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Preface

This book is intended for any student of physics who wants a thorough
grounding in the quantum theory of nonrelativistic scattering. It is designed
for a reader who is already familiar with the general principles of quantum
mechanics (as taught, for example, in the first year graduate course at most
American universities) and who has some small acquaintance with scattering
theory, as would be acquired in the same first-year course. It is my hope to
bring the student of atomic or nuclear physics to the point where he can begin
reading the literature and tackling real problems, with a complete grasp of
the underlying principles. For the student of high-energy physics I have
tried to provide the necessary background for his later study of relativistic
problems.

Concerning my choice of subject matter, the one feature that seems to need
explanation here is the decision to exclude relativistic scattering theory. I
made this decision for a variety of reasons: The theory of nonrelativistic
collisions has wide application in the low-energy processes of atomic,
nuclear, and particle physics; and is sufficiently extensive to make up a book
by itself. The basic laws of nonrelativistic quantum mechanics are well
understood and, in sharp contrast to the relativistic case, nonrelativistic
scattering theory is a logically complete and selfcontained structure. More-
over, there are many important features common to the nonrelativistic and
relativistic theories. (For example, both are formulated in terms of the
unitary scattering operator S.) This makes the former an excellent intro-
duction to the latter, and wherever possible I have presented the material so
as to emphasize its relevance in the relativistic, as well as the nonrelativistic,
domains.

Concerning my treatment of the subject, two comments are in order.
First, the reader will find that I have tried always to present a topic in terms
of the simplest relevant example (the most complicated atomic process
discussed in any detail is electron-hydrogen scattering; the polarization
experiment chosen for discussion is the scattering of spin-half particles off a
spinless target; and the first two thirds of the book deal exclusively with the
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viii Preface

simple case of single-channel scattering). I have done this because I believe
that by far the best way to learn scattering theory is to become familiar with
all of the basic concepts—the S operator, cross sections, the 7' matrix, and so
on—in their simplest context. Once these concepts are really well understood,
their extension to more general situations is usually a straightforward matter
and can often be left to the reader. This policy means that the coverage of
the book is less comprehensive and general than that of most books on the
subject' [Mott and Massey (1933), Goldberger and Watson (1964), and
Newton (1966)] and, hence, perhaps less useful as a reference for the active
researcher. However, it is my hope that in this way it may prove more useful
to the student struggling to learn the subject. Second, the reader will find
a greater emphasis than is traditional on the time-dependent approach to
the subject. Historically, scattering theory developed in the late twenties and
thirties around the time-independent stationary scattering states. Only in the
late fifties was this formalism properly justified with the development of a
realistic time-dependent theory. Now, however, it is possible to develop
scattering theory in a much more satisfactory way, beginning with the time-
dependent formalism and using this to define all of the basic concepts, and
only then introducing the time-independent theory as a tool for computation
and for establishing certain general properties.

With the exception of a few chapters, the book is designed to be read
systematically from the beginning to the end, and I hope that this is how the
reader will choose to use it.? I also hope that the reader will try to do most,
if not all, of the small number of problems at the end of each chapter. Most
of these have been tested by three successive groups of students at the Uni-
versity of Colorado. They are intended to improve the reader’s grasp of the
material just covered and to introduce him to some important developments
not treated in the text.

A large number of colleagues and friends have helped me in the writing of
this book. Special thanks are due to Professor Thomas Jordan, Professor
Michael Whippman, Mr. Rayner Rosich, and Mr. David Goodmanson, all
of whom read large portions of the manuscript and made numerous helpful
suggestions and criticisms. Also to Martin Hidalgo, Alan Hunt, Rayner
Rosich and Robert Stolt who did the calculations behind several of the

~graphs and tables. I am grateful to Professor Paul Matthews for hospitality

at Imperial College where I began serious work on the book; and to several
colleagues at Imperial College and the University of Colorado—Kenneth

* All references are given by author’s name and date and can be found on p. 463.

% The principal exceptions are Chapters 7, 14, 15, 20, and 21. The reader can omit or
postpone some or all of the material in these chapters without seriously affecting his under-
standing of the subsequent material.
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Barnes, Wesley Brittin, Chris Zafiratos and many others—for %nvaluable
conversations and encouragement. Abovealll want to th.ank- my wife Depby.
She not only bore with three years of authorshlp. agonies in a most wifely
way; she edited the whole manuscript and typed it twice.

JouN R. TAYLOR
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Introduction

The most important experimental technique in quantum physics is the
scattering experiment. That this is so is clear from even the briefest review of
modern physics. In atomic physics Rutherford’s discovery of the nucleus
was based on his study of « particles scattering off a gold foil; and the
Franck-Hertz experiment established the existence of atomic energy levels by
observation of electrons scattering off mercury vapor. In nuclear physics, the
first clear evidence of nuclear structure came from Rutherford’s observation
of the scattering reaction:

«+ BN—p+ Y0

And in the study of elementary particles, the scattering experiment not only
provides the experimental data, but is also the principal means for the
creation of the particles themselves, as for example, in the pion-production
process
' ptp—op+p+n
- The theoretical tool for the analysis of scattering experiments is scattering
theory. In discussing scattering theory it is convenient to recognize various
possible divisions of the subject. First, there are the nonrelativistic and
relativistic theories, and as discussed in the preface, this book restricts itself
to the former. Second, there are the single-channel and multichannel parts
of the theory. And third, there are the time-dependent and time-independent
parts. These divisions have determined the organization of this book.
Before describing our handling of single-channel and multichannel
scattering, we must discuss briefly the definition of the two concepts. In most
collisions there are many different sets of particles that can emerge in the
final state. For example, when « particles are fired at nitrogen some of the
different possible final configurations are

a+14N¥>a+14N
p + 0
o+ a4+ 1B
etc.

Each of the possible final sets of particles is called a channel; therefore, a
-process of this type is called a multichannel collision. However, there are
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2 Introduction

certain simple processes in which there is just one channel. Two examples

of such single-channel processes are the low-energy scattering of electrons off

protons or of neutrons off a particles. In either of these processes the only
possible outcome is elastic scattering, -

et+p—retp
and

n+a—n+a

The concept of a single-channel process is really an idealization. If, for
example, we increase the energy of the n—a collision above about 20 MeV
the neutron can knock the « particle apart; and in the e—p example there is
always the possibility of producing low-energy photons, whatever the incident
energy. Thus, neither example is truly a single-channel collision. Nonethe-
less, there are many processes (including these two examples) that can be well
approximated as single-channel collisions, under the right conditions. And
within the framework of nonrelativistic quantum mechanics, the scattering
of a single particle off a fixed potential, and of two particles off one another,
provide completely consistent models of single-channel systems.

The formalism of single-channel scattering is naturally much simpler than
that of the general multichannel problem. At the same time the former
includes almost all of the basic concepts needed for the latter. We shall
therefore treat single-channel scattering in considerable detail before we go
on to the multichannel problem. Specifically, after one chapter of mathe-
matical preliminaries, Chapters 2-15 cover all aspects of single-channel
scattering, and then Chapters 16-21 give a parallel treatment of the multi-

channel problem. (In Chapter 22, we consider the special problems of identi-

cal particles.) ‘

Our other main division of scattering theory is into its time-dependent and
time-independent parts. The first of these deals with the time-dependent
wave function that describes the progress of a collision as it actually occurs.
Well before the collision begins, and again after it is all over, the particles
involved behave just like free particles, and, therefore, the corresponding
wave functions behave like free wave functions. It proves possible to relate
the essentially free wave function before the collision to that after the
collision by a certain unitary operator, called the scatfering operator S. In
practice all measurements are made on the particles before and after the
collision. (Even an extremely slow collision normally lasts much less than
107 sec.) It follows, therefore, that all experimentally relevant information
(at least as regards scattering experiments) is contained in this one operator S.
In particular, the experimentally measured scattering cross sections can all be
expressed in terms of the matrix elements of S.

Introdl_lction : 3

The time-independent formalism arises (at least in i'ts sir.nplest form) flfom
an expansion of the actual time-dependent wave Functlons in terms of th.e so-
called stationary scattering states, which are just the appl:opnate eigen-
functions of the Hamiltonian. The principal usefulnes.s of this formallsn} is
that it provides the means for the actual computation of t.he scattering
operator (or the related scattering amplitude) and for establishing a number

its general properties. .
Of: Snl‘@;atural (gloggh not the historical) order to develop s'cattering theory is
to begin with the time-dependent formalism, to use this to define the S
operator and scattering cross sections, 'and only tt'len to de\./elc?p the time-
independent formalism as a computational technique. Th.ls is the ordel:
followed in this book, the content of which can be summarized as follows:

Mathematical preliminaries Chaptgr 1
Time-dependent————Chapter 2-7
/ | ,
Single-channel
/ Time-independent———Chapter 8-15
o th : ,
Seatiering eory\ Time-dependent—————Chapter 16-17
Multichannel

.

Time-independent Chapter 18-21

Modifications needed for identical particles Chapter 22 .

The order of presentation just outlined is by no means the o.rder in which_
scattering theory was originally developed. Historically, the sybject develoRed
—in analogy with the theory of bound states—around t.he stationary scattering
states; that is, in terms of the time-independent formallsm._' Or}ly laFer was the
time-dependent theory developed to provide a proper justification of the
results already derived. : . o ,

It is the traditional approach, beginning with the tlme-mdepend?nt
theory, that is presented in most elementary texts on quantum mechamc§.
Thus, in the scattering of a single particle off a fixed Potintlill, the reader is
undoubtedly familiar with the “scattering wave function” yj (x), defined as
the solution of the time-independent Schrodinger equation with the boundary

conditions ior
—34Y Jipex e_ ’
B0 —> @y e + S (B, 0) =



4 Introduction

(Here, as throughout this book, we use units such that # = I.) This wave
function is said to represent a steady incident beam of particles with mo-
mentum p plus a spherically spreading scattered wave with amplitude f(E, 6).

This interpretation leads at once to the celebrated result for the differential
cross section

do _ scattered flux/solid angle
dQ incident flux/area

= |f(E, O)*

While this approach leads to the correct result (or, at least, what is the

" correct result under the right conditions) and is doubtless an acceptable first

introduction to the subject, it is considerably less than satisfactory. A wave
function depending on the .one variable x should represent the state of .one
particle, not a beam of particles as claimed. And since (x) is not normal-
izable, it cannot, in fact, represent a state at all. Furthermore, the function
¥y (x) is an eigenfunction of the Hamiltonian and, therefore, corresponds to
a steady-state situation—the complete opposite of the obviously time-
dependent development of any real collision. Finally, the computation of
the scattered and incident fluxes completely ignores the interference of the two
waves.

Nonetheless, it is no accident that the traditional argument produces the
right answer. In fact, all of the above objections can be removed and the
desired conclusions justified if we build up a normalized, time-dependent
wave packet by superposition of the wave functions y;(x) with suitable
momenta p. That is, the traditional time-independent approach can be
justified by using it to construct a time-dependent formalism. This entirely
legitimate procedure is in fact presented in a number of the more advanced
texts on quantum mechanics. Nonetheless, in this book we shall follow the
alternative and more natural procedure beginning with the realistic time-
dependent formalism and introducing the time-independent theory only
when it is needed as a means of computation. ‘Probably the only regrettable
consequence of this procedure is that the reader familiar with the traditional
treatment in terms of the stationary states y;(x) will have to wait until
Chapter 10 before making contact with familiar ground.

We conclude with some brief comments on notation. For the vectors
representing the states of a quantum-mechanical system we use Dirac’s ket
notation |y), |$), etc. Although this has certain undeniable disadvantages, it
does often have the advantage of clarity. For example, the wave function
¥y (x) discussed above is replaced by the compact {p+). It also allows us to
use the Greek letters |p), |4), ... exclusively for proper, normalizable
vectors, since the improper vectors—the plane wave states |p), the angular-

momentum eigenstates |E, I, m), the scattering states [p+)—are labelled by
the relevant (roman) eigenvalues.

Introduction 5

As far as possible we label operators and'matrices.by f:apital letters ;r}li
numbers by lower case. A typical operator 1s A gnd its elgenvalue; a. i
position and momentum operators of a smg.le particle are X and P', 1: e cc.>trire[l
sponding eigenvalues x and p: When we discuss two particles wit Potm t(})l "
operators X; and X, and momenta Pl_and P,, our rule forcels1 us 1ntor_of_
following unconventional notation: X, X = operators for the cgni o
mass and relative positions; and P, P = operators f(?r the total and relat
momenta. These operators have correspogdmg cigenvalues X, xz p},1 p-
Needless to say there are the inevitable exceptions to our gen?ral rule; t c?:e
include lower case & and p, which we use for the Pauli matrices and density
matrix, capital E for the eigenvalues of energy, and several c?thers. .

With certain overworked letters we have recourse to various type faces.
In particular, all unitary (and anti-gnitary) o'pergtors are denotezl t?ynsanf
serif type. The scattering operator 15 S al?d its eigenvalues s, rotation op
erators are R, displacements D, parity P, time-reversal T, anq so on. -

One other convention concerning operators deserves mention. We shal
be concerned both with problems in which momentum 18 conserv.ed (;..g.l;
scattering of two particles interacting.with each other) and ones Iln w 1:; i
it is not (e.g., scattering of one particle off a .ﬁ)-(ed potential). It pro
convenient to have different notations for the collision operators of these t\:/,c;
types of system. Thus, the S operator for systems which do not cons<:rIn
momentum we denote by S, and that for systems which do conserve momentum

old face S.

by‘;:t: t;f t:tate: vectors |y we denote by script capital letters. Thus th;
Hilbert space of all state vectors (of a given system) we dt?note by .9tf ar;n
the various subspaces of interest by 4, 2, #, and &. Finally, vec orrsr -

real three-dimensional space ([R?) are denoted as usuz'll by bold face. The
magnitude of a general vector a is denoted py a= |a.| (in the case .of thefposy
tion vector x we use r = |x|) and the unit vector in the d1r.ect10n of ais
2 = aja. The unit vectors pointing along the three coordinate axes are

A A

written 1, 2, 3.



Mathematical
Pre!iminaries

1-a The Hilbert Space of State Vectors
1-b Subspaces

1-c Operators and Inverses
1-d Unitary Operators

I-e Isometric Operators
1-f Convergence of Vectors

1-g Operator Limits

One of the main objectives of this book is to sho
of. sce‘lttering need not be so difficult as is gener
principal means towards this end will be
cated mathematics than is used in man
chapter is devoted to a brief review of t
the remaining 21 chapters.!

The mathematics in question is not
stand'ards, and f(.>r. most readers the bulk of this chapter will be no more than
a review of familiar material. A few ideas, particularly the notions of an
1sometric operator and of convergence (both of central importance i
scattering theory) may be new to many. P 0

We shall bggin the chapter with a quick survey of Hilbert spaces, eigen-
vector expansions, and subspaces. We shall then review some pr(;pefties

W that the quantum theory
ally supposed. One of the
the use of a slightly more sophisti-
y texts. For this reason the first
he mathematics that will be used in

especially sophisticated by modern

! Much of the material in this chap

ter can be found i ; .
(e.g., Messiah, 1961, Gottfried, 1 1n several texts on quantum mechanics

966, or especially, see Jordan, 1969).
6

1-a. The Hilbert Space of State Vectors 7

of operators, with particular reference to unitary and isometric operators.
Finally we shall discuss the important notion of convergence of vectors and
operators. We shall concentrate mainly on the formalism appropriate to the
simplest of all systems, a single spinless particle moving in a fixed potential.
The machinery for handling more complicated systems will be introduced
later as it is needed.

The reader who is already conversant with all of this material may safely
omit the whole of this Chapter.

1-a. The Hilbert Space of State Vectors

The states of a single spinless particle are labelled by wave functions p(x)
satisfying
fd%, [P < oo (1.1)
Each wave function y(x) can be regarded as specifying the coordinates of an

infinite-dimensional “state vector’ |yp). With any two of these vectors |y),
|#) one can form linear combinations a |p) + b |¢) and the scalar product

(y| @) = [ dPoyp(x)*¢(x). The norm, or length, of a vector is defined as

iyl =+ | p)¥
With these definitions the set of all state vectors of a single particle forms
a linear vector space of the particular variety known as a Hilbert space.’
This is, in fact, the common feature of all quantum-mechanical systems.
The precise nature of the wave functions depends on the character of the
system under consideration, but in every case the wave functions define a
Hilbert space, for which we use the general' symbol 5#. The Hilbert space
appropriate to the single spinless particle discussed above is 5 = Z%(R?),
the space of all Lebesgue square-integrable® functions y(x) of the variable x
in real three-dimensional space R3. For a system of N distinct spinless
particles it is #Z(R®), the space of all square-integrable functions
¥(Xy, . . . , Xx) of N positions x,,...,Xy. For a single particle of spin s
(and no other degrees of freedom) it is the (25 + 1)-dimensional Hilbert
space of all (25 + 1)-component spinors.*

2 More precisely, a complex separable Hilbert space. For the record, we note that this is
defined as a complex linear vector space which has the familiar scalar product (y | ¢
which possesses a countable orthonormal basis, and which has the convergence properties
discussed in Section 1-f. For more details see Jordan (1969).

3 A function is Lebesgue square-integrable if it satisfies (1.1) where the integral is a Lebesgue
integral. The precise nature of the integral is a technical point that need not worry-the
reader who is unfamiliar with the Lebesgue theory of integration.

1In the mathematical literature the name Hilbert space is often reserved for infinite-
dimensional spaces. In physics it is usual to allow both finite- and infinite-dimensional
Hilbert spaces. We shall follow the physicists’ practice.



8 1. Mathematical Preliminaries

" :;nitilllll[;ortant ptrotﬁerty ﬁf any quantum-mechanical Hilbert Space S is
4§ a countable orthonormal basis ; that is, there i
(1), 12), . .. in 22 such that "o @ set of vectors

@ | ny=8,, (1.2)
and every |y) in 2 can be expanded as ’

CT;w Ce;patnsion coefficients yp,, can be regarded as the coordinates of ) in the
Ordinate system, or representation, defined by (1), |2 i
(12) they s st o y (1), 12),.... According to

Yo =(n|y) (1.4)

The observables of a quantum-mechanical system are given by Hermitian
operators whose eigenvectors are (in a sense which we now discuss) bases of

. There are some observables (e-g., the Hamiltonian of a simple harmonic
oscﬂl:ator) whose eigenvectors form an orthonormal basis of exactly the kind
described above. Unfortunately, most observables do 7ot have this propert
In fact, many observables, such as the one-particle position and momentur};
operators X and P and the free Hamiltonian Fo — P?2m, have no eigen-
vectors at all. (No “proper” eigenvectors in J#, that is.) ’However itgwas
shf)wn by von Neumann that, for the purposes of quantum mechz;nics a
suitable generalization of the basis of eigenvectors is provided by the spect;'al
decomposition, and further, that every self-adjoint operator does have a
spectrall.decomposition.5 For this reason it is always assumed in quantum
mechanics tha? the observables correspond to self-adjoint operators.

The formalism of the spectral decomposition, as developed by von
Neumann and others, has not achieved wide usage among physicists, who
prefer th.e formalism of Dirac. In the work of the latter, the observab’le or
self-fldjOInt operator, is treated as if its eigenvectors wer’e a basis of s ’ b
the mtrod}lction of “improper vectors.” [A “proper” vector is a vecto} il}ll
H; that is, a normalizable vector, or a vector of finite length. Improper
vectors have infinite length—see (1.5)—and do not belong to ##.] Thus, for
example, even though the position operator X has no proper eigenvector; we

5 . .

'I;h;e de.ﬁmtlon of a self-adjoint (or “hypermaximal”) operator is quite technical and need
?o > given hfn_‘e: For a large cflass of operators self-adjointness is equivalent to the more
a111t:11 :;r 'hermltllety (or “‘hermitian symmetry” or “symmetry’”). In general, however,
:e-go i|]c‘>:er;tsr‘:;ss I;S the stronger property (i.e., self-adjointness implies hermiticity but no;
ey - T'Or an account of these points and of spectral decomposition see Jordan

1-b. Subspaces 9

introduce the improper eigenvectors [x) satisfying Xix) = x |x) and- re-
producing as closely as possible the properties (1.2) to (1.4) of an ortho-
normal basis. The normalization condition is

(X' | x) = 85(x’ — x) (1.5)

and the expansion of any proper |p) is

Jv) =fdaww(X) ]x)

The expansion coefficient 9(x) is just the familiar spatial wave function and,
according to (1.5) is given by
p(x) = x| y) (1.6)
This clarifies the sense in which ¢(x) can be regarded as the coordinate of
|w) in a particular coordinate system in 5#°; namely the representation in
which X is diagonal.

Similarly, we introduce momentum eigenvectors |p), which we normalize
so that (p’ | p) = 8,(p’ — p). For any |y) the quantity (p|y) is just the
momentum-space wave function of |y), which we shall often write as y(p)
when there is no danger of confusion with the spatial wave function p(x).
With our normalizations the spatial wave function of |p) is

(x|p) = (2m)y¥er™

In this book we shall use the improper vectors of Dirac. However, it
cannot be overemphasized that only the proper vectors (the vectors in )
represent physically realizable states. Improper vectors, such as {p), do not
represent physical states and have significance only as objects in terms of
which the proper vectors can be expanded. This distinction is especially im- .
portant in scattering theory where several results that must obviously be true
for a physical state vector are nonetheless false for improper vectors. For
example, the central result of scattering theory is that any vector representing
the evolution of a collision process behaves just like a free-particle state vector
long before and long after the collision takes place. This result is not true
when applied to the improper scattering eigenstates.®

1-b. Subspaces

A subspace & of a Hilbert space 5 is any subset that itself has all the
properties of a Hilbert space; in particular, if |y) and |$) are in & then so is

8 In Chapter 10 we shall discuss at length the sense in which the so-called asymptotic
condition applies to the improper eigenstates. Here we wish only to emphasize that it does
not apply to improper vectors in the same way as it does to proper vectors and that there
is no reason why it should.
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aly) + b|$). Subspaces play an important role in quantum mechanics.
For example, if the Hamiltonian H of some system has the eigenvalue E, then
the set of all vectors representing states of energy E (that is, the set of all
|) satisfying H |y) = E |yp) for fixed E) is a subspace.

We shall say that a vector |$) is orthogonal to the subspace & if it is orthog-
onal to every vector in %; that is, (¢ [ yy = 0 for all |p) in &. (For ex-
ample, in the real vector space R?, the unit vector 3 pointing along the z
axis is orthogonal to the subspace defined by the -y plane.) It is easy to see
that the set of all vectors orthogonal to a subspace & is itself a subspace,
which we call the orthogonal complement ¥+ of & ; A

S+ = {|$) in H#; |$) orthogonal to &}

(For example, the z axis is the orthogonal complement of the z—y plane in
R3) We writ‘e H = @S+ and, as can be easily checked, every ly) in
H caln be uniquely expressed as |p) = |$) + |y) where |¢) is in & and |x)
in £+, ‘

Because the two subspaces % and 1 can themselves be split up in the
same way, we introduce the more general notation

%=yl@...®y”

to mean that the subspaces #; are mutually orthogonal and that every [yp)
in 5 can be expressed as

[p) = Iwi) + o+

with each |y;) in &;. Under these circumstances we say that 5 is the direct
sumof Sy, ..., L. .

An important example of a direct sum will appear in our discussion of
single-particle scattering in Chapter 2. We'shall find that the appropriate
Hilbert space 5 = £%(IR?%) can be decomposed as )

H =R R

where Z is the subspace of scattering states and 4 is the subspace spanned
by the bound states (i.e., # is the subspace composed of arbitrary linear
combinations of bound state vectors). This means that every scattering
state is orthogonal to any bound state and that the most general state of the
particle is a superposition of one scattering state vector in Z, and one state
vector in 4. ’

1-c. Operators and Inverses

The reader is certainly familiar with the concept of the linear operator,
which can be defined as follows:

1-c. ope‘rators and Inverses 11
'3 " H

i

- VW > \
The domain ( \ ;
DA) ‘l . ‘The range

as>| #@

FICURE 1.1. The operatbn A maps certain vectors |y) onto their images A |¢).
Those vectors [y), for which A v is defined, comprise the domain of A; the set of
image vectors A |v) is the range of A.

A linear operator A on a space S associates with each of certain vectors
ly) in £ a unique vector 4 |p) in such a way that A(alyp)y + bid) =
aAd ) + bA |$) - - - [any complex a and b]. :

It is often useful to visualize a linear operator A as a mapping of the vectors
) in S onto their image vectors |¢') = 4 |y), also in # (Fig. 1.1).

As indicated in Fig. 1.1, it is not necessarily true that an operator is defined
for all |) in . For example, in the space £2(R) of a spinless particle in
one dimension, the position operator X is defined as the operator of multi-
plication by = on the spatial wave function: X |p) = |y’) where y'(x) =
zyp(x). Now the function y’(x) defines a vector in Z*(RY) only if
§ dx ly'(@)|? < . Thus, the operator X is defined only on those vectors [y)
in #2(RY) with the additional property that [ dz 22 |p(2)|* < o; and, in
fact, there is no useful way in which the definition can be extended to any
other vectors. For this reason it is convenient to introduce the name domain
9D(A) of the operator A for the set of vectors on which 4 is defined. Ob-
viously operators whose domain is the whole of J# are easier to handle;
however, it must be accepted that many important operators do not have this
desirable property.”

It should be clear that in general not every vector [') in 5 will be the
image under 4 of some |y). For this reason we introduce the name range
Z(A) of A for the set of image vectors onto which 4 maps.

In general, an operator can map two distinct vectors onto the same image

7 An example of the kind of trouble that can occur when operators are not defined for
all |y) is given by the definition of the sum (4 + B) of two operators: (4 + B)|y) =
A ly) + Bly). This definition makes sense only if |¢) is in the domains of both 4 and B,
and it is possible that there are no such vectors (except zero). Only if both 4 and B are
defined on the whole of 2 can one be sure that no such problems arise. Here we shall not
worry explicitly about these problems. We mention the point only to emphasize the sharp
distinction between operators that are defined everywhere and those that are not.
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H o
I o>

<—Aly>=A
1 16> 'Z l¢p> )

FI(';URE 1.2. If A maps two distinct vectors onto the same image vector, then 4 has
no inverse. :

vect.or; [y 7 ]?S>, but 4 {yp) = A|¢) =[x), say. In this case there is
obviously no unique vector from which |y) came under the action of 4, and

we say .that A cannot be inverted (Fig. 1.2). On the other hand, it may happen
for a given operator A that '

if lp) #|$), then Alp)#Al|d) (L7

in which case every ") in .%(A) is the image of a uni w)i !
. que [y) in D(A), 1y') =
AJ:p). ,In this case we .deﬁne the inverse operator 4~! by the re;}z)ltion
j : !w > T [), [for |9’y in #(A4)]. With this definition it is easily checked that
-1lis a linear operator defined on %(4) and mapping #(4) b
Pk (e 13 ) pping ‘( ) back onto

) lzecause A is linear we' can rewrite the condition (1.7) for the existence of
~1as

if |x)#0, then Aly)#0 (1.8)
In words, the condition (1.7) means that 4 is a one-to-one ﬁapping of

2(A) onto H#(A4).® :

H H

FIGURE 1.3. The operator A maps 9() onto #(4); the i y ‘
back onto 2(A). ) (A); the inverse A~' maps %(A4)

8 - ) - -7 L3 !

There is some co.nj"usmn in the terminology of operator inverses. Our definition is that
ysed by mathematicians and some physicists. However, some physicists reserve the term
inverse for these cases where 41 is defined on the whole of #; that is, #(A4) = H#.

1-d. Unitary Operators 13

1-d. -Unitary Operators

A familiar example of an operator that does have an inverse is the unitary
operator. A unitary operator can be defined as follows:

A unitary operator on 5 is a linear operator U that maps the whole of
# onto the whole of J# and preserves the norm. That is, 2(U) =
Z(U) = # and |Uy| = lly]l for all |y).

It is easily seen from the definition that a unitary operator has an inverse that
is defined on the whole of #. Since | Uyl = |yl the condition (1.8) is
satisfied and U-1 exists; since Z(U) = # the inverse is defined everywhere
on #.

We have chosen this definition of unitary operators because it corresponds
closely to their role in quantum mechanics. This can be illustrated by the
example of the time evolution operator U(f). The reader will recall that the
time evolution of any system is determined (in the Schrodinger picture of
quantum mechanics) by the Schrédinger equation: '

. d
i— vy =Hly)
dt

For conservative systems (which we shall always be considering) the Hamil-
tonian H is independent of ¢ and the general solution of the Schrédinger
equation has the form:
lpy = V) 19y = ¢ ly).

It follows from a basic theorem on linear operators that,. since H is self-
adjoint, the evolution operator U(¢) is unitary. (Jordan, 1969, p. 52.) The
evolution operator maps the state vector for time zero (that is, |)) onto the
corresponding vector for time £.

Returning to our definition of a unitary operator we can interpret the
unitarity of the evolution operator as follows (Fig. 1.4): The fact that U(r)
is defined on the whole of # means that for every state |p) at f = 0 there is
a unique |¢p") = U(0) |y into which is evolves. The fact that U(#) has an

H =) H =R ()
Every |¥ > U ,
has an unigue —_— . W'>
image | ¢’ >
: Every | ¢’ >
“”//lﬁ/’ is the image of
16> a unique {¢ >

FIGURE 1.4. If U is unitary, every normalized |y) has a unique normalized image
[y and vice versa.
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;n\sigtse defined everlyw}llere on J# means that for every state |¢') at ¢ there is
st ; [¢y = U(ry 1|4 at t = 0 from which |¢") has evolved. Finally, the
act that U(¢f) preserves the norm simply reflects the convention th ’t 1
states are represented by normalized vectors in 7. -

If we expand the condition Uyl =

_ vl =yl as (p| UV [y) =
empIO)f the famous trick of inserting first [y) = |$) + lxl)w;nd <t1i01e[n1'0> aff
¢y + i1x), we find that. v =

@UU D =($|2 [all|$)and |y) in #]

Thus, because U preserves the norm, it follows that
. ~ utu =1 (1.9)
lr)lllﬁ :s;llt,“tlzgether Witl.l the con@itiqn thailt ZU) = 5, implies also that
o . can see this by multlply;ng (1.9) by U to give UU'U = U and

UU'U ) =Uly)  [all |y)in #]

28 L[}p) ianges over 5 so does U |y). [Here is where we use the condition
(U).= ##.] We can therefore rewrite this equation as

UUMy") =gy [all [y") in 5£]
which is the desired result.
It is easy to see that the two conditions U'U = UU' = 1 are characteristic

of a unitary operator and so can, if desired, be used as an alternative definition

> >

I-e. Isometric Operators

Tth)re general than unitz}ry operators are the so-called isometric operators.
e importance of these is that the Maller wave operators Q,, which will

play a central role in our description of scatteri i
.. . ring, turn out to b ic:
The definition of an isometric operator is: & © 1§ometrlc.

An isometric operator on S is-a linear operator, 2, which is defined on the

whole of 5 and preserves the norm. That i =
], for all [y). atis, 2(Q) = o and |Qy| =

This definition differs from that of a unitar ‘ i

' y operator only in that we d

require that Q map.éf onto the whole of 5. In genera}l, R(QY) # e)fo et
Obviously any unitary operator is isometric. On a finite dimensional s.pace

1-e. . Isometric Operators 15
11> 11>
12> R 12>

R 13>

FIGURE 1.5. Schematic illustration of the
isometric operator defined in (1.10).

the converse is also true.® However, on an infinite dimensional space an
operator can be isometric without being unitary, as the following example
shows. Let |1),]2),... be an orthonormal basis of an infinite dimensional
Hilbert space 5 and define the linear operator € such that Q |1y = 12},
Q|2)=13),and in general,

QI =n+1 (1.10)

1t is clear that this defines Q on all of 5 and that ) preserves the norm;
thus Q is isometric.  However, Q does ot map # onto the whole of #
(It completely misses the vector |1)—Fig. 1.5) and is therefore not unitary.
Because ||Qull = lvll, the vector Q |y) cannot vanish unless ) does.
Thus, Q has an inverse Q77 which is not in general defined on the whole of
#, however. This is clear in Fig. 1.5, where Q1) =1, QB3 = 12),
etc., but 7 is simply not defined on the vector |1). Because {} preserves
the norm we can deduce, exactly as for unitary operators, that QQ = 1.
On the other hand it is not generally true that QQ' = 1, as we shall see.
The reader who has not met the isometric operator before may be feeling a
little uneasy. He may feel that if Q is a one-to-one linear map, then its range
should be as big as its domain, namely the whole of 2. This is correct if H
if finite-dimensional, but is false when 5 is infinite-dimensional, since an
infinite set can be mapped one-to-one onto a proper subset of itself (as in
Fig. 1.5). T '
Also, the reader may be tempted to feel that the condition Q'Q =1
should automatically imply that QQF =1 and, hence, that Q is unitary.
This second feeling is also based on experience with finite-dimensional spaces,
where, as we have said, an isometric operator always isunitary. The difference
between finite and infinite dimensional spaces can be seen if we reexamine the

9 To prove this one has only to choose an orthonormal basis, in: terms of which Q is
represented by an n X n matrix (Q). We shall see that an isometric operator satisfies
QfQ = 1 and the matrix (Q) therefore satisfies (QHQ) = 1. This means that (Q) is non-
singular, has.a matrix inverse [(Q)'] and, hence, that QX = 1. Thus, () is a‘unitary
matrix and Q a unitary operator.
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example of an isometric operator shown in Fig.‘i.S. Suppose, for example
that 5 were three dimensional and that we let Q map |1) onto |2) and ]2;
on |3). The condition Q'Q =1 means that orthogonal vectors must be
mapped onto orthogonal vectors and we are therefore forced to map [3)
Paf:k onto |1). Thus, the range has to be the whole of 5#°. Only when ¢
is infinite-dimensional can one continue to map |») onto |n + 1) ad infinitum
and, hence, never return to |1). .

There is a simple relation between the inverse Q-1 of an isometric operator
and the adjoint Q. We can write Q'Q =1 as

QMQly) =lp)  [all |p)in #]
If we substitute Q |yp) = |¢$) we conclude that for any |¢) in Z(Q2)
QMg =Q1|$)  [all |$) in B(Q)]
If, on the other hand, |¢) is orthogonal to Z#(£2), we find that

Pl Qlyy=0  [all [y)in #]
and, hence,
(@l Q'$) =0  [all |p)in ]

or Q' [¢y = 0. Thus, .
-1
of — Q1 on #(Q)
0 on Z(Q)*

In the example of Fig. 1.5 this means that Q' [1) = 0, which
that QO 7 1. 1y » whic shows clearly

1-f. Convergence of Vectors

We now turn to the crucial question of convergence of vectors and op-
erators. In scattering theory we shall be concerned with vectors Jy,) and
operators A,, depending on the continuous time variable ¢, and with their
limits as t — 4 0. We start our discussion with the vector |,y and make the
following definition:

The vectors |y,) converge to the limit vector |y) as ¢t — oo if and only if1?

Iy — »ll -S> 0 (1.11)

With this deﬁ'nition the statement [y, — |y) simply means that |y, gets
close to |y) .(1.n the sense that the length of |y,) — |y) tends to zero).
Our definition of convergence can be interpreted as follows: If |y} — ),

10 Tl}e symbol |l — ¢ means the norm of the vector |y} — |¢). It would have been more
precise to use the monstrosity || lw) — [$)]l, but there seems little danger of confusion in
the omission of the ket symbols.

1-f. Convergence of Vectors 17

then as ¢ — oo the state represented by |y,) becomes physically indistinguish-
able from that represented by |y). To understand the sense in which this is
true, we note that the physical state represented by any |y) is completely
identified if we measure the numbers (¢ | 9| for all normalized |$). (The
number |(¢ | )} is just the “overlap probability” that a system known to be
in the state |) is observed in the state |¢). Itisasimple exercise to check that
measurement of these numbers for all |¢) determines |y) within the usual
arbitrary phase factor.) Now from the Schwartz inequality®® it follows that

K | wy — (¢ I = Kl (v — 1¥)I
< Nl - Ny, — 9l
= |ly, — vl (1.12)

since ||¢[ = 1. This number is independent of the particular |$) considered
and tends to zero as t — 0. Thus by making ¢ large enough we can arrange
that the difference between (¢ |w,) and (¢ |v), for all normalized 1),
becomes smaller than any prescribed e. It is in this sense that the states
{yy and |p) become experimentally indistinguishable.

In scattering theory we shall be concerned with two normalized vectors
lp,) and |4}, the first being the actual state of two (or more) colliding
particles, the second describing some possible motion of the same particles
in the absence of any forces. We shall prove that as £ — o, long after the
collision, the difference |y, — |y} tends to zero (with a similar result as
t — —oo). We shall write this result as

|’Pt>::> vt
Tt means that long after (and long before) the collision the actual motion of
the particles is physically indistinguishable from that of two free particles.

In practice, the definition (1.11) does not provide a useful test for the con-
vergence of a given |y,). This is because it is impossible to determine whether
|, — wll — O without knowing lw) in advance. There is an analogous situ-
ation in the theory of real or complex numbers where a function a, tends to a
limit aif |a, — a] — 0, as £ — c0. As the reader will probably recall, a simple
test for convergence of a function is the so-called Cauchy test, according to
which a, has a limit if and only if |a; — a,| — 0, as ¢t and ¢’ — co. It turns
out that the analogous test works in a Hilbert space.? The vector |yp,) has a

limit, if and only if |y, — .l >0, as ¢ and ¢’ — oo.

Bigl ol < gl - k- ‘
12 Ope of the axioms that defines a Hilbert space is that a sequence satisfying the Cauchy

criterion is convergent. Needless to say one does not get something for nothing simply
by defining a Hilbert space as a space in which the Cauchy test works—one simple transfers
the problem. In showing that PR 3), for example, is a Hilbert space, one has to show that
for functions in #2([R3) the Cauchy criterion does imply convergence.
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The particular form in which we shall use this test is as follows: The
vector |y,) whose convergence we wish to establish will appear as an integral,

[ve) =L 41- Iy - (1.13)

The Cauchy test tells us that this is convergent if:

[[arig)

as rand ¢ — oo. This is certainly satisfied if13

—-0

)
[[ar1g0 0

astand t’ — oo, Now by the Cauchy test for real numbers this is true if and
only if:

L " dr I$.) < (L14)

that is, this integral converges. Thus, to establish convergence of the vector

integral (1.13), it is sufficient to show that the scalar integral (1.14) is con- :

vergent. :
One final point concerning the convergence of vectors. The inequality
(1.12) makes clear that if |p,) — |v), then (¢ | p) — (¢ | vy for any fixed
|$). In other words, if |y,) converges, so does its component in'any fixed
direction. In an infinite-dimensional space the converse result is Jalse1t
Even if (¢ | p,» has a limit for every fixed |$), the vector |y,) may not have a
limit. This can be easily understood with the help of an example. If |y,) =
Uo(e) ly) = e |y) where H® = P?/2m is the Hamiltonian-of a free particle,
then |y,) describes the motion of a freely moving wave. packet. Its center
moves through space with some mean velocity and it spreads. Thus, its
wave function (x | y,) at any fixed point eventually tends to zero, and it
follows that (¢ ‘ ¥y, the overlap between. |yp,) and any fixed |4}, tends to
zero's; . . . : s
|vo—>0  [any fixed |§)] (1.15)

131t follows from the triangle inequality, ly + ¢/l < vl + ll¢ll, that |[fdr---| <
fdr -l .

M It is easily seen that in a finite dimensional space (e.g., IR3) the converse is true.

15 It is not hard to prove the result properly.” For example, if one considers the case where
#(x)-and y(x) are both Gaussians, then the famous r ~% behavior of Uy [y) is explicitly
known and it is easily shown that (¢ | y,) goes to zero like r—%. This establishes the result
for Gaussians or finite linear combinations of Gaussians. One then.has only to note that
any function of #%(JR3) can be approximated arbitrarily well by sums of Gaussians to
complete the proof. : ‘ :

Problems 19

Nonetheless, |ly,!| = ||l = 1, which certainly does not tend to zero. In the
literature, a vector ly,) satisfying (1.15) is sometimes said to converge weakly
to zero.'® Thus we can say that if |p,) converges, then it converges weakly,
but that the converse is not true. In this book we shall not use the terminology
of weak convergence explicitly. ‘We shall, however, need to understand the
difference between convergence of a vector |y,) and convergence of its com-

ponents (¢ | p,), for all |¢).

1-g. Operator Limits

We shall say that an operator A4, has a limit 4 if for every |y) the vector
A, |y has a limit, :

Ady) > = Aly)

where one can readily check that A defined in this way is a linear operator.
In this case we write either A, > 4 or 4 = lim 4,.

Extreme care is needed in handling operator limits. Many results that seem
obviously true are, in fact, false. For instance, if 4, — A it is not necessarily
true that A} — A%; and if also B, — B it does not follow that 4,B, — AB.
An important example of this kind of oddity will appear in Chapter 2 where
we shall introduce the Moller wave operators (), as the limits as 1 - F 0
of a certain unitary operator. Although one would naturally expect that the
limit of a unitary operator must be unitary, this is actually not so. If

Ulp)——>Qly)  [allly)in #)

then |Qy| =lim |[Ugp| = [y and Q is at least isometric, satisfying
Q'Q = 1. (See Problem 1.3.) However, even though U,U} = 1 it is impos-
sible to establish that QQ' = 1 and, hence, that Q is unitary. We shall see
explicitly in Chapter 2 that in general Q is not unitary and QQ" 5 1.

PROBLEMS

1.1. The domain Z(4) of a linear operator A is by definition a subspace
li.e., if ly) and |@) are in D(A) so is a |y) + b |$) for any complex numbers
a and b]. Show that the range #(A4) is a subspace. (We have here glossed
over the distinction between a closed subspace and an arbitrary subspace or
linear manifold.)

16 In which case, convergence (in our sense) is called sfrong convergence.
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12 Let lw)_ be any state of a single particle, and let |y ) be the state ob-
tained by a rigid translation of the particle through the vec;or p- This means
that the spatial wave function of lv,) is given by Po(X) = p(x — p), or the
momentum-space wave function by Pe(P) = exp(—ip - p)i(p). C:mvince
yourself of these statements and then prove that for any fixed |$) the overlap
(95.] Vo) 80es to zero as p — oo, but that |y,) does not tend to zero. Explain
this result in words. (Your proof should be as rigorous as you can make it

It should certainly make clear why the result holds.) -

llnit ar;f(l:,;g —t> I1,uihast tt —+doo shc;lw that {y,| — |lw|. Show that if U,is a
' Tator that tends to the limit Q (i.e., U, |p) — Q Jp) f
in 5), then Q is isometric. ( i ) for all Iy

The Scattering
Operator for a
Single Particle

2-a Classical Scattering

2-b Quantum Scattering

2-c The Asymptotic Condition

2-d Orthogonality and Asymptotic Completeness
2-¢ The Scattering Operator

2-f Unitarity

In this and the next chapter we shall discuss the simplest of all scattering
processes, the elastic scattering of a spinless particle off a fixed target. Of
course no real target is perfectly fixed. Nonetheless, our formalism does give
an approximate description of an experiment where a single light particle
scatters slowly off a heavy target (such as the scattering of a slow electron
off a heavy atom). In addition, there is a close relationship between the
scattering of one particle off a fixed potential and the scattering of two
particles off one another (discussed in Chapter 4). However, our principal
reason for studying this simplest of processes is that it provides an clementary
introduction to most of the essential concepts encountered in all scattering
problems—the scattering operator S, the Mpller wave operators £, the
cross section, and the T operator. These concepts are so important that they
deserve careful study with a minimum of inessential complications. Once they
are thoroughly understood in the simplest case, their extension to more
complicated situations will, for the most part, be quickly and easily ac-
complished.

21



22 2. The Scattering Operator for a Single Particle

As discussed in the Introduction, we shall base our scattering formalism on
an analysis of the time-dependent state vector that describes the actual motion

~ of the particle during the scattering process. In this chapter we shall see how

the particle’s essentially free motion long before collision can be directly
related to the free motion long after collision by means of a unitary scattering
operator S. In the next chapter we shall show how the experimentally
measured quantity, the differential cross section, can be expressed in terms of
the matrix elements of §.

2-a. (lassical Scattering

The time-dependent description of quantum scattering has a natural and
instructive parallel in classical mechanics and we begin with a brief description
of this classical theory. Figure 2.1 shows a typical classical scattering, which
we may imagine to be the scattering of an electron by some fixed atom. The
trajectory can be roughly divided into three parts: (1) the approach of the
electron along an almost straight orbit until it reaches its region of interaction
with the atom, (2) the possibly very complicated orbit during the inter-
action, and (3) the departure of the electron along some other approximately
straight orbit. Although these three divisions are only roughly defined, one-
point should be clear. The region of interaction is certainly no larger than a
few atomic diameters and so is, in practice, completely unobservable. All
that will be visible in the cloud chamber, bubble chamber, or whatever is
used to observe the event, is a pair of straight tracks corresponding to the
free motion before and after the collision. Therefore, in seeking a mathe-
matical description of the scattering process, we shall try (as far as possible)
to suppress the precise details of the orbit in the neighborhood of the target

| .
} Out asymptote 3
/
]
A
Target atom

In asymptote

The orbit x()

Lf‘ppmximabe regio
of interaction.

—YR

FIGURE 2.1. Typical scattering orbit.
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atom and concentrate on the relation between the asymptotically free
incoming and outgoing trajectories.! .

To make these ideas precise we must introduce some notation. We denot’e
by x(¢) the actual orbit of the scattered electron_, obtained by solving Newton s
equation mk = —VV for the actual potential V(x). The essentially free
behavior of the electron before the collision means that as ¢ —co the
orbit x(¢) is asymptotic to some free orbit,

X(t) ¢ ? xin(t) = ay, + vint (21)

for some a;, and v,,. [By x(f) — y(f) we mean |x(¢) — y(®)| —0.] Similarly,
after the collision,

X(t) :T’ xout.(t) = gyt + Youtf (22)

The asymptotic orbits X;,(f) and X,ut(?), Which satisfy the equation of
motion for a free particle, are called the incoming and outgoing (or “in” and
““out™) asymptotes of the actual scattering orbit x(¢). As far as observations
are concerned, a scattering orbit is completely characterized once its two
asymptotes are known; and, if for any given incoming asymptote X;n(f) we
could calculate the corresponding outgoing asymptote Xou(f), then the
scattering problem would, for all practical purposes, be completely solved.

For the sake of comparison with the quantum mechanical case, we note
some properties which one might expect of the correspondence between the
in and out asymptotes. First, one might reasonably expect that the corre-
spondence would be one-to-one; or, more precisely, that any six real num-
bers (a;,, Vi) should represent a possible in asymptote and should define a
unique corresponding out asymptote given by six numbers (a,y, Yout), and
vice versa. Second, although our principal interest is in the in and out
asymptotes, we must recognize that the correspondence between them is
defined by the actual orbit; that is, the correspondence has the form:

xin(t) g X(t) g xout(t)
or ‘ ‘ .
in asymptote — actual orbit - out asymptote

For every in or out asymptote one may reasonably expect there will be a
corresponding-orbit x(f). On the other hand, one would nor expect every -
orbit x(f) to define in and out asymptotes, simply because a general potential
will support some bounded ‘orbits (corresponding to the bound states of

1 Of course in classical mechanics one could discuss a process like the scatterir}g of a
comet by the sun in which the details of the orbit certainly are observable. Our interest
however is in atomic and sub-atomic processes, where they are not.
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In asymptote

Orbit FIGURE 2.2. For sufficiently attractive
. potentials, a particle coming in from infinity
may get caught in a spiral and never emerge.
' N

quantum mechanics) and a particle in such an orbit will never escape from
the potential and, hence, never behave freely. Thus, we must expect two

kinds of orbit: scattering and bounded. The scattering orbits should have

both in and out asymptotes, '
in asymptotes — scattering orbits — out asymptotes

and the scattering orbits together with the bounded orbits should make up all
possible orbits of the system. ¢
Reasonable as all these properties may seem, one must recognize that they
will certainly not hold for all potentials. If the potential does not fall off fast
enough at infinity, then even as the particle moves far away it will not behave

freely and the scattering orbits will have no asymptotes. (The Coulomb

potential is a notorious example of a potential for which the scattering states
never approach free asymptotes.) If the potential is too attractive at close
range (e.g., ¥ = —1/r?), then a particle coming in from infinity may get
caught in a spiralling orbit and never emerge; thus, an orbit with a perfectly
good in asymptote may have no out asymptote at all, or vice versa (see Fig.

22).

While it is not our concern here to discuss in detail which potentials in the
classical theory of scattering display these difficulties and which do not,
it is important to recognize that such difficulties may occur. The same
. problems occur in quantum scattering theory; and they prove much less
formidable if one recognizes in advance that they are to be expected, and that
their origin can be easily (and even classically) understood. In particular,
we must anticipate that only for some special class of well behaved potentials
will our scattering theory go through smoothly without any difficulties.
Fortunately, we shall find that this class includes almost all potentials of any
interest.?

One final comment before we move on to quantum scattering: The
condition of asymptotic free motion is expressed mathematically by the

% In the interests of accuracy we should admit that with respect to the classical theory of
scattering we have implied an over-simplification. Even for “‘well-behaved” potentials
there can be certain exceptional orbits that have an in asymptote but no out asymptote or
vice versa. This does not happen in quantum scattering theory and so need not concern us
here. See Newton (1966) Chapter 5.
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limits (2.1) and (2.2), which we have claimed should hold as t tepds _to
infinity. Of course this does not mean that one really has to wait an infinite
time to observe the asymptotic free motion. Quite the contrary; even for a
very slow projectile (e.g., a thermal neutron) incident on a large target 1E)some
big molecule) the total collision time will normally not exceeq 10710 sec;
this means that if the collision is centered on ¢ = 0 then for times before
¢t ~ —10-1° sec and after t~ +1071® sec the m(?tion is experu‘nent‘all,):
indistinguishable from free motion; that is, in practice ¢ becomes “infinite
at t &~ 10710 sec. o

Nonetheless, the appropriate mathematical statement involves the llm?ts
¢ — 4 co. The reason is that for any given orbit there is general‘ly no finite
time beyond which x(¢#) is exactly equal to Xoue(?) (T.o be d;ﬁmte we con-
sider the out asymptotic motion.) Rather, our measuring devices ha.ve some
minimum resolution, and there is a finite time beyond which the dlffere‘nc.e
between x(7) and X, () is smaller than we can resolve. However, this is
precisely what is meant by the mathematical limit (2.2)3 Given any € > 0
(the resolution) there is a time # such that x(f) — X,yue(?) is smaller than e for
any ¢ later than #, o

In our discussion of quantum scattering we shall establish 11m1t§ that are
analogous to (2.1) and (2.2). These limits are to be interpreted in exactll);
the same way—that for times more than some small a{nount (}lsually 10.—
sec or less) before or after the collision, the motion is experimentally in-
distinguishable from free motion. :

2-b. Quantum Scattering

The description of quantum scattering closely parallel.s the cljclssi'cal
formalism outlined in Section 2-a. In lieu of the classical orbit x(#) satlsf?'lng
Newton’s equation, we now have a state vector |, satisfying the time-
idependent Schrodinger equation:

iy = Hlip)
dt

As discussed in Chapter 1, the general solution of this equation has the form
lpy = U@ ly) = —iHt |y, where U(?) is the so-called evolution operator,
and |y) is any vector in the appropriate Hi ce #. We sha.ll adopt the
classical terminology and refer to the solution U(?) |y) as an orbzt, although
of course it is no longer an orbit in real space R3, '.Eye_lfy_grblt U() ly) can
be uniquely identified by the fixed vector 1), which_ts_j}«l_s’t  the state vector at__
theinstant 7 = 0. o

In this chapter we are considering a single spinless particle in a fixed

potential. Thus J# is the space #2(R?), with wave functions p(x) = | v
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depending on a single variable x; and the Hamiltonian H has the form
H = H° 4 ¥V, where H' is the Hamlltoman of a free particle, H° = P2/2m,
and V is the potential. We shall, for the moment, suppose that the potential
is local,; that is, that V' is a function of the particle’s paosition only. As-
sumptions about the function V(x) will be discussed below.

Let us suppose that the orbit U(#) |y) describes the evolution of some scat-

termg_expenment.._Thls,means_that whemfolloweiback.to.a time well_before

the scattermg center and therefore beha.v_ea' hke a free ‘wave _ packet
Now, the motion of a free particle is given by the free evolution_operator
U°(t) = e"H ?, and we therefore expect that as_ 1 = -0,

V() I —> U [pia) 23)

r"—\-‘-__— ¢ o .
| for some vector |y;,) [Asdiscussed in Section 1-f, the limit (2.3) simply means

that the difference of the4wo vectors tends to zero and, hence, that the actual
state U(#) ly) becomes experimentally indistinguishable from' the freely -

evolving state U%(r)[y;,).%] Similarly, after the collision the particle moves

away again and we expect that

U 1) = U0 [9ous) d)

for some |p,,). These two limits are analogous to the classical limits (2.1)
and (2.2) and in analogy with the classical terminology we shall call the
asymptotic free orbits of (2.3) and (2.4) the in and out asymptotes of 3
the actual orbit U(t) |y). The classical asymptotes could be identified by the”
fixed numbers (ay,, vi,) and (8,44, Vour). Similarly, it is convenient to label
the quantum asymptotes (2.3) and (2.4) by the fixed vectors {;,) and |@,,¢)-
That the limits (2.3) and (2.4) do hold (for the appropriate orbits) will be
shown in Section 2-c.

As in the classical case we do not expect that every orbit U(z) |y) will have
asymptotes. We expect rather that there will be certain scattering orbits that
do have asymptotes, and that the scattering states together with the bound
states will span the space Jf of all states. This result will be discussed in
Section 2-d.

To conclude this section we discuss the conditions that the potent1al V(x)
must satisfy to give a physically reasonable scattering theory. As discussed
in Section 2-a, the results of scattering theory will certainly not hold for all
possible potentials. For example, if ¥(x) does not fall off sufficiently fast as
X — oo, the particle will not behave like a free particle as it moves far away.

8 Strictly speaking, we should only expect (2.3) to hold within a phase factor. However,
we shall prove that it does hold exactly: :
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Unfortunately, the conditions under which some:of the principal results
have been proved are quite complicated; different proofs use different con-
ditions. Further, a set of conditions that is both syfficient.and necessary for
all results is not known. We shall content ourselves here with stating a simple
set of three conditions under which all of the relevant regylts can be proved.
These conditions apply to a spherical potential, V(r). The first condition
constrains the behavior of ¥(r) as r — o, the second restricts its behavior at
the origin, and the third constrains its behavior in bétween. The conditions
are as follows [The notation V(r) = O(r®) means that |V(r)] < c|r|? for
some constant c.}*:

I V=00 as r—oo (somee> 0)
II V(i) =0F%" as r—0 (some € > 0)
III V(r)is continuous for 0 < r < oo, except perhaps at a finite number
of finite discontinuities.

These conditions can be paraphrased roughly as: I ¥(r) falls off quicker than
r~3 at infinity; II ¥(r) is less singular than r—* at the origin; and III ¥(r) is
“reasonably smooth” in between.

In making the precise statements of Sections 2-c and 2-d we shall (for
simplicity) suppose that these conditions hold. However it must be em-
phasized that the results can certainly be proved for more general potentials.
In particular, it is certainly not necessary that the potential be spherically
symmetric. For example, all results can be proved for the scattering by
several fixed force centers (which would give a simple model for scattering of
a particle off several targets). and for spin-dependent and other nonlocal
potentials (see Chapter 5).

Nonetheless, the general features of our three conditions do give a reliable
indication of the sort of potential for which a scattering theory can be
constructed. The conditions include almost all potentials of general interest—
the potential of an electron scattering off a rigid atom, the square well, the
Yukawa potential, etc. Condition I excludes any potential (such as the
Coulomb potential) that falls off more slowly than r=3 at infinity. In fact,
none of the principal results of scattering theory do hold for the Coulomb
potential.® Condition II excludes any potential more singular than r—% at the
origin. Such potentials are sometimes called singular potentials. Repulsive
singular potentials car be included in scattering theory, although they need

4 I am much indebted to Dr. Walter Hunziker for help in assembling these conditions from
their widely scattered sources. See Hack (1959), Ikebe (1960), Hunziker (1961), Faddeev
(1965), and Hunziker (1968).

® For methods of handling the Coulomb potential, see Chapter 14.
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very special treatment.® Attractive singular potentials suffer difficulties
somewhat analogous to the classical spiralling orbits discussed in Section 2-a.
In summary, the principal results of scattering theory hold for a wide
class of “reasonable” potentials, including those spherical potentials satisfy-
ing the simple conditions I-III above, but definitely excluding the Coulomb
and attractive singular potentials. In the remainder of this chapter we shall
assume (for simplicity) that V satisfies the conditions I-III. ‘

2c. The Asymptotic Condition

We first establish that every vector in J# (labelled [9in) OF [9ous) as ap-
propriate) does represent the asymptote of some actual orbit; that is, for
every vector |y;,) in S there is a selution U(t) |y) of the Schrodinger equation
that is asymptotic to the free orbit Uo(t) |i;,) as t — —oo; and likewise for
every [pout) as £ —'+ oo, This result is known as the asymptotic condition.

N A S P S R 4

The Asymptotic Condition. If the potential V_/s;;tisﬁes the conditions
discussed in Section 2-b,? then for every lwin) in S there is a |y) such that

u@) lpy — V(D) [¥1m) ——>0 i

and likewise for every |p,u.) in o as t — + co.

Proof: Multiplying by the unitai’y operator U(t)t, we can rewrite the desired
result as: }

¥ — UO'U() i) —> 0 @9

In this form it is clear that all we have to prove is that for every [y;,), the
vector U(¢)TU°(¢t) [w;,) has a limit. The trick is to write UTU® as the integral
of its derivative:

dit U@ = ie B H — HO)e— B

= iUV U°»s)
This gives:

UTU() () = [w) + "L dzU(zY VU L) 2.6)

% In discussions of the radial Schrodinger equation, the term singular potential is often
used for a potential more singular than r—2 at r = 0. However, in a general three-dimen-
sional analysis of the scattering process the difficulties start at r—%. See Hunziker (1968)
and references there cited. I

71t will be clear that our proof actually holds provided only the integral { &%z |F(x)|2 in
(2.8) converges. In fact, the asymptotic condition can be proved under even weaker
conditions. See Hunziker (1968).
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which has the desired limit if and only if the integral on the right converges
as f - —o0. As discussed in Section 1-f, a sufficient condition for this is that:

f " dr UGV W] < @

or, since U is unitary,

f " dr VUl < o @7)

"Let us restrict our attention for a moment to vectors with Gaussian wave
functions,

2,,,2
(x| pya) = 7077

where the center a and width £ are arbitrary. For these Gaussian wave
functions the effect of the free evolution operator U°(7) in (2.7) is explicitly

known3:
2 % (x — a)2 }
0 2 _ A =
le U (T) I"pin>| = (1 + m2§4) exp|: 52 + T2/m2§2

Thus, the norm apﬁearing in (2.7) can be bounded as follows:

: Vv (x— a)
IVl = | P2 WOF(1 + ) exp - =

< [ f e |V(x)|1 (1 + )_% | 2.8)

m2 54

where the integral over [V (x)|Z% is certainly convergent under the conditions
of the last section. Inserting this bound into (2.7) we find that:

[ arwomas < [ e wor [ ar(t + 2 <o

Thus, the well known ~* spreading of the Gaussian wave packet guarantees
the convergence of the integral (2.6) and, hence, of the vector U(£)TU(¢) |;.)
as required in (2.5).°

8 This result is quoted in almost any text on quantum mechanics. See Messiah (1961),
p- 75, problem 6. ]

¥ In general the integrand actually converges much more rapidly than r—%. The point
is that our proof has used only the spreading of the free wave packets. However, the
general wave packet spreads and moves. Both the spreading and the movement contribute
to the vanishing of || VU%;, || and the movement is usually the main contributor.
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This completes the proof for any Gaussian wave function of dixy width and
hence, for any finite linear combinations of such Gaussians. The non:
mathematical reader may choose to regard this as sufficient. For the mathe-
matically inclined we leave it as an exercise to show that, because any vector
in 5 can be arbitrarily well approximated by a finite sum of Gaussians, the
result is in fact true for any [y;,) in £ (see Problem 2.1).

We can apply the same analysis as t - +c. Q.E.D.

The asymptotic condition guarantees that any |y;,) in 5 is in fact the in
asymptote of some actual orbit U(z) |y). Furthermore, it is clear from the

_proof that the actual state [w) of the system at 1 = 0 is linearly related to_the

in asymptote [pi);_specifically,
ly) = lim VOV 1) = Q. 19)

Similarly the actual state |y) at ¢ = O that will evolve into the out asymptote
labelled by [y, is

N 4

. ly) = lim UV 19ous) = Q_ 1 ¥our)

=40

The two operators (2., defined as the limits

Q, = lim U(»)tU%()

to>Fw

are called the Maller wave operators.’® They are the limits of a unitary opera-
tor and so, as discussed in Section 1-g, are isometric—a property we shall be
using short.ly. Their significance should be clear: Acting on any vector in
A, they give the actual state at ¢ = O that would evolve from (or to) the

;symptote represented by that vector. This is illustrated symbolically in Fig.
3.

Out asymptote U%(¢) |y, >

/In asymptote U%t)| ¥, >

‘)|w> =04y >

Orbit U ¢ > > =0 I%ut>\ Orbit U(t) |y >

FIGURE 2.3. Classical representation of the roles of the Mgller operators.

10 Notice the choice of the subscripts £ on ., which are limits as f — F o of utue, -

The reason for this apparently perverse choice will appear when we discuss the time
independent scattering formalism. c
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In practice the accelerator and collimators produce some definite incoming
wave packet, [y, = |#); and the measuring apparatus is arranged to detect
a definite out asymptote, |ou) = lx). For this reason it is usual and con-
venient to introduce the following additional notation:

Q, 1¢) = I¢+) [any |$)]
and v
\ Q_ \y=lx— [any [p)]

The vector |¢+) represents the actual state of the system at 7 = 0, if the in
asymptote was \y;,) = |¢); the vector |y—) represents the actual state at

t = 0 if the out asymptote were going 1o be |Woue) = 12)-
The various notations can be summarized as follows:

) Q, actual- state Q_
in asymptote ——> at1 =0 <—— out asymptote

|win> > |'P> < lwout>
I$) — ¢+ '
lx—> D L)

In connection with this tabulation it may be well to remind the reader that
throughout this chapter we are discussing the vectors that represent the
evolution of an actual scattering event (either asymptotically or at all times).
All vectors in this table and elsewhere are, therefore, normalized proper
vectors in the space .

2-d. Orthogonality and Asymptotic Completeness

We have seen that every vector in 5 (denoted |y, OT |pouy) as ap-
propriate) labels the in or out asymptote of some actual orbit U(?) |y). We
must now consider the converse question: Does every |y) in # define an
orbit U(?) ly) that has in and out asymptotes? Just as in the classical case the
answer to this question is, in general, no. The Hamiltonian H = H* + V
will usually have some bound states; and if |$) is a bound state, then the
orbit U(r) |¢) describes a stationary state in which the particle remains
localized close to the potential and, hence, never behaves freely.

The situation is analogous to that of the classical problem and we can sum-
marize the results one would expect to find as follows: Every orbit with an
in asymptote should also have an out asymptote, and vice versa; and the set
of all states with asymptotes (the scattering states) together with the bound
states should span #—the space of all states. We shall approach these
results in two steps. We first prove the orthogonality theorem, which asserts
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that any bound state is orthogonal to all states with in or out‘asymptotes
To state this result we introduce some more notation. We denote by %
the subspace spanned by the bound states. We next note that any state with
an in asymptote is given by a vector of the form |y) = Q, |y;,). These
vectors make up the range of ,. We denote this range by %, , which is
therefore the set of all states that have in asymptotes. Similarly, Z_ will
denote the range of Q_ and is the set of all states with out asymptotes. We
can now state the orthogonality theorem.

Orthogonality Theorem. If ¥V satisfies our usual assumptioné,ll' then
R, | Band Z_ | &

Proof: We consider the case of %,. We suppose that |y) is in £, (that is,
the orbit U(¢) |y) has an in asymptote U%(¢) |y;,), with |y) = Q |p;,)) and
that |$) is a bound state, with H |¢) = E |¢). We must prove that (qS | py=0.

The scalar product (¢ | ) can be evaluated at any time durmg the évolutlon
of the,corresponding orbits; that is:

@ |v) = UOUVD ) [any 1] 29)

7/
If we let ¢ become large and negative then U(z) |y) represents a state in which
the particle has moved far away, while the state U(?) {$) is always localized
close to the potential. This means that the overlap of the two states tends to
zero. But from (2.9) this overlap is independent of ¢, and hence is actually,
always zero.
This argument can be written in detail, starting with (2.9), as

(¢ vy = FHP| U(D) ly) = lim &P P| V() |9sn) = O

The second equality follows since U |y) — U® |,,) and the last equality from
the result discussed in Section 1-f, (1.15), Q.E.D.

The orthogonality theorem is more easily proved than our second result,
asymptotic completeness. This asserts that the set of all states with in asymp-
totes is precisely the same as that of all states with out asymptotes—that is,
that £, = Z_; and also that the subspace Z_ together with the subspace
% of bound states spans the whole of s#. Because we know that Z_ are
orthogonal to %, this means that 5# should be the direct sum of #Z_, and .
If we write #° = % ® #, which simply defines # as the subspace of all
vectors orthogonal to #, we can give a simple statement of the desired result.

11 1t will be clear from the proof that the result is in fact true under any conditions for
which the asymptotic condition holds.  ~

N
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Asymptotic Completeness. A scattering theory will be called asymptotically
complete if Z, = Z_= Z or, in words,

all states with| _ ( all states with | _ {all states orthogonal
in asymptotes|  |out asymptotes| | to the bound states

The proof that for suitable potentials the scattering theory is asymptotically
complete is very difficult and we refer the interested reader to the literature.'?
We shall simply accept that for a wide class of potentials, including those
satisfying the conditions of Section 2-b, asymptotic completeness does hold.

With asymptotic completeness our description of the scattering process is
almost complete. It can be summarized as follows: As far as the actual
orbits of the system are concerned, the Hilbert space 5# is divided into two
orthogonal parts; the subspace spanned by the bound states #, and the
subspace of scattering states %. For every |y) in Z, the orbit U(z) |y)
describes a scattering process with in and out asymptotes,

UGt 1) —> U°0) o)

0,
m’ U (t) Iwout> {

Every |pi) (O 9oy in S labels the in (or out) asymptote of a unique
actual orbit U(#) |y) and the Moller operators 2, map each |¢,) (Of |¥ous))
in 5 onto the corresponding scattering state |y) in %,

) = Q l9im) = Q_ Wour) (2.10)

« As we have already noted, the Mgller operators are-isometric. This means

that for each normalized |y;,) or |¢,4) in 5, there is a unique corresponding
normalized |y) in Z; and conversely, for each normalized |y) in £ there are
unique normalized asymptotes lwiy and |p,y,). This situation is summarized
schematically in Fig. 2.4.

Figure 2.4 serves to emphasize two points that may need clarification.
First, Fig. 2.4 clearly indicates (and we have in fact proved) that every vector
in 5 can represent an in (or out) asymptote. Now that we have had oc-
casion to discuss bound states, the reader may well be asking himself how a
bound state vector |¢) can possibly represent a free asymptote. To answer
this, one has only to recall the significance of the asymptotes. The statement

12 The proofs use the time-independent formalism developed in Chapters 8 and 10. See
Tkebe (1960) and Faddeev (1965).

e
it
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/lw>

[¥in=>

Iwout >

FIGURE 2.4. The Mgller opera V . '
’ perators 2 map the in and out asymptotes
by |in) and [v,..), onto the actual orbit labelled by [v). ptotes, represented

that .|¢w> represents a possible in asymptote (for example) means that if we
multiply |$) by the free evolution operator U°(¢) and take ¢ large and negative
then U%() |$» will look very like some actual scattering orbit. Now tlgle free’
evolution operator spreads a// states; in particular, it will take no ;1otice of
the fac‘t tha‘t |$) is an eigenstate of the full Hamiltonian H® + V. Thus
at the times in question (¢ large and negative) U°(¢) |¢) does indeed r.e resen"c
gllztgr?g motlori of a particle far from the potential;' and as such is 5 legiti)-
in asymptote. It is for thi i
mate in ¢ aysy Iﬁptows. or this reason that all vectors in S can represent
.Second, because the Meller operators map 5# (representing the asymptotes)
onto the su}:)space Z (representing the scattering orbits), the Meller op-
erators are isometric but, in general, not unitary. In the’special case thgt
H has no bound states the equation & = Z & % becomes # = Z, and
(2, are then unitary. However, in general they are not unitary, the numt’)er of
bound states being the measure of their failure to be unita,ry. Perhaps it
should be emphasized that this is in no sense surprising or distressing.PAll

that is required is that Q, map the asymptotes one-to-one onto the scattering -

states, and for this it is sufficient that they be isometric.

2-e. The Scattering Operator

. So far‘we have expressed the actual scattering state at ¢ = 0 in terms of
f:lther of its two asymptotes. Our ultimate goal is to express the out asymptote
in terms of the in asymptote without reference to the experimentally un-*
interesting actual orbit, and this we can now do. Because £_is isometric}:,, the

relation |p) = Q_ |y, of (2.10) can be inverted. In fact, since Q1Q_ =1,

we simply multiply on the left by Q! to give ‘

l’/)out> = Ql l’/)> = Q19+ I’/)in>
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If we define the scattering operator as'®

I’/)out> =S I"/)in> (2.11)

this equation becomes

which is the desired result.

The scattering operator S gives’ [out) directly in terms of |ywy; if a2
particle enters the collision with in asymptote {y;,), then it leaves with out
asymptote |Your) = S |wi). Since only the asymptotic free motion is ob-
servable in practice, the single operator S contains all information of experi-
mental interest. If we know how to calculate S, then the scattering problem
is solved. Needless to say, the problem of computing S will occupy several
chapters of this book, starting with Chapter 8.

In terms of S we can calculate the experimentally relevant scattering prob-
abilities. The particle emerges from the accelerator moving freely along the
in asymptote U°(¢) |pin) where |py,) = |¢) (for instance) is characteristic of
the accelerator. ' The experimental counter arrangement monitors for some
definite out asymptote, given by |¥ou) = | %), say. The quantity of interest is
therefore the probability that a particle that entered the collision with in
asymptote |¢) will be observed to emerge with out asymptote 12). To evaluate
this probability we note that the actual state at # = 0, which will evolve from
the in asymptote |#) is |¢p+) = Q. |¢), while the actual state at 7 = 0, which
would evolve into the out asymptote gy is Ix—) = Q_|x). Because the
required probability amplitude is just the scalar product of the actual states
at any given time (z = 0, for instance), we find that the probability is:

wiy < ¢) = la— | s
= ] QL. 1P
o = |Gl S )
The probability amplitude for the process (y < ) is just the S-matrix

element (x| S |¢). ,

In practice even the quantity w(y « ¢) is not directly observable; this is
because one cannot actually produce or -identify uniquely defined wave
packets |¢) and [y). However, as we shall show in Chapter 3, the quantity
that is experimentally observable, the differential cross-section, can be ex-
pressed directly in terms of the matrix elements of S.

13 We should mention that an alternative definition of the scattering operator S = €2 L, Qr
is also found in the literature. The reasons for its existence are mainly historical and we
shall have no occasion to use it.
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2-f. Unitarity

An important property of the S operator, which we can prove immediately,
is that it is unitary. That this is so follows directly from asymptotic complete-
ness and the definition S = Q! Q +. The Meller operators Q, and Q_ are
isometric operators mapping 5 onto the subspace # of scattering states.
This means that Q_ is a linear, norm-preserving map of 5# onto %, while
Q! is likewise linear and norm preserving (on %), but maps % back onto
(see Fig. 2.4). It immediately follows that $ is linear and norm preserving
from S onto S#; that is, S is unitary. ,

One should not be deceived into thinking this result trivial by the simplicity
of the argument. The hard work of the proof is, of course, in the proof of
asymptotic completeness. In particular, an essential element of the present
argument is that Q, and Q_ map # onto the same range #—by no mearns a
trivial property. : C
" The significance of the unitarity of S can be easily seen.. The in and ‘out
asymptotes of the system are labelled by the vectors of # and are related
by the S operator, [Wout? = S |wim). The fact that S is unitary means that for
every normalized |y,,) there is a unique normalized |y,,.) and vice versa;
and also (because S is linear) that the correspondence between |y;,) and
[wout) preserves superposition, that is, if |p,) = a |b1n) + b |7in), then
IWout> =a l¢out>,+ b IXout>- .

We shall see later that the concept of the S operator generalizes to more
complicated processes—the elastic scattering of two particles (Chapters 4
and 5), and the multiparticle processes involving arbitrary reactions (Chapter
16). In relativistic quantum field theory a corresponding § operator exists,
and in the recent attempts to construct a. relativistic scattering theory based
directly on the properties of § (the so-called analytic S-matrix theory) the
existence of S is taken as a fundamental postulate. In all cases the signif-
icance of S is the same: S maps the in asymptote of any scattering orbit
directly onto the corresponding out asymptote. In all cases one can expect
that S should be unitary.2s

14 See, for example, Eden, et al. (1966).
15 It may be worth commenting on a possible confusion concerning the status of the unitar-
ity of S. Because of its simple interpretation, one often hears the claim that the unitarity

of S is “obvious™. But if S is “obviously” unitary then one could reasonably ask why .

people expend quite so much energy to prove it. This apparent conflict is, of course, only
a question of point of view. If one chooses to assume that the S operator exists and that.
it has the two properties mentioned above, then indeed it-is ““obviously” unitary. This
is the point of view of the analytic S-matrix theory and is certainly entirely reasonable.
If, on the other hand, one wishes to prove that S is unitary within some prescribed dynam-
ical theory (such as nonrelativistic Schridinger theory with a definite potential) then the
proof may be very difficult and, in the present case, it is.
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The fact that S is unitary has been of the greatest importance in the recent
history of scattering theory. Quite genergl_ly, it should be clear that any
attempt to calculate S will be greatly fa.c111tated by the knowlcdgc‘tha'lcl it
belongs to the very restricted class of unitary operators. Morc spc?c1ﬁca Y,
unitarity has been an essential tool in the use of dfspc?rsmn relat.lon.s (sc?e
Chapter 15). We shall discuss a simple example of this kind of application in
connection with the optical theorem in Chapter 3. . '

Our next task is to derive an expression for the quantity that is actual!y
measured—the differential cross section—in terms of S. This we shall do in

Chapter 4.
PROBLEMS

2.1. (A little mathematically oriented.). .

(a) In Section 2-c the asymptotic condition was Prf)ved for a vector |y;,)
with a Gaussian wave function. Show clearly that it is therefore true for any
finite sum of such vectors. - o
(b) It is a fact that any vector in £2([R?) can be approximated arbitrarily
well by a finite sum of Gaussian vectors; that is, for any Jy) and any € >0
there is a finite sum of Gaussians |¢) such that ||y — ¢| < e. Use this fact
to prove the asymptotic condition for any vector [y;y,).

2.2. Prove the asymptotic condition for a one-particle 'potential operator
of the form V = |{}{|, where |{) is some fixed vector in the onc-p_artlcle
Hilbert space. [This is the so-called separable, or 'facfto.rable,. potentlal.. It
is our first example of a “nonlocal” potential. That' is, it is not Jlllst a fun'ctlon
of the position operator; or equivalently, the matrl)’( element <’,‘ | V |x) is not
proportional to d3(x" — x). Infact, (x| ¥ |x) = {(x){(x)*, which is th'e form
in which a separable potential is often defined. .The separable potential has
been found to give excellent fits to the data in some low-energy nuclear
problems, notably the three-nucleon problem.. See Watson. and Nuttall,
1968, pp. 75-79.]1 Assume that |£) has a Gaussian wave function.

2.3. Because the Moller operators have the form Q = lim U(£)'U%(r) wl}erc
U'U? is unitary, it follows that Q'Q =1 and the Mﬂllef operators a:e iso-
metric. If we could take the adjoint of the above equation gl.e., if Q. were
lim U%*U) it would follow that QQt = 1 and Q would be unitary, which we
know to be false. Show by example that, in fact, U**U does pot have a limit
for all vectors in 5. (Hint: We know that Q fails to be unitary because of

the bound states.)
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w(x < ¢) we have only to calculate the probability w(d<2 < ¢) that the direc-
tion of motion of the out state lie inside the element of solid angle d<2.
Our ignorance of the precise in asymptote |¢) means that we must then aver-
age this probability over all relevant states |¢). It is this averaging process
that leads to the notion of the differential cross section, the principal subject
of this chapter.

The reader familiar with the elementary discussions of cross sections may
feel that the present analysis is unduly cumbersome. The reason for this is
that the elementary treatments are always in terms of plane waves and, as
most texts admit, can be properly justified only by building up the plane
waves into suitable wave packets. The “building up of suitable wave
packets™ turns out to need some care and it is this operation that occupies
the bulk of this chapter. We do not indulge in all this hard work from a
whimsical desire for rigor. By defining the cross section properly in terms of
wave packets, we shall gain considerable insight into its meaning; in partic-
ular, we shall see clearly what are its limits of usefulness and applicability.

Before we discuss the cross section it is convenient to establish two im-
portant properties of the S operator, conservation of energy and the de-
composition of S in terms of the scattering amplitude. These two results will
be discussed in Sections 3-a and 3-b, respectively. Then in Section 3-c we
begin our discussion of the cross section with a brief description of a simple
classical experiment. In Sections 3-d and 3-e we discuss the quantum cross
section and derive its expression in terms of.the scattering amplitude. In
Section 3-f we prove the optical theorem—an important result that follows
directly from the unitarity of S and our expression for the cross section in

terms of the amplitude.

3-a. Conservation of Energy

One of the most important properties of the S operator is that it con-
serves energy. This property is a little more subtle than one might expect.
Because the Hamiltonian H is independent of time, energy is, of course,
conserved; and the expectation value of H for any actual orbit is a constant.
However, the S operator is a mapping of the asymptotic free orbits, which
label the particle’s state only when it is far away from the scatterer and does
not feel the potential. As far as the asymptotic states are concerned, the
actual energy is simply the kinetic energy and we should therefore expect to
find that S commutes with the kinetic energy operator H°, rather than H.
This is what we shall now prove.

The essential step in the proof is the so-called intertwining relation for the
Moller operators,

HQ, =Q H° 3.1



40 3. Cross Sections in Terms of the S Matrix

These important relations are proved by the following manipulations (which
the mathematical reader will easily see to be rigorously justifiable):

i ; ‘. s e 1}
e’H’Qi — etHT[hm Ht,—iH t]
. 0
— hm[etH(r+t)e~1H t]
; 5° g}
= [lim o Hr+t) ,—iH (r+t)] G HT

0
—_ iH'r
= Qe

Differentiating with respect to = and setting = = 0, we obtain the desired
result.

Since the Meller operators are isometric and satisfy Q'Q =1 we can
rewrite the intertwining relations as

Q:LHQi = H°® _ (3.2)
)

This lets us interpret £, as operators whose action on the full Hamiltonian
H is to give the free Hamiltonian H®. This shows clearly, what we already
know, that the Maller operators cannot in general be unitary. For, if they
were, then (3.2) would imply that H and H® must have the same spectrum;
since H® has no bound states it would follow that H could not. Thus,
only when H has no bound states can , be unitary, exactly as we saw
in Chapter 2. ’

We can now prove very simply that S commutes with H°, by two applica-
tions of the intertwining relation. Thus

SH' = QLQ,H = Q'HO, = H*QLQ, = H® (3.3)

~ This result expresses the conservation of energy in a scattering experiment.
The mean initial energy for the in state |y;,) is the expectation value

in energy = (| H® [yin)

Similarly, the mean final energy for the corresponding out state |p,q) =
S |9 is: ,
out energy = Woutl H® [Wout) = (Wil STHYS |%in)

These two energies are equal since, according to (3.3), H® = S*HOS.

As every student of quantum mechanics knows, a convenient way to exploit
the fact that an operator S commutes with an observable His to use a basis of
eigenvectors of the observable. Of course, the free Hamiltonian H® has no
proper eigenvectors. However, as discussed in Chapter 1, we shall follow the
usual and convenient practice of expanding with “improper eigenvectors,”
which we treat (as far as possible) like ordinary vectors. A convenient choice
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for eigenvector of H® is the momentum eigenvector |p), whose spatial wave

function is the plane wave o
(x| p) = (2m)y "™

with normalisation (p’ | p) = 85(p" — p). This vector satisfies

H|p)=2p)=Ep
2m

where we have introduced the notation:

for the energy of a free particle of momentum p. .
We shall write the matrix elements of S in the momentum representation

as {p’| S |p) and shall often refer to {(p'| S |p)} as “the S matrix.” 1t is im-
portant to remember that just as the vector [p) doc‘es not represent a Rhys1-
cally realizable state, so {p’| S |p) is not the amphtude‘ for any physically
realizable process. The significance of the plane-wave “states” is that they
form a convenient basis for the expansion of proper states,

ly) = f d®p p(p) 1P

In the same way the physical significance of the improper matri)'( elements
{p'| S |p) is in the corresponding expansion of the proper matrix element
(| S léy; or equivalently of the out wave function oy (p) in terms of Yin(P)>

Poutl®) = f 250! S 1)) (3.4)

With these reservations, it is nonetheless convenient to visualize {p’| S |p) as
the probability amplitude that an in state of momentum p lead to an out state

of momentum p’. . "
Since S commutes with H°, its momentum-space matrix elements satisfy:

0 = (p'| (H®, S]Ip) = (Exr — E,XPI S|P

This implies that {p/| S| p) is zero except when E, = E, and hence that ithas

the form:
(p’| S\p) = ME, — E;) X (remainder) (3.5)

This is the momentum-space expression of energy conservation.
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3-b. The On-Shell T Matrix and Scattering Amplitude

To explore further the structure of the momentum-space $' matrix it is
convenient to introduce a second operator R defined by the relation ‘S =
1 + R. Obviously R represents the difference between the actual value of
S and its value in the absence of all interactions (namely S = 1). Since S
commutes with H°, so does R. Therefore, just like (p’| STp) in (3.5), the
matrix element (p’| R |p) contains a factor §(E,, — E,). We write this as:

(M| R|p) = —27i HE, — E)) {(p’" < p) (3.6)

where the factor —2i is introduced for future convenience.! For the S
matrix this gives:

~
7

(P’ S {p) = 05(p" — p) — 27i O(E,» — E,) H(p" < p) (3.7

The significance of the two terms in this decomposition of the S matrix is
easily understood. The first term, d5(p’ — p) is obviously the amplitude for
the particle to pass the force center without being scattered. The second is
therefore the amplitude that it actually is scattered. Now, when the particle
is scattered its momentum changes, while its energy stays the same. Thus,
the second (scattering) term in (3.7) should conserve energy, but not the
individual components of momentum. This means that this term should
contain an energy delta function, but no more delta functions. In other
words, the factor #(p’ < p) is expected to be a smooth function of its argu-
ments. It can be shown that for a large class of potentials #(p’ < p) is actually
an analytic function of the relevant variables. Here we shall simply assume,
as is entirely reasonable, that #(p’ < p) is at least a continuous function of its
arguments.?

Because of the factor 6(E,, — E,) in (3.7), the quantity #(p’ « p) is defined
only for E,, = E,; that is, in the space of the variables p’ and p the function

! There is no universal agreement on this definition, and definitions differing by factors
of 2 and = are to be found. The rationale for the present choice is that in Born

approximation (Chapter 9) #(p’ <—p) is exactly the same as (p’| ¥ |p) (without any extra

factors).

2 1t should be emphasized that this is really a quite profound result, which depends on the
short range of the forces. If the forces were sufficiently long range (e.g., the Coulomb
force) all particles would be scattered and {p’| S |p) would not have the structure (3.7).
The result (3.7) [including the smoothness of #(p” < p)] is the simplest example of the so-
called cluster decomposition of the S matrix, which has played an important role in
relativistic scattering theory.
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t(p’ < p) is defined only on the “shell’” p’> = p* For this reason f(p’ «~—p)
is called the- T matrix on the energy shell, or just the on-shell T mqtrzx. '

Because the on-shell T matrix is defined only for p? =1 it obviously
does not define an operator T of which #(p’ f_P) is' the matrix Ielement.
(To define an operator one must give the matrix elements for (_111 p’'and p.)
However, we shall see in Chapter 8 that it is possible and convenient to :1eﬁne
an operator 7 whose matrix elements (p’| T |p) coinc,:ide with t(p )]
when? p’? = p2. The matrix ('] T |p) is defined for all p a?nd P and.ls calle.d
the off-shell T matrix. As far as the observation of scattering experiments 18
concerned, only the on-shell T matrix is relevant, because %(nowledge of it
alone determines the S matrix via (3.7). On the other. hand,_lt tum§ out.that
the off-shell T matrix is a useful tool in calculations; in particular, 1t_ satlsﬁt.es
the important Lippmann-Schwinger equation, which we shall discuss in
Chapters 8-10.4 . .

The on-shell T matrix is closely related to the scaftering amplitude. In

fact the function:

S < p) = —@nym 1@ <) )

is precisely the amplitude of the elementary scattering tl}eory where f is
defined as the coefficient of the outgoing wave in the stationary scattering
states, as discussed in the Introduction. Since we shall not be in a position to
show this for a while, we shall adopt (3.8) as our deﬁn.ition qf tl.1e scattering
amplitude; in Chapter 10 we shall show that this definition coincides with the
lementary one.
) The re;}c’ler may reasonably wonder why we botl}er to use bo‘th' of the two
functions #(p’ < p) and f(p’ < p) when they only differ py the tnv1alr const'fmt
—(2m)*m. Of two reasons the first is tradition; in the literature of scattering
theory both functions appear with more or less eiqual frequ'ency..The second
is that it is actually convenient to use both functions. In discussing the con-
nection with the off-shell T’ matrix (as we shall in Chapfer 8) it 1s_conv,en1ent
to use #(p’ < p)- On the other hand, it is more convemen? to use f@ <p)
when discussing the cross section, which we shall show in Section 3-e to

\

3 This is an oversimplification. What we shall actually define is an operator T(2) dependlr}g
on a complex variable z. If we set z =E + i (E real), and lgt € 0, 'then t’he matrix
element (p’| T(E + i0) |p for the special case Ey = E’f = E‘cou'1c1des with t(p‘ <~ p).

4 1¢ should also be noted that we are at the moment dlscuss1ng just the scattering of one
particle off a fixed potential (which is closely related to scattering of two pflrtlcle§ off one
another, as we shall see in Chapter 4). When we go on to discuss processes 1nyolv1ng thrge
or more particles (c.g:, neutron—-deuteron scattering) we shall.ﬁnd that in various approxi-
mations the on-shell many-body T matrix can be written in terms of certain off-shell

two-body matrices.
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be just do/dQ.= | f(p’ < p)}%. Needless to say it is not necessary to remember
all basic formulas in terms of both functions. A simple procedure is to
remember the decomposition (3.7) of the S matrix in terms of t(p’ < p)
(all one has to worry about is the factor —27) and the definition (3.8) of
f(p' <—p) in terms of ¢(p" < p). From these one can, of course, derive the
decomposition of the S matrix in terms of the amplitude,

N

1S D) = 8(p" — P) + E XE, — E,)f(p' < p) (3.9)

but there is obviously no need to memorize this result.

3c. The Classical Cross Section s

Having established conservation of energy and the decomposition of S in
terms of the on-shell 7" matrix or amplitude, we can now return to the main
topic of this chapter, the scattering cross section.. We first discuss briefly the
notion of the cross section in a very simple classical process, the scattering of
a point particle by a fixed rigid body (Fig. 3.1). The‘target is placed in some
suitable container and the projectile is fired in. We can measure the momen-
tum of the projectile as it approaches the target (p,, say) and again as it
leaves. On the other hand, we cannot measure the microscopic details of the
event; in particular we cannot measure the impact parameter p, which is
defined as the perpendicular (vector) distance from a suitably chosen axis
through the target to the line of the incident trajectory, as shown in Fig. 3.1.
Our problem is to extract the maximum information about the target given
these facts. ‘

We first note that we can learn little from a single passage of the projectile.
If it emerges with momentum different from p, we know simply that it must
have hit the target; if it emerges with its momentum unchanged we know
that it has missed.

Impact parameter p
e

FIGURE 3.1. Classical scattering of a point particle with initial momentum p,
and impact parameter p, off a fixed rigid body.
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AQ

o (AQ)

FIGURE 3.2. The cross section o(AQ) is the area of that part of the target which
scatters into AQ.

Let us suppose, however, that we can repeat the experiment many times,
alwiys with the same incident momentum, but with random impact param-
eters. If we do this often enough we can speak realistically of the number
Nine Of projectiles incident per unit area perpendicular to p,. We can then
assert that the number of particles that hit the target is just 7, times the
cross-sectional area o of the target normal to p,. Because we can identify
those particles that hit the target by the fact that they are scattered (i.e.,
change direction) we have the relation:

Nsc = ninco . (3.10)

where N,, denotes the total number of particles scattered. Since both Ng,
and n,,, can be measured, this lets us find the cross section o of the target.®

In fact, we can obtain much more information because we can count the
number of scatterings in any given direction. If we denote by N(AQ) the
number of particles scattered into the solid angle ACQ), then

Nyo(AQ) = Ninc0(AQ) (3.11)

where 6(AQ) is just the cross section of that part of the target which scatters
into AQ (Fig. 3.2) and can be measured using this relation. If the solid angle
AQ is small (dQ), then o(dQ) is proportional to dQ and it is usual to write:

o(dQ) = Z—;’—z a0 G.12)

where do/dQ is the so-called differential cross section and represents the most
detailed information obtainable in this way.

5 Some readers may feel suspicious of the fact that we discuss (and shall continue to discuss)
cross sections in terms of the total number of particles scattered, rather than the scattered
flux. One can, of course, use either, since the flux is just the total number divided by the
total time. The preference for using flux is an historical accident related to the use of plane
waves (for which only the flux is meaningful). When using wave packets, each of which
describes one individual projectile, it is obviously more natural simply to count particles.
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Before discussing the corresponding quantum problems, let us pause to
make three comments. First, it is obviously essential that the incident particles
be projected with properly random impact parameters so that we can safely
speak of a uniform incident density #;,.. Second, it is (fortunately) not
necessary that we send in particles uniformly over an infinite front; all we
require is that they impinge uniformly over an area that is large compared to
the target size (particles with sufficiently large impact parameters are not
scattered, so do not contribute to N,,). Third, the differential cross section
in the forward direction is an undefined quantity because one cannot dis-
tinguish a particle that is scattered in the forward direction (whatever that
means) from a particle that is not scattered at all. S

s N
i

~3-d. Definition of the Quantum Cross. Section

In the quantum scattering problem the incident projectile approaches the
target with some definite in asymptote |y;,), which we shall identify by its
momeéntum-space wave function yi,(p) = (p | ¥im). The corresponding
outgoing wave function 9 ,..(p) = (p ] YPouty determines the probability that
long after the collision the particle is found with momentum p, w(d®p < ;) =
d%plyous(P)> The probability of the particle emerging with momentum
anywhere in the element of solid angle dQ about the direction p is obtained
by integrating over all [p|,

W(dQ < i) = dQ f 2 dp [ou®)P

where as usual p = pp.¢ “
Much as in the classical case, this result is of little value for a single event
because we do not know the precise in state |y;,).” All we know is that the
wave function y;,(p) is well peaked about some value py, and, just as in the
classical case, we must average over a large number of experiments subject
to this partial information. )
An accelerator will certainly not produce precisely the same wave paéket
over and over again. However, we shall temporarily indulge in the fiction
that we could arrange for the particles to be produced in wave packets that
differ only by random lateral displacements perpendicular to p,. Imagine a
succession of experiments with in states |y;,) = |¢,) where |$,) is the state

6 The limits 0 and ® in this integral reflect the fact that one is not interested in the mag-

nitude of p, but only its direction. One can, of course, measure the magnitude but it is
fixed by energy conservation and is therefore not an interesting quantity to observe.
? In addition, the quantity w(dQ2 < y;,) is only a probability. This is an added complication
of the quantum mechanical problem. Nonetheless, the essential feature of the present
discussion is not the probabilistic nature of w(d$2 < y;,) but our ignorance of |v;,).
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’ dQ
UO(D)1dp>

vo) o> Target

FIGURE 3.3. Two incoming wave packets |¢), |¢,) differ by rigid displacement
through ¢ perpendicular to their mean momentum. .

obtained by rigid displacement of some definite state |¢) through 'iile distance
p; that is, |¢,) is given by the wave function® ¢.(p) = ej—"’ d(p). We
suppose that the vector |$) is the same in all cases but the d%splacements P
are randomly distributed in the plane perpendicular to p,. This arrangement
with random lateral displacements of the wave packet $(p) corresponds to the
random impact parameters of our classical discussion and we can refer to the
displacement p as the impact parameter (Fig. 3.3).. ‘

If we repeat the experiment often enough, with rafldorr} dlsplacerpents
P1> P2s - - - » then the total number of observed scatterings into dQ will be
just the sum of the individual probabilities w(dQ < ¢,),

Nsc(dQ) = E W(dQ < ¢Pi)

With enough events the sum can be replaced by an integral,

Nsc(dQ) =fd2P "incw(dQ h ¢p)

where n;,, is the incident density. (In practice this integr:al Tuns over an
area that is finite but much larger than the target dimensions. However,
because the probability of scattering is zero for sufﬁcientl)" lafge e, the
integral can be taken over the whole plane without changing its. value.)
Because the p; are random, the density 7in, is uniform and can be taken
outside the integral to give:

Nsc(dQ) = "incJ‘dzp W(dQ - ¢p)

We sée that the number of scatterings is proportional to ., as one .woul.d
expect, and comparison with the classical result (3.11) leads us to write this
as:

Nsc(dQ) = "incg(dQ < ¢) ) (3'13)

8 Recall that the operator of displacement through a vector p is t?xp(—ip - P); its effect
on the momentum-space wave function is just to multiply by exp(—ip - p). See Problem 1.2
or Messiah (1961) p. 652.
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where
0(dQ « ¢) =fd2p w(dQ «— ¢p) (3.149)

This expression for o(d(2 < $) can be interpreted in two ways. Obviously we
have introduced it as an appropriate average over all p of the probability
w(dQ < ¢,) that the incident packet ¢, be scattered into dQ. Alternatively,
Wwe can view it as an area integral over the plane perpendicular to p,, in which
each element of area d?p is weighted by w(dQ « #,). This view makes clear
that o(d€2 <— ¢) is just the effective cross-sectional area of the target potential
for scattering of the wave packets ¢, (with g random) into dQ. In particular
in the classical limit w(dQ < ) has the values 0 or 1 and the integral picks
out precisely the actual area which scatters into d<Q. ‘

We shall find that, provided the wave function is sufficiently peaked abor
its mean momentum p,, the cross section o(dQ < ¢) is independent of any of
the details of $(p) except for p, itself. We can therefore write o(dQ «— ¢) =
0(dQ < p,), for $(p) sufficiently peaked about p,. This result allows us to
remove the unrealistic assumption that the accelerator always produces the
same wave packet ¢(p) (apart from the random lateral displacements). If the
accelerator produces wave packets of different shapes, as well as different
impact parameters, then we must average over both of these variables. If,
however, all packets are well peaked about the same momentum p, the aver-
aging over impact parameters produces a result that is independent of shape.
The averaging over shapes then makes no further modification.

We should perhaps reemphasize how the cross section (3.14) is arrived at.
The experiment consists of a sequence of independent collisions between a
single particle and the single fixed scattering center, the incident wave
packets being random with respect to impact parameter and shape. As we
have said ¢(d€2 « @) is just a suitable average over impact parameters and
shapes of the probability w(dQ < ¢). In practice this averaging is achieved
in two ways: by using a beam of many particles and by having many scatter-
ing centers in a single target assembly. Provided that either the scattering
centers are uniformly distributed in the target or the particles in the beam,
our requirement of a uniform distribution of impact parameters is realized.
However, to satisfy all conditions for our idealized definition of the cross
section it is necessary that each incident particle scatter separately off one
scattering center at most. For this to be so the beam must be sufficiently weak
that the incident particles do not interact with one another; the target must
be so thin that multiple scattering is negligible and the distribution of
scatterers must be such as to avoid coherent scattering off two or more
centers.

Whether these conditions for the applicability of (3.13) and (3.14) are
actually realized is a question that must be examined separately for every
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experiment. As is well known, there are many experiments in which the con-
ditions are very well fulfilled, and we shall, for the present, confine attention
to these experiments.® We therefore proceed with the calculation of the cross
section defined in (3.14).

3-e. Calculation of the Quantum Cross Section

At last we have all the results needed to express the observable cross
section (3.14),

o(dQ -« ¢) =fd2p w(dQ <« ¢,) (3.14)

in terms of the scattering amplitude. We have found that the probability
w(dQ <« ¢, in (3.14) is:

W(dQ — $) = dO L " b dp [pou(®I® (3.15)

where p points in the direction of observation and y,.(p) is the out wave
function corresponding to the in state |py,) = |¢,). According to (3.4),

Vout(P) =fd3p’<pl S 1P vwm(p)

or, replacing {p| S [p") by its decomposition (3.9) in terms of the amplitude,
Poui®) = Y@ + 3 [ AE, = EN @~ B)pul®) (16)
I

Here the first term is the unscattered wave and the second the scattered wave.
In our case, p,(p) = ¢ **¢(p).

We now make the essential restriction that we do not make our observa-
tions in the forward direction; that is, we require that the direction of
observation p avoid the small neighborhood of p, where ¢(p) is nonzero.
With this proviso the first term in (3.16) is zero and we can write:

Yout(P) = o~ fdap’ &E, — E,)f(p<—ple ™ $(p) (3.17)
2mm

provided p is not in that neighborhood of p, where the incident wave is nonzero.

® A well-known example where the conditions are not fulfilled is the Davisson-Germer
experiment. There the incident wave packet is comparable in size to the spacing of the
scattering centers in the target and the particles scatter coherently off several centers.
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We are ready to take the plunge and substitute (3.17) into (3.15) and thence
into (3.14). This gives,

0§ = L zfd?pf prdp -
. fdapl 6(Ep - Ep’)f(P « Pl)e_ip.p"ﬁ(l’,)

&p" §E, — E,) f(p<p")*e*” $(0)* (3.18)

where the extra integral over p” comes from writing |9,u(P)I2 a8 Yous(P)
times its complex conjugate.
This complicated expression simplifies quite easily. We first note that:

l d’p ™™ = (27)* 8,(p}. — P (3.19)

where, since the integral over p is in the plane normal to p,, the‘two-dimen-
sional delta function refers to the components of p’ and p” in that plane
[For example if p, points along the z axis, 6,(p', — p ") is just 6(p, —

o(pz — p2)-]
We next rewrite the second energy delta function in (3.18) as!®:

0(E, — E,.) =2m é(p"? — p"d (3.20)

The delta function (3.19) already requires that the components of p’ and p”
perpendicular to p, are equal We can therefore replace the argument of
(3:20) by (p;* — p|®), where pj is the component of p/ along po- Therefore,
the effect of the delta function (3.20) is to set pj = + pll Provided the wave
functions ¢ in (3.18) are sufficiently narrow, the points py = —p) do not
contribute to the integral and the combined effect of the delta functions
(3.19) and (3.20) is simply,

8P — P)) XE, — E,) = ;”— (' — 1)
Il

When we use this delta l’ﬁnction in (3.18) we obtain ¢

o@dQ « ¢y = 42 f P dp f oy L HE,— ) [fp - OOF (21)

10 Notice that we have taken advantage of the first & function 8(E — E’)to rewrite (E — E”)
as (E’ — E”). Recall also that &(ax) = la|~18(x). For this and other properties of the
delta function see Problem 3.2.
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and, if we use the last delta function to do the integral over p, this becomes,

o(dQ « ¢) = dO f &y L If(p < D)) (3.22)

where |p| = [p'[.

We come now to the final and crucial step. If the region where ¢(p’) is
appreciably different from zero is so small that the variation of f(p < p’) in
thisiregion is insignificant, then we can replace f(p <— p’) and (p’/p;) by their
values at p’ = p,. This gives:

o4« §) = 4211 (p I &% 14O

or .
= dQ|f(p < po)’ (3.23)

because the one remaining integral is just the normalisation integral of the
wave function ¢.

We can see clearly that, as anticipated, the result is independent of the
shape of ¢, provided only that ¢(p) is sufficiently peaked about p, and we are
therefore justified in rewriting o(dQ « ¢) as o(dQ2 < py). As in the classical
case we define the differential cross section by the relation:

d
o(dQ « p,) = d—g‘.’z (p < po) dQ

where p points in the direction of observation around which dQ is defined and
[pl = |pp]. With this definition our result becomes

da _ SR
10 (p<po) =1f(p <P (3.24)

which is the familiar result given in all elementary texts and quoted in the
Introduction.!*

The result (3.24) expresses the observable differential cross section in terms
of the matrix elements of S, and is the central result of this chapter. Our
chief remaining task for one-particle scattering is to set up means for the
actual computation of S in terms of V. Before taking up this task in Chapter

' As empbhasized earlier, we have not yet shown that the amplitude f(p < p,) defined in
(3.8) is in fact the same as that of the traditional approach in terms of the stationary
scattering states. The result (3.24) can be regarded as confirming that they are the same
within a phase. In Chapter 10 we shall show that they are exactly the same.
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8, we shall describe in Chapters 4-7 how our formalism can be extended to
cover two-particle scattering (including particles with spin) and discuss those
general properties of the S operator and scattering amplitude that follow
from the various possible invariance principles. In the remainder of this
chapter we make some comments on'the result (3.24) and its derivation, and
then use the result to prove the optical theorem.

First, we can now see precisely what is meant by the statément that the
wave packets ¢(p’) must be “sufficiently peaked”” in momentum. The require-
ment is simply that we can take the factor f(p < p’) in (3.22) outside of the
integral to give (3.23); thatis f(p < p’) must be essentially constant in the
region where ¢(p’) is appreciably different from zero. Since fp<p)is
continuous while $(p") can be chosen arbitrarily narrow, it follows that,
in principle, this requirement can always be met. Whether it is met in
practice is a question that must be decided separately for each ‘experiment.
It is possible that at certain energies f(p < p’) may vary rapidly (a phenom-
enon usually associated with resonances) while the width of the incident
packet may be large (due to intrinsic width at source, broadening caused by
motion of either source or target, etc.); in this case our answer (3.24) may
not be relevant. On the other hand, under normal circumstances the con-
ditions for validity of (3.24) are usually met, as we shall discuss in detail
in Chapter 10. Here we remark only that, as we shall see in Chapter 9, the
amplitude f(p <—p’) is closely related to the Fourier transform of the po-
tential ¥(x). Thus, by the well known property of Fourier transforms, the
condition that the momentum-space wave function be sharply peaked com-
pared to f(p < p’) can be expected to require that the spatial wave function be
broad compared to ¥(x). That is, the incident wave packet must be large
compared to the size of the target potential. This condition, as well as other
conditions discussed in Chapter 10, is usually satisfied.

Second, it should be clear that it was essential to our calculation that the
direction of observation, defined by dQ, did not include the forward direction
(i.e., p # po). This was necessary in order that the first term in (3.16), the
unscattered wave, not contribute. It is easily seen that if dQ did include the
direction of p,, and hence the unscattered wave in (3.16) were present, then
the integral over p in (3.18) would diverge. We conclude that, just as in the
classical case, the differential cross section in the forward direction is a quan-
tity without direct observational meaning.12 .

Third, since do/dQ = |f|?, it is clear that in general only the modulus of
S can be directly measured. We shall see later that there are various methods

12 This is not to say that it cannot be given a mathematical meaning, which in fact it can.
In most cases, it turns out, the amplitude is continuous in the neighborhood of the forward
direction. The forward amplitude is therefore a well defined quantity and the forward
cross section can be measured by extrapolation.
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of measuring f itself, but that they usually involve at least partial knowledge of
the underlying interactions.

Finally, some comment on alternative derivations of the result (3.24).
Our attitude to any method using plane waves should already be clear. Such
methods can never be regarded as physically satisfactory; but as an intro-
ductory route to the correct answer they obviously accor.nplish an important
purpose. Another alternative approach uses the same initial wave packets
as ours but analyzes the final state in terms of its spatial wave function. The
reader will have noted that we have defined the cross section in terms of the
probability that the final momentum lies in the cone defined by dQ %n mo-
mentum space. One could reasonably argue that for many experiments
(e.g., one using counters) a more directly relevant definition w0}11d use the
probability that as # — oo the particle’s position lies somewhere in the cone
defined by dQ in coordinate space. While these two points of view are in
fact equivalent, a derivation based directly on the latter (and therefore using
spatial wave functions) would obviously have some advantages. We shall
outline such a derivation in Chapter 10. However, it is worthy of note that
the momentum-space arguments of this chapter generalize immediately to
relativistic scattering problems, which is not true of any method based on
spatial wave functions (whose role in relativistic quantum mechanics is not
at all clear).

3-f. The Optical Theorem

Having established the expression (3.24) for the cross section we can now
prove the so-called optical theorem. This result is a direct consequence of the
unitary of S and is really no more than the diagonal matrix element of the
equation S'S = 1. Thus, if we insert S =1 + R into S'S = 1 we find that
R + R = —R'R. If we now take matrix elements and insert a complete
set of states |p”) on the right we find that,

(PIRIp + (I R|PH* = —fdap"<P"l RIp)p’|RIpy  (3.25)
Now according to (3.6) and (3.8),
PR B = =21 ME, — E) < ) = 5 HEy — EDJ¥ < D)
Inserting this into (3.25) we can factor out a common delta function to give:

/(_ _ (_/*= l 3”6 _E])" n(_/* " o
S0 P = @) = f &Bp" §E, — E,)f (0" < pYf (@ < p)
(3.26)
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where of course E, = E,. Finally we can, if we wish, set p’ = p and use the
delta function on the right to do the radial integration over p” (see problem
3.2). The result is, .

Imf(p < p) = frfdfz (0" < p)I? 3.27)
or )

Im f(p < p) = ﬁ o(p) | (3.28)

where o(p) denotes the total cross-section for scattering from the initial
momentum p,

o(p) =fdQ°' 5—5 (' < p)

In words, the optical theorem states that the imaginary part of the forward
amplitude f(p < p) is proportional to the total cross section o(p).

The optical theorem leads to a-number of useful results. First, it shows
clearly that in general the amplitude cannot be purely real and that it has a
positive imaginary part near'the forward direction—two surprisingly useful
pieces of information. Second, we have already noted that measurement of
do/d) in general determines only |f|; however, by exploiting the optical
theorem one can measure Im f'and hence Re f separately in the forward direc-
tion.!3 .

A third and important application is in the use of dispersion relations.
As we shall discuss in Chapter 15, dispersion relations express the real part
of the amplitude as an integral over its imaginary part. If we exploit the
optical theorem this means we can express the forward amplitude as an
integral over the total cross-section and obtain a relation that can be directly
checked with experiment. The importance of this sort of relation is that it is
true independently of the precise details of the interactions (which are often
unknown) and relates quantities that can be directly measured. ~

Finally, we shall see in Chapter 17 that the optical theorem generalizes to
multichannel problems. In fact, precisely the relation (3.28) holds if the
amplitude on the left is taken to be the forward elastic amplitude and the
cross-section on the right is the total cross-section for elastic and inelastic
scattering. There is every reason to think that the same relation holds in
relativistic scattering since it depends only on the unitary of S. Now, it is an
experimental fact that the total cross-sections for scattering of elementary

13 Measurement of o(p) determines Im f(p < p). Measurement of do/dQ(p < p) (by
extrapolation from nonforward measurements) determines [f(p < p)|l. One can then
calculate Re f(p < p) within a sign.
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particles appear to become constant at very high energies, and also that
elastic scattering becomes sharply peaked around the forward direction.
1t follows from the optical theorem that Im f(p <— p) must grow like p as
p — oo and, hence, that the forward elastic peak of do/d€2 must rise at least
like p>—a prediction that is well confirmed by experiment."

y PROBLEMS

3.1. We have seen that S commutes with H? and have claimed that this
implies conservation of energy, since,

Winl H® [9in) = Wout! H° |youe) (3.29)

when |9ou) = S lwin). To understand this one must check that these two
expectation values are indeed the correct measures of the in and out energies.
To this end, suppose that the potential ¥ is time-dependent and, hence, that
energy is not conserved. Convince yourself that provided ¥ is suitably well
behaved, the proof of Section 2-c that U(¢) |p) — U(#) |¢in/out) a8 ¢ > F o0
still holds. Then show that for any scattering orbit, the actual energy (i.e.,
the expectation value of H) tends to (yin] H l9in) OF (Wouel HO [Yous) as
t > Foo. This means that, whether or not energy is conserved, these two
expectation values are indeed the in and out energies, and that (3.29) ex-
presses conservation of energy in collisions. [To do this really rigorously
requires more care than it probably deserves; the main point is to under-
stand the significance of (3.29).]

3.2. To refresh your memory about delta functions, show, by making
suitable changes of variables, that

(@) 8(az) = |al™ &()

®) f “dp 60 8, — Ey) =" 50"

[The first relation was used in (3.20); the second in doing the radial part of
the integral (3.26) for the optical theorem.]

14 The high energy physicist would probably prefer to see this result stated in terms of
do/dt, where ¢ is the square of the momentum transfer £ = —(p’ — p)®. Since do/dt cc
P 2do|dQ, the peak in do/dr tends to a fixed height as E — oo,
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In Chapters 2 and 3 we have developed a rather complete des.cription of the
scattering of a single spinless particle in terms of the scattering operator S
and amplitude f. We now go on to show that the formalism developed so far
is already sufficient, with some simple extensions, to cover some more gegeral
and more interesting processes: the elastic scattering of two spinless particles
in this chapter, and of two particles with spin in Chapter 5. For the'moment
we consider only the scattering of two distinct particles; the spemal_ prob-
lems associated with identical particles we defer to Chapter 22 (to which the
reader can jump after Chapter 5, if he wishes). :

The main purpose of this chapter is to establish the well known result that
the elastic scattering of two particles, viewed in their center-of-ma§s frame
of reference, is the “same thing” as the scattering of a single partwlg by a
fixed potential. As an essential preliminary we first describe the mathematical
relation of the Hilbert space of two-particle states to the two spaces of the
individual one-particle systems.
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4-a. Two-Particle Wave Flinéﬁons

The states of a system of two distinct spinless particles are represented by
wave functions (X, X;) depending on the positions x; and x, of the two
particles. A special case of such functions is a product of the form (x,, X,) =
S (x)x(x;) whose corresponding state vector we shall denote by |yp) =
|¢y ® |x). Here, of course, |y) is a vector in the two-particle Hilbert space
A, while |$) is in the one-particle space S, of the first particle, and |y)
is in the corresponding space 5, of the second. This product vector repre-
sents a two-particle state where the first particle is in the state |¢) and the
second is in the state | ). Two important properties of product vectors (both
easily verified in terms of the corresponding wave functions) are: first, if
{In);} and {|m),} are orthonormal bases of the one-particle spaces 5#; and
4, then the products,

[n), @ |m), [p,m=1,2,3,...]

form an orthonormal basis of the two-particle space 5#°. Second, the scalar
products satisfy:

(e e @) =@ | ' | 0

When a space 5 can be built up in this way from products of vectors in
two smaller spaces 5¢; and 5 ,, we say that S is the tensor product of 3,
and S, and we write! # = #, ® #,. It is important to remember that
this equation does not mean that every vector in 5 is a product vector; it
means only that S# is spanned by product vectors; that is, every vector can
be expressed as a sum of product vectors. [This is very clear in terms of wave
functions. Obviously not every function y(x,, x,) is a product function.]

The tensor product occurs whenever a system has two or more independent

~ degrees of freedom. Another example is the Hilbert space of a single particle

with spin s, for which, !
%= «%sp,we@%spin

where g5, is just F2(R%), the space of ordinary wave functions, while
Hgpin i the (25 + 1)-dimensional spin space. This means that the
vectors in 5¢ are given by functions p,,(x) of the coordinate x and an index
m (such as the eigenvalue of Sj) labelling some basis in 5 ,;,. In this case
one usually groups the functions together to form (25 + 1)-component spinor
wave functions.

! We omit the formal definition of the tensor product, which is in any case quite complicated
and unilluminating. For our purposes it is sufficient always to regard 5#°; ® #, as defined
by wave functions that can be built up from products of wave functions, one from5#; and
the other from 5#,.
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We can regard the product 3#; ® #’, as a factoring of S, and it is an
important fact that a given space can be factored in many different ways.
For example, every wave function y(x;, X,) can be rewritten as a function of
the familiar center-of-mass (CM) and relative coordinates, which we denote
by: .

% = mX, + myX,
m; + my

X=X1—X2

Obviously the space of functions (X, x) can be spanned by product functions
of the form ¢(X) y(x) and it can therefore be written as

x=%1®%2=xcm®%rel

where 5., and 5. are the spaces of wave functions of the CM co-
ordinate X and relative coordinate x respectively. We shall see that for many
purposes this second factoring of ¢ is more convenient than the first.

Just as certain vectors in # = #°; ® H#, are product vectors so certain
operators are product operators. In fact, if 4 and B are any operators acting
on 5, and 5, respectively, we can define an operator (4 ® B)acting on 5
by the relation:

(4®BXlp) @ [x) =4|$) @ Bly) @.1)

In particular, the basic dynamical variables of a two-particle system are all
operators of the form 4 ® 1 or1 ® B. For instance, the momentum operator
for the first particle on the two-particle space S is defined in terms of the
corresponding operator on #; as

P,(on 5#) = P;(on 5#)) ® 1(on fz)‘

that is, acting on a two-particle vector |¢) ®.|x), it replaces |$) by P, |¢) but
leaves |y) unchanged. [With respect to the spatial wave function y(x;, Xy)
this definition means simply that P, is given by the familiar —iV,.] Similarly,
the operator for the momentum of the second particle is: :

P,(on 5#) = 1(on 5#,) ® Py(on 5,)

As one would expect (since they refer to different degrees of freedom), any
two operators 4 ® 1 and 1 ® B commute, as can be directly checked using
(4.1). (A specific and familiar example is given by the momentum operators
—iV, and —iV,.)

In practice it is usually unnecessary to distinguish 4 ® 1 from 4 and we shall
write just A4 for either; by the same token 1 ® B will be abbreviated to B and
hence 4 ® B, which is the same as (4 ® 1)(1 ® B), to AB. However, when

4-a. Two-Particle Wave Functions 59

we wish to emphasize the product structure of an operator we shall revert to
the tensor-product notation.
In the light of these ideas we can now consider the two-particle Hamiltonian
and the corresponding evolution operator. The Hamiltonian is:
P} P3

H=-—1 4%

+V=H+V 4.2
2m; 2m,

where (since we shall assume that the interaction is local and translationally
invariant) ¥ is a function of the relative coordinate x; — x, = x only. As
is well known it is convenient to reexpress H in terms of the operators for the
total and relative momenta

P = Pl + P2
and
myP; — mlpi)

my + mg

P =
which, are, of course, the momenta conjugate to the CM and relative
position operators

g = mX; + myX,

my + m,
and

X == Xl -_ X2

Of these four operators, P and X act only on 5, while P and X act only
on 5. In terms of these operators,?

= P2 +|: 2+V(X)i|
2M
= Hon + Hea 3 “3)
‘where M and m are the total and reduced masses,
M=m; +m, and m=—2"2
m; + my,

In the form of (4.3), H is obviously the sum of two terms, one of which acts
only on S ,, the other on 5. These two terms commute (as they must,

2 We should really write the operator V as a function V(X) of the operator X. However,
this is defined as the operator that multiplies the spatial wave function by the (number)
function V(x); since this is how it is usually thought of, we avoid the pedantic V' (X) in
favor of the more natural looking V(x).
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since they act on different spaces) and so the evolution operator can be

factored as follows:3

—iHt — i HomtHre)t
— ¢—Homtg—iHrelt

= ¢ Hom! ) g~iHrel! ’ 4.4)

Here the last expression serves to emphasize that U(¢) is the product of two
evolution operators, one for 5., and the other for 5#,,. This result
means that the motions of the center of mass and the relative coordinate are
independent. In particular, since H,p, is just P2/2M, the center of mass
moves like a free particle of mass M. Since Hp has the same form as the
Hamiltonian of a single particle with the reduced mass m and in the fixed
potential ¥, the evolution in ¢, will exactly resemble the evolution dis-
cussed in Chapters 2 and 3. This result is the crucial simplifying feature in
two-particle scattering and is the origin of the celebrated connection between
this problem and the scattering of one particle off a fixed potential.*

Finally, we note that the free evolution operator can also be factored in
the same way,

u(r)

o) = Bt — o~iHomt ® e—in.'elt (4.5)

Of course U%(¢) can also be factored as:

2 2
U°(r) = exp(—i B t) ® exp(—i P t)
2m, 2m,
corresponding to the factoring of 5# as 5, ® S ,. This second result ex-
presses the obvious fact that two noninteracting particles move independ-
ently. The same result obviously does not hold for the full evolution operator
U().

4-b. The Two-Particle § Operator

At first sight the problem of two-particle scattering appears very different
from that of a single particle in a fixed potential. [For example, the two

3 We recall that exp(4 + B) is not equal to exp(4) exp(B) unless 4 and B commute.

4 By simply assuming that H has the form (4.2) we have obscured the fact that this elegant
result depends only on Galilean invariance. The argument is this: Obviously any H can
be put in the form (4.3) if we allow ¥ to be an arbitrary operator. Translational invariance
requires that ¥ commute with P, while invariance under Galilean boosts requires that V'
commute with X (see Jordan, 1969, p. 124). This means that ¥ acts only on J#,,; and the
factoring (4.4) follows. The connection between (4.4) and Galilean invariance is par-
ticularly noteworthy since there is no factoring analogous to (4.4) in relativistic quantum
mechanics.
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problems are formulated on completely different Hilbert spaces £2(1R€) and
L2(IR3), respectively.] However, with the results just established we can
now demonstrate the sense in which the two problems are equivalent.

The general orbit of our two-particle system is U() |y) where [y) is any
vector in the two-particle space s#. Just as in the one-particle case, we
expect there to be certain scattering orbits for which the two particles move
far apart as t — F oo and U() |p) behaves like some freely evolving

Uo(t) Iwin/out>

As in the one-particle case, this expectation is correct and can be precisely
stated in the form of two results: the asymptotic condition and asymptotic
completeness.

The asymptotic condition states that every vector |p;,) in 5 is the in
asymptote of some actual orbit U(z) |y},

v 1) — U%(2) lpin)
(similarly for the out asymptotes). To prove this we must (as before) prove
that for every vector |y, ) the vector U(2)'U°(¢) |y;,) has a limit, or what is the
same thing, that the operator U(f)'U%(r) converges. To this end we substitute
the expressions (4.4) for U and (4.5) for U° into UTU°. We note that both
U and U° contain the same term exp(—iH,t) as their first factor. In the
product UtUP® these two terms cancel and we find the simple result:

U(t)f Uo(t) = lcm ® (eiHrelte_ié :elt)

where 1,,, denotes the unit operator on 5 .

This operator has a limit if and only if the second factor does. Moreover,
the mathematical structure of this second factor is precisely that of the
corresponding operator for a one-particle system with Hamiltonian

2

P .
Hrel =— V(X) = Hl(')el + V(X)
2m

Thus, if we make the same assumptions on V(x) as we made in Chapter 2,
the second factor does have a limit, which we call £, and the desired result
follows. The actual orbit whose in asymptote was |5, is given by,

ly) = lim U™V lpin)

= (lcm ® Q+) |win>E 9+ |wm> (46)

The corresponding result obviously holds for any [y,yu), and our proof of
the asymptotic condition is complete.



62 4. Scattering of Two Spinless Particles

We have introduced the notation £, to denote the two-particle Megller
operators acting on the two-particle space 5 = #*(R°). They have the
simple form:

Qd: = 1cl:n ® Qﬂ: (47)
where
Q, = lim e Hreltg=iH, t
t=>F o

The operators €2, act on 5., = £*(R?) and have precisely the structure
of the Mgller operators for a single particle in a fixed potential. The simple
form of &, is, of course, a direct consequence of the factorization (4.4)
of the evolution operator. In particular the factor 1., in 2, reflects the
fact that the center of mass moves like a free particle and is not scattered.
The proof of asymptotic completeness now carries over directly from the
corresponding one-particle results. Under the conditions on V given in
Chapter 2 we have the results that: First, the orbits with in asymptotes are
precisely the same as those with out asymptotes, (i.e., Q, and &_ map #
onto the same range %), and second, the direct sum of #, the space of scat-

tering states, and 4, the space spanned by the bound states, is the whole

space 5.
It follows at once that the operator

s=0'Q,

is a unitary operator mapping any |y;,) in S onto the corresponding
[wout) = S |9i1n). According to (4.7) it has the simple structure:

S=1cm®s\

where S = Q1Q, acts on &, and is precisely the one-particle .S operator
computed from the Hamiltonian H,;.

4-c. Conservation of Energy-Momentum and the 7' Matrix

From the expression § = 1., ® S it is immediately clear that S commutes
with P (which acts only on ##,,,) and, hence, that total momentum is con-
served:® Just as in the one-particle case § commutes with H® and energy is
conserved. From conservation of energy and momentum it follows that the
matrix elements,

(p1, P! S |p1s P2

5 This result can of course be traced back to the translational invariance of the system as we
shall discuss in Chapter 6.

4-c. Conservation of Energy-Momentum and the T Matrix 63

contain the factors

&E{ + E; — E; — E)) 65(p1 + P — P1 — P)
where E, = p3/2m, and so on. T
As before it is convenient to decompose this matrix element in terms of an
on-shell T matrix. To this end we first note that the eigenvector |p,, p,) of
P, and P, is also an eigenvector of the total and relative momenta P and P.
We can, without danger of confusion, write it as:

PP =1, P = IP)® P

where, of course, p = p, + p, and p = (mp, — mypy)/(m; + my). (This
corresponds to the identities

ei(nl-x1+p2-x2) = ei(i-x+p-x) = eiirx etp'x

for the wave functions.) If we then write S as 1., ® S it is immediately clear
that . ,
(P{’ pé' S ]pli Pz) = <l-’” P’l (10m ® S) “-” P)
= 0(p" — PXP'| S Ip)

Because the operator S has precisely the structure of a one-particle .S opera-
tor, its matrix elements have the familiar decomposition

(| S P> = (0" — p) — 27i (E,» — E,) (p’ <~ P) (4.8)
Combining these last two equations we get the desired result,

(P}, B3I S 1Py, B = S4(Bi — P1) 8(Ps — P2
—27i 8 E; — Y E)
X 6P — 2P ~p)| - (4.9)

The first of these two terms is the amplitude that each particle passes through
unscattered; the second is the amplitude that the two particles actually
scatter. The latter conserves total energy and total momentum but not, of
course, the individual components of the relative momentum.
Just as in one-particle scattering it is convenient to define a scattering
amplitude,
S@ —p) = —Q2m)’mt@p < p)

where in this case m denotes the reduced mass of the two particles.

At this point some comment on our notation is in order. The reader will
have noted that we have used bold-face type for the operators £, and S
of the translationally invariant two-particle problem, and ordinary type for
the corresponding operators 2, and S describing the relative motion. The
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operators £, and S act on the full space # = #?(R®) and their matrix
elements contain a momentum conserving d5(p° — p). The operators Q.
and S act on 5%, = Z#?(R?) and have precisely the structure of the corre-
sponding one-particle operators.

Throughout this book we shall use bold-face type for the collision opera-
tors £, and S of systems with translational invariance. These operators
conserve total momentum and their matrix elements contain the factor
8;(p" — P). Ordinary type Q. and S will refer either to the relative motion of
a translationally invariant system (S = 1., ® S, etc.) or to the motion of a
system with fixed potentials. In this way we guarantee that Q, and S always
have the same structure; in particular, their matrix elements do not contain
an overall momentum-conserving delta function. In either case the on-shell
T matrix t(p’ < p) is defined by (4.8) (or its multichannel analogue) and
contains no delta functions.

4-d. Cross Sections in Various Frames

The cross sections for two-particle collisions can be defined in various
frames of reference. In most experiments the target particle is initially at
rest, and the frame defined by this condition is therefore called the laboratory
(lab) frame of reference. For theoretical purposes the most convenient frame
is that in which the center of mass is at rest (or more precisely the expectation
value of the total momentum is zero); this frame is called the center-of-mass
(CM) frame. In some situations (e.g., molecular collisions in a gas) one has
occasion to discuss frames in which both particles move with arbitrary
momenta.

We shall find that the cross section can be defined so that the number of
particles scattered into any element AQ of solid angle is given by the familiar
formula (3.11) in all frames of reference; that is:

Neo(AQ <= py, P2) = Rinc(P1, P2)I(ALQ <Py, P2) - (4.10)

where the initial momenta p; and p, of the two particles are inserted to 1dent1fy
the frame in which all quantities are measured.

We first consider a given collision in one definite frame, its CM frame for
example. If we repeat the collision many times in the same way as in Chapter
3, then the number of scatterings into any AQ will be proportional to the

incident density #;,.. (In the classical case this is obvious; for the quantum -

case we shall prove it in Section 4-e.) Thus, in this frame we can use (4.10)
to. define the cross section g(AL2 < py, p,).

Havmg defined the CM cross section so that the relatlon Nye = Rjno0
is true in the CM frame, let us consider the same sequence of collisions as
viewed by an observer in some other frame of reference. To determine what
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this new observer sees, we must consider how the quantities involved in (4.10)
transform from one frame to another. The momenta that the CM observer
O calls p; and p, (with p, = —p;, of course) will be labelled p; and p; by the
second observer ¢'. Similarly, the element of solid angle called AQ by @
is called AQ’ by @'. (We are using AQ to identify both the magnitude of solid
angle and the direction about which it is defined. In general, both the magni-
tude and direction will be different as measured by the two observers.)
However, the actual number of counts registered in any actual solid angle
must, of course, be the same as measured by either observer. This means
that,

Nsc(AQI‘ « P{’ Pé) = Nsc(AQ <« P, PZ)

for any two observers ¢ and (’; that is, N, is invariant.

The transformation of the incident density n;,. is a little more subtle.
We suppose first that the incident momenta p; and p; in the second frame are
collinear (as they are in the lab frame, for instance). In this case, it is easy
to see that the total number of incident particles to cross unit area perpendicu-
lar to the incident momentum is the same, as counted in either frame. That
is, the incident densities as seen by @ and ¢’ are the same,

‘ ninc(Pi’ Pé) = ninc(Pls Pz) ‘ (411)

If we consider a frame in which the two particles approach obliquely, it is
not immediately clear what should be meant by the incident density #;y,,
in this new frame. However, a moment’s reflection shows that the natural
definition of ;. is the incident density perpendicular to the relative motion
of projectile and target. With this definition n;,.(p;s, p2) is exactly the same
as the original n;,,(py, p;)- That is, with the proper definitions, (4.11) holds
for any @ and @',

The situation is now this: In the CM frame we have defined a cross section.
so that the number of scatterings is given by the relation Ny = ni,.0; and
the quantities N, and n;,, are invariant as measured in all frames of refer-
ence. It immediately follows that we can define the cross section in any frame
such that N,, = n;,.0 and that, with this definition, the cross section has the
same value in all frames:

o(AQY “ Pi, P2) = o(AQ < py, Py)

that is, 0(AQ <« py, py) is an invariant. -
The differential cross section is defined by considering a small solid angle
dQ and setting
‘ do

dQ(— N =
o( P P2 (dQ

)dQ
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It follows that the differential cross section is not invariant since dQ is not.

Obviously, in fact,
do do
(dQ) (dQ) dq’ (4.12)

The problcm of computing the differential cross section in one frame given
its value in another is therefore a purely kinematic problem of computmg
dQ}{d(Y'. For example, the cross section of experimental interest is usually
the lab cross section while, as we shall see, the most convenient cross section
to compute is that in the CM frame. It is a simple exercise to check that these
are related by

(ﬂ) _ (ﬁ) (1 + 24 cos O, + A"
lab cm

(4.13)
dQ daQ [1 + Acos @)

where 4 = m,[m, is the ratio of projectile to target mass and 8, is the CM
scattering angle.

In conclusion, we remark that nothing we have said is changed if we con-
sider observers related by a Lorentz transformation. Thus, our conclusions—
that, with the appropriate definitions, ¢(AQ « p,, p,) is invariant, while
do/d(2 transforms as in (4.12)—are also correct in relativistic scattering.

4-e. The Center-of-Mass Cross Section

The computation of the cross section in terms of the on-shell 7" matrix or
the amplitude is similar to the corresponding one-particle calculation of
Chapter 3 and need not be given in complete detail. It is most easily per-
formed in the CM frame for the following simple reason: In the CM frame
the total momentum is strongly peaked about zero and measurement of p, is
therefore the same thing as measurement of the relative momentum p.
(If p = O then p, = —p, = p.) Now, the cross section is related to the prob-
ability that after the collision p, lie in some dQ2; on the other hand, since $
has the form 1., ® S it is the probability that p lie in some dQ which is
easily calculated. In the CM frame these two quantities are the same.

The. probability that long after the collision the relative momentum p
lie in some dQ is just

WdQ < i) = dOQ f &5 f 7 dp [9eud(B, PP 4.14)

(Note that we integrate over all p since the total final momentum is not in-
teresting to measure.) Using the decomposition (4.9) of the S matrix we can
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write the function v, in terms of v, as

VoniB. 2) = Pl D) + 57 [0 KE, — EDJ (0~ Phpuh ) (415)
(Note the trivial dependence on the total momentum P, arising from con-
servation of momentum.)

The in state for a typical collision process viewed in the CM framc has a
wave function of the form ¢,(p,) ¢5(p.). The function ¢,(p,) is the wave func-
tion of the projectile as it emerges from the accelerator or collimators;
&2(p;) is that of the target. Both functions are well peaked in momentum,
¢, about some p, and ¢, about —p,.

To define the cross section we repeat the experiment many times with the
projectile displaced randomly in the plane perpendicular to p,. That is, we
take

Vi (P, P) = 6o (B, P) = "1 (01)$:(Po) (4.16)

with p taking on random values p,(i = 1, 2, . . .)in the plane perpendicular to
. After many such experiments the number of particles scattcrcd into dQ2
w1ll be, as before,

Ny (dQ « ¢) = 2 W(dQ“— ¢pi)

= My f % W(dQ — ,)
As anticipated, this is proportional to »;,, and can be written as

Nsc(dQ - ¢') = nlnca(dQ « ¢)’
where

o(dQ — §) = f Ppw(dQ < ¢;)

Substitution of (4.14)—(4.16) into this expression, followed by a computation
almost identical to that of Section 3-¢ yields the answer (which the reader
should check; see Problem 4.2):

o(dQ—$) =dQIfp<p)® (4.17)

(where p points in the direction of dQ) provided only that the initial wave
functions ¢,(p,) and ¢,(p,) are sufficiently peaked about p, and —p,, and the
solid angle dQ does not include the forward direction p,.

As in Chapter 3 this answer is independent of the precise shape of the
initial wave function ¢ and is proportional to d€2. We can therefore write
it as:

do
Q<—p) =22 (p—p)dQ
o(d Po) 10 (P <D0
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[In the CM frame we omit the second p, from o(dQ < p,, —p,).] and we
find for the CM differential cross section

do 2
70 (P < Po) = | f(p < Po)l (4.18)

Po and p being the initial and final momenta of the projectile measured in the
CM frame. :

This result completes our demonstration that two-particle scattering when
viewed in its CM frame is equivalent to the problem of one particle that has
the reduced mass m and scatters off the fixed potential ¥. In summary, the
two-particle scattering operator has the form $ =1,, ® S, where S,
the scattering operator of the relative motion, is precisely the S operator of
the equivalent one-particle problem. The CM differential cross section is
given by the usual one-particle formula (4.18). And the cross section in any
frame can be computed from that of the CM frame using the kinematic
relation (4.12). The two-particle problem is therefore reduced to that of
computing the amplitude fof the corresponding one-particle problem defined
by the relative motion.

PROBLEMS

4.1. Derive the expression for the lab differential cross section in terms of the
CM differential cross section (see 4.13).

4.2. (a) Derive in detail the expression for the CM differential cross section
in terms of the amplitude; i.e., fill in the details of the calculation leading
from (4.14) to (4.18). [The main differences between this calculation and that
of Section 3-¢ are the extra variable p and the integral | d%p (these should
carry straight through your calculation and drop out in a normalization
integral at the end). Also the random displacements of particle 1 give the
factor exp(—ip - p,) in (4.16) whereas it would be nicer to have a factor
exp(—ip - p); this is easily achieved by expressing p, in terms of p and p.]
(b) Show clearly that one would get the same answer if one treated particle
1 as “target” and particle 2 as “projectile;” i.e., made the random dis-
placements on particle 2. (In practice, cross sections are usually achieved in
both ways at once. There are many particles in the beam, giving an average
over the impact parameter of particle 1, and there are many particles in the
target assembly, giving an average over that of particle 2.)

TN

Scattering of
Two Particles
with Spin

5-a The Hilbert Space for Particles with Spin
5-b The S Operator for Particles with Spin
5.c  The Amplitudes and Amplitude Matrix
5-d Sums and Averages Over Spins

5-¢ The In and Out Spinors

In this chapter we shall extend our scattering formalism to include
particles with spin—an extension whose importance should be clear if one
recalls that more than half of all particles, nuclei, and atoms do have
nonzero spin.!

In moving from spinless particles to particles with spin we must anticipate
two obvious complications. First, the Hilbert space for particles with spin
is more complicated, because it must describe spin as well as spatial degrees
of freedom. Second, the Hamiltonian may be spin-dependent and contain
terms such as the spin-orbit interaction of an electron with a nucleus or the
tensor interaction between two nucleons. Despite these apparent complica-
tions we shall see that the scattering formalism for particles with spin can

1 Nonetheless, there is some feeling (at least partially justified) that the complications due
to spin are inessential to the mainstream of scattering theory. The reader who feels this
can omit or postpone some or all of the material related to spin, without seriously affecting
his understanding of what follows (although this procedure is not particularly recom-
mended because some of the best illustrations of general principles come from the spin
formalism). The material in question is covered in Chapter 5, the last two sections of -
Chapter 6, and Chapter 7.

69
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be set up in exactly the same way as that for spinless particles for the following
simple reason. The essential feature that allows one to establish a scattering
theory is that before and after their collisions the particles become spatially
separated and cease to interact. This is as true for particles with spin as
for those without, and is true whether or not the interactions are spin-
dependent.

The scattering theory that we now construct differs from the corresponding
spinless theory in just one important respect. In place of the single amplitude
and single differential cross section .of the spinless case, is a large number of
amplitudes and cross sections, one each for every possible choice of initial
and final spin states.

5-a. The Hilbert Space for Particles with Spin

The Hilbert spaoe appropriate to a single particle of spin s is the tensor
product,

H = %space ® %spin

where 5.6 is the space £2(R?) of ordinary wave functions and 5 ;,
is the (25 + 1)-dimensional spin space. As a basis for 5#,;, it is usual to
use the eigenvectors {m) of the third component of the spin operator,

S [m) = m |m)

the eigenvalue m running from —s to s in integer steps. An arbitrary vector
|z} in ¥y, can be expanded as

)= 3 xmim) (5.1)
In connmection with this expansion, it may be worth emphasizing that
although there are just (25 + 1) basic states |m), a particle with spin none-
theless has infinitely many different spin states, corresponding to the infinite
number of possible combinations (5.1).
The spin state |x) in (5.1) is uniquely identified by the coefficients y,,,
which can conveniently be grouped into a (25 4 1)-component spinor

Xs

N\

5-a. The Hilbert Space for Particles with Spin gj!

In fact, it is often convenient in discussing spin to overlook the distinction
between the abstract vector |y) and its representative spinor y, and to regard
the two as one and the same thing.? In this case the operators on 5, are
regarded as (2s + 1)-dimensional square matrices. For example, we can
write the spin operator for a particle of spin half as S = o/2, where 0, 0,, 03
are the usual Pauli spin matrices.

A basis for the space S# can be constructed from any bases of 5,
and 5 .,;,. For example, one convenient basis is given by the eigenvectors ™
of P and S,

lp, m) = |p) ® |m)

which are products of the momentum eigenvectors |p) in 5 ,,., and the S
eigenvectors |m) in 5 ;.
The Hilbert space for two distinct particles with spins s, and s, is of course

' the product ¥ = 3, ® ', of the two one-particle spaces, each of which

is itself a product of the type just described. The spatial wave functions have
the form y,, ., (X1, X;) and just as in the spinless case it is convenient to

~ rewrite these as functions 9,, .,,(X, x) of the CM and relative positions, X

and x. Because these can clearly be spanned by products of the form
$X)gm,m,(X), we can regard the space H# as H = H 'y ® H'ye Where
H .m describes the motion of the CM position only, while 5#,,; describes
the relative motion, including both spins. The space ', can itself be
regarded as a product of one space for the relative coordinate x and another
for both spins. .

As a basis for the spin space we can use either the eigenvectors |m;, m,)
of the two z components, or the eigenvectors |s, m) of the total spin and its
z component. The relation between these is:

|s, m) = z |my, my) (s15,mym, | sm)

my.mg

where (s,5,m,m, \ sm) is the usual Clebsch-Gordan coefficient.? When we
do not wish to commit ourselves to a particular basis we shall use the
notation |£) to label any convenient choice. In practice, £ usually stands for
either (m,, m,) or (s, m), and in any case is a label taking on (25, + 1)(25;, + 1)

2 Of course one can always take the view that the state vector is the wave function (or, in the
present case, the spinor). However, it is usually preferable to distinguish between the two
and to regard the state vector as being represented by the wave function. Nonetheless, in
discussing spin it is sometimes convenient to let the distinction become a little blurred.
3 For the Clebsch-Gordan coefficients (also known as Wigner, or vector-coupling co-
efficients) we shall follow the popular Condon and Shortley phase conventions. (See
Condon and Shortley, 1935, or Messiah, 1961.)
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distinct values. The general spin state of the two particles can be expanded
as:

)= §X§ |&)
and is completely identified by the numbers y,, which can be grouped into a
column spinor y of (2s; + 1)(2s, + 1) components.
For any basis {|£)} of the spin space there are several corresponding bases
of the complete space J# and the space of the relative motion #,. The

most important basis of "5 consists of the momentum eigenvectors, which
we write (without serious danger of confusion) in either of the forms:

|p1a P2, §> = |l-)a p; 5>
where p and p are the total and relative momenta as usual. The corresponding

basis vectors of s, are just |p, &) in terms of which we can write |p, p, &)
as [p) ® Ip, &)

5-b. The S Operator for Particles with Spin

Apart from the fact that the Hilbert space is a little more complicated than
before, we can now set up a scattering formalism exactly as for the spinless
case. The orbits have the usual form U(f) jp) where |p) is any vector in the
space J# just described. The evolution operator U(r) is determined by the
Hamiltonian

H=H"+V

where H° is the same as for the spinless case,
P, P, P P
Tam 2my 2M 2m
Typical examples of the interaction ¥ would be a nucleon-nucleon inter-
action of the form:
V= Vi(r) + S;:S; Vo(r) + S;-x Spex Va(r) (5.2

(Remember that x = x; — X, and r = |x].) or the'spin-orbit interaction of an
electron in an atom or nucleon in a nucleus,

V = V,(r) + LS Vy(r) (5.3)

In all cases, whether or not ¥ depends on the spins, one expects that V" will
go to zero as the two particles move apart. Thus, with the potentials (5.2)
and (5.3) we expect that the coefficients V,(r) will go to zero suitably rapidly
as r — .

Using the same arguments as in the spinless case we can now prove the

HO

‘asymptotic condition, which asserts that every |y;,) in 5 labels the in
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asymptote c;f some actual orbit U(z) ly),
U() |9) —— U0 pin)
t*—w

Exactly as before, this is true provided the vector

t
U U [p1m) = e + i f U@ Y U) [y

converges. And exactly as before it is sufficient to prove that the integral

0 0
f dr UGV Ul = f_ dr [V Uy pal

is convergent. The evolution operator U°(7) (which is precisely the same as
in the spinless case) conveniently spreads the two particles apart as 7 becomes
large. Thus, provided V is suitably short range the integral does converge
and the asymptotic condition holds exactly as before.

Even if it were possible to precisely enumerate the class of interactions ¥
for which the asymptotic condition and asymptotic completeness both hold,
it would probably not be very interesting to do so. We content ourselves
here with the assertion that both results surely hold for all “reasonable”
potentials and shall confine attention to these from now on. (As usual this
excludes the Coulomb potential.) Thus the Mgller operators £2__ exist as the
limits of U(#)'U°(r) and map each in or out asymptote |p,,) O |,y ONtO
the corresponding actual state |p) at + = 0. The operator § = Q!Q, is
unitary and maps each |yp,,) directly onto the corresponding |,y

Exactly as in the spinless case the S operator has the structure T

S=1m®S (5.4)

where, of course, 1, refers to the motion of the CM position only, while
S acts on the space of the relative motion, including both spins. This result
can be regarded as reducing the problem of two particles with spin to an
equivalent quasi-one-particle problem, namely the scattering of a single
particle with spin s, off a fixed target of spin s,.

5-c. The Amplitudes'and Amplitude Matrix

For the same reasons as before S conserves energy and momentum and its
matrix elements can be decomposed into two terms,

(P1s P2 €'l S |P1s Pos &) = 35(pi — o) Os(ps — Pz)ag'g
— 27i 6(2 E;—>E) (5.5)
X 6 p; — 2 PP, & —p, &)
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[Compare (4.9) for the spinless case.] In (5.5) the first term is the amplitude
for no scattering and leaves both momenta and spins unchanged. The
second conserves energy and total momentum but can in general connect
states of different relative momenta and different spins. Just as before, the
on-shell T matrix is related directly to the operator S of the relative motion;
specifically, if we insert (5.4) into (5.5) and factor out the total-momentum
delta function, we find:

P, &151p, &) = 6(p" — PY¢y — 27i (E, — E,) H(p', &' < p, §)

The on-shell T matrix is proportional to the scattering amplitude, which we
define as usual to be:

S, & <p, & =—-Qm)’mt@, & —p, 8

Exactly as in the spinless case we can now calculate the CM cross sections
in terms of the amplitude. However, in place of the single differential cross
section of the spinless case, we now find an infinite number of differential
cross sections because the particles can enter the collision in any spin state
lx> and one can (in principle, at least) measure the number of particles
emerging into dQ with any given spin state [y'). We consider first the case
where the particles enter in one of the basic spin states |£) and we count the
number emerging into dQ in the basic spin state [£"). [Recall that £ is just
the label for any convenient basis in the spin space; e.g., & = (my, m,).]
For this case a calculation identical to that in Section 4-e gives:

d_O' 4 !1_ = ’ !1_ 2
d\Q(p,é P& =11, & <—p i

which is the CM differential cross section for observation of the final particles
in the direction of p"with spins given by |&") if the initial particles had relative
momentum p and spins |&).

The cross section for observing an arbitary final spin state |x’) coming
from any initial spin state |y} can be evaluated in the same way. If

I = EE:XE 1£)

and similarly {y"), we can calculate the relevant S-matrix element from (5.5)
and, hence, the corresponding CM cross section, which is easily seen to be
(see Problem 5.1.) ’

2

da r r ’ 4 r
— @, p) =2, <D O
dQ £

This result expresses the cross section for arbitrary spins (Jx') < [x)) in terms
of the amplitudes for the [(2s; + 1)(2s, + 1)]? basic processes (|&') < |£)).

5-c. The Amplitudes and Amplitude Matrix 15
Its form suggests that we rewrite the basic amplitudes as
T8 < p, & =fosd <P
and then regard them as the elements of an amplitude matrix,

F(p' < p) = {fo:(p < P}

[This matrix is often called M(p’, p) in the literature.] Our result can then be
written in the compact form*

da r r r r
@ r<pD =N TF(p’ < p)x? (5.6)

from which it is clear that all information relevant to the scattering of the
two particles is contained in the matrix F(p’ < p), just as, in the spinless case,
all information was contained in the single amplitude f(p’ < p).

It may help the reader to become familiar with the idea of the amplitude
matrix to focus attention on some specific example, the simplest of which is
the case of a spin-half particle scattering off a spinless target. This example
includes such important processes as the scattering of electrons off a spin-
zero atom, of nucleons off a spinless nucleus, and a number of elementary
particle processes, of which the most important is pion-nucleon scattering,
Because one particle is spinless, the spin space of the whole system is just the
two-dimensional spin space of the spin-half projectile. We use the usual Sy
basis with basic vectors |+) and |—) corresponding to the eigenvalues
m = +3%. According to (5.6), the scattering is determined by a (2 x 2)
amplitude matrix:

’ _ fre(@' < p) f+—(P’ <~ p)

LR Vv Oy ety G
The element f,,.,,(p" < p) is the amplitude for an initial particle with momen-
tum p and z component of spin m to be scattered into the direction p’ and
observed with z component of spin m’. (For obvious reasons f,_ and f_,
are referred to as spin-flip amplitudes and f,, and f__ as spin-nonflip ampli-
tudes.) The most general initial and final spin states are given by two-
compongnt spinors y and y' and, according to (5.6), the amplitude for

‘observing the corresponding process (p’, ¥’ <P, z) is just the number

1 TF(p’ < p)y.

4 1 have chosen to use the notation x’tFy, rather than (x| F|x) to emphasize the view of F
as a matrix and x and x” as column spinors. This result includes as a special case the cross
section | fi¢|2 for the basic process (p’, &’ < p, &), since the spinor for the basic state |£)
consists of a 1 in the §th place and zeros elsewhere.
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5-d. Sums and Averages Over Spins

In principle, the result of the last section contains all the information we
need in the elastic scattering of two particles with spin. If we can calculate
the amplitude matrix F(p’ <— p) (by any of the methods to be developed in
Chapters 8-14 for example) then we can predict the cross sections for all
possible spin states y and y’. Alternatively, if we can observe the cross
sections for sufficiently many different y and y’, then we can measure the
amplitude matrix within an undetermined overall phase.?

In practice, the situation is not so simple. In most real experiments the
incident particles do not all occupy a single definite initial spin state y and the
scattered particles are counted by detectors that cannot discriminate between
the different possible final spin states y'. These complications are most
-easily handled in general using the density matrix of quantum statistical
mechanics (discussed in Chapter 7). However, in certain simple (and
frequently occurring) situations it is just as convenient to use the more
elementary method of averaging over initial and summing over final spin
states, as we now describe. '

We begin by considering (what is in fact the most common experimental
situation) the case that the particles of the incident beam and target are
completely unpolarized; that is, instead of all occupying some definite spin
state, the spins of the particles are oriented completely randomly. We shall
show in Chapter 7 that a beam or target in which the particles are oriented at
random is the same thing as one in which the particles are equally distributed
among the (25 + 1) states of any conveniently chosen orthonormal basis.
(For example, a beam of electrons randomly oriented is indistinguishable
from a beam of electrons 509, of which are spin up and 509, spin down.)
For the present we shall simply take as our definition of an unpolarized beam
or target one in which the (2s + 1) states |m), m = —s, ..., 5, are occupied
by equal numbers of particles.

We consider an experiment in which an unpolarized beam of spin s;
impinges with relative momentum p on an unpolarized target of spin s,.
We imagine that we count the number of particles emerging with momentum
in dQ about p’ and with some definite basic spin state |&') = |my, my).
Because the beam particles are equally distributed among the (2s, + 1) basic
states |m;), and similarly the target particles among their (2s; 4xl) states

5 See Problem 5.3. Just as in the spinless case the overall phase can be measured but not
by simple measurement of do/dC} in a given direction. (For example, measurement of the
total cross section allows one to determine the forward amplitude completely, using the
optical theorem. If one assumes that at low energies only a few partial waves contribute,
then fitting da/d(Q at all angles usually allows one to determine the amplitude with, at worst,
a finite number of ambiguities.)
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|my), the proportion of collisions for which the initial spin state is any definite
[&) = my, m,) is exactly 1/(2s, + 1)(2s, + 1). Thus, when the total incident
density is n,,, the incident density for collisions in which the initial spin
state is |£) is just nyno/(25; + 1)(2s, + 1). The contribution of these collisions
to our scattered counts is therefore:

Nine d_O' 7 gt
@51 + D5, + 1) 40 (p', & < p, §) dQ (5.8)

Since the total number of counts is the sum of the contributions from the
various initial states, the total count is obtained by summing the expression
(5.8) over all &, that is, the total count can be written as:

do ,, ,
ninch (Pa & ‘_P) dQ
where '
‘do , ., ., 1 do . .
LW, E—p) = W, in spirs
dQ (25, + 1)(2s; + 1) ? i unpolarized

This last is seen to be the effective cross section for scattering from initial
momentum p to final momentum p’ and final spin state |&’) if the initial beam
and target are unpolarized; it is seen to be the average over the initial spins &
of the cross section for the basic process (p’, & « p, £).

We next consider the complementary situation in which the initial particles
are polarized (they are all in some definite spin state) but we use spin-
insensitive detectors that count all emerging particles irrespective of their
spin state. If the initial spin state is one of the basic states |£) and the incident
density n,,,, then the number of particles emerging into solid angle dQ about
P’ with any definite spin state |&') is of course

do ., , ., ‘
ninch(PaE ‘—P,E)dQ

Because our counters accept all particles irrespective of their spin state the
total count is obtained by summing this expression over all &, That is, the
total count can be written as:

do , ,
Mine dQ (p P, 5) dQ

where

do dO’ t i
, =39 e out spins
d—Q @ +~pé 52 dQ (», ¢ P ¢) [not monitored
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is the effective cross section appropriate to the initial spin state |£) if we use
spin-insensitive detectors for the final particles. That is, the cross section
appropriate to spin-insensitive counters is obtained from the basic cross
section (p’, & < p, &) by summing over the final spins &'. Obviously it is not
essential that our incident particles occupy one of the basic spin states |£);
if they occupy instead an arbitrary state given by the spinor y, then we can
define a corresponding cross section for the process (p’ < p, x), which
is obtained by summing that for the process (p’, & < p, x) over all &'.

In practice, the most common type of experiment uses initial particles that
are completely unpolarized and spin-insensitive counters. In this case we can
immediately combine the above discussions to give the effective cross
section:

1 do
= T~ ” E’ P
(25, + 1)(2s; + 1) ; 2. P, £)

in spins unpolarized (5.9)
out spins not monitored ’

do .,
) (' <p

This cross section is generally referred to as the unpolarized cross section. It
is obtained from the basic cross section (p’, £’ < p, £) by averaging over the
initial spins £ and summing over the final spins &'.

If we consider the example of (spin ¥3) — (spin 0) scattering discussed
above then the various cross sections can all be expressed in terms of the four
basic amplitudes f,,, f_, f_,, f_. Thus, for example, the unpolarized cross
section (5.9) is just

j—;’z @ D)= HlIfulP + P+ P+ 1 (5.10)

This makes clear the important fact that as long as we have only unpolarized
beams and spin-insensitive methods of counting, the only relevant quantity,
and the only measurable quantity, is this particular combination of all four
amplitudes. To obtain more complete information on the amplitudes
(individual magnitudes or relative phases) we must clearly use a polarized
beam or some spin-sensitive method of detection. We shall return to these
questions in Chapter 7.

5-e. The In and Out Spinors

With the results of the last two sections we can give a useful alternative
interpretation of the amplitude matrix F(p’ «<—p). To this end we consider
particles incident in some definite spin state, which we now label by the
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normalized spinor ¥; and in terms of x™ we define a second spinor,

1o = F(p' < p)x™ (5.11)

What we shall show is that y°™ is precisely the actual (unnormalized) spinor
of those particles which emerge with momentum p’ if the initial momentum
and spins were p and y™. To see this we focus attention on those partlc':les
emerging with momentum p’. The result (5.6) for the cross section
(@', ¥’ <P, 1™ can be rewritten as:

in|2 = out|2

i ’ ’ i
Z_gz(l”, ¥~ p ™ =P " =12"%
which shows that the probability of those particles emerging in the direction
p’ being found with spins y' is proportional to [T o2, foF any x'. But
according to the elementary principles of quantum mechanics this means
simply that x°" is the actual spin state of these particles.®

The spinor 2°" is not normalized; on the contrary,

"% = glxé"‘“l2 = §Z zg:fg'g(l" it

2

do :
— Radedl r’ £r<_ \ m)
; 10 (p P X

This sum will be recognized as the cross section (p’ < p, ¥’ thatis mea'sured
if we use spin-insensitive counters, which accept all particles irrespective of
their spin state. Thus, the result is simply that

o ® = j—gz (p' <p, 2™  [out spins not monitored]  (5.12)

To conclude, we summarize the principal results of this chapter. ‘In
Section 5-c we showed that if the two particles in a collision have spins s,
and s,, then in place of the single amplitude f(p’ < p) of the spinless case,
one has an amplitude matrix F(p’ < p) made up of the [(2s, + 1)(2s2’+ ’1)]2
basic amplitudes f;..(p’ < p). The cross section for any process » s
p, ) involving arbitrary initial and final spin states x and g is jusF lx'TFyl?,
which includes as a special case the cross section | fo-¢l® for the basic process
@, & <p, £). In Section 5-d we gave the cross sections appropriate to

6 The resemblance between the equation (5.11) x°% = Fyin and the fa}miliar result Jy 0> =
S |;n 7 is, needless to say, no accident. In fact the matrix F(p’ < p) is, apart from assorted
factors of 2 and delta functions, the restriction of the S operator to the subspaces deﬁx.led
by the momenta p and p’. Thus, it is entirely legitimate to think of (.5.11) as an expression
of the basic result |y, > = S l¥;n>. Thereason that we have not derived thc? res'ults of thl:
section from this point of view is that it is hard to keep t;ack of the normalization of %%
this way. (Note well that #°% is not normalized when y'" is.)
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experiments using unpolarized beams or detectors that cannot distinguish
between the various spin states. Finally, in this section, we have shown that
if the particles enter with relative momentum p and spin state ™ and if they
are observed to emerge with momentum p’, then their actual spin state is
given by y°% = F(p’ < p)x®, where x°** is normalized such that | y°"|2
is just the cross section (5.12) for their emerging with momentum p’ irrespec-
tive of spin state.

PROBLEMS

5.1. Using the decomposition (5.5), write down the decomposition of an
arbitrary S-matrix element {p;, pz, %’ |S| P1, P2> %) in terms of ' TF(p’ < p)y.
From this derive the cross section (5.6) for the process (p’, ¥’ < p, y) in
terms of the amplitude matrix F(p’ <—p). (Obviously there is no point in
reproducing those messy details that you have already given for the spinless
case. The point is to understand how the spins affect the calculation.)

5.2. (a) Suppose that the interaction of two particles with spin is spin-
independent. Show that the amplitude matrix has the form F(p' < p) =
f(p' < p, where I is the unit spin matrix and f is the amplitude one would
obtain for two spinless particles with the same Hamiltonian. (This means
one can simply ignore the spins when calculating the amplitude.)

(b) Show that the particles emerge from any collision with the same spins as
those with which they entered, and that an experimenter without spin-
sensitive counters can detect no evidence that the particles have spin (in this
experiment). (This last is in sharp contrast to the situation when the inter-
actions depend on the spin. In this case certain initial spin states can lead

to asymmetries in the outgoing distribution that can be detected even without

spin-sensitive detectors.)

5.3. Consider the scattering of a spin-half projectile off a spinless target.
Show clearly that by measuring the differential cross section (p’, ¥ «<—p, %)
for sufficiently many different spin states y and y’ (and given p and p’) it is
possible to measure all four elements of the amplitude matrix F(p' < p),
apart from a single overall phase. Show that in general 10 measurements are
needed (assuming all 4 elements of F are independent) and describe some
suitable sequence of measurements.

5.4. (a) State and prove the optical theorem for particles with spin. (Review

the proof of Section 3-f for spinless particles, and remember to consider an

arbitrary initial spin state y.)

(b) For (spin ¥%) — (spin 0) scattering show that the optical theorem lets
one measure Im f, ., Im /£, and two other quantities involving f, and f_,
all in the forward direction).

Invariance
Principles and |
Conservation Laws

6-a Translational Invariance and Conservation of
Momentum
6-b Rotational Invariance and Conservation of

Angular Momentum
6-c The Partial-Wave Series for Spinless Particles

6-d Parity

6-¢ Time Reversal

6-f Invariance Principles for Particles with Spin;
Momentum-Space Analysis

6-g Invariance Principles for Particles with Spin;

Angular-Momentum Analysis

In this chapter we shall discuss the application of invariance principl.es to
the scattering theory of the preceding chapters. We shall find that invan'ance
of the system under any of the possible symmetry operations' (rotations,
parity, time reversal, etc.) inl@gs.severe restrictions on the | EQ_QS%DL@.,ngm_Qf
the scattering amplitude. For example, rotational invariance implies that
the amplitude f(p”<— p) for two spinless particles depends only on the
magnitude of p and the angle between p and p’; and that f(p’ < p) can be
expanded in the famous partial-wave series. .

The results of this chapter are of great practical value since they give one
information on the form of the amplitude even before one attempts to
calculate it. But perhaps their greatest importance lies in their complete

81
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generality. They depend only on the assumed invariance principles and are
quite independent of the precise form of the Hamiltonian (and indeed of the
very existence of a Hamiltonian). Thus, all of the results of this chapter
carry over to any theory where there is an S operator and where the relevant
invariance principles apply. In particular, .they have played an especially
important role in relativistic scattering theory, where there is good evidence
in favor of the various symmetries (at least for some systems), but where we
do not know the precise nature of the underlying interactions.

6-a. Translational Invariance and Conservation of Momentum

We begin our discussion of invariance principles by re-deriving the con-
servation of momentum directly from translational invariance. This deriva-
tion will be the prototype. for our later discussion of all other invariance
principles. '

The effect of a rigid translation through a vector a on any system is given
by the unitary translation, or displacement, operator

D(a) = e (6.1)
where P is the total momentum operator of the system. This means simply
that if the system occupies any state |y) and is then rigidly displaced through

'a, then the resulting state is! D(a) |y). The dynamics are said to be trans-

lationally invariant if the Hamiltonian is unchanged by any displacement. If
this is the case, then D(a)' HD(a) = H and H commutes with the displacement
operators.

We now return to our two-particle system with Hamiltonian H = H° + v,
and note that H° automatically commutes with D(a). Thus, if the system is
translationally invariant the translation operators commute with both H
and H°, and from this it follows that they commute with the Moller operators
Q,,

D(a)Q, = D(a)[lim ¢H'e~*H"]
= [lim ¢#%eH*|D(a) = Q,D(a)
This implies that the displacement operators commute with S = QI Q , and,
hence, that $ = D'SD, Taking matrix elements we obtain (y |S| é) =

(xo IS| ép) where |$p) denotes the translated state D |¢). This result means
that, as one would expect, translational invariance implies equality of the

I For the case of a single particle this is just the result used in Section 3-d when displacing
the incident wave packet through p. For the general case, see Messiah (1961) p- 652, for

-example. It may help the reader to recall that for a single particle (6.1) reduces to D(a) =

exp(—a - V) in the coordinate representation; this obviously generates the Taylor series
for y(x — a) in terms of y(x).
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probabilities for any process (y<«¢) and for the translated process
(o < $o)- ' o

To establish conservation of momentum we have only to return to the
expression D(a) = exp (—ia-P). Since S commutes with D(a) fqr any
a, it must commute with P, the total momentum; [P, S] = 0. In particular,
if we take momentum-space matrix elements of this equation we find that

® =Dl =0

Thus, the momentum-space matrix element of S is zero unless the initial and
final total momenta are equal—that is, total momentum is conserved—and
the S matrix contains the familiar factor 6;(p" — p).

6-b. Reotational Invariance and Conservation of Angular Momentum

The effect of any rotation on a quantum mechanical system is given by a
unitary rotation operator R. If we parametrize the rotation through an
angle a clockwise about the direction @ by the vector @ = «ifi, then the
corresponding rotation operator is?

R(a) = &3

- (62)

where J is the total angular momentum operator. As with translation.al
invariance, the dynamics are said to be rotationally invariant if the Hamil-
tonian H commutes with all rotation operators R(a). In most (though not
all) problems of physical interest the dynamics are rotationally invariant.?

If we consider again our two-particle system and assume rotational
invariance, then we can show (using the same arguments as above) that
R(e) commutes with £ and, hence, with S. Because this is true for any a,
it follows that S commutes with J and the total angular momentum is con-
served.

We know, of course, that the two-particle scattering operator factors as -
S = 1. ® S and it will be no surprise that the interesting consequences of
rotational invariance can be found by considering just the operator S of the

2 The reader may be more familiar with the parametrization in terms of Euler angles, for
which .
R(@, 8, y) = exp(—ipJexp(—ibT,)exp(—ipJg)

(or some slight varjant, depending on one’s definition of the Euler angles). Nonetheless
for our purposes the parametrization (6.2) is more compact and convenient. )

8 Actually it is one of the most strongly held beliefs in modern physics Eha.t all isolated
systems are invariant under rotations of the whole system. Hovs.rever, it is of.ten con-
venient to regard part of a system as “‘external’ and fixed, in which case rotational in-
variance (under rotations of the rest of the system) does not hold. For example, the
scattering of an electron off a fixed crystal lattice is not rotationally invariant.
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relative motion. To see this we have only to recall the elementary result
that the total angular momentum is the sum of the angular momentum of
the center of mass plus that of the internal motion. For two particles this
simply means that
j = J]_ + J2
=XxP+XxP+S, +8S,
=XxP+1J

(S and S, being the two spin operators). Here the operator X x P-is the
angular momentum of the center of mass and acts only on the space
of the CM motion; while J is the internal angular momentum and acts only
on the relative space ;. Clearly S = 1., ® S commutes with the total
angular momentum J if and only if S commutes with the internal angular
momentum J.* There is therefore no point in discussing the two-particle
operator S any further and we can confine attention to the operator S of
the relative motion. Because this latter is the same as the § operator of the
equivalent one-particle problem, we shall for simplicity present much of the
remaining discussion using the terminology of one-particle scattering.

To conclude this section we return to the rotation operators R(a) and
consider the special case where both particles are spinless. In this case, the
condition that H commute with all rotations requires simply that V be
spherically symmetric; that is, a function of r only, V(x) = V(r). If V is
spherically symmetric, then S commutes with all rotations R and S = R'SR
(S being either the S operator of a single particle in a fixed potential or that of
the relative motion of two particles). Taking momentum-space matrix
elements of this equation we find that:

(Pl SIp) = (pz| S Ipa)

+ where pg denotes the momentum obtained from p by the rotation R. Sub-

stituting into the definitions (3.7) and (3.8) of the scattering amplitude, we
find the same result for f(p’ < p),

S <~ p) = f(pi Pr) | * - * [R invariance] (6.3)

(Here, as elsewhere, we indicate in brackets the conditions under which the
result holds; in this case rotational invariance.) This means, much as one
would expect, that rotational invariance implies equality of the amplitudes
for any process (p’ < p) and the rotated process (pg < pp)-

4 Since the factoring § = 1 em ® Sis in reality a consequence of Galilean invariance (See
last footnote of Section 4-a), so is the present result.
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The result (6.3) means that the amplitude f(p’ < p), which is a priori a
function of five variables, p and the direction of p’ (recall that [p| = |p’]),
is in fact only a function of two variables, which we take to be the energy
E, and the scattering angle 6 between p and p’. To prove this we must show
that if (p' < p) and (p' < P) are any two processes th.at have ‘the same
energies and same scattering angles, then the corresponding amplitudes are
equal:

SO < p) =S D) 64
According to (6.3) this is certainly so if we can find a rotation R that simul-
taneously carries p to p and p’ to p’. Because this is clearly possible,’ (6.4)
is true and f(p’ ~ p) is indeed a function of E, and 6 only. Thus for tl'le
scattering of two spinless particles interacting via a spherically symmetric
potential, we can write

f@ «<p)=f(E, 0)|---[R invariance] 6.5)

In practice this means there is no loss of generality in supposing that the
initial momentum p lies along the z axis; and further, that with p along the
z axis and p’ in the direction (6, ¢) the amplitude depends on the energy and
6, but not on the azimuth ¢.

We shall see later that the results (6.3) and (6.5), which apply to spinless
particles, are, in a sense, deceptively simple. The corresponding result for
particles with spin is rather more complicated.®

6-c. The Partial-Wave Series for Spinless Particles

In this section we shall explore in greater depth the consequences gf rota-
tional invariance for spinless particles. In particular, we shall establish that
rotational invariance implies the well-known partial-wave series. .

We have just seen that rotational invariance means that S commutes with
J, which for spinless particles is simply L (the orbital angular momentum of
the single particle, or the relative orbital momentum of two particles). We

5 For instance, let R; be any rotation that carries p onto I) (This ?xists since |p| = |p|.)
After performing R, we note that the initial momenta coincflde, while the final ‘momenta
differ by at most a rotation R, about the initial direction (since the two scattering angles
are the same.) Since this R, does not change the initial momenta the combination R =
R, R, carries p and p’ simultaneously onto p and p’. ) . o

® The point is that from rotational invariance all that is immediately obvious is that the
Probabilities for the processes (p’ < p) and (pg <~ pr) mu§t be' egual, and that (6.3) .must
hold within a phase. That (6.3) actually holds exactly is a simplifying f?e'lture of the spinless
case, and when the particles have spin we shall have to worry about additional phase factors;

see (6.36).
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already know that S commutes with H°. Now, for a single spinless particle
(or equivalently for the relative motion of two spinless particles), the three
operators H°, L?, L; form a complete set of commuting observables,” and it
follows that in the representation defined by these observables S is diagonal.
We shall denote the “spherical wave” basis vectors of this representation by
|E, I, m) where E, I(I + 1), m are the eigenvalues of H°, L2, L, respectively.
The corresponding spatial wave functions are:

14
«|E,1, m>=i’(i—’;) % JENYr®)  [p=(CmEY]  (6.6)

Here we have introduced the Riccati-Bessel function f,(z) = zj,(2), where
J(2) is the usual spherical Bessel function, and ¥7*(%)is the spherical harmonic,
whose argument & denotes the polar angles (6, ¢) of x.# The normalisation
is: ‘

(E\U,m

E, I, my = 8(E' — E)3ui,,,, (6.7)

It should be remembered that (as the 8 function in this normalization shows)
the |E, [, m) are improper vectors. Like the plane waves |p) they do not
represent physically realizable states; their significance is rather as a basis in
terms of which the real physical states can be expanded.

Because S commutes with H® and L the S matrix in the angular-momentum
representation is diagonal; that is, it has the form:

<E,, l,, mll S lE, l’ m> = 6(E, - E)(sl’l(sm’msl(E) (6'8)

That the number s,(E) is actually independent of m (as our notation implies)
is an immediate consequence of the Wigner—Eckart theorem, but can be
proved directly by noting that since S commutes with L it commutes with the
raising and lowering operators L,. Thus, L SL,_ = SL_L,. Taking matrix
elements_of this equation we find, after a little algebra, that,

(o.om+1St... o m+1y=(_C..,m|S}...,m)

that is, the matrix element is independent of m.

The number s,(E) on the right hand side of (6.8) is just the eigenvalue of
S belonging to the eigenvector |E, /, m). Since S is unitary, each of its
eigenvalues has modulus 1 and can be written as the exponent of a purely

7 That is, there is an orthonormal basis each vector of which is a simultaneous eigenvector
of all three operators and is uniquely identified by its corresponding eigenvalues.

8 We follow the conventions of Messiah (1961) (Appendix B) for Bessel functions and
spherical harmonics. The phase of the wave function (6.6) is purely a matter of convention.
The factor i! is inserted for convenience in discussing time-reversal invariance.
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imaginary number. We can therefore rewrite (6.8) as:

(E", I',m'|S|E, I, m)= 8E" — E)610 e E (6.9)

where the factor of 2 is inserted so that the real number §,(E) is just the
conventional phase shift, as we shall show in Chapter 11. For the moment
we shall adopt this equation as our definition of the phase shift §,(E). It
should be noted that this defines §,(E) only to within addition of an arbitrary
multiple of =.

The angular momentum basis {|E, /, m)} and the momentum basis {|p)}
are the only two bases of any great importance for the expansion of the
asymptotic free states. (When the particles have spin there are, of course,
several possibilities within each category, corresponding to the various
possible choices of spin basis.) The importance of the angular-momentum,
or “partial-wave,” basis is that it diagonalizes S. This means, as we have
just seen, that properties such as unitarity have an especially simple form in
this representation. The importance of the momentum basis is that the
amplitude f(p’ «<— p) defined in this basis is directly related to the observable
cross section, as we have already seen.

One can pass from one representation to the other using the appropriate
transformation matrix; in this case ®

® | E, I, my = (mp)™ &E, — E)Y](p) (6:10)

If, for example, we wish to express (p’| S |p) [or rather the amplitude
S (@ < p)] in terms of the partial-wave matrix elements, we proceed in the
standard manner as follows: [Since fis proportional to the matrix elements
of (§ — 1), we work with (S — 1) rather than S.] First,

@1 (S — 1) [p) = —— XE, — E)f(p' < p) (6.11)
2mm

(This is simply the familiar decomposition of the § matrix written in terms
of f) To express this in terms of the partial-wave matrix elements we insert
a complete set of states |E, /, m) into the left hand side to give:

= f 4E 3 @'1(S = DIE, L my(E, I, m| p)

Now, |E, I, m) is an eigenvectof of (S — 1), which can therefore be replaced
by the corresponding eigenvalue (s, — 1). Each of the remaining two

® This follows from the well known expansion of a plane wave in terms of spherical har-
monics and Bessel functions, (11.12).
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factors is simply the transformation matrix (6.10) and some simple algebra
reduces them to:

1 :
= XE, — Ep)gn Y (B)s(E,) — 1]Y7(B)* (6.12)

Comparing the two expressions (6.11) and (6.12) we obtain the desired
answer,

f@ < p) = f—;’ 3 YP@)I(E) — 17D

By choosing p along the z axis, in which case only Y?9(p) is noﬁzero, we can
rewrite this as:10

f(E,0) = f(p' < p) = ﬁ i @1 + Ds(E,) — 11P(cos 6)  (6.13)

where

14
4 ) Y20, ¢)

2l +1

is the Legendre polynomial and as usual  is the angle between p’ and p. It
is usual to introduce a partial-wave amplitude, defined as:

Pycos 6) = (

s(E) —1 ¥0E) _ 1 Bigin§
E) =& = = !
S(E) 2ip 2ip » (6.14)
in terms of which (6.13) becomes:
f(E, 0) =3 21 + 1)f(E)Pycos 6) 6.15)
=0

This is the so-called partial-wave expansion for the “full”” amplitude f(E, 6)
in terms of the partial-wave amplitude f,(E). It can of course be inverted.
In fact, using the well-known orthogonality of the Legendre polynomials we
find:

J(E) = %f_lld(cos 0) f(E, 6)P(cos 6) (6.16)

10 This follows equivalently from the spherical harmonic addition theorem

; YP@)YT@)* = [ + 1)/4n]Py(cos 6)

(see-Messiah, 1961, p. 496).
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These two results make clear that knowledge of the partial-wave amplitude
f.(E) [or equivalently the phase shifts §,(E)] for all / implies knowledge of the
full amplitude f(E, 6) and vice versa.l!

The partial-wave series (6.15) for f(E, 6) gives a double series for the
differential cross section do/dQ = |f|* as a sum of products of Legendre
polynomials. If this is integrated over all angles the orthogonality of the
Legendre polynomials cancels all cross terms and the total cross section is
therefore:

o(p) = 2 oi(p)
1
where
sin®é8,

op) = 4n(2l + 1) |f(P)|* = 4= (2] + 1) =

Since [sin 8| < 1, the maximum contribution of any partial wave to the total
cross section is given by:

20+ 1
2

op) < 4=

This inequality is often referred to as the unitarity bound because it arises
from the reality of §;, which in turn reflects the unitarity of S. A partial
cross section attains its unitarity bound if and only if the phase shift is an
odd multiple of w/2—a situation often associated with a resonance (see
Chapter 13). Notice that the unitarity bound on the partial cross sections
tells us nothing about the total cross section because insertion into the series
o = o, leads to the trivial result o(p) < oo.

Probably the principal importance of the partial-wave series is that at
low energies only a small number of the phase shifts §,(E) are nonzero (as we
shall see in Chapter 11). In this case the infinite series (6.13) reduces to a
finite sum and gives a useful parametrization of f(E, 6) in terms of a small
number of real parameters. This parametrization is especially attractive
since the reality of the phase shifts ensures that it is automatically consistent
with the unitarity of S. In addition it supplies a means of measuring the
Phase, as well as the magnitude, of the amplitude f. For example (to mention
the simplest case) it is found that at very low energies differential cross
sections. become isotropic (in the CM frame). This indicates that at these
energies fis independent of 6, and only the / = 0 phase shift is nonzero. The

11 Notice that the possibility of expanding f as a series of Legendre polynomials was
already clear from the result (6.5) that f is a function of E and 8 only. However, the cal-
culation leading from (6.10) to (6.15) was necessary to establish the relation (6.14) of the
expansion coefficients f,(E) to the partial-wave S-matrix elements (or phase shifts).
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partial wave series (6.13) then collapses to:
f(E, 0) = ﬁ (¥ _ 1) = I—l’e"“"(E’ sin 64(E)

In this case measurement of do/dQ = | f|? determines sin 8, within a sign,
and we can measure f itself with just one ambiguity.

6-d. Parity

In addition to rotational invariance, many systems satisfy invariance under -

parity. It is, of course, well known that there are processes (notably those
involving the weak interactions) that violate invariance under parity. None-
theless, there is an enormous class of processes (those involving the electro-
magnetic and strong interactions) that are apparently consistent with parity
invariance. In this short section we explore the consequences of parity
invariance for spinless particles. We return to the more interesting case of
particles with spin in Section 6-f.

Parity is defined as a reversal of the three spatial axes. More precisely,
the parity operator P for any system is defined as that operator (unique up to
an overall phase factor) that changes the signs of all positions and momenta
but leaves all angular momenta (and the nature of the system itself) un-
changed. Here the system of interest contains two spinless particles, for
which (as was the case with rotations) we need only consider the space of
the relative motion. For this the definition of P implies that

PIx) =#n|—x) and Plp)=5|—p) (6.17)

where 7 is an undetermined number of modulus one. Since P in any case
contains an arbitrary overall phase, we can redefine it so that!®

PIx)=|—x) and Plp)=|—p). (6.18)

For the wave functions this means that if |y,) denotes P |y), then pp(x) =
y(—x); and likewise for the momentum-space wave function.

12 1t should perhaps be emphasized that we are here discussing systems in which particles
cannot be created or destroyed. The situation when particles can be created or destroyed
(as occurs typically in relativistic quantum mechanics) is more complicated. In the present
case we can consistently confine attention to a system of fixed constituents and (6.17) holds
with a single fixed number 7, which can be absorbed into P. In the relativistic case, transi-
tions occur between systems with different numbers and types of particles. The result
(6.17) still holds, but the numbers n may be different for different types of particles. Since
redefinition of P changes all of the factors 7 by the same amount, they cannot (in general)
all be removed. In this case the ratio of the numbers ; for two different particles (the
intrinsic relative parity) is physically significant.
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The dynamics are invariant under parity if and only if P commutes with
H; or equivalently, V(x) = ¥(—x). [Note that this condition is automati-
cally satisfied if ¥(x) is spherically symmetric.] It follows exactly as in our
discussion of rotations that invariance under parity imples that P commutes
with S, and, hence, that S = PTSP. If |¢) and |¢’) are two states of definite

parity,
Pl¢)=rpl$) and P[¢") =p’|¢")

then (¢'| S|¢) =0 unless p = p’; that is, parity is conserved. More
generally, for any initial and final states (¢'| S|$) = (dp|S|dp). In
particular,

@ISl =(—pIS|-Pp

and, hence, for the amplitude we have the very natural result
f@ <) =f(—p' < ~—p) [P invariance] (6.19)

This result clearly shows that invariance under parity is automatic if our
system (of two spinless particles) is rotationally invariant. This is because a
rotation through = about a direction perpendicular to p and p’ carries p to
—p and p’ to —p’; thus rotational invariance implies (6.19). However, as
we shall see later, rotational invariance and invariance under parity are in
general quite independent.

6-e. Time Reversal

So far we have discussed three types of symmetry operations—displace-
ments, rotations, and parity—all of which are represented by- unitary
operators. We must now discuss a symmetry that is 7ot given by a unitary
operator: time reversal. To understand time reversal we must go back
briefly to discuss some general properties of symmetry operators.

Wigner’s Theorem and Anti-Unitary Operators. The effect of an invariance
transformation on the state vectors of any quantum mechanical system is
determined by a fundamental theorem of Wigner.’® Wigner’s theorem
establishes that any symmetry is given by a unitary or anti-unitary operator
on 5. More precisely, if a symmetry carries each state |y) into a trans-
formed state |y¢’), then either it is possible to adjust the arbltrary phase in
[y such that
lpy =Uly)  [all |yp)]

13 The theorem was originally given by Wigner in the early thirties (See Wigner, 1959,
Appendix to Chapter 20). It is discussed by Messiah (1961) Theorem III, p. 633, and by
Gottfried (1967) p. 226.
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where U is unitary, or it is possible to adjust the phases so that

vy =Wip) [all )]

where W is an anti-unitary operator (which we shall define shortly). These
two possibilities are exclusive; for a given symmetry just one alternative
holds. Whichever alternative applies, the operator is uniquely determined
apart from the inevitably arbitrary overall phase.

Associated with Wigner’s theorem are various tests that determine whether
a given symmetry operator is unitary or anti-unitary. Application of these
tests shows that displacements, rotations and parity are given by unitary

operators (results we have already used) but that time reversal is anti-

unitary.}* To discuss time-reversal invariance we must briefly review the
properties of anti-unitary operators, which are defined as follows:

An anti-unitary operator W is a one-to-one map of S onto 5 that is
norm-preserving and anti-linear; that is,

Waly) + bid)) = a*W ly) + b*W |¢).

This differs from the definition of a unitary operator only in that W is anti-
linear.

Some of the properties of anti-linear operators are very straightforward.
For instance, it is easy to see that the product of two anti-linear operators
is itself linear, while the product of one linear and one anti-linear operator is
anti-linear.

The only difficulty with anti-linear operators arises in connection with the
Dirac notation for matrix elements. This notation is designed so that for a
linear operator A, the quantity (¢| 4 |y) can be viewed in two ways:

@ 41y = (B (4 |9) = ($| O ly)

where the bra (¢| 4 by definition corresponds to the ket AT |¢). We can
emphasize this point by rewriting the identity using the mathematicians’
notation ( , ) for the scalar product

(Bl 4 ly) = ($, Ay) = (4", y) (6.20)

Unfortunately if 4 is anti-linear these alternative views of (¢} 4 |y) are no
longer equivalent. This is because there cannot exist an operator 4 satisfying

14 This can be shown in various ways. For example, one can consider the basic com-
mutation relation [X;, P = i6;4. By definition the time-reversal operator T has the effect
TTXT =X and TTPT = —P. Thus, if we sandwich the basic commutation relation between
Tt and T the left hand side changes sign. It follows that the right side must also change sign;
that is, TTiT = —i. This is obviously impossible if T is unitary, but is satisfied if T is
anti-unitary (as we shall see shortly). An alternative and more general test uses the fact that
the spectrum of H is bounded from below but not from above (see Jordan, 1969, p. 126).
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the second equality of (6.20). (This is easy to understand. The c.luanti'ty
(¢, Ay) is anti-linear in |y), whereas (A'¢, w) would have to be linear in
ly) whatever 4' is.) In place of the definition:

($, Ap) = (A'$,y)  [4 linear]
for A', one defines the adjoint of an anti-linear operator by the relation,
(p, Ap) = (A, p)*  [4 anti-linear] (6.21)

(It is easy to check that this does define an operator At and that A' is anti-
linear.) If one wishes to apply Dirac’s notation to anti-linear operators one
must distinguish between the brackets ($| (4 |y)) and ({(¢| 4) ly). An
alternative, which we shall follow, is always to revert to the more precise
mathematicians’ notation (¢, Ap) whenever one has occasion to discuss
anti-linear operators. N

Returning to the anti-unitary operator W it is easy to use the definition
(6.21) of W' together with the condition that W preserves the norm and
maps S onto the whole of J# to show that:

WIW = WWt =1

The only difference between this and the corresponding equation UTU =
UUt = 1 is that the individual operators W and W' are anti-linear. Their

product is of course linear.

Time Reversal. Having established the main properties of anti-unitary
operators in general we can now return to the example of interest', the time-
reversal operator T. This operator is defined to change the sign of the
momenta and spins of all particles but to leave their positions unchaqged.
Wigner’s theorem implies that T must be anti-unitary and, for a §1ng1e
spinless particle, this implies that (after suitable adjustment of the arbitrary
overall phase of T) T |x) = [x) and T |p) = |—p)- If we expand any |y) as

o) = [a'=p0 10 | 62
and remember that T is anti-linear, we find for T |y) that
) =Tl = T [yt 19
= [0 T o
= f dBryp(x)* |x) (6.23)
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Comparing (6.22) for lp) and (6.23) for |pr) we see that the effect of T (for a
spinless particle) is simply to replace the spatial wave function by its complex
conjugate,

pr(0) = p(0)*

It should be noted that the operation of complex conjugation of the wave
function in one representation is not generally the same as the corresponding
operation in another representation. For example, it is easily seen that in
momentum space

() = p(—p*

that is, complex conjugation of y(x) is equivalent to complex conjugation of

the momentum-space wave function plus a simultaneous change in the sign
of p. . o
Invariance under time reversal means that T commutes with H (and
automatically with H®), TH = HT. (For a spinless particle in a local
potential, this requires simply that ¥ be real, which it has to be anyway in
order that H be Hermitian. Thus, in the present case T invariance is auto-
matic.’®) Because T is anti-unitary, this means that:

Teth — —1HtT
(Note well the change of sign, which arises because Ti = —iT.) It follows
that '
TQ, = T]: lim eiH’e“Hotjl
t—=>Fao
= [lim e—fH’efff"’]T
t=Fo
= QT , (6.24)
orsince T'T =1,

Q. =TQ.T

Thus, the effect of T on the Maller operators is to interchange Q, and Q_.
From (6.24) it follows that:

TS =TQlQ, = QlTQ, =0l T=5'T (6.25)
or

s =T's'rT

15 This is because we are confining attention to local potentials. A simple example of an
interaction that is not time-reversal invariant is the interaction of a charged particle with a
fixed, external, magnetic field. Complex potentials, which are used as models for the
elastic part of multichannel scattering, also violate T invariance but this is because they are
(in this respect at least) an oversimplified model. It is not because the actual multichannel
situation necessarily violates T invariance.
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that is, T changes S to its inverse St. Taking matrix elements of this equation
(and reverting to the mathematicians’ notation to avoid trouble with the

anti-linear operators) we find'®:
(4, 5$) = <1, T'S'T)
= (Ty, S'TH)*
= <XT5 S?¢T>*

or

| G1S1) = el Slap) |-~ [T invariance] (6.26)

This result shows that, as one would expect, time reversal invariance implies
that the probability w(y, <~ ¢) is the same as the probability. w(ér <—.xT) for
the process in which initial and final states are time reversed and their roles

exchanged. ‘ .
In particular, for one-particle scattering, the result (6.26)—when written

in the momentum representation—gives

®)SIp) = (—pIS|-P) (6.27)
or equivalently,

[ «p)=f(—p< —p) | [T invariance] (6.28)

for the amplitude. Just as with parity conservation, this result foll.ovsfs
automatically from rotational invariance (as the reader can check). Thls is
because the particles are spinless and we shall see that, in general, T invari-
ance is quite independent of rotational invariance. :

6-f. Invariance Principles for Particles with Spin;
Momentum-Space Analysis'’

We now wish to make an analysis for particles with spin similar to that
given in the previous five sections for the spinless case. The. basic arguments
are exactly as before. For example, if the dynamics are rotationally invariant,
then § commutes with the rotation operators and, hence:

(1S 1¢) = {xrl S I¢w (6.29)

18 Tn deriving the second line remember that for an antilinear operator {, Tty)y = Ty, yO*

as opposed to the usual result (x, ATw) = (Ax, > for linear f)peratqrs. ) L
17 The reader who regards the complications of spin as uninteresting or inessential can

safely omit the last two sections of this chapter.



n \

96 6. Invariance Principles and Conservation Laws

(As usual it is sufficient to consider the relative motion.) However, the
situation is more complicated when we try to compute the rotated state
|?5R> in terms of |¢). For example, in the spinless case the momentum
eigenstates rotate according to the transparent rule: R P> = Ips); that is,
the effect of rotating the basis vector of momentum P is to produce precisely
the basis vector with rotated momentum pr- However, if we consider the
momentum eigenstate |p, &) for the relative motion of two particles with spin,
then the rotation R will carty p to pg and simultaneously rotate the spin state.
Thus, for a general basis vector Ip, &) the rotated state R |p, &) will be a
certain linear combination of the (2s; + 1)(2s; + 1) basis vectors Prs &,
and the result (6.29) is generally rather complicated when expressed in terms
of the basic amplitudes See(®@ <~ p).

Our task in the remainder of this chapter is to find practical and simple
ways of expressing the constraints imposed on the amplitudes by invariance
under the symmetries R, P, and T. Just as in the spinless case there are
basically two approaches, one in terms of the momentum representation,

and the other in terms of the angular-momentum (or partial-wave) representa-
tion.

Action of the Symmetry Operators. Our first task is to determine the action
of the various symmetry operators on the basic spin states, and we naturally
begin by considering just the (25, + 1)(2s, + 1)-dimensional spin space by
itself. The effect of any rotation R on an arbitrary spin state |y) we denote by:

R
x) —> [xr) = R, {x)
where we have temporarily introduced the notation R, to denote the unitary
rotation operator on the spin space alone,
Ry@) = e

(S being the total spin operator). If we consider a basis {I&)} of the spin
space, then the effect of R, on the basis vectors can be written as:

R 1&) = EZ &) (€ R &) (6.30)

which simply says (as we already knew) that, with respect to any basis, R,
is given by a unitary matrix with elements (&' R, |&).

For future reference, it should be noted that for rotations about the z
axis and for states that are eigenstates of .S, (for example, |s, m)) we have the

simple result: . -
Re(@3) Is, m) = e™@S3]5, m)y = e~&m |5, m) (6.31)
That is, a rotation about the z axis simply changes the phase of the eigen-

states of S5. A general rotation will of course mix the various eigenstates, as
in (6.30).
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The action of a rotation R on the complete state vector (of the relative
motion) can be immediately determined. If we consider, for example, the
momentum-eigenstate |p, £) = |p) ® |£) then R sends [p) to |pg), while it
transforms |£) as in (6.30). Thus,

Rip, & = R(Ip) ® |&)) = [pr) ® g |&) (€] R, |€)
= g [P, &) (€[ R, &)

For the general rotation this is, as anticipated, a linear combination of the

vectors |pg, &). .

The effects of the discrete operators P and T are easily determined. Since
P commutes with all angular momenta it leaves all spin states unchanged,
and since P reverses all momenta, it follows that

Plp, &) =|—p, &) (6.32)

The time-reversal operator reverses all angular momenta. With the usual
conventions it can be shown that its effect on the eigenstates |s, m) of total
spin (for example) is’®: : ‘
Tls,m) = (=)"I|s, —m) (6.33)
and hence,

TIp, s, m)y = (=)y"|—p,s, —m) (6.34)
Rotational Invariance. Now, if we consider the scattering of two particles
and assume rotational invariance, we note that since S = R'SR,

P, &1SIp, & = (P, &I R'SR |p, &) [any R] (6.35)

Because one can always choose a rotation R that brings any given p onto the
z axis, this result lets us express the amplitudes for arbitrary p in terms of
those for which the initial relative momentum lies along the z axis. In other

words, we lose no essential generality if we assume that p is parallel to 3.
Having fixed p along 3 we can write the amplitude matrix as

Fp' <p) = F(E,,0,¢) [p=3andp = (6, 9)]

We now restrict attention to the case where the basic spin states |£) are
eigenstates of S3. Either & = (s, m) or & = (m;, my) will do, and for
definiteness we take £ = (s, m). In this case we can use rotational invariance
about the 2 axis to determine each amplitude’s dependence on the azimuth

18 Jt should be emphasized that the phase factor here is substantially a matter of con-
vention, both because T has an arbitrary overall phase and because the relative phase of
the different vectors |s, m) is itself a matter of convention. For further discussion of (6.33)
see Problem 6.3.
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@. To understand how this works we note that a rotation about the z axis
leaves the spin states (s, m) physically unchanged; this was the content of
(6.31). Thus, if we consider a process (p’, s', m’ < p, s, m), (with p along
the z axis) and if we make a rotation about the z axis, then the only thing
that is changed by the rotation is the azimuth ¢ of the final momentum.
Because the system is rotationally invariant, this means that the cross
section for (p’, s', m’ <— p, s, m) must be independent of p. It follows that
the corresponding amplitude has at most a ¢-dependent phase factor, which
we can determine as follows:

The final momentum p’ with direction (6, ¢) can be rotated onto p” with

direction (6, 0) by a rotation through — ¢ about 3. Specifically, from (6.31):

R(—¢3) |p',s", m') = i ', s, m)
while, since p lies along the 2 axis,

R(—3) [p, 5, m) = ™ |p, s, m)
Substituting these back into (6.35) we find:

(P', S', mII S IP, s, m) — ei(m—m')q)(pu, S', m/l S IP, s, m)

and the corresponding relation for the amplitudes

fs’m',sm(E’ 0’ q)) = ei(m_m,mf;’m’,sm(E’ 0’ 0) (636)
Thus, rotational invariance completely fixes the dependence of the elements of
F(E, 0, ¢)on . The problem of computing Fis reduced to that of computing
[(2s, + 1)(25, + 1))? functions of E and 6 only.

We can illustrate this result with the important example of (spin %) —
(spin 0) scattering discussed in Chapter 5. In this case the spin space is the
two-dimensional space of the spin-half projectile with basis vectors |+ ) and
|—?, and the amplitude matrix F(p' < p) is a 2 x 2 matrix with elements
fio, fis oo, f—. If we fix p along the z axis we can write F(p’ < p) as
F(E, 0, ¢), and then the result (6.36) shows that the most general form of F
compatible with rotational invariance is: '

a(E,0)  b(E, 0)e
«E, 0)e®  d(E, 6)

That is, the scattering is completely determined by four complex functions
a, b, c, dof E and 0. Rotational invariance has nothing further to tell us
concerning these functions.

F(E, 6, p) = ( ) [R invariance] (6.37)

Parity. Let us next suppose that our system is invariant under rotations
and parity (which we believe to be true of any process for which weak inter-
actions are insignificant), and for simplicity let us continue to discuss the
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0
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/ ] /
FIGURE 6.1. If initial and final momenta p and p’ lie in the z—z plane, rotation

through = about the ¥ axis reverses their signs. The combined effect of this rotation
and parity leaves both momenta unchanged.

scattering of a spin-half projectile off a spinless particfle. For this case it
turns out that only two of the four functions a, b, ¢, d in (6.37) are actt‘lally
independent. To see this we consider first a process (p’, m’ < p, m) with p
along 3, as before, and p’ lying in the half plane ¢ = 0 (F%g. 61) The ef_fect
of parity alone is to replace p and p’ by —p and —p’, which is inconvenient
in view of our agreement to keep the initial momentum along 3. To get
around this, we combine parity with a rotation through  about the y axis,
which swings both momenta back to their original directions. The combined
effect of P and R(ﬂi) is equivalent to a reflection through the z— plane,
which we denote by M, = R(1rA2)P (M stands for “mirror”). Since P leaves
the spin invariant while R(w2) reverses its third component, i,n'varia,nce
under M, should relate the two processes ' ,m «p,m)and (p', —m «
p, —m). Thus, of the four a priori independent processes (p’, & <P, £),
only two should in fact be independent. To check this, we proceed as above
starting with the equation:
S = MIsM, ; (6.38)

and taking matrix elements.

To find the effect of the reﬂgction M, on the states |p, m), we need to know
the effect of the rotation R(s2) on the spin state [m). As already discussed,
this changes m to —m, and, in fact, it can be shown that \

R(r2) [m) = (=)= |—m) (6.39)

and, hence, that R(wi) Ip, m) = (=)™ |—p, —m) (for p in the z— plan'e).
(See Problem 6.3.) Combining this with the result (6.32) for the parity
operator, we find that ‘

, M, lp, m) = (=)™ p, —m)

(once again for any p in the z—z plane). Thus, taking matrix elements of
(6.38) we find that

(P', m,] S |p’ m> = (—)m’_m@', _mll S lp’ —m>
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The corresponding relations for the amplitudes are f,, =f_ _ and f,_ =
—f_. or, in terms of the functions a, b, ¢, d of (6.37),a=d and b = —c.
Inserting these relations into (6.37) we find for the most general form of F

compatible with invariance under rotations and parity :

a(E,6)  b(E,6)e™
Y [R and P invariance] (6.40)
—b(E, 6)e®  a(E, b) _

In this case the amplitude matrix is determined by just two complex functions
of E and 6.1°

F(E, 0, ) = (

It is clear from (6.40) that the cross section for a process involving definite -

spin states can depend on the azimuth ¢. If, for instance, we consider an
incident beam that is transversely polarized in the x direction, with incident

spinor
()
V2 1

then the cross section for the particles to emerge with polarization unchanged
is:

dQ

This result is in sharp contrast to that for spinless particles, for which
rotational invariance implies a cross section independent of ¢. The differ-
ence is, of course, that any transverse polarization of the particles with spin
defines a preferred azimuthal direction—something which cannot occur in
the spinless case. On the other hand, it should be clear that the unpolarized
cross section for particles with spin has to be independent of ¢, since in this

case there can be no preferred azimuth. This is borne out by (6.40), from
which we find

do 02 <—p %) = 1x'Fy|> = |a|® — 2(Im ab*)sin ¢ + |b|®sin® ¢

‘;ig (0 <) = Y6{1fal® + 1fo® + 1l + 111

_ 2 2 in spins unpolarized;
= la(E, ) + b(E, O)] [out spins not monitored]
An Alternative Approach. The approach we have used so far does not lend
itself conveniently to a discussion of T invariance. This is because T relates
the processes (p’, ¥’ < p, x) and (—p, yr < —P’, ¥1) (wWhere yr denotes the
spinor obtained from y by time reversal). If we wish to relate the latter
process to one in which the initial momentum is along the z axis we must

19 There are several alternative notations for the functions a and 5. The most popular
is g and —ikh; Goldberger and Watson (1964) use f and ¢ sin 0. -
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now make a rotation, and the required rotation depends on p'. .Rathe.r than
pursue this problem, we turn to an alternative approagh. For s1mP11c1ty, we
continue to discuss the special case of (spin ¥%) — (spin 0) sFatterlng.

First, we note that some simple algebra allows us to rewrite (6.40) as

1 0) ( 0 —sin ¢ — icos <p)
= + ib
Fp <) a(() 1 —sin ¢ + icos ¢ 0 .

P(pl —p) = a(E,, OI + ib(E,, Ofh.c|---[Rand P invariance] (6.41)

or

where I denotes the unit (2 X 2) matrix, fi is the unit vector in the direction
of p=p x p’ [that is, fi is the unit normal to the scattering plane, fi =
(=sin @, cos @, 0)] and o denotes the three Pauli matrices,

0 1 0 —i 6_1 0)
2=\ o T\ of Tl -1

This form for F suggests the following alternative argument. Any 2 x 2)
matrix can be expanded as a linear combination of the three Pauli matrices
and the unit matrix. Thus, we can certainly write (for any p and p)

F(p' <p) = a(p’,pI + if(®',p) o (6.42)

for some functions a(p’, p) and B:(p’, p), (i = 1,2,3). (In the general case
we can expand F in terms of [(2s, + 1)(2s; + DP szuitabl.y chosen matnc_es.
Obviously the simple properties of the familiar Pauli matrices mak; the spin-
half case especially easy.) To determine the nature of the expansion c9eﬂi—
cients « and B we must of course consider how F behaves ynder rotations,
which we do now. As usual we denote the effects of a rotation R by

R
p—R——>pR and x — = Ry

where, since it is now convenient to work with spinors, R, denotes the
25, + D(2s2 + 1)-dimensional rotation matrix on the spin space. (For a
moment we can let the spins be arbitrary.) Now, as we saw in Chapter 5,
the amplitude for the general process W, 1 <p 2 is ¥ TF@p' —p)y and
rotational invariance therefore implies that

ZTF(p < Py = 2k F(Pr < PR
for any y and y'. It follows that

F(p' < p) = RIF(p < po)R, |-~ [Rinvariance] — (6:43)
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which is just the extension to particles with spin
! of the result f(p’ =
S (pr < pg) of the spinless case. P ult f (" < p)

Substituting the expansion (6.42) into this result we find that

(s I + iB(p', p) - ¢ = a(p;, PRI + iB(p}, py) - (R'oR))

Under the transformation o — RloR,, the three Pauli matrices transform
among themselves like a rotational vector; thatis, Rfg,R_ = O;;(R)c; where
o dethes the (3 x 3) real orthogonal rotation matri;. 1T;1us ccl;mparjison of
co'efﬁme{]ts in the above identity shows that a(p’, p) = oc(p:'(, Pr); that is

o 1s, an 11}variant function of p’ and p; while B(pg, pg) must bz ;'elated tc;
B(»’, p) like a rotational vector; that is, B is a covariant vector function of
p’ and p.

We already know that a rotationally invariant function of p’ and p is
rea'IIy a function of E, and 6 only—see (6.5); thus, we can immediatel
write a(p’, p) = «(E,, 0), as expected. To find the general form of ch
v?ctor function B we note that the three vectors Pxp =n, p’+ p, and
P — p form an orthogonal set, and can therefore be used to expand’ any

vector. Thus, we can write § as:
B®',p) = b + c(p’ + p) + d(p' — p) (6.44)

wher(? b, ¢, and d may, of course, depend on p’ and p- Now, since B is a
rotational vector function of p’ and P; a rotation of p’ and p must produce
Fhe same effect as a rotation of B itself. This implies that b, ¢, and J are
Invanant, and hence functions of E, and 6 only. Thus, returning to (6.42)
we find the most general form of F consistent with rotational invariance is

F(p' «—p) = al + il + c(p’ + p) + dp’ —p)l-o
[R invariance] (6.45)

where the four coefficients a, b, ¢, d are arbitrary functions of E, and 0

([gn;i;]ue certain linear combinations of the four functions a, 4, ¢, d used in

If oarity i . .
. parity is good, then an argument similar to that preceding (6.43) shows

F(p' < p) = P/F(~p' < —~p)P,
and, hence (since P leaves o unchanged),
B(P', P) = p(_p,s —P)

Thus, if parity is good the coefficients ¢ and 4 in (6.44) must be zero, and
(6.45) reduces to the expected result (6.41). T

Finally, it is easily seen that T invariance implies

B®,p) = —B(~—p, —p)
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(see Problem 6.4 and remember that T reverses o). This requires that the
coefficient d in (6.44) vanish; and the most general form for F compatible
with invariance under rotations and T is therefore

F(p' < p)=al + i[bit + c(p' + p)] - © [R and T invariance] (6.46)

Comparison of this result with (6.41) makes clear that, for (spin %2) —
(spin 0) scattering, invariance under rotations and P automatically entails
invariance under T; but that the converse (i.e., R and T — P) is false. We
shall see later that this is a special case and that in general T and P are quite
independent.

The general case of two particles with arbitrary spins can be analyzed
similarly, but is naturally much more complicated (see Problem 6.5).

6-g. Invariance Principles for Particles with Spin;
Angular-Momentum Analysis

Just as in the scattering of spinless particles, an alternative way to exploit
rotational invariance is to evaluate the S matrix in an angular-momentum
basis. In the present case, rotational invariance implies that the scattering
operator S of the relative motion commutes with the angular momentum
J=L+4 S, 4+ S,. To exploit this fact we use a basis of eigenvectors of J2
and J;. This is constructed in the standard way. We start with the eigen-
vectors |s, m) of the total spin and form the product of these with the orbital
eigenvectors |E, [, m) to give vectors

|E,l,s,my,m)y=|E,I,m) ®|s,m)
We then “couple” / and s to give

. lEs ls S, js m> = 2 IEs ls s, my, ms> (lsmlms Ijm> (6'47)
ml, ms '
where (Ismym, | jm) is the appropriate Clebsch-Gordan coefficient.
Because S commutes with J, its matrix elements in this basis have the
form: '

(E,, l,, S’, j,, m'l s IE, l, S, j, m> = 6(E, - E)aj’ia;n’msl’;s’.ls(E) {

[R invariance] (6.48)

This is the analogue of the result given in (6.9) for the spinless case, and for
the same reasons as mentioned there, the numbers s}, ,,(E) are independent
of m. The result means that for a rotationally invariant system S is diagonal
with respect to E, j, m and for given values of E and j is determined by an
m-independent matrix S(E), made up of the numbers s, ;,(E). The columns
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of the matrix S/(E) are labelled by the initial pair (/, s), the rows by the final
pair (/', 5"); the dimension of the matrix is just the number of different values
of /and s that can contribute to a given j in (6.47).

Just as in the spinless case, the unitarity of S takes an especially simple
form in this representation. In fact, as can be easily checked, it implies
simply that each matrix S/(E) is a unitary matrix. In the special case where
§, = 8, = 0, the matrix is one-dimensional and reduces to the familiar form
exp [2i6,(E)].

The implications of P and T invariance are easily explored. The effect of
P on the orbital eigenstates is well known to be

P 1E7 17 m> = (_)l ]E, l’ m>

[This follows from the identity ¥Y;*(—%&) = (—)'¥7*(%).] Since P leaves the
spins unchanged, it follows that

P IE, l’ .S',j, m> = (_)l IE, l’ .S',j, m>

that is the angular-momentum basis vectors are eigenvectors of P with parity
(—1)% If the dynamics are P invariant and S therefore commutes with P,
then S cannot link states of different parity. Thus, those matrix elements for
which /" — [ is odd must vanish. In particular, if we assume invariance
under parity and rotations, we have simply:

sty(E) =0, for (I’ —I)odd [R and P invariance]

which approximately halves the number of elements of each matrix S/(E).
The anti-linear time-reversal operator T has the effect

TIE, I, s,j,m)= (=) "™|E,ls,j, —m)

(see Problem 6.7). Since T invariance implies (exactly as before) that
(x| S |¢) = (d¢] S |x1) we see that the matrix elements for the processes

(EU,s',j,m' < E,ls,j,m) and (E,1l,s,j,—m<E' I',s",j, —m)

are equal within a factor (—)*~7~m+m"_ If we also assume rotational invari-
ance, then the matrix elements are nonzero only when (E’,j', m") = (E, j, m)
and are independent of m. In terms of the matrix S/(E) the result then reduces
to

siv1(E) = sl .«(E)  [Rand T invariance]

that is, the matrix S/(E) is symmetric.

In summary, rotational invariance implies that the scattering for given E
and j is determined by the matrix $/(E). Invariance under rotations and P
implies that those elements of S/ with I — / odd are zero. Invariance under
rotations and T implies that $7 is symmetric.
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We can again illustrate our results with the simple case of gspin Le) —
(spin 0) scattering. Since in this case only one particle has‘spm, we have
only to couple the one spin, 5 = 14, to [ to give j. The possible valugs of l
are the half-odd-integers %2,3%,..., each arising from two possible j
values, / =j £ 14, Thus, rotational invariance implies that for each j the
scattering is determined by a (2 X 2) unitary matrix S’(E). Since the two /
values, | =j + 14, differ by one, invariance under P means th'at both oﬁ‘-
diagonal elements of S’ are zero. That is, S7 is a diagonal unitary matrix
and, hence, has the form:

. (ez""ir 0)<—l=j+%
- 0 eZiJ’.— (_l=j_%

Since a diagonal matrix is certainly symmetric, we see again that in this case
invariance under rotations and P implies invariance under T. Obviously
this is so only because S’ is two-dimensional, and in general Pand T are
quite independent.

The relation between the momentum and angular-momentum bases can
be calculated in the standard way, though it is in general rather complicated.
For the example of (spin %) — (spin 0) scattering a calculation exactly
parallel to that of Section 6-c gives the amplitudes in terms of the angl}lar-
momentum matrix elements. For the case of maximum symmetry (rotations
and P) the result for the spin-nonflip amplitude is

[R and P invariance] (6.49)

a(E, 0) = 3 [(I + DfI(E) + If; (E)]P(cos 0) (6.50)
i
while the spin-flip amplitude is:
b(E, ) = 3. [fi{(E) — fi(E)lsin 6Py(cos 6) (6:51)
i
In these equations we have introduced the partial-wave amplitudes
. eZiézi (B _ 1 .
fAE)="——— [p=(@mEy

2ip

with ff = =%, and P;(?) is the derivative of the Legendre polynomial
P,(2) (see Problem 6.9). . »

Just as in the spinless case, these partial-wave series are especially useful
at low energies where usually only the phase shifts 6/ of low / are nonzero.
For example, in pion-nucleon scattering the data up to about 200 MeV can
be fitted well if one assumes that all phase shifts with / > 2 are zero, which
gives an expansion of @ and b in terms of just three real parameters dy, 07 ;
and 7.

'
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PROBLEMS
6.1. (a) Using the definition of an anti-unitary operator W, show that
(Wé, Wy) = (¢, p)*

(:;1 csoliltrast to theTresult (Ué, Uy) = (¢, v for unitary operators).
(b) Show that W'W = 1 and, hence, that WW! = 1. (Review the proof
that UUt = 1 in Section 1-d.) proe

(c) Show that the operator defined b j i
compl i
wave function is anti-unitary. 4 plex: conjugation of the spatial

6.2. Consider scatterin i i

nsi g of two spinless particles, whose Hamiltonian i
necessarily invariant under rotations. oot
(2) Show that invariance under PT (total inversion) implies that the
momentum-space S matrix is symmetric.
(b) What does invariance under PT imply for the S matrix in the angular-

momentum representation, |E, [, m)? To answer this i
from the definition (6.6) of |E, /, m) that youwill need to show

T |E, 1, m> = (_)l—m IE, 1, —m> (652)
Remember that Y™ = (=)"Y;™.

Ec) If‘thci1 S operator is represented by a symmetric matrix in one representa-
ion, is the same necessarily true in every other representation? Discuss.

t6}.13. T‘o get some unc}erstanding of the irritating phases that crop up under
paert?:ltlonI o{h"che various symmetry operators, consider a single spin-half
e. In this case our conventions mean simpl in is gi

the usual Pauli matrices. imply thet the spin is given by

(g) Verify that R(#2) jm) = (=) |—m) as in (6.39).

Eh) C1)_bv1ously T|+) =17 |F) for some phase factors 7,. Use the fact
at T reverses any spin state (e.g., a state in which the spin points along the

{)osmve z axis is reversed so that the spin points along the negative = axis)

To prove that 5, = —7_. Show that by adjustment of the overall phase of
one can arrange that T [m) = (=)*" |—m) as in (6.33).

(©) Do the results of A
operator ? ults of (a) and (b) mean that R(#2) and T are really the same

6.4. Time-reversal invariance impli i
] plies the equality of the S-matri
and hence amplitudes, for the processes R et clements
@2 <Py and (=pxr< —P,20)

where yr = T x is the time-reversed spinor obtai m
T, tained fr
(a) Deduce that F(p' < p) = TIF(—p «— —p)T m
o
.
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(b) Show that for (spin ¥2) — (spin 0) scattering the coefficient B, p) of
(6.42) satisfies B(p’,P) = — B(—p, —p) if T invariance holds; and deduce
the form (6.46) for the amplitude matrix. (Remember that T, is anti-unitary
and satisfies TleT, = —o. It may help to write x""Fy as o Fo))

6.5. In (spin ¥%) — (spin 0) scattering the 2 X 2 amplitude matrix F was
expanded in terms of the four independent matrices [ and 6. For a rota-
tionally invariant system this led to (6.45), with four independent scalar
amplitudes. Carry out the corresponding analysis for the (spin %) —
(spin ¥2) case (e.g., P scattering) along the following lines®:

The amplitude matrix F must first be expanded in terms of 16 independent
matrices. The most convenient choice for these is given by products of the
matrices I, o', and I2, 6? of particles 1 and 2 respectively. This gives

F=oal + fi0; + yioi + €,;010;

(where repeated indices are summed). Show that R invariance implies that o
is an invariant scalar function of p’ and p, that B, and y, define vector
functions, and ,; a tensor. Use the fact that the three vectors m =p X P,
g=p —pand k= p’ + p span [R® to express B, y: and e; in terms of
products of n, q, and k with scalar coefficients. Show that R invariance
alone leaves 16 independent amplitudes, R and P leave 8, R and T 10, and
R, P, and T 6. [If the particles are identical (e.g., p-p scattering) this last
number drops to five as we shall discuss in Chapter 22.]

6.6. Show that unitarity of the operator S implies that the matrix SI(E)
defined by (6.48) is unitary. (Any proof of more than a few lines is too long.)

6.7. Show that, with our phase conventions, the effect of time reversal on
the angular-momentum eigenstates is
T IE, 1, S,j, m> = ("')j_m lE, 1, S,j, '—m>

The transformation of the orbital state |E, I, m;) is given in (6.52) and that
of the spin state |s, m,) in (6.33). The states of interest can be expressed by
means of the Clebsch-Gordan series (6.47), and then all you need to know is
that the Clebsch-Gordan coefficients (in the Condon and Shortley conven-
tions) are real and satisfy :

{,s,m,m, 1 jym)y = (=), s, —my, —m, ] J» —n)
6.8. Assuming rotational invariance discuss the form of the matrix S'(E)
for (spin ¥2) — (spin 15) scattering, explaining the labelling of the rows and

20 The classical references for this problem are Wolfenstein (1956) and MacGregor, Mora-
vesik, and Stapp (1960). The scalar amplitudes that you will derive are called the Wolfen-
stein parameters.



TR

b
108 6. Invariance Principles and Conservation Laws

columns. Explore the additional consequences of invariance under P, T,
and P and T. In particular confirm the results of Problem 6.5.

6.9. Use the methods of Section 6-c to derive the partial-wave series (6.50)
and (6.51) for the amplitudes of (spin 13) — (spin 0) scattering under the
assumption of R and P invariance. You will obviously need the Clebsch-
Gordan coefficients (Ism,m, | jm) for coupling I and s = 5 to give j. These
are:

ms=+% m3=—%
14 —
=1+ (l+mz+1) (l m,+1)‘/€
21+ 1 20+ 1
1
ji=1-1% _(’_—_mz)”f (l+m,)%
24+ 1 20 + 1

More about
Particles

with Spin

T-a Polarization and the Density Matrix
7-b The In and Out Density Matrices

7-¢ Polarization Experiments in
(Spin 1/2) — (Spin 0) Scattering

7-d The Helicity Formalism
T-e Some Useful Formulas

In this chapter! we discuss two further topics in the scattering of particles
with spin. In Sections 7-a to 7-c we describe the formalism of the spin density
matrix, which provides the most satisfactory general method for handling
experiments involving unpolarized beams and targets. Then in Sections 7-d
and 7-¢ we discuss the uses of the helicity quantum number, which is defined
as the component of a particle’s spin in the direction of its motion; we shall
see that, because the helicity (unlike the z component of spin) is a rotational
invariant, there are considerable advantages to working with a basis of
helicity eigenstates instead of the more familiar eigenstates of S;.

7-a. Polarization and the Density Matrix

In Chapter 5 we discussed the measurement of cross sections for particles
that are completely unpolarized, and we saw that if one wishes to get complete
information on the scattering amplitudes it is essential that one do experi-
ments with particles that are polarized. Unfortunately, it is very hard to

1 This whole chapter can be omitted without any serious effect on later chapters.

109
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attain a state of complete polarization, and in most experiments the best one
can hope for is to have target-and beam in known states of partial polari-
zation. For example, if one tries to orient the particles (of spin s and magnetic
moment ) in a target by putting them in a magnetic field B, then at any
temperature T the particles will distribute themselves among the (2s + 1)
states [m) in accordance with the Boltzmann distribution factor exp(muBlkT).
By strengthening B or lowering 7', one can increase the proportion of particles
occupying the single lowest state; nonetheless, all (2s + 1) states will always
be occupied by at least some particles. Such situations can still be handled
by making suitable averages over spin states (much as discussed in Section
5-d), but in general this can become a very clumsy procedure. By far the best
approach to the general problem is to use the machinery of the quantum-
mechanical density matrix, as we now describe.

The reader will recall that a quantum-mechanical system that is known to
be in a state given by some vector [v) is said to occupy the pure state |y). If,
on the other hand, we know only that the system is in one of various states
%) with probabilities w,, then we say that the system is in a mixed state,
which can be conveniently characterized by the self-adjoint density operator

p= Z w; |9y (v (7.1

where the weights w; satisfy 3 w; = 1 and the vectors | are assumed to be
normalized (although not necessarily orthogonal). Since the mean result of
many measurements of an observable 4 on the state |y is (yi| 4 [, it
follows that the corresponding result for the mixed state with weights w, is
> w,.(tp‘.l 4 |y*) which, with some simple algebra, reduces to the well-known
expression:

A4y, =tr Ap , (7.2)

Here tr stands for the trace; that is,
trB=> (n| B|n)
n

for any orthonormal basis {|n)}. In the special case where the system is
actually in a pure state |p),

p=IyXyl  [pure state]
and, of course,

(), =tr dp =Gyl Aly)

It is easily checked that the necessary and sufficient condition that a density
operator p represent a pure state is that it satisfy p? = p. Whether the state
of a system is pure or mixed it is uniquely characterized by its density operator
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;o. If two systems have the same p then all possible measurements on the
systems yield the same results, and conversely.?

It is easily shown that the density operator defined by (7.1) above satisfies
tr p = 1. However, it is often convenient to relax this normalization condition
and to allow the operator p of (7.1) to be multiplied by an arbitrary constant;
in which case (4), is given by

tr Ap

trp

(4), =

If we consider for our system a particle of spin s (and temporarily ignore
its spatial degrees of freedom) then with respect to any orthonormal basis p
becomes a (2s + 1)-dimensional matrix, the density matrix. If the particle
is in a pure state |x) then p = |x)y|, which is therefore the density matrix
appropriate to a beam or target which is completely polarized. At the
opposite extreme is the density matrix for a particle that is completely un-
polarized. In Chapter 5 we adopted as our definition of an unpolarized
assembly of particles one in which each of the (25 + 1) states of any ortho-
normal basis is equally populated. The density matrix describing this situation
I8 just

p=3——lmyml = ——1I a3
m 28 + 1 2s + 1
where I is the (25 4+ 1)-dimensional unit matrix. That is, the density matrix
for an unpolarized system is a multiple of the unit matrix—in agreement
with the general result that a density matrix p = cI corresponds to complete
ignorance of the state of the system. "

It is satisfactory that the result (7.3) is independent of what orthonormal
basis is used, since we would certainly wish our definition of an unpolarized
system to be basis-independent. (This means, for example, that an un-
polarized beam of electrons can be regarded as being 509 spin up and 509,
spin down, or alternatively as 50 %, spin right and 509 spin left; either view
gives the same density matrix and therefore corresponds to the same experi-
mental situation.) Nonetheless, the definition of an unpolarized system as
one with the (25 4 1) states of some basis equally occupied is hardly a natural
definition. For any typical experimental system (a beam of particles emerging
from a cyclotron, a gas of target atoms, etc.) a much more natural definition
would be that an unpolarized system is one whose spins are randomly oriented.
We can now show that these two definitions are actually equivalent. The
characteristic feature of a system of randomly oriented spins is that the
measurement of any spin observable should be unaffected by a rotation of all

2 We ignore the slight complications introduced by super-selection rules.
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spins. This means that the corresponding density matrix satisfies p =
R*pR*® where R? is the (25 + 1)-dimensional rotation matrix for any rotation.
Now, it is a well-known result from the theory of the rotation group (Schur’s
lemma) that the only (2s 4 1)-dimensional matrices that commute with all
of the rotation matrices are multiples of the unit matrix. Thus, p = ¢ and,
taking into account the normalization, we see that p has precisely the form
(7.3). Thatis, our two definitions of an unpolarized system lead to the same
density matrix and are therefore (as anticipated in Section 5-d) completely
equivalent.

To summarize, the density matrix for a particle of spin s is a (25 + 1)-
dimensional Hermitian matrix p, usually normalized to satisfy tr p = 1. The
density matrix appropriate to a completely polarized particle is characterized
by the property p? = p; that for a completely unpolarized particle has the
unique form p = (25 4+ 1)~'7 and any p which has neither of these properties
corresponds to a state of partial polarization.

For the case of a spin-half particle the density-matrix formalism is es-
pecially simple. The density matrix is a (2 X 2) Hermitian matrix and so
can be expanded in terms of the three Pauli matrices and the unit matrix,

p=A1l+m-0) (7.4

where A and 7t are real. Since the Pauli matrices are traceless, tr p = 24 and
if we want p to be normalized then 2 = 14. The real vector = (which is often
denoted by P) is called the polarization vector and has the following properties
(which the reader should check):

(1) The vector 7 is twice the mean value of the spin, ® = (g),, and hence
0<In < 1.

(2) If |m| = 1, then p represents a completely polarized pure state, which
is an eigenstate of the component of spin along .

(3) If = = 0, the particle is completely unpolarized.

(4) If 0 < || < 1, the particle is partially polarized.

In view of these simple properties it is often convenient to identify the spin
state of a spin-half particle by the polarization vector x in preference to
either a spinor or a density matrix. :

The extension of the density-matrix formalism to the case of two particles
with spins s, and s, is entirely straightforward. Since the only example of the
formalism that we shall consider in detail is that of (spin 14) — (spin 0)
scattering, we content ourselves with pointing out that in the general case p
is obviously a matrix of dimension (25, + 1)(2s, + 1).

So far we have ignored the particles’ spatial degrees of freedom. If the
particles’ spatial motion is given by a pure state |¢) (in 5#;,,0) While their
spins are in a mixed state given by p (acting on 5#’;;;5), then we can of course

—-—
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set up an appropriate total density operator, namely (|¢)(¢'|) ® p- However,
in practice it is just as convenient to use a hybrid identification in terms of tt{e
vector |$) and the matrix p. In scattering theory the actual initial state 1s
usually mixed with respect to both spatial and spin degrees of freedom.
However, we have already set up a suitable process for averaging over the
initial spatial wave packets, and we know that in the evaluation of cross
sections we need only consider momentum eigenstates. These we shall
identify by the vector |p;, ps) together with the appropriate spin density
matrix p.

7-b. The In and Out Density Matrices

We are now ready to return to the scattering problem. We saw in Section
5-¢ that if the particles enter a collision with relative momentum p and pure
spin state y1,, and if they are observed to emerge in the direction p’, then the
outgoing spin state is given by the spinor

Xout = F(p, - p)xin

If {xinll = 1, then xout is normalized to the probability that the particles
emerge in the direction p’ (irrespective of spin). Thus, if instead of the pure
state ;, the initial spin is a mixture given by the density matrix®

pin = 2 Wi i) Xial (1.5)

then'the corresponding outgoing density matrix for those particles emerging
in the direction p’ is :
Pout = z w; Ix';)ut> Qiutl

= 2 wiF |x:n> (inl Ft

or

Pout = F(P' e p)PinF(p, « p)t (76)

Since the spinors y,y; are not normalized, neither is poq. In fact tr pout
has a simple interpretation. We have seen that || Xousl|? is just the cross section
that particles entering with relative momentum p and with spin ¥, be ob-
served to emerge with relative momentum p’ and with any spin. This was the

3 The purist may reasonably object that if I wish to consider p as a matrix, then I should
use the form yyt rather than Dirac’s |x) (x|. In this case, it seems to me the clarity of
Dirac’s notation outweighs this slight inconsistency.
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content of (5.12), which we rewrite as

do , , '
d_Q (P P, xin) = ”xoub!lz = % (& l xout><xout l E)
= tr [¥out) Xout| [out spins not monitored]

The corresponding cross section for the mixed initial state given by (7.5) is
obtained by averaging this expression over initial spins with the weights w,,

dg ’ — ﬁ ’ T
dQ (P ‘_P, Pin) - z wi dQ (P (_ps xm)

i

= Z Wy tr lemt) <metl
or ‘

do
E (PP, pin) = 1T poyg, |- - - [out spins not monitored]  (7.7)

To summarize, the spin density matrix pyy, = Fp;,F' contains all in-
formation relevant to an experiment with initial relative momentum p and
initial spins given by p;,. Its normalization tr p ., determines the total num-
ber of particles emerging in the direction p’ irrespective of spin. And the
result of any spin measurement made on these emerging particles is given by
(Aout = tr(Apoue)/tr poy, for any spin operator A.

In the next section we shall apply these results to the case of (spin 14) —
(spin 0) scattering. For this case we already know the general expressions
for p;, in terms of the polarization vector r;, and for the amplitude F [(7.4)
and (6.41), respectively]. We can therefore write down the corresponding
form of poy, and, hence, express the cross section and final polarization
T,y directly in terms of the initial polarization ,,. We shall discuss two
experimental applications. In the first the scattering amplitudes are known
and measurement of the cross section is used to determine the original
polarization m;,. In the second the amplitudes are unknown and we discuss
the fairly elaborate sequence of experiments needed to measure them.

7-c. Polarization Experiments in (Spin 1%) — (Spin 0) Scattering

In the scattering of spin-half particles off a spinless target the most general
form for the amplitude matrix F consistent with invariance under rotations
and parity was shown in (6.41) to be?

Fp' < p) = a(®)] + ib(O) - o

4 Throughout this section we suppress the variable E in the functions a(E, 0), etc.
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where f is the unit vector normal to the scattering plane (» = p x p). The
initial spin state (pure or mixed) can be labelled by the polarization vector
Ty, in terms of which the initial density matrix is

pin = W[l + 7y, - 0] )
According to (7.6) the spin density matrix for those particles emerging in the
direction p’ is therefore
Pout = F(p' < P)pumF (P < p)'
= Y4(a + ibk - @)(1 + m;, - ©)(a* — ib*fi- o) (7.8
With a few lines of tedious algebra and use of the identity
u-cv-c=u-v+iexv-o
this expression can be multiplied out to give
Pout = Ya(lal* + |b* 4 2 Im ab*fi - 7r;p)[1 + 7,y - o] (7.9

where for the moment we shall not trouble with the precise form of 7 .

According to the results of the previous section, the cross section for
scattering into the direction p’ with any final spin is just tr po,. Since the
Pauli matrices are traceless, this is precisely the quantity in parentheses(- - -)
in (7.9), which we rewrite as

5—; (P’ < p, ™)
= [la(®® + |BOF][1 + »(O)f - 7;,] [out spin not monitored] (7.10)
where we have introduced the function »(6) [often denoted P(6) or S(6)]
2Im ab*
1) = ———
® la|* + |bf

For the special case of an unpolarized initial beam (7;, = 0) this cross
section reduces to ~

do ., o 2 2 in spin unpolarized

dQ (=P, Tia = 0) = |a(O)[" + [B(6)] |:out spin not monitored

which is just the unpolarized cross section derived in Section 6-f by the
elementary procedure of averaging over initial and summing over final spins.
If the incident beam is polarized (;, %« 0) the term in (7.10)

v(Of - 7, oc ¥(0) {7y, cos @
gives the cross section a cos ¢ dependence on the azimuth ¢.° If the

A
5 In making this statement we assume the following geometry: p lies along 3 as usual and
m;, lies in the y—z plane with polar angle «. Then @i - 7t;, = |7, | sin « cos .
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amplitudes a and b (and hence ») are known, then measurement of this cross
section lets one determine f - 7,, and, hence m;,. If, on the other hand, the
initial polarization 7, is known, then the measurement lets one determine v,
which together with (ja? + |b|?) gives two of the three data needed to
determine a and b (apart from their overall phase).

As a first example of the application of these ideas we consider the measure-
ment of the polarization of electrons produced in § decay by observing their
scattering off a charged nucleus.® Such electrons are usually relativistic, and
indeed the spin-dependent effects that we wish to discuss only show up at

relativistic energies. However, the polarization analyses are essentially the

same whether the energies are relativistic or not.

Since the interaction of electrons with nuclei is known (the Coulomb inter-
action), the corresponding amplitudes can be explictly calculated. (For the
relativistic case this was first done by Mott and the process is therefore known
as Mott scattering.) The functions @, b and hence » are therefore known. This
means that by measuring the cross section (7.10) we should be able to
determine # - x;;, and, hence, ;..

It turns out that there is an immediate difficulty because the electrons pro-
duced in 8 decay are longitudinally polarized; -that is, they have 7 parallel
to p. This means that, whatever the scattering direction, f - 7t;, is zero and
the desired effect vanishes. This difficulty can be overcome by bending the
electron beam through 90 deg in an electric field. This does not affect the
spins’ and so produces a transversely polarized beam, which we take to have
momentum along 3 and polarization along 2, as shown in Fig. 7.1. A piece
of gold foil is placed in the path of the electrons and their scattering observed
by two identical counters. These counters are located in the z—z plane at
equal distances from the target and at equal angles to the left and right of the
incident direction. The number of counts in either counter is proportional
to do/dQ and, from (7.10) is

N = ndQ(la® + |b*(1 + »h - 7;,)

(Here n is the total number of incident electrons times the number of target
nuclei per unit area of foil, and dQ is the solid angle subtended by either
counter.) Since the two counters are situated at the same polar angle § they
differ. only in that the normals fi; and fi; point in opposite directions,

fi; = —fi = 2. (Remember that n = p x p’.) Thus, the last term in the

® The experiment described here in much simplified form was performed by Greenberg
et al. (1960). The interested reader can find more details and references in the original
account.

7 Actually, allowance has to be made for the fact that electrons moving rapidly through an
electric field experience a magnetic field. Their spins therefore precess a little.

7-c. Polarization Experiments in (Spin %) — (Spin 0) Scattering 117

2 Left counter
A
has fi; = 2
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FIGURE 7.1. A cobalt source produces longitudinally polarized electrons by p
decay. Electrons are bent through 90° by an electric field to give a transversely
polarized beam. Identical counters at equal angles to incident beam measure left-right
asymmetry € = (N, — Np)/(Ngp + Np).

(
1
: Right counter
T has fip= ~2

and registers
Ny counts
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expression for N has opposite signs in Nz, and Ng. In particular, if we form
the asymmetry ratio e = (N — Ng)/(Nz + Ng) all other factors cancel and

Ny — Ng

- = W02 - 7y, (7.11)
TN+ Ng

Since »(0) is known and since we have arranged that =, is parallel to 2,
measurement of e allows a determination of the initial polarization of the
electrons.®

In this example the scattering of electrons off a nucleus, for which the
amplitude F is known, was used to measure the initial polarization of the
electrons. A more complicated situation occurs when the amplitude is un-
known (as, for example, in nuclear collisions) and one wishes to use the data
to measure it. As an example of this we consider the scattering of protons
off a spin zero nucleus such as carbon. _

In this second example the first difficulty to be faced is that a beam of pro-
tons emerging from a cyclotron is unpolarized. We have already pointed out
that under these circumstances (and in the absence of spin sensitive counters)
a single scattering experiment can tell us only the unpolarized cross section
laj? + |b]2. To obtain more information we need a way of polarizing the
initially unpolarized beam.

The answer to this problem depends on the fact that, even if the beam is
initially unpolarized, after a collision it is polarized. To see this we need the

8 Since the measured number € is proportional to »(6) |rt;,| the function »(6) is often called
the polarization analyzing power of the target.
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exprfession for the final polarization 7, that we omitted from (7.9). For the
special case that mr;, = 0 this is easily calculated, since then pin =141 and
$0,
Pout = FpinF" = Y5(a + ibfi - 0)(a* — ib*h - o)
= 2(lal* + 161 + v(Ofi - 6] [y, = 0]
where, as before, » = (2 Im ab*)/(|a]* + |6?). From this we see that the

unpolarized cross section tr p,q, is (la|2 + |5|2) (as we already knew) and the
final polarization is

Tout = 2O [m;, = 0]
Thus, by scattering a beam of unpolarized protons we can produce protons
with polarization »(0)8.° These can then be used in a second scattering
experiment, and for this second experiment the incident protons are polarized.
A typical double scattering experiment is shown schematically in Fig.
7.2.1* The beam of unpolarized protons scatters through angle 6, off a carbon
target and emerges with polarization »(6,)2. (We choose the scattering plane

normal to 2.) This polarization is then detected by a second scattering using
exactly the same technique as described above in connection with electrons.
Identical counters are situated at equal angles 6, to left and right of the second

target; and applying the relatign (71.11), e = v(0)i- 7, to this second

collision (for which 7, = »(6,)2) we obtain for the measureable asymmetry
Ny — Ny

€ = —=——= = »(0,)(0 7.12

N, + Ny (02)(61) (7.12)

Polarization »(61) ﬁ

after first collision 7 9
Initial beam of
unpolarized
protons
} ~102 3

First /|01 / b2

target Second
target

FIGURE 7.2. Unpglaﬁzed protons scatter off the carbon target producing protons
of polarization »(6,)2. These polarized protons then impinge on the second carbon
target used to analyze polarization by measuring resultant left-right asymmetry. The
experiment is performed as shown with both scatterings lying in the same plane.

® For this reason »(6) is sometimes called the polarizing power of the target.
10 This is a much simplified account of the experiments of Chamberlain, et al. (1956).
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In particular by choosing 6, = 6; = 0, say, we can measure »(f) within a
sign as »() = €411 Knowing »(6;) for one fixed 6,, we have then only to
vary 6, and use (7.12) to measure » for all angles.

We see that starting with an unpolarized beam and using single and double
scattering experiments we can determine the quantities (lal> + |6|>) and
(Im ab*). One more quantity is needed to determine the amplitudes a and &
separately (apart from the elusive overall phase). It is quite easy to see that
nothing further can be learned from the double scattering experiment. (For
instance changing the plane of the second scattering will produce no new
information.) One must therefore move on to a triple scattering experiment
which can be considered as follows. Scattering 1 polarizes the protons,
scattering 2 (which has a polarized incident beam) is regarded as the actual
experiment of interest, and scattering 3 is used to analyze the final polari-
zation produced in scattering 2. A somewhat tedious calculation shows
that by measuring the left-right asymmetry of the final collision, one can
determine the relative phase of the two functions a 4 ib. Knowledge of this
angle, together with the values of (|a|? + |b|?) and Im ab* obtained from
single and double scattering, is sufficient to determine a and b separately (apart
from their overall phase) and the results can then be compared with the
calculated amplitudes derived from any proposed form of the underlying
interactions.

7-d. The Helicity Formalism

In the final two sections we give a brief introduction to the use of helicity
states in scattering theory. ‘We shall assume a slightly greater knowledge of
the rotation group than is used elsewhere in the book; the reader un-
acquainted with the necessary properties can either find them in the standard
texts (Rose, 1957, or Edmonds, 1957) or can simply omit these sections.

_ The helicity A of a particle is defined as the component of the spin in the
direction of the particle’s momentum. The advantages of a basis of one-
particle states labelled by p and 4 over one labelled by p and m (the eigen-
value of Sj) are several. As we have already mentioned, the helicity 4, unlike

1 The ambiguous sign in this determination of #(6) arises because we have used the same
scattering process to produce the polarization and to measure it. This means that »(6)
appears twice in the asymmetry (7.12) and its sign cannot be determined. One way to get
around this is to replace the second target by one for which the amplitudes (and, in par-
ticular, the quantity ») are already known. For example, if we replace the second target by
helium then the result (7.12) for the asymmetry becomes

€ = v (O (67

where the function »g,, for proton-helium scattering is known. This obviously allows one
to determine the proton—carbon function v completely.
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m, is unchanged by rotations, which considerably simplifies the analysis of
rotational invariance. Since the helicity operator S - P can be rewritten as
J-P (L-P being zero) it can be easily defined in the relativistic context,
where the separate definitions of L and S are much more awkward. And in
the case of massless particles there are only two spin states (A = =s) of
which only one need occur (as with the neutrino), and helicity is then the
only natural labelling of the states. Thus, it is really in the relativistic domain
that the helicity formalism has its greatest advantages, and the primary

purpose of the present account is to pave the way for the reader’s later study
of the relativistic case.

For each value of a particle’s momentum p there are 25 + 1 eigenvalues

of the helicity operator S - p, namely A = —s, ..., +s, and it is clear that
the space of all one-particle states can be spanned by momentum and
helicity eigenvectors |p, A) just as well as by the momentum and S; eigen-
vectors |p, m). In setting up the helicity basis the only ambiguity is the
inevitable ambiguity in the choice of the phase of the vectors |p, ). This is
usually chosen as follows: Consider first states whose momentum p lies
along the positive z axis, p = 3; for these states the helicity coincides with S,

and so we can choose the states |p, 4) to be precisely the usual S, eigenstates
with the usual phase conventions

b A=I)®IS =4 [p=3l

Next we note that an arbitrary momentum p with direction (6, ¢) can
always be obtained from one in the z direction by a rotation. In fact this
can be done in several ways, of which the simplest is just to rotate through 6

about an axis perpendicular to 3 and p (Fig. 7.3.) It is convenient to pa-
rametrize this rotation in terms of Euler angles, which we define such that

R(p, 0, p) = e /s 1072p=iJs (7.13)

(we use the so-called “active’ definition, in which one rotates the system, not
the axes). In terms of this definition the rotation just described is seen to be
R(g, 0, —¢) (Fig. 7.3). Since helicity is unchanged by rotations we can now
define the state [11, A) as that state obtained by performing R(p, 6, —¢) on
the z-axis state |p3, 1).12

0. =R(p,0, —9)[p3, ) [p = (6, 9] (7.14)

12 It should perhaps be emphasized that the first rotation angle, —g, is purely a matter of

convention. In fact R(g, 0, ¥) would carry p§ onto p with any value of y; use of a different
¥ would just give |p, 4) a different phase. The choice ¥ = —g¢ is the most common, and
also most convenient, convention.
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FIGURE 7.3. The momentum p can be obtained from p3 by rotation through 6
about an axis perpendicular to p and 3. This is eqllivalent to three successive rota-

tions: —¢ about 3, 0 about 2, and ¢ about 3. This rotation has the Euler
parameters (¢, 0, —¢).

This procedure provides a well-defined orthonormal basis for the states of
a single particle, satisfying

P, 4| p, ) = (0" — P)dss
From this we could immediately construct a two-particle basis out of the
products
[P1; A0 ® [P3, A2) . (7.15)

However, our principal interest is in the relative motion, or equivalently in
states of the CM frame, for which p; = —p,; for such states there is a more
convenient choice of basis. The point is that the states (7.15) are defined by
two separate rotations (one for each particle) while for the special case
pP: = —p: We can define an equivalent state with a single rotation. Thus, we
first define a state of the relative motion with the relative momentum along
A
3’ A

P22 =P ISP =4 ®ISP =—2) [H=3] (7.16)

In the CM frame this represents a state in which particle 1 moves up the z
axis with momentum p while particle 2 moves down the z axis with momentum
—p. The minus sign in the last factor of (7.16) is because, with its momentum
along -3, particle 2 has helicity —S{*. The general state (of the relative
motion) with arbitrary relative momentum p is now obtained by the ap-

propriate rotation as

P, 21, 20 = R(9, 6, —9) Ip3, A, &) [p= 6. 9] (T.17)
where R is now the two-particle rotation operator generated by the total
angular momentum of the two particles.
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The vectors (7.17) define states (of the relative motion) in which the
particles have helicities 4, and 4, and relative momentum p (i.e., in the CM
frame the two particles have equal and opposite momenta, p, = pand p, =
—p). They are normalized so that ’

(P’, )'is )'é I ps )'1’ )'2> = 63(p’ - p)all’llalz’lz
and provide an orthonormal basis for the relative motion alternative to the

basis |p, m1,, m,) used earlier. The S matrix in the helicity basis can of course
be decomposed as

(P’, )']’.’ lé] S ]P, )'1’ )'2> = 63(]" - p)all'llalg'lz
i ! ’ !
+ - 6(Ep' - Ep)f(p > )'1’ )'2 <~ p’ )'1’ )'2) (718)
27m
and the CM cross section for a process involving definite helicities is just

WA KBy B) = SO Ky By b B B

Let us now suppose that our system is rotationally invariant. To exploit
this property we naturally turn to a basis of angular-momentum eigenvectors.
It is here that the advantages of using the helicity basis appear. Because the
helicity operators S®) . P and —S . P are scalars, they commute with J
and we can therefore choose a complete set of commuting observables in-
cluding both J2, J; and the two helicities, Specifically, we can choose a basis
(of the relative motion) {|E, j, m, A, A,)} and the passage between this basis
and the momentum basis |p, 4,, 1,) can be made without the use of any
Clebsch-Gordan coefficients to couple spins and orbital angular momenta.

At this point we shall appeal to a standard result from the theory of the
rotation group and immediately write down the angular-momentum states
in terms of the momentum states as

[E, j, m, y ) = [@} * [40RLe. 0.~ 0.1 2 (719)
where the R},,(@, 0, ¥) are the elements of the (2f + 1)-dimensional rotation
matrix for Euler angles (¢, 0, y) (see Section 7-¢), where A = 4, — 1,, and
where p has direction (0, ¢) and fixed magnitude (2mE)*. The vector (7.19)
is an eigenvector of the energy, total angular momentum and the two heli-
cities. It is normalized such that!3 ¢

(E” j’, m’, )'],., )'é l E3 j, m, )'1, )'2> = 6(E’ - E)aj’jam’mall’hélz'lg (7'20)

13 That (7.19) is an eigenvector of the energy and helicities follows from that fact it is a
superposition of vectors all of which are energy and helicity eigenvectors with the same
eigenvalues. That it is an eigenvector of J2 and J, follows from (7.26) below; its normali-
zation from (7.27).
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Using the definition (7.19), we can write down the transformation matrix
that takes one from the states |p, u;, o) of momentum p and helicities y,,
U, to the state |E, j, m, A;, s,

(P, ,ub /‘2 [ E, j’ m, )'1’ )'2>
2j + 1\
= (mp)_%a(Ep - E)aulllanzlz (%) Ran((p’ 0’ —(P)* (721)

In particular, for spinless particles, A = 0 and j is just the orbital momentum
j = I. In this case the factor

<2j+1

4

6 .
) R:,(9: 6, — )

is precisely the spherical harmonic Y7"(6, ¢) and the result (7.21) reduces to
the result (6.10) for the matrix {p [ E, I, m) of two spinless particles.
Equipped with the transformation matrix between our two bases we are
now ready to exploit rotational invariance. In the angular-momentum basis
the S matrix is diagonal with respect to E, j, and m, and so has the form:

(E,, j’, m’, )']’., lél S |E’ j, m, )'1’ )'2> = 6(E’ - E)aj’jam'msj,l’lg’,lllg(E)
that is, the scattering for given E, j, m is determined by a unitary matrix

S/(E) whose rows and columns are labelled by the final and initial helicities

(A1, A3) and (4,, 4,).” As usual we introduce a partial wave amplitude,
) Sil'lz'.lllz(E) _ 1
ot E) =222 -

fll A .1112( ) 2ip

and we can now express the full amplitude in terms of the partial-wave
amplitudes by exactly the procedure used in Section 6-c for the spinless case.
Thus,

@ A, A3 (S — D) 1P, A, A) ‘
= ¥y — E)f(0, My o0, By ) (1.22)
27m
Inserting complete sets of states |E, j, m, u,, o) fore and aft of the factor
(S — 1) on the left, we can immediately replace the angular-momentum
matrix element of (S — 1) by 2ip times the partial-wave amplitude (times the
appropriate delta functions). Just as in the spinless case, the sum on the left

reduces to a sum over the numbers f; ,{1, 1y7.4,2, times two factors, each of which
is just the transformation matrix (7.21). Some simple algebra reduces this to

i j 1 ’ ’ r ]
=2 oE, — E) S TR (¢, 0 =) iy i ERons(, 0 — )
m im 4
(1.23)
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We now choose the initial momentum p along the z axis (and then use 6, @
for the direction of P’) in whiclt case the last factor of (7.23) is just §,,;.
Comparing (7.22) and (7.23), we obtain the desired answer

fly}.z'.hlz(E, 0’ w) = Z (2j + 1)f£1'lz',l|lz(E)Rilr(¢, 0, —¢)T‘ (7‘24)
J

where we have rewritten the amplitude f(p’, A;, 4; < p, 4, 4,) as a function
of (E, 0, ¢) for the case that the initial momentum lies along the z axis. Since
the functions R,.(p, 6, — ) are tabulated [see (7.25) and the remarks follow-
ing] this series is no more complicated than the familiar partial-wave series
(6.15) of the spinless case, f= 3 (2/ + fiP,. In particular for the special
case that the particles are spinless one has only to recall that Rby(g, 6, —¢) =
P, (cos 0) to see that the result (7.24) is the partial-wave series (6.15).

As the reader who did Problem 6.9 will certainly recognize, the derivation
of the helicity partial-wave series (7.24) Jor arbitrary spins is considerably
easier than the simplest special case [(spin 1) — (spin 0) scattering] in the S
representation. When one recalls that the problem in the S, representation
becomes progressively harder as the spins increase, the great superiority of
the helicity formalism (for this particular problem at least) should be quite
apparent.

For further discussion of the helicity formalism the reader can do no better
than to read the original article of Jacob and Wick (1959). A few simple
additional topics are taken up in the problems.

7-e. Some Useful Formulas

Here we collect those formulas involving rotation matrices that are needed
in Section 7-d and in the problems for this chapter. More complete collections
can be found in Messiah (1961) Appendix C, Gottfried (1966) Sections 32
and 34, Edmonds (1957) Chapter IV, and Rose (1957) Chapter 4.

The rotation matrix Ri(g, 6, ¥), often denoted D’, is defined by the
relation

R (@ 6, 9) = (j, m[ R(g, 0, ¥) | j, m")

where R(g, 0, y) is the unitary rotation operator (7.13) for Euler angles
@, 0, y. Its dependence on ¢ and y is trivial and one can write:

Rym (@, 0, p) = e7ilomtomiy s gy (7.25)
where

Fin(0) = (jy m] 002, )

Since, with our conventions, J, is given by a purely imaginary matrix, the
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matrix r’(6) (often denoted d) is real. Explicit expressions for r7(0) can be
given, and its values are tabulated (see any of the above refergnces). In
working with the helicity states in practice (see problems 7.4—7.7) itis naturally
more convenient to use 7’ rather than the full matrix R’._ .

To prove that the states |E, j, m, 4,, A,) of (7.19) are eigenstates of J% and
J, it is convenient to rewrite (7.19) as

47 T 27
1B,y o, 2 = const [ “dg [ sin 0 a0 [ " ayRe (9, 0, )"
o [} "
X R((p’ 0’ W) |P3, 11’ 12) X (726)

This integral is the invariant integral of the rotation group, apd it follows
immediately that |E, j, m, 4,, A,) transforms under rotations like a state of
angular momentum j, m; that is, that it is a state of angular momentum
Jsm. '

The normalization of the states |E, j, m, 4,, 4;) follows from the group
orthogonality relation

4w T 27 167’1’2
. i *RY 0’ =3 mmla ,
[an im0 do | "ayRinip, 0. 9"Reatr 0.9) = S bt
This is equivalent to
T ., 2
J; sin 0 d0 r,’,,l(B)*rj,M(B) = ZJ_—l-_I (Sj_,,» (7.27)

from which the normalization (7.20) follows easily (see Problem 7.4).

In order to relate the helicity and angular-momentum eigenvectors
|E, j, m, A4, A;) to the more familiar /, s eigenvectors one needs to decompqse
the product of two matrices #/(6) and r*(6) using the Clebsch-Gordan series

PO i (0) = 2 (jsmm, | Imy)  jsm'my | Impyrs,, . (6)
11

Using standard identities for the Clebsch-Gordan coefficients,* this can be
rewritten as:

. 21+ 1
s s (0) =
o O (0) = S

(Usmym, | jm)(lsmim, | jm')r m (6) (7.28)

where, of course, m; =m — m, and m; = m’ — m,. This is the form in
which the decomposition is most conveniently applied in this context (see
Problem 7.6b).

14 See Messiah (1961) p- 1056, Eq. (C.13). One also needs the relation [ibid. Eq. (C.65)]

rznm' = (_)m_m'ri—m.——m'
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PROBLEMS

7.1. An electron has spin density matrix p = 14(1 + m.6). Show that
(s), = 4=, that |n] < 1, and that |x| = 1 if and only if the electron is in a
pure state, which is an eigenstate of the component of spin in the direction of
.

7.2. The cross section for a process involving definite spin states is not
necessarily rotationally invariant even if the interactions are. (The point

is that the spins can define preferred directions.) However, the unpolarized

cross section is invariant (provided the interactions are); that is,

do (0 < p) = do (Ps < p) in spins unpolarized;
QP TP T g R TR out spins not monitored

Prove this by writing the unpolarized cross section as tr p,u, = tr Fp;,F'
with p;, = (25 + 1)U/, and noting that F(pg < pg) = RF(p’ «— p)R" where
R is the unitary rotation matrix.

7.3. Calculate the final polarization 7, for (spin 14) — (spin 0) scattering
in terms of the amplitudes @ and b and the initial polarization =;,; i.e.,
calculate 7,y in (7.9). Check that your answer reduces to 7., = »ii when
Tin — 0.

7.4. Verify the normalization (7.20) of the states |E, j, m, 4,, A,) defined in
(7.19) [use the orthogonality relation (7.27).]

7.5. The parity operator reverses helicities, since it reverses momenta but
leaves all angular momenta unchanged. For the simple case of (spins) —
(spin 0) scattering this means that P |p, ) is proportional to |—p, —2), and
that P |E, j, m, A) is proportional to |E, j, m, —A4). In fact, it can be shown
(as the reader who is used to handling rotation matrices could check) that

P IE’j’ m’ 2‘> = (_)f—"s 'E’ j’ m) _2'>
Use this result and the fact that S is unitary to explore the structure of the

helicity matrix S’(E) in (spin 15) — (spin 0) scattering of a parity invariant
_system. Show that 7 is a (2 x 2) matrix with elements of the form: "

. . o )
sl = sl = (e + &%)

$_=s, =14 0 _ ezwi)

for certain real numbers é°. (depending on E of course).

and
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7.6. (For the reader with some knowledge of rotation matrices.) It is
naturally possible to express the helicity eigenvectors in terms of the more
familiar S; eigenvectors and vice versa. Consider the scattering of a spin s
particle off a spinless target and do the following:

(a) Show from its definition (7.14) that

Ip, 4) = 3 p, mye’*~™0r, 1 (6)

ms

where r*(0) is defined in (7.25).
(b) With the help of this result, show from its definition (7.19) that

%
Ej,miy=3 2’—“) IE, 1, j, m) (Is0A | jA)
T \2j+1

[For this you need to combine two rotation matrices r’ and r* using (7.28), to
give an r’. The integration over angles then gives the state |E, I, m;, m,).)
(c) Use the result of (b) in (spin 14) — (spin 0) scattering to identify the
numbers 82 of problem 7.5 with the phase shifts of (6.49). (Note well that
S7 in Problem 7.5 is the helicity matrix with rows and columns labelled by
A = +14; whereas S’ in Section 6-g relates to the basis |E, /, j, m) and has
rows and columns labelled by / = j 4 14.)

7.7. Prove that time-reversal invariance (plus rotational invariance) implies
that the helicity matrix S’(E) is symmetric. [All you need to establish is the
effect of T on the eigenvectors of angular momentum and helicity. If you
consider for simplicity (spins) — (spin 0) scattering, this can be read off
from Problem 7.6b plus the known effect of T on |E, /, j, m)—see Problem
6.7.] :
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8-a The Green’s Operator

8-b The T Operator ,

8-c Relation to the Mgller Operators
8-d Relation to the Scattering Operator

In the preceding chapters we have set up a time-dependent description of
collisions in which two particles scatter elastically—the so-called single-
channel processes. The collisions were first described in terms of the scatter-
ing operator S. The matrix elements of S were then decomposed in terms of
the scattering amplitude, and the differential cross section was expressed in
terms of the amplitude. Finally, we explored a number of general properties
of the amplitude that follow from invariance principles, and we discussed
some problems in the measurement of cross sections for particles with spin.

Our principal remaining problem in one-channel scattering is to set up
methods for the actual computation of the amplitude in terms of a given
interaction. All such methods fall within the so-called time-independent
scattering theory, which is therefore the subject of the next several chapters.
This formalism is built around two operators and the so-called stationary
scattering states. The two operators are the Green’s operator G(z) and the T
operator T(2), which are the subjects of Chapters 8 and 9. The stationary
scattering states, denoted |p4), correspond to the elementary “scattering
wave functions” often denoted w;‘:(x), and are the subjects of Chapters 10-12.

In this chapter we introduce the operators G(z) and T(2) and establish their
role in scattering theory. In Sections 8-a and 8-b we define the two operators
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and discuss their mathematical properties. In Sections 8-c and 8-d we show
how the collision operators £, and S can be expressed in terms of G(2) and
T(2). In particular, we shall find that the on-shell 7" matrix is given in terms
of the operator T(z) by the important identity

(p' < p) = lin; 'l T(E, + ie) |p) (8.1)

Perhaps it should be emphasized that our order or presentation is chosen
to make the nature of the operators G(z) and T(z) as clear as possible (and
later the stationary scattering states |p+)); it in no sense follows the historical
development of time-independent scattering theory. In particular, we shall
introduce the operator T(z), without any attempt at motivation, by the
definition (8.8); next we shall deduce various mathematical properties of
T(z), and only then “discover” the connection (8.1) between the matrix
elements of T'(z) and the on-shell 7 matrix. As we shall discuss later, this is
certainly not the route by which 7(z) was originally introduced into scattering
theory.

For simplicity’s sake we will deal mainly with the scattering of a single
particle off a fixed potential (which is, of course, equivalent to the scattering
of two particles off one another), and most of the discussion will be about
particles of spin zero. Most (though not all) results generalize in a completely
straightforward way.

8-a. The Green’s Operator.

In the mathematical study of self-adjoint operators perhaps the most
important single tool is the so-called Green’s operator or resolvent' G(z). In
the scattering of a single particle the self-adjoint operators of interest are
H® = P?2m and H = H® + V, and the corresponding Green’s operators are
defined to be

G%2) = (z — HO)!
Gi@)=(z— H)?!

both for any z, real or complex, for which the inverse exists.

To understand the name “Green’s operator” we assume for a moment
that these inverses do exist and are defined everywhere on the Hilbert space
J#. (We shall see that for any z with Im z 3£ 0 this is certainly true.) In this
case it is clear from the definition that, for example,

(z — HYG'R) = 1

1 The name resolvent is more popular in the mathematical literature. However, it should be
noted that this name is sometimes used in a slightly different sense.
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We now take coordinate-space matrix elements of this equation. In the
coordinate representation, H® is represented by —V?/2m; that is

<XIH°Iw>=—2V—<XIw>
m

and the equation therefore becomes

(2231' + z) x] G%z) |X") = d4(x — x")

Thus, the coordinate-space matrix element of the free Green’s operator
G°(2) is the Green’s function for the differential operator [(V%/2m) + 2]. In
exactly the same way the matrix element of G(z) is the Green’s function for
the operator [(V32m) — V(x) + z].

The Green’s operators do not exist for all values of z. For example, if
E, is any proper eigenvalue of H, then there is a vector (the corresponding
eigenvector |n)) for which

(E, — H)|n) =0

According to our discussion in Section l-c, this means that there is no
inverse (E, — H)™'. That is, the operator G(z) is undefined for z equal to any
eigenvalue E,,. '

To see in more detail what happens to G(z) as z approaches an eigenvalue,
let us suppose for a moment that H has a purely discrete and nondegenerate
spectrum. (Hamiltonians with purely discrete spectra have no place in
scattering theory. However, for a moment we can consider as an example
the Hamiltonian of a one-dimensional simple harmonic oscillator.) If

{Im)} denotes the orthonormal basis of eigenvectors with energies E,,, then
1 =7 |n)¥n| and '

G@H=E—H"1=3 J'g—i’él (8.2)

It is easy to see that for any z not equal to an eigenvalue, this operator is well
defined on any |y) in 5. [That is, G(2) |y} is a well-defined vector, itself in
H#.] We can go further if we introduce the definition: ’

An operator G(2) is said to be an analytic (operator) function of the complex
variable z, if the number (x| G(?) |y) is analytic for all |y} and |y).2

Since the matrix element

4l G(2) ) = EW

2 There are several different definitions of an analytic operator. Fortunately, for a bounded
operator (which the Green’s operator is) they are all equivalent.
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is obviously analytic as long as z # E,, E,,...2 we _;gae sthat the operator
G(z) is an analytic function of z for all z # E},,Ez, e Furthermore, atj
z = E, the matrix element has a simple pole with residue (x | n)Yn | ), and
it is therefore natural to say that the operator G(z) has a simple pole whose
residue is the operator |n)n| (which is just the projection operator onto the

h energy level).

" This eiilmple)shows (what is always true) that lfnowledge of the Green’s‘
operator G(z), for all z, of a Hamiltonian H is equivalent to knowledge of a
complete solution of the corresponding eigenvalue prob}eq. Tl}e Green’s
operator G(2) is analytic except on the spectrum of H (which in this case was
assumed to be purely discrete, and in general is some set of .real m}mbers).
For each discrete eigenvalue, G(2) has a pole whose position 1s precisely the
eigenvalue and whose residue determines the corresponding eigenvector (or
subspace of eigenvectors in the case of degeneracy). _ '

When H has a continuous spectrum (as it always does in scattering the9ry)
the Green’s operator has a singularity there as well. To see this we con_51der
the free Green’s operator G°(2). In terms of the angular-momentum eigen-
vectors |E, [, m) we have an expansion analogous to (8.2),

© |E,'l, m){E, 1, m|
0, — 2 . s s —
G(Z) —_J.() dEz.m z2—E

or
2 G°G) 1) =f°z—"’_E—E {; (| BT, my(E, Lm | w>} ®3)

As long as z is not a positive real number the denominator in this integral
does not vanish. In this case it is easily seen that the matrix elements, aqd
hence the operator, are well defined and analytic. However, these analyFlc
functions have a branch cut running along the real axis from 0 to co; .that }s,
the value of (3| G°(2) |y) atany E, > 0 approached from above (z = E, + i0)
is different from its value at the same point approached from below (z =
E, — i0) (see Fig. 8.1). Thus, from (8.3)%:

(x| G™(E, + 10) lp) — (xl G°(Eo — i0) |¥)

=LwdE(Eo — ;5 +i0  E,— ;5 — io){z"'}

= —27Ti2<x] EO’ l’ m><E0’ l’ m \ '(P>
t.m

3 The argument for this is as follows: (1) Each term of the series is anal)"tic‘forz. #% E,
E,.... 9 Forz in any closed region not including Ey, Ep, . . ., the. serl‘?s is umff)rmly
convergent. (3) Since a uniformly convergent series of analytic functions is analytic, the
conclusion follows. S ) N

4 Note that here and elsewhere any expression containing the argument = + {0 is understood
to be evaluated at « + /e with € > 0 and the limit € — 0 then taken.

s
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z-plane

I
N

FIGU!(E 8.1. The matrix elements (x| G°(z) [, and, hence, the operator G°(2), are
analytic for 2 not on the positive real axis. Because their values as 2 approaches
E, + i0(E, > 0) are unequal, the positive real axis is a branch cut.

since the factor in parentheses (- - ). is just (—2mi) times 8(E — E,) (see
Messiah, 1961, p. 469). Once again we can see that knowledge of the Green’s
operator for all z is equivalent to a complete solution of the eigenvalue prob-
lem of the corresponding Hamiltonian. The operator G°(2) is analytic
except when z is in the spectrum of H®. The singularity at the spectrum,
which in this case is continuous, is a branch cut and the discontinuity of
G°(2) across this cut at E > 0 is just (—27) times the operator

12 |E, I, m}E, I, m|
[which is the (improper) projector onto the states of energy EJ. )

These two examples show what one should expect in general. In particular,
we could apply the same arguments to the Hamiltonian H of a typical scatter-
ing problem, with bound states at E,, E,, . .., all less than zero, and a
continuous spectrum running from 0 to oo. It should be reasonably clear
that G(z) is then analytic except for poles at the bound states z = ELE,,...
and a branch cut from 0 to oo (Fig. 8.2).° .

Knowledge of G(2) for all z is equivalent to a complete solution of the
eigenvalue problem of H. Needless to say, finding G(z) is precisely as hard
as solving the eigenvalue problem, and, generally, one cannot hope to find
G(z). For this reason it is useful to have an equation that relates the un-
known G(z) to some known operator. The usual choice for the latter is the
free Green’s operator G°(z). The equation relating G and G° is called the

8 It should perhaps be emphasized that we do not claim to have proved this result, only to
have made it plausible. To prove it one must first show that the spectrum is as claimed
(see, for example, Faddeev, 1957, and Kato, 1959), and then appeal to standard theorems
from the theory of spectral decompositions.
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] z-plane

FIGURE 8.2. The Green’s operator G(z) is analytic except for poles at the bound
states z = E|  F,, ... and 2 cut from 0 to co.

resolvent equation or Lippmann—Schwinger equdtion for G(z). It is derived
from the simple operator identity

A= B+ BB — A4

If we set A =z — H and B = z — H? this becomes:

G@) = G°@) + G°R)VG(2) (8.4)

or, if we interchange 4 and B,

G() = 6°@) + GHVGC'R) (8.5)

It can be shown that, for z not in the spectrum of H, either of these equations
characterizes G(z); that s, if we find an operator that satisfies either equation
it is indeed the Green’s operator® G(z) = (z — H)™1. As we shall see, these
two equations constitute one of the essential foundation stones of the time-
independent scattering formalism. ' '

The free Green’s operator G°z) is, of course, explicitly known. In the
momentum representation, for example, it is diagonal and is characterized
by the relation:

1
z—E

GCRIp)=E—H)"p= P (89

4

Obviously, this allows us to calculate the matrix elements of G°(z) in any other
representation. For example, in Chapter 10 we shall use (8.6) to calculate the
spatial matrix elements (or Green’s function) (x| G°(z) |x").

6 A clear discussion of this and some other properties of G(z) can be found in Faddeev
(1065) Section 2.
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GTo ,conclude this section on the definition and general properties of
reen’s operators we note that since H = H' it is easily seen that?

G(z*) = [GE (8.7

?nd S}nularly for G°'(z). This important identity asserts that the value of the
unction G at the point z* is the same as the adjoint of its value at the point .

8-b. The T Operator

I.n sc.:attering theory it is convenient to introduce another operator T(z)
which is defined in terms of G(2) as ,

T@) =V + VGV (8.8)

It is cle.ar that as an analytic function of z the operator 7(z) has the same
properties as G(2). That is, 7(2) is analytic for all z not in the spectrum of H.
Wh.el.l z approaches the energy of a bound state T(z) has a pole, and on the
positive real axis T(2) has a branch cut.
An important identity relating th i i
1 im g the operators T, G, and G° is obtained
multiplying (8.8) on the left by G° wined by

G°T = (G* + GVG)V
or

GYAT() = GEV (8.9)

si.nc?, according to the Lippmann-Schwinger equation, (G° + G°VG) = G.
Similarly, multiplying on the right, we find that

T(2)G%(2) = VG(%) (8.10)

As a first applicatiqn of these identities we can find an expression for G in
terms of 7. According to the Lippmann—Schwinger equation G = G° +
G°VG. Thus, replacing VG by TG® we find that

G(®) = G°(2) + G°(A)T()G*(2)

This means .that knowledge of T implies knowledge of G. Because the con-
verse is ob.v10us'1y true (by the definition of T'), we see that the information
contained in T is precisely equivalent to that in G.

-

? We shall generally use the notation G(z)* to d joi

W enote the adjoint of the operator G(z); and
sxm.xlarly, f@* for the complex conjugate of the number f(z). Howerx)ler, we s(hz;ll (;lc-
casionally add a bracket, as in (8.7), to emphasize the meaning.
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The defining equation T =V + VGV gives T in terms of the unknown
Green’s operator G. If we use the identity~(8.9) to replace GV by G°T, we

obtain the equation

T@) = V + VG'(2)T() (8.11)

for T in terms of the known operator G°. This equation is known as the
Lippmann—Schwinger equation for T(2), and is the starting point of many
methods for calculating T. In particular, when V is sufficiently weak one can
hope to obtain a reliable solution by iteration, starting with the so-called
Born approximation T'~ V. Inserting this into the right-hand side of (8.11)
gives as the second approximation T~ V + VGoV; and continuing this
procedure produces the infinite series,

T=V+ VGV + VGVGV + - -~ (8.12)

This series (which may or may not converge) is known as the Born series and

will be the subject of Chapter 9.
Finally we note that the identity (8.7) for G leads.to a corresponding result

for T, ,
T(z*) = [TE]' (8.13)

8-c. Relation to the Moller Operators

In this and the next section we establish the relevance of the operators G(z)
and T(2) to scattering theory. Specifically, we establish expressions for the
Moller operators Q.. and the scattering operator S in terms of G(2) and T'(2).
While our primary interest is in the § operator, it is instructive and useful to

discuss the Mpller operators first. _
Recall that if a particle entered a collision with the in asymptote labelled

by the normalized vector lviny = |$), then its actual state at £ = 0 is given by
vy = O lywy = Q1) = 164)  [if lyi) = 14)]

Similarly, if the out asymptote were going to be [your) = |¢), then the actual
state at ¢ = 0 would have to be

W) = O [pous) = Q1) = 1$—) [ Ipon) = |4)]

" The Moller operators were defined as the limits as ¢ — F oo of U()TU(?).
In the course of proving that these limits exist, we rewrote UTU? as the
integral of its derivative, which led to the result (which we write for Q)

I$—) = Q_1$) = lim V'V 1$)

e T AU CI R O
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We found that this integral was not only convergent, but was absolutely
convergent; that is, if the integrand is replaced by its norm, the integral stil|
converges. Now, it is a simple matter to verify that if an integral of the type
_f: dr |y,) is absolutely convergent, then it satisfies the identity

f drly,) = limf dre " |p.) (8.15)
0 eloJo

where the notation € | 0 is used to emphasize that e tends to zero through
positive values. This identity is casy to understand: The factor e~ is ap-
proximately one when  is small (r « 1 [€), but damps out the integrand when
7 is large ( > 1/€). But since the integral converges, the contribution from
7 sufficiently large is in any case insignificant. Thus, if we choose € small
enough, the damping factor does not change the value of the integral. (The
reader can easily fill in the details of this argument—see Problem 8.1.) Using
this identity we can rewrite the result (8.14) as:

1402 0_14) = 1)+ i1im f “de U Y em 14) 816)

In the corresponding expression for [¢+) = Q. |¢), the integral runs from
0 to — oo and the appropriate damping factor is therefore e+ (e > 0).

Before applying this result let us make some comments. First, the validity
of the result depends only on our demonstration that the original integral
(8.14) was suitably convergent. Thus, (8.16) is rigorously true, and in
particular, the limit exists for all proper® |¢). Second, the usefulness of the
result is that the original integral (8.14) is convergent, but only because of the
comparatively subtle oscillations associated with the spreading of wave
packets. On the other hand, the integral (8.16) is exponentially convergent.
Of course this exponential convergence is achieved at the cost of having the
limit € | O to handle. However, it turns out that this is a price worth paying.
In particular, we shall find that with the help of (8.16) we can replace the
proper vector |¢) by the improper plane-wave state [P)—an essential step in
the discussion of the stationary scattering states in Chapter 10.

Finally, we can interpret the expression (8.16) by noting that, roughly
speaking, it differs from (8.14) by a change of potential from ¥ to® Ve <,
(By writing |7| we cover both Q, and Q_) Thus, we can regard the equiv-
alence of (8.14) and (8.16) as expressing the fact that the motion of any given
scattering orbit would be unchanged if we were to replace V by Ve™!"l, for
sufficiently small . This is exactly what one would expect, since we know that
for any given orbit the projectile eventually moves so far away that the

8 Strictly speaking we should say that it exists for all I$) in the domain of H.
® This is not quite true since a change in ¥’ will also change U(r).
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potential ceases to have any effect. Thus, for any given grbit we can choose

¢ so small that ¥ and Ve ‘"' do not differ materially until such a time w}‘len

the potential is in any case irrelevant. The result that one can do scatterclin.g

theory with V replaced by Ve "l is known as the adiabatic theorem gln is

sometimes used as the starting point f(1>r an ;pproach based more heavily on
ime-i ndent scattering formalism than ours.

th%z:z:;;éef: our main calcuglation, we insert into (8.16) a complete set of

states |p) to give: ‘
_ _ .y . —€r|J TVUO ( Yy (8.17)
$-)= 01§ = 1) + itim [ @p [ "arte U VU@ DR | ¢

Now, the free evolution operator U%(7) acting on |p) gives just exp (—iE,).
Thus, the operator in brackets in the integrand can be replaced by

[ ] =exp[—iE, — ie — H)r]V

and the integral over 7 performed,
f “drl -] = —i(E, — ic — HY"WV = —iG(E, — i)V
0

(Because of the damping factor, there is no contributio_n from the upper limit
of integration.) Substituting back into (8.17) we obtain:

= - im {d® — iV $  (8.18)
h—) = Q_|¢) = |¢>+13ﬂfdpG(E,, i)V |py(p | 4

An exactly similar analysis gives a corresponding expression for |¢+).
. . . Jer
In this case, since the appropriate damping factor is ™", the argument of the

Green’s operator is (E, + ie);
i) = Q. |$) = 4) + lim f pG(E, +iOV IDp|$ (319

Note that the signs of the term Zie in these expressi'ons for the Mqller opera-
tors are the same as the subscripts & on Q.. This is in fact the original reason
is choice of the subscripts. ‘

forV&?:hill return to these exl}))ressions for Q, in terms ‘of G(z) in Chap?er 10,
where they will be an essential tool for the discussion of the stationary
scattering states. Here we remark that, since we could replace the fact1c1>rs
GV in (8.18) and (8.19) by G°T, we have successfully expressed the Mo er
operators Q, in terms of either G(2) or T(z): For the moment,'our 3na¥n
objective is to express the scattering operator S in terms of T(z). Thls we do in
the next section, using the same techniques as used in this section.
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8-d. Relation to the Scattering Operator

THavmg expressed €2, in terms of 7(2) we can now do the same for S =
QrQ,. We could use the results (8.18) and (8.19) for Q, butitis just as easy to
proceed directly from first principles. The calculation is unfortunately rather
messy, but the result is absolutely central. Our starting point is the equation

Xl S1dy = () QLQ, 14)

= lim iH't ~iHey B —H% | g '
Hm(xl (e TeT H) (e HE g —iE Ty | 4y (8.20)

t'—+—

The orc.ler in which we take the limits  — + 0o and ¢’ — — oo is immaterial
(as the interested reader can easily check). In particular, we can take the two

limiFs simultaneously; that is, we can set #' = —¢ and simply let ¢t — + oo
to give ’

11 S 1) = lim ¢ (" by gy

We now employ the familiar trick of writine thi o
: . writing this expression as the int
its derivative, in this case 8 P egral of

d ] X
— e ] — [ tH ty, —2i i’ g0 . )
X [ l{et Ve ZthetH t ! etH te—ZthI/etH t}

This gives
WS = | b —i[ a3 1)

= <Z l ) — ilei?(l)J; dte“‘(x| { -} 16

wher.e the in?roduction of the damping factor is justified exactly as in the
previous section. If we now replace the proper vectors |y) and |¢) by mo-
mentum eigenstates |p’y and |p) the free evolution operators in the integrand

simplify and we get
(P'ISIp) = &,(p' — P — ilimjwdt(p', {Vei(En'+E»+i£—ZH)t
0
+ ei(En'+Eg+i£—2H)tV} lp)
=00 = )+ 251im ) [y (B e i)

E, + E

+G( 5 ”+ie>V}[p>
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If we next replace VG by TG, and GV by G°T, the free Green’s operators
acting on the momentum eigenstates can be replaced by their eigenvalues to
give

~ 80" = B+ lim |

1 n 1 ;
E,—E,+ic E,—E,+ie

v E,+E, .
x @1 T(Z 52 4 i) 1
Finally, we recognize the quantity in braces as one of the standard represen-
tations of the delta function, {- - -} = —2ni d(E,, — E,), and we obtain:

'l Sp) = 0y(p" — p) — 27 &(E,, — E,) l:?; PITE, +i9lp | (82D

This is one of the central results of time-independent scattering theory.
Comparing it with the decomposition of (p’| S |p) in terms of the on-shell T
matrix,

#'1SIp) = 0y(p" — ) — 2 XE, — E,) (p’ < p)

we see that

Hp' < p) = E?J (0’| T(E, + i¢) |p)
= (p'| T(E, + i0) [p) - [Ep = E,) (8.22)

where we have again used the notation f(E + i0) to denote the limit of
f(E + ie) as € | 0. This shows that the on-shell T matrix ¢(p’ < p), which is
defined only for E,, = E,, is in fact the p’, p matrix element of the operator
T(z) for the particular values 2 = E, + i0 and E,, = E,. For this reason
{p’| T(2) Ip) is known as the off-shell T matrix. It should be emphasized that
this off-shell matrix is more general than #(p’ « p) in two ways. First, the
variable z is an arbitrary complex number unrelated to either p’ or p, and
second, p’ and p are themselves quite independent. It just so happens that
when |p’| = [p| and z = E, + i0 the off-shell matrix coincides precisely with
t(p’ < p). '

For the reader who has not met the off-shell 7" matrix before some com-
ments are in order. First, the fact that (p’| T(2) |p) is defined and nonzero for
E, # E, may at first seem surprising, since it perhaps appears to violate
conservation of energy. However, it is the scattering operator S that conserves
energy. The matrix elements (p’| S |p) certainly are zero for E,, # E,, as is
guaranteed by the delta function 8(E, — E,) in (8.21). Since the delta
function is zero wherever E, # E,, there is no reason why the factor
{p’| T(E, + i0) |p) should vanish there, and in fact it does not.
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Second, since it is the § matrix that is physically relevant, and since it is
only the on-shell values of the T matrix that actually contribute to the §
matrix in (8.21), one may reasonably ask why one bothers to define an off.
shell 7 matrix at all. To put this differently, we could obviously add to the
off-shell 7' matrix absolutely any function of P’, p and z—provided only that
it vanishes on-shell—without changing the result (8.21). In other words, the
definition of the off-shell extension of the T matrix is almost entirely arbitrary.
So why do we bother to define it ?2® The answer is, briefly, that it turns out to
be convenient to define the off-shell 7' matrix and that the convenient defi-
nition is that given above. With this definition, the off-shell 7" matrix proves
to be a powerful tool for calculating scattering amplitudes and for establishing
their general analytic properties.

- 'We can explain the situation informally as follows: the S matrix PSS |p
is a highly singular function of its arguments because of the two delta func-
tions in (8.21). The off-shell T matrix | T(2) |p) is a smooth function of its
arguments and satisfies an equation (the Lippmann-Schwinger equation) that
can be easily handled. This equation is an integral equation for (p'| T(z) P,

ITE o) = (1 V ) + [arpr TV 10

D

PITE Iy (8.23)

It is, in fact, impossible to discuss this equation without reference to the off-
shell values of (p’| 7(z) [p). Thus, knowing that we are interested in the on-
shell 7 matrix, we can determinedly take |p’| = |p| and set z = E, +i0 In
this case the left hand side is precisely the required on-shell 7 matrix. How-
ever, the integral on the right still runs over al/ p”. Thus if we wish to solve
(8.23) as an integral equation for the T matrix, we must at the-very least solve
it for the function (p’| T(E, + i0) Ip) for all p’ and only afterwards set
Ip'l = Ipl. Thatis,any approach to the 7 matrix via the Lippmann-Schwinger
equation involves discussion of this “half-off-shell”” T matrix at the very least.!!

Another use for the off-shell 7 matrix will emerge when we discuss multi-
particle scattering. It turns out that the physically relevant on-shell T matrix
for multiparticle processes can be related, in various approximations, to
certain off-shell two-body T matrices. For example, we shall see in the

10 In fact there is a school of thought (associated with the so-called analytic S-matrix theory)
that argues that a reasonable physical theory should involve only on-shell quantities.
Whether this approach will yield a complete and satisfactory scattering theory remains

~ to be seen.

1 This explains why we discuss (p'| T(z) |p) for E, # E,, but not why we are interested
in complex values of z; that is, one might hope always to hold z fixed at E, + i0. However,
the meaning of T(E + i0) is the limit of T'(z) as z approaches the real axis at E from above.
Thus, in a rigorous discussion of the Lippmann-Schwinger equation, one must first work
with z complex and then take this limit. :
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scattering of one particle a off a bound state (bc) of b and c, that the :amplitude
can be written approximately as a weighted sum of the amplitudes for
scattering of a off b and of a off ¢ separately. However, as a scatters off b
(bound to ¢), energy and momentum can be taken up by c and vice versa.
Thus, the appropriate two-body amplitudes are ot"f-shell. o -

Finally, it may be well to reiterate what was said at the begmmng of this
chapter: that our method of introducing the off-shell T I"I‘latI‘IXT}O prod1.10e
the definition T = ¥V 4 VGV out of a vacuum and then “discover”’ its r‘el.atlon
to the on-shell 7" matrix—is certainly not the way in which iT. was orlglna!ly
discovered. Historically, scattering theory was develop.ed (11.1 analogy_ w1t£
bound state theory) in terms of the stationary “scattering elgenfunctlons.
of Chapter 10. It was in terms of these functions that the off-shell 7 matr?‘x
was introduced. The eigenfunctions satisfy the time-independent.Schro-
dinger equation, which could be converted into an equivalent integral
equation, which in turn led to the Lippmann.—Schwn.lger for 7. Thus, .the
Lippmann—Schwinger equation for T is histonc.ally v1ew‘ed as the reflection
of the Schrédinger equation for the scattering eigenfunctions.

PROBLEMS
8.1. Given that {§ dr ||y,|| < oo, prove the identity

fwdr v,y = Iimf dre™" |p,)
0 elo Jo

(Write ¢ as f§ + f3; choose T so large that {7 is small on both sides of
the identity. Then choose € so small that the two integrals {7 are close.)

8.2. Consider the separable potential
V=208

where |{) is a normalized vector specified by its momentum wave function

(@) _
(a) Show that T(2) is given explicitly by

A0

TE) = 1 — AAQR)
where

140)]s

AG) = Ul 6@ 10 = [&p P -

z—E
[Hint: First use the definition 7 = ¥V + VGV to show that'T =o(2) [C?(CI
where «(2) is some number. Then use the Lippmann-Schwinger equation
T =V + VG°T to find «(2).]
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(b) Show that the Born series for T is convergent t
o th
small but divergent for 2 large. ’ ¢ correct answer for 4

c) B id
§ ta?tesy considering the poles of T(2) show that ¥ has either one or no bound

(d) If {(p) is spherically symmetric (i.e., |{) is an eigenvector of L with cigen-
value zero), find the partial-wave amplitudes.

The Born' Series

9-a The Born Series

9-b The Born Approximation

9-¢ The Yukawa Potential

9-d Scattering of Electrons off Atoms

9-¢  Interpretation of the Born Series in Terms
of Feynman Diagrams

In Chapter 8 it was shown that the on-shell T matrix #(p’ < p) is just the
p’, p matrix element of the operator 7(2) in the limit z— E,, 4 i0. In this
chapter we discuss an important method for the actual computation of 7(z):
the so-called Born series. As was mentioned in Chapter 8, this is obtained
when one tries to solve the Lippman—Schwinger equation T'= V + VGeT
by iteration, using as first approximation the. Born approximation T ~ V.
One iteration gives the second Born approximation T" ~ ¥V + VG°V, while
the final answer is the Born series,

TE) =V + VG + VG'@VG' @RV + - - ©.n

It should be emphasized that the Born series does not always converge, and
still less does it necessarily converge so rapidly that its first one or two terms
provide a reliable approximation. Nonetheless, there are circumstances
(notably high energies or weak potentials) where the series does converge and

does so very rapidly. It is from this circumstance that the method derives its

importance.
143
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The applications of the Born series are many and varied. It can be used
theoretically to establish certain general properties of the scatterin g amplitude,
in which case it is usually sufficient to know only that the series does con-
verge. It can be used as a practical method of computing amplitudes, in
which case it must converge so rapidly that only a very few terms are im-
portant. In fact, in most cases even the second term is so cumbersome that the
method is used only if the first term alone—the Born approximation—is
dominant.! In some fields (e. g, atomic physics) there are situations where the
series can be shown to converge so rapidly that the Born approximation alone
is in excellent agreement with experiment. At the opposite extreme there are
situations, notably in strong interaction physics, where almost nothing is
known about convergence of the Born series, and the Born approximation is
used simply for lack of any practicable alternative. _

In this chapter we discuss some general conditions for convergence of the
Born series. As specific examples we consider two simple models. In Section
9-c we discuss the scattering of two nucleons interacting via a Yukawa
potential, and in Section 9-d the scattering of an electron off an atom (the
latter being treated as a static charge distribution that defines the potential
seen by the electron). Finally, in Section 9-¢ we discuss the interpretation of
the Born series in terms of Feynman diagrams.

Further discussion of the Born series and some of its generalizations (the
partial-wave version, the distorted-wave Born series, the multichannel ver-
sion, etc.) can be found in several of the chapters following.

9-a. The Born Series

To better understand the significance of the Born series it is useful to intro-
duce a parameter 1 multiplying the potential and to consider in place of the
actual Hamiltonian H = H® 4 ¥V the family of Hamiltonians, H = H4
AV. The number 2 (which must be real for A to be Hermitian?) can be
considered as a strength parameter or coupling constant, whose value in the
actual problem of interest is A — 1. The operators G(z) and T(z) are then
functions of 1 as well as z, but we shall not indicate this explicitly.

The Born series results from the assumption that T(z) can be expanded as a

1 An important exception is the Born series in quantum electrodynamics, where the tech-
niques of Feynman graphs have made practicable the evaluation of several terms.

2 We shall later have occasion to discuss complex values of 4 for which the operator H® 4
4V, although a well defined mathematical quantity, is no longer the Hamiltonian of any
physical system. We shall then refer to real values of 1 as “‘physical values” and complex
values as “‘unphysical.” For the present we consider only physical values.
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power series in 4,

T@) = 3 1"T™() 9.2)

Substituting this expansion into the Lippmann-Schwinger equation,
T=AV+AVG'T 9.3
and equating corresponding powers of 1 we find that 7® = 0, T¥) = V'and
™ = yeoT" D = (VGO

The power series (9.2) is therefore:
T(z) = AV + 22VG@)V + - - - X))

which, for the actual value 4 = 1, is just the series (9.1) di§cussed apove.
An alternative route to the same answer is to rewrite the Lippmann—
Schwinger equation (9.3) as: '

(1 — AVGYT = AV

In this form it is clear that the problem of finding T is equi\{alent to that. of
inverting the operator (1 — A¥G?. Provided this inverse exists, the solution
for T is just

T=Q1- WG

In particular, if we assume that the inverse can be expanded as a binomial

series
A=V =1+4+ AVG® + (AVG? + - - -

we recover the Born series (9.4). . o

From the series expansion for T(z) one can immediately write down a
corresponding Born series for the quantity of primary importance, the on-
shell T matrix,

| 1" < p) = (| T(E, + i0) [p) ©.5)
=A01VIp)+ 2P| VGUE, +iO)VI|p)+---

This is, of course, the result of direct physical interest, and t.he important
questions to consider concerning the series are: Does the series Fonverge?
In particular does it converge for the value 4 =1 (corre.spondlng to ‘Ehe
actual Hamiltonian H = H® 4 V)? Does it converge sufficiently fast to give
a useful method of computation ? '

Before giving some exact answers to these questions we m.ake two
comments about what one might expect to be true. The Born series is a series
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in powers of the operator 1V'G® and we can anticipate that it should converge
whenever this operator is “small” (in some appropriate sense). First, this
suggests that convergence should be good for A sufficiently small—a result that
would make precise the idea that the series should converge for weak potentials,
Second, the operator G°(z) = (z — H® ™ is obviously “small”” (in some sense)
when z is large, and we can anticipate that the series (9.5) should converge
well for the energy E, sufficiently large. These ideas are made precise in the
following results, both of which apply to any potential ¥ satisfying the con-
ditions discussed in Section 2-b (ie., V' = O %) for r small, V =
o) for r large, and ¥ is piecewise continuous in between). For the

proofs, which are quite complicated, we refer the interested reader to the
‘literature.3

Convergence for Weak Coupling. For any potential ¥ there is a 1> 0
such that the Born series (9.5) converges to the correct on-shell T matrix
for all values of p and p’, provided 3] < 4. The smaller 4 the more rapid
the convergence, and for 4 sufficiently small, the first term alone (the Born
approximation) dominates.

This result is of considerable theoretical interest. For example, it guaran-
tees the existence of infinitely many potentials (namely any V" multiplied by a
sufficiently small A) for which the amplitude is given by the Born series.
However, it is of no practical use for a given potential ¥ unless it happens to
include the actual value A = 1. In this connection it should be mentioned
that if 2 is small enough for convergence at all energies, then the potential
AV supports no bound states. Turning this statement around, we see that if
a given potential does support a bound state, then the corresponding Born
series certainly does not converge for all momenta.* o

- Convergence at High Energies. For a given V there is an energy E above
which the Born series converges for the actual value 2 = 1. The higher the

energy (above E) the more rapid the convergence, and for E sufficiently
large the Born approximation dominates.

3 A rather complete account can be found in Newton (1966) Sections 9.1 and 10.3, or see
the original paper of Klein and Zemach (1958). The important condition that the integral
(10.64) (of Newton) be finite is certainly satisfied under the conditions mentioned above.
4 See Newton (1966) p. 138. The reason for this can be roughly understood as follows:
If there is a bound state of H = H® + 4,V at energy E,, less than zero, then T'() has a pole
atz = E,, A = A, This means that a power series in 4 cannot possibly converge, at least
for z = E,, 2 = Xj. Itcan be shown that the situation cannot improve if we then move z
up to a neighborhood of zero, and, hence, that the series diverges for some interval above
E=0(and 2 = 2). Thus, if the Born series does converge for all energies (0 < E < )
‘there cannot have been any bound states.
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The chief practical importance of this second result ig tha;c at .suﬂicizxilrtlg
i i i tential, the Born approximation 1s cer
high energies, for any given po R . pro on is certain’y
i i that “sufficiently high energies y
liable. The only reservation 18 : .
;eigh that our description of the system 1n terms of a potential has become
unrealistic (e.g., because of relativistic effects). -

9.h. The Born Approximation

The two results just stated guarantee that there are many situations where

the Born series is convergent and, better still, where it converges s0 rapllclilﬂ
that only its first term is important. When this is so, we have for’ the on-she

T matrix (returning 4 to its actual value A = 1) |
1@ —p) ~ 0@ <p = @lVIP
and, hence, for the amplitude"
F(p < p) ~ fO@ < p) = —C’m@1 V1P
__n ‘[dsx eIV (x)e™™
- 2w

or

ks

i i i d the vector g = p’ — p. This is
this last expression we have mtroduc?e ‘

iﬁe momentun? transferred to the projectll.e by the target and is known as the
momentum transfer. 1t has magnitude (Fig. 9.1)

. @
= 2psin—
q 14 2

The Born approximation (9.6) is probably the single most important

approximate expression for the amplitude. Perhaps its most stri.ku:ig iJffeatu(l;z :
is that it depends on the momenta p and p’ only through their differen

= p’ — p; thatis, the Born approximation is a function of,the mo.me_ntutln
?ransfer onl,y In fact, apart from a numerical factor, £V (p’ <— p) is simply

FIGURE 9.1. The momentum transfer, ¢ = p —p.
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the Fourier transform of the potential, evaluated at q. For any given po-
tential, calculation of the amplitude in Born approximation is a simple
question of evaluating this Fourier transform.

If the potential is spherically symmetric, the angular integral in the Born
approximation is easily carried out to give

® sin gr
P «~p = —2mf Adr Ly (8.7
[] qr
In the next two sections we shall evaluate and discuss this integral for various
specific potentials. In the meantime we mention some important general
properties that hold for any spherical potential.

The Forward Amplitude. If p’ = p then q = 0 and it follows that:

fYPp<—p) = —Zmecr2 drv(r) (%.8)

that is, the forward amplitude has a fixed value independent of energy.’
This property is clearly visible in Fig. 9.2, which shows the cross section in
Born approximation for the Yukawa potential [see (9.13)]

_,,,
V(r) =2

Zero Energy. At zero energy ¢ = 0. Thus, fM(p’ < p) is again given by
(9.8) and is independent of 8; that is, the scattering (in Born approximation)
becomes isotropic at low energy (see Fig. 9.2). This is also true of the exact
amplitude f(p’ < p). However, since the Born approximation is not generally
reliable at low energies, this property of £ is largely irrelevant.

The Forward Peak. When g becomes large the Born amplitude (9.7) goes to

zZero, as is clear both from the factor ¢ in the denominator and the oscillatory
factor sin gr in the numerator. Since :

]
= 2psin—
q P 2

* this means that at high energy (when the Born approximation is certainly

good) the amplitude falls off as § increases from 0 to w. The higher the
energy the faster the amplitude decreases until eventually all that remains is a
narrow peak in the forward direction, as illustrated in Fig. 9.2.

5 We assume as usual that ¥ is 0(r—3~€) as r — oo, and the integral (9.8) is therefore finite.
Notice that if ¥ is greater than r—3 (as for example when ¥ is a Coulomb potential) the
integral diverges and the forward amplitude is infinite.

14
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Zero energy

ym?
“4
Medium energy
(p~w
|
G
3
)
=
High energy
(p>u)
0 180

8, deg ———

FIGURE 9.2. Typical behavior for the CM differential cross section in the Born
approximation (see (9.13)).

Unitarity. One final property of the Born approximati’on requires chmen_t.
We have seen that f1(p' < p) is proportional to (p'{ V' |p) and since vV is
Hermitian, it follows that the forward amplitude in Born app.roxzmatzon s
real® According to the optical theorem the foryvard amPhtude hasf an
imaginary part proportional to the total cross section, and it can therefore
never be real unless there is no scattering at all. Slnf:e the optical th(?orem
holds because S is unitary, it is usual to describe this apparent conflict by
i t the Born approximation violates unitarity. o .
Sa);‘?rgstﬂvlvae note that 111:71175 easy to see how this apparent coptrad}ctlon arises.
The Born series expresses f as a sefies in powers of A starting with the linear
term Af®. From the optical theorem,

nnf(-p<—p)=fﬁjdﬂlfl2

it is clear that the imaginary part of the forward amplitude is of order 4%.
1t is not at all surprising then, that if we calculate fto order 4 only, we com-
pletely miss its imaginary part. :

8 T.he gem%ral result is obviously that f V@’ < p) is Hermitian, in the sense of (9.1(?)_b-elovc.r.
For simplicity we focus attention on the forward amplitud‘e, .fo‘r which Hel'mlthltyhlS
equivalent to reality. If the potential is spherically symmetric 1t 15 clear‘ from (9.7) that
fO@' < p) is real for all p’ and p; nonetheless the general result is that in Born approxi-
mation the amplitude is Hermitian.
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S=1+4 ASW 4 28 4 ...

Substituting into the uni ion §'S = i
Su g itary equation S'S = 1 and collecting terms we find

1+ A[SWT 4 SW] 4 2[SWISW 4 S § §®] 4 ... =] (9.9)

This equation can only hold if the coefficients
_ of 2, 2%, ... are all s
zero. In particular, considering the coefficient of 1, we see that eparaiely

St — __§)

fO@<p) =00 «p) (9.10)

Settlgg p’ = p we see that, as a consequence of unitarity, the forward Born
arn'pht'ude has to be real. Conversely, if (9.10) holds, then it is clear that th
unitarity equation (9.9) is satisfied at least to order . ’
. The 'trouble starts when we consider the term of order 42in (9.9). Obviousl
if S(_” is nonzero, then S must also be nonzero for the coei’ﬁci‘ent of A2 tg
vamsh‘. Now the Born approximation consists in neglecting $® and higher
terpls in the series for S. But if S® is taken to be zero, then the coefﬁcier%t of
A%in (9.9} cannot be zero and we find that to order 22 our approximation fails
to be unitary. This situation is really not at all surprising. The actual S
operator is unitary and satisfies the unitary equation (9.9) to all orders in 1
However, if we approximate S by neglecting terms of order A%, then it is;
n'atural that the resulting approximate expression satisfies the un’itary equa-
tion to order 4 only. Of course, if the Born series is rapidly conver entqthe
terms neglected are small and the violation of (9.9) is also small, .
01.1r apparent conflict is seen to reduce to the not very surprisihg statement
that if the Born s‘eries converges slowly, and we neglect all terms but the first
then our approximation will be poor and, in particular, will not satisfy Uni:
tarity. Howe\./er, we can turn this result into a useful test by noting that if the
?orn. ap.prox1m.ation is found seriously to violate unitarity, then the approx-
imation is certainly unreliable. This test is most useful in connection with the
partial-wave Born series and we defer any further discussion to Chapter 11.

9-c. The Yukawa Potential

As 2 first application of the Born series we consider the Yukawa potential

e

V(r) =y (9.11)

r
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This potential was proposed by Yukawa as a model for the nucleon-nucleon
interaction on the basis of his meson theory. It also appears in atomic
physics, as a simple model for the screened Coulomb field produced by an
atom. However, it is as a model for the nuclear interactions that the potential
has been most extensively investigated, and it is in this context that we discuss
it first. , ) ) »

The Fourier transform (9.7) for the Yukawa potential/is easily evaluated
to give for the Born approximation '

Wr  py = —2ym (912

| <P e (’ )
where, of course, g = 2p sin 6/2.. In fact, it is this result that suggests the
relevance of the Yukawa potential (9.11) for the inter-nucleon interaction.
The Born amplitude (9.12) arising from the Yukawa potential coincides
precisely with the Born amplitude for nucleons interacting via a scalar meson
field, if u is identified as ¢ times the meson mass, and 7 is proportional to the
square of the meson—nucleon coupling constant (u ~ 140 MeV/c and y ~
—2¢/3 if the meson is taken to be the pion”). Since the Born approximation is
certainly unreliable for these values of u and y (aswe shall see), this may seem
a rather poor reason for considering the Yukawa potential. Nonetheless,
there are good reasons to think the Yukawa potential is a reasonable model,
at least for the long-range part of the nuclear interaction.

The CM cross section corresponding to the Born amplitude (9.12) is

2.,,2
do _ dy'm . (9.13)
dQ (4 +4p*sin® 0/2)° o :

This is the cross section that was plotted in Fig. 9.2; it displays all of the
general properties - of ‘the Born approximation discussed in Section 9-b.
The forward cross section (§ = 0) has the value 4y*m?[u* independent of the
energy, the zero-energy Cross section is independent of 6. As the energy
increases the cross section falls off more and more rapidly as a function of 0,
leaving only a forward peak of angular width ~u/p once p 3> j.

To get a better approximation for the amplitude and to get some idea of the
reliability of the first Born approximation /), it is natural to try computing
the second Born term f®, which is given by (9.5) as

e —p) = —Qnym @] VGE, + 10V IR
7 The Yukawa pdtential cbrrasponds foa scéla: meson, while the pion is in fact pseudo-'

scalar. The corresponding pseudoscalar equivalent of the Yukawa potential is given, for
example, in Mott and Massey (1965) p. 317, Eq. (74).
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or, inserting a complete set of states Ip"),

: f(Z)(p/ -— P) - _(277)2mfd3p// <P'| |4 'P”) (P”l |4 IP)
) E,—E, +i0

The matrix elements of V are simple Fourier transfor »
alreafly !Jeen calculated for the ﬁI;st Born approximar:;f)t:f ?gl’:)sar:lll }gllvi
remains 1s to carry out the integration over p”. Unfortunately thi; inte r:1
1 usually very cumbersome. For a Yukawa the answer can be g’iven in te%ms
of elern'enta:ry functions (see Newton, 1966, p- 291), but since the resultin
expression 1s not especially illuminating (for our present V'purposes) we con%
s@er only the special case of forward scattering, for which p’ = p. Fo
this case, a simple integration (Problem 9.1) gives i ‘

(9.14)

29°m?
#w—2ip)

(Izt; the Bo(fn approximat_ion is to be reliable, then we must certainly have
| ﬁ [ L fD; convers'ely 1f. J® is much smaller than S itis atleast plausible
that the Born approximation is good. Thus, a reasonable, although not
rigorous, test of the validity of the Born approximation is to compute the

ratio | f®[fM| and to compare it with unit i
/ y. For the Yukawa potential
find from (9.15) and (9.12) (with 6 = 0) that this ratio is poientatve

f(2) ym
s ( (® + 4y
For the nucleon-nucleon case® ¥~ —2¢/3, m~ 500 MeV/c? and u ~ 140
MeV/‘c. Thus, at zero energy, for example, the ratio | £ [f ] in the/;‘orward
<'11rectlon isabout 2.5. This means that at zero energy the Born approximation
is :lmto}ft certainly hopelessly wrong and the Born series divergent
§ the energy increases, the ratio |£(®/f W} in (9.1 ily i
However, it will not be comfortably le{s; tl/lj;n {mit}S unfi)l ;t"’e 2;:12,2 lﬁp:frzeci
case the nucleons would have relativistic energies, and the desc’ri tion in
terms of a nonrelativistic potential is almost certainly unrealistic. P
(golmake .the corresponding test for 6 > 0 it is necessary to compilte
f ' (p’ < p) for arbitrary pand p’. However, it should be emphasized that the
simple comparison of /™) and /' is in any case only a very crude test for
convergence of thg whole series. (For example, it could happen that although
J® is small compared to S, the third term £® is nonetheless large.) For t;gle
purposes of the test it is certainly senseless to go to much trouble tc; evaluate

[6 = 0] . (9.16)

RemembEI that m 18 the led Ced’ a. f I~
i mass, Whlch Or nucieon- cleo te 1}
T l TRUK n scat rlng 18 ha fthe
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/@ exactly, and any rough estimate of the ratio [f®/f ]| will do just as well.
There are several ways of estimating this ratio; one method is mentioned in
Problem 10.2. Here we simply state that whether one uses the exact form of
f® or any reasonable estimate, one obtains essentially the same result for any
6 as that for the forward direction given in (9.16). That is, at low energies
(p < p) a rough test for the validity of the Born approximation for the
Yukawa potential is:

ym

— 1«1 (low energy, p < u) 9.17)
U
while at high energy it is®:
ym .
_p— «1 (high energy, p > u) (9.18)

This result means, in particular, that direct application of the Born ap-
proximation (9.12) is unlikely to be of any value in the nucleon-nucleon
scattering problem. However, as will become apparent, the Born approxima-
tion may be useful for computation of the partial-wave amplitudes of high
1, even when it is not useful for computation of the full amplitude. In fact,
used in this way, the Born approximation has played an important role in the
analysis of nucleon-nucleon scattering (MacGregor, Moravcsik, and Stapp,
1960).

9-d. Scattering of Electrons off Atoms

Having discussed one problem where the Born approximation is not
directly useful, we now discuss another where it certainly is—the scattering
of electrons off atoms. This is in reality a multiparticle problem of the type
we shall be considering in Chapters 16-22. However, it turns out that a
reasonable approximate picture of the elastic scattering (i.e., scattering where
the target remains in its ground state) is obtained by treating the target atom
as a fixed charge distribution p(x). In this “static’” approximation (also
called the ““one-state approximation”—see Section 19-c) the incident electron
sees a fixed potential, -

V(x) = —e J &y PX) -~ (9.19)

[x — x|
and the elastic scattering can be treated by the methods already developed.
Obviously this simple model takes no account of the possible distortion or
polarization of the atom by the incident electron and it makes no allowance

® This condition is usually quoted with an extra factor of In(2p/x) (see Problem 10.2).
Obviously this makes little difference at any reasonable energy. .
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for inelastic processes (where the target moves to an excited state or is ion-
1z'ed.). The model also ignores “exchange” effects arising from the in-
distinguishability of the incident and atomic electrons.

', If we consider the scattering of electrons off a hydrogen atom first, then
in the approximation proposed, the charge density of the target is just’ ’

p(x) = e{83(x) — [$(x)[*}

Here the delFa function represents the charge of the point nucleus and the
second term is the charge distribution of the bound electron, ¢(x) being the
hydrogen ground-state wave function,

$(x) = (ma®)y e v/

whgre a is the Bohr radius (@ = 1/me?). The corresponding potential (9.19),
which is spherical (and, of course, spin-independent), is:

Vo ==e(l+ e o)

We can now proceed to calculate the amplitude for this potential. In

Partlculjar, we can try using the Born approximation, for which an elementary
integration gives: - '

70 <) = —2m [ "7t ar L )
0 qr

_gg S dd |
(4 + q2 a2)2 ‘
It should l?e erpphasized that this expression for the e-H elastic a}rlplitlide is
an approximation in two ways. First, starting from the potential (9.20) we
have calculated not the exact amplitude, but only the Born approximation.
Secopd., the potential (9.20) is itself only an approximate model for a target
that is in reality a two-body system. Any disagreement between the answer
(9.21) and experiment may reflect the inadequacy of either or both of these

approximations. N

. As regards the validity of the Born approximation, we need to estimate the
size of the second Born term f®, as discussed in the previous section. Inthe
present case we can obtain a rough estimate if we approximate the potential
by the Yukawa potential

(9.21)

e

Vi =y

r

Ify=—e?and u~1ja t.his Yukawa potential has the same singularity at
r =0 and the same qualitative behavior as the potential (9.20). For the
Yukawa potential we already have rough criteria for validity of the Born
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approximation. The criterion for validity at low energies is (9.17),

ym
I
which, since a = 1/me?, is obviously not satisfied. On the other hand, the
condition for convergence at high energies is (9.18),

~emal

ym| _ &m
p p
or pa>» 1. This condition requires that the incident wavelength be much
less than the Bohr radius or that the energy be much greater than 10 eV.
Thus, we can reasonably hope that the amplitude (9.21) will be reliable above

energies of 100 eV or so.

Unfortunately, hydrogen does not occur naturally in its atomic form, and
the measurement of the electron cross section on atomic hydrogen requires
the use of an atomic beam of dissociated hydrogen molecules. The low
intensity of such beams makes all measurements very difficult, and so far the
elastic e—H cross section at the energies of interest has not been measured.

To compare our theory with experiment we must consider as a target an
element that occurs naturally in the atomic state, of which the simplest is
helium. In the static approximation the helium target is considered as a
fixed charge distribution

P = e{zaa(x) - j By 1B, 3 — j oy 1§ x)iz}

where $(X;, X,) is the ground-state wave function of the two electrons. Here,
the first term represents the nuclear charge, while the second and third are the
charge densities of the two electrons. The wave function ¢(x;, Xp) is not
exactly known. However, there are several ways to get good approximations
toit. For example, if one does a variational calculation of the helium ground
state using a trial function

«1

(X, X) = x(x)x(x2)

x(x) —_ ‘a(,”a:s)——%(e—zfr/a + ﬂe—‘nr/a)

then the best estimate for the enérgy is obtained when « = 1.48, f# = 0.61,

z = 1.45, and is only 1.59%, off the experimental value. Using this trial func-

tion we can compute the atomic charge density p(x), the corresponding

potential V(x), and finally the Born approximation _

, 2 822 + 2a2 64 1822+ 2a2 2 3222 + 2a2

f(l)(pep)=‘f§a[4 2 qz 2y2 _E 2 q222 E 2 qzzz]
z (42 + q°a”) 27 (92* + q*a®) 2 (162* + g°a”)

(9.22)

where
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The same estimates as given above for hydrogen suggest that this Born
approximation should begin to be reliable at energies above 100 eV or so
jI'hls expectation is well borne out in Fig. 9.3 where the Born approximatim;
1s compared with the experimentally measured cross sections at 500 eV
It will be seen that the agreement is excellent except in the neighborhood oi.‘

M
+
. .
10717 |
;\_ x Hughes, et al.
T }( + Bromberg
7}
o —18
g 10 F
=]
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)
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10-19
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10-20 L ! 1
0 90 180

0, deg —>

FIGURE 9.3. The electron-helium elastic cross section at 500 eV. The curve is the
Born approximation (9.22), the experimental points are taken from Hughes, et al.
(1932) and Bromberg (1969). :

the forward direction. (One should probably not take too seriously the
smaller discrepancy near the backward direction where the cross section is
extremely small and only the older measurements of Hughes et al., are avail-
able.) The quite appreciable discrepancy in the forward direction @ <15
deg) is attributed to distortion of the atom by the electron and, to a smaller
extent, to exchange effects. These are completely neglected in our static
approximation. '
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9-¢. Interpretation of the Born Series in Terms of Feynman
Diagrams

The Born series for the S matrix (p’| S |p) can be given a graphic interpreta-
tion, in which the nth term is viewed as the amplitude for making the
““transition” (p’ <— p) via a succession of (» — 1) “intermediate’” or “virtual”
states (p’ <k, ; < - - - <Kk, <— p)—a process conveniently represented by
the famous Feynman diagram. This interpretation arises naturally in an
alternative derivation of the Born series using the interaction picture. Since
both this alternative derivation and the interpretation that it suggests have
played important roles in the recent history of scattering theory (nonrela-
tivistic and relativistic) we use this last section to discuss them.

So far we have worked exclusively in the so-called Schrédinger picture of
quantum mechanics. In this “picture” the state vectors representing an
evolving system vary with time according to the Schrédinger equation with
Hamiltonian H; on the other hand, the basic dynamical variables X, P,
S are independent of time. By making a time-dependent unitary transforma-
tion we can change this situation and obtain a new “picture” of quantum
mechanics. In particular, if H = H® + ¥, the interaction, or Dirac picture
is defined by the unitary transformation of vectors and operators

vyl
lpor = et lvos
and

AD) = FF AT

where the subscript I stands for “interaction,” and we have temporarily
added a subscript S to identify quantities of the Schridinger picture. The
physical state that was labelled by [)g in the Schrédinger picture is labelled
by |¢); in the interaction picture; the physical observable labelled by Ag
in the former, is labelled by A, in the latter. Since for any matrix element,

APl A7 19); = (| 4 19)s

it is clear that the two pictures always lead to the same physical predictions.

In passing to the interaction picture we have factored out of the state
vectors the time dependence of H®. Thus, if for any reason the interaction V
is negligible, the state vector in the interaction picture is a constant. In
collision theory this means that as the scattered particle moves away and V'
ceases to have any effect the interaction picture state vectors tend to con-
stants |p )y In fact, if we write

p— ) .HO —H
Iy = e yyg = e e Hy)g
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1ti1i clear that (iit ly)gisa gcattering state) the limits |y )7 in the interactio
}S)cil:.rg'are pr‘ec1sely the in and out asymptotes |y;.)¢ and |pgu)g Of th]1
. . - o
N ao inger picture. Thus, in the interaction picture, a collision i‘; discribeg
| y : \;e‘::g;f le) 7 with the following simple behavior. Well before the collision
es fro .S .
ay:tlll ¢ al‘t{sl rom Spme fixed limit Itp_w‘ )1 = |¥in)s, it begins to change onl
particles collide, and eventually it tends to some other limit | !
|%out)s When the collision is all over.1? Polr =
The evolution -operator from ti i i odi
L P Vm time ¢, to time ¢ in the Schrédinger picture
Us(t, toj — e—iH (t—to)

It follows that that of the interaction picture is

UL, 1) = G H tp—iH —to) ,—iH %o 9.23)

From what has just been said it is clear that the S operator is just the limitl

S =Ugoo, —0) (9.24)

Thus, any ‘convenient ‘mejchod of calculating U,(t, t,) should provide an

ce;;gzzs;;ortl fort S.b 11'1 particular, the procedure generally known as time-
nt per t i i :

dep perturbation theory yields the Borq series for S, as we shall now

The evolution operator U,(t, t,) of (9.23) satisfies the differential equation

. 0 ' ‘
za—t U(t, ) = VA{OU (1, t,)
where, of course,
, Vil) = ¢H el (9.25)
(and V is the usual potential in the Schrédinger picture). Integrating with

respect to ¢t and.using the fact that U(t, '
. , b)) = .
equation, . 7{t, ) = 1 we obtain the integral

Ut ty) =1 — iJ;thVI(T)UI(T, t,)

10 . . . . ./ ) X
Ch;l‘nlillrsl;;?ct}on tp}:c:ur;, is sg clearly a natural and convenient way to describe single
ering that the reader may wel wonder why we ha i .

scat ¢ : t used it sooner. Thi

reasons are: (1) There is no convenient ization ¢ interas o malti.

] generalization of the interacti i i
channel scattering, and (2) in relativisti 1o doabt the
: s ¢ quantu i i
gustence ot o Toperaction pictare q m mef:hanlcs there is reason to ’doubt the
ha:{f}r; ‘;; il:d b;m% ve;]y catl-valier about the various limiting processes. In fact Uy, £,)
i imit only if we first take its matrix element be ' ‘I

and |¢) [i.e., the limit (9.24) is a we: it], In ¢ B e )

; . . ak operator limit]. In th

limx| U, (t, £2) |4, th s o (5.30) e T L S
(8, 8 , the result (9.24) is just the 1 i

i Uit 1) 14, the resut ¢ j imit (8.20) used to express <p'| S |p) in terms
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If the interaction is zero, Uu,=1 Thus, if the interaction is small, one can
reasonably hope to solve this equation by iteration starting from Uy = 1 as
the zeroth approximation. This procedure gives

Ul(t, to) =1- l‘]-:dTVI(T) + (-—- i)zj;td—r'J.:’ dTVI(T/)VI(T) 4o (926)

If we now set t = 00, fp = —® to give S = U(o0, — ), take matrix
elements, and use (9.25) to rewrite V(¢) in terms of V, we obtain

@1S1p) =0 —P) — if dr(p’| €7 Ve F |p)

o’ v . 7
+ (_ i)z‘l- dT’J- dT(P’l eiEp’r’ Ve—iHQ(r’—f)V e—“iEnf lp>
—o0 -0 . _ ’

= 8,(p' — p) + (@1 SV 1P + (P'] S py + -+ (9.27)

We shall refer to this result as the perturbation expansion of the S matrix.!*
Its first term is just the familiar no-scattering term; the amplitude that the
particle propagates straight through unscattered. Before showing that the
succeeding terms precisely reproduce the terms of the Born series, we pause
to discuss their physical interpretation. o _ ]

The first order term (p’} S™ |p) in the perturbation series (9.27) is the

integral over all 7 of the matrix element .
—i{p'| exp(iE,,nr)Vexp(—iEp'r) ip)

s the amplitude for the following process. The

It is natural to interpret this a
particle propagates freely in the state |p) until time 7. [This gives the factor

exp(—iE,7) |p).] At time 7 the particle is given a single jolt by V’ and is

knocked instantaneously into the final state |p’). *(This gives the factor —iV.)

It then moves away, once again propagating freely. [This gives the factor
(p'} exp(iE,7).] This sequence of events can be illustrated schematically by
a space-time diagram as in Fig. 9.4. Finally, since the time 7 is not measure-
able, the corresponding contribution to the S matrix is obtained by integrat-
ing this amplitude over all 7. , : '

To interpret the second order term in the perturbation expansion (9.27)
we insert a complete set of plane wave states k) to give

@15 1p) ='("—i)2f d"f_ d’fdsk. BT (| V1)
- ) % e—iEk(f'—f)(]q 174 h))e—iEm' . (928)

12 We do not wish to imply any profound distinction between the result (9.27) and the
usual Born series, which are in fact equivalent. Until we have established their equivalence,

however, it is convenient to give them different names.



160 9. The Born Series
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FIGURE 9.4. ic i ; : .
the S matris. Schematic interpretation of the terms in the perturbation series for

The 1ntegmnd here can be interpreted as the amplitude for a process in which
the particle propagates freely in the initial state [p) until time 7: it is then
knocked by ¥ into an “intermediate state’ {k), in which it propa,gates freely
bstW(?gn T e.md ™' at 7’ it is again jolted by ¥, this time into the final state
I]_) )» in which it propagates away freely (see Fig. 9.4). Since neither the
times = and 7’ nor the intermediate momentum k are observed, the corre-
sponding contribution to the § matrix is obtained by integratiné over all 7
and 7', subject to — oo <7< 7 < 0, and all k.

The reader should have no difficulty in extending this discussion to the
general nth order term. Before discussing this further, we turn to the question
of the equivalence of the perturbation expansion (9.27) and the Born series.

This is ea}sﬂy established: According to (9.27), the first order term in the
perturbation series is

@15V 1py = —i f_ dr BB 1 (g

= —2mi 6(E, — E,Xp'| V |p)
This is precisely the contribution to P'| S Ip) of the first Born term

t(l)(Pl -— p)‘ — (l’/, 14 'P)

in the decomposition ~

P'1S [P = 80" — B) — 21 &E, — E,) p’ < p)

In.treat‘ing the second order term we must be a little careful. The point is
jthat In writing (9.28) for (p'| S® |p) we have shown a happy disregard for the
Important question of convergence of the integrals involved, and in fact, the
Integral over 7 from — o to =’ is meaningless. However, the reader sh(’)uld
have no difficulty in convincing himself that if we had used proper initial and
final states, the integral would have been convergent and would have been
unchanged by the insertion of the now familiar damping factor exp(+e7).
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p' =k3
. ko
t® (p'<—p =
ki
p=ko

FIGURE 9.5. The Feynman diagram for t®(p’ < p).

In this form we can revert to improper states. The integral over = then yields

tad . . i ei(Ek—Ep)T'
: dr e—l(Ep—Ek+l0)f _
o E, — E, + i0

the integral over 7' gives 27 6(E,, — E,) and we arrive at the answer

e A _ o, PV K[V [p) 3
| S® [p) = —27i &(E, E,,)fdk o OO

= —2mi XE, — E,)p| VG'(E, + i0)V |p)

which is precisely the contribution of the second Born term T'® = FG°V,
as expected. It is easy to see that the nth order term goes through in exactly
the same way, and we conclude that the perturbation series (9.27) is indeed
precisely the Born series.

It has become popular to view the diagrams in Fig. 9.4 as algebraic symbols
that actually are the terms in the Born series for ¢(p’ <— p). In this view one
can write “equations’ like that shown in Fig. 9.5 for the term

19(p’ — p) = (') VGUE, + i0OVGYE, + i0)V |p)

43 3 (p') V 1k <ko| V k) (kyf V D) 9.31
. _fd szd kl(E, — E;, + iONE, — Eg, + i0) (©-31)

The diagram of Fig. 9.5 is simply an alternative symbol for the expression
(9.31)—a symbol that makes clear its interpretation as the amplitude for a
process consisting of three jolts separated by free propagation in the inter-
mediate states k, and k,.- As we have performed the integrations over times
fin (9.29) for example] the factors of the form exp[—iE, (" — 7)] that repre-
sented the free propagation of the intermediate state k have been replaced
by the denominators (E, — E, 4 i0). That is, in the expressions (9.30) and
(9.31), the free propagation of the intermediate state k is represented by the
denominator (E, — E; + i0). For this reason the factor 1/(E, — E; + i0)
‘[for more generally the operator G%E, + i0)] is often referred to as the free

(nonrelativistic) propagator.
The use of diagrams like that of Fig. 9.5 to represent terms in the Born

(9.29)
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series for the scattering amplitude was first introduced in quantum electro-
dynamics by Feynman and they are therefore called Feynman diagrams or
Feynman graphs. 1t is easy to see that one could devise a set of rules by means
of which any term could simply be read off from the corresponding diagram.
In fact, comparison of Fig. 9.5 and (9.31) shows that the following set of
“Feynman rules” leads directly to the correct expression for t™(p’ < p):

(1) Draw the appropriate Feynman diagram with n “vertices” (i.e., n
interactions with the potential). : ,
(2) Write down a factor (k.| V' |k,) for each vertex (with p = k,,
p =k,)
~.(3) Write down a factor 1/(E, — E, + i0) for the free propagation of each
intermediate state k = ky, ..., Kk, _;. :
(4) Integrate over all intermediate momenta ky, . .., k, ;.

. In the present case (scattering of a single nonrelativistic particle) the struc-
ture of the Born series is too simple for a prescription of this kind to be
especially helpful.  However, in multiparticle processes, and even more in
quantum electrodynamics, the Born series are much more complicated, and
the use of the corresponding Feynman rules leads to a tremendous simplifica-
tion. In fact, it is no exaggeration to say that without the help of Feynman
diagrams much of the dramatic progress of the fifties in quantum electro-
dynamics would have been impossible. ,

Feynman diagrams have become so much a part of every physicist’s

‘thinking that one often hears the processes that they represent discussed as

events which actually occur. It may therefore be worth concluding with a
reminder that these diagrams are no more than an interpretation (albeit a
persuasive interpretation) of the terms in a particular series expansion of the
amplitude. According to the rules of quantum mechanics, the state vector
actually propagates according to the full evolution operator U(t) at all times.
The picture of free propagation [under U°(#)] interrupted by successive jolts
from the potential V'is a product of the particular method of solution, namely
expansion of U(t) in powers of V. In particular, if the Born series diverges
(as it certainly can do) there is no obvious reason for supposing that its
individual terms and the corresponding diagrams will have any physical
significance at all. : ' N

PROBLEMS

9.1. Calculate the first and second Born approximations for the Yukawa
potential ye~#r/r. In the case of the second Born term you can, if you wish,

Problems \ 163

i . case
confine attention to the forward amplitude. (The general, nonforward}-ca

can be found in Newton, 1966, p. 291) | ;
9.2. Calculate the first Born approximation for the square well

{_;VO» rla v

V(r) = 0, r>a

Show that it has all of the qualitative features discussed in the text.

9.3. We shall see in Chapter 11 that the scattering gmphtude be(;orllllesB iso-
tl:opic at low energies—a property that we have seen is also true ot.t ed. ﬂ(;l:;
-approximation. However ,for many potentials thefBom;approxnIla 101:1 ¢ ; er
from the exact amplitude by several orders of magnitude at low eromfg,];1 a:
Does this mean that for such potentials the isotropy of ,theth;rn app

tion at E = 0 is purely accidental? (The answer is 10. Why?)
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C}? stationary scattering states. The two operators were the subject of
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tonigi ;;atlonHa;ry-l—scI:ilttex;ng states are improper eigenvectors of the Hamil-

= and are denoted by |p+) and | i

: L ar p—). In particular, the

;vave func;t_lon x | p+) is just the familiar scattering wave flrl)nction often
enoted ;" (x), of elementary collision theory, ,

x| py o> oy (e + 1) (10.)
r
The scattering amplitude can be expressed in terms of |[p+) or [p—
[by (1}?.1) for examplg] and any means of computing [p+) therefore proxgdez
iol;lztc c?:d ;'01; :?:;i-?;ng 'Ettllle amplitude. These methods fall into two (closely
: ' : those using integral equati i
differential equations. The integralg meth%)d deg:;;;oz; ?1111;1 f;}c:? S:haltlsftlllli
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wave functions (x | p+) satisfy integral equations, closely related to the
Lippmann-Schwinger equation for the operator T(z). The differential
method uses the fact that the vectors [pt) are eigenvectors of H and, hence,
that the wave functions (x | p%) satisfy the time-independent Schrodinger
equation. As means of calculating the amplitude, the integral equations
produce essentially the same results as the Lippmann-Schwinger equation
discussed in Chapters 8 and 9. On the other hand the Schrodinger (differ-
ential) equation leads to 2 genuinely alternative approach. In practice, this
approach is most useful when the potential is spherically symmetric, since in
this case the wave function can be decomposed into angular-momentum
eigenfunctions and the Schrodinger equation reduces to 2 set of ordinary
differential equations. This approach will be the subject of Chapters 11 and
12. .
In this chapter we define the stationary scattering states and discuss some
of their general properties. Sections 10-a and 10-b give the definitions and
some basic equations for the vectors |pZ). In Section 10-c we use the
integral equations for the wave functions (x | p£) to prove the asymptotic
form (10.1), and finally establish contact with the traditional approach based
on this property. In Section 10-d we use the wave function (x | p+) to give
a coordinate-space description of the collision process. This supplements the
momentum-space discussion of Chapter 3 and provides additional insight
into the conditions under which cross sections can be measured.

10-a. Definition and Propertiés of the Stationary Scattering States

We have from time to time used the notation |¢=) to denote the image
under Q. of any proper‘(normalizable) vector |¢). The significance of |+,
for example, is that if the in asymptote of some collision event is labelled by
i) = 1975 then the actual state at t = 0is |9) = |¢+). We now introduce
two improper vectors [pt) whose relationship to the plane wave {p) is the

same as that of |¢=) to 1¢):
lp£) = Q. p) (102)

To understand the significance of this definition we consider an orbit with
in asymptote labelled by |¢), which we expand in terms of plane waves as

|#) =J.d3p¢>(p) |p)
In this case the aétual stateat t = 0 is

‘¢+> =Q, |6 =J.d3P¢(P)Q+ (P

= [ ioe (103)



166 10.  The Stationary Scattering Series States

In other words, the actual state l¢+) A

ds, as the same expansion in term
!p-}—) as does its in asymptote /) in terms of {p). [In fact this is precisely ;hg{
is meant‘by the definition (10.2) of the improper vector [p+5.] Similarl
if an orbit has out asymptote S >

N V2% _=fd3p x(p) Ip
then the actual state at t = 0 is

lz—) =fd3px(p)lp—-§ 104

These two results give the primary'signiﬁcancé of the improper vectors
![p:lzd) 1They a;re the natural vectors for expanding the actual state at ¢ = 0
o display explicitly its relation to the momentum expansi i
sions
asymptonen he ‘ p of the in and out
We have already mentioned that the vectors _lp:!:) are eigeilvectors of the

full Hamiltonian H. To prove this we have ‘ i

. Ham . only t 1

Intertwining relations (3.1), ‘ o Y 10 fecall the important
. ‘ HQ, = Q_HO

From these it follows that

 Hipk) = HO, Ip) = QH° [p) = E,Q, p)

[iwe =%, ]

Thflt is, both |p+) and lp—) a'ryeéigenvectors of H, the eigéhi}alue of H

acting on |p+) being the same as that of A° acting on [p) namely, E, = ’
P?*2m. This means that’ the wave functions (x [ p+) sati;fy ‘the time-i;-
dependept Schrédinger equation (which provides one approach to the actual
calculation of the stationary scattering states).

Tt is interesting to discuss the asymptotic condition in the light of this result.

or

- The physical connection between the proper vectors ¢ ) and |4) is that the

free orbit U°(¢) [‘95) is the asymptote of the actual orbit U(#) [#+) as f — — oo
U 1¢+) 22> U0 1) [any proper |¢)] (10.5)

C.‘oncerning the improper vectors [P+) and [p), we have seen that .they are
f}llgenwctors of H and H® with the same eigenvalue E,. From this it follows
at: : |

o U@ Ip+) = e=éEsi [pt)

U(1) [p) = st [p)

That i:v), [p+) and |p) are Stationary states with respect to the corresponding
evolution operators, and clearly they do not themselves satisfy (10.5).
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The explanation of this rather surprising result is this: The proper vectors
of (10.5) can be expanded in terms of [p+) and [p) to give

U o) 19~ 00 o) )

or

fdapsﬁ(P)[U(t) Ip+>] —>fd3p¢(P)[U°(t) Ip)] (10.6)

We see that the vectors [p+) and |p) do satisfy the asymptotic condition when
“smeared” by the integral { dp$(p) into proper states. In fact, since the
improper vectors have physical meaning only when smeared into proper
states, the relevant result is that they do satisfy the asymptotic condition in
this sense. Nonetheless, if we try to remove the smearing integral from
(10.6) and to discuss the improper wave functions themselves, they do not
converge; and since they do not represent any real physical state there is

_ really no reason why they should.!

As long as this situation is clearly understood, it is harmless and con-
venient to speak of |p+) as the actual state at ¢t = 0 that has evolved from the
initial state |p), and of |p—) as the actual state that would evolve into the
final state |p).

The plane waves |p) form an orthonormal basis of the Hilbert space 3,
made up of eigenvectors of H®. Since (2, map 3¢ onto the subspace %

of scattering states, one would expect that the vectors |p+) (or }Jp—)) should

span #. Indeed we have already seen in (10.3) that any scattering state can

~ be expanded in terms of the {p+) and, since

0+ | p+) = @1 Q2 1D =@ | P
= d4(p’ — p)
the vectors |p+) are in fact an orthonormal basis of Z. Since
H=RDH

where the subspace & is spanned by the bound states (|r), say) it is clear that
the stationary scattering states |p+) together with the bound states \n) form
an orthornormal basis of ##. (The same result holds for the |p—) of course.)

1 For the reader farhiliar with the Riemann-Lebesgue lemma it may—help to draw an
analogy with that result, which asserts that (for reasonable functions ¢) :

f dpg(pei?t ~0 [t~ 0]

In the language used above we can say that, when smeared by jdpqﬁ(p), P goes to zero
as t — . Nonetheless, ¢*?* by itself obviously does not.
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This situation can be summarised by writing the corresponding resolutions of
the identity: ‘

o

=fd3p Ip){p|
=fd"‘p [P+) P+ + 3 n)n|

=fd3p Ip—){p—| + 3 Iny(n]

The existence of two distinct bases of eigenvectors of H (that with [p+) and
that with [p—)) reflects the well known fact that the positive energy spectrum
of H is highly degenerate. '

e

10-b. Equations for the Stationary Scattering Vectors

It was shown in Section 8-c that for any proper [¢) it was possible to
express [¢+) = Q, |$) in terms of |$) and the Green’s operator as:

1$2) = 1)+ [ 06(E, £ 0V 19 p | § (107

If we expand |$+) and |$) in terms of the momentum wave function o(p) =
(p| ¢) this becomes

fd"’p¢(p) [p+) =fd3p¢(p)llp> + G(E, + i)V |p)]

Since this holds for any ¢(p) we conclude that:

Ip£) = Ip) + G(E, + i)V B‘ ‘ ~(10.8)

The meaning of this important result needs comment. As usual in this book
we have made no attempt to justify rigorously our handling of improper
vectors.” Given the result (10.7) from Chapter 8, the only sense in which
(10.8) obviously follows from our argument is this: When, both sides of
(10.8) are smeared by the operation J§ @®p¢(p) the resulting proper vectors are
equal [i.e., (10.7) holds]. However, the main usefulness of the result (and
similar results below) is that they hold as ordinary equations for the corre-
sponding wave functions [for example, the Lippmann-Schwinger equation
(10.13) for the wave function (x | p+)]. For the proofs that these equations
really hold in the required sense, we refer the interested reader to the litera-
ture.? We shall continue to handle improper states without any attempt at
rigor.

2 See Faddeev (1965).
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The relation (10.8) can be used to establish an expression for the ’on-she.ll
T matrix in terms of |p+) or [p—). Since we already kno?v that t(p’ < p) is
the same thing as (p’| T(E, + i0) |p) we begin by considering the vector

T(E, £ i0) |p) = [V + VG()V]Ip)
= V[l + G(L)V]Ip)

Using (10.8) we then obtain the important identities?

T(E, £ i0) [p) = V [pt) (10.9)

Multiplying the first of these by the bra {p’| gives?

(@ —p) = @1V Ip+) | (10.10)

To obtain an equivalent expression in terms of |p—) we use the identity
(8.13), T(2)' = T(2*) to rewrite the second identity (10.9) (with p replaced by

p) as .
P T(Ey +i0)=p'—|V

This leads at once to the result:

' <p)=o-1Vip (10:11)

These results allow one to calculate the scattering amplitude from either of
the stationary states [p+) or |p—). . .
Returning to the equation (10.8) for [p4) we note that, ]ys:t as w1th'the -T
operator in Section 8-b, it is convenient to replace the exphctF expression in
terms of G(2) by an implicit expression in terms of G°(2). This can be done
in two simple steps: we replace GV by G°T, and then we use (10.9) to replac

T |p) by V |p£). This gives , ,

Ipx) = [p) + GE, £ i0)V [p£) (10.12)

This equation, which is, of course, an integral equation for the wave function
(x| p), is called the Lippmann-Schwinger equation for {p+ ).

3 The importance of retaining the argument (£ £ i0) in this ec}uation shquld be emPhasized.
In fact one often finds (10.9) written as T'|p) = V|p+) with t.he claim that .thlS defines
the operator 7. However, it is clear that (10.9) defines the action of T(E 4 i0) only on
those |p) with p = 2mE)*4. 5 o

4 From (10.9) it is clear that (p’] T(E,, + i0 |p) = (p’| le—l-‘) for any p’; thatis, {p’| ¥ [p+)
is an alternative expression for the “half-off-shell”” T matrix.
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The similarity of the Lippmann-Schwinger equations for G, T, and
|pt) can be emphasized if we display them simultaneously:

(1 — GV)G = G*
(1—-VGYT=V
(I —-GNipt) =P

In particular, if we iterate the last of these, we obtain a Born series for
Ip+), .
p+)=1p) +GVip)+---

If we then use (10.10) to calculate the on-shell 7 matrix, we obtain

' <p =@ Vip)+ @IVGCVipy+---

which is precisely the Born series resulting from iterating the Lippmann-
Schwinger equation for 7(z). )

This last result makes clear that we should not expect to obtain any result
from the Lippman—Schwinger equation for |p+) that cannot be obtained
from the corresponding equation for 7(z). However, we shall find that some
results can be more compactly expressed in terms of |p+ ), and that by using
|p£) we can gain additional insight into the significance of various results.
For example, we can regard the Lippmann—Schwinger equation for |p+)
as expressing |p+) as a sum of the “incident” plane wave |p) plus the
“distortion” G°V |p+), caused by the potential. The Born approximation,

' <—p~PIVip

simply amounts to ignoring the effects of this distortion (i.e., setting [p+) ~
|p)) in the exact expression (p'| ¥ |p+). ’

10-c. The Stationary Wave Functions

From the Lippmann-Schwinger equation for |[p4) it follows that the
wave functions (x | p+) satisfy the integral equation

‘ (x] pE)=(&x|p +fd3a:’(xl G%E, + i0) X)V(x'Xx’ | p+) (10.13)

In this section we use this equation to establish the behavior of the wave
functions for large r; in particular, we shall establish the well-known result
(10.1) that at large distances (x | p+) is just a plane wave plus a spherical
outgoing wave.

To use the equation (10.13) we must calculate the Green’s function
(x| G°(z) [x"). This function is probably already known to the reader, but
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p plane

*//"l'~\\ z plane
-/

—(2maz)*% —7*

(a) ‘ (b)

FIGURE 10.1. (a) Plane of the integration variable p in /(10.14); (b) plane of z.

is in any case, easily calculated. We know that
1
:—E,

Thus, by inserting a complete set of states |p) into the required spatial
matrix element, we find that:

G’ Ip) = tp)

x| @) Ix") =_[d3p<XI G'@) Ip)p| X"

ipe(x—x")
__1 J‘ &p e
Qn)® z—E,
If we choose the direction of (x — x’) as polar axis, the exponent becomes

ip [x — x'| cos 0 and the angular integral can be performed to give

—i © eiplx—x’l _ e—iPIX-X |
pd
0

= 4r? x — X z—E,
___im f ® dp I{f""""" (10.14)
27 |x — X'| J—0 = P —2mz

This integral can be evaluated by contour integration. W(_e ﬁmt note that its
value is unchanged if we close the contour with a large semicircle in the. upper
half plane of the complex variable p (see Fig. 10.1, part a). ) Its value is then
given by Cauchy’s theorem as 2mi times the sum of the residues at all pol;s
inside the contour. Now, the integrand has two poles, at p= ;i:(2n-12) ,
of which only that at +(2m2)* (defined as the root with positive imaginary
part) lies inside the contour. It follows that:

m exp{i(@mz)" |x — x|} (10.15)

x| G°@) IX) = “2m x— x|
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For use in (10.13) we need the Green’s function (x| G°(2) |x’) for z =
E, + i0 (with p once again positive real). The corresponding square roots
(2m2)* are indicated in Fig. 10.1. It can be seen that if z approaches the real
axis at E, > 0 from above, then (2mz)"¥ — +p; but if it approaches from
below, then (2mz)"¥ — —p. That is, the relevant roots are:

[2m(E, + i0)]% = +p

Substitution of these results into (10.13) gives:

+ip)x —-x’|

<XIpd:>=<XIp>—ﬂJ.d3x’——
2

€ V( I) ’ . 1
& x'|px) (10.16)

To see what happens when r is large, we suppose for simplicity that
V(x) = 0 for r greater than some a [although our result actually holds just
as long as V' = O(r—*=°) as r — o0]. In this case the integral is confined to
r’ < a, and for large r we can expand |x — x| in powers of (r'[r),

. v’ 7\2
x—x|=x—2x-x +x?)% = r[l — xrzx + O(r—):|
,

The expression (10.16) then becomes®:

+ipr
x| p) = (x| p) = ™ fdsx'
2r

X exp(Fipk - x)V(x'Xx' | pi)[l + o(gr + P—“z)} (10.17)

r

- > (277)‘%|:e‘"'x — Q7)?m{xpxR| V IpL) eﬂw:]

-
r—+w r

(10:18)

Since —(2m)*m (p'| ¥V |p+) = f(p’ < p), we can rewrite this (for the case of
Ip+)) as:

x| p) o o[ 4 sk p |

(10.19)

This is the well known result quoted in (10.1). It establishes that our defini-
tion of the amplitude f (p” <— p) in terms of (p’| S |p) is, in fact, the same as the
traditional definition in terms of the asymptotic form of the stationary
scattering wave function. .
The interpretation of this asymptotic form as an “incident” plane wave
plus a spherically spreading scattered wave is well known and is the basis of

5 The correction term of order afr comes from replacing the denominator |x — x’| in
(10.16) by r; that of order pa?/r, from replacing exp(ip |x — x’[) by expli(pr — px - x)1.
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the view that (x | p+) represents an infinite steady beam of particles scatter-
ing off V. From (10.18) it is clear that (x | p—) is a plane wave plus a spheric-
ally collapsing wave, and is of no direct physical relevance.

At this point it may be helpful to review briefly the logic of the approach
that is based on the wave function (x | p+). This approach starts by seeking
a stationary state of energy E, defined by the boundary condition (10.19)
(from the interpretation of which the result do/dQ = | f|* emerges immedi-
ately, as discussed in the Introduction). In the standard way the Schrédinger
differential equation plus the boundary condition is converted into an integral
equation, which is just the Lippmann-Schwinger equation (10.13). The
analysis leading from (10.13) to (10.18) can be repeated, and it establishes
that f= —(27)?m (p'| V[p+). From this result and the Lippmann-
Schwinger equation, one can then reconstruct all of the results of this and the
previous two chapters.

In  conclusion, it may be well to reiterate the view of the states |p+)
adopted in this book. This is that they are improper eigenvectors of H, in
terms of which the proper scattering states can be expanded. The actual
scattering state |) at ¢ = 0 has the same expansion in terms of [p+) as does
its in asymptote |y;,) in terms of |p); that is, if:

|9 =J.d3p¢(p) [p) (10.20)

then
ly) = fdquS(p) lp+)

o

(10.21)

Similarly, |g) has the same expansion in terms of [p—) as does its out
asymptote |qq) in terms of [p) [see (10.4)]. ‘

The particular importance of the states [p+) (as against [p—)) lies in the
fact that in actual experiments it is the in state |yy,) that is well peaked in
momentum; that is, ¢(p) in (10.20) is sharply localized about some p,.
To the extent that this is so, (10.21) shows that the improper state |py+) can
be regarded as a limiting case of the proper vector |) and certain properties
of |p) extracted directly from |p,+). (Thisis, of course, the justification of the
historical approach.) The state |y) can equally be expanded in terms of the
|p—) but, since the corresponding expansion coefficient is not sharply peaked,
the improper vectors [p—) do not have the same intimate relationship to the
actual state |y). ‘

10-d. A Spatial Description of the Scattering Process

Our description in Chapter 3 of the collision experiment was essentially a
momentum-space description. In particular, the cross section was defined in
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terms of the number N, (d€2) of particles whose final momenta lay in the con
defined by dQ2. However, it is clear that for many experiments (e.g., one usine
counters) a more natural definition would involve the number o’f particleg
whose ﬁyal positions lay in the cone dQ. While these two definitions are is
fz'lct equivalent (under suitable conditions), it would obviously be good tg
give an analysis directly in terms of the spatial wave functions, and this is
what we now give. Our results will establish the equivalence of the two
approaches.

We begin by discussing the motion of the particle before the collision
occurs. The motion at all times is given by U(¢) |y}, but since

U@) 1y ;—> U°(0) lyiw)

the're is a time 'to (I}amely the time at which the actual collision begins) before
which the motion is experimentally’indistinguishable from that of U°(?) |y;,).
As before, we expand |yy,) in plane waves as i

i) = f d’pé(p) |p)
where ¢(p) is well peaked about the mean Po, Which we take parallel to 3.

For all Practical purposes the wave function of the particle at any time before
the collision is then: :

Pin(X, 1) = (X[ UXO) |py) = 2m) 7% f dpd(p) €T (10.22)

Th{s 1s,'of course, just a freely moving wave packet, whose motion is de-
scnbed' in a_lmost any textbook on quantum mechanics. In particular, over
short time intervals v;,(x, t) propagates rigidly with velocity v, = po/m—
a result that is most easily seen by expanding E, about the mean mome?ntum
po- Since 0E,/dp = p/m = v, this gives |

Em=E0+Vo'(P—Po)+0(A—pz)
m

= —Eo+v0.P+0(ﬂ,_z)
m

(where E, = E,, ). Substituted into (10.2;2), this gi\}es

m

Yunl, ) = (2")"%eiE°‘fd”p H(p)e™ ) [1 +0 (AL%)}

= oty (x — v,t, 0) [1 + o( t ﬂ (10.23)

mb?
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Counter

FIGURE 10.2. Before the collision (r < 0) the wave packet approaches the target
with velocity v,. The target size a, the packet size b, and the distance d from target to
counter must satisfy a « b K d. See (10.28).

where b denotes the original size of the incident wave packet (Fig. 10.2).
(We have assumed that the packet is minimal; thatis, Az Ap ~1 or Ap~
1/b.5) This result shows clearly that, as long as (¢/mb%) K 1, the value of
Pin(X, t) is exactly the same (apart from a phase) as its value at t = 0,
translated rigidly through vot. Of course, for sufficiently large ¢ the condition
(t/mb?) K 1 is always violated and, as is well known, the wave packet be-
comes distorted.

We now suppose, for definiteness that the incident packet is timed so that
it would arrive in the plane of the target at £ = 0; that is, the function
Pin(X, 0) is centered in the plane z = 0.

Shortly before ¢ = 0, the packet begins to feel the potential and the actual
orbit U(f) |y) begins to diverge from the in asymptote U(?) lyin). From this
time onwards we must use the actual wave function, which is just

w(x, ) = ] V(D) |9) = f Ppd(p)e x| p+)

since
) = Q, i) = f pd(p) Ip+)

Since our obiject is to find the probability of the particle’s being detected
at a large distance from the target, we must evaluate (x, t) for ¢ > 0 and
large r. Now, forr sufficiently large [r >> a and r > pa? according to (10.17)]
we can replace (x | p+) by its asymptotic form to give:

r

w(x, 1) _’w, (2,,.)—% J‘ 4*pé(p) e—iE,t[eip-x + f(pk < D) e”"i‘
= win(x’ t) + wsc(x’ t) (1024)

6 For simplicity we suppose that the packet is more or less spherical. Itisa sirﬁple matter,
if one wishes, to distinguish between its length b, (along py) and breadth 4 | (normal to py).
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The first term is precisely the wave function that would have emerged if there
had been no target; i.e., it is the unscattered wave. The second is the
scattered wave, which we now manipulate as follows. First we assume, as in
Chapter 3, that the amplitude is smooth compared to the wave function
$(p) and take f outside of the integral. (As discussed in Section 3-e, this is
-expected to require the incident wave packet to be larger than the target,
b>> a.) This gives:

y;so(x’ t) = (277)—%Mfd3p¢(p)ei(pr—Egt) (1052)

Next, since ¢(p) is well localized about p,, which is parallel to 3, we can
approximate pr by
A 2
pr=p-3r+ O(Ap r)

p/
Substituting this into (10.25) gives:

< A
Ik ), 3 [1 +0 (Lz)] (10.26)
r Dob
That is, the value of the scattered wave at any point x is just (f/r) times that

of the unscattered wave on the axis at the point r3 (provided r|p,b* < 1).7

We conclude that long after the collision the wave function is as shown in
Fig. 10.3. There is an unscattered packet centered at a distance vy beyond the
target, and there is a scattered wave that is nonzero in a spherical shell of
radius vyt.

wso(xa )=

FIGURE 10.3. After the collision (¢ 3> 0) the unscattered wave packet continues
with velocity vo; the scattered wave moves outwards in a shell of radius /.

" Two highly gratifying features of this result are apparent. First, it is clear that when
t K0, yy.(x, ) is identically zero (as it should be) since Yin(r3, O, (r > 0), is certainly zero
until the incident packet reaches the plane of the target. Second, y,(x, f) is zero for all ¢
if y;,(x, 1) is zero on the axis. This expresses the very natural result that if the incident
wave packet is aimed to miss the target, then there is no scattering.
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Provided the counter is not in the path of the unscattered packet (d sin
6 > b), the probability that it will register a count is

w(dQ « ¢) = dewr” dr |pao(x, 1)
[1]
or, by (10.26)

WdQ — ¢) = dQ | f(p < pI? f_ dripn(d 0F  1027)

where p points in the direction of d(2, and we can extend the integral to — oo
since yin(X, t) is zero on the negative z axis by now.

To obtain the cross section we must, as usual, repeat the experiment many
times with the incident packet laterally displaced by random amounts p.
Under a displacement through p the spatial wave function y;,(x, ) becomes
pin(X — @, ). Substituting into (10.27) we obtain the cross section:

o(dQ — $) = f d% W(dQ o)
— a2 11 po* [ [ ar1put3 — e o

= dQ 1 I [ &' pat, OF

= dQ|f(p < po)l*

as expected.

It is of some interest to collect the various conditions for the validity of this
description of the collision experiment. We first note that if the counter is at
a distance d, the duration of the experiment is of the order ¢ ~ d/v,. The
conditions are then as follows:

(1) No distortion of the packet (10.23). .. t/mb?® L 1 or d K pob.

(2) Use of asymptotic form of (x | p+)in (10.24) ... a K d and pya® K d.
(3) Removal of f outside intigral of 10.25) ... a K b.

(4) Replacement of p by p+ 3 in (10.26) . . . d K p,b*.

(5) Unscattered wave not measured . . . b < dsin 0 and, hence, b K d.

Collecting these together we find:

a & b« d pb* (10.28)
and :
Pt Kd

These conditions are almost invariably met in practice. For example, for a
10 eV electron (p ~ 10'° m™) collimated through 1-mm slits (b ~ 10~% m),
which scatters off an atom (a ~ 10~'° m) and is detected at one meter from
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the target (d ~ 1 m) the inequalities are

100 K103 1 K 108
and
1010 L 1

PROBLEMS

10.1. Prove that for the scattering of a single spinless particle off a potential
V(x), which is time-reversal invariant (i.e., real)

Tipx) = [—pF)

or, in terms of wave functions, (x | p£)* = (x |—pF). [Review Section
6-¢ and particularly (6.24).]

-

10.2. The Born approximation is obtained by writing

tp'<—p)=@1Vip+)~ @ VIp)

Thus, the criterion for its validitylis that |p+) not differ appreciably from
|p). If we write 1(p’ < p) in terms of wave functions,

tp' «—p)=Q2n) % f d®z e V(x)(x | p+)

we see that the criterion is really that the wave function (x ] p+) differs little
from the plane wave (x | p) in the region where ¥(x) is apprec1able A rough
version of this would be to require that the second term in the Born series for
(x | p+) be much smaller than the first,

[(x] GXE, + i0)V Ip)| K |(x| p)|

wherever V(x) is appreciable. Finally, since V(x) is usually largest at the
origin, we obtain a very rough criterion by setting x = 0 in the above.
(a) Show that for a central potential this gives

m f “ar(d — &y |« 1
1]

(b) Apply this to a square well of radius a and depth V,. Find a criterion
suitable for high energies and show that if ma?V, « 1, the Born approxima-
tion should be good at all energies.

(c) For the Yukawa potential, show that the condition approximately
reproduces the rough criteria (9.17) and (9.18). [But notethe extra factor of
In(x — 2ip)/u. This would have been present in (9 18) if we had used the
nonforward amplitude.]

Problems 179

10.3. Give an alternative derivation of the result tp'<—p =@ Vip+)
along the following lines:
(1) Write : :
(I Sip = @1QQ, p) =@~ |pt)
(2) Use equations (10.8) for |p+) to rewrite {p'—] in terms of (p'+| and
@l
(3) Show that

('] SIp) = 8(p" — p) — 27i H(E, — E)Xp'[ V [p+)
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In this chapter and in Chapter 12, we continue our discussion of the
stationary scattering states, but restrict attention to potentials that are
spherically symmetric. In this case the vectors |p+) can be expanded in
terms of angular momentum eigenvectors, which we denote by |E, /, m+).
(There is, of course, a corresponding expansion of |p—) in terms of states
|E,l,m—) but we shall not need to discuss it.) The wave function
{x | E, I, m+) is a product of the spherical harmonic Y7;*(%) and a radial wave
function y;, ,(r) that satisfies the radial Schrédinger equation (a second order,
ordinary, linear differential equation). We shall find that the asymptotic

180
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form of y, ,(r)is directly related to the scattering phase shift. - This connection
provides a simple and powerful approach to the calculation and analysis of
scattering amplitudes. It is this approach—the so-called partial-wave
approach—that is the subject of the next two chapters.

The division between Chapters 11 and 12 is this: Chapter 11 contains a
general introduction to the partial-wave method and at least a statement of
most of the important results. Chapter 12 is principally concerned with the
important technique in which the variable p (the magnitude of the incident
momentum) is allowed to become a complex variable, and the amplitude is
considered as an analytic function of p. This technique leads to simple
proofs of several of the results stated in the present chapter and provides an
introduction to several important new ideas: the connection between bound
states, resonances; and poles of the amplitude; and the important concept of
the dispersion relation.

11-a. The Partial-Wave S Matrix

In Section 6-c we discussed the scattering of two spinless particles whose
interactions are rotationally invariant and found the S matrix to be diagonal
in the basis of eigenvectors |E, /, m),

<El9 ll, mll S |E, l, m> = 6(E’ - E)al’lam’msl(p)

Because S is unitary, the number s,(p) [which it is now convenient to consider
as a function of p = (2mE)* rather than E) has modulus one and can be

written as
sz(P) = 2%®

This defines the phase shift §,(p) up to addition of an arbitrary multiple of
7—an ambiguity that we shall call the modulo = ambiguity in 6,(p).
Using the transformation matrix:
(| E, | m) = (mp)™ &E, — E)Y"(D) (1L.1)

one can pass from the angular-momentum to the momentum basis. In
particular, we found for the amplitude f(p’ < p) that:

S <p = ; @+ DA@)PD - D) (11.2)
where f,(p) is the partial-wave amplitude,
_sp) — 1 €% sin §(p)
fp) = 2 P

The partial wave series (11.2) for f(p' < p) gives a double series for the
differential cross section do/dQ = |f|2. When this is integrated over all
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angles, the cross terms cancel to give, for the total cross section;

o =23 a(p) , (11.3)

l
where

ai(p) = 472l + 1) ()t = 4=(2l + 1) S0 0P)
p

The maximum contribution from any partial wave to the total cross section
is given by the “unitarity bound” .

olp) < %’f—” ‘ (11.4)

and o(p) attains this bound if and only if the phase shift 8, is an odd multiple
of #/2. 3

11-b. The Free Radial Wave Functions

In this chapter we shall be concerned with the properties of the wave
functions (x ] E, I, m+), and as an essential preliminary we first review briefly
the properties of the “free” wave functions (x | E, I, m). These are, of course,
products of the spherical harmonics ¥;*(%) and functions of r. If we write
these products in the form (1/r) y(r) Y*(&), then the radial wave Sfunction
y(r) satisfies the free radial Schrodinger equation:

2 .

[d _ld+1) +

et Pm =0 poeme A1)
r r

The free radial Schrédinger equation is an ordinary, second-order, linear,
differential equation and so has two linearly independent solutions, of which
the physically relevant solution is that which vanishes at the origin. As
r — 0, the centrifugal term /(/ 4 1)/r? dominates the energy term p%, and
the solutions behave like solutions of the corresponding equation with
p = 0; namely, like combinations of r*1 and r—%. Thus, the physically
acceptable wave function is uniquely determined as that which behaves like
r**1. This is, of course, the Riccati-Bessel function f,(pr),

) = 7 = (Z 0 .

-] R n
n—on! (2l + 2n 4+ NN
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where j,() is the spherical Bessel function and J,(z) the ordinary Bessel
function.! The precise behavior of f, at the origin is obviously

. zl+1 o 11 7
(2 = (2!-{-—1)” [14+0E)] [—0] 117

It can be shown that

L " dr f0' P jipr) = ’—;a(p' —p)

and from this it is easy to check that the correctly normalized wave function
(x| E, I, m) is that given in (6.6), namely,

1

x| B m = (2 jonvr (11.8)
wp/ r

where the phase i* is, of course, purely conventional.

For future reference we shall need some properties of the general solution
to the free radial equation (11.5). Concerning the behavior at the origin we
remark that any solution other than the Riccati-Bessel function f,(pr) be-
haves like r=* as r — 0. A convenient choice for the second solution is the
Riccati-Neumann function 7,(pr),?

@) = o) = (< (5] 7

2(=Z2)"21 — 2n — D!

n=0 n!

=z-l

(11.9)

At the origin this has the behavior _
Az) =242 — DL + 0@)] [z — 0] (11.10)

When r — o0, the centrifugal term in the radial equation vanishes and the
solutions behave like solutions of the corresponding equation with / = 0;
namely, like combinations of e***". The solutions that actually behave like
€77 are not j, and A, but are the Riccati-Hankel functions Af(pr),

. k@) = A2) % i/(?)
These can be shown to have the asymptotic form
Bz = =21 + 0] [z o] ©(11.11)

1 For a summary of properties of Bessel functions see Messiah (1961) p- 488. Proofs of all
properties used here can be found in Watson (1958).
2 In the series definition, (—2n — D! = (—1)*/2n — D! and (=D = 1.

L}
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from which one can immediately obtain the corresponding results for f, and
#,. For example, '
_ K@ - k@)
2i
=sin(z — §l7) + 0(z™") [z — oo, real]

J@)

with a similar result (in which the sine is replaced by a cosine) for 7,(2).

It should be emphasized that there are several phase conventions and nota-
tions for the functions j, # and A*. We follow the conventions of Messiah
(1961), which have the convenient feature that the relationships among the
four Riccati functions f, 7 and A* are precisely those of the trigonometric
functions sin 2, cos z and ¢***. In fact, for / = 0, the Riccati functions are
the trigonometric functions, as can be seen in Table 11.1, where we give the
Riccati functions for / = 0, 1, 2. :

TABLE 11.1. RICCATI  FUNCTIONS

=0 =1 =2
. . | 3
51(®) sin 2 —-sinz —cosz (— - l)sinz —§cosz
z 22 z
. 1 . 3
7,(2) cOs 2 S cosz + sinz (—2 — l)cosz + -sinz
Z

A el (1 + f) il—7/2) 1+ 3 E) i)
; z z 22

(1 _f)e—i(z—w/z) (1 ¥ _E)e—m—ﬂ )
P z 22

Table 11.1 shows (as can be checked directly from the definitions) that the
following useful identities hold:

ﬁl_(z) e—iz

J=2) = (=)
i —2) = (=)'A(z)
(=2 = (-)h )
Also, for real arguments f,(x) and 7,(z) are real, whereas
@) = K@) [« real]

In conclusion we return to the states |E, /, m) and note the expansion of the
momentum eigenstate [p) in terms of the |E, /, m). Using the transformation

~
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matrix (11.1) we can write this down immediately as

Ip) = f dE S |E, L m)(E, L m | p
= (mp)y™ 3 |E,, 1, m¥?(h)”

Multiplying by the bra (x| we obtain the corresponding expansion for the
wave functions

%
«|p = (f) ~ 3 HenYrRT®®

p t,m
= 2m) % pir S @+ DHEIPE-D) (11.12)

which is just the well known expansion of a plane wave in terms of spherical
harmonics [from which (11.1) is actually derived].

11-c. The Partial-Wave Scattering States

The vectors |E, I, m) are eigenvectors of the angular momentum and the
free Hamiltonian H°. We now define corresponding eigenvectors |E, /, m+)
of the angular momentum and the fu// Hamiltonian H. The relationship of
|E, I, m4) to |E, I, m) is the same as that of [p+) to |p); namely,

[E,I,m+) =Q,|E, I, m)

In the same rough sense as applied to |p+-) and |p), we can think of |E, I, m4-)
as the actual state at # = O arising from the in state |E, /, m). From the inter-
twining relation HQ, = Q_H® it follows that |E, /, m4-) is an eigenvector
of H, with energy E; and since {2, and L commute, it is an eigenvector of
L2 and L,.

The wave function (x | E, I, m+) is of course a product of the spherical
harmonic Y7*(%) and a function of r. By analogy with the expression (11.8)
for the free wave function, we write this product as®

14
x| E 1, m+) = i‘;(z—"’) S (11.13)
TP, r

~ which means that y, ,(r) reduces precisely to j,(pr) when ¥ = 0. The func-

tion y, ,(r) is determined (apart from its normalization) by the radial

- 3 Strictly speaking the radial wave function should carry a superscript +; i.e., %7 ,(r).
However since we do not need to discuss the corresponding states | E, I, m— ) we omit it.
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Schradinger equation

[_di_l(l+1)

dr® r?

— U + pz} o) = 0

together yvith the boundary condition y, ,(0) = 0. In writing this equation
we have introduced the convenient notation

U(r) = 2mV(r) !

From the normalization

<E’,‘ll’ ml+ , E’ I’ m+> — (s(El — E)al'l(’m'm
it follows that

L dryy , (r)*y, ,(r) = 7—27 3" — p) (11.14)
and for this reason we shall refer to y, ,(r) as the normalized radial Sfunction,

whenever we need to distinguish it from other wave functions.
Probably the most important property of the radial wave function ,.(r)

is that its asymptotic form as r — o is simply related to the partial-wave

amplitude f,(p) or phase shift §,(p). To see this we first expand the wave
function (x | p+) (whose behavior as r — co we already know) in terms of the
partial-wave functions (x | E,l,m+). From their definitions it is clear that
the expansion of [p+) in terms of [E, /, m+-) is the same as that of |p) in
terms of |E, /, m) (to see this simply multiply the latter by Q). The same is
true then of the corresponding wave functions and it follows at once from
(11.12) that :

x|p+)=@2m) % i lz Q1 + Di*y, (NP(& - D) (11.15)

Now, for large r we know from (10.19) that

r— o0

LBty @y 4 S ) e

or, if we insert the expansion (11.12) for the plane wave and (11.2) for the
amplitude,

x| pt) — > (2w)—%;1; 3@+ DI + PP - B)

r~o

11-c. The Partial-Wave Scattering States 187
Comparing this with (11.15) we conclude that

Pal) ——> Jipr) + pfilpe

which is the desired result.
This last result can be rewritten in various useful forms. If we recall that
b (2) — exp i(z — }I7), we can put it in the suggestive form

i(pr—lw/2)

Y.(r) —> Jipr) + pA(D)E] (pr) (11.16)

r—w

that is, because the potential is suitably short range, the radial function
¥, »(r) behaves like a solution of the free radial equation as r — c0. The
precise combination of free solutions, f, + pf,Af, corresponds to the well

known form
eimr

erx +f(pk<p) —

of the full wave function (x | p+). The term j, is the “incident free wave
function” of angular momentum /, while pf 4} is the scattered outgoing wave.

Alternatively, if we replace f,(pr) by its asymptotic form sin(pr — 4/7) and
pf1 by €% sin 8,, some simple algebra gives

up(r) — > €7 sinlpr — 4 + 8(p)] (11.17)

In this form the result shows. the significance of the name phase shift. At
large r the actual radial function ¥, ,(r) is proportional to the free radial
function ‘

Ji(pr) — sin(pr — %)

except that the phase of its oscillations is shifted by an amount §,(p). This
important property (which is often used to define the phase shift?) is illustrated
in Fig. 11.1, which shows the s-wave (/ = 0) radial functions for a square
well.

Since the kinetic energy inside the square well depicted in Fig. 11.1 is
greater than that outside, the wave function emerges from the well with its
phase in advance of the free wave function. Thus, an attractive potential
“pulls the wave functions inward’” and gives a positive phase shift. In the
same way a repulsive potential “pushes the wave function outward” and
gives a negative phase shift. These ideas are made precise in Section 11-g.

4 The definition of §; in terms of the property (11.17), suffers the same modulo = ambiguity
as does our definition s; = exp(2id,).
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| 0 | / Free wave function = sin pr
Vi
v, \

<
\ .
\2 /\ / -
\..% // \)ﬁ\ Actual wave function

- \_/ x gin (pr+ 46) forr >a

FIGURE 11.1. The s-wave radial function for an attractive square well.

The form (11.17) also suggests a simple method for the actual computation
of the phase shift. The radial equation is integrated outward from r — 0
(either analytically or numerically) with the boundary condition that the
wave function vanish at r = 0 and with any convenient normalization. The
salution generated in this way is proportional to ¥1.5(r) and, at large dis-
tances, behaves as

constant X sin(pr — 4Ir + §)

Thus, all that is necessary is to integrate out to a point well beyond the in-
fluence of the potential and then to compare the resulting phase with that of
the free function [— sin(pr — /7).

It is clear that the radial Schrodinger equation provides a self-contained
framework for the calculation and analysis of the partial-wave amplitude and
the phase shift. In fact, we can if we wish, completely divorce this frame-
work from the realistic three-dimensional analysis on which it was-based.
The collision process is then thought of as proceeding within a single angular
momentum state. If the asymptotic form (11.16) is rewritten [setting f =
(- F)2i and pfi=(s; — D)2i]as C

V(1) —>5i A (pr) — s p)hii (pr)] (11.18)

then the first term can be interpreted as a spherical wave moving inwards
towe}rds the origin, and the second as the resulting outgoing wave. The co-
efficient s, = exp(2i4,) measures the response of the target, and the fact that
the potential cannot create or destroy particles restricts this response to a
change in the phase (and not the modulus) of the outgoing wave. It is for
this reason that |s,| = 1 and , is real.

11-d. The Partial-Wave Lippmann—Schwinger Equationv

Before we begin our study of the radial Schrédinger equation it is useful
to note .that we can convert the radial equation plus the boundary conditions
Into a single integral equation for ¢, ,(r). This can be done in two ways. In
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the first, we note that ¥, ,(r) is just the radial part of the wave function for the
stationary state |E, /, m+-), which satisfies the Lippmann—Schwinger equa-
tion

|E, I, m+) = |E,I,m) + GE + i0) V|E, I, m+) (11.19)

Since both G°(z) and V are rotationally invariant the corresponding equation
for the wave function contains a common factor ¥ *(X) which can be factored
out to give

v(r) = o) + f " ar G (r, FYUC () (1120)

Here, as the reader should check (see Problem 11.2),
r 1 F i
G?.p(r’ ry=— ;]l(Pr<)h?-(Pr>) (11.21)

r. and r_ being respectively the smaller and larger of r and r’ (and, as above,
U=2mV).

Alternatively, we can start with the radial, differential equation plus the
boundary conditions ¥, , =0 at r =0 and y,, —f, + pf il as r » oo,
and appeal to the standard theory of ordinary differential equations. This
guarantees that the differential equation plus boundary conditions is equiva-
lent to an integral equation of the form (11.20), where the Green’s function
(11.21) is simply the Green’s function that yields the desired boundary
conditions.®

We shall sometimes find it convenient to write the integral equation (11.20)
in an operator notation as:

Vi, =j+ G Uy, (11.22)

However we choose to arrive at this equation, it is clearly the partial-wave
version of the Lippmann-Schwinger equation and many of the results dis-
cussed in connection with the full, three-dimensional Lippmann—Schwinger

5 The transition procedure from differential equation plus boundary conditions to integral
equation is:
(1) Write the radial equation as

; 1
v [( + 1) —PZ}IJ — U

r2

(2) With the right hand side as the source term, ‘“‘solve’ this equation by standard
Green’s function techniques (see Courant and Hilbert, 1953, Chapter V; or Friedmann,
1956, Chapter 3). Since the source term is U(r)y the result is an integral equation for yp.
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equation have corresponding partial-wave analogues. For example, if we
decompose the result

f® < p)=—Q2n)m @'| VIp+)

into partial waves we obtain at once (as the reader should check)

fip) = — }% f " ar DU (11.23)

We obtain a Born series for f;(p) by iterating the partial-wave Lippmann-
Schwinger equation. This gives, in the operator notation of (11.22),.

Vi, =L+ GUL+ "
and, hence, from (11.23) -

(s ) ,
.fl(P) = — }(J‘d"]lUjl +J‘drleG?,pUjl + .. .) ‘

This is, of course, precisely the expansion one would obtain by resolving the
full Born series

SO <p) = —Qa)2m(p'| Vip)+ P VGV IP)+ )

into partial waves, and many of our remarks about convergence of the full
series apply to the partial-wave version. For example, the Born approxima-
tion

1 K K
p) ~ — » f dr jJUJ, (11.24)

is expected to be good at high energies and for weak potentials. Just as with
the full amplitude, there are certainly circumstances where the Born approxi-
mation is bad, and even where the Born series is divergent. An important
new possibility is that even when the Born approximation is useless for the
full amplitude it may be good for some values of /. We shall return to these
points later.
To close this section we note that the Born approxmation (11.24) is

always real. Since the exact amplitude

fip) =2 e sin 8, (11.25)
p
is only real if §, is small (modulo =) we see that a necessary condition for

validity of the Born approximation is that the phase shift 4, is small (modulo
). In fact, since f, has the form (11.25) because S is unitary, this criterion is
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The unitary circle

e

elis |

20 ph=—

0 The real axis

FIGURE 11.2. The unitary circle. (Note that when inelastic processes become
possible the elastic amplitude moves inside the unitary circle. See Chapter 17.)

just the partial-wave version of the condition of Chapter 9 that the Born
approximation can be reliable only if it does not significantly violate unitarity.

This situation is illustrated in Fig. 11.2, which shows the “unitary circle,”
the locus of those values of the partial-wave amplitude consistent with

"unitarity. Since the exact value of pf; lies on the unitary circle, while the

Born result lies on the real axis, it is apparent that the Born approximation can
be reliable only if pf; (both exact and in Born approximation) is close to the
origin. :

11-e. Properties of the Partial-Wave Amplitude

We begin our study of the partial-wa\}e amplitude and phase shift with a
brief survey of their general properties, omitting at this stage any formal
proofs.

The amplitude and phase shift are determined by the radial wave function
w,.,(r), which in turn is determined by the radial Schrédinger equation,

& ll+1 ‘
(=T 4 - o |pn = 0
dr r
Here, as above, U(r) = 2mV(r); we have introduced a strength parameter
A; and we assume as usual that V satisfies

I Vn)=0(r*9asr— o l

I ¥Vr)=0r%*asr—0

III  ¥(r) continuous for 0 < r < oo, except perhaps at a finite number
of finite-discontinuities. :
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As usual, a number of results can be proved underslightly weaker conditions.®
A new feature is that for certain results we shall need to make stronger
assumptions on V. For example, the threshold behavior (11.28) below is true
for all / only if ¥(r) decreases faster than every power of 1/r as r — 0;
this result is therefore not true for potentials such as the 1/ atomic polariza-
tion potential.

We first remark that if the potential term AU(r) in the radial equation is
much smaller than the term {[/(/ + 1)/r?] — p?} for all r, then the equation is
essentially the free radial equation. In this case we would expect y, ,(r)
to be close to the free function f,(pr) and, hence, the amplitude Si(p) to be
close to zero. This suggests several important results.

As 4 — 0 (i.e., the potential gets weaker) the amplitude f,(p) goes to zero
and the phase shift d,(p) goes to an integral multiple of . Similarly, at high
energies (for a given potential and given /) f,(p) goes to zero” and d,( p)toan
integral multiple of 7. We shall see that the inherent. modulo = ambiguity
in the phase shift can be removed by requiring that 4,(p) be a continuous
function that goes to zero (not just nw) as p — co. Furthermore, if this is
done, then it is also zero (not just ) as A — 0.

As [ — oo (for a given potential and energy), we have the same result;
Ji—0and é, —nm. In this case the result is easily understood by regarding
the term /(/ + 1)/2mr® as a repulsive “centrifugal potential.” The larger /
the more repulsive this centrifugal barrier becomes and the smaller the chance
that the incident particle (of given energy) will penetrate into the region where
the actual potential ¥(r) is appreciable. This argument even provides us with
a rough estimate of the maximum value of / for which 9, is appreciable. If
the target potential has approximate range @ then the height of the centrif-
ugal barrier at the edge of the potential is roughly /2/2ma®. [We ignore the
difference between /(! + 1) and /2] If the energy is much less than this height
then the particle is unlikely to penetrate the barrier and feel the potential.

6 In fact, all results of this and the next chapter, for which we do not explicitly make
stronger assumptions, are actually valid under the weaker conditions:
I' V=0@¢"2%asr— .

I V=02"asr—0.

IIT As above.
The usefulness of this observation is not very great since the partial-wave formalism
derives its physical justification from the time-dependent theory of Chapters 2-5, for which
these weaker assumptions are not enough.

-7 In fact, because of the factor 1/p in our definition of f; = (1 /p)ei" sin § it is obvious that

fi =0 as p— . The interesting result is that pf; = ¢**sin 8 — 0 as well. From this
point of view it would have been better to define f; without the factor of 1 /p. However,
for other reasons it is convenient to include this factor and we shall always understand the
statement that the partial-wave amplitude goes to zero as p — w to mean pf; — 0.
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Thus, for /2/2ma? 3> E = p?2m, or
[> pa (11.26)

all phase shifts should be small.®

Under any of the above conditions (small 4, large p, or large /) the effect of
the potential is small and we can expect that the Born approximation will
be reliable. In particular, even at an energy where the Born approximation
is useless when applied to the full amplitude f(p’ < p), it should nonetheless
be good for / greater than some /,. Under these circumstances the contribu-
tion to f(p" < p) of all partial waves with / > /, can be calculated by com-
puting the full Born approximation f®(p’ «<— p) and then subtracting the
Born contributions from / = 0,1, ..., /,. The lower partial waves are then
calculated by some more exact procedure or are determined by fitting to the
experimental data. This latter is the procedure used, for example, in
nucleon-nucleon phase-shift analyses (see MacGregor, Moravcsik, and
Stapp, 1960). '

To analyze the low-energy behavior of the amplitude f,(p) it is convenient
to consider the Lippmann—Schwinger equation for v, ,,

v (P) = oD + f " dr Gl (r, YU Yo ()

From the definition (11.21) and the small-argument expansions (11.7) and
(11.10) for j and 7, it is clear that for small p (and fixed r and r’)

1+1 1
G?p(r, rl) -y __ (r<) (r>)
’ =0 2l +1
that is, the Green’s function becomes independent of p. If we return to the
Lippmann-Schwinger equation, this suggests that as p — 0 the radial wave
function y, ,(r) will have the same p dependence as j;(pr), that is, p+1.
We now consider the amplitude

Sp) = — é Lwdr J o Uy, ,(r) (11.27)

If the potential vanishes for r greater than some a (e.g., a square well) then as
p — 0 we can replace j, and y, , by their small p expansions (both propor-
tional to p**1) and we find that

fp) — > —ap™ (11.28)

8 There is also the well known classical argument: In a classical collision the impact
parameter is p = I/p. If this is greater than the range a (I > pa), then the particle misses
the target and is unscattered.
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where a, is some constant, known as the scattering length
c:ase l. = 0 does g, actually have the dimensions of ‘lgengtﬁ; .n(fz?}mggsr ?::
simplicity we shall use the name scattering length for all 1) ’

If the potex}tial extends out to infinity this argument needs more care
Evgn when p is small the integral (11.27) has contributions for large r for'
which we cannot use the small-argument expansions of f,(pr) and y , r)
We shall find that provided V(r) falls off faster than every power cﬁrfg 1 /r.
(eg.,a Yukawa),_the result (11.28) still holds. If V falls off like 1/r*then (11.28)
need§ to be modlﬁed for I > (v — 3)/2 (see Section 12-f). We shall see also
tha_t in certain exceptional cases, the scattering length @, can be infinite, in
which case the power behavior in (11.28) is reduced. l ’

Accepting the result (11.28) for the moment, we see that as p approaches
the threshold p = 0 all partial-wave amplitudes except the s wave vanish
.tmd. that the larger the value of / the more rapidly this vanishing occurs This’
Justlﬁes our claim that at low energies only a few partial waves need. to be
:;;ildér;(ll. Indpartic:illar, at very low energies only the s-wave amplitude is

eciable and it tends to a constant — i
e e s L0 & oo tant —a,. It follows that the full amplitude

f(@' < p) =2 (21 + 1) f(p)Py(cos 6)
—> —a, (11.29)

-0
that is, at low energies the differential cross section i '
! ] ‘ ection 18 -
isotropic, with the value do/dQ = a. s pure swave and
. Elﬁce ﬂtl; amplitude f; = (1/p)e*® sin §, behaves like —a,p* as p—0
it follows that sin 8, vanishes like p?+'. Therefore, th i ’
tinte of o o p e, the phase shift tends to a
6,(p);;> nm — a;pot (11.30)
(from this it is clear that the scattering length g, is always real). We have
mfentloned that the mod'u.lo m ambiguity in our definition of the phase shift
will be re‘mf)ved by requiring that d, goes to zero (not just nw) at high energy.
When this is done, it is not generally true that J, is zero at zero energy. On
the contrary, we shall see in Chapter 12 that, according to Levinson’s theorem,
the difference 9,(0) — d,(c0) is just 7 times the number n, of bound states of
angular momentum /. Thus, if 6,(c0) is taken to be zero, then

8,00) = nym (11.31)

We shall. see the!t this re_sult holds for any local potential satisfying our usual
assumptions, with the single exception that if the s-wave scattering length is
infinite then for I = 0 the result (11.31) is replaced by 6,(0) = (n, + )7.
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It is instructive to compute the amplitude and phase shift for some ex-
actly soluble potentials and to consider the results in the light of the preceding
discussion. In the problems at the end of this chapter two such potentials
(the hard sphere and the square well) are suggested. In particular, the results
given for the square well have been used in Fig. 11.3 to plot the phase shifts
o,(p) and partial cross sections o,(p) for a well of depth Vo given by
(2ma2Vy)*t = 4.8 (where a is the well radius) for / =0, 1,2, and 3. This
particular depth was chosen so that there are two bound states with / = 0 and
one each for / = 1 and / = 2. The well is not quite deep enough to bind an
] = 3 bound state, and there are no bound states for / > 3. Several features
of these plots deserve comment:

(1) In accordance with Levinson’s theorem it will be seen that 8o(0) = 27
and 4,(0) = 85(0) = 7, while 85(0) = 0. As discussed above, all of the
partial cross sections are zero at threshold except the s wave, which is
well out of the picture at go(0) ~ 45ma®.

(2) In agreement with the threshold behavior (11.30) it can be seen that
the larger /, the flatter the phase shifts at zero energy. Thus, for
0 < pa < 1, g, alone is more than 909, of the total cross section; in
the interval 1 < pa < 2, the same is true of o, + 03 + 05 These
intervals correspond well with the rough estimates (11.26) for the
maximum / values that contribute significantly.

(3) At high energy the phase shifts go to zero. At pa = 10 all phase shifts
are less than 60 deg and from this point onward they all drop steadily
until at pa = 50 (for example) all are less than 15 deg.

(4) At about pa = 2.7 the s-wave phase shift passes through = and the
corresponding cross section do vanishes. This happens because the
radial wave function has exactly one more oscillation inside the well
than does the corresponding free function. Outside the well the two
functions are exactly in step and, hence, indistinguishable. As far as
[ = 0 scattering at this energy is concerned, the potential has no effect
atall. For certain potentials this phenomenon can happen at an energy
closer to threshold, where all other cross sections o, (I > 0) are still
negligible. In this case there is no scattering whatever at this energy.
This explains the famous Ramsauer—Townsend effect, in which certain
gases are found to be completely “transparent” to electrons at one
particular energy.

(5) Near pa = 2.6 the / =3 phase shift increases rapidly through /2
and the corresponding cross section o3 has a sharp peak. We shall
discuss this resonance phenomenon in Chapter 13, where we shall

see that it is closely related to the fact that the potential in question is
nearly deep enough to bind an / = 3 bound state.
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11-f. The Regular Solution

To facilitate further discussion of the radial equation and the partial-wave
amplitude, it is convenient to introduce a new radial wave function ¢,, ,,(r),
which differs from ¥, ,(r) in its normalization.

Recall that o, , is (apart from the odd factor of =, etc.) the radial part of
the wave function of the normalized state |E, /, m+). This is reflected in the

normalization (11.14),
o) £ . . T ,
. dry, ()%, ,(r) = E o' — p)

and we can refer to v, ,(r) as the normalized radial function. The boundary
conditions that define y, ,(r) as a solution of the radial equation are that
9., = 0 at r = 0 (or equivalently that y, , — constant X j, as r - 0), and
thaty, , —/, + pf hfasr— oo, It develops that it is mathematically more
convenient to discuss a solution that is defined by boundary conditions
at a single point. 1t is for this reason that we define ¢, ,(+) as the solution

that behaves exactly like j,(pr) as r -0,

b1.,r) = Ji(o7)

There is no constant of proportionality in this definition; that is, the defi-
nition requires that ¢ vanish at r = 0 and fixes its normalization.®

With this definition ¢, ,(r), called the regular solution, is clearly real, since
both the boundary conditions and the radial equation are real. Obviously
é,.»(r) is proportional to y, ,(r), and it can be used to compute the amplitude
just as well as can v, ,(r). The advantages of using ¢, ,(r) will emerge in the

next two sections.

11-g. The Variable Phase Method

As a first application of the regular solution ¢, ,(r) we discuss the so-called
variable phase method. Asa means of computing and analyzing phase shifts,
this method is an important alternative to the straightforward integration of
the radial Schrédinger equation. We give only a brief introduction to the
method here and for simplicity confine our attention to s waves. (For more

details see Calogero, 1967.)

9 We use ¢ —»_; to mean ¢/_; — 1. This is often written as ¢ ~ _; in the mathematical
literature; however, many physicists use ¢ ~ j to mean that ¢/ f tends to some (unspecified)
constant.
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For any given potential ¥(r) we first introduce a new i
for otential V
which is defined as the potential obtained by truncating V(rl)) atr=p (,,lgl’;,

11.4); that is:
{V(r) r<p
r> P

V,(r) =

We fignote the s-wave regular solution for the actual potential ¥ by ¢(r)
(omitting the labels / = 0 and p) and the solution for the truncated potential
;/(p )by $,(r). The s-wave phase shift for ¥ is 8, while that for V, we denote

p).

The function d(p) is the phase shift for the potential truncated at r = p
In particular, if p = 0, then the truncation leaves no potential at all anci
d(0) is therefore an integral multiple of #. We now remove the inherent
ambiguity in the phase shift by defining 6(0) = 0. On the other hand as
p — oo the truncated potential ¥, gets closer and closer to the actual poten,tial
¥V and we shall see that §(p) approaches the actual phase shift 4,

dp)—> 6
p—r o

We now set up a differential equation for &(p) that will allow us to integrate
d(p) from its value at the origin (zero) out to its value at infinity (the actual
phase shift of interest). For any p the two functions #(r) and ¢,(r) are de-
fined by the same boundary condition at r = 0 and satisfy the s;me differ-
ential equation for 0 < r < p- It follows that ‘

$(r) = ¢,(r) 0<r<y]

(The same result is not true for-the normalized wave functions y and y)ﬂ R
since their normalization at any point r depends on the values of the potenti;]
)]

Vir)
eoe o-Vp(r)

FIGURE 114. The truncated potential Vo(r).
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for all points.) Beyond r = p, of course, the two functions differ. In partic-
ular, ¢,(r) satisfies the free (/ = 0) radial equation and so can be written as:

$,(r) = a(pysin[pr + 8(p)]  [r > o] (1132)

«(p) being some coefficient.
Both ¢(r) and ¢,(r) are continuous; since they coincide for r < p, we can
equate the value of ¢(r) just inside r = p with that of ¢,(r) just outside to give

$(p) = a(p)sinlpp + 5(p)] (11.33)

In exactly the same way we can equate the derivative of ¢(r) just inside
r = p with that of ¢,(r) just outside to give

#'(p) = pa(p)cospp + 8(p)] (11.34)

The identities (11.33) and (11.34) hold for any choice of p and we can now
replace p by r. It is a simple matter to substitute the two identities into the
radial Schrodinger equation, to eliminate «(r), and to obtain the differential

equation:

8() = — L Usinlpr + () (11.35)
P

This is the s-wave phase equation and is the basis of the variable phase method.

Using the phase equation it is a simple matter to check that, provided only
V(r) is 0(r——¢) as r — oo, the function 8(r) does have a limit as r — oo and
that this limit is the desired phase shift.

To recapitulate, we have defined the function 6(r) as the phase shift that
results if the potential ¥ is truncated at r. The radial equation for ¢(r)—
a second-order, linear, differential equation—implies the first-order, non-
linear phase equation for d(r). This equation, together with the boundary
condition® 6(0) = 0, determines 6(r). The limit of 3(r) as r — oo is just the
desired phase shift.

The fact that the phase equation is nonlinear may at first seem objection-
able, but this is not really so. First, it is clear that in a numerical integration
the nonlinearity is of no significance; that it is first order and that it directly
yields the phase shift (as opposed to the wave function) are both marked
advantages.’! Second, it develops that even in theoretical problems the phase

10 This boundary condition is actually quite subtle. Since V(r) is in general infinite at
r =0, it is clear from the phase equation that &'(r) remains finite-at r = 0 only because
&(r), and hence the sine term, vanishes. To handle the phase equation near r = 0 in
practice one must make a separate examination of 6(r) in that neighborhood. It turns out
that 8(r) vanishes more quickly than linearly. Thus, close to r = 0 we can replace the
phase equation by &'(-) & —(1/p)U(r)sin® pr as r — 0.

11 As emphasized by Calogero (1967) the numerical calculation of phase shifts using the
phase equation is well within the power of a simple desk calculator.
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equation is easily handled and provides some surprisingly trans arent

of important results, as we now illustrate. prneY parent proofs
The pl.lase equation shows clearly how the potential builds up the actual

phase shift § = §(o0) starting from 6(0) = 0. The derivative &'(r) is simply

the product of the potential with a certain negative quantity,

—(1/p)sin®[pr + 6(r)]

Thus, a region where the potential is attractive makes a positive contribution
to the phase shift, while a repulsive region contributes negatively. In partic-
ula.r, a wholly attractive potential [¥(r) < 0] gives a positive phase shift
while a wholly repulsive potential [V(r) > 0] has a negative phase shift—e;
result anticipated in connection with Fig, 11.1.

A second result that follows almost instantly (see Problem 11.6) from the
phase equation is that if two potentials ¥, and V., satisfy

Vi(r) 2 Vi(r) [all r]
then 6,(r) < 8,(r) for all r, and in particular,
0, <6, (11.36)

Another important result concerns the limits of zero potential and high

energy. Replacing ¥ by AV and integrating the phase equation from zero
to infinity, we find

Ao 5
éd=— 1_1.[) drU(r)sin®[pr + 6(r)] (11.37)

If we suppose for a moment that V(r) is less singular than 1/r at the origin,
then this integral is especially easy to use since we can obtain a satisfactory
bound by simply dropping the sin? term: o

16 < | 2 f " ar () -
plJo |

Clearly then,
6—>0 [as 2 — 0 or p — o]

If V(r) behaves like 1/r, or worse as r — 0, then we must be more careful
since the factor sin?[pr + 8(r)] in the integral (11.37) is needed to ensure
convergence at r = 0. However, it is a fairly straightforward matter to show
that the same result still holds. )

This last result illustrates an attractive feature of the variable phase method
—that it works directly with the phase shift, which is defined without its
usual modulo  ambiguity. Thus, from (11.37) it is clear not only that the
amplitude is small for small A or large p, but also that the same is true of the
phase shift. In particular, we have justified our earlier claim that if the phase
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shift is chosen to be zero (not just nw) in the limit of high energy, then it is
also zero (not just nw) for zero potential.

The variable phase method, which extends without difficulty to arbitrary
angular momenta, can be used to provide alternative proofs of almost all the
standard results relating to the partial-wave amplitude. In some cases (no-
tably the three examples just cited) these proofs are both simpler and more
transparent than more conventional arguments (see Calogero, 1967).

11-h. Iterative Solution for the Regular Wave Function

The principal advantage of working with the regular wave function
é,.,(r) emerges when we convert the differential radial equation plus bound-
ary conditions into an integral equation and attempt to solve it by iteration.
Standard methods give as the integral equation for ¢, ,(r)!?

bo(r) = julpr) + AJ:dr'gz,p(r, rUr) (') (11.38)

where

8p(r, 1) = Il—) Lor)(pr'y — #dpr) ji(pr')] (11.39)

is the Green’s function appropriate to the boundary conditions for ¢, ,,
and we have replaced V' by AV again.

The important point is that the new Green’s function is zero for r’ > r;
that is, the integral in (11.38) stops at r' = r. (Integral equations with this
property are called Volterra equations.) This reflects the fact that ¢, , is
defined by boundary conditions at the one point » = 0. It means that we
can solve for ¢, , by iteration, however strong the potential (something that
is certainly not true of y, ,). We state this important result as a theorem:

Theorem. . The integral equation (11.38) for ¢, ,(r) can be solved by iteration
for any value of 4; that is, for any A the solution is given by the convergent
power series (from which we temporarily omit the subscripts / and p)

o«

$(r) = 3 2"¢"(r) (11.40)
where - °

V() = jilpr)
12 1t is a simple matter to check by direct differentiation that any solution of (11.38) does
satisfy the radial equation. [The identity (dj/dr)i — j(dr/dr) = p is useful—see (12.16).]
That the solution satisfies the right boundary conditions can be checked using the bounds

established below. Strictly speaking, the Green’s function g, ,, should carry a superscript
0, since it is a Green’s function for the free Hamiltonian
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and

490 = [ arste, Uy

r n (2]
= [Jara["ares [ Tarig, U et )+ VDo
(11.41)

Proof: Our procedure is to use the integral (11.41) to definé the function
¢™(r). Having established that this is a good definition (i.e., that the inte-
gral exists), we show that the series 2 A"$™(r) is convergent and can there-
fore be used to define a function ¢(r). Finally, we verify that this function
does satisfy the original integral equation. To save the trouble of handling
the general Riccati-Bessel functions, we consider only the case / = 0, for
which j,(pr) = sin pr and the Green’s function &o.»(r, r’) is just p~lsin
p(r — r’). The general case is left as an exercise for the reader (Problem 11.7).
For the case / = 0, the integral (11.41) that defines é?)(r) is

¢(")(,.) _ _1_ J’rd J’rnd sz
= ry Fpoa® ' dry
p Jo 0 0

x sinp(r — r,)U(r,)sinp(r, — r,_;) - U(rysinpr, (11.42)

These integrals are certainly well defined except possibly at the lower limits,
. r; = 0, where U(r;) may be infinite. To check that they converge, we bound

the sine functions as follows:

Isin pry| < pry
Isin p(ry — ry)| < pry
Isinp(r —r,)| < pr K

[We shall return later to improve this bound for the last function, sin
p(r —r,).] This gives:

8900 < [[ara [y UG- U (1149
0

Provided only that ¥ is O(r—2+) at the origin (which is less than we have
already assumed) these integrals are certainly convergent and ¢ (r) is there-
fore well defined.

To establish convergence of the series 3 A"¢™ we note that the integral in
(11.43) runs over the “triangular”” region :

0<r1<r2<"'<rn<r

11-h. Iterative Solution for the Regular Wave Function 203

(This reflects the fact that the integral in the equation for ¢(r) runs from zero
to r, not from zero to infinity.) The integrand in (11.43) is a simple product
T1: |U(r))r;| and is therefore unchanged by any permutation of the r;. There
are n! such permutations, each of which would give a distinct region of
integration, 0 < r; < - < r, <r. Adding all of these regions together
produces the “square” region {0 < r; < r} where all of the r; run independ-
ently from zero to r. It follows that the integral (11.43) is 1/n! times the same
integral taken over the whole of this larger region. Thus

1 r r r
18701 < 2o [[ar, [ar, s [[an 0GR
n: 0 1} 1} i

el f dr, |U(r,.)r,-|]
n! 0

< l' pro” fall r and p] (11.44)
n!

where « = §° dr |U(r)r]. Inserting this bound into the series Y A" we
find that

I$(r)| = / S | <pr S~ prei a1.45)
0 o n:

that is, we have bounded the series for ¢(r) by the series for '**l. Since the
latter is convergent for all 1, so is the former. Also, since the bound is
independent of r and p (apart from the trivial factor pr) we see that the series
é = > A"¢'™ is uniformly convergent for r and p in any finite intervals.

It remains to be shown that the function ¢(r) satisfies the original integral
equation (for / = 0), '

&(r) = sin pr + A frdr’ sin p(r — r YU )
pJo

If we substitute the series ¢ = > A"¢™ into the integral on the right we can
interchange the sum and integral (since the series is uniformly convergent?)
to give, on the right hand side:

sin pr + 4 % 2"[:—) frdr’ sin p(r — r’)U(r’)qS‘"’(r’)]
o 0

From the definition (11.42) of ¢™ it is clear that the term in brackets [. . .]
is just ¢*+, Thus, the right hand side is just:

sin pr 4+ 13 "¢ 0(r) = &(r) Q.E.D.
0

13 A little care is needed at the origin where U(r) may be infinite. However the interested
reader can check by splitting the integral as {§ + {7 that the interchange is legitimate.
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The expansion of the wave function ¢(r) in powers of the potential (what-
ever its strength) will be our principal tool of investigation in the remaining
sections of this and the next chapter. To conclude this section, we note that
we shall need a more incisive bound on ¢(r) than that of (11.45), and fill this
need.

The reader will recall that in establishing the bounds on ¢ and ¢ we used
the inequality

lsinz} < % [z > 0]

Although this bound is quite adequate for small z, it is very wasteful for large
x, where a better bound is |sin ] < 1. A bound that is satisfactory for all z
is obtained by combining these two to give

Bz
142

where f is some constant whose precise value is unimportant. The right hand
side of this inequality is a monotonic function of z and the inequality still
holds if we replace the x on the right by any number greater than z.

Returning to the expression (11.42) for ¢® we now use this improved
bound for the first sine factor to give:

Isin 2] < [z > 0] (11.46)

Bpr
1+ pr
Using the same bounds as before for all other factors we obtain the same
results of (11.43) to (11.45), except that wherever the factor pr formerly
appeared, we now have fpr/(1 + pr). In particular, the bounds (11.44) and
(11.45) for the s-wave functions ¢ and ¢ become: :

Isin p(r — ra)l <

pr_ o
1 + prn!

pr lael
I3l < ﬁ__l ot

1™ < B
(11.47)

The reader can establish the corresponding bounds for arbitrary / with
the guidance of Problem 11.7.

11-i. The Jost Function

Having established the power series expansion for the regular function
é,,»(r) we next show how to extract a corresponding expression for the
amplitude. To this end we must obviously examine the behavior of ¢, , for
large r.

As r — o0, ¢, , must approach some combination of solutions of the free
radial equation, af~ + bh*, say. Remembering that ¢, ,, is real and inserting
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a factor i/2 for convenience, we can write this as
#1.r) —> > LA@ o) — /) (o) (11.48)

where the coefficient Z,(p) is called the Jost function.'* Now, the regular solu-
tion ¢, , is proportional to the normalized function y, ,, whose asymptotic-
form is (11.18)

(o e 5 [ir(or) — sdp)htor)]

Comparing these two forms we see that

/ {p)*
(p) ="~ 11.49
) / «p) ( )
and
$1.5(r) = £(P)W1.(7) (11.50)

The result (11.50) shows that the Jost function is just the ratio of the two
solutions ¢ and y. The expression (11.49) for the S matrix shows clearly that
s,(p) has modulus unity (i.e., S is unitary). Further, since s, = exp (2i9,),
it is clear that the phase shift is just minus the phase of the Jost function, that
is,

7Ap) = |/ p)| e4 (11.51)

Having expressed the S matrix (or phase shift) in terms of the Jost function,
we now need an explicit expression for #,(p) in terms of ¢, ,(r). This we obtain
by returning to the integral equation

ho) = 0 + 2 g0, UG ()
If we write / = ({/2)(A~ — k), and from (11.39),
8 ) = - U@k = B r)
then it is clear that as r — oo,

b0~ [1+ f ] "ar i (o)UY | Fron) = || *ﬁz*(pr)}

U Definitions differing by miscellaneous factors of p, =, and i are common. Ours is chosen
so that £;(p) = 1if ¥ = 0. More important, the function that we call /,(p) has traditionally
been called 7;(—p). Our notation, which follows Newton (1966), is considerably more
convenient.
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Comparing this with (11.48) we see that the Jost function is given by

Ao .
/t(P)=1+; L dri (pr)U(r) ¢y ,(r) (11.52)

which is the desired expression.

It is a simple matter to check that this integral for #,(p) is conv
nvergent. F
example, for the case / = 0, 7P g or

A(® .
fop =1+ f dre™U(r)by (1)
0
and so, with the bound (11.47),
Lfo(p) — 1] < e

L “ar (U@ 1 i’pr (11.53)

(Remember t.ha_t « and f are just constants whose actual value need not con-
cern us.) This integral is certainly convergent at both r = 0 and co.

Thfa bound (1 1..53) allows us to prove the important result that the Jost
function tends to its free value, /(P) = 1, in the limits 2 — 0 or p—>

Fi(p)—1 [as 2 —0 or p — 0]

(For I > 0 see Problem 11.8.) This result implies that, as we already know
s,—~1 ‘(o.r the amplitude f; —~0) as 2 — 0 or p — o0. The proof for the casé
)._—:0 1s immediate from (11.53). For the case p — oo there are two possi-
bilities: If the potential is less singular than 1/r at the origin, we can drop the
factor pr/(1 + pr) in (11.53) to give

2 ‘ f dr (U]

plio

@) — 11 < pel*<!

Clearly then /(p) tends to 1 as p — oo, the difference going to zero like 1/p.

If the potential goes like 1/r or worse as  — 0, we cannot afford to drop
the fgctor pr/(1 + pr) from (11.53) since the remaining integral would diverge.
In this case, one can show by splitting the integral Jo as 5 + f7 that /y(p) —
1 vamshgs like 1/p", for some % > 0, as p — oo (see Problem 11.8).
. The existence of the power series expansion for ¢, , implies a correspond-
Ing expansion of the Jost function. This follows at once if we substitute

b= 2-7_*"95(") into the integral / =1 + (A/p) & htU$. Interchanging the
summation and integral,’> we find that

APy =1+ gl"/ (p) ' (11.54)

15 Again, if we take care of the neighborhoods of r = 0

. and o separately, the int ,
is justified by the uniform convergence of D Angtn), P Y, fhe inerchange
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where /™ = (1/p) §o’ FrU$"D | and it is easily shown that this series is
convergent for all 2. In the final section of this chapter we shall use this power
series for the Jost function #,(p) and the series (11.40) for ¢, ,(r) to analyze
the partial-wave Born series.

11-j. The Partial-Wave Born Series

The expansions of ¢, ,(r) and #,(p) in powers of the potential are convergent
for all values of the real coupling parameter. 4. In fact, nothing in the analysis
of the last two sections depends on the reality of 4, and the power series for
¢ and # are actually convergent for all A—real or complex. Of course com-
plex values of 4 do not correspond to any physical problem, since when 4 is
complex H° + AV is not Hermitian; but they do correspond to a well defined
mathematical problem (The Schrédinger equation is a well-defined differ-
ential equation even if 4 is complex.) and our result is that this mathematical
problem has power series solutions for all . Now, a power series \g(}) =
2 Ag™) is convergent for all A if and only if g(4) is analytic for all 2. There-
fore our result means that ¢ and / are analytic functions of the complex
variable A for all A; that is, they are entire functions of 2. We can even reverse
this statement and say that the reason the series for ¢ and ¢ converge for all
A is that both functions were cleverly chosen to be entire in 4.

Let us now consider the corresponding series expansions of the normalized
wave function y, ,(r) and the partial-wave S matrix s,(p). We have seen that

— ¢l'. p(r)
Wl‘,p(’ ) /z )
and
_ A
si(p) /l D)

which shows that each of the functions ¢ and s is the quotient of two entire
functions of 4.1* Thus, both are analytic functions of A, provided the de-
nominator y,(p) is nonzero. Now, since f,(p) =1 when 1 =0, there is
certainly some region around 4 = 0 where #,(p) is nonzero and where y and s
are analytic. This in turn means that ¢ and s can be expanded as power

16 One must be careful in the case of s. The result s(A) = [£(A)1*/¢(1)—where we display -
the dependence on 4 explicitly, but omit the variables / and p—is true for rea/ A. Now,
if £() is analytic in 4 (which it is), then [£(A)1* is not, while [Z(A*¥)]* is (as we shall discuss
in Chapter 12). When 1 is real these two functions are the same and we can equally well
write s(1) = [Z(A¥)]*/#(2). This latter is the appropriate definition of s(4) for complex
4, and it is in this form that s(4) is the quotjent of two entire functions of 4.
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A plane

Ao = heif
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Physical region

FIGURE 11.5. The complex plane of the coupling parameter 1. The point 2, is the
zero of / closest to the origin.

series in A within some neighborhood of 1 — 0; that is, the partial-wave Born
series for y and s are convergent for 4 sufficiently small (this proves one of
the results anticipated in Section 11-g).

On the other hand, when A 7 0 the Jost function can have zeros, and
generally does. At these points both v and s have poles. If we denote by
Ao = A" the zero of ¥ closest to the origin (for given / and p), then, by the
well-known circle of convergence theorem, the following situation holds (see
Fig. 11.5): Inside the circle |1] < 4, the Born series for wand s both converge,
but for {4] > 1 they both diverge. The Born series for the actual potential
(4 = 1) converge provided the circle |4] < Z includes the point 4 = 1.

This discussion makes clear the advantage of using the regular solution ¢
and Jost function £ the power series for ¢ and /, unlike those for y and s,
converge for all A. The discussion also illustrates the surprising usefulness of
allowing the parameter 4, which is a priori real, to become complex. For
example, the reason that the Born series for y converges for 4 smaller than 1
is that v is analytic for all 4, real or complex, with |A] < 1; the reason that it
diverges for A greater than 7 is that y hasa singularity at 4,, somewhere on the
circle JA| = 1. In fact, the point 4, is always complex. (We shall see that P
and s cannot have singularities on the real axis.) Thus, it is only by moving
away from the real, “physical,” values of A that we uncover the “reasons’’
for the convergence of the Born series for Al < Z and its divergence for
1] > 4. :

To conclude, we note that we can now prove another result anticipated in
Section 11-e: that the partial-wave Born series (for the actual value 4 = 1)
converges for sufficiently high energy. To prove this one has only to show that
for p greater than some P there are no zeros of /(p) inside or on the unit
circle Al = 1. Now from (11.53) it is clear, not only that #,(p) — 1 as
P — o, but that it does so uniformly for A inside any finite region. Thus,
there is a p for which | 2P| > } (for instance) for all A inside the unit circle,
provided p > j, and the desired result follows.
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PROBLEMS

11.1. The l‘adi‘al wave function v, ,(#) should really carry a supe_rscri;:)bt +
because it is the radial part of (x | E, I, m+). Temporarll}f write w,,,(rg
for the radial wave functions of |E, /, m+) [both defined as in (11.13] an

rove that
P 7Pl_.’p(" ) = 1/)2:,(7‘ )*

(Use time reversal invariance.) Notice that since ¢t has thf: form (constant) x
(real function of r) this means that ¢+ and 9~ are proportional.

11.2. Show that the Lippmann-Schwinger equation (11.19)
|E, I, m+) = |E, I, m) + GE + i0) V' |E, I, m+)

for |E, I, m+) is equivalent to the integral équation (11.20)
y=]+ JG?.,,UW

for the radial wave function, with G‘l’,,(r,vr’) = —(1 /p)j,(pr<)ﬁf(pr>).
There are several ways to do this. Obviously one neec!s to express the
Green’s function (x| G(2) |x’) as a sum of spherical harmonics pf the gener}%:.l
form Y, .. Y (OF(r, r')Y(&)* (where F} depend§ onzand differs fromlt te
desired G? , by some constant). One way to do th1§ is to insert a comple ;
set of states |E, /, m) into the desired Green’s funcFlyon and tl.len tq procee
much as in Section 10-c. (After a little manipulation you will arrive at an

integral of the form

Pt — 2mz

fm dpfz(P")jt(P"')

is i i is i 1 in either the upper
It is impossible to complete the contour foF this integra '
or loweI; half planes, since f blows up in either direction. However, if you
split the f with larger argument as / = (A* — /£~)/2i, then you can do the two
terms separately.)

' into partial waves and insert
11.3. (a) Decompose the vectors [p’) and [p+) in ' t
into the expression —(27)m (p’| V [p+), for the full amplitude. By czom
paring the result with the partial-wave series confirm that f;(p) = —(1/p? x
drf,Uy, , as claimed in (11.23). . .
{b) jéinlfill':rly, show that, when resolved into partial waves, the Born series
for the full amplitude implies the Born series for the partial-wave amplitude.

11.4. A simple soluble potential is the so called hard sphere—V(r) ?ni’i,n'ite for
r < a and zero for r > a. (This is not really a “reasonable pqtentlal in our
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usual sense. It is equivalent to the boundary condition that the wave function
vanish at r = a.)
(a) Find the amplitude fi(p) for this potential.
(b) Show that f;(p) has the advertised form —a,p? at low energy and, in
particular, that the s-wave scattering length a,, is equal to the sphere’s
radius a. : 8

The trick in solving this (and the next) problem is to note that when
V = 0, y must be some linear combination of free solutions (e.g., af, + bA})
and that the precise form of this combination can be read off from the known
asymptotic forms (11.16), etc.

The result (b) lets one interpret the s-wave scattering length of any po-
tential as the radius of the “low-energy equivalent hard sphere;” that is,
the hard sphere which reproduces the low-energy behavior of the potential.

115, (a) Show that the amplitude for.a square well of depth V, and radius
ais :

fi(p) = 1 pj(ka)j'(pa) — kj'(ka)j(pa)
p kj’'(ka)h(pa) — pj(ka)h'(pa)

where we have abbreviated f,(2) and A (2) to j and h; where j'(z) = dj|dz,
and k = (p? + 2mVy)* is the momentum inside the well. -

(b) Show that in general fy(p) - —a;p? as p—0, and that f;(p) >0 as
p— ®. -

(c) Consider in detail the case / = 0. Show that there are exceptional values
of ¥, for which f,(0) is infinite and that these values correspond to depths
at which a new bound state appears. .

(d) Atlow energy s waves dominate, so that f(p’ < p) ~ fo(p). Compare the
correct low-energy amplitude with the Born result obtained in Problem
9.2 and show that the Born approximation is good at low energies only for a
sufficiently shallow well. Compare your results with the criterion of Problem
10.2b. ‘ . ‘

11.6. Use the variable phase method to show that if two potentials satisfy

“ Vy(r) > Vo(r) for all r then their s-wave phase shifts satisfy 6, < 6,.

The first step is to show that 6,(r) < 6,(r) when r is small. Here you can

assume the potentials have the form V' — ar” for r small, in which case d(r) —
—apr'*®|(» 4+ 3). Then show that 8,(r) and 6,(r) cannot cross over. This is
most easily done by supposing that they do cross at some r.
11.7. To establish the existence and properties of the regular solution
é,.,(r) and Jost function #y(p) for arbitrary / one needs bounds on the func-
tions j;(), etc. analogous to the bound (11.46) for j, = sin x. The behavior of
these functions for small and large = is determined by (11.7), (11.10), and
111y,
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(a) Use these results plus the fact that these functions are certainly contin-
wous for all  to show that

T I+l
(@) < constant(1 " x)
and » .
@) < consta'nt(l z x) |
and hence that | |
1g,(r, Il < <:onstant(1 i rpr)‘“ (1—-1:-’;,17:’) [r>r]

(b) Establish the theorem of Section ll-h—that' the regular solution ¢ can
be found by iteration for any potential—for arbitrary L

11.8. (a) Use the results of Problem 11.7 to show that, for any I, the Jo;t
function satisfies the same bound as given for the s wave function, namely
(11.53). (Note that the constant f is diﬂ"erent foF dlfferept L) e 1 ot
(b) It follows (as in Section 11-i) that if V(f') is less su.lgular than ;i

r = 0, then /,(p) —1 at high energies, the difference g:):ng to zero as : l{pt
Suppose instead that vir)=0@*"M 0<7 < 1), .and iho;vll 52;)
Fi(p) — 1 goes to zer0 like p— when p — . '[Wnte the integra 0'1 ( L.

as §¢ = fo + 7. The term {2 goes to zero like 1/p as before, while {g can

be shown to vanish like 1/p".]

17 This is, of course, included in our usual assumptions that V(r) = or—%te)asr 0.
£ £
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®
A.nalytlc k 12-a. Analytic Functions of a Complex Variable
. To begin, we briefly review some important properties of analytic functions.
Properties of the

A function f(2) is said to be an analytic (or holomorphic, or regular) in the
complex variable z, on some region R, if f(2) is differentiable at every point
of R. (For example, sinz is analytic everywhere, 1/z is analytic except at
z = 0 where it has a pole.) From the simple requirement of differentiability

1 ' Partial-Wave
2 Amplitude

12-a Analytic Functions of a Complex Variable
12-b Analytic Properties of the Regular
: Solution
12-¢ Analytic Properti
perties of the J i
ol S Noper e Jost Function

12-d Bound States and Poles of the § Matrix
12-¢ Levinson’s Theorem

12-f Threshold Behavior i

and E

| Foomold | ﬂ'ectnvg Range
12-g Zeros of the Jost Function at Threshold -

h

aAt the e;"ld of tl'le last chapter we found it useful to let the a priori feal
I}; rameter 4 range into the complex plane. In a similar way we now allow the
omentum p to become a complex variable. The physical significance of P
real quantity. Nonetheless i inge :
- qu ; » P enters the radial Schrédinger equation—.
Z;l::l'valfntly, ﬁl; Integral equation for ¢, ,(r)—as a mere iaralclllete;mivhlf:;l
Just as well be complex. We shall find that by studyi i
the radial equation and its solutions f. 2 p e wmsover u pertes of
. : : or complex p we uncover a wealth of
physically Interesting results. In fact, the stud i ades 5
: ' . s f scattering amplitud
analytic functions of complex momen v e of the mou
: ta has proved to b
powerful techniques of modern scattering thecl:ry. b one of the most
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follows a remarkable wealth of results, of which the most important is
Cauchy’s theorem: that the integral ¢ dz f(z) around any closed path (in the
region of analyticity) is zero. Cauchy’s theorem leads to further results:

(1) An analytic function is actually infinitely differentiable.

(2) It can be expanded as a power series about any point in the region of
analyticity.

(3) If f(2) is analytic except at a number of poles, then the integral ¢ dz f (z)
around any closed path is 27 times the sum of residues at those pole

inside the contour. ‘

An important property of analytic functions is that two analytic functions
that coincide on any line segment must coincide everywhere. This means,
for exaniple, that if f;(2) is defined ‘on a line segment I', while f,(z) is analytic
on a region R including I' (Fig. 12.1, part a) and if f,(2) = f;(z) on I', then
we can regard f,(z) as the unique analytic continuation of f(z) onto R.
Similarly, if f,(z) and f,(z) are analytic on distinct but overlapping regions R, -
and R, (Fig. 12.1, part b) and if f;(2) = f,(2) on the intersection R, N R,,
then each function provides a unique analytic continuation of the other, and
we have, in fact, a single function analytic on the whole union R; U R,.

" If £(2) is analytic on some region R, then the function [f(2)]* is, in general,
not analytic.* However, the function

g@ = [fEM]*

D

(a) (b)

FIGURE 12.1. (a) A region R containing the line segment I'. (b) Two distinct, but
overlapping, regions R, and R,.

1 Consider, for example, the analytic function z and its complex conjugate z*. If z* is to
be analytic, it must have a derivative; that is, the quotient * — zg)/(z — zg) must have a
unique limit as z —z,. But if z — z, is real, this quotient is always 1, while if z — 2, is
pure imaginary, the quotient is —1. The function z* is therefore not differentiable.
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;se ;I(l:ll};;l: $Z cllz easi1¥ tc}:lhecked by directly computing its derivative) on the
n R*, up ol the complex conjugates of the poj i
! pomnts of R (Fig. 1
g :::yl:ixztizt;servgtlonR leillds us to the Schwartz reflection pn‘ncz)zSIel'g 1f_2f2)
region R that includes a segment of the real axis (ac in i
j : : axis
12.2), and if £(2) is real on this segment, then S @) can be continuesla:)rllltlol:t}lge.

region R* and satisfies: :
S@) = [f(z®)* (12.1)

for all zin R and R* (That is
: . » the value of f at any point z h
Conjugate of its value at the point z2*) The  his result Ts o X
j the . proof of this result is :
tr::t)hts)i/dc;f f (;)t lfl‘or. crleal z implies that (12.1) holds on the rea] axis e:?ﬁce{l}::
S ol the 1dentity are analytic functions, the identi :
. ( : , tity holds f
In their common region of analyticity, and is then used Zo fime 1o
throughout R*, rontine /@)
th;l;; Sszli:;Et;e:eaﬂ;;tioq pri.nci};lehplays an important role in scattering
s caring in slightly disguised form. F
shall find that the Jost function Api o for p in the wit b
, ‘ P) is always analytic for p in the u hi
Sllletl)l;tel t{Itrp P> 0}.alnd 1s real on the imaginary axis (Fig. 52.3). szlgrelrg t?lg
ution p = ip" we can apply the Schwartz principle and conclude that:

Series of Analytic Functions. If (1) .
L . the functions Fv (@)
analytic in a region R, and (2) the series RSEDS O, .. areall

S = ? ()

Is uniformly convergent on R, then f (2) is analytic in R. (This well known

result is proved j ) \
p. 95 proved in almost any text on analysis—e.g., Titchmarsh, 1939,

FIGURE 12.2. When J(2) is analytic on R, then
............ N g(z) = U(Z*)]* is analytic on R*, /
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p plane

—=p*e *p

FIGURE 12.3. The Jost function is analytic for Im p >0 and real on the imaginary
axis. By the Schwartz principle /(p) = [/(—p*)]*.

Integrals of Analytic Functions. If (1) for each fixed r in some interval
[a, b] the function g(z, r) is analytic in z on some region R, and (2) the
function g(z, r) is continuous in (2, ry on R X [a, b], then

b
76 = f dr gz, 1)
is analytic on R. .

This second result is proved, for example, in Titchmarsh (1939) p. 99.
For our purposes it has to be extended in three simple ways. First, the inte-
gral of interest will usually have r = 0 as its lower limit and the integrand,
which will contain a factor of ¥(r), can be infinite at this point. Second, the
upper limit of the integral may be infinite. In either case, the conclusion still
holds provided one can establish uniform convergence at its end points.
Third, the conclusion is obviously unaffected if the integrand -has a finite
number of discontinuities in r, since the integral can then be split up as a
finite sum of terms each satisfying the conditions stated.

12-b. Analytic Properties of the Regular Solution

We now return to the radial Schrddinger equation

@ K+ 2
- v + 2 = 0
where we have restored the coupling parameter 4 to its actual value 4 = 1.
We now suppose p to be an arbitrary complex number. In the complex
plane of p only those points on the positive real axis (p > 0) are relevant to
the actual physical problem; for this reason we refer to the positive real axis
as the physical region.

We seek a solution ¢, ,(r) that behaves like j,(pr) at the origin and, as
before, the differential equation, together with the boundary condition, is
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equivalent to the integral equation

4.50) = Jor) + [, 90 ) (12.2)
where ° )

Gplr, r') = I—l, LprAer'Y — Aor) jitor)]

It is easily seen from the power series definitions (11.6) and (11.9) of j and
7 that the free solution J/«(pr) and Green’s function 8:1.»(r, r') are well defined

and, in fact, analytic for all P- We now show that the same is true of the
regular solution ¢, ,(r). :

Theorem. For any p (real or complex) the equation (12.2) can be solved by
iteration, and the solution $1,5(r) is an entire function of p-

Proof: The proof that ¢ can be obtained by iteration is almost identical to
the corresponding proof of Section 11-h for the physical case p20. The
only difference comes in the precise form of the bounds, and to see how this
difference arises it is again sufficient to consider- the case / — 0. Exactly as
in (11.42), the s-wave solution has the form Y ™ (r) where

¢(r) = Lﬂ f dr,,f "dr,_, - f “dr,
- p"Jo 0 0

X sinp(r — r,) U(r,)sin Prn~—r,_1): - U(rpsin pr, (12.3)
We recall that when p was positive real, the sine functions were bounded
using one of two inequalities, the more incisive of which was [sin x| <
Bz/(1 + z). When the arguments become complex, the essential new feature
is that sin z grows like e/™ # whep Im z becomes large, either positive” or

negative. Thus, the corresponding bound for arbitrary z is:
sinz] < 8 I (12.49)

1+ [

and from (12.3) it follows exactly as before that

(n) ,Prl |Im pr| £
16 < ﬂﬁl + 17l e wy (12.5)

where o = S dr [U(r)r|.

It follows, exactly as in the case P 20, that the series ¢ = 2 b is
convergent and satisfies the original integral equation. To see that it is
analytic we first note that the bound (12.5) guarantees uniform convergence
for p in any finite region. Thus, ¢ is analytic for all P provided the individual
terms ™ are. We-already know that the zeroth term ¢ = j,(pr)is analytic
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in p, and the analyticity of the nth term
$™(r) = 1 f dr’ sin p(r — FYU(F)E ™)
pJo

. . . : t section.
follows by induction using the test given at the end of the last secti G.ED.

iew this result in two complementary ways. l-'Tirst, we can say
th:r fhzi:g‘:llar solution ¢, ,(r) of (12.2) exist§ and is analytic for al} comple);
p, and that when p returns to its physical region P> O)‘ the functlonhqﬁl,,t,(r
reduces to the physically relevant solu't10n discussed in tl.le last chap etli1
Alternatively we can say that the physically relev?nt SOl!.lthIl. ¢,,,,‘(r) w1h
p > 0 has been shown to have a (unique) ana-llytlc. contmu'atlon into .tfe
complex plane of p, and that the resulting continuation continues to satisfy

mplex) radial Schrédinger equation.
th;gll'ozlti(;e Eefel)'ence we note that the bound (12.5) for ¢™ leads lt;) 1a
corresponding bound for ¢. For arbitrary / (for / > 0 see Problem 12.1)

this is

1+1
I, < 7 (%rllprl) el orl (12.6)

where y, is some constant. Here the factor |pr|*! reflects the familiar zf“
behavior of j,(2) for small z, while the factor e!™?7! reflects the exponential
f in (z — large.
rowth of f,(z) > sin (z — }/r) as |Im 2] l?ecomes '
; Also, foﬁtfuture reference we note that if we move from any point 2p to —p
then the radial Schrédinger equation (which dep?nds only on p* is un-
changed. We can therefore expect some simple relation between the solutlgns
é,, and ¢, .. In fact, as was noted in Section 11-b the free solution
1.9 — ’
satisfies ,
Jl=pr) = (=)*4(pr)
Since we also know that #,(—pr) = (—)4,(pr), it follows that
81—, ) = gi5(r, 1)
and hence that ¢, ,(r) behaves just like the free solution

b1—n(r) = (=), 5(r)

12-c. Analytic Properties of the Jost Function and S Matrix

i i ic pr i he wave function ¢, ,(r)
Having established the analytic properties of t .
we can ngow go on to discuss the Jost function #;(p) and finally the S matrix

si(p)-
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We can now consider the S matrix, which for physical p was given by
*
sp) =L2" s g (12.11)
A(p)

In this form s,(p) is certainly not analytic since 2p)* is not. However,

remembering that p is real and using the identity (12.9) we can rewrite
(12.11) in either of the forms

, =;4(p*)*=,4(—pﬂ
e e

In either of these equivalent forms si(p) is the quotient of two analytic
functions. Unfortunately, the denominator is analytic for Im p > 0, while
the numerator is analytic for Im P <0. Thus, so far we have failed to
establish any region of analyticity for s,(p) at all. In spite of this rather
disappointing result we shall find that we already have enough information
to- prove several useful results, using just analyticity of £ in {Imp > 0}.
However, if we wish to establish analyticity of s,(p), then we must extend the
region of analyticity of / into the lower half plane and to do this we must
make more restrictive assumptions on the behavior of the potential as r — oo,

First, we note that if the potential is identically zero beyond some radius
r=a (e.g., a square well) then the integral (12.7) defining /(p) actually
runs only from zero to a. Thus, the divergences for large r do not occur and
it is easily seen that in this case /1(P), as defined by (12.7), is analytic for all
p- This means that s,(p) = F(=p)Ifp) is meromorphic [that is, analytic
except at possible poles where /i(p) = 0] for all p. Unfortunately, potentials
that are identically zero for large r do not play an important role in physics,?
and we must consider some other cases,

If the potential falls off exponentially when r is large, V = o™, (e.g.,
a Yukawa), then inspection of the bound (12.8) shows that the integral
defining /(p) is also convergent and analytic in that part of the lower half
plane with Im p > —u/2 [where the exponential decrease of U(r) can offset
the exponential growth of the factor exp (2 |Im p| r)]. Thus, for an exponen-
tially bounded potential 2Ap) is analytic in {Imp > —u/2} and s(p) is
meromorphic in the strip {#/2 > Imp > —pu/2}.

Many potentials ¥(r) are analytic functions of r in {Rer > 0} and satisfy
our usual assumptions on any ray r = pe‘® in this half plane.®* We shall refer

8 The potentials of atomic physics usually behave like 1/r¥ as r — oo, while the strong inter-
actions between elementary particles lead to exponential tails like the Yukawa.

8 An obvious example is the Yukawa, ye~#r/r. Notice that it does nor satisfy our usual
assumptions in the left half plane {Re r < 0} since it blows up as r - o withRer < 0.
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r plane ‘ p plane P plane
coeil
o -~

(a) (b) ©

FIGURE 12.5. (a) The original integral for /,(p) runs from 0 to «o; that of 12.12)
runs from 0 to «e®®, (b) (12.12) is analytic in {Im(pe‘®) > 0}, the half plane above
the sloping line shown. (c) The union of all such regions with —n/2 < 0 < r/2 is the
whole plane cut along the negative imaginary axis.

to these simply as analytic potentials. The free wave function j,(pr) is analytic
for all r; and it is easy to show that for such potentials ¢, ,(r) (as defined by
the usual series of integrals) is analytic for Re r > 0 and satisfies the usual
bound (12.6). We can therefore continue /;(p) into the lower half plane as
follows: first take p anywhere on the positive imaginary axis; tl.:e integral
defining #,(p) can now have its contour bent onto the line r = pe*’,

‘ (]

pm=1+1["

(Fig. 12.5, part a). This new integral has the same fqgm as the original

(12.7) except that the real variable r has become r = pe*”. The same argu-

ments as given before guarantee that it is analytic for Im (pe*®) >_0, which

defines the region shown in Fig. 12.5, part (b). We now have two mtegx:als,

(12.7) and (12.12), which define analytic functions in the qveflap.pmg regions

{Im p > 0} and {Im pe*® > 0}. Since the two functions coincide in the region

of overlap, each is a continuation of the other. Thus, #,(p) can be contmu.ed
into the region of Fig. 12.5, part (b). Since this is true 'for any 0 with
—m/2 < 6 < 72, we conclude that for an analytic potential £ (p) can .be
continued into the whole complex plane except perhaps for the negative
imaginary axis (se¢ Fig. 12.5, part ¢). Finally, we note that it is actually not
essential that the potential be analytic in the whole of {Re r > 0}. Thusﬁlf
V(r) were analytic in {Re r > a} (e.g., some nonanalytic short range potetntlal
plus a 1/r” tail), then we could arrive at exactly the same conclusion using a
contour as shown in Fig. 12.6.

If a potential is both analytic and exponentially bounded (e.g., a Yukawa
or sum of Yukawas) we can combine the conclusions of the la_st two para-
graphs and conclude that Z(p) is analytic in the region shown in Flg. 12.7,
part (a), and is real on the imaginary axis from —iu/2 up to +ico. The

drftU$ (12.12)
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r plane

-
//
-
ey

a

FIGURE 12.6. Alternative contour for the integral (12.12) if V(r) is analytic in
{Rer > a). ) .

nature of the singularities on the negative imaginary axis depends on the
details of the potential. For example, if V is the Yukawa ye*"/r then #;(p)
has branch points at p = —iu/2, —iu,.... If V is the pure exponential
ye ™" then /(p) has poles at p = —iu/2, —iu, ... (see Problem 12.2). For
any such potential the S matrix s,(p} = #,(—p)/#,(p) is meromorphic in the
region shown in Fig. 12.7, part (b), and is real in the interval between
+iu/2 on the imaginary axis.”

Two points in conclusion: First, we have seen that, while /;(p) is analytic
in the upper half plane for any V satisfying our usual assumptions, some
additional assumptions are needed to continue £,(p) into the lower half
plane. However, it should be emphasized that almost any potential encoun-
tered in practice does allow continuation into the lower half plane. Loosely
speaking, we can say that any “reasonable’ potential has this property, and
we shall often confine our attention to potentials which are “reasonable’ in

p plane . p plane

(a) '(b)

FIGURE 12.7. (a) Region of analyticity of the Jost function for a potential like the
Yukawa which is analytic and exponentially bounded. (b) Corresponding region in
which s;(p) is meromorphic (i.e., analytic except for poles).

7 It should be mentioned that having established this region of analyticity, we are almost
ready to write down the so-called partial-wave dispersion relation. This is little more than a
simple application of Cauchy’s theorem to the function f;(p) = [s;(p) — 11/2ip. However
we defer discussion of dispersion relations to Chapter 15.
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this sense. Second, it should be pointed out that there is a sense in which
the analytic properties of Z(p) in the lower half plane (when it can be
continued there) are less physically relevant. The point is that the properties
in {Im p < 0} are extremely sensitive to small changes in the potential at
large distances. For example, we have seen that the Jost function for a large
class of potentials (e.g., a Yukawa) has singularities on the negative imaginary
axis. However, if we were to truncate such a potential at some point r = q,
then all of these singularities would disappear [since /y(p) is entire for any
truncated potential]. Now if a is very large (10 miles, for instance) it is clear
that the difference between the two potentials is completely unobservable.
In this sense it is clear that the singularities of #,(p) for the first potential are
physically unimportant (for further discussion of this point see Problem
12.2).

12-d. Bound States and Poles of the § Matrix

After three sections of barren mathematics we can now begin to reap some
physically interesting rewards. The first of these is theé remarkable connection
between the bound states of a potential and the poles of its S matrix in the
half plane {Im p > 0}.

To understand this connection we recall the definition of the Jost function
in terms of the asymptotic behavior of the wave function

$1,(7) »5" LZ(0)Ar(or) — AA— )i om)] (12.13)

This relation does not always hold once p moves up from the real axis, since
#.(—p) does not necessarily continue there. However, let us suppose for a
moment that the potential is such that it does, and suppose that at some
point 5 (Im 5 > 0) the Jost function vanishes, £.(p) = 0. In this case,

br.5(r) — _7' AA—Ph(pr) (12.14)

Nowasr—>oo

h":i:(pr) s e:!:i(pr—l1r/2)
(2

Thus, when Im p > 0, A+ decreases exponentially as r — oo while A~ in-
creases exponentially. It follows from (12.13) that in general ¢ contains both
increasing and decreasing components. But at the point j, where / vanishes
and (12.14) holds, ¢ is purely decreasing. Since ¢, ;(r) vanishes at r = 0
and decreases exponentially as r — co, it is a normalizable solution of the
radial Schrédinger equation (with p = p and angular momentum /). That
is, the Hamiltonian has a proper eigenstate of energy p*/2m and angular
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momentum /. Since all eigenvalues of H are real, p must in fact be pure
imaginary, p = ix (« > 0) and the energy of the bound state is —a«?2/2m.

Conversely if H has a bound state with energy —o?/2m and angular
momentum / then at the point p = i« the solution ¢, , must be exponentiall
decreasing, and according to (12.13), #(ix) must be zero. ~

Provided /,(—p) is also analytic at p = § = i« we can equivalently say
that the bound states correspond to poles of s,(p) = f,(— )Y p). Indeed
we can understand this result directly if we recall that s,(p) is simply the
ratio of outgoing to ingoing wave in . When Im p > 0 outgoing waves
decrease as r — oo, while incoming waves increase. Since at a bound state
¢ is purely decreasing, the ratio s,(p) has to be infinite.

To put these results on a more precise footing we must unfortunately
introduce some more notation. We first define two new solutions of the
radial equation denoted yi*,(r) and defined by the condition

Z?,:p(r) H—m> E;E(Pr)

Thus, y* are solutions of the radial equation which, as r — oo, are pure
outgoing and incoming waves respectively. Generally they are not zero at
r =0, and are not proportional to the physical scattering functions y or
5

The integral equation for y* is

YEr) = hipr) — f " dr g, o, VUML)

with g given by (11.39) as before. This equation can be solved by iteration
just as was that for ¢. The only difference is that the integrals now run from
r to oo and so the exponential increase of A% in the lower and upper half
planes can cause divergences. It is a simple exercise (which we leave to the
reader) to check that, under our usual assumptions on V, y/ ,(r) exists and is
continuous for all p in {Im p > 0} and is analytic in {Im p > 0}. The result
for y~ is identical except that the upper half plane is replaced by the lower.
With suitable additional restrictions on the potential for large r both solu-
tions can be continued into larger regions exactly as was ¥y(p).

At least for real p (where both y* exist) the regular solution ¢ can of
course be expanded in terms of the two solutions y* as ¢ = ay~ — by™*, say.
By considering the expansion of ¢ for large r, we can identify the coefficients
a and b with the Jost functions (times i/2), to give

Bo(r) = 5 LA — A~ P )] (12.15)

8 These solutions y are often denoted by the much overworked letter /" and are called the
Jost solutions.

12-d. Bound States and Poles of the S Matrix 225

We must now introduce a second piece of notation. This is the Wronskian,
which for any two functions «(r) and B(r) is defined as

«
Wa, ) = «(f(r) — #(DB() = det(ou 5')

where o' denotes du/dr. If the two functions are lineflrly dependent th‘eri
W(x, f) = 0 and conversely. If the two functions ‘Sé}tlsfy the same rac'ile.x
equation (the free equation or full equation, each for given !l and p), tl;gn it is
easily checked that dWldr = o’ — o' =0; tbat is, the Wrorﬂxs ian is
independent of . Thus, for example, the Wronskian of f,(pr) and #,(pr) 1; a
constant and, since it is constant, it can be evaluated for large r where the

known asymptotic forms give
o W, )= —p - (12.16)

In the same way we find that
W(Ki' s %) = —2ip
If we now use the identity (12.15) to evaluate the Wronskian of ¢ and x*
we find that, since W(x*, ) =0,
W(xt, $) = pfdp)

or

{

£(p) = 11, Wit $un) (12.17)

i i ire i i i ic i 0} this relation continues
Since & is-entire in p while y* is analytic in {Imp > :
into tl(fe upper half plane and we find at once the f9110w1ng re§ult. T+he J o_s:t
function /,(p) vanishes at some point 5 (Im p > 0) }f and ox}ly if W(x. , qS)l =
0; that is, /(p) = 0 if and only if the regular solution ¢, ; is proportional to
the exponentially decreasing solution ¥ 5(r),

) = Agta(n)

hence, yields a proper eigenfunction of the Hamiltonian: Th}ls, exact'ly
erldajnticipatgd, /,(p)pcalr)l vanish in {Im p > 0} only on thg imaginary ax;s,
and it does so there if and only if p = io where —a?/2m is the energy of a

e of angular momentum /. 3

bo’III‘E?s j':illt is clfarly true quite independently of the ppgsib1htyl that £,(—p)
can also be continued into {Im p > 0}. If, however, this 1§ possible and p =
i« is in the region of analyticity of /,(—p), then /y(—iw) cannot_be. z;.rp
[since if it were, then from (12.15) it wquld follow that ¢ =0, wh1;:l is
impossible]. It therefore follows that in this case s(p) = /(—D)|f(p) has a
pole at the position of the bound state, p = i

-
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It should be emphasized that while the correspond
states and zeros of Fip)is always valid, that betWeIe)n b::rifi s],)tztt‘:: Zrtlldboulnd
of s,(p) depends on the possibility of continuing /1(=p) to the point EO .
Nonetheless, one almost always hears the result of this section referrelzit_o ae
the correspondence between bound states and poles of s,(p); the reasons f. o
this are twofold. First, in the case of the full amplitude (a; opposed to t}c:r
partlal-wave amplitude) the complication of possible singularities of F(— ;
does not arise, and the bound states do always correspond one-to-otie ‘tp
poles ef the amplitude (as we shall see in Chapter 15). Secon’d in relativi,stic::
scattering the existence of s,(p) is beyond doubt, whereas it is 1,10t at all cl
that a Jost function can always be defined. o

We conclude this section with a result that we shall need later: that th
Zero ef /,(_p) at a bound state is always a simple zero. To see this: we recal?
that if £,(p) = 0 then é = Ayt at p (with 2 obviously nonzero). 1t is easil
shown (see Problem 12.3) that if #£(P) = 0 then . i

d)/l _ © ©
zp_ (P =J; dr 35 (N y.s(r) = ).j; dr 3 5(r)?
Since this is certainly nonzero, the zero of Z.(p) has to be simple.

12-e. Levinson’s Theorem

Having established that, for a given potential, there is a one-to-on
correspondence between the zeros of the Jost function Ain {Imp > 0} (a]?
of “{hlch are simple) and the /-wave bound states, we are almost rea{)iy to prove
Lev1‘nson’s theorem. Before we do so however, we need two more reI;ults

First, we prove that the Jost function cannot have zeros on the real axis.
except perhaps at the origin. To see this we have only to note that for ];

real the expansion (12.15) of ¢ in terms of 2E can be written

¢ = é AP ~ Ap)*yH

Thus, if Z(p) =0 for p real then /,(p)* = S,
s , W(P)* = 0 and the solut i
zero. However, from the boundary condition ution is identically

peo o _(pr)*t
¢;>JZ(P") 2 + DIl

it is clear that, except when P =0, the solution ¢ ¢ i i
at, X annot be identically zero:
and the desired result follows. We shall discu cepti ) ,
: . ss the t
710 o e xes g exceptional case thgt
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Second, as p — oo anywhere in {Im p > 0} the Jost function goes to one.
We saw in Chapter 11 (Section 11-i and Problem 11.8) that this is certainly
true for p physical, and indeed that /(p) — 1 vanishes like 1/p" for some
n > 0. The inequality (12.8) shows that for any p in {Im p > 0} the Jost
function satisfies the same bound as that used in Section 11-i to discuss the
physical case. Accordingly, the same result holds anywhere in {Im p > 0},

2(p) — 1I l= O(#) [uniformly in {Im p > 0}, some n > 0] (12.18)
p|—*o0
An immediate corollary is that there is some radius [p| = p beyond which
#(p) has no zeros in {Im p > 0}. Since an analytic function can have only a
finite number of zeros inside any finite radius, we conclude that #,(p) has at
most a finite number of zeros in {Im p > 0};® that is, that there is only a
finite number of bound states of angular momentum /.
We are now ready to establish Levinson’s theorem.

Levinson’s Theorem. For any spherical potential (subject to our usual
assumptions) the phase shift §,(p) satisfies

0,(0) — 6y(0) = mym

where n;, denotes the number of bound states of angular momentum /.
This holds except in the exceptional case when the s-wave Jost function
vanishes at threshold, /1,(0) = 0, in which case the same result holds for
1> 0, but for/ = 0 we have

84(0) — 84(0) = (n, + Vo) (12.19)

Proof: We suppose here that #,(0) 0, and shall return to the special case
#.(0) = 0 in Section 12-g. We consider the integral

i)
I =@¢dp—=
fﬁ )

9 This argument needs to be given rather carefully close to the real axis, where we have not
established analyticity for an arbitrary potential. The point is that an analytic function
(which is not identically zero) can vanish only a finite number of times in any closed bounded
region inside its region of analyticity. Thus, it could be that #;(p) has an infinite sequence of
zeros in {Im p > 0} (on the imaginary axis, of course) accumulating at the point p =0.
However, #(p) is continuous onto the real .axis. Thus, provided #,(0) ¢ 0 such a sequence
is obviously impossible. For the special case that /;(0) = 0 we need the result of Section
12-g that when #,(p) vanishes at p = 0 it does so either linearly or quadratically; this means
that it is nonzero in a neighborhood of p = 0 and again a sequence of zeros accumulating
at p = 0 is impossible. s .
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Where the contour is the infinjte semicircle shown in Fig. 12.8 and /'denotes

th . L3 . y

coc:l tcie:;v:.;::; :1,:{;21; a;l"gzclﬁxtggrarlld /,(p)/f/’,(p) is-analytic on and inside the
simple z i i i

one. Thus, ty Conehe s HI:, ero of /(p) it has a pole with residue

I'= 2min, (12.20)

Alternatively, we can rewrite I as

I= 3{; din f(p) = f_ _dinf(p) (12.21)

since from (12.18) it is clear that th ibuti
. e contribution of the large semici i
zero. Now, on the positive real axis : K':Hde °

F4p) = | 4(p)| e—“f"” [p>0]

and, hence,
n 4(p) = In | 4(p)| — i 6,(p)
On the negative real axis we use the relation F(—p) = Z(p)* to give
In /i(=p) = I |A(p)] + i (p) [p>0]
Inserting these results into (12.21) we find th ibuti
il . at the contributions of th
parts from the positive and negative axes cancel and that o the real
0

= 2i[6,0) — 6,(c0)) (12.22)

Comparing (12.20) and (12.22) we arrive at i
- . the desired result and, apart
from the exceptional case /1(0) = 0, our proof is complete. P

p plane

Bound
states

FIGURE 12.8. Contour used to prove Levinson’s theorem.
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12-f. Threshold Behavior and Effective-Range Formulas

In this section we discuss the behavior of the partial-wave amplitude close
to the threshold p = 0 and supply proofs of some resulits anticipated in the
previous chapter.

The partial-wave amplitude is given by

-1 —p) —
s(p) =1 _ A(=p) — /p) (12.23)

Hp) = 2ip 2ip/i(p)

For an arbitrary potential this expression can only be used on the real axis
since it is only there that both #,(p) and f£,(—p) are defined. Nonetheless,
this will prove sufficient to prove the most physically interesting result:
namely, the dominant behavior of f(p) as p — 0 through physical values.
However, if the potential is exponentially bounded, then both #(p) and
/,(—p) are analytic in some strip on either side of the real axis and we can
use (12.23) in a whole neighborhood of p = 0. This will simplify matters
considerably; in particular, in this case f;(p) will have a power series expan-
sion about.p = 0. ,

We begin by inserting the integral (12.7) for #,(p) into the numerator of
(12.23). With some simple manipulation this gives

_1 © .
0 == f dr J (U () ,(r)

which, since ¢/¢ = y, the reader will recognize as our old friend

10 =% ["a jerveim.,0
o

For real p we know that both j and ¢ are bounded by

pr V1
| i(pr)| and | (M| < constant( )
14+ pr

Therefore, provided #,(0) is nonzero,

constant 1 [ pr \E
Lo < 25t [Far e (1+pr) (12.24)

in some neighborhood of p = 0.
Let us first suppose that the potential is exponentially bounded. In this

case we can simply drop the denominator (1 + pr)?+% from this bound to
give
fi(p)| < Somstant o f dr [U(r)| 1242 (12.25)
/(0) 0



230 12. Analytic Properties of the Partial-Wave Amplitude
which establishes that
o) =00®) [p—0) (12.26)

Since fi(p) is analytic near p = 0, i i
p =0, it has a power series e i
lowest term must then be O(p*); that is, P “panision whose

fp) = —ap¥ + b, ptHl 4 . ..

where q; is some finite constant (possi i i i

: . possibly zero), which will be recognized a
the. gcatterll}g length introduced earlier. This expansion is just tie resuli
ant1c1Rated in ‘(11.28), which, we see, holds for any exponentially bounded
{)otentlal p}'ov1d§d /l.(O) # 0. When #,(0) = 0 it is clear that the scattering
ength a, will be infinite—a situation to which we shall return in Section 12-g

/ V(r) =0(§) [r - o]

then the integral in (12.25) is conver
. gent only for 2/ 4+ 2 < » — 1. Thus, for
! < (v — 3)/2 the result (12.26) still holds. But for / > (v — 3)/2 we must go
back to the bound (1.2._24) and retain the denominator (1 + pr)®+2 to ensure
;:lcl)ntvergence. By splitting the integral as {3 + JT we find in place of (12.26)
" .
) =00  [p—>0,1>(»—3)2)

Having established the dominant behavior of Ji(p) at threshold, we can
goonto d1scqss its power series expansion at that point. Of course tile power
SCIIes expansion exists only if f,(p) is analytic near p = 0, and for this
reason we now restrict our attention to exponentially bounded potentials. -

It turns out that the expansion of the amplitude jtself in powers of p is l;ess
useful than that of a related quantity—the K matrix (also called the reaction
Or reactance matrix). We shall discuss the general theory of the X matrix’
}gllChaptfr 14, but the partial-wave version can be briefly described as
Y ;)v:iséﬁng c{)lsa(l)cctehc;f; t{le partial-wave S matrix s,(p) we work with a quantity

s(p) = 1+ l:kz(P)
1 — ik(p)

In the physical region the unitarit impli i )
' y of s, implies that k, is real. (One of the
advantages of the K matrix is that in any approximation scheme, the unitarity

of S is guaranteed by insistin
L . g that k, be real, or, more generally, that the X
matrix be Hermitian.) We can solve (12.27) to give ’ )

(12.27)

11—y
kip) =i TSSI((II:; = tan §(p) (12.28)

N

12-f. Threshold Behavior and Effective-Range Formulas 231

From the first equality it is clear that k;(p) is analytic wherever s,(p) is
analytic [except for poles wherever s,(p) = —1] and, in particular, it is
analytic around p = 0. |

An important property of the K matrix emerges if we continue from p to
—p. Since s,(p) = £i(—p)|fi(p), it follows when p goes to —p that s,(p)
becomes 1/s,(p) and, hence, from (12.27) that k,(p) changes sign

ki(—p) = —ki(p)

that is, k,(p) is an odd function of p and therefore its power-series expansion
contains only odd powers of p.

As p— 0, we know that 6, > —a,p¥*1; this implies the same result for
k, =tan §,,
' k(p) — —ap™*

=0

Thus, it is convenient to consider either of the functions k,/p?**! or p#+i/k,,
both of which are analytic near p = 0 (unless @, = oo or 0), are even functions
of p, and therefore have power-series expansions in p%1° In practice (in n—p
scattering, for example), it is the expansion of p*+1/k, that proves most useful,

20+1

P 241 - =1, :
= cotd(p)=—+=p*+ 0 12.29
kl(p) p l(p) al 2 p (P ) ( )

This is known as the effective range expansion, since for / = 0 the coefficient
r is usually approximately related to the range of the potential. The effective
range approximation (or shape independent approximation) is obtained if
we retain only the first two terms on the right of (12.29). The s-wave effective
range approximation has been one of the most important methods of
parametrizing low-energy scattering data (e.g., n—p scattering up to about
10 MeV). Some further discussion of its use can be found in Problems
12.4 and 13.1.

‘When the potential has an 1/r” tail, the Jost function and related functions
s;, f1, k; usually have a branch-point singularity at p = 0, and for this reason
an effective range expansion in powers of p? is not possible. For example, the
corresponding s-wave expansion for a potential with an 1/r# tail is**

pcotéo(p)=:—1+bp+cp21np+0(p2)

0

10 Another way to say this is that these functions are actually analytic functions of the energy
E =p*2m at E = 0; this is the form in which this important property of the K matrix

is usually used.
11 See O'Malley, Spruch, and Rosenberg (1961).
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12-g. Zeros of the Jost Function at Threshold

In' tlhe last two sections we have had to exclude from our discussion the
spetc.la case that the Jost function vanishes at threshold 71(0) = 0. In this
section we discuss this possibility and establi previous re.

; ish how the pre
modified when it occurs. previovs fesults are
dWe know that zeros of Z(p) in {Im p > 0} correspond to bound states
and we must ﬁrs't consider whether the same is true of zeros at p=0 To’
this end we consider the radial Schrédinger equation, which for p= 0 is

& Il+1
= - 0w =0

It is ?lear that with p zero, the centrifugal term dominates as r — 0 or r —> oo
and it follows that the solutions behave like combinations of 1 and 1/r
for small or large r. For a general potential the solution that is finite r
atr = 0 will contain both terms at infinity and there will be no proper eigen-
fur'lctlon of zero energy. However, for certain potentials the solution thft is
ﬁnltc? (r_’“) at r = 0 may be pure 1/r? at infinity. For the case / = 0 this
possﬂ_)lhty does not lead to a bound state because a solution that behaves like
1/rt (ie., a constant) as r — co is not normalizable. On the other hand, for
I'> 0 such a solution is normalizable and we conclude that bound statc;s of
Zero energy are possible for / > 0.

We must next determine whether a zero-energy bound state (when it
occurs) corresponds to a zero of the Jost function at the origin. Unfortu-
nately our notation is not well suited to handle the point p = 0 be;:ause all of
our standa}'d solutions, /,(pr), ¢, ,(r), etc., behave badly there. For example
as p— 0, j( pr:) vanishes and therefore ceases to be an interesting solutior? of”
the free equation. The reason is, of course, that J:(pr) has a factor p*+1 for
small arguments, and if we factor out this p*+, then ' d

jl(ﬂ rl+1
P o Q1+ DN

That is, /,/p**1 reduces to the r*1 solution of the free zero-energy equation as
pl—> 0. Inﬂ the same way #,(pr) blows up as p — 0, but if we multiply it by
)4 thc?n p‘rfl (and likewise p*4f) reduces to the 1 [r* solution as p — 0 ’

It Is easily shown that by removing the appropriate powers of J4 f:rom the
solutions ¢ and y+ of the full radial equation we can handle them in the same
way. Th.us, when p — Q, .¢/p‘+1'= $ (say) approaches the solution that
behaves like ri+! at the origin; while p'y* = #+ approaches the solution that
behaves like 1/rt at infinity. Now in terms of & and 7+ the Jost function is:

Ap) = 1—1, Wt ) = WG, §)
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and from this it is clear that #,(0) = 0 if and only if the solution § (— r+
as r — 0) is proportional to the solution g+ (— 1/r! as r — o). Thus, for
! > 0 the zero-energy Jost function vanishes if and only if there is a zero
energy bound state.

To proceed further we need to know how #,(p) vanishes at p = 0 when it
does. To simplify matters we suppose that the potential is exponentially
bounded so that #(p) is actually analytic near p = 0. In this case we can
insert into the integral

17-
i = 1 - h+
A =1+ f Ug

— 14 (1 f fo¢) + i(l f jU¢) (12.30)
p p
the expansions of 7, f and ¢ in powers of p. Now, 7 has the form 1/p* times

a power series in p?, while both j and ¢ have the form p'*! times a power
series in p%. Thus, from (12.30) we see that £,(p) has the form:

A(p) =1+ [ + Bip® + O(p)] + ilyp® ™ + 0(p**%)]  (12.31)

(with all coefficients «,, . . . , real).
The Jost function #,(p) vanishes at p = 0 if it happens that the coefficient

a; in (12.31) has the value —1. When this happens

Ap) = [Bip* + 0] + ilyp™ + 0(p™ )] (12.32)
For the s-wave case we see that the leading term comes from the second
bracket and
/o(P) = iyop + O(p%) (12.33)
while for any / > 0 it comes from the first bracket and
£p) =Bt +0(porpt) (1> 0] (12.34)

Thus, if the Jost function has a zero at p = 0 then for / = 0 this zero is
simple, while for / > 0 it is double.12

We are now ready to see how the results of the previous two sections are
modified when #,(0) = 0. We consider first Levinson’s theorem and observe
that if £,(0) = O the contour used in proving the theorem must be modified

12 What this simple argument fails to show is that the coefficients y, in (12.33) and §;in
(12.34) arc always nonzero. This can be shown by evaluating the first and second deriva-
tives of £;(p) as described at the end of Section 12-d. This alternative method can also be
applied even when #;(p) cannot be continued into the lower half plane, to showthat in this
case as p — O from the upper half plane #(p) vanishes linearly or quadratically (according
as [-=0or [ > 0). See Newton (1960), Eqgs. (4.25) and (4.25").
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as in Fig. 12.9 to avoid the pole of the integrand in
1= § ap A0
Exactly as before, A2
I = 2 x (number of zeros in {Imp > 0)) (12.35)
However, because of the small semicircle I, of radius €, we now find that
I = 2i[6(0) — 8/(c0)] + lim | dp @ : 12.3
.36
€0 JI¢ ﬁ(p) ( )

The contribution of I, depends on / and is easily seen to be

lim dp}@={—”i =0
ot () \—2mi > 0]

since the zero of /,(p) is simple or double accordingas / =0or!/> 0

For the s-wave case we know that there are no bound states of zero e.ner
and, h.ence, that the number of bound states m, is the same as the number i);'
zeros in {Im p > 0}. Comparing (12.35) and (12.36) we find that

90(0) — do(0) = (1o + Vo)

For I > 0 we know that when /1(0) = O there is a bound state of zero
energy. This means that the number of bound states n;, is the number of
zeros in {Im p > 0} plus one. Comparing (12.35) and (12.36) we find:

6(0) — 6,(c0) = nymr

which is the same result as before.
The behavior of the amplitude f;(p) near threshold =0i
easily found. Remember that 7® ' ol Then A0 =0 s

R N
o) = p”/’z(p)fo U,

p plane

L

i
FIGURE 12.9. Contour used to prove Levinson’s theorem if 7,(0) =0.
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When #,(0) # 0 we found from this that
fi(p) = —a,p* + O(p**™) (12.37)

For the case / = 0, we know that when #y(p) vanishes at p = 0 it does so like
iyop. In this case the result (12.37) becomes

E/2

folp) ==+ 0(1)
p

where «, is some real constant.!® Thus, when #,(0) = 0, the s-wave ampli-
tude, and the corresponding cross section o, = 47 |f;|%, are infinite at
threshold—a phenomenon sometimes called a zero energy resonance. When
this occurs, it is clear that the s-wave scattering length, defined as a, = —£,(0),
is also infinite. In practice, /,(0) is unlikely to be exactly zero and one does
not expect to find a scattering length that is actually infinite. However, it is
perfectly possible for /,(p) to have a zero close to threshold and, hence, for
#0(0) to be small. In this case the zero-energy cross section is anomalously
large. An example of this phenomenon is illustrated by the square well
cross sections of Fig. 11.3 where ¢(0) is more than 40 times the geometrical
cross section 7a?; a well known real example is given by the n—p singlet
system, which has a zero of / so close to threshold that the zero-energy cross
section (70 barns) is at least 200 times any reasonable estimate of the geo-

metrical size. ‘ ‘
For I > 0, /,(0) vanishes like p* (if at all) and the behavior (12.37) becomes

f(p) = «p™ = + 0™ )

that is, the power behavior of f,(p) (! > 0) is reduced by two when /,(0) = 0.
In particular, this means the p-wave amplitude remains nonzero as p — 0.

PROBLEMS
12.1. (a) Using the methods of Problem 11.7, prove that

1)l < constant( l2| )Hle”‘“'

S T+ 1al)
for all 2, real or complex. Establish corresponding bounds for #,(2), k2
and the Green’s function. The bound for Ais given in Section 12-c; that
for the Green’s function is the same as in Problem 11.7 except for a factor

exp{|Im p| (r — r')}.
13 This also follows from Levinson’s theorem, which asserts that 64(0) = =/2 (modulo =)

if Z3(0) = 0. This shows directly that f3(p) = (1/p)exp(idp)sin J, goes to infinity and be-
comes imaginary.
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(b) Establish the theorem of Section 12-b (that the regular solution ¢ can be

found by iteration for any potential and any complex p) for arbitrary /.

Establish that the solution is bounded as in (12.6).

12.2. To illustrate the relative unimportance of the lower half plane
{Im p < 0} do the following:

(a) Calculate the s-wave Jost function #(p) for the weak exponential ye*"
(the point of the weakness is that you can approximate # by the first two
terms in its “Born series,” Z = 1 + (1/p) f A*Uf). In the same approximation
calculate the s-wave Jost function #*(p) for the same potential cut off atr = a.
(b) Show that / has a pole at p = —iu/2 but that the cut off function /
does not, however large we make the cut off.

(¢) Show that in {Im p > 0}, A = #* — # can be made uniformly small by
making a large. In the lower half plane it is clear that Afis infinitely large at

= —iu/2 however large we make the cut off.

12.3. (a) Show that if the Jost function has a zero in the upper half plane,
then this zero is simple. Hints:

(1) Suppose /() = 0 and hence ¢ = Ayt atp.

(2) Differentiate /= (1/p)W(x*, 4), to give AB) = (I[p{W(xt, $) +
W(it, )} (where ¢ = df|dp, etc.)

(3) The Wronskian W(x*, $) can be evaluated using the relation
AW (x5, $p)ldr = (P* — pPDxié, which follows from the radial
equation. Integrate from zero to r to give W(y}, ¢,), then differentiate
with respect to p and finally set p = p. The second Wronskian can be
treated similarly but integrating from r to infinity. ’

(4) This gives /(13) = =2 fPdryté = —22 {3dr(1)>
(5) Since p is pure imaginary, ' is i’ times a real function and this integral
is nonzero.

(b) Prove that the residue (as a function of E) of the partial-wave amplitude
Ji at a bound-state pole is (—)**y2/2m, where the real number y is the
“asymptotic normalization” of the bound-state wave function, defined as
follows: Let n(r) be the normalized, real, bound-state radial function, and
let the bound-state energy be —a?/2m; then y is defined by the relation
n(r) = ye~*" as r — oo. Note that #(r) is obviously proportional to x* and,
in fact,

o) = 0] [Cary

12.4. The effective range formula (12.29) is often arrived at by a method
quite different from that of Section 12-f, as follows (consider the case / = 0):
Let u, denote a radial wave function proportional to v, , but normalized

Problems 237

such that u, — cos pr + cot 8 sin pr as r — . Let v, denote the solution of
" = cos pr +

i inci i large r; thatis, v, =
the free equation that coincides with u, for large r; »
cotgsin pr. Use the fact that p cot 6(p) > —1/a as p— 0 to show that
vp = 1 — r|a. Hence show that

pcot 6(17) = :__1 + P2J; d’("pvo - uazuo)
a

Hint: Use the relation dW(u,, u)|dr = p*utio (which follows from the
radial equation as in the last problem) to show that

b
(W (p, )l = 7 f dr it

@
with a similar relation for v,. Hence evaluate [W(v,, vg) — W(y,,, o -
The effective range expansion follows if we expand v, and u,, in powers of

p- In particular the effective range is just

ro - ZJ~ dr(U% - u%)
0

Since v, A u, outside the potential, while v, = 1,uy=0at the origin, this
suggests that r, is roughly related to the range of the potential. 4 be

If the potential is deep and short range th‘en. both u, and vy Wou
expected to be slowly varying functions of p inside the well. This suggests
that the effective range approximation p cot d ~ —(1/a) + (ro/2)p?, which
corresponds to setting v, & o and u, ~ u,, would be good.
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134 Decay of a Resonant State

Probably the most striking phenomenon in the whole range of scattering
experiments is the resonance. Resonances are observed in atomic, nuclear,
and particle physics. In their simplest form they lead to sharp peaks in the
total cross section as a function of energy, like those shown in the two
examples of Fig. 13.1. Obviously, effects as dramatic as those shown demand
.explanation and, once understood, can be expected to provide useful
information about the underlying interactions.

There are many different theoretical approaches to the resonance phenom-
enon, all of them having in common that the sharp variation of the cross
section at a resonant energy Ey, is in some way related to the existence of a
nearly bound state of the projectile-target system with energy Ep. When the
projectile is sent in with energy Ej, it can be temporarily captured into -this
“metastable” state; and it is this possibility that is considered the cause of
the violent variations in the cross section.

We shall approach the problem of resonances via the analytic properties
of the amplitude established in Chapter 12. In Chapter 12 we saw that poles
of the S matrix s,(p) [or more precisely, zeros of the Jost function Zp)] in
the upper half plane {Im p > 0} correspond to the bound states of angular
momentum /. What we shall show in this chapter is that if s,(p) has a pole in
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the lower half plane {Im p < 0}, then, under certain circumstances, this can
correspond to a resonance of angular momentum /—a concept we shall define
more precisely in a moment.

The fact that poles of s;(p) can correspond to resonances when Im p < 0
and to bound states when Im p > 0 obviously suggests a close connection
between resonances and bound states; we shall explore this connection in
Section 13-b. First, in Section 13-a, we shall show how it is that poles of

T (a) Neutrons off iridium ? 200 (b) T+ off protons
[

E 50 §

£ g 100

25 B

3 3

& 0 | - é 0 |
0.1 1 10 1.0 1.5 2.0

Neutron energy, eV —> Total energy, GeV —>

FIGURE 13.1. Resonances in the scattering of (a) neutrons off iridium, and (b) pions
off protons. s

si(p) [or zeros of £y(p)] cause resonances. Finally, in Sections 13-c and 13-d
we shall examine in detail the evolution of the scattering of a wave packet
whose energy is in the neighborhood of a resonance.

It should be emphasized at the outset that the correspondence between
resonances and the poles of s,(p), or zeros of £,(p), in {Im p-< 0} is by no
means as exact as that between bound states and the zeros of Z,(p) in
{Im p > 0}. First, to discuss anything in the lower half plane it is obviously
necessary that the potential be “reasonable,”” in the sense that it allows
continuation into the lower half plane. ‘

Second, we shall see that there can be zeros of #, in {Im p < 0} (specifically,
those far from the real axis) that lead to no observable resonance effect;
and, conversely, one can construct potentials that display resonance effects
without having any zeros of #, (or poles of s;) in {Im p < 0}. Nonetheless,
the explanation of resonances as poles of s; in {Im p < 0} is so satisfactory
that it is generally accepted that all (or at least almost all) resonances are
correctly described in this way.

Finally, we should note that most real resonances occur in multichannel
systems of the type to be discussed in Chapters 16 ‘and those following.
However, many of the essential features of the resonance phenomenon show
up in the simpler, one-channel situation, and it is for this reason that we
begin our discussion of resonances here. We shall take up the general
multichannel case in Chapter 20. '
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13-a. Resonances and Poles of the S Matrix

In this section we shall suppose that the Jost function has a zero (and
hence s, a pole) in the lower half plane close to the real axis, and then explore
its physically observable consequences. It is essential that the potential be
such as to allow continuation into {Im p < 0}, and throughout this chapter
we shall assume that this is the case. Having made this assumption, we
remark that, since /,(—p) is always analytic in {Im p < 0}, and since 2(E£p)
cannot both vanish at the same point, the Jost function /(p) vanishes at
some point p in {Im p < 0} if and only if sdp) = £(—p)|f,(p) has a pole.
Thus, there is a complete equivalence between zeros of #, and poles of s,
in {Im p < 0}, and our discussion can be couched in terms of either. Since
the discussion in terms of zeros of /1 is a little simpler we begin with it.

We assume that the Jost function /(p) (from which we now omit the
subscript /) has a zero at some point

P=pr—ip [pr > 0]

where R stands for either “real” or “resonance” and J for “imaginary.”
Exactly as in the case of bound states, a zero of / implies that the regular
solution ¢ is proportional to the outgoing solution 4*; but since Xt increases
exponentially with » when Im p < 0, this does not give a proper eigenfunction
of the Hamiltonian. We shall suppose for the moment that the zero of fat
P is a simple zero. However, it should be emphasized that, while the bound-
state zeros of / have to be simple in {Im P > 0}, there is no general principle
that guarantees the same in {Im P < 0}; and we shall, in fact, return briefly
to the exotic possibility of multiple zeros in Problem 13.5.

Since /(p) has a simple zero at p, there is some neighborhood of 5 in which
we can approximate #(p) as

Ap) ~ (%)%(p —p) | (13.1)

Now, if 5 is sufficiently close to the axis, then there is a real interval centered
on pg, in which this approximation is good; and we now examine the phase
shift in this interval. To do this we need only recall that, for physical P, the
phase shift is minus the phase of /(p). Thus from (13.1) we see that

o(p) ~ —arg(—cz) —arg(p — p) [p real, close to py) (13.2)
dp/s .
= Gy + 0ra(p) '

‘where

brep) = —arg(p — p) o | (13.3)
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FIGURE 132 Resonant part 6,..(p) of phase shift.

The quantity J,, is called the backgroz.md phase shift and is just minus the
phase of (df|dp);. The quantity d.e(p) is called the resonant part of the phase
shift and is (apart from an irrelevant ) the angle shown 1n.F1g. 13.2.

It is clear from Fig. 13.2 that as p increases past the location of the zero,
the resonant part of the phase shift d,.,(p) increases from .0 Fo . Also, the
closer the zero is to the real axis, the more suddenly‘ this 1ncrease. occurs.
(For example, 0, increases from /4 to 3[4 in the 1nt<.3rval_ of width 2p;
between p = pp + p;.) Thus, near a zero of /(p) that is close to the real
axis, the complete phase shift § = §,, + J. increases suddenly from the
value 8,, to' §,, -+ .

aWe slbl';ll talb(ge this rapid increase of §,(p) by =, as given by (13.2), to.be our
definition of a resonance of angular momentum /. Beforfe we examine th.e
physical consequences of this phenomenon it must t.>e men'tloned t‘h_at there is
considerable confusion in the literature concerning this deﬁr}ltlon. The
term resonance is sometimes taken to be exactly synonymous with a Zero of
/ (or pole of s) in {Im p < 0}. However, it is clear that a zero sufficiently
far from the real axis will produce no physically observable effects; anfi, as
we have already mentioned, all of the observable effects usua}lly aSSOCIateti
with a resonance can occur without there being any zero of #(p) in {Im p < 0}.
Thus, the definition of a resonance as a zero of /(p) in {Im p < 0} does not
correspond precisely to any observable phenomenon.

The behavior of the partial cross section a,(p),

Ul(p) = 4‘"(L2_|_1) sin2 61(},)
p

near a resonance depends on the value of the backgroqnd 0,,- Four different
possibilities are shown in Fig. 13.3. The first and simplest, shown as the
curves below (a), is when the background d,, is zero, and d(p) therefore

i , f a resonance and for
1 An elegant example of a potential that produces all the symptoms o ( !
which s(i;) is anal;’)tic in {Im p < 0} but has no poles there can be found in Calucci and
Ghirardi (1968).
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FI.GURE 13.3. Four possible resonances. The 5(p) plots show the resonant phase
shifts .for 0,y = 0, n/4, n/2, and 3x/4. The sinZ §(p) plots show the corresponding
behavior of the partial cross section [apart from a factor 4+(2/ + 1)/p?.

increases suddenly from O to 7 near p = pp. In this case the partial cross
section is small on either side of the resonance and has a sharp peak as §
passes through /2 and o, attains its unitarity limit. This type of resonance
@s often called a pure Breit-Wigner resonance. The opposite extreme occurs
if 6,, = =/2, and is shown in (c); here d(p) increases from /2 to 3=/2.
Thus, on either side of the resonance the cross section has its maximum
value, and at resonance it has a sharp minimum as 6 passes through =. Two
intermediate cases (d,, ~ m/4 and 3x/4) are shown in (b) and (d).?

Needless to say the curves shown in Fig. 13.3 are idealizations, which are
never precisely realized in practice. This is because the behavior (13.2) for
8(p) comes from the approximation f(p) ~ constant X (p — p). A con-
venient way to express the exact situation is to write

6(p) = 04,(P) + brealp)

where .,(p) is as before, but 8,,(p), instead of being a constant, is a slowly
varying function of p. This means, for example, that at an actual resonance
the phase shift increases suddenly by approximately (but not exactly) .

If there is a resonance of angular momentum / and if all other phase shifts
are slowly varying in the neighborhood of the resonance, then the rapid
variations of Fig. 13.3 will also be visible in the total cross section 6 = Y o,.

(This was the case with the resonances shown in Fig. 13.1.) If all other
N\

2 Perhaps it should be emphasized that any value of 8,, is possible and many different
values are observed in practice. In the literature of high energy physics one sometimes finds
the claim that for elastic scattering &,, must be small. This is false, and any value of J,, is
consistent with pure elastic scattering. On the other hand we shall see in the next sectiﬂon
that for a resonance sufficiently close to threshold 6,, is always small. '
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FIGURE 13.4. Planes of the complex variables p and E = p*/2m.

phase shifts are also small, then the scattering will be completely dominated
by the resonant angular momentum. In this case the angular momentum of
the resonance can be easily identified by examining the angular distribution
of the scattering in the neighborhood of resonance. Unfortunately, it often
happens (especially at high energies) that several phase shifts are varying
appreciably at the same time. In this case a resonance can only be detected
after an analysis of angular distributions has sorted out the various partial
waves.

One can, of course, give an analytic expression for the partial cross section
o,(p) in the neighborhood of a resonance. Because this is usually done in
terms of the energy E = p*/2m rather than p, we first say a few words about
the connection between these two variables. Since the mapping from p to E
is two-to-one, a function like the Jost function, when considered as a function
of E, is a function on a two-sheeted Riemann surface. The correspondence
between the p plane and the two sheets of E is traditionally chosen as shown
in Fig. 13.4. The first sheet ot “physical sheet” of E corresponds to the upper
half plane {Im p > 0}, the second sheet to the lower half plane {Im p < 0}.
For any p, the points = p correspond to two different points on the Riemann
surface of E (one on the first sheet, the other beneath it on the second sheet)
both with the same numerical value E = p?/2m. The bound states, which are
zeros of £ on the positive imaginary axis of p, lie on the negative real axis of
the first sheet of E. This first sheet has a cut from 0 to co, the upper rim of
which corresponds to the physical region p > 0. If one continues through
this cut, one comes to the second sheet. Thus, the resonance zeros of / are
found by continuing from the first sheet downward through the cut.

If we regard the Jost function as a function of E {which we write for sim-
plicity as /(E)], then the resonance zero at j becomes a zero on the second
sheet, close to the physical region, at

_2 -
_ P il
E=_'_ =E ———

2m R 2
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(where the notation —I'/2 for the imaginary part of £ is conventional). We
can now recast our original argument in terms of E. Close to the resonance
we write /(E) ~ (df|dE)g(E — E) and, as before, we find that for real £
close to Ep,

O(E) ~ 6y, + 6pes(E) [E real, close to Eg)

The resonant part of the phase shift 8,q,(E) is the angle shown in Fig. 13.4
and some elementary trigonometry gives

/2
(E — Ep)® + (T/2)*

In particular, in the simple case where the background phase 6, is zero and
0 = 0yeq, this gives for the partial cross section

* oE) oc sin 8,(E) = —(LI2)
(E — Ep)* + (T)2)?

This is the famous Breit-Wigner formula that gives the peak shown in Fig,
13.3, part (a). As a function of energy the peak is centered at® E r and has
width I. When the background 8, is nonzero the Breit-Wigner is replaced
by a more general formula, which we leave the reader to derive.

Finally, we remark that in relativistic scattering theory the existence of a
Jost function is not firmly established; and it is therefore important that we
could just as well derive our results in terms of poles of s(p) rather than zeros
of /(p). Thus, if we suppose that s(p) has a simple pole in {Im p < 0} at a
point j close to the real axis, then the most general form for s(p) compatible
with unitarity is:

sin 6res(E) =

(13.4)

s(p) = 2i8(p) _ _2ids, P — *
p)=c¢e Ry e —— [p close to pg]
p—p

where d,, is any real number. From this it follows that 6 ~ Opy + Oress
exactly as before. We also see that, because s(p) is unitary, any pole of
s(p) at p must always be accompanied by a zero of s(p) at p*. [This is also
clear if we write s(p) = /(p*)*//(p).] This result lets us conclude this section
with a simple moral: It is misleading to think of a resonance as arising from
large values of the amplitude caused by the proximity of a pole. Any tendency
for the pole to make s(p) large is precisely offset by the tendency for the zero
to make it small. In reality, the essential feature of the resonance is the rapid
change in the phase of s(p) (caused by both the pole and zero) and, as is clear
from Fig. 13.3, this can give the amplitude at resonance any value from its
maximum (i/p) to its minimum (0).

8 The partial cross section o,(E) is actually proportional to (1/E)sin?5,(E). The factor
1/E pushes the peak to the left.
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13-b. Bound States and Resonances

The fact that the zeros of / (or poles of s) in {Im p > 0} correspond to
bound states, while those in {Im p < 0} may represent resonances suggests
that there should be some connection between bound states and resonances.
We can now show that, at least in certain cases, this is indeed so. Wfa begin
by re-introducing the variable coupling parameter 4 ar-ld considering the
scattering of the Hamiltonian H = H® + 1V. We saw in Chapter 11 that
the Jost function is entire in 4 when p is physical, p > 0; in Chapter 12
we saw that it is analytic in p (except for possible singularities in {Im p < 0})
when 4 = 1. Infact, it is easy to show that it is actually an analytic function—
which we write as #(4, p)—of both 1 and p for all A, and all p except for the
usual singularities in {Im p < 0}. ‘

We now suppose that for some real value 4, there is a zero of / on the
boundary of the upper and lower half planes: that is, a zero at threshold.
We shall see that if we vary 1 this zero moves. If we vary 4 to make the
potential more attractive, the zero moves up into {Im p > 0} and becomes a
bound state. If we make the potential less attractive, the zero moves down
into {Im p < 0} and becomes a resonance if / > 0, or a so-called “virtual
state” for / = 0.4

We first remark that when we vary 2 the zero of / certainly must move,
because if it remains fixed for 2 in some interval, then (since / is analytic)
it must remain fixed for all A, which contradicts the known fact that / #0
for 2 = 0. To see exactly how the zero moves as 4 varies we make a double
power series expansion of /(4, p) in 4 and p about the point 1 =-10, p =‘0
(we assume that the potential is exponentially bounded, so that / is analytic
at p = 0),

/()" P) = 2 amnpm('l - )‘O)n

For the case [ = 0 we saw in (12.33) that the zero at threshold is simple, and
comparison with (12.33) shows that the lowest terms of the double power
series have the form:

fAp=ip+nd—2)+--- [I=0]

(with & and % real). Obviously when 1 = 1, this has the simple zero at
p = 0, while for 1 close to 4, the same zero is to be found at

ﬁg—i’g’(z—zo) [l =0]

1 Some difference between the cases / = 0 and / > 0 was certainly to be expected, since in
the former case the zero at threshold is simple while in the latter it is double.
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That is, as 2 moves past 2, (with real values) the zero moves linearly down the

imaginary axis as shown in Fig. 13.5, part (a). The corresponding motion
of the zero on the Riemann surface of E is shown in Fig. 13.5, part (b).

In Figure 13.5, part (a), the zero of the s-wave Jost function is shown
starting in {Im p > 0} as a bound state. As the potential weakens the bound
state moves down the imaginary axis and becomes progressively less well
bound until, when A = 2,, it becomes a Zero-energy resonance. As we
continue to weaken the potential the zero moves on down the imaginary
axis. It clearly does not remain close to the real axis and, hence, does not
become a resonance of the type discussed in Section 13-a. (Of course, it
may eventually move away from the negative imaginary axis into the right
half plane, and then become a resonance. This is the origin of the s-wave
resonances discussed in Problem 13.2.)

The zero of the s-wave Jost function on the negative imaginary axis is
sometimes referred to as a virtual state. Obviously a virtual state is not a
proper bound state. Its physical significance is that a virtual state close to
the origin implies that #(0) is small and, hence, that the scattering length is
large. Thus, a virtual state close to threshold (just like an s-wave bound
state near threshold) causes a large cross section at low energy. (An example
is the famous virtual state in the n—p singlet system; for further discussion of
this phenomenon see Problem 13.1.)

We consider now the case / > 0. In this case we know from (12.34) that
the zero at threshold is a double zero, and inspection of (12.34) shows that
the double power series for 7(4, p) has the form

FOap) =&+ n(d—2)+ -+ [I>0]
When 2 is close to 2, this has fwo zeros at
% 1
P ii(g) A= [1>0 - (13.9)
Bound p plane )
te E plane
sta \ B(;:::l\
s
Zero—energy \71;';1;1 _____
{ resonance state
Virtual
- state

() ()

FIGURE 13.5. (a) Transition of an s-wave bound state into a “‘virtual state.”’ (b) On
the Riemann surface of E the bound state is on the physical sheet, the virtual state on
the second sheet.
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FIGURE 13.6. (a) Transition of a bound state with / > 0 into a resonance. (b)
Corresponding motion in the £ plane (showing only the physically relevant zeros).

As A moves through 4,, these two zeros coalesce at the origin and part
company again as shown in Fig. 13.6, part (a). .

When the potential is slightly more attractive than at 4, the two zeros lie
on the imaginary axis, one above the origin representing a bound state, and
the other below. As 2 — A,, the zeros move inwards until, when 4 = A,
both are at the origin and there is a zero-energy bound state. As 4 moves
past Ay the zeros leave the origin tangentially to the real axis. [The change
of direction by 90 deg comes from the square root in (13.5).] They cannot
move into the upper half plane or onto the real axis, and they therefore move
into the lower half plane as shown.® In particular, the zero on the right
becomes a resonance and continues as such until it eventually moves too far
away from the axis to be observable. .

A closer examination of the power series (12.31) shows that the imaginary
part of the resonance position comes from the term iy, p?*1 and, hence, that
it grows as

Im j (resonance) oc (1 — 2,)° [I> 0]

Thus, the higher the angular momentum, the more closely the path of the
zero osculates the real axis and the sharper the corresponding resonance.
An important property of these low-energy resonances is that their back-
ground phase §,, is always small and, hence, that the corresponding cross
section shows a pure Breit-Wigner peak of the type shown in Fig. 13.3,
part (a). To understand this, recall that the background phase is given by

df

8y = —arg| =
by arg(dE)E

% From the relation /(p) = /(—p*)* it follows that if / is zero at p, it is also zero at —p*.
For this reason the two zeros move out symmetrically from the imaginary axis, as shown.



248 13. Resonances

t 15
™
2ma2 Vo)® =52
10 +—
T2
5 -
| | l | |
0 1 2 3 0 1 2 3
5] ;
T (2ma® Vo)}5 = 5.5
10 -
T2 T
5 —
T 3
J 1 I L | —
g 0 1 2 3 ; 0 1 2 3
3 t 815}
™ -
< T 2 (2ma? V)% =57
10
/2 |-
5 —
| | | . L1
0 1 2 3 0 1 2 3
15 - ¢ '
bl 7" )
‘ _\ @ma? V)% =58
10 :
/2
5 -
| | | ) | et

0 1 2 3 0 1 2 . 3
P, units of 1/ga —-> :

FIGURE 13.7. The ! = 3 phase shifts and cross sections for four successively

deeper square wells. The top three wells are too shallow to support an / = 3 bound
state—the fourth just can. '

(It is simpler to work in terms of E rather than p-) Now, while the zero is a
bf)und state on the negative real axis (d//dE); has to be real (since 7 is).
Since (d¢|dE)g varies continuously (and is nonzero when the zero is at
threshold) it follows that it must be predominantly real just after the zero
passes through the threshold and becomes a resonance. That is, §,, =
—arg(df|dE), is small as long as the resonance remains close to thresl:gld.
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We can now understand completely the / = 3 resonance of the square
well of Fig. 11.3. This well was chosen just too shallow to bind an / = 3
bound state, which means there has to be a resonance zero of # close to
threshold. Since it is close to threshold, its background phase is small and
the resonance is manifested as a simple Breit-Wigner peak in o;. If we were
to deepen the well, the resonance would move still closer to threshold. As
it moves in, it would get closer to the real axis and hence become sharper;
at the same time, since the height at resonance is proportional to 1/p%, it
would get progressively higher. Finally, when the well becomes deep enough
the resonance should move into {Im p > 0} and become a bound state.
This behavior is well borne out in Fig. 13.7, which shows the phase shifts
and cross sections for four successively deeper wells. The first three (all a
little deeper than that of Fig. 11.3) are still insufficient to support a bound
state, the fourth is just sufficient. The complete disappearance of the reso-
nance in the fourth pair of diagrams is indeed a striking phenomenon. Notice
how, in accordance with Levinson’s theorem, the zero-emergy phase shift
jumps by 7 at the moment the resonance disappears.

In conclusion, we remark that for certain systems it is possible that ‘all
resonances are ‘“would-be bound states’’ of the type just discussed. In this
case bound states and resonances could be regarded as essentially the same
thing; both would be zeros of # (or poles of s), the only distinction being
that the bound states happen to lie in {Imp > 0}, the resonances in
{Imp < 0}. A *“democratic”” arrangement of this type has been much
discussed as a natural scheme for the elementary particles. However,
appealing as this scheme undoubtedly is, we should perhaps close by re-
peating that there certainly are systems for which the situation is more
complicated, for which some resonances do not correspond to poles of s,

and for which some poles of s do not correspond to resonances.
' [}

13-c. Time Delay

The reader will recall that in our discussions of scattering cross sections
in Chapters 3 and 10, an essential assumption was always that the amplitude
S < p) is a slowly varying function of its arguments, as compared to the
incident momentum-space wave function ¢(p). In Sections 13-a and 13-b we
have seen that the amplitude can be a very rapidly varying function of energy
in the neighborhood of a resonance, and it is therefore appropriate that we
reexamine our discussion of the collision process to see what can happen
near a resonance.

We saw in Section 10-d that the wave function p(x, f) describing a collision
can be written as

P(X, 1) = pin(X, 1) + peo(X, 1)
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where y;,(x, 1) is the freely evolving unscattered wave packet with momentum-
space wave function ¢(p), and '

3,1 n pr—
P, 1) ——> 2y ! fd:’pqS(p)f(px —pETE (136)
In Section 10-d we assumed that f(p% < p) was sufficiently smooth that it
could be taken outside of the integral to give

Pl ) > SRR PR D (13)
that is, the scattered wave at any point is proportional to the unscattered
wave on the axis at the same distance from 0, times the appropriate ampli-
tude—provided f is smoothly varying. Our task now is to see how this result
is modified if f(p’ < p) is resonating.

It turns out that the behavior of the 'scattered wave depends critically on
the width I' of the resonance; more precisely, it depends on the relative
sizes of the resonance width I" and the energy spread AE of the incident
packet. To some extent this dependence is to be expected. For example, if
the resonance width is much smaller than the uncertainty in the incident
energy (I' K AE) it is clear that the experimental resolution of energy will
be too poor to see the rapid variations of cross section discussed in Section
13-a; at the opposite extreme, if AE < I' then the resolution certainly can
be good enough to observe the bumps and dips precisely.

In principle, the width AE of the incident packet can be assigned at will
by the experimenter; in practice, however, one has quite little control over
AE. This means that if a resonance is very narrow, the wave packets that
are actually available will be very broad compared to the resonance
(AE>» T); while if the resonance is. wide the available packets may satisfy
AE L T'. In this section we consider a collision for which AE K T", and
in 13-d we examine the opposite extreme where AE > I'.

We suppose, accordingly, that there is a resonance of angular momentum
1, energy Ej, and width I'; and that we have available wave packets whose
spread in energy. is much less than T',

AELT .

For simplicity we suppose for the moment that all other phase shifts are
negligible and, hence, that near Ep the full amplitude has the form

¢ sin §,

f' =P =C+DAPPH D=0+ 1 P(p"-p) (13.8)

where d,(p) has the resonant behavior discussed in the last two Sections.
Since the wave packet ¢(p) is sharply peaked compared to I' we can treat the
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FIGURE 13.8. The scattered wave lags a
distance £ behind the unscattered wave. (Note
that £ is actually less than the original packet
size and the two packets should overlap. See

(13.12).)

scattered wave (13.6) almost exactly as before. However, before we take the

amplitude outside of the integral we approximate its rapidly changing phase

by writing
explidy(p)] ~ explild(po) + ()P — PO}

= constant X exp{i[6{(po)P}

If we now reta'u; this explicit dependence of the phase on p but otherwise
proceed. as before, we find from (13.6) that

| Pcos L et dy—E]
WSc(x’ t) — s constant —_—l( )stp ¢(p)e [o{r+o;
. 7—0 r

P(cos 6)

r .

Win[(r + 62)3’ t]

A constant

= Lok < Dl + 803, 1] (13.9)
)

mportant, constant phase factor). The ir'nportant diﬁ'er-
ence between this result and that .of (13.7) is that the spherically sEreadmg
wave Y 1S proportional to the unscattered wave, not at the point r3, b'ut at
(r+ 8)3. That is, the scattered wave moves outwards always lagging a

(apart from an uni

distance
8y(po) = doy _ v doy
§=1(P0)=dp—odE

i in Fig. 13.8.
behind the unscattered packet, as shown in Fig. -
This result is usually expressed by saying that the scattered wave is delayed

by a time = = £/v, or

- 1ds, do,

(13.10)
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In this form it makes clear that the derivative of the phase shift cannot take
on arbitrarily negative values: If 8, < 0 then the scattered wave appears
ahead of the unscattered wave. Now, it is clear that under no circumstances
should the scattered wave appear before the incident wave has hit the target.
Thus, the maximum possible time advance is of the order of afv, where a
denotes the target size. This means that ~ must be greater than —a/v, or,

ds,

— > 4 .
dp a (13.11)

That is, the phase shift can never decrease with a slope steeper than —a.
There is, of course, no such restriction on the increase of d,(p), since the
delay can have any positive value. Indeed, it is generally agreed that a real
resonance corresponds to the temporary capture of the projectile in a
metastable state, which then decays and re-emits the projectile after some
(positive) time 7. Thus at a real resonance dd,[dp is always positive and can
be arbitrarily large.

It is important to note that, apart Jrom the time delay =, the scattered wave
(13.9) of the present discussion (for which AE « T') behaves just like that of
the nonresonant case (13.7). In particular, to evaluate the cross section we
integrate |9,,/2 from r = 0 to o and clearly obtain exactly the usual result
do[dQ = [f|2. Thus, in this case the measured cross section will indeed
display the bumps and dips discussed in Section 13-a.

It should also be noted that the picture of Fig. 13.8 is actually somewhat
misleading, since in the kind of experiment discussed, the distance & between
the scattered and unscattered waves is always much less than the size of the
original packet, and the two waves therefore overlap almost completely.
~The reason is easy to see: The distance by which the scattered wave lags is

’ & =n, @l ~ Y

dE T
since dd,/dE ~ 1/T", while the original packet size satisfies
packét size » ALp = f—;
But in.the experiment discussed AE « I and, hence,
packet size 3 & - (13.12)

It follows that this type of experiment (with AE « TI'), while suitable for
measuring the cross section as a function of energy across the resonance
bump, is not a practical method for measurement of the time delay. In any
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case, if the delay associated with a given resonance is apprec?able, th‘en the
corresponding width I' is small and it will be 1mposs1ble, in practice, to
produce an incident wave packet for which AE is narrow co.mpa‘red to I
For this reason we now go on to consider a resonance whose width is smaller
than that of the available incident wave packets.

13-d. Decay of a Resonant State

We are led by the preceding discussion to consider next a resonance which
is so narrow that the available packets are much wider than T,

AED» T

For the ‘moment we suppose that the resonance is a pure Breit-Wigner
resonance (J,, = 0) in which case:

E—E,—il2
T E—Egp+il)2
° 1. T

h= 2p E—Ep+ilJ2 ,

Thus, if we assume (as before) that all other phase shifts are negligible and
substitute this amplitude into (13.8) and (13.6) we find

S

C(p _ S®PE-D) oz
YeolX, ) — > constant Jd J4 oE — Ep + iT]2)

r—ow r
We can now perform the angular integral, which involves only ¢(p) and
P (%X - p) and just projects out the angular momentum / component ¢,(E) of
¢(p). Thus, -

. FYO %) qS (E)ei(pr—Et)
PeolX, £) — constant ﬁj‘ prapa=t
r Jo

E — Eg + iT)2
We next approximate the exponent by writing
Ay —(E — Ep)=pp +
P J pr+ dE( R) = Pr om
and hence
. . .
expli(pr — Et)] ~ expli(pgpr — ERt)]exp[—-z(E — Ep) (t — UR):|

8 Since (p) is well peaked about py, which points along the z axils, the expan%iczn of &(p)
in spherical harmonics contains only m = 0 terms, ¢(p) = (mp)‘./ﬁ Z ¢>1(E_)1Y1 ®). Tgll‘.}s,
when ¢(p)P,(& - p) is integrated over all angles the result is proportional to p—*¢,(E) ¥ 7(X).
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At tl%e same time we use the assumption that AE > T to take the wave
functlon $.(E) outside of the integral. [This is not permissible when ¢t — r/v,
is small, since the remaining integral is then too slowly convergent; thusR
our approximation is unreliable in the immediate neighborhood of r — r/v -
0.] This gives "
i prT—ERt)
Yso(X, 1) = constant TYY(R)¢,(ER) eT
Pr'r

J‘oodE e—i(E'—E'R)(t—r/‘U}Z) \
X _— ‘
0 E—Egp +il')2 (13.13)

forr lrarg?.v Finally, the integral can be extended to — oo without significantly
affecting its value, and can then be evaluated by contour integration (Problem
13.3) to give

2

—(t—r/vp)
95X, OIF = 27mI? | YAR)® | $yE) G(t _L) L (13.19)

where Prr ’R
0 fo 0
0(z) — rzr <
1 forz>0

T.he result (13.14) lets us see what is observed by a counter at any fixed
Pos1tion (see Fig. 13.9). For times before r/vg, (1 < rfv r) the scattered wave
1s zero, reflecting the fact that the particle, whose velocity is about v
cannot yet have reached the point of observation. At the time ¢ — rlvg thé
wave front arrives. [Note that since our approximation is bad when ¢ ~ rfv,
we cannot predict the exact shape of the wave front. In fact, this depends on
the details of ¢(p).] At times after rfvg, (£ > r/vg) one sees an outgoing
wave whose angular dependence is |Y?(%)|2 and whose intensity drops

- exponentially with time like e-T*. This behavior is, of course, precisely the

characteristic behavior of a metastable state of energy Er and angular
momentum /, which is formed at # = 0 and then decays exponentially with
mean life 1/I". Our result, therefore, justifies the claim that an /-wave

.

r—

hpsc |2"“_'>‘

\7:17

FIGURE 13.9. Profile of the scattered ihtensity (13.14) as a function of r in any
fixed direction.
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resonance of width I' is a metastable state of angular momentum / and mean
life 1/T. ,

It is interesting to note that if we use (13.14) to compute the differential
cross section then, because of the factor |¢,(ER)|?, the result obviously
depends explicitly on the shape of the incident wave packet ¢(p) (see Problem
13.4). In particular, we see that, as one should expect, in the neighborhood
of a very sharp resonance the differential cross section is not given by the
famous formula do/dQ = | f]2.7 : :

We can summarize the findings of the last two sections as follows: If we
wish to measure the resonant bumps and dips in the cross section as a func-
tion of energy, then it is clear that we must use packets satisfying

AE T (13.15)

to give the required energy resolution. In Section 13-c we saw that when
this condition is satisfied, the cross section is indeed given by the usual
formula and can be measured in the usual way to show the bumps and dips.
If, on the other hand, we wish to measure the exponential decay of the
associated metastable state, then it is obviously essential that the time at
which the state is formed be well-defined compared to the time of decay;
since the time of formation is uncertain by about Axz/v (Az being the original
packet size) this requires that
v T
or

F((L < vAp = AE
Az

and, hence,
I' KAE (13.16)

As we have just seen, we can indeed measure the exponential decay when this
condition is satisfied. The conditions (13.15) and (13.16) show clearly that

"It should also be remarked that because of the factor I"|¢,(E)? the cross section is
extremely small. This is what one would expect—a narrow resonance decays slowly
and so would be expected to be formed with low probability. Thus, very narrow metastable
states are not usually formed directly as described above. For example, the unstable
nucleus 21%Po is a narrow resonance (I' ~ 10718 eV!) at 5.4 MeV in the «-205Pb system.
However it would never be formed in practice by 5.4 MeV collisions of alpha particles
on 2Pb. Instead it could be formed, for example, by the inelastic process

d + 29Bi —n + 2%Po

This does not affect our conclusions concerning its exponential decay.
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the two types of measurement envisaged are complimentary (in the sense of
Bohr) and mutually exclusive in any single experiment. ’

To conclude, we remark that we have so far restricted our attention tc the
simplest situations, and we should therefore examine how our discussion can
be generalized. In both of the last two sections we have assumed that all of
the nonresonant phase shifts are negligible. If this is not the case, then we
have only to write the amplitude, and, hence, the scattered wave yp,, as the
sum of two terms, one corresponding to the resonant partial wave, the
second to all other partial waves. The analysis of the resonant part then goes
through as before.

In this section an additional important assumption was that the resonance

is pure Breit-Wigner (05, = 0). If this is not. the case then we can write the
resonant amplitude as %

$; — 1 CXP[Zi(ébg + 6res)] -1
fi=——= :
2ip 2ip
2- —_ - —
— exp(2id, ) exp( lé‘m) 1 + exp(2id,,) — 1

2ip 2ip
Ef;‘es +f:7g

The term f7** is, apart from a fixed Phase factor, exactly the same as what
was discussed above; while the term f7° is a constant and can therefore be
grouped together with the nonresonant partial waves. Thus, in general, the
scattered wave in the neighborhood of a narrow resonance consists of two
pieces: The first, the “prompt” part, comes from the nonresonant partial
waves plus f79, and emerges undelayed and undistorted in profile. The
other comes from fT* and has the long exponential tail corresponding to
the decay of the resonant metastable state,

Of course, there are several more complicated possibilities. As mentioned
earlier there are no theoretical arguments against a multiple pole of s;(p)
in the lower half plane. Such a multiple pole could be analyzed by exactly
the same methods (see Problem 13.5) and would lead to a different energy
dependence for the cross section (e.g., a double pole can cause a double
peak) and a slightly different decay law.

Finally, it is perfectly possible that si(p) has several poles close to the real

axis and close to one another. In this case no single pole dominates at any
one energy and they must all be taken into account (perhaps statistically if
there are many of them). Just as a single pole corresponds to a single
metastable energy level, so we can regard the several poles as corresponding
to several levels, all close together; and the “one-level” Breit-Wigner
formula (13.4) is then replaced by the appropriate “many level” formula.
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PROBLEMS

13.1. (a) Suppose that the s-wave Jost function has a zero at p = i« (« real)

close to the origin. Approximating /(p)as f(p — ix) find the beﬁazlt(;r ocfr :)1:;
s-wave amplitude and cross section close to thres.hf)ld. Show that the cros
section is the same whether the zero is on the positive or negative d{mggl ‘51)1'
axis. (That is, as far as scattering is concerned there is no way to lllsthglfl n
a bound state from a virtual state.) Show that the scattering length a is ju
it/:;.The approximation made above is equivalent to retaini‘ng onl{( the ﬁélst
term in the effective range expansion (12.29). Show tha.t if one ee;;sf ;
first two terms then knowledge of the zero of / at p = i gives azre a 10_
between the scattering length and the effective range (1 /a).+ (ro/.2)<x + o=
0. Hint: if f(ia) is zero, then s(ix) has a pole and cot d(ie) ;hz. .
This problem is particularly relevant to the n—p system. e glp e p thi
has a bound state—the deuteron—close to threshold and kqowle ge of t
deuteron binding energy gives a relation betwe.en the triplet scat;:lrm%
length and effective range. The singlet n—p has a virtual state closc}:1 tot I'(;St
hold, whose position can therefore be found by measuring tl e S{nég Z]
scattering length and effective range. It turns out that the singlet V.lrl; X
state is much closer to threshold than the triplet bound state and so single

scattering dominates at low energy.

13.2. Show that the s-wave phase shift for a square well is

0o(p) = —pa + arctan (f—: tan ka)
where k = (p* + 2mV,)”% and ¥V, and a are the well depth and radius.
Hence, show that for a very deep well there are Fegularly spaced, low—lenerzgy
(E K V,) s-wave resonances, with energies Ep, given by kp = (2n + );T/ a.
Show that the resonances have width I' = pgp/ma and cl}eck that oiha
sufficiently deep well this width is much less than the spacing between h'fi
resonances. Notice that the resonances have a background phase shi
6ba = —Pr4. - .
13.3. In order to arrive at the exponential decay law (13.14), it was necessary
to evaluate an integral of the form

@ e—izr
d —_—
f—ao ‘ 2 + lF/z
Use contour integration to show that this integral is 0 for + < 0 but
—27ie T2 for + > 0.
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13.4. Starting' from (13.14) for lvso* and using our standard methods to
get a cross section show that at a narrow resonance

do _ 27°Q21 + 1 0 7
do_ _T) T'w(Eg) | YUP)?

where w(E) = (p/m) | dQ |$(p)]? is the probability per unit energy that the

incident packet have energy E. Notice that I'w(Ep) can be interpreted as the

%robability that the incident particle has energy within the interval I" about
R-

13.5. '(a) Along the lines of the discussion in Section 13-a, describe the
behavior of the phase shift and cross section in the neighborhood of a double
zero (?f the Jost function in {Im p < 0} close to the real axis. Do the same for
ftiwci single zeros close to the axis and to one another. Treat the case §,, = 0
rst.

(b) Consider a sharp resonance, which is given by a pole of order 7 close to
the real axis. Show that its decay is given by the exponential e=T* times g
l)olynomial of degree 2(n — 1)in ¢. [All that is needed is to evaluate the
integral (13.13) for the case of a pole of order n.]

Additional Topics In
Single-Channel

14 ‘Scattering

14-a Coulomb Scattering

14-b - Coulomb Plus Short-Range Potentials
14-c The Distorted-Wave Born Approximation
14-d Variational Methods

14-¢ The K Matrix:

In this chapter we introduce an assortment of topics not previously dis-
cussed. In Sections 14-a and 14-b we discuss the irritating special case of
Coulomb scattering, which was excluded by the conditions assumed thus
far. InSection 14-c we describe the distorted-wave Bornapproximation, which
is often useful as a substitute for the Born approximation when the potential
is too strong for the usual Born approximation to be reliable. In Section
14-d we discuss a completely different approach to computation of the
amplitude—the so-called variational approach. Finally, in Section 14-e,
we give a brief introduction to the K matrix, giving its definition and various
applications. '

14-a. Coulomb Scattering

This section discusses the scattering of two charged particles. interacting

via the Coulomb potential :
&%

V(r) =
r

259
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Asr — oo, this potential falls off too slowly to satisfy the conditions used to
prove any of our basic results—the asymptotic condition, the asymptotic
form of the stationary wave functions, etc. In fact, the scattering by the
Coulomb potential does not satisfy the results. The reason is that the po-
tential falls off so slowly that it continues to influence the particles even as
they move far apart. Thus (for instance), a scattering orbit never behaves
freely even as 7 — 4 oo, and the asymptotic condition

U@ ty) g U°®) Woutsn) (14.1)

does not hold.

There are two ways out of this difficulty. In the first, one recognizes that the
asymptotic condition (14.1) is a much stronger condition than is used experi-
mentally. In practice, one never measures the complete state vector U(¢) |y)
to check that it is evolving freely as t — -+ 0. In reality the most that is done
is to measure a small set of observables such as the momenta, the kinetic
energy, and the spin (all of which commute with A’ %) and to check that these
approach constants. It is certainly true that if the asymptotic condition
(14.1) holds, then these observables will become constant as t — +o0; but
it is by no means the case that if these observables are found to be asymp-
totically constant, then the asymptotic condition (14.1) necessarily holds.
This suggests that one could construct a scattering theory based on a weaker
form of the asymptotic condition than that of (14.1), and that this more
general scattering theory would encompass the conventional short-range
theory as developed in this book, and be able to handle long-range potentials
like the Coulomb potential. This point of view was successfully pioneered by
Dollard (1964) and has been further developed by Amrein, et al. (1970).

The second possibility, and the one we shall follow, is to argue that pure
Coulomb potentials never really occur in nature. For example, in the famous
Rutherford experiment the Coulomb field of the gold nuclei was completely
shielded at a range of a few Angstroms by the atomic electrons. Even in

interplanetary space the field of a single charge would be screened beyond

about a meter by the free charges present. Since the Coulomb potentials in
nature are invariably screened Coulomb potentials, and since such potentials
are “well-behaved,”” a realistic and reasonable way to avoid the above-
mentioned difficulties should be always to impose some appropriate cutoff.

To better understand some of the difficulties of the Coulomb potential,
and to see what happens when it is cut off, we first discuss the radial equa-
tion for a single partial wave. The reader will recall that for short range
potentials (in fact for any potential better than 1/r at infinity) the radial wave
functions have the free asymptotic form:

‘w,,v(r)—> constant X sin(pr — {lm + 4,) (14.2)
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However, when one considers the Coulomb potential, any solution of the
radial equation, : :

FZ— G 2 2m:1e2 + pz] y(r)="0

dr® rt

has the asymptotic form,!

me,yey
p

That is, however large r becomes, the solutions continue to pigk up Pl_lase
logarithmically. In particular, the solution that is zero at r = 0 is tradition-
ally denoted by F,(pr) and has the asymptotic form:

y(r) — constant X sin [pr — Inr+ constant:‘

Fy(pr)—> sin(pr — yIn2pr — {lmw + o) (14.3)

where we have introduced the dimensionless quantity

_ meje,

which serves as a strength parameter in the Coulomb problem. The term
o, is the so-called Coulomb phase shift, which can be shown to have the
value®:

. o, =argD(l + 1 + iy) (14.4)
However, it should be emphasized that, as is clear from (14.3), the Coulomb
wave function does not have a phase shift in the ordinary sense. If the
Coulomb potential is switched off (y = 0), then o, = 0 and F;(pr) reduces to
the Ricatti-Bessel function f,(pr).

Suppose that we now cut off the Coulomb potential sharply at r = p;
that is, we replace it by the potential

@e
vo={r TSPl [plarg] (145)
0 r>p

1 The reason for the In r term is casily understood by substituting into the radial equat%on.
It will be seen that the In r term exactly cancels the 1/r Coulomb term in the eguatlon.
Alternatively, the result emerges clearly from the variable-phase method of Section 11-g
(see Problem 14.1.)

% For details of Coulomb wave functions, amplitudes, and phase shifts we rgfer the reader
to Messiah (1961) Chapter XI and Appendix B.1.
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The potential ¥ (r) is short-range and therefore has a well defined phase
shift, which we can easily calculate for any given /. For r < p the radial
wave function is proportional to the Coulomb function F;, and for r close to
p (provided p is large) F, can be replaced by its asymptotic form (14.3).
Matching the wave function and its derivative across r = p we find that
(to order 1/p) the phase shift for the cutoff potential is:

b(p) =0, —yIn2pp (14.6)

We see that the phase shift 6,(p) for the cutoff Coulomb potential depends
critically on the value of the cutoff radius p and that it has no limit as p — oo.
In fact, the phase shift can be given any value whatever (modulo 27) by the
choice of p. This result seems inauspicious for our proposed program of

~using cutoff Coulomb potentials. However, it could still be that, even
though the amplitude is critically dependent on p, the quantity that is
actually measured (the cross section) is not. We shall argue that this is so
provided p is taken suitably large, and provided the measurements avoid the
immediate vicinity of the forward direction (both of which conditions are
normally realized in practice). ‘

To compute the cross section we must compute the full amplitude
S(@' «<p), and for the purposes of orientation we consider first the Born
approximation. Recall that for any short-range spherical potential this
approximation gives :

B p) = —Q@rYm@] V |p) = —3;—”— [Carrsinarvin

where q = p’ — p is the momentum transfer. If this result is applied to the
‘Coulomb potential e;e,/r, we obtain the divergent integral

J‘ drsingr
0

This is hardly surprising; from our discussion of the radial wave function it
should be fairly clear that for the Coulomb potential an amplitude (in the
ordinary sense) does not exist. Hence the failure of the Born approximation
to produce an answer. :

We next apply the Born approximation to a shielded Coulomb potential
and we consider two different methods of shielding: an exponential shielding,

V=22 fplarge] (14.7)
’ r

and the shafp cutoff discussed previously. The Born approximation for
either potential is easily evaluated and gives (of course) a well defined answer.
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For the exponential shielding we find

, —2mee; 2me,e, . 14.8
fp<—p) = qT-i-_P: o ——qz [exponegtlal cutoff] (14.8)
1t will be seen that this has a well defined limit as p — o except ?vhex.l q=0.
This means that, except in the neighborhood of the fonard derCt}OI}, tpe
amplitude for the exponentially shielded Coulo‘mb.(\fmh p large) is indis-
tinguishable from the amplitude —2meye,/q*, which is independent of p.

However, if we evaluate the amplitude for the sharply cutoff case we find:
2meye,

q2
In this case we get a well defined amplitude, but one which has no limit as
p — oo and, in fact, oscillates indefinitely. . .

At first sight the contrast between (14.8) and (14.9) seems distressing.
Not only does the amplitude for a shielded Coulomb p_otel.mal- deper'ld on
where the shielding is made, it depends on how the shielding is agmeved.
However, a little reflection will show that this is to be expectgd, since the
pure Coulomb potential has no amplitude at all (in the conventional sense).
Further, an examination of the difference between (14.8) and (14.9) s.hows us
the way out of our difficulties. The difference between the two aITlphtudes' is
the term in (14.9) (2me;e,/q?) cos gp, which is a rapidly qscillafmg Sunction
of p and p’ when p is large® To see the significance of this ?s01llat9ry term
we must return to the calculation in Section 3-e of the differential cross
section in terms of the amplitude.

The reader will recall that the cross section was defined in terms of a large
number of collisions with incident wave packets suitably randomized as to
shape and impact parameter. The first step in the calculation was to evalua'te
the out wave function ,u(p) for any given in wave packet 9 (p) as 1n
(3.16),

(' +~p)=— (1 — cos gp) [sharp cutoff] (14.9)

Voul®) = f 50| S 1P’
= ¥i s 'M(E, — Ey - ’ w(P")
pual®) + 5 f P V(o< )P

_ ip < oV (0
= Pi(P) + o J. dQ, f(p < )yi(p’)

3 The important point in the contrast between (14.8) and (14‘.9) is m_)t th_at one 'method of
shielding is smooth and the other sharp; but that the potcptlal that is shielded is the long-
range Coulomb potential. If we were to apply the two dlﬁ'er_ent cutoffs to a short-range
potential like the Yukawa, then both of the resulting amplftufles would have llml.ts as
p — ©, the two limits would be the same, and this common limit would be the amplitude
of the original potential.
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Here, the first term is the unscattered incident wave, and to avoid seeing this
term we had to restrict measurements to nonforward directions. The inte-
gral represents the scattered wave (which we wish to measure) and, in the
case of the cutoff Coulomb amplitude (14.9), consists of two terms, the
second of which contains the oscillatory factor

(2resn)
Cos gp = cos|2pp sm—i

In typical situations where Coulomb scattering is measured, the term pp
is very large. (For P-p scattering at a few MeV with screening provided at
p~ 1 A by the atomic electrons of the target, pp ~ 105).4 Since the angular
width of a typical incident packet is of the order of a degree or so, this
oscillatory term integrates out to zero; that is, the oscillatory term makes no
contribution to ,.(p). Therefore, we can proceed to compute the cross
section using just the first term —2me,e,/q® in the amplitude, and arrive at the
same answer as for the exponentially cutoff potential. That is, in evaluating
cross sections for the ordinary Coulomb scattering experiment, the difference
between our two methods of screening has no observable effect.

This example well illustrates how, even though the amplitude for a screened
Coulomb potential critically depends on the nature of the screening, the
observed cross section does not, being given in either case by the effective
amplitude —2me,e,/q2. It should be emphasized that we are not. claiming
that there is no difference between the potentials arising from different methods
of cutoff. Obviously there is a difference, which can, in principle, be meas-
ured. We are only claiming that in a typical real experiment there is no
observable difference, provided the cutoffs are made sufficiently far out.

It should also be emphasized that the amplitudes (14.8) and (14.9) for the
screened potentials are both finite in the forward direction (g = 0), while the
“pure Coulomb limit” —2me,e,/q* is infinite. Thus, in the very close neigh-
borhood of 6 = 0 there is always a large difference between the pure Coulomb
and its screened relations. This is to be expected since, roughly speaking,
those particles scattered near 6 = 0 are the particles with large impact
parameters, and these are (of course) sensitive to the method of screening.
In particular, with the pure Coulomb potential, particles are slightly scattered
however large their impact parameter, and one should expect an infinite
cross section at § = 0.

% There are situations where Ppis not large (e.g., in electron collisions with a neutral atom
at a few eV where 1/p ~ p ~ 1 &), and in such cases our conclusion that the cross section
is independent of cutoff would not follow. However, these are situations where one would
not expect to measure Coulomb scattering and one would expect effects of the screening
(the atomic electrons in this example) to be observable.
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So far we have examined only the Born approximgtion. However, }?ne cax}£
show that the same results hold for the exact amplitude. Tha:) is, :c( et?;(]a?s
amplitude depends critically on hovs./ and where the Coulom po ;‘nrldius
shielded, but the observed cross sections do'not, provided the }f'uicg. a s
is large. Here we shall discuss just one particular method of shielding—

atr = p. '
Sh%:’i fcilrl;?gxanﬁne tl:;le full three-dimensional statioqary wave ful?cnonst: }Iln
the case of a short-range potential t‘hese are determined as solutions of the
time-independent Schrddinger equation with the asymptotic form

x| pby > @y | 7 4 S =) |

(For convenience we have put p along the 2z axis.) Fc?r the pure‘Coulorrll)b
potential no such solutions exist. However, the Schrédinger equation can be
exactly solved (in terms of hypergeometric functions) and there is, in partic-

lar, a solution .
! x| p+o) = ae*Fl—iy |1| ip(r — 2)]

Here F(a |b| z) is the confluent hypergeometric function,® u is a.normahza;
tion factor, and y = me,e,/p. This solution has the asymptotic form as

(r — z) — O
x| p+o)—(2m) % (CXp{i[pz + yIn p(r — 2)}}
expli(pr — y In 2pr)]) (14.10)
r

+ fo(pX < p)

where

2

fC(P’ <_p) = — @ Cxp ’:21 (0'0 - In Slng—):] (14.11)
q

is called the Coulomb amplitude and o, is the s-wave Co‘ulomb phase‘shlft.
We see that the Coulomb stationary wave func;tlons differ from .thelr ShOIl::'-
range counterparts by the inevitable logarithml.c phase factgrs in bOtl:l tde
incident and scattered waves. It is clear from this thajc there is no amplitude
(in the conventional sense) for the Coulomb pote_ntlal. However, thel co-
efficient fo(p’ < p) is known as the Coulomb amplitude and, as we shall see

5 See Messiah (1961) p. 421, ff. o ‘ B
6 T:;:s asymptotic forr}; holds as (r — 2), not r, goes to infinity. However, since (r — 2) =

r(1 — cos 0), these two are the same thing except in the forward dir.ection (which we'must
avoid anyway). Also, we have indicated just the dominant be_hav1or of ?ach te{'ml, ;h;,
first correction to the “incident” wave is O(1/r) and should, strictly speaking, be inciude

in (14.10).

\y
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directly, plays a role analogous to that of the conventional short-range ampli-
tude. :

If we turn now to the cutoff Coulomb potential then the wave function
inside r = p can be related to the Coulomb functions, while that outside has
the usual form for any short range potential. It can then be shown that the
corresponding amplitude has the form

S —p) = ePri2opr (o by 4 Sose(P' < p) (14.12)

where f,q, oscillates rapidly like cos(ppf). Precisely the analysis applied to
the Born approximation shows that this oscillatory term makes no contri-
bution to the cross section as measured in typical experiments. Since only the
first term contributes, the phase factor in front disappears and we arrive at
the simple answer -

do , . (2me1e2)2 mPelel
aq = V@ —p) 7 4p* sin*9/2 (14.13)

This result is the celebrated Rutherford formula. It is a remarkable fact
that the exact quantum mechanical treatment yields the same answer as both
the classical calculation and the quantum-mechanical Born approximation.?
We have derived (14.13) here as the exact cross section for a cutoff Coulomb
potential, provided the cutoff is far out and provided measurements avoid
the immediate neighborhood of the forward direction. ‘

A second remarkable feature of the result (14.13) is that it is the answer
one would get by using the amplitude /¢ in the asymptotic form (14.10) and
simply ignoring the unwanted logarithmic phases. This is a common feature
in scattering involving Coulomb potentials—that one can simply ignore the
logarithmic phases and use the Coulomb wave functions as if they were the

wave functions of an ordinary short-range potential. We shall see further
examples of this later.

14-b. Coulomb Plus Short-Range Potentials

An enormous number of important processes—scattering of charged
pions off protons, of protons off nuclei, of electrons off ions, etc.—involve the
scattering by Coulomb forces that are modified at small distances by some
short-range force. Since the resulting potential has the same long-range tail

7 The exact Coulomb amplitude (14.11) differs from the Born approximation —2me, e,/q®
only by a phase factor. Since this factor is 1 when the strength parameter  is 0, the Born

approximation is, as one would expect, the first term in an expansion of the exact amplitude
in powers of the potential,
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1 .
0 Csohuoll?tn;l;xfggs a Pure coulomb o No potential .
L
L (b7 = e28,h%)
Constant (F; + tan v; G;) g(hy—e 7

FIGURE 14.1. Three regions defined by the Coulomb plus short-range potential
cut-off at p. The wave functions in the outer regions are indicated.

as the pure Coulomb, it presents all of the problems .discussed above.
Fortunately the problems are susceptible to the same solutions.
We consider a potential

V() =22+ V(o)

where, for simplicity, we suppose that the short-range potential I/;,(ll'l) bis
identically zero for r greater than some a. As before, our procedure w11 be
to cut off the potential at some large p. We shall then compare the re]su ting
wave function with that for the case V;, = 0. To tgls end we shal use a
X . L . Vo=
artial-wave analysis, beginning with the.case e . N

P The solution of the pure Coulomb radial equation that vanishes at r = 0
is the function F;(pr) with the asymptotic form,

A
i i d solution of the pure
here o, is the Coulomb phase shift. As a secon: 1ti
V(‘Sloilomll) radial equation we choose the function traditionally denoted
G,(pr) with the asymptotic form,

Fy(pr) —> sin(pr — y In 2pr — {im + o))

G(pr) — cos(pr — yIn 2pr — 4w + ;)

This second solution is divergent like 1/r! as r — 0 and plays no role in the
re Coulomb problem. )
pult? we now adg to the Coulomb potential the term Vg (r), .then the resultn;g
potential (with the cutoff at p) defines three distinc;t regions as shown in
Fig. 14.1. In the interval 0 < r < a the potential is Coulomb plus shoFt
range ina < r < p it is pure Coulomb, and beyond the cutoff at P there is
no po’tential at all. In the pure Coulomb region a < r < p the radial wave

function can be written as

¥,.,(r) = constant [F,(pr) + tan »,(p)G,(pr)] (14.14)

itional short-range potential (if
The angle », measures the effect of the afldltlona
Ve = Ogtherll v, = 0). Just as in the ordinary short-range case, whefre the
plslrase shifts &, are negligible for / greater than some /, A2 pa, so in this case
v, ~ 0, for I > I, &~ pa. Thus, the modification of the wave function due to
17~V
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the short-range force is confined to some finite number of partial waves
0 <7</, We now look at these waves more closely. ’

Because p is large, it follows that close to p we can replace F; and G, (for

any of the / values of interest) by their asymptoti
becomes: y ymptotic forms. Thus, (14.14)

¥1,,(r) = constant x sin(pr — yIn2pr — Yr 4 6, 4+ ») [r < p]

Maitching the wave function across the cutoff at p we see immediately that
the new phase shift is (to order 1/p)

S0P =0+ —yln 2pp

Thaf is, ¥, i just the additional phase shift introduced by the short-range forces
(which is generally not the same thing as the phase shift due to the short-
range forces alone). Thus, the radial wave function for r > p has the form

Poa(r) = ;— 7 — &gt

e . A
— 5 {ﬁl _ eZz(a,+v,—y In 2pp)h?—) [r > P]

?nd tl}e change in the radial function due to the addition of the short-range
orce is:

1 .
— 2_1 [e21(01+v,—)- In2pp) __ eZi(a,—y In pr)]ﬁ;k

1 2'
— = L2ilo;—y In 2pp) [ 2; =1 g
o2 [ — 1)(— i)™

Summing over all / we find for the change in the Sull wave function (x | pP+):

r—a

1
—34 —94" iq iv i
2 (@n) 3ipr © 217 In 2pp zl @R+ 1)e*: [ — 1]P(cos B)eirr

Thus, the change in the amplitud . :
forces is iplitude due to the addition of the short-range

— _l_ —2iy In. i i
— 3 v m;(zl + D)oo — 11P,(cos 6)
— p—2iyIn2pp ’

Yaaa(P' < p) (14.15)

1‘;l"he amplitgde for tl}e pure Coulomb potential (cutoff at p) is given by
(14.12). Addmg to this the additional amplitude (14.15), we find for the
total amplitude (Coulomb plus short range)

S0 p) =B P) + foaa(® < P)] + f,eo(p’ < P)
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By the same reasoning as before the corresponding cross section is just

do e

— = + 14.16

10 | fo + faaal (14.16)
where f is the Coulomb amplitude and f,44, Which represents the additional

effects of the short-range forces, is given by (14.15) as:
’ 1 2iq ¢ 21V
Jaaa(p' < p) = i 2 Q1+ De* (& — 1)Py(cos 6)  (14.17)
ip

It is important to remember that f,4, is generally not just the amplitude due to
short-range forces alone.®

The calculation of the full effective amplitude f; + f,q4 is now a straight-
forward matter—at least in principle. The pure Coulomb part is explicitly
known, while the additional short-range part is given by the partial-wave
series (14.17). In this series the Coulomb phase shifts o; are explicitly known,
while the additional short-range phase shifts can b¢ determined by integrating
the radial equation out to.a point beyond the short-range potential and com-
paring with the form F, + tan »,G,.

The fact that the cross section (14.16) contains interference between fg
and f,q4 often allows measurements that are impossible with just short-range
forces. Under the most favorable conditions it can happen that the term
Sfaaa is just the amplitude for the short-range forces alone and in this case the
situation is especially simple. For example, in proton—proton scattering at
a few MeV, only the s-wave phase shift », is important and at the same time
the Coulomb shift o, is very small. This means that v, is precisely d,, the pure
nuclear phase shift, and that

1 .. .
faaa = fane = ; %0 sin do

This gives (ignoring the identity of the protons and their spins)

do
10 = Vot fuel = 1fol* + 1 fowel " + 2Re f3 fone
dor) sin® &, mee, . ( ) 0)
=|— - sin J, cos| dy — 2y In sin —
(dQ c + P’ p®sin® /2 ¢ 0T ¥ 2
which, in contrast to the pure nuclear cross section, depends on the sign
of the nuclear phase shift §, and allows this sign to be determined.

H

® The answer (14.17) is just what one would get for the change in the amplitude when
short-range forces are added if one simply ignored the logarithmic phases and treated
(¢; + v) and ¢, as ordinary phase shifts.



270 14.  Additional Topics in Single-Channel Scattering

14-c. The Distorted-Wave Born Approximation

The Born series is an expansion of the amplitude in powers of the po-
tential, and is of use only when the potential is weak enough to give very
rapid convergence. When the potential is too strong—as it almost always
is in nuclear physics, for example—an alternative is needed; one such
alternative is the distorted-wave Born approximation or DWBA (or just the
distorted-wave approximation).

The DWBA can be applied whenever the potential can be split into two
parts,

V=Vi+ Vu

in such a way that the amplitude for the potential V7 is exactly known (or at
least some good approximation is available) and that the effects of the term
Vi1 are small. Under these circumstances it should be no surprise that an
expansion of the amplitude in powers of ¥y is useful. In particular, the
first two terms of such an expansion are called the DWBA and provide one
of the most useful approximations in nuclear physics.

Most realistic examples of the use of the DWBA involve multichannel
scattering, as we shall discuss in Chapter 21. However, it is easy to think of
some single-channel situations to which one could apply the method. In the
scattering of electrons off nuclei, one could take V1 to be the exactly soluble
‘Coulomb potential and ¥y to represent the deviation from the pure Coulomb
inside the nucleus. In electron-proton scattering, ¥; could again be the
Coulomb potential while ¥;; would be the spin-orbit interaction. In proton-
proton scattering at a few MeV, the s-wave amplitude could be computed by
taking V71 to be the strong nuclear force (represented by a square well for
example) and the small ¥;; to be the Coulomb potential (all other partial
waves would be pure Coulomb). With any of these examples in mind we can
proceed to describe the method.

As usual, we denote by t(p’ <—p) and |p+) the T matrix and stationary
scattering states appropriate to the full potential ¥ = ¥; + V1. We denote
by t;(p’ < p) and |p+ 1) the corresponding quantities for scattering by the
potential ¥y alone. For the purposes of the present discussion these latter
quantities are supposed to be known, either exactly or in some good approxi-
mation. 4

We first derive an exact expression for the full T matrix, starting with the
standard result

{p'<p) =(p'| V Ip+) (14.18)
The Lippmann-Schwinger equation for ¥; alone lets us rewrite the bra
(p'|. Thus, since

Ip’—p = p") + GUE' — iO)¥V; {p'—p)
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it follows that
@)= @'—1l — @' —1l iG"(E' + i0) .
Substitution into (14.18) gives
t(p’ «—p) = (p'—1| V Ip+) — ¢'—1l iG*(E + i0)V [p+)

Using the Lippmann-Schwinger equation for the complete. potential ¥,
the last factor GV |p+) can. be rewritten as |p+) — |p) to give

t(p' —p) ==t Vulp+) + ¢ —d V1P

or, since the last term is just #;(p’ « p),

t(p' < p)=t(p" < p) + @ —1l Vulp+) (14.19)

This exact result is known variously as the two-potential formula,-Watson’s
theorem, or the Gell-Mann-Goldberger result. 1t gives the T matrix for the
complete potential ¥ = V1 + V11 as the sum of the exact .T matflx for the
potential V1 alone, plus a certain matrix element of V1. This fnatrlx element
involves the “minus™ scattering state (p’'—;| for the potential }; and the
“plus” state |p4-) for the complete potential. . .

The DWBA is obtained from the exact two-potential formula by dropping
terms that are higher than linear in the small potential Vyp. Since the first
term #;(p’ < p) is independent of V11 and the second term conta1n§ one factor
V11 explicitly, this means one simply ign(?res all effects of Vp; in the state
|[p+). That is, we set [p+) ~ |[p+1) to give :

(p' <P~ «~p+ @1 Velp+p [DWBA] | (14.20)

The DWBA can be compared with the ordinary Born approximation
t(p'<—p)~ p'| VIp)  [Born approximation]

for a single potential V. The differences are: First,’ that in the D,WBA,
part of the potential (¥7) is accounted for to all orders in the term #1(p’ < p);
and second, that the second term is the matrix element of Vi, not between
plane waves, but between “distorted’’ waves—that is, the sce}ttering states
appropriate to the potential ¥;. In this terminology the potential ¥'; has two
distinct roles: to scatter the projectile, and to distort the waves seen by the
second potential Vi;. The second term is then interprgted as the Bo.rn
approximation for scattering by Vp; in the presence of the distorting potential
Vi

IMathematically, the Born approximation arises from an expansion of the
amplitude, as a function of the potential, about ‘the value ¥ = 0; the
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DWBA arises from a corresponding expansion about ¥ = V;. More pre-
cisely, the Born approximation comes from replacing ¥ by 1V, expanding in
powers of 4, and dropping terms of order A2 and higher; the DWBA comes
from replacing ¥ by V1 4+ AV11, and again expanding in powers of 4 and
dropping terms of order A% and higher.

One can of course decompose the DWBA into partial waves (if the po-
tentials are spherical). In place of the Born approximation (11.24)

o)~ — 2 f " ar J oDV Oen)
p 0

we find the almost obvious analogue,

£p) ~ ) — 2})—’” f T drgl (Va0 (14.21)

Here the only possible surprise is the absence of a star on the first factor
w1 ,(r). The reason for this is that it is the “minus” state (p'—;| which
appears in the full DWBA (14.20), and that the radial wave function for the
“minus” state is just the complex conjugate of that for the “plus™ state (see
Problem 11.1).

Rather than applying the DWBA to any realistic situation, we consider an
artificial problem in which both V1 and V71 are square wells with the same
radius. In this case, ¥V = V1 + Vy; is itself a square well and can, of course,
be exactly solved. If we let F'y be deep and Vy; be shallow, then we can apply
the DWBA and compare the results with the exact answer as well as with the
ordinary Born approximation and with the scattering of ¥} alone. The
simplest case, that of the s-wave amplitude, is easily computed analytically
(see Problem 14.2), and some results are shown in Table 14.1.

This table shows the s-wave cross sections at various momenta for the case
that ¥ and Vqy are wells of radius a and depths 9#%/ma? and n?%/4ma?, re-
spectively. The first line shows the exact results. The second line shows the
DWBA, in which V7 is treated exactly but Vg to first order. The third line
shows the results when V7 is treated exactly but Vi1 completely neglected.
The last line shows the Born approximation, in which both V1 and Vy;are

TABLE 14.1. THE S-WAVE CROSS SECTION FOR A SQUARE
WELL COMPUTED BY FOUR DIFFERENT METHODS

4
0 1 3 7 13 25 60 . 100
Exact 3.89 . 2.76 0.0493 0.0707 0.000164 0.00615 0.000517  0.0000775
DWBA 3.89 2.76 0.0489 0.0719 0.000168 0.00619 0.000517  0.0000775
V1 4.00 2.81 0.0371 0.0754 0.00050% 0.00626 0.000495  0.0000736
Born 3704.—  2479.— 113.— 3.— 0.3— 0.02— 0.000637  0.0000841
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treated to first order. The momenta are in units of 1/a and the cross sections
in units of ma?. Tt will be seen that the complete neglect gf VH‘ gives results
in reasonable agreement (better than 107, at most energies) with the exact
results for ¥V = Vi + Vir However, the inclusion of ¥ir by means of the
DWBA significantly improves matters and the agreement between the exact
result and DWBA is excellent (better than 19, at 'most energies). Flpally', it
will be seen that at all but high energies the ordinary Born approximation
is ludicrously unreliable.

14-d. Variational Methods

The Born approximation and DWBA depend for thc?ir use'fulness on the
effects of the potential (or the relevant part of the potentlal). being small. "ljhe
partial wave method depends on the number of apprecz_lal?le phase shifts
being small. 'We now describe 2 third approach, the var'1at10nal approach,
which depends on one’s ability to guess a trial wave function as a reasonab}e
approximation to the actual wave function of the problem at .hand. We begin
with a brief review of the corresponding method for computing the energy of

a ground state. ' .
In the variational calculation of the ground state for a particle wit

Hamiltonian H, the first step is to guess a trial wave function {(x), wh.ich
reproduces as closely as possible the actual ground state wave function
po(x). One then computes the functional®
I HID

@€y

The variational method hinges on the following three properties of th{s
functional: ~ First, €[] is \independent of the normalization_ of {(x) and if
Z.«(x) is proportional to the exact ground state wave function, then €[lex]
is precisely the ground state energy E,,

€[Cex] = E, [Cex = CWO]

This suggests that for any reasonable guess {(x) we can expect. E, ~ €[{] to
be a reasonable approximation. Second, €[] is stationary with respect to
variations of {(x) about the exact wave function. That is, if

{x) = Lex(x) + 80(%)
€[{] = elLex] + O(80)

9 A functional o[ f1is a number depending on a function f(2); e-8.,
1
alf] = J‘ dz f(x)
0

elll =

then
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This means, in an obvious sense, that the error in the estimate E, ~ €[{] is
minimal. Finally, the functional €[{] is not only stationary at the exact
wave function, it is a minimum; that is, €[{] > E,, for all {(x). This means
that any trial function provides one with an upper bound on E;, and allows
one to determine uniquely the best function from any family of trial functions
as that one for which €[{] is 2 minimum.1°

The variational calculations of scattering amplitudes are similar to those
of binding energies, although they are usually more complicated, and do not
always have the desirable feature of providing a minimum (or maximum)
principle. Of the many possible methods we describe just two: the methods
of Schwinger and Kohn. Both methods can be used to compute the full
amplitude f(p’ < p), in which case the trial functions {(x) are chosen so as to
approximate the three dimensional wave functions (x ] p+) or x ] P—).
However, a simpler and more practical procedure is to apply the methods to
the individual partial-wave amplitudes, in which case the trial functions
{(r) are chosen to approximate the radial wave functions v, ,(r) (possibly
multiplied by some convenient constant). It is the partial-wave version of the
variational approach that we describe below. '

The Schwinger Method. The partial-wave amplitude is given in terms of the
radial wave function v, ,(r) by the integral

5w = =% [“arionuer.o
p 0

[As usual, U(r) = 2mV(r).] If one could make a guess {(r) for v, ,(r),
then the simplest corresponding guess for the amplitude is obviously f; ~
—(1/p? § drj,UL. This guess gives the correct answer when { is the exact
radial wave function. However, it is certainly not stationary, and we there-
fore seck a more complicated expression that is stationary.

The Schwinger method starts from the functional

afl] = — L UdrﬁUc)z - (1422)
7’ f dr {(U — UGU)L

10 1t -should be emphasized that to uniquely determine a best estimate from a family of
trial functions it is essential that we have a minimum principle, not just a stationary prin-
ciple. Thus, suppose a functional €[{] is stationary, but not minimum or maximum, for
arbitrary variations of { about some desired {,,. Then in any chosen family of trial func-
tions the functional [{] may have several stationary points, none of which provide the
best estimate. Unfortunately, most variational methods in collision theory do not provide
minimum principles, and hence cannot be used for a systematic search for a best estimate.
(See Geltman, 1969, p. 58.) ’
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where G® = GJ,, is the free Green’s operator (11.21) for angulflr_n:iomen(tiuﬁ
J and {(r) is any trial wave function. We ﬁrst remark that a[{]‘ is in e}t)len e
of the normalization of {(r) and there 1s 'no loss _Of generality in ¢ fc‘)osmg
Z(r) to be real. (Recall that the exact radial function hag the fonp of som
constant times a real function of r.) We next show that if {..(r) is propor-

tional to the exact radial function,
Cex(r) = C'Pl.p(f)'

then a[{ex] is just the desired amplitude. This follows from the fact that

{x(r) satisfies the Lippmann-Schwinger equation
gex = cfl + GoUCex‘

and that the denominator in (14.22) is therefore

j drl Ul — GU)ex = j drlUcf, = ¢ j dr Uy,

This exactly cancels one factor from the numerator to give

1 ;
olled = = j dr U, = fi®)
Finally, it can easily be shown that «[] is stgti(?nary for arbitrary real
variations of {(r) about the exact function; that is, if

C(r) = gex(r) + (SC(T)
h
e «[l] = o[lex] + 0(602
(see Problem 14.3). From this it follows that

fl(p) = oc[cex] = of{] + 0(692

or

== U drleC)z + 0(652 (14.23)
4 j dr {(U — UGU),

This is Schwinger’s variational expression for the partial-wave am'plitu‘de.
If our guess {(r) for the radial function is reasonable, the approximation

obtained by neglecting the term 0(80)? should be good.
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One choice for the trial function {(r), which should be good when the

potential is weak, is the free function j;(pr). With this choice the Schwinger
expression gives:

1 fdrj,Uf,
py=—= (14.24)
, p f dr fUGUSJ,

1 —
fdr JUJ,
The second term in the denominator of (14.24) will be recognized as the ratio

of the first two terms in the Born series for f,(p). If it happens that the Born

series is rapidly convergent, then this number is small and we can expand
(14.24) to give '

1 4 4 2 2
flp) ~ — E(Jdrj,Uj, +J‘d"/lUG°sz + - )

This shows that under those conditions where the Born approximation is
good, the Schwinger expression (with a free trial function) is equivalent to
the second Born approximation. In general, it would be expected to be
better.

These results can be well illustrated with the case of the square well
potential. For simplicity we consider just the s-wave amplitude at zero
energy, which is minus the s-wave scattering length. For this, the exact
result is (see Problem 11.5):

L4
tan U
ap= —fo(0) =1 — U%" [exact]
(1}

(Here we have taken a well of unit radius and of depth ¥, with U, = 2mV,.)
Straightforward calculations of the first and second Born approximations
and the Schwinger expression (14.24) give (see Problem 14.4):

ay ~ — % {first Born]

& 2
ag~ — % — ZlU?o [second Born] (14.25)

__=Uy3
T (1 = 2U,/5)

All of these results are displayed as functions of well depth in Fig. 14.2.
It will be seen that, as one would expect, all three approximations are good

[Schwinger]

ay
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FIGURE 14.2. The s-wave scattering Iength as a function of well depth for a square
well of unit radius and depth V5.

when the well is very shallow. As the well deepens, the first Born approx1m§-
tion and then the second Born approximation deviate from the 'exalc/: resz)l 8,
the former being within 109 out to U¥ ~ 0.5 and the latter until Uyt~ n. .
The variational expression is within 1% of the exact answer 11l thJ.S salejc; raj g3e
(U¥ less than 0.8) and remains satisfactory out to depths Wl.th /g ~.ﬂ;
Both the exact result and the variational expression become lnﬁmtcz] lw1_
vertical asymptotes, the former at Ugt = 1.57 (i.e., 7[2), the latter atd § ri;_
1.58. (Note that to the left of the vertical asymptote‘the exact an 1\;a )
tional results are indistinguishable on the scale of Fig. _14.2.) Fma y by
about U% ~ 3 the variational expression ceases to be rehab{e (dfscrepan;;y
greater than 10%), reflecting the fact that by the time .the well is this deep the
free trial functions have become completely unrealistic.

The Kohn Method. The Schwinger variational method depenfls on .the fac:
that the exact wave function satisfies the Lippmann—%cl'lwmger. mtcgr.a1
equation. There are several methods based on tche Schrodinger dxﬁ"erct'}tlxla}

equation, one of the most important of which is that dl}e to 'I(Oh;];) fli
method provides a stationary expression not for the amplitude itself but to

the tangent of the phase shift. :
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Wc'e begin as before with a real trial radial function {(r). However, we
restrict the class of functions considered to those {(r) satisfying:

=0 14.26

and having the asymptotic form: ( )
1.

) —— ;sm(pr — Hm) + T cos(pr — }lm) (14.27)

Here 7 is any constant (which can be different for different trial functions)
and the factor 1/p is inserted for convenience in discussing the zero energy
limit. The corresponding exact radial function {..(r) satisfies the radial
equation which we write as

Dlox(r) =0
where
a I+
D=—->— 42" —p?
] dr® + rt +U(M—»
Since ’

Lox(r) —> constant X sin(pr — br + 6)

we see that the coefficient 7., of (14.27) for the exact function is just '

tan d,

Tex =

"3 =

where 4, is the (exact) phase shift.
We now consider the functional

o=~ - [ “ar i)
Clearly, since D{,, = 0, ’

Bllex) = Tex =

tan 9§,

S

and we can now show that BlL] is stationary for arbitrary variations of
{(r) about {.(r), subject to the conditions (14.26) and (14.27). We write

g(r) = gex(’) + 6&(’)
and_then, to first order in 8¢, the difference between B[{] and B[] is

o = br [ "aritoD@D + (GDDL (14.28)

Integrating the first term of the integral by parts gives

0 = br -+ U — L8015 = 2[ " ar(GDDLs
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Since Doz = O the integral vanishes, and since both . and 8 vanish at
+ = 0 the lower limit in the bracket is zero. The upper limit is easily seen to
give —d7, which exactly cancels the remaining term. Thus to order (%)

we have 68 = 0 or
BIL] = BlLex] + O(80*
Finally, since f[{ex] = (1/p) tan 4, this gives

1ians,=r— J' " dr L(r)DL(r) + O(BL) (14.29)
p 0

which is the Kohn expression for the phase shift.
If we take as trial function the free radial function

1, 1.
i) = ;]z(Pr) - ;sm(pr — i)

then for this function r = 0 and

& I+t .
T E S
p dr r

Thus, the Kohn expression reduces to

1 1 @ 2 2
~tan §, ~ — _ZJ‘ dr j,Uj,
v P p' o
The expression on the right will be recognized as the Born approximation
for the amplitude f;(p). Now, if it happens that the Born approximation is
good, then 8, is certainly small and hence (1 [p)tan 8, ~ fi(p); thatis,under .
those conditions where the Born approximation is good, the Kohn expression
with the free trial function , is equivalent to the first Born approximation.
Since the corresponding Schwinger expression is equivalent, under the same
conditions, to the second Born approximation, this suggests that for a given
trial function the Schwinger principle will generally give better results than
that of Kohn. However, it should be emphasized that the Schwinger ex-
pression (14.23) contains a double integral involving the Green’s function
o (r,r"), which for anything but the simplest trial functions is-very in-
convenient to compute. Thus, the advantages of Schwinger’s expression for
a given trial function may be offset by the fact that Kohn’s expression can be
used with considerably more sophisticated functions. " :

A Minimuni Principle. So far neither of the stationary principlesv that we
have described is a minimum (or maximum) principle. This means that they
do not allow a systematic search for a best estimate from any family of trial
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functions. To conclude this section we show that under certain conditions
the Kohn expression can yield a minimum principle. Specifically, consider a
Potential with no bound states; and consider the case / = 0 at z;ro energy
in which case (1/p) tan d, is just minus the scattering length a,. ’
. We first note that the correction term O(4{)?in the Kohn result (14.29) is
just § dr(60)D(8%). [This is just the term omitted from the first order ex-

pression (14.28) for 48.] Thus, the zero energy limit of the Kohn result is
exactly

gy = —7 + f “drtDy — f “dr(o0)D(EY)

For I = 0 at zero energy, the operator D is:
dz
D=— ﬁ + U(r)

which is just the's-wave Hamiltonian (times 2m). In particular, if /7 has no
bound states, this operator is positive definite and!!

f dr)D(3Y) > 0
It follows that

4, < —7 + fo “dr{()DUr)  [no bound states]  (14.30)

That is, for the case that H supports no bound states, the Kohn expression
for the scattering length is not just stationary at the correct value, it is
a.ctually a minimum. This means that among any given family of trial’func-
tions, that which provides the best estimate for a, is uniquely determined as
that for which the right hand side of (14.30) is a minimum.

For the generalization of this last result to the case that there are some
bound states, and more generally for more details on variational methods, we
refer the reader to the literature.!? ’

14-e. The K Matrix

An important technique in the mathematical study of unitary operators is
the ‘so-called Caley transform, which expresses any unitary operator in

u . ) .
I_ICare is ?;eded ilere since 6(r) — constant as r — o and so is not square-integrable
owever, the result is easily proved by approximating d£(r) b i :
et y app g OL(r) by some cutoff function such
12 See Newton (1966) Section 11.3, and (for a.com i iati
3, rehen
Doy (1963, P! sive survey of variational methods)
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terms of a certain related Hermitian operator.’® In scattering theory the
unitary operator of interest is the S operator and its Caley transform, which
we denote by M, is defined as :

(M =il =91+ 9" (14.31)
This definition can be inverted to give
s=(1+iM)(Q —iM)™* (14.32)

It is immediately clear from these two equations that if § is unitary then M is
Hermitian and vice versa. This result is, in fact, one of the most important
properties of the operator M. 1t is usually much easier to check that a given
operator is Hermitian than it is to check for unitarity. Thus, a convenient
way to calculate an approximate S that is guaranteed to be unitary is to write
S in terms of M and then devise a scheme for calculating an approximate
Hermitian M.

Since S conserves energy the same is true of M. If, for example, we consider
scattering of two spinless particles, this means we can write

@'| M1p) = 8(E, — EJk@ < P)

Here the quantity k(p’ < p) is variously called the K miatrix, the reaction or
reactance matrix, and Heitler’s matrix; it was first introduced by Heitler
and plays an important role in the Wigner theory of reactions.™

It should be emphasized that, like the on-shell T matrix #(p’ < Pp), the
K matrix k(p’ < p) is defined only on the energy shell E,; = E,. In fact, it is
useful to compare its definition with that of the T matrix,

S=1+R

and
@'| R|p) = —2mi 8(E, — E)t(® < P)

We see that (apart from a conventional —2ari) the K matrix k(p’ < P) stands
to the operator M as does the T matrix 7(p’ < p) to R. The operators R and
M conserve energy (both being functions of S) and so their matrix elements

13 Actually the Caley transform as defined here applies only to unitary operators that do
not have —1 as a proper eigenvalue. Fortunately the S operator is in this class.

14 The terminology and notation for the K matrix is very confused. The name reaction
matrix is sometimes used for what we call the T matrix. Our notation, in which k(p' —p)
stands to the operator M as does 1(p’ < p) to the operator R = S — 1, is something less
than perfect. However, without recourse to an intolerable number of alphabets, no more

i

rational scheme seems possible. s
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* contain the factor §(E,, — E,). When this delta function is factored out one

i:}::;t lz\:,tl;tlgp ‘on-shell matrices /(p’ < p) and k(p’ < p), both defined only

The § n'latrix, in addition to being unitary, is often also symmetric. For
example, in the scattering of two spinless particles it is symmetric in the
m01.nent1fm representation, (p'l S |p) = (p| S |p’), provided the interactions
are invariant under either rotations or PT. When this is the case the K matrix
is both Hermitian and symmetric, and hence also real. In this case unitarity
of § can 'be guaranteed simply by making sure that the K matrix is real and
symmetric.

Th'e':K matrix can naturally be related directly to the 7 matrix. From the
definitions of the operators R and M, it is easily seen that

’ R=2iM +iMR ~ (14.33)

Taking matrix el&?ments of this equation and factoring out the common
energy delta function we find (for the case of spinless particles),

T B = K ) — i [ < ) KB, — EN( - p)

a relation known as Heitler’s damping equation. If k(p’ep) has been
f:a'lcu]ated by any convenient approximation method (chosen to ensure that
it is Hermitian), then the corresponding #(p’ < p) is found by solving Heitler’s
equation and is then automatically consistent with the unitarity of S.

All of these ideas can be well (though almost trivially) illustrated in the
angulan" momentum representation for the case of two spinless particles with
a rotationally invariant interaction. In this representation S, and hence M
and R, are.completely diagonal,

(E',I',m'| S |E, I, m) = 8(E' — E) 8y, 6, sy(E)
(+ - M- Y= K - - ky(E)
(-« IR+ )= . -+ 2ipf(E)
Since the operator M is Hermitian and diagonal, its matrix elements have to

‘pe real; that is, the numbers k,(E) are real. The expression (14.32) for S
in terms of M reduces to ‘ '

_ 14 ik,
from .whic.h it is quite clear that s, is unitary (that is, of modulus one) if and
only if k, is real. Remembering that s, = exp(2id;) we can write the inverse

$;
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that is, in the partial-wave representation the K-matrix elements &, are just
the tangents of the phase shifts. The Heitler equation becomes s

: pfy= ki + ikipfy
which can be solved to give the familiar result:

1k 1 . tand 1. '
flm-— 2% 2 gn g, (14.34)
pl—ik, pl—itand, p
Finally, we note that it is possible to relate the K matrix to certain
“standing-wave’” stationary states in the same way that the T matrix can be
related to the states |p£). One first intrqdqces a free Green’s operator
Go(E) = HG(E + i0) + G*E — i0)]
From the known form (10.15) of the spatial matrix elements

(x| GYE + i0) |x')

it follows that
mcospix — x|
27 |x — x|

that is, for large x this Green’s function is an equal mixture of incoming and
outgoing waves and is therefore called the standing-wave Green’s function.
In terms of G{,)(E) one can define standing-wave stationary states by means
of a Lippmann-Schwinger equation: ‘ : ,

[p(s)) = 1p) + Glo(E)V Ip(s))
and is then easily shown that
k(p' < p) = —=(p'| V |p(s))
which is the K-matrix analogue of the familiar result 1(p’ ~p) = (p'| V |p+).

(x| Glu(E) Ix') = —

PROBLEMS

14.1. Try applying the variable phase method of Section 11-g to the
Coulomb potential. Show that the phase function 6(r) has no limit (that is,
that the radial function continues to pick up phase however large we make r)
and, hence, that a phase shift cannot be defined (at least for s waves).

14.2. Consider the s-wave scattering by a square well of unit radius and
depth V,. Write down the exact amplitude fo(p, V;) for arbitrary V, (see
Problem 11.5) and the corresponding radial function , ,(r). Now consider
two square wells (at the same center) both of unit radius, well ¥} of depth
Vo, and well Vi of small depth e. Their sum V = V; 4 Vi is, of course, a
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square well of depth ¥, + . Compute the amplitude i
DWBA _with V1 treated exactly ang Vit to ﬁrsIt) order:f;(\’;;r?yth;)t l;'s(i?l%
answer 1s just the first two terms in a Taylor expansion of fy(p, ¥, + €)
about ¥,. [To normalize the radial function Vo, o(r) it is suﬁicient, toowrite
¥0.5(r) = exp(idy)sin(pr + 6,) for r outside the well.]

14.3. Show that the Schwinger functional
1 : ( f dr jU. C)z

P fdrg(U_ UG°U),

is stationary for arbitrary real variations of {(r) about some Lo(r) if and onl
if {o(r) is proportional to the exact radial wave function. Hint: Writ)e,
{(r) = Ly(r) + 8{(r) and then show that to first order da has the form
0o = { dr 6{7 where 7(r) has the form

n = aUf + bU(1 — G°U)¢,

(for certain numbers g and b). Thus, S« can be zero for arbi i

C : . , rbitrary 6¢ if and
only if 77.(r) =0, whgch means that (1 — G°U)¢, is proportional to /. That js,
de = 0 if and only if {, satisfies the Lippmann-Schwinger equation.

14.4. Calculate the s-wave scattering length for a square well of unit radius
and depth ¥ in first and second Born approximations and by the Schwinger
method with a free trial function. [See (14.25).] Check that all three answers
agree for a sufficiently shallow well.

Dispersion Relations
and Complex
5 Angular Momenta

15-a Partial-Wave Dispersion Relations
15-b Forward Dispersion Relations
15-¢ Nonforward Dispersion Relations
15d The Mandelstam Representation
15-e - Complex Angular Momenta

15 Regge Poles

15-g The Watson Transform

In Chapters 11, 12, and 13 we have seen the surprising usefulness of allow-
ing certain physically real parameters (coupling strengths, energies,” and
momenta) to move away from the real axis and to become complex variables.
In fact, the analysis of scattering amplitudes as analytic functions of com-
plex variables has become one of the most powerful tools of modern collision
theory. The technique has had applications in atomic and nuclear physics;
and, above all, in relativistic particle physics, where it can reasonably be said
to have accounted for 30-509, of all theoretical research during the past
10 years or so. , '

This chapter is an introduction to those properties of the analytically con-
tinued scattering amplitude that have been most important in relativistic
particle physics.?2 The discussion is primarily intended to provide the reader

1 Jackson (1970) has made a survey of papers in particle theory during 19681969 and
found that 359 of all papers were primarily concerned with dispersion relations, complex

angular momenta, and related topics. : )
2 The whole chapter can be omitted or postponed without affecting thesubsequent chapters.

285
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with a bridge to the several more detailed texts available on the subject.?
In Sections 15-a to 15-d we give an introduction to dispersion relations, which
are integral identities obtained by applying Cauchy’s theorem to the analyti-
cally continued scattering amplitude. We discuss dispersion relations for the
partial-wave amplitude as a function of energy, and for the full amplitude as a
function of energy and momentum transfer, and conclude with a brief dis-
cussion of the famous double dispersion relation known as the Mandelstam
representationi In Sections 15-e to 15-g we discuss the partial-wave ampli-
tude as an analytic function of energy and angular momentum, leading up to
the important idea of Regge poles.

Before beginning-our main discussion we mention two general points.
First, in the literature of high-energy physics one finds two different atti-
tudes toward dispersion relations and complex angular momenta. One view
is that one should be able to construct a complete relativistic dynamics
based on these techniques (a point of view often known as analytic S-matrix
theory); at the other extreme is the view that the techniques are merely
useful tools that can be used in the analysis and interpretation of data (and
should presumably be derivable from some more basic principles—probably
relativistic quantum field theory). As will be discussed later, it is still not
clear whether the first, and more ambitious, view is really justified. There-
fore, it should be emphasized that whether or not the first view is correct, the
usefulness of dispersion relations and complex angular momenta on the basis
of the second view alone amply justifies their study.

Second, it should be said that the status of the results of this chapter is
somewhat anomalous, since we shall be using nonrelativistic quantum
mechanics to discuss results whose principal application is in relativistic
problems. In particular, an important part of some proofs will be to estab-
lish the behavior of the amplitude as E — co; but when E — co all real
scattering problems necessarily become relativistic. Thus, from a physical
point of view our analysis is-logically inconsistent. Nonetheless, and in spite
of this apparent inconsistency, there is reason to believe that our results do
give a good approximation in many nonrelativistic problems.* Further, in
the study of relativistic problems it is very useful to know that there do exist
internally consistent model theories—even theories which violate some known
requirements—where the results of interest can be rigorously proved.

3 The most up to date text concerned with these ideas is the monograph of Collins and
Squires (1968). Older and more elementary texts include Chew (1962), Frautschi (1965),
Jacob and Chew (1964), Newton (1964), Omnes and Froissart (1963), and Squires (1963).
4 This is really quite a subtle point.” Dispersion relations, even for low-energy amplitudes,
involve integrals of the amplitude over a// energies, including relativistic energies. However,
it may happen that the contribution to these integrals from large Eis negligible (both for
the correct relativistic amplitude and the incorrect, nonrelativistic amplitude). In this case,
even though a nonrelativistic proof is incorrect, the result will be valid.
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FIGURE 15.1. Regions of analyticity of f; as a function of (a) the momentum, and
(b) the energy.

15-a. Partial-Wave Dispersion Relations

The partial-wave dispersion relation follows from the analytic properties
of the partial-wave amplitude f,(E) established in Chapter 12. Since dispe.r-
sion relations have been most extensively used in relativistic scattering, in
which context the Yukawa potential is generally considered to give the most
realistic nonrelativistic analogue, we shall suppose that our potential is a
Yukawa or sum of Yukawas. For such potentials the results of Chapter 12
can be summarized as follows.

As a function of p the partial-wave amplitude

ss—1 1 4(—=p)— /AP
L A\ S LAY A e 15.1
J: 2ip  2p AP @

is meromorphic (analytic except for poles) in the region shown in Fig.
15.1, part (a); it has poles on the positive imaginary axis and is real on jthe
imaginary axis between the two branch cuts. Therefore, as a functlo'n
of E on the physical sheet (corresponding to {Im p > 0}), it is meromorp'hlc
in the region of Fig. 15.1, part (b) with two cuts: a right-hand cut running
from O to oo, and a left-hand cut from E;, = —u?/8mto —co. It has poles at
the bound state energies and is real on the real axis for E;, < E <0.

As p — oo in the upper half plane the Jost function Zi(p) tends to 1. In the
case of the Yukawa potential we can extend this result into the lower half
plane by using the contour distortion described in Section 12-c. Since
Ai(p)—>1lasp— in all directions, it follows from (15.1) that the amplitude
1 goes to zero as p (or E) goes to infinity in any direction.

Finally, we recall that (see Problem 12.3) at each bound-state pole the
partial-wave amplitude f;(E) has residue (as a function of E) I' = (—)’+1'y2,
where y is related to the asymptotic form of the normalized wave function
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for the bound state concerned,
nr) — ye™"
r— o
where —a?/2m is the bound state energy.s
We are now ready to establish the partial-wave dispersion relation, which

results from a straightforward application of Cauchy’s theorem. We con-

sider the integral

¢ E—E. _
where C is the closed contour consisting of the four sections Cy.ot s Gy
shown in Fig. 15.2 and E has any fixed complex value. The integrand is

analytic inside the contour except for simple poles at E’ = E and at the bound
state energies E' = E,. Thus, by Cauchy’s theorem

I= 27ri[fl(E) +3- Lo E} | (15.2)

n
/
If we let the two semicircular parts of the contour C, and C, go to infinity,

then, since fy(E) goes to zero (like E=" for some 7 > 0), their contribution
~ disappears. The contribution from the section C, can then be written as:

(SAE) [ dE
fcldE B _E=h g pUE 0 —fE —i0)]  (153)

Since f,(E) is real on the real axis when E r < E < 0it satisfies the Schwartz
reflection principle and, in particular, :

SE" = i0) = [f(E’ + i0)]*

Ca

FIGURE 15.2. Contour used to prove the

G partial-wave dispersion relation.

N

5 In relativistic scattering the numbers y are the fundamental coupling constants. For
example, in #—N scattering the nucleon appears as a bound-state pole in the partial-wave
amplitude for / = 1, j = 14, and isospin 14. The residue at this pole is the square of the
7N coupling constant.

15-a. Partial-Wave Dispersion Relations 289

E

v
FIGURE 15.3. Distortion of contour to show what happens to integral (15.5)
when E moves onto the axis.

Thus the quantity in the bracket of (15.3) is just 27 times the imaginary part
of f(E’ + i0). Since exactly the same considerations apply to the contour
Cs, we can write the whole integral as

Ex (o Imf(E + i0)
= 2j dEf ————
I 21{J‘ 0 +J‘0 } E' —E

Comparing this with (15.2) we conclude that

where we follow tradition and make the convention that, in the integrand,
the real E’ is understood to be on the upper edge of the cuts (i.e.,_ E’ stand§ for
E' +i0). This relation is the so-called partial—wav'e disper§lon relatlor.l.6
1t expresses the partial-wave amplitude f,(E) for arbitrary E in terms of its
imaginary part on the two cuts and the residues I',.. . N

To obtain the physical amplitude, we must bring E into the positive real
axis from above. As we do this it is easily seen by distorting the contour as
shown in Fig. 15.3, that the integral along the positive axis becomes:

J‘ ® ap AE) >P J‘ “dE M@ + irImf(E) (15.5)
o E —E E-postve o E'_E

where P { denotes the Cauchy principal value integral,

i 8E) {JE—€+ ) }dE’——g(EI)
PJ‘O dE' === =lim | o “E B _E

8 The original dispersion relation, derived by Kramers ‘and Kronig, was f:Ol:lcemed with
scattering of light in a refractive medium and was an integral relation similar to (15.4)
for the refractive index n(w) as a function of frequency. Since the frequency dependence of
n(w) determines the dispersion, the relation was called a dispersion relation.
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yn this case the imaginary part of the dispersion relation (15.4) becomes an
identity while the real part reads:

[E physical] (15.6)
This expresses the real part of the physical partial-wave amplitude in terms
of an 1n-tegra1 over its imaginary part, together with Im S on the left-hand cut
(which is, of course, unphysical) and the residues I', at the bound states.

The Importance of the partial-wave dispersion relation in relativistic
scattering theory can be briefly described as follows: In relativistic scattering
(1t 15 generally believed that the partial-wave amplitude should have essenti-
ally the same analytic structure as that derived for the Yukawa potential
and should therefore satisfy a dispersion relation of the general form ( 15.6)?
Now, t.he imaginary part of f; on the left-hand cut can usually be approxi-
mated in terms of some small number of parameters. (This is facilitated by
the fact that in relativistic scattering the value of the amplitude for a process
a + b —c + d on its left-hand cut is closely related to the amplitudes for
t_he so-called “‘crossed” processes @ + ¢ >b +danda +d—¢ + b where
b, ¢, and d denote the antiparticles of b, ¢, and d.) The residues ', at the
bc.>und states can be expressed in terms of the basic coupling ‘constants.
Fl.na'lly, on the right-hand cut we have’ Im Jfi = p|f))>—which lets one
el'lmlna.te either Ref; or Imf, (or some suitable combination) from the
dlsPer51on relation (15.6). Thus, the partial-wave dispersion relation becomes
an integral equation for a single real function (either Im Jior Re f; or some
co'mb_ination) in terms of functions that are known or approximated. In
pnngple, this equation could be solved to give the partial-wave amplitude,
and in practice it can at least be used to fit scattering data and determine

some of the parameters used.®

7 This' relation is often described as a consequence of unitarity because it follows from the
equation s; = exp(2i8;). In relativistic problems the amplitude is usually defined a little
differently so that the relation has an extra factor of energy. Obviously this doesn’t affect
the general principle.

8 Three further comments:

(1) One common method works neither with Im [y nor Re f;. Instead, [ is written as n/d
yvhere d = //(p), and the unitarity condition is used to eliminate either & or n, leaving an
integral equation for # or 4. This is the so-called “n over ¢”’ method.

(2) Working with the # over d method it should not be necessary to include the bound-
state poles as input; the calculation should predict the bound states as zeros of 4.

(3) In the relativistic case the problem is complicated by the inevitable possibility of in-
elastic processes. :
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15-b. Forward Dispersion Relations

The amplitude of primary interest is, of course, the full amplitude f(E, 9),
and it is natural to ask whether it too can be regarded as an analytic function
of its variables. It develops that the full amplitude is indeed an analytic
function of the appropriate variables, and the study of its analytic prop-
erties has become an extensive and fruitful part of collision theory. We begin
by discussing the special case of the forward amplitude f(E, 0), which we

temporarily abbreviate as: ‘
J(E,0) = f(E)

The analytic properties of f(E) can be investigated using the results already
established for the partial-wave amplitude; however, it turns out that the
problem is just as easily attacked from first principles. .

The forward amplitude can be written in terms of the on-shell 7 matrix as

- f(E) = —(@2m)°m (p| T(E + i0) p) (15.7)

where E = p?{2m (in order to be on shell) and we assume that ¥ is spherically
symmetric (so that the direction of p is arbitrary). The reader will recall that
the operator 7(2) is analytic in the whole plane of z except on a cut along the
positive real axis and at poles at the bound-state energies. This immediately
suggests that we should be able to continue the amplitude (15.7) up from the
real axis of E and that it will be analytic in E except on a right-hand cut
{0 < E < <o} and at the bound-state poles. Unfortunately, this conclusion—
which is in fact correct—is not quite as obvious as it seems. The point is that
in (15.7) the magnitude p of the momentum p is tied to the energy as p =
(2mE)*. If we make E complex, then p also becomes complex; and if we
wish to consider f(E) as an analytic function of E, then we must recognize
that it depends on E both because of the E in the argument of T and because
of the initial and final momentum eigenstates.

Since there is no meaning to a momentum eigenstate |p) with complex
momentum, our first task is to rewrite the on-shell T matrix in (15.7) to
display its p dependence explicitly. This is easily done by writing the matrix
element in terms of wave functions (remember that 7T = V + VGV):

m { s
E =~ f V()
- zl_n; fdax'fd“x eV GE + 10) OV (r)e™™ (15.8)

The first term here is the Born approximation fg,.,, which is independent of
energy (in the forward direction) and, hence, certainly analytic. Accordingly
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we write,
f(E) =fBorn +f(E)

and can concentrate on the second term:
m ; . '
j®==2 @ a1y () ()| GLE + 10) 1x) (15.9)

where 0 is the angle between (x — x’) and the fixed direction of p.

The analytic properties of f(E) are fairly easy to establish. Having devoted
considerable space to detailed proofs for the partial-wave amplitude, we shall
content ourselves with just a brief outline of the argument. For full details
we refer the reader to the literature (Faddeev, 1958; Klein and Zemach,
1958). The integrand in (15.9) depends on E through two terms: (1) the
exponential exp(ip |x — x| cos ), which is analytic in £ except for a branch
point at E = 0, and (2) the Green’s function (x'| G(E + i0) |x), which is
analytic except at the branch cut for 0 < E < o0 and at the bound state
poles. Provided the integral (15.9) is suitably convergent, the analytic
properties of the integral are the same as those of the integrand; and for any
potential satisfying our usual assumptions (p. 191) this is, in fact, the case.
Thus, it follows that f( E)—and also S(E) = foorn + f(E)—is analytic except
on a right-hand cut and at the bound-state poles, as shown in Fig. 15.4.°

To establish the forward dispersion relation we need three further results:

(1) As E— o in any direction f(E) — 0; hence,
S(E) > fBorn (15.10)

This is the same result quoted in Section 9-a; for its proof see Klein
and Zemach (1958). .

O E plane
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FIGURE 15.4. Region of anmalyticity of the forward amplitude showing contour
used to prove the forward dispersion relation.

9 Wf" st'la.ll return later to the remarkable fact that f(E) has no left-hand cut, even though
the individual partial-wave amplitudes do (for a Yukawa potential at least).
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(2) For E on the negative real axis, f(E) is real. This follows immediately
from (15.8) since for E < 0, the Green’s operator is Hermitian. It
means that for any E,

f(E)=[f(EM)* (15.11)
(3) At the bound state poles f(E) has residue
T = (_)z+1(21 + 1),},2

where y is the asymptotic normalization of the corresponding normal-
ized radial function, as discussed in the previous section. This can be
proved directly from (15.9) but is easily understood by looking at the
partial-wave series:

S(E,0) =3 2 + )fy\(E)P,(cos 0)

Since we already know that each f;(E) has poles at the energies of all
l-wave bound states, and that the residues have the form (—)"1y2,
the result immediately follows.1?

We are now ready to establish the forward dispersion relation. According
to (15.10) it is /' = f — fporn that goes to zero as E — oo. We therefore apply
Cauchy’s theorem to the function f(E)/(E’ — E) using the contour shown in
Fig. 15.4. As we make the circular contour go to infinity its contribution
vanishes, and by the result (15.11) the contribution from the upper and lower
lips of the cut can be written as an integral over Im f(E’). (This works
exactly as in the partial-wave case. Remember that fg,., is real.) Thus, we
arrive at the forward dispersion relation

(15.12)

r, IJ"” , Im f(E")
E)= orn I - dE' ———=
JE) =15 +§E—En+7ro E —E

The remarkable features of the forward dispersion relation are that:
(1) 1t is true quite independent of the details of the underlying interactions,
and (2) it often happens that all quantities involved can be measured or
calculated. If we let E move down to the physical region, the amplitude
S(E) becomes the physically measurable forward amplitude. The Born
amplitude can often be simply calculated, and in most practical problems the
number of bound states is small and the numbers I',, can either be calculated
or put in as parameters. Finally, and most important, the integrand of the
dispersion relation is the imaginary part of the forward amplitude (divided by

10 To prove the result this way we must first prove that the partial-wave series is convergent
in the neighborhood of the bound-state poles.
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E’ — E) which, according to the optical theorem, is

Im f(E) = -2 o(E)

where o(E) is the measureable total cross section.

If all of the quantities involved are either measured or calculated, then the
forward dispersion relation provides one with .a powerful consistency check.
If not all of the quantities are known, then the relation can be used to find
some or all of the unknowns. An interesting example of this type of applica-
tion is in the scattering of electrons off hydrogen. Here there is just one bound
state (the H- ion) and so, for the particular case of zero energy, where the
amplitude is minus the scattering length, (15.12) reads

P

a = agory + ELO — é J; dp o(p) (15.13)
In 1960 it happened that there were two conflicting measurements of the
e-H cross section o(p). Since approximate values of the scattering lengths
and residue I could be calculated, while the energy E, was known, it was
possible to insert the various data into (15.13) and to use the forward dis-
persion relation to pick out the correct set of measurements. In high-energy
physics, forward dispersion relations for pion-nucleon scattering have been
used to determine the 7-N coupling constant, whose square is the residue
at the one pole in this problem.

15-c. Nonforward Dispersion Relations

For several years it has been hoped that one could construct a theory of
relativistic scattering based on dispersion relations; and to this end it is
essential to have relations more general than the forward dispersion relation
(15.12). In particular, if one is to be able to calculate the amplitude f(E, 6)
for arbitrary E and 0, one must obviously have a relation for the nonforward
amplitude. This immediately poses a problem concerning.the choice of
independent variables.

Until now we have written the amplitude as f(E, 6), regarding E and 6 as
the two independent variables. However, we could equally well have written
it as f(E, g), for example, and thought of it as a function of E and the mo-
mentum transfer g. If we now wish to discuss the analytic properties of f,

11 The real e-H problem is complicated by the fact that the particles have spin and the
target is itself a two-body system. Nonetheless, the amplitudes are still believed to satisfy
forward dispersion relations and the essential features of their use are illustrated by our
simplified account (see Krall and Gerjuoy, 1960).
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then it makes a real difference which variables we take to be independent.
To understand this we can consider the Born approximation:
3 .
Seorn = — — | rdrsin grV(r) = function of ¢q (15.14)
q Jo
If we considerfas a function of the two variables E and ¢, then the Born

approximation is independent of E; and fg,, is obviously analytic in E.
If, however, we treat f as a function of E and 0, then,

SBorn = function of |:2(2mE)% sin g:l
that is, as a function of E and 0, fp,., is not independent of E, and to prove
that it is analytic in E would require a detailed examination of the integral
(15.14).

This simple example would seem to indicate that the best choice of inde-
pendent variables would be the energy E and momentum transfer ¢; this
conclusion is essentially correct. In fact, the most convenient variables for
most purposes are E and g2, the principal reason being that in relativistic
processes E and ¢ are intimately related by the process of “crossing’’ men-
tioned earlier. Accordingly we consider the amplitude as a function f(E, ¢?)
of E and ¢* and examine first its analytic properties as a function of E with
g* fixed. For the special case that ¢* = 0 we have already shown that
S (E, ¢%) is analytic in E and satisfies the forward dispersion relation (15.12).
To establish corresponding results for g2 3 0 it turns out that one must make
more restrictive assumptions on the potential. To be definite we consider a
Yukawa
e

Viry=v»
r
(although the results we shall quote also hold for sums or even integrals of
Yukawas). In this case, an analysis quite similar to that of the preceding
section shows that, for any fixed ¢ with 0 < ¢% < 442, the amplitude f(E, g%
has the same analytic properties as for g2 = 0, is real for E < 0, and tends to
SBorn a8 E— co. Therefore, it satisfies the nonforward dispersion relation:

2ym I',P,(cos 6)
27’ 2+z l(

f(E, ¢ = —
1 (.. Imf(E q°)
' WL o PP

where the first term is just the Born approximation for the Yukawa po-
tential and the angle 6 is defined by cos 0 = 1 — ¢%/4mE.
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The methods of the last section establish the relation (15.15) for!? 0
q® < 4u®. However, using the techniques described in the next section the
relation can be continued to all ¢%; thus, the amplitude for a Yukawa
potential satisfies the nonforward dispersion relation (15.15) for any fixed
g% with 0 < g% < oo0.

Disappointingly, the nonforward dispersion relation with ¢* s 0 proves
much less useful than its forward equivalent. In the first place, we cannot
use the optical theorem to replace Im f(E’, ¢%) by the experimentally measur-
able total cross section, as we could in the case g* = 0. Second, the amplitude
that appears in the integrand is not even the physical amplitude, even though
it has E’ real. The point is that the integral runs from E’ = 0 to co with ¢?
fixed. For any given physical energy E the possible values of the momentum
transfer are limited to

0<¢q2 < 4p®> =8mE

. thus, for any given momentum transfer, the physical energy E must satisfy

q2

 LE< o

8m
Thus, that part of the integral (15.15) that runs from 0 to ¢%/8m involves not
the physical amplitude, but rather its analytic continuation to unphysical
energies.

It is because of these difficulties that we must examine the properties of
f(E, ¢%) as an analytic function of E and ¢* and establish the “double dis-
persion relation’ known as the Mandelstam representation. Before we do
this, however, there is an apparent contradiction that deserves comment.

We saw that the partial-wave amplitudes f;(E) for a Yukawa potential are
analytic except at: (1) a right-hand branch cut for 0 < E < <o, (2) bound-
state poles, and (3) a left-hand cut for — 0 < E < —u?/8m. We have now
seen that the full amplitude f(E, ¢%) is, for each fixed ¢2, analytic in E with a
right-hand cut and with bound-state poles, but with no left-hand cut. Since

f(E,q®) =3 (2 + 1)f(E)P,(cos 0) . (15.16)

the question naturally arises how the left-hand branch points that are
present in all of the f,(E) can fail to appear in f(E, ¢%).

‘Mathematically, the answer to this question is straightforward. The
series (15.16) converges for physical values of E; it also converges when E is
continued away from the real axis to some parts of the complex plane.
However, the series diverges as soon as we move E to the neighborhood of the
left-hand cut. As soon as any series diverges, the analytic properties of its

12 See Newton (1966) Section 10.3.2, or Go]dbérger and Watson (1964) Section 10.3.
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sum cease to bear any resemblance to those of its individual terms.** Thus,
from the mathematical point of view we can simply say that since the partial-
wave series (15.16) diverges for E on the left-hand cut, there is no reason why
the left-hand singularities of the f;(E) should communicate themselves to
f(E, ¢®—and, in fact, they do not.

Nonetheless, the fact that the left-hand singularities of the partial-wave
amplitudes do all cancel out of the full amplitude is an important result. We
can look at the result the other way round and examine how it is that a full
amplitude f (E, ¢®, which has no left-hand cut, can give a partial-wave
amplitude that does. To see this we recall that

5® =1 d=PosE ) (15.17)

where z = cos 8 = 1 — g?/4mE. 1f we consider, in particular, the s-wave
amplitude and suppose that the Yukawa is sufficiently weak to be treated in
Born approximation, then

2ym 2ym
= - — = — 15.18)
f fBorn qu + q2 qu + 4mE(1 _ z) (
and hence, .
1 . 2
; ym e i
Ey=—| d _r ln(——)
JoE) f—l i ut +4mE(t —2) 4E \u® 4+ 8mE

which has the expected branch point at £ = —u?/8m. Thus, while the full
amplitude (15.18) has no branch points, the partial-wave amplitude does.
This illustrates (what is, in fact, true of all partial waves) that the left-hand
branch cut is introduced into the partial-wave amplitude in the process of
making the projection (15.17).

15-d. The Mandelstam Representation

For the reasons already mentioned, the nonforward dispersion relation is
not enough to set up a calculational scheme based on the analytic properties of
f(E, ¢°. To this end one is led to examine the properties of f(E, g% as an
analytic function of the two complex variables E and g*. The first step in doing
this is to examine f (E, ¢?) as a function of ¢ with E fixed and real. This prob-
lem was first considered by Lehmann, who established analyticity for ¢ inside
a certain ellipse, now called the Lehmann ellipse. This result was subsequently
extended to show that for a Yukawa potential FE, ¢®) = f— faom is

13 Consider, for example, the function z/(z — 1), which can be expanded in the series

o z—™. This series is convergent for Jz| > 1 but divergent for |z| < 1. Thus, th<.= fact
that every term in the series has a singularity at z = 0 implies nothing about the original
function, which is in fact analytic at z = 0.
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analytic in the whole plane of ¢? except for a cut for — o0 < * < —4ut.
(Notice that in this case the cut {—o0 < g% < —4u?} is completely disjoint
from the physical region {0 < ¢% < 0}.) This result can be proved in various
ways, of which perhaps the most satisfactory is that of Regge—which we shall
describe in Section 15-g. The attractive feature of Regge’s method is that it
also determines the behavior of f(E, %) as g> — oo. Specifically, we shall see
that f(E, ¢%) is bounded by some power of ¢2

S(E, 4") = O(g*y C@5.19)

as ¢> — oo in any direction, and for all values of E. In particular, for certain
potentials (a necessary condition is that the potential have no bound states)
the power a is, negative; in this case f' (E, g% goes to zero as g* — oo in any
direction. Anticipating these results, we can now establish the properties of
Sf(E, ¢ as a function of E and ¢*.

We already know that for fixed real ¢* the amplitude f(E, ¢%) satisfies the
nonforward dispersion relation (15.15), which we write, for the case of no
bound states, as:

2ym 1 [* dE
E, ¢*) = — —
JE D) @ +u: 2mido EE—E
N X [f(E' + i0, ¢°) — f(E' — i0, 4®)] (15.20)

We recall that the methods described so far prove this relation only for
0 < 4% < 4u®. However, we shall now see how it can be extended to all q°.

Examining the integrand of (15.20) we note that for fixed E’ each of the
terms is analytic in the plane of ¢%, cut from — oo to —4u2.4 This suggests
that we could now write the integrand itself as a dispersion integral in ¢2.
In particular, if we consider the case that the power a in (15.19) is negative
and f(E, ¢*) >0 as ¢* — oo, we can immediately write down the required
dispersion relation:

T Jw ql2 — q2

1 ’ . ’ . 1 —4“2 2 ’

G UE +0,.6) =1 — 0, =1 [ 4w g asan
Here the function p(E’, ¢'*)—called the double spectral function—is just the
discontinuity across the g2 cut of the term in brackets on the left. Clearly,
p(E’, q'*) is defined only for 0 < E’ < o0 and —o0 < ¢'2 < —4u? and is
real.

! There is also a pole at g = — 2 coming from the Born term —2ym/(g% + 2. However,
this cancels out of the integrand and so need not concern us. '
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states

FIGURE 15.5. The amplitude f(E,¢?%) for a single Yukawa is analytic in the product
of the cut planes of E and 4% ‘

Combining (15.20) and (15.21) we immediately arrive at the double
dispersion relation or Mandelstam representation

2

zym 1 J-ao dEI J‘—4u dqrz ,

E, ¢% = — - E', q* 15.22
f(q) q2+lu2+ﬂ_20El_E — qIZ_qZP( q) ( )

Since the nonforward dispersion relation (15.20) was originally proved only
for 0 < ¢% < 4yt the relation (15.22) is a priori true only for the same values
of ¢>. However, a moment’s inspection should convince the reader that the
integral (15.22) is analytic in g% for all g% (except on the cut —oo < g2 <
—44?), and consequently it defines the unique analytic continuation of
J(E, ¢® for all values of g% Therefore, we see that the physical amplitude
Sf(E, ¢%) can be analytically continued throughout the complex planes of E
and ¢ except for the cuts {0 < E < o} and {— o < ¢% < —44?%} and the
Born pole at g2 = —pu? (see Fig. 15.5). Its value f(E, ¢%) for arbitrary E
and 4% (real or complex) is given by the Mandelstam representation in terms
of the one real function p(E’, ¢'%) [plus the Born term —2ym/[(¢® + u?)].
The Mandelstam representation as given in (15.22) applies to a Yukawa
potential that'has no bound states and for which f (E, ¢%) = O(¢%)" as ¢* > «©
with a negative. It develops that if there are bound states, then the number «
is certainly greater than zero, and the Mandelstam representation is therefore
modified in two ways. First, there are bound state poles. Second, f(E, ¢%)
does not go to zero as g* — co and our usual method of deriving a dispersion
relation does not work. What we can do instead is to apply our usual method
to the function f (E, ¢?)/(¢®™ with m any integer greater than «. This function
goes to zero as g2 — co and its only disagreeable feature is an m-fold pole at

18 If E is physical and we continue in ¢ to physical values g% > 4u?, then we do recover the
physical amplitude, since we already know that f(E, ¢ is analytic for E physical and all
4% and the process of analytic continuation is unique.
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the origin. This introduces extra terms into the dispersion relation, which
can easily be evaluated using the standard result:

§5dz g@) _ Zz(d_g) |
2?1 pl \dz%/e0

In this way we can write a dispersion relation in g2, which is then substituted
into the nonforward dispersion relation to give what is called the Mandelstam
representation with m subtractions'®

2ym

- +
q* + p° 2

m—1 1 © d Er
+ 2y — f Tvl E’
vgo(q) m7Jo E — E ( )
+ (qz)mfoo dE’ J‘—dp2 dqrz P(E/, qlz)
‘172 o EE — EJ_w q12 — qZ (qIZ)m
Here the poles at E = E,, are the familiar bound-state poles and the terms in
(g%’ come from the multiple pole at g> = 0 just discussed (see Problem
15.2).

The importance of the Mandelstam representation in relativistic scattering
can be sketched as follows: In nonrelativistic scattering the underlying
dynamical equation, from which everything (including the Mandelstam
representation) is derived, is of course the Schrodinger equation. However,
in relativistic scattering it is not at ali clear that the Schrédinger equation has
any simple counterpart, and probably the single most important problem is in
fact to discover the fundamental dynamical principles. Under these circum-
stances it is very interesting to note that:

TP, (cos 6)
E—E,

f(E, ") =

(15.23)

(1) In nonrelativistic two-particle scattering the Mandelstam representa-
tion can actually replace the Schrodinger equation as the basic calcula-
tional tool. Specifically, we shall see that if the potential is known then
one can calculate f(E, ¢%) using just the fact that it is given by the
Mandelstam representation and satisfies unitarity.

(2) There is reason to think that relativistic amplitudes should satisfy the
Mandelstam representation or something quite like it.

These two facts suggest that it might be possible to construct a relativistic
dynamics (or at least a prescription for calculation) based on analyticity of

16 The origin of this curious name is this: If the “‘unsubtracted” form (15.22) converges,
then we can use it to write down f(E, ¢%) — f(E, 0), and the result has exactly the “‘once-
substracted”” form (15.23) with m = 1; that is, the “subtracted’’ dispersion relation is
obtained from the “unsubtracted”’ relation by subtraction. This derivation only makes
sense if the ‘“‘unsubtracted’ relation converges.
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the amplitudes (as expressed by the Mandelstam representation) Plus
unitarity. During the last 10 or 15 years this possibility has been the sgb]ect
of extensive, and sometimes fruitful, research under the general heading of
analytic S-matrix theory. ‘ .

The method by which amplitudes can be calculated using thfe Mandelstam
representation and unitarity is very cumbersome‘a.nd' is certainly not to be
regarded as a practical technique in the nonrelativistic context. I.ts impor-
tance is to establish that (in principle at least) analyticity and unitarity do
determine the amplitudes in terms of the potential. Here we shall just sketch
the method for the case that there are no bound states and that no subtrac-
tions are needed. First, we note that the Born amplitude is just the Fourier
transform of the potential; thus, knowledge of V is equivalent to knowledge
of forn, and we shall take fgom as our given input. Next, we note that
unitarity of S implies that (for a spherical potential):

PIRIp* + @R P = —J.d‘*p”(p”l RIpY*P'IRIP)

and, hence, for the amplitude

@ < p =L j dQ,f(p" < p'Y'f (@ < P)

_a result sometimes called the generalized optical theorem. 1If this equation
is substituted into the Mandelstam representation (15.22), then some lengthy
algebra leads to an equation for the double spectral function p(E, g% as an
integral involving the Born term and the double spectral function itself. The
important property of this integral is that it gives p(E, ¢*) for any given E
and ¢? exclusively in terms of its values for smaller (absolute) values of 42
Specifically, for —9u? < g% < —4u? it gives p(E, ¢°) in terms of the kn'own
foorn Only; this means we can calculate p(E, ¢°) in this range by a single
integration. In the interval —16p% < g2 < —9u? the integral gives p(E; ¢
in terms of fp.r plus the values of p in the first interval —9u® < ¢* < —4u?,
which we have now calculated. Thus, a second integration determines p in
the second interval. This procedure continues and lets us calculate p(E, ¢°)
for any finite values of E and ¢? by some finite number of integrations.

We see that the Mandelstam representation and unitarity let us determine
the double spectral function starting from the known Born term (or equ.iva-
Jently, the potential). Finally, we can insert the double spectral function into
the Mandelstam representation and determine the amplitude itself. Thus, in
nonrelativistic scattering at least, the Mandelstam representation and
unitarity allow calculation of the scattering amplitude and could therefore
replace the Schrédinger equation as our basic dynamical principle.
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Relativistic scattering amplitudes - certainly satisfy a unitarity equation.
Thus, if they also satisfy the Mandelstam representation, and if one could
find some way to obtain the Born amplitude as input (which one certainly can
in some cases), then the analysis just sketched suggests that analyticity plus
unitarity might indeed form the basis of a relativistic dynamics, which could
be used to compute scattering amplitudes. This is the hope that has inspired
much of the tremendous theoretical effort expended on the study of analytic
properties during the past 10 or 15 years.

It must be admitted that the Mandelstam representation has not entirely
justified the more optimistic claims made on its behalf in its early days.
First, a tremendous theoretical effort has failed to prove the representation
within the framework of relativistic quantum field theory. This is perhaps
not so serious if one remembers that the representation was intended (per-
haps) to replace the more conventional dynamical principles; thus, the
Tepresentation, or something like it, might be correct even if it cannot be
proved in quantum field theory. However, there is also considerable internal
evidence that the form of the representation must be much more complicated
than either (15.22) or (15.23). In particular, in relativistic problems one
must always take into account inelastic processes that lead to the production
of more than two particles, and these enormously complicate the problem.
While some progress has been made in handling multiparticle processes, there
is still much about them that is not well understood. Thus, for all the prog-
ress that has been made in this field (much reinforced by the methods of
complex angular momenta described in the next three sections), there is still
no conclusive evidence that the Mandelstam representation, or some more
complicated equivalent, together with unitarity could actually provide a
self contained dynamical system. '

Nonetheless, it seems clear that much of the physical content of these ideas
is correct, and they have undoubtedly provided one of the most powerful
approaches to the handling of relativistic scattering amplitudes. Certainly
a familiarity with these ideas is a prerequisite for an understanding of most
of the current literature of high-energy physics.

15-e. Complex Angular Momenta

Our final example of the use of analytic functions in scattering theory is the
method of complex angular momenta. This method was originally developed
by Regge, after whom the whole subject is often called Regge theory. The
method centers on the analytic properties of the partial-wave amplitude as a
function of energy and angular momentum.

We first remark that in the context of the nonrelativistic Schrédinger
equation it is a simple matter to let / become a complex variable. Recall
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that the partial-wave amplitude is determined by the radial equation

2
=T v+l =0
ar? r?
Nothing in this equation requires that / be a positive integer (this requi'rement
comes from the properties of the spherical harmonics). We can certainly let
[ be an arbitrary complex variable and then study the solutions of the equa-
tion as analytic functions of /. This procedure is, of course, exactly analogous
to what was done with the variable p in Chapter 12 and, in fact, all of the same
techniques apply. Thus, it is a simple matter to show th.at for any pot‘entlz«:ll
satisfying our usual conditions there is a regular solution </>l‘,,,(‘r) which is
analytic for all p and all / in the half plane {Re / > —12}. Similarly, there
is a Jost function /,(p) that is analytic in the regions {Imp > 0} and
{Re !> —Y5}. The restriction of / to {Rel >, —14} is exactly analogous to
that of p to {Im p > 0}.17 If we make more restrictive assumptions on the po-
tential it is possible to continue Z,(p) to the left into {Re / < —14}, just as we
have frequently continued p down into {Im p < 0}. However, in the case of
I such a continuation is of little interest and we shall not discuss it any further.
We shall wish to continue p into its lower half plane, and for this reason we
shall restrict most of our discussion to Yukawa potentials, for which the
Jost function is analytic in {Re / > —14} and the whole of the p plane except
for the usual cut. The proof of these assertions is so similar to the analysis of
Chapter 12 that we shall not give it here.!® . .

The extension of / to be a complex (or at least a continuous) variable is
also a very natural thing to do and would certainly be expected to yield u.seful
information. The point is that in our study of the partial-wave ampllFude
we have so far always focussed attention on one single value of / at a time.
We have nowhere exploited the fact that all partial waves are determlned
by one and the same potential. In fact, it should be clear that so far we could
just as well have used a different potential V,(r) for each value of /. Obviously,
the fact that there is really just one potential that determines all partia'l waves
is likely to have important consequences. For example, if we consider an

17 The value —14 in the condition Re / > —14 occurs as follows. The two independent
solutions of the radial equation go like r*+! and 1/r! as r — 0 and therefore exchange
roles on the line Re / = —14. It follows that the definition of ¢ as the solution that behaves
like r¥+1 breaks down to the left of this same line. To extend ¢ to the left of this line requires
some procedure for analytic continuation; and this in turn requires additional assumptions
on the potential. .

18 There is one small complication: Since j,(pr) has a factor of p**, it has a branch point at
p = 0 when [ is nonintegral. The same is true of » and 2= and, hence, of the Jost funqtion
[see Newton, 1964, Eq. (5-10)]. This “kinematic’’ branch point for unphy51.cal I sometimes
needs careful handling but will not cause any trouble in the applications discussed here.
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s-wave bound state of some potential, and if we imagine / to move con-
tinuously away from zero, then we should be able to follow the corresponding
solution of the radial equation. When / reaches the value / = 1, this solution
will correspond to an / = 1 bound state of the same potential (provided the
energy is still negative). If we then move / on to / = 2 we will arrive at the
corresponding / = 2 bound state (provided, again, the energy is still nega-
tive), and so on. In this way we should be able to group the bound states of
any potential into families, such that all of the states in each family corre-
spond to the “same” solution. We shall see in the next section that such
families—known as Regge trajectories—do indeed exist.

There are several simple (but nonetheless useful) results which we can prove
as soon as we let / become complex. We begin our quantitative discussion
with some examples of these.

Since the Jost function /i(p) is analytic in / and p, the same is true of the S
matrix s,(p) = [£,.(p*)1*//(p), except at those points where /,(p) = 0. In
particular, if / and p are real then (as before) /)(p) cannot vanish and
[s,(P)] = 1, which means that we can define a phase shift ,(p) given by

si(p) = exp[2id,(p)]

and 6,(p) is then analytic (and a fortiori continuous) for all positive real /
and p.

Having defined §,(p) as an analytic function of / we can discuss its deriva-
tive. Starting with the radial equation for ¢ and differentiating with respect
to / we find that, as the reader should check (Problem 15.3),

£0(s2)-cran

“and hence, that

0J «© © 2

[W(dn j)] =2l + I)J~ dri;— >0 [land preal] = (15.24)
ol/ o o 7 (

The Wronskian in question is zero at r = 0 and can be evaluated at r =

using the known asymptotic form of é. Remembering that ¢ = |£|e~* we

get the result

o T aal)
T_% 5o
P17 (2 %) >
or
06,
— — 15.25)
ol < 2 ' (
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This result shows that no physical phase shift d,,,(p) can exceed the next
jower phase shift 4,(p) by more than =/2,

8,4(p) < 8(p) + 21 _ (15.26)

This has several interesting consequences. For example, the reader will
recall that according to Levinson’s theorem the number of bound states of
angular momentum / is given by

_ %0

=
m

Thus, by (15.26),
. ny <ng+ ¥

or, since both n,,, and n; are integers,

ma<n

That. is, the number of bound states with angular momentum / + 1 can
never exceed the number with angular momentum /.

Now is also a convenient time to discuss our first rigorous result concern-
ing the phase shifts for large /. It can be shown that for any potential satisfy-
ing our usual assumptions (p. 191) the amplitude satisfies'®

Ipfil = Isin 8y(p)| < % [ large, all p] (15.27)

where « is some constant independent of / and p. Thus, as / — o, each
d,(p) approaches some integral multiple of , for any fixed p. Furthermore,
according to (15.27) we can choose [ large enough so that |sin d,(p)] < Ve
(say) for all p; thus, since 8,(p) is continuous it must be close to the same
integral multiple of 7, whatever the value of p. We already know [see (11.38)]
that for large p, 8,(p) is close to O (not just n7r); and it therefore follows that
the limit of 6,(p) as / — oo is also O (not just nw). That is, having adjusted
the phase shift to go to zero as p — oo, we find that it also goes to zero as
| — oo.

19 T have not found a proof of this result in the published literature. However, the interested
reader will have no difficulty constructing a proof from standard results. 'For example, the
bound given at the bottom of p. 85 of Alfaro and Regge (1965), combined with the obvious
bound |U(r)] < constant/r? gives for large I, |sin &,| < constant § dp J1(p)p? < constant/!
where the last inequality is obtained by explicit integration [see Alfaro and Regge, 1965,
p. 191, Eq. (D.4)].
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] Ipl
“ H 15-f. Regge Poles plane
| | . ) . N |
{‘ ﬂf hThe p a_rtlal-wave amphtudefl(E? is analytic in / and E except for poles at s
‘ ‘ ’ t'ose pomt§ where the Jost function [which we now call /,(E)] vanishes
Since f(E) is an analytic function of fwo variables, we can fook on its poles — |
| as poles in E whose positions depend on the value of I, or vice versa. For 1 5 3 4 5 6

Al those posi

! ‘(‘H Some purposes it is convenient to take the latter view; that is, to focus atten-
tion on a deﬁmte.valu'e of E and look for the poles of J(E) as a function of /.

When looked at in this way the poles of f(E) are called Regge poles.? For

FIGURE 15.6. Typical Regge trajectory for a Yukawa potential.

\ : ?
‘,‘ ‘I :':1 given value of E they will be located at points [ = «,(E), as(E), . . . and or, when integrated from 0 to oo
“ \ H lffv;’e Ei“l;n let1 E vary continuously each a,(E) will trace out a locus in the plane .
B Tl of /. es i . . © ©
} M € loci are called Regge trajectories. Qa + 1) f;% L dr &= m L drg?

| Now let us focus attention on negative real values of E. In this case it is
W ‘H i easily seen (see Problem 15.4) that the poles of Ji(E) must occur at real values
| | of I; thatis, the Regge poles a,(E) must be real. In particular, let us suppose
| ‘r”‘hw that for some E, < 0 there is an s-wave bound state. This means that the
] s-wave Jost function /y(E,) is zero, and hence, in our new terminology, that
J{E,) has a Regge pole at / = 0. Let us label this pole I = a(F) anél ask ‘
what hgppens as we move E away from E,. In particular, we shall increase
“ E, moving to the right along the real axis, and we now show. that the Regge
! [‘ Pole at [ = a(E) moves to the right along the real / axis. We do this by show-
’ ing that the derivative du/dE is always positive.
I ‘Hl “\“ lIf ‘fhe Jost functiqn FUE) is zero at | = oc(E') with E < 0 then the regular
‘r ‘K‘ :“/‘ . solution ¢, z(r) vanishes as r~ 0and oo and is square integrable. Now, we
Bt ‘ know that ¢ satisfies the radial equation

This establishes the required result that do/dE > 0.
If we return to our Regge pole at / = «(E,) = 0 and start increasing E,
then we now know that «(E) starts increasing from / = 0 towards / = 1.
Now for all E (less than 0) the zero of /(E) at / = «(E) implies that there is a
normalizable solution of the radial equation. As «(E) moves from 0 to 1
this does not have any physical significance. However, when «(E) reaches the
point / = 1 (provided it does so while E is still negative) the zero of /,(E)
implies a pole of the p-wave amplitude and the solution of the Schrédinger
equation is a bona fide p-wave bound state. Thus, the same pole that began
! at !/ = 0, E = E, as an s-wave bound state has become a p-wave bound state

i at/ =1 and E = E,, say.

If we continue to move E to the right, we will continue to encounter bound
states as a(E) passes through the points / =2, 3, ... until eventually the

|y [£-detD_ _ | |
’1‘1 H | dr? r v + szJ be.(r) =0 (15.28) energy reaches the threshold E = 0. If we move E to the right of threshold
l i i Differentiating with respect to E we find: t[hen ‘fhe zero of /(E)at I = «(E) cannot remain on the real axis. In fact, it
il )\ is easily §hown (see Problem 15.4) that‘lf we move E along the upper edge of
|l [--] 9% (Zoc + 1da 5 ' the physical cut, then «(£) moves up into the complex plane. An example
(i m OF 2 dE m) $=0 1of a Re}glge traji;tory th.’;lt de?’ﬁnes‘,:l f:ur bl?und stalt:es (l1 5=60, 1,2, 3) and then
IR . . . o eaves the axis between / = 3 and 4 is shown in Fig. 15.6.
i | ‘\ Fi‘c[);t?le ;1 ZISI;)uLt:Ellty tll}lzegu%tlo; by ¢ and subtract from it the original equa- Once the Regge trajectory a(E) leaves the real axis it no longer passes
L f{ ' iplied by 0$/0E. This gives through the integers and cannot lead to bound states. However, as long as it
- ! ‘ ’ d o 20 + 1 da remains close to the axis it defines a resonance each time its real part, Re «(E),
w J K dr W(‘?S’ 3—E) - ( 2 dE Zm) =0 passes through an integer. - To see this let us suppose f,(E) has a pole at
! ‘ y E = E, and ! = a(E,;) with a(E,) close to some integer /in,. If we move /
| “‘ ‘ the short distance to /;,, the pole must move to some point E; close to E,.
\ H‘ question of point of view. Here we fix E and discuss the poles in /, there we fixed / and dis- Since /iy is real the pole at E; must be on the unphysical sheet and is there-

cussed poles in E. 1In either case one is really just seeking values of ! and E for which fore a resonance in the partial wave of angular momentum /;,,. The tra-

!

’ 20 The difference between Regge poles and the poles discussed in Chapter 12 is only a
E)=0. j in Fi

/ ZAE)=0 jectory shown in Fig. 15.6 has two such resonances, at / = 4 and 5.

|

|
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As E increases, the Regge trajectories will in general move away from the
real axis and cease to be physically observable. As E — 400, the behavior
of the trajectories depends on the details of the potential. For example, the
trajectories of a square well move off to infinity as E — + co. Fora Yukawa,
or suitable superposition of Yukawas, it can be shown (see Newton, 1966,
p- 411) that the real part of any trajectory satisfies

Rea(E) < constant — 1

(15.29)
Thus, as E — + co the trajectories have to turn back and eventually disappear
into the left half plane. This is the behavior illustrated in Fig. 15.6.

We conclude that all of the bound states and resonances of a potential can
be divided into families. Each family contains all of the states on a single
Regge trajectory and all members of a family are, in this sense, manifesta-
tions of a single physical phenomenon. A familiar example of this is provided
by the electron-proton system (i.e., hydrogen), which has infinitely many
Regge trajectories, the first of which contains the states 1s, 2p, 3d, . . . , the
next 2s, 3p, 4d, . . . , and so on. This example is inevitably atypical since the
Coulomb potential has infinitely many bound states, and no resonances.
(The trajectories have all reached / = + oo by the time E gets to threshold.)
With short range potentials there are generally only a finite number of tra-
jectories (in the physically relevant region Re / > 0, at least); and, in general,
a trajectory will define some bound states and some resonances.

It is an attractive idea that a similar analysis might be applied in relativistic
scattering, and that all of the relativistic “bound states” or “particles” can
be classified according to the Regge trajectories on which they lie. In fact,
there is reasonably strong evidence that this is the case, and tentative assign-
ments of the particles to trajectories have been made. However, it should also
be said that the situation in relativistic scattering is considerably more com-
plicated. In particular, for reasons too involved to discuss here, relativistic
Regge trajectories would define physically observable particles only at
alternate integral values of /.

15-g. The Watson Transform

The Partial-Wave Series and the Lehmann Ellipses. One of the most fruitful
applications of Regge theory is in the study of analytic and asymptotic prop-
erties of the full amplitude f(E, ¢?) as a function of the squared momentum
transfer g°. The starting point is, of course, the partial-wave series, which
relates the full and partial amplitudes,

fE, ¢ =2 (2 + 1)f (E)P(cos 6) (15.30)
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with ¢% = 2p?(1 — cos 0) and E = p?2m. It can be shown that for any

potential satisfying our usual conditions®!

M [1 large, all E > 0]

LA(E) <
for some € > 0. Since the Legendre polynomials satisfy [P,| < 1 for all
physical 0, it immediately follows that the physical partial-wave series is
convergent for all such potentials.

If we now try to continue (15.30) to complex values of ¢* (and hence com-
plex cos ) we find that P;(cos 6) grows exponentially as / — co. Specifically,
the behavior of P,(cos ) is indicated by the bound?2

|P,(cos 6)] < n(B)eltm ol (15.31)

where the precise form of the function () need not concern us here. Since
P,(cos 0) grows exponentially as / — co, the partial-wave series converges
only if the amplitude diminishes exponentially. For arbitrary potentials this
is unfortunately not the case. However, if we restrict attention to Yukawa
potentials [or any potential satisfying |V| < constant exp(—ur)/r] then it
can be shown (see Alfaro and Regge, 1965, Section 8.4) that for physical E

IFAE)| < o(E)I e (15.32)

where ¢(E) is some function of E and the number « is given by

2

cosha=1+4 Lz (15.33)
2p

Inserting the two bounds (15.31) and (15.32) into the partial-wave series we
find that (for physical E)

|f(E, ¢%)| < constant 7(8)o(E) ; etItm ol-ak

which is obviously convergent whenever [Im 0] < «. Since the partial-wave
series is a series of polynomials in cos 0, each term is analytic in cos 6. It
follows that the series defines f(E, 4%) as an analytic function of cos 0 every-
where in the region defined by

[Im 0] < «

It is a straightforward exercise (see Problem 15.5) to show that this condition
confines cos 0 to an ellipse with foci at +1 and semi-major axis (1 + u2/2p?).

1 The argument is similar to that sketched in footnote® in Section 15-e but uses the bound
|U@r)| < constant/r3+.£
22 For this and other properties of Legendre functions see Erdelyi (1955) Vol. 1, Chapter 3.
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This ellipse is called the small Lehmann ellipse and is shown in Fig. 15.7,
part (a).

If f(E, ¢%) is analytic in cos # with E fixed, it follows at once that it is
analytic in ¢* = 2p*(1 — cos 0), and the region of analyticity in terms of ¢
is the ellipse shown in Fig. 15.7 part (b). Notice that the Born pole fgor, =

—2ym[(q® + u?) is located at ¢* = —u? on the boundary of this ellipse, and -

is, in fact, the reason that the ellipse cannot be enlarged.

cos 8 plane g2 plane
-1 +1 —u2 /

4p2
u? 402 + 2
45 B o{n\ p? +
Physical region pole . Physical region

=1<cosf<1 0 £ g2 < 4p2
@ ()

FIGURE 15.7. (a) For a Yukawa potential the partial-wave series defines f as an
analytic function of cos 0 in the small Lehmann Ellipse. (b) The corresponding
ellipse when f is considered as a function of g2 = 2p*(1 — cos ).

If we consider, instead off, the difference f = f — fBorm it can be shown that
F(E) satisfies a bound like (15.32) and (15.33) but with x replaced by 2u.2
This means that f is analytic in larger ellipses—called the large Lehmann
ellipses—obtained from those of Fig. 15.7 by replacing u with 24.

The Watson Transform. To continue beyond the Lehmann ellipses we
introduce the techniques of complex angular momenta. We first replace the
partial-wave series by a cunningly chosen integral:

Q1+ VD f(E)YP(—cos 8)
sin ol

B, g =+ f¥ dl (15.34)
2iJ e

where the contour C is shown in Fig. 15.8 part (a), and encircles all of the
positive integers. In this integral f,(E) is now the partial-wave amplitude
analytically continued to complex /; the function P,(z) is the Legendre func-
tion of degree /, which is entire in / and analytic in z except on a cut
{—o <z < —1} It will be seen that the denominator sin =/ has been in-
geniously chosen to give poles at all integers and the argument of P, has been
changed to —cos 6 to compensate for the alternating sign of sin /.

23 The proof is similar to that of (15.32) (see Alfaro and Regge, 1965, Section 8.4). Strictly
speaking, one can only replace 4 by 2 — € with € arbitrarily small; however, this implies
the same region of analyticity.
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The integral (15.34) is convergent in the same region as the Rartial-wave
series from which it was derived; namely, the smal.l Lehmann ?lllpse.‘ How-
ever, we can now distort the contour of integration to obtain an Vlntegral
that is convergent in some larger region. Specfiﬁcally, We can open up the
contour as shown in Fig. 15.8, part (b), until it runs doyvn the line Re! =
—14. When we distort the contour in this way two points need attention.
First, the integral should include two large quarter circles. However, it can

 plane I plane

a(E)~

@ ®

FIGURE 15.8. The two contours used in connection with the Watson transformation.

be shown that, for a Yukawa potential, f(E)—0as|l| > o so fast that these
quarter circles do not contribute (see Newton, 196.4, Chapter 6): Second,
the integrand has poles (Regge poles) at various points | = «(E) in the first
quadrant. The fact that fy(E) >0 as |I| — oo guarantees that tl}ese poles are
finite in number. Thus, as the contour sweeps across them we pick up a finite
number of small loops, one around each pole as shown in Fig. 15.8, part (b).
The final result is

P—l(—-ios—e) + iﬂi(E)Pai(E)(—cos 0) (1535)

sin 7l i=1

T
JE = L,dz(zz + DAE)

where the f;(E) are just the residues of the integrand at the Regge poles
(with the P, factored out explicitly).

The passage from the integral of (15.34) to tha-t of (15:35) was used by
Watson and Sommerfeld in electromagnetic scattering and is thgrefore callfed
the Watson (or Sommerfeld-Watson) transform. Its advaqtage is that, while
the two expressions agree inside the small Lehmann ellipse, the new ex-
pression is actually convergent in a much larger region, a.nd therefore allows
continuation of f(E, ¢?) into this larger region. To see this, we ﬁrst_ note that
since P (2) is analytic in z except on a cut frorp — oo to —1, the finite sum of
Regge pole terms in (15.35) is certainly analytic except fora cut

{1 < cos B < oo}
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Concerning the integral we note that the term P,/sin =/ drops exponentially
asIm/— 4+ o0 -
Py(—cos 0)

< off l—’/z’ —IRe@Tmil
snal | SPOTe

v;'lhile it can be shown for a Yukawa potential (see Newton, 1964, Chapter 6)
that

B) < BN

(where the exact form of the functions p and » need not concern us). Thus
the integral in (15.35) is convergent for all cos 0 provided Re 0 7 0. Thé
condition Re 6 # 0 requires only that cos 0 avoid the line {1 < cos 0 < o0};
ax.ld the integral of (15.35) is therefore analytic except for 1 < cos 6 < co.
Since the same is true of the Regge-pole terms we conclude that the Watson
transform (15.35) defines f (E, ¢%) as an analytic function of cos 6 in the whole
plane except for the cut {1 < cos § < oo}.

In terms of the variable g% = 2p*(1 — cos 0), the Watson transform
d?ﬁnes S (E, ¢® as an analytic function of ¢2 except for a cut from 0 to — co.
Since we already know that f(E, ¢®) is analytic in the small Lehmann ellipse
of Fig. 15.7, part (b), we conclude that it is actually analytic in the union
of these two regions; specifically, the plane of ¢ cut in {— 0 < ¢ < —pu?}.
Finally, we know that the Born amplitude f3,,, = —2ym/(¢*> + u?) has a
pol_e at ¢* = —u?, while f — fg,.n is analytic in the large Lehmann ellipse.
This means that f — f3,,, is analytic in g? with the smaller cut

{—o <@ < —4p%
as anticipated in Section 15-d.

Asyn}ptotic Behavior. A remarkable feature of the Watson transform is
that it not only allows continuation of f(E, ¢%) in ¢?, but also determines its
asymptotic form as ¢ — co. The essential point is that as |z| — co the
Legendre function P,(z) goes as

Referring back to the Watson transform (15.35) we see that the integral along
the line Re/ = —1% (often called the “background integral’’) goes to zero
like (cos )~ as {cos §] — co. Each of the Regge pole terms behaves like
(cos )*. Thus, in terms of the variable ¢ = 2p*(1 — cos §), we find that:

f(E. ¢ v YE) g™ (15.36)

where ?‘(E) de.notes that Regge pole furthest to the right at the energy E.
In particular, if there are no Regge poles with Re « > 0, then f(E, ¢%) actu-
ally goes to zero as |g%| — oo. -
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The importance of the result (15.36) in the proof of g? dispersion rela-
tions should be clear. If there are no poles with Re o > 0, then we can write
an unsubtracted dispersion relation. If the potential has bound states, then
we know that (at least for some energies) there are trajectories in the right
half plane. Specifically, if /, is the highest angular momentum for which there
is a bound state, we know that there is at least one trajectory with Re a(E) >
I, for some E. Thus, as |¢?| —> o, the amplitude f(E,q? behaves like
(¢®) at least (and possibly much worse). In this case we can write a dis-
persion relation only for f/(¢*)™ where m is some integer greater than /o;
that is, whenever there are bound states one must write a subtracted dis-
persion relation, the number of subtractions needed being at least as great
as the angular momentum of the bound state with largest /.

To prove the Mandelstam representation it was necessary to write a ¢*
dispersion relation that was valid for all E > 0. This requires that the power
«(E) in (15.36) be less than some fixed o,y for all E. For a Yukawa po-
tential this is easily seen to be the case. The bound (15.29) guarantees the
result except in the immediate neighborhood of E = 0; but the result is
certainly true in the neighborhood of E = 0, since at any fixed E the poles are
finite in number. Thus, for the case of Yukawas we now have all the in-
formation needed to establish the Mandelstam representation. _

It should be clear that if the ideas of Regge theory carry over into rela-
tivistic scattering, they will provide a powerful tool in the exploitation of
analytic properties. In fact, their usefulness would be even greater than our
discussion so far would suggest. In nonrelativistic scattering the asymptotic
form,

S (B, @) 5= vENEY ™ (15.37)

has no direct physical significance since the limit g* — co with E fixed is
necessarily unphysical. However, in relativistic scattering there is (as we
have already mentioned) a close connection between the amplitude f for any
process @ + b — ¢ + d and that for the “crossed”” process a + ¢ —~b + d.
This connection can be approximately described as follows. In relativistic
scattering the amplitude is considered as a function f (s, ¢?) of the squared
total energy s (rather than E) and of ¢ The physical amplitude f{(s, ¢%) for
a + b—> ¢ + dis defined for s > 4mc® (assuming all particles have the same
mass m) and for g2 > 0. If we continue f(s, ¢*) analytically to the region
s < 0 and ¢2 < —4mc?, the resulting function is the physical amplitude for
the crossed process with squared energy —g* and momentum transfer —s.
Thus, if the limit (15.37) holds for a relativistic process a + b—>c+d
then it actually tells us the physical high-energy limit of the crossed process
a+é—~b+d
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As we have already indicated, there is fairly good evidence that the ideas of
Regge theory do carry over into relativistic scattering. However, there is also
‘evidence that the theory is considerably more complicated than its non-
relativistic counterpart. (For example, it appears that the relativistic ampli-
tude must have branch cuts, as well as poles, in the plane of ) The reader
who wishes to pursue these matters cannot do better than read the com-
prehensive monograph of Collins and Squires (1968).

PROBLEMS

bl

15.1. By taking E = 0 show that the forward dispersion relation (15.12)
implies the relation (15.13) for the s-wave scattering length

15.2. Assuming that f(E, ¢?) has all the necessary analytic properties and is
O(g®" where « is less than some integer m, derive the “m times subtracted”
Mandelstam representation (15.23).

15.3. Starting from the radial equation for ¢, ,(r) and the known form of
¢ asr —0and oo, prove that 4,/0! < =/2 [i.e., fill in the details of the argu-
ment leading to (15.25)].

15.4. (a) Suppose that the amplitude has a pole (or the Jost function a
zero) for some E < 0 and / = «(E) (with Re a > —18). Use the radial
equation to prove that Im «(« + 1) = 0 and hence that « is real.

(b) Show that if the amplitude has a pole for physical E (E > 0) and / =
a(E) then Im o > 0.

15.5. It was shown in Section 15-g that the partial-wave’ series defines
f(E, ¢®) (for a Yukawa) as an analytic function of cos 6 provided |Im 6] < «
where cosh « = 1 + u?/2p% Show that this condition confines cos 0 to the
interior of an ellipse (the small Lehmann ellipse) with fociat £1 and semi-
major axis 1 + u?/2p%.
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So far in this book we have discussed only processes in which two structure-
less particles undergo an elastic collision. It is now time to move on and
discuss collisions involving several particles (some of which may be composite
like atoms or nuclei) and including inelastic processes such as excitation and
disintegration. In fact, almost all processes of experimental interest do
include these complications. A typical example from atomic physics is the’
set of processes: '

. e+ H (elastic scattering)
e+ H—{e+ H* (excitation) (16.1)

e+ e+ p  (ionization or breakup)

(where H* denotes any of the excited states of hydrogen); or in nuclear
physics:

p+1C
p+¥C—(n+4 1N (charge exchange) (16.2)
+ %He + ®Be, etc.
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316 16. The Scattering Operator in Multichannel Scattering
or in particle physics: '
T + y 4
7+ p—>(K°+ A®- (16.3)
7 + 7+ 7 + p, etc.

Each of the different sets of final particles in each of these three examples is
called a channel (a term we shall define more precisely later), and for this
reason processes of this kind are called multichannel processes. .

An important simplifying feature common to the examples (16.1) and
(16.2) is that it is natural to regard the composite particles (the hydrogen
atom, the carbon nucleus, etc.) as being made up of certain elementary
constituents (electrons, protons, etc.) and that the numbers of these elemen-
tary constituents are conserved.! Thus, in the process (16.1) the constituents
are two electrons and one proton, and all of the channels contain these same
three particles. Similarly in (16.2) the basic constituents, which appear in all
channels, are seven protons and six neutrons. This feature—that one can

break down a process in terms of its basic, conserved constituents—is

normally characteristic of nonrelativistic processes. [It is not in general true
of relativistic processes like (16.3) or processes involving photons.] It
means that in discussing a nonrelativistic process with a given set of con-
stituent particles, we can consistently confine attention to those processes
involving just these constituents—which is even so a sufficiently formldable
task, as we shall see in the next six chapters.

In this chapter we shall cover that part of multichannel scattering that
corresponds to the material of Chapter 2 for the scattering of one particle;
that is, we set up a description of the collision process in terms of asymptotic
free states and define a unitary S operator that maps each in state onto the
corresponding out state.

Since the general discussion of multichannel scattering can become badly
obscured behind a cloud of notation, we shall for much of the chapter
confine attention to a simple specific three-particle model.

16-a. Channels

To illustrate the essential features of multichannel scattering we begin by
discussing a system of three spinless particles, a, b, ¢, which interact via

11 do not wish to suggest by this that there is any fundamental distinction between “‘ele-
mentary’’ and ‘‘composite’” particles. On the contrary, it is generally accepted that such a
distinction is meaningless. Nonetheless, in any given nonrelativistic problem we can usually
make a reasonable working distinction: A particle is elementary if it is satisfactorily
described by a single coordinate in the multiparticle wave function. Thus, in atomic
physics the “‘elementary’’ particles are usually electrons and nuclei; in low-energy nuclear
physics they are usually electrons, protons, and neutrons.
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TABLE 16.1 THE MODEL THREE-PARTICLE SYSTEM

Particles a, b, c
Bound States (bc), (bc)*, (ac)
(and possible bound states of all three particles) y

short-range two-body potentials. We shall suppose that the particles 5 and
¢ have two bound states, a ground state (bc) and an excited state (bc)*; that
a and ¢ have one bound state (ac); and that, apart from possible bound
states of all three particles, there are no other bound states. There are no
real particles with precisely these simple properties. Nonetheless, we can
think of @ and & as electrons (which are somehow distinguishable) and c as a
proton, in which case our system gives a crude model for electron-hydrogen
scattering. Or we can imagine a to be a proton, b a neutron, and ¢ some
stable nuclear ““core”” such as %Q; in this case the (bc) bound state is 170,
the (ac) state is 1’F, and we have a simple model for the scattering of protons
off 70. We shall later find it convenient to suppose the “core’ ¢ to be very
heavy and to treat it as fixed. (This is, of course, just a simple way of
eliminating the CM motion and considering just the relative motion.) For
the moment, however, we make no commitment as to the masses of a, b, ¢
and we consider the complete, momentum-conserving motion of all three
particles.
For definiteness we suppose that we are interested in the disintegration
process
a+(bc)—>a+b+c (16.4)

However, we must immediately recognize that the given initial state a + (bc)
will in general lead to several different final states in addition to the particular
one of interest. We can enumerate all possible types of final state simply by
enumerating all possible groupings of the particles a, b, ¢ into two or more
stable subsystems. These groupings are known as channels and the possible
channels in the present model are shown in Table 16.2. (We do not include
among the channels the bound states of all three particles. These remain

bound at all times and do not communicate with the scattering states, in

which we are interested.) We shall say that the process of interest (16.4)
leads from an in state in channel 1 to an out state in channel 0. Clearly,

TABLE 16.2 POSSIBLE CHANNELS

Channel number 0 1 2 3
Channel at+b+ec a + (bo) a + (bo)* b + (ac)
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| however, an in state in channel 1 can generally lead to out states in any of the then for energies below E,,, there may be bound states of all three particles
O four channels 0, 1, 2, or 3, put there are no scattering states. In the energy range between E ) and E,.
a - a+b+c (breakup) we can scatter a off (bc) but no inelastic processes can occur; thus, only
| : . i i i i hall see, it is given by an
; a+ (be 1 elastic scattering of @ + (bc) is possible anfi, aswes ;) -
‘ a + (bc) — + )* G as'tlc -scattermg) amplitude with all the general properties (invariance properties, partial-wave
1 @+ (be) (excitation) decomposition, etc.) of the elastic amplitude of Chapters 2-15. For energies

b+ (ac) (rearrangement) between E . and E,,, excitation is possible, and there are two open channels
' allowing four possible processes. At E(,, the channel  + (ac) opens up and
there are then three open channels and nine possible processes. And finally
at E = 0, the disintegration channel @ 4+ b 4- ¢ opens up, there are four open
channels, and all 16 processes are possible:

Our simple model should make clear all of the essential descriptive ideas
related to the concept of a channel. Tn general, a channel is simply a set of
particles (elementary or composite) that can enter or leave a collision. In
nonrelativistic theory one deals with systems of a fixed number of elementary
particles,i=1,...,N. We shall always take as channel 0 that in which all
N particles move freely. The remaining channels « = 1, 2, . . . are groupings

. In exactly the same way the final state of interest can arise from several
! different initial states. In fact, a final state in any one of the four channels
] | 0, 1, 2, 3 can arise from an initial state in any of the same four channels. ‘
i Therefore, there are 16 qualitatively distinct processes to be considered.

it A schematic view of multichannel scattering, which illustrates the name
‘ A channel, is shown in Fig. 16.1 The various possible in channels are shown
| ‘,\\i | \‘ as tubes, or channels, through which a fluid of probability can flow into a
‘ | ‘ | junction. This junction represents the actual collision, and from it lead the
‘ various possible out channels. In practice the in state always lies in a definite

channel, w}uch means tl_lat all of the fluid e.n.ters by one c%lannel. The of the particles into n, stable fragments (2 < n, < N) each of which is either
corresponding out state is usually a superposition of. the various possible

[
. f the original particles or some definite bound state of some of them.
il channels and the fluid therefore leaves through several channels in some ;)tn:h?)ul d be egm hasize d that to identify a channel it is necessary to specify
| definite proportions. ' P

i . . v PP, ’ both the grouping of the particles and the internal state of each group. Thus,
‘1 ‘g‘\ In practice, experiments are performed Yv1th initial states whose energy in our three-particle example, the channels
A and momentum are rather well defined. Since energy and momentum are
‘ ‘ 1 conserved, this means that at certain energies some of the channels may not a+b+ec
i be accessible. For example, the original process of interest,
‘M‘i‘ P , gmalp a -+ (be)
1 at(b)—a+b+o | b+ (ac)
i ! ““ 7‘1\‘3 cannot occur when the incident kinetic energy is insufficient to overcome the L . . .
i ‘\H ‘ binding energy of (bc). In fact, in our model there are four threshold energies, are distinguished by the arrangement of the particles into groups, while the
! ' at each of which one of the four channels “opens up.” Thus, if we suppose ‘ channels
1o bl that the energies of the three bound states (bc), (bc)* and (ac) occur in the ) a + (bo)
e order, ‘ a+ (bo)*
{1 |

i Eye) < Egpoye < E(gry <0 v . . .
! Hl : : have the same grouping and are distinguished by the different internal states

!‘ 0\/\/’_ o of (bc) and (bc)*.2 :

The number of channels for a given system can be either finite or infinite.

\
: A= e | In our model, which can be regarded as typical of nuclear physics in this
| ‘ : In 2: , C Out respect, the number is finite. But when there are attractive Coulomb forces
£ A\ 2 the number is generally infinite. (For example, the e-H system has an
Bk 3 4 w generally ( p y

2 Some authors use the concept of an arrangement channel, which is defined as a sef of
FIGURE 16.1. A schematic view of multichannel scattering as a quantum-mechanical channels all with the same arrangement, or grouping, of particles. Thus, in our model the

, irrigation system. two channels a 4 (b¢) and a + (bc)* would constitute a single arrangement channel.
|

'l \ﬁ
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infinite number of channels, since the hydrogen atom has infinitely many
bound states.) For simplicity of discussion we shall suppose in this chapter
that the number of channels, « = 0, 1, ..., n, is finite, although very little
is changed when n becomes infinite.

To conclude this section there are three points that need emphasis. First,

it is often a matter of taste whether one chooses to regard two states as
belonging to the same channel or not. For example, one could regard two
spin-up electrons as belonging to a different channel from that of two spin-
down electrons; however, one would usually take the view that they are
different spin states within the same channel. Similarly, a state of two
neutrons and another of two protons could be regarded as defining different
channels or as different isospin states within the same channel. In practice
this sort of ambiguity causes no confusion.
A second ambiguity concerns the question of what constitutes a stable
fragment. An essential feature of our definition of a channel is that it is a
set of stable fragments that can enter or leave a collision. The reason that
the fragments must be stable is that the channels specify the grouping of
particles in the asymptotic free states, which are defined as t — + co0. Since
only a stable particle can live an infinitely long time, it is clear that—in
principle at least—it makes no sense to speak,of a channel containing
unstable fragments. :

Nonetheless, scattering experiments are done with unstable particles.
The atomic physicist measures cross sections for excitation of atoms, even
though the excited atom will eventually decay back to its ground state. One
of the nuclear physicist’s most important tools is the unstable neutron; and
almost all elementary particles are unstable—many with exceedingly short
lifetimes. The point is that whenever one speaks of a scattering experiment
involving unstable incident or outgoing fragments, the lifetime of these
fragments, however short, is nonetheless much longer than the characteristic
time of the actual collision. Thus, one can wait for what is (as regards the
collision) an “infinitely”” long time and still observe the unstable fragments
well before they decay. : '

In a given context it is usually clear what systems are to be considered as
stable. It is also usually possible to treat a given problem in a theoretically
consistent way. For example, suppose that we wish to compute the scattering
of neutrons off some nucleus. Now, while neutrons are in reality unstable,
the forces that cause the neutron to decay are the weak interactions, whereas
the collision of the neutron and nucleus will be completely dominated by the
strong (and perhaps the electromagnetic) interactions. Accordingly, we can
expect to treat the collision by completely neglecting the weak interactions,
and once the weak interactions are “‘switched off” the neutron is stable. In
other words, in the theoretical model that we use to describe the collision,
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the neutron is stable and is a legitimate fragment for an in or out channel.
Similarly, in the excitation of hydrogen by electrons one would expect to be
able to neglect interactions with the radiation field, and in this approximation
the excited states of hydrogen are stable. \

In the following discussion we shall always assume that for any process
under consideration there is a consistent model in which all initial and final
fragments of interest are stable.® .

Finally, it should be emphasized that there are various different possible
choices for the zero of energy. In the preceding discussion we have taken
the energy when all three particles are well separated and stationary as our
zero. Theoretically, this is- the most natural choice (in nonrelativistic
problems) since the total energy is then just the sum of all kinetic energies
plus all potentials (each of which goes to zero for large separations). How-
ever, it should be borne in mind that for an experiment starting, for example,
in the channel a + (bc), a very natural choice for zero-point would be the
energy of a and (bc) when well separated and stationary. This choice differs
from the previous one by the amount E,,).

16-b. Channel Hamiltonians and Asymptotic States

We now return to our three-particle model and begin our discussion of the
quantum-mechanical evolution of a collision experiment. The discussion
will proceed as a natural generalization of the one-channel discussion of
Chapter 2. In particular, the three essential results that lead up to the
introduction of the S operator—the asymptotic condition, the orthogonality
theorem and asymptotic completeness—are close analogues of the corre-
sponding results of Chapter 2. . :

The time development of any state is determined by the Hamiltonian,
which we take to have the form*:

P2 P P
H=—% 4=t 4 = 4 V(%) + VaelXa0) + Vae(X50)
2m, 2m, 2m,

=H'+V

% Even when this is not so, it may be possible to compute apparently meaningful cross
sections; but in this case the logical consistency of the formalism is not too clear. This
whole problem is much more important in relativistic scattering, where very unstable
particles are the norm, rather than the exception; in this field a considerable effort has been
made to define the notion of an S-matrix element involving unstable fragments.

4 We choose this form just for simplicity. It is certainly possible to accommodate more gen-
eral interactions—many-body forces, nonlocal interactions, spin-dependent forces (for
particles with spin), etc.

Pal
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where x;; = x; — x; and H° is the sum of the three kinetic energies. In
terms of this Hamiltonian the general orbit of the system has the usual form

U@ lp) = e |y)

where now, of course, |yp) is any vector in the three-particle Hilbert Space
H = L*(R%) defined by wave functions of the three coordinates,

#’(Xa, Xps xc) = #’(é)

Here we have introduced a double underscore to denote the set of all particle
coordinates

z= (X5 Xy, X,)

Let us now consider a scattering orbit originating in channel 0; that is,
which originated as three freely moving particles, a + b + ¢. For such an
orbit we naturally expect that

e ) ——> T g,
for some in state |p;,). We shall see that this result, and a corresponding
result for out asymptotes, are indeed true for the appropriate states f), and
that they are true for exactly the same reasons as before—as the three par-
ticles move apart all of their interactions cease to have any effect.

Suppose however we consider an orbit U(¢) |y) which originated in channel
1, a + (bc). When the two particles a and (bc) move apart (as we follow the
orbit back in time) the interactions ¥,, and V,, between the particle a and the
two particles b and ¢ become ineffective. On the other hand the interaction
V4 between b and ¢ can never lose its importance. Indeed, it is only because
of V,, that the bound state (bc) remains bound. Thus, for an orbit that
originated in channel 1, the part of H that is effective long before the collision
is not H° but, rather, the “channel 1 Hamiltonian>:

_E_ B B

+—+V
2m, = 2m, 2m,

Hl
and for such an orbit we must expect that ’

N (16.5)

—~iHt —~iH%,
ey e 7% *

for some |p;,). . »

It is important to note that if the orbit U(f) [y) does originate in channel 1,
then the wave function of |y;;) must describe a state in which the positions
X, of particle @ and X,, of the center of mass of (bc) move arbitrarily, but the
relative motion of b and c is fixed as that appropriate to the bound state (bc);
that is,

@ | Pin) = 1 (Xe> Kpe)P (oo (Xpo) [in state = a + (bc)] (16.6)
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Here x(X,, X5) describes the motion of the incident particles a and (_l_?c) and
is an arbitrary normalizable function of x, and the center_ of mass X,, of b
and ¢. On the other hand ¢ (x,,) is uniquely determined as the wave
function for the internal motion of the bound state (bc). Thus, not every
vector |9y in S can label an in asymptote of channel 1; only those vectors
in the subspace & made up from wave functions of the form (1.6.6) can do
so. This subspace S is called the channel 1 subspace and consists of those
pectors that can label in or out asymptotes in channel 1.

The action of the channel Hamiltonian H* on the vectors of % is especially
simple. We can write i .

. 2 p
H1=£ +'Pi.+ (h"'Vbc)
2m, 2M,, 2my,

where P,, and P, are the total and relative momentum operators for b and c,
while M,, and m,, are their total and reduced masses. Then the term in
parentheses (- - -) is the Hamiltonian of the relative motion of 4 and ¢, an_d
its action on ¢, is simply to multiply by Eg,. Thus, the asymptotic
behavior (16.5) of an orbit that originates in channel 1 can be rewritten -as:

2 I')z
Yy iy [—i(P“ -2 4 E H lvw)  (16.7)
€ ltp)—&e [Yi) = exp| am, oM, (®e)

That is, the asymptotic behavior is just that of two freely moving particles—
one of mass m,, the other of mass M,, = (m, + m,)—except for the addi-
tional phase factor exp (—iE?).

Exactly parallel considerations apply to all other channels and th(:.‘, who!e
situation can be summarized as in Table 16.3. In Table 16.3, function y is

TABLE 16.3. CHANNEL HAMILTONIANS AND WAVE
FUNCTIONS

Typical wave function

oz Channel Channel Hamiltonian H® in channel subspace 5=
| 4
0 a+b+c H0=22—t Z(xa’xb,xc)' ;
m;
p? _
1 a + (bo) H! = ﬁ + Ve - XX, xbc)qs(bc)(xbc)
i _
p?
2 a+ (bc)* H? = 22”; + Vbc Z(xm iba‘.‘)qs(bc)‘(xbc)
i
P2 ‘ _
3 b + (ac) H® = z ﬁ + Vo 2 (Xys Xoedbiac)(Xac)
i
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an arbitrary normalizable function of its arguments. For example, the
asymptotes of channel 0 have an arbitrary motion of all three particles and
the channel subspace 4 is the whole of 5#. (That is, any vector in 5% canp
label an in or out asymptote of channel 0.) Notice that the channel Hamil-
tonians H*and H? for channels 1 and 2 are the same. This is obviously true
in general for any two channels that have the same groupings of the particles
and differ only in the internal motion of one or more fragments—as with
a + (bc) and a + (bo)*.

In the general N-particle case, a channel « is specified by the grouping of
the N particles into n, freely moving fragments (2 < n, < N), each fragment
being either one of the original N particles or a definite bound state of some
subset. The corresponding channel Hamiltonian H* is obtained by deleting
from H those potentials that link different fragments, :

HE=H_EIVH

where 3" denotes a sum over all pairs ij for which particles i and j belong to
different fragments of channel «. The in and out asymptotes in channel «
are identified by wave functions in the subspace #* comprising those func-
tions with the form:

10 Vadb(E)  buen) - (168)

where  is an arbitrary function of the centers of mass y,, . . . , Y., Of the n,
fragments. The term ¢,(z,) is the bound-state wave function of the »th
fragment with internal coordinates z,. (If the »th fragment happens to be a
single particle, then ¢, = 1.)°

We are now in a position to state the asymptotic condition, which asserts
the existence of an actual orbit with any prescribed in or out asymptote in
any channel.

Asymptotic Condition. If the particle interactions V(x,,) all satisfy our
usual assumptions, then for every vector |y;,) in any channel subspace S~
there is a vector [yp) that satisfies

(16.9)

- —_ (4
e H gy ——> ¢ H g
t—>—aw

5 In general, some of the fragments will have nonzero orbital angular momentum. In this
case it is most natural to regard states that differ only in the orientation of a fragment’s
orbital angular momentum as being different ““spin’’ orientations within the same channel
(see Problem 16.1 and Section 17-a).

16-b. Channel Hamiltonians and Asymptotic States 325

and which is given in terms of a channel Moller operator QF as

ly) = QF lpin) = lim ™5™ yy,) (16.10)
t

-0

and similarly for every |9,y in F* as t — + o0, with |p) = 2 [pyup).°

It should be emphasized that there are separate Meller operators €% for
each channel « and that they are defined by the limit (16.10) only for_ those
vectors in 2. In fact, we shall find that &% is the largest space on which we

need to define £2%.

Outline of Proof: The proof is very similar to that of the sin.gle-channel
result and we content ourselves with a brief sketch. Just as in the one-
channel case, all that is needed is to show that the limit in (16.10) exists.
We write the vector concerned as the integral of its derivative and find that
the desired limit exists provided the integral

f " dt [(H — HYe oty

is convergent. Now the difference (H — H*) contains just those potentials
that link the different fragments of channel «; while the vector
exp (—iH®) |y;,) propagates like a vector representing Ny freely moYipg
fragments, which therefore move apart in accordance with the familiar
~% law (for the case of a Gaussian). The integrand therefore drops at least
like % (for any Gaussian)’ and the integral is convergent as required.
QED
The asymptotic condition guarantees that every vector in the channc?l
subspace & labels a possible in or out asymptote in channel a. If |p;,) is
in &* then the vector

Iw> = 9:— |1pin>
is that actual state of the system which has developed from the in state
labelled by |i;,) in channel a. Similarly, if {goy) is in &, then

lw> = QI Iwout>
is the state that will develop into the out state |p,y4) in channel o. ‘
With this result we can already answer the question of greatest practical
importance: What is the probability that a system that enters a collision in

% In accordance with the conventions set up in Chapter 4, we use bold face for %, since
our system is translationally invariant. Just as in the single-channel case we shall find that
Qf = 1,, ® QF, where QF describes the relative motion of the system. )
7 Just as in the one-channel case the mathematically inclined will have no trouble in
checking that, if the result is true for any Gaussian wave packet, it is true for any (proper)
wave function whatever.
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channel « with in asymptote |$) (in &) be observed to leave in channel o’
with out asymptote |[¢') (in &*)? If the in state was [¢) in channel «, thep
the actual state at # = 0 would be &} [$). If the out state were going to be
|¢") in channel «, then the actual state at # = 0 would have to be Q !¢},
The required probability amplitude is just the overlap of these two states,
Therefore, the required probability is

W, o — ¢, 0) = (¢ 22 | H? (16.11)

However, before we continue our discussion of scattering probabilities it is
desirable to establish some more formalism.

16-c. Orthogonality and Asymptotic Completeness

Just as in single-channel scattering any state that has developed from some
in asymptote (or will develop into some out asymptote) should be orthogonal
to any bound state of all N particles. In addition, we would expect that any
two states that have developed from in asymptotes in different channels
should be mutually orthogonal. Similarly, any two states that will develop
into out asymptotes of different channels should be mutually orthogonal.
These results are the content of the orthogonality theorem.

Orthogonality Theorem. Let |¢) be'/any bound state of all ¥ particles and let

lp) = Q% |p)
and - (16.12)
' | lp") = F |yl :
with {p;,) in &% and |yp) in & and « # «’. Then

@ly)=@|py=0
and likewise with & replaced by £_ (and “in” by “out”) in (16.12).

. We can give an alternative statement if we define & to be the subspace
spanned by the bound states of all N particles and %7 to be the ranges of
7. With these definitions %7 is the subspace of all states that originated in
the in channel «, while RZ is the subspace of all states that will terminate in
the out channel o. The theorem can be stated as:

# | R FHE [all &, &'; & 5% o]
and similarly,® ‘ )
B R | B [all &, o'; & 7% ']

8 We do not claim that #% 1 #%. Indeed, if #% were orthogonal to %%, then an orbit
that originated in channel « could never terminate in channel o; that is, the inelastic
process (¢’ — «) would be impossible.
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Outline of Proof: The orthogonality of the bound states to the scattering
states is true for the same reasons as in the one-channel case. Therefc?re, we
discuss the case of the two vectors (16.12) that have come from different
in channels « and o’. The scalar product (y’ | ») can be evalgated at any
time during the evolution of the corresponding orbits. In particular, it can
be evaluated for ¢ large and negative when the two vectors are well approxi-
mated by their in asymptotes. Thus,

(' l vy = W' o Htg—iH? lp) = lim (] eiH“'te-—iH“tl,‘Pm> (16.13)
to—0

There are now two possibilities to be considered: First, we discuss the case
where channels o and «’ have the same arrangement of particles into groups
and differ only in the internal state of some fragment; let us consider, for
example, the channels a + (bc) and @ + (be)* in our model. In this case the
channel Hamiltonians H® and H* are the same, and the product (16.13)
reduces to (¥, | Yimy- This product is zero because the bound-state wave
functions P and P,,. are orthogonal. In the second case the channels «
and o’ correspond to different arrangements of the particles; e.g., a + (bc)
and b + (ac). In this case, as ¢ becomes large, particle a becomes well
separated from ¢ in the first channel, but remains bound to ¢ in the second.
Thus, the overlap of the two asymptotic states goes to zero, the limit (16.13)
vanishes, and the original product must therefore be zero. In either case Fhe
physical reason for the orthogonality is clear; for ¢ large and negative
U(t) l¢) and U(r) |y’) represent entirely distinct states and are ther?,fore
orthogonal. But since the scalar product of the two vectors is time-mdp—
pendent it must therefore be zero at all times, in particular at = 0; thatis,
' |y)=0. '

The orthogonality of two states with out asymptotes in different channels
can be proved in exactly the same way, and our proof is complete. QED

So far we have discussed-only. those scattering orbits that have developed
from a definite in channel, or will develop into some definite out channel.
These are certainly not the most general kind of scattering orbits. Fc.>r
example, suppose that |y!) and |y?) are states that have developed from in
asymptotes in two different channels, « = 1 and « = 2 (say),

l'l’l) = Q-IQ— ]W%n)

lv®) = Q% ph)

Then the superposition principle asserts that the vector |p) = |p") + lv%)
defines an allowed physical state, and we can ask the question: What is the

and
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asymptotic form of the orbit defined by |¢)? Now, we know thatast — — o

~iHt (1 —~iH
and e H gy > eyl

- J 1
e——zH t ‘ 1p2> > e—zH t ‘ wi&

~Adding these two results we immediatély see that the orbit defined by

lp*) + |y?) has the asymptotic form

—i —iH" —i
e HY(lyty + |y2) — e Tt |l + et pl)

That is, this orbit originates as a superposition of states in the two in channels
1 and 2.

Having once recognized the existence of orbits that originate as a super-
position of two in channels, we must obviously expect that the most general
scattering orbit would be one which originated as a superposition of al/
possible in channels. That is, the general scattering orbit should have the
asymptotic form

e gy ——> T )+ Tl (16.14)
where each |yf,) lies in the appropriate channel subspace #* and
) = 93— lphe) + - + QF |y (16.15)

In the asymptotic form (16.14) it is natural to regard each term
exp (—iH"t) |yf,) as the component of the in asymptote in the channel «.. To
identify the general in asymptote it is obviously essential to specify its com-
ponents in all channels. This is most easily done by specifying all of the
vectors |y ); that is, we can identify the general in asymptote by giving the
sequence

{198y, - - -5 l9i} (16.16)

where each |¢f) identifies the component of the incoming asymptotic
behavior in the corresponding channel a.

In the same way we should expect the general scattering orbit to evolve as
t — oo into a superposition of all possible out channels

gy —> ) b E STyl (1617)
with
lp) = Q2 lygue) + - - + Q2 |95ar) (16.18)
This asymptotic form is, of course, identified by the sequence ’
{lwgut>a vy lwgut>} (1619)
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It should be noted that in practice the in state always lies in one definite
channel « and, hence, is given by a sequence

{01"-101ltp?n>101---10}

On the other hand the out state is usually a superposition of several channels
and has the general form (16,19) with several nonzero components (except of
course in the special case where all inelastic processes are energetically
impossible). This asymmetry between the in and out states is a reflection of
the type of experiment that can be done in practice; in principle, the in
states can be arbitrary superpositions of all channels just as can the out states.

We would expect to find that every scattering state defines an orbit that
behaves as in (16.14) when f — — oo and as in (16.17) when t — co. Of
course we would not expect that every state of the system should be a
scattering state, since in general there will also be the bound states of all N
particles. What we do expect is that the scattering states [satisfying (16.14)
and (16.17)] together with the bound states should span the space # of all
states. If this expectation is realized we say that the theory is asymptotically
complete. :

To make these ideas more precise we write & as the direct sum

H =BoR

which simply defines & as the space of states orthogonal to all bound states.
What we expect is that the subspace Z should consist precisely of those
vectors |y) which behave as in (16.14) when  — — co, and that these should
be the same as those which behave as in (16.17) when ¢ — co. Now any
vector |yp) satisfying (16.14) is a superposition of vectors coming from the
in channels 0, ..., n,

lpy = Q% 9l + -+ + QF |9k

that is, it is a sum of vectors, one from each of the orthogonal subspaces
A, ..., R Thus, if every vector of Z satisfies (16.14), and vice versa,
then Z has to be the direct sum: '

(16.20)

R=R.0 AL

Similarly, if every vector of Z satisfies (16.17), then Z is the direct sum of the
spaces #°, ..., #". Thus, a concise statement of the ideas of the last
paragraphs is this:

Asymptotic Completeness. A multichannel scattering theory is asymp-
totically complete if:
H=BBDOR
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where & is the space spanned by the bound states of all N particles, and

R=R.0  OR'=R® & R

where 7, is the subspace of all states that originated as (or will develop into)
an/asymptotic state in channel a. :

Asymptotic completeness for a three-body system with suitable potentials
was proved by Faddeev (1965) and his proof was extended to the N-body
case by Hepp (1969). The proof is extremely complicated and will not be
given here. We shall content ourselves with assuming (as is certainly reason-
able on physical grounds) that the multiparticle systems considered here are
asymptotically complete.

Our findings so far can now be summarized: The space # of all possible
states of our N-particle system can be decomposed into two orthogonal parts,
H = B & A. The subspace Z is spanned by the bound states of al] N
particles; that is, in any state of & all N particles remain localized together
all the time. The subspace Z is the space of scattering states, in which the
particles split up into two or more fragments as f —> 4 oo. '

The in and out asymptotes of any scattering orbit can lie in the various
channels « =0, ..., s or, more generally, can be a superposition of these
channels as in (16.14) and (16.17). Those in (or out) asymptotes that lie in a
definite channel « are labelled by vectors |p;,) (or |w,y.)) in the channel
subspace &*. The corresponding actual states at ¢ = 0 are given by the
action of the Maeller operators,

W) =02 1y (o [y) = O [pou)

The range of Q7 is denoted by Z,, which is therefore the subspace of all
states that originated in (or will develop into) the channel .

It should be emphasized that the subspaces %% and #* are not in general
the same. Indeed, if it were true that R: = A%, then every orbit that came
from the in channel « must necessarily evolve into the same out channel o
that is, no inelastic processes could occur. The observed fact that inelasticity
does occur implies that each %% overlaps several of the spaces #°, ..., %"
and vice versa.

The general in asymptote is a superposition of the various in channels, as
in (16.14), and is labelled

where |y7,) identifies the component of the asymptote in channel «. Similarly,

the general out asymptote is a superposition of the various out channels and
is labelled o

{lwgut>’ LRI ) lwgut>} (1622)
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Finally the two decompositions of Z as the direct sums

R=R® @R, =R - >R - (16.23)
express the fact that every scattering state can b? written as a superposition
of states each of which originated in a definite in channel o, and also as a
superposition of states each of which will devel9p into a definite out channel
«. This implies that every scattering orbit has in and out asymptotes of the
forms (16.21) and (16.22). o

So far the multichannel problem is a very straightforward generalization
of the single-channel case. Our next step is the definition of the S operator
and at this point we require some additional tools.

16-d. A Little More Mathematiés

Direct Sums, So far we have used the direct sum as a decompositioq gf a
given space & into two or more smaller subspaces. The decomp9§1t10ns
(16.23) are examples, and a simpler example would be the decomposition o
the real plane [R2 into two one-dimensional spaces o

R*=RI® R}
We now wish to introduce a slightly different kind of direct sum, which is
used to build up a single larger space from two or more given smaller spaces.

If 5, and 5, are two given Hilbert spaces, we can define a third space 5#°
made up of all pairs

) = {lyy), lya}
with |y,) in 5, and |p,) in H#,. It is a simple exercise to check that if we
define addition by

%) +19) = {iyy) + 160, ly2) + |20}
and a scalar product

(F| D) = (pu | d0 + (v | b0 (16.24)

then 57 is itself a Hilbert space. The reader will recognize this as precisely
the method by which a real two-dimensional space of vectors x = (x4, %,)
can be built up from two one-dimensional spaces with addition defined as

, Xx+y=@+¥%,%+Y)
and the scalar product
’ Xy =29 + %9
It is usual to call the space S of pairs {|y,), |ys)} the direct sum of ',

and 4, and to write: ; »
H=H,0 H,



332 16.  The Scattering Operator in Multichannel Scattering

Clearly this new kind of direct sum, sometimes called an external direct sum
is different from the direct sum used up to now (sometimes called an intema}
direct sum). Nonetheless, the two concepts are intimately related and it jg
really very natural to use the same notation for both. The point is that
every pair in the new space 5 can be written as the sum of two orthogonal
vectors

{|1/Jl>’ |')DZ>} = {|')Dl>’ O} + {O’ W’z)}

Therefore 5 is the direct sum (in the old, internal, sense) of two subspaces,
one containing all vectors of the form {|y,), 0}, the other made up of aj
vectors {0, |y;)}. Now the set of all vectors {|y,), 0} with |p;) in 52, is
obviously closely related to J#), itself, and one can in fact identify these two
spaces. Similarly, if we identify the set of vectors {0, |p;)} with the Space
# 5, then what we have done is to embed the original spaces #’; and J#,
in the larger space # and the relation of # to 5, and #, is precisely the
direct sum in its original (internal) sense.

The relationship of the two kinds of direct sum is perhaps easiest to
understand in terms of the example of the real plane IR2. If we start with a
given plane we can decompose it as the (internal) direct sum of two lines; if
we start with two lines we can form a plane as their (external) direct sum.
Whichever procedure is followed, there is an obvious sense in which the
relation of the plane to the two lines is really the same in either case.

Whatever the reader may feel as to its merits, we shall follow traditional
usage and employ the same notation for both kinds of direct sum. What
kind is being used in any given situation should always be clear from the
context. :

There are two properties of direct sums that we shall need and which the
reader can easily check: First, if the vectors |1), [2);, |3);, ... are an
orthonormal basis of 5#;, and similarly, |1),, 12),, |3),, . . . of H,, then the
set containing

{|1>17 O}’ {12>l7 O}’ .. and {O: |1>2}’ {O’ |2>2}’ S

is an orthonormal basis of # = Hy, ® H,. It follows, in particular, that
the dimension of #’; @ ¢, is the sum of the dimensions of #, and #,.

Second, the method of construction of the direct sum of two spaces can
easily be extended to any finite number (and, indeed, a countably infinite
number®) of given spaces. In particular, the general vector in

H=H0 & H,
9 In this case there is one small compiication. The definition (16.24) of the scalar product

becomes an infinite series and the space #; @ #, @ - - - must therefore be restricted to
those sequences {|w;), |¢,), . . .} for which this series converges.
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is a sequence
1) = {lys)s - . s lwal}”

with each [y,) in the corresponding space ;.

Linear Operators Between Different Spaces. The linear operators that' we
have used up to now have been operators that map certain vectors in a given
space S onto certain vectors in the same space 5. In general, ?1 linear
operator can map vectors of one space #° onto those of a seconc.l, dlffefe_nt,
space #'; and we shall now need to discuss such operators. Their definition
is a trivial extension of the usual one:

An operator A is a linear operator from J# into 2 if for each of certain
vectors |y) in S there is a unique vector 4 [p) in S’ such that

Aaly) + b $) = adlly) + b4 1)

Clearly the domain Z(4) of A lies in J#, while the range %(4) lies in J#”.
In particular we shall be interested in isometric operators between two
spaces, which are defined in this more general context as follows:

A linear operator 2 from 5 into J¢” is isometric from H# onto H#”, if its
domain is 5, its range S, and it preserves the norm.

As with our earlier definition, it is easily checked that an isometric operator -
from 5# onto S#” is a one-to-one map from 5 onto 5#”’. Therefore, it has
an inverse that is seen to be isometric from ' onto 5. 1In fact, our new
definition can be seen to include our earlier one. Recall that an operator Q
was said to be isometric on S if its domain was ¢, its range some subspace
Z of o, and it preserved the norm. We can regard Z as a space in its own
right and then L is clearly isometric from J# onto Z in the new sense. We
also remark that a unitary operator can be regarded as a special case of an
isometric operator for which the two spaces 5 and 5#” are one and the same.

Another example is the channel Meller operator 2% (or %), for any a.
This operator maps the channel subspace &* onto the range %%. It is easily
checked that it preserves the norm [since it is the limit of the unitary operator
exp (iHt) exp (—iH*t)] and we can therefore describe it as isometric from the
space & onto the space #-.

Itis a simple matter to check (exactly as in Chapter 1) that if Q is isometric
from & onto #” then QF is the inverse of Q; that is,’® Qf maps #” back
onto 5 and

Q'Qly)=1ly) [any lp)in H#]

' The adjoint of an operator from # into #” is defined, as one would expect, by the
relation {$| 4 |yp) = (p| At |¢)* for any |y) in # and |¢) in #'. Notice that 4*
maps # into #.
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16-e. The Scattering Operator

To anyone who has attentively read the preceding two sections, our next
_ move should be clear. In Section 16-c we saw that the general in asymptote
of a multichannel system is identified by a sequence .

{pt)s - - -, 19}

where [¢%,) lies in the channel « subspace #* and identifies the component
of the in state in that channel. In the terminology of Section 16-d we can
therefore say that each in asymptote is given by a vector

¥in) = Jlylos - o l9i)} (16.25)
%as=y0@...@yn

in the space

This new space 5, which we call the space of asymptotic states, is (in an
obvious sense) bigger than 5, since #° alone is equal to 5. It is, however,
the natural space for labelling the asymptotic states, each vector in
corresponding to a unique in (or, of course, out) asymptote, and vice versa.

We saw in Section 16-c that if the in asymptote is given by the sequence
(16.25) then the actual state at t = 0 is: '

[y = Q% 19l + -+ + Q7 |yl

Accordingly, we define a linear operator , on our new space 5, as

94— IIFin> = 9+{|1/)?n>, e ,_|w;1n>}
= Q0 |9l + - 4+ QI [pR) (16.26)

With this definition £, maps 5, into S and for each in asymptote labelled
by |¥in), the corresponding actual state at ¢ = 0 is just |p) =, [Vin)-
Similarly, we can define & _ so that the actual state at ¢ = 0 corresponding to
any out asymptote |V, is just |p) = Q_|¥yu4).

It is not hard to prove (see Problem 16.3) that, provided the theory is
asymptotically complete, Q , are actually isometric from #,, onto £, the
space of scattering states. Therefore, the situation is as follows:

e, @

as as

isometric isometrio
or, in terms of vectors,
) [+ 3% Q.
lIFin> ? I 1/’> ¢ ‘IFout>

asymptote actual state out asymptote
at t=0
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The analogy with the single-channel problem is now complete. : In particular,
we can invert : | ‘
py =L llFout) )
to give ’ . . R :
Wour) = Q—IW = 9—Q+ Wi ’
Thus, if we define the scattering operator o
s=0lQ, -

then S maps each in asymptote onto the corresponding out asymptote

llFout> =S |1F1n>

Since S is isometric from o#,, onto # asy, it is actually unitary—a property
with the same interpretation as before. : ~

The probability amplitude for a system that enters a collision with in
asymptote given by |®) in S, to be observed leaving with out asymptote
|®") is just the matrix element (®'| $.|®),

W' @) = (0’| S |D)f? B
=@, ®* (1627

In practice, the experimental initial state is prepared in'a definite channel and
the in asymptote |®) has the form ~

|®) = {0,...,0,|$),0,...,0}

with |¢) in a definite %= The corresponding out state S |®) is. naturally
not (in general) in any definite channel. However, in practice one always
monitors for a final state that does lie in a definite channel; that is, in practice
we are interested in a {@") of the form

@) = {0....,0,1¢%:0, .-, 0}
with [¢') in a definite &~ pr these Vst;i:tes" We‘;’hayv’e‘:
Q|0 =%
and Lo
Qy=0 1y -
Thus, for such states the probability (16.27) can be written as .
w(d, o ¢, 0) = [($RT Q] $))?

This is precisely the result quoted in (16.11) and serves to emphasize that if
one is interested solely in the computation of transition probabilities between
two definite channels, it is actually unnecessary to introduce 5, It:is only
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if we wish to express the required probability amplitudes as matrix elements
of a single unitary operator S that this space is needed.

In nonrelativistic quantum mechanics there is no doubt that the funda-
mental Hilbert space describing the evolution of an N-particle system is
H = L*(R*M) (times an appropriate spin space if necessary). The space
a5 is an auxiliary space introduced because it provides the most natura]
labelling of the general asymptotes.

In relativistic quantum mechanics this situation is by no means so clear
cut. It is not at all clear what is the fundamental space for describing a
system that can undergo processes such as

_ K+ A
™ +p_>{77—+770+.n.0+P
On the other hand the construction of the space #,, presents no problems.
Each configuration, =~ + p, K® + A, 7~ + #° 4+ 7% + p, defines a separate
channel and a distinct channel space #*. And 5, is just the direct sum
(usually over infinitely many channels) of these spaces.

Perhaps the most extreme view concerning the two spaces #,, and J is
that sometimes taken in analytic S-matrix theory. This is that all physical
experiments are in reality scattering experiments and hence that all relevant
information is contained in the S operator (which maps the space 5, onto
itself). Thus, whether or not one can find a space s# which describes the
moment-by-moment evolution of a system and “interpolates’ between the
in and out asymptotes, the existence of such a space is irrelevant and should
play no role in a satisfactory physical theory.

PROBLEMS

16.1. Even when all particles in a system are spinless it usually happens
that certain fragments in some of the channels have nonzero orbital angular
momentum; and one then has to decide how to handle the ““spin” of these
fragments. Suppose that in our three-particle model, a, b, and ¢ are spinless,
that their interactions are rotationally invariant, and that the state (bc) has
orbital angular momentum / = 1. Discuss the form of the wave functions
describing asymptotic free motion in the channel a + (bc), treating different
m values as different orientations of the (bc) “spin,” all belonging to the
same channel.

16.2. Consider the scattering of an electron e’ off a hydrogen atom (e-p),
the two electrons e and ¢’ being considered distinguishable. Enumerate all
channels and channel Hamiltonians, and write down typical wave functions
representing asymptotic states for each channel. For simplicity you may
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jgnore the electron and proton spins, but you should tak‘e into accountlthc
angular momentum of the bound states. Bound -statcs with dlﬁ:erent.va ues
of the quantum numbers n and [ should be con51der?d as defining different
channels; different values of m should be treated as in Problem 16.1.

16.3. We have asserted that the Mgller operator defined ip (16.26) is
is(;metric from ##,, to &. To prove this consider the following: Let Q!
and Q2 be isometric from certain spaces S and S onto two other spaces
1 and &, where %' and Z? are subspaces of some Z with Z = %' ® %#*.
Define Q on 5, = S @ &% such that
Qflph), [y} = Q') + Q% |y?)

Prove that Q is isometric from 5y, onto A. [YO}I mus.t show that Q is
defined everywhere on 5, that every vector in £ is the image under‘Q. of
some vector in J#,,, and that Q preserves the norm. Notice that (as is the

case with the actual spaces of interest) Z = %' @ #* is an internal direct
sum, while & = &1 ® S is external ]
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In this chapter we continue our general development of multichannel
scattering theory. In Chapter 16 we showed that the in and out asymptotes

of a multichannel scattering orbit are labelled by sequences of vectors of the
form:

(i), - - s 19}

(and similarly for the out asymptotes) where each |y2,) identifies the channel

o component of the asymptotic state. These sequences can be viewed as’

vectors in the space #,, of asymptotic states, in which case each in asymptote
is carried onto the corresponding out asymptote by the unitary operator S
on # 4. In this chapter we construct a momentum-space basis of #,, and
then define an on-shell 7 matrix in terms of the elements of the momentum-
space S matrix. We then derive expressions for the various cross sections in
terms of the on-shell 7 matrix. Finally, we explore some consequences of
the various possible invariance principles.
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17-a. The Momentum-Space Ba_sis Vectors

The operator S is a unitary operator on the space éi” as Of asymptotic
states. Just asin the one-channel case, we §hall find tha.t it is the moment}lm-
space matrix elements of S in terms of which the expe:rlmental cross sections
are expressed, and for this reason we must now (-hSCl‘lSS the ‘momentum-
space basis of ... This basis will be a generalization .of the bases,_wof
plane-wave states |p) used in the one-particle case, and of the. cprrespopdmg
states |p1, P2):= P, p) in the two-particle problem: For 51mp1.101ty we d1sc_:uss
first our simple model of three particles a, b, ¢ introduced in the. p;§v1ous

ter. : ) o ‘ .
Chg?nce #,, is the direct sum of the channel spaces & we can begin by
constructing a basis for each &= We start with the _channel.- Q, in whlch .
a, b, and c all move freely, and for which the general asyn?p'tote islabelled by
an arbitrary wave function %(X,, Xp, X;) of a}ll three positions. The appro-
priate basis is clearly given by the three-particle momentum eigenstates:

- P> Py Pe3 O = p, 0)
with corresponding wave functions
(@ | p, 0) = @)™ expli(ps * Xz + Py * %o + Pe* Xo)]
and normalization o ’
(p', 0| p, 0) = 84(p, — Po) 8 — Po) (P — Po) = 8(p’ — P)

[p stands for the set (Pa, Pys Pe) and O is the channel number « = 0.] These .

vectors are, of course, eigenvectors of the free Hamiltonian,

o 2B, 2o o)
Hp 0=\ ¥ 5 T o) 20 =5
= mg b ¢

In channel 1, a + (bc), the asymptotes are identified by wave functions

4 (xu,’ ibc)qs(bc) (xbc)

where  is an arbitrary function of the position x, and ‘Ehe center of mass
%,, of b and ¢, while ¢, is the bound-state wave function of (bc). Slnc.:e
by is fixed these functions can be spanned by prqducts of plane waves in
x, and %, with the fixed function b ey (Xse)- That is, the appropriate basis
vectors are: » -

[pav iibc; 1> = |£’ 1>
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with wave functions

<£ I B_.’ 1> = (277')—3 exP[i(Pa * X, + I-’bc * ibc)qﬁ(l)c)(xbc)

and normalization

1], 1) = 8B, — 2) 8Bhe — o) = de(p’ — p)

These vectors represent states in which particle @ moves with momentum
Po» wh1le'b and ¢ are bound together into the bound state (bc), whose CM
moves with momentum p,,. In this channel we use the label p for the pair

(pa$1pbc).9 and it is unnecessary to specify the wave ftunction Pvey in Writing
|p, 1) since the channel label 1 already includes this information.

Th; energy operator for asymptotic states in channel 1 is the channe]
Hamiltonian H?, and the vectors Ip, 1) are, of course, eigenvectors of this
operator, =

2 =2
Hllp,1>=(pa + pbc +E ) D= 1
4 2ma 2Mbc (be) Ig’ > = Egl£3 1>
where E,, is the internal energy of the bound state (bc). Thus, the improper

velctors |p, 1) will represent in and out states of definite energy E, in chan-
nel 1. = =

The momentum basis vectors for the other channels are constructed in
exactly the same way and are shown in Table 17.1.

TABLE 17.1. CHANNEL ’BASIS FUNCTIONS |

o Channel Wave function <i | b2 oy Energy E2
0 at+btec Q) ¥expli®a-X, + Py X, + p-x,)] 2”3 + 215— + 2‘”%
Mg My e
3 2
Uoat @ @ expliPa Xo + Boc * Ka)lbooey(oc) 2+ B 4 Eu,
a be
. 3 2
2 a+ (bc)‘ (277)-3 eXP[’(Da * Xz +Poe 'ib-:)]¢(bc)'(xbc) 2[:: + zﬁblc + E(ch‘
a be
] 2 2
3 b + (ac) (277)_3 eXP[‘(Pb ‘X + Pac - xuc)]¢(uc)(xac) Zpr + %}L + Eac
b ac

The construction of the corresponding bases of & in the general N-
particle problem is entirely straightforward and need not be spelled out here.
We mention only that, since the general channel « has n, freely moving
fragments, the corresponding basis vector has the form |p, o) where p labels
the n, momenta of these fragments. - -
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Since # , is the direct sum
Hyg=F"D - DL
we can obtain an orthonormal basis of J#,, by combining any orthonormal

pases of &2, ...; %" In particular, the vectors 12, o) (o fixed, all 1=J) are
an (improper) orthonormal basis of & and, hence, the set of vectors

0,...,0,(p,a),0,...,00  [a=0,...,n;allp] (I7.1)

is the desired momentum basis of 5. It should be noted that to span 5,
we must include all momenta and all channels.

The basis vector (17.1) represents an asymptote with momenta p lying
completely in the channel «. Since the symbol (17.1) is very cumbersome we
shall abbreviate it to [p, «), writing

{0,...,0,|p,),0,...,0} = |p, )

that is, we shall use the same symbol |p, «) both for the basis vectors of #*
in 5#, and for the sequence in 5y, cc;nsisting of |p, ) in the «th position
and zeros everywhere else. In practice it will alway; be clear which kind of

vector is being used, and this imprecise usage will cause no confusion. With
this convention the orthonormality of our basis of S, is expressed as!

<£’, “’ Ig, a> = 6«1’«1 6(£’ - g.)

where the factor J,, reflects the orthogonality (as vectors of 5#,) of any
two vectors belonging to different channels. With respect to this basis the
S operator becomes a matrix with elements (?’, «’| $ P, «) and knowledge
of all of these elements is equivalent to knowledge of S. Similarly, an oper-
ator equation like the unitarity equation ST S = 1 becomes the matrix equa-
tion:

S [ap@. 218 g e 1S Ipoy = bra b’ —p)  (17)

(And from this result follows the multichannel optical theorem—See Prob-
lem 17.3.)

1 To avoid too horrid a clutter of subscripts we shall not indicate the dimension of the
delta functions 6(_3' -p= 63,,¢(£’ — P). [Because of the factor dyrq, the two variables

P and P in 8(p" — p) always have the same number of dimensions.] Similarly, when we
integrate over the momenta of channel « we shall write the volume element as just df
rather than d3"p. B
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To conclude this section we remark that so far we have assumed that af]
particles are spinless and that all bound states have zero orbital angular
momentum. The inclusion of either kind of angular momentum into our
formalism is completely straightforward. Suppose, for instance, that in our
three-particle model the particle a has spin s and that the state (bc) hag
orbital angular momentum /. [For example, we could imagine a to be ap
electron and (bc) to be the 2p state of hydrogen—though for simplicity we
suppose b and ¢ to be spinless.] Let us then consider.an asymptotic state
(either in or out) in which a and (bc) move freely. There are various possible
orientations of the spin of particle a, and similarly, of the orbital momentum
of (bc); and it is natural to regard these as being different “spin” orientations
all.within the same channel. Thus, we denote as channel 1 a// free states of ¢
and (bc), and the corresponding momentum eigenvectors we label

Ipa, i-)bc’ ma, mb-c;! 1>

where p, and p,, are the momenta of the two fragments, m, is the z component
of the spin of particle a, and my,, is the 2 component of the orbital angular
momentum of (bc). ' The corresponding wave function has the form:

(2m)™* expli(Pa X, + Boc * R L™ (1) Y ™ (Ry,)

where y™e is the appropriate spin'or,:for, particle a, and the last two factors are

the radial and angular wave functions of the (bc) bound state. ,

It should be clear that, at this stage; fragments with spin (either intrinsic
or “orbital’’) are no more than a slight notational complication, and we shall,
for the most part, proceed under the simplifying assumption that none of the
fragments in any channel have angular momentum. : :

- 17-b.. Conservation of Energy and the On-Shell 7 Matrix

We are now in a’position to establish conservation of energy, which
follows in almost exactly the same way as in the one-channel case. The
first step is to prove the intertwining relations

[on &%) (17.3)

which hold for any vector of the Chaﬁnel subspace * (the domain on which
2% are defined). These follow at once from the definition

HQ: = Q2 H*

tHt ,—iH%t

Qj‘t: lim e™e [on 5’“]

exactly as in Section 3-a. We next consider the S-matrix element
(p', &' S |p, a) between initial and final states of energies EZ and EX—which
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we shall abbreviate as E and E’ when there is no danger of confusion. This
S-matrix element can be rewritten as - ‘ '

@, S pa) = (¢, o | 19 pa)
and usihgthis form we can apply the intertwining relations to prove the
required identity: S .

E(g’, o'|.S lg, = (- ].SZfTSZj_H“ ey
= (- 1 QfTHQi |. SO
=(- -] Ha’gi"’rgi D)
=E(¢- (S| .

(E—EYp,o|S|po) =0

Thus, (p’, «'| S |p, «) is zero unless the initial and final energies are equal;

that is, S conserves energy and its matrix. elements contain the expected
factor? 8(E’ — E). : _ -
In addition to conserving energy, S also conserves total momentum. This
is because all potentials involve only the relative positions of particles and the
system is therefore translationally invariant. This means that $-commutes
with the total momentum operator P= > P, and, hence, that its matrix
elements contain a factor:d5(" — p). In fact, we can go further: By using
as independent variables the overall CM position X and any suitable choice
of (N — 1) relative coordinates we can factor the space ¢ (and similarly
‘y{)as) as . oy .o - . e
%=%cm®r%rel-; ‘ 5

Here, just as in the two-particle case, # ., describes the motion of the overall
CM, and 4, the relative motion of the particles. [Making a suitable
choice of the (¥ — 1) relative coordinates and 'm‘omenta’ that define H el
requires some care—see Problem 17.2:] 'The Hamiltonian can then be
written as ' T L o
H= Hcm + If\reln. .

% We can improve the analogy _With‘tl.1e one-channel, result if we define.an operator. Hyg
On Mg, such that

7

CHylpoey=Exfpay.
This .blperator is the er:léfg}-}'opez;ator for'all ‘aéymp‘t“c';tic s:tate-.s,: and it'is easily seen that
[Has,' s1=0. B . N I
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where Ho, = P2/2M and M is the total mass of the system; and just as in
two-particle scattering, the S operator factors as

s=lcm®s

The operator S describes the relative motion and is the scattering operator
one would obtain directly from the Hamiltonian H,.. Just as in the one.
channel case all of the physically interesting information is contained in §
and much of our subsequent analysis will be in terms of S.

Returning to the matrix elements of $ we see at once that they can be
written as: .
(,g’, «'| S|P, «) = d3(p’ — P) x remainder

and that the remainder depends only on the relative momenta.

We can now combine the consequences of energy and momentum conser-
vation. Before we do so it is convenient, as in the one-channel case, to
subtract out a no-scattering term by writing

S=1+4+R

Then, since R, like S, conserves total energy and momentum, the matrix
elements can be written as:

<£” a"| slg’ a) = aa’a a(gr - g)

(17.4)
— 2mi 8(E' — E) 65(0 — PP, o’ — P, )

‘Here the on-shell T matrix t(p’, «’ < P, «) depends only on the sets of initial
and final relative momenta, which we indicate with a single underscore as
p and p’. (That is, p denotes the set of n, — 1 suitably chosen relative
momenta for the fragments of channel «.) It is defined only on the energy

shell E’ = E; that is, it is defined only for those p and p’ consistent with -

conservation of energy. It can, of course, be computed directly from the
operator S of the relative motion, whose matrix elements (p’, «'| S|p, @)
have a decomposition similar to (17.4), but without the factor d3(p’ — P).

The interpretation of the decomposition (17.4) is much the same as in the
one-channel case. The first term is the S matrix for no scattering and leaves
all momenta and channels unchanged. The second represents the actual
scattering; it conserves total energy and total momentum but can in general
change the relative momenta and the channel.

The fact that S can only connect states of the same energy leads to impor-
tant restrictions on what we can call the “channel structure’ of the S matrix.
To illustrate this, let us return to our three-particle model with its four
channels a =0, ...
channel indices o’ and « in (', &'| S|P, a) or #(P’, &’ < P, «) as labelling the

, 3, as shown in Table 17.2. We can regard the discrete -
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TABLE 17.2. CHANNELS AND THRESHOLDS

o 0 1 2 ) , 3
Channel a+b+c a + (bc) a+ bo)* b + (ac)
Threshold 0 E(bc) < E(bc)‘ < E(ac) <0

rows and columns of a matrix in “channel space,”” each element of whichis a
function of the momenta p’ and p. For example, in our model we have a
matrix with up to four rows and columns. However, at certain energies the
dimension is actually less than four as we now discuss. - For definiteness we
shall confine our attention to the CM frame (that is, we discuss the S matrix
of the relative motion), and we now imagine the energy to be increased from
some large negative value.

All states in a given channel have energy at least as great as the channel’s
threshold energy. Thus, for energies less than the lowest threshold E,,
there are no states in any channel and, hence, no S matrix. When the energy
increases into the range Eqq < E < Ey)« there are states in channel 1 but
none in any other. Thus, in this energy range, Sisa 1 x 1 “channel-space”
matrix

®,1Slp, 1)

which has many of the properties of the one-channel S matrix. For example,
if we choose an angular momentum basis of the channel 1 subspace and
assume rotational invariance, then exactly the arguments of Chapter 6 show
that:

(E’ U',m;1|S|E,l,m;1)
= 0(E' — E) 8,0 E  [Eqe) < E < Egpep]

where the phase shift §,(E) is real.

If we now increase the energy into the range Egq. < E < E(g,) there are
states in channels 1 and 2 but in no others. Thus, S becomes a 2 X 2
“channel-space’” matrix:

((P', 1S, 1) @ 1S, 2))
®,2/Slp, 1) ®@2IStp,2)
Clearly, as we increase the energy past each threshold the corresponding
channel opens up and the matrix gains one dimension. Finally, when E > 0

all channels are open and the S matrix has its full complement of four rows
and four columns.

(17.5)
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In conclusion, note that the relative motion in any two-body channel is
specified by a single momentum: the relative momentum of the two frag-
ments. Thus, as long as only two-body channels are open, each element
{ p o' S p «) is in fact labelled by just two momenta p’ and p, as indicated
for example in (17.5). In this energy range the multichannel S matrix is more
complicated than that of the one-channel problem only inasmuch as it has
more than one element. Once the channels with three or more bodies open
up, the corresponding matrix elements depend on several variables and the
situation is markedly more complicated.

17-c. Cross Sectlons

_ We must now set about computmg the observable cross sections in terms
of the on-shell T matrix. Since it is an experimental fact that almost all
processes of current interest have two-body initial states, we shall confine our
discussion to such processes, and consider a process leadmg from a two-body
in channel « to an arbitrary.out channel o’ (with »’ bodles) In our three-
particle model we could consider any of the processes:

(a + (be)
a + (bo)*
b+ (ac)
a-+ b +c

(the first three having two- body final states,-the last havmg a three -body
final state). For simplicity, we work in the CM frame, considering just the
relative motion, and take an initial state [¢) in &%, prescribed by its momen-
tum-space wave function ¢(p) in the relative momentum p of the two initial
particles.®* As usual ¢(p) will be well peaked about the mean incident
momentum. The corresponding in asymptote must, of course, be written as:

¥in) = |®) ={0,...,0, |¢>, 0,...,0}

where |é) occupies the ath position. : ‘ s

We ‘begin by computing the probability that, with the given in state
|'¥;n) = |®@) in channel «, the final particles be observed in channel «’ with
their momenta in some prescribed volume in the (3n" — 3)-dimensional

2

a+ (be)— (17.6)

3 Strictly speaking we should consider an initial two-particle wave packet of the form
$1(01) $5(p,). However, just as in Chapters 3 and 4, we get the same results by considering
a-wave packet ¢(p)in the relative motion. In particular, if we think of a process like e-H

g_—scattermg where one of the target partlcles is very heavy, then the heavy particle is practi-

cally fixed and the relative motion is a close approximation to the actual motion of the light

particles. In‘this case ¢(p) is (to a close approximation) just the wave function of the
incident light particle.
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space of the relative momenta of this channel. First, if we consider an
infinitesimal dp’ about some p’ then, since |¥oue) = S I(D) this probabitity
is ]ust4

w(dp', o’ < ¢, @) = dp’' |(p's o | Wour)l®
=dp' Kp’, «'| SID)f? (1.7

1f we consider instead some finite volume A" in the space of the final momenta,
then the required probability. is obtained by 1ntegrat1ng this result over, A,

W', o'« ¢, o) =J dp’ KP’,oc’rI~Sl"D>|2f a1y

In principle, A’ can be an arbltrary volume in the space of the final momenta.
Later, we shall return to discuss some examples of what are convenient,
choices for A in practice. Here we'mention only that if the final channel is a
two-body channel, then p’ reduces to.a single momentum p’ (the relative
momentum of the .two final particles) and the natural choice for A’ is the
familiar cone defined by an element of solid angle about any fixed direction.

Exactly as in the one-channel case, the precise details of ‘the in_ ‘wave
function ¢(p) are unknown and we must repeat the experiment’ many ‘times
with ¢ suitably randomized with respect to impact parameter. ' (J ust as in ‘the
one-channel case we do not need explicitly to randomize with respect to'the
shape of ¢ since our answer will turn out to'be independent of shape—under
the appropriate conditions.) When this is done the total number of particles
observed to emerge in channel « with their momenta in A’ 1s

Nsc(A’aa’) = ZW(A,“ <_¢pi’ “) Lo

= Rine J‘d PW(A’ o« ‘ﬁp’ “)
= n,nca(A ot <—¢ ot) -

where as usual p is perpendicular to the mean'incident momentum and ¢,
denotes the wave packet obtained when ¢ is displaced by e The cross section

oA, of « b, a) = J‘ FEpw,l by a) | 419

is clearly the effective cross sectlon of the target for scattermg of the packet
¢ into the volume A’ in channel «

4Here dp’ is an infinitesimal volume element in the (3n’ — 3)-dimensional space of the
relative momenta of channel a’. The result is the appropriate generahzatlon of the one-
channel probability of Section 3-d, w(d®p’ « yin) = a*p’ 1<p" | wout)®
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To evaluate the cross section we return to (17.8) for the probability w,
The matrix element that we have to calculate is

(2, o] S |®y) = f &', o] S p, w)e " (p)

As before, we can replace the S-matrix element by the appropriate multiple
of the on-shell T matrix. (For elastic scattering, o’ = o, this requires that we

avoid the forward direction; for inelastic scattering this restriction is

unnecessary.) This gives:
P, S|P, = —21rifd3p &E' — E){p', o' < p, x)e**>¢(p)

Substituting into (17.8) and then into (17.9) we can do two of the integrations
(exactly as in Chapter 3) and obtain:

oA, & — ¢, @) = (2m)'m fA dp’ f dspi &E' — E) |(p’, o’ P, ) |* |$(p)'?

where m denotes the reduced mass of the initial two particles in channel «.
Provided the in wave packet ¢ is sufficiently well peaked about its mean
momentum (which we now call p) the integral over p disappears as the
normalization integral for ¢ and we obtain an answer that is independent of
the shape of ¢ and so can be written:

oA o) = @ dp o — B g | (17.10)

The simplest application of this result is to the case of a two-body final
channel [for example, any of the first three processes in (17.6)]. In this case
the final relative momenta p’ reduce to a single momentum p’ and the volume
A’ is a volume in the corresponding three-dimensional space. Because of
energy conservation there is no interest in measurement of the magnitude of
P’, and the smallest interesting volume A’ is the familiar cone defined by the
infinitesimal solid angle dQ. For this case (17.10) becomes:

o(dQ, &’ «p, o) = 2m)t 2 de p*dp’
P [}
Prz P2
xo( L 4w, - L W.) e« < o (171D
2m’ 2m

since the energy E in a two body-channel « is p/2m + W,, where W, denotes
the channel threshold. Rewriting the lefi-hand side in the familiar form
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(do|d<) d2 this gives:

49 0, o < p, @) = @Ymm K (p', o’ « p, @)
P

dQ .
[o and o’ two-body channels] (17.12)

In the case of elastic scattering, o’ = «, this result reduces to
. dU ’ — 4. .2 ’. 2 17 13
d—Q(p,ou—p,a)-—(ZTr)m |t(p,a<—p,a)| ( . )

which has exactly the form of the one-channel result and includes the l'atter :
as a special case. For inelastic processes, o’ # «, the result (17.12).d1ﬁ'ers
from (17.13) in two respects. The reduced masses m and m' may be different
[as, for example, in the rearrangement collision a + (bc) — b + (ac)}.
And the initial and final momenta may be different, since p’ is fixed by energy
conservation to satisfy

72

2

Lot Wy =2+ W,

2m’ 2m

For example, in the excitation pfocess a + (bc) —> a + (bc)*, '
Pl = [Pz - 2'rn(E'(bc)' - E(bc))]%

It is convenient, as in the one-channel case, to introduce a scattering
amplitude, defined as® '

f@, & < p,0) = —2m)(m'my i ¢(p’, o’ <P, @) (17.14)

in terms of which the cross section for any process with two-body initial and
final states is '

99 oot poy =P\, a—po)lf | (1715
dQ. p

If we wish to apply the general result (17.10) for processes with more than
two final particles we must first decide what is a reasonable choice for the
volume A’ in the final momentum space; and we now briefly discuss this
question for the case of a three-body final state. For definiteness we consider
a process of the type

a+ (bc)—>a+b+c

5 As usual, definitions differing by assorted factors of m, m’, p and p’ are found.
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and for simplicity we suppose that i i
' particle c is very heavy. For exa :
could consider the ionization process ’ ’ ples e

e+H—e+e+p

For such a system the two relative. momenta can be taken to be simply th
actzfal momenta p, and p, of the two tht particles a and &, and we mustyno ;
decide what properties of these two final momenta it will be useful to observ:
For example, we can measure the number of particles b ejected with the'.
momen'ta in the infinitesimal volume defined by dE,, and d(},, and the numpb -
' qf partl‘cles a with their direction in dQ,. However, the er;ergy of the air
ticles ais then fixed by energy conservation. Thus, in this case the smaﬁes;
volume A’ of interest has p, fixed in the infinitesimal volume defined by 40
and dE,, but p, anywhere in the infinite cone defined by dQ,. For sz h Y
volume we write o " - o

(dQ,, dQy; dEy; o <= p,ay = —L5 46 40
e ) dQ, dQ, dE, _“‘{Q",dE"-
where, as can easily be checked from (17 10), -

d3c __
dQ,dQ, dE, .

The differential cross section d%0[dQ, dQ, dE, represents the most detailed
type of measurement possible for a three-body final state. It is often con-
venient.to make a less detailed “measurement. For example, one could
. measure the direction of the scattered particle @, but completely ,ignofe the
ejected part.icle b. This would correspond to taking for A’ the usual cone
an for P, times the whole of the sphere of allowed values of P,- It gives a
dlﬂgrentlal cross section do/d(),, which is obtained from (17.16) by inte-
grating over , and E,. Another possibility is to ‘monitor the energy E, of
the ejected particle but to ignore both directions. The corresponding crboss
section do/dE, is obtained by integrating (17.16) over all Q, and Q,, and gives
the energy spectrum of the ejected particle. ’ ”

To conclude this section we remark that if we take the whole of the
momentum space of channel «' for the volume A, then we obtain the total
cross section for scattering into channel o', which we denote (o < p, o).
(11.1 particular, for «" = « this is the total elastic cross section.) If we then ;um
this over all ﬁna} channels «’ we obtain the fotal cross section,

. _ .
4 mam Dol 7 ‘
(27)_ %° ’flt(pa, Py; ' < p, a)f (17.16)

a(p, é) = > (e’ < p, «)

@

= (@2n)* ? aE fdg’ ME"— E)|((p', o' < p,)® (17.17)

Y
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while if we restrict this sum to o’ % «, we obtain the total inelastic cross
section. .

17-d. Rotational Invariance

If our multichannel system is rotationally invariant, then the rotation
operator R(a) commutes with the Hamiltonians H and H*. It follows that it

commutes with Q% and, hence, with S, -

S = R'SR (17.18)

If all of the p‘articles and their bound states are spinless, the effect of the
rotation R on the channel basis vectors |P, a) is just

R1P, «) = |Pg, @)

where P denotes the effect of rotating all of the relative momenta p. Thus,
taking matrix elements of (17.18), we obtain the very natural result:

@S Hp @) = (pro @'l S g, @)

and corresponding equalities for.the T matrix #(p’, «' <P, ). -If any of the
fragments of channels « or «’ have spins (due either to the intrinsic spins of
the original particles, or to-the orbital momentum of the bound states), then
this result is complicated by the transformation properties of the spin indices.
These complications must then be handled by the same methods as described
in Chapters 6 and 7. ; o

As in the one-channel case, the simplest way to exploit rotational invari-
ance is to work in an angular-momentum basis. This is especially simple if
we consider an energy at which only two-body channels are open and suppose
further that none of the bodies have spin. In this case the angular-momentum
basis (of the relative motion) in each channel is a simple orbital basis with
vectors |E, I, m; «). Rotational invariance implies that the corresponding S
matrix has the form: - o

(E U, m'; {SIE, ,m; ) = 8(E" — E) 8,10, Sl E)
That is, the scattering for given E and / is determined by an n X n matrix
SY(E) in ‘“channel-space,” n being the number of open channels at the

energy E. .
The passage between the momentum and angular-momentum bases pro-

ceeds exactly as in the one-channel case. Corresponding to the definition
Sl(E) -1 ’
2ip

(17.19)

fl(E) =
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of thg one-channel amplitude, we define the multichannel partial-wave
amplitude as: ’

SL(E) — &,
fldE) = €82 " Zan
) 2i(pyp,)”

Here P. denotes the momentum in channel « when the total energy is E—that
is, ’

(17.20)

Pa= [zma(E - pVa)]%

where W, is the threshold of channel «—and the Kronecker delta Opp is to
ensure that the amplitude is related to the matrix elements of the operator
S — 1 in the normal way. As usual, definitions differing from (17.20) by
?s§orted factors of 277 and the momenta are common; with our definition
1t is easily checked (Problem 17.4) that the multichannel partial-wave series
has the simple form (for « and «’ both two-body channels):
S, &' < p, @) = 3 (21 + 1)fL(E)P(cos 6) (17.21)
11
Th.e unitarity of S implies that the # X n matrix SYE)of (17.19) is a unitary
matrix. Since the dimension of this matrix depends on the energy, it is of
some interest to discuss the unitary equation as a function of energy. We
start with the energy E just above the threshold of the lowest channel (which
we label o« = 1), and imagine E to be increased steadily past the various
thresholds W, (which we label in order of increasing energy). When
W, < E < W,, the matrix SY(E) is a one-dimensional unitary matrix and
hence has a single element of modulus one Ishi =1, or

si(E) = 9B W, K E < W)

with §,(E) real. If we consider the partial-wave amplitude defined in (17.20)
this means that the quantity p, f%, lies on the unitary circle (see Fig. 17.1).

When E moves above the first inelastic threshold S}(E) becomes a (2 x 2)
unitary matrix; and more generally, when E moves above W, (still assumed
to be a two-body threshold) S¥(E) becomes an n X » matrix satisfying

SYE)SHE) =1
If we consider the (1, 1) matrix element of this equation, we see that

[stal® + [+ -+ - 4+ sy = 1 (17.22)

Clearly, as soon as there is any inelasticity the original elastic element s,

must have modulus /ess than one, |s}| < 1 or

s(E) = e(E)eto® (17.23)

17-e. Time-Reversal Invariance 353

¢

\ Elastic

threshold Wy

The unitary
circle

First inelastic
" threshold W,

FIGURE 17.1. Typical behavior of the elastic partial-wave amplitude as a function
of energy.

where 9, is still real but ¢;, which is called the inelasticity factor, satisfies

0 g(F) <1
Alternatively we can write,
sil(E) — Zir]l(E)

with 77, complex. In this form we can say that inelasticity forces the “phase
shift” #, to have a positive imaginary part. The result means that the elastic
partial-wave amplitude moves inside the unitary circle as shown in Fig. 17.1.

The result (17.23) is easily understood. Much as in the one-channel case,
|s},|2 is the ratio of outgoing to ingoing flux in channel 1, when the incident
beam is pure / wave in channel 1. As long as only channel 1'is open, this
ratio must be one; but as soon as other competing channels open up it
must be less than one.

It is clear from (17.22), and its equivalent with 1 replaced by «, that every
element s.., must have modulus less than one. In particular, for any elastic
element the number p, f%, must lie inside the unitary circle. However only
the first amplitude f1, has a purely elastic interval.

Once a three-body channel opens up the situation becomes more compli-
cated. The basis vectors for the relative motion in a three-body channel are
labelled by E, I, m plus an internal energy (a continuous variable) and two
internal angular momenta. The discussion of such channels is obviously
much more difficult. Thus, if we return to (17.22) and suppose that the
channel « has three bodies, then the simple term |s;|? is replaced by an
integral and sum over the additional labels. However, this new term is still
positive and our conclusion that |s},| < 1 remains valid.

17-e. Time-Reversal Invariance

The discussion of parity invariance for multichannel scattering is little
different from that for the one-channel case, and need not be spelled out here
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(see Problem 17.5). However, in the case of time-reversal invariance, the
multichannel problem offers some striking new possibilities.

If the dynamics are invariant under time reversal then we can show just as
before that S = T'S'T and, hence, that

I S 1) = (Brl S Ixr) (17.24)
For example, if all particles are spinless, T invariance simply implies that®
@, «|S1p,0) = (—p,al S|—p', «) (17.25)

- The interesting new feature of this result is that it relates the amplitudes for
two qualitatively different processes, o' <— « and « «<— «’. In recent years
there has been considerable interest in testing T invariance, and there have
been several experiments to check the result (17.25) for various processes.
Here we mention just one example—the experiment of Bodansky, et al.
(1966), which used the two processes

p + Mg d + #Mg (17.26)

Since the particles involved in these reactions have spins *4,%,1,and 0,
respectively) we must generalize the result (17.25) accordingly. If we denote
by my, m,, m,, m, the third components of the spins of the four particles in
(17.26), then (as the reader can readily check) T invariance implies that the
amplitudes for the two processes concerned satisfy

f—»(P’, Mg, My < P, My, My) = f_(—P, —mMy, —My < —p', —my, —my)
(17.27)

where, to avoid writing channel labels, we have introduced arrow subscripts
2 corresponding to the directions of the two reactions (17.26).

Now, according to (17.15), the square of the left-hand side of this result is
(p/p") times the corresponding differential cross section. If we then sum this
over all possible values of my, m,, mg, m,, we obtain (2s; + 1)(2s, + 1)
times the unpolarized” cross section for momenta (p’ <— p). Exactly the same

8 The results (17.24) and (17.25) are variously referred to as “the principle of micro-
reversability,” “the reciprocity theorem,”” and “principle of detailed balance.” Un-
fortunately, there is considerable confusion as to the precise meaning of these terms. In
particular, the use of “detailed balance’ seems regrettable since historically this was used
for the equality of the probabilities for (y < ¢) and (¢ < x)—in general, a quite different
proposition from equality of the probabilities for (y < ¢) and (¢t < x1). (Of course in
certain situations the two results are related; for example, if all particles are spinless, in-
variance under PT implies that {(¢’, &’} S|P, a) = (B, a| S {p’, a’), which is equivalent to
detailed balance.) To avoid getting entangled in this confusing situation we shall refer to
(17.24) by the unambiguous title of “‘time-reversal invariance.” - .

7 Remember that to obtain the unpolarized -cross section, one sums over final spins and
averages over initial spins. Thus if we simply sum over all spins we obtain (25, + 1)
(255 + 1) times the unpolarized cross section.
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FIGURE 17.2. Relative cross sections N (E, 0,)/ N(E; 0,) for the processes

p +¥Mg =d + ¥Mg
at fixed angles (6, ~ 30°, 6, ~ 120°) and various energies (after Bodansky, et al.,
1966). , . : R ‘

considerations apply to the right-hand side. Finally, since rotational invari-
ance implies that the unpolarized cross sections depend only on thevene.rgy
and angle between p and p’, the result (17.27) means that the total gnpolanzed
counts (normalized to equal incident densities) into any given solid angle for
the two processes concerned satisfy- .

(25, + D(2s; + 1) PN (E 0 = @5 + D@2s: + 1) % N.(E,6) (17.28)

That is; apart from a proportionality factor depending on the spins and
momenta, the unpolarized angular distributions for th.e two processes
p + BMg < d + Mg should be ‘the same at all energies and angles—
provided the interactions are invariant under rotatioqs and time reversal.
The experiment of Bodansky, et al. used unpolarized beams of protons
incident on Mg and deuterons on *Mg, both from a tandem Van der
Graaf with energies adjusted to give equal CM energies f9r the two processes
(~15 MeV protons and ~10 MeV deuterons). To avqld the difficulties of
measuring absolute cross sections they plotted the ratio N(E, 0,)/N(E, 6,)
for the two processes at two fixed angles (8, ~ 30 deg an‘d 6, ~ 120 deg) and
at several energies. The various proportionality factors in (17.28) cancel out
of this ratio to give
e N—v(E, 02) — N'._(E, 02)
Tl N.(E,8) N(E, 0)
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provided T inyariance is good (invariance under rotations being taken for
gl:anted). Tl}clr results are shown in Fig. 17.2 and are completely consistent
with T invariance within the 0.4% experimental uncertainties.

PROBLEMS

17.1. Consider the scattering of an electron ¢’ off a hydrogen atom (ep)
with ¢’ and e treated as distinguishable and the proton treated as spinless afui
~ fixed. Write down suitable momentum eigenvectors and the correspondin
wave fun(ftions for the various channels. Include the spins of both electrons
and use eigenstates of the total angular momentum of the hydrogen atoms,

17.2. (a) In two-particle problems it is convenient to work with the CM
and. relative variables p, X, p, x. Discuss the various criteria that lead to the
choice of these variables and show that the criteria are met. You should
include at least the following—which are not all independent :

(1) The new momenta must include the total momentum, the generator of
displacements of the whole system.

(2) The second of the new position variables must be unchanged by dis-
placements.

(3) The new variables must be canonically conjugate pairs; that is, they
must satisfy the right commutation relations. -

(4) The new momenta should be given by —iV, and —iV, in the =
representation,

(5) The Jacobian of the transformation from (X1, X,) to (X, X) should be 1.

(6) The kinetic energy should be a sum of squares of the momenta.

(7) Thespace 2# of two-particle states should factor as ¢ em @ H#pep, and
the Hamiltonian decompose as H = H,, + Hyey, in such a way that
B, X, H.p act only on 5, and P, X, Hyj on )

(b) In our three-particle model, with spinless particles a, b, ¢, consider the
follo.wing set of coordinates: the position of b relative to c, the position of a
relative to the CM of & and c, and the position of the overall CM. Write
down the corresponding momenta and show that these variables satisfy all
of your criteria discussed in (a).

17.3. Prove the multichannel optical theorem for any two-body initial
channel «,

Im f(p, o« < p, ) = L a(p, ) -
47

where f(p, ®<p, «) is the forward elastic amplitude, and o(p, «) is the
total cross section for an initial state of relative momentum p in channel «.

Problems 357

pon’t forget that the total cross section generally includes many-body final
channels.

17.4. For any two-body channels « and « derive the multichannel partial-
wave series (17.21); (review the one-channel discussion of Section 6-c).

17.5. Consider a multichannel system in which all particles are spinless and
all bound states have zero angular momentum.

(a) What does invariance under parity imply for the momentum-space §
matrix ?

(b) Show' that invariance under PT implies that the momentum-space S
matrix is symmetric.

17.6. If one has no idea how to calculate the T matrix for a given process,
one can sometimes get a rough idea of how the cross section will behave by
assuming that the T matrix is constant and carrying out the appropriate
integral (17.10) over the final momenta. This procedure is known as a phase
space calculation, since it just takes account of the volume of phase space (or,
more correctly, momentum space) available to the final particles. As a
simple example of the method, consider the ionization process:

a+ (be)—>a+b+c
with ¢ infinitely heavy. Compute the energy spectrum do/dE, of the ejected
particle & from the general result (17.10) by integrating over the momentum

of @ and the direction of b, assuming that the T matrix element is constant.
Show that, under this assumption,

(E)*E — E, — W)
s .

do constant X E,.<E—-W

—_—= E
dEb 0 Eb>E—W

where E is the incident kinetic energy and W is the ionization energy of (bc)
(and we assume that E > W). ‘

Integrate this result over E, and show that (on the basis of phase space
alone) the total ionization cross section should behave like (E — W)? just
above the threshold E = W.

It should be emphasized that the use of phase space calculations requires
some skill and luck, since the procedure is really very ambiguous. The
point is that the definition of the T matrix is fairly arbitrary and in place of
t(p', o' < p, ) we could just as well have introduced ¢ = g(p’, p)t where
g(?’, p) is almost any function of all the momenta. Clearly it makes a big
difference whether we make the approximation ¢ = constant, or ¢’ =
constant. In relativistic problems there is a generally accepted definition of
a covariant T matrix; but even here it is by no means clear that this is the
““correct’ T matrix to approximate by a constant.
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18 Scattering

18-a The Stationary Scattering States
18-b .. The Libpmann—Schwinger Equations
18-/c - The T Operators

18-d Born Approximation; Elastic Scattering
18-e Born Approximation; Excitation

In Chapters 16 and 17 we have set up the time-dependent theory of
multichannel scattering. This provides a description of the multichannel
collision process, as it actually occurs, in terms of the'S operator and on-
shell T'matrix. We now turn to the corresponding time-independent theory.
Its main purpose is to furnish a means for the actual computation of the T
matrix for given interactions; and for this reason it is the time-indepéndent
theory that is the day to day concern of the practising physicist.

. In one-channel scattering we saw that the time-independent formalism
centers around the Green’s operators G(2) and G°(2), the T operator 7T(2),
and the stationary scattering states |p£); the on-shell T matrix being given
by any of the equivalent expressions

10 < p) = ¥| T (E, + i0) |p) (18.1)

DR v =@V Ip+) =@~ VIp) (18.2)
Bo‘;h T(z) and |p+) were givén in-terms of G°(2) by Lippmann—Schwinger
-equations, which provided essentially equivalent approaches to finding the
quantity of real interest, the on-shell 7 'matrix. g

* Inthis chapter we shall see ow the one-channel results summarized in
(18.1) and (18.2) extend to the miultichannel case. Superficially at least, the
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most important complication is that all quantities acquire additional channel
labels. As we have already seen the single free Hamiltonian H® of the one-
channel case is replaced by a family of “free”” channel Hamiltonians H*®,
describing the ““free’” evolution in the various different channels. In place of
the single free Green’s operator G°(2), there is a family of channel Green’s
operators G*(zx) = (z — HY™. In place of the stationary states |p+), there
is a family of stationary states | P, a+). In place of the single T operator there
is a double family of T operators T%%(z), one for each pair of channels « and

In the one-channel case we first developed the theory of the T operator
and then that of the stationary scattering states. In the present case we reverse
this order of presentation, since it is the stationary-state formalism that
appears most.commonly in practical calculations.! Accordingly, in the first
two sections we give the definitions and some properties of the stationary
scattering states |P, «4) and derive expressions analogous to (18.2) for the
on-shell 7 matrix. In Section 18-c we set up the corresponding theory of the
T operators T%%(z) and establish the analogue of (18.1). Finally, in the last
two sections we discuss the simplest approximate method for calculation of
the on-shell T matrix—the inevitable Born approximation.

18-a. The Stationary Scattering States

In single-channel scattering the stationary states |p+) were eigenvectors
of the full Hamiltonian H defined as Q_ |p). Loosely speaking this meant
that |[p+) (for example) is the actual state at ¢ = 0 corresponding to the
plane-wave in state |p). More: precisely, the actual state |[¢+) at t =0
corresponding to a normalized in wave packet |¢) has the same expansion in
terms of the |p+) as does |$) in terms of the plane waves |p).

We now define multichannel stationary scattering states as

p,at) = Q% |p, @) N (18.3)

where as usual p denotes a set of (n, — 1) relative momenta of the n, bodies
in channel o and |p, ) is the corresponding “free” plane-wave state.?

1 The reader may reasonably ask why we used the reverse order in the one-channel case.
The principal reason is that by introducing the operators G(z) and T(z) first (without
reference to |[p4)) one can get a better understanding of the off-shell T operator. Also,
perhaps there is some advantage to working things both ways round.

* As in Chapter 17, whenever possible we consider just the relative motion. Thus P is a
set of relative momenta , |P, o) a vector in the space of the relative motion, and H and H*
will denote the relative parts of the full and channel Hamiltonians. Alternatively, the
reader may prefer to consider a process like electron-atom collisions where one body can
be considered infinitely heavy and hence fixed. In this case p is just the actual momenta of
the (n, — 1) light bodies and H and H?* are the Hamiltonian and channel Hamiltonian.
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Using the intertwining relations (17.3) we can immediately see that these The result (18.5) is the .analogue of the one-channel_ re:uf!;r |:,h:: >on=-
states are eigenstates of the full Hamiltonian H with energy E = EZ. (This Ip) + G(£)V [p), and with its help we can obtain exptress1or]1)e or the on-
means that their wave functions @|p, azk) satisfy the time-independent shell T matrix. The momentum-space S-matrix elements can :

6di i i i . . ' 1¥aY4
Schrédinger equation, which provides one route to the actual computation @ 8ls |B, o = <£ v o o Ig, "

of the states.). In the same loose sense as applied to the single-channel case, } (18.6)
|P, «+) can be regarded as the actual state at # = 0 coming from an in =(p’, p— Ill’ at)
asymptote in channel « with momenta P. Similarly |p, x—) can be thought . it +)as
of as the actual state at ¢ = 0 that would evolve into an out asymptote in Now, using (18.5) we can write |2, «+) o
channel « with momenta p. As before, of course, the real significance of the |p, a+) = |p, a—) + [G(E + i0) — G(E — iO)]V* |p, o)
improper vectors is found by smearing them into proper normalizable states, _ B Lo a-
Just as in the one-channel case we can derive an expression for | P,at)in which can be substituted into (18.6) to give: ' .
terms of |p, «) and the Green’s operator. We first note, in the now familiar (', BISIP, a)y =05, 0(P" — P)+ (P, B—| [G(E +i0) — G(E — iO)] V |p, «)
way, that ior a proper normalizable vector |¢) in the channel « subspace, Finally, since the bra (¢, f—| is an eigenvector of H with eigenvalue E =
Q% [¢) = lim e"er-"H“f|¢> E%,, the factor in brackets comes outside as:
F - .
. @© . i 1 1 — . 6 E, _ E)
= i dt eHye,—iH% 18.4 _ - :l = —27i §(
I¢>+J; #) (189 I:E—E’+i0 E—E —i0
where we have introduced the channel o scattering potential * ' to give . :
2, BIS P 0) = 05,8(p" — p) — 2mi O(E" — EXp', f—| V*Ip, @) (18.7)
LVG =H - Hq - That is, the on-shell T matrix is given by
This consists of all potentials that link different freely moving fragments in : (p', B—p,0) = (p, f— |V°|p, o) (18.8)
channel «; that is, V' is precisely that part of the potential which becomes _ = = )
ineffective as the particles move apart in channel a. If V= were zero, an in ; Similarly, if we were to rewrite the bra (p', f—| of (18.6)in terms of (', f-+|
state in channel « would not be scattered. ' . we would find the alternative result
The known convergence of the integral (18.4) allows us to insert the familiar ‘
damping factor e+ with the limit ¢ | 0; and in this form we can apply (18.4) (p', B« p, o) = (p', B V' |p, at) (18.9)
to the improper states |p, ) to give: i = = —

i i i f the one-channel
i W) : : These two expressions are the multichannel versions 0 _ L
B, it} = lp @) + lim if dt =ity T 2, o) - results (18.2). PThe version in (18.8) contains the scatterlng ’laoteniial Ve of
. the initial channel « and is therefore referred to as the “prior version. Tlheg
Since |p, a) is an eigenvector of the channel Hamiltonian H* with energy in (18.9) has the potential ¥'# appropriate to the final channel 8 and is calle

E = Eg, this give’s: the “post> version.

: -

= imi —i(E+ie—H)t 1/

e ot lgl}’ lfo “ ripe) 18-b. The Lippmann-Schwinger Equations
‘ It is clear from the results (18.8) and (18.9) that knowledge oi‘ the ‘Ztattﬁs
I lp, at) = |p, ) + G(E + iO)V* |p, o) : (18.5) |2, a+) or |p, x—) implies knowledge of the gn-shell T matrix, alcl1 't1e1
- ) - g‘reat bulk of the literature on scattering theory is thereforel conctt:li;ne \Tic o
‘ . . - x 1
where we have introduced the full Green’s operator G(z) = (z — H)™. the problem of calculating [P, «4 ). Just asin the one-channel case the exp

or
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expressions |p, ad) = |P, «) + G(£)V*|p, o) are of little direct use since
they require knowledge of the full Green’s operator G(z). And, again, just
as in the one-channel case, they.can be converted into implicit Lippmann-—
Schwinger equations in terms of certain “free’’ Green’s operators, as we
now show. ’

In the one-channel problem there is a single free Hamiltonian H® and a
single corresponding Green’s operator G%(z) = (z — H°!. In the mult-
channel problem there are various different “free’” channel Hamiltonians
H*®, describing the “free” motion in the various channels, and we have to
define corresponding channel Green’s operators as ‘

G(2) = (z — H)™"

The first step in establishing the Lippmann-Schwinger equation is to use
the familiar identity
A7 =B"14 BY(B— A4

with 4 = (z — H) and B = (z — H®. This gives the resolvent equations
G(z) = G*(z) + G*"(2)V*G(z) A (18.10)
~ where, as before, V== H — H* Returning to (18.5) we multiply through
by G*V* to give : ,
GV*|p, ak) = G*V*|p, &) + GVGV*|p, )
Since by (18.10) G*V*G = (G — G¥), this reduces to the important resul:
G*E £ i0)V* |p, at) = G(E £ i0O)V* |p, ®) (18.11)

Finally, substitution into (18.5) gives the desired Lippmaﬁn—Schwinger
equation

Ip, at) = |p, &) + GHE £ i0)V* |p, at) (18.12)

This equation, which is an integral equation for the corresponding wave
functions, and the Schrédinger equation provide the two principal approaches
to the computation of the stationary scattering states. :

It should be emphasized that the multichannel Lippmann-Schwinger
equation is considerably harder to handle than its single-channel equivalent.
Some of the difficulties are readily apparent. For example, the Green’s
operator on the right is the channel Green’s operator G*(z) = (z — H*)™.
Except for the case « = 0 (all particles free), H® contains some potentials
and the corresponding Green’s operator G* cannot, in general, be exactly
calculated (in contra-distinction to the one-channel situation where G° is
known exactly). A less obvious, though more profound, difficulty is that
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where the one-channel equation is (or can be easily converted to) a non-
singular integral equation, the multichannel equations are in general highly
singular. This makes both the theoretical study and practical use of the
equations much more difficult. In fact, it is only in the last few years that any
significant progress on the rigorous study of these equations has been made
(see Faddeev, 1965). .

18-c. The T Operators

Just as in the one-channel case, the time-independent multichannel theory
has two essentially equivalent formulations, one in terms of the stationary
scattering states, the other in terms of the T operators.' Having established
the former, we can now easily set up the latter. '

We start with the expression,

t1(p', B p,w) =, p—| V°Ip, )
into which we substitute:
B B=) =Ip. B + GE — OV |p, B)
This gives ‘

(P, p—p, o) =&, I V" + V'G(E + iOV*] |p, o)
or N

t(p', B<—p, ) = (p', Bl T’(E + i0) Ip, o) | (18.13)

where we have defined the T operator,

TP() = V* + VIG(R)V* O (18.14)

As anticipated there is a double family of T operators T%%(z). The on-shell
T matrix for a transition from channel « to channel § is given by the on-shell
matrix element of the appropriate T%%(z) between the free states |p’, ) and
1D, a).3 :

One feature of the definition (18.14) of T7%%(z) that deserves comment is the
apparent asymmetry between the indices « and . There seems no. obvious
reason why it is the potential ¥* and not ¥* that appears in the first term.
Indeed, if we had started with the “post” form (¢’, f| 174 [P, a+) for the

3 Although T#%(z) is labelled by two channel indices, there are not actually as many T
Operators as there are pairs of channels. The point is that if two channels a and «” have
the same groupings of the particles, then the channel Hamiltonians H* and H< are the same,
and hence V= = V4. Thus, T#2(z) and T «'(2) are different only if the channels « and o’
or f and p’ have different arrangements. - -
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og—shell T matrix, we would have been led to a result similar to (18.13) but
with the T operator

T%%(2) = V* + VPG(z)V*

If the channels « and § have different groupings of the particles, then the
channel Hamiltonians H® and H’ are different and hence, V* # V*. Thug
the two T operators T8%(2) and T#2(z) are generally different. Then which i;
tl.1e correct one? The answer is that both lead to the same on-shell 7 matrix
since ’

P, BI (TP* — T*%) |p, oy = (p', Bl (V= — VP) |p, &)
= <£,7 ﬁl (Hﬁ - Ha) IB, tX.>
=(E'—EXp,B|pwy  (18.15)

which is zero on the energy shell. Since the two T operators give the same
on-shell 7 matrix, and since they differ only by the constant operator
(V* — V?), there is no interest in retaining both. For definiteness we shall
use 7%%(z) as defined in (18.14).

As one would expect, the explicit definition (18.14) of ,T8%(2) can be
replaced by an implicit Lippmann—Schwinger equation. To do this we
multiply (18.14) on the left by G*(z) to give

GH2)T*(2) = (G + G VPG)V* = G(Z)V*

Substitution back into (18.14) gives the desired equation

TP(z) = V* + VPGP (2) TP(z) ~ (18.16)

It is the similar structure of the Lippmann—Schwinger equations (18.16) for
the T operators and (18.12) for the stationary states that guarantees that the

two approaches to the on-shell 7 matrix are essentially equivalent. For the

most part we shall work with the stationary states since they appear most
commonly in the practical literature. It should, however, be mentioned that
in rigorous discussions of the subject there are some advantages to working
with the T operators.

18-d. The Born Approximation; Elastic Scattering

To, conclude this chapter on basic ideas we discuss the most basic of all
methods of computation—the Born approximation. One can arrive at this

approximation using either the stationary states or the T operators. One -

assumes that the effect of the scattering potential is small and completely
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Particle a—incident
on the (be) “atom”

““““““ Particle b—held in orbit
around ¢ by Vi,

———

\
N\, Vie
\
\
N\

Particle c—“nucleus”
fixed at origin

FIGURE 18.1. Particle g incident on the bound state (bc).

ignores the second term in the Lippmann-Schwinger equation. For example,
this gives 4

IBI, ﬁ—> ~ |£,7 ﬁ)
Insertion into the exact T matrix (', f—| V*|P, ) then gives the Born
approximation:

(p', B < p, ) ~ (p/, Bl V*|p, @) |- - [Born approximation] (18.17)

This is the “prior’” form of the Born approximation because it involves the
potential ¥ of the incident channel. There is a corresponding “post” form
(p', B V®|p, o), which is identically equal to (18.17) (on shell) by (18.15).
“The Born approximation (18.17) is obviously the first term in an infinite
series in powers of the operator GP(E + i0)V? and we naturally expect that
it will be a good approximation either if ¥* is weak or, since G’(z) =
(z — HP)1, if the energy is high. However, remarkably little has been
rigorously proved about convergence of the multichannel Born series, and
we shall simply accept (what is found to be the case) that under suitable
circumstances (mostly in atomic physics) the Born approximation does give
satisfactory results.*

To understand the interesting general features of the Born approximation
it is best to confine attention to the simplest relevant model. We can consider
as an example our three-particle model with particles 4, b, and ¢. We
suppose that c is infinitely heavy and hence effectively fixed. We imagine
a to be incident on the (bc) bound system (channel 1) and we suppose at
first that @ does not interact with ¢ at all (Fig. 18.1). In this case there are
just two potentials: ¥,,, which holds the (bc) “atom” together, and V,,

4 That the multichannel Born series is much more complicated than its one-channel equiv-
alent is quite apparent when one remembers that it is a series in powers of the channel
potential V#, not the whole potential V. In this connection, if one were to make the whole
potential weak, then all bound states would cease to exist and the problem would cease
to be a multichannel problem.
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which causes the scattering. The channel 1 Hamiltonian is

P2 | e
H=—"+-t1vy,
2m, 2m, ’

while the channel 1 scattering potential is V! = V,.
Let us first compute the Born approximation for channel 1 elastic scattering

' a + (bc) —a + (bc)
The wave function for an asymptotic state |p, 1) of channel 1 is
<xa’ Xp I P, 1> = (ZW)—%ein.xaqSl(xb)

where we now denote by ¢, the (bc) bound-state wave function. Thus, the
on-shell T matrix for elastic scattering in Born approximation is

(@, 1< p, 1) = (@, 1| P2 [p, 1)
= @2m) f i f Pt b) Vs = X))

[Born approx1matlon] (18.18)

The result (18.18) can be rewritten in two ways. First, by regrouping we
obtain:

(p', 1< p, 1) = (2 f e f 40, Vi(Ks — %) |

= (2m)~° J. dPre P (x,)

where .q = p’ — p. The second expression has.exactly the form of the
one-channel Born approximation for scattering by the potential V(x,).

Since F(x,) is the result of averaging the actual potential ¥,,(x, — X,) With

respect to the distribution |¢,(x,)|?, this result coincides precisely with the
“static”” approximation discussed in Section 9-d in connection with scattering
of electrons off atoms. That is, if we compute the elastic electron-atom
amplitude using the multichannel Born approximation, then we obtain the

‘same result as if we use the one-channel Born approximation treating the

atom as a static charge distribution. -
We can rewrite the result (18.18) a little dlfferently by taking as variables of
integration x = x, — X, and x,. This gives

@, 1. D) = (@my® f @ T4 (%) f P e ()

= t(p < )b tixea8a(@) [Born approx1matlon] (1819)
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That is, in Born approximation the elastic scattering of a off the bound b
particle is the same as'that off a fixed target b, times a certain function g,(q).
This function g,(q) is just the Fourier transform of the probability distribution
[$1(x;)|? and is called the elastic form factor.

The concept of the form factor has played a very important role in scatter-
ing theory. From the present discussion and that of Section 9-d, it should be
clear that the form factor arises whenever the scatterer {the (bc) “atom’ in
our case] instead of being a fixed point particle, is spread out according to
some distribution. Measurement of g;(q) gives information about this
distribution. For example, it develops that the charge of a proton is not
concentrated in a point and measurement of the e—p form factor gives infor-
mation on the charge distribution inside the proton. Since in the forward
direction (q = 0)

£(0) =1

we see that, in the neighborhood of the forward direction, scattering off a
bound target is just like scattering off a fixed point target.> Thus, to obtain
useful information about the target structure, one must make measurements
at large momentum transfers—that is, at high energy and large angle (see
Problem 18.1).

Because of the great importance of form factors it should be emphasized
that they are defined by (18.19) only in the context of the Born approximation.
In general, the corresponding result for the exact amplitudes is simply not
true. Both the actual amplitude and that for b fixed depend on p and p’
separately (not just ¢ = p’ — p) and their quotient cannot be written as g,(q).

Before going on to discuss inelastic processes we note that we can easily
extend the above discussion to the case where the incident projectile a
interacts both with the bound particle b and the “nucleus” c. In this case the
scattering potential V! is

V= Vab + Vac

Clearly, in Born approximation the elastic amplitude is just the sum of the
amplitudes obtained from each potential separately. Since c is fixed this is
just:

1(p', 1< p, 1) = 1,(0" < P)|s tixea £2(@ + 2.(0' < D); tixea (18.20)

18-e. The Born Approximation; Excitation
We now go on to apply the Born approximation to the simplest form of
inelastic process—excitation of the target by the projectile. For example, we

5 This is to be expected. Roughly speaking, particles scattered near the forward direction
have large impact parameter and so are insensitive to the target structure.
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can consider the process
a + (bc) —»a + (bo)*

leading from channel 1 to channel 2 of our model. According to (18.17) the
Born approximation for this reaction is:

t(p,2<p, 1)=p,2|V'p, 1)
= Qmy f &, f B ah(x,)*

X [Va(xa) + Val(x)le® ™ d(x,)  (18.21)

where ¢,(x,) and $,(x,) are the wave functions of the initial and final bound
states (bc) and (bc)*. First, since ¢, and ¢, are orthogonal the contribution
of the potential V,, linking a to the “nucleus” c¢ is zero. (This is to be
expected. In the absence of V,,, the passage of the projectile a could obvi-
ously not cause excitation at all.) The contribution of the potential ¥, can
be rewritten as in the elastic case to give:

(0,2 < p, 1) = @)~ f e e, (x) f e ) o)

=1(p’ « P)Ib tixeag2(q)

In this last result g,(q) is called the inelastic form factor and is just the
Fourier transform of the product ¢3¢,.% Since the process is inelastic,
P’ #p. [Remember that p”* = p? — 2m(E, — E,) where E, — E; is the
excitation energy of the final state (bc)*.] Thus, the first factor in (18.22) is
the elastic 7 matrix (in Born approximation) off the energy shell. This is our
first example of a result mentioned earlier—that the on-shell amplitude for a
many-body process can often be expressed approximately in terms of the
off-shell amplitudes for certain related two-body processes.

The use of the inelastic Born approximation can be well illustrated by the
case of 1s — 2p excitation of atomic hydrogen by electrons. For the purposes
of the illustration we make some simplifying assumptions. We treat the two
electrons as distinguishable (that is, we ignore any effects of the exclusion
principle), we ignore all spins, and we treat the nucleus as infinitely heavy
and, hence, fixed. (All of these approximations prove relatively unimportant
in the energy range where the Born approximation is expected to be good.)
We label the general state of the target atom by the usual three quantum
numbers n, /, m, and first compute the amplitude for excitation from the
ground state (1, 0, 0) to an arbitrary level (n, I, m).

[Bz)rn approximation] (18.22)

® In general, if the target has several levels there is a separate form factor g, = | e~ 0%$%h,
for excitation of each level . In fact, strictly speaking one should write g,,,,, as the form
factor for the target initially in the nth level to be excited (or de-excited) to the n’th level.

T
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The scattering potential ¥ consists of the Coulomb attraction between the
incident electron and the nucleus, plus the repulsion between the two
electrons. Of these only the latter contributes to excitation and the relevant
amplitude is [recall that the amplitude is —(27)?m times the T matrix]:

F@, nim —p, 100) = — (2m)tm(p’, nim] V* |p, 100)

m
= — erdsﬂ:a fd%:b

, e?
X e (X)) ———

|xa - xbl

€™ 2h100(Xs)

This can be manipulated as in (18.22) to give

27 r

102 —iq-x
__me f . f 4 & () ran(X)

The first integral suffers the usual diseases associated with the Coulomb
potential and is divergent. However, if we follow the correct procedure and
use a cut off [for example, e7/* with p — oo] it is easily evaluated as 4r/qz.
This gives

2 |
S, nim < p, 100) = 5 f Bz e (%) * Bioo()

The bound state wave functions ¢,,,,(x) are explicitly known and have the
form (1/r)y,..(r) ¥;"(%). The integral can therefore be evaluated by expanding
the factor e as:

. 0 i
o =23 a0 3 Y@@ (18.23)
qri=o m=—1 :
Thus, in particular, the 15 — 2p amplitude is:
f(p', 21m < p, 100) = al(qa)YT(@* (18.24)

where I(ga) is a certain dimensionless radial integral, which the reader can
easily write down.
The differential cross section corresponding to the amplitude (18.24) is:

:11_?2 (P', 2tm < p, 100) = |f(p’, 21m < p, 100))*

In practice, neither the final magnetic state m nor the final direction p’ is
measured. (The cross section for the ls— 2p excitation is measured by
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FIGURE 18.2. The cross section o(2p « 1s) for excitation of the 2p states of
hydrogen by an electron. (Courtesy Dr. S. J. Smith.)

counting the photons emitted in the subsequent 2p — Ls transition.) Thus,
the interesting cross section is,

o(2p — 1s) = [dQ,. > dié (p’, 21m < p, 100)

2 :
LS f aQ, |1(qa)!? (18.25)
4 :
where we have used the relation
meangz _ 2L+ 1
% 1Y@ i

The angular integral can be evaluated with perseverance and the resulting
cross section is plotted as a function of incident momentum in Fig. 18.2. It
will be seen that the agreement with experiment is reasonable above about

. 100 eV.

This example is typical of the situations in which the mul.tichannel ‘BOI_'H
approximation is normally useful—namely at reasonably high energies 11}
processes (such as those of atomic physics) where electromagnetic {nter
actions dominate. In nuclear and high-energy physics, where strong intel”
actions are usually important, the Born approximation is_ almost pever
reliable. We shall return later to a number of alternatl\{e tef:hnlques
(coupled-channel approximation, distorted-wave Born approximation, etgi)
that may be useful in circumstances where the Born approximation is 0%
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PROBLEMS

18.1. Consider the elastic form factor g,(g) defined in (18.19) for scattering
of a off target (bc) [assuming that ¢ is infinitely heavy and that the (bc)
target has / = 0]. By expanding g,(q) as a Taylor series about ¢ = 0, show
that useful information about the target can only be obtained with momentum
transfers satisfying ¢ > 1/r, where r is the root-mean-square radius of the
target. Since ¢ < 2p, this means that the minimum momentum needed to
probe a target of size r is p ~ 1/r, in agreement with uncertainty principle
arguments.

18.2. Consider the scattering of a particle a off a bound state (bc) with
neither b nor c infinitely heavy. Show that in Born approximation the elastic
T matrix has the form:

tei(D < P) = tas(P’ < )|y tixeal (m—q) + 12o(P’ < P)c tixcal (—mi-)

my + m, my, + m,
where p and p’ are the initial and final momenta of a in the overall CM frame
(g = p’ — p) and the form factor g(k) is defined as the Fourier transform of
the (bc) probability density |f,.(x;0)|2. (Your only problem is to sort out the
various relative and CM coordinates. One way is to write down the Born
approximation for the complete motion—including plane waves for @ and the
(bc) CM—and then factor out the overall momentum & function.)

18.3. (a) Using the “prior”’ form of the Born approximation (18.17) show
that the T matrix for the ionization process a + (bc) —a + b + ¢ (with ¢
infinitely heavy) has the form

z\Ion(l-‘a’ Py P)

= ab(Pa A p)'b tixed $bc(pa + P, — P) + tac(pa A p)1c fixed $bc(pb)
where &,.(k) is the Fourier transform of the (bc) wave function ¢,,(x,.)—
times (2a)—%.
(b) The “post” form of the Born approximation would contain an additional .
term involving V,.. Prove that this term is zero. [The use of the Born
approximation for rearrangement collisions is actually a controversial subject.
It is generally agreed that a better approximation would be to drop the
second (so-called “core™) term in part (a), since this corresponds to the
interaction ¥, of @ with the fixed “core” ¢ and ¥, alone could obviously not
Cause ionization at all.]
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In this chapter we continue our general discussion of the time independent
theory, concentrating on the properties of the stationary states | p, «+) and

their wave functions (z | p, «+). We discuss only those collisions with two-

body initial states since these are the only processes of serious practical
importance. For simplicity, we suppose that while the target is an arbitrary
bound state of several particles, the projectile is just a single particle such as
an electron, proton, or neutron. .

In Sections 19-a and 19-b we examine the behavior of the wave functions
at large distances and establish analogues of the familiar one-channel result:

x|p+) —> m)* [e“’"‘ +f(px<p) eTw] (19.1)

In establishing these results we are led to an expansion of the wave functions
in terms of the stationary states of the target. We show in Section 19-c that
this expansion, which we call the target-state expansion, reduces the multi-
channel problem to an infinite set of coupled one-particle Schrédinger
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4
;

19-a. Collisions Without Rearrangement 373

equations. This infinite set of equations leads to the close-coupling or
coupled-channel approximation, which is obtained by truncation to give a
finite (and approximate) set of N coupled equations. Under suitable con-
ditions this truncation can be made so as to account explicitly for all channels
that are important or of interest, and to neglect only channels that are un-
important. Under these conditions the approximation provides a useful
method of computation.

Finally, in Section 19-d we show that by introducing a suitable potential
V opt» called the optical potential, one can reduce the multichannel problem to
an exact set of N coupled one-particle equations. We shall see that in these
equations N channels are treated explicitly, while the effects of all other
channels are taken into account (exactly) by the optical potential. The optical
potential is usually very complicated and cannot be exactly calculated. Its
principal importance is rather that one can often make a good phenomeno-
logical guess for V,,,. With this guessed ¥,y the N coupled equations
describe N channels explicitly and account approximately for the effects of
all other channels. In this way it is often possible (especially in nuclear
physics) to get extremely good fits to large bodies of experimental data.

19-a. Asymptotic Form of the Wave Functions;
.Collisions Without Rearrangement

The multichannel analogue of the one-channel asymptotic form (19.1) is
quite complicated in general, and we shall therefore consider just a few simple
examples (for a much more comprehensive and careful discussion see Nuttall
and Webb, 1969). We begin by considering our three-particle model with
light particles @ and b and a heavy fixed particle c. We allow for several bound
states (bc)y, . . . , (bc), and (ac)y, . . . , (ac),  and perhaps also some bound
states of @ and b. There are then n channels of the form

a+ (be)y,...,a+ (bo),
and n’ of the form

b + (ac), ..., b + (ac),
In addition, there is the channel 0 (@ + b + ¢) and perhaps further channels
of the form (ab) + c.

We shall consider a process in which particle @ is incident with momentum
P on the ground state (bc);.! We label this channel as channel 1, and the
corresponding stationary state is then |p, 14). This has wave function

! The target could just as well be some excited state. However, since in practice it is
almost always in the ground state we consider this case.
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(Xg, X, | p, 1+) depending on the two variables x, and x,, and the question
immediately arises: Do we want the asymptotic behavior as x, — o, or
X, — 00, Or perhaps both? In fact, all of these cases are of interest, as can
readily be seen. If x, — oo with x, fixed, then the wave function should show
the effects of those channels in which particle @ moves far away from b and
¢ (and which are open at the energy considered). However, we would not
expect to see those channels in which q is captured [a + (bc), — b + (ac),],
nor those in which @ and b move off together [a + (bc), — (ab); + c]. Thus,
as x, — oo with x, fixed, the wave function (x,, x, | P, 1+ ) should consist of
an incident plane wave in channel 1 plus outgoing waves in the channels
a + (be); and a + b + c. Instead, if we let x, — oo with x, fixed, then we
should see the outgoing waves in the channels b 4 (ac); and a + b + ¢,
but not the others.

We begin with the case that x, — co with x, fixed. We proceed in close
analogy with the one-channel analysis of Section 10-c, starting from the
Lippmann-Schwinger equation

lp, 1+) = IP, 1) + GYE + i0)F*|p, 1+) (19.2)

To get at the wave functlon (X4 X, | P, 14+) we need to know the spatial
matrix elements (X,, X,| G1(2) |x;, X;) of the channel 1 Green’s operator. In
the one-channel case we evaluated the matrix element (x| G%(z) |x’) of the
free Green’s operator by inserting a complete set of eigenvectors |p) of the
free Hamiltonian H°. In the present case we seek analogous eigenvectors of
the channel 1 Hamiltonian, which we write as:

P P P
H'= 2% 4 5 4 Voo = 2+ Hio (19.3)
2m, 2m, 2m,
Here the second term is the Hamiltonian of particle b in the field of the fixed
particle ¢. From this it is clear that we can take as elgenfunctlons of H* the
products,

Q) e (x,) (19.4)
where ¢ (x,) denotes any of the eigenfunctions of H,, with energy E.
These are of two types; there are the n bound states (bc)y, . . . , (bc), with

wave functions ¢,(X,), . . ., $,(x;). Also, there are the contlnuum states,
which for example we could choose to be the outgoing wave scattering states
of b in the field of ¢. In either case the functions (19.4) are eigenfunctions of
H* with energy (p?/2m,) + E,.

The reader will notice that when ¢,(x,) is one of the bound-state wave
functions ¢,, . . . , ¢,,, the function (19.4) is precisely the free wave function
of the channel @ + (bc),. The same is not true of the continuum functions;
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when ¢,(x,) is one of these, the function (19.4) is not the free wave function of
any channel. Therefore, the basis of eigenfunctions (19.4) of the channel
Hamiltonian H* is, thus, a curious hybrid. The discrete part consists of free
channel wave functions (x,, X, | p, «) where « runs over all channels with the
arrangement a + (bc),. The continuous part consists of functions that have
no simple relation to any channels. In fact, we shall be mainly interested in
the discrete part of the basis, and it is for this reason that we identify the
functions ¢,(x,) with the same label « as used to identify channels. However,
it must be remembered that this « runs over some of the channels (specifically
those with the same arrangement as channel 1), and it also runs over a
continuous range corresponding to the continuum states of b in the
potential V.. To emphasize this point we shall write “sums’ over « with the

symbol

Now we can insert a complete set of the states (19.4) into the required
Green’s function, to give:.

e X (X BalXp)* (19.5)
2z — (p*[2m,) — E,

(X 3] GY2) [0 X)) = (2 f.dap f

The integral over p can be performed, exactly as in the one-channel case.
Each term in the sum over « has a pole at p = [2m,(z — E,)]*¥; and for the
case z = E + i0 the result is

'?alxﬂ"xG |
<xa’ xb‘ GI(E + 10) Ixa’ xb) = - m y I d’ ( b)d’ (xb)*

where p, = [2m(E — E,))”# is the momentum of particle a if the target
(bc) is left with energy E,. In particular, we shall want the Green’s function
for r, > r,, in which case,

l'Dafa
(X4 Xp| GNE + i0) |X., X;) —> — My f_

Yo ® 2w Jda 1,

R ()b (x)* (19.6)

We are now ready to establish the asymptotic form of the stationary wave
functions. From the Lippmann-Schwinger equation (19.2) it follows that:

(Xgs X | P 14+) = (X, X, | p, 1)
+ f d3x! f d3x}(x,, x,| GYE + i0) |x., )

X V(K0 X0, %3 | B, 14)
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Substituting (19.6) for the Green’s function we obtain:

o (277)"%[e"""‘“¢1(x,,) — (27)’m, 35

or?

i
e DPaTa

$%)PR, @l V [p, 1>} (19.7)

s a

| B 1) > Q) ] i)

nare (19.8)
+ £k e p D )|

This result is a natural generalization of the well-known one-channel result
(19.1). The first term is the expected incident plane wave in channel 1; the
second term has a sum over a. This sum includes » discrete values, corre-
sponding to the bound states (bc),, . . . , (bc),, plus continuous values corre-
sponding to the continuum states of the target (bc). For the moment we
focus attention on the » discrete terms. Each of these is the product of three
factors: an amplitude, a spherically spreading wave for particle @, and the
target function ¢,(x,). Since the momentum of the spherical wave is:

P, = [2m(E — E)T* (19.9)

we see that each term in the sum represents the particle a travelling outwards
with energy E — E, having excited the target to the state (bc), with energy
E,.

If the total energy E is less than E,, then the momentum (19.9) in channel
« is pure imaginary. In this case the contribution of channel « to the asymp-
totic form (19.8) vanishes exponentially as r, — 0. Thus, the sum in (19.8)
can be taken to include only those channels that are open at energy E. In
particular, if the energy is below that necessary to disintegrate the target,
the “sum” in (19.8) is a genuine sum with no contribution from the con-
tinuum. ‘

If the incident energy is sufficient to break up the target, then the “sum”
in the asymptotic form (19.8) includes an integral over the continuum states.
It can be shown that these terms represent outgoing waves in the breakup
channel @ + b + ¢, but we shall not go into this here.

It is not hard to extend these results to more general systems, in which
both projectile and target are composites made up of several particles (atom—
atom or nucleus—-nucleus collisions, for example). Here we consider just an
intermediate case in which a single particle is incident on an arbitrary target.

2 The notation in both of these equations is really appropriate only to the discrete terms in
the sum. Only for these terms is the wave function exp(ip” - x,)¢,(x;) correctly identified
by the bra (p’, «| as in (19.7). Hence, only for these terms is the use of the notation
f(p', @ < p, 1) in (19.8) appropriate.
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We denote by x, p and m the position, momentum, and mass of the projectile
and by =z, the set of coordinates of the particles inside the target. The
channel Hamiltonian of the incident channel (number 1) has the form:
2
H ! = P_ + Hba.t

2m
where Hy,. contains all kinetic energies and interactions within the target.
For simplicity we consider a target with a heavy fixed core (such as an atom
with its heavy nucleus) although as usual our discussion applies equally to
the relative motion of a translationally invariant system.

The analysis goes through just as above. The Green’s operator G'(z) is
evaluated in terms of a complete set of eigenfunctions ¢,(z,.,) of the target
Hamiltonian. These consist of the bound states ¢, . . . , ¢, of the target plus
a complicated set of continuum states. An analysis parallel to that leading
from (19.2) to (19.8) then gives the natural result,

5 i | B 14) 5 2 72100
(19.10)

+ f; f (p;f(, a<—p, 1) %ﬁ <f>a(£m):]

Here the first term is the incident wave in channel 1, the discrete terms of the
sum represent the outgoing projectile with the target left in one of the states
é15 ... , ¢, and the continuum terms represent the various possible breakup
processes as before.

The cross sections for elastic scattering and for excitation can easily be
read off from the asymptotic form (19.10). The first term represents a steady
incident flux,

incident flux = (2m)~* 2

m
in channel 1. The «th term in the sum represents a scattered flux per unit
solid angle

scattered flux = 7)™ |f(p,, & < p, 1)|2%

in channel «. Thus (with all the reservations that apply to the corresponding
derivation in the one-channel case), we arrive at the answer:

do scattered flux/solid angle p, . . 2
T\ Pa s 1) = = ) ) 1
dQ Pox<p. 1) incident flux/area p /(@or & <= p. Dl

as expected.
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19-b. Asymptotic Form of the Wave Functions;
Rearrangement Collisions

So far we have considered the behavior of the stationary wave function
{z ] P, 1 +) as the coordinate of the original projectile approaches infinity,
with all target coordinates fixed. As expected this displayed the effects of
those channels with the same arrangement as that of the incident channe} 1.
If we wish to see the effects of rearrangement collisions, then we must let
some of the target coordinates go to infinity. Here we shall consider the
same three-particle model as above with a incident on the ground state (b¢),,
and examine the wave function as x, goes to infinity with x, fixed. This
should display the effects of the rearrangement collisions

a + (be), — b+ (ac),

The analysis of this case is quite similar to the previous one. The first step
is to obtain some analogue of the Lippmann-Schwinger equation (19.2) in
terms of the final channel Green’s operator G*(z) = (z — H?)~!, where H?
is the Hamiltonian of the final channels under consideration,

2 2
Hf = LT +V, (19.11)
2m, 2m,

We start with the original Lippmann—Schwinger equation

Ip, 14+) = |p, 1) + GYE + i0)V{p, 1+)
and rewrite G! in terms of G* as
G'= G + GA(VP — VHG!
This gives
Ip, 1+) = Ip, 1) + GV |p, 14) + GA(V* — VDGV |p, 14)
Since GV |p, 14 ) in the last term is the same as [p, 14) — |p, 1), this gives

Ip, 14) = G*V’ |p, 14) + |o) (19.12)
w_hcre

lo} = |p, 1) — G*(¥* — ¥} Ip, 1)

It can be shown that the vector o) is orthogonal to all vectors in the channels
of interest—that is, vectors in the subspaces of the channels b + (ac)s.
Therefore it need not concern us here and we shall omit it from the next few
equations. The first term in (19.12) can be treated by the techniques of
Section 19-a.
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To evaluate the spatial matrix elements of G?(2) we need a set of eigen-

functions for the channel Hamiltonian HP of (19.11). These have the form:
Q@my e 15(%0)

where y5(x,) stands for any of the (ac) boynd-statc wave functions or tl}e
corresponding continuum functions. This gives an expression for the matrix
clements of G* analogous to (19.6) for G* (but with x,, m,, and ¢, rcpla'ccd by
Xy, My, and xp). Substitution into the expression (19.12) for |p, 1+) gives:

(50| B 1) g @ Gty £ 1oy BV 016
b

Xp—+ 0

: (19.13)
Bearing in mind that for the rearrangement

a + (bc),— b + (ac);
the amplitude is:

f(0ps B s 1) = =@ (mamy)*1(pg, f < P D
we can rewrite (19.13) in the final form:

e”’p"b
xﬁ(xa)
b

r

3¢ (M & N
x| 14 =2 @ () L1 80D

(19.14)
where pp = [2m(E — Ep)J*:.

This result has exactly the expected form; there is no incident wave. The
discrete part of the sum runs over those open channels with the arrangement
b + (ac) (the closed-channel terms go to zero cxponcntially and can be
dropped) and each term represents the particle b moving out in a spherical
wave leaving particle a in the bound state xp(X,). Finally, it can be shown
that the continuum terms represent the channel @ + b + ¢ as before.

The relevant cross sections can be read off from (19.14). The scattered
flux per unit solid angle in any of the discrete channels g is

@)y 22| f(py, B+ 0, DI %

m, b

while the incident flux in channel 1 is (27)~3p/m, as before. Thus,

LIPS // o D
dQ(pp,ﬂ D Plf(pp,ﬂ p, DI

as expected.
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19-c. Expansion in Terms of Target States

" In the last two sections we examined the wave function (z ] P, 1+) for
large values of its arguments. In particular, for the case that a single pro-
jectile (coordinate x) is incident on an arbitrary target (coordinates z,, ),
we saw that when x — oo the wave function has the natural expansion:

(X, Tpar | Ps 1+>—>(2w)-%[e"""¢1(a_cm) + ﬁf(pai, a—p 1) dz,,)]

X—+00
r

(19.15)

Here, the amplitudes f(p,, « < p, 1) are the amplitudes for elastic scattering
and excitation (for the discrete values of a—the continuous terms are related
to the breakup process). This suggests that if one is principally interested in
processes that do not involve rearrangements it might be useful to make an
exact expansion (not just a large-argument expansion) of the wave function
in terms of the stationary states ¢,(z.,.) of the target system. We shall call
such an expansion an expansion in terms of target states, and we shall see
that it does indeed provide a useful way of approaching the multichannel
problem.

The wave function (X, z;,: | P, 1+) depends on x and z;,; while the target
eigenstates ¢,(z;,,) depend only on zi,,. Thus, the coefficients 7, in an ex-
pansion of the former in terms of the latter must be functions of x,

(%, Tuoe | B, 14) = ﬁm(x)sba(-zm) (19.16)

Here we remind the reader that the wave function on the left is an eigen-
function of the full Hamiltonian H with energy E and describes a collision
in which the projectile is incident with momentum p on the target ground
state ¢;. The functions ¢,(2;,:) on the right are a complete set of eigenfunc-
tions of the target Hamiltonian Hy,, with energy E, and include the bound and
continuum states of the target system. The functions 7,(x) are, for the
moment, just the coefficients in the expansion of the former in terms of
the latter. However, we shall see that they have an extremely useful inter-
pretation. '

We first note that if we choose x large and compare the expansion (19.16)
with the asymptotic form (19.15) we find that:

X—>m

3 . R Dyt
100 o @m0 b 4 o a e DS (191D
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In particular, the coefficient 77,(X) behaves just like a one—chgnnel scattering
wave function, with an incident plane wave plus a spt}erlcally spreading
scattered wave times the elastic amplitude. The coeﬁicwnts 1K) # 1)
behave similarly except that in their case there is no inc1d§:nt wave.

The form (19.17) suggests that we can view the functions 7,(x) as one-

article wave functions describing the motion of the projectile. The existence
of a whole family of these functions reflects the existence of many channels,
each 7,(x) describing that part of the motion that is in the channel labelled
o..

byIt should be emphasized that, useful as this point of view is, it i§,.nonethe-
less, somewhat misleading. Thus, if we view (19.16) as a decomposition of the
full wave function into its “channel components,” then the di_screte terms
correspond to the elastic and excitation channels, while the continuum terms
describe the breakup channels. However, all rearrangement channef1§ appear
to be missing. The fact is that the view of (19.16) as a decomposition into
channels is an oversimplification. The effects of all channels are, of course,
included in the original wave function and, hence, in its full expansion.
However, the effect of each “nonrearrangement” channel is explicitly dis-
played by the separate terms of the expansion as X — co; while that of the
rearrangement channels (which show up only when some of the target co-
ordinates go to infinity) is concealed in the whole infinite sum. .

With this warning we return to the properties of the “waye functions™
7nx). Thus far we know that their asymptotic form general‘lzes that of a
single-channel wave function. We now show that they satisfy a I‘1atur-al
generalization of the single-channel Schrodinger equation, namely an infinite
set of coupled one-particle equations. '

The full state |p, 1+ is an eigenstate of the Hamiltonian H, which we can
write as:

2
H=H1+V1=2£—+Hm+V1
m

(where as usual V! consists of those potentials linking the projectile to the
target). If we now substitute the expansion

ﬁ 710 Pl Zear)

of the full wave function into the Schridinger equation and remember that
bo(2tar) is an eigenfunction of Hi,r with energy E,, this gives

£+t s 2100 1098500 = E L1005

2m
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We now multiply through by ¢,(z...)* and integrate over the target coordi-
nates z¢.,. Because the functions ¢, are orthonormal, this gives

\4 _
- 2;’r]a(x) + ia'Vaa’(x)na’(x) = (E - Ea)na(x) (1918)

where we have introduced the potential matrix V given by

I7nza’(x) = fdgtar¢a(§tar)* Vl(xa Ztar) ¢a’(§tar) (1 9. 19)

Thus, each of the wave functions #,(x) satisfies a one-particle Schrédinger
equation, in which, however, the potential term couples all of the 7,(x)
together. . ’
The equations (19.18) are a continuously infinite set of coupled equations
and are of little practical value as they stand. Their usefulness lies in the
possibility that, under certain conditions, it may be a good approximation to
retain only a small number N of the discrete terms and none of the continuum.
This approximation is known variously as the coupled-channel approximation,
the close-coupling approximation, or the N-state approximation.® It reduces
(19.18) to a finite set of coupled equations, which can be put into a compact
matrix form. For example, the rwo-state approximation can be written as:

v: Vu 7 E—E
00+ (2 B0 - (3" L2 oo
m\1z Va Va/ 1, 0 E — Ey) \n,
which, together with the boundary conditions:

@y 4 1
M ) (4 + fu

r

B Gy 4 {1 <)

r
can be solved to give #; and 7,.
It is interesting that the diagonal elements of the potential matrix

Vaz(x) =fd§tar I¢a(£tar)l2 Vl(x’ z;ar)

are just the averaged potential seen by the projectile in the static field of the
target state ¢,. In particular, therefore, the one-state approximation

V2 _
- ;n n(x) + Vum(x) = (E — EYm(x)

3 . ..
Also, sometimes, the Tamm-~Dancoff approximation. However, this last is usually
reserved for bound-state problems.
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precisely reproduces the elastic scattering in the static approximation dis-
cussed in Section 9-d. More generally, if we write the N-state approximation
as:

V: 5

1:_ — + Va.a - (E - Ea)]na(x) == Z Vaa'ﬂa’(x)

2m o’ #Fa
then the left-hand side alone would describe elastic scattering within channel
« in the static-approximation, while the inhomogeneous terms on the right
describe the coupling to the other N — 1 channels.

In a general way, it is easy to understand the conditions under which the
coupled-channel approximation should be useful. For example, if the inci-
dent energy is below the threshold for excitation of levels N + 1 and higher,
then one can reasonably hope that an N-state approximation using the
lowest N levels would be fairly realistic. (For example e-H scattering in the
neighborhood of the n = 2 threshold has been treated with some success by
a three-state approximation including just the 1s, 2s, and 2p states.) The
reason is that each term 7,(X)d,(Z¢s:) in the full wave function measures the
probability of excitation of the level #, of the target. If the energy is less than
E, this probability—even for “‘virtual”” excitation during the collision—can
be expected to be small. Thus, 7w * should be small and, hence, can
reasonably be neglected. -

More generally, even when many channels are open, it may be that neglect
of all but a small number of the most important channels will give reliable
answers for the scattering in these channels. For example, many nuclei have
a single strongly excitable low-lying collective state (such as the 2* state in
12C or 2Mg). This means that one can treat the scattering of nucleons or
alpha particles off such nuclei in a two-state approximation, including just
the ground state and this one collective state. :

Finally, we remark that the coupled-channel equations can often be further
simplified. For example, a partial-wave analysis retaining just a few angular
momenta may be satisfactory at low energies (see Problem 19.5), or, if the
off-diagonal elements V,,, are small, it may be sufficient to solve first for
n, neglecting all coupling and then to use this #, to find the remaining 7,,
retaining just the coupling to channel 1.

19-d. The Optical Potential

In Section 19-c we saw that by expanding the full wave function that
describes a projectile incident on a composite target in terms of target eigen-
states as

ﬁna(x)qba(zmo
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we can convert the original many-body problem into the infinite set of coupled
one-body equations (19.18). If for some reason we are only interested in 3
certain subset of N channels, then all the information we require is contained
in the corresponding N functions 7,(x). Unfortunately, the equations (19.18)
couple all of the 7, together, and it is generally impossible to solve just for
the 7, of interest. Of course, we can simply ignore all of the other 7,, in
which case we obtain the finite N-state equations for the 7, of interest.
However, these equations are only an approximation and are frequently a
very bad approximation since they make no allowance for the loss of particles
into those channels that are ignored.

In this section we shall show that for any given choice of N channels, it is
possible to define an operator ¥, called the optical potential, such that the
N wave functions 7,(x) exactly satisfy N coupled equations with a potential
matrix given by V..t To begin, we shall consider the case N = 1; that is,
we shall consider just the wave function #,(x) describing the elastic scattering,
and we shall show that one can define a one-particle operator ¥ such that
(x) exactly satisfies the one-particle equation:

v? 19.21
(_ E + Vopt)’?l(x) = (E — Epm(x) ( )
Since 7,(x) also satisfies the one-channel boundary condition,
i i
7y(x) = Qu) % (e"'" + fu eT) - (19.22)

this exactly reduces the computation of the elastic scattering to an equiva-
lent one-channel problem.

Obviously, there is a price to pay for this sensational simplification of the
multichannel problem.  The optical potential ¥, is generally an extremely
complicated operator. In particular, it is nonlocal, energy-dependent, and,
for energies above the first inelastic threshold, it is not Hermitian. This
situation is exactly what one should expect; if the Hamiltonian (P2/2m) +
Vopt Were Hermitian, the corresponding evolution operator would be uni-
tary. This would mean that solutions of the corresponding time-dependent
Schrédinger equation would have constant norm or, equivalently, that the
stationary wave function 7,(x) would have equal incoming and outgoing
fluxes. This situation would allow for no loss of flux due to inelastic pro-
cesses. Accordingly, if inelastic processes do occur—that is, if E is above the
inelastic threshold—and if we wish to describe the elastic scattering by an

4For N > 1 the potential Fopt is sometimes called the generalized optical potential.
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equivalent one-particle Hamiltonian, then that Hamiltonian has to be non-
Hermitian. '

In practice, the optical potential ¥y is far too complicated for exact use
in actual computations. Rather, its importance lies in the mere knowledge
of its existence. On the one hand this makes possible a number of theoretical
developments, such as the so-called formal theory of resonances. (see
Newton, 1966, Section 16.5). On the other, it justifies attempts to fit elastic
scattering data (or more generally, the data in any N chosen channels) by
means of simple phenomenological optical potentials—a technique that has
proved extremely profitable, especially in nuclear physics.®

To prove that the elastic wave function 7,(x) does satisfy the one-particle
equation (19.21), we must define the optical potential Voy. Before doing
this it is convenient to introduce some more notation. First, we note that the
equation (19.21), together with the boundary condition (19.22), equivalent
to the one-particle equation: -

170 = 1) + Gope(E + i0)¥ops [P (19.23)

Here |7,) denotes the one-particle state vector corresponding to the wave
function 7,(x), the vector |p) is, as usual, a one-particle plane wave of
momentum p, and

Gopt(z) =(z— I{()p[',)__1
is the one-particle Green’s operator corresponding to the one-particle
Hamiltonian®
PZ
Hopt =—+ El + Vopt
2m
We shall establish that |#,) is given by (19.23) by showing that (19.23) follows
from the exact expression

Ip, 1+) = [p, 1) + G(E + i0)V*|p, 1) (19.24)

for the full multiparticle stationary state [p, 1+).

To make the connection between the desired equation (19.23) and the
known equation (19.24), we note that the wave function M(X)P1(Thar) 18
the component of the full wave function

(X, Ziar 1P, 1+> = ﬁna(x)(l)a(fbar)

51t is from here that the name “‘optical potential’” is derived. Quite good fits can be
obtained with simple phenomenological optical potentials of the form U(r) + iW(r).
The Schrédinger equation for such a potential exactly reproduces the scattering of light
by a medium of complex refractive index with real and imaginary parts related to U(r)
and W(r).

8 The term E, is added to ensure that the zero of energy coincides with that used in the
full many-body system.
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in the channel 1 subspace &, [Thislatter being just the subspace of functiong
x(X) b1(€iar) With y arbitrary.] This suggests that we introduce the projection
operator A onto the channel 1 subspace as?

Alp) =1y} [lp)in £}
=0 [ l%) orthogonal to &1}

in terms of which we can write

Alp, 14) = ) ® |y)

Thus, by multiplying (19.23) by the target state |$,) we see that the equation
(19.23) (that we wish to prove) is exactly equivalent to the multiparticle
equation »
A ]p, 1> = |P, 1> + Gopt(E + iO)Vopt |P, 1> (1925)

Here wehave used the fact that the channel 1 free state |p, 1) is just the product
[P} ® [¢,), and, for convenience, we shall define the operators G, and
Vopt on the multiparticle states to coincide with the one-particle G, and
Vopt 0n the channel 1 subspace S but to be zero on vectors orthogonal to 51
.(th'issp 1a)1st statement makes no difference in (19.25) since |p, 1) lies completely
in .

Our next step is to multiply the full equation (19.24) by A to give

Alp, 14) = [p, 1) + AG(E + i0)/A |p, 1) (19.26)

(The extra A on the right makes no difference since {p, 1) lies in %! and so is
equal to A |p, 1).) Equation (19.26) is known to be true, while (19.25) is
equivalent to the result that we wish to prove. Thus, our proof will be com-
plete if we can define V', and show that it satisfies

Gopt(E + i)V, = AG(E + i0)VIA (19.27)

To define V', we introduce a second projector
' M=1-A

which projects onto the orthogonal compliment %11 of the channel 1 sub-
space S1.* For any operator 4 we now introduce four new operators

AAA=A.AA, AAM=AAM,
7 We remind the reader that the projection operator on % acts as the identity on &,
and as the zero operator on vectors orthogonal to . It is easily seen that the character-

istic properties of a projector are A = A% = At.
8 This means that AM =0, A + M =1, and M2 = M = Mt

|
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The operators A, , and Ay, p are restrictions of A to the subspaces #! and
F1L, while A,y and Ay, are the parts of A4 that link the two subspaces.
Clearly, the sum of the four operators is the original operator A itself.
Finally, we introduce two partial Green’s operators G, and G, such that

(2 — Hap)GA(R) = A
(2 — Hya)Gp(2) = M
thatis, G (2) is the Green’s operator for H, , on the subspace #* and similarly
for G4(2) on 1L,
We are now ready to define the optical Hamiltonian as
Hop(E) = Hpap + VauGu(E + i0)Viy, (19.28)

That i$, H,y¢ is the restriction of H to the channel 1 subspace, plus a second
term. The significance of the first term is easily seen. We can write

P2
H=H'+V'=_—+ Hu + V*

Then, since the action of Hy,, on any vector of & is to give E,, it follows that
on the channel 1 subspace,

P _
Hyz=—+E+V,; [on%
2m
where ¥, is just the static field of the target state ¢,

Puu(x) = J ar 110t VI, Ziar)

Thus, we can write the optical Hamiltonian (on &) in the form

P2 .
Fn + E1 + Vopt

where
Voot(E) = Vi + VauGu(E + i0)Viys (19.29)

Neglect of the second term would lead us back to the one-state approximation
of the last section. In particular, since the potential ¥y, is Hermitian, it alone
would never produce inelasticity. Meanwhile, the second term contains
Viarand V3,4 and clearly describes the effects of coupling to all other channels.
The Green’s operator G (E + i0), and, hence, V,,(E), is Hermitian for
energies less than E; (the lowest threshold in the subspace #’11) but is non-
Hermitian above E,, just as anticipated.?

® The skew-Hermitian part of V,5(E) can be shown to be negative-definite. This guaran-
tees that it describes absorption (not creation) of particles from channel 1.
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' WiFh Vopt defined, we now have only to establish that it satisfies the
identity (19.27). To do this we rewrite G in terms of G, and G M as

G =(Gr+ Ga) + (Gr + Gp)(Viy + V)G
Multiplying from the left by A or M gives equations for AG and MG,

AG =G, + G\Vi,,G
Inserting the second of these into the first we find:
AG = G + GAVAu(Gar + Gy V34,6)
We now multiply on the left by (z — H Aa) and, remembering that

. (z— Hpp)Gy = A
obtain:

(z = HA\WAG = A + V3 3(Gyy + Gy Vi,6)
or, bringing the last term on the right over to the left,
(2 — Hop)AG = A + V4,6,
Finally, multiplication on the right by V1A gives

(2 = Hop ) AGVIA = Vs + ViyGaV ia
or, with z = E + {0,

AG(E + iOV'A = Gy (E + i0)V,,(E)
as required.

This completes the proof that the elastic wave function 73(x) is completely
determined by the one-particle Schrédinger equation with the energy de-
pendent one-particle potential ¥,,.(E). It should be emphasized that while
the optical potential (in principle at least) determines the elastic scattering
exactly, it gives no information on any of the inelastic processes (except for
the total cross section via the optical theorem). However, as already noted.
thej method of the optical potential can be generalized to handle any chosen
finite set of channels. Thus, for a given set of N channels one can introduce
a generalized optical potential ¥, (depending of course on the choice of
channels) such that the corresponding N wave functions #,(x) exactly satisfy
a set of NV coupled equations with the form of the coupled-channel equations
of Section 19-c, but with a potential matrix derived from Vopt- The analysis
of this general case is parallel to that given above, except that A becomes the
projector onto the subspace spanned by the N channel spaces & of interest
(see Problem 19.7).
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- PROBLEMS
19.1. The asymptotic form of any multichannel Green’s function has many
terms corresponding to the many different channels, as in (19.6). Go over
the analysis between (19.5) and (19.6) and show that the terms corresponding
to closed channels (E, > E) in (19.6) go to zero exponentially as x, — oo.
[This will establish that the same is true of the closed channel terms in the
wave function (19.8).]

19.2. For the three-particle model of Sections 19-a and 19-b, write down
(without proof) the asymptotic form of the wave function (X, x, | p, 1+) as
x, and x, go to infinity with x, — x, fixed. [This will be analogous to (19.14),
but should display the pickup collisions a + (bc) — (ab) + c.]

19.3. Consider a collision between two composite particles 4 and B (e.g.
nucleus—nucleus scattering). Show that the full wave function (z | p,1+)
can be expanded in terms of products ¢,(z ,)xs(z) where ¢,(z,) and yz(zy)
are eigenfunctions of the internal Hamiltonians of the composites A and B;
and that the expansion coefficients 7,5(x) satisfy a set of coupled one-particle
equations of exactly the form (19.18) (notice that each channel is identfiied by
a pair of indices «, 8 here).

19.4. (a) Show that the potential matrix (19.19), which enters the coupled-
channel equations (19.18), is Hermitian

Vaa’(x) = I7-z’a(x)*
(b) For the case that all interactions are rotationally invariant and that «
and o' label target states of zero “spin’” (i.e., zero total angular momentum),
show that 7,,,(x) is rotationally invariant,
Vaa’(x) = I7-za’(XR) [any R]

and can therefore be written as 7,,.(r). (Convince yourself that this is not
true if « and o' label states of nonzero spin.)

19.5. Consider the coupled-channel equations (19.18) in the simple case
where all interactions are rotationally invariant and where the equations are

truncated to retain only target states of zero spin.
(a) Show that (in this case) the wave functions #,(x) can be expanded in a

partial-wave series
nu(X) = @)%+ 3 21 + Difyi(r)P(cos 0)
pr

and that the radial functions satisfy the coupled radial equations,

d* Ia+1 -
w0 = T plr) = 3 2m P (pk() — pivit) = 0
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where p is the incident momentum in channel 1 and p, is the corresponding
momentum in channel « (p, = p). Write this equation in matrix form using
Y* as the column made up of the y! and P the diagonal matrix made up of the

Pa' ”
(b) Use the asymptotic form (19.17) of 7 (x) to show that the radial wave
functions satisfy

pu(r) ——>fz(P") 0n1 + pf ;lﬁ:_(par)

r—aw

= [ frton) a — (2 stiron)

where the partial-wave S matrix s’,, and amplitude f.,. are defined in Section
17-d.

19.6. Discuss the form of the potential matrix and coupled-channel equa-

tions if one includes channels in which the target has nonzero angular mo- .

mentum.

19.7. Establish the existence of a generalized optical potential ¥V, that
exactly determines the wave functions 7,(x) and 7,(x) describing the lowest
two channels of the system of Section 19-d. [The analysis will closely parallel
that of Section 19-d. In fact, H,,(E) is defined by precisely (19.28) if A is
taken to be the projector onto the subspace S* @ &2 defined by the two
channels of interest. With this definition one can establish an analogue of
(19.25) and then show that this equation is equivalent to two coupled
Schrodinger equations for #,(x) and 7,(x).]

Analytic
Properties and

Multichannel
Resonances

20-a Analytic Properties

20-b Proof of Analytic Properties

20-c Bound States

20-d Resonances

20-e Decay of a Multichannel Resonance

In this chapter we discuss the analytic properties of multichannel ampli-
tudes. In fact, we shall only scratch the surface of this extensive and im-
portant subject. We shall limit our discussion to the partial-wave amplitudes
as functions of energy, and consider just two-body processes that involve only
spinless particles. Nonetheless, in this way we can introduce several impor-
tant features of the multichannel theory, while using only the simplest ex-
tensions of the one-channel techniques developed in Chapter 12.

In Section 20-a we discuss qualitatively the multichannel partial-wave
amplitudes and argue that they must have branch point singularities at all
of the channel thresholds E = W;, W,, . ... In Section 20-b we prove some
of the assertions of Section 20-a within the framework of one simple multi-
channel model (specifically, the N-channel system defined by the N-state
equations of Section 19-c). In Section 20-c we establish the expected con-
nection between bound states and poles of the partial-wave amplitudes.

Perhaps the principal usefulness of the formalism developed in the first
three sections is that it provides a basis for discussion of multichannel
resonances in Sections 20-d and 20-e. In Section 20-d we show how poles of
the amplitude on unphysical sheets can lead to resonances; and in Section

391
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20-¢ we examine (in close analogy with the one-channel analysis of Section
13-d) the time development of scattering in the neighborhood of a very narrow
resonance.

20-a. Analytic Properties

We begin our discussion of multichannel partial-wave amplitudes with a
quick review of the corresponding one-channel results.

The One-Channel Case. The reader will recall (from Chapter 12) that for a
large class of potentials both the partial-wave S matrix s,(p) and the ampli-
tude

-1
iy ==
ip

are analytic functions of the incident (relative) momen'gum p. For example,
the Yukawa potential (which can be regarded as typ'lcal of t‘he. potentials
of nuclear and particle physics) has an amplitude .that is an.alytlc in p except
at certain poles and at two branch cuts, one running fro'm iu/2 upwards, the
other from —iu/2 downward. For simplicity, in this chapter we sha}ll
consider the more restricted (and less realistic) class of potentials Wzth ﬁn‘zte
range—that is, potentials that are identically zero beyopd som‘e‘ﬁmte radius
r = a. For these, f,(p) has no branch cuts and its only_snngl}larltles are poles.
In the upper half plane these poles are confined to the imaginary axis and are
in one-to-one correspondence with the bound states of angular momentum L
In the lower half plane there is no such restriction on the pole positions .a‘nd
all that one can say is that those poles that are suﬁ“{cnen'tly close to.the pps1t1ye
real axis correspond to resonances. This situation is summarized in Fig.
20.1, part (a). ’ . ‘

It isp oftegl )more convenient (especially in multichannel scattering) to think
of the amplitude as a function of the CM energy E rather than the momentum

p plane E plane
g Physical region Physical region
Bound states< Y &t Bound states [ Resonances
VAN
II \\
X . x X Xy *X
Resonances

(a) . (b)

FIGURE 20.1. Regions of analyticity of the single-channel par.tial-wave amplitude
for a finite-range potential: (a) as a function of p, (b) as a function of E.

h
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p = (2mE)*%. Since p is an analytic function of E except at E = 0, and since
the amplitude f; is analytic in p, it follows at once that f; is analytic in E
except at E = 0. The singularity at E = 0 is a branch point and simply
reflects the fact that the mapping from p to E is two-to-one. As the reader
will recall, the correspondence of the planes of p and E is traditionally chosen
so that the upper half plane {Im p > 0} maps onto one sheet of E (the
“‘physical sheet’’) with a cut along the positive real axis; the lower half plane
{Im p < 0} maps onto the “unphysical sheet” below. The amplitude is
analytic on the physical sheet except at the bound-state poles. (There are,
of course, further singularities, such as the left-hand cut of a Yukawa
potential, if we make less restrictive assumptions about the potential.). The
resonance poles lie on the unphysical sheet as shown in Fig. 20.1, part (b).
Finally, we recall that, since the amplitude f; is real when p is imaginary,
f; (or s)) is real on the negative real axis of E (see Section 12-c). For E
positive real, s, is, of course, unitary s, = exp(2id,).

The Multichannel Case. If we consider a multichannel system, the situation
becomes much more complicated. To illustrate this we consider the simplest
possible case, a rotationally invariant system all of whose fragments have
zero spin, and an energy range where only two-body channels are open. In
this case there is a sequence of thresholds W; < W, < - - - . Ateach threshold
a new channel opens up; and in each interval {W,, < E < W, ,} the scattering
for angular momentum / is given by an # X n unitary matrix S'(E).

In the single-channel case we saw that as a function of energy the one
S-matrix element has a branch point at the one threshold E = 0; we shall
now show that in the multichannel case at least some of the S-matrix ele-
ments must have singularities at every threshold W,,. To this end we consider
the unitarity equation, starting in the lowest interval {W; < E < W,} where
we have

su(E)*su(E) =1 M <EL W] (20.1)

(Wherever possible we omit the superscipt /.) In the next interval
W <E< Wy}

the S matrix is a 2 X 2 unitary. matrix and the 1,1 element of the equation
$'S = 1 reads

su(EY*su(E) + su(E)y*sy(E) =1 [W,<E< W,  (20.2)

Now, if the S-matrix elements are analytic, then each of the above equations
is an analytic identity (provided we replace E by E* in the factors that carry
a star). Then, if we suppose that s,,(E) is analyticin a neighborhood of W,,
(20.1) can be continued into the interval {W, < E < W3} where (20.2) also
holds. If both equations hold, then it immediately follows by subtraction
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that sy (E) is identically zero—which in general it is not. The only way to
avoid this contradiction is for s;;(E) to have a singularity at W,, so that (20.1)
cannot be continued into the region where (20.2) holds. Accordingly,
s;;(E) must be singular at the threshold W,.

Obviously a similar argument can be applied at W, W,, and so on. At
each threshold W, the dimension of the physical S matrix increases by one,
and so does the number of terms in each element of the unitarity equation.
If these extra terms are to be nonzero, then at least some of the S-matrix
elements must be singular at the threshold. In fact, we shall see in Section
20-b that in general every S-matrix element has a singularity at each threshold,
and that these singularities are branch points. It is usual to handle these
singularities by drawing a single branch cut starting from W, and passing
through all of the branch points W,, ... and on to 4+ oo, as shown in Fig.
20.2. For obvious reasons this cut is often called the unitarity cut.

Since the S-matrix elements have singularities at each threshold, the ques-
tion naturally arises whether there is any simple relation between the values
of a given S-matrix element above and below any given threshold W,. In
fact, we shall see that the physical S-matrix elements on the left of W, can
be related to those on the right by an analytic continuation passing above
W, as shown in Fig. 20.2. Thus, if we start in the lowest interval

WM< E< Wy}

there is a single physical S-matrix element s;,(E), which is analytic in this
interval. Therefore, we can move E to the right towards W, retaining the
same analytic function. Because of the singularity at W, we cannot continue
through the point W,; however, we shall see that if we continue up into the
complex plane and loop above W,, then when we reach the real axis in
{W: < E < W3} the resulting function is precisely the physical S-matrix
element s,,(E) in this new interval.

Once in the interval {W, < E < W,} we have three additional elements,
S12> S21, S22, Which, together with s;;, make up the complete 2 x 2 physical
S matrix. All four elements are analytic and can be continued up to Wi,
where a similar continuation passing above the branch point yields the corre-
sponding four elements of the physical S matrix in {W, < E < W,}. In this
interval we pick up five more elements to make up the full 3 X 3 physical S
matrix and we can then continue on to W,, and so on. '

We shall see that we can also start in any interval {W, < E < W,,,} with
the n X n physical S matrix and, reversing the above procedure, continue to
the left passing above W, into theinterval {W,_; < E < W,}. In this way we
get an n X n analytic matrix of which only the (n — 1) X (n — 1) leading
submatrix is the actual physical S matrix, however. This suggests that the
most general procedure would be to start above the highest threshold Wy
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FIGURE 20.2. Physical sheet of the multichannel .S matrix. Physical values on
either side of any threshold are connected by continuing above the threshold.

where all channels are open and the S matrix has its full compliment of N2
elements. By continuing to the left passing above each threshold we obtain
an N X N matrix of analytic functions s,.,(E) with the property that in each
interval {W, < E < W,,4} itsleadingn X nsubmatrix is the physical unitary
S matrix; the remaining N-n “unphysical’” rows and columns, although well
defined analytic functions, are not of direct physical significance.

The Physical Sheet. Since the physical values of the S matrix are all linked
up by continuing above the threshold branch points, we can draw the branch
cut through W;, W,, . .. in such a way that the physical values of .S are all
found on the upper edge of the cut, as shown in Fig. 20.2. The plane of E
cut in this way is called the physical sheet. We shall find that the whole N x N
matrix S(E) is analytic on the whole physical sheet except on the real axis
below W, where it has poles at the energies of the bound states of the pro-
jectile—target system (this is for finite-range potentials; in general there are
further singularities, like the left-hand cut of the Yukawa). Corresponding
to the result that the one-channel S matrix is real below threshold, we shall
find that the multichannel matrix S(E) is Hermitian for E < W,. [Thisis the
general result. If time-reversal is good (as it usually is in scattering problems)
then S(E) is a symmetric matrix, and, hence, is also real for E < W;.] We
shall also find that we can continue S(E) downwards through any of the
physical intervals {W, < E < W, ,,} onto “unphysical sheets”; it may happen
that S(E) has poles on these unphysical sheets close to the real axis, and we
shall see in Section 20-d that such poles correspond to resonances.

Finally, we remark that the physical sheet can be characterized in terms of
the channel momenta?

| Pu = 2m(E — W5 (20.3)

1 In relativistic problems there are infinitely many channels and there is no highest thresh-
old. In this case there are infinitely many elements s,.,(E), all of them (presumably)
apalytic. In practice, one is always forced to ignore all but some finite number of them.
2 For simplicity, we continue to ignore all channels with more than two bodies. Thus,
there is just one (relative) momentum in.each channel.
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In the one-channel case the physical sheet was characterized as having the
momentum p in its upper half plane; we can now see that the physical sheet
of the multichannel problem is characterized by having all Qf the momenta
P1> Pa» - - - in their upper half planes. When E is above the highest threshold
Wy, all of the channel momenta are positive real. If we move to the l.eft of
Wy passing above Wy, then the momentum py becomes positive imaginary.
In general, if we move down to the interval {W, < E < W, .1}, alvya}ys
passing above all thresholds, the momenta p,, 4, ..., Px all become pqs1t1ve
imaginary, while py, .. ., p, Temain positive real.. 'ljh.us, everywhere in the
physical region all channel momenta are either positive real (for the open
channels) or positive imaginary (for the closed channels). More generally,
if we move up from the physical region into the physical sheet all of th_e Pa
move into their upper half planes {Im p, > 0}. If we swing arounsl in a
counter-clockwise direction passing to the left of ¥}, and finally coming up
underneath the cut to the right of Wy, then all of the p, sweep (counterclock-
wise also) across their upper half planes, to their negative real axes. Thus, on
the whole of the physical sheet, with its cut running from W] to -+ oo, all of
the channel momenta are in their upper half planes, {Im p, > 0}. In fact,
we shall see that this is precisely what gives the physical sheet its special role.

20-b. Proof of Analytic Properties

The One-Channel Case. Before attempting to prove some of the properties
discussed in the last section, let us briefly recall how the corresponding one-
channel properties were proved in Chapter 12. The reader will remember Fhat
our main tools for the study of the partial-wave amplitude were the various
radial wave functions. The normalized radial function (obtained by reSOIV}ng
the stationary state |p+) into partial waves) was characterized as the solution
of the radial Schrdinger equation, which is zero at the origin and has the
asymptotic form as r — o

W) —> j(or) + o)
= 2 () — sE(er)] (20.4)

where we omit all unnecessary subscripfs I and p. For the study of .analytic
properties it was more convenient to use the so-called regular solution $(r)

defined so that as r — 0,
$(r)——> J(pr)

This has the asymptotic form as r — o

#) —> 2 eIy ).~ K (orif(=p) (209

F—> 0
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where #(p) is the so-called Jost function. Comparison of (20.4) and (20.5)
shows that:

$(r)
= 20.6
¥(r) Ap) (20.6)

(that is, y and ¢ differ just in their normalization, their ratio being the Jost
function) and,
i)

s =
ADp

Finally, the regular solution ¢(r) satisfies an integral equation of the form:

(20.7)

40 = jor) + [ ar'sr. UG )0) 2038)

examination of which gives the important expression for the Jost function:

Ap) =1+ i f " drh (e UMHr) (209)

We saw in Section 12-b that for any potential satisfying our usual assump-
tions (p. 191), the integral equation (20.8) for ¢(r) can be solved by iteration
and defines ¢(r) as an entire function of p (i.e., analytic for all p). This in
turn meant that the integral (20.9) defines #(p) as an analytic function of p
everywhere in the upper half plane {Im p > 0}. [Recall that in the upper half
plane the exponential decrease of /* as r — oo cancels the increase of ¢(r);
in the lower half plane A* increases and the integral will generally diverge.]
With more restrictive assumptions on the potential, #(p) can be continued
into the lower half plane {Im p < 0}. In particular, in this chapter we are
assuming that the potential U(r) is identically zero beyond some finite radius
a, in which case the integral (20.9) converges for all p and defines /(p) as an
entire function of p. This leads to the analytic properties for s or f discussed
at the beginning of Section 20-a.

A Multichannel Model. A corresponding analysis of the analytic properties
of any real multichannel system is extremely complicated and well beyond the
scope of this book.? Here we shall consider just the simple model system
provided by the coupled-channel equations of the N-state approximation
discussed in Section 19-c. The reader will recall from that discussion that the

8 In fact, not vei'y much has been rigorously proved about the analytic properties of multi-
particle amplitudes in general. For some results in three-particle scattering see Rubin,
Sugar, and Tiktopoulos (1967). :
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starting point was an expansion of the stationary state |p, 1+), which de-
scribes a projectile of momentum p incident in channel 1 on a complex target,
in terms of a basis of eigenstates of the target,

(X, Lsar I P, 1+) = ﬁvna(x)¢a(§tar)

The full Schrédinger equation reduces to an infinite set of coupled one-
particle equations for the functions 7,(x). If we then approximate these
equations by truncation, we obtain the N-state coupled equations

V00 = 3 Va0 + P =0 [x=1,...,N] (010)

where U,,.(x) is 2m times the element ¥,,.(x) of the potential matrix defined
in (19.19) and p, is the channel momentum as before. The equation (20.10),
together with the boundary conditions :

’ Dy
n(x) —> (2m) [6,16""" + (e —p 1) eT:' (20.11)

r—+ o

provide a self-contained (though approximate) framework for computation
of the wave functions and amplitudes.

We shall adopt the N-state equations (20.10) and (20.11) as the starting
point for our discussion of analytic properties. Although these equations are
admittedly only an approximation to the multiparticle system for which they
were originally set up, it should be emphasized that they are nonetheless a
self-consistent set of equations, describing a very reasonable model system—
specifically a system in which a projectile is incident on a target with just N
states (all bound); and which therefore has exactly N channels each with just
two bodies. The great advantages of this model are that it allows an analysis
exactly parallel to the one-channel analysis just sketched, and that within the
model one can give a very clear discussion of the correspondence between
bound states and poles of S(E).4

Within our theoretical model every state is uniquely specified by the set of

"N wave functions 7y(X), . . . , 7x(X), where 7,(x) describes that part of the

4 The only inelastic processes that can occur in our model are excitations. This is inherent
in the coupled-channel approximation, which is not well suited to discussion of rearrange-
ments. (In particular, it means that the reduced masses of all channels are the same.)
One could adopt a set of equations of the form (20.10) as a model to describe (two-body)
rearrangement collisions. (In this case there would be different reduced masses for the
different channels.) However, the theoretical basis for such a model is not clear and we
shall not discuss it further here.
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motion pertaining to channel «. It is natural and convenient to group these
functions into a column

7(X)
n(x) =
7%
In this case each state of the system is given by a unique column function
n(x) and the Schrédinger equation (20.10) can be written in the compact
matrix form: ‘
Vi) — Uom() + P(x) =0
where we now use P to denote the diagonal matrix of channel momenta
P 0
P= . [p, = [2m(E — W,)]%] ‘

0 PnJ
and where U(x) is the N X N potential matrix made up of the elements
U, = 2mV,,. We recall (from Problem 19.4) that the matrix U(x) is
always Hermitian. [If time-reversal invariance holds, then U(x) is real and
also symmetric, but we shall not need to assume this.]

We are assuming that our system is rotationally invariant, and further,
that all of its fragments have zero spin. This being the case, the wave func-
tion n(x) can be resolved into partial waves and the radial wave functions
J(r) (from which we shall omit the superscript /) satisfy the matrix radial
equation L

&I+
|:dr2 T

So far we have considered the case that n(x) represents a collision whose
incident state is in channel 1. [This is reflected in the factor 4,, on the inci-
dent plane wave in (20.11).] In general, the incident wave can lie in any of
the channels « = 1,..., N and there are therefore N distinct solutions
M(x), ..., Ny(x) to be considered, where each 7, (x) describes a' collision
beginning in channel «. This means that for each angular momentum /
there are N distinct radial functions ¢ (r), each having N components
Yura(r) with the asymptotic form (see Problem 19.5)

%’a(") —>j(P¢r) 6a'¢ + pafa’aﬁ-'_(pa’r)

r—+ o

- U(r) + P2:| Y(r)=0 (20.12)

- ‘5 l:ff(par) 5o _f(%)%fs;;ﬁ*@;,})] (20.13)

a’
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where

Sva = O+ 2i(pupe) fua (20.14)
(We suppose for the moment that E > Wy so that all channels are open,
all channel momenta are real, and, hence, the functions h*(p,r) are all
ingoing or outgoing waves.)

As a final matter of notation we shall assemble the functions y,,(r) into
an N X N matgix V' (r). Each of the N columns of this matrix is a solution of
the radial equation (20.12) [which means that the matrix ¥'(r) itself satisfies
the equation] the ath column being the solution for which the incident wave
is in channel «. The asymptotic forms (20.13) can then be rewritten in matrix
form as

Y(r) —> j(Pr) + R*(Pr)FP

= ; {ﬁ“(Pr) — ﬁ+(Pr)P-%5P%] (20.15)
where we have introduced the diagonal matrices
[ (par) 0
Jjpr) = |

L 0 f(PN" ).
and '
A% (pyr) 0

hx(Pr) =

0 hE(pyr).
and F and S are as usual the matrices made up of f,., and s, with
S =14 2iP%FP% (20.16)

The Regular Solution and Jost Matrix. Just as in the one-channel case it is
convenient to introduce a different set of N “regular solutions,” which we
group into a matrix ®(r) defined to satisfy
®(r) —> j(Pr)
r=0 -

that is, the «th column of ®(r) is a solution of the radial equation that, as
r — 0, behaves like j(p,r) in channel « and is smaller in all other channels.
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As r — o any column of ®(r) must behave like some combination of in-
going and outgoing waves in all N channels. (We continue to suppose E >
Wy so that all channels are open.) Thus, we can write [compare (20.5)]

o(r) _>§ {ﬁ-(Pr)go' - ﬁ+(Pr)9‘_’} (20.17)
for certain square matrices & and &', which we call the Jost matrices.
(We shall see shortly that %" can be simply expressed in terms of % so there
is really only one Jost matrix to worry about.)

The radial equation (20.12) is a second-order N-component differential
equation and, therefore, has 2N independent solutions, of which only N are
zero at r = 0. It follows that any of the columns of ¥(r) (the normalized
solutions) can be expressed as some combination of the N columns of the

regular solution ®(r). In fact comparison of (20.15) and (20.17) shows that
the required combination is just

¥(r)=0@r)F1
where %1 denotes the matrix inverse of % [compare (20.6)). Clearly,
S = PHF ' F1p-% (20.18)

Just as in the one-channel case, the radial equation plus boundary con-
ditions is equivalent to the (matrix) integral equation

O(r) = j(Pr) +err’G(r, UE)e(r) (20.19)

where G(r,r’) is the diagonal matrix made up of the Green’s functions
81.pa(r> ') defined in (11.39). If every element of the potential matrix satis-
fies our usual assumptions, then it is easily checked that ®(r) can always be
found by iteration. Concerning the dependence of ®(r) on the energy or
momenta, it is convenient to note that nothingin the integral equation (20.19)
(or the radial equation) requires that the channel momenta are related by
energy conservation, /

2 2

D1 Py

_+W =...=__+W,=

om T om0
Accordingly, we can temporarily consider the variables p;,...,py in
(20.19) as independent variables; and it is easily seen that all elements of ®(r)
are then entire functions of all N variables py, . .. , py. Now,iff(py,...,pN)
is an analytic function of py, . . . , py and if we then set p, = [2m(E — W%,

then the resulting function of E,

f(@2mE — W)Y4, ..., 2m(E — Wy)1¥)



402 20. Analytic Properties and Multichannel Resonances

is an analytic function of N analytic functions of E, and is therefore itself an
analytic function of E, except at each threshold W, where the corresponding
p. has a branch point. It immediately follows that the regular solution
®(r) is an analytic function of the energy E except at the N thresholdss
Wi oo Wy

If we examine the integral equation (20.19) for large r and compare with
the asymptotic form (20.17) of @(r), we see that the Jost matrix can be written
as® :

F=Fr. ) =FP) =1+ P‘lj;wdrﬁJf(Pr)U(;')(D(r) (20.20)

with a similar expression, with A+ replaced by 4-, for the second Jost matrix

Z’. Tt would be very reasonable to expect that, like its one-channel analogue,
the integral (20.20) would lead us to the desired analytic properties of % and,
hence, S. Unfortunately, the convergence of this integral at its upper limit
is generally a very troublesome problem to analyze, even when all momenta
P, are in their upper half planes.” It is to avoid this difficulty that we are
assuming that all elements of the potential matrix U(r) are identically zero
for r greater than some finite radius a. In this case the integral in (20.20) ex-
tends only to r = a. It is then seen to be convergent for arbitrary momenta,
and to define a Jost matrix all of whose elements are entire functions of the N
variables p;, . .., py- ' : :

The S Matrix. We have seen that (for finite-range potentials) the Jost
matrix & (P) is an entire function of p;, ..., py. It is a simple matter to
check [using (20.20) and its counterpart, with A4+ replaced by A~, for #']
that the second Jost matrix & is given by

F'(Py=F(—P)
that is, #'(P) is obtained by continuing # (P) in all of the momenta from
P, to —p,. This‘lets us rewrite the asymptotic form of @(r) as

O(r)—> é (A~ (PHF(P) — B (PHF(—P)] (20.21)

T 0

5 The singularities of ® at the thresholds are trivial branch points, which could even be
eliminated by a slight redefinition of ®. However, this is of no especial interest since Our

‘real interest is in S, whose branch points are not so trivial.

8 For the moment we think of # as a function of the N momenta written&(py, - . - » pzy)~
The abbreviation #(P) is not strictly accurate, since P also denotes the matrix with
pi»---spy down its diagonal. In practice this useful shorthand is unlikely to cause
confusion. . _ ]

7 The reasqn is not hard to see. Becayse of its matrix character the integrand contains
terms like A+(p,r)para-(r), whose convergence as r — o depends on the imaginary parts
of the two different momenta p, and pg:. Clearly, the region of convergence for any given
element of # will be complicated and will depend on which element is considered.
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FIGURE 20.3. Starting at the right of the highest threshold W, the physical S
matrix for lower energies is obtained by continuing to the left and passing above all
thresholds. :

and the expression (20:18) for the S matrix as
S = PUF (—P)F (P) P (20.22)
We now recall that the inverse of any N X N matrix A4 is given by —
A = cof 4
det 4

where det 4 denotes the determinant of 4 and cof 4 is the N X N matrix
made up of the cofactors of A transposed. We can therefore rewrite S as

_ PAF(—P)cof F(P)P*

det #(P)
Since both cof # (P) and det F (P) are obviously analytic wherever % (P)is,
we conclude that all elements of the matrix S are analytic functions of the -
N variables p,, . . . , py except at those points where det # (P) = 0. Finally,
if we re-impose the conditions p, = [2m(E — W,)I'¢ and regard S as a func-
tion of E, then we find that the N X N matrix S(E) is an analytic function of
E for all E, except for branch points at the thresholds W5, . . . , Wy, and poles
at those points where det #(P) = 0.

The matrix S(E) whose analytic properties we have established is the
N x N matrix, which is the physical § matrix when E is above the highest
threshold Wy. We must now prove that if we continue the matrix S(E)
down to energies below Wy, then its appropriate leading submatrix is the

physical S matrix. This is in fact easily seen if we examine carefully the
asymptotic form of ¥

s (20.23)

Y(r) > 12 (A (Pr) — B(PrF(—P\F(P)] (20.24)

w0

When E > Wy, all momenta p, = [2m(E — W,)I% are positive real, the
functions A* (p,r) are ingoing and outgoing waves, and F(—P)F (P) is
indeed the N x N physical S matrix (apart from trivial factors of P*).

Let us now continue leftward in energy, passing above the thresholds
Wy, Wy_a, .. . toan interval (W, < E < W,,,} as shown in Fig. 20.3. As
discussed in Section 20-a, when we do this the momenta p,.,, ..., py all
become positive imaginary, while p,, ..., p, remain real. (If we were to
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pass below any threshold W,, the corresponding momentum p, would become
negative imaginary and we would get a different result.) Since p,.;, ..., py
are now positive imaginary the functions A(p,r) for« =n +1,..., Nare
now exponentially increasing, and the corresponding /+(p,r) exponentially
decreasing, as r — co. If we now examine the asymptotic form (20.24) of
YW (r) we see that, while the first » columns of W'(#) are still finite as r — oo,
the last N-n columns are exponentially exploding and are therefore physically
unacceptable.
This situation is exactly what we should expect. In the interval

{Wn < E < W'n+1}

only the first n channels are open and there are only n physically relevant
solutions, one for each permissible in channel. These are precisely the first
n columns of W(r). If we look more closely at these # columns, we see from
(20.24) that their first n elements consist of ingoing and outgoing waves,
while their last N-n elements fall off exponentially. Thus, it is the first n
elements of the first #n columns of W(r) that determine the actual scattered
flux in the » open channels. According to (20.24) these elements have the
asymptotic form?

%'a(") —_—> 15 ﬁ_(par) 6‘1’1 - ﬁ_‘_(pa’r)['g;(—P)?(P)_l]az'az} [“,, a=1,... s n]

r—w
Thus, the elements of the n X n physical S matrix are:

sd'd = p;/’é[f(_P)g-(P)_l]l’lp:% [a,, ® = 1, AR n]

that is, the » X n physical S matrix is precisely the n X n leading submatrix
of the N x N analytic matrix S(E) = P%F (—P)F (P)P~*.
Finally, we note that it is easy to prove (see Problem 20.1) that since U is
Hermitian, the Jost matrix satisfies the important identity
F (PY'PF (P) = F(—P*)'PF (—P) (20.25)
In particular, for £ < W, (all p, imaginary) this implies that
S(EY =S(E) [E< W]

That is, when continued to energies below the lowest threshold, S(E) is
Hermitian.

8 Of course all elements of F(r) have this form. The point is that only fora, o’ =1,...,7
are the functions 4+ the required ingoing and outgoing waves.
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20-c. Bound States

Having established that the analytic properties of the partial-wave S matrix
are as described in Section 20-a, we can now discuss the connection between
the bound states and the poles of S(E) (still in the framework of our N-
channel model). In the one-channel case we saw that the existence of a bound
state of energy E < 0 means that the analytically continued S matrix s(E)
has a pole at E = E on the physical sheet. To understand this we have only
to recall the asymptotic form

Hr)—> ’2 [ (r)p) — Ko/ (—p)] (20.26)

The solution ¢(r) is zero at r = 0, while the functions A+ and /A~ are exponen-
tially decreasing and increasing as r — co when p is positive imaginary (corre-
sponding to E < 0 on the physical sheet). If there is a bound state at E = E,
then the solution that is zero at r = 0 (namely ¢) must be exponentially de-
creasing as r — co; that is, at the energy of the bound state the coefficient
/(p) of the exponentially increasing term in (20.26) has to be zero. It follows
that s = #/(—p)/#(p) has a pole.?

The analysis of the multichannel case is very similar. We expect to find
bound states of the whole system at energies E below the lowest threshold,*®
E < Wy, and, accordingly, we continue into this region (where, of course, all
elements of S are unphysical). We now consider the asymptotic form:

(20.27)

r—w

o) —> ’5 (A (PrF(P) — k*(PF(—P)]

The existence of a bound state at £ < W, means that there is a column
solution to the radial equation (of the appropriate /), which is zero both at
r = 0and as r — oo. Since this solution is zero at r = 0 it can be expressed
as some linear combination of the columns of ®(r). If we form this particular
combination of the columns of ®(r) and then let r — co the result must
therefore be zero; which [according to (20.27)] means that this combination
of the columns of #(P) must be zero (that is, the coefficient of A~ must
vanish). But this means that the columns of % (P) are linearly dependent
and, hence, that det # (P) = 0. Finally, since

_ PAF(—P) cof F(P)P*
det #(P)

S

(20.28)

 Remember that we are considering potentials of finite range so there is no problem with
continuing the numerator #(—p) to the position of the bound state.

10 We shall discuss the possibility of bound states “embedded in the continuum’ above
W, at the end of this section.
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it follows that the elements of S all have poles at the bound-state energy.11
Since the same reasoning can be reversed, we conclude that there is a one-
to-one correspondence between the bound states of the system and the poles
of S on the physical sheet. In particular, since all bound states have real
energies, the poles on the physical sheet are confined to the real axis of E.

If the bound state of energy E and angular momentum / is nondegenerate
[apart of course from the inevitable (2/ 4 1)-fold degeneracy], then there is
more that can be said about the corresponding pole. The fact that the bound
state is nondegenerate means that the corresponding solution of the Schro-
dinger equation is unique; in other words, that there is just one combination
of the columns of @(r) that vanishes as r — co. This means that there is a
unique combination of the columns of #(P) that is zero; which is to say
that % (P)is a matrix of rank N — 1, or that it has exactly N — 1 independent
columns. ’

With the knowledge that # (P) has rank N — 1 we can now examine the
behavior of S as given by (20.28). It is easily seen that if % (P) has rank
N — 1, then all the rows of cof & (P) are multiples of a single row [that is,
that cof &% (P) has rank 1] and the same is therefore true of the whole
numerator'® of S. Much as in the one channel case (see Problem 12.3) it
can be shown that, at a nondegenerate bound state, the zero of det % (P)
is always simple. This means that the pole of S is a simple pole, and we can
therefore write

SE) = ﬁ;

[E near E]

where A is a matrix of rank 1. Finally, we recall that S(E) is Hermitian for
E < W;; so the same must be true of the residue matrix A. Thus, we con-
clude that at the energy of a nondegenerate bound state, S(E) has a simple
pole whose residue matrix 4 is Hermitian and of rank 1.

The general form of the matrix A4 is easily found. That 4 has rank 1 means
that all of its columns are multiples of one single column. This means that
its elements can be written in the form -

Ayry = Va'éa
(The numbers y,., 6, are obviously not unique.) The fact that A is Hermitian
implies that

Yorls = y0L

1L Tt can happen that some (but never all) of the elements of the numerator of S happen
to be zero at the bound-state energy, and in this case the corresponding elements of §
do not have the pole. .

12 For any two matrices A and B the rank of 4B is always less than or equal to that of 4 or B.
In the present case cof # has rank 1, so the whole numerator must have rank 1 or rank 0.
In the latter case, it would be identically zero, which (it is fairly easy to show) it cannot be.

1
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from which it is clear (see Problem 20.2) that we can adjust y, and 4, so that

8, = £y :
Therefore, our final conclusion is that in the neighborhood of a nondegener-

ate bound state the analytically continued S matrix has a simple pole of the
form: '

*
sa’a(E) =4 y_aya_—

20.29)
E—E _( )

The result that the residue of s, (E) has the form y,. ¥% is sometimes re-
ferred to as factorization of the residue. It should be emphasized that it
depends on the assumption that there is only one state of the energy and
angular momentum in question. If there are several such states, then the
radial Schrédinger equation has several independent solutions that vanish
as.r — 0 and co. This means that there are several distinct combinations of
the columns of % (P) that are zero, and, hence, that % (P) has rank less than
N — 1. Therefore the reasoning leading to (20.29) breaks down. In fact,
it can be shown that if there are r independent bound states of energy £
and angular momentum /, then S(E) still has a simple pole but that its residue
is an Hermitian matrix of rank r. Since such a matrix can be written as a
sum of » Hermitian matrices of rank 1 it follows that in this case S(E) can be
written as a sum of r terms each of the form (20.29).

Finally, we note that we have so far discussed bound states with energy
below the lowest threshold W;. In multichannel problems it is in fact possible
(even with a perfectly reasonable potential) to have bournd states “‘embedded
in the continuum” with energy above W,. When this happens the .S matrix
has a pole of the same form (20.29) at the-appropriate energy, W, < E <
W, .1, say. However, it is clear that the physical, open-channel S matrix,
being unitary, cannot have a pole. Infact, it is easily shown that the factors
Y1 - - - » V5 are all zero and that the residue matrix is zero in all open channels.
In practice it is most unlikely that states of this type will be exactly bound.
However, it is entirely possible that there occur very nearly bound states of
this type. In this case there is a pole close to the interval {W, < E < W, .}
on an unphysical sheet and the scattering has a resonance, as we shall discuss
in the next section.

20-d. Resonances

Having established that poles of the S matrix on the physical sheet corre-
spond to bound states, Wwe can now go on to show (as in the one-channel
case) that poles onr the unphysical sheets can correspond to resonances. We
saw in Section 13-a that in the one-channel case s(E) may have a pole below
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the real axis at E = E; — iI'/2 on the unphysical sheet. If this pole is close
enough to the axis and if there are no other nearby singularities, then, bear-
ing in mind that s(E) is unitary, we could write for the most general form of
s(E) near Ep

2i8pg E— ER _ ll-‘/z

S(E)=¢ ;
E—Ep+il')2

where the background phase 8,, is some real number. In the simple case that
0y, = O the pole is called a pure Breit-Wigner pole and we find for the corre-
sponding amplitude

s—1 1 r

E — =—_———
J(E) 2ip 2pE— Egz +il')2

[Breit-Wigner] (20.30)

Clearly, at a pure Breit—Wigner resonance |f(E)| peaks to its maximum
1/p at Ep, and is small where E is far from E. In general, when §,, # 0 we
can write, .

JE) = ~= [(s = &%) + (e — 1]
2ip

eZibbq 1'1 eZibbq -1
ST E—E,+ T2 2ip
= fres(E) + fby (2031)

where f;., is the same as the Breit-Wigner amplitude (20.30) apart from the
phase factor exp(2id,,), while f;, is the constant background, corresponding
to the phase shift §,,.

We saw in Sections 13-c and 13-d that the behavior of the scattering
near to a resonance depends on the relative widths of the incident wave packet
(AE) and of the resonance itself (). If AE « T', cross sections proportional
to |f]? can be measured in the usual way; if the resonance is pure Breit~
Wigner, then the cross section shows a pure bump, while if §,, # 0 it may
bump, dip, or both, as discussed in Section 13-a. When the resonance is
very narrow, I' K AE, one sees a very different phenomenon associated
with temporary capture into a nearly stable state that subsequently decays
with mean life 1/I", :

We now return to the multichannel S matrix and suppose that it has a
pole on the unphysical sheet reached by continuing downwards between
W, and W, as shown in Fig. 20.4. As in the one-channel case, there is no
general principle that guarantees that all such poles must be simple; how-
ever, in practice such poles usually come about as would-be bound-state
poles. Since bound-state poles always are simple, this type of pole would
normally be expected to be simple. In any case we shall consider the case ofa
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FIGURE 20.4. A resonance pole on the unphysical sheet reached between the
thresholds W, and W, ;.

simple pole. By the same token we shall suppose that the pole is “non-
degenerate”; that is, its residue matrix has rank 1, as it would do if it were
a nondegenerate bound state. Finally, we suppose that the pole is isolated,
in the sense that it is well separated from any other poles and from the nearest
thresholds. ‘
. We assume first a behavior of the amplitude analogous to the Breit-
Wigner form (20.30)13

.1 a, . ‘
— : e E near E 20.32
2P0 E — Eg + il[2 [ 7] (2032)

fa’a -

By analogy with the single-channel case we can expect that the form of the
residue a,,, is constrained by the requirement that S be unitary, and this is the
case: If f,,, is given by (20.32), then

iA

S=1-———"——
E—Egp+ilj2

(20.33)

where we shall now use S o denote the n X n open-channel S matrix. Now,
for E real (in the interval concerned) S satisfies S'S = 1. Substituting the
form (20.33) we find, after a little algebra, that '

t .
“+r_,

i(A' — A)(E — Eg) + A4 — >

The unitarity of S requires that this identity hold for all real E (in the neigh-
borhood of Ep). This implies first that (4" — 4) =0, and that 4 .is
Hermitian; and then that

A2=T4 : (20.34)

Since A4 is Hermitian and is assumed to have rank 1 we know from the argu-
ments of the last section that its elements have the form

Apqg = :l:ya’ya* .

13 The factors of p, and p,. are put in only for convenience; they could, of course, be
absorbed in a,-,, but it is more convenient to keep them out.
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Substituting this form into (20.34) we see first that only the positive sign is
possible (I' cannot be negative or the pole would be on the physical sheet)
and second that

Slyl*=T T (20.35)

(where the sum is over open channels only since we are discussing only the
open-channel S matrix). Thus, the most general form of a simple, non-
degenerate Breit—Wigner resonance pole consistent with unitarity is

1 YaVa
a'a i S 20.36
JadB) = (“)/E Eg + iT)2 (2036)
where the y, satisfy (20.35). For reasons which will emerge shortly, the num-
ber '

= {y,?

is called the partial width of the resonance for channel a. Thus, the require-
ment (20.35) can be rephrased by saying that the sum of the partial widths
is equal to the total width, > ', =T. - _

As we shall discuss directly, the Breit-Wigner (20.36) is not the most

general possible form of a resonance. However, as in the single-channel

case (and for essentially the same reasons), resonances that are reasonably
close to the lowest threshold are always expected to be more or less pure
Breit—Wigner. This is well borne out by experiment, the best known examples
being the famous resonances of low-energy neutrons scattering off nuclei.
An important feature of the Breit~-Wigner (20.36) is that it predicts similar
bumps in the cross sections leading from every in channel « to all out channels
o’ (unless any of the y, happen to be zero). While the various bumps will
have different heights (determined by the product of the relevant partial
widths I',I',), all bumps should occur at the same energy Eg and have the
same width I". This striking property can be clearly seen in Fig. 20.5, which
shows a resonance in the scattering of slow neutrons off ®Te; the Breit—
Wigner bump is:observed at the same energy (2 3 eV) and with the same width
(0.}1 eV) in both of the processes
n + 1%Te
n+ 18Te—>{
y + 124Te

Of course, the Breit-Wigner of (20.33) and (20.36) is not the most general
form consistent with unitarity and with the assumption that S is domiriated by
an isolated, simple, “nondegenerate” pole. The general form consistent with
the latter assumption is clearly

iC

U E—Eg+ il'2
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ﬂ
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FIGURE20.5. Anisolated Breit~-Wigner resonance in the scattering of slow neutrons
off 123Te, (Data from Hughes and Harvey, 1955.)

In this case we can explore the consequences of unitarity in two steps: First,
as E moves away from Eg, we note that S approaches B; thus since S-is
unitary for all E it follows that B must be. Therefore, it is natural to relabel

B as S"9, and write
S — Sba(l _ lA )
E—Ep+il)2

Since both S and S* are unitary, so is the factor in parenthesis. Exactly our
previous argument then shows that the elements of 4 must have the form:

Ayrg = 61’6: [WIth z Iéaiz = F]

The residue of S at the pole is given by the matrix $?74 whose elements can
therefore be written ‘

ya'é:
Wwhere the “vector” {y,} is just $*9{8,}. Hence, we arrive at the final form
for the general simple “nondegenerate’ resonance pole
ya’éf

sz’z(E) = SZ?, =1
E — Ep+ il)2
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In terms of the amplitude this gives [compare (20.31)]

F(E) = Ft + F™(E) (20.37)

where F®? is the amplitude corresponding to $*¢ and

1 Ya’a:
2(pa’pa)% E — ER + lI‘/z

foa(E) = — (20.38)

The numbers y, and 4§, satisfy
{r.} = $"{d.}

Z IYalz = Z laalz =T

The quantity [d,|2 is called the partial width for entering the resonance from
channel «, while |y, |? is the partial width for Jeaving the resonance and going
into channel «’. If the system is time-reversal invariant, then the matrix
S(E), and, therefore, also its residue, is symmetric. In this case we can adjust
the phases of y, and 6, such that y, = 8} and

and

res 1 y::’ya
f ( ) B 2(pa’pa)% E— ER + 1F/2

In particular, if the resonance is a pure Breit-Wigner and time reversal is
good, then the residue is both symmetric and Hermitian, and hence also real.
In this case, y, can also be chosen real.

If the resonance is wide compared to the width of the mmdent packet
(AE L T), then just as in the one-channel case we can compute and observe
cross sections in the ordinary way. In particular, the contribution of any
partial wave to a process (¢’ < o) has the form

0y E) = 4n(2l + 1) | fo E)P®
To see how this behaves as a function of energy near a resonance one has
simply to analyze the behavior of the various possibilities implied by (20.37)
and (20.38). A few general statements can be made: When E is well below
or above Ey the amplitude is equal to the constant F*?. As E traverses an
interval of the order of I' about Ej, each element f5(E) describes a circle
counterclockwise in the complex plane. Since each amplitude must lie in the
appropriate unitary circle, it follows that as E passes Ex each amplitude starts
at some fixed point (inside the unitary circle), rapidly describes a complete
circle entirely within the unitary" circle, and returns to its starting point.
Four possible loci for an elastic amplitude f7, (times p,) are shown in Fig.
20.6. Below each locus is shown the behavior of the corresponding elastic

[T invariance]
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FIGURE 20.6. Four possible resonances all corresponding to an isolated pole at
Egp — iT'[2. Top line shows behavior of elastic amplltudes, bottom line the corre-
sponding cross sections.

and total cross sections (¢}, and o},,) for the incident channel «. [The total
cross section can be computed using the optical theorem, which for given /
reads oy, = 4w (2] + 1)Im f,/p. Notice that the inelastic cross section can
be read off as oyt — 0] Diagram (a) shows a pure Breit-Wigner,
which is completely elastic in channel « (I', = I'; all other partial widths
zero). Diagram (b) shows a Breit-Wigner with plenty of inelasticity (T,
a little less than half of I'). (An extreme example of this type of resonance
is the neutron resonance of Fig. 20.5 where the inelastic peak is ten times the
elastic.) Diagrams (c) and (d) show resonances with substantial inelasticity
and background.

It should be remembered that the form (20.37) of a resonance is an idealiza-
tion and the precise curves shown are seldom seen in practice. A convenient
way to express this is to say that the background amplitude F® is not really
a constant but varies (slowly) with E. This has the effect of smudging out the
edges of the resonance curves.

20-e. Decay of a Multichannel Resonance

Finally, we discuss the effects of a resonance that is narrow compared to
the incident wave packet (I' < AE). Just as in the one-channel case we need
to examine the behavior of the actual time-dependent wave packet describing
the collision.” The analysis so closely parallels that of the one-channel case
(Section 13-d) that we shall give only the briefest sketch here.
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The time-dependent state of our N-channel system is given by an N.
component wave function

(X, 1)
Y(x, 1) =

"/JN(X> t)

where each y,(x, t) describes that part of the motion in channel «. This time-
dependent wave packet can be expanded in terms of the stationary scattering
states, and the behavior of the former for large r deduced from the known
behavior of the latter. This leads us to an expression of the form

P(x, 1) = PR, ) + P, 1)

where the column ™ consists at all times of a freely moving packet in the
incident channel (« say) and is zero in all other channels; the column ¢*
is zero until the collision occurs and then contains the familiar outgoing
waves in all open channels.

We now suppose that the incident energy coincides w1th the energy Ep
of a sharp isolated resonance of angular momentum /. For simplicity we
suppose that the resonance is pure Breit-Wigner (no background),

fll — 1 ?’a’y:
o z(pa’Pa)% E— ER + l];/z

and that all other partial-wave amplitudes are negligible. (It is a straight-
forward matter to include a background and other partial waves; but, just
as in the one-channel case, they do not affect our main conclusion.) With
these assumptions it is simple to write down $*(x, ). In particular, for
large r the «'th component of §* turns out to satisfy [Compare (13.14) for
the one-channel case] ,

|%°(X’ OI* = 2aml, L, |Yi® I$(ER)

r large

—T(t—r/vy) -
x &——— G(t — L) (20.39)

2
DoT Uy

where Pw is the momentum in channel o at the resonant energy Er and
= p,/m is the corresponding velocity; ¢,(E) is the wave function of the
1nc1dent packet in the angular momentum representatlon and T, = |7,/
as before. :
We see from (20.39) that the scattered wave in channel « has a spherlcal
front that moves outwards with speed v, and has the angular dependence
appropriate to the angular momentum /. The intensity is proportional to
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[T, (« being the initial channel) and, once the wave has arrived at any
given point, the intensity falls off like e~1*.

To better understand the role of the partial widths it is useful to compute
the total probability of seeing the particle emerge in a given direction in
channel «'. This is obtained by integrating (20.39) over all r. Because of the
term exp(I'r/v,,) the integration gives a factor v,/I" and the v, then cancels
the p,. in the denominator to give

P ’ 2 !
w(dQ, o’ < ¢, 0) = {2aT, | $(ER)} F’ 1Y2(9")] dQ} (20.40)

The interpretation of the process described by (20.39) and (20.40) is now
clear. Equation (20.39) describes the exponential decay of a nearly stable
state formed at £ = 0, the time of the original collision. The probability
(20.40) is the product of two factors, one depending only on the initial packet
¢ and channel «, the other depending only on the final direction and channel

o’. It follows that the first factor is the probability for capture of the pro-
jectile into the metastable state, and the second that of its subsequent decay,

wcap(¢’ (7.) = 27TP |¢Z(ER)|2

20.41
wdecay(dQ’> (1’) = !Y (ﬁ')]z dQI ( )

(The normalization of these is fixed by the requirement that once the state
is formed, the total probability of its decay must be one. Since > I',./T' =1
and (dQ|Y[*=1 our normalization of Wgeeay—and, hence, wg,,—is
obviously correct.) In the literature of nuclear physics, where the nearly
stable resonant state is known as a compound nucleus, the independence of
the two probabilities (20.41) is often interpreted by saying that the com-
pound nucleus “forgets” its mode of formation before it decays.

The two probabilities (20.41) clearly show the two roles of the partial
widths. The width T', enters the capture probability in the product

- T, ¢ (ER)

Since [4,(Eg)|? is the probability per unit energy that the incident packet has
the right energy and angular momentum, it is natural to view I', as the
energy width of the opening from channel « into the resonant state. The
product I, |$,(ER)|? is then the probability that the incident packet has its
energy in the appropriate interval for acceptance. \

The role of the partial width I, in the decay can be viewed as follows:
The exponential decay factor ¢~'* means that the total rate of decay of the
state is just I'. Clearly from (20.41) I',. is just.the rate of decay into the
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particular channel «. Therefore, the result that > I',, = I simply expresses
the obvious fact that the total decay rate is the sum of the rates into the various
possible channels.1 ;

To conclude we remark that there are certainly more general types of
resonant behavior, and other theoretical approaches to the same phenomenon.
Concerning the first point, we have discussed an amplitude that is dominated
in some energy range by an isolated, simple pole with residue matrix of rank 1
(2 “nondegenerate” resonance) in a single angular momentum state /.
Much of the discussion was further limited to the case that the pole is pure
Breit-Wigner (no background) and that all other partial waves are negligible.
It is certainly possible to analyze more general situations: As we have
already mentioned, it is easy to add in the effects of a background and of
other partial waves. A ‘“‘degenerate” pole whose residue has rank r > 1
can be treated as the sum of r nondegenerate poles. A multiple pole can be
treated along similar lines, as too can several nearby poles. (If there are
many poles some statistical method of summing may be necessary.) How-
ever, it should also be mentioned that it is perfectly possible that the S matrix
could show some rapid resonance-like behavior that is too complicated to be
analyzed in terms of dominance by some number of poles in one partial-wave
amplitude. In particular, there can be effects that involve several different
angular momenta at the same time.

Most alternative.approaches to the resonance phenomenon (the Wigner—
Weisskopf model, “formal’ resonance theory, etc.)! start from the idea that
a resonance is an almost bound state. The simplest such is the Wigner-
Weisskopf model, a model designed specifically to let one see the effects of a
nearly bound state embedded in the continuum. The model assumes a
Hamiltonian H® with a continuum of eigenstates plus a single discrete state
whose energy lies in the continuum; and a perturbation ¥, which connects
the discrete state with the continuum. A relatively straightforward calcula-
tion shows that if the system occupies the unperturbed discrete state at
t = 0, then the perturbation causes it to leak out exponentially as ¢ — o0;
and further that the S matrix has a simple pole at the expected location. It
should be clear that such models can throw considerable light on the dy-
namical origin of certain resonances. It should also be clear that they are

M If the resonance is not pure Breit-Wigner and time-reversal invariance does not hold,

then the partial widths 18,|2 and |y,|? for entering and leaving the resonance may be

different. Of the two interpretations just given the first then applies to |8,|2 and the second
to [ [%

15 A clear discussion of the Wigner-Weisskopf model can be found in the recent paper of
Dothan and Horn (1970). For “formal’ resonance theory see Newton (1966) Section 16.5.
Various other approaches can be found in almost any text on nuclear physics—for example,
McCarthy (1968) Chapters 8 and 9.
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less general than the approach described above, which depends only on the
assumed analyticity of the S matrix in neighborhood of the real axis and is
quite independent of any specific underlying dynamics.

PROBLEMS

20.1. Use the fact that the potential matrix U(r) is Hermitian to prove that
the analytically continued S matrix of Section 20-b is Hermitian below the
lowest threshold. (Use the radial equations for ®p(r) and ®p.(r)' to prove
that W[®L., @] = 0 where the Wronskian of two matrices is

wia, b1 = 4(52) - (%) 5
dr dr ‘
Using the known asymptotic form of @ deduce the identity (20.25) for the
Jost matrices, and hence prove that St =S when E < W,, or P is pure
imaginary.)

20.2. (a) Show that the elements of a matrix 4 of rank one can be written as
a; =70,

(b) If 4 is Hermitian, show that y;, §, can be chosen so that §, = +yF.

(c) If A also satisfies 42 = I'4 where I' > 0, show that only the plus sign
in (b) can occur.

(d) If 4 is also symmetric, show that we can choose §; = ;.



Two More Topics
in Multichannel
Scattering

21-a The Distorted-Wave Born Approximation
21-b Final-State Interactions

In this chapter we introduce two more facets of multichannel scattering
theory: The distorted-wave Born approximation and the theory of final-
state interactions. The selection of these two topics is rather arbitrary; and
a glance through the literature will suggest numerous other subjects which
could almost equally well have been included.! As regards the exclusion of
so many topics, it can only be said that every book must stop somewhere.
As regards the choice of subjects included, it can fairly be said that the two
techniques discussed here are not only important as calculational tools, but
have had an unusually great impact on the way in which physicists think
about multichannel scattering problems.

21-a. The kDistorted-Wave Born Approximation

In Section 14-c we discussed the distorted-wave Born approximation for
single-channel scattering. We found that if the potential ¥ could be split as

V="Vi+ I}11

with ¥y small, then the T matrix for scattering by ¥ could be approximated
as .

t@ <—p) ~ @ <p)+ @®—1 Vulpt+o

1 For example, the tables of contents of Mott and Massey (1965), Goldberger and Watson
(1964), and Newton (1966) list many topics all eminently worthy of discussion.
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Here t;(p’ < p) is the exact T matrix for scattering by V; alone The second
term is the matrix element of ¥;; between “distorted waves”—namely, the
scattering states appropriate to V—and is interpreted as the (ﬁrst order)
amplitude for the scattering by Vi in the presence of V1.

Almost all applications of the DWBA are in multichannel problems,
where we must distinguish two distinct types of process: Collisions that do
not involve rearrangement, and those that do.

Collisions Without Rearrangement. If the initial and final channels, « and o/,
of interest have the same arrangements (that is, we are interested in elastic
scattering or excitation only) then the channel potentials ¥* and V'« are the
same. In this case we can derive the multichannel DWBA exactly as in the
one-channel case. We suppose that ¥'* can be split as

Vi=Vi+Vh

where the scattering for V¥ alone is known exactly (or in some good approxi-
mation) while the effects of % are small. In this case exactly the arguments
of Section 14-c lead us to the DWBA (for collisions without rearrangement)
Hp', o < p, o) ~ t(p, & <= p, o) + (&' —1| Vi Ip, e +p (21.1)

with all symbols defined as before.
An interesting feature of the multichannel DWBA (21.1) is that it is often
possible and convenient to split the potential ¥ in such a way that the first

term #; is exactly zero. For example, let us consider an excitation of the
form:

a + (be) > a + (bo)*

where ¢ is an infinitely heavy fixed core. We could take for V7 the mterac’uon
of g with the core ¢

Vi= Ve

and Vg would then be the interaction V,, of a with b. Now, if a interacts
only with the core ¢ then it cannot excite the bc target, and it follows that,
with our choice of V{, the matrix element #; is exactly zero (see Problem
21.1). The result (21.1) then reduces to

Hp',oa' < p,o0) ~ (_E', o =il Virlp, ¢ +p (21.2)

Another possibility would be to take for V{ just the Coulomb interaction of
a and c. In this case the result (21.2) still holds and the distorted waves are
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just Coulomb scattering functions, which are exactly known. In this case
the use of the DWBA is especially straightforward.?

Rearrangement Collisions. For the case of rearrangement collisions the
derivation of the DWBA is a little more complicated. Since the initial and
final channels « and «' have different arrangements, the channel potentials
V* and V¥ are different. To get a DWBA we must decide first on useful
splittings of both ¥*and V* as

; VeE=Vi+Vh
and
vV =Vi + Vg
We assume (as is usually the case) that these splittings can be made so that
the potentials I alone can not cause any rearrangement; in this case we

proceed as follows.
The exact amplitude of interest has the form

Hp', o' < p,a) = (p',&'| V¥ |p, a+)
As in the one-channel case we rewrite the bra (p’, «| in terms of (p’, o' —;
to give
Hp', o < p,a) = (', &' —| V¥ |p, at)
—{p's '—1l V{G*(E + i0)v* |p,a+)  (21.3)

Now, the reader will recall that in Section 19-b we saw that the state |p, «4-)
can be written in terms of the channel «" Green’s operator as

[P, a+) = G*V¥[p, a+) + |o)

where |o) is orthogonal to all vectors in the channel «’ subspace. Inserting
this into the last term of (21.3) we find ‘

t(gly o B’ a) = <£I’ al—Il Va’ IB’ a+> - <£I’ al_Il V;, II_” a+>
— ('~ VT lo)

Since the potential VI& was chosen to cause no rearrangements, the last term
is zero; combining the first two terms we arrive at the exact result

t(p', &' < p,0) = (p, ' —1| Vi1 |p, a+) 214

2 It is essential to the present simple discussion that the core ¢ is infinitely heavy. If this i_S
not the case, then the potential V, can “cause excitation and ¢ is nonzero. However', it
is still possible to get a result similar to (21.2) by choosing for ¥'§ some average interaction
between a and the CM of b and c.
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FIGURE 21.1. The deuteron stripping reaction.

Finally, we approximate the full state |P, «+) by |p, «+;) and arrive at the
DWBA for rearrangement collisions

Hp',o' < p,e) ~ (p', o’ —| Vi Ip, aty) (21.5)

This is the so-called “post™ form of the DWBA since it involves explicitly
the potential of the final channel «’. There is, of course, a corresponding
“prior” version involving the potential of the initial channel «.

To illustrate the use of the DWBA in rearrangement collisions, we consider
an example of considerable historical importance in nuclear physics, the
deuteron stripping reaction

d+A4A—->p+ 4

[usually written 4(d, p)4’ in nuclear physics] where d denotes a deuteron, 4
any nucleus with 4 nucleons, and 4’ the nucleus obtained by adding a
neutron to 4. This reaction is shown schematically in Fig. 21.1.

We treat the nucleus 4 as an infinitely heavy structureless particle, in
which case the potential of the initial channel 1 is just

V= VpA + VnA
while that of the final channel 2 is
V=V,.+V,

To set up our DWBA we split 2 so that ¥V 4 is the potential I (to be treated
*“exactly’”) and V,,, is potential II (to be treated in first order). With this
choice the potential I cannot cause transitions out of channel 2, as required.
The potential ¥* we split so that the potential I is some suitable average
interaction between 4 and the deuteron’s CM and potential II makes up the
difference. (The potential I can be some suitable optical potential to describe
absorption effects.) With these choices, the distorted waves that go into the
DWBA have an especially simple form. The final wave is just the product of
the bound-state wave function ¢ 4.(x,,) of the neutron in the nucleus 4’ with
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the scattering wave function of the proton in the field of the nucleus 4
(which we call y3)

¢A’(xn) XE(Xp)
The initial distorted wave is the product of the deuteron wave function and
the scattering state of the deuteron’s CM in the field of the nucleus 4
(denoted 1)

8%, = )t (=12

Thus the DWBA (21.5) gives for the required amplitude
(p',2<p, 1) =Jdaxnfds%mf(xn)*xa(xp)*

X, +x
X Vunls = )% = 2t (2 52) 21)
To simplify this integral it.is usual to make the so-called zero-range
approximation that the range of V,,, is very short compared to the deuteron
size. Now, the deuteron wave functlon outside the potential has the form
e~*"[r where

«? = 2m [deuteron binding energy]

Thus, in the limit that the potential has negligible range, the normalized )

deuteron wave function: is
s e —ar
¢d(x) ( )
2w/ r

everywhere Using the Schrodmger equation we can wr1te

V00 = 57+ a0 = - T g
With this approximation (21.6) becomes
(p,2<p, 1) = constantfd% ¢ () * 22 () 7 (%) (21.7)

To evaluate the one remaining integral we need to know the scattering
functions y3 and 47 for the proton and deuteron in the field of the nucleus 4.
To get a rough idea of the behavior of the amplitude we can make the very
radical approximation that these scattering functions are given by undis-
torted plane waves outside 4 with total absorption inside,

Qa)y %" r>ga

) = { e
ey (277)‘%e"’ * r>a
- r<la
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where a denotes the radius of the nucleus 4. With this approximation we
obtain

tp,2«<p, H~ constantf A%z § (x)*e~0 (21.8)

where ¢ = p’ — p as usual.

We now recall that ¢ ,.(x) is the bound-state wave function of the captured
neutron in the nucleus 4’. Assuming that this is a state of definite orbital
angular momentum / we can write this as

$4(x) = ¥(NY'X)

[Notice that the T matrix should really be written i(p’, m,2<+p,1) to
identify the m value of the captured neutron.] Expanding the plane wave in
(21.8) we can immediately do the angular integration to give

Kp’, m, 2 < p, 1) ~ constant Y{"((‘i)f dr r*y(r)j(qr)

where j,(gr) is the usual spherical Bessel function. Finally, since y(r) falls
off exponentially outside a, the principal contribution to the radial integral
is from r close to a, and this suggests our final approximation®

t(p’, m, 2 < p, 1) ~ constant ¥;"(§)j,(qa) (21.9)

In a typical deuteron stripping experiment one does not observe the m
value of the captured neutron. Thus, the appropriate cross section is obtained
by squaring (21.9) and summing over m. This gets rid of the factor ¥;” and
leaves the result

(21.10)

d_a (p', 2 < p, 1) ~ constant ; [],(qa)]2

where

g=1p"—pl =%+ p*—2p'pcos )t

The striking feature of this result is that the angular distribution of the
scattered proton is completely determined by the factor [j(ga)]* where [ is
the orbital momentum of the captured neutron. In spite of all our approxi-
mations this result is often surprisingly reliable; in particular, it often
correctly predicts the location of the first maximum in the angular distribu-
tion of the outgoing protons. This means that the angular momentum / of
the captured neutron can be measured by comparing the observed angular
distribution with the functions [j,(qa)}>. This procedure is illustrated in

3 Since the integral runs from the nuclear radius outwards, this approximation would be
expected to be best if we take a slightly larger than the nuclear radius.
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FIGURE 21.2. Angular distribution of outgoing protons in the reaction
d + %Ca —»p + Ca*
at 7 MeV. (Experimental data from Lee et al., 1964.)

Fig. 21.2, which shows the angular distribution of protons in the reaction
d + %Ca—p + #Ca*

at 7 MeV, where 1Ca* is the 32 first excited state of ©Ca. It will be seen
that the location of the first maximum clearly suggests the correct value / = 1
of the captured neutron.® Needless to say, markedly better fits to the d‘ata
are possible if one uses the original DWBA (21.6) [or its zero-range version
(21.7)] with more realistic distorted waves calculated by a computer using
suitable phenomenological optical potentials.

21-b. Final-State Interactions

The theory of final-state interactions, like the DWBA, applies to reactions
where the underlying forces can usefully be split into two pieces, V' = Vi +
V1. It is usually further restricted to situations (similar to the example at

41t must be admitted that this is a little fraudulent. Within certain reasonab'le limits,
the radius a (which was taken to be 7.6 fm here) is a parameter that can be afl]usted to
match the first maximum. However, to bring the next best candidate [ jz(qa)]2 into agree-
ment would require an unreasonable 60%, increase in a. Furthermore, the cross se(ftlons
for other final states can be fitted with their correct / values and with the same radius a.
In accordance with footnote 3, the value a = 7.6 fm is already rather large for the nuclear
radius. -
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the end of the last section) where the reaction of interest could not occur if
the interaction Vi; were absent. When this is the case, it is reasonable to
think of the reaction as being caused by Vyy, which is therefore referred to as
the primary interaction. The potential V7 (which for reasons we shall discuss
shortly, is called the final-state interaction) is then looked on as modifying the
reaction caused by Vi;. It is the purpose of final-state interaction theory to
predict these modifications and, by comparison with experiment, to obtain
information concerning the “final-state interaction” V7.

The general conditions for application of final-state interaction theory are
much the same as those of the DWBA and, as we shall see, the starting point
for the theory is usually precisely the DWBA (21.2). However, it should be
emphasized that many results of the theory can be derived by a more general
approach based on dispersion relations. This means that the results are more
general than the nonrelativistic potential framework within which we shall
establish them. In particular the theory can be, and has been, applied to the
study of the relativistic interactions of elementary particles.®

A classic example of the theory of final-state interactions is given by the
photoelectric effect (which we discuss in terms of hydrogen for simplicity)

y+H—>e+p (21.11)

Here the primary interaction which makes the effect possible is the interaction
of the electron with the electromagnetic radiation field. This is what destroys
the incident photon and knocks out the bound electron. However, one must
also take into account the Coulomb attraction of the ¢ and p in the final
channel. It is natural to view the whole reaction as being first caused by the
primary interaction and then modified by the Coulomb attraction between
the two final particles. It is then natural to refer to this Coulomb attraction
as the final-state interaction.

It should be emphasized that the theoretical tools developed for final-state
interactions can equally be applied to processes involving “initial-state
interactions,”” such as the inverse photoelectric effect

e+p—y+H @1.12)

Here again the primary interaction is obviously that of the electron with the
radiation field, while the modifications again come from the Coulomb, e—p
attraction, which in this case is an initial-state interaction. In practice, it
develops that useful applications of the theory usually involve final-state
interactions, from which circumstance comes the name of the theory. How-
ever, before we discuss why this is so, we can usefully look a little further at

® For this, and several further aspects of final-state interactions see the monograph of
Gillespie (1964).
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the ““initial-state process (21.12). In this reaction it seems clear the Coulomp
attraction will pull the electron into the proton and increase the probability
of its capture. Thus, while the Coulomb attraction alone cannot cause the
process, it is expected to enhance the probability of the process occurring,
The interesting thing about this result is that by time-reversal invariance jt
must also apply to the original photoelectric effect (21.11); that is, we have
the quite surprising result that the attraction between the final e and p
actually increases the likelihood that the photon can dissociate them.

In the examples just discussed the final-state (or initial state) interactions
were the Coulomb force, which is already well understood and can certainly
be studied by more direct methods. In most real examples, the method of
final-state interactions is used to study interactions that cannot be studied
directly. For example, a process like

7 +d—-y+n+n (21.13)
can be used to study the n—n forces; while processes such as
T+ N>+ a7+ N (21.14)

have been used to study the interactions between two pions. These examples
make clear why it is usually final-state interactions with which one is con-
cered. If one could set up direct n—n or m—= collisions, one would certainly
not resort to processes as devious as (21.13) and (21.14) to study their
interactions. However, such direct collisions are not yet experimentally
feasible; and since an initial state with two incident neutrons or pions is
experimentally inaccessible, it is clear that the only resort is to processes in
which the two particles of interest appear, and hence interact, in the final
state.

The examples (21.13) and (21.14) illustrate how the method of final-state
interactions can be used in practice. In the process = +d—y +n+n
it develops that the n-n forces produce a characteristic distortion of the
energy spectrum of the photon; thus, measurement of this energy spectrum
lets one determine certain of the n-» scattering parameters. Similarly, in
the reaction # + N —m 4+ m + N certain features of the w— interaction can
be extracted by studying the distribution of the two pions with respect to

“energy and angle.

The process m + N — o + m + N also illustrates well some of the diffi-
culties of the method. First, it is often unclear how to make a clean separa-
tion of the primary and final-state interactions. Much worse, there will
obviously be final-state interactions between either pion and the nucleon,
in addition to the interaction of interest between the two pions. Obviously
there will be problems in sorting out the effects of all these different inter-
actions. We shall return to this point at the end of this section.
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To begin our quantitative discussion of final-state interactions we return
to the simple photoelectric effect

y+H—>e+p

assuming the proton to be fixed at the origin. The primary interaction that
causes the effect is the interaction of the electron with the radiation field¢

Vi = —iP'A(X)
mc

where P is the momentum operator of the electron and A(x) is the operator
of the quantized electromagnetic radiation field. The final-state interaction is
the e-p Coulomb attraction

The initial state consists, of a photon with momentum k and the electron
bound to the fixed proton. The final state contains no photons, but has a
free electron of momentum p. To lowest order in the primary interaction the
relevant T-matrix element is given by DWBA as?

t(p,e+p«k,y+H)=—mic@,(e+p>—1P-A<x>1k,<y+H>>~

where |p, (e + p)—) is the appropriate distorted wave, namely the “minus”
scattering state for the electron in the field of the proton. The initial state
can be written as the tensor product

ik, (y + H)) = [k) ® |y
where |k) is the one-photon state (which should also carry a polarization
label €) and |¢,) is the state of the electron bound in the target.
If we decompose the field A(x) in terms of the photon creation and
annihilation operators, then only the annihilation operator with the appro-
priate momentum and polarization contributes to our matrix element, which

reduces to
e .
t k)= — ———— (p—| €. Pe¥* 21.15
(p<Kk) Zﬂm(w)/dp | €-Pe™™ |y - (21.15)

® We assume in this discussion that the reader is familiar with the elementary theory of the
quantized electromagnetic field (see, for example, Gottfried, 1966, Chapter VIII or
Messiah, 1961, Chapter XXI). Notice that we are treating the electron nonrelativistically
and ignoring the 42 interaction, which does not contribute to the photoelectric effect.

" We are assuming that our usual scattering formulas apply to interactions involving
quantized fields. While this assumption is correct in the present first-order calculation,
it is well known that, in general, there are difficulties. These difficulties arise because the
particles continue to interact with the field even when they move far apart; this necessitates
the whole machinery of renormalization.
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(where we have omitted some unnecessary channel labels). It should be
noted that all effects of the final-state interaction are contained in the fina]
bra (p—|; if we were to replace the scattering state (p—| by the plane wave
(p| we would have the matrix element for the same process in the absence of
any final-state interaction.

The matrix element (21.15) is easily evaluated (see Gottfried, 1966,
Section 58) and the effects of the final-state interaction examined. However,
the results are a little atypical of normal problems for two reasons: First,
the photon has spin one; this is reflected in the vector character of the
operator P in (21.15) and means that the matrix element is dominated by p
waves at low energies, rather than the s waves of a scalar interaction,
Second, the final-state interaction in question is the long range Coulomb
force. In order that our example be less exceptional, we now leave the real
photoelectric effect and discuss instead a hypothetical “scalar photoelectric
effect” in which a scalar particle of momentum k ejects an “electron” that is
subject to a short range, spherical, final-state interaction ¥(r). In this case
the relevant matrix element will have the general form

t(p < k) = (p—| By |$0 (21.16)

where B, is some operator, which may depend on the incident “photon”
momentum k [compare (21.15)].
In terms of wave functions, the matrix element (21.16) can be written

1(p k) = f P(x | p=)*Bu®) (%) @1.17)

(where we have assumed that B, is a function of x only). We now make the
important assumption that only the immediate neighborhood of the origin
contributes significantly to this integral. This can be either because the
primary interaction B, (x) is confined to a small region, or because the bound-
state wave function ¢,(x) is well localized. In either case we can approximate
the distorted wave (x | p—) by its value near x = 0. Since all partial waves
except the s wave vanish at x = 0, this gives

(x| p—) ~ @my % i Pou()* (21.18)

where y, ,(r) is the s wave radial wave function of the ““electron’ in the field
of the final state interaction ¥(r). Now, the normalized radial function ¥y,,
is equal to the regular solution ¢, , divided by the Jost function /(p) [see
(11.50)]; while for small r the regular solution is approximately sin pr,

o5(r) _ sin pr

/’( ) AP

1/"017()_
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Substituting into (21.18) we find

_3¢ sin pr
x|p—)~——@m~*
| /(P )* pr
and, hence, for the matrix element
—3 Sln
t(p k) N/—) (2n)% f &z p”' By(X)y(X) (21.19)

As we have already noted the effects of the final-state interaction are
completely contained in the distorted wave (x|p—). If the final-state
interaction were completely absent, then (x|p—) would be replaced by
(x | p), which would be approximated close to the origin by (27)~* (sin pr)/pr.
This would give the same answer as (21.19) except that the denominator #(p)
would be absent; that is, the actual amplitude (21.19), including final-state
interactions, can be written as

t(p < k)

B

(21.20)

where 7o(p <— k) denotes the T matrix for the same process in the absence of all
final-state interaction and /(p) is the s wave Jost function® appropriate to the
actual final-state interaction F(r). In other words, the sole effect of the
final-state interaction is to enhance the amplitude by the factor 1//(p).
Physically, of course, this “‘enhancement factor’ represents the increased (or
decreased) amplitude for finding the particle in the region where the primary
interaction can take effect.?

Using the result (21.20) one can prove that, as anticipated earlier, an
attractive final-state interaction will enhance the probability of a reaction,
while a repulsive interaction will diminish it. The point is that it can be
shown that for any purely attractive force (9¥/dr > 0 for all r) the corre-
sponding Jost function has modulus less than one, [#(p)| < 1; while for any
8 If the s-wave amplitude happens to be zero, then we could repeat our argument using the
first nonvanishing / value. In this case (21.20) wouid hold with #(p) being the Jost function
of angular momentum /.

9 Watson, in this original paper on final-state interactions (1952), derived the somewhat
different result #(p < k) ~ constant f(p) to(p < k) where f(p) is the s-wave amplitude for
the final-state interaction. For small p the two results agree since f = [/(—p) — A(p)l/
2ip/(p), which, if we retain only terms of order p becomes f = constant//(p). However, in
general, the two results are different and it seems clear that (21.20) is to be preferred. In

particular, (21.20) is certainly more reasonable for large p where # — 1 and, hence, ¢ — 1,
as one would expect.
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purely repulsive force (9V/dr < 0 everywhere) | /(p)| > 1. We leave this as
an exercise for the interested reader; for the special case of a square well see
Problem 21.2.

If the amplitude £,(p < k) can be calculated, then measurement of the cross
section lets one determine |/(p)l. Usually, of course, #(p < k) cannot be
calculated exactly and one must have recourse to further approximations,
For example, if we measure the cross section close to threshold (p small) then
we can replace the wave function (sin pr)/pr by one. In this case the only
energy dependence in the integral (21.19) is in the primary-interaction term
B, (x). However, close to threshold & is a slowly varying function of p and we
can simply replace k by its value k, at threshold to give

constant

A(p)

That is, the complete energy dependence of the amplitude close to threshold
is given by the Jost function /(p) in the denominator. For the cross section
[proportional to (p/k) |t|?] this gives

Hp<+—k)~

do p
— & constant near threshold 21.21
10 ok [p near t ] (21.21)

Since the Jost function is analytic in p the effect of the enhancement
1/IAp)I? in (21.21) will' be most striking if #(p) vanishes somewhere near
threshold, as happens for example if the two final particles are nucleons. We
saw in Section 13-b that if the s-wave Jost function vanishes near threshold,
then it must do so either on the positive or the negative imaginary axes. (In
the former case there is a weakly bound state, like the deuteron; in the
latter, there is a ““virtual’” state, as in the nucleon-nucleon singlet system.)
In either case the Jost function can be written (see Problem 13.1) as

/(p) ~ constant (1 + iap) [p small]

where a is the s-wave scattering length and is large. The cross section (21.21)
then becomes

do p
m A constant W
which shows a sharp peak at p = 1/|a| and allows one to measure the scatter-
ing length of the final-state interaction V(r) within a sign.
In most applications of final-state interaction theory one has to handle
final states with more than two bodies. While there is no complete theory
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for this case, there are certain situations where a straightforward generali-
zation of the preceding analysis is possible. Of these the most important are:

(1) Situations where the two final particles of interest have high momenta
relative to all other particles, but low momentum relative to one
another (giving them plenty of time for interaction with one another).

(2) Situations where the relative energy of the two final particles of interest
is at a resonance of these two particles.

In either case it is reasonable to expect that the dominant final-state

interaction affecting the two particles of interest will be their mutual inter-

action. In this case the preceding two-body arguments generalize as follows:
Suppose, for instance, that we observe a reaction with N final particles

a+b—scH+dtet---+f

where ¢ and d are the particles of interest. If, whatever the reason, the only
final-state interaction affecting the particles ¢ and d is the c-d potential V,,,
then the distorted wave appropriate to the final state will factor as

@ |2 —) = (Xeq| Poa = ) €Xp (iBeq * Xog) X (function of the other N — 2
variables)
where (X, | p,q—) is the scattering state for the relative motion of ¢ and d

under the potential V,;. Almost exactly the preceding argument then shows
that

Hp < P Po) ~ X -(function independent of p,;) (21.22)

1
/ (p cd)

Here #(p,,) is the Jost function of the dominant angular momentum / in c-d
scattering. (For low c—d relative energy this will be s-wave; near a ¢—d
resonance, { will be the resonant angular momentum.)

Obviously the result (21.22), when it holds, will allow measurement of
certain of the c-d scattering parameters. Probably its- most interesting
application is when the c-d relative energy (or “subenergy’) is close to a c-d
resonance. In this case the Jost function in the denominator of (21.22)

‘vanishes just below the real axis and has the approximate form

A(p.a) ~ constant X (Ecd —Ep+ ,g)

Thus, as a function of the c—d subenergy E,, the cross section for the process

a+b—>c+dtet---+f
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FIGURE 21.3. (a) The =t + p total cross section as a function of the total CM
energy. (b) The process K* + p - =t + p + K* + »~ as a function of the »*p
subenergy at fixed incident momentum 2.3 GeV/c.

should show a peak whose position and width are characteristic of the c-d
resonance. This important property of resonances is in fact true much more
generally than our approximate derivation suggests. Unfortunately, to
pursue this further would take us beyond the scope of this book.1® Therefore,
we content ourselves with mentioning that the property is certainly well
established experimentally. For example, the well known N*(1236) reso-
nance in 7—N scattering shows up clearly in the process

Kt 4 p—>mt+p+ K-+ a

when plotted as a function of the final #*p subenergy as shown in Fig. 21.3.
(The broken curve is a phase-space calculation of the type described in
Problem 17.6 and represents the best guess for the process if there were no
resonance. Data from Bomse, et al., 1967.)

This property—that resonances of a subsystem appear in the study of the
whole system—is, in fact, frequently used to identify resonances of particles
that cannot be directly studied. For example, the well known p resonance
in 7—n scattering, which has never been dlrectly observed (since no 7w
scattering experiment has ever been performed) is nonetheless firmly estab-
lished on the basis of its appearance in processes such as 7 + N — 27 + N
when considered as functions of the 7—r subenergy.

10 If we think of a resonance as a nearly bound state, then the property is easy to under-
stand physically: If the resonance were actually stable with energy Eg, then some number
of events (nsay) of the typea + b~ (cd) +e+ -+ f would occur, in all of which the
c—d relatlve energy E,; would be exactly Eg. In addmon, n’ events with final state ¢ +
d+---+f might occur, but with the c—d relative energy more or less smoothly dis-
trlbuted Now, since the state (cd) is really unstable, it eventually decays. Thus, the original
n'events would be registered as having final state ¢ + d + - - - 4+ f but all with E_; in an
interval of order T" about Er. Accordingly, a plot of this process against E,; should show
a bump about E,; = Eg. .
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PROBLEMS

21.1. Prove (the obvious result) that if @ impinges on a bound state (bc)
with c infinitely heavy, and if @ interacts only with c, then the probability for
excitation a + (bc) — a + (bc)* is zero. Why is this not so if ¢ has finite
mass?

21.2. Compute the s-wave Jost function for a square well of depth ¥, and
show that [/(p)| S 1 according as ¥, 2 O.
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22-a The Formalism of Identical Particles

22-b Scattering of Two Identical Particles

22-c Multichannel Scattering with Identical
Particles

22-d Transition Probabilities and Cross Sections

22-e Electron-Hydrogen Scattering

Until now we have restricted our attention to collisions in which all of the
particles involved are distinct. Since the majority of interesting experiments
do not satisfy this condition—electron-atom collisions involve several
identical electrons, nucleon-nucleus collisions involve several identical
nucleons, and so on—it is high time we discuss how our scattering theory
can be modified to handle identical particles.

There are several ways to set up a scattering theory of identical particles.
Perhaps the most completely satisfactory is to use a second-quantized
formalism, in which the symmetry requirements of the identical particles are
incorporated from the outset (see Hepp, 1965). However, this approach
requires the development of an elaborate new machinery, and we shall
follow a more pedestrian approach based directly on the formalism already
developed for distinct particles. Roughly speaking, our procedure will be to
begin by treating the identical particles as if they were distinct—for which
case we already have the required collision theory. We shall then find that
the actual scattering states, properly symmetrized for the identical particles,
can be obtained from those of the distinguishable case by using the
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appropriate symmetrizing projection operators. This in turn will mean that
the scattering amplitudes for identical particles (identified by hats as f) can be
expressed as sums or differences of certain related amplitudes for distinct
particles. Thus, it follows that all of the computational techniques developed
for distinct particles can be immediately applied to the identical particle
problem. '

Our results can be given a very persuasive interpretation: For example,
we shall find that the amplitude for elastic scattering of an electron off a
hydrogen atom has the form

J@ <) =ful@ <D — fux(@' <P (22.1)

(We omit spin and channel labels for simplicity.) Here the “direct” amplitude

fai(p’ < p) is the amplitude for the incident electron—treated as distinct
from that in the target atom—to scatter elastically with momentum p’. The
“exchange” amplitude f.x(p’ < p) is the amplitude for the process in which
the target electron is ejected with momentum p’, while the incident electron
is captured. Since the electrons are indistinguishable in reality, these two
processes cannot be told apart; and since the electrons are fermions, the
appropriate observed amplitude is the difference of the two amplitudes as in
(22.1).

We begin the discussion in Section 22-a with a brief survey of the quantum
mechanics of identical particles, mainly intended to introduce our notation.
In Section 22-b we treat the simple case of the single-channel scattering of
just two identical particles. In Sections 22-c and 22-d we treat the general
multichannel problem and in Section 22-¢ we illustrate our results with a
discussion of electron-hydrogen scattering.

We shall find it convenient in this chapter to deviate slightly from our
earlier notation. We shall identify all states by their wave functions, without
reference to a corresponding abstract vector. The action of a linear operator
A on a wave function y will be written as 4y, and the scalar product of two
wave functions p and ¢ as (yp, ¢).

22-a. The Formalism of Identical Particles

We begin with a review of the well-known modifications of the ordinary
formalism of quantum mechanics that are needed when a system contains
several particles of the same type. For simplicity we first discuss a system
containing n particles all of the same type.

Symmetric and Anti-Symmetric Wave Functions. If our x identical particles
were actually distinguishable (by having slightly different masses, for
example) then the Hilbert space 5# of state vectors would be simply the space
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of all square-integrable functions of their n coordinates,

p(r, ..., 2,)

Here z; denotes any suitable choice of coordinates for the ith particle. If
the particles are spinless, x; could be just the position x; or the momentum
p;. If the particles have spin, z; could denote the pair x;, m,, where m, is the
z component of spin. If the system is made up of neutrons and protons,
which we wish to regard as identical, then x, could stand for x;, m, and the
third component of isotopic spin. Throughout this chapter we shall use
to denote the space that contains all functions y(=,, . . . , z,) and is appro-
priate to n distinguishable particles.

As is well known, when the particles are indistinguishable, the space ¢
is no longer the appropriate state space for our system. Instead, the states of
our system are given by functions in one of two subspaces, which we shall
denote by #, and #,. To characterize these subspaces we must introduce
the well-known permutation operators on the functions y(z,,...,z,).
Accordingly, for each permutation II of the numbers 1, ..., n we define a
unitary operator—also denoted II—such that

Hw(xls et xn) = 'P(xm’ cer xIIn)
In terms of these operators we can then state what appear to be the restric-
tions on the observables and wave functions of a system of n identical
particles:* ,
First, all observables 4 for a system of n identical particles commute with
all permutations,

[4,111=0 [any observable 4, all I1]

Second, not every wave function 9(x,, . .., %,) in # can represent a state
of the n-particle system; rather for a given kind of particle (electron, proton,
neutron, pion) just one of two possibilities occurs. Either the multi-particle
states are represented only by symmetric wave functions—that is, functions
satisfying
Iy =9y [all IT}
—in which case the particle is called a boson; or the states are represented
only by anti-symmetric functions—satisfying
My = epy [all TT]

1 The formalism described here is the conventional one in which all particles are either
bosons or fermions. In fact, it is only for the case of the stable particles (electron, proton,
neutron, and photon) that the evidence for this is completely beyond question. Discussion
of the possibility that some of the unstable particles might be neither bosons nor fermions
can be found in Stolt and Taylor (1970) and references given there. Since our main concern
is with nonrelativistic problems, and hence with stable particles, these exotic possibilities
(called para-statistics) need not concern us here.
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where 7 is +1 if the permutation II is even and —1 if IT is odd—in which
case the particle is called a fermion. The subspaces containing just the
symmetric or anti-symmetric wave functions we shall denote by 5#°, and 5,
respectively.

The Spin-Statistics Theorem. All particles which are known to be bosons
have integral spin, while all known fermions have half-odd integral spin.
In fact, within the framework of relativistic quantum field theory it can be
proved that this connection must always hold: a result known as the spin-
statistics theorem.?

Composite Particles. In situations where a composite particle like an atom
or nucleus can be treated as a structureless “‘elementary” particle, it must be
treated as a boson or fermion according as the number of fermions among its
constituents is even or odd. Thus, in atomic and molecular physics it is
usually possible to treat nuclei as structureless and “elementary.”” When
this is so the wave function for a system containing several ‘He nuclei, for
example, must be symmetric in the ‘He coordinates since “He contains two
protons and two neutrons. On the other hand the wave functions for a
similar system made up of ®He nuclei must be anti-symmetric in their co-
ordinates since they contain two protons and one neutron.

The Symmetrizing Projection Operators. To construct symmetric and anti-
symmetric wave functions it is convenient to introduce projection operators
A, and A, that project an arbitrary wave function onto the subspaces 5¢,
and 5#,. These are defined as

A=Llsm
nln :
. (22.2)
A, == eqll
n!'m

When we do not wish to specify whether the particles under consideration
are bosons or fermions, we shall write either of these as

1
A=—,2’7nn
n!m

where A denotes either A, or A, and % is +1 for bosons but 7 = e for
fermions.
It is easily checked that A, and A, satisfy the characteristic properties of
projectors,
A=AT=A2

% See Streater and Wightman (1964). For discussion of a proof of the same result in analytic
S-matrix theory see Froissart and Taylor (1967).
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To see that they are Hermitian one has only to note that in the sums (22.2)
over all permutations each II can be paired with its inverse [I = IT*, Tq
check that A2 = A we proceed thus:

2
M=(%22HW
n./ nuw

If we write IIII" = II”, then as II’ runs over all permutations so does I1”.
Thus,

2
s (3 p(pr) ~Lym-n,
n!/ W\t n!m”
with a similar argument for A,.

It should be noted that we have normalized A so that A2 = A. If Y
already happens to be symmetric (or anti-symmetric), then A,y = (or
Ay = y)and if y is normalized then so obviously is Ay (or A,y). However,
in general Ay is not normalized even if y is. For example, in the important
case where v is the product

w(xb LS | xn) = tpl(xl)v' ot wn(xn)

of n orthonormal one-particle functions,

Al = (Agp, Ay)
= (Ay, ) [since A = A'"]
= (A, ) [since A% = A]

=%ZM%W
n. n

It is easily seen that (Ily, p) = O for any permutation except IT = 1, and
this sum therefore reduces to the single term

1 1
IAI* ==y, v) =—
n! n!

The same result holds in the anti-symmetric case and we conclude that for n

orthonormal one-particle functions v, ..., 9, the correctly symmetrized
and normalized product is

nD)%EA(y, - - - .
for A = A, or A, (nD)>A(y, - y) (22.3)
The great usefulness of the projectors A, and A, in scattering theory is that
one can (as we shall see) obtain the scattering states for a system of identical
particles simply by acting with the appropriate projector on the corre-
sponding states for a system of distinct particles.
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Several Kinds of Particles. If there are different kinds of particles present,
then the wave functions must be symmetric or anti-symmetric for permuta-
tions within each separate type of particle. For instance, suppose we have a
system of » electrons, m protons, / alpha particles, etc. Then we denote by
A the space of all functions

t)U(xel’ cov s %on; xpl’ et xpm; Lays e oo s Loy o )

and the subspace of functions that actually represent states of the system
contains just those functions with the symmetry

tp(:ltel, ce, xenl; Tty - - o s Cpms Tals v oo s Lggy v v s)
! | L

anti-symmetric anti-symmetric symmetric

(There are no restrictions on—nor even any meaning attached to—permuta-
tions of the coordinates referring to different particles.) The projector that
produces the correct symmetries is just the product

A= A(e)A(p)A(u) P

where A® is the projector appropriate to the n electrons, A® for the m
protons, and so on.

The Cluster Law. Before taking up the scattering theory of identical
particles we discuss one final and important question of principle. The wave
function representing any state of the whole universe should in principle be
properly symmetrized with respect to all particles of every species. However,
in practice, when we compute the energy spectrum of gaseous helium, for
example, we anti-symmetrize with respect to the two electrons of any single
atom, but completely ignore all other electrons in the gas—not to mention
those on the moon! The question is: Is this procedure legitimate?

This question is obviously more subtle than the corresponding question for
distinguishable particles. In the distinguishable case it is clear that if two
particles are outside of each other’s force field then their motions are inde-
pendent, and in discussing either we can completely ignore the other. On the
other hand we know that however far apart two identical particles may be, we
should, in principle, symmetrize; which simply means that we should not
consider them as independent. However, it is a remarkable fact, sometimes
known as the cluster law, that provided two (or more) groups of identical
particles are confined to well separated regions of space, and so long as one
only makes measurements on each separate group, then it makes no difference
whether one symmetrizes with respect to the particles of different groups or
not.

We shall not discuss the general proof of the cluster law here (see Messiah,
1961, p. 600). Instead, we shall illustrate it with just one simple example.



440 22. Identical Particles

Suppose that the world consists of just two electrons, one known to be inside
our !aboratory with state given by the function y,(x), and one known to be
9uts1de the lab with state given by ,(z); and suppose that we are interested
in the probability distribution of the two particles. The correctly symmetrized
and normalized wave function for the two-electron system is

. :
Yy, x) = \/_5 [pi()pa(2) — pa(@a)pa(y)]
and the corresponding probability density is?®

w(Zy, 1) = 2 |y(,, x2)|2
= le(xl)wz(xz)lz + I’/’1(x2)1l’2(’31)|2
— 2 Re 91(2) ya() o 20) *po 1) *

Tfhg function y,(«) is known to be zero unless its argument is somewhere
inside the lab, while y,(x) is known to be zero unless its argument is some-
where outside the lab. Thus, the last term, with the product v, (z)y(x)*
is identically zero; and ,

w(zy, 25) = |1I’1(x1)’/’2(x2)|2 + l’/’l(xz)#’z(x1)|2 (22.9)

That is, as long as the two particles are known to be in different regions of
space, the characteristic interference due to the symmetry of the wave func-
tion vanishes. The remaining two terms are just the density one would get
classically. The fact that there are still two terms merely reflects the fact that
we have not specified which particle is inside, and which outside, the lab.
In fact, we can now identify that particle inside the lab as particle number 1,
and that outside as number 2. With the variable , fixed inside the lab and
z, outside, the second term in (22.4) is zero; and it is clear that the proba-
bilities of locating our two particles as computed from a properly symmetrized
wave function are exactly the same as we would obtain if we had ignored
the identity of the particles and used the unsymmetrized wave function
P1(@DPa(xs). '

This result is of some practical importance in scattering theory.. There the
states that are measured are the asymptotic free states, in which the various
freely moving fragments are all well separated. It is very natural to handle
these states as if the particles in different fragments are distinct. For example,
the in state of a collision between an electron and a hydrogen atom is naturally
identified by a wave function of the form

| PLCATICN) @9
8 A simple way to remember the factor 2 on the first line of this equation is to remember

tha}tf lw|2 = 1 (since v is normalized) while { w = 2, since each pair of points gets counted
twice as one integrates over all space.
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where y(x,) is the wave packet of the incident electron (labelled 1) as it
emerges from the accelerator, and ¢(z,) is the wave function of the target
electron (labelled 2) bound to its nucleus. The result of the previous para-
graph means that the function (22.5) is not only a natural way to identify
an asymptotic free state, but is also a completely consistent way, just as long
as the particles remain well separated. Of course, as soon as the collision
begins, it is essential to use properly symmetrized wave functions; and the
relation between the in and out states (namely the scattering amplitude) is
therefore affected by the symmetrization required for the identical particles.
However, the point that we wish to emphasize here is that in the labelling of
the in and out asymptotes it is both natural and consistent to ignore the
identity of particles in different freely moving fragments.

22-h. Scattering of Two Identical Particles

First, we consider the elastic scattering of just two identical particles, which
may or may not have spin. For example, we can consider the scattering of
electrons off electrons, of nucleons off nucleons, of alphas off alphas, or
several other experimentally interesting processes.

The scattering is determined by the Hamiltonian

2 2
H=£LF&+VEW+V
2m 2m :

Since the particles are identical, both H and H? commute with the one non-
trivial permutation II, the interchange of particles 1 and 2. As discussed
previously, we shall let y(x;, ;) denote an arbitrary wave function and the
general state of the system is then denoted by Ay, where A is either A  or A,
according as the particles are bosons or fermions. The general orbit of our
system has the form

Hiy  [any y]

the two forms being equivalent since [H, Al1=0.

If, for a2 moment, we disregard the identity of the two particles, then their
motion under the Hamiltonian H presents a well-defined mathematical
problem, and a problem which we have already solved. In particular, we
know that there are just two kinds of orbits, bound orbits and scattering
orbits; and for any y in the subspace of scattering states we know that!

general orbit: ¢ *F'Ay = Ae”

. . ry0
e_ZHtip t——c0 e—tH t’l’m [1/’ = sz+1/"in]
g
=y, [p =2 poud (22.6)

4 Since we discuss the translationally: invariant total motion, we use bold face for the
Mgller operators.
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Now, for the general y, the orbit (22.6) does not represen
orbit of the actual system' (which consists of two identical%articltesnsi?llégvi:ei:
pot properly symmetrized. However we have only to multiply by the pro
jector A‘ to obtain an orbit that is properly symmetrized.. Thus, we have (I:nl :
to multiply the results (22.6) by A to obtain the appropriate form of thz
asymptotic condition for two identical particles:

Ae Ty > A B [y = @, p,]
e |
t—>—czo> Ae—zH twout, ['.0 = Q—wbut] (227)
Since the asymptotic orbits can be written as
Ae_iHOtwin/ out = e-—iHOt‘A'pin/ out,

we arl"ive at the expected conclusion that every properly symmetrized
§cattgrlng orbit has in and out free asymptotes and that the general asymptote
1s uniquely identified by some symmetric or anti-symmetric wave function
A'pin or A'pout,- :
' It should be noted that a given orbit uniquely determines its symmetrized
in and out asymptotes. If, however, we write the asymptotes as Ay, (or
Awoue) then the function Yin (O Yoys) is mot unique, since the symmetrizing
operator A can project two different functions onto one single function. In
partlcfular, we shall choose to label our asymptotes by unsymmetrized
funct{ons. For example, a typical in asymptote will be identified by a
function yi, = ¢,(x,)$s(x,) where ¢, is the wave packet characteristic of the
accelerator and @, the target wave function. That is, we shall label the
asymptotes as if the particles were distinct and identified as 1 (the projectile)
and 2 (the target). This being the case, it is important to note that it makes
no difference which way round we label the particles; whether we use

l(xl.)tﬁg(xz) or ¢,(x,)ps(2,), wWe obtain the same physical state once we
multiply by the projector A.5

Our time-dependent description of the collision process is now complete:
The system enters the collision along the asymptote A exp(—iH%)y;,; the
actual orbit at all times is A exp(—~iHt)y; and as t — + oo this approaches
the out asymptote A exp(—iH%)p,... And we can now compute the

probability of any prescribed transition. We consider an in asymptote given
by a wave function '

Yin(@1, 75) = bi(z)ba(72) = Py, 7,) (22.9)
where ¢, anq . are orthogonal one-particle functions. (The functions are
orthogonal since in practice the particles have well defined and different

5 If the particles are fermions, the two results do differ, but only by a factor of —1, which
does not change the physical state.
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momenta.) If ¢, and ¢, are normalized, then the correctly symmetrized and
normalized in asymptote is ,
\/EA gtH? ¢

It follows from (22.7) that the correctly symmetrized and normalized actual
state is - _
» VAR 4
and, in particular, at # = O it is

2AQ, 4 (22.9)
Similarly, the properly symmetrized and normalized state at # = 0 that would
evolve into an out asymptote ¢’ [with the same form as (22.8)] is

J2AQ_¢ (22.10)

The probability amplitude that the in state labelled by ¢ be observed to lead
to the out state given by ¢’ is just the overlap of the two states (22.9) and
(22.10); thatis

w(d' — ¢) = [(J2AR_¢', J2AQ, $)
= 12AR ¢, Q. > (since A = AT =A%)

= ’%ﬂn(nﬂ—‘ﬁla 2, é) i
= |<9~¢I,-Q+¢> + n{I1Q2_¢, Q+¢>I2 (22.11)

where in the last line II denotes the only nontrivial permutation and # = 1
according as the particles are bosons or fermions.

The interpretation of this important result is straightforward. The first
term (2_¢', Q,¢) is exactly the amplitude one would get for the process

bibe < hibe , (22.12)
if the particles were distinguishable. To interpret the second term we recall
that ¢’ is the state at # = 0 which would evolve to the out asymptote
¢ = ¢1(x)Ps(x,). Thus, the state T2 ¢’ in which the roles of the two
particles are exchanged, is the state that would evolve to the out state
$a(x,)p1(x,) with the two particles interchanged. Accordingly the term
(T12_¢', L, ¢) is the amplitude for the “exchanged’ process

bodt <~ b1 (22.13)

Because the two particles are indistinguishable in reality, the two processes
(22.12) and (22.13) cannot be told apart and must both be counted. In
classical mechanics the measured probability would be the sum of the separate
probabilities for these two processes. The essential feature of the quantum
result is that one adds (or subtracts, in the case of fermions) the amplitudes,
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?;clln tsl'le probability (22.11) can therefore exhibit interference between the two

'We are now ready to compute the scattering cross sections and We begin
with the case of two identical spinless bosons. The first step in obtaining tgtlle
Cross section is to replace the probability w(¢’ < ¢) of (22.1 1) by the proba-
bility f"(dshds 2 < @) that, for given in packets ¢, the particles emerge in a
Prescrlbed volume of the final momentum space. This probability is obtained
if we replace the state ¢’ = $1ds of (22.11) by the momentum eigenstate
Ip1, P2} (and multiply by the volume element d®p,d®p,). The result is identica]
to the corresponding probability for distinct particles, except for the presence
of the “exchange” term, in which P, P, are replaced by p,, p;. We can then

go Fhrough precisely the calculations of Section 4-e. As usual we use the
variables

l-)=p1+p2 and p=p1;p2

2

and since the interchange of P, and p, sends p to —p the final result for the
CM cross section is

d
5 (B0 = (B < p) + f(—p < po)P

hers = |/(p < po)| (22.14)

JO<p) =f®<p) + f(—p<py)

. The interpretation of this result is illustrated in Fig. 22.1. The first term
is the e.lm.plitude one would get for the process (p < p,) if the two particles
were distinct (Fig. 22.1, part a). The second term S(—p < py) is the ampli-
tude‘ for the experimentally indistinguishable process in which the target
-particle recoils with momentum p, and the original incident particle therefore
emerges with momentum —p (Fig. 221, part b).

A A

// I,
p0 __,/’/ pO \\

/ o

(a) ®)

FIGURE 22.1. Two processes that can be thought of as contributing to the cross
section do/dQ(p < p,) for two identical particles.
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FIGURE 22.2. The quantum-mechanical cross sections for two identical particles
interacting by a pure Coulomb potential Z2¢%/r: (a) for two spinless bosons, and (b)
for two spin-half fermions with spins parallel; both with strength parameter y = 5.

In the case where the interactions are spherically symmetric we can rewrite
f(p' < p) as f(E, 0), and the cross section (22.14) becomes

49 _\H(E, 0) + J(E, m-O)*

dQ .

= |f(E, O)I* + |f(E, 7-0)I* + 2 Re f(E, O)f(E, m-0)* (22.15)
The last term is, of course, the characteristic quantum-mechanical interfer-
ence effect. :
The result (22.15) can be illustrated by the elastic scattering of any two
identical spinless nuclei. (A spinless nucleus is of course a boson.) In
particular, at low energies only the Coulomb interaction is effective and the

amplitude f in (22.15) is the Coulomb amplitude

2 2
fAE, 6) = —2mZe expl:Zi(ao — »In sin g)}
q

where ¥ = mZ%?/p and ¢ = 2psin 6/2. Thus, the observed cross section
should be

do  mPZ' 1 1 2cos(2yIn cot 6]2)
£ — ; : ¥ (22.16)
dQ 4p* Lsin* /2  cos* 6)2 sin® 62 cos® 0/2

This cross section is shown in Fig. 22.2, part (a} (for one particular choice of
the parameters involved), and is compared with the classical result, which
contains just the first two terms. It will be seen that the effect of the inter-
ference is to superpose an oscillatory term on the classical result. (In
particular, at 90 deg the cross section for spinless bosons is always twice the
classical result.) The fact that this interference is observed in the scattering
of two identical bosons (e.g., in a—« scattering), but is completely absent from
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the scatFering o_f two distinct particles, is striking evidence in support of the
conventional view of identical particles in quantum mechanics.®

Returning to the general result (22.14) it should perhaps b i
: e emph;
that only the symmetrized amplitude P P phasized

JO <P =f@ <p) +f(—p <p)

is experimentally measurable. The amplitude fis the amplitude that would be
obtained for the actual interactions if the particles were distinguishable, and
therefore, is a mathematically well-defined quantity. However, sinc’e thé
particles are in fact identical, it is only the symmetrical combination 7 (p’ « P
that enters into the observable cross section, and the separate pieces f(p’ < p)
and f (_—p’ <= P) are experimentally inaccessible. . This means that in a pure

-matrix theory, formulated in terms of the experimentally measurable
amplitudes only, one would directly postulate the existence of the amplitude
[ satisfying (for the case of rotational invariance)

f(E’ 6) = f(E’ 77_6)

without any reference to the “fictitious” f@ <.

. A §imilar analysis can be applied to particles with arbitrary spin. For
§1mp11c1ty we consider just the case of two identical spin-half fermions which
interact via a spin-independent potential. (For example, electron-electron
scattering in the approximation where all spin-dependent interactions are
neglected.) In this case the spin state is unchanged in any collision and the
observed cross section depends only on the properties of the spatial part of
tht? wave function. If we take as a spin basis the eigenfunctions of the total
spin, then the corresponding wave functions of the complete two-particle
system have the form '

‘ 'P(X1 13 Xz)l trip
-and

'/J(X]_, xz)XSing'

where yi, denotes any of the triplet spinors with s = 1, m = +1, 0, —1,
4 anfl Xsing 18 the singlet spinor with s = 0. Now, the reader will recall that the
SpINOTS Yyrip are symmetric under permutation of the particles, while yging iS
anti-symmetric. Thus, in order that the total wave function be anti-
symmetric, the spatial part w(x,, X,) associated with Xtrip IMUst be anti-
symmetric, while that associated with Ysing Must be symmetric.

® The presence of th:c interference term for identical particles was predicted by Mott.
One of tt}e first experm?enta] tests was due to Chadwick (1930) who showed that the a-
c::ros§ section at 90 deg (in the CM frame of course) was twice the classical result, as shown
in Fig. 22.2, part (a). .
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We suppose first that our two fermions are initially in a triplet state (e.g.,
both particles polarized in the same direction). The spatial part of the wave
function is then anti-symmetric and a calculation similar to that for two
bosons gives. -

e
(d_d)trip = If(E, 6) — f(E, m-9)| = Ift.rip(E’ 0] (22.17)

(We suppose that the potential is rotationally invariant.) That is, the triplet
amplitude is the difference of the amplitude f(E, 6) for distinguishable
particles and f(E, n—6). This result is illustrated for the case of a pure
Coulomb interaction in Fig. 22.2, part (b). In particular, notice that the
triplet cross section is always zero at 90 deg.

Instead, if we consider an initial singlet state, then the spatial part of the
wave function has to be symmetric, and we get the result

do N X
(E)sing - |f(E’ 6) + f(E’ 7T—6)| - IfsmE(E’ 6)] N

That is, two identical singlet spin-half fermions would scatter just like two
identical spinless bosons. This result and (22.17) illustrate the fact (well-
known in the study of bound states) that with systems of identical particles
even spin-independent interactions can lead to spin-dependent results. The
point is, of course, that different spin states correspond to different permuta-
tion symmetries, and the allowed symmetries of the spatial wave function
(and hence the observed results) therefore depend on the spin.

In practice, of course, experiments are usually done with unpolarized
beams and targets. And even when the particles are polarized their spin
state is not necessarily pure singlet or pure triplet. However, any desired
spin ‘state can be expressed as an appropriate superposition of singlet and
triplet states and the corresponding amplitude computed. In particular, the
unpolarized cross section is obtained by the usual procedure of summing
over final and averaging over initial spins as

()., -8, 26
dQ unpol 4 dQ sing 4 dQ trip

=/, 0 + |f(E, m-9)|* — Re f(E, O)f(E, m-0)*

That is, even in a completely unpolarized experiment the characteristic
interference terms show up. The fact that these effects are observed (e.g.,
in e~e or p-p experiments) confirms both that the particles involved are
fermions and that their spin is a half.
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Before we go on to the general multichannel problem, one word about
total cross sections: In the scattering of two distinct particles the total cross
section was defined as

o(p) =fdQ,,' dié (p’<p) [distinct particles]

(with a sum over final spins if the particles have spin). With this definition
we can say either that n;,.o(p) is the total number of counts obtained if we
completely surround the target with counters, or equivalently that n;,.o(p)
is-the total number of particles lost from the incident beam. In the case of
two identical particles these two numbers are not the same: If we completely
surround the target with counters then each collision event will be registered
twice (since we necessarily count both the scattered and recoil particles) and
the number of counts obtained in this way is therefore swice the number of
particles lost from the incident beam. It is usually more natural to define
the total cross section in terms of particles lost from the incident beam, and
we therefore adopt the definition

o(p) = % f daQ,, :11_562 (p’«<p)  [identical particles] (22.18)

22-c. Multichannel Scattering with Identical Particles

We now proceed to the general multichannel problem and shall find that
the scattering theory for systems of identical particles can be obtained from
that for distinct particles by the use of symmetrizing projectors, much as in
the single-channel case. )

We consider an arbitrary system of n particles, at least some of which are
identical, and which has Hamiltonian H. We can, of course, imagine H to
be the Hamiltonian of n distinct particles (the fact that A commutes with the
relevant permutation operators does not prevent this) in which case we
already understand the corresponding scattering theory as follows.

The general state, which is labelled by an arbitrary function of the »
variables z;, can be written as a superposition of the bound states (of all »
particles) and scattering states. The latter are the states of interest and can
themselves be classified according to the channels from which they have
evolved as t — — oo (or to which they will evolve as  — 4 0). A channel «
is a grouping of the n particles into n, stable fragments (2 < n, < n) and
corresponding to cach channel there is a subspace #* of wave functions
describing free motion of these n, fragments. If the state y of the n particles

22-c. Multichannel Scattering with Identical Particles 449

originated in channel «, then there is a function y;, in &= such that?
e_th‘l/’t > e—iH“t,lpin [y = Qiy] (22.19)
where H* is the channel Hamiltonian appropriate to the free motion of the

n, fragments. Similarly if v is a state that will evolve into channel « as
t — + o0, then there is a gy in & such that

Hy —> M o [y = Q%] (22.20)

{400
The general scattering state can be expressed as a superposition of states each
coming from some definite in channel, and similarly of states each going into
some definite out channel.

For an arbitrary wave function ¢ the orbit e=**"p does not represent an
allowed orbit of the actual system (with identical particles) since y does not
have the required symmetry. However, we have only to multiply by the
appropriate projector A to obtain an orbit that does. Under the action of A
the situation described in the previous paragraph changes. In particular, the
number of channels is reduced in two ways.

The first change can be easily understood by considering the example of
electron-hydrogen scattering. Here, for every channel with the grouping

ey + (esp) (22.21)

—itHt

 there is a second channel of the form

e, + (e1p) 7 (22.22)

obtained by permuting the two electrons. If the electrons are distinguishable
these two channels are physically distinct. In reality, however, the electrons
are indistinguishable and the distinction between the two channels is without
physical meaning. Nonetheless, in the formalism that we choose to adopt,
the two channels are mathematically distinct, wave functions of the former
having the form '

1(x)$(z2)

(where y is an arbitrary wave packet, and ¢ is the hydrogen bound-state
wave function) while those of the latter have the form

1(%2)(x1)

7 For simplicity we consider a process (such as the collision of an electron with an atom,
or nucleon with a nucleus that has a heavy core) in which the target has a heavy core
which we can take to be fixed. (Or equivalently, we consider just the relative motion of a
translationally invariant system.) Accordingly, we use light face for the Moller operators,
which do not conserve momentum (or out of which the momentum-conserving part has
been factored).
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Needless to say, the answers we obtain will be independent of the labelling
we use to identify the asymptotic states. Still, it is important that we under-
stand the situation and are prepared with some suitable notation. Thus, in
the example just discussed we shall label the channel of (22.21), with the
hydrogen atom in its ground state, by « = 1 and the corresponding “ex-
change” channel of (22.22) by « = 1.

In general, whenever a channel has two or more identical particles dis-
tributed among its freely moving fragments there is a whole family of channels
obtained simply by permuting identical particles among the different frag-
ments. These channels, while mathematically distinct, are physically
indistinguishable, and any one of them can be used to identify the same
physical situation.

To illustrate the second reduction in the number of channels we consider
the slightly more complicated example of electron-helium scattering. The
point is that if the three electrons are distinguishable then there are channels
in which the electrons of the helium atom have a symmetric bound-state
wave function. As soon as we act with the anti-symmetrizing projector these
wave functions are annihilated, corresponding to the obvious fact that the
real helium atom has only anti-symmetric states. It should be clear that this
point is completely trivial and is easily handled. In enumerating the channels
of a system containing identical particles we shall count only those channels
in which the particles of each fragment have the correct allowed symmetry.
By the same token we shall always use channel wave functions which are
properly symmetrized with respect to the internal coordinates of each frag-
ment. Thus, the wave function describing an electron incident on a helium
atom will have the form

2(@)P(2, )

where x(z,) is the incident wave packet and ¢(z,, 7,) is the properly anti-
symmetric helium wave function. Just as in the one-channel case we shall not
bother to symmetrize between the incident electron and those of the target
when labelling the asymptotic states.

22-d. Transition Probabilities and Cross Sections

Having classified the channels of our n-particle system we can now set up

a time-dependent description of the collision process and compute the

various scattering probabilities. If we multiply the appropriate results for

distinct particles [namely (22.19) and (22.20)] by the symmetrizer A we

immediately obtain the asymptotic condition for identical particles. An
orbit that originates in channel « has the form

AT Hly —> A H [y = Qlyy) (22.23)

t—+—
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while an orbit which is going to terminate in channel « has the form

t—c0

Ae~th'»” —_— Ae_iHatwout ['»D = Q:wout] (2224)

(It should be noted that because of the projector A these orbits are not yet
properly normalized.)

Suppose now that we wish for the probability that an in state ¢ in channel
a lead to the out state ¢’ in channel «’. If the in state was given by y;, = ¢
in &2, then according to (22.23) the actual state at # = O is

aAQ: ¢ (22.25)

where a is some normalization factor yet to be determined. If the out asymp-
tote were going to be ¢’ in &%, then according to (22.24) the actual state at
t = 0 would have to be ‘

a'AQ¥ ¢’ (22.26)
with @' the appropriate normalization factor. The required transition
amplitude is just the overlap of these two functions, and hence,

w($, o' — ¢, @) = (a’a)® (AQZ ', AQI )
L= (a'a)® (AQE, QL)
oc ,gnﬂmm’#, Qj‘,‘_(ﬁ)lz (22.27)

The interpretation of this result is completely natural. The first term inside

_ the sum (that coming from II = 1) is the amplitude one would obtain for the

process if the particles were all distinct; the other terms are the amplitudes for
the various “exchange” processes differing from the original one by permuta-
tions of the final (identical) particles. Since the particles are really indis-
tinguishable, the actual amplitude is obtained by summing all of these
amplitudes, multiplied by the appropriate factors 41 if the particles are
fermions. ;

To determine the constant of proportionality in (22.27) we must determine

. the normalization factors a and &' in the states (22.25) and (22.26). The

calculation of these factors in general (i.e., with arbitrary numbers of par-
ticles of arbitrarily many different types and with arbitrary channels « and
a') is straightforward but tedious. For this reason we consider here just one
important special case, a collision between a single particle and a target
containing n particles of the same type as the projectile (plus perhaps other
distinct particles). This includes the important examples of collisions between
an electron and an n-electron atom, and between a nucleon and an n-body
nucleus (with protons and neutrons treated as identical using the isospin
formalism). We shall also confine attention to processes in which the in
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and out channels have the same arrangements; that is, we consider only
elastic scattering and excitation, and do not treat rearrangements like
p +*He—d + *He. The interested reader should have no difficulty in
extending our considerations to more general situations.

Since the channel o consists of one free particle plus » identical particles
bound in the target the initial wave function ¢ has the form

¢(170, 171, LR ] xn) = 0(“’0)2.:(1'1, LI ] 17")

where ((z,) is the incident wave packet, {(»,,...,%,) is the properly
symmetrized wave function describing the motion of the n target particles
and we take both 0 and { to be normalized. With this form for ¢ we have tc;
determine the proper normalization of the corresponding actual state (22.25)
att = 0. Now, we know that the actual orbit has the form

ATHQL ) —> AT g (22.28)

and that the limit is reached as particle 0 moves away from the remaining n
particles. When this happens, the wave functions of particle 0 and the
remaining n particles cease to overlap; and when this is the case the correctly
normalized asymptote is easily seen to be )

(n + 1)*Ae—iH g

Thus,.from (22.28) it follows that the correctly normalized actual state at
such times, and hence at all times, is

(n + 1)*Ae B Q2 $)
That is, the normalization factor in the state (22.25) is (n + D*.
Since the same considerations apply to the out channel «’, we conclude that

W @) = (1 + D AQEY, QI
1\ ,
- (5) | 21107, Q1) (22.29)

To sirqplify the sum in (22.29) it is convenient to rewrite each of the
permutations IT of the n + 1 particles O, 1, ..., nin the form

II =111
where II” exchanges 0 with one of the variables 0, . . ., n leaving all others
alone, while II” is a permutation of 1, ... ,n only. The sum over the

(n + 1)! permutations IT can then be replaced by a sum over the (n + 1)
permutations II” and the n! permutations I1”. Now, the wave function on
which II operates is already symmetrized with respect to particles 1,...,n
and so each of the n! different permutations I1” produces the same result.
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Summing over these exactly cancels the factor 1/n! outside to give
(g o = ¢ 0) = | TS, QL)

where now 3" denotes a sum over the n + 1 permutations that exchange the
original projectile 0 with one of the particles 0, ..., n leaving all other
particles undisturbed. ‘

Finally we can divide the sum ¥’ into one term corresponding to II = 1
and the remaining n terms in which particle 0 changes place with one of the
target particles 1, . . . , n. Since the wave function on which II acts is already
symmetrized with respect to particles 1, . . ., n these last n terms are all the
same and we arrive at the final result

w(¢', &« ¢, 0) = (Q¥¢, Q%) + nnI1, Q¥ d’, QIP®  (22.30)
where as usual # = 41 depending on whether the particles are bosons or
fermions and II,;, denotes the permutation which just exchanges particles O

and 1.
From this result. we can immediately proceed to the calculation of the

‘observed cross section. The process under consideration has two-body

initial and final states, being the excitation of the n-body target in the state
o to a final state o', and the cross section follows from (22.30), exactly as in
Section 17-c (we assume spinless particles and target for simplicity):

j—;’l @« 0 = L1002 ol

where

f(P" o < P, a) = fdi(p’s o < P, a) + nnfex(Pl’ o« P, a) (2231)

Here f4; is the amplitude one would calculate for the “direct’” process:
direct: 04+ (12---n),—0+ (12---n),
on the assumption that the particles are distinct; that is,
Ja@s @ <0, 0) =@, @ < p, o)
if, as usual, we use f'to denote the amplitude calculated for distinct particles.
The amplitude f,. is the corresponding “exchange” amplitude for the

ejection of particle 1 with momentum p’ and the simultaneous capture of
particle 0:

exchange: O+ (12 -m)y—1+(02---n), (22.32)
That is,
fex(P,s o P, a) =f(P,s 4 P, fl)
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where & denotes the exchange channel of (22.32). Since the original particle
0 can exchange with any one of the » equivalent particles in the target, the
amplitude f,, appears multiplied by » in the expression (22.31) for f.

With the result (22.31) we have expressed the amplitude f for identical
particles in terms of two amplitudes, fy and fox, for processes involving
distinct particles. Since we already know how to compute these two ampli-
tudes, our identical-particle problem is now (in principle at least) completely
solved.

To conclude this section we should recall that we have considered just the
special case that a single projectile is incident on a target containing n
particles of the same type as the projectile. It is a straightforward, though
tedious, matter to extend our results to more general processes. In particular,
*the case of a two- body projectile incident on an n-body target (e.g., deuteron—
nucleus scattering) is discussed in Problem 22.5.

22-e. Electron-Hydrogen Scattering

To illustrate the formalism of the last two sections we conclude this
chapter with a discussion of the elastic scattering of electrons off atomic
hydrogen. The Hamiltonian for the system of two electrons plus a proton
(which we take to be infinitely heavy) we take to be

P2 P2 eZ 2 2

2m 2m  r; ry i
that is, we neglect all spin-dependent terms. Apart from the break-up
channel zero (e; + e, + p) there are just two kinds of channel, both con-
sisting of an electron and a hydrogen atom. There are the channels

e; + (ezp) (22.33)

and for each of these there is a (physically indistinguishable). exchange
channel

es + (erp) (2239

In particular, the only channels with which we shall be concerned are the
incident channel 1, in which electron 1 is incident on the ground state

hydrogen atom as in (22.33), and the exchange channel 1 in which electron 1
is bound in a ground state while electron 2 moves freely, as in (22.34).

The differential cross section for the process in which an electron with
momentum p and spin m, is incident on an atom whose electron has spin m,,
and scatters elastically with momentum p’ and spin m; leaving the target in
its ground state with spin mj is

do

d_£2 (p s ml’ mz, 1<+ P, My, Mo, 1) = [f(P', m],.’ mé’ 1< P, My, My, l)lz
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According to (22. 31) the amphtude [ has the form
f ai — f ex

Here f; is the direct amplitude and can be written as

Sas(p's mi, my, 1<~ p, my, my, 1) = —Q2m)’m(p', mi, my, 1| V*|p, my, my, 14)

where V1 is the channel 1 potential

2
e 2

Vi= —— 4+ —

r F12
and f., is the amplitude for the rearrangement process

e, + (exp) — ez + (esp)
.which can be written as

Fox®'s mi, my, 1 pymy, my, 1) = —Qmym(p’, mi, mi, 1) V2 |p, my, my, 14)

Here V7 is the potential of channel 1,

2 eZ

Vi=_£.8
o T2

and the bra represents a state in which electron 2 moves freely with momentum
p’ and spin m; and electron 1 is bound with spin m;. -
To illustrate the use of these results we can compute the amplitudes con-
cerned in Born approximation. As we have already seen, the Born approxi-
mation for the direct amplitude coincides with the Born approximation that
is obtained by treating the target atom as a static charge distribution and was

given in (9.21) as

fdi(p,’ mi’ m;’ 1« P, My, My, 1)
‘ 8 + g%’

= <ad 2 2\3
@4+ qad)
The last factor here is the scalar product of the initial and final spin states;
this appears as a simple factor because the interactions are spin-independent.
The evaluation of the exchange amplitude f,, involves the use of the Born
approximation for a rearrangement collision—a procedure we have not yet

considered in detail. Straightforward application of the Born approximation
discussed in Section 18-d would give

(my, my | my, myy  (22.35)

foe = —QrPm (0, 1) V2, 14) & —@n)m (p', 1 V2 |p, 1)
= —Qnfm Y, 1|(—— + )np, 1) (22.36)
12

ry
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(We have temporarily dropped spin labels.) This approximation is presum-
ably the first term in some sort of expansion of f, in powers of the potential

R

Vi=——4—
i T
However, the justification for such an expansion is at best \\zery questionable.
The potential ¥'* contains two terms, the “core interaction’> —e?/r;, and the
electron—electron repulsion e*/r;,. Now, it is the core interaction —e?/r,
that holds the final hydrogen atom together, and this interaction must
therefore be (and is) taken into account to all orders in the final-state wave
function of (22.36). Therefore, the approximation (22.36) is not the first
term in a consistent expansion of f,; in powers of V.

It is generally agreed that a more satisfactory procedure is first to use the
DWBA for f,, treating the core interaction exactly and expanding in powers
of the electron—electron interaction only. This procedure is obviously not
subject to the objections just described. The first term in this power series is
exactly zero (since it is the exact amplitude for rearrangement with no
electron—electron interaction present—which is zero) and so we find

2 2
fou= —Caym@ - S p 1y +0(S] @3
T12 T2
Here the subscripts I indicate the scattering states in the absence of the
- electron—electron interaction and can, in this case, be exactly computed.®
The DWBA is often further approximated by expanding thedistorted
waves in powers of the core interactions. To lowest order this gives

fue e =@ @, 11 1, 1) (22.38)
T12
It will be observed that this result is the same as the Born approximation
(22.36) except that the term involving the core interaction in the Born
approximation is completely absent.

It is usually accepted that the approximation (22.38) is more “correct’”
than the Born approximation (22.36). However, it should be emphasized
that, while the superiority of the DWBA (22.37) over the Born approximation
(22.36) is reasonably clear, the additional approximations leading from the
DWBA to the final result (22.38) are open to the same objections as apply to
the original Born approximation. Thus, there is no compelling a priori

8 In fact, the wave function for the state |p, 1+) is easily seen to be the product of the
Coulomb scattering state of momentum p for electron 1 times the hydrogen ground-state
wave function for electron 2.

® See Kang and Sucher (1966).
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reason to prefer (22.38) over the simple Born approximation. Nonetheless
the arguments leading to (22.38) do at least have the advantage of appearing
more. systematic. More important, in those cases where it can be tested the
approximation (22.38), without any core term, has been found to be in better
agreement with experiment. For these reasons we shall use the form (22.38).

According to the approximation (22.38) the exchange amphtude (with spin
indices restored) is:

Sex(p's m1, my, 1 <= p, my, my, 1)

== jd xljdax e x2¢100(x1) - ew * ehyoo(X2)
AT
X <m2a ml I my, m2>
This integral can be evaluated in the limit of large momentum, pa 3> 1 (the
limit in which the Born approximation should be good) to give

ex(P's my, my, 1< p, my, my, 1)
—32a
2(4 + q2a2)2
The results (22.35) and (22.39) for f3; and f,x can now be substltuted into
f = fu — fox to give the various cross sections:

(my, my | my, my)y  (22.39)

do 4a* 2 2 ?
et = @+2WB+ ) + } (22.40)
do 4a* 2_ovq2
d&+—«+a—@+2wm+qm1 (22.41)
4q® 16 72
dQ (_ +<+ )= 4 + q2a2)4|:p202:| (22.42)

All other cross sections (my, m; < my, m,) are the same as one of these or
are zero.1?

These cross sections are illustrated for an energy of about 100 eV in Fig.
22.3 below. However, before discussing these plots we examine some
general features of the results (22.40) to (22.42). We first note that, whereas
both the direct and exchange amplitudes contribute to the process (+ 4 «
+4), only f3; contributes to (+— <« +—) and only f.; contributes to the
spin-flip process (—+ <— +—). In particular, if f.. were zero then the first

10 We could equally analyze the electron-hydrogen cross section in terms of the singlet
and triplet states used in the discussion of electron—electron scattering in Section 22-b.
Similarly, the latter discussion could have been presented in terms of the (m,, my) spm
states.
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two processes would have equal cross sections, while the spin—flip process
could not occur at all. These features are true of the exact results as well as
the Born approximation and are easy to understand. The underlying
interactions are spin-independent and, therefore, the spins of the two
electrons cannot change. Thus, the only way for the spin—flip process
(—+ <« +—) to occur is for the spin-down target electron to be ejected and
the spin—up incident electron to be captured; that is, for the two electrons to
exchange. In the same way, since the exchange process necessarily reverses
the spins of the initial state (4 —), it cannot contribute to the process
(+— < +—). On the other hand, it obviously can contribute to
(++ < ++).

An important feature of the Born results (22.40) to (22.42) is that the ratio
of the exchange to the direct amplitude drops like 1/p? at high energies. Since
the Born approximation is almost certainly reliable at sufficiently high
energies, this result is probably correct. It is also easy to understand, since
one would naturally expect the probability of the simultaneous capture of
the incident projectile and ejection of the target particle to drop more quickly
than that of direct elastic scattering as p — co. Since the exchange term
reflects the identity of two electrons, this means that the neglect of particle

15—

(+ +<+ +)

=
(=)

do/dQ, units of a?/sterad —>
=]
ot

0

0 30 60 90 120
6, deg —>

FIGURE 22.3. Electron—hydrogen elastic cross sections at 136eV in Born
approximation.
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identity, as practiced on several occasions in the course of this book, is
justified at high energies.

Concerning the specific magnitudes of the cross sections (22.40) to (22.42),
the plots of Fig. 22.3 show the cross sections at an energy of 136 eV [(pa)? =
10, to be precise]—an energy at which the Born approximation is probably
useful, at least as an order of magnitude estimate.* It will be seen that, at
this energy, the exchange term is small compared to the direct, but not so
small that any precise calculation could afford to neglect it. In particular,
the forward cross sections (44 < ++4) and (4+— <« +—), which are
equal if f,, = 0, in fact differ by 50%. As the energy increases, of course,
this difference will drop like 1/E.

To conclude, we remark that this example, of electron-hydrogen scattering,
shows well that there are certain general conditions under which one can
confidently ignore the fact that some of the particles in a collision are
identical. Thus, on the basis of this example we can conclude that in the
elastic scattering of electrons off atoms (or nucleons off nuclei) at sufficiently
high energies the exchange amplitude will be negligible compared to the

“direct. It also seems clear that in scattering off very stable targets at low

energies (e.g., proton-alpha scattering) one can expect the likelihood of
ejecting a target particle to be small; and, again, f.; will be negligible
compared to f3;. Whenever this is the case one can simply ignore the identity
of the particles and the whole machinery of this chapter becomes unnecessary.

PROBLEMS

22.1. (a) Suppose there are two different kinds of spinless boson a and b,
with the same mass and such that the interaction between two a particles is
exactly the same as that of an @ witha b, V,, = V,,. A beam of low-energy
b particles is fired through a target of a particles and is found to be 1%
attenuated (i.e., 997 of the beam gets through unscattered). A beam of a
particles is then fired with the same energy through the same target of a
particles. Assuming that the energy is so low that the scattering is pure
s-wave, show that the beam of a particle will be 29 attenuated.

(b) Instead, suppose that the particles a and b are spin-half fermions and
that their interactions are spin-independent. If the incident beam and target
are completely polarized with their spins parallel, show that under the
conditions of part (a) the a target becomes completely transparent to the
beam of a particles (i.e., there is no a-a scattering at all).

22.2. Prove the optical theorem, Imjf(p <« p)= (p/4m)o(p), for the
scattering of two identical spinless bosons. (This naturally reflects that the

_ 1 Unfortunately there are no experimental data to check this.
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symmetrized in states are mapped onto the symmetrized out states by a
unitary operator. However, we have not discussed this point and the result
can be easily proved by writing f(p’ < p) = f(p' < p) + f(—p’ < p) and
using the known result (3.26) for f. Note that for two identical spinless
particles the potential V(x) is automatically invariant under parity (Why?)
and so you can freely replace f(p’ < p) by f(—p’ < —p).

22.3." It is important to know the most general form of the amplitude for
two identical particles consistent with the particles’ identity and the various
possible invariance principles. This is the subject of this problem (which is
trivial) and the next (which is not).

The properly symmetrized amplitude for two identical particles to undergo
any process (¢’ < ¢) must equal 1 times that for the process (Il¢’ «— ¢)
and %1 times that for (¢" < [I¢$). Equivalently, we can say that the ampli-
tude for (¢’ <—¢) must equal +1 times that for (II¢’ < ¢) and must be
equal to that for (Hgb <« II¢). For two spinless bosons these two conditions
are just

o <m=7-p<p (22.43)
and . :
J@<p=7(-¥<-» (22.44)

In this case, the condition (22.44) is precisely the condition of invariance
under parity. This means that the scattering of two identical spinless bosons
is automatically invariant under parity. Conversely, if we already know that
parity is good, then (22.44) contains no new information. In particular, if
rotational invariance holds, then we can write f as f(E, 6) and (22.44) is
automatic; in this case the requirements of particle 1dent1ty are completely
mcorporated in (22.43) which becomes

J(E, 6) = f(E, =-0)

Show that the partial-wave series for scattering of two identical spinless
bosons contains only even values of /. (This just reflects the fact that there
are no states of odd /.)

22.4. Consider the scattering of two identical spin-half fermions (e.g.,
proton—proton scattering). The amplitude for (p’, ¥’ <—p, x) can be written
as y TF(p’ < p)x and the results analogous to (22.43) and (22.44) are easily
seen to be

F@ < p) = —IF(—p «<p) (22.45)
and : )
F@p < p) = NE(—p < —plI (22.46)

where II is the permutation operator on the four-dimensional spin space.
These two conditions can now be applied to the analysis of Problem 6.5,
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where (the reader will recall) the matrix £ was expanded as
F=al + ﬂioz! + 9’:“71'2 + GiiU}U?
and, assuming rotational invariance, the quantities «, 3;, y;, €;; were expande&
in terms of the vectors m, q, k and 16 independent scalar amplltudes
a(9), b(9), . (We suppress the energy variable E.)
The condmon (22.46) is the more easily applied, since Ilo'll = o® and

'vice-versa. Thus, (22.46) implies simply that ' must be unchanged if we

exchange 6! and o? and simultaneously replace p and p’ by —p and —p'".
This gives certain identities among the quantities «, ..., €; and, hence,
reduces the number of independent amplitudes a(f), .... The condition
(22.45) is much harder to apply (see part b). It relates the amplitudes
a(®), . . . to their values at #—. Thus, it does not reduce the number of
independent amplitudes, but instead requires that they have certain simple
properties under the replacement 6 — = — 6.

(a) Using only (22.46), show that the scattering of two identical spin-half
particles with rotationally invariant interactions is given by nine independent
scalar amplitudes. Show that P invariance reduces this number to six, T
reduces it to seven, and P and T to five. In particular, for the case of maximum
symmetry (R, P, and T) show that F can be written

F = al + bn(o! + 62 + cne'ne® + dg-6lq-6® + ek-o' k-o?

(b) Apply the condition (22.45) to this last result to show that the five

amplitudes a, ..., e can be written as linear combinations of five other

amplitudes 4, . . . , E three of which are unchanged when 6 — 7—0 and two .
of which change sign. [The difficulty in applying (22.45) is that it permutes

the two final particles, but not the two initial ones. The simplest way to cope

with this is to think in terms of spin states with a definite symmetry under

permutations; namely the singlet and triplet states. Thus, if you introduce

singlet and triplet projectors,

_ Ay =1( —o'-0?%
and
A =13 +ol-0?)
and write '
=N, +A)F=F+ F
then (22.45) becomes

Fyp' < p) = +F(—p <p)
and .
F(p«<p)=—F(—p <D

The rest is algebra.]
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(c) Review the angular-momentum analysis of (spin %)—(spin 14%) scattering
in Problem 6.8. For the case that the particles are identical and R, P, and T
are all good, show that the matrix S/(E) has only one independent element for
Jj odd, and four for j even (except j = 0). (Do not try to write down the
partial-wave series; just enumerate the possible states for a given J-) Note
that these numbers add up to the five amplitudes of the previous part.

22.5. Consider the elastic scattering of a two-body projectile off an n-body
target, all n + 2 particles being spinless and identical. (This gives a
schematic model for deuteron-nucleus scattering.) Using an analysis
similar to that of Section 22-d, show that the properly symmetrized amplitude
is the sum of three terms: one representing elastic scattering without
exchange, one the exchange of one particle from the projectile with one from
the target (this term multiplied by 2r), and one the exchange of both pro-
jectile particles with two from the target [this term multiplied by n(n — 1)/2].
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INDEX

Addition theorem, 88
Adiabatic theorem, 136-137
Amplitude, see Partial-wave amplitude,
Scattering amplitude
Amplitude matrix, 75
measurement of, 80
Analytic continuation, 213
Analytic functions, 213
integrals of, 215
series of, 214
Analytic operators, defined, 130
Analytic potentials, 220-221
Analytic S-matrix theory, 286, 301, 336
Analyticity, in cos 8 of partial-wave series,
308-310
in £ and g* of the amplitude, 297-300
in E of the forward amplitude, 291-293
inl, 302-304
in strength parameter, 207-208
of fiinpork, 220-223, 287-290
of Green's operator, 130-132
of Jost function, 217-223
of multichannel amplitudes, 392-404
of regular wave function, 216-217
of 5;in p, 220-222
Angular momentum, as total plus
internal, 84
and helicity eigenstates, 122
complex, 302-314
conservation of, and rotational
invariance, 83-84, 86
Angular momentum eigenstates, 86,
103, 185-188
for three-body states, 353
free, 86, 103
multichannel, 351
relation to momentum eigenstates, 87
Anti-bound states, see Virtual state
Anti-linear operators, 92-93
Antisymmetric wave functions, 436
Anti-unitary operators, 92-93, 106
Arrangement channel, 319

Asymmetry ratio, 117
Asymptotes, 26
classical, 23-25
multichannel, 323-324, 328
Asymptotic completeness, 33
multichannel, 329-330
Asymptotic condition, 28-30
multichannel, 324-325
Asymptotic form of stationary wave
functions, 172
multichannel, 376-379, 389
partial-wave, 187-188
Averages over spins, 77

@, space of bound states, 32, 326
Barycentric frame, see CM frame

Basis, for multichannel free states, 339-342

for spin states, 70-72
of helicity states, 120-123
of plane waves, 40-41
of stationary scattering states, 167-168
Bessel functions, 182-184
bounds on, 211, 218, 235
orthogonality of, 183
Born approximation, 147-150, 365
and unitarity, 149-150, 190-191
conditions for reliability of, 146, 178
for Coulomb potential, 262-264 -
for e-H scattering, 154-155, 368-370,
455459
for e-He scattering, 155-156
for electron-atom scattering, 153-156
for excitation, 367-370
for high I, 193
for ionization, 371
for rearrangement collisions, 455457
for spherical potential, 148
for square well, 163
for Yukawa potential, 150-153, 178
multichannel, 364-370
multichannel elastic, 366-367, 371
partial-wave, 190

467
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Born approximation (continued)
post and prior forms, 365, 371
second, 151-152
see also DWBA

Born series, 143-163
conditions for convergence of, 146
convergence for weak potentials, 207-208
fors;, 207-208
for stationary scattering states, 170
for the radial wave function, 207-208
partial-wave. 190

Boson, defined, 436

Bound states, and poles of § matrix,

223-226, 405407
and resonances, 245-249
and zeros of det 7, 405406
and zeros of Jost function, 223-226
effect on unitarity of 2., 34, 40
embedded in the continuum, 407
of zero energy, 232
Bounded orbits. classical, 23-24
quantum, 31
Breit-Wigner resonance, 242, 244,
247-248
multichannel, 409410, 412-413

Caley transform. 280-281
Cauchy principal value integral, 289
Cauchy test for convergence, 17-18
Center of mass, see CM
Centrifugal barrier, 192
Channel, 317, 319

basis functions. 339-342

closed, 389

Green’s function, 375

Green’s operator, 362

Hamiltonian H%, 322-324

Hamiltonian, eigenfunctions of,

374-375, 379

M¢ller operators, 325

open, 319

potential V%, 360

subspaces, 323-324

wave functions, 322-324
xf’p(r}, defined, 224
Classical cross section, 44-46
Classical scattering, 22-25
Clebsch-Gordan coefficient, 71, 108
Close-coupling approximation, 382-383
Closed channels, 389

Cluster law, 439441
CM coordinate, 58, 356
CM cross section, in terms of
amplitude, 66-68
relation to lab cross section, 66
see also Cross section
CM frame, 64
Complex angular momenta, 302-314
Compound nucleus, 415
Confluent hypergeometric function, 265
Conservation of angular momentum, and
rotational invariance, 83-84, 86
for helicity states, 123
in multichannel scattering, 351
Conservation of energy, 39-41; 55
in multichannel scattering, 343-345 v
in two-particle scattering, 62-63
Conservation of momentum, 62-63
and translational invariance, 82-83
in multichannel scattering, 343-344
Conservation of parity, see Parity invariance
Convergence of operators, 19
Convergence of vectors, 16-19
Cauchy test for, 17-18
weak and strong, 19
Core term, 371, 456457
Coulomb amplitude fc, 265
interference with short-range
amplitude, 269
Coulomb phase shift ¢, 261
Coulomb potential, 259-269
Born approximation for, 262-264 *
cross section for, 266
plus short-range potential, 266-269
radial functions Fj, Gy, 261, 267
stationary scattering functions for, 265
strength parameter ~, 261
with cutoff, 261-264, 266
Coupledchannel approximation, 382-383
Coupled-channel equations, 382-383,
398-399 ’
partial-wave analysis of, 389-390, 399400
Coupling constant A, 191
analyticity in, 207-208
complex values of, 207 )
Cross section, at a resonance, 241-244,
412413
at a very narrow resonance, 255, 258
classical, 4446
CM, 66-68
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Cross section (continued)

conditions for observation of, 52,177-178

definition of, 4648

derivation in momentum space, 49-53

derivation using spatial wave
functions, 173-178

derivation using stationary states, 4,
377,379

differential, 51

elastic, 350

for Coulomb potential, 266

for cutoff Coulomb potential,
263-264, 266

for particles with spin, 74-75

_ for square well, 195

for three-body final states, 349-350
for two-body final states, 348-349
for two identical fermions, 447
for two identical bosons, 444-445
in terms of amplitude, 49-51
independent of incident packet shape, 48
inelastic, 351
involving several identical particles, 453
isotropic at low energy, 194
large at low energy, 246
multichannel, 346-351
partial-wave, 89
total, 54, 350
total, for identical particles, 448
transformation between different-
frames, 64-66
unpolarized, 77-79, 114-115
Crossed process, 290, 313

Damping equation, 282
Damping factor exp(-er), 136-137
Delta function, 55
&), see Phase shift
Density matrix, 109-113
in and out, 113-114
Density operator, 110
Detailed balance, 354
see also Time-reversal invariance
Deuteron stripping reactions, 421-424
Differential cross section, 51
,transformation from lab to CM, 66
see also Cross section
Dirac delta function, 55
Dirac picture, 157
Direct amplitude, 435,453,455

Direct sums, 10, 331-333
Dispersion relations, double, 297-302
forward, 291-294
in relativistic scattering, 290, 300-302
Kramers-Kronig, 289
nonforward, 294-296
partial-wave, 288-290
subtracted, 299-300, 313
Displacement operator, 82

~ Distorted-wave Born approximation,

see DWBA
Domain of an operator, 11
Double dispersion relations, 297-302
Double scattering experiments, 118-119
Double spectral function, 298
DWBA, 270-273, 283-284, 418424
for deuteron stripping, 421-424

Effective range expansion, 231, 236-237

Eigenstates, angular momentum and
helicity, 122
Coulomb, 265
momentum, 41 )
momentum and helicity, 120-122
multichannel angular momentum, 351
multichannel momentum, 339-342
multichannel scattering, 359-360
of H and angular momentum, 185-188
of H° and angular momentum, 86, 103
of total spin, 71
scattering, 165-166
Electron-helium scattering, 155-156
Electron-hydrogen scattering, 154-155,
294, 368-370, 454459
Enhancement factors, 428430
Entire functions, 207
Euler angles, 120
Evolution operator, 13-14
for CM and relative motion, 60
free, 26
in interaction picture, 158
Exchange amplitude, 435, 453457
Exchange channel, 450
Exchange process, 435

_Excitation in collisions, 367-370.

Exponential decay of resonance,
253-254
multichannel, 413416
Exponential potential, 236
Exponentially bounded potentials, 220
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1, see Scattering amplitude

1}, see Partial-wave amplitude

L, see Jost function

Factorable potentials, 37, 141
Factorization of the residue, 407, 417
Fermion, defined, 437

Feynman diagrams (or graphs), 162
Final-state interactions, 424432
Finite-range potentials, 392

Form factors, 366-368, 371

Formal resonance theory, 416
Forward dispersion relations, 291-294
Free evolution operator, 26

Free Green’s function, 170-172

Free Green’s operator, 131-133

Free propagator, 161

Free radial functions, 182-185

Free wave packet, 174-175

Galilean invariance, 60
Gaussian wave packet, 29-30, 37
Gell-Mann-Goldberger result, 271
Generalized optical potential, 384, 388, 390
Generalized optical theorem, 301
Green’s function, as matrix element of
G(z), 130

bounds on, 211, 235

channel, 375

for regular solution, 201

free, 170-172

partial-wave, 189, 209

see also Green’s operator
Green’s operator, 129-134

analyticity of, 130-132

channel, 362

free, 131-133

Lippmann-Schwinger equation for, 133

standing-wave, 283

see also Green’s function

¥, defined, 334
momentum basis of, 339-342
chm and Mrel» 58
Hamiltonian, channel, 322-324
Hankel functions, Riccati, 183-184
bounds on, 218-235
Hard sphere potential, 209-210
Heitler’s damping equation, 282
Heitler’s matrix, 281
see also K matrix

Helicity, 119-127
and angular-momentum states, 122-123
and momentum eigenstates, 120-121
defined, 119
relation to S, states, 123

Hilbert space, 7

Holomorphic functions, 213

Identical particles, 434-462
amplitudes involving several, 453, 462
general form of amplitude for, 460-462
general formalism of, 435441
multichannel scattering with, 448-454
scattering of two, 441448
scattering probabilities for, 451453
total cross section for, 448

Impact parameter, 44-45,47

Improper vectors, 8-9

In and out density matrices, 113-114
for (spin ¥2) - (spin 0) scattering, 115

In asymptote, see Asymptotes

In spinors, 78-80

Incoming radial function, x™ (), 224

Inelasticity factor, 353

Interaction picture, 157

- Intermediate states, 157, 160-161

Intertwining relations, 39-40
multichannel, 342
Invariance, see Invariance under PT,
Parity invariance, Rotational invariance,
Time-reversal invariance, Translational
invariance ’
Invariance under PT, 106, 357
Inverse of an operator, 12
Ionization, 371
Isometric operator, 14-16
from ¥ onto ¥ ’, 333
inverse and adjoint of, 16

Jost function, 204-207
analyticity in/, 303
analyticity in p, 217-223
as enhancement factor, 428430
ashA— 0, 206
as p — =, 206, 227 i
as Wronskian of x* and ¢, 225
bounds on, 206, 218
cannot vanish for p real, 226
integral for, 206
power series for, 206

Index

Jost function (continued)
relation to S matrix, 205
see also Zeros of Jost function
Jost matrix, 401402
Jost solutions, X* (), 224

K matrix, 280-283

partial-wave, 230-231
Kohn variational method, 277-280
Kramers-Kronig relation, 289

£2(IRM), defined, 7
Lab frame, 64
A, see Coupling constant A
Left-hand cut, 287
absence from full
amplitude, 296-297
Left-right asymmetry, 117
Legendre function, bounds on, 312
Lehmann ellipse, 309-310
Levinson’s theorem, 227-228, 233-234, 305
(illustrated), 195-196
Lifetime of a resonance, 254-255
Linear operator, 10-11
between different spaces, 333
Lippmann-Schwinger equation, for
G(2),133
for scattering states, 169
for 7(z), 135
multichannel, 362, 364
partial-wave, 188-190
Low-energy behavior of fl, 193-194,
229-231, 234-235

Mandelstam representation, 297-302
in relativistic scattering, 300-302
subtracted, 299-300, 313

Mean life of a resonance, 254-255

Meromorphic functions, 220

Microreversibility, 354
see also Time-reversal invariance

“Minus” state, |X-), 31

Mixed state, 110

Modulo = ambiguity in §;, 181, 192,

198, 200-201

Mgller operators, 30
effect on Hamiltonian, 40
in terms of G(z) or T(z), 135-137
intertwining relations for, 3940, 342
isometry of, 34

471

Mgéller operators (continued)
multichannel, 325, 334
Momentum eigenstates, 41
multichannel, 339-342
relation to angular-momentum
states, 87, 184-185
Momentum-space wave functions, 9
Momentum transfer, 147
Mott scattering, 116
Multichannel scattering, 315433
defined, 1, 316
see also Angular momentum,
Asymptotes, Asymptotic
completeness, etc.

N over D method, 290

N-state approximation, 382-383

Neumann function, Riccati, 183-184
bounds on, 211, 235

Neutron-proton scattering, 235, 257 )

Nonforward dispersion relations, 294-296

Nonlocal potentials, 37

Norm of a vector, 7

Observables, 8
Off-shell 7 matrix, 43, 139-140
see also T matrix
On-shell T matrix, 4243
relation to off-shell, 139
see also T matrix
One-state approximation, 153, 382-383
Open channels, 319
Operators, anti-linear, 92-93
anti-unitary, 92-93, 106
between different spaces, 333
isometric, 14-16, 333
linear, 10-11
projection, see Projector -
unitary, 5, 13-14
Optical potential, 384-388
generalized, 384, 388, 390
Optical theorem, 53-55
and forward dispersion relations, 293-294
for particles with spin, 80
for two identical particles, 459-460
generalized, 301
multichannel, 356
Orbit, 25
Orthogonal complement, 10
Orthogonality, 10
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Orthogonality theorem, 32
multichannel, 326-327

Orthonormal bases, 8-9

Qut asymptote, see Asymptotes

Qut spinors, 78-80 .

Qutgoing radial function X" (r), 224

D, set of momenta, 339
P , set of relative momenta, 344
Parity, defined, 90 '
effect on helicity states, 126
effect on spin states, 97
Parity invariance, 91
and helicity states, 126
for particles with spin, 104
in (spin %) - (spin %) scattering, 107
in (spin %) ~ (spin 0) scattering,
98-100, 102
Partial-wave amplitude, 88
analyticity in/, 302-304
analyticity in p or E, 220-223, 287-290
asl— =, 192-193, 305
as A —0, 192, 206
as resonant part plus background, 256
at high energy, 192, 206
at low energy, 193-194, 229-231,
234-235
Born approximation for, 190
Born series for, 190
for square well, 210
in helicity basis, 123
in terms of full amplitude, 88
in terms of radial wave function, 190
multichannel, 352
relation to radial function asr — o, 187
residue at poles, 236
see also, Partial-wave S matrix
Partial-wave Born series, 190
convergence at high energy, 208
convergence for small A, 207-208
Partial-wave cross section, 89
Partial-wave dispersion relation, 288-290
in relativistic scattering, 290 _
Partial-wave Green’s function, 189, 209
Partial-wave K matrix, 230-231
Partial-wave Lippmann-Schwinger
equation, 188-190
Partial-wave S matrix, 86-87

Partial-wave S matrix (continued)
analyticity in A, 207-208
analyticity in p, 220-222
Born series for, 207-208
for particles with spin, 103-105
Hermiticity of, below lowest
threshold, 404
in (spin %) - (spin 0) scattering, 105
in terms of Jost function, 205
multichannel, 351-353
multichannel, analyticity of, 392-404
poles of, and bound states, 223-226,
405407
poles of, and resonances, 244
relation to partial-wave amplitude, 88
relation to phase shift, 87
see also Partial-wave amplitude, S matrix
Partial-wave series, 88-90
analyticity in cos 6, 308-310
for coupled-channel equations, 389-390
for (spin %) - (spin 0) scattering, 105
for two identical bosons, 460
in helicity formalism, 124
multichannel, 352
Partial-wave states, free, 86, 103
multichannel, 351
scattering, 185-188
Partial widths, 410,412,415416
Pauli matrices, 101
Permutation operators, 436
Perturbation series for S matrix, 159
see also Born series : v
Phase equation, 199-200
Phase shift, 87
and radial wave function as r — -, 187-188
asl — 0, 192-193, 305
as A — 0,192, 200
at high energy, 192, 200
at low energy, 194, 231, 237
at resonance, 240-242
complex, 353
Coulomb, 261
derivative with respect to I/, 304
for Coulomb plus short-range
potential, 268
for square well, 195-196, 257
limit on rate of decrease, 252
modulo = ambiguity in, 181, 192,
198, 200-201
multichannel, 345

Index

Phase shift (continued)
relation to Jost function, 205
/ sign of, for attractive and repulsive
potentials, 200
see also Partial-wave amplitude,
Partial-wave § matrix
Phase space calculations, 357
9, p(r), see Regular wave function
Photoelectric effect, 425428
Physical region, 208, 215, 243
Physical sheet of E, 243
multichannel, 395-396
Pion-nucleon scattering, 105, 432
Plane waves, 41
expansion in terms of spherical waves, 185
“Plus” state, lp+), 31
Polarization analyzing power, 117
Polarization experiments, 116-119
Polarization vector, 112
Polarizing power, 118
Poles of fI, residue at, 236
Poles of Green’s operator, 130-131
Poles of multichannel § matrix, and
bound states, 405-407
and resonances, 407413
Poles of s -and bound states, 223-226
and resonances, 244
Post form of T matrix, 361, 365, 371
Potential, analytic, 220-221
assumptions on, 26-28, 191-192
channel, 360
Coulomb, see Coulomb potential
Coulomb plus short-range, 266-269
exponential, 236
exponentially bounded, 220, 229-230
finite-range, 392
hard sphere, 209-210
nonlocal, 37
Ir*, 231
optical, 384-388, 390
separable, 37, 141
singular, 27-28
square well, see Square well
Yukawa, see Yukawa potential
Potential matrix, 382, 389
Principal value integral, 289
Prior form of T matrix, 361, 365, 371
Projector, defined, 386
onto-channel subspace, 386
symmetrizing, 437-438

473

Propagator, 161

Proper vectors, 8

17 p(r), see Radial wave function
Pure state, 110

®, space of scattering states, 32-33, 329
R, defined, 32
RS, defined, 326
R?, defined, 5
®f*#a%,330
Radial Schrodinger equation, 186
for coupled channels, 389-390, 399
free, 182
Radial wave function, 185-188
behavior as r - =, 187-188
Born series for, 207-208
Coulomb, 261, 267
for coupled channels, 389-390, 399-400
free, 182-185
incoming and outgoing, 224
normalized, 186
see also Regular wave function
Ramsauer-Townsend effect, 195
Range of an operator, 11
Reaction (or reactance) matrix, 281
see also K matrix
Rearrangement collisions, 378-379
Bormn approximation for, 455457
Reciprocity theorem, 354
see also Time-reversal invariance
Reduced mass, 59
Reflection in a plane, 99
Regge poles, 306-308
and amplitude as cos § — =, 312-313
and high energy limits, 313
Regge theory, 302-314
in relativistic scattering, 313-314
Regge trajectories, 306-308
Regular functions, 213
Regular wave function, 197
analyticity in p, 216-217
bounds on, 203-204, 217
by iteration, 201-204
integral equation for, 201
multichannel, 400402
Relative coordinates, 58, 343-344
for three particles, 356
Relative momenta, 59, 344
Residue of § matrix, at bound-state
pole, 236, 406-407
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Residue of S matrix (continued)
at resonance pole, 409412
Resolvent, see Green’s operator
Resolvent equation, 133
Resonances, 195, 238-258
and bound states, 245-249
as nearly bound states, 254-255
as poles of sj(p), 244
as zeros of the Jost function, 240-244
behavior of cross section at, 241-244,
412413
behavior of §; at, 240-242
Breit-Wigner, 242, 244, 247-248
delay of scattered packet at, 251-253
exponential decay of, 253-254
(illustrated), 239, 242, 248
multichannel, 407417
multichannel, and poles of S
matrix, 407413
multichannel Breit-Wigner, 409-410,
412413
multichannel, decay of, 413416
multichannel (illustrated), 411, 413
multiple pole, 256, 258
near threshold, 246-249
of a square well, 257
of subsystems, 431432
zero-energy, 235, 246
see also Width of a resonance
Riccati-Bessel function, 182-184
bounds on, 211, 235
orthogonality of, 183
Riccati-Hankel function, 183-184
bounds on, 218, 235
Riccati-Neumann function, 183-184
bounds on, 211, 235
Riemann-Lebesgue lemma, 167
Riemann surface of E, 243
Right-hand cut, 287
Rotation matrix, 124-125
orthogonality relation for, 125
Rotation of spin states, 96
Rotation operators, 83
Rotational invariance, and angular
momentum conservation, 83-84, 86
and partial-wave series, 85-90
for particles with spin, 97-98, 101-104
in multichannel scattering, 351-353
in (spin %2) - (spin %2) scattering, 107
in (spin %) - (spin 0) scattering, 98-102

Rutherford cross section, 266
see also Coulomb potential

S, see S operator
A%, see Channel, subspaces
s}, see Partial-wave S matrix
S matrix, 41
in angular-momentum basis, 86-87
in angular-momentum basis for particles
with spin, 103-105
in helicity and angular-momentum
basis, 123
in momentum-helicity basis, 122
in terms of 7'(z), 138-139
multichannel, 341-345
perturbation series for, 159
symmetry of, 106, 282,357
see also Partial-wave S matrix, S operator
S operator, 34-37
for particles with spin, 73
for two particles, 62
in interaction picture, 158
multichannel, 335
unitarity of, 36-37
Scattering, electron-helium, 155-156
electron-hydrogen, 154-155, 294,
368-370, 454459
neutron-proton, 23§, 257
of particles with spin, 72-73
of two composite particles, 389
of two identical particles, 441-448
of two particles, 60-68 ‘ !
off a composite target, 365-383
off two potentials, 270-271
pion-nucleon, 105, 432
proton-carbon, 117-119
Scattering amplitude, 4344
as function of £ and 9, 85
behavior as g% — =, 312-313
behavior at low energy, 194
direct, 435,453,455
exchange, 435, 453457
for Coulomb potential, 265
for helicity states, 122
for particles with spin, 74
for several identical particles, 453, 462
for two-body processes, 349
for two identical bosons, 444446
for two identical fermions, 447, 460462
for two particles, 63

Index

Scattering amplitude (continued)
in terms of stationary scattering states,
169,179
matrix, 75
relation to scattering states asr — oo,
34,172,377,379
relation to T matrix, 43, 349
spin-flip and spin-nonflip, 75
see also Partial-wave amplitude,
Partial-wave series, T matrix
Scattering length, 193-194, 230
large, 235
minimum principle for, 280
Scattering operator, see S operator
Scattering orbits, classical, 24
Scattering probability, 35
for identical particles, 451453
multichannel, 325-326, 335
Scattering states, 31, 33
Schrodinger equation, coupled-channel,
382-383, 398-399
free radial, 182 . .
multichannel radial, 389-390, 399400
radial, 186
time-dependent, 13
Schrodinger picture, 157
Schwartz inequality, 17
Schwartz reflection principle, 214, 288
Schwinger varjational method, 274-277, 284
Self-adjoint operators, 8
Separable potentials, 37, 141
Single-channel scattering, 21-314
defined, 1-2

/ Singular potentials, 27-28

Sommerfeld-Watson transform, 310-312
Spatial wave functions, 9
Spectral function, double, 298
Spherical Bessel functions, 182-183
Spherical harmonic addition theorem, 88
Spherical-wave basis functions, 86
Spin, 70-72 .

of fragments in multichannel scattering,

336, 342

rotation of, 96

sums and averages, 76-78
Spin-flip and nonflip amplitudes, 75
Spinors, 70-71

in and out, 78-80
Spin-statistics, theorem, 437
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Spiralling orbits, 24
Square well, amplitude for, 210
analytic properties corresponding to, 220
Born approximation for, 163
phase shifts and cross sections, 195-196
resonances of, 257
s-wave phase shift for, 257
Standing-wave states, 283
State vector, 7
Static approximation, 153, 382-383
Stationary scattering states, 34, 165-168
and asymptotic condition, 166-167
as basis, 167-168
asymptotic form of, 172
Born series for, 170
for Coulomb potential, 265
Lippmann-Schwinger equation for, 169
multichannel, 359
multichannel, asymptotic form of,
376-379, 389
multichannel, Lippmann-Schwinger
equation for, 362
partial-wave, 185-188
relation to actual wave packet, 173
standing wave, 283
target-state expansion of, 380-383, 389
Strength parameter A, 191
analyticity in, 207-208
complex values of, 207
Stripping reactions, 421424
Strong convergence, 19
Subspaces, 9-10
channel, 323-324
of bound states, 32, 326
of scattering states, 32-33, 329
Subtracted dispersion relations, 299-300, 313
Sums over spins, 77-78
Symmetric wave functions, 436
Symmetrizing projectors, 437-438
Symmetry of S matrix, 106, 282, 357

T matrix, 4243, 344
for particles with spin, 73-74
for two particles, 63
in terms of stationary scattering states,
169,179,361
multichannel, 344, 361
off-shell, 43, 139-140
on-shell, 4243
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T matrix (continued)
on-shell, in terms of off-shell, 139
post and prior forms of, 361
relation to amplitude, 43, 349
see also Scattering amplitude, T operator
T operator, 134
Lippmann-Scliwinger equation for, 135
multichannel, 363-364
7(z), see T operator
Target-state expansion, 380-383, 389
Tensor product, 57-59
Threshold behavior of I 193-194,
229-231, 234-235
Thresholds, 318-319, 345
singularities of S matrix at, 393-395
Time-delay at a resonance, 251-253
Time-dependent scattering theory,
defined, 2
Time-development operator, see Evolution
operator
Time-independent scattering theory,
defined, 3, 128
Time reversal, 93
effect on radial wave functions, 209
effect on spin states, 97, 106
effect on stationary scattering states, 178
Time-reversal invariance, 94-95
for particles with spin, 104
in multichannel scattering, 353-356
in (spin %) - (spin 0) scattering, 102-103,
106-107
in (spin %) ~ (spin %) scattering, 107
in terms of helicity states, 127
Total cross section, 54
for identical particles, 448
multiparticle, 350
see also Cross section
Translation operator, 82
Translational invariance, 82-83
Triangle inequality, 18
Triple scattering experiments, 119
Two-particle, scattering, 60-68
relation to one-particle problem, 62
Two-particle states, 57-60
Two-potential formula, 271
Two-state approximation, 382

Unitarity, and the Born approximation,
149-150, 190-191
of multichannel § matrix, 341, 352-353

Unitarity (continued)
of S and the optical theorem, 53-54
of S and threshold singularities, 393-394
of S operator, 36-37
Unitarity bound on partial cross sections, 89
Unitarity cut, 394
Unitary circle, 191, 353
Unitary operators, 13-14
notation for, 5
Unpolarized beams and targets, 76
Unpolarized cross section, 77-79, 114-115
for identical particles, 447
for (spin 14) - (spin 0) scattering, 78, 100
Unstable states, see Resonances

Variable phase method, 197-201
Variational method, for ground
states, 273-274

Kohn, 277-280

Schwinger, 274-277, 284
Vector-coupling coefficient, 71, 108
Virtual state, 246, 257
Volterra equations, 201

Watson transform, 310-312
Watson’s theorem, 271
Wave operators, see M¢ller operators
Wave packet, free, 174-175
Gaussian, 29-30, 37
motion during collision, 175-176
Weak convergence, 19
Width of a resonance, 244, 250 !
partial, 410,412, 415416
related to mean life, 254-255
Wigner coefficient, 71, 108
Wigner’s theorem, 91-92
Wigner-Wiesskopf model, 416
Wronskian, 225
of two matrices, 417

x, set of coordinates, 322

Yukawa potential, analyticity of f; for,
220-223, 287-290
Born approximation for, 150-153, 178
Mandelstam representation for, 297-300
nonforward dispersion relation
for, 294-297
Regge trajectories for, 307-308
Watson transform for, 309-312

Index

Zero-energy bound states, 232
Zero-energy resonance, 235, 246
Zero of energy, choice of, 321
Zeros of det F and bound states, 405-406
Zeros of Jost function, and

bound states, 223-226

Zeros of Jost function (continued)
and resonances, 240-244
are simple when Im p > 0,
226, 236
at threshold, 232-233
motion near threshold, 245-249
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