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Preface

Combinatorics has been very active since the appearance of the first edition
of this book in 1967. Important new results and new methods have both
broadened and unified the subject.

In the period 19721975 Richard Wilson proved the major asymptotic result

on block designs. For a design D with parameters (v, b, r, k, A) the elementary -

relations bk = vr and r(k — 1) = A(v — 1) must hold. He shows that, subject to
these conditions, given k and 4, a design always exists for sufficiently large v.
He treated the even broader case of pairwise balanced designs in which block
sizes k;, i=1, ..., m are permitted. These results are given in Section 15.6.

In 1926 B. L. van der Waerden conjectured that, for a doubly stochastic
matrix (nonnegative entries summing to 1 in every row and column) of size, the
minimum value of the permanent would be n1/n", this being achieved with every

entry being 1/n. The truth of this was proved by Egorychev in 1980. The proof
of this is given in Section 5.4.

Perhaps challenged by the statement in the first edition that “no infinite
class of Williamson matrices has been found,” Richard Turyn in 1972 found an
infinite class. This is given in Section 14.3.

The theory of error-correcting codes has been growing by leaps and bounds.
Its relationship to design theory was brought out in 1973 by a major paper by
F. J. MacWilliams, N. J. A. Sloane, and J. W. Thompson. This connection and
some of its consequences are the subject of the new Chapter 17.

This book is not an encyclopaedia. In particular, the recent proof of the
famous four-color conjecture is not included. But a concious effort has been
made to bring it up to date in the areas it covers.

Many people have been helpful. A partial list is: H. J. Ryser, W. H. Mills,
R. M. Wilson, W. G. Bridges, R. Mena, E. F. Assmus, J. L. Hayden, R. Calder-
bank, N. J. A. Sloane, R. J. McEliece, D. Knuth, S. S. Shrikhande, Navin
Singhi, Clement Lam, J. H. van Lint, J. 1. Hall, J. J. Seidel, and Robert Roth.

MarsHALL HALL, Jr.

Atlanta, Georgia
January 1986
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Preface to the First Edition

Combinatorial theory is the name now given to the subject formerly called
“combinatorial analysis”’ or “‘combinatorics,” though these terms are still used
by many people. Like many branches of Mathematics, its boundaries are not
clearly defined, but the central problem may be considered that of arranging
objects according to specified rules and finding out in how many ways this may
be done. If the specified rules are very simple, then the chief emphasis is on the
enumeration of the number of ways in which the arrangement may be made.
If the rules are subtle or complicated, the chief problem is whether or not such
arrangements exist, and to find methods for constructing the arrangements.
An intermediate area is the relationship between related choices, and a typical
theorem will assert that the maximum for one kind of choice is equal to the
minimum for another kind.

The text is divided into three major segments. The first four chapters deal
with problems of enumeration. Chapters 5 through 9 deal with the intermediate
area of theorems on choice. Chapters 10 through 16 are concerned with the
existence and construction of designs.

The theory of enumeration is covered extensively in the classical work of
Major P. A. MacMahon, Combinatorial Analysis, London, Vol. 1, 1915, Vol. II,
1916, and in the recent book by John Riordan, An Introduction to Combinatorial
Analysis, John Wiley & Sons, Inc., New York, 1958. The treatment of this
subject in the first four chapters of this book is relatively brief, and does not
attempt to match the scope of these books. H. J. Ryser in the Carus mono-
graph, Combinatorial Mathematics, 1963, gives a brief but elegant account of the
theorems on choice and the construction and existence of block designs.

Many people have been helpful to me in preparing this book. These include
Dr. Leonard Baumert, Professor Robert Dilworth, Dr. Karl Goldberg, Pro-
fessor Donald Knuth, Dr. Morris Newman, and Professor A. W. Tucker.
Special thanks are due to Professors Garrett Birkhoff, Robert Greenwood, and
Herbert Ryser, who read the entire manuscript and gave me many helpful
suggestions. In preparation of the manuscript and correction of clerical errors,

the assistance of Mrs. Kay Hardt, Dr. Allen Pfeffer, and Mr. Robert McEliece
was invaluable. '

ix



x Preface

I am indebted to the Literary Executor of the late Sir Ronald A. Fisher,
F.R.S., Cambridge, to Dr. Frank Yates, F.R.S., Rothamsted, and to Messrs.
Oliver & Boyd Ltd., Edinburgh, for permission to quote a portion of text from
their book Statistical Tables for Biological, Agricultural, and Medical Research.
I also wish to thank Dr. C. R. Rao of the Indian Statistical Institute and the
editors of Sankhya for permission to quote from the paper “A Study of BIB
Designs with Replications 11 to 15.”

MARSHALL HALL, JR.

Pasadena, California
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1

Permutations and
Combin‘ations

1.1. DEFINITIONS

A permutation is an ordered selection of objects from a set S.
A combination is an unordered selection of objects from a set S.

We may or may not permit repetition in our permutations and combinations.
Thus, selecting two letters from the three letters g, b, ¢, we have nine permuta-
tions with repetitions permitted:

aa, ab, ac, ba, bb, be, ca, cb, cc.
We have six permutations without repetitions:
ab, ac, ba, be, ca, cb.
We have six combinations with repetitions permitted:
aa, bb, cc, ab, ac, be,
and three combinations without repetitions:
ab, ac, bc.

The number of permutations of n things taken r at a time, without repetition,

written , P,, is easily evaluated. For in a permutation a,a, - - - a, we may choose
-a; as any of the n objects, a, as any one of the remaining (n — 1) objects, and

having chosen a,a, - - - a;, we may take q;,, as any one of the (n — i) remaining
objects. Hence,

Pr=nn—~1)---(nh—r+ 1)=---'-1-~!--—--—-(n),. (1.1.1)
(n—-r)



2 Permatations and Combinations

A combination of n things taken r at a time without repetition, say, a,a, - 4,,
will lead to r! different permutations, namely, all r! permutations of a,, ..., q,.
Hence the number of combinations of n things taken r at a time, written ,C,,
is given by

) {
= "m (") (1.12)

which is the familiar binomial coefficient. Indeed, in the product (x + y)' =
(x + y)---(x + y), the coefficient of the term x"y""" is the number of ways of
choosing r of the factors x + y, from which we take an x, and then y from the
remaining n — r factors x + y. We note that

C, = ,Coese (1.1.3)

The number of permutations of n things taken r at a time, repeats permitted, is
', since in a,a, - - - a, there are n choices for each of a;, a;, ..., a, in turn,

To find the number of combinations of n things taken r at a time with repeats
permitted, we cannot simply divide n” by an appropriate factor, since different
combinations may yield a different number of permutations. Thus, taking
combinations of a, b, ¢, d, e three at a time, the combination abc gives six per-
mutations, the combination aab gives three permutations, and the combination
aaa gives only one permutation. Here we use the device of counting a different
set, which is in one-to-one correspondence with our given set. To a given
combination (say, bbd), let us adjoin the entire set abcde and write the whole set
in order abbbcdde and then insert marks separating the different letters thus:
a|bbblcldd]e. In general, to a combination of r letters, repeats permitted,
from a set of n letters adjoin all n letters and write in order the set of (n + r)
letters and then insert (n — 1) marks between the different letters. Thus, with
(n + r) positions to be filled and {n + r — 1) spaces between these positions,
we are to insert (n — 1) marks. The number of ways of doing this is

(n+r-—1)=(n+r-l). (1.14)
n—1 r

There is a one-to-one correspondence between the ways of inserting the (n — 1)
marks in the (n + r — 1) spaces and the combinations with repeats of n things
taken r at a time. Hence, this number is ("*}"'). The expression for the number
of combinations, n things taken r at a time, without repeats and with repeats,
are similar in form. Thus, for five things taken three at a time, the numbers are,
respectively,
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where the factors in the numerators decrease in one case and increase in the
other.

The number of combinations with repeats permitted of n things taken r at a
time is the number of solutions (x,, x,,..., x,) in nonnegative integers x; of

=X 4 Xy + X, (1.1.5)

where x; is the number of times the ith object is included in the combination.
This suggests another, but similar, evaluation of the number of combinations.
Put y; = x; + 1,i = 1,...,n Then (1.1.5) becomes

n4+r=y 4y, 4+ Y, (1.1.6)

and, the number of solutions (y;,...,y,) of (1.1.6) in positive integers y; is
clearly the same as the number of solutions of (1.1.5) in nonnegative integers.
If we take(n + r)dots and place (n — 1)marksinthe(n + r — 1) spaces between
the dots, we may take y; as the number in the first set of dots, y, as the number
in the second set, and so on. Thus, again we see that the number of solutions of
(1.1.6) is (";27"), and this is in turn the number of nonnegative solutions of
(1.1.5), and so it is the number of combinations of n things r at a time with
repeats permitted.

As a further applxcation of this method we may find the number of combina-
tions of 1, 2,...,n taken r at a time without including repeats or consecutive
numbers. Let us list 1, 2,...,n in order and put a mark after each number
selected. If there are x, numbers before the first mark, x, between the first

and second mark, and finally x, , , after the last mark, then these determine the
choice and

=Xy 4+ X3+ 4+ X404, (1.1.7)

where x, =2 1,x, = 2,...,x, > 2, and X, +1 = 0. We now write
n—r+2=x +x, = 1)+ +({x— 1)+ (x4, +1), (1.18)
giving a representation of n — r + 2 as a sum of (r + 1) pc;sitive integers, and

this number is ("7}*1), the number of ways of putting r marks in (n — r + 1)
spaces.

There are an enormous number of identities involving binomial cocﬂimcnts
a few of which follow:

n n .
kgﬂ (k) =2" (1.1.9a)

n {0, n>0
k)z:o("”k (k) - {1, n=0; (1.1.9b)
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S «fny _ 40 n>1
Y, k(—1) (k) = {k’ (1.1.9¢)

n=1;

d k\{n 0, n>r
¥ (-1 (r)(k) - {(_1)’ n>r (1.19d)

These may be derived from the relation

A+xr=7 (Z) x

k=0

To obtain(1.1.9a)and (1.1.9b), putx = land x = —1, respectively. For (1.1.9¢),
differentiate with respect to x and then put x = —1. For (1.1.9d), differentiate r
times with respect to x, divide by r!, and put x = — 1.

If we have permutations a,a, - - * a, of n objects, of which b, are of one kind,
b, of a second kind, and b; of an ith kind for i running to r, where naturally
by + by + ++- + b, = n, we may first replace the b; objects of the ith kind by
distinct objects in every case, and then we have n! permutations. But by identify-
ing the like objects, we have counted each permutation b,!b,!---b,! times.
Hence, the number of permutations is

n!

bbb 1’

by +by+ -+ b, =n, (1.1.10)

the familiar multinomial coefficient.

1.2. APPLICATIONS TO PROBABILITY

In a given situation let us suppose that there are n possible outcomes, which
we label x,, x,,...,x,, and which are mutually exclusive. We assign to the
outcome x; a number p; = p(x;), where p; is a real number, p, > 0, and
py+p2+ -+ p,=1 If an event E occurs along with the possibilities
X5+ s X, and not otherwise, we define the probability of E as p(E) =
pi, + -+ p;,. The assignment of the initial probabilities p,, p,,...,p, is
not a mathematical problem, but is an estimate of the relative likelihoods of
the different outcomes, and in any actual case the validity of the mathematical
calculation of p(E) depends on the correctness of this assignment.

There are many practical situations in which it seems reasonable to consider
the n outcomes as equally likely, and so we take p, = P =p,=1/n In
this case the probability of the event E occurring along with m possible out-
comes, but no others, is p(E) = m/n. In such a situation the calculation of
p(E) becomes the purely combinatorial problem of calculating m, the number
of possible outcomes yielding the event E. In throwing at random a die whose
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six faces are numbered from 1 to 6, it seems reasonable to assume that any
face is as likely to come on top as any other, if the die is of uniform density.
In this case, we take p, = p, = --- = pg = 1/6, where p; is the probability
that the face numbered i will come up. If we are merely interested in whether
or not a 6 comes up, we consider only two possible outcomes, putting p = 1/6
as the probability for a 6 and a p’ = 5/6 as the probability of not getting a 6.
Let us suppose we have N urns numbered from 1 to N. We are to place at
random n balls in the urns, where n < N. We ask the probability that each of
the urns numbered 1 to n will contain exactly one ball. This probability depends
on two things: (1) whether the balls are distinguishable or indistinguishable,
and (2) whether there is an exclusion principle that does not allow a second
ball to be placed in an urn that already contains one ball. If the n balls are
distinguishable and there is no exclusion principle, there will be N” ways of
placing the n balls in the N urns. There will be n! ways of placing them in the

urns numbered 1,..., n, placing one in each of these urns. With these con-
ventions, the probability is

n!

p(E) = Tk

(1.2.1)

If the balls are distinguishable and there is an exclusion principle, the first ball
may be placed in any one of N urns, the next in any one of (N — 1) urns, and
the ith in any one of (N — i + 1) urns, whence the number of ways of placing
the n balls in the N urns is 4P, = N(N — 1):+-(N — n + 1). They may be
placedinurns 1,...,ninn! ways, and under these conventions, the probability is

n! 1
= e, (1.2.2)

NP n N
(=)

If the balls are indistinguishable and there is no exclusion principle, we are
asking for the solutions of x; + x, + -+ + Xy = n in nonnegative integers x;,
where x; is the number of balis placed in the ith urn. This, as we noted in the
preceding section, is the number of combinations of N things taken n at a time

with repeats permitted, and is (Y*2~!). Exactly one of these is the solution

Xg =Xy =-=X, =1, X,41 = X432 ="+ = x5 = 0; in this case our prob-
ability is

pP(E) =

1
N+n-1\
n

From the physical standpoint, “indistinguishable” means that one combination
is as likely as another.

P(E) = (1.2.3)
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If the balls are indistinguishable and there is an exclusion principle, the
number of ways of placing the balls is merely the number of combinations of
N things taken n at a time without repeats, and this is yC, = (¥). The choice
of the first n urns is a single one of these combinations, and here the probability is

(E) = ——. (124)

N
()
Note that this is the same as (1.2.2), so that with an exclusion principle, the
probability is the same whether the balls are distinguishable or not.

In statistical physics we consider a collection of » particles, which may be
protons, electrons, mesons, neutrons, neutrinos, or photons, each of which
may be in any of N “states,” which may be energy levels. The macroscopic
state of the system of the n particles is a vector x = (x;, x5,...,xy), Where
x; is the number of particles in the ith state. The probability of any single
macroscopic state depends on whether or not the particles are distinguishable
and whether or not the particles obey the Pauli exclusion principle, which
says that no two (indistinguishable) particles may be in the same state. If the
particles are considered distinguishable and do not obey the exclusion principle,
the probability of any single macroscopic state is given by (1.2.1) and the
particles are said to obey the Maxwell-Boltzmann statistics. If the particles
are indistinguishable and do not obey the exclusion principle, the probability
is given by (1.2.3), and they are said to obey the Bose—Einstein statistics. If
they are indistinguishable and do obey the exclusion principle, the probability
is given by (1.2.4), and the particles are said to obey the Fermi-Dirac statistics.
Electrons, protons, and neutrons obey Fermi-Dirac statistics. Photons and
pi-mesons obey Bose—-Einstein statistics. The case (1.2.2) of distinguishable -
particles with an exclusion principie does not arise in physics.

At high temperatures, when the number N is large and the different micro-
scopic states are approximately equally likely, the Fermi-Dirac and Bose—
Einstein statistics are essentially the same as the classical Maxwell-Boltzmann

statistics. At low temperatures, the low-energy levels are more likely than the
high-energy ones, and then the preceding models must be modified accordingly.

PROBLEMS

1. Prove

50()-5)

Hint: (1 + x)'(1 + x) = (1 + x)"**. Give an alternate proof of this identity
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by considering the number of ways of choosing a committee of m people
out of a group of r men and s women.

A flag is to be designed with 13 horizontal stripes colored red, white, or
blue, subject to the condition that no stripe be of the same color as the one
above it. In how many ways may this be done?

How many positive integers less than 10" (in the decimal scale) have their
digits in nondecreasing order?

In how many ways may n identical gifts be given to r children (a) under no
restriction and (b) if each child must receive at least one gift?

A hand of five cards is selected from a deck of 4n cards that contains four
different suits, each with n cards, n = 5, numbered 1, ..., n Rank in order
of increasing frequency, depending on the value of n, the following hands:
a straight flush (five consecutively numbered cards of the same suit), four
of a kind {four cards having the same number), full house (three cards of
one number, the other two of another number), flush (five cards of the same
suit), straight (five consecutively numbered cards), three of a kind {three
cards of the same number), two pair (two cards of one number, two others
of a second number), and a pair (two cards of a-number).
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Inversion Formulae

2.1. THE PRINCIPLE OF INCLUSION AND EXCLUSION.
MOBIUS INVERSION

Suppose we have N objects and a number of properties P(1),..., P(n). Let N,
be the number of objects with property P(i) and, more generally, N, ; ...; the
number of objects with properties P(i,), P(i,),...,and P(i,). Then we assert
that the number of objects N(0) with none of the properties is given by the

inversion formula

NO)=N-YN;+ Y Ny, +-

'1‘2
il <lz

+H(=1F Y Ny + o+ (=1)'Nppp (2.1.1)

"’<52... <‘“

We now prove this. An object with none of the properties‘ is counted once in
the term N and does not contribute to the remaining terms. An object 4 with
the property P(j) is counted once in N and once in N, and so contributes 1
to the term N, —1 to the term —) . N, and thus contnbutes 1 —1=0tothe
right-hand side of (2.1.1). An object 4 with exactly r properties, say, j;, ..., j.,
contributes 1 to the sum

Y Nii,..i, whens<r
e <,‘s

for every choice of i,,...,i from j,,..., j,—that is, for () choices. Hence, 4
contributes to the right-hand side of (2.1.1) exactly

1(r) )+ () +- y{" )=a-1y=0 (12
=) i) +(~)(S+--+(~)(r)—(—)-—- (2.1.2)

Thus, the right-hand side of (2.1.1) counts each element with no properties
exactly once, and every other element zero times; hence its value is N(0), as was

to be proved. Use of the formula (2.1.1) is sometimes called the method of
inclusion and exclusion.

8
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In the same way we may find the number N(r) of objects with exactly r
properties. This is given by

S

N = ¥ N,-..-.,-,+~-+(--1)s-f() Y Ny +---(213)
i1 <--0 <, £y < -0 <y

Frl .

On the right-hand side of (2.1.3) an object with exactly » properties is counted

once in the first term and is not counted in the other terms. An object with
exactly ¢ properties, where t > r, contributes (— 17 ")) to the term

(s
(=1 () Y Ny
r i_1<...<"

'3

! 5\t _
for()-e e

from the relation (1.1.9d), and so the relation (2.1.3) is proved.

As an application of the method of inclusion and exclusion we consider the

problem of derangements. How many permutations a, , ay,...,a,0f1,2,...,
n are there

But

L2, i,
heveoll .1.5)

Ay, 34000, 1/ RN

such that we have g, # iforeveryi=1,2,... , 7 Here we take the N objects
as the n! permutations a;,4,,...,a,and the property P(i)asq; = i,i = 1,...,n,
Then Ny; .., =(n—r), this being the number of permutations fixing r
specified numbers. Furthermore, for . Nii,...;, there are (?) summands, this

being the number of ways of choosing i, , izs..., 0, from 1, 2,... n Applying
" (2.1.1) we have .

NO) =n!—n-(n- 1 + (;) (n — 2)! + o

+(=1y (;') = e (=11 (2.1.6)

We may rewrite this in the form

N(O)zn!(l —1 +—I-——~—+'~+(—1)'-—_1;+--- +(—:))- 2.1.7)
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We recognize

as the initial terms of an infinite series whose value is e !. The infinite series is’

alternating, and the first omitted term is (—1)"*'/(n + 1)1. From this we sec
that N(0) differs from n!/e by less than 1/(n + 1), and so n!/e is an extremely
good approximation to the number of derangements of n letters.

If we ask not only the number of derangements of 1, 2,..., n but also the
number of permutations a,a,---a, of 1,2,...,n for which q; = i in exactly r
instances for each value of r =0, 1,..., n, the problem is known as the probléme
des rencontres. The solution is an easy extension of the problem of derangements.
We may choose r numbers from 1,...,n in (}) ways, and having chosen these

-we muitiply by the number of derangements of the remaining (n — r) letters.

This gives the number of permutations with exactly r agreements a; = [ as

n! 1 1
N@) = ;!.(1 =L gt (1) e r)!). - (218)

This could also have been found from the rule (2.1.3).

For an additional type of inversion formula we turn to an arithmetical func-
tion, the Mobius function u(n). This is defined for positive integers n. If n > 1,
then n has a unique factorization as a product of prime powers

n=pyp o, (2.1.9)
where the p’s are different primes. We define u(n) by the rules A
u1) =1,
u(n) =0, if any ¢; > 1in(2.1.9), (2.1.10)
un) =(—-1y, ife;=e,=---=¢=1in(219).
Lemma 2.1.1.

1, ifn=1
d} =
d,z,,”” {0, if n> 1,

the sum being over all positive divisors d of n.

Proof. If n = 1, then d = 1 is the only divisor, and (1) = 1. If n > 1 and
n is given by (2.1.9), write n* = p,p,--- p,. Then a divisor d of n that is not a
divisor of n* will have a multiple prime factor and we have u(d) = 0. Hence,
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Y. ud) = Y, ud). @.1.11)

din din*

But } e #(d) is casily evaluated as

r r .
1—r+(2)+"'+(-—-1)"(k)+"'z(1—1)-—O, (2.1.12)

since there are (f) divisors that are the product of k distinct primes and for
each of which u(d) = (—1)*. Thus, our lemma is proved.

Theorem 2.1.1 (Mdbius inversion formula). Let f (:i) and g(n) be functions de-
fined for every positive integer n satisfying

fin) =Y, gld). (2.1.13a)

dln
Then we may invert this relation to express g in terms of [ by the rule
n
g(n) = 3. pd)f (2). (2.1.13b)
din

The second relation also implies the first.

Proof. We have

f (*3*) = Y g(d) foreverydin
d

“Injd

Hence,

; ud)f (3) =Y ud)- ) g(d) (2.1.14)

djn d'|nfd

Let us write n = dd'n,. Then, for a fixed d', d ranges over the divisors of
n/d’'. Hence,

Yud Yy gd)= Y gd) Y wud) =g(n), (2.1.15)

din d'l(n/d) d'|n ditnid)

since the sum

Y wd)=0

d{{n/d’)

by the lemma, except for d’ = n. Thus, the right-hand side of (2.1.14) simplifies
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to g(n) and our theorem is proved. Similarly, given (2.1.13b), we may substitute
in the right-hand side of (2.1.13a) and find that it simplifies to f(n), proving
(2.1.13a).

Mobius inversion may be used to enumerate circular partitions. If letters
ag, ay,...,a, are arranged in a circle with q, following a,, then any one of the
linear sequences a,, Qs,...,4,, Gy} G3,...,85, Q1 G25.-03 gy Gpyeesy Oy
may be thought of as determining the same circular sequence. But not all n
linear sequences corresponding to the same circular sequence need be different.
If, for a divisor d of n, the sequence a,, a,,..., a, consists of a sequence of d
letters ay, a,,...,a, repeated n/d times, the linear sequences repeat after the
first d. With each circular sequence of length n we may associate a unique
minimum period d such that the circular sequence consists of n/d repetitions of
a sequence of d letters. Furthermore, each circular sequence of length d and
period d where din may be repeated n/d times to give a circular sequence of
length n and period d. Each of these sequences corresponds to exactly d different
linear words of length n. If there are r different letters, there are r” linear permuta-
tions a,a, - a,. If M(d) is the number of circular sequences of length and
period d, then dM({d) is the number of linear sequences of length n correspondmg
to them. This gives us the equatlon

Y dM(d) = ™. (2.1.16)

din

Il we take f ix) = r* and g(x) = xM(x), we may apply Mobius inversion to
(2.1.16) and obtain :

nM() = Y u(d)r™, @i
din
whence
Mn) = = Z u(dyre. (2.1.18)
LT

This gives the number of circular permutations of length and period n. If we
wish the total number of circular permutations of length n, this number is T{n):

T(n) = ¥ M(d). (2.1.19)

d{n

If we wish the total number of circular permutations of n objects in which the
number of objects of each kind is specified (say, b; of the ith kind, i = 1,.

where b; + b, + -+ 4+ b, = n), we recall that the number of linear permuta-
tions is the mu!tmomla[ coefficient

by +by 4+ +b,=n (2.1.20)
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Here a circular permutation of this kind of length n and period n/d will have d a
divisor of all by, b,,...,b,, or, what amounts to the same thing, d a divisor of

(by, ..., b,), the greatest common divisor of b,,...,b,. Thus, if M(b,,...,b,),

by + by + -+ + b, = n, is the number of circular permutations of length and
period n with b; objects of type i, i = 1,..., r, the same argument given above
yields '

dyl
MGbgr..b) == Y ud) el

. 2.1.21)
R di(by,. - b,) (by/d)!--- (b, /d)!

The probléme des menages is as follows: A hostess wishes to place n couples
at a circular table so that men and women are in alternate places, but so that
no husband will sit on either side of his wife. In how many ways may this be
done? It is easy to see that it cannot be done with fewer than three couples,
but for three or more couples it may be done.

Let us first place the women at alternate places, designating them by numbers
1,2,...,nincircular order. Let the place to the left of the ith woman and on the
right of the (i + 1)th be numbered i, giving number n to the place between the
nth woman and the first. Then the first husband can sit anywhere except in
the nth or first place, and the ith husband anywhere except the (i — 1)th or the
ith. If husband number g; sits in place i, then a;a,- - a, is a permutation of
1,2,...,nand in the array '

1 2 -+ n—-1 n
n { o n~2 n-1 (2.1.22)
a a ' 4a,.;y aq,

we see our condition is precisely that the permutation a;a,--‘a, must be
discordant with the first two rows. We are thus in a problem of inclusion and
exclusion with properties P(1):a, = L, y,...;P(i):a; =i — Lp,...; P(n):a, =
n— 1, p. If P(i) is true for r values a; ,....q;, there will be (n — r)! ways of
completing the permutation. Thus, we must first calculate the number of ways
of having P(i) true for r values, or, as we shall say, the number of ways of having r
hits. The number of ways of having one hit is 2n, and by the circular symmetry
of (2.1.22) we may suppose this to be either the n in the first column or the n

in the nth column. We now list the remaining numbers, writing the columns
one after another, giving either

LL2,23,...,n—-2n—2n-—1,
or (2.1.23)

1,2,2,3,3,...,n~2,n—1,n ~ 1.

Our remaining choices of (r — 1) numbers are restricted by saying that in the
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arrays in(2.1.23) we may not choose two consecutive values because consecutive
choices amount either to taking the same number twice or to taking both
elements in a column of (2.1.22). This is the number of ways of choosing (r — 1)
objects, no two consecutive, from a row of 2n — 3. This has been evaluated in
Chapter 1 and is (>,277!). This number is to be multiplied by 2n for the first
choice, but the same set of r values could be obtained by regarding any one of -
the r values as the first, and so we must divide by r. Thus, our number is

—— M —
2n(2n—r—1y 21 (In—r\ (2.1.24)
r r—1 2n —r r

We may now apply formula (2.1.1) and find as our answer that the number of
solutions U, of permutations discordant both with 1,2,...,n and 2,3,...,n1
is given by

o [2n —
U,,r.n!...zn-(n-1)!+---+(_1)'2nfr<"r r)(n-—r)!

+oe (=) 2 (2.1.25)
From this relation we may derive the recursion
(n—2QUp,=nn—2QU,_, + nU,_, + 4=1y"*',  n>4 (2126

This recursion can be proved without much difficulty. For r = 0 and 1, the
terms in (n ~ 2)U, and n(n — 2)U,_, are equal. For r=2,...,n — 1, we
have the identity involving the rth term of U, and U, _, and the (r — 2)th term_
of U,_,: t

(n—2) 2n (2n—r)(n_r)!
' 2n — r

r

2n—1) 2n —r — 2
=n(n-—2)§n—(:—;—_—)—2—( , )(n'”*'r“l)!

L 2n—2) (2n—r-2\ 21.27
+"2n—r—2( r—2 )(" ) 2127

Finally, the term with r = nin (n — 2)U, and that with r = n — 2 in nU, .
combine, so that

(= 2(=1)"-2 = m(—1)""2-2 4 4(— 1)+, (2.1.28)

This proves the validity of the recursion (2.1.26).
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2.2. PARTIALLY ORDERED SETS AND THEIR MOBIUS FUNCTIONS

A partially ordered set P is a system P{...,x, y,...} of elements with an ordering
relation x = y (read “x includes y”) that holds for certain pairs of elements and
an equality x = y, such that the following axioms hold:

PO 1. x = x for every x of P.
PO2 Ifx>yandy =z thenx > z
PO3. Ifx=yandy = x, then x = y.

A simply ordered set or chain also satisfies:
PO 4. If x, y are elements of P, then either x = y ory = x.

We write y < x as an alternate form of x > y, and x > y (or y <x)ifx=y
(ory < x)and x # y.
Partial ordering is a very general concept. Two particular cases of interest are:

1. The elements of P are all the subsets of a finite set T, where we write O for
the void subset and 1 for the set T itself, and y < x means that y is a subset
of x.

2. Theelements of P are the positive integers and y < x means that y divides x.

It is easy to check the validity of the axioms in both instances.

If T is a subset of a partially ordered set P, then an element x of P such that
x £ t for every t of T is called a lower bound of T. If z is a lower bound of T
such that x < z for every lower bound x of T, then z is called a greatest lower
bound of T. From PO 3 it follows that if T has a greatest lower bound, it is
necessarily unique. Similarly, if x > ¢ for every t of T, x is called an upper bound
of T, and if z is an upper bound of T such that x > z for every upper bound x,
then 2 is called a least upper bound of T and again is clearly unique if it exists.
If P itsell has a greatest lower bound, this is called its zero element, and if it
has a least upper bound this is called the all element (or sometimes the unit
clement). An interval [x, y] where x < y is the set of elements w such that
x < w <y If x and y are the only elements in the interval [x, yJ, we say that
y covers x. A partially ordered set P is said to be locally finite if the number of
elements in every interval [x, y] is finite.

The Mébius function and Mébius inversion were defined for functions over
locally finite partially ordered sets originally by L. Weisner [1] and P. Hall [2]
This idea was greatly expanded by G. C. Rota [1]. A brief treatment is given
here, based on Rota’s work.

We consider a class of real-valued functions f(x, y) defined for x, yeP, a
locally finite partially ordered set. We require that f(x, y) = 0 if x < y. The
sum of two such functions, as well as multiplication by scalars, is defined as
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usual. The product h = fy is defined as follows:

hx, y) = 3 f(x,2)g(z,y),  x, y fixed: (2.2.1)

XE£ZLy

This product is well defined, since the sum on the right is finite, P being locally
finite. Under the operations of sum, scalar product, and the product rule
h = fg of (2.2.1), the functions f(x, y) define the incidence algebra A(P) of P.
It is easy to verify that the multiplication defined for A(P) is associative and
distributive and that A(P) has an identity, the Kronecker delta function
o(x, x} = 1, 8(x, y) = 0 if x * ¥y

Lemma 2.2.1. A function J{x, y) of A(P) has both a left and a right inverse if
and only if f(x, x) + 0 for every x of P.

Proof. 1n(2.2.1) take h{x, y) = d(x, y). Now, given f, we wish to solve for g.
Since this requires 1 = d(x, x) = f(x, x) for every x, the condition f(x, x) # 0
for every x of P is clearly necessary. Thus, suppose f(x, x) # 0 for every x.
Then g(x, x) = f(x, x}~! for every x. To evaluate g(x, y) with x < y, we may
assume inductively that we have already found g¢(z, y) for every z satisfying
X <z< y Then :

hxp) =606, y)=0=Y f(x, 2¢(z, y)

Xg28y

whence

“f(xs x)g(x, y) = 2 f(xs Z)Q(Z, y)s (2-22)

X<zLy

and we may find g(x, y), since J{x, x} # 0 and all terms of the finite sum on the
right are known. Thus, f has a right inverse. Similarly applying our induction
to terms x < z < y, we may use (2.2.1), interchanging the roles of fandgto
show that f has a left inverse. But if Jg, =1 = §(x, y) and 92f = 1,thenby a

familiar argument, g, = 921 = g.(f9,) = (9, (g, = 1g; = g, and the left and
right inverses are the same.,

Definition. Let P be q locall Y finite partially ordered set and A(P) its incidence
algebra. The zeta function {(x, y) of A(P) is that Junction for which {(x, y)=1
Jor x <y, Ux, y) = 0 otherwise. The Mobius function #(x, y) of A(P) is the
inverse of the zeta function.

Since {(x, x) = 1 # Ofor every x, by our lemma {(x, y) hasan inverse function
u(x, y), which is both a right and left inverse of it. Hence, we have

p(x, x) = 1, for every x of P. (2.2.3)
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For x < y, we have _
Hx, y) = — 2 Hix, z), X < yfixed. (2.2.4)
Xepey
M) =Y ), N <y fixed, (2.2.5)
N rey

Here (2.2.4) cxpressed the Mobiug function g the left inverse of zeta, and o
(2.2.5) expresses it as the right inverge,

The Mébius inversion theorem followy,

Theorem 2.2.1. 1..¢ Phea Im'allyﬁnihf partially ordered set with a zero element
0. Let f(x) be given for all x of P and let g(x) be determined Jrom f(x) by the rule

glx) = 3" g W allxofp.

(2.2.6) ”"
Y
Then, if u y, z)is the M abius function A P, we hape
JO) =%y ym BX). ol x of p. 2.2.7)
y<x

Proof. Since every intery

al 0, x| ig finite,
well defined. For a fixed X, €

the sums in (2.2.6) and (2.2.7) are -
msider the sUm

$= 3 oMty = ¥ (z f(z)) uy, %), (223)

y<x

where we have substituted
mation to get

ZEX yex

§5=Y 1@ Y ny 2= > Sz, y) 2 1y, x)

y<x

2EX

=Y @ Y ¢ My x) =Y fa, X)=f(x). (229
Zeyax Zen
Since § = f{(x), we have proved {(2.2.7
Let us now determine (he Moh
tioned at the beginning of thig section,
Incase 1, Pis the partially ordered set of alf
by inclusion. Here we assert that for x ¥,

) the conclusion of our theorem.
s function for the two special cases men-

subsets of g finite set T; ordered

14, y) = { i m (2.2.10)

where n{x), n(y) are respectively the number of o

lemengg of T in v and in .
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The assertion is certainly true when n{y) — n(x) = 0 or 1. By induction assume
(2.2.10)to be true for n{y) — n{x) < r — 1 and consider a case with n(y) — n(x) =
r. Then (2.2.4) becomes

plx, y) = -1+('1‘)—(;)+---—C)(—1)"+-~——(r_': 1)(—1)'-1, 2.2.11)

since there are (j) 2’s with x < z < y with n(z) — n(x) = j, namely, the subsets
of T obtained by adjoining to x j of the r elements of v not in x. Comparison
of (2.2.11) with the binomial expansion of {1 — 1) = 0 gives p(x, y) = (~1Y),
as was to be shown.

Let T be the integers 1, 2,...,n and let properties P(1), P(2),..., P(n) be
associated with these integers. Let K be a set of N elements, each of which has
the properties P(i), i € x for some subset x of T. Let f(x) be the number of

elements of K having exactly the properties P(i), i ¢ x, x a subset of T. Then, if
we put

gx) =y f(y, (2.2.12)

y&x

the function g(x) is the number of elements of K having all the properties P(i)
for i ¢ x and possibly others. Here, for x = T, the inversion (2.2.7) gives us

fM=g9T)~ ¥ g+ +(-1y Y gy

n{y)=n—1 ny)=n—j

+o (=0 g(y). (2.2.13)
n{(y)=0

But here f(T) = N(0) is the number of elements having none of the properties
g(T) = N, since this counts all elements having properties of the void set and
possibly others. If n(y}) = n — j, then g(y) counts all elements having the j
properties not in y and possibly others. But this shows that (2.2.13) is the
principle of inclusion and exclusion of (2.1.1).

In case 2, P is the partially ordered set of the positive integers, where x < y
means that x divides y.

Here in a segment [x, y], if x < z < y, then z = xd, where dl(y/x), and so
this segment corresponds to the divisors of y/x. Note that the integer 1 is the
zero element of P. Comparison of (2.2.4) with the lemma preceding Theorem
2.1.1 shows that u(x, y) = u(y/x) in this case. Thus, Theorem 2.1.1 on Mé&bius

inversion is the special case of Theorem 2.2.1 for P, the positive integers partially
ordered by division.

PROBLEMS

1. Let A4 be the n x n matrix with zeros down the main diagonal and 1’s
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elsewhere. The determinant of A is (—1)""'{n — 1). (This will be shown
in Section 10.2.) Of the n! terms in the expansion of the determinant of A,
how many are +1, —1, 0, respectively?

Given the array

0 1 2 3 4 5 6 7 8 9
i1 2 3 4 0 6 7 8 9 5

ap a; a; 4az 4 ds dg d; 4dg dg,
in how many ways can we choose dg,...,d9 388 @ permutation of 0,...,9
so that no column of the array will have a repeated number?
Show that U, in (2.1.25) is approximately n!/e*.

The function A(n) is defined for positive integers n by the rule

T Ad) = log .

din

Prove that A(n) = log p if n = p®, p a prime, and A(n) = 0 otherwise.

Find the Mobius functions of the two partially ordered sets Py, P, with five
elements 0, a, b, ¢, 1, where: (@)in P;,0<a<1,0<b<,0scxg},
and there are no further inclusions; (b)in P,,0<a<1,0<sb<cx,
and there are no further inclusions.
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Generating Functions
and Recursions

3.1. RULES AND PROPERTIES

Huy, uy, 3,...,u,,... is a sequence of numbers, we may associate with this
sequence a generating function g(x) by the rule

gx) = ug + uyx + upx? + -+ ux" 4 -, (3.1.1)

If this series has a circle of convergence with a radius R > 0, then it may happen
that the properties of the function g(x) enable us to evaluate the coefficients
u, (or at least give estimates of their order of magnitude) or perhaps find other
information of value. If A(x) is the generating function of the sequence vg, vy,
V3y..03¥p,...,then

M) =vo+ v3x + 3% + - + 0, x" + -, (3.1.2)
If we add (3.1.1) multiplied by ¢, and (3.1.2) multiplied by d, we have
cg(x) + dh(x) = (cuq + dvg) + (cuy + dvy)x + - + {cu, +dv)x" + -+, (3.1.3)
and if we multiply, we have
gX(x) = wo + wix + wox? + - £ WX - -, (3.1.4)
where foreveryn = 1,2,3, ...,
Wi = Ul + U0,y + 0 + Uy 0y + Uy, (3.1.5).
Even if the series for g(x) and h(x) are not convergent, we may regard (3.1.3),
(3.1.4), and (3.1.5) as defining formal operations on formal series. In these

terms we easily verify that the addition, multiplication by scalars, and series

multiplication satisfy the associative, commutative, and distributive laws.
Furthermore, if uy # 0 and if we take vy = u !, we may use (3.1.5) to determine

20
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vy, U,,...recursively to make g{x}h(x) = 1.
Instead of the generating function g(x) associated with uy, uy,...,U,, ...,
we may associate an exponential generating function, G(x), by the rule

u, x> u,x"
G(x) = ug + uyx + 22! + e+ ! (3.1.6)
Similarly, let H(x) be associated with vy, v, ... by
v,x? Top,x"
H(x)=uo+v,x+——2—!—+”'+ o + (3.1.7)
Then, for the product G{x)H{x) = K{x),
wyx? W, x"
G(x)H(x) = K(x) = wg + w;x + ST 4+ 4 = 4+ -0, (3.1.8)
where
W, = Ugb, + (';) Ugly_y + o+ + (n) UV, + +(:) uLo, (3.1.9)
r
or symbolically,

w' = (u + v)" (3.1.10)
In the symbolic formula (3.1.10), it is to be understood that after expansion of
(4 -+ v)" by the binomial formula, all exponents are to be replaced by subscripts.

Suppose that a sequence ug, u,, Us,..., U,, ... satisfies the recurrence of rth
order:

Upip = AQuUpspmq + Aollgy,s + - + aiu,, n=0,1,2,..., 3.1.11)

where the g;, i = 1,...,r are constants. Then, if g(x) is the generating function
for the sequence {u,}, and if we take k(x) as the polynomial

kix) =1 —ayx — dyx* — -+ — a,x", {3.1.12)
we find that
gOOk(x) = co + ;X + Cx* 4+ + ¢, X" = C(x), (3.1.13)

where C(x) is a polynomial of degree at most r — 1, since if ¢,, ., is the coeflicient
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of x"**, n > 0, in the product g(x)k(x), we find
Cntr = Upyy — Qylpypey " — QU =0, (3.1.14)

using the recursion (3.1.11). Thus, for a sequence {u,} satisfying the linear
recurrence (3.1.11), the generating function g(x) is a rational function

C(x)

g(x) = “fc“(“;j

(3.1.15)

With the linear recurrence (3.1.11) we associate the characteristic polynomial
f(x) given by

Sy =x"—ax""!' —-- - g (3.1.16)
Without loss of generality we shall assume that a, # 0, since if g, = 0, the

recurrence is not truly of order  but is of lower order. Let the factorization of
S(x) into linear factors be

f(x) = (x - al)El(x - ‘xz)ez.. '(x - as)esa e + €+ -+ € =T, (31'17)

where ay,...,a, are the (possibly) complex roots of S{x). Comparing f(x) of
(3.1.16) and k(x) of (3.1.12), we see that

Kx) = X7 (-i) (3.L18)

and corresponding to the factorization (3.1.17) of f(x), we have the factorization
of k(x): '

Kx)= (1 —ax)7 (1 —ax)* e +e,+ - +e=r (3.1.19)

We may express the rational function g(x) = C(x)/k(x} in terms of partial
fractions .

) & & Ba
9090 = 30 = L B T e (3.1.20

where the f’s are appropriate constants.

Thus, (3.1.20) expresses the generating function as a sum of functions of the
form

B

m = B(l - C(X)—k. (3.1.21)
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We may easily expand {(3.1.21) by the binomial formula to find

Bl — ax)7k = 5(1 +{(—k)(—ax) + -

4

(—=K)--(=k —n+ 1)f—ax)' n ) (3.1.22)

n!

In this, the coefficient of x" is

Bin + k — i)~--(k)au=ﬁ("+’<— l)tx” =ﬁ("+ ‘- l)a".- (3.1.23)

n! n k-1

We note that

i B (n N - 1) o = Pyn)a, (3.1.24)
k=1 k—1

where P;(n) is a polynomial of degree at most ¢; — 1 in n, and that any poly-
nomial P;(n) can be obtained by using an appropriate choice of constants ;.
Substituting back in (3.1.20), we have

Q(X) = Z unxn
n=0

P (modx", (3.1.25)

il
=
ik
Mm

"

i=1

and comparing coefficients of x", we have
u, = . Pyndaf, (3.1.26)
i=1

where P;(n) is degree at most ¢; — 1.
We shall state this result as a theorem.

Theorem 3.1.1.  Suppose a sequence ug, uy, u,, ..., u,,... satisfies the linear
recurrence with constant coefficients ‘

un+r=a‘lun+r-l + +arun) n?O‘

Let us call f(x) = x" — a;x"~" — -+ — a, the characteristic polynomial of this
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recurrence and let
JO) = (x —ay)rr - (x — ) eete+ - te=r

be the factorization of f(x) as a product of linear Jactors. Then

M:n

Py(n)of

U, =

i=1

#

Jor all n, where Pi(n) is a polynomial of degree at most e; — 1 inn. The coefficients
of the polynomials Py(n) are determined by the initial values Uos Uy sty of
the sequence {u,}.

3.2. COMBINATORIAL PROBLEMS

Let us consider a combinatorial problem whose solution depends on a linear
recurrence. Let u, t > 2, be the number of ways of finding a permutation
Qay,...,a0f1,2,..., tsuch that for each i, a; is in the ith column of the array:

1 2 t—~3 t—-2 t—1
1 2 3 .. -9 t—1 t (3.2.1)
2 3 4 fE—1 t .

Here we find directly that u, = 2, U3 = 3, uy = 5. The number ¢ must be used
in either the tth or (t — 1)th column. Thus, our two choices are

1 2 v 123 t_2
1 23 v r22 14 (3.2.2)
2 3 4 - g
or
2 s ) D
P23 v -9 (3.2.3)
2 3

In both cases chosen numbers have been circled. In (3.2.2) we have omitted
the ¢ from the (r — 1)th column, since it cannot be used there. In (3.2.3), having
chosen 1 from the (t — )th column, we must choose t — 1 from the tth column -
and then omit t — 1 from the (¢t - 2)th column. The number of choices in
(B22)for1,2,....¢t — 1 is Y-y, and the number of choices in (323)isu,._,.
Hence, as these combine to give all choices in (3.2.1), we have

U=y + u,_,, (3-2-4)
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a linear recurrence of second order for u,. Although the combinatorial problem
is not meaningful for t = 0 or 1, the values uy = 1, u; = 1 are consistent with
the recurrence (3.2.4) and the succession of values uy =1, uy =1, u; = 2,
us = 3,u, = S,.... The characteristic polynomial of (3.2.4) is

fx)=x% —x — 1 ={x — o, }(x — o), (3.2.5) .

where

U =——s =y : {3.2.6)
We easily find from Theorem 3.1.1 and our initial vaiues that ”"‘
1
U, = o (a';']'l — a’i-}' l). (3.2.7)

\/g ' -

Another, more natural, combinatorial problem can be reduced to the
evaluation of u, just made. What is the number z,, n > 3, of permutations
aya,---a,of 1,2,..., nsuch that g; is in the ith column of the following array?

1 2 3 n—3 n—-—2 n—-1 n
23 4 -+ n-2 n-1 n 1 328
3 45 n—1 n 1 2

The complete set of choices can be subdivided according to the choice of = —
column in which n is selected, and if this is not the (n — 1)th column, the choice

ofn — 1 or Lisin the (n — I)th column. These choices may be indicated by the

circled values shown in the last three columns as follows:

@@ n-2 @ ® n—2 n-t @
n 1 '

n-—1 n-—1 n {

2 @

© n—=2 n—1n (d n—2 n—=1n (& n—2 @ n
n—1 @ 1 n—-1 n 1 n—1 no1

n 1 2 @ @ > O 12 _

(3.29)

In case (a) there is exactly one choice, namely, the top row of (3.2.8), for only
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a single 1 remains to be chosen, and this is in the first column. Having chosen
this 1, only the 2 in the second column remains, and similarly the choices of
3,4,...,n — 2 in the first row are forced. In case (b) we are to choose from

2 3 - n—=3 p-2
2 3 4 - n-2 n-1i (3.2.10)
3 4 5 -+ p—1

and this number is u,_,. In (c) the choices are from the array for u,_,. In (d)
there is exactly one choice, namely, the third row, since only one n — 1 remains
to be chosen and that is in the {n — 3)th column; similarly, then — 2,n—3,...,2
in the third row must be chosen. In (e) the choices are from the array for u, _,.
Hence, the total number of choices for (3.2.8), z,, is given by

Z,,&1+u,,..2+u,,..1 -+ 1 "‘}‘un-z

= uu + un*-Z + 2 .
=a] + aj + 2, (32.11)
where
1+ .45 1-./5
as before.

The number u, of derangements of 1,2,..., nevaluated in (2.1.6) may also be
found recursively. Consider a derangement

P2 .-
( "). (3:2.12)
a; a, - a,
If a; = j, we consider the partial permutation
2 e i ‘e .
( J "). (3.2.13)
a, -+ a, - gq .

Two cases are to be considered here. First are cases with g; # 1, and second
those with a; = 1, These cases are collectively exhaustive and mutually ex-
clusive. In the first case we have

2 . l ‘e ; I
( J ”), i, (3.2.14)
R 1 “ea PRV aﬂ

a aj
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which may be associated with the derangement of 2,..., n:

(2 l, B n) (3.2.15
a, " j @ v a
Conversely, every derangement of 2,...,n such as (3.2.15) leads to (n — 1)

derangements of 1, 2,...,n of this first kind by taking j as 2,...,n in turn.
In the second case, with a; = 1, the partial permutation of (3.2.13) takes the form

G T “'"). (3.2.16)
aZ . aa 1 e au

If we delete the ({), this is a derangement of 2,...,j — 1,j + 1,..., n; conversely,
for each j = 2,..., n, such derangements of (n — 2) numbers lead to derange-
ments of 1,...,n of the second type. These two cases combine to give us the
recursion

Uy =~ Du,_( + (1 — Du,_,. (3.2.17)

We may easily verify that this recursion yields the same numbers as (2.1.6).

A sequence x,x,---x, may be combined in this order by a binary non-
associative product in a number of ways. What is this number u,? Forn = 3,4
we have the possibilities

x5(x2x3), (x1x3)x3;
X1 (xa(x3%x4)), X1((x2x3)x4); (3.2.18)
(x1%3); (x3x4)

(x1{x2x3))xq, ((x1x2)x3)x4.

Thus, u3 = 2, u, = 5. We also have u, = 1 and will take u, = 1 as a con-
vention. The last product will be some composite of the first r letters multiplied
by some composite of the last (n — r), of the form (a, - a,}a,+, - a,). The
first r can be combined in u, ways (here the convention u, = 1 fits) and the last
{(n — r)in u,_, ways. Thus

Uy = Uyl + Ul g + ** + Uy Uy, nz2 (3.2.19)
Let us write the generating function f(x) as
S =ux +ux? + -+ ux" 4+, (3.2.20)

postponing the consideration of its convergence. The recursion (3.2.19) is
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equivalent formally to the relation

(N = —x + f(x) (3.2.21)

We note that u, = 1 and that the recursion (3.2.19) holds only for n > 2 and
must account for this by the —x on the right-hand side of (3.2.21). Solving
(3.2.21) for f(x) as a quadratic equation, we have

Sy =12 */21 4 (3.2.22)

Here we take the minus sign, since the series for f(x) has no constant -term.
Expanding (3.2.22) as a power series, we find the coefficient of x* to be v,, where

§ = (%)("'%) T ((3 — 2!1)/2)(m4)n(_%)
n = . - .

(3.2.23)

This simplifies to

(2n — 2)!
b, = m . (3.2.24)

We may now observe that the series for S(x) as given by (3.2.22) must con-
verge for |x| < &, and for these values the equation (3.2.21)—and hence the
recursion (3.2.19)—with v, in place of u, must hold. But as uy =p, =1, we
have u, = v, for all n > |, and so our solution is

_ 2n - )1

u, = m (3.225)

for all n = 2. We observe that an attempt to prove the convergence of (3.2.20)
on the basis of (3.2.19) alone is exceedingly difficult.

PROBLEMS

1. The Fibonacci numbers are the sequence of numbers uy, u,,...,u

Uy
with uy =0, uy =1, and u,,, = U,y + u,. Show that every positive
integer N has a unique representation

WIth a; = OOI‘ 1 aﬂd aia;+1 = O, i = 1
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2. Numbers s(n, r) and S(n, 1), calied the Stirling numbers of the first and

second kind, respectively, are defined by the rules

(x),,=x(x--l)---(x-—n+1)=is(n,r)x’, n>90
r=0
and
2 i S(n, r(x),, n>0.
r=0

Here we take x° = (x), = 1. Show that
Z S(”a T)S(l‘, ﬂl) = 5ﬂma

the Kronecker delta, where 6,, = 1, 8,, = 0 if n # m. From this, show
that each of the two relations

(a) a, = . s(n,nb,, n=12,...,

r

(b) b,=Y Snra, n=12,...,

implies the other.

Use the relation (x),4+, = (x — m)(x),, to derive the recursions for the
Stirling numbers of the first and second kind:

sin + 1,r) = s(n, r — 1) — ns(n, r),

S(n+ 1,r) = S(n, ¥ — 1) + rS(n, r).

Let P, = Y 7., (n), this being the total number of permutations of n
distinct objects, without repetitions.

{a) Show that P, satisfies the recurrence P, = nP,_, + L, n 2 1, Py = 1.

(b) Show that P, = n! Y "_, 1/r! and conclude that for n = 2, P, is the
nearest integer to nle.

(¢) Show that ) 7>, P.x"/n! = /(1 — x).

A Dirichlet generating function A(s) for a sequence of numbers a;, a;,. ..
is a formal series

> a
A(s) = .
(S) H;l ns
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:

If

B(s) =

18
3|

we define

A(s) + B(s) = C(s) = Z —'—;

where ¢, = a, + b, and

o

U
ASBE) = V()= 3 =,
n=1
where
Agby
v, =
ey
{a) Prove that this product rule is commutative and associative.
(b) Show that if i; = 1,0 =i, = i; = - - -, the series I(s) is a unit for this
multiplication.

(c) Show that if a, # 0, the series A(s) has an inverse B(s) satisfying
A(s)B(s) = I{s).
Define the zeta function as
©=3 &
n*

Show that the inverse of {(s) is the series

o = 3 52

where the function p(n) is the M&bius function defined in (2.1.10). If a, =
g(n), b, = f(n) for all n, and B(s) = A(s){(s), then A(s) = B(s){s)"'. Show
that this corresponds to the M&bius inversion formula of Theorem 2.1.1.
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Partitions

4.1. PARTITIONS. IDENTITIES AND ARITHMETIC PROPERTIES

A partition of a positive integer n is a representation of n as a sum of positive
integers

n=x, + X3+ "+ X, x; >0, i=1,... ,k {4.1.1)

We can easily find the number of ordered partitions of n into k parts, this being
‘the number of ways of putting (k — 1) markers in the {(n — 1) spaces between n
dots. This number is ("2 1). If we do not specify the number k of parts, we may
or may not place a marker in each space, and this may be done in 2" ' ways,

The theory of unordered partitions is far more complicated and presents a
number of interesting problems. Let us designate by pi(n) the number of {un-
ordered) partitions of n into k parts. An unordered partition of n into k parts
may be put into a standard form by listing the parts in decreasing order. Thus,
p.(n) is the number of solutions in positive integers x; of

N=Xy+ X4+ + X, X ZX2 02X (4.1.2)
It is not difficult to calculate p,(n) for small values of k and all values of n, but

with increasing & the calculations become more tedious. From {4.1.2) we may
write

n—k=(x —D+xy— 1+ +0x—1) (4.1.3)
where x, = x, = -+ = x, > 1. Putting y; = x; — I,i=1,...,k wehave
H—k=y,+y+ " +n nzrnzz2pz0 414
But here, if y, > O but yuy = =W = 0, (4.1.4) gives a partition of (n — k)
into s parts. Thus, the number of solutions of (4.1.4) is the number of partitions
of (n — k) into at most k parts; in other words, the number is

Pt — k) + pe—y(n — k) + -+ pyln = k).

k1
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Comparing this with (4.1.2), we have the recursion
Pln) = pln — k) + pe_yln — k) + -+ + py(n — k). (4.1.5)

This recursion determines p,(n) subject to the initial conditions p,(n) = 0 for
n < k and p,(k) = 1, since the only way of writing k as a sum of k positive
integers is to write it as a sum of k 1’s. We can use (4.1.5) to construct a table
of p,(n), as in Table 4.1.

We may also use the recursion (4.1.5} to calculate p,(n) for small values of k
and all n. Thus, trivially, p,(n) = 1 for all n = 1. Now writing

pa(n) = py(n — 2) + py(n — 2) = py(n — 2) + 1, nz3,
we find, since p,(1) = 0 and p,(2) = 1, that pa(n) = n/2 for n even, and p,(n) =

(n — 1)/2 for n odd; ps(n) can be expressed as a polynomial of second degree
in n, depending on the value of n modulo 6. The values are as follows:

pi(n) =1,
n
(55 h= 0(2)5
pan) =<
-
5 n=10)
[ 5 ,
n
E’ = 0(6),
n? 1
TE - _1""2_9 h= 1(6)3
2
- =, n = 2(6), (4.1.6)
pa) =4 123
n? 1
12 + g n = 3(6),
n? 1
E - “3“, n= 4(6),
n? 1
“1*"2— — 1-2-, n= 5(6)

It can be shown without much difficulty that p,(n) depends on the value of i
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Table 4.1 Values of p,(n)

S LA B RO e
R = R N N e
OO OO - -
OO DD o
S O D = N o
O e e R e
S o N W W e
—_ e N W B LD e

modulo k! and that, for n = ng(mod k!), p,(n) is a polynomial of degree k- 1)
whose leading term is n~'/(k — 1)!k!. This is true for k = 1, 2, 3 from (4.1.6).
We proceed by induction. If n = ng(mod k!), then n — k = ne — k(mod k),
whence in (4.1.5) each of p,_\(n — k) + - + p,(n — k) is a polynomial in »n

and the sum is a polynomial with leading term r*~2f(k — 2)!(k — 1)!. But then °

nk— 2

P} = piln = b = G

+ Reoslm), (4.1.7)

where R, . 3(n) is a polynomial of degree at most k — 3 in n. In the same way
there is a rule

k—2

Bl = 10 = pln = 1+ D) = s+ Risl) (418)

fori=1,2,...,(k — 1)! — 1. Adding all these, we find

k—2

P = il — k) =

+ Si—3(n), 4.19)

where S, _ 3(n) is some polynomial of degree at most (k — 3) in n. The equation
{4.1.9) now determines all values of p,{n) with n = no(mod k! in terms of the

least value p,(n,). But it is not difficult to see that the solution of (4.1.9) is of
the form

k—1

Pl = i * Re-alth = (k) 4.1.10)

where R, _ ,(n) is a polynomial in n of degree at most k — 2. Thus (4.1.10) has
been proved by induction.
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We recall that the number of ordered partitions of n into k parts was {f- 1),
a polynomial of degree (k — 1) in n with leading term n*~*/(k — I}1. If the k
parts are distinct, each unordered partition yields k! ordered partitions. Here
(1/k')zZ1) is a polynomial of degree (k — 1) in n, whose leading term is
n*7 1)k — 1)1 k!; comparison with (4.1.10) establishes the fact that in some
sense for large n, most partitions of n into k parts have all k parts different.

With a partition of n we may associate a diagram using a row of dots for
each part, putting the largest at the top and in succession the decreasing parts.
Thus, we represent 15 = 5 + 5 + 3 + 2 by the diagram

We start all the rows in the same column, as shown. We may use a diagram to
read by columns rather than by rows. In this instance the partition is 15 =
4 +4 + 3 + 2 + 2. Two partitions related in this way are called conjugate.
Clearly, the relationship of being conjugate is symmetric.

Theorem 4.1.1.  The number of partitions of an integer n into k parts is the same
as the number of partitions of n into parts the greatest of which is k.

Proof. The conjugate of a partition with k parts is a partition whose greatest
part is k, and conversely.

We now turn our attention to the unrestricted partitions of n, designating
their number as p(n). Arranging the parts in decreasing order, since there are
at most n parts, p(n) is the number of solutions in integers of

=Xy + Xy + "+ x,, Xy ZXxy2 o 2x,2=0. 4.1.11)

We may also describe a partition of n by the number of 1’s, 2’s,...,#’s in
the sum. Thus, p(n) is also the number of solutions in integers of

n=1y, + 2y, + - + ny,, viz0,i=1,...,n (4.1.12)
Theorem 4.1.2.  The generating function of p(n),
Jx)=1+p()x + p2)x* + -+ + p(r)x" + - - -

is the function

8

P(x) =[] (1 — x)~ L.
i=1

It
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Proof. (1 —x)"'=1+4x"+x¥+---+x"+---. Each representation
of # in (4.1.12) thus corresponds to a term x" in the product

o0

POy = [T (1 - x)4,

i=1

taking x*/ from the term (1 — x’)™'; conversely, every x" in the expansion of
f(x) is of this form. Hence,

P(x) = ) pln)x",
n=9

if we adopt the convention p(0) = 1. The representations

=1, 4 =4, 5 =5,

2 =2, 4=3+1, §5=4+1,

2=1+1, 4=2+2, 5=3+2

3 =3, 4=2+1+1, §=34+1+1, (4.1.13)
3=2+1, 4=1+14+14+1, 5=2+2+1,

3=1+1+1, S=2+1+1+1,

S=1+14+14+14+1,

give us directly the values
p)=1, p2=2, pB)=3 p@=35 p&=17 4114

The inverse of P(x), namely, ¢(x) = [[2, (1 — x') is also a generating function
of a series

oo

)= 11 ~x)= ﬁ cn X", co =1, (4.1.15)
n=0

i=1

where the coefficient ¢, has a combinatorial interpretation:

¢, = p(n) — po(n), (4.1.16)

where p.(n) is the number of partitions of » into an even number of distinct
parts and p,(n) is the number of partitions into an odd number of distinct
parts. We may use this interpretation to evaluate ¢,
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Theorem 4.1.3 (Euler identity). We have

2]

«©
H (1 - xi) =1 + Z (___l)k(x(Bkz—k)IZ + x(3k2+k),'2).
i=1 k=1

Proof. The following proof, due to Franklin [1], depends on the combina-
torial nature of the coefficient c, as given in (4.1.16). We take a diagram repre-
senting a partition of n into any number of unequal parts in descending order.
We call the lowest line the base b of the diagram. From C, the extreme upper
right-hand point, we draw the longest possible line of slope 1 through points
of our diagram; it might of course contain only one point. We call this line

the slope s.
/ D
E

[ ——

A B

In the accompanying diagram, the basc b is the line AB and CDE is the slope s.
We write b = 2, s = 3, in this case meaning that b contains two points and s
contains three points. In general, we may use b, s also to represent the number
of points in the base and slope, respectively. We now define two operations on
the diagrams, which we dcsignate by « and §. .
1. For a: If b < s and if the base and slope do not have a common point,
remove the base and adjoin its points to the first lines to form a new stope.

If the base and slope do intersect and b < s — 1, this operation is still
possible.

2. For f: f b > s, remove the slope and adjoin this as a new base. This is

possible if the base and slope do not intersect. If the base and slope do
intersect, this is still possible if b > s + 2.

Since o requires b < s and B requires b > s, at most one of o, f is possible
for any diagram D. Further, we easily verify that if « is possible, then when
a is applied to D we get a diagram D’ for which B 1s possible, and f applied to
D’ gives D. Similarly, if § can be applied to D to give D", then a can be applied
to D" to give D. Thus, these operations set up a one-to-one correspondence
between partitions with an even number of distinct parts and partitions with
an odd number of parts whenever the operations may be applied. When b < s,

we may apply « except when the base and slope intersect and b = s = k. In this
case the partition is -
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3k* — k

n=kt(k+ 1)+ 2k = 1) =

(4.1.17)

Ifb > s, we may apply f except when the base and slope intersectand b — 1 =
s = k. Here the partition is

32+ k

n=(k+1)+k+D+ 0+ 2k=—

{4.1.18)

Thus, pn) = p,(n) and ¢, = 0 except when n is of the form (3k* £ &)/2; in
this case there is one partition of k parts left over, given by (4.1.17) or (4.1.18),
and its contribution to ¢, is (— 1), whence ¢, = (1) for n = (3k* + k)/2.
Thus, we have shown that

: T 2
¢ = {0, if n is not of the form (3k2 + k)/2 (4.1.19)

(—1F,  ifa =k + k)2

Thus, (4.1.19) evaluates the coefficients ¢, in (4.1.15) and Theorem 4.13 is
now proved.
Theorems 4.1.2 and 4. I 3 give the identity

[1 + i (_l)k(x(:’skl’-k)ﬂ +x(3kz+k)12)].[§ p(n)x"]:: 1’ (4120)
k=1 n=0

where we use the convention p(0) = 1. This may be used to give a recurrence
for p(n) by calculating the coefficient of x", n = 1, on the left of (4.1.20) and
putting this equal to zero. This yields

pn)=pn— 1)+ pln—2) —pn—=5) —pln—T7) + -~

2 _ 2
+(—1)""‘p(n _ 3k 5 k)+(~i)"“p(n _ 3k 2+ k) + 00, (421

including only arguments =0 on the right and recalling that we use the con-

vention p(0) = 1. In this way we may calculate the values of p(n)} as shown in
Table 4.2.

Theorem 4.1.3 and other results may be derived from the more general
identity in

Theorem 4.1.4 (Gauss—Jacobi identity). The following identity holds for all
z # 0and all q with |q| < 1.

ﬁ (1 — g1 — g?* 1221 — g%~ Z (— 1)*22* . (4.1.22)

k=1 k= — o0
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Table 4.2 Values of p(n)

Partitions

n pn) n pn) n - p(n) n p(n)
1 1 2 2436 51 239943 76 9289091
2 2 27 3010 52 281589 77 10619863
3 3 28 3718 53 329931 78 12132164
4 5 29 4565 54 386155 79 13848650
5 7 30 5604 55 451276 80 15796476
6 1 31 6842 56 526823 8l 18004327
7 1S 32 8349 57 614154 82 20506255
8 22 33 10143 58 715220 83 23338469
9 30 34 12310 59 831820 84 26543660
10 2 35 14883 60 966467 85 30167357
11 56 36 17977 61 1121505 86 34262962
12 77 37 21637 62 1300156 87 38887673
13 101 38 26015 63 1505499 88 44108109
14 135 39 31185 64 1741630 89 49995925
15 176 40 37338 65 2012558 90 56634173,
16 231 41 44583 66 2323520 91 64112359
17 297 42 53174 67 2679689 92 72533807
18 385 43 63261 68 3087735 93 82010177
19 490 44 75175 69 3554345 94 92669720
20 627 45 89134 70 4087968 95 104651419
21 792 46 105558 71 4697205 96 118114304
22 1002 47 124754 72 5392783 97 133230030
23 1255 48 147273 73 6185689 98 150198136
24 1575 49 173525 14 7089500 99 169229875
25 1958 50 204226 75 100 190569292

8118264

Proof. Let us write

6@ = T1 (1 — g~ 1231 - ¢ 1272)
. k=1

Then we can verify at once that

It 1s also true that

gzl —qz® + g*") = Plz)(1 — g>"*'2?).

(4.1.23)

(4.1.24)

Pl2) = Ag — A2 + 27+ Ay + 27N + -+ (=142 + 27,

(4.1.25)
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where the A’s are polynomials in g and

An =q1+3~i~~--+2n—l =q“2. (4126)
Substituting from (4.1.25) into (4.1.24) and equating the coefficients of z72*2,
we find
| — g?nm2k+2
Ay = Ap-yg*7! | — g2tk (4.1.27)
From (4.1.26) and (4.1.27) we calculate 4, and find
qkz 2n 4n 5
A, = ! (1 —g* - gq%),
k (1 —g*1 —~qg%---(1 - qa*") 2s=zr[.:lzk+2 ) 2s=2.l:rlzk+z
(4.1.28)
which tends to
&2
q _
4.1.29)
=) (
as n - o0. Here (4.1.28) tells us that
[] +n
kﬁ1 (1 — @)1 = g7 '22f1 — g* 27y = ) (—1)z*¢“B,, (4.1.30)
-~ k=~
where B, is given by
2n 4n
B, = [T a-4¢ I u-4¢». (4.1.31)
25=2n—-2k+2 2s=2n+ 2kt 2

Here, for each k, lim,.. B = 1, and with a little carc about the passage to
the limit, this establishes the identity of the theorem.

From the Gauss--Jacobi identity we can easily derive Theorem 4.1.3 by
replacing g, z, respectively, by ¢33, ¢'/4, obtaining

[T0-g™—g N -g*2= F (~Dg*™2 @13
k=1 ~gr<k< -+ o

which is a modified form of Theorem 4.1.3. We wish to obtain an additional
formula of Jacobi.
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Theorem 4.1.5 (Jacobi identity). We have
[TA =g =1+ 3 (—1)}k + 1)g*e+1m2 (4.1.33)
k=1 k=1

Proof. Although the product on the left can be associated with partitions '
into parts, no one of which may be used more than three times, no combina-
torial proof of this identity is known to the writer.

In (4.1.22) replace q, z by ¢'/2, g"/4*¢, and make ¢ — 0. This gives

n (1 _ qk)(l - qk+2e)(1 - qk—l—zs) — z (~1)kq‘k+45k”2qk2/2. (4134)
k=1

~<k< 4+

The factor 1 — g~ 2 on the left can be written

1 —~e 280 = | (1 —2elogg + ")

(4.1.35)
= 2¢logg + -
where subsequent terms involve higher powers of ¢.
On the right we use
g** =1+ Qklogqke + -, (4.1.36)
where again additional terms involve higher powers of ¢. In the sum
2. (=11 + 2kelog g + - gt +hr2 (4.1.37)
~w<k<+tw
the terms free of & vanish, those for which k =rand k = —r — 1 canceling,
and (4.1.34) now becomes
@ e o]
(elogg +-) [T (1~ gL — ") [T (1 — g1~ 2%)
k=1 k=2
= Y. (=1)2kelogq + - g+, (4.1.38)
~w<k<+m
If we now divide by 2¢ log g and then make ¢ — 0, we have
[IA-dY= 3 (=1 kg¥ w2 (4.1.39)
k=1 —w<k<w

This proves the formula of Jacobi in our theorem.
Ramanujan, the self-taught Indian genius who was discovered by G. H.
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Hardy, was the first to discover some arithmetical curiosities of the partition
numbers p(n). These are -

p(Sm— +4) = O(rﬁod 5), (4.1.40a)

p(7m + 5) = O(mod 7), (4.1.40b)
p(1im + 6) = O(mod 11). (4.1.40c)

We shall prove the first two of these, as did Ramanujan, using the Euler and
Jacobi identities. Multiplying, we have

g{(1 — g}t — g%--}*
=g{(1 — g1 — g% - H{1 — g1 —g¥)---}?
=gl ~q—-qg*+g*+q" +)1 —3g+5¢°—-7¢%"), (4.1.41)

using the Euler and Jacobi identities.

We write this as
gl — gl — @)} = LT (=17 H0s + DgF9,  (4.1.42)

where
E(r,s)=1+%4@r+ 1)+ $s(s + 1), (4.1.43)

and r runs from — oo to + co, while s runs from 0 to o. We ask under what
circumstances E(r, s) is a multiple of 5. This requires that

2r + 1) + (25 + 1)? = 8E(r,s) — 10r2 - 5 (4.1.44)
shall also be a multiple of 5. But
2r+1=0,2,3mod5), (2s+ 1)>’=0,1,4mod 5). (4.1.45)
Hence, E(r, 5s) = O(mod 5) only when
r+1=2s + 1 = 0(mod 5). {4.1.46)

Therefore in (4.1.42) the exponent E(r, s) is a multiple of 5 only when the co-
efficient (25 + 1) is also a multiple of 5. Hence, in

g{l — )1 — g%---}*
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the coefficient of ¢°”*2 is a multiple of 5. In the expansion of (1 — ¢)~% by
the binomial theorem, all coefficients are divisible by S except 1, ¢°, ¢'9, ...
which have residue 1(mod 5). We express this by writing

.y

1 1
= 4.1.47) .
G- 1-4 (mod 5) (4.1.47)
or
L-¢ _ 1(mod 5) (4.1.48)
(1—gqy ’ o

where these congruences are taken to mean that all coefficients are congruent
modulo 5. Hence, the coefficient of ¢°™*3 in

1-g)1~-q"%--_ {l—ql -g% -} — ¢°1 — ¢'%--}
- = 4.1.49)
A=at-gy— ° -0 =aF (
is a multiple of 5, and so therefore is that in
il (4.1.50)

T—ai-a)

and this coefficient is p(Sm + 4). This proves (4.1.40a). In the same way we
may use the square of Jacobi’s identity to prove (4.1.40b). No such simple
proof of (4.1.40c) is known.

The generating function P(x) = ) .o, p(n)x" is associated with arithmetic
in another way, specifically with the divisor function o(n) defined by

a(n) = ) d. | (4.1.51)

din

We start from the basic generating function

P(x) = ﬁ (1 - x*)~1, (4.1.52)
k=1 |
This gives
log(P(x)) = i ~log(l — x*). (4.1.53)
k=1

Now take the derivative of (4.1.53) with respect to x and multiply the result by x.
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This yields
xP'(x) & kx*
P(X) - k=1 1 ha xk ’

(4.1.54)

The kth term of the right-hand side, when expanded, contributes k to the co-
efficient of every power x™. Hence, on the right, the coefficient of x" is o(n),
the sum of all divisors of n. Thus,

P & |
P " 2 oln)x" (4.1.55)

4.2. ASYMPTOTIC PROPERTIES OF P(N)

If we ask “How large is p(n) for large n?” we are dealing with a question that
properly belongs to the analytic theory of numbers. That is beyond the scope
of this book, but the work and the results are so fascinating that a brief sketch
of this will be given.

The divisor function o(n) is very irregular in its behavior, but its average
value is well behaved. If we define s(n) by

s(n) = Z a(k) @.2.1)

k=1

then an easy calculation shows that

n 1 2
s(n) = ;.;1 5 {[g] + [Z]} 4.2.2)

where the bracket function [x] stands for the greatest integer not exceeding x.
Since the series

Y e (4.2.3)
k=1 -

is convergent and has the sum n%/6, we may get a reasonably good estimate of
s(n), namely,

nn? n 3 n*n?

n n n
— -1 - Z 4z _
P 2og,n 5 < s{n) < 03 +210gn+2. (4.2.4)
From the identity
(1 —x7" ) o@mx"= 3 sn)x" (4.2.5)
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we may put (4.1.54) into the form

xP'{x)

P (1 —-x) Z s(n)x". (4.2.6)

With a certain amount of relatively elementary calculations we may use the
estimate (4.2.4) of s(n) in (4.2.6) to conclude that, asymptotically,

tog p(n) ~ A/n, A= nf%—, 4.2.7)
where by f(n) ~ g(n) we mean
e
v g(n) '

The derivation of (4.2.7) from {(4.2.4) and (4.2.6) is a lengthy process, and since
the result is a relanvely weak one, it is not presented here. The asymptotxc
value of p(n) is in fact given by

p(n) ~ 4:\/5 e?Vn, (4.2.8)

The series P(x) is convergent within the unit circle, but has the unit circle as
a natural boundary. By Cauchy’s theorem we have

plr) = — J PO i, (4.2.9)

i cX

where C is a contour around the origin. Hardy and Ramanujan [1] based their
study of the asymptotic value of p(n) on (4.2.9) and made use of the fact that
there are a number of remarkable functional equations that they satisfy. In
particular, if complex numbers x, x’, with x|, Ix'| < 1, are related by

1 5 , —4n?
log iog - = 47 or x' = exp ogl/x)| 4.2.10)

we have the identity

P(x)-—»xm tog L expd—" | piy 42.11
‘_\/’2; gxﬁxp 6log(l/x) (x) ( )

If x is real and near to 1, then x' is extravagantly small and P(x') is practically 1,
so that (4.2.11) expresses P(x) cffectively in terms of elementary functions.
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There are similar formulae associated with the roots of unity, so that if x is

near x, , = exp(2ni(p/q)) for relatively prime integers p and g, we can'approxi-

mate P(x) with great accuracy by elementary functions.

Taking C in {4.2.9) to be a circle with just the right radius, which turns out
to be 1 — 1/n, and substituting from (4.2.11) into (4.2.9), replacing P(x") by 1
(with an error that turns out to be of order V" where H < A = ;zJ%), Hardy
and Ramanujan found the formula

piny = —— 2 (em") + O(e"V7) 42.12)
Zﬁ\/ 2 dﬂ An
where
A, = Jn ~ 4. (4.2.13)

In (4.2.12) the O notation is a special instance of the general notation fn) =
O{g{n)), meaning that a constant K exists such that

lim sup < K.

n=*a

Sn)
g(n)

Here (4.2.12) includes (4.2.8), but is much more precise.

The formula (4.2.12) can be considerably improved. As x approaches x, ,
along a radius, P(x) behaves roughly like exp{rn?/64*(1 — Ix|}. Thus, in the
integral (4.2.9), the “rational singularities” x,, are the heaviest singularities,
and it is to be expected that their contributions to the integral (4.2.9) will out-
weigh the rest. This led Hardy and Ramanujan to look for a formula of the form

p(n) = Py(n) + Pyn) + -+ + Py(n) + R(n), (4.2.14)

where P,(n) is the dominant term in (4.2.12) and P,(n), ¢ = 2,...,Q are similar
in form, and P (n) combines the contributions near the rational points of
denominator g; and R(n) is a remainder term. Since Major MacMahon had
calculated p(n) for values of n up to 200, it was natural to test the formulas
for n = 200. Much to the surprise of Hardy and Ramanujan, they found that
eight terms of their formula gave p(200) with an error of only 0.004. Here
MacMahon’s numerical analysis, as we would call it nowadays, led Hardy and
Ramanujan to push their theory further, and they were able to show the existence
of constants o, M such that

p(n) = Y Py n) + R(m), (4.2.15)
q<ax/;?

where

|R(n)} < Mn™ "4, (4.2.16)
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Thus, a formula was obtained that would give p(n) exactly, once o and M
had been found. In trying to simplify the work of Hardy and Ramanujan,
H. Rademacher [1] made some slight changes and found a convergent series
for p(n). Putting

_g"* d {sinh(44,/q) o '
P {n) —-;—ﬁ Eﬁ{m‘ﬂan } A =n35 (4.2.17)

and

Lin) = 3 w,, exp (“22”_ m), - (@218)
p

where w, . is a certain twenty-fourth root of unity, Rademacher proved that

p) = 3 L) @2.19)

and that the remainder after Q terms is less than

CO~'2 + D (%)"2 sinh (“‘"Q”z), (4.220)

where C and D are constants for which he found definite values. For Q of order
ﬁ, this is similar to the results of (4.2.15) and (4.2.16). But in one important
respect, Rademacher’s result is an improvement, since it was shown by D. H.
Lehmer [1] that the infinite series of Hardy and Ramanujan does not converge.

PROBLEMS

1. Calculate p(101), p(102), p(103), p(104), and p(105). Check these values,
using the congruences of (4.1.40).

2. Show that p*(n) = p(n) — p(n — 1) for n = 1 is the number of partitions
of n into parts greater than 1. From the properties of p*(n) show that
pn +2) — 2p(n + 1) + p(n) = Oforn = 0.

3. Prove that the number of partitions of any positive integer n into distinct
parts is the same as the number of partitions of n into odd parts by showing
that

2y... ... — 1
14+ x4+ x%---(1 + x') —(1 gy ST T S
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4. Prove by a combinatorial argument that

4

... 2u—-1y. .. X x
(4L + 57 (1 + x50 1+1—x2+(1-—ch)(l'"““>i4)
x"
+..-+(1 _xz)”.(i ‘___xZn)
+ooo

5. Show that

1 fn—-1
_fi(n$ k) = ICT(

i\k— l) < p(n)

for all n> 1 and k > 1. Find some explicit function f(n, k) such that
pi{n) < fr(n, k) for all n > | and k > 1, and so that for fixed k, the ratio
fan, k)/ fi(n, k) approaches 1 as n goes to infinity.

6. Express p4(n) by polynomials in n depending on the residue of n modulo 12.
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Distinct Representatives

5.1, THE THEOREMS OF P. HALL AND D. KONIG

A problem of the type we shall discuss here is: Given the following five sets,

8

Sy =1(1,23),
S, =(1,2,4),
S; =(1,2,5), (5.L1)
S. =1(3,4,5,0),
Ss =(3,4,5,0),
we wish to choose numbers x;, x,, X3, X4, X5 such that x;€8§;,, i=1,...,5

and such that the x’s are all distinct. One such choiceis x;, = 1, x, = 2, x3 = §,
x4 = 3, x5 = 4. But if our sets were instead

TI = (1, 2):
L =(1,2),
T;=(1,2), (5.1.2)

T, =(3,4,5,6),
I, =(3,4,5,6)

-no such choice would be possible, since clearly we could not choose three distinct
numbers from T;, T,, T3, because they contain only the two numbers between
them, 1 and 2. We ask under what circumstances subsets S;, i = 1,...,nof a
set S possess distinct representatives x;, i = 1,..., n—that is, x; € §;, x; # x;—
if i # j? Note that we do not require that subsets §; and §; with i # j be distinct
as subsets of S. A clearly necessary condition, as seen in (5.1.2), for the existence
of distinct representatives is that any k sets S; contain between them at least k
distinct elements.

We shall abbreviate “system of distinct representatives” to SDR when con-
venient. It is a remarkable fact, first proved by Philip Hall in 1935 [1], that this

48
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obviously necessary condition for the existence of distinct representatives is
also sufficient.

Theorem S.1.1 (P. Hall). Let I be a finite set of indices, 1 = {1, 2,...,n}.

For each i€ I, let S; be a subset of a set S. A necessary and sufficient condition
Jor the existence of distinct representatives x;, i=1,...,n, x;€8;, x; # x;,
when i # j, is condition C: For every k = 1,.. ., n and choice of k distinct indices
its++, g, thesubsets S; , ..., S; contain between them at least k distinct elements.

Proof. We have already remarked on the necessity of condition C for the
existence of distinct representatives and must prove its sufficiency. We note
that if each S; contains only a single element x;, then condition C asserts that
X;,-..., X, are distinct, and so are distinct representatives. Our basic operation
will be the deletion of certain elements from certain of the subsets S;, leaving
subsets §; € S;,i = 1,..., nso that condition C remains valid. If, after a succes-
sion of deletions preservmg condition C, the remaining sets S; each contain

only a single element x;, then x,,..., x, are distinct representatives, and our
theorem is proved.

As a first trivial deletion that leaves condition C valid, we may remove all

but n elements from any set S; that contains more than n elements. Let us call
asetof rsubsets S; , ..., S; ablock and designate it as B, ;, where s is the number
of distinct elements in the r subsets. Then condition C is equivalent to the
- assertion that s > r for any block B, ;. If s = r, we call such a block B, , a critical
block. By convention we regard the void block as a critical block B, 5. We
may also define the union and intersection of blocks. Suppose that A4,,..
Aps Cus 15 .. -, Crare thesubsets S; in a block B, ;andthatA,,..., A, Dy g, -
D, are the subsets in a block B,,, where A4,,..., A4, are the subscts in both
blocks (recall that subsets S;, S; are distinguished by their indices and not by
the elements they contain). Then we define the intersection B, 1\ B, , as the
block B, ,, whose subsets are 4,,..., 4, and the union B, .U B, , as the block
whose subsets are 4,,..., 4, C,,,H, .. ’ »Chy Dy ys.. ., Dy, this being a block
By',withymr+t——m.

Lemma 5.1.1. The union B,,\UB,, and intersection B,, N\ B,, of critical
blocks are again critical blocks, assuming condition C to be valid.

Proof. Let B,, NB,, =B,,and B,,UB,, = B,,. The z elements of the
union will be the r + ¢ elements of B,, and B,, reduced by the number of
elements in both blocks, and this number includes at least the v elements in the
intersection. Thus, z < r + t — v. Also, v = u and z > y by condition C. As
y+u=r+t,wehaver+t—v=2z2y=r+t—-uz=r+t— o Hence,
we have equality throughout and z = y, u = v, and the lemma is proved.

Lemma 5.1.2. If B, is a critical block, the deletion of elements of By, from
sets not belonging to B, , leaves condition C valid.
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Proof. Let B, be an arbitrary block. We must show that if (B, ) = B,
is the block after deletion, then we have s' > r. Let B, N B,, = B,,, and
B,,\UB,, =B,.. Here, let B, be the sets A,,..., Ay, Cps1,-..,C, and
By, be the sets A;,..., A, Dpyy,---, Dy, where A,,..., A, are the sets in
common. Then B,, ,is 4,,..., A,,,and B, , is

Alv"aAma Cm+1a'--scrs Dm+1:---sDk'
The deleted block (B, ) = B is
Al:---aAma C:n+19~'-sc:--

But C,.41,...,C, as blocks of the union B, , contain (z — k) elements not in
B, i. Thus, s' = v + z — k, being the elements of the intersection B, , together
with the z — kelements of Cp,1q,...,Cl.Asy=r+k—mandz>= y, v > m,
wehave s’ =vp+z—~k=m+y—k =r Thus, s > r and so, after deletion,
condition C still holds. .

We may now prove our theorem, using induction on the number n of sets,
this being trivial when n = 1. First, suppose that in the system U{S,,..:,5,},
there is a critical block By, not the whole system—that is, 1 < k < n. Deleting
the elements of By, from the remaining sets, U consists of B, , and a block
B, .., which have no elements in common. By Lemma 5.1.2 condition C
remains valid, and we may assumc by induction that B, , and B,_. . both
have SDR’s, and being disjoint, they form together an SDR for U, Next, suppose
that in the system U(S,, ..., S,) there is no critical block except possibly the
entire system. Now select an arbitrary element of any set as its representative
and delete this element from all other sets. In this circumstance a block B
with r < n, becomes a block B; ., where s’ = s or s — 1. But by assumption
B, ; was not critical and so s = r + 1, whence s’ = r and condition C holds for
the remaining (n — 1) sets; thus, by induction, they have an SDR, which to-
gether with the representative selected for the one set forms an SDR for the
entire system. This completes the proof of our theorem.

Corollary to Theorem 5.1.1.  IfnsetsS,,..., S, have an SDR and if the smallest
of these sets contains t objects, then if t = n, there are at least {t — 1}es(t—n+1)
different SDRs and if t < n, there are at least t! different SDRs. :

This corollary comes from a closer inspection of the proof. There must be
at least one of the sets from which any object may be chosen as a representative,
for if there are no critical blocks, this is true of any set. But if there are critical
blocks, then this is true of a set in a minimal critical block. One set, say S,,
can have any element chosen as its representative. This choice may be made in
atleast ¢ ways. Let us now delete the representative chosen for S, from S P
givingsets 57, ..., S, that possess an SDR and in which the smallest set contains
at least t — 1 objects. Continuing in this way we have at least #(t—1)--(t—n + 1)
choices in all if t = n and at least t! if t < n.

r,Ss?,
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The preceding proof is not Philip Hall’s original proof, but is due to the
writer. It lends itself to an extension of Theorem 5.1.1 to the case in which the
system U contains infinitely many sets S;, though every set S; is finite. If we
have infinitely many sets and also allow the sets to be infinite, it is not clear
which condition is appropriate for guaranteeing the existence of an SDR.
For example, if we have sets S = {1,2,3,...} and §; = {i},i= 1, 2,..., then
the system does not have an SDR because we have no freedom of choice for the
S;, i=1,2,...,and this leaves no element free to be a representative of S,
And yet, for any cardinal k, finite or infinite, k of the sets given above contain
between them at least k elements. Thus the requirement in the following theorem
that the sets be finite is not superfluous.

Theorem 5.1.2. Suppose that for each i of a system of indices 1 we are given a
finite subset S; of a set S. The system U = {8;}, i €1, has a system of distinct
representatives if and only if the following condition holds: condition C— for
every finite k and any choice of k distinct indices iy, i,,..., i, the subsets §; ,
Si,s- .-+ S;, contain between them at least k distinct elements.

Proof. We may establish a partial ordering on deletions, writing D; € D,
for deletions D, and D, if every element deleted from a set by D, is also deleted
by D,. We are interested in deletions that preserve condition C. If all deletions
D,cD,c-cD; <- - in an ascending chain preserve condition C, let D
be the deletion that consists of deleting an element b from a set S in all instances
in which this happens for any D; in the ascending chain. Then we assert that
D also preserves condition C, for in any block B, ; of U (since both r and s are
finite), only a finite number of deletions in the chain affect B, ; and so thereisa
last deletion D, affecting it. But under D,, (B, ;) = B; . still satisfies condition
C,s' = r by hypothesis. Hence, D preserves condition C. By Zorn’s lemma, there
will then be for ali deletions preserving condition C a maximal one, D. We shall
show that under a maximal deletion D preserving condition C, every deleted
set S} has only a single element, and these elements therefore form an SDR
for the original system U.

If there is an element a, that does not beiong to any critical block, let us delete
a, from every set §; containing a,. For this type of deletion, a block B, is
replaced by B, ., where s’ = s if a, is not an element of any set of B, ;and 5" =
s — 1 if a, is an element of B, .. But in this case we assumed s > r whence
s’ = s — 1 = r, and condition C holds after such a deletion. If there is a critical
block B, ;, we may apply Lemma 5.1.2, delete the elements of B, ; from all other
sets, and still preserve the validity of condition C. By Theorem 5.1.1, a critical
block B, ;, being finite, possesses an SDR when condition C holds, and after
these elements are deleted from all remaining sets, the remaining sets satisfy
condition C. Hence, for a maximal deletion D preserving condition C, every
element is in a critical block and every critical block has only one element in
each set. Thus, for a maximal deletion D preserving condition C, every set
consists of a single element and these elements form an SDR for the system U.
The proof of our theorem is now finished.
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Given n subsets §,,..., S, of a set §, it is not in general practical to test
the validity of condition C, since a direct verification involves examining (2" — )
choices of subsets. We give an algorithm here that requires no preliminary
verifications and terminates either with the desired set of distinct representatives
or exhibits k sets that do not contain as many as k distinct elements between
them.

Choose an arbitrary element a, from S, and, as long as we can, choose an
arbitrary a; from §; different from the previously chosen a’s. This will yield
distinct representatives if the process can be continued to S,. This procedure
will fail if we reach a set S, all of whose elements b,, ..., b, have been used as
representatives. We now list by, ..., b,, regarded as being ordered to form a
first list T;. The second list, T,, will consist of T, followed by the elements
of the set S(b;) whose representative is b,, excluding elements of T;, say,
bisy,..., b, This further set of elements may, of course, be void. In general,
having constructed a list T;, we form the list T;, , by following T; by the elements
{those not already listed) of the set S(b;) whose representative is b;. If at any
stage we list an element b, that has not been used as a representative, then b,
is not in the list T; but is in some list 1,,, being included as an element of S(b,,)
notin T, _,. Here, u, < u, and if b,, is not in T;, then b,, is in a set S(b,,) with
u3 < u,. Continuing, we have

b,eS,,), b,,€Sb,), -.., b,-1€S(b,), and b, eT.

Thus, we may use b, as the representative of S(b,,) and, generally, b, as the
representative of S(b, ), freeing b,_to be a representative of S,. We still have
distinct representatives for §,,..., S,_,, but now we also have a representative
for S,. Repeated application of this procedure may yield a complete SDR. The
foregoing procedure will fail if we reach a final list T, withelements b,, ..., b, _,
in which every element b, has been used as a representative of a set
S, i=1,....,k—1,and if every element of all these sets is included in the
list. But then these (k — 1) sets together with S,, for which no representative
has been found, form k sets, and since these between them contain only (k — 1)
elements, condition C is violated. This algorithm could easily be programmed
on a digital computer.

A consequence of this algorithm, not immediately obvious from Theorem
S5.1.1,1s

Theorem 5.1.3. Ler U{S;,...,Si,...,S8,) be an indexed set of subsets of a
set 8. If Sy,..., 8, have distinct representatives ai,...,a, and if U has an SDR,
then U has an SDR including a, , . .., a, as representatives, though not necessarily
as representatives of S,, ..., S,.

Note that in (5.1.1) we have 3, 4, 5 as representatives of S 1,92, 83, butin an
-SDR these cannot all be used for these sets.

A theorem of K6nig [1] on matrices is essentially equivalent to Philip Hall’s
theorem. Let us use the term line of a matrix to mean cither a row or a column.
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Theorem 5.1.4 (Kénig). If the elements of a rectangular matrix are zeros and

1’s, the minimum number of lines that contain all of the 1’s is equal to the maximum
number of 1’s that can be chosen with no two on a line.

Proof. Let A = (a;;) be an n x ¢t matrix of zeros and 1’s. Let m be the mini-
mum number of lines containing all the 1's, and M be the maximum number
of 1’s, no two on a line. Then, trivially, m > M, since no line can pass through
two of the 1's in M. We may use the Philip Hall theorem to prove the other
inequality M = m. Suppose a minimum covering by m lines consists of r rows
and s columns, where r + s = m. We may rearrange rows and columns so that
these are the first r rows and first s columns, since permutations of rows and
columns clearly does not affect the values of M and m. With the first r rows,
R;,...,R,, we associate sets S;, S,,...,S,, theset S;, i = 1,...,r consisting
of those j’s for which a;; = 1 and also j > s. In other words, §; is the set of
column numbers (excluding the first s columns) of the entries that are 1 in the
ith row.

We assert that the sets §; satisfy condition C, for if k of these sets contained
at most (k — 1} entries, these k rows could be replaced by the appropriate
(k — 1) or fewer columns, and all the 1's would still be contained in this new
choice of rows and columns. By the minimality of m, this cannot be done.
Hence, the sets §; satisfy condition C and, by Philip Hall’s theorem, they have r
distinct representatives, these being 1’s in the first r rows, no two in the same
line and none in the first s columns. By the same argument we may choose
s 1’s, no two on a line, from the first s columns, but none in the first r rows.
These (r + s = m) number of 1’s chosen have the property that no two lie on
a line. Hence, M > m. Combining this with our earlier observation m > M,
we have m = M, and our theorem is proved.

Conversely, it is easy to prove the Philip Hall theorem from the Konig
theorem. If the sets are Sy,..., S, and the elements are x,,...,Xx,, form a
matrix 4 = (a;;), where a;; = 1 if x; is in S; and a;; = 0if it is not. If the I’s in
A can be contained in r rows and s columns with r + s < n, then for the
(k = n — r)rows not in the r-covered rows, there are I’s only in the (s < n — r = k)
columns, and condition C is violated for these k sets. But if a minimal covering
of lines has r + s = n, then the Kénig theorem yields n 1’s, no two on a line,
and the corresponding elements form distinct representatives for the n sets.

We may apply the theory of distinct representatives to the study of Latin
rectangles and Latin squares. We recall that an array

iy Qg "7 Ay,
A2y Qza "7 4dyy (5.1.3)
Qry a,, T

is an r x n Latin rectangle if cach row contains the numbers I, 2,...,n1n
some order and if each column does not contain any digit repeated. In general,
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r < n, and if r = n, the array is a Latin square and each number 1, 2,...,n
occurs exactly once in each row and column. A natural question to ask, if
r < n, 18: Can we add another row to the array (5.1.3)toforman (r + 1) X n
Latin rectangle and, if so, in how many ways? If we have only a single row,
the problem of the number of ways of adding a second row is the problem of
derangements, and we have already seen that this number is the integer nearest
to n!/e. If we have the two rows

I 23 - n—-1 n
23 4 - n 1,

(5.14)

the number of ways of adding a third row is the probleme des ménages
discussed in Chapter 2, and this number is approximately n!/e?. It has been
shown by Erdds and Kaplansky [ 1] that if r is small compared with n, specifically
if r < 3/n, then the number of ways of adding a row is approximately n!fe".
The following theorem gives a lower bound for all values of r, which is almost
surely toolowifr <n - 3.

Theorem 5.1.5. The number of ways of adding a row to anr x n Latin rectaﬁgle
to give an (r + 1) x n Latin rectangle is at least (n — r)!

Proof. Let §,, i =1,...,n, be the set of numbers that do not appear in
the ith column of the given r x n Latin rectangle R. Then a set of distinct
representatives of the sets S; will be a row that may be added to R to form an
(r + 1) x n Latin rectangle, since it will contain all numbers 1 to n and will
not repeat any digits in the columns. Conversely, a row that may be added to
R to form an (r + 1) x n Latin rectangle will be an SDR for the sets S;.

Our problem now is to show that the sets S; have an SDR and to find how
many SDRs there are. The set S; consists of the (n — ) numbers not in the
ith column of R. Each number 1, 2,...,n appears r times in R, and hence
{n — r) times in the sets S,,..., S, taken together. A choice of k of the sets
Sgs..:,S, will contain k(n — r) numbers, counting multiplicities. But since
no one of these numbers occurs more than (n — r) times, there must be at least
k different numbers in the k sets. Hence, condition C is satisfied. Since every
one of the sets §; contains (n — r) elements, the corollary to Theorem 5.1.1
tells us that there are at least (n — r)! SDRs and our theorem is proved.

A further application of the theorem on distinct representations is

Theorem 5.1.6 (simultaneous representatives). [f a set S is divided into a Sinite
number n of subsets in two ways, S=A, + Ay + - + A, =B, + B, + --- + B,,

~and ifno k of the A’s are contained in fewer than k of the B’s for each k = 1,2,...,n,

there will exist elements x,,...,x, that are simultaneously representatives of
the A’s and the B’s.
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Proof. For each A; define a set S;, where S; is the set of indices j such that
the intersection A; M B, is not void. The condition of the theorem is precisely
condition C for the sets S;. If j,, j,, ..., Jj. are distinct representatives for the
sets S;, choose an object x; in the intersection A; M B;. Then x,,...,x, are
simultaneously representatives of the 4’s and the B’s. The condition of the
theorem is trivially necessary and has been shown to be sufficient for the
existence of simultaneous representatives. By considering complements we see
that the condition is really symmetric in the A’s and the B’s.

We note that this theorem is also valid if n is infinite, provided the subsets
are finite, since then Theorem 5.1.2 applies.
This theorem has an interesting application to groups.

Theorem 5.1.7. If H is a finite subgroup of a group G, there exists a set of
elements that are simultaneously representatives for the right cosets of H and the
left cosets of H.

Proof. Both right cosets x; H and left cosets Hy; have the same number of
elements as does the subgroup H. Thus, the condition of Theorem 5.1.6 holds
trivially and the conclusion of Theorem 5.1.7 follows. Simultaneous right- and
left-coset representatives exist for a subgroup in a variety of other circumstances.
This problem has been investigated at some length by Ore [1].

Theorem 5.1.8. In a vector space of infinite dimension any two bases have the
same cardinal number.

Proof. Letx;, iel, and y;, j€J, be two indexed bases for a vector space V
over a field F. If we express each x; as a linear combination of y's, we have a
set S; of y’s associated with x;, namely, those y’s with nonzero coefficients in
the expression for x; in terms of the y’s. The sets §;, i € I, are finite and must
satisfy condition C, for if k sets S; contained less than a k number of y's together,
the corresponding x’s would be linearly dependent. Hence, we can choose
distinct y’s from the §;’s, and so the cardinal number of y's is at least that of
the x’s. Similarly, the cardinal number of x’s is at least that of the y's, and the
two cardinals must be equal.

We may apply the theorem on distinct representatives to obtain information
on matrices. The following theorem is an important application.

Theorem 5.1.9. Let A=1(q;), i=1,...,n,j=1,...,n, be an n x n matrix
where the a;; are the nonnegative real numbers such that every row and every column
has the same sum. Then A is a sum of nonnegative multiples of permutation matrices.

Proof. A permutation matrix P is a square matrix of zeros and I’s with a
single 1 in each row and in each column. We are to prove that if 4 = (a;;), where
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then
A=u1P1+u2P2+”'+usPs’ ui>05

where each of Py, P,, ..., P, is a permutation matrix. We proceed by induction
on the number w of nonzero entries ai;- If A+ 0,then w=n, and if w = n,
then we easily see that 4 = tP, where P is a permutation matrix. For each
i=1,...,n let §; be the set of j’s such that q, ; > 0. We assert that the sets §;
satisfy condition C, for suppose to the contrary that k sets§ S; contain between
them at most (k — 1) indices j. In this case the positive entries in k rows lie in
at most (k — 1) columns. But if we add these entries by rows, we obtain ki,
whereas when we add them by columns, the sum is at most (k — 1)t. Thisis a
conflict and so condition C must be valid. Then let Jis---,Jn be distinct repre-
sentatives of Sy, ..., S,. This means that a;, > Ofori=1,...,nandasj,,...,j,
are distinct, they are a permutation of 1,...,n Here the matrix Py = (¢;p),
where ¢;;, = 1, ¢;; = 0, j +# j; is a permutation matrix. If u, is the minimum of '
@jp, i=1,...,n, then A; = A — u, P, is a matrix with nonnegative entries in
which every row and column has a sum ¢ — uy. Furthermore, by the choice of
uy, Ay has fewer nonzero entries, and so by induction there are permutation
matrices P,,..., P, and nonnegative numbers Uz,...,U; such that 4, =
u Py + -+ + u,P;, whence 4 = u, P, + U Py + -+ + u,P,, as we were to
prove. This completes the proof of our theorem. '

5.2. THE PERMANENT

Let A=[a;l,i=1,...,n,j=1,...,n be a matrix of size n, with entries a;;
from a field F (usually the field of real numbers). We define the permanent of 4 by

per(4) = Y ay;, az,,....4,, (5.2.1)

the sum being over all n! permutations Iy, igye o dyof 1., ., n

The determinant of A4, det(A), has a similar definition, but some of the terms
occur with a minus sign. The permanent has some of the properties of the
determinant, but not all. The permanent is invariant under transposition

per(A') = per(A). (5.2.2)

Also the permanent can be expanded in terms of any row {or column) in terms
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of permanents of minors. Here A;; is the minor obtained by suppressing row i
and column j:

per(A) = a;, per(A;y) + a;; per(Ay) + -+ + a;, per(4,,). (5.2.3)

From this it follows that the permanent is a linear function of a row (or column).
But the basic multiplicative law for determinants

det(4B) = det(A4)} det{B) (5.2.4)
is flagrantly false for permanents.

Theorem 5.2.1 (Ryser). Let A be a matrix of size n x n. Let A, be a matrix
obtained from A by replacing r columns of A by zeros. Let S(A,) denote the product
of the row sums of A, and let Y S(A,) denote the sum of the S(A,} over all choices
for A,. Then

per(d) = S(4) — Y. S(A) + D S(A) + - + (=11 ) S(4,-)) (5.2.5)
Proof. Let S denote the set of all n” strings or samples
Jij2 e 1 Sji <o, (5.2.6)
and let the weight of the sample (5.2.6) be
dyjQzj, " Qyj- (5.2.7)
Now let P; be the property that the sample (5.2.6) does not contain the integer

i{i=1,2,...,n). Now suppose that A, is obtained by replacing the columns
numbered {,, i,,..., i, by zeros. Then for the weight |

W(P,,P,,....,P,)=8(4,) (5.2.8)

and hence
W) =) S(4,). (5.29)
Now per(A4) is the sum of the weights with none of the properties P,,..., P,,

and so applying the principle of inclusion and exclusion of (2.1.1) to the weights
we have

per(A) = S(A) — Y S(A) + Y S(4) + - + (=1F Y S(4) + -~ |
+{(=1""1Y S(4,_,). (5.2.10)

This is the conclusion of the theorem.
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The permanent is closely related to choices of distinct representatives. If we
have n elements, 1, 2,...,n, and n sets, S,,...,S,, define a;; = 1 if the jth
element is in S;, a;; = 0 otherwise. Then with 4 = [a;;], per(4) is the number of
choices of distinct representatives for S,,...,S,. If there are more elements
than sets, say sets §y,...,S,, and elements 1,..., n, put q; ; = 1 if the jth element
isin S;fori = 1,...,mand a;; = 0 otherwise, i = ,..., m. Also put a; = 1 for
i=m+1,...,n and j=1,...,n Here with 4 = [q;;], per(4) = (n — m)!
times the number of choices of distinct representatives since any choice
i, " * 4y, from the first m rows can be completed in (n — m)! ways from the
last (n — m) rows. :

5.3. PROOF OF THE VAN DER WAERDEN CONJECTURE

A matrix A = [a;],1,j = 1,..., n, is said to be doubly stochastic if the a;; are
real numbers subject to the conditions

a;=1, i=1,...,n (5.3.1)
¥

The term stochastic comes from probability theory, considering a system
that can be in any one of n different states §,, S,, .. ., S, and a;; is the probability
of going from state S; to state S j- Such transitions are called a stochastic process.

In 1926 van der Waerden [1] conjectured the following theorem:

Theorem 5.3.1.  Let A be a doubly stochastic matrix of order n. Then

- |
per(4) > % (5.32)

and equality holds if and only if A = (1/n)J.

Here, as usual, J is the matrix of order n in which every entry is 1.

Note that it is very easy to see that the maximal value of the permanent
of a doubly stochastic matrix is 1 and the value 1 is attained for precisely the
permutation matrices. This follows from the identity

@y, +ag, + - +ay)ay +ay, 0+ Q) (@ + Gpy + -+ + a,,) = 1,
(5.3.3)
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the left-hand side of which is strictly larger than per(A) if any column has as
many as two nonzero entries.

In 1980 G. P. Egorychev [1] proved the full van der Waerden conjecture.
In 1979 D. d. Falikman established the minimal value of the permanent of a
doubly stochastic matrix, but he did not show that the minimal value is uniquely
attained.

Two expository proofs of the Egorychev proof have been published, one by
J. H. van Lint [1] and one by Donald E. Knuth [1].

Here we shall follow the Knuth account.

A guadratic form f(x,,..., x,) in n variables is an expression

S x,) = Z Jijxix; (53.4)

defined by some n x n matrix of real coefficients f;;. The sum is over 1 < i,
j < n, which we abbreviate to i, j. Since the coefficient of x;x; in f(x,,...,x,)
is fi; + f; when i # j, we can assume without loss of generality that f;; = fj;
is one-half of the coefficient of x;x;; then the matrix F = [f;;], i, j=1,...,n,
is symmetric. '

It is useful td consider what happens to a quadratic form when we make
linear transformations of the variables, namely, to replace x; by ) ¢;;y; for
i=1,...,n transforming f{x,,..., x,)into another quadraticform g(y,,..., ¥,).
If the transformation matrix [c;;] is nonsingular so that we can invert it and
express the y’s in terms of the x’s, the quadratic forms are called equivalent.

We shall now prove that every quadratic form is equivalent in this sense to a
quadratic form of a very simple type. The idea is to use a transformation that
can be thought of as a highly generalized version of “completing the square.”

Lemma 5.3.1. Let f(xy,...,x,) = ) ;; fi;Xix; be a quadratic form, and let the
vector(a,,...,a,) of real numbers be such thata; # Oand f(a,,...,a,) =c # 0.
Then the nonsingular transformation defined by

X; = q; (J’I - Z Yi Z ffrar.‘c) +yi(i= 2)’ (5.3.5)
iz2 r
Yy =Y fij@iXpe,  Vi=Xi— xafa; foriz2 (5.3.6)
ij

makes f(xq,...,x,) = cy? + g(y,,...,y,), where g is a quadratic form in (n — 1)
variables.

The notation (i = 2) in (5.3.5) denotes 1 if i = 2 and 0 otherwise; it is often
convenient to use relations as expressions in this way.)

Proof. 1t is not difficult to verify that (5.3.5) and (5.3.6) are inverses of each
other. Let ¢;;denote the coefficient of y; in x;. The coefficient of y{ in f(x;,..., x,)
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is )i ; fisCinCis = Y. fij@ia; = ¢; and the coefficient of y, y, for k > 2 is
a; '
Z Siflency + cje) = Z_fijai (5jk - —C"Z fkrar)
1,) I,J r

a;
+ 2 Jits (5m -—) ﬁ"a,), (5.3.7)
i r
which nicely cancels to zero. Here 9;; is the Kronecker 6.

Lemma 5.3.2.  Every quadratic form f(x,,...,x,) is equivalent to a simple
quadratic form

g(yla3yn)=y?+.+y§"y§+1"‘y3 (5.38)

JorsomeO<p<r<n F

Proof. If f(a,y,...,a,) is zero for all {a,,...,a,), then every fij=0and
we have (5.3.8) with p=r = 0. If f(q,,...,qa,) is nonzero for at least one
vector (a,,...,a,), then some a; # 0; by permuting variables if necessary we
can assume that a; # 0. Now we use the construction of Lemma 5.3.1 but
with y, replaced by z = y,lc|'/2, thereby obtaining f(x,,...,x,) = +2z?
+ g{¥2, ..., ¥u). The result follows by induction.

Lemma 5.3.3. The numbers p and r of Lemma 5.3.2 are unique; in other words,
if we have equivalent quadratic forms

Vit oty =V =V =ad w22 -2 =22 (539)
thenp =qandr = s.

Proof. Lety, =3} j€i;2; and suppose that p < g. Then we can find values

21s..., 27 not all zero such that 3, . _¢;;z¥ = 0 for 1 < i < k since this is a

system of p homogeneous linear equations in g > p unknowns zf.Letz}, ==
zn=0a@ndyf =3 .  c,z*foralli.

Then (5.3.9) reduces to
7 TR AL CINUPPIE z}?, (5.3.10)
which can hold only if z¥ =--- = z;z=0and z,,; =---=2*¥=0, a con-

tradiction to the choice of z¥, . . ., z3.Hencep = q. Nowifr < s, wecan similarly
ﬁnd_ Zf+1,-.-, 27 not all zero such that ) _. . cijzf =0 for p<i<r, and
setting zf = *++ = z¥ = 0 we get

PR b b i = sl g (5.3.11)

another contradiction.
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As a consequence of Lemma 5.3.3 we can refer to p(f) and r(f) as well-
defined invariants of the quadratic form f. Lemma 5.3.2 is essentially due to
Lagrange in 1759, and Lemma 5.3.3 to Sylvester in 1852.

We shall need a somewhat more subtle fact Iater.

Lemma 5.3.4. Let fy(x,,...,x,) be the form

j(;(xl:-":-xa) = (1 - B)fO(xls---axn) + eji(xla"°:xn)

that changes from f, to f as 0 varies frbm 0to 1. If r(fy) = nfor 0 < 0 < 1, then

p(fo) = p(13).

Proof. We sketch the argument. We know that p(f;) is the number of
positive eigenvalues of the real symmetric matrix s, associated with f,. Now
r{fs) = nmeans that f, has no zero eigenvalues. The result now follows because
the roots of a polynomial are continuous functions of its coefficients and the
eigenvalues of s, are roots of polynomials whose coefficients are polynomials
in 0, and so are continuous functions of 6.

Next we consider quadratic forms associated with permanents. The following
two lemmas are proved simultaneously by induction on # (i.e., first we prove
both of them for n = 2, then both for n = 3, and so on).

Lemma $.3.5. Let a,,...,a,_; be vectors of nonnegative numbers in which at
least n + 1 — i elements of a; are positive, and suppose that b = (b, ,...,b,) is
any vector of real numbers such that

per(ay,...,4a,.4,b) = 0. {5.3.12)

Then
per(a;,...,a,-,,b,b) < 0; (5.3.13)
Jurthermore per(a,,...,a,.,, b, b) =0 ifand only if by = b, = -+ = b,=0.

Here per(c,,...,c,) is the permanent of the matrix whose rows are the vectors
ClyennyCpe

Lemma 5.3.6. Leta,,...,a,.,beasin Lemma53.5, and let fbe the quadratic
form

f(xls-"axn) = per(ai’---san—21x3 JC), (5314)
where x stands for the vector (x,,...,x,). Then r(f) = n and p(f) = 1.

Proof. First consider n = 2. Here a; = (ay,, a,,) with a;; > 0 and a;, >0
anday;b, + ay,b, = 0.Then per(b, b) = 2b,b,, whence 2b,b, < O0and 2b,b, =
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Oif and only if by = b, = 0. Furthermore, per(x, x) = 2x,x, = ((x, + xz)/\/i)z'
- ((x; — xz)/Jﬁ)z. Hence we may assume n = 3 and that both lemmas have
been proved for n — 1.

In the quadratic form (5.3.14) the value of f;; is permanent of the (n — 2)
% (n—2) matrix obtained by removing columns i and j of the matrix {(a,,..., a,- )
if i  j; also f;; = 0. If r(f) < n, the matrix f is singular, so there is a nonzero
vector (¢y,...,c,) such that Zj Jije; = 0 for all i. This i1s equivalent to saying
that per(a,,...,a,-2, ¢, x) = 0 for all x, because of our interpretation of f;;;
in particular, per(a,,...,a,-2, ¢, ¢) = 0. Furthermore, we have per;(a,,...,
a2, ¢) = 0 for all j, where per; denotes the permanent obtained by removing
column j. By induction, per;(a,,...,a,-3, ¢, ¢} <0 for all j, with equality
only if ¢, = Ofor all k # j, for all j. Now

0= per(alv ceyly_3,C, C) = Z A -2y per(al: ceeyQy_3, €, C} < 0.
F) .

Hence we have per;(a;, ..., a,-3, ¢, ¢) = 0 whenever a,_,); > 0. This occurs
for at least two values of j (in fact, for at least three); hence ¢y, =+ =¢, = 0,
a contradiction. .
We have proved the first half of Lemma 5.3.6, namely, that r(f) = n.
For the second half, consider f, = per(a,, a,,...,a,-2,%, x) and [, =
per(a, , A3y.eeyly-3, X, X) where a; = (1,...,1). Put f3=(1 — 6)f, + 0f,.
Then, since r(fy) = n, it follows from Lemma 5.3.4 that p(f,) = p(f,). In this
way wemay replaceeach ofa, ,a,,...,qa,.,bythevector(l,..., 1)and ¢onclude
that p(f) is the same as that for the quadratic form f = per(a,, a,,...,d,, X, x).
Here f;; = (n — 2)! if i # j and f; = 0. Hence we may consider '

(,;-}53; f= ); xix; = (n = 1)s* — (x, — 5>+ — (x, — 5)%, (5.3.19)

where s = x; + $(x, + -+~ + x,). Here p(f) = 1 and Lemma 5.3.6 has been
proved for n.

Now we turn to Lemma 5.3.5. The hypotheses imply that per(a,, ..., q,.,,
dp-1) > 0. Hence we have f(au- 1)1, 9n-1)25--» Gu-1yn) = ¢ > 0 in terms of
the quadratic form (5.3.14). Without loss of generality we may assume that

@u-1y; > 0 by permutation of columns. Therefore if we apply the construction
of Lemma 5.3.1, we obtain

f(xli"‘!xﬂ)zcy¥ +g(y2’--':yn)'

By Lemma 5.3.6, g(y5,...,y,) < Oforall (y,,...,y,), and it is zero if and only
ify, ==y, = 0. By (5.3.6),

W = Z fija(n-l)ilec = per(ay,...,a,-1, X)/C.
1<, jgn
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This together with our hypothesis (5.3.12) implies that f(b;,...,b,) <0.
Finally f(b,,...,b,) = Oimplies that wehavey, = --- = Owhen(x;,...,x,) =
(by,...,b,);hence by, = b, =---=b, =0,

Now we come to the main theorem on which Egorychev’s proof of van der
Waerden’s conjecture rests. This is due to A. D. Aleksandrov [1]}, who, in 1938,
proved it in a more general framework, studying volumes of n-dimensional
convex sets. Egorychev discovered that this work was relevant to permanents.
Falikman also used this.

Theorem 5.3.2. Let a,,...,a,-, be nonnegative vectors such that a; contains
at least (n + 1 — i) positive entries, and let a, be any vector of real numbers. Then

per(alrﬂsan-h a")2 = per(als"'san—b Ay 1, anml) per(a,,...,a,,uz, ay, an)a

{5.3.16)

and equality holds if and only if a, = Aa,.., for some real number 1.

Proof. Letper(a,,...,a,_, a,) = A per(ay,...,a,—y, a,_1); then 1 is well
defined since per{a,,...,a,_, @y-4) > 0. If we set b = a, — Aa,_,, we have
(5.3.12), per(ay,...,a,-,, b) = 0, since the permanent is a linear function of
each of its rows. Hence Lemma 5.3.5 tells us that

0 = per(a,,...,a,-.3,b,b)
= per(@y,..., 0,2, b, a,) — A per(a;, .. s Ope2,b,a,-4)
= per{dy,..., n—2, Ay, G,) — 24 per(a;, ..., a,)
+ A2 per(ay,...,0y_2, OGne1,dn-1)
= per(dy, ..., 0n—2, n, @n) — A2 PEI(A1, -« + Oy 25 A1 s Au—1)

per(als cery an)ZI
per(al, ceyQpo2,Qy_q, anm!)

== per(ala cresya, Gy, an) -

This is the inequality of the theorem, and by Lemma 5.3.5 equality holds if and
onlyif b = 0 (ie, a, = Aa,- ).

Corollary. Let a,,...,qa,.; be nonnegative vectors, and let a, be arbitrary.
Then the inequality (5.3.16) holds. '

Proof. Consider the vectors a; + (g,...,2), and take the limit as ¢
approaches zero through positive values.
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Incidentally, the example
110 110 I 10
per’l 0 1 Ij=per|0 1 1{perjl 0O 1
1 01 011 1 0 1

shows that some condition on positivity is necessary to obtain Theorem 5.3.2°s
strong result on conditions of equality.

A doubly stochastic matrix 4 = [a;;], i, j=1,...,n, is said to have an
equilibrium vector x = (xy,...,x,) if Ax" = x" (ie, i ) ;4% = x; for all i).
The matrix A is called decomposable if the set {1, ..., n} can be partitioned into
nonempty subsets § and T such that q;; = 0 whenever i€ S and je T. These
concepts are related to each other by the following simple observation.

Lemma$.3.7. If x = (xq,...,X,) is an equilibrium vector for A having some
components unequal, then A is decomposable.

If (xy,...,x,) is an equilibrium vector, so is (x; + ¢,..., X, + ¢); hence we
can assume that all components of x are nonnegative and that some, but not
all, are zero. Let S = {ilx; =0} and T = {i|{x; > 0}. Then ) .a;x;=x;
implies that a;; = O wheneverieSand je T.

This proof uses only the fact that 4 satisfies the “singly stochastic” property

Z j@;j =1 for 1 < i< n Doubly stochastic matrices satisfy a stronger con-
dition.

Lemma 5.3.8. If A isdoubly stochastic and if S and T are sets of decomposability
for A, thena;; = Qunlessi,jeSori,jeT.

Proof. We have

Yag=Y 3 az=21l=Y1=Y% ¥ a

i,jeS ieS 1<j<n icS jeS JjeS 1<gign
=) a4+ Y ay
i,jeS i€T,jeS

and so g;; must be zero whenie T and j € S.

Weshallsay thatann x nmatrix A = [a;;] is minimal if it is doubly stochastic
and if it has the smallest permanent among all n x n doubly stochastic matrices.
There is at least one minimal matrix (i.e., the smallest value is actually achieved),
since the permanent is a continuous function of the matrix elements and since
the set of doubly stochastic matrices is a closed and bounded subset of n?-
dimensional space. According to van der Waerden’s conjecture, there is only
-one minimal matrix of order n, namely, the matrix with g; ;= I/nforalliandj

From Theorem 5.1.9, per(A) is always positive, so that the minimum is not zero.
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The notation 4;; stands for the (n — 1) x (n — 1) matrix obtained from A
by removing row i and column j. Clearly

per(4) = ) a;; per(4;) = 3. a;; per(4y). (5.3.17)
i H

Another basic fact about “permanents of minors” is

per{4 + eB) = per(A) + ¢ ¥ b;; per(4;;) + 0e?). (5.3.18)

Here 0(c?) refers to &2 times a polynomial in ¢ and the elements of A and B.
If A is doubly stochastic, let us say that B is a valid modification for A if the row
sums and column sums of B are zero and if b;; = 0 whenever q;; = 0; then
A + B is doubly stochastic for all sufficiently small ¢ > 0.

Lemma 5.3.9.. If A is a minimal matrix and if B is a valid modification for A, then

¥ by per(4;) = 0. (5.3.19)
i’j

Proof. This follows immediately from (5.3.18) and the definition of mini-
mality.

Lemma 5.3.10. A minimal matrix is indecomposable.

Proof. Suppose that 4 is doubly stochastic and that g;; > 0 only when
i,jeSori,je T,where Sand T are nonempty and together giveallof {1,2,...,n}.
We know that per(A4) > 0, so there is a permutation n(1),.. ., n{n) with a;,;; > 0
for all i. Let s and ¢ be elements of S and T, respectively, and let B = [b;;] be a
matrix that is entirely zero except that

bontr = biaey = —1 and by = by = +1. |
Since n(s) € S and n(t) € T, the matrix B is a valid modification for A; therefore
= Pe(Asnsy) = Pe{Ain) + PE(Asnin) + Per(Ainiy) > 0
by (5.3.19). But this is impossible since per(A,,) and per(A.,) are positive
while per(A4,,,) and per(4,,,) are zero. For example, per(A4,,,) is zero because

the matrix A has k rows corresponding to §, if |S] = &, in which all nonzero

entries occur in only (k — 1) columns corresponding to S — {n(s)}. Hence A
is indecomposable. '

Lemma 5.3.11.  If A is a minimal matrix, then per(4;;) > 0 for all i, j.
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Proof. If per(A;;) = 0, then A;; has some set S of k > 0 rows in which ali
nonzero entries occur in some (k — 1) columns by Theorem 5.1.1. Let T =
{1,...,n} — §; note that T is nonempty, since i € T. We can now permute the rows
and columns of 4 to obtain a matrix 4’ in which S consists of the first k
rows and T the remaining (n — k) with all the nonzero elements of the first k
rows in the first ¥ columns, these being the original column j and the (k — 1)
nonzero columns of A4;;. Clearly 4’ is also minimal, but is decomposable,
contrary to Lemma 5.3.10. This proves the lemma.

Theorem 5.3.3. If A is a minimal matrix and a;; > 0, then per(A;;) = per(4).

Proof. The basic idea of the proof is to use the set of all B that are valid
modifications for A and such that b;; = 0 when a;; = 0. We wish first to prove
the existence of constants 4,,..., 4,, fiy, #2, ..., 4, such that

By permuting the columns we can assume without loss of generality that
a; > Oforalli. Letus write i — jif a;; > 0; thusi — i. Since A is indecomposable
there is a “path”

l=jo=ji—=ji=] (5.3.21)

from 1 to j for all j. We say that j is at distance s if the shortest such path is of
length 5. For every j > 1 at distance s, let p(j) be the smallest index at distance
(s — 1) such that p(j) — j. Then the path (5.3.21) is unique if we insist that
Jx-1 = p(i) for 1 < k < s. The arcs {p(j) = j|j > 1} may be regarded as an
oriented tree emanating from point 1. We say that i is an ancestor of j (and we
write i <j} if we have i = p(j) or i = p(j(j)) or i = p(--*(p(j))). The notation
i <X jmeans thati = jori <.

Now we can establish (5.3.20). First we put 4, = 0 and y, = per(4,,). Then
for the indices j > 2 in increasing order of their distance from 1, we can define
#; so that (5.3.20) holds when i = p(j), since the value of A,; was previously
defined; after u; has been set, we immediately define A; so that (5.3.20) holds
when i = j.

The construction above assigns values 4,,...,4, and u,,..., u,. We must
still prove (5.3.20) for pairs (h, k} such that a,, > 0 and h # k and h # p(k).
Consider the matrix B whose entries are all zero except that

'bhkz 1!
by=(<k—(i<h forl<js<n, (53.22)
bypi=G<h—(j<k forigj<n
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Thesum ) ; by ==K+ (<K - (<K +(G=<h ~{<k)=0andthe
sum Y by = (i = h) + (i <k) — (i < h) + (i <h) — (i <k)) = 0; in the lat-
ter formula we use the fact that for fixed i, there is a value of j such that i = p(j)
and j < h if and only if i < h. Therefore B is a valid modification for 4 and so
is — B. Hence by Lemma 5.3.9 the sum Zi ; bij per(4;;) must be zero. The sum
turns out to be

Z b;{per(4;) — A — p;) = per(Ap) — A — i (5.3.23)
LJj

because 4; ) . b;; = u; ¥, b;; = 0 and because by induction, (5.3.20) holds for
all pairs (i, j) used here such that b;; # 0, except possibly for the given pair
(h, k). Thus (5.3.20) holds in general.

Now we are ready to complete the proof. We have g;; per(4;;) = a;;(4; + 1)
for all i, j. Hence by (5.3.17)

per(A) = /‘{.i +- Z Qi i = U + z aij)»i
j i

forall i, j HA=(,.... %)% p=(py,.... )" and e = (1,..., 1), this be-
comes in matrix form

A+ Ap = pu + ATA = per(A)e.

Since Ae = ATe = e, we have A"A + ATAu = per(d)e and Au + AA™L =
per(A)e; hence combining we have

p=A"Ap and 1= AA"L

Now A is indecomposable and has positive elements on the diagonal; so the
matrices ATA and AAT, which are also doubly stochastic, are even less de-

composable. Consequently Lemma 5§.3.7 implies 4, =+ = f,and py =+ =
.- We originally chose 4, = 0; hence 4, =--- =14, =0 and from above
u = per(Ae, u; = -+ = p, = per{A). This completes the proof of Theorem 5.3.3.

David London [1] proved in 1971 that something can also be said about
per(A;;) when a;; = 0.

Lemma 5.3.12. If A is a minimal matrix, then per(A;;) = per(A) for all i and J.

Proof. (The following proof is based on an idea of Henryk Minc [1]).
Because of Theorem 5.3.3 we need only consider (i, j) such that g;; = 0. Without
loss of generality we can assume that i = j = 1 and a4,;, = 0. By Lemma 5.3.11
per(A,,) > 0, and by permuting columns we can assume that a;; > 0 are non-
negative, and that B = I — A; all elements of B such that a; = 0 are non-
negative, and the row and column sums are zero, so that B is a valid modification
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of A. Hence by Lemma 5.3.9
0< Zjbu per(dy)) = Y per(4y;) — ¥ a;; per(Ay)
R ' J iJ
= per(Ayy) + (n — 1) per(4) — n per(4) = per(4,,) — per(4),

since per(4;;) = per(A) for j > 1 by Theorem 5.3.3 and using (5.3.17).

Now we are in a position to complete the proof of Theorem 5.3.1, the main
result.

Lemma 5.3.13. If 4 is a minimal matrix, then per(4;;) = per(A) for all i and j.

Proof. Without loss of generality assume that i = j = n; assume further
that per(A4,,.} > per(4) and a,-,), > 0. Then n > 1 and frem the corollary to
Theorem 5.3.2, (per (A))? = per(ay, ..., dy—1,8n)> Z PEI(@y5 -« 38y 2,8pm1,Au—1)"
per(ah seeslye g, Ay, an)‘ But per(ali creylp—2,0p- 3, Ay 1) = zj A - 1yj per(Auj)
> §j Qu—y); Per(4) = per(4) and per(a,, ..., ay-z, @y, 4,) = Z; Qyj Pef(A(\u—uj)
= ) ;a, per(A) = per(d); so we have per(4)® > per(4)%, a contradiction
coming from per(A4,,) > per(A), whence per(4,,) = per(4).

Lemma 5.3.14. If A is a minimal matrix with a;; > 0 for all i and j except
possibly when i = n, then a;; = 1/n for all i and j.

Proof. We have per(a,...,a,-3, 4, a,) =) ;a,;per(4) = per(d) and
similarly per(ay,...,a,-2, d,—y, a,—,) = per(A4). Therefore equality holds in
(5.3.16) and by Theorem 5.3.2, a, = Aa,_, for some A. As A is doubly stochastic
wemusthavel = I,and hencea, = a,_,.Similarly all rows are equal. Therefore
all columns of A consist of identical elements. Therefore all elements of A4 are
equal to i/n.

We are almost finished and need only to dispense with the hypothesis that
a;; > 0.

Theorem 5.3.4.  If A is a minimal matrix of order n, then a;; = 1/n for all i and j;
hence per(A) = nl/n".

Progf. Let B be obtained from A4 by replacing some row a; by some other
row a; then per(B) = zj ay; per(A;;) = per(A). Similarly let C be obtained
from A by replacing g, by a;; again per(C) = per(A). Of course we do not know
that B and C are doubly stochastic; but the matrix D = (B + C) certainly
is doubly stochastic and per(D) = {{per(B) + 2 per(4) + per(C)) = per(4), so
D is a minimal matrix.

By a finite number of “averaging” steps like the ones that formed D from A,
we obtain a minimal matrix E having the same bottom row as A4, but with .
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ej=0only if i=nor aj;=-""=au; =0. Since 4 is indecomposable
we cannot have ay; = * -+ = gy,1); = 0. Hence E is a minimal matrix satisfying
the conditions of Lemma 5.3.14. It follows that its bottom row q, is(1/n, ..., 1/n).
Similarly all rows of A have this value.

5.4. PERMANENTS OF INTEGRAL MATRICES WITH CONSTANT
LINE SUM

Definition. A% is the collection of n x n matrices with nonnegative integer
entries such that each row and column sum is k.

Let us put
A(n) = min{per(4){ 4 € AL}. (5.4.1)

We observe that if 4 € Ak and B e AX, with per(4) = A (n) and per(B) =
A(m), then

‘ A
Aln + m) < per-[ 0 ;3)] = A (m)A(m). (54.2)
This ensures that
0, = lim (4, (n))'/" (5.4.3)

exists, while an equation similar to (5.3.3) shows that per(4) < k" for all 4 € A%
Trivially A,(n) = L. For Ax{(n), consider 4 = [a;;] with all entries 0 except

aii:ai(l""l):li i=19'--sn“1, ﬂ,,,,‘“—‘—“auiﬁl.
Here per(4) = 2, and by Theorem 5.1.9, 4,() > 2 s0 that 2,(n) = 2.

If A € A%, then (1/k)A is doubly stochastic, so that from the van der Waerden
conjecture

per(4) = k"nl/n" ~ (]—c)n, (5.44)

e

where the approximation comes from Stirling’s formula. Hence

0, = (5.4.5)

and 68, > 1 fork = 3.
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Theorem 5.4.1 (Voorhoeve [1]).  A5(1) = 3, 43(2) = 5, A5(3) = 6 and A;(n) >
63" 3 forn= 3. '

Proof. Forn = 1,2, 3, we find by listing cases that the minimum permanent

is given by
5 1 1 1 1
{31, i a2l and {1 1 1],
1 1 1
respectively.

Let A2 be the class of all matrices obtained by subtracting 1 from a positive
entry in a matrix of A;}. Hence in A} one row and one column have sum 2 and
the rest have sum 3. Let 43(n) = min{per(4) € A}}. Forn = 1,2, 3, the minimum

1s given by
011
11
[2],[ ], and |1 1 11},
1 2 {

11
whence 1,(1) = 2, 15(2) = 3, and 1,(3) = 4.
Lemma 5.4.1.  A,(n) = 315(n).

Proof. Let A be a matrix in A}. Permuting columns if necessary, the first
row a, of A is of the shape (3,0,...,0),(2,1,0,...,0),0r(1,1,1,0,0,...,0).In
the first case with a@; = (2, 0,..., 0) replacing a; per(4) = 34,, and per(4) =
24, so that per(4) = (3) per(4) = 31,(n). In the second case (2, 1, 0,...,0) =
M, 4,0,...,00+(1,1,0,...,0) + (2, 0,...,0)] and so per(4) = L{per{4,)
+ per(A,) + per(A; = 325(n). In the third case (1, 1, 1, 0,...,0) =3[(1, 1, 0,...,0)
+{1,0,1,0,...,0) +{0,1,1,0,...,0)] and again per(4) > L(per(4,) + per(4,)
+ per(43)) = 345(n).

Lemma 5.4.2.
A3(n) = $24(n — 1)

Proof. Without loss of generality we may assume that with 4 € A;(n) the
first row has sum 2. Then, permuting columns, the first row has the shape
2,0,...,0)0r (1, 1,0,...,0). In the first case we have A in the shape

0 ‘e 0 0 e 0

2 2
1 0
0 B or 0
0 0
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and per(4) = 2 per(B) with Be A2_, or Be A2_,, whence per(4) = 214(n — 1)
or >242_,. In the second case, 4 has the shape

1 1 0 ---0
A= [c, 5 B ]’
and per(A4) = per{c, B] + per{c, B] = per[c, + ¢, B] = per(D). The sum of
the entries in ¢; + ¢, will be 3 or 4, and all columns of B have sum 3 except
possibly one of sum 2. Also the rows of {¢, + ¢,B] = D have sum exactly 3.
If the sum of ¢, + ¢, is 3, then per(d) = A3_, = 3A3_,, since every row and
column of D has sum 3. If the sum of ¢, + ¢, is 4, then some column of D has
sum 2, the rest 3, and by the same argument as in Lemma 5.4.1, applied to the
first column of D, 3 per(4) = per(4,) + per(4,) + per(4s) + per(d,) = 423_,,
and so per(A) = $A2_,. This proves the lemma and so, in turn, Theorem 5.4.1.

Theorem 5.4.2 (Schrijver and Valiant [1]).

Auln) < K2/,

Proof. Let Py, be the collection of all ordered partitions of {1, 2,..., nk}
into n classes of size k, {4y, ..., 4,}. Then |Py | = p,, = (nk)!/(k!)". An SDR T
is a set of nelements TN A,| =1,i=1,... n There are k" different SDRs
for a given partition {4,,..., 4,}. Take o from P,, and & from P,,. Let
S(sf, B) be the collection of common SDRs and s(«, %) = |S(o, B)|. Let
o; = |4, N By|. Then s(o, 8) = per[w;]. Since 0, = |B)l = kand ¥, 0, =
|Ail = k, we have [o;] € A¥. Hence ‘

s(sf, B) = Ai(n). {5.4.6)

Let of = {A,,...,A,} be given. A fixed SDRT = {y,,...,7.}. 7: € 4;, is also
an SDR for n!p,_, , partitions 8. Since T can be chosen in k" ways, we have

; S(-d: ﬂ) = k”n!pk— i.n- (54'7)
Hence
kln
R‘k(n) "‘<- knn !pk‘* l,n/pk.n = (;k—)'a (5'4'8)

proving the theorem.
By Stirling’s formula this gives

O <tk ~ 1Y, Vypk-2, (5.4.9)
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For k = 3, this gives #; < %, while Theorem 5.4.1 gives §; > %. Hence 0, = %.

It is believed that the upper bound in (5.4.9) is in fact the true value. It is

known that 8, > 3 and 84 > 2% For even moderate values of k, the upper
bound in (5.4.9) is not much larger than the lower bound k/e given by the
van der Waerden conjecture.

PROBLEMS

1.

With the columns of the following arrays as sets, show that there are
respectively 31 and 24 SDRs.

1
5
3

W
I N V)
= BNV RN
~ & W
_— . N
B e
N N
U o N
L= R S P
e BV I
N LA
ko o
[ e |

Sets §;, S3,...,5, contain respectively 2, 3,...,n + 1 elements. Show
that there are at least 2" SDRs. Exhibit such sets in which 2" is the exact
number of SDRs.

Let §y,...,8, be n sets that have an SDR. Suppose that a,,...,q,, t < n,
are an SDR for S,,...,S,. Prove that §,,...,S, have an SDR including

the elements q,, ..., a,, but not necessarily as representatives of S,, ..., S,.

Give an example of sets S,,..., S, and elements a,, ..., g, that constitute
an SDR for §,,...,S,, but which cannot be representatives of S,,..., S,
inany SDR of §,,...,S,.

Let A be an n x n matrix of nonnegative real numbers such that every row
and column has the same sum. Prove that 4 can be written as a sum of
nonnegative multiples of at most (n®> — 2n + 2) permutation matrices.
(This is in fact the best possible bound.)
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Ramsey’s Theorem

6.1. STATEMENT OF THE THEOREM

Suppose we have six points joined in pairs by arcs colored either red or blue.
We are asked to show that there are three points such that the arcs of the triangle
they form are of the same color. We may demonstrate this in the following way.
Take one point P, and consider the five arcs from P, to the remaining five
points. Three of these arcs must be of the same color (say, red); let these be
numbered Py P,;, P,P,, PoP;. If any one of the arcs P, P,, P,P,, or P,P, is
red, this arc together with the two arcs joining its ends to P, form a red triangle.
Otherwise, all three of P, P,, P, P;, and P,P, are blue, and P, P, P, is a blue
triangle. This solves our little problem, and it is easy to see that six is the right
number of points to guarantee a triangle of one color. The following list gives
an example of a set of five points, with red and blue arcs joining the pairs so
that there is no triangle of one color:

P,P,: red P,P,: red
PyPy:red - P,Ps:blue
PP,:blue  P,P,: blue
P,Ps:blue  P;P,:red
P,Py:blue  P4Ps:red

The problem may be greatly generalized and the solution given above can be
also generalized. The generalization we give here is known as Ramsey's theorem.

Theorem 6.1.1 (Ramsey’s theorem) [1}. Let S be a set containing N elements,
and suppose that the family T of all subsets of S containing exactly r elements is
divided into two mutually exclusive families o and 8. Let p=r, q=r, r > 1.
Then, if N = n(p, q, r), a number depending solely on the integers p, q, r and not
on the set §, it will be true that there is either a subset A of p elements, all of whose

r subsets are in the family o, or there is a subset B of q elements, all of whose r
subsets are in the family B.

13
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Proof. We note that the problem solved above shows that 7(3, 3, 2) is at
most 6 and the example shows that n(3, 3, 2) is greater than 5. Thus, n(3,3,2) = 6
exactly.

We now proceed to the proof of the theorem. We shall use complete induction
on p, g, r, assuming the theorem to be true for (r — 1)and any values p* > (r — 1),
g* > (r — 1), and for r and triples p’, g, r with p’ < p and triples p, ¢, r with
g < q. For the initial values of our induction we must evaluate n(p, g, 1),
n(r, g, ), and n{p, r, r}. We assert that n(p, q, 1) = p + q — 1, for we may take
{p ~ 1) «’s and (g — 1) B’s, whence n(p, g, 1) > p + g — 2. But with N =
(p + q — 1) elements, if there are not p o’s, there are at most (p — 1), and then
there are at least (N — (p — 1)) = q B’s. If p = r and there are any r sets of
the family «, any one of them will satisfy our choice. If not, every r set is a §,
and with g or more elements we have g elements, all of whose r sets are f’s.
Thus, n(r, q, r) = q. Similarly, n(p, r, ) = p. Write p, =n(p — 1, q, 1), 1 =
n(p, ¢ — 1, r). Then we assert that n(p, q, ¥) < n{p;, q;,r —~ 1) + L.

Let S be a set with (N = n{p,, q,,r — 1) + 1) elements. Choose a particular
element a, of S. We now define o' and ' sets of (r — 1) elements in the set
S’ = § — a, by calling a set of (r — 1) elements of $* an o set, if together
with a, they form an « set of S, and a f’ set if with a, they form a f setof S.
Since S’ has at least {n(p,, q,, r — 1)) elements, by our induction S’ contains
either p; elements, all of whose (r — 1) subsets are o' sets, or ¢, elements, all of
whose (r — 1) subsets are B’ sets. In the first case, since p; = n(p — 1, g, r), if
the p; elements contain a subset of g elements, all of whose r subsets are f sets,
these q elements satisfy our requirement. Otherwise, (p — 1) of the p, elements
have all their r subsets as o sets, and these (p — 1) elements together with a,
form p elements of S, all of whose r subsets are « sets—and again our require-
ment is satisfied. A similar argument applies if 8’ contains (g; = n{p, g — 1, 1))
elements, all of whose (r — 1) subsets are ' sets. Thus, we have shown that
n(p,q,r) < n(py,q;,r — 1) + Lwithp; = n(p — 1,4,1),q, = n(p,q — 1,r),and
our theorem is proved.

6.2. APPLICATION OF RAMSEY’S THEOREM

As an application of Ramsey’s theorem, Erdos and Szekeres [1] have proved
the following.

Theorem 6.2.1. For a given integer n, there is an integer N = N(n) such that
any N points in a plane, no three on a line, will contain n points forming a convex
n-gon.

Proof. We shall study convex bodies in more detail in Chapter 8. A body
is convex if any line segment joining two points of it lies entirely in the body.

" The convex hull of any set of points is the smallest convex body containing all

points. For a finite set of points in a plane, not all on a line, the convex hull is
a polygon containing all the points, either on its boundary or in its interior.
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Lemma 6.2.1.  Of five points in a plane, no three on a line, four are the vertices
of a convex quadrilateral. :

Proof. 1If the convex hull of the five points is a quadrilateral or a pentagon,
the proof is immediate. If the convex hull is a triangle A4, B, C, and the other
two points D, E, are inside, then the line DE extended will intersect two of the
sides of the triangle but not the third, say, BC. Then B, C, D, E form the vertices
of a convex quadrilateral.

Lemma 6.2.2. If all the quadrilaterals formed from n points, no three on a line,
are convex, then the n points are the vertices of a convex n-gon.

Proof. This is trivial for n = 4, and we proceed by induction on n. Suppose
n=5 and that all the quadrilaterals formed from A4,,..., 4, are convex.
Then, by induction, 4,,...,4,_, are the vertices of a convex (n — 1)-gon
C,-, and we may suppose this to be their order around the perimeter. Suppose
first that A, is inside C,_ ;. Then 4, must be inside one of the triangles 4; 4, 4;,
AjA3Ay, ..., A1 Aidisry. . A1 Ay -2 A, - I A, isinside the triangle A, 4; A4, 4,
then the four points Ay, A4;, A;+,, A, do not form a convex quadrilateral,
contrary to our hypothesis. (Note that since no three points are on a line, 4,
cannot lie on a side of any of these triangles.) Hence, A, must lie outside the
polygon C,_,. Let us join 4, to each of 4,,..., 4,_; by lines. Since A, is
outside C,_,, there will be two extreme lines (say, A4,4; and A,4;) forming an
angle containing the convex polygon C,_,. Unless A; and A; are consecutive
vertices, the triangle A,4;4; will contain one more point, A,, inside it so that
the four points A,, 4;, 4;, A, do not form a convex quadrilateral, contrary to
our hypothesis. Hence, 4; and 4; are consecutive, and by putting A, between
them, we now have a convex n-gon, and our lemma is proved.

With these geometrical lemmas established, Theorem 6.1.2 is an almost
immediate application of Ramsey’s theorem, for N points in a plane, no three
on a line, divide the quadrilaterals into a family a of convex quadrilaterals and
a family B of concave quadrilaterals. Then Ramsey’s theorem says that if
N = N(n, 5, 4), there will either be an n-gon, all of whose quadrilaterals are
convex, or a pentagon, all of whose quadrilaterals are concave. By Lemma
6.2.1, the second alternative cannot arise, and so the first must hold. Thus, by

Lemma 6.2.2, these n points form the vertices of a convex n-gon and our theorem
is proved.

PROBLEMS

1. Given six points joined in pairs by either a blue or a red arc. Calling a
triangle chromatic if its three arcs are of the same color, show that there
must be at least two chromatic triangles.
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Ramsey’s Theorem

Using the result of Problem 1, show that, given seven points joined in pairs
by either a blue or a red arc, there must be at least four chromatic triangles.

Prove n(k,m,2) = n{m, k,2) when m = 2, k > 2.

Provefork= 2, m > 2,

k4+m-—2 k4+m-—2
n(k,m,Z)S( K = 1 )z( m— 1 )

State and prove the natural generalization of Ramsey’s theorem for a set §
whose r subsets are divided into m exclusive families a4, a5, ..., o,

Prove n(3, 4, 2) < 9, where « is red, § blue. Show that the conclusion holds
if there are four red arcs at a vertex or six blue arcs. Show that it is impossible

to have three red arcs and five blue arcs at every vertex because the numbers
3,5, and 9 are odd.

Prove n(3, 4, 2) > 8, and so n(3, 4, 2) = 9, by taking vertices as the residues

modulo 8(0, 1, . .., 7) and making the color of the arc joining i and j depend ‘
only on the difference i — j(mod 8). Note that we must assign the same
colortod=i—jand —d=j— i

Show that n(4, 4, 2)> 17 by taking vertices as the residues 0, 1,..., 16{mod 17)
and denoting as biue the arc joining i and jif i —j= +1, +2, +4,
+ 8(mod 17), and red otherwise. Hence, conclude n(4, 4, 2) = 18.
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Some Extremal Problems

7.1. THE ASSIGNMENT PROBLEM

The theorem on distinct representatives is useful in solving certain problems
that, at least superﬁciaily, do not have any relation to distinct representatives.
One of these is the assignment problem. Suppose that we have n positions to
be filled by n persons and scores q; ; for the ith person in the jth position. Any
assignment is specified by a permutation

( 1,2,...,n )

=1, . .1

J1sJ2s <5 )n

in which the ith person is assigned to position j; = n(i). An optimal assignment
is one that maximizes ) ; a,,,. There are of course n! permutations to be tried.
In practice, if n is of even moderate size, this is a prohibitive number of trials.
- The following theorem has two virtues, the first being to find the solution in a

relatively small number of steps, and the second being that the method makes
immediate the verification that the solution found is indeed an optimal solution.

Theorem 7.1.1. Let A = (a) be an n x n matrix of real numbers. Then the
maximum of the sum

Z Ainti

over all permutations = is equal to the minimum of

IIM-_-.

Jor all numbers u;, i =1,...,n and v;, j = 1,...,n such that U+ v; 2 q
all cases. This common value is attamed when u + v
and these values solve the assignment problem.

ij in

(i) = am(z)s i= 1, N

77
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Proof. Given the matrix A = (g;;), we can certainly find numbers u;, v;
satisfying u; + v; > g;; in all cases by taking all the v’s equal to zero and each
u; as the maximum of a;, j = 1,...,n For any permutation =, we have
U; + Vg 2 Qingy» Whence summing on i we have

n n n
2w+ )= 2, G

exists, and the maximum M of

over all permutations must satisfy m > M. We must prove that m = M.
Initially, let us assume that the scores a;; are integers. For any choice of u’s
and v’s satisfying the inequalities u; + v; = a;; for all i, j, we may keep the v’'s
fixed and reduce the u’s if necessary so that for each i there is at least one j such
that «; + v; = a;;. For a given choice of u’s and v’s and for each i = 1,...,n,
let S; be the set of j’s such that u; + v; = a;;. If the sets §; have an SDR, j,,
J2s+-sJn, then u; + v;, = a;;, and the permutation n(i) = j;, i = 1,..., n yields
a solution of the assignment problem. If there is no SDR, then condition C
(Chapter 5) is violated, and we may find & sets S;, i € K, where K isa set of k
indices such that there are at most (k — 1) j’s in the sets S;, i € K taken together.
(We note that the algorithm for the SDRs will find sets violating condition C,
if it is violated.) Designate by J the subset of indices such that j € J if and only if
j€8; for some i€ K. The violation of condition C means that J contains at
most (k — 1) indices j. We now replace the w’s and v’s by new values, putting

u* _ u,— - 1., ifi EK
S 7S ifi ¢ K,
(7.1.1)
vfz{uj—l- 1, ffj:e.]
v;, ifjéJ.
Let there be t < k indices in J. Then the new values u}* and v satisfy
n n n n
Youb+ Y o= u+ Y v—k+t, (1.1.2)
i=1 j=1 i=1 j=1
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and as t < k, the sum of the #’s and ¢’s has been reduced by k — t. We also
assert that

u}" + U;‘ = Qi all i, J. (7.1.3)

Here, from (7.1.1) it follows that (7.1.3) is surely satisfied unless i € K Ifj e J, then
uf +of =~ 1) +{v;+ 1) =u +v; = a (7.1.4)
But if j ¢ J, then from the definition of the §;,
U; + v; :> a; or u+v;=a;+1, (7.1.5)
whence
uf +of=u+v;— 12 a; (7.1.6)

If condition C is satisfied with this new choice of «’s and v’s, we are led to a
solution of the theorem and the assignment problem. If not, we continue as
before and find still newer values for »; and v; for which ) u; + ) v; has been
reduced; but the condition u; + v; = q;; for all i, j still holds. Since our initial
choice of u’s and v’s was integral and since we have reduced ) u; + ) v; by a
positive integer, at least one at each stage, the process must terminate, and at
termination we have proved our theorem and found a solution for the assign-
ment problem.

We note that if for a particular choice of «’s and v's we have an SDR j;,
Jas ..., Ja of the sets S;, of course we then have a solution of the assignment
problem with ay; + ay;, + - + a,;, = 3. 4; + 3. v;. If, however, [}, fo,..., Ji
is another permutation, we have u; + v, > a;;, and have equality only if
f; €85;. Hence,

ayp +ayp, Ay, < Y U+ Y0

and we have equality only if f}, f,,..., f, are an SDR of the sets S;. In other
words, a choice of #’s and v’s that gives one optimal assignment will lead to all
optimal assignments by finding all SDRs of the sets S;.

This process may easily be modified to prove the theorem and solve the
assignment problem for nonintegral values of the a;;. Let us first replace the
a;; by integers a;;, where &; > a;; > a;; — 1. Then, as in the preceding para-
graph, permutation j,, ..., j, and integers u;, v; may be found such that

alh -+ aZJ’z + -+ 2inj,. = Zui + Zvj m, (717)

and

u; + vy = ay in every case. (7.1.8)
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We note that from the choice of the g;;, we have
ag; +az;, + -+ ay, =m—~n {7.1.9)
and that for any permutation f;,..., f,,

a“-l + azfz G aufn = fiu-i + 0+ fj,,f" =< my. (7.1.10)

Now choose a denominator N and replace a;; by gu(a;;), where gy(a;;) is I'dtlondl
with denominator N and satisfies

1
gnlai;) = a;; > gulay;) — N (7.1.11)

If we alter the rule (7.1.1) so that

U; ---!», ifieK
¥ =) N
i ‘u,-, ifi¢K,
(7.1.12)
v; +—1—, ifjed
13* B 3 N
. Vs ifj¢J,

the proof goes through as before and we find a permutation j,,...,j, and
rational numbers u;, v; of denominator N such that

gulay;) + - tanla) =Y i + Y v, = my (7.1.13)
and
U + v; > gulay) > a;  in all cases. (7.1.14)
We also have
Gy, £ ay = my — % (7.1.15)

”~n

and for any permutation f;,..., f,,

aj,_{’l + -+ A4y, = mMy. (71.16)

Clearly, if the a;; are rational, this leads to a solution directly, but if not, by
taking larger and larger denominators N, the relations (7.1.15) and (7.1.16)
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show that in the limit we reach a solution of the assignment problem. Also let
us take a succession of N’s (say, 2, 4, 8,...), each a multipie of the preceding,
and take the last values of #’s and v’s for one value of N as the first for the next
value of N. We note that in our process at each step, the u’s that are changed
decrease, and the v’s that are changed increase, but that neither changes more
than 1/N. Hence, in the limit,

Zuf"i“zvj:m#Mﬂa]h+°“+anj"- (7.1.17)

This proves all parts of the theorem.

7.2. DILWORTH’S THEOREM

The following theorem of Dilworth [1] gives an extremal property of partially
ordered sets, which is similar to the Konig theorem (Theorem 5.1.4) on zero—
one matrices. _

A partially ordered set P (sometimes called a poset) is a set that, together
with a binary relation x < y (also y 2 x) for some pairs x, y in P, is reflexive,
antisymmetric, and transitive.

POl x<£x

I/

PO2. x<gyandy < ximply x = y.
PO3. xgyandy < zimplyx £z

Two elements x and y in P are related provided x < y or y £ x; otherwise
they are unrelated. We write x <y{or y > x)forx gcyand x #y. .

A subset of P is called a chain if any two of its elements are related. A subset
is called an antichain if no two distinct elements of the subset are related. The

empty set is both a chain and an antichain, and so is a set with exactly one
element.

A maximal element u in P is an element such that if u < x, then u = x.
Similarly, v is a minimal element if y < v implies y = v.

Theorem 7.2.1 {Dilworth). Given a partially ordered set P, the minimal number
of disjoint chains that together contain all elements of P is equal to the maximal
number of elements in an antichain, if this number is finite.

Proof. Letmbe the minimal number of disjoint chains that together contain
all elements of P, and let M be the maximal number of elements in an antichain.
If {x,, X3,..., %y} are the elements of an antichain, then no two of them can be
in the same chain, and so

mz= M. {7.2.1)
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We must prove the inequality in the opposite direction, This amounts to the
following lemma.

Lemma 7.2.1. Let P be a partially ordered set, and suppose there is a finite
number k such that P contains an antichain of k elements, but none of (k + 1)

elements. Then there are k disjoint chains in P that together contain all elements
of P.

We first treat the case in which P is finite and proceed by induction on the
number of elements in P, this being trivial if P has only one element.

We now make the further assumption that P has an antichain {x,, x,,..., %}
of k elements such that not all of {x,,...,x,} are maximal elements nor are
they all minimal elements. Now define P, as the partially ordered set of all

y in P such that y < x; for some x; and P, as the partially ordered set of all z

in P such that x; < zfor some x;. As P contains no antichain of (k + 1) elements,
every element of P is related to one of x,, x,, ..., x;, and so P, and P, together
contain all elements of P. If w is an element of both P, and P,, then w < x;
and x; < w for some x; and x;. But x; € w < x; is only possible if x; = w = x;.
Hence P; and P, have x,,..., x, in common, but no other elements. Here
X1s.. ., Xy are maximal elements of P; and minimal elements of P,, and by our
assumption that x,,..., x, are not all maximal or minimal in P, both P, and
P, are proper subsystems of P. By induction, the lemma holds for both P, and
P,. Thus P is the union of k disjoint chains C,, ..., C,, which we may assume
numbered so that x; is in C; and is in fact the maximal element of C;. Similarly
P, is the union of k disjoint chains D,, ..., D,, and x; is the minimal element of
D;. Now define for i = 1,...,k, E; as the set of all elements in C; or D;. Every
element of C; is contained in x,;, which is in turn contained in every element of
D;. Thus E;is a chain and P is the union of the disjoint chains E, , .. ., E, proving
the lemma in this case.

Now we must consider the case in which every antichain of k elements
consists entirely of minimal or entirely of maximal elements. Without loss of
generality, suppose that in the antichain {x, ..., x,} all are minimal elements.
Let y, be a maximal element containing x,. Then C,:x; <y, is a chain.
Here P — C, contains the (k — 1) antichain {x,,..., x,}. If P — C, contained
an antichain of k elements, by our assumption they would all have to be minimal
elements and so contain x; or all maximal elements and so contain y,, which
is a conflict. Hence P — C, is the union of (k — 1) disjoint chains C,,..., Ce,
and P is the union of the k disjoint chains C,, C,, ..., C,. Thus the lemma is
proved when P is finite. -

When P is infinite, we proceed by induction on , the conclusion being trivial
if k = 1. We assume that the lemma holds for all partially ordered sets having
antichains of at most (k — 1) elements. _

A subset C of P is said to be strongly dependent if for every finite subset S
of P there is a representation of S as the sum of at most k disjoint chains, one
of which contains all elements of C belonging to S. Clearly C must be a chain.
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The property of being strongly dependent is a property of finite character as
defined by Tukey {1, p. 7). Hence by the maximal principle, there is a maximal
strongly dependent set C;.

Suppose, if possible, that P — C, contains an antichain of k elements
{a,, as,...,a}. By the maximality of C,, no one of Cy + a,, C; + a,,...,
C, + a, is strongly dependent. Hence, for each i = 1,...,k, there is a finite
set S; such that when S; is represented as a sum of k chains, the elements of
C, + g; in §; cannot be in a single chain. In particular ; contains a;, since C;
is strongly dependent. Now consider S, the union of all the elements in §,
S,,...,S,. Sisfinite and contains all of a,, a3, . . . , @. By the strong dependence
of C,, S is the sum of k disjoint chains K, K, ..., K such that all the elements
of C, in S are in one of these chains, say, K. But K, must also contain one of
the a’s, say, a,. Now as S, is a subset of S, this gives S, as the sum of disjoint
chains T; = K; N §,,j = 1,..., k. But then T, contains the elements of C, + a,
lying in S,, contrary to the choice of the set S,. Hence P — C; cannot contain
an antichain of more than (k — 1) elements and so by induction P — C; =

C, + -+ C,, whence P=C, +--- + C;, proving the lemma and the
theorem.

Philip Hall’s Theorem 5.1.1 can be proved as a -consequcxice of Dilworth’s
theorem. We recall the theorem.

Theorem 5.1.1 (P. Hall). Let S,,...,S,, be subsets (not necessarily distinct} of
the n set S = {xy,..., Xy}, and let every k of the S;'s contain in their union at
least k elements of S(k = 1, 2,...,m). Then the subsets §,, ..., S, have an SDR.

We form a new set P of objects xl', cersXps Spyeney S, We make P into a
partially ordered set by introducing the orderings x; < §; if and only if x; € §;.
Let us now consider an antichain of P,

XisesosXpy Sli"'!Sf

of maximal cardinality [ + f, using a suitable renumbering of the x; and §;.
Then

Sl U'USJ‘ .C_{x;+1,...,.x,,},
whence, by our hypothesis,

By Dilworth’s theorem, P can be partitioned into{ + f chains, and renumbering
again these are

{xisSl}s {st SZ} {xh Si}s xi-}-l"";xm Si+i'3'-'sSm'
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Then

n+m-—i=1[1+f
and we have

i=m+m—1— f)

We have shown above that n — | — f > 0, whence i > m. Hence i = m and
Xys-.-sXpisan SDR for S,,...,S,,.

PROBLEMS

1. Finda5 x 5 matrix of scores for the assignment problem such that neither
of the two largest scores may be used in the optimal assignment.

2. In the problem of assigning four persons to four positions, the scores aij,
i,j=1, 2, 3, 4 are the numbers 1, 2,..., 16 in some order. Show that the
total score for an optimal assignment is at least 34, and exhibit a matrix
with such scores for which 34 is the optimal value.

3. A set of white mice is being studied experimentally. If there are mn + 1
mice, show that either (a) there is a sequence of (m + 1) mice, each a descen-
dant of the next, or (b) there are (n + 1) mice, no one of which is a descendant
of another.
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Convex Spaces and
Linear Programming

8.1. CONVEX SPACES. CONVEX CONES AND THEIR DUALS

Let us denote by E, the Euclidean geometry of n dimensions (n a finite integer)
over the real numbers. A point of E,, is a vector x = (x;, X,,.. ., X,), the x; being
real numbers. The norm of x is {x| = Jx? + x3 + -+ + xZ, and the distance
between x and y is |[x — yl.

A convex space C is a set of points in E, such that if x € C, y € C, then also
ax + {1 — a)y e C for 0 < a < 1. Geometrically, this means that if two points
belong to C, the line segment joining them also beongs to C.

Lemma 8.1.1. Ifx,,...,x, belongs to C, aconvex space,thenx = a;x, + a;X,
+ -+ + a,x,, € C if the a; are real numbers,

Proof. This follows by induction on m, being trivial if m = 1, and the
definition of convexity for m = 2. If a, = 0 or 1, induction yields the result
x € C. Otherwise, write b=1 —q, and b; = a;/b, i = 2,...,m. Then b; = 0,
i=2,...,m and Y[, b; =1, whence, by induction, byx, + - + bpX, =
y € C. But then a,x, +(1 —a,)y=a,x, +by=a,x,+a,x;+ - +a,x,=x€C.

By a neighborhood of a point x we understand as usual an open sphere con-
sisting of all points y such that {x — y| < € for some ¢ > 0. A point x is said

to be the limit of a sequence x,,,m = 1,2, ..., written
lim x, = x,
w0

if for each ¢ > 0 there is an N depending on ¢ such that |x,, — x| < ¢ for all
m = N. Note that we do permit x,, = x. The closure S of a set S consists of
all points of S together with limit points of S. The boundary of a set § consists

85
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of points y such that every neighborhood of y contains points of S as well as
points not in S.

The preceding terms apply to general point sets. We also use some terms
that apply more specifically to convex spaces. An extreme point x of a convex
space Cisa point xeCsuchthatif x=ay+{1 —a)z,0<a< 1,y zeC,
then y =z =x. A hyperplane u;x, + uyx, + -+ + u,x, = uy, which we -
write f(x) = ug, is a bounding hyperplane of C if f(y) > u, for every yeC.
The hyperplane f(x) = ug separates a point wfrom Cif f(w) < ugand f(y) > u,
for every yeC. A hyperplane f(x) = u, is a supporting hyperplane of the
convex space C if f(y) > u, for every y € C and if the greatest lower bound of
f(y) for y e C is equal to u,. For example, if C is in a plane and bounded by
one branch of a hyperbola, then an asymptote of the hyperbola is a supporting
hyperplane of C. Tangents are also supporting hyperplanes of convex bodies,
but through an extreme point there may be several supporting hyperplanes.
Thus, at a corner of a square, which is an extreme point of the square, there are
many supporting lines.

A special kind of convex body is a convex cone. A convex body is a convex
cone C if for every x € C and any real number b > 0, bx € C. We use a slightly
different definition for extreme points of a convex cone. We say that x € C is
an extreme point of a convex cone Cif x =ay+(l —a)z, 0 <a< 1, yeC,
z € C implies that y = ux, z = vx for somereal u > 0,0 > 0.

Many familiar geometric objects are convex bodies. For our purposes, we
shall also be interested in other convex spaces that we do not ordinarily con- -
sider geometric. The mn real entries of an m x n matrix A = (a;;) may be
listed in some order as the coordinates of a point in E,,,. Here the set of all
these matrices form the full space E,,, while the matrices with nonnegative
entries form a convex cone. Similarly, the doubly stochastic matrices, that is,
n X nmatrices 4 = (a;;) with

aij?o’ Eau=1, j=ia"'$na za;‘j:l, izl,...,ﬂ,
i J

form a convex space. The symmetric n x n matrices form a convex cone, and

those symmetric matrices A = (a;;), a;; = ay;, such that the associated quadratic
form

Q= Z Q;jXiXj
i,j
is semidefinite, will form a convex cone.

Theorem 8.1.1. If C is a convex set, the closure C of C is also a convex set.

Proof. If xeC, yeC, there exist sequences {x,}, {y.} of points of C
such that

lim x,, = x, lim y, =y.

m-+ o0 m-+ oo
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But then, for 0 < a < 1, we also have

lim (ax, + (1 — a)y,) = ax + ({1 — a)y,

m-+*wm

whence every point of the line joining x and y is also a point of C. This is the
assertion of our theorem.

Theorem 8.1.2.  IfCisa convex set and P is a point not in C, there is a hyperplane
separating P from C.

Proof. Let s be any particular point of C. Then points x, such that
[P — x| < |P ~ s} =b, form a closed sphere of radius b and these points .
form a compact set. Hence, there is a point Q of C nearest to P, namely, such
that [P — Q| is minimum with Q € C. Furthermore, Q is unique, since if @, @,
are two points of C the same distance from P, then PQ, 0, isan isosceles triangle
with sides PQ, and PQ, equal in length. But if Q; # Q,, the midpoint of 0,0,
is a point of C nearer to P than to QI or @,.

Now let f(x) = ugx; + uyx, + =+ + u,x, = g be the hyperplane that is
the perpendicular bisector of PQ. We shail norma[xze this equation, dividing
by an appropriate constant so that u? + <<+ + u? = 1. Here, f(P) — u, and
f{Q) — u, are of opposite sign, and we multlpiy by —1, if necessary, so that
J{P) < ug and f(Q) > u,. To show that the hyperplane f{(x) = u, separates
P from C, it is sufficient to prove that f(x) = u, contains no point of C. Suppose
to the contrary that S is a point of f(x) = u,, which is in C. Then S is farther
from P than Q; in particular, S is not in the midpoint of the line PQ, so that
PSQ is a proper isosceles triangle with equal sides PS and SQ and with the
third side PQ shorter than these. But then all three angles of the triangle PSQ
are acute, and so the perpendlcular from P to SQ meets §Q in an interior point
T, and since both § and Q are in C, T is also a point of C. But PT is shorter
than PQ, contrary to our choice of Q. This conflict shows that the hyperplane
f{x) = u, contains no point of C. As f(Q) > ug and f(P) < uy, it follows that
f(y) > up forevery y € C,and so f(x) = u, is a hyperplane separating P from C.

The next theorem is similar, but a little more delicate.

Theorem 8.1.3. Let P be a point on the boundary of the closure C of a convex
space C. Then there is a supporting hyperplane of C through P.

Proof. Since P is on the boundary of C, every neighborhood of P contains
a point not in C. Hence, we may find an infinite sequence {z,jm = 1, 2,.
of points z, not in C such that lim,,_, o, z, = P. By Theorem 8.1.2, there is a

hyperplane f,(x) = u,o for each z,, separating z, from C. We shall assume
this to be normalized, so that with

fm(x) = ulmxl + R o unmxna
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we have uj,, + -+ + uZ, = 1 and so that f,(y) > u,, for every y e C. Since
the coefficients of f,(x) lic on a unit sphere, they form a compact set, and so
some subsequence of the points (1., Yoy - < o, Up)ym = 1,..., k, ..., approaches
a limit (u;, u,, ..., u,). Let these m’s be the subsequence {m;},j=1,2,....Then

hm fm}(x) = f(x)=uyxy +uyx; +--- + Up Xy
jo

As

hm (ij) = P,
j=

we have

jl_i_’rg Up 10 = Uog,
where f(P) = u,. For every y € C, we have f, {¥) > u,,0. Hence, in the limit,
as j — o, f(y) 2 ug. Thus, the hyperplane f(x) = u, is a supporting plane
for C through P, since f(y) = u, for every ye C and f(P) = uy, where P is
either a point of C or a limit of points of C.

Lemma 8.1.2. If P is a boundary point of the closure C of a convex cone, a
supporting hyperplane of C through P goes through the origin.

Proof. If P is the origin, there is nothing to prove. Hence, suppose P =+
0,...,0). Let f(x)=u, be the supporting hyperplane through P, where
J(P) = uy. Then, for any ¢ > 0, cP is a point of C, whence f(cP) = ¢f (P) > u,,
since f(x) = u, is a supporting plane. As f{P) = u,, this requires cugy = ug
forevery ¢ > 0.This s possible only if u, = 0, whence the hyperplaneis f{x) = 0
and necessarily goes through the origin.

The inner product (x, y) of vectors x = (x,,..., x,) and V= (Y1,..., V) I8
defined by the rule

(x’ }’) =X1Y1 + Xay, + - + XuYn- (811)

We note the following properties of the inner product:

(x!y) = (.V: )C), -
{bx, y) = (x, by) = b(x, y), b areal scalar, (8.1.2)
(x+y,2) =(x2) + (y 2).

Theorem 8.1.4. If we have any nonempty set S of vectors {x}, the set T of
vectors y such that (x, y) = O for every x € S is a closed convex cone. .
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Proof. This theorem is almost immediate, since we note that for vectors
vy, ¥ satisfying (x, y,) > O and {x, y;) = 0, for every x € § and for any positive
numbers a, b we have (x, ay; + by,) = al(x, y1) + b(x, y,) = 0 for every x €.
Similarly, if

lim y, =y and (x,y.) >0,

"m0

then (x, y) = O for every x € S. This proves the theorem.

Definition. If C is a closed convex cone, the set of points y such that (x, y) = 0
for every x € C is called the dual space C*,and C* is a closed convex cone.

We merely note from Theorem 8.1.4 that C* is necessarily a closed convex
cone.

Theorem 8.1.5. I C is a closed convex cone and C* is its dual, then (C*)* = C.

Proof. This is a major theorem, but we shall see that it is almost equivalent
to the separation theorem, Theorem 8.1.2. From the definition of dual spaces,
we have

C*={y|(x,y);=0,allxeC}, 8.13)

(C** = {z](y, 2) = 0,all ye C*}.

From the symmetry of the inner product we see that every vector x of C satisfies
(y,x)=0forevery yeC*andso C & (C*)*. We must prove the inclusion in
the opposite direction. If z is a vector (point) of (C*)* that is not in C =C,
then by Theorem 8.1.2, there is a hyperplane f(x) = uq that separates z from
C = C, such that f(z) < ug and f(x) > u, for every x € C. Here, as the origin
0 belongsto C, wehave0 = f(0) > uganduy isnegative. If f(x) = u;x; + uzX;
+ -+ + u,X,, it then follows that u = (u;, Uy, ..., u,) € C*;but (u,2) < up <0,
whence z is not in (C*)*, a conflict. Hence, (C*)* € C, and we have shown that
C = (C*)*~.

8.2. LINEAR INEQUALITIES

We now turn our attention to the theory of linear inequalities, or linear pro-
gramming, as it has come to be called. If x = (x,...,Xm) is a vector, we write

x 2 0, if x; = 0, i=1,...,m, x=0 for xz 0,

excluding x = 0, and x > 0 if x; > 0,i=1,...,m. We define x 2y, X2,
x > y according to the relation of x — y to 0.
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IfA=(a;)i=1,....,mj=1,...,nisanm x nmatrix and x = (Xg5eeesXm)
is such that x = 0, the set of all vectors x4 is readily seen to be the convex
cone C, determined by the rows of A. Thus, if r,, r,,...,r, are the rows of 4
and x = (x,,...,X,) 2 0, then x4 = x,r, + x,r, + -+ + x,,r,,. For a vector
w = (wy,..., w,), the transpose w' is a column vector, and the assertion Aw' = 0
is equivalent to the assertion that the inner products (r,, w) > Ofor i = L....m;
whence, by the linearity of the inner product {y, w) > 0 for every y e C and
whence w € C*, the dual cone of C. We note that C is a closed convex cone.

Thus, we may translate Theorem 8.1.5 into matrix form. This theorem was
originally due to Farkas [1].

Theorem 8.2.1 (Farkas). Let A be an m x n matrix and suppose that y =
(¥15-- -2 Yn) isavector such that yw' = (y, w) = 0 for everyvectorw = (w,,...,w,)
such that Aw' 2 0. Then y is of the form y = xA, where x = (x,,...,x,) = 0.

Proof. Let C be the closed convex cone spanned by the rows of A—that is,
C consists of all vectors x,ry + x,r; + -* + x,.1,,, where Fis...,Fy are the
rows of 4 and x, > 0. Then the hypothesis of the theorem says that y e (C*)*,
and the conclusion asserts that y € C. This follows from Theorem 8.1.5.

A stronger, nonhomogeneous form of this theorem is as follows.

Theorem 8.2.2. Ler A be an m x n matrix. Let d be a vector d = d,...,d,)

and k be a scalar, and suppose that for at least one vector, w = (Wiseor,wy),
we have

Aw' 2 d. | @82.1)
Then a vector y = (y,,..., y,) will satisfy
ywh=(yw =k (8.2.2)

Jor all w's satisfying (8.2.1) if and only if there is a vector x = (X35.00,%,) 20
such that

y=xA and xd'=k (8.2.3)

Proof. 1 (8.2.3) holds, immediately

-

' = xAw' 2 xd' = k. (8.2.4)

We must prove the converse. To do this, we reformulate the problem in homo-
geneous form in order to apply Theorem 8.2.1. If we write

A = (A _dl) W= (WI: Wosoy Wy, 20)3

’ 8.2.5
0 1 y =(yl’y2sﬂ'syn: “'k)g ( )
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then {8.2.1) takes the form

Aw' 20 with z, = 1, {8.2.6)
and (8.2.2) the form

yw' 20 with zg = 1, (8.2.7)
and the desired conclusion (8.2.3) has the form

y’ = X’A, With x’ = (x1 sy Xms X+ 1) = 0, (8.2.8)
which states that
y=xA and —xd' + X4y =~k or xd' =k +Xniy 2=k

which is equivalent to (8.2.3). Apart from the restriction z = 1, the hypotheses
(8.2.6) and (8.2.7) are those of Theorem 8.2.1, and (8.2.8) is the conclusion of
Theorem 8.2.1. We must relax the effect of this restriction. If w' = (w;, wa,. ..,
w,, zo) With zo > O satisfies (8.2.6), then w" = (1/zo)w is of the form w" =
(w!,...,w!, 1), whence by assumption, w" also satisfies (8.2.7); and so multi-

plying by z,, we find that w' also satisfies (8.2.7). Thus, our assumption becomes:
whenever

Awr=0 forw = (wy,...,w, 2o)  withzy >0, (8.2.9)
then also
yw' 20, (8.2.10)
and we wish to conclude
y =xA  withx = (x;,...,%n Xus+1) = 0. (8.2.11)
If (8.2.9) also implied (8.2.10), with z, = 0, we could apply Theorem 8.2.1 to

conclude (8.2.11). Hence, the only remaining alternative is to suppose that for

some w” = (w},...,w.,0), with z, =0, (8.2.9) holds but (8.2.10) does not.
This gives

A'w*20 and yw" <O (8.2.12)

Now take a particular wj, satisfying (8.2.6) and (8.2.7), with z, = 1, and form
w’ by |

w o= w + xowp  withx, > 0. (8.2.13)
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Then this w' satisfies (8.2.9) and therefore also (8.2.10), whence
YWz 0 or yWw + xow) = 0. (8.2.14)
But this is
yw' = —x, y'wi. (8.2.15)
But y'w"' < 0 and y'wy > 0 and so (8.2.15) must be false for some sufficiently
small positive x,. Thus, (8.2.12) cannot arise, and so (8.2.9) also implies (8.2.10),

even when z, = 0, and we may conclude that {8.2.11) holds, which is the con-
clusion of our theorem, now proved in full.

Linear programming is the problem of maximizing or minimizing a linear
form when the variables are subject to a number of linear inequalities. The
treatment given here is due to M. Flood [1]. The first analysis is in Gale, Kuhn,
and Tucker [17. _

Suppose we are given an r x s matrix 4 =(q, ;) and two vectors b = (b, yesDy)
and ¢ ={c,,..., c;). We now consider two problems. “

Problem I. Find a vector x = (x,,..., x,) that minimizes
ext = {c, x) (8.2.16)
subject to the inequalities
A2, x=20. 8.2.17)
Problem 11. Find a vector y = {y,, ..., y,) that maximizes
yb' = (y, b) (8.2.18)
subject to the inequalities
yAe, yz20. : (8.2.19)

These two problems are said to be dual to each other. If there exists a vector x
satisfying (8.2.17), then Problem 1 is said to be feasible and x is called a feasible
vector. Feasibility is described in the same way for Problem 1.

Theorem 8.2.3 (duality theorem). Problems I and 11 possess solutions if and
only if both problems are feasible. Furthermore, if m is the minimum value of
cx' in Problem I and M is the maximum value of yb' in Problem 11, thenm = M
If either problem has a solution, so does the other.
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Proof. First assume that both problems are feasible. Then x = (xy,..-, x,)
and y = (yy,..., y,) exist with

A zbd, x=20, (8.2.20a)
yA £ ¢, y20. (8.2.20b)

Then
cx' 2 yAx' 2 yb'. (8.2.21)

Hence, cx' is bounded below by yb' for any feasible y, and yb' is bounded above
by cx' for any feasible x. Hence, there is a greatest lower bound m of ¢x' and a
least upper bound M of yb'; furthermore,

mz M. (8.2.22)

Our proof will depend on Theorem 8.2.2, but to apply this theorem we must
replace the two inequalities of (8.2.20a) by a single one. Let us define an {r + s)-
dimensional vector by = (by,...,b,, 0,...,0) by adding s zeros to b. Also, we
form an (r + s) X s matrix A, from A by adding s rows, these last being the
identity s x s matrix. Then

b,
b,
Apxt = (f)x' > =l b, | (8.2.23)
s 0
0

This is precisely equivalent to the two inequalities Ax' 2 b, x 2 0 of (8.2.20a).
Here, with m the greatest lower bound of ¢x!, we have

ext = m (8.2.24)

for all x satisfying (8.2.23). We are now in a position to apply Theorem 8.2.2,
and we conclude that there exists a vector y, such that

Vo= (ul, e U By, Us), Yo 2 0, ¢ = yvo, yob‘o = m. (82.25)

If we now write

=, tt), 0= (0y,..0,00) (8.2.26)
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the conclusion (8.2.25) may be put in the form
c=ud+v, uz0, v=20, ub=m 8.2.27)

But from (8.2.22) and (8.2.27) we have, with y = u,

ud <,
(8.2.28)
ubz2m=M = ub'
Thus, also,
ub' =m= M, (8.2.29)
and y = u is a solution of Problem II.
Similarly, if we write

Bo = (4, -1,) | (8.230)

adjoining r columns to A that form —1I,, I, being the identity r x r matrix,
then the two inequalities y4 < c and y 2 0 of (8.2.19) take the form

(—Bo)y' 2 —ch, (8.2.31)

where ¢o = (cy,...,¢5, 0,...,0) is an (s + r)-dimensional vector obtained by
adjoining r zeros to ¢. Here we have as a consequence of (8.2.21) that

—by'> —-M (8.2.32)

for all vectors y satisfying (8.2.31). We may apply Theorem 8.2.2 to conclude
the existence of a vector t = (w,,...,w,, z,,..., z,) such that

—b = t(— Bg), t20, —ch) = —M. (8.2.33)
If we write
wo= (W, ..., W), Z=(2y,...,2,), (8.2.34)
then (8.2.33) becomes | -
b=wAd"— 2 w20, 220, w <M. (8.2.35)

But then, with x = w, we have wA' = b:
A 2D, w<sM<m<ew, w20, (8.2.36)

Thus, x = w solves Problem I, and again we have shown that M = m.
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We have now shown that if both problems are feasible, they both have
solutions and that the minimum m for Problem I is equal to the maximum M
for Problem II. We further note that the existence of m in (8.2.24) implies that
y = u in (8.2.26) is a solution of Problem 11, and that the existence of M in
(8.2.32) implies that x = w in (8.2.34) is a solution of Problem L. Thus, if either
problem has a solution, so does the other, and now all statements of the theorem
are proved.

On a line segment in n-dimensional space, a linear function of the coordinates
is either constant or takes on its maximum at one end of the segment and its
minimum at the other end. Thus, a linear function that is bounded above
(or below) in a convex space will take on its maximum (or minimum) at an
extreme point. Clearly, permutation matrices are exireme points of the space
of doubly stochastic matrices, and Theorem 5.1.9 shows that they are the only
extreme points. Hence, the maximum or minimum of a linear function over the
space of doubly stochastic matrices is attained for a permutation matrix. We
may use this observation to attack the assignment problem, using the duality
theorem. This will show that the numbers u; and v}, which appeared somewhat
mysteriously in Theorem 7.1.1, arise very naturally from the problem dual to
the assignment problem.

Let A={a;),Lj=1...,n be the matrix of assignment scores treated in
Theorem 7.1.1. Let us define n? b’s by the rule by -1 = @i Let us also
introduce variables z; ;, i, j = 1,...,nand single subscript variables y, ..., Yn2,
where ;4 (j-1yn = Zi,j- Now define an n? x 4n matrix K and a vector c:

Jl _Jx In - 1,,_
J2 - JZ Iﬂ - Iﬂ N P .
: : : ) ¢ = (ln’ =1y Ins ""ln)s (8237)
J, -4, I, -1,
where I, is the n x n identity matrix and J; is the n x n matrix with I's in the

ith column and zeros elsewhere, and i, is the row vector of n I's. Take y =
(¥15---» Va2)- Then

(\"2

yKge, y=20, (8.2.38)

says that the matrix Z = (z; ;) is doubly stochastic, for it says that the entries
of Z are nonnegative, that the row and column sums of Z are at most + 1, and
that the negatives of the row and column sums are at most — 1. Hence, with

b = (by,...,ba) bi+(j—l)n = Qi j, (8.2.39)
the problem of maximizing yb' is precisely the problem of maximizing

Z a; jZi,j
i

where Z = (z; ;), is doubly stochastic. We know the problem has a solution
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that must be attained when Z is a permutation matrix, since the permutations
are the extreme points of the space of doubly stochastic matrices. T: hus, the
assignment problem is precisely the problem of maximizing yb' subject to the
inequalities (8.2.38). This is Problem II of our duality theorem. Problem I is to
find the minimum of ¢x!, where x = (x1,...,x4,) subject to the inequalities

Kx2b, x=0. (8.2.40)

If we write u; = x; — x,4; for i=1,...,n, and Vj = Xgp4j — X3p4; fOr j =
1,..., n, then (8.2.40) becomes

U; + vj = a!',j, i,] = 1, ISP (N (8.2.41)

and the duality theorem asserts that the minimum m of
Cx‘ =2u,—+20j
i i

subject to (8.2.41) is the maximum M of

> 2ijly, js

hj

where Z = (z;;) is a permutation matrix, which was the chief part of the proof
of Theorem 7.1.1.

8.3. LINEAR PROGRAMMING. THE SIMPLEX METHOD

Problems I and II of Section 8.2 deal with maximizing (or minimizing) a linear
form in real variables x,,..., x,, subject to certain linear inequalitics and the
additional condition that X; = 0,i=1,2,...,r In this section we consider the
more general problem in which the variables are not restricted to be non-
negative. And we also give a method due to G. Dantzig [ 1], called the simplex
method, which yields a constructive solution of the problem when a solution
exists. We give our general problem as Problem 1] and also define Problem IV,

which is dual to Problem III just as Problems I and IT were dual.

Problem 111, Find a vector z = (2y,..., 2,,) that maximizes the linear function
b121 + szz o 4 mem = U (8.3.1)
subject to the inequalities

a5 12y + az.2; + -+ + Q12 + ¢y 2 0,

a1221+a2222+"'+a 22 +C2,>/0 .
me . 8.32)

alﬂzl + a2n22 + T + 'amnzm + cﬂ .? 0.

o
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Problem IV. Find a vector y = (y,..., V), ¥ = 0, that minimizes the
function

Ve Gy, =0 (8.3.3)

and satisfies the equations

ay yy + a5y, + o+ @Y.+ by =0,

Qg1 Yy + Qaays + -0+ Gz Y0 + by = 0, (8.34)

Qmy ¥4 + Am2¥2 R o Qn ¥n + bm = 0. .

We say that Problem 111 is feasible if there is a vector z = (z,, .. ., z,,) satisfying
the inequalities (8.3.2) and the Problem IV is feasible if there is a vector y =
(Vis-..s Va) ¥ = 0, satisfying the equations (8.3.4).

Theorem 8.3.1. Problems 111 and IV possess solutions if and only if both
problems are feasible. For solutions of the problems, we have u = v. If either
problem has a solution, then so does the other.

Proof. For our proof we alter the problems in such a way that the duality
theorem applies. Write

z-m(z.,,...,zm), yz(yla"-syn)a b=(bh'”sbm)7

€ =1(C1s. ) Cn) A = {a;], i=1,....m, j=1,...,n

Also define
X ={XyyeeesXoms Xmt1see-sX2mh
where
Xmri— X =12, i=1,...,m and x=0
Also put

xl"’“"(xla"‘axm)a xzz(xmﬂ,...,xz,,,),

so that x> — x! =zand d =(-b,,..., —b,, by,...,b,) = [ —b, b]. Finally

define the 2m x n matrix A, by
A |
Ay = [——A]' (8.3.5)

We now define dual problems in terms of these vectors and matrices.
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Problem I. Find y = (y,,...,y,) that minimizes
&y =m (8.3.6)
subject to
y =0, Ay = d. (8.3.7)
Problem II. Find x = (x;,..., Xy, Xme1s-- .5 X2,) that maximizes
xd'=M (8.3.8)
subject to
x = 0, xA4; € ¢ (8.3.9)

The duality theorem is applicable to these two problems. Here, (8.3.7) takes

the form
qa iy
y>0 [__jﬂ > [ :] (83.10)

whence both Ay' > —band — Ay' > bhold, which is equivalent to Ay + b = 0,
the matrix form of (8.3.4), and y* = m is the same as (8.3.3) with m = v. The
relation (8.3.9) becomes

x4 -x2A<¢ {8.3.11)
or —zA < ¢, which we may w;rite
zZA +c =0, 8.3.12)
the matrix form of (8.3.2). And finally, (8.3.8) becomes
—xb'+x =M (8.3.13)
or
zb' =M, * (8.3.14)
which is (8.3.1) with M = u. Thus, in the new form, Problem II is Problem III
and Problem I is Problem IV. Hence, the duality Theorem 8.2.3 is immediately
translated into Theorem 8.3.1, which is now proved.

Having proved Theorem 8.3.1, we no longer need the variables x; used in its
proof and we now introduce different variables, which we designateas x,, ..., x

n
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for the left-hand sides of the inequalities (8.3.2), writing

Xy = Qy12; + Q3125 + 0 F Qi T Cp Z 0,
Xy = @yo21 + Qyq2g + " + puaZy + €220
2 12«1 22142 m2em 2-./ k] (8.3.15)
X, = &y,2; + 85,25 + 0 OppZm + € 2 0.

Here, of course, x; 2 0, i = 1,...,n There is a simple identity that does not
involve the z’s explicitly. We state this as

Theorem 8.3.2. For the X’s of (8.3.15) and y’s of (8.3.4) the following identity
holds:

Xy ¥y + Xy 4+ XY= —U+ 0 (8.3.16)

Proof. Replacing the x’s in the left-hand side of (8.3.16) by their values from
(8.3.15) and using (8.3.4), this becomes

.Zl YJ(,Z ai;z; + 'Cj) = ). ZE(_Z a;,-y,-) + 2 yie
j= i i

i=1 i=1

il

~ Y bz + ¥ oy = —utov (8317
=1

i=1 i

Corollary. For a solution of Problems 111 and 1V we must have x;y; =0,
i=1,...,nin(8.3.16).

This is immediate, since for a solution we know that u = v, and as x; = 0,
y; =0, i=1,...,n, this requires that every term x;y; on the left of (8.3.16)
must be zero. Hence, for a solution for every i = 1,...,n, either x; =0 or
y; = 0, or both: x; = y; = 0. Furthermore, (8.3.16) shows that for any feasible
values for Problems 1II and IV, we have

biz; + byzy + -+ bazy=u<v=0Cpy + Y+ + Cubye (8.3.18)

Thus, any feasible set of y's gives an upper bound (say v,) for all possible u’s
and any feasible set of z’s gives a lower bound (say u,) for all possible v’s. Hence,
whenever both problems are feasible and u = v, we have a solution to both
problems. Thus, our problems have been reduced to the combinatorial issue of
finding a subset I = {i,,...,i,} of 1, 2,...,n such that putting x; = 0 for
ieland y, = 0for j ¢ I gives feasible values in both problems.

We follow A. Tucker [1] and Princeton lectures by M. L. Balinski in pre-
senting this simpler method of finding the solution. The schema
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n* 1
x* a b = —y*
: (8.3.19)
x c d = —y
=gr o=y

is a convenient form of presenting simultaneously the following two systems
of linear equations:

1. A row system,

...+an*+...+bn-..______y*
: : L (8.3.20a)
...+cn*+...+dn...=.__y

in which the dependent —y labels (variables or numbers) are expressed as a
linear combination of the independent # labels.

2. A column system,

SR SO
: : - (8.3.20b)
e x*b ot xd-=E

in which the dependent & labels are expressed as linear combinations of the
independent x labels.

A pivot transformation with pivot entry a # 0 reexpresses our two systems
of linear equations, solving the row system for #* and the column system for
x¥*, making #* and x* independent labels and y* and &* dependent labels.

In the row system, solving for —#* in terms of y* and the other row labels, we
have

,,a—ly*+...+ba—1q...=z ___n*’ (8_3.21)

and substituting for #* in the row equation, we have
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a—.ly* 4+ ba._iﬂ - _.n*
: : : (8.3.22)
...Ca"ly* 4+ +(d_ ca“b)q--' = —y

Similarly solving the column system for x* in terms of £€* and the other row
labels, we have

cE*gTh e —sca”t o = xR, (8.3.23)
and substituting for x* in the column equations, we have
.{*;1—1...__ xca~ cie = x¥

: ; ; (8.3.24)
coE*ba e+ x(d —ca”th) = ¢

The pivot transformation with pivot entry a # 0 is the transformation that
replaces the schema (8.3.19) by the schema

y* n
Fel- at - atb = —n*
: : : : (8.3.25)
X —ca~tord—ca b = —y
:x* -.__"é

The transformed schema (8.3.25) corresponds to the row equations (8.3.22) and
column equations (8.3.24). Here the row equations (8.3.20a) have been changed
into (8.3.22) by solving for —#* in terms of y* and the remaining row labels,
and the column equations (8.3.20b) have been changed into (8.3.24) by solving
for x* in terms of £* and the remaining column labels.

In other words, the schema (8.3.25) is obtained from the schema (8.3.19) by

1. Interchanging labels corresponding to the pivot entry a; namely, replacing
n* with y* and —y* with —»* in the row system, and replacing x* with
£* and £* with x* in the column system.

2. Keeping all remaining labels unchanged.

3. Replacing the pivot a by its reciprocal a™ 1. replacing each remaining entry
in the pivot row, b by a™'b; replacing each remaining entry in the pivot
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column, ¢ by —ca™?!; replacing an entry d not in the pivot row or column
by d — ca™'b, where b is the entry in the same row as a and in the same
column as d, and c is the entry in the same row as d and in the same column
as a, so that a, b, ¢, d form a rectangle as in (8.3.19).

It is to be emphasized that the only effect of a pivot transformation is to
express a pair of linear systems in terms of different sets of independent and
dependent labels. We shall use the notation of the schemata and pivot trans-
formations to solve a pair of dual problems of the form of Problems I1I and 1V,
and then discuss in general the simplex method, which is essentially an algorithm
for solving such problems. This can also be used to provide a direct proof of
Theorem 8.3.1.

Problem (of Type I1I). Given the inequalities

x1‘~—= ‘““Zl— 22+ 2;0,
Xq = Zy + 29 — i = Gs .
x3 = Zl -+ 222 —_ 2 2 0, (8.3.26)
Xq4 = =2 + 1= 0,
Xs = —06zy — 5z, + 10 =0,
maximize
U = 3.21 + 222. (8.3.27)
We can now write down the dual problem.
Dual Problem (of Type IV). Given the equations
—y +y + -~ yg —6ys +3 =0,
Vi1 + )2 A Y3 — Vs Vs (8.3.28)
=Y+ y2+2y; —35ys +2=0,
subject to
Yi ?’09 y2'>/09 )’3?0, y4?05 Ys ;0’ (8329)
minimize

=2y, — yp — 2y3 + V4 + 10ys. | (8.3.30)

A single schema describes both problems simultaneously:
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V1 Y2 V3 Ya Vs 1

=X =X; =X3 =Xg4 TXs =U = max
(8.3.31)
Here we can verify directly the relation of Theorem 8.3.2, namely,
XYy + XYy + X3y3 + XqYq + Xsys + U= 0. (8.3.32)

First we eliminate the unrestricted variables z; and z,. Eliminating z; by
pivoting on the starred —1 in (8.3.31), we have

0 Ya Y3 Y4 Vs 1

=2 =Xa = X3 =X4 =x$ =U = max
(8.3.33)
Now eliminate z,, pivoting on the starred 1 in (8.3.33) to obtain
0 Va2 0 Ya Ys 1
X3 1 0 1 1 1 "‘1 = —¥W VX;ZO, y,-,>40.
i 2 1 0o -1 =2 6| = p = min
=12y =Xq =22 = X4 ==X =N = mMax
(8.3.34)

The zero labels do not contribute to the row equations, but their columns serve
to express the unrestricted variables z; and z, in terms of the restricted variables
x, and x;.

We can now put the problem in a canonical form, with the unrestricted
variables expressed in terms of restricted variables and a further schema,
representing a pair of linear systems on restricted variables alone. Thus, we
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rewrite (8.3.34) in the canonical form of linear equations

Zl=—-2x1-—X3+2

(8.3.35)
Zz = X1 + JC3
and the schema
Y2 Y2 s 1
xl "'—1 2 7 """'4 = _yl
X4 1 T =11 = —y, x=20 y =0 (8.3.36)

1 1 -1 -2 6| =v =min

=XZ "-'-"-.x4 =x5 =U = max

If we put all the independent variables equal to zero in the systems that the
schema represents, putting x, = x; = 0, y, = y, = ys = 0, we have what is
called a basic solution of (8.3.32) with u = v. We can read off the values of the
other variables from the bordering row and column of our schema, namely,
X;=1,x4= =1, x5= -2, y, =4, y;=1, and u = v = 6. Here, since all
yi = 0 for the solution, this is a feasible solution for the row program. It is not, -
however, feasible in the column program, since we have negative x’s. The
values y; =4, y; = 1, y, = y, = ys = 0 are feasible for the row program and
give v = 6 as a value. But as the corresponding set of values for the x’s is not
feasible, we have not attained the minimum o for the row program.

The simplex method uses a pivot transformation that will retain the feasibility
of the row program for its basic solution and will reduce the value of v. We
consider the effect of a pivot transformation on a pivot entry a,, on its own
column and on the right-hand column:

- e —_1 LR ) - 1
s bl — Oy sps bl — )5y br
a; - b; —a;at - b —a;.a-'h
is i isYrs i AiQ.s O,
: Lo ; (8.3.37)
¥ ... -1 ‘e -1
Qrs br ars brars
e S -1
s bm — Qpslys bm — ApysQys b,,
¢ d ~Clyst o d —c,albr

Here, by,..., b, are nonpositive, and we wish the new b’s to be nonpositive.
Also we wish to have the new value of u = v less than the previous one, or
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d — c,a;'b, < d. This will be achieved if a,, >0, ¢, <0, and for i #r,
b; — a,,a;'b, < 0, which certainly holds if a;; <0, but for a;, > 0, only if
a;1b; < a7 'b,. Note that if ¢, > 0 in every column, then our basic solution is
also column-feasible, and we have a solution to our dual problems. Further-
more, if ¢, < 0and q,,, ..., a, < 0, we have

DXy = AygXiy 4 QX + €,
and so x; < 0 for any choice of the other x’s = 0; in this case, our column

program has no solution. This gives us a rule for a pivot choice when we have
a row-feasible basic solution.

Rules. {Pivot Choice for Row-Feasible Schemata). Choose as pivot entry a
positive a,, in a column, with ¢, < 0, such that a,;'b, = a;; b, fora;; > 0,i # s.

In (8.3.36) such a choice is the 1 in the x5 row and y, column. Pivoting on
this, we have

¥ ¥ Vs 1

Xy -1 "‘2 5* g B QP - ¥
= — Y, (8.3.38)
1 i | SIS | 5| =v=min :

P
S
<o
k.
Provt
|
|
i

=X, =X3 =Xs =U = max

- -2 1 =2
175 s 5 5 | T 7

1 7 -1 =3
|5 3 3 3 |"7k 83)
1 4 3 13 = p = min

5 5 5 51

-'=x2 =X3 mxl =U = max

In (8.3.39) both row and column values are feasible in this basic solution, and
we have solved our dual problems. The solutions are
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;=% x,=% x3=% x,=0, x5=0.

yi=0, y,=0, y3=0, y,=% ys=% (8.3.40)
u=1p=2%

z; =1, z,=4%

The values of z, and z, are, of course, obtained by substituting in (8.3.35).
In general, the schema representing the dual Problems 11I and IV is of the
form

N Ya. 7 N 1
Z a1 Qi 7" gy by | =0
Za azy azy -+ Gy by | =0
: : . . X; = 0, Vi =2 0. (8.3.41)
Zy | Az G2 0 aun by | =0
1 Cy C; 't Cy d | =v=min
=X, =X, T =Xy =W = max

Qur first procedure is to eliminate as many as possible of the unrestricted
variables z,. This process may be carried out by pivot transformations as long
as there is a nonzero entry in a column with a y at the top and a zero at the
right. This terminates with a schema of the form '

r ¥
Ym+1 U Ymen 0 Tt 0 1
; ——
s - & ! s 0w 4 ——
| ayy L B aN b, = =W
. : + { . .
' !
Xie sy Gun | Guwss 0 OGen b | = —ym
...... %-- - S
T+t e 0 i Bytyntr °° Ometn Dmey | =0
. { . : x; = 0, n= 0
4 l '] ]
2 0 0 | AMmer T aGMN by 1 =0
|
|
1 oy .- L T d | =r=min
H
=X+ = Xpytn =z =z =y = max (8.3.42)

In this schema the primed variables are a rearrangement of the original variables
in (8.3.41), and the rows and columns have been permuted according to the
pattern of the zero entries and zero labels. The equations for the rows m+1,..., M
read 0= bj, j=m+ 1,...,M. Hence, if any one of b}, j=m + 1,..., M is
different from zero, we have the conflict 0 = b} # 0, and so the row system is
incompatible.
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On the other hand, if b =0 for j=m + 1,..., M, these row equations
reduce to the trivial equation 0 = 0 and may be discarded from the row system.
Columns n + 1 to N now are linear equations expressing z,..., z,, in terms
of the restricted variables xi,..., x;, and the variables z,,.,,..., z},, which
are now arbitrary parameters. There remain to be considered only the relations
ON Xi,..csXosn and ¥i,..., Vrsn, all of which are restricted, and we have
the canonical form for our dual problems (or programs):

ym-l—l nt ym+n 1
X4 ap, ayp b, = —W
x=20 y=0. (8.343) .
Xat A, A bm = —Vy
1 Cy .o C, d | = v=min
=Xm+1- =Xm+n U = max

For simplicityA we have dropped the primes on the variables, and the key identity

X1 + 0+ Xot+nYm4n +uUu=1v (8'3-44)

will hold. Our problem now is to find, if it exists, a schema obtained from
(8.3.44) by a succession of pivot steps, a feasible solution to both problems
so that x;y, =0, i=1,...,m+n and x,20, y;20,i=1,...,m+n To
simplify our notation for part of our argument, let us write + for a positive
number and @ for a number that is positive or zero; and similarly, — and ©

for a negative number and a number negative or zero. If we can derive a schema
from (8.3.43) of the form

1
©
i1 - & = v = min
=y = max

putting the dependent variables all equal to zero, we have a feasible basic
solution to both programs and thus a solution to both dual problems. If at
any stage we have a row of the form
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1
® - © + (8.3.45)

or a column of the form

, (8.3.46)

the row system or the column system is incompatible with the requirement that
—¥: < 0 in all cases and +x; = 0 in all cases for row or column feasibility,
respectively.

If, in (8.343), b; <0,...,b, <0, the system is row-feasible. If it is not also
column-feasible, some ¢, < 0, and in the column of ¢,, there must be some
positive entries, for if not, the column has the pattern of (8.3.46) and the column
program is not feasible. Hence, suppose that there are positive entries in the
column of ¢;. Choose q,, as pivot entry in this column, where

as>0 and a'b, > a;'b; foranya, > 0. (8.3.47)

As we observed in our example, such a choice preserves row feasibility and,
if b, < 0, gives a new value to v strictly less than the previously exhibited value
of v.

Similarly, if ¢; 2 0,...,¢, = 0, our system is row-feasible, and if every b is
nonpositive, we have feasible solutions to both problems and we are finished.
Suppose that b, > 0 and that its row is not of the form (8.3.45). Then there are
negative entries in this row and our pivot choice is a,,, where

a, <0, ag'¢,;za;' foranya,; <0, (8.3.48)

for which, if ¢; > 0, the new value of u is strictly greater than the previous value,
For a schema that is either row- or column-feasible, a succession of such pivot
steps either exhibits a nonfeasible column or row, and no solution exists, or
leads to the pattern (8.3.44) and solutions to our dual probiems.

Of course our canonical form (8.3.43) may be neither row- nor column-

feasible. Permute the rows to put the k nonpositive b’s at the top and we have
the schema
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Ym+1 Yim+n 1
% =3
X e
Xp+1 +
. ¥
1 o Cp
=y

]

— Y

= —Yr+1

= Vm
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(8.3.49)

Now treat the first (k + 1) rows of this schema as a row-feasible program,
secking to minimize — y, .. If we ever attain a nonpositive value for —y, ,,,
we have (k + 1) rows rather than k in row-feasible form and we continue to
put more rows into [easibie form. If not, we reach one of two patterns,

= —Vi+1

=U

or

© (8.3.50)

= = Vk+1-

The second of these patterns is the conflicting row pattern of (8.3.45). If we
pivot on the starred negative number in the first one, we easily verify that this
gives (k + 1) or more feasible rows. Thus, we have procedures to cover all cases.



Graphical Methods.
DeBruijn Sequences

9.1. COMPLETE CYCLES

A cycle is a sequence of letters a,a, - - - @, taken in a circular order—that is, a,
follows a,,and a," - a,ay,...,a,a, '+ a,. are all the same cycle as a;a, - - a,.
There are many combinatorial problems on cycles, but we shall consider only
one here. If nis a positive integer and N = 2%, a cycle of zeros and I'’s, a,a, - - ay
will be called a complete cycle if the subsequences a;a;4 ¢ * " Gj4p-1,i = 1,..., N
consist of all possible N = 2" ordered sequences b, *** b, of zeros and 1’s. For
n = 1, 2, 3, we find the following complete cycles:

n=1, 01,
n=2 00l ©.1.1)
n=3 00010111,

00011101.

For n = 4, there are exactly 16 complete cycles. Our problem is to prove the
existence of complete cycles of each length N = 2" and if possivle, to find
their number.

Both parts of this problem are answered in a theorem due to N. DeBruijn [1].

Because of this theorem, complete cycles are sometimes called DeBruijn
sequences.

Theorem of DeBruijn. For each positive integer n, there are exactly 2¥ ' ™"
complete cycles of length N = 2",

The proof of this theorem will be given in Section 9.3. In this section we
give a graphical interpretation of the complete cycles.

- Definition. A graph G is a set of points {p;} and arcs {A;}. Each arc A; joins

two points p; and p,, its endpoints.

110
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We do not require that two end points of an arc be distinct. If the endpoints
of an arc are the same point, the arc is called a loop. There may be no arc joining
two points, one arc or many arcs. We shall consider only finite graphs—that
is, those having a finite number of points and arcs. In a graph G, let py,..., P»
be a succession of points such that there are arcs A; joining p; and p;,; for
i =1,...,n — 1. The succession of arcs A4, ..., 4, is called a path, and we
say that p, and p, are connected. G is called connected if every pair of points in
G is connected.

In addition we may associate a direction with an arc 4; joining p; and p, if
one of the points, p;, is called the beginning of 4; and the other, p,, its end.
A directed graph is a graph, all of whose arcs are directed. For a path 4,,
As,..., A, in a directed graph, we require that for each i=1,...,n— 1,
the endpoint of 4; shall be the beginning point of 4, ,. Such a path is called a
cycle if the end of A, is the beginning of 4,. A cycle is taken to be in circular
. order, and A,,..., A,, A, is the same as 4, 4,,..., 4,.

Let each-of the 2"~ ! sequences of zeros and 1'sof lengthn — 1,¢4,..., ¢y
be associated with a point p; = ¢,,...,¢,-, and let each sequence of length
n by, by,...,b,-1, b, be associated w1th a directed arc whose beginning is
(by, bs, ..., b,—1) and whose end is (b,, ..., b,—y, b,). Let us call this graph G,.
G, and G, are represented in Figure 9.1, where the arrows indicate the direction
of the arcs.

We note that G, is connected, since the sequences of length »n in Cyte

Cy—1dy - d,-, give a path leading from {(¢y,...,Co—y) t0 (dy,...,dy—¢). In
the set of all sequences b;b, - b,_;b,, every sequence of length (n - I) occurs
twice as byb, -+ b,_, and twice as b, - b, b,. Hence, every point of G, is
the beginning of exactly two arcs and the end of exactly two arcs. f N = 2", a
complete cycle a,a, - - - ay may be associated with the path in G, whose arcs are
A;, @;0;4 17" @i4n-1,1 = 1,..., N. This is a path, since for each i the endpoint

G,

(0)
(1, 0) (0, 1)

)

e(.)@

Figure 9.1, Graphs of G, and G ;.
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of A; is the beginning point of A4;, ;. Furthermore, it is a cycle, since the end-
point of Ay 1s the beginning of A,. Thus, this is a cycle that uses each arc of
G, exactly once. Conversely, a directed cycle in G, including each arc exactly
once leads immediately {o the .construction of a complete cycle a;a, - - ay
if we take the arcs in order as a;a;.¢ " @4n—1, i = 1,2,..., N. Thus, the
problem of constructing complete cycles a,a, : - - ay of zeros and 1’s is precisely
the equivalent of finding cycles in G,, which use each arc exactly once, and
we shall also call these complete cycles.

9.2. THEOREMS ON GRAPHS

First we shall give some properties of undirected graphs, some of which are
clearly applicable to directed graphs as well. A point p of a graph is called an
m node if there are m ends of arcs that are the point p. We call p an even node
if m is even.

Lemma 9.2.1. Any graph contains an even number of odd nodes.

Proof. 1If there are x; points that are i nodes, then x; + 2x, 4 <+ + kx; =
2A, where A is the number of arcs (since the left-hand side counts the number
of ends of arcs and each arc has exactly two ends). From this equation, x, + x
+ X5 + ‘- 4+ X3,44 iS an even number, which is the assertion of our lemma.

Theorem 9.2.1 (Euler). There is a cycle going through each arc of a graph
exactly once if and only if the graph is connected and all its nodes are even.

Proof. 1If there is a cycle going through each arc of a graph G exactly once,
then, trivially, G is connected. Furthermore, each time the cycle goes through a
point, it accounts for one arc end going in and another going out, and hence
every node is even. Now let us suppose that G is connected and that every node
iseven. Let P be the path in G that is the longest (in the sense of using the largest
possible number of arcs). We shall show that P must be the desired cycle using
all arcs of the graph. First, P is a cycle. For if P is 4, A,,..., A, and if 4,
ends in a point g, which is not the beginning of 4,, then at every previous
time that q was traversed, two arc ends at g were used. But this accounts for an
odd number of arc ends at ¢, and as g is an even node, there must be an addi-
tional arc at g, and this may be added as 4,,,, to P to form a longer path.
Thus, P is a cycle.

Second, suppose there is some point g in P and an arc B with an end at q
that has not been used in P. Renumbering if necessary, we may take g to be the
end of 4, and the beginning of 4,. Further, write B = B, joining q = g, to a
point g,. Then 4., 4,,..., 4, B, is a path longer than P, contrary to our
choice of P. We have shown that P is a cycle and that every arc through every
point of P is in P. Now we assert that P includes every point of G, for if pisa
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point of G not in P, let ¢ be a point of P. Since G is connected, there is a path
u,,U,,..., U,, where U, joins points x; and x;., and x; = ¢, x,+{ = p. But
as ¢ is a point-of P, the arc U, joining x, = ¢ and x, is an arc of P. Thus, x,
is a point of P, and so U, is an arc of P. Continuing x3, ..., and finally x4, = p
is'a point of P, contrary to our choice of p as point of G not in P. Hence, P
contains all points of G and so also all arcs of G, and our theorem is proved.

Theorem 9.2.2. If G is connected and has exactly (2s > 0) odd nodes, there
are s paths Py, ..., P, and no fewer that together use all arcs of G exactly once.
Each of Py, ..., P begins at an odd node and ends at another odd node.

Proof. According to Lemma 9.2.1, if there are any odd nodes their number
must be even. If this number is 2s, we divide them into s pairs and form a new
graph G, by adjoining to G s new arcs, each joining a pair of these nodes. Then
G, is a connected graph, all of whose vertices are even. By Theorem 9.2.1 there
is a cycle C in G, traversing all arcs of G, exactly once. If we remove from C
the s arcs not in G, the remaining ones consist of s paths using all arcs of G,
each path beginning in an odd node and ending in another. We observe that in
any collection of paths P; using all arcs of G, every odd node must be the end

of a path, and so with 25 odd nodes we cannot cover all arcs of G using fewer
than s paths.

An easy application of this theorem is the celebrated Konigsberg bridge
problem, originally solved by Euler: A river ran through the city, and there
were two islands in the river. There was a bridge between the two islands and
there were also two bridges to each shore from the larger island and one to
each shore from the smaller island. The problem was to walk over all seven
bridges without using any bridge twice. Figure 9.2 shows the arrangement of
the bridges.

If we take base points on the shores and on the two islands, we see that the
4 ,
B | C .

Figure 9.2. The Kiinigsﬁerg bridge problem.
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D

Figure 9.3. Graph of the bridge problem.

problem is that of traversing all arcs of Figure 9.3 in a single path. Since all
four nodes of this graph are odd, Theorem 9.2.2 shows that it takes at least two
separate paths to traverse all arcs, and so the original problem of walking over
all seven bridges without crossing any bridge twice is impossible.

9.3. PROOF OF THE DEBRULJN THEOREM

A generalization of Theorem 9.2.1, due to 1. J. Good [1], shows that there is
always at least one complete cycle a,a, - - ay, with N = 2",

Theorem 9.3.1 (I. J. Good). If G is a connected directed graph, and if at each
point of G there are the same number of arcs going out as coming in, then there
is a directed cycle in G that goes through every arc of G in its given direction,
and uses no arc twice.

Proof. The proof is essentially the same as that of Theorem 9.2.1. Let
P=A,,A,,..., A, be amaximal directed path in G, where 4; is an arc begin-
ning at p;andendingat p;, , fori = 1,...,mandallarcs 4., ..., 4, are distinct.
If pa+1 # Py, then every time p,,, ; has been traversed in P, the path has come
in on one arc and gone out on another. But then in P there are more arcs coming
in to p,,+ than going out, and so, by our hypothesis, there must be another
arc A, .+, going out from p,, ., and thus P is not maximal. Hence, p,,+, = p;
and P is a cycle. If for a point g of P there is an arc B, that is not in P, this may
be supposed to be an arc going out from q; renumbering if necessary, we have
g = py = Pm+1- But then 4,, A,,..., 4, B, is a longer path, conflicting with
our choice of P. Hence, for the maximal P, P is a directed cycle containing all
arcs through any point of P. But since G is connected, this means that P con-
tains all arcs of G. Hence, P is the desired directed cycle going through every
arc of G in its given direction and using every arc exactly once.

In Section 9.1 we observed that the graph, G,, associated with complete

o
&
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cycles is connected and that at every point there are two arcs coming in and
two arcs going out. Hence, Theorem 9.3.1 tells us that for every positive integer
n, there is at least one complete cycle a,a, - - ay with N = 2", But this does
not tell us the number of complete cycles. The crux of DeBruijn’s proof lies in
the recognition of a relation between the graphs G, and G, and the fact

that this implies a relation between the number of complete cycles in G, and
the number in G, .

Let us call a directed graph G a 2-graph if at every point there are two arcs
coming in and two going out. Our graphs G, are 2-graphs. Given a 2-graph G,
we shall define a doubled graph G* according to the following rules:

1. To each arc B, of G we associate a point by of G*.

If B, is an arc of G whose beginning point is the endpoint of By, then in
G* there is an arc Uy, whose beginning is by and whose end is b,.

3. The points and arcs of G* are those determined from G by the rules 1 and 2
and no others.

It is not difficult to see that G* is also a 2-graph with twice as many points as G
(this being the number of arcs in G). Furthermore, and this is important in

DeBruijn’s proof, G, ., is the doubled graph of G,, for we have in an arbitrary
sequence of (n + 1) zeros and 1’s,

bby,bs,....0,_y,b,, b, 4.
Points in G,
(bl’b29 b3s"-sbn-—l) = xis

(bls b31"'sbn-l:bn) = xzs
(bih . n lsbnsbn+l)"'x3

Arcs in G, = points in G4 ¢:

(bl’ bz,b:;,..',bn_l, bn) = BO = .bo,
(sz st---abns bn+l) = Bl = bl'

ArcinG,,,:
(blasz b3s---,bn—iabns bn+1) = UO!’

In this context, DeBruijn’s theorem is a corollary of

Theorem 9.3.2. If G is a 2-graph with m points and has exactly M complete
cycles, then G* has exactly 2™ M complete cycles.
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Corollary (Theorem of DeBruijn). G, has exactly 2" ~* complete cycles.

Proof of Corollary from Theorem 9.32. G, has 2"~! points, the points
" C15..45C4-1. G, has exactly one complete cycle. From this and the fact that
G,.1 = G, the corollary follows by induction on n from the theorem.

Proof of Theorem. We follow DeBruijn’s notation, writing |G| for the
number of complete cycles in G. The cycles are counted in circular fashion, a
cycle 4,, A,,..., A, being considered the same as 4,, ..., A, A{. Note that
IG| = 0if G is not connected. Note also that Theorem 9.3.2 is a generalization
of the corollary. Here, as so often is the case, the proof of an important result
depends on the proof of an appropriate generalization.

The proof will be by induction on m. If m = 1, G has a single point p and two
loops A4, and 4, from p to p. Here, G* is the graph G, and has 2! ! = 1 complete
cycle. We suppose as a first case that there is a loop at every point. Then
(assuming G is connected) G is of a simple type, having points p,, ps, ..., Pms
and at p; aloop 4;: p; ~ p; and also arcs B;: p; — p;. , taking subscripts modulo
m. Then G* has 2m points a;, b;, i = 1,...,m, and arcs U;: a; — a, V;: a;— by,
W b;— a4y, and X;: b; — by . In a complete cycle of G* we see that U,
must be preceded by W,_, and followed by V. But W,_,, U,, ¥, lead from
b;— to b;, as also does X;_,. Hence, a complete cycle of G* involves a path
going through b,, b,,...,b,, twice, in this cyclical order, with a choice of
either of two routes from b;_, to b,, one the first time around and the other the
second time around. This gives exactly 2"~ ! complete cycles.

Now suppose that G has a point x not on a loop. Let P, Q be the arcs coming
into x and R, S be the arcs going out. Then

G

P:a-x R:ix-¢
O:b-x S:ix=d

Here, P, Q, R, § are different, but some of the points a, b, ¢, d may coincide with
each other, though not with x.

We may suppress x to form a 2-graph from G in two ways, either making
P=R,Q=3SorP=S§,Q = R. Wecall these two graphs respectively G, and
G,. Every complete cycle in G corresponds to a complete cycle in either G,

or G, (but not both), depending on the way the point x is traversed. Thus,
1G] = 1G,] + 1G,I:

G, G,

P=R:a-c P=S:a-4d
Q=S:b>d Qg=R:b-c¢
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Each of G, and G, has (m — 1) points, and so by our induction,

IG¥l = 2™ %Gy, 1G%] = 277G,

We shall prove |G*| = 2|G¥] + 2|G%|. Let p, g, r, s be the points of G* corre-
sponding to P, Q, R, S in G. Then we have in G¥*, GY, G%:

G* Gt G3
Xyg:p—2r p=r p=3s
X;:p—»s g=s5 q=7r
stqn'?r
X4ig—s

Here, GY and G¥ may be obtained from G* by deleting the four arcs X, X,,
X5, X, and identifying p and q with r and s as indicated. A complete cycle in G*
uses the four X arcs and also four paths leading from r and s to p and q. This
may happen in three ways:

Case | Case 2 Case 3

Cyor—>p Dyir—-p E;ir-gqg
Cyir—=q Dyir—-p E;r-—gq
Cy:s5->p Dyis—q Ejzis—p
Cyis—q Dy:s—qg Egps—p

Using the particular paths of case 1, we have four complete cycles of G*, namely:

We may use the C paths to form complete cycles in G ¥ and G¥ thus:

GT: CH CZ, C4: C3;
G3: Cy, C;, C4 C,.

Using the paths of case 2, we have four complete cycles of G*, namely:

Xy, Dy, X5, D3, X4, D, X,;, Dy
Xy, Dy, X3, D4, X4 D3, X3, Dy
Xy, Dy, Xy, Dy, X4, Dy, X5, Dy
X, D,, X,, D,, X,, Dy, X3, D,.
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These paths do not form a connected cycle in G¥, but in G* we have two com-
plete cycles:

G3: DiDsDaDy
D,D,D,D,

Similarly, the paths of case 3 give four complete cycles for G*, two for G¥ and
none for G3. We note that all complete cycles for G* and G* are made up of
paths of C’s, D’s, or E’s. Hence, in every case we have

[G* = 21GY] + 2{G%l.
By induction,
IG¥l =2""2|G,| and |G}| = 2""2|G,).
Since |G| = |G| + |G,], we find
1G*| = 2""HG | + 2771 |Gyl = 2" |G,

proving our theorem.

9.4. STRONGLY REGULAR GRAPHS

In this section we shall consider only undirected graphs without loops and
without multiple edges (i.e., if p; and p; are two different points of the graph G,
there is at most one arc joining p; and pj)- If p is a point of the graph G, we
define the valence of p to be the number of arcs that have p as an endpoint.
G is said to be a regular graph if every point of G has the same valence.

The complete graph K, with v points is the graph in which every pair of
distinct points is joined by an arc. Thus K, is regular of valence v — 1. The
complement G of a graph G is a graph with the same vertices as G but in which
(i) if p; and p; are joined by an arc in G, then p; and p; are not joined by an arc

in G, and (ii) if p, and p, are not joined by an arc in G, then p, and p, are joined

by an arc in G. Thus if G has v points, the arcs of G together with those of G
are precisely those of K, with no arc being used twice.

The adjacency matrix A of a graph G with v points p,,.. ., Py 1S @ matrix of
zeros and 1’s such that

A=[a,-j] i,jm_l,...,v,
{1 if p; and p; are joined,

. o 9.4.1)
0 11 p; and p; are not joined.
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An adjacency matrix is always symmetric (i.e., a5 = & ;) and so is equal to its
transpose AT = A.
Consider the following graph G with points numbered 1,...,6.

1

(9.4.2)
3 2
The adjacency matrix A of G is the following
001 110 0]
1 01t 010
11 00 01
A= 10001 1] (9.4.3)
01 01 01
0 0111 0

G is regular of valence 3, which is shown by the fact that every row and column
of A has sum 3.

A strongly regular graph G has the following properties:
1. G is a regular graph of valence k on v points, py,..., Pu

2. If p;, p; are points of G that are joined by an arc, then there are exactly 4
further points that are joined to both of them.

3. Ifp,, p, are points of G that are not joined, then there are exactly u further
points which are joined to both p, and p;.

We exclude from consideration the complete graph K, and its complement
the void graph, so that neither property (i) nor (iii) is vacuous.

It is easy to see that if G is strongly regular with parameters v, k, 4, , then
its complement G is also strongly regular with parameters v, k* = v — k—1,
M=p—2k+p—2, 0 =0v-2k+ A

Let A be the adjacency matrix of the strongly regular graph G on v points
with valency k. If we define | = v — k — 1, then the complementary graph G
will be of valency I and will have an adjacency matrix B. Let J be the v X v
matrix consisting entirely of 1’s.

Then since G is regular of valence k and G is regular of valence I, we have

AT=A4, Al=JA=k]), B'=B,  BJI=JB=1U. (944
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Also since G and G are complementary,
[+A+B=J. (94.5)

The next equation expresses the property of G of being strongly regular:
A%? = AAT = kI + 1A + uB. 9.4.6)

As G is regular of valence k, the inner product of any row of 4 with itself is k.
This gives the term kI on the right. For two different points p;, p;, if a; = 1,
there are exactly 4 further points p, with a;, = 1, a;; = 1, whereas if g;; = 0
there are exactly p further points p; with a;; = 1, a; = 1. This gives the terms
AA and uB on the right.

Multiplying (9.4.6) by J and comparing coefficients of J gives k* = k +
Ak -+ ul, which we write in the form

=kik—1-1) 9.4.7)

If 4 =0, then from (9.4.7) A = k — 1 and it follows that every point is in a

complete K, ., so that G is made up of disjoint K, ,’s. From here on we shall
exclude u = 0. If u > 1, then it is immediate that G is connected.

If we use (9.4.5) to eliminate B from (9.4.6), then multiply by 4 and use
(9.4.4), we can eliminate the J term and find

(A — kIYA? — (A — )4 — (k — )} = 0. (9.48)

T assert that if G is connected (i.e., g > 1), then k is an eigenvalue of multiplicity
1 and the vector e = (1,..., 1) is the corresponding eigenvector.

Suppose that e = (el, ..., &) is an eigenvector with eigenvalue k. Then
eA =kAandforeachj=1,...,0,

eay; + exay; + -+ + ea,; = ke;. (9.4.9)

Let us replace e by —e if necessary so that the largest of e, , . .., ¢, is positive.
Suppose now that e, is the largest ¢; and is positive. Then from (9.4.9) we have

™=

€;4y, = ke,.. (9.4. 1 O)

1

H

Since a;, = O or 1 and ) ;. @, = k, there are on the left of (9.4.10) only k non-
Zero terms correspondmg to @;, = 1, and each of these is an ¢; < ¢,. Hence we
must have ¢; = ¢, in each of these cases, and conclude that if pi is Jomed to
p, then ¢; = e¢,. As G is connected, it now follows that € = ey ="' =g, = ¢,
and e = ¢,(1,..., 1), proving our assertion.
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Lemma 9.4.1. In addition to the eigenvalue k (of muitiplicity 1) the matrix A
has exactly the two distinct eigenvalues s and t, where

{s} _G-pxd . d=(— )+ Ak — ). ©4.11)

t 2

This follows from (9.4.8).
Let the multiplicity of s be f, and that of t be f3. Then

L+ fo+ fs=v=1+k+1L 9.4.12)
Since A has trace 0, we have
k + sf, + tfy =0. (9.4.13)
Solving (9.4.12) and (9.4.13) for f, and f;, we have

_k+rt(k+I) __k+s(k+l)

4.14
fo= =" 9.4.14)
Taking the values of s and ¢ from (9.4.11) gives
{fz}___zk+(ﬁ.—p)(k+z)+ﬁ(k+1)_ 0415
f3 F2.Jd

We now use the fact that f, and f, are nonnegative integers.

Theorem 9.4.1. Let G be a strongly regular graph on v points of valence k with
parameters A and p > 0. Then either :

I k=bu=A+1=kf2and f= fi=k or
II. d=(1— p?+ 4k — p)is a square, and
G) ifvis even, Jd divides 2k + (1 — p)k + 1) and 2./d does not, while
(i) ifvis odd, 2./d divides 2k + (A — u)k + ). | |

Proof. Suppose first that 2k + (4 — p}(k + I} =0. Then f, = f;. Then
A — u= —m must be a negative integer and 2 —mk=ml. f m>2, (2 —m}k <0
while ml > 0, a conflict. Thus m =1 and k=1l and 1 + 1 = . From (9.4.7)
pl=kk—-2A—-1Dandwithk=Lu=4+1wehave A+1=k—-1—1,s0
that k = 2(A + 1) = 2u. This completes case I of the theorem.

Now if 2k + (A — p}(k + 1) is not zero from (9.4.15), (2k + (A — p}(k + D)/fd is
a nonzero rational number, so that d must be a square. Since k +1=v — 1,
parts (i) and (ii) of case II follow from (9.4.15).
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A Moore graph is a regular graph without triangles in which any two points
that are not joined have a unique point joined to both. Hence it is a strongly
regular graph with 1 = 0, u = 1. From (9.4.7),

| =k? — k. (9.4.16)

From Case I of Theorem 94.1, k = [ = 2, v = 5, and the graph is a pentagon.
IncaseIl,d = 4k — 3is a square and in either (i) or (ii) ./4k — 3 divides 2k — k2.
Since (4k — 3, k) divides 3 and (4k — 3,k — 2) divides 5, it follows that
4k — 31152 = 225. Hence k = 3, 7, or 57, giving v = 10, 50, or 3250. For
k = 3,1 =6, v = 10, the graph is the celebrated Petersen graph given here:

©.4.17)

For k = 7,1 = 42, v = 50, the graph exists and is unique up to isomorphism.
For k = 57, 1 = 3192, v = 3250, the existence of the graph remains unknown.

9.5. FINITE PERMUTATION GROUPS OF RANK 3
A group X acts on a set of points Q if for pe Q and x € X we have (p)x = g€ Q,

subject to the conditions (i) (p)x)y = (pl(xy) for pe Q, x, y € X and (i) (p)1 = p
for peQ and 1 the identity of X. The mapping p — (p)x is called a permutation

~ of Q. A subset Q, of Q is called an orbit of X if for p € Q,, x € X, (p)x €Q, and

if for p, g €Q, there is a y € X such that (p)y = q. Clearly Q is the union of
disjoint orbits and any point uniquely determines its orbit.

The elements of X fixing a point p form a subgroup X p called the stabilizer
of p.1p = py, s, ..., psare the pointsin the orbits of pand if y, = Lyaseees Vu
are elements of X such that (p)y; = p;, i = 1,...,n, then X XpYosens Xp¥n
are the cosets of X, in X so that the index [X: X »] = n, the number of points

- in the orbit, and for orders of finite groups |X| = n|X il

- I Q consists of a single orbit, we say that X is transitive on Q. From here on,
we shall assume that Q has v points, say, Q = {1,2,...,v}, and that X is transi-
tive on Q.

X will act on the ordered pairs {(r, 5)}, r, s € Q, by the rule
{r, s)x = ((r)x, (s)x), seQ, xeX. (9.5.1)

Let a be a particular point. Since X is transitive, every orbit of ordered pairs
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will contain pairs of the shape (a, b). Here (g, b) and (g, c) are in the same orbit
ifand only if there is an x € X with (g, b)x = (a, ¢). But then x € X,,, the stabilizer
of 4, and so b and ¢ are in the same orbit of X,. If there are m points in the orbit
of b in X,, then there will be vm pairs in the orbit of (a, b) under X. If {(r, 5)}
are the ordered pairs of an orbit of X corresponding to an orbit A of X,, then
interchanging the order of the pairs {(s,r)} will also correspond to an orbit
A’ of X,, where A and A’ must have the same length. If there is an x such that
(F)x = s, (8)x = r, then {r, s)x = (s, r) and the orbits A and A’ are the same. In
general we say that A and A’ are paired orbits and if A = A’ that A is self-paired.
If there is a permutation x of X with a transposition (7, s), this will give a self-
paired orbit in X,. In particular, if X is of even order, then X, has a self-paired
orbit.

The rank of X is the number of orbits in X, on Q. Hence, except for the
trivial case v = 1, the rank of X is at least 2. If the rank of X is 2, then X ist-ply
transitive for some t > 2. Here we are interested in the case in which X is of
rank 3 and the orbits of X, are '

{a}, A, T 9.5.2)

We suppose there are k points in A(g) and [ in I'(a) so that
l+k+l=0 (9.5.3}

We choose our notation so that A(a)x = A((a)x) and I'(@)x = I'{a)x). Thus A
comes from one orbit of X on ordered pairs {r, s) and I" from another. The
fixed point {a} corresponds to the “diagonal” pairs (r, r).

On the intersection of orbits we easily find

Lemma 9.5.1.
{A  forbeAla)
Aa) A Ab)| = 9.54
1Ada) A A {u for beT(@)’ (9.54)
with A and p independent of the particular a and b. Moreover,
L Jorbelia)
ID(a) N L) = {ﬂl for b e Aa)’ (9.5.5) |

where Ay =l —k+p—landy, =l—k+ 24+ 1L

Let us form a v x v matrix 4, with rows and columns indexed by the points

of Q. A will be an incidence matrix associated with the orbits A(a). A =[4;;1,i,j=
IL...,u :

(9.5.6)

LU ieAd, hj=1L..
Y710 otherwise.
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Note that since for x € X, A(a)x = A(ax), we have A = Ay ifu = (i)x,v = (j)x.
Similarly we shall associate a matrix B with the orbits I'(a),

1 ifjel’)) .
= | .. ce == N " =1,..., . 9.5.7
Here X acts transitively on the rows of 4 and on the rows of B. We note that

if A is not self-paired, then A’ = " and AT = B, while if A is self-paired, then so
isTand AT = 4, BT = B.

Theorem 9.5.1.  The matrices A and B have the following properties:

(i) A has k 1’s in each row and column and B has | 1s in each row and column.
(i) J=1+A+B.
(i) AA" = kI + 24 + uB.
(iv) If |X] is even, then A" = A and BY = B. If |X| is odd, then A" = B,
(v) A and B have trace 0.

Proof. By the transitivity of X on the rows of 4 and on the rows of B,
every row of A has k 1’s and every row of B has [ 1’s. I [ X is even, there will
be an x = (rs)--- in X and X, will have a self-paired orbit, whence both A
and T are self-paired and A" = 4, B" = B. If |X] is odd, then A’ = " and
AT = B. This proves (i) and (iv). From (9.5.6) and (9.5.7) if r # s, exactly one of
A,  and B, is 1 and the other 0. This proves (ii). Since every row of 4 has k 1’s
and row r and row s have by (9.5.4) 1 1’s in common if {r, s) is in the A orbit
and p I’s in common if (r, 5) is in the I" orbit, this gives equation (iii). Finally,
since A; = 0 and B; = 0, we have (v).

It now follows that if the rank 3 group X is of even order, joining each point a
to the points of A(g) gives a strongly regular graph, and joining each point a
to the points of I'(a) gives the complementary strongly regular graph. Here

(ii1) of Theorem 9.5.1 is identical with equation (9.4.6). The results of Theorem
9.4.1 apply.

If X is of odd order, then k = [ is odd and of course also v =2k + 1. In
thiscaseas B = AT, '

I+ A4+ AT =y,
AAT = kI + 14 + A", 9.5.8)
pk=kk —4A—1) or u+1+4+1==tk

The transpose of the second relation gives

AAT = kI + AT + pA, {9.5.9)
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from which it follows that A = y = (k — 1)/2. From these relations it follows that

k+1
PESI Sl S (9.5.10)
2 2
and so, as AJ = kJ, that
(A — k) (A2 + A+ f‘-—;—-}- 1) -0 ©9.5.11)

Thus the eigenvalues of 4 are k with multiplicity 1 and (—1 + J~2k — 1)/2 =
{—1 + J —v)/2 each with multiplicity (v — 1)/2 = k.
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Block Designs

10.1. GENERAL DISCUSSION

A problem of great generality in combinatorial analysis is that of arranging
objects into a specified number of sets so that the ith object appears r, times in all
the sets taken together, the jth set contains k; objects, and so that pairs, triples,
and similar groups of objects occur a specified number of times. This may be
called an incidence system or tactical configuration.

We shall investigate here a special kind of incidence system, which is ealled

an incomplete balanced block design, though for the most part we shall refer to
this more briefly as a block design, or merely a design.

Definition. A balanced incomplete block design is an arrangement of v distinct
objects into b blocks such that each block contains exact! y k distinct objects, each

object occurs in exactly r different blocks, and every pair of distinct objects a;, a;
occurs together in exactly A blocks.

Each of the b blocks B,,..., B, contains k objects, but different blocks B;
and B; may contain the same objects. Thus, a block design is not merely a
collection of subsets of a set, but is an array of objects and blocks with a relation
of incidence telling which objects belong to which blocks. The term balanced
incomplete block design comes from the theory of design of experiments as
applied in statistics. The set of all ,C, combinations of v objects taken k at a time
as blocks would be a complete block design. But a portion of these, in which
each pair of objects a;, a; occurs the same number of times, is incomplete, but
is balanced so far as comparisons between pairs are concerned,

There are two elementary relations on the five parameters for a block design:

bk = vr, (10.1.1a)
rk — 1) = Av - 1). - (10.1.1b)

These are easily proved. The first counts the total number of incidences in two
ways, each of b blocks containing k objects and each of v objects being contained
in r blocks. The second counts the occurrences of pairs containing a particular

126
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object a,. The object a, occurs in r blocks, and in each of these is a pair with
the (k — 1) remaining objects, while on the other hand, 4, is paired A times with
each of the remaining (v — 1) objects. '

A block design is described by its incidence matrix. This is a matrix 4 = (ay;),
i=1,...,v, j=1,...,b, where if a,,...,a, are the objects and B,,..., B,
are the blocks, we have

i ifaEBJ
= i€ 55 10.1.2
i {0 if a; ¢ B; (1012

“The basic requirements for the block design are expressed by the matrix equa-
tions

ro A o A

AA" =B = ’1 ' = (-, +A,, w,A=kw, (10.1.3)

A RER
Here, J, is the v x v matrix of all I’s and w, and w, are respectively the vectors of

v and b I’s. The element b;; of the matrix B is the inner product of the ith row
of A with the jth row of A. Thus, b; = r counts the number of 1’s in the ith

row of A. But if j # i, then both the ith and jth rows have a 1 in column ¢ if
and only if both a; and a; belong to B,. Thus, an off-diagonal element b;; of B

counts the occurrences of the pair a;, a;, and so is 4 in every instance. The
relation w,A = kw, expresses the fact that there are k I’s in each column.

Conversely, a v x b matrix 4 of zeros and 1’s satisfying (10.1.3) is the incidence
matrix of a block design with parameters b, v, r, k, A.

The relation AA™ = B may, of course, also be reformulated as a relation on
quadratic forms. Let us associate indeterminates x,,..., x, with the objects,
and the linear form L; with the block B;, where the g;; are the incidence numbers
of (10.1.2):

Lj = z a;jxi, j == 1,.. .,b. (10.1.4)

Here, (10.1.3) takes the form
L2y 4+ L2=(r—-}+ 4+ xH+ Axx, + -+ x,)% (10.1.5)
Three examples of block designs are given below.

1. Forv=b=Tr=k=31=1:

By 0,1,3 B,: 4,5,0
B,: 1,24 Bs: 5,6,1
B,:2,3,5 Bg: 6,0,2
B,: 3,4,6
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2. Forb=12,v=9r=4,k=31=1:

B,: 1,23 B.,: 1,47 B,:1,59 B, 1,68
B,: 4,5,6 Bs: 2,58 Bg:2,6,7 By;:2,4,9
B,: 7,8,9 Bg:3,6,9 Bg: 3,4,8 B;:3,57

3. Forv=b=15r=k=171=23:

B,: 0,1,2, 3,4, 5 6
B,: 0,1,2, [7,8 9,10
B,: 0,1,2, 11,12,13,14
By: 0,3,4, |7, 811,12
B,: 0,3,4, |910,13 14
Bs: 0,56, |7, 813,14
Bg: 0,56, |9,10,11,12
B,: 1,3,5 1|7, 9,11,13
Bg: 1,3,6, |7,10,12, 14
By: 1,4,5, [8,10,11,14
Byo: 1,4,6, |8, 9,12, 13
By,: 2,3,5, |8,10,12,13
By,: 2,3,6, |8, 911,14
By 2,45, |7, 9,12,14
By.: 2,46, |7,10,11,13

A block design is called symmetric if v = b(and so, of course, also k = r), and
the first and third designs listed here are of this kind. The second design is not
symmetric, but has an additional property of another kind. As written, the
blocks in example 2 are divided into four groups of three blocks each, each
group containing all nine objects. This is the property of being a group-divisible
design. We shall show in the next section that a symmetric design always has
one more property—any two different blocks have exactly 4 objects in common,
This leads to a method of constructing two further designs from a symmetric
block design, as may be illustrated from the third example.

We take one of the blocks (say, B,) and construct blocks By, ..., Bj_,,
- where B; contains the 1 objects common to Byand B, i =1,...,b — 1. This
is the derived design. If the original design had parameters v = b, r = k, and A,
the derived design has parameters v =k, b’ =b—1l=v—1, ¥ =r—1 =
k —1, K =1, ¥ = 4 — 1. Here, the derived design has parameters v’ = 7,
b =14,r =6,k = 3, ' = 2, the objects being 0, 1, 2, 3, 4, 5, 6 as they occur
in blocks By,..., B,. If we delete B, and its objects from blocks Bi,...,Bi4,
we have blocks BY, ..., B},, where the objects are 7, 8,9, 10, 11, 12, 13, 14, and
obtain a residual design. In the residual design the parameters are v* = v — k,
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b*=b—1=0v— 1,k¥=k— A r*=r=k )* =] Inthis instance we have
v =8, b* =14, k* =4, r* =7, 1* =3.

10.2. ELEMENTARY THEOREMS ON BLOCK DESIGNS

Our basic relation on the incidence matrix of a block design is

roA o A
A r
AAT =B =(r — )l + AJ =1 - T {10.2.1)
A ceel r
We can easily evaluate the determinant of B and find
det(B) = (r — A)° " Yvd — A +1). (10.2.2)

To see this, subtract the first column from all others, and then add rows 2,
3,..., v to the first. Then all elements above the main diagonal are zero; on the
main diagonal our first entry is r + (v — 1)4, and the rest are r — A. This gives
us det(B) as in (10.2.2). If r = 4, the design is trivial, since then an object q; in
each of its r occurrences is paired with every other a; and each block contains
all v objects. Otherwise, r > A and B is nonsingular. From this we may derive
Fisher’s inequality |

b>=v andhence r>=k, (10.2.3)

for A is of rank at most b while B is of rank v. But the rank of a product of
matrices cannot exceed the rank of either factor, and so we have b > v.

The following theorem, though easy to prove, is very strong in its conse-
quences. '

Theorem 10.2.1. In a symmetric design, if v is even, then k — A is a square.
Proof. Since b = v, A is a square matrix, and so from (10.2.1)
(det(A))? = det(B) = (k — 1)’ " Y(vA — A + k). (10.2.4)

Since k(k — 1) = A(v — 1), we have vA — A + k = k2.

But then the other factor of det(B), (k — A1)’ !, must also be a square, and as ¢
is even, this means that k — 1 is a square, proving our theorem. This theorem
tells us that the conditions (10.1.1) on the parameters of a block design are not
sufficient for its existence. For example, parameters b =v =22, r = k=7,
A = 2 satisfy conditions (10.1.1), but here the design (if it existed) would be
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symmetric. But v = 22 is even and k — A = 5 is not a square, and so no such
design exists.

The next theorem gives a fundamental property of symmetric designs.

Theorem 10.2.2. If A is the incidence matrix of a symmetric block design, then
A satisfies the four following relations:

AAT = B = (k — I + AJ, (10.2.5)
A" =B = (k— I + AJ, (10.2.6)
AJ = kJ, 102.7)
JA = kJ. (102.8)

Of these, (10.2.5) is the form taken by (10.2.1), recalling that b = v, k = r, and
(10.2.7) says that every row of A contains k 1’s, this being the number r = k of

blocks containing each object. The equation (10.2.8) says that every column of-
A contains k I’s, this being the number k of objects in each block. Thus, it

remains to show only that (10.2.6) also holds. It will be sufficient to prove that
(10.2.6) is a consequence of (10.2.5), (10.2.7), and (10.2.8). This is purely a theorem
on matrices, as we now prove in the following theorem, which assumes con-

“siderably less.

Theorem 10.2.3 (Ryser). Let A be a nonsingular v x v matrix that satisfies

__ either (10.2.5) or (10.2.6) and also either (10.2.7) or (10.2.8). Then A satisfies

all four equations, (10.2.5), (10.2.6), (10.2.7), and (10.2.8). Furthermore v, k, 2
satisfy the relation k* — k = A(v — 1). :

Proof. Since det(B) = (k — )" '(vA — A + k), the nonsingularity of A
means merely that k — 4 # 0, vA — A4 k # 0. Let us assume that (10.2.5)

~and (10.2.7) hold. Thus, we are given 4 nonsingular and

AAT =k - NI+ AJ, AJ =K. (102.9)

We now find 4™ {(4J) = A~ '(kJ), whence J = kA~ 1J, and so k+ Oand A~ 'J =

= k™. Also, (AJ)T = (kJ)" or JAT = kJ, since JT = J. Noting that J? =vJ, we have

AT = A" YAAY) = (k — DA~ + Ad~1J
= (k- A" + Ik~

kI =JAT = (k — AJA™ + Ak~1J2
=k — DJA™" + Ak~ o).
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Thus,

k — Ak™tp

-'l___
JA— = k— 2

J=mJ,
writing m for the constant. Thus,

J = mlA,
oJ = J = (mJAY = mJ(AJ) = mJ(kJ)
= mkJ? = mkuvJ.
This gives v = mko, whence mk =1, m = k-1 But we had m(k — ) =k — Ak~ *v.

Puttingm = k™' givesk™'(k — 4) = k — Ak” 1y, Multiplying by k givesk — 4 =
k% — v, which is the relation

k2 — k= Av — 1), (10.2.10)

which we wished to prove. Also, JA™' =mJ = k™'J gives J = k~1JA or

JA = kJ, (10.2.11)
the relation (10.2.8) we wished to prove. We may now return to
AV = (k= DA™ + Ak~1J
and multiply to get
ATA = (k— W) + Ak~ JA
= (k — NI + 2k~ '(kJ)
=(k— N+ AJ, (10.2.12)

which is the relation (10.2.6) we wished to prove.

We have now shown that for 4 nonsingular, (10.2.5) and (10.2.7) imply
(10.2.6), (10.2.8), and the relation k* — k= AMv— 1)

Now let us suppose that (10.2.5) and (10.2.8) hold and that A is nonsingular.
Then

AAT = (k — DI + AJ,
JA = k.
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This is somewhat simpler than our first case, as

J(AAT) = (k — )T + AT,
KAT = (k-0 + o] =mJ, m=k—A+ Ao,

kJ(ATT) = mJ?,
KIJAT = mJ?,
kI(kJ)® = mJ?,

k2J? = mJ?,

whence k> =m =k — A + Ay, which is the relation k* — k = Mv—1) we
wish to prove. Also, kJA™ = mJ = k2J, and k + 0, since A is nonsingular.
Then JAT = kJ, which gives

AJ = (JAY) = (k)T = kJ,
which is the relation (10.2.7) we wish to prove. F inally,
ATA = A" (44T = tk — )1 + A4 JA.

But with 4J = kJ = JA, we have A" 1J4 = J, whence ATA — (k — ) + AJ,
the relation (10.2.6). Thus, (10.2.5) and (10.2.8) imply the other relations.
Now, with A" replacing 4, it follows from the preceding discussion that

(10.2.6) and either (10.2.7) or (10.2.8) imply the other relations, and all parts of
our theorem are proved.

There are a number of important consequences of Theorems 10.2.2 and 10.2.3.
If 4 is the incidence matrix of a symmetric design, the relation A4 = (k — M
+ AJ asserts that any two distinct blocks of the design have exactly A objects
in common, the fact mentioned in Section 10.1 whose proof we promised in
this section. In a more precise way, the relations say that A7 is also the incidence
matrix of a block design. If D is our original design with objects a,, ..., a,
and blocks B,,...,B,, A7 is the incidence matrix of a dual design D' with

objects by,...,b, and blocks 4 15---54,. We may set up a correspondence
between D and D', writing

a;

B.

4

A:
e (10.2.13)

1o

]

and defining D' by the rule b; € 4; if and only if ¢, € B;in D.
In the case of the first of the examples at the end of Section 10.1, the dual D’
is easily seen to be equivalent to the original design, if we renumber appro-

——
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priately. But in the third example, although the dual design D has parameters
v=b = 15,r = k = 7, A = 3, it would not be equivalent to the original design

D by any renumbering of objects and blocks, for in D the triples of objects

0,1,2:0,3,4:0,56;0,7,8;0,9, 10; 0, 11, 12;0, 13, 14 have the property of
being the objects in common to three blocks, and no other triples have this
property. Note that all of these contain the object 0. In D, triples of objects
bO: bl ’ bz; bo,-b3, b4; bo., bs, b65 bla b3, b_r,; bl, b4, bﬁ, bz, b3, b6; bz, b4, b5 arc
the objects common to three blocks, and no other triples have this property.
But these sets of triples do not have any object in common. But a renumbering
of objects and blocks must take such triples of intersections into triples of inter-
sections. Hence, no renumbering of blocks and objects makes D’ equivalent to D.

10.3. THE BRUCK-RYSER-CHOWLA THEOREM

The most fundamental theorem on the existence of symmetric block designs is
due to Bruck, Ryser, and Chowla.

Theorem 10.3.1. If a symmetric block design exists with parameters v, k, 4,
then, writingn = k — A:

1. Ifvis even, nis a square.

2. Ifvis odd, 22 = nx® +(—1)®"Y21y* has a solution in integers x, y, z not
all zero.

We have already proved condition 1 as Theorem 10.2.1. This theorem was
first proved in the case A = 1, when the design is a finite projective plane, by
Bruck and Ryser [1] in 1949. In 1950 the theorem in its full form was proved
by Chowla and Ryser [1], and Shrikhande [1] also proved condition 1 inde-
pendently in the same year. The arithmetical considerations exclude many
parameters that satisfy the elementary condition k(k — 1) = A(v — 1). For
example, if v = 43, k = 7, A = 1, condition 2 applies and gives z*> = 6x* — y?
or 22 + y? = 6x?, which has no solution in integers x, y, z not all zero. Hence,
no symmetric design with parameters v = 43, k =7, 1 = 1 exists. It is worth
remarking that this is the strongest known condition on the existence of sym-
metric designs. Indeed it is even conceivable that the necessary conditions of
the Bruck—Ryser—Chowla theorem are even sufficient for the existence of the
design. In no instance has it been shown by any other theorem, or by exhaustive
search, that a symmetric design fails to exist whose parameters v, k, A satisfy
k{k — 1) = A(v — 1) and the Bruck-Ryser—Chowla conditions. There are, of
course, many parameters for which the existence of the design is undecided.
The projective plane of order 10 with parameters v = 111, k = 11, A=1,
n = 10 is a particularly interesting case.

The basic observation of Bruck and Ryser was that for symmetric designs,
the relation (10.1.5) takes the form
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L+ o+ L= (k= DF + -+ xP) + Axg + -+ x,)2 =0, (103.])

where

Li= ) ax, (10.3.2)
=1

the a;; being the incidence numbers 0 or 1. Using only the fact that the L’s
have rational coefficients, the existence of a symmetric design then implies that
the quadratic form Q given by the right-hand side of (10.3.1) is rationally
equivalent to L? + -+ + L2, a sum of squares. For the rational equivalence
of quadratic forms, there are available the powerful and deep results of Hasse
and Minkowski. Application of these results to (10.3.1) yields Theorem 10.3.1,
The Chowla-Ryser paper, which we shall follow in the main, gives a more
elementary derivation of Theorem 10.3.1, though for other purposes we need
the full strength of the Hasse—Minkowski results.

For the proof of the theorem we need an arithmetical theorem and an identity.
The identity is
(b + b3 + b3 + bDxT + x2 + xZ + xD) = y2 + y2 + 2 + yi, (1033
where
Vi =byxXy — byxy — byxy — byxy,
Y2 =byxy + byx; — byxy + baxy, (10.3.4)
V3 =bsx; + byx; + byx; — byxy,

Ya = b4x1 - b3x2 + b2x3 + b1x4-
This identity is most easily remembered in terms of quaternions, though
historically the identity antedates Hamilton’s discovery of quaternions. If we
have a system of units 1,4, j, k, where i = j2 = k> = —1,ij =k, jk = i, ki = Js
Ji= —k kj = —i, ik = —j, the multiplication rule for quaternions becomes
(by + byl + byj + bak)(xy + Xai + X3j + x4k) = yy + yai + yaj + yak,
| (10.3.5)

where y,, y,, y3, y4 are given as in (10.3.4), and if we define the norm N(p)ofa
quaternion f = b; + b,i + b,j + b,k by the rule

N(B) = b2 + b2 + b2 + b2, C(1036)

the identity (10.3.3) becomes

N(BIN(£) = N(B&). (10.3.7)
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The arithmetical theorem is due to Lagrange. For a proof the reader is referred
to Hardy and Wright [1, p. 302].

Theorem of Lagrange. Every positive integer n can be represented as the sum
of the squares of four integers n = b} + b3 + b2 + bi.

We note that if by, by, bs, bs are integers and n = b} + b3 + b3 + b3, then
in (10.3.4) the determinant of the linear forms in the x's is n%, whence we can
solve for the x's as linear forms in the y’s with rational coefficients, the de-
nominators being n’.

We can now proceed with our proof of the Bruck—Ryser—Chowla theorem
(10.3.1). Write n = k — 4, and from the theorem of Lagrange we have n =
b? + b} + b} + b} for integers by, by, b3, by Then {(10.3.1) becomes

24+ L2=n(x2 4+ x4+ Axy + +x)% (1033
1 (7

Theorem 10.2.1 proved the theorem for v even. Hence, take v odd, and suppose
first that v = 1{mod 4). On the right-hand side we can write

nx? + xPeq + Xy + xBs) =y + yhey + yho + yhs,  (1039)
using the representation n = b? + b3 + b3 + b} and the identity (10.3.3), where

the y's and x’s are related as in (10.3.4). We apply this to the x’s four at a time,
and as v = I{mod 4), one x will be left over.

24k LE= yl 4y oo+ yhog 4 mxd 4 2+ + %)% (10310)

Now write y, = x, and, expressing the x’s in terms of the y’s, we have a rational
identity in independent indeterminates yy, ..., Y,

L2 4 4 L2=yd 4o+ yio + 0yl + AW, (10.3.11)

where L,,...,L, and w = x; + x5 +*-* + X, are rational linear forms in
Yis--s Yo SUppose Ly = ¢y yy + -+ + €1p¥y- M ey #F 1, wemay put L, =y,
as a relation specializing y, as a rational linear form in y,, ..., y,. Ife,, =1,
we put L, = —y,. In either case we have specialized y, as a rational linear
form in y,,..., y, and also have L? = yi. Then (10.3.11) becomes

L 4+ LE=yd+ -+ yooy +nyl + W, (10.3.12)

an identity in y,,..., y,. Similarly, we may specialize y, as a linear form in

Ya,+++» Yo, Dutting Ly = +y,. Continuing the process for Ly,...,Ly—y, W€
finally have '

L? = ny? + Aw?, (10.3.13)
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where L, and w are rational multiples of y,, which has preserved its inde-
‘pendence throughout. This is important, since the relation (10.3.12) would tell
us nothing if L,, y,, and w were identically zero. Taking y, as an integer x,

which is a multiple of the denominators appearing in L, and w, we have in
ihtegers x, y, z with x # 0:

z? = nx? + 1y~ (10.3.14)
This equation is a consequence of the existence of the design with v = 1(mod 4).
When v = 3(mod 4), let x, .., be a new indeterminate and add nx2, , to both sides

of (10.3.8) and use (10.3.9) to get the form
L4+ L+ nx2o = y2 4+ + 2o + Anw2 (10.3.15)

Proceeding as before, we find

nxz = y3+1 + AWZ, (10.3.16)
with x, w rationally dependent on y, ., which is independent. We can take y, 4 *

as a muitiple of the denominators in x and w and this gives a solution in integers
not all zero of

z? = nx? — AyL. (103.17)

We may combine (10.3.14) and (10.3.17) into the single relation
z% = nx? 4 (= 1) 1222, (10.3.18)

This is part 2 of Theorem 10.3.1, whose proof is now complete.

The basic incidence equation for a symmetric design is
AAT = (k — DI + AJ. (10.3.19)
In terms of quadratic forms, this has been written

Lt L=k =+ 4+ X + Axy + - + x)% (10.3.20)

where

L= a;x. (103.21)
i=1

The Bruck—Ryser—Chowla theorem gives necessary conditions for the existence
of a rational matrix A4 satisfying (10.3.19), or what is the same thing, for the
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existence of rational linear forms L; satisfying (10.3.20). These conditions are
in fact sufficient for the rational solution of (10.3.19) or (10.3.20), though the
proof of this requires the deep Hasse—Minkowski results, which will be sum-
marized in Section 10.4. But in two instances the sufficiency can be shown
directly. First, if k — A = n is a square, then we easily verify that

A=\/£I+'k_‘/"J,

v

k — Jn
v

(10.3.22)

Ly = Nnx; + G+ %) j=hoeo

are rational solutions respectively of (10.3.19) and (10.3.20). This proves the
sufficiency of condition 1 of Theorem 10.3.1 when v is even, and of course it
includes cases when v is odd and n happens to be a square. When 4 = 1, we
may write k = n + 1, and then v = n* + n + 1. The identity (10.3.20) may be
rewritten

2 2 2
X. X X
L§+"'+L§zn(x2+—;1-) +n(x3+-;3~) +"'+n(x,,+—;:-)

4 (x; + o + x,)% (10.3.23)
1t is necessary to note here that on the right-hand side of {10.3.23), the coefficient
of x2 is (v — 1)/n = (n®> + n)/n = n + 1, as it should be to agree with (10.3.20).
When v = 1(mod 4), the identity

n(u? + ufy + uh g + uboa) =y +yh + Vie2 + Vi,

applied to the right-hand side of (10.3.23), puts it in the form

L%+c|-+L3my§+o--+y3, - (10-3~24)

where y, = x, + *** + X,, and we have immediately L; = y;, i = 1,...,v as
a rational solution of (10.3.20). We have v = 1(mod 4) when n = 0, 3(mod 4).
When r = 1, 2(mod 4), we have v = 3(mod 4) and condition 2 of the theorem
tells us that

2% = nx? — y? {10.3.25)

has solutions in integers not all zero. Then x # 0 and n = r? + 5%, r = y/x,
s = z{x, and we may use the identity

(2 + sHu? + ul ) = (ry + su)? + (ruge g — s (10.3.26)
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to convert (10.3.23) to the form

B L%+---+L2=y§+---+y3-, (10.3.27)
and again L; = y;, i = 1,..., v gives a rational solution to {10.3.8). When v is
~ odd and 1 > 1, there does not appear to be an analog of (10.3.23) to give an

-~ elementary proof of the sufficiency of the Bruck—Ryser—Chowla conditions for
- the rational solution of (10.3.8).

104. STATEMENT OF THE HASSE-MINOWSKI THEOREM. APPLICATIONS
— In this section we shall state some theorems from number theory that are
- needed for our work in combinatorial analysis. No proofs will be given, but
_ references will be given to books where the proofs may be found.

Let p be an odd prime. The integers b # O(mod p) are divided into two

— classes called quadratic residues and quadratic nonresidues according as x* =
b(mod p) does or does not have a solution x(mod p). Thus, modulo 7, 2 is a
quadratlc residue, and 3 is a quadratic nonresidue, since 4> = 2(mod 7), but
__x* = 3(mod 7) does not have a solution. This property is expressed in terms of

the Legendre symbol (2) by the rules

— (g—) = +1 if b is a quadratic residue modulo p, (10.4.1a)

(g) = 1 if b is a quadratic nonresidue modulo p.  (10.4.1b)

~~Thus (§) = +1 and () = —1. If b = O(mod p), we may write (3) = 0. The
__following theorems express some of the main properties of quadratic residues
and nonresidues. For proofs the reader is referred to Hardy and Wright[ 1, p. 68].

Theorem 10.4.1. If p is an odd prime, then
7 N £ c
. b =c(mod p) implies (E) = (;), . (104.2)

ple-niz — (g) (mod p), (104.3)

SENC R
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This theorem includes the statement that the product of two nonresiduesisa -
residue. Thus, @)= —1,(8) = —1, and 3- 6 = 18 = 4(mod 7) and 2? = 4(mod 7).

There are also relations of a deeper kind between symbols (2) for different
primes p. These are due to Gauss, and the second and third of the following are
known as the law of quadratic reciprocity.

Theorem 10.4.2. If p and q are two odd primes,

(_:l) = (— 1m0, (104.5)
p
(%)m (= 1wt~ 18, (104.6)

(E)(?_)=(__1)((p—1)/2){<q—1}12). | (104.7)
q;\p

Theorems 10.4.1 and 10.4.2 not only express deep properties of quadratic
residues, but also make the evaluation of the symbol (&) relatively easy. Thus,
(29 = (FH)$3). Here, (%) = —1 by (104.6). By (104.7), #FE) = +1. Hence,
(3 = (33, and by (104.2), (33) = (%). By (104.7), (5)(5) = +1 whence (%) =
(33 = (). We may now find by trial that ) = — 1, or may use (10.4.6) and
(104.7) to find () = ) = () = —1. This gives

H===0=-1

Then (§) = (—1)(—1) = +1, and so x* = 26(mod 83) has a solution. This
method does not tell us how to find the solution, which by trial we find to be
x = 21(mod 83).

For congruences modulo powers of a prime p, we have:

Theorem 10.4.3. Let p be a prime and let b = p°b,, where p does not divide b,.
Then, for an arbitrarily high power of p, p", the congruence

x? = b(mod p") (10.4.8)

is solvable if and only if (1) a is even, and (2) for p odd, (b;/p) = +1, for p = 2,
b, = 1(mod 8).

In Section 10.3 the Bruck—-Ryser—Chowla theorem showed that a necessary
condition for the existence of a rational v x v matrix A satisfying

AAT" =B =(k - ) + AJ (10.4.9)
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is that (1), for v even, n = k — 1 is a square; and (2), for v odd,
nx? + (—1)~12)52 - 52 (104.10)

has solutions in integers x, y, z not all zero. These conditions are also sufficient.
If n is a square, we find that

A = nl +k“ﬁJ (104.11)

v

is a rational solution of (10.4.9). This covers the cases when v is even. But the
sufficiency of (10.4.10) when v is odd requires the deep Hasse—Minkowski
theory of quadratic forms. If b and ¢ are integers, the Hilbert norm-residue
symbol (b, ¢), is defined to be +1 or —1, according as the congruence

bx? + cy? = z%(mod p™) (10.4.12)

does or does not have solutions in integers x, y, z, not all multiples of p, for
arbitrarily high powers of p. We also include p = oo to mean that

bx? + cy? = 22 (10.4.13)
does or does not have solutions in real numbers x, ¥, z, not all zero. Thus,

(b, ¢Joo = +1 unless both b and ¢ are negative.
For a detailed account of this theory, sece Burton W. Jones [1, pp. 17-811].

Theorem 10.4.4. The equation
bx? + cyz = 72 (104.14)

has solutions in integers x, y, z not all zero if and only if (b, c)p = +1 for all
primes p, including p = co.

As we observed, the matrix equation (10.4.9) is equivalent to the equation
Li+ -+ L =hk—N0F+ +x)+Ux; + +x)% (10.4.15)

Thus, the existence of a rational matrix A4 satisfying (10.4.9) is precisely equiv-
alent to the existence of a rational transformation, taking theform x? + -+ - 4 x2
into the form (k — A)(x} + -+ - +x%)+ A(x, + - - - + x,)%. The Hasse~Minkowski
theory gives conditions for the rational equivalence of any two rational quad-
ratic forms. This is expressible in terms of the Hasse symbol c,(f), defined
for a quadratic form
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f= Y byxixj, by=by

fj=1

and primes p, including p = 0.
If

m
[ = Z bijxixjs bij = b;i,
i,j=1
defineforr =1,...,m,

.D,. = det(b;j), i,_] = 1,...,)‘.

D, is called the rth leading principal minor of B = (b;;). We shall suppose that
the b’s are all integers and that D,,..., D, are all different from zero. We
shall not need the more general theory.

We define for f and every prime p, including p = co:

m—1
e(f) = (=1, =Dy [1 @i, =iy (10.4.16)

The major theorem to which we shall appeal is

Theorem 10.4.5 (Hasse—Minkowski). If f; and f, are integral quadratic forms
in m variables, none of whose leading principal minors vanishes, then a necessary
and sufficient condition that f, and f, be rationally equivalent is that c,(f,) =
c,(f2) for all odd primes p and also p = 0.

The following theorem gives the main computational properties of the
Hilbert norm-residue symbol (b, c},.

Theorem 10.4.6. The Hilbert norm-residue symbol has the following properties,
where b, ¢, d, e are integers:

[1(,0), =1, the product being over all primes including p = co.

(104.17)

b, 0 = 1, unless both b and c are negative. (104.18)
(b, ), = (¢, ), {104.19)
(b1b2, €)p, = (by, O)plb3, )y (10.4.20)

(bd?, ce?), = (b, ©),. (10.4.21)
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(b, —=b), =1, (b*% ), =1. , (10.4.22)
If p is an odd prime, |

b,c), =1, if b and c are prime to p. (10.4.23)

(b, p), = (g), ifb # O(mod p). (10.4.24)

(p, P)p = (— 1, p),. (10.4.25)

Ifb, = by # O(mod p),  then(by, c), = (b, ), (10.4.26)

We are enabled by (10.4.17) to exclude p = 2 from consideration in Theorem
104.5, since c,(fy) = c,(f;) is a consequence of c,(f;) = c,(f3) for all odd
primes pand p = o©

The problem with which we are concerned is to show that the rational
solution of (10.4.15), when v is odd, is equivalent to the existence of mtegers
x, ¥, z not all zero satisfying (10.4.10). Here the rational forms are

Si=n(xF 4+ 33+ Ax, +- + x,)%,

L=xt++xL

For f;,
D, =n"k + (r — 1)1] r=1,...,v
and for f,,
D, =1, r=1,...,v
Here the calculations are easy for f,, since ¢(f;) = —1land c,(f3) = +1forp
finite and odd. Since for f; all the D’s are positive, we have ¢ (f;) = —1.

Hence, by Theorem 10.4.4, f, and f, are rationally equivalent if and only if
c(f1) = +1 for all finite odd primes. This is the requirement that for finite
odd p,

v—1
Cb(ft) = (~1, ““Do)p H (D;, "'Di+1)p =1,
i=1 (10.4.27)
D, =n'"k+ (i — 1A], i=1...,0

The evaluation of D; is exactly similar to the evaluation in equation (10.2.2).
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Detailed and troublesome calculation shows that for v odd, (10.4.27) leads to
cp(f1) = (D72, = +1 (10.4.28)

for all finite odd primes p. Since n is positive, it is trivial that
(n, (=D 02 = +1. (10.4.29)
Thus, using (10.4.17) to obtain also (n, (—1)¥~1/21), = +1, we may appeal to

Theorem 10.4.4 to conclude that the rational equivalence of f; and f; for v odd
is equivalent to the existence of rational integers x, y, z not all zero satisfying

nx? 4+ (=N~ W22y2 = 22 (10.4.30)

This proves that (10.4.30) is not only necessary but also sufficient for the rational
solution of (10.4.15) or, equivalently, (10.4.9). This proves the Bruck-Ryser—
Chowla theorem and its rational converse.

There remains only the troublesome task of showing that (10.4.27) reduces
to (10.4.28) for odd primes p. Let us write

E,=k+(i—DA i=1...,0

and note that E, = k2, since k* — k = A(v — 1). Since v is odd, n°~ ' is a square,
and so for odd primes p,

(=1, =D,), = (=1, =n*~ k%), = (=1, 1), = +1.  (104.31)

In the following calculations we omit for convenience the subscript p. Using
(10.4.31), ¢(f,) becomes

v—1
c(fi) = iﬂ (Diy, =Dy q)

v—1

=[] (W™ E;, —n'Eisy)

i=1
vwl - - . -
=[] @Y —n)r' 7% Epp NE;, 0')E;, —Eivy). (10432)
i=1 .
Ifiiseven, (f"™ !, —n') = (n, —1). Ifiis odd, (W', —n’) = (1, —n) = 1. Hence

v—1
I (@1, —nf) = (n, —1)" V2, (10.4.33)
i=1



144 Block Designs

Also,

v-1 v~1
[16 4By =[] 02 W1 By
i=1 i=y

v—1

= H (e E;y)

i=1

v—1
= (nv’ Eu) H (nja E;)
j=2

v—1
= I (', Ep, (10.4.34)
i=2
since E, = k?. Substituting (10.4.33) and (10.4.34) into (10.4.32), we have

v—1 v—1
c(fl) = (ns "'1)(0— I)IZ(EI, n) I:Iz (nia Ei)2 l;]i (Ei9 ‘""Ei+ 1)

v—1
= (n, —=1)*"V2(k, n) T] (Ei, —Eis,). (10.4.35)
i=1
We now wish to prove
v—1
P =[] (B, ~Ei.,) = (& 5, n) (10.4.36)
i=1

for every odd prime p. If (10.4.36) is true, then substitution into (10.4.35) gives

(10.4.28), which as we have already observed, yields the Bruck—Ryser-Chowla
theorem and its rational converse.

Let p® (possibly p® = 1) be the highest power of p dividing both k and A
sothatk = pky, A = pdy, p k(ky, Ay) ky + (v — 1)A; = p°k%. Then

v—1

P= I=_[1 (P°Lks + (i — DA, —p°[ky + iZ4])

=[16% =p0", ke + i)k, + (G — DAy, p?)
X (kg + (i = DAy, —(ky + idy))

: v—-2
= (ky, PYky + (v - DAy, p9)- 1:11 " ky + i/h)z

x TT (ks + G — DAT, —k; + i2,), (10.4.37)
i=1
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Now (k; + (v — )4, p®) = (p°k3, p°) = (p", p°). Thus, from (10.4.37) we have
v—1
P = (ky, pYp% p*) |1 (ke + (= DAy, —(ky +idy)).  (104.38)
i=1

Firstsuppose that p| 1,. From k(k — 1) = Av — 1) we obtain k,(p°k;, — 1) =
A(v — 1), whence as p tk,, we must have a =0 and k, = k. Also ptn =
k — A and p ¥k + iA for all i. In this case, P = 1 and

omfn)=1-ALk-D=QH=RKLE - +H=04KL)=1,

since k? — k = O(mod p). In this case, P = (k, n)(4, n).

In the remaining cases, p ¥ 4,. Then at most one of k; + (i — 1)4,, k, + i4,
is divisible by p, and if neither is, then {k, + (i — 1)1,, —(k, + iA,)) = 1. Let
r be an integer in the range 0 < r < v — 1 such that k; + ri, = O(mod p). If
1 € r < v — 2, the product for P contains exactly two terms involving k, + ri,,
and their product is

(ky + (r — DAy, —(ky + rA )k, + 1A, —(k, + (r + DY)
= (—Ay, —(ky + rA )Xk, + vy, —4))
= (=2, —(ky + i)
={-4, -1 =1, (10.4.39)

since p ¥ A;. Hence P = (k,, p®)p®, p®) unless one or both of k;, k, + (v — 1)A
is divisible by p. When a =0, then k, =k and k; + (v — 1)4; = k* and p
divides neither of these. Inthiscase P = 1,andasp tk, pt A, (k,n)d,n)=1-1
ifptn=k— A while if p{n = k — A, then (k, n¥4, n) = (k, n)*> = 1. Thus, in
case a = 0, we have P = (k, n}{4, n). If a > O, then k, + (v — 1)4, = p°k?, and
(ky + (v ~ D4y, —(ky + (v — DAY))

= (=4, —p%3)

=(=2y, =pY) = (=4, ~)(—4,, P9

= (=1 pAy, p°) = (¢", p"¥1, %) (10.4.40)

But we may or may not have p | k. Using (10.4.40),

' {(kl, PNy, p7) if p ¥ k, (10.4.41)
(ky, PNy, pPWky, —ky —2)  ifplk, (10.4.42)
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We have, on expanding and simplifying,

(k, n)(4, n) = (p°ky, p(ky — AP A1, Pk — A4))
= (ky, P"Wky, ky = A )Ay, KW Ayy Ky — 44)

(10.4.43)

Ifptk,, then(k,, ks — A)) =(4,, ky — 4,), since if p } k, — A,, they are both
1, but are equal if p| k, — 4,. Thus, from (10.4.41) and (10.4.43), P = (k, nA, n)
ifptk,. Ifplk,,

(ky, —ky —A) =(ky, by — A) and (A, ks — 4) =1,

since both terms are prime to p. Here, again, comparing (10.4.42) and (10.4.43),
we find P = (k, n)(4, n). Thus, we have proved that P = (k, n)(4, n) in all cases.
As was remarked earlier, on substitution into (10.4.35) this yields (10.4.28), and
so yields the Bruck—Ryser—Chowla theorem and its rational converse.

As an application of this theorem, consider the parameters v = 29, k = 8§,
A = 2. Here k* — k = A(v — 1) is satisfied. The Bruck—Ryser—Chowla theorem
says that a necessary condition for the existence of a solution is that there
exist integers x, y, z not all zero satisfying

; 6x2 + 2y% = 22, (10.4.44)

For this to be solvable, the Hilbert symbol (6, 2), must be +1 for all odd primes
p and for p = oo. This is certainly true for p = o0 and for odd primes p not
dividing 6 or 2—that is, for p # 3. Thus, the critical case is p = 3. Here (6,2); =
2, 2)5(3, 2)3 = (3, 2); = (3) = —1, using the rules of Theorem 10.4.6 and of
Theorem 10.4.2. Hence, (10.4.44) does not have solutions in integers not all
zero, and there is no design with parameters v = 29,k = 8, 1 = 2,
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Difference Sets

11.1. EXAMPLES AND DEFINITIONS

Definition. Two block designs B and B’ are said to be isomorphic if there is
a one-to-one mapping « of objects and blocks of B onto those of B’ such that if x
is an object, B, a block of B,

o x; — X; = (X)), an object of B',
a: B; — B} = (B;)a, a block of B,
then x; € B; if and only if (x;Jx € (B;)o.

Thus, two block designs are isomorphic if they have the same incidence
relationships and so are essentially the same. If B' = B, then the mapping « 18
called an automorphism of B. The automorphisms of any block design B always
form a group, since if o, and a, are two automorphisms of B, the product
mapping o0, is also an automorphism and also the inverse mappings «; ' and
a; ! are automorphisms. |

We shall be interestéd here in block designs with special kinds of auto-
morphisms. In the following example, B is a block design with objects the
residues O, . . ., 12(mod 13), and blocks B;, i = 0,...,12(mod 13). This is

BO Oa 1, 3, 9
B,: 1, 2, 410
B,: 2, 3 511
By: 3, 4, 6,12
B,: 4,5 1,0
Bs: 5 6, 8 1
Bg: 6, 7,9 2 (11.1.1)
B,: 17, 810, 3
Bg: 8, 9,11, 4
By: 9,10,12, 5§
Byo: 10,11, O, 6
B,: 11,12, 1, 7
B,,:12, 0, 2, 8

147
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Here, 0:i— i+ 1, B> B;,, is an automorphism of B, which permutes the
objects and blocks each in a cycle of 13. In general, a symmetric (v, k, 1) block
design is called B-cyclic if B has an automorphism « that permutes the objects
and also the blocks in a cycle of length v. Note that the cyclic automorphism «

and the set of objects in a single block completely determine the entire design,
as is the case in the design of (11.1.1).

The block B;:5, 6, 8, 1 in (11.1.1) has the property that the (4-3 = 12)
differences of distinct elements in the block yield every difference except
O(mod 13) exactly once. Thus,

l=6-35, 7=8 -1,
2=8 6, 8§=1-—6,
3=8 -5, 9=1-25
4=5-1, 10=5 -8,
5=6-1, 11=6-8,
6=1-38, 12=35 -6,

(mod 13). (11.1.2)

Definition. A set of k residues D- {ay,....a,} modulo v is called a (v, &k, A)-
difference set if for every d % O{mod v) there are exactly A ordered pairs (a;, a),
4, a; € D such that a; — a; = d(mod v).

Thus, 5, 6, 8,1 is a (13, 4, 1) difference set from (11.1.2).

Theorem 11.1.1. A set of k residues D: {as,...,a,} modulo v is a (v, k, A)-
difference set if and only if the sets Bi{a, +i a;+i,...,aq + i} modulo v,
i=0,...,v — 1areacyclic (v, k, ) block design B.

Proof. Suppose first that the sets B;: {ar+i...,q +i}of residues modulo
v,fori=0,...,0— 1forma cyclic block design B, where obviously the cyclic
automorphism is «: i — i+ 1; B, =+ B;1y,i=0,...,v— 1 modulo v. Here,
if d # O{mod v), the objects 0, d occur together in exactly A blocks—that is,
for A choices a;, a ;€ D and ¢, we have

d=a;+t, 0=a;+ t{mod v) (11.1.3)

whence there are exactly 1 ordered pairs (a;, a;), a;, a; € D with
a; — a; = d(mod v), (11.1.9)
since t = —q; is uniquely determined by a;. Hence, D is a difference set. Con-
versely, suppose that D: {a,, ..., a} is a (v, k, A) difference set. Then in the sets
B;: {a; +i,...,a4 + i} of residues modulo 6, i=0,...,0— 1, every pair of

distinct residues r, s occurs together A times. For let r — s = # O(mod v).
Then for exactly A ordered pairs (a;, a;), a;, a; € D, we have

i ittt At e e e et b e
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r — s = a; — aj(mod v),

and so both r = q; + ¢ and s = a; + ¢ belong to B,, where ¢ is determined
by t =r — a; = s — aj(mod v). Thus, the sets B; are the blocks of a cyclic
{v, k, A) block design B, and «: i —» i 4 1; B; = B;,,, objects and block sub-
scripts being residues modulo v, is the corresponding automorphism.

R. H. Bruck [1] has generalized the idea of a cyclic difference set to that of a
group difference set D, which may be based on any finite group G. Let G be a
finite group of order v and suppose that a (v, k, 1) block design B admits Gas a
regular group of automorphisms. By this we mean that if x is a particular
object and B, is a particular block, then as g runs over the elements of G, (x)g
and (By)g run over all the objects and blocks of B. Here we call x the base
point. If y = (x)g, is another object, then (x)g = (y)g; 'g. Thus, we may identify
the objects with the group elements, but a change of base point replaces g by
gy 'g for an appropriate g,. ,

For example, if G is the Abelian group of order 16 generated by a, b, ¢, 4,
where a* = b? = ¢* = d* = 1, then D = {a, b, ¢, d, ab, cd} is a (16, 6, 2)-group
difference set, and if we take (B,)g as the set {ag, bg, cg, dg, abg, cdg} g running
over the 16 elements of G, we have a (16, 6, 2) block design that has G as a regular
group of automorphisms. For difference sets in groups that may be non-Abelian,
we use the following definition.

Definition. A set of k different elements D: {a,,...,a)} from a group G of
order v is called a (v, k, A)-group difference set if either of the following conditions
holds:

1. For every d 9& 1, d € G, there are exactly A ordered pairs (a;, a)), a;, aj €D,
such that a;a; ' = d.

2. Foreveryd+ 1,deG, there are exactly A ordered pairs (a;, a;), a;, a; € D,
such that a; 'a; = d.

The two conditions are obviously equivalent if G is Abelian, but we shall see
that they are in fact equivalent in every finite group G. We note from the defini-
tion that it is immediate that k(k — 1) = A(v — 1), since there are k{k — 1)
ordered pairs and we are to have A representations a;a; ' or a; 'a; of each of
(v — 1) elements.

Theorem 11.1.2.  The properties 1 and 2 of group difference sets D are equivalent.
IfBis a (v, k, A) block design admitting the group G of order v as a regular group
of automorphisms and if (x)a,,...,(xX)a, are the objects of a block B,, then
D:{ay,...,a} is a (v, k, A)-group difference set. Conversely, if D: {a,, ..., a;}
is a (v, k, A)-group difference set of elements from the group G of order v, then the
sets B(g): {ayg, ..., ag}, as g runs over G, form a (v, k, ) block design admitting
G as a regular group of automorphisms.
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Proof. Suppose that B is a (v, k, 1) block design-admitting the group G of
order v as a regular group of automorphisms. If x is any object of B, taking x
as a base point, all objects will be (x)g, g € G and we may identify (x)g with g.
Then, if a,, ..., a, are the objects of a block By, (B,)g contains a,g, ..., a,g.
With d # 1, an element of G, there are exactly A blocks containing d and 1,
and so there are 'exactly A ordered pairs (a;, aj) such that for some g, a;g = d,
a;9 = 1, whence a;a; ' = d. But here g = a; ' is determined by a;. Hence,
D = {ay,...,a} is a (v, k, A)-difference set satlsfymg property 1. Conversely,
if D={ay,...,a} is a (v, k, A)-difference set of elements from G of order v,
satisfying property 1, let us construct the sets B(g):{a,g,...,a,g} as g runs
over G. If r, s are two different elements of G let rs™! = d # 1 determine d,
and from 4 ordered pairs (a;, a;) such that g;a; ' = d, we determine g from such
a pair by ¢ 'r = a; 's = g, whence both r = g,g and 5 = a;g belong to B(g).

Thus, the sets B(g) are the blocks of a design B admitting G as a regular
group of automorphisms. We have shown the equivalence of difference sets
with property 1 to block designs B, admitting G regularly. What about property
2? From Section 10.2, if d # 1, the blocks a,, a,,...,a and a,d, a.d, ..., ad
have exactly 4 elements in common. But this says that for exactly 4 ordered
pairs (g;, a;), we have a;d = a;, whence d = a; 'a;. This is property 2 and is
thus a consequence of property 1. Conversely, 1f we assume property 2, the
sets B(r): {a,r,..., @r} and B(s): {a;s, ..., a,s} have exactly A elements in com-
mon, whence, from Section 10.2, they are the blocks of a (v, &, 4) design.

11.2. FINITE FIELDS

A field F is a set of elements with an addition a + b and a multiplication ab
satisfying the followmg familiar axioms:

AQ. For a, beF, a+ b = ¢ exists MO. For a, beF, ab = ¢ exists and

and is a unique element of F. is a unique element of F.

AlL.@+bd)+c=a+ b+ c) M1. (ab)c = a(bc).

A2. b+a—a+b M2. ba = ab.

A3. An element O belongs to F such M3. An element 1 belongs to F such
that a+0=0+a=a for every thatal = la = aforeveryaeF.
aeF,

A4. For every a€F there is an el- M4. For every a # O of F there is an
ement —ae€F such that a + elementa™! € F suchthataa™' =
(—a)=(~a)+a=0. ala=1.

D. ab + ¢) = ab + ac and (a + b)c = ac + be.

Familiar fields are the field of rational numbers, the field of real numbers, and
the field of complex numbers. But there are also fields with a finite number of
elements. For examiple, the four elements 0, 1, a, b form a field if we use the
following tables of addition and multiplication. Here, x + y and xy are in
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their tables in the row labeled x and column labeled y.

Addition Multiplication
01l a b 01 ab
0|0 1 a b 0l0 0 0 O
111 0 b a 110 1 a b A1.2.1)
ala b 0 1 a{0 a b 1
bib a 1l 0 bi0 b 1 a

We shall give some of the basic facts about finite fields, but for more detail
and for proofs, the reader is referred to Albert {2] or Dean [1].
A congruence of the rational integers modulo m, written

x = y(mod m), (11.2.2)

is defined to be equivalent to the equation

X —y=tm (11.2.3)

for an appropriate integer t. Similarly, a congruence can be defined for poly-

nomials A(x) over a field F (that is, polynomials with coefficients from F),
writing

A(x) = B(x)(mod f(x)) | (11.2.4)

to be equivalent to the equation

A(x) — B(x) = 1(x)f(x) (11.2.5)

for an appropriate polynomial r(x). All integers x such that x = b(mod m), for
a fixed b, form a “residue class” modulo m, which we may designate {b} or
b(mod m). Since x = b(mod m), y = ¢(mod m) imply x + y = b + c(mod m) and
xy = be(mod m), the congruences thus define addition and multiplication of
residue classes modulo m:

{b} + {c} = {b+ ¢} and {b}{c} = {bc}. {11.2.6)

The same considerations apply to residue classes of polynomials over a field F
modulo f(x). In both cases we easily verify that all field axioms except M4 are

satisfied by the addition and multiplication of residue classes as given by (11.2.6).
But, in general, M4 is not satisfied. There arc usually zero divisors. Thus,

4-3 = 0{mod 6), (11.2.7



152 Difference Sets
and for polynomials over the rational field,

(3x + 3)(5x — 5) = O(mod x? — 1). (11.2.8)

Itiseasy to see from M4 thatif xy = Oand x < 0, theny = x " Y{xy) = x~10 = 0.

Now, if p is a rational prime, a fundamental property of primes (not proved

here) is that if p | xy (read p divides xy), then either plxorply. Hence, in terms
of congruences, if

xy = O{mod p), (11.2.9)
then
x=0modp) or y=0mod p) (11.2.10)
From the definition (11.2.3) this implies that if
ax = ay(mod p), a £ O{mod p), (11.2.I¥)

then

x = y(mod p). (11.2.12)

There are exactly p residue classes modulo p, and we may take0,1,...,p — 1
as representatives of these classes. Then, if @ # O(mod p), the numbers a- 1,
a-2,...,a(p — 1} are, by (11.2.11) and (11.2.12), all in different residue classes
and all # O(mod p). We may appeal to the box principle, which says that if a
finite number n of objects is placed in # boxes and no box contains two objects,
then each box contains exactly one object. For comparison of a- 1, a-2,...,
a(p — 1)mod p)and 1, 2,..., p ~ 1(mod p), the box principle shows that they
are the same residue classes in some order. This gives two valuable conse-
quences: First, for some x = 1,..., p — 1, we have

ax = l(mod p), (11.2.13)

and so in the system of residue classes modulo p, x is the inverse of a, and M4 is
satisfied. Second, on multiplying together, we have

(@ Da-2)--(ap—1)=1-2---(p - 1)}mod p), (11.2.14)
and dividing by (p — 1)!, since (p — ! # O(mod p),
a?~! = i(mod p), (11.2.15)

the celebrated theorem of Fermat. Thus, (11.2.15) is satisfied for a % O(mod p).
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If we multiply by a, we have
a® = a(mod p), (11.2.16)

satisfied by every integer a(mod p). Thus, the residues mod p form a finite field
with p elements, which we denote by J, or GF(p). (GF stands for Galois field.)

If we consider polynomials over a field F, the analog of a prime is an irre-
ducible polynomial. We say that f(x) of degree n > 1 is irreducible over F if
there do not exist two polynomials g(x) and h(x) over F, both of degree less than
nsuch that f(x) = g(x)h(x). A fundamental property of irreducible polynomials
(not proved here) is that if an irreducible f(x) divides a product A(x)B(x), then
f(x) divides A(x) or f(x) divides B(x).

Suppose that f{x} is irreducible over J . Then, for polynomials A(x) modulo

f (x)s if i
A(x) = f(x)q(x) + r(x), C(11.2.17)

we have
A(x) = r(x}(mod f(x)), (11.2.18)

and if f(x) is of degree n, we may take r(x) to be of degree at most n — 1. Hence,
modulo f(x), we have as representative of residue classes polynomials

Alx) = ag + ayx + - + a,_; x"" '(mod f(x)), (11.2.19)

where each of aq,...,a,-, may be any one of the p elements of J - Hence,
there are p" residue classes modulo f(x) over J,,.

Writing g = p", let uy =0, 4y = 1, u,,...,u,.; be representatives of the
distinct residue classes modulo f(x).Ify = u; % O(mod f(x)), consider yu,, ...,
Yitg—y(mod f(x)).

If yu; = yu(mod f{(x)), then y(u, — w,) is divisible by f(x); and by the
irreducibility of f(x) this requires y = O{mod f(x)) or 4; = w,(mod f(x)), neither
of which can hold. Hence, yu; # yu(mod f(x)) for i # k, and similarly yu, #
O(mod f(x)) for i # 0. Thus, as with the residues mod p, we may apply the box
principle and conclude that yu,,..., yu, . (mod f(x)) are the residue classes
Ugs. .. U (mod f(x)) in some order. In particular, for some u;, we have

yu; = uy = 1(mod f(x)), (11.2.20)

and here u; is an inverse of y in the residue classes; so axiom M4 holds and the
q = p" residues form a finite field, which we denote by GF(p"). As a further
consequence we have

(yulyuz) -~ (yug-1) = ugu, - - u,_ ((mod f(X)), (11.2.21)
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and dividing out u,u, - - - u,.., by the fundamental property of the irreducible
f{x), we have :

¥ 1 = {{mod f(x)), (11.2.22)

holding for any polynomial y % O(mod f(x)).
Multiplying by y, we have

y? = y(mod f(x)), (11.2.23)

holding for any polynomial y = A(x) over J ”

As an example, the polynomial f{(x) = x* + x + 1 is irreducible over J,,
since the only polynomlais of degree 1 over J, are x and x + 1, and neither of
these divides x? + x + 1. Thus, the residues 0, I, x, x + 1(mod x* + x + 1)
form a finite field GF(2?). Indeed, these residues correspond to the elements
0, 1, a, b in the example at the beginning of this section, whose addition and
multiplication are given in (11.2.1).

The fields GF(p") are indeed all the finite fields, and there is a field GF(p")
for every prime power p”. The following theorems give the main facts about

finite fields. For proof the reader again is referred to the books by Albert [2]
or Dean [1].

Theorem 11.2.1. The number of elements in a finite field is a prime power p".
For every prime power p" there is a finite field GF(p"), unique to within isomor-
phism. GF(p") may be represented as the residue classes modulo any polynomial
[f{(x) irreducible of degree n over J .

Theorem 11.2.2. The(p" — 1) elements of GF(p") different from 0 form a cyclic
group under multiplication. A generator of this multiplicative group is called a
primitive root of GF(p").

Theorem 11.2.3. The automorphisms of GF(p"} form a cyclic group of order
n generated by the automorphism o: x — x*? for every x € GF(p").

Theorem 11.2.4. The subfields of GF(p") are precisely the fields GF(p™) where
m divides n. For each m dividing n, GF(p") has a unique subfield GF{p™) consisting
of those elements satisfying zF" = z. A primitive root x of GF(p") satisfies g(x) = 0,
g(x) of degree nfm irreducible over GF(p™).

Some examples will illustrate the content of these theorems. Since 25 = 5%isa
prime power, there is a field GF(5%) with 25 elements, and it can be represented
by the residue classes modulo f(x), where f(x)is irreducible of degree 2overJs.
Two such irreducible polynomials are fi(x) = x* — 2and fy(x) = x2 + x + L.
Thus, we have two fields, F; and F,, with 25 elements. Theorem 11. 2 1 asserts
that F, and F, are isomorphic. The element y = 2x + l(mod x> +x4+1)
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satisfies

4x% + 4x + 1

fit

i

—4 + 1 = 2(mod x* + x + 1).
The mapping
ax + b(mod x* — 2) > a(2x + 1) + bimod x? + x + 1)

can be verified to be an isomorphism between F, and F,.

The polynomial f(x) = x® + x* + x* + x2 + 1 is irreducible over J,, and
so the residues A(x) mod f(x) form the field GF(2%) with 64 elements. In this field
the element x is a primitive root and the powers of x, 1, x, x2,...,x% yield the
63 nonzero elements of GF(2°). The subfields of GF(2°) are GF(2), GF(2?) and
GF(2?). The elements of GF(2) are 0, 1; the elements of GF(2?) are 0, 1, x*!, x*2
satisfying z* = z; the elements of GF(2%) are 0, 1, x°, x'8, x*7, x36, x*5, x4
satisfying z® = z. The automorphisms are a cyclic group of order 6, generated
by a: z - z2 = (z)a for every z € GF(2%). For example,

(x + x* + x)ou = x? + x* + x°
=x2+xt+ (P + x4+ + 1)
=x"+x*+x*+ L

[fwetake w = x2! = x* + x? + x + 1, wefind x* + wx? + wx + w = 0, and
the polynomial F(x) = x> + wx® + wx + wis irreducible over GF(22), whose
elements are 0, 1, w, w + 1, where w? + w + 1 = 0. We can check the irreduci-
bility of F(x) over GF(2?) by noting that if F(x) had a linear factor, it would
have to have 0, 1, wor w + 1 as a root, but this is seen not to be the case.

11.3. THE THEOREM OF SINGER

Suppose F is any field. The space of all vectors (ag,...,d,), a; € F is called
the projective geometry of dimension n over F, denoted by PG(n, F). The zero
vector 0 = (0,...,0) is the void space, and we say that the void space has
dimension — 1. A point P, of dimension 0, is the set of vectors

bx = (bXQ, ey bxn):

where x = (xg, ..., X,) # 0and b ranges over all elements of F. More generally,
if yo,..., ¥ are k + 1 independent vectors, the set of all vectors bgye + -
+ by, b; € F is a subspace S, of dimension k. A subspace of dimension (n — 1)
is called a hyperplane. Tt is not difficult to show that the points in common to
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two distinct hyperplanes form a subspace of dimension (n — 2). If(cy, ..., ¢,) #
(0,...,0), it can be shown that the set of all vectors (X, . . ., x,) satisfying

CoXo + " 4+ ¢,x, = 0 (11.3.1)

is a hyperplane, and conversely, that every hyperplane can be defined in this
way, (co,- .., ¢,) and (sc,, . . ., 5¢,), 8 # 0, defining the same plane.

If the field F is the finite field GF(p'), then writing g = p, there are g !
vectors {xo, ..., X,), x; € GF(p"). Each of the (@"*' = 1) vectors different from
0 determines a point, and since (xg,-..,x,) and (bx,, ..., bx,), b # 0, determine
the same point, there are v = "' — Vg — 1) points. In the same way,
since {(cg,...,¢,) # (0,... »0) and (scy,...,sc,), s # 0, determine the same
hyperplane, there are v hyperplanes. If y,, .. ., y, are (t + 1)independent vectors,
then boy, + -+ + byy,, b, € GF(p") gives ¢'*! different vectors. Excluding
the zero vector, we have (@' — D)flg — 1) different points in this space S,
of dimension t. Thus, a hyperplane has k = (g" — 1)/g — 1) different points

and a space §,_, has A = (@'~ 1)jg-1) points. We denote the geometry
by PG(n, p').

Theorem 11.3.1 (Theorem of Singer (1]). The hyperplanes of PG(n, p'), q = p
as blocks, points as objects, form a symmetric block design with

n+l__1 " _1 n~-1___1
v-——g-——--—m, k=1 , and A=1_ "7
q—1 g1 q-1

This design is cyclic, and the points in any hyperplane determine a (v, k, A)-difference
sel.

Proof. We note that with v, k, A as in the theorem, PG(n, p") has v points
and » hyperplanes, each hyperplane containing k points, and two distinct
hyperplanes intersect in an S 2, which has 1 points. Thus, the hyperplanes as
blocks of points form a (v, k, 2) block design. This much is easy. The main part
of the theorem is to prove that the design is cyclic.

Let x be a primitive root of the field GF(¢"*1). Then (Theorem 1124) xisa
root of a polynomial F(y) irreducible, of degree n + 1 over GF{(g). Let this be

F) =y""" 4+ ey"+- 4+ ey + ¢, ¢ € GF(g). (11.32)

Since F(x) = 0, x"*! = —¢, — C1X — *** — ¢,x". From this it follows that for
any power of x we may write

x'=ag+ayx + - +ax" a; € GF(q). (11.3.3)
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This establishes a correspondence between x' and the vector (ay, . . - , 4,) Over
GF(g). The (g"*' — 1) different powers of x correspond to the (g"*! — 1)
different vectors (ay, ..., a,) over GF(q), not the zero vector. If we write v =
(@"*' — )fig — 1), then O, 1, x°,...,xY“ 2 are the g solutions of z7 = z and
so are the subfield GF(g) of GF(g"*!'). If x* = t, then t € GF(g), and so if (11.3.3)
holds, then

XY = tgo 4+ tagx + 0+ ta,x" (11.34)

Hence, x' and x’ correspond to the same point of PG(n, q) if and only if i =
j(mod v). Thus, if a mapping o of GF(g"*!) is given by

0:0 -0, (1135)
o xb - xit1,

then from (11.3.3) and (11.3.2), the mapping of vectors over GF{g) is
a:{ao, dy,...,a,) > (—a,Co, Qg — uCyy-..y Oy — a,C,).  (11.3.6)

This mapping « from the form (11.3.6) is in fact a mapping of points onto points
and indeed of spaces §, onto spaces S,, since if u,,...,u, are independent
vectors, we find, with by, ..., b, € GF(q),

(botg + - -+ + b = bolug)o + -+ + b,(u,)e. (11.3.7)

Since x*@~1) = 1, the mapping (11.3.5) is one-to-one and so also is the corre-
sponding mapping (11.3.6). Furthermore, since x' and x*** correspond to the
same point and 1, x,...,x""! correspond to different points, the mapping « in
(11.3.6) permutes the v points in a single cycle. Moreover, since v — gk = 1,
k and v are relatively prime. Thus, if o/ takes the points of a hyperplane into
themselves, then o/ permutes these in cycles of length ¢, where ¢ divides k. But
then, since o’ = 1, ¢t must also be a divisor of v, and, since v — gk = 1, we must
have ¢t = 1 and o’ = 1. Then, because no power of « except o’ = 1 fixes a
hyperplane, « must permute the hyperplanes in a cycle of length v. This proves
that the block design B of v points in v hyperplanes, each containing k points
is a cyclic block design, and our theorem is proved.

As an example of the application of the theorem of Singer, let qg=2%n=2.
Here GF(g"" ') = GF(2°). GF(g) = GF(2?)can be taken as the field over J, with
elements 0, 1, w,w + 1, where w? + w + 1 = 0. As we noted in Section 11.2,a
primitive root x of GF(2°) satisfies the irreducible equation x> + wx? + wx
+ w = 0 over GF(2?). This gives, for 1, x, ..., x2!:

L4
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1 1,
x = X,
x: = x2,
x* =w + wx + wx?,
x* =w+l+ x + x2,
x> =w + x 4+ (w+ 1)x%
x® =1 + (w + 1)x,
xT = x + (w+ 1)x?%,
x® =1 + X,
x x + xZ,
x0=w + wx + (w+ l)xz, (11.3.8)
x't = + (w+ Dx + {(w+ 1)x7,
x1? =1 + wx2,
xB=w+1+ wx + (w + 1)x?,
x“—.—-l + wx + (w+ 1x?,
x5 =1 + (w + 1)x?,
x16 = + x?,
x17T=w +{w+ Dx + wxZ,
xB=w4+14 X,
x!9 = w4+ 1x + x2,
x20 =w + WX -+ x?,
x = w.

Since x* = x*' = w e GF(2?), the mapping x' - x'*1 permutes the points of

PG(2, 2%) in a smgle cycle of length 21. If X' = ao + a,x + a,x?, the points
(ao, a,, az) witha; = 0lieona hyperplane ( ‘hyperplane” = “line” in a plane).
If the points corresponding to x', i =0,...,20 are replaced by the residue
i(mod 21), the points with a, = 0 are

0,1, 6, 8, 18(mod 21). (11.39)

These residues form a (21, 5, 1) difference set, as may easily be shown directly,
and give a (21, 5, 1) block design, with blocks

Bi:{i,i+ 1,i+6,i+ 8, i-+ 18}(mod 21).
Similarly, x, the primitive root found for GF(2°) satisfies over GF(2),

JR)=xt+x*+x>+x*+1=0, (11.3.10)

and we have

X = p; + gix + rix? + 5x3 + 6xt 4+ uxt (11.3.11)
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The points in PG(5, 2) with u; = 0 form a hyperplane of dimension 4. From
(11.3.10) we can verify that for any n,

Uprg = Uyt -+ Uyya + Up+o + Uy, (11.3.12)
and from (11.3.11) that

Uy = U] = Uy = U3 = Uy =0, us = 1. (11.3.13)

From (11.3.12) and (11.3.13), we can calculate those subscripts i modulo 63 = v
such that u, = 0. There are k = 31 of these, and 1 = 15. Thus, a (63, 31, 15)
difference set is

0,1,2,3,4,8,9,10, 11, 13, 14, 16, 17, 18, 21, 24, 25, 27, 30,
32, 36, 41, 42, 45, 46, 47, 49, 51, 53, 54, 61(mod 63). (11.3.14)

In the application of Singer’s theorem it is sufficient to find an equation such as
(11.3.10) for a primitive root of GF(¢g"*!) and to compute the appropriate u’s
from the recurrence corresponding to (11.3.12). It is not necessary to have a
primitive root of GF(¢g"*"), but we must have an element x such that x* is the
first power of x in GF(g).

11.4. THE MULTIPLIER THEOREM

The difference set 0, 1, 3, 9(mod 13) has the property that, when multiplied
by 3, its elements are merely permuted among themselves. Multiplication of
O0+i 14+ 3+i 9+ i(mod 13) by 3 takes it into 0+ 3i, 3 + 3i, 9 + 3i,
1 + 3i(mod 13)—takes the block B; into By;, as i = 0,..., 12{mod 13)—of the
cyclic block design given in (11.1.1). This shows that the mapping x — 3x(mod 13}
of the residues modulo 13 and B; -» B;; gives an automorphism of the design.
This is, of course, an automorphism of the design in addition to the cyclic
automorphism i — i + 1, B; — B;,,, which determined the entire design from
the difference set 0, 1, 3, 9(mod 13).

Definition. Aninteger t is amultiplier of the cyclic difference set ay, ..., a;{(mod v)
if x —» xt(mod v) is an automorphism of the cyclic block design.

We note that ¢t is a multiplier if and only if x — xt maps the difference set
a,,...,a, onto another block—that is, ta,,...,tq(mod v) are a; +s,...,
a, + s(mod v) in some order for an appropriate 5. Since 1 must occur as a
difference, 1 = a; — a; and also 1 = ta, — ta(mod v), we see that necessarily
a multiplier t must be prime to the modulus v. It readily follows that the multi-
pliers must form a multiplicative group modulo v. As an example we note that 2
is a multiplier of the difference set a,, ..., a3;(mod 63) given in (11.3.14). We
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find that 2a,,...,2a;5,(mod 63) are a rearrangement of a; + 18, a, + 18,...,
as; + 18(mod 63).

R. H. Bruck [1], who extended the idea of difference set from the cyclic case
to the case of group difference sets, observed that a multiplier ¢ of a cyclic differ-
ence set is in fact an automorphism x — x#(mod v) of the underlying group
{(here the cyclic group of order v), which is also an automorphism of the block
design. In exact form, his definition of a multiplier for general groups follows.

Definition. If x — (x)8 is an automorphism of the group G, then 8 is a multiplier
of the group difference set D = {a,,...,a,} if D8 = aDb for appropriate a, b € G.

For example, with D = a, b, ¢, d, ab, cd in the Abelian group G generated by
a, b, c,d, where a*> = b? = ¢ = d* = 1, we have Dg; = D for

0i:a-bb—oac—dd-c,
0,:a-c¢,b—dc—ad-b,
0,:a—-db-occ—bd-a,
O4:a-bb—oac—-c,d—d

The knowledge of a multiplier is of great assistance in constructing difference
sets or in proving their nonexistence. It is a remarkable fact that no cydlic
difference set known does not possess some nontrivial multiplier. The following
theorem, due to Hall and Ryser [1], proves the existence of multipliers in many
cases.

Theorem 11.4.1 (multiplier theorem). If a,,...,a(mod v) are a cyclic differ-
ence set, where k(k — 1) = Mv — 1), and if p is a prime dividing n = k — 1 such
that (p, v) = 1 and p > A, then p is a multiplier of the difference set.

Proof. We consider the ring R(x, x™!) of polynomials in x and x~! with
integral coefficients. We note that in R, x' = x/(mod x° — 1) if and only if
i = j(mod v). We can associate with the difference set D: {a,, ..., @, }(mod v) the
polynomial 6(x) = x* + x°* 4+ -+ + x*. Then, since D is a difference set,
we have

0()0(x" "y = k + Ax + -+ + x*" ) mod x* — 1). (11.4.1)
The left-hand side is
k
Z x%i~ai
fj=1

and we have 0 as a difference a; — a; for k times, and every other difference as
d ¥ O(mod v) for Atimes. If wewriten =k — land T(x) =1 4+ x + -« + x*~!

?
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then {11.4.1) takes the form

0(x)0(x~ 1) = n 4+ AT(x)mod x° — 1). (11.4.2)

If ¢ is a multiplier, the fact that ta,,...,ta(modv) are a; + s,...,a + s for
an appropriate s, can be expressed in the form

f(x") = x*0(x)(mod x* — 1). (11.4.3)

Since x” — 1 = (x — 1)T(x) and p{n by our hypothesis, a consequence of
(114.2)is

6(x)6(x~ ') = O{modd p, T(x)), (11.4.4)

where A(x) = B(x)(modd p, T(x)) means A(x) — B(x) = pU(x) + T(x)V(x) for
appropriate polynomials U(x) and V(x). Multiplying (11.4.4) by §(x)? " !, we have

6(x)?8(x~ ') = O(modd p, T(x)). {11.4.5)

Since the binomial coefficients (§), i = 1,...,p — 1 are all multiples of p, we
have for any polynomials A(x), B(x),

(A(x) + B(x))? = A(x)® + B{x)’(mod p), (11.4.6)
and by repeated application of this we find
O0(x)° = 6(xF)(mod p), (114.7)
whence, substituting in (11.4.5), we have
B(x")8(x 1) = O(modd p, T(x)). (11.4.8)
This becomes modulo x* — 1:
B(x")0(x~ ') = pR(x) + A(x)T(x)mod x* — 1). (11.4.9)

Since x'T(x) = T(x)}mod x* — 1), we have A(X)T(x) = A(1)T(x}mod x* — 1),
and so

(x")0(x~ 1) = pR(x) + AT (x)}mod x* — 1). (114.10)
Putting x = 1 in (11.4.10) gives

k* = pR(1) + A(1)v. {11.4.11)
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But we have
k* =k — 1+ dv=n+ A, (11.4.12)
and since p{n, we have
A()v = Av(mod p), | (11.4.13)
and as p } v, this gives
A(l) = Mmod p), (11.4.14)
whence A(1) = 4 + pm for some integer m.
Thus, (11.4.10) becomes
B(x"0(x~ ') = pS(x) + AT(x)(mod x* — 1), (11.4.15)

where S(x) = R(x) + mT(x).
Now substituting x = 1 in (11.4.15), we have

k* = pS(1) + A, (11.4.16)

and from (11.4.12) this yields

pS(l) = n. (114.17)

In(11.4.15) replace x by x ! and note that the modulus x ™% — 1 = — x ™ %x" — 1),
where x ™" is a unit, and that T(x~!) = T{x}mod x" — 1). Then we have

O(x"P)0(x) = pS(x~ ') + AT(x)mod x* — 1). (11.4.18)
We now have four relations:
O(x)0(x~ ') = n + AT(x){mod x* — 1),
OxPY0(x~ %) = n + AT(x)(mod »* — 1),
(x?)(x" ') = pS(x) + AT(x)mod x* — 1),
Hx"P)0(x) = pS(x~ ') + AT(x)(mod x* — 1).

(11.4.19)

The first of these is (11.4.2). The second says that if as,...,q{mod v) is a differ-
ence set, so is pa,, ..., pa{mod v), since if a; — a ; = d, then pa; — pa; = pd;
also, as d runs over all residues # O(mod v) and since p is prime to v, so does pd.
From (11.4.19), the product of the left-hand sides of the first two congruences
is the same as the product of the left-hand sides of the third and fourth. Hence,
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the products of the corresponding right-hand sides are congruent and we have
{(pS(x) + AT} pS(x™ 1) + AT(x)} = (n + AT(x))*(mod x* — 1). (11.4.20)
Now, since pS(x)T(x) = pS{1)T(x) = nT(x)(mod x* — 1), {11.4.20) simplifies to

p?S(x)S(x~1) = n’(mod x* — 1). (11421
Now, for the first time, we must appeal to the condition p > 4 of our hypothesis.

In {(11.4.15) every coefficient in 6(x”}f(x~1) is a nonnegative integer, and this
property is not altered by reduction modulo x° — 1. Hence, if

Ox"0(x~Y) = ap + ax + - + @y x° " Y(mod x* — 1), (11.4.22)
we havea; > Ofori =0,...,v — 1. From {11.4.15) we have
a;=AMmodp), i=0,..,v-1
Since we have assumed p > A, this congruence requires a; 2> 4, whence
0(x")0(x~ ') — AT(x) = pS(x)(mod x* — 1) (11.4.23)
has nonnegative coefficients, and so S{x) has nonnegative coefficients. But if
S(x) = by + byx + -+ + b,_x*"Ymod x* — 1)
has more than one positive term-—say, b; > O0and b; > 0—then on the left-hand
side of (11.4.21) there is a term b;b;x'~/ with b;b; > 0 and no negative term to
cancel it, contrary to the fact that the coefficient of x' ~/ is zero on the right-hand
side. Hence, $(x) is a monomial (say wx®) and
pS(x) = pwx® = nx*(mod x* — 1), (11.4.24)

since pS(1) = n by {11.4.17).
We now substitute (11.4.24) in (11.4.15) and have

G(xP)6(x" 1) = nx® + AT(x){mod x* — 1). (11.4.25)
Let us multiply (11.4.25) by 6(x):
8(xP)0(x)9(x 1) = nx*0(x) + A0(x)T(x}mod x” — 1). (11.4.26)
From (11.4.2) and the fact that

O(x)T(x) = 0(1)T(x) = kT(x)(mod x* — 1), (11.4.27)
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we find
Hx?Yn + AT(x)) = nx*6(x) + AkT(x){méd x' — 1) (11.4.28)
and so
nb(x?) = nx*6(x)(mod x* — 1), (11.4.29)
and dividing by n,
0(x?) = x*6(x)}mod x* — 1). {11.4.30)

Comparison with (11.4.3) shows that ¢t = p is a multiplier.

The condition p > A, which we used to obtain (11.4.24) from (11.4.15) and
(11.4.21), does not appear to be necessary. For every known difference set a
prime p is a multiplier if p|n and (p, v) = 1. But we cannot conclude from
(11.4.21) by itself that S(x) is a monomial (mod x® — 1), as we see from the
following example:

(=14 2x* + 22 ~1 + 2x™° + 2x"%) = Ymod x* — 1).  (11.4.31)

11.5. DIFFERENCE SETS IN GENERAL GROUPS

Some of the theory of cyclic difference sets may be generalized to the theory of
difference sets in any finite group. Let D: aq,..., a, be a (v, k, A) difference set
in the group G of order v. Here, a particular object P has been chosen as the
base point, and additional objects are Py, g € G, with the base point P repre-
sented by the identity of G. If another point Q = Pg, is chosen as the base
point, then as Qg = Py, g, an object corresponding to g, g for the first choice of
base point corresponds to g for the second choice. Thus, in our block design,
multiplication of all group elements g on the left by a fixed element g; merely
corresponds to a change of base point. Also D: a, ..., a, is the base block of
our design and Dg,: {ai92,...,a4,9,} is another block. Hence, a change of
base point and change of the choice of base block replaces the difference set D
by g,Dg,, and we may take g, and g, to be any two elements of the group G.

In the paper already referred to, Bruck [1] observes that a multiplier of a
cyclic difference set is an automorphism of the group that is also an automor-
phism of the block design. Let a: g — g* be an automorphism of G. We say that
« is a multiplier of the difference set if there are elements g1, g2 of G such that

D* = g,Dg,. (11.5.1)

We call « a right multiplier if D* = Dg,.
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Theorem 11.5.1 (Bruck). Let K be the symmetric block design determined by the
difference set D of k elements from the group G of order v. Let N be the normalizer
of G in the group X of all automorphisms of K. Then a necessary and sufficient
condition that the mapping T of K onto itself be contained in N is that

(PX)T = Pa~'x*,  (By)T = Bby", (11.52)

with P the base point and B the base block for all x, y of G, where o is a multiplier

of D such that D* = aDb. Furthermore, N|G is isomorphic to the group of right
multipliers of D.

Proof. First suppose T to be given by (11.5.2). Then T is a one-to-one

mapping of the objects and blocks of K onto themselves. If Px is in By, then
xy~'eD, and

(@' x* K by* ) ' =a Y (xy 'Pb lea D% ! = D,

and so (Px)T is in (By)’If Hence, T is an automorphism of K. For any z in G,
let z' be defined by (z')* = z. Then

(Px)Tz = {Px2')T, (By)Tz = (Byz)T

for all x, y, z € G, showing that T is in N.

Next suppose that T is in N, and PT = Pa~!, BT = Bb. Define « by x* =
T7'xT. Then a is an automorphism of G and (11.5.2) is immediate. For each
deD, Pdisin B, and so Pa™'d* = (Pd)T is in BT = Bb, whence a~'d*b~' € D,
and D* = aDb.

Finally, since G is regular on the objects of K, the factor group N/G is iso-
morphic to the subgroup of N fixing P. Here, if PT = P, then a = 1, and for
the corresponding multiplier o, we have D* = Db. Thus, N/G is isomorphic to
the group of right multipliers.

For a study of difference sets in general groups it is convenient to use the

group ring G*(R) of the group G over a coefficient ring R, usually the ring Z of
rational integers. Here, the elements of G* are of the form

h=a;x;+ - +ayx, x; €@, a, €R. (11.5.3)
Addition in G* is given by the rule

(ayx; + - +ax)+(byx, + - +b,x)=(a; +by)x, + --- + (a, + b,)x,.

(11.5.4)
- Multiplication in G* is given by the rule

(a_IXi + 4+ agx_g)(blxl S R 2 ngg) =CiX; + -+ ng93 (11.5.5)
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where
o =) ab; foralli,j,  with X:X; = X in G. (11.5.6)
ij
It is easily verified that G* is an associative ring. If R has a unit, then G*(R)
has a unit, written as 1, which is the product of the unit of R and the unit of G.

Suppose that D is a difference set of k elements in the group G of order v. In
the group ring G*(Z), let us write

0d)=d; +dy +---+d,, D=1{d,,..., d} (11.5.7)

If t is any integer, we also write

0d)=4d\, +d5 + -+ di. (11.5.8)
Let us also write
T = Z X. (11.5.9)
xeG

In this notation the relation expressing the fact that D is a difference set over G
becomes

6(d)bd™ ")y =k — A + AT, ‘ (11.5.10)

since from the properties of the difference set, the left-hand side must yield the
identity k times and every other element of G, 4 times.

The multiplier theorem (Theorem 11.4.1) can be generalized to difference sets
in an Abelian group. We give here a more general theorem, and in the next
section a still more general theorem, whose proof depends on the theory of
algebraic numbers and group characters. Both generalizations would be trivial
if we could eliminate the condition p > 1 in the hypothesis of Theorem 11.4.1.

Theorem 11.5.2. Let D be a difference set of k elements in the Abelian group
G of order v. Let ny = p,p,--- p, be a divisor of n = k — A, where py,..., p,
are distinct primes. If (ny, v} =1, ny > A, and if t is an integer such that t =
pi(mod v} for an appropriate power pf', i = 1,...,s, then the automorphism a
of G, defined by x — x', is a multiplier of the difference set.

Proof. IfD = {d,,...,d,} are the corresponding elements of the group ring
G*(Z) of G over the integers, then because G is Abelian and the multinomial
coefficients are multiples of p, when p is a prime, we have

Ody =df + - + df + pW
= 6(d*) + pW,

(11.5.11)

where W is an element of G*(Z);

[RS——
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Moreover, since

t = pfi(mod v), i=1,...,5 (11.5.12)

we have x' = x-:?’e‘ fori =1,...,s for any x € G. (Incidentally, instead of v in

this congruence, we could use v*, the least common multiple of the orders of
elements in G.) Thus, we have

o)’ = 0" + R,
—0d) + pR,, i=1,...,s (11.5.13)
Also, from |
0d)od ") =n + AT (11.5.14)
and multiplying by &(d)?™*, where q = p{’, we have
0(d)ye(d™") = nf(d)y*"' + A0(d)y*'T. (11.5.15)

Here, since xT = T for any x € G, it follows that (d)T = kT, and so (11.5.15)
becomes ‘

0(dyod™") = nB(dy™ ' + Mk — DT + AT. {11.5.16)

Now p; divides n = k — A. If p; does not divide k, then k4~ ! — 1 is a multiple
of p;, but if p; divides k, then also p; divides 1. Hence, in either event, (11.5.16)
yields

6d)0d™") = p;V, + AT. (11.5.17)

Now, using (11.5.13) in (11.5.17), we find

(0d") + p;RYd™Y) = p;V. + AT, (11.5.18)
and so
0dYd ") =pS; + AT, i=1,...,s (11.5.19)
But here, as
Hd"6d™ ') — AT = p;S;, i=1,...,s (11.5.20)

the right-hand side must be a multiple of n; = p;p, - - - p,. Thus,

0(d)0d= 1) = n,S + AT, (11.5.21)
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If x,,...,x, are the elements of G, then the left-hand side of (11.5.21) is of the
form a;x, + - + a,x,, with the a; nonnegative integers and ) q; = k%
Comparison with the right-hand side shows that a; = Mmod n,)fori = 1,...,9,
and as n, > A, it follows that a; > A in every instance. Thus, if § = ) s;x;, we
haveny;s; =a; — 12 0,i=1,...,v. Then
Ymsi=Ya~v=k-lv=k—-A=n

Thus, the s; are nonnegative integers such that Z ngs; = n, whence

nlST = Z nls,-T = .nT (11.5.22)

By applying the automorphism x — x' of G to (11.5.14) and x — x 7" to (11.5.21),
we have

0d)0d™ ") =n+ AT and B(d(d™') = n,S* + AT, (11.5.23)
where
S* = Z spxi L. (11.5.24)

The product of the left-hand sides of {11.5.21) and (11.5.25) is the same as
that for (11.5.23) and (11.5.14). Hence, from the right-hand sides,

(1S + ATYn, S* + AT) = (n + AT). (11.5.25)
Using (11.5.22) and also

nS*T =3 ny5;T = nT, (11.5.26)

the relation (11.5.25) simplifies to

n2SS* = n. (11.5.27)

This becomes

ni Y six; Y sxi = n? (11.5.28)

Since the s; are nonnegative integers, we cannot have a nonzero term 5;5;%; x5
with I # j on the left because only the identity has a nonzero coefficient on the
right. Hence, S consists of a single term sg and n, S = n,sg = ng. The equation
(11.5.21) now takes the simpler form

0(d)0(d ") = ng + AT, (11.5.29)
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Multiplying by 6(d), we have
6(d)n + AT) = ngb(d) + A6(d)T. (11.5.30)
But 8(d)T = 6(d)T = kT, and so
nf(d") = ngf(d) (11.5.31)
or dividing by n,
0(d") = g6(d). (11.5.32)

But this is the statement that the automorphism x — x' of G is a multiplier of
the difference set, and our theorem is proved.

In the construction of a difference set it is convenient to construct a block
fixed by multipliers if we can be sure that such a block exists.

Theorem 11.5.3. Let D = {d,,...,d;} be a difference set in the Abelian group
G of order v. Let x — x* be a multiplier of the design D(v, k, ) determined by
the difference set. Then there is a block fixed by the multiplier. If v and k are
relatively prime, there is a block fixed by every multiplier.

Proof. The first part of this theorem is due to H. Mann, the second to
J. Jans, both parts having been communicated verbaily to the author.

Let A = [a;;] be the incidence matrix of the block design D(v, k, A) deter-
mined by D. Then the multiplier x — x* permutes the elements of G. If the
elements of G written additively are g, = 0, g3, ..., 4,, write P = [p,;], where

p,e = 1if g* = g,, and p,; = O otherwise. Similarly, if B,, ..., B, are the blocks
of D(v, k, A) then x — x* permutes the B’s, and we write Q = [g,,,], where
Gmn =1 if B: = B, and g,,, = 0 otherwise. Then the assertion that x - x*
induces an automorphism of D(v, k, 1) is expressed by writing

P 1AQ = A. (11.5.33)
Here, since A is nonsingular, we have
g =A""'PA (11.5.34)
Hence, for the traces of P and @, we have
trace Q = frace P (11.5.35)
But since g* = 0° = 0 = g,, we have p,, = 1 and trace P > 0. But by (11.5.35),

trace @ > 0 and trace Q is the number of blocks fixed by the multiplier a. This
part is due to Henry Mann and is similar to an argument of E. Parker [ 1].
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In the block B; = {d, + g;, d; + gi>-..,dx + ¢gi}, the sum of the elements
is (d, +d; + -+ + d) + kg;. Hence, if (v, k) = 1, there is exactly one choice
of g; so that this sum is the zero element of G. Clearly, this block is fixed by
every multiplier of D(v, k, A).

11.6. SOME FAMILIES OF DIFFERENCE SETS
There are several known families of difference sets. We shall first list these
with a brief description and then give further details later. These are considered

in Marshall Hall, Jr. [1].

Type 8. (Singer difference sets). These are hyperplanes in PG(n, q), g = p'.
The parameters are

Umqu+l“1 k=qn_1 quml___l
q—-1"~ '

The existence and construction of these sets were given in Theorem 11.3.1 and
its proof.

Type Q. ({(quadratic residues in GF(p"), p” = 3(mod 4)).
v=p =4t — 1, k=2t~ 1, A=1t-—1.

TypeHs. (pisaprimeoftheformp = 4x? + 27). There will exist a primitive
root r modulo p such that Ind,(3) = 1(mod 6). The residues a,,...,d(,- 1)2(mod p)
such that Ind,{q;) = 0, 1, or 3(mod 6) will form a difference set with

v=p=4 -1, k=2t—-1, A=1~-1.

Note that type Hg always duplicates the parameters of a difference set of type Q.

Type T. (twin primes). Suppose that p and g = p + 2 are both primes.
Of the (p — 1)(g — 1) residues modulo pg prime to pq, let a,...,a,, m=
{p — 1)Xg — 1)/2 be those for which (a;/p) = (a;/g), and also let a4 1,-.., G+,
be 0, q,2q,...,(p — )g. Here, m + p = (pg — 1)/2 = k. Then a,,...,a, form
a difference set modulo v,v = pq. Here the parametersarev = pg, k = (pg—1)/2,
A = (pq — 3)/4. Necessarily, pg = —1(mod 4), and we have v =4t ~ 1, k =
2t — 1, A =t — 1. This also holds for GF(p’) and GF(q°) if ¢° = p" + 2. The
three types, Q, Hg, and T, are difference sets of the Hadamard type, since any
symmetric design with parameters v =4t — 1, k=2t — 1, A =t — 1 corre-
sponds to a Hadamard matrix of order 4t. Hadamard matrices will be discussed
in Chapter 14.
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Type B. (biquadratic residues of primes p = 4x? + 1, x (_)dd). Here,

v=p=4x*+1, k=x* A=

Type B,. (biquadratic residues and zero modulo primes p = 4x? + 9, x
odd). Here v = 4x? + 9,k = x* + 3,1 = (x* + 3)/4.

Type O. (octic residues of primes p = 8a% + 1 = 64b* + 9 with a, b odd).
Herev = p,k = a, A = b2

Type Q4. (octic residues and zero for primes p = 8a® + 49 = 64b* + 441,
aodd, beven). Here v = p, k = a* + 6,1 = b* + 7.

Type W,. (ageneralization of type T developed by Whiteman [ 1], but which
uses biquadratic rather than quadratic residues). Here p and g are two primes
such that (p — 1,q — 1) = 4, and we write d = (p — 1)(g — 1)/4. We take g as
an appropriate number, which is a primitive root of both p and g. The difference
set consists of 1, ¢, ¢%,...,9°° 41, 0, ¢, 2g,...,(p — 1)g modulo pq, where v =
pg, k = (v — 1)/4, A = (v — 5)/16. We must have ¢ = 3p + 2 and also (v — 1)/4,
an odd square.

Note that if a,,..., a; are a set of residues forming a difference set modulo
an odd v, then —a,,..., —a, cannot be the same set, for if this were so, then-
d = a; — a; = (—a;) ~ (—a;) modulo v, and a difference d not of the form 2g,
occurs an even number of times and a difference of the form 24; occurs an odd
number of times. As a consequence of this observation (if p is an odd prime,
p = ef + 1), a set of residues modulo p forming a difference set that has the
eth power residues as multipliers fixing the set can exist only if f is odd. For
a = b%(mod p) if and only if @/ = b*f = b?~! = I(mod p) and if f is even,
(=1 = I(mod p) and —1 is an eth power residue, and would be a multiplier
fixing the set, which we have shown to be impossible.

Ifa: g — g* = g* is an automorphism of a group G, the mapping is one-to-
oneandsoa”':g* — g = g**~!is also one-to-one and an automorphism. Also,
given two automorphisms a,: g —= g*'; o,: g — g*2, the product o0, is g —
(g*)** = ¢g**“? and is also an automorphism. Thus, automorphisms of a group G
themselves form a group A(G). We may combine the group G and its auto-

morphisms A(G) into a larger group, called the holomorph of G and written
H(G). To do this, we use the rule

(ay, g1 X2, g2) = (o405, 65%92) (11.6.1)

for Oy, 0 € A(G); g1-92€ G.

It is easily verified that the pairs {a, g) form a group H(G) under the product
rule (11.6.1). Here, (o, )™ ! = (¢, g7 ). In H(G), if a; = 1 is the identity
automorphism, then (1, g,)(1, g,) = (1, g, ¢g,), and so the elements (1, g) of H(G)
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form a subgroup G isomorphic to G. In fact G is normal in H(G), as is easily
checked, and H(G)/G is isomorphic to A(G). Also, in H(G) the automorphism
« is induced in G by conjugation by (¢, 1); thus,

@, 1)1, g)e, 1) = (@7, g)las, 1) = (1, ). (11.6.2)

Both rules (11.6.1) and (11.6.2) apply if the «’s form some group M of auto-
morphisms of G where M is any subgroup of A(G). Let us denote the group by
M(G) in this case. Of particular interest to us here is the case in which G is an
Abelian group of order v and M is a group of multipliers that, by Theorem 11.5.3
or by some other reason, is known to fix a block of a difference set. For example,
fo=43, k=21,A=10,thenn=k—- A =111is a multiplier by Theorem
11.4.1, and so (v, k) = L. It follows by Theorem 11.5.3 that there is a block
fixed by all multipliers and in particular by all powers of the automorphism
o: x — 11x(mod 43). Here the classes of conjugate elements of G, conjugate by
the rule (11.6.2), under powers of the automorphism « are listed.

We write z for the residue 0(mod 43):

Z z

1, 11, 35 41, 21, 16, 4
.Cyr 3, 33, 19, 37, 20, 5, 12
9, 13, 14, 25, 17, 15, 36
Cy: 27, 39, 42, 32, 8, 2 22
C,: 38, 31, 40, 10, 24, 6, 23
Cs: 28, 7, 34, 30, 29, 18, 26

(11.6.3)

Here, if we write G in multiplicative form, the elements are z = 1, b = b,
b?%,...,b*% b*3 = 1, and the numbers in (11.6.3) are exponents of b. In the
notation of (11.5.7) if there is a difference set D = {d,, ..., d,,}, then 6(d'?) =
6(d) = d; + --- + d,,. Hence 0(d) is a sum of classes. Also, in the notation of
(11.5.10), 6(d™") is a sum of classes. Thus, from the basic equation (11.5.10),

6(d)0(dY) = n + AT (11.6.4)

involves multiplication of classes. Here, since the class z has only a single element
and the classes C,, ..., Cs each have seven elements, it is clear that 0(d) is the
sum of three of the six classes C,,, ..., C.

In general, suppose that G is Abelian and that D = {dy,....d,}, 0(d) =
dy+-+d. o, =1, 0a,,...,a form a group M of multipliers fixing the
difference set D, then 8(d*) = d§ + --- + d¢ = 0(d)=d, + --- + d, for each
@ = ®,...,0. In this case, 6(d) is a sum of classes of conjugate elements of
G in M(G). Similarly, 6(d™") is the sum of the classes inverse to those of é(d).
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Thus, if we know the table for multiplication of classes of G in M(G), this is
sufficient for the evaluation of 8(d)@(d~!) and is all that we need know to see
whether or not the basic equation (11.6.4) is satisfied.

Inany group Glet K, K,, ..., K, be the classes of elements, and in the group
ring G(Z) let us write

Ci = Zx, XEK;, i = i,...,'r. (11.6.5)
Then it is true that there are nonnegative integers ¢; i With

C,CJ = Z C,-jkck, i,] = 1,...,"', (11.6.6)
1=k '

for in C;C; in G(Z), we need only verify that conjugate elements of G appear

equally often. For the classes of (11.6.3) we have the multiplication rules given
in (11.6.7):

Zci=C£2:Cg, i=0,...,5,

Ci = 2C, + 2C, + 3C,,
CoC, =CiCo= 2Co+ C, + C, +2C, + Cs,
CoC, =CyCo= Co+ Cy+2C, + C, + 2Cq, aLe 7)
CoCs=C3Co =7z +2C, + C, +2C, + C,
CoCs = CyCo = 2C, + C,4+2C;+ C,+ Cs,
CoCs =CsCo= Co+ C;  +2C3+ C4+ 2Cs.

In addition, since 3isa primitive root modulo 43, the map fi: x - 3x(mod 43)
is an automorphism of G, and indeed B3® = a. Thus, {&, G} = M(G) is a sub-
group of {B, G} = H(G), and in fact [H(G): M(G)] = 6. Here, B induces an
automorphism of order 6 on M(G) in which Ci—=Ciyy,i=0,...,5mod 6).
Thus, from (11.6.7) we may deduce the entire multiplication table for the C’s.
We may also describe C; as containing those residues modulo 43 whose indices
are congruent to i(mod 6). Here, since —1 = 42 belongs to C;, we have C; and
Ci.+3 as inverse classes in every case. Since 6(d) is the sum of three C’s, if no two
C’s are consecutive, we take 6(d) = Co + C, + C,4, and then the difference set
consists of the quadratic residues modulo 43. If two C’s are consecutive, we

take these two to be C,, C,. We find, with T =24+ Cy+ C, + C,+C,
+ Cy + Cq,

6(d) = Cy + C, + C,,
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We also find, and here the calculations are given in full in {11.6.9), that

G(d) = Cg + Cl + C3,
8(d)B(d™"') = (Co + C; + C3)(C5 + C4 + Co),

CoCs = 7z 4+2C, + C, 4+2C, + Cs,
CoCy = 2C, + C,+2C3+ C,+ Cs,
Ci = + 2C, + 2C, + 3C,,
C,C; = 2C, + Cy+ C, +2C, + Cs,
CiCi=Tz+ C, + 2C, + C,4 + 2Cs, (11.6.9)
C,Co = 26, + C, + G, +2C, + Cs,
C? = 3C, + 2C, + 2C,,
CyC, = + Ci+ C,+2C;+ C,+ Cs,
C3Cy = Tz +2C, + €, + C,+ Cs,

and

0(d)o(d™ ") = 21z + 10C, + 10C, + 10C, + 10C; + 10C, + 10C5
‘ = 11 + 10T

Thus, for v = 43, k = 21, X = 10, we have found that there are, up to equiv-
alence, the two difference sets determined by (11.6.8) and (11.6.9), the first being

of the type we have labeled Q, the second of type Hy. There are no others.
Most of the types listed above can be classified as residue difference sets. Here
v = pisa prime, G is the cyclic group of order p, and the group M of multipliers
is the cyclic group of order f, wherep =ef + 1, M consisting of the multiplica-
tive group of eth power residues modulo p. This may be generalized so that G
is the additive group of order p* = g in the field GF(p") and M is the multiplica-
tive group of eth powers in GF(p’), where g = ef + 1. As we observed pre-
viously we cannot have f even for v odd, since this would make —1 a multiplier.
Hence, we need consider only cases with e even (except for the possibility g = 27)
Here, M(G) is the group of mappings of GF(g) into itself:

'

X = ¢°x + d, c+#0, ¢, d € GF(g), (11.6.10)
where g = 1 + ¢f. G is the additive group:
Ab): x = x + b, (11.6.11)

and the group M of multipliers is

M(c): x - c*x, ¢ 40 (11.6.12)
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We easily verify that
M(c®)" ' A(b)M(c°) = A(c®D). (11.6.13)
There is a correspondence, determined by (11.6.11),
b= Ab):x—»x+b, beGF(qg), {11.6.14)
such that
A(b)A(b,) = A(by + by), (11.6.15)

and when there is no ambiguity, we shall identify the elements b and A(b). From
(11.6.13) we see that b and ¢®b are conjugate in M(G). Let g be a primitive root
of GF(g). Then, from (11.6.13), g* and g° are conjugate in M(G) il and only if
there is a ¢ such that g* = g°c%, and if ¢ = g/, then g* = ¢°¢’ = g° " or, other-
wise expressed, if and only if u = v(mod e), since e is a divisor of g — 1, the
order of g. '

The conjugate classes of G in M(G) are therefore the zero element, which we
write as z, and the classes K; of the elements g* with u = i modulo e, for i =
0,1,...,e — 1. We write this at length as

z; K;:g% u = i{mod e), i=0,...,e — 1. (11.6.16}
Now M(G) is a normal subgroup of L(G), the full group of linear transformations
x — mx + b, m # 0, b e GF{q). ' {11.6.17)
In L(G) the multiplication by the primitive root g is
alg): x — gx. (11.6.18)

Now we find that |
ofg)” ' Alg“)elg) = Alg"" ). - (11.6.19)

Thus, a = afg) induces an automorphism in M(G) such that
a 'K = Kiyy, i=0,...,e -1, K,=K,. (11.6.20)
We now turn our attentions to the group ring M(Z) of M{G) over the integers
Z. Here, z is the identity of M(G), which is of course the zero element of G if

G is written additively. Then in M(Z) let us represent the elements as z, x,,
Xys...5X,-2, Where x; is given by

x; = Alg’). (11.6.21)
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Let us also write
C: =) x xekK;, i=0,...,e—1. {11.6.22)
The class sums C; and z form the basis for a subring of M(Z) and we have

e=1
ClCJ = a,-_,-z + Z ngkck, i,j = 0, Y 1, (11.623)
k

=0

where the a;;and ¢ are nonnegative integers. Here, a;;is the number of solutions
of

g +g°=z=0, u=i, v=jmode), (11.6.24)

and ¢;; is the number of solutions of
g“+9¢"=¢g" u=i  v=jmode)wfixed, w= kimod e). (11.6.25)

The relations (11.6.24) and (11.6.25) are a consequence of the fact that in any
finite group, the equation ab = ¢, a e K;, b € K;, c € K, the K’s being"classes
of conjugate elements, holds under conjugation by an arbitrary element x,
whence (x'ax)(x™*bx) = x~lex. Hence, for fixed ¢ and x~cx, ab = ¢ and
a'b’ = x™'cx have the same number of solutions with a, @’ € K;,b,b'eK;. The
same is true, of course, if we fix i or j in (11.6.25).

Since —1 = g9~ "2, we can easily find the value of a;;, the number of solu-
tions of (11.6.24). We observe that as g — 1 = ¢f] it follows that —1 € Koif fis
evenand —1 e K, if f is odd. Here,

gv = ---g" o g“+q(q_1”2

in (11.6.24), and so q;; = f if f is even

s if f is odd
Bhiterz = {0 otherwise - (11.6.26)
If we multiply (11.6.25) by g~*, we have
1 +g""" =g (11.6.27)

Or

L+¢"=¢", v=j—i w=k- i(mode) (11.6.28)

Aseachclass K;, i =0,...,e — 1 has j elements, this yields the basic relation

Cijx = Co,j—ig—i- (11.6.29)
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In the theory of cyclotomy the number of solutions of

i, t = j(mod €)

Hl

1+g°=4d, s
is denoted by (i, j) and so we have
iL,j) = Co,i,j = Cs,i+s j+s
Multiplying (11.6.30) by g“f gives
g +1=g"" -5 = —I, t —s=j— i{mod e),
and transposing,

gS - _1 + gi’
whence

gs+(q—l}!2 =1+ gH-(q--l)IZ'
Here, (11.6.32) and (11.6.34) give the rules

(i, ), f even

U, ) = e e
(1+-2—, j+~2~), f odd.

Counting elements on both sides of (11.6.23),
e—1
fP=a;+ [ X
‘ k=0

We may rewrite (11.6.26) in the form

for which

ng = 1, [ even,
nef2 = 1, f odd,

n; =0, otherwise.

77

(11.6.30)

(11.631)

(11.6.32)

(11.6.33)

(11.6.34)

(11.6.35)

(11.6.36)

(11.6.37)
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With this notation, (11.6.36) gives

e—1
S G k=f-n, j=0,..,e—1L (11.6.38)
k=0 ‘

The relations (11.6.35) and (11.6.38) are sufficient to determine the (i, j) when
e =2

Casee =2, f odd. Wefind

0,0+ (1) =
(LO)+ (1, )= f — 1, (11.6.39)
0,00 =(1, 1) = (1, 0).

Hence,

&mmmn=uﬂ=i§i, @”:L%i_ (11.6.40)

This yields the difference sets of type Q, for here, in the notation of (11.5.14), we

have 6(d) = C,, thesquaresin GF(g)(mod p the quadratic residues)and (d~ ') =
C,. But (11.6.39) and (11.6.40) give

OO~ Y) = CoCy = fz +

— 1
f2 (Co + Cy)

f+1 -1
- T
7 T

= (k — A)z + AT, (11.6.41)
wherev=q=4t -1, k=2t - 1,A=1t- 1.

Casee = 2, feven. We find

©0,0+©0,1)=f -1,
(LO+ (1, )= (11.6.42)
(L)=(,0=01).

Hence,

(L, 1)=(Q,0) = (0, l)m{-, !

©.0=3-1 (11.6.43)
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This case does not yield any difference sets.

Case e = 3. Writing (i, j) in row i and column j, we have

0,00, 1), 2)
(0, 1)(0,2) (1, 2). | (11.6.44)
0,2){1,2)(0,1)

This array expresses the equalities

a =(0,0),
b=(01)=(10)=1(2,2),
c=1(0,2)=(2,0)=(1,1),
d=(1,2)=(2,1).

(11.6.45)

When e = 3, q = 3f + 1, and so (j, i) = (i, j) for f even. But if f is odd, then
q = 2%°; then —1 and +1 are the same and (11.6.30) still gives {j, i) = (i, j).
The array (11.6.44) expresses the multiplication table of the classes in G:

C3 = fz + aCy + bC, + ¢C,,
CQCI = bCo + CC’. + dCz, (11‘646)
CoCz = CCO + dC,-i— bCz.

From (11.6.38) we obtain the linear relations

at+b+c=f-—1,

(11.6.47)
b+c+d=f

From (11.6.31) we note that all products C;C; are determined; for example,

C,C, = dCy + bC; + ¢C,. From the associative law, (C,C)C, = Co(C,C;),
we find

dfz + (be + cd + bd)Cq + (bd + be + cd)C,
+ (b* + ¢ + ad)C,
=dfz + (ad + b* + ¢*)Cy + (bd + bc + cd)C,
+ (cd + bd + bc)C,. (11.6.48)

On equating coefficients we have

ad + b* + ¢® = bc + cd + bd,
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into whichweputd=a+1,c=f~1—4q-b from (11.6.46) to obtain
3a® + 3ab + 36 — 3f — S)a~ (3f — 3)b = ~f% +3f - 2. (11.6.49)
Multiplying this by 36 and combining gives
Qa-3f+7V+2Uf —1—-a—-20>=12f +4 = 4q. (11.6.50)

Thus, the numbers of (11.6.44) are determined by a solution of the Diophantine
equation

I? + 27TM? = 44, (11.6.51)

where the sign of L is determined by L = 1(mod 3). The sign of M will depend
on the choice of primitive root. We find
96 =9(0,0) =g -8 + L,
18b = 18(0,1) =29 — 4 — L — 9M,
18¢=18(0,2) =29 — 4 — L + 9M,
99 =9(1,2)=q +1+ L.

(11:6.52)

For a difference set here, we must have k = (g — 1)/3,and @ = b = ¢ in the
first equation (11.6.46). But this yields M =0, L = 4,q = 4 = p and, trivially,
k=1.

With g = p a prime, it is known that (11.6.51) determines L and M uniquely
apart from sign. If ¢ = p", p = 2(mod 3), then r must be even, r = 2s, and we
must have M = 0 and L = +2¢° in (11.6.51). If g=p,p=Hmod3), r>1,
the solution of (11.6.51) is not unique. In this case it is not clear which solution
of (11.6.51) should be used in (11.6.52), but a little calculation seems to indicate
that if 4p = u® + 27v? is the unique solution for p, then for q = p' the appro-
priate solution is given by

L+MJ/-27 (u + o/~ 7)'

2 2
This solution is characterized by the property that L and M are not multiples of

p- This has recently been shown to be true by the author [2], relying on results
of Mitchell [1].

The relation
Cé=fe+ aCo + bCy + cC, (11.6.53)
gives the number of solutions of

xX+ty=t, x,yeK,, ¢ €K;, ¢t fixed. (11.6.54)

R R L]
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Here, if (x, y) is a solution, then (y, x) is a solution, and the solutions occur in
pairs except when y = x and 2x = t;, in which case 2 € K,. Thus,2eKyifais
odd, 2 € K, if b is odd and 2 ¢ K, if ¢ is odd.

Similarly,

Co=afz + (@ +b* + ¢ + f)Co + (ab + bc + cd)C; + (ac + bd + be)C,
- (11.6.55)

gives the number of solutions of
x+y+z=1t, x,y,z€K,, t;€K; tfixed. {11.6.56)

Permuting x, y, z in (11.6.56), we have six solutions if all three of x, y, z are
different, three solutions if two are equal and the third different, and one solution
if x = y = z, in which case 3x = ¢; and 3 € K,. Thus, the coefficient of C; on
the right-hand side of (11.6.55) is congruent to 1 modulo 3 if and only if 3 € K.
We calculate, noting that 4qg = L2 + 27M?,

2 7--—-
Ag=a + b+ + f =1 +3g+ 15 4L.

27
2 _ 12 + L+ 27M
Ay=ab+be+cd="9—1% +5142 ro LIV (116.57)
z — — s
Azmac+bd+b0m2q 12q+513+L 27M.

To find the 4; modulo 3, we must know the values of the numerators on the
nght modulo 81. Now A; = 164 (mod 3). Here use 4g = L? + 27M? and, as
= I{mod 3}, put L = 1 + 3t. Then modulo 3,

(L2 + 2IM?)? + 12(12 + 27M?) + 240 — 64L

Ay, = 164, =
_ L* + 1212 — 64L + 240 + 5412M?
- 27
27 - 108(t — t3) — 27M?
- 27
=1—{t— ) - M*¥mod 3). {11.6.58)

But ¢ — 3 = O(mod 3) for any integer ¢, and so

Ay = 1 — M*¥mod 3). (11.6.59)
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This gives 4y = 1{mod 3) if M = O{mod 3); otherwise, A, = O{mod 3). Thus,
3 is a cubic residue if and only if M = O(mod 3). Similarly, modulo 3,

L' — 241* + 8L + 96 + S4L*M?* + 216M
27

H

A, =164, =

= —t+82-M-M
= —~M? —~ M(mod 3). (11.6.60)

Hence, if M = 0 or 2(mod 3), 4, = 0(mod 3),and if M = I{mod 3), 4, = 1{mod 3).
Hence, 3 € K, if and only if M = 1{mod 3}. Similarly,

A, = —M? + M(mod 3),

and 3 e K, if and only if M = 2(mod 3).
We combine these results on the cubic character of 2 and 3 in:

Theorem 11.6.1. Let g = p" = l{mod 3), p a prime. Let g be a primitive root
inGF(q),4q = ? + 2TM?, with L = 1{mod 3) and M satisfying relations{11.6.52).
Let g" =2, g" = 3. Then m = O(mod 3) if L = O{mod 2), m = I(mod 3) if
L +9M = 0(mod4),m = 2(mod 3)if L — 9IM = O{mod 4). Also, ' = M(mod 3).

We used the associativity of multiplication in the group ring G(Z) to obtain
relations on the cyclotomic coefficients (i, j) in the equation {11.6.48). There is
another, somewhat more arithmetical approach based on the group ring G({},
where { is a primitive root of x?~! = 1. In G({) the group elements are z, the
zero element, and Xx,,..., x5, with x; = A(g) as in (11.6.21), and the co-
efficients are the ring of polynomials in { over the integers.

In G()

XX ;= Alg' + ¢'77) = Alg'1 + ¢')).

Here, if j=(g—1)/2, 1+ ¢g/=1-1=0 in GF(g), and so x,x,4; = z. If
j# (g — 1)/2, then 1 + g/ = g° for an appropriate s, and so

XeXeaj = Ag'g’) = A(g'™°) = X4
Writing T = z + x¢ + x; 4+~ + X,-,, we have

a-2 _
z={q— 1)z ifj=(—1——2—1
-0 (11.6.61)

q9-2 .

Z x‘x‘+j= q 2 q 1

1=0 . —
Xeos=T — 2 il j # ———.

1= 2
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Let « # 1 be a root of x1~! = 1. We define the function F(x) by the rule

q-2 _
Fl@)= ) o*x. (11.6.62)
k=0
We now find
q—2 g—2
F@F@ Y=Y ax ), o 'x, -{11.6.63)
k=0 =0
and putting k — t = j,
9-2 q-2
Fl)Fa™ Y=Y of Y XX4j. (11.6.64)
j=0 =0

Using (11.6.61), this becomes

FFa ) =a"""g - 1)z+ )Y (T - 2. (11.6.65)
‘ J#(g-1)2

But since
g2
2, ol =0,
j=0

this simplifies, and we have

Flo)F(x™ ") = o4~ W%(g — 1)z — o™ VYT - 2)
= = W2(g; _ 7). (11.6.66)

With g = 1 + ef] the classes of eth power residues are, by (11.6.22), such that

Ci=Yx, Jj=imode). (11.6.67)
J

Hence, if =1, as " = f° if r = s(mod ¢), then with C; determined by
(11.6.22),

g—-2 e—1 e~1
FB =Y Bx=YF Y x=13 fc. (11.6.68)
k=0 i=0 i=0

j=i{mode)

Now let § be a primitive eth root of unity and m, n be integers m # O{mod e),
n # O(mod e). We also assume m + n # O(mod ¢). Then

e—1e—1

F(BMF(p") = ), ) B™B"C.C; (11.6.69)

t=0 j=0
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“and, putting ¢ = j + k,

e—1 e—1
FUIFE) = X 6™ 3 pm*0c,c),

e—1 e-1 e—1
=Y gy Brtiip fz 4+ 3 (&, MCiys, (11.6.70)
i h=0

k=0 Ji=0

using the multiplication rules (11.6.23) and (11.6.31), and (11.6.37). As we have
assumed that m + n # O(mod ), we have

e~1
> Bmteig £z =, (11.6.71)
Jj=0
Hence, (11.6.70) becomes
e—1 e~1 e—1
F(B™)F(B") = Z E ﬂnkﬂ—(m+n}h(k’ h) Z ﬂ(m+n)(]+mcj+h. (11.6.72)
k=0 h=0 j=c
If we define the function R(m, n)—which is an algebraic integer in K(B)—by
e—1 e—1
Rimn)= 3 3 Brp=tm+mng p) (11.6.73)
k=0 h=0
then (11.6.72) becomes
F(B™)F(B") = R(m, n)F(gr+m), (11.6.74)
The excluded value m + n = 0(mod e) corresponds to m = —n, and for this we

may evaluate F(S™)F(f~™) from (11.6.66).
Let us state the main results as

Theorem 11.6.2. Let G be the additive group A(q) of GF(g), q = p" with z the
zero element and other -elements X05--.,Xg-2, Where x; = A(g'), g a primitive
root in GF(q). If o + 1 is q root of X171 = 1, let us put

g2
1. Fle)= Y a*x,.
k=0

Ifwewrite T = z + Xo + X + 0 4 x,_,, then
2. Fla)Fa™") = ola~W2g, _ ),

If B is a primitive solution of x* =1 and m % O(mod €), where g = 1 + ef, then
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e—1
3. Figm = ¥ pmc,
i=o
where C; is the class of (1 1.6.22). If we define R(m, n) by
e—1 g~1
4. Rm,n)= 3 Y preg=tmtamg py
k=0 h=0
whenm, n,m + n # O(mod e), then
5. F(B™)F(B") = R(m, n)F(™*").
Also we have

6. R(m, n)R(—m, —n) = q.

Proof.  All parts of the theorem except property 6 have already been proved.
In property 5, replace m and n by —m and —n. This gives

F(B™™F(8™™ = R(—m, —mF(f~m™" (11.6.75)

Muitiplying this by property 5, and noting that the ring G({) is commutétive,
we find

F(B™)F(B™™F(B"F(B~") = R(m, MR(—m, —~m)F(B*mF(g=—m-m, (11.6.76)
Now apply property 2 with ¢ = B™, B", and B™*". This yields

B Dgz — T )3z _ )
=ROm, MR(=m, —m)fm+ia=izg, _ 7y (1 679)

Here, as

9z ~ T)? = g%2% = 2q2T + T*
=q%z — 29T + qT
= g(gz — T), (11.6.78)

from (11.6.77), and comparing coefficients, we find

R{m, n)R(—m, —n) = qg. (11.6.79)

Theorem 11.6.3. If q = p' is odd and if ' m is determined by g™ = 2, then with
aF Lot =1

F(=1)F(@®) = oa®Fa)F(—q),
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Proof. Following Dickson [1], we show that 2™+ has, for every i = 0, .
q — 2, the same coefficient on the left and the right of the equation

ey

F(—1)F(a?) = a®F(a)F(—a). (11.6.80)

On the right-hand side the coefficient of a2+ js

J

Y (—1)xx, . (11.6.81)

Here, if i is odd, the terms with j=J and j=i— J yield (— 1Y x,%;-
+{~1¥"?x;_;x; = 0, and the sum is zero. Thus, if i is odd, the coefficient of
a®™*% on the right is zero. Clearly, the left-hand side yields only even powers
of a. Now suppose i even, i = 2t. In F(«?), both Xty A0 X444 1y2 have
a®* 2 as their coefficient, and so the coefficient of a2 *i = g2m+2¢ g

F(—1)(Xm+s + Xt r4q—1y2)- (11.6.82)
But here
Xm+s = Alg™") = A(2g"),
Xm+t+ig~1)2 = A(—24").

Hence,

g2
F(-1)= ¥ (~1fx,

and (11.6.82) becomes

q~2
2 (DA + 24) + Alg* - 29Y), (11.6.83)

and for i = 2, (11.6.81) becomes

q—2

Y. (—1YA(g' + g»i), (11.6.84)

i=0

We now show that for any ¢, A(c) occurs with the same coefficient in (11.6.83)
and (11.6.84). If ¢ = +2g', we have ¢/ = ¢’ in (11.6.84), g* = 44" in the second
sum of (11.6.83), and no g* in the first sum. Here, k and j have the same parity.
Iic = —2¢', wehaveg’ = —g'in(11.6.84), g* = —4g" in the first sum of (11.6.83),
and j and k have the same parity. If ¢ ++ +24' is a value with ¢ = g +g¥,
then there are two terms in (11.6.84) with j = J and j = 2t — J, both of the
same parity, and we note that
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2 —4g% = (g’ — g* ') = w?

is a nonzero square. Here, g* = g~’(g’ — ¢")? gives cin thefirst term of (11.6.83)

and ¢* = g7’(g’ + ¢')* gives ¢ in the second sum, both K's with the same
parity as J. If ¢ is not a value taken on in (11.6.84), then ¢* ~ 4g% is not a square,

and then for g + 2¢' = ¢ and g** — 2¢' = c in the first and second sums of
(11.6.83), we have

ghitke = 2 — 492:,

and so k, and k, are of opposite parity and the two terms cancel. Thus, for every

power of a, the left- and right-hand sides of (11.6.80) have the same coefficient,
and the identity is proved.

Casee = 4. Here = iand

+ (2, 3) + 2i((1,0) — (1, 1) + (1, 2) — (1, 3)). (11.6.85)
Subcase e = 4, f even. The table for (i, j) is, with (i, j) in the ith row and
jthcolumn, i,j=0,1,2,3:
0,00 0,1) (0,2 (0,3)
(0,1 03 (12 12
0,2 (1,2) 02 (1,2
03 (1L,2) (L2 O

(11.6.86)

The linear relations (11.6.38) become
O, 1+(0,3)+2,2) =/ (11.6.87)
0,2) +(1,2) =

3

(ST R

and we find, substituting in (11.6.85),

R(1,1) = —x + 2iy,
x=2+1-8(1,2), (11.6.88)

Thus, from (11.6.79),

g = x* + 4y%, (11.6.89)
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with the sign of x chosen so that x = 1(mod 4). This, with (11.6.81), yields

16(0,0) = g — 11 — 6x,
16(0,1) = q — 3 + 2x + 8y,
16(0,2) =g — 3 + 2x,
16(0,3) = g — 3 + 2x — By,
16(1,2) =q + 1 — 2x.

Subcase e = 4, fodd. The table reads

0,00 (0,1) (0,2) (0,3)
1,0y (1,O) (0,3) (O, 1)
0,00 (1,0) (0,0) (1,0)
1,0 ©3) 01 L0

and the linear relations are

©0O+01N+02+03)=7f
21,00+ 0,3)+©0,1)=f

(0,0) + (1,0) = 1-'2-'-1

Here,
R(1,1) = —x + 2iy,
x=2f —1-8(,0)
y=10,3)-(0,1),
and, by (11.6.79),

q = x>+ 4y’
with the sign of x chosen so that x = 1{mod 4), and we find

16(0,0) =q — 7 + 2x,
16(0,1) =q + 1 + 2x — 8y,
16(0,2) =g + 1 — 6x,
16(0,3) =g + 1 + 2x + 8y,
16(1,0) = q — 3 — 2x.

(11.6.90)

(11.691)

- (11.6.92)

(11.6.93)

(11.6.94)

(11.695)
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Generale. If

C2 = ngfz +(0,0)Co + (0, 1)Cy + - + (0, e — NC,ys (11.6.96)

the number (0, 0) gives the number of solutions of u + v = 1 in GF(g), with
u, v € K,, and this number is even unless there is a solution 2u = 1, in which
case 2 € K,. We observed this when proving Theorem 11.6.1.

From (11.6.40) and (11.6.43) we conclude that 2 is a quadratic residue in
GF(g) if g = 1, 7(mod 8), and 2 is a quadratic nonresidue if g = 3, 5{mod 8).
We now ask for which g = 1{mod 4) is 2 a quartic residue. If g = 5(mod 8), then
2, being a quadratic nonresidue, is certainly not a quartic residue. But if g =
1(mod 8), the values in (11.6.90) apply. Thus, 2 isaquarticresidue ofg = 1{mod 8)
if and only if

qg— 11— 6x=16(mod32), x= 1(mod 4). (11.6.97)
Putting x = 1 + 4t and g = x? + 4y?,(11.6.97) becomes
148 4+ 162 + 4y> — 11 — 6 — 24t = 16(mod 32),  (11.698)

and as ¢t + t> = O{mod 2) for any ¢, this becomes

4y* = Kmod 32) (11.6.99)
or

y = O{mod 4) (11.6.100)

as the necessary and sufficient condition that 2 be a quartic residue of g =
1(mod 8). We state our resulis as

Theorem 11.64. Let g = p’ = 1 + 4f, and suppose q = x> + 4y*, with the
sign of x chosen so that x = 1(mod 4). Then for f even, the cyclotomic numbers
(i, j) are given by (11.6.90) and (11.6.86); for f odd, by (11.6.91) and (11.695).
Now 2 is a quadratic residue of ¢ = p’ in general if ¢ = 1, 7(mod 8) and is a
quadratic nonresidue if ¢ = 3, S(mod 8). If g = 1{mod 8), then 2 is a quartic
residue if and only if y = O(mod 4) in ¢ = x? + 4y>.

Remark. 1f g is a prime, the representation ¢ = x? + 4y? is known to be
unique. If ¢ = p', p = 3(mod 4), then r is even, r = 2s, and the unique solution
isx=4p, y=0.1f g=p', r>1, p=1(mod4), the representation 1s not
unique, and so the values in (11.6.90) and (11.6.95) are not completely deter-
mined by the theorem. |

To obtain difference sets with the quartic residues as multipliers, D is made up

of one or more of the classes z, ko, ky, k3, k3. As —1 may not be a multiplier,
we must have f odd.




190 Diflerence Sets

Theorem 11.6.5. If g = p" = 5(mod 8), the quartic residues in GF(q) form a

difference set if q is of the form q = 1 + 4y?; the quartic residues and zero form a
difference set if q is of the form q = 9 + 4y?. These are the types B and B, of the

Jamilies of difference sets listed at the beginning of this section. No additional

combinations of quartic residues essentially different from these form a difference
set.

Proof. We have f odd and use the values in (11.6.91) and (11.6.95). If a
single class is included in D, it may be taken as K. Thus, with 8(d) = C,,
Hd~ YY) =C, and (11.6.91) gives

B(d)e(d_l) = CoCz = fZ ‘+' aCO + bcl + aC2 + bC3,
16a = 16(0,0) = g — 7 + 2x, (11.6.101)
16b = 16(1,0) = g — 3 — 2x.

To give a difference set we must have 0(d)0(d)™! = (k — 1)z + AT, whence this
holds in (11.6.91) if and only if a = b, whence if and only if x = 1. In this case,

q is of the form g = 1 + 4y2. If we have a single class and zero, we may take
0(d) = 2z + C,. In this case -

8(d)f(d™") = (Co + 2)C, + 2)

11.6.102
=(f + 1)z + (@ + 1)Cy + bC; + (a + 1)C, + bCs. ( )

Here we have a difference set if and only ifa+1=b,orx = -3, and in this
case, q--9+4y For ¢ = p =1 + 4y% we have type B, and for g = p =

9 + 4y?, we have B,. The condition that y be odd is necessary in order that f be
odd. The types B and By, are listed for primes only. For prime powers q = p,
we must have r odd and p = 1(mod 4). It can be shown that p" = 1 + 4y? and
p" =9 + 4y do not have solutions with r odd and greater than 1.
Theorem 11.6.6. If no one of m, n, m + n is divisible by e, then
R(m_, n) = R(ﬂ, m) :—_-(--- 1)nfR( —m—n, n)'
Proof. From Theorem 11.6.2, if no one of m, n, m + n is divisible by e, then

F(B™)F(B") = R(m, n)F(™*"). (11.6.103)

From this it is immediate that R(n, m) = R{m, n). Multiply by F(8~™"") and
apply (11.6.66):

F(BT)F(B™""")F(B") = R{m, ™"~ D%gz — T).  (11.6.104)

Now on the left use (11.6.103) with m replaced by —m — n and we have

F(f™R(—m — n,n)F(B~™) = R(m, n)pt"*"@~D2(q, _ T). (11.6.105)
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In this apply (11.6.66) and we have
pma=2(gz — T)R(—m — n, n) = R(m, n)pm*"@~V2(gz — T). (11.6.106)
Comparing coefficients, we have
R(m, n) = g~ " Y2R(—m — n, n). (11.6.107)

As B is a primitive eth root of unity and g — 1 = ¢f, 4~ "* = (= 1Y/, since, if
e is even, f92 = —1, but if e is odd, f is even and 12 = 1 = (—1)’. This
establishes the relation of the theorem.

Casee = 6. For e = 6, the cubic character of 2 is relevant and the relation
F(—1)F(a?) = o> F(a)F(—a), where g™ = 2 in GF(q), established in Theorem
11.6.3, shows how this affects the values of the R(m,n). For ¢ = 6, we take

B = (1 +J-3)2

In general, replacing g by p’, where j is prime to e, replaces R(m,n) by a
conjugate, which is R(jm, jn). The equation (11.6.79) yields the same relation
on the (h, k) for R(m, n) and a conjugate. For this reason Dickson introduces
the term reduced for a minimal set of R(m, n) such that all others may be derived
from these by the relations of Theorem 11.6.6 and conjugacy. For e = 6, a set
of reduced R(m, n) consists of R(1, 1), R(1, 2) and R(2, 2).

Taking a = B, as §° = —1, (11.6.80) gives

F(B*)F(p*) = B>"F(B)F(B*) (11.6.108)
or
R(3, )F(B%) = p*™R(1, HF(8%), (11.6.109)
whence
R(3,2) = B*™R(1, 4). (11.6.110)

Let us evaluate

[F(B)F(BAIF(B) = F(BILF(BHF(B)],
R(2, DF(BY)F(B) = F(BHRE, DF(F), (11.6.111)
R(2, 2)R(@, DF(B%) = R(2, DR(2, 3)F(B°).

Hence,

R(2, 2)R(4, 1) = R(2, 1)R(2, 3). (11.6.112)
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From Theorem 11.6.6,

(11.6.113)
R(4,1) = R(1, 4), R, 1) = (—1)YR@4, 1).
Using (11.6.113), equation (11.6.110) becomes
(—=1YR(1, 2) = f2(—1)R(1, 1) | (11.6.114)
and {11.6.112) becomes
R(2, 2(—1)'R(1, 1) = (= DR(L, 2)%. (11.6.115)
Combining these we obtain
RQ, 1) = F7R2,2) (11.6.116)

R(1,2) = p*™R(2, 2).
Dickson erroneously states that the second of these relations may be derived b)}

putting o = g in (11.4.80),
Now R(2, 2) was originally defined by (11.6.74) from

F(BY)F(B?) = R(2, 2)F(B*). (11.6.117)

But with 2 = w, w is a primitive cube root of unity, whence writing R(2, 2) =
Rg(2,2) to indicate that e = 6, and by replacing 2 by w in (11.6.117), we have

Rg(2, 2) = R4(1, 1). (11.6.118)
But with q, b, ¢, d as in (11.6.45),
Ry(1,1) = (a + 2d) + 3bw + 3cw?. (11.6.119)
Asw = (~1 + /=3)2,

Re(2,2) = Ry(1, 1) = (2a + 4d — 3b — 3’2c) +3J-3(b - ¢

. (11.6.120)
_{L-3-3M)
- > :

where L and M are the same values as those appearing in (11.6.51) and (1 1.6.52).
We now have sufficient information to determine the cyclotomic numbers for ..
e = 6. For difference sets we need only the values with f odd.
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Subcase e = 6, fodd. The table of the (i, j) reads

©0 ©1) 02 (03 ©4 ©53)
1,0 20 ,2) 0,49 0.2 (12
20 21 10 ©535 (1,2 o1

(11.6.121)
0,0 (1,0) 2,00 0,0 (1,0) (2,0 -
(L0 O35 (L) 01 2,0 21
2,00 (1,2) 0.4 0,2) (1,2) (1,0 B
If we write ;
R(z,z)—L"32”‘/"3, _
R(, 1) = Ei'_fz__{_:f"_ C 116.122) )

R(1,2) = —A + B/ -3,
we have the linear relations -

0O+OD+0,2)+0,3)+0,49+(0,5=1
1L,O+20+1,2)+0,9+0,2+(1,2) = [ —

20O+ H+1,0+0,5+1,2)+©,1) = f

©,0)+ (1, 0) + (2, 0) = f_;_E | ___

(1,0) — (2,0) + (0,2) — (0,4) = B,
0,1) +(0,4) — (0,2) — (0, 5) + 2(1,0) — 22, 0) = — M, —
©,4) — (0,2) + 3(0,5) — 3(0, 1) + 2(1,0) — 2(2,0) = F,
0,00+ (0,2) — (0,3) + (0,4) — (1,0) — (2,0) + (1,2) — 2, 1) = — 4,
60, 0) — 3(0, 1) — 3(0, 2) + 2(0, 3} — 3(0, 4) — 3(0, 5)
— 6{1,0) — 6(2,0) + 12(1,2) + 42, 1) = L,
2(0,0) + 3(0, 1) — (0, 2) — 20, 3) — (0, 4) + 3(0, 5) —
—21,0) — 22,0) + 4(1,2) — 42, 1) = ~E.
(11.6.123)

The first four of these arise from (11.6.38), and the remainder from the defini-
tion of R(m, n) in (11.6.73), using the forms of (11.6.122). The solution depends ~  ~ '

et ——



194 Difference Sets

on the cubic character of 2, which determines the relations (11.6.116). There are
three cases, depending on the value of m modulo 3:

q=A% +3B2, 4g=1?+2IM* = E* + 3F%, g" =2 (11.6.124)

Two-cubic residue m = 1{mod 3) m = 2(mod 3)
L=-24 L=A-73B L=A+ 38
—-3M = 2B IM=A+B M= —-A+B
E=24 E=—-4-3B E=—A+3B
F= ~2B F=—A+8B F=A+B
36(0,0) g -~ 11 -84 g— 1124 q— 11 — 24
3660,1) q+1-~24+12B g+ 1+44 q+1-—-24~12B
3600,2) gq+1—-24+12B g+1-24+12B g+1—-84+ 12B
36(0,3) g+ 1+ 164 g+1+104-12B g+ 1+ 104 + 12B

3600,4) q+1—-24—12B q+1-84—-12B g+ 1—24~ 12B
360,5) q+1-24-12B q+1—-24+12B g+1+44
36(1,L0) q-5+44+6B g—5-—24+6B g—5+4A + 6B
362,00 q-S5+44—6B g—5+44— 6B g—5—24 — 6B
36(1,2) g+ 1—24 g+1+44 g+ 1+44
362,1) g+ 1 —24 q+1—-84—12B  gq+1—84+ 12B

Theorem 11.6.7. For g = p" = 7(mod 12), the quadratic residues form a differ-
ence set, with v=q =4t — 1, k=2t — 1, A=t — 1. If g = A® + 27, then
also the cubic residues and the sextic class, including the residue 3, form a differ-

ence set with the same parameters. This is the type Hg. A difference set that has
the sextic residues as multipliers is equivalent to one of these types.

Proof. If D is a difference set in GF{(g) that has the sextic residues as multi-
pliers, then 6(d) is the sum of one or more of the C; and possibly z. If 6(d) has
only one class, we may take this to be Cy; if 0(d) = C,, then 8(d~!) = C;, and

8d)od™") = f + (0,0)Co + (1, 0)C, + {2, 0)C,
+(0,0)C; + (1, 0)C, + (2, 0)Cs, (11.6.125)

with (0, 0) = (1, 0) = (2, 0) if 8(d) is to be a difference set. But this requires
B = 0,124 = —6for2acubicresidue, and this is impossible. Form = 1(mod 3),
this requires A = —2, B = —1 whence g = 7, and the “difference set” consists
of a single residue. Similarly for m = 2(mod 3), we find A = -2, B =1, and
g=17,6d) =z + Cyleads t0{0,0) + 1 = (1,0) = (2, 0). For 2 a cubic residue,
this gives B = 0, 124 = 30, which is impossible. For m = + 1{mod 3), we find
A =10,B = +5,and q = 175, again impossible.
For (d) = Cy + C; + C;, we find

8(d)8(d™ ") = 3f + RCq + SC, + TC, + RC5 + SC, + TCs, (11.6.126)
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where, according to the value of m modulo 3, we find

m=0 m=1 m=2
36R = 9g — 45 + 6B, 9q — 45 — 18B, 9g — 45 + 64 — 6B,
365 = 9q - 217, 9g — 27 — 64 + 12B, 9g — 27 — 64 — 12B,
36T =9q — 9 — 6B, 0q -9 + 64 + 6B, 9g — 9 + 18B.
(11.6.127)

For this to be a difference set, we must have R = § = 7. When 2 is a cubic
residue and m = O(mod 3), this gives B = 3. For m = l(mod 3), we find 4 =
-2, B= ~1,and so g = 7. For m = 2(mod 3), we find 4 = 2, B= —1, and
so g = 7. With g = 7, the residues 1, 5, 6 form a difference set equivalent to
the quadratic residues 1, 2, 4. In the first case, with B = 3, we have g = 4% + 27.
This leads to the type Hg. Here, 4q = (24)? + 27(2%), and from this representa-
tion Theorem 11.6.1 tells us that 2 is certainly a cubic residue if ¢ = p is prime,
and also if this is the appropriate representation for g a prime power. As —3M =
2B for 2 a cubic residue, B = 3 gives M = —2, and by Theorem 11.6.1, the
index of the residue 3 is congruent to 1 modulo 3. Also, for ¢ = 7(mod 12),
3 is a quadratic nonresidue. Hence, the residue 3 is in the sextic class K, for
the choice of primitive root yielding the values in (11.6.113). Thus, our difference
set D consists of the cubic residues and the sextic class, including the residue 3.
Of course the quadratic residues give the difference set of type Q. No other
combinations of sextic residues give additional difference sets, though of
course, with a change of primitive root and B = — 3, we obtain type Hg again
with 8(d) = C, + C; + Cs.

Case e = 8, fodd. Here we have

qg=x>+4y>=a>+2b’, x=a=1l{mod4). {11.6.128)

The table reads

©0 01 02 03 04 05 6 ©O7)
(1,0 (LY (1L, 4,3 65 LI 03 1,7
2,00 21D 2,0 (1,7 0,6 (1,3 0,2 (1,2
Ly @ 2&H L, 07 (L7 (1,2 ©1)
©,0 (L0 2,00 (L 1) 0,0 (1,0 2,0 (LY’
1,0 ©7 1L,7 (1,2 O L) 21 @1
20 L7 06 LI 02 L) @0 @)
L1 (1,2) (1,3) 0,5 03 ©3) 1,3 10
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where the following two sets of values apply:

Difference Sets

If 2 is a quartic residue

If 2 is not a quartic residue

64(0, 0)
64(0, 1)
64(0,2)
64(0, 3)
640, 4)
64(0, 5)
64(0, 6)
64(0, 7)
64(1, 1)
64(1,2)
64(1, 3)
64{1, 7)
64(2,0)
64(2,1)

qg-—15—-2x

g+ 1+ 2x—4a + 16y
g+ 1+ 6x+ 8a— 16y
g+ 14+ 2x—4a— 16y
g+1—18x

g+ 1+ 2x — 4a + 16y
qg+1+6x+8a+ 16y
g+ 1+ 2x — 4a— 16y
g—T+2x+4a
q—7+2x+ 4a
q+1—6x4 4a+ 16b
g+1+2x—4a

g+ 1—6x+ 4a-— 16b
qg—7~2x—8a
q+1+2x —4a

g~ 15— 10x - 8a
g+ 1+2x—4a - 16b
g+ 1-—2x+ 16y
g+1+42x—4aq— 16b
g+ 1+ 6x + 24a
g+ 14 2x — 4a + 16b
g+ 1-—2x -~ 16y
g+ 1+ 2x—~ 4a + 16b

g—~T+ 2x + 4a + 16y

qg— 7+ 2x + 4a — 16y
g+ 14 2x —4a

g+ 1—6x+4a

g+ 1+ 2x -~ 4a
qg—T7+ 6x
g+1—6x+4a

With these values we find that 8(d) = C, yields a difference set if a = 1,
x = —3, yielding the difference sets of type O. Also 6(d) = Cqo + 2z yields a
difference set if x = +21,a = —7, the type O,.

We now proceed to difference sets of type T. Let p* and ¢* be prime powers
such that p" + 2 = ¢ (This includes 52 + 2 = 3? but the writer knows of no
other case in which both r > 1 and s > 1.) Consider the system (a, b) of ordered
pairs, a € GF(p"), b € GF(g°), combined according to the rules

(@,b)+(c,dy=(a+c,b+d) and (a, b)c, d) = (ac, bd).

This is called the direct sum of GF(p") and GF(g°), and is written

S = GF(p") @ GF(¢).

If p and q are primes, GF(p) @ GF(g) is the system of residues modulo rq,
where e = (1,0) and f = (0, 1) are residues modulo pq such that e = 1(mod p),
e = O{mod g), and f = O(mod p), f = 1(mod g). In § we form the set D of the

following pairs:

1. (c, d), where both ¢ and d are nonzero squares.
2. (g, h), where both g and h are nonsquares.

3. Pairs(y, 0).
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Since (excluding p" = 2, ¢°* = 4) both p" and ¢° are odd, there are
(p" — I)g° — 1)/4

pairs of type 1 and the same number of type 2, and also p* of type 3. Then D
contains k = [(p'q* — p" —~ ¢° + 1)/2] + p" elements, and with v = p'g’, noting
that ¢° = p" + 2, we have k = (v — 1)/2. As p" and ¢* are odd and differ by 2,
one of them is congruent to 1{mod 4) and the other to 3(mod 4). Thus, v =
V' = —1l{mod 4), and if we write v = 4t — 1, then k =2t ~ 1. Here, Dis a
system in S with all pairs of types 1 and 2 as multipliers M. Furthermore,
(—1, —1)is not in D, since —1 is a quadratic residue in one of GF(p"), GF(¢),
and a nonresidue in the other. If (x, y) — (z, w) = (g, b) with (x, y),(z, w)e D and
(m,, m,) € M, then multiplying by (m,, m,),

(myx, myy) — {m,z, myw) = (m,a, myb).

Hence, elements (g, b) and (m,a, myb) occur equally often as differences of
elements of D. Hence, we find the elements of S in classes, equivalent under
multiplication from M; as

{a, b), a, b same quadratic type.

{c, d), ¢, d opposite quadratic type.
(e, 0), e =+ 0.

©.f), [f#0

(0, 0).

If(x, y) — (z, w) = (a, b) with (x, y), (z, w) € D, then
(z, W) ~ (x, y) = (—a, —).

As (-1, —1) is not in D, then if q, b are of the same quadratic character, the
—da, —b are of opposite quadratic character. Thus, all elements (a, b), a # 0,
b # 0, of § occur the same number of times (say 4,) as differences of elements
of D. A difference of the form (e, 0), ¢ # 0, is given by

(ai3 b) - (a05 b) = (al — a,, O)s b #: 09

for each of the (¢° — 1)b’s and for a fixed b with a, and a, distinct elements whose

quadratic character is the same as that of b. This gives(g® — 1)(p" — 1){p" — 3)/4
such differences.

We also have from elements of type (1, 0) in D,

(uls 0) - (HOaIO) = (ul - Uz, 0):
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yielding p"(p" — 1) differences (e, 0), e + 0. Since for each e # 0 we have (e, 0)
the same number of times as a difference, then from each of p" — 1 elements
{e, 0), e # 0, arises

@-r-3, _pre-3

A= 4 P PR

usingg* =p ' +2,and withv=p¢°=4t — L, wefinddl=(w-3)/4d=1- 1.
A difference (0, f), f # 0, arises in the form (a, b;) — (4, b3) = (0, by — b,)
and in the form

(d, b) - (ﬂ, 0) = (Oa b): (aa 0) "" (a’ b) = ({1, “b)-

In the first way we have (p" — 1)(¢° — 1)(@® — 3)/4 such differences, and for
the others, 2(p" — 1}g° — 1)/2. Thus, for each of {g° — 1)f7s, f # 0, we have
the difference (0, f) in

@ -e=3, ,  _F¢=3 v-3

4 4 7t

ways, using ¢° = p" + 2.

We have the differences (e, 0}, e # 0 and (0, f), f # 0, each occurring A =
t — 1 times, and have a total of k(k — 1) differences. Thus, as each of the
{p” — 1Xg° — 1) elements (a, b) occurs A, times, we have

kk—1D)=0@" - - DA + ("~ Dt~ D+ (@~ 1)~ 1)
andask = 2t — 1, v = p'¢q° = 4t — 1, this gives
(F—Ng - DA =(-14—-2-p —¢+2)
={t-1pq—-p —q +1),
whence 4; = ¢t — 1.

Thus, every nonzero difference (a, b} in S arises 2 = ¢t — 1 times and D yields
the difference set of type T with

p=pg=4—-1 g=p+2 k=2-1A=t—1.

The derivation of type W, is conceptually similar to the derivation of type T.
For the proof the reader is referred to Whiteman’s original paper [1].
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Finite Geometries

12.1. FOUNDATIONS

From the standpoint of this book, a geometry is a particular kind of incidence
system. The undefined elements are points and lines and the basic relation
is the incidence relation P € L, read “the point P is on the line L.” We also
say, “L contains P.” Veblen and Young {1] regard points as the undefined
elements, and lines as certain distinguished subsets of points. According to the
axioms, two different lines cannot contain the same points, and so the dis-
tinction between the viewpoints is a minor one. A finite geometry is one that
contains a finite number of points.

Axioms for Projective Geometry

PG 1. There is one and only one line containing two distinct points.

PG 2. If A, B, C are three points not on a line, and if D + A is a point on the
line through A and B, and if E + A is a point on the line through A and C,
then there is a point F on a line with D and E and also on a line with
B and C.

PG 3. Every line contains at least three distinct points.

Veblen and Young [1] define dimension of a projective space recursively,
saying that a point is a space of dimension zero, a line of dimension 1; and
recursively, if X, is a space of dimension n — 1, P a point not contained in
X,-1, the set of all points in all lines PB, B a point of X, ,, is a space X, of
dimension n. Using these definitions, it is desirable to assign dimension —1
to the void space that contains no points. They prove that a space X, is deter-
mined by any X,_, and P ¢ X,_,, both of which are in X,. The subspaces
of a projective space X form a lattice in which, if 4 and B are subspaces of X,
the intersection 4 M B is the subspace of all points belonging to both 4 and B,
and the union A U B consists of all points on lines joining a point P of 4 and
a point Q of B. It can be shown that by this definition, 4 U B is a subspace.
The dimension d(A) of a subspace satisfies the following law:

d(A U B) + d(A N B) = d(A) + d(B). (12.1.1)

199



200 Finite Geometries

From this and the property that if R = § and d(R) = d(S), then R = S, we
have the modular law for subspaces:

Modular Law. IfA 2 B, then ANBUC)=BUANC).

A configuration is a finite set of points and lines with specified incidences.
Two important theorems deal with configurations.

Theorem 12.1.1 (theorem of Desargues). iIf 0, A, By, C,, A,, B,, C, are
distinct points and if 0A,A,, OB,B,, 0C,C, are distinct lines, then A,B, and
A;B; meet ina point C;, A,C, and A,C, meet ina point B3, B,C, and B,C, meet
in a point A, and the points A,, Bs, C, lie on a line.

Theorem 12.1.2 (theorem of Pappus). If Ay, By, C, are points of a line and
Az, By, C, are points of another line in the same plane, and if A\B, and A,B,
intersect in C3, A,C, and A,C, intersect in By, and B,C, and B,C , intersect in
Aj, then A4, By, C, lie on a line.

No attempt will be made here to prove Theorems 12.1.1 and 12.1.2. The
reader can find proofs in Veblen and Young [1] or in the more modern book
by Blumenthal [1].

Figure 12.1. Theorem of Desargues.
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Figure 12.2. Theorem of Pappus.

Theorem 12.1.3.  The theorem of Desargues is valid in any projective space of
dimension 3 or more. If the theorem of Desargues is valid in a projective plane n,
then n may be embedded in a projective space S, of any finite dimensionn > 3, and
Jor a given n, S, is unique up to isomorphism.

There exist projective planes in which the theorem of Desargues is not valid.
We speak of a Desarguesian or non-Desarguesian plane, depending on whether
or not the theorem of Desargues is assumed to hold.

Theorem 12.1.4 (introduction of coordinatés). A Desarguesian plane S,, or pro-
Jective space S,, n > 3, may be coordinated by a division ring R so that a point P
Is represented by the left scalar multiples of a nonzero n + 1 vector over R thus:

P=ux,...,x,4,) = (Uxy, ..., ux, 4 ), (X150 Xney) F0,...,0)
IfPyand Py = uy(y,,..., y,+,) aredistinct points, then the nonzero vectors uQ in
u1P1 ~+ 'u2P2 = (ulxl + UsVish . s W1 Xnat + uzyn.l.x)

represent the points on the line joining P, and P,. The division ring is uniquely
determined by S,. The vectors (,9,...,0, (0, 1,...,0),....{0, 0,..., 1), and
(1, 1,...,1) may be taken as coordinates Jor any (n + 2} points P,,...,P,,,
such that no subset of n + 1 of these lies in an S, 1. Coordinates for all other
points are then uniquely determined. Conversely, given any division ring R, the
points and lines as given above form a Desarguesian projective space §,,.

Theorem 12.1.5. The theorem of Pappus implies the theorem of Desargues and
the further property that multiplication is commutative, whence the coordinating

ring R is a field F. Conversely, in a projective space coordinatized by a field F,
the theorem of Pappus is valid.
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From Theorem 12.1.4 the number of points on a line is infinite if the ring R

is infinite. Thus, for a finite geometry, the ring R is finite. From the theorem of
Wedderburn, it follows that a finite Desarguesian geometry also satisfies the
theorem of Pappus.

Theorem 12.1.6 (Wedderburn). A finite division ring is a finite field.

A very brief proof of the Wedderburn theorem is given by Witt [11.
In a projective space S, coordinatized by a division ring R, the set of points
P = u(x,,...,Xx,+) satisfying a linear equation not identically zero,

X144 + Xa0o + - 4 Xpt1pe1 = 0, (12.1.2)

isan S,_, and is called a hyperplane. Every S,_, in S, may be defined in this
way. Thus, the hyperplanes may be associated with vectors [ay,...,a,+1] F 0
and their right multiples {a,v, ..., a,+v]. Sometimes it is convenient to think
of a projective geometry as determined by points P = u(x,,...,x,4+,) and
hyperplanes S,_, = [ay,...,a,+]v, with an incidence P € S, if and only if
{12.1.2) holds.

We may form a ring R* “dual” to R by taking the elements of R as the
elements of R*, keeping the same addition but defining multiplication x  y in
R* by the rule

xoy=yx inR. (12.1.3)

This yields a correspondence

.[al,...,an-i-i]v - vo(ah" ".-au'l'l)? (121-4)
gy Xpa ) = DX e ) o

or

P P*, Ko K* ' (12.1.5)

where P is a point, K a hyperplane of S,(R), and P* is a hyperplane, K* a point
of S, (R¥), and

K*eP* ifand onlyif PeKk. (12.1.6)

When the hyperplanes of a space are considered as the blocks of a design,
the points being the objects, then this duality is the same as that observed
carlier in (10.2.13).

The affine space A, of dimension n over a division R has as points

P=(x,....x,), x;€R, (12.1.7)

Al
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and if P, Q = (yy,..., y,) are distinct points, the line joining P and Q consists
of all points T such that

T =txy,...;%) + (1~ )Py, sva)s  tER. (12.1.8)

An affine space A may be derived from a projective space S, by deleting a
hyperplane, which is then considered the hyperplane at infinity. This may be
easily described in terms of the coordinates, where with all projective points
P = u(xy,...,x,, Xu41), we delete the hyperplane x,,, = 0 and fix the factor
u by taking ux,, =t and P = (y,,..., V., 1), or (¥, ..., y,) in affine form.

12.2. FINITE GEOMETRIES AS BLOCK DESIGNS

Let S, be a projective geometry of dimension n over the finite field F, = GF(g)
with g = p" elements, where p is a prime. We sometimes write S, = PG(n, q)
for this. From Theorem 12.1.4 we see that the (g"** — 1) vectors

I(xl:'--sxn+l) ?é 0’ xiEGF(q)

fallinto sets of g — 1, representing a point. Hence, S, contains(q"*! — 1)/(q — 1)
points. An §,_, in S, contains (g" — 1)/(g — 1) points. From the dimension
law (12.1.1), since two different S, _,’s have S, as their union, it follows that the
intersection of any two is an S,_, with (g"~! — 1)/(g — 1) points. Hence, the
hyperplanes in an S, form a symmetric block design with

U:g::ﬂj k:q"wl A_-_—;gj:...l._..:_i
? q._l .

g-—1

(12.2.1)

By Singer’s theorem (Theorem 11.3.1), this design has a cyclic automorphism
of order v and can be represented by a difference set. The full group of auto-
morphisms of this design is of much larger order, since this is the full collineation
group of §,.. The order of the full collineation group is

gt - g - g (gt — g")g — 1)

This is the projective group of all nonsingular matrices of order n + 1 over
GF(p"), where matrices differing by a scalar factor (g — 1 such factors) are the
same projectively, together with the group of automorphisms of GF(p), which
is cyclic of order r.

We may form nonsymmetric designs from PGq(n, g), taking points as objects
and blocks as spaces S;, 1 <s <n — 1. There are (¢"*! — 1){(q — 1) points
in §,, and we may choose (s + 1) independent representatives of points to
determine an S; in {¢"*' — 1)(g"*! — q¥g"*' — ¢?)---(¢"*! — ) ways. But
within §;, these (s + 1) independent representatives could have been chosen
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in{g**?! — g**! — q)- - (¢°*! — ¢°) ways. Thus, the number of distinct sub-

spaces S; is the quotient of these two values and is the number b of blocks.
Hence, for this design,

m{qn-i-l _— 1)(qn+1 - q),,,(qn+1 — QS)

b* s

T -0 - - )

——qﬂ'-l“l __1 .

V=TT
n+il L S 2.‘._".{.1“ 5

r= (qs+ 1 q)(qs+ 1 q?.) (qs+ 1 qs) E] (122'2)
@ -t - gY@ - )

‘ qs+1__1

== q._..l s

—(qn+1 — qZ),,,{qu-l - qs)

- (qs-i-l ____q2),,,(qs+1 . qs)'

Similarly, the subspaces of given dimension of an affine space form a block
design. Over the finite field GF(q), ¢ = p", the affine space A, of dimension n:

contains ¢" points. With the points as objects and spaces S, l < s<n - 1,
we have a block design with

B C it VM il MO
¢elq~ 1) — g
v=4g", '
_g-0g-q9-@-q"
-V —q @G -g"
k=¢',

1@ —a @ —-q"
@-a -

(12.2.3)

It shouid be noted here that a block design (even a symmetric one) with the
parameters of a geometry is not necessarily a geometry.,
Forv = 31,k = 15, A = 7, there are two difference sets:

By =1,2,3,4,6,8,12, 15, 16, 17, 23, 24, 27, 29, 30(mod 31), (1224
By =1,2,4,5,7,8,9, 10, 14, 16, 18, 19, 20, 25, 28(mod 31). o

Of these, the first consists of the hyperplanes in the four-dimensional space

[T
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PG(4, 2). The second consists of the quadratic residues modulo 31. Here,
B,, B,, and B, have the three objects 9, 10, and 20 in common, while By, By,
and B} have the four objects 5, 8, 10, 19 in common. But over GF(2) a projective
line has three points; a plane, seven points. Hence, the second design is not
PG(2,4).

12.3. FINITE PLANES
For projective planes, the axioms of Section 12.1 may be put in a simpler form:
Axioms for Projective Planes

PP 1. There is one and only one line containing two distinct points.
PP 2. There is one and only one point common to two distinct lines.

PP 3. There exist four points, no three of which are on a line.

The axiom PG 2 can be interpreted as saying that two lines in the same plane
have a point of intersection. Thus, PP 2 says that all lines are in the same plane.
The axiom PP 3 readily yields axiom PG 3. The first two axioms, PP 1 and
PP 2, exhibit clearly the duality between points and lines, and it is not difficuit
to show that PP 3 is equivalent to its dual:

PP 3. There exist four lines, no three of which go through the same point.

There are not many general results that can be proved about finite projective
planes. An easy one is the following theorem.

Theorem 12.3.1. Let n > 2 be an integer. In a projective plane n any one of
the following properties implies the rest:

1. One line contains exactly (n + 1) points.

2. One point is on exactly (n + 1} lines.

3. Every line contains exactly (n + 1) points.
4. Every point is on exactly (n + 1) lines.

5. There are exactly (n* + n + 1) points in n.
6. There are exactly (n* + n + 1) lines in x.

Proof. Let A, B, C, D be four points, no three on a line, whose existence is
given by PP 3. Then we have lines L, ..., Lg containing A4, B, C, D and three
additional points X, ¥, Z:
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L: ABX...
L,: ACY...
Liy: ADZ... (12.3.1)
L, BC,2Z,...
Ls: B,D,Y...
L. C,DX...

From the axioms it is not difficult to check that the six lines L,,..., Ly are

distinct, and the points 4,..., Z are distinct, where X, ¥, Z are the points of
intersection of the pairs of lines L, L¢; L,, Ls; and L,, L,. Furthermore, we
may also check that there are no further incidences between these seven points
and these six lines; for example, we could not have A4 € L,, since then the
distinct points A, B would lie on the two distinct lines L, and L,.

Let us now turn to the proof of our theorem and assume property 1. Let L
be a line with exactly (n + 1) points on it, say, Q;, @, ..., Qu+,. I P is a point
not on L, the lines PQ,, i=1,...,n+ 1, are distinct, since if PQ; = PQ;,
then P € 0;Q; = L, contrary to assumption. Furthermore, every line through
P intersects L and so must be one of the (n + 1) lines PQ;, i =1,... ,n+ 1.
At least two of the points 4, B, C, D of (12.3.1) are not on L, and so such points
P exist. Now let P be a point on exactly (n + 1) lines K,,...,K,.,. f M is
any line not through P, then M intersects K,,..., K, in points Q,,...,
Q.+1, which are all distinct because P is the only point on more than one of
Ki,...,K,;,. If there were one more point @, , on M, then PQ, ., , would be

another line through P, since if PQ,,, were some K ;» it would also contain
Q;and then

PQn+2 = PQn-i-ZQj = Qn+sz = M,

contrary to our assumption that P ¢ M.

Now our original line L contained exactly (n + 1) points, and so every point
not on L is on exactly (n + 1) lines, including at least two of 4, B, C, D; say,
A and B. Then every line not through 4 or not through B contains exactly
(n + 1) points. Hence, every line except possibly L,: 4, B, X contains exactly
(n + 1) points. Hence, L,: 4, C, Y contains exactly {n + 1) points and the
point Z not on L, is on exactly (n + 1) lines; whence L, which does not contain
Z, must also contain exactly (n + 1) points. Thus property 1 implies property 3.

But now for any point P we may find a line not through it, and so by our
previous argument there are exactly (n + 1) lines through P, giving properties 2
and 4. Now let P, be a particular point and let L,, . . ., L,iy be the (n + 1)
lines through P,. Each of these contains exactly n points different from P,
and since P, is joined to any point by one of these lines, they account for all
points of =, giving a total of 1 + (n + Dn=n%+n + 1 points in z, proving
property 5. Similarly, if L, is a line containing points P,, . . ., P, , each of




12.3. Finite Planes 207

these points is on exactly n additional lines, and we have 1 + (n + 1) = n?
+ n + 1 lines in , and property 6 is proved.

We have shown that property 1 implies the remaining five properties.
Property 3 implies the other a fortiori. By duality, interchanging the roles of
“point” and “line,” property 2 and property 4 implies the other a fortiori. If
property 5 holds, then the line L, of (12.3.1) contains (m + 1) points for some
integer m > 2, and so by our earlier argument, n contains (m*> + m + 1) points.
But from m?* + m + 1 = n* + n + 1 for positive integers m and n, we may
conclude m = n, whence property 5 implies property 1 and so the remaining
ones. Similarly, 6 implies 2 and so the others. Thus, all parts of our theorem are
proved.

Definition. A finite projective plane is said to be of order n if a line contains
exactly (n + 1) points.

We note that a plane is of order n if it has any of the six properties of Theorem
12.3.1. If we take the points as objects and the lines as blocks, a finite projective
plane is a symmetric block design with parameters

v=n’4+n+1, k=n+1l, 2=1. (123.2)

Conversely, a block design with these parameters is a finite projective plane,
since we readily verify that the axioms are satisfied. A finite projective plane
coordinatized by GF(g), ¢ = p', as given in Section 12.1, is of order n = p".
These are the Desarguesian planes and they exist for every order that is a prime
power. All finite planes known at this writing are of prime-power order, though
non-Desarguesian planes exist for all prime-power orders p, r > 2, except for
orders 4 and 8.

Application of Theorem 10.3.1 yields a necessary condition for the existence
of a finite projective plane.

Theorem 12.3.2 (Bruck—Ryser). A necessary condition for the existence of a
finite projective plane of order n is that for n = 1,2(mod 4), integers x, y exist with
n= x4+ y% .

Proof. Wehavev=n*+n+ 1, k=n+1,A=1,andk — 1 = n, whence
the order n of the plane agrees with the notation n = k — A used in Theorem
10.3.1. Here, since n{n + 1) = O(mod 2), v is certainly odd, and the condition
takes the form of requiring the existence of integers x, y, z not all zero such that

22 = nx? 4 (~1)0- 122, (12.3.3)

Here, as v = n* + n + 1,if n = 0, 3(mod 4), then (v — 1)/2 is even, and we have

22 — y? = nx2, (12.3.4)
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If n=3(mod4), we can take x = 1, y =(n — 1)/2, z = (n + 1)/2, to satisfy
this; if n = O(mod 4), wecantake x = 1, y=(n—4)/d, z=(n+4)4. Ifn=
1,2(mod 4), then (v — 1)/2 is odd and (12.3.3) takes the form

2% + y? = nx% (12.3.5)

It is well known (for example, see Hardy and Wright [1, p. 299]) that (12.3.5)
implies the existence of integers a, b such that n = a? + b?, the statement of our
theorem. This shows that infinitely many orders n are impossible, starting with
n==6, 14, 21, 22,..., Since there is a plane of any prime-power order, the
first order left in doubt is n = 10.

Ifv=n>+n+ 1,k=n+ 1,1 = 1 are the parameters for a finite projective
plane regarded as a block design, the residual design, as defined in Section 10.1,
is an affine plane and is the design with parameters

b=n*>+nv=n% k=n r=n+1, Ai=1 (123.6)

Given a design with these parameters, we may always embed it in a symmetric

design. We shall prove this, using a process equivalent to adjoining a line at
infinity to an affine Euclidean plane.

Theorem 12.3.3. Given a block design D* with parameters b* = n® 4 n, v* =
n, r*=n+1, k* =n, 1* = 1, we may adjoin, in a unique way, a further
block with (n + 1) new objects, and add one of the new objects to each of the
original blocks to form a symmetric design D withv =b=n* + n+ Lr=k =
n+1,A=1.

Proof. Let D* be given. Consider a given block B* with objects a,,..., a,.
Let x be one of the remaining objects. Then the n blocks B;: x, a;,...,i =
1,..., n, are uniquely determined, since A = 1, and are distinct because x ¢ B*
and no block except B* contains more than one of a,, ..., a,. This accounts
for n of the (n + 1) blocks containing x. Thus, through x, there is exactly one
block By: x - - - that does not contain any object of B*. We call B, the parallel
to B* through x. What we have proved so far is the Euclidean parallel postulate
for D*. Hence, given any block B*, there is a unique block parallel to B* through
any object not in B*. Two distinct blocks B, and B, parallel to B* are also
parallel to each other, since if they had an object y in common, this would
conflict with the uniqueness of the parallel to B* through y. Hence, given any
block B,, the remaining (n®> — n) objects are contained in parallels B,, .. ., B,.
Here, B,, B,,..., B, are a family of n parallel blocks, which together contain
each of the n? objects exactly once. Hence, the b = n® + n blocks of D* can be
divided in a unique way into (n + 1) families F,,..., F,,, of parallel blocks,
each F, containing n blocks and every object of D* appearing exactlyonceina
block of F;. We now take new objects y,,..., y,+, and a new block B, con-
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taining v,, ..., Y.+1 and no other objects, and also adjoin the object y; to every
block of the family F; but to no other block. It is now almost immediate that

the new block B, and the blocks of D* with the adjoined y’s form the blocks-

of asymmetricdesign withov =b=n*+n+ L, r=k=n+1,i=1

In the second example of Section 10.1, wehaveb =12, v =9, r =4,k =3,
A = 1, and the 12 blocks fall into four families: Fy: By, B,, B;; F,: By, Bs, Bg;
F3: By, Bg, By; F,: By, By, B;,. We may take new objects 10, 11, 12, 13 as
the objects of a block B, ; and adjoin 10 to the blocks of Fy, 11to F,,121t0 F,
and 13 to F, to obtain the symmetricdesign withb = v = 13, r =k =4,1 =1,
the finite projective plane of order 3.

From Theorem 12.3.3, an affine plane of order n exists if and only if a pro-
jective plane of order n exists, and an affine plane is the residual design of a
projective plane. But if we take a projective plane, the affine planes obtained by
deleting two different lines will be isomorphic if and only if there is an auto-
morphism of the projective plane taking one of these lines into the other. This
follows, since the proof of Theorem 12.3.3 shows that an isomorphism between

affine planes is uniquely extendable to an isomorphism between the projective
planes in which they are embedded.

The affine form of a finite plane of order n leads to a representation of the
plane by a family of “mutually orthogonal” Latin squares of order n. Two
Latin squares of order n containing the numbers 1 to n (once in each row and
once in each column)} are said to be orthogonal if, when superposed, the n2 cells
(one containing i from the first square and j from the second) are such that the
n? ordered pairs (i, j) produced in this way are all distinct and so consist of alt
pairs (4, v), u, v = 1,...,n, each exactly once. More than two Latin squares
are called mutually orthogonal if any two are orthogonal.

Given an affine plane of order » with its lines (that is, blocks) divided into
(n + 1) families of parallels, we arbitrarily designate two of these families as
F. and F_, the row and column families, and the remainder as F,,..., F,_;.
Each of the n? objects is a point. We number the lines of each family from 1 to
n in an arbitrary fashion. The numbering in F, is that of the rows of a square,
in F_ that of the columns of a square. A point P is on one line of F, and one of
F,, and so is associated with a particular cell of a square. Thus, we may write
P = (i, j) for that point in the ith row and jth column. Thus, F, and F, merely
correspond to rows and columns. For each of F,,..., F,_,, we construct an
n x n Latin square in the following way: Let F, be one of these families con-
taining lines LY,..., L}, where the subscripts give the arbitrary numbering.
We construct a square S, from F,. We take an n x n square and insert the
number v in the cell of the ith row and jth column if the point P associated with
this cell {from being on the ith line of F, and on the jth line of F.) is on the vth
line Ly of the family F,. Since every point is on exactly one line of F,, we have
inserted exactly one number in each cell of the square S,. A line of F, (or F_)
intersects each line of F, exactly once, and so a row (or column) of S, contains
each of 1,.. ., n exactly once. Hence, S, is a Latin square.

Now consider two squares S, and S,,, w # u. Let a(i, j) be the number in
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cell (i, j) of S, -and b(i, j) that of S,,. If we should have

a= a(i!ajl) = a(iz:fz) and b= b(ilajl) = b(fz,jz),

7 the points P, = (i;,j;) and P, = (i, j,) both lie on line L; of F, and line L} of

F,,, contrary to the fact that 1 = 1—that is, two distinct points lie on one and
only one line. Thus, this cannot happen, and the ordered pairs (a(i, j), b(, j))i,
j=1,...,n, are all distinct, and so the squares S, and S,, are orthogonal.
Thus, a finite plane of order n leads to a family of (n — 1) mutually orthogonal
Latin squares of order n. '
Suppose we have a family of m mutually orthogonal Latin squares. The

~ property of orthogonality is unaltered if a substitution is made on the numbers

~ of any square. Hence, we may suppose the numbering so chosen that the first

row of every squareis 1,2, ..., n. Hence, the number appearing in row 2, column

. 1, of each square is one of the (n — 1) numbers 2, ..., n. If the number i were

to occur twice in this position, then on superposition of these two squares
we would have the pair (i, i) in cell (2, 1) and also in cell (1, i), conflicting with

- orthogonality. Hence, there are no repeats in cell (2, 1) and so there are at .
"~ most {n — 1) mutually orthogonal squares of order n. Suppose m = n — 1.

We now consider each cell (i, j) as a point P(i, j) and form families of lines
F,F,F,,...,F,_,where the P(j, j) is on the ith line of F,, the jth line of F_,

__ and is on the vth line of F,,, u = 1,...,n — 1, if the entry in cell G, j) of S, is v.

This gives us (n + 1) families of n lines, each containing n points. The total
number of points is n%, The Latin property and orthogonality of S,,...,S,.,
assures us that two distinct points do not both lie on distinct lines. As a par-
ticular point, if Py is on (n + 1) lines, each of which contains (n — 1) further
points, it follows that P, is joined exactly once to every other point, and we
have A = 1. Thus, we have shown that a family of (n — 1) mutually orthogonal
Latin squares is equivalent to a finite plane of order n.

As an example of this equivalence, consider the design with v = 21, k = 5,
A = 1, the plane of order 4, which we may take as determined by the difference
set By: 3, 6, 7, 12, 14(mod 21). We take B, as the line at infinity, deleting its
points on the other lines. The projective pencils through 3, 6, 7, 12, 14 become
the affine parallel families F,, F, Fy, F,, F5, respectively. Thus, we have where
Bi=3+i,6+i7+1i 12+ i, 14 + i(mod 21); and B} is the block B; with
3,6,7,12, or 14 deleted.

F,(3) F(6)
1: B¥:13,16,17, 1. 1: B%: 9,10,15,17.
2: B¥,:15,18,19, 5.  2: B¥:16,19,20, 4.
3: B¥:20, 2, 8,10 3: BY:18, 0, 1, 8.
4: B¥: 0, 4, 9,11.  4: B¥: 2, 5,11,13.
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F(7) F,(12) F(14)
4: B} : 4, 813,15 1: B¥: 811,17,19. 2: B%¥: 5 8 9016
2: B¥ :10,11,16, 18. 4: BY: 9,13, 18, 20. 4: B%:10,13,19, O.
1: B¥:17,20, 0, 5. 2: B¥ :15,16, 0, 2. 3: B¥ :11,15,20, 1.
3: B¥:19, 1, 2, 9. 3: Bfs: 1, 4, 5,10 1: B¥:17,18, 2, 4.
(12.3.7)
In terms of cell coordinates, from F, and F, we have
17=(Q,1); 16=(1,2) 1=(1,3); 13=(14);
= : e 2); 18 = (2, 3); 5=2,4); _
15=02,1); 19=(@2,2); 8=1(23) 2,4) (12.38)

=G,1; 20=032; 8=@33); 2=04;
9=(4,1; 4=@42; 0=@43; 11=(@4.

We have numbered the lines of F,, F,, F5 so that the squares S, S,, S, will
have their first rows 1, 2, 3, 4, Following our construction, the squares are

1,2,3,4, 1,2,3,4, 1,2,3,4,
4,321, 2,1,4,3, 3,4,1,2,
2,1,4,3, 3,4,1,2, 4,321,
34,1,2, 43,21, 21,43

(12.3.9)

12.4. SOME TYPES OF FINITE PLANES

We can introduce a system of coordinates into any projective plane. This is
most easily described for finite planes in terms of the division of the affine plane
into the families of parallels F,, F_, F,,...,F,.,. Our coordinates will be n

letters ay, ay,-..,a,-;, where two of them play the role of a zero and a unit,
and we write ¢y = 0,a; = 1.

If Py, Py,..., P,_, are the points of the first line of F, (in some fixed order)

we write
POE(O?O): P-l =(13 1): Ty Piﬁ'(ai’ai): ) Pn"*l::(an-h aa“l)'
(12.4.1)

The line of F, containing P; we designate x = a;, and the line of F_ containing
P, we designate y = a;. The point in commontox = g;and y = a; we represent
by the ordered pair (a,, a;) and note that this representation is conmstent with
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(12.4.1). In any family F, there is a unique line containing Py = (0, 0) and the
intersection of this line with x = 1 is a point (1, w). We use this value of w to
renumber the families, writing F, = F,,. This rule assigns the number a; = 1
to the family F, from (12.4.1). It also assigns the number ao = 0 to the family
F., but does not assign a number to the family F,. The numbering of the families
is the assignment of a “slope” to a family of parallel lines, and we may assign
slope “co” to the lines x = ¢ of F,, this being different from agy...,a5~1.

We now define a ternary operation x - m ¢ b on the elements ag, a4, ..., Gp-1-

Ternary Rule. y = x-mo b if the point (x, y) is on the line of F,, containing
the point (0, b).

It is easily checked that this operation is well defined for any x, m, and b
chosen from aq, 44, ..., a,-;. We define a multiplication xm and an addition
x + b as special cases of the ternary operation by the rules

xm = X -mo0, x+b=x1b (12.4.2)

The ternary operation satisfies the following laws:

Ti. O-moc=a0cc=c
T2. 1'moO0=m-10=m.
T3. Given a, m, ¢, there exists exactly one z such thata-mez = ¢.

T4. Ym, #+ m,,b,,b, are given, there exists a unique x such thatx-m; ¢ b, =
X myeb,.

T5. If a, # a,, c,, ¢, are given, there exists a unique pair m, b such that
a, moeb=cyanda, mob =c,.

Here, T1 and T2 are direct consequences of the definition. T3 says that there
is a line in the family F,, through the point (g, ¢). T4 says that nonparallel lines
have a unique intersection point. TS says that two points not on a line x = a
are on a unique line in one of the other families. These properties are not inde-
pendent, but are sufficient so that a ternary ring with these properties deter-
mines a projective plane. The necessary verifications are straightforward and
will not be given here.

The coordinates and ternary ring are given here for an affine plane. To extend
them to a projective plane, we introduce points at infinity (0), (1),...,{a,—;)
and {o0), all lying on a single line at infinity L, and adjoin {oc) to the lines of
F,and (g)tothelinesof F,,i =0,...,n — 1.

It may happen that the ternary operation can be expressed as a combination
of multiplication and addition. We may have

X-mob=xm+b (12.4.3)
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The algebraic relation (12.4.3) may be shown to be equivalent to the validity
of the theorem of Desargues in certain cases with L., the axis of perspectivity
and the point (co0) as the center of perspectivity.

An important type of ternary ring is called a Veblen—-Wedderburn system.
Such a system has a well-defined addition a + b and multiplication ab together
with distinguished elements 0 and 1, and satisfies:

VW 1. Addition is an Abelian group.

VW 2. Inxy =z ifany twoof x, y, z are given and different from zero.
VW3 Ix=x1=x0x=x0=0,x+0=0+x=x

VW4, (a+ bym =am + bm.

VWS, Ifr s s, xr = xs + t has a unique solution x.

VW6. x-mob=xm+b.

If the properties VW 1-5 hold, we may use VW 6 to define a ternary operation,
which then determines a plane.

In a finite system, VW § is a consequence of the remaining properties, for if
r# sand x,r — X;5 = Xar — X5, then by VW 4, (x; — Xa)r = (xg — X3)s = W,
say. If x, — x, # 0, at least one of 7, s is different from zero, and so by VW 2,
w £ 0 and we would have r = s. Hence, as x ranges over the n values of a
finite system, xr — xs also ranges over these n values, and so there is a unique x
for which xr — xs = t. Of course every division ring is a Veblen-Wedderburn
system and, in particular, finite fields satisfy all these properties and more.

A particular kind of VW system (short for Veblen-Wedderburn) is known
as a Hall system. :

Let F be a field and suppose we have a quadratic polynomial f(x) = x?
_ rx — s irreducible over F. The elements of our VW system S will be all
expressions a + bu, where g, b e F and uis an indeterminate. We might, of course,
have used ordered pairs (g, b) instead of introducing the indeterminate. Addition
in S is defined by

A:{a, + byu) + (a, + bu) = (a, + a,) + (by + byu.
For multiplication we use two rules:

Mi. ForaeF,put{e + fua = ae + afu.
M2. Forz=a+ bu, b+ 0,andw = e + fu, put

wz = (e + fu)la + bu)
= {ae — b~ 'a®*f + b~ 'raf + b 'sf) + (be — af + 1f)u.
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The muitiplication rules are more easily understood in the following form:

M1*. ForceF, c(a + bu) = {a + bu)c = ac + bcu.
M2*, (x + y)z = xz + yz.

. M3*, Forzé¢F,z>=rz+s.

If F is a finite field GF(q), ¢ = p', the Hall system defines a finite plane of
order q2. Except for q*> = 4, the plane defined in this way is different from the
Desarguesian plane of order g% with coordinates from GF(g?). For a finite F,
since VW 5 is a consequence of VW 1-4, the only property at all difficult to
check is VW 2,

To prove VW 2, we must show that in wz = v, given any two of w, v, z different
from zero, the third is unique and different from zero. We write

w=e+ fu, z=a+ bu, v = ¢ + du,

witha, b, c,d, e, f € F. Given w and z, if b = 0, we use rule M1 and if b # O,
we use rule M2 to determine v. If b = 0 and if w = 0, z = g # 0, then clearly
v =0, and also if z = a # 0 and v = ¢ + du are given, we readily determine
w = e + fu from ae = ¢, af = d, whence w is unique and different from zero ~
ifv # 0.Considercases with z == a + bugiven, b # 0, when M2 applies. We have

ae +(~b'a> +b 'ra+ b 's)f =¢c, be+(—a+1f =d, (12.4.4)

Considering these as linear equations in e and f, the determinant is —s, and
since x* — rx — sis irreducible over F, we certainly have s # 0. This shows that
when b # 0, and so certainly z = a + bu # 0, thenif w = e + fu % 0, we have
v =c¢ + du # 0; also if z and v are given, then w exists and is unique. The
difficult case consists in having w = e + fu and v = ¢ + du given. First, if
ed — fc = 0, the equations ae = ¢, af = d, are solvable, whence a solution
z = g using M1* exists, Furthermore, if a solution using M1* exists, we must
haveed — fec = 0.

Now suppose ed — fc + 0. We are now given ¢, f, ¢, d and wish to solve
(1244)foraand b. If f = 0, then e # 0 and (12.4.4) reduces to ae = ¢, be = 4,

which easily determine a and b. Now suppose f = 0 and solve the second equa-
tion for a; thus

a=bef7' —df ! 4+ r. (12.4.5)
Substituting this value of a into the first equation gives
def V— b dY TV 4+ b7 dr + b7 sf = ¢ (12.4.6)
Multiplying by f and transposing the first term give

—b Y d? — rdf — 5% = of — de. (12.4.7)
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But we have ¢f — de # 0, and the irreducibility of x> — rx — s tells us that
d* — rdf — sf* + Oifdand f are not both zero, which is true because ¢f — de +
0. Hence, (12.4.7) yields a unique nonzero value for b~ ! and so for b, and in turn
(12.4.5) gives a uniquely. This now completes the proof of the validity of VW 2.

If the multiplication in a VW system is associative, then it forms a group and
the VW system is called a near-field. All finite near-ficlds have been determined
by Zassenhaus [1]. Naturally, these include the finite fields GF(p"). Apart

from seven exceptions, the remaining fields are described in the subsequent
discussion.

Let g = p" be a power of a prime p and let v be an integer, all of whose prime
factors divide g — 1, where we also require v ¥ O(mod 4) if g = 3(mod 4). Then,
with hv = r, we may construct a near-field K with n = p" elements from the

finite field GF(p") in the following way:

1. The elements of K shall be the same as the elements of GF(p").
2. Addition in K shall be the same as addition in GF(p").

3. A product weu in K can be defined in terms of a product xy in GF(p")
in the following way: Let z be a fixed primitive root of GF(p");
then, if ¥ = z**J, an integer i is uniquely determined modulo v by ¢' =
1+ jlg — 1)(mod v(g — 1)). We define wo u by

wou = win. (12.4.8)

The seven exceptional cases are all of order u = p? for an appropriate odd
prime p. In all cases the elements of K are of the form a + by, a, b, e GF(p) and

(ay + byu) + (a; + byu) = (a, + ay) + (by + by, (124.9)
and also, for x, y, ze K,
{(x +yz=xz+yz, {(xp)z=x(yz), 1z = z, (12.4:10)
together with the particular relation
u? = —1. (124.11)
For each of the seven cases, further specific relations are needed:

Casel. n=5ull -2u)=-1-2u

Casell. n=112u(l + Su) = —5 — 2u, u(4) = 4u.
Caselll. n=7%ull +3u)=—1-2u

CaseIV. n=23% (1 — 6u) = 12 — 2u, u(2) = 2u.
Case V. n=112uR2 +4u) =1 - 3u

Case VI. n=29% u(l — Tu) = —12 — 2u, u(16) = 16u.
Case VIL. n = 59%, u(9 + 15u) = —10 ~ 10u, u(4) = 4u.
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It is true, though not immediately obvious, that these relations determine the
seven exceptions completely.

A VW system in which both distributive laws hold is called a semifield, or
sometimes a nonassociative division ring. A. A. Albert [1] has given a method

for constructing semifields of orders p', p and -odd prime, r odd, and r > {.In
GF(p") let us construct a new product {x, y) by the ruie

(x, ) = 3(xy? + xPy). (124.12)
If there were a product {x, y) = Owith x # 0,y # 0, this would lead to
yPl = —xPTL (12.4.13)

But as r and p are both odd, m = (p" — 1)/(p — 1) is odd. Raising (12.4.13) to
the mth power, we get

1=yl —xP = 1, (12.4.14)

which is a conflict, since p # 2. Thus, the product in (12.4.12) has no zero )

divisors. Hence, for x # 0, there is a unique u# 0 such that
x = (u, 1) = 5(u + u"). (12.4.15)
We may define a one-to-one mapping o by
U = xXu (12.4.16)

if u and x satisfy (12.4.15). We may now define a semifield K by a product
x o y, where

x oy = {xa, yo). (12.4.17)

The semifield K formed in this way is never isomorphic to GF(p") and the corre-
sponding plane is therefore non-Desarguesian.

The two constructions in (12.4.8) and (124.17) yield non-Desarguesian
planes of all orders u = p” for p odd and r = 2, and for p = 2, reven, r = 4.
Semifields of orders 2™, m odd, have been constructed by Donald Knuth.
For m > 5, these are not fields and so yield non-Desarguesian planes. We
give his construction.

Let m be odd and in GF(2™) let x be an element such that 1, x, x2,. .., xm!
form a basis over GF(2). We construct a semifield K(2™) whose clements are
the same as those of GF(2™) and whose addition is the same. The multiplication
yoz of K(2") is determined from the multiplication yz in GF(2™) by the two
distributive laws and the rules for the basis:

[T S
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oxi=xixS, ij=01,...,m—2,
oxml = xm loxi= x™ Iyl 4 x¥ +x', i=0,...,m—2, (12.4.18)

XML xm Tl = xR ],

From the rules (12:4.18), if y, z are elements in the additive system S with basis
1, x,...,x" "2, we may derive the following rules:

yOZ= y‘z,
(xﬂl"'l + y)oz — 2o(xm“1 -+ y) = z(x'""’ +z + I+ y)’

m—1 ofxm—1 — yim—2 -1
(x + y)oix +2)=x +1 42" +z+1) (124.19)

+y(xm P 4y 4+ 1)+ yz
="t +y+1)Y
+ ™y + Dy 42+ + 2D

The distributive laws clearly hold, and clearly 1 is a unit. To show that K'is a
semifield, we need only prove that there are no divisors of zero. For the three
product rules of (12.4.19) in the first yz # 0,ify # Oand z # Ofrom the absence
of zero divisors in GF(2™). For the second rule, if Zx" ' +z+1+y)=0
and z # 0, then x™~! + z + 1 + y = 0, which, since y, z, 1 are in S, would
make x™~* be in S, contrary to the fact that 1, x,.. .,Xx™"2 are a basis for S.
For the third rule, if the product (x"~1 + y)o (x"~! + z) is zero, we have

W +u+ 02 =0, (12.4.20)
withu = x" 1 4+ y + 1 # 0,0 = y + z Then w = v/u would satisfy
w+w+1=0

But in this case, 0, 1, w, w + 1 form a subfield of order 22 of GF(2™). This is
impossible if m is odd. Hence, K has no zero divisors and is a semifield. Iffm = 35,

xm — (xox(m“ l)IZ)O(x{m—I)IZ) 4___ xo(x(m—-l)ﬁ ° x(m-l)l?.) — xm 4 x2 + X,

and K is not a field.

Form = 3in GF(2%) the element x may satisfy either f=x>+x+1=0
or f(x) = x* + x* + 1 = 0. The circle product as determined by one of these
choices of f(x) gives the ordinary product as determined by the other f(x).
Hence, for m = 3, K(2%) = GF(2%). Indeed, it has been established by an ex-
haustive search on a computer that for order 8 there is no finite plane except
the Desarguesian one. ,

We may use a near-field in quite a different way to construct a non-
Desarguesian plane. The first example, of order 9, was constructed by Veblen
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 and Wedderburn [1], and the general construction was given by Hughes ['1].

Let F be a field of order g = p" and K a near-field of order g2 containing F as
its center. Here, K may be any one of the exceptional near-fields or one of the
regular ones, with v = 2. We begin with the Desarguesian plane n, of order g

- coordinatized by F. We represent the points of g as triples (x, y, 2), x, y, z € F

and (x, y, 2) (0,0, 0), together with the scalar equivalence (x, y, z) = (xu, yu, zu),
ueF,u=+0.1f a, b, c are not all zero and are elements of F, those points P =
{x, y, 2) satisfying ax + by + ¢z = 0 are a line, and every line of =y is given in
this way. By the theorem of Singer (Theorem 11.3.1) n, has a collineation a of
order ¢* + q + 1, which permutes the points of n, in a single cycle and also

- the lines in a single cycle. This collineation « can be represented as a linear
. transformation with coefficients from F. Thus, for P = (x, y, z) and P — Pa«

Po = (x, y, 2)o = (x, y, 2)4,
A= (a,-j), i,j == 1, 2, 3, a;jEF,

(12.4.21)

where A is an appropriate 3 x 3 matrix. Here, 4™ = cI, ce F, for m = ¢*
+ .4 + 1, but for no lower power 0 <m < ¢> + g + 1.

The trick used here is to construct a plane = of order ¢, using coordinates -.

- from K and assuming, with no apparent justification, that we may use the

matrix A to define a collineation of this larger plane. Fortunately, everything
works. 4

The points of our plane = will be the triples (x, y, 2) # (0,0, 0), x, y, ze K|
with the equivalence (x, y, z) = (xu, yu, zu), u + 0, u € K. We consider equations

x+ty+z=0, ~ (12.4.22)

where either t = 1 or ¢ is one of the g> — g elements of K not in F. We define
base lines L, by saying P = (x, y, z} is on L, if and only if x, y, z satisfy (12.4.22).
Since we have the right distributive law (@ + b)c = ac + bc and associativity

~ of multiplication, it follows from (12.4.22) that

(x +ty + 2u=0, |
xu + (ty)u + zu = Q, A (12.4.23)
xu + t{yu) + zu = 0,
whence if (x, y, z) satisfies (12.4.22) so also does (xu, yu, zu), u # 0. Hence,

incidence of a point P on L, is well defined by (12.4.22). We now have(g> — g + 1)
base lines L,, and it is easy to show that each of these contains (g* + 1) points,

.  We define further lines L®, i = 0,1,...,¢% + q, by

Rule. If (x,y,z)eL,, then(x, y, 2)A* € L® and L{® contains no further points.
Note L = L,. In this manner we have constructed

@-g+D@@+q+D=¢"+g*+1
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lines, each containing (g + 1) points. The chief difficulty lies in showing that
if L and LY are distinct, then they have exactly one point in common.

Let us consider the sets of points L. Whether or not they form the lines of
a plane, they form a system of sets of points carried into each other by the
linear transformation A. In particular, L{® and L® have a point in common if
and only if LE™™ and LI = L, have a point in common. Suppose L™ and
L, have a point (x, y, z) in common. Then {(x, y, z) is a point of L, and (x, y, z)4"~*
isapointof LY = L. If

A = (aij)? Lj=123

then

(e, y, A" T =(a; 1 x + Ay ¥+ Q31 2, 13X + Q32 Y + G322, Ay 3% + A33 Y + a332).

(12.4.24)
Since(x, y, z) 1s on L and the point 0f (12.4.24) is on L,, we have the two relations

(@1x + azy + a3 2) + tagx + azy + 0322) +{a;3x + a;3y + a3;32) =

(124. 25)
X+ sy+2z=0, (12.4.26)
Solving (12.4.26) for x and substituting in (12.4.25), we have
uy + az + t{vy + bz) = 0, (124.27)
where
U = ay; + a3 — (a,; + a;3)s, v = d;; — a;35, (12.4.28)
a = azy + a3; — (a1, + a,3), b =ay; — ay.

We note that a, b are in F, the center of K. The proof is subdivided into three
cases.

Case 1 (b # 0). Then (12.4.27) can be rewritten
(u— ab o)y + (ab™' + vy + bz) = 0. {12.4.29)
Ift = 1, then (12.4.25) is of the form
bix + byy 4+ byz =0, b;eF, (12.4.30)

and this has a unique solution point (x, y, z) with (12.4.26) except when s = 1
and b, = b, = b,y # 0, whence (12.4.30) and also {12.4.26) are the same as
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x + y + z = 0. But A permutes the lines of the subplane 7, in a cycle of length
g*> + g + 1, and so this exceptional situation can arise only when s =t = 1
and g = h—when the two given lines are identical. If ¢ # 1, then t ¢ F, and so
w=ab~! + t # 0. Mutliply (12.4.29) on the left by w™ !, and using associativity
and the right distributive law, we have

[w i —ab o) + v]y + bz =0. (12.4.31)

Here, since b # 0,(12.4.31) and (12.4.26) have a unique point (x, y, z) as a solution
to both, and this is the unique point in common to our two lines.

Case2{b =0,a + 0). Here (12.4.27) takes the form
(u + tv)y + az =0, (12.4.32)
and as a # 0, (12.4.32) with (12.4.26) determines a unique point (x, y, z).
Case3(b = 0,a = 0). Thus
A3y + Q33 = Gyq + ;3 and  dy; = 444,

whence from (12.4.24) we have

(1,0, —1)A""¢ = (a;, — a3, (1,0, —1). (12.4.33)

Here, a,, — a3, #+ 0, since A4 is not singular and 4"~ fixes the point (1,0, —1)
of the subplane n,. Hence, h — g = 0(mod ¢g* + g + 1), and as we chose h, g in
the range 0, ..., g + g, we have h = g and our equations (12.4.25) and (12.4.26)
are x + ty + z =0 and x + sy + z = 0. Since our lines were not identical,
we have t # s and these equations have the unique point (1, 0, — 1) in common.
This completes the third case.

We now have N = q* + g* + 1 lines, each containing (¢* + 1) points. Since
two distinct points are on at most one line, a point P; that is on m; lines is joined
to m,q> other points. As the total number of points is g* + ¢ + 1, we must
have m; < g% + 1 for every point. The total number of ordered pairs of points
onour N = g* + q* + 1 lines is N{g? + 1)q°. Hence,

=

mg* = N(g* + 1)¢%,
i=1

H

whence m; = ¢® + 1 in every case and so every point is on (g° + 1) lines and is
joined to (g* 4- g?) other points—that is to say, to every other point. Thus, we
do have a plane.

The original example of Veblen and Wedderburn is a non-Desarguesian
plane of order 9. We have a collineation of order 13 that maps subscripts i — i
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+ 1(mod 13) of both points and lines. The seven base lines are

Lo: Ao Ay A,
My: A, By By
No: Ao CyCy
Py: Ay B, By
Qo: Ao By Bs
Ry: Ay CyCy

Ay By Co Do Eo FoGo,
DyD E; Es Es GGy,
E,Ey F3 F; G, GsGs,
D,Dy F, Fs Fg GsGyy, (12.434)
BsC3 Cyy Ey Eg Fs Fy,
D,Ds Dy E; Eyf F, Fe,

So: Ae B3 B, C,Cs C¢ D7 Dy G, Gg.
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Orthogonal Latin

Squares

13.1. ORTHOGONALITY AND ORTHOGONAL ARRAYS

It has been observed by Donald Knuth and R. C. Bose that the property of

being a Latin square can be expressed as an orthogonality relation. Let us
consider two n x n matrices 4 = (a;;) and B = (b;;), whose entries are the

- numbers 1,...,n. We say that A4 is orthogonal to B (and write 4 L B) if for

.. replace the words at least by at most or by exactly. The two matrices R and C )

every ordered pair (a, b) of numbers, there is at least one set of indices i, j such
that a;; = a, b;; = b. Since there are n? cells and n? ordered pairs (a, b), we can

given by

r 1 {2
2 2 1 2
R=|. . ,  C=|. .

nn - n 1 2 s n

(13.1.1)

are clearly orthogonal. A set of matrices is said to be mutually orthogonal if
any two of them are orthogonal. The relation of orthogonality is unchanged by
(1) any substitution P on the numbers 1,..., n in one matrix if { is replaced by

- P(i) throughout, and (2) any permutation of the n? cells of all the matrices

simultaneously. If 4 L B, each of A and B must contain each number 1,..., n
exactly n times, and so by permuting the cells appropriately we may transform

__AintoRand Binto C simultaneously.

From the considerations given above, we see that ann x nmatrix Lisa Latin
squareon 1,...,nifand only if L L Rand L L C. Conversely, if E, F, G are
three mutually orthogonal matrices, we may permute the cells so that two of

- them become R and C and the third becomes a Latin square L. In this way the

property of “latinity” is definable in terms of orthogonality alone. The existence
of (k + 2) mutually orthogonal matrices is exactly equivalent to the existence

_ of k mutually orthogonal Latin squares. Furthermore, any one of the matrices

can be transformed into R and any other into C. This corresponds to the choice
of parallel pencils for coordinatization in a finite plane, as was discussed in

- Chapter 12,

The existence and construction of mutually orthogonal Latin squares has
been reduced to the relation of orthogonality. A representation well suited to

222
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this approach is called an orthogonal array. Let us say that two row vectors v,
and v, of length n?,

Uy = (X1y...2%2) and 0y = (¥q,...5 Yu2)

are orthogonal if the ordered pairs (x;, y;), i = 1,..., n% include every pair
{(a,b),a, bfroml,...,n exactly once.

Definition. An orthogonal array OA(n, s) of order n and depth s is a matrix
with s rows and n® columns with entries the numbers 1, . .., n such that every pair
of rows is orthogonal.

We may associate the columns of OA(n, s) in any order with the n® cells of an
n x n matrix and then construct s matrices A,, 4,,..., 4;, using the ith row
of OA(n, s) to fill in the cells of A4; in the order given by the association of column
. with cells. The orthogonality of matrices 4; and A4; is precisely equivalent to the
orthogonality of the ith and jth rows of OA(n,s). Conversely, if mutually
orthogonal squares A,,..., 4, of order n are given, we may construct an
OA(n, s) from them by reversing this process.

Permuting rows or columns of an OA(n, s) gives an OA(n, 5). Also, performing
a substitution P on the numbers 1,...,n of a row of OA(n, s) gives another
OA(n, s). Two orthogonal arrays that may be obtained from each other are
called equivalent. If we drop a row from an OA(n, s), the remaining array is
an OA(n,s — 1).

13.2. MAIN THEOREMS

From Chapter 12 we know that there is a finite plane of order n if n is a prime
power, n = p’. It was shown there that this is equivalent to the existence of
(n — 1) mutually orthogonal Latin squares of order n, or to (n + 1) orthogonal
matrices. The corresponding orthogonal array is an OA(n, n + 1). It is easy to
see that equivalent orthogonal arrays define the same plane. In general, we may
consider an OA(n, s) as defining s pencils of parallel lines, the columns being
points and a point (column j) being on the uth line of the ith pencil if g;; = u in
OA(n, s). Thus, equivalence of orthogonal arrays consists merely in relabeling
points and lines but leaving the incidences unaltered.

Theorem 13.2.1 (MacNeish [1]). If there is an OA(n,,s) and an OA(n,, s),
then there is an OA(nyn,, ).

Proof. Let OA(n,, s) be the matrix

Am(aij), i"—'—‘l,...,S, jz-”l,...,nl,
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and OA(n,, s) be the matrix

B = -(bl'j)’ i

[
fa—y
-
~F
a
L
It
[y
“w
~
=
(33

Form a new matrix
D=(d;, i=1,...,s, j=1,...,n%n
by replacing a;; in A by the row vector
(biy + mij, bz + my;, ... ’bf"i + my;), my; = (a;; — ny for every i, j.

As the numbers a;; run from 1 to n, and the numbers b, jfrom 1 to n,, the numbers
b;; + m;;run from 1 to n,n,, whence every d, ;is one of the numbers 1,.. ., n,n,.
Consider the Ath row and the ith row of D and let u, v be any two numbers in
the range 1,..., nyn,. Then we may write

u=u + (u; — n,, v = vy + (v, — n,,

with 1 < uy, v, < ny, 1 < uy, v, < ny uniquely. In A, let us determine j as that
column in which a;; = u,, a;; = v,. In B, let us determine t as that column in
which by, = 4 and b, = v;. Then in D, in column g = ¢ + n2(j — 1), we have

dhg = by + (@ — Dy = uy + (uy — Dy, = u

and
dz’y = bi! + (aij - l)nz =0 + (Uz — l)nz = 1.

This yields the orthogonality of the hth and ith rows of D and so proves that D
is an orthogonal array.

An alternate form of the proof of this theorem is as follows: Let A 13000y Ag
be mutually orthogonal of order n,, where instead of numbers 1,...,n;, we
place indeterminates x,, u=1,...,n,, and similarly B,..., B, mutually

orthogonal of order n, on indeterminates y,, v = 1,...,n,. Then the direct
products

A, x By, A, x B,, . A, x B

3
considered as matrices with the n,n, indeterminates
Zyo = Xy Vs u=1,...,n, v=1,...,n,,

are mutually orthogonal. For two given indices h, i in the range 1,...,s and
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Zy0, and z,,,,, there is a cell that contains x,, in 4, and x,, in 4;, and a cell
that contains y,, in B, and y,, in B;. The corresponding cell in 4, x B, and
A; x B;contains z, , and z,,,,, respectively.

The next theorem is essentially a corollary of Theorem 13.2.1.

Theorem 13.2.2. If n = pSp5*---p¥ is the factorization of the integer n into
powers of the distinct primes p,, ..., p,, then there exist at least N{n) mutually
orthogonal Latin squares of order n where N(n) = min{p{* — 1), i=1,...,1.

Proof. From the existence of a finite plane of order n; = pf, i=1,...,r,
there is an OA(n;, n; + 1), i = 1,...,r. Thus, with s the minimum of all the
n; + 1, there is an OA(n;, s). By repeated application of Theorem 13.2.1 there is
an OA(n, s) and so there are s — 2 = min(n; — 1) mutually orthogonal Latin
squares of order n. This is the statement of the theorem.

If we let N(n) denote the maximum number of mutually orthogonal squares
of order n, then this theorem gives a lower bound for N(n). In particular, if n is
of the form n = 4¢ + 2, this theorem gives us only one Latin square. Euler
conjectured in 1782 that no pair of orthogonal squares existed for n = 4t + 2,
saying, “I do not hesitate to conclude that it is impossible to produce any
complete square of 36 entries, and the same impossibility extends to the cases
of n = 10, n = 14, and in general to all unevenly even numbers.” MacNeish in
1922 went so far as to conjecture that

N(n) = min(p{' — 1), i=1,...,r, forn=p§- - pf,

and published an erroneous proof that N{4t + 2) = 1, using a topological
method. Both the Euler and MacNeish conjectures were finally disproved in
1959, as we shall see. Indeed, Euler was correct only for the cases n = 2 and
n = 6. The case n = 6 was settled by Tarry [1] in 1900, who enumerated all
possible cases.

Not every Latin square has another Latin square orthogonal to it, or, as we
shall say, an orthogonal mate. A condition for the existence of an orthogonal
mate is due to Mann [1]. '

Let the n numbers be divided into two categories A and B, where A contains
k letters and B contains (n — k) letters. We shall further require that k be odd.
The columns of the OA(n, 3) corresponding to a Latin square of order n can be
divided into eight types according to the category of the number appearing in
each row. We write

Xy X2 X3 X4 X5 Xg X9 Xg
A A A A B B B B
A A B B A A B B (13.2.1)
A B A B A B A B

for which x; denotes the number of columns of the type. The orthogonality of
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the rows gives a number of relations on the x’s, since between any two rows
there are k> combinations A4, k(n — k) combinations B4 or AB, and (n — ky*
combinations BB. This leads to the following relations, among others:

Xy + X = k2, Xz + x4 = k(n — k), X7 + xg = (n — k),

Xy 4+ x3 = k%, x5+ x¢ = kin — k), (13.2.2)

x1+xs=k2, X5+x';—“~_-k(n“”k)-
These yield

xzﬂkz“““xl, x-ﬁrnk-—Zkz-l-xi,
x4 = nk — 2k + %;, xg=n®—3nk 43k —x,. (1323
X5 = k2 = X1
The other relations are redundant. Let us call odd columns those containing an
odd number of A’s, namely, those numbered x,, x,, X, and x,. The total num-

ber of odd columns is 4x, + 3nk — 6k2. Let us suppose that this number is less
than n:

4x, + 3nk — 6k* < n. (13.2.4)
Now, if a fourth row can be added to make an OA(n, 4), since there are fewer

than n odd columns there must be a number (say, u) in the fourth row that
appears only in the even columns:

Y2 Ya Vs Vs
A A B B
A B A B (13.2.5)
B A A B
U u u u

Here the y’s represent the number of columns of each kind. Since this accounts
for all occurrences of u, we have

Yo+ Y3+ ys+ yg=n,
y2+ys=k  yi+ys=k (13.2.6)
A ) + V5 = ks

where the first counts the total number of occurrences of u, and the others count

the pairing of u with A4’s in the first, second, and third rows, respectively. But
these conditions yield
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2y, + y3 + ys) = 3k, (1327

which conflicts with our assumption that k is odd. Hence, with k odd, the
condition (13.2.4) leads to a contradiction. Appropriate choices of k, n, and x
give '

Theorem 13.2.3 (Mann). Let L be a Latin square of side 4t + 2 (alternatively
4t + 1) with a subsquare of side 2t + 1(2t) in which all entries are from a set of
2t + 1(2¢) numbers except for t([(t — 1)/2]) or fewer of the cells. Then there is no
Latin square orthogonal to L.

Proof. In the first case take k = 2t + 1. Condition (13.2.4) reduces to
4x, < 4t + 2 or x, < t. This means that in the subsquare of side 2¢ + 1 cor-
responding to the columns headed x, and x,, all entries are B’s except at
most t A’s. In the second case, with n = 4t + 1, k = 2t + 1, condition (13.2.4)
reduces to 4x, < 10t + 4, whence the subsquare of side 2t of the two columns
headed by x, and x4 contains at most x, = x; — 2t — 1 4’s. But our condition

is equivalent to
< t 9 1
Xq <= OF XqEKj-—u—]|,
72 ’ 2

the statement of the theorem. For n of the form 4t or 4t + 3 there is no com-
parable resuit.

For orthogonal Latin squares of order 10, Ostrowski and Van Duren have
found, using a computer, a pair in which one of the squares has a subsquare of
order 5 in which all but three of the entries are the numbers 0 through 4, showing
that for n = 10 Mann’s inequality is the best possible of its kind. The squares
are as follows:

01234 56789 01923 84657
34012 79865 67895 23104
43120 97658 93746 58210
12407 85396 38254 79061
20375 68941 14507 36982
(13.2.8)
57698 34120 25619 40873
89756 12034 40138 62795
65981 43207 56480 17329
98563 01472 82071 95436
76849 20513 79362 01548
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3.3. CONSTRUCTIONS OF ORTHOGONAL SQUARES

We begin with a construction that will prove N(12¢ + 10) > 2. Let m be a
wmber such that a pair of orthogonal squares of order m exists. Define the
ollowing vectors of length m of residues modulo 2m + 1 fori =0, 1,...,2m:

a; = (i, i’ i)"')s
bi=(i+1i+2..,i+m) (13.3.1)
G=(—-1i—2,...,i—m.

The differences of these vectors are

di=a;—b;=02m2m - 1,.... m+ 1)
d’l mb;-—-a,=(l,2,...,m),

dz =a,~-—ci=(1,2,...,m),

Ed

| (13.3.2)
dy=c¢—a=02m2m—1,...,m+ 1),

d3 mb,—--c,-==(2,4,...,2m),
dy=ci— b =@m—1,2m—3,.... 1)

fere, d; and 4] for j = 1, 2, 3 together contain all nonzero residues modulo
‘m + 1. Now construct the vectors of length m(2m + 1):

A= (ao, Qy,4y,.. -aa2m)!

B ={bo, b1, bss..., b3m) (13.3.3)

C= (Co, €C15Cay.0. ,sz).
Ve take m new letters x,,..., x,, and form a vector X of length m(2m + 1):

X = (s ey X Xggees Xy eeny Xgyenns Xy (13.3.4)

Now we form the 4 x 4m(2m + 1) matrix D:

(13.3.5)

O oW
o O
Do Oy >

he Y B o |

-

~onsider any two rows of this array. They contain one of £, £ or £ Thus,

{u, v are distinct residues modulo 2m + 1, there is a residue

e = u — v(mod 2m + 1),

wh
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h that e occurs in the appropriate d; or d}. Thus,
e=(i+gl—({+h=g—h=u~—vimod2m + 1),

ere (i + g) — (i + h) is the difference in d; or d;. Determine i by i + h =
nod 2m + 1) and then,

i+g=({+h)+u—~v=umod2m + 1),

ence the pair (%) occurs as a column in these two rows. Similarly, one of
, %8, or % occurs, and from these we get all cotumns (§) and (¢), with u any
idue modulo 2m + 1 and x; any one of x,, ..., x,,. If we suppose that there
sts a pair of orthogonal squares of order m, there exists an QA(m, 4) = E
th entries x4, ..., x,,, a matrix of size 4 x m? whose rows are orthogonal in
> x’s. We now form the matrix F:

- .
01 2 -+ 2m
01 2 2m
F = DE. 13.3.6
10 1 2 2m ( )
] 0Ot 2 -+ 2m

re F has 4 rows and 2m + 1 + 4m(2m + 1) + m? = (3m + 1)* columns.
tween any two rows of F we get columns (), « a residue modulo 2m + 1 from
: first 2m 4+ 1 columns, columns (3!} from E and the rest from D. Hence, F is
OA (3m + 1, 4). We state our result as

eorem 13.3.1. If N(m)= 2, then N(3m + 1) = 2. In particular, since
4t + 3) = 2, it follows that N(12t + 10) = 2.

The main theorem on construction of orthogonal squares is a recursive
nstruction depending on the existence of a pairwise balanced design. A
irwise balanced design BIB(v, k,,...,k,, A} is an arrangement of v objects
o b blocks such that (1) each block contains (k; < v} distinct objects for some
= 1,...,m; and (2) each pair of objects occurs together in exactly A blocks.
t b; be the number of blocks with k; elements. Then

Yhi=b  Afv—1)=Y bkk — 1). (13.3.7

e b; blocks with k; elements will be called the ith equiblock component. A
ar set is a set of equiblock components in which no two blocks have an
ment in common. We write

BIB(v, ky,... ki kyuys.n k)

he first r equiblock components form a clear set. For our constructions we
> only pairwise balanced designs with 4 = 1.
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The following theorem, in a more restricted form, was first given by Parker
[2], later generalized by Bose and Shrikhande [1], and still further generalized
by Bose, Parker, and Shrikhande together [1].

Theorem 13.3.2. ' If there is a pairwise balanced design
BIB(v, ky,...o ki kpsis Kms <+ - 5 Koms 1)
then
N(U) = mln(N(kl): AR N(kr)a N(kr+ l) . 1: SRR | N(km) - 1)‘

Proof. The clear set is treated differently from the rest of the design and the
conclusion of the theorem is correspondingly different. The clear set is roughly
analogous to parallel lines in an affine plane, the nonclear set to lines in a pro-
jective plane.

Let us put
¢ =min(N(k,) + 2,...,N(k) + 2, N(k,+ ) + 1,..., N(k,) + 1)..,
Fori=1,...,r,put 4; = OA(k;, c). Fori=r+1,...,nan
OA(k;, c + 1) — D(
exists. In D;, a matrix on numbers 1,..., k;, let us move the k; columns with

1 in the first row to the beginning and renumber the elements in remaining rows
so that the first k; columns of D; are of the form

11 e 1]
v kg _
2 e k. (13338)
12 - kel

From D;,i =r + 1,...,m, we form a matrix 4; by deleting the first row and
first k; columns of D;. A4, is a ¢ x (k7 — k;) matrix, which has in every two
rows all columns (}}) with u # w, u, w = 1,..., k;, but no columns (*). Let
the b blocks of the given pairwise balanced design be S,, S,,...,S,. If §; has
k; elements, form an array B; from A;, replacing the numbers 1,...,k; of 4,
by the numbers of the objects in S;. Finally, form the array

C =(Bl’821--'st1 E): (13'3'9)

where E is an extra set of columns, each column of E consisting of the same
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number repeated c times and E has one column for each number that did not
appear in the clear set. -

We assert that the array C of (13.3.9) is an OA (v, ¢). Choose two rows of C.
If u # w are two distinct elements of the v elements of our pairwise balanced
design, there is exactly one block §; containing both elements, and in the corre-
sponding B; there will be a column (3) in the two rows. Also, u and w do not
both occur in any other B, nor can both of them occur in a column of E. If uis
an element of the clear set in the block S; the matrix B; contains a column ]
in the two chosen rows. If u is not in the clear set, there is a column ) in E.
Thus, the two rows are orthogonal and C is an OA(v, ¢). Hence, there are at
least {¢ — 2) mutually orthogonal squares of order v, and N{v) = ¢ — 2 is the
statement of our theorem, which was to be proved.

The finite plane of order 4 is a BIB(21, 5, 1), and applying Theorem 13.3.2 to
it yields N(21) > N(5) — 1 = 3. Thisisan improvement of the MacNeish value
n(21) = 2, and was the first case in which MacNeish’s conjecture was disproved,
appearing in the paper by Parker.

The next two theorems are almost immediate applications of the main
theorem.

‘Theorem 13.3.3. Ifthere is a BIB(v, k, 1), then (1)
| N({v — 1) = min(N{k — 1), N(k) — 1)
and {2)
N(v — x) 2 min(N(k — x), N(k — 1) — 1, N(k) — 1),
for any x such that } < x < k.
In this theorem we use the convention N(0) = N(1} = 0.

Proof. Delete x objects of a single block from this block and ali others. If
x = 1, the blocks from which x has been deleted form a clear set of blocks with
{(k — 1) objects, and we have a BIB(v — 1,k — 1, k, 1). Application of Theorem
13.3.2 gives part (1). If x > 1, the block with {(k — x) objects remaining is a
clear set and all other blocks have (k — 1) or k objects. Application of Theorem
13.3.2 gives part (2).

Theorem 13.3.4. Ifthere is a BIB(v, k, 1), then
N( — 3) = min(N(k — 2), N(k — 1) — 1, N(k) — 1).
Proof. Delete from BIB(, k, 1) three objects thai are not in the same block.

This gives a BIB(v — 3, k — 2, k — 1, &k, 1), since the three blocks from which
two objects have been deleted form a clear set and all remaining blocks have
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(k — 1) or k objects. Applying the main theorem gives us our result. In par-
ticular, the BIB(21, 5, 1) gives

N(18) = min(N(3), N@4) — 1, N(§) - 1) = min{2, 2, 3) = 2,

proving the existence of a pair of orthogonal squares of order 18.

A design is called “resolvable” if the blocks can be separated into r sets
{replications) such that each set contains each object exactly once. For example,
the lines of an affine plane of order n divided into (n + 1) sets of parallel lines
form a resolvable design.

Theorem 13.3.5. If there is a resolvable BIB(v, k, 1) with r replications, then

1. N+ x)> min{N(x), N(k) — I, Nk +1)— DforI<x<r—1
2. N{v+r~1)=minNQFE — 1), N(k), N(k + 1) — 1).
3. N(@+r)= min(N(r), N(k + 1) — 1).

Proof. Let 1 < x <r. To each block of the ith replication add a new
object ¥, 1 i< x Then ‘add the block Y,,...,Y.. If1<x<r—1, we
haveaBIBv + x, k, k+ 1, 1). If x =r — {, wehavea BIB(v + r — 1, r — 1,
k k+1,1). If x = r, we have a BIB(v + r, r, k + 1, 1). The results now come
from the main theorem. As an application of this, the affine plane of order 7
is a BIB(49, 7, 1). With x = 1, we find N(50) > 5 and withx =5, we find
N{(54) = 4

Another kind of design intimately related to orthogonal arrays is a group
divisible design GD(v; k, m; A,, ;). This is a design in which the objects are
divided into n groups, each containing m elements, such that (1) each block
contains k objects, and (2) any two objects from the same group occur together
in A, blocks while any two objects from different groups occur together in 4,
blocks. The only case that will be needed here is that in which 4; =0, 4, = 1.

Theorem 13.3.6. Ifk < N(m) + 1, there exists a resolvable GD{km; k, m; 0, 1).

Proof. We assume that an orthogonal array OA (m, k + 1) exists. Arrange
the columns so that the last row is of the form

L....,1,2,...,2,3,...,3,....m,...,m. (13.3.10)

This divides the columns into m sets of m each, the ith set being that for which
the entries in the last row are i. This divides the first k rows into m sections.
Now drop the last row and replace the number i in the jth row by the ordered
pair (i, j), these being km objects. Let the columns be the blocks of a new design.
Objects with the same second coordinate never occur in the same block and
objects whose second coordinates differ occur together exactly once. Further-
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more, the design is resolvable, since the orthogonality of the (k + 1)th row
to the others in our original array assures us that in each of the m sections,
we have each of the km pairs (i, j) exactly once.

From Theorems 13.3.5 and 13.3.6 we have relations between orthogonal
arrays and resolvable designs so that from each we may construct the other.

Theorem 13.3.7. Ifthere is a resolvable GD{v; k, m; 0, 1) with r replications, then

N({v + x) = min(N{m), N(x), Nk — , Nk + ) - Dforl < x <.
N{@ + r) = min(N(m), N(r), N(k + 1) — 1).

N + r) = min(N(k), N(r), N(k + 1) — I, N(m + 1) — 1).
No+r+ 1)z mnNF+ 1),Nk+ 1)~ 1, N@m + 1) — 1).

SIS

Proof. To the GD{v; k, m; 0, 1) let us first adjoin n = v/m blocks, each con-
sisting of the m objects in a group. This is a BIB{v, m, k, 1). Let us also adjoin a
new object ¥; to each block of the ith group, i =1,..., x, but not to the block
consisting of the entire group, and also adjoin a new block Y;,..., Y,. For

x < r, this gives us a
BIB(v + x, x, m, k, k + 1, 1),
For x = r,it gives a
BIB(v + r,r,m, k + 1, 1).
The main theorem now gives us the first two parts of our theorem. For the
third part, take x = r — 1, leaving the last rephcatlon clear, ad}om Y, to each
of the group blocks and take the single block Y,, Y;,..., Y,_,, giving a
BIB(v + r, k,r,k + 1,m + 1, 1).

For the fourth part, add Y, i = 1,...,r to the blocks of the ith group, Y, to
the group blocks, and take the smgle block Yo, Yi,..., Y,. This gives us a

BIBo+r+ Lr+ Lk+1,m+1,1),

and so the fourth part of the theorem follows.
Theorems 13.3.6 and 13.3.7 may be combined to yield the important result

Theorem 13.3.8. Ifk < N(m) + 1, thenfort < x < m,
N(km + x} = min(N(m), N(x), N(k) — 1, Nk + 1) - 1).

Proof. This uses Theorem 13.3.6, and we take the first part of Theorem
13.3.7 with v = km.
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13.4. THE END OF THE EULER CONJECTURE

Euler’s conjecture, that there does not exist a pair of orthogonal squares of
order n when n is of the form 4r + 2, turns out to be true forn = 2 and n = 6,
but in no other case. This section is devoted to proving this, and so completely
disposing of the conjecture. This we state as

Theorem 13.4.1.  For every order n > 6, there exists a pair of orthogonal Latin
squares.

Proof. We must prove N(n) = 2 for n > 6. From Theorem 1322 it is
sufficient to prove this for n of the form n = 4t + 2. Our first lemma reduces
the proof to a finite number of values of n. '

Lemma 134.1. If N4t + 2) = 2 for 10 < 4t + 2 < 726, then N(v) = 2 for
allv > 6. :

Proof. We must prove this for v = 4t + 2, v = 730. Here, v — 10 > 720
and so we may write |

v — 10 = 144g + 4u, g=5 0<u<i3s (13.4.1)
This gives
v=436g) +4u+10, g=5 0<u<3s (13.4.2)

Now consider Theorem 13.3.8 with &k = 4, m = 36g, and x = 4u + 10. Here,
N(4) = 3, N(5) = 4. With m = 36g, the smallest prime power dividing m is at
least 4, and so N(m) = 3 and the condition k < N(m) + 1 is satisfied for k = 4.
As 0 < u < 35, we have 10 < x < 150; and as g = 5, m = 180 and the con-

dition 1 < x < m is satisfied. Thus, application of Theorem 13.3.8 gives
N(v) =2 min(N(m), N(x), 2, 3) = min(N{x), 2)

and so if N(x) = 2,then N{v) = 2. Thisshows thatif N(x) = 2for 10 < x < 726,
then

N({)=N@t+2)=2 forallv=4t+ 2 = 730,

as stated in our lemma.
We begin with three special examples.
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Example I. For n = 14, consider the matrix

Ky
=
1)
*
w

Poﬁ

= G =
— O
3 T o S o
o0 o O

L. -

whose elements are residues modulo 11 and the three indeterminates x, , x,, x;.
Let P, P,, P, be obtained from P, by cyclic permutation of the rows. Now
put A, = (Pg, P,, P,, P,) and let 4; be obtained from A4, by adding i to every
residue modulo 11 in A4,. If A* is the OA(3, 4) on x,, x,, x3 and E is the 4 x 11
matrix whose ith column contains i in every place, A = ApA4,... Ay, then
the matrix

D = (E, A, A¥)

is a matrix of order 4 x 196 and may be verified to be an OA(14, 4), whence
N(14) = 2.

Example 2. Starting with the matrix

0 0 0 0 % X, X3 |
3 6 2 1 0 0 0
8§ 20 12 16 20 17 8
12 16 7 2 19 6 2

P0=

with residues modulo 23, as in Example 1 we may construct a matrix and show
it to be an OA(26, 4) whence N(26) = 2.

Example 3. If we take the residues modulo 41 as objects, we can construct a
design withv =41, b = 82, r = 10, k = 5, A = 1, and our blocks are

A=+ Li+4,i4+11,i+29),

i=0,...,40(mod 41).
B;=(i+1,i+10,i+16,i+ 18,i 4+ 37),

We may verify this by observing that the two sets of residues modulo
41(0, 1, 4, 11, 29) and (1, 10, 16, 18, 37) together have the property that every
nonzero residue d modulo 41 is expressible in exactly one way as

d = x; — x;{(mod 41),

where both x; and x; are either in the first set or in the second set. Then, if u
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and v are two distinct residues modulo 41, let x; and x; be determined byu — v =
x; — x{mod 41). Putting ¢ = u — x;(mod 41), then

u=x; +t, v = x; + t{mod 41),
and so both u and v are in A, or in B,. Thus, every pair of distinct objects occurs

together in one block, and as there are 82 blocks, each containing five objects,
this is enough to establish that we do have a design with

b =82, v =41, k=S5, r=10, A=1
This design is in turn a BIB(41, 5, 1). Applying Theorem 13.3.4 gives
| N(38) > min(N(3), N(4) — 1, N(5) — 1) = 2,

and so yields a pair of orthogonal squares of order 38.

We are now in a position to show that N(n) = 2 for all n = 4t + 2 in the
range 10 < 4t + 2 < 726. The three examples above, Theorems 13.2.2, 13.3.1,
and 13.3.8, and one further application of Theorem 13.3.4 cover all the cases.
In the following list, the form given for the number indicates which of -the
theorems is relevant. Thus, 50 = 5.10 means that from Theorem 13.2.2, N(50)
= min(N(5), N(10)) = 2. Also, 34 = 10{mod 12) means that Theorem 13.3.1
is applicable and N(34) = 2. A representation n = 4m + x means that Theorem
13.3.8 is being applied with k = 4. This requires that N(m) = 3and 1 < x <m,
as is easily checked in every case,

10 = 10(mod 12). 54 = 3.18.

14  Example 1. 58 = 10(mod 12).
18 = 21 — 3.(Theorem 13.34 62 = 4.13 + 10.
applied to BIB(21, 5, 1)) 66 = 3.22.

22 = 10(mod 12). 70 = 10(mod 12).
26 Example 2. 74 = 4.16 + 10.
30 = 3.10. 78 = 3.26.

34 = 10(mod 12). 82 = 10(mod 12).
38 Example 3. 86 = 4.19 + 10.
42 = 3.14. 90 =4.19 + 14.
46 = 10(mod 12). 94 = 4.19 + 18.
50 = 5.10, 98 = 7.14.

For values of n greater than 100, application of Theorem 13.3.8 with k = 1

and n = 4m + x is sufficient to prove N(n) > 2 in every case. Each value of

m can be used with a range of x’s of the form 4t + 2, and there will be a corre-
sponding range for n = 4m + x.
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m Range of x Range of n = 4m + x
23 10-22 102-114
27 10-26 118-134
3 14-30 138-154
37 10-34 158-182
44 10-42 186-218
53 10-50 222-262
64 10-62 266318
77 14-74 322-382
92 18-90 386-458
i13 10-110 462-562
139 10-138 566-694
172 10-38 698--726

There is no reason to believe that the results found so far are even close to
being the best possible. N(12) > 2 is all that has been proved. But, by direct
construction, Dulmage, Johnson and Mendelsohn [1] have found five mutually
orthogonal Latin squares of order 12. These are based on the Abelian group

of order 12 which is the direct product of cyclic groups of orders 6 and 2. Let
the generators be a and b with a® = 1, b? = 1, and let us write

a=d, i=0,...,5 b=>bd i=0,...,5.
Construct the five rows:

do 4y a a3 a4 as by by b, by by by,
ag by b; ay by ay by bs as by, as a,
ap ay by a; by bs a; b, as as by by,
a by ay bs as by a3 b, a, b, by a,,
ap as bs by a, by b, by by a, ay as.

Take these rows as the first rows of five squares. The second and third to
twelfth rows are formed by multiplying the first rows throughout by a,, ..., a4,
bg, - .., bs, respectively. No other square of order 12 is orthogonal to all these,
and no set of six mutually orthogonal squares of order 12 has been found.
The following theorem has been proved by Chowla, Erdés, and Straus [1].

Theorem 13.4.2.  There exists a number v, such that N(v) > L1790 whenever
v > vy.

The proof rests on Theorem 13.3.8 and a variety of complicated arithmetical
considerations.
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Hadamard Matrices

14.1. PALEY’S CONSTRUCTIONS
A Hadamard matrix H oforder misanm x mmatrix of + 1’sand — 1’ssuch that
HH® = ml. (14.1.1)

This equation is equivalent to the assertion that any two rows of H are
orthogonal. Clearly, permuting rows or columns of H or multiplying rows or
columns of H by —1 leaves this property unchanged, and we consider such
matrices equivalent. If H, and H, are equivalent Hadamard matrices, then

H2 = PHIQ, (14.12)

where P and Q are monomial permutation matrices of +1’s and —1’s. By
this we mean that P and Q have exactly one nonzero entry in every row and
in every column, and this nonzero entry is +1 or —1. P gives the permutation
and change of sign of rows; Q of columns. Given a Hadamard matrix, we can
always find one equivalent to it whose first row and first column consist entirely
of +1's. Such a Hadamard matrix is called normalized. Permuting rows except
the first, or columns except the first, leaves a normalized matrix normalized,
but in general there may be equivalent normalized matrices that are not equiv-
alent by merely permuting rows and columns.

We shall say H matrix for Hadamard matrix as an abbreviation. For orders
1 and 2, there are H matrices

Hy=[1], H,= B *i] (14.1.3)

Let H be an H matrix of order m > 2, which we shall suppose normalized so

that its first row consists entirely of 1’s. Hence, three rows of H may be put
into the form

I P 1 1 PO 1 1 e 1 1 eaa 1
—1 o =1{ =1 - —1. (1414)
1 - 1] =1 -+ =1 1 - 1l -1 - =1
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Let us suppose the number of columns of each type is x, y, z, w, respectively.
Then

X+y+z+w=m,
xty—z-w=0, (14.15)
X—y+z—w=0

X—y—z4+w={,

The first of these equations counts the total number of columns. The other
three express in turn the orthogonality of the first two rows, of the first and
third, and of the second and third. We may easily solve equations (14.1.5) to find

X=y=zZ=ws= (14.1.6)

INE

We conclude that if H is a Hadamard matrix of order m > 2, then m is necessarily
a multiple of 4.

From a normalized H matrix of order m = 4t, we may construct a symmetric
block design D with parameters v = 4¢ — Lk=2t—1,A=1t—1, and con-
versely, from such a design D we may construct a normalized H. First suppose
we are given a normalized H matrix of order 4t. Number the rows and columns
of Hby 0, 1,...,4t — 1 s0 that the row and column numbered zero consist
entirely of +1’s. With the remaining rows, associate objects a;, i = 1,...,
4t — 1, and with the remaining columns, associate blocks B J=1,..,4t - 1.
We now say that g; € B; if the entry biy= +1in H and a;¢ B, if b;; = —1.
Thus, we have constructed an incidence system of (v = 4t — 1) objects and v
blocks with an incidence matrix '

A=(a;j), i,jzi,...,v

wh = .
where g, {0’ ifb;j = —1

In (14.1.4), (14.1.5), and (14.1.6), it has been shown that in a normalized
Hadamard matrix, every row except row zero contains 2t -+ I’s, and two such
rows both have +1’s in ¢ columns. Deleting column zero, these values become
2t — 1 and t — 1, respectively, Hence, A satisfies

AAT =l 4+ (¢t - 1)J, AJ = (2t - 1)J. {14.1.7)
From Theorem 10.2.3 it follows that 4 also satisfies

ATA=tl+(-1J, JAd=@2t—1)J, (14.1.8)
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and as an incidence matrix it follows that 4 is the incidence matrix of a sym-
metric design D with v =4t — 1, k=2t — 1, A=1¢ — 1. Conversely, if we
are given a symmetric design D with v =dt — 1, k=2t — 1, A =1¢ ~ 1, its
incidence matrix A satisfies (14.1.7) and (14.1.8). We now construct a matrix
H=(b;),i,j=0,...,4t — 1 by putting bgj =biy=+1andfori,j=1,...,
4t — 1,

v "‘"1, ifaij"—"() |

From the fact that 4 satisfies (14.1.7) it now follows that H satisfies (14.1.1).
and is a Hadamard matrix.

Thus, the construction of normalized Hadamard matrices is equivalent to the
construction of symmetric designs with v =4t — 1, k=2t — 1, A =1¢ — 1.
But it is to be noted that inequivalent designs may yield equivalent matrices,
since a Hadamard matrix may be normalized in many ways. The Bruck—
Ryser-Chowla condition {Theorem 10.3.1) for these designs is that there be
solutions in integers x, y, z not all zero of

22 = x? — (t — 1))2 (14.1.9)

Clearly, x = y = z = 1 is a solution, and so it is conceivable that a Hadamard
matrix of order m exists for every m that is a multiple of 4. Whether or not this
is the case remains a challenging problem.

It is possible to construct Hadamard matrices from designs in another way.
Let us suppose that H,, is not normalized and that the +1’s in all columns

determine the incidence of objects in blocks. Then v = m = 4¢ and we have .

k + 1I's and (v — k) — 1’s in every column and so also in every row. The con-
dition

HHY = HYH, = ml (14.1.10)
requires for the inner product of two different rows
A=k =)= Gk-D+@~2%k+D)=0 _  (14111)

counting +1’s over +1’s, plus over minus, minus over plus, and minus over
minus. As v is even, k — 1 must be a square (Theorem 10.3.1). Thus, we have

k—~ 2 =u? (14.1.12)
and (14.1.11) as well as the basic

k(k — 1) = Av — 1), (14.1.13)
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Together these relations give, taking — H,, instead of H,, if necessary to make
k less than half of v,

v=4? k=2 —u  A=u®-—u (14.1.14)

Such designs exist; thus, withv = 16,k = 6,1 = 2, an example was constructed
at the beginning of Section 11.4. We take the elementary Abelian group A4 of
order 16 with generators q, b, ¢, d, all of order 2, and the group difference set
a, b, c, d, ab, cd. If we take the elements of 4 in the order 1,a,b,c,d, ab, ac, ad,

be, bd, cd, abc, abd, acd, bed, abed, numbering them from 1 to 16, the block
design corresponding to the +1’s is

Bi: 2,3,4, 5 6,11, B, 3,
By: 1,3,6, 7, 8,14, B,,: 3,
B3: 1,2,6, 9,10,15, B“: 1
B 1,57, 9,11,12, B,,: 4,
Bs: 1,4,8,10,11,13, B,,: 5,

2,

3,
6

>

7,10, 12, 15,
8, 9,13,15,
5,14, 15, 16,
, 1, 9,13, 16,
, 8,10,12, 16,
7, 8,11, 15,16,
9,10, 11, 14, 16,
, 11, 12,13, 14, 15,

-

u‘hm

3

=

(14.1.15)

N

Bs: 1,2,3,12,13, 16, By,
B, 2,4,8, 9,12 14, B,s:
Bg: 2,5,7,10,13, 14, Bys:

The corresponding H matrix is symmetric, since i € B ;if and only if j € B,.
There are a number of methods for constructing Hadamard matrices. It is

possible to construct Hadamard matrices of the following orders N (in this list,
p is an odd prime):

. N=2.
. N=p +1=0mod 4).
HI. N = h(p" + 1), h > 2, order of a Hadamard matrix.

IV. N = h{h — 1), h a product of numbers of forms I and IL
V. N =92 116, 172.

VL. N = h(h + 3), hand h + 4, both products from I and II.

VIL. N = hihy(p" + 1)p", by > 1 and h, > 1, orders of Hadamard matrices.
VIIL. N = hihys(s + 3), hy > 1, h, > 1 orders of Hadamard matrices and s,
s + 4, both of form p* + 1.
IX. N=gqlg+2)+1,q,q + 2, both of form p.
X. N aproduct of numbers in I to IX.

In Section 11.6 the difference sets Q give type II, those of type Hg are a subset
of the numbers of type II, and T is type IX. As presented here, the rest of the

cases are due to Williamson [1, 2], who generalized earlier methods, chiefly
those of Paley [1].
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These constructions lean very heavily on the direct product (or Kronecker
product) of two matrices. If A = (g;;) is an m x m matrix and B = (b,,) is an
n x n matrix, then the direct product A x B is the mn x mn matrix given by

“auB ap,B - almB—
anB azzB e 'ﬂzMB
AXxXB= a,-;B as;B a.-;.,B (14.1.16)
B @B - QB
La,,,l Az a |
1t is easy to see that
Ax B=(AxI)Xl, x BYy=(, x BXA x I,). (14.1.17)

Here, (4 x B) x C = A x (B x C)inall cases. The matrix B x A is equivalent
to A x B by an appropriate permutation of rows and columns. The direct
product has a number of useful properties:

a{A x B) =(ad) x B= A x (aB),  ascalar,
(A + A)) x B=A; x B+ A, x B,
Ax{B, +B)=A4xB;+AxB,, (14.1.18)
(A x BYC x D)= AC x BD,
(A x B)f = AT x BT

Here, A, Ay, A,, C are m x m matrices and B, By, B,, D are n x n matrices.

Theorem 14.1.1.  If there exist H matrices of orders m and n, their direct product

is an H matrix of order mn.

Proof. Let H,, and H, be H matrices of orders m and n, respectively. Then

(Hm X Hn)(Hm X Hn)T = (Hm X Hn)(H; X H;ar)
= H HY x H,H'
=ml, x nl, = mnl,,. (14.1.19)

For some of the methods, we need H matrices with additional special proper-
ties. We begin with some matrices based on finite fields, where p is an odd prime.
Let x(x) be the character defined on GF(p"), where x(0) = 0, x(x) = +1if x is

a square and ¥(x) = —1 if x is not a square. Then, from the properties of finite
fields y(xy) = x(x)x(y) in all cases.
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Lemma 14.1.1, N XWxh + o) = — L,ifc + 0.

Proof.  x{0)x(0 ) = Q. For
b+c=bz As b tanges over th

“elements of F except . (Forh =

b # 0, there is a unique z # | such that

¢ nonzero elements of F, z ranges over all
—¢, z = 0.) Hence,

{dx(h)x(h 1= xbyb + o)
b0

=2 10x2) = ¥ x2)
b¥0

z#1
=3 — (1) =0~1= —1. (14.1.20)

With g = p', let Ay — O, q,,

-++»d,-y be the elements of F numbered so that
ap=0anda, | =

4.i=1,...,9 — 1. Now put
Q¢ =(qy) 9;; = xla; — a;). (14.1.21)

Here,

I = xla; — ag) = x(—Dxla; — a;),
and since —1 i3 4 square if g = I(mod 4) and a nonsquare if g9 = 3(mod 4), it
follows that Q is symmetric jf 9 = I(mod 4) and is skew-symmetric if q=
3(mod 4).

Lemma 14.1.2. Q" .. a1, — J,QJ = JQ = 0. Here, J is (as usual) the matrix
consisting entirely of 1. QO = B - (b;;), then

by =3 xa; — a)y(a; — ay),
'

_{q—l Cifi=
-1 if i & j. (14.1.22)

The last relation comey from Lemma 14.1.1 with b = a4 —a, c=a;—gq

These relations prove the first part of Lemma 14.1.2. The relations QJ = J Q= E)
are consequences of Y () — 0,

Le'te=eq=(1,.

: -5 1) be the vector of g I's. Then, ifq = p" = — 1{mod 4),
the matrix

5 = [_ST g] (14.1.23)
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has the properties
S'=-8  SST=gql,,. (14.1.24)

Here,

Hq+1 = (Iq+1 + S) (14.1.25)

is an H matrix of order g + 1, since every element in H is + 1, and also
HH =1+ SYI +8T) = I+S+ ST+ 8sT
=14 ql =(g + 1)L {14.1.26)
Let us call an H matrix of “skew type” if it is of the form
H,=1I,+8,, 8I=-8§,. (14.1.27)

Williamson [1] calls such an H matrix of “type L” He gives the follawing
useful lemma,

Lemma 14.1.3.  Let S be a matrix of order n such that ST = eS,e = +1,857 =
(n — VI,. Further, let A and B be matrices of order m satisfying

AA" = BB" =ml,, and ABT = —gsBA".
Then the matrix K = C x I, + B x § satisfies KK™ = mnl,,.
Proof. We calculate

KK"=(A xI,+ B x SY(A" x I, + BT x )
= AA" x I, + AB™ x ST + BAT x S + BBT x SST
=mly X I, + (—eBA") x (sS) + BA" x S + ml,, x (n — DI,
= ml,, + m{n — VI, = mnl,,. (14.1.28)

If g = p" = 1(mod 4), then with n = g + 1 the matrix S, given by

0 e
S, = LT Q]’ e=¢e,.,, (14.1.29)

where Q is given by (14.1.21) and is symmetric. Because of Lemma 14.1.2, S,
satisfies

ST=S, 8,57 =(n- 1), (14.1.30)

e g ek i 1
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Now let A4 be any H matrix of order m > 1. Here, m is even, and so we can
construct a matrix U, that has m/2 matrices [ _? }] down the main diagonal, or

01
U.=1 . 14.1.31
Now define B by

B=U_A. (14.1.32)

Then we find

BB" = U, AAU! = U, mI, UL = ml,,
ABT = AAUT = mI.UT = —mU,, (14.1.33)
BAT = U,AA" = U,(ml,) = mU,,.

Thus, S, in (14.1.29), A and B satisfy the hypotheses of Lemma 14.1.3. Let us
néte that S, is 0 on the main diagonal and +1 elsewhere. Hence, the matrix K

of the lemma has all its entries + 1 and so is an H matrix of order mn. We state
this as

Theorem 14.1.2. If p" = I(mod 4), p prime, and h > 1 is the order of an H
matrix, then there is an H matrix of order h(p" + 1).

This covers case III of the list of the orders N, since if p” = — 1(mod 4), there
is an H matrix of order p” + 1, and the result follows from Theorem 14.1.1.
This result of Williamson generalizes a result of Paley [1], who proves that
there 1s an H matrix of order 2(p" + 1) when p’ = 1(mod 4). Paley’s construc-
tion is equivalent to taking the S, of (14.1.29) and forming

11 1 -t
Hz,,—-S,,x[l —1]“""[-—; “1]. (14.1.34)

From (14.1.30) it readily follows that H,, is an H matrix and is symmetric.

Lemma 14.1.4. If n is of the form n = 2'k - - - k,, where either k; = pji + 1 =

O(mod 4) or k; = 2(p}" + 1), p{* = Hmod 4), there is a symmetric H matrix of
order n.

Proof. The direct product of symmetric H matrices is a symmetric H
matrix. There is a symmetric H matrix of order 2, and in {14.1.34) we have a
symmetric H matrix of order 2(p" + 1), where p" = I(mod 4). It remains to
show that if n = p” + 1 = O(mod 4), there is a symmetric matrix of order n.
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There is an H matrix 4 of order n, of skew type, as given in (14.1.25):

—eT Q

Let U be the matrix of ordern — 1 = p" = g, where

A=L+S=1, _+[ 0 e]. (14.1.35)

U = (uij)! i’j = 03 ¢ "?q - 1! uOO = 19 (14.1.36)
Uig-i =1, i=1...,9-1, u; = 0, otherwise.

Now define a matrix B by the equation
-1 0 -1 0 0 —e _
= = . 14.1.37
B [ 0 U]A [ 0 U]+[——eT UQ] (14.1.37)

Q = (b.‘j), l,j = 0,...,(] —1 and bij = X(a; - aj),

Since

with UQ = (c;;), then ¢y; = x(0 — a;) and
Cl’j:“..X(aq—i“aj):X(_al'ﬂaj)) i= 1,-”,‘1‘“‘ 1:

whence in all cases ¢;; = y(—a; — g;) and so UQ is symmetric, whence also B
is symmetric:

B" = B. (14.1.38)

In addition, noting that U is symmetric and U? = 1, we find

BB = ["é 3] AATI:—_(I) g] = nl, (14.1.39)

The matrix B is a symmetric H matrix of order n = p” + 1 and its existence is
sufficient o prove our lemma.

Lemma 14.1.5. If there is a ske-w-zype H matrix of order n, and if p" + 1 =
O(mod 4), p prime, then there is a skew-type matrix of order n(p" + 1).

Proof. By hypothesis H, = I, + S, where ST = —S. With 4 as in (14.1.35)
and B as in (14.1.37), we have

HH! = (I, + S)I, — 8) = nl,, (14.1.40)

__whence

S§T= -8 =(n - 1)I,, (14.1.41)




14.1. Paley’s Constmctio.ns 247
and also, withm = p" + 1,
AA" = BBT = mi,,,
a8 =mi | L Ol par (14.1.42)
Thus, A4, B, § satisfy the requirements of Lemma 14.1.3 with ¢ = — 1. Hence,
K=AxI,+BxS§ (14.1.43)

is an H matrix of ordermn,andas 4 = I, + C, C" = —C, we have

K-1, ) =(CxI,+BxS8)T
= (=C)x I, + Bx(=S)= (K ~L_). (14.1.44)

Thus, K is of skew type, and our lemma is proved.

Lemma 14.1.6. There is an H matrix of skew type of order nif n = 2'%k, --- k.,
each k; of the form p* + 1 = O{mod 4).

For order p” + 1 = O{mod 4), the matrix H, ., of (14.1.25) satisfies our
requirement. Furthermore, if H is of skew type of order n {(including the matrix

(1) of order 1) then
I 1
[_1 1] x H

is also an H matrix of skew type of order 2n. Together with Lemma 14.1.5 this
covers all values of # in this lemma.

Theorem 14.1.3. | f there is an H matrix of skew type of order n, there is an
H matrix of order n(n — 1).

Proof. Let H =(b;), i, j=1,...,n. Since H is of skew type, b; = +1,
i=1,...,n If we multiply the rth row and rth column by —1, the property
of being of skew type is not altered. Hence, we may suppose also b, j= +1,
J=2,...,n without loss of generality. Thus,

H=1I,+85  §T= -§

1 e
H = .

(14.1.45)
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Since HH™ = nl,,, we have

SST=(n - I, (14.1.46)
and also
DD = nlyoy — Jy-1, D14 = —(D —1,_,),
eD'=¢, Def=e", oTe=J _,, (14.1.47)
Ju1 DT = €T(eD™) = eTe = J,_,.
If we put
K=J,_, xI,+D xS, (14.1.48)
we find

KK" = (J,oy x I, + D x S)JT_, x.I,, + DT x §T)
=Jay X L+ J, D" X (=S)+J,_ D x S
+lpey —~ Juey) x {(n - VI,)
== Doy X I + Jpoy X (=8) + Ju_y(2l,-, — D)
XS+nn— Dy xI,—(n—1)J,_, xI,
== XS+ 2oy — T ) XS+ nn — nI,., x1I,
=n(n — Dly-y, (14.1.49)

and so K is an H matrix of order n(n — 1) and our theorem is proved. This
theorem of Williamson generalizes a result of Scarpis [1], who showed for
p = 3(mod 4) the existence of an H matrix of order p(p + 1). Together with
Lemma 14.1.6, this establishes case IV in our list.

Theorem 14.1.4.  If there is a skew-type H matrix of order n and a symmetric
H matrix of order m = n + 4, there is an H matrix of order n{n + 3).

Proof. Let H,, be symmetric and H,, be of skew type. Then, changing signs

of rows and columns simuitaneously if necessary, and replacing H,, by — H,, if
necessary, we have

1
H, =[ . e], €=¢yy, Hy,=1I,+8, (14150

SR e Sty | i 5
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Here, since ml,, = H, HY = H2,

m e + eD fm 0
= 14.1.51
[eT + De" eTe + D2] [0 mIm_i] (14150

and so
D'=D, eD=—e¢ De'=—¢", D =ml, - m-1-  (14.1.52)
Since efe = J,,_,, we find

Jon-1D=—-J,_,=DJ,_,. (14.1.53)
Nowput F,_; =2I,_, —J__,. Then

F,_,D=DF,_,, Fi =4I, +(m- MWm—1-  (14.1.54)
Also, since H,, is of skew type,
ST = -8, SuSq = (n — 1)1, (14.1.55)
Now define W by
W=F, ,xI,+DxS§,, (14.1.56)

and note that every element of W is + 1. Then
WWT = (F,_, x I, + D x SiFp—y x I, — D x S,)
=F2 , xI,—D*x§?
=@y +(m -5y x I, + (ml,_, — Jm—1)
X {n — DI,
=(mn—-m+4l,_  xI,+m-—n- 4y x 1, (14.1.57)

Hence, if m = n + 4, W is an H matrix of order n(n + 3) and our theorem is

proved. This theorem, with Lemmas 14.1.4 and 14.1.6, proves case VI of our
list and somewhat more.

Lemma 14.1.7. If there exists an H mairix A of order n > 1, there exist two
H matrices B and C of order n such that AB" = — BA™, ACT = CA", BCT =CB".

Proof. Here niseven; n = 2m. Putting

0 1 0 1
X-_-~I,,,><[__1 O]’ YuImxl:I 0], (14.1.58)
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we verify directly that B = XA, C = Y 4 satisfy the conditions of the iemma.

Now suppose p" = I{mod 4), p prime, and write m = p" + 1. Then the
matrix Q of (14.1.21) is symmetric, and from Lemma (14.1.2),

00" =Q*=m—Dlpey —Jpys Qs =Jn Q=0 (14.1.59)
Let A, and B, be H matrices of order n,, as in Lemma 14.1.7, such that
AB] = —B,A]. (14.1.60)
Define the matrix K of order (m — 1)n, by
K=A x1I,_,+ B, x Q. (14.1.61)
Then every element of K has the value +1 and

KKT = A, AT x I, + B,B¥ x Q?
= nlf,,‘ X (mIm_1 — mel). (14.1.62)

IfM = Al X Jm_l,
MMT = n,1, % (m — 1)J,_,. (14.1.63)

Now let A, and B, be H matrices of order n, satisfying

A,B} = —B, AL (14.1.64)
Now define W by
W=(A, x M) xI,+(B, x Ky xS, (14.1.65)
where |
S = [‘3 ;] §2 = (m — D, (14.1.66)
Then

WWT = (4,4 x MMT) x I, + (B,B} x KKT) x §?
= [nzInz X (ngl,, x (m— 1)J,-y)
+(m — Dngly, x (01, x (mly — Jo_ )] * 1,
= [nyl,, x I, x ((m — Wy + (m — Oml,,_,
—(m—1)Jy_ )] x I,
= NIy, N =nnmm— 1), | (14.1.67)
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We have proved the following theorem.

Theorem 14.1.5. If H matrices of orders n, and n, exist, i, > 1, n, > 1, and
pisa prime such that p" = 1(mod 4), there exists an H matrix of order n,n,(p" + 1)p".

By case IV of our list, if p” = 3(mod 4), there is an H matrix of the order

(¢p" + 1)p". This observation together with our theorem establishes case VII
of the list.

The proof of case VIII is much like that of case VII. Let 4,, B,, C,, be H
matrices of order n, satisfying the relations of Lemma 14.1.7 and similarly,
Az, B;, C; of order n,. (We shall not need C,.) With Q = Q, from (14.1.59) of
order m — 1 = pi, p, prime, p, = 1(mod 4), put

U=C, x @lpy—y = Jnei)s
V=Al XIm_]’{‘Bl le'

(14.1.68)

Similarly, let S, be, from (14.1.29), of order n = p5 + 1 with p, prime, pj =
1{mod 4). Finally, put

W= (A, xU)xI,+ (B, x V) x 8, (14.1.69)
Then we find
UU™ = n1y, X 4y + (= 5),_y),

VVT =ngd, x (ml,_y — Jo_y), (14.1.70)
UVT = C AT X (Up-i — Ju_y) + C,BT x 20,.

Since Ay, By, C, satisfy Lemma 14.1.7, we see that UV’ is symmetric, or
Uvt = vUT ' (14.1.71)

Hence, we find

WWT =n,I, x (UUT x I, + VVT x §%
= gLy X @y + (m — 5),,_) x 1,
+(mlyy — Juy) x (n — DI,]
=nmnyl, ., X {4 4+ mn - mi,_,

+m—-4-nJ, ] xI, (14.1.72)



252 Hadamard Matrices
Hence, if m = n + 4, we have
WWT = NIy, N = nynnn + 3), (14.1.73)

and W is an H matrix of order N.
We have now proved

Theorem 14.1.6. If both n and n + 4 are of the form p* + 1, p prime, and if
ny > 1 and n; > 1 are orders of H matrices, then there is an H matrix of order
nynyn{n + 3).

Note that if n = O(mod 4), this is a consequence of case VI. The preceding
proof covers the case n = 2(mod 4) and proves case VIII of the list.

14.2. WILLIAMSON’S METHOD

Another method for constructing H matrices is also due to Williamson. This
method has been successful in a number of special cases, in particular giving the
numbers 92, 116, and 172 of case V. ‘

Consider the matrix H given by

[ 4 B ¢ »]
H = :g ‘; _i “g (14.2.1)
_‘-—D —-C B A ]
Here, if A, B, C, D are numbers,
HH" = (A*> + B> + C? + D?¥) x I,. (14.2.2)

Under certain circumstances, (14.2.2) is valid if A, B, C, D are matrices of order
n. A sufficient condition for this is that A, B, C, D be symmetric and commute
with each other. We shall assume this to be the case.

Let U be the matrix of order n corresponding to a cyclic permutation of order
n. Here,

010 -0

U=|: 1 ¢ -« |, U=L (14.2.3)
000 - 1
|1 00 -+ 0]

If 4, B, C, D are polynomials in U, they commute with each other. Let us take
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A= aol + al.U + 0 4 a,,__lU"”l,
B = boI + blU 4+ bn—IUHMIs

(14.2.4)
C=col +c,U+ - +¢,_ U1,
D=dy +d,U++d,_,U"".
Since UT = U™, the matrices 4, B, C, D will be symmetric if
Ap—-; = ay, bn—i = bi: Ch—-i = Cj, dn—i = dis i=1,...,n— 1
(14.2.5)

If every coefficient a, b, ¢, d is + 1, then H will have every entry 4+ 1 and we shall
have

HHY = 4nl,,, - (14.2.6)

providing
A? + B +.C* + D? = 4nl,. (1427
Thus, H of (14.2.1) will be an H matrix of order 4n if A, B, C, D are given by

(14.2.4) with the coefficients +1 subject to conditions (14.2.5), provided (14.2.6)
holds. For example, if n = 3, we may take

1 1 1 1 -1 -1
A=11 1 1}, B=C=D=] -1 1 —14. (14.2.8)
I 11 -1 -1 1]
Since from (14.2.8) we find
A+ B+ C? D2 =121, (14.2.9)

the matrix H of (14.2.1) is an H matrix of order 12.

From here on we shall assume that n is odd, and also change the signs of
A, B, C, D if necessary so that

ao = bo = CG = do = +1. (14.2.10)
The relations (14.2.4) and (14.2.7) may be considered as in the group ring R{G)
over the integers, where G is the cyclicgroup 1, 4,...,u"" ! with 4" = 1, u cor-
responding to U. Thus, we write

A=as+au+--+a,_,u" ! (14.2.11)
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and similarly express B, C, and D. Let us further write
A=P,— N, (14.2.12)

with P, the sum of the positive terms in 4, — N the sum of the negative terms
in A, whence

Py=Yaw, aj=+1, —N;=Y au, a=—-1 (142.13)
i i

In the same way we write
B =P, — N,, C = Py — N;, D=P,— N,. (14214

Since a, = +1 and, by (14.2.5), a,—; = a;, i = 1,...,n — 1, the positive terms
except for a, occur in pairs, whence p,, the number of terms in P,, is an odd
number. Similarly, p,, p;, ps are odd numbers. Let us write

T=14+u+u?+ " +u" " (14,2.15)
Then

P,+N;=T, i=1234 (14.2.16)

Then the relation corresponding to (14.2.7) is
A? + B + C* + D? = 4n, (14.2.17)
and by (14.2.12), (14.2.13), and (14.2.14), this becomes
2P, -T2 + (2P, — T + 2P, — T)> + (2P, — T)> = 4n.  (14.2.18)

Since /T = T for all j, we have P,T = p,T and T? = nT, and so (14.2.18) takes
the form

4P} + P} + P + PY) — 4(p; + p, + p3 + pa)T + 4nT = 4n. (14.2.19)

Dividing by 4 this becomes

P{+ P+ Pi+ Pi=(p1+py+ps+ps—nT +n (14220

Since each p; is odd and n is odd, we see that every term «/, j # 0, must occur

an odd number of times (namely, p, + p, + ps + ps — n) on the left of (14.2.20).
For each t = 1,...,n — 1, there is a unique s such that (¥)> = «'. In P? =
(3, 4)?, k in a subset of 0, 1,...,n — 1, we have P? = ¥ u**(mod 2). Hence

-
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every u' = (u')?, to appear with an odd coefficient on the left of (14.2.20), must
occur in exactly one or three of P,, P,, P, P4. The corresponding u* appears
in exactly one or three of P, P,, P;, P,. This leads to

Lemma 14.2.1. Ifnis odd, and if the matrices A, B, C, D of (14.2.4) are chosen
with signs so that ap = by = ¢y = dy = 1 and satisfy A% + B+ C? + D? = 4ni,,
then for eachi=1,...,n — 1 of a,, by, ¢;, d;, exactly three are of the same sign.

Proo_ﬁ HCI'CA=P1-—Nl,B=P2—-N2,C=P3——N3,D=P4-~N4.
The term «' occurs in one or three of Py, Py, Py, P,, as we have just shown, and

so either ' occurs in exactly three of A, B, C, D, or —u' in exactly three of them.
Let us now define Wy, W,, W,, W, by

2 =A+B+C-D, 2W,=A+B—C+D,

(14.2.21)
2Wy=A~B+C+D, 2W,=-A+B+C+D.
Then, substituting in (14.2.17), we find
Wi+ W2+ Wi+ W2=dn (14.2.22)
and from Lemma 14.2.1, each W; has integral coefficients and
Wo=14200 4+ 2 (14.2.23)
where for each j = 1, ... » — 1, we have a term + 24/ in exactly one of the

W’s. For example, if u' occurs with the coefficient —1 in A4, B, and C and with
the coefficient -+ 1 in D, then we have — 24/ in W, and no term in «/ in w,, W,
or W,. And, as «/ and 4"~ have the same coefficient in each of A4, B, C, D, the
same holds true in the W’. Conversely, if the W’s are of the form (14.2.23)
with &/ and 4"~/ with the same coefficient and also satisfy (14.2.22), then 4, B,

C, D satisfy Lemma 14.2.1 and yield an H matrix in (14.2.1). Here, 4, B, C, D
are given by

A=W, + W + W, — W,, =W, - W, + W, + W,,

(14.2.24)
2B=W, +W, - W, + W,, D =W, + W, + W, + W,
Since (14.2.22) must hold in the group ring R(G) of the cyclic group {u} with
u" = 1, it must be valid when u is replaced by any nth root of unity-—in particular
when we put u = 1. In this case, each of the Wiis an odd integer. By the theorem
of Lagrange (Hardy and Wright [1]), every integer can be written as the sum
of four squares of integers. It is also true that if n is odd, then 4n can be written

as a sum of four squares of odd integers. If n = 23, we have two such repre-
sentations

92=92+32 4+ 12412 =724 52 +3% 432 (14.2.25)
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Ifwewriteo, =u' + " L i=1,...,(n — 1)/2, then
W,- = W;(u) =14 20; + -+ + 2u,, ji=1,2734 (14.2.26)

Since putting u = 1 makes each v = 2, the sign of W;(1) is determined by.

Wi(1) = I{mod 4). From the first decomposition of 92 in (14.2.25) we have the

possibilities

NR=(0+20,+20+ P+ -20,+P+0+ P+ +-)
(14.2.27)

where the dots are made up of a sum of one or more of 2v; — 2v,, 2v; — 2v,,

20, — 2v;, 2v0; — 2v;, and a, b,..., k are 1,..., 11 in some order. In this form

the problem lends itself to a computer search and it was found by Baumert,
Golomb, and Hall { 1] that there is a solution

92 = (1 4 202 + 206)2 -+ (1 -_ 21)3 -+ vy — U]_o)z + (1 + 295 -_— 07)2
+ (1 + 204, — 20 + 209 — 20,)%. | (14.2.28)
Thus, there is an H matrix of order 92, which can be constructed from (14.2.28)

using (14.2.24) and the form (14.2.1). The other representation, 92 = 7% + 52,

+ 3% + 32, does not lead to an H matrix. In the same way, Williamson found
for 4n = 172 that if we take

O = U3y + U374 + V31444, (}.4.2.29)

we have

172 = (1 + 2009 — 20)* + (1 + 2003 — ;) + (1 + 2004 — 20t6)* + (1 + 2a5)>
(14.2.30)

This gives the other value 172 in case V of our list. In his original paper [1]

Williamson gave a number of solutions of (14.2.22) including (14.2.29), but no

solution for 4n = 92, a value that remained undecided until 1962. L. Baumert [1]

has found all solutions of (14.2.22) for4n,nodd, n = 3, ..., 23, and also solutions

for n = 25 and n = 27. A machine search by L. Baumert has recently found a

solution for n = 116:

116 = (1 + 2wy, + 2wg + 2w, — 2wy, — 2wg — 2w,)?
+ (I + 2W10 + 2W7 — 2W8 - 2W3 — 2W5)2 + (1 + 2W1)2

+ (1 + 2W13 + 2W14)2. (142.31)

There is a paradox associated with this last method of Williamson. There
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exist H matrices of this type of order 4n, n odd, for every value of n for which a
complete search has been made. Only recently has an infinite class been found.
See Section 14.3. A proof that this method will always succeed would, of course
resolve the main problem on H matrices, since if H,, exists for n odd, then
H,,, exists for j > 2 and so H,, for m = O(mod 4).

14.3. AN INFINITE CLASS OF WILLIAMSON MATRICES

The result in this section is due to Richard J. Turyn [1].

Let g be a prime power and ¢ = 1{mod 4). From Singer’s theorem (Theorem
11.3.1) there is a 2 x 2 matrix S over F, = GF(q) corresponding to a primitive
root of F,z such that $7° ' = I, but '+ I for 0 <j <q” — 1. Then, as{S1*y ' =
1, it follows that S¢*! = [§ 9], where g is a primitive root of F,.

Now let xo = (0, 1) and x; = x,S%. Take the set of ¢ + 1 = 2¢ vectors, y; =
XoS¥, i=0,....t — Lpe;i = x84, i=0,...,t L

Define P,; = x(dctlf,}l), where y is the character of F, such that x(0} = 0,
() = +1 if u is a nonzero square and y(u) = —1 if u is a nonsquare. Note
that as g = 1(mod 4), y(—1) = +1, so that p; = p;;. Now define the (g + 1)
x (g + 1) matrix:

P=[py), ij=0,...,2t—1, Py= y(detf}]). (14.3.1)

Here clearly P; = 0.

Theorem 14.3.1. With P as in (143.1), P =P  and PPT = P2 =gql ., . P is
of the shape P = [§23] with R, S symmetric circulants of order t.

Proof. We have already noted that p; = p;;, so that P = PT is symmetric.
Since with 2t = g + 1 we have §* = [§ 9] with g a primitive root of F,, with
Xo=1(0,1) and x; = (u;, v;), i=0,...,4> —2=28q— 1) — 1, we have X;4 3¢y =
(g™, g™), a scalar multiple of x;. Since for i = 0,..., ¢* — 2, x; = {u;, v)) ranges
over every (u, v) # (0, 0), of the vectors x;, ¢t = 0,...,2t — 1, no one is a scalar
multiple of another. Thus xo = (0, 1) and x; = (u;, v), i = 1,...,2t — 1 = g,
has u; # 0 and putting v; = wu, i = 1,..., 2t — 1, w; ranges over all elements
of F,, taking on each value exactly once.

With y; = x;, j taking on the values 0, 4,...,4t — 4, and ¢, t + 4,...,¢
+ (4t — 4), since t = (g + 1)/2 is odd, these x;’s have j ranging over 0, 1, ..., 2t
— 1(mod 2¢) so that for y; we have y, = xo = (0, 1) and for y; = (r;,5;), j =
1,...,2t — 1 we have r; # 0 and s; = w;r; with w; ranging over the 2t — [ = ¢
values of F,. Now consider the first row of P:

) = 0, ,po-i =X (det

0 1
01

0 1

I

Poo = X (det

Sj

)9 j=1,..-,2t“‘1.
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Forj=1,...,t — 1,y; = x4; = (0, 1)S%,

0 Uy _[OD %4 | fryy sy
o8 (0,1) S¥s“~%1 |0, ¢
since S% = [% 5].
x(O 1 S4,_4j)=x(_o 1)
rj Sj t'j Sj
since det(S*) is a square in F,. Hence
0 1 Tiwi Se_i 0 1
P, = == t=J T = ( ): o e
0j X(rj s}_) X( 0 gz) X Foy Seej Po,i~j

Henceforj=1,...,1 ~ 1, py; = Poys—j-
Similarly forj =¢+1,...,2¢t — 1,

0 1

ry Sj

(O 1) St+4(j—~:)

Lo

and

01
(0 1) St+4(j—t)

(0 1) St+4(2r——_f)
S:+4(2:—j).___. (0 1) SG!

Now det(S) = h is a nonsquare in F,. Hence

01
(O 1) S!+4j—l

Po;=1i

and

)
)

_ 01
StHa(2e-j) = =X (0 1) Set40-n

since t + 42t — j)is odd, and so

(0 1) St+4(2¢—j)
~Poi =2 ((0, g°)

01
X (0 1) St+4(j-r)

(0’ 1) Sr+4(2t—-j)
)-=(

) = =Po,3t-j

01
=X (0, 1)st+3(2-1




14.3. An Infinite Class of Williamson Matrices 259

Henceforj=t+1,...,2t — 1, po, = Po, 3~ For the second row of P,

plj=X( )s j=0,...,t“1,

andforj=1,...,t — 1,

XoS*
xOS4‘j

X0 Xo
Py = X( X844 84) =X (xes4;—4) = Po.j-1
Now
X Xo
Po,i-1= X xOSf'““’ and ( xOS4¢-4 S4>
_ x04 _ x04 _ ‘x04 _
=X xDS4g =X gzxo =X X, = Pio-

Thus py;j=0,...,t — 1,is the cyclical permutation pg - 1, Poos Po1s - - -5 Po,s-2
of the first row. Similarly forj =t,t + 1,...,2t = L, pyyy Pret1s--->P1,20-1 18
the cyclical permutation pg 2,- 1, Pors Pos+1s---»Po,2e-2-

The same argument shows that rows 2,...,¢ — 1 of P are of the shape RS,
where R and § are circulants. Since we have shown that the first row of R and
of S are symmetric, it follows that R and S are symmetric circulants.

From the symmetry of P it follows that P is of the shape P = [§ %] with the
lower right-hand corner still undetermined. By our definition for j=0,...,t—1,
Vi+1 = y;8 Hencefori,j = 0,...,¢ — 1, it follows that

X( .VH—:) ‘—“x(‘yil S’) - "X( yi)

Yiee Y Vi

OF Piyejee = —pifori,j=0,...,t — 1. Here $ = [§ 9] has determinant g*
and so 5 has determinant +g and y(+g) = —1. Hence X = — R and we have

shown that P = [§ _%] with R and § symmetrical circulants.
Now consider the inner product of the first row and some other row. This is
S

P L)

2t—1
r. 5
F)
= Z x( J 2)
j=0
21—1

ur; + ri8; o r;+S;
= Z (rifvr; — us;)).

i TR

Ty §;
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For j =0, (r;, s;) = (0, 1) and the term is 0. Since (u, v) is different from (0, 1),
it follows that u # 0. Forj=1,...,2t — 1, r; #+ 0 and ;= wyr;. With W; run-
ning over F,,

2t—-1

> xrjlor; - us;))

j=1
2t-1

= 3 1o — uw)

2t—-1
= ) xov- uw,).
j=1

Since u +# 0, there is a unique w; such that v — uw; = ¢ an arbitrary element
of F,. Hence

2t—1

2 xo—uw) =Y xc)=0.

ji=1 ceFgq
This last is a familiar result on characters, Thus the first row and any other
row have inner product 0. From the circularity of R and S and the shape of P,
it now readily follows that the inner product of any two different rows of P

is 0. As each row has its diagonal element 0 and the rest +1, an inner product
of a row with itself is q.

It now follows that PPT = p2 — ql,+ 1, and all parts of Theorem 14.3.1
have been proved. :

Theorem 14.3.2.  If q is a prime power and q = 1(mod 4), then with g+ 1=2t
there is a Hadamard matrix H 41 Of order 4t of Williamson ¢ ype.

Proof. This is essentially a corollary to Theorem 14.3.1. For with

R s : :
P = [ s - R] with zero diagonal

and P = PT, ppT — p2 =qlgyy, then take A=I1+R B=71 — R, C =35,
D = 8. Here R? + §2 = qly+ 1, and so A> + B2 4 C2 4 p? = (29 + 2)I, =
4,

Forqg=13and S = [_! 1], we have
Yo = Xxo = (0 1), Yo = X6 =(—4 —4),
Yi=X4=1(6 2), Ys = X309 = (6 4),
Ya=Xxg = (6 —1), Y6 = X34 = (5 3),
Y3 =Xy3 = (1 6), Vi=Xq=1(~1 3),
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Y8 =Xy; = (6 —4d), Yuu = X33 =3 1),
Yo = Xy5 = (-4 0), V12 = X329 = (4 2),
Yio = X34 = (4 -1), Y13 = X35 = (~55).

We write — for —1, and

(0 - _ 4 4 _ 1 - 1 o1 2
-0 - - v ¢ _ _ 1 - I 1 1
- - 0 - _ 4 1 1 — 1 - 4 I 1
- - 0 - _ 1 1 - 1+ - ¢ 4
v - - o _ _ L1 1 - 1 - 4
p= |7 L 1 - 9 _ 4 11 - l
N I - - 0 —- 1 4 1 1 -
-1 0 1 4 _ 0 1 1 - - ¢ q
PUREE T N TS SRS BRI 11 - -
-1 - b1 0 1 1 - _
L B ' 1 0 1 1 _
L T 1 1 0 1 1
N T S S 1 1 0 1
SEUREE RS SRS S S T 11 of

This yields a Wi]liamson,—type Hadamard

Turyn observes that if there is 4 Hada
4t with A% 4 g2 | 2 + D? = 4

matrix of order 28,

mard Williamson-type matrix of order
r» then putting

2X=(1+i)A+(1-i)B, 2Y=(1+HC+(1 - ip

with X* denoting the complex conjugate transpose of X, the matrix

will satisfy f 23 = 2,1, and will be a complex Hadamard (entries 1, +i)
of order ¢,

M4, THREE RECENT METHODS

Two more methods may be added to our list
Matrices. If 4, B C

as given in (142.1)is 3

for constructing Hadamard
are symmetric circulant matrices of order n such that H

n H,,, then there is an g 12n» giVen by
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[ 4 4 A4 B-B C -C—-D B C —D —-D]
A—-A B -4 -B —-D D —-C —B —-D -C —C
A-B -A A -D D-B B —-C -D C ~C
B A-4-A D D D C C -B —-B —C
B-D D D A A A C-C B-C B

Hgw=| B C -D D A -4 C -4A-D C B -B
D-C B-B A-C-4 A B C D -D

~C -D -C =D C A —-A -4 -D B —-B _B
D-C-B -B-B C C-D A A A D

~D -B C € C B B -D A-A D —4
C -B ~C C D —~B —-D -B A -D —A A4

~C-D -D C-C-B B B D A-A-A]

(14.4.1)

for we may verify directly that
Hy3,Hin = (3A% + 3B + 3C? + 3D%) x I;, = 12nl,,, (144.2)
This construction was found by L. Baumert and this author [1]. This adds order
156 to the previously known orders. It may be that the matrix (14.4.1) is an
instance of a new kind of composition.
The second new method is due to Karl Goldberg [1]. If H is a skew-type

Hadamard matrix of order n, as in (14.1.45), then D is of order {(n ~ 1) and
D=1, , = D,, where D] = —D,. Define A by

A=ﬂo+h4—gﬂ.' (14.4.3)

Then an entry of A is 1 if the corresponding entry of D, is 1, and other entries
of 4 are all zero. Furthermore,

D=1, ,+A-A", A+A"=J, _,—1,. (14.4.4)

The other relations of (14.1.47) reduce to

n—4
e,,M;A = e,,._lAT, ATA - AAT - (g) In—l -+ '(’?Tl-]"._l. (14.45)

Writing (X, Y, Z) for the direct product of the matrices X, Y, Z, we define a
matrix A(ﬂ._ 1)3 by

. A(ﬂ—l)3 =(I: A: J) + (J: I: A) + (As Ja I) + (A3 A9 A) + (As AT, AT)

+ (A", 4, AT) + (47, 47, A). (14.4.6)
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Then Ag,-qys is @ matrix of zeros and 1’s of order (n — 1)® and satisfies the
same relations as A with n replaced by (n — 1) + 1, whence if there is a skew
type of H matrix of order n, then there is also a skew type of H matrix of order
(n—-12+ 1

A third new method is due to H. Ehlich [1].

Theorem 14.4.1. fthere is a skew-type H matrix of ordern + 1,and ifn — 2 =
m = p* = 1{mod 4), p a prime, then there is an H matrix of order (n — 1)

Proof. We are given an H* of order n + 1 with

H* = [_IQT , i G], G" = -G, (14.4.7)

afld H*H*T = (n + I)I"+1-

Also, with m = p* = 1(mod 4), from (14.1.29) and (14.1.30), there is a matrix
Q of order m such that

Q = [g;], g =0, gy;=*1, jFIi
00" = Q% =ml, — J,. (14.4.8)

Ehlich constructs
K=0xG—1,x{,— 1)+ Jy x L, (14.49)

and the matrix

1 e
H = ma 14.4.10
[eT K ] ( )

mn

consists of + 1’s; the preceding relations yield
HHT = (mn + Dlpe1s mn+1=(@n— 1) (14.4.11)

and our theorem is proved.
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General Constructions
of Block Designs

-

15.1. METHODS OF CONSTRUCTION

The known methods for constructing block designs are of two main kinds,
direct and recursive. A direct method allows us to construct a design with
particular parameters, usually employing finite fields or congruences. A recursive
method is a way of constructing designs from smaller ones. Both methods were
used in Chapter 13 in the construction of orthogonal Latin squares. Usually, a
direct method yields an easier construction, but is applicable only for special
values of the parameters, perhaps only when v, the number of objects, is a prime
power. ‘

Section 15.2 gives the main recursive theorems of Hanani. Section 15.3 gives
a number of direct constructions, most of them due to R. C. Bose [1]. Section
15.4 gives a detailed treatment of triple systems, the designs with k = 3. Section
15.5 deals with designs for which k > 3, and some results are merely quoted
rather than proved in full.

15.2.- BASIC DEFINITIONS. THE HANANI THEOREMS.

A balanced incompiete block design has been defined in Section 10.1 as an
arrangement of v distinct objects into b blocks such that each block contains
exactly k distinct objects, each object occurs in exactly r different blocks, and
every (unordered) pair of distinct objects occurs together in exactly A blocks.
The following relations were shown to hold:

bk = rv, (15.2.1)
rik — 1) = Av — 1). (15.2.2)

We consider only cases with k > 3,since k = 1 and k = 2 are trivial.
We shall consider more general block designs in which the number of objects
may vary from block to block. Let K = {k,,.. ., k.} be a finite set of integers

264
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k;, where k; = 3, i =1,...,n. A block design B[K, 4, v] is an arrangement
of v distinct objects into b blocks, B,,..., B,, where each block B; contains
k; objects for some k;, i = 1,...,n, so that every (unordered) pair of distinct
objects occurs together in exactly 4 blocks. If K consists of a single number k,
we write B[K, A, v] = B[k, A, v]. Here, each time that an object occurs in a
block, it is in a pair with (k — 1) other objects. As it must be paired with each
of (v ~ 1) other objects exactly 1 times, the object must be in A(v — 1)/(k — 1)
blocks. Thus, the number of times an object occurs in blocks is the same for
every object, and so a B[k, 4, v] is an incomplete, balanced block design. The
class of those v's for which a B[K, A, v] exists is denoted by B(K, ).

A transversal system, or T system, has been introduced by Hanani {1]. This
is essentially the same as an orthogonal array.

Definition. Let a class of m mutually disjoint sets w;, i=0,...,m — 1, be
given, each containing t elements. A system To(m, t) consists of t* sets Y, j=
1,...,t% each containing m elements such that (1) a Y; has exactly one element

in common with each w;; and (2) if j + k, then Y; and Y, have at most one element
in common.

Suppose we have an orthogonal array OA(t, m), and we number the rows
from 0 to (m — 1). The numbers 1,...,¢t in the ith row will correspond to
elements g;,,...,a,inasetw,;, i =0,...,(m — 1). The t? columns of OA(t, m)
yield the sets Y}, j = 1,...,t% Here, if the jth column of OA(f, m) contains
the number u in the ith row, we put the element a,, in Y;. Thus, each ¥, contains
m elements, one from each w;. The assertion that if j + k, ¥, and Y, have at
most one element in common is equivalent to the orthogonality of the rows
of OA(t, m) saying that between two rows we cannot have a column (¥) more
than once. Conversely, if we have disjoint sets w;,i = 0,...,(m — 1) of t elements
each and a system Ty(m, ), let the ¢ elements of w; be replaced by the numbers
1,2,...,t The sets ¥; now form the columns of a matrix if for our jth column
we place u in the ith row if Y] contains the element of w, corresponding to the
number u. Condition (2) on the Y, assures the orthogonality of the rows of the
matrix so formed, which is therefore an OA(t, m).

The class of numbers ¢ for which a system Ty(m, t) exists is denoted by Ty{m).
We may call a set of the transversals Y in Ty(m, t) a parallel set if there are ¢
of them and no two of them have an element in common. Thus, given an el-
ement, there is exactly one transversal of a parallel set that contains it. If Ty(m, 1)
contains e (or more) parallel sets of transversals, we denote it as T,(m, ) and
denote as T,(m) the class of numbers ¢ for which a T{m, t) exists.

Theorem 15.2.1. If there is a Ty(m, s) and a T(m, t), then there is a Ty (m, st).
Proof. Wehavegivensetsy; = {a;,...,a;},i=0,...,m — 1, of selements

and s? transversals X, j = 1,..., s? and also sets w; = {b;;,..., by}, i =0, ...,
m — 1, of t elements and ¢* transversals Y;, k = 1,...,t% where there are d
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parallel sets of X’s and e parallel sets of Y, Let us define elements ¢, =

(@i, D) g=1,...,5:h = 1,...,¢, as ordered pairs of a’s and b’s and put
ui={Ci'!’l,...,ct-,g'h,...}, i-‘:O’_,.,(m-—l).

This gives us m u's, each containing st elements. For transversals, define sets
Ziwi=1,...,8 k= ...’ ¢ 00 € Z,ifand onlyifa,, € X, b, €Y,. It is
an easy verification that the Z’s form a set T3(m, st} if we note that as Jj runs

over a parallel set for Xs, k for Y’s, then the corresponding Z; ’s form a parallel
set.

Theorem 15.2.2. There is o system T(m — 1, t} if and only if there is a system
To(m, t)-

Proof. Suppose there is a system Ty(m, t) of transversals to Wos Wi,...,
Wm—2, Wp—;. The ¢ transversals containing a particular element of W, _; have
no further elements in common. Hence, if we drop W, and its elements, we
have ¢ sets of parallels for Wos .. .5 Wn -2, One corresponding to each element
of w,,;,and so a system Ti(m — 1, t). Conversely, if we have a system Ti(m —-1,1)
of transversals to wy,, ..., Wn -2, We may adjoin a new element to every trans-

versal in a parallel set and take the ¢ new clements asa set w,, _ 1> giving a system
Ty(m, t).

Theorem 15.2.3. If ¢ = Py ' p%* - pfr, where the p: are primes and if m =
min(pi, ..., p¥), there is a Ti(m, 1),

Proof. For a prime power P%, by Theorem 13.2.2, there is a complete set of
(p* — 1) orthogonal squares and an orthogonal array OA(p®, p° + 1) and so an
OA(p®, m + 1), and this is equivalent to the existence of a system To(m + 1, p°).
By Theorem 15.2.2 we have a system T,«(m, p°), and so by repeated application
of Theorem 15.2:1, we have a system T(m, 1).

There is a property of certain block systems B[ K, 2, v] that is something like
the resolvability which Hananj uses. We shall call this central resolvability.

Definition. If there is a system B[ K, 2, v] on the elements of a set E and if

thereisanelement A € E and a number m € K such that (m — 1) divides (v — 1) and
the set E — A can be split into (v — 1)/(m - 1} mutually disjoint subsets E;,
f=1,...,(v ~ 1))(m — 1), each having (m — 1) elements in such q way that
each of the sets E;\J A, i = Lo.o,(v=1)m-~1) appears exactly 2 times as q
block in the system B[K, 4, v], then we call this 4 centrally resolvable system and
denoteitby B, [K, ), v] and the class of all numbers v for which systems B,.[ K, 4, v]

exist by B, (K, 1). We call 4 the center and E; \J A the distinguished blocks.

We can now prove Hanani’s two chief recursive theorems for construction
of block designs. The first is much like Theorem 13.3.2.
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Theorem 15.2.4, Ifv=(m— Du+ 1, whereu e B(K', '), and iffor every k' € K',
(m— 1)k + 1 €B,(K, 1"), then v € B,(K, 1), where A = 1'}".

Proof.  As our set of elements E, we take a point 4 and points
(x, ), O<x<@m-1), 0<sy<s{m-2).

This gives us 1 + (m — 1)u = v elements. Now take subsets
A)={4EuN0<y<m-2)}, i=0,. (u-1)

In our system B[K’, X, u], let the elements be the numbers 0, 1,..., (u — 1).

If B; is a block of B[K', A, u], let its elements be q,, ..., a,, where, of course,
r € K'. Now take the following (m — I)r + 1 elements as a set

E;: A, (a;, y), i=1,...,r, y=0,....,m - 2.
By assumption there is a system B,,[K, 1", (m — 1)r + 17]. Construct a system
Brj = B,[K, A", {m — 1)r + 1]

with 4 as center and. distinguished blocks (A, a;),i=1,...,r on the elements
of E}. Delete from B!, j the distinguished blocks (4, a,), leaving a set of blocks
e

.;\Iow we take all blocks of all sets B!, j as Bjruns over all blocks of B[K", X', u}
and also each set (4, i} as a block taken A times. We assert that this set of blocks
on the v elements of E is a system B, [K, 1, v]. Necessarily, m € K, and every
block constructed in every B,,; has a number of elements that is a number of K.
The point 4 occurs only in the distinguished blocks (4, i) and so is paired with
every other element exactly A times. Furthermore, points (i, y,) and (, ¥,) occur
together only in the distinguished blocks of a B.,;and so only in the distinguished
blocks (4, i) in the system we have taken. Consider two points (s, y,} and (¢, y,),
where s # t but y; and y, may be equal, s and ¢ occur together in A' blocks
Bj of B[K", X', u]. For each such occurrence the points (s, y,} and (z, y,) are in
A" blocks of the set B!, j- Hence, (s, y;) and (¢, y,) occur together in exactly 1’2"
blocks of our system, which is therefore a system B,[K, 4, v] that is centrally
resolvable with center 4 and distinguished blocks (4, ).

We give a simple example of Theorem 15.2.4. If K’ = {4, 3}, we have the
following blocks of a design B[K’, 1, 107 on the numbers 0, ..., 9:

By: 0,1,2,3, B,: 1,5,8, Bg: 2,6,7,
B;I 0, 4, 5, 6, Bg' Is 61 9 B’Q. 3v 4: 9: (1523)
B;: 0,7,8,9, Bg: 2,4,8, Bio: 3,57,

By: 1,4,7, By 25,9, 1! 3,68
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Let us take m = 3. For 1 + B—-13=7andfor1 + (3 — 1)4 = 9 there exist
centrally resolvable designs B,[3, 1, 7] and B,[3, 1, 97. For B33, 1, 7] on
A, 1,...,6, we have

Cit A4,1,2, Cs: 1,35, Cs: 2,36, _
Cy: A4,3,4, Cs: 1,46, Cq;: 2,45, (15.2.4)
Ci: A, 5,6,

For B4(3,1,9) 0on 4, 1,. .., 8, we have

Dy: A4,1,2, Ds: 1,35, Dg: 2,38, Dyy: 36,7,
D,: A4, 3,4, Dg: 1,4,7, Dg:  2,4,6, Dy,:
Di: A,5,6, D;: 1,6,8, Dio: 2,57,

D;: 4,78,

43,8 (15.2.5)

The theorem asserts the existence of aBy[3,1,21]as21l =1 + (3 — 1)10. The
21 elements of E are 4 and the points (x, y), x = 0, . .. .9, ¥y =0, 1. The.dis-
tinguished blocks are |

4D ={4G0.GD}, i=0,..,9 (15.2.6)

For simplicity in notation, let us write
GO =i (G1)=1i i=0,...,9 (15.2.7)

giving our set E as the point A4 and the numbers 0, 1,..., 19. The block
By: 0,1, 2, 3in (15.2.3) is used on the set Ey = {4,0, 1, 2, 3, 10, 11, 12, 13} to
yield a design Bj,[3, 1, 9l withi=0,1,2, 3in (15.2.6). With the notation of

(15.2.7), these blocks are
A, 0, 10; 0, 1, 2; 10, 1,13; 1,12, 3:
A,1,11; 0,11, 3; 10, 11, 12; 11, 2,13.
A, 2,12; 0, 12, 13; 10, 2, 3;
A4,3,13;

(15.2.8)

Similarly, the block Bg: 2,4, 8 is used on the set Eg=1{4,2,4,8 12, 14,18} to
yield a design By [3, 1, 7] with appropriate substitutions in (15.2.4) yielding

blocks
A4,2,12; 2, 4, §; 12, 4,18;
A, 4, 14; 2, 14, 18; 12,14, 8. (15.2.9)
A, 8, 18;
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In this way, using all 12 blocks of (15.2.3), we construct three systems B,[3, 1,9]
and nine systems B,[3, 1, 7], and taking all blocks of these together except for
using the distinguished blocks 4,1, 1i only once, we obtain a system Bi[3,1,21],
which is the balanced, incomplete block design with v = 21, b =170, r = 10,
k =3, 1 = 1. The reader should be able to construct all 70 blocks without
difficulty, following the pattern given above. This is not the easiest way of
constructing a design with p = 21, b =3, 1 =1, but the example illustrates
the way in which the pairwise balanced design of (15.2.3) can be used to construct
a design in which X consists of a single number k.
The following theorem is very similar in nature to Theorem 13.3.5.

Theorem 15.2.5. [¢f s+ 1,teB(K,)),andt e T,(s)and q € B(K, ) or g=0
orl;thenv=st + ge B(K, A).

Proof. The elements of our set E will be points (x, V) with0 < x < (£ — 1),
0<y<(s—1)and also (e, s)with0 < x < (g — 1). We consider T,(s, ?) to be
the £* transversals to the sets Wo, ..., Ws_; where a set w, consists of the points
(x ) 0<sx<(t— 1). Our transversals Y, contain g parallel sets. To each
transversal of the jth paralle] set we adjoin the point (j, s), J=0,...,(g- 1.
In this we have g¢ blocks Y%, each containing (s + 1) points, and the remaining
{t — g)t transversals Y, are blocks with s points. If g > 1, form the set 7 =
{(x’ S)}, X = 0: .- s(q - I)‘

We now form our system B[K, 4, v] by taking the blocks of the gt systems
B[K, A, 5 + 1] on the sets from the Y, the (¢t — g)t systems B[ K, A, s] on the
sets from the Y,. We also form the s systems B[KX, A, tjonthesetswy, ..., W ,.
Finally, if ¢ > 1, we form the system B[K, A, g] on the elements of Z, Al these
blocks together form a system B[ K, 4, v], for we note first that the sets w;, Y3,
Y, Z form a pairwise balanced design with 1 = 1. Hence, constructing a
BlK, 4, r] with r = I,s + 1,5, qon these in turn yields a B[K, 1, v].

The next two theorems are trivial but useful,

Theorem 15.2.6. Ifve B(K’, A,)and every k’ of K’ is such that k' € B(K, A,), then
veB(K, A,4,).

Proof. GivenB = B[K’, ,, v]. Take the elements ofa block of B containing
k' elements and on this set construct the system B[K, A,, £']. All the blocks of
alt these systems taken together form a system B(K, 4,4,, v).

Theorem 15.2=7. Ifp e B(K, ;) and ve B(K, 2,), then v e B(K, A, + 4,).

Proof. Let B[K, ,, v] and B[K, 4,, v] be represented on the same set E of

v elements. Then all the blocks of the two systems taken together form a system
B[K, /ll + Az, U].
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Corollary. Ifve B(K, A), then v e B(K, An) for any positive integer n.

We need a further theorem on transversal systems.
Theorem 15.2.8. Ift e T,(m) and s € Ty(m), then st € T;2(m).

Proof. We are given systems T,(m, t) and Ty(m, s). Let the m sets of T,(m, 1)
be wo, Wi, ..., Wa_y, Where w, = {b.y, b,,,...,b,} and the m sets of Ty(m, s)
be Wo, ..., Wy, Where w;, = {¢,y,..., C,;}. We shall identify the elements Cxj
of w,, x = 0,...,(m — 1) with the residues modulo s in some arbitrary but
fixed order. It is convenient to think of a transversal Y as a function Y(x), where
x=0,...,(m — 1) and Y(x)is the element belonging to Y in the set w,. Hence,
we are given transversal functions for T,(m, ):

Yiax),..., Yi.x) Y5100, ..., Yx),...,
Ys,l(x)v AR Ys.t(x): Yst+ l(x): SRR sz(x)s X = O: ey (m - 1)) (15°210)
where Y,..., Y, are the transversals of the ith parallel set, i = 1,...,s and

Y,,j=st+1,..., % are the remaining transversals. For To(m, s) let the trans-
versal functions be '

Yi(x),..., YiAx), x=0,...,(m~— 1. (15.2.11)
We now define new w sets of ordered pairs
Wo={lbus )}, i=1,..,t, j=1...,5 x=0,....(m~ 1),
(15.2.12)

Each of these contains st ordered pairs (b, ¢). On these w sets we define trans-
versal functions Y”(x) by

Yo roX) =(};,I(X),Y;(x)+e), e=1,...,s, f=1,...,¢ g=1,...,s%
| (15.2.13)
Yigx) =(%(x), Yy(x), h=st+1,...,% g=1,..., 5

This gives us s?t> transversal functions Y”(x). We must verify that we cannot
have

Yi(x;) = Yjx,) and Yi{(x;) = Y}(x,)
for different functions Y7 and Y5 and x,; # x,. This follows directly for the

corresponding fact on the functions Y and Y’. Hence, the Y” form a transversal
system To(m, st) for the w sets of (15.2.12). For a fixed g, the functions Yo r.q(%),
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e=1,...,s, f =1,...,t contain st transversals. Here, if

Y;Ihft lg(xl) = Y;’Z-fbg(xl)

for some x,, then
Y;:.f,(xﬂ = Y;z,fn(xl) and Y;(xl.) + e = Yé(xﬂ + &,.

From the second of these relations we have e, = ¢,. Butfor e fixed, the functions
Y, s(x) form a parallel set anq so Y, ;(x) = Y, s,(x,) is possible only if f, = f,
and the transversals are identical. Therefore, for g fixed, the transversals Y. (0
form a parallel set. Hence, our system is a system T;z(m, st), and our theorem is
proved.

15.3. DIRECT CONSTRUCTION METHODS

In a long paper published in 1939, R. C. Bose [1] developed a number of direct
methods for constructing block designs, the first of which he calls the method
of symmetrically repeated differences. We shall refer to it here simply as the
method of mixed differences.

Suppose that a block design D(b, v, r, k, ) has an Abelian group A of order
m as a group of automorphisms. We shall write A additively, and may represent
A by residues modulo m if A4 is cyclic. We say that two.objects ¢, d of D are in
the same orbit if there is an automorphism o« of 4 such that (c)a = d. Similarly,
blocks B, and B, are in the same orbit if there is an a of 4 such that (B()x = B,.
The property of being in the same orbit is an equivalence relation and so the
automorphism group A divides the objects and blocks of D into disjoint orbits.
Let us represent some arbitrary but fixed object of the ith orbit as (0);, 0 being
the zero of A. Then, for y € A, we write ((0))y = (). In general, it may happen
that (y); = (z); even though y # z; in this case, (0); is fixed by some subgroup
of A. We shall not have occasion to use this full generality, but only the extreme
cases in which (y); # (2); if y # z or that in which (») = (z); for all y, z e A.
In this latter alternative we write (oo); for the single object in the orbit. For
blocks we shall have occasion to use orbits that are intermediate, having a
number of blocks that is some proper divisor of m. If we choose one block from
each orbit, the entire design D is determined and such a choice is called a base.
If there is only one orbit of objects and one of blocks, then a base consists of a
single block that is a difference set. This case has been treated at some length
in Chapter 11,

We give here two instances of designs with cyclic automorphism groups, both
yielding designs D with v = 15, b = B, r=7,k=31=1.1In (15.3.1), the
first case, A is the additive group of residues modulo 5;1in (15.3.2), the second
case, modulo 15.
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(01: 123 42)
(11,2,,0;)
(21,32, 1,)
(31,4, 2))
(41,0, 3,)

0, 13, 4;)
(12,25, 05)
(22,35, 13)
(32, 43, 23)
(4;, 05, 35)

05, 1,, 4y)
(13,24,0,)
(23,34, 1)
(33, 44,2)
(43,04, 3,)

©, 1, 4)
1,2, 5)
2,3,6)
(3,4, 7)
@, 5, 8)
,6,9)
6,7, 10)
(7,8, 11)
8,9, 12)
©, 10, 13)
(10, 11, 14)
(11, 12, 0)
(12,13, 1)
(13,14, 2)
(14,0, 3)

(04, 2,3;)
(11,35, 4,)
(21,4,,0,)
(31,0, 15)
(41, 15,2,)

(02, 25, 35)
(iZs 33:43)
(22, 43, 05)
(32,05, 1,)
(42, 13, 23)

05,24,3y)
(13! 315 41)
(23,44, 0,)
(33,04, 1,)
(43, 11,2
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(04,0, 0y)
(11,13, 15)
21,22, 2)
(315 32, 35)
(41,42, 45)

©0,7,13) (0,5, 10)
(1,8,14) (1,6, 11)
2,9,0) (2,7,12)
(3,10,1) (3,8, 13)
4,11,2) (4,9, 14)

(5,12, 3)
(6,13, 4)
(7,14, 5)
(8,0,6)
O, 1,7
(10,2, 8)
(11, 3,9)
(12,4, 10)
(13,5,11)
(14,6, 12)

(15.3.1)

(15.3.2)

Note that in (15.3.1) there are three orbits of objects, and seven of blocks, while
in (15.3.2) there is only one orbit of objects and three orbits of blocks, the third
orbit containing only five blocks, where a block in the third orbit is fixed by a
subgroup of order 3.

We need a theorem to establish conditions under which, given the group 4
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and a set of blocks {B}, we can form a base for a design D(v, b, r, k, A). If we
have a block B = [(a,);,, (ay);,, ... (ax); ], a; € A, the difference a; — a, is of
class j;, j, and is called a pure difference if Ji = j, and a mixed difference if j; # j,.
Our conditions may be described in terms of pure and mixed differences.

Theorem 15.3.1. Given an Abelian group A additively written, of order m, and
a set {B} of blocks of indexed elements of 4, a typical block being

B = [(al)jp (az)jz, cees (ak)j,‘], a; € A.

The set {B} will be a base for a design D(v, b, r, k, A} having A as a group of auto-
morphisms if (1) every block of {B} contains k objects; (2) under the action of
A there are b blocks; (3) under the action of A every indexed object ( y); occurs
r times; and (4) in the blocks of {B} taken together every nonzero difference
occurs A times. In counting differences, if one of the blocks of {B} is fixed by a
subgroup of A of order w, the counts Jrom it should be divided by w.

Proof. Letye A If (a;);, and (a,);, belong to B, then (a; + v, and (a, + y);,

belong to (B)y, whence (x);, and (z);, belong to block B(y) if and onlyifx — z =
a; — a, with y determined by x = q, + y or z=a,+y and (a;);, and (a,),
belonging to B = (B)0. If B is fixed by a subgroup of order w, the blocks (B)y
as y runs over A run over the same set of m/w blocks, each w times, and so the
differences arising from B must be divided by w to account for the pairs of
objects arising in the m/w blocks that are the images of B under A. This latter
situation is illustrated in (15.3.2) where, in the base blocks (0, S, 10) of the third
block orbit, we have w = 3 and the differences 5, 10 each occur three times. For a
fixed object (c0);, the pair (o0); and (u); must be regarded as giving every mixed
difference of class i, j once. -

Theorem 15.3.2. With A the additive group of residues modulo m = 2t + 1,
the blocks
[1,2¢,,0,1,..., [, 2t + 1 = 01,050, ..., [, (¢ + 1),0,],
£15,265,05,.. ., [, Qe + 1 — i),,05],..., [t,, (¢ + 1);, 041, (15.3.3)
[13,265,0,3, ..., [i5, 2t + 1 — i), 0,),..., [ts, (¢ + 1)1, 0,],
[01 t 023 03.]

form a base for a design with v = 6t + 3 0=0t+ D)2t + 1), r=3t+1,
k=3 1=1.

Proof. All verifications are trivial except for the differences. The zero
mixed differences all occur in the block {0,, 0, 0;]. The general block of the
first three rows of (15.3.3) is of the form [x;, y5» 054 1], where x + y = 2¢ + 1,
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and j = 1, 2, 3(mod 3). To get a pure difference d # O(mod 2t + 1) of class J
we need to have x — y = d(mod 2t + 1), and as x + y = O(mod 2¢ + 1), this
gives 2x = d(mod 2t + 1), determining x and so y uniquely. The first row gives
every nonzero mixed difference of classes 1 and 2 exactly once. Similarly, the
other two rows give each nonzero mixed difference of classes 2 and 3 and of
classes 1 and 3. Thus, all conditions are satisfied and the blocks are a base for
the design as asserted. The design of (15.3.1) is the special case with 2t + 1 = 5.

Theorem 15.3.3.  Supposev = 61 + 3 = 3m, wherem = 2t + 1  O(mod 3). Let us
determine unordered pairs {r, sy modulo 3m by the conditions r = s = H{mod 3),
r+ s = 0modm),r,s # Omod m). Then the base blocks

[0, r, s}(mod 3m) (15.3.4)

and the single [0, m, 2m] of period m yield a design with v =6t + 3, b =
(2t+1)(3:+1),r=3z+1,k=3,2=1. ‘
Proof. Here v = 3m and the objects are in a single orbit, and so all dif-
ferences are pure differences. Let us first consider a difference d = O(mod 3),
d # O{mod m). Then the congruences r — s = dimod 3m), r + s = (mod m),
r = s = l{mod 3), require that 2r = d(mod m), r = I{mod 3), determining r
and so s uniquely mod3m. If d = l(mod 3), d # O{mod m), then r — 0 =
d(mod 3m) determines r uniquely and so also s with 5 = I(mod 3), r + s =
Omodm). If d = — Hmod 3), d = O(mod m), then 0 — r = d(mod 3m) deter-
mines an r uniquely and so an s with 5 = l(mod 3), r + s = O(mod m). There
remain the differences m and 2m, each of which occurs three times in [0, m, 2m],
and as this block is fixed by the subgroup i — i + m(mod 3m) of order 3, we

divide these counts by 3. This proves our theorem. The example (15.3.2) is an
instance of this theorem with 3m = 15.

For the next theorem we require that v = p", p prime, and we use the finite

- field GF(p"). Here A, our automorphism group, is the additive group of GF(p").

Theorem 1534, Letv=6t+ [ = P’, p a prime. In the field GF(p"), let x be a
primitive root. Then the blocks

(xo’ x2t’ x4t), cer, _(xi’ x2:+i, x4x+i), ey (x(~l’ x3r-—1’ xs:— 1) (15'3.5)

are base blocks with respect to A, the additive group of GF(p"), of a design D
with v = 61 + Lb=6> +t,r =3, k=3 41=1,

Proof. Since x is a primitive root of GF(p"), x% = 1. Here

(6 ~ x> + 1) = 0,
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and as x¥ + 1, we have x> + | = 0. Also x* — 1 # 0 and so let us determine
sby x* — 1 = x* Then the six differences arising from (x% x*, x*) are +(x* — 1),
(™ — 1), +(x* — x2). As —1 = x¥,
___(x2t — 1) = xSt
xs+4t — x4t(x2x - 1) — 1 _ x4t = m(x;u . 1)

Hence, the six differences are x°, x*+7, x** 2, x5+ 3 x5t 4 x5+5t and the differences
of the base blocks are given by

xs+£’ -xs+l+t’ xs+i+2t’ xs+i+3!’ xs'*'““‘"’ xs+‘+5‘, i=90,.. Lt —1, (15-36)

These together give all x/, j = 0,...,6t — 1, and so every nonzero difference
of 4, the additive group of GF(p"), and our theorem is proved.

Theorem 15.3.5. If v = p" = 12t + 1, p prime, and if x is a primitive root of
GF(p") such that x* — 1 = x where q is odd, the blocks

(0, xO’ xd—r, x81), ey (0’ x2i’ x25+4t’ x2i+ Bt)’ e, (0, x21—2, x6£-2, xl_Or--Z)

(153.7)

are a base with respect to A, the additive group of GF(p"), of a design D with
v=12t+ Lb=t(12t + 1), r =4tk =4, 1 = 1.

Proof. Noting that
x¥=—1, x"_1=x% and x8t*1._ XM~ 1) =1 ~ x¥
the twelve differences of the first block become
xo, x6t, xét, xlm’ xSr’ xzr’ xq, xq+6t, xq+ 2!, xq+81, xq+4t, xq+ 10:‘ (1538)

The differences of the other blocks are obtained by multiplying these by x%

i=1,...,t —1,andsoifgis odd, we obtain every nonzero difference in GF(p")
exactly once, and our theorem is proved.

Theorem 15.3.6. Let 4t + 1 = p", p a prime, and let x be a primitive root of

GF(p"). Then there exists a pair of odd integers c, d such that (x° + 1)/(x° — )=
x%. Then the blocks

2i 20420 2itc 2t4+2i+¢
(xt'y x1'* 2, x5 5 x3'THTY,

2i 2t+ 2§ 2itc¢ 2t4+ 2i+¢
(x2 3 x2 3 x3 . x3 )s

(x%‘, x§t+21 2it+¢

2t+ 2i4¢
s X1, X ),

((D, OE 3 02: 03)}
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form a base with respect to A, the additive group of GF(p"), of a design with
v=12t+4,b=0Ct+ 14t + 1), r=4t+ 1Lk=441=1.

Proof. As x is a primitive root of GF(p"), x* = —1, Hence, for ¢ #+ 0, 2t,
O0<c<4—1,x+1+0and x* ~ 1+ 0, and so (x°* + 1)/(x° — 1) = x? for
some d. Here, d is uniquely determined by c. Of the (4t — 2) values of ¢, 1,..., -
2t — 1,2t + 1,...,4t — 1, 2t — 2 are even and 2t are odd. Also if x¢ = +1,
we have (x* + 1) = +(x° — 1), giving either 2 = 0 or 2x° = 0, which conflicts
with the fact that p is odd. Hence, also d # 0, 2¢,

0<d<dt—1,

and there are (2t — 2) even values and 2t odd values for d. Hence, for at least
two choices, both ¢ and d are odd.

The last block gives all mixed differences of the fixed element co with the
other three classes and also the mixed difference zero for the three possible
pairs. As x' = —1, the pure differences of the first class, given by the first
and third rows, are +2x% and +2x**° with i = 0,...,t — 1, or alternately,
2x% 2x3HH px2te ax2tet2t Agcisodd, this gives all nonzero pure differences
of the first class, and similarly we have all nonzero pure differences of the second
and third classes. For mixed differences of type [2, 1]—of the second and first
classes—we have, remembering that x* = —1,

xB(xf — 1), xF(x+ 1), x2PU(x 4+ 1), xFP(x¢ - 1), (15.3.10)
Since x* — 1 = x%(x° + 1), these become

(xc - 1)x2i, (xc__ 1)x2i—d’ (xc___ 1)x2i-d+ 2t, (xc - 1)x2i+ 2!, i= 0, ceng b — 1.

(15.3.11)

But these run over all nonzero elements of GF(p”), each exactly once, since d is

odd. The same argument applies to the other mixed differences, and our theorem
is proved.

We list more base blocks for designs based on finite fields GF(p"). In every
case x is a primitive root, and the additional conditions, if any, are given. The
proof in every case is essentially the same as that in the preceding theorems.

v=20t+1=p" b = t(20t + 1), r=5t, k=35, A=1,
M+ 1 = x9 g odd, (15.3.12)

81+ 2i . . .
2i 12:+2;’ x16!+2;), i= 0, vyt - 1'

XMy

2i
, X

(x?, x4+ 2,

p=20t+5 b=(t+1)@dt+1), r=St+1, k=5 i=1
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“+1

4+ 1=p" — = x°, ¢, d both odd;
xf—1
(x%i, x§:+z: x2l+c x§i+c+2t 0 )
(JC 2a+2t x21+ x2i+c+21 0 )’
(x 2:+2t x2;+c x2:+c+2t 04)’ j o= 0, i,‘ Lot - 1.
.(x 2i_+2¢ x2i+c x2i+c+2 0)
(xs , x§;+2z x%Hc’ %z+c+2t, 01)’
(04, 05, 03, 04, O5), (15.3.13)

v=>06t+1=p", b =16t + 1), r = 4t, k = 4, A=2
(0, xi’ x2!+i’ x4l+f)’ i= 0’. ot — 1. (15.3.14)

p=4t+1=p" b=tAdt+1), r=4, k=4  1=3

(x xt+i x2t+1" x3t+i)’ i = O, 1’ U 1. (15.315)
v=p">k b=(p"— 1)p, r=k(p" - 1), k=k, = kik — 1),
O, xtH1 L, xR, i=0,...,p"— 2 (15.3.16)A

v =6t + 6, b = 2(t + 1X6t + 5), r==6t+35, k=3, =2,
A: additive group mod 61 + 5
(0,0,3t +2)
©,i2t+3—4, i=1,..,t+1, (15.3.17)
©,2i,3t + 3 + 19, i=1,...,¢t

v = 6t + 4, b =202t + 1)(3t + 2), r=6t+3 k=13 A=2,
A: additive group mod 6t + 3
(00,0,3t + 1)
0,i,2t +1 — i), i=1,...,t,
0,2,3t+1+4), i=1,...,¢
0, 2t + 1, 4t + 2) of period 2r + 1.

(15.3.18)

15.4. TRIPLE SYSTEMS

A block design with k = 3 is called, reasonably enough, a triple system. The
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necessary conditions on the parameters for a design D(v, b, r, 3, 4) are

3b=rv, 2r=2iv-—1) (15.4.1)
We may rewrite these in terms of vand 1:

A -1 b__lv(v—-——l)
-2 T 6

(15.4.2)

The conditions that r and b be integers may be expressed as congruences on v
and 4:

My — 1) = O(mod 2), Av(v — 1) = G{mod 6). (15.4.3)

The chief result of this section will be the proof that these necessary conditions
on the parameters are also sufficient for the existence of the designs, This will
be proved by use of Hanani’s recursive methods.

A triple system with 4 = 1 is called a Steiner triple system. Here a necessary
condition for the existence of a Steiner triple system is that v = 1, 3(mod 6).
Steiner [1] posed as a problem in 1853 whether these necessary condttlons were
sufficient for its existence. This was solved affirmatively by Reiss {1] in 1859.
Both papers appeared in Crelle’s Journal. These writers were not aware that
the problem had been posed and solved by Kirkman [1] in 1847 in an article in .
the Cambridge and Dublin M athematical Journal, nor until recently did anyone
else seem to be aware of Kirkman’s work.

The Steiner triple systems of orders v = 3, 7, 9 are unique to within equiva-
lence, two systems being considered equivalent if one can be obtained from the
other by substitution on the elements and permutation of the blocks:

v=273 v=17 p=29
123 123 246 123
145 257 145 249 348 (15.4.4)

167 347 168 256 357 467
356 179 278 369 589

For v = 13 there are exactly two nonisomorphic solutions. In both solutions
we may include the triples

1, 2, 3, 2, 4, 6,

I, 4, 5, 2, 5,7, 4, 3, 8, 7, 3,11,

1, 6, 7, 2, 8§10, 4, 7, 9, 7, 8,13, 8, 5,11, 6,9, 11,
1, 8 9, 2, 9,12, 4,10,13, 7, 10, 12, 8, 6,12, 3,5, 12
1,10,11,  2,11,13, 4,11, 12,

1,12, 13, (15.4.5)
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For the first solution we also take the triples

3,6, 10, 5, 6,13,

(15.4.6)
3,9,13, 5,9, 10.
For the second solution we take -
3,6,13, 5, 6, 10, (15.4.7)

3,9, 10, 59,13

Cole, White, and Cummings [1] found 80 distinct Steiner triple systems on 15
letters. Fisher [1] listed the systems on 15 letters, finding 79 systems, missing
one on Cole’s list. The author and J. D. Swift [1] made a systematic search and
verified the correctness of Cole’s list.

Theorem 15.4.1.  If there are Steiner triple systems of orders v, and v,, there

is a Steiner triple system of order v = v,v, containing subsystems isomorphic to
those of orders vy and v,.

Proof. Let A = S(v,) and B = S(v,) be Steiner triple systems of orders v,
and v,, respectively, and let (q,, a;, a;) be any triple of 4, and (b,, b;, b,) any
of B. Form a new system C with elements i i=1,...,0,j=1,...,v,.
Then (c;,, ¢y, ¢4,) is taken as a triple of system Cif (1),r = s = u and (@i, a;, ay)
is a triple of 4; or (2), i = j = k and (b,, b,, b,) is a triple of B; or (3), (a;, a;, a)
is a triple of A and (b,, by, b,) is a triple of B. It is easily checked that these rules
make C a Steiner triple system, Those triples with r = s = u = 1 form a sub-

system of C isomorphic to 4 and those with i = j = k = 1 form a subsystem
isomorphic to B. Thus, our theorem is proved.

We have an alternate proof. From a Steiner triple system S we form a quasi-
group §* in the following way: The elements of S* are the elements of S. A
product xy is defined by the rules (1), xx = x for all x € S*, and 2), xy =2z if
x # y and (x, y, 2) is a triple of S. The quasi-group S* may be characterized by
the idempotent property x® = x, and the properties that yx =xyand xy = z
imply yz = x, and such a quasi-group determines a Steiner triple system. Here,
if ST and S% are Steiner quasi-groups on v, and v, elements, respectively, then a
new system $* may be determined whose elements are ordered pairs (x,, x,),
xy €81, x; € 8% and the product rule (x,, x,)(y,, ¥,) = {x{ ¥1, x5 ¥,). Here, S*
has the same properties as ¥ and S$* and determines a Steiner triple system
S on v,v, elements.

A recursive method of constructing Steiner triple systems, due to Moore [1],
is as follows.

Theorem 15.4.2, If there is a Steiner triple system of order v, containing a
subsystem of order vy (or vy = 1), and if there is a system of order v, we can con-
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struct a system of order v = v; + v,(v, — v3) containing v, subsystems of order
v, and one of order v, and order v.

Proof. We construct an array of v = v; + v,(v; — vs) elements listed in
(vy + 1) sets:

SO al az av_;
Sl bll bls
Sz: b21 T e b2ss § = Uy — V3. (15.4.8)
Svl: bv,l T e buls

We form triples of these v elements by three rules:

1. We associate the elements of S, with the system of order v, and take a
triple (a;, a;, a;) if these correspond to a triple of that system.

2. Wemake Syand §;,i=1,...,v, correspond to the system of order v,,
making S, correspond to its subsystem of order v,. Triples of a’s are already
determined by rule (1). Other triples contain at most one a;, and we construct
triples (a, byj, by), (bij, by, by} corresponding to the remaining triples of the
system of order v,. ‘

3. Writing the system of order v, on the numbers 1,...,v,, if (j, k, r) is a

triple of this system, form all triples (b;,, by, b,;) for subscripts x, y, z satisfying
x + y + z = ){mod s).

These rules taken together give the triples of a system of order v. The first
rule gives the triples in S, and we note that a triple containing two a’s will have
as its third element another a. The second rule gives the triples containing an
a and a b, the third element being another b in the same row, and also the
triples containing two b’s from the same row, the third element being either an
a or another b in the same row. For b’s in different rows b,,, by,, we determine
r from the triple (j, k, r) of the system with v, elements and z from x + y+z=
O(mod s). Thus, any pair of our v = v; + v,(v, — v3) elements determines a
unique triple containing it. Triples from S, form a system of order v3, those
from Spand any S;,i = 1,...,v,, a subsystem of order v,, and the triples from
biss bass...,b,,s a subsystem of order v,. In each case the subsystems are
isomorphic to the given subsystems. The proof of the theorem is now complete.

We may use this recursive theorem to construct Steiner triple systems of all

orders v of the form v = 61 + 1, v = 61 + 3, showing the necessary condition
to be sufficient. '

Theorem 15.4.3. Ifv = 6t + 1 or v = 6t + 3, there is a Steiner triple system
of order v.
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Proof. We use several specializations

recursive rules:

(A) v, =v,0,=3,03=1L0v=20 + 1,
B) vy=3v,=0v,03=1,0v=30 -2,
Q) vy=3v,=v,v3=3,v=30 -6,
D) v, =0v,0,=90;=3,0=060 + 3,
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of Theorem 15.4.2, listing them as

VvV WV

v = 3.
v = 3.
vz
v' = 3.

\

B) vy,=3,0,=0,03=T,0=30 — 14,¢v > 15.
(F) vy=0v,0,=To3=10v=60+1, v =>3.

We note that whenever we have a system of order v/, we may use any rule
above, except that to use rule E, the system of order v* must have a subsystem
of order 7. Since the system of order v = v; + v,{v; — v3) has subsystems of
orders v,, v,, v; isomorphic to those used in its construction, the property of
having a subsystem of order 7 carries over in the construction. We construct
systems recursively according to the residue of v modulo 36, as in Table 15:1.

Table 15.1 Subsystems of v

Form of v Rule Value of v’
6r+1 (B) 12t +1
36t + 3 (A) 18t + 1
36t + 7 (F) 6t+ 1
36t +9 (D) 6t + 1
36t + 13 | (E) 12¢ + 9
36t + 15 {A) 18t + 7
36t + 19 (F) 6t + 3
36t + 21 (D) 6t + 3
36t + 25 (B) 12t + 9
36t + 27 (A) 18t + 13
36t + 31 (A) 18t + 15
36t + 33 (o] 12t + 13

Alternate rules may be used in some cases, and we shall always prefer a rule
that assures the existence of a subsystem of order 7. Rule F always gives a
subsystem of order 7. We may, of course, also make use of Theorem 15.4.1
and, in particular, taking the triple system of order 3 have the rule v = 3v,

which applies in the following form:

36t + 3 = 3(12t + 1),
36t + 9 = 3(12t + 3),
36t + 21 = 3(12t + 7),
36t + 27 = 3(12t + 9).

(15.49)
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- Applying these rules and some other applications of Theorems 15.4.1 and
_154.2, we can find Steiner triple systems of all orders of the form v = 6¢ + 1
or 6t + 3, and find one with a subsystem of order 7 except for orders 1, 3,9,
—13, 25, 27, 33, 37, 67, 69, 75, 81, 97, 109, 201, 289, and 321. We need to supple-
- ment the general rules of Tables 15.1 and 15.2 and (15.4.9) with the following

Table 15.2 Subsystems of Order 7

Formof v Rule Value of v’

- t+3 | (O 12t + 3
6t+15 | (O 12t + 7
6t+21 | (O 12t +9
6t +25 | (B) 12t + 13

_ - 36t+31 | (B) 12t + 15

| épecial cases, the form v = v,v, or v = vy + v,(v, — v,) indicating an applica-
~*ion of Theorem 154.1 or 154.2.

49 = 73, 229 =1 4+ 19(13 - 1),
— 73 =13+ 713 - 3), 285 = 15-19,
8 =1+ 7013 - 1), 325 =3 + 749 - 3), .
103 = 3 4 25(7 — 3), 589 = 1931,

(15.4.10)
105 = 7- 15, 861 = 7-123,
193=3+19(13~3), 865=7+ I3(73 ~7),
_ 195 = 13- 15, 949 = 13- 73,
| 225 = 152, 961 = 312,

_If we begin with initial Steiner triple systems S(v) of order v for v = 3, 7,9, 13,
- s listed in (15.4.4), (154.5), (15.4.6), and (15.4.7), the rules of Table 15.1 are
- ufficient to derive all values of v of the form 6t + 1 or 6f + 3 from these
inductively. But application of rule E requires that we begin with an S(v)
~~ontaining an S(7). The nature of our constructions in Theorems 15.4.1 and
- 5.4.2 is such that the property of containing an §(7) is hereditary—that is, if
“an S{vy), S(v), or S(vs) contains an S(7), so does our constructed S(v), where
=030, Or ¥ = v3 + v4(v, — v3). Rule F always yields an S(v) containing an

(7). Let us call a value of v hereditarily sound if we have an S(v) containing
.0 8(7), and hereditarily unsound if we do not have an S(v) containing an S(7).
Our theorem will be proved if we can show that only the values 1, 3, 9, 13,
-5, 217, 33, 37, 67, 69, 75, 81, 97, 109, 201, 289, and 321 are unsound and that
- I other numbers of the form 6t + 1 or 61 + 3 are sound. An unsound value
~v can arise only by application of one of the rules A, ..., D to an unsound v".

R LR 215
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If we make use of the alternate choices afforded by Table 15.2, (154.9), or

(15.4.10), we find alternate expressions for all other numbers. Thus, for v' = 321,
we have

(A) 2-321 + 1= 643 =3-219 — 14,

(B) 3-321 — 2= 961 = 31%

(©) 3-321 - 6= 957 =3-319, (15.4.11)
(D) 6-321 + 3 =1929 = 3-643,

(B) 3-321 — 14 =949 = 13-73,

and all successors of 321 are sound because of their alternate expressions. Thus
our theorem is proved.

It would have been possible to prove our theorem by directly constructing
Steiner triple systems of orders 25, 27, 33, and 37 containing S(7)’s.

Kirkman has posed a further problem on triple systems whose general solu-
tion is unknown, at least to the writer. This is the Kirkman schoolgirl problem.
The original problem asks for a walking schedule for 15 schoolgirls. The girls
are to walk in five groups of three in an afternoon. The problem is to arrange a
walking schedule so that in seven afternoons every girl will have walked in a
group of three once with every other girl. This amounts to asking for a Steiner
triple system with v = 15, b =35, r =1, k = 3, A = 1, where the triples are
resolvable into seven sets of five triples each, such that each of these is a replica-
tion containing every element exactly once. A solution of this is given here, with
automorphism group A the additive group modulo 7, with base blocks as

follows:

(00,04, 03),
(11,24, 44),
(51, 12, 63), (15.4.12)
(31,22, 52),
(61, 32, 42)-

Here the base blocks form a complete replication, and adding 1,2,...,6(mod 7)
to the values in (15.4.12) gives six more replications.

The general Kirkman schoolgirl problem is to find a triple system in which
the triples can be divided into r complete replications. If this is possible, then
necessarily the number v of elements, being the number in a replication of
triples, must be a multiple of 3 and so v must be of the form v = 6t + 3. For
v = 9, the solution is easy and is given by the lines of the affine plane of order 3
divided into four sets of parallels. For v = 15, the solution is given in the pre-
ceding paragraph. For v = 21, we have the following solution, with 4 the

.....
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additive group modulo 7. Base blocks are:

v=2, b=70, r=10, k=3  1=1,

(01, 1,,3y)

02,12,3;) (04,15, 3,)

0s,15,33) (02,14, 33)

(21,42,53) (05,1,,3) (154.13)
(22,43, 54)

(23,44, 52)

(6, 65, 65)

The first seven of these are a complete replication, and applying A gives us six
more complete replications. Each of the last three base blocks under the action
of A gives a complete replication. Thus, (15.4.13) yields the desired system on
21 elements resolvable into 10 complete replications. Solutions of this schoolgirl
problem are known for a number of specific values of v = 6¢ + 3, but no solution
for the general case is known to the writer.

For a triple system with A = 2, the necessary conditions (15.4.3) on v reduce
to v = O(mod 3) or v = I{mod 3). We can now easily prove the necessary
conditions to be sufficient.

Theorem 15.4.4 (Bhattacharya). Ifv = 3 is of the Jormv =3morv=3m+ 1,
there is a triple system with v elements and 1 = 2.

Proof. Hvisoftheformv =6t + 1 orv =6t + 3, there is a Steiner triple
system of order v. Taking its blocks twice, we have a triple design of order v
with 4 = 2. The other values to be considered are those #'s of the form v =
6t + 6 or v = 6t + 4. The designs determined by the base blocks of (15.3.17)

and (15.3.18), due to Bhattacharya [1], cover these cases, and our theorem is
proved.

Theorem 15.4.5 (Hanani). A necessary and sufficient condition for the existence
of a balanced incomplete block design with k = 3 and any 4 is that

Mo—1)=0mod2) and Arfo — 1) = Omod 6) (15.4.14)

Proof. 1n a block design D(v, b, r, 3, 1), the basic conditions (15.2.1) and
(15.2.2) giver = A(v — 1)/2and b = Av{v — 1)/6. Hence, for r and b to be integers,
the conditions (15.4.14) are clearly necessary. The main problem is, of course,
to prove the sufficiency of these conditions, and this will be proved using
Hanani’s recursive theorems given in Section 15.2.
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We begin by restating the conditions (15.4.14) in the form:

IfA =1 or5mod 6), v = 1 or 3(mod 6);
HAi=2o0r4mod 6), v=0orl{mod?3);
fA=3mod6), v= Ii{mod2);

If 1 = O{mod 6), no restrictions on v.

(15.4.15)

From the corollary to Theorem 15.2.7, the sufficiency of (15.4.16) will follow if
it can be shown that for v > 3, |

v = 1 or 3(mod 6) implies v €B(3, 1), (15.4.16a)
v = 0or I(mod 3) implies v € B(3, 2), (15.4.16b)
v = l{mod 2) implies v € B(3, 3), (15.4.16¢)
for every v = 3, v € B(3, 6). (15.4.16d)

Here (15.4.16a) is the statement of Theorem 15.4.3 and (15.4.16b) is the
statement of Theorem 15.4.4. But we shall follow Hanani’s argument and
make no use of either of these theorems. We rely on the recursive Theorems

15.2.4 and 15.2.5 and explicit constructions for certain initial values of v. For

convenience of reference we quote the statements of these theorems.

Theorem 15.2.4. If v=(m — 1)u + 1| where ue B(K', X') and if for every
KeK',(m— 1)k + 1eB,(K, "), then v € B, (K, 2), where 1 = 22",

Theorem 15.2.5. Lets, s+ 1e€B(K, ) and teT(s) and qeB(K, ) or g =0
orl;thenv = st + qe B(K, A).

Our proof proceeds through several lemmas.

Lemma 154.1. If u=0 or (mod3) and u>= 3, then ue B(K}, 1), where
K} = {3,4,6).

Proof. By Theorem 15.23,te T;(3)fort = 3 and t = 0, 1, 3(mod 4). Since
2 € To(3), and for n odd, n > 1, n e T,(3), from Theorem 15.2.8, t = 2n e T,(3),
whence for ¢ = 2(mod 4), t > 6, t € Ty(3). Trivially 3, 4, 6 € B(K}, 1). In (15.4.4)
the Steiner triple systems with v = 7, 9 show that 7, 9 € B(K}, 1). For u > 9,
remembering that 3 € Ty(3) and ¢ € T(3) for ¢ > 4, we apply Theorem 15.2.5
recursively, taking s = 3 in all cases and choosing g and ¢ by the rules, depending
on the residue of u{mod 9): :




u = O(mod 9),
u = 1(mod 9),
u = 3(mod 9),
u = 4(mod 9),
u = 6(mod 9),
u = 7(mod 9),

“This proves Lemma 154.1.
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 “Lemma 15.4.2. Ifu > 3, then ue B(K3, 1), where K3 = {3,4, 5, 6, 8, 11, 14}.

Proof. For u = 0 or {mod 3), this is already covered by Lemma 15.4.1,
~.ince K} is a subset of K2. The values u = 5, 8, 11, 14 are trivial, being included
in K3. Hence, the first value for which proof is needed is u = 17. Our proof is
—nductive on the value of u, and we choose the values of g, s, and ¢ according

_othe value of u by the following rules:

C u=17,
1=18,19, 20,
= 21,22,
—u = 23,

u=24,...
u=129,
Tu=30,...
—u=137,...
u=45,...
| u = 5l,

q=1,
q=u-— 15,
q=u— 21,
q=13
q=u-— 21,
g=1,
qg=u-—21,
=y — 33,
g=u— 39,

g = u(mod 12),

o

~

L%}
Lo

PR
i
()

-

I

=N

v
([
w -

-

i

-

-

L

[~} L]
N

i

L

-

7

(8

-

oW W
A
B~

-

t =4,
t =5,
t=1,
£ =5,
t="1 (15.4.18)
t=1,
t =9,
t =11,
t =13,
<14, t=@-qg)3

. Here, by construction, u = st + q in every case. Also, s, 5 + 1 e B(K3, 1),
~ since s = 3 or 4 in every case. By induction also, t € B(K2, 1). We must check
t € T(s) in every case. We note that t € T,(3) and T,(4) for t = 4, 5,7, 9, 11, 13,
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as these are prime powers. For u > 51, the choice of ¢ is such that t = O{mod 4)
and t > ¢. But here t € T;(3) by Theorem 15.2.3, and as t > g, t € Ty(3). Thus
our lemma is proved.

We have now used the transversal systems (essentially orthogonal arrays)
and the recursive methods of Theorem 15.2.5 to construct the pairwise balanced

designs
- B[{3,4,6),1,u] with u=0 or I{mod3), u>3
and
B[{3,4,5,6,8,11,14},1,u]  forallu> 3.

Our proof of the main theorem will be completed by appealing to Theorem
15.2.4 and K} or K3 in the role of K, or to the more elementary Theorem
15.2.6, which we quote for reference.

Theorem 15.2.6. Ifve B(K', A,)and every k' € K' is such that k' € B(K, 2,), then
v € B(K, 4,4,).

Thus, at this stage our proof is reduced to a finite number of constructions
involving the finite set of numbers k" in K'.

Lemma 15.4.3. Ifv = 1 or 3(mod 6), then v € B(3, 1).

Proof. Tfv=6t+1,takeu=3t,andif v="6t4 3,take u=3t+ 1. In
both cases, v = 2u + 1 and u€ B({3, 4, 6}, 1) by Lemma 154.1. In Theorem
15.2.4, take m = 3 and K = {3}. The Steiner triple systems of orders 7, 9, and
13, given in (15.4.4), (15.4.5), (15.4.6), and (15.4.7), show that 7,9, 13 € B,({3}, 1),
and so our Lemma is proved. This is (15.4.16a) and is, of course, equivalent to
Theorem 15.4.3.

Lemma 15.44. Ifv = 0or I(mod 3), v > 3, then v e B(3, 2).

Proof. By Lemma 15.4.1, v € B({3, 4, 6}, 1). We appeal to Theorem 15.2.6,
with 4, = 1, 1, = 2, and our lemma will be proved if we can show that 3, 4,
6 € B(3, 2). For 3, this is trivial. For 4, we construct the design B{4, 4, 3, 3, 2),
that is, 4 € B(3, 2): '

1,2,3,
1, 2, 4,
1, 3,4,
2,3,4,

(154.19)
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For 6, we construct the design B(6, 10, 5, 3, 2), so that 6 € B(3, 2):

1,2,3, 2,3,6,
1,2,4, 2,4,5,
1,35 2,56,
1, 4,6, 3,4,5,
,5,6, 3,4,6

(15.4.20)

These constructions complete the proof of the lemma, which is (15.4.16b) and
equivalent to Theorem 15.4.4.

Lemma 154.5. Ifv = 1(mod 2), then v € B(3, 3).

Proof. This is (15.4.16¢c). Here, for v = 1 or 3(mod 6) as ve B(3,1), we
may take the design B[3, 1, v] three times and have v € B4(3, 3). If we apply
Theorem 15.24, with m = 3, K’ = K3, X' = 1, 1" = 3, since by Lemma 15.4.2
if u > 3, then u e B(K3, 1), and we conclude that v = 2u + 1 € B5(3, 3) if 2k’
+1€By(3, 3) for kK € K3. Here, v = 2u + 1 includes all odd numbers greater
than or equal to 7. Hence, to prove our lemma, we must show that 3,5 ¢ B3, 3)
and that 7,9, 11, 13, 17, 23, 29 € B4(3, 3), these being the values of 2k’ + 1 for
k € K3.Since 3,7,9,13 € B(3, 1), if we take the corresponding design three times,
- we have 3, 7, 9, 13 € B5(3, 3). The remaining values 5, 11, 17, 23, 29 must be

~ handled separately.

Sublemma 1. 5 € B(3, 3). Base blocks mod 5.
01,49; 023

Sublemma 2. 11 € B,4(3, 3). Apply Theorem 15.2.4, with m = 3, K’ = {3},
A = 3, writing 11 = (3 — 1)5 + 1, where

5 € B3, 3), K = {3}, A" =1, as7TeB,3,1)

Sublemma 3. 17 € B4(3,3). We first show that 8 € B4, 3). Here we take
elements (i, j), i = 0, 1, 2, 3(mod 4), j = 0, 1(mod 2). Blocks are

{(01 bO)a (L bi), (23 b2)9 (31 b3)} Z bi = O(mOd 2):
{0y 1, @00, 1)), i<
Now apply Theorem 1524, with m =3, u =8, K' = {4}, ' = 3, K 2”{3},

A" = 1. Here, (m — 1)k’ + 1 = 9.€ B4(3, 1), and as 8 € B4, 3), we may conclude
that 17 = (3 — 1)8 + 1 e B4(3, 3).

Sublemma 4. 23 €B;(3,3). Apply Theorem 1524, with m = 3, u = 11,
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={3}, =3 K={3}, A" =1. Here, (n — 1)k’ + 1 = 7€ B4(3, 1), and as
11 € B4(3, 3), by Sublemma 2 we may conclude that 23 = (3 — 1)11 + 1 € B4(3, 3).

Sublemma 5. 29e€B;(3, 3). We first show 14 € B({3, 4}, 3); elements i,
i= .» 12(mod 13) and o0; base blocks modulo 13(1, 2, 6, 12); (2, 4, 12, 11):

(00,1,3,9), (2,6,5)

Now apply Theorem 1524, withm = 3, u = 14, K' = {4,3}, /' = 3, K = {3},
A" = 1. Here, 7 € B4(3, 1) and 9 € B(3, 1), and we conclude that

29 =(3 — 1)14 + 1 € B5(3, 3).
These five sublemmas cover all the specific cases needed to prove our lemma.

Lemma 15.4.6. Ifv > 3, thenv e B(3, 6).

Proof. 'This is (15.4.16d) and is the last lemma needed to prove the main
Theorem 154.5. Here we appeal to Theorem 1526, with K' = K2 =
{3,4,5,6,8,11,14}, 4, = 1, and K = {3}, 1, = 6. By Lemma 15.4.2 we know
that v € B(K’, 1). Thus, to prove our lemma, we must show that 3,4, 5, 6, 8,
11, 14 € B3, 6). From the corollary to Theorem 15.2.7 and Lemmas 15.4.3,
15.4.4, and 154.5, it follows that 3, 4, 5, 6, 11 € B(3, 6). It remains to be shown
that 8 € B(3, 6) and 14 € B(3, 6).

Sublemma 6. 8 € B(3, 6). In GF(23) let x be a pnmluvc root satisfying
x* = x + 1. We take base blocks (x/, x'*!, xi*2),i = ., 6 over the additive
group of GF(23). This is a special case of (15.3.16).

Sublemma7. 14e B(3,6). Takeresidues modulo 13 and o0. Base blocks are

(1,3,9) taken 5 times,
(2,6, 5) taken 6 times,
(0,1,12),  {o0,3,10), (0,4,9)

This completes the proof of our lemma, and so in turn the proof of the main
theorem.

15.5. BLOCK DESIGNS WITH k GREATER THAN 3

Hanani [1] has shown that for k = 4, the situation is exactly the same as that
for k = 3, namely, that the basic necessary conditions are also sufficient. For
k =5, this is not true, and it may be that for every k > 5, there is at least one
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set of parameters satisfying the basic relations bk = vr, r(k — 1) = v — 1) of
7 {10.1.1), for which no block design exists. Nevertheless, the writer is inclined
__ to support a conjecture that this is, in some sense, a relatively unusual situation.
It is not known who first advanced the following conjecture:

Conjecture. Let k and A be given. Then, with a finite number of exceptions,
there is a block design for every set of parameters v, b, r, k, 4 satisfying bk = vr,
rk — 1) = v - 1).

We shall give an outline of Hanani’s results for k = 4. For details the reader
is referred to the original paper, Hanani [1].

Theorem 15.5.1. A necessary and sufficient condition for the existence of a
~  balanced incomplete block design with v = 4 elements with k = 4 and any A is
that

~ Note that the conditions are trivially necessary as a consequence of (10.1.1).

These conditions are equivalent to

If A = 1 or 5(mod 6), v = 1 or4(mod 12);
If 2 = 2 or 4mod 6), v = l(mod 3);

- If = 3(mod 6), v = 0 or 1(mod 4); (1552
" If A = O{mod 6), there are no restrictions on v.
— These in turn will be satisfied if it can be shown that, with v > 4,

v = 1 or 4(mod 12) implies v € B{4, 1); (15.5.3a)
- v = l{mod 3) implies v € B(4, 2); (15.5.3b)
) v = 0 or I{mod 4) implies v € B(4, 3); (15.5.3¢)
- > 4 implies v € B(4, 6) (15.5.3d)

The lemmas required are

Lemma 155.1. If u=0 or l{mod4) and u > 4, then ue B(K}, 1), where
K. ={4,5,8,9,12).

Lemma 15.5.2. Ifu > 4, then u € B(K3, 1) where

K2 ={4,5,6,,8,9,10, 11, 12, 14, 15, 18, 19, 22, 23}.

Ao —1)=0mod3) and Av(v — 1) = O(mod 12). (15.5.1)
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Lemma 15.5.3. Ifv = 1 or 4mod 12), v > 4, then v € B(4, 1).

This is proved by putting v = 3u + 1, u =0 or 1(mod 4) and applying
Theorem 15.2.4, with m = 4, since by Lemma 15.5.1, u € B(K}, 1). This requires
proving v € B(4, 1) for the specific values v = 4, 13, 16, 25, 28, 37. This is (15.5.3a).

Lemma 15.54. Ifv = 1{mod 3), then v € B4, 2).

Here, Theorem 15.2.4 is applied with m = 4 and v = 3u + 1, where for
u> 4, by Lemma 15.5.2, ue B(K2,1). This requires showing directly that
v € B4(4, 2) for the set v = 3u + 1, we KZ. This is (15.5.3b).

Lemma 15.5.5. Ifv = 0 or 1(mod 4), then v € B(4, 3).

By Lemma 15.5.1, ve B(K}, 1). We apply Theorem 15.2.6 and need to
show only 4, 5, 8,9, 12 € B(4, 3). This is (15.5.3c).

Lemma 15.5.6. Ifv = 4, then v € B4, 6).

By Lemma 15.5.2, v € B(K%, 1). Application of Theorem 15.2.6 proves the
lemma by showing that for the 15 numbers v e K2, wehaveve B(4 6). This is
(15.5.3d). These lemmas together establish the theorem.

For k = 5, the situation is diﬂ'erent. The following theorem will be proved
in the next chapter.

Theorem 15.5.2. Suppose we have a design D with parameters
vmvl_klsb:vt—l’ r"—”kl’ k=kl'—l, A=14,

where ky(k, — 1) = Mv, ~ 1) and A = 1 or 2. Then D can be embedded in a
symmetric block design D* with parameters vy, ki, A. D is a residual design of D*.

A consequence of this theorem is that the symmetric design D* exists. In
particular, if there were a design D, v =15, b=21,r =7, k=35,1=2, by
Theorem 15.5.2, it could be embedded in a symmetric design D* with v, = 22,
k, = 7, A = 2. By Theorem 10.3.1, the design D* does not exist because v, is
even, but n = k; — 1 = 5 is not a square. Hence, we conclude that D does
not exist. Similarly, since by Theorem 10.3.1 there is no design with v; = 43,
k, = 7, 2 = 1, we conclude from Theorem 15.5.2 that there is no design with
v=136b=42r="17k=6,2 =1 Indeed, for most values of k > 5, applica-
tion of Theorems 10.3.1 and 15.5.2 shows that there are some parameters
satisfying the basic relations (10.1.1) for which no design exists.
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For k = 5, Hanani gives complete results. He needs to prove

If v = 1 or 5(mod 20), veB(5, 1); (15.5.4a)
If v = 1 or 5(mod 20), ve B(5, 2); (15.5.4b)
If v = 0 or {(mod 5), v € B(S, 4); (15.5.4¢)
v = 1{mod 4), v € B(5, 5); (15.5.4d)
If v = 1(mod 2), | v € B(5, 10); (15.5.4¢)
Ifv > 5, v € B(S, 20). (15.5.4f)

He uses two basic sets:

K§ = {5,6,10, 11, 15, 16, 20, 35, 36, 40, 70, 71, 75, 76}, (15.5.5)
K3 ={5,6,...,20,22,23,24, 27, 28,29,32,33,34,38,39}.  (155.6)

He proves that for u > 5 satisfying u = 0 or I{mod 5), ue B(K!, 1) and, even
omitting 35 from K}, the same result for all other u = 0 or 1(mod 5). From
this he can prove (15.5.4a) with the possible exception of 141 =4-35 + 1. He
also proves that for u > 5, u € B{KZ, 1}. From this he is able to prove (15.5.4¢c)

and (15.5.4f). He remarks that (15.54d) is true if 4u + 1l e Bs(5, 5) for every
ue K2

Although we have observed that there is no design with v = 15, k = 5,
4 = 2, nevertheless there is a design with v = 15, k = 5, 1 = 4 given here:

v = 15, b =42, r = 14, k=5, A =4

Elements: (i, ), i1=0,1,2,3,4mod 5), J=0,1, 2(mod 3).
Blocks: {0, G+ 2, )i + 3, )0, J+ )i+ 4,j+ 2)}
GG+ LG + 1,6+ 2,7 + D, GJ+ 2)}
{60, G + 2, 1) + 10 +4,1),G+ 1, 2)}
{G,0), G+ 1,00 + 2,1+ 3,2), (i + 4, 2)}
{(0,0),(1,0),(2,0),(3,0), 4, 0)}
{0,211, 2, 2,2), 3, 24, 2)}

Construction of the design D(15, 63, 21, 5, 6) would show that forv = 15,k = 5,
and A = O(mod 2), all 1’s except A = 2 are possible, since any even number
=4 can be written as a sum of 4’s and 6’s. But it may be remarked that the set
of all ('?) = 3003 combinations of 15 elements, 5 at a time, is a design
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D(15, 3003, 1001, 5, 286), and so in any event, with v = 15, k=5,and 1 =
O(mod 2), 2 = 284, there is a design. ;

For any design D(v, b, r, k, 1) to each block of k elements, there is a com-
plementary set of the remaining (v — k) elements, and all these complementary
sets are the blocks of a design D'(v, b, b — r, v — k, b — 2r + ). Bach of the
designs is the complement of the other, and in listing designs it is simpler to list
only the one with the smaller block size; so without loss of generality, we may
take k < v/2. For a given value of r, since r > k, there are only a finite number
of possibilities for k, and from r(k —~ 1) = A(v — 1), in turn, only a finite number
of possibilities for A and v. Given these values, b is determined by bk = vr. In
the Appendix, designs are listed for r = 3,..., 15 with k < v/2 and ordering on
r, v, k, respectively.

In a long paper in 1975 Hanani [2] showed that for k = 5 designs exist for
all consistent parameters with the single exception of (15, 21, 7, 5, 2) and for
k = 6, A > 1 with the single exception of (21, 28, 8, 6, 2). These two designs do
not exist since they would, by Lemma 16.1.2, be residual designs of symmetric
designs (22, 7, 2) and (29, 8, 2), which do not exist by the Bruck—-Ryser—Chowla
theorem.

The case k = 6, 1 = 1 has been extensively studied by W. H. Mills [1, 2, 3,
4, 6, 7). These elementary conditions require that v = 1 or 6(mod 15). These
do not exist for v = 16,21, or 36. Forv = 16 or 21, Fisher’s inequality is violated
and v = 36 would give the residual design for the nonexistent projective plane
of order 6. The case v = 31 is the projective plane of order 5. The larger values
for v = 1 or 6(mod 15) may exist, but there are exactly 165 values in doubt,

which Mills lists [7]. The list begins 46, 51, 61, 81,... and ends 8541, 10851,
11151.

15.6. WILSON’S THEOREM

Richard M. Wilson [ 1, parts II, III] has proved the correctness of the conjecture
given in Section 15.5. His proof will be given in this section. Here we shall
follow an account of this result by A. E. Brouwer [1]. This result is embodied in
the following theorem.

Theorem 15.6.1 (Wilson). Given k and A, there is a vq such that if v > v, and
Mo — 1) = O(mod(k — 1)) and Av{p — 1) = Omod(k(k — 1)), then there exists a
design (b, v, r, k, ) with r = My — D)k — 1) and b = Jo(v — 1)/k(k — 1),

The v, of this theorem will be large, but is effectively computable. The
proof goes in two stages. First cyclotomy is used to prove the existence of some
designs with block size k. Then recursive methods, due to Hanani [2] and
Wilson [1], are used to find further designs for all » > v,,.

The result proved is even stronger than Theorem 15.6.1 and applies to
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pa:rwxse balanced designs. Let K = {k,,...,k;} be an arbitrary set of block
sizes, and put ¢(K) = gcd. {k — 1| ke K} andﬁ(K) ged. {kk — 1)ikeK}.
Now define B(K, 1) as the set of values v, for which a (v, K, 4) design exists.
The stronger theorem is

Theorem 15.6.2. B(K, ) contains all sufficiently large integersv with (v — 1) =
&(mod(a(K))) and Ao(v — 1) = O(mod(B(K))).

Clearly if the set K contains only the single integer k, then Theorem 15.6.2
reduces to Theorem 15.6.1.

Let B(k) be the set of all v for which a design D(v, b, r, k, 4) exists for given
kand A = L.

Theorem 15.6.3. B(k) contains all sufficiently large prime powers q with q =
H{mod(k(k — 1))).

Proof Let g = mt + 1 be a prime power where m = (%) (and t is even). If

- F is the field with g elements and F} ¥ = F, — 0, then under multiplication

F * is a cyclic group of order (g — 1). Here F* has a unique subgroup C, of
mdex m and order t. Its cosets Cqo, Cy,. .., C,n— are called cyclomatic classes
of index m. Suppose we can find a block B= {ay,...,a} < F,such that the
m differences a; — 4; (i < j) forms a system of representat:ves for the cyclomatic
classes of index m; then (F,, #) will be a design D(v, b, 1, k, 1) if we let 8 =
{uB + vipeCqy, veF,}, where Cy, is some arbitrary set of representatives
of {—1, 1} in C,.

Note that we have gt/2 blocks each covering (§) = m pairs so that gmt/2 = (4)
pairs have been covered. This is the correct number, so it is enough to verify
that each pair is covered at least once. But {x, y} is covered by uB + v if and
only if +(y — x)/u occurs among the differences a; — a; in B. Since + u takes
all values in C,, there will be some + pu making +(y — x)/u a coset representa-
tive and so some a; — q;.

As an example take for k = 4, ¢ = 37 to find a design D(37, 111, 12, 4, 1).
Here m = |Cy| = (3), and we have

Co: 1,10,11, —1, —10, —11,
Cy: 2,15,17, =2, —15, —17,
Cy: 3,4,7, -3, —4, 1,
Cy: 6,8,14, —6, —8, —14,
Ca: 9,12, 16, —9, —12, —16,
Cs: 5,13,18, —5, —13, —18.

1561 -

If we take B = {0, 1, —2, 14}, we find

[P R
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1"'"05 IECQ, ‘
—2-0=—2eC,,
-2-1= '—3EC2,

(15.6.2)
14 -0=14€C;,
14 -1=13¢C;,
144+2=16€C,,
getting representatives of 6 classes. It follows that the 111 blocks
(i+1,i—2i+14), i=0,...36
{i,i+10,i +17,i—8}, i=0,...,36 (15.6.3)
{i,i+1,i+15i+6}, i=0,...,36

give a design D(37, 111, 12, 4, 1).
We must now prove the existence of a suitable base block B for sufficiently

farge ¢. This is a consequence of the following theorem, completing Theorem
15.6.3. .

Theorem 15.6.4. Let k and m be given. If q is a prime power such that q =
1{mod m) and g = qo(k, m), then there exists a k-tuple (a,, a,. .., a;) € Ff such

that the (%) differences a; — a;(i < j) belong to any prespecified cyclomatic classes
of index m. |

Proof. We proceed by induction on k. Given elements a,, ..., q, of F,, let
E,....Ey(ay,...,4)(0 < l; £ m — 1) denote the number of x € F, such that
x — a;€ C; (1 <j < k). Given i = (ij,..., i) we need the existence of at least
onesequence a = (g, , . . ., @) with correct internal differences such that E,(a) > 0.
To do this, we need some statistics on the list of all

N=g"mt=¢qlg—-1)-(g—k+ 1)# (15.6.4)

numbers E;(a). For their average 4, we find easily, this from the number of
ways of choosing different values a,, ..., a, and x,

A=N"1Y Efa) = N~ 1g%*D = (g — k)/m". (15.6.5)
We must now consider the variance V;
V=N"1Y (Ef{a) — A). (15.6.6)

Here if x, y € F,, x # y, then the number of ce F, such that x — cand y — ¢
are in the same cyclomatic class of index m is (¢ — 1)/m — 1 because x — ¢ and
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y — c are in the same C; if and only if

xX—c xX—y
y—c y—c

e Co/{1}. (156.7)

Hence

2 EdaXEda) — 1) =
2 H{x, Y1 x + yand V;| x — g, is in the same

cyclomatic class as y — a;}|

_ {(g—1)/m—-1 _ q—1 @
| _.xz;'( X )k!—-‘q(q——l)(-——n;——_l) s

xFy
(15.6.8)
so that ~
V=N"1 Z EfafEfa) ~ 1)+ A — A2 < N7, (15.6.9)

using the values in (15.6.5) and (15.6.8).

Since 4 > 0, some sequence a can be extended with a (k + 1)th element.

But we want to extend a sequence a with prescribed inner differences. So
let #; be the collection of all k-sequences of distinct field elements such that
the differences are where they should be. Let My = | #,}. Then M; = ¢, M, =
g(g — 1)/m and, as we shall see below,

M, ~ g*im(3), (15.6.10)

We apply the following lemma:

Lemma 15.6.1. Letc,,...,cy be real numbers with average A and variance V,
Then for m < N, we havel(cy + -+ + ¢,,) — mAI> < m(N — m)V.

Proof. Without loss of generality take A = 0. Now

V=N1Yc=N1'Y+N'Y ¢

i<N ism i>m

1 2 1 2
> 52 ) mm (S (seih

£m

This proves the lemma.
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Observing that the numbers E;(a) with a € .#, are in the long list con-
sidered above, we find for M., = ) ,.u, Ei(a) that

— k 2
qu < My(N — Mk)

My — M- < qqu -gfm* = q**.

(15.6.12)

Since by induction M, is of order g* and M, . differs from (q — k)/m*- M, by
something of order at most g** /2, it follows that

q :k, M, ~ (k+1)/m(k~2+i) (15.6.13)
m

My, ~

completing the induction. In particular M, > 0 for g sufficiently large.

In Theorem 15.6.3 we have shown that B(k) contains all sufficiently large
prime powers ¢ such that g = I(mod(k{k — 1))). Now given some v, with
vo — 1 = O(mod((k — 1)) and vg(vy — 1) = O{mod(k(k — 1))) we want to con-
struct a D(b, v, r, k, A) with 1 = 1 and v = vg(mod(k(k — 1))).

The construction proceeds in two stages: First we construct a D(v, b, r, k, 1)
{probably with repeated blocks) using linear algebra, and then unfold it to
obtain a design with 2 = 1 and hence without repeated blocks.

Theorem 15.6.5. If A = Ao(v k) and v — 1) = O(mod(k — 1)), Av(v — 1) =
O(mod{k{k — 1))) and v = (k + 2), then a D(v, b, r, k, 2) (possibly with repeated
blocks) exists.

Proof. Let A be the incidence matrix of pairs and k-sets {(incidence being
inclusion) (i.e., the (3) x (§) matrix with gapx = 1 if P ¢ K, 0 otherwise). A
design D(b, v, r, k, A) in which repeated blocks are allowed is nothing but a
vector s of length (f) and nonnegative integer entries such that As = j, where
J is the all-one vector of appropriate length (here (3)).

Since A(s + j) = As + (!22)j, we can find an s with nonnegative entries
from an arbitrary one by adding a constant solution. This yields solutions for
A+ cAy with A; = (-2) and ¢ = ¢{A). The theorem follows if we take i, =
max{i+ (A4, <y, A(v—1)=0(mod(k— 1)), 2o(v— 1} = Omod(k(k— 1)))}.

So it suffices to find an arbitrary integral solution to 4As = 4j. But it is well
known that an equation Ax = b {where the entries of 4 and b are integers) has
an integral solution x if and only if for all rational vectors y such that for all
j with )" y;a,; integral we have ) y;b; integral. (See, e.g., Van der Waerden [2].)

Thus, let y be a rational vector such that for all k-sets K we have Y, ypapx =
O(mod 1). Let L be a (k — 2) set and i, j, p, ¢ four distinct points not in L. Define
four K sets, Ky =LU{i, p}, K, =LVU{i, g}, Ks=LU{j, p}, Ky = LU{j, ¢}.
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Then writing y;; for y,; », we have
yiP —Yig— Yipt Vg = Z yP(aP.K, — apk, — @px, + ap_x‘) = O{mod 1).
P
(15.6.14)
The first equality comes from the fact that for any pair P except {i, p}, {i, 4},
{j, p}, {J, q}, we have dp g, — Gpk, — Gpx, + apx, = 0, and the second from

the fact that )’ , ypapg, = O{mod 1) for each of K, K,, K5, K,.
From (15.6.14) it now follows that for any pair {i, j}, we have

Yij = z; + z(mod 1) (15.6.15)

for rational z;, i = 1,..., ». This can be seen by determining for fixed p, q,r

Yoa =2p+ 29, Ypp=2p+Z, Yp=ZI+2,

and
Ypi = 2p + Z; foralli # p.
Now
Yai = Ypi + Yor — Ypr = 2, + z{mod 1)
and hence

Yij = Ypi + Ygj — Ypg = 2; + z{mod 1),

covering all choices of i and j # i in (15.6.15).
Nextlet M be a (k — 1) set and i, j two points not in M. Then

k-Dzi—k-1z=2 ¥ y— Y
iCPCM uli} JCPCM ulj}

= ; ye(apa oy — pom uiip) = mod 1). (15.6.16)
Finally, let K be a k-set. Then

k= 1z= Y yp=Y ypapy = Omod 1) (15.6.17)
. P

PCK

for each i < v.
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But now

Yyerd=Mo—-1)Y z;= Mo — 1)vze = O(mod 1) (15.6.18)
P i

since (k — 1) A(v — 1) and k{k — 1) | Av{v — 1). This is the integrality condition
of van der Waerden and our theorem is proved.

Brouwer remarks that the same proof applies to ¢-designs with arbitrary ¢;
given t, k, and v, a t — (v, k, A) design always exists whenever A is large enough
and satisfies the necessary congruences.

Now given some design with large A, we unfold it to a Steiner system (i.e.,
A=1) |

Theorem 15.6.6. If there exists a design Dy(u, by, ry, k, 2) where L =gq is a
prime power, and also a D,(v,, b,, r,, k, 1) withv, = q° then there exists a Steiner
system D,(v3, by, ra, k, DY withvy = ug? ifq = u + 2 and d = ().

Let X be the set of points and 4 the set of blocks of the given D,(u, b, , r,, k, 1).
Chooseforeach pair P = {i,j} < X anarbitrary bijection Ny{B|P < Be %}~
F,. Let V be a d-dimensional vector space over F,. We construct a Steiner
system Ds(v3, by, r3, k, 1) with v; = ug® on the point-set X x V as follows:

First, cover all pairs with a stalk {i} x V (i ¢ X) using a D,(q%, b,, 5, k, 1)
on each stalk. Next we have to cover the pairs {(i, x), (j, y)} “ef” with i + j.
For each block B € #,let fz: B — V be some function fj. For each pointie X,
let TV — V be some linear map, and let H be some hyperplane in V. We shall
specify fz, T;, and H below. '

Now for the new design take all blocks

{(,2)lieBand z = x + T(y) + fu(i)} (15.6.19)

forxeV,yeH Be 4.
Note that this is the correct number of blocks: Given i and j, there are g2
pairs {(i, x), (j, y)}, and the indicated blocks cover q?: g%~ ! - q such pairs.
Hence, in order for this to work, we have to choose f;, T;, and H in such a
way that each pair {(i, x), (J, y)} is covered at least once. But such a pair is covered
if and only if {(3, 0), (, y — x)} is covered (i.e., we have to arrange that for given
i and j the expression

T(y) = Ty) + f() — fa(d) (15.6.20)

takes all values in V).

For simplicity, take X = {1, 2,...,u}. Since d > (%), we may number our
coordinates by d symbols P including the (3) pairs {i, j}, i <j, i, je X, and
 d — (%) further symbols. Let v, be the coefficient in F, of the vector v on co-
ordinate P. Thus v = (vp)P all P. Let H = {ve V| , vp = 0}.
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Define T, for i € X by Ti(y)p = yp if P = {i, j} for some j € X and ypa’ other-
wise, where o is a primitive element of F. Givenze V and P = {j, j}, thereis a
ye H with T(y) — T(y) = z if and only if z; = 0. But if we then choose fp
in such a way that for P = {i, j}, fa(i)p = 0if i <jand fu(i)) = Np(B)if i > j,
then also the P-coordinate takes all values. This completes the proof of the
theorem.

Theorem 15.6.7. If v, = I(mod{k — 1)) and v4(v, — 1) = Omod(k(k — 1)),
then there exists for any M > 1 a Steiner system D(v,b,r, k, 1) with v =
vo(mod(Mk(k — 1))).

Proof. Without loss of generality let vy > &k + 2. Applying Theorem 15.6.5
we find a design (vg, by, 1o, k, g) where q is a prime power ¢ = 1(mod(Mk(k —1))).
(This follows from Dirichlet’s theorem on primes in arithmetic progression.)
Applying Theorem 15.6.6 with d large enough so that Theorem 15.6.3 guarantees
the existence of a Dy(v,, by, ry, k, 1), v, = ¢°, we find from Theorem 15.6.6 a
D (”oqd, b: r, k; 1)-

Now that we have a Steiner system in each possible residue class mod(k{k — 1)),
we shall use recursive constructions to find designs for all sufficiently large v.
The recursive constructions work on pairwise-balanced designs and produce
further pairwise-balanced designs that sometimes turn out to be balanced
incomplete block designs. Most of this is due to Hanani [3].

Definition. (X, 8, %) is called a group divisible design GD(K, A, M; v)if X isa
set of points, ¥ is a partition of X into sets of sizes in M, called groups, and the
elements of B, called blocks, are set of points having sizes in K. Also, any two
points not contained in a group are together in exactly A blocks.

Let R, = {r|r(k — 1} + 1 e B(k)} (i.e., all replication numbers r occurring
in Steiner designs B(k; v)).

Hanani’s Lemma. B(R,) = R,.

Proof. Letue B(R,), so that a (U, #) exists with {U| = u points and # has
block sizes in Ry. Let I = I, _, be a set of cardinality (k — 1) and oo be a point
not in U x I. We shall construct a B{k: u(k — 1} + 1) on the set of points
U x IU(o0).

Let B = {b,,...,b,} be a block of (U, #). Since s € R,, there is a Steiner
design (4 = 1) B(k, stk — 1) + 1) on points (b, j), i =1,...,5j=1,...,k — 1,
and co. In this design let the numbering be chosen such that the blocks con-
taining oo are {00, (by, 1), ..., (by, k — 1)}; {o0, (by, 1), ..., (b, k — 1)};...;
{00, (b, 1), ...,(bs, k ~ 1)}. Further blocks will be of the shape {(by,, 1), (biys 12)s s
(b, b} with iy, i,, ..., i all different, and every pair (b;, IXby, f),i # j, will occur
‘exactly once in the remaining blocks. Now take such a design B(k, |Bi(k — 1) + 1)
for every block B € # of (U, #). For each b € U, take as a block {c0, (b, 1),...,
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(b, k — 1)}. Then take these and all remaining blocks from the designs
B(k, {Bl(k — 1} + 1) for each Be®. Together these yield a Steiner design
Bk, u(k — 1) + 1), proving that from u € B(R,) we can conclude u € R,. Trivially,
if r € R, a single block of size r belongs to B(R;) and so B(R,) = R,.

Definition. A transversal design T(t; v) is a set of v* transversals (of size t) of a
collection of t disjoint v-sets such that every pair of points from two different v-
sets is covered exactly once. (The v-sets are called the groups of this design.
This corresponds to the usage for group divisible designs, since a T(¢; v) is nothing
but a GD{¢, v; tv)).

We note that a transversal design T(t, v) is essentially the same as an
orthogonal array OA(-v-, t) of Section 13.1. Let the t disjoint v-sets be vy, v5, ... ., ;.
For each of the v? transversals, take a column (i, ai,, - - -, a;,), where g;  is in
v; and the i’s range from 1 to v. The subscripts alone will form the orthcgonal
array OA(v, t). The converse construction is immediate. From Chapter 13, we
see that a transversal design T(z, v) is equivalent to a set of (¢t — 2) mutually
orthogonal Latin squares of order v. Using the methods of Chapter 13 and
number-theoretical properties, it can be shown that a T(¢;v) exists for all
v > n(t). Clearly v < (t — 1) is impossible and v = (¢t — 1) corresponds to a
projective plane of order v. The best estimate known to date is R. Wilson’s [1]
n(t) < t'7. For small values of t, we have n(3) = 0, n(4) = 6, n(5) < 14, n(6) =
n(7) < 62, n(8) < 76, n(9) < 2780, n(31) < 34,115,553.

Using the existence of transversal designs it is possible to find an r > 0
such thatr,r + 1 €R,.

Take v € B(k) with v sufficiently large so that a t(k; u) exists for u = (v — 1).
First vk € B(k), for we may take a T(k; v) and put a B(k; v) on each of its groups.
Second, (v — 1)k + 1 € B(k), for we take a T(k;v — 1) and, for each of its
groups G, put a B(k; v) on G U (c0). The replication numbers (vk — Ak - 1)
and ((v — 1)k)/(k — 1) indeed differ by 1.

‘Lemma 15.6.2. Ifr,r+1,s teR,, s>t and s > n(r + 1) {ie, T(r +1;5)
exists), then rs + t € R,.

Proof. Remove (s — t) points from a group of T(r + 1;s). Thxs gives a
pairwise-balanced design B({s, t,r,r + 1}; rs + t). Now apply Hanani’s lemma.

Lemma 15.6.3. If R is a set of natural numbers such that 0, 1 € R with the

property that s, t € R, s > t implies rs + t € R, then R contains all sufficiently
large integers n = 0 or 1(mod r).

Proof. Rcontains O, L, r,r+ L,r2, P2 +rr2 + ,r2 +r + 1, andr + 2r
+ 1, by direct calculation, By mductlon we can show

(i} R contains all polynomials in r with coefficients from {0,1}.
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(i) R contains all polynomials **? + g* + +++ + a,r? + a;r + a, with
O0<ag;<(i+1)
Also

{iii) R contains all multiples n of ¥ ~! withn > r* 4+ 1. For
n=Db "2+ 4 b !

=2 4 (byaz — D+ byaqr + b))+ + b

where 0 < b, <r by, =Lk~ Land(by_, — 1)r? + byyy + by < 5.

(iv}) Now it suffices to show that R contains representatives of the congruence
classes mod(r- 7 ~!) that are 0 or 1{mod r). But obviously the coefficient
c; of ¥ can take all values (except when i = 0), since r(--* + rF™' +-+9)
+C G+ )=t e+ D+

Remark. 1f, moreover, a € R, then R contains all sufficiently large n =
a{mod 1).

We can now prove the existence theorem for BIBDs with 4 = 1. We réstate
Theorem 15.6.2.

Theorem 15.6.2. B(k} contains all sufficiently large integers v with v — 1 =
O(mod(k — 1)) and (v — 1) = O(mod(k(k — 1))).

Proof. Since v — 1 = O(mod(k — 1)), we can write v = r(k — 1) + 1 and
we have to prove that R, contains all sufficiently large integers with r(r — 1) =
O(mod k). Let ry € R, such that (ry + 1) € R,. If £ € R,, then by the previous
lemmas R, contains all sufficiently large r with r = #(mod r,). Since we may
take r; such that k|r, (indeed we found ro = kv — 1)/(k — 1), it suffices to
show for each r, such that r,(r; — 1) = O{mod k) the existence of an r € R, with
r = ri(mod ry), that is, for each v, such that v; — 1 = O(mod(k — 1)) and
v1(vy — 1)=0(mod(k(k — 1))) the existence of a v € B(k) with v=1v,(mod(rs(k—1))).
But such a v is provided by Theorem 15.6.7.

More generally we have for pairwise balanced .designs and general 4:

Theorem 15.6.2. B(K, 1) contains all sufficiently large integers v with (v — 1) =
O(mod(«(K)) and Av(v — 1) = Omod(B(K))) where a(K) = g.cd. {k — 1| ke K}
and B(K) = gcd. {k(k — 1){ ke K}.

This follows from the existence of some special designs and
Theorem 15.6.8. If K = B(K), then K is eventually periodic with period B(K)

(i.e., if k intersects the residue class a(mod(B(K))), then K contains almost all
integers k = a(mod(f(K)))).
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Proof. 1t suffices to show that, if 2<keK, 1 <veB(k) and v =
1(mod(k(k — 1))), then K is eventually periodic with period (v — 1). The eventual
periods form an ideal, and B(k) contains numbers v, and v, congruent to
Hmod(k(k — 1))) such that g.cd.(v, — 1,0, — 1) = k{k — 1) by Theorem 15.6.1.
Hence, fix such v and k. Let f € K. We wish to show that all large n =
f(mod((v — 1))). First, take f large (e.g., f > n{v) + 1). Then take t > n(f).
Putting n = f(t{v — 1) + 1), we have n = f(mod(v — 1)), and with ¢ large
enough, #(t — 1) + 1 € B(k). Now T(v; f) exists.

By removing one point froma T(v, /) we geta GD(K, {(f —1)*,0—1};0f - 1).
The groups arise from the blocks and group that contained the removed point.
The asterisk in M = {(f — 1)*, v — 1} denotes that the group size (f — 1)
occurs exactly once, all other groups having size (v — 1). Likewise by removing
one point from a T(v, f — 1) and adding one point at infinity to each of the
groups of the transversal design, we get a GD(K, M; of — v).

Using these group-divisible designs as mgredlcnts we perform the fol!owmg
recursive construction. Let m > n{f + 1), so that T(f + 1; m) exists. In this
- design replace each point x by a set S,, where the sets S, are mutually disjoint,
I8, = {f — 1) for x in the top group, |S,| = 0 for all but f points in the second
group, and {S,| = (v — 1) for all other points x. On the point set X = US,U(w0)
with | X} =(f — 1)vom + t{v — 1) + 1 by replacing each block B from the
transversal design by the blocks of a group»dlwsnble design GD(K, M:w) on
the set B = U{S, | x € B} constructed in such a way that the sets S,(x € B)
form its groups. Note that {w| = 1Bl = (of — 1) or (uf — v), so that such a
group-divisible design exists. Next, for each group G of the transversal design,
put a design B(K;g) on the set G \U(wx0) = U{S,|x e G} U({w), where g =
I@+L4w4m+lmw—m+lmU~Um+L

Forg = (v —~ I)m + 1 or (v — 1)t + 1, such designs certainly exist whenever
m and t are sufficiently large; for g = (f — 1)m + 1, it suffices to require m =
I(mod(k(k — 1))) and m sufficiently large, because /' > n(v) > n(k) and m e B(k)
implies (f —~ 1)m € GD(k, /' — 1) and hence (f — U)m + 1 € B{(k, /)} = B(K).

Thus we have shown that if m, is sufficiently large and my <t < m, m =
1(mod(k(k — 1))), then (f — 1)vm + {v — 1) + 1 € K. Choosing values m =
I(mod(v—1)), we see that all n= f(mod(v— 1)) with n=>(f — )o(me +o(f —1))
+mg(v — 1) + 1 are in K.

In order to prove Theorem 15.6.2 we first observe that B(K, 1) = B(B(K, 1))
so that Theorem 15.6.8 is applicable. Let us compute B(B(K, 1)). Define

B, = k(k — 1)/(A, k(k — 1)) if this is even
© 7 V2k(k — D)L Kk — 1))  otherwise.

We assert 8, = B(B(k, 1)).

Indeed, ve B(k, 1) implies Av(v — 1) = mod(ktk — 1)) or vlv — 1)
Omod(k(k — 1)/(A, k(k — 1))). Also v(v — 1) is even, so B, | B(B(k, A)). Next we
need the following generalization of Theorem 15.6.3.
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Theorem 15.6.9. B(k, A) contains all sufficiently large prime powers g with
q = l(mod(k(k — 1)/(4, k(k — 1))).

Proof. 1If A5 = (4, k(k — 1)), then repeating the blocks of a B(k, A,; v) /4,
times yields a B(k, 4; v). Consequently we assume that 1| k(k — 1). If 1| (%), then
write ¢ = mt + 1, with m = (§)/1 and t even, and apply Theorem 15.6.4 to
obtain a base block B = (a,, a,,...,q) with a; — a; (i < j) representing each
cyclotomic class of index m 4 times. If A (%), then 1 is even and we write g =
mt + 1 with m = k(k — 1)/2 and find a base block B = (a,,...,q,) with
a; — a;{i < j) representing each cyclotomic class of index m A/2 times. Using
multipliers p with i’ = 1, we again find a B(k, 4;q). We should distinguish
cases with g even and g odd. This proves the theorem.

Write f = B(B(k, 1)). Applying Theorem 15.6.9 to a large prime p > § of
theformp = Bo(flo + 1)x — B + 1, wefind an x such that B{ Bo(Bo + 1)x — B,.
In particular (B, 8, + 1) = 1. Again applying the theorem we find a y such that
B1By + Bo. Hence B B,. This proves the assertion that 8, = B(B(k, 1)). Now

from
B(K)
(4, B(K))

IBB(K, 2)lg.cd. {B(Bk, }}| ke K}

and

Mk - 1) Hk — 1) __BX)
gcd. {(A,k(k —0) keK} g.c.d.{ ABE) keK} =@ FK)’

it is immediately seen that S(B(K, 1)) = B(K)/(A, B(K)} if this number is even,
and twice this if it is odd.

Given f with A(f — 1) = O(mod(«(K))) and Af(f — 1) = O(mod(B(K)) we
shall findv withe = f(mod(B(B(K, A)))andso(v — 1) = Omod((K))), v{v—1)=
O(mod(B(K))). At this stage it will be sufficient to prove Theorem 15.6.2 for
A = 1, because B(K, ) = B(B(K, 1), 1).

Write a = «(K), b = B(K), ¢ = b/a. Note that (a, ¢) = 1. If p* L (c/A, ¢) for
some prime p, then f = ¢ (mod p') with ¢, = 0 or 1. Choose v such that v =
l{mod a) and v = g,(mod p%) for all p dividing ¢, where d is defined by p? L.
Clearly (v — 1) = O(mod(«(K)) and v(v — 1) = O(mod(B(K))) and Alv — b) =
Omod(B(K)). If B(B(K, ) = 2b/(b, 1) and v = f(mod(2b/(b, 1)), then v’
v + coax satisfies all conditions if 27 1 ¢, ¢, = ¢/2¢, x a solution of CodX =
1 — 2o(mod 2d). Note that in this case a is odd.

So we are now reduced to proving Theorem 15.6.2 for A = 1. Again use the
same device. Given f with (f — 1) = O{mod(«(K))) and f(f — 1) = O(mod(B(K))),
{v — 1) = O(mod(k — 1)), v — 1) = O{mod(k(k — 1))). Using Theorem 15.6.1
and Theorem 15.6.8 and the fact that f(B(K, 1)) = B(K), this will complete the
proof of Theorem 15.6.2.

Choose a finite Ko = K with «(K) = «(K) and §(K,) = B(K). Again write

i

et
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a = oK), b = B(K),c = bfa.Let k = II{kqy | ko € Ko}{(mod(B(K))) and k suffici-
ently large so that k € B(K,) <= B(K).(If k', k" € Kand k" > n(k'), then k'k" € B(K y)
using a transversal design.) Thus k satisfies k = I{mod @) and k = O(mod ¢).
If p' Lc then f = g(mod p') with ¢, =0 or 1. Choose v such that v =
1{mod(k — 1)) and v = e,(mod p?) for all p dividing k where p’ L k. This v
satisfies all conditions and our proof is complete.

15.7. SOME INFINITE FAMILIES OF DESIGNS

The following construction is due to S. S. Shrikhande {2].

Let D be a (v, b, 1, k, A) block design and A its v x b incidence matrix. Then
A* = J,, — A is the incidence matrix of the complementary design D* with
parameters (v, b, b — r,v — k, b — 2r 4+ 1), as is easily verified.

The parameters satisfy the two familiar relations

rtk —1)=Av-1) and bk=rr. (15.7.1)
A subset of all designs will satisfy the additional condition
b=4(r— A). (15.7.2)

Designs satisfying this condition are called family (4) by Shrikhande. They
are quite numerous.

The family (A4) is closed under a composition first observed by Sllieto [11,
given by the following theorem.

Theorem 15.7.1. If D, is a design with parameters (v;, b;, r;, ki, 4;) in family
(A) with .

b, = 4(r, — A)) | (15.7.3)

and A; and A¥ are the incidence matrices of D, and its complementary design
D¥, then withi = 1,2

A=A x A, + A% x A% (15.7.4)
is the incidence matrix of a design D with parameters (v, b, r, k, A) given by
U= 0y0,, b = b,b,,
r=ryy 4+ (by — )by — 1)),

k= kiky, + (v, — kY, — k),
A= ble - Zrlbz - zrzbl + 6!‘17‘2 —_ 41112,

(15.7.5)

and D also belongs to the family (A), b = 4{r — ).
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Here X x Y is the direct product of matrices X and Y as defined in (14.1.16).
A v x b(0, 1) matrix A will be the incidence matrix of a design D(v, b, r, k, 1)
if and only if

Adyy = rd pp, JouAd = kJ

(15.7.6)
AAT = (r — DL, + J,,. :

The matrix 4 in (15.7.4) is clearly of dimensions v = v,v, by b = b,;b, and is
(0, 1) since the I’'s in A, x A, and A} x A% occur in different places. Row
sumsof A, x A, willber,r,andof A7 x A% willbe(b;, — r,)(b, — r,). Similarly
column sums will be k k, and (v; — k,)(v, — k,). This gives for A in (15.7.4)
the first two relations in (15.7.6) with r and k as in (15.7.5).
It remains to show that (15.7.6) holds. Writing A¥ = J,, — A4;, i =1, 2,
then expanding AAT we get first, using (15.7.6) for A, and 4,
AAT = 4(A, A7) x (A2A43) + (by — ar )y, % (4,43)
+ (b, — 4"‘2)(/1‘114}.) Xy, + (2riry + by ~ 2r )by — 2r,M 4,02
X Jyoo,e 1577
In this take 4;4] = (r; — A)1,, + AJ,,,,, and we find, using I, x I, = I, and
Jv;u; X ngl)z = "vm
AAT = Ary — 2)rz — 21, + (ry — A)(@82, + by — 4r ), x J,,,
+ (ry — 4,044, + by — ar oo, X 1,
+ (blb2 - zrlbz - 2r2b1 + 6";"2 - 4)&13.2)-].,,,. (15.7.8)
Now we use our hypothesis b; = 4(r; — 4;), i = 1, 2, which makes the co-
efficients of I, x J,,,, and J,, x I, both zero, giving
AAT = 4ry — A)ry — AL, + (byby — 2riby — 2ryby + 6ryry — 4A,A)),,.
(15.7.9)

Now let us take

), = blbz - 2rlbz — 2r2bl + 6r1r2. (15.7.10)
Then with r = ryry + (by — r))(by — r,) from (15.7.5) we find

r— 1 = “‘4"11"2 + blrz +'b2r1 + 4/1112 .
— ""*‘47'1?'2 + r2(4r1 e 42.1) + r1(4r2 —_ 4/12) + 41112

4y — A)ry — Ap) = 4 (Pf)(%) ~iby b (15.7.11)

I
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Hence (15.7.9) is of the form
AAT = (r — DI, + AJ,,. (15.7.12)

Hence the matrix A given by (15.7.4) is the incidence matrix for a design
D(v, b, r, k, A} and b = 4(r — A), so that D is also a design of the family (4).

Shrikhande also observes that if A is the (0, 1) incidence matrix for a design
D, then 24 — J,, = A is the (—1, 1) incidence matrix for D, replacing the O's
in 4 by —1’s. In this notation if D, and D, are two designs of the family (4),
* then if we define 4 by |

A=A, x A,, (15.7.13)

A will be the (~1, 1) incidence matrix for the design D in the family (4), with
parameters given by (15.7.5).

For designs of family (4) we may use (15.7.1) and (15.7.2) to express the other
parameters in terms of r and A. This gives

k = (H) b= (Z_r(’___"zf) . (15.7.14)

Since v is an integer, 2A/(r — 24) must be an integer, which is either even or odd.
If 2A/(r — 2A) = 2m is even, where m is an integer, then m(r — 24) = 4, so
that 1 = mt, where ¢ is an integer. In terms of m and t we now have

b=Q +m);  b=41+ m, r= ol + 2m),
k=14 mfl +2m), A=mt
Putting 2(I 4+ m) = s, we get the subfamily of (4) with parameters
o= %, b=2st, r=(s—1)t, k=s(s—1)2, A=(s—22, (15.7.16)

(15.7.15)

where s and ¢ are integers, s even and 2st > 52,

Since b is positive, both s and t in (15.7.16) are both positive or both negative.
By simultaneously changing the signs of s and ¢ in (15.7.16) we get

p=s? b=2st, r=(+1)t k=s+1)2 A=(+22 (15717

The parameters of (15.7.16) and (15.7.17) are parameters of complementary
designs, and given any one, the other is easily constructed, Hence without loss

of generality we may define the subfamily (4,) of (A4) by the integers s and ¢,
where

Afs,0):  o=5% b=2st, r=(—1), k=ss—1)2 A=(s—22,
(15.7.18)
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where s and ¢ are positive integers, s even, 2t > s.

Similarly if 24/(r — 22)is odd (2m + 1), then r = 44(1 + m)/(1 + 2m) and, as
r is an integer, 1 = (1 + 2m)t. Putting 2m + 3 = 5, where s is odd and pro-
ceeding as before

v==s> b=4st, r=2As—1), k=ss-1)2, A=(s—2x
(15.7.19)

with 5 odd and 4st = s°. As before, simultaneously changing the sign of s.and ,
we get the complementary design with

v=s?t  b=dst, r=2s+1), k=ss+1)2 A=(G+2
(15.7.20)

Hence we can define the subseries (4,) of (4) given by integers s and ¢, where
Afs,t):  v=35 b=dst, r=2s~ 1), k=s(s—1)2, A=(s~ 2,
{15.7.21)

where sis odd and 4t = s.
Let us designate the composition of Theorem 15.7.1 by the formula D, » D, =
D. In terms of the subfamilies 4,(s, £} and A,(s, #), we have the following result: .

Theorem 15.7.2.  For designs of family (A4), we have the following compositions:
A5y, t1) ° Ay(s2, t3) = AY(5:52, 2t,85),
Ay(sy, ty) o Axs,, 15) = A(s;s;, 42415), (15.7.22)
Ax(s1, 1) © Ay(sz, £2) = A3(s153, 414ty).

Here * denotes the complementary design.

Proof. These results come directly from Theorem 15.7.1 and formulae
(15.7.16), (15.7.17), (15.7.19), and (15.7.20).
In general if we have two designs

D;(U, bl 1 T1s k, Z’l) and DZ(U: bz; r23rks 12)

with the same v and k, if both are on the same set of v points, then taking to-
gether all blocks of both designs we have another design D(v, b, + by, ri + 1,3,
k, Ay + A3). Let us represent this composition as a sum

Dl‘(v:blsriska 11) + Di(U,bz, r23ks‘12)
= D(U, bl + bz, Fy + ¥a, k, l] + 12). (15.7.23)
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Here if both summands are of family {A4), so also is their sum. In these terms

Ay(s, t1) + Ay, t)) = Ay(s, £y + t),
Axs, ty) + Axls, ty) = A(s, t; + t3).

(15.7.24)

Note that A4,(3, 1) has parameters (9, 12, 4, 3, 1) and is the affine plane of
order 3. A,{4, 2) has parameters (16, 16, 6, 6, 2), and A,(4, 3) has parameters
(16, 24, 9, 6, 3). Both of these designs exist. Hence from (15.7.24) it follows that
A5(3, t) exists for all ¢t = 1 and A4,(4, t) exists forall t > 2.

When is a design of family (4) a symmetric design? Since b is even, it must
be in the subfamily (A4,), and we have s.= 2t and parameters v = b = 412,
r=k=2t> -t A=t~ t Here H = 24 — J is the (—1, 1) incidence matrix

HHT = 4¢%1,

and H is a Hadamard matrix H,,2. Fort = 1, thedesign is trivial withv = b = 4,
r =k =1, 4 =0, but the Hadamard matrix is not trivial

p s

1 -1 -1 -1
-1 I -1 -1
-1 -1 1 -1
-1 -1 -1 1

H, = (15.7.25)

Here H, x H, = H,4z with the design complementary to (16, 16, 6, 6, 2). Hence
Hadamards of this type exist for all H,,. For 412 = 36, we have the symmetric
design (36, 15, 6) given by

(L, 1)(2, 2)(3, 3)(4, 4)(5, 5)
(0, 1)0, 2)(0, 3)0, 4)(0, 5) mod(6, 6), (15.7.26)
(1, 0X2, 0)(3, 0X4, 0)(5, 0).

It is plausible that H,,. Hadamards exist for all £ > 1. From the existence of
H, it is sufficient to prove this for all odd t. ’

Shrikhande has shown that a difference set of the twin primes type T can
be used to construct a symmetric design of family (4). Leth = p"and h + 2 = ¢
be prime powers, and let GF(p") and GF(g%) be the corresponding finite fields.
Let x be a primitive root of GF(p") and y a primitive root of GF(g°). We deal
with the h(h + 2) points(a, b),a € GF(h),b € GF(h + 2) with(a,,b,) + (a,,b,) =
(ay + a;, by + by) and (ay, bi)as, by) = {a,a;, byb,).

Taking z = (x, y) and w = (x, 0), the elements of the difference set are

2% z, 24, ..., T 0=(0,0, w°, w, ..., w2 (15.7.27
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These are the elements of the block 0 = (0, 0), and block (a, b) is obtained by
adding (a, b) to the points of block (0,0). With t = (h + 1)/2, the design is a
symmetric (v, k, A) design D witho = 412 — LLk=2t* - 1, A =1> — L.

Let us divide the points and blocks into categories according to the first
coordinate:

Co={ab)}, a=0,

. 15.7.28
Bi={ab}, a=x, i=0,...,h -2 ( )

The difference set contains exactly one point (g, b) with a =0, namely, (0, 0),
and for each fixed a # 0 the same number of points, namely, (h + 1)/2 + 1 =
t + 1. Hence a block will contain exactly one point of its own category and
exactly (t + 1) of each other category. Each category contains b 4+ 2 =2t + 1
points or blocks respectively.

Now let us take a subsystem S of (¢ — 1) categories so that § corresponds to
(¢ — 1X2t + 1) = (2t* — ¢t — 1) points and also (2t> — t — 1) blocks. Now let
us arrange the rows and columns of the incidence matrix A of D so that the first
(2t — t — 1) rows correspond to the blocks of S the remaining (262 + f).to
the remaining blocks, and the first (2t ~ ¢ — 1) columns to the points of §
and the remaining (2¢> + 1) to the remaining points. Then

Ay Ay 2]
A= , (15.7.29)
[Azx Az

with A4, corresponding to the points and blocks of S. Hence every row and
columnsumof Ay is1 + (-2t +)=12 -1t ~ 1. Every row sum of 4,,
is (¢~ 1)t +1)=¢*—1, and every columa sum of 4,, is (22~ 1)— (> —t—1)=
t? + t. Similarly every row sum of 4,, is (¢* + t) and every column sum is
(t* — 1). For A,,, every row and column sum is (2t — 1) — (2 — 1) = 2
Letuswrites =22 —t—landu=2>+tsothat s+ u =4 — | = p,

Let us replace A,; and A,, by their complements A3 =J, — A,;, and
A3, = J., — Ay, to obtain a matrix A4,:

AII AIZ
= . 15.7.30
Ay [,4;1 A;*J (15.7.30

The distance & between two rows is the number of places in which they disagree.
Here 6 = r; 4+ r; — 24, where r, and r, are the number of 1’s in the two TOWS,
respectively, and A is the number of positions in which they are both 1.

It follows from the properties of the incidence matrix A that the distance
between two rows of the first s or the last u in 4, will be 2¢2, and the distance
between one of the first s and one of the last u will be 262 — 1,

Now let us replace the last u columns of A, by their complements to obtain
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Ali A?Z
= . 15.7.31
4z [Azl Azz:l (157.3)

Since complementing columns does not change the distance between rows, the
distances between rows of A, will be the same as those of 4;. Now we form a
new matrix H of size 41> x 4t> by bordering 4,, with 1’s. Specifically

1 Jls Olu
H = Jsl Ali Afz . : (15.7.32)
Oul A;; A22

Here as usual the J matrix is all 1’s, and a 0 matrix is all 0’s.
In H every row has sum s + 1 = 22 — ¢ since

1+ -t=-1D)+22+) -2 +0)=22 1t

and
2 —-t—-DN—--D+2=22~-1.

The distance between the first row and the next sis 4t — 2t — 2(t2 — 1) = 2¢2,
The distance between the first row and the last uis 412 — 2t — 2(t2 — t) = 212,
The distance between two of the s rows will remain at 2¢2, as will the distance
between two of the u rows. The distance between one of the s rows and one of
the u rows will increase by 1 to 1 + (2t2 — 1) = 2¢2. Since any two rows of H
have (2t> — ) I's and distance 2t% it follows that any two have A =
$(4e — 2t — 21?) = * — ¢ points in common.

Hence H is the incidence matrix of a symmetric (42, 2t2 — t, t2 — ¢) design,
and its (—1, 1) incidence matrix is a Hadamard matrix H ..

An interesting family of symmetric designs D has been constructed by
S. D. Sane [1]. These have parameters

v=t3(t+2), k=tt+1), A=t (15.7.33)

He calls such a design D a quasi-affine design, for reasons that will be obvious.

Suppose that t is the order of an affine plane n. We know (see Chapter 12)
that such a plane exists whenever t is a prime power, and up to the present no
affine plane is known whose order is not a prime power. The plane z will contain
t? points, and there will be (¢ + 1) families of parallel lines. Number the parallel
families 1, 2,...,(t + 1). For each parallel family i, we construct a > x t?
matrix M; whose rows and columns are indexed by the points of n. For the
jthrow of M; = [m;], we take m;; = 1 and m;; = 1 if points j and s are on a line
of the ith parallel class. Otherwise we take m;, = 0. This gives us (¢ + 1) matrices
of size t, My,...,M,,,. Now let L,, , be a Latin square of size (¢ + 2) on the
numbers 0, 1,2,...,(t + 1).
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Now from L, , we construct a square matrix A of size t(t + 2), replacing
0 by a 0 matrix and, for i = 1,...,(t + 1), replacing i by M;:

0 M, M, - M.,
A= sz 1‘_422 Mzs e Mzwz (15.7.39) )
Mu MtZ M:a Mm»z

We assert that A is the incidence matrix of a symmetric (¢2(t + 2), £(t + 1), ¢)
design. First, every row of an M, contains exactly ¢ 1’s, since a line of z contains ¢
points and every point is on a unique line of the ith parallel class. Hence every
row of A contains (¢t + 1)t 1’s, and the rest are zeros. Now consider two rows,
say r and s # r, of A. First, suppose that r and s are derived from the same row
of L. If the line joining r and s (considered as points of =) is in the ith parallel
class, then in M; both rows have the same set of ¢ positions for which both are
I’s and in no M;, j # i, will both rows have a 1 in the same position. Thus the
inner product of the two rows is ¢.

Now suppose that r and s are derived from different rows of L. Correspondmg
to the two rows of L we shall have, say -

0: ,Mlv Mi: Ml+1

M, 0, M, (15.7.35) ‘
so that we have
{}:/I and 34'
and t contributions
M; .
MJ 3 J % l‘

Now consider r and s as corresponding to points of n (conceivably the same
point). The ith paraliel through r will meet the jth parallel through s in exactly
one point so that from the rows of ¥ »; the inner product will be exactly 1. But
there are ¢ such combinations, and so the inner product of the two rows is again
t. Thus 4 is the incidence matrix of a symmetric (t%(t + 2), #(z + 1), ¢) design.
For t at all large, there will be many Latin squares L, ., ,, and there is no reason
to believe that they will yield isomorphic designs.

This construction partitions the (¢t + 2)t*> points of D into (¢ + 2) sets of

pomts For t > 3, Sane shows that this partition must be unique.
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For t = 3, let the points of the affine plane be 1, 2,...,9. The 4 families of
par_allels can be taken as

1 2 3 4
123 147 159 168

456 258 267 249 (15.7.36)
789 369 348 357
The four matrices M;, M5, M5, M, will be
M, M,

1 23 456 7 89 1 23 45 67 89
1 1 111 1 1
2 1 2 1 1 i
3i1 1 3 1 1 1
4 111 41 | 1
5 1 11 5 i | 1
6 111 6 i 1 1
7 1 711 I 1
8 1 8 1 1 1
9 1 9 1 1 1

(15.7.37)
M, M,

1 23 456 7 86 1 23456789
111 1 1 1i1 1 1
2 I 1 1 2 1 1 1
3 1 3 1 1 1
4 1 4 1 1 1
511 1 1 5 1 1 1
6 1 1 1 6|1 1 1
7 1 1 7 1 1 1
8 11 1 g1 1 1
911 1 1{ 91 1 1 1

For two different choices ofan Ls; on 0, 1, 2, 3, 4 we get
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0 M, M, M, M, 0 M, M, My M,

My, 0 M, M, M, |My 0 M, M, M,
A=/M; M, 0 M; M,| and A=|M, M, 0 M, M,|.
M, My M, 0 M, My M, M, 0 M,

My, M, My M, 0 M, My M, M, 0
(15.7.38)

These will both yield symmetric designs (45, 12, 3).
We state this result as a theorem.

Theorem 15.7.3. W henever there is an affine plane of order t, there is a quasi-
affine symmetric design with v = t*(t + 2), k = t{t + 1), 1 = ¢.

Next we shall consider some very interesting constructions due to unpub-
lished work of R. M. Wilson.

Definition. An(n x t,h, p) symmetric group-divisible design(abbreviated SGDD)
is an incidence structure (X, of ), X points, of blocks with

() Xl =nt-(i*)\g| = nt.
(i) |Al = h for each block A e 5.
(ii*) Each point x € X is incident with h blocks.
(i) There is a partition X = X, U X, U--- U X, with each 1Xy| =t such
that | ANX, <1 foral Ae g andi=1,2,...,n
(ii*) Thereisa partitionof = of | \J of,U-+-U s, with each (f,) = t such
that AN\ B = 0 for distinct A, Be of,,i=1,2,...,n.
{iv) |ANB| = p whenever Ae of,, Be AN E Y

(iv¥) IfxeX;, yeX s i # Jj, there are exactly u blocks incident with both x
and y.

Lemma 15.7.1. h(h — 1) = (n — Dt (15.7.39)

Proof. Fix Ae g, and count pairs (x, B) with xe X, Be o such that
x € A N B. There are h points in 4, and each of these occurs in (h — 1) further
blocks B, giving h(h — 1) as the count. On the other hand, if 4 € «,, there are
(n — 1)t blocks B not in «;, and each of these gives u intersections with A.

Write x| y to mean that {x, y} e some X; and A||B to mean that {4, B} e some
;.

Lemma 15.7.2. Let xeX, Ae of. There is a B on x, B||A if and only if there
isayeAd,y|x.
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Proof. If x € A, there is nothing to prove. Hence suppose x ¢ A. Let us
count pairs (y, B), y € X, B € o such that x € B, y € 4 "N B. If there is no block
B with x € B, B||4, then the h blocks B on x are such that |4 N B| = p each
time, giving hu pairs (y, B) with x€ B, y€ A N\ B. If there is a block B with
x € B, BJ| A, there is exactly one, and the (h — 1) remaining blocks B on x yield

(h — 1) choices of (y, B). If no y € A is such that y|x, then for each of the h

points of A there will be u blocks B containing x and y, giving a count of hu
for (y, B). If some y € A is such that y|x, then there is exactly one, and no block
through this point contains x. Each of the remaining (h — 1) points y on A
is such that there are u blocks containing {x, y}. This gives (h — 1)u pairs (y, B).
Comparing counts gives the conclusion of the lemma.

For t = 2, there are some special consequences. Let us write X; = {x;, —x;}
fori=1,...,nand of; = {A;, Aia}. Thenif Ay = {e,x;,,.... &%, i =1,...,
h, &; = +1, —é&px; [lg;x;, and so by the lemma, —¢;x; € B|4;,. The only
possibility is B = A4;,, so that in the notation above 4;, = — A4;,. For j # i,
{4;: M A;y] = pand |4; N A,] = p. Hence A, contains u points of 4;; and u
points of — A4;,. Thus if for our SGDD we take an incidence matrix for the
Ap,i=1,...,n, with coefficients 0, + 1, then 4;, and 4 1 will be orthogonal as
rows of the matrix. Writing + for +1, — for —1, and 0 for 0, an incidence
matrix for a (7 x 2,4, 1) SGDD will be

- 4+ 4+ 0 4+ 0 07
0 - + + 0 + 0
10 0 — + + 0 +
+ 0 0 —-— 4+ + 0 (15.7.40)
0O + 0 0 - + +
+ 0 + 0 0 - +
L.+ + 0 + 0 0 -

Lemma 15.7.3. The existence of an{n x t, h, y) SGDD implies the existence of
a{v, k, 2) symmetric design withv = n, k = h, A = ut.

Proof. Take points {X,,...,X,} blocks {&;,...,,} and incidence
X;e o, if and only if for some x € X;, 4 € o; we have x € A. From Lemma
15.7.2, the incidence is well defined.

We note that every symmetric designisa (v x 1, k, ) SGDD. An interesting
example comes from a Baer subplane n, of order m in a plane n of order m>.
For points X, take the points of n not in n,, o as lines of 7 not in =, X, the
points of X on line i of 7y, o, the lines of of on point i of ny. Here | X] = || =
m*+m+ ) —m>+m+D=m*—m, and |X)| =gl =m> —m, h=
m?, u = L. This gives an ((m*> + m + 1) x (m®> — m), m®> + m + 1, 1) SGDD.

Theorem 15.7.4. Let h = tu + 1 be a prime power. Then there is a ((h'+ 1)
X t, h, u) SGDD.
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Proof. Let F = GF(h); let C, be the index ¢ subgroup of F*; and let C,,
Cy,..., C,~ be the multiplicative cosets of C, in F* indexed so that C(C; =
C;+ j (subscripts modulo ¢).

Let X =(FU{o}) x Z,, X, = {a} x Z,,and o/ = {A,:x € X}, where

Awy=F x {i} forieZz,
and
Ay = {(00, i)} U {n +aeC;y i

Note that if i ",é j, A{a,i) n A(a,j] =0.Ifa 7!: ﬁ, then !A(a,i) n Aw'ﬂl = 5,'3‘ + num-
ber of 1 such that '

belongs to C;._ ;. This number is always pifi — j # Oand (u — 1)if (i — =0
-Hcre -'ﬁa == {A(a,z‘) a“ i}. S

Theorem 15.7.5. If g and (4> + q + 1) are both prime powers, then there is a
symmetric design with

v=q>+3q> + 49 + 3,
k=g*+2q+2,
A=gq+ 1

{e.g, (3L, 10, 3),(69, 17, 4), (223, 37, 6), (739, 82, 9)).

Proof. By Theorem 15.7.4 there is a SGDD (X, o) with n = (g + g + 2),
h=(>+q+1), t=(g+1), p=q. Write X=X _UX,UX,U--- UX2y,,
A= UdogUa,U---U o g2+ indexed so that the blocks of o, contain
no points of X,

Construct PG,(g) with points {0, 1,...,4* + g} = P and blocks (lines)
By, By,...,B,,. Since PG,(q) admits polarities, we can index the blocks
so that i € B; implies j € B,.

Let X* = X\ P, s0 |X*| = v. The blocks s * are of three types:

1. AUX ;Aeq,
2. AUBj;Aed;,i=0,1,...,4° + 4,
3. {i}UUjeriji=0,l,---,q2+q

for a total of (¢ + 1) + (¢ + 1Xg® + g + 1) + (g* + g + 1) = v blocks. It re-
mains to check that distinct members of s * have A common points.
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For A, # A,;, A, A;e ol , A, U X, and 4, U X have in common the
(g+ ) pointsof X,. For AUX_,, Aeos,,and BUB,, Be o;, AN B| =
#t = g. Also B contains the point (o0, §) of X .. For 4 U X, and {i} U {J .5, X
X contains the (g + 1) points (j, c0) with j € B; as do the X’s. Also 4, U B,,
A, U By, A,, A, e o, contain the (g + 1) points of B, and no others. Now
consider 4, U B;, 4, € o/, A, U of;, A, UB,, A€o, Here |4, N\ A,| =
# = g and the lines B; and B, have a unique intersection, giving (g + 1) inter-
sections in all. Now consider 4 U B;, A e o, and {s} U {J ;e B,X,, where s
may or may not equal i. If of; = o, then 4 = Ay my = F x {m} for some
n=1,...,t. For jeB;, X; = {j} x Z, and each of the (g + 1)X ;s contains
exactly one point (j, m) giving (g + 1) intersections. If of; = o, then A = A
for some m and its points are (o0, m) and (4, w) where 4 + a € C,, ,,,. For jeB,,
X; contains exactly one point (, w) with j = n giving (g + 1) intersections
from the (@ + 1)j's. Finally consider {i} U |J,;, X; and {s} UJ,p X..
Here if B; and B intersect in the point m these two have in common exactly
the (g + 1) points of X,,. This completes the proof of the theorem.

Theorem 15.7.6.  Let g be a prime power and t|(g — 1). Then there is an SGDD
with

n=gqg"+¢ " +-+q+1,

h=q,
=1, (15.7.41)

_ a4 —1
),

Proof. Consider an (x + 1)- dimensional vector space V over F,. An ex-
ample of an SGDD is the incidence structure with point set X! = ¥ — {0} and
the set o of all affine hyperplanes off 0 as the set of blocks. Here n' = g* + - --
+(@+ 1), k' =g t' =(q~1), u' =¢*"'. Two points x, ye X" are in the
same parallel class if and only if x = ay for some scalar a € F¥ and dually two
affine hyperplanes A, B are in the same parallel class if and only if A = aB for
someae Fy. '

Now let H be the index t subgroup of the multiplicative group F¥ Define
equivalence relations (both denoted by ~) on X* and «#! by declaring

X~y if and only if x = ay for some a € H,
A~B ifand only if 4 = aB forsomeae H.

Let X be the set of eqitivalence classes of points and o the set of equivalence
classes of blocks. (Each parallel class of points of X! has been broken upinto ¢
equivalence classes; similarly for «#*.) We declare an element [x] of X and [ 4]
of & to be incident when x € age/ for some ae H (i.e, when some element of
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{x] and some element of [ 4] are incident). [x] and [ y] are parallel when x = cy
for some c € F}, similarly [ 4] and [ B] are paraliel.

Clearly both X and & are thus partitioned into n=¢*+ -+ g+ 1
paraliel classes of size t. Each element of X (and &) is still incident with h = ¢*
elements.

Let A4, B be two elements of /. The equivalence class [x] will be incident -
with both [A] and [B] if and only if '

yeANbB  forsomebeH and y € [x].

(It is impossible that two elements of [x] lie in A M bB because 0 ¢ A N bB)
If A, B are not parallel then (4 N bB) = ¢*~ ! for each b and so |

.(U (an bB)) =p=q"Yq - D

beH

This shows that (X, &/} is the required SGDD.

Theorem 15.7.7.  Ifq is an odd prime power, there exists a symmetric design with

‘ qu+1 1
=142 o
’ q(‘l‘"‘l ’

k=gt (15.7.42)
=g, «=1,23...
Examples. (25, 9, 3), (61, 25, 10), (113, 49, 21), (79, 27, 9), (311, 125, 50).

Proof. 1t is known {Chapter 14, category III) that a Hadamard matrix of
order 2(g + 1)exists, and so there is a symmetric design with v = 2¢ + 1,k = g,
4 = (q — 1)/2. Delete one point to obtain a set Y, |¥| = 2q and subsets A,,
Ayy...y4g, By, B, ..., B such that 4] =Bl + 1 =g, |4, 4| = |4;\B)| =

Let X =(Y x I, U {o0}),n=¢q*+ -+ + q + 1. By Theorem 15.7.6 there is
an (n x 2, 4%, 3(g — 1)g°~ ') SGDD, which, as we observed for t = 2, will cor-
respond to an n x n matrix M with entries (0, + 1) where each row and column
contains ¢* nonzero entries and any two rows or columns are orthogonal.
Leted =0ife = 0,Aife =1, A=Y — Aife = —1.For0<i< g,1 <j<n,
let C;; = )i~y &:4; x {s}, where (¢,,...,&,) is the jth row of M. Finally con-
struct PG(g, g) on the set of “points” 0, B; x {s},1 < i< q,1 < s < n, so that
{0, B; x {s},...,B, x {s}} are the lines on 0, s=1, 2,...,n and for each
hyperplane H of PG(a, g) not containing 0, let Cp, denote the union of {0}
and the “points” on H. Then with of = {¢;;,...} U {Cy}, (X, o) is the required
symmetric design.

Note that |4;| = |4;] = q. Since every row of M contains ¢* nonzero entries,
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each C;; contains ¢*-q = ¢**' points. Since a hyperplane H contains n =
(**' — 1)/{g — 1) points and |Bj =g~ 1, j=1,...,4. A set Cy contains
1 + n(g — 1) = ¢**? points. Hence every block of o contains k = ¢*** points.
A block of Cy contains points

(OO), B“ X {1}, Biz X {2}, ey B‘n X {n}.
A second block of Cy will contain points
(w)! le X {I}a sz X {2}, ey Bj" X {n}.

Since two hyperplanes intersect in (g* — 1){g—1)=¢""' + - + g + 1 points,
we have i; = j, in this many cases; in the remaining g we will have i; # j,.
Hence the two blocks will have 1 +{({g*— Dig— 1)}, (g— 1)+ 4" (¢g—1)2-1}=
T + q* g — 1)/2 — 1) = g°({g — 1)/2) points in common, since {B;] =¢q — 1
and |B,N\ Bl =(q — 1)2 - 1.

A block C;; has points

g4, x {1}, &4, x {2}, ..., &4, x {n},
where (g,¢;,. .., &,) is the jth row of M. A block ¢,; with the same j, since
4, N Al =14 NAl=(q - 1)2

will have g*(g — 1)/2 intersections with C;; since M has ¢* nonzero entries. A
block C;; with the same i but different s # j will have points 554, x {1},
n2A4; % {2}, ..., n.A; % {n}. Since two rows of y agree in exactly p=¢*"'((g— 1)/2)
places these two blocks will have g-¢*" (g — 1)/2) = ¢°(q — 1)/2 points in
common, since [A N A] = ¢, }J4 N 4] = 0. A block C,, with r # i, 5 # j, will
have points 5,4, x {1},...,1,4; x {n}. |

Since (4,NA,)= (A,ﬂA,) (g—1)/2 and (4,NA,)=(4,NA)=(g+1)/2 and
the two rows of M have u = ¢*~ (g — 1)/2 places in which g; = n; and p places
in which g; = —1;, the two blocks have u((g — 1)/2 + (g + 1)/2) 9q — 1)/2
points in common,

Finally, consider a block Cy and a block C;;

(o), B; x{1}, ..., B; x{n},
31Ai X {1}, vy S"Ai X {n}.
Since lAt ﬂle = |4, N B;| = (q — 1)/2 and there are g* nonzero entries in

(&¢,-.-..,¢&,) we have q"(q — 1)/2 points common to the two blocks glvmg A=
"(q - 1)/2 in all cases, and proving our construction.
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15.8. BIPLANES
15.8.1. General Theory

A biplane is a symmetric design with 2 = 2. Only a finite number of biplanes is

known. It has been conjectured that, for a fixed 4 > 1, there are only a finite -

number of symmetric designs. Thus the biplanes are the first case of this con-
jecture and may be considered a test case.

Biplanes (v, k, 2) exist for k = 2, 3, 4, 5, 6,9, 11, and 13, but for no other
value of k is a biplane known.

For a (v, k, 2) biplane, we have

kk —1)=2v-1) or v=~Kk-1)/2+1. (15.8.1)
From the Bruck—Ryser—Chowla theorem (Theorem 10.3.1) we have

Theorem 15.8.1. For a biplane (i) if k = 2 or 3(mod 4), then v is even and (k — 2)
is a square and (i} if k = 0 or 1(mod 4), then z* = (k — 2)x? + (—1)w~ 17222
has a solution in integers not all zero.

.

It is easily checked that this theorem excludes the values k = 7, 8, 10, 12.

With a biplane we may associate a graph on k points. The term graph was
introduced by Cameron [1], but the idea was originally introduced by Hussain
{1], and various writers speak of Hussain chains.

In the biplane B choose one of the blocks and index its points from 1 to k.
We shall call this block the indexing block. Since each pair of points occurs in
precisely two blocks, each of the remaining blocks is indexed by a unique 2-
subset of the indexing block. Each point P not on the indexing block must
occur in k blocks indexed by 2-subsets, and so we index P by the collection of
k 2-subsets. Since P and 4’ are together in exactly two blocks, each of 1,2,...,k
will occur exactly twice in this collection of k 2-subsets. If {a, , a,}, {az,as},...,
{as-1, a,}, {a,, a,} is a collection of blocks incident with P then we express this
information by the cycle (a,, a3,...,a,-,, a,). The collection of cycles repre-
senting P is called its chain. Clearly a cycle has length at least three, and a cycle
and its reverse give the same information. Thus P is represented by a permuta-
tionofl,2,..., k, written in terms of disjoint cycles, each of length at least three,
considering a cycle and its inverse as equivalent. The chains for the (v — k)
points not on the indexing block are the Hussain chains. Cameron [1] views
the Hussain chains as a graph on the points of the indexing block, with the k
points as vertices and the 2-subsets {g;, a ;1 as edges. Thus the graph for a point
P not on the indexing block is the union of disjoint polygons.

In terms of a given indexing block X, the chains for the (v — k) points not on
X have the properties:

1. For distinct r, 5, t € {1,..., k}, there is exactly one chain containing {r, s}
and {s, t}.
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2. For distinct r, s, t, ne{1,...,k}, there are exactly two chains containing
both {r, s} and {t, n}.
3. Any two distinct chains have exactly two edges in common.

It is easy to show that conversely, (v — k) chains with the above properties
determine a biplane. Simply take an indexing block with points 1, 2,...,k
and blocks indexed by {i, j}, i # j€{l,...,k}, and point P for each chain.

In general unless the automorphisms of B are transitive on the blocks, the
Hussain chains (or graph) for one block will not be isomorphic to those for
another block. A biplane is called homogeneous if the graphs for every choice
of indexing block and for every nonincident point are isomorphic. Such a
biplane is of characteristic s if every graph is the union of disjoint s-gons.

15.8.2. Biplanes withk =2,3,4,5

For k = 2, 3, 4, 5, the biplanes are unique up to isomorphism and are easily
constructed:

k=20=2 A;: 1,2
Az: 1, 2

k=30=4 A 1,2,3
Ay 1,2,4
As: 1,3,4
Ay 2,34

k=40v=17 A 3,5,6,7
Ay: 4,6,7,1

As: 5,7,1,2
A 6,1,2,3
As: 1,2,3,4
As: 1,3,4,5

A;: 2,456

k=50v=11 A 1,3,4,59
A0 2,4,5,6,10
As: 3,5,6,7,11
A 4,6,7,8,1
As: 5,7,8,9,2
Ag: 6,8,9,10,3
A, 7,9,10,11,4
Ag: 8,10,11,1,5
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Ag: 9,11,1,2,6
Ajo: 10,1,2,3,7
Ay 11,2,3,4,8
On the points the automorphism groups are as follows:
for k = 2, the symmetric group S,;

for k = 3, the symmetric group S ;
for k = 4, the group PSL(2, 7) of order 168, generated by

@«=(1,2,3,4,567),
B = (1)(2, 3, 5¥4, 7, 6),
o = (1M2)4)(3, 6X5, 7)
(this design is the complement to the (7, 3, 1), design, the projective plane of
order 2 and of course has the same automorphism group);
for k = 5, the group PSL(2, 11) of order 660, generated by

«=(1,2,3,4,56,78,9, 10, 11),
B =(1)2,4,10,6,5¥3,7,8,11,9),
Jj = (1X2)3, 7, 104, 8, 5)6, 11, 9).

For k = 2, there are no chains, and for k = 3, 4, 5, all chains are cycles of
length k, and so this is its characteristic.

15.8.3. Biplanes withk =6

For k = 6, v = 16, there are up to isomorphism exactly three biplanes:

Bl B2 B3
A;: 123456 Ayi: 123456 A;: 123456
Ay: 12781112 Ay 12781112 A 12781112
As: 139111415 As: 139121315 Ay 139121314
Ay 147101516 Ay: 147101516 Ag: 147101416
As: 158101314 As: 158101314 As: 158101315
Ag: 169121316 As: 169111416 As: 169111516
A;: 2310111316 A;r 2310111316 Ay 2310111415
Ag: 24791314 Ag: 24791314 Ag: 24791315
Ag: 25891516 Ag: 25891516 Ag: 25891416
Ao 2610121416  A,y: 2610121415 Ayo: 2610121316
Apr 348121315 Ayt 348111415 Ay;r 348111316
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B, B, B,

Ay 357121416 A 357121416 A,: 357121516

Aja: 3678910 A 3678910 A 3678910

Agg: 459101112 Aa: 459101112 Aje: 459101112

Ajs: 468111416  A;s: 468121316 A5 468121415

Agg: 567111315 Ag: 567111315 Ag: 567111314

All three of these biplanes are self-dual. For B,, the chains are all of type
3.3. As each of the 20 triples on six points occurs exactly once in the chains,
the group fixing a block, say 4, , is S¢ on these six points and is of course transi-
tive on the unordered pairs and so is transitiveon A,, . . ., Ay¢. B, has the further
automorphism given both on points and blocks:

& = (1, 2X3, 7)4, 115, 8) (6, 12) (9, 14) (10, 1613, 15)
(A-‘ls AZ)(AS& AS)(A49 A'I}(A.'H AQ)(AG'i AID){AIIS Alﬁ)(A129 A13](‘4_14s AlS)-

Thus the order of the group of automorphisms of B, is 16+ 6! = 11,520.

Both B, and B, have automorphisms transitive on the points and also on
the blocks. For B, with any block as the indexing block, there are six chains of
type 3-3 and four chains of type 6. Automorphisms of B, include

g=(1,6,2,4,3,5X7,8,16, 10,9, 15)11, 12, 13)14)
(A XAz, Ays, Aqy Ars, As, A1 As, Aya, Al As, Ag, Aros As, Ar1, Ar2)

T = (1, 14)(2)(3, 15)4, 12X(5, 10)(6)X7X8, 13)9, 11)16)

(Al, AIOXAb As)(A.’n Al 1)(1449 Alz)(As)(Aﬁ)(A'h A9}(A13v A15XA14){A15)
p = (1, 4)2, 6)3, SX7, 16X8)(9)(10, 15)11, 13)(12)14)

(Alezs ASXASs A,4)(A4)(A5, Al l)(AG: As)(ATs ASG)(AQa AIS)(AI OXAIZ)

Automorphisms ¢ and t show that the automorphism group G is transitive
on the points and blocks. The stabilizer of 4,, G, , has A4, Ay, A3 as an orbit.
In G4, o and p show that G, is S, on this orbit. The subgroup of G 4, fixing
all three of Ag, Ag, and Ay, will have point orbits {1, 4}, {2, 5}, and {3, 6} on
A, . All eight elements of this type give valid automorphisms. Clearly the action
of G4, on the points of A, determines the automorphism completely, deter-
mining the action on all the blocks. Hence G has order 16-6-8 = 768.

Three automorphisms of B, are the following:

o == (1X2)3, 11)4, 8)S, 7X6, 12)Y9)(10)(13, 16)14, 15)
(A1, A2)(A43, AglAs, AsHA2)(Ag, Ag)(A1ol A1 NA12, A16)Ays, A14)(A15)
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B = (1, 3)(2, 13)(4, 12)(5, 14) (6, 9) (7, 16)(8, 11)10, 15)

(Ah AB){AZ’ Al 1}(‘44, Alz)(ASa A?)(A6s A13)(ASs AIO)(AEH Alﬁ}(Aith Als)
7 = (1)(2, 10)(3, 16)4)(5, TY8)OX11, 13)(6, 14)(12, 15)

(Ax s A4)(A2: As)(Aa, A6)(A‘h AIO)(ASs A14)(A99 Als)(Al IXAIZ)(AIS)(AIG)

The group (o, B, y) is transitive on the points and blocks of Bj,. For each block
A, there are four points of type 3-3 and six of type 6 in the Hussain chains. The
four points of type 3-3 lie in a block A*, which is therefore uniquely associated
with A. Since (4*)* = A, the blocks fall into eight pairs, and G is imprimitive
on this set of eight pairs of blocks. Here (A)* = A,,.

A permutation group mn points is imprimitive if the points can be divided
into n sets of m points each and the group moves a set of m into itself or another
set of m.

The subgroup of (v, 8, y) fixing 4, include fafy, ayfapya, and afafo with
the action on 1,...,6 of (1, 2X3)(4, 5)6), (1, 4)(2, SX3)6), and (1, 4)(2, 5X3, 6),
respectively. Since G, must fix A = A, ,, there will be a 36 orbit. There is
also an automorphism with the action ( 1X2, 4, 5X3)(6), but none with

(1X2)(4, 5X3X6). Thus G, is the direct product of A, and Z, and has ordér 24.
Hence G has order 1624 = 384.

15.8.4. The Four Biplanes with k =9

There are precisely four biplanes with k = 9. This has been established by an
exhaustive computer search by Salwach and Mezzaroba [1]. Three of these
had been known previously, and the fourth was found in their search. .

The first of these B,,(9) was found by Hussain [1]. Its chains are the elements
of order 3 in PSL(2, 8) of order 9-8-7 = 504, which is the group of auto-
morphisms of B,(9). We do not give its dual B}(9), which is, of course, easily

constructed. The third B9} is given by the difference set of the nine biquadratic
residues modulo 37.

The fourth biplane B,(9) has an automorphism group of order 54 generated
by the following permutations of the points:

o = (0X1, 2, 314, 5, 6)7, 8, 910, 11, 12)(13, 14, 1516, 17, 18)(19, 20, 21)
(22, 23, 24)25, 26, 27X28, 29, 30)(31, 32, 33)(34, 35, 36)

T = (0)1, 4, 7)(2, 5, 8)(3, 6, 9)(10, 13, 16)11, 14, 17)12, 15, 18)(19, 22, 25)
(20, 23, 26)(21, 24, 27)(28, 31, 34)(29, 32, 35)30, 33, 36)

¥ = (0X1,2)(3)4,8,5,7,6,9)10, 19, 33, 11,21, 31)(12,20, 32)(13, 28, 31, 27, 23, 18)
(14, 30, 35, 26, 24, 17)(15, 29, 36, 25, 22, 16)

and base blocks 1, 2, 3, 4, 5, 6, 7,8,9;0,2, 3,15, 36, 32, 18, 28,27;and 6, 7, 17,
33, 34, 30, 28, 23, 22, with orbits of length 1,9, and 27, respectively.

General Constructions of Block Designs
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Chain structures are as follows:

- By(9)
I block with 28 chains of type 3-3-3,
36 blocks with 21 chains of type 9 and 7 of type 6-3.
By(9) .
9 blocks with 28 chains of type 6-3.
28 blocks with 27 chains of type 9 and 1 of type 3-3-3.
B«9)
37 blocks with 19 chains of type 9 and 9 of type 5-4.

B.(9)

27 blocks with 23 chains of type 9, 4 of type 6-3, 1 of type 5-4.
9 blocks with 27 chains of type 9 and 1 of type 6-3. -
1 block with 27 chains of type 9 and 1 of type 3-3-3.

B =
1 12 3 45 6 7 89 200 371113272829 3235
2 121011121314 1516 21 381213172021 2426 -
3 131021 2325293334 22 3911151718 31 33 36
4 141117 2226303435 23 45101319 20 31 33 35
S 151218232427 35 36 24 46151617 20 23 27 29
6 16131719 25 28 36 37 25 471015242526 3236
7 171418 20 26 29 31 37 26 48 12 14 28 29 30 33 36
8 1815192127 3031 32 27 49 13 14 18 21 22 25 27 “ﬁ
9 191620222428 3233 28 5611142021 3234 36
10 2310 20 22 27 30 36 37 29 57101617 18 21 28 30
11 2411 21 23 24 28 31 37 30 581116252627 3337
12 251217 22 25 29 31 32 31 5913152429 30 34 37
13 26 13 18 23 26 30 32 33 32 6712152122 333537
14 271417 19 24 27 33 34 33 681011 18 19 22 24 29 -
15 28 1518 20 35 25 28 38 34 691012262728 31 34 |
16 29 16 19 21 26 29 35 36 35 781310222331 3436
17 341216 18 19 32 34 37 36 79111219 2023 25 30 e
18 35141519 22 23 26 28 37 891014 17 23 32 35 37
19 36 14 16 24 25 30 31 35
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15.8.5. The Known Biplanes with k = 11

There are five known biplanes with k = 11, v = 56. The first of these was found
by Hall, Lane, and Wales [1]. This was found in terms of a rank-3 group (see
Sections 9.4 and 9.5) and its associated strongly regular graph. The group was
PSL(3,4) of order 20, 160 represented on the 56 cosets of A4 of order 360.
Alternatively, this may be considered as the representation of the collineation
group of the plane of order 4 acting on a family of 56 6-point ovals. The strongly
regular graph has orbits 1, 10, 45 with 1 = 0 and 1 = 2, and the 56 choices of
the 1 and 10 give the design (56, 11, 2). This is listed as B,(11).

The second biplane B,(11) was found by a computer search by Assmus,
Mezzaroba, and Salwach [1]. They looked for a biplane with a block for which
all 45 (=56 — 11) chains were of type 4-4-3. In addition to B,(11), they found
also B,(11).

The third and fourth biplanes, B4(11) and B,(11), were found by R. H. F.
Denniston [1]. He made constructions based on GF(9) and two further symbols
A and B. He takes as points the 55 unordered pairs on these 11 symbols and a
further point which he designates — —. He assumes that addition and multi-
plication in GF(9) carry over to a biplane. Witha + bi,a,b e GF(3), as elements
of GF(9), he takes (—1 + i) as a primitive root and denotes zero by # and the
restas(—~1+#,t=0,...,7. A conversion from his notation to the 1,...,56
of Hall, Lane, and Wales is shown in the accompanying tabulation.

Conversion from Denniston to Hall-Lane-Wales

—_ — 1 6 0 3 23 2
A B 45 9 1 15 2 4 56
A 9 47 6 2 38 25 2
A 0 49 9 3 33 2 6 44
A 1 23 0 4 7 27 54
A 2 30 95 9 34 3
A 3 37 b 6 24 35 4
A 4 48 9 7 55 36 27
A S 12 01 40 37 13
A 6 19 0 2 17 4 5 16
A 7 31 0 3 26 4 6 10
B @ 6 0 4 2 4 7 34
B 0 5 05 50 56 8
B 1 33 0 6 35 5 7 43
B 2 31 0 7 11 6 7 32
B 3 14 1 2 41
B 4 4 I 3 46
B 5 36 1 4 25
B 6 20 1 5 52
B 7 22 1 6 18

1 7 28
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Multiplication can be done in two methods. In method «, multiplication leaves

A and B fixed. In method B, multiplication by (—1 4 i) interchanges 4 and B.
Addition leaves A and B fixed. See the accompanying tabulations.

Adding 1

12345678 9101112131415161718192021 2223 2425262728
172645 34226 925371820173334211236135330503810 841

29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56
3251 2252351516 14 19 11 24 56 54 27 46 43 45 44 49 47 48 39 23 29 31 28 40 55

Adding ¢

12345678 910111213141516171819202122232425262728
1285453223141 31715434916 42940323347 6353637384634 742

29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56
101920 9565255 54844251327 25024453930235111122614 821 18,

Multiplication by (—1 + i), Method «

12345678 910111213141516171819202122232425262728
152153653 6 93224434019 2 438 84654512227 5305521253417

29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56
39371411 7502820483316412910351345564712231849443126 342

Multiplication by (—1 + i), Method p

12345678 91011121314151617 1819202122 232425262728
15215122347 93224434020 24838 8465422512749315521253417

29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56
39143711 7502819 4331641291035134556 6365318 5443026 342

In B,(11) and B,(11) multiplication is by method «, while in B,(11) muitiplica-
tion is by method .. B,(11) was obtained from B,(11) by interchanging 4 and
B in some of the blocks.

B,(11) was constructed by Zvonimir Janko under the assumption that. a

group of order 6 acts on the biplane. The full automorphism group of Bs(11)
is only of order 24.




15.8. Biplanes

By(11)
1 12192330374547484951 8 4111217193839465355
2 132024731384648494352 9 5121318 20394047 54 56
3 14212532394749434453 10 6131419214041 485550
4 8152633404843444554 11 714 820154142495651
S5 9162734414944454655 12 1 8 9211642 36435052
6 101728354243 454647 56 13 2 9101517363744 5153
7 11182229364446474850 14 3101116183738455254
15 4111316212327 313547 36 7121325263235384145
16 5121417152428322948 37 1131426273329394246
17 613 818162522333049 38 214 827283430403647
18 714 919172623343143 39 3 8 928223531413748
19 1 81020182724353244 40 4 910222329324273849
20 2 91121192825293345 41 5101123243033363943
21 3101215202226303446 42 6111224253134374044
22 7172124273940455152 43 2 3 4 6121827294151
23 1181525284041465253 44 3 4 5 7131928304252
24 2191626224142475354 45 4 5 6 1142022313653
25 320172723423648 5455 46 5 6 7 2 82123323754
26 4211828243637495556 47 6 7 1 3 91524333855
27 5151922253738435650 48 7 1 2 4101625343956
28 616202326 38 3944 50 51 49 1 2 3 5111726354050
20 7162030353740435355 S50 7101227283133495354
30 1172131293841445456 51 1111328223234435455
31 2181532303942455550 52 2121422233335445556
32 3191633 314013646 56 51 53 313 823243429455650
33 4201734324137475052 54 414 92425353046 5051
34 5211835334238485153 55 5 81025262931475152
35 6151929343639495254 5 6 91126273032485253°
B,(11)
1 1121923303745474849 51 13 23335363744 5152535556
2 213202431384346484952 14 310111416183738455254
3 314212532394344474953 15 4 9112326273132475256
4 4 81526334043444548 54 16 51214182124 262848 5556
5 5 9162734414445464955 17 6 8102225262930495255
6 6101728354243454647 56 18 71416192329 3135404355
7 711182229364446474850 19 1 81018 19 20 24 27 32 35 44
8 4 8111217193839465355 20 211202125282919 93345
9 51215202934 3539475254 21 312162022303233404656
10 614171932333441485052 22 7172122242739404551 52
11 7 811141520414249 5156 23 115182325284041465253
12 1 8 91216213642435052 24 2161922242641 42475354
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- B,(11)

o 25 31720232527364248 5455 41 510112324303336394143
26 415161724282932363749 42 6111224253134374042 44
27 5151922252737 384350 56 43 2 3 4 612182729414351
28 6162023 26 28 38 39 44 50 51 4 3 4 5 713192830424452

— 29 7 9171820263034 374353 45 1 4 5 6142022313645 53
30 11721293031 3841445456 46 2 5 6 7 8212332374654
31 215183031323539424555 47 1 3 6 7 9152433384755

r 32 3101519212631 34 36 46 51 48 1 2 4 7101625343948 56

- -33 410132021 374041 475055 49 1 2 3 5111726354049 50
34 5 910293238404248 5153 50 710122728 3133495053 54
35 6 913181936394049 5456 51 111132228323443515455
36 712132526323536384145 52 2 9101213141517222344

- 37 113142627293337394246 53 3 8132324293445505356
38 2 81427283034 36384047 54 4 9142425303546 50 51 54

39 3 8 92228313537384148 55 5 8131617182531334751
40 418212223333435384249 56 61113151621 2730354853
B,(11)
— I 1121923303745474849 51 29 4 6 71718263032374352
2 37 81314224144484952 30 117212930313841 445456
,,,,,,, 3 2 7212728313236464749 31 3 9101325273031404345
4 427282935384548 505255 32 3 6 81019212934465152
- 5 524253233424549 525456 33 51013 1836374147505556
6 6 811162932394041 4547 34 101415173236 38 404248 51
7 2 318202942434748 5354 35 4 9141819213940495455

5 8 2 8121719222527414255 36 3121718283334363944 45
P 9 101215222631 3539475254 37 113142627293337394246

10 91926 313233344148 5053 38 422243034404244 4647 50

11 61527394344 49 50 51 53 56 39 6 9112535363744 46 48 54

12 1 8 9121621364243 5052 40 613161823313435384249
- 13 216203133 374044 51 5255 41 2-6 81014232830335054

14 214152124343537414345 42 5 7 81227343738405354
15 911141720232734475256 43 71112141824 2529 31 50 51
16 612132021 2426284048 56 44 211131924303638395253
17 8152025262930 343649 55 45 1 4 5 614202231364553
18 71922232933 353640 43 56 46 320212223253237383950
o 19 1 8101819202427323544 47 1 3 6 7 9152433384755
20 713151617 19 2045 46 50 51 48 1 2 4 7101625343948 56
21 31214163032354653 5556 49 1 2 3 5111726354049 50
22 2 8 918222638454651 56 50 4101112203338 41434649
23 115182325284041 46 52 53 51 111132228 323443515455
. 24 514161925262838434447 52 2 4 5 912131523293244
: 25 5 8172324313943 464855 53 91011 2123264244 455355
26 910161722242829 374953 54 5 7 92028303539414251
27 3 4 8 415192831374256 55 4 8131721253335475153
28 3 41623242627364151 54 56 511151618 2122273033 48




15.8. Biplanes
B(11)
(1) 6 7 8 920333642454956 (29) 1212628313334414849353
(2) 5 6 71628354041 44 52 55 (30) 820252730334047485254
(3) 4 5 61527343943485156 (31} 7192629 32 394046 47 51 58
(4 3 4 51426333842475055 (32) 618252831 383945465054
(5) 2 3 41325374041464956 33y 1 41316171829303335239
6) 1 2 31232363945485255 (34) 3 8121517242829343840
(7) 1 2 81131353844475156 (35) 2 7111423242728333739
8 1 7 81030343743465055 (36) 1 6101322232627363840
9 114151621374042455154 (37) 5 8 912212225263537139
(10) 8131415203613941445053 (38) 4 7111620212532343638
(11) 712131419353843484954 39) 3 61015192031 32333537
(12) 6111213183413742475253 40) 2 5 91418193031343640
(13) 510111217333641465154 41 2 5101320212829434547
(14 4 910112435404548 5053 42) 1 4 91219202728424446
(1) 3 91016233439444749 54 (43) 3 8111618192627414345
(16) 2 9151622333843465253 44y 2 7101517182526424448
(17) 1319222425333444455155 (45 1 6 91417242532414347
(18) 12182123323340434450 5 (46) 5 8131623243132424648
(19) 11172022 31 394042434955 47) 4 7121521233031414547
(20) 101921243038 3941425256 (48) 3 6111421222930444648
(21) 91820232937 3841485155 {49) 1 5111519232529495052
(22) 1617192228 36 3747 48 50 56 {(50) 4 8101418222832495152
(23) 1518212427353646474955 {(51) 3 7 91317212731505152
(24) 1417202326343545465256 (52) 2 612162024 2630495051
{25) 517273032373844454953 (53) 1012141625272931535556
(26) 424262931363743445254 54 911131526283032545556
(27) 323252830353642435153 55) 2 4 6 817192123535455
(28) 222272032343541425054 (56) 1 3 5 718202224535456
By(11)

1 1234567891011 17 211142226293637465154

2 1 2121314151617181920 18 2 8182225273335394248
3 1 314212330343739424S5 19 2 619232628 3433404349

4 1 4122221313538404346 20 2 7202124293534414450

S5 1 5132322323336414447 21 3 4162021273336495455

6 1 91927283944465053 54 22 4 5171822283437505556

7 1102028294042 47 48 51 55 23 5 3151923293538485654

8 111182927414345495256 -24 1011152032333738394350 .
9 1 6152526303536505255 25 11 916183034 38 364044 48

10 1 7162624313337485356 26 910171931353637414249

11 1 817242532343849 5154 27 6 8151821374041475354

12 2 4153031394447495152 28 7 6161922384139455155

13 2 5163132404245505253 20 8 7172023363940465256

14 2 317323041434648 5351 30 3 9121425334041 505156

15 2 9122324273738475255 31 41013122634413948 5254

16 210132125283836455356 32 51114132435394049 5355
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Bs(11)
33 510181921243033465152 45 3 8131628353743445152
34 3111920222531 34475253 46 4 6141729333844425253
35 4 9201823263235455351 47 5 7121527343642435351

36 5 9161721252629394347 48 71014 182325314344 5455
37 3101715222624274044 45 49 811121921263244425556

38 411151623242528 414246 50 6 913202224304243 56 54
39 3 6121824282931323639 51 711121728 3033354547 54
40 4 7131925292732303740 52 8 9131529313433464555
41 5 8142026272830 31 38 41 53 610141627323534474656.
42 3 7131826 3842464749 50 54 6111317212327 31485051
43 4 8141924 364347455048 55 7 91415222128324948 52
44 5

6 12 20 25 37 44 45 46 48 49 56 8101216232229 305049 53

B,(11) has automorphism group PSL(3, 5) of order 20, 160. Besides the

addition of GF(9) and multiplication by method «, there is also the auto-
morphism

a=(1,23,4,5,6,7)8,9, 10, 11, 12,13, 14)15, 16, 17, 18, 19, 20, 21)
(22, 23, 24, 25, 26, 27, 28)(29, 30, 31, 32, 33, 34, 35)(36, 37, 38, 39, 40, 41, 42)
(43, 44, 45, 46, 47, 48, 49)(50, 51, 52, 53, 54, 55, 56)

B,(11), B4(11), B4(11), and B,(11) have automorphism groups of orders 288, 144,
64, and 24, respectively. B,(11) has the GF(9) automorphisms with multiplica-
tion by method B. It also has the field automorphism @ (0)(1, 3)(2, 6)(4)5, 7). B(11)
has the GF(9) automorphisms with method « multiplication.

Automorphisms of B,(11) are generated by

p=1(1,234,56,7,8)9,10, 11, 12, 13, 14, 15, 16)(17, 18, 19, 20, 21, 22, 23, 24)
(25, 26, 27, 28, 29, 30, 31, 32)(33, 34, 35, 36, 37, 38, 39, 40)
(41,42, 43, 44, 45, 46, 47, 48)(49, 50, 51, 52)(53, 34)(55, 56)

o = (1, 17)(2, 20)(3, 23)(4, 18)(5, 21)(6, 24)(7, 19)8, 22)(9, 25X10, 28)(11, 31)
(12, 26)(13, 29)(14, 32)(15, 27)16, 30)(33)(34, 36)(35, 39)(37)(38, 40)41)
(42, 44)(43, 47)(45)(46, 4849, S1)(50X52)53, 54)(55, 56)

v = (1, 9)2, 10)(3, 11)(4, 12X5, 13)(6, 14)(7, 15)8, 16X17, 25)18, 26)(19, 27)
(20, 28)(21, 29)(22, 30)(23, 31)(24, 32)(33, 37)(34, 38)(35, 39)(36, 40)(41)
(42)(43)(44)(45)(46)(4T)(48)(49, 51)(50, 52)53, 55)(54, 56) |

v = (1X28)(3, 7)(4, 6)(5)9, 13)10, 12)(11)(14, 16){15)(17)18, 24)(19, 23)(20, 22)
(21)(25, 29)(26, 28)(27)(30, 32)(31)(33, 41)(34, 48)(35, 47)(36, 46)37, 45)
(38, 44)(39, 43)(40, 42)(49)(50, 52)(51)(53)(54)(55)56)




15.8. Biplanes. m

For B4(11), we have the following generating automorphisms:

p = (1M2X3, 4, 5X6, 7, 8)9, 10, 11)(12, 13, 14)(15, 16, 17)(18, 19, 20)21, 22, 23)
(24, 25, 26)(27, 28, 29)(30, 31, 32)(33, 34, 35)(36, 37, 38)(39, 40, 41) o
(42, 43, 44)45, 46, 4T)(48, 49, 50)(51, 52, 53)(54, 55, 56)

1 = (1, 2)(3, 18)(4, 195, 20X6, 12)(7, 13)(3, 14)(9, 15X10, 16)(11, 17)21, 33)
(22, 34)(23, 35)(24, 36)(25, 33)(26, 38)(27, 3028, 3129, 32)(39)(40)41)
(42)(43)44)(45, 48)(46, 49)(47, S0)(S1, 54)(52, 55)(53, 56)

¢ = (1, 34)(2, 22)(3)(18)(4, 19)(5, 20)(6, 31)(7, 47)(8, 25)(9, 52)(10, 53)(11) —
(12, 28)(13, 50)(14, 37)(15, 55X16, 56)(17)21, 23)(24, 32)(26, 46)(27, 48)
(29, 36)(30, 35)(33, 35X38, 49)(39)40, 43)(41, 44)(42)(51)(54)

The following is a table of chains for biplanes:

Number of an
Biplane 11 83 74 65 5-5-3  4-4-3  index bilevels

B,(1D) 45 56
By(11) - 45 2
24 8 13 18
16 8 8 13 36
Bi(11) 9 36 2
16 17 8 4 18
12 3 12 8 S 36
B, (11} 18 4 10 2 4 7 32
18 6 8 4 4 h) (22—
24 21 4
24 8 13 4
Bg(11) 27 6 6 3 3 ) 8
: 22 2 8 4 4 5 6
i8 7 10 6 4 12
25 8 6 4 1 1 24
30 2 8 4 1 6

15.8.6. The Known Biplanes with k = 13

The only known biplanes with k = 13 were found by Michael Aschbacher [1]
in 1970, being a biplane and its dual.

The group G is of order 110. If we take the elements of GF(11) and two -
further elements A and B, then the points are the unordered pairs of these 13
elements together with one further point X. Addition of GF(11) fixes 4 and B,
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as also does multiplication, except that multiplication by a primitive root
- exchanges X and AB.
Automorphism group of B(13):

x=(1¥2{345678910111213)(14151617 18 19 2021 22 23 24)
(25 26 27 28 29 30 31 32 33 34 35)(36 37 38 39 40 41 42 43 44 45 46)
(47 48 49 50 51 52 53 54 55 56 57)(58 59 60 61 62 63 64 65 66 67 63)
(7071727374 7576 771 78 79)

y = {(1X2)}(3)(4 7 8 12 6)(5 11 13 10 9)(14)(15 18 19 23 17)(16 22 24 21 20)
{25 36 47 58 69)(26 40 52 67 72)(27 44 57 65 75)(28 37 51 63 73)
(29 41 56 61 70)(30 45 50 59 73)(31 38 55 68 76)(32 42 49 66 79)
(3346 54 64 71)(34 39 48 62 74)(35 43 53 60 77)

z = (1 2)(3)(4 13)(5 12)6 11X7 10)(8 9)14)(15 25)(16 23)(17 22)18 2119 20)
(25)(26 35)27 34)(28 33)(29 32)(30 31)36)37 46)(38 45)(39 44)(40 43)
e (41 42)(47)(48 S7)(49 S6)(50 55)(51 54)(52 53)(58)(S9 68)(60 67X61 66)
' (62 65)(63 64)(69X70 79)(71 T8)(72 TT)(73 T6)(74 75) .

B(13)

12345678910111213 25 5121920255253404345387376
21415161718192021 222324 26 6132021265354414446397477
27 7 32122275455424536407578

§

/
o
it

- 3 1 31426405267722941566170 28 8 42223285556434637417679
4 1 41527415368733042576271 29 9 523242956574436138427769
— 35 1 51628425458743143476372 30 10 62414305747453739437870
6 1 617294355597532444864 73 31 11 714153147484638404479 71
7 1 7183044 566076334549 65 74 32 12 81516324849363941456972
8 1 81931455761773446506675 33 13 91617334950374042467073
— 9 1 92032464762783536516776 34 3101718345051384143367174
10 1102133364863 792537526877 35 41118193551523942443772175
B 1T 1112234374964692638535878
12 1122335385065702739545979 36 11 623163667 605253505531 31
- 13 11324253951 60712840 55 60 69 37 12 72417376861 535451563132
' 38 13 81418385862545552573233
14 2 31435435360773242496679 39 3 91519395963555653473334
- 15 2 4152544546178 3343506769 40 41016 20 40 60 64 56 S7 54 48 34 35
16 2 5162645556279 3444 5168 70 41 5111721 4161 6557475549 3525
- 17 2 6172746566369 3545525871 42 61218224262 6647 4856502526
18 2 71828365764702546535972 43 71319234363 67 48 49°57 51 26 27
19 2 8192937476571 2636546073 44 8 320244464 6849 5047522728
20 2 92030384866722737556174 45 9 42114456558505148532829

= 21 2102131394967732838566275 46 10 5221546 66 59 51 5249 54 29 31

1 22 2112232405068 742939576376

L 23 2122333415158 7530404764 77 47 13 4172247727767 61 59 68 45 38
24 2132434425259 76 3141486578 48 3 518234873 78 68 61 60 58 46 39




15.8. Biplanes

B(13)

335

49
S0
51
52
53
54
55
56
57

58
59

61
62
63
64

4 61924497479 58 62 61 59 36 40
5 72014507569 59 63 62 60 37 41
6 82115517670606463 61 3842
7 92216527771 61 6564623943
8102317537872 626665634044
91124185479 73 636766644145
10 12 14 19 55 69 74 64 68 67 65 42 46
11131520 56 70 75 65 58 68 66 43 36
12 316215771 76 66 59 58 67 44 37

10 71524582635727773765055
11 8161459 272573787477 51 56
12° 917 156028 26 74 79 75 78 52 57
1310 18 16 61 29 27 75 69 76 79 53 47
311191762302876 707769 5448
4122018 63312977 71 78 70 55 49
513211964323078 7279 71 56 50

65
66
67
68

69
70
81
82
73
74
75
76
77
78
9

322206533317973694257 51
4232166343269 74707347 52
52422673533707571 744853
614236825347176727549 54

o 0D w3 O

9 81821 69404326 3530315968
10 91922704144 27 2531 3260 58
1110 2023 71 424528 26 32 33 61 59
1211 21 24 7243 46 24 27 33 34 62 61
1312 22 14 73 44 36 30 28 34 35 63 61
3132315744537312935256462
4 324167546 38323025266563
5 4141776 36 39 33 31 26 27 66 64
6 51518773740343227 286765
7 6161978 38 41 3533 28 29 68 66
8 7172079 3942253429305867




16
Theorems on Completion
and Embedding

16.1. CONNOR’S METHOD

Let D{v, b, r, k, A) be a block design. It has been observed in Section 10.1 that
D is determined by its incidence matrix

A=(ay), i=1...,0 j=1...,b

corresponding to objects a,,. .., a, and blocks B,,..., B,, where

1 if a; € B)
= 16.L.1
i {0 if a, ¢ B, (e.L1)

Then the matrix A satisfies

AAT=B=(r - DI, + MJ,,

(16.12
w,A = kw,,  Aw] = rwl. ( )

Here, J, is the v x v matrix of all 1’s and w, and w, are the row vectors of v
and b 1’s respectively. We associate indeterminates x, . . ., x, with the v objects
and define linear forms L; by

Lj = -”ZI q;jX;i,s j = l,...,b. (16.1.3)

Then (16.1.2) is equivalent to

Lid o+ L2 == A2+ 4+ xD) + Axy + -+ + x,)?

16.1.4
= Q(xy. .. %) 1el4)

The underlying idea of Connor’s method {17 is the observation that for
given parameters v, b, r, k, 4, the form Q = Q(x,,..., x,) of (16.1.4) is known,
and that if we choose the first ¢ blocks of our design B,,..., B,, the forms
Ly,..., L, are known. Hence, if we write Q* = Q*(x,, ..., x,), then
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Q*:Q”Lf"*"'—ersz}l+"'+L§. (16.1.5)

Here, if v, b, 1, k, A are given, and B,,..., B, are chosen, then Q and L,,...,L,
are known and so @* is known. Hence, from (16.1.5), if L,,,,..., L, exist,
then necessarily Q* = L%, + -+ + L2 must be a positive semidefinite form.
Thus, a necessary condition for the existence of a block design D(v, b, r, k, A)
with initial blocks By,..., B, is that the form Q* of (16.1.5) be positive semi-
definite. A virtue of Connor’s method is that he can test Q* for being positive

semidefinite by evaluating a ¢t x t determinant.
We begin with

Lemma 16.1.1. If |K| is the determinant defined by

- 4a b b €io+1 7T Cru4q
b a Tt b €041 77 €24y
Kl=| b b @ eysr " Cw b (1616)
He+11 G127 Cpitw Cortwrr ' Coiiu+r
Cort,1 Cpar,2 T Cpary Cptrprl 77 Cowredr
then
K| =(a + (v — 1)b)"**Ya — b)"”’”‘lB,-I, (16.1.7)

where B, is of order t x t and the elements of B, are

= (a + (D _ l)b)(a — b)e,,.g.j_v.g.,, - (a + (U - !)b) Z ei.u+ﬂev+j.i'
i=1

v v
+b .—Zl €iv+u ._Zl -e,,”,i. ' (16.1.8}

Proof. We carry out the following operations on |K{:

1. Multiply the last ¢ columns by {a + (v — 1}b][a — b] and write an off-
setting factor outside.

Addrows 1,2,...,v — | to row o.

Take the factor [a + (v — 1)b] out of row v.

Multiply row v by b and subtract this product fromrows 1,2,....¢r — 1.
Take the factor(a — b)out ofrows 1,2,...,0 — 1.

Subtractrows 1,2,...,v — 1 from row v.

Subtract suitable multiples of columns 1, 2,...,v from column v + I,
v+ 2,...,v+t so as to make the elements that are both in the first v
rows and in the last t columns equal to zero, and the lemma follows.

N v AW
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HA=(a,i=1,...,0, j=1,...,b, is the incidence matrix for a design
D(v, b, r, k, A), let A,, = (ahi=1,...,0j=1,... » L, be the incidence matrix
for the first ¢ blocks, B,,..., B,, which we assume chosen. Now define C, by

Co=rlr— DI, + AkJ, — rA",, 4,,. (16.19)
We call the matrix C, the characteristic matrix of the t chosen blocks B, , . .. ,B

‘1

Theorem 16.1.1.  If C, is the characteristic matrix of any set of t blocks chosen
Jrom a balanced, incomplete block design with parameters v, b, r, k, A, then

L ICI>0ift<b—op,
2 ICI=0,ift>bh—yp
3. M)t — b1y, tisa perfect integral square.

Proof. We define the (v + t) x b matrix 4, by

Ay Ay
= 16:1.10

where

A =(Ayy, Ay),
Au=(ay), i=1,...,0 j=1,. .. .1 (16.1.11)
Alzm(a,-,-), i-—-l,...,v, jmt'l"l,...,b.

Then, by block multiplication,

1By} = |4, 47) -_-_[A“Ah + Ay 47, A“]

i

B A,
.12
A.{l I [AL I, ], (6.1 )
where B = (r — J)I, + AJ,, as given in (16.1.2).
Applying Lemma 16.1.1, we find

1Byl = 14, AT| = kr~rt1(y ArTUC. (16.1.13)

From the theory of quadratic forms it follows that for a real matrix A4,, the
determinant |4, AT| > O,andask, r,» — 1 are positive, this proves condition 1
of the theorem, |C,| > 0. Also rank A A] < rank A, whence if f = b — v, then
A, is a square matrix and |4, 47} = |4 11%. As the entries of 4, are integers, then
{4,1 is an integer, whence part (3} of our theorem follows,

The formulation of Theorem 16.1.1 is essentially the same as the requirement
that 0* =Q — 12 — ... _ ]2 pe semidefinite. The matrix B, of (16.1.12) is
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associated with the quadratic form

Ql = Ql(xh'--’xvs Viseaes Vi)
=@Li+y) + o+ Lo+ pP+ L+ + L (161.14)

where y,,...,y, are further indeterminates. For any real values of the x’s we

may choosey,, ...,y sothatL; + y, = - = L, + y, = 0,and so Q, is positive

semidefinite if and only if L%, + -+- + L2 = 0 — L} — - — L2 = Q*is.
Let us define the structure matrix S, by

S, = A.{IAII = (sij)a i,j == 1,.. I (16.1.15)

Here, s; = k and Sij» i # J, is the number of elements common to blocks B;
and B;. By Theorem 10.2.2, if D is a symmetric design, we must have s;; = 1
if i # j. In case D is symmetric and we have 8;; = Afor i # j, the matrix C, is
identically zero. There appears to be no farther information obtainable from
a closer study of the zero matrix.

In Section 10.1 the derived and residual designs of a symmetric design were
defined. Here, if v, k, , A, are the parameters of a symmetric design D satisfying

kiky — 1) = 4,(v, — 1), (16.1.16)

the residual design D, obtained by deleting a block B, of D and all its elements,
has parameters

V=19, "“*kl, b=Ul—1, rmkl, k'—-'k] "‘"‘Al, }'=ll (161.17)

and the derived design D’ has parameters
v =k, b=v, -1, r=ky —1, k=12,, A=4 ~1 (16.1.18)

A question that arises naturally is whether a design with parameters of a
residual design as given by (16.1.17) subject to (16.1.16) can be embedded into
a symmetric design by adjoining k, new elements as a new block and adjoining
Ay of these appropriately to each of the (vy — 1) blocks. This is not always
possible, as the following example, due to Bhattacharya [2], shows:

v =16, b =24, r=9, k=g, A=3

(12,7, 8,14,15) (3,57, 8,11,13)  (2,3,8,9, 13, 16)
(3,5,8, 9,12,14  (1,6,7, 9,12, 13 (2,5,7, 10, 13, 15)
(3,4.7,10,12,16)  (3,4,6,13,14,15)  (4,5,7, 9,12, 15)
(2,4,9,10,11,13)  (3,6,7,10,11,14) (1,23, 4, 5, 6)

(16.1.19)
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(1,4,7, 8,11,16) (2,4,8,10,12,14) (5, 6,8, 10, 15, 16)
(1,6,8,10,12,13)* (1,2,3,11,12,15) (2,6,7, 9, 14,16)
(1,4,5,13,14,16)  (2,5,6,11,12,16) (1, 3,9, 10, 15, 16)
4,6,8 9,11,15) (1,5,9,10, 11, 14) (11,12, 13, 14, 15, 16)

Here, the two starred blocks have four elements in common, and the two
underlined blocks have no elements in common. If it were possible to adjoin
nine more elements as a new block and three of these to each of the above 24
blocks to form a symmetric design D with vy = 25, k;, = 9, 1, = 3, then any
two blocks of D would have exactly three elements in common. But the starred
blocks already have four elements in common, and so this is impossible.

We can formulate conditions under which the embedding is possible.

Theorem 16.1.2. A design D with parameters satisfying

r=k+4, vi=kk+i-1), bA=(k+AYk+1-1) (16.1.20)

can be embedded as a residual des:gn in a symmetric design if and only if we can
Sind in D sets of blocks S;,j = 1,..., k + A, such that

Each S; consists of (k + A — 1) blocks of D.

The blocks of an S; together contain each element A times.
Any two distinct S;, S; have exactly (A — 1) blocks in common.
Any block of D is in exactly 4 sets §;.

callb o B

Proof. Let us adjoint to D new elements x,,..., x;4; and & new block B,
containing these elements. Also adjoin the new element x; to every block of
;. Properties 1 to 4 of the theorem show immediately that block By and the
blocks B}, i=1,...,b, where Bf is the block B; of D together with the new
elements x; adjoined to B;, form a symmetric design with v, = v + 4, &k, = r,
Ay = A. Conversely, if from a symmetric design with parameters v,, k;, 4, we
remove a block B, and its elements, we are left with a design D whose param-
eters satisfy (16.1.20), and if x,,...,x,, are the suppressed elements of B,,
those blocks from which the element x; was removed form a set S; and the sets
Sy,..., 8, have the properties of the theorem.

Although the Bhattachar——a example shows that the embedding is not possible

in every case, we shall prove that the embedding is possible when A =1 or
A= 2.

Theorem 16.3. Let vy, ky, A satisfy ky(k, — 1} = A,(v, — 1) and suppose
we are given a design D with parameters v=v, — k), b=v, — 1, r =k,
k=ky —Ay,A=2,,andthat A = 1 or 2. Then D can be embedded as a residual
design in a symmetric design with parameters vy, k,, A,.
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Proof. For A = 1, this is the embedding of a finite affine plane in a finite
projective plane, and this result has already been proved in Theorem 12.3.3.
For 1 = 2, the proof is considerably more difficult and leans heavily on applica-
tions of Theorem 16.1.1. Our proof will depend on establishing

Lemma 16.1.2. Every block design D with parameters satisfying

kk + 1) b__(k+1)(k+2)’
2 - 2

r=k+2 A=2 {16121

satisfies the conditions of Theorem 16.1.2 and can be embedded in a symmetric
design. This embedding is unique up to isomorphism.

Proof. Ifk = 2, our parametersarep = 3, b=6,r =4,k =21 =2, and
the design is the trivial one:

12 1,3 &3
(.2) (L3) 2,3

(16.1.22)

Our new elements will be x,, x,, x5, X4, and our essentiaily unique embedding is

v=>b=17, r=k=4, A=2,

(X1, X2, X3, Xa)

(g, %2, 1,2)  {x3,%4,1,3)
(x3, %4, 1,2) (X1, X452, 3)
(x1,%3,1,3)  (x2,%3,2,3)

(16.1.23)

Here, the given design is trivial and the symmetric design is the complement of

PG(2, 2) with v = 7, k = 3, A = 1. Henceforth, in (16.1.21) we assume k = 3.
Our proof begins by examining the intersection pattern of a given block B,

with the remaining (b — 1) blocks of D. Let there be n; blocks of B,,...,B,_;.

which have exactly i elements in common with B,. Then the following relations
hold:

k kK + 3k
Z m=5bh-—1 ={-—t---l, (16.1.24)
i=0 2
k .
Y ing=(r— Dk =k*+ k, {16.1.25)

il

0

i

k

S i — U= — 1)k2 — k) = k> — k. (16.1.26)

i=0
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The first of these merely counts the remaining (b — 1) blocks. If

BO = {al,...,a,‘},

the second of these says that each of a,,...,a, occurs (r — 1) times in the
remaining blocks, and a block B, that has i elements in common with B, accounts
for i of these occurrences. Furthermore, if B; has i elements in common with
B,, then it accounts for i(i — 1)/2 of the unordered pairs(a,, a,),mn=1,...,
k, m # n, which must occur together (1 — 1) times in the remaining blocks.
We may combine these relations to obtain

Mx-

(i — 1)2i + 2Jm = k> —k — 2k* + k) + k2 + 3k =0, (16.1.27)
0

or
k
Y (i — 1) — 2n, = 0. (16.1.28)
i=0 ‘

For i =0 or i > 2, the coefficient (i — 1)(i — 2) > 0, and so (16.1.28) shows
that n,=0 for i+ 1, 2. The relations (16.1.24) show that n, =2k, n, =(k*—k)/2.

Let us call two blocks first associates if they have one element in common and
second associates if they have two elements in common. We may state our
findings as a lemma in these terms.

Lemma 16.1.3. In our design D, given a block By, the b — 1 = (k* + 3k)/2
remaining blocks consist of 2k first associates and (k* — k)/2 second associates.

We now consider the intersection pattern of two blocks with the remaining
(b — 2) blocks. Let the blocks be B,, B,. We write

By ={z,z,ay,...,8,.,}, t=1lor2,

(16.1.29)
BZ = {zls Zss bls e :bk"t}'

Here, 2, or 2,, z, are the elements common to B, and B,, according as they are
first or second associates. The remaining blocks intersect each of B; and B, in
one or two elements, but we note that since A = 2 if ¢ == 2, there cannot be

another block containing both z, and z,. Thus, the patterns of intersection are
given by

Xz {z,,,a,,bs"-} Yi- {an a;, bsabu"'}
X2: {2y, 4} y2: {a,a;, b0}
X3: {zh:bs“'} Y. {a:‘a by, bu"'}
Xat {zZn} ya: {a, by}

(16.1.30)

[
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Here, X;,..., X4, V1, --» V4 denote the number of blocks having precisely the

indicated mtersectlon pattern with B, and B,. These numbers satisfy the
following relations:

(k* + 3k — 2)
Xy + X2 + X3 + X4 = tk, ity +yatya= 3 — tk,
(k—tk —1t—1)
X1+x2=l(k—l), y1+y2= 2 s
k -tk —1t—1)
Xy + x3 =tk — 1), yi +)Y3= ) »

Xy + 4y, + 25 + 2y; + ya = 2k — 02
(16.1.31)

Of these, x, + x; + x3 + x, counts the remaining occurrences of z, and z;
i1 + y2 + y3 + y4 counts the remaining blocks. Also, x, + x, counts the
remaining pairs z,a;, h = 1, t; x; + x5 counts the pairs z,b,, # = L, £; y; + y,,
pairs a;, a;; ¥y + Vi, pairs bsb,; and the last counts the pairs a;, b, i,5 = 1,.. .,
k — t, each pair occurring twice in the remammg blocks.

_ Solutions are

t=1

(2 =S5k +6)

Xy =k — 2+ xqg, M1 3 — Xa»

Xy =1~ xq4,
)C3=1--x4,

X4 = Xg,

Xy *-=2k.--8+x4,

xl=4'—X4,
X3 =4 — X,,

Xg = X4,

yzﬂk"‘*"‘2+X4,
y3mk--2+x4,

Va =k — x4.
(16.1.32)
t =2
(k* — 9% + 2)
V= 9 — Xa,

y2=2k"8+X4,
y3=2k""8+X4,

y434"‘“X4.

Note that although the value of x, is undetermined, we do know the values of
X4 + Ya, the number of remaining blocks that are first associates of both B,
and B,. Similarly, x; + yi, x; + y5, and x, + y, are known, and give exactly
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the number of remaining blocks whose type of association with B, and B, is
prescribed. We state these conclusions as

Lemma 16.14. IfB, and B 2 are first associates, there are k blocks that are first
associates of both, (k — 1) first associates of B, and second of B,, (k — 1) second
of By and first of B,, and (k* — 3k + 2)/2 blocks that are second associates of

both. If B, and B, are second associates, these numbers are, respectively, 4
2k — 4,2k — 4, and (k* — 5k + 6)/2.

In the matrix C, of (16.1.9), the entries have the values

Cyy=tlr— A) + Ak — rk = (r —Kr—-2, j=1,...,1 (16.1.33)
c,-,,=z1k~—rsj,,, JFu hu=1,...¢

where s, is the corresponding entry in S,. In our case, r = k + 2, A =2 and
by Lemma 16.1.3, 5, = 1 or 2. Hence, ¢y=2kand ¢c;, =k -2 if 55, = 1,
Cjy = -4 ifsj,, =2,

We apply Theorem 16.1.1 in three special cases

k11 2 2 k11 1 27
1 k't 1 1 Mkt 2 1
SP=11 1 %k 1 1 SP=1114% 2 1],
2 1 1 k s 1 2 2 ks,
2 11 55 k| 2 1 1 sy k |
[k 11 1 1 2]
1 k1 2 2 1
Se = : ;’2‘ i si ; (16.1.34)
1 2 2 546 k 2
2 11 2 2 &

Lemma 16.1.5. In S we must have Sas = 1, in 8 we must have s,5 = 2:
and in S¢ we must have 545 = 1.

Proof. We evaluate the determinants |C,] corresponding to these structure
matrices, using (16.1.33), and find
IC1 = 4k + 2)%(2k ~ cy5)[(k ~ Deas + 2(k — 43,
I = 4k + 2°[~(k - 1)c2s — (k - 2)(k + 8)cys
+ (k — 2)(k> ~ k — 18)], |
ICel = 4k + 2)%2k — o)k — 2)cgs + 2k — 6)].

(16.1.35)
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We note that if c,5 = —4 in |[C®] or {Cg|, or c45s =k — 2 in IC{, the deter-
minant is negative. From Theorem 16.1.1 the conclusion follows,

Let any block be B, and let B, be a first associate of B,. Then, by Lemma

16.1.4, the first two rows of the structure matrix of the whole design may be
put in the form

k 1 1 1 “en 11 v 1 2 22 e

' I ! lz oy (16.1.36)
the columns corresponding left to right to B,, B,, ..., B,; we have ordered
and divided theseinto 2,k, k — 1,k — 1,and (k> — 3k + 2)/2 columns according

to the association of the blocks with B, and B,, as indicated. With B, as any

block that is a first associate of both B; and B,, the pattern of the first three
rows is given by

ko1t a1 - 1y 1 o 1f2 e 202 - 2f2 - 22 - 2
tok o1t o1 - 12 22 < 2f1 o 1 e ]2 e 2|2 e 2,
£ k{1 - 1f2 - 201 12 <o+ 201 - tf2 -2l e 12 e 2

(16.1.37)

In this pattern, since B, is a first associate of both B, and B,, Lemma 16.1.4
applies. Let the number of columns [}t] in (16.1.37) be j. Then the partition

(16137 isinto 3,5,k — 1 —j, k — 1 —hik—1—j,jj and (k2 — 3k + 2)2
— j columns. We consider the following blocks: B,, B,, B,, the j blocks headed

[é] and the (k — 1 — j) blocks headed [?] We form their structural matrix:

I 1t - 12 - 27
2 - 201 -
1 okj2 - 241 - 1
122
Siea =] F G (16.1.38)
' 1 22
211
.aa GT H
12 11 ]

-~

Considering B, B,, B, and any two blocks headed [? }, we may conclude from
S{" in Lemma 16.1.5 that every off-diagonal element of H is a 1. Similarly,
S{? shows that every element in G and GT is a 2. Similarly, from S, if
k — 1~ j >0, we can conclude that every nondiagonal element in F is 1. As
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O0sj<k-—-1, this excludes only the case j = k — 1. If we evaluate the deter-
minant |C, , ,|, we find

[Crsal = (k — 6)j(j — k + 2)(k + 2F+1. (16.1.39)

By Theorem 16.1.1, since k + 2 > b — p, we must have ICi+ 2! = 0. We con-
clude that if k + 6, -

j=0, k-2, or k-1, (16.1.40)

The last value, j = k — 1, corresponds to the case in which S is not applicable.
We shall exclude k = 6 from further consideration. A special proof for this
case was given in Connor’s first paper [1].

Let us consider the part of the structure matrix of our design D consisting of
the first associates of B, :

_ By B, By By - Byyy Byyy - Bkt .
k111t -« 1l g
1 k1 1t - 1122 - 2
1
1 1 A B
(16.1.41)
I 2
2
I 2 BT C
1 2 B

Here B has k rows and (k — 1) columns. Since By ., ..., By, ., are first associ-
ates of By, every one of the columns k + 3,...,2k 4+ 1 in (16.1.41) contains,
besides the 1 and 2 in rows 1 and 2, exactly k 1’s and (k — 2) 2’s. Thus, every
column of the submatrix B contains at least two 1’s, and as 2(k — 1) > k, there
must be at least one row of B containing at least two 1%s. Let the blocks be
numbered so that one such row is the third row and corresponds to B,. In the
notation of (16.1.37), for such a choice of B; we have (k — 1 — j) columns

E] and for this choice, k — 1 — j > 2o0r j < k — 3. From (16.1.40) this is
possible only if j = 0. Hence, (16.1.41) now has the form
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By B, By By - Byyy Bivs 0 By

B, k1 1|1 - 1 1 -1
B, 1 k 1)1 -+ 1 2 -2
B, 1 1 ki2 --- 2 r - 1
B, 1 1 2

oo A B (16.1.42)
Bk+2 1 l 2 ]
B+ 12 1

. . + B‘r C

Byew 1 2 1

If we consider the structure matrix for B;, By, By, B;, B; for any i, j, 4 < i,
j < k + 2, we may appeal to Lemma 16.1.5 as applicable to §{! and conclude
that 5;; = 1. Hence, all off-diagonal elements in A are 1's. Since each row of
B,,..., B4, contains exactly (k 4+ 1) 1's, we conclude that each row of B
has exactly one 1 and the rest have 2’s. This shows that our choice of B, as
some row with at least two 1's in columns k + 3,...,2k + 1, was in fact a
unique choice. If we take B,, By, B3, B;, B; with k + 3 < i, j< 2k + 1, we
have the structure matrix 4, and by Lemma 16.1.5 we conclude that every
off-diagonal element in C is a 1, whence it follows also that there is exactly one
1 in every column of B. We may, if we choose, renumber Bis3,...yByyyq 50
that the 1’s that appear in B are on its main diagonal, since there is exactly one
1 in each row and in each column of B.
We now find that

Sl = {B!, Bz, B4, Bs,. sy Bk+'2}
are all first associates of each other and also
S; = {Bn Bj, By, 3, Bk+4a“-sBZk+I}'

Our conclusion will be formulated as

Lemma 16.1.6. Any block B, and its 2k first associates uniquely comprise two
sets Sy and S, of (k + 1) blocks, which pairwise are first associates and have only
the block B, in common.

Proof. Al that remains to be proved for this lemma is the uniqueness of
the subdivision of By, B,, ..., B, into thesets S, and S,. If B .5, ..., By 4 4
are numbered so that the 1's in B of (16.1.42) are on its main diagonal, then B,
and By, for i =4,...,k + 2 are first associates, as are B, and B,, but
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otherwise any B; # B, of S, and B; # B, of S, are second associates. Thus, a
set of (k + 1) blocks that are pairwise first associates is uniquely determined
by B, and any additional first associate of B,, and such a set is either S, or S,.

We are now able to proceed to the proof of Theorem 16.1.3, and it is sufficient
to establish the properties of the sets § ; as given in Theorem 16.1.2. By Lemma
16.1.6, we have found sets S; satisfying properties 1 and 4. Let  be the number
of sets §,,...,S,. Since there are b = (k + 1)(k + 2)/2 blocks and each of
these is in exactly two sets containing (k + 1) blocks, the number n must satisfy
2b = n(k + 1), whencen = k + 2, as required by Theorem 16.1.2. Furthermore,
any block is the unique block common to the two sets S containing it. As n =
k + 2, this means that the n{n — 1)/2 = b set intersections consist of each block
used exactly once. This is property 3 of Theorem 16.1.2.

To prove 2 of Theorem 16.1.2, let m; be the number of clements appearing i
times in a set §;. Then the following relations hold:

R Kk + 1)

s;o m=p=— B

b+l N

Y im; = k(k + 1), (16.1:43)
i=0

k41 '

EZO i(i — 1)my; = k(k + 1).

The first of these merely says that each element is counted exactly once in some
m, the second counts the total number of elements in the (k + 1) blocks of S,
and the third counts the intersections of the (k + 1) blocks, noting that any two
blocks of §; are first associates. These relations lead to

k+1

Y (i~ 2Pm; = 0. (16.1.44) .
i=0

Since, trivially, m; = 0 for any i, this gives m; = 0 for j + 2 and m, = v, This
is property 2 and the proof of our theorem is now complete. By the uniqueness

of the construction of the S;’s, the uniqueness of the embedding of Theorem
16.1.3 follows.

16.2. COPOSITIVE AND COMPLETELY POSITIVE
QUADRATIC FORMS

Connor’s method does not use the full amount of information implicit in the
equation (16.1.5) which we rewrite

Q*=Q~ L} —L2=L%, + -+ L} (16.2.1)
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where Q and L,,...,L, are known, but L,,,,..., L, are unknown. Connor
uses the fact that 0* must be positive semidefinite. Of course the Bruck-Ryser—
Chowla methods rely on the rationality of L,,,,..., L,. But another kind of
information is available, namely, that L, ,,..., L, are linear forms with non-
negative coefficients (namely, coefficients zero or 1). A natural question arises
as to how restrictive this information is. Naturally, Q* is positive semidefinite
and has nonnegative coefficients. But for quadratic forms in five or more
variables, these two properties are not sufficient to guarantee that 0* can be
written as a sum of squares of linear forms, where the linear forms have non-
negative coefficients.
Consider the following exampie:

Oxy, .., x5) = x2 + x3 + x5 + x2 + x2 + x;x,
+ X1Xs5 + XpX3 + 3X3X4 + XqXs
= (xp + 3% + 3x3)° + (x5 + 5%y + §x4)?
+ 3y — 3%3 — $x4)% + 3(xs + x,)% {16.2.2)
From the first form, Q has positive coefficients, and from the second, Q is

semidefinite. But we shall show directly that Q cannot be written as a sum of
squares of nonnegative linear forms, For suppose we have

Q:L%+"'+L3+LE+|+°”+L§! (16‘2'3)

where the linear forms L have nonnegative coefficients and are numbered so
that L,,..., L, are those in which both x; and x, have positive coefficients.
Since in Q there are no terms in x,x3, x,x4, and x3xs, the forms L,,..., L,
must have zero coefficients for x,, x,, and x5, or L; = t;3x5 + w4%,, 3 > 0,
ue>0,i=1,...,r. Hence,

L34+ L2 = Axd + Jxyxe + Bx2, (1624
Let us write
Qi =04xy,...,x5) =L, +--- + L2 (16.2.5)
Then (16.2.3) becomes

Q(xi 3=y xS) = Ax% + %x3x4 + Bxﬁzl + Ql('x! sy xS)' (16'2'6)
Put

X3+ X —(3x, + x X3 + 3x4)
T R A ( : Jd L __Lgﬁrwﬂ,

16.2.7)




350 Theorems on Completion and Embedding

This substitution leaves (16.2.4) unchanged, and from (16.2.2) @ reduces to
2(x3 + x4), whence (16.2.6) becomes

8(x3 + x4)2 = Ax3 + 3x3x, + Bx2 + Q,. (16.2.8)

Under the substitution, @, loses the property of being completely positive, but.
retains the property of being semidefinite, so that 0 < A < §,0 < B < §. Now,
in (16.2.4) put x5 = 1, x = —1, giving

oot

Uy — U+ 4+ Uy —ug?’=A-3+B<si—-3+5=-1 (1629

This is a conflict. Hence, the assumption (16.2.3) that we could write Q as a
sum of squares of nonnegative linear forms is false. Hence, in general, the
property of 0* in (16.2.1) of being expressible as a sum of squares of nonnegative
linear forms is stronger than the property of being positive semidefinite and
having nonnegative coefficients.

To proceed to our general problem, we use the following notations:

Q= Qxyy....%,) = Z i XX, a;; = ay, ('16.2.10)

i.j=1

and where no ambiguity arises, we can abbreviate (16.2.10) to @ = ) a;;x;x;.
L; 2 O means

;Lg = Uy Xy + 0+ Uy X, Ug; = 0, s = 1,.. v s Hy (16-2.11)
and x = (xy,...,X,) = 0 means
x; 2 0, i=1,...,n (16.2.12)

Definition. A4 quadratic form Q = Q(x,,...,x,) is called completely positive
if Q can be expressed in the form

N
=YL}, Li=0 i=1,..,N. (16.2.13)

i=1

Definition. A4 quadratic form Q = Q(x,,...,x,) is called copositive if
O(xy,...,x,) = 0 whenever (x,...,x,) = 0.

We shall associate a quadratic form Q(x,,...,x,) = Y a;x, ;X; with a point
in Euclidean space E,,, where m = {(n® + n)/2. Our correspondence is

n
Q': Z af_,-x,-xjﬁ(a“,azz,... "”,\/ialz, . ﬁaln,...,ﬁan_l'n).

i,j=1
(16.2.14)
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Under this correspondence, every quadratic form in n variables corresponds to
a unique point in E,, and conversely. In these terms, a family of quadratic
forms corresponds to a set of points in E,,. The terminology and theorems on
convex spaces given in Chapter 8 are applicable here.

Theorem 16.2.1. The spaces of copositive quadratic forms in n variables and
of completely positive quadratic forms in n variables are both closed convex cones.
Each is the dual cone of the other.

Proof. 1fQ, and Q, are copositive quadratic forms, it is immediate from the
definition that @, + Q, and bQ,, b > 0 are copositive. Thus, the copositive
quadratic forms are a convex cone. Let a quadratic form Q be the limit of a
sequence of copositive forms Q,, k = 1, 2,... (where our limit is in terms of
the Euclidean metric in E,). Then, for a point x = (x,,...,x,} = 0 in E,,
each Qy(x,,...,x,) = 0, and as quadratic forms are continuous functions of
their coefficients, it follows that Q(x,, ..., x,) > 0. Hence, 0 is copositive, and
it follows that the space of copositive quadratic forms is closed.

Similarly, if Q, and Q, are completely positive, then from the definition,
Q, + Q, is completely positive. If >0 when @, = L} +--- + L3, L, >0,
and if we choose ¢ = 0 so that ¢* = b, then bQ, = (cL,)? + -+~ + (cLy)?,
where also cL; = 0. Hence, the completely positive quadratic forms are a
convex cone. The closure of this cone is a little less obvious. For this we appeal to

Lemma16.2.1. IfQ = Q(xy,...,%) = L? + -« + LiwithL, > 0,i = 1,..
N, then Q has a representation of this kind with N < 2",

"

Proof. Suppose two of the L; have positive coefficients for exactly the same
variables x;. By appropriate renumbering we take these to be L; and L, and
the variables x,, ..., x.. Then we have

Ll = CyXy + - CsXss c; > Os [ = 1’-“,8, (16215)
L2=d1x1+"'+dsx,, dl'>09 i=1,...,s.

Now, for any angle 0, we have the identity

L} + L% =(Ly cos @ + L, sin 0 + (— L, sin  + L, cos 0)?
= L'? + L2 (16.2.16)

For any 0 in the first quadrant, L has positive coefficients, and for 0 sufficiently
small, so does L}, though for @ = /2, L, = — L, has all coefficients negative.
Hence, as # increases from 0 to n/2, there will be a value of 6 that makes at
least one coefficient in LY, zero and leaves the nonzero coefficients in L), positive.
For this value of 8, L} has positive coefficients for the same x’s as L,,and L)
has positive coefficients for fewer x’s. Thus,in Q = L? 4 -+ + L2, with L, > 0,
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we can assume that no L, is identically zero and that no two L’s have positive
coefficients for exactly the same variables. Hence, N is at most the number of
distinct nonvacuous subsets of n, and so N < 2", Appeal to a general theorem
on convex cones, not proved here, would give the limit N <m = (n* + n)/2,
the dimensionality of the space, but the limit N < 2" is sufficient for our purposes.

Hence, if O = Q(x;,...,X,) is the limit of a sequence Qy(k =1, 2,..) of-

completely positive quadratic forms, then each Q, may be expressed as a sum of
squares of N nonnegative linear forms, with N <27, If the coefficients of Q,
for k = kg differ from those of Q by less than }, then the coefficients of the N
linear forms are uniformly bounded, and for a subsequence of the 0, the forms
L,,..., Iy have limits that are nonnegative linear forms, the sum of whose
squares is Q. Thus, Q is completely positive and the completely positive forms
are closed.
If(cy,...,c,) = 0, then by definition

Qz = (C,x, R Cﬂxﬂ)z = z C,-ij,-xj = Z bijx,-xj (16‘2.17)
is a completely positive form. Let O, = ) a;;x;x; be a quadratic form. Then,
if ¢4, g, are the points of E, corresponding to @, and Q,, respectively, the

inner product (g, , g,) as given by (16.2.14) has the value

(q1,q2) = ay1byy + -+ Quubp + 2a15b0 + - 20, 1 wbn-1.n

mz aijbija i1j = 1: ceas (16.2.18)
ij

Here, with b;; = c;c; as in (16.2.17),
(41, q2) = Y, asicic;. '(16.2.19)
Now suppose that @, has the property (q,, q,) = 0 for every @, of the form
Q= L% =(c;x; + " +,%)  (C1,---,6) 2 0.

Then, (16.2.19) becomes

Yacec; 20 for{ey,....c,)=20. (16.2.20)
But this is the assertion that Q, is copositive. If, on the other hand,

p=Li+ -+ L=0P+--+09, Li=0 i=1,..,

then from (g,, ¢ =0, i = 1,...,t, and the bilinearity of the inner product

follows, .(qI, d,) = 0. This shows that if H is the cone of completely positive
quadratic forms, then H* is the cone of copositive forms. Since H is a closed
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convex cone, it follows from Theorem 8.1.5 that (H*)* = H. This proves that
the cones of copositive and completely positive forms are the duals of each
other. Now all parts of Theorem 16.2.1 have been proved.

For sets A and B in E,,, we note
A2B implies A* € B*. (16.2.21)

This is an immediate consequence of the definition of the dual, since if (x, y) = 0
for a given x and all y € A4, then a fortiori we have (x, y) > 0 for all y € B. Thus,
x € A* implies x € B¥.

For any two sets 4 and B, let A N\ B be the set of points common to A and B
and A + Btheset of all pointsa + b,ae A, beB.

Lemma 16.2.2. If C, and C, are two closed convex cones, then C, (X C, and
C, + C, are closed convex cones and (C; + C)* = CtNC4(C N C* =
CY+ Ch.

Proof. 1tisaneasy verification that C, M\ C;and C, + C;areclosed convex
cones. Consider (C, + C,)*. Since C, £ C; + C; and C, € C; + C, from
(16.2.11), it follows that (C, + C,)* & C¥ and (C, + C,)* € C%, whence
(Cy + C)* = C¥NCE Let ye CH N CY. Any x e Cy + C, can be put in the
form x = x; + x,, x; € Cy, x3 € Cy. Thus,

(x, ) = (x3 + x2,3) = (x1, y) + {x3, ).
Hence as (x,, y) = 0and (x,, y) = 0, we have {x, y) = 0,and so y € (C, + C)*.
Thus, C* N C* < (C, + C,)* and so from our two inclusions, (C, + C,)* =
C¥ N C3. Applying this,
{Ct+ o =N =C, NC,
by Theorem 8.1.5. Then
(Cy N CY* = (Ct + C** = CY + C4,

our other relation.

Let us denote the class of completely positive quadratic forms by B, using
this designation because of their relation to block designs. We denote the

class of copositive forms by C. Two other classes are related to these, the class

P of forms with positive coeflicients, and the class S of semidefinite quadratic
forms.

Lemma 16.2.3. Each of the classes P and S is self-dual.
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Proof. In P, choose Q,; with b,, =1, b;; = 0 otherwise. Then, if @ =
Y. a;x;x;and Q € P¥,

(4. 4.s) = @, or 2a,,>0.
Hence, Q € P. The closure of P is trivial and so P = P*.In §, let
Qo = (€1X + *** + €,x,)°
be any form of rank 1. If Q = Y a;;x;x; is in S*, then
(4, 90) = ). ajeic; = 0.

This says that Q is nonnegative for all real values of x,,...,x,, whence Q€S
and § = §*, the closure of § being trivial.
Since every positive form and every semidefinite form is copositive, we have

C2P+S. (16.2.22)

From Theorem 16.2.1, C* = B and B* = C, and Lemmas 16.2.2 and 16.2.3
yield

B=C*c(P+S8S*=P*NS*=PNS5. (16.2.23)

Equality in either of these implies equality in the other. Diananda [1] has
proved C = P 4 S for forms in at most four variables. But our example of
(16.2.2) shows that for five variables, B < PN 8.

The determination of the extreme points (extreme forms) for the classes P,
S, and B is easy. :

Theorem 16.2.2. The extreme forms for the class P of positive forms, S of
positive semidefinite forms, and B of completely positive forms are:

1. For class P,
axt, a>0, bxx;, b>0, i#j iLj=1,...,n
2. For class S, the forms of rank 1:

(c1x) + - + cuxn)?

¢; real, not all zero.
3. For class B, the forms of rank 1:

(clxl+.-~+cnxn)2, CiBO’ i:l’.'_,n,

¢; not all zero.
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Progf. For class P, the verification is immediate. For the class §, every
form can be written

Q=L{+---+ L%

Here,if Q = (c;x; + - + ¢,x,)> # O, then unless each L, is a constant multiple
of Lo = ¢;x; + -+ + ¢,X,, we may find numbers x,, . . .+ X, not all zero such
that L, = 0 and some L; # 0. But in the relation L2 = L? + --- + L2, this
yields a conflict. The same argument holds for class B. Since the forms of the
classes P, S, B can be expressed as a sum of a finite number of the extreme forms
listed, it follows that these are all the extreme forms of the respective classes.

The extreme forms of the class C are still unknown. The following theorem
gives some of them.

Theorem 16.2.3. The extreme forms of the class C of copositive forms inx,,..., X,
include the following: ax},a > 0,i=1,...,nbxx;, b > 0,i # j,i,j=1,...,n
and (U — V)? where

s L .
U= Y au, V=Yby, >0 b>0 r>1 s>1
=1 i=1

?

and the u's and v's are disjoint subsets of x,, ..., x,.. These are the extreme forms
of P + S.

Proof. If Q=73 a;;x;Xx; is copositive, by taking x; = 1, x; = 0, j # i, we
see that Q = g;; > 0. Also, in _

Q = aﬁx,z + zainng- = x;(a“x‘ + 2a,jxj)
with a; > 0 and a;; <0, if we take x; = 1 and x; = ¢ > 0 sufficiently small,

then Q < 0. Hence, in a copositive form if a, = 0 or ay; = 0, then g;; > 0.
Now suppose that a,,x? = Q, + @, with both @, and O, copositive:

Ql = Z b,-jx;xj-, Q2 = Z ijx,'x-i.
Then, for j + r,
bjj = 0, C”‘ = 0, and bj + C.U == 0,

whence b;; = ¢;; = 0. Also, b;; > 0, ¢;; 2 0, by; + ¢;; = 0 in all cases with i # j,
and so b;; = ¢;; = 0. Hence,

2 — 2
Ql = brrxn QZ == CppXps Cpy = O
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and so Q = a,,x? is extreme. Similarly, ifQ = a,,x,x,,r#sand Q0 =0, + 0,,Q, =
Y byxix;, Q2 = Y, cxix;, with @ and @, copositive. Here, for all i, b; > 0,
¢; = 0, and b;; + ¢; = 0, whence all b; = ¢; = 0. Hence, from the preceding
remark, b;; = 0, ¢;; = O for all i # j. Then, except for i = r, j = s, we have

byj=c¢;=0 and O =2b,x,x;, O, =2¢,XX,,

and thus a,.x, X, is extreme.
To show that (U — V)? is extreme where

U=a,&1+-~-+a,u,, V =>bw + -+ by,
>0 b>0 r=zl, sz=1,

where the ’s and v’s are disjoint subsets of x,,..., X,, it is sufficient to replace
a;u; by y; and b;v; by z; and show that

it by —z— o — 2y rml s>,
is an extreme form in variables y;, z;. First consider (y; — z/)* = @, + 0,

where Q, and Q, are copositive in y, and z,. For y, = z; wehave @, = @, =0,
whence

Q1 = (y1 — zlay, — bzy), Q2 = (y1 — z1)eyy — dz,), (16.2.24)
where a, b, ¢, d are nonnegativeanda+c=1,b+d=1. 1 a> b, we can"
put z; = y, + ¢, and with y,, z, positive and ¢ > 0 sufficiently small, we have

Q, <0, a conflict. Similarly, if a < b, we can put z; = y; — ¢, and withe > 0
- sufficiently small, Q, < 0, again a conflict. Hence, a = b and

Q: = a(y, — ;)% 2=(1~a)y, - zy)?,

and so Q is extreme. Next consider @ = (y; + y, — z;)? = Q; + @,. Putting
y, and y, respectively equal to zero, the previous case yields

0, = a(y? + y} + z} — 2py2, — 2y,2,) + ky, ya,

, \ (16.2.25)
2={(1~- a)(y7 + yi + 23 — 2y,2; — 2p,2) + ty, 3,
with 0 < a < 1 and, of course, k + t = 2. But from this we have
Ql ma(yl +y2mzl)2+(k“2a)y1y23 (16226)

Q={l—-aly, +y, -2z, +(t - 2a— 2y, y,.

Here, if k — 2a < 0, we can put y; = y, = 1, z, = 2, and Q; < 0, whence we
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must have k — 2a > 0. Similarly, we must havet + 2a -~ 22> 0. Ask + t =2,
0=(k—2a)+(t + 2a — 2), (16.2.27)
whence k = 2a,t = 2 — 2a,Q; = a(y, + y» — z,)* and
s =01 =a)y +y:—2,)%
and Q = (y, + y, — z,)? is extreme. The same argument shows that
(1 — 2, — z5)°

is extreme.
Now generally, suppose that

Q=+ +yp—n- =zl =0+

with Q@ and @, copositive. Let
Qi=ayi+-+  and Q@ =(l—api+ .

Putting appropriate y’s and z’s equal to zero, we can use the previous cases to
determine all coefficients of 3, , and we find that O, = aQ, @, = (1 — a)Q with
0 < a < 1, whence Q is extreme. We note that

(U + V)2 =(U ~ V) + 2UV

is never extreme. Since every form in P + S is the sum of a finite number of
these forms, these are all the extreme forms of P + S.

There are other forms in C that are not contained in P + §. The following
is the Horn form, discovered by A. Horn:

Q= (%; + X5 + X3+ Xg 4+ X5)*> — 4x,Xy — 4X3X3 — dX3X4 — 4X4 X5 — 4X5X;.

(16.2.28)

We may express ( in the following two ways:

= Xy = Xq + X3 + X4 — X5)? + 4x,%4 + 4x5(x5 — X4),
Q = (x, 2 3 4 5) 2X4 3(xs ) (16.2.29)
=(X; — X3 + X3 ~ Xq + X5)? + dx,%5 + dx,{x, — Xs).

With x5 > x4, the first expression shows that Q > 0, whereas if x4 > xs, the
second expression yields Q = 0. Hence, Q is copositive. Furthermore, Q is an
extreme form, for if Q = Q, + Q, with Q; and Q, copositive, putting x, =
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xs = 0, Q reduces to the extreme form (x, — x, + x3)?, whence

0, =alx; — x, + x3')2 + x4 L + xsM,

(16.2.30)
0, =0 — a)(x; — x5 + x3)% + x,U + x5V.

Similarly, putting x; = x;,;, =0, i =1, 2, 3, and x5 = x; =0, Q becomes
extreme and these cases together show that Q, = aQ and Q, = (1 — a)Q,
whence Q is extreme. Clearly, Q ¢ P and Q ¢ S, and as Q is extreme, Q¢ P + S.
If we take @, as the quadratic form of (16.2.2) and Q, as the Horn form of
(16.2.28), then ¢, and g, being the corresponding points of E, 5, we find

91,92 = % © o (16.2.31) .

Since Q, € C, this shows that Q, ¢ B, as we showed directly in (16.2.3) through
{16.2.9). Since @, € PN S, this shows how copositive forms not in P + S can

be used to show that a form does not belong to B even though it may belong to
PNS.

Recently, Baumert has shown the existence of further extreme copositive

forms Q in five variables. If @ =Y a;;x;x; is normalized so that a,, =
ay; = ' = ag5 = 1, then Q has zeros of the form N

u = (uy, uy, 1,0,0),
v=1(0,0;,05,1,0),
w = (0,0, ws, wy, 1), (16.2.32)
y =(1,0,0, yq, ys), |
z =21, 1,0,0, z),

where no number u,, . . ., 2, is zero. These numbers determine the coefficients a;;
One such choice of zeros is

7+ /8 — 15
U= (%, 684 , 1,0, 0) = (0.125, 1.1075 +, 1, 0, 0),

% 6 _
p=fol S8 -15+8° 15 1,0) = (0, 0.125, 1.1247+, 1, 0),
'3 512
1 8% — 15+ . /8% _ 15
wm(o,o,g, e 1) =(0,0,0.125, 1.1249+, 1),
1 J8% — 15 o _1
y= (1, 0,0, . V8 48'5‘/8 5) =(1,0,0,0.125, 1.1249 4),
7+ /80— 15
z= ( A , 1,0,0, 8“) = (4096.874+, 1, 0, 0, 4096),

(16.2.33)
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Although we do not know the extreme forms of copositive forms, we do have
a test to decide whether or not a given form is copositive. The formulation
given here is due to A. Garsia.

Test for Copositive Quadratic Forms. Let Q@ = Q(xy,...,x,) = Y. a;;x;x; bea
quadratic form in n variables and suppose that putting any one of x;,i = 1,...,n
equal to zero gives us a copositive form in (n — 1) variables. With A = [a,;], put
A(e) = A + ¢l and let D(g) be the determinant of Ale), and E{(¢),..., E.(¢) be
the cofactors of the last row of A(e). Then Q is not copositive if and only if for
sufficiently small positive values of ¢ the quantities E {€)D(¢), . . ., E,(¢)D{e) are all
positive. This may be checked by expanding the determinants as polynomials in ¢
and examining the terms with the lowest power of ¢ in each case. In case E,(0) 0,
the stronger result holds: Q is not copositive if and only if the quantities
E(O)D(Q), . .., E(0)D(0) are all positive.

16.3. 'RATIONAL COMPLETIONS OF INCIDENCE MATRICES

It was noted in Section 16.1 that for a symmetric design D(v, k, 1), the Connor
condition requires s;; = A, i # j in (16.1.5), as was shown necessary in Theorem
10.2.2. A natural question is whether requiring L,,,, ..., L, in (16.1.5) to be
rational as well as real is an added restriction, and if it is, in what way this
limits choices of initial blocks for symmetric designs. Somewhat surprisingly,
it turns out that if there is any rational v x v matrix A satisfying

AAT = (k — DI + AJ, (16.3.1)
rational completion is possible, and indeed with s;; = 4, there is even a rational

normal completion. This result is due to the author and H. J. Ryser [2].
Consider parameters v, k, 1 satisfying

kik — 1) = Av — 1). - {163.2)

The proof of Theorem 10.3.1 proves more than the statement of the theorem.
The Bruck—Ryser—-Chowla conditions are

1. Ifviseven, k — Ais a square.

2. Ifvisodd, z* = (k — ))x* + (—1)*~Y22y2 has a solution in integers x, y, z
not all zero. '

It was proved that the existence of rational linear forms

LjﬂZa,-jx;, j=l,...,v,
i
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satisfying (10.3.1) implied the Bruck—Ryser—Chowla conditions. But (10.3.1) is
equivalent to saying that the matrix 4 = (a;;) satisfies (16.3.1). In Section 10.4
it was shown conversely, using the deep Hasse—Minkowski theory, that con-
ditions 1 and 2 implied the existence of rational L ; satisfying (10.3.1), and so a

rational A satisfying (16.3.1). In Theorem 10.2.3 it was shown that either of the
further conditions '

Al =ki, JA=kJ, (16.3.3)

implied the other and the normality of A, which is the statement AAT = ATA,
whence

AAT = ATA = (k — I + AJ. (16.3.4)
The main theorem of this section is

Theorem 16.3.1.  Given positive integers v, k, 1 satisfying k{k — 1) = v — 1)
and suppose that the appropriate condition 1 or 2 is satisfied. Suppose further
that we are given a rational t x v matrix A, (0 < t < v) satisfying

A

AAl =k ~D,+AJ, and AJ,= ki, ,. {(16.3.5)

Then there exists a rational v x v matrix A having A, as its first t rows such that
AAT = ATA=(k—- M, + A, Al,=J,A=LJ, (16.3.6)

Here, J,, J, are square matr_ices of all I’s and J, , is the ¢ x v matrix of all 1.

Comment. With obvious modifications we could have assumed the first ¢
columns given. If we are given ¢ initial blocks of k elements such that Siy = A
i # j, in its structural matrix, this gives the requirement of (16.3.5) expressed for
tinitial columns. But the statement of the theorem is entirely in terms of rational
matrices and no explicit reference to block designs is made. Nevertheless, the
conclusions are in sharp contrast to those of Connor’s with respect to block
designs. It says that if the basic conditions 1 and 2 are satisfied, any choice of
t initial blocks subject to the condition s; ; = 4 can be completed not only in the
real field but even in the rational field to a rational matrix A, satisfying not only
(13.3.1) but also the other relations of (16.3.6). In a sense, this is negative in-
formation, since it means that no ¢ initial biocks of k elements with s, j = A can
be excluded. A rational completion will exist even for certain initial choices of
blocks that are clearly impossible, for a pair of elements may occur together
in more than 2 of an initial set of ¢ blocks without invalidating the condition
$i;; = A, which refers only to the intersections of blocks.

The proof of Theorem 16.3.1 depends on some preliminary results, which

will be given as theorems rather than lemmas because of their independent
importance.
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We follow some standard notation relating quadratic forms and symmetric
matrices, as given in B. W. Jones {1]. Let

Ql = )z ;X Xj, Q2 = z biniyj, a;; = aj, b,‘j = bﬁ. (16.37)

!’j= 1 i.j= 1

Then Q, and @, correspond to the symmetric matrices 4 and B:

A= '(aij)s aj; = Qij, B = {bij)s bj,: = bfjc (16.38)

If

X; = 2:‘ CiiVjs i=1,...,n, (16.3.9)

J

is such that when these values of x’s are substituted into Q, we obtain Q,, then,
writing :

C = (cy), (16.3.10)
we find
CTAC = B. (16.3.11)

We say that Q, represents Q,. If C is nonsingular, then Q, also represents Q,,
and we say that Q, and Q, are congruent and that the symmetric matrices A4
and B are congruent and write 4 = B. From (16.3.11), if 4 and B are non-
singular, C is also nonsingular.

Theorem 16.3.2 (Witt [1]). Suppose that ax2 + Q, represents ax} + Q,, where
these are quadratic forms over a field F of characteristic different from 2, and
that Qy and Q, are forms in xy,. .., x,. Then Q, represents Q,.

] Proo_ﬁ Let Ql = Z aijx,-xj and QZ = Zbijx,-Xj, A #K(QU), B = (bij)' We are
given the existence of a matrix C:

_ Co (€4
C——[CZ Co] (16.3.12)

Co c-.!'!‘ a 0 Lo €y _ a 0
[c'f cz][o A][ co]“[o B]- (1631

such that
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This equation is equivalent to the three equations

cia + c3Ac, = a,
coac, + 3AC, = 0, (16.3.14)
clac, + C3AC, = B.

Choose the sign in ¢g + 1 so that it is not zero; write u = (¢o + 1)" ! and define

S = Cg — UC,Cy. ' (16.3.15)
- Then
TAQ — (T . T T _
STAS = (Co uClCZ)A(Co uC2C1) (16,3,16)
= CTAC, — uclc}AC, — uClAc,cy + uciciAcyc,.
Using (16.3.14) gives

STAS = CTAC, + uclcoac, + uclacye, + w*ci(a — cia)c,
= CJAC, + ucicia{cy + co + u(l — cd)} (16.3.17)

= B.
This proves the theorem.

Since a quadratic form Q(x,, ..., x,) over a field F of characteristic different
from 2 is congruent to a diagonal formd,;x? + -+ + d,x?, we have the important

Corollary. If Q,(xy,...., %) + QX 41, ..., X,) represents
Ql(xla .. 'axr) + Q3(xr+h .. 'sxu)s

then Qx(X, 4 1. --»Xy) represents Qa(X,4 15+ Xa)-

We write A @ B for the direct sum of matrices A and B, where this is the
matrix defined by

A O
A®B= [0 B]’ (16.3.18)

the 0’s standing for matrices of zeros.
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Theorem 16.3.3. Suppose that AA™ = D, @ D,, where D, is nonsingular of
order r, D, is nonsingular of order s, and r + s = n. Let X be an arbitrary r x n
matrix such that XX = D,. Then there exists an n x v matrix Z having X
as its first r rows such that ZZ* = D, @ D,.

Proof. X is of rank r, since D, is nonsingular. Hence, the vectors W =
(wy, ..., w,) such that the inner product (x;, w) = 0 for every row x;, i =
I,...,rof X, form a space of dimension s = n — r. Let W be an s x n matrix
whose rows form a basis for this space. Then, writing

X
Y = [W]’ (16.3.19)

we have
YYT=D, ® D,. (16.3.20)

We assert that Y is nonsingular. Since D, is nonsingular, there exists a non-
singular C such that

C'™D,C=D, D=diagld,,...,d,], d,#0. (16321

Then
CVX| o oo [D O
[W ][XC W]=_[0 DJ. 632
CT, X
<[]

be denoted by ay,...,q,, f;,..., B, Here, ®y,...,0, are linear combinations
of the rows of X, and so

Let the row vectors of

(o, ) =0, i=1,...,n, k=1,...,s.
Also, since D is diagonal,
(4,0) =0, i#j and (,0)=d +0.

If we have a relation

@y + @, + by + -+ bp. =0, (16.3.23)
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taking the inner product with «; gives

aidi = 0, i= 1, P S . (163.24)
andasd; # 0,7 = 1,...,r, this implies
4y =ay=-"=a,=0. (16.3.25)

Since the §’s were chosen to be independent, it follows that also
by =+-=b,=0. (16.3.26)

Hence, the rows of K are independent, and as C is nonsingular, the same is
true of Y and so Y is nonsingular. Now we may write

(AY "Dy © DAY "Y' = AY H{(YYT)(YT)~ 14T
== AAT = Di @ Dz.

(16.3.27)

Hence, by Witt’s theorem, a nonsingular matrix E exists with ETD3E = D,,
and writing

X
zZ = -[ETW]’ (16.3.28)
we have
D 0 D, 0
ZZT=|"1 =1 i 3.
[ 0 ETD3E] [0 Dz] (16.3.29)

This is the statement of the theorem.
Theorem 16.34. Let x = (xy,...,%x,)and y = (yy,..., ¥,) be vectors such that
xt+-r+xt=yl+-+yi=c+N0 (16.3.30)

Then there exists an orthogonal matrix O such that xO = y. This holds in any
field F of characteristic + 2.

Proof. There exists an (n — 1) x n matrix W of rank (n — 1) such that

X ¢ O
X = s XXT = 1. .3.
[W] [0 Dz] (16.3.31)

By Theorem 16.3.3, there exists a matrix Y':
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Y = [1’;] YYT = [f) 32]. (16332)
Here, X and Y are nonsingular and O = X ~'Y is orthogonal; so
1,0,...,0X0 =(1,0,...,0)Y : (16.3.33)
or
x0 = y. (16.3.34)

This 1s the conclusion of our theorem.

Theorem 16.3.4 asserts the existence of a rotation taking a vector of given
length into any other vector of the same length. This is, of course, familiar if

F is the real field, but we wish to apply this when F is the ratnonal ﬁeld where the
result is not obvious.

Theorem 16.3.5. Let k{k — 1) = AMv — 1) and let A be a rational nonsingular
matrix, such that AAT = B = (k — DI + AJ. Then a rational matrix C exists
such that CC* = CTC = B,CJ = JC = kJ.

Proof. As was shown in Section 104, a rational A exists if the Bruck-

Ryser—Chowla condition in (10.3.3) holds. Hence, if s; is the sum of the ith
column of 4, we have

JAAYS =(s? + -+ + s2)J
= JBJ = (kv — Av + Av%)J
= k?vJ. (16.3.35)
Hence, comparing coefficients of J,
st 4 -+ 52 = k%, (16.3.36)
Thus, by Theorem 16.3.4, there exists a rational orthogonal matrix O such that
(Sts--++3,)0 = (k,..., k) (16.3.37)

Hence,

| Sy 83 Sy
Jao=|: 1 ]o — kJ. (16.3.38)
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_ fwenow put C = AO, then as CC" = I, we have

- CCT = ACCTAT = AA" = B = (k - W) + AJ, (16.3.39)
—and also from (16.3.38),

o  JC=JAO = WJ. (16.3.40)

~From Theorem 10.2.3, the conditions (16.3.39) and (16.3.40) imply that also

C*'C = B, CJ = kJ. (16.3.41)

This completes the proof of our theorem.

We are now in a position to prove our main theorem.

Proof of Theorem 16.3.1. We are given a t X v matrix 4, such that
A AT = B, = (k — NI, + AJ,, A, = kg (16.3.42)

"~ Since we have also assumed the Bruck-Ryser—-Chowla conditions 1 and 2 of
Theorem 10.3.1, by Theorem 16.9.5 a rational v x v matrix C exists such that

CCT=C™C=B=(k—,+ A,

— (16.3.43)
Cl,=J,C=1kJ,.
. Consider the ¢t x v matrix A,C~1. It satisfies
(A,C™ A4, C™ Y = 4,CHC )T AT
—- — AIB—IA'{
B = A [k - )74, — Ak~ 2J )]A]
=(k— A)"'B, — Ak — A)J,. (16.3.44)

~ Itiseasytocheck that B~ ' hasthe value used here. We have used both properties
of 4, given in (16.3.42). From the value of B,, (16.3.44) simplifies to

(A4,C~1YA4,C~ Y =1, ' (16.3.45)

Hence, by Theorem 16.3.3, there exists a rational (v — ) x v matrix Q such that

A,C7V]
- ym[ ‘Q ] YYT =1, (16.3.46)
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From this,
A, C1
I, =YTY = [(C"1)T4T c"j[ ‘Q ]
This yields
TNT Al T
CT1,C = [AT C'QN) oc = CTC = B.

Let r; denote the sum of the ith row of QC. We assert that
4=k s=p—t
for (16.3.48) gives
ATA; +(QC)'QC = B,

whence

J,ATAJ, + 1(QC)'QC), = J,BJ, = kv,

Using (16.3.35) and (16.3.42), we find

JAQCYQCM, = kv ~ 1)J,.

367

(16.3.47)

(16.3.48)

(16.3.49)

(16.3.50)

(16.3.51)

(16.3.52)

But this yields the relation (16.3.49). By Theorem 16.3.4, there is a rational

s X s orthogonal matrix OT such that

ris s )OF = (k... k).

4= oc]
“looct

ATA = B.

Now define the matrix 4 by

From (16.3.50) we have

Also, we find

(16.3.53)
(16.3.54)

(16.3.55)

(16.3.56)
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since from (16.3.5) the row sums of 4, are k, and from (16.3.53) the row suins
of 0,0C are also k. From Theorem 10.2.3,(16.3.55) and (_16.3556) imply that also

AAY=B, J A=Kk, ‘ (16.3.57)
Thus, we have finally proved Theorem 16.3.1.

This theorem has been generalized by Eugene Johnsen [1]. The proof s similar
to the preceding proof, but somewhat more complicated.

Theorem 16.3.6 (Johnsen {1]). Suppose the conditions 1 and 2 of Theorem
10.3.1 hold for v, k, A, where kik — 1) = A(v — 1). Let us be given the first r rows
and the first s columns of a v x v matrix where A, is the r x v matrix of the first

r rows and Ay is the v X s matrix of the first s columns. Then we are given that
A, and A satisfy

A A} = (k— NI, + AJ,, AJ,=kJ,,,

(16.3.58)
ATA, =k — DI, + AJ,, J A, =ki,,.

Then there exists a rational v X v matrix A whose first r rows are A, and whose

first s columns are A,, which satisfies the equations of (16.3.6).

16.4. INTEGRAL SOLUTIONS OF THE INCIDENCE EQUATION

Let A = (a;) be a v x v matrix where the g;; are rational integers, and suppose
the incidence equation holds:

AAT=B=(k-D+AJ, Kk-D=Mv—-1. (1641

In this section we are concerned with knowing whether such matrices A exist,
and if they do, whether or not A is necessarily the incidence matrix of a sym-

metric block design with parameters v, k, A. The first theorem is easy, but not
quite trivial.

Theorem 16.4.1. If every a;; in an A satisfying (16.4.1) is zero or 1, then A is the
incidence matrix of a symmetric block design with parameters v, k, .

Proof. Let the columns of A correspond to blocks By, ..., B, and the rows
to elements a,,...,q,. Let us define an incidence system S, saying a; € B; if
a; = 1 and q; ¢ B; if q;; = 0. Here, (16.4.1) says that the inner product of a
row with itself is k and the inner product of two distinct rows of A is A. In terms
of our incidence system S, this says that every element occurs in exactly k
blocks and every pair of distinct elements occurs together in A different blocks.
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But it does not tell us how many elements are in each block. Let b, be the number
of elements in block B;,i = 1,...,v. Then we have

by + by + -+ b, = ky, - (164.2)

biby = 1)  byby—1) Avfp-1)
et =

(16.4.3)

The first of these counts the total number of incidences of elements in blocks,
which must be kv, since each of v elements is in k blocks. The second counts
pairs of elements, since B; contains (b;(b; — 1)/2) unordered pairs and each of
the (v(v — 1)/2) unordered pairs of elements occurs together A times. These
equations together yield

by — 2+ +(b, — k? = 2fv — 1) — 2k ~ Dkv + vk?
= vk(k — 1) — 2k — Dko + vk* =0, (16.4.4)
where we used (164.1) to replace Aw — 1) by k(k — 1). But (16.4.4) requires
by = b, =---=b, = k. Thus, every block contains k objects, and so our

incidence system S is a symmetric block design with parameters v, k, 2 and our
theorem is proved.

The following theorems, due to Ryser [1], are much deeper.
Theorem 16.4.2. Suppose A = (a;;) is a v X v matrix of integers and k(k — 1) =
Mo—1)and AAT = ATA = (k — )I + AJ. Then A or — A is composed entirely

of zeros and 1's and is the incidence matrix of a block design.

Proof. Let s; be the sum of the jth column of A. Thus,

™M

Sj"—'

a;. (164.5)

I

t=1

We have from the value of AA7,

2 k ifi=1t
iy = 16.4.6
L @ {a it (16.46)
Hence,
Y ayay=k+(v— 1=k, (164.7)

Lj=1

whence from (16.4.5),
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Z a,-J-SJ- = kz, i = 1,...,0. (16.4.8)
Y 52 = ok (1649)

, .
Z af = k. (16.4.10)

But now, since for any integer |x} < x?,

_Z aij

i=1

Isil = S Ylajl< ) a =k (16.4.11)
i=1 i=1

This inequality, together with (16.4.9) requires
st=k* j=1,...,0. (16.4.12)

Thus, the relations in (16.4.11) are all equalities, and in the jth column all non-
zero entries have the same sign, and as |g;;| = afj, we havera;; = 0, +1, or —1.
Hence, a column contains either k + 1’sand (v — k) zerosork — ’'sand (v — k)
zeros. Since the inner product of distinct columns is the positive integer 4, all
columns have the same sign for their nonzero entries, and so either 4 or — A4

consists entirely of zeros and 1’s and, by our previous theorem, is the incidence
matrix of a symmetric block design.

Appealing to Theorem 10.2.3, we see the following.

Corollary. If A is a matrix of integers satisfying (16.4.1) and either AJ = kJ
or JA = kJ, then A is the incidence matrix of a symmetric block design.

The next theorem is more arithmetical.

Theorem 16.4.3. Let A be a matrix of integers satisfying (16.4.1). Suppose
that (k — A) is odd and that k and (k — A) are relatively prime. Then, multiplying-
the columns of A by +1 or — 1, appropriately, A becomes the incidence matrix of
a symmetric block design.

Proof. We write |A| for the determinant of A and A,, for the cofactor of the
element a,, of A. Then, it is well known that the matrix A7 is given by
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A
A'=a}, rs=1...,0 ai=-%_ (16.4.13)

Here, from (10.2.2),
[Bl = (k — A Yk + (v — DA) = Kk — A,
and so
|4} = k(k — A= D2, (16.4.14)
From the relation AA"™ = B and the fact that 4 is nonsingular, we have
ATA = A'B4 = (k — DI + A4~ 1JA. {164.15)

Define, fori,j = 1,...,v,

5) = Z‘ ayj, b= Zl il (16.4.16)
w= ] W=

If we use (16.4.13) and equate elements in position (m, n) of the two sides of
(16.4.15), we find

|Altpn = (k = DAl 6y + 1) Ainaj, (16.4.17)
ij

where d,, is the Kronecker 0. Here {16.4.8) and (16.4.9) are valid, since their
derivation depended only on the value of AA™. Multiplying (16.4.8) by 4,, and
summing over i gives

Y Aiayys; = k2 Y, Ay (16.4.18)

iJ i

But alWays
Z A = O 1Al (16.4.19)
Hence, (16.4.18) ;impliﬁes to
|4] Z Om;S; = k? Z A (16.4.20)
F i
or

|Al s, = k2 ) Ap. (16.4.21)
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Here, using ., a;, = 5, and (16.4.21), if we multiply (16.4.17) by k? and divide
by |A4|, we obtain

k., = k*(k — 2)0pn + ASmSn- (16.4.22)
Putting the value of |4] in (16.4.21) gives

thik — A2, = k2 Y A, m=1...,0. (16.4.23)

By hypothesis, k and (k — 2) are relatively prime, and so (16.4.23) gives
s, =0modk), m=1,...,0 (16.4.24)
Any column of 4 can be multiptied by —1 without altering the validity of
(16.4.1), and we shall suppose that this has been done,sos, =0,m=1,...,0.
From (16.4.24) we write s,, = ku,,, m=1,...,9, where u,, = 1 is an integer.
Substituting in (16.4.22) yields
£, = (k = A)Bpm + Athlhne (16.4.25)
Now suppose some y; = 0. Then
ti=k—A+f=k—A (16.4.26)
In this case, s; = 0 and

0=s?=a%+  + a4 =k — Amod 2). (16.4.27)

This conflicts with the hypothesis that (k — 1) is odd. Hence, no y; is zero. From
{16.4.9) we have

s2 453+ o+ 52 = vk?, (16.4.28)
and putting s; = ku; gives

Cruid+t+ul=v (16.4.29)
But if no ; is zero and u; = 0, this implies

Uy == Uy =" = U, = |, (16.4.30)

whence

s; = k, i=1...,0 (16.4.31)
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Since (16.4.25) also gives t; = k, every a;; is zero or 1, and A is an incidence
matrix, proving our theorem.

If (k — A) is even, the conclusion of this theorem may fail to hold. When
A = 1 many counterexamples exist.

Theorem 16.4.4. Suppose v=n*+n+ 1, k=n+ 1, 1 = 1, the parameters
of a finite projective plane. Let A = [a;;] be a v X v matrix of integers such that

AAT = nl + J. (164.32)

Muitiplying appropriate columns of A by —1 so that the column sums are non-
negative, then A is of one of two types:

Type I. A is the incidence matrix of a finite projective plane.

Type 11. n is even, one of the columns has a single zero and (n* + n) of +1’s,
(n + 1) columns consist of (n + 1) of +1's and n* zeros, and the remaining
columns have sum zero. '

There exists an A of type 11 for every n, which is the order of a Hadamard
matrix, and also for n = 10.

Proof. Most of the proof of Theorem 16.4.3 is applicable, since k = (n + 1)
and (k — A) = nare relatively prime. If nis 0dd, all the proof applies and 4 is the
incidence matrix of a finite projective plane. Also, if n is even and no y; is zero,
then A yields a finite plane. Here, (16.4.29) becomes

w4 t+ud=v=n>+n+1l {164.33)
Now, since for any integer x, x < x2,
(ﬂ + 1)“} = §; = ay; + azj + -4+ ayj < a%j + -+ a,z,j = tjj- (16.4.34)
But, by (16.4.25),
ty = n+ ul. (16.4.35)
The inequality (16.4.34) becomes
0<n—(n+ D+ uf ={1 — u)n — u). (16.4.36)
Now we have taken the sign of the jth column so that u; = 0. If v; < 1 for
every j, then from (16.4.33), u; = 1 for every j, and as in Theorem 16.4.3, 4 is

the incidence matrix of a finite projective plane. If u; > 1 for some j, then from
(16.4.36), we must have u; > n. Clearly from(16.4.33), wecannothave y; 2> n + 1,
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since (n + 1)> > n? + n + 1. Hence, if some u; > 1, then u; = n. We cannot
have more than one u; equal to n in (16.4.33). Let us permute the columns of
A so that the unique column with u; = n is the first column and so uy = n.

Now, from (16.4.33), we have

w4 +ul=n+1l (16.4.37)

Hence, there must be (n + 1) additional ’s equal to 1, and the remaining u’s
must be zero. Now we have

Sl=(n+1)ut=n2+n

and

sj=n+1 forn+ 1j’s

and

si=0  forn® — 1js.

For our t's, from (16.2.25),
§; = tyy = h + 1%, (16.4.38a)
andifs; =n+ 1,
tiy=n, t;;=n+1,
ifs; = 0,
ty=0, ifj t=n (16.4.38b)

Whenever s; = t;;, the jth colamn consists of s; of +1’s and (v — s;) zeros.
This completes all parts of the proof except the production of examples of
integral matrices of type II. Since the first column comprises (n* + n) + I'sand
one zero, we may place the zero in position (1, 1) without loss of generality. For
the columns with s; = n + 1, we have t,; = n, and so one of the 1's in this
column is in the first row. This gives us (n + 1) of 1’s in the first row, and as

the inner product of this row with itselfis n + 1, the remaining entries are zeros. -

Let nn be even and X an n x n matrix of integers such that the first column of X
comprises n of + 1’s and such that

XXT =ul, (16.4.39)

Clearly, a Hadamard matrix with its first column normalized to consist of + I's
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satisfies these requirements. We construct A as follows:

0| 1 0 - 6|1 0--0/10 -]t 0- ¢
1
X 0 0 0
1
1
1
A=]: 0 X 0 0
1
0
: 0 - 0
1 : :
1 0 0 X

(16.4.40)
Here A, with the first row and column removed, is the direct sum of (n + 1)

copies of X, The 1’s in the first row of A are above the first columns of the Xs.
We verify directly from the properties of X that

AAT =nl + J. (16.4.41)

Forn = 10 and A4 of order 111, we may take the following as X :

1

I -1 -1 —-1 -t -t 1 1 1 17

1 1 -1 =1 -1 =1 =1 -1 -1 —i

1 1 -2 &t 1 1 1 0 0 9
vt 1 2 -t -1 0 1 o0 o

1 1 1 -1 2 -t 0 0 1 o '

K=, 1 1 -1 -1 2 o o ¢o | (644

j -1t 1 0 o o 2 -1 _1 _

L' -t 0 1 0o o -1 -2 |

L' -1 0 0 1 o0 -1 1 _3

L -1 0 0o o 1 -1 1 -2

Eugene Johnsen has found infinitely many type I solutions for n = 2(mod 4)
as well as for n = O(mod 4).
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Coding Theory
and Block Designs

17.1. ERROR CORRECTING CODES

In the theory of communications a word is a string x,x, * * * x,, where the x;
are chosen from an alphabet of m letters a,, . . ., a,,. In transmitting a word from
a source to a destination through a channel there may be “noise” in the channel,
introducing errors so that the word received is not the same as the one sent.
Hx=xXx,"""x, and y = y ¥, ** ya are two words of the same length n,
the Hamming distance between them dy(x, y) is defined as the number of i’s
for which x; # y,. Thus if x is the word sent and y the word received, dy(x, y)
counts the number of errors introduced by the noise in the channel. Clearly
di(x, y) is a metric on the set of all words of length n, satisfying

dix,y) =0 ifandonlyifx = y,
d(ya JC) = d(x» y )s
d(x, z) < d(x, y) + d&(y, 2).

If we use a subset of the m” words of length n in an alphabet of m letters in our
communication, it is desirable that they be chosen so that any two different
words used differ in as many places as possible, This means that unless the
number of errors is large, we can decide which was the word transmitted. This
can be expressed in precise terms.

Definition. A code C of length n on letters is a subset of the m" words of length
n on m letters.

If dy(x, y)= 2e + 1 forx,y € C,x 5 y, then C corrects e errors.

For if x is transmitted and x, received with dy(x, x,) < e, such x,’s form a sphere
of Hamming radius e around x as center. The condition dy(x, y} = 2e + 1
assures us that these spheres are disjoint. Hence if we receive an x; with at most
e errors, then changing up to e letters of x, gives us a unique x in the code C.
A perfect code C correcting e errors is one in which the disjoint spheres of

376




17.2. Weight Enumerators. The MacWilliams Equations 377

Hamming radius e around the code words together use up all m" words of
length n. Perfect codes exist and are very interesting, but it is not surprising
that there are not very many of them.

From here on we shall not consider codes in this full generality. We shall
suppose that m = q = p' is a power of a prime p and will identify the alphabet
with the elements of the finite field F ¢ = GF{(g). The full set of words of length n
will be identified with the vector space V = F7 of dimension n over F, so that a
typical word x is of the shape x = (Xy, ..., X,), X; € F,,i = 1,..., n. The weight
wi(x) of a word x is the number of coordinates x; # 0. With this definition it is
clear that dy(x, y) = wt(x — y). We shall also consider only codes C that are
linear subspaces of ¥. Such codes C are called linear codes. A linear code C of
dimension s that is a subspace of ¥ of dimension n over F, is called a linear
[n, s] code over F,. If g = 2,it is called a binary code, and if ¢ = 3, it is called a
ternary code.

The inner product (x, y) of two vectors in ¥, where x = (x,, x,,..., x,),
Y= (Y1 Y2 ..., ) is defined in the usual way

{x,y) = i X; V- (17.1.1)
i=1

Given a code C in ¥, the vectors orthogonal to C will form an orthogonal-dual
code, sometimes just called the dual code. By definition

C* = {ul(u,v) =0 forallv € C}. (17.1.2)

If Cis an [n, 5] code over F_, then C* is an [n, n — 5] code. If C, and C, are
two linear codes, then C, + C, is the union of C; and C, consisting of all
vectors x + y with x € C,, y € C,. The intersection C, n C, is the set of all
vectors common to Cy and C,. The dual has the following properties:

Y =C
G+ C) =Cin G,
(C,nC =C + Cs

These are easy and the proof will be omitted here.
If C< C*, we say that C is self~orthogonal, and if C = C*, that C is self-dual.

17.2.  WEIGHT ENUMERATORS. THE MACWILLIAMS EQUATIONS

Let C be an [, 5] code over F,. If C contains A; words of weight i, the numbers
(Ao, Ay, . .., A,) are called the weight distribution of C. It is convenient to associ-
ate a polynomial W(x, y), called the weight enumerator with this, where
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Welx, y) = Aox" + AyX" "'y + o + Ax"TY 4+ -+ AN (172.0)
Similarly if C* has (By, B, . .., B,) as its weight distribution, then We.(x, y) is
Wes(x, §) = Box™ + Byx" "'y + -+ + Bx""ly' 4 - + By (17.22)

There is a remarkable relation between W(x, y) and W.(x, y) first discovered
by F. J. MacWilliams {1]. The form of the proof given here is due to A. M.
Gleason. We begin with group characters of the additive group of the finite
field F,. For a general discussion of group character, see a standard text on
group theory, such as Chapter 16 of the author’s book [3].

If g = p' let o be a primitive element of F, so that for an arbitrary g € F,
we have

B = Bo + Bro + Bra® + -+ + BT, Bi € F, (17.2.3)
We may also associate § with the vector (fo, f1,..., fi-1) = Bin F. Let E be

a primitive pth root of unity, say & = e**?_ If y = (Yo, Y1 - - - » Y¢—1) I8 an arbi-
trary element of F,, we define the character y; by '

xﬁ(-},) = éﬂo?o Hhivat oot B o é(ﬂ.?), (17'2.4)

where (f, 7) is the usual inner product in Fj,.
The mapping y — x4(7) is a mapping of the additive group G of F, into the
multiplicative group of complex numbers of absolute value unity. We have

20y + ) = xxp(y): (17.2.5)

From the definition (17.2.4) we clearly have

x50 = (B} and  xg.p(y) = x(Vxp(¥) - (17.2.6)

It is easy to see that y4(y) = 1 for all y if and only if = 0. Thus the last relation
shows that the characters under multiplication form a group isomorphic to
the additive group G of F,.

If § # O, there will be a ¥’ such that y4(y') # 1. Then from (17.2.5)

> 1) = 3 xly + ) = 100 Y 1),

veG yeG 7eG

from which it follows that

Y =0 B#O0. (17.2.8)

7€G
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We can extend the characters of the additive group G of F, to the additive group
G" of Fi, these being vectors of length n over F . If u = (uy, us, ..., u,),
v={(0y,0p...,0,), 4; € F,,v; € F,are two of these, we take a fixed nontrivial
character of F, say x,, and define y(#) = x{(u, v)), where (4, v) = ugv; + - +
u,v, is the usual inner product. It is easy to see that y,(u) is a character of G"
and that as v ranges over all q" elements of F; we get all characters of G".

The following lemma resembles the Mobius inversion formula.

Lemma 17.2.1. Let A be a vector space over C, the field of complex numbers, and
let f(v) be a function from F; to A. Suppose the function g(u), u e Fy, is defined
by

gu) = Z J@)xu).

Diq

Then for any linear subspace V of F} and the dual subspace V*, we have

1 .
i Y g =3 f() (17.2.10)

ueV veyl
Proof. Writing W = F7; we have

2, 9 =3, Y [

neV ueV veW

= f v) Z x.(1)

velW ue ¥V

= SO Z W+ Y o) Y xw

veV4 vevL: uev

]

MY f+Y f0Y xw.

veV+ veyVL ueV

For the second sum when v ¢ V*, there is a u, € V such that (U} # 1. But
then

Z Xu(“) = z XD(u + ui) = Z XU(ul)Xt:(u) = XB(ul) Z Xt’(u)

ueV ueV ueV

In this case we have ), x,(4) = 0, and the second sum is zero, proving the
lemma.
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We are now in a position to prove our main theorem on the MacWilliams
equations relating the weight enumerator of a linear code C and its dual C*,

Theorem 17.2.1. If Cis an [n, s] code over F, and C* its dual, then

1
Weslx, y) = iC Welx + (@ — Dy, x —y) (17.2.11)

Proof. We apply the lemma with A the vector space over the complex num-
bers of homogeneous polynomials of degree n in x and y. We take f(v) =
x" OO where w(p) is the weight of v. If » = (vy, v,,..., 0;, ..., 1,), We note
that w(o;} = 1 if v; # 0 and w(v;)) = 0 if v; = 0. Then with

g = 3. f)xu)

veFy

z . Z x(I = wlo)+.+ (1= w(vahyw(vy) + ... + wiv,)

v_.qu . l)néf"q

( Z xlmw(v"yw(”')X(“ivi))

vieFq

X0y + 0+ U,

I
—1s

i=1

The inner sum is x + (g — D)y if ;=0 and x + p} . x(uw)=x—y if
w; # 0. Hence g(u) = (x + (g — 1)y)" *“x — y)*™. Thus for u € C, there
are A; terms for which w(u) = i, so that

2 g = 3, Adx+(q ~ Dy ix —

ueC

Welx + (g — Dy, x — y).

Also

2 f) =} X"y = Box" + Bix""'y + -+ + B,y"

veCL veCt
= WC‘L(xa y)-
Thus appealing to the lemma our theorem follows immediately.

Let the elements of F, be denoted by wy = 0,w,,. .., @, in some fixed order.

Definition. The composition of u = (u,, ..., u,) denoted by comp(u) is
(So> 815 - + -5 84— 1), where 5; = s(u) is the number of components u; equal to w;.
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Clearly
q—1
Y si=n
i=0

Let C be a linear [, 5] code over F,, and let A(t) be the number of code words

u € C with comp(u) =t = (to, .. ., t;-1). Then the complete weight enumerator
of Cis

Weizos . . . » q_l)_zA(t)zg»z SR AN (17.2.12)

There is also a MacWilliams theorcm for complete weight enumerators.

Theorem 17.2.2. If C is a linear {n, s] code over F, with complete weight enu-
merator W, the complete weight enumerator of the dual code C* is

. a-1

%—L(ZO, ceenZpyann l) I I %( 2 XI(wOw )zu sy z 11(wrwi)zf’ .. ')‘
i=0 _

(17.2.13)

The proof of this is essentially the same as the proof of Theorem 17.2.1 and
will not be given here.

17.3. APPLICATIONS OF CODES TO DESIGNS. GENERAL THEORY

Let-D be a{v, b, r, k, 2) block design and A its incidence matrix. We define the

code C of D over the finite field F, in the following way.

Definition.  The code C of the (v, b, r, k, ) block design D over F,, is defined as the

linear subspace of F} spanned by the rows of its incidence matrix A considered as
vectors over F,.

Here A is a v x b matrix and
=(r—-AM+iAJ=8B (17.3.1)
and
detB) =(r — A" Yr+ vA— ) =(r — A" 'rk. (17.3.2)

Let g = p', where p is a prime. If p does not divide det(B), then 4 is of rank v
over F,. If p divides r or k but not (r — A), then the rank of 4 over F o 15 usually
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vor (v — 1). In these cases there do not seem to be any interesting conclusions
to be drawn from the code. But if p divides (r — ), there are important conse-
quences, given in the following lemma.

Lemma 17.3.1. In the code C of a(v, b, r, k, 1) design D over F q With g = pt.
if p divides (r — 1), then (i} if pir, pli, C < C* and (ii) if pfr, pf), then C A Cct
is of codimension 1 in C.

Proof. Letr;, r;, r,, be any three rows of the matrix A. Then immediately

(rar)=r=(n, r;} = A{mod p) ali i, j,
(ri ~ rj, ry) = O(mod p) all i, j, m. (17.3.3)

Here if plr and piA, theneveryr, € C*and C < C. If plr, then every difference
t — r, € C*, and these span a subspace of C of codimension at most 1, and so
exactly 1 since r; ¢ C*. This proves the lemma.

In the case of a symmetric (v, &, A) design if ¢ = p’ and the prime p divides
{k — 4) to exactly the first power, then we can determine the dimension of C
and C* exactly. This is a great advantage since there is less ambiguity in the
MacWilliams equations (17.2.11) or (17.2.13). Necessarily » must be odd since
if v is even, (k — J) is a square.

Theorem 17.3.1. Let D be a symmetric (v, k, 4) design, and let C be its code over

Fy where q = p' and the prime p divides (k — 2) to exactly the first power. Then
if plk, pl2, -

v+ 1 -1

dim(C) = ——,  dim(C*) = P‘"i“" and CoC*

If plk, pl2, then

v+ 1

dim(C) = 9——}3 dim(C*) = ., and CeccC-

Proof. From (17.3.1) and (17.3.2) we have for the incidence matrix 4 of D
(det(A))* = det(AAT) = det(B) = (k — )"~ k2. (17.3.4)

It follows that
det(A) = +k(k — Ao~ 12 (17.3.5)

Let us add the jth column in A, j=1,...,v~1 to column v to obtain a
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matrix 4,. Then in 4, every entry of column v is k. Now in 4, subtract the last
row from every other row to give a matrix A,. Here

UzAVzﬂAz-——‘ Bz : ’

where U, and V, are integral unimodular (i.., determinant + 1) matrices. Now
applying elementary operations of adding a multiple of a row (or column) to
another row (or column) and permuting rows or columns, we can act on B; to
put it into diagonal form. Then

Chy 0}0]
h, |.
Ay = UAV = - 1 (1737
0 By, |0
L* ....... * k]

where U and V are integral unimodular matrices. From (17.3.5) it follows that
hohgy - h,_y = £k — A~ D2 (17.3.8)

and, since p divides (k — 1) to exactly the first power, at most (v — 1)/2 of the
i’s are multiples of p.

Since U and V are unimodular, then over F,, it will follow that 4 and A,
have the same rank considering (17.3.7) as an indentity over F,. ifptk, p ¥4,
A, (and so A) will have rank at least 1 + (v — 1)/2 = (v + 1)/2. Over F,
rank(4) = dim(C), and so dim(C) = (v + 1)/2. From Lemma 1731 Cn C*
is of codimension 1 in C so that diim(C*} = (v — 1)/2. Asdim(C) + dim(C*) = v,
these inequalities are equalities, whence C* = C n C*. This proves the first
part of the theorem.

If plk, plA, then as at most (v — 1)/2 of the h’s are multiples of p, it follows
that dim(C) = rank(4) > (v — 1)/2 over F,. As C € C* in this case, if dim(C) >
(v — 1)/2 + 1 = (v + 1)/2, this would make v = dim(C) + dim(C*) = v + 1,
a conflict. Hence dim(C) = (v — 1)/2, dim{C*} = (v + 1)/2, proving the second
half of the theorem.

If x = (X, X3,...5 X, and y = (¥1, V2, - - - » V), We note that for the inner
product

(%, ) = X191 + Xa¥2 + 0+ XYy = XY (17.39)
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A linear transformation g = (g;;1, i, j = 1,..., n, of the vector space V of
n-dimensional vectors over a field F is said to be orthogonal if

(xg,y9) = (x,y) forallx,y e V. (17.3.10)

From (17.3.9) it readily follows that g is orthogonal if and only if

gg" = 1. (17.3.11)

It is not difficult to see that the orthogonal transformations form a group, since
this requires xggTy" = xyT for all x and y.

An automorphism o of a design D is a permutation of the points and also a
permutation of the blocks. Hence « acting either on the points or on the blocks
will be an orthogonal transformation. Thus a acts on the code C of D and also

on C*. The nature of this action has some important applications. Anstee, _

Hall, and Thompson [1] found a result applicable when C = C*. This result
has been considerably generalized by Bridges, Hall, and Hayden [1] to codes
in general. The following two theorems will be referred to as the Thompson-
Hayden theorems. )

Theorem 17.3.2. Let V be an n-dimensional vector space over a Jield F. Let
G be a finite subgroup of GL,(F), the nonsingular n-dimensional matrices over F.

Let R(G) be the group ring of G over F. If 0 is an idempotent in R(G) and C is an
invariant subspace of V, then

(COy* = Ker(8") ® (C-)0".
Here Ker(6") is the kernel of 87, the subspace mapped onto zero by 7.
Progf. Yc € C,¢ e C+ and y € Ker(6), we have
(@07, c0) = (¢, c6%) = (¢, c6) = 0

(v, c) = (y6",c) = 0
SO

(CH)6" + Ker(6") < (CH)*-.
Take y € (CO*, c e C, and observe
0= (y, c6) = (y6", ¢)
so y8" € C*. Hence y = (y — y8") + (y67)87 establishes the theorem.

Corollary 1.  If G is a finite orthogonal group and |G| % Qin F and

e e e e
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0=—7Y g,
IGIE;Q

we have
(CO = Ker(0)® (C*)0
for any G-invariant subspace C.

Proof.

_ 1 e a_lg, _
‘62,3 |G|§g lGiZg:g

Corollary 2. Let G be a finite orthogonal group and |Gl + 0 in F. With 0 as in
Corollary 1, then if C = C*, we have dim(V0) = 2 dim(C@).

Proof. From Corollary 1, (CO)* = C0® Ker(f), so (CO n VO = C0 =
C0. But then dim(V6) = dim{(CO)* n V8) + dim(C8) = 2 dim(CH).

The next theorem uses the stronger assumption that G is a permutation group
on the coordinates of ¥. This assumption will hold if G is a group of automor-
phisms of a design D whose code C is a subspace of V.

Theorem 17.3.3. Let V be an n-dimensional vector space over a field F. Assume
that G is a permutation group on the coordinates of V and that |G| has an inverse
in F. Suppose that C < V is a G module. With 0 as in Corollary }

v8 = L vg, veEY, and H=C0, W = V8.
1G] e
Then with an appropriate orthonormal basis for W (extending F if necessary)
we have, where H3; is the dual in terms of this basis,

(COyw = Hyp = (C)0.

Proof. LetC,, C,,..., C, be the orbits of the points of ¥ under the action
of G. Let the orbit C; have length m;. Define C; as the vector of ¥ that has 1/\/171;
as its entry for every coordinate of C; and 0 elsewhere. Then as distinct orbits
C;, C; are disjoint

(Cia Ci) = 1, (C;, Cj) = 0, i %f-

It may be necessary to extend F to adjoin the elements \/_n?, But as m; is a
divisor of |G| it follows that Jmi has an inverse in the extended field.
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Each of Cy,..., C, is in W = V@ and a vector of W is of the form
w=3:_, w,C;. Hence for an inner product (w, y) of vectors in H, we have

(w, ¥} = (w, y)w, where (w, )y, is the inner product of w and y in W in terms of
the orthonormal basis C,, ..., C,.

From Theorem 17.3.2
H* = (CO)* = (C*)) + Ker(8).

Note that 6 is an idempotent operator that leaves vectors of W unchanged,
in particular, C,, .. ., C,. Also with Hy thedualto Hin W

w = {yl(H, y}y = Owithy ¢ W}.

Hence Hy, = H; and

w = (COJy = (C4)0

as we wished to prove.

For a more general orthogonal group, if we can find an orthonormal basis
for W = V4, then the same proof goes through,
In a natural way we can call W = V0 the orbit space of G. The mapping

V — V6 is a kind of homomorphism, and Theorem 17.3.3 describes the effect
of this homomorphism.

17.4. GROUP INVARIANTS. GLEASON’S THEOREM AND ITS
GENERALIZATIONS

Let G be a finite group of complex m x m matrices. A polynomial function
S(x5, ..., x,,) is said to be an invariant of G if Tt Y = flxg, .00, x,)
whenever (yy, ya, ..., yn) = (x;, X325+« Xm)A for every matrix 4 € G. If f is
an invariant, then for any constant c, ¢f is also an invariant. If f and g are in-
variants, then (f + g), (f — g), and Jfg are invariants. If f is an invariant, then
all the terms of the same degree, say my, in f are also an invariant. Hence it is
sufficient to study homogeneous invariants in which all terms have the same
degree n. And the important issue is to know how many linearly independent
homogeneous invariants of degree n there are. An answer to this question was
found in 1897 by Molien and can be found in Burnside [1, p. 301].

Theorem 17.4.1 (Molien). Let G be a finite group of m x m matrices over the
complex field. Define ®(1) by &

1 .:i_‘.

1
" 161 2 Gt — 1)

RIS VSR e
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Then in the expansion of ®(A) as a power series in A

W) =ag + a;dA + - +a,d" + -
a, is the number of linearly independent invariants homogeneous of degree n.

Here I is the identity matrix of degree m, and det(I — 1A)is the determinant
of I — 2A. Note that for conjugate elements 4 and B of G, det( — 14) and
det(I — AB) have the same value.

This result has been very useful in'coding theory. A detailed account of this
theory is given in Chapter 19 of MacWilliams, Sloane and Thompson [1].
Also there is a great deal given in Sloane [1, p. 132]. In this section for the most
part only results will be given.

Suppose that C = C* is a self-dual binary code of length n, so that ¥V = F%
and dim(C) = n/2. The MacWilliams identity says that in this case

1
Welx, y) = 7z Welx + y, x — y).

Since We(x, y) is homogeneous of degree n, this becomes

X+y x-—
wc(x,y):we( y ").

NN’

Thus W(x, y) is left invariant by the transformation

1 {1 1
T, = — .
N (1 - 1)
Since every word in C must have even weight, we also have W,(x, y) = We(x, —y)
and so W(x, y) is also invariant under the transformation

1 0
T, = X
s
Thus Wc(x, y) is an invariant of the group G = (T}, T;), which is easily found to
be the dihedral group of order 16. Here for the group G it is easily found that

1

D(A) =
We can verify that

¢, = x% + y?, s = x® + 14x*y* + 38 17.4.4)
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are invariants of G and also that polynomials in ¢, and ¢4 give the right number
of linearly independent homogeneous polynomials of every degree n agreeing
with (17.4.3). We now conclude that all invariants of G are polynomials in ¢,
and ¢g. This proves the following theorem of Gleason.

Theorem 17.4.2 (Gleason’s first theorem). Ler C be a binary self-dual code.
Then the weight enumerator Wc(x, y) of C is a polynomial in ¢, and ¢g where
¢2 = x* + y* and ¢pg = x® + 14x*y* + y* or equivalently a polynomial in ¢,
and 85 = x*y*(x* — y?)? = H¢35 — ).

If C is a self-dual binary code in which all words have weights a multiple
of 4, then W, (x, y) is invariant under the transformation

1 0
Ty = |
=0 7]

and the group G = (T}, T;) is of order 192. This gives the following theorem.

Theorem 17.4.3 (Gleason’s second theorem). Let C be a binary self-dual code
in which every code word has weight a multiple of 4. Then the weight enumerator
W (x, y) is a polynomial in ¢4 and

2a = X 4 759168 + 2576x!2pt? 4 759x8yl6 4 y24

or equivalently in ¢g and 0,4 = x*y*(x* — y*)* = &(d3 — ¢24).
For ternary (i.e., over GF(3)) self-dual codes, we need some notation:

a=x3+y 4 23,

[ =x%* + y?z + 2%x,

g = xy* + yz* + zx%,

p = 3xyz,
Va = x(x* + 8y?),
ba = yx* — y3),

ly = X(y* - 2%,

b = x3y® + y3z3 + 25x3,
Be = a* — 12b

= x® + y% + 28 — 10(x3y® + 323 + 23x3),

vy = x(2x® — Ty® — 728 + TIx3y® + Tx32% — 56)°29),

Ty = (x* — y)y* — 2)2° - x7),

&
EA
Y
e
EY
=
%
o
ki
‘E
|
%
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oy, = ala® + 8p%)
3 (6) Q) (£}
=Y x'2+4) x4+ 6 ) x%° + 228 ) x°y°2%,
7y3 = xy°(x® — y3)2x® + ?).
We denote by 1 the vector of all 1’s.

Theorem 17.4.4. If C = C*isaself-dual ternary codeand 1 € Cand Wc(x, y, 2}
is the complete weight enumerator of C, then n = O{mod 12) and Wix, y, z) =
P(B2, oy, T3 + PendP, B2, 0y, n) where Py and P, are polynomials homo-
geneous in x, y, z.

Corollary (Gleason). With the same hypothesis as in Theorem 17.4.4 and
" Welx, y) the ordinary Hamming weight enumerator, we have

Wekx, y) = P(y3, $2).

Mallows and Sloane [1] have generalized these theorems to ternary codes
C of dimension (n — 1)/2in F§ in which C* = C + 1.

Theorem 17.4.5. Let C be a ternary code of dimension {(n — 1)/2 in F§ in which
Ct*=C-+ 1. Thenn = +1(mod 12).
(@) If n =12m + 1 for the complete weight enumerator,
Welx, y, 2) = xPy + Bev7Py + EamoPs + vim3Ps + xPsndPs + E4BsndPs.
b) If n =12m ~ 1,

Wi, y, 2) = &;,Py + BePeP; + BeniPs + BefiongPy + Fon3Ps

24—
+ P52 Pg.

where the bar denotes partial differentiation with respect to x. The P’s are poly- -
nomials in B2, «, ,, s homogeneous in x, y, z. |

Corollary (Hamming weight enumerator). With the same hypotheses as in
Theorem 17.4.5: |
(a) If n = 12m + 1, then
Welx, y) = xP(f3, $3) + 11aP2(¥3, 63).
(b} If n=12m — 1, then
Welx, y) = Ua¥W3P, (03, 63) + ad2P.003 0.  —

Sloane [1] has similar results on binary codes. =
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are invariants of G and also that polynomials in ¢, and ¢, give the right number
of linearly independent homogeneous polynomials of every degree n agreeing
with (17.4.3). We now conclude that all invariants of G are polynomials in ¢,
and ¢4. This proves the following theorem of Gleason.

Theorem 17.4.2 (Gleasor’s first theorem). Let C be a binary self-dual code.
Then the weight enumerator W(x, y) of C is a polynomial in ¢, and ¢g where
$2 = x> + y® and g = x® + 14x%)* + ¥® or equivalently a polynomial in &,
and 0y = x*y*(x* — y)* = Yt — ¢g).

If C is a self-dual binary code in which all words have weights a multiple
of 4, then W(x, y) is invariant under the transformation

10
n=lo

and the group G = (T,, T3) is of order 192, This gives the following theorem.

Theorem 17.4.3 (Gleason’s second theorem). Let C be a binary self-dual code
in which every code word has weight a multiple of 4. Then the weight enumerator
Wc(x, y} is a polynomial in ¢4 and
$2e = X** + 75916)® + 2576x12y12 4 759x8y16 4 y*
or equivalently in ¢pg and 6,4 = x*y4(x* — y¥* = (D3 — ¢,4).
For ternary (i.c., over GF(3)) self-dual codes, we need some notation:
a=x*+y*+ 23,
S =x* + y*z 4+ z2x,
g =xy* + yz% + zx?,

P = 3xyz,
Va = x(x* + 83,
'¢4 = y(x3 - ys):

€a = x(y® ~ 29,
b=x%3 + 33 + 2553,
s =a* — 12b
=X+ )%+ 2° — 10(x%® + y2° + 23x3),
vy = x(2x® — 7y5 — 725 4 Tx3p? 4 7x37% 56y323%),

g = (x* — ) y* — 23)2® —~ x?),

A R RS B e R S L i L e e L B

il
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ay, = al@® + 8p?)
(E)] 6) 3) 3
=Y x"2+4) x°)P +6) x%° + 228 Y x6)523,
T3 = xy°(c® — p3)2%° + y).
We denote by 1 the vector of all 1’s.

Theorem 17.4.4. If C = C*isaself-dual ternary code and 1 € C and Welx, v, 2)
is the complete weight enumerator of C, then n = O(mod 12) and Welx, y, 2) =
Py(B%, a5, 7d) + Bsn3P, B2, 42, nd) where P, and P, are polynomials homo-
geneous in x, y, z. '

Corollary (Gleason). With the same hypothesis as in Theorem 17.44 and

- Wdx, y) the ordinary Hamming weight enumerator, we have

WC(x, y) = P('I’ia ¢2)

Mallows and Sloane [1] have generalized these theorems to ternary codes
C of dimension (n — 1)/2 in F} in which C* = C + L.

Theorem 17.4.5. Let Chea ternary code of dimension (n — 1)/2 in F?% in which
C'=C+ 1. Thenn= + i{mod 12).
(@) If n = 12m + 1 for the complete weight enumerator,
Welx, y, 2) = xPy + Bv,P; + E4noPy + von2P, + xBen3Ps + &,fen3Ps.
) If n=12m — 1,
Welx, y, 2) = &,,P; + BefsP; + BeniPs + BeftomgPy + o3Py

2--—
+ Bensd, . Pg.

where the bar denotes partial differentiation with respect to x. The P’s are poly-
nomials in B3, o, 5, n§ homogeneous in x, y, z.

Corollary (Hamming weight enumerator). With the same hypotheses as in
Theorem 17.4.5:
(@) If n = 12m + 1, then
Welx, y) = xP (3, ¢3) + 1.3P,(y3, $3).
(b) If n = 12m — 1, then
Welx, ) = Vat3P 103, 63) + $.02P, (03, 6.

Sloane {1] has similar results on binary codes.
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Theorem 17.4.6. Suppose that n is odd and C is q binary code in F of dimension
(n — 1)/2 such that C* = C + 1. Then

(i) Welx, y) = xP(¢,, ®s) + $1P (1, ds),

where ¢, = x* + 2, ¢y = x7 + Ix3)%, dg = x + 14x*y* + y5. Suppose in

addition that all weights in C are multiples of 4. Thenn = 8m + 1 and
(i) If n = 8m — 1,

Welx, y) = ¢4P (s, ¢24) + $21P 2 (Ps, $24),

where s = x*3 + 506x!5y® + 1288x!1y12 4 253x7y"%, s = xyH(x* — yH*,
Gii) If n=8m + 1,

Welx, y) = xP (g, $24) + $12Pods, $24),

where 7 = x'7 4 17x"3y* + 187x%)® + S1x3yt2,

17.5. APPLICATIONS TO PLANES OF ORDER 10

A finite projective plane of order n is a symmetric design with p = n? + n + |,
k=n+1, 2 = 1. It was remarked in Section 12.3 that n = 10 is the lowest
order in doubt. Thus we are seeking a (111, 11, 1) symmetric design.

Let A be the incidence matrix of a plane = of order 10 with the points cor-
responding to columns and the rows to lines. Hence a row has 11 + 1’ cor-
responding to the points on the line and the remaining entries are 0’s. Let C
be the binary code of . Since 2 divides 10 to exactly the first power, it follows
from Theorem 17.3.1 that dim(C) = 56, dim{C*) = 55, and that C > C*. An
easy induction shows that for a word x € C, wi(x) = 0 or 3(mod 4), and that if
wi(x) = O(mod 4), then (L, x) = O(mod 2) for every line L (i, row of A) and
if wt(x) = 3(mod 4), then (L, x) = 1(mod 2). The unit vector 1 = 4...,1
belongs to C since the sum of all rows of 4 is 11 (1, ..., 1). Hence for the weight
distribution 4,,, ., = A,. Thus the 28 numbers 4,,, t = 0,..., 27, determine
the full weight enumerator.

For a word of weight 3 or 7, W3 OT W+, given a point P not in w (i.e., in the vec-
tor for w, P has coordinate 0), there will be at least one of the 11 lines through P
that does not intersect w, say L, and (L, w) = Oin conflict with (L, w) = 1(mod 2)
for w of odd weight. Thus A3 = A4 = 0. Similarly for words w,, wg of weight 4
or 8, let P be a point belonging to w. As there are at most seven further points of
w, there will be one of the 11 lines through P that contains no further point of
w, and for such a line L, (L, w) = 1, conflicting with the fact that w is of even
weight. Hence 4, = 4, = 0. Trivially 4, = 1.

Let w = wy; be a word of weight 11. Let P, and P, be two points of w, and
let L, be the line through P, and P,. Suppose that there is a point Q on L,

R
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that does not belong to w. As there are at most 11 — 2 = 9 further points of w
not on L, and there are 10 further lines through Q, there will be one line L
through Q containing no point of w, and we have (L, w) = 0, a conflict. Hence
every point of L, is in w, and so w = L,. Hence a word of weight 11 is a line and
Ay =111

Let W,{x, y) be the weight enumerator of C. Then

27
%(x’ y) z A txlll 4r 41 + Z A4r+3x10-8—4¢y4t+3
=0

and

27

%.L(X, y} — Z A4‘x111-4!y4t’

t=0

since C* consists of the words of even weight in C.

From the MacWilliams identity, or Theorem 17.4.6 applied to C*, we find
(USing Ao = 1 A‘ll = 111 A3 = A4 = A-; = A..s = 0) that AIZ) AIS) and AlG
determine the entire weight enumerator.

Consider a word of weight 12. We shall designate this W, ; and also use W,
for the corresponding set of 12 points. Every line meets W, in an even number
of points. If P is one of the 12 points, each of the 11 lines through P contains
at least one more point of W, ,, and so exactly one since there are only 11 further
points in W,. Thus every line meets W, , in 2 or 0 points. We call a set of 12 such
points an oval. Suppose that P,, P,, ..., P, are points of = such that every
line contains 2 or 0 of them. Consider the 66 secant lines P;P;. A point Q not
one of the 12 P’s, if joined to some P;, will lie on a secant P;P;. Thus Q lieson 6
of the secants. Each P, lies on exactly 11 secants. Hence the sum of the 66 secants

is 11(Py + -+ + Py} + 6., 0, and so Py + -+ + Py, is a word of the
code over F;

In 1973 it was shown by MacWilliams, Sloane, and Thompson [1] that C

contains no word W, ; of weight 15 so that 4,5 = 0. A brief sketch of their proof
will be given here.

Theorem 17.5.1. In the binary code C for a plane n of order 10, there is no word
of weight 15,50 A;s = 0

Proof. Suppose that W, 5 is of weight 15 in C. Every line of n meets W, 5 in an
odd number of points. If L meets W, in 11 points, then we(W;5 + L) = 15 —
11 = 4, which is impossible since 4, = 0. If L meets W, in 9 points, then
wt(W;s + L) = 15 — 9 + 2 = 8, which is impossible since 4g = 0. If L meets
W, s in 7 points, then wi{(W, 5 + L) = 15 — 7 + 4 = 12. But W, + L contains
the 4 points on L not in W, ;. But, as observed above, an oval (word of weight
12) cannot contain 4 points on a line, so this is impossible.
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Hence every line meets W 5in 1, 3, or 5 points. Let b, i = 1,3, 5, be the number
of lines meeting W, 5 in exactly i points. Then we have

b,_ +b3+b5=~—‘111
3b; + 10b5 = 105.

The first of these three equations counts the total number of 111 lines in x.
Each of the 15 points of W, lies on 11 lines, and b; + 3b; + 5bs counts the
incidences of points of W, on lines, giving the second equation. Each of the
(') = 105 unordered pairs of points of Wys lies on a line, and 3b, + 10b,

counts the unordered pairs of W, 5 on the lines intersecting W, 5 in 3 or § points.
These equations are easy to solve and give

bl = 90, b3 - 15, bs = 6. (17.5.2)
Let B, ..., B, be the 6 lines meeting W, ; in § points.
Lemma 17.5.1.  No point of Wis lies on three or more of B, . . . , Bg.

Proof. IfP, € W,5isona B,, there are 4 other points of W, s on this line.

As there are only 14 other points of W, P, is on at most 3 B’s. If P, ison3 B,
let these lines be

B,: P1P2P3P4P5,
By: PP¢P,PgP,, |
Bj: PyPioPy Py, Py,
Then each of B,, B, Bg will contain at most 3 of P,, ..., P;; and so must

contain both P, and P, ; (where Wis={P,,...,P,,}). Thisis a conflict, and
so P, is on at most 2 B’s.

Now By, ..., B, contain 65 = 30 incidences of {P,,..., P,s}. Since no
one of these occurs more than twice on the B’s, it follows that each one is on
exactly 2 of the B’s. Thus each of the 15 P’s is one of the (§) intersections of the
B’s. Thus the B’s are determined in the following way:

B;: P P,P,PP,,
B,: P PgP,PgP,,
By: PyPsP 4P, P,,,
B,: P3P7P10P13P14,
Bs: PyPgP (P Py,
BG: P5P9P12P14P15.

(17.5.4)

PR AR T M S e e
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Since P, ..., P, account for all intersections of By, . . ., B, the remaining
points on By, . .., Bg are all distinct. Designate these Q,, .. ., Q1.

What can be said of the 15 lines C,, .. ., C, s, each of which contains exactly -
three P’s? All further lines contain exactly one P. P, must be on a line with each
of Pyo, Pyg» P12 Piss Pras Pis, and these must be C’s. From (17.5.4) there is
only one way in which this can be done:

Ci: PyPyoPys,
Cy: PPy Py, (17.5.5)

The following pattern for the B’s and C’s is now-determined uniquely:

B,: P,P,P,P,P;s 0,0,0324050s,
B,: PiP¢PyPgPy 0:05050100110:2
By: PyPePioPy P12 ©@13Q14Q15Q16Q17C1 3,
Bs: P3PoPyoPy3P1y 019020021022023024
Bs: P4PygPy1Py3Pys stQzaQansQ’szao:
Bg: PsPgPy3Py4Pys Q31Q32Q33Q34Q35Q35'
Cy: PyPyoPys,
Cy: PyPy 1Py, (17.5.6)
Cy: P,P,Pq,,
Cs: P,P,P,
Cs: PyPgPy,,
Ce: P3PgPy3,
Cyt P3PePys,
Cq: P3PgPy,,
Co: P3PoPyy,

Ciot P4PePra,

Cii: PuP,Py,,

Cia: P4PyPy,,

Cis: P5P§P13s

Ciat PsP4Pyy,

Cis: PsPgPy,.
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Each C intersects each B in a point P, so that the C’s contain none of the
points @, . .., O3¢. Let us call R’s the remaining points on the C’s. Each of the
11 lines through an R contains 1 or 3 P’s. Since there are 15 P’s, we must have
exactly 2 lines of the shape RPPP and 9 of the shape RP. Thus each R is on
exactly 2 C’s, and the number of distinct R’s is 1(15-8) = 60. Thus 15 P,
36 Q’s, and 60 R’s together make up all 111 points of #. Two C’s that do not
intersect in a P will intersect in a uniquely determined R. This fully determines
the pattern of the R’s on the C’s, and we have 21 lines of = uniquely determined.,

Each of the remaining 90 lines will be of the shape

L: PQQQORRRRRR. (17.5.7)

Each P will be on exactly 6 of these lines. Thus P, is on C,, C,, C, and on L
through P, must intersect C,, ..., C,sin R’s, each R being on two C’s, giving
6 R’s. So for an L through P, we must find 6 R'son C,, .. ., Cy s, no two on the
same C. For the 6 lines through P, we need 6 disjoint sets of 6 R’s. This set we
call a K¢, The symmetric group G = S¢ acting on By, ..., B takes the 21
lines of (17.5.6) into themselves. The subgroup G, fixing P, permutes the
K¢'s for Py among themselves. It is clearly sufficient to take one K from
each of the orbits of G, on the K¢'s. There were exactly 1021 orbits. Having
chosen one of these, say U, they looked for consistent K’s for P,,, and took
one of these, say V. Then they looked for consistent K¢'s for P, s, and took one
of these, say W. Then for each compatible triple U, ¥, W they looked for a
consistent K¢ for Py, say X. A total of 25 acceptable quadruples U, V, W, X
were found, but for none of these could a compatible K¢ for P, be found.
This exhaustive computer search shows that the 21 lines of (17.5.6) cannot
be completed to a full plane, and the conclusion is that Ais=0.

Every line meets a word W, ¢ of weight 16 in an even number of points, Ifa
line L meets W, ¢ in 10 points, then we(W,s + L) = 16 — 10 + 1 = 7, which is
impossible since A, = 0. If L meets W, in 8 points, then wt(Wig + L) = 16 —
8 + 3 = 11. But then W4 + L is a line L*, and W, = L + L*. This is impos-
sible since L and L* intersect in a single point and wit(L + L*) = 20. If L meets
Wie in 6 points, then wi(W,s + L) = 16 — 6 + 5 = 15, which is impossible
since A5 = 0.

Let b, be the number of lines meeting W, in exactly i points, where i = Q, 2,
or 4. Then

bo + bz +b4 = 111,
2b, + 4by = 176, (17.5.8)
b2 + 6b4 = 120.

As before, the first of these counts the total number of lines; the second, the

incidences of points of W, ; on lines; and the third, unordered pairs of points of
W, 6. The solution of (17.5.8) is
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bo=31, by,=72 bi=38 (17.5.9)

If P, is a point of W, since Py is joined to the other 15 points, P, willbe on 2
four-point lines and 9 two-point lines.

Up to isomorphism there are exactly six different configurations for W,¢ We
list the 8 four-point lines:

1 11 Hi
1 2 3 4 1 2 3 4 1 2 3 4
1 5 6 17 1 5 6 17 1 5 6 1
2 8 9 10 2 5 8 9 2 5 8 9
3 11 12 13 3 6 8 10 3 6 10 il
4 14 15 16 4 11 12 13 4 12 13 14
5 i1 14 7 11 14 15 7 12 15 16
6 9 12 15 9 12 14 16 g8 10 13 15
7 10 13 16 t0 13 15 16 9 11 14 16

1V Vv VI (17.5.10)
1 2 3 4 1 2 3 4 1 2 3 4
i1 5 6 17 1 5 6 1 1 5 6 7
2 5 8 9 2 5 8 9 2 5 8 9
3 6 10 11 3 6 10 1l 3 6 10 11
4 12 13 14 g 12 13 14 g 12 13 14
g8 12 15 16 10 12 15 16 10 12 15 16
7 10 13 15 7 13 15 4 9 13 15
9 11 14 16 9 11 14 16 7 11 14 16

In his 1974 thesis at Berkeley, using extensive computer search, J. 1. Carter
eliminated cases II, III, V, and VI and part of Case IV. In Case 1V it remains to
consider subcases in which three of the four-point lines are collinear. Specifically

1 2 3 4 P 5 12 P
7 10 13 15 P and 6 8 P
9 11 14 16 P

or

2 5 8 9@ 115 @

3 6 10 11 Q and 7 16 Q (17.5.12)
4 12 13 14 @

or both of (17.5.11) and (17.5.12).
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Here IV has automorphisms

o

o« = (1, 6)(2, 10)(3)4, LLXS, 7)(8, 15)(9, 13)(12, 16)(14)P, Q),
B =1, 16)(2, 9)(3, 14)(4, 11)(5, 8)(6, 12)(7, 15)10, 13)(P)Q). (17.5.13)
Hence we may assume that (17.5.11) holds or that both (17.5.11) an (17.5.12)

hold. Case I remains open.

D. R. Hughes [1, 2] showed that for a plane of order n, if n = 2(mod 4) and
n > 2, then the collineation group is of odd order. He also showed that for a
plane of order 10 the only primes dividing the order of the collineation group
could be 3, 5, or 11, that for order 3 there would be 3 or 9 fixed points (also lines),
and for 5 exactly one fixed point and one fixed line. Whitesides [1] has elim-
inated the collineation of order 11. Here we shall show how coding theory can
be used to eliminate the collineation of order . Recently Janko [1] has elimi-
nated the collineations of order 3. Thus a plane of order 10, if it exists, has only
the identity collineation.

We assume that =, a plane of order 10, has a collineation ¢ of order 5§ with
a unique fixed point P, and a unique fixed line L, Clearly ¢ has two five-cycles
on Lo, and so L, also contains the fixed point P,. Let us adjoin a further point
X = Pyy,to the 111 points of = by making the 112th coordinate 1 for every line,
giving an extended code & of length 112. Thus in C every line has 12 points
including X. Here X is a parity check for C since X is 1 for every word of odd
length in C and X is O for every word of even length in C. Clearly dim(C) =
dim(C) = 56. Here C* contains C*. Also, C* contains the vector with 112 I’s.
Thus C* = C, and C is self-dual. The collineation ¢ as extended to C fixes not
only P, but also X. Thus in C, o has 22 five-orbits d, . . ., d,, and two single-
point orbits d;3 = Py and d,4 = X. With the operator 0 = £ (1 + ¢ + o2 +
o® + 5% as in Theorem 17.3.3, we have 1/J5 = 1 in F,, so that d,, dy, ...,
dy2, dy3, dy4 are an orthonormal basis for W = V0 (where V = F1!2), Since
5 = 1(mod 4), if wi(v) = O(mod 4) and if v = v0, then in W = V6 we shall have
wiy(v) = O(mod 4). Since C* = C, if we put H = C6, then by Theorem 17.3.3,
H = H* is a self-dual binary code of length 24 in which every word has weight a
multiple of 4. Fortunately all such codes have been listed by Pless and Sloan
[1]. In C the fixed line L has 4 orbits d,,, d,;, dys = P,, dy4 = X, so that in
H, L becomes a word of weight 4. In the Pless and Sloane list of self-dual codes
of length 24, there is one, the Golay code G,,, that has no words of weight 4.
But if there is one word of weight 4, there will be at least six words of weight 4,
If this contains P, and X, then there are also two five-cycles d; and d ;- But then
d;, d;Pgyis a word of weight 11 in Cand so a line, whence it must be the fixed line
L. A word d,, d;, d, X corresponds to a word d;d i of weight 15 in C an impos-
sibility. A word did,d, P, will be of weight 16 in C, but ¢ being of order 5 cannot
take the 8 four-point lines of a W, into themselves without fixing at least 3 of
them and so fixing the four points, although o fixes only one point. Hence a

“word of weight 4 in H can correspond only to the fixed line L (including X) or

to 4 five-cycles, and so a word of weight 20 in C fixed by ¢. Without loss we may
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assume that these are points 1, . . ., 20 and that the action of ¢ on these is
o=1(1,23,4, 546,789, 10)11, 12, 13, 14, 15)(16, 17, 18, 19, 20). (17.5.14)

Every line of = meets W,y = {1, ..., 20} in an even number of points. Those
lines with 4 or more points yield a configuration. One such possibility is

1 2 6 8 11 16 11 12 18 20
23 7 9 12 17 12 13 19 16
34 8 10 13 18 and 13 14 20 17  (175.15)
4 5 9 6 14 19 14 15 16 18
51 10 7 15 20 15 11 17 19

Here there are also 85 two-point lines such as 1 3.

All other possibilities (and up to isomorphism there are 91 others) involve
20 four-points lines, each of the 20 points being on exactly four of these. One such
case is

1 2 6 1 3 11 12 i1 13 16 17 8 9 16 18
23 7 9 2 4 12 13 12 14 17 18 9 10 17 19
34 8 10 3 5 13 14 13 15 18 19 10 6 18 20
4 5 9 6 41 14 15 14 11 19 20 6 7 19 16
51 10 7 52 15 11 15 12 20 16 7 8 20 17

(17.5.16)

Here there are also 70 two-point lines, such as 1 9. Consider the intersection
point P of the lines 1, 2, 6, 8 and 3, 5, 13, 14. P must be joined to each of the
remaining 12 points 4, 7,9, 10, 11, 12, 15, 16, 17, 18, 19, 20, and every such line
contains an even number of these points. One possibility is

1268;351314;418;711;920; 10 16; 12.19; 15 7. (17.5.17)

Note that we could not have P on a line with 7 9 since the line with 79 mcludes
allof2 3 7 0.

Richard Anstee made a computer program for finding combinations such as
(17.5.17)and combining them. In all 92 cases conflicts arose, and in no case could
the plane be completed. We conclude that the plane has no collineation of
order 5.

In 1970 N. Peterson calculated the weight distribution of the binary code for
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a plane of order 10. These values include

A19 = 24,675 + 141/112 + 7A16’

175,
Azo = 386,010 + 354A4,, + 54, (17.5.18)

Inaword W, ¢ of weight 19, if a line L contains 9 points of W, o, then we(W, 4 + L)
=19 — 9 + 2 = 12. Thus if W,, is an oval and L is a secant, going through 2
of the 12 points, then Wy, + L = W,, is of weight 19 and L contains 9 points of

W, o. For each oval, there are 66 secants, and so there are 66 Ay, words of weight
19 of this shape. If W, g has a line L containing 7 of its points, then W Wio+ L) =
19 — 7 + 4 = 16, and L has 4 points in the W, . Since a word of weight 16 has
8 lines with 4 points, then for a given word of weight 16 there are 8 lines L. such
that wi(Wy¢ + L) = 19. This gives 84, 5 words of this shape. There remain

M19 = A1'9 — 66A12 e .8A16 = 24,675 ""‘ 75A12 - A16 (17.5.19)
“primitive” 19’s for which each line contains 1, 3, or 5 points of W, ,. We have

bl +b3 “+ bs - 111,
b, + 3b, + S5b, = 209, (17.5.20)
3b3 + IObs = 171.

The solution of these is
b, = 68, b, = 37, bs = 6. (17.5.21)

Primitive W, 4’s can be constructed, but none has been tested for completion
to a full plane. Since M, 4 > 0, it follows that

A < 24,675 + T54,,. 17.5.22)

For words W, of weight 20, if a line L has 10 points in W,,, then wt(W,o + L)
=20 — 10 + 1 = 11, and so W,y + L = K, another line. Here Woo =L+ K
and there are (*3') = 6105 words of this shape. If a line L meets W, in 8 points,
then wi(W,o + L) = 20 — 8 + 3 = 15, which is impossible since Az = 0.
If a line L meets W,, in 6 points, then wi(Wo + L) =20 — 6 + 5 = 19 and
Wao + L is a W, in which L contains 5 points. This excludes the 664, W,¢’s
coming from ovals, and the W, , either comes from a W, or is a primitive W,,.
If the Wi = Wis + K and W, = W, + K + L, the two lines K and L are
four-point lines of W, ¢ that do not intersect in a point of W,,. This can be done
in §-3 = 12 ways and gives 1245 W,¢’s. But there may be some duplication
here since the same W,, may come from different Wie's in this way. If the W,
is primitive, it has 6 five-point lines and the number of such Woo = Wio + L
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is at most 6M , o, since again the same Wy, may also arise in-another way from
another Wy,.
For W,¢'s we have

6105 K+ L
124,¢ from Wig (17.5.23)

6M g = 148,050 + 4504, — 6A4,¢ from primitive 19’s. There remain prim-
itive W,,’s in which every line meets W,, in 0, 2, or 4 points. If their number is
Mzo, since A, = 386,010 -+ 354!412 + 5A1,5, we have

M,o = 231,855 — 964, — Ay6 = 207,180 — 1714, + M. (17.5.24)

For a primitive Wy, we easily find by = 31, b, = 70, b, = 20. The 20 four-
point lines are such that each point of Wy, is on exactly four of the lines. Thus
(17.5.16) is an example of a primitive W,, with the added property of having a
collineation of order 5. Each primitive W, can be tested for completion to a
full plane. Since M4y = 0, it follows from (17.5.24) that there will be primitive
W,o's if there are at most 1211 ovals. The author {4] has investigated further
conditions for the existence of primitive Wao's. In particular, if A, = 0, there
will be primitive Wy's. Unfortunately the number of nonisomorphic 20-point
configurations is very large, and it does not appear to be practical to test all of
them.

17.6. " THE SYMMETRIC (41, 16, 6) DESIGN

For the prime p = 2, Theorem 17.3.1 applies to the code C for a symmetric
(41,16,6) design. We have dim(C) = 20, dim(C*) = 21, and C* = (C, 1), where
1 is the all-1 vector. In C every word will have its weight a multiple of 4 since the
generating words have weight 16 = O{mod 4) and their intersections have 6=0
{mod 2) points. But there cannot be a word of weight 40, since a block con-
taining the remaining point would have 15 points in common with the 40,
clearly a conflict. _

Using the MacWilliams identity, or more easily (iii) in Theorem 17.4.6,
we find the weight distribution of the binary code C to be

(41,16,6) code

Ag = i,

Ay = Az

Ag = 164 + 134, + 1145,

A12 = 15088 -+ 125144 - 33A363
A15 = 196718 - 599A4 - A36’ (17.6.1)
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(41,16,6) code (Cont.)

Azo = 512992 + 8514, + 1154,
Azy = 288460 — 4254, — 1754,
Azg = 33456 — 174, — 1094,,,
Asy = 697 + 514, — 274,
Aze = 436

It can be shown (Bridges, Hall, and Hayden {1]) that if a prime p divides the
order of the collineation group of a symmetric (41,16,6) design D, then we cannot
have p > 7,and if p = 5, the collineation group has exactly one fixed point and
exactly one fixed block.

We now consider the case in which D has exactly one fixed point X and one
fixed block By for a collineation « of order 5. Since o cannot fix a word of weight
4 or 8, we must have 4, = Ag = O{mod 5). This makes 4,4 = 1(mod 5), and
for the distribution as a whole modulo 5 we have

AO = 1, Azg = 2,
A4 = 0: A24 = 0’

Ag =0, A,g =0, ' (17.6.2)
A, =0, Az, =0,
AIG = 2, A36 = 1.

With 6 = {1 + & + «® + «® + «*) we may apply Theorem 17.3.3. Here
W = V0 has dimension 9 with the orbits X and 8 five-orbits C,, C,,..., Cq
as a basis, which is orthonormal since 1/,/5 = 1 in GF(2). Since C* = C + 1,
we shall have in W, (CO)j; = (C*)0@ = C8 + 16. Thus C# is of dimension 4 and
(C*)9 of dimension 5.

Since A;3¢ = 1(mod 5), there must be at least one word of weight 36 fixed by «,
say W;q. W;e will consist of X and seven of the S-cycles,say Cy,..., C,. If there
were another fixed word of weight 36, say W¥%,, then W%e consists of X and
seven of the five-cycles omitting, say, C;. But then W,q + Wk =C, + Cq
is a word of weight 10, a conflict. Hence W, is the unique fixed word of weight
36. A fixed word of weight 16 or 20 cannot contain Cyg since its intersection with
Wi would be odd, a conflict. Thus fixed words of weight 16 and 20 lie entirely
in W;¢, and the 16’s and 20’s are complements in W5, Without loss we may
take the fixed block B, to be XC,C,C5. Two fixed 16s both contain X and
intersect in an odd number of five-cycles and so exactly one five-cycle. Since
Ay6 = 2(mod 5), there is at least one further fixed 16 besides By, say F,. We have

Wi = XC1C2C3C4CSCGC?:
BD = XC1C2C3,
F = XC, CyCs.




17.6. The Symmetric (41, 16, 6} Design 40t

Here W, + By + F, = XCC6Cy is a further fixed 16. Since 4;¢ = 2(mod 5),
there must be at least seven fixed 16’s. But then the number of fixed 16’ is
exactly seven since each uses 3 five-cycles and any two have exactly 1 five-cycle
in common. This gives a configuration that is the plane of order 2 on the 7
five-cycles '

Wss = X61C2C304C5C6C7a ’

Bg = XC[C2C3,
Fz = Xcl C4C5a
Fy = XC, CeCs

(17.6.4)
F, =X C, C4 GCg

The fixed 20's are complements in Wy, of the fixed 16's.

The blocks consist of B, and 8 five-cycles Dy, D, . . ., D;. By consideration
of the dual design, there is precisely one fixed 36 that with appropriate number-
ing can be taken as By, Dy, ..., D, omitting Dg. Also, X will lie in Bg, Dy, D,,
and D,.

For a five-cycle of blocks D;, suppose that a representative block has ¢;;

points in cycle j. We represent this by a vector on XC,, ..., Cg

XC,C,C3C4C5C6C+Cs

(17.6.5)
Dy €10¢11€i2C13C14CisCi6C17C18

The first of five blocks in a cycle will intersect the remaining four in a total of
6-4 = 24 points. The contributions to this total .arise in the following way,
depending on the value of ¢ = ¢;;:

xXcccecceccec ,
C 1543210 (17.6.6)
Contribution4 20126 2 0 0 '

Since also Y i, ¢i; = 16, the possibilities, ignoring the order of the cycles
Cy,...,Cg, are ‘

X CccCc CCCcCCCcCC X cccccccc
1 4 2 2 2 2 1 1t 1 0o 4 3 2 2 2 1 11
1 333 21111 0 4 2 2 2 2 2 20
1 3 3 2 2 2 210 0 3 3 3 2 2 2 1
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The further possible values 033331111 can be excl
block has an even intersection with W, 1t must also have an

with Cg.

If we consider two different five-cycles of blocks D;and
of 6-25 = 150 intersections betw

the following way:

‘There are a number of orbit matrices satisfying these conditions. (See Bridges,

D;

D

J

1
1

C

.
s
Contribution 25 5rs

Coding Theory and Block Designs

D, there will be a tota]
een them. Contributions to the total arise in

Hall, and Hayden [1] for a complete list). One of these is

X c
B, 1 5
D, 1t 1
D, 1 2
D, 1 2
D, 0 0
D; 0 3
D¢ 0 3
D, 0 2
Dy 0 2

This suggests a possible further collineation of order
x(Cy4, Cs, Cg). Remarkably enough, this works, P

design:

B, X 1 2 3 4
B, X 4 6 7 13
B, X 5 7 8 14
B, X 1 8 9 15
B, X 2 9 10 11
Bs X 3 10 6 12
B X 3 5 9 11
B, X 4 1 10 12
Bg X 5 2 6 13
B, X t 3 7 14
Bo X 2 4 8 15
By X 1 2 8 10

G,

N WO W = N W

(%]

5
15
11
12
13
14

12
13
14
15
11
14

G,
5

PN D W W e BN

2

6
16
17
18
19
20

17
18
19
20
16
16

7
21
22
23
24
25

18
19
20
16
17
22

Cs

W N k= RO bk B e

2

8
27
28
29
30
26

19
20
16
17
18
23

Cs
0

W o N N B e e

2

9
28
29
30
26

27

20
16
17
18
19
24

Cs C; G
0 0 o
4 2 2
1 2 2
1 2 2
1 3 2 (17.6.9)
2 3 2
2 3 2
3 1 0
2 0 4
3 permuting (C,, C,, C,)

10
29
30
26
27
28

21
22
23
24
25
25

11
30
26
27
28
29

26
27
28
29
30
26

12
31
32
33
34
35

31
32
33
34
35
3

13
32
33
34
35
31

32
33
34
35
31
32

14
36
37
38
39
40

36
37
38
39
40
36

uded since every
even intersection

roducing the following

15
38
39
40
36
37

38
39
40
36
37
38

17.€

\ 1>



5. The Symmetric (41, 16, 6) Design
, X 2 3 9 6 15 17 23 24 25 21 27 32 33 37
s X 3 4 10 7 11 18 24 25 2 22 28 33 34 38
s X 4 5 6 8 12 19 25 21 22 23 29 34 35 39
s X 5 1 7 9 13 20 21 22 23 24 30 35 31 40
6 6 T 9 13 14 15 18 19 22 25 26 31 32 34 39
2 1 8 10 14 15 11 19 20 23 21 27 32 33 35 40
s 8 9 6 15 11 12 20 16 24 22 28 33 34 31 36
o 9 10 7 11 12 13 16 17 25 23 29 34 35 32 37
o 10 6 8 12 13 14 17 18 21 24 30 35 31 33 38
,, 3 4 5 11 12 14 16 23 24 27 30 31 32 34 39
,, 4 5 1 12 13 15 17 24 25 28 26 32 33 35 40
3,, S5 12 13 14 11 18 25 21 29 27 33 34 31 36
3, 1 2 3 14 15 12 19 21 22 30 28 34 35 32 37
3, 2 3 4 15 11 13 20 22 23 26 29 35 31 33 38
B, 1 2 4 8 9 10 17 20 21 28 29 31 32 34 139
B,, 2 3 5 9 io 6 18 16 22 29 130 32 33 35 40
B,, 3 4 1 10 6 7 19 17 23 30 26 33 34 31 36
B,, 4 5 2 6 7 8 20 18 24 25 27 34 35 32 37
By, S 1 3 17 g 9 16 19 25 27 28 35 31 33 38
B,, t 3 6 g 11 13 .18 19 20 23 24 25 28 29 30
By, 2 4 1 9 12 14 19 20 16 24 25 21 29 30 26
B,; 3 5§ 8 10 13 15 20 16 17 25 21 22 30 26 27
B,, 4 1 9 6 14 11 16 17 18 21 22 23 26 27 28
Bys, 5 2 10 7 15 12 17 18 19 22 23 24 27 28 29
Byg 1 2 6 7 11 12 17 20 22 25 27 30 36 38 39
By, 2 3 7 8 12 13 18 16 23 21 28 26 37 39 40
Byg 3 4 8 9 13 14 19 17 24 22 29 27 38 40 36
By, 4 5 9 10 14 15 20 18 25 23 30 28 39 36 37
By 5 1 10 6 {5 11 16 19 21 24 26 29 40 37 38

403

39

36
37
40
36
37
38
39

40
36
37
38
39
40
36
37
38
39

32
33
34
35
31

40
36
37
38
39

Collineations on points

a = (X)12345(678910)11 12 13 14 1516 17 18 19 20)
(212224 25262728 29 30)(31 32 33 34 35)36 37 38 39 40),

B = (X)L 6 11)2 7 12)(3 8 13)(4 9 14)(5 10 15)16 21 26)
(17 22 27)(18 23 28)(19 24 29)(20 25 30)31X32)(33)34)
(35)36)(37X38)(39)40).
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Eric Verheiden has made a tally of the code of this design, and it is the case of
(17.6.1) With A4 = 0, A36 = 1.




APPENDIX 1

Balanced Incomplete
Block Designs with from
3 to 15 Replications

The following table gives one or more solutions for a block design D{(v, b, r, k, 1)
with 3 < r < 20 and takes k < v/2. In every case where a solution is known, at
least one solution is given. The only parameters omitted are those such as
D(7, 14, 6, 3, 2), which exist trivially as multiples of known designs, in this case
taking D(7,7, 3, 3, 1) twice. Taking D(v, b, r, k, A) for ¢ times gives a D(v, th, tr, k, t1).

These parameters are given in general in (12.2.2) and (12.2.3). In numbers 13
and 31, the complete design is given. In every other case, base blocks are given
with respect to some Abelian group of automorphisms. In some instances
Bose’s notation for the mixed difference approach is used as given in Section
15.3. Number 88 is a good instance of Rao’s notation, in which (x, y) (mod(S, 7))
means that all residues modulo 5 are to be added to x, and all modulo 7 to y,
but (x, y)(mod(—, 7)) means that x is to be fixed and all residues modulo 7
are to be added to y. In every case, co means an element fixed by the auto-
morphism group.

When there is no design, reference is made to the appropriate theorems. Ina
number of cases, designs are described as residual designs of others. This is the
process described in Section 10.1, by which we delete from a symmetric design
one block and its elements from all other blocks.

Beyond r = 20, a few new symmetric designs are given. These are due to
W. G. Bridges [1], Tran van Trung {1, 2}, Z. Janko [1], V. Toncheo [1], and
A. L. Brouwer and H. A. Wilbrink [1].
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