





G

Sponsoring Editor: Peser Renz

Froject Editor; Nancy Flight

Manuscript Editor: Ruth Vercs

Designers: Gary A. Head and Sharon H. Smith
Production Cosrdinatar: Frank Mitchell
Mustration Coordingror: Batyah Janowski
Artist: Felix Cooper

Compasitor: Synax International

REE =
WS
AL D
C O._.ud p{ﬂ

Library of Congress Cutaloging in Publi ation Pata

Kittel, Charles.
Thesmal physics.

Bibliography: p.

Includes index.

i, Stalistical thermodynumics, I. Krocmer,
Herbers, 1926 joint authar, L Tile,
QC311.5.K52 1980 5367 19-16677
ISBN 0-7167-1088-9

Copyright © 1980 by W. H. Freciman and Company
Na pant of this bosk may be reproduced by any
mechanical, phatographic, or electronic process, or in
the form of 2 phonographic recording, nor may it be
stored in a reerieval sysiem, transmitted, or otherwise
copied for public or privale use, without written
petmission from the publisher.

Printed in the United State of Amcrica

Twenty-fiest printing, 2000 .

About the Authors

Charles Kitte! has tanght solid state physics at the University of California
at Berkeley since 1951, having previously been at the Bell Laboratories. His
undergraduate work in physics was done at M.LT. and at the Cavendish
Laboratory of Cambridge University, His Ph.D. research was in theoreticul
nuclear physics with Professor Gregory Breit at the University of Wisconsin,
He has been awarded three Guggenheim fellowships, the Oliver Buckley Prize
for Solid Staze Physics, and, for contributions to teaching, the Oersted Medal
ol the American Association of Physies Teachers. He is a member of ‘he
National Academy of Science and of the American Academy of Arts o
Sciences. His research has been in magnetism, magnetic resonance, semic: p-
ductors, and the statistical mechanics of solids. '

Herbert Kroemer is Professor of Electrical Engincering at the University of
California at Samta Barbaea, His background and training arc in solid stiie
physics He reccived & Ph.D. in physicsin 1952 from the University of Gottingen
i Germany with a thesis on hot electron effects in the then new transistar,
From 1952 through 1968 he worked in several semiconductor research laborp-
tories in Germany and the United States, In 1968 he became Professor of
Llectrical Engincering at the University of Caolorados; he cume 1o UCSR in
1976, His research has been in the physics and technology of semiconductors
and semiconductor devices, including high-frequency Lransistors, negative-
mass efiects in semiconductors, injection fasers, the Gurnn eflect, electron-ho'e
drops, and semiconductor heterojunctions.






Preface

This book gives an efementary account of thermal physics. The subject is
simple, the methods are powerful, and the results have broad applica-
tions, Probably no other physical theory is used more widely throughout
science and engineering.

We have written for undergraduate students of physics and astronomy,
and for electrical engincering students generally. These ficlds for our
purposes have strong common bonds, most notably a concern with Fermi
sases, whether in semiconductors, metals, stars, or nuclei, We develop
methods (not original, bat not easily accessible elsewhere) that are well
suited to these fields. We wrote the hook in the first place because we
were delighted by the clarity of the “new” methods as compared to those
we were taught when we were students ourselves.

We have not emphasized several traditional topics, some because they
are no longer useful and some because their reliance on classical statisti-
cal mechanics would make the course more difficult than we believe a
first course should be. Also, we have avoided the use of combinatorial
methods where they are unnecessary,

Notation and units: We generally use the SI and CGS syslems in
parallel. We do not use the calode. The kelvin temperature 7 is reloted to
the fundamental temperature 7 by 7 = kg?, and the conventional entropy
S is related to the fundamental entropy o by § = k,o. The symbol log
will demrote patural logarithm throughout, simply because In is less ex-
pressive when set in type. The notation (18) refers to Equation (18} of
the current chapeer, but (3.18) refers 1o Equation {18) of Chapter 3,

The book is the successor 10 course notes developed with the assist-
ance of grants hy the University of California, Edwurd M. Purcell con-
tributed many ideas to the first edition. We benefited from review of the
second edition by Seymiour Gefler, Paul L. Richasds, and Nicholis
Wheeler. Help was given by Ibrahim Adawi, Bernard Black, G. Domo-
kos, Margaret Geller, Cameron Hayne, K. A. Jackson, S. lusti, Peter
Kiuel, Richard Kittler, Martin . Klein, Eilen Leverenz, Bruce H. J.
McKellar, F. E. O'Meara, Norman E. Phillips, B. Roswell Russell, T. M.



viii

Preface

Sanders, B. wﬂommﬁw. Jeha Verhoo
Wichmann, We thank Carol Tun
Wilde for her help with the index. .

An elementary weatment of the greenhouse effect in the Earth’s atmo-
sphere was added in 1994 on page 115, following an argument sugpested
by Professor Richard Mutller, A Page on atomic gas experiments on the
Bose-Einstein condensation was added 1o page 223 in 2000.

For -instructors who have adopted the course for classroom use, a

solutions manual is available via the freeman web site (butp:/fwvhfreeman,
com/thermalphysics).

gen, John Wheatley, and Eyvind
g for the typed manuscript and Sari

Berkeley and Santa Barbara Charles Kitte]

Herbert Kroemer

Note to the Student

For minimum coverage of the concepts presented in each chapter, the authors
recornmend the following exercises. Chapter 2: 1,2, 3; Chapter 3: 1,2, 3, 4, 8,
kL Chapter 4: 1,2, 4, 5, 6, 8; Chapter 5: 1,3, 4, 6, 8; Chapter 6: 1,2, 3,6, 12,
14,15; Chapter 7: 2,3, 8, 6, 7, 11; Chapter 8: 1,2, 3,5,6,7; Chapter 9: 1,2, 3;
Chapter 10: 1,2, 3; Chapter 1t; 1,2, 3; Chapter 12: 3,4, 5; Chapter 13: 1, 2,
3,7,8,10; Chapter 14: 1, 3, 4, 5; Chapter 15: 2, 3,4, 6.
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Introduction

Ourapproach to thermal physics differs from the tradition foliowed in beginning
physics courses. Therefore we provide this introduction 1o set out what we are
going to do in the chaplers that foflew. We show the main lines of the logical
structure: in this subject all the physics comes from the logic. In arder af their
appearance, theleading characters in our story are the entropy, the temperature,
the Boltzmann factor, the chemical potential, the Gibbs factor, and the distribu-
tion functions. !

The entropy measures the number of quantum stales accessible to a system,
A closed system might be in any of these quantum states and {we assume) with
equat probability. The fundamental statistical element, the fundamental logical
assumption, is that quanium states are either accessible or inaccessible to the
system, and the system 1s cqually likely to be in any one accessible state a3 in
any other accessible state. Given g accessible states, the entropy is defined as
¢ = logg. The entropy thus defined will be a function of the energy U, the
number of particles N, and the volume V of the system, because these param-
elers enter the determination of g other parameters muy coter as well, The
use of the logarithm is a mathematical convenience: it is easier to write 10
than exp(10*°), and it is more natural for two systems to speak of o, + o, than
of g,4;.

When two systems, cach of specified energy, ars brouglit inte thermal contact
they may transfer energy ; their totaf energy remains constant, but the constraints
on their individual energics are lified. A transfer of energy in one direction, or
perhaps in the other, may increase the product g, g, that measures the number of
accessible states of the combined systems. The fundamental assumption biases
the outcome in [avor of that aliocation of the 1otal energy that maximizes the
number of accessible states: more is better, and more likely. This statement is
the kernel of the law of increase of entropy, whichi is the general expression of
the second faw of thermodynamics.

We have brought two sysiems into thermal contact se that they may transfer
energy. What is the most probable outcome of the encounter? One system will
gain energy at the expense of the other, and meanwhile the {otal entropy of the
two systems will increase. Eventually the entropy will reach a maximum for
ihe given total energy. It is not difficult to show (Chapter 2) that the maximum

!
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is altained when the value of (Cof U,
the same quantity for the.second syste
inthermal contacy isjustthe pro
we define the fundamenial tem

v for one system is equal to the value of
m. This equality property for two systems
pertly weexpect of the temperature, Accordingly,
perature 1 by the relation

L {
1 clje, (t)

The use of L7 assurcs that cnergy will flow

plicated relation is needed. 1t will follow! that the Kelyin teimperature T s

directly proportional 1o Lwith t = E, T, where ky is the Doltzmann constant,

The conventionat cnlrapy Sis given by § = ko
Now consider a very sknple ¢

Chagiter 3 et

from high 1 10 low t; o more cops-

uple af the Bolizm
I syste with oitly 1w stales,
ensrgy e, be placed in thermal contact with a |
tesearvoir. The 1otal caergy of the combined sy
system is in the state of energy O, the reservoir has energy Uy and will have
gllg) states aceessible to it. When the small system is in the state of energy ¢, the
reservoit will have encrgy Uy — zand will have U,
it. By the fundamental assum
small systeny with energy £ 1

1w factor treated in
Cabeneepy U amd ong o
Arge system that we cal! the
stems s Uy; when the small

- &) states accessible 1o
plion, the ratio of the probability of finding the
a the probabilily of finding 1 with energy 0 is

Pley i.ﬁc — £} explo[ly — ¢}

PO T U epleUaT @

The rescrvoir COLropy o may be expanded in a Taylor serics:
6l = £) = 5(Ug) — e(Caicliy) = a(lig) - g, (3}

by the definition (1} of the lemperature, Higher order terms in the expansion
may be dropped. Canceflation of {he term exp{s(U)], which occurs in the
numerator and denominator of (2) after the substitution of (3), leaves us with

Pl PO} = expl— /7). (4
This is Boltzmann's resuls, To show its use, we caleulate the theom

energy (e of the two state sy
perature ¢

al averape
stem in thermal contact with a reservolr at tem-

© = Jele) = 0Py ¢ or = TR .

Introduction

where we have imposed the normalization condition on 1he sum of th¢ prob-
abilities:

PO) + P() = 1. ©

The argument can be generalized imimediately to find the average energy of a
harmonic osciflator at temperature 7, and we do this in Chapter 4 as the first
step in the derivation of the Planck radiation law,

The most important extension of the theory is to systems that can transfer
particles as well as energy with the rescrvoir, For two systems in diffusive and
thermal cantact, the entropy will be o maximum with respect (o the transfer
of particles as well as 1o the transfer of cucrgy. Not only mast {Go/él), . be
equad for the two systems, bt {Ca/dN),  must aiso be equal, where N ?,_.,n: o
the manber of particies of miven species. The new vauality camdition is the
vecasion for tie fntvoduction of o new quantity, she chenical potential "

S LA )
T N Ji

Far two systems in thermal and diffusive contact, Ty = 1, and yy = py. The
sign in {7} is chosen {0 ensure that-the dircction of particle flow as 55.:@&:_:
is approached is from high chemical potential to fow chemical potential.

The Gibbs factor of Chapler 3 is an extension of the Boltzmann factor mmn_
allows us 1o treat systems that can transfer prrticles. The simplest example is &
syster with two states, one with O particles and 0 energy, and one with | particle
and cocrgy £ The system is in contact with a reservoir at temperature ¢ and
chemical poteatial . We extend {3} for the reseevoir entropy:

ol = &Ny — 1} = 6(UgiNo) — eléa/oUg} — 1+ (2ajdNy)

it

a(UgiNo) - &7 + pft. (8}
By analogy with (4), we have

PRLEYP00) = expl(p — eyr] 9)
for the ratio of the probability the system is onn:?o.a by 1 particte at cneray &

1o the probability 1he system is unioceapied, with cnergy 0. The result {9) afier
normalizalion is readily expressed as

I
P e {10)
.Q:.& = ﬁzUEm - _5,.& + 1

!
!
m
!
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This particular result is known as the Fermi-Dirac distcibution function and
is used particularly in the theory of metals 1o describe the electron gas at low
temperature and high concentration {Chapter 7),

The classical distribution function used in the derivation of the ideal gas faw
15 just the limit of (10) when the occupancy P{l.e) is much less than 1;

P(1e) = exp[{p ~ e)f1]. {1y

The properiies of the ideal gas are developed from this result in Chapter 6.

“The Helmholiz free energy F = U - to appears as an important computa-

tional function, because the refation (§F/dt)xy = ~o offers the easiest method

for finding the entropy, once we have found out how to calculate F from the
energy cigenvalues (Chapter 3). Other powerful toals for the calculation of
thermedynamic functions are developed in the text. Most of the remainder of
the text concerns applications that are uselul in their own right and that illumi-
nate the meaning and wility ol the principal thermodynamiec functions.

Thermal physics connects the world of everyday objects, of astronomical
objects, and of chenticul and bislogical provesses with the workd of moleculur
atomic, and electronic systems. 1t unites the two purts of our world, the micro-
scopic and the macroscopic.

Chapter 1

mﬁzmm o», a Model System

3 S LA T L R T T R IR
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Enumeration of States and the Multiplicity Function
Binary Alloy System
Sharpness of the Multiplicity Function
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SUMMARY

-
RACECRICAL S

10
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16

22
23
24
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Chapter 1: States of a Madel System

But although, as a marrer

of histary, statistical mechanics owes
myestigations in thermod)

15 origin (o
nantics, it seems eminently worthy of an independent
development, both pn account of the elegance and simplicity of its principles,
and because it yieids neyw results and places od truths in a new light in
departments quite purside aof thermodynamics.

LW Gibks

A theory is the maore bupressive the greater the simplicity of its premises, the
more different Einds of things it relates, and the more extended its areq of
applicability. Therefore the deep impression thar classical thenmodynamics made
kpon me., It is the only physica theory of universal content which I am convinced
will never be svertlirown, wirh

in the framework of applicability of irs basic
concepts.

A. Einstein

Chapter 1: States of a Model System

‘Thermal physics is the fruit of the union of statistical and mechanical principles.
Mechanics tells us the meaning of work ; thermal physics tells us the mcaning of
heat. There are three new quantities in thermal physics that do not appear in
ordinary mechanics: entropy, lemperature, and free encegy. We shall motivate
their definitions in the first three chaplers and deduce their €onsequences
thereafter.

Our point of departure for the development of thermal phiysics is the concep
of the stationary quantum states of a2 sysiem of particles. When we can count
the quantum states accessible 10 a system, we know the entropy of the system,
for the entropy is defined as the legarithm of the number of states (Chapter 2).
The dependence of the entrapy on the energy of the systein defines the tempera-
ture. Fremtheentropy, the temperature, and the tee encray we find the pressure,
the chemical potential, and all other thermodynamic properties of 1he system,

Forasystemina stationary quantum state, all observable physical properties
such as the energy and the number of particles are independent of the time. For
brevity we usually omit the word stationary; the quantum states that we treat
are stationary except when we discuss iransport processes in Chapters 14-15.
The systems we discuss fmay be composed of a single particle or, more oflen,
of many particles. The theory is devetoped to handle general systems of inter-
acting particles, but powerful simplifications can be made in special problems
for which the interactions may be neglected.

Each quantum state has a defnite energy. States with identical energies are
said to belong to the same energy level. The multiplicity or degeneracy of an
energy level is the number of quantum states with very nearly the same cnergy,
Itis the number of quantum states that is important in thermal physics, not
the number oferergy levels. We shall frequently deal with sums over all quantum
states. Two staies at the same encrgy must abways bz counted as two states,
nel s one level,

Lot us fook atihe quantum stages and ceergy levels ol seversd atomie syateins,
The simplest is hydragen, with one clectron and one proton. The baw-Iying
encrgy levels of hydrogen are shawn in Figure L1. The zero of encrgy in the
figure is taken at the state of Jowest enerey. The number of quantum states
belonging to the same energy level is in parentheses. In the figure we overlook
that the proton has a spin of hand has two independent orientations, paralle]
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Figure 1.1 Low-lying energy levels of atomic kydrogen, fithium, and boron. The
encrgies are given in electron volts, with | eV = 1607 x 10~2 erg. The numbers in

parentheses give the number of quantum states having the same energy, with no account
taken of the spin of the nucleus. The zero of energy

in the figure is taken for convenience
at the lowest energy state of each atom.

or antiparallel to the direction ofan arbitrary external axis, such as the direction
ol a magnetic field. To take account of the two orientations we should double
the values of the multiplicities shown for atomic hydrogen,

An atom of lithium has three electrons which move about the nucleus. Each
electron interacts with the nucleus, and each electron also interacts with ali the

Chaprer I 2 States of @ Model System
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Figure 1.2 Energy fevels, multiplicities, and quantum numbers
n,, 1., of 4 particle confined to a cube,

other electrons. The energies of the levels of lithjum shown in the figure are the
collective energics of the entire system. The energy levels shown for boron, which
has five electrons, are also the energies of the entire system.

The energy ofa system is the total energy of all particles, kinetic plus potential,
with account taken of interactions between particles. A quantum state of the
system is a state of all particles. Quantum states of a one-particle system are
called orbitals. The low-lying energy levels of a single particle of mass M con-

fined to a cube of side £ are shown in Figure 1.2. We shall find in Chapter 3
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Chapter 1: States of o Model Systons

that an orbital of a free particle can be characterized by thiee

positive integral
Quantum numbers My 1. The energy is

wu u. : .
£ = %m w. 0t + 2 4oy, )

The multiplicities of (he levels are indicated in the figure. The three orbitals
with (o, 0 equal 1o E._,C.:.A.:.w:a:,ré althaven ® + :m + :uN = |8&;
the corresponding energy level has the multiplicity 3,
To describe the statistjca] properties of a system of N
to know the set of values ofthe energy £,(N), where £ is the energy of the quantum
statesofthe N particle system. Indices such as g smay be assigaed to the Quantum
states in any convenient arbitrary way, hut two different states should not be
assigned the same index.

It is a good idea 10 slart aur program by studying the properties of simple
model sysiems for which the energies £.{N) cun be caleulated exactly, We choose
as a model a simple binary sysiem because the genera statistical propertics
found for the model System are believed to apply equally well to any realistic
physical system. This assumption leads to predictions that always agree with
experiment. What generz statisticat properties are of concern will become clear
as we go along,

particles, it is essentia)

BINARY MODEL SYSTEMS

The binary model system is illustrated ;
separate and distinet sites fixed in spa
Auached to each site i5 an elementar

n Figure 1.3, We assume there are N
ce, shown for cotvenience on a line.
¥y magnet that can point oaly up or down,
corresponding to magnetic moments d-m. To uaderstand the syslem means (o
count the states. This Tequires no knowledge of magnetism: an element of the
sysiem can be any site capahle of two states, labeled as yes of 10, red or blue,
oceupied or unoccupicd, zcro or one, plus one or minus o, The sites are
numbered, and sites with deflereat numbers gre supposed not to overlap in
physical space. You might even think of the sies a8 numbered parking spa
acar parking lot, as in Figuse |4, [
oceupied by one car,

ces in
ant or

1 parking space has two stittes, vac

Whatever the nutnre of our objects, we may designite the two siaes by

arrows that can only point straight up or straight down, I the mignel points

YPs we say that the magnetic moment is +m. If the magnet points down, the

MABNCHE momeny s — .

Binary Model Systams

1 2 3 4 5 & ? 8 9 He
Number of the sjte

Figure .3 Modcl system composed of 10 elementary
magnets al fixed siteson a line, cach having magnctic
moment tm. The numbers shown are attached 1o the sites;
each site has its own magnet, We assume there are no
interactions among the magnets and there is no exlernal
magnetic field. Fach magnetic moment may be oriented in
Iwo ways, up or down, so that there are 219 distinet
arrangements of the 10 magnetic moments shown in the
figure. Hthe arrangements are selected in g random process,

the probability of finding the particular arrangement shown
is 17210,

Fod

Figure 1.4 State of 5 parking lot with 10 nambered parking
spaces. The ©'s denote spaces oceupied by a car; the Qs

denote vacant spaces, This particular state is equivalent to that
shows in Figure £.3,

Now consider N different sites, cach of which bears a moment that may
assume the values £ m. Each moment may be oriented in two ways with a
probabitity independent of the otieatation of afl other moments, The ol
nwmber of arrangements ol the N moments is 2 = 7 x D22 2V 8
state of the systen iy specified by giving the orientation of the monent an cach
site; there are 2¥ states, We may use the following simple netalion for a single
state of the system of NV sites:

THEIT SR @
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Chaprer 1: States of a Model System

Figure 1.5 The four differsnt stawes of a

system of two elements numbered 1 and 2,

where each element can have two conditions.

The elemenl is a magact which can be in

condition | ot condition |. P2 |

_ it generates the states of the system.”

o) R bm—
e S

(3]
Ear

The siles themselves are assumed 10 be arranged in a defisite order, We may

numberthem in sequence from lelt 1o right, as we did in Figure 1.3, According
to this convention the state (2) also can be written as

flabaledsTelaTetoToo - )

Both sets of symbols (2) and (3) denote the same state of the system, the stite
in which the magnetic moment on site 1 is ++m; on site 2, the moment is +um;
on site 3, the moment is —m; and so forth,

1t is not hard to convince yoursetl that every distinct siate of the system is
contained in a symbolic product of N factors:

T+ D02+ Ladts + Lad o (T + Lad )

The multiplication rule is defined by

(Mot + 1) =t + tla + L1 + Ll (5

The function (4} on multiplication generates a sum of 2¥ terms, one for each of
the 2¥ possible states. Each term isa product of N individual magnetic moment

symbols, with one symbol for each elementary magaet on the line. Each term

denaotes an independent state of the system m%a is a simpte product of the form
TiTals - 1y, for example

For a system of two clementary magnets, we multiply (¢, + | )by {f, + 1}
to obtain the four possible states of Figure 1.5:

(e #0002+ 1= Tl + Tuda + Lls + Lls o)

The sum is not a state but is a way of listing the four possible states of the system.

The product on the lefi-hand side of the equation is called » generating function:

Binary Alodel Svstems

The generating function for the states of a system of three magnets is

To+ LT + 10s + Ls)

This expression on multiptication generales 2* = § different states:

Thres magnets up: TiT20s

o Twomagnetsup: 1,12l Tyials L1275
One magnet up: Til:ls I PIR Lilats
None up: folals.

The total magnetic moment of om:.,&can_ system of N magnels each of
magnetic moment m will be denoted by A, which we will relate to the energy

in a magnctic field. The value of M varies from Nm to — N The set of possible
values is given by

M= Nm, (N —2m (N - 4m, (N — oW, --- — N, %]

i

The set of possible values of M is obtained if we start with the state for which all
magnetsare up{M = Nm)and reverse one at atime. We may reverse N magnets
to obtain the ultimate state for which ail magnets are down (A = ~ Nnui).
There are N + 1 possible values of the total moment, whereas there are 2%
states. When N » 1, we have 2% » N + 1. There are many more states than
values of the total moment. If N = 10, there are 2'° = 1024 states distributed
among 11 different values of the total magaetic moment. For large N many
different states of the system may have the same value of the total moment M.
We will caleulate in the next section how many states have a given value of M,
Only one state of a system has the moment M = Nm; that state is

- &)
There are N ways to form a state witk one magnet down:
-1t o)

is one such state; another is

T o (10)

13
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‘and the other states with one magnet dow

Chapter I: States of @ Alodel System

n are formed from (8) by reversing
any single magnet. The states (9] and (10) have total moment M o= Nop o 2,

Enumeration of States and the Multiplicity Function

We use the word spin as a shorthand for clementary magnet. It is convenient to
assume that N is an even number. We need & mathematical expression for the

number of states with N, = IN + s magnets up and N, = {N - 5 magnets
down, where s is an integer. When we turn one magnet from thie up to the down
orientation, N + 5 goes 1o WV s 1and N — 5 goes to N — 5 4 1,

The difference fnumber up — number dewn) changes from 25 to 25 — 2. The
difference

Ni—= N =2 ()

is called the spinexess. The spinexcess of the 4 states in Figure 1.5152,0,0, -2,
fram lefi to right, The factor of 2 in ({1

but it will prove to be convenient,
The product in (4) may be written symbolically as

Appears 1o be a nuisance at this slage,

o+ DY

We may drop the site tabels (the mmm.w_nnuz from (4) when we are interested

only in how many of the magnets in a state are up or down, and not in which

particular sites have magneis up or down. [t we drop the labels and neplect

the arder in which the arrows appear iet a given product, then (5) becomes

T+ 0P =71+ 21) + 44
further,
07 = 10143110+ 314 + L
We find (T + [)¥ for arbitrary N by the binomial expansion

A.M. £+ ‘..va — + ?;x_...f—.t + .pMZﬁz . C.dzlu\fu SR w\,_,_.
Bt Nt "
=5 M N,Z-i”rsuﬂm‘wim. .J.:r C.‘... :Mw

i=0

Enumeration of States and the Multiplicity Function

“We may write the exponents of x and v in a slightly different, but equivalent,
form by replacing ¢ with IN — 5

. e N1
bty = :V..Zmz + TN = )1

.f.)_>.+..‘—.».<lu. ﬁ—uu

With this result the symbolic expression (1 + |)¥ becomes

N N1 1N Fs 3N~y
{r+ 3 ;M@aﬂjq e (14)

The coefficient of the term in TH22 1% 56 the number of states having
Ny =N + s magnets up and Ny =N — 5 magnets down. This class of

states has spin excess ¥, — Ny = 25 and net magnetic moment 2o, Let us
denote the number of states in this class by g{V.5), for a system of N magnets:

.)),mum
WOV n Nt N s
> | IS = e S GN =51 T NIAT (15}
ANy
Thus (14) is written as
) 3
t+ = giN,s) AV 1N (16}
= -4

We shalt call g(N,s) the multiplicity function; it is the number of states having
the same value of 5. The resson for our definition emerges when 2 magnetic
field is apotlied to the spin system: in a magnetic field, states of different values of
s have different values of the energy, so that our g is equal to the multiplicity
of an energy level in 2 magnetic field, Untii we introduce a magnetic field, all
states of the model system have the same energy, whick may be taken as zero.
Note from (16) shat the total number ol states is given by

1= 1N

Y NS = (1 )Y = 2, (17

IT—4Y

Examples related to g(N.s) for N = 10 are given in Figures 1.6 and 1.7. For a

coin, “heads” coutd stand for “magnet vp” and “tails” could stand for “magnet
down.”

)
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Figre L6 Number of distinet arrangements
of5 4 sspinsupand 5 — 5 spins down,
Vatues of gtN,s} arc for N = 19, where 25 is

the spin cxeess ¥ T— N The total number of
stites i

The values of 1he g's are taken from a table of
the binomial coeffcients,

Chapier 1: States of a Alode! System

120 | £20

5

= ¥ gllog

3=~5

10 10
_ B !
| -81-41 0246 810
—10 —6 -2

Spin excess 75

Binary Alloy System

To iltustrate that the exact nature of the two states on each site is irrelevant to
the result, we consider an alternate system—an alloy crystal with N distinet
sites, numbered from 1 through 12 in Figure 1.8. Eaeh site is occupied by either
an atorn of chemical species A of 2n atom of chemieal species B, with no provi-

mmounoz.mnmﬁm:am.; brass, A could be copper and B zine. In analogy to (3),
a single state of the alloy mwmam_nm:wng.m:m:mm

.P_wuw.u\w....mu»quwuwe»5>.:>: * (18)

Binary Allay System i7
30
2 —
b
24
= O ]
= [
- a9
8310
=& B
53
E E
5 E — -
C 20
B
£z
.\\..r &6
a
9 s IR

012345678910
Number of heads

Figure 1.7 An cxperiment was done in which 10 pennies
were throwa 100 times. The number of heads in each
throw was recorded.

olloNolo

9

Figure 1.8 A binary alloy system of two
chiemical components A and B3, whose atoms
1 8

occupy distinet numbered sites.

ONORONO
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Chapter 1: States of a Model System

Every distinet state of a binary ullo

¥ system on N sites is contained in the
symbolic product of N factors: .

A+ w_.x\w» + Ba)(A, + By~ {Ay + By, (19)

in analogy to {4). The average composition of a binary alloy is specified con-
ventionally by 1he chemical formula Ay -.B., which means that out of 4 total
of N atoms, the number of A atoms is N, = {1 —x)N and the number of B
atoms is Ny = XV, Here x lies between 0 and 1.

The symbelic expression

X Nt
A+BY =5 =
¢ +.v .NHiZJ:_:

}EL- nr MMS

is analogous to the result {12). The coefficient of the term in AY~' B
number g(N,1)} of possible arrangements or states of N
atoms B on N sites:

gives the
— { atoms A and T

N Nt :
gNt) = N T RN (21

which is identical to the result (15) for the spin model system, except for notalion,

Sharpness of the Multiplicity Function

We know from common experience that systerns held at constant temperature
usually have well-defined properties; this stability of physical properties is a
major prediction of thermal physics. The stability follows as a consequence of
the exceedingly sharp peak in the multiplicity function and of the steep variation
of that function away from the peak. We can show explicitly that for a very
targe system, the function gl.N,s) defined by (15) is peaked very sharply about
the value s = 0. We look lor an approximation that allows us 10 examing the
form of g(N.5) versus s when ¥ » | and Is| « N. We cannot fook up these
values in tables: commion tables of fctorials do not go above N = 100, and we
may be interested in NV = 1679, of the order of the number of atoms in a solid
specimen big enoueh {o be seen and L An approximation is clearly needed,
and a good one is available,

It is convenient to work with logg. Except where otherwise specificd, atl
logarithuns #re understood Lo be loy base e, written here as log, The international
standard usage is In for log base ¢, but it is clearer o write log when there is no

b3
ambiguity whatlever, When you confront a ,.nJ,_SQH,,:mc_::mcn::n:mm

Sharpness of the Multiplicity Function

2% where N = 162 jtis g simplification 1o look at the fogarithm of the number.
We take the logarithm of both sides of (15) to obtain

logg(N.s) = log NI — tog(AN + )1 fog(IN ~ st , {22

by virtue of the characteristic property of the fogarithm of a produect:
logxy = logx + logy: log{x/y} = logx ~ logy. {23}
With the notation
Ni=iN+s N =IN35 {24)
for the aumber of magrets up and down, {22) appears as
logg(N,s) = log N! — log N\t — log N, L {25)

We evaluate the logarithm of N1 in (25) by use of the Stirling approximation,
according 1o which

Nz (NP NS expl N + 1/12N) + -], (26)
for N 1. This result is derived in Appendix A. For sufficiently large N, the

terms £, (12N} + - - in the argument may be neglected in comparison with N.
We take the logarithm of both sides of {26) to obtain

tog N!= 3log2n + (N + §}logN ~ N, 2n

Simitarly
log N\t dlog2n + (N, + Dlog ¥, — Ny; {(2;
tog Nyt = dlog2n + (N + Blog Ny — N (29}

After rearrangement of (27,

~ Lt

g Nt 2 Hog2arN) + (N, + 4 + N, + Dlog N~ (Y + NY L, (Gus
b= 2 Uﬁ i ; H 1 I3 pd =]

wherewe havewsed ¥ = N, -

for (25):

Yo Wesobtraet (28 aud (29) from (30) to oblain

fogg > Hog(1/2xN) = (N, + Dlog(N/N) - (M) + Ylog(N/N). (31

! AM\,;_;“MOQ \SOC

i9
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Chapter I ; States of a AModel System
This may be simplificd because

log(N./N)

il

logd(l + 2g/N) = ~log2 + log(l + 25/N)
—log2 + (25/N) — (25%/NY) 32

i

by virtue of the expansion log(l + x} = x — 4x? 4 +--, valid for x « 1.
Similarly,

log(N,/NY = logi(l — 25/N) = ~i0g2 — (25/N) — {254/N D) (33
On substitution in {31) we obtain
logg = $log(2/zN) + Nlog2 — 2s¥N. {34
We write this result as
9{M.8) = g{N.O)exp{~257/N} (35}
where
gIN,O) = {2/ N)R2%, (36)

Such a distribution of values of s is called 2 Gaussian distribution, The integral*
of (35) over the range — oo te +co for s gives the correct value 2¥for the total
number of states, Several useful Integrals are treated in Appendix A,

The exact value of g{N,0) is given by (15) with 5 = 0;
Nt

SN0 = T 3N

* The replacement of a sum by an inteeral, such as T by [ s, usually does not introduce
significant ecrors, For examgple, the ralio of '

N

=4

isequalto ] + {1/N), which approaches | as N approaches oo.

Ys=4N"+ N} 1o ._.ﬁ../.fr. = in? 4

Shuarpness of the Multiplicity Funciion

Fipure 1.2 The Gaussian approximation to
the binomial cocfficients g(140,5) plotied on a
linear seale. On his scale it s not possible to
distinguish on the drawing the approximation
from the exact vaiues over the range of s
plotted. The entire range ol s is from - 5010
. - N + 50, The dashed lines are drawn from the
4 R R points at 1/e of the maximum value of g,

£{100, ) X 107
[=2)

()

g

For N = 50, the value of g(50,0} is 1.264 x 106'%, from (37). The approximate
value from (36} is 1270 x 10'*. The distribution plotted in Figure 1.9 is centered

ina maximum at s = . When s* = N, the value of g is reduced 1o e™! ol the
maximum value. That is, when

s/N = (12N | {3%)

the value of g is e ¥ of g(N,0). The quantity {1/2NY? is thus a reasonable mea-
sure of the fractional widih of the distribution. For N = 1022, the fractional
width is of the order of 10~ !, When N is very large, the distribution is exceed-
ingty sharply defined, in a relative sense, It is this sharp peak and the continued
sharp variation of the multiplicity function far from the peak that will lead to a
prediction that the physical properties of systems in thermal equilibrium are
well defined. We now consider one such property, the mean value of 52,

2
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Chapter 1 : States of a Model System

AVERAGE VALUES

The average value, or mean value, of a function S

e aver, 5 taken aver a probabitity
distribution function Pis) is defined as

=3P, (39)

provided that the distribution function is normatized to unity:

LR =1 {40y

The binomial distribution (15} has the property (17} that
2g(Ns) = 2¥ {41)

and is not nermalized 1o unity. If all states are ¢
gINsy2", and we have 2P
will be .

qually probable, then Ps) =
= . The average of f(s) over this distribution

Iy = S P, (42)

Consider the function Jist = 5% In the dpproximation that led to {35) and

{36}, we replace in (42) the SUM Y over s by an integra} I+~ ds between — o
and + 3, Then

o {2/nNy2 2¥ ?:Jiawm\.ﬁ
Sp=m—

2¥ ’

(2fa N2 (N y2)H2 ﬁ, dxxlem=t

(mNY (NJ2)Y2 gyt

]

_
wlhence

(s*y = in; U251 = N, {13)

The quantity (257 is

the mean square spin excess, The root mean square
5pin excess is

)y = /N o (44}

Energy of the Binary Magnetic System

and the fractional fluctuation in s is defined as

2% 172
F AWt _ (45)

The larger N is, the smaller is the fractional Suctuation. This means that the
central peak of the distribution function becomes relatively more sharply
defined as the size of the system increases, the size being measured by the
number of sites N. For 1030 particles, # = 10°1% \hich is very small.

Encrpy of the Binary Magnetic System

The thermal propertics of the model system became physicaily relevant when
the clementary mugnets are placed in a maenetic field, for then the eneryics of
the different states are no longer all equal. it the energy ol the system s specified,
then only the states having this energy iy oceur. The erergy of teraction
of a single magnetic mement m with i fixed external mapnetic field B is

U= -m-g {16}

This is the potential energy of the magnet m in the field B.
For the madel system of & clementary magnets, each with two allowed
orientations in a uniform magsnetic ficld B, the total potential energy U is

X N ———
(U= YU =-B Msmst/:!mwmww:. ~AMB 4
i=i i=4

using the expression A for the 1o1al magnelic mowment 2sm. In this exampie the
spectrum of values of the energy U7 is discrete. We shall see fater that a con-
tintous or quasi-continuous spectram will create no difficulty. Furthermore,
the spacing between adjacent energy levels of this model is constant, as in
Figure 1.10. Constant spacing is a special feature of the particular model, but
this feature will not restrict the gencrality of the argument that is developed in
the following sections.

The value of the energy for mowments that interact onfy with the external
magnetic field & cemrlacly determined by the value of 5. This functionul
dependence s Ladiicalku by writing Uls) Reversine a stngle moment lowers
25 by -2, lowers the total magnetic moment by — 2y, and raises the cnergy
by 2mB. The energy dilference between adjacent levels is denoted by Ag, where

Ag = L{s) — Uls + 1) = 2B, : (48}

21
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s VistymB  g(s) log g{s)
=3 — o
IS TR 1) 230
-3 e 4§ 45 38t
~? —— +4 120 4.79
T 210 5.35
b - 252 5.53
Hl —— A0 535
2 m——— 4 I 479
3 ———— ¢ 45 3.81
+4 -8 . 1o 230
+5 e _yp 1 o

Figure 1,10 Energy levels of the model system of 10
IMAENCLC Moments m in a magnetic fisld &, The levels
are labefed by their 5 values, where 25 is the spin excess
and IN + 5 =5 4 5is the number of up spins. The
encrpics U(s) snd multiplicities y{s) are shown, For this
problem the caergy levels are spaced cquitly, with
separation A = Zmf between adjucent fevels.
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Example: Multiplicity function Jor harmonic oscillators,
system is the simplest probiem for which an exact sofuti
known. Another exactly solvable problem is the harmoni
was originally given by Max Planck. The original deriva
simple. The beginning student need not wosry about th
do the problem is given in Chapler 4 and is simple.
The quantum states of a harmonig oscillator have the energy cigenvalues

The problem of the binary modet
on for the multiplicity function is
c oscillator, for whick the solution
tion is ofien felt 10 be not entirely
is derivation. The modern way 1o

&y = sha N ch

¥
&= ¥ s5hw = nha {50)

t=14

Energy of the Birary Magnetic System 25

can be distributed among the oscitlators. That is, we want the multiplicity fenction g{¥»)

for the N oscitlators. The oscillator multip
plicity function found earlier,

ity [unction is not the same as the spin multi-

We begin the analysis by going back 1o the multiplicity _.zzﬁmo: ?,.. a single oscillator,
for which g{1,n) = 1| {or ali values of the quantum number s, here identical to n. Te selve the

problem of (33) below, we need a function to tepresent ar gencrate the series

M glinl" = M o,
xS0 =0

(31

ALY run from O to oo, Here 1 s just 2 temporary tool that will help us find the result

(53}, but ¢ does not appear in the final resuit. The answer is

52)

provided we assume E < 1. For the problem of N oscillators, the generating function is

1 N L N

1 = Y ) o= Y gNaT,
eyt :

It s=0

I

{53)

- cL it precisely the
beginse the number of ways a term 1% can appear in the Nfold ﬂ:,:_:r_m “ preciscd .z:.:.n
number of ordered witys in which the integer n can be formed as the sum of N non-neg

CRCTS.
We abserve that

PAdV &
= Jim — [ — Nays
EZ.EI_G“ i\t um,xacn )
174y -N
= lim={— ] {1 -~ )7
wmwz_ dt ¢
1

i

i}
Thus for the system of osciflators,

(N+n-— 1}
9N = =W

This result will be needed in selving a problem in the next chapter.

NN+ DN +2)- (N +n— 1),

(54

{55}

T T T T o s s R T T I I
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Chapter 11 States of @ Model Systemn

SUMMARY

-t

The multiplicity function (o

t asystem of N magnels with spin excess 2 =
Ny — N, is

N1 !
o) = N N

ln the lmit s/N « 1, with A » [, we have the Gaussian approximation

g(Ns) ~ m.\..q..ZH“:.u..,.QEEmuw\?o.

xmmﬂmﬂnmo:wn model spin system are equally |
3

ikely, the average vaiue of
st is

= .Q.s dss*g(N,s) ,_hs% g{Ns) = IN ,

—_— -

in the Gaussian approximation.

The fractional fluctuation of s? is defined 4s (VYN and s equal 10

12NV,

The energy of the model spin system in

L(s) =~ 2B |

a state of spin excess 25 is

where an is the magnetic moment of one spin and B is the magnetic field.

Chapter 2

: oo = gt e s
R R L e LB

Entropy and Temperature

FUNDAMENTAL ASSUMPTION
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Most Probable Configuration
Example: Two Spin Systems in Thermal Contact

THERMAL EQUILIBRIUM
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Entropy as a Logarithm
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5. Additivity of the Entropy for Two Spin Systenis
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Mote on problems: The method of this chapier can be used 1o solve some problems, as illustrated

by Problems 1, 2, and 3 Beeause much simples methods arg developed in Chaprer
we do aut emphasize problem soh ing at this stage.

- wad bater,



Chapter 2; Entropy and Temperature

Oune should not imagine that 1wo

e sh gases ina 0.1 liier container, nitially unmived,
will mix, then again after a few

days separate, then mix again, and so forih, On
the contrary, ane finds . ., that not until g time enormously long compared 1o
16" years witl there by any noticeable unmixing of the gases. One may
recogiize that this is practically equivalent to never. . . .

L., Solizmann

If we wish 1o find in rational mechanics an a
of thermodynamics, we must see
entrapy.

priori foundation for the principles
k mechanical dafinitions of temperature and

J IV, Gibbs

The general connection between energy and temperature may only be established
&y probability considerations. {Two systems] are in statistical equilibrivm when
a transfer of energy does not increase the probability.

M. Planck

Fundamental Assumpiion

We start this chapter with a definition of probability that enubles us to
define the average value of a physicsl property of a systen. We then consider
sysiems in thermal cquilibriue, the definition of entropy, and the definition of
temperature. The second faw of thermodynamics will appear as the law of
increase of entropy, This chapter is perbaps the most abstract in the book. The
chapters thut follow will apply the concepts 1o physical problems.

FUNDAMENTAL ASSUMPTION =~ ~ ™

The fendamental assumption of thermal physics is shat a closed system is equally
likely to be inany of the quantum staies uccessibie to it, Al accessible quantum
states are assumed 10 be cqually probable—there is no reason to prefer some
accessible slates over other aceessible states.

A closed system wifl have constant energy, & constant number of particles,
constant volume, and constant values of all external parameters that may
influence the system, including gravitational, electric, and magnetic fields.

A quantum state is accessible if its properties are compatible with the physical
specification of the system; the energy of the stale must be in the range within
which the energy of the system is specified, and the number of particles must be
in the range within which the number of particles is specified. With large systems
we can never know either of these exactly, but it will suffice to have UV « 1
and SN/N « 1

Unusual properties of a system may sometimes make it impossible for
certain states to be accessible during the time the system is under observation.
For example, the states of the crystalline form of $i0, are inaccessible at fow
lemperalures in any observation that starts with the glassy or amorphous
form: fused silica will not convert to quartz in our lifetime in a low-temperature
experiment. You will recognize many exclusions of this type by common sease.
We treat all quantum states as accessible unless they are excluded by the

specification of the system (Figure 2.1} and the time scale of the measurement

process. States that are not accessibie are said to have zero probability.
Of course, it is possible to specily the configuration of a closed system to a
point that its statistical properties as such are of no interest. Il we specify that the
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T

Limit of specifi .

Figure 2,1 A nurely symbolic dingy
represents an accessible quantum st
funduamental assumption of statisti
system is equally tikely 10 be in an
accessible to it The emply ciecles represent some of the stales
that are not accessible because their properties do not salisfy
the specification of the SYStem. Jiove i o1 g

A cach selid spot

ate of 2 closed sysiem. The
cat physics is that a closed
y of the quantum staes

1

system is exactly in a stationa

FY quanium state s, no statistjcal aspect is left in
the problem,

PROBABILITY

Suppaose we have z closed system that w
ofthe g accessible quantumstates. Let s be
the spin excess). The probability P(x)

e know is equally likely to be in any
a general state label (and not one-haif
of finding the system in this state is

Pisy = 13 (1)
if the state s is accessible and Pfs} =

damental assumption, We shal
closed, for which ¢

0 otherwise, consisient with 1he fun-
I be concerned later with systems that are not
e energy U and particle number N may vary. For these

systems P{s) will not be a constant as in 1), but will huve a functional dependence
on Vund on N

Probubility

The sum ¥ P(s) of the probability over all states is always equal to unity,
because the total probubility that the system is in some state is unity:

2
SPsh=1.

The probabilities defined by (1) lead to the definition of the average value of
any physical property. Suppose that the physical praperty X rmM the value
X(s} when the system is in the state 5. Here X might denote magnetic moment,
encrgy, square of the energy, charge density near a paint v, or any property that
can be observed witen the system is in a quantum state. Then the average of the

observations of the quantity X taken over a system described by the proba-
bititics P{s) is

X = T X(sP(s). (3

3

This equation defines the average value of X. Here P(s) is the probability that
the system is in the state s. The angular brackets {---» are used 10 denote
average value. :

For a closed system, the average value of X is e 27 - A

#

(XD = 3 X(s)(1/g) , 4

because now all g accessible states are equally Likely, with P(s} = 1/g. The
average in {4} is an elementary example of what may be .nu:nm an ensemble
average: we imagine g similar systems, one in each accessible quantum state.
Such & group ol systems constructed alike is called an ensemble of systems. The

average of any property over the group is called the ensemble average of that
property. T viav s .

An ensemble of systems is composed of ntany systems, all nczm...:.zﬁoa alike,
Each system in the ensemble is a replica of the actual mu_ﬂnﬂ in one of the
quantum states accessible to the system. If there are g accessible states, Hmém
there will be g systems in the ensemble, one system for each state. Eaeh sysicm
in the ensemble is equivalent for all practical purposes 1o the u.ﬂ.ﬁ: system,
Each system satisfies alt external requirements placed on the orig sysiem

ny

and in this sense is “just as good™ as the actual systemt, Every quantum stale

i
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Figure 2.2 This ensemble o througly j sepresents u sy stemy
ol 10 spins with cacrgy —Smid and spin excess 25 = 4.
The mutliplicity SN I gl104) = 10, s that the
répresantaive cusemb

BIUst Contain 1 systeis, The
order in which the various syatems in the esisemble are
fisied has no significance.

accessible to the actual systen is represented in the ensemble by one system ina
stationary quantum state, as in Fieure 22, We assume that the ensemblc
represents the real system—his is implied in the fundamental aAssumption.

R e e U . - T e e eal R
e L i e TR T . N . >

Example: Construction of an ensemnble. We construct in Figure 23 an ensemble 10
represeat a closed system of five spms, excdl system with spin excess 25 = 1. The energy of
cach in a magnetic field 35 —mB. Do not canfuse the use of s i spin excess with our
frequent use of s a5 a state index or lubel ) Each systern represents one of the multiples of

S

Most Probuble Configuration

" e
e

Figure 2.3 The ensembie Fepresents a system with N = $ spins and spin excess 2y = 1,

B

Figure 24 With N = Sand 25 = 5,2 single
: * Systam may represent the ensemble. This is not
a typical situation,

quantum states ai this energy, The number of such states is given by the multiplicity function
{115} '

5t
gisi) = =0,

The 10 systems shown in Figare 2.3 make up the ensemble,

If the eneray in the magnetic ficld were such that 2y = 3, then a single systew comprises
e ensensble, as in Figure 2.4, 1n zero nngnetic fichd, bl encegios of wfl 2% = 2% & 12 gutes
are eyuat, and the now ensemble must represeir 32 systains, of which | system has 25 = 5
5 systems have 25 = 3; 19 systems have 25 = 1: 10 systems bave 25 = - [; 5 systems
have 25 = —3; and ! system has 25 = —5.

i

R S AN

Most Probable Configuration

Let two systems £, and $§, be brought into contact so that encrey can be
transferred freely from one to the other, This is called thermal contact tFigure
2.5). The two systems in contact form a larger closed system 8 = 5 + 8,
with constant energy U = U; + U,. What determines whether there will be o
net flow ol energy from one system to another? The answer leads to the concept
of temperature. ‘The direction of encrgy flow is not simply a matter of whether
the energy of one system is greater than the energy of the other, becanse the

i3
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Two closed U, ik
systetns not My
in contact &,

insulation

The systems are in
thermal contact

Q_srw..c,.ﬂtn.*.c_u

nsulation  Fhermal conductor aliows
eachange of encegy

Figure 25 Establishiment of thermal contact between two systems 8, and 3,

Systems can be different in size and constitution,
shared in many ways between lwo systems,

The most probable division of the 1otal energy is that for which the combined

systera has the maximum number of accessible states, We
accessible states of tw

A constant 1otal energy can be

shall enumicrate the
o model systems and then study what characterizes the
systems when in thermal contact. We first solve in detail the problen of thermaf
contact between two spin systems, Land 2, ina magnetic field which is intreduced
in order to define the cacrgy. The numbers of spins N, N, may be different, and
the values of the spin excess 2s;, 25, may be diflerent for the two systems, All
spins have magnetic moment m, The actual exchange ofenergy might take place
via seme weak (residual) coupling between the spins near the interface belween
the two systems, We assume that the quantem states of the 1o1al system 8 cun
be represenied accurately by a combination of any state of &, with any state of
3, We keep NV, N, constant, but the values of the spin excess are allowed to
change. The spin excess of 4 state of the combined system wilt be denoted by 25,
wheres = 5, + 5,. The energy of the combined system is directly proportionai
Lo the total spin excess:
_ N

Ulsi = Uyl(sy) + Uylsy) = ~2mB(sy + 5,) = ~2mBs. (5)

The tolal number of particles is N = Ny + N,

Most Prabable Confipuration

We assume that the energy splittings between adjacent encrgy levets are egual
to Zmf in both systems, so that the magnetic encrgy givea up by system { when
one spin is reversed can be taken up by the reversal of one spin of system 2 in
the opposite sense. Any large physical systens will hiave enough diverse modes of
energy storage so that encrgy exchange with another system is always possibie,
The value of s = s, <+ s, is constant because the total encrgy is constant, but
when the two systems are brought into thermal contact a redistribution is
peemitted in the separate values of s,, 5; and thus in the energies U, U..

‘The multiplicity function g{N,s) of the combined system 8 is related 15 the

product of the muliplicity functions of the individual systems 8, and &, by
the relation;

g{Ns) = MUQLZ:.,._WQ%ZHE -5, 16)

where the multiplicity functions g,, g, are given by expressions of the form of
{1.15). The range of s, in the summation is from —INJ 1IN TN, < N,
To sce how (6} comes about, consider first that configuration of the combined
system for which the first system has spin excess 2sy and the sccond systens has
spin excess 2s,. A configuration is defined as the set of afl states with specified
values of 5; and 5;. The first system has 2,(N 1,5, } accessible states, each of which
tray occur together with any of the g(N,,s;) accessible states of the secand
system, The total number of states in one configuration of the combined system
is given by the product g (N,,5,)g,{N4.5,) of the multiplicity functions of LA
and $,. Because s, = 5 ~ s5,, the product of the ¢'s may be written as

G1IN 5,092 a,s -~ 5)). {7

This praduct forms one term of the sum (6).

Different configurations of the combined system are characterized by different
values of 5. We sum over all passible values of 5, to obtain the total number of
states of all the configurations with fxed s or fixed energy. We thus obtain (6),
where g{N,s} is the number of accessible states of the combined sysiem. In the
sum we hald 5, Ny, and N, constant, as part of the specification of thermal
contact.

The result (6) is a sum of products of the form 7). Such a product will be a
muximum for some value of s, say §,, to be read as s, hat” or s, caret”
The configuration for which g,g, is a maximum is calied the most probable
configurafion; the number of states in it is

QNSNS - 5,). . 8
= w+5=L R

A N Loiof
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w_fz.f CL
X 82 Qr_m. U h\.uu

4
0 t u

ey !
Thermal equilibrivm

Figure 2.6 Schemutic representalion of the dependence of the
configuration multiplicity an the division of the totai energy
between twa systems, $, and 3,

H the systems are targe, the maximum with respect to changes in s, will be
extremely sharp, as in Figure 2.6, A refatively small number of configurations
will dominate the statistical properties of the combined system. The most
probable configuration alone wilt describe many of these properties,

Such a sharp maximum is a praperty of every realistic ype of large system
for which exact solutions are available; we postulate that it is a general property
of all large systems. From the sharpness property it follows that fluctuations
about the most probable configuration are small, in a sense that we will define,

The important result follows that the values of the average physical properties
of a large system in thermal contact with ancther large system are accurately
described by the properties of the most probable configuration, the configura-
tion for which the number of accessible states is a maximum, Such average
values {used in either of these two senses) are called thermal equilibrium vatues.

Because of the sharp maximum, we may replace the average of m/mg.mmnmm
quantity over all accessible cenfigurations (6) by aa average over only the most
probable configuration (8). In the ex

ample below we estisnate the error involved
in such a replacement and find 1he ervor to be negligible.

,,;

Aost Probable Configurarion

Example: Two spin systems in thermal cantact,
the sharpness of the product (7} near ¢
the nuwt

We investipate for the mode! spin system
he maximum {8) as follows. We form (he praduct of
tiplicity functions for g (V,.s,] and 43, .5:), both of the form of {1.35):

25,0 25,7
PN ) = 91O 0esn{ - - 2 ©)
where g,(0} denotes 24N .0 and g.(0) denotes §:4N;.0). We replace s, by s — 5,

25,7 2{s — 5,)°
G0N — 5] = gaOlaQexp| - = 2220 ) 0 (i)
. ] -

gives the number of states accessible (o the combined sysiem when the spin
excess of the combined system is 2s, and the spin excess of the first system is 2s,.

We find the maximum value ol {10} as a functjon of s, when the total spin excess 2
censtant; that is, when ihe energy of the combined systems is constant, [t is co
to use the property that the maximum of lag s{x) occurs at the same value of
maximum of ¥{x). The calculation can be done either way. From (10j,

This product*

sis held
nvenient
x as the

25,0 25~ 532
_omu;z_.m,vqufdf.ﬂ = 5} = log g,{0)g {0 — 1.%% -

.an

-y

This quaatity is an extremum when the first derivative w h respect to s; is zero. An ex-
tremum may be 2 maximum, a minimem, or a point of inflection. The extremum is a

maximum il the sccond derivative of (he function s negative, so that the curve bends
downward.

Al the extremunm the first derivative is

3 ds;  4(s - 5
] ! N,5 - = —em b =0, (12)
3, o2 (N, ,5,)9,(N .5 s} N, N,

where N, N, and 5 are held constant as sy is varied. The second derivative &%/85, 2 of
Eqguation (11} is

* 'The product function of two Gaussian funclions is always 2 Gaussian,
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andis mmmﬁmcm. so that the extrémum is a maximum. Thus the most probable configuration
of the combined system is that for which (£2) is satisfied:

5 s5—5, 5

N, N, N, (13)

The two systems are in equilibrium with res
spin excess of system | is equal 1o the frac

We prove that nearly all the accessibie
nearly sasisly {13). if $yand §,
1s writien as

pectia interchange ofenergy when the {ractional
lional spin excess of system 2.

states of the combined sysiems satisfy or very
denote the values of s, and s, at the maximum, then (13

- (ﬁw MM g, 5 3
353 N o
= - )
D\Mb\”fmv MWH m.sm the number of states in the most probable configuration, we insert (I in {9) 10
uin
2 EA
a = (G092} = a(5 -
G1820mae B 955,945 — §) = 9:(0)g0) exp(— 25*/N). {13
~
M ,_,% M.:.nm:mmﬁ the sharpness of the maximum of g1, at & given value of 5, introduce §
~ such that
']
” -

Sy o= §; + 4,

= 5, - 4 {16)

Here & measures the deviation of e, 5y from their values §,, § al the maximum of g,g,.
Square s, 5, 1o form

NI[J
55 =

280 4+ 8% 5,7 e 5%~ 28,8 + 87,

which we substitute in (9) and {15} to obtain the pumber of states

458 28 45,86 257
. i _ . ! 2 o
9?<_.3WQL./“L.L = (9,6 )man exXp é\.,f__.i - mﬂ h/ul - W.ﬂ .

én.xzoé from (143 that 5./, = 53/ N4, s0 that the number of slates in a canfiguration o
deviation § from equiiibriwm is

. . - 25t 28t
GN LS + 8)g)(Ny.5, — = (g 8P|~ — - :,3

Ny Ny

As a numerical example in which the fractional d

k cviation from equilibrivm is very small,
BN = N, = 107 and § = 1077 that is, 6/,

= 107 Then 26%4/N, = 200, and the

Thermal Fquilibrium

produst g,g; is reduced 10 ¢7*%% = 190717% of its maximum value. This is an exteemely
larpe reduction, so that g4, is truly a very sharply peaked function of s,. The probabifity
that the fractional deviation witl be 107'% or furger is found by intcgrating {17} from
5 = 10" outtoa value of the arder of 5 or of N, thereby including the area under the wings
of the probability distribution. This is the subject of Problem 6. An upper limit to the
integrated prebability is given by N x 10717 = 197192, g very small. When two
syslems are in thermal contact, the values ofs,, 5; that occur most often will be very close to
the values of §;, §; for which the produet #1¢1 is a maximum. It is extremely rare 1o find
sysiems with values of 5, 5, perceptibly different from £, §,.

What does it mean o say that the probability of finding the system with a fractional
deviation farger than d Ny = 107 % s only 107 4*% of the probability of finding the system
in equilibrium? We mean that the system wili never be found with & deviation as much as
tpartin 10°°, small as this deviation ssems. We would have to sample 107%? similar systems
to have o reasonablc chance of success insuch an experiment. 1T we sample one system every
H7 4 s wihichy is pretey fast work, we would have to sample for 1093 5, The ape of 1he
universe is only 10°% s Therefore we say with geeat surcty that the devintion deseribed wiil
never be observed. The estimate is rough, but the message is correct. The quotation from
Boltzmann given at the beginning of this clipter is relevant here.

We iy expect to observe substantial fructionsd deviations ouly in the propertics of a
suld systert in thermal contact with a farge system or reservoir, The energy of a small
system, say a system of 10 spins, in thermal contact with a large reserveir may undergo
fluctuations that are large in a fractional sense, as have been abserved in experiments on the
Brownian motion of smatl particles in suspension in liquids. The average energy of a small
SyStem i contact with a large system can always be determined accurately by observations
at one time on a large number of identical small systems or by observations on one smal
system over a long period of time.

S i T

THERMAL EQUILIBRIUM

The result for the number of asecessible states of two mode! spin systems in
thermal contact may be generalized to any two systems in thermal contact, with
constant total energy U = ¥, + U,. By direct extension of the carlier argd-
ment, the multiplicity giN, U} of the combined system is:

ANL) =Yg N UGN U = UL {3)
&y

summed overall valuesof U} £ U. Here g,{N |, U/,) is the number of accessible
states of system 1 at energy Uy A configuration of the combined Syslen is
specified by the value of U7, together with the constants U, N, N;. The number
of accessible states in a configuration is the product g,(N, U (N, U ~ U,)
The sum over wd configurations gives g{V,U).
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The largest term in the sum in (18) gaverns the properties of the total system
in thermal equilibrivm. For an extrernum it is necessary that the differential* of
g(N, U} be zero for an infinitesimat exchange of energy:

2y &g,
dg = {1 g¢,dU, + -1 dUy = 0 AU, + dU, = 0. (19)
g iU, .fb 1 G0 U, Jy, 2 1 2
We divide by g,g, and use the result dU, = —dU, 1o obtain the thermal
equilibrium condition;
I—s (445 “Jm. JIQMHF R ANODV
91 \&U,y §, g2 \8l, N3
which we may write as
m_,omn_ _ m_wmﬁ . (208)
oty Jy, aly Jx,

We define the quantity «, called the entropy, by

a(NU) = logg(N,U1y {21y

where a is the Greek letier sigma. We now write {20) in the final form

fo, 2o,

mu.,: m.muu.

H

22

* The notation

dy,
U, [y,

means that N, s held constant in the differentiation of 6N, U,) with tespect to U, That is, the
partial derivative with respect to U, is defined as

mm_r = lim §(NWUy + AU — g (N LU )
dU, Jn,  avy-o Al,

For example, if glx,y) = wa»m. thea {Eg/8x), = Bnuv..una (Pgidy), = It

Tenpecuture

This is the condition for thermal equifibrium for two systems in thermai

contact. Here ¥ and N, may symbotize not only the numbers of particles, but
all constraints on the systems.

TEMPERATURE

The last equality {22) leads us immediately fo the concept of temperature. We

know the everyday rule; in thermal equilibrium the temperatures of the two
syslems are equal;

T, = T, (23)

This rule must be equivalent Lo {223, so that T mwust be a function of {fa/fU)..
16 T denoles the absaluse temperatueé in kebvin, this

function is simply the
inverse relationship

The propartionatity constant &, is 2 universal constunt o led the Boltzs

RHIT
constant. As determined expecimentally,

ky

L3810 % 107 joules/kelvin

i

LISL > 107 H copsshelvin. {23

We defer the discussion to Appendix B because we prefer to use 2 more natural
temperature scale: we define the fundamental temperature T by

(26}

This temperature diffecs from the Kelvin temperature by the scale factor, ky:

T o= kT, 27

Because o is a pure number, the fundamental temperature 7 has the dimensions
of energy. We can use as a temperature seale the energy scale, in whatever unit

4!
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Entropy
may be employed for the latier—joule or erg. This procedure is much simpler
than the introduction of the Kelvin seale in which the unit of temperature is
arbitrarily sclected so that the triple point of watcr is exactly 21316 K, The triple U
point of water is the uniqus iemperature al which witer, ice, and water vapor N o
. T, €O

nOnx.wmr . . . L . a.(initial} Figure 2.7 1 the temperature 1 is higher

Historically, the conventional scate dates from an age in which it was possible “ than 1y, the transfer of a positive amount of
to build accurate thermomelters even though the refation of temperature to encrgy 68U from system [ to sysiem 2 will
quantum states was as yet not understood. Even at present, it is still possible to increase the total entcopy gy + ayofthe
measure temperatures with thermometers calibrated in kelvin 10 a higher Smﬂ?m.ﬁm “w.m“_“nﬁwmu_nh w”nc_ﬂﬁ_m_nw,_.,.%%m the

- . P o o - @ linitia sdinitiat). ¢ 5
precisior than the unm:fnw with c”w_n: the noz.e ersion factork, :mnz_m rnozzwn final system will be in 3 more probable
abourt 32 parts per million. Questions of practical thermometry are discussed in condition if eacrgy fows from the warmer body
Appendix B, to the cooler body when thermat contact is
§ U U, + 84 established. This is un cxample of the law of
{ ..QMC.:.ES o aylfiaal) increasing eatrapy,
I e TR LTI N
Cormment.  In {36} we defined the reciprocal of 1 as the partial derivative (g U N is £ el
permissible to take the reciprocal of both sides 1o wrile fRTEy trnser
_ o ‘ 6y(finzl) + o (nal) > o (initial) + o,(initial
1 = {fUfd0),. . {28) ’

The two expressions (26) and (28} have a siightly different meaning. In (26), the entropy o
was given as a function of the independent variables U and N as g = o{UN). Hence 1
determined from (26) has the same Eancn;mﬁ: variables, T = t(U,N}. In (28}, however,
differentiation of U with respect fo @ with N constant implies U = Ufe,N), 50 that 1 =
1(6,N). The definition of temperauze is the same in both cases, but it is expressed as a
funclion of differemt independent variables, The question “What are the independent
variables?” arises frequently in thermal physics because in some experiments we control
sowme variables, and in other experiments we control other variables.

ENTROPY

Fhe quantity 5 = logg was introduced in {(21) as the entropy of the system: the
eptropy is defined as the logarithm of the number of states accessible to the
system. As defined. the entropy is a pure number. In classical thermmodynamics
the entropy S s defined by

s (), 29
7= 50, | 9

As a consequence of (24), we see that 5§ and ¢ are connected by a scale factor:

-
5 = kyo. (30}

We will call § the conventional entropy.

The more states that are accessible, the greater the entropy. In the definition
of o(N,U) we have indicated a functional dependence of the entropy on the
number of particles in the system and on the encrgy of the system. The entropy
may depend on additiona} independent variables: the entropy of a gas {Chapter
3} depends on the volume.

In the carly history of thermad physics the physical significance of the entropy
was not known. Thus the author of the article on thermedynamics in the
Encyclopaedia Britmmica, t1h ed. (1905}, wrote: “The utility of the coneeption
of entropy .. . is limited by the fact that it does not correspond dircetly o any
directly measurable physical property, but is merely a mathematicad function
of the definition of absolute temperature.” We now know what absolute physical
property the entropy measures. An example of the comparison of the a:um_.._,
mental determination and theoretical valeuiation of the enteepy is discussed in
Chapter 6.

Constder the (otal entropy changs As when we remove 2 positive amount of
cencrgy AU from 1 and add the same amount of energy to 2, #s in Figure 2.7.
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The tota] entropy change is

R {6, ! L

-} (AU) = [ -— + —1al. (3D

Uy, cUs/fx, T T2
When 1) > 7, the quantity in parentheses on the right-hand side is positive,
so that the total change of entropy is positive when the direction of energy flow

is from the system wiih the higher temperature to the system with the lower
temperature,

Example: Entropy increwse on heat flow.  This example piskes use of the reader’s previous
familiarity with heat and specific heat.

{a} Leta 10-g specimen of copper at a temperature of 356K be placed in thermat contact
with an identical specimen at a tempersture of 290 K. Let us find the quantity ol coergy
transferred when the two specimens are placed in contact and come to equitibsium at the
finat temperature T, The speeific heat of metaliic copper over the temperature range t5°C
to 100°C is approximately 0.389 g7 K!, according o a standard handbook.

The energy increase of the sccond specimen is equal 1o the cnergy loss of Lhe first: thus
the cnergy increase of the second specimen is, in joules,

AU = (3B9FK™')WT, — 290K) = (383 K" M{350K — Ty},
where the temperatures are in kelvin. The final temperature after contact is
T, = 3350 + 290)K = 320K.
Thus
AU, = 389K Y—-30K) = —1L.7},
and

AU, = =AU, = 1171,

{b) What is the change of entropy of the two specimens when a transfer of 0.17 has
taken piace, aimast immediately afier initjal epntact? Notice that this transfer is a stall
fraction of the final encrgy transfer as calculuted above. Because the energy transfer con-
sidered is small, we may suppose 1he specimens are approximately at their initial lempera-
tures of 350 and 290 K. The entropy of the first body is decreased by

-0}

= —286 x 074K,

Law of Increase of Entrupy

The entropy of the second body is tncreascd by

A8y = 22 = 345 % 107 3K -1,
The total entropy increases by

AS| + AS; = (286 -+ 345) x 10"*JK ! = .59 x 107F 3K "1,

In fundamental units the incrense of entropy is

_ 059 x 107 059 % p-s 5K

bg = 2202 Y

ky 138 x o myey = 04 < H0P L 5y

where k; is the Boltzmana constant, This result mcaas that the number ol accessible states

of the 1wo systems increases by the factor exp{Ag) = exp{043 x 10%y,

Law of Increase of Entropy

We can show that the total cntropy always increases whe
brought into thermal contact. We hav
If the totat energy U =

N IWo systems are
e just demonstrated this in a special case,

. Uy + U, is constant, the total multiplicity after the
systems are in thermal contact is

glU) = rMm:ﬁc;.Qme - Uy, (33)
t

by (18). This expression cortains the term

wEEEEG before contact and many other terms besides. Here U, is the
initial erergy of system ! and 17 — U,gis the initial energy of system 2. Because
all terms in (33) are positive numbers, the multiplicity is always increased by
establishment of thermal cantact between two systems. This is a proof of the
taw of increase of entropy for a well-defined operation,

The significant effect of contact, the effect that stands out even after taking the
logarithm of the multiplicity, is not just that the number of tesms i the summa-

tion is large, but that the largest single term in the summation may be very, very
much larger than the initial multiplicity. That is,

gi{Uredg2lU — U,,) for the initial

.@._mwvah = QLQLQLQ -0) o 34
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U

P )

Energy
Entropy

Time Timie

Figure 28 A system with two puns, Eand 2, is prepared at zero time
with Uy = Oand U, = U, Exchange of encrgy tikes pluce between two
parts and preszntly the system will be lound in or close to the most
probable configurution, The entropy increases is the system attains
configurations of increasing multiplicity or probability. The entropy
cventuaily reaches the entropy o{U) of the most probable configuration.

may be very, very rauch larger than the injtial term
g:(UodgolU = Uyl {35}

Here 0, denotes the value of U, for which the product g,g, is a maximum.
The essential effect is that the systems after contact evolve from their initial
configurations 1o their final configurations. The fundamental assumption
tmiplics that evolution in this operation will always take place, with all accessible
final states equaily probable.

The statement

Crinat = 108(F182)max 2 Trarane = 108(6102)0 (36}

1s a statement of the law of increase of cotropy: the entropy of u closed system
tends {0 remain constant of Lo increase when a constraint internal to the system
is removed. The operation of establishing thermal contact is equivalent to the
removal of the constraint that Uy, U, cach be constant; afier contact only
U, + U, nced be constant,

The evolution of the combined system towards the final thermal equilibrium
configuration takes a certain time. 1§ we separate the two systems before they

Law of Increase of Entrapy

Ways to increase the entropy

Add partictes

- .
i .NI - I.V\\
e v N

LYchadsy vectany

Add energy

- . .
.ot — lnerease the volmne
.
“ e
o
o b o,
a @ — - e Decompose motecules
G o, 0
S
- —— ~r Let & Hinear polymer curl up

Figure 2.9 Operations that terd to increase the eniropy of a system,

reach this configuration, we wili obtain an intermediate configuration with
intermediate energies and an intermediate entropy. Itis therefore meaningful to
view the entropy as a function of the time that has elapsed since removal of the
constraint, called the time of evolution in Figure 2.8,

Processes that tend to increase the entrepy of a system are shown in Fizure
2.9; the arguments in support of each process will be developed in the chaplers
that follow.

17
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For a large system® (in thermal contaet with another targe system) there witl
never occut spontanecusty significant differences belween the actual valus of the
entropy and the value of the eniropy of 1he most probable configuration of the
system. We showed this for the mode] spinsystem in the argument following (17):
we used “never” in the sense of not once in the entire age of the universe, 10'% 5.
We can only find a significam difference between the actua) entropy and the
entropy of the most probable configuration of the MACIGSCOPIC syslem very
shottly afier we have changed the noture of the contact between wo systems,
which implies that we had prepared the sysiem initially in some special way.
Special preparation could consist of kining up all the spins in one system paralict
1o one another or collecting all the molecules in the air of the room into the
system formed by 2 small volume in one corner of the room. Such extreme
situations never arise naturally in systems left undisturbed, but arise from
artificial operutions performed on the system.

Consider the gas in a room: the gas in one half of the room might be prepared
initially with 2 low value of the average energy per molecule, while the gas in the
other hzlf of the raom might be prepared initially with a higher value of the
average encrgy per molecule. If the gas in the two halves is now allowed 10
interact by removal of a partition, the gas molecules will come very guickly?!
to a most probable configuration in which the molecules in both halves of the
room have the same average energy. Nothing else will ever be observed to
happen. We will never observe the sysiem to leave the most probable configura-
tionand reappear later in the initial specially prepared configuration. This is true

even though the equations of motion of physics are reversible in time and do not
distinguish past and future.

LAWS OF THERMODYNAMICS

When thermodynamics is studied as a nonstatistical subject, four postulates
are introduced. These postulates are called the laws of thermodynamics. In
essence, these laws are contained within eur statistical formulation of thermal
physics, but it is useful to exhibit them as separale statements.

Zeroth law.  I7 two systems are in thermal equilibrivm with 2 third system,
they must be in thermal equilibrium with each other. This law is 2 consequence

* A large ot macroscopic system may be taken 1o be one with more than 107% or 10'? atoms.
! The caleutation of the vime required for the process is largely a problem in hydrodynamics.

Laws of Theemodynamics

1 (20b) lor equilibrivm in thermal contact:

30 : ’ : = -
Uy J, Uy s, Uy Jy, Uy

clogg, cloggyy flogg, clogg,

AR
In other words, 1, = 1, and T =T1yimply ry = 1,

First faw, Heatis a farm of energy. This faw is no moze than a stalement of
the principle of conservation ofenergy. Chapter 8 discusses what form of eneroy
heat is.

Second law,  There are many equivalent statements of the second law, We
shall use the statistical statement, which we have called the law of increase of
entropy, applicable when a coustraint internnt 1o a closed systers is removed. The

commonly vsed statement of the law ol incrense ofentropy is: “1fa closed system
i in a configuration that is not the ec

ibrium configuration, the moest probubie
conscquence will be that the entrepy of the sysiein will increase monolonicatly
in successive instants of time.™ This is u looser stitenent than (the one we gave
with Eq. (36) above.

The traditiona! thermodynamic statement is the Kefvin-Planck formulation
of second law of thermodynamics: “H is impossible for any cyclic process to
occur whose sole effect is the extraction of heat from a reservoir and the per-
formance of an equivalent amount of work.” An engine that violates the secand
taw by extracting the energy of onc heat reservoir is said to be performing
perpetual motion of the second kind. We will see in Chapter 8 that the Kelvin-
Planck formulation is a consequence of the statistical statement,

Third law. The entropy of a system approaches a constant valuc as the
temiperature approaches zero. The earliest statement of this law, due to Nernst, is
that at the absolute zero the entropy difference disappears between all those
configurations of a sysiem which aze in internal termal equilibrium, The third
law follows fom the statistical definition of the entropy, provided that the
ground state of the system has a well-defined multiplicity. If the ground state
nultiplicity is g(0), the corresponding entropy is 6{0) = logg(0) as T — Q.
From a quantum point of view, the law does not appear to say much that is
not implicit in the definition of entrapy, provided, however, that the system is
in its lowest set of quantum states at absolute zero. Except for glasses, there
would not be any objection to affirming that §(0) is 2 smalt number and a{0)
is essentially zero. Glasses have a frozen-in disorder, and for them &{0) can be
substantial, of the order of the number of atoms N. What the third law tells us
in real life is that curves of many reasonable physical quantities plotted against
musi come in flat as r approaches 0.

4
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Entrogy as a Eogarithm

Several useful propesties [ollow from the defin

ition of the eniropy as 1he loga-
rithm aof the number of ageessible states, inste

ad of as the number of nccessible
states itself. First, the entropy of two independent systems is the sum of the
separate entropies,

Sceond, the entrapy mm.n:m:u_w. insensitive—Tfor all practical PULPOSLs—10
the precision 88 with which the encrgy of a closed system is defined. We have
never meant to imply that the system energy is known exactly, a circumstance
that for a diserete specirum of cnergy eigenvalues would make the number of
accessible states depend erraticaily on the energy. We have simply not paid
much attention ta the precision, whether it be determined by the uncertaingy
principle U 8{time) ~ &, or determined otherwise. Define ©{U) as (ke number
of accessible states per unit encrgy range; D(U) ean be a suitable smoothed

average centered at U, Then g{li} = DIUISU is the number of accessible
states in the range SU at U, The entropy is

a(U) = log BIL)IU = log D(U) + logsU. (37)

Typically, as for the system of N spins, the tolal i::wﬂ of states wil! bie of the
order of 2% If the total encray is of the order of N times SOME uverage one-
particle energy A, then DLU) ~ 2%/NA. Thus

- o(U) = Niog2 ~"log NA + logdU. (38)
Let N = 102 A = 1071 erg:and U = 107! erg.
alll) = 069 x 107° — 1382 — 213, (39)

We see from this example that the value of the entropy is dominated overwhelm-
ingly by the value of N; the precision &/ is without perceptible efiect on 1he
result. Inthe problem of N free particlesina box, the number of states is propor-
tional to something like U¥5U, whenee o ~ Nlog ¥ + logdlJ. Again the
term in N is dominant, a conclusion independent of even the system of units
used for the energy,

bl b el e

Example: Perpetucl motion of the second hind. Eurly in our stedy of physics we came 1o
uiderstand the passibifity of u perpeiual motion machine, a machine that will give forth
nore cnergy than it absorbs. .

Summary

Equally impossible is a perpetual motion maching of the second kind, as it is called, i
E?..nw heut is extracied from pact of the enviroament and delivered to another part of the
n:n._wonsgr the difference in lemperatuee thus established being used to power a heut
engine that delivers mechanical work available for any purpose ut no cost Lo us. Inbrief, we

fer of energy from the low lemperature ocean to a
would decrease the togyl entrapy of the combined
iolation of the faw of increase of entropy.

higher temperature boiler on the ship
systems and would thus be i v

SUMMARY

1. w;a fundamenial assumplion is that a closed system is equally likely to be
wnany of the quantum siates accessible to it

2. T P(s)is the probability that a s
quantity X is

yslem is in the state s, the average value of a

(XY = §X(5)P().

3. Anensemble of systems is composed of very many systems, ali constructed

alike.
4. The number of accessible states of the combined systems 1 and 2 is ,G/M .
S
908) = Y.g1651)gx(5 — 5) N
3 > (gAY
RO
where s  5; = g, <

5. The entropy o(N.U) = logg(N,U). The relation § =

kpr connecis the
conventional entropy § with the fund

ametal entropy a.
6. The fundamental temperature 1 is defined by

17 = (0,eU)y

The relation 1 = &, T connects the fundame

ntal temperature and the con-
ventional temperature.

7. The law of increase of entro
tends 1o remain constant or
System s removed,

Py states that the entropy of a clased system
to increase when a constraint mternal to the

it
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8. The thermal equilibsrium vatues of the plysical properties of 2 system are
defined as averages over all states accessible when the system 13 in contact
with a large system or reservoir, H the first system also is large, the thermal
equilibrium propertics are given accurately by consideration of the states in
the most probable configuration alone. :

PROBLEMS

1. Entropy and temperature.  Suppose gil) = CU where € s 1 constant
and N is the nember of particles. {s} Show that U = Nt (b} Show thut
(etafolty is segative. This form of gt aclually appliies W an ideal gas,

2. Paramagnetism. Vind the equilibrium value ot emperature 1 of the frie
tenal magnetizution

M Nm o= 2(sH/N

of the system of N spins each of magnetic moment i in a magnetic ficld B, The

spin excess is 2s. Take the entropy as the logarthithm of the multiplicity g{N s)
as given i (1.35):

6is) = logg(NQ) —~ BN, {40)

for [s| « N. Hine: Show that in this approximation
alU) =65 — U320 BN | 41)

with o4 = log g{N.0). Further, show that i/t = — U/m* BN, where U denotes
{U3, the thermal average energy.

3. Quantum harmonic oscillator.  {a) Find the entropy of a set of N oscillators
of frequency w as a [unction of the total quantum number n. Use the multiplicity
function (1.55) and make the Stirting approximation log N! = NlogN — N,
Replace N — 1 by N. (b} Let U denote the total energy nhiw of the osciliators.
Express the entropy as o{U,N). Show that the total energy at temperature « is

3
N rm_wif} @)

U= explhayty = 1

This is the Planck result; it is derived again in Ow.n:umﬁ 4 by a powerful method
that does not require us to find the multiplicity function.

Problems

4. The meaning of “never” 1t has been said® that “six mankeys, sel 1o simm
unintefligently on typewriters for milions of years, would be bound in time
to write all the books in the British Museum.™ This statement is nonsense, for
it gives a misleading conclusion about very, very large numbers. Could all the
monkeys in the world have typed out a single specified book in the age of the
universe?’

Suppose that 10'® monkeys have been seated at typewriters throughout the
age of the universe, 10'® 5. This number ol monkeys is abaut three times greater
than the present human population® of the sarth. We suppose that a monkey
can hit 10 typewriter keys per sccond. A typewriter may have 44 keys; we
aecept lowercase letlers in place of capilal letters. Assuming 1hat Stukespeare’s
Humiet has 16° characters, will the monkeys hit upon Hamfet?

{s} Show that the probability that any given scquence of [0° characters

typed st random will come ot in the correct seuence {the sequence of Heander)
5 ol the vrder of

Ly100 0o _ “ 163 335
a8} = 10

»

where we have used log,, 44 =~ 1.64345,

{b) Show that the probability that a monkey-Hamlet witl be typed in the age
of the universe is approximately 10~ '35, The probability of Hawder is
therefore zero in any operational sense ofan event, so that the original statement
at the beginning of this problem is nonsense: one book, much less a library,
will rever oceur in the total literary production of the monkeys.

5. Additivity of ertropy for two spin systems.  Given two systems of Ny =
Ny = 10 spins with multiplicity functions g,(N,,s,) and g5(N,,s ~ 5,) the
product g,g, as a function of s, is relutively sharply peaked at s, = 3,. For §; =
§, + 10'%, the product g,g, is reduced by 10717 from its peak value. Use the
Gaussian approximation to the multiplicity function; the form {17) may be
useful,

(2) Compute g,9:/(¢19)nax for 5, = 5, + 10" and 5 = 0.

{b) For s = 10°°, by what factor must you multiply (¢,g;)u.. 10 make it

equal to 3%, gi{N,,5,19:(N2.s ~ 5} give the factor to the nearest order of
magnitude.

.m.wnuzu.y:,hnlﬁa:::.nam. D.,.Hvanmnc:?oﬁf32“.Guo.v..u..;nﬂﬂnan.:..:::.Uc_ns
to Huxley. :

' Fot a related mathematico-fitcrary study, see “The Libaty of Babel,™ by the fascinating Argentine
wriler Jorge Luis Borges, in Ficciones, Grave Press, Evergreen pagerback, 1962, pp. 79-88.

¥ For every person now alive, some thirly persons have ence fived. This figere is quoted by A. C.
Clarke in 2064, We are grateful 1o the Population Reference Burcau and to Dr. Roger Revele for
explanations of the evidence. The cumulative number of man-seconds is 2 x 1029, if we take the
average lfifetime a5 2 x 10° 5 and the number of fives as 1 x 16'Y, The cumuolative number of
man-seconds is much less than the number of monkey-seconds (£0%%) taken in the problesm,
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(¢} How large is the [ractio

ral error in the entropy when you ignore this
factor?

6. Iategrated deviation. For the exa

approximately the probability that the fractional deviation frem equilibrium
8N 1s 107 or larger. Take Ny = Ny = 10*% You will find it convenient to

use an asymptotic expansion for the complementary error function. When
x» |,

2x exp(x?) .ﬁsQEiNKN % I + small terms.

mple that gave the result {(17), calculate
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9. Pantition Fuaction for Two Systems
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Units: Thermodynamic results can eas
units. The only quantity that wil] cause difficulty is the heat capacit
Clfund} = o’ in fundammentat units and as Clcony).
U0 Quaniities sre not equal, for Cleonv) = kyCiund.).

ily be transtated from fundamental

15 10 ¢onventional
deficed below in (17a) a5
= T(§ {T)in corventional units. These

Chapter 3: Boltumann Distribution and Helmholtz Free Energy 57

The faws of thenmodynamics may easily be obiained fron the principles of
Statistical mechanics, of which they are the incomplete expression,

Gibbs

We are able 1o distinguish in mechanical terms the thermal action of one system
ot another from that which we call mechanical in the narrower sense . . . 50 as
to specify cases of thermal action and cases of mechanical aciion.

Gibbs



In this chapter we develo
of the physical propertie
assume that the system §
large system @, called th
common temperature ¢ b
The total system @t
influences, as in F
particular, if 1}
the rescrvoir.

p the principles that permit us to calculate the values
s of a system as a function of the temperature. We
of interest (o us is in thermal equilibrium with a very
& reservoir. The system and the reservoir will ha
ecause they are in thermal contact.

+ 4 is a closed systemy, insulated from
igure LI, The total energy Uy = Uy + Uy is
e system is in a state of energy &, then {J,

Yo a

all external
constant. In
— r, is the energy of

[T —
Total system

Reservois

@
" Constanmt energy U, ’ Uy -

System

Figure 3.1 Representation of a closed total system decomposed into a

reservoir U in thermal contact with a systesn &,

BOLTZMANN FACTOR

A central problem of thermal physics is to find the probability that the system
3 will be in a specific quaitum state s of energy ¢,. This probability is propar-
tional to the Boltzmann factar,

When we specify that 8 should be in the state 5, the number of accessible
states of the total system is reduced to the number of aceessible states of the
reseevoir @, at the appropriate encrgy. That is, the number Fa+y Of states

58

Boltzmana Factor 59

(1 Q2 S S ——- ——

Figure 3.2 The change of entropy when the
o(Uy — g}

reservoir transfers energy € Lo the system, The
fractional effect of 1he teansfer on the reservoir
is small when the reservoir is large, becuuse a

targe reservoir will hatve a high entropy,

Entropy of the reservoir

[t o e s e
g

Uy s [}

Energy of the reservoir ———

accessibleto® + & is

wﬁxmﬁcﬁ. ) :v

because for our present purposes we have specified the state of 8

If the system energy is ¢,, the reservoir encegy 1s Uy — £,. The number of
states accessible to the reservoir i this condition isge{/, — g),asinFigure 3.2,
The ratio of the probability that the system is in guantum state 1 at nwnqmw
£y to the probability that the system is in quantum state 2 at energy £, is the
ratio of the two multiplicitics:

Ple,)  Multiplicily of ] at energy U, — & galUp — &)

Ple) Multiplicity of 6t at energy Uy ~ &, galUy — &5

This result is a direct consequence of what we huve cailed the _IE.Eu:?..Em_
assumption. The two situations are shown in Figure 3.3. Although questions
about the systern depend on the constitution of the reservoir, we shall see that
the dependence is only on the temperature of the reservoir.

Hthe reserveirs are very large, the multiplicities are very, very large numbers,
We write {2) in terms of the entropy of the resarvoir:

Pie)) _ explaglls - e)] Uy — £ = oallUp — e3]. )
Ple;)  explog(Uo — &)~ explaafls — ¢ o — £
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Bt o
Energy Uy, - £ Energy Uy —

gallly ~&,) states ga(Uy — &) states

3 . 3
State | State 2
Energy ¢, Energy «,
{a} (b

Figure 3.3 The system in {a), AE is in quantum state §, 2, The reservoir
has gx{Us — £} gadUg — £3) accessible quantum states, in (1) and {b)

respectively,
With

Aoy = og(Uo — ) — ogllUy — &3}, (4

the probability ratio for the two states 1, 2 of the system is simply

= exp(Aog) 5

Let us expand the entropies in (4) in a Taylor series expansion about o{U)
The Taylor series expansion of f(x} about f(xg)is

d 1 (3
Q\A.KO N Du ‘\.mvr.ou T &l.m =Xy lT ;Mlma MW.M iTmxg B ﬁ&w
Thus
¢ (Us — 8) = a4(Us) — £l@55/8U) 5 + -

ogflUs) — gft -+, 0]

where 1/7 = (Jog/2U ) x gives the temperature. The partial derivative is taken

Pariivion Fuaction

at energy Uy, The higher order terms in the expansion
an infinttely large rescrvoir®

Therefore Ao, defined by (4) becomes

vanish in the limit of

bog = ~(g — g))fr. (8)

The finai result of (5} and {3} is

Ple) _ expl—e/1)

Pies) T expl=eaft)’ )

A term of the form exp{—&/t) is known as a Boltzmann factor. This result is
of vast wility. H gives 1he ratio of the 30?5.:2 of finding the system in a

single quantum state 1 to the probubility of finding the system in a sinple
gquantum state 2,

Partitions Function

1t is helpful 10 consider the function
Z(Y) = ¥ exp{~=g /1) , (1m

called the pactition function. The summation' is over the Boltzmann factor
exp(—e,/1) for all states s of the system. The partition function is the pro-

portionality factor between the probabifity P(e)) and the Boltzmann factor
exp{—e

Ple) = nx.m,ﬁwam /9, (tn

We see that } Ple,)) = Z/Z = 1: the sum of all probabilities is unity.
The resuft (11} is one of the most useful resuits of statistical physics. The
average energy of the system is U = (&) = ¥ g, Plg,), ot

M“m nyilm \a

2 log Z/20). : {12)

* Weexpand o{Ug ~ gandnot g(U/, ~ ¢) because the expansion of the [atter quantily immediately
gives convergence difficullies.
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0.5
0.4 — —
U \\l\il.l
0.3 T—
Figure 3.4 Energy and heat capacity of a
two state system as functions of the wmperalure 2
v. The energy is plotted in units of & ’ ¢y
0.1 ~
.
L
G | 2
78 -

" Example: Energy and heat cupacity

The average energy refers to those states of a sy
with a reservoir, The notation { --» denotes such an average value and is
called the thermai average or ensemble average. In (12) the symbol U is used

for {&5 in conformity with common practice; U will now refer to the system
and not, as cariier, to the system + reservoir,

stemn that can exchange energy

li..l(}u..i..l.,?.r.iﬁuiliilrrﬁ.é'r.Tn.i;L..l e i R, 2 .r....lw.l:LL...r,....t......

c\.n?,a:&naﬂ?z..ﬁ..n:numu system of one pueti-
cle with 1wo stutes, ong of erergy 0 and one of energy ¢, 1he pacticie is in thermal contaet
with a reservoir at temperature v. We want to find the energy and the heat cupacity of the

SYSICR a5 2 function of the temperature 7. The parlition function for e iwo states of
U le is

Z = exp{=0f1) + exp(~¢/) = | 4 expl—gf7). {13)

The average energy is

. _ eesp(—e} exp(—t/7}
U= Amv = Q[JMI;F:. = mﬁzﬁmJﬁ. :Av

This lunction is plotted in Figure 314,

I we shift the zero of energy and take the energies of the Two states ag —%e and + s,
instead of as 0 and e, the resulls appear diffzrently, We have

Z = exple/2t) + exp(—g/21) = 2 cosh{e/27) | {15)

Fariiticn Function
and

. Al.wunx_u.?b& +mﬁnxﬂ!m\m3 l lm. mEEQN&
ey = Z T 2coshief24)

~ s tank(g/2z). {16}

H

The heat capacity Oy of a system at constant volume is defined as
Cy = 1(fofi), , {17a)

which by the thermodynamic identity {34a) derived below is equivalent to the alternate
definition

Cy = (0U[d1),. {170}

Wehold ¥ constant because the values of the energy are calculated lor a systemata specified
volume, From (14) and (175},

2 xpleft
el L [¢ explefs) (182)
érexple/) + 1 tf [exple/ny + 1]
The same tesult follows from (16).
{n conventional units Cy. is defined as T{FS/2T), or {¢U/2TY,, whenee
e \? exple/kpT)
{conveniional) Cp =1k PR (18h)

kT Texplefiny + 175

In fundamental units the heat capacity is dimensionless; in conventional c:f it has ;_.n
dimensions ol encrpy per kelvin. The specific heat is defined as the heat CapACity por unit
IS8, )

The iump o the plot of heat eapacity versus temperature in Figure 34 is called a Schouly
anomaly. For t » & the heat capacity (18a) becames

Cp = (g20% (19

Notice that €y o 7% g this high temperature fimit. In the low femperature bimit the
temperalure is small in comparison with the energy level spacing e For 1 « 2 we have

Cy = (gft) exp{—e/1). (20)

The exponential factor exp{—£/1) reduces Cy rapidly as t decreases, because exp(— §/x} — 0
as x — 0.
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A process is reversible if carried out in such a
way that the system is always infinitesimalty close to the equilibrium condition.
For example, if the enitropy is & function of the volume, any change of volume
must be carried oul so slowly that the entropy at any volume ¥ is closely equal
to the equilibrium entropy a{¥). Thus, the entropy is well defined at every
stage of & reversible process, and by reversing the direciion of the change she
system will be returned to its initial condition. In reversible processes, the
condition of the system is well defined at all times, in contrast to irreversibic
processes, where usually we will not know what is going on during the process,
We cannot apply the mathematical methods of thermal physics to systems
whose condition is undefined.

A volumce change that leaves the system in the same quantum state is an
example of an isentropic reversibic process. I the system always remains in the
same state the entropy chanpe will be zero between any two stages of the pro-
cess, because the number of states in an ensemble {p. 31} of similar systems does
not change. Any process in which the entropy change vanishes is an isentropic
reversible process. But reversible processes are not limited to isentropic pro-
cesses, and we shall have a special interest atso in jsothermal reversible processes.

Definition: Reversible process,

Tt T

PRESSURE : Nmbﬁ

Consider a system in the quantum state s of energy g, We assume g, (0 be a
fuiction of the v

alume of the system. The volume is decreased slowly from ¥

to V' — AV by application of an external force. Lot the volume change take

place sufficiently slowly that the system remains in the same quantum state s

throughout the compression. The “same” state may be characterized by its

quantum aumbess (Figure 3.5) or by the numbar of zeros in the w
The encrgy of the state 5 alter the reversible volume change is

avefunction.

&V — AV) = (V) — [de fdVIAV 4 ---. 21)

Consider a pressure p, applied normal to all faces of a cube. The mechanical
work done on the system by the Pressure in a contraction (Figure 3.6) of the
cube volume from V1o ¥ — AV appears as the change of energy of the system:

UV — AV) — EE =AU = —{de, [dVIAV. . {22y

[RTTPpeSS

Pressure 65

15 X / /A / oo
/ 21 6
19 3
N\ "
2 ™
=10
.m / ,A1,// 4 &
kS / z_ W
3] 1
& / 9 3
m . /..I::Illl....f. o
./,,Jr.ilf! 31
oo 0.5 0 15 2.0

Volume, relative scale

Figure 35 Dependence of enerpy on volume, for the encrgy tevels of a free
particle confined 1o a cube. The curves are labeled by n? = 1,2 + #,% + a2,
as in Figure £.2. The mubtpticities 4 are also given. The volume change here
is isotrepic: a cube remains a cube. The energy range dc of the stales
represented in an ensemble of systems will increasz in a reversible .
compression, but we know from the discussion in Chapter 2 that the width

of the energy range itseif is of no practical importance. [t is the change in

the average encrgy Lhat is important.

Figure 3.6  Volume change — AV io uniform
compression of a cube.
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Here U7 denotes the energy of the s

ystem, Let A be the area of one face of the
cube; then

AlBX + by + A = AV, 23

iFall increments AV and Ax = Ay = Az are taken as positive in the compres-
sion. The work done in the compression is

AU = pA(Ax + Ay + A7) = LAY, (29

50 that, on comparison with 22,

Ps = T_Lmu_::\ . (25)

is the pressure on a system in the state s,

We average (25) over ali states of the ensemble 1o obtain the average pressure
<Py, usually written as p:

p= ), (26)

L B

where U = (). The eatropy a s held constant in the derivative beeause the
number of states in the ensemble is unchanged in the reversible compression
we have described. \We have g collection of systems, cach in some state, and
cuch remains in this stite in the compression,

The result (26) corresponds to our mechanical picture of the pressure on a
systems that is maintained in some specific state. Appendix D discusses the
result more deeply. For applications we shall need also the later resudt (30) for
{the pressure on a system maintained at constant lemperature,

We ook for other ex pressions for the pressure. The number of states and thus
the entropy depend only on U and on V, for a fixed number of particles, so

that only the two variables U and ¥ describe the system. The differential of
the entropy is

da(UVy = {22 a4 [£°

9N v 27
e/, vy 27

This gives the differential change of the entropy for arbitrary independent
differential chu

2ol and dV, Assume now that we select dU and 4V inter-
dependently, in such a way that the two terms on the right-hand side of (27)

i

Thertnodynamie Identity

cancel. The overall entropy change do will be zero. If we denote these inter

anva:anm:,mwwnmonma mua.mtvwasnm:&@f&%m n::ovwnrmmmnsw_
be zero: :

co &g
- —— il 3
0 50 mucr + {5 caS.. {18)

Alfter division by (51),,

o\ (8L, o
G = el S gy
Vi,

0}, Gn), (29)

But the ratio (SU), A8V}, is the partia derivative of U with respect 1o 7 at
constant a:

BULIY), = @Usev),. 39

With this and the definition /7 = {fo/dU),., Eq. (29) becomas

31)

p=a<l). (12)

Thermodynamic [dentity

Consider again the dillerential (27) of the entropy; substitute the new result for
the pressure and the definition of 7 {6 obtain

do = tou + Pav {33
T T

or

e = AU + pdV. {34a)

67
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This useful relation will be called the thermodynamic idestity. The form with N
variable will appear in {538). A simple transposition gives .

AU = tds — pdV, or  dU = TdS — paV. (34b)

If the actual process of change of state of the system is reversible, we can
identify tdo as the heat added to the system and ~pd¥ as the work done on
the system. The increase of energy is caused in part by mechanical work and
in part by the transfer of heat. Heat is defined as the transfer of energy belween
two systems brought into thermal contact {Chapter 8).

HELMHOLTZ FREE ENERGY

The lunction

FsU- 10 _ (35)

is called the Helmholtz free cnergy. This function plays the part in thermal
physics at consiant temperatere that the energy U plays in ordinary mechanical
processes, which are always understood to be at constant entropy, because no
internal changes of state are allowed. The frec energy tells us how to badunce
the conflicting demands of a system for minimum cnergy and maximum en-
iropy. The Helinkoliz free enerpy will be & minimum for a system & in thermal
contact with a reservoir &, if the volume of the system is conslant,

We first show that F is an extremum in cquilibrium at constant 1 and ¥,
By definition, for infinitesimal reversible transfer from &t to 3,

dFy = dU, — tdo, (36)

at constani temperature. But §/1 = {20y /Us Yy, so that dU; = 1ds al con-
stant volume. Therefore (36) becomes

dFy =0, 37

which is the condition for F to be an extremurm with respect to all variations
at constanl volume and temperature. We like F because we can calculate it from
the energy eigenvalues g, of the system {see p. 72).

Helwmholiz Free Energy

Comment, We can show that the extremum is 2 minimum, The total energy is 4 =
Ug + U, . Then the totat entropy is

0= 0y + 6y = al{U — U+ ay(Uy)

g

ol U) — Uglfow/C Uy v + o4l Ugh (38)
We know that

(Con/cUaly = 1/7, (39)
50 that {38} becornes

g =g, i) - F v, (40}
where Fg = Uy — 1oy is the froe energy of the sysiem.. Now o,{L1} is constant: and we
recall that @ = o5 + g, in equilibrivm is 2 maximum with respect ta Uy 1 follows from

{40) that F; must be a minimum with respect 1o Uy when the systems is in the most probabie

coafiguration. The {ree energy of the system at constant 7, ¥ witl incegase for any departuse
from the equilibrium configuration.

S FALE il Baemmpas a L ade e o

Exemple: Minimum propeety of the frec encrpy of a peramagnciic spseenn, Consider the
madd! system of Chapter |, with Ny sping vp and Ny spins down. Let N = N, + N
the spin excess is 25 = Ny — N,. The entropy i the Stirfing approximation is fousd
with the help of an approximate form of (131}

1 1 H 1 t 5
q?wurmz+.,.momm+.%ﬂlmz.'m#omms_d. 40

The energy in a magnetic field B is — 2unefi, where m is 1he mngaetic moment ofan clemen-
tary magnet. The feee encryy function (1o be cailed the Landau function in Chapier 10) s
Filrs,BY = Uls,B} ~ 1a(s), or

I i 5 1 i s
Fi{rs,B) = ~2smB + mz + sjrlog 3+ N + MZ — s yrlog 3TN
(42)

At the minimum of F,(r,5,B) with respect to 5, this function becomes equal to the equilibrium
free energy F(r,B). That is, Fi{1,(s).B) = F{1.B), because {5 is a function of r and B, The
minimum of F; with respect to the spin excess occurs when

N+ 2s
— 25

(CF jis) s = 0 = —2mB + tlog ———mn {43)
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Thus in the magnetic field B the thermal equilibriam vatue of the spin excess 2s is given by

N + (25> exp(2mBf) — 1
Lo : = Nj L2 44; -
N - {25 exp(2uB); <25 2 exp(ZmB/t) + 1) ° 44)
or, on dividing numerator and denominator by exp{mB/r),
; {25y = Ntanh(ng/r). {43)

The magnetization M is the magnetic moment per unit volume. If n is the number of spins

per unit volume, the magnetization in thermal equilibrium in the magnetic field is

M o= 280V = nattanh{mB/z): {46}

The fres energy of the s

ystem in cquilibrium can be obtained by substituting (45) in {42).
It is casier, however,

lo-obtain F dircctly from the partition functicn for one magnet;
Z = exp{mBfr) + exp(~mB[t) = Lcosh(mB/). 47

Now use the relation F = —tiog Z as derived below, Multiply by N 1o obtain the result
for N magnets. (The magnetization is derived more simply by the method of Probtem 2)

, B o Eo M - 7 Ot VLIPS e e ot ]
Differential Relations
The differential of Fis
m_.n.ﬁacf.gmlqmn.
or, with use of the thermodynamic identity (34a),
dF = —gdc — pdV , {48}
for which
“ &F aF -
= , = -g, m|w.<. = —p (49)

These relations are widcly used. .
The free eacrgy Fin the resalt P = —{FFEV), acts as the elfective cnergy
lor an fsethermul change of volume; contrast this result with (26}, The result

i
i
i

" Maxwell relution,  We can now der

Culealution of F from 2
may be written ag

clf o

p= () +ils) (50)
byuseof F = U/ —~ 1o, The lwo terms on the right-hand side of (50) represent
what we may calf the encrgy pressure and the entropy pressure. The cnergy
pressure —(2U/8¥), is dominant in most soljds and the entropy pressurs
to{la/eV), is dominant in gases and in elastic palymers such as rubber {Problem
10). The entropy contribution is testimony of the importasnce of the entropy:
the naive feeling from simple mechanics that —dUY must tell everything
about the pressure is seriously incomplete for a process at constant temperature,
because the €iropy can change in response to the volume change even if the
energy is independent of volume, as for an ideul Bas at constant temperature,

T T e Ty -1

ive one of a group of useful ihermodynamic relations
catied Maxwell relations. Form the cross-derivatives GUFIEV dtand 62Fjécf ¥, which must
be equal to each other. 11 follows from (49) that

{fafeV), = (@p/en), , (58

a relation that is rot at all obvious, Other Maxwell relztions will be derived later at
appropriate points, by similar arguments. The methodology of abtaining thermody-
namic relations is discussed by R. Gilmore, J, Chem. Phys. 75, 5964 {1981).

e o T et Ay gy 3

: I ATk 8 GBI
Calculation of F from Z
Because F= U ~ rgand g = —{CF/d1),, we have the differential equation
Fo= U + 2Fén),, or ~ 23 (Ff)fer = U, {52
We show thut this cquation is satisfied by
Fie = —logz | (33

where Z is the partition function. On substitution,

if
]

S {Ffyioe Clog 7, 0t o= — Uyt {54

7!
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by £12). This proves that

F=—1tlogZ {55)

satisfies the required differential equation (52},
Tt would appear possible for F/t to contain an additive constant such that

F= ~tlogZ + «r. However, the entropy must reduce to fog g when the
temperature is so low that only the g, coincident states at the lowest cnergy &,

are occupied. In that limis _o:N log gy — £5/1, so that ¢ = —cFjér —
&(zlog Z)/dx = logg, only if % =
We may write the result as
Z = exp{— Fft}; (56)

and the Boltzmann factor (11) for the occupancy probability of & quantum
state s becomes

Emb.ﬁ ﬁwmb = expl(F - g)r]. {57

IDEAL GAS: A FIRST LOOK

One atom ina box. We calculate The partition funciion Z, of one atom of
mass M free to move in a cubical box oa volume ¥ = L3 The orbitals of the
free particie wave equation —(h?/2M)V*y = g are

¥(x ) = Asin{nax L)singnmy/L)sin(nmz/L) | {38}

where n,, n,, 1, ace any positive integers, as in Chapter 1. Negative integers do

act give independent orbitals, and a zero does not give a solution. The energy
values are

2 2
E, .= .N.»Wm M n + 2+ . . (59

We neglect the spin m.:@ all other structure of the atom, so that a state of the
system is entirely specified by the valuas of n,,, EE

Meal Gus: A First Look

The pactition function is the sum over the states (39);

3. ¥ exp[ b

Fx Ry 5y

o+ om? o A2ML (60)

Provided the spacing of adjacent energy values is siall in comparison with 1,

we may replace the sumnmations by integrations:

= .Fa dn, .*.os dn, .h‘cs dnexpl —ao’(n? + 02 + n %l {61y

The notation o = W*n%/2M L* is introduced for cenvenience, The exponential
may be wrilten as the product of three factors

expl--aln,exp(— n::&.ﬁﬁm -z,

so that
o : 3 o 3 .
._.D dn expl(~a*n,?y ) = {1/ ,‘,a deexp(—x*)} = a¥480° |
whence
zZ v ngV = n,/n {62)
y T = n == » 4
(uhi/M)t e ¢
in terms of the concentration n = 1/V.
Here
!
ng = (Mrj2mh?)? m , {63)
i

is called the quantum concentration. It is the concentration associated with one
atom in a cube of side equal to the thermal avesage de Broglhic wavelength,
which is a length roughly equal to A/M {0y ~ BAM Y. Here <& is a thesmal
average velocity. This concentration will keep turning up in the thermat physics
of gases, in semiconductor theory, and in the theory of chemical reactions.
For heliem &t atmospheric pressure at room temperature, n = 15 x
16" em™ and g = 08 x _oEanu Thus, :?m 3 x 1078, which is very
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small compared 10 unity, so that helium is very dilute under normal conditions,
Whenever ifng <« 1 we say that 1he 825 1 in the classical regime. An ideal gas
is defined as a gas of noninteracting atoms in the classical regime. ‘ ’

The thermal averags energy of the atom in the box Is,zsin {12y,

M £, exXp{-g,/7}

U B = i log Z,/07) (64)
Z

because Z, "' exp(— £t} isthe probability the system is in the state . From (62),
log Z, = —$log(l/7) + terms independent of ¢ ,

50 that for an ideai gas of one ajom

-

. (65}

-

If 7 = kyT, where ky is the Boltzmaan constant, then U = 3k, T, the well-
known resuit for ihe.energy per atom of an ideal gas.

The thermal average occupancy of @ free particle orbitat satisfics the in-
cyualily

27 exp(-egt) < 2,78 = g

which sels an upper limit of 4 x 1070 for the occupancy of an orbital by a
helium atom at standard eoncentration and temperature. For the classical
tegime to apply, this oecupancy must be « 1. We note that £, as defined by (539)
is always positive for a free atom.

N D N T e PO M e s IR T AT R T

BT

Examply: N atoms in a box.  There follows now a tricky argument that we will use
temporarily antil ac develop in Chapter 6 a powerful method to deal with the preblem of
many neminleracting identical atoms in a box, We first Lreat an ideal gus of ¥V atoms in a
pox, all atems of different species or different isotopes. This is a simple extension of the
ene atom result. We then discuss the major correction factor that arises when all aloms are
identical, of the same isotope of the sume SPECICS.

11
i
]

fdeal Gas: A First Look

B S

Figure37 An v particle system of free particles w

ith one particle in each
of N bores. The ¢

neegy is N limes that for one particle in one box,

op . .
+Do Snﬁnu.mfcamo..aﬁﬁqa xxnmnm_.wu
v ” single box,

If we have dne atom in each of

N distinet boxes (Figure 3.7), the partition function is the
product of the separate one atom

partition functions:

Lsvmer= Z(NZ,2)-+ Z,(N) (66)

because the product on the tight-hand side

includes every independent state of the N
boxes, such as the state of cnergy

BOY 4 r2) 4y (67)

where = 8., .. denote the arbitul indices of
wlso gives the partition function of
single box (Figure 3.8):

woms in she successive boxes. The result {66)
N noninterncting aloms all of different species in g

Z48) 2,0 AL EVAV.N
this being the same problem because the energy cigenvalues are the sume ag for (67} 11 the
masses of all these different aloms happened to be the same, the 1o1a] parlition functian
would be Z,%, where Z, is given by (621.

Whea we consider the mare common problem of N ide
have to correct Z," beeause it overcounts the distinet states of the N identical pactice
system. Partieles of a single spevies are not distinguishable: electrons do not CEry fegstyan
tior numbers. Far twa labeled particles ® und » in g single box, the siate g00) + e
drud the stute (o) + £0@ ) are distinet states, and both combinations must be counted in
e pastivion function. Byl fa bwa identical particles the state of ENerRy £, + gy o oinc

identical state as f2 T & and only one entry is 1o be made iy the state sum in the partition
function,

ntical particles in one box, we

e
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If the orbital indices are all different, cach entry will occur N times in Z,*, whereas the
entry should occur only ance if the particies arc identical, TFhus, Z, ¥ overcounts the states by
a faclor of N1, wnd the cocrect pantition function for N identical particles is

P o
W ZN e % (ngVy* ! 6%

in the classical regime. Here iy = (Mr/2zh?P? from {63).

There is a step in the argument where we assunie that all V¥ oceupicd orbitals are

alwiys
different orbitals.

It is no simple matter to evaluate dirceily the error introduced by this
approximation, but later we will confirm by anolher method the validity of (68} in the
classical regime #t « ng. The N! factor changes the resuit for the catropy of the ideal gas,
The entropy is an experitnentally measurable quantity, and it has been confirmed that the
Nlactor is coreect in this low concentration limit,

| R0 Gl T D B PO o p P Ao ) v

m:a.m%.A.ynn:aﬂmwo::nanu_mmmﬁo:cimwoz::nz particle partition
function by use of (12): : :

U = <Y2log Z,/o7) = INT , (65)
consistent with {65} for one particle. The free energy is
F= ~tlogZy = ~1logZ,¥ + tlog Nt {10y

With the earlier result Z, = myV = (Mv/22h?)¥2V and the Stirling approxima-
tionlog Nt = Nlog N — N, we have

F= —tNlogl(M1/2nh)*2¥] + tNlogN — ¢N. M)

From the fre¢ energy we can calcutate the entropy and the pressure of the ideal
gas of N atoms. The pressure follows from (49):

p = —{EFfaV}, = Ni/V | {7

or

oV = Nt , (73)

{deal Gas: A First Look

which is eatled the ideal gas law, In conventional u its

PV o= NE,T. . ()
The entropy foliows from (49);

g = —(FAr),. = Nlog[{M/2ah?)P 1] + N - NlogN + N, {75)

or

o = Nfloglngh} + 17, {76)

with the concentration n = N/¥. This result is known as the Sackur-Tetrode

equation for the entropy of a monatomic ideal gas, It agrees with experiment.
The result involves & through the term Ny, 30 even for the classical ideal gas
the entropy involves a quantum concept. We shall derive these results again in
Chapter 6 by a direct method that does not explicitly involve the N1 or identical
particle argument. The energy (69) also follows from U = F + to; with use of
{T1) and {76) we have U = 3N«

RS S S St

Example: Equipartition of energy. Thecenergy U = 3Nt from (69} s ascribed to a contri-
butian 1 from each “degree of freedom™ of each particle, where the number of degrees of
freedom is the number of dimensions of the space in which the atoms move: 3 in this
example. In the classical form of statistical mechanics, the partition function contains the
kinetic energy of the pasticles in an inte

gral over the momentum components p,, p,, p,.
For one free particle

zy < [[fexpl~ (o2 + p,? + p.5/2M1Tdp, dp, dp, | (7

a result similar to (61). The limits of integration are + oo for each companent. The thermal
average energy may be calculated by use of (12) and is equal 10 3

The result is generalized in the classical theory. Whenever the hamiltonian of the system
is homogenecus of degree 2 in a canonical momeatum component, the classical limit of the
thermal average kinetic energy associated with that momentum will be 4z, Further, if the
hamiltonian is homogencous of degree 2 in a position coordinate component, the thermal

-average potential energy associated with that coordinate will also be $r. The result thus
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\ Vibration
o S
Cy
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\ Retation

Translation

10 25 50 15100 250 500 1000 2500 5000
Temperature, K

Figure 3.9 Heat capacity at constant volume of one maolecufe of H, in

the gas phase. The vertical scale is in fundamental units; 1o obtain a value
in conventional units, multiply by k,. The contribution from the thce
transiational degrees of reedom is % 1he contribution at high temperatures
from the two rotlalional degrees of freedom is 1; and the contribution

from the polential and kinclic encrgy of the vibrational metion in the

high tempeeature it s 1. The dussical Braits are attained when

T » relevant energy leved separations’,

applies to the harmonic oscillator in the classical limit. The quantum results for the har-
monic oscitlator and for the diatomic rotator are derived in Problems 3 and 6, respectively,
At high temperatures the classical limits are aliained, as in Figure 3.9,

| Ohav sttt e e
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Example: Entropy of mixing. In Chapter 1 we calculated the number of possible arrange-
ments of A and B ina solid made up of ¥ ~ atoms A and { atoms B, We found in (1.20)
for the pumber of arrangements:

Nt
QT{.; = T'él.“fh\w‘._[:‘. n.wwu

The crtropy associated with these arrangements is
s{N1) = logg{N,1) = fog Nt — log(N — 1)! — logt! {79

2

and is plotted in

igure 310 for ¥ = 20, This contribution te the total catzopy of an alloy

1
i
;
1
|

Ideal Gas: 4 First Look

4
12 ] e
10
=
£ 3 A
=
L5
(35
£ 6
=
=
4
z _
a
6 02 0.4 0.6 6.8 L0

X e

Alloy composition A,__ B,

Figure 310 AMixing entropy of a random binary aloy as a function of
the proportions of the constituent atoms A and B, The curve plotted
was caleulated for a total of 20 atoms. We see 1hat this eatsopy is a
maximum when A and B are present in equal proportions {x = 0.5),
and the entropy is zero for pure A or pure B,

system is called the entropy of mixing, The result {79) may be put in & more convenient form
by use of the Sticling approximalion:

I3

a(Nt} = NlogN — N — (N ~ fjlog(N - O+ N -1~ 1logt + ¢
NlogN — (N ~ nlog(N — 1) — tiogt

—(N = Diog(l — YNy — riog(i/N) ,

It

or, with x = /N

+

slx) = - N[{I - x)log(l — A) + xlogxl 150

This result gives the enxtropy of mixing of an a%oy A, B, treated as a random {hzmo-
Lergoust solid soluiion The problen is Jos cloped in detail in Chapier {1

We ask: Is the homogeneous solid solution the equilibeium condition of @ mixture of
and B atoms, or is the equitibrium 3 two-phase system, such as a misture of eryseallizes of
pure A and crystalites of pure B? The complete answer is (he basis of much of the scizpce
of metalfurgy: the answer will depend on the temperature and on the ineralomis e
action energies U, ,, Uy, and U . Inthe spevial case that the interaction energies batsae

79
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AA, BB, and AB neighbor pairs are all equal, the homogencous salid solution witt have a
lower free energy than the correspond £ misture of crystaliites of the pure claments. The
free energy of the solid selution A, __B, is

Foe Fg—tolx) = Fy + N1 — Nleg(l — &) + xlegx], (81

which we must compare with

F= (1= x)Fy + xFy = F, (82)

for the minture of A and B crystals i the proportion {1 — x}to x,
is always positive—all enirapies ure posilive—so that
{ree energy in this special case.

- There is a teadency for at feast a very smatl proportien of any element B 1o dissalve in
any oihier element A, cven if a strong repulsive encrgy exists belween a B alom and the
surrounding A atoms. Let this repulsive enctgy be denoted by U, a positive quantity. ffa
very smatl proportion ¥ « I of Bualoms is present, the total repulsive energy is kAU, where
aM is the number of B atoms, The mising eatropy (80) is approximately

The entropy of mixing
the solid solution has the lower

¢ = —xNlogx (83)

in this limit, so that the free energy is

Fx) = N(xU + txloga} , {34
which has a minimurn when
CFféx = N(U + tlogx + 1) =0 , (85)
or
x = exp{—ijexp(— Uf1) (86}

This shows there is a natural impurity content in alt crystals.

e T T g e A it
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SUMMARY
1, The factor
Ple) = exp(—g/1)yZ

is the probability of finding a system in a state s of encrgy &, when the system

Problems

is in thermal contact with a large reservoir at lemperature 1. The number of
particles in the system is assumed constant,

The partition function is

il

Z = Y expl—g,f1).

t

. The pressure is piven by

p e —(EUJEVY, = t(iafeV),.

£a

- The Helmholtz free encrpy is defined as F=Uu
equilibrium for a system held at constant 1, V.

o= ~@FR),; = —(BEjOV).

F= —tlog Z. This result is very usefud in eafeut
such as pand o desived from F.

~ T, [t is a minimum in

ootn

ations of F and of quantitics
7. For an ideal monatomic gas of N atoms of spin zero,

Zy = ngVY'N1 |

i1 = N/¥ « n,. The quantum concentration ne = (Mi2nh?*? Farther,

PY = Nti o= Nlloglg/) + §]; ¢, = N,

8. A process is reversible if the System remains infinitesimally close to the
equilibrivm state at all times during the process.

PROBLEMS

1. Free energy of a two state system. {a) Find an expression for the free
encrey as a function of 1 of 2 system with two states, one at encrgy 0 and one

alenergy (b} From the [ree coergy, find expressions for the cnergy and calropy
of the system. The entropy is plotted in Figure 3.11.

2. Magnetic suscepeibifity,  (n) Use the pittition function to And #n exact
expression for the mugoctization A end the susceplibility y = JdMAIB as a
fusiction of temperature and mugnetic field for the model system of magnelic
moments in a magnetic ficld. The result for the magnetization is M =
anitanh(mBfz), as derived in (46) by arother method. Here n is the particle

&1
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Fipure 3.11 Entropy of a two-staze system as a functicn
of rje. Notice that cl7) ~ logias s« o

L

20

Figure 312 Plot of the totat magactic moment as a function
of mB1. Notice that a1 jow w8/t the moment is a luear function
ofmBfz, but at bigh m8 s the moment teads L saturate,

concentration. The result 15 plotied in Figure 312, (b} Find the free energy and
express the result as a function only of r and the parameter v = M an () Show
that the susceptibility is %= mnvin the Lmit B <« 1.

d 3 Free energy of a harmonic oscillaror. A one-dintensionul harmeonic ascil-
lator has an infipjte series of equally spaced energy states, with g, = sho, where

Problenis

Entropy o

1] { 2 3
1/ ey

Figure 3.13  Entropy versus temperature fos harmonic
asallitor of frequency .

s fs a positive integer or zero, and w is the classical frequency of the oscillator,
We have chosen the zero of encrgy at the state s = 0. (4) Show that for a
harmonic oscillator the free enerpy is

F=glogfl ~ exp(~haf)]. 87}

Note that at high temperatures such 1hat 1 » hoy we may expand the argumant

of the lagarithm to obtain F ~ ¢ log{hw/t}. (b) From (87) show that the entropy
i

ha/'t

I SNSRI P of T —hef1)]. (88}
g explliw/zy - 1 o[l — expl rft)]

The entropy is shown in Figure 3.13 and the heat capacity in Figure 3,14,

4. Enevgy fluctuations. Considera system of fixed volume in thermal contact
with a reseevoir. Show that the mean square fluctuation in the enerpy of the
system is

e = (Y) = PeUseey. (59
Here U s the conventional symbel for {e>. Hine: Use the partition function Z

to relate ¢U/Cr 10 the mean square fluctuation, Also, multiply out the term
{-+ ). Note: The temperalure 1 of a system is a quantily that by definition does
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<18 Bi——
3
" Figure 3.34 Heal capacity versus temperature m
fur hurmonic osciftaior of frequercy w. The 2 \
liwricontal seale is in enits of ¢, e, which is m. 05
identical with T 8¢ where 8, is called the Ea
sinstcin temperature. In the high emperature M.
timit & = &g, er Lin fundamental snits. This =
valuz is known as the chassical value, At low =
ralure Creaics ok . B .
temperalures Cy decreases exponentially. = oo 0 e e
TaT
o O

not fluctuale i value when the system is in thermal contact with a reservoir.
Any other aititude would be inconsistent with our definition of the temperature
of 2 system. The enerpy of such a system may fuctuate, but the temperature
does not. Some workers do not udhere to a rigorous definition of temperature.
Thus Landau and Lifshitz give the result

{aeyy = <%0y, B0

but this should be viewed as just another form of
AUCy. We know that AU =

which is our result (89).

(89) with At set equal to
Cy A1, whenee (90) becames (AU = 12C,,

5. Overhauser effect. Suppose that by a suitable external mechanical or
elecirical arrangement one can add xe to the energy of the heat rseservoir
whenever the reservoir passes to the system the quantum of energy £ The net
increase of energy of the reservair is (x — 1)e. Here o is some nwnerical factor,

positive or negative. Show that the effective Boltzmann factor for this abnormal
system is given by

P(z) e exp[—(1 - a)e/t). ©1)

This reasoning gives the statistical basis of the Overhauser effect whereby the
auclear polarization in a magnetic field can be enhanced above the thermal
equilibrium polarization. Such a condition requires the active supply of energy
10 the system from an external source. The system is not in equilibrium, but is
said 10 be in & steady state. CL A. W, Qverhauser, Phys. Rev. 92, 411 (1953}.

6. Rotation of diatomic molecules. 1n our first look at the ideal gas we con-
sidered only the translational encrgy of the particles. But molecules can rotate,

b
1]
H

FProblems

with kinetic energy. The rotational motian 85 quanticed; and the ¢

nergy levels
of a diatomic molecule are of the form

e = jlj + g {92)

where f is any posilive integer including zero:j = 0,1, 2,.... The multipliciy
of cack rotational tevel is g j) = 2j + L (a) Find the partition function Zalr)
for the rotational states of ane molecule, Remember that Z s a sum over ail
slutes, not over all levels—1this mukes a difference. (b Fvatuage Z {1} approxi-
mately for t » g, by converting the sum Lo aun integral. (¢} Do the same for
© & &g, by truncating the sum afier the second term. (d) Give expressions for
tlie energy I and the heat capacity €, as lunctions of 1, in both limits. Observe
that the rotational contribution to the heat capacity
approaches | {or, in conventionad units, &
of Ufz}and Clr), shewing the |

of a diatomic moleculs
shwhien o rg fe)Sketeh the behavior
imiting behuviors for 1 — w0 and ¢ — 0.

7o Zipper prablem, A zipper has N finks: cach link has a state in w
closed with energy 0 and u state in which it is open with cuergy & We require,
hawever, that the zipper can onty unzip from the kit end, and that the link
number x can only apen if a¥f links o the lell (1,2

oo = Frare aleeady open,
(a} Show that the partition function cin be sumimed in the form

7w F—expl~(V + 1)e/t)

. 93
1 — exp(—g/r) ©3)

(bY i the limit € » 1, find the average number of open links. The model is a

very simplified model of the umwinding of two-stranded DINA molecules—see
C. Kittel, Amer. 3. Physics 37,917 {1969)

& Quantum concentration, Consider one particle confined to a cube of side
L;ihe concentration in effect js i = 1/L3 Find the kinetic energy of the particle
when in the ground orbital, There will be a vitlue of the concentration for which
this zero-point quantum kinetic energy is equal to the temperature 1. {At this
Concentration the occupancy of the lowest orbitzl is of the order of unity; the
lowest orbital always has a higher occupancy than any other orbital) Show that
the concentration 1y thus defined is cqual to the quantum econcentration ny
defined by (63), within a factor of the orderof unity

9. Partition function for two systems.  Show  that the partition function
Z{1 + 2} of two independent systemns 1 and 2 in thermal contact at a common

temperature t is equal to the product of the partition {unctions of the separate
systems:

Z + 2) = Z{1)Z(2). . . 94
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10. Elasticity of pofymers. The thermodynamicidentity for a one-dimensional
system is

e = dU — filt _ (95)

when f is the external force exerted on the line and Jf is the extension of the
line. By analogy with (32) we form the derivalive to find

f fal

TR {86)
T él Jy

The direction of the force is opposite to the canventional direction of the
pressure, .

We consider a polymeric chain of N links each of length p, with each link
equally likely to be directed to the right and to the left. f2) Show that the number
of arrangements that give a head-to-tail length of | = N_m_b 15

2N
giN,~5) + g{N,5) = ON T aN =57 91
{b} For |sl « N show that
oll) = log[2g(N,0)] — £/2Np%. (98)
(c) Show that the force at extension I+
f = h/Np*. {59

The foree is proportional to the tempermture. The furce arises because the
pelymer wants to curl up: the entropy is higher in a random coil than in an
uncoiled configuration. Warming a rubber band makes it contract: wirning @
steel wire makes it expand. The theory of rubber clasticity is discussed by
H. M. Jamies and E. Guth, Journal of Chemical Physics 11, 455{1943}; Journal
‘of Polymer Scienee 4, 153 (1949); see also L. R. G, Treloar, Physics of rubber
elusticity, Oxford, 1958,

H. Oue-diniemsional gas.  Consider an ideal gas of N particies, each of mass
M, confined 10 a one-dimensionul line of length L. Find the entropy at wmpera-
ture ©. The partictes have spin zero,

Chapter 4

Thermal Radiation and
Planck Distribution

| LR ..um»nu,..J«.vurd.‘...._fw‘ﬂ.mﬁ\iﬂnﬁa.liﬂtq?-%‘ .

iy

PLANCK DISTRIBUTION FUNCTION

PLANCK LAW AND STEFAN-BOLTZMANN LAW

Emission and Absorption: Kirchhoff Law
Estimation of Surface Temperature
Example: Cosmic Black Body Background Radiation

ELECTRICAL NOISE

PHONONS IN SOLIDS: DEBYE THEORY
Number of Phonon Mades

SUMMARY

PROBLEMS

MNumber of Thermal Photons

. Surface Temperature of the Sun

Average Temperature of the Interior of the Sun

. Age of the Sun

. Surface Temperature of the Earth

Pressure of Thermal Radiation

Free Energy of a Photon Gas

Heat Shields

. Photen Gas in One Dimension

Heat Capacity of latergalactic Space

11, Heat Capacity of Solids in High Temperature Limis
12. Heat Capacity of Photons and Phonons

13. Energy Fluctuations in a Solid at Low Temperatures
14, Heat Capacity of Liguid *He at Low Temperatures
15, Angular Distribution of Radiant Energy Flux

16. Image of 5 Radiant Object

17. Entropy and Occupancy

18, Isentropic Expansion of Photon Gas

19. Reflective Heat Shield 2nd Kirchhoff's Law

N N

SUPPLEMENT: GREENHOUSE EFFECT

AT AN ey

89

91

56
97
93

93

102
104

109

110

110
P10
1y
ilt
111
it
1i2
112
112
13
E3
H3
P13
[i3
HIE:
P4
14
il4
its

135

87



Chapter 4: Thermal Rodiatisn and Planck Distribution

{ We consider] the distribution of the energy U among N oscillators of frequency
v If U is viewed as divisible without limit, then an infinite number of
distributions are possible. We consider however—and this is the essential point
of the whole calewlation—U as made up of an entirely determined mamber of
Sinite equal parts, and we make use of the natural constant h = 6.55 % 10737
erg-sec, This constant when multiplied by the common frequency v of the
oscitlators gives the elemen: af energy e inergs . . ..

M. Planck

Plavek Distribution Function

PLANCK DISTRIBUTION FUNCTION

The Planck distribution mwmnivnmﬁwn spectrum of the electromagnetic radiation
in thermal equitibeium within a cavity. Approximately, it describes the emission
spectrum of the Sun or of metal heated by a welding torch. The Planck distribu-
tton was the first application of quantum thermal physics. Thermal electro-
magnetic radiation is often ealled black body radiation, The Planck distribution
also deseribes the thermal energy specirum of lattice vibrations in an elastic
solid. ’

The word “maode” characterizes a particular oseillation amplitude pattern in
the cavity or in the solid. We shall always refer to w = 2zf as the frequency of
the radiation. The characleristic feature of the radiation problem is that a mode
of oscillation of frequency w may be excited only in units of the quantum of
energy hw. The enecgy £, of the state with s quanta in the mode is

& = shw , (1)

where 5 is zero or any positive integer (Figure 4.1). We omit the zcro point
energy the.

These energics are the same as the energies of a quantum harmonic oscillator
of frequency o, but there is a difference between the concepts. A harmonic

89

ﬂ 5= 4
4
5=3
_ Figure 4.1 States of an oscillator that
3 represents a mode of frequency w of an
5 =2 electromagnetic ficld. When the osdillator is in
A the orbital of energy shew, the state is equivalent
I to 5 photons in the mode.
s=1
£
s=40
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a Wy

£ = flw, ) £ o= T,

a Wy
' € = 2,

Figure 4.2 Representation in one dimension of two ¢
modes 2 and b, of lrequency o, and 1, The
magnatic field is suppested in the figures for
occupancy of each mode,

lectromagnetic
amplitude of the elecira-
one photen and two photon

oscilfator is a localized oscillator, whereas the electric and magnetic energy of
an eleclromagnetic cavity mode is distributed throughout 1
cavity {Figure 42). For both :
multiples of iy, and this is the ¢
the two problems.

he interior of the
problems the energy cigenvalues are integral
eason for the similarity in the thermal physics of
The language used Lo describe an excitation is different; s for
the oscillutor is called (he quantum number, and s for the quantized electro-
magnetic mode is called the number of photons in the mode.

We first calculate the thermal average of the number of photons in a mede,
when these photons are in thermal equilibrium with a reservoir at a tem perature
t. The partition function {3.10) is the sum over the states {1}

®

Z =Y exp{—shoft). 2)

Ly
=0

This sum is of the form M\ﬁ. with x = exp({ - hey/r) Because x is smalier than 1,
the infinite serics may be summed and has the value 1/(1 — x), whence

)]
1~ exp({—ha/ry . .9

7 =

PN

Planck Law and Stefen-Bolizniann Law 91

The probability that the system is in the state s

of energy she is given by the
Boltzmann Enmon

exp{ —she/fr

= - — 4
Pis) > . (4)
The thermal average value of 5 is
{8y =} sPls) = Z™ 'Y sexp(— shafx), (5
5=0
With y = he/r, the summation an the right-hand side has the form:
N.. - Y d ¥ ex .
SeApl—sy) = i {&E.r.i
_d 1 expl— 1)

dy\l = expl—vy) = T - expl{— 1]

From (3} and (5) we find

or

-
! _

) = expihoty - 17

(6)

I
i
_
I

This is the Planck distribution function for the thermal] av

erage number of
photons (F

igure 4.3) in a single mode of frequency o). Equally, it is the average
number of phosons in the mode. The result applies 10 any kind of wave ficid
with cnergy in the form of (1),

PLANCK LAWY .

D STEFAN-BOLTZATANN LAW

The thermal average energy in the mode i3

hio
&) = (Hhw = % {n



Fizure 4.3 Planck distribution as a function
of the reduced temperature e, Bere {s{w))
is the thermal average of the number of
photons in the mode of frequency w. A plot of
(ilead) + 4 s also given, where 4 s the effective
zer0 point occupancy of the mode; the dashed , )
line 15 the classical asymplele. Note that we 4

write

¢sY + § = coth(hof2s). ~

Chapter 4: Therinal Rodiation and Planck Distribution

1.0

o
[

] 4.3 L0
7/ e

The high temperature limit  » ho is often called the classical limit. Here

explhw/ty may be approximated as 1 + hoft + - -+, whence the classical
average cnergy is

ey = 1 (8)

There is an infinite number of electromagnetic modes within any cavity. Fach
mode n has ils own frequency e,. For radiation confined within a perfectly

conducting cavity in the form of a cube of edge L., there is a set of modes of the
form

E, = mua.mmzen cos{rymx/Lysin{nmy/LY sin(n,xz/L} , (5a)
E, = m%mmwemmms?_k:&snoﬂ:v.a__a; sin{nnz/L} , !
E, = Egsinwtsin{nax/LYsin{n zy/L) cos(n,nz/L). {9c)

Here E_, E, and E, are the three electric field components, and E g, E,p and

E.q are the corresponding amplitudes. The three components are not indepen-
dent, because the field must be divergence-free:

S divEs= TE 4 S0y T g, - (10)

Planck Law and Stcfun-Bolizmann Law

When we issert (9)into (10) and drop all common factors, we find the condition

E.ofe + Eyony + Eggn, = Eg-n = 0. (11)

This states that the field vectors must be perpendicular to the vector a with
thic components iy, m, and n,, so that the clectromagnetic field in the cavity is a
transversely polarized ficld. The polarization direction is defined as the direction
of Eq.

For a given triplet n,, n,, n, we can choose two mutually perpendiculur
polarization directions, so that there are two distinct modes lor cach triplet
Hy o H, ..

av Hhya E

O substitution of {9) in the wave equation

S AN :Lm.;
2 o 0 12
‘ oy + e L 12}
with ¢ the velocity of light, we find
Al + a4 oY) = ol _ (1

This determines the freguency @ of the mode in terms of the triplet of integers
n,, 0y, . we define

no= (n? + :.N + n MY (14}
then the frequencies are of the form
w, = nnc/L. (15}

The total energy of the photons in the cavity is, from (7},

. mE_.
U= W“Am:v . M%.QRDS,,E -1 (16)

‘Fhe sum is over the triplet of integers u,, n,, n.. Positive inlegers alone will
describe alf independent modes of the form (3). We replace the sum over n,,

ny, i, by an integral over the volume clement dn, dir, di, in the space of the mode
indices. That is, we set

L]

ye : )= wfbs.»am mi‘. -}, an
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where the factor § = (1) arises beca
involved. We now multiply
two independent polasizat
set1s ol cavity modes), Thus

use only the positive cctant of the space is
the sums or integral by a factor of 2 because there are
ions of the electromagnetic field (two independent

13

&

rz hes,
dun? —
" .ﬁv ue explhw /1y — 1

L]

S m
uu... u l!f!.fi;i.,...
(r R\:.‘.o it explhicanficy — 1 * g

with {15} for . Standard practice is o

transform the definite integral to one
over a dimensionless variable. We set x

= rhenjLz, and (18) becomes
H CI x?
= . ‘rhe X e )
U s (e he/L)(xLimhey % dx Ty (1)
The definite integrat has the value 7*/15;

it is found in good standard tables
such as Dwight (cited in the general refere

nees). The energy per unit volume is

(0)

N
with the volume ¥ = 12 The result tHat the E&u:w energy density is propor-

tional 10 the fourth bower of the temperature is knows as the Stefan-Boltzmann
aw of radiation,

For many applications of this theory wa decompose (20) into the spectral
density of the radiation, The spectral density is defined as the energy per unit

volume per unit Irequency range, and is denoted as u,. We can find u,, from
(I8) rewritten in terms of ¢y

hop w?
8 = Ie T e —— 2
/v .—.:C:e u#.m._ue P vE—— (21

50 that the spectral density 15
T T
3

ty =@ 22)

® o wct expihen) — 1 _

Planck Law and Stefan-Boltzmans Law

0.8

0.6 -——

0 1 2 3 4 3 & 7 8

Hiea f7 e

Figure 4.4 Plotof o3 fe* ~ 1jwith x = hewfz. This
function is involved in the Planck sudintion law for the
speetead density i, The temperature of a black body may
be found from the frequency wy,, at which the radiant
energy densily is 2 maximum, per unit frequency range,
This frequency is directly propartional to the temperalure,

This result is the Planck radiation law; it gives the frequency distribution of
thermal sadiation ( Figure 4.4). Quantum theory began here.

The entropy of the thermal photons can be lound from ihe relation (3.34a)
atconstant volume: do = dU/{y, whence from (20),

apty 2y
T A

do =
Thus the entropy is
o(t) = {4a? V45 (rihe)?, ox}

The constant of integration is zero, from {3.55) and the refation between Fand o,
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A process carried out al constant photon entropy will have ¥1* = constant.

The measurement of high temperatures depends on the flux of radiant energy
from a small hole in the wall of a cavity maintained at the temperature of
interest. Such a holg is said to radiate as a black body—which means that the
radiation emission is characteristic of a thermal equilibrium distribution. The
energy flux density Jy is defined as the rate of energy emission per unit area,
The fiux density is of the order of the esergy contained in a column of unit
area and length equal to the velocity of light times the unit of time. Thus,

Jy = [cUGEYV] % {geometrical factor). (24)

The geometrical factor is equal to §; the derivation is the subject of Problem 15.
The final result for the radiant energy flux is

cU(zy it
Jyom il
Y4V T s0RiE (23}

by use of (20} for the energy density UfV. The result is ofien written as

Ju = 0T (26)

the Stefan-Boltzmann constant
oy =tk 600 c? {26a)

has the value 5.670 x 1078 Wm™2 K™% or 5670 x 10 S ergem™ % ™t K%,
(Here o5 is not the entropy.) A body that radiates at this rate is gaid 1o radiate
as a black body. A small hole in a cavity whose walls are in thermal equilibrium
at temperature T will radiate as a black body at the rate given in {26). The rate

is independent of the physical constitution of the walls of the cavily and de-
pends anly on the temperature,

Emission and Absorption: Kirchhoff Law

The ability of a surface to emit radiation is propostional to the ability of the
surface ta absorb radiation, We demonstrate this relation, first for a black body
or black surface and, second, for a surface with arbitrary properties. An ohjsct
is defined to be black in a given frequency range if all electromagnetic radiation
incident upon it in that range is absorbed. By this definition a hole in a cavity is

black if the hole is small enough that radiation incident throngh the hole will

¢
i

|

Estimation of Surface Temperarure

reflect enough times from the cavity walls {o be absorbed in the cavity with
neghgible loss back through the hole,

The radiant energy fux density J; from a black surface at temperature 7 is
equal to the radiant energy flux density J,; emitied from a small hole in a cavity
al the same temperatare. To prove this, let us close the hole with the black
surface, hereafier called the object. In thermal equitibrium the thermal average
energy flux from the black object 1o the interior of the cavity must be egual,
but opposile, 1o the thermal average energy flux from the cavity to the black

~object.

We prove the following: If 2 nen-black objeet at temperature 1 absorbs a
fraction a of the radiation incident upon it, the radiation flux emitted by the
obiect will be a times the radiation flux emitted by a black body at the same
temperature. Let a denote the absorptivity and e the emissivity, where the
emissivity is defined so that the radiation flux cmitted by the object is e times
the fux emitted by a black body at the same temperature, The object must emit
at 1he same rate as it absorbs if equilibritim is to be maintained. 1t follows that
a = ¢. This is the Kirchholf Iaw. For the special case of a perfect reflector, a is
zero, whence ¢ is zero. A perfeet reflector does not radiate.

The argunsests can be goncralized to apply to the radiation at any frequency,
as between w and w + des, We insert a fiiler between the object and the hele in
the biack body. Let the filter reflect perfecily outside this frequency range, and
let 3 transmit perfectly within this range. The flux cquality arguments now
apply to the transmitted spectral band, so that a{w) = e{w} for any surface
in thermal equilibriun.

Estimation of Surface Temperature

One way to estimate the surface temperature of a hot body such as a star is
from the frequency at which the maximum emission of radiant energy takes
place (see Figure 4.4). What this frequency is depends on whether we lock at the
energy flux per unit frequency range or per unit wavelength range. For #,,, the

energy density per unit frequency range, the maximum is given from the Planck
taw, Eq.{22), a5

d X3

dx expx — 1

=0,
or

3 - dexp{-x)=x

97



B e T

98

" femain at constant entropy if ¢
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This equation may be sojved numerically. The root is

W hnT = Ny = 282, (27)

as in Figure 4.4,

T

Example: Cosmic black bedy backgraund rodintion, A major recent discovery is that the
universe accessible 1o us is fifed wih radiation approximately like that ef a black bady
4t 29K, The existence of this radiation [Figure 4.5 is impartant evidence for big bang
cosmological models which assume 1l the universe is expanding and cooling with time,
This radialion is Ich over froms an cirly epach when the UnRivErse Wus compsed [t
ol clectrons and protoas at 4 lemperiatire of about 400K, The phisima of ele

protoas imeracied strongly with vlectromagnetic radiztion 41 all important frequencics,
so that the matter and the bluyck body radsation were in thermal cquilibeiun, By the 1ime
the universe had covled 10 3000 K, thie s

-
k

ter was primardly in the form of somic hydrogen.
This interucts with bluck body radiation anly at the frequencies of the hydrogen spectral
lires. Most of the biack body radistion eneegy thus was effectivedy decoupled from the
matter. Therealer he radiation evolved with Bme in 4 very simple way: the photon gas
was cooled by expansion at constant entropy to a lemperature 0f 29 K. The photon gas wily
he frequency of each mods is lowered during the expasnsion
of the universe with the number of photons | g i
below Lhat the entropy is constant if the number of photons in ¢ dei
occupancies determine the entropy. ;

After the decoupling the evolmion of matier inlo heavier atoms (which are organized
into galaxics, stars, and dust clouds) was more complicated than belore decoupling,
Electremagnetic radiation, such gs starfight, radiated by the matter since the decoupling
is superimpascd on the cosmic black body radi

(oI e e

ELECTRICAL NOISE

As an important example of the Planck law in one dimension, we consider the
spontaneous thermal Auctuations in voltage across a resistor, These fluctuations,
which are called noise, were discovered by 1. B. Johnson and explained by
Ho Nyquist* The characterisic property of Johnson noise is that the mean-
square noise voltage is propostional to the value of the resistance R, as shown
by Figure 4.6, We shalt sce that (¥ is also directly proporticnal 1o the 1em-

* M. Nyquisy, Phiys ftev. 32, HO{928): a deeps

T discussion is given by C. Kittet, Elemwntary sraris-
ool physics, Wi v, 1938, Sections 2730,

Eleetrical Naise

19 ] ! i
_«. AMicrowave
w. Intersteliar CN
[ 11R measurements
10~ n
R
g
g
5 10712 !
E
2
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b=
f==
d
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2
& .
0 29K Black body~"" K
10— L ¢
0.0 0.1 ] o . 100

Frequency (em™4)

Figure 4.5 Experimental measurements of the mmuaﬂ:._a n;.. the cosmic anw,
body radiation. Observations of the flux were made with microwave heterodvne
receivers at frequencies below the peak, were deduced from optical measurements
of the spectrum of interstellar ON molecules near the peak, and were measured
with a billoon-barne infrared spectrometer at frequencics above 1he peak,
Caurtesy of P. L, Richacds.

perature n and the bandwidtly Af of the circuit. (This section presumes a knowl
edge of electromagnetic wave propagation at the intermediale level ) .
m.rn Nyquist theorem gives a quantitative expression for the M_E.S,E noise
voltage generated by a resistor in thermal equilibrium. The theorem is z,”r.?.w,o?.
needed in any estimate of the limiting signal-to-noise ratio of an experimental
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Figure 4.6  Voltage squared versus resistance for various
kinds of conductors, including clectrotytes. Alter
1. B. Johnsen.

apparatus. In the original form the Nyquist theorem states that the mean

square voltage across a resistor of resistance R in thermal equilibrivin at
temperature 1 is given by

{F¥y = dRTAf, (28)

where Af is the frequency* bandwidth within which the voltage fluctuations
are measured; all frequericy components outside the given range are ignored.
We show below that the thermal nolse power per unit frequency range delivered
by 2 resistor to a matched load is 1; the factor 4 enters where it does because in
the circuit of Figure 4.7, the power delivered to an arbitrary resistive load B’ is

g (VB3R

which at match {R' = R) is (V24K

* In this section the word frequency refers 10 cycles per unit time, and not to radians per unit time.

Electrical Noise

Moise generator

R'{termination
resisiance)

Figure 4.7 Equivalent cireuit for 2 resistance R with
a generator of thermal noise that delivers powerto a
toad R". The current

.Y
:xwﬁ.

so that the mean power dissipated in the foud s

7=ty = SO
(R + R

which is a2 maximum with respect to R when R” = R.
[a this condition the Toad is said to be matched Lo the
power supply. Al mateh, # = (V*)/4R. The filter
enables us to limit the frequency bandwidth under
consideration; that is, the bandwidth to which the mean
square voltage fluctuation applies.

Consider as in Figure 4.8 a Jossless transmission line of length L and charac-
teristic impedance Z, = R terminated at each end by & resistance R. Thus the
line is matched at each end, in the sense that ali energy traveling down the line
will be absorbed without refiection in the appropriate resistance. The entire
circuit is maintained at temperature .

A transmission line is essentially an electromagnetic system in one dimension,
We follow the argument given above for the distribution of photons in thermal
equilibrium, but now in a space of one dimeasion instead of three dimensions.
The transmission line has two photon modes (one propagating in each direction}

of frequency 2af, = Zna/L. from {15}, so that there are two modes in the fre-
quency range

8 =L, : (30)
where ¢’ is the propagation velocity on the line. Each mode has energy

R fuw
. explhwft) — 1

(31




162

Chaprer 4> Thermal Radiarion and Planck Distribution

Figure 4.8 Transmisston line of lenpth L with Z. =R

matched terminations, as conceived for the

derivation of the Nyquist theorem, The

characteristic impedance Z, of the transmission R
line has the value R Accarding 10 the

fundamental theorem of transmission lines, the

terminal resistors are matched to the line when

their resistance has the same value R,

in equilibrium, according to the Planck disiribution. We are usually concerned
with circuits in the classical limit hw <« 1 50 that the thermal energy per mode
is 7. Tt follows that the energy on the linc in the frequency range Af is

20 Af)Sf = 2tLAflc. (32

The rate at which energy comes off the line in one direction is

1 Af. o (33

The power coming off the line at one end is all absorbed in the terminal
impedance R at that end; there arc no reBections when the terminal impedance
is matched to the line, In thermal equilibrium the load must emit energy to the

line at the same rate, or clse its temperature would rise. Thus the power input
1o the load is

P o= (IR = 1A, (34)

but ¥ = 2RI, so that (28) is obtained. The result has been used in low tempera-
ture thermometry, in temperature regions {Figure 4.9) where it 15 more con-
venient 1o measure (¥?) than 1. Johnson noise is the noise across a resistor

when no dc current is flowing. Additional noise {not discussed here) appears
when a de current flows.

PHONONS IN SOLIDS: DEBYE THEORY

So 1 decided 1o caleulate the spectral distribution af the possible free vibrations
Jor a continuous selid and to consider this distribution as a good enough
approximation to the actual Jistribution. The sonic spectrum of a lottice must,

Plonons in Selids: Dehye Theory

0.3

) 02 Figure &..@ Mean sguare noise 1 2ltage
w fluctuations observed experimen:ally from a
S : 3 Y vesistor in the mixing chamber of a

- dilution refrigerater as a function of magncetic
a7 0.1 temperature indieated by a CMN nowder

thermosmeter. After R. R. Gilfard, R, A. Webb,

and J. C. Wheatley, 1. Low Temp Physics 6,
533{1972).

0 196 200 300

Tragr 12 mK

of course, deviate from this as soon as the wavelength hecomes comparable to
the distunces of the atonms. . .. The only thing which had to be done wus to
adjust 1o the fuct that every solid of finite dimensions contains a finite manber
of atoms and therefore has a finite monber of free vibrations. ... Ar low enpugh
temperatures, and in perfect analogy to the radiation law of Stefun-

Boltzmann (. ., the vibrational energy content of a solid will be propertional
1o T

P. Dehye

The energy of an elastic wave in a solid is quantized just as the energy of an
clectromagnetic wave in a cavily is quantized. The guantum of energy of an
clastic wave is called a phonon. The thermal average number of phonons in an

clastic wave of frequency o is given by the Planck distribution function, just
as Tor photons:

Glas)y = 'I~11.|1 £33}

explhw/t) — 1

We assume that the frequency of an elastic wave is independent of the amptitude
of the elastic strain. We want to find the energy and heat capacity of the elastic
waves in solids. Several of the results obsained for photons may be cirried
over 1o phonens. The results are simple i we assume that the vetocities of alf
clustic waves are equal—independent of frequency, direction of propagation,
and direction of polarization. This assumption is not very accurate, but i helps

103



104

Chapter 4: Thermal Radiarion aad Planck Distribstion

account for the general trend of the observed results in many solids, with a
minimum of compulation.

There are two important features of the ex perimental results: the heat eapacity

of a nonmetallic solid varics as 12 at law temiperatures, and at high temperatures
the heat capacity is independent of the temperature, In metals there is an extra
contribution from the conduction clectrons, treated in Chapter 7.

MNumber of Phonon Modes

There is no limit to the number of possibi

¢ electiromagnetic modes in a cavity,
but the number of elastic modes in a finite

solid is bounded. Il 1he solid consists
of & atoms, each with three degrees of freedom, the total number of modes is
3. An elastic wave has three possible polarizations, two transverse and one
longitudinal, in contrast to the two possible polarizations of an electromagnetic
wave. Ina transverse elastic wave the displacement of the atoms is perpendicular
to the propagation direction of the wave: in a longitudinal wave the displace-
ment is parallel to the propagation direction. The sum of a quantity over all

modes may be written as, including the factor 3,

MAwH m%anzw dn-+ 1y, ) (36)

by extension of {17). Here n is defincd in terms of the triplet of integers i, ny, n.,

exactly as for photons. We want to find Rmax SUCh that the total number of
clastic modes is equal 1o AN

3 r,, S dn = 3. (37)

In the photon problem there was no corresponding limitation on the total

number of modes. It is customary to write np, after Debye, for .. Then (37}
becomes

mng? = 3N np = {6N/m)13, £38)

The thermal energy of the phonons is, from {16),

_ o,
U= 2 ted = Lo, = Lo (39)

Number of Phonen Modes

or, by (36) and (38),

3In pea Tz

U 2™ ann? - —

2 ._._u e expllics,’t) ~ 1 o)
By analogy with the evatuation of {19}, with the velocity of sound ¢ written in
place of the velocity of light ¢,

x3

- 2 At [P
U = (3nhu/2L)(cLjnht) % - ST (41

where x = zhrn/l1. For L? wa write the volume ¥V, Here, with

(38), the upper
limit of integration is

xp = mhengfLt = ke(6aiN, V)2, {42
usually written ag
Xp = T = kyfife, (43)

where § is called the Debye temperature:
0 = {hufk K62 NIV S, {44}

The result (41) for the encroy is of special interest at low temperatures such
thai T <« 0. Here the limit x on the integral is much larger than unity, and x
may be replaced by infinity, We note from Figure 4.4 that there is little contri-
bution to the integrand out beyond x = 10. For the definite integral we have

-3 4
.FB dx U E , {45)
expx ~1 |5

as carlier. Thus the energy in the low temperature limit is

3ntNTt 3N T 46)
=S T TS

()

proportional to T¥. The heat capacity is, for 1 « kg0 or T « 8,

¢ = (Y _nx%z £\

LY 47:
23 PR Y (472)

1gs
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This result is known as (he Debye T2 buw.* Experimental results for argon are B AR L s
plotted in Figure 4.10. Representative experimental values of the Debye tem- g I o o mwzi c[a £
perature are given in Table 4.1, The calculated variation of Cy versus T is £ A& | =& | G| 2 g
plotted in Fizore 411, The high temperature limit 7w 6 is the subject of 2 2T . - — G — £
. . ' f ; = - 4
Problem 1. Several related thermodynamic functions for a Pebye solid are _ a3 bz m ‘ %2l a il s 3
given in Table 4.2 and are plotted in Figure 4.12. P i oo | ) m
.53 28 luz | 28| g« 5
o : b - A “

* P Debye, Annalin Jer Physik 39, 1891911, M. Bornand T. v. Kirmin, Physikalische Zettschrify

13,297 (4012, [4,65 (14913,
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Figure .11 Heat capacity O, of a solid, 5 15
decording to the Debye approximation. The -
vertical scale ts i T mol™F K7 The E
horizonial scale Is the temperature =
normalized to the Debys temperature 8. The 210
region of the T2 law is below 0.10. The &
asymplotic value at high values of 7,0 s =
843 I mal P K = 5
o
v} 0.2 0.4 0.6 o8 LQ 1.2
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[
Table 42 Values of O, $, U, and F on the Debye theory, in units ] moi™? K7
T Cy S = ke U0 /0
0 24943 o £
0.1 2493 20.70 2403 ~666.8
0.2 24.89 1343 1156 - 251
a3 2483 63.34 142 —-137
04 2415 56.21 515 87
G5 24.63 50.7¢ 41.16 ~60.3
0.6 24.50 46.22 329 —443
a7 2434 4246 211 ~33.5
0.8 2416 39.22 28 ~26.2
09 96 36.38 £9.5 203
10 2374 338 16.82 - 1705
1.5 2235 2449 9.1 -123
2 2059 18.30 5.5 ~3.64
3 1653 1071 236 w121
4 j2.538 6.51 .43 — (.49
5 9.20 4.08 058 -0.23
6 6.13 264 0.323 ~(.118
7 434 1.77 G.187 —0.066
8 345 1.22 0.114 - {.039
9 253 0.874 0073 —0.025
i0 1.891 0.643 0048 -0016
i5 0.576 0.192 00096 -0.0032

Summary

40

30

J moi~lK™?

-20

- 30

~40

=i~

__.f_:.o 412 Energy Uand frecenergy F == U — taofa
salid, according Lo the Debye theory. The Debye temperatore
of the solid is 8.

SUMMARY

1. The Planck distribution function is

t
&)= explhes/t) - 1

for the thermal average number of photons in a cavity mode of frequency .
2. The Stefan-Boltzmana law is

for the radiant encrgy density in a cavity at temperature 1,

o9
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3. The Planck radiation law is
h . w?

o = 23 explhoft) — 1

3

for the radiation energy per unit volume per unit range of frequency.

4. The fMlux density of radiant energy is Jy=0,T? where g, is the Stefan-
Boltzmann constant #?ky*/60h%2,

5. The Debye low temperature limit of the heat capacity of a dielectric solid
is, in conventional units,

2Nk [TV

Cy= = ]

where the Debye temperature
G = (hejkgent NV,
PROBLENS

1. Number of thermal photons.  Show that the number of photons 3 ¢{s,) in
cquiltbrium at temperature 7 in 2 cavity of volume Vis

N = 2404n~ 1V {(zjhe)’. (48}
From {23) the entropy is ¢ = {4a?V/45)/hc)®, whence GfN = 3602. Tt is
believed that the total number of photons in the universe is 108 larger than the
total nunber of nucleons (protons, neutrons). Beecause both entropics arc of
the order of the respective number of particles {see Eq. 3.76), the photons
provide the dominant contribution 1o the entropy of the universe, although
the particles dominuiv .o total energy. We believe that ":.n entropy of :,..n
pliotons is essentially constant, so that the eniropy of the universe is upproxi-
mately constant with time,

2. Surface temperature of the Sun. The value of the totad radiunt cucrgy {lux
density at the Easth frow the Sun normal to the incident raysis nu:nn._ the solar
constant of the Earth. The observed value integrated over all emission wave-
fengihs and referred 1o the mean Earth-Sua distance is:

solar constant = 0.1361s *em™ 2, (49}

Problems

(a) Show that the total rate of encray generation of the Sunis 4 x 10% ]t
(b) From this result and the Stefan-Bolizmann constant o, = 5.67 x
10712 557  em™2 K™% show that the effective temperature of the surface of the
Sur treated as a black body is T 2 6000 K. Teke the distance of the Earth from
the Sunas 1.5 x 10" em and the radius of the Sun as 7 x 10*° ¢cm,

3. Average temperature of the interior of the Sun.
sional argument or otherwise the order of magnity
energy of the Sun, with Mg = 2 x g3
tational constant G is 6.6 x 108 dynec
referred to atoms at rest at infinite separation. {b) Assume that the total thermal
kinetic energy of the atoms in the Syn is equal to ~1{ times the gravitational
encrgy. This is the result of the virial theorem of mechanics. Estimute the average
temperature of the Sun. Take the number of particles us 1 » 10°7. This estimate
gives somewhat too fow a temperature, because the density of the Sun is [ar
[rom unifarm. “The range in central lemperature for different s¢
only those composed of degenerate matter for which the law of perfect gases
does not hold {white dwarfs) and those which have excessively small average
densities (giants and supergiants), is between 1.5 and 3.0 x 107 degrees”
(Q. Struve, B. Lynds, and H. Pillans, Elementary astrosomy, Oxford, 1959}

(a) Estimate by a dimen-
de of the gravitational self-
gand Ry = 7 x 10'"® cm. The gravi-
m? g~ 2 The sell-energy will be negative

ars, excluding

4. Age of the Sun. Suppose 4 x 10755~ i the total rate at which the Sun
radiates energy at the present time, (a) Find the total energy of the Sun available
for radiation, on the rough assumptions that the engrgy source is the conversion
of hydrogen {atomic weight 1.0078) to helium {atomic weight 4.0026) and that
the reaction stops when 10 percent of the original hydrogen has been converled
to helium. Use the Einstein relation E = (AL, (b} Use (a) o estimate the
lile expectancy of the Sun. 1t is believed that the age of the universe is about

10 x 10° years. (A good discussion is given in the books by Pechles and by
Weinberg, cited in the general references.) .

3. Swuiface remperature of the Earth. Calculate the temperature of the surface
ol the Earth on the assumption that as a black body ia thermal equitibrium it
recadintes as much thermal radistion as it receives from the Sun. Assume also
it the swrface of the Barth is wt a constan temperature over the day-night
cycle. Use Ty, = 5800K; Ry = 7 x 10" em; and the Barth-Sun distanee of
L5 % 10V en.

6. Pressure of thermal vadiation, Show for a photon gas that:

{a) p=~@URYVY, = =¥ shidodV) (50)
i

1]
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where 5;1s the numbes of photons in the moide j;
{(b) QE_,\HZN = —w;{3V; (51}

{c) r

i

Uiy, {52)

Tlus the radiation pressure is equal to 4 x (energy density).

(d) Compare the pressure of thermal radiation with the kinetic pressure of &
eas of H atoms at a concentration of t moleem ™2 characteristic of the Sun.
ALl what temperiture {roughly) are the two pressures equal? The average
temperature of the Sun is believed 1o be near 2 x 107 K. The concentralion is
highly nonuniform and rises to near 100molecm ™3 ai the center, where the
Kinetic pressure is considerably higher than the radiation pressure.

7. Free encrgy of a photon ges. (s} Show that the partition function of a
photoen gas is given by

Z =TT ~ exp{—ho, 0] ™", o By

where the product is over the modes . (b) The Helmholtz free enargy is found
direcily from (53) as

F =1} log{t - exp(—hw,j)]. (54)
Transform the sum to an integral; integrate by parts to find

F e —a? Ve fdshc®, (55}

8. Heat shiclds. A black {nonreflective} plane at temperature T, is parailel
to a black plane at temperature T;. The net energy flux density in vacuum be-
tween the two planes is Jy = op(T,* — T)%), where 65 is the Stefan-Boltzmann
constant used in (26). A third black plane is inserted between the other two and
is altowed to come 1o a sicady slate temperature T,,. Find T, in terms of T,
and T, and show that the net energy flux density is cut in hail because of the
presence of this plane. This is the principie of the heat shield and is widely
used 10 reduce radiant heat transfer. Comment; The result for & independent
heat shields floating in temperature between the planes T, and T, is that the
net energy flux density is Jy = ao(T.* — T/MAN + 1)

9. Photon gasin pne dimension. Consider a transmission line of length r.on
which electromagnetic waves salisfy the one-dimensional wave equation
v?82E/ex? = §Efér?, where E is an electric field component. Find the heat

.- - capacity of ths photons on the line, when in thermal equilibrium at terperature

Problems

1. The enumeration of modes proceeds in the wsual wiy [or one ditneusion:

take the solutions as stumling waves with zero amplitude a1 cach end of the
line.

10, Heat capacity of intergalactic space. Intergatactic space is belioved 1o be
occupicd by hydrogen atoms in a concentration = latomm-™?, The space 1s
also oceupied by thermal radiation at 2.9 K, from the Primitive Fireball Show
that the ratio of the heat capacity of matter to that of radiation is ~ 10~ 2,

1. Heat capacity of solids in high temperature fimit.  Show that in the Hmi
7 > 0 the heat capacity of a solid goes towards the limit Cp — 3Nk, in
conventional units. To obtain higher accuracy when T is only moderately

larger than 4, the heat capacity can be expanded as a power series in 1/7, of
the form

Cy = 3Nky x [ 1= Fa 1| (56)

n

Determine the first noavagishing term in the sum. Check your result by inserting
T = 0 and comparing with Table 4.2.

12. Heat capacity of photons and phonons. Consider a diclectric solid with a
Debye temperature equal to 100K and with 10’2 atomscm ™ *. Estimate the

temperature at which the photon contribution to the heat capacity would be
equal to the phonon conteibution evaluated at § K.

13. Energy fluctuations in a solid at low temperatures. Consider a solid of N
atoms in the temperature region in which the Debye T law is valid. The solid
is in thermal contact with a heat reservoir, Use the results on energy fluctuations

from Chapter 3 to show that the root mean square fractional energy fluctuation
F Is given by

(A

[ - - H Py T2

F = e - D = ACIE {57
Suppose that T = 1072 K; 0 = 200K; and N = 10* for a particle 0.01 cm on

aside; then & = 002, At 107 ° K the fractional fluctuation in energy is of the
order of unity for a dielectric particle of volume 1 cm®.

I, Heat capacity of lignid *He at low temperatares. The velocity of longitu-
dinal sound waves in liquid *He at temperatures below 0.6 K is 2.383 x 10 cm
s™'. There are no transverse sound waves in the liquid. The density is
0.145gem ™3, (a) Caleulate the Debye temperature. (b} Calculate the heat
capacity per gram on the Debye theory and compare with the experimental
value Gy == 0.0204 x 73,inJg"* K1, The T* dependence of the experimental
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value suppests that phonons are the most tmpartant excitations in liguid *He
below 0.6 K. Note that the experimental vatue has been expressed per gram of
liquid. The experiments are due to 1. Wiebes, C. G. Niels-Hakkenberg, and
H. C. Kramers, Physica 32, 625 11957)

15, Angular distribution of radiant energy flux, (3} Show that the spectral
density of the radiant Chergy flux thar arrives in the solid angle (¢ is
iy ¢0s f + dQfdn, where § is the angle the normal to the unit area makes with
the incident ray, and ti,, is the eneray density per unit frequency range. (b Show
that the sum of this quantity over all incident rays is Yeu,.

16. Image of a radiant object. Let a lens image the hole in a cavity of area
Ay on a black object of area Ag. Use an equilibrium argument o relate the
product 4,0, 10 Agfly where (1, and {3y are the solid angles subtended by the
lens as vicwed from the hole and from the ohject. This general property of
focusing systems is casily derived from geometrical optics, It is also true when
difiraction is important. Make the approximation that all fFays are nearly
paraliel (all axial angies smail).

17. Entropy and occupancy.  We argued in this chapter that the entropy of the
cosmic black body radiation has not changed with time because the number
of phiotons in each mode has not changed with time, aithough the frequency of
each mode has decreased as the wavelengih has increased with the expansion
of the universe. Establish the implied connection between entropy and oc-
cupancy of the modes, by showing that for one mode of frequency e the entropy
is a function of the photon occupancy sy only:

.= L5+ Dlog{s + 1) — {sylogdsy. (58)
Tt is convenient ta start from the partition function.

18, Isentrepic expansion of photon gas, Consider the zas of photons of the
thermal equilibrium radiation in a cube of volume ¥ at temperature . Let the
cavily volume increase; the radiation pressure performs work during the expan-
sion, and the temperature of the radiation will drop. From the result for the
entropy we know that %' is constant in such an expansion. {a} Assume that
the temperature of the cosmic black-body radiation was decoupled from the
temperature of the matter when beth were at 3600 K. What was the radius of
the universe at that time, compared to now? If the radius has increased lincarly
with time, at what fraction of the present age of the universe did the decoupling

take place? {b} Show that the work done by the photons during the expansion
is

W (2 136332, — 1)

i

The subscripts i and f refer 1o the inttial and fnal states.

Problems

19 Refloctive heat shicld and KirehhofP’s fuw.  Consider 2 plane sheet of mate-
rial of absorptivity a, cmissivity e, and reflectivity r == } — o Lot the sheet be
suspended between and parailel with two black sheets malintained at tempera.
tures v, and ;. Show that the nct flux density of thermal radiation between the

black sheets is (I ~ r) times the flux density when the intermediate sheet js

aiso black as in Problem 8, which means with g = e = 1;r = 0. Liguid helium

dewars are often insulated by many, perhaps 100, layers of an aluminized
Mylar film calted Superinsulation,

SUPPLEMENT: GREENHOUSE EFFECT

The Greenhouse Effect describes the warming of the surface of the Earth
caused by the interposition of ag infrared absorbent fayer of water, as VEpOr
and in elouds, and of carbon dioxide in the atmosphere between the Sun and
the Earth. The water may contribute as much 90 pereeit of the warming
effect.

Absent such a layer, the temperature of the surface of the Eanh is
determined primarily by the requirement of energy balance between the flux
of solar radiation incident on the Earth and the flux of reradiation from the
Earth; the reradiation flux is proportional to the fourth power of the tempera-
ture of the Earth, as in (4.26). This energy balance is the subject of Problem
4.5 and leads 1o the result Tpe= (R/2Dge ¥ 1 where T'g 15 the temperature
of the Earth and T is that of the Sun; here Ry is the radius of the Sunand D
is the Sun-EFanh distance,

The result of that problem is Tg = 280 K, assuming Ty = $800 K. The
Sun is much hotter than the Earth, but the geometry {the small solid angle
subtended by the Sun) reduces the solar Hux density incident at the Earth by a
factor of roughly {1/20)%

We assume as an example that the aimosphere is a perfect greenhouse,
defined as an abserbent layer that transmits all of the visible radiation that
falls on it from the Sun, but absorbs and re-emits a1l the radiation {which lies
in the infrared), from the surface of the Earth. We may idealize the problem
by neglecting the absorption by the layer of the infrared pertion of the
incident solar radiation, because the solar spectrum Hes almost eatirely at
higher frequencies, as evident from Figure 4.4, The layer will emit energy flux
fp up and 1, down; the upward flux will balance the soiar dux / y SU ihat
Iy =I5 The net downward flux will be the sum of the solar flux Ig and the

flux /; down from the layer. The latter increases the net thermal flux incident
a1 the surface of the Barth, Thus .

TE

P.nﬂ\.ﬂ.m.ﬁnmf (59)

where [, is the thermal flux from the Earth in the presence of the perfect
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greenhouse effect. Because the thermal flux varies as 7%, the new temperature
of the surface of the Earth is

Tge = 2WTg = {1.19) 280 K =~ 333 K, (60

so that the greenhouse warming of the Earth is 333 K -~ 280 K = 53 K for
this extreme example.®

oﬂaqanﬁm&goﬂﬁﬁsﬁm n:auwn E& Q§&a nmnawm Bom npacnuwn cm..ucce
and 1592: J. .H.. moumwﬁn et al, editors. .

Chapter 5

Chemical Potential and
Gibbs Distribution

DEFINITION OF CHEMICAL POTENTIAL

Example: Chemical Potential of the Ideal Gas
Internal and Toial Chemical Potential
Example: Variation of Barometric Pressure with Altitude

Example: Chemical Potential of goc:n Magnetic Particles
in a Magnetic Field

Example: Batteries R
Chemical Potential and Entropy
Thermodynamic Tdentity

GIBBS FACTOR AND GIBBS SUM

MNumber of Particles

Energy

Example: Occupancy Zero or One
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Chapter 5: Chemical Potential and Gibbs Distribution

We considered in Chapter 2 the properlics of two systems in thermal contact,
agd we were led naturally to the definition of the temperature. If the two systems
have the same lemperature, there is ng net energy flow between them. If the
temperatures of two systems are different, energy will flow from the system
with the higher lemperature 1o the system with the lower lemperature,

Now consider systems that can exchange particles as well as energy. Such
systems are said 10 be in difTusive {and thermal) contact: molecules can move
from ene system Lo the other by diffusion through a permeable interface. Two
Systems arce in equilibrium wigh respect to particle exchange when the net
particle flow is zera.

The chemical potential governs the flow of particles helween the systems, just
as the temperature governs the flow of energy, If two systems with a single
chemical specics are at the same temperature and have the same value of the
chemical patential, there will be no net particle flow and no net energy flow
between them. If the chemical potentials of the two systems age different,
particles will flow from the systern at the higher chemical potential to the
system at the lower chemical potentiall As an example, the chemical potential
of electrons at one terminal of a storage battery is higher than at the other
terminal. When the terminals are connected by a wire, electrons will flow in the
wire from high to low chemical potential.

Consider the establishment of diffusive equilibrium between two systems
3, and 8, that are in thermal and diffusive contact, We maintain 1 constant
by placing both systems in thermal contaet (Figure 5.1) with a large reservoir
Gt We fourd earlier that for a single system & i thermal equilibrium with a
reservoir &, the Helmholtz free encrgy of & will assume the minimum valoe
compatible with the common lemperature + and with other restraints on the
system, such as the volume and 1he number of particles. This resuh applies
equally 1o the combined &, + 3y in equilibrivm with &, In diffusive equilib.
rium between 8, und 31, the paiticle distibution Ny, Ny between the sysiems
makes the total Hebholtz free energy

F=Fi s Fye Uy 4 Uy~ oo, + 0y 1

a niinimum, subject to N = Ny + N, = constant, Because N is constant, the
Helmholiz free encrgy of the combined system is 2 minimum with respect to
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7
&_ﬁ. Valve F..,«.
negitive POsHive
o

System §,

Rt R

System 8,

¥
Reserveir gt

™ Energy exchange \\«

Figure 5,1 Example of two systems, 3, and &
and with a large reservoir @, forming a
8y aud 8, can be brought in diffusive c
temperature . The arrows al the valv
from &, 10 8,.

variations N, = ~ 8N, At the minimum,

dF = (EF /BN L), N, + {CF /8N AN, = 0
with ¥, 14, also held constant. With dnv, = —~dN,, we have
dF = [{eF/eN,), — (@F2/EN)JIN, = 0

$6 that ut equifibrium

T...M.:\mhd_un = Am._h.u.\.m../._ur.
DEFINITION OF CHEMICAL POTENTIAL
We define the chemical potentiaf as

—

#n,VN)={

2 inthermal contact with each other
closed total sysiem. By opening the valve,
ontact while remaining al the common

¢ hitve been drawn for a net particle transfer

> {2)

{3)

)
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where o is the Greek letter mu. Then where

m . Zy = gl = (M h?)> Y
1= Hy _

(9}

is the partition function for a single particie. From {8},

expresses the condition for diffusive equilibrivm. Il pry > gz, we see from (3) d

. (o (FFIEN) - = —1jlogZ, — —5 log N[, 10
that dF will be negative when dN | is negative: When particles ar¢ transferred ! e SO TN T (10)

from 8, to 3, the value of dN, is negative, and dN, is positive. Thus the
[ree energy decreases as particles fow from &, to 845 that is, particles flow Il we use the Stirling approabmation for A and assume that we can dillerentiate the
from the system of high chemical potential to the system of low chemical factarial, we find
posential. The strict definition of jt is in terms of a difference and not a deriva-
tive, because parlicles are not divisible:

o B o e . .
. M,W.Lm MCW_ ANl = M:-m MMCW.. A 2x zw,, ~../_ + w:Cm.. - ?H
u(eViN) = FlzV,N) = FlnV.N = 1) (6) . 1 m
’ = loghN + (N + 4 ——1=1logN + . (e}
N 2N
The chemical potential regulates the particle transfer between systems in !

contact, and it is fully as important as the temperature, which regulates the
energy transfer. Two systems that ean exchange both energy and particles are
in combined thermal and diffusive equilibrium when their temperatures and
chemical potentials are equal: 1y = 130y = 1

A difference in chemical potential acts as a driving force for the transfer of

. . . i : or, by (9},
particles just as u difference in temperature actsasa driving force for the transfer y O
ol energy.

which approaches log N for large values of N, Henee the chemicald potential of the ideal
gas is

o= —tjogZ, — log Ny = tloa(N/Z ),

|

1f several chemical species are present, each has its own chemical potential. _ o= tloglfng) , {i2a)
For species J, M !

f; = mmm.n_\mz._.wr{.z_.z? s

o : where 1 = N/V is the concentration of particles and ng = {(AMe/2zh*? is the quantum
conceniration delined by (3.63).

B R N . Ilweuse g = F{N} — F(N ~ 1) from(6) as the definition of y, we do not need to use the

where in the differentiation ThE AGmbers of all particles are held constant except : Stisling approximation. From {8) we obtain g = —1[log Z, ~ log N}, which agrees with

for the species . {12). The result depends on the conventration of particles, rot an their total number or on

the system volume sepasately. By use of the ideal pas faw p = nr we can write (12} as

o e Lo e e o SR $ 7 SRR T e e sy e i A1 4 s ety

e it = tloglp/tng). {12b)
Example: Chemicel potential of the ideal gas. In {3.70) we showed that the free energy

L . The chemical potential increases as the concentration of particles increases. This is what
of the monatomic ideal gas is

we expect intuitively: particies flow from higher to lower chemical potential, from higher to
. lower concentration. Figure 5.2 shows the dependence on concentration of an ideal gas
F= —<[NlogZ, ~ logNt], {8) composed of electrons or of helium atoms, for two temperatures, the boiling temperaturs



it | B3 i \\ T ¥ H 7 Gas
7 U4 I'd not
< L4 ;
2 \a”.« . \Rxn 2t — 4 classical
\ boiling

point—1 He at =

\ 10 000 atm

1943 1017 1012 g4 :wm.w g

n{em ™
Figure 5.2 The concentration dependence of g, fn units of 7, of an ideal gas
composed of electrons ot helium atoms, ©1 4.2 K and 300 K. To be in the classical
regime with # <€ g, a gas must have a value of - p at least 7, For electrons this is
satished only for concentrations appreciably less than those in metals, as in the

range of 1ypicat semiconductors. For gases it is always satisfied under normal
comditions.

of Hquid helium wt atmospheric pressure, 12K, and room iemperature, 300 K. Atomic
and moleculur pases always have negative chemical potentials under physicaliy realizable
conditions: at classical coneentrations such that Nittg <« b, we see from (12) that g is
negative.

Internal and Total Chemical Potential

The best way to understand the chemical potential is 1o discuss diffusive
equilibriam in the presence of a potential step that acts on the particles. This

Rt

N
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Figure 5.3 A potential step between twa
$, systems of charged particies can be established
——— " by applying a voltage between the systems. For
the voltage polarily shown, the poteniial

in systems 8; would be raised by gAY with
respect 10 8. The potential energy of negative

gt encrgy of positive particles with charge g>»0
— _ PR
Ay

particies would be fowered in 8, with respect
a3,

problem has wide application and includes the semiconductor p—n junction
discussed in Chapter 13, We again consider two systems, 8, and 3, at the
samce temperature and capable of exchanging particles, but not yet in diffusive
equitibrium. We assume that initially yi; > gy, and we denote the initial non-

equitibrium chemical potential difference by Aufin

ial) = pry — py. Now let a

dillerence in potential energy be established between the two systems, such

ihat the potential energy of cacl

Voparticle in system 8, is raised by exactly

Aptinitiad) above its initial value, If the particles carry a charge g, one simple
way Lo establish this potential step is to apply between the two systems a voltage

A¥ such that

gAYV = g(¥; — V) = AplinitiaD) , (13

with the polarity shown in Figure 5.3, A difference in gravitational petential
also can serve as a potential difference : when we raise a system of particles each
of mass M by the height f1, we establish a potential diffierence Mgh, where g is
the gravitational acecleration.

Ouncea potential step is present, the potentind encrgy of the particles produced

by this step is included in the energy

fin

U and in the free energy F of the system,
“igure 5.3 we keep the free energy of system 3, fixed, the step raises the

frec encrgy of 8, by Ny Aptinitial) = N g AV relative to its initisl vilue, fa
e fanguage of energy states, (o the energy of each state of 8, the poteytial
energy N, Ap(initial) has been added, The timetin of the potential b it
spacified by (13) rises the chemienl potential of 3, Ly Agdinitial), to make the

m(final)

1{nitialy

wnslinitial)

Pebemient potential of 3, ey tat

+

i

tol 8

e

Lealinitial) — pylinitial)}

paifinaly, {14}
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When the barrier was inseried, g1, was held fixed. Thus the bartier gAV =
ma{initial) — p Ginitial) brings the two systems into diffusive equilibrivm.

|

The chemical potential is equivalent to & true potential energy: the
difference in chemical potential between 1wo systems is equal to the
potential barrier that witl bring the two systems into diffusive equilibrium.

This statement gives us a feeling for the physical effect of the chemical paten-
tial, and it forms the busis for the measurement of chemical potentiat differences
between two systems. To measure p, — j,, we establish a potential step
between two systems that can transfer particles, and we determine the step
height at which the net particle transfer vanishes.

Only differences of chemical potential have a physical meaning. The absolute
value of the chemical potential depends on the zero of the potential energy
scale. The ideal gas result (12) depends on the chiaice of the zero of energy of a
free particle as cqual 1o the zero of the kinetic energy.

When external potential sieps are present, we can express the total chemical
potential of 2 system as the sum of two parts;

b= g = oy bt {15)

Here yi,,, is the poiential energy per particle in the external potential, and g,
15 the internal chemical potential* defined as the chemica potentiat that would
be present if the external potential wers zero. The term g, may be mechanicul,
clectrical, magnetic, gravitational, ete, in origin. The equilibrium condition
Ha = p, can be expressed as

Dtnu_ = Dtﬁ.nﬁ. Aw@u

Unfertunately, the distinction between external and internal chemical potential
sometimes is not made in the literature. Some writers, particularly those working
with charged particles in the ficlds of electrochemistry and of semiconductars,
often mean the internal chemical potential when they use the words chemical
potential without a further qualifier.

The total chemical potential may be called the elcctrochemical potential if
the potentizl barrers of interest are electrostatic. Although the term electro-

* Gibbs cailed p the poten
sures diflerences in o

| and i The intrinsic potential. He recognized that a voltmeler mea-
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Sysiem (2)

Iy

Figure 5.4 A model of the variation of
atmaospheric pressute with altitude; two
votwmes of gas at different heights in a uniform
gravitational field, in thermal and diffusive
conlact.

System {1)

chentical potential is clear and unambiguous, we shall use “total chemical
potential.” The vse of “chemical potential” without an adiective should be
avoided in situations in which any confusion about fts meaning could occur,

Example: Fariation of barometvic pressure with aliitude.  The simplest example of the
ditfusive equilibrium batween systems in different external potestials is the cquilibrivm
belween layers at diffecent heights of the Earth’s asmasphere, asswmed 1o be isothesmal.
The real wtmosphere is in imperfeet eguilibeium: it s constantly upset by meteorniopicut
processes, both in the form of macroscopie air movements and of strong emperature
gradicnis rom cloud formation, and because of heat input from the pround. We may
matke an wpproximate model of the atmoesphere 3 treating the different adr fsyers as
systems of ideat gases in thermad and diffusive [ i with cach other, in different
external potentials (Figure 5.4} Hwe place the zeso of the potenlial encrgy at ground level,
the potential energy per molecule at height fi is Myl where M is the particie mass and g the

gravitational acceleration. The internal chemical potential of the particles is given by (17},
The total chemical potentiaf is

= tlog(n/ng) + Mgh. {17

In equilibrium, this must be independent of the height. Thus

“viogla(idfng] + Mgh = tiog{n(Q)/ns] ,

and the concentration n{k) at height h satisfies

nthy = n(0)exp{— Afgh/c). {18}



1.9
0.3 -
+
0.2 i
E
R /
g
cn
. : g 005 T
Figure 5.5 Decrease of atmospheric pressure "
with alitude, The crosses represent the average =
atmosphere as sampled on rocket fiights. .m
. . - £
The connecting straight tng has a slope 4 0.02 \
coresponding to a temperature T = 227 K. 5 +»
m 00—
0.005
G
0.002 /
0.00¢

Chapter 5: Chemical Potential and Gibbs Distribution

0. 1w 20 30 40 50
v Height, in km

The pressure of an ideal £as is proportional to the concentration; therefore the pressure
at altitude T js

plh}y = p{Bexp( - Agh/t) = p(@yexp(—h/h). {19)

This is the burontetric pressure equation. It gives the dependence of the pressure on altitude
in an iscthermal stmasphere of a single chemical species. At the characteristic height b, =
/Mg the atmospheric pressure decreases by the fraction ¢! = 0.37. To estimate the
characteristic height, consider an isothermal atmosphere composed of nilropen molecules
witli s malecular werght of 28, The mass ofan Ny molecule is 48 x 10724 g Atatempera-
twire ol 290K the value of ¢ = £,T is 40 % 10 Herg With g = 980 ems ™2, the charac-
weristic beght A, s §.5km, approximately 5 mules. Lighter molecules, H, and He, will
ertend Barther up, bat these bave fargely cscaped from the almnsphese: see Problem 2,
Bevawse the Eanly's ustmosphiere iy ol accertcly isathern

b has s aere complicated
behavior. Figure 5.5 s o logarithimic plot of pressure daga between 10 and 40 w:o:,a_.ﬁm.
taken on sockel flights. The data points fll near a steuipht Jine, sugpesting roughly iso-
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thermal behavior, The straight line connecting the data

range pllis)pth,) = 1000:1, over an altitude range fr
from {19},

points of Figure 5.5 spans a pressura
omly = 2kmioh, = 48km. Now,

plh) Mg
log ==L - 0 - 25
o8 ot = L0y ~ @0

sothat the slope of the line is Algfr,whichleads to T = kg
of the observed curve with the pointl = 6, piyip(0) =
ture at lower altijudes,

The atmosphere consists of more than one species of gas. In atomic percent, the com-
position of dry air at sea level js 78 pet Ny, 24 pet O,. and 09 pet Ar: other constituents
account for less than Q.1 pet cach. The water vapor cantent of the atmosphere may b
appreciable: at T = 300K 27°Cy a refative hunsidity of 190 pet corresponds (o 3.5 pet
R0, The carbon dioxide concentration varics #hout 2 nominal valee of 0.03 pet. In an
ideal static isothermal atmosphere each gas would be in cquilibrivm with itself. The con-
centration of each would fall offwitha separate Beltzmann fuctor of the form exp(—~ Mgh/1y,

with Af the appropriate molecular mass. Because of the Jiffercnces in mass, the different
constituents (ulf off at different Tates.

= 227K, The non-intersection
1, is caused by the higher tempera-

Exasmple: Chemical potential of mobile magnetic particles in a magnetic Sfield.  Consider
a sysiem of N identical particles each with a magnetic moment m. For mmanﬂ_a:w suppose
cach moment is directed either parallel 1 or antiparatlel 1 1o an applied magnetic ficld B,
Then the potential energy of a T particle is — mB, and the potential energy ofa | particle is
+mB. Wemay reat the particles as belonging to the two distingt chemical specics labelled 1
ard |, one with external chemical potential 41.,(71} = —wBand the other with p, (1) = mB.
The particles | and | are ps distinguishable as twa different isotopes of an chement or as two
different elements; we speak of § and | as distiner species in equilibrium with each other.

The internal chemical potentials of the particles viewed as idead gases with concentrations
my and n, are

Hall) = tlogl/ng);  podl) =« login g}, (21}

where ng = (M1 220 s the same for both species.
The total chemieal potentials are

HrodT) = tlog(n:/ny) ~ mh; {23}
Hall) = «Tumﬁ:....:cv + o, (>

I the magneriv fold Paaries in

st
Wl chiemwai pee: abi (1)
chemical patential of o speCics i constam wdepen-
of pacticles withia the volume) Because the two

mtitsde over e volwme of the systew, the oo
¥ aver the voluie inotder fo maisiaia g QLTINS
over the volwue {Figure 5.6). (The total
dent of position, if there is free difTusia
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] |
mh hﬂ. Py -
£ 7 = 1
T2 wYxn‘a\ut«n.i-{i?Ut\h\ =]
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HoL i1t Lo e jgit

Cencentration n, ia particles cm-?——=

Figure 5.6 Dependence of the chemical potential of a gas of magnetic
particles on the coneeniration, at several values of the magnetic field
intensity. ifn = 2 % 107 em ™ for B = O, then at a point where B = 20
kitogauss (2 1esla) the concentration will be 2 = 10% cm ™ 3.

spectes in equilibrium have equal chemical potentials,

thod 1) = constant = Pl {23)
The desired solutions o {22} and (23} are casily seen by substitution 10 be:

n(B) = In(0)exp(mB/1); n{B) = In(0)exp(—mByr) , (24)

where (0} is the total concentration my + nry at a point where the field B = 0. The total
concentration at a point al magnetic field B is

n(B) = nyB) + m(B) = (0} exp(mB/t} + exp{—mB;v}];

m*B?
n(0)cash{mB/t) = n(Q}{ 1 S + -0 b (25)

i

n(B)

The resull shows the tendency of magnetic particles 1o concentrale in regions of high
magncelic fictd intensity. The functionzl form of the result s not limited to atoms with two
magnetic orientations, but is appiicable to fine ferromagnetic particles in suspension in a
colloidal solution. Such suspensions are used in the laboratory in the study of ihe magnetic
flux structure of supercanduciors and the domain strecture of ferromagnetic materials. In
engineering, the suspensions are used o test for fine structural cracks in high strength sscel,
such as turbine blades and aircraft landing gear. Whenthese are coated with 2 ferromagnetic

Internal and Total Chemical Potential

suspension and placed in a magnetic field, the particls concentration becomes enhanced at
the inlense fields at the odges of the crack.

In the preceding discussion we added to ,, the interna! chemical potentiat of the
particies. If the particles were ideal gas atoms, g, wouid be given by (12). The logarithmic
form for p,., is not restricted to ideaf gases, but is a consequence of the conditions that the
partictes do not interact and that theic concentration is suMiciemly low. Hence, {12) applies
to macroscopic particles as well as to atoms that satisly those assumptions. The only
difference is thie value of the guantum concentration ny. We can therefore write

i = tlogn -+ constant , (26)

where the constant (= = rlog ) does not depend on the concentration of the pacticles.

Example: Bartevies,  One of the most vivid examples of chemical polemtials and poteulial
steps s the clectrochemical batiery, In the Eunitiar lsad-acid battery the negative electrode
cousisis of metadlic tead, Pb, and the positive clectrode is a layer of reddish-brown lead
axide. PuOr., on a Pb subsirmie, The cectrodes are immersed in diluted sulfuric acid,
H,50,, which is partially fonized into H* ions (protons) and $SO,” ~ ions {Figure 5.7).
Et is the tons that matter,

In the discharge process both the metallic Pb of the negative clecteode and the PH0,
of the positive elecirode are converied 1o lead sullute, PbSO,, via the two reactions:®

Negative eléctrode:

Pb + SO, = PbSO, + 2¢7; (27a)

Positive electrode:
PbO, + 2H" + H,80, + 2¢” -+ PbSO, + 2H,0. (27b)

Because of (27a) the negative electrode acts as a sink for SO, ™~ ions, keeping the internal
chemical potential p{SO," 7} of the sulfate fons at the surface of the negative electrode
lower than inside the clectrolyte {see Figure 5.7h). Similarly, because of (270) the positive
electrode acts as a sink for H” jons, keeping the internal chemical potential u(H "} of the
hydrogen ions lower at the surface of the positive electrode than inside the electrolyte. The
chemical potential gradients drive the fons towards the electrodes, and they drive the
electrical cucrents during the discharge process.

If the battery terminals are not connected, elecirons are depleted from the positive
electrode and accumulate in the negative clectrode, thereby charging both. As a result,
electrochemical potential steps develop at the electrode-gleciralyte interfaces, steps of
exucily the correct magnitude to equalize the chemical potential steps and to stop the
diffusion of ions, which stops the chemical veactions from proceeding furtier. Ifan external
current is permitied to flow, the reactions resume. Electron flow directly through the
electrolyte is negligible, because of o negligible ¢lectron concentration in the electrolyte.

* The reactions given are net reactions. The actual reaction steps are more cemplicated.
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Figure 5.7 {u) The leud-acid batlery consists of ¢ Phand a PBO; clectrode immersed in
partially tonized 1,50, One SOI7 ion converts one Pb atom into PbSO, + 2e7;
iwo H jons plus one un-ionized H,;50, molecule convert one PbO,; molecule into
PbSO, 4 2H,0, cousuming twa electrons, (b) The electrochemical potentials for SO -
and H* before the development of inte potential barriers that stop the dilfusion

and the chemical reaction. (¢} The electrostatic potential {x) after the formation of the
barrier.

Chemical Potcusial and Entropy

During the charging nrocess the reactions opposite o (37a,h) take place, because now an
extermal voltage is applied that pener
clectrods of suclt magnitude as to ey
andd henwe the direction of jon flow,

We denate by AV gnd A V. the differences in of
positive clecirodes relative to the common cleetr
negative chirges, diffusion will stop when

ates electrostatic poteatial steps at the surfice of the
eese the sign of the (ot Yehemical poten

sradicats,

cetrostatic patentinl of the regative and
olyte, Because the sullate ions CATTY o

=29 AV, = Ap(SO," "), {28a)

Diffusion of the H* ions will stop when

+qAV, = Au(H), (28b)

The two potentials AV and AV, are caifed hatf-cell patentials or hall-cell EMFs
{eleclromotive lorces); their magnitudes are known:

AV = —04voli; AV, = +16volt

The total clectrostatic potential dilference developed across one full cell of the battery,
as required 1o stop the diffusion teaction, is

AV = AV, — AV, = T0vol. B {29)

This is the open-circuit voltage or EMF of the battery. [t drives the electeons from the nega-
tive terminal to the positive terminal, when the two are connecied,

We have ignored free electrons in the electrolyte. The potential steps tend 1o drive
electrons from the negative electrodes into the electeolyte, and from the electrolyte into the
positive efectrode, Such an electron current is present, but the magnitude is so small as 1o be
practically negligible, because the cencentration of elecirons in the electrolyie is many
orders of magnitude fess than that of the sons, The only effective eleciron flow path is
through the external connection between the electrodes.

Chemical Potential and Entropy

In {3} we defined the chemical potential as a derivative of the Helmholtz free
cnergy. Here we derive an alternate relation, needed later:

JU VN o

AN .
T EN vy

(30}

This expresses the raiio #/t as a derivative of the entropy, similar to the way
/T was defined fn Chapter 2.
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To derive (30), consider the entropy as a function of the independent variables
U, ¥, and N. The dilferential :

o &e fta
do = { = Jdif — 1V — dN 3t
4 Ut T c.zn T \en c.ﬂ Y

gives the differential change of the entropy for arbitrary, independent diffierential
changes 41, dV, and dN. Let dV = 0 for the processes under consideration.
Further, select the ratios of do, dU, and 4N in such a way that the overall
temperature change dt will be zero. If we denote these interdependent values
of da, dU, and dN by (8g),, (3U), and {(dN}, then dt = O when

8u éo
- U — | {&N},.
(3a3, U za ot {an ) e
After division by (N},
o), _ (Do) BUY | (o) (32)
(SN, U Jx (6NY, eN/Jy

The ratio (85),/(8N), 15 (Ea/oN),, and (U)ASN), is (BU/oN),, &ll at constant
volume, Wih the oripinal definition of 1/1, we have

2o aU 2o
AR AT (33)
“en), TGN/, T N ey

This expresses a derivative at constant U in terms of derivatives at constant t.
By the original definition of the chemical potential,

alt e
P LU0 R LA R AT (34)
mZi\ qzn._\ mZ..<

and on comparison with {33} we obtain

u == =T 0a/ON)y b (35)

‘The two expressions (5} and (35) represent two diflerent ways to express the
same quantity y. The difference between them is the following. In (5), Fisa

Chemical Porential and Entropy

TFable 5.1  Summary of relations expressing the temperature

- 7, the pressure p, and the chemical potential p in terms of
partial derivatives of the entropy o, the encrey U, and the free
enerpy F,with o, U, and F given as functions of their natural
independent variables

s{U,V.N} Ui, V.N} Ho, VN

. 1 _fés ‘= 414 t is independent
< FU & fon variable

) P Amqv N Amcv &F

s t TNEV Ly PE\ev e PENT )
I ﬁmnv Am?. . Am_ﬂv

B —— = b vy

! 1 T \GH S V.77 A VT

it

i

function of its natural independent variables ¢, ¥, and N, so that p appears as
a function of the same variables. In (31) we assumed o = o(U,V,N), so that
(33} yields p as a function of U, V¥, N. The quantity y is the same in both (5}
and (35}, but expressed in terms of different variables. The object of Prabiem 11
is 1o find a third relation for u:

#o,V\N} = (CU[3N}, v (36)

and in Chapter 10 we derive a relation for p as a function of 7, p, and N. Table 5.1

compiles expressions for 7, p, and g as derivatives of o, U, and F. All forms
have thelr uses,

Thermodynumic identity. \We can generalize the statement of the thermo-

dynamic identity given in {3.34a) to include systems in which the number of
particles is allowed to change. As in (31),

ba e ca
= f— — v — N. 37
do 30 Faa_c_ + Y% c.zz + N c.v.E {37

By use of the definition (2,26} of 1/1, the relation (3.32) for p/t, and the relation
(30} for — p/r, we write do as

do = dUft + pd¥jt — pdN/fe. {38)
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This may be rearranged 1o pive

]

dU = tds ~ pdV + adN -, {39)

e S,

which is a broader statement of the thermedynamic identity than we were able
to develop in Chapter 3.

GIBBS FACTOR AND GIBBS SUM

The Boltzmann wuﬁc_.‘. derived in Chapter 3, allows us to give the ratio of the
probability that 2 system will be in a state of energy £, to the probability the

system will be in a slate of energy £y, for a system in thermal contact with a
Teservoir at temperature ¢+

. .mu?.mw - mxﬁﬂlm_,‘.ﬂw T«DU

Pley) eXp{~e,,7)

This is perhafgs the best known resylt of statistical mecharics. The Gibbs factor
isthe mnznamﬁw..ﬂmon of the Bolizmann factor to a system in thermal and diffusive
contact with a reservoir at temperature 1 and chemical potential jt. The arpu-
ment retraces much of that presented E.Qxﬁmn_, K

We consider a very large body with constant energy Uy and constant particle
sumber Ny, The bady is composed of two parts, the very targe reservoir 6 and
the system &, in thermal and diffusive contact {Figure 5.8). They may exchange
particles and cuergy. The contact assures that (he temperature and the chemical
potential of the system are equal to those ol the reservoir. When the system has
N particles, the reservoir has Ny — N particles; when the system has energy e,
the reservoir has energy Uy — & To obiain the statistical properties of the
system, we make observations as before on identical copies of the svsiem +
reservolr, one copy for each accessible quantum state of the combination. What
Is the prabability in a given observation that the system will be found to con-
tain M particles and to be in a state s of eneray g7 :

The state 5 is a state of a system having some specified nunmiber of particles.
The energy gy, is the energy of the state s of the ¥-patticle system: sometimes
we write only &, if the meuning is clear. When can we write the energy of a
system having N particles in an orbital as N times the energy of one particle
in the orbital? Ouly when interactions between the particles are neglected, so
that the particles may be treated as independent of each ather,

Gibbs Factor and Gibbs Sum

[

Reservoir
®

\\._mw:_uz‘om

Figere 5.8 A systom in thermal and dilfusive contuct with
a large reservoir of encrgy aml of particles, The total system
G + Sis insulated from the externad world, so that the
lotal energy and the total number of particles are constant.
The temperature of the sysiem is equal to the lemperature
of the reservoir, and the chemical potential of the system is
cquil to the chemical petential of the reseevoir, The system
may be as smalt as one atom or it may be macroscopie, but

the reservoir is always to be thouvght of as much larger than
the system.

Let P(N.e,) denote the ﬁwovmwn:w that the system has N particles and is in
a particular state s. This probability is propartional to the number of accessible
states of the reservoir when the state of the system is exactly specified. That
is, if we specify the state of &, the number of accessible states of R + 8 is just
the number of accessible states of @:

gla + 8) = ga) = 1. H1)

"“The factor 1 reminds us that we are locking at the system 8 ina single speeified

N
state. The g(at) states of the reservoir have Mo ~ N particles and have eneray
Ug - ¢, Because the system probability P(N,e,) is proportiona (o the number
of accessible states of 1he reservoir,

PN} o g(Ng — MUy ~ 1), {42)
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@
Pariicles W, — A,

Gt
Particles N, — N,
8 8
State | Energy Uy — ¢,

N, = Ny — 6

Encrgy Uy — ¢, State 2
R
Pasticles v,
Energy e,

Purticles N,

Encrgy r,

(a) (b}

Figure 5.9 The reservoir s in thermal and diffusive contact with the system. tn (a) the
system is in quantum state 1, and the reservoir has glNg ~—

Ny, Uy ~ g) states accessible
10 it In {b) the system is in quantum stale 2, and the reservoir has g{N, — Ny Uy~ ¢
states aceessibie 1o it. Because we have specified the exact state of the system, the total

aumber of stales accessible o M + 3 is just the number of states accessible 1o @

Eﬁnmwaﬁmqm“opranSoEo:mHo:nmua mnﬁn:amo:prn:a:&nnommn:mﬁnm
in the reservoir and on the energy of the reservoir. :

We can express (42) as a ratio of two probabilities, one that the system is in
state 1 and the other that the system is in state 2:

P(N\e)) _ g(Ng = N, U = &) @3
PN, ;) g{Ng — N3, U —£;) °

where g refers to the state of the reservoir. The situation is shown in Figure 5.9.
By definition of the entropy

g{Ng,Uy) = exp[o{Ng, Ut , {44
so that the probability ratio in (43) may be written as

%Qc:m_w - expla{Ny — N, Uqg — m_@ (45)
P(Nye)  expla(Ng ~ Ny Uy - e3)]°

or

P(N,¢
%Zw.m“_w expla(Ng ~ Ny Up — £} — a{Ng — N3Us — 2]}

i

#

explda) _ (46)

Gibbs Factor and Gibbs Sum

Heie, Ag is the entropy difference:

fa¥d

#

G(Ng = NypUs — &1} — 6Ny — Ny Up — &), (37
The reservoir is

very large in comparison with the system, and Ag may be
approximated quite accurately by the first order terms in & scerics expansion in

the two quantities ¥ and e that relate to the system, The entropy of the reservoir
becomes

alNy = NJUg = &) = a{No,Ug) - N M,mﬂ L MW R
For A defined by {47) we have, to the first order in Ny - Ny and ing, — &,
Y o (o1 ~ 22 0 R (49)
We know that
Yo (50a)
T ¢ty No

by eur original definition of the temperature. This is written for the reseevoir,
but the system will have the same temperature. Also,

(e (50%)
T NZc U ’
by (30).
The entropy difference {49) is
Ad s (N, — N n (e, — muw. 55

T T

Here Ag refers ta the reservoir, but N, N, ey, £; refer to the sysiem. The central
result of statistical mechanics is found on combining (46) and (51}:

PiNye;) _ expl(Nop ~ &)
P(Nzes)  exp[(Nop — ))/1]

(59
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The probability is the ratio aof two cxponentiad factors, each of the form
exp[{¥z — g)f]. A term of this form is called a Gibbs factar. The Gibbs factor
is proportional to the probability that the system is in a state s of energy &,
and number of particles' N. The result was first given by J. W. Gibbs, who
referred 1o it as the grand canonical distribution.

The sum of Gibbs factors, taken over ali
of particles, is the normalizing factor tha
absolute probabilities:

states of the system for all nunibers
t converts relative probabitities to

Flwt) = M M exp[{Nu ~ Eqn)fT] = M“ exp[{Nu — By T (53)

N=0 4N} ASN

m
_
!
_

S

This is called the Gibbs stm, or the grand sum, or the grand partition function,
The sum is to be carried aut over all states of the system for all numbers of
particics: this defines the abbrevistion ASN, We have written £, 45 By, tO
emphasize the dependence of the state on the number of particles N. That is,
£y 15 1he energy of the state s(N} of the exact N-particle hamiltonian. The

term N = 0 must be included; il we assign its energy as zero, then the first

term in 3 will be I,

The absolute probability that the system will be found in a state Nieg is
given by the Gibbs factor divided by the Gibbs sum:

P(Nyg) = kaum?W| o (54)

This applies to a system that is at temperature 1 and chemical potential . The
ratio of any two P's is consistent with our central resuit {52) for the Gibbs
factors. Thus (52) gives the correct relative probabilities for the states N, £

and N, £,. The sum of the probabilities of all states for all numbers of particles
of the system is unity:

M nzﬁﬁ./_._: Byl L @
LY PWNE) = ¥ PN = AN = e
5 ASN &

by the definition of - Thus (54) gives the correet absetule probubiliny *

« mﬂuur.: interested iy P
Pettieylarly helpful, T)
Cibbs sum. See st P

obabifity theory will find Appendix C on the Poison Jf
e muthod used there 1o derive the Poisson distribution depends on the
roblem (6,13).

Gibbs Factor and Gibbs Sumn

Average values over the systems in difTusive and thermal contuct with a

reservoir are easily found. if X{N,s5}is the value of X when the system has N

partictes and is in the quantum stale 5. then the thermal average of X over all
Nandallsis

¥ X(N.s)exp{tNpu - £)/c]
(XD = 3 X(NsIP(Ng) = 250 :
ASN m‘

We shall use this result to calculate thermal averages.

(56)

. kt&n._\
Number of particles.  The number of particles in the system can vary because

the system is in diffusive contact with a reservoir. The thermal average of the
nember of pariicles in the system is

¥ Nexp{Ny ~ e)r]
(Ny = 2% 3 , (57

according 1o {56). To obtain the rumerator, each term in the Gibbs sum has

been multiplied by the appropriate value of N. More convenient forms of {N)
can be obtained from the definition of &

WW: -1 > Nexp[(Nu = g/, (58)

T ASN

whence

. . (59)
g 3

The thermal average number of particles is casily found from the Gibbs sum
& by direct use of {59). When no confusion arises, we shall write N ﬁou.:ﬁ
thermal average (NY. When we speak later of the occupancy of an orbital,
Jor {fy will be written interchangeably for N or (N,

We often empley the handy notation

L= exp(p/t) w (650)
]

where 4 is called the absolute nctivity. Here 7 is the Greek letter fambda, We
see from (12) that for an ideal gas i is direcily properiional to the concentration,
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Gibbs Fuctor und Gidbs Sum 141
The Gibbs sum is written as

38

Figure 5,18 Adsorption of an O, by a haimne,
where & is the enerpy of an adsorbed O, relative
to an O, at infinite separation from the site.
. If energy must be supplicd to detach the O
and the casemble averags number of particles (57) is u

d M e ] from the heme, then & will be negative.

&=L expl=gfr) = ¥ Pexpl—gf) (61) _ MEO,

ASN

.m
szﬁ \..Mw._omw. . (62)

This relation is useful, because in many actual problems we determine by
finding the value that will make (N> come out equal to the given number of
particles.

Energy. The thermal average energy of the system is

M.F exp{ SNy ~ &)]
U= () = Juz 3 , {63}

where we have temporarily introduced the potation =1/ We mrmz.cmcm_q
write U for {&). Observe that

{Np ~ 3 = {NDp — anmﬁwwﬁmm ) (64}

fwe 3 [ a J
VB a) s d = (M )R ©3)

A simpler expression that {s more widely used in ealculations was obtained in
Chapter 3 in terms of the partition function Z.

BT T T T

Lxample: Occupancy zevo or one, A red-blooded example of a system that may be
occupied by zero molecules ot by one molecule is the heme group, which may be vacant or
may be occupied by one O, molecule——and never by more than one O, molecule {Figure
3.10). A single hente group occurs in the protein myoglobin, which is responsible for the
red color of meat. If ¢ is the energy of an adsorbed molecule of O, relative to Oy at rest at

Mb

infinite distance, then the Gibbs sum is

& = b+ rexpl—gin) {66)

Henergy must be added to remove the atom from the heme, 2 will be negative. The term |
in the sum arises from occupancy zero; the term 7 expl— £,1) arises from single occupancy.
These are the only possibilitics. We have Mb + O, or MbO, presens, where Mb denctes
myoglobin, a protein of molecular weight 17 000.

Experimental results for the fractional occupancy versus she concentration of oxygen
are shown in Figure 5.1, We compate the observed oxygen saturation curves of myogicbin
and hemoglebin in Figure 5.12. Hemoglobin is the oxypen-carrying companent of blood.
Itis made up of four molecutar strands, each strand nearly identical with the single strand of
myoglabin, and cach capable of binding a single oxygen molecuie. Histarically, the dassic
waork on the adsorption of oxygen by hemoglobin was done by Christian Bohr, the father of
Nicls Bohe. The oxygen saturation curve for hemoglobin {Hb) has a stower rise at low
pressures, because the binding energy of a single O, to a molecule of Hb is lower than for
Mb. At higher pressures of oxygen the Hb curve has a region that is concave upwagds,
beeause the binding energy per O, increases afier the fist O, is adsorbed.

The G, molecules on hemes are in equilibrium with the (3, in the surrounding liquid, so
that the chemical polentials of O, are equal on the myoglebin and ia solution:

HMBO,) = p(0;) A(MYO;) = HO,) (67)

where 4 = exp{p/z). From Chaplter 3 we find the value of 2 in terms of the gas pressure
by the retation

7 = nfng = plung. {68)

We assume the ideal gas result applies to O, in solution. Al constant temperature 2(0,} 5
directly proportionad to the pressure p.
The fraction f of Mb occupied by O, is found from (66) to be

[= dexpl—eft) - — { . (69)
u+,\...n€ﬁi_m3\. ‘229\: +m




Figure 511 The reaction of 2 myoglobin
(M) molecule with oxygen may be viewed as
the adsorption of a molecuie of O; at a site
on the large myoglobin molecule, The .
results foliow a Langmuir isotherm Yuite
zecurately. Each mycglobin molecule can
adsorb one O, molecule. These curves show
the fraction of myogiebia with adsorbed Q,
as & function of the partial pressure of G,.
The curves are for human myoglobin in
solution. Myoglebin is found in museles: & i
responsibie for the color of sieak. Aficr A,
Rassi-Funeli and E. Aatonini, Archives of
Biochemistry and Biophysics 77, 474 {1958),

Figure 542 Suturation curves of O, bound
to myogtobin (Mbj and hemoglobin (Hb)
molecules in sotulion in water. The partiaxi
pressure of O, is plotted as the horizontal
axis. The vertical asis gives the fraction of
the molecules af Mb which has one bosnd
O, malecule, or the fraction of Lhe strands of
Hb which have ene bound O, molecile,
Hemegiobin has o much facper change in
LAYEeR content in the prossere range belween
the arteries and the veins, This circmmslance
fecilitates the aciion of the heart, viewed as a
pump. The curve for myoplobin hus the
predicted Torm for the reaction Mb + Oy e
MBO;. The curve for hemoglobin fu

i
diferent form because of interactions between
O, melecules bound 1o the four strands of thie

Hb moleeule, The drawing is after J. §. Fruton
and 5. Stimimonds, General bivcheasistry, Witey,

1961,
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which is the same as (he Fermi-D

irac distribution function derived in Chapter 7. We
substitute (68) in (69} 10 obtain o

= 1 . P 70
B {mpt/oYexplefty + 1 ngrexp(e/t) + p * (70}

or,with p, = ngtexple/t),

f= mlmm . )
e

e}

where iy is constant with respect o pressure, but depends on the temperature. The result

(71}is known as the Langmuic adsorption isatherm when used ta deseribe the adsorption of
gases on the surfaces of solids.

Example: Imparity atom jonization in a senticonductor.  Atoms of numerous chemicaj
elements when present as impurities in a semiconductor may lose an electron by ianization
to the conduction band of the semiconductor crystal. In the conduction band the electron
moves about much as if it were a free particle, and the efectron gas in the conduction band
may often be treated as an ideal gas. The impurity atams are smalt systemns & in thermal
and diffusive equilibrium with the targe reservoir formed by the rest of the semiconductor:
the ators exchange electrons and energy with the semiconductor,

Let 1 be the lonization energy of 1he impurity atom, We suppose that one, but anly one,
clectron can be bound to an impurity atom; either orientation 1 or | of the clectron spin
is accessible. Therefore the system & has three allowed states—one without an clectron,
one with an electron attached with spin 1, and one with an electron altached with spin }.
When 8 haszero ekectrons, the Impurity atom is ionized. We choose the zero ofenergyof &
as this state; the other two states therefore have e common ehergy & = — I, The accessible
states of & are summarized below,

State number Description N £
1 Eleciron detached 0 0
2 Electron attached, spin 1 1 -1
3 feetron attiched, spin } 1 =14

The Gibbs sum is given by

g = U+ 2exp[(p + Dyl (72)
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The probahility that 8 is jonized (N = 0jis

: 1 1
tonized) = P0,0) = — = . 73
] Flionized) (@0 & 1+ 2exp[(p + D} (7
The probabitity that & is neutral (uo-ionized) is
Plewtral) = PUT,— N + Pl -1, {14

which is just 1 ~ P(D,0).

I

SUMMARY

1. TFhe chemical potential is defined as p(r,V N} = {cFicN), v and may n.n.mo‘_uo
found from p = (CU/EN),» = —dé/tN).,. Two systems are in diffusive
cquitibrium if gy = ;.

2. The chemical potential is made up of two parts, external and internal. The
external part is the potential energy of a particle in an external field of foree.
The interaal part is of thermal origin; for an ideal monstomic fus plint) =
tlogln/ng), where i is the concentration and ny = (M1/2rh*)** is the quan-
tum concentration.

3. The Gibbs factor

F(N.e) = expl(Np — £V 3

gives the probability that a system at chemical potential 2 and temperature ¢
will have N particles and be in 2 quantum state s of energy «,.
4. The Gibbs sum
&= 2 exp[iNu — enlic]

ASN

is taken over all states for all numbers of particles.
5. The absolute activity 1 is defined by 1 = exp{ufr).
6. The thermal average number of particles is
b
(ND = d==log 3.

- A ¢

Problems

PROBLEMS

1. Cenrrffuge. A cireular eylinder of radius R rotaies about the long axis with
angular velocity w. The cylinder contains an ideal gas of atoms of mass M at
temperature 1. Find an expression for the dependence of the concentration

n{r} on the radial distance r from the axis, in terms of n(0} on the axis. Tuke
4 as for an ideal gas.

2. Molecules in the Eavtf's atmosphere. 1M is the concentration of maolecules
at the surface of the Earth, M the mass of a molecule, and g the gravitational

acceleration at the surface, show that at constant temperature the towd number
of molecules in the atmosphere is

N = ﬁ‘_:snil55:&. drrtexp(MgR?re) {75)

with ¢ measured fean the conter of the Barth; bere # s the radios of the Eacth,
i integral diverges at the upper linit, so that N cannot be bounded and the
atmosphere cannot be in cquilibrium. Molecules, particularly light maolecules,
wre abways escaping from the atmosphere,

3 Potential cnivgy of pas in gravitational Jield. Counsider a column of atoms
each of mass M at temperature t in a uniform gravitationa! field g. Find the
thermul average polential energy per atom. The thermal average kinetic energy
density Is independent of height. Find the total heat capicity per atom. The
total heal capacity is the sum of contributions from the kinetic energy and [rom
the potentizl energy. Take the zero of the gravitational energy at the bottom
h = 0 of the column. Integrate from h = Ota hh = w0,

4. Active transpost.  The concentration of potassium K ¥ jons in the internal
sup of a plant cell (for example, a fresh water alga) may exceed by o factor of 10*
the conceatration of K* ions in the pond water in which the cell is growing.
The chemical potential of the K* ions is higher in the sap because their con-
centration # is higher there, Estimate the difference in chemical potential at
300 K and show that it is equivalent to a voltage of 0.24 V across the cell wall,
Take p as for an ideal pas. Because the values of the chemical notentials are
diffesent, the ions in the cell and in the pond are not in diffusive equilibrium. The
plant cell membrane is highly impermeable to the passive leakage of ions
through it Iimportant questions in cel] physics include these: How is the high

concentration of ions built up within the celi? How is metabolic encrgy apptied
to energize the active ion transport?

5. Magnetic concentration.  Determine the ratio m/z for which Figure 5.6 is
drawn. If T = 300K, how many Bohr magnetons gy = efif2me would the

particles contain to give a magnetic concentration effect of the magnitude
shown? SO . : ,



Chaprer 5: Chemical Porential and Gibhs Distribution

6. Gibbs sunt for @ two level system. (2} Consider a system that may be un-
occupied with enery zero or oceupied by one particle in either of two states,
oncofenergy zero and one of energy & Show that the Gibbs sum for this syslemis

& =14+ 1+ lexp(—efr). {76}

Our assumption excludes the possibitity of one particle in each state at the same
timic. Notice that we include in the ssmaterm for N = Oasa particular state of a
syster of a variable number of particles.

(b) Show that the thermal average accupancy of the system is

A+ Jexp{—gf1)

V) = . {17}
&
{¢) Show that the thermal average occupancy of the state at energy ¢ is
(Nle)y = fexp{—gf1)/3. (78)

{d) Find an expression for the thermal average encrgy of the system,

{e} Allow the possibifity that the orbital at ¢ and at e may be occupied each by
one particle at the same time; show that

& = Ud 2+ kexpl-g/1) + Pexplgfr)= {1 + Ot + Jexp(—&1)] (79

Because 3 can be factored us shown, we have in effect two independent systems.

7. States of positive und negative fonization. Consider a lattice of fixed hy-
drogen atoms; suppose that each aton can exist in four states:

u.S.E Number of electrons Energy
Ground % A
Positive ion i) ~1s
MNegative fon 2 48
Excited 1 14

Find the condition that the average number of clectrons per atom be unity.
The condivion will involve §, 2, and 1.

8. Curbon monoxide poivoniug.  In carbon monoside poisening the CO
replaces the O, adsorbed on hemoglobin (FEB) msolecules in the biood. To show
the effect, consider a model for which cach adsorption site on a heme may be
‘acant or may be occupied either with energy £, by oue molecule O, or with
enerpy £, by one molecule CO. Let WV fixed heme sites be in equilibrium with

Problems

O; and CO in the gas phases atl concentrations such that the activities are
A0 =1 x 107% and HCO} = | x 1077, all at body temperature 37°C.
Neglect any spin multiplicity factors. (a) First consider the system in the absence
of CO. Evaluate £, such that 90 percent of the Hb sites are occupied by Q,.
Express the answer in eV per O,. {b) Now admit the CO under the specified
conditions. Find 5 such that only 10 percent of the Hb sites are occupied by Q.

9. Adsorption of Oy in a magnetic field,  Suppose that at most one O, can be
baund to a heme group (see Problem 8), and that when 2(0,) = 1075 we have
90 percent of the hemes occupied by O,. Consider O, as having a spin of |
and a magnetic moment of 1 gz How strong a magnetic field is needed to change
the adsorption by { percent at T = 300 K7 (The Gibbs sum in the limit of zero
magnetic field will differ from that of Problem 8 because there the spin multi-
plicity of the bound s1ate was neglected.)

18, Concentration flucruations.  The number of particles is not constant in a
system in diffusive contact with a reservoir. We have scen that

1..m@
W == (50)

from (39). w& Show that

2 =2
O
(N*) = 3 (§1)

The mean-square deviation {[ANY) of N lrom (N is defined by

AN = (N = (N

i

(NBY = ANDAND + (V)P = (N — (5

S S 32)

& cu? 2\

{b) Show that this may be written as

i

AN

AN = 18Ny /e {83}

ppiy i vesult to e idead gas 1o find that

w1 (84)
szhlﬁc

is the mean square fractional fuctuation in the population of an ideal gas in
dilfusive contact with a reservoir. If (A is of the order of 102 ztoms, then the
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[ractional fluctuation is exceedingly small. In such a system the number of
particles is well defined ev

cn though it cannot be rigorously constant becausa
diffusive cantact is allowed with the reservoir. When (N is low, this relation

can be used in the experimental determination of the molecular weight of large
molecules such as DNA of MW 10% — 10'°; see M. Weissman, H. Schindler,
and G. Feher, Proc. Nat. Acad. Sei. 73,2776 (15746).

1. Equivalent definition of chemical potential.  The chemical potentizl was
defined by (5) as {éF/¢

¢N),,v-- An cquivalent expression listed in Table 5.1 is

B = (EUJEN), ,. (s5)
Prove that this relation, which was used by Gibbs to define g, is eguivalent to
the definition (5) that we have adopted. It wili be convenient 1o make use of the
resulis (31) and (3%). Our reasons for treating (5) as the definition of g, ard (85) as
a mathematical consequence, are two-fold, In practice, we need the chemical
potential more often as a function of the temperature v than as a function of the
entropy o. Overationally, a process in which a particle is added 10 a system
while the temperature of the system is kept constant is a more natural process
than one in which the entropy is kept constant: Adding a particle 10 a system at
a finite temperature tends to increase its entropy unless we can keep gach system
of the ensembie in a definite, although new, quantum state. There is no natural
laboratory process by which this can be done. Hence the definition (3) or (8),
in which the chemical potential is expressed as the change in free enerey per
added particle under conditions of constant temperiture, 15 operationally the
simpler. We point out that {85) will nat give U = MN on integrition, because
H{N,g,V}is a function of N; compare with (9.13).

12, Ascent of sap in trees. - Find the maximum height 1o which water may rise
in a tree under the assumption that the roots stand in 2 pool of waler and the
uppermost leaves are in air conlaining water vapor at a relutive humidity r =
04. The temperature is 25°C. If the relative huwnidity is r, the actual concentra-
tion of water vapor in the air at the uppermost leaves is riy, where iy is the

concentration in the saturated air that stands immediately above the pool of
waler. “ .

3. Isentrapic expansion. (a) Show that the entropy of an ideal gas can be
expressed as a function only of the arbital occupancies. (b) From this result

show that 1V'** is constant in an isentropic expansion of an ideal monatosmic
gas.

14. Multiple binding of 0. A hemoglobin molecule can bind four O,
molecules. Assume that ¢ is theenergy of each bound O,, relative to O, at rest at
infinite distance. Let / denote the absalute activity exp(y/7) of the free O, (in

solution). (a} What is the probability that one and only one G, is adsorbed onia

Problems

hemoglobin molecule? Sketch the result qualitatively as a lunction of 4, (b) What
is the probability that four and only four O, are adsorbed? Sketch this result
also. .

15, External chemical potential. Consider a system at temperature 1, with

N atoms of mass Af in volume ¥. Let p(0) denole the value of the chemical
potential at the surfuce of the earth. {a) Prove careflully and honestly that the

value of the total chemical potential for the identical system when translated
to altitude hr is

ph) = 4(0) + Mgh ,

where g is the acceleration of gravity. (b) Why is this result diffcrent from that
applicable to the barometric equation of an isothermal atmosphere?
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Chapter 6: Hdeal Gas

The ideal gas is a gas of noninteracting atoms in the limit of low concentration,
The limit is defined below in terms of the thermal average value of the number
of particles that oceupy an orbital. The thermal average occupancy is called the
distribution funciion, usuzlly designated as f{e,r,z), wheee ¢ is the energy of
the orbital.

An orbital is a stale of the Schrédinger equation for enly one particle. This
tetim is widely used particularly by chemists. fthe interactions between particles
are wesk, the orbital modet allows us 10 approximate an exscl quuntum stale
of the Schrédinger equation of a system of N particles in terms of an approxi-
mate quanlum state thut we construct by assigning the ¥ particles to orbitals,
with each orbital o solution of a one-particle Schrédinger cquation. There are
usually an infinite number of orbitals availuble for oceupancy. The term
“oroital” is used even when there is no analogy 1o a classical orbit or 10 a
Bohr orbit. The orbital model pives an exact solution of the N-particle problem
only if there are no interactions between the particles. .

It is a fundamental result of quantum nsechanics {the derivation of which
would lead us astray here) that zll species of particles fall into two distinct
classes, fermions and bosens. Any particle with half-integral spin is a fermion,
and any particle with zero or integral spin is 4 boson. There are no mlerme.
diate classes. Composite particies foflow the same rule: an atom of *He is
composed of an odd number of particles—32 electrons, 2 protons, § neutron—
each of spin §, so that *He must have haif-integral spin and must be a fermion.
An atom of *He has one more neutron, so there are an even number of particles
of spin 1, and *He must be 2 boson.

The fermion or boson nature of the particle species that make up a many-
body system has a profound and important effect on the states of the system.
The results of quantum theory as applied to the orbital model of noninteracting
particles appear as accupancy rules:

. An orbital can be occupied by any integral number of bosons of the same
species, including zero,

2. An orbital can be occupied by O'or | fermion of the same species.
The second rule is a statement of the Pauli exclusion principle. Thermal averages

of occupancies need not be integral or hall-integral, but the orbital occupancies
of any individual system must conform to one or the other rule,

Fermi-Divae Distribation Function

The two different occupancy rules give rise to two different Gibbs sums for
each orbital; there is a boson sum over al} integrat values of the orbital occu-
pancy N, and there is a fermion sum in which N = 0 or N = | only, Different
Gibbs sums lead to different quantum distribution functions fler ) for the
thermal average occupancy. If conditions are such that f « 1, it will not matter
whether the occupancies N = 2, 3,. .. are excluded or are allowed. Thus when
J « 1 the fermion and boson distribution fanctions must be similar. This Yimit
tn which the orbital occupancy is small in comparison with unity is catfed the
classieal regime.

We now treat the Fermi-Dirac distribution fusction for the thermal avérage
occupincy of an orbital by fermicns and the Bose-Finstein disteibution funetion
for the thermal average occupancy of an orbital by bosons. We show the
equivaicnce of the two functions in the linit of low occupaney, and we go on
to treal the propertics of a gas in this limit.-In Chapter.7 we treat the propestics
of fermion und boson guses in the apposite limit, where the nature of the
particles is absolutely crucial for the propertics of the gas.

FERMI-DIRAC DISTRIBUTION FUNCTION

We consider a system composed of 2 single orbitat that miay be occupied by a
fermion. The system is placed in thermal and diffusive contact with a reservoir,
as in Figures 6.1 and 6.2. A real system may consist of a large number N, of
fermions, but it is very helpful to focus on one orbital and call it the system.
Albother orbituls of the real systens are thought of as the reservoir. Qur problem
is to find the thermal average occupancy of the orbital thus singled out. An
orbital can be occupied by zero or by one fermion. No other occupancy is
allowed by the Pauli exclusion principle. The energy of the system will be taken
1o be zero if the orbital is unoccupicd. The energy is « if the orbial is occupied
by one fermisn.

The Gibbs sum now is simple: from the definition in Chapler 5 we have

& =1+ lexp{—ef) (1)

The term | comes from the configuration with occupancy N = 0 and energy
£ = 0. The term dexp(--£/7) comes when the orbital is aceupied by one fermion,
sothat N = 1 and the energy is e. The thermai average value of the occupancy

of the orbital is the ratio of the term in the Gibbs sum with N = 1 to the entire
Gibbs sum:

_ Jexp{—gf) _ 1 3
NED = L+ dexp(—gft) - 1 Texpleft) + 1 . @
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Reservoir

Reservoir

Vacant .. Occupied

G fermions . L I fermion
. - : Oenergy [0 £ energy
N, fermions Ny — 1 fermions

Uy energy Uy - ¢ energy
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g 3
alNg Uy) = log g{N,, U O{Ny — 1, Uy — £} = a(N,, U tﬁ%,dvci,ﬁ.lmv.,.

= 0N, Uy +

Figure 6.1 We consider a¢ the system a single orbital that may be oceupied at most by one
fermion. The system is in thermul and diffusive contuct w ith the reservoir al temperature 1. The
encrgy £ of ihe occupied orbital might be the Kinctic encrgy of a free eleciron of a definite

spin orientation and confined 1o a fixed volume. Other allowed quantum states may be
considered as forming the reservoir. The reservoir wili contain Ny fesmions if the system is
unoccupied and Ny ~ 1 kermions if the system is occupicd by one fermion.

i .

We introduce for the average occupancy the conventional symbol f(e) that

denotes the thermal average number of particles in an orbital of energy &

Jle) = (N

(3)

Recall rom Chapter 5 that 4 = explp/t), where o is the chemical potential.

We may write (2) in the standard form

1
expf(e — p)/r} P i

)

This result is known as the Fermi-Dirac distribution function. Equation {d)
gives the average number of fermions in o single orbital of energy & The value

* This distribution function was discovered independently by E. Fering, Zeitschrilt fir mrv@_xgum
902 (1926}, and P. A. M, Dirac, Pracecdings of the Royal Society of Eondan AllL, .oﬂ (1926}
Both workers drew on Paulé's paper of the oreceding year in which the exclusion principle was
discovered. The paper by Dirsc is concerned with the new quanium mechanics and contains a

pencral atement of the form assumed by the Pauli principie on this theory.

i
!
m
!
|
i
i

Fermi-Dirae Disteibution Function

ot

Reservoir

System

(a)

Figure 6.2 (2) The obvious mcthod
shown here, The eergy leve
particle Scheddinger cquat

of viewing a system of neninteracting particles is
Is each refer to an orbital that is o sofution of a single-
on. The totat energy of the system is

B = M ?_.nhn .

where N is the number of particles in the arbital n of ener
or L (b) It is much simpler thun {a),
system. The system in this scheme

2Y &n. For fermions ¥, = 0
and cqually valid, to treat s single orbital as the
may be the orbital 1 of enerpy £, All other orbitals
are viewed as the reservoir. The 1otaj energy of this one-orbital system is N s, where
N, s the number of patticles in the orbital. This devics of using one orbital as the
system works because the pusticles are supposed 1o interact only weakly with each
other. If we think of the fermion System asseciated with the orbital n, these are o
possibilitics: either the system bus 0 particles and eucegy 0, or the system has | particie
and energy £, Thus, the Gibbs sum consists of only two terms:

F =1+ iexp{—s 1.

The first term asiscs from the orbital occupuncy N, = 0,

,and the second term arises
from ¥, = 1,

of f always lies between zero and one. The Fermi-Dirac distribution function
is plotted in Figure 6.3,

In the field of solid state physics the chemical potential u is often called the
Fermi fevel. The chemical potential usually depends en the temperature. The
vatue of y gt zero tenrperature is often written as epy that is,

T = 0) = 1{0) = g, {5)

We call g the Fernt encrgy, not 10 be confused® with the Fermi fevel which

" In the semiconducior fiterature

the symbol &, is ofien used for #at any femperalure,
then called the Fermi level,

i ks
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Figure 6.3 Plot of the Fermi-Dirae distribution function f{e) versus € ~ p in units of
the temperature 1, The value of f(e) gives the fraction of orbitals at a piven cnergy
h are occupicd when the system is in thermal equilibrivm, When the system is
heated from absolule zero, fermions are transkerred from the shaded region at g/u < 1

to the shaded region at ¢/n > 1. For conduction electrons ina metal, g might
correspond Lo 30 000 K.

is the temperalure dependent p{r). Consider a system of many independent
orbitals, as in Figure 6.4, At the temperature T = 0, all orbitals of energy below
the Fermi energy are occupied by exacily one fermion each, and all orbitals
of higher energy are unoccupied. At nonzero temperatures the value of the
chemical potential g departs from the Fermi energy, as we will see in Chapter 7.

If there is an orbital of energy equal to the chemical potential {& = p), the
orbital is exactly half-filled, in the sense of a thermal average:

1
Jle=p) = T {6)

Orbitals of lower energy are more than half-filled, and orbitals of higher energy
are less than half-filled,

We shall discuss the physical consequences of the Fermi-Dirac distribution
in Chapter 7. Right now we go on to discuss the distribution function of non-

i
H
1
!

Bose-Einstein Distribution Funciion

Reservoir

0600

(D

interacting bosons, and then we establish the ideal gas faw for both fermions
and bosons in the appropriate limit.

BOSE-EINSTEIN DISTRIBUTION FUNCTION

A boson is a particle with an integral value of the spin. The occupancy rule
for bosens is that an orbitat can he occupied by any number of bosans, so that
basons have an essentially different quality than fermions. Systems of bosons
can have rather different physical properties than systems of fermions. Atoms
of *He are bosons; atoms of *He are fermions. The remarkable superfluid
properties of 1he low tempertture (T < 2.17K) phase of liquid helium can be
attributed 1o the properties of 2 boson gas. There is a sudden increase in the
fluidity and in the heat conductivity of liquid *He below this temperature. In
experiments by Kapitza the flow viscosity of “He below 2.17K was found to
be less than 1077 of the viscosity of the iiquid above 2.17TK.

Photons (the quanta of the electromagnetic field} and phonons (the quanta
of elastic waves in solids) can be considered to be bosons whose number is
nat conserved, but it is simpler to think of photons and phonons as excitations
of an oscillator, as we did in Chapter 4.

We consider the distribution function for a system of noninteracting bosons
in thermal and diffusive contact with a reservoir. We assume the bosons are
all of the same species. Let ¢ denote the energy of a single orbital whea occupied
by one particle; when there are N particles in the orbital, the energy is Ne,
as in Figure 6.5. We treat one orbital as the system and view all other orbitals

157

Figure 6.4 A convenient pictorial way o
think of a system composed of independent
orbitals that do not interact with each other,
but interact with a common reservoir.
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Figure 6.5 Energy-level scheme for non-
interacting bosons. Here ¢ s the energy of

20 orbital when oceupied by one particle;

Neis the energy of the same orbital when
occupied by N particles, Any number of bosons
€an occupy the same orbital, The lowest level
of this orbital contributes aterm o the
grand sum; the next highest leve] contribules

£ expl—g/t); and the subsequent contributions
ate 2texp{ - 2ch); ;2 expli—defr); it expl — gy
and so on. The Gibbs sum is F=1+
2exp{—~eft) + J exp{— 25/1) 4 -0

as part of the reservoir. Any arbitrary number of
The Gibbs sum taken for

3=k,

N o

3
N = I.«|M|||l.

S

particles may be in the orbityl,
the orbital is

ANexp(~ Nefr) = W [Lexp{-—gm)]¥. ("
. AN=0 ] .

The upper limit on. N should be the total number of particles in the combined
system and reservoir. However, the reservoir may be arbitrarily Jarge, so that

N may run from zero to infin
Let x = Jexp( - £/z}; then

ity. The series (7) may be summed in clased form.

f I

..ﬁ P L .
= zNLcA Tlex [ Z Lexp{-gfr) 8)

provided that mni!&.& < 1. In alf applications, Aexp(—g/T) will sutisly this
inequality; otherwise the number of bosons in the system would not be bounded,
The thermal average of the aumber of partictes in the orbital is found from

the Gibbs sum by use af(

é

Sle) =2

logd =

ixl

or

T

5.62):
d X I :
o dx fog(l = %) = Mlizlw T exple/ty — 1 @)

e e,

1
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Figure 6.6 Comparison of Bose-Einstein and Fermi-Dirac
distribution functions. The classical regime is attained for

(e — 1) » 1, where the 1wo distributions become agarly identical.
We shall see in Chapter 7 that in the degenerate regime at low
lemperature the chemical potential p for 2 FD distribution is
positive, and changes to negative at high temperature.

This defines the Bose-Einstein distribution function. It differs mathematically
from the Fermi-Dirae distribulion function only by having — 1 instcad of + 1
in the denominator. The change can have very significant physical consequences,
as we shall see in Chapter 7. The two distribution functions are compared in
“igure 6.6. The ideal gas represents the limit £ — u @ 1in which the two distsi-
bution functions are approximately equal, as discussed below. The choice of the
zero of the energy & is always arbitrary. The particular choice made in any
problem will affect the value of the chemical potential g, but the value of _.ME
difference e — i has to be independent of the choice of the 2¢ro of &. This point
s discussed furiher in (26) below, .

A gas is in the classical regime when the average number of atoms in cach
orbital is much tess than one. The average orbital occupancy for a gas at room
temperature and atmospheric pressure is of the order of only 107, safely in the

classical regime. Differences between fermions (half-integral spin} and bosons
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Table 6.1 Compurison of the arbitat occupancies in the classical
and the quantum regimes

_ Cluss of Thermal averiage occupancy
Regime particle of uny orbitsl
Classicul Fermion Abways much less than one,
Boson Abways much less than one.
Quantum Festnion Close 10 but less than one.
Boson

Orbital of lowest energy has
an occupancy much greater than one.

arise only for occupancies of the order of one or more, o that in the classical
regime their equilibrium properties are identical, The quanium regime is the

opposite of the classical regime. These characteristic features are summarized
in Tahle 6.1, :

CLASSICAL LIMIT

An ideal gas is defined as a system of free noninteracting particles in the classical
regime. “Free” means confined in a box with no restrictions or external forces
actinz within the box. We develop the propertics of an ideal gas with the use
of the powerlul method of the Gibbs sum. In Chapter 3 we treated the ideal 2as
by use of the partition function, but the identical particle problem encouniered
there was resolved by a method whose validity was not perfectly clear.

The Fermi-Dirac and Bose-Einstein distribution functions in the classicat
limit fead to the identical result for the average number of atoms in an orbital,
Write f{e) for the average occupancy of an orbital at energy & Here £ is the
energy of an orbital cecupied by one particle: it is not the energy of a system of

Zﬁunmn_nm..m:nmﬁ_:m.w:sn {FD} and Bosc-Einstein (BE) distribution func-
tions are

1

0= Sle T ET )

where the plus sign is for the FD distribution: and the minus sign {or the BE

distribution. In order that f{g) be much smaler than unity {or ail orbitals, we
must have in this classical regime

o enlle-pad >, N

Chemical Potential

for ali &, When this incquality Is satisfied we may neglect the term 41 in the

denominator of (11). Then for either fermions or bosons, the average occupancy
of an orbital of energy ¢ is

I~ T
Fie) = expl{n — o)/t = scxpl—g/1) , _ {1y

with 2 = explp/t). The limiting resuit {13) is called the classical distribution
function. bt is the limit of the Fermi-Dirac and Bose-Einstein distsibution
functions when the average occupancy fe) is very small in comparison with
unity. Equation (13), although called classical, is still a result for particles
described by quantum mechanics: we shall find that the expression for 2 or g
always involves the quantum constant :...?& theory whicli containg  cannot
be & classical theory. e

We use the classical distribution function f{z} = Zexp(—r/t) to study the
thermal properties of the ideal gas. There are many topics of importance: the
eatropy, chemical potential, heat capacity, the pressurc-volume-temperature
relation, and the distribution of atomic velocitics. To obtain results from the

classical distribution function, we need first to find the chemical potential in
terms of the concentration of atoms.

Chemical Potential

The chemical potential is found from the condition that the thermial average
of the 1otal number of atoms equals the number of atoms known to be present.
This number must be the sum over ail orbitals of the distribution funciion f{e,):

N =<(NY =Y jie), {14)

where § is the index of an orbital of encrpy g, We start with a moenatomic gas
of N identical aloms of zcro spin, and later we include spin and molecular
modes of motion. The total number of atoms is the sum of the average number
of atoms in each orbital. We use (13) in {14) to obtain

N = iy expl—g/t). {15)

To evaluate this sum, observe that the summation over free particle orbitals

is just the partition function Z, for a single free atom in volume ¥, whence
N = iZ,.
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In Chapter 3 it was shown that Z; = np¥, where ny = (M1/2rh?)*2 is the
quantum concentration, Thus

N=jz = MgV = NingV = njn, | (16}
in terms of the :mSGnnaaz&Q # = N/V. Finally,
7

5o nxﬁf:}..w = :\:Q o C.:

L

which is equal 1o the rumber of atoms in the quantum volume Ing. In the
classical regime Wng s «1, The chemical potential of the ideal monatomic

gas is
[
B _omﬁ?\:nﬂ.m_ (18)

in agreement with (5.12a) obtained in another way. The resuit may be written
out to give )

#=ilogN —logV - 3logt + Hog{Znh?/An). (19}
potential increases as the concentration inercascs and
decreases as the temperature increases.

We see that the chemical

Comment:  The simple expression (18) for the chemical potential can be subject to several
modifications. We mention four examples,

(a) 1fthe zero of 1he encrey scale is shified by an energy A so that the zero of the kinctic
energy of an orbual falls at gy = A instend ofat gy = 0, then

#o=4 + tlog(ning). (20)

(5) T the wtoms have spin 5, the number of orbitals ia the sum in {15} s mukiiplicd by the
spinmuliphicity 28 + 1 For spin L itis doubled: the value of the partition functien Z,
is doubled; ng will be replaced wverywhere by 2n,, and the right-hund side of {18)
will have an added term ~ tlog 2, The effect of 1)
below.

i spin on the cntropy is treated

(e} 11 the gas is not monatemic, the internal caergy states associated with rotational and
vibrational motion will enter the partition function, and the chemical potential will

free Energy

have an added term ~ ¢ log Zi,.. per (48) below, where Z;.1s the partition function of
the internal degrees of freedom of one molecute.

{d) Il the gas is nonideat, the result for # may be considerably more complicated; see

Chapter 10 for thic itlatively simple van der Waals approximation {0 a pas of inter-
acting atoms. ’

P m e s G s e LR

Free Energy
The chemical patential is related to the free energy by

EFeN)y = o, (21

according to Chapter 3. From this,

FINAVY = [MaN p(Nav) = < [M an logN ++--], (22)
Q [+

where the integrand is found in brackets in (19). Now fdxlogx = x logx ~ x,
5o that

Fo= NiflogN — 1 - log ¥ — flogt + HHog(Zrhiang , (23)

F = Nt[log(ning) — LI# (24}

The free energy increases with concentration and decreases with temperature,

or

o At

c e a2

Comment: The integral in (22} should strictly be a sum, because & is a discrete variable.
Thus, from (5.6),

N
NV = ¥ oV, (25)

N=y

which diffess from the integral only in the term in log N in (15), for

N
Y log N = log(l x 2x 3% x N)=logN? {26)

=1
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where the integral gave NlogN — N in (23} But for large N the Stirling approximation

log Nl = NlogN -~ N .

(27}
may be used, and now (25 is the same as {23).
38 e M S I s By z.n.lh.ﬂ.:n.u.h}hwm.w N R s |
Pressure
The pressure is related to the free energy by {3.49);
p= ={CFEV) x {28)
With {23) for F we have
p= NV, pVow Np, (29}
which is the ideal gas law, as derived in Chapter 3.
Energy
The thermal energy U is found from F = 1 — 17, oF
. aF
Us=F t+19=F~ iFityy= —14o 0 {30}
OT T fyw
With (23) for F we have
. e F
LA L (31
CT T fpn 2t
so that for an ideai gas -
|
| U= (32)

The factor 3 arises from the exponent of 7 in fig because the gas is in three
dimensions; if ny were in one or twa dimensions, the factor would be forl,
respectively. The average kinetic energy of translational motion in the classical
limit is equal 10 bz or $k,T per translational degree of frecdom of an atom.

The principle ofequipartition of energy among degrees of freedom was discussed
in Chapter 3. . o ’ .

Heat Capacity

A polyatomic molecule has rotational degrees of freedom, and the average
energy of cach rotational degree of freedom is 4t when the temperature is high
in comparison with the energy differences between the rotational energy levels
of the molecule. The rotational energy is kinctic, A linear molecule has two
degrees of rotational freedom which can be excited: a nonlinear molecule has
three degrees of rotational freedom.,

Entropy
The entropy is related 1o the free energy by
¢ = Jnmﬁ\mur&z. (33

From {23) for F we have the entropy of an ideg! gas:

a = N[logln,/m) + 3] (34)

This is identical with our carlier result 3.76}. In the ciassical regime ning is .

<« 1, so that loglng/n) is positive. The result (34) is known s the Sackar-Tetrode
cquation for the absolule entropy of 2 monatomic ideal gus. it is important
historically and is essential in the thermodynamics of chemical reactions, Fven
though the equation contains b, the resull was inferred from CXperimenss on
vipor pressure and on cquilibrium in chemical reactions long before the
quantum-mechanical basis was fully understood. Bt was a great challenge to
theoretical physicists to explain the Sackur-Tetrode equation, and many un-
successful attempts to do so were made in the early years of this century, We
shall encounter applications of the result in later, chapters.

The entropy of the ideal gas is directly proportiona! to the number of particles
N if their concentration s is constant, as we see from (34). When two identical
Bases at identical conditions are placed side by side, each systemn having entropy
a3, the total entropy is 20, because N is doubled. I a valve that conneets the
systems is opened, the entropy is unchanged. We see that the entropy scales as
the size of the system: the entropy is linear in the number of particles, at constant
concentration. If the gases are not identical, the entropy increases when the
valve is opened (Problem 6).

Heat Capacity

The heat capacity at constant volume is defined in Chapter 3 as

Cy = tliafin),. . {33
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Chapter 6: Ileal Gas

We can caleulate the derivative directly from the entropy {34) of an ideal gas

9\ a3 N
Otfuw  Eri\Z 0BT R hE o

(36)

or G = 3Nk, in conventional units.

The heat capacity at constant pressure is larger than €, because additional
heat must be added to perform the work needed to expand the volume of the

£as against the constant pressure p, as discussed in detail in Chapter 8. We use )

the thermodynamic identity rdo = JU + pdV to obtain

[a7) ¢u av
C o= -1 = [ —. 37
? ﬂmﬂv ..Amﬂu.*.wmwm 1)
The enerpy of an ideal gas depends c:_w on the temperature, so that {eufeny,
will have the same value ag (0U/et)y, which is just ¢, by the argument of (3.17b),

By the ideal gas law ¥ = Nt/p, so that the term p(EV/d1), = N. Thus {37
becomes

ﬁ..u w2 ﬁ._. + N ﬁumm&

in fundamentat units, or
Cp = Cy + Nk (38b)

in esnventional units. We notice again the differeny dimensions that heat
capacities have in the two systems of units. For one mole, Nky is usually written
a3 R, called the gas constant,

The results {38a,b} are written for an ideal gas without spin or other interna!
degrees of freedom of 2 molecule, Far an atom €, = 2N, 5o that

C,=3IN+N=iN )

Hear Capacity
in fundamental units, or

C, = §Nk, (3841)

in conventional enits. The fatio C,/C, is written as % the Greek letter gamma,

B e

vy

Example: Experimental tests of the Sackur-
entropy are clien found from experimental
to give at constant pressure

Tetrode equation, Experimental vajues of the
values of C, by numerical integration of {37)

olt) = o(0) = [ p0ur. (39)

mperature and pressure may be

compared with the experimental value of the entrapy of the gas. The enperimental value

is found by summing the follow ing contributions:

. Entropy increass on heating solid from absalute zero to the melting point.

% Entropy increase in the solid-to-liquid transformation (discussed in Chaprer 10y,

Entropy increase on heating liguid from melting poin to the by

Entropy increase in the tiguid-ta-gas transformalion,

e

18 point.

o

Entropy change on heating gas from the boiling paint to the selected temperature and
pressure,

There may further be 2 stight correction to 133) for the nonideatity of the gas. Comparisons
el experimentat and theorctical values have now been carried out for many gascs, ang very
satisfactory agreement is found between the wo scis of values.®

We give details of the comparison for neon, afier the measurements of Clusiys, The
CRLropy I8 given in terms of the woaventional entropy § = ko

L. The heat capacity of the sofid was measured from [23K to the melting point 455K
under one atmosphere of pressure. The heat capacity of the salid below 123K was
estimated by a Debye faw (C lapter 4) extrapelation 1o absolute zero of the measure-
meats above 123K, The enttopy of the solid al (he melting pointis found by nume
integration of {dT(C,/ T o be

Sia = 1429 T mol =1 K 1.

* A classic study i *The heat capacity of oxygen from 12K 15 its boiting paint and its heat of

viporizition. The entropy from sprctioscopic dala,” W.F. Giaugque and H. £, Johuston, Journal of
the American Chemical Seciety 51, 2300 {19291
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Table 6.2 Comparison of experimental and
culeubated vabues of the cntropy at the boiling
pomt under one atmosphere

Ewtropy in Jmol ™' K ~¢

Gas Typrin K Experimental Caleulated

Ne 22 96.40 G6.43
Ar 87.2% 12975 2924
Kr 11993 144.56 145.06

SOURCE: From Landolt Bornsein tubles, 6th ed., Vol =,
Purt 4, pp. 394-399,

2. Theheat input requised 1o melt the solid at 24.55 K is observed to be 335 L mot™F. The
associated entropy of melting is

bl 4
AS - wlum.:wo_

meliing 24.55K

= 1364 mol~ ' K,

3. The heat capacity

of the liquid was measured from the melling point to the boiling
pointof 27.2K und

er one atmosphere of pressure. The entropy increase was found 10 be
ASiquie = 385Fmol 'K,

The heat input required to vaporize the liquid at 27.2K was observed to be 1764 J
mol ™Y, The associated entropy of vaperization is

_ 1761 Imol ™!

AS -
272K

vapozization

= 64,62 Tmol " K1,

The experimental value of the entropy of neon gas at 273K ata prassure of one atmo-
sphere adds up to

Mnﬂ = .M.un:a + waq.l:n.n + D.M.ma_:n + D.w‘:u:.:uu:n: == WO.&OH aOmI“ mﬁl_...
The calculated value of the ciitropy .E. neon under the same conditions is

Sp = 9645 T mol =1 K-t

from the Sackur-Tetrode equation. The excelle
Bives us confidence in the basis of the entire th
Tetrode cejesation, The resull £343 coutd hard;
obscrvation is a reat experience. Results for ar

nt agreement with the experimental value
coretical apparatus that fed to the Sackur-
¥ bave been guessed; 1o find it verified by
gon and kryplon are given in Table 6.2,

RN o satoRy |

Cliemical Potential of Tdeal Gus with Inteenal Degrees of Freedom

Chemical Potential of Ideal Gas with
aternaf Degrees of Freedom

We consider now an ideal gas of identical polyatomic molecules. Each molecule
has rotational and vibrational degrees of freedom in addition to the transia-

tional degrees of freedom. The total energy & of the molecule is the sum of two
independent parts,

&=, + By {40)

where &, refers to the rotational and vibrational degrees of [recdom and ¢,
1o the translational motion of the center of mass of the molecule. The vibrationat
encrgy problem is the harmonic oseillator probiem treated earlier. The rota-
tional energy was the subject of Problem’3.6.

In the clussical regime the Gibbs sum for the orbital n is

F =1+ dexp(—eg, /1), (a1)

where terms in higher powers.of J are omitted because the average occupancy
of the orbital n is assumed to be «1. That is, we neglect the terms in 3 which
correspand to occupancies greater than unity. In the presence of internal energy
states the Gibbs sum assosiated with the orbital n becomes

=1+ i exp[~{e, + g1}, {42)

inl

or

& =1+ dexp(—~ mi_.&M exp{ — g /1), {43}

int

The summation is just the partition function of the internal states:

Zind = 3 EXP{= £ /T) (44)

ing

which is related to the internal free energy of the one molecule by F,, =
~tlog Z,,,. From (43} the Gibbs sum is

g =1+ AZ, exp{~e,f1). (45)
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The probability that the translationat orbital n is occupied, irrespective of

the state of internal motion of the molecule, js given by the ratio of the term
in 4 to the Gibbs sum &

.ﬁ.?:w — NNWZ nkﬂ.mlhn\ﬂw

1+ \“.Nma_ﬂxwuﬁlmn\a

= MN;_ ON—uﬁlmm\ﬂv. A&Qu

The classical regime was defined earlier as f(s,) « 1. The result {46} is entirely
analogous 10 {13} for the monatomic case, but iZ, now plays the role of L.
Several of the results derived for the monatomic ideal gas are different for

the polyatomic ideal Bas:

{a} Equation {i7) for 1 is replaced by

]
A= afngZ.) 7

with ng defined exactly as befose, (We shall always use g as defined for the
monatomic ideal gas of atoms with zero spin} Because 4 = explu/t) we

have :
- .3 \M
1 = tloginjng) — log Z,, ] {48)
{b) The [ree encrgy is increased by, for N molecules,
“i
Fiu = =Ntlog Z,,. | (49)
I
{c] The entropy is increased by
H Tins = Eﬁma.\m&,..J 30}

The former result U = 3N applies 1o the translational energy alone,

T T Y S e e ey ol
pon A L T

B A e e A P A VA T ORI E

Example: Spin entropy in zero magnetic ficld.  Consider an atom of spin f, where f may
represent both elecironic and nuclear spins. The internal partition funetion associated

Reversible Isothermal Expansion
with the spin alone i5

Z=QI+1), (51)

this being the aumber olindependent spin states. The spin contribution to the free energy is

Fiao = —tlogt2r + ), {52}

and the spin entropy is
i = log(2! + 1), {33}
by (50). The effect of the spin entropy on the chemical potential is found with the help ol (48):
# o= 2llogln/ng) — log(2! + (112 (54)
R R et S bty e L SN b B e S burue st |

Reversible Isothermal Expansion

Consider as 2 model example I x 10 atoms of *He at an initial volume of
10° em® at 300 K. Let the Bas expand stowly st constant temperature untif the
volume is 2 x 10*cm?. The lemperature is maintained constant by thermal
contact with a large reservoir, In a reversible expansion the system at any
instant is in its most probable configuration.

What is the pressure after expansion ?
The final volume is twice the initiat valume; the final temperature is cqual

to the initial temperature, From PV = N1 we see that the final pressure is
one-half the initial pressure,

What is the increase of entropy on expansion?
The entropy of an ideal 825 at constant temperature depends on volume as

a{V) = Nlog ¥ + constant \ (55}
whenee
T2 = oy = Nlog(Vy/¥) = Nlog2 = {1 x [07)(0.69%) = 0.059 x 1073, {56}
Notice that the cntropy is larger at the larger volume, because the system has

more accessible states in the larger volume than in the smaller volume at the
same temperature, .

1rd)
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Direction of motion of
piston in cxpansion

Weiphts

Biston

Heat flow Gas . ) Heal flow

S

Figure 6.7  Waork is done by the gas in an isothermal
expansion. Here the pas does work by raising the weights,
Under isothermal conditions pV is constant for un ideal 2at5,
so that the pressure must be reduced 1o allow the volume to
expand. The pressure is reduced by removing the Joad of
weights a litde al o time,

How much work is done by the gas in the expansion ?
When the gas expands isothermally, it does work against a piston, as in
Figure 6.7. The work done on the piston when the volume is doubled is

h_u pdV = ["Ne/VIV = Nlog(vyV) = Nrlog2. (57
1

Weevatuate Nt directly as4.14 x 16%erg = 41.4 1. Thus the work done on the
piston is, fram (57),

Ntlog? = (41.41)(0.693) = 28.77. (58)

The assumption that the process is reversible enters in (57) when we assume
thata krowledge of ¥ at every stage determines patevery stage of the expansion.

We define W as the work done on the gas by external agencies. This is the
negative of the work done by the gas on the piston. From (58),

W= = [pav=-271. 69

Reversible Expansion at Constanr Entropy

What is the change of energy i the expansion?

The energy of an ideal monatomic gas is [ e 3Nt and does not change in
an expansion at constant temperature. However, the Helmhol
decreases by Nrlog2, w
Chapter 8.

tz frec encrgy
hich is the work done. The connection is discussed in

Haow nucl heat flowed into the gas frem the reservoir?

We have scen that the energy of the ideal gas remained constant when the
gas did work on the piston. By conservation of energy it is necessary that a
flow of energy in the form of heat into the gas cceur from the reservoir through
the walls of the container. The guantity Q of heat added 10 the gas must be

equal, bal be oppesite in sign, to the work done by the piston, because
Q 4- W = 0. Thus

0=287] . (60)

from the result (59).

Reversible Expansion at Constant ﬁ::dE_.

We considered above an expansion at constant temperature. Suppose instead
that the gas expands reversibly from 1 x 10%¢m® to 2 x 10%7cm? in an in-
sufated cantainer, No heat flow 10 or from the gas is permitted, so that 0 = 0.
The entropy is constant in a system isolated [rom the reservair if the expansion
process is carried out reversibly (slowly). A process without a change of entropy
is called an isentropic process or an adiabatic process. The term “adiabatic”
has the specific meaning that there is no heat transfer in the process. For
simplicity, we shall stick with “isentropic.”

What is the temperature of the gas after expansion?

The entropy of an ideai monatomic gas depends on the volume and the
termperature as

o(z,V) = N(logt¥* + log ¥ + constany) , (6hH
50 that the entropy remains constant if
logt*V = constant;  ¢¥?¥ = constant. {62}
In an expansion at constant entropy from V) to ¥, we have
BRI AR {63)

for an ideal monatomic gas. -
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We use the ideal gas law pV = Nt to obtain two alternate forms, We ingert
V.= Nt/pinto (63) and cancel N on both sides ta obtain

572 572 .
oo n (64)
Py P2

Similarly, we insert 1 = PV/N in (63} to obtain

3Ty 82 Y2y 802,
PRV = p 2y, or

: PV s g1y S, (65)
Both (64) and {65) hold only for a monatomic gas, .

Tt is the subject of Problem 10 to generalize these results for an ideal gas mi.
melecules with internal degrees of motion {rolations, vibrutions). We obiain
for an isentropic process

= gy}t (06)
= g,k {67
Wm w\uq. ﬁ@mv

Here y = C,/C, is the ratio of the heat capacities at constant pressure and
constant volume,

With Ty = 300K and V/V, = § we find from (63):
Ty = (HP3(300K) = 189 K. (69)

This is the final temperature after the expansion at constant entropy. The gas
is cooled in the 8xpansion process by

Ty — T, = 300K - [89K = {1{K. (70}

Expansion at constast cnirepy is an important method of refrigeration.

What is the chunge in energy in the expansion? S
The energy change is caleulated from the temperature change (78). For a
ideal monatomic gas

U, - U, = Cilr, ~ ﬂL == WZ?‘N ~ 1}, (71}

Ao A

Sudden Fxpansion into o Vacuum

or, In conventiona) units,

it

Uy = Uy = Nky(T, - 7.

i

HE % 1022138 x _o-;ﬂmxizizﬁ

i

=23 x 10%rg = 23] {72}

Sudden Expansion intg a Yacuum

Let the gas expand suddenly into 4 vacuum from an in
a final volume of 2 liters, This is un excellent ex
When 4 hole js opened in the partition 1o peranit the expansion, the first atoms
rush through the hote and strike the opposite wall, Hno heat flow through the
walls is permitied, there is no way for the atoms 1o lose their kinetic energy.
The subscquent flow may be furbulent {irreversible), with different parts of the
835 at different values of the energy density. Irreversible energy flow between
regions will eventually equatjze conditions tkroughout the gas. We assume the
whale process oceurs rapidly enough so that no heat flows in thro ugh the walls,

ttial volume of 1 fiter to
ample of 4n frreversible process,

How nnech work is done in the expansion ?

No means of doing external work is provided, so that the work dene is zero.
Zero work is not necessarily z characieristic of al irreversible processes, but
the work is zero for eXpansion into a vacuum,

What is the femperature after expansion ?

No work is done and ng heat is added in the eXpansion: W = 0,0 = 0, and
Uy ~ Uy = 0. Because the enerpy is unchanged, the temperature of the ideal
8as is unchanged. The energy of a real gas may change in the procesy because

the atoms are maoved farther apart, which affects their interaction energy.

Whar is the change of entropy in the expansion?

The increase ofentropy when the volume is doubied as constant temperature
is given by (56):

Ag =g, ~ ¢, = Nlog2 = 0069 x 1323 {73)

For the expansion into 4 vacuum @ = 0,

Expansion into a vacuum i5 not a reversible Pprocess: the system is not in the
inost probable (equilibriim) configuration at every stage of the expansion, Only

175 |
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Table 6.3 Summary of idcal monatemic gas expansion experiments

u, -, 02 — 0y W g
Reversible v v, . ¥,
Isothermal 0 Nlog — —Nzlog _I,. Nrlog -~
expansion L ' "
Reversible AR AT
isentropic ~iNt| 1~ mmv 0 -INt il — m_ﬁv 0
cxpansion z 2
Irreversible 1A
expansion into 0 Niog v 8 )
viatuum :

the initial configuration before removal of the partition and the fnal con-
figuration after equilibration are most probable configurations, Atintermediate
stages the distribution in concentration and kinetic energy of atoms between
the two regions into which the system is divided does not correspond to an

equilibrium distribution. The central results of these calculations are sum-
marized in Table 6.3,

SUMMARY: STEPS LEADING TO THE IDEAL
GAS LAW FOR SPINLESS MONATOMIC GAS
(@) fle) = dexp{~—¢f1) Occupancy of an orbital in the
classical limit of f{g) « 1.

by A= N . Given N, this equation determines
2 exp(=e,/1) A in the classical Himit.
g E . .
{©) e, = 5% W“u Energy of a free particle orbital of

guantum number & in a eube of
volume V.

Transformation of the sum to an
inicgral.

{d) ¥exp{—g ) =1n .TE n? exp{—gft)

(e} X = NfngV Result of the integration (d) after

subsitution in (b},
(0) ng = {Mt/2rk*)¥? Definition of the quantum
concentration.

Problems
{2} u = tloghyng)

hy F = .%._M,./q_:?/_.a.v‘w = ZHTOWT__EQU . _”_
) p= —{EFEVYy = Ny¥

PROBLERMNIS

1. Derivative of Fermi-Dirac function.  Show that —g&f/ie evaluated at the

Fermi level ¢ = u has the value (41)~'. Thus the lower the temperzature, the
stecper the slope of the Fermi-Dirac function.

2, Symmetry of filled and vacant orbitals.
pears as f{u + J). Show that

k8 =1 ft = (4

Thus the probabitity that an orbital § above the Fermilevel is occupied is equal

to the probability an orbital § below the Fermi level is vacant. A vacant orbital is
sametinies known as a hole.

let £ = i+ & so that fle} ap-

' 3. Distribution function for deuble occupancy statistics.  Let us imagine a new
mechanies in which the allowed occupancies of an orbital are 0, 1, and 2. The
values of the energy associated with these occupancies are assumed to be 0, ¢,
and 2Z¢, respectively.

fa) Derive an expression for the ensemble averape occupancy ¢NJ, when the
system composed of this orbital is in thermal and diffusive contact with a
reservolr at temperature 1 and chemical potential .

{b}) Return now to the usual quantum mechanics, and derive an expression
for the ensemble average occupancy of an energy level which is doubly de-

generate; that is, two orbitals have the identical enerpy & If both orbitals are
occupied the total energy is 2e.

4. Encrgy of gas of extreme relativistic particles.  Extreme relativistic parti-
cles have momenta p such thal pc » Mc?, where M is the rest mass of the
particte. The de Broglie relation i = h/p for the quantum wavelength continues
lo apply. Show that the mean energy per particle of an extreme relativistic ideat
gasis 3zife = pe,in conlrast to 3t for the nonrelativistic problem. (An interesting
varicly of retativistic problems are discussed by E. Fermi in Notes on Thermo-
dynanics und Statistics, University of Chicago Press, 1966, papcrback.)

3. Integration of the thermodynamic identity for an ideal gas.  From the ther-
modynamic identity at constant number of particles we have

U pdv 1 U dv
mqﬂ,.s|+m|||"!;mlmln.w.~zw[&\+mlfﬁ (75}
T LT T\ ot fy T Vi T
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Show by integration that for an ideal gas the entropy is
@ = Cylogz + NiogV + o, , {76)

where g, is a constant, r&.ﬂunﬂmnﬂ of rand v,

6. Entropy of mixing. Suppose that a system of ¥ atoms of type A is placed
in diffusive contact with a system of N atoms of type B at the same temperature

of mixing. If the atoms are identical {A = B), shaw that there is #o increase in
entropy when diffusive contact s established. The difference in the results has
been called the Gibbs paradox,

7. Relation of pressuve and etergy density. (3} Show that the BYCTRES pres-
sure in a system in thermat condact with a heat reservoir is given by

M (e OV Yy expl - v f1)
= . (77)

where the sum is over alf stat s of the system. (b} Show for a gas of free particles
ihat : o

Ce Yy .. 2g,

= . 7
Vi T3V {78

as & result of the boundary conditions of the problem. The result holds equally
whether g, refers to a state of N noninteracting particles or to an arbital, (c} Show
that for a pas of free nonrelativistic particles

p=2URYV, ]

where U is the thermai average encsgy of the system. This result is not limited

1 the dassical regime; it hoids equally for fermion and bosen particles, as
long as they are noarelativistic,

8. Time for a large fuctyation, We quoted Bollzmann (o the efieet that two
gises ina 0.1 liter container will unmix only in atime enormously long compared
Lo 109™ vears. We shall investigate a related problem: we lef a gas of atoms of
*He occupy a container of volume ol 0.1 liter at 308 K and a pressure of 1 atm,
and we ask how long it will be before the atoms assume a configuration in
which all are in one-haif of the contaiper,

{a} Estimate the number of states accessible 10 the system in this initial
condition,

Problems

{b) The gas is comptressed isothermally 1o a volume of 0.05 liter. How many
states are accessible now?

{c) For the system in the Q.1 liter container, estimate the value of the ratio

number of states for which all atoms are in one-half of the volume
I!\.J.llful.[il‘i..ri.![ura. F]Itlﬂ"lf]’fl.
number of states for which the atoms are anywhere in the volume

(d) If the collision rate of an atom is = 10"57! what is the total number of
collisions of all atoms in the system in a year? We use this as a crude estimate
of the frequency with which the state of the system changes.

{e} Estimate the number of years you would expect 10 wait before all atoms
are in onc-half of the volume, starting from the cquilibrium configuration,

9. Gus of atoms with internal degree of frecdom,  Consider an wdeal mon-
stomic gas, but one for which the atom has two interpal energy states, ene an
cnergy A above the other. There are N atoms in volume V¥ at temperature 1,
Fod the (3} chicinicad poteidtialy () free ciergy ) (¢ enlropy: {d) pressutes
(e} ewt capacity at constant pressure,

10, Isentropic velations of ideal gas.  (3) Show that the differential changes for
an idcal gas inan isentropic process salisfy

d dv dt
Lryr=0;

dv dp 7z

b e ) —— oz M e e —— 2o WD
S0 =0 + (803
where y = C,/C,; these relations apply even if the molecules have internal
degrees of freedom. (b) The isentropic and isothermal bulk meduti are defincd as

B.= —VEp[V).; B, = —V(epiav), 81)
Show that for an ideal gas B, = yp; B, = p. The velocity of sound in a gas is
given by ¢ = (B, /p}"%; there is very littie heat transfer in a sound wave. For an

ideal gas of molecules of mass M we have p = pr/M, so that ¢ = (yride3,
Here p is the mass density.

11, Convective isentropic equilibrinm af the atmosphere.  The lower 10-15km
of the atmosphere—the iroposphere-—is often in a convective steady state
at constant entropy, not constant temperature. In such equilibrivm pl7 i
independent of altitude, where 3 = Cp/Ci. Use the condition of mechanical
equilibrium in a uniform gravitational field to: (a) Skow that dT/d: = constant,
where z is the altitude. This quantity, important i metcorofogy, is calicd the
dry adiabatic lapse rate. {Do not use the barometric pressure relation that was
derived in Chapler 5 for an isothermal atmosphere.) (b} Estimate dT/i-,

°C per km, Take y = 7/3. {c) Show that p o p?, where p is the mass density.
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If the actual temperature gradient is greater than the isentropic gradient, the
atmosphere may be unstable with respect to convection.

12. Ideal gas in two dimensions. () Find the chemsical potential ef an idea}
monalomic gas in wo dimensions, with N atoms confined to a square of area

4 = L The spin is zero. {b) Find an exprassion for the energy U of the gas.
(¢} Find an expression for the entropy o. The temperature is t.

13. Gibbs sum for ideal gas. {a) With the help of Z, = (VYN from
Chapter 3, show that the Gibbs sum for an ideal gas of identical atoms
is F = explingV). (b) Show that the probability there arc & atoms in the gas
in volume ¥ in diffusive contact with a reservoir is

P(N) = (NYYexp(—(ND)/NT (82)

which is just the Poisson distribution function {Appendix C). Here (N is the
thermal average number of atoms in the volume, which we have evaluated
previously as (N = 2V, (c) Confirm that P(N) above satisfies

Y PN =1 and Y NP(NY = (N).
N N

14, ldeal gas calculations.  Consider one mole of an ideal monatomic gas at
JOOK and 1atm. First, let the gas expand isothermally and reversibly te twice
the initial volume; second, let this be foliowed by an isentropic expansion from
twice to four times the initial volume. (a) How much heat {in joules) is added to
the gas in each of these two processes? (b) What is the temperature at the end of
the second process? Suppeose the first process is replaced by an irreversible
expansion inte a vacuum, 10 a total volume 1wice the initial volume, {c} What
is the increase of entropy in the irreversible expansion, in joules per kelvin?

I3. Dicsel engine compression, A diesel engine is an internal combustion
engine in which fuel is sprayed into the cylinders after the air charge has been
so highly compressed that it has attained a temperature sufficient to ignite the
fuel. Assume that the air in the cylinders is compressed iseatropically from an
initial temperature of 27°C (300 K). If the compression ratio is 15, what is the

maximum temperature in °C to which the air is heated by the compression?
Takey = 1.4,

- 14. Two Orbital Boson System -

Chapter 7
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1tis a fundamenial result of quartum theory tha all particles, including atoms

and molecules, are either fermions or basons. They behave alike in the classical

regime in which the concentration is smail in comparison with the quantum
cancentration,

N g = (M 2ah?)e, {1}

Whenever 2 > Mg the gas is said o be in 1

he quantum regime and is called a
Qquantum gas, The difference in

physical properties between a quantum gas of
fermicns and one ol bosons is dramatic, and both are unlike a gas in the classical
regime, A Fermi gus or tiquid has u high kinctic cnergy, Tow heat capacity, low
magaetic susceptibility, low interparticle collision rate, and exerts a high
pressure on the container, even at absolute zero, A Bose gas or liquid has a
high concentrution of particles in the ground orbital, and hese prirticies —
catled the Bose condensate—may act as g superflluid, with practically zero
viscosity.

For many systems the conc
impostant variable, “The
below

entration i is fixed, and the iemperature is the
quantum regime obtains when the temperature is

To = 2ah?/Mn*s3, {2)

defined by the condition i ng. A
is often said 1o be » degenerate gag®.

1t was realized by Nernst that the entropy of a classical gas diverges as log
as T - 0 Quantum theory removes the difficulty: both fermion and boson
£ases ipproach a unique ground stale us © — 0, so that the eniropy goes to

zero, We say that (e €nlropy is squeezed out on cooling a quantum gas (see
Problems 3 and 8},

In the clussicat regime {Chapier 6} 1
in an orbitat of energy ¢ is given by

£as in the quantum regime with ¢ « Ty

he thermal average number of particles

Je) > expltp ~ 2}, (3

* Here we have the second distinet usage of the word “degenerate™ i siat
Usage was introduced in Chapter 1, wt
state has the samye ¢

istical physics. The first
1re we called an energy level degenerate if more than one
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Fermi Gas

With the result for g appropriate ta this regime,
S = (afngdexp{—efy , {9

with the usual choice of the origin of £ at zero for the energy of the lowest arbital,
The form (4) assures us that the dverage occupancy of any orbital is always
<nfng, which is «1, consistent with our original picture of the classical regime.

A fermion is any particle—elementary or composile—with a half-integral
spin. A fermion is limited by the Pauli exclusion principle to an orbital occu-
pancy of G or 1, with an average occupancy anywhere between these Hmits. At
low temperatures it is clear that many low-lying orbitals will have one fermion
in cach orbital. At absolute zero all orbitals with 0 < & < gp will be occupied
with [ = 1. Hese ¢ is the energy below which there are just enough orbitals
to hold the number of particles assigned to the system. This energy is called the
Feruii energy. Above ¢ ull orbitals wilf hiive A= 0alt = 0, As 1 increases the
distribution function will devetop a high energy twil, us in Figure 7.3.

Bosons have integral or zero spin. They may be clementary or composite:
i compoesite, they must be made up of an even number of clementary particles
if these have spin b, for tsere is no wity to arrive al an integer from an odd
number of hall-integers. The Pauli principle does not apply to bosons, so there
is no limit on the occupancy of any orbital. At absolute zero the ground
orbital—the orbital of lowest energy—is occupied by all the particles in the
syster. As the temperature is increased the lowest single orbital loses its popula-
tion anly slowly. and each excited orbital—any orbital of higher energy-—witi
contain a refatively smalt number of particles. We shall discuss this point
carefully. Above t = r, the ground orbital loses its special feature, and its
occupancy becomes much like that of any low-lying excited orbital,

FERMI GAS

A Fermi gas is called degenerate when the temperature is low in comparison
with the Fermi energy, When the incquality T « gy is satisfied the orbitals of
energy lower than the Fermi energy ¢, will be almost entirely occupied, and the
orbitals of higher energy will be almost entirely vacant. An orbital is occupied
fully when It contains one fermion. A Fermi gas is szid to be nondegenerate
when the temperature is high compared with the Fermi energy, as in the classical
regime treated in Chapter 6.

The important applications of the theory of degencrate Fermi gascs include
conduction electrons in metals; the white dwarf stars; liquid *He: and nuclear
matter. The most striking property of a fermian gas is the high kinetic energy
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5 c
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Figure 7.1 (a) The energies of the orbitals n = £, 2, ..., 10 for an e
confined 1o 2 tine of engih I, Each leve! corres
spin up and one for spin dawn. (b} The ground
Orbitals above the shaded region are v

eciron
pands to two orbilals, one for
staie of 2 system of 16 electrons.
acant in the ground siate.

of the ground state of the system at absolute zero. Suppose that it is necessary
to accommodate N noninteracting efectrons in a length L in one dimension.
What o&mmm: will be occupied in the ground state of the N electron sysiem?
In a one-dimensional ceystal the quantum number of a free electron orbital of
form sin{nnx/L} is a positive integer n, supplemented by the spin quantum
number m, = 4 for spin up or spin down,
If the system has 8 electrons, then in the

n= 1,2, 3, 4 and with m, == +1% are filled, and the orbitals of higher n ase
empty. Any other arrangement giv

©s 2 higher energy. To construct the ground
state we B the orbitals starting from n = 1 at the boltom, and we continue
filting higher orbitals with electrons until all N electrons are accommodated.
The orbitals that are filled in the ground state of a system of 16 electrons are
shown in Figure 7.1. : : : :

ground state the orbitals with

Ground State of Fermi Gas in Three Dimensions

Ground State of Fermi Gas in Three Dimensions

Let the system be 2 cube of side I and volume ¥ = L. The orbitals have the
form of {3.58} and their energy is given by {3.59). The Fermi energy ¢ is the
energy of the highest fitled orbital at absolule zero; it is determined by the
requirement that the system in the ground state hold N electrons, wilh each
orbital filled with one eleciron up to the energy

_ B g\ (5}
lw.:h.

£F
Here ng is the radius of a sphere (in the space of the inlegers n,, ny, 1) that
separates fillad and empty orbitals. For the system to hold N electrons the
orbitals must be filled up to », determined by

4 n- N
N=2x}x :wumz.qu =3 e np = (NS, (6)
The factor 2 arises because an electron has two possible spin orientations. The
factor } arises because only triplets i, n,, n, in the positive octant of the sphere
in n space are to be counted. The volume of the sphere is 4zn /3. We may
then write (5) as

B 30PN\ h? 2 42/3
w D 2TTNATT RT p_— 7
K ME ﬁ\ ME (3n) r L

This relates the Fermi energy to the electron concentration N/V = n. The
so-called “Fermi temperature” 7y is defined as 15 = &,
The total energy of the system in the ground state is

3 /pA2
g e (h nE ,
Up=2% g =2x}x a:.q.o dnne, = 517 ._.o dnn®

L1 2

{8

with &, = (h*/2in)(rufLY. In {8} and (9), nis an integer and is not N/V. Consistent
with {6}, we have let

27 () - 20 % dun® (-9 G

in the conversion of the sum into an wﬁnw_.m_.. Integration of (8) gives the total
ground state kinetic encrgy:

Uy = S (BY s o 300 frne?
T T fom\L) " T Tom\L

N = INe . {10
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Figure 7.2 Total ground state energy U, of one mole of
clectrons, versus vilume,

using {5) and {6). The average kinetjc CRErgy per particle is Uy/N and is 2 of
the Fermi Cnergy £ At constant N the encrgy inereases as the volume deereases
(Figure 7.2), so that the ¥Fermi n:nnmw.m?om & repulsive contribution 1o the
binding of any material; in most megals and in white dwarf and fleutron stars
it is the most impaortant repulsive interaction, That is, the Fermi encrgy tends
to increase the volume, It is balanced in metals by the Caulomb illraction
between electrons apd ions and in the stars by pravitational attraction.

Density of States

Thermal averages far independent particle problems have the form
X =¥ flegrpx, | {1

where n deaotes the quantum orbital; X, is the value of the quantity X in

the orbital n; and flegty) is the thermal average occupaney, called the dis-
tribution function, of the orbital n, We often express (X as an integral over the
orbita] energy & Then {11} becomes

(XD = % de Dle)f (e, 1) (12}

Density of States

where the sum over orbitals hag been transformed 1o an integral by the sub-
stitution

26— [de ey . (13

Here D{e)de is the number of orbitals of energy between ¢ and £+ de. The
quantity £{e} is nearly always called the density of states, although it is more
ateurate o call it the density of orbitals because it refers to the solutions of a
onie particle problem and not to the states of the N pasticle syster.

Consider an example of the calcelation of D(e). We see from (7} that the
aumber N of free electron orbitals of energy less than or equal to some ¢ is

N(g} = (V3ny(2mynyii2 a0 . (14)
for volume V. Take the logarithm of both sides:
log N = }loge + constant, . (15)

and take differentials of log ¥ and loge:

dN - 3 e

Jlﬁlf. 6
N 2 ¢ (6}

The quantity dN = (3N{26)de is the number of orbitals of energy between &
and ¢ + de, so that

Dle) = dN/de = 3N 2 {(n

is the density of orbitals, The two spin orientations of an electron have been
Counted throughout this derivation because they were counted in (6). We can
write B{e) as a function of ¢ alone because

N(g}fe = (VAah{2mp)ai2gin s {18}

from (14}, Then {17) becomes

e —
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Figure 7.3 Density of orbitals as a function

of energy, for a free electron gas in three
dimensions, The dashed curve represents the
density [1e)D(0) of occupied orbitals a o finite
kemperature, but such that 1 is small ip
Comparison with &r. The shaded areg represents
the eccupicd orhityls at absolute zero,

Density of orbitals

.\\.\.3 Dee)
1\

L)
1
1
v

orbitals D(e) becomes Do), the density of occupied orbitals (Figure 7.3), The
total number of electrons jn a syslem may now be written as

When multiplied by the distribution function {Figure 6.3}, the density of

N = 2 a0 | ne

where f{s} is the Fermi-Dirac distribution lunction described in Chapter 6, In
problems where wa know the toral number of particles, we determine i by
requiring that the tatal number of particles calculated from {20) be equai to the
correct vatue, The totat kinetic energy of 1he efectrons g

U= {>

o0

deeD(0)f (et ). {21)

If the system is in the ground state, all orbitals are fifled up to the energy ¢,
above which they are vacant, The number of electrans is equal 10

N

i

,_.h.v;m Bie) (27
o

and the energy i

=
=
]

b s eD(e). 23

N e 3 s e o

Heat Capacity of Electron Gas

Heat Capacity of Electren Gas

whernce

AU = bsmmnmum&b& - .ﬁw%m@@. {24)
Here f{o) is the Fermi-Dirac function, and (e} is the number of orbitals per
unit energy Fange. We multiply the identity
N = [ ds fty0(s) - INCTE (25)
by & to obtain
._.o% + ,ﬁu .a.m.m.,‘b&@a =2 hw%nw@@. (26)

We use (26) to rewrite {24) as

AU = [ s - D + [ delep - a1 - 6] D). (27)

o
The first integrai on the tight-hand side of (27) gives the eaergy needed to take
electrons from £s to the orbitals ofenergy ¢ = ¢, and (he second integral gives
the energy needed to bring the elecirons to £r from orbilals below £r. Both
contributions o the &nergy are positive. The product fle}D(e)ds in the first
integral is the number of electrons elevated to orbitals in the energy range
de at an energy € The factor [1 - f(e}] in the second integral is the probability
that an eleciron has been removed from an erbital ¢, The function AU is plotied
in Figure 74. 1n Figure 7.5 we plot the Fermi-Dirac distribution fenction versus
& lor six values of the temperature. The electron concentration of the Fermi
Bas was taken such that &rfky = 30000 K, characteristic of (he conduction
electrons in a metal,

The heat capacity of the electron gas is found on differentiating AU with
fespect 1o 1. The only temperature-dependent teepy i (27} is fle), whenee we
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150 Chapter 7: Fermi aud Bose Gases

Figure 7.4 Temperature dependence of the energy of Mw..

a noninieracting fermion gas in three dimensions. The < 5
encrgy is plotted in normalized form as AU/Neg, w
where N is the number of electrons. The temperature

is plotted as tfeg.

& 0.2 0.4 0.6 0.8 1.0
T/ep

0.8 =~
f© 23 ¢ P //
0.6 'K ./ /
0.2 == oy \; .../zlin
L N
% __ W 3 4 5 6 7 8 9

£/kg, in units of 10* K

Figure 7.8 Fermi-Dirac distribution function al varicus temperatures, for

T = gg/kg = 50000 K. The results apply to a gas in three Enﬁﬂw.o:m.. The SE_.
number of particles is constant, independent of temperature. The chemical potential at
cach temperatusc was calculated with the help of Bq. (20) and may be read off En.
graph as the energy at which f = . Courtesy of B, Feldman.

Heat Capacity of Electron Gas

\lmnmmca of degenerate quantum gas

.f..!/. wnmmc:rﬁ classical pas
0 T~

+2

T

3 [,

: N
» ™~

Figure 7.6 Plot of the chemical potential {t versus temperature v for a
gus of noninteracting fermions in three dimensions, For convenience in
plotting, the units of ;r and 7 are 0.763¢4.

can group terms te obtain

_du

O"ME = ._.o de{e ~ £f)

d

4 ), {28)
dr

At the temperatures of interest in metals t/e, < 0.01, and we see from Figure 7.5
that the derivative dfdt is large only at encrgies near g, It is a good approxi-
mation to evaluate the density of orbitals D{e) at z; and take it outside of the
integral;

= !
Ca = Digy) .ﬁ_ defs — cp) w {29)

Examination of the graphs in Figures 7.6 and 7.7 of the variation of g with
suggests thal whent « g5 we ignore the temperature dependence of the chemical
potential ¢ in the Fermi-Dirac distribution function and replace u by the
constant £r. We have then:

df _e—rp  explle — )]

de 0 Aexplle — ed] + 1)

- : . (30)
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Figwre 7.7 Variation with femperature of the
chemicat potential y, for freg electron Fermi
8ases in one and three dimensions. in common
metals 1/e; 2 0.01 at room temperature, so
that uis closely equal 1o £p. These usves were
caleulated from series expansions of the integeat
for the number of particies in the system,

Chapter 7: Ferini anif Bosg Gases

105

0.95 : L

G 0.4 0.2

We set

X = {g.— m.nw\a y (31

and it foflows from (29) and (30) that

Cop = 1Diey) ._.ga dxx? 5 (32

i (g

We may safely EEa.on the fower limit by ~ oo because the factor e* in the
integrand is already nepligibie at x = —&p/t if we are concerned with low
temperatures such that e,/¢ ~ 100 or more. The integral* becomes

2
m [ e L 33)

* The integral is not clementary, but may be evaluated from the more famitiar resub

on dilferentintion of both sides with Fespectta the parameter a.

Heat Capacity of Electron Gas

whence we have for the heat capaciy of an electron gas, when t « 1,

{34)
In conventional units,
Ca = in*Dle k2 T (35)
We found that the density of orbitals at the Fermi energy is
Deg) = 3N/, = 3N{2tp {36}

for a free electron gas, with 7z = £,. Do not be deceived by the notation Tel
it is uot the temperature of the Fermi gas, but onfy a convenient reference point.
For t « v the gas is degenerate; for ¢ Te the gas is in the classical regime.
Thus (34} becomes

Co = 3N, . (37

In conventional units there is an extra factor £y, so that
Cor = ION YTy {38)

where ky T = ¢ Again, Teis not an actual temperature, but only a reference
point,

We can give a physical explanation of the form of the result {37). When the
specimen is heated from absolute 2ero, chiefly those clectrons in states within
an energy range t of the Fermi level are excited thermally, because the FD
distribution function is aflected aver 4 region of the order of v in width, iflus-
trated by Figures 7.3 and 7.5. Thus the number of excited electrons is of the order
of Nt/ep, and each of these has its encrgy increased approximately by 7. The
total electronic thermal energy is therefore of the order of U,; =~ Nt¥e,. Thus
the electranic contribation (o the heat capacity is given by

Ca = dUyfdt = Nujrp = Nefep (39)

which is directly proportional 10 7, in agreement with the exact result (34) and
with the experimental results,
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Chapter 7: Fermi and Bose Gascs

Table 2.1 Culcnluted Fermi energy purameters for free electrons

Conduclion Fermi

clectron Fermi temperatuse

CONCenRtistion Velocity CnCrgy Tr o=y ks,
Ni¥, incm™? spinems™? £y, in eV in K

Li 4.6 x 10?2 1.3 x 10% 4.7 55 x 10°

Na 25 I.i 31 17

K 133 085 2.1 24

Rb 108 4.79 1.8 2.t

Cs 0.56 0.73 1.5 18

Cu 8.50 1.56 10 8.2

Ag 5.76 1.38 55 64

Au 550 1.39 3.5 64

Fermi Gas in Metals

The alkali metals and copper, silver, and gold have one valence electron per
atom, 2nd the valence clectron becomes the conduction electren in the metal.
Thus the concentration of conduction electrons is equal to the concentration
of atoms, whick may be evaluated either from the density and the atomic
weight or from the crystal lattice dimensions.

if the conduction clectrons act as a free fermion gas, the valuc of the Fermi
energy £ may be caleulated from (7):

g = (h*2m}{3atn) 3. {40)

Values of n and of & are given in Table 7.1 and in Figure 7.8. The electron
velocity vy at the Fermi surface is also given in the table; it is defined so that
the kinetic energy is equal to &;1

Ineg? = g, {41)

where m is the mass of the electron. The values of the Fermi temperature Tp =
eg/ky for ordinary metals are of the order of 5 x F0*K, so that the assumption
T « T used in the derivation of {35) is an exceilent approximation at room
temperature and below.

The heat eapacity of many metals at constant volume may be written as
the sum of an electronic contribution and a lattice vibration contribution. At
low temperatures the sum has the form

Fermi Gas in Mpials

10711
mmw .\\Zn Figure 7.8 Fermi energy £, of o frec eleciron
hs \\A gas as a function of the concentration,
. o Calculated values are shown lor several
5 “ﬁm manovalent metals. The straight line is drawn
foree = 5833 x 10737 22 g, with n in
cm ™},
mcimm
5 1972 2 5 19%*
Electron concentration, in cm~3
o 30 - =
Lk m
e Lo
T - C/T =208 5 25772 -
L 4
= 2 Potassium
g ;
- 25 e
f =g -
m - \ﬂd\n\\t\.\\ﬂ ]
= I i
JOI ]
20
0 0.1 0.2

% in K?

.ﬁm:qo 19 mxvnmwﬁnii heal eapacity values for potassivm, plotted as C/Tversus
T* After W. H. Lien and N. E. Phillips, Phys. Rev. 133, A1370 (1964},

where y and A are constants characteristic of the material. Here y = PN/,
from {37, and the lattice vibration term A7? was discussed in Chapter 4, The
electronic term is linear in ¢ and is dominant at sufficiently low temperatures,

Itis En_.c_ to display the experimentaj values of the heat capacity for a given
material as a plot of Cpft versus 12:

Cyft =3 + 4r?, (43)

for then the points should lic on a straight line. The intercept at v == 0 gives
the value of y. Such a plot is shown for potassium ia Figure 7.9. Observed values

of y are given in Tables 7.2 and 7.3.
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Table 7.2 Experimental and free electran electronic
heal capacities of monovalent metals

-~ plexp), o {ree electron), .

Metal.  mImol 'K-? mimol™* K2 s
13 1.61 .75 217
Na I 1.14 1.21
K 208 1.69 1.23
Rb 241 1.97 1.22
G 320 236 135
Cu - 0.695 0.50 139
Ag 0.646 0.65 1.00
Au 0.729 0.63 113

The values of v and p are in md mol - - 1
ssuness Courtesy of N L Philiips.

Table 7.3 Experimental values of clectronic heat capacity constant 7 of metals

Li.
1.63

Na
1.38

K
208

Rb
241

Cs
320

Be B C ™
0.47
Mg | . A s |p

L3 N 1.35 ]
CalSc {Ti |V |G |MoylFe 1Co Ioa |00 Zn Gz | Ge | As
29 1107 | 3351926 | 140 920 § 498 | 4731 702 | 0695] 064 0.596 (19
Sr |y Zr |Nb { Mo |Te [ Ru | Rh | Pd Ag {Cd |in Sn | Sb
16 1102 | 2801 1.7 0 | — 33 4.9 942 1064610633 [1.69 | 1.78 | 011
Ba | la Hl | Ta W Ra Os | Ir Pt | Au Hg Tl Pb | Bi
27 110, 216 | 59 1.3 23 24 31 68 07290179 1147 | 29% c.Sw,

ROTE: The value of 7 is in mI mol ™ K -3, )
SOURCE: From compilations furnished by N. E. Phillips and N. Pearlman.

White Dwarf Stars

White dwarf stars have muasses comparable to that of the Sun. The mass and
tudivs of the Sun are

Mp =20 x 108, Rg =70 x 10°° cm, (44)
The radii of white dwatfs are very smalf, perhaps 001 that of the mm:. The
density of the Sun, which is a normal stay, is of the erder of 1 gem ™3, like that
ol water on the Earth. The densilies of white dwarfs are excecdingly high, of the

White Dwarf Stars

order of 10* 10 10" gem ™3, Atoms under the densities prevalent in white dwarfs
are entirely jonized inlo nuclej and [ree electrons, and the electron gas is a
degenerate gas, as will be shawn below, .
The companion of Sirjus was the first white dwarf 1o b
Bessel observed that the pathofthestar §
line,asif it had an invisible companion. T
near its predicted position by Clark in 1862. The mass of Sirius B was determined
to be 20 x 10* g by measurements on the orbits. The radius of Sirjus B is
estimated as 2 x 10%cm by a comparison of the surface temperature and the

radiant energy flux, using the properties of thermal radiant energy developed
in Chapter 4, :

The muss and radius of §

e discovered, In 1844
irius oscillated slightly about a straighs
he companion, Sirius B, was discovered

irius B lead (o the inean density

M 2 x 103y

- S 3 rey =3
Vi < whomp © 0.9 > 10% gem™?, (45)

I
I
I

This extraordinarily high densily was appraised by Eddington in 1926 in the
foliowing words: “Apart from the incredibility of the result, there was no
particular reasen to view the caleufation with suspicion,”
have higher densities: (hay named Van Maanen No.
00 times higher.

Hydrogen atoms at a density of 10¢

" Other white dwarls
2 has a mean density

gem™* have a volume per atom equal to

t
V, ~ Ty R e Olu_u 3 at
a ({0 molem 5 % 167 aloms mor=1j ~ 2 x i cm” peratom

0r 2 % 1074 peratom. The average nearest-neighbor separation is then of
the order of 0.01 4, as compared with the internuclear separation of0.74 Aina
moleculs of hydrogen. Under conditions of such high density the atomic
electrons are no longer atlached 1o individual nuclei. The electrons are ionized
and form an eleciron gas. The matter in the white dwacfs is held together by
gravitational attraction, which is (he binding foree in all stars.
In the interior of white dwarf stars* the elactron gas is d
lemperature is much less than the F
electron gas at 2 concenteation of |

eacnerale; the
¢tmi cnergy ep, The Fermi energy of an
x 10%elecirons em ™3 s given by

e = (/2000308 0) 1 % 05 x 107%rg = 3 % 10%eV {16}

T A pood discussion of white dwar

! [stars is given by W. K. Rese, Astrophysics, Holt, Rinchart, and
Winston, 1§73, :
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Table 7.4 Fermi energy of dezenerate fermion gases
{characteristic values}

Phase of matter Particles Tein K
Liquid *He atoms 03

Melal electrons 5 % to*
White dwarf stars eleetrons 3 x 10°
Nuclear matier nucleons 3 x joit
Neutron stars BeUlrons 3 x 10%2

about 10* higher than in a typica! metal. The Fermi temperature gx/ky of the
clectrons is &= 3 x 10° K, as in Table 7.4. The actual temperature in the intedior
of a white dwarf is believed to be of the order of 107 K. The electron gas in the
interior of a white dwarf'is highly degenerate because the thermal energy is much
lower than the Fermi encrgy. .
Are the electron energies in the refativistic regime? This question arises
because our theory of the Fermi gas has used the nonrelativistic expression

p*/2m for the kiretic energy of an electron of momenturn p. The energy equi-
valence of the rest mass of an electron is

gg=mc? = (1 » 10777)(3 x 10%cms™ ) = § x 107%¢crg. {47}

This energy is of the same order as the Fermi energy (46). Thus relativistic

effects will be significant, but not dominans. At higher densities the Fermi gas
is relativistic.

Muclear Matter

We consider the state of matter within nuclel. The neutrons and protons of
which nuclear matter is composed form a degenerate fermion gas, at least
qualitatively. We estimate here the Fermi energy of the nucleon gas; The radius
of a nucleus that contains 4 nucleons is given by the empirical relation

Rz (13 x 107 Ycm) x A3, {48}

According to this relation the average volume per particle is constant, for the

volume goes as R, which is proportional to A. The concentration of nucleons
in nuclear matter is

A
e = 011 x 10% em3 49)
S I X T T empA AT e -

Chensical Potensial Near Absolute Zero

about 107 times higher than the concentration of nucleans in a white dwael
star. Neutrons and protans are not identical purticles. The Fermi encrpy of
the neutrons need not equal the Fermi eaergy of the protons. The concentru-
tion of one or the other, but not both, enters the familiar relation

i

Ep = FIYi [3nin)22, (30)

For simplicity let us suppose that the number of protons is equal to the
number of ncutrons. Then

Bocorons & Hoeureons = 005 % 102 cm™3 | (51}
as obtained from {49) on dividing by 2. The Fermi encrgy is
£r = (317 x 1072 043 x 10 *erg = 27 Mev. 52

The average kinctic cnergy of a particle in a degenerate Fermi gas is 2 of the
Fermi cneegy, so that in nuclear matter she average kinetic energy is 16 Mev
per nucleon.

BOSON GAS AND EINSTEIN CONDENSATION

A very remarkable effect occurs in a gas of noninteracting bosons at a certain
transition temperature, below which a substantial fraction of the total number
of pasticles in the system will occupy the single orbital of lowest energy, calied
the ground orbital. Any other orbital, including the orbital of second lowest
energy, at the same temperature will be occupled by a relatively negtigible
number of particles. The total occupancy of alf orbitals will always be equal to
the specified number of particles in the system. The ground-orbital effect is
calied the Einstein condensation.

There would be nothing surprising to us in this result for the ground slate
occupancy if it were valid only below 107 % K. This temperature is comparable
with the energy spacing between the lowest and next lowest orbitals in a system
of volume 1 cm?, as we show below. But the Einstein condensation temperature
for & gas of fictitious noninteracting helium atoms at the observed density of
liquid hélium is very much higher, about 3¥. Helium is the most familiar
example of Einstein condensation in action.

Chemical Potential Near Absolute Zero

The key to the Einstein condensation is the behavior of the chemical potential
of a boson system at low temperatures. The chemical potential is responsible
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for the apparent stabilization of a large population of particles in the ground
orbital, We consider a system composed of a large number N of noninteracting
bosons. When the systeny is gy absolute zero all particles occupy the lowest-
encrgy orbital and the system s iy the state of minimum encrgy. It is certainly
noi surprising that at © = ( 4| particles should be in the orbital of lowest
cnergy. We can show that a substantial fraction remaing in the ground orbital
at fow, although experimentally obtainable, temperatures.

f we put the energy of the ground orbital at zero on our energy scale, then
from the Bose-Einstein distribution funetion

fleg) om —oe = (53)

we obtain the occupancy of the ground orbital at & = § as

l

JOy s — — (34

exp(—pfr} ~ 1’

When v+ 0 the oecupancy of the ground orbital becomes equal to the total
number of particles in the systemn, so that

i 1o !
im f(6,1) = N = lim S T |
=0

=0 CXp{—pfty — 1 T 1 — (ztf1) — 1 w

Here we have made usc of the series expansion exp(~x) = 1 — x 4 - We
know that x, which js ufr, must be smal in comparison with unity, for otherwise
the total number of particles N could not be large. From this result we find

Now= o/ = —ynN, (55}

BT 0 ForN = 10221 T = [ K, we have 4 = 1.4 x 10738 erg. We note

from (53) that

1

A=explpfry = 1 — 3o

(56)

337 -+ 0. The chemical polential in a boson system must always be lower in

tnergy than the pround state orbital, 1 order that the occupancy ofevery orbitul
be non-negative,

" Chemical Potential Near Absolute Zero

T ey T A S SETAR e T A N AT A LR T T T et e e
e R I T T R L O AT AL A T Gy SIS

Lvumple: Spacing af fowest and second lowest orbituls of free atoms,

The energy of an
orbital of un atom free to move in acube of velume V¥ = LY s

h? H
£ = w:“m W (4?2 ol {57}

where #,, fy, N, 2re positive integers. The energy e(111) of the lowest orbitat is

I\
A::nﬂm Pja+1+n, {38)

and the cnergy £(211) of one of the sct of next lowest orbitals is

B fx\?
£211) = siplyp@+ i+ (59}

The lowest excitation energy of the atom is

Ae = c(211) - g(111) = 3 x 2 [7Y (60)
= -t =3 a1
IEM{"He) = 6.6 x 107 gand [ = Tem,
A = (3)(8.4 % 107*)(9.86) = 248 x 10730 erg, (61)

In lemperature units, Aefky = 180 x 10714 K.

This spliting is extremely small, and it is difficultto conceive that it can play animportant
part in a physical problem even at the lowest reasonably accessibile temperatures such as
I mE, which is 1073 K. However, at the | mK temperature {55) gives > —1.4 x
1073 erg for N = 102 alams, relerred 10 the orbisal {58) as the zero of energy. Thus p is
nuch doser (o the ground orbital than is the next [owest aebital (59), and expl[e(i11) -
al/t) is much doser to § thun is exp{{e(2LE) — ulr), so that t{i11} dominates the dis.
tribution function,

The Boltzmana facter exp(— Ag/tiat lmK s

exp{~18 x 10"y = | - 18 x 10-1¢ , {62)
which is essentially unity. By {(4) we would expect thateven ifn = n, the occupancy of the
first excited orbital would oaly be of the order of 1, However, the Bose-Einstein distribution
Bives an entirely different value far the ovcupancy of the first excited ocbital;

farg = — b L (63)

expllAs — pfe] — 1 exp{deft) — | °
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becauss Ae 5 g Thus the oceupation of the first excited orbial ar 1 mk i

5o = 5 % 100 : {84)

so that the fraction of the ¥ particles that are in this orbita} BN =8 x 10'%10%F &
5 % 107, which is very small. We see that the occupancy of the first excited orbital at low
temperatures is relatively very much lower than would be expected a1 first sight from the
simiple Bolzmann factor (62). The Bose-Einstein distribution is quite stranpe; it favors a
situation in which the greatest part of the population is teft in the ground erbital at suffi-
ciently low temperatures. The particies in the ground orbital, as long as their number is » 1,
are calied the Bose-Einstein condensate. The atoms in the condensate act quite differently
from the atoms in excited states.

How do we understand the existence of the condensute? Suppose the atoms were
governed by the Planck distribution (Chapter 43, which makes no provision for halding
constant the totad number of particles; instead, the thermai averape oumber of photons
increases with temperature al 12, as found in Problem 4.1, 1f the laws of nature restricled the
total number of phiotons 1o u value N, we would sy that the ground orbitid of the photon
gas contained the diffcrence Mg = N ~ N(1} between the number allotted and the nember
thermally excited, The N nonexcited photons would be described as condensed nto the
ground orbital, bul Ng becomes osseatially zero ot a teanperature 7, such that all N photons
are excited. There is no actual constraint on the 1otal number of photons; however, there
Is a constraint oa the total number N of material bosons, such as *He stoms, in a system,
This consteuint is the origin of the coadensation iunto the ground orbital. The difference
between the Planck distribution and the Base-Einstein distributior is that the Latier will
canserve the total number of paricies, independent of iemperature, so that nonexcited
atoms are really in the ground state condensate.

Orbitat Occupancy Versus Temperature
We saw in (19) that the number of [ree particle orbitals per unil energy range is

vV {2a\M2 12

umvﬁmu == Mwlﬂlu, ﬂ.}m.. £ N . ﬁ.&%u

for a particle of spin zero. The total number of atoms of heliuvm-4 in the ground
and excited orbitals is given by the sum of the accupancies of alt orbitals:

N =3 fo= Nolo) + N = Nofo) + [T deDiafien. (66)

We have separated the sum aver n into two parts. Here N (1) has been written
for f{0,7), the number of atoms in the ground orbital at temperature 1. The
integral in (66) gives the number of atoms N7} in all excited .o_.Ewm_m. with

Orbital Occupancy Versus Temperature

Heo o)

/

F s

Viguee .10 Plot of the boson distribution function for two temperatures, with suilicient
particles present to ensure A = 1. The integral of the disteibution times the density of
states gives the number N, of particles in excited orbitals; the rest of the particles present

arc condensed into the ground stats orbital. The value of N is too farge 1o be shown on
the plot.

fex) as the Bose-Einstein distsibution function. The integral gives only the
number of atoms in excited orbitals and excludes the atoms jn the ground
orbital, because the funiction Dz} is zero at £ = 0. To count the atoms correctly
we must count separately the occupancy N, of the orbital with € = G. Although
only a single orbital is involved, the value of Ny may be very large in a gas of
bosans. We shalt calt Ny the number of atoms in the condensed phase and N,
the number of atoms in the normal phase, The whole secret of the result which
follows is that at low temperatures the chemical potential pis very much closer
in energy to the ground state orbital than the first excited orbital is to the
ground state orbital. This tloseness of p to the ground orbital loads most of
the population of the system into the ground orbital {Figure 7.10),

et
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The Bese-Finstein distribution function when written for the orbital at
g =0is

. 1
Neft) = T (67)

as in (54), where 1 will depend on the lemperature . The number of particles
in all excited orbitals increases as 132,

Voaanye o g/
= (2 I .
Nl = i? b RSO —"

or,with x = gft,

32 12
Mg = V(2 1:‘_.5 x (“8)

4\ 5T o FEiaTT

Notice the factor ¢ ¥? which gives the lemperature dependence of N,.

At sufficiently low temperatures the number of particles in the ground state
will be a very large number, Equation (67) tells us that 7 must be very close 1o
unity whenever Ng is > 1. Then ; is Very accurately constant, because a mag-
roscopic value of Ny, forees ; (o be close to unity. The condition for the validity
of the caleulation is that No » 1, and it is not required that N, <« N. When
£ 7 in the integrand, the value of the integrand is insensitive to smal] devia.

tions of A from I, so that we can set J = | in {68), although not in 67).

The value of the integral* in (68) is, when 1 = |

512

X
= = 2 130600 (69)
L
——
* To cvaluate the integral we write
o172 02 ~x )
X xX''rTg a -
%5&./. ~ iz %xq?i{lﬁ; =3 .—. dy xHlp-sx
0 eF — 1 o - o

=1

M“ T2 .—Acb .CJ.Znﬁ.:w.

a=p

it

The infinite sum is easily evaluzicd awmericaliy 1o be 2,612, Thie integrad nlay be transformed with
y=ultoghe

2 ..—,QA dun expl— y?) o 1/

A BT ¢ L o i

Einstetn Condensation Temperature

Thus the number of atoms i excited states is

1306V (2072

N o= Y ikl
4 nht

&

= 2612u,V, (70)

where ng == (121732 i again the quantum concentration, We divide N, by
N to obtain the fraction of atoms in excited orbiials:

NelN =~ 2612m0VIN = 26120 /n. an

The valne A~ or | - 1/N which led 1o {71} is valid as long as a large
number of atoms are in the ground state, All particles have to be in some
orbital, either in an excited orbital or in the ground orbital, The rumber in
excited orbitals is relatively insensitive to small changes in 2, but the rest of
the particles have to be iy the ground orbital. To assure this we must take ;
very close to 1 ag long as N is g large number. Even 102 i a large number for
the occupancy of an orbital, Yet within Atfrg = 1078 of the trunsition, where
7e is defined by (72) below, the accupancy of the ground orbital is > 015 atoms
cm ™3 at the cencentration of liquid *He. Thus our argument is highly accurate

at At/ = 1078,
Einstein Condensation Temperature

We define the Finstein condensation temperatyre* tg as the temperalure for
Which the number of atoms in excited states i equal 1o the total number of
atoms. That is, N (r,} = N. Above 1, the occupancy of the ground orbital js
MOl @ macroscopic number; below e the occupancy is macroscopic. From (70)
with N for N, we find for the condensation temperature

e

Iah? 7 23
= ih N ] (72)
M \26121
Now {71) may be written as
1
NN = (e 7| 7

where N is the total number of 2toms. The number of utoms in excited orbitsfs

varies as % at temperatures below Trods shown in Figure 711, The caleuluted
vatue of Ty for stows of *He i =3K.

———
* A Einstein, Akadermic der :;.ﬂnanvuwn? Betlin, Sitzungsberichie 1924 261, 1925, 3.
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10 7
e.%u-; Ny + N,
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0.8
/ N \
Superfluid | mﬂ.«./r
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04 |/
Normal fluid
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Figure 7.1} Condensed boson gas: temperature dependence
of the proportion No/N of atoms in the grouad orbital and
of the praportion N /N of atoms in alt excited orbitals. We
have tabeled the two components as normal and superfluid

to agree with the customary description of liguid helium.

The stopes of all three curves arc iatended 1o be zero 3t 1 =0,

The number of particles in the ground orbital is found from (73):
No=N~N,= N[l - (/5] {74}

We note that N may be of the order of 10?2 For t even slightly less than 1z 2
large number of particies will be in the ground orbital, as we see in Figure 7.11.

We have said that the particles in the ground orbital below 1 form the condensed
phase or the superfluid phase.

The condeasation temperature in Kelvin is given by the numerical relation
Tlin K) = (L15/%2°M) (79)

where ¥, is the molar velume in em® mol™! and M is the molecular weight.
For liquid helium Yy = 27.6cm® mol™? and M = 4; thus Tp = 3.1K,

Liquid *He
Liguid *He

The calculated lemperature of 3 K is suggestively close to the actual ternperature
of 217K at which a transition to a new state of matter is observed 1o take place
in Hquid helium (Figure 7.12). We believe that in tiquid *He below 2.1 7K there
is a condensation of a substantial fraction of the atoms of *He into the ground
orbital of the system. This is different ftom the condensation in coordinate
spuce that occurs in the condensation of a gas to a liquid. Evidently the inter-
alomic forces that lead to the liquefaction of *He at 42K under a pressure of
one atmasphere are too weak to destroy the major effects of the boson con-
densation at 217 K. In this respect the liquid behaves as a gas, The condensa-
tion into the ground orbital is certainly connected with the properties of bosons,

10 :
2
- \
T 20 :
L}
=
2 s
. /
3 10
\
= \ .
0.5 o
1
0

12 14 16 18 20 22 24 26
Temperature, in K

Figure 712 Heat capacity of liquid “He. The sharp
peak near 2,17 K is evidence of an important transition
in the natuce of the liquid. The viscosity of the liquid
above the transition iemperature is typical of normal
liquids, wheseas the viscosity below the transition as
determined by rate of flow through narrow slits is
vanishingly small, at least 10° times stnaller than the
viscosity above the transition. The transition is oflen
called a lambda transition merely because of the shape
of the graph. After Keesom et al.

di
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may act as bosons, as in the superconductivity of electron pairs (Cooper pai
in metals. A different type of transition

properties has been observed fa liquid *He below 3mK, Atoms of *He have
spin §and are fermions, but pairs of *He atoms act as bosons,

We can give several arguments in support of our view of liquid helium as g
gas o;o:minmmn::m particles. At first sight this is a drastic oversimplification
of the problem, but there are some importan: features of liguid helium for
which the view ig correct.

(a} The motar volume of liguid *He at absolute zero is 3.1 times the volume
that we calewlate from the known interactjnng of helium atoms, The interaction
forces between pairs of helium atoms are welf known experimentaily and
theoretically, and from these forces by standard elementary methads of solid
State physics we can caleulyte the equilibsium volume of 4 static lattice of
kelivem atoms. In a typical caleulation we find the molar volume to be Fem?
mol * ag compared with the ohserved 27.6cm? mol 1
of the helivm atoms has 2 large effect on the
panded structure i which the 3toms to 2 cortain extent can move freely aver
appreciable distances. We can say that the guantum Zerg-poiat motion is
responsible for the expansion of the molar volume. ,

(b} The transport properties of liquid heliun
different from those of & normal classical
thermal conductivity K 1o 1he product of th
per unit mass has the values

- Thus the kinetic motion
liquid state and leads (o an ex-

1 i the normal state are not very
g2s. In particular, the ratio of the
< viscosity i times the heat capacity

K 26, at 28K

0Cr T 132 w40k

These values age quite close to those observed for aormal gases at room
temperature—see Table 14.3. The values of the transport cocfficients them-
selves in the liquid are within an order of magnitude of those calculated for the
2as at the same density. Normal liquids act quite differently.

{c) The forces in the tiquid are relatively weak, and the liquid does not exjst
above the criticut temperature of 5.2 K, which is 1he maximum boiling paint
observed. The binding esergy would be perhaps ten times stronger in the
couilibrium conliguration of 3 < lattice, but the expansion of the molar
volume by the quantum Zer0-point motion of the atoms is responsible for the
reduction in the bindirg encrpy 10 the observed value, The value of the critical
lemperature is directly proportional to the binding energy,

td} The Hyuid is siable it ubsofute zero
25 aum the solid s more stable.

M pressuies under 25atm: above

s} -
to complex phases with superfluid

Liquid *He

26— e
ERN
I T} S— .
42
E g y A

-
i Y He ‘He
23 \
g g i - P

. all\‘\\.\\

i Z 3 4
T in K——w

Figure 7.13 Comparison of rates of flow of iguid *He and
liquid *He under gravily through a fing hole, Notice the suddea
onset of high fluidity or superfluidity in *He. After D, v,

Osbhorne, B, Weinstock, and B. M. Abraham, Phys. Rev. 75,
988 (1949}, .

The new state of matter into which tiquid *He enters when cosled below
217K has quite astonishing properties. The viscosity as measured ia a flow
experiment* is essentiafly zero (Figure 7.13), and the thermal conductivity is
very high. We say that liquid *He below the transition temperature is a super-
fleid. More precisely, we denote liguid *He below the transition temperature
as liquid He 11, and we say that liquid He I is a mixture of normal Buid and
superfluid components. The normal fluid cemponent consists of the helivm
atoms in thermally excited orbitals, and the superuid component consists of
the helium atoms condensed into the ground orbital. It is known that the
radicactive boson ®He in solution in fiquid *He does not take part in the
superflow of the fatter; neither, of course, does the fermion He in solution in
e ke part in the superflow,

We speak of liquid *He above the transition temperzture as liquid He 1.
There {5 no superfluid component in Tiquid He 1, far heee (he ground orbitat
ooty is nepligible, being of the same urder of magnitede as the veCupaney

* faother drrangements there may be an cffective viscosiz
*He al any finite femperiture below (he comdensalion tempeniture. Far a combination of wo
Ruidy of dilTercas viscositios, some CXPRTUDCILS f3tangre the average visvosily, aond utheg e
Wleisere the average of L, or the average Myidiny,

yothis s true of a disk asciflasing in liguid
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Phase Relations of Helium 21
150 160
) ) : *He \
125 : . . = 390 /]
Figure 714 The melting curve of tiquid and Melling curve =0 Solid
sofid helium (*He), and the transition curve 100 %80
belween the two forms of liquid helium, He 1 E H
and He i, The liquid He U form exhibits s 5 Liquid
superllow propertics as a consequence of the = 4
. : " - 75 2 40
condensation of atoms into the ground orbital i £
of the system. Note that hetivm is 2 tiguid at & Solid helivm Oﬁ”
absolute z¢70 at pressures below 25 aim. The Pm 0 =
liquid-vapor boiling curve is not included in 30 ¢ 1 2 R 3 4
this graph s it would merge with the zero Liquid He 1 (a) Temperature, in K
pressure Hine. After C AL Swenson, Phys. Rev. A | . 3
79, 626 (1950, 25 i 40 % 107 L 7
Liquid He 11 Transition Selid Hle
U _ ¢ ol n:_:.n
) = 0+ IHe A "
0 I 2 3 4 =
..H.na_vﬁm.Ewn_ in K £ ol e B -
) . . 16}~ Normal tiquid |
of any other low-lying orbital, as we have seen. The regions of pressure and | IHe .
temperature in which liquid He I and 1 exist are shown in Figure 7.14. co | 7 3
The development of superfiuid properties is not an automatic eonsequence Temperature, in mK
of the Einstein condensation of atoms into the ground orbital. Advanced cal-

. .. . . tb
culations show that it is the existence of some form {almost any form) of inter- )

action among atoms that leads 1o the development of superfluid propesties in

. - Figure 715 Phase diagrams for liquid *He, {a} in
the atoms condensed in the ground orbital,

kelvin and (b} in millikelvia. In the region of negative
stope shown in {a} on the phase boundary the solid has
a higher entropy than the liquid, and we have to add

Phase Relations of Helium

The phase diagram of *He was shown in Fj

ol ficat to the liguid ta solidify it. Superfluid propertics
L . gure 7.14. The :@Ehmémvaa.nz?m . appear in {b) in the A and B phases of liguid *He. The

can be followed from the critical point of 5.2 K down to absotute zero without A phase is double—in a magnetic field the phase divides
any appearance of the solid. At the transition temperature the normal fiquid, into two components with opposite nuclear magnetic
called He I, makes a transition to the form with superfluid properties, ealled moments,
e 11 & temperature called the J point s the triple point at which liquid He at 1.743 K: here the solid is in equilibrium with the two liquid modifications,
liquid He 11, and vapor coexist. Keesom, who first solidified helium, found that . He Tand He I1. The two triple points are connected by a line that scparates the
the solid* did not exist below a pressure of 25 ati. Another triple point exists regions of existence of He 1f and He 1.

: , The phase diagram of *He differs in a remarkable way from the phase diagram
* Anintercsting discussion of solid helium is givea by B. Bertram and R. A, Guyer, Scientific Ameri- -
can, August 1847, pp. 8595

- Solid *He exists in three crystal structures accerding to the conditions

of *He. Figure 7.15 exhibits the importance of the fermion nature of *He. Note
cof nnavnBER and pressure.

the negative slope of the coexistence curve at low temperatures. As explained
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i Chapter 10, the negative slope means that the eniropy of the liquid phase
is lower than the entropy of the salid phase, - :

Quasiparticles and m:ﬂnqm.:axw. ‘He

For many purposes the superfluid component of fiquid heltum 11 behaves ag
ilit were a vacoum, a5 if jy were not there at all. The Ny atoms of the superfluid
ound orbital and have no excitation energy, for the
ground orbital by definition has no excitation crergy. The superfluid has energy
only when the center of mass of the superfluid is given a velocity relative to the
laboratory reference frame—as when the superfluid is set into flow relative 1o
the laboratory,

The condensed component of Ny atoms will flow with zero viscosity so long
as the flow does not create excitations in the superfluid—that is, so long as no
atems make transitions between (he ground orbital and the excited orbitals,
Such transitions might be caused by collisions of helium atoms with feregu.
larities in the wall of the (ube through which the helivm arams are Bowing,
The transitions, if they occur, are a cause of energy loss and of momentum
loss from the moving fluid, and the flow is not resistanceless if suck collisions
€an oreur,

The criterion for superfiuidity involves the energy and momentum relation-

ship of the excitations in liquid He IL I the excited orbitals were really like the
orbitals of free aloms, with a free particlé relation

1
£ = LMt = Mmssw {76)

belween the energy & and the mementum Ay or ik of an atom, then we can
show that superfluidity would not he expected. Here £ = Jn/wavelength, But

‘because of the existence of interactions between the atoms the low energy

excitations do not resemble free particle excitations, but are lengitudinal sound
waves, longitudinal phonons (Chapter 4. After all, it is not unreasonable that a
longitudinal sound wave should propagate in any liquid, even though we have
no previous experience of superliquids. :

A language has arown up 10 describe the tow-lying excited stules of system
of many atoms. These states are called elementary excitations and in their
particle aspect the states are called guasipardicles, Longitudinal phonons are
the elementary excitations of liguid He It We shall give the clear-cut experi-
mental evidence for this, but first we derive a necessary condition for super-
fluidity. This condition will show us why the phonon-like nature of the
elementary excitations leads 1o the supcrfiuid behavior of hquid He 1.

Quasiparticles and Superfluidity, $He

He H at absolute zero.

We consider in Figure 7.16 a body, perhaps a steel ball or a neutron, of
nss Afy falling with velocity V down a column of tiquid helium at rest ar
absolute zero, so that initially no elemeniary excitations are excited, If the
motion of the body gencrates elementary excitaztions, there will be a damping
force on the body, In order to generate an elementary excitation of cnecgy £
and momentum ik, we must satisfy the law of conservation of energy:

MoV = Mt g, {77

where V' is the vetocity of (he body ufter creation of the clementary excitation,
Furthermore, we must satisfy the Law of conservation of momentum

MoV = MV 4 bk, {78)

The two conservation laws cannot always be satisfied at the same time oven
il the direction of the excitation created in the process is unrestricted. Te show

213

Figure 716 Body of mass M, moving with
velocity V down a eylinder that contzins hguid
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this we rewrite {78) as
MgY — Bk = MV
and take the square of both sides:
MV 2V <k 4 B2 = Mgy

On moltiplication by Cu.:.a we have

IMoV? = BV k4 o B2 e MoV (79)
2M,
We subtract (79) from {77} to obtain
. .
ok - = g 80
hY -k TR ik £ . (80}

There is a lowest value of the magnitude of the velocity V for which this
equation can be satisfied. The lowest value will occur when the direction of k
is parallel to that of V. This critical velocity is given by

1
WNWH
Wt ot

= ming . 81
¥, = minimum of v (81}

The condition is a little mwﬁuxn to express if we let the mass M, of the body
become very large, for then

V. = minimum aww. (82)

A body moving with & lower velocity than ¥, will not be able to create excitations
in the liquid, so that the motion will be resistanceless. The viscosity will appear
to be zero, A body moving with higher velocity will encounter resistance
because of the generation of excitations. )

There is a simple geometrical construction for (82). We make a plot of the
energy £, of an elementary excitation as a function of the momentum hk of the
excitation. We construct the straight line from the origin which just touches

Quasiparticles and Superfluidivy, *He

the curve from below. The slope of this line is cqual 10 the criticat velocity, If

£, = HPkY20, as for the excitation of a frec atom, the straight line has zero
slope and the eritical velocity is zero;

Frec aioms: V. = minimum o;»\.mﬁ = Q. (83)
The energy of a low energy phonon in liquid He H is g, = hoy, = Ack in the
frequency region of sound waves where the product of wavelength and frequency
is cquil to the velocity of sound v, or where the circular frequency w, is cqual
to the product of v, times the wavevector & Now the critical velocity is
Phonons: Ve = minimum of it k/ik = o, {34)
The eritical velocity ¥, is equal to the velocity of sound if (84) is valid for ail
waveveclors, which 1t is net in liquid helium 1L The observed critical ow
velocitics ar¢ indeed nanzero, but consideribly lwer than the velocity of sound
and usually tower than the solid straight line in Figure 7.17, presumably because
the plot of g, versus ik may turn downward at very high hk.

The actual spectrum of elementary excitations in ligguid helium H has been
determined by the observations on the inelastic scatlering of slow ncutrons.
The experimental results are shown in Figure 7.17. The solid straight line is the

Landau critical velocity for the range of wavevectors covered by the neutron
experiments, and for this line the critical velocity is

V.= Afhkg = 5 x 100 ems™? {85)
3 TALLY ]

where A and k, are idenlified on the figure.

Charged ions of heliwm in solution in liquid helium IE under certain experi-
mentat conditions of pressure and temperature have been abserved* to move
aimost like free particles and to have a limiling drifi velocity pear 5 x 107 emis™!?
closely equal to the calculated value of (85). Under other experimental condi-
tions the motion of the ions is limited at a lower velocity by the creation of
vortex rings. Such vortex rings are transverse modes of motion and do not
appear in the longitudinal modes covered by Figure 7.17.

Qur result (84) for a necessary condition for the eritical velocity is more
general than the caleulation we have given. Our caleulation demonstrates that
a body will move without resistance through liquid He 1I at absolute zero if
the velocity ¥V of the body is less than the critical velocity V.. However, at

* L. Meyer and F. Reif, Phys, Rev, 123, TIT{1961), G. W. Rayficld, Phys. Rev, Lotiers 16, 934 (1966).
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Figure 7.17 Energy g, VEIsUs wavevector ik of clementary
excilations in liquid helium a1 1.3 K. The parabotic curve rising

curve has been drawy thraugh the points, The broken curve

rising tinearly from the origin s ihe theoretivat phonon branch
with a velocity of sound of BT ms™ The solig steaight line gives
the critical velodity, in APProprisie units: The line gives the mini-
murs of £, /k over (he region of & covered in these experiments. Afier
D.G. Henshaw and A, D B, Woods, Phys. Rev 121, 1266 {1961).

lemperatures abave absolute zero, but below 1
will be 2 normal fluid component of elementar
excited. The normat fluid componen s
of the body. The superfiow
fiquid flows out thhrough g

fluid component may rema
companent lesks out withe

he Einstein temperature, there
¥ excitations that age thermatly
the source of resistance to the motion
d4spect appears first in experiments in which ihe
fine tube in the side of 2 container, The normal
in behind in the container while the superfluid
ut resistance. The derivation we have given of the

e

Suntmary a7

cnitical velocity also holds for this situation, with V ag the velocity of the supey-
fluid relative 1o the walls of the tube; Ay is the mass of the fluid. Excitations

would be created above V. by the interaction between the flow of the liquid
and any mechanica] mﬂ.nmc_mJQ in the walls;

Superfluid Phases of *He

Three superfiuid phases of liquid *He are known* {Figure 7.15b), but—ip
contrast 1o liquid *He—with {ransition temperatures of only a few millikelvin,
The superflujd phases are believed (o be qualitatively similar 1o the super
conducting state of electrons in metals, where pairs of particles in orbitals near
the Fermi surface form a type of bound state known as a Cooper pair. Such a
pair is gualitatively like a diatomic molecule, but the radius of the molecule
is much larger than the average intereicciron spacing in & metat or the average
interparticle spacing in liquid *He.

In metaltjc superconductivity the two electrons that form a Coaoper pair are
in @ nonmagnetic {singlet) spin state. In the superfluid states of liquid *He the
Wo atoms that form a pair are in (he triplet spin states of the two JHe nuclei,
5o that three magnetic superfluids are possible, corresponding to spin orienta-
tions M, = 1, 0, and —~1, or mixtures of these three states. The magnetic
superfluids have been explored experimentally, and both the magnelic and
superfluid properties have heen confirmed,

SUMMARY

b Compared to a classical gas, a Fermigas at low lemperature has high kinetic
energy, high pressure, and low heat capacity, The entropy of the Fermi gas
is zero in the ground stare, The energy of the highest flled orbital in the
ground state of a free particle gas of fermions of spin § is

B3 INN
Ep =

MLV

2. The towl kinetie energy in the ground state i

Uy = N,
¥ For clementary revisws, see §, C. Wheatley, Physics Today, February 1976, p.30Ad h‘ammnz.
Physics Builerin 25, 311 4975): snd )R, Hock, Physics Bulleiin 19, 513(1978). For deeper reviews,
see J. O Wheatley, Rev, Mod, Phys. 47,415 U975 and A, 1. Leggen, Rev. AMod. Phys. 47 331 (1975}
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3, The density of orbitals at ;s

Dig;) = IN/Ies.

F 8

- The heat capacity of an electron gas at t <« 1, is

Co = 317 Veg)r > Nty
in fundamental units.

For a Bese gas at 1 < 1 the fraction of atams in excited orbitals is

NN = 2612ng/n = (/1P 2.
6.

The Einstein condensation temperature of o gas of noninteraciing bosons is
W ON R
MoA\Zsl2V) T

T =

PROBLEMS

L. Density af ovbitals in one and two dimensions. {2) Show that the density
of orbitals of a free electron in ene dimension is

D) = (Lirf2mhet t | {86)

irn:ﬂPa&ﬁosmﬂro?ﬁa::n.@wm:o,_..:apw::d dimensions, for a square
of area A,

Dyle} = Amfints® | (87}

independent of &

2, Energy of relativistic Fermi gas.  For electrons with an energy £ » e,
c.._..wn_.n nt is the rest mass of the electron, the energy is given by £ = pe, where
pis the momentum. For electrons in a cube of volume ¥ = 1.3 the momentum
is of the form (rhi/L), multiplied by (1,2 + n? 4+ 0 M2 exactly as for the

nonselativistic limit. (a} Show that in this extreme relativistic limit the Fermi
energy of a gas of N electrons is given by

gy = hne(3n/m)t?

{88)

Prablems

where n = N/V. (b} Show that the total energy of the ground state of the gas s

Ug = 3Nes. . (89)
The general problem is treated by F. Jittner, Zeitschrift fir Physik 47,542 (1928}

J. Pressure and entropy of degenerate Fermi gas, (a) Show that a Fermi
electron gas in the ground stale exerts a pressure

()M T NN

p= 5 miv 90

In a uniform decrease of the volume of & cube cvery orbital has its energy
raised; The energy of an arbital is praportionsl 1o L7 or to /172, (b) Find
an expression for the entropy of 3 Fermi clectron gas in the region t « o,
Notice that o — Qas t - 0, o

4. Chensical potential versus temperature.  Explain graphicaily why the injtial
cusvature of u versus 1 is upward for a fermion gas in one dimension and
downward in three dimensions (Figure 7.7). Hint: The D,{e} and Dyle} curves
are different, where D, is given in Problem 1. It will be found uselul to set up
the integral for N, the number of particles, and to consider from the graphs
the behavior of the integrand between zero temperature and a finile temperature,

5. Liguid *He as a Fermi gas. Theatom *Hehasspin I = {andisa fermion,
{8} Calculate as in Table 7.1 the Fecmi sphere parameters vp, g, and T, for
*He at absolute zero, viewed as a gas of nosinteracting fermions. The density
of the liquid is 0.081 gem ™ 2. {b) Calculate the heat capacity at low temperatures
T « Tgand compare with the experimental value Cp = 289NkpT as observed
for T < 0.1 K by A. C. Anderson, W. Reese, and 1. C. Wheatley, Phys. Rev.
130, 495 (1963); see also Figure 7.18. Excellent surveys of the propertics of
liguid *He are given by J. Wilks, Properties of liquid and solid helfum, Oxford,
1967, and by I C. Wheatley, “Dilute solutions of *He in “He at low tem-
peratures,” American Journal of Physics 36, 181 -210 (1968). The principles
of refrigerators based on *He—*He mixtures are reviewed in Chapter 12 on

cryogenics; such refrigerators produce steady temperatures down to 001 K
in continuously acting operation.

6. Mass-radius relationship for white dwerfs. Consider a white dwarf of mass
M and radius B. Let the electrans be degenerate but nonrelativistic; the protoss
are nondegenerate, (a) Show that the order of magnitude of the gravitational
self-energy is —GM2A/R, where G is the gravitational constant. {If the mass
density is constant within the sphere of radius R, the exact potential energy is

[N S
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.m.. al®aq
.W 5% *He in *He

G5

0.2

3 5 10 20 50 100 200
Temperature, jn K

Figure 7.18  Heat capacity of liquid *He and of 5 pereent solution of
‘Hein tiquid *He, The quantity plotted on the vertical axisis CfT, and
‘the horizontal axis is T, Thus for a Ferm; gas in the degenerate temperature
region Lhe thearetical curves of C/T at constant volume ace horizontal,
The curve for pure *He is taken at constant pressure, which accounts for
the stight slope. The curve for the solution of *He in liguid *He indicates
thal the *He in solution acts as a Fermi gas; the degenerate region at fow -
temperature goes over to the nondegenerate region at higher temperature,
The solid line through the experimental points for the solution is drawn
for Ty = 0.33 K, which agrees with the calculation for free atoms if the
efiective mass is taken as 2,38 times the mass of an atom of *He. Curves
after J. C. Wheatley, Amer. J. Physics 36 (1968).

~3GA*I5R). (b) Show that the order of magnitude of the kinetic energy of the
electrons in the ground state is

NHNZu.& bun._wu;

e mhf MR

where 1 is the mass of an ¢lectron and M,y is the mass of 2 proton. {c} Show
that if the gravitational and kinetic energies are of the same order of magnitude
(us required by the virial theorem of mechanics), MR = 102043 e, {(d)ifthe

Problems

2
=
e
e
i
‘&
=
B
-1 . .
= Figure 719 Heat capacity of an ideal Dose.
M. Einstcin gas ut constant volume.
mln..
m
=
0
0 i 2
LA
Te

mass is equal to that of En.m:: {2 x 10%%g). what is the density of the white
dwarf? (e} 1t is believed that pulsars are stars composed of a cold degenerate
gas of neutrons. Show that for a neutron star M*3R =~ 10°? g em. What is

the vatue of the radius for a neutron star with a mass equal to that of the Sun?
Express the result in km.

7. Pheton condensation, Consider a science fiction universe in which the
number of photons & is vonstant, at a concentration of 18°% e ™ 2. The number
of thermally excited photons we assume is given by the result of Problem 4.},
which is N, = 2404¥V0%/r1 3¢, Find the eritical temperature in K below which
N, < N.The excess N — N, will be in the photon mode of jowest frequency;
the excess might be deseribed as a photon condensate in which there is a large
toncentration of photons in the lowest mode, In teality there is no such principle

that the totaf number of photons be constant, henee there is no photon
condensate,

8. Enevpy, hoat capacity, amd cutropy of degenerate boson gas. Find expres.
sions as a finction of temperature in the region v <ty for the encegy, heat
cupacity, and vikrepy of a s of N noninteracting bosans of spin zero conlined
to i volume V. Pul the delinite fnegral i dimensioniess form; it need not be
evaluated. The calculated heat capacity above and below 1z is shown in

Figure 7.19. The cxperimental curve was shown in Figure 7.12. The difference
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between the two curves is marked: It is ascribed to

the effect of interactions
between the atoms,

9. Boson gas in one dimension. Caleulute the iotegral for N
dimensional gas of noninteracting bosons, and show that the integral does
not converge. This result suggests that a boson ground state condensate does

rot form in one dimension. Take 4 = 1 for the cateulation. (The problem should
really be treated by means of a sum over orbitals on a finite line)

10, Relativistic white dwarf stars. Consider a Fermi gas of N
of rest mass m in a sphere of radiu
such that the great majorily of

cnergies £ >

A1) for a one-

electrons each
s R. Conditions in certain white dwarfs are
electrons have extreme relativistic kinetic
pe, where p is the momentum. The de Broglie relation remains
roblem 2 gives the ground state kinetic energy of the N clectrons
on the assumption that & = pe for ajl electrons. Treat the sphere as a cube
of equat volume. (a} Use the standard virial theorem argument 10 predict the
value of N. Assume that the whole siar is jonized hydrogen, but neglect the
kinetic energy of the protons compared to that of the electrons. (b) Estimate
the value of N. A careful treatment by Chandrasekhar leads not 1o a single
value of N, but 1o a litmit above which a stable white dwarf cannot exist: see
D. D. Clayton, Principles of stellur evolution and nucleosynthesis, McGraw-Hill,
1968, p. 161; M. Harwi, Astrophysical concepts, Wiley, 1073

1. Fluctuations in a Fermi gas.

Show for a single orbital of a fermion system
that

AN = (DL~ (W), 1)

if (N is the average number of fermions in that orbital. Notice that the
fluctuation vanishes for orbitals with erergies deep enough below the Fermi
energy so thut (N> = L. By definition, AN = N — {ND.

42, Fluctuations in a Bose gas. 10 (NS as in (11)

is the average occupancy
of a single orbital of a bason system, then from (5.8

3} show that
UANYY = (N1 + (ND). : (52)

Thus if the occupancy is large, with (N) » 1, the fractional fluctuztions are
of the order of unity: ((AN)II(ND? » I, so that the actual fluctuations can
be enormous. It has been said that “bosons travel in flocks.” The first edition
of this text has an elementary discussion of the fuctuations of photons.

13. Chemical potential versus concentsation. {a} Sketch carefully the chemical
potential versus the number of particles for a boson gas in volume ¥ at

Problems

temperature 7. Include both classical and quantum regimes. {b) Do the same

for a system of fermions.

T4 Two orbital boson system. Consider a system of N bosons of spin zero,
with orbitals al the single particle cnergics 0 and e. The chemical potential is
# and the temperature s 7. Find 1 such that the thermal average population
of the lowest orbital is twice the population of the
N 22 | and make what approximations are reasonable.

If the atems in a gas have integral spin (counting the sum of electronic
and nuclear sping), they can form a boson condensate when the gas is cooled
below the Einstein condensation temperature 7 given by (72):

orbital at £. Assume

Ty = (2afHMNI.612VI,
For atoms in the vapor phuse the Einstein’ condensation iemperature is very
low because the number densities are very low: In (1993) early successful
experiments were carried out at Boulder, MIT, and elsewhere. Such experi-
meius, which are extracrdinarily complex, mark the exciting forefromt of the
quantum gas field. A large flerature on BEC experiments and theory is on
the Web. .

One set of experiments (MIT} started with a beam of sodium  atoms
exiting an aven at 600K at 2 concentration MV of 10 em=?. What happens
next is the result of a number of clever tricks with laser beams directed on
onc part or another of the beam of atoms, First the atoms are slowed by one
laser beam from an exit velocity of 800 m s-% to about 30 my s~ This is
stow cnough for 109 woms to be trapped within a magneto-optical trap.
Further tricks, including evuporation, reduced the temperature of the £as 10
2 uK, the uliralow temperature Tg at which the condensate was formed. The
concentration at ¥¢ was again 10'% atomsfem?.

The atoms v the condensed phase are in the ground ocbital and expand
anly slowly once released from the trap. The atoms in excited states wmove
relatively rapidly out of their steady-state positions. The positions of the
aloms can be recorded as a funclion of time afler release, using & laser beam.
The number of atoms in excited orbitals is in good agreement with the 73
law, (73). With this technigue the signature of Bose-Einstein condensation is
the sudden appearance of a sharp peak of atoms as the temperature js
decreased through 7. The peak comes from light scaitered by atoms in the

condensate; the wings of the line from light scattered by atoms in excited
orbitals,
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7. Light Bulb in a Refrigerator wm._w
8. Geothermal Encrgy ww@
§. Cooling of Nonmetallic Solidto T= 90 259
190, Irreversible Expansion of a Fermi Gas 259

Note: In (and only in) the discussion of energy conversion devices that operate in eycles, we mgx
define all encrgy, entropy, and huat transfors as positive, whether the flow isinto or eut ol ::.“ idevice.
This convention avoids nesdless difficulties with algebraic sigas. The term “reversible” includes
processcs for which the combined entropy of the interacling systems remains constant.

Energy and Entropy Trangfer: Definition of Heat and Work

ENERGY AND ENTROPY TRANSFER:
DEFINITION OF HEAT AND WORK

tHeat and work are two different forms of energy transfer, Heat is the transfer
of energy to a system by thermal contact with a reservoir. Work is the transfor
ol energy to a system by a change in the external parameters that describe the
system. The parameters may include velume, magnetic field, eleciric field, or
gravitational potential. The reason we distinguish heat from work will be clear
when we discuss energy conversion processes.

The most important physical process in a modern encrgy-intensive civiliza-
tion is the conversion of heat inte work. The Industrial Revolution was made
possible by the steam engine, which converts heat 1o work. The internal com-
bustion engine, which seems to dominate man as much as it serves him, is a
device to convert heat to work. The problem of understanding the limitations
of the sleam engine gave rise to much of the development of thermedynamics.
Enetgy conversion remains one of the central applications of thermal physics
because most electrical energy is generated from heat.

The fundamental difference belween heat and work is the difference in the

entropy transfer. Consider the energy transfer U/ from a reservoir to a system

with which the _.nmnﬁo.,mw\m .w_\ﬁrﬂ.ﬁm_ contact at temperature t; an entropy

teansfer do = dUjt accompatises the energy transfer, according to the argument
of Chapter 2. This energy transfer is what we defined above as heat, and we see
il is accompanied by entropy transfer. Work, being energy transfer by a change
in external parameters—such as the position of a piston—does not transfer any
entropy to the system. There is no place for entropy to come from when only
work is performed o sranskerred.

However, we must be careful: the total energy of two sysiems brought into
contact is conserved, but their total entropy is not necessarily conserved and
may increase. The entropy transfer between two systems in thermal contact is
welldefined only i the entropy of one system increases by as much as the entropy
of the other decreases. Let us restrict oursclves for the present to reversible
processes such that the combined entropy of the interacting systems remains
constant. Later we will generalize the discussion to irreversible processes which
are processes in which the total entropy of the two systems increases, as in the
heat flow example in Chapter 2.
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We can give a quantitatjve expression to the distinction between heat and
work. Let dU be the energy change of a system during a reversibie process; dg
is the entropy change, and ¢ is the temperature, We define

dQ = rvds (1)

as the heat received by the system in the process. By the principle of conservation
of energy,

dU =aw + qg | {2}

which says that the energy change is caused partly by work done on the system
and partly by heat added to the system from the reservoir. Then

AW = dU - q0 = U — tdg (3}

is the work performed on the system in the reversible process, Our reasons for
designating heal und work by 0 and 4 rather than df znd dVW are explained
below. For do = 0, we have pure work; for JU = tda, pure heat

HEAT ENGINES: CONVERSION
OF HEAT INTO WORK

i e o . .
Carnot inequality. Heat and work Have diffiercnt roles in energy conversion
processes because of the difference in entropy transfer. Consider two conse-
quences of the difference:

(a) All types of work are [reely convertible inta mechanical work and inta
each other, because the entropy transfer is zero. An ideal electrical motor,
without mechanical [riction or clectrical resistance, is a device to convest
electrical work inte mechanical work. An ideal electrical senerator converls
mechanical work info electrical work. Because al] forms of work are freely
convertible, they are thermodynamicalty equivalent to each other and, in
particular, equivalent 1o mechanical work. The term work denotes all lypes of
work,

{b) Work can be completely converted into heat, but the mw,.nan._.m not true;
hieat cannot be com pletely converted into work. Entropy enters the system with
the heat, but does not leave the system with the work. A device that gencrates
work [rom heat must necessarily strip the entropy from the heat that has been
converted to work. The entropy removed from the converted input heat cannot
be permined to pile up inside the device indefinitely; this entropy must ulii-
mately be removed from the device. The only way to do this is 10 provide more

input heat than the anount cony
heat as waste hieat, atatem

Because
titropy

that anly purt of the input heut need be cjected

CAFLY aw

and output heat can be converte

Cirlropy

all the input heat 10 work!
A prahibition against unlimited entropy

mean en
femoved

Hleat Engines; Conversion of Heat inta Work

Output
work: -
Hd

a = O/ {4

Entropy Hew
e
Quiput
Figure 8.1 Entropy apd energy flow ig any cantinuousty operating

reversible deviee gonerating work from heat, The entropy outliow
fiust equal the entropy inflow,

erted to work, and to eject the excess input
Peraturedower than that of the input heat (Figure 8.1),
dQ/s = 1, 1he reversible heat transfer accompanying one unit of
is given by the lemperature at which (he heat is transferred. It follows
af the tower temperature 1o

ay alt the entropy of the input heat. Only the difference betw oy,

:u“..z
d to work. To prevent the accumulation of
there must be some output heat; therefore it is impossible 1o conver

accumulation fn a device does not
mporarily, provided that jt is uftimitely
version devices operate in cycles, and the

lropy cannot accumulate 1e
. Many practical encrgy-con
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A vl Heat Engines: Conversion of Heat into Work
vy | s
v

entropy contained in the device varies periodically with time. Such a cyclic
device is called a heat engine. The internal cofbiston engine is an example:
The entropy contained in each cylinder is at a minimum near the begiuning of
the intake stroke and a maximum near the beginning of the exhaust stroke.
There is a value of the entropy content to which the device returns cyclically;
the entropy does not pile up indefinitely.

What lraction ofthe input heat (), taken in during one cycle at the fixed higher
temperatuze t, can be converied into work? The input entropy asseciated with
the input heat is 6, = Q,/1,. To avoid confusing signs, we define in this discus-
sien all energy, heat, and entropy fiows as positive whether the flow is into or
out of the system, rather than following the usual convention according 1o B
which a flow is positive into the system and negative out of the system. 1I[ @, is
the waste heat Ieaving the system per cycle at the fixed tower temperature 1,
the oulput entropy per cycle is a; = Q,ft,. In a reversible process this output
entropy is equal to the inpul entropy:

inpus
p .

Entropy

0, == Q_‘.\..»h_

T =1,

T o=
a=o o Qfn= 0w, . SRC) §
5o that
Qv = (/1430 {5) Entropy
. . 9 ,
The work generated during one cycle of a reversible process is the difference Outpul
between the heat added and the waste heat extracted:

ﬂncs mdwm Entropy and encrgy flow in a rea! heat engine containing
N . irreverssbifities that generate insi 2V
S g new entropy inside the device. The
W0, -0 = T _ ?__k._m@_ - 2 Oy (%) entropy outftow at the lower temperalure is larger than the entragy
B inflow at the higher temperature.
The ratio of the work generated to the heat added in the reversible process is
called the Carnot efficiency:

engine that operates between the temperatures 1, and t,,

. : rates Actual heat engines

» . . . ave lower efficiencies because the processes taking place within the device are

s (7 _n-n T, 3 n ; not perfectly reversible. Entropy will be generated inside the device by irrevers-
Onfren T T, - ible processes, The energy-entro

py flow diagram is modified as in Figure 8.2.
We now have three inequalities

This quantity is named in honor of Sadi Carnot, who derived it in 1824, 1t was

a remarkable feat: the concept of entropy had not yet been iavented, and O = 0y}

8
Carnot's derivation preceded by some 15 years the recognition that heat is a 3
form of cnergy. : Oz Qi {9)
. The Carnou efficiency is the highest possible value of the encrgy conversion o .
-+ efficiency i = W/Q,, the output work per unit of input heat, in any cyclic heat We=0,-0 <™ ) 0. - )
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The actual encegy convession cfficiency i obeys the Carnot inequality

7= W0, <1~ (1/t) = e {(tn

We can have y = 1. only in the limit of reversible operation of a device that
takes in heat at 1, and eiects heat at L )

The Carnot inequality is the basic limilution on any :.Q: engine %m” o_wwn._.mme
in a cyclic process. The result tells us that it _w.sﬁoﬁ_zn mo. convert a np
heat into work. For a given temperature ratio 1/t _:m mw_mrnwﬂm,no.zﬁa_wm
efficiency is obtained under reversible operation. The _ME:_.:m ¢ wn__dn_mﬂwmﬁw
creases with increasing 7,/t, but we attain 100 pereent efficiency only
e i Itimately be

L ; heat engine must ultimately

The low-temperature waste heat of any u "
ejected into the enviroament, so thut r; cannot be mn_ci ~.wn nn:moaanﬁsrﬂ.
temperature, usually about 300 K. High eliciency requires u:EmE .n_:voﬂ.m ”:
T, high compared o 300 K. The usuble temperatares in practice are unfortu-

. n 1 S, .
nately limited by various materials constraints. In power plant steam turbine

which are expected o operate Swz.::s:m_w lor years, the sﬁﬂuw MBMWMMM““M
is currently limited to about 600 K by pioblems zw_r the strengt and ¢ rrosion
of steel. With T, = 300K and T, = 60 7 the C"Eom o:wnmn:nwm”m. Wr.':ﬂn_.wwnw
50 percent. Losses caused by unavoidable _2.“.5."..,&": _nm re .cnr m_mvnh_. iieney
typieally to about 40 percent. Ta obiain higher efliciencies is » pro I
temperature metallurgy,

Sources of ivreversibility.  Figure 8.3 illustsales several common sources of
trreversibifity:

{a) Part of the input heat {0, may flow directly to Em MQEH Sﬂmmﬂwﬁwmnw w«n
passing the actual energy conversion process, as in the hea Jlow tato the
eylinder walls during the combustion cycle of the internal co
engine, .

i : ¢ as tem-
f ifference 1, — 7, iy not be availa

b) Part of the lemperature difference 1, iy o e s e

(&) Uma_cwa difference in the actual cocray conversion ﬁaoo.rmw, c_w”_,pmmrnﬁ
the temperature drop across thermad cosistunces In the path of the
flow.

W —yary \*
(e} Partof the work generated may be converted back to heat by mechanica
{riction. . . N
M 1 U oo H M v, ﬂ“
{d)  Gas may expand irreversibly without doing work, as in the irreversib
expansion of un ideal gas into & vavuum.

Refriperaiors

Thermal resislance

Irreversible expansion
withoat work of heqt

Net work
Heat

bypass U

Friction lass

Thermal resistance

Figure 8.3 Four sourecs of irrgversibi
bypassing the Energy conversion proces
of the heut flow, frictional losses, and ¢
irreversible expansions,

ty in heat enpines: heat flow
s, thermal resistance in the path
TIopy generation during

za:‘mmﬁ.iowm

Refriserators are heist eagines in reverse, Relrigerators consume work 1o move
Beat from a Jow temperature 7, to a hi

gher temperature 7. Consider the enerpy-
Cntropy fiow diagram of a reversible heat engine in Figure §.]. Because no
“atropy is generated inside the device, jis operation can be reversed, with an

€At reversal of the energy and entropy My, Equations (4) through (6)
femain valid for (he reversed Rows. : o
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The energy ratio of juterest in a refrigerutlor is not the encrpy conversion

cfficiency {7}, but the ratio ? = QW of the heat extracted at the low {em-

pesature to the work consumed. This ratio is calied the coefficient of refrigerator

performance; its limiting value in reversible operation is called the Carnot

coefficient of refrigerator performance, denoted by vo. Donotconfuse y = Q3%
with i = W/Q, for the energy conversion cfficicncy of a heat engine; although

n < 1always, y can be >1 or < 1. From £q.{5)and ¥ = Q, — 0, \he work
consumed is

__\um,lpuwﬂ_gp. (12)

The Carnot coefficient of reflrigerator performance is

u.n.. = Qw = U = .Hx__

Q rey =15 H‘v I.'m.

(13)

This ratio can be larger or smaller than unity.

Actual refrigerators, like actual heat eagines, always contain irreversibilities
that gencrate entropy inside the device. Ina relrigerator this excess entropy is
ejected at the higher temperature, as in the energy-entropy flow diagram of

mm:nmm,a.5:3mranomém:ofrm;m energy and entropy flows are positive,
we now have

ay = oy, {14}
in place of {8). Further,
O 2 (170 (15)
and
W= 0 - 0 (/) = 100 = 20, = Qe (16)
so that

7=0/W < y. )

Air Conditioners and Hear Pumps

Quiput

Entropy

.9 = O/n 0
Entropy Heat
A

Input

Figure 8.4 Entropy and energy Aow in a reflrigerator.

The Carnot coefficient y, is an upper limit to the actual coefficient of refrigerator
performance 7, just as the Carnot efficiency 5. is an upper limit to the actual
encrgy conversion efficiency # of a heat engine.

Both heat engines and refrigerators are subject to restrictions imposed by the
law of increase of entropy, but the device design problems are totally different.
In particular, the design of refrigerators to operate at the temperature of Hiquid
helium or below is a ¢challenging problem in thermal physics (Chapter 12).

Alr Conditioners and Heat Pumps

Air conditioners arc relrigerators that cool the inside of a building or an auto-
mobile; the heat is ejected to the outside environment. If we interchange the
inside and outside connections, an air conditioner can be used to heat a building

during the winter. Such a device is called a heat pump. If 7, ~ 1, « 1, a heat .
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pump can licat the building with a lower consumption of energy than by direct

_heating (Problem 1)

The limitations on the use of heat pumps are fargely economical. They are
much more costly to install and to maintain than are simple heaters or furnaces,
Heat pumps make economic sense primarily ln climatic conditions in which
air conditioning is required anyway.

Carnot Cycle

The derivation of the Carnot encrgy conversion efficiency and of the Carnot
coefficient of refrigerator performance made no statement about how to
realize a process by which work is generated from heat, or about how refrigera-
tion is achieved. The simplest and best known such process is the Carnot cycle,
In the Carnot eycle a gas-—or another working substance—is expanded and
compressed in four stages, two isothermal and two isentropic, as in Figure 8.5,
Atpaint I the gas has the tem perature 7, and the entrapy o The gas is expanded
at constant 1 until the entropy has increased 1o the value oy, at point 2 Inthe
sccond stage the gasis furiher expanded, now at censtant o, untif the temperature
has dropped to the value %, &t pomt 3. The gas is compressed isothermally to

point 4 and then compressed isentropically to the original state 1. We write oy -

and o, for the low and high values of the entsopy contafned in the working
substance, to distinguish these values [rom a; and g, which are the eniropy

Jlows per cycle al the low and high temperatures ¢, and 1, For the Carnot cycle,
oy = Gy = T, ~— L

The work done by the system in one eycle s the area of the reclangle in
“igure 8.5;

W= (1, — wWioy ~ ap), (18

which foliows rom

mmmb_ = ) H%E?. lum.u_:\ R

where {pd 1 is the work done by the system in ene cyele. The heat tuken up at
T = 1, during the first phase is

On = tiloy ~ a1} (19}

We combine (18) and {15) to obtain the Carnat efficiency ye. Any process
described by Figure 85 is called 2 Carnot cyele, regardless of the working
substance.

Carnot Cyete

e o

T

e e e e

o, l!fuli.%llf.frll.!l;.ll":ll‘il e

Th T

Figure 85 A Carnot cycle, for the conversion of heat into work,
illustrated as a plot of entropy versus lempecature, for an arbitrary
working substance, The cycle consists of two expansion phases

{t = 2and 2 = 3and Iwo compression phases (3= dand 4 1),
One of the expansion and one af the Lompression phases arg
isothermal (I — 2 and 3 .. 4}, 2nd one phase of czch %ind is
iscntropic {2 ~ 3und 4 - 1) The not work done is the area of the

loop. The heat consunied At 1y s the arca surrpunded by the
broken fine.

The Carnot cycle is a polnt of reference to indicate w
be done, rather than what in fact is done. All Cnergy coaversion cycles need 2
high temperature input and a low temperature output of heat, but ofien the
heatinputs and oulputsare not well-defined reserv
Even where such reservoirs exist, as in steam ¢

hat could in principle

oirsat constant temperatures.
urbines, there s invariably a
temperature difference present between the working substance and the reser-
veirs., The heating and cooling processes are never truly reversible,

f b 3
Bt R U P A S Ve e |

Example: Curnat cyele for an ideal gas, We
Carnot eycle. Initially the gas 0ccupies 1 volu
feservoir G4, at the high lemperature 1,.

casry an ezl monatomic pas through a
me ) and is in theemal equilibrium with »
The gas is expanded isathermally 1o the volume
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¥;, asin Figure 8.6a. In the process the pas shsorbs the heat @, rom 8, and delivers it as

work H); to an enternal mechanical system connected o the piston. For an ideal gas the
fieat absorbed from 1he reservoir is

P, = W, = dV = N1, | dVV = Nt log{V, /WL {20)
12 P [ /

This work Is indicated by the area labeled “127 Next, the gas is disconnected rom &, and
further expanded, now scntropically, until the temperature has dropped to the low tem-
perature «,. In the process the additional work

Wy = Uln) — Ul = N[5, — ) 21)

is delivered by the gas. The volume ¥, at the end of the isentropic expansion is related to
Yy by

¥4 = M or WalVy = (n/0PE (22)

from {6.63). Afker point 3 the gas is brought into contact with a lemperatute rescrvoir &

at the temperature 1, and then compressed isothermally (Figuse 8.61) 1o the volume ¥,
chosen 19 satisly

ValV, = (n /e = W1V, , E {23)

so that ¥y/¥, = V,/¥,. To accomplish this compression, the work

Wie = Nt log(Va/¥) = Nt log(Vy/V)) (24)

must be done on the gas. This work is ejected to &; as heat:

Q= Wy, {23)

Finally, the gas is disconnected from &, and recompressed isentropicaily until its tempera-
ture has tisen to the initial temperature 1,. Because of the choice (23) of ¥, the gas volume

at this point has returned to its initial value ¥}, and the cycle is completed. In this last stage
the work o

Wi = N, — 1) {26)
is performted on the gas; this cancels the work W, done by the gas during the isentropic
expansian 2 — 3, by {21).

The net work delivered by the gas during the cycle is given by the difference in shaded
areas in Figures 8.6a and 8.6b, which is the enclosed area in Figure 8.6c. The isentropic

curves in the p—V diagram are steeper than the isothermal curves, so that the area of the

Carnot Cycle

* * | —

pL¥y

I

MNet work done &y the
gas during ene cycle

Figure 8.6 The Camot cycle for an ideal gas, as & p-¥ plot. An ideat gas is expanded
and recompressed in four stages. Two of thens are isothermal, at the temperature 1, and
7{t, > ;). Two of them are isentropic, from «, 10 1;, and back, The shaded areas show
{a} the work done during the two expansion stages, (b) the work done during the two
compression stages, and (c} the net work done duting the cycle.
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loop is Anite and is cqual to the area of the rectangle in Figure 8.5, We have

W= iy + Wy ~ Wy, - Wy = Wy, — W,
M, — n)log(¥y/1). , a7

B

The heat absorbed from®, was given in {204, so that BYQ, = {1, ~ 7,)/74, which is just
the Camot refation (7).

T e e ey e T N et gt o

Energy Conversion and the Second Law of Thermodynamies

The Carnot limits on the conversion of hieat into work and on the performance
of reftigerators are direct consequences of the faw of increase of entropy. The
second taw of thermodynamics usually is formulated without mention of
entropy, We stated the classical Kelvin-Planck f{ormulation in Chapter 2:
"t is impossible for any cyclic process to oceur whose sole effect is the extraction
of heat from a teservoir and the parformance of an equivalent ameunt of work,”

All reversible energy conversion devices that operate between the same tem-
peratures have the same energy conversion efficiency 7 = W/Q,. Were this not
$0, we could combine two reversible devices with different efficiencies, 1, < 5,
in such a way {Figure 8.7 that device 1 wilh the lower efficiency is operated in
reverse as a refrigerator that moves not only the enlire waste heat @, from the
more elficient device 2 hack to the higher temperature 1,, but an additional
amourd Q(in) of heat as well. The overall result would be the conversion of

the heat Q(in) 1o work Wiom)

. without any net waste heat. This would require

the annihilation ol entropy and would violate the law of increase of entropy.

Now that we have established that all reversible devices that operate between
the same temperatures have the same energy conversion efficiency, it is sufcient
to calculate this efliciency for any particulur device to find the common vislue,
The Carnet cycle deviee leads 1o e = (1, — 1,)/1) for the common value,

Path Dependence of Heat and Work

We have carefuily used the words heat and wark to characterize energy transfer
pracesses, and not to characterize propertics of the system itself. It is not
meaningful (0 speak of the heat conteat or of the work content of a system,

~We ook at the Curmnot cycle once mare: Around a closed loop in the p-¥

planie, a net ameunt of work is 2enerated by the system, and a net amount of
heat is consumed. But he system-—on being taken once around the loop—is
returned o precisely the initia condition; no property of the system has
changed. This 1eans that there cannot esist two functions Q(e,V) and W, V)

Path Dependence of Heat and 1Work

Q=W + @,y + Ofin)
Cv=m + 0, + Hout)
LT Er T loul)
o 0= giny - Wouy

Device 2
?._ = awu

= Q{in)

Qin) = (2 - 1,)0,

Figure 87 Iftwo different ey

€M Into a single device with 100 pet elficies

using the less eflicient deviee t as a refrigerator that moves not only the entire v

Wouty = (4, — )0,

ersible energy conversion devices operating between the
version efficiencies 2 > ),
T

heat @, of the more efficient dev
Samount Q(in) of heat as wal

e

ice 2 back 1o the higher lemperature, bug an additional

I This additional heat would (R
to work,

such that the heat Q. and the wark W, required 1o carry 1he system from
State {o,, )} to a state {ow, 14) are given by the differences in Qand W¥;

D = Qa1}) ~ Qs V): W = Wia, k) ~ Wia,, 1)
If such Esm:.mém existed, the net transfees of heat and of work arcund a closed
leop aecessarily would be zero, and we have shown that the tramsfers are not
o,

The transfers of fieat and work between state (1) and state (b) depend on 1he
path taken between the twa states. This patb-dependence is expressed when
we say that heat and work are not state functions. U
and free energy, heat and work are not
Increments 40 and 433 1

: alike temperature, entropy,
inlrinsic attributes of the system. The
at we introduced in {1)and {2) cannot be differentjals

en be complutely converted
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2

i

Figure 8.8 Twe irreversible processes in which mechanical or eleetrical potential
energy is used Lo heat a sysem.

of mathematical functions Q(a,¥} and W{s,¥). For this reasen we designated
the increments by 40 and 1Y, rather than by JdQ and dW. Without the path
dependence of heat and work there would neot exist cyclical processes that
permit the generation of work from heat.

Irreversible Work

We consider the energy transfer processes of Figure 8.8. In each process 8
is & purely mechanical oy elecirical system that delivers pure work with zero
entropy change. The energy transferred to &, is converiled to heat, either by
mechanical friction or by electrical resistance. The final state of &, is the
same as if the energy had been added as heat in the first place, The entropy
of &; is increased by do, = JdU,/r. This entropy is newly created entropy.
Processes in which new entropy is created are irreversible because there is
ro way to reverse the process in order to destroy the newly created entropy.
if newly created entropy arises by the conversion of work to heai, we say that
irreversible work has been performed.

1f we lock only at the net change in a system, there is no way to teli whether
the process that led to this change was reversible or irreversible. For a change
dU in energy and do in entropy, we can define a reversible heat 4Q,, and a
reversible work 4W,,, as the amount of heat and work that would accomplish
this change in a reversible process. If part of the work done on the system is
irreversible, the actual work required to accomplish a given change is larger

Irreversible Work
than the reversible work,

AW ey > A1V, _ {28)

By conservation of energy

n&m\..‘ = aﬂ—ﬂ\_a—ﬁt + n‘m-m.:._.-‘. = nwﬂw#\-&o, + hHQH—..«. s

so that

nﬂm.:,:? = mwnwﬁ.,. . mwm:

The actaal heat transferred in the irreversibie process must be less than the
reversible heat.

Example; Sudden expansion of an ideaf gas.  As an example of an irreversible process we
consider ence more the sudden expinsion of un idesl gas into & vacuum. Neither heat nor
work is transferred, 5o that dU = 0 and dt = 0. The final state is identical with the state

that results rom & reversible isothermal expansion with the gus in thermal equilibrivim
with @ reservoir. The work #,,, done on the gas in the reversible

expansion ftom volume
¥, o ¥y is, from (6.37), ’

Wy = —Ntlog(Vy/¥)). (30)

The work done on the gas is negative; the gas does positive work on the pisten in an amount
equal to the heat transfer into the system:

Qo = =W, >0, W, <0 31

The entropy change is equal te @,../1, ot
0y — o = — W, jt = Nlog(V/¥). {32)

In the irreversible process of expansion into the vacuum this entropy is newly created
entropy because neither heat nor work Bows inlo the system from the outside: 1%,
Qiseee = 0. From (31) we obtain ’

E:ﬂ- > En(- mw«qn( < @-nx * A..w”x

in agreement with {28 and (29,

e N e € e e
[ A J .

)
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.ﬁm. Vot

arca A,

aren A4, —e

Py = pad,

Figure 89  Systems between which only work but no
heat is transferred need not be at the same temperatore
for the process 10 be reversibie,

In our discussion of irreversible work we assumed that the new entropy
is created inside the system during the delivery of work to the system by other
Systems, This is not 1he only source of irteversibility in energy tansfer. Pure
heat transfer, not involving any work, is irreversible if it takes place between
tWo systems having different temperatures. We worked out an example in

Chapter 2. In this process heat is transferred from a system &t 7, 10 a system
at the lower WImperature ;. We have..

dUy = a0, = Ty e ; dUy = dg, = tpdoy;  dQ, + g, =0, (34

The newly created enlropy is

day, = {do, + doy) = dg e, + 49,/
= (1 = 1edg, = T T g0 (35)
1,13

.:E:nﬁnozmm:.o% :H_m_:o_oz temperature: 4, is negative; Ty — 1, 05
negative, so that dgy,, > Q. ' )

The cnergy transfer between Lwa systems with different lemperatures need
not be irreversible if only work but no heat 18 transferred {Figure 3.5).

All actual energy transfer Processes are invariably somewhat trreversible,
but reversible processes remain the backhone of the theory of thermai physics.
They constitute a natural Himit, which is the equilibrivm fimit of vanishing
Entropy generation. We shall assume bereafter that the words heat and work,
without a further quitlifier, refer to reversible processes,

Heat and Work gy Canstant Temperature or Coustant Pressure

EM}H.»ZU QOmN\:‘ CONSTANT TEMPERATURE
OR CONSTANT PRESSURE .

energy F = U — 14 of the system. For a reversible process dQ = tds = di1q),
because dt = 0, 5o that

AW = dU — 80 = dU - dro) = gF. (36)

Thus in such processes the Helmhboltz free energy is the natural energetis
{unction, more appropriate than the caergy U. When we treat an isotherm; 3
process in terms of the Helmholtz free energy, we automaticaliy jnclude 1he

r the heat transfer from the

is the major part of the work:
for the ideal gas the encrgy U does not change in an isothermal process, and
the work done is equal to the heat transfer,

Y energy transfer processes—isothermal or not-...
Place at constant pressure, particularly those processes that take place
In systems open 1o the atmosphere. A process at constant pressure is said 10 be
an isoharic process. A simple cxample is the boiling of a liquid as in Figure 8.10,

Isobaric hent ang work., MNan
take

Al

Figure 8.10 When a2 liquid boils under stmospherie pressure, the vapar
displacing the smosphere does wark apainst the atmospheric pressure,
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where the pressure on the piston is the external atmospheric pressure, If the

system changes its volume by 4V, the work —pdV = —d(pV) is part of the
total work done on the system. If positive, this work is provided by the environ-
ment and is in this sense “lree” If negative, the work is delivered to the
environment and is not extractable from the system for other purposes. For
this reason it 15 ofien appropriate to subtract — d{p¥} [rom the total work. We
thus obtain the effective work performed on the system, defined as

dW' = dW + dipV) = dU + dipV) — 3@ = dH ~ 40, 37

where we have defined a new function
H=U4+pv, (38)

calied the enthalpy which plays the role in processes at constant pressure that
the cnergy U plays in processes at constant velume. The term p¥in (38) is the
work required to displace the surrounding stmosphere in order to vacate
the spiace to be occupied by the system. Implicit in these definitions is the idea
that there are other kinds of work besides that due to velume changes.

Two classes of the constant pressure processes ure particularly imporlant:

{a} Processcs in which noeffective work isdone. The heattransieris 4@ = o771,
from {37). The evaporation of a liguid (Chapter 10) from an open vessel is
such a process, because no effective work is done, The heat of vaporization
is the enthalpy difference between the vapor phase and the liquid phase.

(b) Processes at constant temperature and constant pressure, Then d0 =

tdo = d{ra}, and the effective work performed on the system is, from (36) and
{37,

dW’* = dF + d(pV) = dG , (3N
where we have defined another new function

G=FitpV=U+p/ 10, : “o

the Gibbs free energy. The eflective work performed in a reversible process
at constant temperature and pressure is equal to the change in the Gibbs
iree energy of the system. This is particularly useful in chemical reactions
where the volume changes as the reaction proceeds at a constant pressure.

The Gibbs free energy is used extensively in Chapter 9, and the enthalpy is
used in Chapter 10

Heat and Work at Constant Temperature or Constant Pressure

Example: Electrolysis and fuel cells.  Electrolysisis a process Lthat is both isothermal and
isobaric. Consider an clectrolyte of ditute sulfuric acid in which are inunersed platinum

amnmzcamm9&&@:2?&2,e:_:rnpn& {Figure 8.11}. The sulfuric acid dissociates into
H™ and SO, - ions:

H,SO, = 2H* 4+ 50,7 (1)

When a current is passed through the ceil the hydrogen lons move to the nepative clecirode
wherc they tuke up clectrans and form molecufar Bydrogen gas:

H* + 2+ H,. (42)

The sulfate fons move to the positive electrodes where they decompose water with the
release of molecutar oxygen pas and clectrons:

5077 + H,0 -» H,50; 40, + 2. 43
The sum of the above three steps is the net reactiun equittion i the ccll:
H,0 ~ H, + 10,. : (44}

When carricd out slawly'in a vessel open (o the atmosphere, the process is at constant
pressure and constinst lemperature, A negligible part of the electsical put power goes into

Figure 8.11 An electrolysis cell. An electrical current passes through an electrolyie, such
as dilute sulfuric acid. The overall result is the decamposition of water into gaseous
hydrogen and oxygen. The process is an example of wark being done at constant
temperature and constant pressure.
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Ewwmﬁmnn:nwzmmo:rn n_onzo_u._ﬁ,ﬁ_onm.nn.w,.n work required 1o decompose 1 mole of
water is refated to the molag Gibbs free encrgies of the reaclants: :

W' = G = GH,0) ~ G(Hy) — 160y, (45)

Chemical tables fist the Gibbs fr
femperature,

In elecirolysis this work is performed by a current £ that flows under z
Vo 1 135 the time required to decompose one maole of waler, (} =
{not the heat!y Rowing through the cell, and we have

e energy difference AG as —237%) per mole at roorm

1 external voltage
1 % ris the total charge

W= gw,. (46)

According 10 {43), there are two electrons inv

olved in decomposing one water molecule,
hence

Q= w2Ne= 191 x 105 coulomb, (47}

We equate (46} to (45) 10 obuain the condition for e}

cctrolysis to take place. This reguires o
minimum voltage

Vo = ~AGN ¢, - (48)

or L2239 volis. A voltage Lrger than ¥ must be anplicd to obt
beeause ¥, alone merzely reduces o zero the potential barrier be
Lwa sides of the reaction equation (44). When
be dissipated as heat in the cleclrolyte.

If ¥ < V,, the reaction {(#4} will procecd from right to left provided Bascous hydrogen is
available at the positive electrode and £ascaus oxygen a1 the negative clectirode. In the
simple sctup of Figure 8.11 the Bases are permitted 1o escape, and for V < Vo nothing will
happen st all, §t is possible, however, to construct 1he electrodes as porous sponges, with
hydrogen and oxygen forced through under pressure (Figure 8.12) Such a deviee produces a
voltage V) between the electrodes and, if the clectrodes age cennected, external current wilt
flow. This arrangement is called a hydrogen-oxygen fuct cell, Fuel cells were used as power
sources on baard the Gemini and Apollo* spaceerafi and incidentally produced drinking
water for the astronauis.

The principal technological limitation of fuel cefls is their low cutrent per unit clectrode
area. In the Apollo cell the current density was only a few hundred mA/em?; hence large
clectrode areas are sequired 10 produce reasonable currents. The current-valtage charac-

teristic of up electrachemical cell in its two operating ranges as fuef cell and as clectrolytic
cell ase shown in Figure 813,

ain i finjte current fluw,
tween the systems on the
¥ > ¥, the excess power (V' — Vo) % [ will

T T T e e

e e LTI r.l,f.va,.p,.{lr._...:ulr;:..iz....illrp R SR

———

* The Apolio fuel cells used Nj and NiO rather than P as elecirades, and KOH rather than H,50,
as elecirolyte. For a detuiled description, and more information on fuel cells, the reader is referred

1o . O M. Bockrds and §. Srinivasan, Fuel coils - Their ,._:_a:én_.:.s:3‘_ McGraw-Hill, New York,
1949,

2H*

e

Porous electrodes

Figure 8,12 A fuel ceif is an clectrolysis celf operated in
reverse, with hydrogen und Oxypen supplied as fuels. The
fuels are forced under pressuce through porous ¢lecirodes
separated by an electrolyee, The hydrogen and oxygen reaet
to form waiter; the excess Gibbs free cnergy is delivered
oulsitle as clectrign! energy. Water forms at the positive
electrode and is removed there

Current f

Electrolysis

—

Figure 8.13 The current-volinge charagterisiic of an clectrolytic

celt or fuel cell, indicating the (wo uperating ranges,
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Chemical Work

Work performed by the transfer of particles to a system is called chemical
work, because it is associated with the chemical polential.

When particies are transferred, the number of particles in the system is one

ol the independent variables on which the energy U depends. If U = U(s,V\N),
then for a reversible process

dU = tdg ~ pdV + pdN | {49)

by the thermodynamic identity of Chapter 5. Here we have replaced the partial
derivatives by their familiar equivalents (Table 5.1). By our definition of heat,
the 1do term represents the transfer of heat and the —pdV and pdN terms
represent the performance of work, alf understood to be reversible:

AW = —pdV + pdN, (50
The — pdV term 1s mechanical s‘oqf.%n pdN term is the chemical work:
dW, = pdN. ’ . (oh

If there is no volume change, d¥ = 0. All the work is chemical.

In particle transfer there are usually two systems involved, both in contact
with a heat reservoir, and the total chemical work is the sum of the contributions
from both systems, In the arrangement of Figure 8.14 a pump transfers particles
from system &, to system 8,. The chemical potentials are g, and p,. 1f

dN = dN, = —dN is the number of particles transferred, the 1otal chemical
work performed is

AW, = dW,, + dW,; = mdN, + AN, = (g — p)dN- (52)

The work that must be supplied to the pump is 1%, if there is no volume work
{d¥, = dV, = 0), and if all processes are revessible.

The result {32) gives an additional meaning of the chemical potential. We
summarize the propertics of the chemical potential:

{2) The chemical potential of a system is the work required to :m:..,mwﬁ. one
particle into the system, from a reservoir at zero chemical potential.

(b} The difference in chemical potemtizl between two systems is equal to the
net work required to move a particle from one system to the other.

Chemicol Bork

Al

Pump

.w— QT i w\w. _2‘“ Qn: Tg. p\u. _z.u k)

[

dN
(= +dN,}

Figure 8.14  Chemical work is the work performed when particies are moved
teversibly from one system to another, with the two systems having diffesent
chemical potentials. M ihe two volumes do not change, the work is pure
chemical work; the amount per particle s the duference in chemical potentials,

(¢} I thetwo systems are in diffusive equilibrium they have the same chemical

potential; no work is required to move a particie from one system to
the other. - .

-{d} The difierence in internal chemical potential (Chapter 5) between wo

systems 1s equal but opposite to the potential barrier that maintains the
systems in diffusive equilibrium.

Example: Chemical work for an ideal gas. We consider the work per particle sequired 1o
move reversibly the atoms of 4 monatomic ideal gas from 3, with concentration .10 8,
with concentration », > n,, both systemns being al the same temperature (Figere $.35) 1
dV == 0, the work contains only a chemical work term, which ¢an be caloulated from the
diffierence in chemical potential, no matter how the process is actually performed. The
chemical potential difference between two ideal gas systems with different concentrations is

Mz — 1 = t{loglny/ng) ~ loginmgl] = tloglny/my) (33}

This result is equil 1o the mechanical work per particle required 1o compress the gas
isuthermully from the concentralion ny 1o e concentration iy, The work requised 10
compress N parlicles olun ideal gas from as initial velume ¥ 1o a linal voluwme Ty is

W e :._.E.v - tzﬂ.?_svu Ntlog(¥,/Vy) = Ntlog(ny/n,). (59

Hence the mechanical work per particle is tlog{ny/m,), identical to the result {53} The
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dW

L

_ Reservoir

Energy exchanges
Figure 8.15  fsothermal chesmical work. The umount of chemical work per particle

daes not change if the process is performed sothérmally with both systems in
thermal equilibrium with g common large reservoir,

Ena_.éofrnnrc::nm_ iom,.:::_mnmmo_:n_.za_ compression work illustrates the equi-
lence or convertibility of different kinds of work. -

CroTT T POt e voirs e

Magnetic Work and mmnnmnczmzﬁcnm

¢

An important form of work is magnetic work. The most impertant application
of magnetic work is to superconductors, and this application is treated here,

Below some criticat temperature T, that is usually less than 20 K, many
clectrical conductors undergo a transition fram their normal state with a finite
clectrical conductivity 1o » superconducting stale with an apparently infinite
conductivity,

Superconductors expel magretic fields from their interior, If the super-
conduetor is first cooled below the eritical temperature and then inserted into a
magaetic field, we might expect that the infinite conductivity would shield the
interior from the penelration by a magnetic field. However, the expuision occurs
even if the superconductor is coaled below T, while in a magnelic field (Figure
8-48). This active expulsion, called (e Meissaer effect, shows that supercon-
ductivity is more than an infinite conductivily, The Meissner effect is cansed by
shiclding currents that are spostancously generated near the surface, in a layer
about 10 % cm thick. The magnetic ficid expulsion is not always complele,
Superconductors are said 1g be of type 1 if the expulsion is incomplete, but still
nonzero, in a range of fields above some low ficld. We shall restrict ourselves

BT in gauss

900

o
]
s

360

Magnetic Work and Superconductars 253

Figure 8,16 Meissner effect in a superconducting sphere cooled
in 3 constant applied maguetic field; on passing below the

transition tinperatyre the fines of induciion B sre cjected fram
the sphere.
]
Ph
Figure 8.17  Threshold curves of the criticat
Hg field versus temperature for several super-
~4 conductors. A specimen 5 saperconducting
—3Sn // N below the curve and nats il abave the curve,
T
TN
N
) 2 4 6 8

Temperature, in K

here to the discussion of type I superconductors, for which the field expulsion
is complete up to a definjle field and zero (hereaner,

A sufficiently strong magnetic field will destroy superconductivity. The

critical field required to do this depends on the temperature and on the super-
conductor, For type | superconduciors the ficlds are usoally a few hundred
gauss {Figure 8.17). In some niobium and vanadium compounds of type 1I,
critical fields of several hundred kilogauss have been observed,

5t

The Meissner magnetic effect shows that the normal and the su perconducting
ales are ditferent thermodynamic phases of the same metal, just as ice and

Hauid water arc different phases of H,0, except that in the supereonducting
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Figure 8.19 A superconductor of fength L and
arca A4 ina superconducting solenoid that
produces a magnetic ficld B,

transition it is the electronic system rather than the crystal structure of the metal
that undergoes 2 phase transition.

The superconducting state is a distinct thermodynamic phase, as confirmed
by differences in the heat capacily of the normal and the superconducting states.

The heat capacity (Figure 8.18) exhibits a pronounced discontinuity at the onset

of superconductivity at t = r,; when superconductivity is destroyed by a

magnetic field, the discontinuily disappears. The stable phase will be the phase
with the lower free encrgy. Below t = t, in zere magnetic field the free energy
of the superconducting phase is fower than that of the normal phase. The free
enerpy of the superconducting phase increases in the magnetic field, as we show
below, The free energy of the normal phase is approximately independent of
the field, Eventually, as the field is increased, the free energy of the super-
conducting phase wili exceed that of the normal phase. The normal phase is
then the stable phase, and superconductivity is destroyed.

The increase of the free energy of a superconductor in a magnetic field is
calculated as the work recuired to reduce the magnetic field to zero in the interior
of the superconductor; the zero value is required to account for the Meissner
effect. Consider a superconductor in the form of a long rod of uniform cross-
section inside a long solenoid that produces a uniform ficld B, as in Figure 8.19.
The work required to reduce the field to zero inside the superconductor is
equal to the work required 1o creale within the superconductor & counteracting
field — B that exactly cancels the solenoid field. We know from electromagneltic
theory that ihe work per unit volume required to create a ficld B is given by

51 Woae/ V= B 2103 {55a)
or
{CGS) WV = BY&n. {55b)
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Figure 8.20  The free energy density Fyofa
nonmapgnetic normal metal is mvvuo»_.uzﬁa_%
independent of the intensity of the applied
magnctic field B,. At a temperature ¢ < r, the
metal is a superconductor in zero magnetic
field, so tut Fo{r,0 is lower than Fo1.01 An
applied magnetic field increases Fy by B2,
in 5[ units (and by B,%/8x in CGS units), so
thal Fyir,8,) = Fylv0) + B, 2u,. ITB,is
larger than the critical field B, the frec energy
densily is lower in the normal state thun in

the superconducting state, and now Lhe normst
stide is the stable state, The origin of the
verlical scale in the drawing is at Fy(z.0). The
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ensity

MNormal state

“energy d

Free

hﬂ«.
figurc cqually applies 10 Usand Uy at 1 = 0, Applicd magnetic field &,

This is the amount by which the free cnergy density in the bulk superconducior
is raised by application of an external magnetic field, in an experiment at con-
stani lemperature. : .

There is no comparable free energy increase for the normal conductor,
because there is no sereening of the applied field. Thus

&) - [Ft) = BV = B2l 2; (56a)
or
(CGS) Tﬂi& — ﬁm?;\_\ = B.1)/8x. (56h)

In a plot of the free energy density of both phases versus the magnetic ficld
(Figure 8.20), the free energy of the superconducting phase will ultimately rise
abave that of the nermal phase, so that in high fields the specimen will be in the
normal phase, and the superconducting phase is no longer the stable phase.
This is the explanation of the destruction of superconductivity by a critical
magnetic field B, )

With increasing temperatuse the free encrgy difference between normal and
supcreonducting phase decreases as ¢ -+ 1, and the critical magnetic ficld
decreases. Everything else being equal, a high stabilization cnergy in a type |
superconductor wilt lead to both a high critical temperature and a high eritical
field. The highest criticat fields are found amongst the superconductors with the
highest eritical temperatures, and vice versa. :

Problems

SUI

TARY

]

Heat is the transfer of energy by thermal contact with a reservoir, In a
reversible process 40 = tds. : .

2. Work is the transfer of energy by a change in the external parameters that
describe the system. The entropy transfer in a reversible process is zero when
only work is performed and no heat is transferred.

=

The Carnot erergy conversion efficiency, e = (1, ~ /7y, is the uppcr
himit to the ratio W/Q, of the work geacrated to the heat added.

The Carnot coceflicicnt of relrigerator performance, e o= Tt - ), is the
upper limit to the ratio 0,/ 1V of the heat extructed to the work consumed

=

i

The total work performed on i system at constant lemperature in u reversible
process is equal to the change in the Helmboliz free cnergy F = U — g
of the system.

6. The eflective work performed on a system at constant temperature and

pressure in a reversible process is equal to the change in the Gibbs free
energy G = U - 1o + pV,

7. The chemical work performed on a system in the reversible transler of JN
particles to the system is pdN.

8. The change in the free energy density of a superconductor {of type 1) cansed!
by an external magnetic field B js B211q in SI and B8z in CGS.

PROBLEMS

1. Heat pump. () Show that for a reversible heat pump the energy required
per unit of heat delivered inside the building is given by the Carnot efliciency (6):

L4 Ty~ Ty

= g .
O ¢ Ty

What happens il the heat pumpis pot reversible 7 {h) Assume that the clectriony
consumed by a reversihie heat puiep must itselt be gentrica Ly o Curne v
operating between the temperatures i and 7, What is the ratio 0,,/0,, of the
heat consumed at 1, to the heat delivered a1 1,7 Give numerical values for
Ty = 600K; T, = 300K; Ty = 270K. (¢) Draw an energy-entropy flow
diugram for the combination heat engine-heat pump, similur to Figures 8.1,
8.2and 84, butinvolving no external work at all only energy and ealrepy fows
at three temperatures,

257 .
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2 Absorption refrigerator. In absorption refrigerators the enerpy driving the
pracess is supplied not as work, but as hewl from a gas flame at a temperature
Tan > 1, Mobile hame and cabin wn_imﬂdﬂcqm may be of this type, with propane
fuel (1) Give an energy-entropy flow diagram similar to Figures 8.2 and 8.4 [or
such a refrigerator, invelving no work at al, but with energy and entropy flows
at the three temperatures 7,, > ¢, > 1. {b) Calculate the ratio 0,/0,,, for the

heatextractedat r = t, where @, istheheat inputat t = 1,,. Assume reversible
operation.

3. Photon Carnot engine.  Consider a Carnot engine that uses as the working
substance a photon gas. (a) Given 1, and rpas well as V) and V,, determine
yand Vy. (b) What is the heat Q, taken up and the work done by the gas during
the first isothermal expansion? Are they equal to each other, as for the ideal gas?
(=} Do the two isentropic stages cancel each other, as lor the ideal gas? (d) Caleu-
lute 1he total work done by the gas during one cycle. Compare it with the heat

teken up al 7, and show that the energy conversion efficiencey is the Carnot
efficiency.

4. Heat engine-—refriperator cascade. The efficiency of a heat engine is to be
improved by lowering the temperature of its low-temperature reservoir to a
valuet,, below the environmental temperature 1, by means of a refrigerator. The
refrigerator consames part of the work produced by the heat engine. Assume
that both the heat engine and the refltigerator operate reversibly. Calculate the
ratio of the net (available) work to the heat @y supplied 1o the heat engine at
lemperature 1,.. Is it possible to obtain a higher net energy conversion efficiency
in this way? .

5. Thermal pollution. A river with a water temperature T, = 20°C is to be
used as the low temperature reservoir of a large power plant, with a steam
temperature of T, = 500°C. If ecological considerations limit the amount of
hieat that can .o,n dumped into the river to 1500 MW, what is the largest electrical
output that the plant can deliver? If improvements in hol-sieam technology

would permit raising T, by 100°C, what efect would this have on the plant
capacity?

&, Room air conditioner. A room aic conditioner operates as a Camnot cycle
refrigeralor between an outside temperatuce T,and a room at aJower tempera-
ture T, The room gains heat from the outdoars at a rate ATy — Ty); this heat
is removed by the air conditioner. The power supplied to the cooling unit is P.

{a) Show that the steady state temperature of the room is

Ty = (T, + P24) = [T, + PRAY — T2},

{b) If the outdoors is at 37°C and the rcom is maintained a 17°C by a cooling
powerol 2kW, find the heat loss coefiicient 4 of the room in WK™, A good

Problems

discussion of room air conditioners is given by H. 8. Leff and W. D. Teeters,

Amer. J. Physics 46, 19 (1978). In a realistic unit the cooling coils may be at
252K and the cutdoor heat exchanger at 378 K.

7. Light bulb ?f.&._.mww_.ﬁun A 100W light bulb is lefi burning inside a
Carnol refrigerator that draws 100W. Can the refrigerator cool below room
temperature?

8. Geothermal energy. A very large mass M ol porous hot rock is to be
utilized to gencrate electricity by injecting water and utilizing the resulting hot
steam 1o drive a turbine. As a result of heat extraction, the temperature of the
rock drops, according 10 40, = — MCdT,, where C is the specific heat of the
rock, assumed to be temperature independent. 1f the plant operates at the Carnot
limit, calculate the total amount W of elecirical energy extractable from the
rock, if the temperature of the rock was initiaily T = T, and if the plant is to
be shut down whes the temperature has dropped to Ty, = T ;. Assume that the
lower reservoir lemperature T, slays cofistant.

Attheend of the calculation, give a numerical value, in KWh, for Af = 1814 kg
fubout 30km*), C=1Jg ' K™, T;=600C, T;= LI0C, T,=20C
Waich the units and explain all steps! For comparison: The total clectricity
produced in the world in 1976 was between 1 and 2 times 10** kWh.

9. Cooling of nonmetallic solid to T = 0. We saw in Chapter 4 that the heat
capacity of nonmetallic solids at sufficiently low temperatures is proportional
to T3 as C = aT>. Assume it were possible to cool a piece of such a solid to
T = 0 by means of a reversible refrigerator that uses the solid specimen as its
{varying!) low-temperature reservoir, and for which the high-temperature
reservoir has a fixed temperature T, equal to the initial temperature T of the
solid. Find an expression for the electrical energy required.

10. Irveversible expansion of a Fermi gas.  Consider a gas of & noninteracting,
spin 4 fermions of mass A, initially in a volume ¥ at temperature t; = 0. Let the
gas expand irreversibly into a vacuum, without doing work, o & ,mqm# volume
V. What is the temperature of the gas after expansion if V, is sufficiently large
for the classical limit to apply? Estimate the factor by which the gas mmom_a. be
expanded for its temperature to selile to a constant final vatue. Give numerical
vilues for the final temperature in kelvin for two cases: (a) a particle mass equal
to the clectron mass, and N/V = 10%2em ™3, as in metals; (b) a particle mass
cqual 1o a nucleon, and N/V = 1067, as in white dwarf stars.
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Chapter 9: Gibbs Free Energy and Chemical Reactions

GIBBS FREE ENERGY

The Helmholiz free energy F introduced in Chapter 3 describes a systermn at
constant volume and temperature. Bul many experiments, and in particular
many chemical reactions, are performed at constant pressure, oflen one atmo-
sphere, 1t s usefud to introduce another function to treat the equitibrium

conliguration ut constant pressure and temperature. As in Chapter 8, we
define the Gibls free enerpy G as

G=U -1+ pl. {1

QEE;E ofien £all this the muna eneTgy, m:a physicists o:ns nm: it the
thermodynamic potential.

The most important property of the Gibbs free energy is that it is a minium
for a system 8 in cquilibrium at constant pressure when in thermal conlact
with a reservoir Ol The differential of G is

dG = dU ~ 1dg ~ odc + pdV + Vip.

Consider a system {Figure 9.1} in thermal contact with a heat reservoir ®,
at temperature T and in mechanical contact with a pressure reservoir &, that
maintains the pressure p, but cannot exchange heat. Now dr = 0 and dp =

so that the differential dG of the system in the equilibrium configuration becomes

dGy = dUy — tdoy + pdVy 2
The thermodynamic identity (5.39) is
“m_c.wl._"a?«h;rﬁh:\h. Muv

so that (2) becomes dG; = pdN,. But dN, = 0, whence

Gibbs Free Energy

Heat reservoir Heat reservoir

0y @,

/_uwsnmnn 1o

equalize pressure

insulated.
Pressure reservoir

.

whicl: s the condition for G to be an extremum with respect to system vara-
tions at constant pressure, lemperature, and pariicle number. These are, there-
fore, the natural variables for G(N,z,p). :
That the extremum of G, must be a minimum, rather than a maximum,
follows directly from the minus sign associated with the entropy in (1) Any

iereversible change taking place entirely within & will increase ¢ and thus
decrease G,

With (2),

dG = pdN — odr + Vdp. {5)

The differential (5) may be writlen as

G G G
dG = {E8) an ¢ { Y . 6
) AR .,_.h.% &L ©

Comparison of {5) and {6) gives the relations

(3G/aN)

TP

I
=

0

(6G/3)n,

I
!
A

it
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Figure' 9.1 A system in thermal equilibrium
with a heat reservoir and in mechanical
equilibrium with a barystat or pressure
rescrvoir which maintains a constant pressure
on the system. The barystat s thermally



64

Chapter 9: Gibbs Free Energy and Chemicud Reactions

(8G/ply, = V. {9

Three Maxwell relations ma
see Problem 1,

In the Gibbs free energy G = U
quantities: they do not change valu
But U, s, V, and G are linear in 3
when two identical systems are
saythat U, o, ¥, Nand G are ext
species is present. If G is direct]

y be obtained from these by Qomm.mw@nnnwmmmo:“

= 16 + pVihe variables r and p are intensive
e when two identical systems are puttogether.
he number of particles N their value doubles
put together, apart from faterface cfiects. We
ensive quantities. Assume that only one particle
¥ proportional to N, we must be able 10 write

G = Nolpi), {10}
where @ is independent of N because it is a funclion only of the intensive
quantities pand ¢, If two identical volumes of gas at equal pressure and tempera-
ture, each with N molecules, ure put together, the Gibbs free cnergy

G = INo(pt + INe(p1) = Nelp)
docs not change in the process. It follows from this argument that
(8GIaN), . = @(p.1). {(tn
We saw in (7) that
(€G/ENY, . =, (12)

s0 that ¢ must be identical with 1, and {10} becomes

GIN.p1) = Nu(p). (13)

L

Thus the cheicat potential for a single-component system is equal to the
Gibbs free encrgy per particte, G/N. 1'or G for an ideal gas, sce (21) below,

Ifmore than one chemical species is present, {13) is replaced by a sum over
all species:

G =3 Ny, _ (14)
j

Gibbs Free Energy

The thermodynamic identity becomes

o = dU + pdv — Mtk?ﬂ.. {15}

and {5} becomes
dG = ¥ wdN, - adr + Vdp. (16)

We shall develop the theory of chemical equilibria by exploiting the property
that G = ¥ N, is a minimum with respect to changes in the distribution of
reacting molecules at constant T, p- No new atoms coms into the system in a

reaction; the atoms that are present redistribute themselves from one molecular
species to another molecutar specics.

mﬂ..‘.gf,l']!il{.ifilfi.l1..111!1.!.!1]1.,.1*1}'!4.(1 R s Mt U,
et r,li‘ft.l.n.l,iirlnl..r!»f.r?ltrllltr..l.r.f..-.,i..t‘ AR LI ST S

Example: Compartwon of G with F, Lot us e what is ditferent abont the two relations

Hmw\_mzurz = (N1, V) {17}
and

(EGION), , = (r,p). | (1)

We found in (6.18) that for an ideat gas
ANz V) = ¢ log{N/¥ng) , (19)
5o that u{N,7,7} is not independent of N aad therefore we cannol write F = Nufe, V) as

the integral of {1 7.

That is, £ is not directiy propartional to N if the system is kept at constant volume as the
number of particies iy increased, lastead, from {6.24),

F(r,V\N) = Ni[log(Nfvig) — 11 (20}

But the Gibbs free energy for the ideal gas s

]

GlepN) = F + pv >$_,<mom€?:cv ~ 13+ Nt

Neloglp/ing) , (21

i

by use of the ideal gas Jaw in the form N/V = pfr. We readi
potential as

identify in (11} the chemical

#tp) = vlog(pfeng) , (22)
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by reference to the result G = Nyl{rp). We see that N appears unavoidably in p{e,VYin
{19), but not in pu{z,p) in {22), The chemical potential is the Gibbs free encrgy per particle,
but it is not the Helmholz [ree energy per particle. Of course, we are free to write g as gither
{19} or (22}, as is conveaient. :

T 4 A 0T N S S S

EQUILIBRIUM IN REACTIONS
We may write the equation of a chemical reaction as
VAL R A+ R WA =0, {23)

or
T = 0, (24)
i

where the A; denote the chemical species, and the v are the coefficients of the

species in the reaction equation. Here v is the Greek letter nu. For the reaction
H, + Cl, = 2HCi we have

Ay =H,; Ay = Cly Ay = HCL; vy = 1] vy = 1 vy = el
. . (25}

The discussion of chemical equilibria is usually presented for reactions under
conditions of constant pressure and temperature. In equilibrium the Gibbs free

energy is a minimum with respect to changes in the proportions of the reactants.
The differential of G is

dG = ¥ pdN; — odc + Vip, £26}
i

Here p;1s the chemical potential of species j, as defined by p, = (8G/ON), . At

constant pressure dp = 0 and at constant temperature dz = 0; then (26) reduces
o

dG = ¥ paN,. 2
i

The change in the Gibbs free energy in a reaction depends on the chemical

potentials of the reactants. In equilibrium G is an extremum and dG must be
IEIA.

Equilibrium for Ideaf Gases

The charge 4N in the number of molecules of species j is proportional to the
coefficient v;in the chemical equation 2ovA; = 0. We may write dNyin the form

dNj = v dN ’ (28)

where 4V indicates how many times the reaction {24) 1akes place, The change dG
in {27) becomes

dG = (T vy, ) df. 9}
1

In equilibrium dG = 0, so that

Yooy = 0. (30)
i

This is the condition for equilibsium in a transformation of matter at constant
pressure and temperatuze*

Equilibrium for Ideal Gases

We obtain a simple and useful form of the general equilibrium condition
2viity = 0 when we assume that each of the constituents acts as an ideal gas.
We utilize (6.48) to write the chemical potential of species f as

u; = tflogn; — loge)) , 30

where #; is the concentration of species j and

;= ngZ (i), (32}

which depends on the temperature but not on the concentration, Here 2 ;lint)
is the internal partition lunction, {6.44). Then (30) can be rearranged as

M%f logn; = Mm‘sé toge; , ) {33a})

* But the result is more general: once cquilibrivm is reacked, the reaction does not proceed further,
and there is no further change in.the thermal averago vatucs of the sonpentrations, The velums at
equilibrium will be known, 50 that the sondition (30) apptics 23 woll when ¥ end 1 arc specified ag
when p and 1 are specified.
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OT a8

2 logn =¥ 1og o {(33b)
i ¥ i
The left-hand side can be rewritten as
YlognM = log [T, (33c)
i i
and the right-hand side can be expressed as

tog[ e = log K(1). £33d)
i

Here K(1), called the cquitibrium constant, is 2 function only of the temperature.
With (32) we have

Kz} = m:E:nxvhl&.ﬁc:?...& . (34
i :
because the internal free energy is Ffint) = —1logZ {int). From {31c,d} and
(34) we have .
[T = ka, (35)
J

known as the Inw of mass action. The resultsays that the indicated product of the
cencentrations of the reaciants is a function of the temperature alone. A change
in the concentration of any onc reactant will force a change in the equilibrium
concentration of one or more of the other reactants.

To cateulate the equilibrium constant K{t) in (34), it is essential to choose in

a consistent way the zero of the internal energy of each reactant, We need’

consistency here because e value of each partition function Zi{int} depends
on our choice of the zerp of the energy eigenstates, The different zeros for the
different reactants must be related to give properly the cnergy or free cnergy
difference i the reaction, [t i not difficult to arrange this, but it does not
happen without a canscious effort on our part. For a dissociation reaction such
as Hy = 2H, the simplest procedure is to choose the zers of the internal encrgy
of each composite particle (here the H; molecule) to coincide with the eneegy
of the dissociated particles (here 2H}) at rest. Accordingly, we place the energy

of the ground state of the composite particle at — £, where Eg4 is the encrgy

Equilibrivm for Ideat Gases

B A it (R

Example: Eguilibrium of atomic and molecular Aydrogen.
mass zction for the reaction H, = 2H or H,
hydrogen into atomic hydrogen is

T e e g
e el kL

The statement of the law of
= 2H = 0 for the disseciation of molecuiar

[H.3{H]} 2 = [Ma] Kir). (36)

Here [H,] denotes the concentration of molecular hy

droges, and [H] the concentration
of atomic hydrogen. 1t follows that

[H] 1

—z,

[H,] = MEL:NK_:“ 37}

that is, the relative concentration of atomic h
proporional 1o the square root of the ¢
tium constant K is given by

ydrogen at a given lemperature is iaversely

log K = togny(H,) ~ 2logmg(H) — F(H )/t , {38)

in terms of the fnternat fres energy of Hy, per molecule, Spin factors are absorbed in FiH,).
Here the zero of energy is taken for an H atom at rest. The more tightly bound is H,, the
more negative is FIH ), and the higher is K, leading to a higher proportion of H; in the
mixiure. The energy to dissociate H; 15 4.476 eV per molecule, at absolute zerg,

malecular hydrogen into atomic hydrogen is an
N in enirapy assocfated with the decomposition
of Hy into two independen particles compensates the loss in binding encrgy. It is belicved
that most of the hydrogen in intergalactic Space is present as H and not H 2 The reaction

equilibrium is thrown i the direction of H by (he tow values of the concentrution of H,.
Hydrogen is very dilute in intergalactic space.

example of entropy dissociation: The gai

.. T e ﬂ!n-....)&‘;.-}f..ﬂ,‘n!ln.l{.!]tii.d?\}.llzil e oy
G T e SR L AT T s bt e LT T T [ERIREN

Example: pif end the fonization af water. 1In lquid water

ionization process
H,;0+—~H* + on- (39

proceeds to a slight exient. A room temperatuce the reaction cquilibrivim is described
approximately by the concentration product

[H*][OH™] = 107 ** pmop?[~: , (40)...

oncentration of molecular hydrogen. The equitib- -
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where the lanic concentrations are given in moles per liter, In purewater [H*] = [TOH"] =
107 mol "%, An acid is said 1o acl as a proion donot. The concentration of H* fons is
increased by adding an acid to the water and the conceniration of OH ™ iaas will decrease
as required 1o maiotain the preduct {H™]J[OH "] constant. Simitarly, the concentration
‘of OH " ions can be increased by adding a base 1o the water, and the H* concentration will
decrease wecordingly. The physical state of water is more complicated than the equation
of the ionization process suggests—1he H* iens are not bare protons, but are associated

with graups® of H,C molecules. This does not significanty affect the validity of the reaction
equation.

It is often convenient 10 express the acidity or alkalinity of 4 solution in terms of the pii,
defined as

;
pH = —log,o[H"]. | @y
i

The pH of 2 solution is the ncgative of the logarithm base ea of the hydrogen ton concentra-
tion in moles per liter of solution. The pH of pure water is Thecause [H'] = 107 "mol 7%
The strongest acidic sofutions have pH near 0 or even negative; an apple may have pH ~ 3.
Human bicod plasma has a pH of 7.3 10 1.5 itss slightly basic.

e T A T o T TR T LTI T T

Example: Kinetic model of mass action.  Suppose that atoms A and B combine to form a
melecate AB. We suppose that AB is formed in a biatomic collision of A and B. Let n,
Ny, N, 5 denote the concentrations of A, B, and AB respectively, The rate of change of nyg is

dragfdt = Ciugng — Dy, (42)

where the rate constant C deseribes the formation ol AB in a collision of A with B, and the
rate constant D describes the reverse process, the thermai decay of AB into its component

atoms A and B. In thermal equilibrium the concentrations ol all constitutents are constant,
so that dny'dt = 0 and

Cnyng = Dnyg; mngfitay = D/C , (43)

a function of temperature only. This result is consistent with the law of mass action that we
desived carlier by standard thermodysamics.

Suppose AB is not formed principally by the bimolecular collision of A and B, but is
formed by some calalytic process such as

A+E~AE; AE+Be«AB+E {44)

* The deminant specics present is mast likely H ** 41,0, 2 complex of 4 water molecules surrotnd-
ing onc proton. A review is given by M. Eigen and L. Dle Macyer, Proc. Roy. Soc {London) A7,

Eguilibrium for [deal Gases

Here E is the catalyst which is eeturned 1o its original state at the end of the sccond step.
50 long as the intermediate product AE is so shor Hived thal no significant quantity of A
is ticd up as AE, the ratio s 1, /1 .5 in equitibrium must be the same as if AB were formed in
the direct process A + B+ AB treuted above. No maltter by what route 1he reaction
actually proceeds, the equilibrium must be the same. The rates, however, may differ.

The equality in equilibrium of the direct and inverse reaction raies is cailed the principle
of detatled balance.

Canmment: Reaction rates.  The law of mass action expresses the condilion satisfied by the
concentrations ence a reaclion has gone 1o equilibrivm, 1 teils us nothing about how fast
the seaction procecds, A reaction A + B = C may evolve energy AH as it procecds, but
before the reaction car occur A and B may have 1o negotiate a polential barrier, as in
Figure 9.2. The barrier height is called the uctivation encrgy. Only moleeules on the high
energy end of their energy distribution will be able 1o react; others will not be able to get
over the potential hill. A catalyst speeds up a reaction by offering an alternate reaction path
wilh a fower encrgy of activation, but it does nol chanfie the equilibrium concentrations.

s e St i o e L i LR o oo Kb R it - Foalnir .

A-B

A+ B—(C

Activaiion
energy

Potential energy

A+B

Schematic coordinale

Figure 9.2 The guantity AH measures the encrgy evolved in the reaction
and determines the equitibrium concentration ratio [A]{BY/{C]. The
activation energy is the height of the potential barrier to be negotiated

before the reaction can proceed, and it determines the rate at which the
reaction takes place.
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SUMMARY

—

- The Gibbs free cnergy

QmQISLT,E\

is a minimum In thermal equilibrium at constant temperature and pressure,

& (CGfot)y , = ~ o (G/eply,, = V; (CG/oN), , = p.

3 Glep Ny = Npfe,p)
4

. The law of mass action for a chemical reaction is that

m..r‘: = K{1),

a function of the temperature alone.

{45a)

PROBLEMS
ﬁ. Thermal expansion neay absolute zero. (a) Prove the three Maxwell rela-
tions

evfen), = —(2ofep), ,

{GV/EN), = +(au/ap)y

{Epfdn)y = —(Eo/dN),.
Strictly speaking, (45a) should be wrillen

(Vfen), ¢ = —{&ajdp), y ,

{450)

(43c)

and two subscripts shoulg appear simitarly in (45b) and {45¢). Tt is common to
omit those subscripts that occur on both sides of (hege equalities. {b) Show with
the help of (452} and the third Juw of thermodynamics that the volume coefli-

cient of thermal ex pansion

1 /v
TrlE

Fd

approaches zero as ¢t — (3,

(46)

2. Thermal isni-ation of hydrogen, Consider 1he

Problems

formation of atomic hy-

drogen in the reaction e + H* = H, whete ¢ is aq electron, as the adsorption
of an electron on 3 proton H*, {a) Show that the ‘equilibrivm conceniritions

of the reactanis satisfy the relation
[l H* 1] = nyexpl—I

where [ is the energy required to fonize atomic hydro

), {47}

gemand iy = (me/2zh 20

refers to the electron. Negleet the spins of the particles; this assumption does

not affect the final result. The result is known as th
electrons and pratons arise from the jonization of
concentration of protons is equal to thal of the ¢
concentration is given by

fe] = [H] 2,72 exp{— 12

¢ Saha equation. 1T all the
hydrogen atoms, then the
lectrons, and the electron

). {48)

A similar problem arises in semiconductor physics in connection with the

thermal jonization of impurity atloms that are dono
Notice that:

sof electrons.

(1) The exponent involves 1 and not 7, which shows that thisis not a simple

“Boltzmann factor” problem. Here ! is the io

{2} The electrog concentration is proportional
hydrogen atom concentration,

nization energy,
to the square root of the

{(3) Hfwe add excess electrons 1o the system, then (he concentration of prolons

will decrease.

(b) Let [Hexc)] denote the equilibrium concentration of H atoms in the
first excited electronie state, which is 2J abave the ground state. Compare
[Hexc)] with (] for conditions at (he surface of the Sun, with [H] =~ 10%? ¢~

and T = 5000 K,

3. lonization of donor impurities in senriconductors,

A pentavalent impurity

{called a donar) intraduced in place of a tetravalent

silicon atom in erystalline

silicon acts like a hydrogen atom in free space, but with e/e playing the role of
e¢* and an effective mass m* playing the role of the electron mass m in the
description of the ionization encrgy and radius of the ground state of {he

impurity atom, and also for the free electron. For sil
€ =117 and, approximately, m* = 0.3 m. If there
estimate the concentration of conduction electrons

icon the diclectric constant
are 107 donors per em?,
at 100 K.

4. Biopalymer grosweh, Censider the chemical equilibrium of a solution

of lincar polymers made up of identical units. The basic reaction siep s
monomer + Nmer = (N + 1)mer. Let Ky denote the equilibrium constant for
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Auw-mm;mm. 10 275
this reaction. (a) Show from the law of mass action that the concentrations i ]
satisfy
[N+ 1] = {117 YK, KKy - Ky {49) .
Phase Transformations
(b) Show from the theory of reactions that for ideal gas condiiions (an ideal T e T R Y S T L L T B o L s
solution}:
Ky = G ey ) (50 . VAPOR PRESSURE EQUATION 276
RN + 1) Derivation of the Coexistence Curve, p Versus ¢ 278
Here Triple Point 284
Latent Heat and Enthalpy 284
(N} = Qul/M )32 (51) Example: Model System for (Gas-Solid Equilibritm 285
g = {2nh »T ) : N
VAN DER WAALS EQUATION OF STATE. 287
where My is the mass of the Nmer meolecule, and Fy is the free energy of one .
Nmer molecule, (¢) Assume N » 1, so that n{N} = ng{N + 1}. Find the gwm.s Hu_mﬁ Emmro&w der Waals G wmw
concentration ratio {N + 1]/[N] at room temperature if there is zero free : ﬂm.:ﬁmm Points for the van nﬂa mﬂw. dmmﬂ 291
encrgy change in the basic reaction step: that is, if AF = Frer = Fy—F, =0, Gibbs uu.:”n Energy of the van der Waals Gas o
Assume {1] = 10°®cm™3, as for amino acid maolecules in a bacterial cell. The . Nucleation . 205
molecular weight of the manomer is 200, {d) Show thut lor the reaction 1o go in . . Ferromagnetism :
the dircction of long molecules we need AF < —0.4 ¢V, approximately, This LANDAU THEORY OF PHASE TRANSITIONS 258
condition is not satisfied in Nature, but an ingenious pathway is foliowed that ‘
simulates the condition, An elementary discussion is given by C. Kinel, Am. J. Example: Ferromagnets 302
Phys. 48, 60 (1972). First Order Transitions 302
3. Particle-antiparticle equilibrivm. (2) Find a quantitative expression for the SUMMARY 304
thermal equilibrivm concentration 7 = n* = ™ in the particle-antiparticle _
reaclion A* + A~ = (. The reactants may be electrons and positrons; protons PROBLEMS 305
and antiprotens; or electrons and holes in a semiconductor. Let the mass of 1. Entropy, Energy, and Enthalpy of van der Waals Gas 305
either particle be M; neglect the spins of the particles. The minimum energy B 2 Calculation of &mﬁ.ﬁ for Water 305
release when A* combines with A~ is A, Take the zero of the encrgy scale as the : 3. Heat of Vaporization of lee 305
energy with no particles present. (b) Estimate n in em™? for an electron {ora a. Gas-Solid Equifibrium 305
hole) in a semiconductor T = 300K with 2 A such that Aft = 20, The hole is : u. Gas-Solid Equilibrium 105
w,ninm astheantiparticle to the n.mnn:cm. Assume that the n_mn:ou.u nonnn::.,m:o: : 6. “Thermodynamics of the Supérconducting Transition 306
is equal to the hele concentration; assume also that the particles are in the : 7. Simplified Model of the Superconducting Transition 107
classical regime. (¢) Correct the result of (a) to Iet each particle have a spin of §. : m. First Order Crystal Transformation 307
Particles that have antiparticles are usually fermions with spins of {. ; :
Nate: n the first section s denotes ofN, the entcopy per atom. In the section on ferromagnetism,
# i the magnetic moment of 2u atom.
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Vapor Pressure Equation 277

Curve aken a
constant lempenture

bt -

VAPOR PRESSURE EQUATION -

P

b Liquid + [LCLR—

The curve of pressure v

ersus volume for a quantity of matter at constant
temperature is determined by the free energy of the substance,

called an isotherm. We consider the isotherms of a real gas in which the atoms
or molecules interact with one 2nother and under appropriate conditions can

associate together in a liquid or solid phasc. A phase is a portion of a system
that is uniform in compasition.

Two phases may coexist

The curve is

» with a definite boundary between them. An isatherm
ofareal gas may showa region in the p—¥ plane in w
in equilibrium with cach other. As in Figure 10
atoms in the pas phase.

hich liquid and gas cacxist
.1, part of the volume contains
There are isotherms at low temperatures for which ) w
solid and liquid coexist and isotherms for which solid and gas coexist. Everything S T
we say for the liquid-gas equitibrium holds also for the solid-gas equilibrium

and the sotid-liquid equilibrium, . , . Liguid - * Liguid + gas Gas
Liquid and vapor* may coexist on a section of an isotherm only if the

temperature of the isotherm lies betow a critical temperature t.. Above the

critical temperature only a single phase—the fluid phase-—exists, no matter

how great the pressure. There is no mere reason to call this phase a gas than

Figure 10.1  Pressure-volume isotherm of a read gas at a

temperature such that liquid and gas phases may coexisl, that
is, 1 < r,.Inthe Iwo-phase region of liquid + gas \he pressure

._ . . K , S . is constant, but the volume may change. At a given temperature
aliquid, so we n<ca.3.n issue and call it a fuid. Values of the critical lemperature : there is only a single value of the presasre for whict & liquid
for several gases are given in Table 10.1. : and its vapor are in equilibrium, If at this pressuse we move the

Liquid and gas will never coexist along the entire extent of an isotherm piston down, soime of the gas is candensed lo fiquid, but the
from zero pressure to infinjie pressure; they coexist at most only along a :

pressure remains unchanged as long as any pas remains,
section of the isothe

. For a fixed temperature and fixed number of atoms,
there will be a volume above which all atoms present are in the pas phase.
A smalt drop of water placed in an evacuated sealed bell jar at room temperature
will evaporate entirely, leaving the beil Jar filled with 1,0 gas a1 some pressure. i Table 101 Critieal temperatures of gases
A drop of water exposed to air not already satwrated with moisture may = —

evaporate entirely. There is a concentration of water, however, above which

T, inX T.inK
the atoms from the vapor will bind themselves into a liquid drop. The volume - P .r%i.rww.li » A Nx
. ) . N .
relations are suggested by Figure 10.1. . Ne 414 N, 1260
The thermodynamic conditions for the coexistence of two phases are the e Ar 151 O 1543
¥ . . - H
conditions for the equilibrium of two systems that are in thermal, diffusive, ) Kr 210 H,0 647.1
: Xe 289.7 Cco, 042
* Vaparis 4 1erm used for a gas when the gas is in equilibrium with ils liquid or solid form. ——




Chapter 10: Phase Transformartions Derivation of the Cocxistence Curve, p Versus t 279
and mechanical contact, These conditions are that T =Ty =35 b, =p, 250 i T H
or, for liquid and gas, .
T =l p=p,, (1 &
where the subscripts [ and g denote the Hguid and gas phases. Note that the
chemical potentials of the same chemical species in the two phases must be PRt
equal t the phases coexist, The chemical potentials are evaluated at the common N Figure 10.2 Phase dingram of H,0. The
pressure and common temperature of the liquid and-gas, so that g 150+ — relutionships of the chemical potentials s, jo,
. & . and g in the solid, liquid, and gas phases are
& Sclid Liquid shiown. The phase boundary here between ice
LA P, T) == AR 2 g e <y R TR and waster is not exactly verticad; the sfope is
#{p.7) taﬁﬁ ) (2) m ! actually negative, although very burge. After
’ nm: 100~ = International Critical Tables, Vol. 3, and P. W,
M H iR
At a general point in the p—t plare the two phases do net coexist: If j, < Hy ~ wamw.zm_“_nﬂwmwﬂ“.o.wMMMMM_MWH“”,“o" b
- . \ . he scv 3 em: }
the liquid phase alone is stable, and if #, < g the gas phase alone is stable. Gas %qu
Metastable phases may occur, by supercooling or superheating. A metastable By <1
phase may have a transient existence, sometimes brief, sometimes jong, at a G- .
temperature for which another and more stable phase of the same substance
has a Jower chemical potential. . o,
. : . . |
Derivation of the Coexisience Curve, p Versus « - 00 G HI0 200 300 400
Let py be the pressure for which two phases, liquid and gas, coexist at the Temperature, in °C
temperature zo. Suppose that the two phases also coexist at the nearby point
Po + dpi1e + dr. ;n..n:?a in the p, T plane m_omm. s.rzmr Ew two phases coexist In the limit as dp and dt approach zero,
divides the p, t plane into a phase diagram, as given in Figure 10.2 for H,0.
It is a condition of coexistence that P 3 dut
) R A W G U L (6)
m.._ﬁ . &t F op Je €1 /e
#Posto) = plpg.te) . (3}
and also that h by (3} and (5). This result may be rearranged to give
wﬁ? +dp,to + dr) = plpe + dp, 15 -+ d1) 4 o\ (o,
=
Equations (3) 2nd (4) give a relationship between dp and dr. m.m - Mﬂ z sMM r, N
We make a series expansion of each side of (4) to obtain do o fopgy (o
. mﬁ T m.—u v
du, au, / L L. . : ; ; £ Vapor pressure
HolPoto) + ap dp + e R which is the differential equation of the coexistence curve or vapor p
) . g : curve, ) . .
= plperts) + 22 dp + A A ) The derivatives of the chemical potential which occur in {7) may be expressed
Lo epj.  \er), . in terms of quantities accessible to measurement. In the treatment of the O:uvm
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frec energy in Chapter 9 we found the relations

oG G . .
G = Nulp): Wm - = V- = ‘o = —q, (8}
With the definitions
v= VN,  s=gq/N {9}
for the volume and chlropy per molecule in each phase, we have

Then {7) for dpfdt becomes

{11)

Here 5, ~ 5 is 1he increase of entropy of the system when we transfer one,
molecule from the liquid 1o the gas, and v, — ty i the increase of volume
of the system when we (ransfer one molecule from the liquid to the gas.

1t is essential to understand that the derivative dp/dr in (11) is not simply
taken from the cquation of state of the gas. The derivative refers 10 the very
special interdependent change of p and t in which the s und ligquid continue
to coexist, The number of molecules in each phase will vary as the volume js
varied, subject only 10 N, + N, = N, a constant. Here N, and N, are the
nurnbers of molecules in the Yiguid and gas phases, respectively,

The quantity s, ~ 5 is related directly 1o the quantity of heat that must
be added to the system to fransfer ouc molecule reversibly frem the Hguid
to the gas, while keeping the temperature of the system constant. (If heat is
not added to the system from owtside in the process, the temperature will

deerease when the molecule is transferred to the gas) The quantity of heat
added in the transfer is

dQ = 1(s, - 5, (1)

by virtue of the connection between heat and (he change of entropy in a

reversible process. The quantity

L=, ~5) . (13}

Derivation of the Caexistence Curve, p Versus ¢

defines the latent heat of v
calorimetry.

We let

aporization, and is easily measured by elementary

Av = rg -1 {14}

denote the change of volume when one melecule is transferred from the liquid
to the gas. We combine {11}, {13), and {14} 1o obtain

{153

This isknown as the Clausius-Clapeyron cquation or the vapor pressure equating
The derivation of this cquation was a remarkable early accomplishment of
thermodynamics, Both sides of (15) are easily determined cxperimentally, and
the cquation has been verified (o high precision.
We obtain a particularly useful form of {15} if we make two approximations:
(2} We assume that ey » ! the volume occupied by an atom in the gas

phasc is very much larger than in the liquid {or solid) phase, so that we may
replace As by o

Az = VyiN,. (i%)
At atmospheric pressure vofey = 10%, and the approximation is very good.
{b) We assume that the ideal gas law pl, = N, applies to the gas phase,
so that (16} may be written as

Av = 1/p. {17

With these approximations the vapor pressure equation becomes

T an o=

dp _ L d L
dt ﬂm

s (18}

where L is the latent heat per molecule, Given I as a function of temperature,
this equation may be integrated to find the coexistence curve,
I, in addition, the latent heat L is independent of temperatare over the

{emperature range of Interest, we may take L = L, outside the integral. Thus
when we integrate (18) we obtain

:.m 5
Tw = Lo 5. (19)
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Figure 183 Vapor pressure of waterand ofice -= 107
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Chapter 18: Phase Transfornations
whence

logp = - Lgjt + constant;  p{x) = poexp(~Lo/1) , (20}

where pg is & constant. We defined Lg as the latent heat of vaporization of
one molecule, If L, refers instead to one mole, then

o PT) = poexp(—Ly/RT}, (21}

where Ris the gas constant, R & Ngkg, where Ny is the Avogadro constant. For
water the latent heat at the liquid-gas transition is 2485 F g™ at 0°C and 2260
Jg~! at 180°C, a substantial variation with temperature.

The vapor pressure of water and of ice is plotted in Figure 103 as logp
versus 1/T. The curve is linear over substantial regions, consistent with the

108
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—- Liquid water

~—0°C
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Devivation of the Coexistence Curve, p ¥,
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Pressure, in mm Hg

0.5

0.2 —

- are in equilibium and coexist. Any- T
where ol the curve the system is all
liguid or ail vapor. At much higher -]

pressures a solid phase occurs.

\lll.ﬁc:w this curve the liquid and vapor

0.3

Figure 104 Vapor pressure versus temperature for
et al, Journat of Research of the Natjonal Bureau of

{1939).

approximate result (20)
is widely used in the me
The phase diagram of

1 2

4 5 6

Temperature, in K

*He. After H. van Dijk
Standards 63A, 12

orsus t

- The vapor pressure of “He, plotted in Figure 104,
asurement of termperatures between I and $ K.
*He at low temperatures was shown in Figure 7.14,

Notice that the liguid-sofid cocxistence curve is closely horizontal below 14K,
We infer from this and (11} that the entro

to the entropy of the solid in this region,

should be so simitar,

py of the Hquid is very nearly equal
It is remarkable that the entropies

because a normal fiquid is much more disordercd than ot
solid, so that the entropy of a normat liquid is considerably higher than that
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of a normal solid. But *He ig a quantum lguid
‘He, the slope of the liquid-solid curve is negative at low temperatures
{Figure 7.15), and in this region the entropy of the liquid is {ess than the enlropy
of the solid. The solid has more accessible states than the liquid! Liquid *He

- For another quantum liquid,

which generally has a low entropy when 1

« ¢ because a large proportion
of the atoms have their momenta

ordered into the Fermi sphere of Chapter 7.

Triple point.  The triple point ¢ of a substance is that point p, 7, in the ot
plane at which all three phases, vapor, liquid, and solid, are in equilibrivm,
Here iy = 1y = p,. Consider an equilibrium mixture of liquid and solid phases
enclosed it a volume somewhat targer than that occupied by the mixture
alone, The remaining volume will contain only the vapor, in equilibrium with
both candensed phases, and at a pressure equal to the common equtlibrium
vapor pressure of both phases. This pressure is the triple point pressure.

The triple point temperuture is not identical with the melting temperature
of the substance at atmospheric pressure. Melting temperatures depend
somewhat on pressure; the triple point temper

ature is the melting temperature
under the common equilibrium YApOor pressu

re of the two condensed phases.
For water the triple point temperature is 0.01 K above the atmospheric
pressure melting temperature: Ty = 001°C = 273.16 K. The Kelvin scale is
defined such that the triple point.of water is exactly 273.16 K. see Appendix B.

Latent heat and enthalpy, The latent heat of a phase transformation, as from
the liquid phase to the 2as phase, is equal 1o t times the entropy difference
of the two phases at constant pressure. The latent heat is also equal to the
difference of H = ¢ + pV between the two phases, where H is called the
enthalpy. The differential is Jif = dU + pdV + Vdp. When we cross the
coexislence curve, the thermodynamic tdentity applies:

tdo = dU & pdV — {#, — p)dN | (22

On the cocxistence curve #g = it Thus at constant pressure

L= tho =AU + pAV = Al = 1, - p, (23}

Values of # are tabulated; they are found by integration of the heat capacity

4t constunt pressure:

2y SU av AH
c ca m:| +op )= .a..,”[ , 24
[8rd P (424 I T P i n

Devivation of the Coexistence €, urve, p Versust

or

H=[Cpdr. , (23)

R g - E—— v NS A Tt e OO
. [ETRERON R NN AN S A o A b o bt o Akt e .

Ecample: :EE&ﬂsﬂg_..cahnmfne_m.mnqnm.q__.u:.::r We construct a simple model to de-
scribe a solid in equilibrium with a #as, as in Figure 10.5. We can casity derive the vapor
pressure curve for this model. Roughly the same madel would apply to a liquid,

Imiagine the solid to consist of ¥ atoms, cach bound as a harmenic escillator of fre-
quency e to a fined center of force, The binding cnergy of each atom in the around state is
£q; that is, the energy of an atom in its ground state is — ¢, referred to a free atom at rest,
The energy states of a single oscillator are nhe — £g. where #t is a positive integer or zero
{Figure E0.6). For the sake c?m::umn:% we suppose that cach atom can oscillute only inow.e
dimension. The result for escillators in three dimensions is lefi as a problera,

The parsition function of & single oscilfalor in the sofid is

Z, = M._UQE”IQSS ~ Eo)/T} = expley/t) memﬁlme\d = %W“M%Mcm&
(26)
The free encegy £, is
Fo=U, ~ 1, = - tlogZ,. 27N
The Gibbs free encrgy in the solid is, per atom,
Go= U, — 1, +pt,= F, + o, = 4. (28)

pressure is a function of temperature. The

counterplay of the two cifects. Al low

N _Solid  may bein the gas,

235

Figure 10.5  Atoms in a solid in equilibrium
with atoms in the gas phase. The equilibrium

encrgy of the atoms in the solid phase is lower
|- Gas than in the gas phase, but the entropy of the

atoins tends to be higher in the gas phase. The
equilibrivm configuration is determined by the

temperature most of the atoms are in the sol d;
at high temperature all or most of the atoms
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0

Figure 10.6  States of an atom bound as a

harmenic oscillator of frequency w. The Fo nfie: — &

ground state is assumed 10 be g, below that of a

frce atom 2t rest in the gas phase. —— e
I — gy
i =~ rg
fies — 25

-y

Ground stite of
bound atonl

The pressure in the solid is equal to that of the gas with which it is in contact, but the

volume v, per atom in 1he solid phase is much smalles than the volume «, per atom in the
gas phasel s, <« v,

If we neglect the term

pu, we have for the chemical potential of the solid g, = F,, whence
the absolute activity is :

%, = explu/e) = exp(Fjx) = oxp(~log Z.)

..W.. = exp(~—epfri{1 ~ exp(—hwft}]. 29)

‘We make the ideal gas approximation to describe the gas phase, and we take the spin of
the atom to be zero. Then, from Chapter §,

UL p [2ah?\?

e o E X 30
¥ ong g T\ M (30}

The gas is in equilibrium with the solid when 1, = 2, or .
p = tngexp(--go/n)l — exp(~hw/ml (an
Il we insert ny from (3.63):

E 3z
P=\55 ¥ exp(—eof0)[1 — exp(—huft)]. (32)

T T T

Van Der Waals Equation of State

VAN DER WAALS EQUATION OF STATE

The simplest modet of a liquid-gas phase transition is that of van der Waals, who
modified the ideal gas equation p¥ == Nt to take into account approximately
the interactions between atoms or molecules. By the argument that we give
below, he was led to a modified equation of state of the form

(p+ Na/VIHY — Nb) = Nt , (33)

known as the van der Waals equation of state. This is written for N atoms in
volume V. The g, b are interaction constants to be defined; the constant a is
a measure of the long range attractive part of the interaction belween two
wiolecules, and the constant b is a measure of their short range repulsion
(Figure 10.7). We shall derive (33} with ahe help of the geneead relation p =
—{2FfOV), 5. We shall then teeat the thermodynamic propertics of the model
in order to exhibit the liquid-gas transition.
For an ideal gas we have, [rom (6.24), -

Flideal gas} = —~ N{log(ng/n) + 11. (343

The hard core repulsion at short distances can be treated approximately as
if the gas had available not the volume ¥, but the free volume V¥ — Nb, when
& is the volume per molecule. We therciore replace the concentration n = NjV
in (34} by NA{V — Nb). Thus, instead of (34), we have

F e — Nr{log[ng(V — NB)N] + 1} {35)

To this we now add a correction for the intermolecular attractive forces.

Potential energy, &

287

Figure $0.7 The inleraction energy befween
two molecules consists of a shart range
repulsion plus a long range attraction. The
short range repulsion can be described

- approximately by saying that each molecule

/\\l\| has a hard, impenctiable core.
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Mean Ficld Method

There exists a simple approximate method, called the mean field method, for
Ewm:m into account the effect of weak fong range interactions among the
particles ol a system. The most widely known applications of tke method are {o

rtomagnets. Let o(r) denote the potential energy of interaction

of two atoms separated by a distance r. When the concentration of atoms in
the pas is n, the average value o

f the total interaction of alf other atoms on
the atomatr = Qg

hﬂ:\ﬁ% =u [T avom = ~21a, (36)

where —2a denotes the value of the inte
usefd convention. We exclude the
volume of integration. In w
constant throughout 1he v
we use the mean val

gral §d¥ o(r). The factor of two is =
hard core sphere of volume b from the
riting (36) we assume that the concentration » is
olume accessible to the molecules of the gas. That is,
ue of n. This assumption is the essence of the mean field
approximation, we.mﬁuam:m uniform concentration we ignore the increase
of concentration in regions of strong atiractive potential energy. In modern
language we say that the mean field method neglects correlations between
interacting molecules, R

From (36) it follaws that (he interactions change the energy and the free
energy of a gas of N molecules in volume V by

AF = AU = —1(2Nna) = —~ N2g/p. 37

The facter § is common to seif-cnergy problems; it arranges that an interaction

“bond” between two molecules i counted only once in the total energy. The
exact number of bonds is {N(N — 1), which we approximate as $N2,

We add (37) o (35) Lo obuain the van der Waals approximation {or the
THelmholtz free energy of a gas:

FedWy = — Neftop[ny( v ~ NBYN] 4+ 1F — N2V {38}
The pressure i

: L Nt Nia
p = —EFEV), = F N T T (39}

Critical Points for the van der Waals Gas 8%

Figure 10.8  Disrections of intermolecuiar
farces that act on molecules near the boundary

of a volume V. The van der Waals argument
Suggests that these forées contribute an internal

o o
mm
.(ﬂ/ﬁi -~ presstire N/ V2 which is Lo be added to the

o

0
e

L&

4

external pressue p, so that p + NVt should
W be used as the pressure in the gas kiw,

Fipure 189 The cantainet of volume ¥ has N
mw b mu malecules, each of volume &, The volume not
. “accupied by molecules is 1 — NB, Intuition
@ : suggests that this free volume should be used in
0 ihe gas law in place of the container volume V.

or

(p+ Na/V)(¥ — NB) = Nt , {40)

the van der Waals equation of state. The terms in @ and b
q

ase interprefed in
Figtires 10.8 and 10,9,

Critical Points for the van der Waals Gas

We define the quantities

Pe = aj276% ¥, = 3Nb; 1. = Baj27h. (41}
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15 | ]

1.0

RIA

Q.5

oo.m 1.0 1.5 2.0

Vv, —

Figure 10.10  The van der Waals equation of state near
the critical temperature. Courtesy of R, Cahn,

Interms of these quantities the van der Waals cquation becomes

3 Vv 1 81
L
AL

s B (42)
(V¥y Ay 3 3z,

This equation is plotted in Figure 10.10 for several temperatures near the
temperalure 1.. The equation may be written in terms of the dimensionless
variables

P=opn; P=viv, t=am, (43}

as

o3 WoB. o3t 3 (#4)
P e V-3)=35 » w,\:w?

This result is known as the law of corresponding states. In terms ofp, ¥, 1,
all gases look m:wn!:wr@ obey the van der ﬁmmmm.nncm:o:‘. Values of a

Gibbs Free Energy of ihe van der Woals Gas

and b are usually obtained by fitting to the observed p.and ¢

~ States of two
substances al the same B, V, % are called corresponding states of the substances.

Real gases do not obey the equation to high accuracy.

At on€ point, the critical point, the curve of p versus ¥ at constant 7 has a
horizontal point of inflection. Here the local maximum and minimum of the
p~V curve coincide, and there is no separation between the vapor and liquid
phases. At a herizontal point of inflection

,- 7
LA R o A NN (45)
ev/ mi

These conditions are satisfied by(@dhifp=1;9 ={; 7= 1 Wecall . v

cr

and £, the critical pressure, critical volume, and critical lemperature, respectively.
Above 1, no phase separation exists.

Gibbs Free Energy of the van der Waals Gas

The Gibbs frec enérgy of the van der Waals gas exhibits the characteristics of
the liquid-gas phase transition at constant pressure. Wilh G = F + pV, we
have [rom (38) and {39) the result . .

NiV 2Ny

G(t,V.N) = v T Ne{log[ng(V — NbY/NT + 1}, (46)

This equation gives G as a lunction of V, 1. N; the natural variables for G are
£ 1, N. Unfortunately we cannat conveniently put G into an analytic form as a
function of pressure instead of volume, We want G{z,p,N) because we can then
obtain p{z,p) as G{z,p, N)/N by {9.13). Tt is 4 that determines the phase coexistence
refation gy = g,. The results of numerical caleulations of G versus p are plotted
in Figure 10.11 for temperatures below and at the eritical iemperature, At any
temperature the lowest branch represents the stable phase; the other branches
Tepresent unstable phases. The pressure at which the branches cross determines
the transition between gas and liquid; this pressure is called the equilibrium
vapor pressure. Results for G versus 1 are plotted in Figure 10.12.

Figure 10.13 shows, on a p-V diagram, the region ¥ < ¥, in which only the
liguid phase exists and the region ¥ > ¥, in which only the gas phase exists.
The phases coexist between ¥, and ¥3. The value of ¥, or V; is determined by
the condition that m{zp) = pfr,p) along the horizontal line between ¥, and
V. This will occur if the shaded area below the line is equal 1o the shaded area
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- (.40

—0.44 -

“t

G/Nr \ i
4 \ m <
me _w\ W«uDH ﬂ_-nw.mCﬁn
~0.48 _
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i
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\u‘.‘\uh.lltl
{a)
0.1
T =1 -
G - Critical point
~0.4
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._w.\.hq =
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Figure 10.11 (a} Gibbs free energy versus pressure for van
der Waals equation of state; v = .95, Courtesy of R. Cahn.

() Gibbs [ree eneigy versus pressure for van der Waals cquation of
state: T =

above the line. To see this, consider
dG = —gdr + Vdp + udN. (#7)

We have dG = Vidp at constant 7 and constant total number of particles. The
difference of G between V, and ¥, is

G, - G = [vip, I G

G/Nr,

Figure 10.12a

ol stateat p =

G/Nrv,

~2.436
P =095
- “n :GO = |
Liguid
~2.440
Unstable
—2.444
Gas
—2.248 L ! !
0.984 0.986 0.988

/7

{a}

095 p,. Courtesy of A. Manolin.

-2.30

-2.40

- 2.50

—-2.80

- 2,70
0.

0.990

Gibbs free energy versus temperature for van der Waals equation

7=1L0
é ngb
.
Gas
! | ] }
90 06.95 1.00 .05 1.16
71,
{b)

m_mE.n 10, Ea Gibbs {ree energy versus RBRSER for van der immmm Bzm:cm
of state at the critical pressure p,.

any
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T = constant

L Liguid

Cocxistence line

XL

w
<

Enc»u ML13  Isotherm of van der Waals gasata
temperature below the eritical temperatuse. For volumes
less than ¥, only the liquid phase exists; for velumes
above V) only the gas phase exists. Between ¥, pn&. ¥,
the system in stable equilibrium lies along the coexistence
line and is an inhomogeneous mixture of two phases. The
liquid and gas phases coexist. The proportion of the .
liquid and gas phases must be such that wrn sum of their
volumes equals the volurme ¥ that is available,

but the integral is just the sum of the shaded areas, one negative and one positive.
When the magaitudes of the areas are equal, Gy{t,p) = G{r,p) and p,(r,p) =

i{t.p) along the horizontal coexistence line drawn in the figure. In equilibrium
We require g1, == ju.

Nucleation. Let Ay = #, — it be the chemical mon.n:m.m&. difference .@nr.wmm_z
the vapor surrounding a smatl liquid droplet and the liguid in bulk {an _:m:ﬂn ¥
targe drop). If Ay is positive, the bulk liguid will have a tower free eneray ¢ _MM
the gas und thus the liquid wiil be more stable than the mm.m..xos.ncmnbm :
surface free energy of a liquid drop is positive and tends to increase :M Hr
energy of the figuid. At small drop radii the surface can be aoB:EE. MEQ.EVM
drop can be unstable with respect to the gas. ﬁ.\m calculate the mwmamm _:m i >
[ree energy when a drop of radius R forms, if n, is the concentration of molecu

in the liquid,

AG = G, ~ G, = ~(4x/YR>n, Ay + 4nR%y @9

Ferremagnetism

dAGHR = 0 = ~4aR%m Ay + SxRy (50)

or

R, = 2y/map, {51)

This is the eritical radius for n
lend to evaporate spontaneoy
Lurger R the drop will tend to
the free energy.

The free cnergy barricr {Figure 10.14) that must be ov
fluctuation in order for a nucleus ¢
{51)in (49):

ucleation of a drop, At smaller R the drop wiii
sty because that will lower the free encrgy. At
&row spontancously because that, too, will tower

crcome by a thermal

0 grow beyond R_ is found by substitution of

(AG), = (63 [y /A, {52)

I we assume that the va

por behaves like an jdeal £3s, we can use Chapter 5
Lo express Ap as

Ap = tlog(p/p,} ,

where pis the vapor pressure in the gas phase and Peq the cquilibrium vapor

pressure of the bulk liquid (R — @). We use y = 72ergem™2 (o estimate R,
for water at 300K and P=1lip.tabel x 10-%cm.

Ferromagnetism

A ferromagnet has 3 sponianecus magnetic moment, which means a magnetic
moment even in zero applied magnetic field. We develop the mean field apprexi-
mation to the temperature dependence of the magnetization, defined as the
magnetic moment per vnit volume, The certratassumption is that each magnetic
alom experiences an effective fiald Bg proportional 1o the muagnetization;

. {53)

where 1 is a constan, We take the external applied field as zero,
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Critical barrier for growth
\lc». condensution nuclel

0.8

i

AG
(AG), Condensation
: { nucle
02 cvaporate
0 8.5 i0 1.3 20
R/R e
-0.2
~0.4

Figure 30.14  Excess lree energy of drop relative to gas, as
function of drop radius R, botk in reduced units. The gas is
supersaturated because the fiquid has the lower free energy for
this curve as drawn, but the surface encrgy of small drops creates
an energy barrier that inhibits the growth of nuclei of the liguid

phase. Thermal fluctuations eventually may carry nuclei over the
barrier.

. . . . e b
Consider a system with a concentration n of magnetic atoms, each of 5pill 3

and of magnetic moment . In Chapter 3 we found an exact result for the
magnctization in a field B:

M = nptanh{pB/1). 59
In the mean field approximation (53) this becomes, for a ferromagnet,

?m == xtﬁmﬂrar»g\wv s L 69

tanh{ni )
for =05

forr =1

fort =2

0 _ i 1

i ]
0 02 04 06 08 10

Y

Figure 10.15  Gruphical soluiion of Eq. {56) for the
reduced magnetization m as a function of lemperature.
The reduced magnetization is defined as m = My The
lefi-hand side of Eq. (56} is plotted as & straight Hne m
with unii siope. The right-hand side is tanh{my/ty and is
plotted versus m for three different values of the reduced
temperature t = t/upd = ¢/t The three cusves
correspond to the temperatures 2t,, 1,, and 0.5t,. The
curve for ¢ = 2 intersects the straight finc m only at

it = 0, as appropriate for the paramagnetic region (there
is no external applicd magnetic field). The curve for 1 = 1
{or 1 = 1,}is tangent to the straight fine m a3 the origin:
this temperature marks the onset of feccomagnetisi. The
curve for ¢ = 0.5 {s in the fercomagnetic region and
intersects the straight line s at about m = 0.94 nje. As

¢ ~+ O the intercept moves up tom = 1, so that all
wagnetic moments are lined up at absolute zero,

Ferromagnetism

a transcendental equation for M. We shall sce that solutions of this equation
with nonzero M exist in the temperature range between 0 and €. To solve {55
we write it in terms of the reduced magnetization m = M/nu and the reduced

temperature ¢ = t/nptl, whence

m = tanh{m/1).

(56)

We plot the right and left sides of this equalion separately as functions of m,
as in Figure 10.15. The intercept of the two curves gives the value of m at the

temperature of interest. The critical temperature is ¢ = 1, or 1, = np®d. The

curves of M versus 7 obtained in this way reproduce roughly the features of the
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mean ficld theory,

s
0.3 :
a3
Ll
. o
=06 o]
Figure 10,16 Saturation magnetization of W o
nickel as a function of temperature, together o
with the theoretical curve for spin } on the 04 o
-
0.2
0
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LG oot

G 0.2 0.4 0.6 08 1.0

/1,

experimental resuits, as shown in Figure 10.16 for nickel. As t increases the
maguetization decreases smoothily tozero at t = r,, called the Curie temperature.

LANDAU THEORY OF PHASE TRANSITIONS

Landau gave a systematic formulstion of the mean field theory of phase transi-
tions applicable to a large varicty of systems exhibiting such transitions. We
consider systems at constant volume and temperature, so that their Helmholiz
freeenergy F= U — 1o is minimum in equilibrivm. The big question is, a
minimum with respect to what varizbles? It is not helplul to consider ail possible
variables, We suppose here that the system ean be described by a single order
parameler £, the Greek xi, which might be the magnetization in a ferromagnetic
system, the dielectric polarization in g ferroelectric system, the fraction of
superconducting electrons in a superconductor, or the fraction of neighbor A-B
bonds to total bonds in an alley AB. In thermal equilibrium the order parameter
will have a certain value ¢ = {oltk In the Landau theory we imagine that £
can be independently specified, and we consider the Landau free enesgy function

Fuled) = U = walén) (57)

where the energy and ealropy are taken when the order parameter has the
specified value £ not necessanly &y The equilibrium value £olx) is the value of

Landaw Theory of Phase Transitions

¢ that makes Fy 2 minimum, at a given 7, and the actual Helmholiz free energy

Flr) of the system at 7 §s equal to that minimum:

Py = Fildom) < Fitény - it 2z ¢, _ (58)

Plotted as a function of { for constant ¢,
thin one minimum. The lowest of these
first order phase transition another minj
7 is increased.

We restrict ourselves 1o systems for which the Landau function is an cven
function of £ in the absence of applicd fields. Most ferromagnetic and ferro-
electric systems are examples of this, We also assume that F (& 1} is a sufficiently
well-behaved function of & that it can be expanded in a power series in Fomm

something that should not be (aken for granted. For an even function of £, as
assurned,

the Landau free encrgy may have more
determines the equilibrium state, In 1
mum becomes the fowest minimum as

FUGT) = gol1) + dg(t)e? + g, (e + §96(1)E8 + e, (59)

The catire temperature dependence of F{f7) is contained in the expansion
coeflicients g, g,. 9., ds- These coefficients are matters for experiment or theory.

The simplest example of phase transition occurs when gt} changes sign at
atemperature g, with g, positive and the higher terms negligible, For simplicity

we take g,(1) Hnear in :

2:1) = (v — o)z, (60)

over the temperature range of interest, and we take g as constant in that range,
With these idealizations,

Filn) = golt}y + falz — 10057 + taét (61}

The form {60 cannot be accurate over a very wide temperature rasge, and it
certainly fails at low lemperatures because such a linear dependence on tem-
perature is not consistent with the third faw,

The equilibrium value of & is found at the minimum of F{&;1) with respect
to &:

(FJES) = (¢ — t)ad + ¢, = 0, (62)

which has the roots

£=0  and ¢ = (r, ~ o)la/gy). (63)
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With @ and g, positive, the root & = 0 corresponds to the minimum of the free
energy function (61) at temperatures above Toi here the Helmholtz free energy is

Flt) = goln). (64)

The other root, & = {4/g,){ro — 1) correspoads to the minimum of the free
energy function at temperatures below 1,1 here the Helmhalrz free energy is

Flr) = gol®) — (£7/49)(r — ©}* {65)

The variation of F{r} with temperature is shown in Figure 10.17. The variation
of Fy{dix) as a function of £2 for three representative temperatures is shown in

Figure 10.18, and the temperature dependence of the equitibrium value of £ is
shown in Figure §0.19,

Our modei deseribes a phase transition in which the value of the order param-
eter goes cantinuously to zero as the temperature is increased to tg. The entropy

1
]
H
1
|
I
{
i
i
i
L]

Curve of
minimum
free energy

Frec energy Flr)

Region of order

parameler £ > 0 Region of

Figure 10.17  Temperature dependence of the free enesgy
for an idealized phase transition of the second order.

T

indau free enerpy

L

Figure 10.18 Landau free energy function versus at
representative semperatures. As the temperature drops below ¢
the equilibrivm value of & graduatly inereases, as delined by the
pusition of the minimum of the frec cRerpy.

L0F
"/
0.5 //
0.6 P
&0
£(0y
0.4 ™
0.2
3]
0 62 04 06 0B 1.0
. /e

Figure 10.19  Spontancous polarization versus
temperature, for a second-order phase transition. The
eurve is not realistic at low temperatures because of the
use of Eq. (60): the third faw of thermodynamics requires

thatdéfdr —+ Dast — 0.
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—dF{dt is continuous at 1 = Ta, S0 that there is no iatens heat at the {ransition
tlemperature 1,. Such & transition is by definition a second order transition.
Transitions with a nonzerg iatent heat are called first order lransitions; we
discuss them presenily. The real world containg a remarkable diversity of

second order transitions; the best examples are ferromagnets and siper.
conductors.

T T B e e

= e T et L E e -

[N IO |

Example: Ferromagnets. 1n the mean field approximation, fecromagnets satisfy the

Landau theory, To show this, consider an atom of magnetic mement gina magnetic field B,
which we shail set equal 10 the meaxn field M as in (53). The interaction energy densigy is

UlM) = —IM B = ~ 1A (66)

where the lactor § is common to sell-energy problems. The entropy density is given approxi-
maiely by Problem 2.2 as

1

a(M) = constant - M22ng? {67)
in the regime in which A « . Thus the free energy lunction per unil volume is

F M) = constant — M s lm,m .+ terms of higher order. (68)
Ny

At the transition temperature the cocflicient of M? vanishes, so that

1o = mpli {69}

i agreement with the discussion following {56).

e e ey
B e T TR ALY N SNt

First Order Transitions

A latent heat characterizes a first order phase transition. The liquid-gas transi-
tion at constant pressure is a first order transition, In the physics of selids first
order transitions are common in ferraelectric crystals and in phase transforma-
tions in metals and alloys. The Landau function describes a first order transition
when the expansion coefficient 74 is negative and g, is positive. We consider

TG = golt) + alr — 1) = Ygunlfet 4 Lgyss 4o (70)

First Order Transitions

Landau free energy

Figure 1020 Landay free energy funclion versus fina
first order transition, at represcatative temperatures. At t,
the Landau function has equal minima at £ = Qand at a
finite £ as shown, For ¢ below 1, the absaluie minimum is at
larger values of §;as ¢ passes through ¢, there is 2
disconlinuous change in the position of the absolute
winimum. The arcows mark the minima,

The extrema of this function are given by the roots of EF /88 = 0 as in
Figure 10.20:

At = 1) = |g(D[E + g4 = 0. (71
Either & = g or
(T - 1) — l94(eHE? + g8 = 0, (72)

Al the travsition temperature 7, the free energies will be equal for the phases
with ¢ == 0 and with the root & # 0, The value of r, will nat he equal 1o 7,

I03
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Figure 10.2t Dependenceofont — 1, fora
typical first order phuse transition,

-80 —60 40 -20 O 0 40

T—7.in K

and the order parameter £ (Figure 10.21) does not go continuously to zero at
1. These results differ from those in the second order phase transition treated
carlier, where £ went to zero continuously at zo = 1. A first order transfor-
mation may show hysicresis, as in supcrcooling or supersaturation, but no
hysteresis exists in a second order transition.

SUMMNARY

L. The coexistence curve in the p-t plane between two phases must sutisly the
Clausius-Clapeyron eguation:

dp L
dt  tAv

where L is the latent hieat and Av is the volume difference per atom between
the two phases.

2. Thelatent heat L = H| — H,, where H = U + pV is the enthalpy.

3. The van der Waals equation of state is
T {p + Ng/VHV ~ Nb) = Nz.
4. In the Landau free energy function
Fy(&x) = U(g1) — wolln) ,

the energy and entropy are taken when the order parameter has the mv.nnmmna
value £, not necessarily the thermal equilibrium value £5. The Es.nn.,om Fy
is a minimum with respect-to £ when the system 15 in thermal n.nc_:w:na.

Problems 305

5. A first order phase transition is characterized by a latent hex

tt and by
hysteresis,

PROBLEMS

1. Entrapy, enerpy, and enthalpy of van der Waals gas. {(a) Show that the

itopy of the van der Waals gas is .
o = Nilog[ny(V — NbyN] + 3] (73}
{b) Show that the energy is
U= wzm..l Ny, (14
(¢} Show that the eothalpy H = U + pVis
H{t,V) = Nt + N3bo/V - 2NV {(15)
IH{ap) = $Nt + Nbp — 2Nup/t. (76)

All resuts aze given to first order in the van der Waals correction ternss a, b

2. Calewfation of dT{dp for water, Calculate from the vapor pressure equa-
tion the vatue of dT/dp near p = 1 atm for the liguid-vapor equilibrium of
water. The heat of vaporization at 100°C is 2260J g~ ' Express the result in
kelvin/atm.

3. Heat of vaporization of ice. The pressure ofwater vaporovericeis 3.88 mm
Hg al —2°C and 4.58 mm Hg at 0°C. Estimate in Jmol ™! the heat of vaporiza-
tien of ice at —1°C.

4. Gas-solid equilibrium, Consider a version of the example (26)-(32) in whick
we lel the pscillators in the solid move in three dimensions. {(a) Show that in the
high temperature regime (z » fw) the vapor pressure is

AT 8
PE\5-) cmaexp(—-eefu (77
(b} Explain why the latent heat per atom is g, — 1.

3. Gas-solid equilibrium. Consider the gas-solid equilibrium under the ex-
treme assumption that the entropy of the solid may be neglected over the tem-

~ perature range of interest. Let ey be the cohesive energy of the solid, per atom.
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Treat the gas as ideal and monatomic. Make the approximation that the volume
accessible 1o the gas is the volume V of the container, independent of the much

smaller volume occupied by the solid. (a) Show that the total Helmbholtz free
energy of the system ig

Fa=F 4 Fym= ~Ngo + Zmﬁm_omﬁzm\«\:cu - 17, {18)

where the total number ofatoms, N = N, 4 N

1 i constant, (b) Find the mini-
mumofthe frec energy with respectto N

o> show that in the equilibrium condition

Ny = nyVexp(—eg/1). . {79
(¢} Find the equilibrium VApor pressure,

6. Thermodynamics of the superconduciing transition, {a) Show that

1 (B2 B 4B,
— Y o= 2 L e —_ 50
cq.u oslf o dr pg dr (80)

in SL units for B,. Because B, decreases with increasing temperature, the right
side is negative, The superconducting phase has the lower entropy: it is the more
ordered phase. As ¢ 0, the n:,:owm,.m.n both phases wili 20 10 zero, consislent
with the third taw. What docs this imply for the sha pe ofthe cy

arve of B, versus 77
(b) At = Towehave B, = Qund hence oy = ax- Show that 1his result has the

loltowing consequences: €1) The two free eneTgy curves do not cross at =, but
merge, as shown in Figure 10.22. {2} The two encrgies are the same: Ugle) =
Us{td. (3) There is no latent heat associated with the fransition o 1 = 1,.
What is the lutent heat of he transition when carried out in g magnetic ficld,
at 1 < 1.7 () Show that Cs and Cy, the heat capacities per unit volume, are
related by

T d¥B}2)
AC = Cy — Cy = S e | {81

Figure 818 is a plot of C/T vs T? and shows that Cy decreases much faster

thar linearly with decreasing 1, while Cy decreases as 71, For 1 « 7, AC is
deminated by €. Show that this implies

NEy:]
= -5, 08 (2)
Ho dr 1=Q

Problems
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Figure 10.22  Experimental values of the free energy as a function of
temperature for aluminum in the superconducting state and in the normal
state. Below the transilion temperature T, = 1,180 K the free cnergy i lower
in the superconducting state. The two curves merge at the traasition
lemperature, so that the phase transition is second order {there is no latent heat
of transition at T,). The curve Fs is measured in zero magnetic field, and Fy is

measured in a magnetic field sufficient to put the specimen in the normal state.
Courlesy of N, E. Phi ips.

7. Simplificd model of the Stiperconducting transition.  The B (1) curves of most
superconduclors have shapes close 1o stmple parabolas. Suppose that

Blz) = B[t — (z/1)%). {83)

Assume that Cg vanishes [aster than linearly as 1 — 0. Assume also that Cyis
tinear in 1, as for a Fermi gas (Chapter 7). Draw on the results of Problem 6 to
caleulateand plot the « dependences of the two cntropics, the two heat capacities,
aud the latent heat of the transition. Show that Cy(r)/Cylr,) = 3.

8. First order crystal fransformation,  Consider a crystal that can exjst incither
of lwo structures, denoted by o and B. We suppose that the « structure is the
stable fow temperature form and the { structure is the stable high temperature
form of the substance. If the zero of the energy scale is taken as the state of
scparated atoms at infinity, thep the encrgy density U{0) at ¢ = 0 will be

167
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negative. The phase stable al t = O wilt have the lower v

&anoﬁcﬁoﬁmz:m
Ud0) < Ug0) if the velocity of sound 1y in the f phase is lower than v, in the
nnwmmn.

corresponding to lower values of the elastic meduli for B. then the
thermal excitations in the f§ phase will have larger amplitudes than in the o
phase. The larger the thermal excitation, the larger the entropy and the lower
the free energy. Soft systems tend to be stabie at high temperatures, hard
systems at low. (a) Show from Chapter 4 that the free energy density contributed
by the phonons in a solid at a temperature much less than the Debye temperature
is given by —n?e* /30033, in the Debye approximation with v taken as the
velocity of all phonons. (b) Show that at the transformation temperature

e = (3083 UA0) — U0, — o7, (84)
There will be a finite real selution il g < r,. This example is a simplified model
of 2 class of actual phase transformations in solids, {¢) The latent heat of trans-

formation is defined as the thermal energy that must be supplied to carry the
system through the transformation. Show that the latent heat for this mode’ is

L= a{Uy0) - U] (83)

In {84} and (85), U refers to unit volume.
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Many applications of mate

1
biophysics, are concerned wi

cules, the mixture is called an alfoy.

A mixture is homogeneous when its constituents are intermized on an atomic
s¢aleto form a single phase, as in a solution. A mixture is keterogeneous when it
contains two or more distinct phases, such as oil and water, The everyday
expression “oit and water do not mix” means that their mixture does not form
a single homogeneous phase. )

The properties of mixtures differ from the properties of pure substances. The
melting and solidification properties of mixtures are of special interest. Hetero-
BENCOus mixtures may melt at lower temperatures than their constituents
Consider a gold-silican alloy: pure Au melis at 1063°C and pure 5i at 1404°C,
but an alloy of 69 pct At and 31 pet Si melts (and solidiftesy at 370°C. This is not
e result of the formation of any low-melting Au-8i compound: microscopic
investigation of the solidified mixture shows a two phase mixture of almost
pure Au side by side with almost pure Si (Figure [1.1). Mixtures with such
properties are common, and they are of practica importance precisely because
of their lowered meliing points,

What determines whether two substances form a hemogencous or a hetero-
geneous mixture? What is the composition of the phases that are in equilibriom

with each other in a heterogeneous mixture? The properties of mixtures can be

understood from the principle that any system at a fixed temperature wiil
evolve to the configuration of minimum free energy. Two substances will
dissolve in each other and form a homogeneous mixtuze if that is the configura-
tion of lowest free energy accessible to the components. The substances will

Solubility Gaps

10 pem

Figure 11.1  Heterogencous gold-silicon alloy. When 2 mixture of 69 pct Au and 31 pet
Stis melted and thea solidified, the mixture segregales into a phase of almost pure Au
{light phase) coexistent with a phase of almost pure Si {dark phase}. Magnificd about
800 times. The compesition given is that of the lowest-melting Au-$i misture, the
so-called eutectic minivre, 3 concepl explained later in the text. Photograph courtesy
of Stephan Justi.

form a heterogencows mixture if the combined free energy of the twe sepirate
phases side by side is lower than the free energy of the homogencous mixture:
then we say that the mixture exhibits a solubility gap.

A heterogeneous mixture will melt at a lower temperature than the separate
substances if the [ree energy of the homogencous melt is lower than the com-
bined free energies of the two separate solid phases.

Throughout this chapter we assume for stmplicity that the external pressure
may be neplected. and we set pV = 0. Then volume changes do not involve
work, and the appropriate free energy is the Helinholtz free energy F rasher
than the Gibbs free energy G. We wilt usuzlly simply speak of the free energy.

We discuss binary mixtures of constituents that do not form well-defined
compounds with each other. OQur principal interest is in binary alloys. Consider
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Many applications of materials science, and large parts of chemistry and
biophysics, are concerned with the propertics of multicomponent systems that
have two or more phases in coexistence. Beautiful, unexpecied, and important
physical efiects occur in such systems. We treat the lundamentals of the subject
in this chapter, with examples drawn from simple situations.

SOLUBILITY GAPS

Mixtures are systems of two or more different chemical species. Binary mixtures
have only two constituents. Mixtures with three and four constituents are called

ternary and quatermary mixtures. If the constituents are atoms, and not mole-
cules, the mixture is called an aloy

A mixture is homogeneous when its constituents are intermixed on an atomic
scale to form a single phase, as in a solution. A mixture is heterogeneous when it

contains two or more distinct phases, such as oil and water, The ever

yday
expression “oil and water do not mix” means that their mixture does not form
a single homogeneous phase.

The properties of mixtures differ from the properties of pure substances, The
melting and solidification properties of mixtures are of special interest. Hetera-
geneous raixtures may meht at lower temperatures than their constituents,
Consider a gold-silicon afloy: pure Au melts at 1063°C and pure Si at 1404°C,
but an alloy of 69 pet Au and 31 pet Simelts {and solidifies) at 370°C. This is not
the result of the formation of any low-melting Au-Si compound: microscopic
investigation of the solidified mixture shows a two phase mixture of almost
pure Au side by side with almost pure Si {Fi 1). Mixtures with such

gure 11,
properties are common, and they are of practicat importance precisely because
of their lowered melting points.

What determines whether two substances form a homogeneous or a hetero-
geneous mixture? What is the composition of the phases that are in equilibrium
with each other in a heterogeneous miture? The properties of mixtures can be
understood from the principle that any system at a fixed temperature witl
evolve to the configuration of minimum free energy. Two substances will
dissolve in each other and form a homogencous mitture if that is the configura-
tion of lowest free energy zceessible to the components. The substances will

Solubility Gaps

IO pm

Figure 11.1  Heterogeneous gold-silicon allay. When a mixture of 69 pet Au and 31 pat
Si is metred and then solidificd, the mixture segrepates into a phase of almaost pure Au
{light phase) coexistent with a phase of almost pure i (dark phase). Zum:wmnm about
800 times. The compositicn given is that of the lowest-melting Av-Si mixture, the

so-called eutectic mixture, a concept explained later in the text. Photograph courtesy
of Stephan Justi,

form a raﬁonommsnomm mixture if the combined free energy of the two mm.vmm:u
phases side by side is lower than the free energy of the homogeneous mixture;
then we say that the mixture exhibits a selubility gap,

A heterogeneous mixture witl nirelt at a lower temperature than the scparate
substances if the [ree energy of the homogencous melt is lower than the com-
biged [ree energies of the two separate solid phases.

Throughout this chapter we assume for simplicity that the external pressure

may be neglected, and we set pV = 0. Then volume changes do not involve.

work, and the approprisic free encrgy is the Helmholtz free encryy £ rather
than the Gibbs free energy 6. We will usually simply speak of the {ree energy.

We discuss binary mixtures of constituents that do not form well-defined
compounds with each other. Our principal interest is in binary alloys. Consider

11
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mBmx::no?zfﬁoamo_.m:,aﬂmsom >u=mZmﬁoamc_.mcwmﬁﬁaaw.%rn tatal
number of atoms is .

N =N, + N, _ (1)

We express the composition of the system in terms of the fraction x of B atoms:

X N IN: L—x = NN {2)

Suppose the system forms a homogeneous solution, with an average free encrgy
per atom given by

f = FIN. (3

Suppose further that f{x) has the functional form shown in Figure 11.2. Because
this curve containg a range in which the second derivative & fjdx? is negative,
we can draw a line tangent 1o the curve at two points, at x = x, and x = Xp
Free encrgy curves of this shape are common, and we wilt see later what may
cause this shape. Any homogeneous mixture in the composition range

X, <X <X, 4

is unstable with respect 1o two ,mm?:.mﬁ phases of composition x, and x5 We
shall show that the average free energy per atom of the segregated mixture is
given by the point i on the straight line connecting the points z and B. Thusin the
entire composition range (4) the scgregated system has a lower free energy than
the homogencous system.

Proof: The free energy of a segrepated mixture of the two phases e and fis
Fo N JTx) + Nyf(xg) | @)

where N, and ¥, are the total numbers ofatoms in phases « and , respectively.
These numbers satisfy the relations

Nt Ny =Ny N, + N = Ny | ()
which may be solved for ¥, and Ny
N, = o X : Ny = X% N. {7
X — X, Xg = X,

A ———

“F;

Selubility Gaps
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Figure 112 Free £nergy per atom as a function of camposition, for a
systein with a solubility gap. If the free eilergy per atom of a
homogeneous mixture has a shape such that a tangent can be drawn
that touches the curve at two different points x and g, the composition
range belween the two points is unstable, Any mixture with 2
composition in this range will decompose into two phases with the
compasition x, and Xp. The free eaergy of the two phase mixture is
Biven by the point { ag the straight line, below the point 4,

From {5) we obtain

i
Xp— o,

M=t [ — 7<) + (v — xf(x,)] ()

for the free enerzy of the two phase system. This result is linear in x and js 3
straight line in the f—x plane. Ifwe set ¢ = X, Or g, we see that the line does g0
through the points z and B. Thus fin the interval between ¥, and x is given by
the point i on the straight line connecting x and g,

313
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We have not yet made use of the assumption that the straight fine is tangent to
S(x) at the points x and 5, and therefore our result holds for any straight line
that has two points zand ff in common with f(x). But for a given value of x, the
lowest free energy is obtained by drawing the Jowest possibie straight line that
has two points in common with f{x}, on opposite sides of x. The lowest possible
straight line is the two-point tangeat shown. The compositions x, and x, are
the limits of the solubility gap of the system.

QOnce the system has reached its Jowest free energy, the two phases must be in

diffusive equilibrium with respect to both atomic species, 50 that their chemical
potentials satisly

Haa = Bag, Hpa = Hgp. (%

We show in Problem 1 that p, and pj are given by the intercepts of the two-
point tangent with the two vertical edges of the Sixyplotat x = Gand x = 1,
as in Figure 11.2.

ENERGY AND ENTROPY OF MIXING

The Helmholtz free enerpy F = U -~ 16 has contributions from the nsnnmm and
from the entropy. We treat the effect of mixing two components A and B on
both terms, Let 1, and uy be the encrgy per atom of the pure substances A and B,

referred to separated atoms zt infinity. The average energy per atom of the
constituents is

w o= [y Ny + NN = 1, + {ug ~ X, [11Y)]

which defines a straight line in the u—x plane, Figure 11.3. The average energy
per atom of the homogeneous mixiure may be larger or smaller than for the
separate constituents. In the example of Figure 11.3, the energy of the homoge-
neous mixture is larger than the energy of the separaic constituents. The
energy excess is called the energy of mixing, .

Ilthe — 1o term in the free energy is negligible, asat r = 0, 4 positive mixing
energy means that a homogenzous mixture is not stable. Any such mixture will
then separate into two phases. But at a finite temperature the — 1o term in the
frec energy of the homogeneous mixture always tends to lower the ree energy.

Theentropy of a mixture contains 2 contribution, called the entropy of mixing,
that is not present in the entropies of the separate components. The mixing
entropy arises when atoms of the different species are interchanged in position;
this operation generates a different state of the system. Because of such inter-

Energy and Entropy af Mixing

X

Figore 113 Energy per atom as a fuaction of composition
in 1 system wilh 4 positive mixing eagsgy. A simple
example {or which a solubility gap may oceur is that of a
system in which the energy per atom of the homogeneous
mixture is greater than that of the separate phases, so that
d*ufdx? < 0 for all compositions. The mixing caergy is the
difference between the u(x} curve and the straight line,

changes a mixture has more accessible states than the two separate subsiances,
and hence the mixture has the higher entropy.

In (380} we calculated the mixing emtropy oy of a homogeneous alloy
A, B, tofind

Gy = —N[(1 — x)log{l — x} + xlogx], {ian

as plotted in Figure 11.4, The curve of g, versus x has the important property
that the slope at the ends of the composition range is vertical. We have

%nmmmm = log(} ~ x} — logx = mommlw.m , (12}

which goesto +wasx -» Qandto —coasx — 1.

315
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oy /N

0.8~

F ﬁEn 14 M
interchange of ¢

ixing entropy. In any mixture of two constiluents an
W atoms of different species leads 1o 5 now state of the

system, The logarithm of the nutnber of states related in this way is the
mixing entropy,

Consider now the quantily

Solx) = u(x) ~ o~ atfN (13)

whick is the free ENCray per atom w
non-mixing pait of the entropy,
mixture as for the scparate comp

ithout the mixing entropy contribution. The
G — 0y, is usvally nearly the same for the
onents, so that (v — o,z is nearly a fincar
function of the tomposition x, if we assume this, the f(x} curve has the same
shape as the u{x) curve, bui offset vertically,

If we add the mixing entropy contribution =10y /N 10 fu(x), we obtain at
various temperatures the Sx} curves shown in Figure 115, In drawing the
figure we have ignored the temperature dependence of fylx) itself, becauss for

Energy and Entrapy of Mixing

-

Figure 11.5 Free CREIEY per atom versus composition, at thres
temperatures. The curve fp is the free cRergy pev atom without the
mixing entropy contribution. For iHustration a parabolic composition
dependence is assumed, and the temperature dependence of £, is
neglected. The three solid curves tepresent the free energy including
the mixing eatropy, for the temperatures 0.8 ¢, 10 ¢, and 1.2 T
where 1y is the maximum temperature for which there is a solubility
gap. The phase separation a1 0.8 tay 15 appacent,

our argument this is irrelevant. Threce tmportant deductions follow from the
construction of the f(x) curves:

{a) At all finite temperatures f{x) turns up at both ends of the compaosition
range, because of the infinile stope of the mixing entropy contribution.

(b} Below a certain temperatare Ty there is a composition range within which
the negative second derivative of the Jolx} curve is stronger than the
positive second derivative of the ~Tg,, coniribution, thereby making it
possible te draw a comman tangent to f{x) at two different values of x.

()  Above 1y the curve has a positive second derivative at all compositions.

317
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We conclude that the A-B system with positive mixing energy will exhibit a
selubility gap below the temperature ,,. The composition range of the gap
widens with decreasing temperature, but the gap can reach the edges of the
composition range only as « — 0. At any finite temperature there is a finite
solubility of Ain B and of B in A, a result obtained earlier in Chapter 3. The
new result is that the mutual solubility is limited only below 1. Positive
mixing energies arise in different ways. We now discuss three examples.

Example: Binary alloy with nearest-neighbor interactions, Consider an alioy A __B_ in
which the attractive interaction between unlike atoms is weaker than the altractive inter-
action between like atoms. For simplicity we speak of the interactions as bonds. There ace
three different bonds: A-A, A-B, and B-B. Let Upxs Uap a0 1ps be the potential energics of
each bond. These binding energies will usually be negative with respect to separated atoms.

We assume the atoms are randomiy distributed among the laltice sites. The average
encrgy of the bonds surrounding an A alom is

Up = {1 — XYy, + Xupg (14)

where (! ~ x)is the proportion of A and x is the propociion of B “This result is writienin the
mean field approximation of Chapter t0. Similarly, for B atoms,

uy = {t ~ X, + Xy, {15)

The total energy is cbtained by summing over both atom types. If each ator has p nearest
neighbors, the average energy per atom is

u o= 4p[{t — Xy + xuy)
= 3p[(1 = xPupa + 2x(1 — Xupp + x'ugg). (16)

The factor § arises because each bond is shared by the two atoms it connects. The result (16)
can be written as

w=4p[(} — xXupp + Xigg] + by {1
Here

= px{l — xWum — W?_..; + gy} {18)

is the mixing energy. On this model the mixing energy as a function of x isa parabola, asin
Figure 115, | )

8

e

i
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Energy and Entrapy of Mixing

A solubility gap oceurs whenever d*f;dx® < 0, that is, when

du dluy, o dloy,
PRI N TREE U (o
From {i8),
diy
- = ~2uae — Hua + wgg)] (20)
From (12),
1 d%a,, T T
——— - 2
N dx? xlw-x}7 4 (21

The cqual sign holds for x = §, With these resulis 119) yields

Ty = $plugg — Haa + uppd} 22

as the lower Himit of the temperature for a solub ity gap,

There are many reasens why mised bonds may be weaker than the bonds of the separate
constituents. If the constituent atoms of an alloy differ in radius, the difference introduces
clastic strains that saise the energy. Water and oil “do not mix™ because water molecules
carry a large electric dipole moment that leads 10 a strong electrostatic attraction between

water molecules. This attraction is absenz in water-oif bonds, which are only about as
strong as the weaker oil-oil bonds,

Example: Micture of two solids with different crystaf structures,  Consider homoge-
neous crystalline mixture of gold and silicon, The stable crystal struciuse of gold is the face-
centered cubic structure in which every atom is surrounded by twelve equidistant ncarest
neighbars. The stable crystal structure ol silicon is the diamond structure in whick every
atom is surrounded by only four equidistant nearest neighboss, i in pure Au we replace a
small fraction x of the atoms by Si, we oblain a homogeneous mixture Auy _ Si, with the
fec crystal structuee of Au. Similarly, if in pure §i we repiace a smalt fraction 1 — x of the
atoms by Au, we obtain 2 homogencous mixiuse Auy . Si,, but with the diamond crystal
structure of Si. There are two different free energies, one for cach erysiad structure (Figure
L.6). The two curves must cross somewhere in the composition range, or clse pure Au and
5i would not erystallize in different structures. The equilibrium curve consists of the lower
of the wa curves, with a kink at the crossover point. Such a system exhibits a solubility
8ap on either side of the crossover composition. The curves shown in the figure are sche-
matic; in the actual Au-Si system the unstable range extends so close to the edges of the
diagram that it cannot be represeated on a full-scale plot extending from x = Oto x = {.
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Figure 11.6  Free ¢nerLy versus composition for erystalling
homogencaus mixtures for which ihe iwe constituents of the
mixture crystallize in different erystal structures. Two different
free energy curves are involved, one for each crystal structure.

Different erystal structures for the pure constituents are an mmportant cause of sclubility
£aps in crystalline solid mixtures, Guy argument applies 1o mixtures of this kind, provided
ihe two structures do not transform continuously into each other with changing composi-
tion, This is a tacit sssumption in gur discussion, an assumplion not always satisfied when
the two erystal structures are closely similar. The ather assumption we make throughout
this chapter is that no stable compound formation should occur. In the presence of com-
pound formalion the behavior of the mixture may be more complex.

T T e

e T

Exanple: Ligudd *He-* He wiviures at fow femperatures. . The most interesting liquid mix-
Lure with a solubility gap is the misture of the two helium isctopes *He and *He, atoms of
the former being fesmions and of e lutter basons, There is a solubility gap in the mixture
below 087 K, as in Figure 187, This property is utilized in the helium dilution refrigeralor
(Chapter 12). The mixing encrgy must be positive to have a sofubility gap. The origin of the
posilive mixing cncrgy is the follow ing: *He atoms ure bosons. At sullicienUly jow tempera-
tures almest all *He atoms occupy the ground state orbit of 1he systeny, where they have

Phase Biagrams for Stmple Solubility Gaps
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Figure 1.7 Liquid mixtures of *He aad ‘He.

zero inetic ¢nergy. Almost the entire kinetic en
*He atoms, which are fermions. The energy per
with cancentration as n**, 15 in Ch

ergy of the mixtere is contributed by the
alom of a degenerate Fermi £as increases

aptec 7. This energy has a negative second derivative
0/t o hupext, which by (19} is equivalent 1o a pasitive mixing energy.

N et e e
LT T = R

e ST SR

Phase Diagrams for Simple Solubility Gaps

A phase diagram represents the temperature dependence of solubility gaps, as in
Figure 118, The wwo compositions x, und Xg are plotted horizontally, the
corresponding temperature vertically. The x, and xg branches merge at the
maximum temperature Ty for which a solubility gap exists. Ata given tempera-
ture any mixture whose overal] camposition fulls within the range enclosed by
the curve is unstable as a homogenecus misture, The phase diagrams of actual
mixtures with solubility Laps may be more complex, according to the actual
form of the free energy relation J{x} but the uaderlying principles arc the same.

e
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Figure 11.8  Phase diagram fora binary gystem with a solubility
gap. A homogencous mixture of compasition x will be unstable at
tempetalure v if the point {x,7) fails below the stability boundary
curve, The mixture will thes form two separate phases of the
compositions given by the intersectioas of the siability boundary
curve with the horizontal line for temperature 1. The stability
bouridary curve shawn here was calculated quantitatively for the
system of Figure 11.5, with a parabolic f(x).

PHASE EQUILIBRIA BETWEEN LIQUID
AND SOLID MIXTURES

When a small fraction of a homogencous liguid mixture freezes, the composition
af the solid that forms is almost always different from that of the liquid. .2.5
phenomenon is readily understood from the free energies for liquid and solid
mixtures. We consider 2 simple model, under two assumptions: {a) an&nﬁ_rw

Fhase Equilibria Between Liguid and Solid Mixtures

solid nor the liquid has a solubility gap. (b) The melting temperature 1, of pure
constituent A is lower than the melting temperature 73 of pure constituent B,
We consider a temperature between 1, and 1,

The free energies per atom, fo{x) for the solid and fifx) for the liguid, are
shown gualitatively in Figure 1192 The two curves intersect at some com-
position. Let us draw a tangent common to both curves, touching fsatx = xg
and f; at x = x;. We can define three composition ranges, each with differcns
internal equilibria;

{a} When x < x/, the system in equilibrium is a homogeneous liquid,

(b} When x; < x < x;, the system in equitibrium consists of two phascs, a
solid phase of composition *g and a liquid phasc of composition Xy,

(©) When x > x4 the system in equilibrivm is a homogeneous solid,

The compositions x; and xz ol a solid and a liquid phase in equilibrium arc
temperature dependent. As the temperaiure decreases the free cncrgy of the
solid decreases more ripidly than that of the liguid, The tungential points in
Figare 1192 move to the lef. This behavior is sepresented by a phase diagram
similar to the earlicr representation of the equitibrium composition curves for
mixtures with phasc separation, In Figare 15.9b the curve for X, is called the
liquidus curve; the curve for x5 is the solidus curve,

The phase diagrams have been determined experimentally for vast numbers
of binary mixtures. Those for most of the possible binary alloys are known.*
For most metal alloys the phase diagrams zre more complicated than Figure
11.9b, which was drawn for a simple system, germanium-silicon,

When the temperature is fowered in a binary liquid mixture with the phase
diagram of Figure 11.95, solidification takes place over a finite temperature
range, not just al a fixed temperature. To see this, consider a liquid with the
initial composition x,; shown in Figure 11.10. As the temperature is lowered,
solidification begins at v = 7. The compasition of the solid formed is given
by x;, so that the composition of the remaining liguid is changed. In the
example x;y > x;;, so that the tiquid moves towards tower values of x, where the
solidification temperature is lower. The temperature has to be lowered if
solidification is to continue, The composition of the liguid moves along the
liquidus curve until the salidification is completed at t = . The solid formed
is nonunaiform in composition and is not in equilibrium. The solid may homoge-
nize afterward by atomic diffusion, particularly if the temperature remains

high for a long time. But for many solids atomic diffusion is too slow, and the
inhomogeneity remains “frozen In” indefinitely,

* The standard tabulations are by M. Hansen, Constitution of binary alfays, McGraw-Hill, 1958;

R. P. Eliiots, Constitution of biriary alloys, first supplement, McGraw-Hill, 1963; F. A, Shunk,
Constitution of binary elloys, unmm:n. suppiement, McGraw-Hill, 1569.
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Figure 119 Pligse equilibrium between liguid and solid mixtures, [n

this example neither phise exhibits o solubitity gap. We assume

Ta <t <1, The upper figure (u} shows the free encrgics for the two phascs;
the lower figure {b) shaws the cotresponding phase diagram. The curves x,,
and xy in the phase diggram are calied the liguidus and the solidus curves,
The phase diagram is the Ge.Sj phase diagram, with T, = 940°C and

Te = 1312°C, : ‘
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Figure 1518 Most liguid mixtures do pay solidify at a sharp
lemperature, but over 3 finite temperature range from L tot,. The
higher-melting constituen precipitates first, thereby enriching the

lower-melting constituent in the liquid phase and thus lowering the
solidification temperature of the liquid,

Advanced Treatmeng: Eutectics, There are many binary systems in which the

liquid phase remains 2 liquid down to lemperatures significantly below the
lower melting lemperature of the constituents. The gold-silicon alloy s such a

system: a mixture of 69 pet Ay and 31 pet Si starts to solidify at 370°C. At other

compositions solidification starts at a higher temperature, When we plot the

liquidus branches are called cutectics. The minimum solidification temperature
is the eutectic lemperature, where the composition is the cutectic comiposition.

The solidified solid at the eutectic composition is a two phase solid with
nearly puee gold side by side with nearly pure silicon, as in Figure 11.1. In the
solid Au-Si mixture there is 4 very wide solubility gap. The low melling point
oceurs for the cutectie compasition because the free cnergy ofthe homogencous
meit is fower thag the free encegy of the 1wo phase solid, for temperatures at
or above the cutectic temperature,

Such behavior is common among systems that exhibit g solubility gap in the
solid but not in the liquid. The behavior of eutectics can he undetstood from the

free energy plots in Figure 11,124, We assume fy(x) for the solid as in Figure 1 1.6,
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Figure 1111 Eutectic phase diagram of goid-silicon alloys. The liguidus consists of twe
branches that come together at the eutectic temperature 7, = 370°C. The horizontal
line and the experimentat data points at 170°C indicate that throughout the entire

composition range the mixture does not compiete its solidification untl the cutectic
temiperature is reached.

corresponding to different crystal structures o and 8 for the two pure con-
stituents. Figure 11.12a is constructed for a temperature above the cutectic
temperature but below the melting temperaturs of either constituent, so that
the free energy of the liquid reaches below the common tangent to the solid
phase curves. We can draw two new two-point tangents that give even lower free
energies. We now distinguish five different composition ranges:

(a) and{e). Forx < x,qorx > Xgs, the equilibrium state of the system is 2
homogeneous solid. In the first range the solid will have the crystal structure «;
in the second range the structure is g.

{c). Forx, < x < X1, the equilibrium state is a homogeneous liguid.
(b} and {d). For x5 < x < x; or Xy < X < Xgg, a liquid phase is in
equilibrium with a solid phase. :

As the temperature is lowered, f. and Jas decrease more rapidly thaa f;,
and the range of the homogeneous liquid becomes narrower, Figure 11.12b

shows the corresponding phase diagram, including the two solidus curves,

Phase Equilibria Between Liguid and Solid Mixtures

(2)

{b)

Figure 1112 Free energies {a) and phase diagram (b) in 2 simple eutectic
system.

At the eutectic temperature 1, the free energy of the liquid phase is tangential
to the commen tangent to f¢ and. fgs, as in Figure 11,13, The composition at
which fj touches the tangent is the eutectic composition. At 7 < 1., the free
energy [ lics above the tangent, although f, may be below the free energy of
a homogeneous solid.

A mixture of composition equal to the eutectic composition solidifies and

*_melts at a single temperature, just like a pure substance. The solidification of
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S

Flgure 1113 Free energies in a eutectic syslematt = randatt < r,.

compositions away from the cutectic composition starts at a higher temperature

and ends at the eutectic temperature. Melting starts at the eutectic temperature
and ends at a higher temperiture,

The minimum propesty of 1he

E&.:aw lemperature of eutectics is widely
utifized. The Au-S;i eutectic plays

a large role in semiconductar device tech-
nofogy: the cutectic permits low temperature welding of electrical contact
wires made of gold 1o silicon devices. Lead-tin alloys exhibit a eutectic (Figure
1E14) at 183°C 1o give solder a meliing temperatuze below that of pure tin,
232°C. According to whether a sharp melting temperature or a mel Ing range is
desired, cither the exact eutectic composition {26 pet lead} or a different com-
position is employed. Saft sprinkied on ice mells the jce because of the Jow
eutectic tempefature —21.2°C of the Hy0-NaCl eutectic at 807 mol pct NaCl

The solidus curves of cutectic systems vary greatly in characier, For the
Ph-Sn system {Figure 11,14) the solid pliases i equilibrivm with the mcht
contain an appreciable fraction of the minerity constituent, and his fraction
Increases with deereasing temperaiure, In other systems this fraction may be
smal} or may decrease with decreasing temperature, or both, The Au-Si system
is an example: The relative concentriution of A in solid Si iy equilibrivm with
an Au-Simeft reaches 3 makimun vaiue ofenly 2 x 107 %around 1300°C, and
itdrops off rapidly at lower lemperature.

In our discussion of the free energy curves of Figures 11.12 and 11.13 we
assumed that the composition at which the liguid phase free encrgy touches the

350 ]
0 el
.\\\
\
250 735°
U
4 200 [QN Y
g .45 26.1 837 TN
= M
& 150
£
3]
m..._..
100 fF—- N
50— H— —
{a) 0

o 19 20 30 40 50 60 W 80 90 oo
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Figure 1114 (s} Phase disgram of the Pb-Sn system, after Hansen. {b) Z_.Qov:c?.maﬂ_w
ef the Pb-Sn evtectic, magnificd about 800 times. Courtesy of J. D, Hont and K, A,
Jackson. : 329



Chapter 11: Binary Mixtures

tangent to the solid phase curves lies between the compositions x,5 and xgq.
In some systems this point lies outside the interval, as if either fc and f, or f35

and fp were interchanged in Figure 11.12a. Such systems are called periectic
systems,

SUMMARY

L. A mixture exhibits a solubility gap when the combined free energy of two
separate phases side by side is lower than the {ree energy of the homogeneous
mex:n.

The mixing entropy arises when atoms of different species are interchanged
in position. For the alloy A, _.B_, we have

ag = ~N[(l ~ x)log(l ~ x} + xlogx).

The mixing encrgy for nearest-neighbor interactions is

Uy = px{l - kumnsm = Hupn + ugal]
{or p nearest neighbors,

4. The liquidus is the composition curve xg versus t for a Hquid phase in
equilibrium with a solid. The solidus is the composition curve Xg versus 1
for a solid phase in equilibrium with a liquid.

th

. Mixtures with two branches 1o the liquidus curve are called eutectics. The
minimum solidification temperature is called the eutectic temperature.

PROBLEMS . : ’

1. Chemical potentials in twa-phase equitibrium. Show that the chemical po-
tentials 1, and gy of the two atomic species A and B of an equilibrium two
phase mixture are given by the intercepts of the two-peint tangent in Figure 11.2
with the vertical edges of the diagram at x = Qand x = 1

2. Mixing energy in® He-*He and Pb-Sn mixtures. The phase diagram of lig-
uid *He-*He mixtures in Figure 11.8 shows that the solubility of *He in *He
remains finite (about 6 pct) as v~ 0. Similarly, the Pb-Sa phase diagram of
Figure 11.14 shows a finite residual solubility of Pb in solid Sn with decreasing

Problems

t. What do such finite residual solubilities imply about the form of the function
t{x)?

3. Segregation cocfficient of impurities. LetBbean impurity in A, with x « I,
In this limit the nen-mixing parts of the free energy can be expressed zs linear
funcrions of x, as folx) = foll) + xf3'(0), for both liquid and solid phasegs,
Assume that the liquid mixture is in equilibrium with the solid mixture. Calculute
the equilibrium concentration ratio k == xg/x,, called the segregation coeflicient.
For many systems & « 1, and then a substance may be purified by meiting
and partial resolidification, discarding a small fraction of the meit. This principle
is widely used in the purification of materials, as in the zone refining of semi-
conductors. Give a numerical value for k for fo' ~ fo, = leVand T = 1000 K.

4. Solidification range of a binary alloy. Consider the solidification ofa bina ry
alloy with the phase diagram of Figure 11.10. Show that, regardless of the
inital composition, the melt will always hecome fully depleted in componcnt B
by the time the last remnant of the melt solidifies. That is, the solidification
will not be complete untif the temperature has dropped to T,.

3. Alfloying of gold into sificon. {a) Suppose 2 1000 A layer of Auis evaporated
onto a 3i crystal, and subsequently heated 1o 400°C. From the Au-Si phase
diagram, Figure 11.11, estimate how deep the gold will penetrate into the

silicon crystal, The densities of Au and Si are 19.3 and 2.33gcm™ 3, (b) Redo
the estimate for 800°C,



e

Chapter 12

Cryogenics

R A T e e e
AR LT eV VI NP Sl il rll e,

COOLING BY EXTERNAL WORK
IN AN EXPANSION ENGINE

Gas Liguefaction by the Joule-Thomson Effect

Exampls: Joule-Thomson Effect for van der Waals Gas
Linde Cycle

Evaporation Cooling: Pumped Helium, 10 0.3 K
Helium Dilution Refrigerator: Millidegrees

ISENTROPIC Um??»n?.mjmm,.»ﬁoz“
QUEST FOR ABSOLUTE ZERC

Nuclear Demagnetization
SUMMARY .

PROBLEMS

. Helium as a van der Waals Gag

. Ideal Carnot Liguefier

- Claude Cycle Helium Liguefier

Evaporation Cooling Limit

Initial Temperature for Demagnetization Cooling

334

337
328

35
341
342

346
348

350

350
350
354
354
352

352

133



i34

Chapter F2: Cryogenics

Cryogenics is the physics and technology of the production of low temperatures.
We discuss the physical principies of the most important cooling methods,
down to the fowest temperatures. :

The dominant principle of low temperature generation down to 10 mK is the
cooling of a gas by letting it do work against a {orce during an expansion. The
gas employed may be a convenlional gas; the free electron gas in 2 semicon-
ductor; or the virlual pas of *He atoms disselved in liquid *He. The force
against which work is done may be external or internal to the gas. Below
10mK the dominant cooling principle is the isentropic demagnetization of a
paramagnetic substance.

We discuss the cooling metheds in the order in which they occur in a
faboratory coeling chain that starts by liquefying heliun aad procecds from
there to the lowest laboratory temperatures, usually 10mK, sometimes 1 pK.
Houschold cooling appliances and automobile air conditioners utilize the
same evaporation cocling method that is used in the laboratory for cooling
liquid helium below its boiling temperature, to about 1 K.

COOLING BY EXTERNAL WORK
IN AN EXPANSION ENGINE

In the isentropic expansion of 2 monatomic ideal gas from pressure p; to a
lower pressure p,, the temperature drops according to

Ty = .H_FE%LEU. . {1

by {6.64). Suppose p, = 32atm; p, = latm; and T; = 300K; then the tem-
perature will drop to T, = T5K. We are chiefly interested in helium as the
working gas, and for helium {1} is an excelient approximation if the cooling
process is reversible.

The problems in implementing expansion cooling arise from the partial
irreversibility of actual expansion processes, The problems are compounded
by the nonexistence of good low temperature lubricants. Actual expansion

cooling cycles follow Figure 12.1. The compression and expansion parts of

Cooling by Exrernal Werk in an Expansion Engine

Compressor Heal ejection

T

_ Hem exchanger

Expansion
engine

Qu
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Figure 12,1 Simple expansion refrigerator. A working gas is
compressed; the heat of compression is gjected inta the
enviconment, The compressed room temperature gas is
precoaled further in the counterfliow heat exchanger. 1t then
does work in an expansion enging, where it cools to a
temperature below that of the working volume. After extracting

Ez: from the working volume, the gas returns to the compressor
via the heat exchanger,
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the cycle are separated. The compression is performed at or above room

temperature. The hot compressed gas is cooled to near room temperature
by gjecting heat into the environment. The gas is further precooied in 2 counter-
flow heat exchanger by contact with the eold retum gas stream at the low
temperature of the cooling load. The gas is then cooled to its lowest temperature
in the expansion engine, usually a low friction turbine. The cold gas extracts
heat from the cooling load and then returns to the compressor via the heat
exchanger. The heat exchanger greatly reduces the codling requirements im-
posed on the expansion engine. The design of the heat exchanger is as impostant
as the design of the expansion engine.

The work extracted by the expansion engine is the enthalpy diflercnce
between the input and output gas: The total energy flowing into the expansion
engine is the internal energy U, of the gas plus the displacement work p, ¥,
donc by the compressor, where both Uy and V) refer to a given mass of gas.
The total energy leaving the engine with the gas is the energy U, of the gas

pius the work p, 1% required to move the gas agaiast the pressure p2. The work
extracted by the engine is the difference

W= Uy + 0V = (U + pa¥a) = H, ~ Hy, @

For a monatomic ideal gas [J = .WZ_M and pV = Nt, hence H = $Nt, The
work performed on the engine by the gas is

W o= 3Nz, ~ 13). (3)

The counterflow heat exchanger is an enthalpy exchange device: it is an
expansion engine which extracts no external work.

Most gas liquefiers use expansion engines to precool the gas close to ils
liquefaction temperature. It is impractical to carry the expansion cooling to
the point of liquefaction: the formation of a liquid phase inside expansion
cngines causes mechanical operating difficulties. The final liquefaction stage
Is usually a Joule-Thomson stage, discussed below. Helium and hydrogen
liquefiers usually contain two or more expansion engines at successive tem-
peratures, with multiple heat exchangers. .

The principle of cooling by iseateopic expansion of an ideal pas is %mmnmz.n
to the electron gas in semiconductors. When electrons flow from a semi-
conductor with high electron concentration into 3 semiconductor with a lower
clectron concentration, the clectron gas expands and docs work agaiast the
potentiul basricr between the two substances that equalizes the two chemical
potentials. The resulting electronic cooling, called the Peltier effect, is used

Gas Liguefaction by the Joule-Thomson Effect

down to about 195K quite routinely;

in multistage units temperatures down
to 135 K have been achieved.

Gas Liquefaction by the Joule-Thomson Effect

Intermolecular attractive intéractions cause the condensation of all gases. At
temperatures slightly above the condensation temperature the inleractions are
strong enough that work against them during expansion causes significant
cooling of the gas. IT the cooling is sufficient, part of the gas will condense,
This process is Joule-Thomson Hguefaction.

The practical implementation is simple. Gas at pressure p, is forced through
a constriction called an expansion valve into space with a lower pressure p,,
as in Figure 12.2. The work is the difference between the displacement work
~pid¥, done on the gas in pushing it through the expansion valve and e
displacement work +p, d¥; recovered from the gas on the downstream side,
Here dV, is negative and d¥, is positive,

The overall process is at constant enthalpy. To see this, notice that the
expansion valve acts as an expansion engine that exlracts zero work. With
W = 0in(2), we have H, = H, in the Joule-Thomson cffect, For an ideal gas
H = {N7,s0 that 1, = 1, in the expansion, There is zero cooling effect for an
ideal gas. - .

In real gases a small temperature change occurs because of the internal
work done by the molecules during expansion. The sign of the temperature

Expansion valve

Figure 12.2  The Joule-Thomson effect. A gas is pushed
through an expansion value. If the gas is nonideal, there will
be & temperature change during the expansion because of work
done against the intermolecular forees. 1f the temperature is
wnitially below a cenain inversion temperature, r,,,, the gas
will cool on Jouje-Thomson expansion.
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Table 12,1 Liquefaction data for fow bo

4 0a5es

T T, AH, ; v, AHY,
Gas K K k1/mal m cm®/mol watt hr/liter
co, 195 304 (2050) 252 - 223 314
CH, 112 131 {3290 218 _ 344 66
O, 0.2 155 893 6.82 i 281 67
N2 T3 £26 621 5.57 J 46 45
H, 20.4 333 05 050 _ 28.6 81
‘He 418 5.25 51 6.082 | 320 071
*He 10 ! 135 (23 0025 1 508 0.14

NOTE: T, = utmospheric-pressure boiling tempetature; T, = critical temperature: Ty, = Joule-
Thomson inversion temperature; AH = molar fatent heat of vaporization; ¥ = molar vajume of
the liguid. The fass column, AH/Y, indicates the heat én watls that can be taken up {or a sefrigerant
consumption of | liter per hour; T, values in parentheses are van des Waals values cubeulated
from ¥, and not mcasured vatue.

Carbon dioxide solidifies when cooled at stmospheric pressure, because its triple point accurs
ubove atmosplieric pressure. Solid CQ is Anown as dry ice. Methane, CH,, is i peiacipal con-
stituent of natural gas, which is liquefied in huge quantities for shipping as LNG [ugl. Liguid
oxygen and ailcogen are sepacated in (he liguefaction of air. For helium, we give data both lot the
common isotope “He and for >He,

change during a Joule-Thomson expansion depends on the initial temperature.
All gases have an inversion temperature 1, below which such an expansion

iny
¢o0ls, above which it heats the gas. Inversion temperatures for common gases
are listed in Table 12.1,

AR RS I s S
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Exeainple s Joule-Thomson n‘%mn_..?_. van der Waols gas. We found in (10.75) thaz
H = iN¢ + (NYVYbT — 2a) (4)

for a van der Waals gas, where a and b are positive constants, The last two terms are the
corrections caused by the short range repulsion and the long range attraction. The correc-
tions have opposite signs. The total correction changes sign at the temperature

Tay = 2ab = H1,, {5}

where 1, is the critical temperature, defined by {10.46).

The temperature 1,,, is the inversion temperature. For 1 < 1,,, the enthaipy at fixed
temperature increases as the volume increases; here in expansion the work dene against the
atiractive interactions between molecules is dominant. In a process at constant enthalpy
this increase is compensated by a decrease of the $Mt term, that is, by cooling the gas. For

Gas Liguefaction by the Joule-Thomson Effeer

T > 1, the enthalpy at a fixed temperature decreases because now ihe wi
strong sher! range repulsive interactions is dominang:
modecules penetrate farther into the repulsive region.

ork done by the
at the higher temperature the

e e g
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Linde cyele.  1n gas liquefiers the Joule-Thomson expansion is combined with
a counterflow heat exchanger, as shown in Figure 12.3. The combination is
called & Linde cycle, aflter Carl von Linde who used such a eycle in 1895 o
liquely air starting from room temperature, In our discussion we assume that
the expanded gas returning from the heat exchanger is at the same temperasuse
as the compressed gas entering it. We neglect any pressure diffcrence between
the output of the heat exchanger and the pressure above the liquid.

+

Fo and from compresser
or precooling stages

~—~—Heat exchanger

Figure 12.3  The Linde eycie. Gas is liquefied
by cambining Joule-Thomson expansion with
a counterflow heat exchanger,

\!\\\ IT expansion valve

ety

Liquefied gas

i o,
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Figure 124 Perlormance of hetivm tiguefiers operating by the Linde cycle,
a8 a function of the input pressure, for an output pressure of 1 atm and

for various values of the input temperature. The solid curves give the
liquefaction cocfficient, The broken curves give Qi = How — Hyouthe
internal refeigeration Joad available w142 K if the load is placed inside the
liquefier and the still cold helium gas bailed off by the load is returned
through the heat exchanger rather than boiled off into the almosphere.

See Problem 3. Afier A J, Crolt in Advanced cryagenics (C. A, Baiiey, ed)),
Pleaum, 1971, p. 187

P

Evaporation m..m&maw.. Pumped Heliwm, 10 0.3 X

The combinution hew exchanger-espansion vatve
derangenient. Let ane mole of i

fraction 4 is Hguefied. Constant ¢

is a4 constant enthalpy
15 enfer the combination; suppose that the
nthulpy requires that

M= 2H + (1 ~ b, _ (6)
Here H,, = H{T.p.a) and H,. = H{T,..p,o) are the enthalpies per mole of
gas at the input and Quiput pressures, both at (he COMIMON upper temperature

of the heat exchanger. Hiq is the enthaipy per male of liquid at its boiling tem-
perature under the pressure Pou- From (6} we obtain the fraction

called the liquefaction coelficient.
Liguefaction jakes place when 4 = H;,:that is, when

our

M.u‘ﬁulm:kun:m.v > N&mﬁ:.ﬁmav. n'/.u

The three enthalpies in (7) are known experimentally. Figure 124 shows the

liquefaction coefficient caleufated from them for helium. The liquefaction

coefficient drops rapidly with increasing T, because of the decrease of the
numeratar in (7) and the increase of the denominator, To obtain useful ligue-
faction, say i = pi, inputl temperatures below one-third of the inversion
temperature are usually required. For many gases this requires precooling of
the gas by an expansion engine. The combination of an expansion engine and
a Linde cycle is cafled 3 Claude cycie. The €Xpansion engine is invariably
preeeded by another heat exchanger, as in Figure 121,

Evaporation Cuooling: Pumped Helium, ta 0.3 K

Starting from liguid helium, the simplest route to lower temperatures i ° ¥

evaporation cooling of the liquid helium, by pumping away hetivin vapor. |
latent heat of vaparization ofthe liquid helium is extracted along with the vas,,
The Jicat extraction causes the further cooling: work is done against the intee-
atomie forces thil caused (he hetium 10 liguely in the first pluce. In Joule.
Thomson cooling the jnitial slate is 3

gas, while in evaporation cooling the
initial slate is & liquid, )
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Table 12.2 Temperatures, in kelvia
*He reach specified values

,at which the vapor pressures of *He and

pitorn) 107* 1 1072 101 1 10 100
“He 6.56 066 079 098 1.27

X ' ! 2 1.74 264

*He 0.23 ¢.28 .36 047 0.66 1.03 1.79

The lowest temperature accessible by evaporation cooling of liquid helium
is 2 problem in vacuum technelogy (Chapter 14). As the temperature drops, the
equilibrium vapor pressure drops (Table 12.2) and so does the rate at which
helium gas and its heat of vaporization can be extractéd from the liguid helium
bath.

Evaporation cooling is the dominant cooling principle in everyday cooling
devices such as houschold relrigerators and freczers and in air conditioners.
The only difference is in the working substance.

Helium Dilution Refrigerator: Millidegrees

Once the equilibrium vapor pressure of liquid *He has dropped to 1073 11,
classical refrigeration principles lose their utility. The temperalure range from
06K to 001 K is dominated by the helium dilution refrigerator, which is an
evaporation refrigerator in a very clever quantum disguise.*

We saw in Chapter 7 that *He atoms are bosons, while *He atoms are fer-
mions. This distinction is not important at temperatures appreciably higher
than the superfluid transition temperature of *He, 2.17 K. However, the two
isotopes behave as altogether different substances at lower temperatures. Below
0.87 K liguid *He and *He are inmmiscible over a wide composition range, like
oil and water. This was discussed in Chapter 11 and is shown in the phase
diagram of *He~*He mixtures in Figure 11.7. A mixture with composition in
the range labeled unstable will decompose into two separate phases whose
compositions are given by the 1wo branches of the curve enclosing that area.
The concentraled *He phase floats on top of the dilute *He phase.

As T — 0, the *He concentration of the phase dilute in *He drops to about
6 pet, and the phase rich in *He becomes essentially pure *He. Consider a liquid

* For good revigws, see . S, mncw. Contemporary Physics 9. 97 (1368); J. C. Wheatley, Am. 1. Phys.
36, 181 (1968); for a geacral review of cooting techniques below 1 K see W. J, Huiskampand Q. V.
Lounasmaa, Repts. Prog, Phys. 36, 423 (1973); O. ¥. Lounasmaa, Experimental principles and

methods belaw 1 K, Academic Press, New York, 1974, A very ciementary account is O, V, Lounasmaa,
Scientific American 221, 26 (1965}, . . '
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Helium Dilution Refrigerators Millidegrees

*He
| -“evaporation”

Figure 125 Cooling principle of the helium dilution refrigerator. Liguid
*the is in equilibrium with a *He-*He mixture. When *He is added to the

mixture, *He evaporates from the pure *He fluid and absorbs heat in the
process,

$He-*He mixture with more than 6 pct *He at a temperature in the mitlidegree
range, near the bottom of Figure 11.7. At these temperatures almost all the *He
atoms have condensed into the ground state orbital. Their entropy is negligible
compared to that of the remaining *He atoms, which then behave as if they were
present alone, as a gas occupying the volume of the mixture. If the *He concen-
tration excceds 6 pet, the excess condenses into concentrated liquid *#e and
latent heat is liberated. If concentrated liquid *He is evaporated into the *He
rich phase, the latent heat is consumed. The principle of evaporation cooling
can again be applied: this is the basis of the helivm ditution refrigerator.

To see how the solution of *He can be employed to obtain refrigeration,
consider the equilibrium between the concentrated *He liquid phase and the
dilute 3He gas-like phase (Figure 12.5). Suppose that the *He *He ratio of
the dilute phase is decreased, as by ditution with pure *He. In order to restore
the equilibrium concentration, *He atoms will evaporate from the concentrated
3He liquid. Cooling will result.

To obtain a eyclic process the *He—*He mixture must be separated again.
The most common method is by distiliation, using the different equilibrivm
vapor pressures of *He and *He {Table 12.2). Figure 12,6 shows a schematic
dingram of a refrigerator built on these principles. The diagram is highly
oversimplified. fn particular, in actual refrigerators the heat exchanger between
the mixing chamber and the still has an elaborate multistage design. Analternate
method* to separate the SHe—*He mixture utilizes the superfluidity of *He
below 2.17K. For a variety. of practical reasons it is less commonly used,
although its performance is excellent. = - . :
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Helium Ditution Refrigerator: Millidegrees

Figure 12.6 Heljym ditution refrigeraiar, Precoated liqui
chamber at the lawer end of the assembly, where cocling takes place by the quasi.
cvaporation of the *He atoms into the denser *He-*He mixed phase underneath,

The quasi-gas of *H atoms dissolved in liquid “He then diffuses through a counterflow
heat exchanger i 2 sttt There the *He is distilled from the *He-*He mixture
selectively, and is pumped off, To obtain a usefy] *He evaporation and circulation
fate, heat must be added 1o the stilly o raise its temperature 1o abow Q.7 K, at which
femperature the *He Vapar pressure is still much smaljer, Thus, the *He does not
circulate to any appreciable extent; the YHe moves through a nearly stationary
background of *He. The pumped-off *He is returned to the system and is condensed
in a condenser that is cooled to abaut | K by contact with a pumped *He bath, The
constriction below the condenser takes up the excess pressure generaied by the
cireulation pump aver (he pressure i the sill, The liquified *He is cooled further,

first in the still, then in the counterflow heat cxchanger, before re-catering the m
chamber,

d 3He enters a mixing

The helium dilution refligerator has a low temperature limit, In the conven.-
tional evaporation refrigerator this limit arose because of the disappearance of
the gas phase, but the Quasi-gas phase of SHe persistsdown to 1 = (), However,
the heat of quasi-vaporization of *He vanishes proportionally to <2, and as a
result, the heat removal rate from the mixing chamber vanishes ag . The
practical low temperature Hmit is about 10 mK, In one representative deviee*
4 lemperature of 8.3 mK has been achieved: the same device was capable of
removing 40 1 W at 80 mk. .

Temperitures below SmK can be achicved by single shot operation. I, iy
the design of Figure 12.6, weshut off the e supply alter some tlime of operation,
there is no need to coo! the incoming He ttself, and the temperature of the
mixing chamber drops below its steady state value, until all *He has been
removed from the chamber,

The dilution refrigerator is not the onty cooling methed in the millikelvin
range that utilizes the peculiar properties of *He. An alternate method, known
as Pomeranchuk cooling, utilizes the phase diagram of *He, as shown in Fig-
ure 715, with its negative siope of the phase boundary between tiguid and
solid *He. The interested reader is refeered to the reviews by Huiskamp and
Lounasmaa, and by Lounasmaa, cited carlier.

.Z.I.vgaimw.x.r_n mw&,uccria«.x.i, Taconis. Physica B 81, 101 (1978), and Physica §
84, 102 (1976). - B .
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ISENTROPIC DEMAGNETIZATION:
QUEST FOR ABSOLUTE ZERO

Below 0.01 K the dominunt cooling process is the isentropic {adintatic) demag-
netization of a paramagnetic substance. By this process, temperatures of | mK
have been attuined with electronic paramagnctic systems and 1 pK with nuclear
paramagnetic systems, The methed depends on the fact that at a fixed tempera-
lure Lhe entropy of a System of magnetic moments is lowered by application of a
magnetic field—essentially because fewer states are accessible to the system
when the level splitting {s large than when the level splitting is small. Examples
of the dependence of the cntropy an the magnetic field were gives in Chapters 2
and 3.

We first apply a magnetic field B, at constant temperature t,. The spin excess
will atlain a value sppropriate Lo the vatuc of 8 1/11. W the magnetic field is then
reduced to B, without changing the entropy of the spin system, the spin excess
will remain unchanged, which means that By/jry will equal Byfr . I[ B, « B,
then 1; <« t;. When the specimen is demagnctized isentropically, entropy can
fiow into the spin system only from the system of lattice vibrations, as in Fig-
ure 12.7. At the temperatures of interest the entropy of the lattice vibrations is
usually negligible; thus the entropy of the spin system will be essentially constant
during isentropic demagnelization of the specimen.

“ m
|
_ “
|
“ i Lattice
o =
g M g
= I o
i | Total ; m
Seans &
Spin .
P w Spin
Lattice Time —— W Fime ——
Before New eguilibrium Before | New equilibrium

Time al which
magnelic field
is removed

Time at which
magnetic field
is removed

Figure 12.7° During isentropic demagnetization the total ¢ntropy of the s
specimen is constant. The initial entropy of the fattice should be smalf in

BBEEQsmfran::ovworgﬁi uﬁsagoan:oowm&zmmmaaﬁi
cooling of the futtice, . . . . ’

e

Iscatropic Demagaetization: Quest for Absolute Zerp
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Figure 12.8  Eniropy for a spin § system as a function of temperature, assuming
an internal random magnetic lield 8, of 100 gauss. The specimen is magnetized
isothermalty along b, and is then insulated thermully, The external magnetic

field i5 turned off along be, In order to keep the figure on 2 ressonuble scule

the initiad temperatire T, and the extesnal magnetic ficld are lower thun would by
wsed 0 practice.

The steps carried out in the cooling process are shown in Figure 12.8. The
field is applied at temperature 1, with the specimen in good thermal contact
with the surroundings, giving the isothermal path ab. The specimen is then
insulated (Av = 0) and the field removed; the specimen follows the constant
entropy path be, ending up at temperature 7. The thermal contact at T, i35
provided by helium gas, and the thermal contact is broken by removing the
gas with a pump.

The population of a magnetic sublevel is a function only of mBft, where m
is the magnetic moment of a spin. The spin-system entropy is a {unction only
of the population distribution; hence the spin entropy is a function only of mB/r.
If Bis the effective field that corresponds to the diverse local interactions among

the spins or of the spins with the tattice, the final temperature £, reached in an
isentropic demagnetization experiment is

13 = 1,(ByB), (9

where B is the initial field and 1, the initial temperature. Results are shown in

Figure 129 for the paramagnetic salt known as CMN, which denotes cerous
magnesium :mmn:o. o
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Figure 129 Final magatic field B versus final
temperature 7 for magactic cooling of cerous magnesium
nitrate. In these expestments the magnetic field was ot
removed cntirely, but enly to the indicated vatues, The
initial fields uny tempersliires wese identicnt in sl rups,
Afler unpublished results of J. S. Hitl and 1. 4. Mifner,

as cited by N, Kurti, Nuove Cimento (Supplemento) 6,
F10% £1957).

The process described so far is a single shot process. It is easily converted
into a cyclic process by thermally disconnecting, in one way or another, the

demagnetized working substance from the foad, recennecting it o the reservoir
alzy, and repeating the process.*

Nuclear Demagnetization

Because nuclear magnctic moments are weak, nuclear magnetic interactions

are much weaker than similar electronic interactions. We expect o reach a
temperature 100 times lower with & nuclear paramagnet than with an clectron
paramagnet. The initial temperature of the nuclear stage in a nuclear spia-

"V Heer, OB Barnes, ard J. G, Daunt, Rev. Sci. Inst, 25 1088 {1953}, w. p. Prait, S, S,
Rosenblun, W, A Steyert, and ] A, Barclay, Cry ogenics 17, 381 (1977).

Nuclear Demugnerization

Initial magneiic field in kG
5 10 20

—
NGO

30

B o o~soo

Final temperature, in 'pK
[¥%)

0.6 ; 2 3
“Initial 8/7 in 106 G/K

Figuee 1210 Nuclear demagnetizations of copper

nucied in the metal, starting from 0.052 K and various
fichls. Alter M. v, Hobden wnd N Kugti, Phil, Map,
4, 1902 (195w,

cooling experiment nsust be lower than in an electron spin-cooling experiment.
Hwestartat B = $0kG and T, = 001K, thenmBfk,T, =~ 0.5, and the entropy

decrease on magnetization is over i@ percent of the maximum spin entropy.

This is sufficient 1o overwhelm the lattice and from (9} we estimate 2 final
temperature T, = 1077 K. The frst nuclear cooling experiment was carried
out by Kurti and coworkers on Cu nuclei in the metal, starting from a first
stage at about Q02K as attained by electron demagnetization cooling, The
lowest temperature reached in this experiment was 12 x 19-% K. The results
i Figure 12,10 fit a tine of the form of (9): Ty = T,(3.1/B) with Bin 2AUSS, 50
that B, = 3. gauss. This is the effective interaction field of the magnetic mo-
ments of the Cu nuclei. The motivation for using nuclei in a metal rather than
in an msulator is that conduction electrons help ensure rapid thermal contact
of Iattice and nuclej at the temperature of the first stage.

Temperatures below L #¥ have been achieved in experiments in which the

coaling load was the system of nuclear spins itsetl) particularly in ¢Xperiments
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that were combinations ol cooling ex

periments and nuclear magnetic resonance
experiments.*

SUMMARY

—

The two dominant princi

. ples of the production of fow terperatures are the
cooling of u g

as by letting it do work against a force during an cxpansion
and the {sentropic demagnetization of & paramagnetic substance.

2. Joule-Thomson cooling is an irreversible process in which work is done
against interatomic attructive forces in g gus. 1 s wsed as the lust cooling
stage in liquelying low-boiting gases,

3.

T evaporation coaling the work is also done against the interatomic forces,
but starting from the liquid phase rather than the gas phase. Using different
working substances, evaporation cooling forms the basis of houschold
cooling devices, automobile air conditioners, and

laboratory cocling devices
{in the range 4 K down to 10 mK),

a.ﬂﬁrn_mz_ﬁa:s:oswn:mmﬁuglmmﬂ evaporation cocling device in which
the gas is the virtual gas of He atoms %mmo_«.nam:azn.

5. Isentropic demagnetization utilizes the lowering of the temperature of a
system of magnetic moments, when an external magaetic field is reduced in
strength. The magnetic moments may be electronic or nuclear moments.

By using nuclear moments, temperatures in the microkelvin range may be
achieved.

PROBLEMS

1. Helium as a van der Waals gas.  (a) Estimate the liquefzction coefficient 2

for helium by treating it as a van der Waals gas. Sclect the van der Waals
coefficients a and b in such a way that for one mole 2Nb is the actual molar
volume of liquid helium and thag 2ufb is the actual inversion temperature.
Use the data in Table 12.1. Approximate the denomninator in (7) by setting

How = Hyg = AH + 31, ~ 1) , (10}

i

7 Sec, for exam

ple, M. Chapeliier, M. Goldman, V. H. Chau and A, Abragam, AppL Phys. 41,
849 (1970). o . e

‘

Problems

where AH is the latent heat of vaporization ofliquid helium. {Exptain how this

approximalion arises if one treats the expanded gas as an ideal gas). The
resulting expression gives 7 as a function of the molar velumes ¥, and V),
Convert to pressures by approximating the 1's via the ideal gas faw, (b} Tnsert
numerical values for T = 15K and compure with Figure 12.4,

2. Ideal Carnot liguefier.  {a) Calculute the work W, that would be required to
liquely one mole of a monatomic ideal gas if the liguefier operated reversibly,
Assume that the gas is supplied at room temperature To. and under the same
pressurc py at which the liguclicd gas is removed, typically 1 atmosphere. Let
T, be the boiling temperature of the gas at this pressure, and Al the latent heut
of vaporization. Show that under these conditions

. To To—=T I
o= BRT x log g = “Pa=t v ==t A

To derive (11) assume that the gas is first cooled at fixed pressure po from Ty
to Ty, by means of a reversible refrigerator that operates between the fixed
uppet temperature Ty = Ty and a variable lower temperature equal 1o the pas
lemperature. Initially Ty = Ty, and attheend T, = T,. After reaching T, the
refrigerator extracts the latent heat of vaporization at the fixed lawer lempera-
ture 7. {b) Insert Tg == 300K and values for T, and AH characteristic of
helium. Re-express he result as kilowalt-hours per liter of liguid heliun.
Actual helium fiquefiers consume 5 to 10k Wh liter.

3. Claude cycle helinm Kquefizr. Considerahelium liquefier in which 1 mols™*
of gas enters the Linde stage at T,, = 15K and at a pressure p;, = 30atm.
{a) Caleulate the rate of liquefaction, in liter he ', Suppose that 1l the liquefied
helium s withdrawn 1o cool an external experimental apparatus, refeasing the
boiled-off helium vapor into the atmosphere. Caleulate the cooling load in
walts sufficient to evaporate the helium at the rate it is liquefied. Compare this
with the cooling load obtainable if the Hquefier is operated as a closed-cycle
refrigerator by placing the apparatus into the liquid collection vessel of the
liquefier, so that the still cold boiled-off helium gas is returred through the heat
exchangers. (b) Assume that the heat exchanger between compressor and ex-
pansion engine {Figure 12.1) is sutficiently ideal thal the expanded return pas
that leaves it with pressure p,,, is at essentially the same temperature T as the
compressed gas entering it with pressure p,. Show that under ordinary liquefier
opcration the expansion engine must extract the work

Tvm hsid TA.H.":GL - :mﬂ.ma%mﬁv

H

.!‘ : - Mwﬂmﬁ.ﬂnﬁto:—w - mmﬂ.ms.ﬁu:—v“_ W= m\m .mﬁ.uan i .N.:»U [ ENV
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per mole of compressed Wmm. Here Ty, po, pove and 2 have the same meaning

as i the Linde cycle section of this chapter. Assume the
operates isentropically between the pressure-temperature pairs {p..T.) and
(P Ti). From (12) and the given values of{p,, T;), caleulate {.,T ). (<) Estimate
the minimum COMPressor power required to operate the liquefier, by assuming
that the compression is isothermal from Poue 10 p. ut temperature T, = 50°C,
Combine the result with the cooling loads caleulated under (a}into a cocflicient

of refrigerator perlormance, for both modes of operation. Compare with the
Carnot timit,

4. Evaporation cooling limit. Fstimate the fowest lemperature T, that can
be achieved by evaporation cooling of liquid *He if the cooling load is 0.1 W
and the vacuum pump has a pump speed § = 107 Hters ™! Assume that the
belium vitpor pressure above the boiting helium is equad 1o the equilibrium
Yapor pressure correspanding 1o T, and assame that the hetium BUS WiLFng
UP 1o :00m temperature and expands accordingly before it enters the pumy,
Note: The molar volume of an jdead Eas at room temperature and wmospheric
pressure {7601orr) is about 24%iters. Repeut the calculation for a much smaller

:Emmoum:oiEwuwaugﬂ pemp 10° lirer s 1), Pump speed is defined in
Chapter 14. .

5. Initial temperature Jor demagnetization ecooling, Consider a uuﬂamwzn:n
salt with a Debye temperature (Chapler 4) of 100K, A magnetic field of 100 KG
or 10 teslu is available in the laboratory, Estimate the temperature to which the

salt must be precoaled by other means in order that significant magnetic cooling

the magnetic monent of a paramagnetic jon to be 1 Bohy magneton, By signifi-
cant cooling we may understand cooling to 0.1 of the initial lemperature,

expansion engine -
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Note: This chapler is wrilten for student
familiacity with conduction and valen
notation is that:

§ with a professional interest in semiconductors, We assume
ce bands; electrons and holes; donors and acceplors. The

. = concentration of canduction eletirons;
r, = concenlsation of holes;

n; = value of o, or n, for an intrinsic semiconducior;
h, = effee

¢ quantum concentration for conduction clecirons:
. = effective quantum concentration for holes,
In the semiconductor fiterature n; and ",

and vaiencs bands. Notice that
carsicr mobilities.

are calied the effective densities of states for the conduction
we usc p for the chemical potential or Fermi fevel, and we use Hilor

i

Energy Bands; Fermi Level; Electrons and Holes

ENERGY BANDS; FERMI LEVEL;
ELECTRONS AND HOLES

The application of the Fermi-Dirac distribution to electrons in semiconductors
is central to the design and operation of all semiconductor devices, and thus
to much of modern electranics. We treat below those aspects of the physics
of semicanductors and semiconductor devices that are parts of thermal physics.
We assume that the reader is familiar with the basic ideas of the physics of
electrons in crystalline solids, as treated in the texts on solid state physics
and on semiconductor devices cited in the mnm.n:i references. We assume the
concept ofenergy bands and of conduction by electrons and holes. OQur principal
aim is to understand the dependence of the all-important concentrations of
conduction electrons and of holes ‘upon the impurity concentration and the
temperature. ‘

A semiconductor is a system with efeciran orbitals grouped into two energy
bands separated by an energy gap (Figure 13.1). The lower band is the valence
band and the upper band is the conduction band.* In s pure semiconductor at
© = G all valence band otbilals are occupied and 2!l conditction band orbitals
are empty. A full band cannot carry any current, so that a pure semiconductor
al r = 0 is an insulator. Finite conductivity in a semiconductor follows either
from the presence of electrons, calied conduetion clectrons, in the conduction
band or from unoccupied orbitals in the valence band, called holes.

Two different mechanisms give rise to conduction electrons and holes:
Thermal excitation of electrons from the valence band to the conduction band,
or the presence of impurities that change the balance between the number
of orbitals in the valence band and the number of efectrons avaiiable to fill them,

We denote the energy of the top of the valence band by ¢,, and the encrgy
of the bottom of the conduction band by ¢.. The difference

— ()

is the energy gap of the semiconductor, For typical semiconductors g, is between
0.1 and 2.5 electron volts. In silicon, g, = L1 eV. Because 1 =~ 1/40eV at room

* We treat both bands as single bands; for our purposcs it docs not matter that both may be groups

_of bands with additional gaps within each group.
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of 4 pure semiconductor or insulator.
bands which extend through the crystal.

5 up {0 the top of the vafence band are filled, and the
empty. The encrpy interval between the bands s called

lemperature, we usually have & » 7. Substances with a gap of more than about
25¢eV are usuaily insulators, Tuble 131 gives the “nergy gaps for selected
maamno:ac.ﬂoa. together with other properties needed later,

Let n, denote 1hg concentration of conduction

electrons and ny, the con-
centration of holes, I pure semi

conductor the two wil] be equal

N, o= 0y AMV

il the erystal is electrically nentral,

Mast semiconductors as used in
impurities thar may become therm
lemperature. Impurities that pive
Positively charged in the process)

devices have been intentionatly deped with
lly fonized in the semiconductor at room
an electron tg the crystal (znd become
are called donors, Impurities hat accept

Energy Bands; Fermi Level ; Electrons and Holes

Table 1301 Band structare dara of some important semiconductors

: Density-ef-states Dielectric
Energy Quantum concentrations effective masses, constants,
£2a2ps at of electroas and holgs in units of the retative ta
JOOK. at 300 K free clectron mass vicuum
£, ", ., mrm o m 3
eV cm™? em™?
————— e S
Si 114 27 x 1pt® LE x 10" 106 0.58 E1.7
Ge 0.67 10 x jp!® 5.2 x 10t Q.56 0.33 1538
GaAs 143 46 x 107 1.5 x o' 0.07 071 1313
InP 13s 49 x 1047 6.5 x jpi8 2.073 0.42 1237
InSb i 0.18 46 % 1016 62 x 1018 0.015 0.39 17.5%
. .lr.l}l_!iiliiflfjl ———— b

an electron from the valence band {and become negatively charged in the
processy are called acceptors,

Let ;" be the concentrution of positively charged donors and n,” the
conceatration of negatively charged acceptors. The difference

+ -

An = oyt~ o, ) {3)

is cailed the nel ienized donor toncentration. The electrical nevtrality condition
becomes

Be =ty = An o= gyt — g7 (4}

which specifies the difference hatween electron and hole concentrations,

The electron concentration may be calevfated from the Fermi-Dirac dis-
tribution function of Chapter 6:

R, ()

146 = expllc — @] £1°

where g is the chemical potential of the electrons, The subscript e refers to
clectrons. In semiconductor theory the electron chemical potential is always
called the Fermi level. Further, in semiconductor theory the character g is
almost always reserved for the electron and hole mobilities, and the Fermi
level is designated by &7 ar by {. To avoid confusion with the Feremi energy
of a metal which we designated as ¢, and which stands for the Fermi level
i the limit £ - €, we shall maintain our previous usage of the fetter ufor the
chemical potential at any temperature,
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Given ¢ and 1, the number of conduction electrons is oblained by summing
the distribution function f{e) over all conduction band orbitals:

N =Y fia (6)
[4¢:]
The number of holes is
Ni=2[1- fte)] =¥ fia, _ e
YH v

where the summation is over alt valence band orbitals. Here we have introduced

the quantity
[ C R R R Y— ®

R T espllu -]+t

which is the probability that an orbital at ener

8y £ is unoccupied, We say
that the unoceupied orbital is

occupied by a hole™; then fi{e) is the distribution
function for holes just as Je} is the distribution function for electrons. Com-
parison of (8) with {5) shows that the hole occupation probability involves
# = & where the electron occupation probability involves ¢ — u.

The concentrations n, = NV and ny = N/V depend on the Fermi level.
But what is the value of the Fermi level? It is determined by the electrical
neutrality requirement {4), now written as (4} — nfp) = An. This is an

imiplicit equation for 1 10 solve the equation we must determine the functionzl
dependences n(u) and n,{p).

Classical Regime

We assume that both electron and hole concentrations are in the classical
regime defined by the requirements that fo <« 1and f, « 1, a5 in Chapter &.
This will be true if, as in Figure 112, the Fermi level Lies inside the energy gap
and is separated from both band edges by energies large enough that
nxmmlmmn -]« 1 expl—{u - g)t] < 1. (%)
To satisly {9) both (g, - p) and { — €,) have to be positive and at least a
few times Jarger than 1. Such a semiconductor is calied nondegenerate. The
inequalities (9) place upper limtits on the electron and hole concentrations and

are satisfied in many applications. With (9} the two occupation probabilities
Jde} and fi(e} reduce to classical distributions; T

Classical Regime 159

Conduction
band

N o,

N,n
Valence ¥

band

1= fle,y << ﬂ\

© | w

Figure 132 Occupancy of orbitals at a finite temperatuse, according 1o the Fermi.
Dirac distribution function. The conduction and valence bands may be represented
in terms of temperature-dependent eflective numbers N, N, of degenerate orbitals
located at the 1wo band edges ,, &,. The n,, n, are the correspoading quantum
concentrations,

fl) = exp[—(e — wfr);  file) = exp[—{u — €)/r]. (10)

We use (6) and (10} to write the total rumber of conduction electrons in the

form :

or

N, = weﬁ”im - p)fr] = exp[ (g —~ p}/r] Weﬁm:w —edft]e s

: Zn = .Z.nmxﬁmiﬁmn e _tu\du 3 A:v
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where we define
No= Yexp[—(s - el 12
: CB

Here & — £, is (he energy of a conduction ef
band edge g, a5 otigin,
The expression for N,

eciron referred 1o the conduction

has the mathematical farm of a partition function
for one electron in the conduction band. Tt Chapter 3 we evaluated a simifar
sum denoted there by Z,, and we can adapt that result 1o the present problem
with an approximute modification for band struclure effects, Because of the
apid decrease of expl — (¢ - £)/1] us ¢ increses above its minimuny value
al &, only the distribution of orbitals within a range of a few t sbove & reaily
malers in the evaluation of the sum in (12). The orbitals high in the band
make a neglipible contribution, The important poind is that nedr the bund edge
he electrons behave very much fike free particies, Nog only ure the electrons
mobile, which causes the conductivity of the semiconductor, but the energy

ly differs from that of free
pirticles only hy 2 proportionality facter in the energy and eventually in the
sum for 7,

We can arrange for a stitable proportionality factor by use of a device
cailed the densify-of-statag effective mass. For free particles we caleulated ihe
partition function £y in {3.62), but m.m: zero spin. For particles of spin ¥ the
result is larger by a factor of 2, 50 that {12} becomes

Ne=Z) = 2oV = depanntpny, (13)

Numerically, this gives

NSV > 2509 x 10 (TH00KPem=3 | (14

where T is in kelvin,
The quantity N, for actual semiconduciors exhibits the S&me temperaiure

dependence asg {13), but differs in magnitude by a preportionality factar. We
express this formally by writing, in analogy to (13},

Ne = 2m 12nhtp {15}
where m.* is called the density-of-states effective mass for electrons, Experi-

mental vuluey are given in Table 139, The introduction of elfective masses
is more than a fermality, In the theory of electrons in crystuds i s shown that

s

Classvical Repime

the dynamical behavior of electrons and holes, under the influence of external
forces such as electric fields, is that of parlicles with effective masses different

from the free electron mass. The dynamical masses usually are differem from
the density-ofstates masses, however.

We definie the quantum concentration n, for conduction electrons asg

e T NSV = 2m*vj2uh?y¥i2, (16)
S
By (11) the conduction clectron concentration ne = N /V becomes

Mo = neexpl (e, - p)fe). {17)

The ecarlier assumption (9) is equivalent to the assumiption g 1, « 11, so
that the conduction clectrons act as an ideal pas, As an aid to memory, we may
think of N_ as arising from N_ orbitals & with the Fermi level at 5. Waraing:
tn the semiconductor literature 1, is _.?‘u:mv_w. called the effective density of

States of the conduction band. )
Similar reasoning gives the rumber of holes in the valence band:
Ny == 3 expl —(pn — elft} = Nexp[—~{n ~ &dft], (18)
va
with the definition

N, = ¥ exp[—t(e, ~ e)f]. €19
AL

We define the quantum tonceatration n, lor holes 45

n, o= NV = 2y ¥ ) dnkt)¥e, {20}

where m* s the density-ol-states effective mass for holes. By {18} the hole
Concentrationm, = N,/Vis

My = myexp[ - - g)fx).

e e

{21)
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Like (17), this gives the carsier concentration in terms of the quantem con-
centration and the position of the Fermi level relative 1o the valence band

edpe. In the semiconductor literature n, is calied the effective density of states
of the valence band.

Law of Mass Action

The product nn, is independent of the Fermi leve

1 5o long as the concentrations
are in the classical regime. Then

iy = naexpl — (g, — g,)/7] = nnexpl—-g, /1), {22a)

where the energy pape

s = £ £, Ina pure semiconductor we have n, = ",
and the common vai

ue of the two concentrations is calted the intrinsic carrier
concentration n; of the semiconductor, By {22a),

i = (nn )P exp(~ £,/21). {22%)

The Fermi level independence of the product n,n, means that this product-

retains its value even when n, # ny,

impurity atoms, provided both cone
We may then write (22a) as

as in the presence of electrically charged
entrations remain in the classical regime.

(22¢)

The value of the product depends only on the temperature. This result is the

mass action faw of semiconductors, similar to the chemical mass action law
(Chapter 93

Intrinsic Fermi Level

For an intrinsic semiconductor n, = n;, and we may equate the right-hand
sides of{17) and (22b}:

n, mxmuM - nmn 1.. _tv\ﬂu_ = A:nmncuf.u nxﬁﬁ .IMn\N.&. Amwu
Insert &, = &, — £, and divide by n.exp(~ g/7):

expli/s) = (n,/n) P expl, + e)i2c].

perar

B

Donors and Aceeptors
We take logarithms to obiain
p=1e, + )+ dtlog(n fn) = e + e + irlog(mg®fm,*) {24)

by use of (16) and (20}. The Fermi level for an intrinsic semiconductor lics near

the middle of the forbidden gap, but displaced from the exact middie by an
amount that is usually small.

n-TYPE AND p-TYPE SEMICONDUCTORS
Danors and Aceeptors

Pure semiconductors are an idealization of little practical interest. Semicon-
ductors used in devices usually have impurities intentionally added in order to
increase the concentration of either conductian electrons or holes. A scmicon-
ductor with more conduction electrons than holes is called n-lype; a semi-
conductor with more holes than electrons is called p-type. The letters n and p
signify negative and positive majotity carriers. Consider a silicon crysta! in
which some of the Si atoms have been substituted by phospheorus atoms.
Phosphorus is just to the right of Si in the periodic table, hence each P has
exactly one electron more than the Si it replaces. These extra electrons do not
fitinto the fitled valence band; hence a Si crystal with somce P atoms will contain
mere conduction clectzons and, by the luw of mass action, fewer holes than a
pure Si erystal. Next consider aluminum atoms. Afuminum is just 1o the left
of i in the periedic table, hence Al has exuctly one electeon fewer than the Si
it replaces. As a result, Al atoms increase the number of holes and decrease the
number of conduction electrons.

Most impurities in the same columns of the periodic table as P and Al will
behave in Si just as P and Al behave, What matters is the number of valence
electrons relative to 5i and not the total number of electrons an the atom,
Impurities from other columns of the periodic table will not behave so simiply.
Similar reasoning can be applied to other semiconductors, for example GaAs,
For the present we assume that each donor atom contributes one electron which
may enter the conduction band or fill one hole in the valence band. We also
assume that each acceptor atom removes one electron, either from the valence
band or from the conduction hand. These assumptions are called the approxi-
mation of fully jonized impurities: all impurities when ionized are either posi-
tively charged donors D* or negatively charged acceptors A7,

The electrical neutrality condition (4) told us that

Am=n, —p=n*~-n". . (25)

Js3
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Degencrate Senviconductors jss

Because "n, = :.M\zu from the mass actionfaw, we sge that

{25)lcads 1o a quadratic
¢quation for p_:

T

nd

.Conduction ba

0.0 |
o1
13— A e TR (26) > gak
%0
e & 03F
The positive root ig & o0df nlype, An = 1012 o3
: ! Intrinsic fev
ne= HIAAP + a2y gy (27a) Oy N
) E
and because n, = 5, = A we have G 04r PUPE An = 1012 o3
' 0.3 =
My = I (An? 312 ' oafk -
= 3 (A + 4, - An}, (27b) W o1k
Most often the doping concentration i large compared 10 the intrinsic con- L T Valenee band e . L ;
centration, so that ejther e O 1y s much larger than n,: B e S
- 0 200 300 <00 500
F:m >, {28)

This condition defines

an extrinsic semiconductor, The $quare roots in {27)
can then be expanded; . :

Figure 13.3  The Fermy tevel in silicon as a function of temperature, for
various doping concentrations. The Ferm{Tevels are expressed relative to

. the band edges. A smaif decrease of the erergy pap with lemperature hasg
ftAn)? + 471 = H%_MT + {2m/An) 2] . been neglected. .
= Al + m_ﬁ.ibzw. {29)
In an n-type semiconductor Ay is positive and (27} becomes oot~ tlogn/n) = g, + wlogln,/n,). (33
me = An 4 on3Ar ~ An ny s AN « i (30) We may now use (27) to find # as & function of temperature ang doping level

An. Figure 13.3 gives numericat results for $i. With decreasing emperature the

Fermi leve! in an extrinsic semiconductor approaches either the conduction or
the valence band edge.

Ina p-type semiconductor Ay is negative and (27) becomes

M . . by
1, 21, = A /AN ~ ARl 31 .
el s, il + o] = | ! By Degenerate Semiconductors
The majority carrier Concentration in the extrinsic limi {28) is nearty equal to

; When one of the carrier concentrations is increased and approaches the quan.
the magnitude of An, while the minority cargier concentration is inversely

: tum concentration, we may no longer use the classical distribution (10) for that
proportional Lo {An}, : : carrier. The caleulation of the carrier concentration now follows the treatment

of the Fermi gas in Chapter 7. The sum over all eceupied orbitals, which is
Fermi Level in Extrinsic Semiconductor . : cquil to the number of electrons, is written as v integrad over the density of
By use of the mass action law we :

caleuluted the carrier concentrations without states times the distribution function:
having 10 calculute the Fermi fevel first. The Fermi level is obtained fromn, or :

iy by solving (17) or {21} for e - N = .‘,_?@E\E . (33)
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where for free particles of mass m the density of states is

¥of2m\
D) = 5 ,mm g2, (34)

That is, ®(e)de is the number of orbitals in the energy interval (g6 + o). To
make the transition to conduction electrons in semiconductors we replace N
by 0¥ m by m,*; and ¢ by & — £. We obiain

1 /2m,*\3? ,‘.e de(e ~ g )2

T\t < 1+ expfle — wy/c]’ (35)

Letx = (g e)eandy = (u — £)/r. We use the definition (16} of n, 10 cbtain

Ms .FH:N
ﬂ& e of N *
mfn, = My N ._.o L+ explx — 1) oo

The ::mm:m. Iin38) is known as the m.o_.q:m.umnmn integral,
When e, — g » v we have —q » 1, 50 that exp{x — n} » L. In this limit

e, = u\m e [Fidxemmsit = w T2 expl(n — eic], ()

the familiar result for the ideal gas.

In semiconductors the eleciron concentration rarely exceeds several times
the quantum concentration n,. The deviation between the value of 4 from (35)
and ke approximation (37) then can be expanded into a capidly converging
power series of the ratio r = n_jn,, called the Joyce-Dixon approximation:*

—

1 3 -
;e_@.u% m;%fﬁ:“ 7= nfn, (38)

Figure 13.4 compares the exact refation (36) with the approximations (37} and
(38).

* W, B. Joyce and R. W. Dixon, Appl. Phys. Lett. 31, 354 (1977). §£ the right side of (38} is written
as ¥ A, the first four cocflicients are Ay o= 353553 x B0TH A; = 495009 x 1073 4, =
L4BIBG x L0 A4, = —4.42563 x 1078,

Begencrate Semiconductors

Foa=n/m,

0.001 | i 1 ! I 1 | t
O!n..q B - S T Ty, iy | 0 1 2 3 4 5 6 7

1 ={p— £

Figure 13,4 Electron concentration as a function of Fermi kevel, for j2 near or
above conduction bund edge e, The dashed curve represents the first term of the
Joyce-Dixon approximation (38),

i i
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When n, is no longer smaj] compared 10 1, the expression of the mass action
law must he modified. In Problem 4 w

e ask the reader to show that

Mty = nexp[ /8, -+ 1

{39)

I the gap itsell depends on the carrier Concentrations, the value of n, to be used
kere will depend on concentration,

Impurity Levels

The addition of impuritics to a semiconduclor moves some orbitals from the
conduction or valence band into the energy gap, where the orbitals now appear
as localized bound states. We consider phosphorous in a silicon crystal, If the
P atom has released its extra electron to the S$i conduction band, the atom

the conduction band, and the ion can bind an elecizon just
bind an electron in g hydrogen atom. Howev
semiconductor i severa] orders of magnitude |
erergy is to be divided by the square of th
partly beeause of mass affects, Table 13.2
column V donors jn S and Ge. The lowest
donor torresponds to an energy levél Ag,

conduction band {Figure 13.5). There is on
donor.

er, the binding energy in the
ower, mostly because the binding
¢ static dietectric constant, and
gives the ionization energies for
orbital of an electron bound 1o a
= £ — & below the edpe of the
e set of bound orbitals for every

A perallel argument applies to holes and acceptors. Orbitals are split off
from the valence band, as in Figure 13.5. For each acceptor alom there is one
set of bound orbitals with gn ionization energy Az, = £, ~ ¢, ol the same order
as Agy. Tonization energies for column 111 acceptors in Stare listed in Table 13,2,

In GaAs the jonization energies for ail column VI donors except oxypen are
close to 6meV. For zinc, the most important aceeptor, Ae, = 24 meV. Some

Table 132 lonizution energics of colismn ¥ donors and
column 1 acceptors in 8 und Ge, in meV

Doners Acceptors
Al Gu Ta

57 . 85 16
16.2 iG8 1.2

Gecupation of Donor Levels

Figure 135 Donor and acceptor impurity levels in the encrpy
gup of a semiconductor.

impurities generate orbitals deep inside the forbidden gap, semetimes with
multiple orbitals corresponding to different ionization states.

Occupation of Donor Levels

A donor level can be occupied by an clectron with either spin up ot spin down,
Hence there are two different orbitals with the same energy. However, the
occupations of these two orbitals are nat independent of each other: Once ,.:o
level is occupied by one electron, the donor cannot bind a second n_no:oq with
oppasite spin. As a result, the occupation probability for a donor level is mon
given by the simple Fermi-Dirac distribution function, but c.w w. function
treated in Chapter 5. We write the probability that the donor orbital is vacant,
so that the donor is ienized, in a form slightly different from (5.73):

l
SID") = 1+ Zexpliu ~ .Sr:w

. : {40)

Here g, s the energy of a singly oceupied donor orbital relative to the arigin
of the encrgy. The probability that the donor orbital is oceupicd by an cleciron,
so that the donor is neutral, is given by {5,714y

!
AD) = —

. S ()
U+ Lexplle, — ]
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Acceplors require extra thought. In the ionized cond
each of the chemical bonds between the
semiconductor atoms contains a pair of electrons with antiparailel spins. There
is only one such state, hence the jonized condition contributes only one term,
exp[(i ~ £,)/1], to the Gibbs sum for the acceplor. In
of the aceeplor, one eleetron is missing from the sucr
the missing electron may have either spin vp or spin do
is represented twice in the Gibbs sum for the accept

Hence the thermal AVCTARe OCCupancy is

ition A™ ofthe acceplor,
acceplor atom and the surrounding

the neutral condition A
ounding bonds. Because
wi, the neutral condition
or,byaterm2 x § = 2.

sy = ol ey (42)

24 expllp — e)) 1+ Zexplls, - pife] :

The neutral conditjon A w

ith the acceptor orbital unoecupiced, occurs with
probability

2 i
SiA) = 5—

ta;lfu . 43
Z+explip ~e)t] 1+ dexplip — &,)/1) ‘3

The value of An = % - 0, is the difference ol concentrations of D* and AT,
From (40) or (42) we have ) ,

e (44)

U+ Zexpl(pe — g)fc]”

il
it

nt = (DY

i
il

T f(AT) e P {45)

b+ Zexplle, ~ pyt]’
The newtrality condition (4) may be rewritten as

nmEan T = 4ot =gt {46}

This expression may be visualized by a logarithmic plot of 1™ and n™* as func-
tions of the position of the Fermi level {Figure 13.6). The lour dashed lines
represent the four terms in (46); the two solid lines represent the sum of all
positive and ali negative charges. The actual Fermi level ocours where the total
positive charges equal the total negative charges.
For vy —n," » n, as in Figure 13.6, the holes can be neglected; for
"~ 1yt > ; the electrons can be neglected. 1f one of the two impurity
species can be neglected, the majorily carrier concentration can be calculated
in closed form. Consider an #1-1ype semiconductor with no acceptors. The

n

Occupation of Donor Levels

1

’ at = "y 4 nd . R o= o, 4 ong
10~ \l .
:.._ I.ILA .
AN

¥ -
t
:_M. " - Neutralily
106} |m| l|n|;|..1/:n
1/
- !
/
1014} \M
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i
i
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i
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Figure 13.6 Graphical determination of Fermi leve! and eleciron concentration in
an n-type semiconductor containing both donors and ACCEPLOTS.

neatrality point in Figure T3.6 is now given by the intersection point of the n*
curve with the n, curve, If the donor concentration is not too high, the mnmnﬂ..
section will be on the straight portion of the u, curve, along which the approxi-
mation (17} holds. We rewrite this as

explp/t) = {n/n)exple.f1); “n

exp[(u — m.bx& = ?.?Lnxnmﬁ - eft] = njn*, (48)

T Ry e S
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where

™ = neexpl — (s ~ )] = nexp(—~Ag,fr) o {49)

is the electron cancentration that would be ﬁmmm\u
the Fermi level coincideg with the donor level. 1
ionization energy.,

We insert (48) into () and set 5, = ny” to obtain

nt in the conduction band if

ere gy = g, — g, s the donor

ny

U+ 2njn %) &0

72+t = dngn*, {531

This is a quadraljc tquation in n,; the positve solution is

#e=dn 4 Brigfn #3102 1), {52)

For shallow donor levels, n,*

is large and close 10 1. I the doping is sufficiently
weak that 8n, « n,

*, the square root may be expanded by use of
{1 .*.wa.\wuh+wkfwk~+..., 53)

for x « 1. With x = Biy/n* we abtain

e = g = nling* e pgy — ngfn ), (54)

The sccond term jn the parentheses gives the Brst order departure from complete
fonization, For example, for P in Si at 300 K, we have Ag, = 1,741 from
Table 132, so 1hat m* = 0.175n, from (49). If e = Q0ln, Eq. {54) predicts
that 1.4 pet of the doriors remain un-ionized. The limit of weak ionization is
the subject of Problem &,

| Tt PN

(S R

EEE T L

Example; Senvi-inswlating gulline arsenide.  Could pure GaAs be prepared, it would have
an intrinsic carrier concenteation at room temperature of m, £ 107 em !, With such a low
sencentration of carriers, §0° 19 Jegg thar & metal, the conductivity would be claser o an
insulator thas 1o 2 conventional semiconductor, Intrinsic GaAs would be uscful as an
insulating substrate on w hich to prepare thin layers of doped GaAs as needed for devices.
There does nol exist 4 technology 1o purify aay subslance tg 107

inpurities per cm™

P-n Junctions

However, it is possible to achieve near intrinsic carrier concenteations in GaAs by doping
with high concentrations (10%%~1q0t cm” ) of exygen and ch
rities that have theis impurity levels near the middi
As site and is 1 donor jn GaAs, as expected from ¢
relative 1o As; the crergy level® is about 0.7 eV bela
energy level about 9.84 eV below £,

Consider 1 GaAs crystal doped with both oxygen and chromjum. The ratio of ths two
concentrations is nol critical; anything with an O:Cr ratio between about 1:10 and 10:1
will do. Hihe concentrations of ajl other impurities are small compared with these of O and
between elect ong
15 system shows that

romium together, 1wo impu-
¢ of the énergy gap. Oxygen enters an
he pasition of O in the periodic table
w & Chromium is an acceptor with an

1.3z above the O level and 1.5¢ below the Cr level. With the Fermi level pinned neap the
riddie of the tnergy gap, the crystal must act as nearly intcinsic,

Gallivm arsenide doped in this way is called semi-insulating GeAs and is used extensively
as @ high-resistivity {102 1o 10'9 3 cm) substrate for GaAs devices. A simifar doping pro-
cedure is possible in [P, with iron taking the pluce of chramium.

,‘ T e e e e

p-n JUNCTIONS

Semiconductors used in devices are almost never uniformly doped. An under-
standing of devices requires an understanding of nonuniformly doped s2mi-
conductors, particularly of structures called p-n junctions in which the doping
changes with position from prtypeto n-type within the same crystal. We consider
2 ssmiconductor crystal inside which the daping changes abruptly at x = @
from a uniform donor concentration », o a uniform acceptor concenlration
.. as in Figure 13.7a. This is an example of a p-n junction. More complicated
device structures are made up from simple junctions: a bipolar transistor has
two closely spaced p-n junctions, of the SCqUEnce p-a-p Gt n~p-n.

p-n junctions contain a built-in electrostatic potential step ¥4, even in (he
absence of an externally applied voltage {Figure 13.7b). With no externally
applied voltage, the electrons on the two sides of the junction are in diffusive
equilibrivm, which means that the chemical potentials (Fermi levels) of the two
sides are the same, Because (he pasition of the Fermi level within the band
structure depends on the Joca] doping, constancy of the Fermi level lorces o
shift in the clectron energy bands in crossing the junction (Figure 13.7c}. The
shift is e, The potential step of height el is an example of the potentiul siep
required to equalize the toral chemical potential of twe systems when the
itrinsic chemical potentials are unequal, as discussed in Chapter 3,

* R Zueea, L Appl. Phys.

48,1987 {1977 The encrgy assigament is somew hat uncertain,
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Figure 13.7 A pin junction. (a} Doping distribution. Ii is assumed

that the doping changes abruptly from n-type to p-type. The two
daping levels are usually different. {5} Electrostatic potential. The
buitt-in voleage ¥, establishes diffusive equilibrivm between the
two sides with different electron concentrations as well as hole

concentrations. (c) Energy bands. Because the Fermi level must be
constant throughout the steucture, the bands on the two sides are

shifted telative to cach other, {d) Space charge dipole required to

generate the built-in voltage and to shilt the energy bands.

p—n Junrctions

We assume that the two doping concentrations ny, 1, lic in the extrinsic but
nondegenerate range, as defined by

N; € Ny << 1 ;€ H, € H,. {55}

If the donors are fully ionized on the n side and the acceptors fully ionized on
the p side, then the clectron and hole concentrations satisfy

h, = Hay Hy =1, Am@w

one on the # side and the other on the p side. (We have dropped the supesscripts

+ from ny, 1.} The conduction band energies on the i and p sides follow frem
a7

£ = g = Tloplgfn); {57
£, = g tlogln,/n) = p - zloglm?mn, (58)
by (22¢}. Hence
eV = &, — &, = tloglnn/n?) , . (59)
or
ey = 6, — tloglun,fng,). {60)

For doping concentrations ny = 0.01n_and n, = 0010, wefind e¥; = g, — 921,
which is 091 eV in silicon at room temperature.

A step in electrostatic potential is required to shilt the band edge energies on
the two sides of the junction relative to each other. The electrostatic potential
@(x) must satisfy the Poisson equation

2
sh _ d*p P

i...lHlI w
dx? e’ e

where p is the space charge density and ¢ the permittivity of the semiconductor.
Space charge must be present whenever § varies. In the vicinity of the junciion
the charge carriers no longer newtralize the impurities as in the bulk material,
The space charge must be positive on the n side and negative on the p side
(Figure 13.7d). Positive space charge on the n side means that the electron
conceniration is Jess than the donor concentration. Indeed, as the conduction
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band edge is rajsed refative to the fixed Ferm; lev
decrease of the eleciron cancentration n,,

. Takethe arigin of the electrostatic potentialat x = o0, 50 that @ - o) = O,
Then g {x} = A=) — ep(x), and (17) becomes

el, {17) predicts an exponential

(%) = ngexpfep(x)fe . (62)

The Poisson equation (61} is

dip o e en
I [ = nfn)] = — ma [t — explep/o]. {63)
Multinly by 2do/dx to obtain
dodte ¢ dp\? 2eny d T
Tom s PN ceng d I ; : 64
de dx? 7 o \dy € dei® e explep/o) s 9
Integrate with the injtial condition @ — o) = 0:
dpN2 - 2ep, Tt
B kit R ’ . 63
o et P expleq/1) . {63)
Atthe interface x = 0 we assurme that’
—o@ = ¥ » e, (66)

where ¥, is that part of the built-in electrostatic potential drop that occurs on

the n side. The exponential on the right-hand side of {65} can be neglected, and
we obtain

E = [Qene(v, — )]t (67)
for the x component of the electric ficld £ = —de/idx at the interface. Sinilarly,
E = mﬁm:n\&t\n -~ rfey}i?, (68)

where ¥, is that part of the buili-in electrostatic potential drep that occurs on

the p side. The two £ fields must be the same; from this and from V. +V, =¥,
we find

. (69)

==

Reverse-Binsed A brupt p—n Junction

The field E is the same as if on the n-1ype side all electrons had been depleted
lrom the junction to a distance

5 . ” 3 . /2
=S (2 ) (2 m (o = 2} (70)

" enm, ey e nyln, + ny)

with no depletion at X >,

theory as a measure of the d

layer into the n side.
Similarly, on the p side,

- The distance w, is used in semiconductor device
cpih of penctration of the spuce charge transition

ek 2e 1 e 1y 12
= e [ 25 — = {2 - . (N
e en, en, mm\_.w vfe) e nin, + :.LAS: 2ife) 71

The total depletion widih Wy b, is

am.m. n, + E:\u. 2 12 . AV, — md‘&.

e . iy E

W=

(72)

Ifweassumen, = n, = 18%em™ ¢ = 10¢,; and Vi — 2t/e = 1 volt, we ind
£=425 x 10°Vem ™ and w = 4.70 x 1073 ¢,

Reverse-Biased Abrupt p-n Junction

Let a voitage ¥ be applied to a p-n junction, of such sign that the psideisat a
negative voltage relative to the o side, which means that ¥ rajses the poteatial
cnergy of the electrons on the p side. This voltage will drive cond uction electrons
from the p side to the » side, and holes from the i side 10 the p side. But the
pside in bulk contains a vary low concentration of canduction clectrons, and the
it side containg a very low concentration of koles, consistent with the mass
action [aw. As a result, very little current flows. The distributions of electrons,
holes, and petential are approximately the same as if the built-in voltage were

increased by the applicd voltage, Figure 13.8. The field at the interface is now
given by

e

Ze oy 12

]
Eelemmmie iy =) (9

e e
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Figure 13.8  Reverse-
levels p, and y,.

£Hx)

e i e

biased p-n junciion, showing the quasi-Farmi

and the junction thickness is given by

Zen, + n,
e nny

W=

T {74)

2 M w\ .—\I .
V] + ¥~ 2] = 20VL+ & 2¢/e)

In the semiconductar device literature we often find (73) and {74} without the

term 2tfe, because certain g

pproximations have been made about the space
charge and field distribution; we have solved the

_correct electron distribution (§2).

Poisson equation with the

Current Flow: Drift and Diffusion

NONEQUILIBRIUM SEMICONDUCTORS

Quasi-Fermi Levels

When a semiconductor is ifluminated with light of quantum energy greater
than ihe energy gap, electrons are raised from the valeace band to the canduc-
tion band. The clectron and the hole concentralions creat

arc larger than their equilibrium concentrations. Similar n
cenirations arise w

ed by illumination
onequilibriur con-
hen a forward-biased p-n junction injects clectrons into a
p-type semiconductor or holes into an n-type semiconductor.
charge associated with the injected carrier type alteacts opposi
carriers {rom the external electrodes of the semiconductor so that
concentrations increase.

The electric
tely charged
both carrier

The excess carriers eventualiy recombine with each other. The recombination
times vary greatly with the semiconductor, from less than 109
1075, Recombination tinses in high purity Siare near 10™3s, Even the sharsest
recombination times are much fonger than the times [~ 1071 5) required at
room temperature for the conduction electrons to reach thermal equilibrium
with each other in the conduction band, and for the holes to reach thermal
equitibrium with each other in the valence band. Thus the orbital occupancy
distributions of electrons and of holes ase very close to cquiltbrinm Fermi-Dirac
distributions in each band separately, but the total number of holes is not in
equilibrium with the 1otal number of electrons.

We can express this steady stale or guasi-equilibrium cond
that there are different Fermi levels neand
Fermi levels:

s to longer than

ition by saying
for the two bands, called quasi-

H .
P+ expl(e — p)ir’
m -
I+ explle - p)/e]

FECAY

#

{75)

i

SileT)

Quasi-Fermi jevels are used extensively in the analysis ol semiconductor devices,
Current Flow: Drift and Diffusion

If the conduction band quasi-Fermi level is at 4 constant encrgy throughout a
semiconductor crystal, the conduction electrons throughout the crystal are in
thermal and diffusive equilibrivm, and no electron current will flow, Any
conduction electron flow in a semiconductor at a uniform temperature must be
caused by a position-dependence of the conduction band quasi-Fermi level.
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If the gradient of 1his level is sufficiently weak, we m

tribution of conduction electrons tg the total e}
proportional o this gradient:

2y assume that the con-
ectrical current density is

Je o grad (76}

Here J, is an electrical turrent density, not a particle fiux density. Because each
electron carries the charge - ¢, we have

Je = (—8) x (eleciron Fux density), (77}

where the electron flux density is defined a

s the number of conduction electrons
Crossing unit arca in unit lime, The close connection of (76) to Ohm's law s

[ pasticies is rom high to low chemical
» the conduction electron flux is opposite ta grad p., but because
electrons carry 3 negative charge, the associated electrical current density is
in the direction of grad u,. We view grad . as the driving force for this current.

Foragiven driving force, the current density is proportional to the concentration
n, of conduction electrons. Thus we write .

Jo= R grady, (78}
where the broportionality constant mn_‘ is the electron mobility, The symbot E.

should net be confused with the conduction bapd quasi-Fermi level, g1,

If the electron concentration is in the extrinsic but nondegenerate range,

KN, «n,, (79)

the conduction band quasi-Fermi jevel is given by {15), which can be written
in terms of the eleciran concentration as

Moo= e+ vlogln,fn), (30}

Thus (78) becomes

J. = g, grade, + rgradn,. (81}

A gradiert in the conduction band edge arises from a gradient in the electrostatic
potential and thus fror an clectric field:

grade, = —egrad g = ¢F, (82

e —

P L

e —-

Current Flow: Drift and Diffusion

We introduce an electron diffusion coefficient D, by the Einstein relation

D, = fle, : {83)

discussed in Chapter 14. We now write (78) or (31} in the final form

e

Jo = efinE + eD, gradn,, (84)
There are two different contributions 10 the current: ono caused by an electric
ficld and one caused by a concentration gradient,

Analogous results apply to holes, with one difference. The valence band quasi-
Fermilevel is not the chemical potential for holes, but is the chemica poteitiaf
for the clecirons in the valence band. Holes sre missing electrons; u hole current
o the right is really an electron current to the Ieft. But holes CALIY & positive
rather than a negative charge. The two sign Teversals cancel, and we may view
grad p, as the driving force for the tontribution J, of holes (0 the total electrical
turrent density, We write, analogously to (78),

di = Fn, grad Hy. (83)

Carrying through the rest of the argument leads to

Fpo= +efin,E — eDygradn, {84)
as the analog of (84), with (ke Einstein relation D, = Aytfe. Note the different
sign in the diffusion term: Holes, like electrons, diffuse from high to fow con-
centrations, but hole diffusion makes the opposite contribution to the electric
current, because holes carry the opposite charge.

e Ty i
B e S PR S S G

LR D ARSI P I 120 T ORISR M A D Lo 3 |

Example: Infection laser, The highest nonequilibrium carrier concenirations in semi-
cenduclors occus in injection lasers, When by electron injection the occupation f(e,} of
the lowest conduction band orbital becomes higher than the occupation fe,} of the highest
vaience basd orbital, the population is said to be inverted, Lascr theory tells us thae light
with a quantum EEIRY £, - £, = g, can then be ampiified by stimuluted emissivn. The
condition for poputation inversion is thas

fled > f[z), {87

With the quasi-Fermi distributions {75} this condition is expressed us

_‘tn..t..:ev & — & = £y . Ammw
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Electron flow

'

Hole

Figur¢ 139 Double-hieterostructure injection laser. Electrons flow from the
right into the active fayer, where they form a degenerate electron gas. The
potential barrier provided by the wide energy gap on the p side prevents the
clectrons from escaping to the left. Holes Aow from the feft into the active

layer, but cannot escape 10 the right. When (88} is atlained, taser action
becomes possibie.

For laser action the quasi-Fermi levels must be separated by more than the energy gap.
The condition (88) requires that at ieast one of the quasi-Fermi levels lie inside the band
to whicl: it refers. This is 2 necessary, but not a suficient condition for laser operation.
An important additional candition is that the encrgy gap is a direct gap rather than an
indirect gap. The distinction is treated in solid state physics texts, The most important
semiconductors with a direct gap are GaAs and InP.

The poputation inversion is most casily achicved in the double heterostructure of Fig-
tre 139, here the fasing semiconductor is embedded between two wider-gap semiconductor
regions of opposite doping. An examptle is GaAs cmbedded in AlAs. In such a structure
there is a potential barrier that prevents the outflow of electrons to th
Aan opposite poteatial barries that prevents the outflow of holes 1o the: miype region.
Except for the curreat caused by the recombintation itself, the electrons in the active fuyer
are in diffusive equilibrium with the electrons in the a contact, and the electeon quasi-
Fermi levet in the active layer fines up with the Fermi level in the n contact, Similaily, the
valence band quasi-Fermi level lines up with the Fermi level in the p contact. Inversion
can be achicved if we apply a bias vollage farger than the voltage equivalent of the active
layer encegy gap. Most injection lasers utitize this double heterostructure principle.

e p-type region, and

I

i

Current Flaw: Drift and Diffusion

i T T O T o,
LTI R P

b ey o

Example;: Carrier recombinarion through an impurity fevel, Elecirons and holes can re-
combine either by an electson falfing directly into a hote wilh the emission of a phatan,
or they can recombine through an impurity level in the energy gap. The impurity process
is dominant in silicon. We discuss the pracess as an instructive cxample of quasi-equilibrium
semiconductor stalistics. Consider an impurily recombination orbital at energy €, in
Figure 13.1¢. Four transition processes are indicated in the figure. We assume that the

ratz R, at which conduction electrons fall into the recombination arbitals is described by
2 law of the form

.mmna = A— - kﬁu:n_\__n » nmwu

where £, is the [raction of recombination orbitals aiready occupied by an efeciron {and

heace not available), and 1, is 2 characteristic time constant for the capture process, We
assume the reverse process proceeds at the tate

mmz.. = nﬁxa_:a. ) (90}

whereg ' is the lime constant for the reverse process. We take R, independent of the con-

centration of conduction electrons, because we assume that », « n,. The time constanis t,

Figure 13.18  Electron-hole recombination through
impurity recombination otrbitals at £, inside the energy
Tgap. - ) N
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and 1" are refated, bacause i equitibrium the two rates R, and R_, must cancel. Thug

A Nt I . (o1

tum, which means we use (t7) forn,, We ignore
ith the equilibrium Fermi-Dirae

= SV = exp[—(u ~ AN (92)
Thus (31) becomes

nooon n*

mrﬂ = M}nxﬁh|hm.n - L\ﬂu = o mmwv

&

where n,® is defined as the conduction electron co
equilibrium Fermi feve # in{17) coincided with
are insented ing (B9} and

reentration that would be present il {he

the recombination level 1 (92} and 93)
{90), the net electron recombination rate becomes

R, = R, - R, = m% R R I (99)

The analogous recombination rate for holes is obtained by the substilutions

' + .
zn‘ zn. x&l. mn —* .__Nr. Ry, .zw r __....
and

o1~ 1

Here 1, is the lifetime of holes i the fimi
electrons, and " is, by definition,

M = n,expl -, — &)t] = ntn,®, (96)
With these substitutions the ey hole recombination rate is
Ry = _W\w:.,_ = (1 - \UEJ\;. : 57)

Ta steady state the two recombination rates must beequal: R, = R, = R Equations (94)
4nd {97) ase 1wo equations for the twe unknowns Jrand B \We eliminate f to find

= { 98
B =8

Summary

This is the basie result of the Hall-Shockie

¥-Read recombination theary.* Applications
are developed in Problems 10 and 11, : :

SUMMARY

L. In semiconductors the electron orbitals are grouped into a valenge band
{completely occupied at 1 == @ iy a pure semiconductor) and 3 conduction
alt = Qin g pure man:.no:acﬂo&. separated by

1 band are called conductizn
d are calted holes.

M~

The probability of occupancy of a band or

bital with eRETRY e is goverred
by the Fermi-Djrac distribution functjon

I
e} = P+ exple - wikl

B = my = An,

Here n, and My are the toncentrations of conduction electrons and holes,

and An is the excess foncentration of positively charged impuritics over
negatively charged impurities,

=

A semiconductor is said tg

be in the classjcal regime when n, « n, and
Hy « 1. Here

Mo = 2m, ¥/ 2xh2)32

are the quantum concentrations for electrons and holes; ar* and an* are
effective masses for electrons and holes, In the semiconducior literature,

A and n, are called the effective densijres of states for the conduction and
valence bands.

e U

* R.N.Hal, m__d_m.. Rev. 87, 38T (19525, W Shockleyand W, 1. Read, Ir, Phys. Rev. 37, 83541952,
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5. 1a the classical regime

n, = neexpl ~{e, — /],
ny = expl—{u — e)fr],

where ¢, and ¢, are the energies of the ed

ges of the conduction and valence
bands,

6. The mass action law states that in the classical regime the product

na =t = o expl—g,/1)
is independent of the impurity concentration. The intrinsic concentration

1 18 the common value of &, and n, in an intrinsic {= pure) semiconductor,
The quantity

£y = £ — g,

is the cnergy gap.

ol

A semiconductor is called n-type when negative charge carriers (=con-
duction ‘electrons) dominate; it is calied p-type when positive charge
carriers {=hoics) dominate. The sign of the dominant charge carricrs is
opposite to the sign of the dominant ionized i puritics.

o

A p-n junction is a rectifying semiconductor structure with an internal
transition from p-type 10 n-lype. A p-n Jjunction contains internal electric

fields even in the absence of an applied voltage, For an abrupt junction the
field at the p-n interface is

2¢ ng 1z
FORE=J . o 3 - .
S (V] + %) - 20/e)

Here € is the permittivity, n, and #, are jonized acceptor and donor con-
centrations, and || and ¥, are the applied and the built-in reverse bias,

The clectric current densities due to electron and hole flow are given by

i

4
J

ek + eD,gradn,
o = eI E — eDy gradn,,

i

Here fi, and f, are the clectron and hole mobilities, and - L

]
9

Problems

D, = fafe, D, = fefe

are the electron and hole diffusion coefficients.

PROBLEMS

1. Weakly doped semivonductor. Calculate the electzon and hole concentra-
tions when the net donor concentration is small compared to the inirinsic
concentration, jAn| « n,.

2. Intrinsic conductivity and minfmun conductivity, The electrical conduc-
tivity is .

7= eln i, + njy) , (59)

where fi, and fi, are the electron and hole mobilities. For most semyiconductors
H, > fi,. (&) Find the nct ionized impurity concentration An = ngt o~ n,” for
which the conductivity is 2 minimum. Give a mathematical expression for this
minimum conductivity. (b) By what factor is it lower than the cond uctivity afan
intrinsic semiconductor? (¢} Give numerical values at 300K for Sifor whiceh the
mobilities are fi, = 1350 and fi, = 480cm? V=57, and for In8b, for which
the mobilities are i, = 77000 and F, = 750em® V™ 1s~!. Caleulute missing
data from Table 13.1.

3. Resistivity and impurity concentration, A manufacturcr specifies the re-
sistivity p = /o of a Ge crystal as 20 ohm cm. Take fi, = 3900 cm? ¥~ f g~ 1
and fi = 1500 cm® V™! 571 What is the net impurity concentration a) il the
erystal is n-type; b} if the crystal is p-type?

4. Mass action law for high electron concentrations. Derive {39), which is the

form of the law of mass action when n, is no longer small compared to a,.

5. Electron and hole concentrations in In§h. Calculate t,, my, and p — g, for
n-type InSbh at 300K, assuming n,* = 4.6 x 10'%cm™? == n,. Because of the
high ratio #/n, and the narrow energy gap, the hole concentration is not
negligible under these conditions, nor is the nondegenerate approximation
R, <« n_applicable. Use the generalized mass action law {39}, Solve the trap-
scendental equation fur #, by jtetation or graphically.

6. Incomplete ionization of deep impurities. Find the fraction of jonized
donor impurities if the donor ionization energy is large enough that Ae, is farger
than tlog(n,/8n,) by several timies 1. The result explains why substances with
large impurity joaization energies femain insulators, even if impure,
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7. Built-in fietd Jor exponentiaf doping profile. Suppose that in g p-type
semiconductor ihe jonized acieplor concentration at x Xpis'n" = ny <on,
and falls off CXpanentially 10 a vaiue n,” = M2 > At X = x;. What is the
built-in electric field in the interval {x1,%3)? Give numerical values for nfny =
197 and &, — Xt = 1075 em, Assume T = 300 K. Impurity distributions such
&5 this ocour in the base region of many n

-p-# transistors, The built.in field
aids in driving the injected electrons across the base.

8. Einstein relation for high electron concentrations, Use the ] ayee-Dixon

approximation (38) to give a series expansion of the ratio D_/fi, for electron
concentrations approaching or exceeding i,

9. Injection laser. se the Joyce-Dixon approximation to caleulate at T

300K the eleciron-hole pair concentration in GaAs that satisfies the inversion
condition (8%), assuming no ionized impurities,

10. Minority caryior lifetime.  Assume both electron
ina semiconducior are raised by Sn abave their equil
mirority careier lifetime by R =

and hole concentrations
ibrivm values. Defing a net
dnjt. Give expressions for tin terms of the
Carrier concentrations n, and ny; the energy of the recombination level, as
expressed by n * and m*; and the time constants ¢, and t,, in the limits of very

small and very large values of 8. Under what doping conditions is ¢ indepen-
dent of $n?

1. Eleetron-hole Pair peneration. Inside a reverse biased p-n function hoth

electrons and holes have been swept.out. () Caleulats the eleciron-hole pair

generation rate under these conditions, assuming n,* = n,* and o=t =1
(b) Find the factor by which this generation rate is higher than the generation

rate in an n-lype semiconductor from which the holes have been swept out,
but in which the clectron concentration remains equal to ;' > o (0} Give a
numerical vatue for this ratio for Siwith n,* = 1076 oy -3,
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6. Flow Through a Tube
7. Speed of a Tuhe

{ ant conscious of being ohly

of time. But it still remains in
the theory of gases is agair reci

421
42

“an individual struggling weakly against the sireqm
Y power ta contribute in such a way that, when
ved, not too much will have 1o be rediscotered.

L, Boltzmann

Rinetic Theory of the Ideal Gas Law

In this chapter we give a kinetic derivation of the ideal gas law, the distribution
of velocities of gas molecules, and lransport processes in guses: diffusion,
thermal conductivity, and viscosity. The Boltzmann (ransport equation is
discussed. We also treat gases at very low pressures, with reference 1o viacuum

pumps. The chapter Is essentially classical physics because the quantum theory
of transport is difficult.

KINETIC THEORY OF THE IDFAL GAS LAW

We apply the kinetic method to obtain an clementary derivation of the ideat gas
law, pV = Nz. Consider molecules that strike 2 unit area of the wall of 2
container. Let v, denote the velocity component normal to the plane of the wall,
as in Figure 4.1, If a molecule of mass A is teflected specularly {mirror-like)
from the wall, the change of momentum of 1he molceule is

~ M), ()

This gives an impulse 2M|v.| to the wall, by Newton's second law almotion, The
pressure on the wall is

momentum change {number of molecules striking

p=
per molecunle

{2

unit area per unit time

- Let a{y,}dv, be the number of molecules per unit volume with the z component
of the velocity between v, and v, + de,. Here [a(vjdv, = N/V = n. The
number in this velocity range that strike a unit area of the wall in enit time is
afvJv, dv,. The momentumn change of these molecules is — 2Mr.a{e . do,, so
that the total pressure is

p= .‘.QBNEFNQ?;EF = M ._..s.u.cuumrmzeu. (3
The integral on the right is the thermal average of v,? times the concentration,
50 that p = AMn{u,”). The average value of §Mv.? is b1, by equipartition of

35!
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Figure 14,1

The change of momentum of a
molecule of velocity v which i reftected from
the wall of the container i - 2o

Chaprer 14: Kinetic N.mn.awk

Pressure

r axis

energy {Chapter 3). Thus the pressure is

P=uM{2y = e = (N/V)e;  pV = e )

This is the ideal gas Jaw,

The assumption of specular reflection is convenient, but it is immaterial to the

result. What comes into the surlace must go back, with the same distribution,
il thermal equitibeivm is 1o be maintained.

Maxwell Distribution of Yelocities

We now transform the energy distribution function of an jdeal gas into a
classical vefocity distribution function. Often when w
say “velocity”™, as this is the tradition in physic;
In Chapter 6 we found the

¢ mean “speed” we shall
s when ne confusion is caused,
distribution function of an ideal gas to be

fle) = Jexp(—e, /1), : )
where f{e) is the probubility of oecupancy of an arbital of energy

W L\
m_.. = .N-a 4»..” mmu

in a cube of volune ¥ — L3 The av
number between i and N g odiis (the
probability such an oebital js occtipied

crage number of atoms with quanium
number of orbitals in this range} x {the
). The number of orhitals in the positive

Maxwell Distribution of Pelogities

on”mmmommmmrmin&mrnmoﬂ Hrmnrsnmm:.:mmwﬁuzmv%.i:nwnoEn desired
produet is ! : .

(G d)flz,) = fatin? exp(— £, fr)dn. {7

We take the spin of the atom as zero.

To obtain the probability distribution of the classical velocity, we must
find a connection between the quanium number n and the classica veloaity
of a particle in the orbital ¢,. The classical kinetic energy $Mu? is related to the
quanium energy (6) by

wzcw = b.uh mﬂh—. u. hn Mt,

Al poon= Ty, i§)
ML AL hn

We consider a systern of ¥ particles in volume V. Let NP{)dv be the number of
atoms with velocily magnitude, or speed, in the range dv at o, This is evaluated
from (7} and (8} by setting dn = (dajdoddy = (MLjha)dv. We have

NP(t)dy

: di
= Inintexp(—e, /1) o
dv
13 ML 2 z g9
= Jh4 ﬂhl v*exp( - Mot 2tdn, {9)

From Chapter 6 we know that } = ufng = (NJLPW2ah¥/M1P2, 5o that 1he
fuctor standing to the eft of 42 becomes

333 31 ha. iz
WNEOVIACL e -
LAY 2ar
Thus
w 32 2 1
Pl) = dn(MP2n03 exp(--AMeif2n (i)

This is the Maxwell velocity distribution (Figure 14.2). The quantity P()dr is the
probability that a particle has its speed in v at 1. Numerical values of the root
mrean square thermal velocity and the mean speed are given in Table 14.],
using the resulls o, = 3v/M)"2 and £ = {8y ) from Problem 1.
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7 T
¥ o Vrms
7N
23
/
Figure 142 Manwei! velocity distribution as a oy \
function of the speed in units of the most g \ /
probable speed v, = (2 /A1, Also shown 3 / /
are the mean speed € and the root mean square &
velocity ¢, ) = \
=LY
Wi
0 i 2
— v R e S
{2 /A2

by the faws of bydrodynamic Bow’

Table 14.1  Molccular velosities a1t 273 K, in 10* ems™?

Gas ~ p, T Gas . pn, €
H, 184 169 o, 46 42
He 13.1 i2t Ar 43 40
H,0 62 - 57 Kr 286 253
Ne 58 53 Xe 227 205
N, 4% 45 Free electron 1100, 1013,

Experimental verification. The velogity distribution of atoms of potassium
which exit from he slit of an oven has been studied by Marcus and McFee *
The curve in Figure 14.3 compares the experimental results with the prediction
of {12) below; the agreement is excellent, We need an expression for the velocity
distribution of atotms that exit from a small hole! in an oven. This distribution is
difierent from the velocity distribution within the oven, because the flux through
the hole involves an extra factor, the velocity component normal to the wall,
The exit beam is weighted in favor of atoms of high velocity at the expense of
those at low velocity. In proportion to their concentration in the oven, fastatoms

* P. M. Marcus and 1. H. McFee, Recent v
Press, 1956, ’

! in such experiments a round hole is
of a8 atom in the gven. If the hole §

esearch in molecular beams, ed. | Esterman, Academic

said to be small if the diameter is less than a mean free path

s 00t smatl in this sense, the flow of gas from it will be governcd
and not by gas ideetics. L ’

ST ;illiﬁffiiill&fll.llﬁ&ﬂl
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Collision Cross Sections and Mean Free Parhs
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Figure 143 Meusured transmiistion points and caleulated
Maxwell transmission curve for potassium atoms that exit from
an oven at a temperature 157°C. The horizontal axis is the transit
time of the stoms transmitted. The indensity is in arbilrary units;
the curve and the poinis are sormalized to the SAMC maximum
value. Afier Marcus and McFee. :

strike the walls more often than slow atoms strike the walls, The weight factor
is the velocity component vcos # normal to the plane of the hole. The average
of cos 8 over the forward hemisphere is just a numerical factor, namely ¥. The
probability that an atom which leaves the hole will have a velocity between
vand v + do defines the quantity P, _{o)dv, where

Twnu:‘_?w «® c.muz:in: o mu nxmuA - ?&GN\N.«V H] AHMW

with Py,o.en given by (21). The distribution (12) of the transmission through a
hole is called the Maxwell transmission distribution.

Collision Cross Sections and Mean Free Paths

We can estimate the collision rates of gas atoms viewed as ripid spheres. Two
atoms of diameter d will collide if their centers pass within the distanee d of

each other. From Figure 14.4 we see that one collision will occur when an atom
has traversed an average distance

(13
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Figure 14.4

{a) Two rigid spheres will collide
if their cente

3 pass within a distance ¢ of cach
cach other. (b) An atom of diameter 4 which
travels a lang distance £, wilj Sweepouta
volume rd?L in the sense that it will collige
with any atom whaose center lies within the
volume. Y u is the concentration of atoms, the
average number of atoms in this volume is
axd* L, This is the number of collisions. The
average distance between collisions is

L 1

1=

T hrdiL nnd?’

where 1 is the number ofatoms per unit v
free path: it is the average distance travel
result neplects the velocity of the laiget

We estimate the order of magnitude
diameter d i5 2.2 A as for helivm, then th

’ (b

olume. The length /s called the mean
&d by an atom between collisions, Our
atoms,

of the mean free path. I the atomic
¢ collision cross section @, s

o= md® = (314)27 x 107%em)? = 152 x 10716 o2, (14)

The concenteation of ma|
Loschmidt number

ceutes of an ideal gas a1 0°C and 1 aim is given by the

flo = 269 x 10**atomsem = | (i5)

defined as the Avogadre number div
The Avogadro number is the num
volume is the volume occupied by one mele, We

ided by the motar volume at 0°C and 1 atm.
ber of molecules in one mole; the molar
combine (14) and (15) o obiain

!

Transport Processes

the mean free path under standard conditions:

1 1
= - _ = 244 x 10”5 cm. (16
! ' (152 % 107 cm?(2.69 % 167 om =Y AR em. (16a)

This length is about 1000 times larger than the diameter of an atom, The
associated collision rate js

Ups _ 10%cms™t
107 %em

i 2 1010 571, (16b)

At a pressure of 10" %atm or tdyneem ™2, the concentration of atom: s
reduced by 1076 and the mean [ree path is increased to 25 em. At 107 atm the
mean {ree path may not be small in comparison with the dimensions of any
particular experiniental apparatus, Then we are in what is called the highsacuum
region, aiso calfed the Knudsen region. We assume below that the mean froe

path is small in comparison with the relevant dimension of the apparatus,
except in the section on laws of rarefied guscs.

TRANSPORT PROCESSES

Consider a system not in thermal equilibrivm, but in a nonequilibrium steady
state with a constant Bow from one end of the system to the other, Forexample,
we may creute a steady state noncquilibrium condition in a system by placing
opposite ends in thermal contact with targe reservoirs at two dilferent lempera-
tures. If reservoir 1 is at the higher temperature, energy will flow through the
system from reservoir 1 to reservoir 7, Energy flow in this direction will increase
the total entropy of reservoir | + reservoir 2 4 system. The temperature
gradient in the system is the driving force; the physical quantity that is trans-
ported through the specimen in this process is energy.

There is a inear region in most transport processes in which the flux is
directly proportional to the driving force;

flux = (cocflicient) x {driving force} , {tT
provided the force is not tog large. Such a relation is called 5 linear rhenome-
nological law, such as Ohny's law for the conduction of clectricity. The definition

of the flux density of a qQuantity 4 js:

J4 = flux density of 4 = et quantity of 4 transported across
unit area in unit time. {18}
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Table 14.2  Summary of phenomenclogical transport laws

imate

APprox

Flux of

expression

particle
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Name ofjaw
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Effect
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2,
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Fick's faw

Jy= —Dgradn

Diffusivity D

dn
Number e

Diffusion

Lol

y

Newtonian viscosity

dv,
d

J’,'W =1

iscosity

v

du,
dz

Transverse

iscosity

Y

momentuin

KN o= ﬁc,.?:!

Fourier's law

J,= ~Kgradr

Thermal
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- Cl'

conductivity X

dp,
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Energy
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conductivity

ng?i

Ohm's law o
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Charge

conductivity

Electrical

¢ = electrosiatic potential

SYMBOLS: # == number of particles per unit volume

hirge

M = mass of particia

coltic &
mitss per unit volume

electric field intensity
p = momentum

E =
q = ek
p:

mean thermal speed = (Jof>

! == mean free path

- == heat capacity per unit volome

z
Pa = thermal energy per unit volume

Fofd = shear force per unit area
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Particle Diffusion

The net transport is the transport in one direction minus the transport in the
opposite direction. Various transport faws are summarized in Table 14.2,

Particle Diffusion

In Figure 14.5 we consider a system with one end in diffusive contact with a
reservolr at chemical potential Hy; the other end is in diffusive contact with g
reservoir at chemical potential p,. The temperature is constant. If reservoir |
is at the higher chemical potential, thea particles will low through the system
[rom reservoir 1 to reservoir 2, Particle flow in this direction will increase the
total entropy of reservoir | + resorvoir 2 + system,

Consider particle diffusion, first when the difference of chemical potential is
caused by a difference in pasticle concentration. The flux density J, is the
number of particles passing through a'nit area in unit time. The driving force
ofisothermal difTusion js uswally tuken is thegradient of the particle concentra-
tion along the system:

Iy = —Dgradn, {19

The relation is called Fick's law; here D is the particle diffusion constant or .

diffusivity.

Particles travel freely over distances of the order of the mean free path |
before they collide, We assume that in a collision at position z the particles
come info a local equilibrium condition at the focal chemical potential p(-) and
local concentration #(z). Let I, be the 2 component of the mean free path. Across
the plane at z there is a particle fiux density in the positive ¢ direction equal to
$n{z — L)%, and a flux density in the negative z dircction equal to —ialz +
L)z, Here n{z — L) means the particle concentration a1 z - I..Fhe net particle

Reservoir |
By

Figure 14.5 . Opposite ends of the system are in diffusive
comtact with reservoirs at chemical potentials #y and yuy. The
., temperature is constant everywhere. o .
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Thermal Condueriviy 'y

Rux density is the m<wamn over all directions on a hemispherz of

afculated by the method

5 = Yz 1)~ iz + Duﬁ ﬁ. .Imbl"ﬁ..". 0 o.w ::." .wO_E:umz nammmm: nn._cm_.mcu :.ammma at the end ﬂ. this chapter, .m.On

. - dz : : simplicity we set fo=1ina this discussion, By analogy with {19) for particle

. diffusion, the phenomenological law for the transpors of A is

We want 10 SXpress the average value of ¢ in terms of ¢/, Here I, = leosp

is the projection of (he mean free path, and 2, = #cosf 35 the projection of the Ji= —Dgradp, , {26)
speed on the 2 axis, The average is taken aver the surface of 3 hemisphere,

because ai} forward direcy

ions are cqually likely. The elemeny of surface area

with the particle diffusivity D given by (223,
IS 2 sin 0 df. Thus

in Thermal Conductivity
2n | cos? @sin G dp ; L
(FLS =7 ;lelrwiflf,i w 170 (21 Fourier's law
n
= — K 27
so that J Kegrade (27)
dn describes the energy fux density J, in terms of the thermat conduetivity X and
Iyt = —iwl 0 {22

the temperature gradient (Figure 14.6). This form assumes that there is 2 net
transport of energy, hut not of pasticies. Another term must be added if addi-
“tional energy is transported by means of particle flow, as when electrons fow
: under the influencs of an electric field, :

{ The energy flux density ia the z direction is
{23)

_On comparison with (19} we see that the &m.,:m?mw is given by

‘ L= pey (28)
The particle diffusion problem i :

{ with th t of pasticles; in 1, . where (0,3 is the mean it velocily; p, is the energy density. This result js
o ' of fth nv:wawvcﬂ o .ﬁmmm_n mm.. n m. w.zwmm valid within a factor of the order of unity, as discussed. By analogy with ihe
sport of energy by partic c8 :uQ.umE EWI ¢ diffusion equatian, the right-hand side is equai to

i and in electrical eonductivity with the

transport of charge by particles, The finear transport coeflicients that describe

the processes are proportional to the particle diffusivity D,
Let o denote the concentration of the physical quanity 4. if Aisq Guantity

like charge or mizsg that has the same vitlug for all the molecules, then the flux
density of 4 in the » direction i3

~Ddp fix = - Diép f2vildefdx). 29)

S = pauy (24) S

Rueservoir |

where e,y is the mean drift velocity of the purticles in the ¢

direction. Fhe drift
velogity is zero in thermgl equilibrium,

Ty

System

Ifdisa quantity like energy or mamentum that depends on the velocity of
4 molecule, then we always find a similar expression:

Figure 14.6  Oppasite ends of the syslem are in thermat
contact with reservoirs at emperatures 1, and 1.

= Lpadey, (23)

e

iy
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This describes the diffusion of energy. Now

€p,/Cc is just the heat capacity
per unit velume, denoted by €. Thus

J,=-DCpradz; {30)

on comparison with (27) the thermal conductivity is

(35

The thermal conductivity of a gas is independent of pressure until at very low
pressutes the mean [ree path becomes limited by the dimensions of the appara-
tus, rather than by intermolecuar coflisions. Until very low pressures are
attained there is no advantage 1o evacualing a Dewar vessel, because the heat
losses are independent of pressure as long as (31) applies,

Viscosity

" Viscosity is a measure 6f the diffusion of motmentum parailel'to the Aow <nmo&_.€

and transverse to the gradient of the flow velocity. Consider a gas with flow
velocity in the x direction, with the fow velocity gradient in the z direction. The
viscosity cocfficient 1 is defined by

Xom ot = Ap). (32)

Here v, is the x component of the flow velocity of the gas; p, denoies the x
component of momentum; and X, is the x component of the shear force exerted
by the gas on a unit area ol the xy plane normat fo the z direction. By Newton's
second law of motion a shear stress X. acts on the xy plane if the plane receives
a net flux density of x momentum JAp.), because this flux density measures the
rate of change of the momentam of the plane, per unit area.

In diffusion the particle fux density in the z direction is given by the number
density n times the mean drift velocity (. in the z direction, so that J° =
nuy = — Ddnfdz. In the viscosity equation the transverse momentium density
is nMu,; its flux density in the 7 direction is (nMu}{v.>. By analogy with {26)
this flux density equals -- D d{nMr )4z, within a factor of the order of unity.
With p = nbf as the mass density,

Jilpd = prded = =Dpdufiz = —ydvfi. 63

Fiscosity

Thus, with D given by {23),

(34

gives the coefficient of viscosity. The CGS unit of viscos

iy is called the peise.
The mean free pathis ! =

V/rd*s from (13), where 4 is the molecular diameter
and n is the concentration, Thus the viscosity may be expressed as

n o= Ménd?® {35)
which is independent of the Eas pressure. The independence fails at very high
pressuees when the molecules are mnm..n.r, always in contact or at very low
pressures when the mean free path is _oawr..n than the dimensions of the
apparatus.

Robert Boyle in 1660 repocted an early observation

on the pressure inde-
pendence of the damping of a pendulum in air: .

Experiment 26 .. .. We observ'd alse that when the Receiver was full of Air,
the included Pendulim contimed its Recursions abou Afteen minutes (or a
quarter of an howr} before it left off swinging. and that after the exsuction of
the Air, the Vibration of the same Penduhon {being fresh put into marion)
appeard not (by a minutes Watch) ro lust seusibly longer. So that the event of
this experiment being other than we expected, scarce afforded us any other
satisfuction, thaw that of our not having ewitted to ey i,

Although at first glance implausibie, this result is readily undesstood. With
decreasing pressure the rate of momentum-transfer collisions deereases, but
each colliding particle comes from farther away. The larger the distance, the
larger the momentum difference; the increasing momentum transfer percoi
cancels the decreasing collision rate.

Itis easier to measure the viscosity than the diffusivity 1f D
by (34}, then K is related to 5 by

ision

= nfpas predicted

K = qﬁaw\ﬁ. {36

The observed vatues of the ratio Kp/yC, given in Table 14.3 are somewhat
higher than the value unity predicted by our approximate calculations. I~
proved calculations of the kinetic coefficients K, D, 5 take account of minor,

e ———
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Tabdle 143 Experimental valyes of K, Iy, and K
e
Gas .

KinmWem-1x -1

AMC, 2t 0°C and 1 arm,

Diinemis=t  yiy npoise  Kpimd,
———— ——— Y
He ) 1.50 - 155, 2.40
Ar G.18 0.158 2i0. 2.49
H, 182 1.28 84, 1.91
N, 0.26 — 167, 193
Q, .27 — 189, 190

NOTE: Values of the thermal conductivity are 11 300 K.

but difficult, effects we have neglected; see the works ¢
references,

AT

Comment. The diffusiy
diffusivity of 3 Particle suspended in al
the solvent opposes (he diffusion of the susperided

- fefers (o the particles and 1 relers to the liguig, The Stokes
particles is D = T/6an R, where R is 1

ity of Bas aloms js dicectly proportional to their viscosity, The
1quid or gas is 4 different problem; the viscosity of
particle. We fnd p « I/n, where p
~Einstein relation for suspended
e radius of the spherg in suspension,

Comimens. The quéntity v = wip is nm:nmm._ﬁ kinematic viscosity; if {34) holds, v should

be equal 10 the diffusivity p. The fatio y/p enters intg hydrodynamic theory and into the
Reynold's number criterion for faminar fRow,

Emrrr s e

PO e T o
G Al NI

Generalized Forees

The transfer of entropy from one part of a system 1o another is 4 consequence
of any transport process. We can relate the rate of change of entropy to the

flux density of particles and of energy. By analogy with (he thermodynamic
tdentity at constant volume,

do = Lqu _ By , : (37)
T T

v

We write the entropy current densily J, as

go=ty w,_a _ (38)

Generalized Forces

Let & denote the entropy density; let é6/2t denote the net rate of change of
enitropy density at 2 fixed position r. Then, by the equalien of conlinuity,

8afat = g, — divJ,. (19)

I a unit velume element the net rate of appearance of Entropy is equal to (he
rate of production g, minus the loss —divJ, attributed to the transport curren.

In a transter process U and N are conserved, The equation of continuity for
the energy density u is

the cquation of continuity for the particle concentration n s

én N

7 = —divy, {+)

Let us take the divergence of J, in {38):

divd, = mm?un + JF, - grad{i/r)
T
= {fr)divy, — g, - grad(uft). {42}

Let (37) refer to unit volume; we take a partial derivative with respect to time
to obtain the net rate ol entropy change:

= MO (43

We use (10)-(43) to rearrange (39} in a form suggestive of the ohmic power
dissipation:

9o = du-grad(1/v) + J, - gracd{— /1) , {44)

or
Go=J-F, +3, F. (43)
Here F and F, are generalized forces defined by

F,

it

grad{ifzly  F, = grad({— /1), (46}
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Eiustein relation

In an isothermal process F, in (46) may be written as F, =

I {—1/t)grad i or,
in terms of the internal and external parts of the chemical pot

ential, as
m.‘a = |ﬁw_._3mum_.m.a Hine + mnm&tnn_u_ {47}

For an ideal gas x,, = wlogln/ng), so that gradp,, = {c'migradn; for an
electrostatic potential grad Hen = g grad ¢ = —gFE, Thus

Fo= —(U/0[mn gradn — gE] (48)
Now the particle flux density also has two terms, written as

J. = ~D, gradn + nE | {49)

where D, is the diffusivity and A is the mobility, which is the drift velocity per
unit electric field. The ratio of the coefficients of gradn to E is D,/nfl in {49)
and t/ng in (48). These ratios must be equal, so that

(30)

which is called the Einstein relation between the diffusivity 2nd the mobility
for a classical gas.

B T s o ey

e T T TR T

Comment. We gain an advantage, for reasons related to the thermodynamics of irrevers-

ible processes, if we use F, and F, in (46) as the driving forees for the linear transport
processes. We write

o= LV, + LgF,; 1= Ly, Fy + LyF, {51}
The Onsager relation of irteversible thermodynarmics is that

LifB) = Li(-B) {32)

whete B is the magnetic field intensity. If B = 0, then Li = Lj always. For {52 to hold,
the driving forces F must be defined as ja {46). Other definitions of the forces are perfectly
valid, such as the pair grad 1 and grad &, but do not necessarily lead to cocefficients L that

satisfy the Onsager relation. For a derivation see the boak by Landau and Lifshitz cited
in the general references,

b S I e ST

T T Iy

e W I . A (8 S DU SR M SO Y |

Kinetics of Detailed Balance

Kl

ETICS OF DETAILED BALANCE

Consider a system with two states, one at energy A and one at energy —A. In
an ensemble of N such systems, N* arc a1t A and N~ are at — A, with N =
N* 4 N7 To establish thermat equilibrium there must exist some mechanism
whereby systems can pass between the two states. Consider the rate cquation
for transitions into and out of the upper state:

dN* e = aN™ — N7, (33

where o, f may be functions of the temperature, The transition rate from ~ 10
+ is directly proportional to the number of systems in the — state. The transi-
tion rate from + to — is directly propostional to the number of systems in the
-+ state.

In thermal equilibrium (dN*/dty = 0, which can be satisfied only if
/f = (NTHINTY = expl—247) (54)

the Boltzmann factor. This result expresses a refution between ={t) and Bz} that
must be satisfied by any and every mechanism that assists in the transitions. As
an example, suppose that the transition + - ~ proceeds with the excitation
of a harmonic oscillator from a state of enerpy st to a state of energy (s + l)g;
in the inverse process — — -+ the oscillator goes from st 1o (s ~ be In the
guanturn mechanical theory of the oscillator it is shown that

B Probs—s5+1} s+1

« Prob(s—s— 1) s "

for the excitation and de-excitation of the oscillator, a result derived in most
texts on quantum theory. The value of {s) is found from the Planck distribution:

1 . < _explg/t)
O TT O T S =T

so that, with £ = 2A to conserve energy,
afff = {sp{{s + 1y = exp(—24Af). (35

This satisfies the condition (54).
The principle of detailed balance emerges as a generalization of this argument:
in thermal equilibrium the rate of any process that leads to a given state must
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equal exactly the rate of the fverse process that leads from the state. One
tommon application of the principle is 1o the Kirchhoff law for the absorption
and emission of radiation by a solid, already discussed in Chapter 4: radiation
of a wavelength that is absorbed strengly by a spli

strongly—otherwise the specimen would heat up because it could not corse into
thermal equilibrivm with the radiation,

ADVANCED TREATMENT;
BOLTZMANN TRANSPORT EQUATION

The classical theory of trans

port processes is based on the Boltzmann transport
equation, We work in the g

x-dimensional space of Cartesian coordinates ¢ and
velocity v, The classical distribution function Slrs) is defined by the relation

JIr¥dedv = number of particles in dr dv. (56)

the efiect of a time displacement dt on the distribution function. The Liouvilie
theorem of elassica) mechanics tells us that if we follow a volume element along
a flowline the distribution is conserved:

SO dor s dry 4 dv) = flrey (57)

in the absence of collisions. With collisions

St +dir + dey 1 dv) - fltey) = h\:q\m:no_w:aﬁ. (58)
Thus : ’
di(Effén) + de - grad, {4+ dv- grad, [ =di(ef/en) . (59)
Let a denote the acceleration dv/ilt; then
it ¥ v grad, [+ a- grag, I = Gfen0 . (60}
—

This is the Boltzmann transport cquation.

In many problems the colfision term (f1€1),q; may be treated by the introduc-
tien of a retaxation time v (r,v}, defined by the eguation

Ef/eten = = (] — fo)fr.. (3]

Larticle Diffusion

Here fj is the distribution function in thermal equilibrium, Do not confuse T,
for relaxation time with T for temperature, Suppose that g noncquitibrium
distribution of velocities is set up by external forces which are suddenly removed,
The decay of the distribution towards equilibrium is then obtained from {61) as

o= Ll (62)

if we note that Hofdt =01

y definition of the equilibrium distribution, This
cquation has the solution

=R =(f~ foheaexp(=i/e,). (63)

It is not excluded 1hat T may be a function of r and v.

We combine (36), (60}, and (61) to obtain the Boltzmann fransport equation
in the relaxation time approxhnation:

.m._
,mlﬁfwn.maa..x.ﬂl:m

(64)

In the steady state £f/Ct = 0 by definition.

Particle Diffusion
Consider an isothermal System with a pradient of the particle cancentration.
The steady-state Boltzmann fransport equation in the refaxation time approxi-
mation becomes

vodffdx = —(f ~ foyr_, 63)

where the nonequilibrium distribution function f varies along the x direction.
We may write {65} to first order as

._\._ = \Q = bT, .,Q»O\H%ﬁ 1 n@@w

where we have replaced ¢ffax by dfyfdx. We can iterate to obtain higher order
solutions when desired. Thugs the second order solution is

S fo = v = o vn i £ 022 a0t ey

The iteration is necessary for the treatment of noalinear cffects.

09
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Classical Distribution

Let f be the distribution function in the classical limit:

Jo = exp[(p — gy}, {68) |

as in Chapter 6, We are al liberty

o take whatever normalization for the
distribution function is most conve

nient because the transport equation is

linear in f and f£,. We can take the normalization as in (68) rather than as in
(56). Then

dfyfdx = (o fdu)(dpfdx) = (foltduidxy, (69
2nd the first order solution (66) for the nonequilibrium distribution becomes

f = fo = (o fo/o)dufdx). {70)
The particte flux density in the x direction is
dre (e, NG

where Dt} is the densily of orbitals per unit volume per unit eneray range;

LMy .
PO =g lr) o 02)
as in (7.65) for a particle of spin zero. Thus
S5 = .ﬁcu.\.a@m&am — {dufdx) %mcuwﬂnﬁo\&@?vmm {73)

The first integral vanishes because v, is an odd function and £, is an even func-
tion of v,. This confirms that the net particle flux vanishes for the equilibrium
distribution f,. The second integral wil! not vanish,

Before evaluating the second integral, we have an opportunity to make use
of what we may know about the velocity dependence of the relaxation time T..
Only for the sake of example we assume that 1, is constant, independent of
velocity; 1, may then be taken out of the integral:

I = e [0 (e 9

1o,

Fermi-Dirae Distribution

The integral may be written as

§ [P0 = 2 UMD = o | (75)

because the integral is Just the kinetic eneigy density 2nt of the particles. Here
[fuDleide = nis the concentration. The pasticle flux density is

It = (e MY dpefdx) = = (et /M)(dnfdx) {76)

because p = tlogn -+ constant. The result {76) is of the form of the diffusion
equation with the difTusivity

D=t iiM = Koy, m

Another possible assumption about the relaxation time is that
proportionat to the velocity, as in 1,
Instead of (74) we have

it is inversely
= ljv, where the mean free path 1is constant.

T = (i) [ s Dieye | (78)

and now the integral may be written as
w%&w.@a&m = iz, (79)

where T is the average speed. Thus

J& = ~Ytenfiidpfdx) = —dic(dnjdy) (80

and the diffusivity is

©
I
e
&

(81)

Fermi-Dirac Distribution

The distribution function is

1

g ey e ol

{82)
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To form dfy jdx as in {69} we need te derivative dfyJdie. We argue below that

&?&n = §{g — . (8%

at low temperatures 7 « # Here 3 is the Dirac delta function, which has the
property for a general function F{e) that

ﬁw:%? — WMds = Fip). {84)

Now consider the integral J& F {Edfy dudde. At low lemperatures df,/du is very
large for ¢ ~ 1 and is smail elsewhere, Unless the function Fle) is very rapidly
Varying near u we may take Fizj outside the integral, with the value Flw):

it

I3 Fendtosdinds = iy e = ~ iy [ o ite)ae

=l ftals = Fuofio) (85)

i

where we have used dfofdyt = —df,,de. We have also used f; = 0 fore = 0,

At low. temperatures f{0) = I; thus the right-hand side of (85} is Just F(u},

consistent with the delg function approsimation. Thus ,
dfyfx = e — pidpfdy, {86)

The particle fux density is, from {7ty

JaE = —(dufdx)r, ._.ﬁ% - nyDEMe | (87)

where t, is the relaxation time al the surface & = y of the Fermi sphere. The
integral has the value

12 002e,) = ain , (88}

by use of Dfp) = 3nf2er at absalute 2e10, from (7.17), where £r = tmpg?
defines the vefacity vy on the Fermi surface, Thus

L5 = (e mdpddx, (89}
At absolute zero p(0) = (R?r2m)(3?n)® *, whence

dufdx = mH_:u‘..u:_xwmduw%\::_TF.E_,«
2
3

i

{eg/mdn dx | ’ (50)

Laws of Rarefied Gases
50 that {87) becomes
| S = =20 3m)ep dnjdx = !wewnﬁ dnfdx, . 891
The diffusivity is the cocflicient of dinjdx;
D= o2 | 92)

closely similar in form to the result {77) for the classical distribution of velocities,
In (92} the relaxation lime is {o be taken at the Fermi energy.

We see we can solve transport problems where the F. ermi-Dirac distribution
applies, as in melals, as easily as where the classical approximation applies.

Electrical Conductivity

The isothermal electrical conductivity o follows from the result for the particle
diffusivity when we multiply the particte flux density by the particle charge ¢
and replace the gradient dpfdx of the chemical potential by the pradient
gdpfdx = ~gF_of the external potential, where E, 15 the x component of the
electric field intensity. The electric current density follows from (76}

o= g’ /miE; 6 = ugc | @3

for a classical gas with relaxation time r,. For the Fermi-Dirac distribution,
from (&%),

o= (ngltmiE; g = ngte fm, {94)

LAWS OF RAREFIED GASES

Thus far in this chapter the discussion of teansport has assumed that the
molecular mean free path is short in comparison with the dimensions of the
apparatus. At a gas pressure of 1078 atm at room temperature, the mean free
path ofa molecule is of the order of 25 em. The diameter ofa laboratory vacuum
System connection may be of the order of 25 ciny, thus of the order of the mean
free path. We may usefully draw a line here and denole pressures lower than
P x 107 %atm as high vacuum, This pressure is approximately 0.i Nm~? or
Ix 107%kgem™? or 76 x 107" mm Hg or 7.6 x 10" *torr. The Knudsen
region of pressures is understood to be the region in which the mean free path
is much greater than the dimensions of the apparatus. A knowledge of the
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behavior of gases in this pressuce Iegion is im
prmps and allicd equipment.

The terminology recommended by the American Vacuum Society isexpressed
in terms of torr, where 1 torr = 1 mm Hg=1333x 10" %bar = 1333Nm"? =
1333dynecm™?; here 1 bar = 10°dynecm™2 = 0.987 standard atmospheres.
Then:

portant in the use of high vacuum

high vacuum 1073-107° torr

very high vacuum 10751072 torr

uftra high vacuum  below 1077 tosr.

Flow of Molecules Through a Hele

In the Knudsen regime we do net need 1o solve 4 hydrodynamic flow problem
in order to get the rate of efffux of gas molecules through a hole, because the
molecules do not see cach other, We have mercly (o caleul
which molecules strike w
density :

ate the rate J, at
it area of surface per unit time. We find for the flux

(95)

where n is the concentration and  is the mean speed of a gas molecule. To
prove {35}, consider a unit cube containing n molecules. Fach molecule strikes
the +zface of the cube §z, times per unit time, so that in unit time 4%, molecules
strike unit area.

We solve for 7, in terms of 2. Because o, = ccosll, we require the average of
cos & ever a hemisphere: )

an [Poososindg

0

u Hw. . GE
In ._.onmmsm% 2

{cosfdy =

Therefore 7, = 1z, and (95) is obtained. The expression {$5) for the flux forms

the basis for many calcutations of gas flow in vacuum physics in the Knudsen
Tegime,

If 4 is the area of the hole, the total particle flux, which is the number of
molecules per unit time, is .

e

et

Tepin

Flow of Mulecules Through a Hols

where

M"

i

AL {98}
The conductance § of the hiole is defined as the v
through the hale, with the volume 1aken at th
conductance is usuaily expressed in liters per second. For the average air
molecule at T = 300K we have £ ~ 4.7 x [0%cm s~ for a circular hole of

18cm diameter, (98) leads to a conductance of 917 liter/sec, roughly 1000
liter/sec,

olume of gas per unit time flowing
¢ actual pressure p of the gas. The

For a hole with a given conductance the total particle flux is proportional to

the concentration u or, becanse p = nx, to the pressure p:

A-UWV..«H.M@,
T T '

(9%9)

Here we have defined the quaatity

Q =pS, {160)
sometimes called the throughput, which is widely used by vacuum physicists as
a convenient measure of the flow. The quantity @ is numerically (not dimen-
sionally) equal 1o the gas volume flowing per unit time, but referred to the
volume at unit pressure, in whatever units are used to ox press pressure, Vacuum
physicists like to express pressure in torr, hence they usually express flux in
torr-liters per second. From the ideal gas law one finds that 1 torr-liter at
300K is equivalent to 535 x 107" mole or 3.22 % 10'® molecules.

Our caiculations have expressed the flow of gas th rough a hole into a perfect
vacuum. With gas on both sides, the net flux from side £ 1o side 2wilibe

£
A = 3din,2, — ) = pa(PEL P2 (1on)
1
The condition for zero net flux is
Pr_ T 1y 12 (102) -
P2 Tt T2 ’

using the proportionality of 2 to T2, In the Knudsen regime equal pressures
do not imply zero net flux if the temperatures on the two sides are different.
At equal pressures gas will flow from the cold side to the hot s
flow requires a higher pressure on the hot side.

ide; zero gas

Rl
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ifz, = 1,, Bq. C.DC can be written

i . 1
AP = () — n)5 = 2 P1 o pa)S = mb@ s (103)
where
AQ = ByS =~ p,8 = g, - 0,. (104)
[ENREA e %mvlﬂgﬁnﬂﬁﬁﬁnf AR e e

Freieadime o TN

Example: Flaw through a long tube, We assume that the molecules which strike the inner
wall of the tube are re-emitted in al} directions; that is, the reflection a1 the surface is
assumed to be diffuse. Thus when there is a net flow there is a net momeatum transfer 1o
the tube, and we must provide a pressure head 1o supply the momentum transfer. Lot g be
the velocity component of the gas molecuies paralled to the wali before striking the wall,
We estimate the momentum transfer to the wall on the assumption that every collision
with the wall transfers momentum A Cu). The rate of flow down the tube is nAQD, where
Ais the area of the apening. The rate at whick molecules strike the wall is, from 95

inLldng | . {105)

where d is the diameter and 1. the length of the tube. The momentum transfer to the tube
must equal the force due to the pressure differential Ap:

Sl dneMQud = A Ap. (106)

We solve for the flow velocity (u) to obtain

Ap 1 44 Ap t 4
e LI . 147
= AT L {on

The net flux is

Ad Dﬁ
O w =Apl =g 108
A alud A P i . {108}
where
T Ad
S =t AQ/Ap = .- M 109
TACAp = T (

is the conductance of the tube, defined analogousty to the conductance of 2 hole, Eq. (97).

s

Speed of a Pump

A more detailed caleulation, with Bverages over the velocity distribution taken more
carefuily, leads to a conductance differing from (109) by a fuctor §/3x:

8 tAd mﬁ,a_w
§= 3n MeL T 3KTL (o)

The conductance of 2 tube ca

ot be farger than that of 4 hole with the same area. From
(98). {110}, and (121) below,

32 ot 4d
St/ Shoze = ﬂ@mwf = T {It1)

This ratio will be farger than unity for 3L < 44 In wri ing (106} we assumed implicitly
that every malccule hits the uhe wall, This will not be true for a short tube. For our result

1o be valid we must suppose that the jube is long enough to make the ratio (111} be smali
cempared to unity, which means

L 3d, {112y

Using our earljer example for the conductance of a hole, we find that the coaductance of
a tube 1 meter long and 10 em in diameter is about {22 liter/sec, for air at 300 K.

Speed of a Pump

The speed ofa pump is defined similarly to the cenductance ofa hole orofa tube;
it is defined as the volume pumped per unit time, with the volume taken at the
intake pressure of the pump. The same symbol S is used as for conductance;
sometimes the conductance of ap periure of 4 tube is referred 1o as its speed,
The product @ = pSfora pump is often called the throughput of the pump,

ifa pump of speed 5, evacuales a vacuum system through a tube of condue-
tance §,, the effective pumping speed S, of the combination is given by

Lol (113)

S S, S,

Just as for the conductance of two electrical conductors in series,

Progf: Let p, denote the pressure at the input ead of the tube, and let Dy

denote the pump intake pressure at the output end of the tube. Continuity of
flux requires that

P15 = {r - S, = paSa ) {114)

417



418

solution

Chapter 14: Kinetic Theory
so that

I

5]

Mv P
TSa T TS TMs ) (113)
equivalent to (113},

The relation (113) for Ser explains why in high vacuum systems the connec
tions between the pump and 1he vessel to be evacuated must be as short and of
as large a diameter as passible. A long and narrow connecting tube makes poor
use of a high speed pump. Further, the speed of the pump i1self cannot be larger
than the conductance of its own aperture,

How rapidly does a pump with effective speed § evacuate a volume ¥9 From
the ideal gas law pl = Nz, and from the

definition of pump speed analogous
to Eq. (99} we find

dp _tdN _Q pS
o TSR 116
di V od |4 ¥V (116)

If the pump speed is independent of pressure, this differentizl equation has the

Pl = plOlexp(—titg); 14 = V5. (117}

Fora volume of 100 liters connected to a pump with a speed of 100 fiter/sec, the
pressure should decrease by e per second,

Any user of vacuum techaclogy soon discovers that the
vacuum system proceeds much mare sl
regions than expected on the basis of pumping speed and system volume. The
desorption of surface gas predominates—ofien by many orders of magnitude---

over volume gas, The surface emits adsorbed molecules as fast as the pump
evacuates molecules from the volume,

pumpdown of a
owly in the high and ultrahigh vacuum

SUMMARY
1. The probability that an atom has velocity indo at o is

Piv)dv = Angm_\ua&u:cwmxuﬁl_scu\m%c s

the Maxwell velocity distribution, .

NI

s

AT AR

Problems

[

- Diffusion is descrived by

d, = —Dpradn; D =&l

where ¢ is the mean speed and { js the mean frec path.

3. Thermal conductivity is deseribed by
= —~Kgradt; K =108,
where €y, refers to unit volume.
4.- The coefficient of viscosity is given by

uw. ‘.” !

pEl,

where p is the mass density.

3. According to the principle of detailed balance, in thermal equilibrivm the
rate of any process that leads to a given state must equal exactly the rate of the
inverse process that leads from the state.

6.

The Boltzmann transport equation in the relaxation time approximation is

wuﬂ\.+n.mEPH.&xf.mEa.HH!HMb

.
7. The clectrical conductivity of & Fermi BaS 1S
o= ng*t fm ,

where 7, is the relaxation time,

PROBLEMS

1. Mean speeds in a Maxwellian distribution. {2} Show that the root mean

square velocity v, is

Uims = (0PY? = (3yM)MR, (118)

Because (v*) = {p,2) + {5,y + <&,2) and (0,7} = o, = (D, it ol
lows that

DV = WMy = g, 302 {119
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The results can alsg be obtained directly from (h
the average kinetic energy of an ideal gas. (
value of the speed »,

€ expression in Chapter 3 for
b) Show that the most probable

o 15

Vrp = (27/M)2, (120)

By most probable value of 1he speed we mean the
distribittion as a function of v. Notice that g < 12
speed T i

maximum of the Maxwell
ms- (€) Show that the meap

- hc doeP(s} = (Bu/a)' (121}
The mean speed may also be written as {6, The ratio

Dye/T = 1.086. {122y

{d) Show that ¢, the mean of the absolute value of the = componeat of the
velocity of an atom, is

o= oy = e = Qumanit | (123)

2. Mean kinetic energy ina beany, (@) Find the mean kinetic energy in it heam
of molecules thas exits from a smalt hole in an oven at temperature 1. (b} Assume
now that the molecules are collimated by a second hole farther down the beam,
50 that the molecules that pass through the second hole have only 2 small
velocity component normal to the axis of emission, What is the mean kinetic
energy? Comment: The molecules in the beam do not coflide and are not in real
thermal equilibrium afier they huve exited from the oven. The gas feft in the
oven is depleted with respect to fast molecules, and the residual gas will cool
down if it Is not releated by heat Aowing in through the walls of 1he oven,

A Rativ of thermal to electricat conductiviry, Show for a classical gas of
particles of charge g that

Kfte = 324 or KiTo = it g7 -2

inconventional units for Kand T. This is know n as the Wiedemana-Franz ratio,

4. Thernal conductivity of metals, The thermal conductivity of capper at
foom lemperature is largely carried by the conduction electrons, one per atom.
The mean free path: of the electrons at 300 K is of the order of 400 x 10~ %¢cm.

5
)

K
F
Z

2

Problems

The conduction electron concentration is 8 x 10** perem®. Estimate (a) the
clectron contribution to the heat ca pacity; (] the electronic contribution 1o the
therma! conductivity; {c) the electrical canductivity, $pacify units,

5. Boltumann equation and thermnal conduetivity. Consider a medium with
temperatuce gradient drfdx, The particle concentration is constant, {a} Employ

the Boltzmann transpart equation in the relaxation time approximation to
find the first order nonequilibrium classical distribution:

3 £ dr
= fy - e b |y 125
‘~.v .\u..... Uuﬂn N._.. .nu \.c dx n w
(b) Show that the energy flux in the x direction is
dr Jf 3 &
I _ELE . 126
o= =)o S5+ ) e 2

where 0,2 = 2¢/3. {c) Evaluate the integral to obtain for the thermal conduc-
tivity K = Sury,fm,

6. Flow through a tube.” Show that when a liguid flows through a narrow tube

under a pressuce difference p between the ends, the total volume fowing through
the tube i unit time is

V= (na*f3yLyp , (127

where y is the viscosity: L is the length; a is the radius. Assume that the flow is
laminar and that the flow velocity at the walls of the tube is zero.

7. Speed of a tube.  Show that for air at 20°C the speed of a tube in titers per
second is given by, approximately,

12d?

$r =

{128)

where the length L and diameter d are in centimeters; we have tried 1o correct
for end effects on a tuhe of finite length by treating the ends as two halves of a
hole in series with the tube.
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Chapter 15; Propagation

ﬁrn purpose of this terminal chapter is to bring within the compass of the text
t

€ most important problems iy the propagation of heat and the propagation
of sound, both classical subjects that are part ofan education in thermal physics.

HEAT CONDUCTION EQUATION

Consider first the terivatio

1 of the diffusion cquation,
Fick law {14.1

which is found from the
9} for the particic Nux density;

Jo = D, pradn . {h

where D, isthe particle diffusivity and a the particle concentration, The equation

an
o divd, = 0,

at (2}

assures that the number of particles is conserved, Because div grad = V2,
substitution of (1} in (2) gives

i
L 2
&= D,V (3
This partial differential e
particle concentration s,
The thermal conductivity equation is deriv
have in a homaogeneaus medium

quation describes the time-dependent diffusion of the

ed similarly. By {14.27-14.30) we

Jo = —Kopradr, {4
The equalion of continuity for the energy density is

= 0t .
ﬁ..n.wﬂq_.a:‘.r—nﬂ..og ' (53

e

Dispersion Refation, v Versus X

where € is the heat capacily per unit volume. We combine (4) and (5) 10 obtain
the heat conduction equation -

it 2
Wln. = U.Q M

D, = Kil, (6)
This equation describes the time-dependent diffusion of the temperature, The
equation is of the form of the particle diffusion equation {3). The quantity D,

is called the thermal diffusivity; for a gas it is approximately equal to the particle
diffusivity, as in (14.23),

e e o L

Commeat.  The cddy current equation of electromagnetic theory* has the sume form as
t3)and 6k H B is the magaetic ficld inlensity, then

B
W = D, V8. (7

The constant D, may be calfed the magnetic diffusivity and in S1 is equal 10 1oy in CGS,
Dy = cYdnop It has the dimensions {lengih)? (lime} ™! and is directly proportional to the
(skin depth)? times the frequency. When we have solved one equation, say {3), we have
sohed three problems,

S e e e T b L e e LA

T b T T o
Ehle e Simias L L A i T e PR

Dispersion Relation, & Versus k

We Took for solutions of the diffusivity equation
DV = éBfée (8}
that have the wavelike form
& = Ogexplilk r — wn)], 9
with was the angular frequency and K as the wavevector. Plane wave apalysis is

an excellent approach 1o this problem, even though it will turn oul that the
diffusion waves or heat waves are so highly dumped that they are hardly waves

* Sez, for example, W. R Smythe, Static and dynamic electricity, MeGraw-Hill, 3rd ed, 1968, p- 269,
This book has an unusuaily full treuiment of eddy corrent problems.

i Sddad)
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at all. Substitute (9) in (5) 10 obiain the relation between k and -

DR = je. {10

A refation w(k) for a piane wave is called a dispersion relation.

Penetration of Temperature Oscillation

Consider the variation of tem

perature in the semi-infinite medium z > 0 when
the temperature of the plane

7 = Ois varied periodicatly with time as
0{0,8) = B cos 1 {1y

which is the real part of doexp(—iwr)

 for real f. Then in the medium z > 0
the temperature is

0(z,1) = 63 Re{exp[ifkz — wf)]}

= Oa Re{exp[**w/D)' 21 — fear]} , (1)
where Re denotes real partand P = (i~ 1Y /3 Thus, with § = ﬁb\e.u:u.
Bz} = 0, Relexp{—z/8)yexpli(z/6) — iwt]}

= Oy expl—z/8) cos{wr — 2/8). {13}

The quantity § = {ZDfw)""? has the dimensions ofa length and represents the
characteristic penetration depth of the temperatuze variation: at this depth the
amplitude of the oscillations of § is reduced by e” !, The characteristic depth is
called the skin depth if we are dealing with the eddy current equation. The
wave is highly damped in the medium the wave amplitude decreases by e~ !
ir a distance equal to a wavelength/2:.

If the thermal diffusivity of soil is taken as D ~ 1x ».o.-unapml !, then the
penetration depth of the diurnal cycle of heating of the ground by the sun and
cooling of the ground by the night sky (& = 0.73 x 107*5™ ) is

L{diurnal} = (20/0)"? = scm.
For the annual cycle, .

L{annual} % I m.

AR uu-"‘i'ﬂ!;J
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Development of 2 Pulse

A fayer of 10cm of carth on top of a cellar witl tend to av

erage out day night
varitions of surface temperatture

2 but the sumier/winter variation nt the wp
of the cellur requires severnl meters of curth, Aciual vilues of the thermal
dilfusivity are sensitive to the composition and conditien of the soil or rock,
MNotice that a fBgure of merit for cellar construction

involves the thermal
diffusivity, and not the conductivity alone.

Development of a Pulse

In addition to the wavelike solutions of the form {9}, the diffusion equation has
several other useful forms of solutions. We confirm by insertion in (8) that

O(xn) = (4abry Y expl ~ /4D (14}

is a solution. The proportionality fctor has been chosen so that

hwm?%war :s
The solution (14) corresponds to the :Bnmﬁiovani ofa pulse whichatr = 0
has the form of a Dirac delia function &{x}, sharply localized at x = 0, and zero
elsewhere.

The pulse might be a temperatare pulse, as when a pulsed laser or pulsed
electron beam heats a surface bricfly. Let 0 be the quantity of keat deposited on
the surface, per unit area. The temperatuce distribution is then given by

B{x,0) = @m\mliac.cin exp{—x?/4Di} (16)

where €, is the heat capacity per unit volume of the material. The function is
plotted in Figure 15.1. The factor 2 arises because all heat is assumed 1o flow
inwards from the surfuce, while for the solution {14} symmeltrical Now was
assumed. Another example of the application of {14} is the diffusion of impurities
deposited on the surface of a semiconductor, to form a p-n junction inside the
semiconductor.

The pulse spreads out with increasing time. The mean square value of x is
given by

e = 3200 fotxds = 201, (17

after evaluating the Gaussian integrals, The root mean square value is

Femsll) = (DU = DML IR AL

T T
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C.6 [
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Figure 15,1
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Flot of spread of temperature pulse with time, for 45D = |
from Eq. (16). Atr = the puise is a defta fuaction,
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Comment.  This resuly shows that the width of
a general characteristic of iffusion and
quite unlike the motion of 4 way
for which w = vk, where p s the
or the randem walk problem fol
walk; thep ¢ = Nig, where ¥ is the number of steps,

| BN IR |

the distribution increases as t*2 which is
fandom walk problems in one dimension. It s
¢ pulse in a aondispersive medium, which is a medium
constant velocity, The connection with Brownian motion
lows if we fet fo be the duration of each step of 4 random

it folfows that

anﬁamw = Amahauru?_:w ] :n.vu

50 that the rms displacement is proportional to the
This is the resyly observed in siudies of it
suspensions of simall pasticles in liquids,

N St it v vt st

R RS A L A e

Square root of the number of Steps.

« Brownian motion, the tandom motion of

T e ey O s e i |
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Témie-Independent Distribution

Diffusion with a Fixed Boundary Condition at r = 0

I & solution of (8) is &mnw.on:u,na or integrated with respect to any of its
independent variables, the result may apain be a solution. An important example
is oblained by integrating (14) with respect to x;

O0x,1) = (dmln)~t .r * dx’ exp(—x"24D0)
Hw._”mmnxuﬁlmuuﬁwals . (20

where u o= x/(4Di 2, Here we have introduced the error function defined by

2 M
erfu = fl% ds exp({ —s?), 21

Jrde

Tables of the error function are readily available. The error lunction has the
properties

erl{0) = 0; lim erf{x) = 1. (22)

Tray
Of particular ?.mo:nm_ interest is the diffusion of heat or of particles into an
infinite solid from a surface at x = G, with the fixed boundary condition = 8,
atx = Q0and 0 = Qat x = oo, {Fort < 0 we assume § = 0 everywhere} The
solution is

0{x,1} = ]t — erf(x/(4D0y*%y]. (23)

Again we see that the distance at which 8(x,1) reaches a specified value is propor-
tional to (401)"2, The application of this solutjon 1o the diffasion of impurities
into a semiconductor is discussed in a problem.

Time-Independent Distribution
Let us look at a solution of (8) that is independent of the time, The diffusivity
equation reduces to the Laplace equation

Vig = 0. (24}

Consider a semi-infinite medium bounded by the plane z = 0 and extending
along the positive z axis. Let tha temperature vary sinusoidally in the boundary
plane:

0(x,5.0) = By sinkx. {25)
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The solution of {24) in the medium is

0{xy,2) = Ogsinkx exp(—kz). | (26)

The temperature variation i.%ﬂv& exponeatiaily with the distance from the
boundary plane. The temperature distribution in ¢

he time-independent problem
must be maintaired by

constant heat sources on the boundary plane z = 0

PROPAGATION OF SOUND WAVES IN GASES

Results developed earlier in this book can be applied to the study of sound waves
in gases. Thermal effects are Important in this problem. Let ép(

pressure associated with the sound wave; the form of the wav
as

x,t} denote the
¢ may be written

dp = dpgexplithx — wn)], (27

where k is the wavevector and  is the an
m the x direction.

gular frequency, The wave propagates
W

'e suppose the equation of state is that of an ideal gas;

PV =Nt, o p=pM, (28)

where p = NAM/V is the mass density, and M Is the mass of a molecute. The
force equation referred 1o unit volume is

du ép Tt dp  p B

P e e D

at dx Max  Moax (29)

Here u is the x component of the velocity of a volume element. The motion is
subject to the equation of continuity

de/dt + div(py) = 0 , (30}
or, in one dimension,
opfat + EHpu)fix = 0. {3

The thermodynamic identity is

."’J

xi

.um
3
g

dU 4 pdV = <ds | . {322}

Fropagation of Seund Waves in Gases

which can also be written

- P Sk 2
v+u“\ T {32b}

If we assume (pending discussion below) that there is no entropy exchange
during the passage of a sound wave, Eq. (32b) becomes

Co@efen) + (p/VIEVIEDy = 0 | (33)
W

here €, is the heat capacity at constant volume, per unit volume. We can re-

write the second term in terms of p/¢t because p = NMV and (1/V)(@V/80) =
—(1/p¥8p/61). Now the :,nﬂnogwnwﬁw identity appears as

Coldr/e) — {pfp)epte) = o. (39)
Let ug define the fractional deviations s, by

o= po{l + 3); T = 1{l -+ 0) (33}
where py, 14 are the density and temperature in the absence of the sound wave.
We assume that u, 5, § have the form of a traveling wave: expli(kx — w)]. The
three equations (29}, (31), (34) that govern the motion now become

—iwpu + ik{rpo/M)s + (pro/M)0] = 0; (36)
—iwpes + ik{pous + pu} = a; (37
—iwry (L0 + iw(p/plpgs = 0. (38}

We assume that at sufficiently small wave amplitudes it is a good approxima-
tion to neglect in these equations terms in the squares and cross products of
1,5, and §. For example, pu == p{1 4 s)u becomes pott if the cross product suis

neglected. The equations thus reduce to, with the subscripts dropped from
pandr,

wu — {kx/M)s — (kt/M) = O; {39)

ws — ku = 0; (40)

It
<

W0~ ps=0; or €8 — ns {41)
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* States, while €, and ¢ = Toll -+ 8} refer 1o the 4

Chapter 15; Propagation

where n is (he concentration. These ¢qQuations have a solution only if

@ = (el A {42)

wherey = (G, + ¢, = C,o/Cy in our units, The velocity of sound is

by = Cwrfdk = (yr/ar)n, (43)

This resut applics 10 monatomic gases from the fowest frequencies up to high
frequencies limited only by the requirement that the acoustic wavelength should
be reuch larger than ihe mean free path of the atoms. This requirement is the

criterion for the applicability of the hydrodynamic approach ¢embodied in (he
force Squation (29),

Thermal Relaxation

With polyatomic 2ases {43) is val

id at low frequencics, but as the requency is
mereased there js a transition

frequency region above which the velocity of

ition region between low frequency and high fre-
quency propagation is associated with relaxation effects,

Thermal relaxation describes the establishment of thermal equilibrium in 3
system. Energy dissipation results When all parts ofa
temperature; the dissipation is strongest
cooling halfeycle in (he sound wave is comparable with the 1 i
heat exchange between the different degrees of freedom o

ﬁmnﬂwn:nmwnmmmn:w C; and temperature 1 = To{l + @) refer ta the internal

ranstational states, Then £34)
becomeg

Cilea/én) + Cy(aefer) — {p/p)dpicny = 0, {34)

or, in place of (38},

=i, C0, — fwrgC 0 & iw{p/mpes = 0. . (45)

Suppose that the transfer of energy between the internal

and external states has
the characteristic L delay 14 such that

Erifét = (1 — e, (46)

ok, bl

Thermal Relaxation

or

iwd = (0 ~ 8,)/1,. _ (47}

Here 15 is called the relaxation time, There will be separate relaxation times for
the rotational-translational transfer and the vibrational-transfational transfer,
We combine €39}, (40}, (45) and {47} to obtain the dispersion relation

Cv + C, + _.eaﬂm
Co + Cp + duwngC,

k2 = (Ai/) (48)

where C), C, refer 1o the translational states alone. In the low frequency Hmit
wly << | and

k2 = (M) = NM/pe1) {49

where y, is the jow frequeney Hmit of the total heat capacity ratio G, + €y
(Cv + €y} The low lrequency limit of the velocily of sound is

0,00) = (yoz/Ane, (50)

In the high frequency Timit wly » 1 and
K = ENE:‘A:GLQL = wAMy_ 1) {51}
Here y,, refers only to the translational states; at high frequencies the inteenal

states are not excited by the sound wave, The high frequency limit of the velocity
of sound js

B(0C) = (3, 1/M)M2, {32)
Values of y, are given in Table 315 if no internal states at all are excited,
N
iz ™ 3

The wave is attenuated when £ is complex; the imaginary pact of k gives the
Pressure attenuation coefficient o, From (48} it is found that the maximum
absorption per wavelength oceurs when @ = 2r/ty and is given approaimieicly
by

. (33}
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Table 15,1 Ratia €, Gy = 3 for gascs

Gas Temperature, <C H
Al 17 1.403
H,O 100 1324
H, 15 1410
Q, -181 1450
15 1401
200 1.3%6
2000 1,303
€0, 15 1304
Ar 15 1.668
He -~ 180 1660

NOTE: For a monalomis ideal gas, CJCy = 573 = LBGT, as
for At and He. For a dialomic gas at a temperature high
enough Lo excile the rotational motion, CouCu = TS = 148,
as far O; and H; at room temperature; at lemperasures
sufficiently high te cxcite also the vibrational motion,
CpfCe = BT = 1.286, a5 for O at 2000°C. The values given
are ol 75, 2pplicable 1o static processes and to sound waves
in the timit of low frequencies. For very high frequency
seund waves only the transiational molion is excited angd
Y= = $3is apphicable.

For CO, gas at the relaxation [requency of 20 kHz under standard conditions
the intensity is observed to decrease by 1/e in about 4 wavelengths—a massive
absorption, in agreement with theory.

Example: Heat transfer in a sound wave, Equation {33) expresses the isentropic assump-

tion: the equation neglects the thermal conductivity which gives rise to some transler of
thermal energy within the sound wave between successive warm and coal haif cycles, The

assumption thatds = 0 must be modified Lo take account of heat Aow. The heat conduction
equation (6) may be written as

Kitzfex? = 186/ér {54)
where 7 is the entropy densily. Then {34) becomes

Colee0 ~ (plpXep/dn) = K(@*yjaxnd)

or

—iweCy8 -+ iwps = Lk%.um. . L (53}

B e Sp—

M

'R,

oot

LT,

JRTOLY

Sunimary
When we use this in place of {413, the dispersion relation efl) becomes
¢+ iIVLE
E? = oA L 6
w (M) eI (56)

with ¥ = K/w. Atlow lrequencies Wk? is much smaller than €, 50 that the sound velocity
is equal to the isentropic result r, = (yo/AM)' 3, s before. The condition IWA* « Cyis
essentially the candition ! <« }, where {is the molecular mean fiee path and 1 is the wave-
length of the sound wave. The allenuation of the pressure oscillation is given by the
inary part of the wavevector & and is denoted by 2. The resu
region W « €, is that

imag-
tt from {56} in the low frequency

w = {pg — DpKe?/2eC, (57)

where €, refers to uait volume.

H

N AP i s
R e L iy NP

SUMMARY

L. The heat canduction equation is the partial differential eguation that follows
when the phenomenological transport equation (here the Fourier law) is
combined with the equation of continuity. We obtain

o1 _ 3.
Fri bV, D

™

The time-dependent diffusion equation and the eddy current equation have
the same form, so that their solutions may be translated from the solulions

of the heat conduction equation, these being often more familiar in the
literature.

[ =]
¥

Frequently it is uscful to construct solutions in the form of superpositions
of plane waves of the form

8 = Opexp[i{k-r — wh)].

The differential equation then gives the relation between @ and k, called the
dispersion relation of the probiem.

4. The propagation of sound waves in gases depends on the rate of exchange of
energy between the translational, rotational, and vibrational motions of a
molecule. A low frequency sound wave is described by isentropic, and not
isothermal, parameters-—a result that seems paradoxical at first sight.
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PROBRLEMS

1. Fouricr analysis of pulse. Consider a distribution tha
t= 0 has the form of a Dirac della function §(x)
represented by a Fourier integral:

t at the initial time
- A delta function cap be

md .
00600 = 50 = = [ dkcexplika) (58)
At later times the pulse becomes

0x P

. (0} = . ._.:a dkexplithx — wn] , {39)

or, by use of (10},

1 s
B(x1) = 5 .ﬁ L dkexplikx — DE), (60)

méE.Eo the .w:nmn: to obtain the result (14). The method can be extended to
nm.mmon._vn the time development ofany distribution givenatt = 0. If the distriby-
tion is f{x,0), then by the definition of the delta function

f(x,0) n%%&w.b&? ~x) (61)
The time development of m.?. — X} is
Blx — x'1) = {dali)texp[—f{x — *PM4pr, 62)

by (£4). Thus at time ; the distribution f(x,0) has evolved to

S8 = (4rpry~t .ﬁ dx’ f(x O exp[ —(x — x)¥/aDr]. (63)

This is a powerful general solution.

2. Diffusion in tvo and three dimensions.,

. 5 . (1) Show that the diffusion equation
wiwo dimensions admjs the solution .

300 = (Caftyexp(~r¥/4D0) (64)

and in three dimensions

0s() = (T3 /0 exp - r2paDi); _ (65)

n.‘
#

Problems

{b} mﬁw,EEn the constants Cy and ¢y, These solutions are analogous to (14)
and deseribe the evolution of a defta function at ¢ = 0,

3. Temperature variations in soif.  Consider a hypothetical climate in which
both the duily and the annuai variations of the iemperature are purely sinusoidal,
with amplitudes 7, = [o°C, The mean anrual lemperature 8y = 10°C. Take
the thermal diffusivity of the soil 10 bel x 1073 em? s~ What s the mirimum
depth at which water pipes should be buried in this climate?

4. Cooling of u siah, Suppose a hot slab of thickness 2a and initial uniform
lemperature 8, is suddenly immersed into water of temperature 8, < @,
thereby reducing the temperature at the surface of the slab abruptly to 0, and
keeping it there. Expand the temperature in the slab in a Fourier series, Afier
same time all but the longest wavelength Fourier camponent of the temperature
wili have deeayed, and then the temperature distribution becomes sinusoidal,
After what time will the iemperature difference between the center of the slab
and its surface decay to 0.01 of the tnitial difference 8, — 0,7

3. p-n junction: diffusion Srom a fixed surfuce concentration. Suppose a sili-
con crystal is p-1ype doped with a concentration of 1, = 10%%em~? of boron
atoms. If the crystal slab is heated in an atmosphere containing phosphorus
aloms, the latier will diffuse as donors with a cancentration m,(x} into the semi-
conductor, They will form a P-n junction at that depth at which n, = ny,
Assume that the diffusion conditions are such that the phosphorus concentez-
tion at the surface is mainlained ut m(0) = 107 cm ™% Take the diffusion
coeflicient of donorstobe D = 10712 ezt What is the value of the constart

€ in the equation x = Cri? where x is the depth of the p-n junction and ¢ is
the time?

6. Heat diffusion with interral sources. When internal heat sources are pres-
ent, the continuity equation {5) must be modified to read

CL 4 divd, =g, (66)
ot

where g, is the heat gencration rate per unit volume. Examples include Joule
hezt generated in a wire; heag from the radioactive decay of trace elements
inside the Earth or the Moon, Give an expression for the lemperature rise at the
center of {8) a eylindrical wire and (b} 1he spherical Earth, on the assumption
that g, is independent of position and is constant with time.

7. Critical size of nuclear reactor. Extend the considerations of the preceding
probiem to particle diffusion, and assume that there is a net particle generation
rate g, that is proportional to the locul particle coneentration, g, = nity, where
1, is a characleristic lime constant. Such behavior describes the neutron genera-
tion in a nuclear reactor. The value ol 15 depends on the concentration of 25¢)
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nuciei; if no surface Josses took
as exp(i/ty). Consider a reactor i
that surface losses pin the neu
Eq. (), if augmented by a pene

place, the newtron concentration would grow
n the shape of a cube of volume L2 and assume
tron surface concentration at zero. Show that
ration tecm g, = nft, has solutions of the form

ni{x,z, 0 o mync\rvnom?&&cow?y;nom?nu . 6N

where k.L, kL and k_L are integer multiples of 7.
dence of the net time constant noonk, k., k, and t,, and show that for at least
one of the solutions of the form {67} the neutron concentration grows with time
il L exceeds & critical value Ly Express L, as a function of D, and 1. In

actual nuclear reactors this increase is ultimately halted because the neutron
Beneration rate g, decreases with increasing temperature,

Give the functional depen-

It AT (e Py Bt DT 2 e o

Appendix A 2
Some Integrals Containing
Exponentials

THE GAUSS INTEGRAL

Let

@

Iy == .“.;8 exp{—xdx = 2 ._,os exp( - x?)dx. )]

.ﬂwwmo:oim:m:mnwmwcmnaﬂon.«w_cm”n To. Write (1} in terms of 2 different
integration variable: 5

Iy = .—,MM exp(— y?)dy. {2}

Multiply {1} and (2) and convert the result to a double integral:

12 = .‘,wM exp{—x%)dx ,_.WM eXp(—y3)dy = .ﬁ,aa._ ._.WM exp = (x* + y¥)dxdy.
. {3)

This is an integral over the entire x-y plane. Convert to polar coordinates r and

¢, as shown in Figure A.l, Then, x? + ¥? = 1% and the area element dd =
dxdy becomes dd = rdrdg:

[¢]

2= o
Iit= ._.o ‘_.Wcmxilwuv rdr ldop = mm,“. exp{—rijrdr.

Because of dlexp(-r*)] = - 2exp{=r¥)rdr, the integral over r is elementary:

I = !a%mmnnvﬁl..ub = —| nexp{—r?) = 7. )

Thus

Iy = .ﬁaﬁﬂlx&ua - m‘*.oanxunlxwvmx =qx' {4

-
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The Stivling Approximation 441
Form=0n= -!: from (4):
.ﬁaint.hhﬁ_b 8
lo= [Tyt rdy = rg) = ntr2 ®)

Ifmisan eveninteger, m = 3/ > 0,18s a half-integer, and n = [ 4, then we find

by repeated application of {7), with the aid of (8), that
Figure A1 The area element J{ =

= relrdap. . -
Iy = Nb xMexp{—x?)dy = ._.a Y leTr gy
Hﬂ:+.@ﬂc!$xﬁl%x...xwxwxa:u. 9)

Form =11 = 0-

il

Iy =2 [ “xexp(— ¥y = bbm-..&. =T =1, (10)

Hmis an odd integer, m = 3 + 1z Lnisanineger,n = | > 6, and we find
simitarly, with the aid of {10}

GENERALIZED GAUSS INTEGRALS,
AND GAMMA FUNCTION INTEGRALS

i

Tgwy =2 .‘.aakﬁl expl—xdx = .‘_.csﬁmat&_

: T+ =l (=1 x - x2x1n an
Tntegrals of the form e

]

The gamma function for positive integer argument is simply the factorial of

I =2 bskanx_uﬁixuw A, (m> —1, (5) the integer preceding the argument,

where mneed not be an integer, may he reduced to the wide!

. y tabulated pamma
function I'(z), by the substitutions ! = I 2dx =y

THE STIRLING APPROYX IMATION

For large values of n, ! can be approximated by
I, = hﬁ.xm:& =T+, = -1 (6)
) ) , ! 1

Theintegral in {6) may be viewed as the definition of I'(2) for roniateger positive . bz Qu) it expy —n 12n +0 n? (122)
values of =, ¥ }

The gamma function satisfies the recursion relation ST

or
Cln + 1) = al'(n) . (7} : 1 1

o ) logn! > Tlog2x + (1 + RBlogn — n + 195 +0 nil (125)
Itis easily obuaineg forn > 0from {6) by integration by parts, and it is used to .
extend the definjtion {8) of T2} 10 negative values of z. By using {7} repeatedly 5
el ; s : . e el : [ t/n, and
1015 sdways possible to reduce T'{z) for arbitrary argument 10 a value iy the : Here the term 1/12n is the first term of an expansion by powers of 1,
interval 0 < 7 < |, . :

. . L I
0(1/n?) stands for omitted higher order terms in this expansion, of order 1/n

raaiedor bt

e

wk
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or higher. In practice, even the term H12iis usu

ally omitted. Tis principal role
is t0 check on the accuracy of the approgimati

on. If the effect of the 1/12n-

The Stirling Approximation

In the limit 1« 0, 5 — 0, and all but the first term ir

v (21) vanish, and the
integral i (19) becomes

correction introduces only a change Lelow th

e desired accuracy, the entire
expression has the desired accuracy.

i ; .‘llH 11 ﬂxﬁﬁﬁcvwwh@. = v%,wsnxﬁﬁl‘__.u\ww&.ﬁ = ﬂmﬁv:m » nwwv
To derive (12) we wrile, in accordance with (11), 3 " ®
) @ . @ p with the aid of {4). i (22} is inserted into {19 the result is identical 1o {12a) except
= .‘.a Moy = .ﬁ_ explfx)]dx (13) 3 for the correction term 1/12n. 1ts derivalion is a bit tedious. We work with
] logu! and write
where E
Jix) = nlogx — x {£4) ==

: A 1
: logn! = {log2n + (n + 4logn — n + o 0 i) {23a)
We make the substitution

Hwereplacenbyn — 1,

X =Ryt = pfl 4 oy dx = ntdy. {15} ;
: 3 togln — 1)t = jlog2n + (0 ~ Hlog(n ~ 1) — (n — 1)
Then : ’
69 = 1 + g0 ; Aol L), (23b)
] = nloghn - n g .w 3 AHOu w 0 0
where M We sublract (23b) from {23a):
=
9(3) = nflog(l + yu=1) — yu~4), 17 ! |
Log(l + yn™ ! H togn! — log(n — 1)1 = log " mﬂ._ = logn
With these, m
{ = (n + Ylogn — (n - Ylogn — 1) — 1
ex X)) = n"e"ex A1, 18 ] 1
pLf] plg(7] { ¥ N 4 - A - + 0 1), (24)
n =
nt=n'we = [ explg(y)dy. s -
. . : ) where ail omitted terms are now at least of order I/n*. The two terms in 4
The function g(3) has its maximum at y = (; 9(0) = 0. Using the Taylor can be combined:
expansion of the logarithm, o ;
) 1
1081 + 5) = 5 — 4% 4 4% o Isb 4 onn (20) A A 4 = A ofd). 25)
. H -1 n(n — 1} n n
with £ = {p2 /2, we expand g(y); :
: 1f this is inserted inlo (24), we find
142 1 /y0\3i2
s = a5 ) - 4 n 1
: }MHA:IW:OWEEM..M.OEM. (26)
= —4y? 4 0. (21} h 5 - SRR n—1 /) N
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For large n the logarithm may he expanded according to (20), with 5 = — 1n:

R 1 1 ! i 1
log e = topf LIy L1 2
p i —% w) Tt t 35 o T &7
i i 1 H 1 i
n~ Hlog——. = j T R AL _
( 2) mxlm +m= m:...umm a:u.ro n?
I 1
=14+ — 3ol 2
¥ n? <8)

If this is Inserted in (28) we see that 4 = 112,

We are often interested not i 2! but o
such that the relatjve errar between an
frue value decreases with increasing n.
reglecting all terms in {125} that incy

nly in legn!, and only to an accuracy
appreximate value of loga! and the
Such an approximation is obtained by
case less rapidly than lincarly with

e

loga! > plogn — p,

(29)

A

Appendix B
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DEFINITION OF THE KELYIN SCALE

Numerical vatues of lemperature® ! are not expressed in practice in terms of the

fundamental temperature 1, whose unit js the unitofenergy, but on the (absolute)
thermodynamic temperature seale T, the Kelvin scale, whose unit is the kelvin,
symbol K. The kelvin was defined in 1954 by internationai agreement as the
fraction 1/273.16 of the emperature T, of the triple point of pure water, Hencz,
by this defirition, T, = 273.16K, exactly, This temperature is 8.01 K above the
aumpspheric-pressure freezing point of water (the ice point), T, = 27315k,
The triple point is more easily and accurately reproducible than the j i

essel
that is pactially backfilled with bure water and cacled untit part but not alf of
the water is frozen, leading to an equilibrium between solid ice, liquid warer,
and the water vapor above the ice-water mixture,

The Celsius temperature seale ¢ s defined in terms of the Kelvin scale, by
t=T - 27315K, H

Temperatures on this scale are expressed in degrees Celsius, symbo] °C. Tem.
perature differences have the same value on both Kelvin and Celsiug scales,

The conversion factor kg between the fundamental temperature 1 and the
Kelvin temperalure,

T = RaT ]

———

* We appreciate the assistance of Norman £. Phillips in (he preparation of this appendix,

! The ultimate survey of the statg of development of precise lemperature measurements is the
proceedings of an international S¥mposium taking place every few years undes the title Temperarure,
s mcasurement and control in science and {ndusirp, The proceedings are published under the same
litle. Vol. 1: C. 0, Fuirchitd, editor: Reinhold, 1940, This votume is targely obsolete. Vol. 3 B ¢
Wolle, editor; Reiahotd, 1955, Althuugh na fonger reftecting the state of the ary, this volume is sqill
useful for its thovaugh introduciory di i i

measurements, not all of which ace repested in the Liter volumes, Vol 33 parts): C M. Eerzfeld,
editot; Reinhold, (962, Perhaps the most gscful valume because of iis nteoductory discussion of
principles of various methads ol temperature measurements, Yol 4¢3 parts): H. H. Plumb, cditor;
tastrument Society of America, Fittsburgh, §6732. Most usefuf for representing the state of the ap

of various methods of iemperature messurements; contains less introductory review maleria|
than Vol, 3.
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is called the Boltzmann constant TIts numerical value must he determined
experimentatly; the best current value® is

kg = (1.380662 + (.000044) x 107 e K4, (3}

The value of the Bolizmann constant is determined with the aid of certain
model systems whose structures are sufficiently simple th
the energy distribution of the quantum states, and from it the entropy as a
funclion of the energy, g = a{U). The lundamental temperature as a function

of the energy is ¢(U)) = {¢a/eU)™Y. Examples of model systems used in the
determination of kg are the following:

(@) Ieal gas. 1n the limit of low particie concentration all gases behave as
ideal gases, satisfying p¥ = NkyT. Cne obtains ky by measuring the pV product
of 2 known amount of gas at a known kelvin iemperature T, extrapelated to
vanishing pressure. The detarmination of the rumber of pacticies N invariably
involves the Avopadro constant N . independently known,

{B) Black body radiation. We can obtain k, by filting the meusured spectral
distribution of a black body of known Kelvin lemperature T to the Planck
radiution law (Chapter 4). Because this faw involves t through the ratio haw/s =

fin/ks ¥, this determination requires the independent knowledge of Planck’s
constant.

at ene can calculate

{c} Spin paramagnetism, \n the limit of vanishing interaction the magnetic
moment M of a system of ¥ spins in a magnelic field B, at temperature 1, is
given by Eq. (3.46). Various paramagnetic salts, such as cerous magnesium
nitrate (CMN) are good approximations to noninieracting spin systems il the
temperature is not too low. By fitting measured values of M as a function of B/T
to (3.46) we can determine the ratio mfky, where m js the intrinsic magnetic
moment of the electron, known independently. Usually only the low-field
portion is used, in which case the number of spins must also be known, which
involves again N,. Precision results require correction for weak residual spin
interactions, similar to corrections for particle interactions in a gas.

The ky value given in (3) is a weighted average of several determinations.
With an uneertainty of about 32 parts per million, it is one of the least accurately
kaown fundamental constants, Most of this vacertainty is due to the difficulty
of the measurements and to the nonideatity of the systems used for these

measurements. About 5 parts per mitlion are due to the limited accuracy with
which f and N, are known,

* E. R. Cohen and B. N, Taylor, 1. Phys. Cher, Reference Data 2, No. 4 (1973).

e
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Primary and Sccondary Thermontetars

When expressing temperature as conventional Kelvin temperature T rather

than lundamental temperature T, il is customary to absorb the Boltzmann
constant into the definition of a conventional eniropy S,

S = ko {4)

The relation 40 = tdo betw

een reversible heat transfer and entropy transfer
then becomes

4Q = Tds. (5}
PRIMARY AND SECONDARY THERMOMETERS

Any accurately measurable physical .Eoﬁ:w X whose value is an accurately
krown function of the temperatare, ¥ = X, may be used as a thermometric
pacucter 10 meusure the temperature of the system po

X aud of any systemy in thermal wuilibrium with it Used in this wity, the
system with the property X is a shermometer. The pringiples anderlying
the mest comntonly used thermometers are listed in Tables B and B2 The
thermometers bisted in Table B2 are called secondary thermometers, defined
as thermometers whose temperature dependence X(T) must be calibrated
empirically, by comparison with another thermometer whose calibration is
already known. The calibration of all secondary thermomelers must ultimately
be traceable to a primary thermometer. But once calibrated, secondary ther-
momelers are easier to use and are more reproducible than the primary thee-
mometers available at the same temperature,

Any calculable model system that can be used ta determine the value of the
Beltzmann constant k, can be used as a primary thermometer, and the three
madel systems discussed above are the most important primary thermometers
(Table B.1).

The precision and accuracy of thermometers vary greatly. Precision is
expressed by the variation AT observed when the same temperature is measured
al different times with the same instrument, Accuracy is expressed by the
unceriainty AT with which the thermometer reproduces the true Kelvin scale.
Secondary thermometers based on electrical resistance measurements may
achieve a precision of 1 part in 10%, The precision of thermometers based on
mechanical pressure measurements is much poorer, particulasly at low pres-
sures, For example, helium vapor pressure thermometers at the lower end of
their useful range have a precision of about 1 part in 10, The accuracy of
secondary thermometers is limited by the accuracy of the primary thermometers

ssessting {he property
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Thermodynamic U...mmﬁ:_ciz.c. S49

ples of the mast important secandary

thermormneters . .
Useful range
Physical property in K
e LT
Thermoelectric voltage of thermocoupics® 400-1400
Thermal expansion of liquid ia glass 200-400
Electrical resistance
metals* 14-700
semiconductars (geemanium)? 0.05-77
commercial carbon resistorst 0.05-20
Vapor pressure of liquefied gas
‘He 1-5.2
He 0.3-3.2
I S

NOTE: The temperatur
not ultimale limits,

* Used as interpolating insteument in the IPTS.
' Widely used a5 o

must be individually culibrated 10 deliver usable ac

used {o nm._rda.ﬁ them, The

accuracy of primary
their relatively poor prec

ision and by residual va
thermometers. As a raugh estimate, the present-
thermometers is about | part in 10* above 100K, a
1K, and about I part in 02 near 0.0] K.

THERMODYNAMIC THERMOMETRY

It is possible to perform primary thermometr
cally known properties of simple model s
relation (5). We give thrce examples,

(2) Carnot cycte, Consider a ¢
perature T and the unknown lemperature T,
the heal trunsfers at the tw
known empersture can be determined by nyw:
transfers, The method is not Very practical.

{8y Magneric calorimetry.  Suppose 3 P
known temperature T
isentropic demagnetiz

1 i a magnetic feld B, Lets

ation to the vnknown

B ranges are approximale ranges of wide uti!

yogenic laboratory thermometer;

aramagaetic substance is jnitial

ity,

cach specimen
curacy.

thermometers is limited by

Tiations befween different

day accuracy of primary

bout 1 part in 107 around

y without relying on the theoreti-
ystems, by somehow utilizing the
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0 lemperatures satisfy /T, =90

2/ T3 The un-

ssuring the ratio of the two heat

fyata
he substance be cooled by

temperature 7. If now a kuown
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Temperatire Seales

small amount d¢ of heat is added to the substance,
d5 = d0/T,. The substance is then
magnetic field B, is determined at whic
to T,. The field B, will be found sii
Entropy conservation requires

its entropy is raised by
isentropically res-magnetized, and the
h the temperature has returped exactly
ghtly different than B,:B, = By + dB.

d$ = d0/T; = S(T,,B,) ~ S(T,.B,) = {¢5/cB), dB. {6)

From the thermodynamic identit

y for the Helmholiz [ree coergy for a magnetiz-
able substanee,

dF = —847 — A[dB . (7}
one obtains, by the usual cross-differentiation, the Maxwell relation

(68/0B); = (OM/ET),. (8}

We insert {8) into {6) to find the expression for the unknown temparature:

T = (QUB)EMI3T),, .

Thequantities 0 at T = TranddBat T =

T are known, and the temperature
derivative of M a1 7

=T, and B = B, is easily measured. The method makes
no assumptions about the ideality of the paramagnetic substance, and it has
therefore been used extensively at low temperatures.

{0 Clausius-Clapeyron thermometry, The melting temperature T, of a sub-

stince varies with pressure p according to the Clausius-Clapeyron cguation of
Chapter 10:

dT,/dp = T, AVjAH , (10)

where AV is the volume change during melting, and AH the latent heat of

fusion. If hoth quantitics have been measured as funections of pressure, {10} can
be integrated:

T2fT, = exp HSE&% (11)

I T, and p, are known, a measurement of the pressure p, at which the unknown
temperature T, is the equilibrium melling temperature permits calculation of

YT

International Practical Temperature Scale UPTSY

T, from (11). By utilization of the strang tempearalite deépendense of the
solidification pressure of liquid *He, the method has been used as an alternative
lo magnetic thermometry at low lemperatures.

INTERNATIONAL PRACTICAL TEMPERATURE
SCALE (IPTS)

Many known phase equilibrium lemperatures can be reproduced far more
precisely than the accuracy with which their exact location on the Kelvin scale
can be determined by primary thermometry. To facilitate practical thermometry,
a number of easily reproducible phase equitibrium temperatures have been
determined as accurately as possible and have been assigned best values to
define an International Practical Temperature Scale (IPTS). On the IPTS the
selected equilibrium points are treated as if their temperatures were known to be
exactly equal 10 their assigned values. Intermediate temperatures are determined
by a preciscly specified interpolation procedure that is chosen to reproduce the
true Kelvin scale as accurately as possible. The present version of the scale is

. IPTS63, adopted in 1968 by international agreement, covering lemperatures

?oazﬁnninmowiaw w«aamnsﬁu.mm%w:viwa.* Hmznw.um?mm_rn
assigned temperatures for IPTS68, - . .

In the range between 13.81 K and 903.89 K, which is the melting point of
amtimony, a platinum resistance thermometer is used as the interpolating
instrument. In the range fom 903,89 K 10 1337.58 K, the melting point of gold,
a platinum-platinum/rhodium thermocouple is used. Above 1337.58 K black
body radiation is used.

Below 1381 K no precisely defined procedure has been agreed, In the runge
between 52K and 1381 K various scales bused on the vipor pressure of
hydrogen are in practical use, Below 5.21 K, the critical point of “He, down 1o
about 0.3K, the 1958 and 1962 helium scales* are widely used as de facto
extensions of IPTS68. The 1958 *He scale relates the vapor pressure of *He 10
the temperature T the 1962 *He scale uses the vapor pressure of *He.

As the accuracy of primary lemperature measurements inproves, €riors in
practical scales such as IPTS become uncovered, leading eventually to revision

of the practical scales. Table B.3 lists some errors now believed 1o exist in
TPTS68.

* Sce, for example, American Institute of Physics hardbook, 3vd ed., McGraw-Hill, 1972; Section 4:
Heat, M. W, Zemansky, cditor. Contains compicte original references.
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Temperature Scalps

Table B3 Assigned lemperatures of

- the International
Practical Temperature Scale of 1968

———— o
Equilibrivm pojny T Tes, Teg - T

Substance Type inK inK

hydrogen t - 13.81

hydrogen 5 (250 torr) .042

hydrogen b 2028

negon b 27.402

oxXygen t 54,361

oxygen b 90.188

water t 27316 exact

water b 37345 0.025

tin 'E 505.1181 0.044

zine ¥ 692.43 Q.066

mamn ya 1235.08

S N

zoﬂ“m.xon_u:o_._zn triple points and the 17.042K point, alf
cquilibria are those a1 g nyes .

Po = 101,325 Nm -3 {=76010rr} The 17.04
boiling poiat of hydrogen a1 2381051, The nolations ¢ b, |

Fin the second columa refsr 1 triple points, boiling points,
and freezing points.® The fas columa confaing esiimales om‘

nzo:wncsﬁmonﬁ.ﬂ. from Physics Tod 9
Dee 1030, y5ies Today 19, No, 12, p. 19

* All diuta from (he
Ird ed., McGraw-Hii

editor.,

American ?W:,Hn:..@.ﬁ Physics handbook,
L1972, Secrion 4 Heat, M. W, Zemansky,
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Appendix C
Poisson Distribution
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The Poisson distribution law is a famous result of probability theory. The result
is usefid in the design and analysis of counling experiments in physics, biclogy,
operations rescarch, and engineering. The statistical methods we have developed
lend themselves to an elegant derivation of the Poisson law, which is concerned
with the occurrence of small numbers of objects in random sampling processes,
Itis also called the law of small numbers. If on the average there is one had
penny in a thousand, what is the probability that N bad pennies will be fousd in
a given sample of one hundred pennies? The problem was first considered and
solved in a remarkable study of the role of luck in eriminal and civil law trials
in France in the early nineteenth century.

We derive the Poisson distribution law with the 2id of a modet system (hat
consists of a farge sumber R of independent lattice sites in thermal and diffusive
contact with a gas. The gas serves as a reservais, Each lattice site may adsorb

Zero or one atom. We want to find the probabilities
POL P, P2), ... PINY,. .,

thata total £ 0, 1, 2,. .. + N, ..., atoms are adsorbed on the R sites, if we are
given the average number (N} of adsorbed atoms over an ensembie of similar
syslems.

Consider a system composed ofa single site. It is convenient to set the binding
energy of an atom to the site as zero, The identical form for the distribution is
found if a binding energy is included in the calculation. The Gibbs sum is

Fi=t+i, 0
where the term 4 is proportienal to the probability the site is occupied, and

the term { is proportional to the probabilily the site is vacans. Thus the absolute
probability that the siic is occupied is

\n_... (2}

The actual vatue of 4 i determined by the condition of the £as in the reservoir,

& s
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Poisson Distribution

because for diffusive contact between the lattice and the resecvolr we must have

Alattice) = A(pas), (3)

by the argument of Chapter 5. The evaluat
given in Chapler 6.

We now exiend the treatment 1o R independeat sites. Then

fon of /(gas) for an ideal gas was

Froo = FiFa o Fa=(1 + AR 4

By the argument used in Chapter 1 we know that the binomial expansion of

{C+ @ or (1 + H® counts once and only once every state of the system of
R sites. Each site has two alternatve states, namely O for vacant or @ for
occupied, which corresponds in the Gibbs sum 1o the term § for 1° and the
term 4 for 11,

In the low-occupancy fimit of f « 1 we have J =}, whence
(N> = fR = iR _ (5)

is the average total number of adsorbed atoms. The Poisson distribution is
concerned with this low-occupancy limit. We can now write (4) as

_fy RV (NYY®
Fue= {4 ) = (14 2]. )

Next we let the number of sites R increase without limit, while holding the
average number of occupled sites {N) constant. The Poisson distribution is
concerned with infrequent events! By the definition of the exponential function

we have
R
lim{ I + N = expéNyY, N
R—w ~N
50 that
(AR
Fiot = eXp{N) = exp{iR) = MI?IN.ML it
?. -

The last step here is the expansion of the exponential function in a power serics.

Poisson Distribution 455
The term in 2% in 3, is proportional to the probability P{N} that N sites
are occupied. With the Gibbs sum as the normabizistion factor we have in the
limit of kirge R:
SN pY NpN ;
, R 2" R¥exp{— iR)
PINY = 20 2 2™k -, 9
A T N )
or, because iR = {N') from {5),
N
—{N
P(N) = N> exp(—¢{ VV. (10)
N1
This is the Poisson distribution law. = . -
Particular interest attaches o the probability P(0) that none of the sites
is occupied. From (10) we find, with (N = 1 apd 08 = .
PO} = exp{~(N3);  log P{0) == —(ND. an
“Thus the E.ogwm:« of zero occupancy is simply related 1o the average number
(N} of occupied sites. This suggests a simple experimental procedure for the
determination of (N): just count the systems that have no adsorbed atoms.
Values of P{N) lor several values of (N are given in Table C.1. Plots are
given in Figure C.1 for (N% = 05, 1,2, and 3.
Hoexpl e (N
Table C.{ Values of the Poisson distribution function P{N} = <2 n%m 8
{N)
01 0.3 035 07 0.9 i 2 3 4 5
PO} 05048 G7408 08065 04966 04066 03679 01353 00398 0DIBZ 00067
P(1} 00303 02222 03033 03476 0.3659 03679 02707 01494 00733 00337
P2} 00045 00333 00758 O.I217  0.1647 01839 62707 032240 01465 (0842
P{3) 00002 00033 00126 00284 00494 Q0413 61504 02240 01954 Q1404
P4} 00003 00016 00050 0081y 0.0153 009062 04680 0.1954 01755
P(5) 00002 00007 00020 00031 00361 01008 0.1563 01758
P{6) 0000F 00003 00005 00120 005 04042 01462
P{T) 0.0001 00034 00216 00595 0.1044
P(8} 0009 00081 00298 00653
PO R 00002 60027 00132 00353
P{10} 00008 00053 0018l
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Poissan Distriburion

{NY = 1
04+
0.2
0
a 1 2 3 4 5
N ———
A}.‘v = w
G2}
DG H 2 3 4 5

Figere C.1  Poisson distribution, P versus N, for several values of (N,
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Example: Incorrect and correce counting of states. (a} The Gibbs sum for the R sites is not

G =1+ L0 274 23 4ol g g {12)
Why not?
(b} The correet sum is

R(R - 1} . & ,
37 A e g GR M GIR,NRH

n=9Q

Fa =+ % =1 4 Ri +

{13)

where

R!
GIRN) = e

(R — NI NI

is the binomiaj cocflicicnt, Note tha

L g{R.N) is the number of independent states of the
system for a given number of adsorh

ed atoms N. The Gibhs sum is g sum over all states.
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Example : Elementary derivation af P(O).

Let a total of R bacteria be distribuled at
random among {. dishes, Each dish s viewe

Fasasystem of many sites to which a bacterium

Poisson Distribution

may attach. The L dishes re

preseatanensemble of L identical systems. The average number
of bacteria per dish is

sz_‘u R/L. : {14}

Each time a bacterium is distributed, the probability that a given dish will receive that
bacterium is 1/L. The probability the given dish will not seceive the bacterium is

Tgw. (15)

The prohabilily in R tries that the given dish will receive no bacteris is

m R
0 ={1~— 16
P(0) - (16
because the factor (15) enters on each try,
We may write {16) as
2 R .
PO) = (1 - me . (17)

by use of (N = R/L. We know that in the limit of farge R,
SN

exp(— () = tim (1 - $¥2)° ag

R

by the definition ol the exponemial function. Thus for B » §and L » 1 we have

PO} = exp{—{ND) {19)
in agreement with (LE)

.. . . e e s et S i e
Lo e L DT B et e S

e e e e R et e i e i -

PROBLEMS

f. Randem pulses. A radioactive source emits alpha particles which are
counted at an average rate of one per second. (a} What is the probability of
countingexactly {0 alpha particlesin 557 (b) Of counting 2 in 1 s?(c} Of counting
none in 557 The answers o {a) and (b} are not identical.
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Poisson Distribution

2. Approach to Gaussian distribution.

4 Show that the Poisson function P N} =
NN exp(— (NN n

closely approaches a Gaussian functios n form, for

“large (N, That is, show when N is close to (N> that

P{N) = Aexp{ — BN — (N)Y],
where 4, B are quantities to be determined by you. Hint: Wark with log P{N}:
use the Stisliag approximation. In the Gaussian form both A and Bare functions
of (NY:in the development of the Poisson function you may fiag A, B are
Ev.a:o:m of ¥, but the two forms of A, Bare closely equivalent over the range in
which the exponential factor has mwmamnww:&:mm.

Ty

Appendix D
Pressure
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Let a pressure p, be applied normal to the faces of a cube filled with a gas or

liguid in quantum state s. By elementary mechznics (Chapter 3) the pressure
is equal to

Py = —dUfdV {n

c.&naFaavamsﬁmwom92&355Ennﬂor.&onmzmwo ﬁ:ﬁrmwamﬁm
as .

P, = —(dUjdV), , 2)

where (dL//dV), denetes the nxvnninmo: value* of d1//dV over the state s at
volume V. Ii is important that we can caleulate P by (2) which is at a fixed
volume with no ambiguity about the identity of the selected state 5, whereas
{1} involves following the state through two volumes, ¥V and V + 4V, with some
possible doubt whether the state remains the same. The ensembic average
pressure p is the average of p, over the states represented in the ensemble:

p = Lpp = ~{dUfdV),) . {3)

Because the number of states in the ensemble is constant, the entropy is constant,
50 that the derivative is at constant entropy. We may therefore write

Ul
P =57 {4

The result (4) uses the energy of the system expressed as Ufg,V, .. ); that is,
as a function of the volume V and the entropy o—not the temperature 1. it is

the entropy and not the temperature that is to be held constant in the
differentiation.

* The equivalence of {1) and {2) is an example of the Helimann-Feynman theorem of quantum
mechanics, according to which the derivative of the hamiltonian X and eneegy cigenvalue U with
respect 1o a parameter 4 are related by dU/dL = (A [dA]>. The derivation may be found on
p 1192 of C. Cohen-Tannoudji, 8. Diw, and F. Lalos, Quarntum mechanics, Witey, 1977; see also
E. Merzbacher, Quantum mechanies, 2ad ed., Wiley, 1970, p. 442.
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Appendix E
Negative Temperature

B T R L o s A S TR T T Ay T e e
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CNEIEY in a magnetic field s plotted here in Figure E1, N
which (3a/2U),, is negative (Figure E.2). Negativ
of the upper state is greater
condition oblains we say t
Figure F 3,

The concept of negative temperature is physicatly meaningful for a system
that satisfies the following restrictions: (a) There must be a finite upper limit 1o
the spectrum of energy states, for otherw; i
would have an infinite energy. A freely moving particle or a harmonic oscillator
cannothuve negative temperatures, for there is no upper bound on their cnergies,
Thus ouly certain degrees of freedom of a particle can be at o negative tempera.

otice the region in
¢ @ means that the population
than the population of the lower State. When this
hat the population js inverted, as illustrated in

08—

0.6 e

Entropy o
b
b

|
|

T o= ) L
0 0.2 0. 0.6
Energy U —ae

Figure E.1 Entropy as function of energy for a two state system,
The separation of the states is ¢ = ! in ihis example. fn the
left-liand side of the figure do/élf is positive, so that 1 is positive,
Gn the right-hand side €o/CU is negative and 1 it negative,

Nepative Temperarure
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Figure 2 Temperature versus energy fof the two
state system, Here
[ t

o o A
auf. & U

Notice that the energy is not a maximum at 1=+
but is 2 maximum a1 ¢ = -0,

1T =

ture: the nuclear spin orientation in a magnetic field is the degree of freedom:
rest commonly considered in experiments at negative temperatuges. {b) The
system must be in internal thermal equilibrium. This means the states must fave
occupancies in aceord with the Boltzmann factor taken for the apprapriate
negative temperature. (c} The states hat are at a negative temperature must be
isolated and inaccessible to those states of the body that are at a positive
lemperature,

The ordinary translutional and vibrational degrees of freedom of a body
have an entropy that increases without timit as the energy mereases, in contrast
to the two state or spin system of Figure E.LL If ¢ increases without limit, then ¢
is always positive. The exchange of energy between a system at a negative
temperature and a system that can only have a positive temperature (because of
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Negative Temperatyre

eI N O O B O I AR

m,me.,n E3 Posible spin distributions for various positive and
snmmjsﬂ temperatures. The magnelic field is directed upward. The
BEgative spin temperatures cannol Jasy indefinitely because of weak
no:m:am between spins and the lattice. ‘The lattice can only be at a
pasitive temperature because its energy level spectrum is unbounded
on top. The downward-directed spias, &
by one, thereby releasing energy 1o the
equilibrium witk the luttice at & comm
nuclear spin system at hegative lemperature may relax quite slowly,
over a time of minutes or hours; during this time experiments at
negalive temperatures may be carried out,

Salt = —r,, lurn over cne
lattice and approaching
on positive temperature. A

an unbounded spectrum) will lead always to an equilibrium configuration in
which both systems are at a positive temperature.

Negative temperatures correspond 1o higher energies than pos
tures, When a system at a negative temperature is brought into contact with a
system at a positive tempesature, energy will be transferred from the negative
temperature to the positive temperature. Negative temperatures are hotter
than positive lemperatures.

The temperatare seale from cold 1o hot runs +0K, ..., +300 K.. ., +oK,
- K, .., ~300K, ... s —0K. Note that if a system at ~ 300K is brought
into thermal conatact with an identical system at 300 K, the final equilibrium
temperature is not 0K, but is +wK.

Z:mmnmn and electron spin Systems can be promoted to negative temperatures
by suitable radic frequency techniques. If a spin resonance experiment is

itive tempera-

Nepative Temperature

carried out on a spin system at negative temperature, resonant enission of
energy is obtained instead of resonant absorption.* A negative temperature
system is uselul as an rf amplifier in radio astronomy where weak signals must
be amplified.

Abragam and Proctor! have carried out an elegant series of experiments on
calorimetry with systems at negative temperatures. Working with a LiF erysal,
they established one temperature in the system of Linuclear spins and another
temperature in the system of F nuclear spins. In a strong static magnetic field
the two thermal systems are essentially isolated, but in the Earth's magnetic
field the energy levels overlap and the twa systems rapidly approach equilibrium
among themselves {mixing). It is possible to determine the temperature of the
systems before and after the systems zre atlowsd to mix, Abragam and Proctor
found that if both systems were initially at positive temperatures they atiained
& common posilive temperature on being brought into thermal contact. if both
systems were prepared initially at negative temperatures, they autained a
common negative temperature on being brought into thermal contact, if
prepared one at a positive temperature and the other at a negative temperature,
then an intermediate temperature was attained on mixing, warmer thas the
initial positive temperature and cooler than the initial negative temperature,

FURTHER REFERENCES
ON NEGATIVE TEMPERATURE

N. F. Ramsey, “Thermodynamics and statistical mechanics at negative absolute
temperature,” Physical Review 103, 20 {1956},
M. J. Klein, “MNegative absolute temperature,” Physical Review 104, 389 (1956),

* E. M. Putcell and R. V. Pound, Physical Review 81, 278 {1951} ‘
VA, Abragam and W, G. Proctor, Physical Review 106, 160 (19573; 109, 1441 (1958).
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Abragam, H., 350, 463
Abraham, B. M., 209
Absolute activity, 139
Absorption refrigerator, 258
Absorptinity, 97

Acceptor, 357, 363
Accessible state, 29
Aclivation energy, reactions, 271
Aclive {ransport, 145
Activity, absolute, 139

Age, Sun, 11l

. Alr conditioners, 235

‘rooin, 138
Alloy, binary, 16, 310, 331
gold in sificon, 331
mixing energy, 318, 330
sofidification range, 334
system, 16
Anderson, A C., 219
Astonini, E., 142
Almosphere, 126, 143, 179
Atoms, in a box, 74
velocity disiribulion, 394
Average value, 22
Avogadro constant, 282

Barclay, §. A, 345

Barnes, C. B,, 345

Barometric pressure, 125
equation, 126

Battery, electrachemical, 129

Bertram, B., 210

Beus, DS, 342

Binary alloy, 16, 318, 331

Binary model systems, 10

Binomial distribution, 22
expansion. 14

Biopolymwer growth, 273

Diack body rudiation, 98
Bockris, J. O. M., 248
Beltzmann constang, 41, 45, 416
Boluzmann factor, 58, 61
Baltzmsan transport equation, 408, 421
Born, M., 106
Bose-Einstein condensate, 202
Bose-Einstein distribution, 157, 159
Boson, 152
Boson gas, 199

condensation, 205

-degeneraie, 221

fluctuation, 222

one dimension, 222
Boson system, 223
Bridgman, P. W, 279

CMN, 348, 448
Carbon moncxide poisoning, 146
Camot coefficient,

refrigermtor performance, 234
Camot ¢cycle, 236

ideal gas, 237

thermodynamic thermometry, 449
Carnot efficiency, 230
Carnot engine, pholon, 258
Carnot inequality, 228, 232
Carnot liquefier, 351
Carrier concentzation, intrinsic, 362
Carrier lifetime, 388
Currier secombinatian, 383
Caralyst, 271
Celsins temperature scale, 445
Centrifuge, 145
Cerium magnesium aitrate, 348, 448
Chapellier, M., 350
Chandrasekhar limit, 222
Characteristic height, atmosphere, 126
Chaug, V. H., 350
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- Critical magnetic field, 253

Index

Chemical cquitibria, 266
Chesmical potentiul, 118, 119, 148, 161

and entropy, 131

equivalent definition, 148

external, 149

ideal gas, 126, 169

internal, 122, 124

mobik magnetic pariicles, 127

near absoluic zera, §99

total, 122,124

two phase equilibrinm, 330
Chemical reaction, 264
al work, 250

wdeai gas, 251
Classical distribution, 410

lunction, 61
Classical imit, 160
Classical regime, 74, 153, 159, 358
Claude eycle, 34}

helium liquefier, 351
Clausius-Clapeyron equation, 281
Clayton, D. D., 222
Closed systemn, 29
Cocfficient, refrigerator performance, 234
Coefficient, viscosity, 402 .
Coexistence curve, 278
Cohen, E. R, 446 .
Oownm..m,muzcc&m_ C., 45%
Cotlision cross seciions, 395
Collision rates, 395 .
Concentration fluctuations, 147
Condensed phase, 203
Conductance, hole, 415

tube, 416
Conduction band, 355
Conduction electrons,

semiconductors, 355
Conductivity, elccirical, 413, 421

intrinsic, 387

thermal, 401, 421
Configuration, most probable, 33, 35
Convective isentropic cquilibrium, 179
Cooling, demagnetization, 352

evaporation, 341

external work, 334

nonmetallic solid, 259

of slub, 437
Cooper pair, 250, 257
Corresponding states, law of, 290
Cosmic background radiation, 98
Counierflow heat cxchanger, 336

Critical point, 291
van der Waals gas, 289
Critical radius, nucleation, 295
Criticat size, nuclear reactor, 437
Crilical temperature, 276
gascs, 277
Croft, A. 1., 340
Cryogenics, 333
Crystal transformation, 307
Crystalline mixture, 319
Curie temperature, 298
Cycle, Carnot, 336

DINA molecule, 85
Daunt, 1. G., 348
de Bruyn, R, 345
De Maeyer, L., 270
Debye T? faw, 106
Debye temperature, 105
Debye theory, 102
Degenerate Fermi gas, 219
Degenerate gas, 182
Degenerate semiconductors, 358, 365
Demagnetization, cooling, 352
isentropic, 346 .
nuclear, 348 -
Density of orbitals, 187, 218
Density of states, 186
effective, in semiconductors, 360
effective mass, 360
Detailed balance, kinetics, 407
pringipic of, 271
Deviation, integrated, 54
Biatomic molecules, totation, 34
Diesel engine, 180
Differential relations, 70
Diffusion
current flow, 379
equation, 437
fixed boundary, 429
heat, 437
inlernal heat sources, 437
particle, 399, 409
p-1 juaction, 437
Diflusive equilibrium, 120
Diffusivity, 399, 428, 437
Ditution refrigerator, helivm, 342
Dispersion relation, 425
Distribution, classical, 161, 410
Bose-Binstein, 158
Fenmi-Dirac, 154, 411
Diu, B., 459

Dixon, R W., 146
Donor, 356, 363

fevels, 369
Donor imgurities, fonization, 273
Doping concentrations, 375
Doping profile, 358
Dry adiabatic Tapse rate, 270

Earth, distance from Sun, 111
Eddy current equation, 425
Effective density of states, 361
valence band, 362
Effective mass, 360
Effective work, 246
Efficiency, Carnet, 230
Eigen, M., 270
Einstein condensation, 199
temperature, 205
Einstein relation, 406
high electron concentrations, 388
Einstein temperature, solids, 84
Elasticity of polymers, 86
Electrical conductivity, 413, 421
Elecirical noise, 98
Elecirochemical battery, 129
Electrolysis, 247
Eleciron-hole pair generation, 388
Electfon mobility, 380
Elementary excitatians, 212
Efliott, R. P., 323
Emigsivity, 97
Energy, conversion, 240
cenversion cfficiency, 230
degenerate boson gas, 221
equipartition, 77
Fermi gas, 185
fluctuations, 83, 113
geothermal, 259
ideal gas, 76
magnetic, 252
mean kinetic, 426
mixing, 314, 330
thermal average, 140
transfer, 227
Iwo state system, 62
van der Waals gas, 305
Encrigy gap, 355
Ensemble, averape, 31, 62
constraction, 32
systems, 31 R
Enthalpy, 246, 284
van der Waals gas, 305

Index

Entropy, 42, 45, 52
aceumulation, 229
and chemical potenti
conventienal, 45
degenerate boson gas, 221

degencrate Fermi gas, 219

free energy, 165

heat flow, 44

faw of increase, 54

as logarithm, 50

of mixing, 78, 178, 314

and occupancy, 1§4

and temperalure, 52

transfer, 227

van des Waals gas, 305
Equation of continuity. 424
Eqguation of state, van der Waals, 287, 289
Equiiibria, chemical, 266
“:phase, 322

" Equilibrium, hydrogen, 262

gas-solid, 285, 305
particle-antiparticle, 274
reactions, 266
two phase, 330 -
vapor pressure, 291
Equilibrium constant, 268
Equipartition of energy, 77
Error function, 429
Eutectic, 325
Evaporation couoling, 341
limit, 352
Expansion, cooling, 334
engine, 334
Fermi gas, 259
irreversible, 175
isothermal, 171
Extensive quantities, 264
Extreme refativistic particles, 147
Extrinsic semiconductor, 364

Feher, G, 148
Fermi encrgy, 155, 183
Fermi gas, 183
fiuctuations, 222
ground siate, 185
irveversible expansion, 259
liquid helium-3, 219
melals, 194
relativistic, 218
Fermi level, 155, 357
intrinsic, 362
exirinsic semiconductor, 364
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Fermi-Dirac distribution fu netion,
153, 177, 411

munnz.;.U_.;nw:_nwE_,uma
Fermion, 152 :
Ferromagnetism, 293,302
Fick's law, 399
First law, 4%
First order transition, 302
Flow, through hole, 415
through tube, 416, 421
speed, 422
Fluctuations, Bose gas, 222
concentration, 147
encrgy, 83, 113
Fermi gas, 222
time of, 178
Flux density, 357
Fourier analysis, 416
Fourier's law, 40}
Free energy, 163
Gibbs, 246, 262
harmonic oscillater, §2
Helmholiz, 68
paramagnetic system, 69
photon Bas, 1i2
Lwo state system, §1
Free energy function, Landau, 298
Fruton, J. ., 142
Fuel cell, 247, 248
Fundamentat assumption, 29
Fundamental temperature, 4}

Gallium arsenide, semi-insulating, 372
Gamma function integral, 440
Gas constant, 166
(ias, critical temperatures, 277
degenerate, 182
degenerate boson, 275
degenerate Fermi, 219
ideal, 72
liquefaction, 337
one-dimensional, 86
potential energy, 145
quantum, $82
tarefied, 413
sound waves, 410
Gas-solid equilibrium
Gauss integral, 439
Gaussian distribution, 20
Generalized forces, 404, 403, 458
Generation, eleciron-hole pair, 368
Geathermal energy, 259
Cauque, W., 167
Gibbs factor, 134, 138

Gibibs free cnerpy, 246, 262
van der Waals gas, 294
Gibbs sum, 134, 138, 146
ideal pas, 169, 180
twa level sysiem, 146 .
Giffard, R, R, t03
Goldman, M., 350
Grand cznonical distribution, §38
Grand partition function, 138
Grand sum, 138
Greenhouse effect, 115
Guyer, R. A, 210

Hallcell potentials, 131
Hall, R, N, 385
Hall-Shockley-Read theory, 383
Hasnsen, M., 323
Harmonic oscillator, 52, 82
free energy, 82
multiplicity functicn, 24
Harwit, M., 219
tHeat, 44, 68, 227, 240
definition, 227
isobaric, 245
path dependence, 240
vaporization of ice, 305
Heat capacity, 63, 165
degenerate boson gas, 221
electron gas, 189
intergalactic space, 113
liquid hetium-4, 113
pliotans and phonons, 113
sofids, 113
{wo state system, 62
Heat conductien equation, 424
Heat engine, 228, 230
refrigerator cascade, 258
Heat exchanger, counterflow, 336
Heat flow, 44
Heat trunsfer, sound wave, 434
Heat pump, 235, 257
Heat shield, 112
reflective, 113
Heer, C. V., 348
Helium dilution refrigerator, 342
Helium liquefier, 35
Helmholiz free energy, 63
Heme group, 130
Hemoglobin, 141
Henshaw, D. G., 216
High vacuum region, 397
Hitl, J. 8., 348

R

Hobden, M. V., 349
Holes, 177, 355

conductiance, 415

quantum concesttration, 36]
Hock, J. R, 217
Huiskamp, W. §., 342
Hydrogen, equilibrium, 269

1PTS, 451
fce, heat of vaporization, 305
Ideal gas, 72, 74, 160, 169
calculations, 180
Carnot cycle, 237 )
chemicai potential, 120, 169
chemical work, 251
cnergy, 15
Gibbs sum, 180
internal degree of freedom, 179
isentropic refations, 17%
Kelvin, 446
faw, 77
faw, kinetic theory, 391
one-dimensiopal, 86
sudden expansion, 243
thermodynamic ideatity, 177
two dimensions, 180
Impurity atom ionization, 143
impurity level, 368, 383
carrier recombination, 383
Increase of entropy, law of, 45
Inequality, Carnot, 232
Iujection taser, 381, 388
Integrals coataining cxponentials, 439
Intensive quantities, 264
intergalactic space, heat capacity, 113
Internal chemical potential, 122, 124
Iaternational Practical Temperature
Seale, 451
[ntrinsic conductivity, 387
Intrinsic Fermi level, 362
Inversicn lemperature, 336
Ienizalion, deep impuritics, 388
donor impurities, 273
impurity atom, 143
thermal, 273
water, 269
Irreversibility, sources, 232
Trreversible thermodynamics, 406
Lrreversible work, 242
Isentropic demagnetization, 346
Isentropic expansion, (14, 148
Isentropic process, 173
Isentropic relations, ideal gas, 179
Isobaric process, 245

Index

sotherm, 276

Langmuir adsorption, 143
Esothermat work, 245

James, H. M., 86
Johnson, 1. B., 98
Johnson noise, 98
Johnston, H. L., 167
Joule-Thomson effcct, 337
van der Waals gas, 338
Joyee, W.B., 366
Joyce-Dixon approximation, 366
Hittner, F, 219

Kelvin temperaturg, 41

scale, 445
Kinemalic viscosity, 404
Kinetic model, mass action, 270
Kinetic theory, ideal pas law, 391
Kinetics, detailed balance, 407
Kirchhofl taw, 96, 115
Klein, M. J., 463
Knudsen regime, 397, 413
Kramers, H. C., 114
Kursi, N, 348, 349

Lalcd, F., 459
Lambda point, helium-4, 210
Laudau free energy function, 298
Landauy lunction, 69, 298
Landau theory, phase transitions, 298
Langmuir adsorption isotherm, 143
Laser, injection, 381, 388
Latent heat, 281, 284
enthalpy, 284
increase of entropy, 45
vaporization, 281
Law of corresponding states, 290
Law of increase of eatropy, 45
Law of mass action, 268, 362, 333
Laws of rarefied gases, 413
Laws of thecrmodynamics, 48, 49
Leff, H. 5., 259
Levgett, A. 1., 217
Lein, W. H_, 135
Linde cycle, 339
Eiouville theorem, 408
Liquid helium 11, 209
Liquid helium-3, 217
superfluid phases, 217
Liguid kelium-4, 207
heat capacity, 113
Liquid *He-*He misture, 320
mixing energy, 330
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Liquidus curve, 323

Long tube, Row, 416

Loschmidt number, 395
Lounasmaa, O, V., 342

Low orbital free atoms, 201

Low temperature thermometry, 448
Lynds, B, 111

McTee, 1. H., 394
Magnetic concentration, 145
Magnctic diffusivity, 425, 437
Magnetic energy, 252
Magneric fickd, adsorption of Q,, 147
mobile magnetic particles, 127
spin eatropy, 170 :
in superconductors, 253
Magnctic susceplibitity, 8t
Magnetic system, 23
Magnetic work, 252
Magnctization, 70
Marcus, PL M., 394
Mass action, law, 268, 270, 362, 387
Maxwell distribution of velocities, 392, 419
Maxwell relation, 71, 272
Maxwell transmission distribution, 395
Maxwelt velocity distribution 393
Mean field method, 288
Mean free path, 395
Mean speeds, Mazwellian distribution, 419
Mean value, 22
Meissner eflect, 252
Merzbacher, E., 459
Metastable phases, 278
Meyer, L., 215
Milner, J. H., 348
Minority carrier lifetime, 353
Mixing, energy, 314, 330
entropy, 78, 178, 314
Mixture, binary, 310
crystalline, 319
liquid *He—*He, 320
phase equilibria, 322
Mobile magnetic particles,
chemical potential, 127
Mobility, electron, 380
Malecules, Earih’s atmosphere, 145
Mankey-Hamiet, 53
Most probabie configuration, 33, 35
Multiple binding of O, 148
Multiplicity, 7 .

Multiplicity function, 15, 13

harmonic oscillator, 24 N
Myoglobin, 140, 142 - -

Negative termperature, 460
CMever,™ 53
Niels-Hakkenberg, C. G., 114
Nondegenerate semiconductor, 358
Nonequilibrium semiconductors, 379
Normal phase, 203
Nuclear demagnetization, 348
Wuclear matter, 198
Nuclear reactor, critical size, 437
Nucleation, 294

critical radius, 265
Nyquist theorem, 98

Occupation donor levels, 369
Casager relation, 406
Orbital, 9, 152

occupancy, 202

symmetry, 177
Order parameter, 298
Gshorne, D, W, 209
QOverhauser effect, 84

Paramagnetic system, 69
Paramagnelism, 52, 446
Pasticle-zntiparticte equilibrium, 274
Particle diffusion, 399, 409
Partition function, 61

{wo systemns, 83
Paseal (Pa), back endpaper
Path dependence, 240
Pault exclusion principle, 152
Peltier effect, 336
Penetration, temperature oscillation, 426
Pennings, ™. H., 345
Peritectic systems, 330
Perpetual motior, 5¢
pH, 269
Phase, 267

condensed, 203

equilibria; 322

normai, 203

relations of helivm, 210
Phase diagram, 321
Phase transitions, 298

Landay theory, 258

superconducting, 306, 307
Phenomenological laws, 398
Phitlips, N. E., 195, 196, 254
Phonon, 102

heat capacity, 113 -

mode, 104 )

“solids, 102

Photon, Carnot engine, 258
condensation, 331
heat capacity, 113
thermal, 110
Photon gas, 112, 114
free energy, 112
isentropic expansion, t14
ong dimension, 112
Pillans, H., 111
Planck distribution function, 89, 91
Planck law, 91, 835
P-4 junction, 373
reverse-biased, 377
Poise, 403
son distribution, 138, 453
distribution law, 455
Poisson equation, 375
Pollution. thennal, 258
Polymer, 86
clasticity, 86
Populsuoen inversian, 460
Pound, R. V., 463
Prau, W. P, 348
Pressure, 64, §64
degenerate Fermi gas, 219
thermal radiation, 111
Principie of detailed balance, 271
Prebability, 30
Procior, W, G., 463
Propagation, sound waves, 430
Putse, development, 427
Fourier analysis, 436
random, 457
Punp, speed, 417
Purcell. E. M., 463

Quantum concentration, 73, 85
conduction elestions, 361
holes, 361

Quantum gas, 182

Quantum regime, 182

Quasi-Fermi jevel, 379

Quasiparticle, 212

Radiant energy flux, 114
Radiant object, 114

Hadiation
black body background, 98
thermal, 111 .
Ramsey, N. F., 463

Rarefied gases, laws of, 413
Reaction, chemical, 266

Index

Reaction rate, 271
Read, W. T, 385
Recombination, carrier, 383
Reese, W, 219
Refrigerator performance,
Carnot coefficient, 234
coefficient, 234
helium dilution, 342
light bulb in, 259
Reif, F., 215
Relutivistic Fermi pas, 718
Relativistic white dwarfs, 222
Relaxation, thermal, 432
time, 433
Reserveir, 58
Resistivity, 387
Reverse-biased p-n junction, 377
Reversible tsothermal expansion, 171

" Revessible process, 64

Room aif conditioncr, 258

Rose, W, K., 197

Roseablun, S, 8., 438
Rossi-Fanelli, A., 142

Rotation, diatomic molecules, 83

Sackur-Tetrode equation, 77, 165
experimental tests, 167
Schindler, H., 148
Schottky anomaly, 63
Second law, 49, 240
Second order transition, 304
Segregation coefficient, 331
Scemiconductor, 353
degenerate, 358, 365
donar impurities, 273
extrinsic, 364
impurity atom jonization, 143
n- and p-type, 363
nondegenerate, 358
aonequilibriven, 379
Semi-insulating gaftium arsenide, 372
Shockley, W., 385
Shunk, F. A, 323
Simmonds, §., 142
Smythe, W, R., 425
Seil, temperature variations, 437
" thermal diffusivity, 427
Solar coastant, {10
Solidification range, 331
Solidus curve, 323

Solubility gap, 319, 311

171



472

Jo—

Index

Solidus curve, 323
Solubitity gap, 310, 311
phase diagram, 3]
Sound wave, heat iraosfler, 434
propagation, 410
Specific heat, 63
Speed, pump, 417
tube, 422
Spin entropy, 170
additivity, 53
Spin excess, 14
Spia system, 10, 37, 52
Srinivasan, §., 248
Stefan-Boltzmann constant, 94
Stefan-Roltzmann faw, 9, 94
Steyert, W. A, 148
Stirling ipproximation, 19, 44}
Stokes-Einstein relation, 404
Struve, 0., 111
Sudden expansion, idea] gas, 243
vacuum, 175
Sun
age, 111
interior temperature, 111
‘mass and radius, 111 .
surlace temperature, 110
Supercanducting tragsition, 306
Supercenductor, 252
magnetic work, 252
m:bn_.nco:am. 278
Supecfiuid phases, 217
Superfiuidity, 212
Superheating, 278
Superinsulation, |9
Suscepuibility, 1 gnetic, 81
Swenson, C, A, 210

Tacenis, K. W., 145
Taylor, B. N., 446
Teaters, W. D, 259
Temperature, 41
critical, 274
Earth’s surface, 111
estimuation of surface, 97
fundamental, 41
Kelvin, 41
negative, 44]
oscillation, 426
scales, 345
Sun’s average, 11}
Sun's surface, 114
variations in soil, 437

Temperatyre osciflation, penetration,
426, 437

Thermal average, 62
Thermai conductivity, 401, 421
metals, 421 ,
Thermal contacey, 33, 37
Thermal diffusivity, 425
soil, 427
Thermal equilibrium, 36, 39
values, 36
Thermat ¢xpansion, 272
Thermal ionization of hydrogen, 272
Thermat photon, 110
Thermal pollution, 258
Thermal radiation, 1]
Thermal relaxation, 432
Thermodynamic identity, 67, 133, 177
Thermodynatnic relations 11,272
Thermodynamic thermometry, 449
Thermodynamics, superconducting
transition, 306
Thermomelers, 447
Third taw, 49
Throwghput, 415
Torr, 414
Transitions, first order, 302
second order, 304
Transmission distribution,
Maxwell, 395
Transport processes, 397
Treloar, L. R. G, 86
Triple point, 284
Two state system, 62, 51
free encrgy, 81
heat capacity, 62

Universe, entiopy of, 110

v. Kirmén, T, 10§
Vacuum physics, 413
Valence band, 355

effective density of states, 362
van der Waals gas, critical poinis, 289

cnergy, 305

enthalpy, 305

egation of state, 247, 259

Gibbs free energy, 291

helium, 350

Joule-Thomson effert, 338
Vapor pressure, equilibrium, 29}
Vaper pressure cquation, 276, 281
Vaporization, latent heat, 28|

ice, 305

Velocity of sound, 432

Virial theorem, 111

Viscosity, 402 -
kinematic, 404

Water
calcutation of dT/dp, 3058
ionization, 269
Webb, R. A 103
Weinstock, B., 209
Weissman, M., 148
Wheatley, J. C., 217
White dwarf star, 196
misss-radius retationship, 219
relativistic, 222
Wicbes, 1., 114
Wiedemann-Franz ratio, 421
Wilks, 1., 219
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Woods, A. D. B., 218
Work, 227, 240

cherical, 251

constant pressurs, 245
consiant lemperature, 245
definition, 227
irreversible, 242

isobaric, 245

isothermal, 245

magnetic, 252

path dependence, 240

Zemansky, M, W., 279, 451
Zzroth law, 48

Zipper probler, 85

Zucca, R, 373
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Uit conversions

Energy

1= 10"erg -

teal = 4.184 3

leV = 160219 » 10719 ] = 160719 x 167" erg = 23.061 keal ma}~*
1 kWh = 36 x 108 ]

1 BTU = 1055 }

Power

IW=1Js""=1 107ergs™?
Lhp = T46 W & $50 4t 1bs—

Pressure

IPa=1Nm™ = 00l mbar = 10~* bar = 10 dynem™?
= 7501 » 107 mm Hg or torr

Ehar = 10%dynem™? = 10 N m~2 = 750 mm Hg

ImmHg=1torr=1333Nm~? = 1333 dynem™?

latm = 760 mm Hg = 1013 » 105 N m~? .

1013 x 10°dynoem™? = 1.013 bar

i

[

* AL0*C where the acceleration of aravity has the standard valuc 5.80665 m 5=

heEs

Xy POy

1. PRI EN O]

3

PVL TN L T TR

5N

Table of Values

Quanlity Symbol Yalue CGs ) 5t
Velocity of light c 2397925 10%cms™? 108 ms™*
Proton charge e 160219 — 10718 ¢
4.80325 107 %50 —
Planck’s constant h £.62618 107 ergs 1073415
k= hi2n 105459 _Osu...nmmw 10715
Avogadra’s number N 602205 % 10 mol™? — —
Alomic mass unit amu 1660657 107%g 10737 kg
Electran rest mass m $.10953 10-2, 10 3 kg
Proton rest mass M, . 1.67265 107 g 107 7kg
Proton mass/electron mass MJm © 18382 — —
Reciprocal fine structure 1a 137036 — e
constant kefe
Electron radius & fmc? r, 2.81794 0" on 107" m
Electron Compton A, 3.86159 107 em W™,
wavelength fi/me
Bohr radius k¥fme? N 529177 107%cm 1074,
Bohir magneton eb/2me Hs 9.27408 107 erg G! 19"yt
Rydberg constans me*/2h? R, ot Ry 217994 107 erg 10748
: 13.6058cV
E electron volt ev 160219 10" erg 10719y
eV/h 241797 x 10°“ Hz - —
eV/he 8.06548 10 em ™t 1P m!
eViky 116045 = 10* K — —
Boitzmann constant kg 1.38066 10" ¥ergK™?t 19712 1K !
Permidlivity of free space N — 1 107 f4nc?
Permeabitity of free space Mo e 1 d4r % 1077
Molar gas constant Nk, R 831441 107ergmol 'K~ Imoi™t K¢
Molar volume idead gas, at 2241383 10% em mol ! 107 m? mol !

T, = 21315K,

Po= 101325 Nm™?* == fatm

Source: £, R. Cohen and B. N. Taylor, Journal of Physical and Chemical Reference Data 2(4), 663 (1573).



