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Pretface

Regardez les singularités :
il n'y a que ca qui compte.
Gaston Julia

The nonlinear Schriodinger (NLS) equation provides a canonical descrip-
tion for the envelope dynamics of a quasi-monochromatic plane wave (the
carrying wave) propagating in a weakly nonlinear dispersive medium when
dissipative processes are negligible. On short times and small propagation
distances, the dynamics are linear, but cumulative nonlinear interactions
result in a significant modulation of the wave amplitude on large spatial
and temporal scales. The NLS equation expresses how the linear dispersion
relation is affected by the thickening of the spectral lines associated to the
modulation and the resonant nonlinear interactions. In optics, it can also be
viewed as the extension to nonlinear media of the paraxial approximation,
extensively used for linear waves propagating in random media.

The NLS equation assumes weak nonlinearities but a finite dispersion at
the scale of the carrving wave, while in situations where both dispersion
and nonlinearities are equally weak, a “reductive perturbative expan-
sion” leads to long-wavelength equations, like the Korteweg—de Vries, the
Benjamin—Ono or, in several dimensions, the Kadomtsev—Petviashvili equa-
tions (Segur 1978, Ablowitz and Segur 1981). This class of equations also
includes the so-called derivative nonlinear Schrodinger (DNLS) equation
obeyed by dispersive Alfvén waves propagating along an ambient magnetic
field in a quasi-neutral plasma, because of a phase-velocity degeneracy in
the dispersionless limit (see Mjplhus and Hada 1997 for a recent review).

The name “NLS equation” originates from a formal analogy with the
Schrodinger equation of quantum mechanics. In this context a nonlinear
potential (that is nonlocal in the Hartree description) arises in the “mean
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field” description of interacting particles. When the NLS equation is consid-
ered in the wave context, the second-order linear operator, which describes
the dispersion and diffraction of the wave-packet, is however not necessar-
ilv elliptic, and the nonlinearity arises from the sensitivity of the refractive
index to the medium on the wave amplitude.

Special attention is paid in this monograph to the “elliptic” NLS equa-
tion, which when written in a frame moving at the group velocity of the
carrying wave takes the simple form

,a II. , s
i+ Ay + gly 2P = 0,
ot
with an attractive (g = 1) or repulsive (g = —1) nonlinearity. This equa-

tion together with its generalization to arbitrary power-law nonlinearities
gl[*1) is addressed in the three first parts of the monograph. The two
other parts deal respectively with situations involving a coupling to a
mean field that adiabatically follows the carrying wave modulation, and
to low-frequency acoustic waves driven by the modulation.

A first question related to the NLS equation concerns the linear stability
of a solution that is uniform in space and oscillatory in time. At the level
of the original problem, this corresponds to the effect of a slow modula-
tion on a monochromatic wave whose frequency is slightly shifted by the
nonlinearity. It is straightforward to show that the elliptic NLS equation is
“modulationally” unstable (Benjamin—Feir instability) when g = +1 and
stable when g = —1. Note that some authors restrict the definition of the
“modulational instability” to the case of perturbations in the direction of
propagation and refer to the “filamentation instability” when the pertur-
bations are in the transverse directions. We shall not follow this restriction
here.

The filamentation instability is easily interpreted in the context of nonlin-
ear optics, where in the usual situations, the wave modulation is essentially
time-independent. In the NLS equation, the variable ¢ then refers to the
coordinate along the beam, and the Laplacian is taken relatively to the
directions transverse to the propagation. For g = +1. the refractive index
increases with the wave intensity, leading to a convergence of light rays from
neighborhood sites towards the region of higher amplitude. This in turn
further increases the refractive index and leads to more light convergence,
resulting in a self-focusing of the wave at this location.

The phenomenon of wave-packet contraction can also occur in a one-
dimensional setting. The nonlinear development of the modulational
instability depends. however, strongly on the space dimension. When the
modulation is purely one-dimensional, it leads to the formation of solitonic
structures resulting from an exact balance between the dispersive and non-
linear effects. In higher dimensions. in contrast, the nonlinearity dominates
when the initial conditions are large enough in a suitable norm, resulting
in a blowup of the wave amplitude, if additional phvsical effects like dissi-
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pation do not intervene to arrest the process. Since a spatial contraction
of the wave packet takes place together with the amplitude blowup, the
phenomenon is often called wave collapse in the physical literature. This
is a basic mechanism to produce a transfer of energy from large to small
scales, thus permitting dissipative processes to act and to heat the medium,
with possible degradation of the material in the case of a dielectric. In plas-
mas. the collapsing structures, often called “collapsons,” will act as sinks
for the wave energy. This phenomenon competes with the more gradual
energy transfer to small scales resulting from resonant wave interactions
(wave turbulence).

This book mainly reviews the phenomenon of wave collapse. described by
the NLS equation or by its generalizations involving coupling to other fields.
Several approaches. ranging from rigorous mathematical analysis to formal
asymptotic expansions and nmumerical simulations, are presented, mostly in
the case of localized solutions vanishing at infinity. The important issue of
the elliptic NLS equation with repulsive nonlinearity for solutions keeping
a finite amplitude at infinity is only briefly mentioned. This equation also
appears in the description of a Bose condensate. a context where it is often
called the Gross—Pitaevskii equation. It admits solutions in the form of
coherent structures like vortices that define states that can be excited in
superfluid helium.

The validity of the NLS equation breaks down near collapse where the
underlying assumptions of small amplitude and large-scale modulation
(compared to the frequency and the wavelength of the carrier) no longer
hold. The attention paid to the nature of the singularity is, however. not
motivated only by interest in the mathematical properties of a fundamental
equation of nonlinear physics. The features of the singularity strongly af-
fect the physical processes, even when the collapse is eventually arrested by
additional effects that become relevant after sufficiently small scales have
been formed.

The book includes several parts that cover various aspects of the problem,
in an attempt to put in perspective the rigorous theory of the NLS equation
and the physical understanding of the wave-collapse phenomenon.

Part I is an introduction to the physics of quasi-monochromatic waves.
Various equivalent derivations of the NLS equation used in the literature
are reviewed. An illustration is given in the context of optical waves in
a Kerr medium. In usual situations. the duration of a laser pulse is long
compared to the carrving wave period, and the modulation can be viewed
as stationary. As already mentioned. the amplitude dynamics are then gov-
erned by the two-dimensional NLS equation. In contrast, for the ultrashort
pulses emitted by power lasers, “normal” or “anomalous” time dispersion
effects come into play. The Benjamin—Feir, or modulational, instability is
also reviewed, together with the existence of solitons in one space dimen-
sion and their instability relative to transverse perturbations. The formal
analogy between the NLS equation and the equations of hydrodynamics,
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which is useful in the context of superfluids, is mentioned. The variational
formulation (Lagrangian and Hamiltonian) of the problem, which through
the Noether theorem leads to important conservation laws. is presented to-
cether with the “variance identity,” which is the basic estimate for proving
finite-time blowup.

Part 1I is devoted to a survey of rigorous results on the NLS equation
mostly in the case of localized solutions vanishing at infinity. Existence
properties are stated briefly, with reference to the original papers or to more
mathematically oriented reviews for the details of the proofs. Standing-wave
solutions (also called solitary waves) and their stability /instability are also
discussed. Special attention is then paid to blowup solutions. Important
estimates leading to a quantitative characterization of the collapse are es-
tablished in detail, in particular at the “critical dimension” (d., = 2 for the
usual cubic NLS equation) where the phenomenon of L?-norm (or mass)
concentration near collapse gives a rigorous basis to the concept of “strong
collapse” used in the physical literature.

Part III discusses numerical simulations of blowing up solutions and
presents an asymptotic construction of collapsing solutions. In supercritical
dimensions, the blowup is self-similar, and a detailed analysis of the profile
of the solution is given. At critical dimension. such solutions are not possi-
ble, and self-similarity appears to be weakly broken. A delicate asymptotic
analysis is presented to characterize the critical blowup, a problem that re-
mained a challenge for more than twenty years but is now well understood.
The effects of perturbations that can modify or even arrest the collapse are
also considered. They include dissipation, normal dispersion, and saturated
nonlinearities.

Part IV considers situations where as in the water-wave problem, a mean
field is driven by the amplitude modulation, as a result of quadratic non-
linearities in the primitive equations. The multiple-scale formalism is first
presented for a general nonlinear scalar wave equation and then illustrated
on a few model equations. An example of a degenerate situation is also dis-
cussed. The water-wave problem, which presents some technical difficulties
due to the integro-differential character of the primitive equations, is then
reviewed and the accuracy of the modulation analysis rigorously estimated.
The resulting Davey—Stewartson system governing the coupling of the wave
amplitude with the mean field are analyzed in the various regimes which
establish according to the parameters of the medium.

Part V addresses situations where the wave modulation drives low-
frequency acoustic waves, which can strongly affect the collapse dynamics.
Several examples are presented. We first consider Langmuir oscillations,
which play a central role in the dynamics of a quasi-neutral plasma. Self-
focusing leads to the formation of collapsing density cavities where the
oscillating electric field is trapped and where dissipative processes produce
a local heating of the plasma. The Zakharov equations governing these
dynamics are derived and their properties analyzed. Recent mathemati-
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cal results for the “scalar model” are reviewed. They include conditions
for blowup in a finite or infinite time and also properties of exact self-
similar solutions in two dimensions. Examples of progressive waves are also
considered for laser beams in plasmas and in the context of the filamen-
tation (transverse collapse) of Alfvén waves propagating along an ambient
magnetic field. It turns out that this phenomenon is very sensitive to the
coupling to the magnetosonic waves that develop sharp fronts, creating
conditions for the onset of strong magnetohydrodynamic turbulence.

The present survey is by no means comprehensive, and we list here a
few reviews published in the field. A basic reference on nonlinear waves is
the book of Whitham (1974). Asymptotic methods for nonlinear waves in
rarious physical contexts are described in Infeld and Rowlands (1990). A
detailed discussion of the physical aspects of the self-focusing phenomenon
is found in Vlasov and Talanov (1997). Basic properties of the NLS equa-
tion are discussed by Rasmussen and Rypdal (1986). A detailed review
of the mathematical theory of the NLS equation is given by Cazenave
(1989, 1994), Strauss (1989), and Ginibre (1998) who concentrate on the
well-posedness of the Cauchy problem and on the long-time behavior of
global solutions. The asymptotic analysis of the collapse is reviewed in
Landman, LeMesurier, Papanicolaou, Sulem, and Sulem (1989) and more
recently in Sulem and Sulem (1997). A unified presentation of the effect
of perturbations on critical collapse is found in Fibich and Papanicolaou
(1997h). We refer to Newell and Moloney (1992) for an introduction to
nonlinear optics, and to Dyachenko, Newell, Pushkarev, and Zakharov
(1992) for a discussion of the two-dimensional cubic NLS equations, includ-
ing wave turbulence. A recent review of the phenomenon of self-trapping
of optical beams in self-focusing media is presented in Segev and Stege-
man (1998), while transverse instabilities of solitary waves are discussed in
Kivshar and Pelinovsky (1999). The physics of Langmuir collapse is exten-
sively discussed in Zakharov (1984). Other reviews on related topics include
Thornhill and ter Haar (1978), Rudakov and Tsytovich (1978), ter Haar
and Tsytovich (1981), Goldman (1984), Zakharov, Musher, and Rubenchik
(1985), Robinson (1997), Bergé (1998). Various aspects of the nonlinear
dynamics of dispersive waves are discussed in the conference proceedings
edited by Balabane, Lochak, and Sulem (1989).

We conclude this description by stressing the dynamic relevance of singu-
larity formation. Julia’s sentence (quoted by L. Garding, T. Kotake and .J.
Leray, Bull. Soc. Math. France, 92, 263, 1964) that we put in epigraph, ex-
presses in a somewhat provocative way the importance of an effect which is
sometimes considered as “unphysical.” Singularity formation reveals drastic
changes in the magnitude and the typical scales of the solution, although
in realistic situations other couplings intervene near collapse and act as
small-scale mollifiers. From a physical point of view, various situations are,
in fact, possible. In some instances, illustrated by the self-focusing of a
laser beam, the blowup of NLS solutions reflects the occurrence of violent
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(although possibly non strictly singular) events at the level of the primitive
equations, giving a valuable practical interest to the envelope formalism. In
other cases, the NLS singularities only reflect the transition from a weakly
to a moderately nonlinear regime. An interesting question then concerns
the necessity to return to the primitive equations or the possible existence
of an intermediate asymptotics valid beyond the NLS blowup.

The present monograph grew from a suggestion by George Papanicolaou
to write a survey on the phenomenon of wave collapse as described by the
NLS equation. We acknowledge with gratitude the enlightening collabora-
tion on the nature of the blowup singularities we have had with George and
his collaborators B. LeMesurier, M. Landman, and X.P. Wang, during our
visits at the Courant Institute. Our work with W. Craig laid the basis of
our description of the water-wave problem. Our discussion of the coupling
to low-frequency acoustic type waves is closely linked to joint work with T.
Passot. S. Champeaux, and A. Gazol on the propagation of Alfvén waves
in a magnetized plasma. We thank all of them for these fruitful collabo-
rations that provided the backbone of this book. We are very grateful to
L. Berge, V.S. Buslaev, J. Coleman, V. Dougalis, GG. Fibich, N. Koppel,
E. Kuznetsov, V. Malkin, D. McLaughlin, H. Nawa, A. Newell. D. Peli-
novsky, G. Ponce, J.J. Rasmussen, J.C. Saut, J. Shatah, .M. Sigal, A.
Softer, W. Strauss, M. Weinstein, J. Xin, and V.E. Zakharov for very use-
ful discussions or correspondence from which we have benefited throughout
the years, or for detailed comments and suggestions on earlier drafts of the
manuscript. We thank all our colleagues who gave us copies of their papers
before publication. We are also grateful to Achi Dosanjh, Frank McGuckin,
and the editorial and production staff at Springer-Verlag (New-York) for
their amiable and efficient help in preparing the book for publication. We
shall maintain a list of errata and corrections that will be available through
the world wide web address http://www.obs-nice.fr/sulem/. This work
benefited from partial support from NSERC operating grant OGP0046G179.

Toronto C. Sulem

Nice P.L. Sulem
March 1999
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1
The Physical Context

1.1 Weakly Nonlinear Dispersive Waves

1.1.1 A Weakly Nonlinear Dispersion Relation

The nonlinear Schrédinger (NLS) equation arises in various physical con-
texts in the description of nonlinear waves (Whitham 1974) such as
propagation of a laser beam in a medium whose index of refraction is sensi-
tive to the wave amplitude, water waves at the free surface of an ideal flnid,
and plasma waves. It provides a canonical description of the envelope dy-
namics of a scalar dispersive wave train e ei(KX—wt) with a small (e < 1)
but finite amplitude, slowly modulated in space and time, propagating in
a conservative system (Benney and Newell 1967, Newell 1974).
Let us consider a scalar nonlinear wave equation written symbolically

L(0;, V)u+ G(u) = 0, (1.1.1)

where L is a linear operator with constant coefficients and ¢ a nonlinear
function of u and of its derivatives. For a small-amplitude solution of mag-
nitude € < 1., the nonlinear effects can first be neglected, and the equation
admits approximate monochromatic wave solutions

u = epeiKX—wt) (1.1.2)

with a constant amplitude e). The frequency w and the wave vector k are
real quantities related by the dispersion relation

L(—iw,ik) = 0. (1.1.3)
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This (algebraic) equation may admit several solutions. We concentrate on
one of them:

w = w(k). (1.1.4)

Although we assume a small-amplitude wave, cumulated nonlinear effects
become significant on long time scales and large propagation distances.
A regular perturbative calculation of the solution of (1.1.1) about the
monochromatic solution (1.1.2) leads indeed to resonant terms in the hier-
archy of equations arising at the different orders, which results in secular
terms in the perturbative expansion of the solution. A classical approach
to such a situation is provided by multiple-scale expansion methods where
the complex amplitude of the “carrying wave” (also called carrier) is no
longer constant. It depends on the slow variables T' = et and X = ex, and
its evolution is prescribed by solvability conditions that eliminate the res-
onances. This approach is illustrated on a simple example in Section 1.1.3
and then in the physically important context of laser beam propagation
in a nonlinear medium where the index of refraction varies linearly with
the wave intensity (Kerr medinm) in Section 1.2.3. A more general frame-
work involving the driving of a mean field by the modulation is considered
in Chapter 10. Situations involving the coupling to low-frequency acoustic

raves are addressed in Part V.

A simple heuristic argument can explain the canonical character of the
NLS equation, viewed as the expansion at the lowest nontrivial order of
a generalized weakly nonlinear dispersion relation (Kadomtsev and Karp-
man 1971, Kadomtsev 1979, Zakharov, Muster, and Rubenchik 1985, Craik
1985). For this purpose, it is convenient to reinterpret the linear dispersion
relation (1.1.4) in the form

(i0y — w(—idx))peiKX-wt) — ¢ (1.1.5)

where dx is the gradient with respect to x and w(—idx) the pseudo-
differential operator obtained by replacing k by —idx in w(k).

In a weakly nonlinear medium responding adiabatically (i.e., instanta-
neously) to a finite wave amplitude, the nonlinearity is expected to affect
the dispersion relation of the carrying wave (in addition to the generation
of harmonics of smaller amplitude). The frequency of the wave becomes
dependent of the intensity,! which leads to replace the frequency w(k) by
a function Q(k. e*|10]?) with Q(k,0) = w(k). Furthermore, the (complex)
wave amplitude v is no longer a constant but is modulated in space and
time, thus depending on the slow variables X = ex and T = et. In (1.1.5),
the derivatives d; and dx are thus to be replaced by d; + edp and dx + €V,

'For the sake of simplicity, we do not consider here the onset of mean fields or
low-frequency waves that in the presence of quadratic nonlinearities, may result
from the amplitude modulation (see Parts IV and V).
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where ¥V now denotes the gradient with respect to the slow spatial variable
X. As a consequence, (1.1.5) is replaced by

(60, + iedp — Q(—ibx — i€V, 2||?)|pe’EX-w1) — ¢ (1.1.6)
Equivalently, one has the weakly nonlinear dispersion relation
(w4 iedp — Qk — ieV, 21 [*)]y = 0. (1.1.7)

The parameter € being small, this equation is expanded to second order
in powers of € about the linear dispersion relation obeyed by the carrying
wave, in the form

i(Or + vy - V)b 4+ (V- (DVY) + v[¢|*)} =0, (1.1.8)

where v, = Vpw is the group velocity and D = (%mﬂﬁk ), with j, 7 =
L,---d. is defined as half the Hessian matrix of the fI‘E‘fi‘llFllf‘} both evalu-
ated at the carrier wavevector k € R, in the absence of nonlinearities. The
coupling coefficient « is associated to the expansion in powers of the wave

intensity and is glwn by 5 (‘Ez] evaluated at || = 0 and at the carrier

wave vector K.

When (1.1.8) is viewed as an initial value problem in time? (absolute dy-
na,mlf:s}, this equation is conveniently written in a reference frame moving
at the group velocity by defining £ = X — T'v,. Rescaling time in the form
7 = e, we get the NLS equation

v
o

where the spatial derivatives are now taken with respect to the £ variable.

It is easily checked that the operator D = V. (DV) simplifies in isotropic
media where the frequency depends only on the modulus of the wave vector.
Assuming the carrier wave vector in the x-direction, the operator [ can be
rewritten [ = —d;{ x+ 55 & 1, where w’ and w” denote the first and second
derivatives of the flEC]llEIlE}f w with respect to the wave number k., and A |
the Laplacian with respect to the directions transverse to the propagation.
In this form, the first term refers to the group velocity dispersion and the
second one to the wave diffraction.

The NLS equation is often called elliptic when the (real symmetric) op-
erator D = V - (DV) is so. The elliptic NLS equation arises also in other
contexts. In quantum mechanics, it is obtained in localizing the poten-
tial of the Hartree equation (Pitaevskii 1961). In chemistry, it appears as
a continuous-limit model for mesoscopic molecular structures (Gaididei,
Rasmussen and Christiansen 1995).

V- (DVY) + yl|*y = 0, (1.1.9)

“In optics, where the dispersion relation is viewed as prescribing the wavenum-
ber in terms of the frequency, (1.1.8) is usually seen as an initial value problem
along the direction defined by the group velocity (convective dynamics). This
case is considered in Section 1.2,
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1.1.2  Derwation in Terms of Fourier-Mode Coupling

A related derivation of the NLS equation often given in the plasma physics
literature (see, e.g., Zakharov, L'vov, and Falkovich 1992) is based on
Fourier-mode coupling formalism where the modulation corresponds to
a broadening of spectra in frequencies and wave vectors. about the car-
rier values w and k. Considering a wave vector K close to k and defining
k = K — k with |k| << k& = |k|, the corresponding frequency for linear
waves is approximated by

1
w(K) = w(k) +v, &+ Ew;’injm. (1.1.10)

In the linear theory, the associated Fourier mode ¢(K.t) is proportional

to e— )t and thus obeys the equation
Oie(K. 1) +iw(K)e(K, t) =0 (1.1.11)

where w(K) is given by (1.1.10}). The nonlinearity contributes dominantly
through four-wave interactions where approximately equal wave vectors are
involved. This leads to replace in the nonlinear regime (1.1.11) by

dic(K, 1) + iw(K)e(K, t)

= f-/QK.Kl__K2__Kaﬂ*(Kl)ﬂ{Kz)ﬂ(Ka)é(K + Ky — Kg — K3)dKqa3.
(1.1.12)

where we used the notation dKjy93 = dKqdKodKg. For a narrow
wave packet centered at the wave vector k. the kernel G (assumed to be
continuous when all the arguments tend to k) is approximated by

o~

~ =7 1.1.13
UK Ky Ky Kg ¥ 9k kkk = (3,73 (1.1.13)

This yields

1
Dpe(K) + i (w(k) Vg W, ﬁ:;) ¢(K)

{Eﬂ-}:i

/EZ*{KI)E{KE)EZ(K:}}&{K + K]_ — K2 — KE}dKIZS = (.

(1.1.14)
For fixed k, one then defines u(k,t) = Ei“{k“n[k + K, t), which is slowly
varying in the t-variable and obeys

Duii(K) +i(v, - K)i(K) + %m;ﬁjmmﬁ)

7y
(2m)3

/ﬁ* {Hl)ﬁ{ﬂ.z}ﬂ{ﬁ.g]é[ﬁ + Ky — Ko — Hg)dﬁlzg = (.
(1.1.15)
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As a consequence, the complex field

u(x,t) = (2m) 2 /H{ﬁ,t}em'xdﬂ.
= {E‘ﬂ)_‘gﬁei‘”(k:’t /m[k + k. t) e Rdr
— (27)~3/2e—ilkx—w(k)t) / (K, e EXgK, (1.1.16)

which appears as the envelope of the wave packet (27) —3/2 | (K, t}e";K'}{dK,
obeys the NLS equation

i
2
written in the primitive physical variables. Since the wave amplitude is
small, the function u varies slowly in space and time. The simple rescaling
u(x,t) = ep(X,T') with X = ex and T" = ¢t then reproduces (1.1.8). An
equivalent approach based on the Hamiltonian character of the problem

is given in Section 15.1.2 in a more general case involving the coupling to
low-frequency acoustic waves,

O+ vy - Vu — switdidu — iylul*u = 0. (1.1.17)

1.1.3  Introduction to Multiple-Scale Analysis

As a simple illustration of the multiple-scale method (Dodd, Eilbeck,
Gibbon, and Morris 1982, Newell 1985), which provides a systematic deriva-
tion of envelope equations, we consider the example of the Klein—Gordon
equation in three space dimensions

wee — Au A+ du = u®, (1.1.18)

where & is a positive parameter associated to the wave dispersion and
A denotes a real coupling constant. A general discussion of this formal-
ism is given in Section 10.1 in the case where the wave equations include
quadratic nonlinearities, which induce a coupling to a mean field driven by
the modulations.

In the linear regime, (1.1.18) admits a solution in the form of a
monochromatic wave

ug(x, t) = pettFr=wt 4 e, (1.1.19)

propagating in a direction taken as the x-axis. Here c.c. stands for the
complex conjugate, and the frequency w is given by the dispersion relation

w? = k* + 8. (1.1.20)

In order to analyze the influence of weak nonlinear effects, we expand the
solution in powers of a small parameter € measuring the magnitude of the
wave amplitude

u = e(ug + €uy + €“ug + - --). (1.1.21)
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As is well known, a regular perturbation expansion would lead to the onset
of resonant terms resulting from the cumulative effects of weak nonlinear-
ities on long time or large distances. As in the classical example of the
anharmonic oscillator (see, e.g., Bender and Orszag 1978), a multiple-scale
analysis is thus needed. For this purpose, we introduce the large-scale vari-
ables X = ex, T = ¢t. and in the case of multidimensional modulation,
Y = ey and Z = ez. Looking at the solution as a function of both the
fast and slow wvariables, the linear operator arising in the Klein—Gordon
equation can be rewritten as

L=LY 4 et 4 202 4. (1.1.22)
where the two first contributions are given by
aiﬁ a!
LW = _—  — 43§ 1.1.23
otz dx? | { )
0* 0°
LW = 2( - ) 1.1.24
dtdT  OrodX { )
At order €, we have
LWy, =0, (1.1.25)
and we recover the solution
up(x, t) = (X, Y, Z, T)etFr=wt) 4 ¢ c. (1.1.26)

of the linear problem, except that the amplitude now depends on the slow
variables.
At order €*, we have

Lliﬂll.ul = — LWy,

e, e, :
_py (“"'a_r + kﬁx)-g}e*'ﬁ“‘f-’ﬂ—wﬂ +ee., (1.1.27)
which requires the solvability condition
vy , .
+w —= =0, 1.1.28
T dX " { )

where, using the dispersion relation (1.1.20), we noted that % can be iden-
tified with the group velocity v, = w’ of the wave packet. On the time
scale T', the wave packet is just transported at the group velocity and thus
depends only on the variable § = X — v,T". We then solve

uy = 0. (1.1.29)

Two equivalent points of view are then possible to describe the effect of
the next-order contributions. They can be viewed as corrections to the
dynamics taking place on the scales associated to the variables X and 7.
This approach used in Chapter 10 may be convenient in problems involving
coupling between waves propagating at different velocities. Alternatively,
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we consider here that, as the result of cumulative effects, the next-order
contribution affects the leading-order dynamics on a time scale (or in other
instances, as discussed in Remark (i) below, a propagation distance) of
order ¢ . Defining 7 = €*t, we thus write ¢» = (£, 7) to indicate that in
the frame moving at the group velocity, the amplitude evolves on the time
scale associated to the variable 7 = €t

When this second time-scale is introduced, the operator L2 in (1.1.22)
reads

aﬂl H}] HE
v i + 2 I s - v ‘
AT dtor 0X?
where A denotes the Laplacian with respect to the (slow) transverse

coordinates in the case where the wave is also modulated transversally.
At order €*, we then have

L-{{”T.Lg — L2 up + /\u?]

L2 —

~ AL, (1.1.30)

.0 7 .
— -—( Ao EIMJH'T - X2 - .&J_)“-{} -+ .}'LT.Lg
- 0 i BE 3 .
= (Eau;d—T + W (:9_5‘3 + &J_)?.Lﬂ + /"'l'il[], {1151)

where again from the dispersion relation, the coefficient 1 — w'? can be
rewritten as ww'. The solvability condition that eliminates the terms pro-
portional to e!**=«*) (and its complex conjugate) then reduces to the cubic
Schrodinger equation
a'l.'-f} i HEL’-II} 23
— F+w — Fad Y+ BlY| Y =0, 1.1.32

where 3 = L—J‘ The coefficient «, here equal to 1. holds for the second-order

.2 2 - -
08— 9 oyaluated at K, = k and K, = K. = 0, where (2

oK2z — oKz VY
solves the three-dimensional dispersion relation —Q*+ K>+ K+ K> +6 = 0.
Due to the isotropy of the dispersion relation, one has a = wv,/k. The
corrective term

derivative

Uy = Poe ' FFWH 4 ¢ e (1.1.33)

is associated to the third harmonics and its amplitude is computed in terms
of that of the carrier as

I,f»':i I,f»‘H

(1.1.34)
Note that the amplitude equation (1.1.32), identifies with that associated
to the Sine-Gordon equation

Uy — Au + gsinru = 0, (1.1.35)

3
when gr = § and % = A, since at the order of the expansion, only the

cubic nonlinearity is relevant. A rigorous discussion of the validity of the
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modulation equation in this context for the one-dimensional problem is
presented by Kirrmann, Schneider and Mielke (1995).

Remarks

(i) Equation (1.1.32) describes the time evolution of the wave amplitude
from an initial modulation 14(X,Y, Z), a situation referred to as absolute
dynamics. In other instances, as in nonlinear optics (see Section 1.2), one
often deals with wave packets for which the modulation can be viewed
as stationary (or close to this state), compared to the wave period. In
siuch cases, it is convenient to introduce instead of the variables & and
7, the delayed time # = T — 2 and the rescaled propagation coordinate

Vg

¢ = eX = e2x. One obtains the NLS equation for the convective dynamics,
which in an isotropic medium has the form

h) T HEI.'& a2
20— — k" —= + oA | ¥+ By =0, 1.1.36
a¢ 502 1+ BT =0, { )
with the time dispersion, k" = % and the diffraction coefficient o given
by %—f{ or %—_;E'} evaluated for 2 = w, K, = K., = 0. In the present

example, these coefficients are equal to —1/k* and —1/k. respectively. In
this context, the NLS equation is to be viewed as an initial problem in
terms of the propagation coordinate. If the @ dependence is slow and the
time dispersion thus neglected, the amplitude is governed by the elliptic
two-dimensional NLS equation.

(ii) It is important to note that the zero dispersion limit § — 0 (leading
to w” = 0 or k" = 0) cannot be taken in (1.1.32) or (1.1.36), since the
amplitude 1 of the third harmonics then becomes infinite, indicating that
it can no longer be viewed as “slaved” to the carrying wave. A divergence
of the coupling coefficient in the NLS equation can even arise when the
primitive wave equation includes guadratic nonlinearities because in this
case, a contribution comes from the interaction of the carrying wave with
the second harmonics u; that are nonzero and diverge in the zero-dispersion
limit (see Section 10.2).

(iii) We finally mention that an interpretation of the envelope equation was

recently given in terms of the renormalization group method (Matsuba and
Nozaki 1997).

1.2 The Example of Optical Waves

This section is devoted to the derivation of the NLS equation in the context
of a quasi-monochromatic wave train, usually an intense laser beam, prop-
agating in a weakly nonlinear dielectric. It can be viewed as an extension to
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weakly nonlinear waves of the paraxial approximation for a linear medium
with small fluctuations of the refractive index.

1.2.1 Waves in a Dielectric

The starting point is provided by the Maxwell equations in a dielectric
medium, which in the absence of free electric charges and currents read

V-D =0, (1.2.1)
V-B=0, (1.2.2)
JB
E = — . 1.2.3
V % 5 ( )
oD
H = i 1.2.4
V X 5 ( )

Here the magnetic and electric inductions B and D are given in terms of
the magnetic and electric fields H and E. by the constitutive relations

B = uH, (1.2.5)
The magnetic permeability g and the vacuum permitivity ¢; are related
by egu = ¢ 2, with ¢ denoting the velocity of light in vacuum, where
P = 0. In a dielectric medinm, in contrast. the polarization P describes the
macroscopic effect resulting from the displacement of the bound electrons

when an electric field is applied.
It follows from (1.2.1)—(1.2.4) that

1 1
V ox (V x E:] -+ EE,‘?HE = ——0uP, [1.2.?:]

c? g

where one can rewrite
Vx(VxE)=-AE+ V(V-E). (1.2.8)

The problem will be closed by expressing the polarization P in terms of
the electric field E.

1.2.2  The Parazial Approximation in a Linear Medium
Assume the medium linear and steady, such that (¢ < 1)
1 :
F_P = (xo + EEX]_{}{.})E._. [129)
0

where Yy is a constant and £y (x) describes small spatial fluctuations of
the electric susceptibility.

In the absence of fluctuations, the wave equation admits solutions in the
form of monochromatic linearly polarized plane waves

Ey(x,t) = (Ee!*2=9t 4 cc)e, (1.2.10)
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where e is a unit vector perpendicular to the wave vector k = (0,0, k)

with k? = ‘:—_;{1 + x0). Small fluctuations e%y; of the electric susceptibility
taking place on scales large compared to the wavelength 27 [k will only be
significant on a propagation distance z of order e72 in wavelength units.
The transverse Laplacian will be relevant for transverse scales of order e 1.
This leads one to introduce the slow variables Z = =%z, X = =2, Y = =y.

One also expands

%y

E=E;+E;+---. (1.2.11)

The leading order reproduces the unperturbed problem, except that the
complex amplitude & now depends on the slow variables. At the next or-
der. one gets an inhomogeneous linear equation that, for the existence of
periodic solutions with respect to the fast variables requires the solvability
condition

2

2ikdzE + A LE + i€ =0, (1.2.12)

I+ xo
where A | is the Laplacian transverse to the propagation. This is the
parabolic equation, also called the paraxial or forward scattering approx-
imation. Karpman (1975) and Litvak, Petrova, Sergeev, and Yunakovskii
(1988) mention that this approximation was first introduced by Leontovich
(1944) in analyzing the propagation of an electromagnetic wave along the
surface of the earth. It is extensively used in the context of wave prop-
agation in random media (Klyatskin and Tatarskii 1970, Klyatskin 1971,
Bailly, Clouet, and Fouque 1996 and references therein). Note that in the
linear problem where the refractive index is slowly varying. no harmonics
of the carrying wave are generated, and dispersive effects are not required.

1.2.3  Static Modulation in a Kerr Medium

The above analysis extends to a nonlinear medium with a cubic nonlinearity
(Kerr medium). Assuming formally that the refractive index fluctuations
are given by y; = A|E|?, when the third-order harmonics are neglected
(Kelley 1965, Talanov 1966), one directly gets (1.2.12) with y; replaced by
AlE|?. This approach is, in fact, questionable since the linear problem being
nondispersive, third harmonics also lead to secular terms and cannot be a
priori ignored.

Dispersive effects actually exist in the physical problem and originate
from the fact that matter does not respond instantaneously to stimula-
tion by light (Ablowitz and Segur 1981, Newell and Moloney 1992). In an
isotropic medium (we refer to the latter reference for a discussion of more
general situations), we have

—+ o

P(x.,t) = € / x(t — t"E(x, t")dt', (1.2.13)

— 3
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where due to causality, the electric susceptibility y(t — t') is equal to 0 for
t —t' < 0. It also rapidly decreases as [t — t'| — oc.

For an infinitesimal monochromatic wave E = (£e***~%% 4 c.c.)e, the
kernel v is a given function of £, and one easily gets P = Euf{w}fﬂi{kz_“"” +
c.c.) e, where Y(w) stands for the Fourier transform of x(t). The wave is then
dispersive with a dispersion relation k? = f—j{l + Y (w)). The dependence of
the electric susceptibility Y(w) in terms of the wave frequency is, in general,
weak, except when the latter matches a natural frequency of matter. In the
following. we assume that we are far from this regime, and the absorption
can then be viewed as negligible (real susceptibility).

When the wave amplitude is not infinitesimal, the polarization depends
nonlinearly on E. For a centrosymmetric medium (i.e., a medium where
when E is replaced by —E, P is replaced by —P), the leading nonlinearity
(in terms of the wave amplitude), is cubic,” and we write

—+ o

€Q) —

-+ o
+ f Xalt —t1.t — 1o, — t3)(E(t) - E(t2))E(t;)dt dtadts,

— D

(1.2.14)

where yi is symmetric in its three arguments.

As noted in Luther, Newell, and Moloney (1994), in the usual conditions,
the duration and transverse width of the light pulses are such that the
modulation can be viewed as stationary. In expanding E = cEg+£°E; +- - -,
the leading order Ey = (£(X.Y, Z)e'™™ =% 4 c.c.)e contributes to the
polarization P as

E[]{Efl{‘-‘f’)gﬁﬂkm_wﬂ + Eafﬁ'a(% —W, I'~*--')|"E|2‘fjl@ﬂﬁm_m}I
+ 3% (w, w, w)E3e3kT=wl) 4 ¢ e e,
One then obtains the envelope equation (Ablowitz and Segur 1981)
¢ -FH?- w, —uw., w
2ikdZE + A L E + 3k X - W)
14 x1(w)

Note that if the electric susceptibility and thus the refractive index in-
crease with the wave intensity (Y3(w, —w,w) > 0), then in a region where
the wave amplitude is slightly amplified, the refractive index is also en-
larged. From geometrical optics, the light rays bend towards this region,
which still increases the refractive index and thus bends the light rays even
more. This modulational instability of the wave (see Section 1.3.1) leads

E]2E = 0. (1.2.15)

*When the above symmetry is lacking, a quadratic nonlinear term is present,
which, as discussed in Chapter 10, induces a mean field driven by the amplitude
modulation (see Newell and Moloney 1992 for a discussion of this effect in the
context of nonlinear optics).
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to the self-focusing (also called filamentation) of the beam, a phenomenon
extensively studied in the context of laser beams since the early sixties
(see, e.g., Chiao, Garmire, and Townes 1964, Garmire, Chiao, and Townes
1966, Talanov 1964, 1965, Kelley 1965, Askar'van 1966, Shen 1976, and
Vlasov and Talanov 1997 for an extended bibliography). In contrast, if
Y3(w, —w,w) is negative, the system is stable, the change in the refracting
index counteracting the effect of the initial perturbation.

An interesting question is the influence of the inhomogeneities present
in the medinm on the wave focusing. The effect of a random refractive
index that is a white noise with respect to the propagation coordinate, is
addressed in Gaididei and Christiansen (1998) (see also references therein).
They conclude that random fluctuations can postpone the collapse or even
in some instances prevent self-focusing.

1.2.4  Time Dispersion of Ultrashort Wave Trains

When the laser beam is emitted during a very short time, the modulation
can no longer be viewed as stationary, and a (slow) time-dependence of
the amplitude should be retained. The analysis is then more delicate. We
review it here, following Newell and Moloney (1992). Special attention has
been recently devoted to such pulses because for the same total energy,
they correspond to higher peak intensity with specific consequences such
as increased ocular damage and also possible application to eve surgery
(Powell, Moloney, and Albanese 1993, Fibich 1995, 1996a and references
therein).
Equation (1.2.7) can be rewritten in the form

LE = N{E}, (1.2.16)

where both

. 1. 1 9% [T
LE = V2E — V(V.E) - ﬂ_gdf-tE ~ / it —t)E(t))dt; (1.2.17)

and

1 o p
E{}EE tf:?Et NL

N{E}

1 H.-E —+oC
2 o2 / Xal(t —ti.t —ta, t — t3)(E(ty) - E(t2))E(t3)dt dtadts

— o

(1.2.18)

include a nonlocal dependence with respect to the time variable.
We look for solutions of the form

E =:=E; + EEEI + EHEE -+ e [1219:]
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where £ is a small positive parameter measuring the field amplitude. The
leading-order contribution

Eo = (E(X.Y. Z, T)e'F= L cc)e (1.2.20)

has the form of a guasi-monochromatic wave train., polarized in a direc-
tion e, perpendicular to the direction z of the propagation. The (complex)
amplitude £ depends on the slow variables X = cx, YV = =y, Z = =z,
T = #f.

It is convenient at this step to estimate the leading order of the
polarization

Py = (P + c.c.)e, (1.2.21)
where
+ 00 _ F
Py(t) = e / x1(t —t')Ep (et e Rt qy, (1.2.22)
By Fourier transform in time, we have
1 — — | I § *
;“H](n) = X1(Q)Ey(Q) = Eeﬂ““xl[ﬂ}f[ —) (1.2.23)
Coming back to the physical space,
]. ]. ]. e —q o, i ﬂ el
—Py(t) = —=¢th= /p 2T E( )d{
€0 2T e =)

| o . |

= 2—5“”—*“ [ e (w4 ) EW)dy (1.2.24)
.F El

where we expand 1 (w+er) = Y1(w) + X1 (w)ev + %”xﬁf”[wjﬁgvz + - - -, where

the primes hold for derivatives with respect to the frequency. This yields

L po(t) = e 9(g(w) + i (@) 2 — 15" w) L+ alety
o 0 : X1 X1 ot 2,?3(1 12 0l st
" _ o 1 , 0°
ik —wt) i ol PR vl f 2 _
= ¢ W)+ iy (w)e - w)e =4 | Eg(T),
[(x1(w) +ix1 (w) aT 2Jﬁfl (w) T2 [ Ea(T).
(1.2.25)
Looking at (1.2.25) as a formal Taylor expansion, we are led to write
symbolically
1 , | 0
P ) = fi[kz—mt}ﬁ_ e \ENT
. o(t) = e X1(w + HT) o(T)
= " FFWST 8, 4 edp) By, (1.2.26)
Expanding L = Ly + Ly + 2Ly + - - -, we obtain at the successive orders
LoEy = 0. (1.2.27)
L[]El = —LlE{], {1228:]

LoEs = —L-Ey — L1E, +J"\"?;|[E[]:l, [1.2.29:]
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where
202
2, W) \
2020,
LoEy = 0 —k? + Lj{m) 0 Ey
c
0 0 wn"(w)
K c? )
(1.2.30)
and n?(w) = 1 4 X1 (w). The associated dispersion relation reduces to
. '3'?1:3 wf
k= % Furthermore,
1. 1 82
- E—EdttEu T2 92 [Xl(t —t')Eo(t')dt’
W + Fia’I‘ . - o~ . ‘ N
= { = ) (14 ¥1(w + £i07))Ey = k*(w + cidp)Ey

= (k*(w) + 2ickk'0p — 2 (kK" + K*)0rr)Eg + -, (1.2.31)

where in the expansion of the operator k*(w + #idy), the prime denotes
derivatives and the corresponding functions are evaluated for the frequency
w. It follows that

2ik0z + 2ikk' Op 0 —ikdx
L E, = 0 2ikdz + 2ikk'dr  —ikdy | Eg,
—ikdy —ikdy 2ikk’ O
(1.2.32)
and
-LEEU' -
Ayz — a(w)drr ~Oxy ~0x z
—dxy Axz — alw)drr —0xz E.
—0xz —dyz Axy — a(w)drr
[1.2.33:]

where to simplify the notation, we defined Ay z = dyvy + 0zz. Axz =
Oxx +0zz, Axy = dxx + Oyy and o(w) = (kk' + k).
After computing L E;, (1.2.28) becomes

LoE, = —2ik(0z + K 0p)Ee**wNe 4+ ikV - (Ee)e'F—wg  (1.2.34)
The solvability condition reads
(07 + K 0r)E = 0. (1.2.35)
[t follows that
i

E, = (E? : {fﬂe)z t+ Ele}ei{kz_“"“ + c.c., (1.2.36)
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where we included an element of the null space in the direction e. Equation
(1.2.29) becomes

(Ovy + 0zz — a(k))drr)Eoes — IxyEoey

LoE; = — | —0xv&es + (Oxx + 2z — a(k)dpr)oe, | e*2—wt)
—dx z&er — Oy zEpey,
Ix (OxEpesr + Oy Epey)
- dy (Ox Eper + Oy Epey) etlhz—wt)
'"EMHT(‘?XEUEI + 3y5[]ﬂy)
w2

2

— 2ik(dz + ﬁ:’@T}SleE”kz_“” — 3

ﬁ{:u.."‘ _LL:', I..I:J} |£’[] |Egﬂeﬂi{k$—wt}l

+ third order harmonics + c.c. (1.2.37)

The solvability condition reads

— k(D7 + k‘fﬁr)rﬁ'l —(Oxx + Oyy + 0zz — ﬂ'[w}HTT}Eﬂ
2
- 35 (w, —w,w)|&[*€0 = 0. (1.2.38)
Combining (1.2.35) and (1.2.38), defining £ = &, + €&, and using (1.2.35)
to evaluate the O(¢) terms originating from (1.2.38), we get (A, = dyx +

dyy )

Qik(ag -+ R!’HT:]E
2

- .ﬂ:((&l — kk" Opp)E - Li?ﬁ(w_, —w, u;)|5|2€) =0. (1.2.39)
¢

The small parameter £ can then be eliminated by introducing the delayed
time 7 = T — k'Z = £(t — k'z) and rescaling the propagation coordinate
( =¢eZ = ez We get

1 E" 3w’
AE— —d. E+ 5.2

Yo, -
T£$+2k‘ 9

lw, —w,w)|E]PE =0 (1.2.40)

which in the absence of time dependence reproduces (1.2.15).

In the case of the so-called anomalous group velocity dispersion (k" < 0),
(1.2.40) reduces to the canonical elliptic NLS equation in three dimensions.
Experimental requirements for self-focusing of an optical pulse in this con-
text are described by Silberberg (1990). The case of normal dispersion
(k" = 0) deserves a special discussion, which is detailed in Section 9.2. In
situations where it is weak, its effect can be viewed as a perturbation to the
canonical two-dimensional NLS equation and is amenable to an asymptotic
analysis.
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1.3 Basic Dynamical Effects

1.3.1 Modulational Instability
The NLS equation

iy + D + ~|| % = 0, (1.3.1)

where D = «;;0;0; (with summation over the repeated indices), admits
exact solutions in the form 0 = ;ﬁr[]ezi"'“h*"“':a*, corresponding in the origi-
nal problem to a plane wave whose frequency is slightly shifted by the
nonlinearity. We study the linear stability of this solution by writing

v = ol + 'a}eziﬁ"ﬂ"*lz““ﬂ ~ ol + 1; + ifgﬂ'r)ﬁi”I"‘-"J"iE* with infinitesimal
perturbations 1 and ¢ of the amplitude and phase. We get

Uy + D = 0, (1.3.2)
o¢ — Db — 29|epo[*p = 0, (1.3.3)

ar
(D + D + 29[1po|2D)ep = 0. (1.3.4)

Looking for harmonic perturbations v and ¢ proportional to e * Fe7!

this leads to the relation

{T-"2 = 2’f|$[]|2ﬂ'ijﬂi-“ij - {:ﬂ'ij.“ii;.“ij)g. {1115)

If yoyjk:Kk; 18 negative, o is imaginary and the wave amplitude remains
bounded. When it is positive and 2|yy[* > ;jKik; /7, the perturbation
amplitude is exponentially amplified. This instability of a wawve train of
wave number k relative to disturbances in the form of a large-scale long-
time modulation, or equivalently in the form of two “side-band” modes
k + ek, is known as the modulational, or Benjamin—Feir instability after
the discoverers of this effect in the water-wave context (Benjamin and Feir
1967).

Let us specify the stability condition to the case of the “elliptic” NLS
equation where the operator D is of the form D = oA, a situation ad-
dressed in detail in this monograph. When the coefficients o and ~ have
the same signs (attracting nonlinearity), disturbances of wave number &
obeying k2 < ?|-1;‘:.;,|2 are linearly unstable, while larger wave numbers are
stabilized by the dispersion. When the two coefficients have opposite sign
(repulsing nonlinearity), constant-amplitude solutions are modulationally
stable.

Another important example concerns the two-dimensional “hyperbolic”
NLS equation where D = 8., — d,, and which arises for example in the
description of surface gravity waves on deep water. In this case 0% = (k% —
k3279 |* — (k1 — k3)], and the Fourier modes located in the domain

of the (k1,k2)-plane bounded by the hyperbola k7 — k3 = 2v[iy|? and
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FIGURE 1.1. Modulational instability and wave collapse for the two-dimensional
elliptic NLS equation (see text for details).

its asvmptotes k; = Z£ko are unstable. Note that this domain includes
arbitrarily large wave numbers.

Experimentally, the modulational instability has been observed in various
physical contexts, including surface waves on deep water (Benjamin 1967a,
Yuen and Lake 1975, 1980, Remoissenet 1996) and light waves in optical
fibers (Tal, Hasegawa, and Tomita 1986).

The nonlinear development of this instability depends on the space di-
mension. Numerical simulations of the focusing one-dimensional cubic NLS
equation in a periodic domain has revealed a Fermi-Pasta—Ulam (1955) re-
current behavior of the solution (Yuen and Ferguson 1978a, Hafizi 1981).
Janssen (1981) constructed time periodic solutions by formal perturbative
computations near threshold. Based on the argument that recurrence is
related to the effective excitation of a finite number of modes on which the
energy is perpetually redistributed (Thyragaraja 1979), models retaining a
few Fourier modes were considered by Infeld (1981). A treatment based on
the assumption that the linearly stable modes are phase locked (or slaved)
to the unstable ones is given by Rowlands (1980). A theoretical interpre-
tation of this recurrent behavior is given in Ablowitz and Clarkson (1991)
and references therein, based on the existence of homoclinic orbits associ-
ated to the unstable eigendirections of the linear problem. Recurrence was
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also observed with the hyperbolic two-dimensional NLS equation (Yuen
and Ferguson 1978b, Yuen & Lake 1980), a question discussed in Section
0.2.2. It is also reported in the context of one-dimensional Langmuir waves
in the situation where the dynamics are roughly adiabatic (see Chapter
13), using finite-size particle codes (Tajima, Goldman, Leboeuf, and Daw-
son 1981). In contrast, for the periodic one-dimensional NLS with quintic
nonlinearity or in the case of the two-dimensional elliptic NLS equation
with cubic nonlinearities, numerical evidence of finite-time blowup was re-
ported (see, e.g., Sulem, Sulem, and Frisch 1983, Sulem, Sulem, and Patera
1984). The nonlinear development of the modulational instability into wave
collapse is illustrated in Fig.1.1, in the case of an initial wave amplitude
o(x) = 240.01sin(z + § ) sin(y + T ). evolving according to the NLS equa-
tion iy + A + [0|*1y = 0. The wave amplitude is displayed within the
periodic domain [27 x 27| at times £ = 0, t = 1.4, ¢t = 1.55, and t = 1.5813.
A standard pseudo-spectral method with (256)* collocation points is used.
The phenomenon of wave collapse is actually delicate to analvze theoret-
ically in a periodic geometry and was mostly considered in the context
of localized solutions in the entire space. This phenomenon is extensively
discussed in the forthcoming chapters.

1.3.2  Solitons in One Space Dimension

We consider in this section the one-dimensional cubic Schrodinger equation
with an attracting nonlinearity, in the canonical form

i + ez + [0 = 0, (1.3.6)

in the entire space R. When the nonlinearity is repulsive, the nonlinearity
enhances the linear dispersion, and nontrivial dynamics require that the
solution be nonzero at infinity (see Kivshar and Luther-Davies 1998 for a
recent review on “dark solitons”).

We look for a localized traveling wave solution of the form

'l,ﬁrf-' _ Eil:rrr:—.fst]_”{é-:] {13?:]

with £ = » — Ut, r and s denoting real constants and the function v
being assumed real and decaying at infinity. Substituting in the Schrodinger
equation after choosing r = U/2 in order to eliminate the derivative term
v, and defining o = r? — s, we obtained the equation prescribing the shape

of the profile

v’ —av +v® = 0. (1.3.8)

After multiplication by v, the left-hand side of the equation rewrites as a
derivative. Assuming that v and its derivatives vanish at infinity, we have

5 1
v = av® — 5114. (1.3.9)
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For solutions vanishing at infinity, the quartic term is negligible at large dis-
tance and the existence of such solutions requires that « be taken positive.
Dividing by v* and defining w = 1/v, we have

: . 1
w? = aw? - =, (1.3.10)
which implies * w = m cosh(a'/2£). It follows that
v = (2a)Y/? ! (1.3.11)
| cosh(al/2¢) o

We thus obtain the existence of localized solutions in the form of a solitary
waves

[
4

s o 3 1/2 1 i %r::+|[u——]lt+:,:-“ 1 -

V(@ t) = (2a) cosh(al/2(x — Ut — I[]}::IE { ) (1.3.12)
where the constants xy and g reflect the invariance of the Schrodinger
equation by space translation and by phase shift, respectively. The velocity
U is associated to the invariance by Galilean transformation (see Section
2.3).

The above solutions, which are localized in space, preserve their form
and propagate with a constant velocity. They are, in fact, (bright) soli-
tons, which after they undergo collisions emerge with the same shape and
velocity. The cubic Schrodinger equation in one space dimension is indeed
integrable by the inverse scattering transform (IST'). The description of this
method, which reduces the resolution of the initial value problem to that of
an inverse scattering problem for an associated linear eigenvalue equation,
is bevond the scope of this monograph. The reader is referred to the origi-
nal articles (Zakharov and Shabat 1972, 1974, Ablowitz, Kaup, Newell, and
Segur 1974), to Chapter 6 of Newell and Moloney (1992) or for a general
introduction to IST to the review of Scott, Chu, and McLaughlin (1973)
and to the several books devoted this subject, among them Ablowitz and
Segur (1981), Eckhaus and Van Harten (1981), Dodd, Eilbeck, Gibbon, and
Morris (1982), Novikov, Manakov, Pitaevskii, and Zakharov (1984), Newell
(1985), Drazin and Johnson (1989). The integrability by IST leads in par-
ticular to the conclusion that for a large class of initial conditions vanishing
at infinity, the solution of the focusing cubic NLS equation in one space
dimension evolves asymptotically in time to a finite set of solitons with
some radiation that escapes to infinity.

The utilization of the dependence of the refractive index on the wave
intensity to balance the broadening effect of dispersion and make possi-
ble the transmission of optical pulses without distortion in dielectric fiber

2

*Note that if the nonlinearity is taken to be repulsive, one has w? = aw® + 3.

A localized solution is then associated to w = (2a) /% sinh(a'/2¢), leading to a
singularity at £ = 0 for the amplitude v = 1/w, which is not acceptable.
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waveguides was pointed out by Hasegawa and Tappert (1973). The result-
ing “optical temporal solitons " were observed by Mollenauer, Stollen &
Gordon (1980) (see also the review of Segev & Stegeman 1998).
Shape-preserving localized solutions can also be constructed in higher
dimensions (or for higher nonlinearities), and are usually referred to as
standing or solitary waves. The conditions for their existence and stability
relative to perturbations are discussed in Chapter 4. Even when stable, in
contrast with the solitons, they do not however enjoy collision stability,

specific of the cubic nonlinearity in one space dimension.

1.5.3  Soliton Instability for Transverse Perturbations

The effect of an infinitesimal long-wavelength transverse perturbation on a
soliton solution of the one-dimensional Schrodinger equation, was addressed
by Zakharov and Rubenchik (1974) and Yajima (1974), and reviewed in
Ablowitz and Segur (1981, pp. 271-274). A general discussion of soliton
stability is presented in Kuznetsov, Rubenchik, and Zakharov (1986).

We consider the equation

e + Vaz + My + []20 = 0, (1.3.13)

with A = £1. In the comoving frame, the soliton is given by

olz, t) = U(z)e ™, (1.3.14)
where ov > 0 and

U, —al 4 ¥ = (), (1.3.15)
or

V(x) = mslﬁgr}' (1.3.16)
This solution is perturbed in the form

b = U(1 4 §)eilat+9) (1.3.17)

where y and ¢ are infinitesimal disturbances that slowly depend on the
transverse variable y. In the linear approximation,

W =g + (f +ig)e'™, (1.3.18)

where f = yW¥ and g = q;‘llf are real quantities. After linearization about
the soliton solution, the NLS equation is replaced by the system

Lrf =gt — Afyy. (1.3.19)

°As already seen, when eq. (1.3.6) is considered in optics, the variable £ holds
for the coordinate along the direction of propagation, while the second derivative
1+ holds for the time-dispersion.
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Lig = —ft — Agyy: (1.3.20)
where
Ly = & — o+ 307, (1.3.21)
- dx? "
and
Li= & — o + U2, (1.3.22)
dx?

Restricting to long-wavelength transverse perturbations, we introduce the
slow variables Y = ey and T" = ¢t, and expand the perturbation in the form

f=foteni+eEfat---, (1.3.23)
g=goteg+ega+---. (1.3.24)

At leading order we have
Lrfo=0, (1.3.25)
Ligy =0, (1.3.26)

and thus

fo=a(Y,T)¥'(z) (1.3.27)
go = b(Y, T)U(z). (1.3.28)

The functions a and b are easily interpreted by noticing that to leading
order, the perturbed solution reads 1 = (¢y + a¥’' + bW)e’*, which can

be viewed as the expansion of a soliton V(x4 a(X, T))e' @+ 1)) where
both amplitude and phase are weakly modulated.
At order €, we get
LRfl = HTﬂ{} — hT‘I"[:.’lT), {11'}2[;)
Ligy = =07 fy = —arV'(x). (1.3.30)
This system is always solvable in the form
dW
= bp—, 1.3.31
fi=br——. ( )
a
g1 = -?TI‘I’I[.T:]. (1.3.32)
At order €*, we have
Lﬁfg = HTEFI — A@yyf[]_._ {].ti:j:j)
Ligs = —0rfr — Adyygo. (1.3.34)
This system requires the solvability conditions
[ﬁ} gy de — A / fo Ovy fodxr =0, (1.3.35)

- f go drfrdr — A / go Iyygodr =0, (1.3.36)
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where the integrals are taken from —oc to 400, We get

1 ‘
—50TT /3:*‘@‘@["‘r dr — Aayy [‘I""E dx = 0, (1.3.37)

"bTT f 'I’i—qj dr — }Lhy}f f 'I—'E dr = (. {1.3.38)
Ly

We then compute the coefficients [ U2dr = 4al/2, [20V/dr = —2a'/2,
JULdr = a=1/2 [U2dr = 202, and finally get

dev A o
T — 3 yy = ”_._ {1.11.39)
brr + 4daAbyy = (. (1.3.40)

It follows that since « is positive, the soliton is always unstable relative to
long-wavelength transverse perturbations, whatever the elliptic (A > 0) or
hyperbolic (A < 0) character of the linear operator of the NLS equation.
In the former case, the unstable mode is even in the r-variable, while in
the latter, it is odd (see (1.3.27) and (1.3.28)). A similar analysis in the
context of a nonlocal NLS equation governing the subsonic dynamics of
Langmuir oscillations, (where the ion dynamics are adiabatic), is presented
in Zakharov (1984). A numerical study in the general context is found in
Denavit, Pereira, and Sudan (1994) and Degtyarev, Zakharov, and Rudakov
(1975). A stability analysis of the NLS soliton for transverse perturbations
not restricted to be at asymptotically large scale is presented in Janssen and
Rasmussen (1983), who obtained that for A > 0, there exists a critical value
for the transverse wave number above which the soliton is stable relative
to the corresponding perturbation. The case A < 0 has been the object
of discussions (Rubenchik and Zakharov 1986), but a similar conclusion
holds (Rypdal and Rasmussen 1989 and references therein). A discussion
is presented by Kuznetsov, Rubenchik, and Zakharov (1986).

In optical systems with negligible time dispersion (where ¢ holds for the
coordinate along the direction of propagation), the transverse instability
can be arrested by spatially modifying the refractive index so that it pro-
vides wavegniding in one transverse direction., while self~trapping occurs
in the perpendicular one. For this purpose. the scale of the waveguiding
must be smaller than the width of the soliton (Barthelemy, Maneuf and
Froehly 1985, Aitchison, Weiner, Silberberg, Oliver, Jackel, Leaird, Vogel,
and Smith 1990, Maillote, Monneret, Barthelemy and Froehly 1994, see
also Soljacié, Sears, and Segev 1998, Segev and Stegeman 1998). A com-
prehensive review of the transverse instability of solitary waves was recently
presented by Kivshar and Pelinovsky (1999).
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1.4 Fluid-Dynamical Form of the NLS Equation

We conclude this chapter with a representation of the NLS equation, for-
mally close to the equations of hvdrodvnamics. For this purpose, starting
with the elliptic NLS equation

iy + A + ghp|% =0, (1.4.1)

we write ) = \/Eez” in terms of the phase and amplitude. This trans-
formation is usually called Madelung’s transformation and was originally
introduced in the context of the linear Schrodinger equation for quan-
tum mechanics (see, e.g., Spiegel 1980 for historical references, including
attempts of classical interpretations of quantum mechanics). After substi-
tution in the NLS equation and separation of the real and imaginary parts
of the equation, one obtains (after rescaling time by a factor 2)

pi + V- (pV) = 0, (1.4.2)

1 5 4 1 |
. Vel —Zp= —A./p. 1.4.3
Yt + Q|?‘=‘*’| 2P 27 VP '[ )

Looking at p as a density and at ¢ as an hvdrodynamic potential, (1.4.2)-
(1.4.3) identify for g < 0 with the equations for an irrotational barotropic
gas, up to the additional term in the right-hand side of (1.4.3). Special
interest was thus devoted to the above system in the context of the NLS
equation with a repulsing nonlinearity and solutions of finite amplitude at
infinity. This model is indeed relevant for a description of superfluid helium
II at zero temperature, viewed as an imperfect Bose condensate with local
interactions (Pitaevskii 1961, Gross 1963). In this context, where the NLS
equation® is often named the Gross—Pitaevskii equation, the right-hand
side of (1.4.3) corresponds to a “quantum-mechanical pressure.” A recent
discussion of the NLS equation for superfluid hydrodynamics is given by
Coste (1998).

Madelung’s transformation is, however, singular when 1 vanishes. Since
this field is complex, these “topological defects” (defined as the common
zeros of two real functions) are generically located on points in two space
dimensions and on lines in three dimensions. In the context of superfluid-
ity, they are known as “quantum vortices” (Ginzburg and Pitaevskii 1958,
Donnelly 1991). The circulation of the velocity v = Vi around each of
them is £27. Quantification of vorticity in a superfluid was suggested in a
footnote of a celebrated paper by Onsager (1949) on classical vortex flows
and turbulence. Experimental observations of these vortices were reported
early (see Yamchuk., Gordon, and Packard 1979 and references given in

“The NLS equation is then sometimes written with an additional linear term
proportional to v, corresponding to the elimination of a linear phase in the time
variable.
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Coste 1998), and numerical simulations are presented in Frisch, Pomeau,
and Rica (1992) and Nore, Brachet, and Fauve (1993).

The guantum-mechanical pressure induces a dispersive effect when
(1.4.2)—(1.4.3) are linearized about the solution p = 1, V¢ = 0. As a con-
sequence, a long-wavelength reductive perturbation expansion leads to the
Korteweg—de Vries equation in one space dimension and to a Kadomtsev—
Petviashvili equation (KP) in higher dimensions (Zakharov and Kuznetsov
1986a, Kuznetsov and Turitsyn 1988). This approach was used to address
the stability of one-dimensional dark solitons and of two-dimensional lumps
(Kuznetsov and Rasmussen 1995). The nonlinear development of this in-
stability is presented as a mechanism for the generation of vortices in a
superfluid by Josserand and Pomeau (1995).

The gquantum-mechanical pressure becomes negligible in the “semiclas-

sical” or WKDB limit, where V and d; scale like € as ¢ — (), and the initial
| .5 (%) .
condition has the form vy(x,0) = Wy(x)e' . In this limit, the Eu-

ler equations for an isentropic compressible flow are recovered. This was
proved rigorously by Jin, Levermore, and McLaughlin (1994) in one dimen-
sion using the inverse scattering technique and by Grenier (1995) for higher
dimensions in situations where no vortices are involved. In two dimensions,
the result was recently extended by Lin and Xin (1997) to situations with
a finite number of vortices of degree +1, with the condition that their sum
is zero when the problem is considered in the entire space.

In the regime where &, scales like ¢, the Euler equations for an incom-
pressible fluid are asymptotically recovered away from the vortices, while
the vortex motion obeys the classical Kirchhoff law for fluid vortices (Neu
1990, Lund 1991, Creswick, and Morrison 1980, Ercolani and Montgomery
1993 and references therein, Ovchinnikov and Sigal 1998a, Colliander and
Jerrard 1998). Application to the numerical simulation of classical fluids
was proposed by Nore, Abid and Brachet (1994).



2

Structural Properties

This chapter, which assumes localized solutions vanishing at infinity. deals
with the Lagrangian and Hamiltonian structures of the NLS equation
and with the derivation of conservation laws, some of them being related
through the Noether theorem to invariance properties of the action (see,
e.g., Rasmussen and Rypdal 1986 and, for a comprehensive discussion,
Ginibre 1998, where a systematic approach is presented). The so-called
variance identity, or virial theorem which together with the conservation
of the Hamiltonian plays a central role in proving finite—time singularities
for the elliptic NLS equation, is also derived.

2.1 Variational Formulation

2.1.1 Lagrangian Structure

Let ¢ denote a smooth solution of the NLS equation written in the canonical
form

iy + V- DVY + [Py = 0. (2.1.1)

The symmetric matrix D is defined as one half of the frequency Hessian
matrix (see Section 1.1.1). When it is positive definite (elliptic NLS equa-
tion), it will be taken as the identity matrix (through a simple coordinate
transformation), thus reducing the linear operator in the NLS equation to
a Laplacian. We assume the problem defined in R?, with v and its deriva-
tives vanishing at infinity. The nonlinearity f is a smooth function of ||



28 2. Structural Properties

and one defines

A
F()\) = £ F(N)dA. (2.1.2)

A Lagrangian density £ associated to (2.1.1) can be written in terms of the
real and imaginary parts u and v of %, or equivalently in terms of 2 and
1" viewed as independent variables, in the form

'l“ # ook 1 ok I ok | Y .
L= (e — v07) — 5(V - DVY* + Vo - DVy) + F(of). (2.13)

One considers the action

tq
S{w, ¥*) =f /R L dx dt (2.1.4)
L o

as a functional on all admissible regular functions satisfying the prescribed
conditions (X, ty) = o(x) and ¥(x, t1) = ¥1(x). Its variation

68 = S{vh + dip, ™ + SyY*} — S{a, "} (2.1.5)

for infinitesimal &1 and 610" reads

dL L ,
o8 = _/t” f ) [—61..? -+ de - ?-:‘Iui d—}t{qﬁ;t] dx dt + c.c., {21())

where ,ﬁ?,: denotes the vector of components - [‘E y W nthie =1,...,d. After

integrations by parts, one gets

2 oL oL
88 = = — 9 S dx dt
/ /Rf B v (aw) f(ﬁqs;t)] Y ax

£
— o + c.c. 2.1.7
Lh'“t #LU { )

A necessary and sufficient condition for a function (x,t) to lead to an
extremum for the action S among the functions with prescribed values
(., tg) and (., 1) at times ty and #;, thus reduces to the Euler-Lagrange

equations
dL oL aL
— 2.1.
50 =7 (a0s) 2 (55) -

which, when the Lagrangian (2.1.3) is used, reduces to the NLS equation.
This sy 51:9111 is easily rewritten in terms of the real fields u = %(ﬂ» + )
and v = 5- (1) — ") as

aLr aLr L [ OL
A v (@?u) + o (dut) (2.1.9)

oL oL . [ OL |
— - : 2.1.10
du v (Eﬂ?u) + o (E:?-ut) { )
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The derivation of the NLS equation from a variational principle is the
starting point of a heuristic apprach called the method of “collective co-
ordinates,” the “variational approach™ or the “Rayleigh—Ritz optimization
principle,” where the solution is assumed to maintain a prescribed approxi-
mate profile (often Gaussian). Such methods strongly simplify the problem,
reducing it to a system of ordinary differential equations for the evolution
of a few characteristic parameters (Cooper, Lucheroni, and Shepard 1992
and Bergé 1998 for review). They must, however, be viewed as preliminary
estimates unable, for example. to capture the delicate balance associated
with critical collapse.

2.1.2  Hamiltonian Structure

As usnal, a Hamiltonian structure is easily derived from the existence of
a Lagrangian. Writing v = u + iv in order to deal with real fields, the
Hamiltonian density H = £ ("0 — 10d1)™) — L becomes

H = vdyu — udyv — L. (2.1.11)
Introducing the canonical variables
oL
=N . M = . 2.1.12
BEN P ) 2
oL
9 =1V . Po = o, 2.1.13
BV P o) i
it takes the form
H =Y pidg; — L. (2.1.14)
One also defines
oL
p; = - . (2.1.15)
(V)
and rewrites the Euler—Lagrange equations as
dL .
— =V g+ e p;. [2.1.1(‘5)
dq;
Using that
L dL aL
L = —0iqi + "Vaq; + It (2.1.17)
Zi: dq; (V) 0(014;)
and the Euler-Lagrange equations, one gets
OH =~V - piorg;. (2.1.18)

which ensures the conservation of the Hamiltonian H = f Hdx.
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Similarly, from the variation of the Lagrangian density

5L 5L |
5L = Z ; 16q1+ a(vqi]wq*' 50, 1)@5@1 (2.1.19)

the Euler—L&gmuge equations, and the definition of p; one obtains the
variation of the Hamiltonian H . in the form

OH = Z /(ﬁt'?iépi - ﬁgpiéqi)dx, {212[])
which leads to the Hamilton equations
o _S2 o _ _o% (2.1.21)
at op; ot 84,
or in complex form,
dH
P01 = S (2.1.22)

2.2 The Noether Theorem

Conservation laws are of great importance for the analysis of the NLS
equation. Some of them are related to the invariance of the action relative
to several groups of transformations through the Noether theorem that
we derive in this section, following the presentation given in Gelfand and
Fomin (1963). We also refer to Bluman and Kumei (1989) for a detailed
discussion.

Let us consider the action

ty
swi= [ [e@ e e uaca @20

tﬂ
To simplify the notations, we introduce £ = (t,x) = (£0, &1, ..., &a), 0o = O,
d = (9o, N, ....04), and U — (U1, ¥s) = (,9"). Furthermore, in this

section, we denote by D the space—time integration domain.
We now consider a group of transformations T° depending on a
parameter €, such that under this transformation,

£ E(E, T ), Ui U(E, 0, ¢), (2.2.2)

where £ and ¥ are assumed to be differentiable with respect to e. For € = 0,
the transformation reduces to the identity. Taking ¢ infinitesimal, we write

—

E=E4686, U=T480, (2.2.3)

where 8¢ and 6 are proportional to €. By the transformation 7¢, W(£) is
transformed into 11'(5 ) and the domain D into the domain D. The action

S{p} = Lﬂ(qj,am)dg (2.2.4)
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where ¢ refers to differentiation with respect to &, becomes
(9} = [ (T, 5)de. (2.2.5)
D

where 0 denotes the differentiation with respect to E We are here interested
in transformations leaving S invariant. Note that 8¢ and 6y depend on &
and 1. so that one can prescribe the bounds #; and #; of the integral defining
the action to remain unchanged by the transformation. We define

§S = S{i} — S{v}, (2.2.6)
and first notice that in the limit of infinitesimal e, we can expand the

f}ﬂ )l il af:*f
Jacobian M ~1+)> .o e, It follows that

55 = / [.{Z LW, dm)} d§+/ (0, 90 Zi};“ (2.2.7)
.

where in the last term of the right-hand side, ﬁ{‘FIH-'E'FIH-') was replaced to
leading order by L(W,dW). Again, to leading order, we have

£, 50) - L2, 09) = 5o (T:(8) - Wile) + 575

— o (9,0 (6) — 0, W4(6)),

90, ¥;)
(2.2.8)
where summation is performed on the repeated indices. We also define
f“‘I' = ‘I-' } U;(&) = 0,V; 68, + 6¥;(&) (2.2.9)

which includes the wariations due to both the perturbation of the
independent variable £ and of the function ¥. Similarly,

0u¥i(8) = 0,Wi(&) = (9 — D) Wil€) + 0u(Wi(€) — T(E)),  (22.10)
with
. H{H dfqu Y C}é&n oy 5 -
£ - LIS o ' d;;. 2211
%= g, O = (O g 0= 0t G i
We thus get
6‘1.':
LV, V) — L(T,0T) = o, O oW (€))
dL D&, ~
—— [~ —=20,V; + 9,(8,V:8, + 6V,
o (g, %+ Ot +09)).
(2.2.12)
We finally use
s, t:?ﬁﬁp, 0*L .
dﬁp{ﬂ 68, ) = dfﬁ ), Wi 68, + DO, ) ;w W 0&, (2.2.13)
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and

aLr o aL b9 L
9,60, = - 50, | — - . §U,. (2.2.14
H{dﬁmi) g dé,u (d{dﬂwi) ) dg,ﬂ (d{tﬂ“‘l’i)) { )

This leads to

S aL doE
LW, OF) — L(V,0F) = W+, (L0E,) — L £
AL oL
A ———0V;) — d, - oW,
" #{H(H;Lllri) :] C;F (ﬁ{dpl'lrt:])
(2.2.15)
Substituting in the variation 85 of the action, we obtain
on L[ (a5
T dllr:r, dg,u, @{djillrl}
e, aL

+ : LOE, + — 5‘1‘}-) dé, 2.2.16
2 (5 o000 ") (2218

where on the right-hand side the first integral vanishes because of the Euler—
Lagrange equations. Since the domain D is arbitrary, this leads to the
following result.

Theorem 2.1. If the action (2.2.1) is invariant by the infinitesimal
transformation of the dependent and independent variables 1) +— 1 + d,
s &+ 88 where £ = (t,x1,...,24), the following conservation law holds:

aL
o ow; | =0, 2.2.17
e, (€56 + °) = .
or in terms of 5, defined in (2.2.9),
d aL ~ O,
L5, + — §U; — “=15¢, )| = 0. 2.2.18
a6, £+ oy (% 50| 2215)

By integration on the space variables, we get the following result.

Theorem 2.2. [f the action is invariant by the infinitesimal transforma-

tion
ts t=t+ 6t(x, t,1), (2.2.19)
X = X = X + 0x(x, t, 1), (2.2.20)
P(x, ) > (£ X) = (. x) + 5(t, x), (2.2.21)
then
/ [j—i (Dph &t + Vb - 6x — dib) + ;é (D)™ &t + Vb™ - dx — §¢7) — Lot | dx

(2.2.22)
is a conserved quantity.
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2.3 Invariances and Conservation Laws

In the context of the NLS equation . we have g' :i = %;EJ* and

ar i
_ dur = 2V
and several conservation laws result from the Noether theorem.

Invariance by Phase Shift or Gauge Invariance

One easily checks that the action associated to the NLS equation is invari-
ant by the phase shift transformation v = "¢, which for infinitesimal s
gives 01 = ist) with 8t = éx = 0. Equation (2.2.18) becomes in this case

Ae|p|* + V - {i(yDVY™ — " DVp)} = 0. (2.3.1)

This leads to the conservation of the wave energy, also called mass, wave
action, plasmon number, or in optics wave power,

N = / |2 dx. (2.3.2)
In the following, we shall use any of these terms. according to the context.

Invariance by Time Translation

The action is invariant by the infinitesimal time translation t +— t + 6t with
ox = 610 = &P* = 0. The matrix D being symmetric, (2.2.18) becomes

8 (Vep - DV — F([i]2) = V - (s DVY* + I DVY) = 0.  (2.3.3)

This leads to the conservation of the Hamiltonian !

H = [ (Vi - DV* — F(|¢]*)) dx. (2.3.4)

Invariance by Space Translation

The action is invariant by the infinitesimal space translation x +— x + 6x
with 6t = & = &0 = 0. In this case, eq. (2.2.18) becomes (I denotes the
identity matrix)
A i(BVY* — VD))
+ V- {2(DVyY* @V + DV @ V' + L1)} =0,  (2.3.5)

where, in expressing 4 and /] by means of the NLS equation, the
Lagrangian density L reads

1 f , ,
L=V "DV +yDVY") = f([W) W] + F(lv[).  (23.6)

"We are using here a terminology adapted to waves. In a quantum mechanical
context (where T = [), this quantity corresponds to the energy, the Hamiltonian
being defined as the operator —A — f([v|%).
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This leads to the conservation of the linear momentum

P=i [{-u'f’?qf»‘* — PV )dx. (2.3.7)
Note that the mass center
X = ﬁi /:{|¢’:|de (2.3.8)

obeys
T X ‘ 2 - o | &
N e x| P|fdx = — | xV - {i(y¢DVY™ — " DVY) pdx
= f—i(;ﬂﬂ?-g}* — "DV )dx = DP, (2.3.9)

and thus moves at a constant speed. For the elliptic NLS equation where
D = [, one recovers the usual definition of the momentum of a mechanical

systeln,

We also remark that the energy (or mass) current density arising in
(2.3.1)

T = (DY — "DV ) (2.3.10)
is related to the linear momentum density
P = i(yVi™ — p* V) (2.3.11)
considered in (2.3.5) by
J =DP. (2.3.12)

This is an important property for the derivation of the variance identity
(see Section 2.4).

Invariance by Space Rotation for Elliptic NLS Equation

For D = I, the action is invariant by a rotation of angle 60 around an axis
n. In this case, 6t = &) = )" = 0 and éx = 60 n x x. This leads to the
conservation of the angular momentum

M =i [ x % (*Vib — pVip*)dx. (2.3.13)

Galilean Invariance
The NLS equation is invariant by the Galilean transformation
X — X =x — Dct, (2.3.14)
tst =t (2.3.15)
P(x, 1) — P (x t') = e~i3CX'+5CDC Clp(x! + Det' 1), (2.3.16)
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which also keeps the action invariant. For an infinitesimal velocity ¢, éx =
—Dect, 6t = 0, and d1p = /(X' ') —)(x. 1) = — %cx-a_f:{x,_ t). After integration
on the space variables, (2.2.18) then leads to the conservation law (2.3.9),
which expresses that the velocity of the wave-packet mass center is uniform.

Scale Invariance for Power Law Nonlinearities

In the case of a power law nonlinearity

F(?) = qlv]*”, (2.3.17)

the NLS equation is invariant by the scale transformation

x—x = A"'x, (2.3.18)
t—st' = N7, (2.3.19)
P(x,t) = ' (1) = AV (Ax, A2, (2.3.20)

Note that under this transformation, the action scales like A= ~4. So does
the wave energy [ |1)|?dx. It follows that for od = 2 which corresponds to
the criticality at the level of the L?mnorm (see Section 3.2.1), the action
is invariant by the scale transformation keeping the equation invariant.
It turns out that the condition od = 2 also corresponds to criticality for
the possible existence of blowup solutions (see Sections 3.2.2 and 5.1) and
is usually referred to as the critical dimension. In this special case, the
invariance by scale transformation leads to an additional conservation law.
For an infinitesimal transformation, A = 1—¢ with |e| < 1, one has 6x = ex,

5t = 2et and S = —£p(x,t). Equation (2.2.18) then leads to

/{ZEMI-—%w*(Et,b-%—&x-?-aﬁ-{-ktt,bt)+%-¢J{§¢}* +ex-Vy©+2et1)y ) }dx = eC,
' (2.3.21)
or

i / x - (YV* — o V)dx — 4Ht = 201, (2.3.22)

where (7 is a constant.

Pseudo-Conformal Invariance at Critical Dimension

As noted by Talanov (1970) in the case of the elliptic NLS equation, there
is an additional symmetry when the nonlinearity is a power law g|¢|*71)
at the critical dimension od = 2. Although this invariance is not restricted
to the elliptic NLS equation, we first discuss it in this case for the sake of
simplicity. Defining

it) = .t <ty (2.3.23)
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where t; appears as an arbitrary time unit. the NLS equation at critical
dimension is invariant by the “pseudo-conformal” transformation

) X p
e I — F—{t}‘ {2.*5.24)
t 2
1 t2t
tot = ——ds = La— 2.3.25
L () q ti(ts — 1) { 2
‘ AE
o W) = €20, ) exp( — it XD),
2
_ f?*ﬁf%&{x?tjexl}(iﬂl}; ) (2.3.26)
with
df 1dl t.—t
a=—f—=—-— = ——. (2.3.27)
dt £ dt’ te

A consequence of this symmetry is the existence for the elliptic NLS
equation at critical dimension of an explicit solution singular at some finite
time ¢, (see Section 5.2.2).

When expressing /' in terms of ¢, the transformed Hamiltonian

Hu’ - ( Forp2 . q f E{I—Fz)d ! 2: 28
[ (190 = o) ax (2.3.28)
hecomes
= AV 5 . S T

and is conserved. Choosing t, = (), this yvields the conservation of

4t* o
qu|-1_£;|j'j+£)dx. (2.3.30)

{jg — / (|K'I,lr» -+ Eitvlg_f}ﬁ —

: a

As noticed by Kuznetsov and Turitsyn (1985), the above transforma-

tion preserves the action, and the invariant given by (2.3.30) is in fact a

consequence of the Noether theorem. This is seen by considering a trans-

formation close to identity by choosing t; = t. and by assuming that

S\ = 1/t. is infinitely small. In this case, éx = xté\, §t = t?6), and

o = (— %t-{-% x|?)128 A. Equation (2.2.18) then leads after space integration
to

f : P i L, .
[ [ﬁ(—|v-¢;|i+ JL_H 272+ St ($VYT — V) - |x|-3|¢|ﬂdx —
(2.3.31)
or equivalently to (2.3.30).

In optics, the pseudo-conformal transformation is known as the “lens
transformation”. In this context, the NLS equation is written in the form

i, + A+ [P|* =0 (2.3.32)
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with A = 0., + 0yy. 1t is also convenient to write

<
(=142 (2.3.33)
f

where f is a constant. With these notations, the transformation then
becomes

(z,y) — (&n) = (ﬁ;} E{Z)) (2.3.34)
| z o or
< t’; = 1/[; ful[e} ds = Tz/lf {E.t;.-ﬂd)

EE_;E 2
2T Y ) (2.3.36)

'E.ils‘ — I."-"Ir{g?.-l'g:] - ﬁl‘r’(-rﬂy z} EI{I]( o 4

The name “lens transformation” originates from the observation that

111
ooty Ve = e/t (2.3.37)

and that a solution with initial condition #(z,y) is transformed into a
z 2
o

solution with initial condition g(x, y)ﬁi'—”"—_ The transformation can be
viewed as the effect of a thin lens with a focal distance f. located at z = (.
Note that the invariance by the lens transform holds in any dimension in
the case of the linear Schrodinger equation, but only at critical dimension
in the presence of a power-law nonlinearity:.

As mentioned by Kuznetsov and Turitsyn (1985) the pseudo-conformal
transformation also holds in the case of the hyperbolic NLS equation
H..aﬂ} ai.w

g TY e 2.3.38

This equations arises for example in the description of gravity wave at the
surface of a liquid of infinite depth (see the Remark in Section 12.1.3 for the
case of a liquid of finite depth). In this case one should replace y by iy in the
definition of the transformation (2.3.26) and in the resulting conservation

laws (2.3.30) (where % is also changed into —--.i%).

2.4 Variance Identity

The square width of the wave packet is estimated by the quantity

1 1

v=o [ -X?Pax = [ (%P - [XP) [pPdx. (24.)
where X defined in (2.3.8) obeys (2.3.9). We rewrite
Vv :
v=— — |X|?. (2.4.2)

N
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where
V- [ x|2[o[2dx (2.4.3)

is called the “variance” (or the “momentum of inertia” in a context where
N is referred to as the mass of the wave packet).
Due to the conservation of the wave energy N and of the linear
momentum P,
d*v 1 d*V P|?

dt2 ~ N di2 N2

(2.4.4)

2.4.1 Elliptic NLS Equation

.
The key point to compute Efi ;‘; is to notice that when D = I, the energy (or

mass) current density 7 and the linear momentum density P are equal. It
follows that (Vlasov, Petrishchev, and Talanov 1971, Rypdal, Rasmussen,
and Thomsen 1985)

O] =V -V -8 (2.4.5)
with
§=2(Vy*" @V + VeV + LI). (2.4.6)
We thus have
d?V ‘
Jg2 = f |x£|ﬁi;§j5ij dx {24?)
and after integration by parts

42V .
— =2 f Zsﬁdx - 4/{2|‘F-w|'3 +dL) dx
i)

-y j @IV + d F(9l?) — d P F (1))} dx

o

= 8H — 4 / (dw]?f([]?) = (d+2) F([¢]?)) dx.  (2.4.8)

In the special case of a power nonlinearity f(A) = ¢gA7, we get

42V do — 9
— s - 4%

- g 4[,-;/|¢;|*”+*E dx. (2.4.9)
This identity is central for proving finite-time blowup in dimension do = 2
for solutions with negative Hamiltonian since eq. (2.4.8) implies that the
variance of smooth solutions (which is strictly positive) vanishes in a finite
time (see Chapter 5). An interesting analogy with the collapse taking place
in the classical n-body problem is discussed by Berkshire and Gibbon (1983)

(see also Velo 1996).
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Note that this “collapse” does not necessarily corresponds to a singularity
for the primitive wave equation, but only to a breakdown of the modula-
tional analysis leading to the (cubic when ¢ = 1) NLS equation. A simple
example is provided by the Sine-Gordon equation (1.1.35) which remains
clobally well-posed. Regularization were proposed by retaining higher order
saturating terms in the expansion, corresponding to higher order nonlin-
earity or to the breaking of the paraxial approximation (see Chapter 9 and
also Xin (1998) for a detailed modeling of the saturation in the context of
the Sine-Gordon equation).

At critical dimension, (2.4.9) reduces to

d*v
= 8H, 2.4.10
= 8H. (2.4.10)
leading to
V(t) = 4Ht* + V'(0)t + V(0). (2.4.11)

[t is noticeable that the two integration constants V(0) and V’'(0) arising
in the variance identity (2.4.11) are directly related to the conserved quan-
tities associated to the invariance of the action by scale transformation and
pseudo-conformal transformation at critical dimension. Indeed,

V'(t) = 2 / x - (WVY* — V) dx, (2.4.12)

leading to V'(0) = 4C', where ' is the invariant defined in (2.3.22). On
the other hand, (2.3.30) taken at t = 0 reduces to Cy = V/(0).

2.4.2 FExtension to the Non-Elliptic NLS Equation

By a simple change of coordinates. we consider the non-elliptic NLS
equation of the form

- azﬂlj AW !
iy + ZE* @I? + f(|w*) = 0. (2.4.13)
'E-—]. 2

where £; = 1 and £; # £, for some (j, k). More precisely, we assume that
in the D matrix. which is now diagonal, the first d diagonal elements are
+1 and the d_ = d — d others are —1.

Since, as already mentioned, the mass current density 7 = (¢ DV* —
DV ) is related to the linear momentum density P = i(y)Vy* — *Vi))
by J = DP, it follows that

O] +V -V - (—QD) =0, (2.4.14)
with the momentum stress tensor

Q = 2(DVy* @ Vi) + DV @ Vobr* + L), (2.4.15)
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One then defines the partial variances

Vi = [ 2|70 2dx

where |x,|* = Zf““ |z;|* and |x_|* = Eiﬂ lz;|*. One has

di y (a3 ¥
EV = /|x+|£dideij = ZRm
4 'I-—].
2 dy+d_
EI«’F = /|K_|3516JREJ = Z Rﬁ,

where R = 20D or
Rij = fil'[:‘DﬂﬂijHi}* afn'l_fi + C.C. + ﬁﬂij}.
It follows that

d? ,
Vs = 4/(2|vw|ﬁ +d.L)dx,

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

where V. and V_ denotes the gradient operators with respect to the

variables (z1.---, x4, ) and (24, 41, --.d4) respectively.
Finally, using the NLS equation to express ;. one rewrites

L o y
L ==V A" DVY+ DV} = f([1)[0F° + F([9[).

Consequently,
2
12
and for the total variance V = [ |x|*|¢[*dx = V. + V_,

Ve =4 [QAVav? £ dulF(0P) - £(0PI0dx

55V =4 [QAVOP + (s~ d)IF(YP) = FIPix
In the special case f(|1|*) = |[*7,
W2y e lon 22 — 2(e+1)

() = F(0 R = — T oD,
leading to

d?Vy ddio, | 9.

2 = 8Vaull T 2y,

d*V 2 ddy —d_)o  95is

ﬁ - E'}|vtﬁf/| 2 — o+ 1 |TP'|L:1:_+2-

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

(2.4.25)

(2.4.26)

In the case of the non-elliptic NLS equation, no definite conclusion on the
possibility of wave collapse was reached from the above variance identities.
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3

Existence and Long-Time Behavior

This chapter together with the two following ones provides a survey of
the extended mathematical literature dealing with the NLS equation. The
present chapter concentrates on local and global existence of solutions as
well as on the long-time behavior of global solutions. Many of these re-
sults involve delicate analvsis, and we often review them without giving
detailed proofs. A comprehensive review of the basic results is presented
by Cazenave (1989), Strauss (1989), and Ginibre (1998), who also gives
an introduction to various methods of functional analyvsis used in the
mathematical theory of the NLS equation.

Before turning to a precise description of the results, we give a general
overview of the method. Although the nonlinearity of the NLS equation
obtained as an amplitude equation is generically cubic, it is useful in the
following to extend the discussion of the elliptic NLS equation to the more
general setting (g = £1)

iy + A + glp|* TP = 0, (3.0.1)
P(x,0) = o(x). (3.0.2)

When the initial value problem is considered in the entire space R, the
problem is conveniently rewritten in the integral form

t
W(t) =Ult)p + ig [ Ut — ") (t") 27 (t") dt’, (3.0.3)
Jo

where the “Schrodinger operator™ U(t) = €2 defines a one-parameter
unitary group.
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The existence of a solution for small enough ¢ (local existence) is proved
by a fixed point method for (3.0.3), using that as a result of the dispersion
properties of the linear operator, this equation defines a contraction in a
suitable Banach space of functions v’(x,t) for small enough ¢. The result
was first established for functions valuated in H'(R%) and then extended
to functions in L?(R%) by taking into account the local regularizing prop-
erties of the Schrodinger operator. Proving local existence is more delicate
when the NLS equation is considered in a periodic domain where dispersive
properties do not exist. We briefly discuss this case in Section 3.4.3.

Existence for all time (global existence) holds in the case where the local
solutions can be continued in the large in time, by means of a priori esti-
mates for the norms of the solution in the corresponding spaces. resulting
from conservation laws and Sobolev-type inequalities. A natural question
then concerns the asymptotic behavior of the solution as ¢ — oc. Since the
solutions of the linear problem converge locally to () as t — oo, one can ask
under what conditions the dynamics of the nonlinear are mostly dispersive
and the solutions of the NLS equation behave for long times like solutions
of the linear problem.

When the problem is considered in the entire space R?, we denote by
LP(R%) with p > 1 the space of functions u(x) with x € R, equipped with

1
the norm |ulr» = ( [ |u(x)[Pdx) fp, and by H*(R?) the Sobolev space of
the functions that together with their derivatives up to order s are square
integrable. The associated norm is defined by [ulf;. = 3 g<|0j<q [D7U[72,

where D = 92! -.-9¢¢ and |a| = a; + -+ + a4. The Sobolev spaces
H?® are also considered for fractional powers s. In the entire space, it is
convenient to define Sobolev norms in terms of the Fourier transform u
of the function u by |ul3. = [(1 + |k|*)*|u(k)|*dk. In some instances, we
shall write the variable as an index or its domain in parentheses to avoid
confusion. For example, L? = LP(R). Also, L([0.T). L"(R)) denotes the
space of functions u in L([0,T')) in the t-variable with values in L"(R?).

3.1 The Linear Schrodinger Operator

This section briefly reviews a few estimates for the solutions of the free
Schrodinger equation in the entire space,

iy + A =0, xeRY (3.1.1)
P(x,0) = p(x). (3.1.2)
This equation is solved as (x,t) = U(t)y, where the free Schrédinger

operator U(t) = e given by

d/2
1 XX
Ult)p(x) = (m) [ﬁ“ i p(x')dx’ (3.1.3)
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defines a unitary transformation group in L2.

The estimates discussed in this section play an important role in the proof
of well-posedness of the NLS equation in H'(R%) or L?(R%). They are in
fact very general and extend to cases where the operator i{A is replaced by

any skew-Hermitian operator for which the L™ -norm of the kernel element
behaves like ¢ —4/2,

53.1.1 Basic Estimates

The conservation of the L*-norm [v(t)|;2 = |¢|r2, together with the clas-
sical estimate |(x,t)] < (4x|t]) =2 |p|p1, leads, by the Riesz—Thorin
interpolation theorem (Bergh and Lofstrom 1976, p. 2) to the following
result.

Theorem 3.1. (Decay estimates) For conjugate p and p' {% + T% = 1),

with 2 < p < oo, and t # 0, the transformation U(t) maps continuously
LP (R%) into LP(R?) and

L - i

2758 | (3.1.4)
More refined space-time estimates known as the Strichartz inequalities show
that in addition to the decay of the solution as { — oo, a small gain of spatial
regularity occurs for t > . They were named after Strichartz (1977), who
proved

Ut)plre < (4nlft])™

|"U{t)‘7;'|L2+4f'eI{RKRII} {—: C|55|L2- {3'1'5)

This inequality was generalized by Ginibre and Velo (1985a) in the form
of Theorem 3.3 below. Extension to the solutions of the inhomogeneous
linear Schrodinger equation (Theorem 3.4) is due to Yajima (1987), and
Cazenave and Weissler (1988).

Definition 3.2. The pa,lr

9 _ d
E—f—-—;mth?fifr{:

o

q.r) of real numbers is said to be admissible if
whend > 2. or 2<pr < oo when d =1 or 2.

FL.
=1

Theorem 3.3. For every ¢ € L>(RY) and every admissible pair (q.r),
the function t +— Uf(t)e belongs to LY(R.L"(R)) N C(R, L*(RY)), and

there erists a constant C' depending only on g such that

|U(')‘P|L9{RLLT-{RII}} < (-—’1F|*"a'5:'|L'*E - '[3'1'{\;:]

Proof. As shown in Cazenave (1989), in order to establish that £

U(t)e belongs to LY(R.L"(R%)) and satisfies (3.1.6), it is sufficient by
duality and density to prove that for a test function § in C>°(R*!) with
compact support, one has

U()0.0) poRass)| < Cleleelfl Lo R 1) (3.7
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To establish the latter estimate, one writes

‘/ {{}(‘g)'ﬁgvg}LZ{Rdde — ('-,5'/ LI{'“S)H{S]EES)
— oo — o0 LEERH!}

| / U(—s)0(s)ds

— (/ﬂﬂ IJ'[-—S)E{S)QIE,/E U{—t]ﬂ{t)dt)
L2(Rd) —eo —oc L2(R4)
_ (/S{t]dt,/ﬂ{t— s)ﬂ{s)ds)

2R

U(- — s)0(s)ds

| M

(3.1.8)

H{:|LEI:R”!} LEI:RI-I:I

where

/—Z U(~5)8(s)ds

< 10 Lo (R.,L")

Le(R.Lv) |
(3.1.9)

The last term of (3.1.9) is estimated by using Theorem 3.1 in the form

‘ / Ut — s)0(s)ds| < f \U(t — s)0(s)|, . ds
J—oo e — 0

< [ l= s Do) eds

— O

< [ le=s7Hee)

Finally, the Hardy—Littlewood—Sobolev inequality for integrals of the form

o |t — s|*tg(s)ds with 0 < a < 1 (Riesz potentials in dimension one,
see Stein 1970, p. 119) reads

[

with S When applied to the integral in the right-hand side of
(3.1.10) Wlth a—1=-2/gand () = g, it leads to

Urr( ~ $)0(s)ds

which implies (3.1.7).

— 3

Lods. (3.1.10)

< Clg|Lr (3.1.11)
L«

<o

Lu" R‘,L"J 1 {3112:}
Lo(RiLr) { )

Theorem 3.4. Let ty belong to the ﬂgﬂﬂﬂ-?‘ﬁrf of an interval I C R. Let
(v, p) be an admissible pair and f € L7 (I, L7 ), where " and p' denote the

conjugates of v and p, respectively. Then, for every admissible pair (g,r),
the function

tel @f{t}=/t U(t — s)f(s)ds (3.1.13)
tlil'
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belongs to Li(I,L"(R%)) n C(I,L*(R%)). Furthermore, there exists a
constant C' depending only on g and ~ such that

®f|Lorry < Clflpw oy (3.1.14)

Proof. For simplicity, we assume I = [0, Ty) for some T}, and t; = 0. It is
also convenient, for the rest of the estimates, to introduce the operators ¥

and ©; where t € [0, T):

Th t
'I!f{s)=f Uls—t)f(t)dt , O.f(s) = / U(s — s') f(s')ds". (3.1.15)

S

Step 1. Following the lines of the proof of Theorem 3.3, one shows

that ® defined in (3.1.13) is continuous from L7 ([0,Ty), L™ (R%)) to
Li([0,Ty), L™(R®)) and satisfies

|q’f|Lr:{[t}.Tm.LT-} < C|f|Lu"{[(]tﬂ”__Lv-’j- (3.1.16)

The same argument leads to the same result for the operators ¥ and ©,.

Step 2. The operators ®, ¥, and ©; are continuous from L‘I;([U, Th), L";{R‘i]}
to C'([0,Ty), L*(R?)). Indeed,

f (1) / [ (Ut = 5)F(5), Ult = ) f(5)) 1 ds'ds
[ / ), U(s — §)f()) 1 ds'ds

- [ (f(s), O f(s)) 2ds. (3.1.17)
Jo
Using the Holder inequality in space and in time., one gets

D) 72 < |flre 0myr)|OeflLaq,10:L7)
< CI 0 ompe (3.1.18)

Step 3. ® is continuous from L' (0, Ty: LE(R‘E)] to L0, Ty; LT{RJ}}. Indeed,

T Th t
/ (®f(t),0(t))p2dt = [ [ (U(t — s)f(s),0(t)) p2ds dt
Jo
T Tn
[ / s),U(s —t)0(t))p2ds dt

Ty
= (f(s), WO(s))p2ds. (3.1.19)

Jo
By the Cauchy—-Schwarz inequality,

T
f (fl[‘:-) ';[-FEI[S)}LM}TS E |f|Li{ﬂ__TU;LE}|lI"g|L"‘*[t}.ﬂp:_L3]l- {lﬁ.l.?[])

0
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Using Step 2, it follows that

Ty
[ {@f{t}.ﬂ{ﬁ))deﬁ E {‘j|f|Ll{[]:ﬂleﬂ}|Q|L‘J‘r{{]1ﬂ;:LTJ:I' {3}_21:]

<)

Step 4. The purpose of this paragraph is to extend the result of Step 1 and
show the continuity of ® from L7 ([0,Ty), L* (R%)) to L7([0,Ty), L™ (R%))
for any admissible pair (v, p). Two cases are to be considered depending
onTr<=porr >,
When r < p, one defines u € [0, 1] such that
1 1-=p

— + : 5.1.22
roop 2 { )

Since (g,r) and (7. p) are admissible pairs . one also has * = £, and one

can apply the Holder inequality |g|zen < |g|rez|glres to ®f first in space
(with p; = r, p2 = p, and p3 = 2), then in time (with p; = ¢, p2 = 7, and
p; = oc) Using Steps 1 and 2, one gets

1—p
|¢}f|L'!|:{Lﬂ;;LT-} E |<I)"f|.[r_-'liﬂ.ﬂp;l.-'”}
< |f|Lle'{[]!-ﬂJ;Lr"j- (3.1.23)

Therefore, @ is continuous from L“ffl[[},T[]; LPF{R':E)) to L‘f{[]_._ﬂ};LT'{Rd)).
When r > p, one defines p € [0, 1] by

1

{L
)2
From Steps 1 and 3. @ is a continuous function from L“'f{[]_._ﬂ};L“"“{Rd})
to LI(0,Ty; L™ (R)) and from L'(0,Ty; L*(RY)) to L(0,Ty: L™ (RY)). By
interpolation (see Bergh and Lofstrom 1976, p. 107), it is also continuous
from L7 (0,Ty: L?' (R%)) to L9(0, Ty: L™ (R?)), where (v, p) are defined in
(3.1.24).

Remark. Improvements of the Strichartz inequalities are presented in a
series of recent papers by Bourgain (1998a), Merle and Vega (1998}, Moyua,
Vargas, and Vega (1998). These results are used to prove the existence of
solutions of the NLS equation in spaces of functions with lower regularity
than those used in the more classical functional framework reviewed in
Section 3.2.

T
@ﬂﬂ"‘*{[l,ﬂnb"l

1 —pu

+ and — =>4+ ——. (3.1.24)

!

1 w1l —pn
T‘ 4

3.1.2  Linear Schrodinger Equation with Potential

An important problem is to understand how the decay properties and the
Strichartz inequalities extend to the linear Schrodinger equation
O

iﬁt 18 _ ( 3:‘

(x,0) = p(x), (3.1.26)
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where H = —A 4 V(x) includes a real potential V(x). Assuming that H
has no bound states or zero resonance,! the first results are in dimension
d > 3 in the form of time decay estimates for weighted L?-norm when the
potential V' is bounded and decays fast enough at infinity (Rauch 1978,
Jensen and Kato 1979, Jensen 1984). More recent results in the form of
Theorems 3.5 and 3.6 below are due to Journé, Sogge, and Soffer (1991).
They assume some regularity properties on V', namely that for any f € H*,
(14 |x[?)2/2V(x)f is also in H* for some o > d 44 and s > 0, or in other
words that the multiplication by (1 + [x|?)®/2V (x) sends the Sobolev space

H* into itself. They also assume that the Fourier transform VofV belongs
to L {R‘i). Denoting by F,. the projection on the continuous part of the
spectrum of f, one has the following result.

Theorem 3.5. Letd = 3 and the potential V' satisfy the above assumption.
If 0 is neither an eigenvalue nor a resonance of I, one has

etH P fl 0 < Gt 13| f| L (3.1.27)

for p and p’ conjugate. In particular, if p is orthogonal to the bound states
of H,
_ilg1_1
(1) < CEEG D)L (3.1.28)
Theorem 3.6. Suppose that there are no bound states or zero resonances.
Then, for solutions of the inhomogeneous equation

1% + Hip =g, (x,0) = @(x), (3.1.29)
one has
2(d + 2) o
Ve RexR) = Clele: + ol RocRry: €= i1 (3.1.30)

Furthermore, if g = 0, estimate (3.1.30) also holds if H has bound states,
provided that 0 is neither an eigenvalue nor a resonance, and that ¢ is
orthogonal to the bound states.

3.1.3  Smoothing Properties

A simple smoothing effect of the Schrodinger operator is that for any ¢ €
L'(R?) with compact support, U(t)y is analytic in R% x (0, +oc). Also,
U(t) maps functions that decay at infinity into smooth functions.

For a multi-index oo = (e, ..., ay) where the components «;. are nonneg-

) . o |
ative integers, and x = (x,...,24) € R?, we denote by D* = 5 u{? od
' ' * i Ei waall Id

There exists a zero resonance if there is a distributional solution of Hf =0

that belongs to the space L%((1 + |x|?)"7/?dx) for some 7 # 0. No resonances
exist for d = 5.
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a multi-index derivative of order |a| = a3 + as + -+ - 4+ a4. We also define
. d oy i i
L L . ] . — J .
the monomial x" = [],z;” and the operator P, = [[; P;”, where
Pju = xju + 2itd;u.

Theorem 3.7. Let ¢ € L* with x“p € L?, and ¢ = U(t)p. Then,

Dl (5 y) € C(R - {0}; L?), (3.1.31)
and for t # 0,
| o X7 ] fat p y
(2|t])' D" (ez a w{t))|Lﬂ = |x"p|L2. (3.1.32)
Proof. Define
™ :""I_l‘}3 _-IKIE
Pou = (2it) e o D“(E T -u). (3.1.33)

If ¢ is a solution of (3.1.1), ¢, = P, is also a solution of this equation.
Thus, 1, (t) = U(t)x™yp, and (3.1.32) follows.

Theorem 3.8. Let p € L? and x“p € L? for any multi-index . Then,
v =U(t)p € C*(R - {0} x R9).

The above theorems extend to initial conditions in the space of tempered
distributions S’(R?). For example, the Dirac distribution ¢(x) = §(x) has
all its moments finite. and one thus recovers that the kernel associated to
the free Schrodinger equation is C'™ for all t # (.

The next result refers to local smoothing properties proved by Sjolin
(1987), Vega (1987), and Constantin and Saut (1988) for a large class of
dispersive equations. In the case of the linear Schrodinger equation, these
results express that there is, locally in space, a gain of half a derivative:

Theorem 3.9. Assume @ € L, Then Ult)p € Hlluf{R‘i] for almost all t.
Furthermore, if 1 obeys ity + Ay = f with f € L*(=T,T: L*(RY)), with
initial condition ¥(x,0) = @(x), then ¢ € L?*( — T.T; H'/?(B)) for any

open set B ¢ RY.

These results of local smoothing effects are important in proving local well-
posedness of the NLS equation for a large class of nonlinearities including
first-order derivatives (Kenig, Ponce, and Vega 1993, 1997). They also lead
to analyticity properties in both space and time for smooth (but not neces-
sarily analytic) initial data rapidly decaying at infinity (Hayashi and Saitoh
1990, Hayashi and Kato 1997). Global existence of small radially symmetric

solutions were obtained in dimension d = 3 by Hayashi and Ozawa (1995).
Remarks.

(i) The decay estimates (Theorem 3.1) and the Strichartz inequalities (The-
orem 3.2) as well as the smoothing properties (Theorem 3.6), hold for more
general Schrodinger operators et where L = 3 a;;0, 0, with the coethi-
cients a;; real and the quadratic form (a;;) nondegenerate (Ghidaglia and

Saut 1990).
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(ii) Regularity properties of the kernel for the linear Schrodinger equation

l!' .r d
+ Z dai(ﬂ” d:) +V(x)0 = 0, (3.1.34)

with variable dlspersmn coefficients and possibly including a potential V',
were studied by Craig, Kappeler, and Strauss (1995), who gave a relation
between the microlocal regularity of the kernel and the bicharacteristic fow
associated to the principal symbol a(x, &) = X; ja:;(x)&E;.

3.2 Existence Properties

3.2.1 Local Existence

Although most of the theorems quoted below hold for more general nonlin-
earities, we restrict ourselves to the elliptic NLS equation (3.0.1)-(3.0.2)
in R?, with an attracting (¢ = +1) or repulsive (g = —1) power-law
nonlinearity. The equation is replaced by its integral form

£
wixt) =Up —i | Ult=s)lf7(s) ds (321

0

where U is the linear Schrodinger operator. and existence theorems are
proved in this formulation.

Theorem 3.10. (Solutions in H') For 0 < ¢ < ﬁ (no condition on

o when d = 1 or 2) and an initial condition p € H'(R?), there exists,
locally in time, a unique mazximal solution 1 in C((=T*,T%), H(R%)),
where mazimal means that if T* < oo, then ||y — oc as t approaches
17 . In addition, 1 safisfies the energy and Hamailtonian conservation laws

Nw) = [ WPdx =N, (3.2.9

[(F#‘"F— L|¢|EG’+E){£}{= H[Hg)? [3_2_3)

H'[I.L) o+ 1

and depends continuously on the initial condition @ in H'.

If in addition, the initial condition ¢ belongs to the space ¥ = {f, f €
HY(RY), |xf(x)| € L2(R%)} of the functions in H' with finite variance, the
above mazimal solution belongs to C((—=T1*,T7),¥). The variance V(t) =

[ |x[?|¢|*dx belongs to C*(=T*,T*) and satisfies the identity

d*V do — 2542 4
= 8H -4 f|¢| dx. (3.2.4)

The existence theorem, given by Baillon, Cazenave, and Figueira (1977),
Lin and Strauss (1978), Ginibre and Velo (1978, 1979a), Cazenave (1979),
and in a more general context by Kato (1987, 1989), is based on a fixed
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point theorem applied to (3.2.1). It makes use of the dispersive pmp»?rtw'-;
of U and of the LP — L?" estimate (3.1.4). The condition o < i— ensures
that in the Hamiltonian, the potential term || 2-+2 is controlled by || 1.
In this case, the nonlinear potential [v[*7 is said to be suberitical for the
initial problem in H*',

More generally, one defines criticality at the level of H*, as follows (Gini-
bre, Tsutsumi, and Velo, 1997). The exponent ¢ is said to be eritical for the
initial value problem in H* if both the equation and the highest derivative
terms in the H*-norm are invariant under the scaling transformation

D(x,t) — Pa(x, 1) = AP (Ax, A%t) (3.2.5)

for the same value of the parameter . The value of # keeping the NLS
equation 111\ea,1 iant is # = 1/o, and the value which ensures the invariance

of the |[(—A)2 a,J|Lz is @ = d/2 — k. Criticality at the level of H* thus corre-
sponds to o = d,—:z - The exponent o is thus subcritical at the level of H k
(resp. supercritical) when o < d_EE - (resp. 0 > d_EE ). This requires the
condition k < d/2. In classical existence theory, the nonlinearity is consid-
ered as a perturbation of the linear problem. and contraction methods can
be applied for initial conditions in H* only when the exponent is subcriti-
cal or critical. A detailed discussion is given by Ginibre (1998). As seen in
the theorems below, the notion of criticality thus prescribes the functional
framework for local existence. Note that this concept of criticality refers
here to the minimal smoothness required for local existence and is distinct
from the notion of criticality for existence of blowup solutions discussed in
the forthcoming chapters. Nevertheless, since at the critical dimension for
blowup (od = 2), the L? norm of the solution is preserved by the scaling

transformation, criticality for blowup identifies with criticality at the level

of L2,

Theorem 3.11. (Solutions in L*) For 0 < o < 2 and an initial condition
¢ € L?(RY), there exists a unique solution v in C'((=T%,T*), L*(R%))N
Li((=T*,T*), L>*T2(R%)) with ¢ = Aetl) - satisfying the L2-norm

der
conservation law (3.2.2).

Proof. This theorem, due to Tsutsumi (1987), results from smoothing
properties of the linear Schrodinger operator expressed by the Strichartz
inequalities (3.1.6). Note that the condition ¢ < 2/d corresponds to an
exponent o subcritical for the initial problem in L°. We describe here its
main steps and refer to the original paper for details.

Step 1. One regularizes the initial condition by defining a sequence @g; =
h; * v by convolution of the initial condition ¢ with the mollifier h;(x) =
j9h(jx), where h is a positive even C'-function with compact support
such that [ h(x)dx = 1. From the existence theorem in H', the solution
;(t) of the NLS equation with initial condition yy; € H'(R?) exists in
C((~To, Ty), H'(RY)).
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Step 2. The Strichartz inequality (3.1.6) with r = 20 4+ 2 and g = %
reads
|U'[')”|Lu[R.L*'[RIf}} < 6(d,o)|v|Le, (3.2.6)

where the constant ¢ depends on d and . One then proves that if the time
T is small enough, then for all j. ¢;(f) € M. where

M = {ve L=((-T\.Ty).L?) N LY((-T.T), L"),

V| La((—1,. 1)Ly = 20[p] L2}
(3.2.7)

V| Loe (=1 ). 02) = |2,

The ingredients to prove this uniform estimate are the Strichartz inequality
above, the LP — LP estimates, and Ymmg type inequalities. The smallness
condition on 17 is given by Tl < (6 2) 7P with p = Efzd = 0.

Step 3. One proves that the sequence {mj} converges to a solution 1 in
Li((=Ty,T1), L*"+2) n C([-T1,T1], H!) that satisfies [10(t)]r2 < |@|f2.

Uniqueness also follows from Strichartz estimates and implies that |i(t)] 2
= |ere.

Cazenave and Weissler (1989) extended Theorems 3.10 and 3.11 by in-
cluding the border values o = 2/(d — 2) for the problem in H'(R%) and
o = 2/d for the problem in L%(R%):

Theorem 3.12. Letd > 3 and o = 2/(0 — 2), then. for all ¢ € H'(RY),
there exists a unique mazximal solution b € C([0,T7), H'(R?)). At critical
dimension o = 2/d, for all ¢ € HY(R?), there exists a unique mazimal

solution v € C([0,T*), L*(R%)) N L2774([0,T*), L2 T2(R%)).

loc

Theorem 3.13 below given by Cazenave and Weissler (1990) interpolates
between these two results using Sobolev spaces H*(R?) with fractional
order () < s < 1. The treatment of fractional derivatives requires the use
of the Besov spaces BJ that can be defined in terms of the moduli of
continuity in L¥

wi(f.h) = |S1|1p:= flx+mn)— f(z)|Le, (3.2.8)
T < i

wp(f, h) = sup [flx+mn) —2f(z) + f(z —n)|Le. (3.2.9)
| <h

Two cases are to be distinguished according as s is or is not an integer. If
s is not an integer, let s = 5 + o, with S an integer and 0 < o < 1. and
v = 1. If s is an integer, let S = s — 1, ¢ = 1 and v = 2. One defines

fls;, = |floe + Z\ (D" £, h)

B

(3.2.10
Le(R™ 4h) )

where o« = (aq,....¢ ag) is a multi-index and D = 02} -.- 974, Other
equivalent definitions inv olving the Fourier transform are given in Breuner,
Thomée, and Wahlbin (1975) and Bergh and Loéfstrém (1976).
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Theorem 3.13. Let 0 < s < d/2 and 0 < o < 2/(d — 2s). If 20 is not
an even integer, suppose also that the integer part [s| is less than 20 if s is
not an integer, and s — 1 < 20 if s is an integer. For ¢ € H*(R®), there
exists a solution 1 € C([-T*,T*), H*(R?)) that satisfies the conservation
of the L*-norm and, if s > 1, of the Hamiltonian. This solution is unique
in L7(0,T; J‘,J‘,-J.{R‘i)) for any T < T, where v = ji{‘i”_—li, p o= ﬁ—ﬂf—ﬁ
and B*

.2 denotes the associated Besov space.

Pecher (1997) improved the lower bound condition on . He removed
the condition [s] < 2¢ if 1 < s < 2 and replaced it by s — 2 < 20 when
2<s<4dand by s —3 < 20 > when s > 4.

Local solutions in H* with s > d/2 holds for any nonlinearity [¢|?71) if
o is an integer, and under the additional assumption 20 + 1 > s if 7 is not
an integer to keep the differentiability of the nonlinearity near b = (). The
border line s = d/2 was recently studied by Nakamura & Ozawa (1998)
for nonlinearities with exponential growth. Their analysis covers the case

of power nonlinearities with ¢ = 2 in dimension 1, ¢ = 1 in dimension 2
and 3 and ¢ = 1/2 in dimension d > 4.

3.2.2  Global Eristence for Large Initial Conditions

Theorem 3.14. (Global existence in H') Assume 0 < o < 2/(d — 2)
if ¢ < 0 (attracting nonlinearity), or 0 < o < 2/d if g > 0 (repulsive

nonlinearity). For any ¢ € HY(RY), there exists a unique solution v in
C(R.H'(RY)). It satisfies the conservation laws (3.2.2) and (3.2.3) and
depends continuously on initial conditions in H'(R?).

Proof. When g = —1, the conservation of the L?-norm and of the Hamil-
tonian leads to a uniform upper bound for [¢|g:1. This estimate enables
one to repeat the local existence theorem and to obtain a solution for all

time. (Lin and Strauss 1978, Ginibre and Velo 1979a).
When g = 1. the conservation of the Hamiltonian leads to

V(t)|3. < |H| +—7 |¢|iﬁjﬁz. (3.2.11)

The Gagliardo—Nirenberg inequality

2042 d| g12+o(2—d .
|f|LC';.-.r+_? = ad|vf|{£2|f| o ) {5212:]
and the conservation of the L?-norm then implies

1

VY (t)[2. < Codlelis ™V |Vy73 (3.2.13)

which provides a uniform bound for |V 2, when od < 2.
Remark. Recent results concern the growth in time of the successive
Sobolev norms [1(t)| - of global solutions whose H'-norm is uniformly
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bounded. Staffilani (1997) proved that in dimension 1 with polynomial non-
linearity and in dimension 2 with cubic nonlinearity, |10(t)|g- < [f]*~' A
stronger result holds in dimension 3 with cubic nonlinearity, where Bour-
gain (1997a) established that sup, [¢)(¢)|y: is uniformly bounded. This
improvement from the usual exponential growth estimates given by Gron-
wall's lemma is a consequence of the smoothing properties of the linear
Schrodinger operator.

Theorem 3.15. (Global existence in L%, Tsutsumi 1987) For 0 < 0 <
2/d and ¢ € L*(R?), there exists a unique solution v in C(R,L*(R%)) N
Li (R,L*T*(RY)) with q = ”—H that satisfies the L*-norm conservation
(3.2.2) and depends rfmtmmmﬂﬂy on the initial condition in L*.

3.2.3  Global Regularity for Small Initial Condilions

Theorem 3.16. For a nonlinearity exponent 2 < o < 525, and an initial

condition o in H® with s > d/2 — 1/ > 0, and |[(=A)*/ 2|12 sufficiently
small, the solution remains in H® for all time.

Global existence for a small condition in H' was proved by Strauss (1974,
1981) for g = 1 (repulsive nonlinearity). It is a manupurp of (3.2.13).

Indeed, defining X (t) = |Vii(t)|7., and & = 25C,.a4lp ng 9 . (3.2.13)
becomes

X(t) < |H|+6X72(t). (3.2.14)

The function X(f) will remain uniformly bounded if X(0) and & are
sufficiently small.

One of the difficulties with fractional spaces is that the conservation
laws do not provide a priori estimates in the space where local existence is
proved. The theorem above was proven by Cazenave and Weissler (1990)
in Sobolev spaces H*® of fractional order for s = d/2 — 1/ and recently
extended by Pecher (1997) to s > d/2 — 1/0.

At eritical dimension ad = 2 and for ¢ = 1. Theorem 3.14 also holds

when the initial condition has a sufficiently small L*-norm, namely if

(-rjﬂr—hl i‘lz-fﬂz—ﬁ” < 1

:"qlrenbmg inequality(3.2.12) can be calculated in terms of the L?-norm
of the ground state R, defined as the positive solution of

AR - R+ R =0. (3.2.15)

Theorem 3.17. (Weinstein 1983) Assume g = 1 and od = 2. If ¢ €
HY(RY) with |p|p2 < |R|L2, there exists a unique global solution of (3.0.1)
in HY(R?). If in addition, the initial condition @ belongs to the space ¥ of
functions in H' with finite variance, then for all 2 < p < f{g

. where the optimal constant in the Gagliardo—

()| e < C|t|P=4/2, (3.2.16)
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Proof. For initial condition ¢ € H'(R?), there exists a unique solution in
H'(R?) during a finite time. For this solution, the mass (or wave energy)
(3.2.2) and the Hamiltonian (3.2.3) are conserved. From the Gagliardo—
Nirenberg inequality (3.2.12), one has

1
V(). < H t o Coal73 VY (t)|1:- (3.2.17)

The optimal constant C'; ; is obtained by minimizing the functional

IV £I78] 1T
{f) o I|rf|£f:r+£

LG+2

(3.2.18)

among all functions f € H'(R?). It is found to be C, 4 = (¢ + 1)/|R|%3
(See Section 4.2.2). Thus, for initial condition ¢ such that |p|r2 < |R|p2,
we have a uniform bound for |V (t)|r2 for all time.

Theorem 3.17 is a sharp result. Indeed, there exist explicit “minimal
blowup solutions” with an L-norm equal to |R|;: that blow up in a finite
time. They have the form

P(x, 1) =

1 X4 i

The second part of the theorem states that solutions in ¥ with an L*-
norm smaller than |R|z2 (the critical mass for existence) disperse to zero
at the rate of the free Schrodinger equation.

Theorem 3.18. For o and d such that 2(1 + 5=) < d, and an initial
condition ¢ € H*(R%) n W*P(R?) where s > 2+ d/2 and p = 2232

der+-1
such that || = + |@|wer is small enough, there exists a unique solution in

C(R., H*(RY) nW#P(RY)) that as t — oo satisfies

[ (t)| L2042 = O(t™ 2o+7), (3.2.20)

This result is due to Strauss (1981). It was also proved by Shatah (1982)
and Klainerman and Ponce (1983) for more general nonlinearities, possibly
including derivatives. The analysis actually applies to a large class of non-
linear disperﬂsive equations. The proof combines a local existence theorem
and L? — L? estimate for the solution of the linear equation (see Theorem
3.1). The result originates from the observation that if the initial conditions
are small enough, the dispersive effects of the linear term will take place
before the nonlinearity becomes important. To implement this idea, one
needs a “high” nonlinearity and a “high” dimension, which explains the
condition on ¢ and d in the theorem. We illustrate this result by giving
below a simplified proof in the case d = 3, o = 1 (see also Bardos 1980 and
Strauss 1989 for other cases).
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The solution of the NLS equation being written in the integral form
(3.2.1), we define

M(t) = sup (I-u'f{ﬁ}lnz +(1+-*)"”El-t;'ﬁ{s)lax)_-. (3.2.21)
O<s<t

where the second term is motivated by the long-time behavior of the linear
solution. Standard estimates imply that

t

M3(s) .
—ds < C 4+ CM3(1). 3.2.22
Al OroMiy (3.2.22)

The L™-estimate is obtained using the basic L' — L inequality for the
operator /. To avoid difficulties for small ¢, we write

()| L= < (14 8) 7% (|plpr + ¢lu2)

+‘£t{1 L ﬁ)_:%f:a (‘|‘E_ff|2'i.f’ ‘ ‘|q_‘,| Y q)‘nﬂ)

W (t) gz < C +

t
< 8(1 4 1)732 4 M3(2) / (14t —s) 21+ s)% 2ds,
<1
(3.2.23)

where 6 = |p|r1 +|@| 2. The integral in the last inequality is bounded from
above by C'(1 +t)~%/2. It results that

M(t) <8+ C M(t). (3.2.24)

The assumption that é is small enough ensures that M (t) remains bounded
independently of t. Global existence follows.

Other methods such as the methods of normal forms (Shatah 1985a),
of invariant norms (Klainerman 1986), and of conformal mappings
(Christodoulou 1986) were developed in the same context for various
dispersive equations (see Strauss 1989 for a review).

3.2.4  Self-Similar Solutions

In spite of its importance in the theory of the NLS equation, the H!
space is not adapted to the study of self-similar solutions of the form
P(x,t) = tﬂﬂ.&f{ 3{@} with p € C, Rp = 1/0. Indeed, ¢|7, = t¥271/7|f|3,,
and except in the case od = 2, a self-similar solution cannot be a classical
H'-solution, since such a solution should satisfy the L%-norm conservation.
One is thus led to look for self- '%111111&1‘ solutions for which f ¢ L° ‘mlt |?f|;_,a
and |f|pz2o+2 are finite. Since t7|tp|p2042 = |f|p2e+2 with 3 = = — 4(”“}

Cazenave and Weissler (1998a) introduced the space

X, = {ue L ((0,00), L2 T2) . supt?|u(t)| 2042 < oo} (3.2.25)
t

As a consequence of Theorem 3.1, for an initial condition taken in the space
of tempered distributions, the solution of the linear Schrodinger equation
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belongs to X, when Edﬁrr + (d — 2)o — 2 > 0. In the nonlinear theory,
one also needs o -f:‘.’. . This leads one to restrict the nonlinearity to th-.f-

range og < 0 < g mh-?n: oy is the positive zero of the above quadratic
polynomial. In thﬁ context, assuming that o and (3 satisty the conditions
above and an initial condition ¢ taken as a tempered distribution such that
sup,g |t|?|U(t)¢|L20+2 is small enough (a precise condition is given in the
original paper), Cazenave and Weissler (1998a) prove the existence for all
t = () of a unique solution of the NLS equation in X, . Furthﬂm:::w ifPisa
finite linear combination of functions of the form Fj( )|x| P—F where Py 1
a homogeneous polynomial of degree k, then sup,~ [t|?|U(#)®|p20+2 < oo,
so that for ¢ small enough, the solution of the NLS equation with ¢ = c®
is global and self-similar.

The existence of a class of self-similar solutions with higher regularity is
established in Cazenave and Weissler (1998h). The results are valid for a
range of values of o that is different from that previously considered in qpit-?
of some overlap. More specifically, they assume d = 3 and o1 < 0 < 4.

where o; is the positive root of 2(d — 2)o? + (d — 4)o — 2 = 0. In th-? case

d=3or4d, oy <o < oc. They also define 1 = ;{{d +41 nd 0 = Mp::rl}'
For 1 < r < d, they introduce the Banach space
WL (RY) = {u € LT+ (RY), Vu € L"(R%)}. (3.2.26)

In this case, assuming the above conditions and taking the initial condition
w as a tFﬂlpFle distribution such that U(t)p € Wi (R4 for almost all
t = 0 with SUP;~. |t| (VU (t)p|pe sufficiently small, there exists a unique

solution ¥(t) € Wh#(R9) for almost all ¢ > 0 with sup;~q [t*[V(t)| s
finite. As in the previous functional framework, this result allows one to
construct global self-similar solutions.

A result concerning convergence of an H'-solution to a self-similar
form (asymptotic self- %imilaritv) is also given in Cazenave and Weissler
(1998a). Suppose g9 < 0 < d— Let »,:J be a p-homogeneous function
(i.e., a function such that ¢(x) = AMp(Ax)) with Rp = 1/g, such that
SUP; - g tF|U (t)p| p2at+2 < 00 and @ = @1 + @2, where @, € LasH (R?) and
w2 € HY(RY). Multiply ¢ by a sufficiently small constant to ensure the

global existence of the self-similar solution u(x,t) = t=P/2f (%) with ini-

tial condition ¢ and of the H!'-solution v(t) with initial condition s and
set w(x.t) = v(x,t) -t P2f (%) It follows that for all € > 0,

I'.E!'.l'

w(t)|p2ere = Ot 2 ¢+3+F) (3.2.27)
and
; diZo+1)
f — 2 20(xVE, 1) o4z < Ot~ W1 tate (3.2.28)

as t — oo. Both converge to () as + — oo if € is sufficiently small.
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Finally, the existence of the above self-similar solutions as { — o¢ can
be used to construct blowup solutions that are asvmptotically self-similar
at the singularity time taken at ¢ = (. This is done by using the pseudo-
conformal transformation (y € R%, s > 0)

5
v(y.s) = ‘e_’iﬁﬂiqﬂ%qﬂ (E, —-:E) _._ (3.2.29)
s 8
which interchanges the behavior at t = () and ¢ = oco. If 9 is a solution
of the NLS equation, then v obeys a nonautonomous NLS equation where
the nonlinear term includes a %2 factor, for which existence of solutions
can be established for all s > 0 in the same L7 functional framework as
above. This approach could provide a rigorous setting to the mumerically
observed blowup of H! solutions of the supercritical NLS equation that
near the singularity display a self-similar behavior limited to a range of
finite extension and continued at large distance by a more rapidly decaying
profile (see Section 7.1).

3.3 Scattering Properties

This section deals with the long-time behavior and the scattering of globally
smooth solutions of the elliptic NLS equation (3.0.1)-(3.0.2) in R?, d > 2,
with ¢ = £1 and 0 < ¢ < 2/(d — 2) if d > 2, and no condition on ¢
otherwise. A detailed review of these results is found in the monographs of
Strauss (1989, Chapter 6), Cazenave (1989, Chapter 7), and Ginibre (1998,
Chapters 10-12). Extensions to a class of NLS equations including a linear
potential (see Section 3.1.2) are given by Journé, Sogger, and Sogge (1991).

We are here interested in the so-called “dispersive solutions” that for
large time behave like solutions of the linear Schrodinger equation. The
“asymptotic states” v, and 1_ are defined as

pF = Lim U(—t)(1). (3.3.1)
t—x oo
The maps
QF T o Pp(0) = (3.3.2)

are called “wave operators.” The functions ¥* can be seen as initial con-
ditions. We are looking for a solution 7 of the NLS equation that behave
asymptotically like U(t)y™ as t — +oc.

The property that all solutions (with arbitrary large initial conditions in a
siven space Xj) are dispersive is referred to as “asymptotic completeness.”
The wave operators are then one-to-one on X, and one can define the
scattering operator S = (27)~! 0 Q™ on the space X. The results cover a
large class of nonlinearities, including nonlocal ones. Here we restrict the
discussion to power laws.
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There has been an extensive literature on the subject, and two important
issues emerge from these studies. The first one concerns the space in which
the wave operators are defined. A natural space is the Sobolev space H'.
The space ¥ of the functions in H! with finite variance was also considered
in order to take advantage of the pseudo-conformal law (Proposition 3.19
below), which is identical to the variance identity at critical dimension and
was independently derived by Ginibre and Velo (1979b). The second issue
is whether the scattering properties require a smallness condition on the
solutions.

Existence of wave operators 2* and asymptotic completeness in ¥ were
first proved by Lin and Strauss (1978) for % < ¢ < 2 in dimension 3 follow-
ing methods introduced by Morawetz and Strauss (1972) for the nonlinear
Klein—-Gordon equation. They were extended by Ginibre and Velo (1979b)
to any dimension d > 2 obeying f? < 0 < ﬁ Strauss (1981) proved
asymptotic completeness for solutions in H' (with no assumption of fi-
nite variance), provided that the solutions are “small”, and he extended
the range of possible power nonlinearities by replacing the lower bound

o > 2/d by ¢ > ao(d) with gy(d) = Z=4F ij£+12d+4 (see also Cazenave
and Weissler 1998 for an interpretation of this lower bound in terms of
dilatation invariance properties).

The smallness assumption for solutions in H' was removed by Ginibre
and Velo (1985b) under the condition 2/d < ¢ < 2/(d — 2) in dimension
d = 3. For solutions in ¥, Tsutsumi (1985) extended the validity range of
g to o > ag(d), and Cazenave and Weissler (1992) included the lower limit
o = ogl(d). Note that 1/d < oy(d) < 2/d. They reduced the lower limit to

2/(d + 2) for small solutions in ¥.

Proposition 3.19. (Pseudo-conformal law) If the initial condition
belongs to the space ¥ of functions in H' with finite variance, then

2 t
L[t rtax= [ xPlofax— [ sos)as
. (]

s At
1[|{x+21i?)!j}| dx p—

(3.3.3)
where
df—" — 20+2 q
o) = 47— f|p| dx. (3.3.4)
Proof. Denoting by h(t) the left-hand side of (3.3.3), we have
h(t) = f xoh|2dx — 4t i‘s(fuix Vibdx + 4HH). (3.3.5)

Taking into account that

d r
7 /|x$|3dx =4 E}(/-aﬁ*:{ - ?-a,-'}dx)? (3.3.6)



3.3 Scattering Properties 61

and using the variance identity (3.2.4), we have

d” :
t(dti /|x-@fﬁ|‘3dx—8H)
E'T =

= t0(1). (3.3.7)

h'(t)

Equality (3.3.3) follows by time integration. Notice that at critical
dimension do = 2, it reproduces the conservation law (2.3.30).

3.3.1 The Case of Repulsive Nonlinearity

The pseudo-conformal law (3.3.3) is used to characterize the long-time
behavior of the solutions (Ginibre and Velo 1979b, Tsutsumi 1985).

Theorem 3.20. (Rate of decay). For an initial condition ¢ € X, let i be
the maximal solution of (3.0.1) with g < 0. Let v satisfy 2 < r < f_‘% if
d>2o0r2<r<nc ifd=1 or 2.

(i) If j < 0 < 7%5, there exists a constant C' such that for all t € R,

(1)

(ii) Ife < ﬁ there exists a constant C' such that for all t € R,

e < |2, (3.3.8)

e < C:-H|{—n!j"iﬁ—dl.-"v'jl{1—*r,rlzr]ljl5 {Jt;g)

(r—20—-2)(2—do)
(r—2)(204+2—do)

where n(r) =0if2<r <2042 andn = if r > 20 + 2.

Remark. For o > 2/d the solution decays in all spaces L" like the solution
of the linear Schrédinger equation, while for ¢ < 2/d this is only the case
for r < 20 + 2.

Thenrem 3.21. (Scattering properties). Let oy(d) = 2= d+’"”r’i+”d+4 <

o< - J, w € X, and let ¢ be the mazximal solution of (3.0.1). There exists
pE E Y. such that

U(=t)) — |y — 0 as t— +o0. (3.3.10)
ez = ||z and [|VYT|Pdx = [ |V~ [2dx =

In addition,
H(yp).

This result shows that as t — +oco, the solution is asymptotic to a
solution of the linear Schrodinger equation. It also defines

Ut : oyt (3.3.11)

as continuous mappings from X to X. One has the formulas

+ oo
YF = —i / U(—7)f(w(r)) dr (3.3.12)

J U
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and
1

P(t) = Ult)p™ +1i [ Ut — 7)f(v(7)) dr. (3.3.13)

1-|—DC

Theorem 3.22. (Existence of wave operators). Let og(d) < o < ﬁ For

every 1T € X there exists a unique @ € ¥ such that the maximal solution
i € C(R, HY) with initial condition o satisfies

U(=t)p(t) —F|g — 0 as t— +oc. (3.3.14)

Similarly, for every v~ € X there exists a unique o € X such that the
maximal solution 1 € C(R, H') with initial condition @ satisfies

\U(—t)(t) — ¢ |g — 0 as t— —oc. (3.3.15)

The wave operators Q7 : )7 — @ and Q7 : ¥~ —  are continuous one-to-

one operators from % into X, and (ﬂ*)_l = U#*, which ensures asymptotic
completeness in X.

Theorem 3.23. For every ™ € X there exists a unique v € X satisfying
the following properties: There exists a unique © € X such that the maxrimal
solution v € C(R, H') with initial condition ¢ satisfies

U(=t)p(t) — ¢ inY as t— +oc. (3.3.16)
The scattering operator
S:yPp - e—=yYT ek (3.3.17)

is continuous and one-to-one, and its inverse is also continuwous. In addi-

tion, [ |2 = [ |2 = |@lr2 and [ |V T|2dx = [ |V |2dx = H(yp).

Theorem 3.24. Forl/d <o <2/(d—2), and ¢ € X, there exist unique
asymptotic states = € L*(R®) such that the solution of eq. (3.0.1) with
initial condition  satisfies

[p(t) — U(=t)y* |2 = 0 as t — +oc. (3.3.18)

This result, due to Tsutsumi and Yajima (1984) defines the mappings U+
from ¥ into L?. The proof is based on the observation that if ¢/(x.,t) is a
solution of (3.0.1), then u defined by

(e £) — (95e) /2 X2/t *(i i)
w(x,t) = (2it) e W\ 550 5

satisfies, in the new variables,
ity + Au + gt 2 ul* u = 0. (3.3.19)
The theorem is thus equivalent to the existence of u(0) such that

lu(t) — w(0)|g2 — 0 as t — 0F.
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Theorem 3.25. (Cazenave and Weissler 1992) For w25 < 0 < 375 (or

o > 1ifd = 1) the wave operators QF are defined on all X. In addztmn,

the scattering operator S is defined from a neighborhood of 0 in X onto a
neighborhood of ().

Remark. The lower bound 1/d in Theorem 3.24 is in a sense Dptinml.
Indeed, when 0 < ¢ < 1/d, scattering operators cannot be defined:
shown b} Strauss (1974), for any solution ¢/(t) € 3, the quantity U(—t) t}
does not have a strong limit as { — oo, even in L2

Note the gap in the lower bounds for o given in Theorems 3.24 and 3.25.
Ginibre, Ozawa, and Velo (1994) recently bridged the gap in dimension
d = 3 and reduced it in dimension d > 4 by proving the following theorem.

Theorem 3.26. Ford = 3, and + , <O < 2. the results of Thm:rr#m 3.25
hold when X is replaced by ¥, = {u ue H”, }{‘”u e L%} wzth <p<2 In
dimension d = 4, the lower bound on o reads o(d+ 4o + 2) 2:=- 2.

The above results concern solutions with a finite variance. A natural ques-
tion is whether one can define the wave operators and prove asymptotic
completeness in a larger space where global existence holds. that is, in H!
instead of X. A partial answer is given by the following result.

Theorem 3.27. (Ginibre and Velo 1985b) Ifd = 3 and 2/d < ¢ <
2/(d — 2), asymptotic completeness holds for arbitrary initial conditions in

H'(RY).

3.3.2  The case of Altracting Nonlinearity

Theorem 3.28. (Cazenave and Weissler 1992) For 335 < 0 < 725 (or
o > 1ifd=1), the scattering operator S is defined fmm a nﬂghbf;rrhz:rf}d of
0 in X onto a neighborhood of 0. Furthermore, for m <0< {m‘ o >1

if d = 1), the wave operators QF can be defined on the whole S;:am?f? 2.

When dealing with solutions whose wvariance is infinite, we have the
following theorem.

Theorem 3.29. (Strauss 1981) Ifd = 3 and 2/d < o < 2/(d —
2), asymptotic completeness holds for small enough initial conditions in

H'(RY).

Remark. The lower bounds ¢ = 2/(d + 2) for the theory in ¥ (Theorem
3.28) and ¢ > 2/d for the theory in H'(R?) (Theorem 3.29) as well as the

upper bound o < 2/d in the second part of Theorem 3.28 are optimal (see
Remarks 4.4 and 4.7 of Cazenave and Weissler 1992).
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3.4 Further Results

3.4.1 Generalized NLS Equations

Consider the generalized Schrodinger equation

i + Dy + Py, Vxap, Vxp™) = 0, (3.4.1)
P(x,0) = (), (3.4.2)

where D) is a nondegenerate second-order operator with constant coeffi-
clents

D=>Y 0 -> 02 forl<k<d. (3.4.3)

i<k j=k

and P a polynomial with no constant or linear terms :

P(z) = P(z1,22,...,224+2) = Z anz", fh = 2. (3.4.4)
£ < |oe| <y

Theorem 3.30. (Kenig, Ponce, and Vega 1997) For £y = 3, there exists
s = s(d, P) = 0 depending on the dimension d and the nonlinear terms P
such that for all initial conditions ¢ € H*(R"), the initial value problem
has a unique solution defined in a finite interval [0, T] with T = T(|@|m-),
satisfying v € C([0,T]. H*(R%)), with the “local smoothing property”

T
sup / / (1 — A/ 2TV 2dx dt < oo, (3.4.5)
“Ezei () Py

where {Q“}# cZa s a family of unit cubes of side one with disjoint interiors

covering RY.

For £y = 2, there exist s = s(d, P) > 0 and m = m(d, P) > 0 such that
the same result holds with the space H*(R®)) replaced by the weighted space
H*(RY)) N L2(RY, |x|*™dx).

Kenig, Ponce, and Vega (1993) first established this result in the case of
small initial conditions. The restriction was removed in one space dimension
by Hayashi and Ozawa (1994a) and in any dimension for the operator D =
A by Chihara (1996) and Hayashi and Kaikina (1998). The proof is based
on a detailed analysis of the smoothing properties of linear Schrodinger
operators with nonconstant coefficients.

When D = A and the nonlinear term P is quadratic, with the condition

|C}L’P| -+

By-P| < C|Vi, (3.4.6)

small analytic solutions exist globally in time (Hayashi and Kato 1997). A
result of global existence of radially symmetric solutions with small initial
conditions is given by Hayashi and Ozawa (1995).
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Note that in one space dimension, the so-called derivative nonlinear
Schrodinger equation

ab
ot

+ 3, (|b]?b) + i0pab = 0. (3.4.7)

which is not an amplitude equation but rather describes the long-
wavelength dynamics of dispersive Alfvén waves propagating along an
ambient magnetic field (Mjelhus 1976, Mio, Ogino, Minami and Takeda
1976, see also Mjolhus and Hada 1997 for a recent review), is integrable
by the inverse scattering technique (Kaup and Newell 1978, Lee 1989).
The Cauchy problem and the analyticity properties of global solutions are
considered by Hayashi and Ozawa (1992). The effect of perturbations of
the form A|¢:|P4) are discussed by Hayashi and Ozawa (1994b) and Ozawa
(1996).

A physical example of an NLS equation with a nonpolynomial nonlin-
earity including derivatives arises in the context of the continuous limit of
a cubic lattice of classical spins processing in a magnetic field created by
their closest neighbors. Their dynamics are governed by

i}? =8 x AS, X = (x1,T9,13) € R, (3.4.8)
S[}{U:] - S{](K:l_, {:j,_l';l:]

where Sy(x) is a field of vectors in R® of unit length. This equation is
rewritten using the stereographic projection of the unit sphere & on the
plane r3 = 1. Each point S of the unit sphere, except the south pole
P = (0,0, —1), has an image () = («, 3, 1) obtained as the intersection of
the straight line SP with the plane x5 = 1. Defining z = o + i3, one gets
0z z*(Vz)?

i Az =2 .
lﬁt+ - 4+ |z|2

(3.4.10)

Existence and long-time asymptotic freedom for initial conditions corre-
sponding to small spin deviations are established in Sulem, Sulem. and
Bardos (1986). An extension of this model including a coupling to a mean
field was name after Ishimori (1984) and considered by various authors (see
among recent publications Havashi and Naumkin 1998a, Kenig, Ponce, and
Vega 1998 and references therein). Other extensions were recently reviewed
in Myrzakulov, Vijayalakshmi, Svzdykova, and Lakshmanan (1998).

A special example of the NLS equation including first and second deriva-
tives in the nonlinear term and arising in the context of the propagation
of an ultrashort high-intensity laser pulse in a plasma is considered by
de Bouard, Hayashi, and Saut, (1997) who established local existence and
uniqueness of solutions with small initial conditions. For this purpose, they
rewrite the equation as a system for the solution and its complex conjugate
where second derivatives do not appear in the nonlinearities. The disper-
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sion becomes nonlinear, or equivalently, a nonlinear factor appears in front
of the time derivative.
We finally mention the NLS equation with a Hartree potential

iy + A = (V[0 =0, xeR% (3.4.11)

Here V(x) = Ax|™! is the Coulomb potential. The Cauchy problem and
the long-time behavior were first addressed by Chadam and Glassey (1975)
and Glassey (1977a). Extensions to more general potentials can be found
in Ginibre and Velo (1980), Hayashi and Tsutsumi (1987), Hayashi and
Ozawa (1987), and Nawa and Ozawa (1992). Sharp estimates in L™ and
existence of modified scattering states are derived for small initial condi-

tions in weighted Sobolev spaces (Hayashi and Naumkin 1998b, Hayashi,
Naumkin, and Ozawa 1998).

3.4.2  Defocusing NLS with Nonzero Condition al Infinily

In the case of a repulsive nonlinearity, the nonlinearity amplifies the broad-
ening effects of dispersion and diffraction. Nonlinear dynamics are thus not
possible with a localized wave packet, and nonzero boundary conditions
corresponding to an unperturbed monochromatic plane wave are required
at infinity. As mentioned in Section 1.4, it turns out that such an equation
also describes the dynamics of an imperfect Bose condensate and was the
object of several studies in this field. Here we only briefly summarize a few
recent results.
Up to a phase translation, the equation is written

iy 4+ A+ (1 — [ [*) = 0. (3.4.12)
When prescribing the general boundary condition
P(x,t)] — 1 as [x| — oo, (3.4.13)

which corresponds to a phase whose value at infinity depends on the di-
rection, the initial value problem has to be addressed in the framework of
local L . or H;  spaces. This is a delicate situation for which no rigor-
ous result are to our knowledge presently available. Results were obtained
by Ginibre and Velo (1996, 1997a, 1997b) in the context of the complex
& Ginzburg-Landau equation, but their extension to the nondissipative
regime associated to the nonlinear Schrodinger equation remains open.

The situation where the boundary condition reduces to v — 1 as
x| — oo, independently of the direction, corresponds in terms of the
hydrodynamic interpretation (Section 1.4) to a fluid at rest with an unper-
turbed density at infinity. This case can be addressed in the usual Sobolev
framework. The (mnsmwd ) Hamiltonian

H = f |'?1,J|‘3 1 — []?)? )d}{ (3.4.14)
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is finite and the problem globally well-posed in two space dimensions
(Bethuel and Saut 1998).

The zeros of the complex function i are called vortices or defects. Their
dynamics were first studied by Neu (1990), who formally showed that the
vortex centers satisfy a Hamiltonian equation at leading order in !, where
r measures the minimum distance between the centers (Kirchhoff law). A
rigorous approach is given by Lin and Xin (1997) and Colliander and Jer-
rard (1998). Radiation effects that occur at higher orders are retained by
Ovchinnikov and Sigal (1998a), who considered long-time behavior of so-
lutions with initial conditions corresponding to two vortices of the same
charge +£1 or opposite charges +1 and —1. They proved that in the former
case, the vortices radiate while rotating around each other and asymp-
totically move apart at a rate proportional to /¢ asymptotically. In the
latter case, the radiation is absent for large vortex separation, while for
small or moderate separations. the two vortices produce a shock wave and
eventually collapse. annihilating each other.

Special interest was devoted to traveling waves (x,t) = v(£,y) with
£ = x — ct. The equation for v becomes

icOsv = (Oge + Oy )v + (1 — |v[*)v (3.4.15)

with v — 1 at infinity. Formal constructions of solutions and analysis of
their stability were presented both in two dimensions (a model for thin
helium films) and in threedimensional axisymmetric geometries (Jones and
Roberts 1982, Jones, Putterman. and Roberts 1986, Kuznetsov, and Ras-
mussen 1995, and references therein). Rigorous results were recently given
by Bethuel and Saut (1998). Existence of solutions was proved for small
enough velocity ¢ > 0 and is not expected to hold when ¢ exceeds the veloc-
ity of sound. Near this threshold, the amplitudes of the travelling waves are
small, and a standard reductive perturbative expansion reduces the NLS
equation to a Kadomtsev—Petviashvili (KPI) equation that admits “lump
solitons.” The density well at the center of the soliton decreases with the
velocity. Below the velocity for which the density vanishes, the solution
bifurcates and splits into two separated zeros in the direction transverse to
the direction of propagation.

For ¢ = 0, there are no nontrivial solutions with finite energy. Time-
independent solutions have thus a phase at infinity that depends on the
direction. They satisfy

Au+ (1 — |u[*)u =0, with |ul —1 as [|x|— o0, (3.4.16)

an equation extensively considered in two space dimensions (Brezis, Merle,
and Riviere 1994, Bethuel, Brezis, and Hélein 1994, Ovchinnikov and Sigal
1997). It admits “vortex solutions” in the form

u ™ (r,0) = ) (r)en? (3.4.17)
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where f{™) is a unique function monotonically increasing from 0 to 1 as r
coes from () to oo, and n is the winding number. The stability of these solu-
tions was addressed by Weinstein and Xin (1996) and Gustafson (1997a),
who proved that in dimension 2, the vortices associated to n = =£1 are
marginally stable in the spectral sense. Extension of vortices to higher di-
mensions (called monopoles in three dimensions) has been considered by
Gustafson (1997b). He proved the existence and uniqueness of a spherically
symmetric solution with nonzero topological degree. It is a degree-one so-
lution of the form » = f(|x|)x with the function f being real-valued, and
it is stable in the spectral sense.

Stability of magnetic vortices (which are solutions of (3.4.16) coupled
with a magnetic field) were recently studied by Gustafson and Sigal (1998).
A recent survey including an extended bibliography is given by Ovchinnikov
and Sigal (1998h).

3.4.3 Periodic Boundary Conditions and Invariant Measures

As already discussed. the local existence theory for solutions of the NLS
equations in R? uses the dispersive effect of the free Schridinger operator,
in the form of the Strichartz inequalities. When the domain is periodic,
siich inequalities do not hold. Using refined properties of trigonometric
series, Bourgain (1993, 1994a) developed an analogue to these estimates,
by defining the temporal norm on a finite time interval and dealing with
the projection of the linear Schrodinger equation on spaces spanned by a
finite number of Fourier modes. This leads to estimates similar to classical
Strichartz inequalities, except that they involve constants that increase
with the number of retained Fourier modes, at a rate that grows with the
space dimension and the order of the norm. A detailed review is presented
by Ginibre (1996). The main steps are as follows. For a periodic function

u € L?(T?), one defines
fxty= Y G(m)eimX-miy, (3.4.18)
meZid |m;|<N

which is identical to the projection of U(t)u on the subspace spanned by
N Fourier modes. The question is then to find the best constant K, 4(V)
such that

|fﬂ‘\r|Le,l{TeI+1:| E Ii’ij.d{iﬁr)|u|£.j{Td:l {3‘-1:].9:]

By comparison with the problem in R and using some counterexamples,
Bourgain conjectured that

( cqﬂrﬂ[q} for q = To.
K,a(N)< 4 CN° Ve, for g = ry, (3.4.20)
Cy for g < ry,

.
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where ((q) = g - d%‘g while ry = 2 + % is the exponent of the Strichartz

inequality in the entire space. He proved the conjecture when

d=1, 2<¢g<4, g>6=rmrg
d=2 q=4=nr,, (3.4.21)
!"EZH, Q}fi]:}?‘q}.

Furthermore, since this approach involves Fourier transforms in both
space and time, with ¢ belonging to a finite interval [T, 7] with small
T < 1, the integral form of the NLS equation is rewritten as

i
6(t) = xrUOg +x2) [ U - 0P7u) (3422
with T < 1 and yp = xl{%), where y; is in C°°(R) and satisfies y,(t) = 1
if [t/ < 1 and y(f) = 0 if |[t| = 2. The free evolution contribution to
the integral equation is then eliminated by defining the spaces X such
that |u|x = |[U(—t)uly where H holds for a classical functional space,
like the Sobolev space H*" in the x and t variables, defined as H*" =
[/ (14 [E|2)2(1+ |7]2)%|ul 2 < oo}, We quote below some of the results.

For d = 1, the NLS equation on the one-dimensional torus T is locally
well-posed in H*(T), provided that ¢ < 2/(1 — 2s). If & < 1, it is glob-
ally well-posed in the space L*(T x Ry,.) for initial data ¢ € L?(T). If
g = 1, the solution is in C(R, H*(T)) for all ¢ € H*(T), s = 0. This
corresponds to the case where the NLS equation is integrable. Its spec-
tral properties in periodic geometry are addressed for both attracting and
repulsive nonlinearities by Ma and Ablowitz (1981).

For d = 2, the NLS equation is locally well-posed in H*(T), provided
that 1 <o < 1/(1 —s), 0 < s < 1. It is globally well-posed in H*(T?) for
o = 1 and initial condition ¢ € H!' with sufficiently small L%-norm. The
same result holds for all & = 1 if || is small enough.

For d = 3, the NLS equation is globally well-posed in H'(T9) with
1 < ¢ < 2 and sufficiently small initial data in H*.

For d > 4, the NLS equation is locally well-posed in H*(T%) when 1 <
o < 2/(d— 2s) and 3d/(d + 4) < s < d/2. In dimension d = 4, and for
T = % the NLS equation is globally well-posed in H*(T*) for an initial
condition ¢ € H? with sufficiently small L*-norm.

An important issue addressed in the context of periodic boundary condi-
tions concerns the “statistical mechanics” of the NLS equation. Since this
topic is outside the scope of the present monograph which is mostly con-
cerned with classical solutions. we give only a brief discussion and refer to
the original papers and to Bourgain (1996a) for a review. The method con-
sists in replacing the study of individual solutions by that of appropriate
probability measures on the phase space of the system. It can be viewed as
an extension to a continuous syvstem of the statistical-mechanics approach
of an ensemble of particles at thermal equilibrium.
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For a system of n particles confined in a compact spatial region (2, the
(Gibbs probability distribution for finding a system of n particles confined
in a compact spatial region {) in a neighborhood dX,, of the microscopic
state X,, is given by

pldX,) = 2 exp[-BH(X,)]dX,, (3.4.23)

where H is the Hamiltonian of the system, /3 the inverse temperature, and
Z, anormalization constant that to be finite requires the Hamiltonian to be
bounded from below. The extension to a continuous field is challenging not
only because of the infinite number of degrees of freedom already present
in a finite volume, but also because as is the case for the NLS equation
with attracting nonlinearity, the Hamiltonian may be unbounded from be-
low. In one space dimension, the problem was first addressed by Lebowitz,
Rose, and Speer (1988, 1989) (see also Bourgain 1997b for a brief descrip-
tion of the results), who show that a normalized measure can be defined
for any subcritical nonlinearity by restricting the Gibbs measure to any
ball in the L*-space. For the critical nonlinearity, it can also be defined,
provided that this ball is small enough. No normalized measure is obtained
in supercritical dimension. In other words, the conditions for the existence
of a normalized measure are essentially the same as those for the existence
of a global solution for the NLS equation. This normalized measure was
shown to be invariant under the dynamics (Bourgain 1994b, McKean 1995,
Bidégaray 1995, Zhidkov 1995, Bourgain 1996b, Brydges and Slade 1996),
which allows one to apply the Poincaré recurrence theorem. The existence
of invariant measures in the case of an interval with Dirichlet boundary
conditions was shown by Zhidkov (1991). This involves the proof of exis-
tence of a well-defined flow associated to initial data with low regularity
in the support of the Gibbs measure. Extension to nonlocal potential of
Hartree type is obtained in Bourgain (1997b).

In relation to the existence of invariant measures, there arises the prob-
lem of the persistence of time periodic or quasi-periodic solutions of the
linear Schrodinger equation with a smooth real potential under Hamilto-
nian perturbations. The subject is related to the KAM theory for invariant
tori of finite dimension in an infinite-dimensional phase space. In the case
of a finite interval with Dirichlet boundary conditions, the problem was
solved by Kuksin (1993). The analytical difficulties are due to the pres-
ence of small divisors similar to the case of pertubation theory for near
Hamiltonian integrable systems. An additional difficulty arises with pe-
riodic boundary conditions because of the presence of resonances as well.
The problem was addressed by Craig and Wayne (1994) using a Lyapunov—
Schmidt decomposition, in the case of time-periodic solutions in one space
dimension. The result was extended to guasi-periodic solutions in one and
two space dimensions by Bourgain (1994b, 1998b). A recent review of these
problems is given by Craig (1998).
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Standing Wave Solutions

The elliptic nonlinear Schrodinger equation
iy + Ay + |97 =0, x € R, (4.0.1)

with an attracting nonlinearity and the condition ¢+ — 0 as |x| — oc,
admits special solutions called “standing waves”, “bound states”, “solitary
waves”, or “wave guides”, of the form ©(x,t) = ﬂi‘}‘zt@{x), where the profile
¢ is time-independent. Because of the resulting time-invariance of the wave
intensity (which corresponds in quantum mechanics to the probability of
finding a particle at a given location), these solutions are also referred to
as stationary. The function & satisfies

AP — N2 +|P]*® =0, xeRY, (4.0.2)

where the coefficient A? is to be positive in order to ensure that ® van-
ishes at infinity. More general solutions are constructed using invariance
properties of the NLS equation, among them the Galilean invariance.

It is easily seen that @ is a solution of the variational problem

S{H + NN} =0, (4.0.3)

where N = [ |®]*dx and H = [(|[V®|* - ﬁ|@,|2a+2)d1
Defining ¢(x) = A~Y7®(A"'x), we have N = X*/77¢Nj with Ny =
| |¢|?dx, and

Ad— o+ |6]*7 ¢ = 0. (4.0.4)
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In one dimension, there exists a unique solution of (4.0.4) of the form
(o +1)1/2%
cosh'/ 7 (o)

that satisfies the zero boundary conditions at infinity. This is not the case
in higher dimensions where there exists a demumnerable set of solutions that
can be analyzed in details when isotropy is assumed (Anderson and Derrick
1970).

As precisely stated in Section 4.2, there exists for fixed A? a unique solu-
tion g of (4.0.2) that is positive and radially symmetric. It is an extremum
of H at fixed N and also minimizes the action $(H + A*N) among all
nontrivial solutions of (4.0.2). By analogy with the problem of a quantum
particle in a potential (see e.g. Lieb and Loss 1997, Chapter 11), this so-
lution is referred to as the “ground state”. while the other solutions are
called “excited states” and are characterized in the isotropic case by their
number of nodes. The ground state associated to A? = 1 will be denoted
by R.

An important question concerns the conditions of stability or instability
of the standing waves and in particular, of that associated to the ground
state we refer to as ground-state standing wave. In the case d = 2, ¢ = 1
(especially relevant in optics), the latter is usually called “Townes soliton.”

é(z) = (4.0.5)

4.1 A Heuristic Approach

Before reviewing rigorous results concerning the existence and stability of
the standing-wave solutions, we present in this section a linear analysis
initiated by Zakharov (1968a) and Vakhitov and Kolokolov (1973), and
also a heuristic argument based on an analogy with Hamiltonian systems
with a finite number of degrees of freedom, as reviewed by Kuznetsov,
Rubenchik, and Zakharov (1986) and Kuznetsov (1996) (see also Laedke,
Spatschek, and Stenflo 1983, Laedke, and Spatschek 1985). A discussion of
the various types of stability is given in Pelinovsky and Grimshaw (1997).

4.1.1  Linear Stability Analysis

For fixed A?, let g denote the ground state of (4.0.2) and g{x)ﬁ";’b‘gt the
corresponding standing-wave solution of the NLS equation. When subject
to infinitesimal perturbations of the amplitude and phase, this solution
becomes

P(x,t) = g(x)(1 + r(x, )i s X)) (4.1.1)
or after expansion,

Dx.1) = (%) + u(x, 1) + ivlx, 1)e", (412
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where we have introduced the real functions v = ¢gr and v = gs. When
linearizing the nonlinear Schrodinger equation about the ground-state

standing wave, we get
(I (i
ﬁt( )N( ) 413
v v

with
0 L
N = ! (4.1.4)
—~Ly 0
and
Ly=—-A+ X — g%, (4.1.5)
Li=—-A+ X — (20 + 1)g7". (4.1.6)
For perturbations u, v oc ¢**. we have
O%u = LyLyu. (4.1.7)
The operators Ly and L, are self-adjoint. Using the fact that g satisfies
Ag — XNg + g?°™! = 0. one easily checks that the operator Ly can be
rewritten as
1. 5 1
Ly=—=div|g gra,d(— ) : (4.1.8)
g g

As a consequence, [uLpudx = [ |?{%}|Eggdx > 0, and the operator Ly is
nonnegative. Furthermore, g belongs to the kernel of Ly and Vg to the
kernel of L;. The ground state g, which is positive, is also spherically
symmetric about some point () and decreases with respect to the radial
coordinate about this point. As a consequence, Vg has a single node at the
point . So, as proved by Weinstein (1985), zero is the second eigenvalue
of L1, which has exactly one negative eigenvalue. For solutions u of (4.1.7)
orthogonal to ¢, the minimum value of 07 is given by

22 = min el Lnfu) :
(u| Lyt u)

(4.1.9)

where we have used the notation {(a|L|b) = [aLb dx. For this class of
functions, Ly is positive definite, so the sign of Q2 is prescribed by that
of (u|Lq|u). The minimum value of (u|Li|u) is attained for a function u
(orthogonal to g), which satisfies the spectral problem

Liu = pu + ag, (4.1.10)

where o is an undetermined Lagrange multiplier and p¢ = (u|Lq|u). Let
ILo, [t1. . .. be the eigenvalues of L. Since L, has only one negative eigen-
value gy and since the eigenvector Vg associated to the second eigenvalue
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p1 = 0 is orthogonal to g, (4.1.10) can be written as
u=a(l, —p) g (4.1.11)

if g < p < po, where ps is the first positive eigenvalue. Taking the scalar
product with g and using the orthogonality condition (g|u) = 0, the above
equation is replaced by

(1) = (g](L1 — 1)~ g) = 0. (4.1.12)

When p increases from pg to ps, f(p) varies monotonically from —oo to
+00, and consequently passes through zero for p = pgin € (o, p2). In
order to determine the sign of pi,;,. it is enough to consider the sign of
f(0) = (g|L7"|g). If it is positive, pimiy is negative, while if it is negative,
[min 18 positive. To calculate this quantity, one differentiates the equation
obeyed by g with respect to A?, and gets

g 4
Hence,
dg 1 ON |
0) = — = —— : 4.1.14
10 =~ (sl 3% ) =3 535 (4.1.14)
where
N = /gﬂdx. (4.1.15)

[t follows that ON/OA* prescribes the sign of piy;,. When N/ON* < 0, a
condition that corresponds to do > 2, then pt,,,;,, and thus 2 are negative.
In this case, harmonic pertubations increase exponentially and the ground-
state standing wave is unstable. In the other case, for IN/OA* > 0 or
equivalently do < 2, the ground-state standing wave is linearly stable. At
the critical dimension do = 2, the above criterion cannot be used.
Another way to derive the criterion for instability (Laedke, Spatschek,

and Stenflo 1983) is to introduce the function

&= (& |g)Ly g — (g|Lyg)é-. (4.1.16)

where £_ is such that (£_|L,|£_) < 0. Such a function £_ exists, since L,
has a negative eigenvalue. Note that L7 g = — 2% and that (£, g) = 0.

a2
Calculating (&|L41]€), we get

(E|L1|€) = —(g|L1"g) (6=1g)* + {g|L1 |g)*(€—|Lalé-). (4.1.17)

If (g|L7'g) > 0 or equivalently dN/OA? < 0, then {£|L1|¢) < 0 and thus
the minimal value Q2 defined in (4.1.9) is strictly negative. The ground-

state standing wave is then unstable.
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4.1.2 The Case of Finite Amplitude Perturbalions

Consider the transformation

V(r) = —— 0 (f) , (4.1.18)

which preserves the mass N and transforms the Hamiltonian into

1 : 1 1 oy
H{a) = — U %dx — |27 dx. 4.1.1
@)= g3 [ IV¥Pax— s [P @)

Since N is preserved with varying a, (4.0.3) implies that for a solution
¢ of (4.0.2), 90H/dal,~1 = 0 or equivalently, X = ﬁ}’, where X =
[ |V®|?dx and Y = [ |®|?7T2dx. Since on the other hand, X = —A*N +Y,

one has

gd)\?T2/7—d N, 2(a + )N 74N,
X = .Y = . (4.1.20)
20 4+ 2 — od 2042 —0ad
[ET!'TE . E)AE—FEIH—dﬂfﬂ |
H = Y £ 9 od : (4.1.21)

where Ny = [|¢|*dx. It follows that the Hamiltonian of the ground state
vanishes at the critical dimension od = 2 and is positive for od < 2. It
is negative in dimension d = 1 when ¢ > 2 or in dimension d > 2 when
2/d < o < 2/(d—2). Higher nonlinearities are not permitted, since they do
not preserve the positivity of X and Y (to be compared to the condition
for the existence of a solution of the initial value problem given in Chapter
3).

Furthermore, 9*H/da*|,—1 = 2(2 — od)X, indicating that the ground
state realizes a minimum of H(a) when od < 2 and a maximum when
ogd > 2 (with the same condition on ¢ as above when d > 2).

Another transformation preserving N is provided by the gange transfor-
mation

W (r) = W(r)e™xm), (4.1.22)

which changes the Hamiltonian H into
H' = H + /{?x}gﬂr?dx = H. (4.1.23)

For do > 2, the ground state is thus a saddle point of the Hamiltonian
functional. One can thus conjecture by analogy with Hamiltonian svstems
with a finite number of degrees of freedom that the ground-state standing
wave will be stable for od < 2 and unstable for od > 2. The case do = 2 is
critical.
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4.2 Existence and Variational Approach

The existence of solutions to equations of the form —Aw = f(u) has been
extensively studied (see, e.g. Evans 1998, Chapter 8). The first results
concern the case f(u) = —mu + |u/Pu (m > 0), which is associated to
standing-wave solutions of the NLS and Klein—Gordon equations (Pohozaev
1971 in a bounded domain of R?, Coffman 1972 in R?). These results were
later generalized to larger classes of functions f (Strauss 1977, Coleman,
Glazer, and Martin 1978, Berestycki and Lions 1983 in dimensions d > 3,
Esteban 1980 and Berestycki, Gallouét, and Kavian 1983 in dimension 2).
Here, we restrict the discussion to solutions g € H'(R?) of

Ag— Mg+ ¢t =0. (4.2.1)

This problem is amenable to variational formulations. To obtain a solution
of (4.2.1), one looks for the critical points on H'(R?) of the Lyapunov
functional, also called action.

S@p:?ﬂmy%ﬁwmn (4.2.2)

Other approaches include an ODE method that consists in looking directly
for radially symmetric solutions (Berestycki, Lions, and Peletier 1981}, and
also a “local” method that solves (4.2.1) in a ball of finite radius with
Dirichlet boundary conditions and then passes to the limit (see Berestycki
and Lions 1980 for details).

4.2.1 Necessary Conditions for Existence in H'

Lemma 4.1. (Pohozaev identities) Any solution of (4.2.1) in H'(R%) N
L2 2 (RY) satisfies the Pohozaev identities

: od ot
[|?§|jdx m [|g|£”+‘3d}{, {423)
1

A 2 a 2542
E—|ﬂdx=(g—ﬂg+”) 927+ 2dx. (4.2.4)

Consequently, there are no solutions in H'(R®) of (4.2.1) when o > ﬁ

I

Proof. These identities are direct consequences of (4.1.20)—(4.1.21). They
can also be directly established as follows. Multiplying (4.2.1) by ¢ and
integrating over the whole space. one gets

[ ( — |Vgl* = N|g]* + |g|2”+2)dx = 0. (4.2.5)

Similarly, multiplving (4.2.1) by z;0;¢ and integrating over R?, one obtains
d , A d Dot p

/ ({5 —1)|Vg|* + T|g|ﬂ e 1)|g|‘3 “)dx = 0. (4.2.6)
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[dentities (4.2.3)—(4.2.4) follow by combining (4.2.5)—(4.2.6).

4.2.2  FExistence Results

Theorem 4.2. (Existence of a positive solution or ground state) Suppose
d>=2and o < 2/(d—2) (no condition on o if d = 2). Equation (4.2.1)
has a positive, spherically symmetric solution g € C 2|[F1.’fi). In addition, g
and its derivatives up to order 2 have an exponential decay at infinity. This
solution minimizes the action, among all HY(R%)-solutions of (4.2.1).

Theorem 4.3. (Uniqueness of positive solutions) For 0 < o < -2, the
positive solution obtained in Theorem 4.2 is unigue.

Theorem 4.3, due to Kwong (1989}, ensures uniqueness of the ground
state. Since the solution is radial, the equation reduces to an ordinary dif-
ferential equation. Kwong’'s result improves several previous contributions.
Coffman (1972) studied the special case d = 3, ¢ = 1, and proved the ex-
istence and uniqueness of a positive radially symmetric solution. McLeod
and Serrin (1987) extended Coffman’s result to any dimension and power
nonlinearity satisfying the conditions ¢ < oc if 1 < d < 2, 0 < -5, if

d—27
2<d<d4,ando < 22 ifd<d<8.

Theorem 4.4. Let u(x) be a C? positive solution vanishing at infinity of
the equation Au + f(u) = 0 in RY, d > 2, with f € C'T#(RY), p > 0,
f(0) =0, and f'(0) < 0. Then w(x) is spherically symmetric about some
point in RY and ?j—: < () for v = 0, where r is the radial coordinate about
that point. Furthermore,

lim "9~ Y/2emyu(r) = const > 0. (4.2.7)

T— 00
This result, due to Gidas, Ni, and Nirenberg (1981), ensures that any
smooth positive solution of (4.2.1) is radially symmetric. We quoted it
here in the form of the remark following Theorem 2 in their paper (p. 371).

Theorem 4.5. (Existence of infinitely many solutions or bound states)
Under the hypotheses of Theorem 4.2, there exists an infinite number of
radially symmetric solutions gy of class C*. Each gy, has exactly k nodes
as a function of |x| = r and decays exponentially at infinity. In addition,
S(gr) and |Vgi|pz — 0o as k — .

Existence of bound states was established by Strauss (1977) and Beresty-
cki and Lions (1983) for a large class of nonlinearities using critical point
theory. This result was also obtained by means of other approaches con-
sisting in proving existence of radial solutions with a prescribed number
of nodes. They were developed by Jones, Kiipper, and Plakties (1988) and
Grillakis (1990) using methods of degree theory.
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4.2.3  Varwational Approaches

In this section we sketch the proof for Theorem 4.2 for existence of the
eround state given in Berestycki and Lions (1983) and then briefly review
other minimization procedures developed in this context.

Define the functionals

T(u) =f|??.e|2dx, (4.2.8)
POy — 1 20r2 _ A1

Viu) = / (Ef:r n 2|1*..r4| ; ] )d:{, (4.2.9)

S(u) = %T{-M) V), (4.2.10)

K = [ (g 1V + S - 5t ax. (210
YL = Ed il 2 il 2{g+1) 1L x. .

A consequence of the Pohozaev identities is that if g is a solution of

(4.2.1), then
S(g) = é T(g) > 0. (4.2.12)

To obtain a solution of (4.2.1), one looks for the critical points of the
action S on H'(R?) which can be proved to be a C''-functional on H(R%).
They can equivalently be viewed as the critical points of the Hamiltonian
H=| (|'F-u|:3 - %H|u|2'j+2) dx under the constraint N(u) = [ |u|?dx =
constant.

One can also look for a solution of the constrained minimization problem

min{7T (w),w € HY (R, V(w) = 1} (4.2.13)

(Coleman, Glazer, and Martin 1978, Berestycki and Lions 1983). We first
note that the solution obtained by this procedure has the property of
minimizing the action among all solutions of (4.2.1).

Let us prove that

S(g) < S(v) (4.2.14)

for all v € H'(R?) satisfying (4.2.1). Indeed, if § solves (4.2.13), then there
exits a Lagrange multiplier § such that 7"(g) = #V’(g), that is to say,

— Ag =0(g*""" — A\*g). (4.2.15)

Thus the function g(x) = §(x/+/0) satisfies (4.2.1), and from the Pohozaev

equalities (4.2.3) and (4.2.4), T'(g) = %V{g]. We have

a—2
2

T(g) =072 T(g) and V(g)=0"?V(g) =02 (4.2.16)
[t follows that 6 = %T(@) and

S(g) = é (d — 2) B T(g)*>. (4.2.17)
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[

Now let v be another solution of (4.2.1). Again, T'(v) = .;s—dz Vi(v). The
rescaled function v, (x) = v(x//7) satisfies V(v,) = 1. This implies that

d_9 —1/d
T = V{-u)_”d = (W) T{ti)_lf{d. (4.2.18)
Furthermore, T'(v;) = 72797 (v). Thus,
T(v) = (sz;dg)m_z”g T(v. )2, (4.2.19)
Using (4.2.12),
S(v) = % (%)M—E”E T (v, )42, (4.2.20)

From the minimization problem, we know that
T(v) =T(g). (4.2.21)

Comparison of (4.2.17 ) and (4.2.20) then leads to (4.2.14).

The above approach has to be modified in dimension d = 2. since in
this case, a solution of (4.2.1) satisfies V' (g) = 0. As shown by Berestycki,
Gallouét, and Kavian (1983), the minimization problem (4.2.13) is then
replaced by

min{7T (w), w € H'(R?), V(w) = 0}. (4.2.22)

To solve the minimization problem (4.2.13) or (4.2.22), one constructs an
appropriate minimizing sequence which, by Schwarz symmetrization (Lieb
1977, Lieb and Loss 1997 Chapter 3) can be chosen nonnegative, spherically
symmetric and nonincreasing. Key points for the passage to the limit are
the uniform decay at infinity of radial functions in H'(R%) (Lemma 5.6)
and a compactness lemma, both due to Strauss (1977).

Other minimization procedures can be used to construct the ground
state. Keller (1983) and Shatah (1985b) consider

1
inf {ET{?..:), K(u) = [}} : (4.2.23)
which is the same as
1
inf { ET{'EL), K(u) < []} _._ (4.2.24)

where the functional K is defined in (4.2.11). Note that from (4.2.6), any
solution of (4.2.1) satisfies K (u) = 0. The minimum value is also equal to

inf{S(u), T(u) =T(g)} (4.2.25)

because if u satisfies [ |Vu|*dx = [|Vg|*dx, then by (4.2.24), K(u) = 0.
Thus S(u) = <T(u) + K(u) = S(g).
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Using a different approach, Weinstein (1983) minimizes

P P _d-}
Vul7d 57
. (4.2.26
Iw.aljiifg )

Jod(y) =

among all u € H'(R?), 0 < ¢ < 25. It turns out that .J7%(u) reaches its

minimum « at a function R € HY(R%) N C*>°(R?) that is positive, radially
symmetric, and is a solution of

od o 20+1 -
AR - (1+ E(z_d))ﬁia-ﬁt " (4.2.27)

with the minimal L?-norm (ground state).
An important consequence of Weinstein’s approach is the following corol-
lary, which is used for the derivation of sharp conditions for existence of

solutions for the nonlinear Schrodinger equation with critical nonlinearity
(see Theorem 3.17).

Corollary 4.6. The best constant Cs g4 for the Gagliardo—Nirenberg
inequality

with f € HYRY), 0 < o < ﬁ and d = 2 is given by

T o 24o(2—d
12552 < Coa|VFId|f37 (4.2.28)

2(2 4+ 20 — od)~1Hod/2 1
Codg=1(o+1 : — 4.2.29
N '[ } {Jd)-:rd,fﬂ |R ifi { )
where R is the positive solution of AR — R+ R*° Tt = 0.
4.3 Stability /Instability Conditions
We investigate the stability of the standing waves (x,1) = E*’;“"‘E*g{:{}

constructed above. The first theorem of this section concerns the orbital
stability in the subcritical case ¢ < 2/d. Orbital stability refers to stability
up to the transformations keeping the equation invariant (translation and
phase shift). It was first proved by Cazenave and Lions (1982) using the
concentration—compactness methods of Lions (1984). Another proof based
on Lyapunov functionals was given by Weinstein (1986a).

Theorems 4.8 and 4.9, due to Weinstein (1983) and Berestycki and
Cazenave (1981), concern the critical and supercritical cases, respectively.
All the standing waves in the former case and the ground-state standing
waves in the latter one are shown to be unstable due to the existence of
solutions with arbitrarily close initial conditions that blow up in a finite
time.

In Section 4.4 we discuss an alternative approach initiated by Shatah
and Strauss (1985), where the stability /instability properties of the ground-
state standing waves are characterized by the convexity/concavity of the
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action restricted to the family of ground states., viewed as a function of
the Lagrange multiplier. This general approach extends to solitary waves
of general Hamiltonian systems that are invariant under a group of trans-
formations (Grillakis, Shatah, and Strauss 1987, 1990, Grillakis 1988). A
dyvnamical system approach to the study of linear instability of standing
waves is presented in Jones (1988).

4.3.1  Subcritical Dimension: Orbital Stability

Theorem 4.7. Assume o < 2/d and let g be the ground state of (4.2.1).
Then, for any € > 0, there exists &6 > 0 such that if the initial condifion ¢
obeys

inf () —e®g(- + y) g < 6. (4.3.1
R R o (-) (- + )| )
then the solution (x,t) of (3.0.1)-(3.0.2) satisfies
inf () = ePg(- + )| g < e (4.3.2
HER.yER*‘| (,-) )| )

Proof. @ We only sketch the main steps of the proof given by Wein-
stein (1986a) and refer to this reference for details. The proof follows the
main lines of the linear stability analysis, except that it deals with finite
perturbations and estimates the remainders.

The orbit of a function u is defined as

gu = {'H.l[' -+ K{])Eiﬁf,"ﬁ"lxu = Rd._."‘lr‘ = [U.. Eﬂ')} {4*‘}3)

The deviation of the solution b of the NLS equation from the orbit of the
eround state ¢ is measured by the norm

P{Il"i'(t:]-ugq:] — }}H{{|?L'?( + X, t)ﬂi"r - II||||'_";,*;-i|_L2 + }‘2 |1}’1{ + I[]at}'ﬁiﬂr - g|L2} .
07

(4.3.4)
Step 1 : Lyapunov functional. We consider the Lyapunov functional
S(v) = H() + M N(v) (4.3.5)

(here without the factor 1/2), and write the solution ¥'(x+4xq,t)e'" = g+w,
with w = u + ¢v. The conservation of the L?-norm and of the Hamiltonian
together with the scale invariance vield

0S8 = S(p) — S(g) =S(g+w) —S(g). (4.3.6)

Expanding the functional near g. the first variation vanishes (because g
satisfies (4.2.1)), while the second variation gives

88 = (Lov,v) + (Liu,u) + W, (4.3.7)

where the operators Ly and L; are given by (4.1.5) and (4.1.6), and the
remainder W can be bounded from below by

W > —Ciw5Y - ¢y

P U, (4.3.8)

w
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with ¢ > (0.
Step 2 : Spectral properties of Ly and L. If xy = x¢(t) and v = ~(t) are
chosen to minimize p(1(t),G,), then

o Og
T = 3.
‘/y Pz, u(x, t)dx = 0, (4.3.9)
/ g* " u(x, t)dx = 0. (4.3.10)

To estimate the first two terms of (4.3.7), one has to consider the spectral
properties of the linear operators Ly and L. As seen in Section 4.1.1, Ly
is a nonnegative operator, since Lyg = 0 and g > 0. Also, the infimum of

(Lv,v)/(v,v) under the constraint (4.3.10) can be zero only if v = g, but
this contradicts (4.3.10). Thus

(Lov,v) > c|v|fz, (4.3.11)

v
and also
(Lov.v) = ey|v]F. (4.3.12)

The analysis of the second term of (4.3.7) is slightly more delicate. One
proves that

(Liu,u) > Chluli — Co|Vw|p2|w|i: — Calw|7e. (4.3.13)

ur

[t is done in two steps. One first gets the bound under the restriction that
the perturbed solution has the same L? norm as the ground state. Then,
for general perturbations, given the initial condition , one rescales the
ground state g in the form g(x) = AY“g(Mx) such that § has the same
L?-norm as ¢, and |g — g|;1 < €/2. Therefore,

(- +x0,t)e’” — glg < (- + x0,t)e”” =gl + 19 — gl (4.3.14)

The operator L, has exactly one negative eigenvalue, and its null-space is

e,
Ker(Ly) = span{:—g,j =1,... _._d} (4.3.15)
(Weinstein 1985). Let us first suppose that the initial condition ¢ has the
same L“ norm as the ground state. To obtain the lower bound (4.3.13), one
decomposes

U= u) +uL (4.3.16)

with uy = (u,g)g and u; = u — u. The hypothesis |1|;2 = |g|;2 implies
that
1
(u,g) = — E{{u, u) + (v, v)). (4.3.17)
One establishes lower bounds for (Lyu . uy), (Lywy,uy), and (Lyug,uy).
[t is in the estimate for (Lyu,,u, ) that the hypothesis of subecritical-
ity is used. Indeed, the second variation of the functional J7¢ (defined
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in (4.2.26)) about its minimum g is nonnegative. On functions satisfying
(f,g) = 0, one has

(L1 f. f) + kE*(ad — 2)(f, Ag)® > 0. (4.3.18)
For od < 2, (L1f, f) = 0 for all f orthogonal to g. Since L;Vg = 0 and
inf (Lif, f) =0, if od < 2. (4.3.19)

(f.g)=0

If od < 2. the infimum is attained at f = ¢- Vg, for ¢ € R%. But this
violates the condition (4.3.9). Thus

(Liug,uy) = dlug,uy). (4.3.20)

Step 3 : A lower bound for 68. Since
Jmin(L, 32 w| g < p((t), Gy) < v/max(L, 32)

it follows that (4.3.7), (4.3.8), (4.3.12), and (4.3.13) imply
08 = hip(y(t),G,). (4.3.22)

where h(s) = es?(1 — as’ — bsY), with a,b, ¢, 8 > 0.
Step 4 : Stability result. Let € > 0. By continuity of & in H', there exists
n(e) such that if p(ig, G,) < 7, then

! !

. (4.3.21)

6S(0) < h(e). (4.3.23)
Since & is constant in time, it follows from (4.3.22) that
hip(v(t),Gy)) < h(e) (4.3.24)
for all £ > 0 and, by continuity of p(v(t),G,) as a function of ¢, that
p((t), G,) <, (4.3.25)

which expresses the orbital stability of the ground-state standing wave.
Remark. Note that except for the one-dimensional case where the solution
is unigue, it is still unknown whether the bound states associated to the
excited states, are stable.

4.3.2  Critical Case: Instability by Blowup

Theorem 4.8. At critical dimension o = 2/d, all the H' solutions of
(4.2.1) are unstable for the NLS equation in the following sense: Let g €
HY(R?) be a solution of (4.2.1). For any € > 0, there exists a function
w € HY, with |¢ — g|p2 < €, such that the solution 1 of (3.0.1) with initial
condition @, satisfies lim;_p V|2 = oo, for some 0 < T < oo,

Proof. The proof uses that standing-wave solutions have a zero Hamilto-
nian. One constructs an initial condition ¢, = (1+4¢€)g(x) that is “close” to g
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in H'-norm but has a Hamiltonian H(p.) = —2¢|g|]. + O(e*), which is neg-
ative for small enough €. Theorem 5.1 then ensures that the corresponding
solution will blow up in a finite time.

4.3.3  Supercritical Case: Instability by Blowup

Theorem 4.9. Let o > 2/d and let g be the ground state of (4.2.1). For
any € > 0 there exists a function @ € H', with | — gl < €, such that the
solution ¥ of (3.0.1) with initial condition ¢ satisfies

lim |?'E_IJ|L3 — O, [4&2())
t—T
for some 0 <1 < 0.

Proof. The proof uses the variance identity (3.2.4), which for any solution
1 of the NLS equation is written in the form

1 d° : do o
—— V1 — W2 _ aly| 2o +2 397
sz’ @) [ (|?T.w| il )d:-:. (4.3.27)
Define
J d{T r r
u) = ul? — ——u]?*"t?)d 1.3.28
A(u) f(|?u| EJ+2|M| ) X ( )

and the set M = {u € H'(R?), Q(u) = 0}.

The purpose is to find a sequence of initial conditions ¢, such that (i)
Op,) < 0, (ii) ¢, converges to the ground state g in H' as o N\, 1,
(iii) during the time they exist, the solutions 1, of the NLS equation with
initial conditions ¢, also satisfy Q(v,) < 0 (note that @ is not a conserved
quantity). The proof is in several steps (see Cazenave 1989, Chapter 8, for
details).

Step 1: If u solves (4.2.1), it satisfies Q(u) = 0. Furthermore, u is a ground
state of (4.2.1) if and only if it minimizes the action among all the functions
in M.

Step 2 : Define ¢, (x) = a¥?g(ax) and let v, be the solutions of the NLS
equation associated with these initial conditions. From the conservation of
the L-norm and of the Hamiltonian, the action satisfies

S(a) = S(pa). (4.3.29)

In addition,

Qpa) <0 (4.3.30)

for « > 1. To prove (4.3.30), one computes the derivative of S(yp,) with
respect to o and obtains

dS(']‘l'jﬂi) ) dl'.'?' ad—1 242 1 | s
doe ﬂfl?@l dx — 55« / 9> dx = —Q(pa). (4.3.31)

ﬂl
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Using that Q(g) = 0, one gets

dS(pa)
dex

I

a(l — a®772) f Vg|?dx. (4.3.32)

For o > 1, %{;—l < 0. Inequality (4.3.30) is then satisfied, and S(p.) <
S(g).

Step 3: By continuity, Q(1,) < 0 for small |t|. In addition, one proves that
if m = inf{S(u),u € M} = 8(g), then for all w € H' such that Q(u) < 0,
one has Q(u) < S(u) — m. It follows that for small {,

Qhn) < S(n) —m = 8(pn) —m= -8 < 0. (4.3.33)

By continuity, (4.3.33) holds during the time (—7"(v.),T*(@wa)) of
existence of .
Step 4 : The variance identity for v, gives

d:a

EFH) =8 Q(th,) < =88 for te (-T7,T7). (4.3.34)
Since ¢, — ¢ in H'(R%) as o ™\, 1, Theorem 5.1 (presented in the next
chapter) for the existence of a finite-time blowup, applies. Theorem 4.9
follows, since ¢, — ¢ in H'(R%) as a ™\, 1.

4.4 A General Approach for Hamiltonian Systems

4.4.1 Setting of the Problem and Main Results

The results discussed in the previous section can, in fact. be viewed as
special cases of stability properties of solitary waves for general Hamiltonian
systems of the form

du_ JE'(u(t)). (4.4.35)
dt

where following the notations of the original papers, £’ denotes the fune-
tional derivative of the Hamiltonian £ and .J a skew-symmetric linear
operator that are invariant under a representation 7'(.) of a group GG. We
also assume the existence of an additional conserved quantity Q(u).

The present approach was first used in the context of the Klein—Gordon
equations (Shatah 1983, 1985b) and then extended by Shatah and Strauss
(1985) and Grillakis, Shatah, and Strauss (1987) to a general context, in-
cluding traveling waves of nonlinear wave equations, standing waves in the
presence of a potential or in in an optical wave-guide, and solitary waves of
cgeneralized KdV equations. In particular, this analvsis holds in sitnations
where solitary wave instability does not imply blowup of the solution of
the initial value problem.
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Following the notation of Grillakis, Shatah, and Strauss (1987), the
eround state equation is written in the form

Ag, —wge + g7 =0 (4.4.36)

with w > 0. The orbit of g,, is the set {T'(A)g,. A € G'}. In the context of the
NLS equation, ¢ = R, and the transformation T'(-) is multiplication by et
In terms of the previously used notation, the Hamiltonian is E(u) = }EH (u),
and the additional conserved quantity is Q(u) = — 3N (u).

A quantity that plays an important role in the study of the stability of
the solution u(t) = T(wt)g,, of (4.4.35) is the scalar function

5{""’} - E{gw) o WQ{gw)v {4-4'3T)

which is the action
S(u) = Eu) — w@Q(u), (4.4.38)

restricted to the family of ground states {g,}. In the following, we will say
that §(wq) is convex in wy, if &(w) — dwn) = (w— wp)d'(wp) or equivalently,
if its second derivative at this point 6" (wq) is strictly positive.

The functional framework is provided by the space X = H of radially
symmetric complex functions in H'. We define the identification map I :

X — X7 by
(I(u). SRfuL dx, (4.4.39)

where ( , ) refers to the duality between X and X~ and the skew-symmetric
operator .J entering (4.4.35) is given by J = —il !

Theorem 4.10. The two statements, 6(wy) is convexr at wy, and the
Hamiltonian E(u) = 5 [ (|'?u|:E - Hlﬁ|u|2”+2) dx restricted to the man-
ifold My = {u € H',Q(u) = Q(g.,)} has a local minimum at v = g,,,. are

equivalent.

On the other hand, when §(w) is strictly concave at wy, g,, is a saddle
point for F. as expressed in the following proposition.

Proposition 4.11. Fir wy and consider the curve

W g(w,X) = g, (ﬁ) (4.4.40)

where Mw)? = % Then Q(g(w)) = Q(gu, ). One has:

(1) 95E(q(wo)) < 8" (wo).
(ii) If 6(w) is strictly concave at wg, then E(q(w)) < E(gw,) for w # wo
Tear Wy.
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Theorem 4.12.  If the action &(w) is convex at wy, the associated
ground-state standing wave g, €™t is orbitally stable. Conversely, if 6(w)
is concave at wy, the orbit of g, is unstable.

In the case of the NLS equation, the first and second derivatives of é read
' (w) = tw” [|R[2dx and 6" (w) = 2wP~! [|R|?dx with b = 1/o —d/2, and
the function R being the unique positive solution of AR — R+ R* 1 = (.
Thus, the ground-state standing wave g, e'" is orbitally stable if o < 2/d
(subcritical case) and unstable if ¢ > 2/d (supercritical case).

When é(w) # 0, Stubbe (1989) proved the equivalence between the linear
stability (that is, the stability for the equation linearized near the ground-
state standing wave) and the orbital stability.

4.4.2  Main Steps of the Proofs

Following Shatah and Strauss (1985), we restrict the discussion to the prob-
lem in dimension d = 2. A more general approach is found in Grillakis,
Shatah, and Strauss (1987).
Proof of Theorem 4.10.

First, note that

1 ;
Sw) = S(gu) = y [|’Fgw|3d:{. (4.4.41)

Also, g, 1s a critical point of the action and thus satisfies
E'(g.) — wQ'(g.) = 0. (4.4.42)
Consequently,

dg.,
61"[';""} - <E’(gw) - “-“'Qj{gw ' %> - Q(Q’w) - ”Q{gw)' {4-4'43)

Using the notation gy = g, one defines

My={ue X,Q(u) = Q(g0)} (4.4.44)

Step 1: Assume &(w) convex at wy. For any w € My in a small neighborhood
of gy, there exists w such that [ |Vu|*dx = [ |Vg,|*dx. This follows from
the continuity of é near gy and from the fact that é(wg) # 0. Now,

E(u) = S(u) + wQ(go) = S(u) — wd'(wn). (4.4.45)

From (4.2.25), g, minimizes § among all functions u such that [ |Vu|*dx =

| |V g |*dx. Thus,
E(u) > §(w) — wé'(wo). (4.4.46)
The convexity of é at wy implies é(w) — wd'(wp) = §{wy) — wod’(wp). Thus,
E(u) = §(wy) — wod' (wo) = E(g0) (4.4.47)
for all uw € My close to gg.
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Step 2: Assume conversely that E(gg) is a local minimum. Consider the
curve ¢(w, x) defined in Proposition 4.11 and compute

E(g(w)) = S(g(w)) + wQ(go)
d—2
— w@{gu) + (}tz + (é — %) }Ld) f|?gw|3dx {4448)

A simple analysis of the function f(A) = %J&‘i_z + {:i - %)J&d shows that if
d = 2, then f(A) < f(1) = 1/d. Thus,

E(q(w)) < —wé'(wy) + &(w). (4.4.49)
By assumption, E(g(w)) = E(go) = 6{wp) — wpd'(wy). Thus,

{u..-(]:] - u...’:_].é -..::J'U.:] —n..::,l'{E {u:.’.[}:] -+ {{ u:.?} {4'—15”:]

and ¢ i1s convex at wy.
Proof of Proposition 4.11.

Let a(w) = E(q(w)) — 6(w) + wé'(wp). Clearly, a(wy) = 0, and from
(4.4.49), a(w) < 0. Therefore, a{w) has a maximum at wy, and o’ (wy) < 0.
This proves (i). Again from (4.4.49) we get that if § is strictly concave at
wp, then E(g(w)) < E(gy) for w near wy with w # wy, which proves (ii).
Proof of Theorem 4.12.

Let U, be a neighborhood of the orbit e*7gy. For u € U,, one defines ~(u)
as the value of v for which |E_“'“-“u— gol gt is minimal. Under the assumption

that & is convex at wy, one proves a result stronger than (4.4.47), namely
(Grillakis, Shatah, and Strauss 1987)

E(u) > E(go) + cle Wy — gg| g (4.4.51)

for all uw € U, and Q(u) = Q(gp). The proof of this inequality uses in an
essential way that the linearized operator Ly = —A 4+ w — (20 + 1)g>” has
exactly one negative eigenvalue.

The proof of the stability result in Theorem 4.12 proceeds by contradic-
tion. Let 1 be an arbitrary positive number and suppose that there exists
a sequence of initial conditions ,,(0) such that

inf [, (0) — e golgr — 0, and  supinf |, (1) — g0y > 1, (4.4.52)
= + 5

where 1, (t) is the solution of NLS equation with initial condition 1, (0).
One defines t,, as the first time for which

inf |1, () — € g0l gt = 1, (4.4.53)

the solution existing in the interval [0.t,]. As n — oo, Qi (tn)) — Qlgn)
and E(y,(t,)) — E(go). Now choose a sequence v, such that Q(v,) =
Q(go) and |v,, — P (t, )| — 0. Because of the continuity of E, E(v,) —
E(gy). Choosing 7 sufficiently small, one uses (4.4.51) and gets

vy — e gl < E(vy,) — E(gg) — 0, (4.4.54)
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Thus, |10, (t,) =) go| g1 — 0, which contradicts (4.4.53). This concludes
the proof of the stability condition given in Theorem 4.12,

The proot of the instability result in Theorem 4.12 involves several steps
we only sketch.

Lemma 4.13. Define yy as 9q/0w evaluated at w = wy. One has:

'[i} {'[E”(Hn} - u-’uQ”(gu])ymyu} < 5”@{1);
(i) (Q"(g0),y0) =0,
(iii) [ Vgo - Vyedx < 0 if 6" (wg) < 0.

Proof. (i) Differentiating E along the curve g(w), one has

d
L B(g(w)) = (E'(a(w)). ¢ @) (4.4.55)
d’i
5 E(aWw) = (E"(qw)d. ¢) + (E'(¢(w)).q").  (44.56)
Since ( is constant along the curve g(w),
Q"(a(w)) = (Q"(a(w))d', d") + (Q"(g(w)), ") = 0. (4.4.57)
Combining (4.4.56) and (4.4.57) at w = wy, one gets
di&
T2 E(q(w))|w=we = ((E"(g0) = woQ" (90)) Y0, yo) (4.4.58)

since E'(gg) — wo@'(go) = 0. Using Corollary 4.11, one gets part (i) of the
lemma.

(if) Since Q(g(w)) = Q(go), one has (Q'(go),yo) = 0.
(iii) Using (4.4.40), one has

/ Vg(w)?dx = AMw)? 2|V g.,)|2dx. (4.4.59)
Differentiation with respect to w gives at wy
2 / Vo - Viypdx = (d — 2)N (wy)|Vgo)|?dx + db' (wp). (4.4.60)

But 8'(w) < 0 and A(w) = Q(g0)/Q(g.) = &'(wp)/é'(w). Thus X (wy) and
6" (wq) have the same sign, which is negative. This concludes the proof of
part (iii) of the lemma.

Proposition 4.14. (Shatah and Strauss 1985) Define
A(u) = —(Jyg, e ™), (4.4.61)

where v(u) is the value of v for which |e™"7u — go|gy1 is minimal. Let
8"(wg) < 0. There exists € > 0 such that for all u in a neighborhood of the
orbit of gy, with u # goe® and Q(u) = Q(go), there is a A € (1 —¢€,1 +€)
such that

E(go) < E(u) + (A= 1)P(u), (4.4.62)
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where
P(u) = {E"(u), —JA'(u)). (4.4.63)

Furthermore, when restricted to the curve g(w), the functional P changes
SN 08 W PASSES Wy

Consider now the evolution equation (4.4.35) with an initial condition
u(0) = uy. Let K denote the orbit of gy and let N = O — K be a small
tubular neighborhood around the orbit. Define Ey = E(gy).

Lemma 4.15. The sets

S1={ue N, E(u) < Ey, Q(u) = Qgo), Plu) > 0}, (4.4.64)
So ={ue N, E(u) < Ey,Q(u) = Qgy), Plu) < 0} (4.4.65)

are invariant under the flow (4.4.35).

Lemma 4.16. Let ug € Sy (resp. Sa) and let Ty = sup{t, u(s) € N,0 <
s < t} be the exit time. There is ey > 0 such that P(u(t)) > ey (resp.
P(u(t)) < —ep) fort < Tj.

The proot of Theorem 4.12 is completed by showing that if uy € 57U S5,
the solution of the evolution problem with initial condition ug exits the set
N in a finite time (T < o¢). One has

dA du o
pre <dt LA [u{t})>. (4.4.66)

From (4.4.35),

(GO = VB wo), 4'w(0). (4.4.67)

By (4.4.63),

% Au(t)) = Plu(t)). (4.4.68)

By the previous lemma, |P(u(t))| > €y as long as u € N. Thus,
|A{u{t:}:} - A{'Elﬂ” = ept. {44fi':.|:]

Since N is a bounded set and A is bounded on N. the solution must exit
the neighborhood N of the ground-state orbit in a finite time.

4.4.3  FExtension to Abstract Hamaltonian Systems

More generally, consider the abstract Hamiltonian system (4.4.35) that is
invariant under the action 7' of a Lie group (. A solitary or standing
wave is a solution of the form T'(e')g,,, where w now belongs to the Lie
a,lgu?hra, G of . We also need the functionals (), for w € G defined by
Q' = J7'T,, where T,, denotes the differential of T'. We define the linear
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operator L, = E"(g.) — Q" (g.) and the function é(w) = E(g.) — Q. (g.).
Furthermore, 8" denotes the Hessian of 6. Grillakis, Shatah, and Strauss
(1990) proved the following result.

Theorem 4.17. Suppose that 6" is nondegenerate. The ground-state
standing wave T'(e'™)g, is orbitally stable if the number n(L,) of nega-
tive eigenvalues of L, is equal to the number p(é") of positive eigenvalues
of 8". It is unstable if the difference between n(L,) and p(&") is equal to
an odd positive integer.

In the framework of the NLS equation n(L,) = 1, the nondegeneracy re-

duces to ¢"(w) # 0, and the number of positive eigenvalues of §" is 1 if
6"(w) = 0 and 0 if 6" (w) < 0. Note also that the instability result allows
n(L,) — p(é") to be an odd integer other than one.

4.5 Further Stability Results

4.5.1  Asymptotic Stability Results

Stronger results referred to as “asymptotic stability” of solitary waves of
the one-dimensional NLS equation )y + 1. + f(|¥|*)% = 0 have been
proved by Buslaev and Perel'man (1993, 1995). Assuming a nonlinearity
f(s) ~ s7 for s large, with ¢ < 2 and f(s) ~ —sP, p = 4, for small s,
together with some conditions on the spectrum of the linearized operator
near the solitary waves, the solution, initially close to a solitary wave, can
be decomposed as t tends to oo into a sum of a solitary wave, a dispersive
part. and a remainder that tends to 0.

In higher dimensions, asymptotic stability results were proved by Soffer
and Weinstein (1990, 1992) for the NLS equation

ithy = —Avp + V(X)) + Ay|*74, (4.5.1)

where the potential V' decreases fast enough at infinity and the operator
~A + V(x) has exactly one bound state in L? with a strictly negative
eigenvalue. Furthermore, the nonlinearity and/or the initial conditions are
siich that solutions exist in the large. Existence of solitary waves for the
above equation was studied by Strauss (1977), Berestycki and Lions (1983),
and Rose and Weinstein (1988). Soffer and Weinstein (1990, 1992) proved
that for initial conditions in a neighborhood of a particular solitary wave
g E“Ei’i"“ of energy £y and phase v, the asymptotic behavior of the solution
as t — 4oo is given by a solitary wave of nearby energy and phase plus
a remainder that disperses to (. This result was recovered by Pillet and
Wayne (1997) using a center manifold approach. It shows in particular that
the decomposition into a localized part (solitary waves) and a dispersive
contribution is not restricted to equations that are completely integrable
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by the inverse scattering method (such as the Korteweg—de Vries or the
one-dimensional cubic NLS equation).

4.5.2  Ground-State Orbital Stability and Global Eristence

When looking at the condition of global existence for the initial value prob-
lem associated to the elliptic NLS equation with an attracting nonlinearity
(Section 3.2.2) and the orbital stability of the ground-state standing waves
(Section 4.3.1), one notices a striking connection between them. Indeed,
when ¢ < 2/d, global existence for the NLS equation holds for arbitrary ini-
tial conditions in H', and on the other hand, ground-state standing waves
are orbitally stable. When ¢ = 2/d, solutions to the NLS equation with an
attracting nonlinearity may blow up in finite time, and ground-state stand-
ing waves are unstable. Stubbe (1991) proved that this relationship holds
for a large class of NLS equations. Let us write the elliptic NLS equation
with a general nonlinearity in the form

iy + A+ f(|[Y)2)y = 0. (4.5.2)
The ground states g, are the positive solutions of

Define also N(g) = [ |g|*dx.

Theorem 4.18. Let (w_,w,) be the maximal interval for which ground
states ewist in H'. Define N* = liminf, ~,. N(g.) € [0,00]. If N* > 0,
all solutions to the NLS equation (4.5.2) with initial conditions ¢ € H'
satisfying N(p) < N7 are global in time. In particular, if N* = oo, all
solutions with initial conditions on H' are global in time.

Let us apply this theorem to the NLS equation with power nonlinear-
ity f(s) = s7. The ground states g, exist for all w > 0 and N(g,) =
wl/e=4/2N(g,). Therefore, N* = ocif ¢ < 2/d, and N* = N(g,) if o = 2/d.
Notice that we recover the sharp existence condition (Theorem 3.17) for
the critical NLS equation. The proof uses the variational characterization
of the ground states and the existence of invariant regions under the NLS
flow (see Lemma 4.16).
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Blowup Solutions

This chapter is devoted to rigorous results concerning solutions of the
elliptic NLS equation with an attracting nonlinearity

100 + A + [P[*7 1 =0 (5.0.1)
P(x,0) = p(x), (5.0.2)

at critical (od = 2) and supercritical (6d > 2) dimensions that become
infinite in a finite time (see Cazenave 1994 for a review). This is the phe-
nomenon of “blowup”™ or “wave collapse”, which has important physical
consequences in that it corresponds to a violent energy transfer from large
to small scales where dissipative processes can act efficiently. In the case
of rapidly decaving initial solutions, the blow up results are direct conse-
quences of the variance identity discussed in Section 2.4.1. In some instances
like that of isotropic solutions, the proof was extended to solutions with in-
finite variance. Other estimates concern the rate of blowup and, at critical
dimension, the phenomenon of L*-mnorm (or mass) concentration near the
singularity.

5.1 Finite-Time Blowup

5.1.1 Clase of Finite Variance

Classical blowup results are based on the “variance identity”, also known
as the “virial theorem” (see Section 2.4.1). Defining the variance V(t) =
| |x]*|1[*dx, we have the identity (Vlasov, Petrishchev, and Talanov 1971,
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Zakharov 1972)

1 dg dJ“’“E r r
——V(t)= H — W27 dx. 5.1.1
saz’ M) 2{:r+2/|'-*’| * (5.1.1)

Theorem 5.1. Suppose that do > 2. Consider an initial condition o € H*
with V(0) finite that satisfies one of the conditions below:

(i) H(p) <0,
(il) H(p) =0, and S [ x-¢*Vepdx < 0,

(iii) H(p) > 0 and Q[ x-p*Vedx < —4/H(p)|xp|L2.
Then, there exists a time t. < o such that

tlil‘il V|2 = oo and tlil%l 1P| = oo. (5.1.2)

creeeen

Proof. If do = 2,

d* *
EV(?&] < 8H. (5.1.3)
and by time integration,
V(t) < 4Ht* + V'(0)t + V(0), (5.1.4)

where V'(0) = 4 3 [ ¢p*x - Vdx and V(0) = [ |x]|*|¢[*dx. Under any of
the hypotheses (i)—(iii) of the above theorem, there exists a time ty such
that the right—hand side of (5.1.1) vanishes, and thus also £; < #; such that

lim V(t) = 0. (5.1.5)

t—1q

Furthermore, from the equality,

[1rtax =5 [ (v )i

|

= - /x. V(If]*)dx. (5.1.6)

one gets the "uncertainty principle”

r 2 _
[fli: < E|vf|L3|Kf|Lﬂ- (5.1.7)

When this inequality is applied to a solution i, one gets from (5.1.5) and
from the conservation of |-ar-":|i2, that there exists a time ¢, < #; such that
limy s, [Vp|p2 = oo (Tsutsumi 1978). The conservation of H then ensures
that lim; . |¢ ﬂjfj = oc, and since |1 iﬁ is conserved. this implies that
lim; ¢, |Y|p= = o0.

Remark. The vanishing of the variance that corresponds to a global col-
lapse of the wave packet at the focus provides only an upper bound for the

time of blowup that could in fact occur before.
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Sharper Results in Supercritical Dimensions

Equation (5.1.4) is optimal at critical dimension, where it becomes an equal-
ity. Noticing that in this case the Hamiltonian H(R) of the ground state
R is zero, the above theorem then ensures that a sufficient condition for
blowup at critical dimension is H(y) < H(R). An analogous condition,
involving, nevertheless, a lower bound on |V|; 2 was derived in supercrit-
ical dimension od > 2, by estimating the last term in (5.1.1). It involves
the (positive) Hamiltonian of the ground state with the same L?-norm as
that of the initial condition of the initial-value problem (Turitsyn 1993,
Kuznetsov, Rasmussen, Rypdal, and Turitsyn 1995, Lushnikov 1995).

Theorem 5.2. Assume od > 2 and an initial condition p € H'(R).
Let Ry be the ground state having the same mass N = |p|5. as that of
the initial condition. Define Xy = |[VRy %g and let Hy be the associated
Hamiltonian. For an initial condition ¢ that satisfies Xo = [ |V|?dx >
Xy with a Hamaltonian H such that H < Hy, there exists a time t, < oc
such that

tlil?él Viplp2 =00 and 1t11111 Y| L~ = oc. (5.1.8)
—* —* 1 &

Proof. By the Gagliardo—Nirenberg inequality (4.2.28), we have

- Cﬂ'.d
1> (Vi) - o4

[l L2 7 V() |75, (5.1.9)

where the optimal constant C, 4 is given by (4.2.29). We rewrite (5.1.9) in
the form

> =X — C, gNIto-oa/2xod/2 5.1.10
H F[X Y {ﬁr n,bfl-l—-:r .:I'-:EJ.".EX /2 {

where X = X (t) = |V (t)|7.. As a function of X, I reaches its maximum
exactly when X takes the value

2/(cd—2)

2 1 1

Xy = (HotD) , . (5.1.11)
{Td(;"ﬂ_:d Nl+o—odf2

The maximum F(X ) is equal to the Hamiltonian

ad — 2
el

associated to the ground state R, solution of

Hy = X, (5.1.12)

ARy — XN(N)Ry + Ry =0, (5.1.13)
with the coefficient A(N) prescribed by the condition h{h")%_d = TR H‘l.r
L2

(see Section 4.1.2). In this formula, R denotes, as usual, the ground state

”_d)ﬁf[ad—ﬁ}xv.

associated to A = 1. Furthermore, F'( X) vanishes for X = ( 5
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During the time where it exists, the solution satisfies the identity (5.1.1),

which can be rewritten as
1 d? 5
4d£1f{f} = ogdH — (do — 2) [|?1,: “dx
od(H — Hy) + ocdHy — (do — 2) X (t). (5.1.14)

If initially X(0) > Xy and 0 < H < Hpy, then X(t) > Xy as long as the
solution exists, since the opposite would contradict the fact that H > F(X).
Thus, (5.1.14)becomes

31 i V(t) <od(H — Hy) +odHy — (do —2)X N
=od(H — Hy). (5.1.15)
It follows that
V(t) < 20d(H — Hy)t* + V' (0)t 4+ V(0). (5.1.16)

The condition H < Hj, ensures that V' will vanish in a finite time. and the
proof proceeds as in the previous theorem.

Alternative Proof of Blowup in Supercritical Dimension

When the Hamiltonian is negative and the dimension supercritical, an al-
ternative proof of finite time singularity was developed by Glassey (1977h),
who concentrates on the blowup of the variance time-derivative rather than
on the vanishing of the variance and established the following result.

Theorem 5.3. Assume od > 2 and an initial condition ¢ € H' with a
finite variance and a negative Hamiltonian. There exists a time t, < o
such that

1dV . .
y(t) = v —i‘i:fyfr x - Vi dx — oc. (5.1.17)

As a consequence, |N(t)|p2 also blows up in a finite time.

Proof. Equation (5.1.1) can be rewritten as

{i—? = (do — 2) [|?p|£dx do H. (5.1.18)

Assuming a negative Hamiltonian. in supercritical dimension do > 2 one
writes
d dy 5
= (do —2) [ |V dx. (5.1.19)

On the other hand. from the deﬁmtmn of y, one has
y(t) < V()2 VY| 2. (5.1.20)

Suppose that the solution exists for all time. Then y(t) is an increasing
function that, if not initially positive, will become so after a time t;. After
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this time, V' (f) is a decreasing function and thus has an upper bound d;.
We write

and thus
dyy ,
= > Ay? 5.1.22
o = Ay (5.1.22)
with A = % and y(ty) > 0. It follows that on the time interval 5 <t <
1 1
to + Ty(io)
y(to)
y(t) = - . (5.1.23
} 1 — :’13;[]'&.;].) I[t — ﬁ;}) )
which leads to the estimate
1 y(to)
V2 = . 5.1.24
VYl do 1 — Ay(to)(t — to) { )
Henece, for some time ¢, such that tp < t, <ty + m,
t]ilil V|2 = oo, (5.1.25)
and because of the conservation of the Hamiltonian,
tlilil Y|~ = oc. (5.1.26)

Note that the variance can remain strictly positive in the above interval.

This approach based on the blowup of the variance derivative does not
extend to the eritical dimension. For de = 2, one has

dy -
- = 2|H|, (5.1.27)

indicating a linear growth of y(t) and thus a quadratic variation of the
variance, as described at the beginning of this chapter.

Further Results

(i) Kavian (1987) gave sufficient conditions for blowup in the case of the
NLS equation in a smooth domain 2 € R? with Dirichlet boundary condi-
tions. When (1 is star-shaped, H < 0 and od > 2, solutions become singular
in a finite time. Sufficient conditions for blowup are more complicated when
() is a general smooth domain of R?. Examples of blowup solutions with
Neumann or periodic boundary conditions are also presented.

(ii) In a periodic domain, a negative Hamiltonian cannot be a sufficient
condition for blowup as exemplified by the particular solution v = aei®’t.
In one dimension and quintic nonlinearity (o = 2), sufficient conditions
for blowup were given by Ogawa and Tsutsumi (1990). In addition to a
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negative Hamiltonian, these conditions essentially express that the initial
field ¢ is sufficiently peaked to make li|<,¢:'|f£f much larger than ||}, (see
the original paper for details).

(iii) In the case of the NLS equation with a linear dissipation

(Vs + YY) + A + |27y = 0, (5.1.28)

then for d > 2/¢ and negative initial Hamiltonian, blowup may occur for
small values of v (Tsutsumi 1984), while large enough values of + ensure
that solutions exist for all time in both critical and supercritical dimensions.

5.1.2  FExtensions to Solutions with Infinite Variance

Progress has been made these last few years concerning the existence of
blowup solutions in H'(R%) without the restriction of finite variance.

Theorem 5.4. (Ogawa and Tsutsumi 1991a) In the case of dimension
d = 1 and critical exponent o = 2, for an initial condition ¢ € H*(R) such

that the Hamiltonian H(p) < 0, the solution blows up in a finite time in
H.

Theorem 5.5. (Ogawa and Tsutsumi 1991b) Assume d = 2 and f—i <o <
min( ﬁ 2). If the initial condition ¢ € H'(R?) is radially symmetric with

a Hamiltonian H(yp) < 0, the solution blows up in a finite time in H?!.
Remark. In the supercritical case, Martel (1997) extends the existence of
a finite-time blowup to a class of initial conditions that in some directions

have their moments [ z7[i|*dx bounded and in the other directions are
radially symmetric (see the original paper for the precise conditions).

The idea of the proofs is to modify the definition of the function y(t)
(or of the variance V(t)) by replacing the |x|* factor by a suitable weight
function p(x) with the same behavior at small |x| but whose large-distance
behavior eliminates the divergence. This, in turn, introduces additional
terms in the estimate of %’5 that are to be controlled. The restriction to
radially symmetric solutions in dimension d > 1 originates from the use of
an upper bound for the sup-norm of a radial function away from the origin
in terms of its H'-norm given by the following lemma.

Lemma 5.6. (Strauss 1977) Let v be a radially symmetric function in
HY(R?) with d > 2. Then, for any A > 0,

v

2 —d+1
017 e (x15.4) < CATTH VU L2 (x5 ) 0] L2 (%> 4)- (5.1.29)
where C' s a constant independent of A and v.

In order to monitor the magnitude of the weight function mentioned
above and of its derivatives, it is convenient to define

p(r) = fT h(s)ds (5.1.30)

0
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where h(r) € C? denotes a radially symmetric function to be specified later,
and to construct the scaled functions

_ S R T £ 1 2
h,, = mh (m) . P =M p(m) . (5.1.31)
We then define
ym (1) = —S f (VP - V)i dx. (5.1.32)

The function h is specified differently in extending Glassey’s proof in su-
percritical dimension and in dealing with a modified variance identity at
critical dimension. In the former case only ¥, should be kept finite, while
in the latter approach one also uses the local variance

Vin(t) = /p,,1|-1_£:|2dx, (5.1.33)
related to y.,.(t) by
1 dVi,
. S 5.1
ym(t} 9t (t) (5.1 M)

In both cases, one uses the following lemma.

Lemma 5.7. Suppose that the function p belongs to C*. The solution of
the NLS equation satisfies

d . . ¥ — T A F A L a | 2o+2
ES/{W-WM dx = 2 Sﬁ‘/dldjpc}ﬂf} Otpix — —— /apwq dx

]. [ (3
-Ef&3p|;&|‘3dx, (5.1.35)
or when all the functions are radially symmetric,

%3‘ / d-pdapl™dx

=doH + (2 — do) /|5‘?.1¢5|de — 2 f{l — Oprp) | Ortp|Pdx

+ 1 i ‘[{d — Ap) |27 T dx — %f&gpwﬂgdx. (5.1.36)
Proof. We have
Oy (p(x)|9|*) = —2p(x)I0; (4 ") (5.1.37)
and
8, 3(0,4 ) = 05 (2?&{@ *9;0) — aij|u;-|2) + JLHaj Y2742, (5.1.38)

Thus, multiplying the last equation by p(x)d; and integrating over R
gives (5.1.35), which reduces to (5.1.36) when all the functions are radially
syminetric.
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Proof of Theorem 5.5. It follows from Lemma 5.7 that y,,(t) obeys

Yy (t) = —doH — (2 — do) / |0 dx + 2 [{1 — Opr P ) |Or 10| P dx

o-+1 /(d &pi’ﬂ}hﬂ”'g{r_i_gd}{ + = /ﬂg_ﬂmhﬂgd}i {d 1. ig)

where the weight functions are to be adequately chosen in order to control
the resulting additional contributions. Near the origin, p(r) should behave
like 2 and thus h(r) like r. At large distance, h(r) is required to be zero
only at critical dimension, where one has to deal with the local variance
itself. Following Merle (1995), we use in supercritical dimensions

h(r)=r for 0 <r <1,
h(r) =7 —(r —1)* for r > 1 near 1,

h(r)= - forr =3,

h(r) < l for r > 1, (5.1.40)
while when in critical dimension, we choose

h(r)=r for0<r <1,

h{?‘}z —(r=1)% forl1<r<1+1/V3,

h(r) smooth and h'(r) < 0for 1 +1/vV3 <r <2,

h(r) =0 for r = 2. (5.1.41)
Both definitions ensure that 1 — d,.p > 0 and —Ap +d = 0.

(i) Swupercritical dimensions do > 2

With the d?ﬁuitinn (5.1.40) for h, adapted to the supercritical dimen-
sions, one has (1 — &,.,p,,) = 0, and

/&Epm|'l_£}|2 i: ¢

Also, d — Ap,, = 0 for r < m, and 0 < d — Ap,, < ¢ otherwise. Thus, one
has the following upper bound for ¥,

— lolZa. (5.1.42)

Y (t) 2 —dﬁH+(dﬂ~?)/Iﬁr'uﬁlg—ﬂlsﬂl 2|V 7% (3 m) = ﬂ;glsﬂlie- (5.1.43)
From Lemma 5.6, we have

—a(d— L T
|,{|"'r"|L = (r=m) <m { 1JI|'1.-£’1|L"1*|lvtlﬁrfr|L"!'I {5144:]

and by Young's inequality, since o < 2,

Faid—1) %

)7 % (o) < €IV[F2 4+ Cle)m™ 277 || 557 . (5.1.45)
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It follows that

_2e(d—yy  AF2a (7,
Uin(t) 2 ~doH +(do =2~ ) [ 0.0 ~ Clm™ H5 g 57 — Zjpfta.
(5.1.46)

In supercritical dimension de > 2, we choose € such that o = do—2—¢ > 0.
Since H < (0, it follows that for m large enough,

d |
n(t) > Y IH] + [ 10, [2dx. (5.1.47)

Suppose that the solution exists in H! for all time. Then,

d to
Ym (1) = v (0) + ?J|H|t + r.z/ 0,02 o ds. (5.1.48)

0

From the last inequality we see that there exists a time t; such that for
t = t1, ym(t) > 0. We also have, by the Cauchy—Schwarz inequality, that

yﬂl{t) < |ﬁ?"pm|-[rm |"1§|L3|ﬁTW|L3 . {5149)
Equation (5.1.48) now becomes, for ¢t > #,

d L
Ym(t) = ym(0) + ?{T|H|1|l + A 4 o (s)ds. (5.1.50)

with A = C|p|pe2, or

T
n(t) > A [ 42 (5)ds. (5.1.51)
t1

and by integration over [t;, ],

y*m(tl:]
Ym (t) = : (5.1.52
) Z T Ay () — 1) |
[t follows that y,,(t) blows up in a finite time. From (5.1.49), so does
|0r1(t)] 2, which leads to a contradiction.
(ii) Critical dimension do = 2
In this case,

Y- (t) = —2H +2 f (1 = Oprpm )| 00|

. . 1 ) )
- 1 3 [{d — ﬂ.p?n)|.¥'}|£a+£ n 5 [ﬂg;ﬂmhﬂ‘g. (5.1.53)

Here again |A?p|p=~ < C/m?, and (5.1.53) becomes

f C :
i
B4 — ol
(5.1.54)

‘ 2
! 3 (]2
mﬁﬂz—iﬂ+ﬂf a(r) 9, ¥l? — ——
T d + 2 T =¥
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with a(r) =1 - 9,.prm = 0 and b(r) = d — Ap,,, = 0. In (5.1.54), the third
term of the right-hand side can be bounded as follows

2
b =‘1l.l’uri—|—£ -E'.F”
d+ 2. Jrom (?)|tl")| _— d+ 2. ||1|f".}h|.[.-2 | IIL|LJ‘-'{:-;|":}-;|”_:|
A o —2({d—1)
< d+ 2 L ¢ |bi¢|L2 |v ‘5 WHL&{T;—,m

< e [VOH) 2o + COm™2 o557 bEp|7T
< 26 [V(03) Y72 () + 26 B3V

(7 =m)
a3 .1££+lj
+C'(e)m |h|£,‘,l el 27" (5.1.55)
since d = 2. We then note that
V(b)) < ¢ for r > m. (5.1.56)
m
Therefore, from eqs. (5.1.54)—-(5.1.56), we have
) ) ) 2l 2({d+1)
Viu(t) < 21 H| — Cm2 [pl2a — C(e) m™2 b7 [l 2
+ 2/ (a - :—’h%)|?¢»|‘3 (5.1.57)
=T
We can choose € small enough so that for r > m,
a—eb? > 0. (5.1.58)
Indeed, for r > 1 + 1/\/_}
a(r) =1 and b(r) < C, (5.1.59)
where C' is a constant independent of m. For 1 <r <1+ 1/ V3.
d r 2 T d—1 dj2
—eblr)2 =3(——-1) —ed(——1) (1 + ——(1 — —
a(r) = eb(r)? =3(= —1)" —e3(— —1)"(1+ T =)

T 9 T , d—1
> 3(l (1--1-—*3—-31 ) 5.1.60
23( -1 (el = )T+ o)) (5160

Thus, a(r) — eb(r)? > 0if €(1 + ‘fv})‘”i < 1.

For ¢ fixed, we now choose m large enough so that
yin(t) > nlH (5.1.61)
for some n > 0. By integration, we get
Ym (t) = ym(0) + n|H| t. (5.1.62)

Now, the truncated variance V,,(t) = [ pm|t[?dx is well-defined. It is
positive, and satisfies
dVy,
dt

— —2y..(1). (5.1.63)
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It follows that
V(1) < — g H|t2 — 4, (0}t + Vi (0). (5.1.64)

Assuming that the solution exists for all time, the last equation shows that
V.. has to vanish in a finite time, leading to a contradiction.

Both in critical and supercritical dimensions, it is still unknown whether
a negative Hamiltonian provides a sufficient condition to ensure finite-
time blowup of non-radially symmetric solutions with infinite variances.
Nevertheless, one has the following result.

Theorem 5.8. (Nawa 1993, 1998a) At critical dimension, if the H' norm
of the solution is uniformly bounded in time on [0,00), the Hamiltonian
is nonnegative. Equivalently, if the Hamiltonian is strictly negative, there
extsts a time T, finite or infinite such that the corresponding solution
satisfies

e

tlim V| 2 = tlil%l | e = oc. (5.1.65)

fre

5.2 Analysis of the Blowup

5.2.1 Rate of Blowup

This section provides lower bounds for the rate of blowup of Sobolev norms
both at critical and supercritical dimensions.

Theorem 5.9. At critical dimension d = 2/, assume that the solution
of the NLS equation blows up in H' at a finite time t.. Then there exists
a positive constant M depending on the initial conditions, such that

Ve (t)| 2 = M(t, — )42, (5.2.1)

Proof. The above result is given in Cazenave and Weissler (1990) in a
more general context. We present here a simpler proof, following Merle
(1996a).

Define for fixed t < ¢.,.

i (]{_._ 5:] -

Lo X 48 5.2.2
/\*‘W{i)ﬁ) (rﬂ o J\E(ﬁ)) (5.2.2)

with A(t) = |[V(t)| 2. We have, for all s € [0, A(¢)*(t, —t)).

10 + Ay + |17 = 0 (5.2.3)
and [Vib(s)|p2 — oo as s — A2(t)(t. — t). Moreover, [101(0)|r2 = |@]12,
and the definition of A(t) implies that [V (0)|g2 = 1. Thus, |[¢1(0)[3, =
|72 + 1.

On the other hand, by the classical existence theory of the NLS equation
in H' (see, for example, Kato 1987), for all ¢; > 0, there exists t1(c;) > 0
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such that if [¢41(0)|g1 < e1, then there exists ¢o such that | (t)|g < e
in the interval ¢ € [0,#;]. Applying this statement with ¢; = |p[7. + 1, we
cet that

VO <t <t N(t)(t.—1t) >ty (5.2.4)

from which the theorem follows.
In supercritical dimensions, one has the following result.

Theorem 5.10. (Cazenave and Weissler 1990) Let 0 < s < d/2 and
% < 0 < d_"jgs. If the solution obtained in Theorem 5.13 exists only for a

finite time t,, then lim;_,_[(—A)*24(t)|2 = oo, and there is an estimate
for the rate of blowup in the form

: C
[(—A)"29(t)| 2

=z I[t,: - t}l;"{i&a‘]—[d—i&#]fd |

(5.2.5)

A related result for s = 1 is given by Merle (1989) in the form of the
following proposition.

Proposition 5.11. Defining .J _ﬁu (t)|9.dt, one has that J(O)
is finite for © < 1 and infinite ffJ’.i'“ O >0y = rilf:r/ (20 + 2 — do),

5.2.2 A Self-Similar Solution at Critical Dimension

From the standing-wave solution (x,t) = R(|x|)e', a self-similar
blowup solution is easily constructed in critical dimension. using the
pseudo-conformal transformation (see Section 2.3). By means of this trans-
formation, (choosing t; = 1 in (2.3.23)), the above solution is transformed
into another solution, which up to a phase shift reads

1 I- x| oy X

—_ - Aty —1) D.2.6

P(x, 1) {t*ut}dﬁﬁ R(t*“t)e (5.2.6)
1 x| -

.t,.—r R( ){: Afte —t) 2.7

TR L1 520

In this context, special attention has been paid to initial conditions with
critical mass |p|;2 = |R|p2, where R is the positive solution of AR — R +
R?771 = (). Weinstein (1986b) proved the following result.

Theorem 5.12. Let ¢ in HY(R?) such that |p|r2 = |R|p2. and suppose
that the solution v:(t) blows up in a finite time t.. Define the operator S,

S.f-ﬂf{xr- f:] - !-Llf{rf{“x: f::l {528:}
and let pu(t) = E—Lli Then, there exist two functions y(t) € R* and
~(t) € [0,27) such that

Sy (- + y(t). t)e"') — R(.) strongly in H' (5.2.9)

as t — 1,.
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This result predicts that in the case of a special family of initial conditions
whose mass is critical, up to a space translation and a phase shift, the
solution near the singularity behaves like

1 X
RO R(H{ﬁ))' (5.2.10)

A uniform characterization of the solution during the interval of existence
of the solution is also given by Weinstein (1987, Theorem 4) in the case
where the initial conditions not only have a critical mass. but are also
“close” to the ground state. This requires the extension of the concept of
orbit of the ground state, by taking dilations (i.e. rescalings of the spatial
variable and of the solution amplitude. which at critical dimension keep the
L*-norm constant) as well as translations and phase shifts into account.
Defining a convenient measure to estimate the distance to the (extended)
scround-state orbit, the result states that for any € > 0, there is 8(¢) such
that if the distance of the initial conditions to the ground state is smaller
than &, then for all ¢ € [0,T.), the distance of the solution to the extended
orbit remains smaller than e.

A stability result up to space translations, phase shifts. and dilations is
given at critical dimension by Laedke, Blaha. Spatschek, and Kuznetsov
(1992) for initial conditions with a mass that exceeds the ecritical one.
Assuming a negative Hamiltonian and defining the invariant set

S ={3.9 = g(x — ay)e'¥ o)) (5.2.11)

with a; € R? and ag € 0, 27], where g is the ground state solution of
Ag — Mg + ¢g*°T! = 0, they state that in the interval 0 < t < t., for every
e, there exists 6, such that

|"F’{x:] o E{KHHI < 5& = |'E_;"J{:J{_., f} o S_;LE{I,?&”% < €, {5212:}

with p(t) = |V|r2/|Vg|r2 where A is chosen by the condition pu(0) = 1.

The rate of blowup for solutions with critical mass was first determined
in the case of initial conditions that are radially symmetric with finite
variance (Merle 1992a) and then extended to initial conditions lacking this
symmetry (Merle 1993) as stated in the following result.

Theorem 5.13. Let ¢ € HY(R?) and |xp| € L*(R?) (finite variance).
Suppose in addition that ||z = |R|r2, and that the solution 1 (t) blows up
in a finite time t,. Then there exist constants 0, w, and &, and x; € R?
such that the solution is expressed in the form

b }{—J{“;—'

wi/2 — i(ﬂ w? )
W(x, 1) = R(m(x Kl—e{,))e TR ) (5.9.13)

(t, —t)4/2" t, —t
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5.2.3  Solutions with Exactly k Blowup Points

At critical dimension, explicitly known solutions that blowup in a finite
time are those given by

: 1 B x "ﬁFqi f 59214
’{I.'_'/(}{,If:l — {:ﬁ* . t)d;’? ’(t* _ f)._n e, (5.2. )

where R is the unique positive solution of
AR - R+ R =, (5.2.15)

For these solutions. the only blowup point is taken at the origin. A question
that can be asked is whether there exist blowup solutions that have more
than one blowup point and. if so, what is their behavior. Given k arbitrary
points Xi,Xg,....x; in R% Merle (1990) constructed a solution of the
critical NLS equation that blows up in a finite time ¢, at exactly these
locations and displays the L?-concentration property at the points x;.
Denoting by Ry, R1,... the infinite sequence of radial solutions to the

equation
AR— R+ R1t! = (5.2.16)

such that Fj has exactly & nodes as a function of r and decreases
exponentially at infinity, one has the following result.

Theorem 5.14. Let the dimension be critical (od = 2) and X1,...,X; be

given in R%. There is a constant wy such that for any constants w., ..., wp

all strictly larger than wy, there exists a solution 1 of the NLS equation
that blows up in a finite time t, such that:

(i) The set of blowup points in L*T4 and H' is {x1...., %1},

(ii) Fori = 1,....k and all A such that the balls B; = B(x;, A) are
disjoint, lim,_,_ [1)(t)|12(p,) = |Ri|L2,
(i) limg s, |¢(t]|Lz{B] =0, where B =R — U, ... . B;.
In addition, there is a constant v > 0 such that on [0,t.),

i1 X2

k: .
1 __T SRR T — X=X
f t . ‘ .-[l,.: |'.“]u.-_ﬂ. R._I-( )
YO = 2 oo

— ——

<e ti-t,

[2+4/4d

(5.2.17)

Finally, we mention a recent result by Nawa (1998b), who exhibited for
the critical one-dimensional NLS equation a class of initial conditions such
that the solutions blow up at two symmetric points and concentrate at
least the critical mass at each of these points.

5.2.4 L*-Norm Concentration at Critical Dimension

We consider blowing-up solutions in the critical case od =2 and study
their L2-properties. The forthcoming theorems give a rigorous basis to the
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concept of “strong collapse” (Zakharov and Kuznetsov 1986b) for which
as the singularity is approached, a finite amount of the L*-norm (mass or
energy) of the solution remains trapped near the blowup point.

Suppose again that the initial condition ¢ belongs to Hl{Rd).l We know
that there exists a time . such that for all ¢t € [0,t,), there is a unique
solution v(t) in H'(RY) with either t, = 400 or lims_; |¢(t)|; = oc.
In the case where t, is finite, that is to say when the solution )(t) blows
up in a finite time in A*(R%), Merle and Tsutsumi (1990) proved the two
following theorems:

Theorem 5.15. Suppose that 1)(t) becomes infinite in H*(R?) in a finite
time t.. Then (t) does not have a strong limit in L* ast — t,. In addition,
there is no sequence t,, converging to t, such that 1(t,) converges in L* as

Proof. This result is a consequence of the conservation of the Hamilto-
nian and of the Gagliardo—Nirenberg inequality (3.2.12). It is proved by
contradiction.

Suppose that 1(t) is a solution of (3.0.1) in C([0,t,), H'), and that {¢,}
is a sequence such that ¢, — t. and (t,) has a strong limit in L* as
n — oo. It follows that |V (t)|r2 is bounded for all ¢ € (0,t,). Indeed,

Vi)l < H+C [ 6(ta) = pltm) P2+ 2dx +-C [ pftm) P22
< H+ |T|E}(tﬂ) o 'Elj{t?'n)ﬁﬁﬂvﬁ}{tn)|i'3 + |v7|“{tm}|i3)
+C f 1 (t, ) |27 T2 dx.

Since 1(t,,) converges strongly in L?, there exists a positive integer m such
that for n > m,

| | : 1
[(tn) — 'ir"”[tn'aﬂi?- < 5. (5.2.18)

b

Thus, for all n = m,

[Vip(tn)lZe < 5|V(tn)|fe + Crm. (5.2.19)

b2 | =

This implies that the sequence (t,,) is uniformly bounded in H*'.
Remark. It is known that for initial condition in L?, there exists a lo-
cal solution in L? (Tsutsumi 1987). The previous result implies that the
blowup solution cannot be extended bevond the singularity time in the
strong topology of L?. Equivalently, the singularity time is the same in H'
and in L2,

'For initial condition in L* (not in H'), concentration properties of the L*-
norm were recently established by Bourgain (1998a) for solutions of the cubic
Schriodinger equation in two space dimensions.
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Assume that the initial condition ¢ is radially symmetric. Then, the
solution (t) is also radially symmetric, and the blowup occurs at the
origin, in the following sense:

VA >0, |VY|r2xj<ca) 00 as t—t,, (5.2.20)
and
vA =0, |'E.£’1|L='“{}}{§::Aj — o0 as t—1t.. [5221)

Theorem 5.16. If the solution is radially symmetric and blows up in H?,
then the origin is a blowup point, and for all A = 0,

lim inf [)(t)|L2(B(0;4)) 2 [RlL2, (5.2.22)

where B(0; A) is the ball of radius A centered at the origin.

This is an optimal result in the sense that there exist explicit examples of
blowing-up solutions with liminf, ., [¥(t)|12(5(0.4)) = |R|Lz.

For solutions not necessarily radially symmetric but blowing up at one
point, Weinstein (1989) proved the following result:

Theorem 5.17. Let ¢ € H' and suppose that the solution blows up in
H' at a finite time t.. For any sequence t, — t,, there is a subsequence
tp, such that for 2 < p < 2d

d—2
Suny(- + y{tkj},tk})eiﬁ’“"ﬁ'} — ¥ strongly in  LP, (5.2.23)
where
S, f(x,t) = 1M f(ux, t), (5.2.24)
p(t) = ||Ef||ij (5.2.25)
and
U2 > |R|L:. (5.2.26)

Note that |R|z2 is a threshold value for the L* norm of the initial
conditions. Indeed,

(i) When |@|z2 < |R|p2, solutions exist globally in time and disperse to 0 at
the free Schrodinger rate, in the sense that sup, [t|%2= 4P (t)| 1 < cc.

(ii) When |¢|;2 = |R|r2, blowing-up solutions can be obtained explicitly
with a rate of blowup (t, — #)~%2 and a spatial structure given by the
ground state R.

(iii) When |p|r2 > |R|z2, the L*-norm of blowing-up solutions concen-
trates near the singularity by an amount which is bounded from below

by [R|L:.

A detailed discussion of solutions blowing up at several points simulta-
neously is presented by Nawa (1990, 1994).
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The rate of the L*-norm concentration was obtained by Tsutsumi (1990)
for radially symmetric solutions:

Proposition 5.18. Define A(t) = |Vuo(t)|p2. If alt) is a decreasing
function of t such that a(t) — 0 as t — t,, and A(t)a(t) — oo, then

and for all € > 0 there exists K > 0 such that

lim inf [)()| L2 (x| <k /) 2 (1 =€) Rz, (5.2.28)

Proof. Let p be a radially symmetric function in Cj such that

»(x) 1 if x| < %
0 if |x| > 1
and p,(x) = p(x/a). Define also
Aa(®) = [V (path ()22, (5.2.20)
and ¢ = 2+ 4/d. From Lemma 5.6, we have
P12 2 1x1mara) < [l (xman N < ﬂg{fl SAGY ANV (5.2.30)

The conservation of the Hamiltonian ensures that

: '
2 2 Ii! rl ].f.i [
ANt)® < H + - |;L,|Lf (X|<a/2) T S 1;;.:;)‘{ )2/ NI+ (5.2.31)

Straightforward CHlE‘lllHtlDl‘lS then give

V| Le(x|<ara) = |Pa¥|La. (5.2.32)
and
2 C r1/242
. , C
2 ~oarl/2 Bl
A(t)° + - N2A(t) + ﬂjh (5.2.33)
Finally, the variational characterization of the ground state R leads to
. 4/d
|||'j'uut|"-l;|L"3 ) 9 ]
a7, = ( Ao ()=, (5.2.34
| L |R|L2 } :]
Combining {5.2.31}—{5.2.34] gives
rll-fd 2/d
1 — | HIH {: +_ C A / P_‘Irl+1,fd
|R|4M — (ﬂkﬂ)z{d—ljfcﬁ Ay
FCLYVAVE SO Y (5.2.35)

aA? (adq)?
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From the assumption on the function a(t) and the fact (proved below) that

Alt)
Ag(t)

remains bounded as ¢ — ., it follows that in the limit t — £,

a1’
limsup | 1 — ﬂ—w < (), (5.2.36)

t—t.

or equivalently, (5.2.27) holds. Rewriting (5.2.35) with a(t) = K/A(t) gives

(5.2.28) in the limit ¢ — t,, if K is taken sufficiently large.

Alt)

To complete the proof of the proposition, ;Y should be shown to remain

Eﬂ
bounded as t — t,. Equations (5.2.31) and (5.2.34) imply

Crﬂrl—klfrj
(1~ G

) M (t) < H + CA2(t)N*, (5.2.37)

As t approaches t,., 1/aX — 0 and the factor in parentheses on the left-
hand side of (5.2.37) is smaller than 3. Thus, A,(t) — oc, and /A, remains
bounded.

Theorem 5. 19 If a(t) is a decreasing function of t such that a(t) — 0 as

t —t, and (t, —t)/2/a(t) — 0, then
]i%llil{llfh,?( N L2x|<a(e)) =[R2 (5.2.38)

and for all € > 0, there exists K > 0 such that

lig.ﬂiﬂf |'¥I}{t)|Lﬂ{|}{|{H{t*—tjll-fz:l E {1 — E) |R|L2. {5239)

Corollary 5.20. For any p > 2,

M 1 1\ d

Wit) pe = with  a={-—- -] =. h.2.40
Ol > (5-3)3 (5.2.40)

In particular, for p = 20 + 2,

M
2042
W f)|_.5?j+.a =t (5.2.41)
Proof. Using the Holder inequality with l K -”; ﬁ estimate (5.2.39)
implies
dlp—27

Cr < ()| L2(x| <k (t.—tyr/2) < Clts = 1) 5 [ih(2)| Lo, (5.2.42)

and (5.2.40) follows.

Remark. Extension of the analysis to the critical NLS equation with a
nonhomogeneous nonlinearity k(x)[v|*/? is considered by Merle (1996b).
In particular, the existence of a minimal blowup solution depends on the
form of the function k(x) near the point where it reaches its maximum.

Finally, we mention a recent result by Nawa and Tsutsumi (1998):
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Theorem 5.21. If the solution is radially symmetric and blows up in H'
in a finite time t., then the following properties are equivalent:

(1) limy s, [P(x,t)|*dx = |@|7260(dx) in the sense of measures where &
is the Dirac measure at 0 € R,
(ii) |x|e € L*(R?) and lim,_.,_ ||x|i(x,t)|r2 = 0.

Such a situation where all the mass of the solution concentrates at the
origin and the variance vanishes at the singularity time is realized by the
particular blowup solutions (5.2.13). For more general collapsing solutions,
numerical simulations indicate that the variance remains strictly positive
at the time of blowup (see Chapter 6). In this case, only a fraction of the
total LZ-norm (asymptotically equal to |R|2) concentrates near the origin,
while the rest forms wings of moderate amplitude. Rigorous results asso-
ciated to this picture were recently given by Nawa (1998a). They express
that at critical dimension. a blowup solution behaves like a finite superpo-
sition of dilated zero-Hamiltonian, zero-momentum, H!'-bounded solution
accompanied by a dilated wave of the free Schrodinger equation. At the sin-
cularity time, an amount of the mass at least equal to that of the ground
state R concentrates at each of the foci, and the solution cannot have a
strong limit in L*. More precisely, one has the following result.

Theorem 5.22. Let (t) be a singular solution of the NLS equation
at critical dimension such that limsup; ., |Vi|p2 = oo for some time
t. € (0,0¢]. Let {t,} be any sequence such that as n — oo, t, T i,

and sup,c (o 1., V()| 2 = [Vep(ta)| 2. Define

A = |V (tn) |12 (5.2.43)

and, fort € [—iﬂﬁﬁ, %) the scaled functions,
tn (X, 1) = A2 (Aux, 1, — A2t). (5.2.44)
There erists a finite number of smooth nontrivial solutions v*, u?, ..., u" of
the NLS equation at critical dimension with zero Hamiltonian and zero mo-
mentum, and sequences {yL}, ... {75} in R? with lim,, o |7 —v5| =

for § # k (in the case of a radially symmetric initial condition, L = 1, and
vb =0), such that for any T > 0,

L
lim sup |Vu,(x.t)— Z Vu! (x —~7, t”L?—(Rrﬂ} =0 (5.2.45)

TR e0,7]

L
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where the function ¢,,, which can be viewed as corresponding to a shoulder,
solves the free Schridinger equation

Db, |
i ; + Ady, = 0, (5.2.47)
L
On(x.0) = un(x,0) = Y ul(x —~1.0) (5.2.48)
=1

Furthermore, the initial condition satisfies

L
ol72 =) |l (t)[3. > LIR|].. (5.2.49)
j.::l

where R denotes the ground state solution. In addition, for any T > 0 and

any f € B =C(R%) N L>*(RY),

Lo x te —t\|?
lim SUp ‘ / (-1;': x. t)]* — — (— - ﬁffi_, i )
M0 e (i, —A2T,t,,] R« | ( ' )| E Aﬁf’fﬁ J'LH ‘}‘i
1 X t,—t\|
— | —=d, , dx |= 0. (5.2.50

When the conditions for blowup are satisfied, then for any T > 0, one
defines 8, = t, — }u;‘iT (where s, — oc as n — oc). Then, there exists
a subsequence of {s,} (still denoted by {s,}) that satisfies the following
properties: There is a finite number L € N, a family of points {a’, ..., a’}

in R? such that @’ = lim,, .., k,ﬂ*{f!_, and a positive measure p € B (the
dual of B) such that

L
[1(x, 5, )[Fdx — Z u? (0)]728q: (dx) + p(dx), (5.2.51)

J= 1

as n — o0 in the weak topology of measures. In this formula, p 1s the limit

of
| x t,—1
NI Ty )
ATL."I{ }l”_ A‘J"L
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6

Numerical Observations

Before discussing in Chapters 7 and 8 the asymptotic theory of the collapse
for the nonlinear Schrodinger equation

10 + A+ [P[*7¢ =0 (6.0.1)

in the supercritical and critical cases. respectively, we describe in this
chapter the accurate numerical methods that play an important role in
differentiating among various possible singular behaviors and suggesting
the adequate asymptotic ansatz. As observed with all the simulations with
generic initial conditions satisfving a sufficient condition for collapse (usu-
ally a negative Hamiltonian), the singularity takes place much before the
variance vanishes, even at critical dimension.

Simulations of the cubic nonlinear Schrodinger equation (¢ = 1) per-
formed in dimension d = 3 for radially symmetric solutions with a unique
maximum located at the origin early led to the conclusion that the collapse
is in this case self-similar with a rate of blowup scaling like (t, —t)~*/? (Bud-
neva, Zakharov, and Synakh 1975, Goldman, Rypdal, and Hafizi 1980).
For the Schrodinger equation at critical dimension d = 2, the asymptotic
regime is established only extremely close to the singularity. It is thus
much more delicate to simulate it numerically and to discriminate between
the conflicting predictions proposed for critical collapse. A (¢, — t)=2/3
scaling for a peak amplitude superimposed on a slowly varying shelf was
proposed by Zakharov and Synakh (1976), a picture supported by sim-
ulations of the early phase of the collapse presented by Sulem, Sulem,
and Patera (1984). Similar observations were reported for the quintic NLS
equation at the eritical dimension d = 1 (Sulem, Sulem, and Frisch 1983),
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and a formal construction of these solutions was presented by Papanico-
laou, McLaughlin, and Weinstein (1982). In a different direction, Vlasov,
Piskunova, and Talanov (1978), Wood (1984), and Rypdal and Rasmussen
(1986) suggested a (|In(t, — t)|/(t. — t))'/? law, while Landman, Papan-
icolaou, Sulem, and Sulem (1988) and LeMesurier, Papanicolaou, Sulem,
and Sulem (1988b) (see also Landman, LeMesurier, Papanicolaou, Sulem,
and Sulem 1989, Dyachenko, Newell, Pushkarev, and Zakharov 1992 and
Sulem and Sulem 1997) conclude that the rate of blowup is of the form
(In|In(t, —t)|/(t, —t))*/2. This rate was previously predicted by Fraiman
(1985) (see also Smirnov and Fraiman 1991) on the basis of delicate physical
argiments. An unfortunate misprint in both the original version and the
English translation however, transformed the double log correction into
a simple log, and this result was not immediately recognized (Zakharov
and Kuznetsov 1986b). Laws of the form |In(t. — #)|7/(t, — t)*/2, with
0.35 < v < (.65, depending on the initial conditions, were also considered
as consistent with the simulations (Zakharov and Shvets 1988, Shvets and
Zakharov 1990, Kosmatov, Shvets and Zakharov 1991).

Especially at critical dimension, accurate numerical simulations of the
blowup require a special adaptive mesh refinement leading to a strong
enhancement of the resolution near the singularity. A simple method sug-
gested by the theoretical understanding that the solution is asyvmptotically
self-similar or quasi-self-similar near collapse is provided by the dynamic
rescaling method first described in the simplified case of radially symmetric
solutions in McLaughlin, Papanicolaou, Sulem, and Sulem (1986) and then
extended to more general initial conditions localized about a unique peak
in Landman, Papanicolaou, Sulem, Sulem, and Wang (1991). It consists
in rescaling the dependent and independent variables by factors prescribed
self-consistently in terms of a norm of the solution that blows up at the
singularity. The corresponding norm of the rescaled solution then remains
constant in time. As a consequence, the rescaled problem is no longer singu-
lar, and its numerical integration can be pushed very close to the blowup. A
main numerical observation concerns the stability of the isotropic collapse
towards which anisotropic solutions are seen to converge. Furthermore, the
collapse appears to be self-similar in dimension 3, while at the critical di-
mension d = 2, the self-similarity is weakly broken, with a rate of blowup
of the form F(t. —t)/(t, — t)%/2, where the function F(t, —t) blows up
more slowly than any power of In tml_t (LeMesurier, Papanicolaou, Sulem,
and Sulem 1987). Very accurate computations recently performed using
an adaptive Galerkin finite element method directly on the NLS equa-
tion (Akrivis, Dougalis, Karakashian, and McKinney 1993, 1997) support
the log-log law for the far asymptotic regime. Descriptions of intermediate
regimes were proposed by Malkin (1993), Fibich, Malkin, and Papanicolaou
(1995), Fibich (1996a), Fibich and Papanicolaou (1997a).
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6.1 Capturing the Blowup Structure

6.1.1 A Scale Transformation for Isotropic Solutions

The invariance of the nonlinear Schrodinger equation with a power law
nonlinearity by the scale transformation suggests in the case of radially
symmetric solutions the change of variables (r = |x|)

1 bod
D(r,t) = L{ﬂwu(g,ﬂ . ﬁ - =/ﬂ LE{;. (6.1.1)

Substituting in (6.0.1), we get

iU + -.iﬂ{T:l({qu + E) + Au + [ul*7u = 0, (6.1.2)
a
where
dL dln L (6.1.3)
(L = —=J,— = = . ). wE,
dt dr

The initial condition 1/(r,0) = p(r) becomes uy(£) = L(0)/7@(L(0)E).
Under this scaling, the wave energy and the Hamiltonian take the form

N = L{T}‘i‘gf”/|u|2§d‘ld§, (6.1.4)

H = L(T)—fa—%Hf (|vu|2 -

At this step, it is natural to look for radially symmetric singular solutions
of self-similar type near collapse. This corresponds to setting a(7) = a to be
a constant and imposing that either u(&, 7) be independent of 7 (Goldman,
Rypdal, and Hafizi 1980) or, more generally, that u(&, 7) = e'7Q(&), where
the profile () satisfies (Zakharov 1984)

1

J—H|-u|3”+3) ¢-1de. (6.1.5)

d — ,
Qee + ¢ ng“Q‘Ff—ﬂ({Qg-{-g)+|Q|£”Q=U, £ >0,
QRe(0) =0, Qo) =0, (6.1.6)

with the normalization Q(0) real. This leads to a class of singular solutions
of the form

P(x,t) = (2alt. it))lfﬂfr@((m![}t{:j;g”g) exp(i(ﬁ + ;{l In t*t: t)):
(6.1.7)

where x, and ¢, are the location and the time of the blowup.

Such solutions with a # () are possible in supercritical dimension (see
Chapter 7). In contrast, at critical dimension, (6.1.6) has no admissible
solutions for a # 0, and a more refined analysis is needed (Chapter 8).
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6.1.2 Dynamic Rescaling

Analysis of the blowup of radially svmmetric solutions is conveniently done
using the so-called dynamic rescaling method, where the rescaled equations
resulting from the scale transformation are complemented by the determi-
nation of the scaling factor L(t). The latter should be chosen in such a way
that it tends to 0 fast enough so that the rescaled time 7 goes to infinity
as the singularity time t, is approached. This is done by imposing that
the rescaled solution w(&, 7) remains smooth, uniformly in 7 (McLaughlin,
Papanicolaou, Sulem, and Sulem 1986, LeMesurier, Papanicolaou, Sulem,
and Sulem 1987). Various constraints have been used with comparable ef-
ficiency. They consist in requiring that a spatial norm remains constant in
time. The simplest choice is L(#)'/7 = |ug(0)||¢(t)|;~ which ensures that
\u(7)| = remains constant. It leads to

—mﬁ:(u*ﬂn){[]? 7). (6.1.8)
A related method involving the rescaling of the independent variables but
not of the amplitude of the solution was used by Zakharov and Shvets
(1988), Kosmatov, Petrov, Shvets, and Zakharov (1988) and Kosmatov,
Shvets, and Zakharov (1991).

It is also possible to construct L(t) using a spatial integral norm of
that goes to infinity at blowup, a choice that appears to be preferable for
numerical accuracy. Choosing, for example, a scaling such that [Vu(r)|p2
remains constant leads to

a(T) =

|?'H[]|Lz )EHJ 2
L(t) = ( : p=24——d (6.1.9
N ZTOPY : )
Substitution into (6.1.3) and use of (6.1.1) then give
- /x 2 d—1
a(t) = — : u| 7 I (" Au dé. 6.1.10
(1) = =g [ IS Aue e (6:1.10)

Note that numerical errors do not accumulate in the computation of
Vu(r)|r2. Indeed, differentiating |Vu(7)|r2 with respect to 7 and using
(6.1.2) and (6.1.10), one gets

d : r :
E}"|v1‘5{7—)|iﬂ = —pa (|?H(T)|iz — |?1r:r.}|iz} : (6.1.11)

Since for singular solutions L(t) is decreasing, it follows that a is positive,
and consequently, [Vu(7)[7. = |Vug|7, is a stable solution.

Instead of fixing the L*-norm of the gradient, higher order norms like
(Vu(t)|pr (r > 2) or |[Au(t)|z2 can also be used. Using a dual procedure,
one can also define L(t) by prescribing that a typical scale defined as the
ratio

J E[u(§)PP€ " dg
J [u(€)[Pred=1dg

with p = 2,
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remain constant. This prescription appears to be well adapted to extension
of the method to non-radially symmetric solutions.

Equation (6.1.2) together with the expression of a(7) viewed as a func-
tional of u (such as (6.1.10)) constitutes a closed system that is nonsingular
and thus amenable to standard resolution algorithms. To reconstruct the
original solution v, one computes the scaling factor L(t) by solving (6.1.3)
with a(7) given in terms of u.

Note that (6.1.2) must be solved in the entire space £ > (0. At large
enough distance however, the solution being small, the nonlinear term is
negligible in (6.1.2) and so are the second derivatives. The equation then
reduces to the hyperbolic equation

Ur + a(7) (Jju,ﬁ 1 g) =0, (6.1.12)

which can be solved exactly in the form

L{ )\ L7 () _—
£,7) = nu( {”}) L7 (0) (6.1.13)

Kosmatov, Petrov, Shvets, and Zakharov, (1988) and Kosmatov, Shvets,
and Zakharov (1991) suggested that this property be used in solving numer-
ically the rescaled NLS equation. They solved (6.1.2) in the finite domain
[0, A] with the condition that at the boundary £ = A, the solution takes
the value given by (6.1.13) at each time step. This approximation allows a
substantial reduction of the size of the spatial integration domain.

Within the finite region of integration £ < A, the wave energy and the
Hamiltonian

A
Na= L2 [ ju(r) et

0

A
—‘—I— ‘ 1 r'r:'- ’ "—
H_,-f[ . L{:T} 2 £+£I!1-f (|v“|i - p— 1|_u|£ +i) é—i ld’{f

()

are no longer constants of motion. However, the quantities

N+ A / L) 27 a(r')[u(A, ') [2dr (6.1.14)
)
and

Hi+ Ad[ L(7) "2 741" (|vu(f1;r’)|2

S

u(A, T )|Eg+2) dr’
(6.1.15)

a4+ 1

are Invariant.

An alternative method consists in mapping the spatial domain [0, o)
onto the interval [—1, +1] by a transformation of the type z = P:rg' where
f is an adjustable parameter. When a regular mesh is used for the z variable,
half of the grid points are located between () and £.
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The dynamic rescaling method presented above enables numerical inte-
erations up to times very close to the singularity with amplification factors
of the maximum larger than 10%, using moderate resolutions.

An alternative method recently used by Budd, Chen, and Russell (1999)
involves discretization on a moving mesh in the interval [0, L] (where L is
taken large enough). The N grid points R;(t) are chosen to equidistribute a
monitor function M of the solution v (r, t), by imposing, in the simplest set-

ting, the condition f[f'“' Mdr = % _ﬂ;L Mdr for i = 1,...,n. In more efficient
schemes, the time evolution of the grid points is prescribed by an integro-
differential equation of the form R; = - ( f If_:’ J Mdr — % f{f M d?‘) L b=

l,...,N (see Huang and Russell (1996) and Budd, Huang, and Russell
(1996).

6.2 Simulation of Isotropic Collapse

6.2.1 Stability of Supercritical Self-Similar Solutions

The cubic NLS equation in three dimensions was integrated in McLaughlin,
Papanicolaou, Sulem, and Sulem (1986) using the rescaled form (6.1.2) with
the function a(7) given by (6.1.10). This corresponds to a scaling factor
L(t) chosen such that the L?-norm of the gradient of the rescaled solution
| |[Vu(€, 7)|2€%d€ remains constant (see (6.1.9)). Radially symmetric initial
conditions associated to a negative Hamiltonian and to a finite or infinite
variance were considered.

As 7 tends to oo (or £ — t.), a(7) was observed to tend to a positive
constant A, while u(, 7) evolved up to a linear phase in 7 to a fixed profile,
as predicted by Zakharov (1984),

u(é, ) — e“TS8(E). (6.2.1)

Consequently,
L(t) = AY2(t, — t)1/2, (6.2.2)

and S satisfies
See + %Si — CS+iA(£S)e +|S|*S =0, &> 0. (6.2.3)

Note that the asymptotic rate of blowup is rapidly reached and was ob-
served for moderate values of the amplitude in direct numerical integration
of the NLS equation (Budneva, Zakharov, and Synakh 1975, Goldman,
Rypdal, and Hafizi 1980). Figure 6.1 illustrates for the initial condition
iy = 6exp(—|x|?), the evolution of |u(£,7)| and its fast convergence to a
limit profile decreasing monotonically with £.
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FIGURE 6.1. Convergence of the rescaled solution to a limit profile in three
dimensions for ¢ = 1, at short and large distances (LeMesurier et al. 1987).

By rescaling £ = /C¢ and Q(¢ ) = #S({f), this equation becomes, after
dropping the tildes and defining & = A/C,

Qee + %QE - Q+ik(€Q): + QPR =0,  £>0. (6.2.4)

This suggests that in the primitive variables, the solution near the
singularity takes the asymptotic form

(2k)"% _ (2k)2|x
(t. -t)%Q( (t, —t)2

where () is a solution of (6.2.4) with a profile || decreasing monotonically.
A remarkable fact is that for the different initial conditions considered in
the numerical simulations, the ratio & alwayvs has the same value, kb =
0.917... . Other computations performed by LeMesurier, Sulem. Sulem,
and Papanicolaou 1987, Kosmatov, Petrov, Shvets, and Zakharov (1988)
and Kosmatov, Shvets, and Zakharov (1991) confirm the local form of the
solution near the singularity and the value of the constant k. Properties
of solutions of equation (6.1.6) for the self-similar profile are discussed in
Chapter 7.

)e:{p(-ié?-i--i ! In e ) (6.2.5)

W(x,t) =
(%, 1) % t, —t

6.2.2 The NLS Equation al Critical Dimension

Numerical simulations were performed using the dynamic rescaling pre-
sented in Section 6.1.2 and various choices for the scaling factor L(t). A
simple condition is to prescribe that |Vu(r)|p« with ¢ > d, stays con-
stant. It follows that the rescaled solution |u(7)|r~ remains bounded as
a consequence of the L*mnorm conservation and the Gagliardo-Nirenberg
inequality

1 1 1 1
ulp~ < C|Vulg,lul 3%, S =0 (— — 4 —) . 0<a<l1. (6.2.6)
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FIGURE 6.2. Typical evolution of —a(7) at critical dimension d = 2, ¢ = 1
(LeMesurier et al. 1987).

In this case,

|‘F-u[] | L a/p

_ _ 94 _ 9T
L(t) = Va(r) | e .._ p=aq+ - d, (6.2.7)
and
a(t) = 1 - /{?|Tr"u|q_2ﬂ:{?u*&u)-—|Tf'?.a|‘*’_2ﬂ:{?u*u:l?{|u|25)}§‘5_1d§.
p|Vuo|p, 628
3. 2.

Numerical computations for the cubic NLS equation in two space dimen-
sions with initial conditions corresponding to a negative Hamiltonian and
a finite or infinite variance show that the quantity a(7) remains positive
and thus that L(t) is decreasing. After an initial transient, a(7) decays to
zero, at a very slow rate, as illustrated in Fig. 6.2 in the case of the initial
condition )y = dexp(—|x|?). Figure 6.3 shows the corresponding evolution
of |u(&, 7)|, whose convergence to a fixed profile appears to be limited to
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FIGURE 6.3. Evolution of the rescaled profile at critical dimension d =2, o =1

showing a persistent slow time-dependency at large distance (LeMesurier et al.
1987).
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relatively short distances. At larger distances, the profile evolves adiabat-
ically while a(7) continue to decrease. Furthermore, the phase of u at the
origin tends to become linear in 7.

The continuous and slow decay of a(7) with no indication of convergence
to a nonzero value as the singularity is approached suggests that the rate
of blowup L(t) displays a weak correction to the (t, —t)!/? law and that
strict self-similarity is broken. An asymptotic analysis of this behavior is
presented in Chapter 8. It predicts a log-log corrective factor to the above
scaling together with the profile of the collapsing pulse. It is noticeable
that even at critical dimension, the singularity time obtained mumnerically
with generic initial conditions is significantly shorter than the upper bound
given by the variance identity. The reason is that not all the wave energy
cets localized near the focus when the singularity occurs.

6.2.3 An Adaptive Galerkin Finite Element Method

More recently. an alternative numerical method was introduced by Akrivis,
Dougalis, Karakashian, and McKinney (1993, 1997). The radially symmet-
ric NLS equation is solved in the primitive variables, using an adaptive
scheme where both the mesh size and the time step are refined as the
singularity is approached. The solution is considered on a finite radial do-
main 0 < r < A, beyond which the amplitude of the solution is negligible.
The spatial discretization is done with a Galerkin finite element method
that uses continuous piecewise polynomial functions in the radial variable.
The temporal discretization is made using an implicit Runge—Kutta scheme
of high order. A rigorous analysis of the stability and convergence of this
method in Cartesian coordinates in the absence of mesh refinement is given
in Akrivis, Dougalis, and Karakashian (1993) and Karakashian, Akrivis,
and Dougalis (1993). Anticipating that the solution blows up at the origin
as t approaches t.. the above algorithm is in fact implemented in a code
where the spatial resolution near r = 0 and the temporal resolution are
drastically refined as the singularity is approached. When the criterion for
time step reduction is met, the time step is halved, and the spatial mesh
also refined by increasing the nmumber of points in the vicinity of the ori-
gin as follows: Suppose that the spatial grid has already been refined N,
times, then the interval [0, A] is partitioned in N, + 2 adjacent successive
intervals Iy, [y, ..., Iy, +1 such that the left-hand boundary of I is 0, the
right-hand boundary of Iy, is A, and on each /; the mesh is uniform.
Specifically, if N and M < 2N are given integers and h = 1/N is the
initial mesh length, then [I; consists of M subintervals of constant mesh
length h/2YF1 while I}, I, . ... I, consist of M /2 subintervals of constant
mesh length h/2N< h/2N:+1 h/2, respectively and Iy 4, consists of
N — M /2 subintervals of mesh size h. Thus each time the grid is refined,
Iy is cut in half into two new intervals [, and [, and all the other regions
are redefined so that [; becomes [5, [ becomes I3, etc. The approximated
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solution is embedded in the new mesh by linear interpolation. For this
purpose, the interval [0, A] is partitioned into successive adjacent intervals.

Suppose that it has already been split N, times into [y, 1y,.... Iy, with
M,M/2,..., 4-’1-{/2""”“ points in each of them, respectively.

Spatial grid refinement is ilIlplFlIlFIlth (i.e., Ny is replaced by Ny+1) if on

the interval Iy, one has [t| g, mm(.'“|1,e.’»|La (1) = ch Where hyi, = h/2! N.+1
The spatial tolerance factor ¢;, was taken equal to 0.14 in dimension d = 3
and 0.12 in dimension d 2. The time step is halved if between two
successive time steps, the variation of the Hamiltonian normalized by the
square L?-norm of the radial gradient exceeds a value of order 1075,

When this method is implemented in two or three dimensions with
N, = 35 mesh refinements, the singularity is approached so closely that
the amplitude at the origin has been amplified by a factor close to 10!,
In this case, the far asymptotic regime is reached. even at critical dimen-
sion. The authors then fitted the amplitude at the origin and several other
norms of the computed solution or of its spatial gradient against theoreti-
cal predictions. For this purpose, they estimate the singularity time t. by
the largest value of t that a particular run can reach bevond which the
adaptive mechanism is no longer able to refine the spatial mesh. In three
space dimensions a blowup factor L= o (f, — t)71/? is easily confirmed
(see also Tourigny and Sanz-Serna 1992).

At critical dimension d = 2, the computed solution was tested against
several theoretical predictions. In particular, its L*-norm at the times ¢; of
the successive spatial refinements was fitted with scaling laws of the form

1 [(F(t.—t)\" ,
7 = ( P ) (6.2.9)

with F(s) =1, [Ins|, [Ins|?® [Ins|"?, [Ins/%, and In |In s| in order to se-
lect the functional form for which the exponent p has minimal fluctuations.
We reproduce below part of a table taken from their paper and showing
this comparison. Denoting by A; the value of |¢/(0,t)| at the refinement
times t;, the exponent p is approximated by

-—111( Hl)/ln( H”, -:1))’ (6.2.10)

where F; = F(t. — t;). Columns (a), (b),...,(f) are the values of p; cal-
culated respectively with the different functional form of F' listed above
at time t;. The last two rows of each column show the mean value and
the standard deviation. The rate of column (f), which corresponds to the
double log, clearly stabilizes very close to % better than any other law.

I
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i (a) (b) (c)
19 (.50553 (0. 48947 0.49577
20 (0.50514 0. 48976 (0.49580
21 (.50479 0. 49004 (1.49583
22 (.50448 (0. 49030 (.49587
23 (0.50422 (. 49057 (0.49594
24 (0.50396 0.49081 (1.49599
25 (1.50372 0.49103 (0.49603
26 (.50351 0.49126 (1.49609
27 (1.50323 0.49138 (1.49605
28 (0.50292 0.49145 (.49598
mean (0.50415 0.49061 (0.49593

standard

deviation | 0.844x107% | 0.698 x10~% | 0.110 x10~*
i (d) (e) (f)
19 (0.49737 0.49898 (0.50072
20 (1.49733 (0. 49888 (0. 500610
21 (.49730 0. 49878 (0.50049
22 0.49729 0.49871 (.50039
23 (0.49730 0.49867 (0.50033
24 (0.49730 (0.49862 0.50026
25 (0.49729 0. 49856 0.50018
26 (.49731 ().49854 (0.50013
27 (0.49723 ().49842 (1.49999
28 (0.49712 0.49827 (1.499582

mean 0.49729 0.49864 (0.50029
standard
deviation | 0.672 x10~% | 0.211 x10~% | 0.276 x10~*

The authors conclude that the exponent p = 1/2 and a double logarithm
for the corrective factor F' ensure a fit with high accuracy. These simula-
tions thus provide a strong support to the asymptotic analysis presented
in Chapter 8, which predicts an asymptotic behavior given, up to finite
rescaling factors, by

. iL*mrE] , (6.2.11)

D(r,t) ~ %ﬂﬁ (m) exp {ir(t) L

where R refers to the ground state and

t, — 1
In|In(t. — ¢

1/2
1
L(t) = ( )|) . T(t) = ﬁ| In(t,—t)| In|In(t.—1)|, (6.2.12)
with A = m. The numerics reported in Akrivis, Dougalis, Karakashian, and
MecKinney (1997) reproduces this prediction, including an accurate value
of the constant A when the next term is included in the expansion of 7(t)
in the form

T(t) = %| In(t, — t)|(In|In(t, — )| +4Inln|In(t,. — )| (6.2.13)
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6.3 Simulation of Non-Radially Symmetric
Solutions

6.3.1 Anisotropic Dynamic Rescaling

In order to follow the formation of singularities for initial data that are
not radially symmetric, the dynamic rescaling method was extended to
anisotropic solutions. It remains, however, restricted to problems where
the solution blows up at only one point. The method allows scaling, ro-
tation, and translation of the coordinate axes. in such a way that in the
transformed variables, the solution remains regular and only moderately
anisotropic. The behavior of the scaling factors in various directions deter-
mine the associated rate of collapse and the nature of the singularity in the
primitive variables.

Consider the NLS equation in dimension d. Let D(t) be a d x d ma-
trix, xp(f) a vector function and L(#) a nonnegative scalar function. We
introduce the change of variables

t
E=Dt)(x—xg), T= / ‘1 ds, w(&,7)= L)Y ¢(x, 1),
Jo L?(s)
(6.3.1)
where the matrix D(#) is written the form
D(t) = OTA(t), (6.3.2)

with O(#) an orthogonal matrix and A(t) a diagonal matrix whose diagonal
elements are denoted by \; (¢ = 1,...,d). Noticing that DD = A2, the
above change of variables leads to the 1escaler:1 NLS equation

o

1 1
(ur — =L 'Lou+f.Vu) + L? E
i(u . utfVu)+17) NOE

uge, + ul*7u =0,  (6.3.3)

where

_ !']ED !']El‘{q}
f=-D'——¢-D' .

Note that D, L. and x; may be viewed as functions of £ or 7. They are
chosen so that the rescaled solution u is nonsingular. This can be done in
several wavs. One possibility is the following. Let p a positive integer. We
define xq(t) as the centroid

[ ;]| *Pdx
[ |p|2rdx

I(}i(t) = {E‘t;‘d)
where p is chosen to ensure accuracy in the numerical computation of the
integrals (typically p = 3). This point approaches the blowup point (as-
sumed to be unique) near the singularity time. We choose D(t) such that
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the second moment of |u|?P is the identity matrix, i.e.,

J & lul*rde o
f|.u|2pd£ Y

or, equivalently, using (6.3.1),
Dls(p~HY! =1, (6.3.6)
where S = (s;;) is defined by

- J(zi — xoi)(xj — 205) || *Pdx
[ o[2rdx

(6.3.5)

(6.3.7)

We also prescribe

1 d .
> X = LR (6.3.8)

which makes the coefficients of the second-order derivative terms in (6.3.3)
bounded. From (6.3.2) and (6.3.6) we have the decomposition S = OTA20.
[f 5 has distinct eigenvalues (in particular if ¢ is not radially symmetric), O
is unique. To see how xg, D, and L vary with time, we differentiate (6.3.3)—
(6.3.6) with respect to the rescaled time 7. From (6.3.3), using (6.3.1), we
oet

d}{[]
— = 2D3. 6h.3.
Ir 8. (6.3.9)
where 3=(3;)(j = 1.....,d) and
2= L2 ST ()2 ay*
I-HJ — P f ‘SJ | H'| ﬂ{L ‘ZI }"E{t) H"Ee‘it Lt )d£ . {ﬁ:}l[])
J lul?dg
Differentiating (6.3.7) and using (6.3.3) and (6.3.1) give
d.
a5 _ —2DAD?T, (6.3.11)
dt
where A = (a;;)(i.7 = 1....,d) with
RPN A AL 2':]”_1:':;- 2 A —2, EThi
'ﬂ.lJ — p,{{éi.} §1£J}|u'| ﬁ;{rL Zi. Ai{t) H'E“:ET“' )dﬁ {ﬁ:}lZ)
J uf*rdg
But from (6.3.6), S = DDT = OTA%0, so that we have
ds d o : ny
= —(DD") = OTA?0 + 20" ANO + 0T A0 (6.3.13)
dr dr
and thus
0SOT = 00T A? + 2AA + A2007, (6.3.14)

where the dot denotes the derivative with respect to 7. Then, using (6.3.11),
we have

— 2AAA = OOTA? + 2AA + A2007 (6.3.15)
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From this equation we can derive a system of decoupled evolution equations
for A and O. Setting

00T = G = (gi;), (6.3.16)

which is skew-symmetric, we have g;; = 0. Equating the diagonal elements
of (6.3.15), we obtain

i = — i (6.3.17)
Equating the off-diagonal elements, we get
—2XiAjai; = Aigi; — N gij, (6.3.18)
so that
20 for A # ). (6.3.19)

9ij = 33— ya i
: A2 — )22
L )

From (6.3.18), we have that if A\; = A; for ¢ # j, then a;; = 0 and
2X: A\

A}i—lfl,h] gtj — A}i_l;ﬂh] }.E — _:1.,:‘;3 {'1?;3'. {fhiZ[])
[t then follows from (6.3.16) that
dO

— = —(0, 6.3.21

- 0, (6.3.21)

where (7 is given by (6.3.19).
Finally, we derive an evolution equation for L. We differentiate (6.3.8)
with respect to 7 and use (6.3.17), which gives

1dL Y au/X
Ldr S 1/32°

Using (6.3.9), (6.3.17), (6.3.19) and (6.3.22), the vector f in (6.3.3) can be
rewritten as

(6.3.22)

f— BE - 28, (6.3.23)
where B = (b;;) = %D_l — —AA TP ATTO0TA, e,
( by = —Af“:‘}{l = i,
4 ~ 207 o (6.3.24)
bij = —A; lgj:'/‘"lj = ﬁ”u (¢ # 7).
' J T

and 3 is given by (6.3.10).
In summary, we get a coupled system of evolution equations for the
transformed solution u and the scaling factors A; in the form

1
()2

d
1 [ r
ty = i{;L‘lLTu ~f-Vu) - L* E ug,e, — [ul*7u, (6.3.25)
=1

d\;
dr

= —{’lii;’ki {'I = 1._. c s !'i} {ﬁ:i?ﬁ:]
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Here 1/L%(t) = 53" 1/AZ, or equivalently,

aiif N

L7'L, = 20/ - (6.3.27)
2.1/

and f = B& — 203, where B and (3 are given by (6.3.24) and (6.3.10),

respectively, while a;; is given by (6.3.12). We also have the system of

evolution equations for the centroid xy and the rotation matrix O,

X0 _ 90T pg (6.3.28)
dr

d()

© ~ _Go. 6.3.2!
- ), (6.3.29)

where (G is given by (6.3.19).

We note that (6.3.25) and (6.3.26) form a closed system, so that w and A;
are determined by these equations alone without requiring computations of
the rotation O and of the centroid x,. This shows that the translation and
rotation are not fundamental in the singularity formation. It is the local
scaling that determines the collapse of the solution . The quantities x;
and O can be computed from (6.3.28) and (6.3.29) once u and A; have been
obtained.

In the radially symmetric case, we have xp=0 and a;; = 0 for i # j,
W hllp the a;; are all equal. We denote them by a = a;;. Therefore A\; = A,

= Vd/(321/A2) = A\, L"'L, = —a, and f = af. Equation (6.3.25 ;)

b eCoImes

d—1 u 90 .
ity + uge + mgmuf +ia(fug + —) + |u|7u =0, (6.3.30)
o

where £ is the radial coordinate and a is given by
Cp (1= E)|uFPYUS(LAA2 : uV V)urdE
- J lul??)d€ |
To solve (6.3.29) numerically, we express O in terms of the Euler angles

@, @, 1) in the form

(6.3.31)

—sin¢@sinf + coscosgcosf cosgsint + cosysingcosfl —sin cos
= —singcosf — costeosgsinf cosgceosf —cossingsin! sin cosd
sin 1 cos ¢ sin 1 sin ¢ COos 1

From this expression and (6.3.19), we solve for 6. 0,1, and obtain

: 2 A1A3 0+ Ao A3 9
b= — : — (11 Sin ———ag3 CO5 0 |,
T sing \AZ2—x2 7 A2 — a2 |

. 2/\]_.:"'.2 ZEDSIIE;' }11}11 . /\2:’&5
= ——F—=a2 — — S a138infl + ———aqgzcosf |,
A2 -2 singy ()H Az A2 -2 -'

: A1 A: Aa A
W= 2 (ﬁﬂumqﬂ - ;—‘imﬂsm Eﬁ) (6.3.32)
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In two dimensions, the rotation is defined by a single angle 0,

cos sin
= ' ) (6.3.33)
—sinfl  cost
and making use of (6.3.19), we get
: 2X1 A
= — a5 s l12. {ﬁﬁ:jd)
N2 — )2

6.3.2 Stability of Isotropic Collapse

A main result of the numerical simulations of focusing cubic NLS equation
in R? and R* with anisotropic initial conditions, using the dynamic rescal-
ing method, is that initially anisotropic one-peak solutions rapidly become
isotropic near the singularity both in two and three dimensions { Landman,
Papanicolaou, Sulem, Sulem, and Wang 1991). In the latter case, this result
confirms the numerical linear stability analysis of isotropic collapse with
respect to anisotropic disturbances performed by Vlasov, Piskunova, and
Talanov (1989). Anisotropic collapsing solutions were formally constructed
(Pelletier 1987) but not observed in the simulations.

When considering a radially symmetric initial condition with a ring-type
shape. one again observes that the collapse takes place at the origin. In this
case, if the maximum of the initial conditions is sufficiently far from the
origin, the curvature term in the Laplacian is initially negligible. For short
times, the solution evolves “one-dimensionally,” shedding wave packets. It
is only when a sufficient amount of energy has moved to the neighborhood
of the origin that the curvature term in the Laplacian becomes relevant
and the singularity develops (Budneva, Zakharov and Synakh 1975, Sulem,
Sulem, and Patera (1983), Akrivis, Dougalis, Karakashian, and McKinney
1997).

Initial conditions corresponding to distinct peaks of different powers were
considered by Bergé, Schmidt, Rasmussen, Christiansen, and Rasmussen
(1997) in a two-dimensional periodic domain, using spectral methods. It
turns out that the condition for the structures to amalgamate (i.e., fuse
and self-focus into a central lobe) depends not only on their mass and their
separation but also on their relative phases.

Direct extension of the dynamic rescaling method to multipeak solu-
tions seems delicate. The multidimensional adaptive codes of Karakashian
and Plexousakis for non-radially-symmetric solutions of the NLS equation
announced in Akrivis, Dougalis, Karakashian, and McKinney (1997) seem
more promising. Preliminary results for initial conditions leading to the for-
mation of several foci confirm the local isotropy of each structure ( Dougalis,
private communication).
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6.5.3 An [terative Grid Redistribution Method

Very recently, an algorithm for multi-dimensional singular problems in an
arbitrary geometry was developed by Ren and Wang (1999) and imple-
mented to the simulation of the NLS equation in two dimensions in a
bounded domain. We review here this algorithm which combines a dy-
namic rescaling of the solution amplitude v and of the time variable £, in
the form

w(.m7) = A(E(, 9.1 (6.3.35)
dr 1 (6.3.36)
dt = Ag{t} IS S LN

where the scaling factor A(t) is chosen as A(t) = 1/[t|L~(q,), with an
adaptive mesh redistribution method based on the transformation of the
space coordinates

(z,y) € Qp — (E(x,y),n(z, 1)) € Q. (6.3.37)

from the physical domain 2, to the computational domain (2., (both chosen
to be [—1,+1] x [—1,+1]). This transformation is chosen to insure that
the maximum amplitude of the gradient of the solution does not exceed a
prescribed value M.

In the new variables, the NLS equation becomes

Ar , :
Ur = U = i(NApu+ |[ul*u) =0 (6.3.38)

with

Ar = A ﬂ:(u*&gu)‘ (6.3.39)
(£o.m0)

where (&y,7p) is the maximum point of |u(&,n,7)|. The operator Ap is
defined by

- 1 15 hgg'ilg - blg'iiﬂ 15 bll.ilg} - blg'ilg o
Apu = 7 [35 ( 7 + an 7 (6.3.40)

where

b1 = .ré + yg, bia = zexy + YelYy, boo = ::r:?‘} + y;‘i, (6.3.41)

and J = xey, — x,ye 1s the Jacobian of the coordinate transformation.
Choosing a monitor function of the form

w(z,y) = (1 + 2Lz, )| + |Vie(z, )], (6.3.42)
the transformation (6.3.37) is determined by solving

v. (ivg) 0 (6.3.43)

V. (évn) ~0, (6.3.44)
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These equations are viewed as Euler-Lagrange equations whose solutions
minimize the functional

1 : ‘
E(&, ) = / - (|v§|** + |vn|3) dady. (6.3.45)
J, !
which insures an approximate “equidistribution™ of the grid points in the
rescaled variables. The solution of the above elliptic system is obtained as
the steady state of the heat equation

¢ 1 o
=V (Evg) — 0 (6.3.46)
n 1 R
E — V- (Evﬂ) = (], [ﬁ.d.ﬁh)

Since the resulting mesh should concentrate more points in the regions
of large variations, the transformed solution should also be better behave
than the original function. In fact, this improvement may in some instances
be very limited. The authors suggest to improve the result by defining
an “iterative remeshing procedure” where the same procedure is repeated
on the transformed solution, until a satisfactory form is obtained. The
computations then proceeds as follows.

(i) Given an initial condition ¥z, y, 0), the initial grid transform is deter-
mined by the iterative remeshing, and the initial condition u(&,n,0) in
the computational domain constructed.

(ii) The (rescaled) NLS equation is solved in the computational vari-
ables, with the grid transformation z (&, n), y(&, ) being fixed, until some
time 7y where the solution u(£, 7, 7) cannot meet the criterion that its
gradient remains smaller than M (usually taken equal to 5 or 7).

(iii) At this moment, a new mesh is generated by the iterative meshing,
starting with w(&, 7, 79). The interpolation is then used to move the
solution on the new grids.

(iv) The integration is continued as described in (ii).

As noted by the authors, in most of the cases, only one remeshing iteration
is needed when starting the iteration form u(&, 7, 7) in step (iii).

This method which appears to be efficient and relatively easy to imple-
ment, was used to confirm results obtained by the usual dynamic rescaling
siich as stability of the isotropic collapse. It was also applied to simulate so-
lutions which blow up at two different points, because of a symmetry which
is accurately preserved by the simulation. It turns out that the structure
of each singularity is the same as that of the solution with a single blowup
point.



[

Supercritical Collapse

7.1 Self-Similar Blowup Solutions

As discussed in Section 6.2.1, the numerical simulations of the cubic NLS
equation in three space dimensions clearly suggest that in supercritical di-
mension, blow-up solutions approach asyvmptotically self-similar solutions
with radial symmetry. Up to a simple rescaling of the dependent and
independent variables, one asymptotically has

_ 1 x| , 1 ts
o)~ o - t})lf?ﬂg((ﬂa{t* - t)}lf?) ":’Kp(“'(g oo t))
(7.1.1)
where a is a strictly positive constant whose value depends only on d and
o. Furthermore, the (complex) function () satisfies the ordinary differential
equation

d— ‘
Qee + TIQE —Q+ia (% + 5@5) +Q1*7Q = 0, teR™, (7.1.2)

with the boundary conditions

Qe(0) =0 Q) —0 as {— o0 (7.1.3)

and the constraint that the profile |Q(&)| decreases monotonically with £.

Here, we use the notation a for the constant denoted by k in the previous
chapter. Noticing that (7.1.2) is phase invariant, we can fix the phase by
imposing ()(0) real.
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7.1.1 Properties of the Profile

There is no complete mathematical theory of (7.1.2)—(7.1.3). In dimension
2 < d < 4 with cubic nonlinearity, for any value of the parameter a and any
prescribed value of (0), (7.1.2)—(7.1.3) was shown to admit a unique non-
trivial solution (Wang 1990, Budd, Chen, and Russell 1999). Furthermore,
one has the following properties (LeMesurier, Papanicolaou, Sulem, and

Sulem 1988a).

Proposition 7.1. The large-distance behavior (§ — oc) of the solutions
Q of (7.1.2) is given by Q = aQy + BQ2, where Q) =~ |[£|7v77, Qs =~
.2

— e |g|amdts

e and o and 3 denote complex numbers.

Proof. We write Q(£) = X (£)Z(¢) and choose the function X such that

after substitution in (7.1.2), the resulting equation for Z does not contain
first-order derivatives. It gives X (&) = e—1ag? [Ae(1=d)/2 44

a? da — 2

_on AP (d—1)(d— 3)
VA +( 425 +1—1ia %0

4£2

. |£|{l—fi:|cr|z|2rr + )Z — (.

(7.1.4)
We then write Z = ™ and get

do—2 (d—1)(d-3)

2
w”-l-wm-i-ﬂ— 2 1+ia — O(e2owell=dlay (715
- = " (ce=0m), (7.05)

This equation has two solutions, which in the limit £ — o are given by

R S (l-d 1) o

w w1a4 — Imln|£| — 5 + . In [£], (7.1.6)
2 . B

Wy =~ -iu% + i]u €] + (le + i) In [£]. (7.1.7)

The proposition is obtained by substituting these asymptotic behaviors in
Q:(¢) = X(&)evi. Note that Q1¢ and Q2 belong to L?(R?) but that ¢
and (J2¢ do not.

Another derivation of the behavior of solutions of (7.1.2) can be obtained
by introducing v = £472)/2(). The resulting equation for v has a regular
singular point at infinity, and it is possible to write its solutions explicitly
in terms of contour integrals (Lochak 1990). Johnson and Pan (1993) also
derived the large-distance behavior of the solutions with a precise estimate
of the corrective terms.

Proposition 7.2. If Q is a solution of (7.1.2) with Q¢ € L*(R?) and
Q€ L*T2(R%), and d # 2+ 2/0, its Hamiltonian vanishes:

: 1 el
[ Qe - —lar2ei-tag = o (7.1.5)
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Equivalently, P = ¢*€°/4Q) obeys

2 2042 d—1 o -
f(|P{| J+1|P| +aS(EPPY) + |P|) d¢ = 0. (7.1.9)

Proof. Multiply (7.1.2) by AQ*, take imaginary parts, and integrate. This
oIves

353

aR [ (g +£Q£) AQH T e+ [|Q|2“Q&Q*£d_ld§ — 0. (7.1.10)

The first integral in (7.1.10) can be transformed into

d ,
a (E —1- %) 1/|Q£|3§‘i‘1df. (7.1.11)

After using (7.1.2) to express AQ*, the second integral in (7.1.10) is
rewritten in the form

a

1 — l 2042 ¢d—1 g -
crity ! n)/|Q| £ dg. (7.1.12)

Combining these two transformations leads to (7.1.8), provided that d #
2+2/0.

Proposition 7.3. If Q is a solution of (7.1.2) and Q € H'(RY) N
L¥T2(RY), then Q = 0.

Proof: Multiplying (7.1.2) by Q% taking the imaginary part, and
integrating over R%, we get

1 d 2 ~d—1 . =11
a (E - E) 1[|@| gl-lge — 0. (7.1.13)

Since a = () and do > 2, () has to be identically (). In other words, solutions
with finite Hamiltonian have an infinite L*-norm.

Remark. We are interested in complex solutions @ of (7.1.2) with a mono-
tonically decreasing amplitude |@)| and zero Hamiltonian, which provide
the limiting profiles of singular solutions of the NLS equation. We call such
solutions “admissible solutions.” They are of the form «a(); because (2
does not have a finite Hamiltonian. They depend on three real constants,
Ra, Ja, and a, that are determined by three conditions at £ = (), namely
(2:(0) = 0 and @Q(0) real. This suggests that admissible solutions P]{ist 01111?
for a discrete set of values of the parameter a. Equations (7.1.2)—(7.1.3)
can be indeed viewed as a nonlinear eigenvalue problem that has ﬁlllte—
Hamiltonian solutions only for special values of a, given the dimension
d > 2/o. Numerically, this value appears to be unique. The problem is del-
icate especially because of the infinite domain. A discussion of the structure
of the spectrum for a model equation of the form —u"” + if(x, [ul?) = Au,
in the finite interval 0 < x < 1, with homogeneous Dirichlet boundary
conditions is given in Lochak (1990).
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[t was recently shown numerically by Budd, Chen, and Russell (1999)
that (7.1.2)-(7.1.3) with cubic nonlinearity admit an infinite number of
“multi-bump™ solutions which decrease at infinity and lie on solution
branches parametrized by the dimension d, such that as d — 2, a — 0 on
each branch and (0) tends either to zero or to the value R(0) = 2.2062. ..
of the ground state at the origin. On each branch, the solutions are char-
acterized by the number of oscillations of the profile |Q(£)|. From such
functions (), self-similar solutions with a non-monotone profile can be con-
structed for the NLS equation in supercritical dimension. Such multi-bump
blowup solutions all appear to be unstable.

7.1.2  Spatial Extension of the Self-Similar Profile

In supercritical dimension, the self-similar solution whose L?-norm is in-
finite cannot be extended to infinity. The boundedness of the L?-norm of
the NLS equation solution suggests that it is continued at large distance
by a rapidly decaying function. Indeed, in this far asymptotic range, the
NLS equation reduces to the linear equation

idet) + Ay = (). (7.1.14)

Looking for solutions of the form 3 = Nt f(r), we obtain that f is an
eigenfunction of the Laplace equation in spherical geometry. As r — oo, we
have (Shvets, Kosmatov, and LeMesurier 1993)

r) s plma)f2g—Ar 7.1.15
f(r) ~ 00725 7115

which ensures the finite character of the wave energy.

A detailed analysis of the matching between the self-similar and the
large-distance regimes is presented in Bergé and Pesme (1992, 1993a). The
extension of the self-similar region is recovered from a simple argument.
Noticing that the contribution to the mass N originating from the large-
distance region is convergent since the solution belongs to L?, we have

N=/ |-1;;|2dx+f |1)]* dx, (7.1.16)
J Tl TR

where ry estimates the extension of the self-similar region which can a priori
depend on time. We thus have

N =~ L{t)ﬂ‘-—ﬂfﬂf

E<ro/ Lit)

QP+ [ WPax (L

=T

where the first term of the right-hand side is written as N; + N5 with

Ny ~ L(t)i-2/o / Q(6)]2e4de, £, finite, (7.1.18)
S £
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and
Ny~ L [ Q) Pet—ae. (7.1.19)
JEy<E<rg/L(T)

In the range &, < £ < ro/L(t), ) is estimated by its asvmptotic behavior
Q| = |£|_lf”r. It follows that

Ad—2fe

Ny = {;‘_*_—Z/J (7.1.20)
Asymptotically close to the singularity,
d—2 /e
Na-0 +/ |2 dx, (7.1.21)
d—2/o —

which implies that in supercritical dimension. the self-similar region has a fi-
nite extension (depending on the initial condition) in the physical variables.
In the rescaled variable &, the extension thus scales like &(7) = 1/L(7),
which grows exponentially in 7. a point confirmed by accurate numeri-
cal simulations (Shvets, Kosmatov, and LeMesurier 1993). The fast decay
of the solution at the boundary of the self-similar zone observed in these
simulations justifies a posteriori the estimate of N on the basis of the con-
tribution of the sole self-similar region. It is important to notice that the
mass of the collapsing core tends to zero. a property often referred to as
“weak collapse”, and that the mass of the wave packet is transferred to the
tail, where the profile displays an algebraic decay. This situation contrasts
with the critical case, where it was proved that a finite amount of mass con-
centrates in a neighborhood of the focus with a width of order (¢, — #)!/2
(“strong collapse,” see Section 5.2.4). Note also that solutions associated to
strong collapse were constructed in supercritical dimensions by Zakharov
and Kuznetsov (1986h) (see also Bergé 1998}, but these solutions appear to

be unstable in three dimensions (Zakharov, Litvak, Rakova, Sergeev, and
Shvets 1988, Bergé 1994a).

7.1.3 Rate of Convergence to Self-Stmalar Solutions

Let us come back to the rescaled equation derived from the NLS equation
by the scale transformation,

u :
ity + ia(T) ({f-ug + —) + Au + |u[*u =0, (7.1.22)
o

where a(7) is prescribed as a suitable functional of w ensuring that this
solution remains smooth. Up to simple rescalings depending on the initial
conditions, we write the solution near the singularity in the form

u(€,7) = e pl27Q (012 k) x ( Lf’r)) 5 (7.1.23)
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where @, approaches a constant ', and k& denotes the limit of the ratio
a(7)/¢,, which depends only on d and ¢. Furthermore, x is a smooth cut-
off function such that y(¢§) = 1if 0 <& <1 and y(&) = 01if &€ = 2. Let us
assume for simplicity that the scaling factor L(t) is prescribed by imposing
that the norm |u|p2-+2 remains equal to its initial value 1. Substituting
the asymptotic behavior into the conserved norm. we get

e L(T) o
Ll Q(E) P21 Tdg
1]

mﬁﬁ(/|®%H@*&-/gnmh”€*£)wrw®
Jo ey

In the limit of large 7, the last integral is approximated by LEH . Expressing
sy

that asymptotically, . (7) = C(1 + f(7)) with f < 1, we g;t

1 : L
{?5(1 -+ %) / |Q|£ﬂ+lfd_ld£ = Iy + E, {7125)

which fixes the value of the constant €' and prescribes that asyvmptotically
f varies like L and thus decays exponentially in 7. It follows that o, and
thus a(7) converge exponentially to their limit values.

7.2 Dissipation and Postcollapse Dynamics

In plasmas, wave collapse is an important mechanism of small-scale forma-
tion, permitting dissipative processes like Landau damping or ion cvclotron
resonance to act and heat the medium. In optics, the dissipation associ-
ated to multiphoton absorption is usually taken to be nonlinear (Vlasov,
Piskunova, and Talanov 1989). In this case, the NLS equation becomes

i(y + €| |P) + A + [P]* 7 = 0 (7.2.1)

with p = 2¢(1 + s), s > 0. For any € > 0, the solution exists for all times,
and the L%-norm of the solution that corresponds to the energy of the wave
is a decreasing function

d ‘ :
G [ 1ofx = 2 [ wrax (7.2.2

Denoting by T a characteristic lifetime of the collapse, the purpose is to
evaluate the energy dissipation

Ta . T ,
AN = —f —|ﬁ:|f;dt=2af (/|¢|F+£dx) dt (7.2.3)
) dt (0 .

in the limit € — 0.
The amplitude W jy; and the size [; of the collapson at the moment where
the dissipation enters into play is easily estimated by a balance argument,
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made precise by the self-similar character of the solution assumed to be
preserved. We get U,p oc e 1/27¢ and [ oc €'/2%. It follows that the energy
Nj, contained in the collapson and thus available for dissipation scales like

od—2 el — 32

AN ocl, = oxezos . (7.2.4)

In supercritical dimension (de > 2) and under the condition p > 2o,
AN tends to zero with ¢, indicating that the collapse is weak (Zakharov
and Kuznetsov 1986h, Kosmatov, Shvets and Zakharov 1991), a situation
that contrasts with the strong collapse arising at critical dimension, where
a finite amount of the energy remains trapped near the blowup point. This
property associated to the L?-norm concentration is discussed in Section

5.2.4. The distinction between strong and weak collapses is physically im-
portant because it determines the efficiency of the collapse as a nonlinear

mechanism for energy dissipation.

In supercritical dimensions, numerical simulations show however that
according to the values of d and s, the efficiency of the dissipation can be
significantly enhanced by the existence of an energy flux from the wings of
the () profile, where most of the energy is contained, towards the dissipating
region, making the dvnamics quasi-stationary and leading to a so-called
long-lived or super-strong collapse. This suggests to look for solutions that,
in the outer region (outside the collapson) solve the steady nondissipative
NLS equation and become singular near the origin (Zakharov, Kosmatov,
and Shvets 1989, Malkin and Shapiro 1990).

In terms of phase and amplitude (¢ = Ae'?), the (nondissipative) NLS
equation becomes

0;A? + ¥V - (A°V¢) = 0, (7.2.5)
~Adid + AA — [Vo|* A+ A*7 T = 0. (7.2.6)

Radial stationary solutions obey

P? 5
a+1 __ -
AA - T4,20d-1) A4+ A = (), (7.2.7)
where
P = ].illtl}'?'d_lf’lgv{;t'. (7.2.8)

The phase ¢ is solved in terms of the amplitude as

P

?'l-'l'i_l‘;lz ’

by = (7.2.9)

Solutions that are singular near the origin and behave like a power law

C

?1-{'.'!:

A~ with C' >0 and a >0 (7.2.10)
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satisfy

+1)  a(d-1) P? C2e

‘ : : + —
P r2 C4p2(d—1)—da ' p2oa

=0, (7.2.11)

where various dominant balances can be considered.

(i) When the nonlinear term balances the Laplacian and the flux term is
negligible, « = 1/ and d < 2/¢ + 2. The constant C' is then given by
C?7 = 1(d — 2 — =), provided that d > 2+ 1/o. Thus, if 2+ 1/0 < d <

2+2/0, then A~ Cr=Y/7 and C = ((d - 2-——))1“3”}.

(ii) When the flux term balances the nonlinear term and the Laplacian is
i—1

negligible, one gets for d > 2 4 2/ that ‘1 ~ L _paTE,

o+2

(iii) f2<d<2+1/0, then A ~ Cr*"
Two limiting cases are also to be discussed. When d = 2+ 2/a, then A ~
¢ with the constant C solving (’4{{”‘3" — %) = P?. Whend=2+1/0,

plia

one looks for a solution of the form A ~ . After substitution. one

gets 3 = —1/(20) and C' = (w:r)”{zg} V'. 11911 d=2, A~ Cl|lnr|. Finally,
when 1 < d < 2, A is constant but V¢ is singular at the origin and behaves
like P2C—2p1—1,

The question then arises of the stability of these solutions associated
to the existence of a finite energy flux to the origin that balances the
dissipation taking place in the collapson, in the form

f AV - dS + :-cf APTedx = 0. (7.2.12)
=T T Ty

Numerical simulations show that this regime is stable only when d > 2+2/s.
In this case the amplitude at the origin plotted versus time displays a long
plateau. For d < 2+2/s, these solutions are not observed and the collapse is
weak, as numerically observed with the one-dimensional Schrodinger equa-
tion with a high nonlinearity ¢ = 3 (Zakharov, Litvak, Rakova, Sergeev,
and Shvets 1988). Note that in dimension d = 2, a super-strong col-
lapse cannot become established whatever the power of the nonlinearity
(Shvets 1990). It follows in particular that, as stressed by Vlasov, Piskunov,
and Talanov (1989), the postcollapse dynamics are not prescribed by the
sole condition of ecriticality or supercriticality, but also depend on the
space dimension, making one-dimensional models of supercritical collapse
questionable.

It was also argued that for wave-packets with an anisotropic setting like
lower hybrid or Langmuir waves in the presence of a weak magnetic field
(see Section 13.1.3), the existence of an “effective dimension” that can be
sreater than 4 (with ¢ = 1) could make the regime of super-strong collapse
physically possible (Kuznetsov and Zakharov 1998).
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Critical Collapse

As discussed in Chapter 6, numerical simulations of the cubic NLS equation
in two dimensions show that at critical dimension, the function a(t) defined
in (6.1.3) does not converge to a finite limit as the singularity is approached,
but rather continues to decrease slowly. This reflects the presence of a
correction to the self-similar rate of blowup. Consequently, the rescaled
solution u of (6.1.2) does not tend uniformly to the self-similar profile given
up to a simple rescaling, by (¢, 7) = €7Q(£. a) with a nonzero constant
alue of a.

The aim of this chapter is to construct asymptotic solutions near collapse
at critical dimension. The construction involves several steps. Due to the
slow variation of a., the idea is to keep also a slow variation in the pro-
file of the solution at leading order through the presence of the parameter
a = a(7) > 0. The construction of a profile associated to the instantaneous

ralue of this parameter should take into account the relation between a
and the space dimension or the power of the nonlinearity required for ex-
istence of a self-similar profile. The rate of blowup is then determined as
a solvability condition in an expansion near this quasi self-similar blowup.
This approach was developed in LeMesurier, Papanicolaou, Sulem, and
Sulem (1988b) and Landman, Papanicolaou, Sulem, and Sulem (1988). A
related approach avoiding the explicit variation of the space dimension or
the degree of nonlinearity is given in Dvachenko, Newell, Pushkarev. and
Zakharov (1992). A more heuristic approach was used by Fraiman (1985).
A misprint, however, affects the ultimate expression of the scaling factor.
A reformulation of this analysis is presented by Malkin (1993).
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8.1 Self-Similar Profile near Critical Dimension

8.1.1 Constraints on the Self-Similar Profile
[t is easily shown that the equation obeyed by the (radially symmetric)
complex self-similar profile
d—1 . Q Der .
Q,_E{ -+ —Qg — Q | !-ﬂ{f@{ —+ ;) -+ |Q| Q = 0, 5 = (), [8.1.1)

§
Qe(0) =0, Qo) =0 (8.1.2)

has no admissible solution at critical dimension when a has a finite value.
To wit, we rewrite Q = We' in terms of (real) amplitude and phase given
by

d—1

Wee + We =W+ W7 —0e(al +0,)W =0,  (8.1.3)

d 7.4 : a

9 (21w, 4 & )+
5 (€ (0 + 5¢)

In the critical case od = 2, (8.1.4) can be solved explicitly, and this implies
that regular even solutions have a quadratic phase

0(&) = —at? /4 . (8.1.5)

The derivation of the large £ behavior of () given in Section 7.1.1 is still
valid when od = 2, and this leads to

ad — 2
a

29, W2 =0, (8.1.4)

—'E--I'I-EJJ-"I'; - 2 R 2 1
Q =~ Fg;‘T (A+e31[_§‘_—f1'“’5} + A_E_“[{__III'E]) : (8.1.6)

where A, and A_ are complex constants. Since smooth even solutions have
a quadratic phase, they correspond to AL = A" . Their amplitude thus
displays an oscillatory decay at infinity. On the other hand, solutions cor-
responding to A_ = () have a monotonic decay at infinity but do not have
a quadratic phase, and thus cannot be smooth and even. There is con-
sequently no admissible solutions to (8.1.1)-(8.1.2) at critical dimension
d = 2/o if a is a nonzero constant.

8.1.2 A Nonlinear Eigenvalue Problem

Existence of solutions of (8.1.1)—(8.1.2) with monotonically decreasing pro-
file |@| and zero Hamiltonian in dimension d > 2/ requires the adjustment
of the value of a to the distance to criticality. In this section, we fix the
nonlinearity and analyze how a and d should be related in the limit a — 07,
d | 2/o. Varying continuously the dimension is possible, since in a radi-
ally symmetric geometry, the dimension appears only as a coefficient in the
curvature term of the Laplacian. It is useful to write () = ¢ /4P with
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P satisfying

d*P d-1dP a’é? o do =2 - -
@'{“ ¢ de — P + 1 P —ia 20 P+|P| P =10 {8.1.1)

and the boundary conditions
Pe(0) = 0, P(§)—0 as & —o0, P(0) real (R.1.8)

For a = 0, the equations for ¢ and P with the constraint of monotonic
profiles, reduce to the equation for the ground state R:

d*R N d—1dR

dg* £ dg

Proposition 8.1. Assuming the existence of a solution @@ of (8.1.1)-

(8.1.2) with zero Hamiltonian, the function d(a) is differentiable to all
orders at a = () and

dP

dap

~R+ R = 0. (8.1.9)

2
(d(a) — E) = Oforall p=0,1,2,... (8.1.10)

a=I()

This proposition states that as a — 0, d(a) — 2/ faster than any power
law. It follows that a global analysis is needed to find the precise behavior
of d(a) as a approaches 0. In order to prove this proposition, we start with
a few identities,

Lemma 8.2.

o r 1 , | L,
/ (IRe[ = — 7RI+ )e g = 0, (8.1.11)
10

/ I(R’j N 15232)5%_1*!1’5 =0, (81.12)
Jo 8

a1 9 |

0

where R denotes the positive solution (ground state) of

AR~ R+ R =0 (8.1.14)
in dimension d = 2/ and p and v satisfy respectively
pee + 2/{1—_1,{1{ —p+ (20 4+ 1)R*p = —i{gﬁt (8.1.15)
and
Vee + 2/2——1;@ —v+(20+1)R* v = miggp-g(2J+1}pERh_l. (8.1.16)
Proof of Lemma 8.2 We consider the equation
Pec + 2/e-1 p,Cp, PP =0, ¢>0, (8.1.17)

1
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at critical dimension d = 2/g. Let

. !,12 {1211
plnl — P ..
R+ 5 12 + + (2n)!

Pan, (8.1.18)

be a sequence of approximate solutions of (8.1.17) with monotonic profiles
that obey

(n) 2/{? — 1
Pnfrf +—£

We have chosen P(0:a) real, so P[”}{[];a] is real, and consequently
P (&:a) is also real. We have an estimate for the Hamiltonian of P
in the form

22
p _pln)y %P'ﬁ“? +| P27 p(n) = O(a2"+2). (8.1.19)

ﬂ2€2

- r 1 Nyt
H Pl[n]l — [ (P{n] 2 P[u] Der+2 +
o) = [ (PR = 1P

= O(a*""?). (8.1.20)

|P[ﬂ]| |2)£E|ﬂ"ﬂ'—ld£

It follows that when H (P} is expanded as a power series in a in the form
Eﬁ[]ntgjazj, the coefficients m;, j = 0,2,4,...,2n, vanish. The explicit
form of the first three coefficients m;. msq, my are given by the left-hand
side of (8.1.11)—(8.1.13) which are thus zero.

Proof of Proposition 8.1. The proof is done by induction. We recall
that the function P satisfies (8.1.7), where the dimension d is viewed as a
function of a with d(0) = 2/s.

Step 1. We prove that d'(0) = 0. Differentiating the identity (7.1.9) where
d = d(a) with respect to a, and evaluating it at a = 0, we obtain

/ 2{_&R_Rgﬂ+ljﬁplfﬂfﬂ—ld‘£

JA

+ d'(0) /;{Rg -~ %Hﬁzﬂﬁ}gﬂf’ﬂ—l In&dé = 0, (8.1.21)
where p; = %Lﬁ[] satisfies
Api —p1 + (20 + 1R p, = —d’(ﬂ)% (8.1.22)
and A = Jg¢ + 3‘”2—_165. Thus
Rp, = d'(0)g. (8.1.23)
where g satisfies
Ag— g+ (20 + 1)R27g = — 1€ (8.1.24)

§
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We now rewrite (8.1.21) in the form

( / Rgéjfﬂ ld{-l-[ (Ri R£ﬂ+£)€£fﬁ—1]n€d’£)
0

(8.1.25)
To prove that d'(0) = 0, we have to show that the quantity

— Rl gde (8.1.26)
0 0 ‘*"i

in (8.1.25) does not vanish. This results from the identity
1 242 /a—1
5 R=E d& (8.1.27)
proved in Lemma 8.3 below.
From (8.1.23), we see that Rp; = 0. In addition, 3p; = 0 because P(0;a)

is chosen to be real.
Step 2. We proceed with the induction by assuming that

| d\’
() — | _ - —
dV(0) = (dn;) d(a) . 0 for j=1,2,....n—1, (8.1.28)
d b
= ] < n-— 1.2¢
(da) P(&; a) - 0 for 7 odd, j<n-—1, (8.1.29)
d i)
) (d&) P(&;a) =0 for j=12....n-1, (8.1.30)

where ﬁ denotes the total derivative with respect to a, taking into account
the variation of the dimension d(a). We will prove that (8.1.28)—(8.1.30)
hold for j = n.

From (8.1.7) and (8.1.28) we have

(i) 7

We then differentiate (8.1.7) n times with respect to a and set a to 0. Using
the induction hypotheses (8.1.29) and (8.1.30), we obtain

= P; for jeven.j <n. (8.1.31)

['_-E TE
(£> P(&;a) T 0, n odd, (8.1.32)
3 LAY P(&;a) = () n even (8.1.33)
) dea , a=() - o o
and
A\ (n) J
R - P(&;a) =P, +d"™(0)g, n even, (8.1.34)
L a=()
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where g is defined by (8.1.24). From the induction hypothesis (8.1.28), we
have

g\
(ﬁ) (gda-hHl =0,  j=1,2,....n—1,  (8.1.35)

(%)ﬂ (¢4@) 1) = d'"™(0) €2/ In¢. (8.1.36)

We now differentiate identity (7.1.9) n times with respect to a and set a to
0. We obtain

d T r

— Pe|? - P72 + a3 (¢EPP, +—£P‘E
[ () (1pd = =1 (PP + L €|P

+d"™(0) / (R — |R|ﬁﬂ+3)§”” "Iné =0 .(8.1.37)

fﬁﬁﬂ'—ldf

a=0

From the identities m; = 0, for j = 0,2,4. ..., established at the end of
the proof of Lemma 8.3 it follows that (8.1.37) reduces to vd'"™(0) = 0.
Since 4 > 0, we have d'™/(0) = 0, and the induction is complete.

Lemma 8.3. The quantity v defined in (8.1.26) by

v = _2/ Rgcfzf':'_ldf-l-f (R{ — ! -RZ7T2) 2/ ngde (8.1.38)
i

0 a+ 1

can be evaluated explicitly as

% /R%Er’ﬂ—ldg. (8.1.39)

Proof. The proof is based on the following identities derived from (8.1.9)
and (8.1.24) satisfied by R and g respectively:

wiﬂngE”“i%‘ld&: /H‘i‘fg%—ldg (8.1.40)
-2 [garettag = [ Rt (s
- [(R§ + R? — R**?)Ingetdg = [R%Lf%—ldg (8.1.42)

2042
[({1 —0)R + R* — i

C)mgedtae = (1= ) [ R tag
(8.1.43)

a+1

To obtain (8.1.40), one multiplies (8.1.9) by ¢, (8.1.24) by R, subtracts
the resulting equalities, and integrates on the whole space. To get (8.1.41),
one combines (8.1.9) multiplied by £g¢ and (8.1.24) multiplied by £R.. To
establish (8.1.42) and (8.1.43), one multiplies (8.1.9) by RIn¢ and R¢{In¢,
respectively, and integrates.
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Using again (8.1.9), one gets from (8.1.40)—(8.1.41)

— zfﬁgf;”ﬂ—‘dg f(ﬁ'{i + Eﬁ) g2o=1ge. (8.1.44)

Adding (8.1.42) and (8.1.43) leads to

U/ (R§ - ‘)5%—1 In£de = / ((g _1)R? - Eﬁ;«:ﬁ,) £2/o-1g¢

£
(8.1.45)
Finally, substituting these two last identities into (8.1.38) and using that

[Rgéﬂfa—ld{f: fRJ-:!'+£££,.-"rI l{l‘ré_ fﬁlgif#—ldg {814[-})

one obtains (8.1.39).

IR
a4+ 1

8.1.3 A Nonuniform Limil

Proposition 8.4. In the limit a — 07, and d(a) | 2/, admissible
solutions () of (8.1.1)-(8.1.2) satisfy

(i) Foraf < 1,Q = R{{f)ﬁ_miﬂﬁl. FEquivalently, the function P, solution
of (8.1.7)-(8.1.8), approaches the ground state R.

(ii) For af > 1, Q= p&~ Yo7 with p? = %ﬁ"ﬂ.

(iii) The asymptotic behavior of d(a) is given by

2005 1

- _—mja
e \ 8.1.47
N, a | { )

ad — 2 ==

DD gy _ . .
where N. = |, R2£2/o=1d¢ is the critical mass for collapse and vy =

limg_, {fd;l esR(E).

Proof. It is useful to write the equation for () in terms of amplitude and
phase as in (8.1.3)—(8.1.4). Integration of the equation for the phase leads

to
ad — 2
ETEEJ-'IICF—].I:I_J’TE

g
Oc + gg = — / e W2e2/o=2q¢" (8.1.48)
)

(i) Asd — 2/, a — 0, with fixed & and W approaches the positive
solution I of (8.1.9) and #; = —af/2, leading to a quadratic phase # =
—a&? /4.

(ii) At large distance (a& > 1), the right-hand side of (8.1.48) is, however,
not negligible. From the asyvmptotic behavior of (), we have in this limit

W= pé 7 and 0 = —1/a, (8.1.49)
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which implies that the integral f,j‘ 0 W2¢'2/7=2d¢" converges. The main
contribution to this integral comes from a¢’ < 1, leading to

5
[ 0 W27 2de" ~ -gm,. (8.1.50)

S0

Since ¢ = —1/(a&) for a¢ > 1, equating the unbounded terms in (8.1.48)
oIves

N... (8.1.51)
T

(iii) This point is obtained by matching the solution for £ = 2/a to the
eround state R, which for £ large behaves like

R(&) = vp& 47 1/2e¢, (8.1.52)
Defining Z by
Q = ¢~iat/4g(1=d)/2 7 (8.1.53)
(7.1.2) is replaced by
2 :
el _H'_ 2 1 do — 2 N (1—d)e 2 {d'—l){d_*j:}) .
VA +( 45 +1—ia o= €] | Z]°7 + 162 Z = 0.
(8.1.54)

The condition () = Re9€°/4 yalid for small or moderate £ when d = 2/0
becomes Z =~ ¢9~U/2R while for £ > 1, (8.1.54) reduces near d = 2/o to

ﬂﬂgz

n ( - 1)2 — 0. (8.1.55)
Note that the nonlinearity of the (Q-equation is relevant only for & <& 1,
when, up to a quadratic phase, () is approximated by the ground state E.
At larger distance, the equation can be viewed as essentially linear.
Equation (8.1.55) can be solved exactly as a linear combination of Weber
parabolic functions (Koppel and Landman 1995). Alternatively, this equa-
tion can be analyzed in the limit a — 0, using the WKB method (Sulem,

and Sulem 1997). Writing vy = a£/2 and ¢(y) = 1 — y*, (8.1.55) reads

2
a :
IZW = qly)Z. (8.1.56)
For y < 1, the WKDB approximation gives
L — L'y -4 J::'I v1—s2ds &

Zﬂf KB —~ (1 — yﬁ}lf-ﬂﬂ . {Bld?:]

For y < 1, J';;y v 1 — s%2ds = y and (8.1.57) reduces to
ZE e w Y = Ce ¢, (8.1.58)

thus requiring ' = 14 to match.
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When y — 17, the integral in (8.1.57) can be approximated by T —
\/—‘3 — 4)%/2_ and in this limit

ZE o~ — ¢ s
: (1 — y2)1/4

Near the turning point y = 1, we introduce the variable ¢ = 2(1 — y)a=2/%,

and (8.1.55) can be replaced by the Airy equation
Zee = (2. (8.1.60)

The solution Z = k1 Ai(¢) + koBi(¢) is approximated in the limit { — +oc
or equivalently y — 1~ with the condition (1 — y) = a?/3/2, by

1 ql/t 1 1 4+/3 a/9 43 2
. - Sl e 1) B (1—y)™ :
ZA”.H \/_ X {1 J)lx'ril ( kie™ 3 + koe 3a ) [E.l.ﬁl)

On the left side of the turning point, the exponential with the minus
sign is negligible, and matching the remaining contribution with the WKDB
approximation (8.1.59) leads to

., 1/6
Lg il ' —7/2a

/7 21/4 ~ 91/1"
To prevent oscillations in the amplitude of the solution on the right side of
the turning point (y — 17, or equivalently { — —o0), we choose ky = iks,
leading to

(8.1.62)

.Iiﬁ'g 1 w 2 3 /9
Z.‘fli?"r exXp 'l*( + T{"C 3 )
" VRO 3
ks allt 1 T 42

— -f - 3/2 ve
~ A O E:{pt(d-{-— (- 1) ) (8.1.63)

This solution must be matched to the WKB approximation for y > 1,
1 21
Z8 o = O (1= 7)1/ exp ( / vV 5 de) (8.1.64)
Note that (1 — y?)V/* = e~/ 4(y2 — 1)¥4, Then as y — 17,

Ja

1 7 42 3/
R (T 1\3/2 :
Zivwg = C1 2U/A(y — 1)1/ exp (1-(4 + —(y — 1) )) . (8.1.65)

The phases of (8.1.63) and (8.1.65) match exactly. To match the amplitudes,
we choose

ke a'/®  C
28 -1 (8.1.66)
\/E 91,/4 91/4
Finally, we match the WKB approximation (8.1.64) in the limit y = 1 with
the large distance solution

Tt = et /A—(n&)fag—1/2 (8.1.67)
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prescribed by the asvmptotic behavior of (). Matching the amplitude gives
21;" 2
W = M.

Ch (8.1.68)

We also check that the phases match correctly by computing the phase in
(8.1.64) in the form

I

T 27y, . . 1 : f
ArgZixp = 7 + —(iiy‘3 - VE = Sy + (57 - 1}1”})

4 a2
a? 1
= & _ —Iné. (8.1.69)
= a
Combining the relations (8.1.62), (8.1.66), and (8.1.68), we finally obtain
5 1 r
. 1/2 = _—wj2a -
=12 ﬂlﬂe ) (8.1.70)

which, when substituted in (8.1.51), leads to the relation (8.1.47) between
the dimension d and the coefficient a in (7.1.2) in the limit a« — 0, d — 2/0.
On the basis of this formal analysis and making use of geometrical meth-
ods for dynamical systems, Koppel and Landman (1995) established the
existence of a unique admissible profile ) for sufficiently small a.

8.1.4 Remarks on the Critical Profile

We have shown that in order to give a sense to (8.1.1)-(8.1.2) for @) or
(8.1.7)—(8.1.8) for P, we have to prescribe the coefficient

a(do — 2)
= : 8.1.71
v(a) Y (8.1.71)
which in the small a-limit is given by
2
v(a) ~ ;“ e ™/, (8.1.72)

and controls the distance to criticality. An alternative approach used by Dy-
achenko, Newell, Pushkarev, and Zakharov (1992) consists in regularizing
(8.1.7) for P by adding a small corrective term in the form

d*P 2/oc —1dP a’g?

d52+ ¢ d{f_P+ 1

P —iv(a)P + |P|*"P =0, (8.1.73)
P:(0) = 0; P(oc) = 0, (8.1.74)

while keeping the dimension critical. The same analysis as that presented
in the previous section then enables one to determine v(a) in the form given
by (8.1.72). The difference with the previous approach concerns only the di-
mension coefficient in the curvature term of the Laplacian (or equivalently
the exponent of the power law nonlinearity), which is here taken exactly
critical. This indicates that in the previous analysis, the deviation from
criticality is important only in the term involving the complex coeflicient
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iv(a) = ta MZ;EJ and not in the Laplacian or the nonlinearity. This term
iv(a)P is indeed relevant at large distance, where it is responsible for the
nonreal character of P or equivalently of the nonquadratic phase of (). It
may be seen as a complex correction to the eigenvalue +1 in (8.1.73) viewed
as an eigenvalue problem. As stressed by Dyachenko, Newell, Pushkarev,
and Zakharov (1992), this problem is not self-adjoint, and the eigenvalue
has an imaginary part. In this framework, (8.1.73)—(8.1.74) considered in
the limit a — 0 can be interpreted as the continuation to critical dimen-
sion of (8.1.7) for the supercritical profile near criticality. It reduces to the
eround state equation AR — R 4+ R?*°t! = () for finite £ but also includes
corrective terms that are relevant for a§ = 1 to correctly reproduce the
large distance behavior of the profile. As discussed in Section 8.1.1, retain-

2 -2
ing only the term “*P would lead to oscillations of |P| = |Q|. Those
are prevented by including the imaginary coefficient term iv(a) P with the
adequate choice of the very small coefficient ©(a) given by (8.1.72).

8.2 Asymptotic Solutions at Critical Dimension

8.2.1 Construction of Asymptotic Solutions

At the critical dimension d = 2/, we write the NLS equation in the
rescaled form

iy + Uge + 2/2—_1“{ + ta(T) (EE'H{ 1 E) + |ul*“u = 0, (8.2.1)
o
where
1 x| bods
- ) = ————ul&, 1), = ——_ = ; . 8.2.2
boet) = g u€n). €= g t= [ s (822)
and
a=—LL; =—L,/L. (8.2.3)
Making the change of variables
= E”_m‘flﬁf‘l-u, (8.2.4)
we get
iUy + vgg + HZ—_luﬁ — v+ ﬁh{*r);fg-u + [v|*7v =0 (8.2.5)
with
b(1) = a* + a, = —L*Ly, (8.2.6)

where a, will a posteriori be checked to be negligible.
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We now look for a solution v of (8.2.5) that is quasi-stationary at leading
order in the limit 7 — oc. We write

(&,7) = P(& b)) + WI(E T), (8.2.7)
where W < P and the function P solves
d — b¢® 2er
Pee + Tpg ~ Pt P - iv(vVb)P + |P|>**P =0 (8.2.8)

with the boundary conditions
P:(0) =0, P(() -0 as £ — oo, P(0) real, (8.2.9)

and also satisfies the zero Hamiltonian condition

= . 1 o _ b . )
/ (w ~ L pperry Viseph) + —eﬂpﬁ) ¢d-lge — g
0 o+ 1 4

(8.2.10)
In (8.2.8),

v(Vb) = ;:‘j eV (8.2.11)

andd—1= 2—1+ %u{v@], where the corrective term is neglected in the
’

approach of Dyachenko, Newell, Pushkarev, and Zakharov (1992).

Our aim is now to determine b as a function of 7 from the condition
that (8.2.7) be an asyvmptotic solution of (8.2.5). One has the following
propositions.

Proposition 8.5. Collapsing solutions of the nonlinear Schrodinger
equation at critical dimension do = 2 have the asymptotic form

bt) %Emm—um%} L|{t|) () (8.2.12)
near the singularity, where
rn=L"% —L,L=aqa, L*L;=—b, (8.2.13)
and b = a® + a, = a® obeys
b, = —ﬁ‘"u{w@) ~ - 2{’}‘ —/ Vb (8.2.14)
with N, = [ R?¢2/771d¢ and M =  [[7 R?¢2¢2/71dE.

Proof. Inserting (8.2.7) into (8.2.5) and using the fact that P satisfies
(8.2.8), we obtain the following equation for W

r r d_]' r r b£2 r
LIFJ'II: r A A r

iv(Vb)W

+(o 4+ 1)|P|*W + g P+ pro=11)
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= —i (%b + W ) (ﬁjg{Pﬁng)

—iv(VB)(P + W) + o(W), (8.2.15)

where o(W) denotes higher order terms in W. As b — 0, (8.2.15) reduces
to leading order to

LW = (i‘j + v(vD) ) “;ﬁ)épg. (8.2.16)

In addition,
dP

where p is defined by (8.1.15). Separating the real and imaginmy parts of
W in the form W = 5 + iT, we get to leading order in d — 2/,

(8.2.17)

2/ — 1 ) \/_}1
See + Se — S+ (20 + 1)R%S = 8.2.18
¢¢ e + 1) = 5 'E )
ng-i-?/g_lT{-—T-l— R*T = —b.p — v(Vb)R. (8.2.19)

Equation (8.2.18) is always solvable, and consequently the presence of the
richt-hand side neglected in Dyachenko, Newell, Pushkarev, and Zakharov
(1992) has no effect. In contrast, since the ground state R belongs to the
null space of the operator acting on 7" in the left-hand side of (8.2.19), the
solvability of this equation requires

/ (bl_p-i-u{\/ri;}ﬁ) Re?o=1de = 0, (8.2.20)
Jo
or equivalently,

b, = _z;i:r‘" HI[\/E), (8.2.21)

where N. = [~ R?*¢*/7=1d¢, M = 2 [[7 Rp&?/7~1d¢. Furthermore, we have

v \/_} v ._ﬂfﬁ. as 7 — oo. Using (8.1.9) and 8 1.15) satisfied by R

and p, thE’thPl with (8.1.11). one gets that M = § [[7 2R/ 7 1dE is
strictly positive.
We thus obtain an asymptotic solution v of (8.2.5) as 7 — oc¢ in the form

v(E,7) = P&, b(7) y{ﬁj (q[{f) E 21\/5?1{{]) + - (8.2.22)

where ¢ satisfies (8.1.24), d — 2/ is given by (8.1.47), and h obeys

2/ -1
§

where p satisfies (8.1.15).

N,
he —h+ R*7h = 2

]
et Vi

p(€) — (8.2.23)
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Proposition 8.6. At leading order, as 7 — oc,

a(T) = b1/?2 = T

R.2.24
InTt { )

and the corresponding scaling factor L(t) in the primitive variables has the
asymptotic form

1/2
L(t) ~ (Eﬂ(t* “lf’}) . (8.2.25)

Inln g

In addition

1 1 1
T(t) ~ - In (t - 1'5) Inln (r‘, — t)' (8.2.26)

Proof. We use that b = a® and the relation (8.1.47) between d(a) and a
in the limit a — 0 to obtain

L’ﬁ 1 /
—_—a e T, R.2.927

At leading order, as 7 goes to infinity, (8.2.27) is solved as

A

a5

T

which validates the assumption a, < a?. When corrective terms are
retained, one has

w

a(T) = (8.2.29)

InT+3nlnTt
Numerical simulations of the two-dimensional NLS equation show a very
cood agreement with this law (see Fig.6 in Landman, Papanicolaou, Sulem,
and Sulem 1988).

To estimate the scaling factor L(t) in the limit t — ¢, we write L(t) =
(t. — t)1/2g(t) where g is a slowly varying function. From i—: = L72, one
gets to leading order

T
TR -t

provided ¢(t) varies more slowly that In ; L -. From (8.2.28). it follows that
a ~ 7/Inln (t l_t) Since a = —LL;, the corrective factor is asymptot-

ically given by ¢(t) = [Eﬂ' /Inln t*—l_t)l‘m in agreement with the ordering
assumption. This leads to (8.2.25) and (8.2.26).

Including the next order term in the asymptotic form of 7(t), one gets
(6.2.13), which, as mentioned in Chapter 6, is accurately fitted by the

simulations of Akrivis, Dougalis, Karakashian, and McKinney (1997).

(8.2.30)
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Proposition 8.7. The asymptotic form of the solution given in Proposi-
tion 8.5 extends in the range 0 < v < roue where

1
Fout ~2 1/\/5 ~ Inln T (8.2.31)

Proof. In order to evaluate the range of validity of the asyvmptotic behavior
given in Proposition 8.5, we prescribe that the contribution of this range to
the L2-norm of the solution. remains finite. For this purpose, we estimate
the L?-norm N = [* |u[?¢!2/9)71d¢ by dividing the integration domain
into several ranges.

In the range 0 < £ < &, with 1 <« &, < 2/a, |u| is approximated by the
sround state R. In the range £; < £ < 2/a — @ (where « is taken small),
we use the WKB approximation and write

2/ a—o 1—a' ¥
|'IL|2€%_1!']EE — UEE 1 E_%' . \.-“l—.qlgi.'sdy
0 1 2y1/2
(i (L I!'.IJE;U"IE { o y :]

ufg./ e~ al0—55in20) gy o Eu{f (8.2.32)
a 2
0

{

U

by the Laplace method.
In the range 2/a — o < £ < 2/a + «, the solution is approximated in
terms of the Airy function, and the contribution to N is negligible.
Finally, in the range 2/a + a < £ < .4, the integral reduces to

2 afout /2 1 202 1

—C—"g/ ‘ —dy ~ LIn(aé, ) = K=e ™ *In(af, . ).

a 1 1 {yguljlfg a ( ‘E t:J a ( 5 t)-
[8.2.33)

where K is a pure numerical constant. In order to keep this contribution
finite, &,,+ should obey, up to numerical factors,

In(ag,ug) ox ae™ = I (8.2.34)
Int
Noticing that
1 o TT
In— = —dr ~ —, 8.2.35
L [ InT Int { )

we obtain that the condition (8.2.34) is fulfilled by taking &, ~ 1/(al),
or equivalently,

1 1
Pout X — o Inln : (8.2.36)
(1 Ly — 1

which reproduces the result of Bergé and Pesme (1993b).

8.2.2 Effects of Mass and Hamiltonian Radiation

As noted by Malkin (1993), the lack of exact self-similarity of the solution
near critical collapse, implies a slow wvariation of the mass N, and of the
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Hamiltonian H, associated to the collapson. A simple but crude way to
evaluate this variation is to consider the asymptotic form of the solution

1 T ELT'E B Lrd
b= gawet (8.2.37)
where
d *

and to compute N, and H, as integm]s on the whole space. This vields
o 2ed—1 s T ) .
.;'“IH -~ / |U| 6 d& = e -+ bﬂb‘f._. {8239:}

where M =2 [ Rp&?~'d¢ = + [ €2R*¢"1d¢, and

dN, :
d?: ~ Mb, ~ —2uie™™ Vb (8.2.40)

When a similar approach is used for the the Hamiltonian, one obtains

oo 2
H.L* = 4 ( ve|* — il * + a3 (Evvg) + %€2|U|2) £=de.
(8.2.41)
Approximating v by means of (8.2.38), one gets
b
H, =M ((Lt} Lﬂ) = _HE' (8.2.42)
when using b = a® + a- and @ = —L,L. However, v and thus L?H, have

been computed with an error o(b) and equation (8.2.42) does not provide
any information.

A more accurate analysis is thus required. For this purpose, we define
the mass N, the Hamiltonian H, in the collapson by

N, =/ || 2rd—tdr (8.2.43)
()

H, = (w; 2 — |;p|3”+f3) reldr, (8.2.44)
0

where ry = L&y and &, = 2,/\/5 is the turning point in eq. (8.1.55). A direct
calculation gives

dN d— : d—1pd—Loyg. (5.
nltl = EGL LY ip(ro, t)[* — 2L TS (4 e, (ro. 1)), (8.2.45)
dH : 1 :
S L L.ri—l d W, 2 L1244/d
= (LOTEG (Iu [F = ¥ _—

+ LAY (a7, 4 | (8.2.46)
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In terms of v defined in (8.2.37), one has have the form

N, 2 _
e -—Eﬂf ' (v* ) (8.2.47)
dH, ., o dp Al s

- = L™a€|v L el +2L7 760" S(vevge)

4 ede ; Loy R AR r
—~L*atd 137%{1:1155}-— ~ L™ *a?¢d T S(vev®) + EL tagd= 1o (|v]?)

F2L 0TS (oY vt e ). (8.2.48)

where v and its derivatives are evaluated at &.
When the singularity time is approached, the function v is approximated

by the solution P of (8.2.8), which, near the turning point 2/+/b, is written
as P = U=4/27 where Z is approximated by (8.1.63). This gives

. ) 1 w Vige  1)3/?
V() m &5 g2~ e/ (2V0) im /4 SR (g.9.49)

1/4
(Y2 - 1)

leading to

7 = L3 (8.2.50)
or in terms of the rescaled time
dN, "
e —212e~"/VP ~ Mb,. (8.2.51)
-

The mass contained in the collapson is thus radiated at an exponentially
small rate, which reproduces the result obtained above by a cruder analysis.
We now consider the Hamiltonian. When we substitute (8.2.49) into the

right-hand side of (8.2.48) the leading contribution originates from the term
— 3 L7 a?ed T S (vev*). This gives

dH

— =20 e T/ Vb (8.2.52)
or in terms of the rescaled time
dH -
——* ~ 2L e " Vb (8.2.53)
At this step, using that —LL; = a ~ b"/?, we rewrite (8.2.52) in the form
dH 2 "L
dt1 nﬁzﬁe_ﬂﬁ/ L—;dt_._ (8.2.54)

where the variation of b is neglected compared to that of L. This finally
leads to

2
L2H, ~ — L 7/VP (8.2.55)
& \/E
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8.2.3 Adiabatic Approximation and Blowup Tvme Estimate

The evolution of the scaling factor L(t) is given by the two equations

b
Ly = ~T3 (8.2.56)
(b -
Multiplying (8.2.56) by 2L;, one gets
: d {1
Li)*)e=-b— | = |, 2.58
(@ =-v% (73) (8.2.59
where the variation of b is very slow compared to that of L. This leads to
Lt~ 2 8.2.59
{ t) — E'.- { iaar)s )
or equivalently,
L(t) ~ \/261/2(t, — 1), (8.2.60)

This is the “adiabatic law” given by Malkin (1993). Following Fibich
(1996b), a more accurate description is obtained by retaining a constant in
the integration of (8.2.58), thus replacing (8.2.59) by (8.2.42) in the form
: b H
L)~ — + —. 8.2.61
Neglecting the variations of N, and H, compared to that of L. one gets,
after multiplication by L? and integration,

, H. .\ Y2
(L) =~ +2 (b + ur Li) . (8.2.62)
Integrating once more, one obtains
L(t) ~ L2 +2(b+ ¥ LOY2(t —tg) + (- to)?, (8.2.63)

where ty 1s chosen sufficiently close to the singularity for the asymptotic
regime to hold, and Ly = L(t;). Observing that at the singularity time
L?(t,) = 0, one has the estimate

Lj
t., = , when Li(ty) <0 R.2.64
Vb + /b + H,LZ/M ¢{fo) (8.2.64)
_ L§
Vb~ \/b+ H,L3/M
No blowup occurs if L;(0) = 0 and H; > 0. In (8.2.64)—(8.2.65), the pa-
rameter b is evaluated in terms of the mass by N, = N. 4+ Mb. When the

L,

when L;(ty) >0 and H, < 0,8.2.65)
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initial conditions are sufficiently close to the asymptotic regime. this pro-
vides an explicit value of f, which is supported by numerical simulations
with a satisfactory accuracy (Fibich 1996b).

8.2.4 Relation with Standing-Wave Instability

An interpretation of the deviation from self-similar collapse at critical di-

mension in terms of the marginal instability of the standing wave e*“tq,,

associated to the ground state g, was proposed by Pelinovsky (1998). The
eround state satisfies

Ag, —wg, + g7t =0, (8.2.66)

and

d ,
" [ g2 dx = 0. (8.2.67)

A slower time 1" = et is then formally introduced, and the solution of the
NLS equation written as a modulation of the standing wave in the form

. T
0= o, T) et Jo “)ds (8.2.68)
with

oz, T) = g, + Zu—*‘”“ Gor—1(x,w, T) + ZF dop(z,w, T). (8.2.69)

The parameter w depends on the time variable T and the leading order
term can be interpreted as the usual ground state R. rescaled by the time-
dependent scaling factor w(7'), in the form g, (x) = w!/ 27 R(w!/?x).

A hierarchy of inhomogeneous linear equations is then derived for the
siuccessive corrective terms. To leading order, one has

. dg. -
Lod, = % (8.2.70)

where Ly is the linearized operator (4.1.5) and
d 9] n!u.: 9]
dT dT dT dw’

This equation is conveniently solved when L; is rewritten in the form

(4.1.8). Following the author, we consider for the sake of simplicity the
problem in one dimension (and thus a critical nonlinearity exponent o = 2).

One has
. Toda! o " d T 1"
P1 glgi(ﬂ:,}Lgh)dTg{I)? (8.2.72)

where the integrand is not singular because g, does not vanish. At large
distance (x — oc), g, ~ :’l{u..r)e_ﬁ'*’“i, and one obtains the asymptotic

(8.2.71)
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approximation

U

LN TR JoA(w) dT 8w

where N, = f_:f g2dz is the mass of the ground state. When substitut-
ing into (8.2.69) the expression of ¢, given in (8.2.73), the second term of
this expression can be viewed as resulting from the expansion of a com-
plex phase, while the first term introduces an imaginary correction which

diverges at large distance. One is then led to write for » — oo,

— € dN : e dw .
o Al we—velel — s pv/wlal ———2?) . (8.2.74
v (“’“"‘n 8VoA(w) dT I e (8.2.74)

The exponential contribution plays a role analogous to the complex term
ivP in (8.2.8), where it originates either from the deviation from critical-
ity or from a complex correction to the eigenvalue problem of the linear
operator associated to (8.2.8).

The analysis then proceeds in a way similar to that of Section 8.2, where
the spatial domain is divided in three regions: the inner region where the
profile ¢ is well described by the ground state with a quadratic phase, an
intermediate region where o satisfies a parabolic cylinder equation, and an
outer region where 1/ evolves according to the linear NLS equation iv; +
A = (). Matching the boundary conditions in the various regions leads
to the rate of variation of the wave energy in the form of (8.2.40). The
relation with the analysis described in the previous sections is obtained by

. s 1 T . e dw -
identifying = [ w(s)ds with 7 and 555 9% with a(7).

This method introduces a small parameter ¢ necessary to start the
modulation analysis. However, as the singularity is approached, the scale
separation is not preserved anv more, and € should be taken equal to 1 in

order that the final results

L L dNa) oo L2l 5273

1 /7
0 =1= - / w(s)ds (8.2.75)
= Jo
with
In|In(T, — T
oo ;{ - )| (8.2.76)

reproduce the previous analyses of this problem. The time T' reduces to
the physical time and the initial assumption of a slow variation of the
scaling factor w compared to the phase @, breaks down as the dynamics
evolves from the slow modulation of a ground-state standing wave to the
development of a finite-time blowup.
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Perturbations of Focusing NLS

This chapter discusses various situations that can be viewed as perturba-
tions of the elliptic cubic NLS equation. The present understanding results
from numerical simulations and perturbative analysis near critical collapse.

9.1 Wayve Dissipation at Critical Dimension

In this section we consider the NLS equation at critical dimension od = 2,
with an additional dissipative term of the form ie|y|[P1) with p = 20(1 + s)
and s > 0, where ¢ is assumed to be small, in the form

(s + €||Py) + Ay 4 [P|*7¢ = 0 (9.1.1)

9.1.1 Elffect of an Individual Collapse

As in the supercritical case, a balance argument can lead to an estimate of
the amplitude of the wave and the size of the collapson when the dissipation
enters into play. Neglecting the double log corrections, (7.2.4) indicates
that the wave energy contained in the collapson and thus available for
dissipation is finite and independent of €. a property referred to as strong
collapse. A more detailed analysis, taking into account the precise behavior
of collapsing solutions. was performed by Dyachenko, Newell, Pushkarev,
and Zakharov (1992) and leads to the following estimates.
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Proposition 9.1. In the limit ¢ — 0, the amount of dissipated energy
AN in an individual collapse scales like

AN  (Inln =)~

: (9.1.2)

Proof. When the dissipation coefficient € is small, it plays a role only
when the amplitude of the solution becomes large enough. At earlier times,
the solution evolves as if it was approaching critical blowup. In order to
estimate the dissipation, the solution is written

1 iT—iak” X
II'IL{K"'f::I - WF : f{d'u{gﬁT): {E‘IIJ)

where v satisfies

€ 2fc—1 1 : ,
(v, L{ 2 v |Pv) + vee + f—vt— — v+ ab{’r)g‘gv + [v[*7v = 0. (9.1.4)

3
The dissipation AN is given by

oo 1
— =
AN = {TEL L(r)2 dT (9.1.5)
with
~ / |R|PH2ed=1 g, (9.1.6)

To evaluate the time integral, a modulation analysis is performed in the
spirit of that developed in the context of critical collapse in order to obtain

a dynamical equation for the function a(7) = —L,/L. For this purpose,
(9.1.4) is solved perturbatively by writing
v =P b(T)) + W, (9.1.7)

where P satisfies (8.2.8) with v(v/b) given by (8.2.11), and W is a re-
mainder. One proceeds as in Section 8.2. The equations for the real and
imaginary parts of W = S + 1" reduce at leading order to

2/0 —1 , y(\f)
-Lg + —5 - 15' '|' Eﬁr + 1 R ﬂ-a.g — 918
et g e SHRet 0 € (818
Tee + 2/2_ ITE —~ T+ R*T = —b.p— v(Vb)R — ; RYP,

(9.1.9)

where vb &~ a. Since the ground state R belongs to the null space of the
differential operator arising in the left-hand side of (9.1.9), the solvability

of this equation requires
€

tazg5 =0, (9.1.10)

where oy = v /M and ay = 57 [ |R|PH2¢5-14d¢.

aa- + ae”™°
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As long as dissipation is negligible, a(7) = «/ln7. Denoting by 7, an
estimate of the moment when dissipation comes into play, we rescale a(7)
by defining

A(0) = pal(r), with p= 1 Inmy =1, (9.1.11)

!

where the new time scale @ is given by

T = To + . (9.1.12)

Noting that L(t) = Lpe Jo EETf}‘iT, the modulation equation (9.1.10)
becomes

T i [ r E [ [
—mu A 25 f” Ya(r')dr EEEH fu A(e")da _

1 ‘
—AAy + e + ngL”_‘a”Ee

. 0. (9.1.13
" ) )

The time 7y is estimated by writing
: O a(rydr! 1 .
ee? Jo T o — (9.1.14)
v

Using that p = %111 Ty and that a is slowly varying, one gets that 7y o 111%
and g o< Inln %

One can now estimate AN. The dissipation being negligible for 7 < 7y(e),
one has

= o0 T
. 1 € _ag |0 ydr! —2s alr" )dr’
AN ~ GE/ —dr = C e s [T a(art [T <2 [ i
ST 0

ih

1 > —23 ’ "yde’ 1 _2
X — e ? Jy Aw)ao df o (lnln—) . (9.1.15)

2
1= Jo ¢

Linear dissipation is often considered to model Landau damping in plas-
mas, in the form [ (k) (k, £)eiXXqk where v(k) = k2h(k/kp) and h is
a cutoff function that makes a smooth transition from zero to a constant
value as k£ increases through kp. In this case, the amount of the burnout
energy varies as (Inlnkp)~!. More precisely, numerical simulations in one
space dimension and quintic nonlinearity show that the fraction of the en-

ergy of the Townes soliton absorbed in the collapse is given by Dyachenko,
Newell, Pushkarev, and Zakharov (1992),

o AN _ 1 9.1.16
"= N. T 95mmnkp — 8.7’ (9-1.16)

where N, = [ R*¢ (2/7)=1d¢ is the energy of the Townes soliton. In the
considered range 200 < kp < 900, r varies from 15 to a few percent. A
fraction of 15% to 25% is reported in the case of a nonlinear dissipation
by Shvets and Zakharov (1990). The multifocus structure of a light beam

developing in a medium with a weak nonlinear dissipation is described by
Dyshko, Lugovoi, and Prokhorov (1972).
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9.1.2 The Turbulent Reqime

The effect of a large number of collapses is considered by Newell, Rand. and
Russel (1988). In such a turbulent regime, the energy dissipation results not
only from the sudden energy transfer from large to small scales due to the
collapses. but also from the resonant wave interactions., whose contribution
can be estimated in the framework of the wave turbulence theory (Za-
kharov, L'vov , and Falkovich 1992, Dvachenko, Newell, Pushkarev, and
Zakharov 1992). Numerical simulations performed in the fully turbulent
regime show that the contributions from the two effects are comparable,
while in situations of low amplitude waves, the dissipation due to wave
turbulence is negligible compared to that due to collapses.
The mean dissipation rate {v) due to collapses is given by

(7) = welr) Ne, (9.1.17)

where w,. denotes the occurrence frequency of collapses and (r) the energy
fraction burned out on average in a collapse event. Numerical simulations
show that the product {(v}w ! is almost independent of the mean turbulent
energy level. On the other hand, w.(r) appears to be independent of the
mechanism of dissipation and of the scale at which it takes place, since,
for example, as kg is increased, the factor (r) is slowly reduced, but the
frequency w,. of the collapses increases accordingly, so that the average
dissipation rate remains essentially unchanged. Estimates of these quanti-
ties in the context of the solar corona and of the interstellar medium are
presented in Champeaux, Gazol, Passot, and Sulem (1997).

9.2 Non-Elliptic Schrodinger Equation

We consider here the non-elliptic NLS equation of the form

d

. %4 gy |
e+ g + [P =0, (9.2.1)
1=1] i

where all the constant coefficients £; do not have the same sign and f de-
notes a polyvnomial having no constant or linear terms. In some instances,
it is useful to rescale the various coordinates and take £; = £1 and £; # &,
for some (7, k). The existence of a local solution for this equation is a con-
sequence of the decay estimates and the Strichartz inequalities, which have
the same form for the elliptic or non-elliptic linear Schrodinger equations
(Ghidaglia and Saut 1990, see also Remark 1 at the end of Section 3.1). It
is still unknown whether initially smooth solutions can blow up in a finite
tlime.

An application to plasma physics concerns, for example, the dynamics
of electrostatic wave packets propagating in the direction of an ambient
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magnetic field (Nishinari, Abe, and Satsuma 1994). Another important
example arises in the context of the propagation of an ultra-short laser
pulse in a medium with normal time dispersion (see Chapter 1),

It is important to notice that the non-elliptic NLS equation does not
admit nontrivial solutions of the form of standing waves 1/(x,t) = ¢™S(x)
with a localized profile S and a frequency w € R (see. e.g., Ghidaglia and
Saut 1996). Such a profile would indeed satisfy

928
—wS + Z i o2 + f(1S]))S = 0. (9.2.2)

Multiplying (9.2.2) by x; 95 _ T, a;;*I , taking the real part, and integrating

dx A

over R? leads, after simple calculations. to

ads
Oxy,

— £ n!x + 2 dx = 0. (9.2.3)

tir*j

Using this equality for various couples (z;. ;) of opposite signs, it follows
that V.S and thus S vanish identically.

9.2.1 FEstimates for the Partial Variances

We restrict ourselves to the non-elliptic NLS equation with a power law
nonlinearity |1/|?7v. Following Bergé, Kuznetsov, and Rasmussen (1996)
and Bergé and Rasmussen (1996), we establish estimates concerning the
evolution of the partial variances. Although they do not lead to a definite
conclusion on the existence of blowup solutions. they can shed some light
on the dvnamics.

Using the notations of Section 2.4.2, we first estimate |V.11|7.. For this
purpose, defining 1/ = Ae'? with A and ¢ real, we write

Va3 = VA

where the two terms in the right-hand side are estimated separately. Using
the uncertainty principle (5.1.7)

(9.2.4)

(9.2.5)

it follows that
ﬁ N?
4 Vi

ViAlz. 2 (9.2.6)

On the other hand. from the equation

SO(AN) £V (AV0) - V(A p) =0 (9.27)
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one gets
V-L— = :|:f51~/15{._|: . A2?+<,pdx < 4|J’1?g§|Lz|I_j__ﬂ|Lz, {9.2.8)
where the dot indicates time derivative. It follows that
, . Vi
AV > . 9.2.9
| elrz = 16V ( )

By substituting in (9.2.4), one gets

dZ N? N V?
1Ve L 16eVy

Va2, > (9.2.10)

Consider first the partial variance V_. It results from the above estimates

that
i , d2 N2 V2
> _f > 8 — — | . 9.2.11
Z 8Vt 28| =y + 151 { )
One easily checks that this implies
d? A1/2 dZ N*
E{ S e (9.2.12)

Assume now that the beam focuses in the directions associated to the
components of x_, in the sense that V_ < (. After multiplying the above
inequality by V_, one gets

N2 dN?
%((%Vi”) + = )5[1. (9.2.13)

d 1(‘?1""'.2)'2 Iij "'i"a

It follows that if V_ decreases, so does | . As a consequence,

V_ cannot vanish. It is thus possible t::: estlmate

d.a

S (V2) 2 2V Vo 2 16|V _y|f. Vo = 4d2 N7, (9.2.14)

indicating that if the solution exists for long time, V_ should become
positive after some time.
When V_ > (. one has

d [ d ., dN
Ly >0, 0.2.15
di ({dt ST ) 20 (9:2.15)

V_ increases, and one concludes that it grows at least like ¢2. It follows that
if the solution remains smooth, the bulk of the wave amplitude will tend
to move away in the direction associated to the components of x_, either
by spreading or by displacing the amplitude maximum.
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One now turns to the partial variance V.. The equation for V. is
rewritten

d? : 5 1 — e :
Ve =4[ H 4 IVablha + 19wt + 25 [ lopeax]

> 4| H 4 [Vop2e + 7% ”d+ /|y|‘3 (o+1) )dx] (9.2.16)

which leads to partial conclusions in two important special cases.

The Case do =d_ = 1/a

This corresponds to the two-dimensional “hyperbolic™ NLS equation which
arises for example in the water-wave problem for deep water (see Section
11.1). One has in this case

d? , N2 1 [advi\’®
(ﬂghE4H+I?+¢IL3)}4H+d+V A ( dt) . (9.2.17)

. 3/4 . . :
Defining X. = V. +’( . this inequality becomes

d2 13 B N

2
{‘f £X+ 2 ;H.X Hd_k-}:ifﬁ.

(9.2.18)

In the case of a solution focusing in the x-directions {If+ < (), then by
multiplying the two sides of the above inequality by X . one gets

2

which implies that X and thus V. cannot vanish. Furthermore, since

S =t T = 8, (9.2.20)

then for large ¢, V. ~ V_ 4 4Ht?. Since H is assumed negative, one
concludes that V_ should grow faster than 4|H|t* in this limit.

The Case dy =2/o,d_ =1/o

For o« = 1, this situation arises in the context of nonlinear optics for a
beam focusing in the transverse directions in the presence of a normal
egroup velocity dispersion.

The variance identities become

42V 242 N

iz = SU 4]V P|2.) > 8H + = (9.2.21)
d*V_ 42 N2

A2 = —4H + r£1|E’ I|E”|L.a + 4|?+ EJ."?|L2 = —4H + -{, {9222)
Ll -
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When assuming focusing in all the directions {RL < (), one easily gets

d [dV. dV_
di \ dt dt

—8HV_ +4HV, —2d*> N*InV_ — d2N*In V+) < 0.

(9.2.23)
Since the beam is assumed to focus in the directions associated to the
components of x_, the partial variance V_ is bounded from above, and as
previously shown, also from below. It follows that V. cannot vanish in this
case. Vanishing of V. is, however, not excluded if the beam spreads in the
xX_ directions (f‘r_ > (). As previously shown, such a spreading will take
place after some time if the solution remains smooth.

9.2.2 Numerical Observations in Two Dimensions

As already mentioned, an important example of the two-dimensional
“hyperbolic™ Schrodinger equation,

1000 + Opath — Oyyth + [W]* = 0, (9.2.24)

comes from the envelope dvnamics of weaklyv-nonlinear surface gravity-wave
trains in deep water (Zakharov 1968b) (see Section 11.1). It also arises in
various problems of plasma physics (Pereira, Sen, and Bers 1978, Litvak,
Petrova, Sergeev, and Yunakovskii 1983).

Numerical integrations in spatially periodic domains show no tendency
to collapse, and Fermi-Pasta-Ulam recurrence was reported (Yuen and
Ferguson 1978b). However, in contrast with the focusing one-dimensional
problem (Yuen and Ferguson 1978a, Hafizi 1981), this recurrence could be
only approximative, since a small fraction of the energy is pumped to higher
frequencies during each cycle becaunse the region of unstable wave vectors is
unbounded (Martin and Yuen 1980, Yuen and Lake 1980, Litvak, Petrova,
Sergeev, and Yunakovskii 1983).

The nonlinear development of the instability of a one-dimensional soliton
siubject to a transverse harmonic perturbation with a wavelength large
compared to the width of the soliton (Zakharov and Rubenchik 1974, see
also Section 1.6) is described by Pereira, Sen, and Bers (1978), who observed
the breaking of the soliton in smaller pieces that cannot keep themselves
together but spread out throughout the domain. It is indeed expected that
any localized wave packet disperses outward asymptotically in time or in
other words, if a solution exists in the large in time, it is not localized.
This observation comes from the variance identity that for two-dimensional
hyperbolic NLS equation reduces to (Myra and Liu 1980)

d? o :
i [ IxPluix=s [ [vofx (9.2:25)

If [|Vi|*dx is bounded from below in the form [ [Vi|?dx > e, it follows
that for large t, [ |x|?|¢|?dx > 8et?, contradicting the hypothesis of local-
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FIGURE 9.1. Snapshots at the propagation distances z = 0.04216, 0.04221,

0.04231, 0.04234 (from left to right and top to bottom), of the amplitude

1120, t, z)| plotted versus t for the solution of the 3D non-elliptic NLS equation
: 2

with € = 1 and initial condition ¥o(r,t) = 6e~ 7~ 7.

ized solutions. Numerical simulations using Gaussian initial conditions with
various degrees of anisotropy are presented in Litvak, Petrova, Sergeev, and
Yunakovskii (1988). For short time, a monotonic expansion of the distribu-
tion is seen along the y-axis. accompanied with complicated changes in the
width along the z-direction. This leads to a breakup of the structure and
formation of additional maxima. There is no beam collapse, and for large
t, the dynamics always convert into defocusing.

9.2.3 Numerical Simulations in Three Dimensions

We consider the NLS equation
10,9 + A ) — €Bpt) + [10]*y = 0, (9.2.26)

in the form used in optics where it is viewed as an initial value problem in
the propagation coordinate. As established in Section 1.2.4, it corresponds
to the case of a normal (i.e., negative) time dispersion.

When there is a range in the t variable such that the L*-norm in
the transverse directions (the beam power) of the incident wave is sev-
eral times critical, numerical simulations show that transverse focusing
leads to the splitting of the original pulse in the ¢ variable (Zharova, Lit-
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vak, Petrova, Sageev, and Yunakovskii 1986, Chernev and Petrov 1992,
Rothenberg 1992). Experimental observations of this phenomenon includ-
ing multiple splitting when the power beam is sufficient are reported by
Ranka, Schirmer, and Gaeta (1996) and more recently by Diddams, Eaton,
Zozulya, and Clement (1998). Simulations were performed by Bergé, Ras-

mussen, Kuznetsov, Shapiro, and Turitsyn (1996) with a Gaussian initial
" . 22 :
condition ¢g(r,t) = Ae” 2 32 and € = 1. They observed different evolu-

tions according to the wave amplitude. For A < 1.5, the pulse just spreads
out and disperses for large z. For 1.5 < A < 1.7, a single splitting is ob-
served: The maximum of the pulse first slightly increases at the origin, then
splits in ¢ and eventually spreads out. For 1.7 < A < 2, a multisplitting is
reported, but this regime is at the limit of the accuracy of the simulation
performed with a uniform grid in the (y/r, z)-variables using a 251 x 256
resolution. For A > 2, the limitations of the numerical scheme prevent the
authors from discriminating between a finite-distance collapse and a strong
erowth of the peak amplitude preceding a possible splitting.

Simulations using the dynamic rescaling method (with 300 x 400 grids

points uniformly distributes in the rescaled variables) are displayed in
:n] [

Fig. 9.1 for initial conditions 1y (r,t) = 6e™ 2 @ One splitting is clearly
seen, but we cannot conclude about the further dynamics. due to the loss
of accuracy resulting from the development of strong gradients even in the
rescaled variables. A simulation with a larger amplitude (8 instead of 6)
also displays a unique splitting, although amplitudes of several thousands
are reached before accuracy is lost.

Finite-distance blowup cannot be excluded in the case of high-energy
beams, and the existence of multiple splitting could require the presence
of saturating processes. After the first splitting, the solution is fully three-
dimensional, and the dynamics are not constrained to repeat themselves in
the form of recursive splitting until the power of the individual structures
become subcritical.

The effect of a nonuniform phase quadratically dependent on the ra-
dial coordinate for the incident pulse (“chirped pulse”) was considered by
Cao, Agrawal, and McKinstrie (1994) and Bergé, Rasmussen, Kuznetsov,
Shapiro, and Turitsyn (1996). They conclude that with an appropriate
choice of the sign of the chirp parameter, the self-focusing of the pulse
can be enhanced. Another way of accelerating self-contraction of the beam
consists in assuming that it propagates in an inhomogeneous medium
characterized by a parabolic density profile (Bergé 1997 and references
therein).

9.2.4 Effect of a Small Time Dispersion on Critical Collapse

Even when small, time dispersion can become significant after the beam
starts to focus. Gradients in the ¢ variable are indeed enhanced, because
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focusing takes place at different rate in the various transverse planes. A
partial understanding of the effect of dispersion on critical collapse, is pro-
vided by the perturbative analysis presented in this section, where the
parameter € in (9.2.26) is small. It is based on the works of Luther, Newell,
and Moloney (1994) and Fibich, Malkin, and Papanicolaou (1995), who es-
tablished modulation equations based on the assumption that the solution
remains close to the critical profile at fixed t. Luther, Newell, and Moloney
(1994) assumed that the solution depends on t appears only through the
location of the collapse point zy = zg(t). If the incident wave packet is
maximum at t = 0, the first collapse also occurs at t = 0, where z/(0) = 0
and z(0) > 0. Under this hypothesis,

N = — Q20,10 (9.2.27)
and
et = — O 20010 + (0420)20. 1) (9.2.28)
Near t = 0, the last term is negligible, and (9.2.26) is rewritten as
i, + A+ [P 4 iy(1 — i) ALY + [Y]*Y) = 0 (9.2.29)

with v = €d;:20(0). In the above equation, one can take 1 — iy = 1.
Assuming radial symmetry in the (z, y) plane, the solution ¢ = (p, t, z),
with p? = 22 + ¥°, is rescaled as

B(p,t,2) = —v(€, ¢)elc g /1 (9.2.30)
with
=L, ¢= / L(s)~2ds, a = —LL.. (9.2.31)
f )]

Substituting into (9.2.29), one gets

b . : a? . :
i0cv—v+Agv+ E&‘EUHUFU = — (-i,&gv + a€de¢v + av — iI££1] + -i|11|‘311) :
(9.2.32)

At lowest order, one replaces Agv + [v[?v in the right-hand side of the
previous equation by —id¢v + v — —5‘311 and gets

. b . : b+a
i0cv—v+Agv+ :Lf‘a-a:+ lv|%e = (d,; v+ af¢v + av + iv — 1 1 .fgv) :

(9.2.33)
As for critical NLS, one develops v in the form v = vy + v, with x; < yo,
where y, satisfies

b . ,
Avo — xo+ 15‘33{[] + |j{u|ixt} — '.’:U(\/E)X{] = () [9.2.34)

and U{‘\/E:] ~ eIV Following the proof of Proposition 8.5, one writes the
equation satisfied by y; at lowest order. and gets a solvability condition in
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the form
2N. N. a?+b
be = ——— b) — 2~ - — 9.2.35
R TR DREY (M 4 ) (9.2.35)
with M = ; [£2R*¢d¢ and N. = [ R*¢d¢. Together with b = a; + a?
and a = — %‘i, this provides the modulation equations associated to a weak

time dispersion. Luther, Newell, and Moloney (1994) integrated numerically
these reduced equations and compared them with direct integration of the
NLS equation. They observed that the solution predicted by the modulation
equations agrees quantitatively with the direct numerical simulations, and
displays an arrest of the collapse and a decrease of the intensity at the
center of the beam. At larger propagation distances, the solutions of the
two problems do not coincide any longer due to the development of strong
three-dimensional effects.

Fibich, Malkin, and Papanicolaou (1995) derived modulation equations
without assuming that the solution depends on the variable ¢ only through
the location of the blowup point zy(t). The scaling factor L and thus &,
( and a depend on . This leads to partial differential equations for the
modulation. They also suppose that the solution takes the self-similar form
(9.2.30) and develop y = xo+x1 with yq satisfying (9.2.34). The solvability
condition for the equation for y, is

Mbe + 2N.v(Vb) = 2L [ O (%eii—mﬁzf*‘) Re~i+ias™/4eqe - (9.2.36)
At lowest order, the right-hand side of (9.2.36) is equal to 2eL(y [ R*&dE,
and (9.2.36) reduces to

2N, 2eN.. 4
b + 275 v(Vh) = 7 Gt (9.2.37)
where
b=—L°L,, and (,=L"% (9.2.38)

Since the factor u(\/gj is exponentially small in b, it can be neglected.

Numerical integration of this reduced system shows that as z increases,
1/L(z.t) as a function of ¢ splits into two peaks, in good agreement with the
numerical simulations performed on the primitive NLS equation. However,
the validity of the system breaks down when the parameter b reaches large
values.

Special solutions of the system (9.2.37)-(9.2.38) can be obtained under
the assumption that there is a unique singularity curve zy(t) for the solution
and that near this curve the solution depends mostly on the distance to
this curve. This is expressed by writing

L(z,t) = L(zo(t) — 2), Bz t) = B(z0(t) — 2), {(z,t) = (z0(t) — 2).
(9.2.39)
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Equation (9.2.37) then reduces to
b, = €(—z0( + 25C.2), (9.2.40)

where ¢ = %‘“F Integrating once with respect to z and defining the vari-
able A = 1/L, one has b = A /A), which leads to an Airy type equation
for A in the form

Agg(b[] - EFE:;C)A + EIE:}EEILH — U {9241)

with by = by(t) = b(0,t) — €' zL(0,t)~*. A discussion of the solution and
of its validity is given in Fibich, Malkin, and Papanicolaou (1995).

An understanding of the splitting phenomenon was proposed by Bergé
and Rasmussen (1996) and Bergé, Rasmussen, Kuznetsov, Shapiro, and
Turitsyn (1996). They constructed a quasi-self-similar solution where the
scaling factors are prescribed in such a way that the following constraints
are satisfied: The time derivatives are negligible compared to the transverse
ones; the phase of the solution includes a quadratic term in the rescaled time
variable 7. with a slowly varving coefficient whose effect in the equation
for the rescaled profile is comparable to that originating from the usual
quadratic phase (in the transverse variable). This additional phase affects

the critical modulation equation by =~ eV by replacing the factor «
by a function of the rescaled time 7. In this context, they defined a value
7. such that the beam contracts for 7 < 7, and disperses for 7 > 7,.. The
authors conclude that the transverse scale reaches a minimum at 7, and
that the amplitude becomes maximum at this time. In a system that is
symmetric in the time variable, this scenario leads to a splitting of the
pulse into two temporally separated structures.

To conclude, we stress that in spite of the achievements described in
this section, the effect of a normal time dispersion on critical collapse is
still not completely understood. Several questions remain open. It is still
unknown whether a finite-distance collapse can occur. The conditions for
the existence of multisplitting are also to be specified. Furthermore. the
analytical approaches are based on perturbations on the two-dimensional
NLS equation and thus break down as the pulse tends to split.

9.3 Saturated Nonlinearity

In situations where the paraxial approximation remains valid while focusing
has proceeded, the problem can still be described in terms of a nonlinear
Schrodinger equation,

iy 4 A 4 f(Jp]*)p =0, (9.3.1)

but the nonlinear coupling f([1’|*)1’ no longer reduces to a cubic nonlin-
earity. The latter should indeed be viewed as the leading-order term in a
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small-amplitude expansion. We are interested here in saturated nonlinear-
ities, several examples of which are considered in the literature. Algebraic
nonlinearities of the form f(s) = s/(1 + ~s) with positive v were found to
accurately describe the variation of the dielectric constant of gas vapors
where a laser beam propagates (Tikhonenko, Christou, and Luther-Davies
1996). Exponential nonlinearities f(s) = 1 — e~ were used in the con-
text of laser beams in plasmas (Cohen, Lasinski, Langdon, and Cummings
1991, Johnston, Vidal, and Fréchette 1997). In both cases, the nonlinearity
saturates when the wave amplitude reaches large values.

The NLS equation with saturated nonlinearity is also relevant in
the description of Bose superfluids at zero temperature, in the Hartree
approximation (Gross—Pitaevskii equation). In this context, the wave am-
plitude keeps a finite value at infinity (see., e.g.. Barashenkov, Gocheva,
Makhankov, and Puzynin 1989, Barashenkov and Panova 1993, Josserand,
Pomeau, and Rica 1995, Josserand and Rica 1997).

A simplified model resulting from the expansion of the previous ones is
provided by the polynomial nonlinearity

f(s) =5 —ys? (9.3.2)

with v < 1. which causes the beam to defocus when the amplitude
becomes large. Conservation of the Hamiltonian

r J_ '.}" { . L
H = |vlﬁ|i2 — E|I,£r»|i4 -+ §|T,U|Eﬁ {9.5.-3:]
implies the inequality
2 A6 Loz o L2 e ‘
Vit + 3 llhe < H o+ gliLalwlie < H+ lefla + 2vlls. (9.3.4)

This ensures that for an initial condition (x,0) = ¢ € H' (R ) in dimen-
sions d = 2 or 3, the norms |V|r2 and [¢¢| s remain uniformly bounded. An
equivalent result is given in Cazenave (1979) in the case of an exponential
nonlinearity.

An important question is the limit of solutions when ~ — 0. A rigorous
result presented in Merle (1992b) concerns nonlinearities that are critical
when ~ = ().

Theorem 9.2. Let 1, be the solution of
4 2a ¢
ithy + A + || T4p — A[*Tap = 0 (9.3.5)

forx € R? and 2 < q < 525, with initial condition v, (x,0) = o(x) € H'
and a finite variance [ |x|*|¢|*dx. Suppose that the solution of (9.3.5) with
~v = 0 blows up in a finite time T,. For T, = T., one has the following
alternative: Either the variance [ |x|*1.(x,Th)dx — oo as v — 0, or there
is a constant C' such that [ |x|*1(x,Ty)dx < C. In the latter case, one
has the following properties.
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(i) Compactness outside the origin in L? for t < Ty. There is an application
t v 1" defined for t < Ty such that for any K > 0,

W* e C([0,Ty), L*(|x| > K)) (9.3.6)

v, —* in C(0,Tp), L*(|x| > K)) as ~ — 0. (9.3.7)
(ii) Concentration at the origin. For t < Ty, there is m(t) = 0 such that
95 (. 1) [* = m(t)éx=0 + [¢7 (x,1)|° (9.3.8)

in the sense of distributions. If m(t) # 0, then [y (t)|2 — oc and

m(t) > |R|7. where R is the ground state solution of AR—R+R*t! = 0.
Alternatively, if m(t) = 0, there exists a constant ¢ such that for all ~,
[ ()1 < ¢ and P, (t) — *(t) in L2

(iii) Conservation of mass. For all t < Ty, m(t) + [¢*(t)]52 = |p|7--

9.3.1 Standing- Wave Solutions

We look for solutions in the form of standing waves

P(x,t) = 25 (x) (9.3.9)

where S satisfies
AS — XS + f(IS[*)S =0, (9.3.10)
where (as assumed in this paragraph), one can take A* = 1 by rescal-

ing S and the space variables. The coefficient ~ is then replaced by ~AZ.
The general theory for equations of the form —Awu = g(u) gives sufficient
(and “almost” necessary) conditions for existence of ground states, i.e.,
positive, radial solutions that decrease exponentially at infinity (Berestycki
and Lions 1983). One of these conditions is [ ug(u(x))dx > 0. Since the
eround-state is decreasing monotonically with the radial variable, this con-
dition is satisfied if there exists s > 0 such that [ g(s")ds’ > 0. In the case
of algebraic nonlinearity, f(s) = s/(1 + «s), this requires v < 1, while for
the polynomial case f(s) = s —~s?, this condition reduces to 0 < v < 3/16
(Anderson 1971).

Two-dimensional standing waves displaying a phase singularity at the
center. of the form

S(x,y) = A(r)e™? (9.3.11)

with r = /22 + y2, 0 the polar angle, A(r) real, and [ a nonzero integer,
are considered in Skryabin and Firth (1998) and references therein.

The stability of three-dimensional standing waves in the case of an expo-
nential nonlinearity f(s) = 1 — ¢~ is addressed by Laedke and Spatschek
(1984), who conclude to the existence of a critical value for A, below which
the ground-state standing-wave is unstable and above which it is (orbitally)
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stable. Shatah (1985b) proved that for polynomial saturation, the three-
dimensional ground-state standing waves are orbitally stable for « close to
3/16 and unstable for 4 close to 0.

Numerical simulations in two dimensions in the case of the algebraic sat-
urated nonlinearity with v = 1, indicate that when varying the parameter
A% in the range 0 < A% < 1 of existence, the L?-norm of the ground-state
standing waves grows monotonically with A%. As expected, these solutions
are then found to be are stable. In contrast. standing waves associated to
other bound states display instabilities that break the azimuthal symmetry
of the system (Soto-Crespo, Wright, and Akhmediev 1991). A similar insta-
bility is reported in three dimensions by Edmundson (1997). Furthermore,
the two-dimensional ground-state standing wave appears to be unstable rel-
ative to three-dimensional perturbations (Akhmediev, Korneev, and Nabiev
1992).

Ground-state standing waves in one space dimension for a polynomial
nonlinearity of the form (J10|° — 4[¢|**)¢ (supercritical for v = 0) were
considered by Grikurov (1997) who showed numerically that the L®-norm
of the ground state associated to A* = 1, decreases with ~ until it reaches a
(flat) minimum for a critical value ~, and then increases. As a consequence,
the ground-state standing wave will be stable or unstable depending on
N Y OF Y < Y

9.3.2 Numerical Observations

A conspicuous effect observed numerically with saturated nonlinearities
is the development of multiple foci as the variable { (viewed as time or
propagation distance according to the context) increases. This effect is as-
sociated to an oscillatory behavior of the solution due to a competition
between the focusing of the wave and its spreading when the nonlinear-
ity saturates (Dawes and Marburger 1969, Cohen, Lasinski, Langdon, and
Cummings 1991, Zakharov and Synakh 1976 and references therein). Fur-
thermore, both laboratory experiments of laser beam propagation in a Kerr
medium (Campillo, Shapiro, and Sydam 1973, 1974) and numerical sim-
ulations of the NLS equation with a saturated nonlinearity in two space
dimensions without special symmetry (Soto-Crespo, Wright, and Akhme-
diev 1992) show the development of transverse instabilities when the initial
L?-norm is several times critical. The dynamics lead to a splitting of the
beam into several filaments with an isotropic shape that, according to the
initial conditions appear to remain located at a fixed distance from the
center of the emitted beam or to tend to separate. Complicated dynamics
can then result from filament interactions. an important effect in periodic
ceometry (Konno and Suzuki 1979, Johnston, Vidal, and Fréchette 1997).

Neglecting this effect, manv numerical simulations deal with radially
symmetric solutions. Simulations using the dynamic rescaling method are
presented by LeMesurier, Papanicolaou, Sulem, and Sulem (1988a) in the
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case of saturated algebraic and polynomial nonlinearities with small ~, both
in two and three space dimensions.

Simulations of the two-dimensional NLS equation wﬂ:h a nonlinearity
([t2]* — v|2p|*)1p and fixed initial conditions v (x) = 4e™ " are presented

Fig. 9.2 and show different regimes when the parameter ~ is decreased.
For v = 1072, one observes a relatively quick convergence of the solution

towards a function of a ground-state standing wave. For smaller values of
~. the solution displays oscillations with in some instances a modulation
of the amplitude or even more complex oscillations. The amplitude of the
oscillations seems however to decrease and although the numerical integra-
tion was not carried out on sufficiently long times to reach the asymptotic
regime. one may expect the eventual convergence of the solution to a sta-
ble standing wave. at least for some ranges of parameters. A qualitatively
similar behavior is observed with an algebraic nonlinearity, except that an
example of persistence of purely periodic oscillations is reported for a mod-
erately small value v = 1072 of the control parameter while modulated
oscillations with a decreasing amplitude are observed with v = 107%. We
note that in all the cases., the profile of the solution near the maximum
i1s monotonic, while at larger distances moderate oscillations associated to
the emission of radiation of moderate amplitude that escapes to infinity
are visible. Detailed simulations recently performed by Vidal and John-
ston (1997) in the case of the algebraic saturated nonlinearity show that
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FIGURE 9.2. Time evolution of the amplitude and (asymptotically linear) phase
at the origin of the solution of the two-dimensional NLS equation with poly-
nomial potential |¢|* — ~|i|* with, from left to right and top to bottom, ~ =
1072,10%,10"*, 10" ° and initial conditions 1/(x) = 4e x| (from LeMesurier et
al. 1988a).
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for initial conditions far from the ground state. the system can display
complicated oscillations, while for initial conditions close to it, three main
tvpes of oscillations are identified. They are characterized by one or more
well-defined frequencies and by the presence or the absence of a significant
damping associated to the energy radiation.

The simulations of LeMesurier, Papanicolaou, Sulem, and Sulem (1988a)

in three dimensions with an initial condition 1(x) = G/ 2¢—1XI* show that
for very small ~, the profile of the solution is more complex than in two
dimensions. and may display a flat maximum at the origin. secondary peaks
(ring focusing) with an amplitude sometimes comparable to that of the
central peak, and a ripple pattern. During the oscillations, the origin may
even become a local minimum.

The situation is simpler when taking as the initial condition an unstable
eround state subject to a weak perturbation. Simulations were performed
in this context by Grikurov (1997), in one space dimension, with a nonlin-
earity of the form (|v)|® — ~|12|*?)1). The solution is seen to oscillate with
radiation of energy toward large distances, and to eventually approach a

it
* T IE "
stable standing wave of the form —Ll S(7-)e"s where S is the ground-state
] L1
solution of

2
iqj ~ S+ 8" —eST =0, (9.3.12)

where the scaling factor L; is sufficiently small to make the parameter

€ = 77 within the range of existence and stability for the corresponding
L1

standing-wave solution.

Simulations in three dimensions with an algebraic nonlinearity and
o(x) = e~ X show a similar behavior (Papanicolaou, Sulem, and Sulem
1988a). The profile remains monotonic near the origin, although an im-
portant radiation takes place, associated with the development of ripples
at large distance. For v = 1072, the solution oscillates with an amplitude
which decreases monotonically in time. For v = 107*, a more complex
evolution is however visible, and longer integrations would be necessary to
characterize the asymptotic regime,

The development of transverse instabilities in the three-dimensional case
was analyzed by Akhamediev and Sote-Crespo (1993) for axisymmetric
solutions. The description is presented in the context of nonlinear optics,
where the problem corresponds to the propagation of a beam in a medium
with anomalous group velocity dispersion and algebraic saturated nonlin-
earity. Numerical simulations show that in situations corresponding to a
moderate coefficient ~, an initially homogeneous self-focusing beam breaks
into “light clumps” that through oscillations of the peak intensity and en-
ergy radiation converges to a train of three-dimensional standing waves
referred to as “optical bullets.”
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9.3.3 Saturation of Critical Collapse

In contrast with the supercritical case where no analvtical approach is
presently available, some of the phenomena observed in numerical sim-
ulations of radially symmetric solutions at critical dimension can be
interpreted in the context of an asymptotic analysis in the limit of small
~. For this purpose, we consider an initial condition (or a beam when us-
ing the language of optics) with an L*-norm (a power) which is in slight
excess to critical, and concentrate on the case of a polynomial nonlinear-
ity |10|* — ]]* with v << 1 . This nonlinearity can indeed be viewed as
the expansion of more general saturated nonlinearities that leads to simi-
lar dynamics. Following Malkin (1993) (see also Fibich and Papanicolaou
1997b), we present an analysis based on the variation of the mass and of
the Hamiltonian of the collapson. resulting from radiation effects.

Proceeding as in Chapter 8 (and keeping the variable ¢ to denote the
evolution variable), we make the transformation

1 L
U(x, 1) = RS r)eiTieg /4 (9.3.13)
where
x| [t ds
— —L = — 9.3.14
i T Eey 93
and
a(tr) = —-LL; = —L./L. (9.3.15)
The function v satisfies
vy + Av — v + ib{r}{g-u + [v]*v — e(T)|v[*v =0 (9.3.16)
with
b(r) =a*+a, =—L°Ly and e(r) =~/L*. (9.3.17)
We look for a solution v that within the collapson takes the form
v(E, 7)== P(E,b(T),e(T)) (9.3.18)
where P satisfies
2
ﬂP—P-{—h%P-{- PI2P — ¢|P|*P — iv(Vb)P = 0, (9.3.19)

In the limit of small b, the function »(b) required for existence of admissible
solutions keeps the same functional form

v(Vb) = Ce™ ™V (9.3.20)

as for the focusing cubic NLS equation. At leading order, P can be
approximated in the form

P = R(&) + b(m)p(&) + e(T)h(E), (9.3.21)
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where R is, as in the previous chapters, the positive solution (ground state)
of AR — R+ R? = 0, while p and h are solutions of

2
Ap—p+3R*p = — %R (9.3.22)
and
Ah —h+3R*h =R’ (9.3.23)

respectively. Using (9.3.18) and (9.3.21) to compute the mass N, of the
collapson. one has

Ny = N, + 2b(7) [Rp EdE + 2¢(T) [Rh &dg, (9.3.24)
where |
N, = / R2€d¢ (9.3.25)
is the critical mass for the cubic problem.,
2 / Rpédé = % / E2R%EdE =M >0 (9.3.26)
and
f Rh&dE = % / RU¢de = C, > 0. (9.3.27)
The excess of mass above critical
N =N, — N. (9.3.28)
is thus given by
N = Mb(7) + 2C1¢€(7). (9.3.29)

Similarly, the Hamiltonian associated to the collapson H, satisfies
H.,L? = —Che(t) — Mb(T) + Ma*(1). (9.3.30)

Using (9.3.29) and the definition of a, the above equation is rewritten as

——

H, ~C, N
M MIL* T ML?
where we denote by a dot the derivative with respect to the physical time
t. Introducing y = L?, we have

L=

(9.3.31)

- 4H : i;":'r *fCl
. 5 9 e s
Y= — 1|y + Yy — : 9.3.52
=2 (J TR { )
Since H, is assumed negative, then, provided that ~ < ql;—apl it follows

that ¥ and thus the scaling factor L display an oscillatory behavior, as
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observed in the numerical simulations. Indeed, (9.3.32) becomes

4| H|

or equivalently,
dL\’ |H |
LY = | =-"2(L% - L2)(L 9.3.34

Here Ly and L, denote the maximum and minimum of the scaling factor
and

, N 4vC1|H | UE) :
Y = L2, = (1 - (1 _ 21 ) , (9.3.35
2|11, e )
N O\ V2 -
ym = L3 = (1 T (1 - — ) : (9.3.36
M Z |

where the variations of the mass and of the Hamiltonian of the collapson
have been neglected, leading to a local period

YUnd 1 Ynt 1
T = 2f d? = dy.  (9.3.37)
Y L . '\/'/_ |H I(J }'[J Jm:l

Using the change of variables

cos® u = (Y — ym)/(Yrr — Y )- (9.3.38)

the integral becomes

[ M /2 1
T —9 - / du
| H| ) \/yht - I[yh_l == ylrl) Sill:E (7

ﬂfy M ( Ym )
- E(1- , (9.3.39
| H | YM )

where E(x) = Tfu \/1 — zsin® u du is the elliptic integral of second kind
(Abramovitz 5111(1 Stegun 1965).

A slow variation of the period is nevertheless possible as the result of
the energy radiation that takes place on a longer time scale and leads to
an evolution of L, and Ly;. A complete theory is still missing, but some
information can be obtained by writing the rate of variation of the mass
and of the Hamiltonian trapped in the collapson in the form

dN, dH .

= —Jn. — = — Jy. 09.3.40)
- Ny H ( )

In the absence of saturation (v = 0), as shown in Section 8.2.2,

In = 202e Ve, (9.3.41)
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A
Jg = L—EF '”WJE.

The same functional form for .Jy and Jy will be used in the case of a
saturated nonlinearity but with a function b now given by

J':"s? 2"‘;’(?1 g A
b= - (1 - ﬁ?LE) (9.3.43)

obtained from (9.3.29)—-(9.3.30). In the case where L,, < Ly, or
equivalently, %Lh; < 1, one gets

(9.3.42)

L2 ~~C,/N, (9.3.44)
Li ~ N/|H,|, (9.3.45)
b~ {:} (1 - 2‘;) . (9.3.46)
Thus,
% e M AETE (9.3.47)
dﬁ ~ — ; ehe AT i (9.3.48)

with A = ﬂ'wi‘d,/ﬁ, indicating that in this context, N and H, de-
cay monotonically in time. Concerning the extrema of L, one sees from
(9.3.44)—(9.3.45) that L,, increases, while since

dL?,  Jy N |
= m ' E ) <O (9.3.49)

Ly decreases. The effect of the radiation thus appears to slowly reduce the
amplitude of the oscillations.

The (small) lost of mass during one oscillation of duration At is given
by

v(Vb)
LE

t+ At

AN = N (t + At) — Ny(t) = fl-:f/ dt. (9.3.50)
t

Following Fibich and Papanicolaou (1997b), the above integral can be es-
timated using the Laplace method, since v(v/b) rapidly decays away from
its maximum (/by}, which occurs at the instant ¢ = 31, when the scale
factor reaches its maximum Ly;. and the amplitude is thus minimuum. One
oets

r t+ At 5
AN = ML v(vbu) f e~ AUt gy
i

~ (2m) 2P M ATV L u(Vby) (9.3.51)
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with
o 1 ‘
A= 4 b‘lfitjttb{t 'L,j'} [9.5.52:]
M
OHE IO E\f'ﬂ].llﬂ-t-ES
attb{ﬁﬁ.{) —_— dLb HttL(tM). {9553)

From (9.3.43) and (9.3.34) one has

4’)-‘{?1
Apb(ty) = . (9.3.54)
ML3,
and
: H| ) =
O L(ty) = {L — L ). (9.3.55)
UL.EI
Thus,
:rr{”‘l |H,| L{; — L? S
A= SRR 3.5
T L (9.3.56)
and

AN =

1 L2\ 2
v(\/bar) b4 ]~ Zm . 0.3.57
M) O L3 ( LM) (9.3:57)

Using [9.3.44)—{9.3.45} and N = Mby, one gets to leading order in the
limit L,, < L

ot LM :

I'I'l

where byy =~ |H,|L$;/M. This ruml} sis which assumes large amplitude oscil-
lation cannot in principle describe the relation of the solution to a standing
wave. Since it assumes that the loss |[AN]| is small compared to the excess

of mass above critical NV, it is also limited to moderately small values of the
parameter v since AN scales like v~/2. Furthermore, the analysis seems
too local to reproduce the persistent multi-frequency oscillatory regimes
observed numerically by Vidal and Johnston (1997).

9.4 Other Pertubations

9.4.1 Weak Nonparaxriality

We have seen that when the canonical NLS equation at critical dimension
is weakly perturbed by saturated nonlinearities, the collapse is arrested,
and the reduced system displays slowly decaying focusing—defocusing os-
cillations. It turns out that this phenomenon is not specific to saturated
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nonlinearities. A weak departure from paraxiality, which among other ef-
fects becomes also relevant near collapse, has a similar influence. It was
observed by Feit and Fleck (1988) by comparison of numerical simulations
of the Helmholtz wave equation with cubic refractive index with the parax-
ial approximation. A perturbative analysis was given by Fibich (1996c¢),
starting from the equation

€. + i, + A + |Y]* = 0, x € R?, (9.4.1)

as it results from the Helmholtz equation.
One writes the balance of the wave energy in the form

d :
% [|¢|3d3{ - _ngf'l.f}zzﬂb*dx- {942)

Using a change of variables equivalent to (9.3.13), (9.3.14), and (9.3.15)
and the approximation

v~ R4 2bp, (9.4.3)
oIves
Mb, = —2eN, (L) : (9.4.4)
L)
or after integration,
b= by — ijf; (9.4.5)

where by is a constant. The Hamiltonian is given by

H = [ (|‘E’-a,--:1|‘3 ~ %|u}|‘1 — €|, 2) dx, (9.4.6)
and its restriction H, t(:l the collapson satisfies
H,L?* = Ma* — Mb — Ei; (9.4.7)
Combining (9.4.5) and (9.4.7), one gets
H,L* = Ma* — Mby + Fi—j (9.4.8)

Introducing y = L?, (9.4.8) becomes

o _AH, (o Mby N
R VoVl G T T

Note that this equation identifies with (9.3.32) for saturated nonlinearities,

where the constant €'} is replaced by N, and ﬁ:’/ﬂf replaced by by. When
H, is negative and by > 0, (9.4.9) is rewritten in the form

. ’:1:|le._;|
y —

(9.4.9)

(¥ = ym) (¥ — vu) (9.4.10)
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with
. Mby 4eN,|H, |\ /2 |
Ti'L"__LE- - 1 — (1‘“‘ r— ) . 9.4.11
: ™ = 9H,| ( M2p2 | (9.4.1)
- ﬂ{{b[] _ ‘51E.|!'1'$'1rf,| H# | 1/2
w=12 =—" (1 (1_ d ) 0.4.12
M= SN o ( N M52 (9:4.12)

and displays an oscillatory behavior. The calculation is pursued as in the
previous section, leading to a period of the oscillations given by (9.3.37).

9.4.2 General Formalism

A general approach of perturbed critical NLS equation is presented by
Fibich and Papanicolaou (1997b, 1998) where the effect on self-focusing of
additional small terms of different kinds is studied. In addition to the two
problems discussed above, it is applied to various examples including fiber
arrays, Debye relaxation, effect of random impureties, random potentials,
and also to situations where two different perturbations are retained. Other
examples of NLS equations with additional corrective terms are reviewed
in Ghidaglia and Saut (1993).

The combined effect of small time dispersion and nonparaxiality is
addressed in Fibich and Papanicolaou (1997a), where additional terms
corresponding to “shock term”, “group velocity nonparaxiality”, etc. are
also retained and shown to be possibly dominant. A related discussion of
“higher-order effects” on critical collapse is also presented in Malkin (1997),
where the perturbation approach initiated in Malkin (1993) is extended to

more general settings.
Let us consider a general perturbed NLS equation at critical dimension

in the form
ihy + A+ [ip]*) + eF(p) =0, xe R (9.4.13)

where ¢F' holds for a small corrective term.

In this section we briefly review the derivation of the modulation equa-
tions in a general context. Using the change of variables (9.3.13), (9.3.14),
and (9.3.15), equation (9.4.1) becomes

1 . . . . T
vy + Av — v+ ih{?‘}ﬁi-u + [v]2v + L3 F (E—e““g) =0 (9.4.14)

L
with
b(t) =a* +a, = —L*Ly (9.4.15)
and
S =r1—af’/4 (9.4.16)
As for the unperturbed NLS equation, the function v is approximated by

U= VE] + Vrl + . {941'?:]
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where Vj is a solution of

b . ,
AV = Vo + 7€V + Vol *Vo - i(VB)Vy + ew(Vy) = 0, (9.4.18)
and
- 3 —iS Vo is
w(Vy) = LR e F 7€ N (9.4.19)
Then V}, is expanded in the two small parameters b and € in the form
Vo = R(&) + bp(&) + eh(&, 7), (9.4.20)

where p satisfies (9.3.22) and h is a solution of
Ah —h+ 3R*h = —w(R). (9.4.21)
At lowest order in b, the equation for V| equation reduces to

AVL — Vi 4+ 2|Vol* Vi 4+ Vi W

= —i(b-p+ €hr + v(VD)R) — ieL3S [F (%Fﬁ) E_ﬂ;] . (9.4.22)
where we have used (9.4.20) in the right-hand side of (9.4.22).
The equation for the real part of V7 is alwayvs solvable, but when solving
the equation for its imaginary part, one needs to satisfy the solvability
condition

/ (pr + eh, + v(VD)R + L3S [F(%ﬁ)e—‘;]) RE&AE = 0. (9.4.23)

This differential equation involving a. b, and L is to be coupled with
(9.4.15) and (9.4.16) with @ = — L, /L. The resulting system provides the
modulation equations associated to weak perturbations of critical collapse.

Among the various perturbations amenable to this formalism, the effects
of a random potential describing the effect of impurities on the propagation
of a laser beam is of special interest. An important issue noted by Fibich and
Papanicolaou (1997a) concerns the probability of escape (corresponding to
L — oc¢) due to the random inhomogeneities.



Part IV

Coupling to a Mean Field






10

Mean Field Generation

This chapter is devoted to the modulation of a weakly nonlinear wave train
in the case where a mean field is driven due to quadratic nonlinearities.
The analysis is presented in the context of a scalar problem, first in a
ceneral framework and then exemplified on a few simple wave equations.
An example of degenerate case is also presented.

10.1 General Formalism

Consider a wave equation, assumed for the sake of simplicity to be scalar,
written in the symbolic form

L(0:, @)u+ G{u} = 0. (10.1.1)

Here L denotes a dispersive linear operator with real constant coefficients
where @ holds for the spatial gradient, and & refers to a nonlinear term

depending on the field © and on its derivatives. For a plane wave E“k'}{_““,

the dispersion relation associated to L reads
L(—iw,ik) = 0. (10.1.2)

In order to describe the weakly nonlinear regime, we introduce the slow
variables T' = et and X = ex, where € measures the magnitude of the wave
amplitude. In a multiple-scale analysis, d; is replaced by J; + edy and 9
by @ + €V. where V denotes the gradient with respect to the large-scale
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variables. We also expand the solution in the form
u = e(ug + euy + €2y + - - ). (10.1.3)

The linear operator L becomes

L(8; + €dp, 8 + €V) = L(8;, 8) + €[Lo(84,8)r + Y _ Li(8y, 8)dx,]

2

E s & 3 e
+E[Luu{5t, Q)orr + 2 E Ly (0, 8)0rx,
+ § Llj(dt dx .r."'l. ] " . {1[].1.4)

where L, and L, (with pg.v = 0,1,...,d) hold for the formal first and
second derivatives of the operator L with respect to d; (index 0) or to d;
(index i = 1,...,d).

At successive orders of the expansion, we have

L({E}t_._ E))-uu = ” {1”15)
L{Ht_._ 3)-!11 = — :L[](Ht_._ B)HT + Z Ll{at. 3)3;{1.:11[] — Gg{'ﬂ-ﬁ}: {1”1(])

1

L(Ht_._ 3)-!13 = - :L[](Ht_._ B)HT + Z Ll(at. 3)3;{1:111

1 f f : :
5 (Loo (0, )0 + 2 Z Loi(r, 9)0rx,

+ Z Lij{ﬁtg ﬂ)ﬁ}{ix]]'ii[] - G:{{'Elﬁr_ Uptey . -u[]?-u[]}, {1”1?)

where (G5 and ('3 refer to the nonlinearities arising at order ¢? and ¢°
respectively. The guadratic nonlinearity is assumed to include dmnatwes
that at this order are taken with respect to the fast variables.

Equation (10.1.5) reproduces the linearized problem, which is solved as

ug = 'ﬁlft}(X?T)EiEk-K_wtj + c.c. + ¢ (X, T, (10.1.8)

where the wave amplitude now depends on the slow variables. The notation
c.c. stands for complex conjugate. In the case where the equation includes
a quadratic nonlinearity, the “mean field” ¢, independent of the fast vari-
ables, is also retained to balance nonoscillating resonant terms arising at
higher order in the e-expansion.

Equation (10.1.6) is not always solvable. The solvability condition that
cancels out the oscillating resonant terms reads

(L“{—iw, ik)or + 3 Lj(—iw, -ik]ﬁ;{j)-a_ﬂu — 0. (10.1.9)

b
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By differentiating the dispersion relation. one gets
— Lo(—iw, ik}w} + Lj(—iw, ik) = 0, (10.1.10)

where v, = (w], - -.w}) is the group velocity associated to the carrier wave
vector k. The solvability condition becomes

Lo(—iw, ik) (HT tv, - v)% ~0. (10.1.11)

This condition is always satisfied when Ly(—iw, ik) = 0, i.e., when w(k) is a
double root of the dispersion relation. We concentrate here on the generic
case Lg(—iw,ik) # 0. The solvability condition then prescribes that to
leading order, on spatial and temporal scales of the order of the inverse
wave amplitude e ', the modulated wave train is only transported at the
eroup velocity. Equation (10.1.6) is then solved in the form

wr = 1 (X, T)e' KX 1 2(X, )P ®X= 4 ce 4 ¢1(X, T),
(10.1.12)
where ~ is a numerical constant and where we have included elements of the
null space of Ly that will be useful to prevent resonances at the next order.
The term ¢, is introduced when guadratic nonlinearities are present. to
cancel nonoscillating resonant terms that cannot be eliminated by a mean
field ¢y arising at the leading order.

Several terms may contribute to the nonlinearity (5. Cubic nonlinear-
ities in the primitive equations lead to a contribution of the form ug on
which derivatives with respect to fast variables may act. When the primi-
tive equation includes quadratic nonlinearities, contributions proportional
to d,, (uguy) or ugdy,ug are also possible.

The solvability condition that removes oscillating resonant terms reads

1 f
Lo(—iw, ik) (HT tv,- ?)-a;';'l + 3 [Lm}(—iw,ik)dﬁ

+237 Loj(—iw, )0rx, + 3 Li(—iw, k), x, | o

b 3.1

+ (sh [Wol* + 9201 + ) 930, *;E"u)'l_f?u =0, (10.1.13)
]

where g1, g2, and g3 ; are coeflicients. Only the first nonlinear coupling
occurs when the leading nonlinearity in the primitive equation. is cubic. In
the presence of quadratic nonlinearities, terms proportional to ¢,1y or to
(Ax, o)1 are also present, depending, as seen below, on the linear operator
in the primitive equation. Note that contributions of the form ¢udx vy
are not permitted, since they would be associated at previous order to a
term proportional to ¢giy (since at that order, the derivative is taken with
respect to the fast variable). Since we assume that no mean field is present
in the absence of modulation, such a coupling is not possible.
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When looking at the modulation as an initial value problem in time, and
assuming Ly(—iw, ik) nonzero * we use (10.1.11) to rewrite (10.1.13) as

Lo(—iw, ik) (dgr + vy, - ‘F)-a;';l

+ 5 Z (L[m{-—tw:-.ak)u;;wj - QL[JJ(“'iwa'ik)‘-‘f’f + L‘ji{“'-’msT-k})deX.r o

7.

+ (,mli:f»'ul2 + g2¢1 + Zy:s,jﬁqué[])a&[] = 0. (10.1.14)
j

Differentiating the dispersion relation twice, one gets
iw;}LH{—iw, Lk) + LJ.J}UJEL(H]{:—IP-MJ_._ lk] - uJEL[]j(—'iu.:, Lk)
—m;Lm{—iw,ik) + Lji(—iw,ik) = 0 (10.1.15)

T 2 . . . .
where w,;; = af = 18 the second-order derivative of the carrier frequency
R

with respect to the corresponding components of the wave vector. Equation
(10.1.14) thus becomes

. y 1 ) r
Lo(=iw, ik) ((9r + vy - V) = 5 > wlidx, xivo)
i
+ (g1|¢{]|2 + Hﬁﬁf’l + Zg:*}__jax] qfi[])'l_f?{] = (). {1[]11(‘.!:]
N

Combining (10.1.11) and (10.1.14), and defining v» = 10y + €14, we obtain
up to subdominant contributions?

Lo(—iw, ik) (91 + vy - V) — ieV - (D))

+ i-c(;;,r1|;s;-|2 + g2 + Zgﬁ_jaﬁj@u)-w ~0 (10.1.17)
j

i
where D denotes the matrix of elements %u.:ij. Since the coefficient
Lo(—iw, ik) is assumed to be non zero, (10.1.14) reduces to

O + vy - Vi) + eV - (DVY) + t—t(e;r1|t,£':|2 + oy + Z q3,;0x, ﬁf‘u)'iﬁ = (),
1

(10.1.18)

where q; g2 and g3 ; are real coupling coefficients because of the conservative

character of the problem.

'"When Ly(—iw,ik) = 0, a nonlinear Klein-Gordon equation is obtained. A
example is given in Lange and Newell (1971) in the context of the postbuckling
problem of a thin elastic shell. Another situation is provided by the Kelvin-
Helmholtz instability near onset (Weissman 1979, see also Craik 1985).

*Alternatively, as in Section 1.1, one can take vy = 0 and using (10.1.11),
write ¢ as a function of £ = X — v,T and of a longer time scale 7 = €7t.
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In (10.1.7), the non oscillating terms present in the right-hand side are
also resonant. The corresponding solvability condition reads

Lo(0,0)0r¢1 + ZLi(m 0)dx, 61+ 2 Loo(0,0)rrdo + Y Loi(0,0)dx, 760

+ = ZL” (0,0)dx,x, 60 + Z}a dx, |ol? = 0, (10.1.19)

t.]

where the A;’s (which at least some of them are non-zero) are real
coefficients originating from the nonlinearity '3 assumed to include
derivatives.

If the linear operator of the primitive equation includes first order but not
second order derivatives, as illustrated by the Korteveg—de Vries equation

discussed in Section 10.2.1, we take ¢y = (0 and the solvability condition
reduces to
Lo(0.0)d761 + Z ( (0,0)8x, 61 + \idx, |vo| ) (10.1.20)

If differently the lowest order derivatives are of second order, the
solvability condition reads

1 . . . .
§Luu[”;ﬂ)f?}TT¢’[] + ZL[H{U: 0)dx, 700

+ = ZLH (0,0)0x, x, b0 + ZA Ox,|vol? =0, (10.1.21)

i,]

where again some of the coeflicients may vanish. This case is illustrated in
Section 10.2.2 by the Boussinesq equation.

In contrast, for the Kadomtsev—Petviashvili equation considered in Sec-
tion 10.2.3. the amplitude modulation does not drive mean fields at the
level of (10.1.19) since A; = 0. In this case, ¢g = 0 and the mean field
equation arises at the next order in the form

1 a0 ; .
EL[][]{U, [})@TT@] + Z Lﬂl(” []}dﬁiTq‘t’l

+ % Z L;i;(0,0)0x, x,¢1 + Z AijOx, x, gl = 0.  (10.1.22)
i, i.J
Writing the equations in the frame moving at the group velocity of the
wave packet, we define § = X —v,T', and introduce the slower time 7 = €7".
One is then led to replace dr by —v, -V + €d;, and to leading order, the
dynamics of the mean fields are slaved to those of the amplitude carrier.
We obtain the system

0 + - Zmﬁtﬂgjgﬂw-{-(qlhﬂ +g201 + Y a3, C}{Jqﬁu) =0, (10.1.23)

.1 b
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where, according to the form of the linear operator in the primitive
equation, the mean field is given by

> o, ( — Lo(0,0)w! + L;i(0,0))¢, + Ai|-a_;;|2) =0, (10.1.24)
or
1 At f 1 ; i ¢ 2
Z (EL.[].[]{:”_._ []}u.-’i:u.!j - Lt}i(”, U)L:Jj + ELE;J'(”_._ ”))d&ﬁ_f g -+ Z kjdﬁ} |ErJ| = ”
1,3 3
(10.1.25)
or
1 1 . . ; L
Z (ELUU{”?— [])u..':u.e'; '-'Lm;{”.._ U)u.-’j'l'EL”{U U))C}&EJQI -}-Z J"i._j C}Eifg |w|3 = (].
i, t,J
(10.1.26)

These mean field equations are solvable in one space dimension, and in
this case, ¢1 or degp is proportional to [12|?. The equation for the wave
amplitude then reduces to the canonical one-dimensional cubic Schrodinger
equation where the nonlinear coupling is renormalized by the interaction
with the mean field.

10.2 A few simple examples

We consider here a few typical examples of scalar wave equations with
quadratic nonlinearity. Following Newell (1985), we first consider the
Korteweg—de Vries equation (see also Zakharov and Kuznetsov 1986a).
On the time scale of the envelope dynamics, the mean field is slaved and
proportional to the square amplitude of the envelope. Differently, for the
Boussinesq equation, it is the mean field gradient that is proportional to
this quantity. In both cases, the cubic nonlinear Schrodinger equation is
recovered with a coupling coefficient renormalized by the interaction with
the mean field. This is not the case in higher dimensions. where the non-
linear Schrodinger equation is coupled to an equation for the mean flow
(Davey—Stewartson system). This situation is illustrated in the case of the
Kadomtsev—Petviashvili equation. also considered by Ablowitz, Manakov
and Schultz(1990) and Ablowitz and Clarkson (1991, p. 264).

10.2.1 The Korteweg—de Vries equation
The Korteweg—de Vries (KdV) equation
Uy + AMipyr + vty =0 (10.2.1)

is classically obtained as the canonical description of the long-wave dynam-
ics (in a frame moving at the phase velocity) of a one-dimensional weakly
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nonlinear wave with a linear dispersion relation given by w = ak+ gk* +- - -
in the limit of small wave numbers (Segur 1978). It was first derived in the
context of shallow water-waves (see, e.g., Ablowitz and Segur 1981, Newell
1985). A simple example concerning plasma waves is given in Washimi and
Taniuti (1966). It is a main paradigm of a soliton equation integrable by
inverse scattering transform. A historical survey of the discovery of KdV
solitons is found in Allen (1998).

Since the nonlinear term includes a first order derivative, a resonant
term Oy |1p|? arises in the equation obtained at the third order of the e-
expansion. This term drives a mean field that because of the form of the
linear operator in the KdV equation (first order in time and third order in
space) occurs in the correction term u;.

Proceeding as in the previous section, we obtain at the successive orders
of expansion

gt + A up = 0, (10.2.2)
Oy + Ay, = —dpug — 3N Oxup — %Eﬂmuﬁ (10.2.3)
Ostly + Jut‘:?iug_._ = —Opuy — iik@ﬁﬁxul - li)\ﬁm@?{t.:“
— e (uwguy) — %H‘xuﬁ. (10.2.4)
At leading order, we have
up = e FrTeN 4 e (10.2.5)
with w = —AEk®. As expected, at the next order, the solvability condition
reads
Aty + w'Ox iy = 0, (10.2.6)
and we solve
wy = petthr—wi) 4 L-gﬁeﬂ’*’{“—““ + c.c. + &, (10.2.7)

GAk?
where the mean flow arises at a subdominant order. At the third order,
solvability conditions are written in order to eliminate both resonant terms
proportional to e**=«*) (and its complex conjugate) and those indepen-
dent of the fast variables. Defining v» = 1y + €01 and using (10.2.6), we
oet

, , 1.
Ot — 3AK? Dy + ie{3NkOY + mmw + kol =0 (10.2.8)

dr¢ + Ox|i]? = 0. (10.2.9)

Since ¢ arises in the O(e)-term in (10.2.8), it is enough to compute it at
leading order, and thus to replace (10.2.9) by

1
JAkR?

Ord + A2 =0 (10.2.10)
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or

S| (10.2.11)

Equivalently, one can argue that since the mean field ¢ evolves on a time
scale of order e~ !, faster than the typical time of order ¢2 of the carrier
modulation, its dynamics on the latter time scale adiabatically follows that
of the carrier.
The equation for the wave amplitude becomes
1

O6Ak
Using the reference frame moving at the group velocity and rescaling time,
we define £ = x + 3\k?t and 7 = €T". We finally get

O — INE2Ox 1) + ie{3NkO% ) — 0|1} = 0. (10.2.12)

1 .
i0_ 1) — 3Nk — % = 0. 10.2.13
1010 Wee + GM:M Y ) ( )

Note that the Benjamin—Feir instability is prevented by the effect of the
mean field, which has a stabilizing effect.

10.2.2 The Boussinesq equation

A simple example where the mean flow arises at the leading order is
provided by the Boussinesq equation

Ut — EE“‘II + -:"l“r:;r::rm: — ."37-!'3?“::::::: {1”214:}

which describes the dynamics of two dispersive counterpropagating waves.
In the long-wave, weakly nonlinear regime A ~ G < 1, these two waves
decouple, and the dynamics of each of them are governed by the KdV
equation (Ablowitz and Segur 1981). Here we assume the dispersion finite
and the nonlinearity weak.

When introducing the slow variables, the linear operator arising in the
left-hand side of the equation can be rewritten in the form

L=L" 4erW 4 &0 4. (10.2.15)
where
L' = 8y — ¢*0pp + NOssas (10.2.16)
L' = 2(,0r — ?0,0x + 2)0,0x), (10.2.17)
L% = pp — 205 + 60205 (10.2.18)
Taking A and 3 of order unity, one expands u = €(ug + euy + ---). At the
siuccessive orders, the e-expansion leads to the system
LWy =0, (10.2.19)
LWy = —LWyg 4 8(0,u0)(02ug), (10.2.20)

L{[]}Hg = '-'L{E:I'H.[] - L“}T.L]_ -+ .IGGE-_. {1”221:]
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where
Gy = (20,.0xug + 02wy ) Opug + (Oxug + Optey )Opp g, (10.2.22)
At leading order, we solve
Up = -a,-"f.;].e";{k:‘"_“"t:' + c.c. + ¢y, (10.2.23)
with the dispersion relation
— W+ AR+ A =0, (10.2.24)

In (10.2.20), the linear term of the right-hand side is resonant and thus
leads to the solvability condition

(0,07 — 0, 0x + 20020x )by = 0, (10.2.25)
or
iw(Bp + w'dx )y = 0. (10.2.26)
Equation (10.2.20) is then solved as
iF 9 gi(ke—wt) (kx—wt)
Uy = ————ahZe2HET—wt) 4 g etRT—wh) 4 o6 10.2.27
1 12\ IP(} Ef 1 '[ :]

The solvability condition that cancels out the resonant terms proportional
to e'®*~wt in (10.2.21), is

f 32 k2
—2iw (O +w' Ox )W —ww" 0% 1y — - 3

The solvability condition that eliminates the nonoscillating terms in
(10.2.21) is

o |1+ Bk 1edx ¢ = 0. (10.2.28)

(92 — 20%)¢ = Bk*Ox o] (10.2.29)

Defining 1 = y+er; and p = dy ¢ and combining the successive solvability
conditions originating from the oscillating terms, we obtain the system

. I , eyl .SERE IILE?
2i(Op + W' Ox ) + efw" O + |1|._L| Y — —paﬁ} =0, (10.2.30)
(07 — .;:ﬂdx)p - ﬁﬁ,ﬂdﬂw =0. (10.2.31)
At leading order
9% — 29| |? = (W™ — ¢2)0% |v]?, 10.2.32
T X X
and (10.2.31) becomes
2
5 — ) p — ﬁ k s|v)7) = 0. 10.2.33
T X/\P
Excluding the long-wave short-wave resonance w’' = ¢ where the group
velocity of the carrier equals the phase velocity of the mean field, we get
k>

. 12 . .
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In other words, the low frequency field p which on the time scale e =1 obeys a
wave equation driven by the amplitude modulation of the carrier, becomes
slaved on the time scale e 2.

After elimination of the mean field, one finally obtains

, k232"
2i(Op + W'dx ) + € (m”ﬁffqﬂ 0 s

SAMw? — ¢2)

|;L-|2;L-) — (), (10.2.35)

which after the change of frame £ = X — W'T and the introduction of
a slower time scale 7 = €T = ¢*t, reduces to the canonical nonlinear
Schrodinger equation

IL‘E ﬁzw”

v I . 5
A= ) 2 = 0. (10.2.36)

2“?7-'{# -+ LJ:.-:'”{F:}E{'F.I,EIJ — |'i'__|£'}

Near the long-wave short-wave resonance w’ = ¢, we rewrite the system
(10.2.30)—(10.2.31) in the frame moving at the group velocity of the wave
packet. Using the variables £ = X — W'T and 7 = €T, and neglecting
()(e?)-corrections, we get,

y " B2k . kP o o

2001 + W ee + o 0] = ——p |y =0 (10.2.37)

—2w'ed.p + (W — c?)ep — BEZ 0| |* = 0. (10.2.38)

Near the resonance (¢ — w’ = ve), the amplitude is rescaled by writing

s
]

r = e'/24. Equivalently, the wave amplitude can be kept of order ¢ and
the distance to the resonance taken as ¢ — w' = ve?/?. The other variables
are also differently rescaled in the form ¢ = €2/*(x — w't) and 7 = €*/3¢,
while p = 0,¢ is obtained by scaling the physical variable by /3.
Neglecting subdominant terms and dropping the tildes, we get

2001) 4+ wihee — Riﬁ pp =0 (10.2.39)
y : Bk,
2w d-p 4 vOLp + 2 de[v]” = 0. (10.2.40)
By simple rescaling, this system takes the canonical form (Benney 1977)
W + Apge — pyp =0 (10.2.41)
pr +vpe + a(|¥]?)e =0, (10.2.42)

where A and o are positive constants. Note that at the resonance., the
mean field is no longer slaved to the carrier modulation. System (10.2.41)-
(10.2.42) was solved by inverse scattering technique in the case A = 1/2
and & = 1 by Yajima and Oikawa (1976), and for » = 0 and arbitrary
positive A and e« by Ma (1978). The well-posedness of the system when the
(subdominant) cubic nonlinearity is retained in the carrier amplitude equa-
tion is studied by Bekiranov, Ogawa, and Ponce (1996) (see also references
therein).
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10.2.3 The Kadomtsev—Pelviashvili equation

The equation, named after Kadomtsev and Petviashvili (1970) can be
viewed as the multidimensional generalization of the KdV equation when
slow variations in a direction transverse to the propagation are retained. A
systematic derivation of this equation in the context of surface water waves
is found in Freeman and Davey (1975). It reads

e + Uppy + Ul )y + Ay, = 0. 2.4
Aty = 0 10.2.43

where A = £1. The case A = —1 is called KPI, while A = +1 is known as
KPII. Both are integrable by inverse scattering transform (Ablowitz and
Clarkson 1991).

The carrying wave being assumed to propagate in the x direction, we
introduce the slow variables X = ex, ¥ = ey, and T = ¢t and expand in
powers of €.

At order € we have

0. (0; + 0)ug = 0, (10.2.44)
leading to
up = Po(X,Y, T}Eﬁh_“‘ﬂ + c.c. (10.2.45)
with w = —k*,
At order ¢, we have
1

Dp(0f + 02y = — (0,07 + 0 0x + 4902 )ug — Eiﬂmuﬁ. (10.2.46)

The solvability condition reads

Py + w'Oxpy = 0, (10.2.47)
with w’ = —3k%. The equation for u; becomes
o g o 1, > Vil —w |
0. (0 + 03 )uy = —Edm(;s;ﬁeﬂ kr=wt) ¢ c.), (10.2.48)
and is solved as
= “—E-q'ﬁeﬂ““'“_““+-1_£J1{X; Y, T)el'*==wt f e e 40 (X, Y. T), (10.2.49)
i1

where elements spanning the null space have been included.
At third order, we have

O (0 + 03 ug = — (0,07 + Ox Oy + 40x 02 )uy
—(OxOr + 60592 up — D 0xuf — 2 (upur) — Ay yup.
(10.2.50)
The solvability condition reads
(—ikOr + 3ik*Ox )1 — Oxribo + 6k%x x o
— Adyy o + é|ﬂf»‘[]|2'lﬁu + k2 p11po = 0. (10.2.51)
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Defining. as before, 1 = 1y + ey, and using that o = 3k2dx1 + O(e),
we obtain
r r | r
— ik(r — 3K 0x) 1 + e{3K°Ox x v = Myy v + (Gl + K ¢1)v} =0,

(10.2.52)
or

A 1. |
—0% ) — |[@|w|*a + ke )} = 0. (10.2.53)

i(Op — 3k20x ) + e{—3kd% 1) + .

The mean field ¢, is obtained by considering the order €*, which reads
O:(0y + 02 )uz = — (0,07 + Ox 0y + 40x 02 )us —

—(OxOp + 60507 uy — Adyu, — dikdyug

1., . | R

‘"gai’ ug — O 0x (uguy) — Efﬂi(-u‘f + 2ugus).

(10.2.54)

Elimination of the non oscillating resonant terms requires the solvability
condition. which to leading order, reads

OrOxd + Adyyd + Oxx |[v]? = 0. (10.2.55)
Using the reference frame moving at the group velocity, we define
¢ = X + 3k*T, (10.2.56)

and introducing 7 = €%t, we have

. Y Lo . .
10,4 — 3kDeet) + Oy v — (@mﬁ + ko) =0,  (10.2.57)
€0:0c 0 + 3k ged + ANdyyd + Oge||* = 0. (10.2.58)

In the limit € — 0, that is to say on the time scale O(e?), the mean flow
obeys

3k*Deed + Ndyy ¢ = —Oge |y (10.2.59)

and thus follows adiabatically the amplitude dynamics. The resulting
“Davey—Stewartson (DS) system” can be written in a canonical form by

mqmlmg the dFLFlldFllt mld 111(‘191}911(19111: variables in the form v = 64,
O = keﬁfﬂ E=FkE Y =3 _EY and T = —T After dropping the tildes, we
oet

101 — Oeeth + Adyyih — 2(|0)* + @) =0 (10.2.60)
Deed + Ay y d + 20¢¢|00|* = 0, (10.2.61)

where A = 4+1. This system is discussed in details in Chapter 12.
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10.3 A Degenerate Case

As exemplified above, the cubic NLS equation (or in several dimensions,
the DS system) is the canonical equation for the envelope dynamics of a
weakly nonlinear dispersive wave train. In some instances, however, the
interactions of the carrying wave with the mean field and with the second
harmonics exactly cancel out in the solvability condition that generically
leads to the NLS equation. At the usual temporal and spatial scales for
the envelope evolution. the dynamics are then purely dispersive. Nonlinear
effects become relevant only in considering a wave of larger amplitude, or
equivalently a modulation at larger scales. This situation arises in the con-
text of the two-dimensional water-wave problem in the special case where
the product kh of the carrier wave number £ and the undisturbed fluid
depth h is close to a critical value {about 1.363 in the absence of surface
tension), for which the coefficient in front of the nonlinear term in the
(one-dimensional) NLS equation for the wave amplitude vanishes (Johnson
1977). Another example not restricted to a specific choice of the carrier
wave number, is provided by the Benjamin—Ono equation

ou 9% [T wu(z) du
_+_ ‘ —dj:j _|.. -u‘_— — [] ].”:‘.:].
ot Oax? /_m r - oz .

where the integral is taken in the sense of principal value. This equa-

tion arises in the description of long internal waves propagating in a deep

stratified fluid (Benjamin 1967b, Davies and Acrivos 1967, Ono 1975).
Using that the Hilbert transform

+ oo N
Hu(z) = f u(@) dx’

; of
o T —T

reads in Fourier space Hu(k) = isgn (k) @(k), (10.3.1) can be rewritten in
the form

@ — 1| Dy |Dyu + iuDyu = 0, (10.3.2)
ot
where D, = -—i% and | D, | corresponds to the Fourier multiplier |k|.

In introducing the slow variable X = ex, |D,_| is replaced by |D. + eD x|,
which we expand in powers of €. This can be done formally as in the case
of a usual Taylor expansion (Craig, Sulem, and Sulem 1992). It should be
noticed that the operator |D, + eDx/| is given by |D.|7'D.(D, + eDy)
when it acts on a function depending on both the slow and fast variables,
while it reduces to €|Dx| when applied to functions of the slow variable
only. It follows that the linear operator appearing on the left-hand side of
(10.3.2) is expanded as L = L% 4 ¢L\Y) 4 ¢2L12) 4 ... where

LY =9, —i|D,|D,, (10.3.3)
LW = 9y — 2i|D,|Dy. (10.3.4)
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and
L? = —iD,|D,|"'Dxx. (10.3.5)
when acting on functions of both the slow and fast variables, or
L'? = —i{|Dx|Dx (10.3.6)

when acting on functions of the sole slow variables.
In order that in the envelope equation the dispersion be comparable to
the nonlinear terms, expected of the form [i|*) or dx (|10]?)y, we are led

to expand u = €'/ 2ug + eu; + € %uy + - - -. This leads to the hierarchy

LWy =0, (10.3.7)
LWy, = méﬂz(uﬁ), (10.3.8)
LWy = —LWyy —iD., (uguy), (10.3.9)
LWy, = —LWyy — iﬂm(étﬁ + ugug) — %D;{ (ud), (10.3.10)

L{”]T.Lq = “L[l}uz . L{Ej?’-ﬂu — 1Dy (urug + uguz) — iDx (upus), (10.3.11)
1 L

LWy = —~LWyy — Ly — D, (ugug + ugus + Euj} — iDx (ugus + Eul)
(10.3.12)
Equation (10.3.7) is solved as
wo = Poe'? + c.c. (10.3.13)
with # = kxr — wt and the dispersion relation
w+ |k|k = 0. (10.3.14)
Equation (10.3.8) is solved as

{2
LT

2k

Uy = 2 4oape’ 4 e+ by (10.3.15)

Equation (10.3.9) requires the solvability condition

|'i.f*‘u~|2
2|k

(H’T - 2|k‘|ax)'ﬁf}u + '.’:.Ii:( + {_‘.?.'?1)1,1{);} = (, I[l[].ﬂ.lﬁ)

where —2|k| is identified with the group velocity w’. It then gives

3 ] i
§ o Tyl I , :
i"';:]:'g Edh.ﬁ' + Li[}:fi 1 EE?,F} + ,{III_.;EE?.E' + c.c. + o¢o. {]_[]:{]_T:]

Uy =
The solvability conditions required for (10.3.10) read

(Or — 2|k

¥ - | i | i B 1 CF | L
Ox ) + i k(yY1¢1 + Yoga) + isgnk (Ep[ful 1 |-1,L=¢}|‘:"-1_5J1) =0
(10.3.18)
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and

Oror + Dx|o]? = 0. (10.3.19)
One then solves (10.3.10) in the form

30 4 TEEM + ’l',b;a],Eig + c.c. + ¢3 (10.3.20)

where o, 7. and ~ are slowly varying functions that are easily obtained by
identification in (10.3.10). In fact, only ~ is to be computed explicitely, in
the form

1

4|k|k
1

(10.3.21

|.IE{.'| (wiﬂbz'l' w] 2|k|mltl'&ﬂ 4|k|2|1:bﬂ| w[]) U i )

1 f
v = (—ﬂarwé’i + :wxwfi)

The solvability of (10.3.11) requires

1 1
Op — 2|k|0x )2 + isgnkdx x 1o + isgﬂk(gﬁbﬁﬁbg + |¢’1|21i?u + e b0l *1b0)

[thal*2ho) =
(10.3.22)

+ik(@1the + P2t + datho + yibg) + Ox (Yod1 + 5 2|’I"|

and

Oréz + Ox (o7 + Y1) = 0. (10.3.23)

The system formed by the solvability conditions (10.3.16), (10.3.18),
(10.3.19), (10.3.22), and (10.3.23) will be closed by expressing ¢; by means
of the solvability condition suppressing the nonoscillating resonant terms
from the right-hand side of (10.3.12). It reads

Orgs — |Dx|0x¢1 + Hx(4k2 o) + t:ﬂ'l + [ |* + ors + 1,5)[].?.&53) = (.
(10.3.24)
One then defines v = g + €'/211 + ey and ¢ = ¢ + €209 + ed3. Using
the frame moving with the group velocity by defining £ = X — w'T", and
introducing 7 = €1', one obtains

2 2
€010 + i € sgn kdeer) +ik(¢v + %)#’H— tesgn ko 20k ||¢| ﬁff('i‘*‘ |2T;L|)
. 4 |1:'-f)|E HE

(10.3.25)

Fd ﬁﬁ*‘l‘d (2’|.|EC| 2 @2 |1:'f;|;1 D @ "'O 3/2
£ {D-|-|’t|.'.'l)| +F +E |k|2 +F| 4E| ff{;'_ (E :]

(10.3.26)
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Equation (10.3.26) is solved at order O(¢*/?) in the form

P 3
/2
2/k|e + [ = (W 2|k||Da-:l{laf»| )+ 0- f 2|L|d£) +O(e77).
Replacing this expression in (10.3.25), we have

(10.3.27)

i E | 2
s ] - s ] .I -Illl.lr'|
d-) +isgnk deet) — —sgn k b4 4+ —| D ) + O /

1

— —— " Ot = 0. 10.3.2
4|ﬁ.‘-|w @ETP 0 |[ (0 8]

The term 9, [~ &7 Ll ﬂlk' d§ in (10.3.28) is calculated by multiplying this equation
by 1%, integrating over (—oc, £, and taking the imaginary part. This gives

o [E Ul = L sn k00 — v0u) + el (10329
2|L| BT R V) + gl 3.2

Substituting in (10.3.28), we get

a o o 0 1 2 L O — Y ) ¢
Orth + i sgnk dgety — - sgnk (2“;:' [De (1) + 5 (7 0ep — b0y }) (s
1

~4[K|

Equivalently, the equation rewrites

W Oel? = (10.3.30)

, 1
b|? = 10.3.3.
(] 2) 4|g|7‘“d‘f Y*) =0 (10.3.31)

or
1
2i01) + w" Deer) — m e ((sgnk H +1)[y|*) v =0, (10.3.32)
where w” = —2 sgn k for k # 0, and H is the Hilbert transform. This equa-
tion was derived by Pelinovsky (1995) (see also Pelinovsky and Grimshaw
1996) who revisited a previous analysis by Tanaka (1982). The integra-
bility by inverse scattering transform was established in Pelinovsky and

Grimshaw (1995).

Remark: Another example of degeneracy concerns the vicinity of a caustic
of the dispersive wave where the group velocity is stationary and the disper-
sive effects thus relatively weak. The NLS equation must then be modified
by the inclusion of third-order derivatives. The existence of wave envelopes
of permanent form in this regime is discussed by Akylas and Kung (1990).



11
Gravity-Capillary Surface Waves

We consider in this chapter the weakly nonlinear dynamics of a wave train
propagating at the surface of a liquid, a question also referred to as the
water-wave problem. When the wave is modulated in the direction of prop-
agation only, the long-time large-scale dynamics of the envelope is governed
by the cubic Schrodinger equation in one space dimension (see Zakharov
1968b for the case of infinitely deep water, Hasimoto and Ono 1972 for the
extension to a finite depth., and Kawahara 1975 for the inclusion of the sur-
face tension). We review here the more general case where perturbations in
the transverse directions are also permitted. In this case, a mean flow and a
mean elevation of the free surface are induced by the amplitude modulation
of the wave. The original derivations of the envelope equations in the case
of pure gravity waves are due to Benney and Roskes (1969), who retained
the dynamics of the mean fields, and Davey and Stewartson (1974), who
consider these fields on the long-time scale where they are slaved to the am-
plitude modulation (see also Johnson 1997). It is noticeable that the former
system is identical with that arising in situations where the carrying wave
modulation drives low-frequency acoustic waves (Zakharov and Rubenchik
1972, Zakharov and Schulman 1991), thus providing another example of
the canonical character of the amplitude equations. The effect of surface
tension was included by Djordjevic and Redekopp (1977) and Ablowitz and
Segur (1979).
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11.1 The Water-Wave Problem

11.1.1 Equations Governing the Interface Motion

In this section a formal derivation of the Davey—Stewartson (DS) sys-
tem including the surface tension is presented. The modulation analysis
is performed, starting from a reduced formulation of the water-wave prob-
lem in terms of the free surface elevation and the trace of the velocity
potential on this surface. We consider the motion of the free surface
r = (x,y,z = h(xz,y)) of a three-dimensional fluid with surface tension
(normalized by the density) [, under the influence of gravity ¢g. The domain
is infinite in the horizontal directions and has a fixed bottom at z = — Hj.
The fluid is assumed to be incompressible, inviscid. and irrotational, so that
the motion is described by a velocity potential ® that satisfies (Whitham
1974, Karpman 1975)

AP =0 for — Hy<z<h(x,yt), (11.1.1)
with the boundary conditions
7.2 =0 on z=—H,, (11.1.2)
and
P + %(?@)2 + gh — BT(h) = 0, (11.1.3)
Hh+V, -V h—0.¢ =0, (11.1.4)

on the free surface z = h(z, y.t) over the fluid domain. Here V| = (d,,9,)
is the horizontal gradient, and

i hoz (1 + h;) 4 hyy (1 + h3) — 2h hyhy,
(h) = (1 + |V h|?)3/2

is the mean curvature of the free surface. Proceeding as in Craig and Sulem

(1993), we first reduce (11.1.1)—(11.1.4) to a system where all the functions
are evaluated at the free surface only by introducing the trace ¢(z,y,t) =
Gz, y, h(x,y,t),t) of the velocity potential & at the surface and defining
the Dirichlet—Neumann operator ¢ that relates ¢ to the normal derivative
J, P of the potential by

(11.1.5)

G(h)¢ = 1+ |Vih[? 8,8 =(-V ®-V h+8.9) . (1L16)

h

On the free surface z = h(z, y,t), we additionally have
Oy ® = diod — A hi, P, dp, ® =0, ¢ — 0, hd. D, (11.1.7)

where x;, with ¢ = (1,2), stands for x or y.

The water-wave problem is a Hamiltonian system in terms of the canon-
ical variables (h, ¢), where the Hamiltonian identifies with the total energy
of the fluid (see Zakharov 1998 for a recent review).
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Proposition 11.1. The free surface elevation h{x,y,t) and the trace
¢lx,y, t) of the velocity potential on this surface satisfy the system

Oh — G(R)¢ = 0, (11.1.8)
(VL0 = (G(h)9)* = 2AVLh-V16)G(h)

9 4 oh
i + gh + 20+ [V LhP)

HV AP VL6~ (V ik vﬂu)ﬂ) — B0(h) = 0. (11.1.9)

When linearizing the water-wave equations about the static solution h =
Hy., ¢ = (), one gets harmonic waves obeving the dispersion relation

w?® = k(g + Bk*)tanh(Huk). (11.1.10)

This leads to the definition of a critical wavelength \,, = 2w(3/g)!/?
(approximately equal to 1.73 cm in the case of water), for the relative im-
portance of gravity and surface tension (see, e.g., Whitham 1974, Chap. 12).
For perturbations whose wavelength is large compared to A,,, surface ten-
sion is negligible, and such perturbations are referred to as gravity waves. In
the opposite regime where the wavelength of the perturbation is small com-
pared to A,,, gravity is negligible and the waves are capillary waves. The
regime where both effects are comparable corresponds to gravity—capillary
Waves.

In the shallow water limit kH, — 0, the dispersion relation is expanded
as

, 171 6] -
w = +(gHo) k|1 = (7 =~z )K2HG + - |. 11.1.11
(gHy) o\3 = gH? 0 ( )
The Korteweg—de Vries and, in several dimensions, the Kadomtsev—
Petviashvili equations are obtained in this limit by including nonlinear
effects with a strength comparable to the (weak) dispersion (see, e.g.,
Ablowitz and Segur 1981, Section 4.1).
In contrast, in the deep water limit, kHy — oc.
(k?

w3=gk:(1+- ) (11.1.12)
g

and the gravity waves are strongly dispersive.

11.1.2  Formal Modulation Analysis

In the following, we need the Tayvlor expansion of the operator G in powers
of the surface elevation h in the form

G(h) =) Gj(h). (11.1.13)

where (7;(h) is a pseudo-differential operator homogeneous in h of degree j.
In order to compute explicitly these operators. we consider the particular
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family of functions
folz,y, 2) = e'ProP2Y) cosh(|p|(z + Hy)), (11.1.14)

where |p| = +/p] + p5. These functions are harmonic in the domain
{z > —H,} and satisfy d.f, = 0 on the bottom boundary z = —H,.
By definition,

G{h)fp — Hzfp - vlfp -Vih

(11.1.15)

We substitute (11.1.14) into (11.1.15), expand the hyperbolic functions
near z = 0, and replace the left-hand side of (11.1.15) by its expansion
E;’C_ﬂ G(z)fp- This leads to an identity where by equating the terms of
degree j in h we get a recursion formula for the (;’s (Craig and Groves
1994). Using the notation |D| = (—A)1/2, the first three terms of the
expansion read

Gy = |D|tanh(H,|D|). (11.1.16)
Gll[h-) = D -hD — GuhG{], {11.1.1?)

1 . .
Ga(h) = —3 (Goh®|D|? + | DI?h*Gy — 2GyhGohGy) . (11.1.18)

In a weakly nonlinear analysis, we expand the solution in the form

h=eh'V 4 2h2 4. .. (11.1.19)
¢ = eV 4 202 4 ... (11.1.20)
G=G9 4GV +.... (11.1.21)

We also introduce a large-scale spatial variable X = (X,Y) = €(xz,y) and
a slow time 17" = et. At leading order, we have the linearized system

L(h) =0 (11.1.22)

@
with (A = O + Oyy)

Oy — Gy *
L= J | (11.1.23)
g—08A, O

It admits solutions of the form

tw ko —w
p — — U (X, T)e'Fe = e e (11.1.24)
qzl'[l} — 'E_.'.'I?]_{X?T)Eil:km_wt) + c.c. + 'IEJ{X.. T)‘ {11125)

where we include a mean potential ¢, which will be useful at the next order
of the expansion. The wave number k is related to w by the dispersion
relation w? = (g + Fk?) ktanh(Hyk). For concise notation, we write

x = Hpk, 0 =tanhy. (11.1.26)
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We also use D, = —id,, Dx = —idx, and Dy = —idy and define |D,| =
(—02)1/2. We expand |D| = (—A)Y? and tanh(h|D|) in the form

2
ID| = | Dy| + €D, | Dy 'Dx + %|D,,,:|—1D$, + O(%), (11.1.27)
and
tanh(Hy|D|) = tanh(Hy|D..|) + EH{}D$|D$|_1(1 — tﬂllhz(HﬂDm})DX

+e? (%|Dm|_l (1- tanhE[HuDu:})D%

~H2(1 — tanh?(H,D,)) tanh{H¢}|Dm|)) D2 + O(é%).
(11.1.28)

To obtain the coefficients G'™, we first expand G in powers of h and then
use the expansion of i in terms of ¢, together with (11.1.27)—-(11.1.28). At
leading order, we recover

G = D, tanh(H,D.). (11.1.29)
The terms of order € and € are respectively

GWY = D.hYD, - GYRYGY 4 tanh(HyD,)Dx
+HyD, (1~ tanh®(H,D,))Dx (11.1.30)

G® = ~|D, [~ tanb (Ho| D) D} + Ho(1 — tanb?(HoD..)) D}

+ % (1 - tanhE{Hqu))D%

~HiD, (1~ tanh?*(HyD,)) tanh(H,D,) D%

+D,.hPD, - GVR2GY + DAY Dy + Dxh'VD,

~G9% W (tanh(HyD,)Dx + HyD, (1 — tanh®*(HyD,))Dx)

—(tanh(HyD,)Dx + HyD, (1 — tanh®(HyD,)) Dx ) h'" G

_%(g[mhmz D2 4 D2RV2GO — 2GO M GO RMGO),
(11.1.31)

We now expand equations (11.1.8)—(11.1.9) in powers of €, which at order
n > 1 gives the inhomogeneous linear system

(m) 1
(1) (), 115
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The solvability of (11.1.32) requires that its right-hand side be orthogonal
to the kernel of the adjoint operator

. . + 3D?
It — LdT P (11.1.33)
—0) 8,

of L. Since the kernel of LT is spanned by

1 : 1
et et and : (11.1.34)
9+Eﬁc"* 0/

the solvability conditions are given by two conditions:

(S1) A,, does not contain terms independent of (kx — wt).

(S2) The coefficients P,, and Q,, of ¢''**=«!) in A, and B, respectively,
satisfy

T

Pn + m(@ﬂ =0. (11.1.35)

At order n = 2, we have
Ay = —hb) + GW L), (11.1.36)
By = —oi) — %[@L”)E + %[ijqﬁ“}]z +28RtY). (11.1.37)

Using the expressions of A, 1), and G given in (11.1.24), (11.1.25),
and (11.1.30), we get

3’12 —_— 1(-—%‘,{#1?, . {E' + 1—(1 - HE))'EIiI}lX)Ei{kI_wﬂ

g+ k2
+M-w T(1 — @tanh(2y))e* ==t 4 c.c (11.1.38)
g-{-ﬁkz £ X =G, N
o0, . 2wk3
By = —pr + K07 = Dl f? — (e + =zt Jetem0
1., .
+§ﬁ:4’¢-f’( + 0?)e? et 4 ce, (11.1.39)
At this order, the solvability condition thus reads
2w 203k20
= 0+ x(1 - 6%) + —) -0, 11.1.40
gt (X0 - P + S i =0, (11140
or eril.livalentljf, in terms of the group velocity w’,
U 4wy =0, (11.1.41)
Equation (11.1.32) at order n = 2 is then solved in the form
h'2) = qetthe—wtl g e2ihe—wt) Lo L] (11.1.42)

P2 = peilhr—wt) 4 pe2iltkz—wt) 4 ¢ ¢ (11.1.43)
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where the coefficients are given by

1 64 x(1—6%) iw _
_ ) - by, (11.1.44
{1 g+ﬁk2w1?‘+ o ¢1x+g+ﬁkﬁ53 ( )
- (62 — 3)k? i
(Lo I{?qu E‘i... ﬂ-{-gﬁj} El,l_"J . {11141})
h = E(H(HE — )| |* = ¢r), (11.1.46)
by = 1o, (11.1.47)
ik (254802 (1 - 07) + 1(1 4 62)?)
by = s - 02 (11.1.48)

16(BK2(0% — 3) + 90°)

A mean velocity potential ¢ was retained at leading order, and it is not
necessary to introduce a correction at the present order. The quantities
11, e, and w are slowly varying functions that are still undetermined. As
stressed by Djordjevic and Redekoff (1977), the amplitude of the second
harmonics becomes infinite when the carrier wave number £ is such that
BE® _ HJ . Wave numbers satisfying this condition have the property that

the phase 1iu?.*lu::u::ltl»es w(k)/k and w(2k)/(2k) of the carrier and of the second
hi—'Ll‘l'ﬂDllil."S are equal, resulting in the phenomenon of “second harmonic res-
onance.” The usual asymptotics break down near such wave numbers, and
a special analysis is required (see McGoldrick 1972 and references therein).
In the following, the system is assumed to be far from this resonance,

At order ¢*, we have

Ay = —h? + G 4 My, (11.1.49)
= "'¢’T — oMol — ¢! jﬁﬁf}

+ GO (G{u},;-,izh n G“?h”?') + AWM GO )

+ B +hYY + 203 — 2hEIRE?). (11.1.50)
Elimination of the non-oscillating resonant terms in A4 leads to
e 2w
hr + Hy(lpxx + eyy) + P qu |I,E»l Y (11.1.51)

To express the solvability condition (5S2), we write P; and ()3 in the form

Py = —a1p — i(g + x(1 - 92})511 - i(ﬁ +x(1— ¢ ))%i'llr"r’
et (1 - Etauh{?ﬂ) Wby — k2(1 4 0%)htas

wk k3002 L |
b e + (;;4-,-33:2)2(“ 1 4 20 tanh(2) ¢4, -wl).-. (11.1.52)
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Qs = —bip — ik ox — Zkg(l — ﬁtanh(ZX))ti}Thz

+ _wh (hixx +inyy) + 2ikBa; x + E-iﬁ'kil(L)Hf R
g+ Ok2 PVIXX T¥1yy Parx T Hu 7+ k2 Y1l ¥
N ik3wf (1 20+ h(? })H‘L |:3 - (11.1 rq:]
— an ey . L
g+ 3k? X 1| ¥1 )
Solvability condition (S2) reads
T
2i(Yor + wWihax) + WY1 xx + E'Eﬁwv
oy g + Bk* (R:E[l —6%) 2wk ) . |
— Y Jp— ' _— Y. (11.1.54
X191 [“¢ - P e e LS ( )

where

Ok ((1 —02)(9 — 0%) + B(3 - 0%)(7 — 6%)
A 02 — 3(3 — 62)

+80% — 2(1 — 60%)2(1 + 3) —

20?9
30 ﬁ) (11.1.55)

1+ 3

with 3 = k*3/g. Defining 1/ = 101 + eo and combining (11.1.41) and
(11.1.54), one gets

| , w’ w'
i(Yr +wibx) + E(mwx.&: + "*"'l_i'?vv)
2 2k
. k1 —0H(1+ 3 |
:E(%mﬁ-( ( zi{ i )@T-kgx)) o, (11.1.56)

Equations (11.1.46) and (11.1.51) govern the dynamics of the quantities h
and ¢ associated to the mean elevation of the free surface and the mean
velocity potential on this surface (whose magnitudes are of order € and €2,
respectively). They can be rewritten as

or + gh + k*(1 — 6%)|y]* =0, (11.1.57)
2wk

g(1+ 3)

The system of equations (11.1.56)—(11.1.58) extends the equations de-
rived by Benney and Roskes (1969) in the absence of surface tension. It
describes the interaction of high-frequency gravity—capillary waves with
low-frequency gravity waves. Note that the envelope equation is written for
the amplitude of the free surface displacement in Benney and Roskes (1969),
while we use here the hydrodynamic potential at the surface. Furthermore,
when replacing o by its expression in terms of h in the amplitude equation

for the carrying wave, the system is identified with that given by Zakharov
and Rubenchik (1972) and Zakharov and Schulman (1991) on the basis

HT + Holpxx + %ﬂﬂf} + (|'¥’|E}X = (. {11-1-58)
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of a Hamiltonian formalism for the interaction of a high-frequency wave
with low-frequency waves of acoustic type. driven by the modulation of the
carrier (see Chapter 15).

Eliminating the surface elevation from (11.1.46) and (11.1.51), one gets
to leading order

err — gHo(pxx + ovy) = ar([¥]%) x (11.1.59)
with
2wk o
Q= — W (1 - 07)k2, (11.1.60)
1+

One now uses a reference frame moving at the group velocity w’ by
introducing £ = X —w'T and also defines the longer time 7 = ¢7". Retaining
the leading order in (11.1.59), the mean potential ¢ follows adiabatically
the amplitude modulation of the carrying wave. To leading order, (11.1.59)
and (11.1.56) lead to the so-called Davey—Stewartson system

f

20 + wthee + %mw = x1|¥|*¥ + x2vpe, (11.1.61)
Qee + Pyy = — f|¢'|§s (11.1.62)

where y; is given in (11.1.55) and the other constants are given by

w'k , ~
xg=ﬁ:(2+ . {1_§3)(1+ﬁ))?
wrz
a=1-—,
gy
k ( o , 5
oy = W (10 k)
T gH, 1+ 43 ( )

in terms of 3 = k23/g. # = tanh(Hyk), and w? = (g + 8k2)k tanh(Hyk).

The adiabatic approximation for the mean flow is not valid near the
long-wave short-wave resonance where o vanishes. Near the resonance,
a different scaling is required and the mean flow is no longer slaved to
the amplitude modulation. Retaining the leading order deviation from
adiabaticity, (11.1.59) rewrites in the moving frame

QL:JJE",&JET + [gH{] - Ldm)i,-?"fg + gH[]i,rJ}’}f = mﬂ1(|'i_,ill|2)£. I[].J.lﬁ:ﬁ)

When keeping the wave amplitude fixed. the longitudinal scale for the mod-
ulation near the resonance is smaller than in the usual setting (see Section
10.2.2). Equivalently, it is simpler in the present formalism to keep this scale
fixed and reduce the carrying-wave amplitude by defining ¢ = €'/ ‘EI,I One
then considers a neighborhood of the resonance such that /gH, — w' = ev,
with finite . One also assumes a larger scale for the transverse modulation
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by defining Y = ¢'/2Y. In this regime, (11.1.63) becomes

!

¥ . e q - .
EJFWH)& + 5 ¥yy = 0. (11.1.64)

(»‘,-::'T + Vg +

In the amplitude equation (11.1.56) for the carrier, the terms tyy and
[1)|?2) associated to diffraction and the self-interaction of the carrier are
negligible. Furthermore, ¢, is to leading order replaced by —w’pe. The
amplitude equation thus becomes

L

i, + %;&EE = 5et), (11.1.65)
with
IIEL-L-"; 3 " . .
é=£:(1+ = (1-0 ){1+:5‘)). (11.1.66)
w!

The longitudinal mean-field velocity ¢ obeys the dynamic equation
(11.1.64) and is relatively larger than in the non-resonant regime. In the
absence of transverse modulation, one recovers equations (4.12a)-(4.12b)
of Djordjevic and Redekopp (1977) (see also Benney 1977).

Assuming that the system is far from the long-wave short-wave reso-
nance, it is convenient to rewrite the DS system using the nondimensional
variables £ = k£, Y = kY. T = wor, ¥ = (k*/wp)¥, and @ = (k* /wy)p with
wi = gk. After dropping the tildes, one gets

iy + Mbee + pbyy = (L |[U]F + vape ), (11.1.67)
apge + oyy = =89z, (11.1.68)
where
2 H N
A= b = ko > (),
Eu..r[] 2[.1.-’[]
— ((1 — 02)(9 — 0%) + B(3 — 02)(7 — 62)
1 —_ —
dw 0% — 3(3 — 0°)
— : EH
1867 - 2(1 - 0)°(1 4 ) - 2 2),
143
vy = 1+ kwr{l 92)(1+5) >0
2 = 2 - — Ui
w,f:::
a=1-— :
gHy
w kW' , 2
§ = 1-6%)+—=)=0.
uJ[].lii.'-Hﬂ.{ /! l[ ) 1 +."ﬁ:] B

Except for wave numbers close to the two resonance conditions w’ =

« =y 2 L] o L]
(gHg)Y? and 3 = ';ﬁT* the Davey—Stewartson system (11.1.61)—(11.1.62)
describes, to leading order, the evolution of a nearly monochromatic
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eravity—capillary wave. Different boundary conditions are. however, re-
quired for the mean flow r'kffDldlllg to the sign of the parameter oo = 1 — M,
where the “Mach number” M = w'/\/gH, is defined as the ratio of the
wave-packet group velocity {whmh increases with the relative importance
of the superficial tension) to the phase velocity of the mean field (which
plays the role of low-frequency acoustic waves). The motion of the wave
packet is thus said to be “subsonic © when « > () and “supersonic” when
a < () (Ablowitz and Segur 1981). In this context, an important point con-
cerns the boundary conditions, which in the case of a localized wave packet
depend on the sign of a. For v > (), they reduce to ¢» — 0, and ¢ — 0
when £2 +Y? — oc. For o < 0. in contrast, the boundary conditions are
of radiation type, that is, 1» — 0 when £% 4+ Y? — oc and ¢ — 0 when
the characteristic variables £ £ /—aY — —oc (or 4+oc), with no condi-
tion when £ + v/—aY — 400 (repectively —oc) (Ablowitz, Manakov, and
Schultz 1990, Ablowitz and Clarkson 1991 Section 5.5.8). In this case, we
also assume that & > (), since a situation with @ < 0 and & < 0 never occurs
in the context of the water-wave problem.

In fact, some parameters are reducible in the above equations. and by
a further rescaling of the dependent and independent wvariables. the DS
system finally takes the form

Iy T {T]T,L';'E{ + Yyy = J3|LJ| + L;SE:JE,, {111(‘!@)
apee + pyy = —blo|? (11.1.70)

with o7 = sgn A, 09 = sgnry, a = rI;T b = ﬁ-’% Two important limit
cases are to be considered. |

In the deep water limit kH,; — oc, the parameter & vanishes, and no
mean flow is driven by the wave modulation. The amplitude then obeys

the NLS equation

1) + lml,.'ﬂ'gg + yy = u,:,,:,|-ar-'}|2-1_;';l___ {11.1.7“1:]
where
Vo wol- 60 — 332
- 8w 1+
ol 30)
A
L WO 8 + 3+ 232

dw (1 -28)(1 + B)

where the factor 1 — 2?? in the denominator of v reflects the second har-
monic resonance, which is still present. We also mention that the inclusion
of higher-order corrective terms was proposed to reproduce the dyvnamics of
waves with a steepness larger than permitted by the NLS equation (Hogan
1985 and references therein).
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In the long-wave or shallow-water limit £H; — (), one has

i — otbee + yy = (o|Y]* + @)t (11.1.72)

opge +ovy = —2|9[¢, (11.1.73)

where ¢ = sgn I[—%} — ﬁ] The case 0 = —1 is usually referred to as DSI,
and o = 1 as DSII. These two limiting cases are integrable by inverse

scattering and admit explicit solutions that generalize the concept of soliton
to multidimensional problems (Ablowitz and Clarkson 1991, Section 5.5,
and references therein). The double limit ¢ — 0, kH; — 0 was shown to
be uniform by Freeman and Davey (1975), who checked that it can be
identified with the procedure consisting in first deriving a KP equation
for the long-wavelength dynamics by taking kH; — 0 with e/(kHy)? fixed
and then performing a modulational analysis in the weak nonlinearity limit
E/{kH(})E — ().

11.2 Error Bounds

In this section we justify the modulation approximation by proving that
the approximate wave packet constructed formally by means of the modu-
lational analysis satisfies approximatively the water-wave equations during
a time interval of order ¢ 2, where ¢ estimates the wave amplitude. De-
tails of this analysis can be found in Craig, Sulem, and Sulem (1992) for
the two-dimensional water-wave problem and in Craig, Schanz, and Sulem
(1997) for the extension to three dimensions.

11.2.1 Preliminaries

We denote by W the water-wave operator such that

L (Wi(h,9) .
W(hﬁb) o (H‘}{h {'.D')) {1121)

where W, and W5 are defined as the operators arising in the left-hand side
of (11.1.8) and (11.1.9), respectively. A solution of the water-wave problem
satisties W(h, ¢) = 0.

In the previous section we constructed a formal approximation of the
solution of the water-wave problem (11.1.8)—(11.1.9) based on the func-
tions (&, 1, 7) and (&, n, 7) which satisfy the Davey-Stewartson system
(11.1.61)—(11.1.62), in the form given by

h = eh™) 4 2p2) 4 Spl3)
o = eV + 20 + 29" (11.2.2)

with (h1), ¢} defined by (11.1.24)—(11.1.25) and (A%}, ¢'2)) by (11.1.42)-
(11.1.43). The next-order term (h'*),¢'®)) can also be computed and is
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given in Craig, Schanz, and Sulem (1997). The question that we ad-
dress here is to what extent the above formal solution deviates from
being a true solution nf the full Euler equations, that is, a solution of
the system W(h,¢) = 0. More precisely, consider the initial condition

(ho, ¢g) = h qf;}|f o of qma,ll magnitude €, and let (h,¢) be the solution of
the initial 1«&1119 problem W(h,¢) = 0 with the 11111:1&1 condition (hg, ¢p).
An optimal result would be to _compare the exact solution (h, ¢) with the

modulation appm}{lmatmn {.-‘1 :;;r:l in an appropriate norm, with an estimate

of the form s %uptEf ((h. &) —(h, ®)| < o(€), over an interval of time I = [0, t,]
with t5 = O(e?). Such a result would require an existence theory for the
water-wave problem in three space dimensions over long time intervals,
given initial conditions of size O(¢), which currently remains an open prob-
lem. We thus limit ourselves to a weaker result, evaluating the accuracy
to which the modulational solution {h m) satisfies the water-wave problem.

Equivalently, we give an estimate of W{h m) in a Sobolev norm and show
that it is o(e?) uniformly in the time interval I.

Rigorous justifications of modulational analysis were established in the
context of other physical problems. For example, Collet and Eckmann
(1990) give a comparison of solutions of the Swift-Hohenberg equation with
approximations based on solutions of a Ginzburg-Landaun equation for the
envelope. Kirrmann, Shneider, and Mielke (1992) have results for the Sine-
Gordon problem. Also, Pierce and Wayne (1995) studied the modulational
regime for a one-dimensional wave equation that involves the interaction
of left- and right-moving periodic wave trains.

11.2.2  Modulation of the Water-Wave Operator

The analysis of the water-wave operator requires several steps: (i) Proof
of the analyticity of the Dirichlet-Neumann operator G(h), (ii) analysis
of pseudo-differential operators in a multiple-scale regime, (iii) well-

posedness of the initial value problem for the Davey—Stewartson system,
(iv) estimates for W (h, ¢).

The Dirichlet-Neumann Operator G(h)

In the previous section. we computed the Taylor expansion of the Dirichlet—
Neumann operator in terms of the surface elevation h. Indeed, each G is
homogeneous of degree j in h. It is a combination of powers of h and of
its derivatives with explicit Fourier multipliers, and can be obtained by a
simple recursive formula. The following theorem justifies this derivation by
proving the analyticity of G as a function of h for small enough h in the C*-
norm and provides estimates of the Taylor remainders. The proof is based
on the analysis of singular integral operators of potential theory. Details can
be found in Coifman and Meyer (1985) for the two-dimensional case and in
Craig, Schanz, and Sulem (1997) for the three-dimensional problem. Here,
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the spaces W*P where s is a nonnegative integer and 1 < p < oc are the

1/p
WY, |
" u Lj,) :

Sobolev spaces equipped with the norm |ul,, = (Zﬂ'ilfxl‘iﬁ
where a 1s a multi-index.

Theorem 11.2. Let 1 < g < 4+o00. There is a constant & such that the op-
erator G(h) is analytic in h in the neighborhood {h : |h|c1 < 6, |h|pet1 <
oo}, as a mapping G(h) : Wb — W4, The Taylor remainders R;(h)
from the expansion of G(h) (j = 1,2,3),

G(h) = XI_,G:(h) + R;(h). (11.2.3)

satisfy
R;(h)€lsq < C)BERY (BlonlElosng + Ilowilelig).  (11.2.4)

Action of Pseudo-Differential Operators on Multiple-Scale Functions

Under multiple-scale expansion, the terms (/; in the expansion of &
are approximated by differential operators whose action on multiple-scale
functions is to be analyzed. The modulational regime of the water-wave
problem involves classes of functions whose space dependence is of the
form u(x, X)|x_ y = exp(ik - x)e(X)|x_ . for x € [0, 27]* and X € R?,

When a function ¢ depends upon the slow variables alone, that is, ¢ =

aTa gl L/a
Oy c|TdX ,
is related to the usual Sobolev norm |e|, , viewed as a function of x by

c|s.q < e ¢||s., for any € < 1. For a multiple-scale function u = u(x, ex)
we define

a3 Lig |
Wiabrog = (/ / Iy Oy u(x, X qud}() . (11.2.5
| |{ ) Z R [u.zf.—]=f| XYy ( :‘| :‘

] < a
| 3=k

c(ex}), its Sobolev norm in that variable, ||¢|s, = El{ll':_:-‘b' (f

A Fourier multiplier operator is defined as
1
(2m)
where u is the Fourier transform of u. For u a multiple-scale function of
x € [0,27]?, X € R, M(D)u depends upon ¢ and x, but is not in general

a multiple-scale function. However, it does have an asymptotic expansion
in terms of such functions. This is the object of the next theorem.

M(D)u(x)

/ e KX N7k )ii(k)dk, (11.2.6)

Theorem 11.3. Assume that the Fourier multiplier M (D) has the prop-
erty that di{’lf{kﬂ < ¢;(1+ |k|?)m=3)/2 0 < j < m. Then its action on a
multiple-scale function has the asymptotic expansion

N | j
(M(D)u)(x:¢) = (Z i{?f{ﬂ-f{ﬂx} (idx) u) (x,ex) + Ryt

7

(11.2.7)
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The remainder obeys the estimate
|_|E',J,‘-.,.r_|_1?.[.|,!,l,:!1 E {:‘.HGEJ%_F]-|?.L|[El_._€ﬂ}l.q-_, {1128)

where the subscripts are {1 = m—(N+1)+s+0a, {5 = s+o+max(m, N+1)
for any o >n and 1 < q < o0,

Initial value problem for the Davey—Stewartson System

The main properties of the Davey—Stewartson system (DS) are detailed in
the Chapter 12. Here, we need only the local existence of solutions of the
DS system (11.1.61)-(11.1.62).

We first recall that the boundary conditions for the mean field ¢ depend
on the sign of . When a >0, ¢ — 0as£24+Y? — +00. Whena < 0, ¢ — 0
when the characteristic variables £ ++/—aY — —oo, with no condition when
£+ /—aY — +oo.

The following results were established by Ghidaglia and Saut (1990) in
the case where the equation for the mean field is elliptic (o > 0), and by
Hayvashi (1997) in the case where it is hyperbolic (a < 0).

Theorem 11.4. Given an initial condition ¢y in H"(R?), r > 2:

(i) For oo = 0, there exists a unique solution (v, @) of the DS system during
a finite interval of time [0,7,), such that ¢» € C([0.7,), H"(R?)) and ¢ €
C(0, 7). H™1(R2)).

(ii) For oo < 0 and & > 0, there exists a unique solution (v, @) during a finite
interval of time [0, 79) with v € C([0,72), H""1{R?))UL> ([0, 2), H"(R?))
and @ € L>=([0,5), Wr—1>(R?)).

Accuracy of the Approrimation: Estimates of W{ﬁ., 5}

It is convenient to consider separately the cases where the equation for the
mean field is elliptic and where it is hyperbolic.

Case o > (: Starting with an initial condition vy € H"(R?), there
exists a unique solution (v, @) of the Davey-Stewartson system, with
and ¢ being continuous functions of 7 € [0, 71| with values in H"(R?) and
H™T1(R?) respectively (71 may be finite or infinite). By Sobolev embedding,
these functions are also in W9 and W19 for s = r — %(% — é) From this
solution of the DS system, proceeding as described in Section 11.2.1, one
first constructs the formal perturbative approximation, as the functional
h = h(,¢) and ¢ = ¢(1), ), in the time interval I = [0, e *7].

Case a < 0: Again, one starts with an initial condition v, € H"(R?).
There exists a unique solution (1, ¢) such that 4 is a continuous function
of 7 in [0, 73] with values in H"(R?) and thus, by Sobolev embedding, in
W#41(R?), and ¢ a continuous function of 7 with values only in W15
and thus not integrable. To overcome this difficulty, it is convenient to
introduce a cutoftf function y infinitely differentiable with compact support

and equal to 1 in the ball B of center ) and radius K. One then constructs
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the formal approximation h = ﬁ{-a_fﬁ, Yy) and ¢ = :;;r'”{-a;;_, Yy) where the mean
field has been truncated at large distance.

The next step is to show that these formal approximations do satisfy
approximatively the water-wave problem, by establishing an upper bound
for Sobolev norms of W(h, .;b} when o > 0 and of W(h, ¢) when a < 0,
in the interval I in terms of powers of € and of Sobolev norms of ) and
w. In both cases, this bound involves high order derivatives of 1 and ¢,
resulting from the expansion of integral operators. To quantify the amount
of derivatives required. one introduces the notion of estimating factors.
These are functions F'(s;, s2) that are nonnegative, continuous, and satisfy
F(0,0) = 0, with polynomial growth in (s, s9), and coefficients depending
on k and w. This leads to the following result.

Theorem 11.5. Let (v, p) denote a solution of the Davey-Stewartson sys-
tem (11.1.61)-(11.1. t},ci') It defines through the modulation exrpansion an

approzimate solution ( qIJ} of the water-wave problem that during a time
interval I = [0, e 27] wzth 71 finite and, depending on «, satisfies the error
estimate:

(i) For o = 0,

SUp |W{E_-. ‘;3:) 5.9

tel

< /AP (sup [Ylowss, sup [ploes2) (10 s + ¢llreg) (1129
te tefl

(ii) For av < 0,
SUp |X1W{:ﬁ 5_) |-“~fj‘

tel

< F4 MqF(Sﬁlll; |I|"L|f"“+’* S.fup |':§|f'“‘+3:](!|1#1| s+6.,q + ||X':'Gi|‘¢+ﬁ fj} 11 2. “]:]
= el
for all x1 € C5(R?) with supp(x1) C supp(x), where x and y1 denote
cutoff functions centered at the origin.

This result expresses that the approximation constructed from the solu-
tion of the Davey—Stewartson equations. which is defined on a time scale
O(e™?), solves the water-wave equations up to an error that for large g,
scales almost like €*. This does not however demonstrate that, on a com-
parable time scale, it provides an accurate approximation of the solution
of the water-wave problem because the latter problem is proved to be well-
posed only on a time scale of order ¢!, a time during which the variation
of the envelope is weak and only the simple translational motion of the so-
lution at the group velocity is significant. In other words. the constructed
approximation is accurate on a time scale O(e~?), provided the primitive
problem does not loose regularity at an earlier time.
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The Davey—Stewartson System

12.1 General Setting

12.1.1 Boundary Conditions

The Davey—Stewartson system (DS) that provides a canonical description
of the amplitude dynamics of a weakly nonlinear two-dimensional wave
packet when a mean field is driven by the modulation, is written in the

form

104t + 010,00 + Oyt = (a2|t0|* + Op0) 0, (12.1.1)
AOprp + Oyyo = —0:|0)°, (12.1.2)
where x = (z,y) € R%* t € R, 0y = +1, 05 = +1. Furthermore, v and

« are constant parameters with v > (. A derivation of this system in the

context of the surface water waves is given in Chapter 11.
The wave amplitude 1) is supposed to vanish at infinity,

Uz, y,t) =0 as z%4y* — oo (12.1.3)

In contrast, the boundary conditions on the mean field ¢ depend on the
sign of o (Ablowitz, Manakov, and Schultz 1990, Ablowitz and Clarkson
1991). If & > 0 (“subsonic” wave packet), it is of Dirichlet type

olr,y,t) =0 as z°+y* — . (12.1.4)



222 12. The Davey—Stewartson System

If @ < 0 (“supersonic” wave packet), it is of radiation type. Defining the
characteristic coordinates

1 1
E - _{I + |ﬂ'|2y).'-

1
\/E WZ\TE(_

the boundary conditions on ¢ should be of the form

im (& n.t) =e1(n.t),  lhm (& n) = pa2(&, 1), (12.1.6)

§——oc

z + |alzy), (12.1.5)

where ¢, and s can be chosen at will. They are respectively assumed to
decay for large values of 1 and £, and their prescription results in imposing
an external mean flow far upstream in the (£, )-plane.

It is useful to classify the DS system as elliptic—elliptic, hyperbolic-
elliptic, elliptic—hyperbolic and hyvperbolic-hyperbolic according to the
signs of (o1, a): (+.4+), (+,—), (=, +), and (—, —).

When the parameters are such that (o1,09,a,v) = (1,+1, —1, F2), the
'%} stem is usua,lhr referred to as DSI. When (01,09, a,7v) = (—1,1,1,2) and

(01,09, ,7) = (—1,-1,1,-2), the system is called DSII defocusing and
DSII fncusmg, 1espective1}'. The DSI and DSII systems have the remarkable
property of being integrable by inverse scattering transform. Schul'man
(1983) showed that they are the only integrable cases. A detailed study
of these two systems can be found in Ablowitz and Clarkson (1991) and
references therein.

Extension of the DS system to higher dimensions was considered by Za-
kharov and Schulman (1991) and their mathematical properties studied by
Ghidaglia and Saut (1992), and Kenig, Ponce, and Vega (1995). An exam-
ple of physical application is given by Nishinari, Abe, and Satsuma (1994)
in the context of electrostatic ion wave packets propagating in arbitrary
direction in a magnetized plasma.

12.1.2  Expression of the Mean Flow
“Subsonic” Wave Packet

For o« > (), the mean field »,a:' obeys an elliptic equation and is solved in
terms of 1. One has ¢, = ﬂﬂ}_l|¢|”, with A, = ad,, + 0y, or
e = B([1)|?), where the npem,tm‘ B is defined in Fourier variables by

7 ki o
B(f)(ky, k2) = - ok ﬁ,;f(h k2). (12.1.7)

The operator B is of order zero. One has |p,|2 < 2| Tayand |p.|pe <
Cl|F2,, for 1 < p < o0. The DS system can thus be written in the form

of a nonlinear Schrodinger equation with a nonlocal cubic nonlinearity

100 + 0105210 + Oyt + L([10]*)10 = 0 (12.1.8)
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with L(|1|?) = —og||? — B(|1|?). As seen in the following, the properties
of the DS system are in this case very similar to those of the cubic NLS
equation in two dimensions.

“Supersonic” Wave Packet

For v < (), it is convenient to rewrite the DS system using the characteristic
variables (£, n7). The equation for the mean field reads

i 112 2
wen = ——=([¥]: — |[]5). 12.1.9
ven = 5= (VIE = 013 (12.1.9)

Integrating this equation and substituting in the equation for the envelope,
one obtains

iy + Ly = S, (12.1.10)

where, renaming for convenience £ and n by x and v,
i 2.0
5 — (t’?’ﬂ - —) ' .
2= 5~ ) 1Y
Y T
+% (/ Ox [ dy/ +/ Oyl |* dz’ + p1(€) + c,ag(n)){lz.l.u)

and where the operator

1 J ; ;

L = E{ﬂ'l — ) (Opz + Oyy) — (01 + @)0yy (12.1.12)
is elliptic or hyperbolic according to o1 = 1 or 1 = —1. Furthermore. the
initial and boundary conditions read

Pz, y,0) = oz, y). (12.1.13)
Ylz,y,t) =0 as z?+4+y* — oc. (12.1.14)

12.1.3  Conservation Properties
It is convenient in this section to rewrite the DS system in the form

iy + V- (DVY) = o[ *y) (12.1.15)
V- (AVp) = =0, |y|? (12.1.16)

D gy 0 1 A a ()
= 0 1 an — 0 1]

Lemma 12.1. The solutions of the DS system satisfy:

where

%Iﬁ»‘lz +V. DP =0 (12.1.17)
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where P = i(pVip* — * V),

IH+V-85=0, (12.1.18)
with
M=y DVG" + 22|yt - Zi,w.;za Ve (12.1.19)
g
1 :
S = —2R[; DV + ;gqubt + o] ie,, (12.1.20)
and
aP;
9 + 0;7;; =0 (12.1.21)
where

T = 2DV © Vi — (V- DVG)I — (4 - (DV4)]]
Foal AT + 200 2e, @ Voo + %Aw @V — = (Ve - AV
i
(12.1.22)

Proof. As in the case of the NLS equation, the above conservation prop-
erties can formally be viewed as a consequence of invariance properties of
the associated action, through the Noether theorem. In the case where the
equation for the mean field is hyperbolic (a < 0), some of the integrals
involving this field may however diverge. We thus establish the lemma
directly from the DS system.

To obtain (12.1.17), one multiplies (12.1.15) by #* and takes the imag-
inary part. To get (12.1.18), one multiplies (12.1.15) by ] and takes the
real part. One also differentiates (12.1.16) and multiplies the result by .
Direct combination of the obtained equations then leads to (12.1.18).

The identity (12.1.21) is obtained as follows. From (12.1.15), one gets

1
gatp + R[VY*V - (DVY) — ¢V (V - DY)
=~ 2V + 0 (W) Ve - Bu([62V).  (12.1.23)

The second term in the right-hand side of (12.1.23) is evaluated from
(12.1.16). One gets

9, ([[2) i = -év (D0 AV ) + %ai(w AVY).  (12.1.24)
Writing
ROV - (DY) — $0,(V - DY)
= R2V - (0" DY) — 6(Vo - DVY*) — 9,V - DVY*)].
(12.1.25)
one obtains (12.1.21).
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Proposition 12.2. In the case o > 0, the DS system (12.1.1)-(12.1.2)
Preserves:
the wave energy

= /|-1_£;'[x, t)|*dx, (12.1.26)
the linear momentum
P = /-i{qf;*?-a_ﬂ — V™) dx, (12.1.27)
and the Hamiltonian |
1= [((ial + a4 5 (oalv = Sleal = Zloy) ) dx. (12129
Furthermore, the “variance”
V(t) = [{f:rl:;rrz + y?) || Fdx (12.1.29)
obeys |
@v . zz /Tudx = 8H. (12.1.30)

Proof. The conservation of the wave energy. of the momentum, and of the
Hamiltonian follows directly from the integration of (12.1.17), (12.1.18),
and (12.1.21) over R?, provided that all functions decay fast enough at
infinity, which restricts the results to a0 = 0.

To get the variance identity, we note that from (12.1.17) and (12.1.21),
one has

Ope|t|* — D0 Ti; = 0. (12.1.31)
This implies that

d? -
V() = EZ;[T dx

= [ (B(rlual? + 16y 2) + 4ol + 416 70,0) dx
(12.1.32)
Again, from (12.1.16),

, 1, 5 .
/I'wliﬁmwd}c = ~;;{a'-,ai + 2), (12.1.33)

and the right-hand side of (12.1.32) reduces to 8H.
Remark. As in the case of the critical NLS equation, the variance identity
(12.1.30) can be viewed as the consequence of the additional invariance
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of the action by the pseudo-conformal transformation (Kuznetsov and
Turitsyn 1985, Ozawa 1992):

X x =

t, —1

, ;

tr—=1 =

(te — 1)
: iforg 22442
(el 'E_f} x'. t} = {f }IIL{:}[ j‘) ity —t)
o @ (x ) = (t, — t)p(x, 1), (12.1.34)

which leads to the conservation of
G = f(ﬂ'l“.’l? -+ Z'iﬂltar)ﬁ'}w + |(y + Z,Itay)wH + Ztg(ﬂ'ghﬂ}ﬁ

,-},. 3 : I y . F
= L{0apl? — 710,01%) ) dx (12.1.35)

12.2 Standing-Wave Solutions

12.2.1 The Elliptic-FElliptic Case
We look for standing-wave solutions of (12.1.8) in the form
P(x.t) = ™' d(x), (12.2.1)
where ® is real-valued and belongs to H'(R?). The function ¢ must solve
AP — wd + L(P*)P =0, (12.2.2)
where £(®%) = —ag,®? — B(®?) and B is the operator defined in (12.1.7).
It should obey

1. ‘ f ,
V(®) = f(§|¢:|33(|¢:|3) - %@P‘ - m|¢Il|‘3)dx =0, (12.2.3)

which requires the condition v/a — a5 > 0.
Furthermore, the function ® is a solution of (12.2.2) if and only if it is a
critical point of the action & defined by

1 f | B ‘ : ‘
St = [ (3147 = JIFPEASP) + 5171)ax. (1224

By extending the analysis developed for the standing-wave solutions of the

NLS equation, Cipolatti (1992,1993) proved the existence of a ground state
for (12.2.2):

Theorem 12.3. Assume v/a — as > 0. Let X' be the set of functions in
H' satisfying (12.2.2) and G the set of the elements of X' that minimize S.
(i) G contains a real positive function (ground state),
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(ii) @ belongs to G if and only if it realizes the minimum of the functional

f|?f|‘3dx (12.2.5)

over all f € H'(R?) such that V(f) = 0.
(iii) Furthermore, if ® is a solution of (12.2.2), then ® € C?, and there
extst positive constants C' and v such that

|P(x)| + |[VO(x)| < Ce VX (12.2.6)
for all x € R2.

Theorem 12.4. Ground-state standing waves are unstable,

Cipolatti (1992, 1993) established the above results for more general
power law nonlinearities both in dimension 2 and 3. Further extensions are
given by Ohta (1995).

An alternative way of characterizing the solutions of (12.2.2) with
g2 = —1, is presented in Papanicolaou, Sulem, Sulem, and Wang (1994)
by generalizing the approach developed by Weinstein (1983) for the NLS
equation.

Theorem 12.5. The functional
ul2|Vul2.

T = F (), w2y

where (.,.) is the L*-scalar product, attains its infimum at a function ® €

H'(R?).

(12.2.7)

Corollary 12.6. The optimal constant for the inequality
(L(|ul?), u®)| < Copt [ulfe |Vulie, (12.2.8)
15 Copt =

where S is the positive solution of

Proof. Equation (12.2.8) follows immediately from Theorem 12.5 with
Copt = 1/1, where I = inf .J(u). Furthermore, the minimizing function ®
satisfies |®|; 2z = |V®|r2 = 1 and solves the Euler-Lagrange equation

AP — & 4 21L(P%)D = 0. (12.2.10)

The function S = 2[¢, satisfies (12.2.9). Since |®|7, = 1, we have ] =
S1%./2. Therefore,

2
7=

Copt = (12.2.11)

This estimate enables us to give a sharp condition on the initial ampli-
tude of the wave for global existence of solutions for the Davey—Stewartson
equations.
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Remark. Consider the system for o, = —1,

.&.Lg - LS' + LS'H' — er —— []1
aXe e, + Xeyeo +7ISIEe, = 0. (12.2.12)

For v = 0, we have X = 0, and S reduces to the ground state 5; = R,
which is the positive solution of AR — R+ R® = (. This solution is radially
symmetric and decreasing. Up to a space translation, it is unique. For small
~, the solution (5, X') with S > 0 can be computed by an expansion of the
form

S5 = S[]H&D + 51 + "}fESE 4o
X=9X1+vXo+---. (12.2.13)

This leads to a hierarchy of inhomogeneous linear equations for the per-
turbations (S,,, X,;) at the successive orders n > 0. The solvability of these
systems is established in Papanicolaou, Sulem, Sulem, and Wang (1994),
which validates the above expansion of S and X in powers of ~.

12.2.2  The Hyperbolic—Elliptic case
We rewrite the hyperbolic—elliptic DS system in the form

10) — Opatd + Oyytb = aa||*) + B, (12.2.14)
A = d,(|v]?). (12.2.15)

We look for solutions (i, ) = (u(z.y)e™", ¢(x.y)) with u € H'(R*) with
real values and Vi € L?. The pair (u. @) satisfies

f w
—OzzU + Oyt = oslul’u + 3(qs + ﬁ}“-‘ (12.2.16)

Ag = 9. (|ul*). (12.2.17)

It is convenient to make the change of variables p = g + 5, which leads
to the system

—Opztt + yyu = oo|ul*u + Bpau, (12.2.18)
Ap = d.(Jul?). (12.2.19)

Necessary conditions for existence of wave-guides are given in Ghidaglia
and Saut (1996):

Proposition 12.7. The system (12.2.18)-(12.2.19) has solutions only if
o = —1 and 3 > 1.

Proof. The following calculations suppose that Vp € L?. The condition
that Ve € L* thus implies that w = 0. Multiplying (12.2.18) by u and
integrating over R?, one gets

22 4
/ (ug —uy, —ogu” — 3

Vp|?) dx = 0. (12.2.20)
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Multiplying (12.2.18) by zu, and yu,, one obtains respectively

o 2 02 4 B4 p . | |
f (um tuy + Sut E(pI = py)) dx = () (12.2.21)
r [ ETE {3 3 J ¥ .
f (ui +ul — ?u“l ~ *E(-pi + Jpg)) dx = 0. (12.2.22)

Adding eqs. (12.2.21)-(12.2.22) vyields
f (IVul* - Bp;) dx = 0. (12.2.23)

This last equality implies that 3 > 0. Subtracting (12.2.20) from (12.2.21),
one obtains

3 3
f ( 2!1 — Et’?’g?ﬂd - }E{ 3pi + py)) dx = (). (12.2.24)

This equality implies that 2 should be strictly negative and thus equal to
—1. Finally, subtracting (12.2.21) from (12.2.22) leads to

/ (o2u” + B|Vp|?) dx = 0. (12.2.25)
Let us define v = u?. By the Parseval’s identity, we have
: gt ki
/ Vp|*dx = [ k|*|p|*dk = / " 5]°d (12.2.26)

where a hat denotes the Fourier transform. Rewriting (12.2.25) in Fourier
space, we get

2
/(gﬂ’ﬁﬁ G‘R ‘:_kj| |)n!k.—[] (12.2.27)
. 1 2

which implies that 3 > |o2| = 1.

Proposition 12.8. The system (12.2.18)-(12.2.19) has radial solutions
only if o9 = —1 and 3 = 2, which corresponds to focusing DSII.

Proof. Since v is radial. this is also the case for its Fourier transform v,
and we have

B2 X |
/ ki"*'-l-lkﬁ ! dk_ .z|1|£dk / 0] dk (12.2.28)

Equation (12.2.27) now becomes
S (3
~14+ %) [ [7]° dk =0, 12.2.29
2

which implies that 3 = 2.
By analogy with the lump solitons of the Kadomtsev—Petviashvili equa-
tion, one looks for radial solutions in the form of u = C'/(z? + y* 4+ a*) and
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find
2*\@{& dx

I B T we 12.2.30
:1:3+y3+{12' q ﬂ:3+y3+ﬂﬁ ( )

A more general family of solutions was derived by Arkadiev, Pogrebkov,
and Polivanov(1989) using the inverse scattering transform (see Ablowitz
and Clarkson 1991, Section 5.5.3).

Using the invariance of the system under the pseudo-conformal trans-
formation (12.1.34) and the existence of the lump soliton (u,q) given in
(12.2.30), one constructs a family of exact self-similar solutions in the
hyperbolic—elliptic case that blow up in a finite time. They have the form

- 1 X i{x? —y?) 1
' }{-\-t —_— (r @ Aty —t) . [ W =

S onge - - S onge - t

X

. (12.2.31
::'?{t*-r,) ( )

When t — t., the “mass density” [1/(x,t)|* converges to a Dirac measure
at the origin.

12.3 The Initial Value Problem

12.3.1 Subsonic Wave Packet

In this section, we state results of existence, uniqueness, regularity, and
continuity with respect to initial conditions for the elliptic—elliptic or
hyperbolic—elliptic DS system (Ghidaglia and Saut 1990).

Theorem 12.9. (Existence and uniqueness in L?)

(i) For vy in L*(R?), there erists a unique mazximal solution (v,¢) of
(12.1.1)-(12.1.2) during a finite time (0,7%), T* > 0, such that for 0 <
t < T7,

g€ C0,T%), LAR2)) N LA((0,4) x R?), Ve e L2((0,1), L2(R?)),

and it satisfies the conservation of mass (12.1.26).
(ii) Furthermore, if 1y is sufficiently small in L*(R?), then T = oc.

Theorem 12.10. (Regularity)
(i) If vy € HY(R?), the above solution satisfies

b€ C0.T%), HY(R?) nCH(0.T). H- (R?), V4 € L(0.1) x R?)
Ve € C((0.), IP(R2)), V2 € LA((0,1), LY(R?)

forall0 <t <T*, 2<p<oc, 2<qg=<d4, together with the conservation
of the Hamiltonian. In addition, the map o +— (1, V) is continuous from

H'(R?) into C([0,t), H'(R?*)) x C([0,t), LP(R%)), p > 2.
(i) If @by € H*(R?), the above solution satisfies
b € C((0,T7), H*(R2)) N C((0,77), L*(R?)),
Ve e C((0,T7), H*(R*)).
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There is also a gain of reqularity in the form

w e L2((0.1), HY2(R?)), Ve e LY((0,1), HY?(R?)).

loc loc

(iii) If ¢ € ¥ (i.e., has a finite variance), the above solution satisfies
e C((0,T7), %),
and the identity (12.1.30) holds in the sense of distributions on (0,T7).

Long-time behavior of global solutions similar to that obtained for the

NLS equation and existence of the scattering operators are presented in
Guzman-Gomez (1994).

Theorem 12.11. (Global solution in the elliptic—elliptic case) Let the ini-
tial amplitude be vy € H'(R?). If 02 = 1 > L or if oo = —1 with the
condition ||z < |P|p2 where & denotes the ground state solution of
(12.2.2), the maximal solution obtained in Theorem 12.4 exists for all time.

Proof. It suffices to prove the existence of a uniform bound for |Vi)|-.
When o5 = 1 and v < «, this is a direct consequence of the Hamiltonian
identity tngetlrler with estimate ||z < 2[¥|7.. When o = —1, denoting
by (-,-) the L?-scalar product, we have from (12.1.28),

H = |Vi|i. — E{ﬁ-w{w*ﬁ}, (12.3.1)

and from Corollary 12.6.,
2

Thus,
12 L9 |'1r""ﬂ|i2 12 ihy e
|vTP'|L3 < |H| + 5’{5#? ; W } < |H| + |*I)|33 |vTP'|L3: {12-*;'5)
7

and |V iﬁ < (', for some constant C' if |p¢}|i3 < |*I‘-*|EL .. This ensures global
exlistence.
Remark. A cruder but more explicit condition for global existence when

o9 = —11is [l < l+,lh,m |R|%., where R denotes the positive solution

of AR — R+ R’ = 0 and satisfies |R|7, = 1.86.. ..

When the coefficients o2 and [ in the hyperbolic—elliptic DS system
(12.2.14)—(12.2.15) have the special values (—1,2) or (1, —2) (which corre-
sponds to focusing and defocusing DSII, respectively), stronger results of
existence and long-time behavior were obtained by Sung (1994, 1995) using
the inverse scattering method. He proved in particular the following result.

Theorem 12.12. (DSII system) Under the assumption that the initial
condition vy € LY for some 1 < p < 2,and that its Fourier transform -@} be-
longs to LY M L™ with the smallness condition |i| 1 |tho| L= < :: ( ’“’J‘Z—l}z
in the focusing case (no condition in the defocusing case), there exists a
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unique global solution v» € C(R,C" U L?), ¢, € C(R.L7) to DSII sys-
tem for any 2 < g < oc. The solution 1 satisfies also the decay estimate
(L)L~ < C/t.

Furthermore, if the initial condition v belongs to the Schwartz space
S(R?), there is an infinite number of conserved quantities.

We now turn to the existence of solutions that blow up in finite time in
the elliptic—elliptic case. As for the NLS equation. the proof results from the
variance identity and holds for initial conditions with negative Hamiltonian
and finite variance. We thus start by establishing a necessary and sufficient
conditions for the existence of initial conditions with negative Hamiltonian.

Proposition 12.13. There exist initial conditions 1y € H'(R?) with
negative Hamiltonian H (1) if and only if either 09 = =1 or g =1 > =,

Proof. Defining f = ||, one writes the Hamiltonian in terms of the
Fourier transform of « in the form

b~ 1 vy aki -
H= [ |k?|0|2dk _/(,__)‘_1‘ 2 k. 12.3.4
[l [ (2= 1) Gl (12.3.4
Theorem 12.14. (Finite-time blowup in the elliptic—elliptic case)
Let iy € X such that H(vy) < 0. The mazximal solution constructed in
Theorem 12.4 satisfies lim; 7« |Vib|2 = oc.

Proof. As for the NLS equation, we integrate twice in time the variance
identity (12.1.30) and get V(t) = 4Ht* + V'(0)t + V(0). Thus, if H < 0,
lim_;, V(t) = 0. The uncertainty principle |f|p2 < 2|V f|2|x |52 shows
that there exists a time T <t such that lim;_.p- |[V|p2 = oc.

3. yupersonic Wave Packets
12.5.2 S

A first result concerning the initial value problem was obtained by Fokas
and Sung (1992) for the DSI system:

Theorem 12.15. If ¢ € S(R?), where S(R?) is the Schwartz space, and
1.2 € C(R,S(R)), then DSI has a unique solution v € C'(R, S(R?)).

For general DS systems, results of existence of classical solutions make
use of the weighted Sobolev spaces

H™ = {fe L%|1-82-0))" (142> +y*)'"? flr2 < oc}. (12.3.5)
Linares and Ponce (1993) proved the following theorems.

Theorem 12.16.

(i) hyperbolic-hyperbolic case: For a sufficiently small initial condition 1y
in the space Y, = H5(R?) N H*?(R?) with s = 6 and boundary conditions
w1 = wa = 0 for the mean flow, there erxists a unique classical solution
e C([0,T7],Ys), where T > 0 depends on the initial conditions.
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(ii) elliptic-hyperbolic case: For a sufficiently small initial condition iy in
the space W, = H*(R*) N H*%(R?) with s > 12 and p, = ps = 0, there
exists a unique classical solution ¥ € C([0,T], W), where T > (0 depends
on the initial conditions.

The order of the Sobolev spaces was reduced by Hayashi (1996) in the
following form.

Theorem 12.17. (elliptic-hyperbolic and hyperbolic-hyperbolic cases)
For a sufficiently small initial condition 1y in the space Zs = H*Y(R?) N
HY*(R?), dy01 € C(R,H2Y), and 9,92 € C(R,H)Y), there exists a
unique classical solution » € C([0,T], Zs), and

T
¢ +1/
f‘{1+lxl‘3}‘”‘*{1— A)~ ()|, dt < oo, (12.3.6)
0

where 6 = 1 + €, with € small enough.

Theorem 12.18. (elliptic-hyperbolic case) For an initial condition g
such that (14 |x|?)Y 2y is small enough in the space X5 = H*~1/20(R?)N

H[],ﬁ—IIE{RE}: with 8,01 € C{R7H£_1f2=‘}) nd d‘ya,ﬂ; c F{R H‘ﬁ 1/2, u)

there exists a unique classical solution» € C'([0,T], Xs)NC(]0, ]:Hf:]tuj "),
where & = 1+ €, € small.

The constraint of small initial conditions was removed by Hayashi and
Saut (1995) by working in spaces of analytic functions decreasing expo-
nentially at infinity. Let B = (B4,..., B;) be a vector field of derivations,
which in the present context will be one of the following operators

0= (0;,0y), R(t)=(0.J1(t),J2(t)), R{t) (0. J:(t), J,(t)), (12.3.7)
with

Jo(t) = x+2itd,, J,(t) = y+2itd,. Ji(t) = y+itd,, Ja(t) = x+itd,.

(12.3.8)
Let X denote a Banach space equipped with a norm ||.||x. They define the
generalized analytic function space

A8l

:|=Ziﬁq

&)

GA(B: X) =

(12.3.9)

where A is a positive constant, 5 = (61,...,05;), with G, € N, [3] =
Zl-::;uc: 3. and BF — Bﬁl Bp}.

Th?"v also define the g?ﬂ?l&llz?d Sobolev spaces
B™? = {f € L:||fllpm» = Y _ |IB?fllLs < o0} (12.3.10)
Bl<m

In the following, the Banach space X will be identified with such a space.
This leads to define spaces G (B’(t); B"™?(t)) where B(t) and B’(t) are

time-dependent vector fields of derivation.
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In the case of zero boundary conditions ¢, = s = (), they prove the
following results.

Theorem 12.19. (hyperbolic-hyperbolic or elliptic-hyperbolic system)
For an initial condition vy € GA(9;W™?2) where A > 0 and m > 3,
there exists a unique solution v and a positive constant T such that

€ C([-T.T]; GA1(9; W™2)).

Theorem 12.20. (hyperbolic-hyperbolic case) For an initial condition
o € GA(R(0); R™2(0)) with |[Yollgacro),rm2(0) small enough, where
A >0 and m > 3, there exists a unique solution i € G (R(t); R™?(t))
for any t, where Ay < A.

Theorem 12.21. (elliptic-hyperbolic case) For iy € G'A{R{U);ﬁmj([]})

with ||q.!':u||GA{R“”:§”L_2”]” small enough, where A > 0 and m = 3, there

exists a unique solution v € G‘qﬂ{ﬁ,{t}; ﬁ”hz{t:}} for any t, where Ay < A.

In the elliptic-hvperbolic case, it is possible to remove the hvpotheses of
analyticity and exponential decay and work in the usual Sobolev spaces.
Hayashi and Hirata (1996) proved the following result.

Theorem 12.22. For iy € H*(R?), 5 > % d.01 € C(R,H}), dypa €
C(R,Hy), and |yl sufficiently small, there exists a unique solution

locally in time in C([0,T], H*).

Theorem 12.23. For small enough initial conditions in the weighted
Sobolev space H*" N H™® and 01"l € C(R,L®) and 0] oy €
C'(R, L;‘D}: 0 <35 < 2, fjief:r_msmg fast enough at infinity, there erists a
unique solution, globally in fime, such that

W€ L (R, H** 0 H"3) N C(R, H>" N H"?). (12.3.11)

loe

Furthermore, |t)(t)|p= < C/(1 + |t|), and the solution becomes asymptoti-
cally free as |t| — oc.

Recently, Hayashi (1997) obtained local existence of solutions in H? without
smallness conditions on initial conditions:

Theorem 12.24. Let ¢y € H¥(R?), 1 € C(R, H}), 2 € C(R, H}), 5 =
2. Then there exists a unique solution locally in time in C([-T.T], H*~1)N
L>=([-T,T], H?).

12.4 Rate of Blowup for Elliptic—Elliptic DS

The dynamics of blowup solutions of the Davey—Stewartson system was
studied numerically in the elliptic—elliptic case (7 = 1 and a > 0) by Pa-
panicolaou, Sulem, Sulem, and Wang (1994) using the anisotropic dynamic
rescaling method. The main observation is that the blowup is very similar
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to that of critical NLS, except that the profile of the wave amplitude dis-
plavs a moderate anisotropy, the ratio of the tvpical scales along the two
coordinate axes converging to a finite value.

In order to present an asvmptotic construction of such self-focusing so-
lutions, it is convenient to rewrite the DS system in terms of the amplitude
1 and the longitudinal velocity u; = ¢, in the form

i)y + A — oot = uged, (12.4.1)
Ajuy = =2, (12.4.2)
HE HE

. Since the numerical simu-

where A, denotes the operator o —— + —
dx My
lations suggest that the typical scales remain comparable in the x and y
directions, the same scaling factor is used in both directions. We define

‘
x 1 1
- — s 12.4.3
&1 L) &2 L) T /ﬂ L2(s) > { )

and
U(&1,60,7) = Lty (xz,y,t), W&, &, 1) = L*(Dui(z,y,t). (12.4.4)
Equations (12.4.1)—(12.4.2) become
iU, +ia(U + & -VU) + AU — a|U|PU = WU (12.4.5)
AW =AUz, (12.4.6)

with @ = —L;L and & = (&, &). Writing

2
£ 2

U=¢e" 7T V., b(r) =a, + a®. (12.4.7)
we see that V' and W satisfy
X - - b{T) 2y7 12y — VI /
itV — V 4+ Al +—4 &7V — as|[VI*V = VIV, (12.4.8)

AW = —4V[e,.  (12.4.9)

The asymptotic behavior of the scaling factors cannot be obtained by di-
rectly taking a = 0 and neglecting time derivatives in (12.4.9). As in the
case of critical NLS, a more refined analysis is required.

The construction of singular isotropic solutions for critical NLS presented
in Chapter 8 was based on the modulation of the self-similar solutions that
develop in dimension d > 2. This dimension was varied in time, tending to
2 as the singularity is approached. For DS equations. due to the anisotropy
of the problem, we keep the dimension equal to 2 and formally vary the
degree of the nonlinearity. The two approaches are obviously equivalent for
isotropic NLS. We thus introduce the steady system

b 1 ,
AP - P+ E|§|3P + i (— - 1) VbP — 05| P|?’P = PZ, (12.4.10)
p

AoZ = —y|P|T,, (12.4.11)
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where p > 1 and b > (. As in the context of the NLS equation, this
nonlinear eigenvalue problem is expected to have no nontrivial solutions
with monotonic decreasing profiles except when a specific relation b = b(p),
or equivalently p = p(b), holds. Since we are interested in situations where
a varies in time, we are led to consider (12.4.10)—(12.4.11) with b = b(7)
and p = p(b(7)) > 1, and the conditions b — 0 and p — 1 as 7 — oc.
We denote by (P(h(ﬂ,{l,‘fg),Z[b{r},fl,{fg)) the corresponding solution,
supposed to exist. Note that in the limit b — 0, p — 1, (P, Z) tends to
(S, X), a solution of

AS — 8 — 0987 — SX =0, (12.4.12)
Ao X 4 9]S[Z,e, = 0. (12.4.13)
For the unsteady problem (12.4.8)-(12.4.9), we make the ansatz

Vi(&1,&2.7) = P(b(7). &1, &2) + v(&. &2, 7), (12.4.14)
Wi(&1,82,7) = Z(&1,82) + w(&1, &2, 7). (12.4.15)

We assume that as 7 — oo, we have |v| < |P|, |w| < |Z], and that b
tends slowly to zero. Using (12.4.10)—(12.4.11), we obtain a system for the
remainders (v, w) that, to leading order as 7 — oc reads

2
Av — v+ b|i| v — 09(2|P|*v + P*%) —vZ — Puw
— b, "j ~oa(p— DIPPPI|PP +iVb(+ ~1)P. (12.4.16)
p
Agw = —y(Pv+ Pt)ge, — (p— 1)(|P1? In|P|%)e e, - (12.4.17)

Proposition 12.25. The system (12.4.16)-(12.4.17) is solvable if the
function b(t) satisfies the differential equation

2Ny 71 |
b= =2 (= —1)vh 12.4.18
M \p Vb { )
with No = 5= [|S|?d¢ and M = 2= [|S|?|¢|%d€.
JdP 0z
Proof. The pair (p,3) = (E E) - satisfies the linear system
. 1 .
Ap—p—3025°p— 88— Xp= -igis, (12.4.19)
AnB+v(28p)e e, = 0. (12.4.20)

with zero boundary conditions at infinity. Existence of solutions requires
that the right-hand side of the above system be orthogonal to the kernel
of the adjoint of the operator arising in the left-hand side, which is defined
by the solutions (A, p) of

AN = X = 3098 N + 29Spe e, — XA =0, (12.4.21)
Anp— SA=10. (12.4.22)
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The set of solutions is spanned by

(s oxan ) (3 e )}
Lo xde )\ de (19 Xe (e &)dz) ) |

The solvability condition thus reads

/525 S, d&1d€s = 0, (12.4.23)

or equivalently, / £:5% dé déy = (. This condition is satisfied when, as con-

firmed by the numerical simulations, S is even with respect to the variables
&1 and &. As a consequence, (p, 3) is well-defined.

We now consider (12.4.16)—(12.4.17) in the limit b — 0 and write v =
t + tve. To lowest order, we have

Avy — vy — 3098%0; — 11 X — Sw = —o9(p — 1)S°In(S?),  (12.4.24)

Avg — 19 — 028%05 — 15 X

1
—b.p+ {-;_a ~1)VbS,  (12.4.25)
awe, g, + weye, — 27(Sv1)e,e, = —(p— (ST In(S%))e ¢, - (12.4.26)

Note that (12.4.25) is decoupled from (12.4.24) and (12.4.26). The solvabil-
ity conditions for (12.4.24) and (12.4.26) are again satisfied, provided that
S is an even function of £; and &,. Since S satisfies (12.4.12), the solvability
condition for (12.4.25) is

— b, /Spdf + c—] - 1) Vb [Szdg — 0, (12.4.27)

or

b, = Cl(E ~ 1)V, (12.4.28)

51*d
with ') = % . Note that b, < 0 and p > 1. It follows that, for con-

sistency. the constant ', must be positive. This property results from the
identity 2 [ Spd¢ = ﬁf S2[€|2d€, proved in Papanicolaou, Sulem, Sulem,
and Wang (1994). Equation (12.4.18) follows. It provides a differential equa-
tion for b(7) if a relation between p and b is known. The latter relation,
given in the next proposition is obtained by analyzing (12.4.10)-(12.4.11)
in the limit b — 0, p — 1.

Proposition 12.26. [n the limit b — 07, p — 17, the solution (P, Z) of
(12.4.10)-(12.4.11) satisfies:

(i) In the limit Vbl¢| < 1, (P, Z) = (S, X), where (S, X) are solutions of
(12.4.12)-(12.4.13).

(ii) For vblé| > 1, P~ ;¢|§|_1f’?"_”‘“@ﬂi"“@52f’4, with p* = 2(1 — i)Nu.
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(iii) The asymptotic behavior of p when b tends to () is

1 v 1
1- o = Ilﬂﬁ e~/ (12.4.29)

where Ny = EL,, f S2d¢. and vy is a numerical constant.

Proof. Writing P = Be' | the system (12.4.10)-(12.4.11) becomes

2
AB — B — 0,B** — (|Vo|* - i)B ZB =0  (12.4.30)

f ‘ b
VB?.V0+ B2(A0 - Vb + g) =0, (12.4.31)
ﬂzﬁlfl + ngfz + "}-’{BEP}EIQ = (). {12'—132)

Letting v = V0. (12.4.31) becomes

div {Bzﬁgﬁ—?} - ZBEG - 1)|5|E'ii—?3'5- (x - @) 0. (12.4.33)

Let U7 satisfy

(12.4.34)

ff)

div U = 2B2|¢|2 ¢ . (;[ VR

Then

1 — (3 - 1) U. (12.4.35)
e 2\

The limit p — 1, b — 0, £ — oc is nonuniform. When p — 1, with fixed &,
B approaches S. On the other hand, for large || and fixed b, the nonlinear
terms are negligible in (12.4.30) and so are the azimuthal derivatives in the
Laplacian. We can therefore repeat the analysis of the isotropic case given
in Section 8.2. For |£| — oo we have

VvbEZ 1 Ve 1 ¢

B~ plé|7VP, 0~ - Iniél, y~—7———4—. (12.4.36
In order to characterize the behavior of U/, we write
U=Vq +V xq (12.4.37)
with
o : b
Aq, = 2|B?|¢|2G—2¢ . (x - %) (12.4.38)

Up to a divergence-free term we thus have

U{c‘;“)—l[ é §|£BE{§)|5| (52t ( vb )dg’. (12.4.39)
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It follows that

et & fRE B2(¢|¢' P2 (x _ ‘/E‘ff)dg’. (12.4.40)

ST 2

The main contribution in this integral is from |£'| of order one. Since
we can approximate B by S defined by (12.4.12) and neglect y, which
is proportional to ?% — 1 = \/E, we get

N L PN o
I;w—zﬂ e 52(¢)ae’. (12.4.41)

Therefore, equating the unbounded terms in (12.4.35), we have

W2 A 2(1 - i) z'i [53(5’).15’ _ 2(1 - i) o. (12.4.42)

.F 4

Finally, we match the solution for |£| = 2/ Vb to the ground state S,
solution of (12.4.10). When || — oo, the nonlinear terms are negligible,
and

S = 1|&|"V2eE. (12.4.43)
We define Z = B[£|'/2. In the range of interest, (12.4.30) reduces to

b 2
Z" + ( E' - 1)2 — 0. (12.4.44)

From here, we follow the WKB argument given in Section 8.2. Using that
a == «/E_)_, we get

= 1/ 2b e/ (2Vh) (12.4.45)

which, when substituted into (12.4.42), gives
1 1 . : T
1 — =~ —2p Y27V, (12.4.46)
p Ny

Proposition 12.27. Blowup solutions of the elliptic—elliptic DS system
(12.4.1)-(12.4.2) have the following asymptotic form near the singularity:

. 1 . _ X% 12 |15{| .
P(x,t) = ——ellT—alt) T L) )P( b{t}) (12.4.47)
L(t) (1)
uy (x,1) =~ 0 ) ~AL) TP )eyey s (12.4.48)
where 7, = L2, —L;L = a, L°L;; = —b and b = a® + a, = a? is given by
1,2
_ ] —*.'r,.-"v'!_ : /
b, = -2— ’Lf (12.4.49)

with Ny = i JR: S?d¢ and M = %Lﬁf 52|€|2dE.
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Proof. Putting (12.4.18) and (12.4.29) together, we get (12.4.49). As for
critical NLS, a? = b, and thus
e 1

| e —mw/a

T T Ma

(12.4.50)
C

To leading order in the limit 7 — oc, this gives a ~

nT
the primitive variables, this corresponds to a blowup rate of the form

(12.4.51)

L(t) oc (t. —t)lfg(lnln = ) lﬁ.
Remarks.

1. When the coefficient ~ in (12.4.2) is small, the system (12.4.1)—(12.4.2)
can be viewed as a perturbation of the cubic two-dimensional focusing
equation and is amenable to a perturbation analysis that confirms that
the additional coupling does not modify the rate of blowup (Fibich and
Papanicolaou 1997h).

2. Another example of a nonlocal equation displaying the same form of
blowup is the so-called Chern—Simons gauged planar NLS equation arising

in quantum physics, in the form

(D + 1A )y —(v — i A% — gl |* (12.4.52)
with
AG) = 1 [ G- X o)ax.
H E
1
A(x, 1) = - [ Gx —x") - S (V — iAW) (x', t)dx', (12.4.53)
where
1
G(x) = o x| e.)

and s and g > 0 denote numerical constants (Bergé. de Bouard., and Saut
1995 and references therein).

12.5 Solutions of Elliptic-Hyperbolic DS

Special attention has been devoted to the DSI system

1O + Op ) + Oyt = "'J|I|'f’|£t|f” + 210, (12.5.54)
Dratp — Oy = 200, 10| (12.5.55)
For ¢ = —1, Boiti, Leon, Martina, and Pempinelli (1988) showed that

DSI admits “two-dimensional breather solutions” corresponding to local-
ized wave packets decaying exponentially in both space coordinates. These
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solutions were generalized to arbitrary time-dependent boundary condi-
tions ¢ and s by Fokas and Santini (1990), who named these solutions
“dromions” (see also Hietarinta and Hirota 1990 and Gilson and Nimmo
1991 for further generalizations). In contrast with the one-dimensional soli-
tons, dromions do not preserve their form after interaction (Gilson and
Nimmo 1991). Note that when ¢; = s = 0, arbitrary data disperse as
t — oo (Schultz and Ablowitz 1989). A discussion of these solutions is made
by Ablowitz and Clarkson (1991) who conjecture that any arbitrary initial
condition will decompose as t — oc into either a number of breather solu-
tions for time-independent boundary conditions or a number of dromions
for time-dependent boundary conditions.
Besse and Bruneau (1997) performed numerical simulations on the
cgeneral elliptic-hyperbolic DS system

10) + Opptd + Byyth = [P |20 + b0 + Oy )y, (12.5.56)

Q {T ¥ 1 P ’ =
Ouyp = Z(OulU P + 0, 01°). (12.5.57)
For the time stepping. they used a “relaxed” Crank-Nicholson scheme
141 /Tt n+1 [T
e — Iu"i' + L4 X i) y | T T
i +A o o A I (e Sy
ot 2 4
41 ' TL
+h1|"", 2+ tl'l'l) {WTH—IJ-"'E + H;.“"'lx'ri) {12558)
am1/2 + n—1,2 o ‘ r
Oy gt = T (" P)e + (" ),) . (12.5.59)

where the first step is computed by identifying ¢~ '/? and ¢'/2. This scheme
can be viewed as an extension of the classical fully implicit Crank—Nicholson
scheme that conserves exactly the mass and when the mean field vanishes
at infinity, the Hamiltonian of the wave packet. It enables a decoupling of
the two equations. An extension consisting in replacing the cubic term in
the amplitude equation by a term of the form éu”"‘lf (T 4 ™) with
(w2 4y 1/2) = 7|2 enables one to avoid the use of an iterative res-
olution (Besse 1997). For the space discretization, they used a second-order
finite difference. The scheme was first shown to be efficient in calculating
dromions solutions, and was then applied to the case of Gaussian initial
conditions 19 = 4e~ (= +¥") and ¢, = py = 0.

For ¢ = 0 and y = —1 in (12.5.56)-(12.5.57), one recovers the usual
critical NLS equation that blows up in a finite time. Besse and Bruneau
(1997) integrated (12.5.58)—-(12.5.59) with b = 1, y = —1, and various

values of o ranging from —0.3 to 0.2. They observed that the solutions
blow up in a finite time and that the singularity time increases with o.
They also integrated the system with y = —1, ¢ = —2 and various values
of the parameter b and concluded that blowup occurs for b > 0 and for small
negative values of b, while the solution remains bounded if b is sufficiently
negative. This study demonstrates a qualitative sensitivity of the elliptic—
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hyperbolic DS system to the values of the parameters. Further study is
needed to understand in detail the structure of the blowup.

One can interpret the numerical observations for fixed o and small b = ¢
(or equivalently, fixed b and small ¢) by looking at the system (12.5.56)-
(12.5.57) as a perturbation of the two-dimensional focusing cubic NLS
equation. One can then perform a perturbation analysis similar to that
done by Fibich and Papanicolaou (1997b) for the elliptic—elliptic DS sys-
tem and predict that the blowup is similar to that of the ecritical NLS.
Introducing the scaled variables

t
-t Yy 1 -
§1 = 0} {2 = L)’ T—L T205) ds (12.5.60)

and

r"-”[gl ? 523 T) - L{t}lf}{1~ ", t)E_iT_HEEEfq! '313{51 1 62'.- T) - LE “)'1‘9|{I1 Y, f]*
(12.5.61)
the system (12.5.56)—(12.5.57) becomes

-+ Av +

( )5‘33 = e(we, + we, v, (12.5.62)
o : :
Wego = _I{HEJUF + 6‘{2|v|3}_, (12.5.63)

with a = —L;L and £ = (&1,&3). Proceeding as in Chapter 9, one gets the
reduced equation

[ (bﬂf} + eh + HI[\/E}R) Rd&dés =0 (12.5.64)

where b = a* + a-,
v(vVb) = ”“ —w/Vb, (12.5.65)

and h satisfies

Ah — h 4+ 3R*h = (g, + g, )R, (12.5.66)

with w solution of
- a = = R
Fee = — 7 (B)es + () ) (12.5.67)
As before, R is the positive solution of AR — R+ R? = 0, and p is the
solution of Ap — p + 3R%*p = —+|¢[*R?. Since h, = 0, the modulation

equation is the same as for the critical NLS equation and leads to the same
rate of blowup.
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Langmuir Oscillations

Langmnir oscillations, (also called Langmuir waves or electron plasma
wmres), constitute an important phenomenon taking place in a nonmag-
netized or weakly magnetized plasma. and have applications to both
astrophysical situations such as solar radio emission (ter Haar and
Tsyvtovich 1975, Gurnett, Maggs, Gallagher, Kurth, and Scarf 19581, Gold-
manl983, 1984) and laboratory experiments (Wong and Cheung 1984,
Cheung and Wong 1985). Application to the ionosphere is considered by
Rose, Dubois, Russel, and Bezzerides (1991). A review is found in Robinson
(1997). Modulational instability leads to the formation of regions of lower
plasma density (cavities) where high-frequency oscillations of the electric
field are trapped. The nonlinear evolution leads to the collapse of the cavi-
ties and to a strong amplification of the oscillation amplitude. This provides
an effective mechanism for the dissipation of long-wavelength plasma waves.
Collapse thus plays a central role in the dynamics of Langmuir turbulence,
and strong attention has been paid to this problem after Zakharov (1972)
derived the equations governing the coupled dynamics of the electric-field
amplitude and of the low-frequency density fluctuations of the ions (see
also Zakharov 1984, Rubenchik, Sagdeev, and Zakharov 1985). The energy
absorption that could occur in the postcollapse evolution of the cavities as
the result of the drawing of new Langmuir waves into them is considered

by Malkin (1991).
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13.1 Derivation of the Zakharov Equations

13.1.1 The Two-Fluid Model

We consider a plasma as two interpenetrating fluids, an electron fluid and
an ion fluid. We denote by me, ne(x,t), and ve(x,t) (respectively m;,
ni(x,t) and v;(x,1)) the mass, number density (number of particles per
unit volume) and velocity of the electrons (respectively of the ions). The
continuity equations for each of the fluid species read

Ine + V- (neve) = 0, (13.1.1)
Hn; +V - (n;v;) = 0. (13.1.2)

Denoting by —e the charge of the electron and by e that of the ions
assumed to reduce to protons (extension to ions with a larger charge is
straightforward), the momentum equations read

1
MeNe(Ove +ve - Vve) = =Vpe —enE+ —v. x B), (13.1.3)
c

1
ming (v + v - Vv;) = ~Vp; +en; (E+ ~v; x B),  (13.1.4)
c

where the right-hand sides include the pressure gradient force and the
Lorentz force per unit volume.

The (macroscopic) electric and magnetic fields E and B are provided by
the Maxwell equations

V- E = 4mp, (13.1.5)
V-B = 1. (13.1.6)
1
¢
4 1
VxB= it -8E (13.1.8)
where p = —¢(n. — n;) and j = —e(n.v. — n;v;) are the densities of total

charge and total current respectively.
Equations (13.1.7) and (13.1.8) yield

1, dm ;
ﬂ_gdttE + V 2 (V x E} + {ﬁ_jdf.] = 0, {1‘3'1'9)

where using the equations for the densities and momenta of the two species,
we have

1 £, 1
9 = ¢(V - (neVe)Ve + neVe - Ve + —Vp, + —<(E + ~v. x B))
Me Me ¢
1 €114 1
—E(? (ngvi)v; + v - Vv, + —Vp; — (E + —v; x E))
Tr; Tr; [

(13.1.10)
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13.1.2 The Vector Zakharov Equations

A heuristic derivation of the equations governing the envelope dynamics
of Langmuir waves in the presence of density fluctuations is presented in
Robinson (1997) and Bergé (1998). Here we use a more formal approach
based on a multiple-scale modulation analysis. We thus consider a long-
wavelength small-amplitude Langmuir oscillation of the form

E = % (EX,T)e ™" +ce.) + E(X.T) + -, (13.1.11)

where X = ex and T = €?t. It induces fluctuations for the density and
velocity of the electrons and of the ions whose dynamical time will be seen
to be 7 = €t, thus shorter than 7. We write

2 | r
Ne = Ng + % (ﬁE{X,T)e_"“““t i f:.c.) + e (X, 7) + -+, (13.1.12)
- - ¢
n; = ng + % (ﬁi[}{, T)e et 4 'L’:.l.':.) t Egﬁi(X,T:l + -, (13.1.13)
v, = % (Ve(X,m)e ™ dce) + €V (X 1)+ - - -, (13.1.14)
v; = % (Vi(X,m)e™ ™ 4 ce) + V(X T) + e (13.1.15)

where ng is the unperturbed plasma density.

In the long-wavelength limit where the particles travel only a fraction of
the wavelength in one wave period, the compression of the wave is adiabatic.
For small fluctuations, we write Vp, = v.1.Vn,. and Vp; = v,1;Vn;, where
. and ~; denote the specific heat ratios of the electrons and the ions and
T, and T} their respective temperatures in energy units.

It is easily seen from (13.1.3) considered to leading order that the
amplitude of the electron velocity oscillations is given by

e

Ve = — £, (13.1.16)
M ele

while the velocity oscillations of the ions is negligible because of their large
mass. We thus take

v = 0. (13.1.17)

It follows that the density fluctuations are given by
LT ETLp

fle = i—V -V = —=V - £, (13.1.18)
We M2

-

i =0, (13.1.19)

On the other hand, as seen from (13.1.7), the magnetic field B is of order

e and will not contribute to (13.1.16).
To leading order. the equation for the electric field reduces to

w2 47 ie?
L Yeg g R0 e g, (13.1.20)
2 2 Mmew,
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from which we get the “electron plasma frequency”

(13.1.21)

At the next order, provided that no large-scale magnetic field is generated,
we obtain the amplitude equation in the form

L\Llrfl - - 4 12 S
~ 2% COrE+V x (VX E) - Tele G 6)+ 5 e —0, (131.22)
(i

M2 c2im,

where the contributions of j originate only from the pressure gradient force
of the electron fluid and from the electric force acting on these particles.
Due to their large mass, the contribution of the ions is negligible.

We then define the electron thermal velocity as

T,

e

e (13.1.23)

|

and note that if we assume a small collision frequency, the change in tem-
perature of the electrons during the compression along the direction of
propagation will not be transmitted to the other two directions. It follows
that in the formula for the ratio of specific heats ~. = %, the number
D of dimensions involved in the increase in temperature is D = 1, leading
to 7. = 3 (Nicholson 1983, Thornhill and ter Haar 1978). The amplitude

equation becomes

- We Tle

(V&) = =Z2¢. (13.1.24)

2w, Eu.r,_a 2 np

Furthermore, we have for the mean electron density fluctuations n,
Orie + ngV - v = 0. (13.1.25)

The mean electron velocity v, obeys

1 — ~ ~
Me ((:L?ﬁ + :l(vﬁ Vv, + Vv, -‘FVE)) = (13.1.26)

)
where

F‘E

L - e~ -
(Ve VVE+ V.- Vve) = VIE?, (13.1.27)

dm2w?
and the time derivative on the left-hand side is negligible due to the small
mass of the electron. Furthermore, E denotes the leading contribution (of
order ) of the mean electric field. We thus get

2

VIE]* = Yele Vi, — €E. (13.1.28)

4mﬁw o
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In order to express the mean electric field E, we consider the equation for
the mean ion velocity v; and the mean ion density fluctuations n;.
otk

mi@Tﬂ - - ?ﬁi -+ F“E {13129)
(Y]

The system is closed by using the quasi-neutrality of the plasma in the
form

e = M. (13.1.30)

Ve = Vi, (13.1.31)
which we denote by n and v, respectively. Adding (13.1.28) and (13.1.29),
we get

2
: 1 r

0% = ——=2 Vit — ——V|E|2, (13.1.32)
o dmm;ng

where the speed of sound ¢, is defined by

, T.
2 =n—, (13.1.33)
T

with

o ﬁfETE + F}"iﬂ
— T _
Equations (13.1.24), (13.1.25), and (13.1.32) yield the vector Zakharov

equations (Kuznetsov 1974, Thornhill and ter Haar 1978, Nicholson 1983,
Zakharov 1984)

7 (13.1.34)

o2 32 We T
O E — —— £ ‘ . = ——£. 13.1.35
i0rE = 5V x (VX &)+ 5=V(V €)= =&, ( 5)

1

1 {J."}T'I"Hi

E0prn — ccA N = AlER. (13.1.36)
These equations describe the dynamics of the complex envelope of the
electric field oscillations near the electron plasma frequency and the slow
variations of the density perturbations. These variations, which affect the
effective refractive index felt by the electric field, are driven by the pon-
deromotive force resulting from the spatial variation of the modulated
electric-field amplitude. At least as long as the ion inertia term e*dppn
is negligible, the ponderomotive force leads to a local reduction of the den-
sity and an increase of the refractive index and thus to a focusing of the
wave. Whether this effect can be balanced by the wave dispersion depends
on the space dimension.

If the temperature of the ions is neglected compared to that of the elec-
trons and. arguing that the motion is slow, the specific ratio v, is taken

equal to unity (Thornhill and ter Haar 1978), then n = 1 and ¢, can be
identified with the ion-sound velocity (7). /m;)/2.
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The above equations are conveniently written in a nondimensional form.
Denoting by
T,
Ad = —: (13.1.37)
dme=ng
the Debye length and by g = m,./m; the ratio of the electron to the ion
masses, we define the normalized variables

21 2 .4
T = 4—'?;..:u.:ﬁT_._ X' = S(pu)t/2—, (13.1.38)
3 3 Ad
3 1ln 1 1 3 1/2
LN N N ( : ) £ 13.1.39
dn ng n 2 \6dmangT. { )
Defining
o2 o

(13.1.40)

T 9.2 T 9 212
Jvs BwiAg
and dropping the primes, we finally get the vector Zakharov equations in
a nondimensional form:

idpE —aV x (Vx &)+ V(V- &) =né&, (13.1.41)
eoprn — A n = A|E|% (13.1.42)

Typical values of the parameters for astrophysical and laboratory plasmas
are given in Thornhill and ter Haar (1978, table 1, page 47). It is noticeable
that the parameter « is large in realistic situations, ranging from 20 in lab-
oratory plasmas to 2 x 10” in the interstellar gas. Such extreme regimes are
amenable to an asymptotic approximation. as described in Section 13.1.3.

Note that in the “subsonic limit”, where the density fluctuations are
assumed to follow adiabatically the modulation of the Langmuir wave. we
obtain the vector NLS equation

i0pE —aV x (Vx E)+V(V-E) + [E]PE€ = 0. (13.1.43)

13.1.3 The FElectrostatic Limat

A simpler form of (13.1.41)—(13.1.42) is obtained in the limit v?/¢? < 1 or
a — o0, which corresponds to a plasma that is not too hot. In this limit,
the electric field is close to being potential. A weak solenoidal component
is, however, produced by the coupling to the density fluctuations. One thus
expands

1
£ =V + ESI N (13.1.44)

The leading order term V1 is usually called the “longitudinal compo-
nent” in the sense that when ' is monochromatic, this contribution to
the electric field is parallel to the associated wave vector. The correction
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i‘fl contributes to leading order to aV x (V x &) and should thus be re-
tained. Nevertheless, a close equation for the electric potential v is obtained

by taking the divergence of the resulting amplitude equation, in the form
(Zakharov 1972, Zakharov, Mastryukov, and Synakh 1975)

A(idp) + A) = V - (nVh), (13.1.45)
€ drpn — An = A(|Vy|?), (13.1.46)

which describes the interaction of the electrostatic potential with the
plasma density in the limit of large «v. The above system is usually called
the Zakharov equations.

Equation (13.1.45) can be rewritten as

10: Vi + A(V) = H(nV), (13.1.47)

where H denotes the zeroth-order operator A~ 'grad div. In one space
dimension. where the operator H reduces to the identity, the Zakharov
equations admit solitary waves that are, however, not proper solitons. since
they are not stable relative to collisions (Gibbons, Thornhill, Wardrop,
and ter Haar 1977). As in the case of the NLS equation, these struc-
tures are unstable relatively to large-scale transverse perturbations both in
the general context and the electrostatic limit (Degtyarev, Zakharov, and
Rudakov 1975, Schmidt 1975, Pereira, Sudan, and Denavit 1977, Laedke
and Spatschek 1978, 1979, Wardrop and ter Haar 1979, Zakharov 1984,
Kuznetsov, Rubenchik, and Zakharov 1986).

Both in laboratory and space plasmas, an ambient magnetic field is usu-
ally present and affects the Langmuir waves (see, e.g.. Pelletier, Sol, and
Asseo 1988 and Newman, Goldman, and Ergun 1994). It is shown that in
the case where this field is weak, (13.1.45) is replaced by

Alidry + Ap) — oA+ V- (nV) = 0, (13.1.48)

where o is a nondimensional parameter proportional to the magnitude of
the external magnetic field. The transverse Laplacian is associated to the
directions perpendicular to this field. The ion dynamics are governed by
(13.1.46). In the adiabatic limit, one has

A(idp) + AY) — oA + V- ([V|* Vi) = 0. (13.1.49)

Several studies have been devoted to this problem, characterized by a
strong anisotropy, among them Krasnosel'skikh and Sotnolov (1987), Rol-
land and Tagare (1982), Assalauov and Zakharov (1985), Kuznetsov and
Turitsyn (1990), Hadzievski, ﬁk:::rif:, Rubenchik, Shapiro, and Turitsin
(1990), Hadzievski, and Skorié (1993). Note that related envelope equa-
tions also arise in other physical contexts that we do not review here,
like upper-hybrid and lower-hvbrid waves in a weakly magnetized plasma
(see, e.g., Musher and Sturman 1975, Sturman 1976, Kuznetsov and
Skorié 1988, Shapiro, Shevshenko, Solov'vev, Kalimin, Bingham, Sagdeev,
Ashour-Abdalla, Dawson, and Su 1993).
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13.1.4 Generation of a Large-Scale Magnetic Field

As noticed by several authors (Bel'kov and Tsytovich 1979, Kono, Skorié,
and ter Haar 1981, ter Haar , and Tsytovich 1981, Li 1993), the above
derivation overlooked the effect of a magnetic field €2B that develops at
large scale under the effect of the modulation. Before estimating such a
field, we note that it will affect the contribution of ;j to the amplitude
equation, which when written in the dimensional form (13.1.22) will include
on the left-hand side an additional term.,

fom 2 , 3 .
dmen,. dmn.e — el —

VexB=—i——ExB=—i——&xB. (13.1.50)
CHMEWe CoIT

5 =

i,
The mean magnetic field is given by

ir  10E

VxB=—37+4-—. (13.1.51)
c c dr
By the Ampere law, the magnetic field obeys
T _ A -
r_szTB +V x (VxB)= ?? X 7. (13.1.52)

Proceeding as in Bel'kov and Tsytovich (1979) and Kono, Skori¢, and ter
Harr (1981), we neglect the displacement current %(:LE, thus assuming
adiabatic dynamics of the magnetic field. Making this assumption while
keeping the full dynamics of the density fluctuations is justified by the
smallness of the ion acoustic velocity compared to the speed of light (¢, <
¢). We thus write

— A
Vx B = Tj' {13.1.53)

Denoting by ?E"” and v\* the third-order contributions to the mean
velocity of the ions and of the electrons, respectively, the mean current is
given by

7= - %{ﬁfﬁ: + c.c.) + emﬂ{fi:ﬂ — vid)), (13.1.54)

since the oscillating velocity of the ions is negligible and the mean velocity
of the ions and that of the electrons are equal to leading order. This last
point contrasts with the assertion of Kono, Skorié, and ter Haar (1981),
who consider the mean velocity of the ions negligible compared to that of
the electrons. Furthermore, the contribution of the mean velocity difference
of the ions and the electrons is omitted in Li (1993) who, however, retained
subdominant nonlinearities.
It is easily seen from (13.1.16) and (13.1.18) that
i

n.v. +c.c. = ——— CEVET —c.el). 13.1.55
neV. + c.c pu— (V-&) c.c.) ( )5)
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The contribution of the mean wvelocities is delicate to compute precisely
because it involves high-order terms in the expansion, but it is needed to
ensure the solenoidal character of 3. Clearly, this (nonoscillating) contribu-
tion arising at order ¢* should be linear with respect to £, £*, and V. This
siuggests that

_{.H} - —{H] _ —?_'r-ﬂ 5 . v 5* . 5* . v 5 14; 1 r[-r
in such a way that
j= U x (% E). (13.1.57)
lomm, w,

A derivation of this expression for the current 7 from the Vlasov equation,
is presented in Bel'’kov and Tsytovich (1979) and Kono, Skori¢, and ter
Haar (1980, 1981).

It follows that (see also Relke and Rubenchik 1988)

B=—© (£x&Y). (13.1.58)

demow,

As a consequence, the amplitude equation (13.1.22) includes an additional
ferm

2

—e
= i X (EXEY). (13.1.59)

S

In this context, the system (13.1.41)—(13.1.42) for electromagnetic oscilla-
tions is replaced by

i0rE —aV x (VxE)+V(V-E) =nE+ BE x (E7 x &),
(13.1.60)
0rrn — A = A€, (13.1.61)
where 3 = nv?/c? = n/(3a). As expected, the additional term is thus
negligible in the electrostatic limit.

The subsonic limit thus takes the form of the complete vector NLS
equation

i0rE+V(V-E)—aV x (VxE)+ |EPE - E X (E* x E) =0, (13.1.62)

which appears to be the generic amplitude equation for a weakly nonlinear
vector wave train, as expected from symmetry arguments.
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13.2 Rigorous Results

13.2.1 FExistence Theory

Neglecting the possible effect of the self-generated magnetic field. we write
the vector Zakharov equations in the equivalent forms

iE — aV x (Vx E)+ V(V-E) =nE, (13.2.1)
Oyn — An = A|E|* (13.2.2)
Or

i E - aV x (Vx E)+V(V-E)=nE, (13.2.3)
din + V- v = (), (13.2.4)
v+ Vin + [E]?) = 0. (13.2.5)
Since in the present asymptotics the velocity is irrotational, we can also
introduce the hydrodynamic potential U7 such that v = —VU/. We then

have
U =n+ |E|? (13.2.6)

and
dyn = AU, (13.2.7)

Furthermore, we denote by Ey(x), ng(x), and n;(x) the initial values of E,

n, and dyn, respectively. The Zakharov equations derive from a Lagrangian
density (Gibbons, Thornhill, Wardrop , and ter Haar 1977, ter Haar 1979)

-_ , , 1 .. ‘
L= %{{E*-E:?tE-—HtE*-E)}-—c:r|?:x:E|3—|‘F-E|3+§{{HJJ—|E|3)3—|?U|3}.

(13.2.8)
Several conserved quantities result from the associated invariance proper-
ties. In particular, if (E,n) is a smooth solution of (13.2.1)-(13.2.2), the
wave energy (also called the number of Langmuir quanta) N = |E|{. and
the Hamiltonian

, : | 1 r
H=a|VxE|].+|V-E[7,+ 5 n|7. + 5 VU|32 + [?1|E|£d}[ (13.2.9)

are conserved. Other invariants are the linear and angular momenta P and

M defined by

i' 4 * q -
P - f(i > (E,VE; - E;VE)) + nv) dx (13.2.10)

J

and

M = [{-EE x E" +x x P)dx. (13.2.11)
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kg |

(a1 0F

5., we have the estimate, valid
J

Denoting by VE the tensor of elements
in dimension d < 3,

1,1 o -
VE[L. + L Infis + 5 [VIEe < [H|+ca NOD2VE[L,  (13.2.12)

with ¢; = 4, ¢3 = 24. In dimension 2, the best constant ¢, is obtained using
Weinstein's estimate (see Section 3.2.1) in the form ¢y = 1/|R|r2, where R
denotes the positive localized solution (ground state) of AR — R+ R* = (.
This leads to the following theorem.

Theorem 13.1. (Sulem and Sulem 1979) For initial conditions Ey €
(HY RN, ng € L2(RY), andn, € H=Y(R"), arbitrary in dimension 1 and
obeying |Ep| 2 < |R|p2 in dimension 2 or N|H| < 4/(27¢3) and |VEg|2 <
|H| in dimension 3, there exists a weak solution E € L>(R*, (H'(R%))9),
ne L®(RT,(L2RY), to (13.2.1)-(13.2.2).

Remark. As shown by Added and Added (1984), this result can be
improved in two dimensions in the special case o« = 1, where the linear oper-
ator in (13.2.1) reduces to a Laplacian (a case relevant for the scalar model
discussed in Chapter 14), by use of the inequality (Brezis and Gallouét
1980) |u|pee < e(14|u| g (In(14|Aulz2))), valid if w € H#(R?). In this case,
if |Eg|r2 < |R|L2, there exists a unique solution E € L (R, (H™(R?))?),
ne L (RT, H"1(R?)) for (13.2.1)-(13.2.2).

Theorem 13.2. [In one dimension, for initial conditions, Eq € H™(R),
ng € H™YR), and ny € H™*(R) with m < 3, there exists a
unique solution E € L>*(RT,H™(R)), n € L>*R*T, H™ YR)) for
(13.2.1)-(13.2.2).

Theorem 13.3. [In dimensions 2 and 3, for initial conditions E, €
{H"“{Rd}}d: ng € Hm_l[R‘i), and ny, € HT”_E{REE} with m <
3, there exists a unique solution E € L>([0,T*),(H™R)), n €
L>=([0,7%), H" Y (RY)) for (13.2.1)-(13.2.2), where the time T* depends

on the initial conditions.

Remark. These results have been extended by Laurey (1995) to the case
where the Zakharov system is coupled to a driven magnetic field B (see
Section 13.1.4) by an additional term —iE x B in the right-hand side of
(13.2.1) and where B obeys

AB—-inVx (ExE")+ A =0,

with the additional vector valued function A defined as either A = 3B,
and 3 a nonpositive constant, or A = —~vd; [ B(y, t)|x — y|*dy.
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15.2.2  The Subsonic Limit

In the electrostatic approximation (« > 1), the subsonic limit (adiabatic
dynamics of the ions) of the Zakharov equations reads

i0p (V) + A(VY) + A 'grad div(|Vy|*Vy) = 0, (13.2.13)
or
A0y + Ay) + V - (|V]* Vi) = 0. (13.2.14)

Equation (13.2.14) was considered by Colin (1993a), who proved the exis-
tence locally in time of a unique solution v in C'([0, T'[, H) where T" depends
on the initial condition ¥y and H = {¢ € L° N Cyh(R%)), Vv € H')}
equipped with the norm |¢|y = |Vi|gy:. Furthermore, if ¢y € H with
Vg € H?, the solution satisfies Vi € C([0,T), H?). If the initial norm
[Pl = |Vibg| g is small enough, this solution is global in time. As in
the case of the usual scalar NLS equation, (13.2.14) admits standing wave
solutions that are unstable in the physical case of three space dimensions
and cubic nonlinearity (Colin 1993b). Furthermore, (13.2.13) simplifies in
the case of radially symmetric solutions. Since in this geometry any radi-
ally symmetric vector field is a gradient, the nonlocal operator A~ 'grad div
then disappears. A variance estimate and the existence of solutions blow-
ing up in a finite time are then easily obtained (Degtyvarev, Zakharov, and
Rudakov 1975, Colin 1993a).

The validity of the electrostatic limit in the subsonic regime was recently
addressed by Galusinski (1998), who establishes a convergence result for
solutions of (13.1.43) to solutions of (13.2.13) as @ — oo, during their
exlistence time.

13.2.3 The Vector NLS Equation
A Modified Variance Identity

Omitting for the sake of simplicity the skew nonlinear term associated to
the magnetic field generation, we establish for the vector NLS equation
(13.1.43) a “modified variance identity” that simplifies in the special case
« = 1, where it leads to a blowup result (Goldman and Nicholson 1978,
Goldman, Rypdal, and Hafizi 1980). The existence of blowup solutions for
other values of « is not proved.

Proposition 13.4. Solutions of the vector NLS equation (13.1.43) obey
the modified variance identity

d? L t ,
412 (/ x|*|E[*dx — (1 — a) 4 [ ;s.r:jﬂjdxdt) — —2a / tr T dx

(13.2.15)
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o
=1

with Kj =2 3(£7 V- E) and

/terx — —2dH — 2a(2 — d) (m|"?E|ig L-o

-Eﬁz), (13.2.16)

where H = a|VE|]. + (1 — )|V - E|{. — $|E|}. is the Hamiltonian.
Proof. It is convenient to rewrite (13.1.43) in the form
i E + aAE + (1 — a)V(V - E) + |[E[’E = 0. (13.2.17)

The continuity equation for the “mass™ reads

‘4 V-J =0. (13.2.18)

Here J = aP + (1 — a)K, where P; = 2 J(E* - 9;E) are the components
of the momentum density and IC; = 2 (L7 V - E). The equation for the
momentum is

oP;

prele ;15 (13.2.19)
with
Tij = —2cx SR(dIE* C}JE) + 2cx %(E* C}HE) 2(1 — {‘1) RV -E” (j; E; )
+2(1 — a) R(0;(V - E) Ef) + &;; |B|*. (13.2.20)

To obtain (13.2.15), one writes

f|x| 0; (0K )dx = —20y (f f?jfi dxdi‘) (13.2.21)

and [ |x|20;;T;; dx = 2 [ tr Tdx with

/ter:{= —4day /|?E|de-—4{1—m]f|?-E|2dx+df|E|4dx.

(13.2.22)
Equation (13.2.15) follows.
Remark. Existence of blowup solutions is not known when a £ 1 because

the modified variance does not have a fixed sign. In contrast, when o = 1,
(13.2.15) reduces to

dr‘E [|:~:| E|*dx = 4dH + 4(2 — /|?E|‘3dx (13.2.23)
and the usual blowup analysis is easily done. This case can actually be
viewed as a system of nonlinearly coupled scalar NLS equations. a problem
also addressed in a different context by McKinstrie and Russel (1988). The
case where the additional skew nonlinear term —jE x (E x E*) is included
in the vector NLS equation as in (13.1.62) is considered by Kono, Skorié,
and ter Haar (1980, 1981) in a setting corresponding, in fact, to e = 1.
This leads to an equation for the variance itself and again to the existence
of solutions blowing up in finite time.
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Existence of Standing Waves

The existence of standing waves for the vector NLS equation (13.1.43)
was addressed by Colin and Weinstein (1996) and discussed in terms of
the parameter a.. For a ¢ 1, they showed that in dimension 2 and 3, there
exists a number . such that if o < «,, the ground state is not the gradient
of a radial function.

Bound states of the vector NLS equation (13.1.62) with a = 1 but includ-
ing the skew nonlinear term originating from the magnetic field generated
at large scale were considered by Stubbe and Vazquez (1989). They con-
clude that in dimensions d = 2 and 3, the ground state, which displays a
cgeneralized rotational symmetry, is unstable. Ground states for the vector
NLS equation with saturating nonlinearity were considered by Laedke and

Spatschek (1984).

13.3 Evidence of Collapse

13.3.1 Heuristic Arguments

No rigorous results concerning the existence of a finite-time singularity are
presently available for the vector Zakharov equations. In this section, fol-
lowing Zakharov, Mastryukov, and Synakh (1975), we argue that a blowup
is expected in dimension d = 2.

We first note that the Hamiltonian H can be negative only if the density
perturbation n is sufficiently negative. In this case, [ n|E[*dx < H < 0.
Replacing n by its minimal value n,,;,., one has n,;, f Eldx < H < 0

H . . . .
Or |Mynin| = % Since H and N are conserved. it follows that in the

case H < 0, the density well produced by the plasma wave is maintained
whatever the evolution of the wave packet trapped in it.

In situations where the plasma wave packet tends to a standing wave
n = —|E|?, E; = {AE after emitting part of its energy, one has

~MNE+V(V-E)—-aV x (VxE)+ |E|’E = 0. (13.3.1)

Multiplying by E* or by (x-V)E", combining the results with the complex
conjugates, and integrating, one obtains

NN + /(W ‘E|* +a|V x E|? = |E[*)dx =0 (13.3.2)
and
dN*N + (d — 2) /{|‘F -E]* + a|V x E|*)dx — %N/|E|4dx = 0. (13.3.3)

Since for a standing wave H = [(|V - E|? + a|V x E[? — ;|E|[*)dx, it
follows that in this case H = H/\EN, indicating that for d = 1. one has

H = —%N, while for d = 2, H = 0 holds and for d = 3, H = A*N.
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During the evolution of the plasma wave packet, the Hamiltonian in
the density well can only decrease as the result of sound emission. If it
was initially negative, it remains so. As a consequence, in two and three
dimensions, a wave packet with a negative Hamiltonian cannot evolve to
a standing wave. Such a regime can be established only in one-dimension,
where a solitary wave can form (Gibbons, Thornhill, Wardrop, and ter Haar
1977).

Furthermore, an oscillatory behavior is also not expected. since in this
case the presence of a localized oscillating source in the wave equation
would lead to an unlimited radiation of acoustic energy from the density
well and again to a decrease of the Hamiltonian. The existence of a finite-
time singularity in dimension d > 2 is thus suspected in the case of a
negative Hamiltonian.

13.3.2  Simulations in the Electrostatic Approximation

Extensive efforts both analytical and numerical have been devoted to the
understanding of Langmuir collapse in the electrostatic approximation (Za-
kharov 1972) governed by (13.1.45)-(13.1.46). A review is presented in
Rudakov and Tsytovich (1978), Zakharov (1984), Rubenchik, Sagdeev, and
Zakharov 1985, Robinson (1997). If the potential is assumed to be radi-
ally syvmmetric, the electric field vanishes at the origin, a configuration
that is not realistic. The wave packet takes the form of a spherical layer
collapsing to the origin, a configuration unstable with respect to perturba-
tions breaking the spherical symmetry (Degtvarev, Zakharov, and Rudakov
1975).

Collapse was also simulated in a fully two-dimensional geometry and
in three dimensions assuming an axial symmetry with the axis directed
along the initial electric field (Degtyarev, Zakharov, and Rudakov 1976).
These calculations show the convergence of the collapsing solutions to the
self-similar form

1 i [C A )dt’ V(E) o
b= t}l_gmg{g:}e J B et (13.3.4)
with
Ap X .
M) = (t, — 1)/ &= (t. — t)2/4’ (13.3.5)

the profiles taking a dipolar form: The collapsing cavity has an asymmet-
rical oblate shape with the electric field at the cavity center directed along
the short size (see Dyachenko, Pushkarev, Rubenchik, Sagdeev, Shvets, and
Zakharov 1991 for a detailed description).

Three-dimensional simulations are reported by Robinson., Newman and
Goldman (1988), Newman, Robinson, and Goldman (1989, 1991), Robinson
and Newman (1990), who conclude to the formation of collapsing structures
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that are predominantly pancake-shaped. Such solutions were also analyzed
by Malkin, Khudik, and Fedoruk (1990).

Experimental observations of Langmuir collapse with transverse contrac-
tion rates of the wave packet following the self-similar scaling are reported
by Wong and Cheung (1984) (see ter Haar and Tsytovich 1981 for references
to previous experimental work). Predictions of the Zakharov equations were
also favorably compared against direct simulations of the Vlasov equation
until the moment where the self-focusing of the Langmuir oscillation takes
the system out of the region of validity of the asymptotic description (Sigov
and Zakharov 1979, Rowland. Lyon, and Papadopoulos 1981, Anisimov,
Berezovskii, Ivanov, Petrov, Rubenchik, and Zakharov 1982). Compari-
son of numerical simulations of the two-fluid equations with the Zakharov
model are reported in one space dimension by Nicholson, Payne, Sheerin,
and Mei-Mei Shen (1991) who observe the same qualitative behavior when
the electric field magnitude is in the range of validity of the model. while
for larger fields. they conclude that Langmuir wave breaking can possibly
OCCUTr.

13.3.3  Simulations of the Vector Equations

Numerical integrations of (13.1.41)(13.1.42) and of (13.1.43) in three space
dimensions are presented in Papanicolaou, Sulem, Sulem, and Wang (1991)
for various initial conditions associated to a negative Hamiltonian. In deal-
ing with the Zakharov system, the initial density fluctuations were taken
as ny = —|Ep|? with dyng = 0. In all the computations, ov = 0.5. The
development of the collapse is accurately followed by using the dynamic
rescaling method where a change of the dependent and independent vari-
ables is introduced in order that the system actually solved numerically be
nonsingular.

Let D(t) be a 3 x 3 matrix function of time, x,(f) a vector function of
time and (t) a positive scalar function. One writes

‘

£ = D‘l{:t:]{x — 15{{}:]._. T = L ﬂgl(s:] ds. [13.3.(‘.;:]

E(x.1) = (1{53; u(€. 7). (13.3.7)
1 g .

n(x,t) = M0 v(€, 7). (13.3.8)

ny(x,t) = h"l(t) w(&, 7), (13.3.9)

where the matrix D(#) has the form

D(t) = OT(H)A(1) (13.3.10)
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with O(t) an orthogonal matrix and A(t) a diagonal matrix whose diagonal

elements are A;(i = 1,...,3). One takes
T = - . ed.el,
" [IEPrdx

to be the centroid defined by the 2p power (p = 3 was used) of |E|, which
for large T will be located near the blowup point. The matrix D(t) is chosen
siich that

| &i&ilul?rdg o
TadE " 5. (13.3.12)

With this condition, the second moment of |u
using (13.3.7),

1?7 is the identity matrix or,

D'S(D YW =1, (13.3.13)
where S = (s;;) and

@ =)@~ B -

=LY J‘|E|2Fd}{_ . S Iy
This leads to a closed system for the rescaled fields u, v, and w which is
given in the original paper.

The scaling functions are chosen such that the various terms of the
rescaled equation remain finite. One sets M(t) = Q4(t), N(t) = Q(¢),
and Q%(t) = 3/>°(1/A?(t)). The relation, between L and Q depends
on the regime that is considered. When ¢ is of order unity, the condi-
tion L(t) = 03/ (t) was prescribed, while for the vector NLS equation
L(t) = Q(t) was used. The near subsonic limit is more delicate. When ¢ is
very small, the correct scaling at early times is L(t) = €(t), which is consis-
tent with the scaling of the vector NLS equation. As seen in the following,
at later times, the system evolves to the supersonic regime, and the scaling
must be changed to L(t) = Q%/2(¢).

Simulations were performed with an initial electric field E; whose three
components are equal, with an intensity isotropically distributed around the
origin, and € = 1. For both the Zakharov and the vector NLS equations, the
amplitude of the solutions develop a mild anisotropy when the collapse is
approached, an effect also observed by Robinson, Newman, and Goldman
(1988) and Newman, Robinson, and Goldman (1989) in the electrostatic
case. The difference between the Zakharov and the vector NLS equations
appears in considering the evolution of the coeflicients a;; = — aif;*(lnhi},
which remain equal but tend to zero like 2/7 for the Zakharov equations,
while they converge to a constant for the vector NLS equation. This re-
flects the different rates of blowup of the solution in the two regimes: the
coefficients A; behave like (¢, — t)2/? for the Zakharov equation, while for
the vector NLS equation they behave like (t, —#)!/2, as in the scalar prob-
lem. For both equations, the contours of the wave amplitude are ellipsoids




262 13. Langmuir Oscillations

pointing in the direction of the initial electric field. The distribution of the
electric field intensity is thus weakly anisotropic in both problems, although
the anisotropy is weaker for vector NLS.

When the Zakharov equations are solved for a very small value of the
parameter € in front of the density time derivatives dyn. using the same
initial conditions as above, the dynamics are subsonic at early times. The
A;'s are then equal and behave like (t. — t)/2. However, sufficiently close
to the singularity, An becomes negligible compared to dyn, and the A;'s,
which are still equal, behave like (¢, — )/,

For initial conditions corresponding to an anisotropic intensity distribu-
tion, the solution of the Zakharov equations displays a long anisotropic
transient before reaching a stable profile where the contours are again el-
lipsoidal. The rates of collapse are the same in all directions, the A;'s all
behaving like (t, — t)?/3. In this case, the vector NLS equation develops a
very strong anisotropy at early times and then breaks apart into two peaks.
A similar result is observed with the Zakharov equation with a very small
€. The dynamic rescaling method in its present formulation is unable to
follow such a solution further. However. the computations do give informa-
tion about the behavior of the solution up to the breakup. In particular,
one of the normalized scaling factors A; converges to zero much faster than
the others.

It appears that increasing the initial anisotropy makes the dynamics more
violent. Furthermore, the process of collapse is somewhat slower and less
violent for the Zakharov equations than for the vector NLS equation. This
can be seen directly from the equations. Indeed, as the solution tends to
blowup. it weakens the ponderomotive force, especially in the early stage,
when the solution has not vet stabilized, i.e., when the self-similar regime
is not vet reached. For the vector NLS equation. the nonlinear term is al-

rayvs enhanced as the solution blows up. It was also noted that in the case
of the vector NLS equation and the near subsonic limit of the Zakharov
equations, when the initial electric field is sufficiently anisotropic. the solu-
tion contracts much faster in one direction than in the two others, before
breaking apart into two peaks.
Remark. The vector NLS equation (13.1.62) previously derived as the sub-
sonic limit of the Zakharov equations for Langmuir oscillations, including
the effect of the magnetic field generated at large scale, also occurs in two
space dimensions in the special case o« = (), in the context of the transverse
collapse (filamentation) of Alfvén wave trains in the small dispersion limit
(see Section 15.3.1). Numerical simulations show that small scales are still
formed in this case, but their structures do not reduce to foci. The wave
amplitude remains moderate, but strong gradients develop on elongated
structures (Champeaux, Passot, and Sulem 1998a). Whether a blowup of
the gradient arises in a finite time remains an open problem.
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In the special case o« = 1, the vector Zakharov equations discussed in Chap-
ter 13 can be viewed as a system of three scalar Schrodinger equations for
the components of the electric field envelope, coupled through the equation
for the ion density. Assuming that only one of these components, denoted
by 1, is initially nonzero, one obtains the system

iy + Ay = nap, (14.0.1)
s — An = ﬂ.|LIJ|'3 {14(}2:]

with initial conditions ¥(x,0) = ¥y(x), n(x,0) = ng(x), n:(x,0) = ny(x),
usually called the “scalar Zakharov equations.” It is often used as a simpli-
fied description of Langmuir waves where the vector character of the electric
field is neglected. It furthermore admits meaningful radially symmetric
solutions (Budneva, Zakharov, and Synakh 1975). Other applications of
these equations are mentioned in Fraiman (1979), who noted that this sys-
tem describes the electron-phonon coupling in a solid-state plasma and the
strictive self-focusing of three-dimensional clusters of electromagnetic os-
cillations. In the subsonic limit where n; is negligible, the scalar model

reduces to the cubic NLS equation. Furthermore, (14.0.2) can be rewritten
in the form

ng +V-v=0, (14.0.3)
v+ Vn = -V[y]° (14.0.4)

The scalar Zakharov system derives from a Lagrangian. The associated
action is invariant under time and space translations. rotation, and phase



264 14. The Scalar Model

shift, which leads to the existence of conserved quantities: the wave energy

N = |9)]32, (14.0.5)
the linear momentum
P = f (%{t,f»‘?ij:* — V) + nv) dx. (14.0.6)
the angular momentum
M = /x x P dx, (14.0.7)
and the Hamiltonian
H = f (W’H‘a +n|]* + %|v|2 + %nz)dx. (14.0.8)

As already noted in Section 13.1.3, in one space dimension there exist
localized solutions in the form of solitary waves, although the system is
probably not integrable by the inverse scattering method. As in the case
of the NLS equation, these solutions are unstable with respect to long-
wavelength transverse perturbations.

14.1 Self-Similar Solutions

14.1.1 Formal Construction

In the radially symmetric case, self-similar and asymptotically self-similar
singnlar solutions have been predicted in two and three dimensions,
respectively.

In three dimensions, self-similar solutions can exist only asyvmptotically
close to the collapse when the regime is strongly supersonic with the pres-
sure term An negligible compared to the ion-inertia term in (14.0.2). Up
to a simple rescaling, these solutions have the universal form (Budneva,

Zakharov, and Synakh 1975, Zakharov and Shur 1981)

— L

1 .
n(r,t) = PRSI .a;({t* ...:]2;’;-1)-‘ (14.1.2)

where u(n) and v(n) are isotropic scalar functions satisfying

1 T : —1/3
H —— E 1-{1:*_&] ! - -
(r,t) = 1) u({t* ]Ef;i)ﬁ . (14.1.1)

1
Au— —u —vu =0, (14.1.3)

%

2. . ,
—(2n°v,,, + 13nv, + 14v) = Au®. 14.1.4
9 m I
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In two dimensions, the collapse is no longer supersonic. The pressure
term An in the wave equation remains relevant, and a self-similar solution
of (14.0.1)—(14.0.2) is given by

2

1 i L —
W(r,t) = (o ))F( =), (14.15)

1
w(t, —t) L plt, — 1
1 r
n(r,t) = ‘ -u( ) (14.1.6)
(utt — )2\t — 1)
where u(n) and v(n) satisfy
An —u —vu =0, (14.1.7)
182 (% vy + 6nuy + 60) — Av = Au’, (14.1.8)

with ;% a free positive parameter.

There is no rigorous proof of existence of solutions for the ordinary dif-
ferential equations (14.1.3)—(14.1.4) governing the self-similar profile in the
supersonic three-dimensional problem. In two dimensions, in contrast. rig-
orous results were obtained for (14.1.7)-(14.1.8) by Glangetas and Merle
(1994a). They are reviewed in Section 14.3.1.

The equations for the profile were studied numerically in three dimen-
sions by Zakharov and Shur (1981) and in two dimensions by Bergé,
Pelletier, and Pesme (1990). In both cases, two pairs of localized solutions
were computed, one of them (mode 1) corresponding to a monotonic profile

for both w and v with v < (. Note that n = 0 and n = i are singular points

for equations (14.1.4) and (14.1.8), respectively. In order for the solutions
to be smooth, proper conditions for v have to be prescribed.

Proposition 14.1. In three dimensions, v can be solved in terms of uw in
the form

9 9 9 9
U= —(u® —u“(0)) —
13 (1 = (0))

8”?;’2 ‘

/ﬂgé (u® — u?(0))dE. (14.1.9)
[

: 2 2
Furthermore, v(n) ~ —-%'— as n — oo, and v(0) = 3143;}2?({”-

It follows that the value of v at the origin is not arbitrary but depends on
u(0). When (14.1.3)—(14.1.4) are solved by a shooting method, only u(0)
is used as a shooting parameter, chosen such that u/'(0) = 0 and u decays
rapidly at infinity.

Proof. Equation (14.1.4) can be written as

I Lr. (3 g 1 !'-E I E‘E I

2 ) oo 2 2 - -
Vpy + —(°0), = ———(n"—u”). 14.1.10

(1770 ) 2:__;‘{3' ) 4?_;‘3{]!”{?? i, ) ( )

5/2

Multiplying this equation by n?/< and integrating once. one gets

5 v L n v v
n2(n*v) = %/ £3(£2(u?)') de, (14.1.11)
Jo
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where a prime denotes differentiation. After rewriting the right-hand side
in the form % (?;%(ug}f -2 “”5%{“2}’{1{5), one obtains

v = % u? —u?(0)) — = /” ;i [ C2(u?)dc. (14.1.12)

Computing the integral as

1 d r
/ {;““ri/C (u?)'d¢ = T}*”_/E ¢ —u?(0))de (14.1.13)

then leads to (14.1.9). Since the function u decays rapidly at infinity, the
large-distance h?hm ior of v is directly obtained. To obtain the behavior of
v a,t the origin (where u’ vanishes), one writes that in this limit, u — u(0) =

J—u”{lf}:l which implies v(0) = u(0)u”(0). Equation (14.1.7) then gives
u(0) = :—:”I[UI[[]} + %), which is substituted in the expression of v(0).

Proposition 14.2. In two dimensions, v can be solved in terms of u in
the form,

v(n) =

u?(n) — _uz{ﬁ) ? f?' u?(€) - )

S £de. (14.1.14)
rn® — 1 |;53n —1|3/2 J,, |u2€2 — 1|1;g

’-I.!-2

c o .
It follows that v ~ —3 with ¢ = flm GEnE—1)i72 1 dn as n — oo, while

at the sonic point n = 1/u,

1 2 1y /1 | |
v|l=)=7ul—Ju |- (14.1.15)
T S\ p 1L
with
1 4 L, /(1 1 2 1 4 1 1 2 5 (1
v’ (—) = u® (—) (=) —u” (—)——u (—) u’ (—)-i——u""' (—) .
1 1ou I TR YT I 0 I I DJL I

(14.1.16)

Since the values of v at the sonic point are determined by u{%) and u' {i)
the shooting method to compute the plDﬁlF": must be used from this point
with shooting parameters u{i), u [# } chosen such that the solution u

satisfies /(0) = 0 and rapidly decays at infinity.
Proof. Defining

A(n) = (?n* — v + 3pnu — (u®)', (14.1.17)
one has
1 o, ,
—(n = pu i v+ bnpu +ov) — 4Av — 4Aju|T. A
AV = 12 (n?v" + 6’ + 6 Av — Alul? (14.1.18
n
Since v satisfies (14.1.8), it follows that (n.d)’ = 0, and since 1.4 vanishes
at = 0,
(pn? — 1)’ + 3p’nu — (u®) = 0. (14.1.19)
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When multiplying this equation by |p?n? — 1|2 and integrating between
1/p and 1, one gets

sgu(’n® —1) [T 5 22y |
|2n? — 1]3/2 o oS — 1177 (u”) dg. (14.1.20)

o(n) =

By integration by parts, one obtains

u?(n) j? " u?
v(n) = —— e — / — ~£ dE. (14.1.21)
W2 =1 |22 — 132 )y, (€2 — 1|12

From the rapid decay of u at infinity, it follows that the large distance the
behavior of v(n) is given by the (converging) integral, as indicated in the
proposition.

In order to obtain U{J_l::]’ it is convenient to rewrite v(n) in the form
given in the proposition. Expanding about 1 = 1/u, a straightforward
calculation then leads to the result. Furthermore, 11’{;1;} is evaluated by
writing (14.1.7)—(14.1.8) at the sonic point and using the expression of

o(1).

14.1.2  Dynamacal Stability

The dynamical stability of the above self-similar or asymptotically self-
similar solutions for both radially symmetric and anisotropic initial
conditions in two or three dimensions was studied numerically in Land-
man, Papanicolaou, Sulem, Sulem, and Wang (1992) using the dynamic
rescaling method associated to the change of dependent and independent
variables of the form

W(x,t) = TU T), (14.1.22)
n(x,t) = M )V(g 7). (14.1.23)
(x,t) = } 7(&,7). (14.1.24)
In (14.1.22)(14.1.24),
E=D M) (x—xy). T= [ ﬂj{ﬁ}d.@, (14.1.25)

where (2(t) is a positive scalar function of time. Furthermore,
D(t) = OT(t)A(t) (14.1.26)

with O(t) an orthogonal matrix represented by the Euler angles and A(?) a
diagonal matrix whose diagonal elements are denoted by A; (i = 1,....d),
with d the space dimension. The scaling factors are prescribed by the
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constraints

o Jaindx J&&[VIPrdg
0T Tlaprax 0 [|VPede OV

which are different from those used for the nonlinear Schrodinger equation,
but convenient for the Zakharov equations because they keep W bounded
away from zero near collapse. As a consequence of this scaling, the system
of equations, which is integrated numerically, is nonsingular.

Numerical simulations were performed with anisotropic initial conditions
corresponding to a negative Hamiltonian, both in two and three dimensions,
assuming that initially ng = -|u'}¢}|2 and (yn)y = 0. It was observed that
the solutions become isotropic near collapse with the same profile as that
obtained when starting with isotropic initial conditions. The description of
the collapse will thus be limited to the latter situation. Collapsing solu-
tions of the scalar Zakharov equations with anisotropic contraction rates
were constructed by Bergé, Pelletier, and Pesme (1990, 1991). They were,
however, not observed in the numerical simulations and are thus proba-
bly unstable. It was also noted that relaxation to isotropy is significantly
slower for the scalar Zakharov equations than for the nonlinear Schrodinger
equation with the same initial electric field.

In the case of isotropic solutions, x; = 0, the matrix () is the identity and
the scaling factors A;, which are all equal, are denoted by A. Consequently,
Q=X L=\ M=) and K = A?7%2_ The system for the rescaled
quantities then reads

(14.1.27)

o fd
i (U,, + uhj‘df’ﬁ(EU + :gmi)) + AU = VU =0, (14.1.28)
Vi +ad? 422V 4 €Ve) — X272 W = 0, (14.1.29)
W, + azﬂ—dfi‘((z -+ g)w + zgw,g) — ANZAV — N2 AIUP =0, (14.1.30)
where

i

Ay = —aX?4/2 (14.1.31)
and

. ey 2p—1)yred—1
o PJA=EP W™ de (14.1.32)
f‘i(fjp‘ffi—ldf

In three dimensions, it is observed that as 7 increases, |U|, V', and W
become stationary, which indicates a self-similar collapse. In this limit, the
phase of U at the origin is linear in 7. Furthermore, A(7) — 0 and a(7)
tends to a finite limit A. It follows from (14.1.31) that

At) = (t. — 1)%/3, (14.1.33)
as predicted by Zakharov (1972). When substituting
U(E,7) = S(£)e'c, (14.1.34)
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in (14.1.28) and taking the limit 7 — oc, one gets
AS-CS -VS =1, (14.1.35)

where S can be chosen to be real by a phase translation. In the equation
for the density, the pressure term AV is asymptotically negligible, making
the collapse supersonic. From (14.1.29) and (14.1.30) one has

2
%[2{3%5 + 136Ve + 14V) = AS?. (14.1.36)
By rescaling u = ﬁﬁ, v o= %P and 1 = /3C¢, one recovers (14.1.3)-
(14.1.4), which are identical to equations (2.1)—(2.2) of Zakharov and Shur
(1981) up to a simple rescaling. For various initial conditions, the numerical
results show that the profiles |U|, V' quickly become peaked at the origin
and (after rescaling) converge to the profiles u, v of the mode I, discussed
in the previous section. Figure 14.1 (left) demonstrates this convergence
in the case of initial conditions ty(x) = ﬁe‘ixlﬂ, no(x) = —[1Po(x)|? and
(n)o(x) = 0. Other types of initial conditions are presented in Landman,
Papanicolaou, Sulem, Sulem, and Wang (1992). The divergence of the in-
tegrals [ |u|?dx and [ vdx associated to the self-similar solution, indicates
that the self-similar profile does not extend to infinity. The large distance
behavior of the solution is discussed by Bergé (1994h).

In two dimensions, numerical integrations show that in this case also the
solution displays a self-similar collapse where a(7) approaches a finite value
denoted by A. This behavior corresponds to a scaling factor A(t) = (t. —1).
In contrast to the supersonic collapse observed in three dimensions, the
pressure term must now be retained in the density equation. Furthermore,
the phase of the self-similar solution can be calculated exactly. Writing

Ut m) = S(€)exp(—iC7)exp(—(i/4)aré?), we get in the limit where )

dr— | 4 1 T T
: 2 -
2L i} ™
. AN
. ol e e nams—— ]
i i -H-'“:'_—:—_ | i f,.#""-
o o / -
o ,."f
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FIGURE 14.1. Behavior at large 7 of |U(&, 7)| and V(&, 7) versus &, superimposed
on the mode I self-similar profiles u and v after rescaling, in three (left) and two
(right) dimensions (Landman et al. 1992).
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tends to zero

AS —CS—-VS =0, (14.1.37)
(€% Vee + 66V +6V) — AV = AS*. 14.1.38
A% (EVee + 6EVe + 6V ) — AV = AS? (

After normalizing u = %FS, Vo= (%V , and n = /(€. this reproduces

(14.1.7)—(14.1.8). Note that this system depends on the constant p? = 4?.;
After rescaling, the profiles |U|, V of the initial value problem fit accurately
the profiles u, v corresponding to this specific value of p#. This is illustrated
in Fig. 14.1 (right) in the case of initial conditions v (x) = de—1XI* ny(x) =
~[to(x)[* and (8yn)o(x) = 0.

The influence of the value of u on the profiles of the self-similar solu-
tions is discussed by Bergé, Pelletier, and Pesme (1990), where the collapse
is defined as (moderately) subsonic if g is smaller than unity and (mod-
erately) supersonic if it is larger. The case p = 1 is described as sonic.
Numerical simulations of the initial value problem presented in Landman,
Papanicolaou, Sulem, Sulem, and Wang (1992) indicate that the constant
it depends on the initial conditions. In considering a sequence of initial
conditions with an initial wave energy decreasing to |R|7., it is observed
that the computed value of p tends to zero. In this limit, the self-similar
profile becomes (strongly) subsonic and u tends to the Townes soliton R,
defined, as usual, as the positive localized solution of AR — R + R* = 0.

This limit is, however, delicate, since as will be discussed later, all solutions
of the scalar model with a critical norm |1)g]7, = |R|7, remain smooth for
all time, which is not the case in the context of the NLS equation.

14.2 Existence and Blowup Results

14.2.1 FExistence Theory
We consider the initial value problem for the Zakharov system

20un — An = A|y|?, (14.2.2)

with ¢ (x,0) = p(x), n(x,0) = ng(x), and ns(x,0) = n;(x). The presence
of the parameter e, inversely proportional to the ion acoustic speed, reflects
the deviation from an adiabatic dynamics of the ions. In addition,

eng = —V - v, (14.2.3)
where the function v, taken equal to a gradient, satisfies
evy + V(n+ [1|*) = 0. (14.2.4)
We introduce the notation

Hy, = H*(RY) x H*Y(R?) x HF72(RY) (14.2.5)
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and summarize the main results.

When the scalar model (14.2.1)-(14.2.2) is viewed as a simplification of
the Zakharov equations for Langmuir waves, the equation for the density n
results from a linearization of the hydrodynamic equations, and as a con-

sequence v is irrotational. This property is explicitly used in Sulem and
Sulem (1979), Added and Added (1984, 1988), Schochet and Weinstein

(1986), and Ozawa and Tsutsumi (1992b). When the scalar model is con-
sidered in a most abstract setting, this hypothesis is not necessary. Results
without this assumption are given by Ozawa and Tsutsumi (1992a), Kenig,
Ponce, and Vega (1995), and Glangetas and Merle (1994b). The analysis is
then more delicate, since the Hamiltonian conservation cannot be used.

Theorem 14.3. (Weak existence) For initial conditions vy € H'(RY),
ng € L*(RY), and n, € H™Y(RY), arbitrary in dimension 1, obeying
[g|rz < |R|p2 in dimension 2, and satisfying N|H| < 4/(27 x 24%) and
(Vibglpz < |H| in dimension 3, there exists, for fized €, a global weak
solution i € L>*(RT,H'(R")), n € L>®RT,(L*(RY)) to the system
(14.2.1-(14.2.2).

Theorem 14.4. (Global smooth solutions in dimension 2) For initial con-
ditions (Yo, ng,n1) € Hy, k = 2, and |[ig|p2 < |R|pz2, the solution remains
in Hy for all times.

Theorem 14.5. (Local existence of strong solutions) For initial condi-
tions (1o, ng,n1) € Hy (k = 2), there exists a unique solution (i, n,n;) in
Hj. during an interval of time [0,T), with either T' = oc , or (1, n,ne) g, —
oc as t — T'. The time T depends only on (Yo, no, n1)|m, -

Furthermore, during the time [0,T), one has the smoothing property that
for all h(x) € C*(R) with compact support, hap € L2(0,T, H*TY?2).

More recently, Bourgain and Colliander (1997) extended the methods
introduced by Bourgain (1993,1994a) (see Section 3.4.3) in the context of
the NLS equation in a periodic domain, to the scalar Zakharov system in
R, d < 3. Thev improved the above results as follows:

Theorem 14.6. (Uniqueness of weak solutions) The weak solution
constructed in Theorem 14.3 is unique.

Theorem 14.7. (Global smooth solutions in dimension 3) For initial con-
ditions (Yo, ng,n1) € Hy (k = 2), the solution remains in Hy as long as
(20, n,ne )| g, does not blow up. In particular, in dimension 3, it remains in
Hy. for all times if 1|1 is small enough.

Scattering properties (see Section 3.3) for solutions of the scalar model in
dimension d = 3 are addressed in Ozawa and Tsutsumi (1993, 1994).

Theorem 14.8. (Subsonic limit) Suppose in addition to the hypotheses of
Theorem 14.5 that the initial conditions satisfy the compatibility conditions
(no.e + [0 |m,._, < Ce and that 1y, — 1, strongly in H* as e — 0.



272 14. The Scalar Model

Then, as € — 0, n. + || - 0 in CY[0.T) x R?), V(n. + |¢|*) — 0
in CU([0,T), H*=?), and 1. — 1, the unique solution of the NLS equation
with initial condition v, in C*([0,T) x RY) N C([0,T),C?).

The above convergence theorem is due to Schochet and Weinstein (1986).
Further results including estimate of the rate of convergence were given by
Added and Added (1988) and in an optimal form by Ozawa and Tsut-
sumi (1992b), who proved the following theorem. Additional results are
established in weighted Sobolev spaces.

Theorem 14.9. In dimension d < 3, for initial conditions (Yo, no,n1) €
H,,, independent of €, the solution satisfies for small enough e,

sup [ne(t) + [ 0P — Q) — QP W) < Me (1426

0<t<T

with
t :
QW(t) = cos (=(~A)} ) (mo + [¢o[?) (14.2.7)
f

QP (1) = e(—A)~ % sin (;{_ﬂ.)%){nl + 23U Ag).  (14.2.8)

Furthermore,
sup | (t) — w(t) | g < Me, (14.2.9)

0<t<T

or, if the compatibility condition ng + |Yg|? = 0 is satisfied,

sup |e(t) — ¥(t)| e < Me?. (14.2.10)
0<t<T

In relation to the initial value problem, it is of interest to find the space
with minimal regularity in which the problem is locally well-posed, beyond
the space H; in which the Hamiltonian is defined. As for the NLS equa-
tion, it is possible to get local existence of solutions in “larger” spaces.
For this purpose, Ginibre, Tsutsumi, and Velo (1997) extended to the Za-
kharov system, the notion of criticality for the initial value problem H?,
discussed in Section 3.2 in the context of the NLS equation. It turns out
that (14.0.1) and (14.0.2) of the Zakharov system do not display the same
scaling invariance. These authors define the criticality by considering the
scaling

P o— by = A 20(Ax, A%E),  n— ny = A2n(dx, A%t) (14.2.11)

that would leave the Zakharov system invariant in the absence of the term
An. It is of interest to notice that this is the relevant scaling to study the
blowing up solutions of the Zakharov system in dimension 3 (see Section
14.1). The critical values for the initial problem in H* x H' x H'~! are
k = % - Ei and [ = ;—i — 2. Note that k£ — [ = % while for the more classical
setting in M, one has k — [ = 1. They proved
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Theorem 14.10. In dimension 1, the Zakharov system is locally well posed
in H* x H' x H'"!, provided that —% <k-—-I1<1 2k=1+ % = ().

Theorem 14.11. In dimension d = 2, the Zakharov system ts locally well
posed in H* x H' x H'™' with the conditions

[<kE<[+41 for all dimensions d.
l>d/2—-2,2k—(l+1)>d/2-2 ford =4,
[ =0, 2k —(1+1) =0 for d = 2 or 3. (14.2.12)

For example, in dimension 1, the problem is locally well-posed in L? x
H=Y2 % H=3/2 In dimension 2 or 3, it is locally well-posed in H'/? x L? x
H~!. In dimension d > 4, the whole range of subcritical values k > "j'{ - j}
and [ > f — 2 is covered by the theorem.

This analysis was extended to the vector Zakharov system with a

coupling to an induced magnetic field by Tzvetkov (1998).

Periodic Boundary Conditions

Using a Fourier analysis approach similar to that introduced for the NLS
equation, Bourgain (1994c¢) proved local existence for the scalar model in
a one-dimensional periodic domain 7" in fractional Sobolev spaces of order
s < 1. He also proved that the system is globally well-posed in Ho(T)
and also on a set of data in U, {%Hﬁ carrying the Gibbs measure that is
invariant under the flow.

Remarks.

(i) A formal expansion leading to corrections to the subsonic limit and

resulting in a perturbed NLS equation is presented by Gibbons (1978) in
one space dimension.

(ii) It is noticeable that although the paraxial approximation for the (el-
liptic) Helmholtz equation with nonlinear refractive index and the (scalar)
nonlinear wave equation lead to the same NLS equation for the envelope dy-
namics, these two approximations display different features. In the former
case, the blow up of the NLS solutions is due to a breakdown of the asymp-
totics and is arrested when a weak nonparaxiality is retained (see Section
9.4.1). Note that the initial value problem is then changed into a boundary
value problem. In contrast, solutions of the nonlinear wave equation can
blow up even in dimensions that are subcritical for the NLS equation (see
Strauss 1989 for a review). The NLS limit is addressed in this context by
Bergé and Colin (1995) (see also the review by Bergé 1998), where it is
shown that the convergence of the solution of the wave equation is strong
during the existence time but that the behavior of its time derivative is
more complex if its initial value differs from that prescribed by the NLS
equation. The discussion is extended to the case where the density obeys
(14.2.2) by Bergé, Bidégaray, and Colin (1996). It is in particular shown
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that this limit is not compatible with the supersonic regime corresponding
to An < €?0un.

14.2.2  Blowup Results

Throughout this section we suppose that there exists a smooth solution
(10, n,v) to the system (14.2.1) in the sense that in the interval [0, #;],

(i0,n,v) € C([0,tp], Ha), (14.2.13)

where Hs is defined in (14.2.5). In particular, this solution satisfies the con-
servation of the wave energy (or mass) and of the Hamiltonian. We report
in this section a result of Merle (1996a) on possible blowup for solutions
of the system (14.2.1). In this context, the usual variance [ |x|*||?dx, is
replaced by the quantity

1 o t
W(t) = 1 [|x|£|-a_ff|‘3dx+5[ /{x-v}nd}{dt, (14.2.14)
, J0
which is well-defined for functions in the space
> = {(¢b,n,v) € Hy, [ (|x|2|q.f}|2 + x| (|n|? + |v|2))dx < oo}, (14.2.15)

The function W(t) naturally comes into play by writing the continuity
equations for the density of wave energy and linear momentum, obtained
as a consequence of the Noether theorem. One has

PP +V-J=0 (14.2.16)

with
= S (VYT — §* V) (14.2.17)

and
¢ (J; + 2env;) = 0;T5;, (14.2.18)

where the tensor T = (T};) is given by

Tij = nzﬁ{ﬁﬁb*ajiﬁ) -+ E?E{LU* F-,;jtlf.';') - Eéijﬂ-ht‘)F — §1j|ﬂ,|2 - 2?_11"115,' -+ éij |V|2.
(14.2.19)
It follows that

dfﬂ |¢| -—25/ V- (nv) dt —0;; 1%, (14.2.20)

and thus,

d*W 1
T3 (t) = -3 [tl T dx

=dH — (d - 2)|V|32 — (d — 1)|v|32, (14.2.21)
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which is the equivalent of the variance identity for the NLS equation. It
implies that in dimension d > 2, one has d;f < () for H < 0. Nevertheless,
one cannot conclude at this step about the existence of blowup solutions
since VW does not have a fixed sign (as shown by Merle 1996h, it tends to
—o¢ in two dimensions, as the singularity is approached). The problem is
overcome by replacing the weight |x|* in the variance by a smooth function
p(x) that behaves like |x|* near the origin and like |x| at infinity, and by

working with the time derivative —y = ‘Hf—fg of

U(t) = %fp{;rr}h;ﬂz dx + :—:Lt /{?p-v)nd:{ dt, (14.2.22)
as in the case of solutions of the NLS equation with infinite variance. Indeed,
Y = —ﬂ/({?p Vit —e(Vp-vin)dx (14.2.23)

obeys
1yl < Cllpol2s + V912 + elvlZe + elnl2a). (14.2.24)

The existence of a blowup thus reduces to the divergence of |y|. Never-
theless. as detailed in Proposition 14.12, the use of a function p which is
not purely quadratic induces additional contributions in the estimate of
—-% = % obtained by multiplying (14.2.20) by p(x) and integrating in

space, in the form

U
dt

As in the case of solutions of the NLS equation with an infinite variance,
one considers in Proposition 14.13 a sequence of weight functions p,, =
m?p(r/m) obtained by rescaling a suitable function p, and monitors the
effect of the additional terms by a convenient choice of the parameter m.
Under the assumption of negative Hamiltonian and radial symmetry, the
norm |(,n,v)|y, is then shown in Theorem 14.14 to blow up in a finite
or infinite time in the sense that either |(¢',n,v)|y, — oo ast — t, with
t. finite, or (), n,v) exists for all time and |(y, n,v)|y, — o0 ast — oc.

t) = % /ﬁij-pﬂjdx. {14.2.25)

Proposition 14.12.  Suppose that (Yo, ng,ve) € X' and that (1, n,v)
is a smooth solution of (14.2.1). Suppose in addition that ||x|lfz-;;':|Lx
is uniformly bounded on [0,ty]. Then Wt € [0.1y], ((f).n(t),v(t)) € X',
Furthermore, if p is a smooth weight function such that

p(x)| < e(l+[x%), |Vpl<e(l+[x]), [Ap|+[A%p[<e, (14.2.26)
then, Wt > 0, the function

1

t
U(t) = Efp(.rﬂuﬂﬁ dx-i-fﬁ /(?p-v}nd}{dt (14.2.27)
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satisfies
dgﬂr ) 1 , : o
712 (t) = | Ap (n]]® + §|n| Jdx + 2R [ O;;p 00" ;1 dx

1 : 1 : ,
+/(Hijp-i;.,;-uj = §&p|v|‘3} dx — 5 /ﬂ.‘gp|¢|‘gd}{, (14.2.28)

and in the case of radially symmetric functions,

U ‘ o
a1 = f&p(n|¢| |?*1|j)*‘]f”“+ Efﬁrrpldrwl‘adx

1 . d—1
+§ [[tﬁrrp - d,p)|v]idx — = fﬂ‘ap|p| dx. (14.2.29)
The assumption of radial symmetry allows one to use the Strauss lemma
(Lemma 5.6), in order to controls the sup-norm of a function away from

af
i Lz’

Specifying the function p = ﬁ: h(s)ds where h € C*% is a radially
symmetric function defined by

the origin in terms of its H'-norm, in the form r?=[f(r)|? < |f|L2

r for 0<r<l1
hr) =4 T~ (r—1) for r>1 near 1 (14.2.30)
3
— for r =23
2
and h'(r) < 1 for r > 1, and using the scaled functions
o f T r
P = mif}”(—) and h,, = mh(—), (14.2.31)
m m
one writes
Ym(t) = =3 /{ (Vpm - Vi)™ — €(Vpy, - v) n) dx (14.2.32)

and establishes the following results.

Proposition 14.13. Let (Y. n,v) be a smooth, radially symmetric so-
lution of (14.2.1) for all time. Then for every t and every m, one
has
(i) in dimension d = 3

dyﬂl

1 P2 2 1 1 Y
D) > —dH + 7Vl +ealvia —a( =5+ — ), (14.2.33)

(i) in dimension d = 2

lf:I{I..E,;'i".l’l:-
dt

: 1 1 & . .
(t) > —dH+¢:g|v|ig—¢:l( +—£) +2(1-—1) /(1-dﬂ.pm)|w|ﬂdx,
m o m m/
(14.2.34)
where ¢y is a constant depending only on the initial condition [yg|p2 and

Co = 0.
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Proof. From (14.2.29), one has

d; e pE 1 ‘
gt (t) = —dH + /(d = &pm)(n|w|‘3 + §|n.|‘3)dx

#2 [(1= 01 10,012 +

+ /(%{d - -&pn-.l_) + d?;_rla?"pnl)|v|2dx+ %/&Ep?n |w|2dx

(14.2.35)

o2
Wl

Now, the conditions prescribed on p imply that —Ap,, +d = 0 if r < m,
and —Ap,,, +d = 0 otherwise, together with the inequality (—Ap,,, + d}g <
(1 — Orppom ). Since

‘/&ﬁpmmﬁdx‘ < C /|-1_£;'|2. = L (14.2.36)

and {d Apm) + d= ldrpm > 9 > (), the only term to be estimated is
J(d— ﬂpm]n|a_,:|3dx We have

/{d — App )| fdx > —% [[d — Apm)(In)? + |¢|*) dx. (14.2.37)

Thus.

d rrs ) ) .
{gﬂ (?) > —dH - Tnﬂ T F3|V|L2 + 2 [{1 - C;rrpm:] |d? 'E:F'}Fd}{
PO
+(d = 2)|0, Yl12 — 3 f(d — App)|y[tdx,  (14.2.38)

where the last integral on the right-hand side of (14.2.38) is taken on r > m.
It is then convenient to consider the dimensions d = 2 and d = 3 separately.
(i) Dimension d = 3. Since 0 < d — Ap,, < ¢ and 1 — Opppy = 0, the

inequality (14.2.38) can be rewritten as

dy?n ‘ ;
dt)}‘m‘;;+mﬂm+mwﬁ—dw@w&wyw
> —dH — E + ca|v|3a + |Op0]32 — mﬁ Plpz,  (14.2.39)
and thus (14.2.33).
(ii) Dimension d = 2. One has
‘/{d - ﬂ'p?nnmﬁd}{ < E|'¥}{l|i9 {1 - HT.,.E]TR)IFIHH‘LJL{ > ]I {1424”)

In the last inequality, for r > m,

o0 ; ; S 1
/ d."—" (I[l —_ dpppm)lﬁhﬂj) E{Pdp}‘
1

m J1x|=r

-

| M

v ((1 N aﬂﬂpm}”:ﬂmﬁ) ‘ dx
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1 . qar o
< — V(1 = 8pppm) ' ?|8h] 2dx

M x|

2 . , .

+— {1 o d::-an-JUEWWWHK

e || =7
< l(i|¥?u|ia + {1 - a?'rpﬂa”v'if-ﬂzd}{ -+ |T.-f'[]|i3-') :
Tom A 1 "

(14.2.41)

and (14.2.34) follows.

Theorem 14.14. Suppose that H < 0 and that the solution (u,n,v) is
radially symmetric. Then, either || g1 + |n|p2 + |v|p2 — o0 as t — t, with
t. finite, or (1, n,v) exists for all time and || + |n|p2 + |V|p2 — o0 as
f — 0.

Proof. Assume that the solution (i, n,v) does not blow up in a finite
time. It is thus defined for all time. In order to prove that as t — oc
IV(t) |72 + [n(8)]52 + |v(t)|72 — oo, using that for all ¢

ym{t) < If3|a'l?nm|_-5:'~' [|'E_J-"J‘¢}|%:a -+ |?I,I»|i3 + |‘V|iz -+ |Tl|iz), {14.2.42:]

it is sufficient to show that as t — oo, ¥, (t) — oo for a suitable constant
m. Since H < (), the right-hand sides of (14.2.33) (in 3 dimensions) and
of (14.2.34) (in 2 dimensions) are larger than %|H| for m sufficiently large.
Thus, by time integration,

d
Ym(t) = ym (0) > S|HIL (14.2.43)

which tends to infinity with .

14.3 Further Analysis in Two Dimensions

14.3.1 Existence of Self-Similar Blowup Solutions

For the scalar system (14.2.1)-(14.2.2) in two dimensions, self-similar
solutions that blow up in a finite time read

. 1 r

plr.t) = p(ts — t}u(;..n{t* — 1)
1 r ‘

n(r.t) = (it = t))ﬁv(,u{t* - t))’ (14.3.2)

under the condition that (u,v) satisfies the system of ordinary differential
equations in the radial variable

)(H) (14.3.1)

Au —u —vu =0, (14.3.3)
A (v, + 6oy, + 6v) — Av = Au® (14.3.4)
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with A = eu. In this section, following Glangetas and Merle (1994a), we
discuss the existence of radially symmetric solutions of (14.3.3)-(14.3.4)

and then review a few properties of these solutions. As usual, R denotes
the (radial) positive solution of AR — R+ R* = 0.

Theorem 14.15. (Existence and uniqueness for small \) There exists
AT > 0 such that VA with 0 < A < AT, there is a solution (uy,vy) € H' x L?
of (14.3.3)~(14.3.4) with uy > 0.

When X — 0, (uy,vy) tends to (R, —R?) in H' x L*. Furthermore, for
all ¢ > |R|z2, there exists A, > 0, such that for all X with 0 < X < A, there
is a unique solution (uy,vy) with uy > 0 and |uy|p2 < ¢

Theorem 14.16. (Existence of a branch of solutions) There exists a
branch of solutions (A; (ux,va)) with uy > 0 that is unbounded in R™ x
(H' x L?), in the sense that either there is a solution (uy,vy) € H' x L?,
uy > 0, for all A, or there exists A, > 0 finite and a sequence (uy , vy, ) of
solutions, wy, = 0 with A, — A, < 400 and |[(uy, vy, )| gixrz — +00 as
n — oo.

Theorem 14.17. (Regularity and large-distance behavior) If (uy,vy) is
a solution of (14.3.3)-(14.3.4) in H' x L* (in the sense of distributions),
then it s a classical solution, and uy and vy are C7°. In addition, there
exists & > 0 and ¢ > 0 such that the derivatives of order k obey

k — &7 k Ck A
|.u; }[?;:]| < e 0 ___ |11; ][?m < s (14.3.5)
Proposition 14.18. For every solution (uy,vy) of (14.3.3)-(14.3.4) with
A =0,

[uﬁn dn > fRET}'dTJ'- (14.3.6)

This proposition implies that for any self-similar solution (¢, n) defined in
(14.3.1)-(14.3.2), one necessarily has [tz = |R| 2.
Proof. One first establishes the Pohozaev-type identities

/|?15;.L|3?;a dn + /?..:iir;a dn = — [-u;;uin dn, (14.3.7)

: 1 . :
/uin dn = 5 /{}L‘Ei‘f + 1)vindn. (14.3.8)

The former equality results from multiplication of (14.3.3) by uy and inte-
egration in space. The latter is obtained by multiplying the same equation
by ndyuy and using (14.1.19). Combining these two identities, one gets

: : 1., . :
[ (|?u}~|i + Uﬂ"*i + E{}Lﬂni + l}vi)ndn =) (14.3.9)
or

5 1 1 T
/ (|?'1*.a;.‘|‘3 - Eui + E('EJA +u3)® + Ekgnj-ui)n dn = 0. (14.3.10)
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It follows that

. |
/ (|?u;~|‘3 - E-uj)ndn < 0. (14.3.11)
Using the Sobolev inequality with the optimal constant
2 r [
[ uy ndn < TRZndn [ u ndnfﬁ'uﬂﬂ ndn. (14.3.12)
one then has
2
[ us ndy 5 e
] — &2 Vuy|?ndn < 0. 14.3.13

Theorem 14.19. For any M = |R|%2: there exists Apy such that there is
a solution (uy,,,vx,,) of (14.3.3)-(14.3.4) with |uy,, |7 = M.

Proof. The proof consists in considering the connected component C
of solutions (A, uy,vy) in RT x H! x L? of (14.3.3)-(14.3.4) containing
(0, R, —R?*). As shown in Glangetas and Merle (1994a), this component is
unbounded in Rt x H! x L?. There thus exists a sequence (A, uy, v;) obey-
ing the following alternative: either there is A™ finite such that Ap — A™
and |ug|gr + |vg|lrz — o0, or A — oc. One shows that in both cases,
luk|g2 — oo as k — oo.

One then considers the self-similar solutions (i), ny) of the evolution
equations, constructed from (A, uy,vy) € C* = C\{0, R, —R?}. Since C* is
connected and the application (A, uy,vy) — |uy|p2 is continuous, the set
I = {|ux|pz, (A uy,vy) € C*} is an interval of R™ included in (|R|}2, oc),
since |uy|p2 = |R|p2 for all A > 0. In fact, because of the existence of a
sequence (Ap, ug,vg) € C* for which |ug|p2 — |R|g2 and of another one
such that |ug|r2 — oo, one concludes that I = (|R|z2,00), which proves
the theorem.

14.3.2 Mass Concentration Properties

As t — t., the self-similar solutions (i), ny) constructed from the profiles
(uy, vy ), concentrate all their mass at the singularity in the sense that

[Un(r, t)]* — |ual520. (14.3.14)
iny(r t)| — |valp 6, (14.3.15)

where ¢, stands for the Dirac distribution at the origin.

Concerning general blowup solutions, a first result given in Glangetas and
Merle (1994b) states that if an initially smooth initial condition develops a
finite-time singularity, all the H,,, norms blow up at the same time, and one
can just consider blowing-up solutions in H;. In this context, the following
theorem provides a uniform lower bound for the concentration of the “mass”

| 2.
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Theorem 14.20.
(i) Suppose that (Y, n) is a radially symmetric solution of the scalar model
that blows up in a finite time in the sense that

|'1_;'J|Hl -+ |T1-|L:a -+ |T|'.-t|_”—l — OO {14.:1.1(5:]

as t — t.. Then there exists a constant m that depends on the initial
conditions such that for all A > 0, iminf,_; |¢|r2(po.ay = |Rlr2 and
liminf, .; [n|p1(go,a)y) = m, where B(0,A) denotes the ball of radius A
centered at the origin.

(ii) In the non-radially-symmetric case, there exists a function t — x(t)
such that for all A > 0,

lim tE}f |¢|LEEE{IE53:A” = |R|L:a (J.dti].?)
and
lim tiﬂf |H|L1[B{}{[t]|._.f1]|]| E Tt (14.3.18)

The above results concerning the mass concentration of self-similar so-
lutions correspond to the physical picture that an isolated caviton is
approximated by a self-similar solution whose dimension tends to zero as
t — t.. with the entire energy trapped in the caviton becoming localized at
the singularity, a situation corresponding to a strong wave collapse (Malkin
and Khudik 1989). In this context, we note that numerical simulations (in
one space dimension and a quartic ponderomotive force), including weak
dissipative terms modeling Landau damping and ion damping show a total
burnout of the wave energy trapped in the cavity (D’vachenko, Zakharov,
Rubenchik, Sagdeev, and Shvets 1988, Newell, Rand, and Russel 1988).
This prediction is supported by two-dimensional particles in cell simula-
tions of the set of Vlasov equations for the electrons and the ions, which
indicate that during the collapse, the electric field energy density increases
by about one order of magnitude and that after this, the oscillation energy
is almost completely dissipated and transferred to fast electrons [Anisi-
mov, Berezovskii, Ivanov, Petrov, Rubenchik, and Zakharov 1982). This
contrasts with the case where the density is slaved to the wave amplitude,
which is then governed by the (damped) NLS equation. As discussed in
Section 9.1.1, the burnout is then only partial.

14.3.3 A Sharp FExistence Result

Theorem 14.21. (Glangetas and Merle 1994b) For initial conditions
(¢p,n) in HY x L? satisfying |yo|p2 < |R|p2. the solution of the scalar
model exists for all time.

Proof. Consider the Hamiltonian

r e
H = / (|'?-a,-":|‘j‘r + n|Y|* + §|‘ﬁ.r'|‘a + Eﬂ.‘a)d:{ (14.3.19)
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that is rewritten
, 1, 1 . 1 ..
H = / (|?-1j}|3 - §|-1_f;|4 + ﬁ{n—l- |]%)* + E|v|i)dx. (14.3.20)

The case |ig|r2 < |R|p2 is straightforward when the Sobolev inequality
(14.3.12) is used.

When |tyg|r2 = |R|z2, one proceeds by contradiction. Assume that there
is Ty = 0 such that

V(t) 2 + |n(t)] 22 + [v(t)| 2 — oo (14.3.21)

From the Sobolev inequatlity with the optimal constant and the hypothesis
[tha |2z = |R|L2, one has

|
Vil — =[]? Jdx = 0. (14.3.22
VY =S¥
The conservation of the Hamiltonian then implies that for ¢ < Tj,.
2 1,y q e
0< / (|?-y_“;| - §|-1_£;'| )dx < H, (14.3.23)
/{n + []%)dx < H, (14.3.24)
[|v|‘3dx < H. (14.3.25)
In addition, one has
()| - < C. (14.3.26)

This estimate is obtained by writing [¢*[* = (n + [¢0|*) — n. The first term
in the right-hand side, which is bounded in L2, is also bounded in /1.
For the second one, one writes

i
(Ol < 10O+ [ Ins)|a-sds

0

1 £

< [n(0) -1 + ;/ V- v(s)|pg-1ds
- W)

C

I )
< |n(0)| -1 + —/ v(s)|p2ds < —. (14.3.27)
€ Jo 3
From the singularity assumption and the above upper bounds, it follows
that |Vi(t)|p2 — o0 as t — Ty. From the concentration property, there
exists x(t) such that [i/(x + x(t),t)|* — |R|}.0x(s)- Since |¢(x + x(t),t)|*
is bounded in H !, it follows that the two-dimensional & distribution is in
H~1'. which leads to a contradiction.
Notice that the estimate on |n(t)|;-1 is lost in the limit ¢ — 0. The
result indeed differs from the case of the NLS equation. for which there

exist blow-up solutions with the minimal L*-norm.
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14.5.4 Instability of Standing Wave Solutions
There exist standing waves for the scalar model, of the form
D(r,t) = e“o(r), n(rt)=—lo(r)|, (14.3.28)
where ¢ is a radial solution of
A¢ — wo + ¢ = 0. (14.3.29)

The question is whether the solutions (14.3.28) are orbitally stable in the
space where the initial value problem is solved.

Theorem 14.22. (Glangetas and Merle 1994b) Let (i), n) be a standing-
wave solution of the scalar model (14.2.1-14.2.2) of the form

Y(r.t) = e“o(r), n(rt) = —¢*(r) (14.3.30)
with Oy, wy > 0, constructed from the ground state
o(r) = e®u > Rwe*r). (14.3.31)

This solution is orbitally unstable in the sense that there exists a sequence
(Yo nop, N1y) — (¢, —|0|%.0) in Hy, k > 1 as p — 0, such that the
solution (v,.n,) corresponding to these initial conditions blows up in a
finite time in H.

By a simple rescaling, one can restrict oneself to the case wy; = 1 and
fp = 0. The proof is then based on the existence of the sequence of blowup
self-similar solutions

2
]- 1( <1I” l:t{—l 1 + —l.re L )
Wy, = e \HHmH -u#( x| ) (14.3.32)

1 — put 1 — put

1 x|
n, = v, 14.3.33
Pl —put)2 ! (1—;.412) { )

obtained by choosing ¢, —f = p~!' in (14.3.1)-(14.3.2), the profiles
obeying (14.3.3)—-(14.3.4) with A = €u. The theorem follows from the con-
vergence in H* Wk > 1, of the initial values (1,(0),n,(0),9mn,(0)) of
(Y. ny, d¢ny) to the initial conditions (R, —R2,0), of the standing-wave
solution as g — 0. This proof requires several steps, which are detailed in
the original paper.

Standing waves whose profile is an excited state are also shown to be
unstable under an additional nondegeneracy condition on the linearized
operator,

14.3.5 An Optimal Lower Bound for the Blowup Rale

Theorem 14.23. (Merle 1996b) Suppose that the solution (v, n,n:) blows
up in a finite time T, in H,. There exist constants ¢y > 0 and cs > 0
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depending only on |ig|p2 such that for t close to t,,

(Vap(t) |2 = (14.3.34)

in(t)|pz = (14.3.35)

t, —t
The constants ¢1 and ¢y scale like (|vo]5, — |R|3,)71? as the initial L?-
norm ||z tends to |R|pz.

This result is optimal in the sense that the blowup solutions constructed
in Section 14.3.1 satisty
1
V(t = Ve, 14.3.36
Vb (t)] 2 ,u{t,.,—t}| L2, ( )
1

p(t, —t)

Proof. The proof of the above theorem is in the same spirit (although
more delicate) as that of Theorem 5.9 for the NLS equation. A scaling
of the time variable associated to the wave equation rather than to the
Schrodinger operator is used to get the optimal results. One defines

L2 (14.3.37)

v

n(t)] L2

I

3s) = — ( . ) (14.3.38)
P(is) = —P| —.t+ — |, o
PO SO RPION
. 1 X 5
§) = A+ —, 14.3.3!
ri(s) Ag{t)n(}u(t)' * m))- (14.3.39)
. 1 X 5
s) = —— 4+ — ], 14.3.40
v(s) Ag[t}v(/\(t]' + :"t'[f}) ( )
where t is viewed as a parameter and
[ J. [ J. r
At) = / (|‘G’u;-|f3 + En‘a + E|~.,r|*3)i_qf;-«:. (14.3.41)

Equivalently, at s = (),
f (|‘F-a§'?{n)|fa | %ﬁ.(u)‘* + %ﬁ(ﬂ)ﬁ)dx = 1. (14.3.42)
One also has
[ 15(0)|2dx = f o 2dx. (14.3.43)

Furthermore, A(f) — oc as t — ..
The rescaled functions satisfy

INDS + A = T,
€Dt + V- v = 0,
€0,V + Vi = —V|i|%.

(14.3.44)
(14.3.45)
(14.3.46)
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The associated Hamiltonian H is given by H = A'*{—E't]-‘ where H is the

(conserved) Hamiltonian of the primitive scalar model.

In contrast with the NLS equation, the scaling factor A(t) appears in the
above equations, because the carrier envelope and the density wave evolve
on different time scales. Furthermore, only the combination (14.3.42) of
the norms that characterizes the initial value problem (14.3.44)-(14.3.46)
is fixed to unity, each of them being dependent on t. The first step consists
in establishing bounds for these norms. Lower bounds are obtained by
noting that H = 1+ [7(0)[4(0)|°dx, and H decreases as t — t.. These
estimates are, however, not sufficient to obtain the behavior of I,FE:{U] and
n(0) as t — t,. The problem, which requires a refined analysis, is overcome

by using compactness properties of 1;([]) to derive compactness for n(0).
This leads to establish the following proposition.

Proposition 14.24. There are § = 0, ¢y and ¢; such that ¥t € [t. —é,t.),
0<ep < |V(0)pz <o, 0< ey < |0(0)]p2 < ez and 0 < |VV(0)| 12 < co,
where ¢; and co depend only on |1g| 2.

The next step is the estimate :::f-a_:_“;l[s}, n(s), v(s),ast — t.. From (14.3.42)
and the assumption
~ 1 : | IR
lim /(|?u){€)|‘a + Eﬁ(s)‘a + §|v{s)|‘3)d}{ = 00 (14.3.47)

g—{t,—1t)A(E)

it follows that for any A > 1 there exists, by continuity, #(t) > 0 such that

Vs e [0,0(t)]. f (|v-£1(s)|2 + %ﬁ{ﬁ)z + %E(Sﬂz)dx < A, (14.3.48)
and
[ (|?;E{ﬂ(t))|3 + %ﬁ(ﬂ{t})z + %E(S{ﬂ)ﬁ)dx = A. (14.3.49)

One then has to prove that there exists f; independent of ¢ such that for
t close to t,, O(t) = @#y. This will imply that A(t) = o which concludes

the proof. -

In order to establish the existence of #; that only depends on |t 2, and
also to capture the behavior of the constants as || approaches |R|z, one
proceeds in two steps. Using Proposition 14.24 and (14.3.48), one shows

that Vs € [0,0(1)],

V()| 2 < Aea, (14.3.50)
|ﬁ(.‘?) 2 ":_: f’lﬂg, {14551)
|??{.€) 2 ":_: f’lﬂg. {14&52)

The last inequality can be made more precise in the form

IVV(s)| 2 < Aca(|1ho]2s — |R|%2)Y2. (14.3.53)
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To prove this last point, one rewrites
~ ~5 1 ~ 1 ~o.5 L . H
H = /{|?;5L-|3 - E|-a,-'}|4 + 5+ 10]%)? + E|¥|3}nzx =17 (14.3.54)
Therefore, using
2 |
. - - 1 ~
(1- 19052 ) 1932 < 9912 - 3101 (14.3.55
RI2A 2
one gets

T, <, @
=32 TYRE,

(lio|32 — |R|72), (14.3.56)

which leads to the result for ¢ close enough to t..

One then establishes compactness on »(0(t)) and n(0(t)) to find a lower
bound to their weak limit as t — t. in H' and L*, respectively. This
plavs a central role in proving that there exists a constant ¢ > () such that

liminf, ., ff{ﬂ 1V(s)|r2ds = ¢. From the estimate

0(t) 0(t) | -
[ F@eds < [ Aca(ibolts — |RE)2)ds

J0 <)
< Aea(|thol72 — |RIZ2)V2)0(t), (14.3.57)
it follows that
lim inf () > < > 0. (14.3.58)

PO = A (o2, — [RIZL)
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Progressive Waves in Plasmas

15.1 Interaction with a Nonmagnetic Medium

15.1.1 Laser Beams in Plasmas

Density fluctnations are a main source of nonlinearity in laser plasmas, a
sibject of great importance in the context of inertial confinement fusion.
The dynamical equations describing the interaction of the laser beam with
plasma low-frequency fluctuations driven by ponderomotive forces can be
derived using a multiple-scale expansion. In fact., due to their genericity,
the dynamical equations can, to a large extent, be predicted from general
arguments (Zakharov, Musher, and Rubenchik 1985). We assume for the
sake of simplicity that the wave is linearly polarized (scalar field) and that
the plasma, assumed non magnetized, is isotropic. We also assume that the
index of refraction of the medium is sensitive to the low-frequency variations
of the density. For a small-amplitude quasi-monochromatic carrying wave
e (X, Tet ==t with X = ex and T = et, and low-frequency density
fluctuations e?p(X, T, the linear dispersion relation w = w(k) is affected
in the form (see Section 1.1.1)

(w+ €idp — Qk — €idx, —eiV 1, e2p))p =0, (15.1.1)

with Q(k,0,0) = w(k). The e-expansion of the above equation leads to the
paraxial wave equation

N -
IO + v, dx 1) + e(“"?axm&- + ;i&L-g; + q;}a_ﬂ) 0. (15.1.2)
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At the order of the expansion, the (rescaled) low-frequency density vari-
ations p and hvdrodynamic potential oo obey the equations of the linearized
hydrodynamics (conservation of mass and momentum)

3'}”,{}: “ﬂ[]&ip [151-5:]
Orp =~ — gl (15.1.4)
()

where ¢ denotes the sound velocity, py the uniform density in the absence
of modulation, and where the ponderomotive force originates from the in-
teraction of oscillating contributions and results in a wave pressure effect.
More elaborated models are discussed by Schmitt (1988). Note that the
coefficient ¢ is the same in eqs. (15.1.2) and (15.1.4) (this is always possible
by a rescaling of ), in order to preserve the Hamiltonian character of the
system (see below). From eqs. (15.1.3)—(15.1.4), it is seen that the density
obeys a wave equation with a stirring originating from the ponderomotive
force:

(Orr — *A)p = qpoAl|, (15.1.5)

as in the Zakharov systems for Langmuir oscillations.

An application arises in the context of hot spots (local maxima in the
intensity) that are likely to initiate self-focusing in laser plasmas. When
the transit time of the laser light along a hot spot is short compared to the
hydrodynamic time scales, the time derivative is negligible in the equation
for the envelope E of the electric field. On an extended longitudinal scale
£ = eX, the effect of the group velocity dispersion is negligible. leading to
the nondimensional system

i0:E + A | E = pE, (15.1.6)
(Orr — AL)p = AL|E|*. (15.1.7)

This problem was studied in details by Rose and Dubois (1993). Numerical
simulations suggest the existence of a singularity when the wave amplitude
is larger than critical, with formation of density holes where the light is
trapped. This results in the formation of “laser filaments™ in the plasma
whose signature was observed experimentally (Willi, Afshar-rad, Coe, and
Giulietti 1990, Labaune, Baton, Jalinaud, Baldis, and Pesme 1992). Laser-
plasma filamentation is considered as possibly the most dangerous laser-
plasma instability for inertial confinement fusion.

15.1.2 Hamaltonian Formalism

In other instances. the frequency shift of the carrier due to the interaction
with the medium depends not only on the density variations but also on
the medium wvelocity v, in the direction of propagation (Doppler shift),
leading to an additional contribution rv, to the potential in the enve-
lope equation. An example provided by the Alfvén wave filamentation in
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magnetohydrodynamics is analvzed in detail in the next section, using a
systematic multiple-scale expansion. An Hamiltonian approach to this cou-
pling is considered by Zakharov and Rubenchik (1972) (see also Zakharov
1974, Zakharov, and Kuznetsov 1984, 1997, Zakharov and Schulman 1991).
It is easily obtained by writing a priori the Hamiltonian of the system in
the form

H=H,+ H, + H,, (15.1.8)

where f,, is the Hamiltonian of the wave packet, H, that of the sound
waves, and H; is associated to the interaction between them. In the weakly
nonlinear regime, the Hamiltonian of a quasi-monochromatic plane wave is
written

H, = [m(k)ai‘{ak{ﬂ{, (15.1.9)
where

ay = Pre oot (15.1.10)

k =k — kg, and kg = (kg,0,0), with ¢, defined as the Fourier transform
of the wave-packet amplitude

1 :
E'I_II”[K) = W ‘[ '{fﬁﬁﬁiﬁ.xdﬂr. {15111:]

In an isotropic medium, the frequency is expanded as

1 >

w(k) = w(ko)+vy-k+ Em”{h}]n 1 T(H + K2+ pl) 4 -, (15.1.12)
0

where we have also included the nonlinear frequency shift arising from

the possible self-interaction of the wave in the weakly nonlinear regime. It

follows that

— l”"? I‘:;w *H’{l'l'r)
11| — 'I'f[]} /|¥I}| dx + h/(hll o ‘.[I.-_,F H.’}T)dx

_+_f( ”{;,ﬂj (?".[I.'_;

where the first two integrals are also conserved quantities (mass or en-
ergy) and the longitudinal component of the momentum. On the other
hand, in terms of the canonical variables, which in the absence of magnetic
field are the density variation p from the equilibrium py and the hydrody-
namic scalar potential ¢ (with v, = %_f;'_) the Hamiltonian associated to the
acoustic waves 18

29|V o) + p|¢,| )d:&{+---, (15.1.13)

2.1.,[]

| 2 2
H, = 1/ (ﬂ +p|?¢|‘*)dx. (15.1.14)
2 0
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Finally, the interaction potential is written

H; = /§w|¢;~|3dx,_ (15.1.15)
where dw = rv, + gp. The Hamilton equations
o oH oH . OH (15.1.16)
iy = : = . = 5.1.16
W S+ Pt 56 Dt 5p )

then are

anp O w'" P v . -
(dT+b‘9d}£)+ ( 5 de q&uﬂ» {p|t,f»|3+q;}+?'+:a;.;)¢) =0 (15.1.17)
with
Orp = —polAg — rOx ||, (15.1.18)
Ord = —c2£ — qly|2, (15.1.19)
gy

where the equations are written in the rescaled variables. We note that in
a situation where the field p reduces to the long-wave density variations,
the coefficient r should be small. since the interactions between the density
and velocity fluctuations are subdominant in the density equation. The
situation is different in the case of the gravity waves at the surface of an
incompressible fluid, discussed in Section 11.1 or in the context of Alfvén
wave filamentation (see Section 15.2.2).

Existence during a finite time of classical solutions for (15.1.17)—(15.1.19)
was recently established by Ponce and Saut (1998) in a class of Sobolev
spaces. They proved that if the initial condition (10, po, ¢o) belongs to
H(RY)x H*=12(R¥) x H3T1/2(R?) with s > d/2, there exists a time T' > ()
and a unique solution ¢ € C([0,T), H*(R%), p € C([0,T), Hs~'2(R%),
w € C([0,T), H**Y2(R4). The idea is to solve the inhomogeneous wave
equations satisfied by p and ¢ in terms of the carrying wave amplitude. The
equation for the carrier then reduces to a generalized nonlinear Schrodinger
equation with an integrodifferential potential. The order of derivatives of
1 appearing in the nonlinearity is roughly of order one (see, e.g.. Kenig,
Ponce and Vega 1995) since (dpp — A)~ !0y x is basically an operator of
order one. The proof that generalizes the result of Kenig, Ponce, and Vega
(1997) for a potential depending 1 and Vi (see Section 3.4.1) then uses
the structure of the nonlinearity combined with estimates involving the
local smoothing effect associated to the linear Schrodinger operator (see
Section 3.1.2), together with special properties of the solutions of the wave
equation, and concludes with a fixed point argument.

When writing (15.1.17)—(15.1.19) in a frame moving at the group velocity
of the wave-packet by defining § = X — v, T and 7 = €1, and taking the
adiabatic limit for the acoustic waves by neglecting the O(¢) time derivative,
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one gets the system

WOt v, 0 | -
5 T2 e T o ALY = (PIY]” +ap + roe)d (15.1.20)

(¢ = vg)Ozep + A rp = —(vgr + pog) e[

2 — pgA | Y],

(15.1.21)

introduced by Zakharov & Schulman (1991) and which generalizes the
Davey-Stewartson equations to higher dimensions (see also Chapter 12 for
references on rigorous results).

Various regimes are, in fact, described by (15.1.17)-(15.1.19), according
to the values of the parameters. Their characteristics are analyzed in Passot,
Sulem, and Sulem (1996) in the case of localized solutions considered by
the existence theorem. The hot-spot dynamics briefly mentioned in Section
15.1.1 and the Alfvén wave filamentation discussed Section 15.2.2 can be
viewed as two typical regimes described by this system.

An extension of (15.1.17)—(15.1.19) was proposed by Relke and Rubenchik
(1988) to the case of MHD waves where the velocity field induced by the
modulation is not potential, using the Hamiltonian description of MHD
flows (Zakharov and Kuznetsov 1971). The resulting equations are, how-
ever, not confirmed by the systematic multiple-scale expansion presented
in Section 15.2.1, in the case of Alfvén waves propagating along an ambient
magnetic field.

15.2  Alfvén Wave Filamentation

An example where the Doppler shift is relevant concerns the Alfvén waves
propagating along an ambient magnetic field in dispersive magnetohydro-
dynamics (MHD). A systematic derivation of the modulation equations
from the MHD equations is presented in Champeaux. Passot, and Sulem
(1997). We review it in detail in the next section, because it provides an
example of relatively elaborated modulation analysis leading to original dy-
namics for the low-frequency magnetosonic waves that develop fronts and
not cavities as in the situations where the low-frequency density variations
are governed by (15.1.7).

15.2.1 Modulation Equations

When the Hall effect associated to the inertia of the ions is retained in
Ohm’s law, the magnetohydrodynamic (MHD) equations become, using

non-dimensional variables where the Alfvén wave velocity ¢4 = 4—%

constructed with the magnitude of the ambient magnetic field By, and the
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equilibrinm density pq. is taken as unity,

9ip+V - (pu) = 0 (15.2.1)
pldpu+uVu) = —-E‘Fﬂ“f +(Vxb)xb (15.2.2)
g
1 1
ﬁth—?;{(uxh}=-—§?}{(ﬁ{?}{b}:*x:h) {1523)
V.-b =10, (15.2.4)

where the constants R; and ~ respectively denote the nondimensional gy-
romagnetic frequency of the ions and the polytropic gas constant. The
parameter 3 is defined as 7 = ¢ /¢ where ¢, is the sound speed.

Consider a quasi-monochromatic Alfvén wave train with an amplitude
of magnitude p < 1, propagating along an ambient magnetic field pointing
in the x-direction and whose modulus is taken as unity. The modulation is
described in terms of the slow variables X = pa, Y = py. 2 = puz, T' = ut.
The field components are expanded as

b, = pby,, + ;.;Ebyﬂ TR Uy = paty, + quyz 4o
b, = }.Lh,;l + ,ugbzﬂ + - U, = pu, + ;.LE?_.:EE 4 e
b, =1+ ﬂ.gbzz + ;.a;ibmg + - Uy = JI.LE'ELIE + ,t,t:‘umg + .

p=1+4p’ps+pips+---,

where the different magnitudes of the transverse and longitudinal compo-
nents select the Alfvén wave eigenmode.

At leading order, one gets the linear equations for strictly parallel
propagation,

1

Ogtty, — Ozby, =0, Oiby, — Opuy, — Efﬂmb;l =0, (15.2.5)
1

Ht'u'zl - Hmhzl = U,_. ch?ii - H:,;?..:zl -+ Eﬁfﬂmbyl = (). {1526)

The presence of dispersion implies that harmonic solutions of the form
by, = By, "t 4 e, b,, = B, eF v 4 cc (15.2.7)

satisty B, = i(B., with ( = =1 or { = 1 for right- or left-hand side
circularly polarized waves b, +iCb, ~ ettkr—wt) respectively. The dispersion
relation reads

W 2 (:u:.:'
— =1-—=. 15.2.8
(k) R (15.2.8)
Writing
by = by, +iCh,, = Bre'™ ™9y = w, +iCu,, = UyetF )

(15.2.9)
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we obtain that the transverse velocity is to leading order proportional to
the transverse magnetic field:

U, = -~p. (15.2.10)
Lt

At order p?, the equations for the density and for the longitudinal
components of the velocity and magnetic field read (writing , = d,+1i(0d.)

Orps + Optiy, = —R[O] u1] (15.2.11)
f:?t-um._} -+ _ﬁﬁmﬂg = () ld 2. 12)
Oobe, = —R[D7 by]. (15.2.14)

They are solved as

po = ﬁgﬂiikm_wt) + c.c. + po (15.2.15)
Uy, = Uz, e P77 4 occ. + Ty, (15.2.16)
be, = be, e’ Lo 4 by, (15.2.17)

where overbars refer to non-oscillating contributions that appear to be
driven at the next order of the expansion. The amplitudes of the oscillating
parts are given by

~ 3k _ - ik e ~

(A |
P2 = "‘E(ﬁkz — u}g)dLBL bmg = ﬁdLBl' {15218:]

Uy, =

The divergence for w/k = 3'/2 of the coefficient entering the definition of
p1 corresponds to the coincidence of the phase velocities of the Alfvén and
magneto-sonic waves. The neighborhood of this resonance is not amenable
to the above envelope description: The small-scale magnetosonic waves
(which are not dispersive) are no longer slaved to the Alfvén wave, as
reflected by the formation of shocks in this regime (see Hada 1993, Pas-
sot & Sulem 1995, Gazol, Passot & Sulem 1999 for a discussion of the
long wavelength dynamics). As stressed by Spangler (1989) and Medvedev
and Diamond (1995), kinetic effects should, in fact, be retained near this
resonance.
At order O(p?), the equations for the transverse fields read

wa.ag — Opby = —Opuy + dx by, (15.2.19)

21
by — Dos + q dﬂbg — —Opby + Oxuy — gﬁfaxgﬁl.

(15.2.20)

The solvability condition is

ikﬁxﬁl) —0, (15.2.21)

k(—0rUy + 0xB1) — w(—=87B, + dxU; + ¢
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S . o ) e o . 2_;“_3
or in terms of the Alfvén group velocity, v, = w' = FREroT)
OrBy + vydx By, = 0. (15.2.22)
Equations (15.2.19)-(15.2.20) are then solved in the form
by /1 0 |
- . i ko —wt)
= —k | B2+ i k e :
U9 — —(0x + —dr) B,
i W W W i}
(15.2.23)

where the Bs-term refers to a null-space element that in the present
approach appears as a correction to the carrier amplitude.
At order O(u?), we have

ai:“-ﬂ - ar::hﬂ — _HT'HE + a}fhz - E:gJ_ {.SPE + br::-g)
_ﬁﬁﬁtul — Uz, aﬂ?“‘l + b:::la:r:bl

My , 4 1 % £ Sy
+'§“{:C}J_b]_ - dj_bl)bl - E{Hldl + TﬂldL)Ttl,{lE}.z.Zd)
; : i, : ; iC
Otby — Opuz + —Oppby = —07pba + Oxus — —Ox x by
Ri; Rzﬁ
+ O (Urbyy, — g, by) + %r’h(mb; — uiby)
il ; : i ., 215
+§dﬂ?{ﬂ2dﬂ:bl - bﬂ?gd::;hl:] + ﬁdrdJ_ (b.ﬂ_] - 9 )
E('f; ( (07 by — OLb7) + dehg) (15.2.25)
Orp3 + Optig, = —Opps — Ox iy, — R[OT usl, (15.2.26)
b 1|""'

at“m;g + _ﬁﬁmp‘jii _HT“':I:E "' a}"{' {EPE } - d Fﬁ[b bl]) 15.2. 2-‘}
Opbe, = —xba, — RO bal, (15.2.28)
thﬂ?:a == —HT-ET;,;E - ﬂ?[ﬁj_ug] - %ﬁ[a}fﬁibl -+ HJaj_hg]

(15.2.29)

The solvability condition that eliminates the resonant oscillating modes in
the right-hand side of (15.2.24) and (15.2.25) reads

. , W w? H 2k
'l{dTBE -+ 'EJHdXBQ:] - m( ,I.,‘E AT)B
+ ald | By — kv {i_ + k—EE 16 By =10 (15.2.30)
iy 1 1 11'5} Uq ”‘Ig EU:JE Ta 2 2 1 — . 8 Iy
where 63 = py — Emﬂ and
ke w? Ik
Y (o L (15.2.31)

To(k2+w?) kP BR2 — W2
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Combining (15.2.22) and (15.2.30), we obtain for B = By + uB; the
equation

) W w? k2 2k
i(0rB + v 0x B) — His o ( 12 — Oy x — :"“dTT - “:d_}{T)B
1 k2 |
+ N | B+ ,uk:vg( — — iy, — 5 b” + 63)}3 =10, (15.2.32)
Vg w?

where the dispersive term can, in fact, be rewritten as a second deriva-
tive either in X (absolute dynamies) or in 7' (convective dynamics). This
equation is also given by Hasegawa (1970).

Elimination of the nonoscillating secular terms in (15.2.24) and (15.2.29)
leads to

LE
Oty — C};{hg + 3y (362 + (3 + 1:]h

2y =0, (15.2.33)

d‘]"‘bg - dx?.i.g = ” {15234)
Oy + Ox e, =0, (15.2.35)

Opity, + BOx (62 + by, ) + Ox

Oxbe, + R[(I1bs] =0, (15.2.37)
Orby, + RO} 1z] = 0. (15.2.38)
Combining (15.2.37), (15.2.38), and (15.2.33), we obtain

=0, (15.2.36)

_ _ _ k2 :
Orrby, — Oxxbe, — AL (,-352 + (8 + 1)ba, + ﬁmlﬁ) —0. (15.2.39)

Equations (15.2.32), (15.2.35), (15.2.36) and (15.2.39) constitute a closed
system from which reference to by and #; has been eliminated. However,
(15.2.34)—(15.2.36) display a degeneracy when the modulation is purely
transverse, and higher-order terms are to be retained in a spectral “angular
boundary layer” associated to quasi-transverse perturbations. A similar
effects occurs when the modulation is time-independent. One is thus led to
consider at order u* the equations

Oips + Optiy, = —0rp3 — Op(patiy,) — Ox g, — R[D] (uz + pauy)], (15.2.40)
at“r::.; + _-'GH:::P&I — _HTT-E'.’E;; _ f}lat?-i'mg "' ﬁa}{ s

1. .. : ,
“Edz["-ﬂig + B(y — 1)p3 + 2|b2|?]

CR[(urB) — bOL)ba, + Ou(bibt) + Ox (bib3)],  (15.2.41)
ch;r__j = -'Hf,-h;r_a -+ Fﬁ[dj_{nﬂngl) - dJ_l[HlbIE:l - dJ_'iL;;]

_iﬂ[@hﬁibﬁ + Hfdj_ha -+ di{{brg - Pﬂ)aﬂ:bl)]

1

é R[D by + 107 3[0" b (15.2.42)
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The solvability conditions corresponding to the elimination of the nonoscil-
lating secular terms are

O ps + Oxiig, = —R[O% @3 + 05 (p5UL)], (15.2.43)
Opilig, + BOxps = — wS[Pily,]
— R[U;D LUy, — BiO1 by, + Ox(B1B3)], (15.2.44)
Orbsy = —R[O%Las + (0%, Uy — 05, By) + ‘“‘ 0L (B, ~ 7))
+ %3[%5@@; — Ox 8" by). (15.2.45)

Using (15.2.8), (15.2.10), and (15.2.18), the equation satisfied by 3 = p3 —
b.. reduces to

Opbs + Ox iy, = éﬁxﬁ[(ajh}]_, (15.2.46)

while (15.2.44) becomes

Opiig, + B0x (65 + by,) = —2AS[B1A | Bj] — OxR[Bf By]. (15.2.47)

3k 1
with A = 5 ST k) = iy

Combining (15.2.35) with (15.2.46) and also (15.2.36) with (15.2.47) for
the mean longitudinal fields, we get that 6 = 61 + pog, Uy = Uz, + pily,,
and b, = by, + ub,, obey

Ord + Ox ity
B

Orits + BOx(8+by) + Ox '~ = —2MS[BALB"],  (15.2.49)

0, (15.2.48)

where the term E%—-E[dx{dj_g] has been neglected in (15.2.48) because it
is always smaller than dyu,. In contrast, in (15.2.49) the ordering can
be broken in the case of quasi-transverse or quasi-stationary modulations,
for which the corrective term 22£3[B*A | B] is no longer subdominant.

Vy

Furthermore, apS3[BA | B*| is usefully replaced by (dr + v,0x)|B|* + puD
where D denotes a contribution originating from the dispersion which is
negligible in the present limit. The presence of the corrective term thus
leads to a ponderomotive force in the form given by Shukla, Feix., and
Stenflo (1988). Also, due to the absence of degeneracy, it is enough to retain
for b, the leading order and drop the subscript indices in eq. (15.2.39). The
resulting syvstem is given by

; ; w 2 2k
i (97 B + v,0x B) + palr L B + 1:;4- ( dTT )B
1 k2% 1
- b, — 28)B = 15.2.5
;LLLQ(L? iy + 5.2 b, Eé)B 0, (15.2.50)
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together with

Ord + Ox ity = 0, (15.2.51)
Orii, + B0x (6 + by) = (iﬁT + lﬁx)|B|2, (15.2.52)
(i 2
2
Opgby — Ox xby = m(ﬁﬁ + (B4 Dba + 5 |B|2). (15.2.53)

When instead of using a second-order equation in time for b, the equation
for the mean transverse velocity is retained, the above system can be writ-
ten in the Hamiltonian form similar to that given by Relke and Rubenchik
(1988), but for slightly different variables. The source term in the density
equation does not originate from the interactions between the velocity and
density fluctuations (which are subdominant), but from the presence of a
time-derivative contribution in the ponderomotive force, whose existence
is suggested by several authors, starting from the primitive equations (see,
e.g., Washimi and Karpman 1976, Karpman and Shagalov 1982, Kogiso,
Ueda, and Yajima 1982, Ovenden, Statham, and ter Haar 1983). This leads
to a redefinition of the velocity that is affected by the carrying wave momen-
tum and to the presence of a self-interaction of the carrier in the potential
of the Schrodinger equation.

The system (15.2.50)—(15.2.53) can be viewed as an initial value problem
either in time (absolute dynamics) or relatively to the propagation coordi-
nate (convective dynamics). Using that to leading order dp B +v,0x B = (0

. . " it w? k9 2k : o . :
and that w" = o0 (57 + = vy — :LH:], the longitudinal and temporal dis-

i
persive terms arising in (15.2.50) can be written in the usual form “-0x x B

o - .
for the absolute regime or == dpp B for the convective one.
J’Uq

The last step consists in eliminating the transport of the wave packet
at the group velocity. For this purpose, in the absolute regime. the equa-
tions are written in a reference frame moving with the Alfvén-wave group
velocity, by defining § = X — v, 7. A slower time scale T = pT" typical of
the envelope dynamics, is then introduced. In the convective regime, the
origin of time is taken to be space-dependent by defining a delayed time
7 =T — + X, and a longer scale £ = pX is used. It follows that magne-

vy

tosonic waves evolve on a time scale (absolute regime) or a length scale
(convective regime) shorter by a factor p than the Alfvén wave envelope.
The problem then simplifies in two limit cases.

When the modulation is purely longitudinal, the limit g — 0 is easily
taken formally. The fields b, u,, and é become slaved to the Alfvén wave
modulation, and the system then reduces to the one-dimensional nonlinear
Schrodinger equation. The validity conditions of this adiabatic approxi-
mation is discussed in Champeaux, Laveder, Passot and Sulem (1999)
where comparisons with direct numerical simulations of the dispersive
MHD equations in one space dimension are presented.
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For a purely transverse absolute modulation or for a time-independent
convective modulation, the magnetosonic waves disappear, leading to a
two-dimensional nonlinear Schrodinger equation that in the former case
reads

1 I ‘
i B+ alA | B — kv S BI’B = 0. 15.2.54
W asy EH(u; 4{:{3+1}w4)| | | (15.2.54

and in the latter one

y v k1 k2 + w?)? ‘
Ug 4 \ /3 W

In this context, the self-focusing singularity is usually referred to as Alfvén
wave filamentation. This has recently been considered as a possible heat-
ing mechanism in the solar corona and the warm ionized phase of the

interstellar medium (Champeaux, Gazol, Passot, and Sulem 1997).

15.2.2  Influence of the Magnetosonic Waves

The magnetosonic waves become relevant in considering deviations from
the idealized cases of purely transverse (absolute) or stationary (convective)
modulations. It is then convenient to perform additional rescalings.

Absolute Regime

One writes 5" = un~ ¢ with un~! < 1. Equation (15.2.53) then reduces to
| 2

_ 3 k B2

- - (15.2.56)

B4+1 2(8+1)w?

Furthermore, the longitudinal and temporal dispersions are negligible in
eq. (15.2.50). Writing the ponderomotive force in the form -0.|B|?, one
'y

B|*. Tt is then convenient to introduce the

i

is led to define v, = @, — -

Ty

nondimensional variables

& ¥ ! _— " a5 N m——
E= kg, T=I|k|lvylT, Y =
, |B|? A
|"B|‘JI - '|”"|_' Uy = — : Uz, & =
Ql Vg Ql
T | gk : 1 (1 kw2
where A; = 3 (1 + {ﬁ-l—ljlw'l) and (), = 2 (1 {_E?-I—l][kﬁ-l—u:lllz)' After

dropping the tildes, one gets
i0: B+ 01A | B = oy [W1(6 + Dyv,) + |B|?| B, (15.2.59)

0076 — 030:8 = —Ogv, — D10¢| B, (15.2.60)
1
M?

Deé — O¢| B|?, (15.2.61)

N0 vy — 030cvy =
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341 r A
where M, = |v “L Dy = =22, and W, = 2. Furthermore, oy =
) Ay’ v G -

sign(a), g9 = sign{kvg} and o3 = sign(v,).

Convective Regime

Lr with un~! < 1. The ponderomotive force is written

‘ ; 9 _ __é 171 2 2 I
as nd¢| B|7, and one defines d = 575 — 5(5 + 7oz )| BI7. One now rescales

One defines 7" = un~

£, 7. Y. and Z as in the absolute regime, and

, |B? Aslv Al ~
B|* = |—, iy = Ly, d=—=2 15.2.62
B Q2 Q2 Q2 { )
with A = Z—? (1 + %) and () = %1 ( (kz"”” )2 ) After dropping

the tildes, one obtains

IHEB -+ J]U;;&J_B = =T34 [H"jg'[:d -+ DE'HI] + |B|E] B._. {152(‘53)

n0¢d — 030,d = —0; uI D»0.|B|*, (15.2.64)

Ndguz — 03071ty = —7 Fd d — 0.|B|*, (15.2.65)
here M. — 1 _ on s lval?A3
where My = — | ﬁ+1 Dy = — St and W5 = 0y -

The purely transverse absolute or steady convective regimes correspond
to the limit n — oc. The opposite limit n — (0 associated to an adiabatic
dynamics of the magnetosonic waves leads in both absolute and convective
regimes to a nonlinear Schrodinger equation with a potential

V—E( ke 341 8 k2 ])|B|‘3
a B+ 1Dwt (B+1)02-73 (3 + 1)w? "'
g

which vanishes in the long wavelength limit & — (). For finite values of 7,
(15.2.59)-(15.2.61) and (15.2.63)—(15.2.65) can be viewed as a special case
of a system of equations derived by Zakharov and Rubenchik (1972) (see
also Zakharov and Schulman 1991) for the interaction of a high-frequency
wave with low-frequency acoustic waves. In the present case, however. the
acoustic-wave equations include only longitudinal derivatives, because the
transverse velocity is. to leading order, slaved to the transverse magnetic

field (see (15.2.10)).

A Unified Formulation

The equations governing the absolute and the convective dynamics can be
rewritten in the unified form

ihB + oA B = d'[W(d+ Du) + |B|?]B. (15.2.66)
n0d — 030,d = —f:} u— D, |B|53 (15.2.67)

noyu — o0, u = (15.2.68)

’lF
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where the variable t refers either to time or to the propagation coordinate
(in the latter case x refers to time). The coefficients in (15.2.66)—(15.2.68)
are specified by identification with the absolute or the convective systems
(15.2.59)—-(15.2.61) or (15.2.63)—(15.2.65), respectively.

The system (15.2.66)-(15.2.68) for the magnetosonic waves is diagonal-
ized by introducing the Riemann invariants (j = 1,2)

W

Z; 5

(1 + (1) %) (d + {_1):-"Mu) (15.2.69)

which obey

W(M + (—1)7D)?

nhZ; + N;0,Z; = (—1)71! d.|BJ? (15.2.70)

2M
with A; = —o3 + (—1)? ﬁ The equation for the Alfvén-wave amplitude
then becomes
i0,B = —cA | B+ d'(|B|° + Z, + Z3)B. (15.2.71)

Note that a resonance associated to the vanishing of the eigenvalue A5 is
a priori possible but turns out to be physically irrelevant (Passot, Sulem,
and Sulem 1994). Integrating along the characteristics z;(a.t) = A\t + a,

: Al
with A; = —-, one gets
Zi(x;(a,t),r,t) — Z;(a,r,0) =

I‘I;i"(’f D 3 { ,
?—'”(H{_”j ) /ﬂ B3 (xj(a, 7). x, 7)dr,  (15.2.72)

(~1)7

where r denotes the transverse vector coordinate. At early time. the
magnetosonic waves £, and Z, are negligible in (15.2.71), where the vari-
able x then reduces to a parameter. Assuming oo’ < 0, the carrying
wave first focuses in the transverse planes for which the initial L?-norm
|B(z,.,0)],. (R2) exceeds the critical value for collapse. Since the rate of

focusing in these planes depends on |B(z, ., ”HLEEREJ’ strong gradients de-

velop along the r-direction. producing a significant ponderomotive force.
The latter drives magnetosonic waves which, in turn can react on the fo-
cusing process. The analysis of these dvnamics presented in Passot. Sulem,
and Sulem (1994, 1996) is based on the following ansatz. Assuming that the
Alfvén wave focuses mostly independently in the different planes transverse
to the propagation, one writes

|B(z.,r,t)]* = G(t,(x) —t,r), (15.2.73)

where the main dependence in the x variable arises through the dependence
of the singularity time. Differentiating with respect to x, one has

B|? = —t.(x)G] (15.2.74)
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where (7] is the partial derivative of ¢ with respect to the first variable.
Along the characteristics, one has

Bl (a,(0).5,0) ~ 5o 2 B (0.0, 0F. (15275
.?

Substituting in eq. (15.2.72) and dropping the initial contributions which
are negligible near collapse, one gets

Aj ¢ t t.(z; (1)) :
Zi(x;(t),r,t)~ =L J B(x;(t).r, t)|%dt 15.2.76
J{j ) I' } 2”/ }L tf (-rj f}) . 1 !,_H,| {? )-r. )| I[ =) J))
with
MW D2
Ay . = J+]‘ J— J =t i
A; ~1) 5 (1-1-{ 1) M) . (15.2.77)

Two regimes can then be distinguished according to the speed of the
magnetosonic wave and the distance t. — t from the singularity time: At
fixed t, — t, for rapidly propagating magnetosonic waves (n < 1), the
adiabatic regime is obtained in the form

MW ‘
Zi(roa,t) ~ (—1)FH 2 an ( (- I}JM) IB%(z,r.t).  (15.2.78)

Differently. at fixed velocity of the magnetosonic waves, in the limit £, —
t — (), the dominant variation insides the integral comes from the wave
amplitude. which to leading order near the singularity leads to

I]I-"r 11_{ D 2 r
i ' 2/ o -
Eﬁj (1 + 1) 11f) t*(I}|B| {I:r:ﬂ- {113.2.;9)

Zi(r,z,t) = (—1)7

Equation (15.2.79) indicates that close enough to the singularity, the adi-
abatic approximation becomes invalid, and a transition takes place, where
the Z;’s become antisymmetric with respect to the center of the collapsing
pulse, the function ¢, (z) being itself antisymmetric. If the collapse is not
arrested during this adiabatic phase, the developing antisymmetric pro-
files of Z; and Z, will affect the potential in such a way that the focus
will be shifted in the r-direction on the side where the waves reinforce the
potential. The resulting dynamics deserve a numerical investigation.
Numerical integrations of (15.2.66)-(15.2.68) were performed in Cham-
peaux, Passot, & Sulem (1997) for axisymmetric solutions using the
anisotropic dynamic rescaling method introduced in Landman, Papanico-
laou, Sulem, Sulem, and Wang (1991) and reviewed in Chapter 6. Results of
the simulations are presented in the convective case for a fixed initial (or in-
cident) wave packet B(z,r,0) = 4= +) with d(x.,r,0) = u(z,r,0) = 0
(Fig. 15.1). Reducing the parameter n corresponds in the primitive vari-
ables to increasing the length or the duration of the initial pulse. Typically,
for n = 0.1, k/R; = 0.1, and 3 = 0.5 (and left-hand side polarization),
the filamentation is rapidly inhibited under the effect of the developing
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FIGURE 15.1. Upper: Arrest of convective filamentation with adiabatic dynamics
of the magnetosonic waves, for n = 0.1, k/R; = 0.1, 7 = 0.5, and left-hand size
polarization. Plots at the center of the beam at the points £ = 0.0734 (dashed
line) and £ = 0.119 (solid line), respectively behind and beyvond the filamentation
arrest. Middle: Arrest of the filamentation with formation of strong acoustic fronts
forn =03, k/R; =1, 3 = 0.1, and left-hand side polarization. Plots at the center
of the beam at the point £ = 0.139 behind the filamentation arrest and at the
points £ = 0.149, £ = 0.166, £ = 0.177 beyond it. Lower: Finite distance wave
collapse for n = 1, k/R; = 0.65, 3 = 0.5, and right-hand side polarization. Plots
at the center of the beam r = 0 and various distances from £ = 0.156 to £ = 0.16
(Champeaux et al. 1997).
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magnetosonic waves. Along the symmetry axis r = (), these waves first dis-
play an antisymmetric profile in the time variable whose left part is, for
small n, rapidly advected away from the Alfvén wave packet. The other
part stays at the location of the pulse and reaches its adiabatic limit pro-
ducing a caviton that, in the small & limit, cancels out the nonlinearity in
the equation for the Alfvén-wave envelope. For n = 0.3 with k/R; = 1,
3 = 0.1 (and left-hand side polarization), the focusing of the Alfvén wave
packet is arrested. In this case, however, the magnetosonic waves develop
at the location of the Alfvén pulse a sharp antisymmetric acoustic front
whose strength increases with 1 as a consequence of the amplification of
the potential in the nonlinear Schrodinger equation. This leads to strong
hydrodynamic effects not included in the envelope formalism. which retains
only a linear description of the hydrodynamic phenomena, driven by the
ponderomotive force. Finally, for n = 1 with k/R; = 0.65, 3 = 0.5 (and
right-hand side polarization), the filamentation is not arrested. A sharp
antisymimetric magnetosonic front develops, and the Alfvén wave collapses
in a finite time (or on a finite distance).

15.3 Weakly Dispersive Alfvén Waves

15.3.1 Parallel Propagation

In the situation where the carrving wavelength is large compared to the
gyromagnetic radius, the dispersion becomes small at the scale of the car-
rying wave (R; — oc). This limit can be formally taken in the amplitude
equations (15.2.54) and (15.2.55) (or more generally in those including the
coupling to the magnetosonic waves). The resulting equations can also be
derived by a modulation analysis performed on a generalization (see Pas-
sot and Sulem 1993, 1995) of the derivative nonlinear Schrédinger equation
mentioned in Section 3.4. This system describes the long-wave dynamics of
Alfvén waves and their coupling to longitudinal magnetosonic waves. As
argued in Champeaux, Passot, and Sulem (1998), the above regime requires
that the wave amplitude be reduced according to the dispersion in order
that the constraint of circular polarization remain enforced. More precisely,
denoting by A the wavelength of the carrier and by & its wavenumber,
this situation corresponds to a regime where for a dispersion scale [; with

lg — k

i = 55 of order €, and a longitudinal modulation scale Ljs such that Li”

of order p# (where € and p are small parameters), the relative amplitude
5B 1/2

of the wave T= is of order ¢/~ p.
b



304 15. Progressive Waves in Plasmas

3.0
2.5
2.0
N O1.5E
1.0
0.5

sl
25
20
™ 915
1.0
05
0.0 05 1.0 1.5 2.0 256 3.0
S00 =200 x=0.46
: 2.5 ’
2.0 {20
, o B4 -
m 15 N |5 i
l-ﬂﬁg 1.0
c:.5§§ 1 05
0.0 0.0
0005 1.0 1.5 20 25 3.0 0.0 05 1.0 1.5 2.0 25 3.0
T n -:!I‘r T T n :rll B T
0L =500 x=046 | U =500 x=0.46
25 2.5 '
2.0 - 2.0
N 15 = S "
1_1:1@; 1.0
05! 1 05
0.0: 0.0
0.0 05 1.0 1.5 20 25 3.0 0.0 05 1.0 1.5 20 25 3.0
¥ ¥

FIGURE 15.2. Influence of the dispersion, as measured by the parameter v on
the contours of |B,|* and |B.|* in the subdomain [0, 7] x [0,7] (Champeaux et
al. 1998).
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If the dispersion is weaker (or the wave amplitude larger), the circular
polarization is no longer preserved by the dynamies '. In this case, the
left- and right-hand side polarized waves interact, and in an asymptotics
where [;/A and A/Ljys are of order 1, while éB /By is of order u, the
vector amplitude B of the wave (transverse to the propagation direction)
obeys a vector NLS equation that in the simple case of a time-independent
(convective) modulation reads

i0:B + ovkB + ivk(B xe;) + 2!:(11- Iﬁ}?{? - B)
(—83% +58+2)k _ k o _
1B(1-5) B|“B + 4{1__ﬁ)B><{B><B ) = 0. (15.3.1)

: T _ k® (6Ry—3
Here e; is the unit vector along the propagation axis and v = 3 7. {B—“ :

The anisotropic diffraction term originates from the gradient of the total
pressure whose fluctuations are proportional to the divergence of the vector
amplitude. In the limit » — oc, corresponding to the former asymptotics,
the initially circular polarization of the wave is preserved, and (15.3.1)
reduces to the scalar two-dimensional NLS equation. In this case, when
3 < 1, wave packets with a sufficient mass collapse in localized foci, with a
blowup of the amplitude. In contrast, when the parameter » is moderate,
numerical simulations show that the wave amplitude remains moderate, but
stronger magnetic field gradients develop on elongated structures. Whether
a blowup of the gradients occurs at a finite £ remains an open question. In
this context, an interesting question concerns the quantitative estimate of
the dissipation in the presence of a weak linear damping of Landau tvpe.
Numerical simulations show that while in the strongly dispersive system
the dissipation takes place in very localized spots. it is much more homoge-
neously distributed in the present case, resulting in a more efficient heating
of the plasma (Champeaux, Passot, and Sulem 1999).

The transition between weakly and strongly dispersive regimes is illus-
trated in Fig. 15.2. For large but finite value of the parameter i (typically
a few hundred), the collapse proceeds with a roughly circular polariza-
tion until a critical transverse scale [| is reached. This scale is given by
EA == {gff}_lﬁ{% —1. Then the wave ceases to be circularly polarized.
Its amplitude saturates, and the further evolution is that observed for a
moderate value of v,

'Circular polarization can also be broken when the coupling to large-scale two-

dimensional dynamics in the planes transverse to the magnetic field is retained
(Gazol, Passot, and Sulem 1999).
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15.3.2  Oblique Propagation

The envelope dynamics are significantly different when the direction of
propagation of the Alfvén wave makes a finite angle ¢ with the ambient
magnetic field. In the weak dispersion limit, such an Alfvén-wave train is
linearly polarized in the z-direction perpendicular to the plane defined by
the ambient magnetic field and the direction of propagation. It turns out
that in this regime all the diffraction terms scale like 1/R?. Furthermore,
the nonlinear terms vanish identically in the case of a longitudinal modu-
lation. but not in the multidimensional problem. In the simple example of
absolute modulation where the perturbation only depends on the transverse
z-coordinate, one has (Gazol, Passot, and Sulem 1998)

. , (34 403) 9 :
10, B, + adzzB, + k cos 2[1+_£3']| | 0 (15.3.2)
with
kcosf 4 g ¢
o= R? 511145'{‘:05 ) — Fcos20). (15.3.3)

The limit R; — oo corresponds to the “semiclassical” limit (Bronski and
McLaughlin 1994, JinnameJin, Levermore, and McLaughlin 1994, Miller
and Kamvissis 1998). For 3 < 1, (15.3.2) is of the focusing type. The most
modulationally unstable mode appears at a scale of order 1/R; which, if
larger than the wavelength of the carrying wave and smaller than the scale
of the modulation. introduces an intermediate scale in the problem. Nu-
merical simulations presented by Bronski & McLaughlin (1994) show that
in this case, a wave packet starts to focus, leading to a finite-amplitude
solitonic profile on which oscillations at the intermediate scale are super-
imposed. The phase gradient obeys, at large scale, an (inviscid) Burgers
equation. corresponding to the geometrical optics approximation for the
linear NLS equation. After a shock has formed, the amplitude displays a
well-delimited region of short-wavelength, finite-amplitude oscillations (re-
ferred to as a “sea of solitons”), which extends as time elapses, while in
Fourier space the solution develops a broad energy spectrum, precursor of
a fully-turbulent dynamics.



SYyNnopsis

This monograph is concerned with the multi-dimensional envelope dynam-
ics of a weakly nonlinear dispersive wave packet described by the NLS
equation and some of its generalizations resulting from additional cou-
plings. Special attention is paid to the phenomenon of wave collapse, which
provides an efficient mechanism for energy transfer from large to small
scales.

The cubic NLS equation in two dimensions appears as the simplest model
for the self-focusing of a stationary laser beam in a Kerr medinm. This
dimension is critical in the sense that in subcritical dimensions, the problem
is globally well-posed and the standing waves associated to the ground
state are orbitally stable, while in supercritical dimensions, a self-similar
blowup can occur at localized foci. At critical dimension, the self-similarity
is weakly broken. The profile of blowup solutions adiabatically approaches
the ground state that is marginally unstable, while the scaling factor differs
from that of self-similar collapse by a double logarithmic correction. In this
special case, a finite amount of the wave energy is absorbed in each focus,
and eventually dissipated under the action of damping processes which
become relevant as the singularity is approached. For this reason. critical
collapse is said to be strong.

Near collapse, other initially subdominant effects such as higher-order
nonlinearities, time dispersion, or small paraxiality breaking become rele-
ant. An interesting question concerns their capability to arrest collapse. It
is nevertheless unclear whether the long-time dynamics remain amenable
to an envelope formalism.
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The Davey—Stewartson system provides a canonical description for wave
modulation in two space dimensions when a mean field is driven by the
modulation. Various regimes are possible, which in the example of sur-
face water waves depend on the relative importance of gravity and surface
tension.

Coupling to mean fields also arises in plasma physics where low-frequency
acoustic waves driven by the carryer modulation can affect the collapse dy-
namics. In the case of Langmuir waves, density cavitons are formed, where
the electric field gets trapped. and collapse takes place. On the other hand,
in the context of the filamentation instability of Alfvén waves propagating
along an ambient magnetic field, sharp magnetosonic fronts can develop,
leading to strong hydrodynamical effects not captured by the envelope
formalism.

In spite of the progress made during the last decades in understand-
ing the phenomenon of wave collapse described by envelope equations,
several problems remain open. This formalism assumes in particular an
idealized situation of gquasi-monochromatic wave propagating in a homoge-
neous medium. It provides a good description of the propagation of a laser
beam in a dielectric, but could nevertheless be too restrictive in other con-
texts like plasma waves whose spectra are not necessarily sharply peaked,
and where modulational instabilities may be competing with other effects.
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