hereditary character of J and J' implies that C' € J
and CeJ s0oCeInd. O
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Theorem 14.26. Let F and F' be two dual hereditary families of sets. Then,
FAF =FnTF.

Proof. Let C € FAF'. Then, C = AU B, where A € F and B € F'. Since
A C C and B C C, the dual hereditary character of ¥ and ¥’ implies that
CeFandCeF ,soCeFnNF. O

The inequality contained by the next corollary is known as Kleitman’s
inequality.
Corollary 14.27. IfJ is a hereditary family and F is a dual hereditary family
of subsets of a finite set S, then |J] - |F| > 2151 |9 F|.

Proof. Note that 3 = P(S) — F is a hereditary family. By Corollary 14.23, we
have
917 < IV T AT
=1INT|-|TAT|
(by Theorem 14.25)

Note that |J’| = 2!S| —|F|. Thus, we can write

9 (25 = 131) = = @) - P AT

= (9 =1nF])-[IAT]
<2 (9] - pnF),

which gives the desired inequality. O
If ¢ is logarithmic supramodular on S (see Definition 8.53), then, by the
Ahlswede-Daykin inequality, we have

P(A)P(B) < (A V B)p(A N B),
for every A, B C P(S) and ¢(€) = Y pee ¢(E), for € C P(S).

Exercises and Supplements

1. A derangement is a permutation f : {1,...,n} — {1,...,n} such that
f(i) # i for 1 <i < n. Denote by Ey;,..;,3 the set of permutations f of
PERM,, such that f(i,) =i, for 1 <p <k.

a) Prove that [Ey;, ..y = (n — k)L
b) By applying the inclusion-exclusion principle, prove that the number
of derangements is
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¢) Use a combinatorial argument to prove that

nl = En: (?) Dyj.

Jj=0

. Let S be a set, € be a collection of subsets of S and T be a subset of
S. Denote by d(C,T) the collection of sets in € that are disjoint from
T, {C e C | CNT = 0}. If ¢ is the number of ways to choose a
subcollection D of € such that |D| = k and U8 = S, then prove that
Ck = ETQS’(_l)‘THd(e’T)'k'

Solution: Note that there are |d(C, T)|* ways to pick k sets C1, ..., Ck
of € that are disjoint from 7. If | JC; = S, then at least one of these sets
must intersect 7', which implies T' = ). Thus, every cover contributes only
to the term (—1)°|d(C,0)|*.

If | JC; =V C S, then the C; contribute to every term corresponding
to T =S —V, so the total contribution of C1,...,Ck is Y pcg_(—1)7,
and this sum equals 0 because every nonempty set has an equal number
of even and odd-sized subsets. Thus, only the collection of sets that cover
the entire set S contributes to c;.

. Let P be a subset of {1,...,2n} such that |P| = n + 1. Prove that there
exists a pair of numbers in P x P whose components are relatively prime
numbers.

m+p—
. Prove that R(m,p, q) < 1
. Let § = (N, E) be a complete graph having N as its set of vertices and
E = (m,n) € P2(N) | m # n.

a) If f: E — {c1,ca} is a two-color coloring of the edges of G, prove that
there exists an infinite complete subgraph of G that is monochromatic.
b) Extend this statement to an r-color coloring, where r > 3.

Solution: Define the sequence of infinite subsets Ty, T1,... of N as
follows. The initial set is Ty = N. Suppose T; is defined. Choose n; € T;,
and let Uj; = {n € T —{n;} | f(ni,n) =c;} for j =1,2. At least one of
U;1, U2 is infinite, and T;41 is chosen as one of U;q, U;o that is infinite.

If ¢ < min{j,k}, then n; € T; C T;41 and ny € T C T4, which

implies f(n;,n;) = f(n;,ni) because of the definition of the sets T;. Let
U ={ng,ni,...} andlet g : U — {c1,c2} be given by g(n;) = f(n,, n;)
for i < j. It is clear that g is well-defined. Since U is an infinite set,
at least one of the subsets g~ '(c1),g9 *(c2) is infinite. Let W be one of
these subsets that is infinite. Then, for n;,n, € W, where [ < k, we
have g(n;) = g(nr) = ¢ and therefore f(n;,ng) = c¢. Thus, the subgraph
induced by U is monochromatic.
. Let n = (ng,n1,...) € Seq(N) be a sequence of natural numbers. Prove
that n contains a subsequence that is either strictly increasing, strictly
decreasing, or constant. Extend this result to countable, totally ordered
sets.

2) form > 2 and p > 2.
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12.

13.
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Hint: Consider the complete graph on the set {ng,n1,...}, and color each
edge (n;,n;) with ¢ < j with red if n; < n;, blue if n; > n;, and white if
n; =mn;.

Let a = (ay,...,a,) be a sequence in Seq,, (N) such that » < mina,; and
let p = maxa;. If p = (p,...,p) € Seq,,(N), prove that Ramsey(p,r) >
Ramsey(a,r).

The left shift and the right shift on PERM,, are the mappings Ishift, rshift :
PERM,, — PERM,, defined by

Ishift(ay, as, ..., a,) = (ag,...,an,a1),

rshift(ay, ag,...,an) = (an, a1 ..., Qp_1),

for every (ai,...,a,) € PERM,, respectively.

a) Prove that Ishift and rshift are inverse to each other.

b) Two permutations f,g € PERM,, are equivalent, f = g, if there exists
an integer k such that Ishift®)(f) = g. Here h*®) denotes the k'
iteration of h.

Prove that “=” is an equivalence on PERM,,.

Prove that S(n,2) =271 — 1 for n > 2.

. Prove that

S(n,m)=mS(n—1,m)+S(n—1,m—1),

for 1 < m < n, using a combinatorial argument.
The number of partitions of a set having n elements is denoted by B,, and
is known as the n'® Bell number. Clearly, B, = >.I' _,S(n,m). Prove

m=0
that:
n—1 n—1
B, = B,.

Prove that if 0 < p < (n + 1)! — 1, then there exists a unique sequence
a=(a1,...,a,) € Seq(nn) such that 0 < a; <iandp=ay-1'+as-2'+
e bay, - nl.

Consider the polynomial [z, = x(z — 1) -+ (z — n + 1). The coeflicients
of this polynomial

[z], = s(n,n)z™ + s(n,n — D2 4+ 4 s(n, i)z’ + - - + s(n,0)

are known as the Stirling numbers of the first kind.
Prove that
s(n,0) =0,
s(n,n) =1,
s(n+1,k) = s(n,k — 1) — ns(n, k).

Hint:: To prove the last equality, note that [z],+1 = [z],(z —n) and
seek the coefficient of x; in both sides.
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The Stirling numbers of the second kind occur in an equality related to
the one used to define the Stirling numbers of the first kind.
Prove that every polynomial ™ can be written as

Solution: Let A and B be two finite sets such that |A] = n and
|B| = m. There are m™ functions f : A — B. These functions can be
classified depending on the size of their range f(A). If g: A — Bis a
function such that |g(A4)| = j, then g can be regarded as a surjection from
A to g(A). Since there are j!S(n, j) such onto functions and there are (')
subsets of B that have j elements, we can write

=3 (’;‘)j!smm

=m(m—1)---(m—j+1)S(n,j).

Prove the inequality
S(n,i—1)S(n,i+1) < (S(n,i))*

for1<i<n-—1.
Consider the equation z; + - - - 4+ z, = n, where n > 1. Prove that:
a) the number of solutions in natural numbers is (”;f;l);
b) the number of solutions in positive integers is (Zj)
Solution: Let S = {a,b} be a two-element set and let a = (a,...,a) €
Seq,,(S) be a sequence of length n. Let a’ € Seq,,,, ; be the sequence
obtained from a by inserting p — 1 elements b. The number of a symbols
between any two consecutive bs yields a solution in natural numbers if
adjacent b symbols are allowed and there are (";_p Il) configurations of a’,
each corresponding to a choice of p — 1 positions out of a total of n+p—1
possible places. Further, any solution of the equation can be obtained in
this manner. The second part follows immediately from the first part.
Prove that |IP,(¢)| equals the number of solutions of the equation y; +
-+-+yp =n— L such that y; > yo > -+ >y, > 0. Infer that |IP,(¢)] =
St TP o)
Prove that the number of Ferrers diagrams that can be placed in an m xn
rectangle is ("").
A partition k € IP, is self-conjugate if k' = k. Using Ferrers diagrams
prove that the number of self-conjugate partitions in IP,, equals the num-
ber of partitions of n into distinct odd numbers.
Let S be a set having n elements.
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a) A collection A of subsets of S has the intersecting propertyif A, B € A
implies AN B # (). Prove that if A has the intersecting property, then
|A| <2t

b) Prove that there are collections of subsets of S that have the inter-
secting property and contain 2"~! subsets.

Solution: For Part 1, note that, for any subset B, at most one of the
sets B, S — B may belong to A. Therefore, A may not contain more than
half of the members of P(S), so |A| <2771

A collection of sets that answers Part (b) is the set of subsets of S that
contain a fixed element a of S. Clearly, there are 2"~ ! such sets.

Prove Sperner’s theorem using Supplement 54 of Chapter 1.

Solution: Let € be a Sperner system on a finite set .S such that |S| = n
and let ¢ : {0,1,...,n} — N be defined by ¢(k) = {X € € | |X| = k} for
0 < k < n. Suppose that ig = min{i | 1 <i <n | c(i) > 0} < 251. By
Part (e) of Supplement 54 in Chapter 1, for each of the sets X in € with
| X| = o, there exists a set X’ in the shade of {X € € | |X| = ip} such
that | X'| = ip+1 and X' & C. By replacing each X with the corresponding
X', we obtain a new Sperner system with the same number of sets as C.
The process is repeated until a Sperner system €’ that contains no sets

n—1

with fewer than “7= elements is obtained and €’ = [C|. Thus each set

in € has at least "TH elements. Now the process is reversed using the

AC' by replacing every set of €’ of size “ by a set of size |%]. The
Sperner system € has the same size as € and consists of sets of size ”T“,
so €] < (1u))-
Let € and D be two collections of subsets of a set S. In Definition 1.20,
we introduced the collection D —Cas C—D={U -V | U €C,V € D}.
Prove that |€ — C| > |C].

Solution: Let D be a collection of subsets of a set S and let D’ =
{S —D | D€ D}. Observe that |D| = |D’|.

If € and D are two collections of subsets of S, we have |CV D'| =
|[(CVvD")| =|€ ADJ. By the previous observation and by Corollary 14.23,
we can write

€] |D| = [€]-|D'| < €V D] |EAD
=€ AD| [CAD|=|D—€|-|€—D|

If we now choose D = C, the previous inequality yields |C]? < |C — €C|?,
which gives the desired inequality.

Prove that if € and D are hereditary or dually hereditary families of
subsets of a finite set S, then |C| - |D| < 2™-|CND|.

Let I be a set of items and T : {1,...,n} — P(I) be a transaction data
set. Recall that in Section 7.6 we introduced the function tidsy : P(I) —
P({1,...,n) by tidsy(H) ={k € {1,...,n} | H CT(k)} for any item set
H.
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a) Prove that if L,J C I, J C L, and L —J = {i1,...,ip}, then
tidST(L) = n§=1 tidST(J @] {Zg})

b) Let F¥ be the number F¥ = |{(h,J') | J/ CT(h) and J'NL = J|.
Prove that

\J tidsr(J U {ir})

k=1

FE = — |tidsy(J)).

¢) By applying the Inclusion-Exclusion Principle, prove that

suppcount(L) — (—1)PFE = Z (—1)‘L_J,|+1suppcount(J').
JCJ'CL

Bibliographical Comments

Supplement 2 was obtained in [15]. The inequality from Supplement 22 was
obtained in [96]. Exercise 24 contains a result of T. Calders [26].
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torics that contain rich collections of ideas [128, 129] and [57].
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The Vapnik-Chervonenkis Dimension

15.1 Introduction

The concept of the Vapnik-Chervonenkis dimension of a collection of sets
was introduced in [139] and independently in [117]. Its main interest for data
mining is related to one of the basic models of machine learning, the prob-
abilistic approximately correct learning paradigm as was shown in [16]. The
subject is of great interest to probability theorists interested in empirical pro-
cesses [41, 108].

15.2 The Vapnik-Chervonenkis Dimension

Definition 15.1. Let U be a set, K be a subset of U, and C be a collection of
subsets of U, € C P(U). If the trace of C on K, Ck equals P(K), then we say
that K 1s shattered by C.

The Vapnik-Chervonenkis dimension of the collection C (called the VC-
dimension for brevity) is the largest cardinality of a set K that is shattered by
C and is denoted by VCD(C).

If U is a finite set, then the trace of a collection € = {C4,...,C,} of
subsets of U on a subset K of U can be presented in an intuitive, tabular form.
Suppose, for example, that U = {uy,...,u,}, and let § = (Te,ujus - - - up, 1)
be a table, where r = (¢1,...,t,). The domain of each of the attributes u; is
the set {0,1}.

Each tuple tj corresponds to a set Cy of € and is defined by

" [u]_ 1 ifuiECk,
R 0 otherwise,

for 1 <4 < n. Then, C shatters K if the content of the projection r[K] consists
of 2!K1 distinct rows.

D.A. Simovici, C. Djeraba, Mathematical Tools for Data Mining,
DOLI: 10.1007/978-1-84800-201-2_15, (© Springer-Verlag London Limited 2008
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Ezample 15.2. Let U = {uy,us,us,us} and let € be the collection of subsets
of U given by

C = {{uz, us}, {u1, us, us}, {uz, us},

{ur, uz}, {uz, uz, us}} .

The tabular representation of C is

Te
U |U2|U3|U4
011|110
110111
01101
11110 |0
011 111

The set K = {uy,us} is shattered by the collection € because

r[K] = ((0,1), (1,1),(0,0), (1,0), (0, 1))

contains the all four necessary tuples (0,1), (1,1), (0,0), and (1,0). On the
other hand, it is clear that no subset K of U that contains at least three

elements can be shattered by € because this would require r[K] to contain at
least eight tuples. Thus, VCD(C) = 2.

Theorem 15.3. Let U be a finite nonempty set and let C be a collection of
subsets of U. If d = VCD(@), then 2¢ < |C| < (|U| + 1)4.

Proof. If C shatters a finite set K of size d, then Cx must contain at least 2¢
sets. Therefore, 2¢ < |€|.

The argument for the inequality |€| < (|U| + 1)¢ is by induction on |U]|.

The basis step, |U| = 1, is immediate.

Suppose that the statement holds for sets of size at most n and let U be
a set such that |U| = n + 1. Select an element xy € U and define the set
Ui = U — {z0} and the collection of sets

Co={DeC| D=FEU{z} for some E € € and xy ¢ E}.

Let 61 =0 - Go.

The sets of Cq are distinct on Uy; in other words, if D N U; = D’ N U; for
D,D’ € Gy, then D = D’, as can be seen immediately.

Let €y = {D — {xo} | D € C1}. The definition of €y implies that Cj C C
and that C, C P(U;). It is clear that the collections Cf, and €y have the same
cardinality.
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If € shatters a subset S of Uy with |S| = d, then SU{z(} will be shattered
by €, and therefore by €. Since this is not possible (because |SU{xo}| = d+1
and VCD(C) = d), it follows that VCD(C) < d — 1. Thus, by the inductive
hypothesis, |€)| < (|U| + 1)9~L.

If D € Cq, then D € C and we have two cases:

1. 29 € D and therefore D C Uy, or

2. zp€ Dand D — {zo} & C.
Consider the collection €] = {D—{x} | D € €1}. The mapping ¢ : ¢; — €
defined by (D) = D—{x} is a bijection. It is immediate that £ is a surjection;
thus, we need to show only that ¢ is injective.

Suppose that D — {xg} = D’ — {xo} for D,D" € Cy. If g ¢ D, then
D = D" — {xo}. Suppose that zo € D’. In this case, D’ — {xo} ¢ € and this
contradicts the fact that D € €. Thus, xo ¢ D’ and so, D = D’'.

If vg € D, then D —{x¢} ¢ C. Thus, D' — {x¢} & C, which happens only if
xg € D'. Thus, D = D’, so £ is indeed a bijection. This allows us to conclude
that €} is a collection of concepts on U; that has the same cardinality as C;.

If @] shatters a subset Z of Uy of size larger than d, then C; shatters
Z, which is not possible. Thus, VCD(€}) < d. By the inductive hypothesis,
|€1| < (|U1| + 1)%, which means that |C;| < (|Uy| + 1)4.

We conclude that

€] = [Co| + |C1] < (|U1] + 1) + (UL | + 1)
< (U1 + DU +2) < (U] +2) = ([U] + 1)

O
It is clear that every collection of sets shatters the empty set. Also, if C
shatters a set of size n, then it shatters a set of size p, where p < n.
For a collection of sets € and for m € N, let C[m] be the number

elm] = max{|Cx]| | |K| = m}.

This is the largest number of distinct subsets of a set having m elements that
can be obtained as intersections of the set with members of €. In general,
C[m] < 2™; however, if C shatters a set of size m, then C[m| = 2™.

Definition 15.4. A Vapnik-Chervonenkis class (or a VC class) is a collection
C of sets such that VCD(C) is finite.

Ezxample 15.5. Let R be the set of real numbers and let 8 be the collection of
sets {(—o0,t) | t € R}. We claim that any singleton is shattered by . Indeed,
if S = {z} is a singleton, then P({z}) = {0, {z}}. Thus, if t > z, we have
(—o0,t) NS = {z}; also, if t < x, we have (—oo,t) NS =0, so 85 = P(S).

There is no set .S with |S| = 2 that can be shattered by 8. Indeed, suppose
that S = {x,y}, where 2 < y. Then, any member of § that contains y includes
the entire set S, so 85 = {0, {z}, {z,y}} # P(S). This shows that 8 is a VC
class and VCD(8) = 1.
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Ezample 15.6. Consider the collection J = {[a,b] | a,b € R,a < b} of closed
intervals. We claim that VCD(J) = 2. To justify this claim, we need to show
that there exists a set S = {x,y} such that J¢ = P(S) and no three-element
set can be shattered by J.

For the first part of the statement, consider the intersections

[u,v) NS =0, where v < z,
[z — e, 4N S = {z},
(52, y] NS = {y},

[t —e,y+e NS ={zy},

which show that Jg = P(5).

For the second part of the statement, let T' = {z, y, z} be a set that contains
three elements. Note that any interval that contains x and z also contains y, so
it is impossible to obtain the set {x, 2z} as an intersection between an interval
in J and the set T'.

Ezample 15.7. Let H be the collection of closed half-planes in R?, that is, the
collection of sets of the form

{x = (x1,20) €R? | axy 4+ bxy —c>0,a# 0 or b#0}.

We claim that VCD(H) = 3.

Let P,Q, R be three points in R? such that they are not located on the
same line. Each line in Figure 15.1 is marked with the sets it defines; thus, it
is clear that the family of hyperplanes shatters the set {P, Q, R}, so VCD(H)
is at least 3.

Fig. 15.1. Three-point sets can be shattered by half-planes.

To complete the justification of the claim we need to show that no set that
contains at least four points can be shattered by JH.
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Let {P,Q, R, S} be a set that contains four points such that no three points
of this set are collinear. If S is located inside the triangle P, @, R, then every
half-plane that contains P, @), R will contain S, so it is impossible to separate
the subset { P, @Q, R}. Thus, we may assume that no point is inside the triangle
formed by the remaining three points (see Figure 15.2). Note that any half-
plane that contains two diagonally opposite points, for example, P and R,
will contain either @ or S, which shows that it is impossible to separate the
set {P, R}. Thus, no set that contains four points may be shattered by 3, so
VCD(H) = 3.

Q
[ ]
{ ]
P
e R
® g

Fig. 15.2. A four-point set cannot be shattered by half-planes.

Ezample 15.8. Let R? be equipped with a system of coordinates and let R be
the set of rectangles whose sides are parallel with the axes x and y. Each such
rectangle has the form [z, z1] X [yo, y1]-

There is a set S with |S| = 4 that is shattered by R. Indeed, let S be
a set of four points in R? that contains a unique “northernmost point” P,
a unique “southernmost point” P;, a unique “easternmost point” P., and a
unique “westernmost point” P,. If L C S and L # (), let R, be the smallest
rectangle that contains L. For example, we show the rectangle Ry, for the set
{P,, Ps, P.} in Figure 15.3.

On the other hand, this collection cannot shatter a set of points that
contains at least five points. Indeed, let S be a set of points such that |S| > 5
and, as before, let P,, be the northernmost point, etc. If the set contains more
than one “northernmost” point, then we select exactly one to be P,. Then,
the rectangle that contains the set K = {P,, P., Ps, P,,} contains the entire
set S, which shows the impossibility of separating the set K.

If a collection of sets € is not a VC class (that is, if the Vapnik-
Chervonenkis dimension of C is infinite), then C[m| = 2™ for all m € N.
However, we shall prove that if VCD(C) = d, then €[m] is bounded asymp-
totically by a polynomial of degree d.

For n,k € N and 0 < k£ <n define the number (<"k) as
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P,
r-——- & -—---- 1
I I
| |
I I
I |
| * Pe
I I
| |
I I
I I
L4 I I
I I
I I
Py | |
I I
6 - - ——————— J

P
Fig. 15.3. Rectangle that separates the set {P,, Ps, P.}.

(snk) - 2; <Z>

Theorem 15.9. Let ¢ : N> — N be the function defined by

1 ifm=0o0rd=0
o(d,m—1)+¢(d—1,m—1) otherwise.

¢(d,m) = (Sm d)

¢(d,m) = {

We have

ford,m e N.

Proof. The argument is by strong induction on s = ¢ + m. The base case,
s =0, implies m = 0 and d = 0, and the equality is immediate. Suppose that
the equality holds for ¢(d',m’), where d' + m' < d + m. We have

o(d,m) =od(d,m—1)+¢(d—1,m—1)
(by definition)
=2 (") + 05 (")

(by inductive hypothesis)
= Z?:o (m;l) + Zf:o (T:f)
(since ("7') =0)
s () + ()
= Zgzo (7) = (;nd)’

which gives the desired conclusion. O

Theorem 15.10 (Sauer-Shelah Theorem). If C is a collection of subsets
of S that is a VC-class such that VCD(C) = d, then Clm] < ¢(d,m) for
m € N, where ¢ is the function defined in Theorem 15.9.
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Proof. The argument is by strong induction on s = d + m. For the base case,
s = 0 we have d = m = 0 and this means that the collection € shatters only
the empty set. Thus, €[0] = |Cy| = 1, and this implies €[0] = 1 = ¢(0,0).

Suppose that the statement holds for pairs (d’,m’) such that d’ +m’ < s
and let € be a collection of subsets of S such that VCD(C) = d.

Let K be a set of cardinality m and let ko be a fixed (but, otherwise,
arbitrary) element of K. Consider the trace Cx_y4,}. Since |K —{ko}| = m—1,
we have, by the inductive hypothesis, |Cx_ (1| < ¢(d,m —1).

Let €’ be the collection of sets given by

6’:{G€€K | ko%G,GU{ko}EGK}.

Observe that C" = €} , because €’ consists only of subsets of K — {ko}.
Further, note that the Vapnik-Chervonenkis dimension of €’ is less than d.
Indeed, let K’ be a subset of K — {ko} that is shattered by €’. Then, K’ U
{ko} is shattered by C. hence |K’| < d. By the inductive hypothesis, |€'| =
Cx—{ko}| < d(d—1,m —1).

The collection of sets Cg is a collection of subsets of K that can be regarded
as the union of two disjoint collections: those subsets in Cx that do not contain
the element kg. and those subsets of K that contain ky. The first type of
subsets forms the collection Cp_(z,y. If L is a second type of subset, then
L — {ko} is clearly a member of €. Thus, we have

1Cx| = |Ck —(ko}| + |Ck (ko) ]
This equality implies
|GK| < ¢(d7m - 1) +¢(d_ ]-7m_ 1)7
which is the desired conclusion. O

Lemma 15.11. Ford € N and d > 2 we have

dd
d—1
2 < T
Proof. The argument is by induction on d. In the basis step, d = 2 both
members are equal to 2.
Suppose the inequality holds for d. We have
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(d+ 1) (d+1)¢

(d+1)! d!
d? (d+1)?
= S

de 1\
= . (14=
a ( +d)
d
1
2d . (14 =
(+3)
(by inductive hypothesis)
> 24

Y]

because

d
1 1
1+=) >1+d-=2.

This concludes the proof of the inequality. O

Lemma 15.12. The function ¢ satisfies the inequality:

md

o(d,m) <27

for every m > d and d > 1.

Proof. The argument is by induction on d and n. If d = 1, then ¢(1,m) =
m~+ 1 < 2m for m > 1, so the inequality holds for every m > 1, when d = 1.
If m = d > 2, then ¢(d,m) = ¢(d,d) = 2 and the desired inequality
follows immediately from Lemma 15.11.
Suppose that the inequality holds for m > d > 1. We have

(by the definition of ¢)

md mi—1
S T L—
R I Py
(by inductive hypothesis)
md=1 m
=2 (1+2).
TSRS
It is easy to see that the inequality
md=t m (m+1)¢
SN RS 1
d—ni\ g

is equivalent to
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d
d 1
+1<(1+)
m m

and, therefore, is valid. This yields immediately the inequality of the lemma.
O
The next theorem discusses the asymptotic behavior of the function ¢:

Theorem 15.13. The function ¢ satisfies the inequality:
d
s < (2

for every m > d and d > 1.

Proof. From Lemma 15.12 we know that ¢(d,m) < 2% Therefore, we need

to show only that
a\ ¢
2 () <d.
e

The argument is by induction on d > 1. The basis case, d = 1 is immediate.
Suppose that 2 (g)d < d!. We have

d1d+1
(%)
&

because
1\
(1 + d) < e.

The last inequality holds because the sequence ( )d N is an increasing
d

~— Q_\»—A

S , d+1
sequence whose limit is e. Since 2 (£H1) 2 (

hypothesis we obtain:
d+ 1\ %!
2( + ) <(d+1).
e

ol

), by inductive

This proves the inequality of the theorem. 0O

Corollary 15.14. If m is sufficiently large we have ¢(d, m) = O(m?).
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Proof. The statement is a direct consequence of Theorem 15.13. O

Let u : B — By be a Boolean function of k arguments and let C1, ..., Cy
be k subsets of a set U. Define the set u(Cy,...,C)) as the subset C' of U
whose indicator function is I = u(I¢,, ..., Ic,).

Example 15.15. If u : B3 — By is the Boolean function u(ay,az2) = a1 V as,
then u(Cq, Cy) is C1 U Cy; similarly, if u(xzq,x2) = 21 @ 2, then u(Cq, Cy) is
the symmetric difference Cy @ Cy for every Cp,Cy € P(U).

Let u : B — By and @y, ...,Cy are k family of subsets of U, the family
of sets u(Cq,...,Cx) is

u(@l,...,ek):{u(Cl,...,C’k) | 016(‘31,...,Ck€ek}.

Theorem 15.16. Let a(k) be the least integer a such that oacay > k-

If C1,...,Ck are k collections of subsets of the set U such that d =
max{ VCD(C;) | 1 < i < k} and uw : B3 — By is a Boolean function,
then

VCD(u(Cy,...,Ck)) < alk) - d.

Proof. Let S be a subset of U that consists of m elements. The collection (C;)s
is not larger than ¢(d, m). For a set in the collection W € u(Cy,...,Ck)s we
can write W = SNu(Cy,...,Cy), or, equivalently, 1yy = 1g-u(le,, ..., 1c,).
By Exercise 20 of Chapter 5, there exists a Boolean function gg such that

ls-u(le,,...,1¢,) = g9s(ls - 1cy, ..., 15 - 1¢,) = gs(Isncys - - -5 Lsnoy )-

Since there are at most ¢(d, m) distinct sets of the form S N C; for every i,
1 <i <k, it follows that there are at most (¢(d, m))* distinct sets W, hence

u(eh ey ek)[m] S (¢(d7 m))k
Theorem 15.13 implies

u(Cr,...,Cr)[m] < (%)kd.

We observed that if C[m] < 2™, then VCD(C) < m. Therefore, to limit the
Vapnik-Chervonenkis dimension of the collection u(€Cy,...,Cx) it suffices to
em kd
require that ( ) < 2m,
Leta =21 The last inequality can be written as (ea) equivalently,
we have (e ) < 2%, which yields k < 75 If a(k) is the least integer a such
that k£ < 1og(

kd < 2ad

a7 then m < a(k)d, which gives our conclusion. 0O

Example 15.17. If k = 2, the least integer a such that ; ( ik 21is k=10, as
it can be seen by graphing this function; thus, if Cq, Gg are two collection of
concepts with VCD(Cy) = VCD(Cs) = d, the Vapnik-Chervonenkis dimension
of the collections C; V €5 or C; A €3 is not larger than 10d.
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Lemma 15.18. Let S, T be two sets and let f : S — T be a function. If D
is a collection of subsets of T', U is a finite subset of S and C = f~1(D) is the
collection {f~H(D) | D € D}, then |Cu| < |Dsw)l-

Proof. Let V.= f(U) and denote f 1y by g. For D, D’ € D we have

UnfHD)eUnf (D)
=Un(fiD)ye D) =un(f(DeD))
=g '(Vn(DaeD) =g ' (VnD)ag (Ve D)

Thus, C = U N f~YD) and ¢’ = U N f~1(D’) are two distinct members of
Cy, then V-N D and V' N D’ are two distinct members of D ;). This implies
Cul <Dyl O

Theorem 15.19. Let S, T be two sets and let f : S — T be a function. If D
is a collection of subsets of T and € = f~(D) is the collection {f~*(D) | D €
D}, then VCD(C) < VCD(D). Moreover, if [ is a surjection, then VCD(C) =
VCD(D).

Proof. Suppose that € shatters an n-element subset K = {x1,...,2,} of S, so
|Cx| = 2" By Lemma 15.18 we have [Cx| < |Ds)l, so [Dyw| > 2", which
implies |f(U)| = n and |D )| = 2", because f(U) cannot have more than n
elements. Thus, D shatters f(U), so VCD(C) < VCD(C).

Suppose now that f is surjective and H = {t1,...,t,,} is an m element
set that is shattered by D. Consider the set L = {uy,...,u;} such that
u; € f71(t;) for 1 < i < m. Let U be a subset of L. Since H is shattered by D,
there is a set D € D such that f(U) = HN D, which implies U = LN f~}(D).
Thus, L is shattered by € and this means that VCD(C) = VCD(D). O

Definition 15.20. The density of C is the number
dens(C) = inf{s € Ry | C[m] < c¢-m?® for every m € N},
for some positive constant c.

Theorem 15.21. Let S, T be two sets and let f : S — T be a function. If D
is a collection of subsets of T and C = f~1(D) is the collection {f~*(D) | D €
D}, then dens(C) < dens(D). Moreover, if f is a surjection, then dens(C) =
dens(D).

Proof. Let L be a subset of S such that |[L| = m. Then, [Cr| < [Dypl.
In general, we have |f(L)| < m, so [D)| < Dlm] < em®. Therefore, by
Lemma 15.18, we have [Cp| < [Dy ()| < D[m] < em?, which implies dens(C) <
dens(D).

If f is a surjection, then, for every finite subset M of T such that |M| =m
there is a subset L of S such that |L| = |M| and f(L) = M. Therefore,
D[m] < €[m] and this implies dens(C) = dens(D). O
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If C,D are two collections of sets such that € C D, then VCD(C) <
VCD(D) and dens(C) < dens(D).

Theorem 15.22. Let € be a collection of subsets of a set S and let €' =
{§—C | CeC}. Then, for every K € P(S) we have |Cx| = |Ck|.

Proof. We will prove the statement by showing the existence of a bijection
f:Cx — Cp. If U € Ck, then U = K NC, where C' € €. Then S — C € ¢
and we define f(U) = KN(S—C) =K —C € C). Note that f is well-defined
because if KNCy = KNCy, then K —C; = K —(KNCy) =K —(KNCy) =
K — Cs.

It is clear that if f(U) = f(V) for U,V € Cx,U = KNC1, and V = KNCy,
then K — C; = K — (s, s0 KNCy = KN Cy and this means that U = V.
Thus, f is injective. If W € €/, then W = K N C’ for some C’ € €. Since
C' =5 —C for some C € @, it follows that W = K —C, so W = f(U), where
U=KnC. O

Corollary 15.23. Let C be a collection of subsets of a set S and let €' =
{§—C | C e C}. We have dens(C) = dens(C’) and VCD(C) = VCD(C').

Proof. This statement follows immediately from Theorem 15.22. O

Theorem 15.24. For every collection of sets we have dens(C) < VCD(C).
Furthermore, if dens(C) is finite, then € is a VC-class.

Proof. If € is not a VC-class the inequality dens(C) < VCD(C) is clearly
satisfied. Suppose now that € is a VC-class and VCD(C) = d. By Sauer-Shelah
Theorem (Theorem 15.10) we have C[m] < ¢(d, m); then, by Theorem 15.13,

we obtain C[m] < (%)d, so dens(C) < d.

Suppose now that dens(C) is finite. Since C[m] < em?® < 2™ for m suffi-
ciently large, it follows that VCD(@) is finite, so € is a VC-class. O

Let D be a finite collection of subsets of a set S. In Supplement 6 of
Chapter 1 the partition 7 was defined as consisting of the nonempty sets of

the form {D{* N D3* N ---N D¢, where (a1, a2, ...,a,) € {0,1}".

Definition 15.25. A collection D = {D1,...,D,} of subsets of a set S is
independent if the partition wp has the maximum numbers of blocks, that is,
it consists of 2" blocks.

If D is independent, then the Boolean subalgebra generated by D in the
Boolean algebra (P(S), {N,U, ~,0,S}) contains 22" sets, because this subal-
gebra has 2" atoms. Thus, if D shatters a subset T with |T| = p, then the
collection Dy contains 27 sets, which implies 2P < 22" or p < 27.

Let € be a collection of subsets of a set S. The independence number of C,
I(C) is:
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I(C) = sup{r | {C4,...,C}}
is independent for some finite {C1,...,C,} C C}.

The next theorem is an analog of Theorem 15.19 for the independence
number of a collection.

Theorem 15.26. Let S, T be two sets and let f : S — T be a function. If
D is a collection of subsets of T and € = f=1(D) is the collection {f~1(D) |
D € D}, then I(C) < I(D). Moreover, if f is a surjection, then I(C) = I(D).

Proof. Let € = {D1,...,D,} be an independent finite subcollection of D.
The partition we contains 2" blocks. By Supplement 23 of Chapter 5, the
number of atoms of the subalgebra generated by {f~'(D1),..., f~1(D,)} is
not greater than 2". Therefore, I(€) < I(D); from the same supplement it
follows that if f is surjective, then I(€C) = I(D). O

Theorem 15.27. If C is a collection of subsets of a set S such that VCD(C) >
2" then I(C) > n.

Proof. Suppose that VCD(C) > 2™, that is, there exists a subset T of S that is
shattered by € and has at least 2™ elements. Then, the collection Cr contains
at least 22" sets, which means that the Boolean subalgebra of P(T') generated
by T¢ contains at least 2" atoms. This implies that the subalgebra of P(5)
generated by € contains at least this number of atoms, so I(€) > n. O

15.3 Perceptrons

Definition 15.28. Let w € R" be a n-dimensional vector, and let t € R be a
number.

A perceptron is a collection of functions P = {Pp, | w € R",t € R},
where a function Py, : R™ — {0, 1} is defined by

Fou (@) = {1 if wxe>t,

0 otherwise,

for x € R™.
We refer to w as the weight vector and to t as the threshold of the function
Py .. The set R™* of all pairs (w,t) is the parameter space of the perceptron.

Define the function sign: R — {0,1} by

. 1 ifx >0,
S9MT) =30 i <0
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for z € R. Now, the function Py, can be written simply as Pg ,(x) =
sign(wx — t) for x € R".
Each function Py, generates a hyperplane Hy ; in R"™ given by

Hy:={xcR" | wx —t=0}.
The set R" — H, + has two connected components,

Hi, ={xeR" | wx—t>0},
Hy,={xeR" | wx—t<0}.

which are both half-spaces of R" and, also are convex sets. Furthermore, Hv‘t,t

and Hy, , are clearly disjoint.
The next statement is a generalization of the computation of Example 15.7.

Theorem 15.29. Let B™ be the perceptron with n inputs. For the collection
S of half-spaces generated by the perceptron we have VCD(8) = n + 1.

Proof. We show first that no subset S of R™ that consists of n + 2 points can
be shattered by S.

Indeed, suppose that 8 would shatter a set S with |S| = n+ 2. By Radon’s
Theorem (Theorem B.13) there are two disjoint subsets R, @ of S such that
S =RUQ and Keony(R) N Keony (Q) # 0. Suppose that there is a half-space
HY , such that R C H";,t and @ C Hy, ;. This would imply K on,(R) € H\t,t
and Keony (Q) € Hy ;. In turn, this implies

Kcom}(R) ﬂ Kconv(Q) g va_,t N Hv_v,t = (07

which contradicts Radon’s theorem. Consequently, VCD(8) < n + 1.

To prove the converse inequality let e; = (0,...,0,1,0,...,0) € R", where
1 occurs in the ith place for 1 < ¢ < n. We will prove that the collection §
shatters the set T'= {0} U {eq,...,e,}.

Let U be a subset of T. Define w = (wy,...,w,) by w; = 2Iy(e;) — 1 for
1 <i < n, where Iy : P(T') — {0,1} is the indicator function of U. Also,
define ¢ as

1-2-1y(0)
N 2

We claim that 7' N va',t = U. Indeed, we have x € T'N Hy , if and only if

wx > 1.
To prove the inclusion T'N va_,t C U we need to consider two cases:

(i) If x = 0 € TN H,, then wx > ¢ implies ¢ < 0, which happens if
Iy(0) =1, that is, if 0 € U.

(ii) If x = e;, then wx > t is equivalent to w; > ¢, that is 2Iy(e;) — 1 > ¢.
Since t € {0.5,—0.5}, this implies 21y (e;) > 0.5, so Iy (e;) > 0, that is
Iy (e;) = 1, which is equivalent to e; € U.

t
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This shows that T'N H‘;t cU.

Conversely, if x € U and x = 0 we have t = —0.5 and, therefore wx = 0 >
t, which implies 0 € T'N Hvt’t. If x e U and x = e;, then wx =w; =1 >t
so, again, x € T'N H;;t.

This shows that 8 shatters a set with n + 1 elements, so VCD(8) > n+ 1.
O

Corollary 15.30. For the collection S of half-spaces generated by the percep-
tron P™ we have 8[m] < ¢(n +1,m).

Proof. The statement follows from Theorems 15.29 and 15.10. O

Exercises and Supplements

1. Let C,D be two collections of subsets of a set S. Prove that for every
m € N we have (€U D)[m] = max{C[m], D[m]}.

2. Let S be a nonempty set and let € = {{z} | = € S}. Prove that VCD(C) =
1.

3. Let S be a nonempty set. Prove that if C is a collection of subsets of S
such that |C| > 2, then VCD(C) > 1.

4. Let U be a finite set and let € be a collection of subsets of U such that
|C] > 2. Prove that VCD(C) > ln‘cfl -

Solution: Observe that C[|U|] = |C|. Therefore, by Sauer-Shelah The-

orem (Theorem 15.10) and by Theorem 15.13, we have

6“/‘ d
e < —_—

where d is the VC dimension of the collection C. The last inequality implies

In|C| <d(1+In|U|-Ind),

so In|C| < d(1 4 In|U]), which gives the desired inequality.

Prove that if € is a chain of subsets of a set S, then VCD(C) = 1.

6. Let € be a collection of subsets of S. Prove that if T" is a subset of S, then
VCD(Cr) < VCD(C).

7. Let € be a collection of sets such that C,C" € € and C # C’ implies
CNC" = 0. Prove that VCD(C) = 1.

8. Let S be a set and let Cy,...,C, be n chains in the poset (P(S), Q).
Define the collection € as € = {(\_, C; | C; € €;,1 <i < n}. Prove that
VCD(C) < n.

Solution: Let T be a subset of S such that |T'| = n + 1. Clearly, T has
n + 1 subsets that have n elements.

For each 7 at most one n-element subset of T is the intersection of the
form T'NC, where C' € C;. Indeed, if we would have two distinct n-element

ot
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12.
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sets of the form T'N C’" and T N C”, where C’,C"” € € this would imply
the existence of 2’ € (TNC") —(T'NC") and of 2" € (TNC")—(T'NC"),
which would mean that 2 € C’—C" and 2" € C” — ", thus contradicting
the G; is a chain of sets. Let U; be this n-element when it exists.

Let W be an n-element subset of T" such that W = T N C for some
C’:ﬂ?le’i € C. Then, either C;NT =W or C;NT =T for1<j<n
and C; N'T = W for at least one 7, 1 < i < n. Therefore, W = U; for
some i, 1 <7 < n, which shows that at most n subsets of T' that contain
n elements can be obtained as intersections of T" with the elements of C.
Thus, T is not shattered by € and VCD(C) < n.
Forl1<i<nandaeRletC;, ={xeR" | x=(21,...,25),2; <a}.
The chain of sets C; is defined by {C;, | a € R} for 1 <i < n.

Prove that € = (!, C; shatters the set B = {ei,...,e,}, where
e; = (0,...,0,1,0,...,0) has 1 as its ith component for 1 < i < n, so
VCD(C) = n.

The statement included here is a generalization of Example 15.8. Prove
that the Vapnik-Chervonenkis dimension of the collection of rectangular
subsets of R" given by

n
C= {H[a“bz] | ai,bi S R,ai < bi, for1<i< ’I”L}
=1

is 2n. If a; = —oo for all a;, 1 < i < n, then VCD(C) = n.

Let S be a set that contains at least two elements and let € be a collection
of subsets S. Suppose that for every two-element subset of S, T' = {t1,t2},
there exist U,V € € such that T C U and TNV = ). Then VCD(C) =1
if and only if C is a chain.

Solution: Suppose that VCD(C) = 1 but € is not a chain. Then, C
contains two sets C’,C” such that neither C’ C C” nor C” C C’. Let
d e —C"and ¢ € C" — C'. Then, the two element set T" = {¢/, "}
is shattered by €, which implies VCD(C) > 2. The reverse implication
follows from Supplement 5.

Prove that if € is a collection of subsets of a set S such that {0, S} C C,
then VCD(C) =1 if and only if € is a chain.

Let S be a finite set and let € be a collection of subsets of S. Prove that
IC| = {K € P(S) | C shatters K}|.

Solution: Let x be an element of S and let ¢, : € — P be the
injective mapping introduced in Supplement 26 of Chapter 1. We claim
that if ¢.(C) = {¢.(C) | C € €} shatters K, then C shatters K. If
x ¢ K, then Cx = ¢,(C)k, so the statement obviously holds. If z € K
and L C K — {z}, then there is F' € ¢,(C) such that FNK = LU {x}
and T = ¢,(C) for some C € C. Since x € F, both F and F — {z} belong
to @, so @ shatters K.

Define w(€) = > {|C| | C € C}. Let € be a collection of sets ob-
tained from € by applying transforms of the form ¢,, such that w(€’) is
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minimal. For C € ¢’ and z € K we must have C' — {z} € € because
otherwise w(¢5(€")) < w(€), contradicting the minimality of €. Thus,
€’ is hereditary, so it shatters any set it contains. Since |€'| = [C| (by
Supplement 26 of Chapter 1, and € shatters at least as many sets as C we
obtain the desired equality.
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Theorem 15.16 appears in [142]. Supplements 4-12 contain results obtained
in [144]. Note that in [144] the Vapnik-Chervonenkis dimension of a collection
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of the VCD adopted here (and in the vast majority of publications).
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A

Asymptotics

We present some formal concepts that allow the evaluation of the rate of
growth of algorithm complexity.

Definition A.1. Let f : N — R>( be a function. The classes of functions

O(f),0(f), and Q2(f) are given by:

(1) O(f) consists of those functions g : N — Rsq for which there exists
¢ € Ryg and n, € N such that n > n. implies g(n) < cf(n).

(i) O(f) consists of those functions g : N — Rxq for which there exist ¢, €
Rso and n. € N such that n > n. o implies ¢’ f(n) < g(n) < cf(n).

(iil) £2(f) consists of those functions g : N — Rxq for which there exists
¢ € Ryg and n. € N such that n > n. implies g(n) > cf(n).

Another collection of classes of functions is introduced next.

Definition A.2. Let f : N — R>( be a function. The classes of functions

o(f),0(f) and w(f) are given by:
(1) o(f) consists of those functions g : N — Rxq for which

lim M =0.

n—oo f(n)
(ii) O(f) consists of those functions g : N — Rxq for which

g(n)

lim =
for some k € Ryy.
(iil) w(f) consists of those functions g : N — Rxq such that
g(n)

1 S/ —

noe f(n)

Theorem A.3. If g,h € R(f), where R € {0,0,2,0,0,w}, then ag + bh €
R(f) for every a,b > 0.
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Proof. The argument is elementary and is left to the reader. O

Theorem A.4. For every function f : N — Rsq, we have the inclusions

o(f) CO(f), 0(f) € O(f), and w(f) € L2(F).

Proof. We show only the inclusion 6(f) C O(f) and leave the two other for
the reader.

Suppose that g € 0(f); that is, lim, % = k for some k > 0. By the
definition of the limit, for every € > 0 there is n, such that n > n. implies

g(n) ‘
=L —kl<e
’f(n)
or, equivalently,
g(n)
k—e<=—"=<k+e
f(n)

Thus, the role of ¢, ¢’ can be played by k + € and k — ¢, respectively, and we
may conclude that g € ©(f). O
The reverse inclusions are not necessarily true. For example, if f is a

function that differs from the constant function 0 and g(n) = f(n)sinmn,

then g € O(f); however, g &€ 0(f) because limnﬂm% = lim,, . Sinmn

does not exist.



B

Convex Sets and Functions

Definition B.1. Let (L,+,-) be a real linear space and let C' be a subset
of L. The set C is convez if, for all x,y € C and all a € [0,1], we have
(I1—a)x+ay € C. In other words, every point on the line segment connecting
x and y belongs to C.

Ezample B.2. The convex subsets of (R, +, ) are the intervals of R. Regular
polygons are convex subsets of R?.

Definition B.3. Let U be a subset of a real linear space (L,+,-).

A convex combination of U is an element of L of the form ayxi+- - -+apxy,
where ¢y, ..., 2, €U, a; >0 for 1 <i<k, anda; +---+a = 1.

If the conditions a; > 0 are dropped, we have an affine combination of U.
In other words, x is an affine combination of U if there exist ay,...,a € R
such that €= a1x; + - -+ + apxg, for x1,...,x, € U, and Zle a; = 1.

Definition B.4. Let U be a subset of a real linear space (L,+,-). A subset
{x1,...,x,} is affinely dependent if 0= a1 @ + -+ + apx, such that at least
one of the numbers ay,...,a, is nonzero and Z?Zl a; = 0. If no such affine
combination exists, then xi,...,x, are affinely independent.

Theorem B.5. The set U = {@x,...,x,} is affinely independent if and only
if the set V. ={x — @, ®r_1 — X} 18 linearly independent.

Proof. Suppose that U is affinely independent but V is linearly dependent;
that is, 0 = by (x1 — Xy,) + -+ bp—1(Xn—1 — X,) such that not all numbers b;
are 0. This implies

n—1
b1X1 + -+ bn—lxn—l - (Z bz) Xn = 07

i=1

which contradicts the affine independence of U.
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Conversely, suppose that V' is linearly independent but U is not affinely
independent. In this case, 0 = a1x1 + - - - + a,,X,, such that at least one of the

numbers ay, . .., a, is nonzero and >, a; = 0. This implies a,, = — Z?;ll a;,
s0 0 =a1(x1 —Xp) + -+ ap—1(Xp_1 — Xp). Observe that at least one of the
numbers aq,...,a,_1 must be distinct from 0 because otherwise we would
have a1 = --- = a,,_1 = a,, = 0. This contradicts the linear independence of

V', so U is affinely independent. O

Example B.6. Let x; and x5 be two elements of the linear space (R2, +,000 ).
The line that passes through x; and x5 consists of all x such that x —x; and
X — X3 are collinear; that is, a(x — x1) + b(x — x2) = 0 for some a,b € R such
that a + b # 0. Thus, we have x = a;x; + asxa, where

e b
a+b a+b

a1 + ag = ].,

so x is an affine combination of x; and x5. It is easy to see that the segment
of line contained between x; and x5 is given by a convex combination of x;
and x9; that is, by an affine combination a1x7 + asxs such that ai,as > 0.

Theorem B.7. If C is a convex subset of a real linear space (L,+,-), then C
contains all convex linear combinations of C'.

Proof. The proof is by induction on k£ > 2 and is left to the reader. O

Theorem B.8. The intersection of any collection of convex sets of a linear
space (L, +,-) is a convex set.

Proof. Let € = {C; | i € I} be a collection of convex sets and let C = |JC.
Suppose that x1,...,x; € C, a; > 0for 1 <i<k,and a; +---+ar = 1.
Since x1,...,x € C;, it follows that a1x; + - -+ + apxy € C; for every i € I.
Thus, a1x; + -+ - + arxg € C, which proves the convexity of C. 0O

Corollary B.9. The family of convex sets of a linear space (L,+,---) is a
closure system on P(L).

Proof. This statement follows immediately from Theorem B.8 by observing
that the set L is convex. 0O

Corollary B.9 allows us to define the convex hull of a subset U of L as the
closure Koy, (U) of U relative to the closure system of the convex subsets of
L.IfU C R" consists of n+1 points such that no point is an affine combination
of the other n points, then K o, (U) is an n-dimensional simplex in L.

Example B.10. A two-dimensional simplex is defined starting from three points
X1,X2,X3 in R? such that none of these points is an affine combination of
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the other two (no point is collinear with the others two). Thus, the two-
dimensional symplex generated by x1,Xs,%X3 is the full triangle determined
by X1,X2,X3.

In general, an n-dimensional simplex is the convex hull of a set of n + 1
points X1, ...,X,+1 in R™ such that no point is an affine combination of the
remaining n points.

Let S be the n-dimensional simplex generated by the points x1,...,X,+1 in
R"™ and let x € S. If x € S, then x is a convex combination of X1, ..., X,, Xp41-
In other words, there exist ay, ..., ay, ap+1 such that ay, ..., an,an+1 € (0,1),
Z?Ill a;=1,and x = a1X1 + *+* + @nXn + CGpr1Xpnt1-

The numbers ay, ..., ay,,a,+1 are the baricentric coordinates of x relative
to the simplex S and are uniquely determined by x. Indeed, if we have

X =aX1 + -+ Xy + g1 Xng1 = 01Xy + -+ 0pXy + b1 Xng,
and a; # b; for some i, this implies
(CL1 - bl)xl + -+ (an - bn)xn + (anJrl - bn+1>xn+1 = 07

which contradicts the affine independence of x1,...,X;41.
The next statement plays a central role in the study of convexity. We
reproduce the proof given in [59].

Theorem B.11 (Carathéodory’s Theorem). If U is a subset of R", then
for every © € Kipny(U) we have © = Z?:ll a;x;, where ¢, € U, a; > 0 for
1<i<n+1, andZ?:llai =1.

Proof. Consider x € K ony (U). We can write x = f:ll a;x;, where x; € U,

a; > 0for1 <i<p+1, and Zfill a; = 1. Let p be the smallest number
which allows this kind of expression for x. We prove the theorem by showing
that p < n.

Suppose that p > n+1. Then, the set {x1,...,Xp+1} is affinely dependent,
so there exist by, . .., byt1 not all zero such that 0 = Zf:ll b;x; and Zf:ll b; =
0. Without loss of generality, we can assume b, > 0 and Zﬁﬁ < ‘;— for all 4

such that 1 <i < p and b; > 0. Define
a; Ap4-1
C; = bi U )
(bi bp+1
for 1 < i < p. We have

p p P

ZCZ':ZG,Z'— Zerl sz =1.

i—1 i—1 p+l 5

Furthermore, ¢; > 0 for 1 < ¢ < p. Indeed, if b; < 0, then ¢; > a; > 0; if
b; > 0, then ¢; > 0 because ZPLl < Z— for all 4 such that 1 <4 < p and b; > 0.
Thus, we have
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P
a
E — E P — E —
C;X; = (a,- — bbz) X; = a; X; = X,
p i=1

=1 =1

which contradicts the choice of p. O
A finite set of points P in R? is a convez polygon if no member p of P lies
in the convex hull of P — {p}.

Theorem B.12. A finite set of points P in R? is a convex polygon if and
only if no member p of P lies in a two-dimensional simplex formed by three
other members of P.

Proof. The argument is straightforward and is left to the reader as an exercise.
O

Theorem B.13 (Radon’s Theorem). Let P = {x; e R" | 1 <i<n+2}
be a set of n + 2 points in R™. Then, there are two disjoint subsets R and Q
of P such that Keony(R) N Keono (Q) # 0.

Proof. Since n+2 points in R" are affinely dependent, there exist a1, ..., ayi2

not all equal to 0 such that
n+2

Zaixi =0 (Bl)
i=1

and Z?;Q a; = 0. Without loss of generality, we can assume that the first k

numbers are positive and the last n + 2 — k are not. Let a = Zle a; >0
and let b; = %’ for 1 < j < k. Similarly, let ¢; = —% for k+1<1<n-+2.
Equality (B.1) can now be written as

k n+2
E ijj = E C1X].
j=1 I=k+1
. . k o n+2 _
Since the numbers b; and ¢; are nonnegative and Ej:l bj =2 —pa=1,

it follows that Keony ({x1, -+ %Xk }) N Keono ({Xpt1,---» Xna2}) #0. O

Theorem B.14 (Klein’s Theorem). If P C R? is a set of five points such
that no three of them are collinear, then P contains four points that form a
convex quadrilateral.

Proof. Let P = {x; | 1 < i <}. If these five points form a convex polygon,
then any four of them form a convex quadrilateral. If exactly one point is in
the interior of a convex quadrilateral formed by the remaining four points,
then the desired conclusion is reached.

Suppose that none of the previous cases occur. Then, two of the points,
say Xp,Xq, are located inside the triangle formed by the remaining points
X, Xj,X). Note that the line x,x, intersects two sides of the triangle x;x;xy,
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Xi

Xk

X

Fig. B.1. A five-point configuration in R>.

say x;x; and x;x;, (see Figure B.1). Then x,Xx,X;X; is a convex quadrilateral.
O
A function f : R — R is convex if its graph on an interval is located
below the chord determined by the endpoints of the interval. More formally,
we have the following definition.

Definition B.15. 4 function f : R — R is convez if f(tx + (1 —t)y) <
tf(z) + (1 = t)f(y) for every x,y € Dom(f) and t € [0,1]. The function
g: R — R is concave if —g is convez.

Theorem B.16. If f : R — R is a convex function and a < b < ¢, then

1) — fla) _ f(o) = f(a)

b—a c—a

Proof. Since a < b < ¢, we can write b = ta + (1 —t)¢, where t = E:Z € (0,1].
The convexity of f yields the inequality

C_bf(a)—l—b_a

cC—a cC—a

fb) < fle),

which is easily seen to be equivalent with the desired inequality. O
A similar result follows.
Theorem B.17. If f : R — R is a convex function and a < b < ¢, then

(e — fla) _ 1o = 1(b).

c—a c—b
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Proof. The argument is similar to the proof of Theorem B.16. O

Corollary B.18. Let f : R — R be a convez function and let p,q,p’,q be
four numbers such that p < p’ < q < ¢'. We have the inequality

fla) = flp) _ f(d) = &)
a-p ~ qd-p

(B.2)

Proof. By Theorem B.16 applied to the numbers p’, q, ¢’, we have

fla) = f0) _ f(d) - &)
qg—p —  q-p

Similarly, by applying Theorem B.17 to p,p’, q, we obtain

fla) = fp) _ fla) = 1)
q—p —  q-p

The inequality of the corollary can be obtained by combining the last two
inequalities. O

From Corollary B.18, it follows that if f : R — R is convex and differen-
tiable everywhere, then its derivative is an increasing function.

The converse is also true; namely, if f is differentiable everywhere and its
derivative is an increasing function, then f is convex. Indeed, let a,b,c be
three numbers such that ¢ < b < ¢. By the mean value theorem, there is
p € (a,b) and g € (b, ¢) such that

£ = LD g = 19210

f®) = fla) _ fle) = £(b)
b—a ~— c¢—b
which implies
£B) < S22 fla) + =2 (o)

that is, the convexity of f. Thus, if f is twice differentiable everywhere and its
second derivative is nonnegative everywhere, then it follows that f is convex.
Clearly, under the same conditions of differentiability as above, if the second
derivative is nonpositive everywhere, then f is concave.

The functions listed in the Table B.1, defined on the set R, provide
examples of convex (or concave) functions.

Theorem B.19 (Jensen’s Theorem). Let [ be a function that is convex on
an interval I. If ty,... t, € [0,1] are n numbers such that y ;. _, t; =1, then
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f (Z tﬂ?i) < Zfif(ﬂ%)
=1 i=1

for every xy,...,xy, € 1.

Proof. The argument is by induction on n, where n > 2. The basis step, n = 2,
follows immediately from Definition B.15.

Suppose that the statement holds for n, and let w1, ..., Uy, upy1 be n+1
numbers such that 31" u; = 1. We have

flurzr + -+ Up—1Tp—1 + UnZry + Uny1Znt1)
UpTp + un+1xn+1 >
Up, + Un+1

=f (ulrm + o up 11+ (U + Ungr)

By the inductive hypothesis, we can write

flurzr + -+ Up—1Tp—1 + UnZr + Unt1Znt1)

UpTn + un+1xn+1 >

S () (1) + (i ) (220

Next, by the convexity of f, we have

Up Ty + Upy1Tnr1 U Un41
f( T ) < () + (@),
Uy + Up 41 Uy + Un+1 Up, + Un+1

Combining this inequality with the previous inequality gives the desired con-
clusion. 0O

Of course, if f is a concave function and t1,...,t, € [0,1] are n numbers
such that >  t; = 1, then

f <th$z> > Ztlf(xl) (B.3)

Table B.1. Examples of convex or concave functions.

Function| Second Convexity
Derivative Property

z" for r(r — 1)z"~?|concave for r < 1
r >0 convex for r > 1
Inx -1 concave

xT

1
rlnx P convex
e e’ convex
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Ezample B.20. We saw that the function f(z) = Inz is concave. Therefore, if
t1,...,t, € [0,1] are n numbers such that > ¢; = 1, then

n n
In ( tiﬂji) Z Z tz In ZTi-
i=1 i=1

This inequality can be written as

n n
In (Z t,-m) > In H xfi,
i=1 i=1
or equivalently
n n
Z tiw; > H f?,
i=1 i=1

for x1,..., 2, € (0,00).
In the special case where t; = --- =t,, = %, we have the inequality that
relates the arithmetic to the geometric average on n positive numbers:

1

€ +...+zn n "
i (f1.)° "

Let w = (wi,...,w,) € R" be such that > jw; = 1. For r # 0,
the w-weighted mean of order r of a sequence of n positive numbers x =
(z1,...,2,) € RY, is the number

by () = (Z wx)

Of course, pu%,(x) is not defined for r = 0; we will give as special definition

T

e (%) = lim 115, (x).

r—0

We have
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Thus, if we define p9,(x) = [[;_, =", the weighted mean of order r becomes
a function continuous everywhere with respect to r.
For wy =---=w,, = %,wehave

Nry -+ Ty
xZ...xn_i_..._i'_ml...xnil
(the harmonic average of x),

[y (%) =

1

1O,(x) = (1. a)
(the geometric average of x),
T+t Ty

n
(the arithmetic average of x).

iy (X) =

Theorem B.21. If p < r, we have pf(x) < pl (x).

Proof. There are three cases depending on the position of 0 relative to p and
.

In the first case, suppose that » > p > 0. The function f(z) = zv is
convex, so by Jensen’s inequality applied to z¥,... 2P, we have

n % n
E wial | < E w; Ty,
im1 i=1

1 1
n P n i
P < T
w;T; = wiT; s
i=1 i=1

which is the inequality of the theorem.
If r > 0 > p, the function f(z) = x» is again convex because f”(z) =

which implies

; (% — 1) 272 > 0. Thus, the same argument works as in the previous case.

Finally, suppose that 0 > r > p. Since 0 < 7 < 1, the function f(z) =ar
is concave. Thus, by Jensen’s inequality,

-
n P n
P > T
w;T; = w;T; .
i=1 i=1

Since % < 0, we obtain again

n ) n r
<z wwf) < (Z w,xf) .
i=1 i=1

-
-



C

Useful Integrals and Formulas

C.1 Euler’s Integrals

The integrals

are known as Fuler’s integral of the first type and Fuler’s integral of the second
type, respectively. We assume here that a and b are positive numbers to ensure
that the integrals are convergent.

Replacing x by 1 — x yields the equality

0
B(a,b) = 7/1 (1 —x)* Y (z)" " tdz = B(b,a),

which shows that B is symmetric.
Integrating B(a,b) by parts, we obtain

1
B(a,b) :/ a:afl(l—m)bfldx
0
1 a
_ oab—1 5T
—/0(1 x) da

1
a(l — 1-b) b—1 1

(1-2) + / (1 — m)b*2dx
0

a a
0
b—1 [* b—1 [*
= / 2271 — 2)°%dx — / 2271 — ) ldx
a 0 a 0
b—1 b—1
= —B(a,b—1) — ——B(a,b),

a a
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which yields

b—1
B =—8B —1). 1
(,8) = — < Blab—1) ()
The symmetry of the function B allows us to infer the formula
Bla,b) = — 1 . Bla—1,b)
a,b) = — - a—1,b).

If b is a natural number n, a repeated application of Equality (C.1) allows us

to write
n—1 n—2 1

a+n—1.a+n—2'“a+1'

B(a,n) = B(a, 1).

The last factor of this equality, B(a, 1), is easily seen to equal % Thus,

1-2----(n—1)

B(a,n):B(TL,a): a.(a+1)....(a+n*1).

If @ is also a natural number, a = m € N, then

(n—=1)(m-1)!

B(m,n) = (m+mn—1)!

Next, we show the connection between Euler’s integral functions:
B(a,b) = (C2)
Changing the variable x in the integral
I'(a) = / " e % dx
0
by taking x = ry with r > 0 gives
o0
I'(a) = r“/ Yy leVdy.
0

Replacing a by a + b and r by r + 1 yields the equality

T(a+b)(r+1)"@+) = / yott=le=(r+y gy,
0

By multiplying both sides by r®~! and integrating, we have

oo o0 (o)
I'la+ b)/ (1)@ g = / rot (/ y“+b_1e_("+1)ydy) dr.
0 0 0

By the definition of B, the last equality can be written
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I'(a+b)B(a,b) :/ ret (/ ya+b—1e—<r+1>ydy) dr.
0 0

By permuting the integrals from the right member (we omit the justification
of this manipulation), the last equality can be written as

I'(a+b)B(a,b) = / T (/ ,ra—le—rydT) dy.
0 0

Note that fooo ro~le mdr = Fy(f). Therefore,

_ >~ a b—le—yM _ > b—le—y a _ a
I'(a+b)Bla,b) = / yo+ Py / y"~1e VI (a)dy = I'()T(b),

which is Formula (C.2).
The I' function is a generalization of the factorial. Starting from the defi-
nition of I" and integrating by parts, we obtain

I'z)= / g leody = L e@
0 a

Thus, I'(a + 1) = al'(a). Since I'(1) = fooo e *dr = 1, it is easy to see that
I'(n+1) =nl!forneN.

Using an argument from classical analysis it is possible to show that I" has
derivatives of arbitrary order and that we can compute these derivatives by
deriving the function under the integral sign. Namely, we can write:

F/(a):/ 2t nze %dz,
0

and, in general, ') (a) = JoS 2 (Inz) e~ "dx. Thus, I'®(a) > 0, which
shows that the first derivative is increasing.
Since I'(1) = I'(2) = 1, there exists a € [1,2] such that I"(a) = 0. For
0 <z < a, we have I''(z) <0, so I' is decreasing. For > a, I'(x) > 0,s0 I
is increasing. It is easy to see that
r 1
lim I'(z) = Llzt+1) = 00,
z—0+ x
and lim, o I'(x) = oo.
An integral that is useful for a variety of applications is

I:/ e~ 3t
R

We prove that I = /2.
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IQ:/ e_%zzdx-/ e_%yZdy
R R
7z2+,y2
:/]R2€ 2 dxdy.

Changing to polar coordinates by using the transformation

We can write

x = pcost
y = psinb,
whose Jacobian is

cos —psinf
sinf pcos6

P;

S5
S

we have

12

ef%pdpdﬂ
S

27 o0 2
:/ d9/ e 2 pdp = 2.
0 0

Thus, I = /2. Since e~ is an even function, it follows that

/ e~ 2t = 1/2
0 2
Using this integral, we can compute the value of I" (%) Note that
1 e
ri=)= —dz.
(2> /0 Vi
Applying the change of variable x = %, we have
1 o0
r (§> = \/5/ e~ dt = /7. (C.3)
0

The last equality allows us to compute the values of the form I’ (@) It is
easy to see that

F(2p+1>:(Qp—l)'(zp—3)"'3'1\/;:<2p)!\/% (C.4)

2 20 pl22p
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C.2 Wallis’s Formula
The double factorial n!! is defined by

" nin—2)---4-2 if nis even
nll =
n(n—2)---3-1 if nisodd.

For example, 5!! =5-3-1=15and 6!! =6-4 -2 = 48.
Let n € N and let S,, = [? sin” zdz and C,, = [? cos™ zdz. Integrating
by parts, we obtain

[ME]

z
+(m—1) / sin™ "2 z cos? xdx
0

0

™

=(m-1) /5 sin™ 2 (1 — sin® z)dx
0
= (m - 1)Sn72 - (m - 1)Sn7

which implies

—1
Sy =128, .
n
Note that So = § and that Sy = 1. If n is an even number, n = 2p, it follows
that
g (2p—1)-(2p=3)---3-1 « _(2p—Dln
T op(2p—2)---4-2 2 2p 2

If n is an odd number, n = 2p + 1, then

g B 2p-(2p—2)---4-2 B (2p)!!
T op+1)-(2p—1)---2-1 (2p+ DI

We can also show that C,, =5, for every n € N.
Using these results, we shall prove that

!l \? 1 T
lim . = —.
n—o0 (2n— 1)!! 2n+1 2

This equality is known as the Wallis formula and will help us prove Stirling’s
formula.

If z € (0, %), we have sin®" ™' 2 < sin®" 2 < sin®"~' z, which implies
/ sin®" ! zdx < / sin®" xdx < / sin?" ! zdz.
0 0 0
Thus,
(2n)!! 2n—-1" 7 (2n-—2)N

@i Dl = 2ol 2 S @aonn
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or, equivalently,

((2512”)!1!)!1)2 2n1+1 <3< (%)2 %

((2(%)‘1')”)2 % a ((22271)1!)!!)2 2n1+ 1

o ent 1 u
- ((Qn 1)!!) n2nt1) ~ an’

which gives Wallis’ formula

. 1 el \° =
lim . = —.

Wallis’ formula is equivalent to

T 1 22 (nl)2\ 2
— = lim . .
2 n—oo 2n + 1 (271)!

Note that

C.3 Stirling’s Formula

The starting point for proving Stirling’s formula is the power series

2 3 n
G 2"

In(l+2)=2— =+ = —---+(=1)

2 '3 W

which is convergent for x € [—1,1].
Replacing x by —z, we obtain

which allows us to write

! 1+z 9 1+x2+x4+ + %" +
n = €T _— —_ e —_— e .
1 3 ) 2n+1

Choosing z = we have

_1
2n—+17

Ll 2 L1 11 L
n 2n+1 3 2n+1)2 5 (2n4 1)

or, equivalently,
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n—i—l In 1—|—1 —1+1 L +1 !
2 n) 3 2n+1)2 52n+1)4

Note that

142 L1 Ly
3 2n+1)2 5 (2n+ 1)

1 1 1
<14+ =
= +3<Qn+U2+@n+U4+ )
1
12n(n+1)’

which implies that

Lo (n+ D m(1el) a1t
= | In — —_.
" n 12n(n + 1)

The last inequalities can be written as
1
1 nta 1+ 1 eﬁn
<14+ = <e "EAFD =g ——
n e 12(n+1)

Define the sequence
nle™
nta

Ty =

for n € N. It is easy to see that

Thus, we have

-

< .
Tn+1 e 12(n+1)

-
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This double inequality implies that (z,) is a decreasing sequence and that the
sequence defined by z, = x,e” 7 is an increasing sequence. Since (z,,) has 0
as a lower bound, it follows that £ = lim,, ., x,, exists. This also implies that
{ = lim,,_. z, and, since z, is increasing, it also follows that z, < { < x,.

The inequality )
Tpe n < U< w,

implies that there exists 6,, € (0,1) such that ¢ = xne_l%, or r, = leTss . By

the definition of z,,, we have

nle™

n"tz

6
= leTn,

which yields the equality
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n\" o,
n! = 0/n (7) et
e

(C.6)

To determine ¢ we use Equality (C.5) and replace the factorials in this equality

using Equality (C.6). Observe that
2n(,,1)\2 _
2 (n) _ g\/ﬁe497124:2n
(2n)! 2 ’

™ 2 n 40n-0y, {2

e —_ 12n = —

which allows us to write

Thus, ¢ = v/27, and this yields Stirling’s formula

n\" on
n! =+2mn (7> et2n
e

C.4 The Volume of an n-Dimensional Sphere

= lim — - —e¢ .
2 n—ooco2n+1 2 4

(C.7)

A closed sphere centered in (0, ..., 0) and having the radius R in R" is defined

as the set of points:

S,.(R) = {(xl,...,xn) ER | Y o} :1}.
i=1

The volume of this sphere is denoted by V,,(R).

We approximate the volume of an n-dimensional sphere of radius R as a
sequence of n — 1-dimensional spheres of radius r(u) = VR? — uy, where u

varies between —R and R. This allows us to write
R

Vi (R) = / Vi (r(u))du.

—-R

We seek V,(R) as a number of the form V,,(R) = k, R". Thus, we have

R

Vit1(R) = kn/ (r(u))"du

—R

R n
= kn/ (R? —u?)2du

—R

knR”/i <1 (2)2>gdu
— V,(R) /_Z (1 - (g)Z)gdu

1
=RV, (R) | (1-2°)%dx.

-1
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In turn, this yields the recurrence
1
ki1 = kn/ (1—2%)%da.
-1

Note that

1 1
/ (1—x2)%dx:2-/ (1—2%)3da
0

-1

because the function (1 — x2)3 is even. To compute the latest integral, sub-
stitute u = x2. We obtain

! L[t .
/ (1—2*)2de = —/ u"2(1 —u)2du,
0 2 Jo

which equals - B(4, % +1). Using the I” function, the integral can be written

as
1 1ypym
/(1—m2)gdx:1.w'
0 2 I'(3+3)
Thus,
r(3)r+1)

Since k1 = 2, this implies

2 I (%+1)
=(r(3) 7+

Thus, the volume of the n-dimensional sphere of radius R equals

2 R"
FE+D
For n = 1,2, 3, by applying Formula (C.4), we obtain the well-known values

w2 R4
5 -

2R, 7R?, and 4’TR3, respectively. For n = 4, the volume of the sphere is
’ ’ 3 Y
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A Characterization of a Function

The goal of this section is to show that if A : N — R is an increasing
function such that h(2) = 2 and h(mn) = mh(n) + nh(m) for m,n € N, then
h(n) = nlog, n for every n € Nj.

For a number x € R, we denote the largest integer that is less than or
equal to x by |z]; the fractional part of x will be denoted by (x), where
(xy =z — |z].

The following technical lemma is a special case of a result of Dirichlet
(see[151], p.235).

Lemma D.1. Let « be a real number and let q be a positive integer. There

1 1
exists m such that 1 < m < q and an integer n. such that |ma —n| < — < —.
g m

Proof. Divide the set I = {& € R|0 < 2 < 1} into ¢ equal subintervals

{ijll,é) for 1 < i < g. Of the ¢ + 1 numbers (na), where 0 < n < ¢,

at least two, say (nja) and (nga) are in the same subinterval. This means
[(n1a) — (naa)| < %. Setting [nja| = n' and |[noa] = n” we obtain |nja —

lnia) = naa + [n2a]| < 4,
m=mny; —ng > 1and n =n’ —m” in order to obtain the desired inequality.

0

or |[(n1 — n2)a — (0 = n")| < %. We can take

Lemma D.2. Ifn < me < n+e, then there exist m' and n' such thatn' —e <
me<n'.

Similarly, if n —e < me < n, there exist n’' and m” such that n” < m’e <
n” +e.

Proof. Let 0,0 > 0. We have n + oo < (fm + o) < On + 0e + oa. Choose
6 > max{1,1/e}. Under this choice, the interval [In + o, On + 0 + o) is
of length greater than 1, and therefore there is an integer m’ in this interval
for any choice of o. This allows us to choose 6 and o such that m + o = m’
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and On + 6e + ca = n’. Note that if we make these choices, then 6n + oo =
n' — 0e > n' — € and therefore n’ — ¢ < ma < n’.
The second part of the argument is similar and is left to the reader. O

Lemma D.3. If h : N — R is a function such that
h(mn) = mh(n) + nh(m)
for every m,n € N, then h(p*) = kp*~'h(p) for every p,k € N and k > 1.

Proof. The argument is by induction on k£ and is left to the reader. O

Lemma D.4. If h : N — R is a function such that
h(mn) = mh(n) + nh(m)
for every m,n € N, then
Py py? - pl) = pYph? Pl D %@-
1<i<n v
Let £ : N — R be the function given by
0 ifn=0
E(n):{%”)ifn>0?
Note that £(mn) = ¢(m) + £(n) and therefore
Ui ps* - o) = L(p1") +L(p3?) + -+ Loy,
Since £(p*) = I—]Zh(p) because of Lemma D.3, we obtain

kih(p;
Uy ps?-opl) = > ﬂ’
1<i<n Di

which immediately gives the equality of the lemma. O
Theorem D.5. Let h : N — R be a function such that h(p) = plogp if

p =1 orif p is prime. If h(mn) = mh(n) + nh(m) for every m,n € N, then
h(n) = nlogn for everymn € N, n > 1.

Proof. Since every positive integer n other than 1 can be written uniquely as
a product of powers of primes n = p’fl p§2 - pkn we have

kih(pi
hn) = gl o phe 37 RilR)
1<i<n Pi
1<i<n
=nlogn

forn>2 0O
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Theorem D.6. Let h : N — R be an increasing function such that h(mn) =
mh(n) + nh(m) for every m,n € N. If h(2) = 2, then h(n) = nlogyn for
n € N.

Proof. Define the function b : {n € Njn. > 1} — R by b(n) = h(n)/(nx*logn).

We shall prove initially that if p > 2 is a prime number, then b(p) > 1.
Let € > 0 be a real number. Taking ¢ < % in Lemma D.1, we obtain the
existence of m,n € N such that |ma — n| < e. In other words, we have
n—e<ma<n-+e If n<ma<n+e, then by Lemma D.2 there are m/, n’
such that n’ —e < m’e < n'. If n — e < ma < n, then the same lemma implies
the existence of n”,m” such that n”” < m”e <n” +e.

If we choose @ = logp, then we may assume that there are m,n € N,
m,n > 1 such that n < mlogp < n + e. Equivalently, we have 2" < p™ <
2™ 2¢. Since h is an increasing function, we obtain n2" < h(p™), or n2" <
mp™~Lh(p). Because of the definition of b we have n2" < mp™b(p)logp, or
n2"™ < b(p)p™ log p™. In view of the previous inequality, this implies

n2" < b(p)2"2°(n +¢)

or, equivalently,
n

b(p) > m

Taking ¢ — 0, we obtain b(p) > 1.
Similarly, there exists a number m € N such that n — e < mlogp < n.

A similar argument that makes use of Lemma D.2 shows that b(p) < 1, so
b(p) = 1, which proves that h(p) = plogp for every prime p. O
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proper descendant of a vertex 87
purity of a cluster 522

quasi-ultrametric 354

query 285

query object 402

quotient algebra of an algebra and
a congruence 63

quotient set 33

range query 402



rank of an implicant 204
reduct of a table 296
relation 10
acyclic 131
antisymmetric 14
arity of a 26
asymmetric 14
binary 26
collection of images of a set un-
der a 15
domain of a 11
dual class relative to a 15
empty 10
equivalence 30
positive set of an 337
set saturated by an 31
full 10
image of an element under a 15
inverse of a 11
irreflexive 14
n-ary 26
one-to-one 13
onto 13
polarity generated by a 190
power of a 12
preimage of an element under a
15
range of a 11
reflexive 14
symmetric 14

ternary 26
tolerance 32
total 13

transitive 14
transitive closure of a 142
transitive-reflexive closure of a
143
relation on a set 10
relation product 11
relational database 48
replacement 28
residual network of a network rel-
ative to a flow 114
ring 60
addition in a 60
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multiplication in a 60

right distributivity lawsina 60

left distributivity laws in a 60
rough set 334

Schréder-Bernstein theorem 221
second axiom of countability for
topological spaces 238

selection criterion 496
selective set 34
self-conjugate partition of an inte-
ger 547
semi-metric 353
semigroup 59
semilattice 173
join 176
meet 176
semilattice morphism 176
separation properties of topologi-
cal spaces 247
sequence 25
Cauchy 439
components of a 25
concatenation 26
convergent 435
contracting 29
deletion of a symbol from a 398
divergent to +o0o 436
divergent to —oo 436
expanding 29
graphic 81
infinite 27
ascending 150
descending 150
infix of a 27
insertion of a symbol in a 398
length of a 25
occurrence of a 28
of sets
contracting 29
convergent 29
limit of a 29
lower limit of a 29
monotonic 29
upper limit of a 29



614 Topic Index

on a set 25
prefix of a 27
product 26
proper infix of a 27
proper prefix of a 27
proper suffix of a 27
Priifer 108
subsequence of a 27
substitution of a symbol of a
398
suffix of a 27
unimodal 52
sequential cover of a set 263
set of colors 122
set of colors of a set coloring 533
set of finite sequences on a set 26
set of permutations 39
set of polynomials of an algebra
75
set of tuples of a heading 47
set product 25
set shattered by a collection of con-

cepts 551
Shannon entropy of a partition
306

similarity 445

similarity ratio 445

simple cycle 85

simple function on a set 19

simple hypergraph 118

simple path 85

small inductive dimension 462

soundness of Armstrong’s rules
301

spanning subgraph 88

specialization in a partially or-
dered set 284

Sperner family of sets 118

Sperner system 118,539

Sperner’s theorem 540

square matrix 69

standard transposition 39

state of a relational database 48

Stirling numbers of the first kind
546

Stirling numbers of the second kind
538

strict order 129

strictly monotonic mapping 158

subalgebra of an algebra 63

subcollection 4

subcover of an open cover 238

subdistributive inequalities 184

subgraph 88

subgraph induced by a set of ver-
tices 88

subgroup 63

submodular function 321

submodular inequality 180

submodularity of generalized en-
tropy 321

submonoid 63

subset closed under a set of opera-
tions 143

substitution 398

sum of matrices 70

sum of square errors 496

sum of two multisets 45

supervised evaluation 520

supramodular function 321

supremum 135

surjection 16

symmetric difference 6

symmetric matrix 69

system of distinct representatives
53

table of a tabular variable 47
tabular variable 47
target of a functional dependency
proof 301
Tarski’s fixed-point theorem 221
tolerance 31
topological metric space 424
complete 439
large inductive dimension of a
462
separated r-set in a 480
small inductive dimension of a

462



zero-dimensional 463
topological property 243
topological space 225

Ty 248

11 248

Ty 248

T3 248

T, 248

r-separation number of a subset
of a 480

arcwise connected 268
border of a set in a 233
clopen set in a 231
closed cover in a 238
compact 239
compact set in a 240
connected 245
connected subset of a 245
continuous path in a 267
cover in a 238
dense set in a 230
disconnected 245
Hausdorff 249
locally compact 241
normal 249
open cover in a 238
precompact 442
regular 249
relatively compact set in a 240
separable 230
separated sets in a 266
set that separates two sets in a
466
subspace of a 229
totally disconnected 247
topologically equivalent metrics
425
topology 225
Alexandrov 229
basis of a 238
cofinite 229
discrete 226
finer 229
indiscrete 226
induced by a metric 424
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subbasis of a 236
total order 148
totally ordered set 148
training set 337
transitive set 49
transitivity rule 300
transpose of a matrix 69
transposition 39
transversal of a hypergraph 120
tree 92
binary 97
almost complete 98
complete 97
left son of a vertex in an or-
dered 98
ordered 98
right son of a vertex in an or-
dered 98
equidistant 363
minimal spanning 102
root of a 95
rooted 95
height of a 95
height of a vertex in a 95
level in a 95
ordered 97
Rymon 106
spanning 95
triangular inequality 352

ultrametric 352

ultrametric inequality 352

ultrametric space 352

unbounded set 134

uncountable set 35

uniformly  continuous function
426

union 4

associativity of 5

commutativity of 5

idempotency of 5

union of two multisets 45

unit matrix 70

unitary ring 61

unsupervised evaluation 520
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upper approximation of a set 334

upper bound 133

upper box-counting dimension
479

usual topology on R 226

value of a flow 112

value of a flow across a cut 114

Vapnik-Chervonenkis (VC) class
553

Vapnik-Chervonenkis  dimension
551

vector normal to a hyperplane
vertex of a hypergraph 118

weight function 390
weight of an edge 101
well-ordering principle
word 26

zero flow 112
zero matrix 70

150

68
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