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H. Deer. Claswal and quantum mechanw of the damped harmomc ocdlatoe 3 Abstract: The relations between various treatments of the classical linearl.v damFed harmonic odlalor and its quanlizahon are investigated. In the course of a historical survey typical features of the problem arc discussed on the bas,s of Hayas' classical Ham,ltoman and the quantum mechanical Sissmann-Hasse-Albrecht models as coined by the Mnchen/Garching nuclear physics group. It is then shown how by imposing a restriction on the classical trajectories in order to connect the Hamiltonfan with the energy. the time-indeFenden[ Bateman-Morse-F�shbach-Bopp Hamiltonian leads to the time-deFendent Caldirola-Kanai Hamdtonian. Canonical quantization of either formulation entails a violation o[ Heisenberg's principle. By means of a unified treatment of both the electrical and mechanical semi-infinite transmission line. ths defect is related to the disregard of additional quantum fluctuations that are intrinsicall.,,' connected with the dissipation. The difficulties of these models are discussed. Then it is proved that the Bateman dual Hamiltonian is connected to a recently develoFed complex symplectic formulation by a simple canonical transformation. The fundamental commutator is still in error. Therefore it is demonstrated how. either separating the dual oscillators according to a modified version of Bopp's original treatment or reducing classical complex phase space by an integration over the mirror image subspace. a quantum continuity equation is obtained that leads to Dekker's master equation following the usual oFerator algebra. The dissipation induces additional fluctuations. The same density oFerator equation is shown to arise in quantum optics in the weak coupling limit. Next. for weak friction. Hasse's pure state condition is used to derive an equivalent nonlinear but normconserving [rictional Schrdinger equation. It involves a particular non-Hermitian Hamiltontan which, i[ rewritten in terms o[ Dekkcr's complex variables. reveals an elegant extend, ion of the clasqcal Hamilton-Jacobi thco,.'. Finally. this formalism is used to make contact with Kostin's fluid dynamical Schr6dingcr-Langevin equation. !. Introduction The obviously irreversible, dissipative behaviour of the vast majority of physical phenomena in the every-day world, in particular when contrasted with the reversible nature of our basic models, has saddled science with an intriguing and apparently enduring problem. In fact, it was not until the times of Newton before it was clearly formulated that the fundamental laws of mechanics indeed were of the reversible type. Dissipation then arises in principle from interactions between the actually observed system and another one (or more) into which energy flows in an irreversible manner. As it usually turns out, the details of the structure of the other system (often called the reservoir or bath) are quite immaterial especially in the weak damping lintit. However, the calculations from first principles cumbersome and little transparent as a rule, and the ultimate transition from rcvcrsibility to irrcvcr- sibility remains a dilticult problem the solutions of which can often barely stand a serious critical examination. Luckily, it is not so dillicult to account for dissipativc forces in classical mechanics in a phenomenological manner, at least not in the Newtonian formulation [I, 2]. Noteworthy examples are Stokes' linear frictional force proportional to the velocity v, Coulomb's friction v/v [3], Dirac's radiation damping /5 [4], and the viscous force V"v [5, 6], The phenomenological approach applied to the quantum domain will be the main topic of this article. Unfortunately, as opposed to the NewtonJan (vector) formulation, the situation is much less comfortable within the framework of the HamiltonJan (scalar) formalism by which theoretical physics has advanced so much. The deeper reason for this difference can be found in the derivation of the Lagrange-Hamilton variational formulations from D'Alembcrt's principle [I, 2.7]. Apart from the fact that this derivation can be carried through fruitfully only for systems with holonomic constraints. the latter principle (which in fact is the dynamical generalization of the static principle of virtual work) is au fond equivalent to Newtonian mechanics only if the virtual work of the forces of constraint is zero. And this is clearly not true for friction forces. The troubles are immediately manifest for one dimensional systems with Hamiltonians that do not explicitly depend on time, at least if these Hamiltonians are required to represent the physical energy of the system [8-10]. However. the time-independence of the forces and the auxiliary conditions is not required for the HamiltonJan theory to be valid. Evidently then, one could have resort to in principle

4 H. Dekker. Classtcal and quantum mechanws of the damped barmonte oscdlatvr three alternatives. First, one could proceed to multi-dimensional systems (see e.g. [11, 12]). Second. the HamiltonJan could be allowed to have an.explicit time-dependence (e.g. [13. 14]). Third. one could attempt Hamiltonians that have no relation to the energy [$, 15], so-called mathematical Hamiltonians or merely generators of the motion. Usually, these possibilities (all of which have indeed been discussed in the literature) are intertwined. In the present text several examples will be encountered in the course of an attempt to elucidate the relations between quite different historical approaches to the problem of the classical damped oscillator. The diculties with the Hamiltonian description of frictional phenomena become the more prom- inent at the microscopic quantum level as quantum mechanics is an essentially Hamiltonian theory. Of course, and with an even deeper physical significance than in classical mechanics, the fundamental quantum dynamical laws are of the reversible type. A closed system. say the universe, is supposedly described by a Schr6dinger equation. The system's dynamics is governed by the HamiltonJan that represents its total energy, and which is a constant of the motion. Principally. as in classical mechanics, dissipation is merely observed for open systems, being only a part of the universe. The dissipation arises from the subsystem's interactions with the rest of the universe. again often referred to as the reservoir or bath, whether it be thermal or not. Confining oneselves to the subsystem of interest, the explicit microscopic reservoir variables are eliminated from the description by means of projection operator techniques or tracing procedures (see e.g. [16-25]). Usually this extracts from the Liouville-von Neumann equation a (generalized, or Nakajima-Zwanzig) master equation for the reduced density operator. That is, in efIect one reduces the considered phase space by means of an appropriate integration procedure over the irrelewmt actual dynamical variables of the reservoir. As a result the reservoir can only be recognized i the description through a few parameters, such as the frictio constant. These features are familiar, for example, from the theory of Nyquist's formulae for the thermal noise in an electric resistor [6, 2'31)]. Once more. the essential point is the obscrvatio that the detailed microscopic structure of the bath is mostly irrelevant (see also e.g. [31-33]). The latter recognition has given impetus to the search for a sty-called mesoscopic description of reduced systems [34]. One might approach this idea either philosophically or technically from two points of view. First, physics has often advanced by looking for the simplest possible description that can be considered as comprehensible from an intelligent anthropomorphic position, and that conforms to observation. Why should one carry along part of the way a tremendous amount of information that in fact will be eliminated in due course'? Actually, what is the physical significance of such efIectively hidden information? Of course, the prime significance could very well be the intellectually satisfying achievement of unification, but otherwise the answers to these questions are definitely nontrivial (see also [35-37[). Second, the ab-initio calculations are not only cumbersome and the approximations involved at the various stages often hard to control, but they are also att]icted with particular problems that have not yet been resolved entirely satisfactory. As a typical example serve the divergencies occurring in certain correlation functions (e.g. [38, 39[ and section 5 of the present text), which may have either physical or mathematical origins (e.g. [40--2]). In any case, these deficiencies seem to be intimately connected with the infinite number of degrees of freedom which the reservoir must possess in order for the dissipated energy never to return to the considered subsystem. The existence of a regime where the concept of phcnomenological friction applies is easily conceived in the realm of classical physics where the particle under investigation is much more massive than the constituents of the reservoir (see also [43]). Also in Brownian motion the cncept is certainly legitimate, albeit that in general there exist at this scale in between macroscopic and purely microscopic phenomena so-called fluctuation-dissipation relations (or generalized Einstei relations; see e.g.

H. Dekker. Classical and quantum mechanics o[ the damped hatmonte oscillator 5 [6. 21, 24, 28, 30, 34-38. 44-64]). The earlier mentioned Nyquist relation is a typical example. In classical thermal systems these relations are of the general type 2,kBT = Se(0). (1.I) where S,(0) is the dc spectral density of the fluctuations and where , is the relaxation constant. By way of simple illustration. consider the Langevin equations for a particle of unit mass [21, 34, 37, 38. 56- 60, 65-67]: i =?. p = -Ap + (t). (!.3) The noise term. which here is a real physical fluctuating NewtonJan force. is assumed to represent Gaussian white noise. with ((t)) = 0; ((t + r)(t)) = 2D 5(r). (1.4) This generates a time-homogeneous Wiener process [29, 48, 56, 62, 68-76]; D is the diffusion coefficient. The spectral density of the fluctuations in this case reads &(o) = 2 f ((r) :(0)) cos ,r dr = 2D, o (1.5) so that S,(O)= 2D. Further. the formal solution for the velocity is t p(t) = e-A'p(0) + f e -A"-'"se(t ')dt'. O (1.6) Rather than treating the adiabatic limit ,  :e (so that p(t) - (t)/,L and where the problem is readily reduced to one of position only, leading to the common diffusion equation [37, 44, 68, 77-84]), we calculate the velocity autocorrelation function directly from (1.6). By means of (1.4) one obtains in the long time limit t  , (p(t + r) p(t)) = (D[A ) e -' . .7) Thus one finds for the mean kinetic energy E = -',9':) = (1.8) On the other hand, we know from different reasoning (e.g. [28,30]) that in thermal equilibrium the t.,kBT equipartition law yields E = per particle per degree of freedom. Combining these results, one indeed arrives at the relation (1.1).

6 H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillatw In the classical regime, where kaT  to, kaT is the average energy per unit bandwidth. According to quantum theory (see e.g. [38, 41, 50, 57. 85-94]), when kaT- to, this quantity should be replaced by Planck's function, (1.9) N, = (exp(to/kaT)- 1) -t , (1.10) which can also be cast in the form (w ) = fiw coth(t.fiw/ kn T) . (1.11) These formulae present the energy available from the reservoir per unit bandwidth. In connection with the BrownJan motion, (1.2) and (1.3), the precise significance of the frequencies o is not so obvious as there is no resonance phenomenon involved here at some characteristic frequency, in contrast with the harmonic oscillator case. These questions will be further touched upon in the sequel of this paper. For the moment being, it is important to observe that in the pure quantum regime, where kaTluo. the so-called vacuum or zero-point fluctuations will become the prominent source of noise. In that limit the fluctuation-dissipation relation (I.I)should be changed into xto: -- s,(o). (I. 12) Recently, van der Ziel and coworkers [941 have seriously considered the possibility of an explicit experimental test of the "thermal" zero-point energy at easily achievable temperatures (T  100 K) and frequencies (od2n' 100GHz). Evidently, the general expectation is that a connection must exist between dissipation and quantal vacuum fluctuations. As, according to the general theory of the hierarchical elimination of dynamical variables (e.g. [19, 21,23, 35-37, 57, 58]), an increased reduction of phase space usually introduces additional fluctuations in the remaining variables, one should not be surprised if the damped subsystem will be endowed with zero-point noise of greater intensity than that of the free universe (per unit bandwidth). Aside from some of the historic examples mentioned in the beginning of this section (among which Dirac's is a most interesting one; see also [95-98]), the relevance of frictional forces in the microscopic domain has become especially apparent in the fields of nuclear fission (the fluid dynamical liquid drop model; see e.g. [99, 100]), giant resonances (e.g. [101]), and heavy-ion collisions (e.g. [102-107]). For an extensive review, in particular of the latter subject, see e.g. [108, 109]. Further, one obviously expects the quantum fluctuations to dominate over the in essence classical thermal fluctuations in particular at very low temperatures. Therefore, in crynogenic investigations (say below 1 inK) using NMR-techniques (at e.g.o.,/2'  20 MHz) and doing, for instance, ultrasound attenuation measurements (say between I0 and 100 MHz), the primary noise sources become quantum mechanical, provided of course that the electronics of the measuring device is sensitive enough and has sutciently low noise levels. For example, squid circuits have been proposed to test theoretical predictions for damped quantum systems [110] (see also [111,112]). Of course, questions can be raised concerning the very existence of a microscopic regime where the mass of the particle under investigation is of the same order as that of the constituents of the interacting reservoir and where the notion of classical friction has any meaning. Nonetheless, in view of the above

H. Dekker. Classical and quanttim mechanics elf the damped harmonic ocillat,r 7 given considerations and examples, such a regime will be tacitly presumed in the sequel. Thus. in close analogy with Brownian motion, we shall consider dissipative systems where the damping itself is described macroscopically from the outset by a phenomenological friction parameter. but where the associated microscopic quantum fluctuations can not be ignored. It is precisely for such an approach that the term mesoscopic has been coined within the framework of classical stochastic processes [,34]. In view of the actual (and. perhaps, unexpected) complexity of the problem we shall confine ourselves to the simple linearly damped harmonic oscillator in one dimension, and often only at zero temperature. 2. Historical survey One of the earliest investigations to date has been presented by Bateman in 1931 within a purely classical context [ 10, 11]. Bateman discussed two different Hamiltonians (or, to be historically correct, at least the associated Lagrangians). One HamiltonJan was time-independent and describes the damped oscillator by virtue of the addition of the so-called mirror image system (also typified sometimes as the dual, adjoint or complementary system). The energy dissipated by the actual oscillator of interest is absorbed at the same pace by this artificial device that takes the place here of the unknown physical reservoir. Therefore the energy of the total system is a constant of the motion, as of course is the Hamiltonian. However. the HamiltonJan represents the energy only for a restricted set of dynamical solutions, a feature that is relevant to quantum mechanics as will be seen furtheron. The Bateman dual HamiltonJan has been rediscovered subsequently by Morse and Feshbach [113]. and Bopp [114]. The former treated the model only classically, while the latter also considered its quantization. Apparently independent of Bopp, a rather detailed alternative quantum mechanical treatment has been given by Feshbach and Tikochinsky at the occasion of Rabi's birthday in 1977 [115, 116]. The other Bateman Hamiltonian was time-dependent, although it turns out to be a constant of the secular motion (i.e. averaged over an oscillator period). Therefore, it can in cttect not be considered as the energy representative of a dissipating system. This peculiarity was most clearly noted by Ray [10[. If viewed as a classical mechanical HamiltonJan, it rather describes a system with time-dependent mass. An initially microscopic mass then grows exponentially to macroscopic ligurcs, which explains the ultimate killing of vacuum fluctuations (i.e. of Heisenberg's uncertainty principle) in the usual quantum theory of this model. This time-dependent HamiltonJan has been, so to speak, reinvented by several authors, and is commonly known under the name of Caldirola and Kanai [13, 14]. Its quantum mechanics has been explored for instance in [12, 96, 116-138]. Related work may be found in [139-155], while for other surveys reference is made to Hasse [108, 1{}9] and Messer [156]. Of particular interest, both historically and in relation to the present text, is the work of Stevens [120, 121]. In his 1958-report Stevens in fact reinvents and considers the quantization of the Bateman- Caldirola-Kanai Hamiltonian. Physically, he approaches the problem from the point of view of tuned electric circuits. In the paper cowritten with Josephson [121], the coupling of spin systems to dissipative cavity modes has been studied. Considerable misgivings about the validity of the usual quantization of the Bateman-Caldirola-Kanai Hamiltonian, expressed by M.H.L. Pryce in private conversations, prompted Stevens to investigate the behaviour of a resonant circuit (as the subsystem) coupled to a semi-infinite electric transmission line (as the reservoir) in more detail [157, 158]. In this manner he succeeded in making contact between the conservative Hamiltonian dynamics of the entire system and the time-dependent Hamiltonian description of the effectively damped oscillator (the subsystem) on its own. In brief, the conclusion was that the latter description is valid quantum mechanically only for the

8 H. Dekker. Classical and quantum mechamcs of the damped harmonic oscillator oscillator variables including the noise from the transmission line. The more profound reason is. of course (one can easily say a posterJori), that quantum mechanically absorption and emission processes (of the oscillators in the bath) can not be really separated [15%167]. It should be remarked that Stevens' model is quite akin to works of Ford. Kac and Mazur [38]. Ullersma [53] and others (e.g. [16-23, 41.42. 63. 168-179]). A seemingly different. though au fond closely related treatment of a mechanical model (the semi-infinite string) can be found in [39]. In the present paper it will be attempted to outline these models in as unified a manner as possible. At this moment it is further worth to note that the actual noise from the (thermal) quantum mechanical bath is by no means white. Therefore, subsequent attempts to remedy the Caldirola-Kanai model in its violation of quantum principles (in particular the earlier mentioned decay of the ground state, i.e. the violation of the fundamental commutator) by means of the ad-hoc introduction of a simple delta-correlated c-number Langevin noise source like (1.4) seems to be lacking a microscopic fundament [180, 181] (see also [59, 156. 182-188]). On the other hand. as noted earlier, the above reservoir models suffer from certain defects (the infinities) that give them in some sense the characteristics of quicksand, which is worth remembering. In 1957 Havas [8] considered the range of application of the classical Langrange formalism in considerable detail. presenting a further investigation of Helmholtz's condition [189]. By means of integrating factors new formal mathematical Lagrangians and Hamiltonians may be obtained without introducing additional dynamical variables (see also [15. 190]). The typical example for the damped harmonic oscillator, as given by Hayas, reads H = In x - In cos(o.rp,) - Axp,. where p, is the canonical nlomentunl (and which here is quite different from the mechanical momentum p = ). Havas' Hamiltonian (2.1) generates the equations of motion  = H.,,, = [, tg(,xp, ) - A Ix, (2.2) /3, -- -H.,, = -[, tg(,xp,)- alp, - I/x. (2.3) Combining these equations in order to eliminate the tangent readily gives xp, = -t + c, (2.4) c being an integration constant. Then (2.2) is easily integrated: x(t) = a e -A' cos(ot + b). (2.5) with b = -toc, and where a is a second constant of integration. Indeed, (2.5) precisely represents the motion of the damped harmonic oscillator. However, as is obviously the case with (2. I), not any of these formally equivalent Hamiltonians allows for its interpretation as the systcm's energy, usually not even in the limit of vanishing friction A = {}. Thus, the choice of coordinates in quantizable systems appears to be a nontrivial matter (see also [119, 120, 184, 191]). This rather crucial point has been observed by Hayas, was noted in passing by Stevens [120, 157] and is given further attention in recent explorations by Cawley [192-194]. The present author has developed a formalism, using complex dynamical variables instead of the real ones, wherein this aspect was accounted for, at least in the limit of zero damping [24,

H Dekker. Classical and quantum mechanics of the damped harmontc oscillator 9 59, 182-184, 190, 195, 196], and that will be further reviewed in the course of the present article. At this place is suffices to mention its connection with a complex symplectic formulation that has been proposed recently [197]. In 1972 Kostin proposed a nonlinear Schrfdinger equation to describe one dimensional dissipative systems [ 198. 199]. The nonlinearity spoils, of course. the superposition principle. On the other hand. the effective HamiltonJan in this approach does represent the actual energy of the system. The Kostin- Schrfdinger equation, originally derived from a Heisenberg-Langevin noise-operator equation (see also e.g. [21, 24, 57-59, 92, 1M, 184, 200]), has been revisited from the closely interrelated points of view of the fluid dynamical interpretation of wave mechanics [201-204], stochastic quantization [205-213] (see also, in a broader context, [214-222]), and Hamiltonian-Jacobi-Schrfdinger theory [1. 2. 9, 43, 190. 223-227] (of related interest may also be e.g. [228-231]; ref. [229] also contains a reprint of [89]). Information theoretical aspects have been touched upon in [207] (in addition, see for instance [5, 31, 37. 52, 232-246]). The usually presented wave packet solutions for this dissipating oscillator turn out to have time-independent widths [129, 136, 156, 207. 203. 247] (related papers are [248-250]). A slightly more general, dynamical solution has been considered in [136]. In any case. all solutions exhibit an approach to the undamped oscillator eigenstateS. Nevertheless, the persisting existence of these states, against friction. need not be a very serious objection against the model as in these cases the expectation value of the momentum is zero and. hence, there is no effective frictional force [180, 109]. At the roots of this feature one finds the (fluid dynamical) quantum-classical correspondence used in the Kostin theory. In that respect, isolated quantum mechanical stationary states dilIcr a good deal from wave packet solutions that implicitly involve Ehrcnfcst's theorem [251 I. Further. as already mentioned by Kostin in his original derivation, the possible presence of Langevin noise sources leads to a stochastic potential in the Schrfdingcr equation and will destroy the steady states. In general, noise sources in the Heiscnberg rcprcscntatkm are operators in a space different from the Hilbert space of the genuine oscillator [19, 21, 23, 37, 57, 91,200] (actually. a corresponding remark applies to the classical case, see e.g. [67, 252]). In Kostin's mtsoscopic approach to quantum friction, however, the noise sources are assumed to be c-number functions of time only. Actually, the noisy potential in the Schrfdinger-Langcvin equation is usually taken to be identically zero. Even in that case the damped oscillator does not decay below its free ground state, in contrast with the Caldirola-Kanai model. Therefore, Hcisenberg's uncertainty relation is preserved for the Kostin oscillator. Finally. let us note Messer's paper [156] wherein he did carry along the classical noisy Kostin potential. assuming delta-correlated forces. For one particular initial condition (the free oscillator ground state), and with a thermally excited oscillator at t = :, his result (a Gaussian distribution) is identical to that of Svin'in's [18(I] upshot for the Caldirola-Kanai HamiltonJan. Of course, this technique applied to Kostin's model could also be added the earlier made remarks concerning the correlations of quantal noise sources (see also [24]). Heuristic arguments led Sfissmann in 1973 to the formulation of another nonlinear frictional Schrfdinger equation [253]. In this case, the nonlinearity is apparent through the explicit occurrence of expectation values in the effective HamiltonJan. Soon after its discovery, the model was extended by Hasse [129] and further generalized by Albrecht [254]. The HamiltonJan is closely related to the energy. Its general form may be given as H: H. + A W, (2.7) where H,, represents the free oscillator HamiltonJan.

I0 H Dekker. Classical and quantum mechanics of the damped harmomc oscillator (2.8) and where W may be interpreted as a frictional potential: W = 2(p)(x - (x)) + c[x - (x), p - (p)].. (2.9) A is again the friction constant, c is a real parameter and [, ]. denotes anticommutation. In fact, Sfissmann discovered the case c = 1, Hasse originally discussed c = __t,. while Albrecht considered general c with emphasis on c = 0. Wave packet solutions of the Schr6dinger equation with the Hamiltonian (2.7)-(2.9)were studied in considerable detail by Hasse [129]. See also [107-109. 136, 254- 257]. Only certain cases of the general version (2.9) turn out to be physically relevant. In brief, the analysis leads to the following conclusions. All potentials (2.9) allow for undamped. stationary solutions of the Schr6dinger equation itt�.,: (H,,+ ZW)� (2.10) of the type &, = 3',, cxp[-i(n + ),o,.t- (,. + 2iAc)x2/2hlH.(xX/o,./h). where .V. = (�o,.Irrh) t/' (2"n!) "t/:. with n = 0. I ..... and where w,. = [.0: - (2.12) In order for (2. II) to belong to Hilbert space, these functions should be square integrable. Hence, one is led to require in general that Icl < .O/2A. Confining ourselves to the underdamped case .0 > A, we have Icl -< t2, which still includes the Hasse (c = -+ t:) and the Albrecht (c = 0) Hamiltonians." The expectation values of the position and momentum operators may be obtained directly from the Schr6dinger equation (2.10). They obey the correct NewtonJan equations following Ehrenfest's theorem: (x)' = (p), (2.13) (p)' = -2A(p) - a2(x). (2.14) Their general solution is given by (2.5). with , = (/:-,&,)t/... However. the Hamiltonian (2.7)equals the energy of the oscillator only if (W)=0. For nonzero 3,. this is the case only if either o'v = }(px + xp)-(p)(x)= 0 or if c = 0. which seems to be an argument in fayour of Albrecht's case."" Defining further o' = (x')-(x)" and o'.. = (p')-(p)-'. one may obtain from (2.1(}) the equations of motion for the second moments: � Compare this with our recent work [258 I. where the c.'cs Icl > ! �,,r at leat their cloc counterparts) are intrinqcally supprcq<d. Further. note that throughout the prc,,cnt text II rcprc,.cnts the free o,.ci[lator frequency. while ,a.e u,;c . = 't,: = ($1: - 21: for the clay,,ical reduced damped oscillator frequency. This convention is ab;o followed e.g. in [136l. but it is the rcvcr< of I-{as's fillS. 1(. 12'}] *' if one considers force free motion for the general Su,;smann-llas,,c-Albrccht model (i.e. 11 = 0). the range c < (I is immediately ruled out physically as it leads to ;in exponential incrca,;e of the kinetic energy. This is easily seen in (2.1tq.

H. Dekker. Classwal and quantum mechanics of the damped harmonto osctllator I I 6',,, = o'tv, - .O-'o',,, (2. 6',,,, = - 4,co�,, - 2.0:o�,. (2.16) . = 20'p. + 4ACO'xx. (2.17) Considering Gaussian wave packets. the standard treatment of Heisenberg's uncertainty relation provides us with the additional relation [136. 164] which allows the construction of a second order equation for o',, separately. Introducing the width w, of the Gaussian wave packet by means of I,1" = exp[- (x - (x))2/w2, l , (2.19) one obtains (see also [136]) (2.20) which immediately reveals the existence of a stationary solution o', = w/2 = h/2o,.. In view of (2.15) the associated uncertainty product reads (2.21) As it should, regarding (2.18), the quantum mechanical fluctuations are not only preserved but even enlarged by the dissipation, in line with earlier made more general remarks (see e.g. the Introduction, below (1.2)). Unfortunately, the above stationary solutions for the Hasse-Albrecht model are not (asymptotically) stable [34, 37, 136, 238, 259-269]. For that reason we have purposely refrained from adding them the argument t = :. It is easy to see from (2.20), that this damped quantum oscillator will exhibit persistent, undamped oscillations in its width if the system is initially not exactly in the above found steady state. This feature is not observed in any of the other known models, and it is quite unlikely to be physically realistic [136]. In closing the story on the Miinchen-model, it may be noted that it was recently indicated by Stocker and Albrecht [43] how these nonlinear frictional potentials can be generated formally within the framework of the fluid dynamical interpretation of the classical real space Hamilton-Jacobi theory and Schr6dinger's wave mechanics. Each of the above mentioned theories is essentially concerned with a Schr6dinger equation representation of the dissipative system and the associated effective Hamiltonian. However, in view of the experience with fully quantum mechanical treatments of open systems (see e.g. [16-25, 50, 55-58, 61, 87-89, 200, 270-275]), actually mainly concerned with oscillators and their interactions with oscillator-reservoirs, it seems more natural to seek a proper description in terms of mixed states rather than pure states. Anyway, a quantum mechanical phase space description by means of a density operator is fundamentally more general than by means of a Schr6dinger state vector. In the case of a closed system (the universe) it can always be cast into a pure state representation, but not so vice versa (see in this context also for instance [270, 276-287]). For that reason, already in 1975 [591 we have introduced in fact the density operator from the very beginning in our mesoscopic approach to quantum friction. The theory was further developed successively in [184, 24, 195, 196, 288, 258]. Trains of thought

12 H. Dekker. Classical and quantum mechantcs of the damped harrnomc oscillator along similar lines were revealed independently by Burzlaff [289], Huguenin [290] and Balazs [291]. In his mesoscopic approach, the present author has always emphasized the relation between Heisenberg- Langevin quantal noise sources (operators, not classical functions) and additional diffusive-like con- tributions in the master equation for the density operator.' This notion gives rise to typical quantum- mechanical fluctuation-dissipation relations. For the linearly damped harmonic oscillator the charac- teristic example is (see (7.36) and [24]): D,, - D,,x = i h,. (2.22) where the D's are diffusion coehScients. Dekker's theory employs complex dynamical variables that are directly connected with the usual quantum mechanical commutator algebra (see also [57,58, 160- 164. 29303], and more specifically: [114. 115. 137. 181, 197. 289, 290. 304-309]). It ensures that in the limit of vanishing friction the known undamped oscillator results emerge. and it also preserves the uncertainty principle for nonzero dissipation. At the end of this historical survey it is interesting to note that Hasse in 1979 [107,310,311] succeeded in making contact between the master equation and nonlinear Schrbdinger equations in the limit of weak damping (radiation damping limit). As it turns out, this relation implies a constraint on the possible diffusion coctticicnts. As expected. and as will be shown in the sequel, this condition guarantees the survival of the uncertainty principle and the vacuum fluctuations for the oscillator under the action of dissipating forces. In agreement again with the earlier expressed general ideas about dissipation and Iluctuations, the quantal vacuum Iluctuations appear to be increased by the damping #" (see also (2.21)). Hasse's nonlinear frictional HamiltonJan looks somewhat similar to the heuristic Siissmann-Hasse- Albrecht species (2.9), but ix definitely dilltrent. For example, Hassc's model does not show the peculiarity of the undamped, persistent oscillations in the width of the wavepacket. It is further interesting to observe that Dekker's theory of the linearly damped harmonic oscillator leads to a class of specific diffusion coelticicnts all satisfying Hasse's pure state Schr6dingcr representation condition if considered in the weak damping and long time limit, which seems to add to the credibility of that phase space approach [288]. As the outline of the present paper should be clear from the table of contents and from the abstract, we now start our comparison of the various approaches to the damped oscillator problem in more detail by considering the time-independent Bateman-Morse-Feshbach-Bopp Hamiltonian. 3. Bateman's dual Hamiltonian 3.1. Classical mechanics The classical deterministic equation of motion for the simple one-dimensional damped oscillator with unit mass in NewtonJan mechanics reads 'The significance of the noise operators in the original paper 159] (.see also in particular 124]) has not always been properly recognized [190, 290]. But e for the contrary e.g. I2')21. ""To be precise. the increase is measured with respect to the "absolute ,acuum". i.e. the isolated undamped oscillator case (which is physically unrealistic). The increase of the zero-point fluctuations shows that the oscillator is not placed in the "absolute vacuum". but interacts with a rearvoit (e.g. the electromagnetic or gravitalional fields) which may be in its own ground state. Semantically. the term ground state is perhaps more appropriate than vacuum stale.

H. Dekker. Classical and quantum mechanics o[ the damped harmonw o.willator 13  + 2Mr + .(/"x = 0. (3.1) Its general solution has already been given in fact in (2.5). The equation (3.1) can be obtained as the Euler-Lagrange equation (L.D - L. = 0 (3.2) from the Lagrangian L = i:-fFx.+A(x-i.), (3.3t that is by a variation of the auxiliary variable . [1, 2. 11, 113-116]. On the other hand. varying x leads to , - 2A. + .O:. = 0, (3.4) which clearly represents the time reversed process of (3.1). The system (3.4) is called the mirror-image oscillator of (3.1). The canonical momenta for the above dual system of oscillators become # = L. =  - A., 7 = L.t = . + Ax. (3.5) Obviously, these diltcr essentially from the oscillator's mechanical momenta. However, this is in no sense an obstruction to the classical theory and the Hamiltoninn is easily found to be (3.6) with o = (,2_ 2,2)t/- representing the reduced actual frequency. If not indicated otherwise, this reduced frequency will be assumed to be real throughout the present text. That is, we shall mostly be concerned with the underdamped case although occasionally results can be taken over to the overdamped case. Hamilton's equations, i= H.,, = -H.x, ,{ = H.;,  = -H., (3.7) of course lead back to (3.1) and (3.4). Almost trivially, the HamiltonJan (3.6) is a constant of the motion: the energy dissipated by the original oscillator is completely absorbed at the same pace by the mirror-image system. Nevertheless, in general this H is not equal to the energy of the total closed system, not even in the limit of vanishing friction A  0. This presents a first hindrance to the canonical quantization of the physical system, as noted before. It can be remedied, however, by restricting the solutions to the HamiltonJan equations to those for which both oscillators start off from the same initial state. Yet there exists another difficulty. Namely, the only nonzero Poisson brackets of the above classical theory would lead in quantum mechanics to the commutators' � For tylx*graphical reasons. and if there can be no misunderstanding. we denote commutators by [, ] rather than [. ]_. Anticommutators will always be written as [. I,.

14 H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator [x, l = i/i, [.L 3] = i/i. (3.8) Evidently, in view of (3.5) this does never imply a nonzero commutator between for instance the position x and the mechanical momentum p = , not even in the limit A 1, 0 where we know it should exist. Thus, unless bold measures are taken, the quantum theory based on the HamiltonJan (3.6) can be expected to be endowed with diculties. Nonetheless, it is rather interesting to survey the attempts at a quantum theory based on the Bateman dual HamiltonJan. To the author's knowledge, there are only two papers to date on the subject. Bopp's treatment [114] (see also [108]) is closely related to a symplectic formulation [197] that will be discussed furtheron; his presentation is somewhat loose and confusing." The canonical quantization procedure devised by Feshbach and Tikochinsky [115] is of a higher subtlety. It is this more sophisticated approach that will be sketched here. 3.2. Quantum mechanical $pectrttttt As usual, the dynamical variables x.  and .L  are considered as operators in a linear space. They obey the commutation relations (3.8); all other commutators are zero. The basic HamiltonJan is the apparently Hermitian form (3.6). Then introduce the following annihilation and creation operators:  = (/, - i ,), , I 1 = X,/_3- ( + i ox) ,. " = X,/'- (3 + i o.), (3.9) where tc* is the customary Hermitian conjugate of a. Note that the bar can be considered as a formal operation that will be called mirror conjugation." For the sake of completeness. we also list the inverse transformations: (3.1o) The only nonzero commutators, after the above canonical transformation, are (3.11) It turns out to be useful to define 1 1 d = _ (,t +a), ' = .. (,z- ), (3.12) � For example. his a and a' are not the usual ilcrmitian adjoints. See ,,,ection 6.2. � �To be explicit: in view of the equations of motion {3.1) and (3.4). mirror conjugation is defined a' {A ' -A;x. t'. 3}.

H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator 15 and their conjugates, so that in effect 1 M = 2'- [(,n + )- io(x + .)], (3.13) 1 03 = 2---d [(/ - ) -i o(x - g)]. (3.14) These new operators obey the same algebra as in (3.1 l), that is [M. ,.s-�'1 = [, 'l = 1, (3.15) all other commutators being zero. The transformed Hamiltonjan (3.6) reads H = Ho+ Hi, (3.16) Ho =/,o(.d'- '), (3.17) H, = i h,(,/''-,/.). (3.18) The cigcnvalues Of ,/', and ' are the common ha, nl = 0, 1, 2 ..... sO that the cigcnvalucs of arc ho(na-n.) with cigcnstates In.,, n.), belonging to Hilbcrt space. Notice that Hn represents the difference rather than the sum of two free oscillator Hamiltonians (see also [116]). In the limit A ], 0, the known harmonic oscillator results emerge infact only if the -oscillator is kept in its ground state, for which lna, 0) = 0. In order to invcstigatc the eigcnspectrum of the full Hamiltoninn (3.16), it is of advantage to define (3.19) and to introduce 4' = ,('' + 4), (3.20) , = i('' - ), (3.2) : = (d'd + ''). (3.22) Notice that N,, = 2I,,, N, = 2,. (3.23) The eigenvalues of 4', are �(n^+na+l), the eigenstates being the same as those of the free HamiltonJan H., i.e. of 4,o. Indeed, 4,0 commutes with 4,,, as well as with 4,,, and 4,,,. The algebra of these spin-like operators is given by (3.24)

16 H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator (3.25) (3.26) Be aware of the difference in sign in (3.25) and (3.26) with respect to the usual spin algebra (see e.g. [164, 300. 312-314]). One easily computes now that 4 ."- - (4 + 4) = 4 - . (3.27) Of course, 4' commutes with 4,, 4� and 4:. It is the only Casimir operator for the present algebra (as the rank is unity; see e.g. [163, 300, 315-318]). Further, let us conventionally introduce j = (n^ - n.). m = (n^ + n.), (3.28) and label the eigenstates of H,,, ,o and , as tn) rather than In^. To relate the eigenproperties of ,,. (in which we are interested in view of (3.23)) to those of (which are known). the Baker-Hausdorff relation [57, 301,319-323] for the present algebra. cxp(,u4, )4'v cxp(-/z4, ) = 4 cos ,u + i 4, sin ,u, (3.29) is particularly useful (see also [1(.1.] p. 167). Nanrely, with ,u = ---r/2 one obtains 4v = -+i exp{*(r/2)4,} 4: exp{-+(r/2)4,}. (3.30) Therefore. the eigcnvaluc equation may be written as d/',,, '= -+i(m + 2)i,,:, ' , (3.31) where /'5,,' = cxp{Z('/2)4, } lyre). (3.32) The cigenfunctions I, ) do not belong to ordinary Hilbert space because they can not be normalized in the usual manner. In fact, their conventional norm can be calculated, similar to the Wignor D-functions, by means of Racah's methods (related to the better known CIcbsch-Gordan coefficients; see e.g. [163, 164, 300, 303, 317, 318, 324-331l). The result is [115]: _ (t ,u )2.. , (.t - j{2m - ! (jm] exp(2/xb,)lj.t) - (wt-"  I J\ m +j / (c�tg/x)"t' (3.33) where the sum runs over all integers !. Evidently. the norm (3,33) becomes infinite if/x = _.+r/2. This may be remedied, however, by redefining the length of a vector as the inner product e av a.' (3.34) ('/'. '/'3 = '-,- ,-,. where -r represents the tinre reverse of , and where $ indicates summation or integration (with the

H. Dekker. Classwal and quantum mechantcs of the damped harmonic osctllator 17 appropriate measure) over vector components. In the same way matrix elements, and in particular expectation values. can be defined as (. r) = S..'..W,,. (3.35) F being an arbitra operator working to the right. e absence of a finite norm in the usual Hermitian sense invalidates the standard proof that eigenvalues of self-adjoint operators are real. erefore. the eigenvalue equation (3.31) can be accepted as a proper result. Since ,, and  commute, they may have simultaneous eigenstates. Indeed. the eigenstates 5' are also eigenstates of ,, as ,, commutes with .. too. So. the complete eigenspectrum of H will be known if we determine the allowed values of m for given j. Defining  =   . (3.36) one easily derives from the commutation relations (3.24)-(3.26) that [,.. ] = i . (3.37) so that . rcsp. _ are the raising rcsp. lowering operators for the cigcnstatcs of . In view of (3.31). m can be taken to be nonnegative without loss of generality. Let ,t. be the smallest value of m. cn where the vector is nonzero. Multiplication of (3.38) from the left with  and using (3.36) leads to (  [&, :1-  ),2, = 0. (3.3) Invoking the commutator (3.26), the eigcnvaluc equation (3.31), the Casimir relation (3.27) and the known eigenvalues of o, one gets ,t = j2, so that m = I/I, I/I + ', I/I + a. I/I ..... summary, the cigenstatcs of the Batcman-Fcshbach-Tikochinsky HamiltonJan are '(t) = exp{-2i w/t  A (2m + l)t  (/2) }]]t,t), (3.40) the corresponding eigenvalues being If, in view of the earlier noted limit A f 0, we keep the -oscillator in its ground state with nn = 0. so that 2/= 2m = n = n, the eigenvalues become H = nhwXi(n + I)hA; n =0, 1.2 ..... (3.42) is is almost identical to the spectrum found by Bopp Ill4]. In fact, Bopp's procedure is somewhat ambiguous in the separation of the dual oscillators. As will be seen more precisely furtheron, (3.42) is, however, one of the possibilities allowed for by Bopp's theory.

18 H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator 3.3. Ware packets The result (3.42) for the eigenvalues indicates that the dissipation also afflicts the lowest state n = 0, as the imaginary part of the eigenvalues remains nonzero.' In this respect, it should be recalled that the Feshbach-Tikochinsky quantum mechanics is based on the Bateman HamiltonJan for the dual x, g- system, but that the mirror image oscillator in fact is nothing but a mathematical device invented in order to remain within the framework of conservative HamiltonJan classical mechanics. It should be emphasized that the only physically observable system is the damped x-oscillator for which, however, the correct commutator Ix, P] = ih is absent from the theory (see (3.5) and (3.8)). Therefore, it is particularly relevant to investigate in more detail the behaviour of the damped oscillator on its own. In principle the eigenfunctions can be used to calculate the propagator (see e.g. [72]) and more general wavepackets. But since the relation of the above obtained eigensolutions with the expectation values of the original dynamical variables for the physical oscillator is not that straightforward (note for instance that the M-oscillator in fact contains a mixture of both the damped and the adjoint oscillator; and e.g. b, and x do not commute), it makes sense to turn to the time-dependent Schr6dinger equation itself. The solutions for the mean values and higher moments can be calculated directly from it, without knowing the wave function explicitly, because of the linearity of the present system (see also e.g. [34, 332, 3331). The Schr6dinger equation may be written as (3.43) l'he time reverse reads"" (3.44) l'he equation of motion of the mean value (3.35) is easily obtained as i (F) ' = -  (FH - (H'r)"F), (3.45) where the superscript a indicates the real adjoint operator (e.g. [334]). It is not ditcult to see that for the Bateman Hamiltoninn (Hr) ' = H, so that (3.45) reduces to its usual commutator form (F)' = - (i/h )([F, H ]). (3.46) By means of the commutation relations (3.8) one now easily computes the mean value equations (x)' = (3)- A(x), (3.47) (3)' = -' (3) - o2(x), (3.48) which, in line with Ehrenfest's theorem. agree with the classical results and lead back to � It is precisely this feature that was eliminated in [1141 in a rather ad-hoc manner. � � To be clear. time reversal is efl'cctuated by means of T = {t  -t; x  x. #4 -#; i  i, -}.

H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillaur 19 (x)" + 2(x)' + .O-'(x) = 0, (3.49) the quantal version of (3.1). The mirror image oscillator is obtained from (3.47) and (3.48) by interchanging x,/ and .L/ and letting 3. --}-A. For the second moments one finds (3:)' = -2 (3')- 2,,,'(7), �5' = -2(x:) + (3.50) {3.51) (3.52) the Introduction) p, = t.(px + xp)- (p) (x), (3.53) frye = (p')- (p):, (3.54) r., = (x 2) - (x) 2 , (3.55) one obtains 6',,., = -2tr,,, + o',,,, - .O"o',, (3.50) 6',, = -4Ao',, - 2.O2o',x, (3.57) &,, = 2tr,,. (3.58) Note that presently (px)= (xp). Contrary to the S/issmann-Hasse-Albrecht model (2.15)-(2.17), the present Bateman model apparently allows only for the steady state try,, = tr,, = trxx = 0. Actually, the time-dependent solution for tr, x with tr, x(0) = h/21l and 6',,(0) = 0 (see also [136, 156, 181)]) is easily found to be /[2 (3.59) The associated momentum spread is o-,,(t) =  1 - -- sin 2ot + 2 sin 2 ot . (3.60) Clearly, in the end the uncertainty product which form a closed set of equations pertaining in effect precisely to the physical damped oscillator. Note that, in view of the algebra of this model, (x)= (x). Introducing the mechanical momentum p = i =/- .x and the variances (see also the discussion of the S/issmann-Hasse-Albrecht theory, in

 H. Dekker. Classical and quantum mechanics o[ the damped harmonto oscillator (3.61) inevitably tends to zero, violating Heisenberg's principle. Notice that this violation occurs with certainty once 3.  0, no matter how small the friction coefficient may be. If 3. = 0, the model (3.56)-(3.58) does seem to reproduce the free oscillator equations, and allows for a steady state o',x = 0, However, as in the dual model p and x commute, even if A = 0, the relation (2. IS) reduces in this case : = 0, which is manifestly at variance with well-established quantum physics. ' to O'm,O',x = 3.4. Sumtnary Although Bateman's time-independent dual Hamiltonian is correct classically, it has its problems in quantum mechanics. It can not readily be associated with the system's energy and it does not lead to the correct fundamental commutator. Therefore, it violates Heisenberg's uncertainty principle for the physical oscillator, even in the limit of vanishing friction A  0. This feature cannot be swept under the carpet by a sophisticated treatment of eigensolutions. 4. Kanai's time-dependent Hamiltonian 4. !. Classical ,techanics The explicit solutions to the classical HamiltonJan equations (3.7) for the Bateman HamiltonJan (3.6) are x(t) = c-'[x,, cos ot + (l/o), sin (t) = e'[?, cos ot- o., sin (4.2) and similar results for .(t) and 3(t). Let us first transform the irreversible part of the motion away by means of the canonical generator" F = x' e ' + . e -', (4.3) which contains both the old coordinates and the new canonical momenta , o . One finds  = F. =  e ' , X = F..,. = x e ' ,  = F. = 9 e-x',  = F. = . e-'. (4.4) The new HamiltonJan H' = H + F., becomes H'= '9 + o:X,, (4.5) � Nolo thai (2. I:"l) c;m be derived within Ihc framework of the Fc%hbach-Tikx:hin,,ky Ihcory if , = I1 following Ihe convcnlional rca,.oning as in Ihal ca.v: time reversal is idenlical to complex conjugalion m Ihc quilrllulll theory. "� This generator F(r..;.L ..) is the F: of Golds, rein [I].

14. Dekker, Classical and quantum mechanics of the damped harmonic oscillator 21 which describes undamped oscillations at the reduced frequency a, as expected from comparing (4.1). (4.2) and (4.4). Note that the new dynamical variables fulfil the same commutation relations (3.8) as the old ones. Of course, H' is a constant of the motion. equal to its initial value H'(0)= oo + ,2Xoo. For this to coalesce with the energy (at least in the weak damping limit) is suffices to consider o = o and Xo = Xo. Because of the time-reversible nature of the new solutions, this entails (t)= (t) and ,(t) = X(t). It is now convenient to extend the real coordinates and momenta into the complex plane, and to introduce a canonical transformation from X, , X,  to O, P, O, P by means of X = �(O + ()+ (i/2a,)(P -/5), ; = �(O + ()- (i/2a,)(P -/5),  = �(p +/5) + (i ,,/2)(0 - 0),  = �(P +/5) _ (i o/2)(O - (). (4.6) where the new variables can be taken to be real. In the end one only considers those solutions for which 0o = Oo and/5o = Po. which confines the original variables again to real phase space. Note once more that the bar can be formally considered as a mirror conjugation. The inverse transformations may be written as P = '[( + ) - i a,(X - ;)l, O = -(i/2a,)[{ - ) + i a,(X + R)], (4.7) the other two following by mirror conjugation. Note the ditterenccs with the Feshbach-Tikochinsky transformations (3.13) and (3.14). The only nonzero commutators (Poisson brackets) for the new variables, of course, are [O, PI =ih, [O,P] =ih. (4.8) Inserting (4.6) into (4.5) yields H' = ;(P" + a?O") + '(P" + a,2O:). (4.9) This Hamiltonian evidently represents the energy of two independent identical oscillators. For that reason we shall focus our attention on one oscillator only, say the Q, P-system. The canonical generator F = 170 + �AQ 2 (4.10) then transforms O, P into Y, H as (see also [I 19]) P = F.o = H+AO, Y= F., = O. (4.11) Hence, the pertinent oscillator from (4.9) is described by (see also [I 19, 120, 137, 181]) H' = ,}II2+ MlY + ',,I]:Y'. (4.12) One further transformation (from Y, II to y, rr), generated by F = try e -' , (4.13)

so that H= F.v = te -A'. while H" = H' + F.,, finally leads to H" = � e-': + -'. e'/22y: . H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator y = F., = Y e -A' , (4,14) (4.15) This is the well-known Caldirola-Kanai HamiltonJan [13. 14]. As noted before, historically, the corresponding Lagrangian was already presented in Bateman's original paper Ill]. See further e.g. [10, 12, 96, 116-156, 180, 181, 275, 335]. In view of (4.14). (4.11), (4.6) with the constraint 0 = O and P = P, and (4.4). one readily infers that x = X e -A' = O e -A' = Y e-A' = y. In the remainder of this section we replace therefore y again by x. 4.2. Quantum mechanics The HamiltonJan (4.15) has in fact been constructed purposely so as to represent the energy of the system, at least in the weak friction limit. As noted earlier, this seems to be one of the prerequisites for the construction of a quantum theory. However, from the equation of motion for x, that is (3.1), it is known that the irreversible part of x(t) behaves like e -A', and so does .i(t). Further, according to the Hamilton equation i = u'.', = e "A',r, (4.16) the canonical momentum behaves like c ". But then (4.15) would imply that there is no secular change in the energy of the oscillator and, hence, there is no genuine dissipation at all [10, 275l. To be explicit, if one considers the solution for x(t) from (4.1) with /,=0 for convenience, makes use of (4.16), substitutes into (4.15) and time-averages the HamiltonJan over any of its oscillation periods rr/o, one obtains the time-independent result H,, = '.,.O"x. This feature is most easily claritied by looking at the Lagrangian belonging to (4.15). It may be written as (see Bateman [111 and e.g. [10, 128, 136]) L"= 2m(t)(."-/-'x2), (4.17) with mass re(t)= m,,cxp(At), our choice being ,t,,= I. This Lagrangian immediately allows for an interpretation in terms of kinetic and potential energies. Physically, the situation described by (4.17) might be realized for example by a frictionless pendulum consisting of a pail collecting rain [10]. See fig. 4.1. Notwithstanding these considerations, the Caldirola-Kanai HamiltonJan O. 15) has been used to study dissipation in quantum mechanics (e.g. [12-14, 96, 116-138]). Turning the only nonzero classical Poisson bracket into a commutator gives [x, r] = i It. (4.18) Using again the Hamilton equation (4.16). this implies in terms of the damped oscillator's mechanical

H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator rcn 23 m -- m:e t  pc x Fig. 4.1. M(xlel for a simple harmonic oscillator with a time dependent mass (aflcr [IO1). momentum p = ,, that [x, Pl = i tt e-''. (4.19) Hence, as is indeed found in known explicit quantum mechanical solutions, Hciscnbcrg's uncertainty principle will be violated in the course of time." This forbidding feature was already noticed by Kanai [14], and most clearly formulated by Brittin [12]. It should be clear, however, from the preceding discussion, that this can be considered as an inappropriate physical interpretation. If one agrees to really equate the modcl's HamiltonJan to the mechanical energy, the solution of the problem becomes simple indeed: the quantal features of the system become increasingly irrelevant in the course of time as the growing mass takes the particle from the initial microscopic domain to the ultimate macroscopic, classical regime. Thus, as far as the damped oscillator is concerned, it does not seem that we have much gained beyond the time-independent Bateman-model (3.6). Nevertheless, before taking another view of the matter, let us briefly survey the results from the quantum theory based on the time-dependent Bateman-Caldirola-Kanai Hamiltonian (4.15). The Schr6dinger equation in the coordinate represen- tation reads (4.20) Although the Hamiltonjan is nonstationary, probability is conserved as the continuity equation p., +}.x = 0 (4.21) "A rcccnl claim that this can bc remedicd by simply considering lhc quanlization in pha. space as donc in [1371 is untenablc. Scc also furtheron.

24 H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator holds with the probability and current densities respectively given bv p = 4'*4', / = e-:'(h/2 i) (4"4'.,, - 4'.*,4'). (4.22) It is easily verified that (4.20) allows for the following set of so-called pseudo-stationary states (see e.g. [96, 119, 129, 133]):' 4',, = ,'C, exp[-i(n + �)ot + At - (o + i A ) e''x2/2h ] H, (e'xX/--), (4.23) where A",, = (o./-n'h)/'(2"n!) -l/a, with n =0, 1 ..... For curiosity. compare this with (2.11) for the Siissmann-Hasse-Albrecht model. And for the sake of completeness it could be mentioned that Dodonov and Man'ko (e.g. [133]. see also [10]) denote (4.23) as loss-energy-states."' 4.3. Quantum fluctuations Since (4.20) is a linear partial differential equation, the pseudo-eigenstates (4.23) can be used to construct more general solutions by superposition, for example Gaussian wavepackets (see e.g. [I 16, 128, 129, 131, 135, 136, 18(I]). See also (2.19). The mean values, of course, follow the classical path obtained from (2.13) and (2.14); the widths of the packets require further investigation. From the Schrbdinger equation one obtains the usual equation of motion (see e.g. (3.46)) for the expectation value of an arbitrary function of the canonical operators x and r. For the second moments one readily finds (rx) ' = c-''(r') - (r:)' = -c:"a'(rx + xr). (x:)' = e-:'Orx + xr). (4.24) (4.25) (4.26) It may be noted en passant that the Gaussian Heiscnbcrg relation (2.18) presently holds not for p and x, but in terms of rr and x; that is o',,.o',, = h2+ o-,, (4.27) where the variances are defined by (3.53)-(3.55) with p replaced by z-. Rewriting (4.24)-(4.26) in terms of the variances for the mechanical variables p = ? and x, by means of (4.16). leads to 6't,,,: -4Atrt,,, - 6',,,,: � Be aware of some dilcrcnccs in nolaliOn. For instance. in 11331 I and as are precisely inlcrchanged. (4.28) (4.29) (4.30) " In [1331 the authors consider (in analogy wilh real lime pcrixtic ttamillonians) the perkSicily of Ihc Caldirola-Kanai ttamiltonian over displacemenl 'n'/ along Ihe imaginary lime axis. i.e. H(t + i r/ ) = H(t). The considcralions dircclly lead Io a pscudo-cigcnspeclrum wilh complex eigenvalues H7, = A (as + i A Xn + .1,). The significance of lhis speclrum. however. remains in vain.

H. Dekker. Classical and quantum mechanics of the damped bartoo ntc oscillator 25 which are readily observed to be identical to the corresponding equations (3.56)-(3.58) for the Bateman-Feshbach-Tikochinsky model. The only improvement that has been obtained is the recover- ing of the correct quantum mechanics if I = 0. The solutions to (4.28)-(4.30) with o'xx(0) = h/2a and 6-,.,(0) = 0 have already been explicited in (3.59)-(3.60). while the consequences for the uncertainty principle are shown in (3.61). Of course, other initial conditions are possible too. As an example, one might investigate the behaviour of the first and second moments for the pseudo-stationary states (4.23). Note that the pseudo-groundstate 4', is Gaussian. It is not difficult to see that (x) is strictly zero for any n. Hence (x)'= 0, so that (rr)= 0 and (p)= 0. Further, using the standard properties of Hermite polynomials. one finds (x 2) = e -2' h--- (n + ). (4.31) Substituting this into (4.26) learns that 0rx + xr) is time-independent for all states 4,,. Therefore the I.h.s. of (4.24) is zero, which leads to (rr:) = e 2' ha: (n + ). (4.32) Hence. the product (4.33) is conserved in the course of time. This formula is the generalization of a result from [1371 to arbitrary n. However, it must be emphasized that (4.33) applies to the canonical momentum in stead of the proper mechanical momentum." In terms of the latter one finds trm,O',, = e  (n + ):, (4.34) which, like (3.61), inevitably tends to zero even for the lowest state n = 0, thus violating the uncertainty principle whenever A > 0. 4.4. Su,,nary In the course of improving the energy representation, the time-independent Bateman HamiltonJan has been related to the time-dependent Caldirola-Kanai HamiltonJan by a succession of canonical transformations. However, if this HamiltonJan is indeed taken to be equal to the mechanical energy, there can be no energy dissipation and the described system rather is a mass-accreting pendulum. The alternative consideration of the Hamiltonian as a mere generator of the motion, leads to a violation of the fundamental quantum mechanical commutator in the course of time. In fact, the uncertainty � II should alto be holed. Ihcrcforc. thai (4.33) - especially wilh n = 0 for lhe pscudo-groundslatc - esenlially differs from Dckker's rcsull [ 1951..See also further on in the prenl article e.g. eq. (7.51).

26 H. Dekker. Classical and quantum mechanics o[ th damped harmonic oscdlator product is identical to the exponentially decaying form (3.61) connected with Bateman's dual Hamil- tonJan. 5. The semi-infinite transmission line 5.1. Preliminaries In this section we will attempt to shed further light on the deficiencies of the above discussed theories, in particular that of the time-dependent HamiltonJan, by considering an explicit physical model. In fact we shall treat a mechanical model and an electrical model in a unified manner. The essence of these models is the coupling of a privileged, tagged oscillator to a reservoir consisting of an infinity of tiny other oscillators, and to let the latter system tend to have infinite size. In that case, simply classically speaking. signals emitted by the tagged oscillator, which is the one under actual investigation i.e. the subsystem of interest, can never (that means, within any finite time interval) return to it by being reflected from the boundaries of the reservoir. The electrical network model that will be discussed in the sequel is an adapted version of that of Stevens, who's explorations were originally based on a suggestion by M.H.L. Pryce [157]. The mechanical analoguc of the electrical semi-infinite transmission line is a semi-infinite string. The present formulation is akin to recent work of B. Yurke and O. Yurke [39]. Within the model's framework the results are exact. More or less similar approaches have been presented for instance by Scnitzky [50] and by Ford, Kac and Mazur [38]. More general reference can be made e.g. to [16-23, 41, 42, 53-58, 63, 92, 93, 168-179, 200, 275, 336-338 I. Further, it is interesting to note that historically the infinite harmonic chain was already discussed in the early days by Hamilton [223] and in the beginning of this century for example by SchriJdinger [339 l. Let us first consider the mechanical model, depicted in fig. 5.1. A finite mass m,, has been attached to a chain of identical masses m = ,I (k = I, 2 .... ), located at positions z and bound to each other by harmonic forces. The mass m. is further attached to a special harmonic spring with Hooke constant b,,, while it is constrained by a frictionless guide to move up and down the x-axis. Clearly, if the tagged mass m,, were uncoupled from the harmonic chain, it would itself just be a simple undamped harmonic oscillator with eigenfrequency  = (b./m,,) /". But if connected to the chain, it will excite the transverse modes of this reservoir. In that way the oscillator may dissipate some of its energy into the chain, at least for some time. I I I I I  I  I I  I 0 Z. Z,, Z  Z . Z Fig. 5.1. Model for a mechanical Iransmision line.

H. Dekker. Classical and quantum mechanics of the damped hannomc oscillator 27 The latter proviso takes care of the following. If there were only a small number of elements in the chain, the signal travelling away from the tagged oscillator would return to it almost immediately. If the number of elements would tend to infinity while keeping the physical length A of the system finite, the chain becomes an elastic string as depicted in fig. 5.2. But even in that case, by reflection from the far end of the string, emitted signals return to the actual oscillator after a time period of the order of 2A/c, c being the average propagation velocity. The details of the dynamics would. of course. involve the particular nature of the boundary condition at the far end. Clearly, only if A becomes arbitrarily large there will be the possibility of dissipation for the tagged oscillator over an arbitrarily long time interval. The infinite length is most easily incorporated by using periodic boundary conditions. which are analogous to tying the transmission line to a characteristic impedance in order to prevent reflections. The characteristic impedance, attached to the finite line at z = A, is simply equivalent to "an infinity of more line" [72]. x  b o c c I 0 Z =,\ Fig. 5.2. The mechanical transmission line o! fig. 5.1 in the limit 'g,-, 0. bul m/el and the Icnglh ,I kept finite. ,9' is Ihe tension o! Ihe string (after J3q]). It can hardly be overemphasized that there are thus two essential steps in reaching irreversible behaviour if starting from reversible mechanics. First, the reservoir must have an infinite number of degrees of freedom over which the energy drained from the low dimensional subsystem of interest can be distributed. This is ettectuated by taking the continuum or field li,tit. In terms of the normal (Fourier) modes of the reservoir, however, this still means a discrete spectrum entailing a finite recursion time. That is, the system will exhibit periodicity, which is a typically reversible phenomenon. Therefore, second, the system must have infinite size. This is sometimes called the thermodynamic limit (see e.g. [28, 34, 37, 52, 238, 332, 340, 342J). In terms of the normal modes this means a continuous spectntm. It implies an infinite recursion time. As will become evident, both steps must be taken for the following program to be carried through. 5.2 The ,techanical model The classical mechanical Lagrangian for the harmonic system shown in fig. 5.1 reads L = ' ': - zbox. + : k . , :moxo -- -- k-I k-I (5.1) where ' = b(d-d,,) is the bias force applied to the little springs, which posses a rest length d,, and Hooke constant bk = b. The quantity ' is usually called the tension of the string (e.g. [343]). The index

 H. Dekker. Classical and quantum mechanics of the damped hattoo mc oscillator k E [0. N] measures the distance along the z-axis, which is along the chain, according to zk = kd. The tagged oscillator is at: = 0. The canonical momenta following from (5.1) are pk = L., = mk. (5.2) so that the Hamiltonian becomes box + p;, + -x_0 2 (5.3) H = 2-o 5' '---- 2., x . The first Hamilton equation. as usual, reproduces (5.2). The second equation leads to pk = -H., = (3'/(x.,-2x + x_,); t = 1.2 ...... (5.4) p, = -I4 .... = -!,,,x,, + ('/d)(x, - x.). (5.5) so that the (Newton-Lagrange) equations of motion become m.' = (/,t'.)(xk.,- 2x + x_,); m,,i,, + b,,x,, = (/d) (.r,- x,,) . k=l.2 ..... (5.6) (5.7) Letting now the number N of chain oscillators tend to infinity. keeping the length of the string tixed at A = Nd, so that ,'/ 0, and confining oneselves to ditterentiable physical solutions x(z, t). the above set of coupled ditterential-ditterence equations leads to the following two coupled partial ditterential equations: x.,(z, t)= c2x (- t)' z >0 (5.8) x.,(0, t)+ .O2x(0, t) = �x.:(0., t). (5.9) Equation (5.8) is just the usual wave equation (e.g. [83, 1131) for the transverse vibrations of the string. The speed of propagation is given by c = (7'/p) /2, with p being the mass density p = m/d, kept finite while d,[ 0. Further .O = (bo/.to) /2, while � = ,q'/m,, can be considered as the coupling constant of oscillator and reservoir. In terms of the fields, the HamiltonJan may be written as A H = ;[p(0, t)l:+ '_,.O2[x{0, t)]"+ f {'_-[p(z, t)]2+ ':c2[x.:{z. t)]"} dz, (5.10) o where the canonical momentum density is conveniently defined as p(z) = pdd if k _-> 1, while p(0) = p,,, and where we have chosen p = tn. = !, so that p(z, t) = x.,(z, t) (5.11)

H. Dekker. Classical and quantum mechanics o[ the damped harmontc oscillator .-'9 for all z. With these choices" the only nonzero Poisson brackets lead to the commutators [x(z, t),p(z', t)] = i h 8(z- z')' z v z' O, (5.12) Ix{O, t). p{O, t)l = i h. (5.13) 5.3. The electrical model The electrical analogue of the above mechanical model has been sketched in fig. 5.3. The tagged resonant circuit, with selfinductance lo and capacity co, is coupled to a chain of identical tuned circuits with selfinductance l, = I and capacity c, = c(k = 1, 2 .... ). As indicated in the figure. all transverse currents are taken positive into the positive x-direction, all longitudinal currents are similarly defined along the positive ?axis. Going around any circuit, Kirchhoff's voltage law (usually called his second law; see e.g. [37, 344, 345]) yields (5.4) where qk represents the charge at the kth condensor. and where lk is the longitudinal current through the kth circuit located at zk. Differentiating (5.14) with respect to time and using the relation 0k,  = I k.k  for the transverse currents, one obtains tk .,.dc + tk) - tk. ,,/c , = 0. (5. t5) with the understanding that I _t.,, = I,. The other Kirchhoff law, expressing current conservation at the vertices, relates the transverse currents to the longitudinal currents as  Io ">I ' ;66660' - l I ,,>I >-Is 0 Z Z 2 Zj Z. > Z Fi. 5..4. M,lel for an cl�ctrical transmission linc (after [57). � An alternative. used in [Y)]. is Io introduce a spalially dcpcndcnl ma,;s dcnsily p(:) = p + 2m,,8(: ). In that case. (5.12) and (5.13) can be presented in a single formula. in fact (5.12L

) H. Dekker, Classical and quantum mechanics of the damped harmontc oscillator Inserting this into (5.15) one finds l = (lie)(lk., - 2I + I_,): k = 1.2 ..... (5.17) lo), + (ll, o)l,, = (11, )(I, - to), (5.18) which are immediately seen to be completely identical to their mechanical counterparts (5.6) and (5.7). In the limit of an infinite number of circuits in the chain. keeping the length of the transmission line fixed again at ,1 = Nd, one obtains the partial differential equations (5.8) and (5.9) with the appropriate definitions: the propagation velocity becomes c = (l/l'c ')"2, where l'= l/d and e'= c/dare the specific selfinductance and capacity respectively; the characteristic frequency of the tagged circuit becomes l} = (l/loeo) m, while the coupling constant is K = l/lot'. The model, be it mechanical or electrical. will now be further explored on the basis of (5.8) and (5.9). 5.4. The classical damped oscillator Following d'Alembert the general solution of the wave equation (5.8) may be written as (see e.g. [831) x(z, t) = x^(t - z/c) + x,(t + z/c). (5. t9) The x^, respectively x,, represent waves travelling to the right (outgoing, so to speak, from the point of view of the tagged oscillator) respectively to the left (incoming from the bath). Using (5.19) one readily verifies the identity x.(z, t)= -(1/c)x.,(z, t)+(2/c)xn.,(z,t), (5.20) so that (5.8) can bc recast into the form (0, t) + 2A i(O, t) + .0 2 x((}, t) = 4A x..,(O, t), (5.21) where , = /2c. It should be noted that d'Alembert's solution typically applies to the wave equation. That is, the exact and complete separation (5.19) into left- and right travelling waves would in principle not have been feasible if we had not already taken the limit to continuous fields (i.e. the first step mentioned earlier: N-, =, d  0, A = Ndfinite). Hence, the equation of motion for the tagged oscillator could not have been given the appearance of (5.21) (compare especially with [157]). Now in prequantal classical theory one may conceive of the situation that there are no incoming waves at all present in the transmission line at the initial time, say t = 0. Exciting at that instant the tagged system at z = 0 will, of course, produce waves travelling to the right. But, as noted earlier, if the transmission line were semi-infinite, these outgoing waves would never be reflected back, i.e. they would never be transformed into incoming waves. In other words, if xa(z, 0) = 0 for all z _-> 0 and A = , one has classically that x,(z, t) =0. Hence in that case (5.21) reduces to i/(O, t) + 2,t i(O, t) + .0: x(O, t) = O, (5.22)

H. Dekker. Classwal and quantum mechantc. of the damped harmonic oscdlator 31 which is exactly identical to the classical equation of motion (3. i) for the linearly damped harmonic oscillator. See also fig. 5.4. However. in general the very special initial condition of no incoming wave excitations being present in the reservoir field will not be encountered in real physical systems. Normally there are at least thermal excitations. and these do not discriminate between left- and right travelling waves. And in quantum mechanics. even at zero temperature there would still exist the zero-point excitations of the oscillators in the transmission line. The basic reason for this. of course. is that if the line is capable of transmitting signals. its microscopic elements must be emitters as well as absorbers. Hence. in quantum theory the inevitable excitation/de-excitation processes in the reservoir can not be circumvented. For that reason. in constructing the model's quantum mechanics we must carry along the incoming waves. o Fig. 5.4. hc mechanical damped o,cillator. 5.5. Normal mode expansion The total field in thc transmission line can be written in terms of its normal modes as x(z,t)=  2---A [A, cxp{-ito,(t- z/c)}+ B, cxp{-i o,(t + z/c)}+conj. I, (5.23) where "conj." means complex (Hermitian) conjugation in classical (quantal) theory. However, for a finite transmission line the left- and right travelling modes are not independent of each other as a consequence of the boundary conditions. The most general boundary conditions pertaining to the wave equation are of the so-called mixed type (see e.g. [83, 113, 346, 347]), but it suffices to illustrate the point by considering for convenience the Dirichlet condition x(A, t) = 0. This leads to A exp(i oA/c) + B exp(-i oA/c) = O, At exp(-i toA/c) + B& exp(t toA/c) = 0, (5.24) so that AA = BtB. (5.25) Hence, wc infer the relation A = B exp(-2i ), (5.26)

32 H. Dekker. Classical and quantum mechanics o[ he damped harmonic oscillator ek as yet being an arbitrary scalar. The boundary condition at the near end z = 0 of the transmission line is simply given by the equation of motion (5.9) for the tagged oscillator. It gives in principle two constraints involving the Ak, Bk and their conjugates. Inserting the relation (5.26), these constraints are found to be identical and one is left with (5.27) where we have used the relation �/c = 2A. Finally, inserting (5.26) into (5.24). the eigenvalues follow from o,A/c- , (k t = -)r; k = 1,2 ..... (5.28) In fact, the above procedure is precisely the one used by Yurke and Yurke [39]. ' Since their ultimate results are identical to those obtained presently, " we here face an explicit confirmation of the general expectation that the precise form of the boundary conditions at the far ends of a system should somehow become irrelevant in the thermodynamic limit of infinite system size A--,:c (see also [348-350]). Therefore, it is a useful common practice to introduce the most appropriate, though physically somewhat artificial, boundary conditions for large systems, namely periodic boundary conditions, from the outset. So we return to the normal mode decomposition (5.23) and require x(z, t) to be periodic over A. This leads to the two conditions A _ B = Ak exp(i okA/c) +__ B cxp(-i oA/c), (5.29) and their conjugates. Either adding or subtracting the two equations contained in (5.29) yields in stead of (5.28) oA/c = 2kr; k = 1, 2 ..... (5.30) which fixes the eigenvalues without requiring any relation between the mode amplitudes. 5.6. 7he quantal damped oscillator The normal mode amplitudes are now determined by the initial conditions as A = (2htokA )-t,: f dz exp(-i to, z/c) [to x(z, O) + i p(z, 0)1, o (5.31) B = (2hoA )- t,: f o dz exp(i to, z/c) [tok x(z, O) + i p(z, 0)], (5.32) plus their conjugates. In these formulae we have used the canonical relation (5.11). By means of these � Let k 4 n and  = r/2 - O. for complete equivalence. '� However. there is a subtle problem involved as their eigenfunctions are not strictly orthogonal. This facet requires further study. as it may be related to problcm of divcrgcncies. See e.g. eq. (5.80).

H. Dekker. Classical and quantum mechanics o[ the damped harmonic osctllator 33 transformations one easily verifies that the only nonzero commutator for the reservoir field variables, that is (5.12), leads to [Ak, All = [Bk, B] = (5.33) any other conceivable commutator being zero. Evidently, the A, B and A,, B are the annihilation respectively creation operators for the normal mode excitations. We have now prepared the system adequately for the limit A --, x (i.e. for the second step to be taken), essentially implying the (linear) independence of the incoming and outgoing waves. Now substitute the pertinent part from the normal mode expansion (5.23) for the incoming driving field on the r.h.s. of the equation of motion (5.21) for the actual oscillator. Then define y(t) = x(0. t)- ,(t). (5.34) ,(t) = Y ,k(t), such that r/ (t) must be solved from (5.35) 18hto //k + 2A6 + [Fth = i A J--- (B[ exp(i tot) - B exp(-i tod)), (5.36) with the initial conditions  (0) = /k (0) = 0. As a result one obtains (5.37) with ,(0)= ,i(0, 0)= p(0, 0) and y(0)= x(0, 0). The required solution from (5.36) is easily found by means of elementary amfiysis [351,3521 to be , /Shto [B eke(t)- conj.I. r/ (t) = i A �------ (5.3s) I It-"�" c-"i'"'-(I ,,)e -'"'0'] b (t) = to _ L}2 + 2 i lto -y - , (5.39) ,, = '_,(I + dto) + ',i ,/to, (5.40) where to = (,0 2- :)"- is the reduced classical frequency as before. What has been achieved is in fact quite interesting. The result (5.37) shows that y(t) represents the position of a classical damped oscillator, even in the case that there do exist incoming signals from the semi-infinite transmission line. In other words, the dynamics of a classical damped oscillator can be obtained in an exact manner if one subtracts the incoming reservoir signals (thermal noise, for instance) from the actual oscillator variables. This represents a well-defined example of so-called smoothing (see e.g. [29,66,353l) by noise- subtraction [1571. The explicit solution for the smoothed variable y(t), satisfying (5.37) and the required initial conditions, reads y(t) = e-'{x(O, O) cos tot + (!/to)[p(O, O) + ,x(O, 0)] sin tot}. (5.41)

 H. Dekker. Classical and quantum mechanics o[ the damped barmonte oscillator 5. 7. Connection with Caldirola-Kanai model Following Stevens, we now conjecture that a time-dependent canonical transformation exists from x(0, t), p(0, t) to y(t), :r(t) with y(t) given by (5.34) and the new, noise-subtracted momentum defined as = t)- (5.42) In view of the initial conditions on r/(t), one immediately concludes from (5.13) that [y(0), '(011 = i h, (5.43) while any other commutator at t = 0 will be zero. This gives reason to calculate the time derivative' (5.44) where we have used (5.111, (5.211 and (5.36). According to (5.321, the normal mode amplitudes are expressible in terms of the initial values x(z,O) and p(z,O). For the further evaluation of the commutators on the r.h.s. of (5.441, it is therefore useful to observe that (5.411 expresses the smoothed position y(t) for all times entirely in ternrs of the initial values x(0, 01 and p(0, 01 at z = 0. As these commute with any of the field variables on '': E ({}, A ), it can be concluded that y(t) = x(0, t)- commutes with the driving force of the bath at any time. Therefore, (5.44) is equal to [y(t), '(t)l' = 2ih, e "*' {1-  � hA [r/(t), B, c'""'- B,c '""']}. (5.45) Since rt(t) has been expressed in terms of the B,, Bk by means of (5.35) and (5.38)-(5.40), the commutator can now be calculated explicitly. Using the algebra (5.331, one easily obtain, [y(t).'(t)l':2ih,e -'' I- T (a,, _ .O212 + 4, 2a, � We now take the actual infinite system size limit A --. :c, so that in view of (5.30) (5.46) (2-/,I) '--. (I/c) f do', (5.47) k which yields [y(t), -(t)]' = v i t c 2' {1 43 f w'" &o' - -/'/-)- + 4,','-I ' [) � One may of cour,c compute the cmmulator itself. but the prc,cn! mcthtl turn out to bc much ,.implet. �� Note. fir the sake of detail. that z = l) is contained in (5.311 and (5.32) only with measure/cm. v.'hilc the non/ero commutator {5.131 at: = 0 is nonsingular.

H. Dekker. Classical and quantum mechanics of the damped harmomc oscillator 35 where we have further used the relation 2Mc = K/C 2= Kp/ff = p/too = I (see (5.8)-(5.11))." The integral can be evaluated analytically as Hence. (5.49) [y(t). -(t)l' = 0. (5.50) so that, in view of its initial value (5.43), [y(t), :r(t)l = i It (5.51) at any time t_>- 0. Other commutators can be handled sinfilarly to show that y(t) and r(t) are indeed proper canonical variables. Note that in proving (5.51) we have used the nature of the solution for y(t) in going from (5.44) to (5.45). in fact, the precise explicit form (5.41) of that solution, together with the corresponding expression for '(t), was used by Stevens [ 1571 to arrive at the same conclusions. Thus, to be clear, whereas Stevens' proof involves the explicit formulae for the smooth (noise-subtracted) oscillator variables, the present treatment rather makes use of the explicit expressions for the noise n(t). The results are the sanre. Further note that the transformation replaces x(0, t) and p(0, t) by y(t) and rr(t), but that it does not allcot the normal mode amplitudes of the reservoir: From (5.34), (5.11), (5.42) and (5.37) it is clear that the canonical equations for the noise-subtracted tagged oscillator variables are ) = H' = -"*' (5.52) ir = - H '. = (5.53) Evidently, the total Hamiltonian H' will therefore consist of two commuting parts H" and H', where H" generates the dynamics of the smoothed oscillator and where H' merely pertains to the reservoir. That is, . t. t) H'= H"+ Ha(A,A*;B&,B, (5.54) (5.55) The latter effective Hamiltonian for the smoothed oscillator is an exact isomorph of the original � For the electrical mxlcl the choice p = m. = I Irandales into I' = I,, = I. ' that again 2Me = ,de: = I'll,, = I (':e below (5.18)). � "Recall thai v(t) and qmilarly r(t). Commutes with the Ba (.see (5.-14)-(5.45)l. The same argument of course applies to the Aa.

36 H. Dekker. Classical and quantum mechanics of the damped harmomc oscillator Bateman-Caldirola-Kanai Hamiltonjan (4.15). However, the different physical significance of the canonical variables in (5.55) and (4.15) must not be forgotten. The present model does not violate the fundamental commutator Ix, p] = ih in the course of time. in contrast with the standard Caldirola- Kanai theory. As we have seen, the single reason for this is the absence of noise (i.e. the usually thermal, incoming signals for the same subsystem, the reservoir. that accounts for the dissipation) in the latter phenomenological classical approach. These findings. originally most clearly formulated within the present context by Stevens in 1961 [157]. were in fact corroborated at about the same time by Senitzky [50. 354]. However, the latter did not discuss the connection between the harmonic oscillation-reservoir model and the Bateman-Caldirola- Kanai model. His treatment is limited to the weak damping approximation (first order in A). whereas the present formulae are still exact within the model's framework. Actually, it is somewhat hard to see good reasons for restricting the treatment to the weak damping limit. It is very well conceivable that the single privileged oscillator, which is under investigation. is strongly damped while the vast majority of the oscillators in the essentially infinite reservoir still is in the same equilibrium state as in the weak damping case. The amount of energy dissipated by the tagged oscillator will always be negligible compared to the total energy content of the reservoir. See further section 8. fi.b'. St,in'in's treatment Consider the classical Hamiltonian (5.55). The canonical generator F = -, y + - ,(t) - y c -'' 4(0 (5.56) transforms y, r into x. r, as follows: ,r = F. = r, - e''4(t), x = F.,. = y + ,(t). (5.57) Compare these formulae with (5.34) and (5.42). The new Hamiltonian H'" = H"+ F., becomes H'" = t, e-2,;r + t 2 e 2,f/.,x2 _ e2,B(t) x, (5.58) where an irrelevant term independent of r,, x has been disregarded, and where we have used (5.35) and (5.36), so that ./Shw (B[ exp(i tot) - B& exp(-i tot)) B(t)= i A  Xl A ' (5.59) The Hamiltonian (5.58) has precisely the form of the HamiltonJan introduced by Svin'in in 1976 [180]. It was recently also used by Brinati and Mizrahi [181l, investigating its quantum mechanics in complex phase space (see also [156, 195l). Svin'in treated B(t) as a classical, Gaussian delta-correlated thermal Langevin noise source in order to romedie the observed violation of Heisenberg's principle in the original Caldirola-Kanai quantum theory (see refs. quoted below (4.15)). That is, Svin'in*s Ansatz is quite akin to the Langevin-Wiener assumptions (I.4) for the process so(t) as discussed in the Intro- duction. Let us presently calculate the correlation function of B(t), as given in (5.59). explicitly. Considering

H. Dekker. Classical and quantum mechanics of the damped harmomc oscdlator 37 the noise in principle to be of a quantum mechanical origin. we determine the svmmetrized Wevl- Wigher [276. 277] correlation function in order to obtain a real outcome. Then. using the properties of a thermal bath (see e.g. [19, 23, 50, 57. 164l). (B ;B,) = (exp(tkodkuT) - l)-'&t. (5.6o) one easily obtains in the infinite system limit: ;:([B(t + r). B(t)].) = 4A f o cos o'r do', (5.61) where  represents the modified Planck function (l.! !). Evidently, the noise from the transmission line is quite different from being delta-correlated. Actually, although the thermal part converges. the integral in (5.61) does not even exist because of the diverging zero-point contribution. Only in the extreme classical limit k.T , (5.61) can be reduced to (B(t + r) B(t)) = (sc(t + r) so(t)) = 4k. TS(r). (5.62) Front comparison with its definition (1.4), we see that this would imply a diffusion cocllicicnt D = 2lk,T." Of course, the integral in (5.61) does converge if we drop the zero-point fluctuations, but that would spoil the cure of the deficiencies of the damped oscillator as observed in the Caldirola-Kanai theory. On the other hand, treating the bath {semi-) classically and ascribing the vacuum fluctuations in fact merely to the tagged oscillator must be considered rather unsatisfactory, to say the least. Notwithstanding that the corrdation function (5.61) can not be calculated in general, the spectral density defined by (1.5) does exist. If o > 0, one obtains S.(o) = 4, (o), (5.63) while S,(-u) = S(u). Defining a frequency dependent diffusion coefficient by means of &,0u) = 2D(u). one has D(tu) = 2A(tu). Svin'in's Ansatz amounts to the assumption that only the actual value of the spectral density at the free oscillator frequency tu = .Q will be relevant to dynamical quantities of the damped oscillator. Intuitively, this will at least require weak damping. But, as should be understood from the preceding, this is by no means sufficient. For complete equivalence with Svin'in's treatment [180] we can simply replace in the HamiltonJan (5.58) B(t) by (t) with the properties (I.4) and the diffusion coefficient given by D = 2A:?(.O). Hence,"" (so(t)) = 0; (sc(t + r) so(t)) = 2D D = ,M2 coth('2hfl/k.T). (5.64) 'This is twice as large as the diffusion coetticient in the lntnxluction. See especially (I.1). (I.5) and (I.8). Both here and there  has been chosen as the relaxation constant of the energy. However. preenfly not only the momentum bul aim the positkm carric energy. Therefore. in thermal equilibrium now E = kaT instead of !kaT (e below (I.8)). which explains the factor two in the diffusion coefficient. '"' Note that Svjn'in's ct = 2A. while his u is the present/ and Ihe prescnl u is his

38 H. Dekker, Classical and quantum mechanics o[ the damped harmonic oscdlator As usual. one may compute the equations of motion for expectation values from (3.46) with H --. H"'. or equivalently directly from the Schr6dinger equation i tt., = H"'(;r, x, (t). t). (5.65) Note that the averaging procedure will consist in fact of two parts: first. the common quantal averaging with b. and second. the thermal averaging of se(t). In terms of the mechanical variables the result for the variances reads 6't,x = -2o', + crv, -/22o'., + ((x) &,., = (5.66) (5.67) (5.68) The quantities ((p)sC) and ((x)s0 are easily calculated following the lines of standard Markov-Langevin theory (see e.g. [19. 21.23. 24, 37. 57-59, 65.66, 92] and the Introduction). That is, formally integrating the equation of motion of the as yet merely quantum mechanically averaged nonentum, (p)' = -2 {p) - .(22(x) + :(t). (5.69) and using (5.64) and ((x(t')) so(t)) = 0 if t' < t. one finds ((p)s c) = D. Similarly, by means of (x)' = (p), one obtains ((x)s e) = 0. Hence, &,,, = -23rv, + tr,t, - l:{r,,, t?,, = -4tr,, - 2I2tr,,, + 2D, &,, =2or,,,, (5.70) (5.71) {5.72) D given in (5.64). The only, but essential difference between (5.70)-(5.72) and the original Caldirola- Kanai model (4.28)-{4.30) is the present additional time-independent term in the equation for cr,,. which is due to the noise. It is a matter of straightforward calculation to obtain the solution with 6',,(0) = 0 and tr,,(0) = h/21L it reads cr,(t)= b-coth e-:*' I -coth I + A--sin2ot+ ~---sn- ot _ \2k,T! 21 \2''f-, T] J o o' ' (5.73) the associated result for the momentum spread being o',t,(t) =  coth \2k'-T]  c -2,, 1 - coth \2',T,/J I -  sin 2ot + 2 -- sn- ot . (5.74) The ultimate value of the uncertainty product becomes l: .,{ l.0 >l: cr,,,,(:) cr,,() = com- \2-W,T! - ' (5.75)

H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator 39 so that the uncertainty principle is preserved, albeit-as discussed-somewhat artificially. As they should, (5.73) and (5.74) reduce to (3.59) and (3.60) in absence of the noise.' Finally, it is worth mentioning that the above formulae can also be obtained entirely classically from the Fokker-Planck equation (see e.g. [21, 32, 34-37, 44-47, 51, 56-58, 62, 66, 73, 76, 90, 92, 231. 242, 332. 333]) for the probability density" W(p, x, t) associated with the Langevin equation (5.69), W., = -pW.., +/2:xI4,'. + 2A(pW). + DW.. (5.76) This connection will be made more precise in the sequel. See section 7. 5. 9. Transmission line fluctuations Returning now to the genuine transmission line model. it should be noted that in principle it can be solved exactly, without enforcing the Markov hypothesis. Namely, the dynamics of the well-defined noise-subtracted variables is governed by the simple linearly damped harmonic oscillator equation (5.37), that can be solved easily. In fact, the evolution of the position is given explicitly by (5.41). Let us just consider the final state in some more detail. Clearly y(:c) = 0, so that the actual oscillator position acquires the noisy value x(0, a:) = (). Hence, denoting x(0, t) by x(t) for convenience, (x()) = 0. More generally y"(:c) = 0 with n = I, 2 ..... For the second moment one thus gets, using the above result for the first moment, (x2(:c)) TM (/2(:c)). invoking (5.35) and (5.38) for /(t), and using the properties (5.60) of the thermal bath. one finds'" tr,, (:e) = 43; t0)' , do)' (5.77) ' � , , (0),. _ .(1z)2 + 432O)'2' Confining ourselves to the zero temperature ease T= 0, where the modified Planck distribution (i.I i) :h0), the integral in (5.77) is most easily cwtluatcd setting 0),2= reduces to (0)')--. t with 0)' dO)' = 0) dx and 0) = ([12- 12)m. The upshot is o-(c)=2--arccotg ( '3a ) . (5.78, This result agrees with Yurkc and Yurke's [391 and is also consistent with the formula of Ford, Kac and Mazur [381.'"' in the weak friction limit (5.78) can be expanded in a Taylor series as where, for future ' '"#' one comparison, should note the occurrence of a term linear in 3. � Recall that (4.28)-(4..1} fir the Caldirola-Kanai model are identical h (3.56)-(3.58} fir the dual Bateman-model. �� Since in (5.66)-(5.6,',1) at, , is, the Weyl-Wigner symmctritcd expression. the ditIusive m:tster equation (5.7h} is in fact .listicd by Wigher's distribution function [2771. e al. especially in view of (5.76) at T = 0. [2.1. 256 I. �� Recall the rclafi.n 2Me  I..c {5.46)-{5.48). .... In [3]. y = 23. and O = $1/2,. In [38]. replace Ihc Planck funclion I' by Ihc moditicd .P. ,.el T = 0 anti calculalc their (82}. wilh ..... 'c (7.51 ).

.g} H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator Finally it is not difficult to see that the formula pertinent to o-,,(:) will be (p-'(:)) = (-'(c)). At T = 0 one obtains = 2___ (o _ a')' + %"' o (5.80) As it stands/' this expression cannot be evaluated as the integral diverges logarithmically. Hence, the semi-infinite transmission line model does not allow the evaluation of the uncertainty relation. unless we would disregard the vacuum fluctuations from the oscillators in the reservoir. That, however, would imply the violation of the uncertainty principle for the tagged oscillator at low enough temperatures. 5.10. Summary The semi-infinite transmission line model shows that two steps must be taken in order to arrive at irreversible behaviour of a subsystem (the tagged oscillator at the near end of the line) if starting from reversible dynamics for the system as a whole. First, for finite system size, the number of degrees of freedom must become infinite (spatial continuum or field limit). Second, the size of the system must become infinite (spectral continuum or thermodynamic limit). Then left and right travelling waves in the line can be completely separated. In quantum mechanics there will always be fluctuations present in the incoming waves at the subsystem. This noise source remedies the violation of the fundamental commutator for the tagged oscillator. The noise is non-white, and unfortunately the uncertainty product for the damped oscillator cannot be evalttatcd as it becomes inlinite. save for the limit of vanishing friction A 6. The dual HamiltonJan and complex calculus 6.1. Complex symplectic model 6. I. 1. Classical mechanics Recently a complex symplectic formulation for the damped harmonic oscillator has been proposed by Dedene [197], touching the problem from the point of view of geometric quantization (see e.g. [355-369]). Apparently, Dedene was stimulated in his investigations by earlier attempts of the present author to describe the damped oscillator in terms of complex dynamical variables [59, 24, 195,258]. The relation between these complex variables theories will be studied in some more detail furtheron. Currently we will show that Dedene's HamiltonJan is connected with the time-independent dual Bateman Hamiltonian (3.6) by a simple complex canonical transformation. In fact, it is precisely the transformation used previously by the present author [59 I. � We do nol conskier a frcql,cncy cut-off ]38]. nor any nonlinear or relativistic moditicalim of Ihc model. Nor do we con4dcr lhc cxlrcmc limit A [ I1 .<paralcly. In lh;ll case (5.1} can be cvalualcd ;is usu;ll inlrodncing I)irac's dclla-dislrihulion. Using 15.4q)one lhcn lhe slandard rcsull for lhe undamped h;irmtnic oscillalor groundslalc. c cxtcn4on of dislribulion Ihco- beyond lhc cxlrcme limit cuffenlly under invcsligalion. e basic ideas are clly relaled Io lhe "pnrlie finie" of Hadamard [518{ and lhc modern Ihe) of generalized functions dercloud by hwart/[5 [q]. %mple [533] and Lighthill [521]. e also [41.4ql. 522. 5231. c rcsulls will be published elsewhere. e also the foolhole below

H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator 41 In the canonical transformations z =  (,- i ,x), 1 i =  O, + i 1 (+i ,x) 1 (6.1) the dynamical variables z and i i = 'z (as well as their complex (or Hermitian) conjugates) play the role of a canonically paired coordinate and momentum. The wiggle on z indicates a formal complex (Hermitian) mirror conjugation. That is, one must both interch_ange the real system variables by means of the earlier defined mirror conjugation {l -l; x, p,, p}, see (3.9)-(3.10), and take complex (Hermitian) conjugates. Hence, i = * (or ,f'). The inverse formulae of (6.1) are easily found to be i x =  (z - z'), -i  =  ( - .),  = (z + i*). (6.2) One should very clearly realize the difference between (6.1) respectively (6.2) and (3.9) respectively (3.10) (aside, of course, from the factor X/'). The complex variables introduced in the Fcshbach- Tikochinsky theory each involve a mixture of both the original and the artificial mirror image oscillator in terms of their mechanical variables, whereas the above definitions instead inwdve mixtures in terms of the canonical variables. In fact, writing (6.1) in terms of the mechanical variables one obtains (consult (3.5)) 1 z =  Lo + (. -i a,)xl. I Lo + ( +ia,)xl ' =  Lo - (A + i a,)], (6.3) while (6.2) leads to i x --  (z - z'), 1 t,:  [(,o -i )z + (,o + i )z'l, 1 0 =  [(,o - i )i + (,o + i )i'l � (6.4) The formulae in the first column of (6.3) and (6.4) are exactly identical' to those discussed earlier by the author in connection with the real physical damped oscillator [59, 24, 195]. The fundamental commutators of the Bateman-Feshbach-Bopp-Tikochinsky theory, (3.8), are transformed into 'Set for instance in [1951. formulae (4.9) and (4.10). q = z(2) m and r = i z'(2) 'm.

42 H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator [z, = n, :'1 = n. (6.5) As the transformation does not involve time explicitly, straightforward substitution of (6.2) into the dual Hamiltontan (3.6) leads to H =  + *, (6.6) where  = (o., - i .)z,;. (6.7) This is precisely Dedene's Hamiltontan,' which proves our assertion. Recalling that 2* = 2. the canonical equations are conveniently written as"' i = H.,,, = e .... ir = -H. = -e.,  = H ,, = .*,,, ': = -H., = -.;. (6.8) For instance, with ' = i i (i.e. i 2*) and the algebra (6.5) one readily gets z' = .it = -i t. oz - Az, (6.9)  = i ., = i oJi + li. (6.10) These equations must be supplemented with their complex conjugates, which stem from the other part of H, i.e. *. Clearly, (6.9) describes the damped oscillator, while (6.10) pertains to the mirror image system. Using the transformations (6.4) one obtains [59, 195] i--p, //= -2.p - and (6.11) (6.12) p, (6.13) 2110 - .02., (6.14) which are equivalent to (3.1) and (3.4) respectively, i.e. describe the damped oscillator and its mirror image, as it should. � There is a minor dittcrcncc in sign. not in l (as it might mere at first glance) but in o. See G)r instance Dcdenc's equation of motion for z. Note furlher. that in 11971 the bar dcnotc complcx conjugation insIcad of real mirror conjugation. �� In the syrupleer ic formulation [ 1971 the equal it*ns of motion ari from the Hamillonian string given by the vcclor field ,a, = -i(m - i l )( z.0, - .0 t). operating on a function F = z. resp..:. as P = ts,(F) = a.a dF; and similarly for It".

H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator -13 6.1.2. Quantum mechanical spectrum Let us briefly consider the quantum mechanics based on the Hamiltonian (6.6)-(6.7) with the algebra (6.5). Obviously, (6.5) is very similar (apart from a trivial scale ffictor X/') to the commutation relations for the usual oscillator creation and annihilation operators. However, it should be observed that  is not the usual Hermitian conjugate of z, but requires an additional (real) mirror conjugation. Following Dedene [197]. we shall here call this formal conjugation generalized Hermitian, for short G-Hermitian.'" If we now define a G-Hilbert space with the G-inner product (compare e.g. with (3.34)) (6.15) the norm conventionally chosen as (blb)= I, then the evaluation of the eigenvalues of the operators N_ = 5z/h and N. = z''/h can be carried through in the standard manner (see e.g. [57, 160-164. 300. 313, 314]). In brief, using (6.5) for instance for z and L one readily shows that these operators indeed are the annihilation respectively creation operator on the elements of the G-set {In-)l, for which N-In-) = n-In-). (6.16) That is, one finds x/ In-) = c..In_ - 1), In-) = c. In- + I), (6.17) where c and c' are c-numbers depending on the value of n_ only. Then n_ = (n-IN-In-) = n_) In-) = I�,, I" -> 0, (6.18) where we have used the normalization of the eigenvectors and ,,_ = ,&,'. = c,,'_ because h_ = n_. Hence, the lowest eigenvalue of N_ must be zero, and the spectrum is given by n_ = 0, 1, 2 ..... Further, as usual c,,_ = n t_a. In the same way one finds c' = (n_ + 1) ta. A similar analysis for the G-set {In,)} with N. In.) = n.ln.) shows that n  = 0, i, 2 ..... It should be noted that these sets of eigensolutions of H are completely independent of each other. Clearly, the Hamiltonians W and ', defined in (6.6), are defined on separate G-Hilbert spaces, say G. Notice, however, that it is not the physical oscillator and its mirror image that have been separated. The separation of H into W and W* deserves a more careful consideration. Let us first allow for the usual Weyl symmetrization (see also [370]) for both the N_ and the N. oscillator. Hence, H = w(�z + z'' + he)- i X(z - z''), (6.19) where e = ! for Weyl ordering, and e = 0 for so-called normal ordering [57, 299]. '#'# Evidently, the ordering (if identical for both subsystems) does not show up in the damping part of the HamiltonJan. � Note e.g. the 0 is not G-Hermitian. but that as usual #'  ()' = 0. as is easily verified by explicit evaluatic, n. � � Any conceivable ordering is possible in principle. See esp. 157, 3711.

4-$ H. Dekker. Classical and quantum mechanics of the damped harmomc oscillator This latter part, on the other hand, obviously allows for a nonzero separation constant, say 5, as follows: H = g_ + g., (6.20) g_ = o,(.;z + �h)- i , (.z + �h). . = o,(z'.' + he) + i ,t (z'.' + -h,). (6.21) (6.22) The eigenspectra may be given conveniently in a single formula, setting n. = n_ = n, as �,) = (n + e)hta ___ i(n + �5)hA; n = 0, 1, 2 ..... (6.23) Leaving aside here the precise observable physical significance of these spectra, it may be noted that the choice � = 0,  = 2, makes (6.23) an isomorphism of the Feshbach-Tikochinsky formula (3.42). On the other hand, with the choice � =  = 0 one obtains the Bohr spectrum as discussed by Dedene [197]. Furlher, the choice e =  = I reproduces the so-called Bohr-Sommeffeld-Maslow spectrum (see also [360]), another possibility discussed in [197]. Finally (but see furlheron), the choice e = I, 5 = 0 leads to Bopp's spectrum [I 14]. 6.1.3. Ouantum fluctuations The dynamics of the total system is described by the Schr6dinger equation, that we presently write formally as i h l )' = HI ). (6.24) If the two subsystems, the dynamics of which is generated by W, are independent (i.e. uncorrelated) at the initial time, they remain uncorrelated for ever in this complex-calculus-Bateman model. This is readily shown by setting I ) = 1+)I-) at any time, leading to i hl-)'=_l-), ihl+)'=.l+). (6.25) To be explicit, the G-Hermitian adjoint equations read -ih<-I' = <-I-, -ih<-+-I' = <-+-I+. (6.26) From (6.21) and (6.22) it is readily verified that the W: are G-self adjoint, i.e. ,,' -- W_-. Let us consider now the equation of motion for an arbitrary function F_ = F_(z, ). Since usually F-I-) is again a vector in G_-space, using the G-inner product definition (6.15) together with (6.25) and (6.26) one obtains the equation of motion in the conventional commutator form. As the analogous conclusion, of course, applies to an F, = F.(z', :7'), we have i (F=)' = -  (It=, =1). (6.27) More general functions F(z, 5. z', ') can almost always be written as sums of factorizing terms F.F_.

H D�. Classical ad quantum m�chamc o( h� damped hurmomc owdiaor 4 As an immediate application of (6.27) one obtains the correct equations (z)' = -i a,(z)- Mz), (i)' = i a, ff) + (), (6.28) on G_, and their complex conjugates independently on G+. As to be expected in view of (6.27), notice that the equations of motion are entirely independent of a particular choice of e and & Considering the mode!'s quantum mechanical fluctuations for the physical oscillator, however, the consequences of the above performed separation of the total system H into two noninteracting subsystems e_. are more or less fatal. Namely, since F= z'z factorizes as F= F.F_, one obtains (z'z)---(zz')--(z')(z) at any time. or o-:,,  o-,:, 0 (which implicitly defines the variances in the usual manner). By means of the transformation formulae (6.3) one easily infers the consequences for the variances in terms of the proper mechanical variables of the real physical damped oscillator. One finds: o'w(t ) + 2Ao'v,, (t) + .OZo'(t) = 0. (6.29) Evidently, we are in fact not even able to let the system start off at t = 0 from the free oscillator ground state for which o'vx = 0 and o-,, = f/:o-,., = h.(//2. Of course, the fundamental reason for the failure of the formalism is the fact that neither of the separated Hilbert spaces G contains the physical oscillator as an entity. And the separation became feasible in view of the fact that both z and  commute with both z' and :7', as the only nonzero commutators are given in (6.5). Since this algebra is connected with the basic Bateman-Feshbach-Tikochinsky commutators (3.8) only by means of the simple complex canonical transformation (6.1), we are back again at the origin of the problems that have already been discussed in section 3. Presently it is even more clear that the dual HamiltonJan on its own can never describe the correct oscillator quantum mechanics, as it can not even do so if A = 0. A possible obvious improvement of the situation could be obtained assuming that, before turning on the dissipation at t =0, the system has been endowed on t<0 with the appropriate quantum correlations by some other means (most likely the correct free oscillator Hamiltonian). In that case the factorization I ) = I+)l -) is not valid at t = 0, and, switching on the dual HamiltonJan at that time, the subsystems I---) remain correlated as they were, since from then on they are noninteracting again. With these initial assumptions the separation of the dynamics with W_ and W. is in fact not allowed and one should consider the dynamics of the system as a whole, generated according to (6.24). Actually, this must be the situation that has been considered intuitively in the discussion of the Feshbach-Tikochinsky model in section 3. From (6.24), implying in fact (3.46), one again obtains (6.28) for the first moments, while the equations of motion for the variances now become' (6.30) &,, = -2 i ao',, - (6.31) if:,: = - 2Ar :' , (6.32) so that � It should bc recalled that in the prcscnt fi)rmali.�m or:,: , r::,.

 H. Dekker. Classtcal and quantum mechamcs of the damped harmonic oscdlator (6.33) o'Mt) = o,,,(O) e , (6.34) o':':(t) = o-:,:(0) e-:" (6.35) Using the transformation formulae (6.4) one readily obtains for the position and momentum spread of the damped oscillator the expressions o- = -(I/2u,)[o-,, - 2o-:,: + (6.36) = 0/20,)[(0, -i + + (,o + i (6.37) Letting the system start at t = 0 from the proper free oscillator ground state, where oyt,(0) = .O2o-,.(0) = h.O/2 and %, = I). amounts to cr::(O) = hA(A - io)/2o.(L o'd..'(O) = hA(A + io)/2o.(2 and (r:,:(O) = ht212to. Inserting (6.33)-(6.35) with these initial values into (6.36) and (6.37) finally yields h e_2, [ A: ] o'Mt) = ' ! +sin 2u, t+ 2 sin' t (6.38) o-a,(t) =- e-2*' [ ,- 3' sin 2 t + 2--. sin2 ojt] (6.39) which are easily seen to be identical to (3.59) and (3.60). Hence, the thus obtained solutions from the complex calculus for the dual Bateman model are the same as those from the real calculus of section 3. Clearly, a prerequisite to obtain (3.59)-(3.('I}) or (6.38)-(6.39) is the preparation of the actual oscillator, by an expedient other than the dual Hamiltonjan, initially in a proper quantum state: the Bateman HamiltonJan does not in any way have the power to do so. Therefore, we again face the troubles of the killing of the vacuum fluctuations. 6.2. Modified Bopp-theory 6.2.1. Separation of the dual oscillators The above analysis has oncemore shown that the roots of the troubles are at the incorrect fundamental commutator (3.8). That is, the physical oscillator and its artificial, purely mathematical mirror adjoint do not commute, whereas the dynamical variables of the physical oscillator on its own do all commute with each other, even in the limit of vanishing friction. No doubt, rather radical measures must be taken in order to improve the case. An interesting hint in the proper direction may be found in Bopp's largely overlooked 1973-paper [! 14]. In the sequel we shall present a modified version of Bopp's treatment. Bopp's HamiltonJan, closely related indeed to Bateman's dual model, ' is quite akin to the complex � It is curious to note that Bopp II 141 apparently was unaware of the work of Bateman [I I I and Morse and Feshbach [I 131 in this matter. Incidentally. probably due to the limited accc..,,ibility of [I 14[. Fc.hbach and 'rikochinsky [I 15. 1161 in their turn were unaware of Bopp', paper. The present author's attention wa drawn to [1141 and [I 15l during a visit to Garching/Miinchcn in 1979 [372[. See aim [108. 109, 289[.

H. Dekker. Classical and quantum mechamcs of the damped harmonic o.willator 47 symplectic form (6.6)-(6.7). or alternatively (6.20)-(6.22).' As shown above. however. a separation of the total Hamiltonian into two commuting parts one of which solely pertains to the physical damped oscillator will be a highly nontrivial matter. Now, note that in the complex formulation, as in the real case in fact, the equations of motion for the damped oscillator and the mirror adjoin; system are actually fully separated. See for instance (6.28). In the complex calculus the dynamics of the physical system on it own may be profitably written as for which the term improper (incomplete") Hamilton pair has been coined previously [196]. The only remnants of the artificial mirror adjoin; system in these expressions are 2 and its complex (Hermitian) conjugate, although they do not appear in the resulting equations. The essential notion oncemore is that the physical oscillator and its mirror image are fundamentally independent in NewtonJan mechanics. Evidently, the physical content of (6.40) remains unaltered if one simply disregards the bars. Ad- mittedly, this may be considered as a bold leap."' Indeed, its substantiation must arise from the resulting physics, in particular the ensuing quantum mechanics, to be discussed hereafter. The fundamental commutator (6.5) from the complex dual calculus now leads to [a,a'] = I . (6.41) where for convenience we have introduced the conventional variables a = z/X/ and a'= z'/X/. The pertinent transformations back to the real coordinate and momentum for the damped oscillator are immediately obtained from the first columns of (6.3) and (6.4) as [59, 24, 195] I i a,)x] I a' - V''w [p + (l + i v)x], (6.42) and x = i 2 (a - a ') , p= - [(to - i A)a + (to + i A)a'l. (6.43) By means of these formulae it is readily verified that (6.41) transforms into Ix, p] = i h. (6.44) � Cmplctc h*rmal equivalence may bc obtained by replacing :/X/. ;/,/ respectively 5'X/'. z'/X/ by Bopp's operators. a. a' respectively b. b'. Note. however, that these operators are not intrinsically guaranteed to behave as ordinary Hermitian conjugates. This facet is only vaguely touched upon in [114 !. See fur;heron in the present text. Parenthetically. Bopp uses Weybordering i.e. e = 1. but as it can be easily verified that the parameter e will never appear in observable dynamics (because the pertinent part of the HamiltonJan will always only occur in commutator expressions). this possibility can be disregarded from the outset for convenience. The insignificance of the separation constant & (see (6.21)-(6.22)) is less obvious, but will be pointed out in due course. See the footnote following (6.67). �� The pair of equation' (6.40) may hc considered incomplete in the sense that. although merely describing the dynamics of the damped oscillator variables :. and z'. as it stands (6.40) still makes reference to the mirror image system through the occurrence of ,f and �� It was preci.sely thi bold leap that was not clearly uncovered as such in rcf. [I 14 I. "'"�" Incidentally. (6.42)-(6.43} are in fact only special numbers of a much broader group of transformations connecting (6.41) and (6.JA). See e,.p. [258l.

48 H. Dekker. Classical and quantum mechanics of the damped harmonic o;ctllator Within the present context, this is an important upshot. Namely, it means that henceforth it must be possible to construct a formulation for the damped oscillator which intrinsically includes the usual quantum mechanics in the limit of vanishing friction. The price that has to be paid for the correct operator algebra is the Hermiticity of the HamiltonJan, together with a somewhat unusual form of the equations of motion. From (6.40) it is seen at once that the latter become [59] d = -(i/h)'.,.. d* = (i/h).*,, (6.45) with the generator for the damped oscillator now obviously given by  = f( - i )a'a. (6.46) Clearly, e*  e. The complex (non-Hermitian) generator (6.46) is in fact precisely Bopp's HamiltonJan H' (apart from the unobservable Weyl ordering constant). For more on non-Hermitian Hamiltonians, often in connection with the so-called optical model potential, one should consult e.g. [ 10, 24, 59, 102, 164, 218, 300, 303, 373-386]. It should be noticed that (6.46) indeed reduces to the well-known harmonic oscillator HamiltonJan if A [ 0 [160-164, 300, 303] (see also [190, 192-194]). Finally, for the sake of completeness, let us explicitly state that for the mirror image oscillator one now separately has (6.47) (6.48) which indeed can be considered as the formal (real) mirror conjugates of (6.45)-(6.46). Note that in effect we have really separated now the physical system from its artificial adjoint. 6.2.2. Quantization In order to investigate the quantum mechanics of the Bopp model for the damped oscillator, one constructs an ordinary Hilbert space (in lieu of a G-space), wherein the quantum dynamics is given by the SchrSdinger equation ifil )'=f(a-iA)a'al ), (6.49) its usual Hermitian adjoint given by -in( I'=( If(,+iA)a'a. (6.50) Evidently, the eigenvalues of the HamiltonJan become ,'/t',, = nf (a - i A); n=0,1,2 ..... (6.51) Compare this with (6.23). Note, however, the differing physical meanings here and there, connected with the differing Hilbert spaces. A first thing to observe from (6.49)-(6.50) is that, in congequence of the non-Hermiticity of the HamiltonJan, the initial norm of the quantum states will not be conserved in the course of time. Hence, in order to remain within the framework of the conventional

H D��r. Classical and quanmra mechanics of h� damped harmonic oscillator 4 probabilistic interpretation. expectation values will be defined in the general sense (F) = (IFI >/< I >, (6.52) F being an arbitrary operator. Let us now introduce the pseudo-density operator w as the projection operator w = I )( I. the state vectors obeying (6.49)-(6.50). The equation of motion for w becomes (see esp. [__.70]) i hO = Yew - w ' . (6.53) It is interesting, not in the least for comparison with Bopp's original treatment [114], to write (6.53) in the number of representation' where (see e.g. [57, 58. 270, 298, 299, 302. 387]) w = ' In) w.,. (m I , (6.54) w.,. = (nlwlm). (6.55) One easily obtains 6'.., = -i o(n - m )w.., - A(n + m )w. . (6.56) Notice that, as expected, the trace of the pseudo-density matrix {w,,,.} decays and, secondly, that diagonal and oil-diagonal elements do not mix as time proceeds. Even stronger, in their evolution the elements w.,,, do not interact at all. For the latter reason, (6.56) is almost trivially solved by w.,. (t) = p.,. (0) c-i ,<. -., },- <.,,. ,, (6.57) where we have choosen to set w,,,.(0)= p.,,,(0), which for the moment being just defines pnm(O). At arbitrary times t => 0, the appropriate density matrix {p,,,,,} is defined as p.,. (t) = w,. (t)/trace w(t), (6.58) so that trace p(t)= l, while (F) = trace pF =  p.,.F,.. , (6.59) as usual. Note, however, that the present theory provides us with w rather than p. In order to obtain p(t) one must specify particular intial conditions, i.e.p.(O)= w.,,,(0). Therefore, in principle, no equation of motion for the proper density operator of the damped oscillator exists within the present context that does not involve the system's initial state." � Be aware of the difi.erence between the pre'ent and the usual (free oscillator) number ;tates. In principle. the latter are a linear combination of the former. and vice ver,a. �� A p{Rsibly more precise relation between this facet and the obrved non-M:rkovian behaviour of the quantum mechanical transmission line (ection 5) remain as yet unexplored

50 H. Dekker. Classical and quantum mechanics of the damped harmonic oscdlawr It is illustrative (and rather unexpected) that the above description allows for the paradoxical stationary states, quite similar to those observed in the Sfissmann-Hasse-A!brecht model [129, 253, 254] (see (2.7)-(2.12)) and in Kostin's theory [198. 199] (see section 11).' Namely, if one sets w,,,,(0) = p,,,,,(0)= 5,.,,,&,.,,0, one obtains by (6.57) trace w(t)= exp(-2Anot), so that (6.58) leads to p, (t) = ...,...o � (6.60) Evidently, tb,,,,(t) = 0 represents an equation of motion that essentially involves the special pure state initial condition. Moreover, as such it is not unambiguous as. for instance, the equation i hi/,,,,, = (rt -- m )pnrn, with completely arbitrary time scale, would do as well. 6.2.3. The density operator Having started in fact from a classically damped oscillator (see e.g. (6.11)-(6.12) and (2.13)-(2.14)) one should, in view of Ehrenfest's theorem, pay special attention to classical initial conditions. Stationary quantum states as such do not behave very classical. For instance. (p)= 0 for any n since (.lal.) = (.la*l.) = 0. The latter formulae immediately indicate the way out. In order to obtain states for which (p) 0, which in regard of (2.13)-(2.14) is a prerequisite for observing classical dissipation [108, I09]. one should consider the most classical states of quantum theory [184,302]. namely the coherent" states la). By definition, the states [a) have the eigenproperty ala) = al), (6.61) a being a complex continuous valued number. These eigenstates of the annihilation operator have been extensively studied (see esp. [57, 298, 299, 301, 302, 3711). notably in relation to coherent optical phenomena in laser theory (see e.g. [20-22, 35-37, 58, 92, 184, 388]). They form a (over-)complete set of not strictly orthogonal states, properties expressed by I d = (6.62) = exp(-_',lct - fil"). (6.63) where d2ct = d Rc ctd lm or, and where the integration covers the entire complex a-plane. in analogy with {6.54), the density operator p can be expressed in the coherent state representation, for example, as"" p: f P(a)la)(al d2a, (6.64) where the diagonal, P- or Glaubcr distribution P(a) is a so-called quasi-probability density.'"" The � It ,hould be noted that au fired the semi-infinite transmission line (section 5),;hows a similar feature. as one might in principle prepare the rcserv,ir's incoming me system in an arbitra pure number state so that (BiBs)= m (e e.g. (5.1)). Of coup. the notion of a tcmraturc becomes mt in that ca. e minimum unceflainty states [293. 2%1 are aim frequently denoted as Glauber state (e e.g. [2 D. .... Ihc funcram I'{, ) i the antirotan.ally ordered amciatcd dcuitv pm of I.oui11 {57].  ho alo duc cxcnivcly dfllcrcm ordcring (scc alo [371D. As uch. I'(,) is one-to-one related to normally ordered avcragc. ''" 'lc reader houM not get confucd ith the notion "pcudo-dcn4ty" (ucd m connection h w. cc (6.531} and "qua4-dcnsit" (ucd for P). 'lc latter ix meant to xay that I' may take on negative valuc. in conm*t wflh a proof cla4cal dcn4ly.

H. Dek ker. Classical and quantum mechanics o! the damped halohie oscillator 51 coherent states are a specific linear combination of the number states, namely I ,) = exp(-�l,[:) exp(aa ')}0) = exp(-'.qa [ 2) ,__,, . In). (6.65) Let us now assume that the damped oscillator is at t = 0 prepared in a pure coherent state, say [ao). Hence, corresponding to P(a) = J(a - ao) J(a* - ag) in (6.64), one has p�(0) = ]ao) (ao[. so that using (6.65) co),0 exp(-lao[:) aa'/X/n!m' (6.66) Substituting this expression for p,,(0)= w,,(0) into (6.57), one easily computes the sum of diagonal elements of {w,(t)}, with the result trace w(t) = exp[-I,,ol=(l - e-Z")]. (6.67) Inserting (6.67) into (6.58) one obtains" a a p.,(t) = --exp[-la,,l: e-'-ito(n - m)t- A (n + m)t] X/n.-m . � (6.68) It should, however, be pointed out that (6.68) as it stands is not the most useful density matrix one might wish. Namely, by means of the transformations (6.43) it is not dill(cult to verify that a pure damped oscillator coherent state implies o'xx = fi/2to and o'pp = fi[/z/2to. Since both of these variances are greater than their free oscillator ground state values, we face the difficulty (which is quite akin to one earlier noted in the symplectic treatment along with (6.29): but be aware of the differences) that the system can not even start off with the usual minimum uncertainty. 6.2.4. The master equation Of course, more general initial conditions than the damped pure coherent state are possible, but they would spoil the derivation of (6.68). Even worse, they would spoil Ehrenfest's quantum-classical correspondence theorem. For instance, it is a matter of somewhat detailed but in principle straightfor- ward calculations to show that with initial Gaussian conditions, the distribution P(a,t) remains a Gaussian (see also [62]), but leads to mean values, e.g. for (x(t)), that deviate from the correct classical ones by contributions that do in general not vanish in the limit h $ 0. To be more explicit," the analysis leads to the conclusion that these unwanted terms are zero only in three cases. First, if A = 0 (for arbitrary initial conditions). Second, if x(0) = p(0) = 0 (for any A and arbitrary initial variances). Third, if the system is initially in a pure damped oscillator coherent state (for all A and arbitrary p(0) and x(0)). Hence, on the one hand we see that more general initial states than the coherent ones, if incorporated in Bopp's model from the outset, generally violate Ehrenfest's principle and prohibit the derivation of "This seem., the appropriate place I,,cc al,,o the footnote preceding (t.4oj} to point out that the ultim;flc rc,,ults ftr p,(t). i.e. (t,.ff9). i independent of any additional "paration" constant () in the anti-Hermitian part of the Hamiltonian (flAil}. It would merely multiply both the numerator and the denominator in (6.58) with the same extra real ex)ncntially decaying (or growing. if one wishes} factor. which thus drops out. ""(;ChOrally speaking the additional terms arc proportion;fl to t e . {tOt}: pot)}. {A,r..(o)/fi L where A,r,,,. = try,,.- o'': /. v = x.p: �r',! represents the damped oscill;mr coherent ,.late v;du�. Further. al,,o the relation ( = (p is altered by terms of a ,;irailar structure.

52 H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator (6.68). On the other hand, considering more general conditions by averaging in (6.68) over ao presetwes the required quantum-classical correspondence, but in effect questions the validity of (6.49) as a proper Schr6dinger equation for the damped oscillator. The latter point of view will be given more emphasis further on (section 7). Let ils then introduce the rather general density matrix f - p,,,, = P(aoJ p,,,,, d2ao, (6.69) p�o) .. given by (6.68). which is easily shown to satisfy the master equation [16-24, 34-37, 55-58, 62, 82, 114, 195, 196, 200, 270, 271,274, 289, 332, 333, 340. 389-393] p,,,. = - i to (n - m )p,,,. - l (n + m )p.,. + 2t V/(n + 1 )(m + l)p .. t.,- t. (6.71)) Remarkably, the result (6.70) does not explicitly depend on the initial conditions. Nevertheless, it does involve the particular initial states used in its derivation in an implicit way. For instance. this facet is rather well illustrated noticing that (6.70) does not allow for the pure number steady states (6.60), contrary to (6.56) on which it is based.'" The ground state n = 1} (which is a o-callcd random phase coherent state [57 D is a noteworthy exception. It is also worth noting that Bopp [I 14[. in fact. gave a somewhat heuristic derivation of the diagonal part of (6.70)."" /5,,,, = -2lnp,,, + 2l(n + l)p,,,,.,,.t, (6.71) and solved it subject to the initial condition p,,,,(0)= &,..,. Notice that, as in (6.56), diagonal and oil-diagonal elements do not mix in (6.70) and (6.71). Further, (6.71) is the well-known classical master equation for radioactive nuclear decay (see e.g. [34] p. 272). 6.Z5. Ouantum fluctuations From (6.69) it is easy to obtain explicit formulae for the moments. The first moments immediately lead to the correct classical expectation values (x(t)) and (p(t)). For the variances one finds (use (6.59)) o',, ',, ,(t) = r,, ,,, ,(0) c -' '"'-2.,,, (6.72) o',. (t)= o',.(0) e -:'"'-z' , (6.73) o-,,,,.(t) = o',,,,.(O) e--'*'+ (l - (6.74) = ,,-,,,,,(0) e (6.75) where for instance o-,,,,(0) = (ao:) - (a,,):, etc. Using (6.43) one obtains the relations o'.. = - (/2)[o',,. - (r,,',, + tr,,.,) + o',,'.'1. (6.76) "This i', in line with the known nonc,i&tcncc (within the trace class) of the P.diqnhution for pure number qatc. [211. 212. 371}. ' Bopp's w, has the same ignificance a the precn!

H. Dekkcr. Classical and quantum mechanics of the damped harnnntic owdlatt,r 53 o-,,,, = (N2,)[(, -i A):o'.. -,- f/-'(o-,,, + o-,) + (, + i A):o'',,'!. (6.77) o-,,. = (N2,)[(A + i ,)o-.,, - A (o-,,.,, + o-.,,.) + (A - i ,)o',,'.'1 � (6.78) where o',, is again the Weyl form (see (3.53)). Notice the essential difference between (6.76)-(6.77) and (6.36)-(6.37). which principally stems from the fact that presently a' and a do not commute. By means of (6.42) it is further observed that the usual free oscillator ground state initial uncertainty presently amou n ts to o',,,, (0) = 3, (Z - i oJ )12oJl'L o',, ',, '(0) = 3, (Z + i oJ )12oJl'L tr,,',, (0) = (QI2o) - :. o'.,, ,(0) = (1'212oj) + . Inserting (6.72)-(6.75) with these initial values into (6.76)-(6.78) finall)' yields' h [ +A_. Z 2 ] h _e_Z,,) o-.,(t) = - e-' I sin 2tot + 2 --- sin2 ot + -- (1 , (6.79) [ A' ] ha2 o'(t) = e -z' 1 -  sin 2ot + 2  sin 2 ot +  (1 (6.80) hA.O _, hA (l-e-'). o'p, (t) = - '---I- e sinZ ot - -- Comparison of these results, in particular of (6.79)-(6.80), with (6.38)-(6.39) for the (complex) dual model, shows the important upshot that has been achieved by imposing the correct quantum mechanical algebra (6.41)-(6.44): the quantal vacuum obviously has not been turned off by the frictional forces [24], i.e. Heisenberg's principle is not violated here. 6.3. Summary The time-independent Bateman HamiltonJan has been related to the symplectic damped oscillator Hamiltonian by means of a complex canonical transformation. The symplectic Hamiltonian can be separated, but the two uncorrelated parts are mixtures of the physical oscillator and its mirror image. Heisenberg's principle is obviously violated. Then, following Bopp, the separation of the physical system and its artificial adjoint has been enforced. The resulting quantum mechanics has the correct algebra. Unfortunately, the derivation of the density matfix equation (6.70) from the postulated Schr6dinger equation (6.49) involves somewhat unsatisfactory subtleties. As it stands, (6.70) guarantees the validity of both Ehrenfest's and Heisenberg's principle. 7. Complex phase space quantization 7. I. Preliminaries As noted already in the Historical smwey (section 2), each of the theories discussed so far intrinsically involves the postulate of the existence of a Schr6dinger equation for the dissipative system. In essence, four types of dissipative Schr6dinger equations have been encountered. First, a nonlinear Schr6dinger � Note that presently d', (0) 0. See e.g. (3.59) and [1. 156. 18o I.

54 H. Dekkcr. Classical and quantum mechanics o[ the damped harmtmtc o.willator equation (of the Siissmann-Hasse-Albrecht type:" see section 2). Second, a multidimensional equation (two dimensional for the Bateman-Feshbach-Tikochinsky dual model. as well as for Dedene's complex symplectic formulation: see sections 3 resp. 6; infinite dimensional for the Stevens-Yurke semi-infinite transmission line model: see section 5). Third, an explicitly time-dependent Hamiltontan model (namely that of Bateman, Caldirola and Kanai": see section 4). And fourth. a Schrrdinger equation with a noteworthy non-Hermitian Hamiltontan (a modified presentation of Bopp's model: see section 6). However, it is in fact well-known that the general state of an interacting subsystem will not be a pure quantum state."' but rather a statistical mixture to be described by a density operator [16-25, 50. 55-58. 61, 8,7-89, 2(}0. 270-287, 298-303. 310-314. 375. 387-393]. For that reason, the significance of the assumed dissipative Schrrdinger equations has been questioned. in particular by BurzlatT''" [289] and the author [184. 24. 1951. In the preceding section it has been shown that Bopp's Schrrdinger equation (6.49) has certain undesirable implications (notably the possible violation of the correspondence principle), whereas the density matrix equation (6.70) as such is much more satisfying. Of course, in questioning (6.49) one should not overlook the evident importance of the correct fundamental commutator in Bopp's (modified) theory. As should be clear, the latter (i.e. (6.44)) is intimately connected with the separation of the damped oscillator and its mirror image, which are (quantum mechanically uncomfortably) intertwined in the complex (symplectic) dual model. On the other hand, the symplectic formulation is intentionally on good terms with the notions of classical and quantal phase spaces (symplectic manifolds and Hilbert spaces), employing the methods of geometrical quantization [197, 355-369]. Let us therefore return to Dedene's complex symplectic calculus for the damped oscillator and introduce the phase space description from the very beginning (i.e. already in the classical formulation) in an explicit manner. Then, imposing the correct algebra (as in Bopp's theory) and eliminating the mirror image system from the description, yields a continuity (or: master) equation in the reduced phase space of the physical oscillator. Only after these (classical) preparations, the system will be quantized. That is, rather than seeking a pure state Schrrdinger representation (which need not necessarily exist), one allows from the outset for arbitrary mixed states represented by a density operator. Of course, the latter representation contains the former in special cases (e.g. if A = 0). 7.2 Reduction o[ the dual phase space Consider the Liouville equation for the closed complex dual system of oscillator and mirror image, in the phase space spanned by z, , 'z = i * and - = i z �. It may be written as (e.g. R., = -i[H, R], (7.1) where R is the total phase space density, the Hamiltontan H =  + * is given in (6.6)-(6.7) and where -it, ] can be identified as classical Potsson brackets."''" More explicitly, (7.1), reads in view of (6.5): "Two other types of nonlinear Schrrdinger equations will be discus.ed furlher on: Has's non-Hermitian model (ction 9) and Kostin's Schrrdingcr-Langcvin or fluid dynamical equation (ction I I). '" One could al.') catalogue here the Stevens transmission linc m(v. lcl after the t/me-dependent canonical transformation. ��" Within the prcnt context wc shall dcfinc a purc quantum state as a state ob,:.ing any )rt of 'hriklingcr equation. ""�� It is amu,ing to note that Bopp promoted Bur-llal's thesis """'"' In another notatittn [V}7. 355-31 it reads R t = -st,(R), with sell = scr + sta,,; scr is the .'�cttr field specified in the f<mtnotc at ��""�� Recall that H with the aigcbra (.5) is quantum mcchanicalb wrong. ntt classically. Therelure. one should notice that the preliminary manipulations hcrc are in classical phase space.

H. Dekkcr. Classical and quantum mechanw o[ the damped harmonw o.wtllatt,r 55 R., = i H..R., - i R .-H., + conj., (7.2) where "coni." denotes complex conjugation. Note that H* = H. As it stands, (7.2) is not convenient for the intended reduction of phase space. Therefore, we rather cast it into the form of a continuity equation. Eq. (7.2) is evidently equivalent to" R., = i(H..R). - i(RH.D.,- + conj.. (7.3) Recalling e.g. (6.8). noticing that for the classical Dedene HamiltonJan *= '. and trivially inter- changing the second term on the r.h.s. of (7.3) with its complex conjugate, one readily casts (7.3) into the form R., = i(.,.R).: + i(.:.R). + conj.. (7.4) which clearly has the structure R., = tt:,m+ mirror conj.)+complex conj. u,., u,.t = ttm + complex conj.)+ mirror conj. Recalling (6.40), one again notes that the first term (plus its complex conj.) on the r.h.s. of (7.4) completely describes the phase space flow for the damped oscillator on its own, whereas the remaining terms just pertain to the mirror image. Therefore, the elimination of the artificial mirror system from (7.4) is most easily accomplished by an integration with respect to 2 and 2', with the appropriate measure. The latter need not be specified (but see [1951) as it suttices to indicate this operation by a classical projector St, so that R = s,R + - (7.5) (7.6) where p represents the reduced phase space density, also called the relevant part of R (see e.g. [1(v-251). However, since the integration is in fact not over a genuine canonical pair, one must redefine the remaining subspace algebra. As in Bopp's theory (section 6), one naturally imposes the conventional algebra on the physical oscillator's subspace. That is. en passant rescaling the dynamical variables again as z/'v/ = a and z*/X/ = a*, one is concerned henceforth with the fundamental commutator (6.41), or (6.44), and the transformation formulae (6.42)-(6.43). Eq. (7.4) becomes (7.7) with  = h(a, - iA)a'a, (7.8) the latter in fact given earlier in (6.46). It should be noted that as yet (7.7) still is a classical, c-number equation so that the ordering of quantities is actually immaterial. However, it will turn out that considering the quantal analoguc of (7.7), one should specify the ordering of , p and * even for � Previous foolnol�,


5 H Delker. Clamcal and quantum mechantcs of the damped hunnontc oscdlau,r linear systems if 3(' '. As is well known. in principle such ambiguities cannot be circumvented in quantking classical systems (i.e. in adding quantum fluctuations'), although in many cases the ap- propriate choice can be inferred from intuitive arguments or imposing additional constraints (such as general covariance; see e.g. [228, 231,394, 395]). In [195] we have given a somewhat intuitive reasoning concerning the detailed structure of the quantal version of (7.7). Presently, we shall rather leave the ordering undecided until we have extracted some more definite consequences from the theory." The final conclusion will be the same as in [195]. The so-called complex Hamiltonian  featuring in (7.7) generates the classical, deterministic dynamics according to the equations of motion (6.45), which are obviously akin to the usual canonical equations. But it should be noted that, as a consequence of (6.45), this complex variable theory differs in a number of respects essentially from the usual canonical theory, although it naturally reduces to the latter if ,,'� = W (i.e. for the damped oscillator if A  0). For instance, although W does not explicitly depend on time it need not be a constant of the motion. It also need not represent the proper mechanical energy of the system. Further,  is in general not invariant under a complex canonical transformation.'"' Therefore, the theory should rather be called quasi-Hamiltonian. Nevertheless, h" does play the role of a kind of complex potential determining the trajectories in complex phase space. Moreover, it should be noted that the continuity equation in phase space is always more general than the standard density equation for the incompressible phase space fluid, which expresses Liouvilles theorem (compare e.g. (7.3) and (7.2)). The latter is contained in the former in the case of closed, nondissipative Hamiltonion systems only (see esp. [28,37]). Hence, if one is not starting from a complete, fundamentally reversible Hamiltonion description of, so to speak, the entire universe (and one is even almost never interested in anything of that sort [35-37, 402]), then the Liouville-continuity equation "" is ;i sound starting point, In parlicular this seeIns rclcvmll if one is aillfing at a pro- babilistic description of the system. And. to be clear, we shall here entirely conform to the conventional. essentially probabilistic interpretation of quantum mechanics. Incidentally, other approaches to the (quantum) dynamics of open (non-Hamiltonian) systems which are closely related to the above basic ideas, may be found for instance in [61, 271, 289-291, 403-416]. In many cases a (Markovion) semi-group property (i.e. in fact a master equation; see also e.g. [73,417]) is introduced as the fundamental dynamical postulate (see esp. [271], and references contained therein). 'This is quite analogous to adding Longerin noise 'sources to deterministic equations in the classical theory of stx'hastic processes (e.g. [21, 37. 56. 59. 3J): the obable results dend fir instance on the choice of cmrdinalc. See ep. [.J. and alo [62, 397 I. In general. the ambiguities can be cleared up if one has a well-defined micro.opic physical model for the *' At the rik of os'crburdcnulg. let u note that Ill)f11 (7.7) it 4rotfid be clear th.tt neither an trdcring O)tlxtant sec. for both t and & (t,.23) and the fotnotc preceding (t tS)) wtll influence the results arising from the prcent [*rmulation. '" Such ;t lranfirmtfim is cotsen6,nall) dclh*c'd a precrmg lhc bitc form of Ihc equalim ff motion (t.45). Scc alo c g. ]1]. In the one dimendonal complex case this is almost trivial. and Iho Iransfirmalions that leave Ihe Poisson brackets (6.41) invariant rather form a subgroup (in Ihe landard real variable Iheo' Ihis invariance is deductive). Nole Ihal (6.43) in fact is nol a proof complex cammical transformation in Ihc clas4cal theo ut e [24, 11, 3981). c complex character of W generally break the invadance of the classical Poison brackets under the particular time-dendenl (canonical) transformation Ihal )Ivcs Ire dynamical problem Of course. there is no fundamental need to hrmulalc clasdcal mechanics in terms of brackets rather than in differential m,lotion. not even in order to quantitc the ylem (see e.g. I IM}, esp. p. 355; of coup, the imamonce of the bracket representation in the historical dcveh*pmcnt of (conrvatic) quantum mechanic hould not be depreciated lift). 39)1]). For mine more details on Ire above ascls of the clasdcal cmplcx variable Ihco. c Ihe qcclion on Ihc Hamilton-Jacobi formalism. ..... Ihc nomcnckflurc in Ire hlcralurc i nol unique. Althmgh oucahal 4oppy. if there can bc ill omclimcs al. be called cocnli,nall I.touvdlc equalion, n:mwh' d lhc dn:lmlc i intrincall dclcrmmiqic {scc c.g {.I.13). 13c matcr CqU;llltql adl ;lla',l he of the more central cmtimfils Ism' In tltlallttllll moth;intex t I -a aild then dcmded  m,rc :ppropruflcl for open Sstcm (lth nnxcd %tittc) ;t% N,tkallltla-Zw;ul/Ig cquati.n (c g. Ill,-[q. 231)

H. D�er. Classical and quantum mechanics o[ the damped harmonw oscillator 57 7.3. Ouar. tization Let us then consider the quantization of the Liouville-continuity equation (7.7), as it stands.' To this end we let the classical dynamical variables become operators in a conventional Hilbert space. The only nonzero fundamental commutator is given in (6.41). i.e. [a, a'] = 1. which fixes the algebra (see for a particularly clear treatment Louisell's book [57]). Since the ordering of :,Y, p and ' is not irrelevant in quantum mechanics, we introduce a real continuous ordering parameter 0- < c-< 1 and write the quantum version of (7.7) as p., = {(I - c).,,'p + cp.,,'}.,, - - {cf.*,p + (I - c)p7(.,,}., . (7.9) By means of the general operator relations (e.g. [57]) [a. F]: F.,,', [a', FI = -F,., (7.10) F being an arbitrary well-behaved operator function, one readily casts (7.9) into commutator form, witIt the result" i [a'. (I -c)[a, ]p + cp[a, ]l + conj.. l = -  First of all, notice that by using the fundamental commutator (6.41) in going from (7.9) to (7.1 I) one simply endows the mechanics with the usual algebra. This is a conditio sine qua non for obtaining the well-known nondissipative results. Further, note that (7.11) by construction guarantees the conservation of probability, i.e. (trace p)' = 0. In [59] it has been proved that the classical  can always be taken real whenever there is no dissipation, that is if the process is time-reversible (see also [300,331,418]). Consider then (7.1 I) with Hermitian , i.e. Y(* =  = H. It is not difficult to show that for Hamilton- ians of the form (see e.g. [57, 164, 195, 3(}2]) H = It o(t) ata + a* s(t) + a s*(t), (7.12) re(t) and s(t) being arbitrary scalar functions of time, (7.11) reduces to the usual commutator equation l = -(i/h )[ H, p ] , (7.13) independent of a specific choice for the ordering parameter c. The HamiltonJan (7.12) generates the most general dynamics of a driven linear oscillator. For more general Hamiltonians the above reduction "Requiting the usual ocillator quantum mechanics in the limit I -- O, the continuity equation in terms of x and p leads to a violation of the uncertainty principle whenever l  0. Moreover, in terms of the real variables the ordering arguments of [195J cannot be ud as there is no HamiltonJan whatsoever. "�We have chmen to write ,6 rather p., in expressions where the explicit dillerential representation of the operators is not shown. See also ction 6.

58 H. Dekker, Classical and quantum mechanics o[ the damped harmonic oscillator usually depends on c or ceases to be valid (in principle for nonlinear systems)." It is quite interesting, however, to observe that for the rather basic HamiltonJan H = I} o,(t) a*a + I} ob(t) b*b + g(t) a*b + g*(t) ab*. (7.14) which describes two interacting oscillators, the reduction to (7.13) is still valid. even if one generalizes (7.14) straightfonvardly to an arbitrary number of oscillators. See also the section on the quantum optics model. Let us now return to (7.11) with the Hamiltonjan (7.8). The Hermitian part of this Hamiltonjan clearly falls into the class (7.12)-(7.14). Inserting (7.8) into (7.11) one obtains /5 = -i o[a'a. Pl - 3.(1 - c)([a'. apl + 1/,,'. al) + lc(lpa. "'! + [a. (7.15) Although, of course, any averaged quantity can be calculated directly from (7.15), it is convenient and instructive to represent it in terms of a quasi-probability density. This can be done in different ways (see e.g. [20-22, 57, 182-184, 298-302]). Here we choose the diagonal P-distribution, defined earlier in (6.64). which implies c-number averaging of normally ordered products (a')ka t. Following Louisell [571. one then assumes p to be in antinormally ordered form and by means of (7.10) arranges all terms on the r.h.s. of (7.15) into that order, whereupon one may simply replace the operators by their coherent state eigenvalues (see e.g. (6.61)). This leads to P., = (3. + i (o)(aP).,, + (3. - i to)(a*P).,. - 2AcP ..... ., (7.16) which is a Fokker-Planck equation with a nonpositive dittusion coetticient. The mean values (a(t)) and (a*(t)) immediately lead back to the correct results in terms of the real dynamical variables x and p, satisfying Ehrenfest's theorem. The equations of motion for the second moments are easily found from (7.16) to be (a?') ' = -2(A + i to)(a:), (7.17) (a':) ' = -2(A - i to)(.'z). (7.18) (or*or)'= -2A(ot*ot)- 2Ac. {7.19) Hence, in the long time limit (a:)--,0, (a*:)--+0, while (a'a)-+-c. Since further (a)--,0 and (.*)--.0, one obtains for the variances (compare with (6.72)-(6.75)): (7.20) a.',,() = -c. ,r.,.,'(:q = I - c . (7.21) � Ouilc gcncrally, Hamillonians wilh more complicalcd conwibulions in terms of Ihc crcalion and annihilalion operalots can bc conddcrcd as �ffccliv� Hamillonians, which arc aclually inferred from pcrlurbalional considcralions based on a more fundamcnl:d. clcmcnlary inlcraclion. For him*n,;. Ihc failer ha,, Ihc ba'ic ,lruclurc b'a and a 'b. See for in,,lancc Ihc quanlum oplic. model ]1,c-23. 35-37, II. 511, 55-58. ,'-'}3, 21111. 275. 340. 3.*4, 388-3921 and. routaris mulandis (electrons arc fcrmions}. Ih� Ihco/of superconductivity [.7. 419--421 I. Scc al. [105 I. hc prc,,icn! clion on the quamum optics model and cq. (7.14).

H. Dekker. Classical and quantum rnechantcs o[ the damped harmomc owdlator 59 By means of (6.76)-(6.77) the variances in terms of the real space variables are then easily calculated. with the result o-0() =/'/:o-, () = (1 - 2c)h/'/2/2o. (7.22) Evidently, in order for these results to make sense at least c -< , that is 0 5- c -< . Moreover, forming the uncertainty product one obtains cr,,(=o) or,, (=o) = (1 - 2c):h (7.23) If A J, 0, this uncertainty product approaches the value (1- 2c):fi:/4_ -> fi:/4. The latter inequality only holds if c ->_ I or c _-< 0. Hence, in order to fulfil the well-established principles of conservative quantum mechanics in the limit of vanishing friction, one must conclude that c = 0. With this value for c, the basic master equation (7.11) reads i [.,. 1.. rl/,1 + i , (7.24) which precisely is the master equation invented previously in [195]. In that paper. in fact with an eye at the pseudo-density operator equation (6.53), it was argued that structurally one expects  respectively '?" to stand on the left respectively right hand side of the density operator. This argument immediately leads to (7.24). See also the footnote preceding (7.9). 7.4. The master equation Setting c = 0 in (7.15) gives /5 = -i o.,{a'a. Pl- A(la', api+ [pa', a I). (7.25) This upshot is in fact well-known, notably in quantum optics (the laser well below threshold; see esp. [19--22, 57, 92]). It is further in line with Lindblad's general form for the generator of the quantum dynamical semi-group in the Markovtan approximation" [271]. And it also agrees with the results of Burzlalt [289] and of Huguenin [290]."" Consulting (6.54)-(6.55), with w replaced by the proper density operator p, one readily writes (7.25) in the number representation. It yields /5.., = -i to(n - m)p.., - l(n + re)p,,., + 2A /(n + l)(m + (7.26) Comparison with (6.70) immediately shows that (7.26) is identical to the result from the modified Bopp-theory (see also [290]). Hence, the formulae (6.72)-(6.81) for the dynamical variances can be carried over without any modification. 'Notice that preenfly we have not parately po'tulated this approximation. Compare e.g. also with [19, 24 I. Remember that there is evidence that the Markov approximation is not valid in the quantum domain (i.e. if kaT. h(a). Sec ction 5. See also e.g. [38. 274. 281}. '" In the transformation to real c(mrdinates. note that their p = .i + lx differs somewhat from our mechanical p = .. Further, it is worth observing that Burzlaff explicitly invokes Lindblad's theorem.

6l) H. Dekker. Classical and quantum mechanics of the damped harmonic o.willator Let us now transform back from the complex variables to the physical real ones. Inserting the transformation (6.42) for a and a  into (7.25) one obtains  = - K [H, 01 - i K (Ix, ot'l - , oxl)- 2-T-d ' [o, pll - 2-3Z tx, Ix. pll - 2-T-d (Ix, , 011 + , Ix. all). (7.27) where (see also [24, 190, 195, 3981) 1'2 2 H = _p2 + �Alp. x]+ + ,:.s2 x . (7.28) The master equation (7.27) is comfortably cast into the more general form [196] i , pld + (O,,. O,.)[p.[x, Pll_O...dp,[p, pl!_.O,,,,[x.[x, Pil, b = - [Ho. t,] -i [x. [p. + 1 (7.29) where H,, t, 2 + '":: (7.30) represents the free oscillator Hamiltonjan, and where the diffusion coefficients D = 2'-' D't' = 2, ' D, + D, (7.31) can be defined by means of the so-called generalized Einstein relations (see e.g. [57, 58, 184]). If we define as usual the drift operators according to (x)'= (o,), 9,)'= we infer from (7.29) that D = p, D. = -2,p - .OZx, which once more confirms the validity of Ehrenfest's theorem. defining for instance D, can now be explicited as [57, 58, 184] 2D, = -(D,,x) - 9,DD + 9,x)', which using (7.29) and (7.33) yields while D, = D,. Hence, o,, - o,, = i nA . (7.32) (7.33) The generalized Einstein relation (7.34) (7.35) (7.36)

H. Dekker. Classical and quantum mechantcs of the damped harmonic o.*ctllator 61 This formula, already mentioned in the Historical survey as (2.22), was reported originally in [24], where it played a crucial role in the derivation of the master equation. It represents a typical example of a quantum mechanical fluctuation-dissipation relation (see e.g. [21, 24, 57-59. 92] and the Introduction). connecting the (operator) noise (expressed in the diffusion constants) with both the fundamental commutator (expressed in Planck's constant) and the damping (expressed in the friction constant).' The density operator equation (7.29) will considerably gain in clarity if it is represented in terms of the Wignet-distribution function [24, 57, 195, 277, 278, 299]. In the coordinate representation this quasi-probability density may be given as I f e/n(x . (7.37) In two previous papers [24, 195] we have transformed (7.29) into its Weyl-ordered c-number equivalent directly by means of (7.37), invoking the fundamental eigenvalue relations in the coordinate represen- tation. Let us presently rather do the calculations in the coherent state representation. Actually, we can then start from (7.16), with c = 0, for the P-distribution. In this representation, the latter is related to the Weyl-Wigner function by the Gaussian convolution (see e.g. [21, 56, 57, 92, 182-184, 298, 299, 371]) (7.38) From this integral relation one easily deduces the transformation P., = 9(010a, a)P .-, W., = 9(010a, a + '010a ')W, (7.39) where  represents an arbitrary well-behaved differential operator function. By means of (7.39) one transforms (7.16) into W., = (A + i a,)(aW).,, + (A - i a,)(a* W).,,. + AW.,,.. (7.40) Reintroducing now the mechanical variables according to (6.42)-(6.43) by means of 1 +(A i a,)x] (7.41) it is an elementary exercise to show that (7.40) becomes [195] w., = -pw. + fIxW., + 2, (pW).. + * to 2 W.,,,,. (7.42) This is a linear Fokker-Planck equation with diffusion coefficients precisely given by (7.31), while the 'If. follong for inslance Ihe Introduction. we relale Ihe diffusion coefficienls to Gau.ian while noise operalot% (7.36) leads to r). p(t)]) - 2i AA 8(r). In fact. in such a form Ihe fiuctuation-dissipalion relation was mentioned earlier in the present conlexl in [591. while il is well-known in quamum OpliCS in the theory of quamum mechanical Langevin equalions (e.g. [21.50. 54. 57. 58.87.88. 92. 200. 388. 422. 43]).

62 H. Dekker. Classical and quantum mechanics of tht damped harmomc oscillator drift functions correspond with (7.33). It is interesting to compare this equation with (5.76). that has been associated heuristically with Svin'in's theory, and where D = hA.Q at zero temperature. See also [24, 258, 288]. The result (7.42) was first obtained in 1977 [424] and published later in [195]. 7.5. Quantum fluctuations From (7.42) one easily computes the equations of motion for the variances (3.53)-(3.55). They are 6'r = -2Ao',, + o' - fJ:o',= + D,, + D,,, (7.43) 6' = -41o' - 2.QZo',, + 2D,,. (7.44) 6-,= = 2o't,, + 2D,,, (7.45) the diffusion coefficients being given by (7.31). It is worthwhile to briefly compare (7.43)-(7.45) with the corresponding formulae of the other theories treated so far in the present article. First, (2.15)-(2.17) of the Siissmann-Hasse-A!brecht nonlinear frictional potential models can not be east into the form (7.43)-(7.45) whatsoever. This fact is closely related to the observed absence of asymptotic stability about the steady state (section 2). Next, (3.56)-(3.58) of the Bateman-Feshbach-Tikochinsky time- independent dual Hamiltonian model correspond to the general form of (7.43)-(7.45) with all diffusion coefficients identically zero.' This fact is intimately connected with the recognized violation of Heisenberg's uncertainty relation (section 3). Exactly the same comments serve (4.28)-(4.30) of the Iatcman-Kanai-Caldirola time dependent Hamiltonian model" (section 4). Further, in the Stevens- Yurke semi-infinite transmission line model o't,, could not be evaluated explicitly. so that the comparison becomes moot in that case (section 5). As already noted above, Svin'in's modified noise-added Kanai model, i.e. (5.70)-(5.72), corresponds to zero diffusion coetticients save D,, = hA.r/, which has been seen to suffice in order to remedy the violation of the uncertainty principle (section 5). Dedene's complex symplectic formulation is basically equivalent to the Bateman-Feshbach-Tikochinsky theory and, hence, can be given a like commentary (section 6). Finally, coming to the modified version of Bopifs complex Hamiltonian theory (section 6), which has been purposely endowed with the proper com- mutator, it is easily verified that the explicit solutions (6.79)-(6.81) exactly satisfy (7.43)-(7.45) with Dckkcr's dittusion coelticients (7.31).""" The steady state solutions of (7.43)-(7.45) read o-,= (:c)= [D + (..Qz + 4A2)D,, + 2A (D,, + (7.46) = (D.,, + (7.47) o-,, (=) = -D,=, (7.48) which on substituting the specific values (7.31) result in 'This model in fact also implies D,r - Dr, = 0. which evidenlly violates the fundamenlal-fluctuation dissipation relation (7..). tiere me v,'ill lind D, v - D v, = ih, c :*'. See e.g. (4.19). Compare wilh the previous footnote. "�� Actually. this i to be expected in mn,cqucnc� of the identity of (7.26)- and. hence. of (7.42)- and

H. Dekker. Classteal and quantum mechanics o[ the damped barmonte oscdlau,r 3 �"(:�) = 2-' o-(:o) = 2ta ' o-p,(:o) = 2ta' (7.49) These expressions are, of course, in line with (6.79)-(6.81). The mechanical energy in the steady state becomes haz _> �ha. (7.50) E() = Note the equipartition over the two degrees of freedom in real phase space. The equilibrium uncertainty product takes the value' = -> (7.51) and the Gaussian uncertainty relation (2.18) is easily verified. Manifestly, the present theory ensures the survival of the uncertainty principle under the action of dissipative forces. The results (7.49)-(7.51) confirm the earlier expressed general insight (see e.g. the Introduction) that dissipation goes hand in hand with additional fluctuations. Expanding o-,(o) from (7.49) for small A in a Taylor series, one finds h )& /A4\1 (7.52) It is interesting to compare this with the semi-infinite transmission line result (5.79), from which it differs essentially in the absence of a term linear in A [110]. Leaving the small friction regime, the above formulae (7.49)-(7.51) show a catastrophe if the system approaches critical damping A =//. It should, therefore, be expected that the present model is invalidated for strongly damped oscillators. See,"' 12581 and section 8. In the end, let us note that the present approach seems easily extensible to more general systems than the simple linear oscillator. 7.6. Summary The complex symplectic Hamiltonian has been used to construct the classical Liouville-continuity equation in the complex dual phase space. The separation of the physical system and its artificial adjoint has been accomplished by an integration over the classical phase space of the latter. The quantization of the reduced continuity equation results in a quantum mechanical master equation with the correct � Using Ihe explicil dynamical mlutions (6.79),-(6.81) il is slraighlforward IO show thai tyre(t) tv,t(t) > h: for any t > (I. if A # O. Ihe equality sign applies only at t = 0, due to the chosen initial condilion. '� Actually. it may well he that in the strong danlping limit Ihe linc;lrlty of the macroscopic oscillator model cannot in fact be subst;mti;Ited by mictr, copic ab initio calculalions and a simple applicalion o! Ehrenfest's theorem Note, for instance, thai in Ihe mechanical Iransmission line model {section 5) the friction consurer I ix prornrfional m the uarc rt of the Ionsion 3' of the string. An increasing bias force generally implies increasing nonlinearlilts. On Ihe other hand, it is known 124. 258] Ihal quanlizing Ihe damped oscillator by means of other complex variables than Ihe ones used here. leads IO a vanely o! diffusion coefficienls. among which nonsingular ones. Incidentally. a similar ambiguity is also ob.lerved in ab inilio calculalions depending on Ihe nalure o! cerlain approaimalions (in quanlum oplic. for example. the rolaling wave approaimafion). or on the basic model. See esp. 155] and alo the neat section.

64 H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator algebra. In the specific case of the linearly damped harmonic oscillator this master equation turns out to be identical to the one obtained from Bopp's modified theory. The intimate relation between the dissipation, quantal fluctuations and diffusion coefficients in the Wignet equation has been emphasized. The diffusion coefficients guarantee the validity of Heisenberg's uncertainty relation. 8. The quantum optics oscillator 8. I. Introductory remarks This section will be devoted to the discussion of an explicit physical model in order to shed some further light on the results of the complex phase space quantization. To this end we will start ab initio with the description of a closed system, consisting of a tagged, perfect oscillator as the open system of interest and a (thermal) reservoir. It is essential to note that either subsystem is considered quantum mechanically from the outset. Aside from a general reference to the theory of open systems (e.g. [16-25, 35-37, 92, 93]), it is worthwhile to mention the following literature in particular. The earlier investigations of linear damping phenomena (e.g. [425]) followed the lines set out by Pauli [426] with emphasis on the assumption of repeatedly random phases [18, 19] (see also [427--429] and [524-529]). The damped harmonic oscillator has been treated in this spirit for instance in [430], although later work (e.g. [427-429]) has shown that the random phase assumption and Pauli's treatment of the master equation can be replaced by the more general Nakajima-Zwanzig projection operator techniques [16-19]. For a rather clear outline of this method the reader is referred to e.g. [19] (esp. section 3b), from which it can be concluded that we should anticipate at least three essential approximations. First, the large reservoir limit. Second, a Markovian approximation. And third, a weak coupling limit. Apart from using the density operator approach in the Schriidinger picture one can of course also perform the calculations on the dynamical variables themselves in the basically equivalent Heisenberg picture (see e.g. [24, 200]). Eliminating the observables of the reservoir from the Heisenberg equations of motion, quantum mechanical Langevin equations for the observables of the considered open subsystem are obtained (see esp. [24, 38, 50, 57, 87, 88, 92, 200, 297, 354, 431]). Presently, however, we will rather use a somewhat different technique, in essence following the theory of laser operation as given by Scully and Lamb, dealing with the density operator in the interaction picture [389-392]. The system we wish to investigate is an adapted version of the laser model depicted in fig. 8.1. See also [20, 22]. The radiation oscillator (the system of interest) consists of an electromagnetic field in an optical resonator (see e.g. [57, 58, 375, 432-439]), which on its own is perfectly lossless (in engineering terms, it has an infinite quality factor). Cavity losses are introduced by the inescapable coupling of the  - reservo,r Bz- reservoir tomc'sys t radahon i a oscHlator system Ig. 8. I. Mdcl for the quanlum oplics oscillalr, The radiation system is coupled Io the thermal atomic hath. containing both upper (B0 and Iowcr (B:) slate aloms (after [3)]).

H. Dekker. Classical and quantum mechanics o[ the damped hermonte oscillator 65 radiation mode to the material constituents of the resonator. Since there will be a variety of atoms present in the walls, the mirrors and the medium inside the cavity, the losses are broadband in the frequency domain. In the present treatment we disregard a possible continuous, nonthermal pumping of a subset of the atoms within the cavity into particular excited states, which might result in actual laser operation of the device. The atomic system will be considered to be a thermal bath. To be precise, the atomic reservoir will be assumed to be in thermal equilibrium on its own, at temperature T, before the interaction with the tagged radiation oscillator is switched on. Of course, the nonthermally excited electromagnetic mode will in principle disturb the thermal equilibrium of the bath. Nevertheless, we will assume the atomic system to remain stationary in its equilibrium. This assumption requires, qualita- tively: (i) the tagged oscillator's initial exitation to be not too high above thermal, (ii) the interactions to be weak, (iii) the atomic system's relaxation to equilibrium to be fairly rapid and (iv) the number of available atoms to be very large. Since quantum mechanical atoms, unlike the classical point-"atoms" in the mechanical string of section 5, basically have a finite size, an infinite number of atoms necessarily implies an infinite size of the system. In order to place the present model in proper perspective with the classical semi-infinite transmission line, notice that the field limit is presently implied by starting with quantal atoms, i.e. wave functions, from the outset.' 8.2. The model Hamiltonian Consider the total HamiltonJan H = Hr+ H.+ Hi. (8.1) where r = radiation, R = atomic reservoirs, I = interaction, and [22, 3001 Hr = 2:,, dr [E: + (cV x A)"], (8.2) Ha= f drb' (2-nl,-'+ V)k, (8.3) H, = - (e/in) f d'r b'A � p b. (8.4) This Hamiltonian can be derived from a slightly more general one [22, 300] in the Coulomb gauge V. A = 0, neglecting the interelectronic Coulomb energy (certainly allowed in a one-electron atom) and disregarding a term quadratic in the vector potential"" (see for discussions on that point e.g. [440--4591). Inserting the usual expansion for the vector potential operator'"" 'To be very clear. one quanlum mechanical bound slate (an atom) implies a field, Ihe wave function, Ihat can be expanded in lerms of a discrete, infinile sel of eigenfunclion. This can be compared with Ihe normal mode expansion (5.23) for Ihe continuous, finlie lenglh transmission line. Next. a dense speclrum can be oblained by considering an infinite ensemble of atom wilh conlinuously varying eigenspeclra. This is equivalent Io laking Ihe infinite lenglh limit for Ihe Iransmission line.  Since, essentially due to Ihe weak coupling assumption. in the end only Ihw,e atoms ccmlribut� that are at re,onancc with the radiation field. the inletaction HamiltonJan (8.4) is presenlly equivalent Io ~e .r. even withoul making Ihe dipole approximation. '"� in 122] wc h:,,'c u,.cd 1 for volume. However. Ihroughout Ihe prevent Icxt, 11 rcprc,.ents the free o<illator frequency. Recalling that . denotes the length of Ihe Ironsmission line in seelion 5. A  is laken as Ihe volume.

66 H. Dekker. Classical and quantum mechanics o( the damped harmonic oscillator (8.5) where A 3 = volume and k represents the polarization vector, together with the corresponding formula for the electric field operator (see e.g. [300]) into (3.2), one finds the well-known expression for the energy of the free radiation system in terms of the photon creation and annihilation operators. Since by assumption the free radiation system can oscillate only at its resonant frequency, say tao =/L the general expression reduces to' H = fi.Qaao, (8.6) while the interesting fundamental commutator reads [ao, ao'l = I. (8.7) Now the atomic system must be considered. The field operator  will be assumed to be the sum of field operators 4,,, which refer to a single nucleus. In line with the omission of the interelectronic Coulomb energy from the HamiltonJan, each separate atom is assumed to contain only one single active electron. The one-electron one-atom field operators 4',, are further expanded in terms of the eigenstates u,,j. That is, b(r) =  cujuui(r). (8.8) * obey the usual anticommutator fermion The electronic annihilation and creation operators c,,/and algebra (see e.g. [92, 161)-166, 300, 303, 313, 421,463]): (8.9) all other anticommutators being zero. Inserting (8.8) into (8.3) leads to Hu  * = gCtCt, (8.10) where g',, is the jth energy eigenvalue of the unperturbed Hamiltonian Ho = p2/2m + V for the/th atom. The model is considerably simplified by confining ourselves to two-level atoms.*' The levels are labelled by j = 1,2 for the upper respectively lower level (see also fig. 8.1), and it is convenient to introduce the operators b, t t t (8.11) = C2Cl , b - CtlCta 2. � A minute's Ihought will show that Ihis as,umption is in fact highly nontrivial. it will bc taken here for granted. a uual. See for further reading e.g. [22, 5,. 92, 4t1-462]. �'This as,umption does not seem to be very dramatic regarding the ultimate results. cpccially not since the dcn,.e pcctrum in the relevant frequency domain can till be constructed for the essentially infinite atomic ensemble.

H. Dekker. Classu'al and quantum mechanics of the damped harmonic oscillator 67 The raising operator b lifts the electron of the /th atom from the lower to the upper level. the lowering operator b,, does the reverse. In the one electron subspace one has c,,,c,`, + c,`:c,`z = 1, (8.12) and one easily infers that the newly defined raising and lowering operators again behave as simple fermion operators. That is. the only nonzero anticommutator reads b.]. = g,` (8.13) One further computes the commutator [b,`. b] = ' ' (8.14) -- C,` tO,` t C,`2Ct2 � Using (8. l 1)-(8.14)and setting to,. = (T,,`  - ,`..)/h into (8.10). one finds the free reservoir HamiltonJan Now inserting the electromagnetic field representation (8.5). again with only tok = tok,, = to,, = .Q. and the matter field expansion (8.8) into the interaction Hamiltonian (8.4). one obtains H, = Z (b' + b,`)(g,`,,a,*, + g2,,a,,) , (8.16) where we have further assumed that the wave functions of separate atoms do not have spatial overlap and use has been made of the well-known commutation relation i(h/ra)p = It, Ho]. In the dipole approximation the coupling factors in (8.16) can be written as g,`,, = i exp(-i i,,. (8.17) wherein = f d'r,..:( * (8.18) represents the dipole matrix element. Finally, making the usual quantum optical rotating wave approximation (i.e. neglecting processes like b*,`a and b,`a.; see e.g. [55,58,92]) the interaction HamiltonJan (8.16) becomes H, =  (g,oao*b,` + g,`oaob,`). (8.19) The rotating wave approximation typically disregards nonresonant processes. Therefore, in general it

68 H. Dekker. Classical and quantum mechanics o[ the damped bartoo mc oscillator does not significantly influence the balance between the resonant emission and absorption processes, that is the energy dissipation. However, as most clearly shown for instance by Agarwal [55, 464], omitting the antiresonant interactions entails a neglect of the proper classical frequency shift from f/to to = (:-A2)'t2. ' This defect is most easily remedied by expressing the HamiltonJan from the outset in terms of the damped oscillator creation and annihilation operators a'. a rather than the free a, a, and making in fact the rotating wave approximation in terms of the reduced frequency to rather than . This procedure has the additional advantage that we can readily compare the outcome with the previous section. Moreover. it clearly explains why the results will fail on approaching critical damping A = f/: in that case the rotating wave approximation in terms of to(  0) becomes moot. From (6.42) one finds the relations"" I ao = 2'-'-' [(to + a - i A )a + (to - a + i A)a 1 a= 2'-'-' [(to + a + i A)a' + (w - .O - i (8.20) Inserting (8.20) into (8.16) and (8.6), again making the rotating wave approximation (i.e. neglecting processes like ba', b,,a, a': and a:). and finally adding (8.15). one obtains the total model- Hamiltonian'" (8.21) Notice that this HamiltonJan is of the form (7.14). The coupling factors in (8.21) are easily expressed in terms of the g,,o and its conjugate: [( ( ,) ] g"=5 2,,--' c�" I++i exp(-ik0'r,,),,+ l--i exp(iko.r)?.. (8.22) Since we shall be confined to second order perturbation theory, #'" only Ig,.[2 will occur in the resulting formulae. Summing over the atoms implies an integration over space.'"" As the atoms will be considered to be spatially homogeneously distributed throughout the volume of the radiation system, * Notice. however. that if the spatial CXl*ncntial m g.., (8.17}. cannot bc disregarded. the contrihution rom the nonresonant intcraction will vaui%h in COlld order pcrlurbation theory' allot %Ulllnling over ;ill (prC%Ulllably spatially homogeneously distrtbutcd} alonls, because cmtribution are pro*rti.nal Io g,, intcad of g,,I 2. Indeed. Agam'al's nmdcl conccrnq a smeared ut �ective interaction for all procese. Since we do make the totaling wave approximalion in Ihe present Irealmenl. we will not dwell um Ibis problem any fuhcr. a0. a0 are smply oblaincd elting I = 0. '" O[ cour%c. the Itamilmni;m (8.21 } contain the a ct uaknown lincr damping contant I. crcforc. in the final h*rmulae not exprcnd cxplicitly a uual. but it can readily bc determined lfconqtcntly. '" ttighcr order& necessarily intr<ucc nonlinear tcrm& and. hence. should not bc relevant t( the linearly damped oscillator. c urthcr on. cscially below '''" 'c um m'cr  in elicot is thrcchdd. First. it implies a summing o the ubcn'nlblc Ih and B: (c ;dso fig. .1 . comaining thoc in a spatial ccll 2r. thai arc initially in their upr rcsctivcly h)wcr tatc. with a certain . cond. it amounts to summing over the frequencies r cell Ar. it ould bc nolcd that the prcnt mcl d<q not basically cify thc distribution ovcr thc frcqucncics. ird. onc must sum over all spatial cells. c e.g. [22] for me morc dctailq. in thc rfcct spatial homogeneous ca this lattcr qummation commutes with the other two. in thcrmal cquilibdum. at a finite temrature abovc zcro. thc fit and ccond summation can not be interchangcd sincc thc rclative weights o Bt and B: dcnd on . through the Boltzmann factor.

H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator the rapidly oscillating exponential terms in Ig,, [2 vanish and one easily determines the effective coupling factor in (8.21) to be g, = i ta,,,,. (8.23) The important alteration with respect to (8.17) is the replacement of the free oscillator frequency .Q by the classical reduced frequency 8.3. Reduction of the Hilbert space Equation (8.21) represents the most frequently used model Hamiltonian in quantum optics (see e.g. [19-22, 41, 42, 50, 57, 58, 92, 200, 302, 389-391, 465-468]). Since� as already noted, it is of the form (7.14), it is consistent with the master equation (7.24) to start directly from the conservative Liouville- von Neumann equation. We then transform from the Schr6dinger picture to the interaction picture in the usual manner by means of the unitary operator U = exp[- (i/h)(Hr + H,,)I, (8.24) Hf = hoa ' a H   � = ho,b,b,, (8.25) so that / = - (i/fi)[H'., R l, (8.26) with Hi = '. g,,a'b,, cxp{i(w - w,,)t} + conj., (8.27) R being the total density operator for the combined radiation-reservoir system. The reduced density operator p for the radiation oscillator alone, is obtained by tracing over the reservoir variables: p = trRR. (8.28) It will suit our purpose, in view of the Markovjan approximation that will be made, to calculate a so-called secular or coarse-grained equation of motion for p, in close analogy with the outlines of Langevin reservoir theory.' That means, employing in fact the basic ideas of the theory of BrownJan motion, we presume the existence of a tiny time lapse At, which is intermediate in length between the characteristic (dephasing) time ra of the reservoir and the relaxation time r, = I/A of the radiation oscillator." That is, 'a  At  rr. In other words, if we define the effective bandwidth of the atomic ' One should notice some subtle differences with our earlier treatments [20.22]. as well as with thai given e.g. by Scully and Whitney [201]. For a detailed accounl of the Langevin Iheory see e.g. [57. 58]. See also [24]. " For a criticism of Ihe Markovian a.,umplion. especially in Ihe extreme quantal regime T . 0. see section 5.

70 H. Dekker. Classu'al and quantum mechanics o[ the damped harmonic oscdlator system as AtoR = l/rR, then Atoa At ' 1, while on the other hand A At  1. The assumption is meant to imply that, in the interaction picture. p varies only slowly over At. Furthermore. the rapid relaxation of its variables and its additionally assumed infinite size, are taken to imply that the reservoir, described by pa, preserves its statistical properties in the course of time. Indeed. the reservoir will be considered throughout to be in its own thermal equilibrium state at temperature T. The coarse-grained time rate of change for p(t) reads ,6 = tr R(t + At) - R(t) (8.29) At The general solution for AR(t)= R(t+ At)-R(t) from the Liouville-von Neumann equation (8.26) may be written iteratively as (e.g. [20, 22, 24]) R(t + At)= R(t)+ - dt, dt:... dt,[Hi(t,), [H'(t:),..' [Hi(t,), R(t)].'' ]]. "-' (8.30) Having worked one's way back in time from t + At to t, with At ' ra. one sets R = ppR on the right hand side of (8.30), with P" = l-[ P,,, (8.31) p, =  IIJ>p..(lil, (8.32) t p,,,, = Z,/' cxp(- ,,,/k,,T). (8.33) where j = I or 2 for the two level atom, and where Z,, is the canonical partition function for the species /. From (8.3{)) one has through second order: i R(t + At) = R(t) - - '. dttlga'b, e" .... "'+ conj., p(t)/,Rl --   f d/t f dt_,[g,,ab,, e ''� '�""'+conj.,[g,.a'b,.ei'� '�'":+conj..p(t)pl,,]]. , , Terms in (8.30) with n _-> 3 necessarily introduce nonlinear terms into the equations of motion and, hence, should not be relevant to the linearly damped oscillator. Actually, the higher order. nonlinear terms are difficult to estimate but finally (i.e. after tracing over the reservoir etc.) turn out to be roughly of relative order A At(a a). Since in the Markovjan approximation A At , I, the mean number of photons should not be too high. i.e. (a'a), (I)." Inserting now (8.31)-(8.33) for p into (8.34). and performing in � in the purely classical regime the perfect Markovian limit is po,,qble in principlc (:e section 5).  lha! ltr.(h:)[ O. Sc� c.g. (5.611. Ecn hough (a'ao(l/t) in that cas. the linear approximation can be made exact then. See al,io [38.43[]. Further, anticipating the final formulae of Ihi cction. I will bc prornrtional o Ig(ta)l:. i.e. h I.P?. and to N,,/I . In ,ummary. the ramlinear crm can bc di,,rcardcd provided (I) the Markov as,umption hold gmd, (2) the excitation of the tagged o'cillator is not to high. (3) the interaction matfix element pr relevant atom i ,iraall. and (4) the atomic den,dry is only modcratc.

H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator 71 view of (8.29) the trace over the reservoir. the first order term on the r.h.s. vanishes because it contains only single fermion operators. The second order term yields with p(t+At)= p(t)- f dt, f dt2trRO,(t,,t?), (8.35) Ou(t,, t2) = (U,, + v)lg 1: exp{i(o - o,,)t, - i(o - o,,)t2} + conj., = [ab.. abppR]. and where we have already ud trbb,.) is always zero. while * nonzero = traObb,.) is only if g v. Let us perform the trace of one term in (8.35) in some detail. For instance, tr U. = (a'ap - apa') trb.b). (8.39) By means of (8.31)-(8.33) one easily evaluates the trace: tr..bb) = trbb)  trp. =  = p,<mlbblm> = = exp(-E. dk.T). (8.40) I so that, evidently, only those atoms that are initially in their lower state contribute to this interaction term. Similarly one obtains tr. V = aa*- a'pa)Z  exp(-/k.T). (8.41) Having thus in effect calculated tr. O., we next concentrate on the time integrals occuing in (8.35). It will be useful to define the spectral function (8.36) (8.37) (8.38) the standard properties of thermal fermion systems, namely that which is easily seen to be independent of the global time t. Interchanging the orders of integration one is left with o!to - o,.)= - dt (At- t) exp{i(o - o,.)t}. (8,43) o t&t tl . (o - o,.) = - dt exp{i(o - o,. )t} dt.. exp{- i(o - o,. )t..}, (8.42) t t

72 H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator 8.4. The master equation With the simple, provisional result (8.43) at hand the reduced secular master equation (8.29) is written as  = Kda'.pal-K:[a', apl+conj., where �i = q(to), with j = 1, 2 and �i (to) = : ' Z,' exp(- ,`jlk B T)Ig,` 12 a (to - to,,). (8.45) The atomic filter function 0 (to-to,,) clearly picks out the relevant portion of the total reservoir spectrum (see also [299,338,469]). If in that relevant range the reservoir spectrum is densely dis- tributed, which requires the number of atoms to be very large, the sum over t in (8.45) can be replaced by an integral over to,,, such that (compare with (5.47) of the transmission line model) - l dN(to')= f (dN/dto')dto'= N l p(to')dto', (8.46) which defines p(to') and where N represents the total number of atoms in the system's volume A - which interact with the radiation oscillator. The coefficients q, (8.45), can now be written as �,(to) = f o {'a, - to') o'(to') [1 + exp(-+hto'lkuT)l -' dto', o (8.47) where the plus and minus signs belong to j = 1 and j = 2 respectively, where we have invoked the explicit result for the partition function 2 Z,` = ' exp(- g',`lkBT), (8.48) with hto'= g'- g'2 > O, and where we have further introduced the function' o'(to') = N Ig(to')/hl: o(to') � (8.49) Notice, in view of (8.23) for g(to') = g,,, that o-(to') will be independent of P!anck's constant and that it is proportional to the spatial density N/A 3 of the atoms (see also the footnote below (8.34)). The atomic filter function (8.43) has both a real and an imaginary part, which can be easily calculated exactly. Defining (to - to') = o'(to- to') + i "(to - to') (8.50) � Effectively, combining (8.46) and (8.40), one has X. Jg,/h J: .. [ d' r(').

H. Dekker. Classical and quantum mechanics of the.damped barmonA: oscillator 73 one obtains 1 [1 - cos(to -'to') At] . '(to - to') = (to - ay At ' (8.5i) Here we come across well-known subtleties. Although At is quite short compared to the characteristic time constant r, = 1/A of the tagged oscillator, it must be considered as quite long compared to the decorrelation time of the reservoir in order for the Markov assumption to make any sense. That is, as noted before, 1/At < AtoR, AtoR being the effective bandwidth of the bath as now expressed in terms of o'(to') in (8.49). See fig. 8.2. Evidently, o'(to'-to') picks out only a small portion of the broadband reservoir spectrum, namely near the actual oscillator frequency to. Indeed, if we formally let At tend to infinity, (8.51) is recognized as one of the standard representations of the Dirac delta function (see e.g. [163]). Analogously, in that limit (8.52) leads to Cauchy's principal value of the pertinent integrals over to'. Hence, in the MarkovJan limit one has' (8.53) Also separating the K l, (8.47), into their real and imaginary parts according to one now obtains ;(to) = r o'(to)[1 + exp(_+hto/kaT)]-', (8.54) at ' 2 T _ 6w t. 2c; 0 2or t.n, 6 _ 6tT ff 2ff at at at I I I I'' t I  ..... at at at Fig. 8.2. Real (a) and imaginary (b) part of the reservoir Sl-,cctrum filter function , (to). according to (8..1)-(8.52). Atoa is the re,,crvoir bandwidth. "This upshot is consistent with introducing a complex frequency to + i  and letting At.-* z in (8.43). and in the end considering  , O. See e.g. 163. 61.

74 H. Dekker. Classwal and quantum mechanics o[ the damped harmonto o.scillator = do,'. o (8.55) The result (8.55) is a clear-cut example of a Kramers-Kronig dispersion relation (see e.g. [166, 303. 314, 465, 470-480] and also [113] p. 371 and [481] chapter 5). In the extreme classical regime ho -. kaT, (8.54) yields K = �ro'(o). On the other hand, in the pure quantal regime to,kaT, one sees that K't=0 while ;= ro-(o.,). Recalling that to a very good approximation the broad reservoir spectrum o-(o) can be assumed to be constant over the entire relevant frequency range, (8.55) is usually taken to show that the frequency shifts  are effectively nullified in both limits. Only in the transition regime o., - kaT some subtle dispersive phenomena are expected. Anticipating our particular interest in the case T = 0, we indeed take t real. i.e. '; = 0 in the sequel.' As in section 7, it will be useful to represent the master equation (8.44) in terms of coherent states. Following the procedure outlined below (7.15), one arrives at the Fokker-Planck equation (8.56) for G!auber's P-function.'" In going from (8.44) to (8.56) the opportunity has been taken to transform back from the interaction picture to the Schr6dinger picture. Furthermore, we have identified = K {, (8.57) N. = ;/,k. (8.58) By means of (8.54) for ; and comparison with (1.10), it is readily verified that N, = (exp(hodknT)- 1) -t (8.59) does represent the standard thermal Planck function. Evidently, at T = 0 (8.56) is identical to (7.16) with c = 0. Indeed, in the Schr6dinger picture the presently derived MarkovJan master equation (8.44) for the reduced density operator reduces at T = 0 to 13 = -i oJ[a*a, p]- A (la*, at, i + [t,a*, al), (8.6o) with A = ro-(to), which is exactly identical to the basic result (7.25) of the mesoscopic complex phase space quantization.'" "The sloppiness of ihcse considerations is acknowledged.. However, since they depend on ihc delails of ibe actually unknown reservoir spectrum o'(a,), they are difficult to improve and. as usual. will be taken for granled. ,n, In order to update and more or less complctc the list of refcrenccs: sec also [482-486]. "*'Hence, thc present upshot also agrces with the result (6.70) from the modified Bopp-thcory. Sec also a rcccnt preprint by Dcdcnc [487]. which however only contains the diagonal dynamics (as in Bopp's original paper [I 14]); see further the rcmarks in section 6. Finally. it should be noticed that in both sections 7 and 8 the calculations have been pedormcd using thc frictional creation and annihilation operaton rather than the frce oncs. in fact, it is not so casy to compare the complcx phase spacc quantization using the frce operators in thc effcctive complex Hamiltontan (see e.g. [258. 288 I) with ab-initio model calculations. Namely. in that c:isc. according to Agarwal [55..l4J. the antirc,onant interactions in the Hamiltontan (8.16) must bc carried along in ordcr for the classical reduced frequency a, to bc reproduced in the results. However. as noted in section 7. for the full Hamiltontan (8.16) the mastcr equation (7.24) does not cxactly reducc to the standard Schrodingcr-Liouville equation. so that the comparison is not internally consistent. Rather. one should also do the model calculations from (7.24).

H. Dekker. Classical and quantum mechanics of te damped barmonte oscillator 75 8.5. Summary Starting from the we!l-known microscopic HamiltonJan for an atomic reservoir interacting with a single quantized radiation oscillator, the reduced master equation for the latter subsystem has been derived. It describes linear damping if the usual sequence of rather subtle steps is taken. The rotating wave approximation is made and the HamiltonJan is written in terms of the creation and annihilation operators of section 7 in order to guarantee the radiation field to oscillate at the proper classical frequency to. For the model HamiltonJan (8.21) the master equation (7.24) is equivalent to the conventional Schr6dinger-Liouville-von Neumann equation, from which the further calculations are made along standard lines. The interaction between atoms and radiation is assumed to be weak, and neither the density of atoms nor the initial excitation of the oscillator should be too high, otherwise the effective equations of motion would become nonlinear. A MarkovJan assumption is needed for the thermal reservoir, that is taken to possess a dense and broadly distributed frequency spectrum, which implies an infinite number of atoms and, hence, an infinite size of the system. The resulting coarse- grained master equation reduces in the zero temperature limit precisely to the essential upshot (7.25) of the mesoscopic complex phase space quantization of the previous section. 9. Hasse's pure state representation 9. !. The Schr6dinger equation Let us return to the complex phase space quantization of section 7. The basic outcome (7.25) of that procedure has been represented in terms of the original Hermitian coordinate and momentum in (7.27). For convenience. we repeat it here in the somewhat more general form (7.29). That is, i .A 1 ! 1 = -K [H"'p] -'K Ix.[p, p!,l + + pli- pll, where H. is the free oscillator HamiltonJan, and where the diffusion coefticients have been specified in (7.31). The master equation (9.1) cannot be written in pure commutator form. In other words, there is no ordinary Schr6dinger wave equation corresponding to it, save for the case A = 0 (i.e. also all D's equal to zero). Nevertheless, it turns out to be possible to find a special, stochastically equivalent Schr($dinger equation in the limit of weak damping a  0. However, as will be shown in the sequel, this is possible only if the diffusion coecients in (9.1) obey Hasse's pure state representation condition. See [107, 310, 311] for Hasse's original derivation, and [196] for a slightly generalized formulation.' One may trivially write the density operator p in (9.1) as p(t) = p,,(t) + p,(t), (9.2) where p(t) is of the order A and represents a small correction to p.(t). As p,,(t) is taken to describe a nondissipative system that can be represented by a pure Schr6dinger state vector, say I ), one has at any time See also [292] for related considerations.

76 H. Dekker. Classical and quantum mechantcs of the damped harmonic oscdlator po2(t) = po(t) = ] }( l- (9.3) An arbitrary density operator possesses the property tr p:(t)--< 1. In order that it represents a pure state, it is both necessary and sufficient (see e.g. [163] p. 336) that trp:(t) = 1. (9.4) If the system starts of/from an initial pure state, then tr p:(0) = tr p(0) = 1, and (9.4) is guaranteed if the time derivative of its !.h.s. is identically zero. Therefore, since 6O:)' =p6 +6p, we multiply (9.1) respectively from the left and from the right with p, and add up the resulting expressions. In a first order (Born [55, 163, 164, 303, 314, 464, 488-490]) approximation one then replaces p(t), in terms that are already of order A, by po(t). This leads to i .A A 6O:)' = ' [Ho, p2] _ l' [.(px + xp), p] - p,Ppo] + i  - ' i g Ix, k,, + + (D.. + D.){p.(px + xp)p. + [.(px + xp). p,] - Ix. p,,pp,,]. - Lo. p,,xp,,] .} - . D,,{2p,,p:p.,- 2[p, p,,/,p,.], + [p', p,,].} - F Dt''{2p"x pn- 2[x. p,,xp,,] + [x', p;;] (9.5) Notice the anticommutators in the dissipative terms. Now using the idempotency property p = p, from (9.3) and noticing that for an arbitrary operator function F p,,Fp, = (F)p, , (9.6) one easily evaluates (9.5) further as: ' = - :(px + xp) - (p)x - 6o:) --[H,,,p:] i-[W, po]+ 2Ap.,+ (Dp, + D,p)[(px + xp)+ t where I W = (px + xp) - (px + xp) + (p)x - (x)p. (9.8) Note that the convenient choice (W) = 0 only involves a nonobservable time dependent change in the phase of the wave function. As discussed below (9.4), the propagation of a pure state is guaranteed if the trace of (9.7) is equal to zero. This requirement immediately leads to Hasse's condition ' [196, 258] D,rpp + Dt,r, - (D, + D,)a, = t:h:A, (9.9) ' In Hx' original notation [3i I]: l  y. D,, = 0. D  D. and D r, + D,r  -d.

H. Dekker. Classh:al and quantum mechanics of the damped harmonic oscillator 77 where the usual definitions (3.53)-(3.55) for the variances have been used. Since under the condition (9.9) for all times p:(t) = p(t), and since within the Born-approximation we may again replace po(t) by p(t) in (9.7), the latter formula can be written as (see also e.g. [59])  = - (i/h)[ao + , W, p] + (1/h)[, p] +, (9.10) where we have introduced the operator [196]  hA + (1/h)(Op, + O,p) t _ = {.(x + xp) + �(px + xp> - (p>x -(1/h)D...{ip:)- 2(p)p + p=}- (I/ti)D.{(x =) - 2(x)x + x=}. (9.11) Now defining the nonlinear, non-Hermitian HamiltonJan . = Ho+ AW+ i, (9.12) the result (9.10) can also be presented as (compare with (6.53))  = -(i/h)(,0p - ,.0'), (9.13) which manifestly shows that the wave function obeys the Schrddinger equation i h4,., = .04,. (9.14) It is amusing to compare (9.14), with the HamiltonJan (9.12), with the Siissmann-Hasse-A!brecht Schr6dingcr equation (2.10). The presently derived frictional potential (9.8) appears to bc identical"' to the heuristically proposed W in (2.9) with c = , being one of Hesse's choices [129]. However, the present model has quite different features in view of the additional operator 5. 9.2. Wave packet solutions The equations of motion for the moments are easily calculated from the Schr6dinger equation (9.14), or alternatively from the equivalent density operator equations (9.10) or (9.13). For the zeroth moment, the norm, one has (1)' = (2/h)(_') = 0 (9.15) by virtue of (9.1 i) and the pure state condition (9.9). In fact, (9.15) just re-expresses the latter. For the first moment (x) one finds (x)' = -(i/h)([x, H,, + , W]) + (1/h)([x, 1.). The contribution from the potential W vanishes and one obtains � Apart from an unimportant phase factor. (9.16)

? H. Dekker. Classical and quantum mechanics of the damped harmoreo ,.vcdlat,,r (x)' = (p) + 2A(x) + (2/tZ)(Dpx + Dxp){(xpx) - (x:) -(2/t:)D,{(pxp) - (px + xp) (p) + (x) (p:)} - (2/t:)Dpp{(x')- (x) (x:)}. (9.17) Defining the third deviation-moments (i.e. from the mean) r,.. = (0 - O)) (,, - (,,)) (,, - (,,))). (9.18) where , , and K each stand for x or p, (9.17) is rewritten as (x)' = (p)+ (2/h:){(D, + D,)o', - Dxo',x, - O,,,= } + (2/h)(x)(9). (9.19) Since ()= 0 in view of (9.15), one is left with"' (x)'= (p)+ (2/2){(D, + Dx,)o', - Dxo',, - O,x}, (9.20) which reduces to the correct result (x)' = (p) as obtained from the original master equation (9.1) for wave packets with zero skewhess. As in view of the !inearity of the oscillator problem the propagator of (9.14) will be a Gaussian, zero skewhess is guaranteed if the system is initially in a Gaussian state. This is, indeed, the usual assumption. Under the same conditions (p)'= -2l(p)- :(x) + (2/ ){(D,, + D,,)o',,, - Dxo'm, - O,,o-,, } (9.21) also reduces to the correct equation for (p). Confining ourselves henceforth to Gaussian wave packets, it is a matter of straightforward application of the Gaussian theorem to obtain for the second moments, for instance, -  - r). (9.22) , = 2r + 2oxx + (4/z)(x ) () - (2/h)(xf () + (4/z)o(ro-, '  Once more, ()=0 in view of (9.15). Further, the expression between brackets is exactly zero on account of the uncertainty relation (2.18) for Gaussian wave packets. Similarly calculating the equations for the other variances, one obtains altogether d = -2 + a - a + D, + D, 0.23)  = -4la - 2 + 2D, (9.24)  = 2 + 2D. (9.25) Comparison th (7.43)-(7.45) readily proves that, albeit only for Gauian wave functions, the frictional Schr6dinger equation (9.14) indeed represents the same dynamical state as the original master equation (9.1). e essential proviso on the above results is that the pure state condition (9.9) must be satisfied. In � Notice a difference in sign with respect to [31 I].

H. Dekker. Classical and quantum mechanics of the damped harmonw oscillaur 79 general, this will not be the case in the dynamical state. But, even in the final steady state, if it exists, the fulfilment of Hasse's condition is nontrivial. Nevertheless, at least we can show that the above theory is selfconsistent in the long time limit. Namely, since the stationary solution of the Schr6dinger equation (9.14) with the Hamiltonian (9.12) will be a Gaussian, the special form (2.18) of the uncertainty relation holds in that case. It then remains to show that the steady state solutions of (9.23)-(9.25) do imply (9)= 0. The pertinent steady state fluctuations have already been given in (7.46)-(7.48), from which we first of all learn that (2.18) can be specialized to (9.26) Inserting (7.47) for trw(:), one has + + (9.27) Most easily using (7.43), with 6;,, = O, for the quantity within the square brackets in (9.27), one finds = h'l. Dxxtrw()+ Dwr,()+(Dp, + D.p)D,x t . (9.28) Finally, once more using D,, =-o'v,() in the last term on the !.h.s. of the equality (9.28), it is immediately seen to represent the steady state version of the pure state condition (9.9), which is what we set out to prove. Vice versa, if the steady state fluctuations follow from (9.23)--(9.25), and moreover,"' if (and only if) they satisfy Hasse's condition (9.9), then the Gaussian wave packet uncertainty relation (2.18) holds. It is quite interesting to see, as is most easily verified by mere inspection of (7.31), (7.49) and (9.9), that the specific fluctuations emerging from the complex phase space quantization of section 7 precisely fall into this category (this was originally noted in [196]). In other words, the dissipative ground state of the damped oscillator of section 7 has the special property that it fulfils Hasse's pure state condition and that, hence, it can be described in terms of a Gaussian Schr6dinger wave function."" 9.3. Summary It has been discussed how the quantum mechanical master equation for the linearly damped oscillator can be approximated by a nonlinear frictional Schr6dinger wave equation with an essentially non-Hermitian HamiltonJan. Two requirements must be met: first, only Gaussian wave packets should be considered, and second, Hasse's pure state representation condition must be fulfilled. Unfortunately, the latter is generally violated. It has been shown, however, that the specific steady state fluctuations predicted by the complex phase space quantization of section 7 do satisfy Hasse's condition, such that the dissipative ground state can indeed be described exactly by means of a Gaussian wave function. "This really is a nontrivial additional condition. Counter examples are easily constructed. '"Three remarks ccm in place. First, the wave packet in question. of cour, is not a common. free ocillator minimum uncertainty packet. Second, in transient phenomena the pure state condition will not be met in general, and. hence, the spread of Hasse's Gaussian wave packet in the dynamical state will definitely be diierent from that calculated by means of the original master equation. And thirdly. the connection between Hasse's and the author's theory is even more remarkable as we have recently shown. One can easily construct a whole group of diiusion coefficients. parametrized by a real scalar degree of freedom. that fulfil Hasse's condition exactly in the long time limit. See [258] for details.

) H. Dekker. Clavst'al and quantum rnecbantc o� the damped harmonw ,,willatot 10. Elements of complex Hamilton-Jacobi theory 10.1. Hasse's classical dynamics I0.1.I. Complex calculus As noted in the previous section, below the Schrbdinger equation (9.14), there is a close similarity between Hasse's potential (9.8) and the Siissmann-Hasse-Albrecht-potential (2.9) with c = !, although the additionally occurring non-Hermiticity of Hasse's HamiltonJan (9.12) should not be forgotten. In a recent paper [43] Stocker and Albrecht indicated how the nonlinear frictional potentials (2.9) of Siissmann. Hasse and Albrecht might be considered as formally generated within the framework of classical real space Hamilton-Jacobi theory (see e.g. [1, 2. 7, 9, 223, 2241) and the closely related fluid dynamical interpretation of Schr6dinger's wave mechanics (see e.g. [190, 201-204, 216. 2251). Let us therefore consider the classical HamiltonJan analogue of Hasse's theon'. In the classical formalism it is convenient to set (F(x, p)) = F(x(t). p(t)), where F(x, p) is an arbitrary function of the intrinsically prescribed functions of time x(t) and p(t). The latter are the solutions of the dynamical problem. The complex HamiltonJan (9.12), where H,, is the free oscillator HamiltonJan (7.30). W is given in (9.8) and  follows from (9.1 !). is now comfortably written as" i (Dp + Dp)(p - p(t)) (x - x(t)) ,;) = U,, + + p(t)) (x - x(t)) + i i -  O,(p - p(t))  -  Dm,(x - x(t)):. (10.1) Evidently, by choice in fact, along the classical trajectories ..'(t)= tl,,(t), i.e. the classical mechanical energy."" it is particularly interesting to investigate the usual !!amiltonian Ctluatio]s of motion with (10. !). One obtains i =,..v = P + A (x - x (t))+ (i/h)(Dw + D,v)(x - x (t))- 2(i// )D, (p -p(t)), (I0.2) p = -,.. = -a:x - 3. (p + p(t))- (i/h)(Dv + Dp)(p -p(t))+ 2(i// )Dv(x - x(t)). (10.3) Since by definition we are looking for the solutions x = x(t) and p = p(t), these equations reduce to (6.11)-(6.12), i = p; 13 = -2Ap - a:x, (10.4) which correctly describe the classical linearly damped harmonic oscillator. Notice that this result is obtained independent of a particular value of the diffusion coefficients. Of course, quite generally it would be rather problematic for imaginary terms to enter the classical real variables equations of motion. Although as noted, the classical dynamical theory obviously holds for arbitrary diffusion coefficients, 'Note that the diffusion coefficients (7.31) are of the order A. so that the coefficients in (10.1) do have proper classical limits. �� Remember th;ll in Ih� quantum theory we have (.)) = (H.).

H. Dekker, Classical and quantum mechanics of the damped harmonic oscillator 81 we will confine ourselves in the sequel to the specific case (7.31), D,., = 2o' D = 2o ' D,, + D,, , (10.5) which is quantum mechanically closely related to the canonical transformation (6.42)-(6.43), or equivalently to the first columns of (6.3) and (6.4). In the classical formalism it is preferred to eliminate P!anck's constant and, hence, to use the complex variables z, z* rather than a = z/X/ ', a* = z*/X/ '. Inserting i 1 x =  (z - z *), p =  [(o - i l)z + ( + i l)z *l (10.6) and the diffusion coefficients (10.5) into (10.1), one obtains � 0 = (o - i A)z*z + 2i Az*(t) z + 0(t), (10.7) where p(t) is an in principle dynamically arbitrary function of time that can be used, for instance, to make.(t) real (and even represent the true mechanical energy) along the classical trajectory. It is we!l-known that the HamiltonJan (10.7) can be obtained from the Lagrangian (see e.g. [24, 182, 195, 300, 331,418]) E = i Z* -.'(Z*, Z, t), so that the momentum conjugate to the (chosen) coordinate z reads 'z = i z*, which is line with the modified Bopp-theory (section 6) and the complex phase space quantization of section 7. The canonical equations of motion become 2 = -i ,0.- = -i oz - ,z, (10.9) 2' = i ..z = i toz* - AZ* + 2A(Z* - z*(t)), 0O. lO) which along the proper trajectories z = z(t) indeed reduce to the correct results. Compare e.g. with (6.9); see further [24, 182, 195, 1%, 258, 288] and [197]. Notice for example, following Bopp [114], that 2' + 212 +/2:z = ; + 212 - (l - i o)2 = (2 + lz + i z)' = 0. (tO.l) In the preceding we have used the time independent canonical transformation (10.6) which preserves the basic Poisson-brackets of coordinate and conjugate momentum. That is" {x,p} = {z, rz},.p = 1. 0o.12) ' Although the quantum mechanical literature (e.g. [ 163. 164.3{10]) is reasonably consistent in denoting commutator brackets by [. ] and Poison brackets by {. }. in the realm of classical mechanic various notations for the latter are floating around {see e.g. [I. 2. 7. 9]). For definiteness. (10.12) generalized to higher dimensional systems amounts to {f. g}, = ,. {f.,,g.n - g.,d'.n). For convenience. we further set e.g. {xa. pa }, = {xa. pa }.

82 H. Dekker. Classical and quantum mechanws of the damped harrnonw oscdlator Of particular interest, however. are time dependent transformations. Of course, especially that transformation is of value that solves the dynamics or, within the present context, at least removes the irreversible part. It must then immediately be pointed out, that such transformations need not be canonical in the usual sense as contained in (10.12). Consider in view of the linearly damped oscillator problem, for example, the dynamical transformation from z to z' according to z = z' e -" , ', = ',, e -" . (10.13) Remember that ' = i z*, so that 'c = i z'*. Substitution of (10.13) into (10.12) yields {z', 'c},.v = e TM , (10.14) so that (10.13) is certainly not canonical in the sense of leaving the fundamental bracket invariant. However, on the other hand, it is obvious that the remaining reversible dynamics can be obtained from the Hamiltonian (10.15) with {z',',.} = I (10.16) in lieu of (10.14). The other way around, if we had started from the we!l-known conservative dynamics (1{}.15)-(1{}.16), the transformation (1{}.13) would lead to an exponentially decaying bracket in (10.12), i.e. for instance, {x,p}c.,,.= e -z' , (10.17) which is reminescent of the unwanted feature encountered earlier in (4.9) within the Caldirola-Kanai theory, and which has been seen to be closely related to the violation of Heisenberg's principle in quantum mechanics. Of course, in classical theory (10.17) has no basic physical, but only mathematical implications. It is instructive to briefly investigate the time dependent transformation (10.13) in slightly more detail. Introducing, for convenience, the notation z'= (z, t), one determines the equation of motion 00.18) making use of the general form of the original Hamiltonian equations (10.9)-(10.10). The expression in brackets on the r.h.s. of (10.18) is easily identified with the Poisson bracket (10.14). Noticing further that ., does not depend on 'c TM i z", one obtains the transformed HamiltonJan .cO' = eZ'. ' + ',.t., + z'((t), (10.9) where ((t) is an as yet arbitrary function of time. The latter is fixed by the "complex dynamical consistency requirement", demanding that

H. Dekker. Classwal and quantum mechanics o[ the damped harmonic oscillator 83 (1o.2o) In words, (10.20) requires the operations of complex conjugation and time differentiation to commute with each other, at least along the true classical trajectory. This condition is both necessary and sufficient in order for the complex dynamical formalism to be selfconsistent. In the present case, using (10.19) and recalling that (z, t) = z'. (10.20) readily leads to c ( t ) = -i "' - rr,.(tL, ).,.[ ,.= ,.(, . v.,  = -2i A z'*(t) 0o.21) Inserting this result for K(t) into (10.19) finally shows that the original Hamiltonian (10.7) indeed transforms into (10.15).' Transformations like (10.19) are not obtained within the standard treatment of the theory of canonical transformations"" (see e.g. [1.2.7. '1). At least. this is consistent with our earlier observations concerning the conservation of Poisson brackets under canonical transformations. Indeed, their in- variance can be derived once the usual form of the canonical generators is given (see especially Goldstein's [I] treatment, proceeding via the Poincar6 integral invariants and the Lagrange brackets). However, the basic definition of a canonical transformation is that it preserves the form of the canonical equations of motion. This definition, almost trivially, implies that the most interesting time dependent transformation, namely the one that solves the dynamics, is always canonical. No doubt, transforming to the initial state, the new v,riables are time independent by choice and, hence, can always be derived front lite zero t lamiltonian.'" !n other words, lite dynamical t lamilton-Jacobi transformation is canonical per se, whether it preserves Poisson brackets or not. 10. l.Z The Hamilton-Jacobi equation Let us now recall the complex canonical momentum relation r: = i z* and extend for a while the formulation to el! N-dimensional prolficm.'"' Suppease dcn that we were given a function (.:, t), with the property (10.22) Note that z = {z} = {z,, z: ..... z~}, and th:,t the r.h.s. of (10.22) solely depends on z, not on z*. Separating (10.22) into real and imaginary parts, one obtains 2N relations connecting 2N unknowns. CIc;,rly, (10.22) suitices in i)rinciple to lind a function z(t). and, of course. also z *(t)." .... !t will be our task The Ilamillonian,C O' as given in (Ill. 15) is nol unique. For inslance. if in (10.18) one %larls wilh Ihc equalion of motion fi)r :" rather Ihan :'. and im<s the complex dynamical conslraint {10.20) then on ' instead of ". one oblains ' = :"z'-2i (:"- :"{t)){:'- :'(t)). which obviously dynamically equivalent to {10.15). e latter is just the 4raplest member of a group of dynamically indutinguishable generators. ambiguity is intimately connected with Ihe arbitrarines of the diffusion cflicients in the original real variable tlamiltonian {10. l) wilh rcsct Io the classical dynamics {11L210.4).  h  av ot/I II) cotf ,ira c;lc m.v be Io ;itJd the fit}it t to the nlcchanlca[  ;lriabJc (il ctm jugale variable will bc illlllU Ihc J J;mliJhmian ) and franclorn) il qnmJlancouJy. considering Ihc prbJcm in the o-callcd "exlcndcd phe pacc". See cpcCi;llly J.;inc/o' Ircali� [7]. '" Of c(mr%c. it may al%o be a con%lanl. i.e. Jndqpcndcnl o{ Ihc nc "dyn;lnlJcal" ;lriabJc. "*''J't} be clear. N i ;irhilr:lry and the phase pacc ilJ hae 2.%' dimensions, of ( Ill. 22 ) i p: S ,.  hich yicld ; rclal im bclwccn p. t' ;ind l, ( )Jlx ioul. IhN i ,ol uilicicnt Io oblai n Ihc  dnli,}n tff the d namic;fl prtblcm m integrated form. For Ih;11 purpoc one nccd the ccond half of Ihc lr;mformalion fornluJ;L fr cxanlpJt' .t'  .$'t, � herc the prmcd  ariablc are Ihc Ihc irahal valuc. in Ihc complex ;Iri;IbJc lhcry Ihc ccond cl i. in facl. tlplqlcd by Ihc pcr;11iol} of colnplcx co11ug;11ioll itself.

8 H. Dekker, Classical and quantum mechanics of the damped harmomc oscillator to determine that particular generator (z, t) that makes this function z(t) identical to the solution of the dynamical problem. To achieve this, consider the total differential of z . On one hand, by (10.22), it can be considered as a function of z and t, so that dz, =  zk.,, dzt + ~ k., dt. (10.23) I Using the general form of the canonical equation (10.9) for zt in the sum, and (10.22) for z in the last term on the r.h.s. of (10.23). one obtains dz = -i 5" z .,,'Lz; dt -I(,.,.,).z, dt. I On the other hand, from the second canonical equation (10.10) one has dz  = i .).z, dt. Equating (10.24) and (10.25) leads to 00.24) (o.25) .., + ' ::.,,,0.,7+ (Z.,).:, =0. (10.26) t Now notice that Z is a function only of z and t, but that in (10.26) the HamiltonJan ,. still depends on both z and z* (and possibly on t, of course). Substituting (10.22) for z * into , we define' ,.(z *(z, t). :. t) -- ,Y(z, t), and consider Substituting (10.27) for ,0., into (10.26), the result may be written as (:b' + * ' (- ,,. z (m.28) t In view of (10.22), the r.h.s. of (10.28) vanishes termwise identically. Hence, ,O'(z, t)+ $.,(z, t) is a function of time only. The latter dependence reflects the we!l-known possibility to choose a different zero reference point for the Hamiltonian at each instant t, without affecting the classical dynamics. This has been expressed earlier, for example, in (10.7) by the arbitrary function q(t) in the Hamiltonian .0. In conclusion, we may wet .,,(z, t) = O, ,O'(z, t)+ (10.29) One should. of course. not confuse this .0'(:) with the .>'(z'. :) in (10.15)-(10.210.

H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator 85 or, in extenso, in an obvious notation: ,) (- i .z,z,t)+.,=O. (10.30) This is the complex Hamilton-Jacobi equation relevant to Hasse's classical dynamics. As usual, it has the structure of a first-order partial differential equation in N + I variables and, consequently, a complete solution must involve N + I independent constants of integration. In the particular case of the damped oscillator HamiltonJan (10.7), the Hamilton-Jacobi equation (10.30) specializes to" 2lz,.z(t) - (l + i o)z., + ., = O. (10.31) Although (10.31) can, of course, be solved by general techniques (e.g. the method of characteristics [78, 83, 113, 346, 491,492]), mere inspection of this special case immediately reveals that it is satisfied by (z, t) = ottz e '"'-' + or.,, (10.32) which does contain two constants of integration at, at.,. As usual, the additive constant a: arises because (10.31) does not involve the generator  itself, but only its partial derivatives with respect to z or t. But, by the same argument, the additive constant is irrelevant for the solution of the dynamical problem as contained in the transformation formula (10.22). Applying the latter to (10.32), one readily concludes that at = i z*(0). It is finally easily verified that the currently obtained solutions for z(t) and z*(t) indeed satisfy the original canonical equations (10.9)-(10.10). That is, in view of the time independent complex canonical transformation (10.6), they properly represent the classical linearly damped harmonic oscillator, (3.1) or (6.11)-(6.12), in real space. 10.2. Complex phase space dynamics 10.2. I. The Hamilton-Jacobi equation So far certain elements have been given of the complex Hamilton-Jacobi formalism associated with Hasse's classical dynamics. Let us now recall that Hasse's HamiltonJan, (10.7), (10.1) or (9.12), has been derived in section 9 in the weak friction limit from the complex phase space quantum mechanical master equation (9.1), or (7.29). It will be interesting to investigate the underlying classical mechanics of the latter in a little more detail. Thereto we return to the beginning of section 7, or to Bopp's modified theory in the second part of section 6. From either (7.7)-(7.8) or (6.45)-(6.46) we infer the so-called improper or quasi-Hamilton equations [59, 195, 196, 258, 288], which are repeated here in terms of the rescaled classical variable z = aX/':  = (o - i A)z*x. (10.34) As before, r, = i z* can formally be considered as a conjugate momentum. Of particular importance, ' Note the difference between .t ' (z. t)., and .,(t) - .,(z(t). t). although it tums out to be of no importance in the present case.

 H. Dekker. Classical and quantum mechanic5 of the damped harm,,nu' owtllator once again, will be to find the generator of the canonical transformation that is equivalent to solving (10.33). Suppose therefore. as in (10.22). that we are given a function bt(z. t). with the property' i z* = ,,c/,.. (11).35) According to this relation one then has available a complex function z* = z*(z. t). which in principle suffices to obtain functions z(t) and z*(t). The total differential of z*. considered first as a function of z and t. and using the first equation from (10.33) and also (10.35), leads to dz* = -i z.* .z- dt - i(,'.t).z dt. (10.36) This is the immediate analogue of (10.24). However, unlike (10.25) one presently has. on the other hand, from the second equation of (10.33), that dz* = i .* dr. (10.37) Equating (10.36) and (10.37), and defining [24, 59, 195]  = H + i F, (10.38) H and F being real, one obtains . + z.*, '.. + (.cf.,). = 2i I'., (10.39) in lieu of (10.26). Introducing the function '(z, t) -= (z*(:), z, t), the equation (10.39) reduces to ('+ .,). = 2i 1'.,. (10.40) One must be aware of the fact, that on the I.h.s. of (10.40) the partial derivative with respect to z concerns a function of t and z only, but that on the r.h.s. it applies to a function of (possibly) t, and both z and z*. Keeping this in mind, (10.40) leads to the quasi-Hamilton-Jacobi equation t)+ t) = t), (10.41) where the dissipative "inhomogeneity" ,9 reads" .9 = 2i  r.,(t. C) dO. (10.42) "Wc confine ourz:lvcs for the moment being to a on�-dimcn,ional complex valued proc�,,. Thc generalization of the pr�,,cnt Iqamilton-Jacohi formalism to higher dimensional systems is nontrivial. both cla,sically and within a quantum mechanical context. as will be further clarilicd hy the aliimate re&airs and in ectlon II. �� Clearly. this integralion procedure may get in ditlicully in higher dimcn.,ional y'tcm..� al,.o scclion II. concerning Kttin's nonlinear frictional Schr'6dingcr equation [129, 1.t6. 198. 199. 203..''/. 254].

H. Dekker. Classical and quantum mechanics of the damped hannontc mcdlat,' 87 Since in the absence of damping W*=  = H is real [59], so that F= O. the "inhomogeneity" vanishes identically in that case and (10.41) takes on its common structure. 10.2.2 The effective Hamiltontan In the special case of the linearly damped oscillator, comparison of (10.M) and (10.38) shows that F=-Az*z. Hence, F. =-Az* and by (10.35) the integrand in (10.42) becomes i,9'.�. Therefore. .9 =-2Ag'(z, t), apart from an irrelevant arbitrary function of time. and the quasi-Hamilton-Jacobi equation (10.41) yields: 2,9'- (, + i o)z9'. + ca"., = O. (10.43) It is interesting to compare this upshot with (10.31). According to the theory of characteristics (see e.g. [78, 83, 113, 346, 491. 492]). the general solution of (10.43) is given by 9' = e-Z'5;(y), (10.44) where Y(y) is an arbitrary function of y =: exp(i ot + ,t). Applying the transformation relation (10.35) to (10.44) at the initial time t = 0 gives ,. = i z*(0). so that .9(y) = i yz*(0). � Hence, 9'(z, t)= iz'(O)e' (10.45) which is identical to the generator (z, t) found in (10.32) for Hasse's model. Finally, it is quite interesting to note that (!{).43) suggests the possibility of detining a proper, etlective HamiltonJan, say . looking at it as if it were a genuine, "common" Hamilton-Jacobi equation. Then Y{' = (o - i l)z*z + 2M�(z, t), (10.46) which generates the following proper canonical equations: i = -i Y{'.,- = -i oz - (10.47) i* = i Y/'. = i o,z* + lz* + 2i lg'.,. (10.48) Since, by (10.35), 9'., = i z'(t) along the true trajectory, (10.48) is in fact identical to (10.10). So, (10.47)-(10.48) do correctly describe the damped oscillator and  can indeed be considered as a genuine classical Hamiltontan. It will be further exploited in the next section. 10.3. Summary In the first part of this section the classical analogue of Hasse's pure state Hamiltonian dynamics (section 9) has been investigated. The classical dynamics is independent of the diffusion coetticients. ''The integration constant can be set equal to zero for it doc not affect the Iranqormation. a encountered earlier. For Ihc same reason an addilive constant does not appear in (10..14). Remember that (10.43) is unique, save for an arbitrary additive function of time.

88 H. Dekker. Classical and quantum mechanics of the damped harmonic oSCtllator Hasse's Hamiltonian has been rewritten in terms of Dekker's complex canonical variables. The generator of that particular time-dependent canonical transformation that solves the dynamics (and which need not leave the Poisson brackets invariant), has then been shown to obey a complex Hamilton-Jacobi equation. In the second part of this section similar techniques have been applied to the classical dynamics underlying both Bopp's modified theory (section 6) and the complex phase space quantization of section 7. A complex quasi-Hamilton-Jacobi equation has been derived, from which a new proper HamiltonJan could be identified. This HamiltonJan will be discussed further in section 11. 11. Kostin's nonlinear Schr6dinger equation I I. I. Classical mechanics In the previous section the ideas of a complex Hamilton-Jacobi formalism have been applied to both the Hasse and the modified-Bopp-Dekker dynamics for the damped oscillator. From the latter a novel proper classical HamiltonJan Y{ of a peculiar nature emerged� In principle, the availability of a true HamiltonJan offers new vista's on the application of conventional quantization procedures. In view of the unconventional nature" of Y{, however, it seems wise to at least transform back to the real classical coordinate and momentum, x and p. Consult (10.6), (6.42)-(6.43), or the first columns of (6.3)-(6.4). Inserting ! I[p + (A - i v)x] z* = - [p+ (A + i v)x] (!1.1) into (10.46), readily yields  = (1 - i Mo.,)(p 2 + 2Apx + S'/'x') + 2, Y(z(p, x), t). (11.2) Anticipating the real space Hamilton-Jacobi theory, a function S(x, t) can be introduced, with the usual property iv = S.x, (.3) which is the real mechanical analogue of (10.22) or (10.35). Using (! 1.3) we define the function Y'(x, t) according to b"(z (p, x), t) = b"(S., + (A -i v)x, t) = b"'(x, t), (l 1.4) and consider 5l"., = z., = i z*z.,. In the latter we have invoked (10.35). With the aid of (ll.l) and (! 1.3) one then calculates � = .px 4v (pZ + 2Apx + [J"x") . (l 1.5) ' For instance. it is by no means clear what the quantum analogue of the complex generator ,7 it,elf should be.

H. Dekker. Classical and quantum mechanics o[ the damped harmonic oscillator 89 Hence, ,'(z(p, x), t) = S(x, t) - px + 4' (pc + 2Apx + ,O"x:), (11.6) plus an arbitrary function of time that may be set equal to zero by the same token as usual, i.e. dynamical invariance. Inserting (l 1.6) into (11.2), one obtains the upshot X' = 2 + �a'x" + 2,S. 111.7) If, considering again p and x as independent conjugate variables, this result is used as the Hamiltonian in the canonical equations of motion, it leads to i = x'.,, = t,. I  = -Y(x = -112x - 2,S.. (11.9) Because, in view of (!1.3), S., = p(t) along the true trajectory, (I 1.8)-(11.9) are identical to (10.4), and, hence, indeed properly represent the original NewtonJan damped oscillator (3.1). The real classical Hamilton-Jacobi equation Y(x, S.3+ s., = I). (I 1.10) associated with (!!.7), becomes 2aS + '.,fix' + (S.,)' + S., = o. In this explicit form, 11 !.11) has been proposed earlier by Razavy [1), 226]. It is also mentioned in [43] within the framework of extended fluid dym,nfics. 11.2. Ouantum mechanics I I.Z I. The variational principle The Hamilton-Jacobi equation 111.1 !) appears to be amenable to quantization following a method originally due to Schr6dinger [225]. In fact, the method is still usually cited in the textbooks on quantum mechanics as giving the exact solution to the (Rayleigh-Ritz [493-495]) variational problem (see e.g. [162-164, 300, 303, 314, 331,496]). Its application to dissipative quantum physics stems from Razavy's work [190, 226]. The method, however, is not free of subtleties." Although we have not much to say concerning improvements at present, at least an attempt will be made at a viable formulation. In the  It is amusing to note Schr6dinger's footnote [225]: "Es cntgcht mir nicht dab dicse Formulicrung nicht gan. cindcutig i,,t". Notice further, comparing 12251 and 11). 22b I. that Schr6dinger introduces a real valued wave function  (which certainly is allowed in Ihe .tationary st;lcs he consider0. according to S   In . However. in this way, the wave function is connected with the classical principal function $ in a rather unu,.ual way (consult e.g. 172. 113. 160. 163, 164. 201-tl, 3110. 313, 313. 314. 417. 407-ID. On the other hand. Razavy follows the common technique of introducing a complex valued wave function , (which certainly is required in the dynamical case). according to S = (h/i)ln ,, S  (i  ) In �'. or S -- (/'2i)In0l,/'). The ambiguity is that each of these expressions must be introduced at its "appropriate" place in the claydeal formulae. In fact. the two different connections of the wave function with the classical principal function hardly seem compatible. Finally. note that Ihe.e problems are basically related to the undamped system. rather than to Ihe dissipation. See further the present text.

90 H. Dekker. Classical and quantum mechanics of the damped harmonw oscdlatot first place it will be shown that the dynamical variational principle basically is a Lagrangian recipe. It reduces to the usual variation of the HamiltonJan (the Rayleigh-Ritz method for obtaining the eigenvalues and eigenfunctions) only at stationary states. Secondly, it is noted that in the classical theory there exists apparently only one real field S(x, t). The subsequent introduction of a complex field b(x, t), leading to a two dimensional variational problem (i.e. with &b and &b' as independent alterations), will be given a little more attention than usual (see e.g. [190, 226]). Actually starting with the latter aspect, let us return to the HamiltonJan Y/'(x, S.,) that can be read from (11.10) and (11.l l). It is  = :(S.,)' + ..(/:x: + 2AS + where we have once more explicitly accounted for the invariance of the classical dynamics under the addition of an arbitrary time dependent function q(t) to the HamiltonJan. � Compare e.g. with (10.7). Next, a complex function is introduced according to b(x, tfxo)= A(t)cxp[ S(x. tlx.) ] . (1.13) where both S and the amplitude A are taken to be real. In the definition (11.13) it has been carefully explicited that the classical princip,d function, besides depending on x and t, also contains an integration constant. For convenience, this parameter has been identified with the initial value x(O)= x,,. For a classical, deterministic process the actual value of x. is a sure quantity, i.e. it is specified with probability one. However, in view of the probabilistic nature of quantum mechanics, it will be important to recognize xo in the wave function (I 1.13) as a basically free parameter. Actually, b(x, tlx,,) is not yet a true wave function. For instance, it does not conserve total probability in the usual sense. Rather, it represents a quantum mechanical propagator (Grecn's function, or transition amplitude).'" See e.g. [70, 72, 116, 228, 23 I, 387, 417, 500, 50 I, 5051. !n the form (1 I. 13) it is known to be exact for the undampcd (possibly driven) harmonic oscillator "'" [72]. From (ll.13) one has S = (fi/2i)n(/'). (11.14) Schr6dinger's quantum mechanical postulate now amounts to defining the expectation value of the HamiltonJan as the functional K= f *.?( dx, (11.15) so that [b[ 2 attaches the meaning of a (relative [72]) probability density. and considering K0b*, b, t) as the This notion takes; the place here of the additionally imposed normalization condillon in [190. 226]. Actually. that subsidiary condition would lead to nonsensical results in the case of the semi-classical wave function (I 1.13). which. on the other hand. must be introduced in order to obtain a selfconsistent variational procedure leading to the standard linear Schrrdinger equation if A = 0. See also [502-504] and the previous footnote. �� For the nondissipative linear (in ,) Schr&linger equation the important superposition principle holds, so that a general wave function can be obtained as a linear weighted combination o! propagaton with different xo, i.e. (x.t)= $ (x, t!x0)d,(xo)dx0. Unfortunately. the superposition principle is invalidated for the nonlinear frictional hr'rdinger equations. including Kotin's. See further on. '"The expression (11.13) is also the first step in the standard WKB-analysis. Recall that the WKB-eigenvahes are exact (in the first order analysis) for the harmonic oscillator. See e.g. [162-164, 230, 300, 303, 313. 314, 481,496. 498. 499, 506-516]. Further. (11.13) is also exact within the Caldirola-Kanai model of the damped oscillator (section }.

H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator canonical generator of quantum dynamics. Notice, that (11.15) involves both S and A. Because there are no additional constraints in the present formulation, these functions can indeed be altered in- dependently. Hence, alternatively. we may consider 5 and q* as independent variations in the following. Inserting (11.12) with (11.14) into (11.15) straightforwardly leads to (11.16) The combination of the first and last term within the square (kinetic) brackets is easily further evaluated using the identity' , * 2 .) (�,*/)(.,)'+ (�,/)(�,.,) = -_�,.,,., + (11.17) Evidently. in view of (11.13). the second term on the r.h.s. of (11.17) is definitely zero. Therefore. (11.16) reduces to K=; ' 2 . . , : 2 [.,h .,., +  (:f/x -i hA In(/")+ )] dx. (11.18) With A = 0 this HamiltonJan is well-known in the standard theory of "second quantization" (see e.g. [22, 31111, 331]). By means of one partial integration in the kinetic term, and putting A =qe = (} for convenience, (11.18) can be written as K,, = f $.(,:p2 + V)$ dx, (11.19) with p -ihc, and V= '"': : = .qt x. The HamiltonJan Ko is immediately recognized as the harmonic potential c-number analogue of the atomic reservoir HamiltonJan (8.3), that has been employed in the quantum optics model of section 8. Following the usual procedure, the HamiltonJan (11.18) can be obtained from the Lagrangian L = ih; $'�.,dx- K($',$, t). (11.20) It is instructive to compare the functional (11.20) with the function (10.8). Presently, the canonical momentum r(x, t) conjugate to the field (x, t) is r = ih'. The Lagrange variational principle 8 J' L dt = 0, taken over from classical mechanics, now becomes n O.,W., - �'�(�.O:x: i hA In(�/�')+ 0)] dx dt = 0, which yields the Euler-Lagrange equation (see e.g. [1, 113, 300, 331]) 'This procedure is sol unique. h aims. however. at a nondissipative Schr'6dinger equation linear in and containing only k. (11.21)

92 H. Dekker. Classical and quantum mechantcs of the damped harmonto o'tllatt,r i tb., = -�I2b.,, + ',a"xZb -ihA In(/*) + (i hA + in consequence of a variation &b' 0, and the complex conjugate equation variation &b 0. by the (I 1.22) independent 11.2.2. The Schr6dinger equation Clearly, in absence of dissipation (11.22) reduces to the usual Schr6dinger equation, which is linear in 6. Hence, in that case more general solutions than (11.13), which forms an essential element in the derivation of (11.22), can be readily constructed by superposition of propagators with different initial states. See also again the footnote following (11.13). Unfortunately, as will be obvious from (11.22), the superposition principle ceases to be valid as soon as A  0. The bold leap of the present theory is the postulate that, nevertheless, (11.22)does have physical significance for solutions other than (11.13), even if 3,  0." Of course, of particular interest are those solutions that can be normalized in the conventional way, thus providing a proper probability density p(x, t) = I$l:. From (I 1.22) and its complex conjugate one finds p.,+j., 2(A 1 = +-lm�)p, (11,23) where j(x, t) represents the usual current density i = (h/2i)('., - .", ). (11.24) Compare this e.g. with (4.21)-(4.22). Clearly, total probability will be conserved in the course of time if Im , = -hA. The real part of �(t) produces an irrelevant scalar phase shift in the wavefunction, as usual, and can be set equal to zero. The Schr6dinger equation (11.22) can now finally be written as i = (H,, + (11.25) Ho again representing the free oscillator (2.8), and where w, = -i h - 0n(,/,/�'))]. (11.26) As before (see e.g. (2.9) for the Siissmann-Hasse-Albrecht models, and (9.8) for Hasse's pure state model), we have added in (11.26) a non-observable time dependent function in order to let (WK)= 0. The result (11.25)-(11.26) represents Kostin's Schr6dinger-Langevin * equation [198, 199]. It has subsequently been discussed within the frameworks of the fluid dynamical interpretation of the � Intuilively, this may restrict Ihe validily of (I 1.22) to Ihe weak fficlion Emil. '� In fact, (I 1.25)-(I 1.2h) rcpresen! the T = 0 case. A! elevated Iempcraturcs one c(mld add a random t(hastic )tcnlial t = x(t), which due o a classical thcal rcoir. Although this prcdure is quite cl to hc Svin'in-ngevin treatment ([1, 1811, and ction 5) of the Caldirola-Kanai mel (clion 4), Ihe prenl vcion is more satisfying. Namely, Ihe pure clatdcal Klin-ngevin noi mrce (t) need generme Ihc zcroinl ucluafions o Ihe tagged quaslum mechanical illalor. at is, here ((t + r(/)) = OK (r) wilh K = nA, in lieu D = (Nn + . e e.g. (I.9(I.I I) and (5.). Klin's o6ginal par did include Vn. It's implicalions have been luther diud by Mesr

H. Dekker. Classical and quantum mechanics of the damped harmonic oscillator 93 Schr6dinger equation [201-204], stochastic quantization [205-213] and Hamilton-Jacobi theory [43, 190, 226]. See further [129, 136, 156, 247-250] and the Historical survey. The Kostin model (11.251-(11.261 has the remarkable property that every stationary solution of the free oscillator also solves the damped problem.' In general there is a regression towards these stationary states [203, 207, 517], according to"' b, = ,,(y)exp [� (y./(t)+ S,,)], (11.271 where y = x - x(t), and where x(t) represents the classical trajectory of the damped oscillator, i.e. (2.5) or (5.411."' Further, the ,, represent the undamped stationary state eigenfunctions: ,(y) = At,, exp[-i(n + �).Ot - .Oy2/2h] H,(yV'-'), (11.281 with At,, = (.(//'n'fi)'/"(2"n !) -'a. Finally, So = S,,(x(t), t[x,) in (11.271 stands for the free oscillator action calculated along the dissipative trajectory, i.e. t So = f Lo(x(t'), ?(t')) dt', o (11.291 �,, = (I 1.301 11.2.3. Wave packet solutions At the ground state n = 0, the wave function (11.271 is a Gaussian. Compare with section 2, especially (2.111 and (2.191. In that case one obtains, with (x)= x(t): Iq, I 2 = [2*ro.,,!-'"' exp [- (x - (x))21 (ll.31) which compares with the wave packet (2.191 of the Siissmann-Hassc-Albrecht models at the stationary width 2o-,, = w:, = M.O, i.e. for c = 0 (AIbrecht's choice; see (2.1211. However, as has been shown by Rcmaud and Hernandez [1361, the stability properties of the Kostin 11uctuations are essentially dilfercnt from the Miinchen-models. Computing the first moments directly from the nonlinear Schr6dingcr equation (11.251-(11.261, one finds (x)'= (p) and, using p = -i fi,: (p)' = -112(x) + i hA((ln0k/�')).,) = -,02(x) - (I 1.321 invoking the usual definition of expectation values, as contained for example in (ll.151. Similarly calculating the equations of motion for the variances. the results for 6-,, and 6- emerge quite � ]'his property i destroyed d the random l)lcntial %'a is prccn! i.e. at nonzero Icmpcralurc (,,co prc ious foolm)lc), Consult clion 2 and J 1118. 109] for {unhcr commcn. "� The dmion (I 1.27) ddtcrs omcwhit from thin given in [ 156. 207 I. but agrees (a Ic-',t at n = O)  ith h-'q prccncd in [ 129. I?*]. 'l'he diltcrcncc is in the ph;v faclor only. �� I.ct in (5.41)y(t)bc x(t).

9.1 H. Dekker. Classical and quantum mechanics of the damped harmonic osctllator straightforwardly and appear to be identical to (3.56) and (3.58) of the Bateman-Feshbach-Tikochinsky theory, (4.28) and (4.30) of the Caldirola-Kanai model, (5.70) and (5.72) of the Kanai-Svin'in treatment; and to (7.43) and (7.45), or to (9.23) and (9.25), if in the latter two cases one sets the diffusion coefficients D,, + D,, = D = 0. The equation for 6-, is more involved and. as will be shown, leads to a somewhat unusual result. Obviously, (p)' -- -ae(px + xp)- A([p 2. In(/')]). (11.33) Writing the dissipative term on the r.h.s. explicitly in the coordinate representation, one obtains +M,  f [(,/,'/,/,)(,/,.,) + (,/,/,/,')(,/,.",)] dx. (11.34) By partial integration the first dissipative integral in (I 1.34) is noted to vanish. while the second leads to -2A(p2). Moreover, applying (11.17) to the last integral on the r.h.s. of (11.34) leads to (p2>' = -.O'(px + xp> - 4A ) + A/  f ({{:).,(.",/' + .,/) dx. (11,35) Substituting now the general form (I 1.31) fir the density Ikl 2 of a Gaussian wave packet into the integral in (11.35), gives (p2)' = -n:(px + xp>- 4A(p2>- (,t, 2/o-,,) f (x - <x>)({l:)., dx. (I 1.36) Either performing a partial integration, or once more using (11.31) and the very definition of tr,,, yields the final resulL In conclusion, !he Gaussian variances for the Kostin model obey the following set of equations: (11.37) 6'm, = -4Atrm, - 2(/:%,, +/ (11.38) 6-,, = 2try,,. (11.39) This result agrees with [136]. The stationary solution, contained in fact in the state  = ,, of (I 1.27), is easily found: tr,,(oo)= 0, trm,(oo)= .(/2tr,(oo) and trm,(oo)tr,(oo)= hz/4. That is, there is minimum un- certainty with tr,,()=//2.(/ and tr,(oo)=/if//2, representing indeed the free oscillator ground st,re. Notice that, due to (11.38), the dynamics of the quantum mechanical fluctuations for the Gaussian Kostin-oscillator can not be brought into the form of any of the other models treated in the previous sections. Actually, the general dynamical solution of (11.37)-(11.39) is not known in closed form [136]. However, if try, '/2A the Kostin equations (11.37)-(11.39) reduce to (3.56)-(3.58), so that for large

H Dekker. Classical and quantum mechanics of the damped har,nontc oscalatoe 95 coordinate spread the solutions are given by functions of the type (3.59) and (3.60).' What will happen if the variances come close to the oscillator ground state values, is clarified by means of a linear stability analysis of (11.37)-(11.39). Setting o.,(0 = o.,()[l + (t)], (11.38) can be linearized to 6'm, = -4Ao.m, - 2.0:o.v - 43..0:o',_, + 4hA.0. (11.40) Note in passing, that (11.40) cannot be obtained from a diffusion equation with constant (i.e. x-independent) diffusion coefficient D,. The eigenvalues of (11.37). (11.39) and (11.40) are -4. and -A _ 2 i(.0:- A'/4) ta. Hence, the Kostin-oscillator widths (i.e. for instance. the energy) are asymptotic- ally stable about the ground state. Compare this with the remarks below (2.21). concerning the Mfinchen-models. Let us finally note, more or less for the sake of completeness, that because (i) the Kostin-oscillator is described by means of a Schr6dinger wave function, because (ii) the canonical momentum p = -i h& is identical to the mechanical momentum, and because (iii) a Gaussian wave packet solution exists. one may conclude that the "normal" uncertainty relation (2.18)can be applied to (I 1.37)-(11.39). Hence, as for the Siissmann-Hasse-Albrecht oscillators, one can find a second order equation for o.,, separately" Introducing once more the width w, according to w:, = 2o.,,. one obtains � + 2A6'x +.0:wx = (11.41) Compare this with (2.20), and notice the presently occurring damping term on the I.h.s. of (l 1.41), which explains the gross differences between the Kostin and the original Miinchen-models. Analysis of (I 1.41) completely confirms the earlier conclusions concerning the stability of the Kostin-width about its ground state value w(:o) = (h/.0) /2, as it should [136]. 11.3. Summary The classical ttamiltonian, obtained in section 10 on the basis of the complex quasi-ttamilton-Jacobi formalism associated with the modified Bopp-Dekker dynamics (sections 6 and 7), has been written in terms of the real space canonical variables. It has subsequently been quantized using an adapted dynamical version of the original Schr6dinger-Razavy theory. The result is Kostin's nonlinear frictional Schr6dinger equation. It violates the superposition principle and is difficult to generalize to higher dimensional systems. Its one-dimensional stationary state and Gauss/an wave packet solutions have been discussed in some detail. The latter always decays into the free oscillator ground state. The Kostin damped oscillator respects Hcisenberg's uncertainty principle. 12. Summary and final remarks Dissipation in classical and quantum mechanics has been discussed from different point of views. both microscopically and phenomenologically. In fig. 12.1 the general interrelations between the various 'The cigcnvalucs of (3.5b}-{3.58} arc -2 and -2( "i '� This is most easily done laking IhC derivative fi:,, = 2d' v, from ( I 1.3). and uqng (I 1.37} in order to cspre,,s 63, in term., of rv,. rvv and Mulliplying the resulting equalion on both sides wilh o.,,, then invoking (2.18) to eliminate the product o're'ru. and finally re.expressing o�, in term. J',, by means of (I 1.39). lead,, to Ihe required equation of motion. Notice that (I 1.38) has not been used.

96 H. Dekker. Classical and quantum mechanics of the damped harmomc oscdlator mcroscol,c  � �  ,acroscol,c reduchon ctosed sys'em reverslbtH'y dosed sys'em reversbHH'y reduchon agen sysfem dlsslpaflon open sysfem dsslpahon m,croscopic  :, ,  mesoscopc Fig 12. l. [nlcrrclalions between vmrius Icyels Of desc6plion of ph,sical '.,,'lcm. descriptions are depicted. The present article has been written with the intention to clarify the more precise connections between several specific, seemingly disjunct models for the simplest conceivable nontrivial system: the linearly damped harmonic oscillator. In that sense, the text aims at a unified treatment. On the other hand, it attempts to reveal the differences between the various approaches as well as their intrinsic difficulties, in particular in the quantum domain. The treatment is a physicist's and has not been aimed at mathematical rigor. As usual, the logical context overrules the historical developments. After the general introduction in section I on reversible and irreversible phenomena, and on the relation between dissipation and fluctuations, a historical survey has been given in section 2. With reference to that sup,'ey for more information, fig. 12.2 shows a rough sketch of the historical advent of the theories discussed in the subsequent sections, as well as their position within fig. 12.1. Aside from some remarks concerning Havas' example of a typically unphysical Hamiltonian [8], section 2 also contains a brief discussion of the mesoscopic Siissman-Hasse-Albrecht or Miinchen-models for the damped quantum oscillator [129]. Since the canonical momentum and the mechanical momentum are equal, while the system is described by means of a Schr/3dinger wave function, these models respect Heisenberg's uncertainty principle. On the other hand, however, they lead to the unexpected feature of non(asymptotically) stable fluctuations. In section 3 Bateman's classical dual HamiltonJan model, comprising the damped oscillator plus mirror image, and its quantization following Feshbach and Tikochinsky is considered [11,115]. The basic commutator is incorrect and, hence, Heisenberg's principle is violated.

H. Dekker. Classical and quantum mechanics of he damped harrnontc oscillator 97 1930 I '0 '50 '60 [8] '70 '80 {} Fig. 12,2. Historical .urvcy of publications on the damped harmonic oscillator. Roman numbers rctcr to fig. 12.1. Section 4 has been devoted to Bateman's time-dependent HamiltonJan model. It is related to the dual model by extending the dynamical variables into the complex plane and performing a canonical transformation. The quantum mechanics of this model (related to a mass-accreting oscillator rather than an energy dissipating one) following Caldirola and Kanai [13, 14], involves an exponentially decaying fundamental commutator and thus kills the quantum fluctuations in the course of time. The classical semi-infinite transmission line models of Stevens [157] and Yurke-Yurke [39] (which are closely related to the Ford-Kac-Mazur model [38]) are investigated in section 5. It is shown that the Caldirola-Kanai theory applies to the smoothed (or: noise-subtracted) dynamical variables rather than the actual ones. Unfortunately, the required infinite number of degrees of freedom in the model prohibits the calculation of all observable quantities. This can, in a sense, be remedied by Svin'in's mesoscopic quantum mechanical treatment of the Caldirola-Kanai model [180], as is also outlined in section 5. In section 6 Dekker's complex dynamical variables are introduced into Bateman's dual HamiltonJan by means of a canonical transformation and Dedene's complex symplectic formulation of the damped oscillator is examined [197]. Its quantum mechanics violates the uncertainty principle for the same reasons as with the original Bateman model. The second part of section 6 is concerned with a modified version of

8 H. Dekker. Classical and quantum mechanics of the damped harm pine o.cdlator Bopp's theory [114]. In terms of the complex variables the correct quantum mechanical commutator is imposed on the physical system, which is separated from its artificial mirror image. The resulting density operator (or: quantum mechanical master) equation describes mixed rather than pure states. The uncertainty principle is respected. The dissipation increases the uncertainty product over its vacuum value. Section 7 presents a discussion of Dekker's complex phase space quantization [195], starting from Dedene's symplectic formulation. It leads to the same quantal master equation as the modified Bopp-theory, and, hence. also defers to Heisenberg's principle. Section 8 describes the quantum optics oscillator [22, 55]. The quantum mechanical model-Hamil- tonian yields the modified Bopp-Dekker master equation for the reduced density operator in a weak damping limit. In that limit, and in a Gaussian approximation, this density operator equation can be replaced by a nonlinear frictional Schr6dinger equation with a non-Hermitian but normconserving HamiltonJan. according to a theory due to Hasse [311]. It is studied in section 9. In section 10 a (quasi-) Hamilton-Jacobi formalism has been outlined for the classical complex variables dynamics associated with Hasse's and the modified Bopp-Dekker model. In the case of the latter a new dissipative HamiltonJan emerged. This novel Hamiltonian has been quantized in section I 1 using a modified dynamical version of the Schrbdinger-Razavy variational procedure [I(X)]. It leads to Kostin's nonlinear Schr6dingcr equation. which guarantees the validity of Heiscnbcrg's principle [198]. The essentials of the relations between the models discussed in this article can be seen from the diagram in fig. 12.3. Although completeness is certainly not claimed, it is felt that the present text covers a substantial portion of the relevant work done during the last half century. All models agree on the classical sympLechc < tooder theory theory � Hasse's ,heory H Onehen modets quantum ophcs OSClttator ,tea,men, ,tea,men, Fig. 12.3. Block diagram showing specific relations between various theories of the damped harmonic oscillator. Koshn's theory

H. Dekker. Clav.ical and quantum mechantcs of the damped harrnontc o. wtllator 9 dynamics. From the quantal point of view this is to say that they all satisfy Ehrenfest's principle. However, the actual quantum mechanics of the various models reveals a considerable variety in fluctuation behaviour. Closer inspection of the models further shows that none of them. neither the microscopic nor the mesoscopic ones, are completely satisfactory in all respects. For instance, the Bateman-Feshbach- Tikochinsky theory is at variance with the uncertainty principle. even in the limit of vanishing dissipation; the transmission line model involves infinities; Svin'in's classical reservoir requires quantum mechanical properties: Bopp's modelling is, in fact. in line with Ehrenfest's principle only for certain special. nearly classical initial conditions: for arbitrary nondissipative Hamiltonians. Dekker's theory is not always exactly equivalent to the usual Schr6dinger description; the evaluation of the quantum optics oscillator involves quite a number of delicate steps; Hasse's pure state representation condition is usually not satisfied in the dynamical state; and Kostin's Schr6dinger equation can hardly be generalized to more than one single oscillator. This list should suffice here. For further comments the reader is referred to the pertinent sections. Let us in the end again remember that dissipation basically arises from microscopic time-reversible interactions. and that it is observed essentially looking at a subsystem of the universe. Such problems are intrinsically difficult, although the observed subsystem dynamics is often relatively simple. In conclusion, there can be no doubt that dissipative phenomena-being in their modelling often at the borderline between microscopy and macroscopy-will continue to be a challenging subject [43 I. 530-563]. ' Acknowledgements I would like to express my gratitude to Prof. D. tcr Haar (Oxford) for his suggestion to extend the original draft of this article to its present scope. It is also a pleasure to thank Dr. G. Denene (Leuven), Dr. R.W. Hasse (Miinchen/Garching), Dr. B. Yurkc (Cornell) and Prof. K.W.H. Stevens (Nottingham) for a critical examination of the handwritten text, and for their stimulating response. Prof. N.G. van Karopen (Utrecht) is gratefully acknowledged for his alert comments on the typewritten version. I am further indebted to Dr. E.S. Hernandez (Buenos Aires), Dr. M. lchiyanagi (Osaka), Dr. M. Razavy (Edmonton), Dr. B. Remaud (Nantes), Dr. B.-S. Skagerstam (Gbteborg) and Prof. Zhang Yung-Lun (Shanxi) for useful and encouraging correspondence. In addition, I wish to acknowledge the skill of Monique van Stuyvenberg in typing the manuscript. References" FIRST CITED IN SECTION I [11 H. Goldstein, Classical Mechanics (Addison-Wcley. Reading. 1950). [21 L.D. Landau and E.M Lifshitz, Mechanics (Pergamon. Oxford. 1960). [31 R.A. Coulomb. Mem. de I'Acad. Roy. Sci. 10 (1785) 161. '141 P.A.M. Dirac. Proc. Royal Soc. London A167 (1938) 148. � Rcl. [5301 see. ms to bc the earliest rolerenee to the problem of quantization of a damped system, ROf. [5311 pr�rns a firs derivalion of the quantum mechanical operator equation for a radiating tieelton [5321. See also [5.'t31. "" References labelled wilh an asterisk arc cpecially relevant Io Ihc damped ora:illat*r models discussed in the texl. Key papcn have been added a second aslcrisk. The remaining references are of a more general nalurc.
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