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PREFACE Quantum gravity is notoriously a subject where problems vastly outnumber results. This is no surprise at short distances, on the order of the Planck length, where most of us expect quantum fluctuations in the metric to cause space-time itself to lose its meaning and gravity to be subsumed (along with the other so-called fundamental interactions) into some more comprehensive, consistent, and radical theory. However, even at larger scales, where one would naively expect quantum corrections to be small and controllable, reasonable people disagree not only on what are the right answers but also on what are the right questions. Recently there has been a flurry of activity in this area, inspired both by the importation of ideas from string theory and by speculations about connections between topology-changing quantum fluctuations and the vanishing of the cosmological constant. This last was the focus of the Seventh Jerusalem Winter School, on "Quantum Cosmology and Baby Universes", held from December 27 1989 to January 5 1990. Lectures were given by S. Coleman (Harvard), J. Halliwell (M.I.T.), J. Har- tle (University of California, Santa Barbara), S. Hawking (Cambridge), A. Stro- minger (University of California, Santa Barbara), L. Susskind (Stanford), and C. Teitelboim (Centro de Estudios Cientificos de Santiago). Halliwell's "Introduc- "Introduction to Quantum Cosmology", Hartle's "The Quantum Mechanics of Cosmology", and Teitleboim's "Hamiltonian Formulation of General Relativity" dealt with the foundations of the subject, while my "Wormhole Dynamics", Hawking's "Worm- holes and Non-simply Connected Manifolds", Strominger's "Baby Universes", and Susskind's "Critique of Coleman's Theory of the Vanishing Cosmological Constant" dealt with more recent developments. The more responsible lecturers submitted lecture notes to be published in this book. Everyone involved in the school, both lecturers and students, displayed a very high level of energy and enthusiasm; I had a wonderful time and learned a lot, and I suspect others did also. The success of the school owed much to the efforts of my co-directors, Jim Hartle and Steve Weinberg, and to those of the local organizer, Tsvi Piran. We are grateful to the Israeli Ministry of Science and to the Alfred P. Sloan Foundation for their support. Sidney Coleman Co-Director
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2 (I.ЛИПК) ТГ.ПТ.МКММ 1. INTRODUCTION 2. HAMILTONIAN FORMULATION OF GAUGE THEORIES (PRE- BRST) 3. BRST HAMILTONIAN FORMULATION OF GAUGE THEORIES 4. DYNAMICS OF GRAVITATIONAL FIELD 5. DOES THE HAMILTONIAN VANISH?. GENERAL COVARIANCE AS AN "ORDINARY" GAUGE INVARIANCE 6. MUST TIME FLOW? 7. BRST CHARGE OF GRAVITATIONAL FIELD 8. ELEMENTS OF BRST THEORY 9. ACKNOWLEDGMENTS

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 3 1 INTRODUCTION The lectures were a review of aspects of gravitation theory that are mostly well understood. There appeared to be no point in writing lectures notes as such, since almost all the material was well covered in the existing literature. What is given below is a bibliography, with some comments when deemed necessary. The bibliography is, in turn by no means complete. Rather, it is the opposite, consisting of the small number of references which were heavily relied upon in the presentation given in the school. There are two exceptions to the above. It was felt by the editors that BRST theory was not familiar to many people interested in quantum cos- cosmology and that the reference used for that lecture was not easily accessible. For that reason that paper is reprinted here in full in Sec VIII. The same applies to the comments on generally covariant systems given in Sees. V and VI which, in the form given below, axe taken from a book that has not appeared at the time of this writing. 2 HAMILTONIAN FORMULATION OF GAUGE THEORIES (PRE-BRST). 1. Dirac, P.A.M. 1950. "Generalized Hamiltonian Dynamics", Can. J. Math., 2, 129. 2. Dirac, P.A.M. 1950. "Generalized Hamiltonian Dynamics", Proc. Roy. Soc, (London), A 246, 326. These papers develop the general hamiltonian formalism for gauge sys- systems. They give the general definition of a gauge system as one for which the general solution of the equations of motion contains arbitrary functions

4 Cl.AUDIO ТГ.Г1 T.1.H01M of time. It is shown that, this property leads to the presence of constraints among the canonical variables and the general properties of constrained hamiltonian systems are then developed. 3. Dirac, P.A.M. 1967. Lectures on Quantum Mechanics, Yeshiva Univer- University, New York: Academic Press. Despite its title, this is a beautiful summary of the classical theory of constrained hamiltonian systems. 4. Hanson, A., Regge, T. and Teitelboim, С 1976. Constrained Hamilto- Hamiltonian Systems, Rome: Accad. Naz. dei Lincei. This book contains an account of the general theory of constrained hamiltonian systems and applications, including the gravitational field. The role of surface inte- integrals as asymptotic symmetry generators for gauge fields is also treated. 3 BRST HAMILTONIAN FORMULATION OF GAUGE THEORIES. 5. Henneaux, M. 1985. "Hamiltonian Form of the Path Integral for The- Theories with a Gauge Freedom", Phys Rep. 126, 1. A lucid account, including some of Henneaux' s important own contributions. 6. Teitelboim, C. 1987,1988. "Elements of BRST Theory", in Vth Brazilian School of Cosmology and Gravitation, M. Novello, ed. Singapore, 1987: World Scientific. Also in Connections Among Particle Physics, Nuclear Physics, Statistical Physics and Condensed Matter, J.J. Giambiagi et al eds. Singapore,1988: World Scientific. (Proceedings of the 1987 Latin American School of Physics held in La Plata, Argentina.) Reprinted here in Sec VIII. 7. Henneaux, M. and Teitelboim, C. 1991. Quantization of Gauge Systems. Princeton: Princeton University Press. A complete and self contained

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 5 presentation of the general theory of gauge systems, classical and quan- quantum, which deals at length with BRST theory. The application to the gravitational field is not discussed. Some sections of this book are in- included below in Sees. V and VI. 4 DYNAMICS OF GRAVITATIONAL FIELD The classical references that give the complete form of the hamiltonian are, 8. Dirac, P.A.M. 1958. "The Theory of Gravitation in Hamiltonian Form", Proc. Roy. Soc. (London) A246. 333. 9. Arnowitt, R., Deser, S. and Misner, C.W. 1962. "The Dynamics of General Relativity" in Gravitation, an Introduction to Current Research, L. Witten, ed, New York: Wiley. A summary, which includes some later developments, may be found in ref. 4 of this list. In higher dimensions the most general action that gives first order field equa- equations is not the Hilbert action. It is given, rather, by a sum of terms, each of which is continuation of the Euler characteristic of an even dimension below the one in consideration. That theory has the same degrees of freedom (spa- (spatial geometry and its conjugate) as the Einstein theory but its hamiltonian is different, see 10. Teitelboim, C. and Zanelli, J. 1987. "Gravitation Theory Generated by Dimensional Continuation of the Euler Characteristic as a Constrained Hamiltonian System" in Proceedings of the Workshop on Constraints Theory and Relativistic Dynamics, G. Longhi and L. Lusanna eds, Sin- Singapore: World Scientific.

(i (I.AUDIO Tl;l I I.I.IIOIM When the space is not compact a gaugo transformation that does not become the identity at infinity is "improper". Its generator is not a constraint but, rather, it is given by a non-vanishing surface integral that must be added to the hamiltonian and whose value depends on the field configuration. Those surface integrals generate the global (non-gauge) symmetries of the system. In the case of gravity they include the energy, momentum and angular mo- momentum of the field. See 11. Regge, T. and Teitelboim. C. 1974. "Role of Surface Integrals in the Hamiltonian Formulation of General Relativity", Ann. Phys., N.Y. 8JS, 286. A brief account may be found in ref. 4. The commutation rules of the constraint-generators of gravity capture the geometrical content of the theory. See 12. Teitelboim, C. 1973. "How Commutators of Constraints Reflect the Space-time Structure", Ann. Phys., N.Y. 79, 542. 13. Teitelboim, С 1980. "The Hamiltonian Structure of Space-time" in General Relativity and Gravitation, Vol 1, 195, A. Held, ed. Plenum, N.Y. There is an analog of gravitation theory in two space-time dimensions. This analog is remarkably rich and has received much attention lately in connec- connection with string theory. See 14. Teitelboim, C. 1983. "Gravitation and Hamiltonian Structure in Two Space-time Dimensions", Phys. Lett., 126B, 41.

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 7 15. Teitelboim, C. 1984. "The Hamiltonian Structure of Two-Dimensional Space-time and its Relation with the Conformal Anomaly", in Quantum Theory of Gravity, S. Christensen, ed. Bristol: Adam Hilger. 16. Polchinski, J. 1989. "A Two-Dimensional Model for Quantum Gravity", Nud. Phys. B324. 123. 17. Cooper, A., Susskind, L., Thorlacius, L. 1991. "The Classical Limit of Quantum Gravity Isn't". SLAC-PUB-5413-T. 5 DOES THE HAMILTONIAN VANISH?. GENERAL COVARIANCE AS AN "ORDINARY" GAUGE INVARIANCE. The hamiltonian for the gravitational field is a linear combination of the constraints. Its numerical value for a solution of the equations of motion is zero. This fact caused some perplexity in the early days, but it was then re- realized that zero hamiltonian was closely tied with general covariance. Indeed what one normally calls "time" for "ordinary systems" is included among the dynamical variables of the gravitational field. See in this context 18. Baierlein, R. F., Sharp, D. H. and Wheeler, J.A. 1962. "Three- Dimen- Dimensional Geometry as a Carrier of Information About Time". Phys. Rev. 126. 1684. and also 19. Wheeler, J.A. 1963, in Relativity, Groups and Topology, C. DeWitt and B. DeWitt, Eds., Gordon and Breach, N.Y.

8 CI.AUDIO ТК1ТК1ЛЮ1М There was then a line of work devoted to "disentangle the time" from the "true dynamical variables". It is important however to understand that although such a disentanglement might be useful technically it is by no means necessary. Indeed one may treat general covariance exactly along the lines of an "ordinary" gauge theory, even within the hamiltonian framework. The following remarks on that problem are taken from Chapter 4 of ref 7. They are included here because that reference is not yet in print at the time of this writing. 5.1 GENERALLY COVARIANT SYSTEMS One normally describes the motion of the system by giving the canonical variables as a function of time. The time is assumed to have a direct physical significance but is not itself a dynamical variable. There exists a different formulation of the dynamics in which the physical time and the dynamical variables of the system are treated more symmetri- symmetrically. This formulation includes the time among the dynamical variables and describes the relations ("correlations") between the original dynamical vari- variables and the physical time by giving the enlarged set of canonical variables in terms of an arbitrary parameter. The arbitrary parameter does not pos- possess any physical significance, and the formalism is therefore invariant under reparametrizations of it, or, as one says, it is "generally covariant". In field theory, one also introduces arbitrary labels for the spatial coordinates, and the theory becomes then invariant under arbitrary changes of the space-time coordinates. In practice, generally covariant systems arise in two different ways. One may have a system in which originally the physical time was not included as a canonical variable and proceed to "parametrize" the theory to achieve

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 9 general covariance. This can always be done. Or the system may be "already generally covariant". The already generally covariant system "par excellence" is the gravitational field in general relativity. Attempts at "deparametrizing" already generally covariant systems have not been quite successful. It seems thus preferable to aim at both formulating and answering questions while treating all variables on the same footing. As we shall see below this amounts to treating the motion as the unfolding of a gauge transformation. 5.2 TIME AS A CANONICAL VARIABLE. ZERO HAMILTO- HAMILTONIAN 5.2.1 Parametrized Systems Consider a system with canonical variables q', p,-, Hamiltonian H0(q,p) and, for simplicity, no constraint. The action reads ] £ (^ - Яо) it. E.1) Introduce now the time t = q° and its conjugate pa as canonical variables by replacing E.1) by S {Ч0(т),Ч\т),р0(т),р{(т),и°(т)} = £ (poqO+ptf - u°(p0 + Hoj) dr. E.2) where the dot denotes derivative with respect to the parameter т. The motion obtained by demanding that E.2) be stationary is equivalent to that following from extremizing E.1). This is seen by extremizing first E.2) with respect to u° and p0, which yields

10 CI.AUniO TKITELBOIM 7о = Ро + Но = 0 E.3) and i - и0 = 0 E.4) Equations E.3) and E.4) may be solved to express those variables that were varied in terms of the others. It is then legitimate to replace in E.2) p0 by — Ho (and i*o by t which is not seen) to obtain a reduced action for the remaining variables. That reduced action depends only on <гм(т) (fi = 0, i) and Pi(r) and reads T9 (p.?1' - HQi) dr = £ LfiL - Ho] dt. E.5) For Eq. E.5) to hold t must be a monotonous function of т so that its inverse exists. However, the generally covariant version does not need that assumption and is, therefore, more flexible. For example, in the path integral, one admits trajectories that go back in the time t, even in nonrelativistic par- particle mechanics. However, in that case, due to the linearity of the constraints E.3) on po, the net contribution of the histories that go back in t cancels out, and the resulting path integral coincides with that of the reduced ac- action E.1). This accidental feature may not hold for systems that are already generally covariant. For instance, in the case of the relativistic particle, the histories going back in time do contribute a net amount corresponding to antiparticle propagation. 5.2.2 Zero Hamiltonian The action E.2) contains one extra canonical pair over E.1) but also contains the constraint 70 и 0. This constraint -being the only one- is first class.

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 11 Thus, the number of independent degrees of freedom is the same for E.1) and E.2), in agreement with the discussion leading to E.5). An important property of E.2) is that there is no non- vanishing first- class Hamiltonian in it. Thus, the extended Hamiltonian contains only the constraint 7o. Therefore, the motion is the unfolding of a gauge transforma- transformation. If the original theory has other gauge generators jai (a = l,...,m) and second-class constraints х„ = О to start with, the action reads S= r{p^-HE)dT E.6) Jn where the extended Hamiltonian is now a combination of all the constraints HE = uala + uaXa (a = 0,...,m) E.7) 5.2.3 Parametrization and Explicit Time Dependence Incorporating time as a canonical variable in a theory originally not written in generally covariant form does not only enable one to reach a more symmet- symmetrical formulation of the motion. It is also useful in practice to deal with prob- problems in which there is an explicit time dependence in the constraints. Such a dependence complicates the formalism because the equations expressing the preservation in time of the constraints involve "explicit time derivatives" and are not formulated just in terms of brackets. This difficulty disappears when time is introduced as a canonical variable, because after that step is taken no explicit time derivative is left. The anal- analysis proceeds then as in the ordinary case but in the enlarged phase space

12 CI.AUDIO TKITELBOIM containing t and po. The notion of first class is, in particular, understood to include also p0 + H(p,q,t) among the constraints. 5.3 TIME REPARAMETRIZATION INVARIANCE 5.3.1 Form of Gauge Transformations The action E.7) is invariant under the transformation 6q = qe E.8a) 8p = p'e E.8b) 8ua = (uae)- E.8c) 8ua = (uae)- E.8d) with e(ri) = e(r2) = 0 E.9) The transformation E.8) is an infinitesimal reparametrization of amount е(т), i.e., is obtained from т —> f = т — е(т). Equations E.8a)-E.8b) state that q and p transform as scalars, whereas E.8c)-E.8d) state that the multipliers ua, ua transform as scalar densities. The condition E.9) states that the endpoints T\ and т2 are left invariant. The reparametrization E.8) differs from the gauge symmetries generated by the 7o by and "equation-of-motion symmetry" and, therefore, is not* an independent symmetry. Indeed, E.8) is equal on-shell to a gauge invariance of the action with parameters ea = uae. E.10)

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 13 5.3.2 Must the Hamiltonian be Zero for a Generally Covariant System? We have just shown that the extended action Se with zero Hamiltonian is invariant under arbitrary reparametrizations of the т-variable. One may then ask the converse question, namely, whether general covariance implies a zero Hamiltonian. If the <f's and p's transform as scalars under reparametrizations, the pq term in the action transforms as a scalar density, and its time integral is therefore invariant by itself. Furthermore, since the ja and the \a are func- functions of p and q, they also transform as scalars. One therefore adjusts the transformation law for the multipliers ua and ua to be that of a scalar density so as to make the uaja and uaxa terms also scalar densities. Thus, once it is assumed that the p's and q's are scalars, it is crucial to have an independent variable in front of each constraint function to be able to achieve invariance. If one had in the action a nonzero first-class Hamiltonian H'(p,q) besides the uaja + uaXa term, one could not achieve reparametrization invariance, since H (p, q) would transform as a scalar and not as a density. Thus, if q and p transform as scalars under time reparametrizations, the Hamiltonian is (weakly) zero for a generally covariant system. This is the case found so far in practice because one normally formulates theories in terms of variables with a simple geometrical meaning. For that reason, one usually says that a zero Hamiltonian is the distinguishing mark of a generally covariant system. However, it is important to realize that one may also have general covari- covariance with a nonzero Hamiltonian. Indeed, one knows that a time- dependent canonical transformation changes the value of the Hamiltonian. Thus, by per- performing a canonical transformation that depends explicitly on the parameter т, one may bring in a nonzero Ilarniltonian while keeping time reparametriza-

14 CbAUniO TEITELBOIM tion invariance of the action. Since т itself does not transform as a scalar, the new canonical variables will not be scalars in agreement with the discussion above. 5.3.3 Simple Example of a Generally Covariant System with a Nonzero Hamiltonian A simple and interesting example of this possibility is to consider the action E.2) and define the variable T(r) = t(r)-r E.11) while keeping all the other variables unchanged. The action becomes S = Г (pof + ptf -Ho- A(p0 + Ho)) dr E.12) with Л = u° — 1. This action is generally covariant and possesses a nonzero Hamiltonian Ho. The canonical coordinate T does not transform as a scalar under reparametrizations but rather inhomogeneously as a "connection" 8T = fe + e E.13) The example E.12) shows clearly that there is really no distinguishing technical feature of general covariance over other gauge transformations. In- Indeed, once one has a gauge generator, the action can always be made time reparametrization invariant by appropriately defining the transformation of the variables: One first makes a time-dependent canonical transformation to go to a zero Hamiltonian and one defines the new canonical variables to transform as scalars. This can be achieved without introducing an explicit time dependence in the constraints.

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 15 5.4 "TRUE DYNAMICS" VERSUS GAUGE TRANSFORMA- TRANSFORMATIONS 5.4.1 Interpretation of the Formalism Once there is an arbitrary function of time in the general solution of the equations of motion, one cannot tell from the equations themselves whether this is because some of the canonical variables are not observable or whether the time (i.e., the variable over which the Lagrangian is integrated to form the action) is not observable. Normally, this choice is made based on information provided from outside. For example, in Maxwell's equations in Minkowski space one assumes that the time variable has an objective meaning and interprets the gauge invariance as indicating that not all components of the vector potential are observable. Ultimately, this interpretation is based on the fact that the Maxwell field is just a subsystem of the universe and that there are other systems interacting with it that are used to provide a time standard. Conversely, when one deals, for example, with a parametrized nonrelativis- tic particle, one normally assumes that the variables t and <f, have a physical meaning and that т is unobservable. Again, this is based on information not contained in the action itself. However, when one tries to apply the formalism to the universe as a whole -as one does in general relativity- one has no "outside" available, and it is desirable to have a way to handle the formalism that does not need foreign ingredients. For that purpose, the most symmetric from of the theory is that in which the Hamiltonian is weakly zero, i.e., in which it is a linear combination of the constraints. One then says that all physical questions should be formulated in terms of functions that have zero brackets with the constraints. By doing so, one treats on the same footing "ordinary gauge-

16 C.I.AUIMO TKITELBOIM invariant quantities" (such as the magnetic field in electromagnetism) and constants of the motion (such as the initial position or the energy for a free particle). This is because, when the Hamiltonian weakly vanishes , the first class functions with no explicit т-dependence are constants of the motion. At first sight this approach would seem to exclude asking questions such as "what is the position q at time to" for the particle. However, this is not so. Indeed, there is a constant of the motion Яго{т) that is equal to the position at time to- For a free nonrelativistic particle with mass m and momentum p, it is simply E.14) and the above question is equivalent to "what is the value of the first-class function <7to(T)?" 5.4.2 Reduced Phase Space The functions having vanishing brackets with the constraints are the "classi- "classical observables" and are defined over the reduced phase space. So when the extended Hamiltonian is a linear combination of the constraints, an observ- observable takes the same value on an entire classical history (and on the gauge- related ones). It may thus be thought of as a function in the space of classical solutions of the equations of motion ("covariant phase space"). The set of observables is easily characterized in the case of a parametrized system. The constraint po + Hq = 0 can be solved for po. Accordingly, func- functions on the constraint surface can be viewed as functions of q', p,- and t. The condition [A(q',p{,t),po + Ho] a 0 can then be integrated, at least in prin- principle. This is equivalent to solving the equations of motion and completely determines the time dependence of A.

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 17 The set of the observables is thus isomorphic to the set of functions A(q,p) of the initial data. The space of the initial data q,p is itself isomorphic to the space of the q's and p's at any fixed time. Therefore, the observables are in bijective correspondence with the dynamical variables of the original, unparametrized theory. Going to the reduced phase space does not amount to freezing the dy- dynamics at a given instant of time. Rather, it is equivalent to describing the system in terms of constants of the motion. In these canonical coordinates the Hamiltonian vanishes and the equations of motion reduce to dA/dr = дА/дт. One may reach the reduced phase space for a parametrized system by imposing the canonical gauge condition t = t0. This condition defines a slice that cuts all the histories once and only once. In the gauge t = to, q and p become equal to the constants of the motion qtt) and ptt); i.e., these constants of the motion are the gauge-invariant extensions of q and p off the canonical gauge t = t0. In practice, the explicit construction of the reduced phase space in terms of the given canonical variables may not be possible, since it requires solving the equations of motion for arbitrary initial data. This is a hopeless task for systems with a complicated Hamiltonian, not to mention general relativity. Therefore, it appears necessary to develop the theory without reducing the system. 6 MUST TIME FLOW? The considerations of Sec V are of practical importance for the path integral. Indeed, within the hamiltonian framework there is nothing that calls, for example, for a positive lapse function. Thus one may use gauges that are widely regarded as not permissible. For example JV = 0, or tin = 0 for a

18 (Л.ЛШ)Ю TEITELBOIM compact space are quite alright for gravity, although they seem not to allow the time to flow. [M. Henneaux and C. Teitelboim, to be published]. For the technically simpler case of the free particle the issue is illustrated in the following analysis taken from Chapter 16 of ref 7. 6.1 GAUGE INDEPENDENCE OF PATH INTEGRAL FOR A PARAMETRIZED SYSTEM ILLUSTRATED. EQUIVALENC OF THE GAUGES * = т AND * = 0 We illustrate in this subsection the general analysis of the reduced phase space path integral and its expressions in terms of gauge fixings, the key point being that different choices of gauge conditions are mere rewritings of one and the same reduced phase space amplitude. We will deal with the parametrized free nonrelativistic particle with con- constraint H = pt + — = 0 F.1) and action S[q,p,t,pt,N} = J(pq+pti-NH)dT. F.2) (H was denoted 70 in E.3) and N was called u° in E.2).) 6.1.1 Reduced Phase Space Transition Amplitude as a Reduced Phase Space Path Integral For any value of the constant c, a complete set of observables is given by

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 19 * D- \ * (R Q^ These are constants of the motion, which coincide with q and p in the canon- canonical gauge t = с The Heisenberg operators q*(r) are independent of т. For different values of c, they are related by a unitary transformation 2 2 and the corresponding eigenstates are related by The mixed transition amplitude can be written as a sum over reduced phase paths <7*=0(т) = <7*(т),р*_0(т) = р*(т) of the exponential of the reduced phase space action 5>л[9*(т),р*(т)]. These paths obey the boundary conditions Tl) = ^ F.7) [<f~mC2](T2) = «;, F-8) obtained by using the relation between 9^,9*2 and q*,p*. Since the reduced Hamiltonian H(q*,p*) vanishes, the reduced action differs from fp*q*dr by a boundary term adapted to the boundary conditions F.7)-F.8), F.9)

20 CLAUDIO TEITELBOIM 6.1.2 Canonical Gauge Conditions The reduced phase space path integral (яи^Къ) = J {Dp*Dq-}expiSR [<f (т), p* (т)) F.10) can be written in terms of q,p,t,pt and gauge conditions. To that end, one observes that the action F.2) weakly differs from the reduced action F.9) by a surface term, - Cl) - iYT . F.11) т2-т1 We shall consider gauge conditions of the form t - f(r) = 0 F.12) for which the determinant [t — /(т),р( + Hq] is unity. The reduced phase space path integral F.10) is equal to ?;т2|?;п) = J{DpDqDtDpt] ' F.13) 5' = )Uf J V 2 dt The paths are subject to the boundary conditions

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 21 n) = <, F.15) ы = ,;, F.16) 6.1.3 Gauge t = 0 In the gauge t = 0 the Hamiltonian vanishes. One finds from ecs. F.13)- F.16) that the path integral can correctly be described in that gauge as with the boundary conditions F.17) F.18) One sees that there is nothing wrong with "the time not flowing". 6.1.4 Gauge t ос т One may also let the time flow as it is ordinarily done. Although t = т is permissible, it is a bit simpler here to adjust the endpoints so that <(тг) = c\ and £(t2) = c2. Thus we set < = C! + -^—^-(ca-d). ' F.19) T2 - T\ I'hc advantage of this choice is that it makes the surface term in F.14) vanish and simplifies the form of the boundary conditions. One gets this time

22 CLAUDIO TEITELBOIM I uu| / ft SI 1 I т F.20) with If C2 — C\ ф 0, one can further transform the right hand side of F.20) by rewriting the integral as integral over t. This yields the usual form of the transition amplitude «pi £(,§-£)*. F-22) It is thus quite possible to derive the standard transition amplitudes of the theory by treating the transformations generated by pt + Hq и 0 as ordi- ordinary gauge symmetries. This point of view, which treats all the first class constraints on the same footing, possesses the further advantage that it is not necessary to undig a physical time variable in order to compute physical amplitudes. 7 BRST CHARGE OF GRAVITATIONAL FIELD In the "minimal" BRST formulation of gravitation theory one introduces besides the spatial metric g^ and its conjugate momentum 7rlfc, a set of four anticommuting ghost fields 77х, if and their conjugates V^jVi. The dynamics of the field is then summarized in a single global function, the BRST generator fi given by

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 23 п = I d3x frHj. + ч{4{ - 7>yV - G>хг?х),У - Ым"] GЛ) with G.2) and П{ = -2*\n G.3) The meaning of the ghosts and of fi is explained in the following section.

24 CLAUDIO TEITELBOIM 8 ELEMENTS OF BRST THEORY This is a reprint of ref. 6, whith minor corrections. Its content is the follow- following. I. THE GHOST, YOU'VE COME A LONG WAY BABY 1.1 Introduction 1.2 Quantum mechanics, the art of finding and combining simple elementary pro- processes 1.3 Ghosts necessary to keep elementary process simple 1.4 BRST symmetry: ghosts and matter become different component of a simple geometrical object I. BRST SYMMETRY IN CLASSICAL MECHANICS 2.1 Ghosts have role in classical mechanics 2.2 Gauge invariance and constraints 2.3 Classical mechanics over Grassmann algebra necessary 2.4 Higher order structure functions 2.5 Rank defined. Open algebras 2.6 Ghosts. Ghost number. BRST generator as generating function for structure functions. 2.7 АЫ'1'iaiiization of constraints. Existence of Q 2.8 Uniqueness of П 2.9 Classical BRST cohomology 111. QUANTUM BRST THEORY 3.1 States and operators 3.2 Ghost number 3.3 BRST invariant states 3.4 Quantum BRST cohomology 3.5 Equivalence of BRST physical subspace with conventional gauge invariant sub- space 3.6 Action principle 3.7 Path integral. BFV theorem 3.8 Contact with lagrangian notation 3.9 BRST invariant boundary conditions

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 25 I. THE GHOST, YOU'VE COME A LONG WAY BABY 1.1 Introduction The BRST symmetry shows that ghosts axe real. I have chosen to start like this, because I think that, at least for a theoretical physicist, the statement is correct. Furthermore, in order to have a least a chance of fully exploiting the richness inherent in the BRST symmetry, one must try to go all the way. That cannot be done if one does not feel at home with ghosts, or if one thinks that they are some kind of embarrassing mathematical artefact that must be included to fix up some details. Therefore, it is important to cross that threshold immediately, so that one can relax and enjoy what follows. In order to make that step easier, I would first like to make some general com- comments on the historical evolution of the idea of ghost in physics and its relation with the basic principles of quantum mechanics. These comments will not be logically needed for the subsequent presentation, which does not follow the historical route. 1.2 Quantum mechanics, the art of finding and combining simple ele- elementary processes hi particle physics language, a ghost is a particle that obeys the wrong relation between spin and statistics. The first kind of ghosts were introduced by Feynman [1] in 1963, when studying quantum theory of gravitation. They were vector particles, that is, particles of integer spin A and 0) obeying Fermi statistics. Probably the first mention of the ghost in this sense in the physics literature are the following phrases in Feynman's article, ...I found it by trial and error...you must substract from the answer...the result you get imagining that...an artificial dopey particle is coupled to it (the graviton). It's a vector particle. Since 1963 the ghost has come a long way. We do not, or rather we should not think of it anymore as an "artificial" or "dopey" thing, although many of us still have that tendency. Rather, the lesson that we have been taught, sometimes the hard way, is that the distinction between ghosts and "real matter" is not one to be taken too seriously. To see this, it is best to look at quantum mechanics from the point of view of the sum over histories. In that formulation, the amplitude KB, 1) to propagate

26 CLAUDIO TEITELBOIM from configuration 1 to configuration 2 is given by, A'B,l)= ^ histories joining 1 and 2 The idea is illustrated in Fig. 1. Figure 1 The quantum amplitude is obtained by summing over all possible histories joining th»- configurations 1 and 2. In Dyson's words [2] on occasion of the Einstein centennial in 1979 , this formula is described as follows, ...Thirty-one years ago, Dick Feynman told me about his 'sum over histo- histories' version of quantum mechanics. 'The electron does anything it likes,' he said. 'It just goes in any direction at any speed, forward or backward in time, however it likes, and then you add up the amplitudes and it gives you the ivave-function.' I said to him, 'You're crazy.' But he wasn't. In the classical limit of actions which are large compared to Planck's constant, due to destructive interference, only histories close to the one which makes the action stationary contribute to the sum. This is why action principles arise in classical physics. Now, the point here is that although the resulting amplitude KB,\) may be quite complicated, the amplitude for an elementary process, or history, is simple. It takes the form, exp '-S A.2)

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 27 But this is not all, another important ingredient must be added. In field theory, (and by field theory here I mean something very general, including things like quantum gravity and strings), the action may be written as, J — *->fcm(lree) + ^interaction A.3) The splitting A,3) is not just a technicality or a calculational tool. It deter- determines our whole physical picture of objects (particles, say) that propagate freely in between interactions. If we did not have this splitting, there would not be that much information contained in A-2). We would only know that the elementary amplitude must have an absolute value equal to unity, and that is just too flexible. The sum over histories, together with the splitting of the action into free part and an interaction, lead directly to Feynman diagrams, like the familiar one of quantum electrodynamics shown in Fig. 2S which describes the interaction between two electrons due to the exchange of one photon. To obtain the amplitude for that process one must sum, according to the general rule, over all alternative ways of exchanging a photon. Figure 2 Interaction between two electrons due to exchange of a photon. There are different ways of doing this. The most convenient and physically transparent one is that which exhibits manifest Lorentz invariance. In that case, one includes in the sum over all possible exchanged photons, not only those which are polarized transverse to the direction of motion, but also those whose polarization vector lies along the momentum (longitudinal photons) and along the time axis

28 CLAUDIO TEITELBOIM (time-like photons). There is also another way of calculating the same amplitude in which only transverse photons are exchanged, but a supplementary instantaneous Coulomb interaction must then be added. Here we see in a familiar context the first example of a general occurrence which appears to be of importance; namely, if we insist in formulating a theory in terms of as few variables as possible, the elementary machinery becomes less transparent and we lose understanding rather than gaining it. In fact, look at what happens with the exchanged photons. We may view the instantaneous Coulomb interaction as resulting from performing first the sum over longitudinal and time-like modes, while leaving the sum over transverse polarization yet undone. However, the result of that partial sum is no longer of the form exp (iS) with S of the form A.3). Thus, this seemingly innocent (and technically correct) step carries with it abandoning the picture that the interaction is completely accounted for by an ex- exchange of particles. This is not just a philosophical loss, since the Lorentz invariance becomes also obscured. Conversely, if one insists in a formulation based on a simple, uniform, elementary process, one gains as a bonus Lorentz invariance. What I am trying to say is that it appears to be a good principle to insist on aii elementary amplitude of the form exp(^S). If we start giving up and allowing things like .4 ej-p{iB) we might as well give up completely and try to write the full amplitude A B, 1) right away, which is not likely to work. This important example of quantum electrodynamics also teaches us another lesson. We must be willing to pay a certain price in order to have a simple, uniform, elementary process. We must not panic too easily. The time-like photons have negative kinetic energy and their contribution to the probability enters with a minus sign. Yet we must have them; they are a good thing. It is often said that no catastrophe takes place due to these minus signs because the time-like and (longtitudinal) photons are not "real" but they are just "virtual." By this it is meant that they do not take part in processess like the one illustrated in Fig. 3b but they only appear in diagrams such as the one of Fig. 3a. This is correct, but the terminology is somewhat unfortunate and misleading. Indeed, the virtual photons are not less real that the other ones in the sense of having observable physical effects. They contribute to energy levels as reflected, for example, in a small shift (the Lamb shift) they produce in the spectrum of light from excited hydrogen atoms. It is just that they cannot be observed directly with

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY something like a photo-cell. 29 Figure 3 The process shown in Ca) is possible for both real and virtual photons while in Cb) only a real photon can appear. 1 would like to indulge here in a slight digression: The more familiar one gets with quantum mechanics, the more blurred in one's mind the distinction between "real" and ■virtual" processes becomes. Indeed, relativistic quantum mechanics is somehow engineered so that it is consistent to have a distorted view of the world. For example, a relativistic particle has a non-zero amplitude to cross the light-cone and can even turn back in time. Yet we can, because of that very fact, reinterpret things so that our usual notions of causality are not violated. In the same way, the consistency of a world in which only traverse photons can be observed by a particle detector may be thought of as being possible because of the existence of "virtual" photons of all four polarizations, otherwise the sum of all probabilities for all mutually exclusive "real" processes would not be equal to unity. It would seem that the more we progress toward systems that are less familiar and reach into smaller scales, the more useful it should be to take quantum me- mechanics as it naturally comes, without manacling it early in the game with things like the observer or the measuring process. As an example of how respectable people are willing to think along this line, I would like to quote from a paper by Hawking [3] on the path integral approach to quantum gravity. To put the quotation in context I should mention that for the

30 CLAUDIO TEITELBOIM gravitational field, the "initial configuration" is one three-dimensional space and the "final configuration" is another three-dimensional space. The elementary process or history which interpolates between them is a four-diinensional space-time which has the initial and final three-spaces boundaries. final initial Figure 4 Initial and final configurations for the gravitational field are space-like hyper- surfaces. Tlie quotation is the following: i'ltnnatdy I suspect that one should do away with all boundary surfaces and should deal only with closed space-time manifold. You see what this means. It means that there would be no analog of what one calls "external lines" in a Feynnian diagram. In other words, there would be no "real" space-times. The whole theory would refer only to an enormous maze of "virtual" space-times. At the present state of development this is not established. I have mentioned it only to illustrate the way of thinking. 1.3 Ghosts necessary to keep elementary processes simple We have so far been using quantum electrodynamics as an example. There, one may view the need for the longitudinal and time-like photons as arising from the demand that the sum of all the probabilities for processes involving only "real" particles in the initial and final states should be equal to unity. However this turns out not to be sufficient in more complicated theories. One needs in general, another,

UAMll.TONlAN FORMULATION OF GENERAL RELATIVITY 31 more exotic kind of "virtual" particle, and the price to pay in mental flexibility in order to have a simple and uniform elementary process is stiffer. One must accept that the new modes obey a relation between spin and statistics which is opposite to that of usual matter. These new modes are called ghosts. They seem to be more shocking or, I suppose I should say, "ghostlier" than, say, the time-like photons. The reason is that they are either fermions with integer spin or bosons with half-integer spin. However, in my opinion this is mostly psychological since we have had already forty years or so to learn how to live with those other ghosts- the longitudinal and time-like photons. One may view this "wrong" connection between spin and statistics in the same way as we viewed above the fact that in quantum mechanics particles can propagate faster than light and backward in time. That is, at a basic level there is really no connection between spin and statistics. Anything can happen. One can have bosons with integer spin, fermions with integer spin, bosons with half-integer spin and fermions with half-integer spin. Yet, things are somehow engineered so that in the world that is directly accessible to us, we may consistently imagine that particles do not turn around in time, do not travel faster than light and they do obey the spin- statistics theorem. To go further, I have to explain what I meant by "more complicated theories" above. I meant a nonabelian gauge theory. A gauge theory is one which is invariant under a symmetry that acts indepen- independently at different points. Since one may define a geometrical object as something which is invariant under a set of transformations, one may say that gauge theories are field theories with geometrical content. This is what makes them theoretically attractive. The simplest of gauge theories is electrodynamics and the gauge transformation for the photon is the familiar one, A^^A^+d^A A.4) Неге, Л = Л(х) is an arbitrary function over space-time. The fact that there is only one function involved, means that the symmetry upon which the theory is built, has only one parameter and hence it is abelian. One then says that electrodynamics is an abelian gauge theory. The extension of this idea to a nonabelian group is due to Yang and Mills. In that case one has a set of functions A° = A°(i) where the index A runs over the generators of a Lie group. One also has in that kind

32 CLAUDIO TEITELBOIM of theory, not just one "photon" field but a whole collection of them A°(i). The gauge transformation A.4) is modified to read, Al ^ Al + д^А'+ С^АЬ„АС A.5) where the real numbers C£_ are the structure constants of the (nonabelian) gauge group. The symmetries present in electrodynamics and in its extension, the Yang-Mills theory, are what we call internal gauge symmetries. Technically this appears in the fact that the gauge transformation does not contain derivatives of the fields and hence does not connect different space-time points. There is another kind of gauge symmetry, which is perhaps even more interesting, and which does act on space- time and hence it is not internal. In that case, the gauge parameter Л is labeled by a space-time index instead of an internal gauge index. For example, in general relativity one has the gauge transformation for the graviton (reparametrization), 9nf —' 9»v + Лм.„ + Л„.м + ... A.6) and the gauge parameter carries a vector index. Another important instance of a noninternal symmetry is the gauge supersyminetry ("the square root" of a repara- nietrization) present in supergravity, where the change in the "gravitino" field is given by Ф$ -+ Vtf + d^A + - (i-7) In this case, the gauge parameter Л carries a spinor index A and it is anticoinmu- tative. For this reason the transformation mixes fermions with bosons and is called a supersymmetry transformation. The general practical rule for the appearance of ghosts in a gauge theory can now be stated. In each case there will be a pair of new fields, usually called "ghost" and "anti-ghost," for each gauge function present in the gauge transformation. The ghost field will be anticommuting (fermionic) if the corresponding gauge parameter was commuting and vice versa. Therefore, in electrodynamics there is one pair (CC) of fermionic scalar (spin 0) ghosts, whereas in the Yang-Mills case we have a whole collection (C° and Ca) of fields with the same characteristics. It is important to emphasize that there are indeed ghosts in quantum electro- electrodynamics. The reason that they were not seen to be necessary before is that in the

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 33 path integral for a gauge theory one has the freedom of choosing a gauge condition. In electrodynamics there is a simple gauge condition, the Lorentz gauge, which is linear in the fields and does not destroy the simple nature of the elementary process of photon exchange. If that gauge condition is used, the ghosts decouple completely from the photon and can therefore be ignored. However, if one would use other, nonlinear, gauge conditions it would not be possible to ignore the ghosts. The rise of the ghost has an interesting history with its ups and downs which have reflected the influence of other advances in field theory. As I said at the beginning, the first ghost that was seen to be necessary was the fermionic vector ghost of quantum gravity, coming from the Лм in A.7). This ghost was found by Feynman as he says, "by trial and error." He was trying to make the sum of all the probabilities for graviton-graviton scattering to be equal to unity and he realized that even including the time-like and longitudinal modes of the graviton, as in electrodynamics, would not do. But of course he, for one, was very fond of Feynnian diagrams and tried to overcome the difficulty by bringing in new diagrams which would involve new particles. There is good reason to be fond of the diagrams because they are not just a calculational tool. They carry with them the key message that the whole compli- complicated theory is built by putting together a few simple elementary processes which are very similar to each other. Thus, with this idea in mind, it was natural to attempt to cure the disease by simply extending what had already been done for electrodynamics, and "introducing" yet another "virtual" degrees of freedom be- besides the longitudinal and time-like gravitons. I have used here quotation marks for the words "introducing" and "virtual," to emphasize that one is not putting something artificial in by hand, but rather one is discovering something quite real that was there all the time. This approach, let to a satisfactory formulation which was already written in the desired form in which all fields present, including the time-like and longitudinal modes and the ghost, appeared on the same footing describing particles that prop- propagate freely in between interactions. That is, the total action was written in the form A.3) Next, there took place another development which has been hailed with good reason, but from the point of view taken here could be thought of as "reactionary." Faddeev and Popov [4] observed in 1967 that, since the gauge transformations that we wrote before do not change the physical fields (by definition of a physical field),

34 CLAUDIO TEITELBOIM one should include in the sum over histories only classes of equivalence of gauge- related histories, rather than histories themselves. From this nice geometrical point of view, they concluded that the amplitude for an elementary process was not of the form exp( ^ S) but instead of the form det M (exp ^S) A.8) n where the Faddeev-Popov determinant det M, is a certain functional of the fields. They then went on to say [5], the expression..-for the S-matrix contains the nonlocal functional det M and therefore does not look like the familiar integral of the Feynman functional exp (i action)... We may, however, use for det M the integral representa- representation... Now, this "integral representation" was given, of course, in terms of the ghost fields and brought us back to the expression previously obtained directly from the diagrams. One gained with this a nice and useful connection between the ghosts and the geometry of the gauge field. There was, however, at the same time, a negative effect that came from the psychological impact of the word "representation." We became used to thinking that the understandable thing was the Faddeev-Popov determinant and that the ghosts were merely a technicality to represent it. Perhaps we would have been more flexible if we had kept in mind that this way of thinking was analogous to taking the instantaneous Coulomb interaction in electrodynamics more seriously than the time-like and longitudinal photons. 1.4 BRST symmetry: ghosts and matter become different components of single geometrical object Perhaps this psychological blockade is one of the reasons that made it necessary for seven more years to pass before the important discovery [6] which put the ghost once and for all at the same level with "real" matter, the BRST symmetry. The other, and more significant reason for this delay would seem to be that the concept of supersymmetry [7] was only formulated in 1973. Indeed, otherwise the development in question could have naturally taken place already in 1967. The BRST symmetry, where the initials stand for Becchi-Rouet-Stora and Tyutin, may be taken to be the basic invariance of the quantum mechanics of a geometrical system. It contains and extends the concept of gauge invariance. In it,

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 35 the "original fields" get mixed with the ghosts. For example, the BRST transfor- transformation of the Yang-Mills field is given by 6Al = tdliCa +.... A.9) where e is an anticommuting parameter. It is necessary that e should be anticom- muting, because the field A" is bosonic, whereas the ghost Ca is fermionic. In this sense, the BRST transformation is a supersymmetry transformation. The fact that the ghosts and the other fields take part in an invariance which mixes them with each other, means that they are all to be thought of as components of a single geometrical object. This is much in the same way as we consider the electric and magnetic fields as components of one single field, the electromagnetic field, because they get mixed under the Lorentz transformation. Thus, from now on, we have to get used to thinking in terms of "BRST multiplets" instead of "original fields" and ghosts. The task of finding geometrical quantum theories is then the task of developing a BRST "tensor calculus." This would be already attractive by itself but it is made even more so by a spectacular property of the BRST transformation: If we apply it twice we get zero. That is, if we call П the BRST generator, we have the equation П2 = 0 A.10) ajid we say that П is nilpotent. The construction of a nilpotent BRST charge for any gauge system, including non- internal symmetries, was completed with the work of Fradkin, Batalin, Vilkovisky and Henneaux [8]. Equation A.10), may be taken to express that "the boundary of the boundary is zero" as John Wheeler likes to put it. Thus, one expects that there should be a deep connection between BRST invariance and topology. This relation has not yet been fully unraveled. The BRST invariance has already had a number of useful practical applications, both in Yang-Mills and string theory. I will just mention some of them here. The first one is connected with the business of the Faddeev-Popov determinant. If one takes the original Faddeev-Popov expression for the amplitude and "repre- "represents" the determinant as an integral over "additional variables" called ghosts, the resulting ghost action is always quadratic in the ghost field. This means that the ghosts interact with the other fields of the theory but they do no interact directly

36 CLAUDIO TEITELBOIM among themselves. However, if one looks in detail, in terms of diagrams, at the balance of probability in a complicated theory like supergravity, one finds that it is necessary to include terms which are quartic in the ghosts, that is, self-interactions of the ghosts. Now, there is no way in which this can come out of a direct applica- application of the Faddeev-Popov presectiption which only gives a quadratic ghost action. This came as a bit of a shock because it clearly invalidates the view that the ghosts are simply a way to represent a determinant. However, if one looks at the situation from the point of view of BRST invariance this is not an exceptional case at all; the interactions of the ghosts among themselves are necessary in such a case just to ensure BRST invariance. Another import ant application of the BRST invariance is the one which actually directly motivated its discovery. It is the fact that it is responsible for the Ward- Slavnov identities which are crucial in proving the renormalizability of the Yang- Mills theory. As a result of this understanding, a greatly simplified proof of the renormalizability became available. The importance of the BRST invariance becomes even greater for generally co- variant theories like gravity, supergravity and strings. The reason is that in that kind of theory, gauge invariance is everything. There is no distinction between dynamics and a gauge transformation, because the latter is just a localized displacement in space-time. The condition for the BRST invariance of permissible states, QJV'>=0 A.11) is then the equation of the theory. In string theory, the nilpotency condition provides a particularly transparent way to understand the need for the critical dimension. Indeed, if one computes П2 for, say, the free bosonic string immersed in a D-dimensional spacetime, one finds that it has two contributions. One of the form D times a factor coming from the "original fields," and another equal to —26 times the same factor, coming from the ghosts. The condition D = 26 results thus from precisely balancing the "matter" and the "ghosts." What else could one ask to be convinced that the ghosts are on the same footing with matter! The applications of the BRST symmetry, and hence, of the concept of ghost^ which I have just described are quite significant. But one has the feeling of having seen only the tip of the iceberg. Probably the deepest developments along these lines should lie in developing theories where elementary extended objects (strings in

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 37 string theory, three dimensional spaces in quantum gravity) can undergo quantum mechanical decay. A field theory of strings along these lines has been proposed by Witten [9], not long ago. Another interesting line of development, perhaps more reachable, lies along the understanding of anomalies in gauge theories. Of course all these developments, being based on BRST invariance, could not be even thought of without allowing ghosts to play a prominent role. The ghost has indeed come a long way since it was called in 1963 an "artificial dopey particle" by its own discoverer.

38 CLAUDIO TEITELBOIM II. BRST SYMMETRY IN CLASSICAL MECHANICS 2.1 Ghosts have role in classical mechanics As it was reviewed in the first lecture, the need for ghosts and the symmetry that reveals their profound importance were first established in quantum mechanics. It was only afterwards realized that they have a natural ajid necessary place within classical mechanics as well. Indeed, the BRST symmetry could have been discovered in the last century within a strictly classical context by mathematicians dealing with the geometry of phase space had they only been willing to extend their analysis to Grassmann variables. Having said this, it should be immediately clarified that I am not advocating a direct physical meaning for ghosts within classical mechanics. Their physical implications can only be infered by explicit use of quantum mechanical laws. It is nevertheless extremely useful to be able to discuss them and the BRST symmetry classically. One can then bring in these concepts as a powerful tool in the actual construction of the quantum theory. The role of ghosts in classical mechanics emerges most clearly through the Hamiltonian formulation of the classical dynamics of gauge systems, which provides the iiinst general ground for systematically discussing the BRST symmetry. This will I»- tin- starting, point for our whole discussion of BRST invariance. It will appear that through Hamiltonian methods one obtains a formulation of great generality and power, hi particular one frees oneself from the assumption that the gauge transformations obey a group composition law. The results cover therefore, the general case of an "open algebra." Furthermore, they are valid "off-shell." 2.2 Gauge invariance and constraints One says that a dynamical system is a gauge system if the general solution of the equations of motion contains arbitrary functions of time which are not fixed by the initial conditions. In practice, a gauge system is most often given by specifying the action integral in lagrangian form. The procedure for passing from the lagrangian to the hamil- hamiltonian was worked out by Dirac long ago [10]. It will be assumed here that the, system is already given in hamiltonian form. By definition, one says that all the histories which spring from the same initial condition are physically indistinguishable and are related to each other by a gauge

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 39 transformation. The gauge transformation turns out to be a canonical transforma- transformation whose generators will be denoted by Ga(q,p). 2.3 Classical mechanics over Grassmann algebra necessary The notation {q,p) is being used to represent a set of canonically conjugate co- coordinates in phase space. Some of these coordinates might be commuting and other anticommuting. More precisely, they will be assumed to be elements of a Grass- Grassmann algebra with definite Grassmann parity. One must allow for anticommuting (q,p) in order to have a classical description of fermions, but even in a theory which has no fermions to start with, they will be brought in when the ghosts are included. Therefore, we have to be prepared and have a classical mechanics capable of deal- dealing with anticommuting numbers, so we allow for that possibility from the very beginning. Also, it is not necessary for what follows to have canonically conjugate pairs. Indeed, there are cases of interest such as the classical description of spin, in which the dimension of phase space is odd and conjugate pairs are not available. Those cases are included in the present discussion which just needs the existence of a Poisson bracket. I have chosen to use the notation (q,p) anyway, because it has a phase space ring. 2.4 Higher order structure functions In order to avoid unnecessary cluttering of the equations with sign factors in this introductory account, I will only deal with the case in which there are no fennionic coordinates among the (<j,p). Actually it suffices to assume that the Ga are commuting. All the important results carry over unchanged to the general Bose-Fermi case. It will also be assumed for simplicity that the constraints Ga are independent or "irreducible," as one says. That is, the Jacobian matrix (dGa/dq, dGa/dp) is of maximal rank everywhere on the constraint surface. This means that one can locally take the GQ's as the first m (non-canonical) coordinates in phase space. The reducible case will not be dealt with. Again, the main results still hold (provided one adds even more ghosts!- usually called "ghosts of ghosts"). To begin with, the constraints Ga will be also called "zeroth order structure (o) functions" and will be indistinctly denoted by U a. From the point of view of the action principle these constraints are not uniquely determined. They can always be

40 CLAUDIO TEITELBOIM replaced by an equivalent set, (o) (o) U M,P) = MbJq,p) U b(q,p), det M ф 0 B.1) (о) (о) because the equations [7=0 are equivalent to U = 0. This change in the generators implies of a change in the description of the gauge transformations. If, for example, the structure functions Ccab associated to the first set are independent of (q,p) (structure constants of a group), that property will not hold for the new set. One expects, of course, that the two descriptions will be equivalent, but that equivalence is not transparent. It will be one of the virtures of bringing in the ghosts to make the equivalence manifest. A new notation and a new name will be also introduced for the structure functions Ccab (q,p) appearing in [Ga,Gb] = ClbGc B.2) (!) ID They will be denoted by —2 U ofc and the U 's will be called "first order structure functions." The first class property of the constraints reads then, [*@l @) "I |1) @) \U., U b \= -2VibU d B.3) The first order structure functions carry with them an ambiguity over and above @) @) that implied by the ambiguity B.1) in U . Indeed, once U is fixed, equation B.3) (i) determines U only up to A) A) A) (О) U U - исаь= Ulb + Ki V б B.4а) with Kt = -Mil - -Mii B.4b)

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 41 @) A) Having introduced an appropriate notation for U and U , the analysis pro- (o) ceeds as follows. One takes the Poisson bracket of equation B.3) with U j, and fully antisymmetrizes in a, b and с The left-hand side then vanishes by virtue of the Jacobi identity, while the right side becomes, with the help of B.3), a linear (o) combination of the U 's. This yields, (О) U л (i) (o) (i) (i) \ Ud[ab,U c]\+2U{abUdc]\=0 B.5) @) Now, B.5) does not imply that the coefficient of U vanishes, because that equation is clearly identically satisfied if one sets A) @) ] A) A) B) @) U'UJ +2U?bU<=2UHcUe B.6) B) where the thereby-defined second order structure functions U ilc(q,p) are aiitisym- @) A) B) metric in (d.e) and (a,b.c). Again, once U and U are fixed, the U 's bring in their own ambiguity. They are determined up to B) B) @) U Ц - U He + Kd U f B-7) where Ma^ is completely antisymmetric in both the upper and lower indices. It may be shown [8] that, under the assumption that the constraints are irreducible, equation B.6) with the ambiguity B.7) is the most general solution of B.5) and it always exists. The construction leading to the appearance of the second order structure func- functions may be systematically continued. Thus, third order structure functions will @) appear by taking the Poisson bracket of B.6) with U f and fully antisymmetrizing

CI.AUDIO ТКПТ.1.1Ю1М in a, b, с and f. Using the Jarohi identity and the defining equations B.3) and B.6) of the structure functions of lower order, yields the identity B) D ,,'1 (О) U a=0 where, B) D' ,=0 ,=o From B.9), it follows that B) [ B-4) П1...О, _д) и C) @) _ о IT <4<12<13 IT B.9) B.10) where the "third order structure functions" are completely antisymmetric in both the a and I) indices. For the higher order structure functions, one finds, in an analogous manner, the identities (n) [ @) B.11) which imply in turn the existence of the structure functions of order n. + 1 (n+l) (n+1) u Г.'.'.°"!!ь„ = u гь'".'.ап.+.!.1 i obeying (n+l) @) U, B.12) In B.11) and B.12), D ь'.^Х+г stands for (n) n (,) V^ If'!-1! Z^ b, 4=0 (n-«)

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 43 (•) + !) (n-q) i)(n-9 + i) и :;;;;Г..ь,+2 и £;;;£;2С(-)п(<+1) B-13) 4=0 and only involves structure functions of order < n. Finally, one easily checks that B.12) determines the structure functions of order n + 1 only up to (n+1) (n+1) @) U °l-a"+I -» U ll~"ntl +M,a'-;n+' Ua ., B.14) (for given structure functions of order < n), where M£*' "ь"+* possesses the appro- appropriate antisymmetry properties. The proof of the existence of the structure functions of order two and higher may be found in [8]. It will not be dealt with here. I will turn instead to the relation between the structure functions and to the BRST generator Q. Afterwards, an independent proof of the existence of П will be given. That proof will, therefore, provide in turn a proof of the existence of the structure functions. However, this indirect method does not make the direct construction superfluous for two reasons. The first is that the direct construction provides an explicit way to write down the BRST generator for a given set of Ga's. This is done by systematically following the steps indicated in 1 lie previous paragraph. Second, the indirect proot as given below holds only locally in phase space, while no such restriction applies to the other procedure. (The indirect proof can also be extended to hold globally. See 2.5 Rank defined. Open algebras One knows that for a Lie group, all the (local) geometric structure is contained B) in the structure constants С^ь. In that case one may take the U and all the higher order structure functions equal to zero. However, in the general case, this will not be possible and structure functions up to some order r? will appear. One then says that the theory is of rank n. It should be emphasized here that the notion of rank is not intrinsic to a given theory, but it depends on the choice of the constraints Ga (structure functions of order zero) and also on how the ambiguities in the choice of the structure functions of order one and higher are resolved. Indeed, as we shall see below, one may always choose, at least locally in phase space, a set of Ga such that any theory is of rank zero ("abelianization"). However, in general, that choice

ЛЛ CI.AUDIO ТК1ТК1ЛЮ1М is cumbersome. Kor a field theory it typically leads to generators which are non local in space. In practice, there is always a choice, or perhaps a few choices, of the Ga which are privileged because of locality properties, covariance, etc. Thus, when I indulge, from now on, in speaking of "rank of a theory" I will have in mind the lowest possible rank associated with those natural choices. In this sense, the Maxwell field has rank zero, the Yang-Mills field, the relativistic string and Einstein theory of gravitation have rank 1, N = 1 supergravity in four space-time dimensions has rank 2, and the n-dimensional relativistic membrane has rank n. For a theory of rank n, the idea is that the local geometrical structure is contained not only in the first order structure functions, but also in those up to order n. When the first order structure functions are not constant, one often says that "the gauge algebra only closes on-shell". This means that the commutator of two gauge transformations is a new gauge transformation only on the constraint surface. Note that for this to happen it is not necessary that the rank be higher than one. The gravitational field is an example of a theory of rank one whose Hamiltonian gauge algebra only closes on-shell. The only on-shell closure property arises as follows. The commutator of two gauge transformations with parameters e° and e^; >s a new transformation obtained by acting with C^bt\t\Cc. This is a consequence of the Jacobi identity. However, the action bF of that transformation on a generic function F is 6F - [F,CabcAGe] Clb&3[F,Gc] + <\4[F'C'ab]Gc and this is generated by Gc only on the surface in which Gc is equal to zero. Otherwise the second term of the right side of B.14) makes this no longer true for every F unless С^ь is independent of q and p. [Actually, this last assertion is a bit too strong. Indeed, if the C^b depended on the g's and p's only through the generators Ga themselves the second term on the right of B.14) would also have an overall factor [F,GC]. However, in such a case there is no quarantee that the rank would be equal to one]. 2.6 Ghosts. Ghost number. BRST generator as generating function for structure functions The original phase space of the g's and the p's will e enlarged by introducing an additional canonical pair (rf ,Va) for each first class constraint Ga present. The canonical pair will be taken to be of Grassmann parity opposite to that of the

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 45 corresponding Ga. Thus, if the G's are all commuting, as we have been assuming for simplicity, the rj's and the Vs will be anticommuting. These extra variables will be called ghosts. More specifically, rj will be called ghost and V anti-ghost. The ghosts may initially be thought of as a useful bookkeeping device for concisely taking into account the properties of the structure functions. However, this narrow view lends itself to rapid change once one realizes that those properties imply the existence of a symmetry which mixes the ghosts with the original variables. This means that the appropriate space for describing the dynamics of the gauge system is not the original space of the q's and the p's, but rather, the extended one which includes the ghosts. The basic properties of the ghosts are, therefore, [*".,»»*] = !**,*".] = -£ B-15) (naY = r,a , (*>.)* = -*". B-16) [Va.ql] = [V.,Pi] = fa*.*'] = [r,\p,\ = 0 B.17) Note that q is taken to be real which implies that the conjugate "P is imaginary. This property, and also the symmetry of the bracket B.15) are due to the anticoiimiutiiig character of 1 lie ghosts for bosonic Ga. It is also convenient to define an additional structure on the extended phase space, that of ghost number. This is done by attributing the following ghost number to the canonical variables: the q', p,'s have ghost number zero, the ghosts tj" have ghost number one, and the antighosts ~Pa have ghost number minus one. Moreover, one requires that the ghost number of a product of variables is equal to the sum of their ghost numbers. Consider now the following function on the extended phase space (n) П = Y, VK+l--Vbl U H:X+Van...Vai B.18) n>0 Note that due to the antisymmetry properties of U, there is no loss of information when contracting it with the anticommuting 77's and Vs. Indeed, one may recover the U's by repeatedly differentiating П with respect to the ghosts and setting them equal to zero afterwards.

46 CI.AUPIO TEITELBOIM The function 12 will be called the BRST generator. It has the following funda- fundamental properties П is real , П = П* B.19) П has ghost number + 1, g(Q) = 1 B.20) П is anticommuting , e(Q) = 1 B.21) here e denotes Grassmann parity. More importantly, it is nilpotent [П,П]=0 B.22) Properties B.19) through B.21) follow because the n-th term in Q contains n prod- products r(P and one "loose" r). Each product r(P is real, has ghost number zero and even Grassmann parity while the loose r) is also real, has ghost number -(-1 and is anticommuting. The crucial property of Q, its nilpotency, involves the detailed properties of the structure functions. Indeed, one may check directly that B.22) is equivalent to the identities B.12), B.13) which define the f/'s. This shows that the generator п captures in a nutshell the complete gauge structure of the system. For this reason, it is natural to consider П as the central geometrical object in a gauge theory. A remarkable feature of Q, in the present Hamiltonian formulation, is that the nilpotency holds "off-shell," namely at all points in the extended phase space. This is so even for systems in which the gauge algebra in the original phase space of the q's and the p's only closes on the constraint surface, as discussed in Sec. 2.5. 2.7 Abelianization of constraints. Existence of ft As was mentioned in Sec. 2.5, the structure functions can be changed by replacing the constraints Ga by linear combinations of themselves. Since one admits in the linear combination coefficients which depend on q and p, the flexibility in the structure functions is enormously greater than the one available when changing the basis of generators of a Lie algebra. Indeed, one can even achieve in principle that the constraints become locally abelian, that is that all the structure functions vanish in a region of phase space. This possibility is useful for proving general properties such as the one we are interested in now, the existence of Q, but it is not one which is of much use in practice. The reason is that simplicity requirements on the functional form of the Ga, which are specially important in the passage to quantum

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 47 mechanics, such as polinomial structure or locality in field theory, are absent in the abelianized constraints. The problem one faces is the following. Given a set of constraints G obeying [Ga,Gb] = CcabGc B.23) one wants to find an invertible matrix M^(p, q) such that Fa(p,q) = MbaGb B.24) obeys [Fa,Fb}=0 B.25) One may find a general proof of the existence of M in [8]. I would just like to mention here that the passage from G to F amounts to solving the constraint equation Ga = 0 to express some of the momenta in terms of the remaining variables. For example in the Yang-Mills case, one solves Gauss's law, for the longitudinal component of the "electric field." This may only be done in a perturbation series in the coupling strength, which illustrates that F exits only locally in that case. It follows from the work of Gribov [12] that the solution does not exist globally. For the constraint F, the existence of Л is immediate. One simply writes nF =rfFa B.26) which obeys all the properties listed in B.19-2.22). The question now is how to infer from Q.p the BRST generator Пв correspond- corresponding to the constraint Ga. Clearly, if one could show that По is related to ftp by a canonical transformation, the problem would be solved. The reason is that the key nilpotency property [П, П] = 0, being written in terms of Poisson brackets, is invariant under canonical transformations. The reality, ghost number 1 and Grass- mann parity 1, properties of По would be assured, if the generator of the canonical transformation is real, has ghost number 0 and Grassmann parity 0. The canonical transformation that I am talking about here, should be a canon- canonical transformation in the extended phase space and should unavoidably mix the ghost with the original p's and q's. This is so, because there is no way that F and G could be related by a canonical transformation in the p's and the g's only since the Poisson brackets are different.

t« (I.AUDIO TKI TKMIOIM The solution may be easily found in the case when the constraints Ga and Fa differ infinitesimally, Ga = Fl + eba)Fb B.27) with €д(р, q) small. The general case can then be obtained by exponentiation. The question reduces then to that of finding the generator С of the canonical transformation such that ] B.28) where (i) (the higher structure functions of the set Ga may be taken to be of order e2 or higher). This generator С is obviously given by C = nbelVa B.30) and has all the desired properties. The above argument only covers the case in which the invert ible linear trans- transformation M(p,q) is in the connected component of the identity, i.e., has positive determinant. The general case with both positive and negative determinant is eas- easily included by observing that the particular matrix Mj = diag{ — 1,1, ...1), which possesses negative determinant, can be generated by the ghost canonical transfor- transformation V1 2.8 Uniqueness of fl The central idea of the discussion that I have been giving is to take the BRST approach as the basic description of the idea of gauge invariance. The reasoning of the preceding paragraph shows that this view has an important pay-off. It makes evident the equivalence between the descriptions based on different choices of the constraints Ga, an equivalence which is by no means transparent in the original phase space of the g's and the p's. Indeed, it emerges that the BRST generator is

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 49 unique. For a given system, the П obtained from one choice of the whole tower of structure functions (including, in particular, the choice of the Ga ) is related to that obtained from another choice by a canonical transformation in the extended phase space. One may say that this important result shows that the "canonical covariance" of the theory becomes manifest only when one enlarges the original phase space to include the ghosts. Once more, simplicity and understanding are gained by adding variables and not by eliminating them. When going over to quantum mechanics, it is impossible to realize all canoni- canonical transformations as unitary transformations in Hilbert space. Therefore, in the quantum case, different choices of the constraints may lead to BRST generators which are not unitary equivalent. This is not a problem of BRST theory, but rather a general problem of the passage from classical mechanics to quantum mechanics. In practice, one is happy if one can find a choice of the constraints which will lead to an П simultaneously satisfying the key requirements of nilpotency and hermiticity. 2.9 Classical BRST cohomology The off-shell nilpotency of the BRST transformation enables one to introduce the notion of classical (non quantum) BRST cohomology for any gauge theory. This concept permits one to implement the ideas of gauge transformation and gauge invariance in BRST terms. Indeed, it follows from the nilpotency B.22) of fi and the Jacobi identity for the graded Poisson bracket, that [[А,П],П} = 0 B.31) for any A(q,p, 77, V) on the extended phase space. Hence, one can define BRST- closed functions as functions which are BRST invariant, [А, П] = 0 B.32) while BRST-exact functions are given by A = [К, П] B.33) for some A', and are clearly BRST-closed. The following idea proposes itself for exploration. To what extent can one identify two BRST-closed functions wich differ by a BRST-exact function? Or,

50 CLAUDIO TEITELBOIM what is the same, to what extent is the addition of a function of the form B.33) the BRST analog of a gauge transformation? This is the question which is addressed by BRST cohomology. As a result of the uniqueness of Q, the classical BRST cohomology only depends on the first-class constraint surface defining the dynamical system under consider- consideration, and not on how one represents this surface by the equations Ga(q,p) = 0, or on how one removes the ambiguity in the structure functions entering in the construction of П. Because the BRST charge possesses definite ghost number one can study co- cohomology classes with given ghost number. Two equivalent functions will then differ by a sum of terms, each belonging to an equivalence class with definite ghost number. One thus defines 9 cla,.ical as the set of equivalence classes of BRST-closed functions modulo BRST exact functions, with definite ghost number g. The following result is then known, The proof may be found in [13]. The operator d appearing in B.35) generalizes the exterior derivative operator acting along the gauge orbits generated by the constraint functions Ga on the constraint surface. It acts on forms which are defined throughout the original phase space of the p's and the q's (without the ghosts), but differs from the phase space exterior derivative operator in that it only takes derivatives along the gauge orbits, and not along directions orthogonal to them. So, this operator d measures the variations of the forms under gauge transformations only, and remains insensitive to how the forms vary in transverse directions. Closed zero forms are constant along the gauge orbits and thus, are just, gauge invariant functions. The statement B.35) says then that BRST invariants with ghost number zero, may be identified with gauge invariant functions in the original phase space. To see more precisely how the identification goes, one recalls that a gauge invariant function A(q,p) is one that commutes weakly with the constraints. That is, one has [Ao,Ga] = 0 on the surface Ga = 0 B.36)

HAMILTONIAN FORMULATION OK GENERAL RELATIVITY 51 Furthermore, two gauge invariant functions Ao and A'o are considered as equivalent if they differ by a term which vanishes in the constraint surface or, what is the same, if A'o = Ao + k"Ga B.37) The result that we are describing then says that, starting from any gauge invariant AB(q,p), one can construct its "BRST invariant extension" by adding to it terms which vanish when the ghosts are set equal to zero, in such a way that the resulting function in the extended phase space has zero Poisson bracket with Q. The extension is not unique, one can always add to it a BRST exact function. This addition yields, when setting the ghosts equal to zero, the, ambiguity B.37) in Ao. The situation is therefore quite clear when the ghost number is zero. However, for g greater than zero the understanding is far from complete. Indeed, although the above theorem provides a phase space geometrical interpretation of the BRST cohomology in the case of non-vanishing ghost number, the physical meaning and the use of the cohomological classes with g > о is still to be uncovered. It is of interest to point out that one may get non trivial gauge invariant functions from non trivial closed p-forms by integrating them along non trivial closed p-surfaces immersed the gauge orbits.

52 CLAUDIO TEITELBOIM III. QUANTUM BRST THEORY 3.1 States and operators It should be apparent at this point that the most natural and powerful de- description of the dynamics of a gauge system is that which treats the ghosts in the same footing with the "original" dynamical variables. To implement this same view point in quantum mechanics one must realize the q's, the p's, the ghosts r\ and their conjugate momenta V as linear operators in a Hilbert space. In particular, the BRST charge becomes a linear operator. Since the Poisson bracket of two anticommuting functions becomes upon quantization an anticommu- tator, the nilpotency property of Q reads, [П,П]=2П2=0 C.1) Furthermore, since Q was real in the classical theory one now demands that it should be a self-adjoint operator П1 = П C.2) As a consequence of C.1) and C.2) the Hilbert space inner product must con- contain states with zero norm. Moreover, it follows from the ghost anticommutation rules that there must actually be negative norm states, as well as others with posi- positive norm. One also defines, by the same arguments used in the classical theory, a BRST observable as a linear operator A which commutes with the BRST charge [Д,П]=0 C.3) Here the word 'commutes' is used in a generalized sense, the bracket in C.3) is to be understood as an anticommutator when A is anticommuting. I will assume that one can find a charge fi satisfying the nilpotency and her- miticity conditions C.1) and C.2). Unlike the situation in the classical case, there is no a priori guarantee that this can always be done starting from a classical the- theory, since the question of ordering of the factors comes in crucially. For example in string theory, C.1) and C.2) only hold quantum mechanically for the critical value of the space-time dimension, whereas no such restriction appears in the classical problem. Indeed, the experience with string theory supports the view that when C.1) and C.2) do not hold the quantum theory is ultimately inconsistent.

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 53 Thus, we will regard C.1) and C.2) as the statements of the gauge invariance of the quantum theory and, for that reason, they will be taken as fundamental. If they cannot be satisfied, it would appear that the theory at hand is to be discarded. 3.2 Ghost number The ghost number of an operator is defined as in the classical theory. It can be represented by the operator g = irfVo. + constant C.4) which obeys [C,Pi] = [б, Я'} = О C.5a) [6,rf]=Va , [Q,Va] = -Va C.56) If desired, one can adjust the constant in C.4) so that Q is anti-hermitian, Q=\{rfVa-Varf), G] = -Q C.6) ll follows from C.5) that if a state |/ > has definite ghost number g, Q\f >= </;/ •• then, q'\f > and p,\f > have also ghost number g, whereas rf\f > and Pa \f > have ghost number g + 1 and g — 1, respectively. Although anti-hermitian, Q possesses real eigenvalues. This can be seen by expanding the states in the ^"-representation as |V >= \Ф(О) > +\Фа >V" + №ab > W" + ». C-7; Here, |V>(o' >, \фа >, ■•-, are states which live in the Hilbert space of the original variables q\pi and do not involve the ghosts. With the choice C.6) |V>'°' > has ghost number —m/2, \фа > т)" has ghost number — m/2 + 1... and the last term in the expansion C.7) has ghost number m/2. Note that when m is odd, the ghost number is half-integer, an occurrence sometimes called "fractionalization of the ghost number." It should also be noticed that the anti-hermiticity of Q and the reality of its eigenvalues imply that its eigenstates have zero norm, except perhaps for those associated with the eigenvalue zero, which appears when m is even.

54 CLAUDIO TEITELBOIM 3.3 BRST invariant states The description of the system in terms of the extended phase space has re- redundant variables. This redundancy was already present in the formulation of the gauge theory in terms of the p's and g's and it becomes even larger when one has the ghosts. The whole point above is that by enlarging the redundancy the description becomes ultimately more transparent and, in a sense, the two redundancies cancel each other. To make the redundancies cancel each other one must bring in a condition that will select the physical subspace. This condition must be the BRST analog of the demand that the gauge generators Ga annihilate the physical states in the formalism without ghosts. There are not many options for such a condition in the BRST scene. The equation that suggests itself [14] is clearly n|i/>>=0 C.8) This condition possesses the following good properties: i . It is linear and hence it selects a subspace. ii . BRST observables, obeying [Q, A] = 0, map the physical subspace onto itself, iii. Trivial observables of the form [А, П] have vanishing matrix elements between physical states, <ф!\[К,п]\ф2>=0 C.9) if |i/'i >, |V>2 > obey C.8). Note that C.9) needs the hermiticity of П to hold. I will return shortly to the relation between П\ф >= О and the conditions Са\ф > which are implemented in the more conventional formalism. For the mo- moment, I would like to emphasize that while the latter are many equations (typically several per space point in a field theory), the former is just one condition. The reason is that the state vector depends on more variables in the BRST case. 3.4 Quantum BRST cohomology If one assumes п\ф >= О, one identifies two BRST observables which differ by a "BRST total derivative," А-+А + [К,п] (ЗЛО) Two physical states which differ by a BRST total derivative \ф>^\ф>+п\Х> C.11)

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 55 are also identified. A physical state is therefore an equivalence class and the space of physical states may be characterized as KerQ/ImQ, C.12) just as in the classical case, but with the understanding that now Q is a linear operator acting on a Hilbert space. The study of the equivalence classes belonging to (KerQ/ImQ) constitutes the subject of quantum BRST cohomology. The key test that a satisfactory quantum theory must pass is that the metric induced on the space (KerQ/ImQ) must be positive definite. This means that the norm of any state \rj> > obeying П ^> >= 0 must be positive or zero, with the value zero only happening when |V> > is of the form П|^> >. If the positivity of the induced inner product holds and if the Hamiltonian Ho(q,p) admits an Hermitian BRST invariant extension, the theory is unitary. This happens in the usual cases, otherwise additional conditions which restrict the physical subspace over and above П|т/' >= 0 must be taken. (See [15,16] for more on this.) 3.5 Equivalence of the BRST physical subspace with the conventional gauge invariant subspace I would like to show in a simple case how the single condition П\ф >= 0 turns out to be equivalent to the many conditions Са\ф >= 0 of the Dirac approach. This simple case will also show that the equivalence may not hold strictly when, for example, topological complications come in. In view of the local abelianizability of the constraints, a natural case to look at in order to understand the condition Q|V> >= 0 is that of constraints which are pure momenta, Ga=pa , [Ga,Gb}=0 C.13) Then the coordinates {q',p') split into two groups (</°,pQ) and (qa,pa){a = 1, ...,n — rn). The variables (qa,pa) are true, gauge invariant degrees of freedom, whereas (qa,pa) are pure gauge. The BRST generator reads П = rfVa C.14) and a general BRST state is given by \ф >= ф«» + фаП" + \фаЬПЬг? + ... C.15)

56 CLAUDIO TEITELBOIM with ф°,фа,-» being functions of qa and qa. One finds that П]^ > is given by n|v> >= -.(даф^г,а + \(дьфа-дафь)т?г)а +...) (зле) This shows that the BRST operator is the exterior derivative operator d in the space of the qa. BRST states can be viewed as forms. The ghost number of a state, is equal to the rank of the form plus the overall additive constant —m/2 where m is the number of ghosts. From C.15), one sees that a physical state, rewritten as |V,>=v@)+V>A)-i-V>B) + - C.16) (V>@) = first term in C.15), 0-form; V>A) = Фа<ка, l-form, etc.), must be a closed form <ty@) = <tyA) = dфB) = ... = 0 C.17) Furthermore, adding to \ф > the state U\x > amounts to modifyin Accordingly, the physical subspace is just given by Ker d/Im d in the (/"-space. If the topology of the qa-space is trivial and no boundary condition is imposed [15], one can set i/''1' and all the higher order terms equal to zero by an appropriate choice of \\ >. This means that one can take a representative with ghost number —m/2 in each equivalence class of physical states. So the requirement of definite ghost number —m/2 is not a further assumption but, rather, is a gauge condition on the quantum gauge invariance. For ghost number —m/2 representatives, the BRST condition reads, 0 C.19) thus, V»@' must be independent of qa. These are exactly the physical state conditions of the Dirac approach. 3.6 Action principle The propagation amplitude in quantum mechanics is given by a sum over his- histories. In the BRST formulation of the gauge theory the concept of history includes

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 57 giving the ghosts as functions of time. This is because the ghosts enter the formal- formalism in the same footing with the original variables. One therefore needs an action appropriate to the extended phase space. According to the discussion given in Sec. B.9), the propagation amplitude that we are interest in should be just the matrix element of the evolution operator associated with the BRST invariant extension H of the Hamiltonian Ho. However, that extension is not unique. Two permissible Hamiltonians H differ by what we have called above a "BRST total derivative." Therefore one fixes once and for all one choice of H and allows for the ambiguity in the extension by writing Sk= {qp + riaVa-H+[K,U})dt C.19) The function К may depend on the q's, the p's, the rj's and the P's. Different choices of К correspond to different BRST invariant extensions of the Hamiltonian. The path integral should be independent of K. This property is the statement in BRST terms of the gauge invariance of the amplitude. Its validity is called the Batalin-Fradkin-Vilkovisky theorem. The B-F-V theorem is a central result in BRST theory. It gives the most flexible and powerful formulation known to man of the sum over histories for gauge systems. It contains as a particular case the Faddeev-Popov prescription, but it also applies to the situations not covered by the latter. Phenomena such as ghost self-interactions, which are inescapable in theories of rank higher than one, are treated here in equal footing with the more traditional case of rank one or zero. However, even in the simpler cases additional flexibility is gained since the Faddeev- Popov gauge condition may be now taken to depend even on the ghosts themselves. That possibility would be hard to conceive if one takes the view that the ghosts are introduced to represent a pre-existing determinant associated with the gauge condition. 3.7 Path integral. B-F-V theorem One defines the path integral as [17] ZK= ( exp[iSK]DpDqDVDr) C.20) where the measure is the ordinary one, given by the product of the differentials for all times in the interval [<1,<г] over which the action is evaluated. The integration

58 CLAUDIO TEITELBOIM over the anticommuting ghosts is understood to be that of Berezin. The boundary conditions which the histories admitted in the integral must obey will be dealt with below. To prove the independence of Zk from K, one proceeds as follows. Take K' and К which differ from each other infinitesimally. Call e the time integral of their difference multiplied by the imaginary unit e = i dt(K'-K) C.21) J 11 The integral C.21) depends on the history in the complete interval [^i, ^2]- Next, perform a BRST transformation with parameter €. This transformation is not canonical because the parameter depends on the history. Therefore the Li- ouville measure in the path integral is changed by it. The effect of that change is precisely to replace K' by К in the action. To see this in detail, one defines new variables of integration by F'(t) = F(t) 4- [F,u}\t( C.22) where F stands generically for q,p,rj and V. The transformation C.22) changes the action by a boundary term. This is because the fact that ( depends on the history plays no role when analyzing the action and the Haniiltonian appearing in it is BRST invariant. On the other hand, the Jacobian of C.22) may be evaluated directly. A direct calculation yields DF'= DF exp[-i I [U,K'~K}dt] C.23) where DF is an abbreviation for the product of the Liouville measures appearing in C.20). If one inserts C.23) into the definition C.20) one finds the desired result Zk- = ZK C.24) provided the transformation C.22) does not change the boundary conditions on the histories, and the boundary term by which the action changes vanishes. Those two issues are analyzed in Sec. 3.9 below.

HAMILTONIAN FORMULATION OF GENERAL RELATIVITY 59 3.8 Contact with lagrangian notation I would like to digress briefly and relate the present notation with the one usually employed in the lagrangian form of the path integral. It is appropriate to do so here because the relation will be needed below to write down one of the permissible boundary conditions. It was stated in Chapter I, just after A.7), that "the general practical rule for the appearance of ghosts in a gauge theory can now be stated. In each case there will be a pair of new fields, usually called 'ghosts' and 'antighosts' for each gauge function present in the gauge transformation." Now, this seemingly contradicts what we have been doing in Chapters II and III where we introduced just one ghost r\ for each constraint. There is, however, no contradiction. What happens is that, usually, the lagrangian form of a gauge theory is given so that the Lagrange multiplier associated with a first class constraint is in- included as a dynamical variable. This is the case with the time components Aao, gojl and ф* in Yang-Mills, gravity and supergravity, respectively. It also happens in string theory where one introduces the conformal metric components (— g)? gab on the world-sheet, as variables in the lagrangian. If we generically denote the Lagrange multipliers by A°, one finds that their conjugate momenta vanish, na = 0 C.25) These equations are called by Dirac "primary constraints." By demanding that C.25) be maintained in time one then obtains the secondary constraints, фа(д,р) = 0 C.26) which involve neither the A° nor the na. The secondary constraints фа are those which really contain information about the gauge invariance of the theory, whereas the primary ones C.25) are somewhat trivial. However, it is useful to include both in the path integral since, for example, one can thus maintain manifest Lorent invariance in the Yang-Mills case. The situation is then the following. The phase space includes both the {q,p) appearing in фа and the (A°,7rQ). The constraints Ga include both the фа and the na. Their number is thus twice the number of фа'ь and that is why the number of ghosts is doubled. The precise correspondence is as follows, Са = (фа,па), г," =(Ca,-iVa), Va = (Pa,iCa) C.27)

60 CLAUDIO TEITELBOIM 3.8 BRST invariant boundary conditions In order for C.24) to hold it is sufficient to find conditions at the end points <i,<2 which, (i ) are themselves BRST invariant (ii) make the action BRST invariant, that is are such that =o C-28) where /* stands for all variables fixed at the end points. With the form C.19) of the action the /* are the q's and the 77's. If one wants to fix a momentum at both end points then qp must be replaced by — qp in the action. One may say that selecting BRST invariant boundary conditions amounts to implement in the path integral the demand that the initial and final states be anihilated by the BRST generator П. That is one has the equality Zk =< ф2\е-^н^к'п^-^\ф1 > C.29) with n|V>i >= n|i/>2 >=0 C.30) No attempt will be made here to give an exhaustive treatment of this important issue. Indeed, it appears that a general procedure which would allow one to exhibit an appropriate boundary condition for each given BRST invariant state \ф >, has not yet been devised. In particular, there seems to be no available criterion which would allow one to relate boundary conditions corresponding to two states which differ by a BRST total derivative. I will just indicate three different sets of boundary conditions [8], which arise in practice and do satisfy the above mentioned requirements. They are the following requirements at <i,<2 rf = 0, q (or p) fixed but arbitrary C.31) Ca = Ca = na = 0, q (or p) fixed but arbitrary C.32) This choice uses the "mixed representation" introduced in Sec. 3.7.
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THE QUANTUM MECHANICS OF COSMOLOGY 67 I. INTRODUCTION It is an inescapable inference from the physics of the last sixty years that we live in a quantum mechanical universe — a world in which the basic laws of physics conform to that framework for prediction we call quantum mechanics. If this inference is correct, then there must be a description of the universe as a whole and everything in it in quantum mechanical terms. The nature of this description and its observable consequences are the subject of quantum cosmology. Our observations of the present universe on the largest scales are crude and a classical description of them is entirely adequate. Providing a quantum mechanical description of these observations alone might be an interesting intellectual chal- challenge, but it would be unlikely to yield testable predictions differing from those of classical physics. Today, however, we have a more ambitious aim. We aim, in quantum cosmology, to provide a theory of the initial condition of the universe which will predict testable correlations among observations today. There are no realistic predictions of any kind that do not depend on this initial condition, if only very weakly. Predictions of certain observations may be testably sensitive to its details. These include the large scale homogeneity and isotropy of the universe, its approximate spatial flatness, the spectrum of density fluctuations that produced the galaxies, the homogeneity of the thermodynamic arrow of time, and the existence of classical spacetime. Further, one of the main topics of this school is the question of whether the coupling constants of the effective interactions of the elementary particles at accessible energy scales may depend, in part, on the initial condition of the universe. It is for such reasons that the search for a theory of the initial condition of the universe is just as necessary and just as fundamental as the search for a theory of the dynamics of the elementary particles.* The physics of the very early universe is likely to be quantum mechanical in an essential way. The singularity theorems of classical general relativityf suggest that an early era preceded ours in which even the geometry of spacetime exhibited significant quantum fluctuations. It is for a theory of the initial condition that de- describes this era, and all later ones, that we need a quantum mechanics of cosmology. That quantum mechanics is the subject of these lectures. The "Copenhagen" frameworks for quantum mechanics, as they were for- formulated in the 1930's and '40's and as they exist in most textbooks today,| are inadequate for quantum cosmology on at least two counts. First, these formu- formulations characteristically assumed a possible division of the world into "obsever" and "observed", assumed that "measurements" are the primary focus of scientific statements and, in effect, posited the existence of an external "classical domain". However, in a theory of the whole thing there can be no fundamental division into observer and observed. Measurements and observers cannot be fundamental no- notions in a theory that seeks to describe the early universe when neither existed. In For reviews of quantum cosmology see lectures by Halliwell in this volume and Hartle A988c, 1990a). For a bibliography of papers on the subject through 1989 see Halliwell A990). For a review of the singularity theorems of classical general relativity see Geroch and Horowitz A979). For the specific application to cosmology see Hawking and Ellis A968). There are various "Copenhagen" formulations. For a classic exposition of one of them see London and Bauer A939).

68 JAMES B. HARTLE a basic formulation of quantum mechanics there is no reason in general for there to be any variables that exhibit classical behavior in all circumstances. Copenhagen quantum mechanics thus needs to be generalized to provide a quantum framework for cosmology. The second count on which the familiar formulations of quantum mechanics are inadequate for cosmology concerns their central use of a preferred time. Time is a special observable in Hamiltonian quantum mechanics. Probabilities are pre- predicted for observations "at one moment of time". Time is the only observable for which there are no interfering alternatives as a measurement of momentum is an interfering alternative to a measurement of position. Time is the sole observable not represented by an operator in the familiar quantum mechanical formalism, but rather enters the theory as a parameter describing evolution. Were there a fixed geometry for spacetime, that background geometry would give physical meaning to the preferred time of Hamiltonian quantum mechanics. Thus, the Newtonian time of non-relativistic spacetime is unambiguously taken over as the preferred time of non-relativistic quantum mechanics. The spacetime of special relativity has many timelike directions. Any one of them could supply the preferred time of a quantum theory of relativistic fields. It makes no difference which is used for all such quantum theories are unitarily equivalent because of relativistic causality. However, spacetime is not fixed fundamentally. In a quantum theory of gravity, in the domain of the very early universe, it will fluctuate and be without definite value. If spacetime is quantum mechanically variable, there is no one fixed spacetime to supply a unique notion of "timelike, "spacelike" or "spacelike surface". In a quantum theory of spacetime there is no one background geometry to give meaning to the preferred time of Hamiltonian quantum mechanics. There is thus a conflict between the general covariance of the physics of gravitation and the preferred time of Hamiltonian quantum mechanics. This is the "problem of time" in quantum gravity.* Again the familiar framework of quantum mechanics needs to be generalized. These lectures discuss the generalizations of Copenhagen quantum mechanics necessary to deal with cosmology and with quantum cosmological spacetimes. Their purpose is to sketch a coherent framework for the process of quantum mechanical prediction in general, and for extracting the predictions of theories of the initial condition in particular. Throughout I shall assume quantum mechanics and I shall assume spacetime. Some hold the view that "quantum mechanics is obviously absurd but not obviously wrong" in its application to the macroscopic domain. I hope to show that it is not obviously absurd. Some believe that spacetime is not fundamental. If so, then a quantum mechanical framework at least as general as that sketched here will be needed to discuss the effective physics of spacetime on all scales above the Planck length and revisions of the familiar framework at least as radical as those suggested here will be needed below it. The strategy of these lectures is to discuss the generalizations needed for a quantum mechanics of cosmology in two steps. I shall begin by assuming in Section II a fixed background spacetime that supplies a preferred family of timelike directions for quantum mechanics. This of course, is an excellent approximation on accessible scales for times later than 10~43 sec after the big bang. The familiar apparatus of Hilbert space, states, Hamiltonian and other operators then may be For classic reviews of this problem from the perspective of canonical quantum grav- gravity see Wheeler A979) and Kuchaf A981).

THE QUANTUM MECHANICS OF COSMOLOGY 69 applied to process of prediction. Indeed, in this context the quantum mechanics of cosmology is in no way distinguished from the quantum mechanics of a large isolated box containing both observers and observed.* The quantum framework for cosmology I shall describe in Section II has its origins in the work of Everett and has been developed by many.f Especially taking into account its recent developments, notably the work of Zeh A971), Zurek A981, 1982), Joos and Zeh A985), Griffiths A984), Omnes A988abc, 1989) and others, it is sometimes called the post-Everett interpretation of quantum mechanics. I shall follow the development in Gell-Mann and Hartle A990). Everett's idea was to take quantum mechanics seriously and apply it to the universe as a whole. He showed how an observer could be considered part of this system and how its activities — measuring, recording, calculating probabilities, etc. — could be described within quantum mechanics. Yet the Everett analysis was not complete. It did not adequately describe within quantum mechanics the origin of the "classical domain" of familiar experience or, in an observer independent way, the meaning of the "branching" that replaced the notion of measurement. It did not distinguish from among the vast number of choices of quantum mechanical observables that are in principle available to an observer, the particular choices that, in fact, describe the classical domain.| It did not sufficiently address the construction of history, so important for cosmology, independently of the memory of an observer. The post-Everett framework stresses the importance of histories for quan- quantum mechanics. It stresses the consistency of probability sum rules as the primary criterion for assigning probabilities to histories rather than any notion of "measure- "measurement" . It stresses the initial condition of the universe as the ultimate origin within quantum mechanics of the classical domain. There are many problems in this ap- approach to quantum mechanics yet to be solved, but, as I hope to show, post-Everett quantum mechanics provides a framework that is sufficiently general for cosmology and sufficiently detailed that the remaining questions can be attacked. Having obtained in Section II an understanding of how to generalize familiar quantum mechanics to make predictions for closed systems, the remainder of the lectures will be concerned with the generalizations needed to accomodate quantum spacetime. In Section III a broad framework for quantum mechanical theories will be introduced. Hamiltonian quantum mechanics is one instance of such a quantum mechanics but not the only possible one. This will be illustrated in Section IV where, motivated by the problem of time, various examples of generalized quantum mechanics that have no equivalent Hamiltonian formulations will be discussed. In Section V a generalized sum-over-histories quantum mechanics for closed cosmo- Thus, those who find it unsettling for some reason to consider the universe as a whole may substitute the words "closed system" for "cosmology" and "universe" without any change in meaning in Sections II-IV. As we shall see in Section II.6, however, as far as physical mechanisms which insure the emergence of a classical domain, the only "closed system" of interest is essentially the universe as a whole. The original reference is Everett A957). The idea was developed by many, among them Wheeler A957), DeWitt A970), Geroch A984), and Mukhanov A985) and independently arrived at by others, e.g. Gell-Mann A963) and Cooper and Van Vechten A969). There is a useful collection of early papers in DeWitt and Graham A973). This is sometimes called the "basis problem".

70 JAMES B. HARTLE logical spacetimes will be described that is free from the problem of time.* This quantum mechanics too has no obvious equivalent Hamiltonian formulation. Fi- Finally, in Section VI we shall review the rules by which semiclassical predictions are extracted from a wave function of the universe. Any generalization of the familiar framework of quantum mechanics has the obligation to recover that framework in suitable limiting circumstances. For the generalizations discussed here those circumstances concern the existence of a "clas- "classical domain" and, in particular, the existence of classical spacetime. Classical behavior is not a consequence of all states in quantum theory; it is a property of particular states. It will be a constant theme of these lectures that, in the gener- generalizations discussed, the familiar formulations of quantum mechanics are recovered as limiting cases in circumstances denned by the particular state the universe does have. That is, most fundamentally, they are recovered because of this universe's particular quantum initial condition. The "classical domain" of the Copenhagen interpretations is not a general feature of a quantum theory of the universe but it may be a feature of its particular initial conditions and dynamics at late times. In a similar way Hamiltonian quantum mechanics, with its preferred time, may not be the most general formulation of quantum mechanics, but it may be an ap- approximation to a yet more general sum-over-histories framework appropriate in the late universe where a nearly classical background spacetime is realized because of a specific initial condition. In this way, the Copenhagen formulations of quantum mechanics can be seen as approximations in which certain approximate classical fea- features of the universe are idealized as exact — approximations that are not generally applicable in quantum theory, but made appropriate by a specific initial condition. From this perspective, the "classical domain" with its classical spacetime are "ex- "excess baggage" in the fundamental theory of a kind that is seen elsewhere in the development of physics. (See, e.g. Hartle, 1990b) They are true features of the late epoch of this universe perceived to be fundamental because of the limited character of our observations. They may be more successfully viewed as but one possibility out of many in a yet more general theory. II. POST-EVERETT QUANTUM MECHANICS! 11.1. Probability II. 1.1. Probabilities in general Even apart from quantum mechanics, there is no certainty in this world and there- therefore physics deals in probabilities.:): It deals most generally with the probabilities for Several authors have suggested, in various ways, that sum-over-histories quantum mechanics might be a fruitful approach to a generally covariant quantum mechan- mechanics of cosmological spacetime, among them recently Teitelboim A983abc), Sorkin A989) and the author (Hartle, 1986b, 1988ab, 1989b). The latter approach is described in Section V. Most of the material in this Section is an abridgement or amplification of Gell-Majm and Hartle A990). For a lively review of the use of probability in physics most of whose viewpoints are compatible with those expressed here see Deutsch A991).

THE QUANTUM MECHANICS OF COSMOLOGY 71 alternative time histories of the universe. From these, conditional probabilities ap- appropriate when information about our specific history is known may be constructed. To understand what these probabilities mean, it is best to understand how they are used. We deal, first of all, with probabilities for single events of the single system that is the universe as a whole. When these probabilities become sufficiently close to zero or one there is a definite prediction on which we may act. How sufficiently close to 0 or 1 the probabilities must be depends on the circumstances in which they are applied. There is no certainty that the sun will come up tomorrow at the time printed in our daily newspapers. The sun may be destroyed by a neutron star now racing across the galaxy at near light speed. The earth's rotation rate could undergo a quantum fluctuation. An error could have been made in the computer that extrapolates the motion of the earth. The printer could have made a mistake in setting the type. Our eyes may deceive us in reading the time. We watch the sunrise at the appointed time because we compute, however imperfectly, that the probability of these things happening is sufficiently low. Various strategies can be employed to identify situations where probabilities are near zero or one. Acquiring information and considering the conditional prob- probabilities based on it is one such strategy. Current theories of the initial condition of the universe predict almost no probabilities near zero or one without further conditions. The "no boundary" wave function of the universe, for example, does not predict the present position of the sun on the sky. It will predict, however, that the conditional probability for the sun to be at the position predicted by classical celestial mechanics given a few previous positions is a number very near unity. Another strategy to isolate probabilities near 0 or 1 is to consider ensembles of repeated observations of identical subsystems. There are no genuinely infinite ensembles in the world so we are necessarily concerned with the probabilities for deviation of a finite ensemble from the expected behavior of an infinite one. These are probabilities for a single feature (the deviation) of a single system (the whole ensemble). To give a quantum mechanical example, consider an ensemble of N spins each in a state \ф >. Suppose we measure whether the spin is up or down for each spin. The predicted relative frequency of finding n-j spin-ups is fN = ^ = | <T IV > I2, (П.1.1) where | f > is state with the spin definitely up. Of course, there is no certainty that we will get this result but as N becomes large we expect the probability of significant deviations away from this value to be very small. In the quantum mechanics of the whole ensemble this prediction would be phrased as follows: There is an observable fN corresponding to the relative fre- frequency of spin up. Its operator is easily defined on the basis in which all the spins are either up or down as fh= £ к >"-ь »l—»N Here, \s >, with s =f or J,, are the spin eigenstates in the measured direction. The eigenvalue in brackets is just the number of spin ups in the state |si > • • ■ \sn >. The operator f'N thus has the discrete spectrum 1/iV, 2/iV, • • •, 1. We can now calculate the probability that f'N has one of these possible values in the state |ф>= \ф> ...\ф > (N times), (II.1.3)

72 JAMES B. HARTLE which describes TV independent subsystems each in the state \ф >. The result is simply a binomial distribution. The probability of finding relative frequency / is W<w) (пл-4) where p-j = | <f \ф > |2 and Pj = 1 — pj. As N becomes large this approaches a continuum normal distribution that is sharply peaked about / = pj. The width becomes arbitrarily small with large N as N~2. Thus, the probability for finding / in some range about p-j can be made close to one by choosing JV sufficiently large yielding a definite prediction for the relative frequency. In a given experi- experiment how large does N have to be before the prediction is counted as definite? It must be large enough so the probability of error is sufficiently small to isolate a result of significance given the status of competing theories, competing groups, the consequences of a lowered reputation if wrong, the limitations of resources, etc. The existence of large ensembles of repeated observations in identical circum- circumstances and their ubiquity in laboratory science should not obscure the fact that in the last analysis physics must predict probabilities for the single system which is the ensemble as a whole. Whether it is the probability of a successful marriage, the probability of the present galaxy-galaxy correlation function, or the probability of the fluctuations in an ensemble of repeated observations, we must deal with the probabilities of single events in single systems. In geology, astronomy, history, and cosmology, most predictions of interest have this character. For some it is easier to discuss such probabilities by employing the fiction that they are definite predictions of the relative frequencies in an imaginary infinite ensemble of repeated indentical universes.* Here, I shall deal directly with the individual events. The goal of physical theory is, therefore, most generally to predict the prob- probabilities of histories of single events of a single system. Such probabilities are, of course, not measurable quantities. The success of a theory is to be judged by whether its definite predictions (probabilities sufficiently close to 0 or 1) are con- confirmed by observation or not. Probabilities need be assigned to histories by physical theory only up to the accuracy they are used. Two theories that predict probabilities for the sun not rising tomorrow at its classically calculated time that are both well beneath the standard on which we act are equivalent for all practical purposes as far as this prediction is concerned. For example, a model of the Earth's rotation that includes the gravitational effects of Sirius gives different probabilities from one which does not, but ones which are equivalent for all practical purposes to those of the model in which this effect is neglected. The probabilities assigned by physical theory must conform to the standard rules of probability theory: The probability for both of two exclusive events is the sum of the probabilities for each. The probabilities of an exhaustive set of alterna- alternatives must sum to unity. The probability of the empty alternative is zero. Because probabilities are meaningful only up to the standard by which they are used, it is useful to consider approximate probabilities which need satisfy the rules of proba- probability theory only up to the same standard. A theory which assigns approximate For developments of this point of view in the quantum mechanical context see Finkelstein A963), Hartle A968), Graham A970), Farhi, Goldstone and Gutmann A989).

THE QUANTUM MECHANICS OF COSMOLOGY 73 probabilities in this sense could always be augmented by a prescription for renor- malizing the probabilities so that the rules are exactly obeyed without changing their values in any relevent sense. As we shall see, it is only through the use of such approximate probabilities that quantum mechanics can assign probabilities to interesting time histories at all. We shall return to issues connected with the use of approximate probabilities in Section 11.11. II.1.2. Probabilities in Quantum Mechanics The characteristic feature of a quantum mechanical theory is that not every history that can be described can be assigned a probability. Nowhere is this more clearly illustrated than in the two slit experiment. In the usual "Copenhagen" discussion if we have not measured which of the two slits the electron passed through on its way to being detected at the screen, then we are not permitted to assign probabilities to these alternative histories. It would be inconsistent to do so since the correct probability sum rule would not be satisfied. Because of interference, the probability to arrive at у is not the sum of the probabilities to arrive at у going through the upper or lower slit: Pu(y) + PL(y) because 22 If we have measured which slit the electron went through, then the interference is destroyed, the sum rule obeyed, and we can meaningfully assign probabilities to these alternative histories. We cannot have such a rule in quantum cosmology because there is not a fun- fundamental notion of "measurement". There is no fundamental division into observer and observed and no fundamental reason for the existence of classically behaving measuring apparatus. In particular, in the early universe none of these concepts seem relevant. We need an observer-independent, measurement-independent rule for which histories can be assigned probabilities and which cannot. It is to this rule that I now turn. II.2. Decoherent Histories II.2.1. Fine and Coarse Grained Histories I shall now describe the rules that specify which histories of the universe may be assigned approximate probabilities. They are essentially those put forward by Grif- Griffiths A984), developed by Omnes A988abc, 1989), and independently but later arrived at by Gell-Mann and the author (Gell-Mann and Hartle, 1990). Since his- histories are our concern, it's convenient to begin with Feynman's sum-over-histories formulation of quantum mechanics. A completely fine-grained history is then spec- specified by giving a set of generalized coordinates qk(t) as functions of time. These might be the values of fundamental fields at different points of space Completely fine-grained histories cannot be assigned probabilities; only suit- suitable coarse-grained histories can. Examples of coarse grainings are: A) Specifying the q' not at all times but at a discrete set of times. B) Specifying not all the q' at any one time but only some of them. C) Specifying not definite values of these q' but only ranges of values. An exhaustive set of ranges at any one time consists of

74 JAMES B. HARTLE Fig. 1: The two-slit experiment. An electron gun at right emits an electron traveling towards a screen with two slits, its progress in space recapitulating its evolution in time. When precise detections are made of an ensemble of such electrons at the screen it is not possible, because of interference, to assign a probability to the alternatives of whether an individual electron went through the upper slit or the lower slit. However, if the electron interacts with apparatus that measures which slit it passed through, then these alternatives decohere and probabilities can be assigned regions {Да} that make up the whole space spanned by the q' as a passes over all values. An exhaustive set of coarse-grained histories is then denned by exhaustive sets of ranges {A'a] at times U, i = 1, • • •, n. II.2.2. Decohering Sets of Coarse Grained Histories The important theoretical construct for giving the rule that determines whether probabilities may be assigned to a given set of alternative histories, and what these probabilities are, is the decoherence functional D [(history)', (history)]. This is a complex functional on any pair of histories in a coarse-grained set. It is most trans- transparently denned in the sum-over-histories framework for completely fine-grained history segments between an initial time io and a final time f/, as follows: Here, p is the initial density matrix of the universe in the q' representation, $ and q'o are the initial values of the complete set of variables, and q'j and q\ are the final values. The decoherence functional for coarse-grained histories is obtained from B.1)* according to the principle of superposition by summing over all that is not B.1) refers to eq.(II.2.1). Section numbers are omitted when referring to equations within a eiven section.

THE QUANTUM MECHANICS OF COSMOLOGY 75 specified by the coarse graining. Thus, 6q> J } . (II.2.2) More precisely, the sum is as follows (Fig. 2): It is over all histories q"(t), q'(t) that begin at q'J,q'o respectively, pass through the ranges [Да.] and [Да] respectively, and wind up at a common point q\ at any time tf > tn. It is completed by summing over q'o',q'o, and q'f (Fig. 2). The result is independent of if. The three forms of information necessary for prediction — initial condition, action, and specific history are manifest in this formula as p, S, and [Aa] respectively. Fig. 2: The sum-over-histories construction of the decoherence func- functional. The connection between coarse-grained histories and completely fine-grained ones is transparent in the sum-over-histories formulation of quantum mechanics. However, the sum-over-histories formulation does not allow us to consider coarse- coarsegrained histories of the most general type directly. For the most general histories one needs to exploit the transformation theory of quantum mechanics and for this the Heisenberg picture is convenient.* In the Heisenberg picture D can be written D([Pa>], [Pa]) = Tr [Pa", (in) ■ ■ ■ (П.2.3) The utility of this Heisenberg formulation of quantum mechanics has been stressed by many authors, among them Groenewold A952) Wigner A963), Aharonov, Bergmann, and Lebovitz A964), Unruh A986), and Gell-Mann A987).

76 JAMES B. HARTLE where the P^{i) are a set of projection operators corresponding to an exhaustive set of alternatives at one time. These satisfy Ea Pka{i) = 1 , Pt(t)Pt(i) = SapPfa) ■ (И.2.4) Here, к labels the set, a the alternative, and t the time. The operators representing the same alternatives at different times are connected by A set of alternative histories, [Pa], is represented by a set of exhaustive projections (■Pai(*i)> Р%Л**)>''' >-Ро„(*")) as «i>" ■ ■ >«n range over all values. An individual history in the set is a particular set of values ax, • • • , an. In the Heisenberg picture a completely fine-grained set of histories is denned by giving a complete set of projections (one dimensional ones) at each and every time. Every possible set of alternative histories may then be obtained by coarse graining the various fine- finegrained sets, that is, by using P's in the coarser grained sets which are sums of those in the finer grained sets. Thus, if [Рд] is a coarse graining of the set of histories {[Pa]}, we write E E D([Pa,],[Pa}) ■ (П.2.6) .11 p'a «11 pa not fixsd by [P^7] "ot fi"d ЬУ Vft A set of coarse-grained alternative histories is said to decohere when the ofF- diagonal elements of D are sufficiently small: D([Pa,},[Pa})*0 , for any сс\ф ак . (II.2.7) This is a generalization of the condition for the absence of interference in the two-slit experiment (approximate equality of the two sides of A.6)). It has as a consequence the purely diagonal formula E D([Pa},[Pa\) ■ (И-2.8) all Pan ix«d by The rule for when approximate probabilities can be assigned to a set of his- histories of the universe is then this: To the extent that a set of alternative histories decoheres, probabilities can be assigned to its individual members. The probabili- probabilities are the diagonal elements of D. Thus, p([Pa}) = D([Pa},[Pa}) when the set decoheres. We shall frequently write p[antn, • • • <*i*i) for these prob- probabilities, suppressing the labels of the sets.

THE QUANTUM MECHANICS OF COSMOLOGY 77 The probabilities defined by B.9) obey the rules of probability theory as a consequence of decoherence. The principal requirement is that the probabilities be additive on "disjoint sets of the sample space". For histories this gives the sum rule £ (П-2Л°) These relate the probabilities for a set of histories to the probabilities for all coarser grained sets that can be constructed from it. For example, the sum rule eliminating all projections at one time is / _, p(anin, ■■ ■ajH-i*Jfc+i,ajfc2jfc,ajfc-i2jfc-i," • j<*i*i) »—'ak i-l'l-l, ' ■ ■ i «l'l ) • (П.2.11) The p([Pa]) are approximate probabilities in the sense of Section II. 1 which approximately obey the probability sum rules. If a given standard by which these sum rules are satisfied is required, it can be met by coarse graining at the requisite level. It is possible to demand exact decoherence. For example, sets of histories consisting of alternatives at a single time exactly decohere because of the cyclic property of the trace in B.3) and B.4). Once a standard is met, further coarse graining of a decoherent set of alternative histories produces a set of decoherent histories since the probability sum rules continue to be satisfied. (Those for the coarser grained set are contained among those for the finer grained set.) Further fine graining can result in the loss of decoherence. Given this discussion, the fundamental formula of quantum mechanics may be reasonably taken to be D ([P.,], [Pa]) « 6a.iai ■ ■ ■ 6<anP([Pa]) (II.2.12) for all [Pa] in a set of alternative histories. Vanishing of the off-diagonal elements of D gives the rule for when probabilities may be consistently assigned. The diagonal elements give their values. We could have used a weaker condition than B.7) as the definition of deco- decoherence. Eq. B.7) is sufficient. To understand the necessary condition, consider the weakest coarse graining in which just two projections, Pa(t) and P&(f) in an exhaustive set of alternatives at one time t are lumped together in a single alter- alternative (Pa(i) + Pb(i)) in the coarser grained set. (This corresponds to the logical operation or".) The probability sum rules B.10) require D (■ • ■ (Pa(t) + Pb(t)) ..-p..- (Pa(t) + A@) • ■ ■) = Л (• ■ ■ P°W •"/»•■■ Я.@ ■■■) + £(■" -P&W •■■/»■•■ pb(i) ■••) , (И.2.13) or equivalently Л (■ ■ • Pa(i) ■■■/>■■• Pb(t) •■■)+£(•■■ Pb(t) ■■■/>■• Pa(i) ■■■)= 0 . (II.2.14) Considering all such cases the necessary and sufficient condition for the validity of the sum rules B.10) of probability theory is:

7rt JAMES В. HARTLE for any n'k ф oik, or «'qiiivnlciitly Re{D([Pa},{Pa,})}*0 . (II.2.16) This is the condition used by Griffiths A984) as the requirement for "consistent histories". However, while, as we shall see, it is easy to identify physical situations in which the off-diagonal elements of D approximately vanish as the result of coarse graining, it is hard to think of a general mechanism that suppresses only their real parts. In the usual analysis of measurement (as in the two-slit experiment, cf. A.6)) the off-diagonal parts of D approximately vanish. We shall, therefore, explore the stronger condition B.7) in what follows. II.2.3. JVo Momeni by Momeni Definition of Decoherence Decoherence is a property of coarse-grained sets of alternative histories of the universe. The decoherence of alternatives in a given coarse-grained set in the past can be affected by further fine graining in the future. The further fine graining produces a different coarse-grained set of histories that may or may not decohere. Consider by way of example, a Stern-Gerlach experiment in which an atomic beam divides in an inhomogeneous magnetic field according to a spin component, sz, of the atoms, and later to recombines under the action of a further appropriate inhomogeneous magnetic field. In a coarse graining that concerns only sz at mo- moments when the beams were separated, the alternative values of this variable would decohere because they are correlated with orthogonal trajectories of the beams. In a coarse graining that, in addition, includes sz at later moments when the beams are recombined, the alternative values of sz when the beams are separated would not decohere. The interference destroyed by separating the beams has been restored by recombining them. Thus, generally, decoherence cannot be viewed as an evolving phenomenon in which certain alternatives decohere and remain so. Decoherence is a property of sets of alternative histories, not of any summary of the system at a moment of time. Further fine grain the set and it may no longer decohere. Having made this general point it should also be noted that I shall later argue (Section II.7) that the decoherence of coarse-grained histories constructed from certain kinds of variables associated with the classical domain of familiar experience are insensitive to further fine graining by the same kinds of variables. Even here, however, as we shall see, there is always some fine graining in the future which will destroy the decoherence of alternatives in the past.* II.3. Prediction, Retrodiction, and History II.3.1. Prediction and Retrodiction Decoherent histories are what we utilize in the process of prediction in quantum mechanics, for they may be assigned probabilities. Decoherence thus generalizes and replaces the notion of "measurement", which served this role in the Copenhagen interpretations. Decoherence is a more precise, more objective, more observer- independent idea. For example, if their associated histories decohere, we may assign probabilities to various values of reasonable scale density fluctuations in the early * This has been forcefully stated by Bell A975).

THE QUANTUM MECHANICS OF COSMOLOGY 79 universe whether or not anything like a "measurement" was carried out on them and certainly whether or not there was an "observer" to do it. We shall return to a specific discussion of typical measurement situations in Section II.9. The joint probabilities p[antn, ■ • ■, a\t\) for the individual histories in a de- decohering set are the raw material for prediction and retrodiction in quantum cos- cosmology. From them, relevant conditional probabilities may be computed. The conditional probability of one subset, {a,i,}, given the rest, {a,f;}, is generally For example, the probability for predicting alternatives ak+i, ■ ■ ■, an, given that the alternatives a\, • • ■, ak have already happened, is ilal] . A1.3.2) l P{aktk,-- The probability that an_i, • • • ,<*i happened in the past, given an alternative an at the present time tn, is Decoherence ensures that the probabilities denned by C.1) - C.3) will approxi- approximately add to unity when summed over all remaining alternatives, because of the probatility sum rules B.10). Despite the similarity between C.2) and C.3), there are differences between prediction and retrodiction. Future predictions can all be obtained from an effective density matrix summarizing information about what has happened. If peg is defined then (tn) ■ ■ ■ p£l(tt+1 )Pe«(h)P^1 (it+i) • • • P2n(*»)] -(И.3.5) The density matrix pe«(tk) represents the usual notion of "state of the system at time ft". It is given here in the Heisenberg picture and is constant between tk and tk+1 after which a new pe«_(tk+i) must be used for future prediction. Its Schrodinger picture representative which evolves with time, would be given by for tk < t < fjfc+i. In contrast to prediction, there is no effective density matrix rep- representing present information from which probabilities for the past can be derived.

80 JAMES B. HARTLE As C.3) shows, history requires knowledge of both present records and the initial condition of the universe. Prediction and retrodiction differ in another way. Because of the cyclic prop- property of the trace in B.3), any final alternative decoheres and a probability can be predicted for it. By contrast we expect only certain variables to decohere in the past, appropriate to present data and the initial p. These differences between prediction and retrodiction are aspects of the arrow of time in quantum mechanics. Mathematically they are consequences of the time ordering in the decoherence functional B.3). The theory can be rewritten with the opposite time ordering. Field theory is invariant under CPT. Performing a CPT transformation on B.3) or B.9) results in an equivalent expression in which the CPT transformed p is assigned to the far future and the CPT-transformed projections are anti-time-ordered. (See Section IV.2 for more details) Either time ordering can, therefore, be used; the important point is that there is a knowable Heisenberg p from which probabilities can be predicted. It is by convention that we think of it as an "initial condition", with the projections in increasing time order from the inside out in B.3) and B.9). The words "prediction" and "retrodiction" are used in this paper in the context of this convention. While the formalism of quantum mechanics allows the universe to be discussed with either time ordering, the physics of the universe is time asymmetric, with a simple condition in what we call "the past." For example, the present homogeneity of the thermodynamic arrow of time can be traced to the near homogeneity of the "early" universe implied by p and the implication that the progenitors of approxi- approximately isolated subsystems started out far from equilibrium at "early" times. II.3.2. The Reconstruction of History In classical physics reconstructing the past history of the universe, or any subsystem of it, is most honestly viewed as the process of assigning probabilities to alternatives in the past given present records. We assign the date 55BC to the Roman conquest of Britain on the basis of present textual records. We use present observations of the position of the sun and moon on the sky to reconstruct their past trajectories. We use the fossil record to estimate that the probability is high that dinosaurs roamed the earth from 230-65 million years ago. We believe that matter and radiation were in thermal equilibrium some 12 billion years ago on the basis of records such as the present values of the Hubble constant, the mean mass density, and the temperature of the cosmic background radiation. History becomes predictive and testable when we predict that further present records will be consistent with those already found. Texts yet to be discovered are predicted to be consistent with the story of Caesar. Present records of past eclipses are predicted to be consistent with our past extrapolations of the position of the sun and moon. Fossils yet to be unearthed are predicted to lie in appropriate strata. New measures of the age of the universe (such as that provided by the evolution of globular clusters) are predicted to be consistent with those obtained from other sources. In such ways history becomes a predictive science. Most fundamentally, the reconstruction of history, including the classical pro- process described above, must be seen in the context of the process quantum mechanical retrodiction discussed in the preceding subsection. Certain features of the quan- quantum mechanical process deserve to be stressed to contrast them with the classical process. First, quantum mechanics does not allow probabilities to be assigned to arbi-


THE QUANTUM MECHANICS OF COSMOLOGY 81 trary sets of alternative histories; the set must decohere. As the two slit example shows the reconstruction of history generally is forbidden in quantum mechanics. Second, for interesting sets of alternatives that do decohere, the decoherence and the assigned probabilities will be approximate. It is unlikely, for example, that the initial state of the universe is such that the interference is exaciJy zero between two past positions of the sun on the sky. (See Section 11.10 for further discus- discussion.) Third, the decoherence of a set of histories as well as the probabilities for the individual histories in the set depend on the initial condition of the universe as well as on present data. Eq.C.3) gives the conditional probability for a string of alternatives e*i, ■ ■ ■, an-i in the past, given alternatives an representing the val- values of present records. This depends on p as well as the an and, therefore, there is no present effective density matrix for retrodiction as there is for prediction. The reconstruction of history on the basis of present data alone is not possible in quantum mechanics in general. The classical reconstruction of history from present data alone is possible only for sets of histories that exhibit high levels of classical correlation in time. This will be discussed in Section II.7. In classical physics new and better present data lead to new and more accu- accurate probabilities for the past. It was the vision of classical physical physics that probabilities were the result of ignorance and sufficient fine graining would establish a unique past. This is not the case in quantum mechanics. Arbitrarily fine-grained sets of histories do not decohere. Sets sufficiently coarse-grained to be assigned probabilities will generally have alternative pasts with probabilities neither zero or one. However, in quantum mechanics there is not even a unique set of alternative histories. Alteration of the coarse graining in the future can change the possibilities for retrodiction of the past as discussed in Section II.2.3. Consider the Schrodinger cat experiment carried out at a certain time. In future coarse grainings confined to the quantities of classical physics the cat can be said to have been either alive or dead with certain probabilities at the time of the experiment. However, in a coarse graining that, at a later time, involves operators sensitive to the interference between configurations in which the cat is alive or dead it will not, in general, be possible even to assign probbabilities to these past alternatives. II.4. Branches (Illustrated by a Pure p) Decohering sets of alternative histories give a definite meaning to Everett's branches. For each such set of histories, the exhaustive set of P*k at each time i* corresponds to a branching. To illustrate this even more explicitly, consider an initial density matrix that is a pure state, as in typical proposals for the wave function of the universe: />=|Ф><Ф| . (II.4.1) The initial state may be decomposed according to the projection operators that define the set of alternative histories l*>= E Рап(*«)"--Ра1(*1IФ> (IL4'2) = £ |[P«],*> ■ (И.4.3) Oil •••On The states |[Ра]> Ф > are approximately orthogonal as a consequence of their deco- decoherence <[Рв.],Ф|[Ра],Ф>»0> for any о1кфак . (II.4.4)

82 JAMES B. HARTLE Eq.D.4) is just a reexpression of the definition of decoherence B.7), given D.1). When the initial density matrix is pure, it is easily seen that some coarse graining in the present is always needed to achieve decoherence in the past. If the P£ (tn) for the last time tn in the decoherence functional B.3) were projections onto a complete set of states, D would factor and could never satisfy the condition for decoherence B.7) except for trivial histories composed of projections that are exactly correlated with the P£n(tn)- Similarly, it is not difficult to show that some coarse graining is required at any time in order to have decoherence of previous alternatives with the same kind of exceptions. After normalization, the states |[Ра],Ф > represent the individual histories or individual branches in the decohering set. We may, as for the effective density matrix of Section II.3.1, summarize present information for prediction just by giving one of these wave functions with projections up to the present. II.5. Sets of Histories with the Same Probabilities If the projections P are not restricted to a particular class (such as projections onto ranges of q' variables), so that coarse-grained histories consist of arbitrary exhaus- exhaustive families of projection operators, then the problem of exhibiting the decohering sets of strings of projections arising from a given p is a purely algebraic one. As- Assume, for example, that the initial condition is known to be a pure state as in D.1). The problem of finding ordered strings of exhaustive sets of projections [Pa] so that the histories P£n ■ ■ ■ P^ |Ф > decohere according to D.4) is purely algebraic and involves just subspaces of Hilbert space. The problem is the same for one vector |Ф > as for any other. Indeed, using subspaces that are exactly orthogonal, we may identify sequences that exactly decohere. However, it is clear that the solution of the mathematical problem of enu- enumerating the sets of decohering histories of a given Hilbert space has no physical content by itself. No description of the histories has been given. No reference has been made to a theory of the fundamental interactions. No distinction has been made between one vector in Hilbert space as a theory of the initial condition and any other. The. resulting probabilities are merely abstract numbers. We obtain a description of the sets of alternative histories of the universe when the operators corresponding to the fundamental fields are identified. We make contact with the theory of the fundamental interactions if the evolution of these fields is given by a fundamental Hamiltonian. Different initial vectors in Hilbert space will then give rise to decohering sets having different descriptions in terms of the fundamental fields. The probabilities acquire physical meaning. Two different simple operations allow us to construct from one set of histories another set with a different description but the same probabilities.* First consider unitary transformations of the P's that are constant in time and leave the initial p fixed p = UpU'1 , (II.5.1) If p is pure there will be very many such transformations; the Hilbert space is large and only a single vector is fixed. The sets of histories made up from the {P£} wi4 have an identical decoherence functional to the sets constructed from the Discussions with R. Penrose were useful on this point.

THE QUANTUM MECHANICS OF COSMOLOGY 83 corresponding {Р„}. If one set decoheres, the other will and the probabilities for the individual histories will be the same. In a similar way, decoherence and probabilities are invariant under arbitrary reassignments of the times in a string of P's (as long as they continue to be ordered), with the projection operators at the altered times unchanged as operators in Hilbert space. This is because in the Heisenberg picture every projection is, at any time, a projection operator for some quantity. The histories arising from constant unitary transformations or from reassign- reassignment of times of a given set of P's will, in general, have very different descriptions in terms of fundamental fields from that of the original set. We are considering trans- transformations such as E.2) in an active sense so that the field operators and Hamilto- nian are unchanged. (The passive transformations, in which these are transformed, are easily understood.) A set of projections onto the ranges of field values in a spatial region is generally transformed by E.2) or by any reassignment of the times into an extraordinarily complicated combination of all fields and all momenta at all positions in the universe! Histories consisting of projections onto values of similar quantities at different times can thus become histories of very different quantities at various other times. In ordinary presentations of quantum mechanics, two histories with different descriptions can correspond to physically distinct situations because it is presumed that the various different Hermitian combinations of field operators are potentially measurable by different kinds of external apparatus. In quantum cosmology, how- however, apparatus and system are considered together and the notion of physically distinct situations may have a different character. II.6. The Origins of Decoherence in Our Universe II.6.1. On What Does Decoherence Depend! What are the features of coarse-grained sets of histories that decohere in our uni- universe? In seeking to answer this question it is important to keep in mind the basic aspects of the theoretical framework on which decoherence depends. Decoherence of a set of alternative histories is not a property of their operators alone. It depends on the relations of those operators to the density matrix p, the Hamiltonian H, and the fundamental fields. Given these, we could, in principle, compute which sets of alternative histories decohere. We are not likely to carry out a computation of all decohering sets of al- alternative histories for the universe, described in terms of the fundamental fields, anytime in the near future, if ever. However, if we focus attention on coarse grain- ings of particular variables, we can exhibit widely occurring mechanisms by which they decohere in the presence of the actual p of the universe. We have mentioned that decoherence is automatic if the projection operators P refer only to one time; the same would be true even for different times if all the P's commuted with one another. In cases of interest, each P typically factors into commuting projection operators, and the factors of P's for different times often fail to commute with one another, for example factors that are projections onto related ranges of values of the same Heisenberg operator at different times. However, these non-commuting fac- factors may be correlated, given p, with other projection factors that do commute or, at least, effectively commute inside the trace with the density matrix p in eq.B.3) for the decoherence functional. In fact, these other projection factors may com- commute with all the subsequent P's and thus allow themselves to be moved to the

 JAMES B. HARTLE outside of the trace formula. When all the non-commuting factors are correlated in this manner witli effectively commuting ones, then the off-diagonal terms in the decoherence functional vanish, in other words, decoherence results. Of course, all this behavior may be approximate, resulting in approximate decoherence. This type of situation is fundamental in the interpretation of quantum me- mechanics. Non-commuting quantities, say at different times, may be correlated with commuting or effectively commuting quantities because of the character of p and H, and thus produce decoherence of strings of P's despite their non-commutation. For a pure p, for example, the behavior of the effectively commuting variables leads to the orthogonality of the branches of the state |Ф >, as denned in D.4). Correlations of this character are central to understanding historical records (Section II.3.2) and measurement situations (Section II.9). Specific models of this kind of decoherence have been discussed by many authors, among them Joos and Zeh A985), Zurek A984), and Caldeira and Leggett A983), and Unruh and Zurek A989). We shall now discuss two examples. II.6.2. A Two Slit Model Let us begin with a very simple model due to Joos and Zeh A985) in its essential features. We consider the two slit example again but this time suppose that in the neighborhood of the slits there is a gas of photons or other light particles colliding with the electrons (Fig. 3). Physically it is easy to see what happens, the random uncorrelated collisions can carry away delicate phase correlations between the beams even if they do not affect the trajectories of the electrons very much. The interference pattern will then be destroyed and it will be possible to assign probabilities to whether the electron went through the upper slit or the lower slit. Let us see how this picture is reflected in mathematics. Initially, suppose the state of the entire system is a state of the electron \ф > and N distinguishable "photons" in states \ipi >, \ip2 >, etc., viz. |Ф >= \ф > |y>i > |y>2 > ■ * * \<PN > ■ (II.6.1) \ф > is a coherent superposition of a state in which the electron passes through the upper slit \U > and the lower slit \L >. Explicitly: \ф >= a\U > +P\L > . (II.6.2) The wave functions of both states are confined to moving wave packets in the x- direction so that position in x recapitulates history in time. We now ask whether for the initial condition F.1) of this "universe", the history where the electron passes through the upper slit and arrives at a detector at point у on the screen decoheres from that in which it passes through the lower slit and arrives at point y. That is, as in Section II.4, we ask whether the two vectors РуРи\Я> > , РуРь\У > (И.6.3) are nearly orthogonal, the times of the projections being those for the nearly clas- classical motion in x. The overlap can be worked out in the Schrodinger picture where the initial state evolves and the projections on the electron's position are applied to it at the appropriate times. Collisions occur, but the states \U > and \L > are left

THE QUANTUM MECHANICS OF COSMOLOGY 85 Fig. 3: The two slit experiment with an interacting gas. Near the slits light particles of a gas collide with the electrons. Even if the collisions do not affect the trajectories of the electrons very much they can still carry away the phase correlations between the histories in which the electron arrived at point у on the screen by passing through the upper slit and that in which it arrived at the same point by passing through the lower slit. A coarse graining that consisted only of these two alternative his- histories of the electron would approximately decohere as a consequence of the interactions with the gas given adequate density, cross-section, etc. Interference is destroyed and probabilities can be assigned to these alter- alternative histories of the electron in a way that they could not be if the gas were not present (cf. Fig. 1). The lost phase information is still avail- available in correlations between states of the gas and states of the electron. The alternative histories of the electron would not decohere in a coarse graining that included both the histories of the electron and operators that were sensitive to the correlations between the electrons and the gas. This model illustrates a widely occuring mechanism by which cer- certain types of coarse-grained sets of alternative histories decohere in the

86 JAMES B. HARTLE more or less undisturbed. The states of the "photons", of course, are significantly affected. If the photons are dilute enough to be scattered once by the electron in its time to traverse the gas the two states of F.3) will be approximately aPy\U > Su\<Pi > Sulw >■ and /3Py\L>SL\vi >SL\<p2 >---SL\<pN> . A1.6.4b) Here, Su and S/, are the scattering matrices from an electron in the vicinity of the upper slit and the lower slit respectively. The two branches in F.4) decohere because the states of the "photons" are nearly orthogonal. The overlap is proportional to <<pi\Sl,SL\4>1><4>2\Sl,SL\<p2>---<4>N\SuSl'\lPN> ■ (П.6.5) Now the S-matrices for scattering off the upper position or the lower position can be connected to that of an electron at the orgin by a translation Su = e~ikxvS e+'k-xif , A1.6.6a) SL = e~ik-XLS e+ikxL . (II.6.66) Here, Йк is the momentum of a photon, X[/ and X/, are the positions of the slits and S is the scattering matrix from an electron at the origin. < k'|S|k >= £<3>(k - k') + -±—f(k,VN(u,t - Jk) , (И.6.7) where / is the scattering amplitude and шь = \к\. Consider the case where all the photons are in plane wave states in an inter- interaction volume V, all having the same energy hw, but with random orientations for their momenta. Suppose further that the energy is low so that the electron is not much disturbed by a scattering and low enough so the wavelength is much longer than the separation between the slits, fc|x[/ — X/J << 1. It is then possible to work out the overlap. The answer according to Joos and Zeh A985) is where a is the effective scattering cross section. Even if a is small, as N becomes large this tends to zero. The characteristic time for this loss of coherence is that for which the number of collisions times the second term in the argument of F.8) is near unity. That is, tdecoherence ^ 77"i \\7 ' (ll.D-У) where т is the collision time. In this way decoherence becomes a quantitative phenomenon.

THE QUANTUM MECHANICS OF COSMOLOGY 87 II.6.3. The Caldeira-Leggett Oscillator Model A more sophisticated model has been studied by Caldeira and Leggett A983), Zurek A984), and others. The model consists of a distinguished oscillator in one dimension, interacting linearly with a large number of other oscillators, and a coarse graining which involves only the coordinate of the distinguished oscillator. Let x be the coordinate of the distinguished oscillator and Xk the coordinates of the rest. The Lagrangians for the distinguished oscillators by themselves are HtTee(P,x) = ^{p2 + ш2х2) (II.6.10) and Hosc(Pk,Xk)) = — Y,k( The interaction is linear, H-mt(X,Xk) = х^ defining couplings Ck. Consider the special case where the initial density matrix of the whole system factors into a density matrix p(x', x) for the particle and a density matrix describing a thermal bath at temperature T = l//3k for the oscillators: < x'X'k\p\xXk>= p(x',x)l[pk(Xk,Xk) . (II.6.13) к The density matrix for each oscillator of the bath is pk(X>k,Xk)=<X'k\e-^\Xk>/Tr(e-e»)= [^tanh(^)]1 (II.6.14) Now, imagine constructing the decoherence functional following only intervals of the position of the particle, [Ak], and completely integrating out the coordinates of the bath. It should be clear that the integrals can be done because everything about the bath is the exponential of a quadratic form. All integrals are Gaussian path integrals. The result has the general form в.], [Дв]) = / 6x' [ SxS(x'f - z,)exp j i(s{lee[x'(t)} - S{lee[x(t)] +W[x'(t),x(t)])/h\p(x'0,x0) , (П.6.16) where Sfree is the free action of the distinguished oscillator with frequency renormal- ized by the interaction to шц. The intervals [Да] refer only to the variables of the

88 JAMES B. HARTLE distinguished particle. The sum over the rest of the oscillators has been carried out and is summarized by the Feynman-Vernon influence functional exp(iW[x'(t), x(t)]). The remaining sum over x'(t) and x(t) is as in B.2). VF[x'(<),a;(<)] will be quadratic in the paths of the special particle. I shall not quote its general form given in Caldeira and Leggett A983), but just that of a simple case. This is a cutoff continuum of oscillators with couplings «<" (И-6.17) ш > ft where pd(<*>) is the density of oscillators with frequency u>. Then in the further Fokker-Planck limit where kT » Ш >> %u>r W [x'(t), x(t)] = -My I dt [x'x' -xx + x'x- xx'} dt[x'{t) - x{t)}2 , where 7 summarizes the interaction strengths of the distinguished oscillator with the bath. The real part of W contributes dissipation to the equations of motion. The imaginary part squeezes the trajectories x(t) and x'(t) together, thereby providing approximate decoherence. Very roughly, primed and unprimed position intervals separated by distances d in F.16) will decohere when spaced in time by intervals (II.6.19) As stressed by Zurek A984), for typical macroscopic parameters this minimum time for decoherence can be many orders of magnitude smaller than a characteristic dynamical time, say the damping time I/7. (The ratio is around 10~40(!) for M ~ gm, T ~ 300°K,d ~ cm.) What the above models convincingly show is that decoherence will be wide- widespread in the universe for certain familiar "classical" variables. Alternative histories of the position of a mm. size dust grain, initially in a coherent superposition of two different positions separated by similar dimensions, decohere, if for no other reason, by the interaction of the grain with the 3° cosmic background radiation if the successive localizations are spaced by more than a nanosecond (Joos and Zeh, 1985).* II.6.4. The Evolution of Reduced Density Matrices The coarse graining in the Caldeira-Leggett model focusses on one variable at a succession of times. The probabilities for this variable at any one time can be It should be clear from examples such as this that the only realistic closed systems in which many widespread mechanisms of decoherence operate are of cosmological dimensions — the cosmological event horizon if one is discussing the history of the universe and even light hours in the discussion of laboratory experiments.

THE QUANTUM MECHANICS OF COSMOLOGY 89 computed from a reduced density matrix on the Hilbert space of the distinguished oscillator peS(t) = Sp[peS(t)] . (II.6.20) Here, pef[(t) is the effective density matrix for the whole system at the time t as introduced in Section II.3 and Sp denotes a trace over the Hilbert spaces of all the other oscillators. The mechanism for decoherence that has been described for this example also leads to interesting time behavior of this reduced density matrix. In the position representation there is a convenient path integral summary* of the evolution of peg. <x'\pefc(t)\x> = f 6x' f 6x J [Да/] «/[Д^] xexpli(s{lee[x\t)}-S{lee[x(t)}+W[x'(t),x(t)])/h\p(x'0,x0) . (II.6.21) The integral over x(t) is over paths that begin at Xo, pass through all intervals [Да] that are at times before t, and end at time t at the position x specified by the matrix element < x'\peg(t)\x >. The integration over x'(t) is analogous. Eq.F.21) is similar to F.16) except that the class of paths integrated over is different. In particular the paths in F.21) do not end at a common value that is then integrated over as they do in F.16). The similarity is enough, however, to show that the same imaginary part of W that squeezes the coarse-grained histories x(t) and x'(t) together will cause the reduced density matrix peg to evolve to near diagonal form in the position representation on the decoherence time scale F.19). The approach to diagonal form of a reduced density matrix has often been discussed in connection with mechanisms that effect decoherence. However, the approach to diagonal form of a reduced density matrix cannot be taken to be the definition of decoherence. First, a reduced density matrix is suitable only for limited kinds of coarse grainings — those which distinguish particular variables and the same variables at each time. (More precisely it is appropriate only coarse grainings defined as sequences of projections that operate on a fixed number of factors of a tensor product Hilbert space.) There are many more general and more realistic kinds of coarse graining. Second, and more importantly, as discussed in II.2.3, decoherence is a property of sets of alternative histories and therefore cannot be described by an effective density matrix at a moment of time. Even if the off- diagonal elements vanish at one moment of time there is nothing to guarantee that at a later moment they may not become non-vanishing again.f II.7. Towards a Classical Domain As observers of the universe, we deal with coarse grainings that reflect our own limited sensory perceptions, extended by instruments, communication and records but in the end characterized by a large amount of ignorance. Yet, we have the impression that the universe exhibits a finer graining, independent of us, defining A slight generalization of that of Feynman and Vernon A963). There are interesting examples of this. See e.g. Leggett, et al. A987).

90 JAMES B. HARTLE an always decohering "classical domain", to which our senses are adapted, but deal with only a small part of. Setting out for a journey to a distant, unseen part of the universe we do not imagine that we need to equip ourselves with spacesuits having receptors sensitive, say, to coherent superpositrons of familiar "classical variables". We expect the finer graining resulting from adjoining sufficiently coarse- coarsegrained "classical variables" in the new region to continue to decohere and to exhibit correlations in time for the most part conforming to classical dynamical laws. To what should we attribute the existence of our "classical domain". Funda- Fundamentally there are three elements of the framework of quantum mechanics under discussion — the initial condition p, the Hamiltonian describing evolution, and the projection operators defining the possible alternative coarse-grained histories. There are no sets of operators comprising a coarse graining that define a classical domain in every circumstance. Rather, like decoherence itself, a classical domain can only be a property of the initial condition of the universe and the Hamiltonain describing evolution. Given the Hamiltonian of the elementary particles, there may be a wide range of initial conditions that give rise to a classical domain even though most do not. The existence of a classical domain would then not be much of a test of a theory of the initial condition. Yet, given the Hamiltonian it is still interesting to ask, What is the class of initial conditions that give rise to classical domains? Are the familiar variables of classical physics uniquely singled out to describe such coarse grainings or are there other possibilities? Does the initial condition of our universe define one or more classical domains? To answer this kind of question we need more precise criteria for what kinds of coarse grainings constitute a classical domain. Such criteria would apply both to the probabilities of the individual histo- histories in the classical domain and to their descriptions in terms of fundamental fields. No completely satisfactory criteria have yet been given* but some attributes of a successful definition can at least be sketched in words if not yet fully in equations: A classical domain would be a set of coarse-grained, alternative, decohering histories with at least the following properties: A) A classical domain should be maximally refined consistent with decoher- decoherence so that it is a property of the universe and not the choice of any particular observer. However, it should not contain trivial refinements such as would be obtained, for example, by mindlessly interpolating projections on the particular branch at every time B) A classical domain should be made up of histories that consist, for the most part, of the same variables at different times. That is, they should be made up of habitually decohering variables. However, the histories cannot consist entirely of such variables because, as we shall see, in a measurement situation there may be very different variables that decohere, not habitually, but only by virtue of their correlation with a habitually decohering one. C) The histories of a classical domain should exhibit, as much as possible, patterns of classical correlation among the habitually decohering variables. That is, successive projections onto related ranges of habitually decohering variables should follow roughly classical orbits with probabilities as near to unity as possible. How- However, this pattern of classical correlation cannot be exact or otherwise we would never know quantum mechanics! The pattern of classical correlation may be dis- disturbed by inclusion, in the set of projection operators, of other variables neither habitually decohering nor normally classically correlated as in a quantum measure- For a fuller discussion see Gell-Mann and Hartle A990).

THE QUANTUM MECHANICS OF COSMOLOGY 91 ment situation. The pattern may also be disturbed by quantum spreading and by quantum and classical fluctuations. Thus we can, at best, deal with quasiclassical sets of alternative decohering histories with trajectories that split and fan out. There are no classical domains only quasiclassical ones. We shall refer to the operators that habitually define them as "quasiclassical operators". We can understand the origin of at least some quasiclassical operators in reasonably general terms as follows: In the earliest instants of the universe the operators defining spacetime on scales well above the Planck scale emerge from the quantum fog as quasiclassical. Any theory of the initial condition that does not imply this is simply inconsistent with observation in a manifest way. A background spacetime is thus defined and conservation laws arising from spacetime symmetries have meaning. Then, where there are suitable conditions of low temperature, etc., various sorts of hydrodynamic variables may emerge as quasiclassical operators. These are integrals over suitable small volumes of densities of conserved or nearly conserved quantities. Examples are densities of energy, momentum, baryon number, and, in later epochs, nuclei, and even chemical species. The sizes of the volumes are limited above by the requirement that the histories be refined as much as possible consistent with decoherence. They are limited below by classicality because they require sufficient "inertia" to enable them to resist deviations from predictability caused by their interactions with one another, by quantum spreading, and by the quantum and statistical fluctuations summed over to produce decoherence. Suitable integrals of densities of approximately conserved quantities are thus candidates for habitually decohering quasiclassical operators. Field theory is local, and it is an interesting question whether that locality somehow picks out local densities as the source of habitually decohering quantities. It is hardly necessary to note that such hydrodynamic variables are among the principal variables of classical physics. In the case of densities of conserved quantities, the integrals would not change at all if the volumes were infinite. For smaller volumes we expect approximate per- persistence. When, as in hydrodynamics, the rates of change of the integrals form part of an approximately closed system of equations of motion, the resulting evolution is just as classical as in the case of persistence. It would be a striking and deeply important fact of the universe if among the decoherent sets of alternative histories there were one roughly equivalent group with much higher classicalities than all the others. That would then be the quasi- classical domain, completely independent of any subjective criterion, and realized within quantum mechanics by utilizing only the initial condition of the universe and the Hamiltonian of the elementary particles. It would have the form of alterna- alternative histories, constantly branching and fanning out. Supplemented by the specific information gained from observation, which restricts the branches, it would be the arena for prediction in quantum mechanics. It might seem at first sight that in such a picture the complementarity of quantum mechanics would be lost. In a given situation, for example, either a momentum or a coordinate could be measured, leading to different kinds of histories. That impression is illusory. The history in which an observer, as part of the universe, measures p and the history in which that observer measures x are two decohering alternatives. In each of these branches, numerous variables referring to things like the УК photons are integrated over. (These variables are not necessarily the same for all branches, so that some aspects of the 3°K background radiation, for example, may belong to one branch of the quasiclassical domain but not to another.) The

•J2 JAMES В IIARTLE important point is that the decoherent histories of a quasiclassical domain contain all possible choices that might be made by all possible observers that might exist, now, in the past, or in the future. The EPR or EPRB situation is no more mysterious. There, a choice of mea- measurements, say, ax or ay for a given electron, is correlated with the behavior of ox or <7g, for another electron because the two together are in a singlet spin state even though widely separated. Again, the two measurement situations (for ax and dy) decohere from each other, but here, in each, there is also a correlation between the information obtained about one spin and the information that can be obtained about the other. II.8. The Branch Dependence of Decoherence As the discussion in Sections II.6 and II.7 shows, physically interesting mechanisms for decoherence will operate differently in different alternative histories for the uni- universe. For example, hydrodynamic variables defined by a relatively small set of volumes may decohere at certain locations in spacetime in those branches where a gravitationally condensed body (e.g. the earth) actually exists, and may not deco- decohere in other branches where no such condensed body exists at that location. In the latter branch there simply may be not enough "inertia" for densities defined with too small volumes to resist deviations from predictability. Similarly, alterna- alternative spin directions associated with Stern-Gerlach beams may decohere for those branches on which a photographic plate detects their beams and not in a branch where they recombine coherently instead. There are no variables that are expected to decohere universally. Even the mechanisms causing spacetime geometry at a given location to decohere on scales far above the Planck length cannot necessarily be expected to operate in the same way on a branch where the location is the center of a black hole as on those branches where there is no black hole nearby. How is such "branch dependence" described in the formalism we have elabo- elaborated? It is not described by considering histories where the set of alternatives at one time (the к in a set of P£) depends on specific alternatives (the a's) of sets of earlier times. Such dependence would destroy the derivation of the probability sum rules from the fundamental formula. However, there is no such obstacle to the set of alternatives at one time depending on the sets of alternatives at all previous times. It is by exploiting this possibility, together with the possibility of present records of past events, that we can correctly describe the sense in which there is branch dependence of decoherence, as we shall now discuss. A record is a present alternative that is, with high probability, correlated with an alternative in the past. The construction of the relevant probabilities was discussed in Section II.3, including their dependence on the initial condition of the universe (or at least on information that effectively bears on that initial condition). Even non-commuting alternatives such as a position and its momentum at different, even nearby times may be stored in presently commuting record variables. The branch dependence of histories becomes explicit when sets of alternatives are considered that include records of specific events in the past. To illustrate this, consider the example above, where different sorts of hydrodynamic variables might decohere or not depending on whether there was a gravitational condensation. The set of alternatives that decohere must refer both to the records of the condensation and to hydrodynamic variables. Hydrodynamic variables with smaller volumes would be part of the subset with the record that the condensation took place and vice versa.

THE QUANTUM MECHANICS OF COSMOLOGY 93 The branch dependence of decoherence provides the most direct argument against the position that a classical domain should simply be defined in terms of a certain set of variables (e.g. values of spacetime averages of the fields in the classical action). There are unlikely to be any physically interesting variables that decohere independent of circumstance. II.9. Measurement When a correlation exists between the ranges of values of two operators of a quasi- classical domain, there is a measurement situation. From a knowledge of the value of one, the value of the other can be deduced because they are correlated with probability near unity. Any such correlation exists in some branches of the universe and not in others; for example, measurements in a laboratory exist only in those branches where the laboratory was actually constructed! I use the term "measurement situation" rather than "measurement" for such correlations to stress that nothing as sophisticated as an "observer" need be present for them to exist. If there are many significantly different quasiclassical domains, different measurement situations may be exhibited by each one. When the correlation we are discussing is between the ranges of values of two quasiclassical operators, of the kind discussed in Section II.7, which habitually decohere, we have a measurement situation of a familiar classical kind. However, besides the quasiclassical operators, the highly classical sets of alternative histories of a quasiclassical domain may include other operators whose ranges of values are highly correlated with the quasiclassical ones at particular times. Such operators, not normally decohering, are, in fact, only included among the decohering set by virtue of their correlation with a habitually decohering one. In this case we have a measurement situation of the kind usually discussed in quantum mechanics. Sup- Suppose, for example, in the inevitable Stern-Gerlach experiment, that <rz of a spin-1/2 particle is correlated with the orbit of an atom in an inhomogeneous magnetic field. If the two directions decohere because of interaction with something else that is summed over, (the atomic excitations in a photographic plate for example), then the spin direction will be included in the set of decoherent histories, fully correlated with the decohering orbital directions. The spin direction is thus measured. The recovery of the Copenhagen rule for when probabilities may be assigned is immediate. Measured quantities are correlated with decohering histories. De- Decohering histories can be assigned probabilities. Thus in the two-slit experiment (Fig. 1), when the electron interacts with an apparatus that determines which slit it passed through, it is the decoherence of the alternative configurations of the apparatus that enables probabilities to be assigned for the electron. Correlation between the ranges of values of operators of a quasiclassical do- domain is the only defining property of a measurement situation. Conventionally, measurements have been characterized in other ways. Essential features have been seen to be irreversibility, amplification beyond a certain level of signal-to-noise, as- association with a macroscopic variable, the possibility of further association with a long chain of such variables, and the formation of enduring records. Efforts have been made to attach some degree of precision to words like "irreversible", "macro- "macroscopic", and "record", and to discuss what level of "amplification" needs to be achieved. Such characterizations of measurement are difficult to define precisely. An example of this occurs in the case of "null measurements" discussed by Renninger A960), Dicke A981), and others. An atom decays at the center of a spherical cavity. A detector that covers all but a small opening in the sphere

94 JAMKS В IIARTLE does not register. We conclude that we have measured the direction of the decay photon to an accuracy set by the solid angle subtended by the opening. Certainly there is an interaction of the electromagnetic field with the detector, but did the escaping photon suffer an "irreversible act of amplification"? The point in the present approach is that the set of alternatives, detected and not detected, decohere because of the place of the detector in the universe. Despite the lack of precise measures, characteristics such as irreversibility, amplification, etc. may be seen to follow roughly from the present definition in familiar measurement situations as follows: Correlation of a variable with a quasiclassical domain (actually, inclusion in its set of histories) accomplishes the amplification beyond noise and the association with a macroscopic variable that can be extended to an indefinitely long chain of such variables. The relative predictability of the classical domain is a generalized form of record. The approximate constancy of, say, a mark in a notebook is just a special case; persistence in a classical orbit is just as good. Irreversibility is more subtle. One measure of it is the cost (in energy, money, etc.) of tracking down the phases specifying coherence and restoring them. This is intuitively large in many typical measurement situations. Another, related measure is the negative of the logarithm of the probability of doing so. If the probability of reversing the phases in any particular measurement situation were significant, then we would not have the necessary amount of decoherence. The correlation could not be inside the set of decohering histories. Thus, this measure of irreversibility is large. Indeed, in many circumstances where the phases are carried off to infinity or lost in photons impossible to catch up with, the probability of recovering them is truly zero and the situation perfectly irreversible — infinitely costly to reverse and with zero probability for reversal! Defining a measurement situation solely as the existence of correlations in a quasiclassical domain, if a suitable general definition of classicality can be found, would have the advantages of clarity, economy, and generality. Measurement sit- situations occur throughout the universe and without the necessary intervention of anything as sophisticated as an "observer". Thus, by this definition, the production of fission tracks in mica deep in the earth by the decay of a uranium nucleus leads to a measurement situation in a quasiclassical domain in which the tracks directions decohere, whether or not these tracks are ever registered by an observer. 11.10. The Ideal Measurement Model and the Copenhagen Approximation to Quantum Mechanics In conventional discussions of measurement in quantum mechanics it is useful to consider ideal models of the measurement process (See, e.g. von Neumann 1932, London and Bauer, 1939, Wigner, 1963 or almost any current text on quantum mechanics). Such models idealize various approximate properties of realistic mea- measurement situations as exact features of the model. For example, configurations of an apparatus corresponding to different results of an experiment are typically represented by exactly orthogonal states in these models. This kind of ideal model is useful in isolating the essential features of many laboratory measurement situa- situations in an easily analysable way. Ideal measurement models are useful in quantum cosomology for the same reasons. Beyond that, however, they are useful in indi-> eating how the Copenhagen formulation of quantum theory can be derived as an approximation to the quantum mechanics of the universe described here. I shall describe one such model.

THE QUANTUM MECHANICS OF COSMOLOGY 95 Consider a closed system one part of which is a subsystem to be studied and the rest of which can be organized into various types of measuring apparatus. The latter includes any "observer" that may be present. Corresponding to this division, we assume a Hilbert space that is a tensor product, Hs ® Hr, of a Hilbert space for the subsystem and a Hilbert space for the rest. We assume an "initial condition" that is a product of a density matrix for the subsystem in 7{a and another for the rest in Hr p = ps®Pv (II.10.1) Various sets of alternatives for the subsystem are represented by exhaustive and exclusive sets of projection operators {S*(<)}, a = 1,2,3, ■ • •. Their Schrodinger picture representatives are of the form S* = s* ® IT where the s* are a set of projection operators acting on Ha. Of course, since the subsystem and the rest are interacting, the Heisenberg picture representatives S*(t) will not in general have this product form. The various possible configurations of an apparatus which measures the set of alternatives {5*(<)} are described by an exhaustive set of alternatives for the rest {R^'T\i)}, C = 1,2,3 •■■. The operator R^'T\t) corresponds to the alternative that the apparatus has recorded the alternative /3 for the subsystem studied in the set к at time т. We can ask about the value of this record at any time and so RL (<) itself depends on t. For example, we could ask whether the record of the result of the measurement persists. The S's and the R's at the same time are assumed to commute with one another. Two of the three crucial assumptions defining the ideal measurement model are the following: i. Correlation: The alternatives {5*(t)} and {RL (<)} are exactly correlated, that is Tr [R^\tn)S^(tn) ■ ■ ■ R%t*\t1)S1o,(t1)pS1Ol(t1)R^\t1 )■■■ 5^(*n)<'f">(tn)' x 6<Р'„ •••*<»;/*;бечл ■■■<5<*n/jn ■ (II.10.2) This is an idealization of the measurement situation correlations discussed in the previous section. The existence of such correlations is not inherent in the prop- properties of the operators {S£(t)} and {Л*(<I- Their existence depends also on the Hamiltonian and on choosing an initial p that models an experimental preparation of apparatus and subsystem and which will lead to a measurement situation. We assume in the model that we have a p and H of this character.* ii. Persistent Records: We assume that as a consequence of p and H, dis- distinguishable, persistent, non-interacting records are formed of the results of the measurements of the various times t. The R^ (<) describe the alternative values of these records at time t. More precisely we assume that if <2 > t\ are any two times later than r then these operators have the property ] */>;/>;«ла . (И.10.3) A more realistic model would treat a more general p but include as the first set of projections in the string defining a history a set one member of which is the alter- alternative "ready to measure the alternatives in the set k". The relevant probabilities defining the correlations of a measurement situation would then be conditioned on this alternative for the apparatus.

96 JAMES B. HARTLE where the elipses (■ ■ ■) stand for any combination of .R's and S's in the correct time order. That is, the record projections effectively commute with all other projections at time t > r. Eq. A0.3) is the statement that values of the records at later times are exactly correlated with those of earlier times. An assumption like A0.3) is not needed if only one measurement situation at one time is to be discussed, as is common in models of the measurement process. It is needed for discussions of sequences of measurements, as here, to ensure that subsequent interactions do not reestablish the coherence of different measurement alternatives. The questions of interest in this model are whether the set of histories of "measured" alternatives {[5a]} decoheres, and, if so, what their probabilities are. The answers are supplied by analysing the decoherence functional D([SO,}, [5e]) = Tr [5£(*„) • ■ ■ 5i;(*,)PS1ai(t1) ■ • • S2n(tn)] ■ (П.10.4) Alongside each 5*t (<*) in the above expression insert a resolution of the identy into record variables £ R^tk\tk) = 1 . (П.10.5) Because of the assumption (i) of exact correlation between the subsystem alterna- alternatives 5*t and the records [eq. A0.2)], only the term with /3k = a* is this sum survives. A consequence of condition A0.3) and the properties of projections B.4) is that all the inserted R's can be dragged to the outside of the decoherence functional and evaluated at the last time. The decoherence functional is then D([SO,}, [5e]) = Tr [ \^ ^^^^] (ПЛ0.6) Then, since the record variables, Rp , are exclusive by construction, we may use the cyclic property of the trace to show that the off-diagonal terms in the a's of A0.6) vanish identically. The records decohere. However, since the records are exactly correlated with measured properties of the system studied according to assumption (i), this decoherence accomplishes the decoherence of the measured alternatives of the system. Thus, as a consequence of the existence of alternatives {Rp (<)} with the properties (i) and (ii) the decoherence functional A0.4) is exactly diagonal and we can write (II.10.7) Put differently, we can say that the decoherence of the records in the larger uni- universe has accomplished the exact decoherence of the measured quantity of the subsystem studied.* The third assumption of the ideal measurement model is the A slightly different idealization leading to the same result would be to assume that the correlations expressed in A0.2) are with projections {Ra (<)} that always exactly decohere because of the properties of the initial p no matter where located in a string of projections in the decoherence functional. Such variables are typically • described as "macroscopic". There is some economy in such a sweeping idealization but the model of persistent records suggests a mechanism by which such decoherence might be accomplished. (Cf. the discussion in Section II.6.1)

THE QUANTUM MECHANICS OF COSMOLOGY 97 following: (iii) Measured Quantities are Undisturbed. We assume that the diagonal elements of the decoherence functional A0.5), which give the probabilities of the histories [Sa], are the same as if they were calculated with the operators s* (t) ® Ir where s*(<) are the alternatives for the subsystem evolved with its own Hamiltonian. Thus, where ps, the projection operators {^(t)}, and the trace tr refer to the Hilbert space Tig. This is the assumption that the measurement interaction instantaneously reduces the off-diagonal elements of the subsystem's decoherence functional to zero while leaving the diagonal elements unchanged. The values of measured quantities are thus left undisturbed. In idealized models of this kind, the fundamental formula is exact and the rule for assigning probabilities can be restated: Probabilities can be assigned to histories that have been measured and the probability is A0.8). This is the rule of the Copenhagen interpretations for assigning probabilities. Eq. A0.8) may be unfamiliar to those used to working with a state vector that evolves unitarily in between measurements and by reduction of the state vector at a measurement. In fact, it is a compact and efficient expression of these two forms of evolution as has been stressed by Groenewold A952), Wigner A963), Aharonov, Bergmann, and Lebovitz A964), Unruh A986), and Gell-Mann A987) among others. I shall demonstrate this equivalence explicitly below but for the moment let us discuss the significance of the ideal measurement model. The ideal measurement model shows how the Copenhagen rule for assigning probabilities fits into the more general post-Everett framework of quantum cosmol- cosmology. The rule holds in the model because certain approximate features of some measurement situations have been idealized as exact. Specifically, these idealiza- idealizations include the exact factorization of the initial density matrix p [eq. A0.2)], the exact correlation between measured system and registering apparatus [eq. A0.2) , and the exact persistence and independence of measurement records [eq. A0.3) . In practice none of these idealizations will be exactiy true. There are many typical experimental situations involving measurements at a single time, however, where they are true to an excellent approximation. (See Section 11.11 for some estimates of the degree of approximation) The further idealization that measured quantities are undisturbed almost never holds for measurements of microscopic quantities but is typical for measurements of macroscopic ones. For experimental situations where the idealizations of measurement model are approximately true, the Copenhagen rule supplies an approximation for the probabilities of the fundamental formula. The fundamental formula, however, applies more generally and precisely, for exam- example, to situations in the early universe where nothing like the idealizations of this measurement model may be appropriate. I conclude this subsection by returning to the equivalence of eq.A0.8) with the usual picture of a unitarily evolving state vector reduced on measurement. To see the equivalence let us calculate the probability for a sequence of just two measurements at times t1 and <2 according to the usual story in the Heisenberg picture, given and an initial pure pa = \ф >< ф\ at time <o- The state \ф > is constant from to to <i. The probability that the outcome of the first measurement is a?! is <Vl41(<i)IV'> ■ (П.Ю.9)

i>H JAMBS U IIARTLE The normalized .stiit,c after the measurement is reduced to The probability of obtaining the result a2 on the next measurement given the result с*! on the first is =< The joint probability for a2 followed by a! is P{a2,a1)=p{a2\a1)p{a1) . A1.10.12) so that using A0.9) and A0.11) we have 1)=<^|41(*iL,(*2L1(*i)l^> ■ (И.Ю.13) This is just the formula A0.8) for the Copenhagen probabilities for the special case of a history with two times and a pure initial density matrix ps. 11.11. Approximate Probabilities Again The discussion of the ideal measurement model just given provides a convenient opportunity for reviewing in a more concrete context the notion of approximate probability introduced in Section II.1. As discussed in Section II.5, given the initial condition p, it is possible to exhibit the sets of alternative histories of the universe that exactiy decohere and for which the probability sum rules are exactly satisfied. Among these exactly decohering sets, there may be some that have the correlations of the ideal measure- measurement model perhaps even with an "initial" effective density matrix of the product form A0.1). For these situations the assumptions and consequences of the model would be exact, and the probabilities with which it deals would exactly satisfy the probability sum rules. However, measurement situations of familiar kinds, in which quasiclassical variables participate as records, will not correspond to exact deco- herence. Rather, the decoherence and the probabilities of the fundamental formula will be approximate. In interesting situations this approximation will be VERY, VERY good. Consider, for example, a measurement situation in which one of the partici- participants in the defining correlations is the center of mass position X and momentum P of a massive body (many atoms) such as the often discussed "pointer". Suppose further, that the decoherence of alternative histories is to be effected by the orthog- orthogonality or near orthogonality of states of the massive body with sufficiently differing position and momentum much as in the example described at the beginning of Sec- Section II.6. More precisely, the states of the body are to be concentrated on cells of phase space of size AX and AP consistent with the uncertainty principle. A wave

THE QUANTUM MECHANICS OF COSMOLOGY 99 function cannot be exactly concentrated on a phase space cell. If ф(Х) vanishes outside a region of compact support, then ф(Р)= f dXexp(-iPX/h^(X) A1.11.1) will be analytic in P and cannot vanish except at isolated points. There are, therefore, no exactiy orthogonal states corresponding to phase space cells. However, one can find approximately orthogonal states. For example, gaussian wave packets with minimum uncertainties (ДХт;Л1 ДРт;„) contained within the phase space cells would do the job.* Wave functions concentrated on different cells would at most have overlaps of order exp [~ (ДХ/ДХга!пJ Thus, in such a measurement situation, decoherence would be approximate and the resulting probabilities approximately satisfy the sum rules up to a standard set roughly by A1.2). For accuracies AX only modestly larger than ДХт;п the violation of proba- probability sum rules suggested by A1-2) will be very small. This, however, is not the whole story, for we know from the discussion in Section II.6 that in realistic situa- situations the center of mass of the massive body will become coupled by collisions with a large number of photons, molecules, and similar variables. As the model at the start of that Section suggests, this coupling acts to improve the orthogonality of the states of combined system of massive body and decohering agents corresponding to different values of X and P. Eq.A1.2) is, in effect, multiplied by the overlaps of the coupled many particle states of the form F.5). Accepting uncritically the estimates of Joos and Zeh A985), contained essentially in F.8), one finds that after a milisecond the overlap factor for a pointer of linear dimension 1 cm interacting with molecules of air might be of order Ю-10" (II.11.3) where the words "of order" refer to the exponent of the exponent! This is a VERY small number. One cannot expect such estimates to be reliable in any usual sense. They suffice, however, to show that the decoherence will be very, very nearly exact in such circumstances and the probability sum rules very, very nearly satisfied. One standard by which this accuracy might be measured is the probability that we have simply imagined our whole personal histories up until now. The author does not pretend to know how to estimate this in a sensible fashion but a naive guess might be (p)N where p is an atomic tunneling probability per relevent atom and N is the number of atoms involved. Simple guesses for N and p give numbers that are negligibly small but possibly larger than A1.3). Thus, when I speak of approximate decoherence and approximate probabilities in discussions of These have approximate classical evolution as well, (See, e.g. Hepp, 1974). For more on approximate projectors onto phase space cells see Omnes A989) and the references therein

100 JAMES B. HARTLE quasiclassical domains and measurement situations I mean, decoherence achieved and probability sum rules satisfied beyond any standard that might be conceivably contemplated for the accuracy of prediction and the comparison of theory with experiment. A theory which uses approximate probabilities conforming to standards such as those described above can always be converted into a theory for which the prob- probability sum rules are exact. Simply augment the theory by an ad hoc rule for renormalizing the probabilities of exhaustive sets of alternatives when the failure of the sum rules to be satisfied falls below a certain level. There surely exists some level below which the predictions of such a theory would be indistinguishable from one using approximate probabilities such as described above. At such a standard it seems simpler to employ approximate probabilities. The small numbers which estimate the failure of decoherence among familiar quasiclassical operators show how excellent the approximation of exact decoherence is in the ideal measurement model of the Copenhagen approximation to quantum mechanics. Other features of the model such as the exact correlations and the ex- exact persistance are likely to be much less accurate approximations. Similarly small numbers measure the minute failure of decoherence of alternative past positions of massive bodies (e.g. the sun) thus justifying in part the approximation of recon- reconstructing their histories classically. Indeed, these numbers are so small that one might reasonably ask whether it is not possible to find sets of histories that are "nearly" the quasiclassical ones but which exactly decohere. The main issue in this question is whether operators defining such histories would have a description in terms of repeated quantities for the most part correlated in time according to classical laws of motion. 11.12. Complex Adaptive Systems Our picture is of a universe that, as a consequence of a particular initial condition and of the underlying Hamiltonian, exhibits at least one quasiclassical domain made up of sets of alternative histories with as much classicality as possible. The quasi- classical domains are a consequence of the theory and its boundary condition, not an artifact of our construction. How do we characterize our place as a collectivity of observers in the universe? Both singly and collectively we are examples of the general class of complex adaptive systems. (See, e.g. Gell-Mann, 1990.) When they are considered as portions of the universe, making observations, we refer to such complex adaptive systems as information gathering and utilizing systems (IGUSes). Prom a quantum mechanical point of view the foremost characteristic of an IGUS is that, in some form of approximation, however crude or classical, it employs the fundamental for- formula, with what amounts to a rudimentary theory of p, H, and quantum mechanics. Probabilities of interest for observations by the IGUS include those for correlations between its memory and its external world up to the present. (Typically these are assumed perfect; not always such a good approximation!) The approximate funda- fundamental formula is used to compute probabilities on the basis of present data, make predictions, control future perceptions on the basis of these predictions (i.e., exhibit behavior), acquire further data, make further predictions, and so on. To carry on in this way, an IGUS uses probabilities for histories referring both to the future and the past. Typically, an IGUS performs further coarse graining on a quasiclassical domain. Naturally, its coarse graining is very much coarser than that of the quasiclassical domain and utilizes only a few of the variables in the

THE QUANTUM MECHANICS OF COSMOLOGY 101 universe. The reason such systems as IGUSes exist, functioning in such a fashion, is to be sought in their evolution within the universe. It is reasonable to suppose that they evolved to make predictions because it is adaptive to do so. The reason, therefore, for their focus on decohering variables is that these are the only variables for which predictions can be made. The reason for their focus on the histories of a quasiclassical domain is that these present enough regularity over time to permit prediction by relatively rudimentary, easily evolved algorithms. The reason, specifically, that we do not see Mars spread out in a quantum superposition of different positions is that we have evolved to use, in perception, a coarse graining in which such superpositions rapidly decohere. If there is essentially only one quasiclassical domain, then naturally IGUSes evolve to utilize further coarse grainings of it. If there are many essentially in- equivalent quasiclassical domains, then there is an interesting question of which particular domain or set of such domains IGUSes evolve to exploit. However they evolve, IGUSes, including human beings, occupy no special place and play no pre- preferred role in the laws of physics. They merely utilize the probabilities presented by quantum mechanics in the context of a quasiclassical domain of this universe. Thus, the most fundamental, assumption free, way of "including the observer in the universe" is to see it as a system that has evolved within the universe. Un- Understanding this evolutionary process would seem an intractable task were it not plausibly divisible into two parts: The first of these is understanding why this quan- quantum mechanical universe exhibits one or more quasiclassical domains. The second part is understanding nuclear, chemical, and biological evolution in a universe that exhibits quasiclassical domains. Providing criteria for a quasiclassical domain is a way of dividing the problem into these two parts. The first of these may be tractable within physics. 11.13. Open Questions There are many open questions whose resolutions would help to complete, test, and affirm the view of quantum mechanics adumbrated in this section: The mechanisms of decoherence need to be explored quantitatively in increasingly realistic models especially in regard to the quasiclassical coarse grainings of Section II.7. Sets of alternative decohering histories need to be exhibited explicitly for model initial con- conditions and Hamiltonians. It is central to complete the definition of a quasiclassical domain by finding the general definition for classicality. Once that is accomplished, the question of how many and what kinds of essentially enequivalent quasiclassical domains follow from p and H is a topic for serious theoretical research. So is the question of what kinds of IGUSes can exist in the universe exploiting particular quasiclassical domains, or the unique one if there is only one. Beyond these specific questions, resolution of the problems of interpretation presented by quantum mechanics seems best accomplished not by further intense scrutiny of the subject as it applies to reproducible laboratory situations, but rather through an examination of the origin of the universe and its subsequent history. Quantum mechanics is best and most fundamentally understood in the context of quantum cosmology. The founders of quantum mechanics were right in pointing out that something external to the framework of wave function and Schrodinger equa- equation is needed to interpret the theory. But it is not a postulated classical domain to which quantum mechanics does not apply. Rather it is the initial condition of the universe that, together with the action function of the elementary particles and

102 JAMES B. HARTLE the throws of quantum dice since the beginning, is the likely origin of quasiclassical domain(s) within quantum theory itself. III. GENERALIZED QUANTUM MECHANICS III.l. General Features What might we mean, most generally, by quantum mechanics for a closed system such as the universe as a whole? Roughly speaking, by a quantum mechanics we mean a theory that admits a notion of fine and coarse grained histories, the amplitudes for which are connected by the principle of superposition and for which there is a rule (decoherence) for when coarse-grained histories can be assigned probabilities obeying the standard sum rules of probability calculus. More precisely, from the discussion in the preceeding section it is possible to abstract the following three elements of quantum mechanics in general: 1) Fine-Grained Histories: These are the sets of fine-grained, exhaustive, alternative histories of the universe {/} which are the most refined description to which one can contemplate assigning probabilities. There may be many such sets. 2) Coarse Graining: A coarse graining of an exhaustive set of histories is a partition of that set into exhaustive and exclusive classes {h}. The possible coarse- coarsegrained sets of alternative histories of the universe are all possible coarse grainings of fine-grained sets. 3) ZJecoherence Functional: The decoherence functional, D(h,h'), is defined on each pair of coarse-grained histories in an exhaustive set {h}. With it a prob- probability p(h) is assigned to individual members of a set of coarse grained histories that decohere according to the fundamental formula. D(h,h')*6hh,p{h). (III.l.l) The decoherence functional D on the fine-grained histories must satisfy the following properties: i) Hermiticity: D(f,f') = D*(f',f) , (III.1.2) ii) Positivity: D(f,f)>0, (III.1.3) iii) Normalization: The decoherence functional a the coarse-grained set of alternative histories may then be defined by the principle of superposition: iv) The principle of superposition: / «11 /' * in h' This definition must be consistent; if a set of histories can arise by a coarse graining of two different fine-grained sets the same decoherence functional must result.

THE QUANTUM MECHANICS OF COSMOLOGY 103 As a consequence of its definition, the decoherence functional D(h,h') on coarse-grained sets of histories satisfies four analogous conditions. In particular if {h} is an exhaustive set of alternative coarse-grained histories and {h} is a coarser grained partition of it we have i) Hermiticity: ДА, ti) = D*(ti, h) , (III.1.2a) ii) Positivity: ДЛ,Л)>0, (III.1.3a) iii) Normalization: J2hh, ДЛ,Л') = 1 , (III.1.4a) iv) The principle of superposition: ДА,А')= £ £D(M')- (Ш.1.5а) all к all h' in S in S' These conditions are equivalent to the conditions A.2)-A.4) if the set of all coarse- coarsegrained sets of histories is taken to include the fine-grained sets. As a consequence of these four conditions, the approximate probabilities for prediction and retrodiction defined by the fundamental formula A.1) will obey the rules of probability theory to the standard that decoherence is enforced. By virtue of (i), (ii), and (iii) the probabilities p(h) are real numbers lying between 0 and 1. By virtue of (iv) they satisfy the sum rules P(h) = У" pW (ni.i.6) all h ■ T for all coarse grainings. These three elements — fine-grained histories, coarse graining, and decoher- decoherence — capture the essential features of quantum mechanical prediction for a closed system in a way that is general enough for the physical situations to be considered later. They do not, however, represent the most general formulation which could be given. For example, following the discussion at the end of Section II.2 a funda- fundamental formula with ReD replacing D in A.1) is sufficient for the probability sum rules. Hamiltonian quantum mechanics implements the three elements in a specific way. However, I shall argue that the Hamiltonian framework is not the only way of implementing these elements of quantum mechanics and that alternative implemen- implementations that are, in this sense, generalizations of Hamiltonian quantum mechanics may be of interest in connection with quantum mechanical theories of spacetime. In the remainder of this section I shall show how some familiar formulations of quantum mechanics look from this generalized point of view. III.2. Hamiltonian Quantum Mechanics First, we consider Hamiltonian quantum mechanics from this general perspective. In Hamiltonian quantum mechanics sets of histories are represented by time se- sequences of projections onto exhaustive sets of orthogonal subspaces of a Hilbert space. The three elements of a quantum mechanics are implemented as follows:

104 JAMES В. HARTLE 1) Fine-Grained Histories: These correspond to sequences of sets of projections onto a complete set of states, one set at every time. There are thus many different sets of fine-grained histories corresponding to the various possible complete sets of states at each and every time. 2) Coarse Graining: A set of histories is a coarse graining of a finer set if each projection in the coarser grained set is a sum of projections in the finer grained set. The projections constructed as sums define a partition of the histories in the finer grained set. By way of example, consider the quantum mechanics of a particle and the completely fine-grained set of histories that consists of specifying the position at every moment of time, that is, specifying the particle's path in configuration space. A coarse graining consisting of projections onto an exhaustive set of ranges of position at, say, three different times defines a partition of the configuration space paths into those that pass through the various possible combinations of ranges at the different times. 3) ZJecoherence Functional: For Hamiltonian quantum mechanics this is (II.2.3) In the present notation h stands for the history corresponding to a particular se- sequence of projections [Pa]- Thus, D(h,h') =T which is easily seen to satisfy properties (i)-(iv) above. The structure of sets of alternative coarse-grained histories of Hamiltonian quantum mechanics is shown schematically in Fig. 4. The sets of coarse-grained histories form a partially ordered set defining a semi-lattice. For any pair of sets of histories, the least coarse grained set of which they are both fine grainings can be defined. However, there is not, in general, a unique most fine-grained set of which two sets are a coarse graining. There is an operation of "join" but not of "meet". The many possible fine-grained starting points in Hamiltonian quantum mechanics are a reflection of the democracy of transformation theory. No one basis is distinguished from any other. III.3. Sum-Over-Histories Quantum Mechanics for Theories with a Time. The three elements of a sum-over-histories formulation of the quantum me- mechanics of a theory with a well defined physical time are as follows: 1) Fine-Grained Histories: The fine-grained histories are the possible paths in a configuration space of generalized coordinates 5' expressed as single-valued functions of the physical time. Only one configuration is possible at each instant. Sum-over-histories quantum mechanics, therefore, starts from a unique fine-grained set of alternative histories of the universe in contrast to Hamiltonian quantum mechanics that starts from many. 2) Coarse Graining: There are many ways of partitioning the fine-grained paths into exhaustive and exclusive classes. However, the existence of a physical time allows an especially natural coarse graining because paths cross a constant time surface in the extended configuration space (t,ql) once and only once. Specifying an exhaustive set of regions {Aa} of the 51 at one time, therefore, partitions the paths into the class of those that pass through Д1 at that time, the class of thtose that pass through Д2 at that time, etc. More generally, different exhaustive sets of regions {Д* } at times <*, к = 1, • • •, n similarly define a partition of the fine- finegrained histories into exhaustive and exclusive classes. Other kinds of partitions

THE QUANTUM MECHANICS OF COSMOLOGY I 105 Fig. 4: The schematic structure of the space of sets of possible histories in Hamiltonian quantum mechanics. Each dot in this diagram represents an exhaustive set of alternative histories for the universe. (This is not a picture of the branches defined by a given set!) Such sets, denoted by {[Pa]} in the text, correspond in the Heisenberg picture to time sequences £H»i('i)> -Pa2(<2)> "■ -Р<*„('п)) of sets of projection operators, such that at each time t^ the alternatives ak are an orthogonal and exhaustive set of possibilities for the universe. At the bottom of the diagram are the completely fine-grained sets of histories each arising from taking projec- projections onto eigenstates of a complete set of observables for the universe at every time. For example, the set Q is the set in which all field vari- variables at all points of space are specified at every time. This set is the starting point for Feynman's sum-over-histories formulation of quantum mechanics. V might be the completely fine-grained set in which all field momenta are specified at each time. T> might be a degenerate set in which the same complete set of operators occurs at every time. But there are many other completely fine-grained sets of histories corresponding to all possible combinations of complete sets of observables that can be taken at every time. The dots above the bottom row are coarse-grained sets of alternative histories. If two dots are connected by a path, the one above is a coarse graining of the one below — that is, the projections in the set above are sums of those in the set below. A line, therefore, corresponds to an operation of coarse graining. At the very top is the degenerate case in which complete sums are taken at every time, yielding no projections at all other than the unit operator! The space of sets of alternative histories is thus partially ordered by the operation of coarse graining. The heavy dots denote the decoherent sets of alternative histories. Coarse grainings of decoherent sets remain decoherent.

106 JAMES B. HARTLE can be contemplated (see e.g. Hartle, 1988a) but these will suffice for our later discussions. 3) Decoherence Functional: The decoherence functional for sum-over-histories quantum mechanics for theories with a time is D(h, h') = JjiJhi ЪЩ ~ 9/) «p{« (%'■(<)] - S[q'\t)]) /ft},>(9o, 9o (III.3.1) Here, we consider an interval of time from an initial instant <o to some final time if. The first integral is over paths q'(t) that begin at ql, end at q'f, and lie in the partition h. The integral includes an integration over q^ and g'j. The second integral over paths q''(i) is similarly defined. If p(q\ q") is a density matrix, then it is easy to verify that D defined by C.1) satisfies conditions (i)-(iv) of Section III.l. When the coarse graining is defined by sets of configuration space regions {Д* } as discussed above, then C.1) coincides with the sum-over-histories decoherence functional previously introduced in (II.2.2). However, more general partitions are possible. The density matrix p(g',g'')- may be thought of as defining the initial con- condition of the closed system under consideration. Some initial conditions may be specified simply and elegantly as conditions on the class of fine-grained histories. For example, ('ri) WWn (Ш.3.2) corresponds to the condition that paths q'(t) and q"(t) both begin at the particular configuration space point Q' at t = to- An initial condition that p represents a pure momentum eigenstate р{д\д'{) = BтгПГ"ехр [1Щд{ - д'{)/Щ (Ш.3.3) can be approximated through a condition on paths that defines momentum by time of flight. (See e.g. Feynman and Hibbs, 1965.) When initial and final conditions are expressed as conditions on the fine- finegrained paths, C, we may write compactly D(h ,h')= f Sq f ajVWM-sU"'*)])/» , (Ш.3.4) Jh,C Jh',C where the sum is over paths q'(t), q"(t) meeting the initial condition, the final condition that their endpoints coincide, and lying in the partitions h and h' respec- respectively. The structure of the collection of sets of coarse-grained histories in sum-over- histories quantum mechanics is illustrated in Fig. 5. Because there is a unique fine grained set of histories, many fewer coarse grainings are possible in a sum-over- histories formulation than in a Hamiltonian one, and the space of sets of coarse- coarsegrained histories is a lattice rather than a semi-lattice. ,

THE QUANTUM MECHANICS OF COSMOLOGY 107 III.4. Differences and Equivalences between Hamiltonian and Sum-Over-Histories Quantum Mechanics for Theories with a Time. From the perspective of generalized quantum theory the sum-over-histories quan- quantum mechanics of Section III.3 is different from the Hamiltonian quantum mechanics of Section III.2. Even when the action of the former gives rise to the Hamiltonian of the latter, the two formulations differ in their notions of fine-grained histories, coarse graining and in the resulting space of coarse-grained sets of histories as Figs 4 and 5 clearly show. Yet, as is well known, the sum-over-histories formulation and the Hamiltonian formulation are equivalent for those particular coarse grainings in which the histories are partitioned according to exhaustive sets of configuration space regions, {Д*}, at various times i*. More precisely the sum-over-histories expression for the decoherence functional, C.1), is equal to the Hamiltonian ex- expression, B.1), when the latter is evaluated with projections onto the ranges of coordinates that occur in the former. Crucial to this equivalence, however, is the existence of a well defined physical time in which the paths are single-valued. To see this let us review the derivation of the equivalence in more detail. Fig. 5. The schematic structure of the space of sets of histories in sum- over-histories quantum mechanics. The completely fine-grained histories arise from a single complete set of observables, say the set Q of field variables q' at each point in space and every time. The possible coarse- coarsegrained histories will then be a subset of those of Hamiltonian quantum mechanics illustrated in Fig. 4- When restricted to projections Рдо B.1) may be expanded as follows: onto ranges Д„ of the q's, the trace in Tr

JAMES В. HARTLE = J<l<lf Jdqo jdq'o < qftf\PA'n{tn) ■ ■ ■ PA[(h)\qoto > x < <Zo<oM?o<o >< %t'o\PA\(ti) ■ ■ ■ PA'n{tn)\qftf > . (III.4.1) Here, to keep the notation manageable, the index "i" on the g's has been suppressed, the index к on Д* has been suppressed, \qt > has been written for the Heisenberg state that is an eigenvector of 5' (<) with eigenvalue 51, and dq for the volume element on the space spanned by the q'. We now demonstrate the following identity where the sum is over all paths that begin at 50 at <o pass through Д1, • • •, Дп at <!,-••,<„ respectively and end at 5/ at time if. To see how the argument goes, consider just one interval Д* at time tk. The matrix element on the left of D.2) may be further expanded as = I JA dqk <qftf\qktk><qktk\qoto> . Since the paths cross the surface of time tk at a single point qk, the sum on the right of D.2) may be factored as shown in Fig. 6, f Sqe^'^h= f dqk( f SqeiS (III.4.4) But, it is an elementary calculation to verify that and that inverting the time order on the right is the same as complex conjugation. Thus D.3) is true and, by extension, also the equality D.1). The equivalence of the Hamiltonian and the sum-over-histories formulations of quantum mechanics on position coarse grainings is thus seen to be a consequence of the existence of surfaces in the extended configuration space (tf, qa) that the histories cross once and only once. We shall soon discuss cases where there are no such surfaces and no associated time. Despite their equivalence on certain coarse-grained sets of alternative histories, Hamiltonian quantum mechanics and sum-over-histories quantum mechanics are different because their underlying sets of fine-grained histories are different. Are the more limited coarse grainings of sum-over-histories quantum mechanics adequate for physics? They are if all testable statements can be reduced to statements ajsout configuration space variables — positions, fields of integer and half-interger spin, etc. Certainly this would seem sufficient to describe the coarse graining associated with any classical domain.

THE QUANTUM MECHANICS OF COSMOLOGY 109 Fig. 6: Factoring a sum over paths single-valued in time across a sur- surface of constant time. Shown at left is the sum over paths defining the amplitude to start from 50 at time to, proceed through interval Ak at time tk, and wind up at qf at time tf. If the histories are such that each path intersects each surface of constant time once and only once, then the sum on the left can be factored as indicated at right. The factored sum consists of a sum over paths before time tk, a sum over paths after time tk, followed by a sum over the values of qk at time tk inside the interval Ak- The possibility of this factorization is what allows the Hamiltonian form of quantum mechanics to be recovered from a sum-over-histories formulation. The sum over paths before and after tk define wave func- functions on that time-slice and the integration over qk defines their inner product. The notion of state at a moment of time and the Hilbert space of such states is thus recovered. If the sum on the left were over paths that were multiple valued in time, the factorization on the right would not be possible. III.5. Classical Physics and the Classical Limit of Quantum Mechanics. In a trivial way classical physics may be regarded as a generalized quantum me- mechanics. The three elements are: 1) Fine-grained histories: The fine-grained histories are paths in phase space, (P>M> 9*('))> parametrized by the physical time. 2) Coarse graining: The most familiar type of coarse graining is specified by cells in phase space at discrete sequences of time. The paths are partitioned into classes defined by which cells they pass through. 3) ZJecoherence Functional: From the perspective of quantum theory, the distinctive features of classical physics are that the fine-grained histories are exactly decoherent and exactly correlated in time according to classical dynamical laws. A

I I» JAMBS B. HARTLE decohoroncr functional tliat captures these features may be constructed as follows: Lot z' = (p,, 4') .servo ;us a compact notation for a point in phase space. z'(t) is a phase space path. Let z'cl(t; z'o) denote the path that is the classical evolution of the initial condition z'o at time <o- The path z'cl(i) = (pf(t), q'ci(i)) satisfies .„, ЭН ... дН where H is the classical Hamiltonian, and satisfies the initial condition z'(<o;2q) = Zq. Define a classical decoherence functional, Dci, on pairs of fine-grained histories as Dcl{z\t\ z'\t)] = S[z\t) - zn{t)] J d^zi)S[2\t) - z'cl(t; *o)]/(*S) • (Ш.5.2) Here S[-] denotes a functional ^-function on the space of phase space paths, and dn(z') is the usual Liouville measure, U[dpi dq'/Bтг7г)]. The function f(z'o) is a real, positive normalized distribution function on phase space which gives the initial condition of the closed classical system. The first ^-function in E.2) enforces the exact decoherence of classical histories; the second guarantees correlation in time according to classical laws. A coarse graining of the set of alternative fine-grained histories may be defined by giving exhaustive partitions of phase space into regions {Л*} at a sequence of times tk, к = 1, • • • , п. Here, a labels the region and к the partition. As in Section II, we denote one history in the coarse-grained set corresponding to a particular sequence a i, •••,<*„ by [Ra]- The decoherence functional for the set of coarse- coarsegrained alternative classical histories is = I J[ [Ra] J[R where the integral is over pairs of phase space paths restricted by the appropriate regions and the integrand is E.2). Easily one has 6aia[ •■■6а„< pc,{au ••-,£*„) , (III.5.4) where pc/(ai, • • • , an) is the classical probability to find the system in the sequence of phase space regions [Ra] given that it is initially distributed according to f{zl0). It is then also easy to see that E.3) and E.1) satisfy the conditions (i)-(iv) of Section III.l for decoherence functionals. In certain situations the decoherence functional of a quantum mechanics may be well approximated by a classical decoherence functional of the form E.2). For example, in Hamiltonian quantum mechanics it may happen that for some coarse grained set of alternative histories {[P«]} ~ Dcl([Ra],[Ra>}) ,

THE QUANTUM MECHANICS OF COSMOLOGY 111 for some corresponding coarse graining of phase space {[Ra]} and distribution func- function /. One has then exhibited the classical limit of quantum mechanics. Some coarse graining is needed for a relation like E.5) to hold because oth- otherwise the histories would not decohere. Moreover, a relation like E.5) cannot be expected to hold for every coarse graining. Roughly, we expect that the projections {Pa} must correspond to phase space regions, for example, by projecting onto suffi- sufficiently crude intervals of configuration space and momentum space or onto coherent states corresponding to regions of phase space. (See, e.g. Hepp 1974, Omnes, 1989 for more on this.) Moreover, for a fixed coarse graining, a relation like E.5) can- cannot not hold for every initial condition p. Only for particular coarse grainings and particular p do we recover the classical limit of a quantum mechanics in the sense of E.5) III.6. Generalizations of Hamiltonian Quantum Mechanics. As the preceeding example of classical physics illustrates, there are many ex- examples of generalized quantum mechanics that do not coincide with Hamiltonian quantum mechanics. The requirements for a generalized quantum mechanics are weak. Fine-grained histories, a notion of coarse graining, and a decoherence func- functional are all that is needed. There are probably many such constructions.* It is thus important to search for further physical principles with which to winnow these possibilities. In this search there is also the scope to investigate whether the familiar Hamiltonian formulation of quantum mechanics might not itself be an ap- approximation to some more general theoretical framework for quantum cosmology valid only for certain coarse grainings and particular initial conditions. If D were the deocherence functional of the generalization then D(h,h') ~ only for certain {^}'s and corresponding strings of P's and for a limited class of /o's. Thus, in cosmology it is possible to investigate which features of Hamiltonian quantum mechanics are fundamental and which are "excess baggage" that only appear to be fundamental because of our position late in a particular universe able to employ only limited coarse grainings.f In the next sections I shall argue that one such feature is the preferred time of Hamiltonian quantum mechanics. IV. TIME IN QUANTUM MECHANICS Time plays a special role in the quantum mechanics of cosmology set forth in Section II. Every projection in a history was assumed to be characterized by some time t. It was possible to define exhaustive sets of alternatives for the universe at one time. As further examples, one can imagine decoherence functionals based on purely Eu- Euclidean sums-over-histories (although then there is no decoherence and no probabil- probabilities) or decoherence functionals describing certain linear alternatives to quantum mechanics (e.g. Pearle, 1989). For more along these lines see Hartle A990b).

112 JAMES B. HARTLE The string of projections defining a history was time ordered in the fundamental formula. As a consequence the future was treated differently from the past in the predictive formalism and there was a quantum mechanical arrow of time. In this section we shall ask whether such special roles for time in quantum me- mechanics might not be equally well seen as special features of our particular universe in generalized quantum mechanical frameworks for prediction in which such roles are not so singled out. In answering this question affirmatively we shall illustrate, in simple, take it or leave it, ways, routes towards generalization that will become essential for our discussion of quantum spacetime below. At the same time we shall illustrate how certain notions, in particular the notion of "state of the system at a moment of time", are inextricably linked to the preferred time in quantum mechanics. IV. 1. Observables on Spacetime Regions The measurable quantities in a field theory are not the values of a field at a space- time point, ф(х). Rather they are the averages of fields over spacetime regions of the form where V(R) is the volume of the region R. A region of negligible temporal extent approximates a spatial field average "at one moment of time". However, in a dif- different Lorentz frame such regions will have extension in time. It would be possible to restrict attention to the Lorentz invariant class of regions which have negligible extent in some timelike direction, but the natural Lorentz invariant class of ob- observables for field theory consists of field operators averaged over general spacetime regions with extent in both space and time. These are the variables that occur in discussions of field measurements (Bohr and Rosenfeld 1933, 1950, DeWitt 1962). The projection operators onto ranges of values of such average fields are easily con- constructed from the operators A.1). But what times should be assigned to sequences of such projection operators to construct the Hamiltonian decoherence functional for such coarse-grained histories according to (II.2.3)? There is no natural an- answer and therefore there is no natural Hamiltonian quantum mechanics. However, a generalized quantum mechanics for these observables can be constructed* for coarse-grained histories consisting of field averages over spacetime regions that are causaJJy consistent in the following sense: The future of a spacetime region R is the union of the future light cones and their interiors for each point in R. The past of R is similarly defined. Two regions, R" and R', are said to be causally consistent if neither region intersects both the future and the past of the other. Thus, there is one member of the pair such that every point of it lies to the future or is spacelike separated from the other. A set of regions is said to be causally consistent if each pair is causally consistent. A causally consistent set of regions can be partially time ordered. A region R" lies to the future of R1 if there are some points in R" that are the future of R'. Two regions that are entirely spacelike to each other are therefore not ordered and for this reason there is only a partial time ordering of a causally consistent set of spacetime regions. The author owes the essential ideas of this extension to R. Sorkin.

THE QUANTUM MECHANICS OF COSMOLOGY 113 ti Fig. 7: Causally consistent spacetime regions and their partial time order. A pair of spacetime regions is causally consistent if neither region contains both some points that are to the future and some points that are in the past of the other region. Put differently, there is one member of the pair such that every point in it lies to the future, or is spacelike separated from, every point in the other. A set of regions, such as the eight shown in this figure, are causally consistent if every pair is causally consistent. Causally consistent regions can be partially time ordered. Region R is later than region R1 (R > R') if there are points in R which are in the future of R!. In the figure, for example, R2 > R\, Rs > Ri, Ri > Ri, etc. (R2 consists of two disconnected pieces) Completely spacelike separated regions are not time ordered as, for example, the pairs (Rt,R&), (R3,Ri), (Лз,Д5), etc. A generalized quantum mechanics can be constructed for coarse grainings of the completely fine-grained field history that consist of speci- specifying ranges of values of field averages over causally consistent spacetime regions. The decoherence functional is given by the usual Heisenberg trace formula in which the operators respect the partial time order. With these definitions the three ingredients of a generalized quantum me- mechanics for observables defined from field averages over a set of causally consistent spacetime regions are as follows: 1) Fine-Grained Histories: The fine-grained histories are the four-dimensional field configurations, ф(х). 2) Coarse Graining: Coaxse grainings are defined by specifying ranges of products of field averages defined on a causally consistent set of spacetime regions Ri,i = 1, • • •, n. We denote the projections onto an exhaustive and exclusive set of ranges of a quantity constructed from field operators of the region Д, by £)

114 JAMES B. HARTLE where к denotes the particular quantity considered. A history consists of a sequence [Pa] = (Pa^Ri), ■' -,pSn(.Rn)) of sucn "yes-no" alternatives. An exhaustive set of histories is obtained by allowing the a's to run over an exhaustive set of ranges. Combining smaller ranges into bigger ones is one kind of coarse graining. Forming new sets of regions by taking unions of old preserving causal consistency is another example of coarse graining. In both cases the projections defining the coarser graining are sums of the projections defining the finer grained sets of histo- histories. 3) Decoherence Functional: The decoherence functional of a set of coarse- coarsegrained histories is defined by а], [Pa'}) = TV [Р„"п(Д„) • • • Р^(Д, )РР1а,1 (Д,) where the projection operators are ordered according to the partial time order of the regions R{. If two regions are not time ordered, then they are spacelike separated, the projections associated with them commute, and the value of A.2) is unaffected by their order in the expression. These three ingredients define a quantum mechanics with a weaker notion of time ordering than in the familiar Hamiltonian framework. The generalization coincides with Hamiltonian quantum mechanics when the regions have a negligi- negligible time extension in a particular Lorentz frame* but generalizes it to allow the discussion of alternatives that are not simply "at one moment of time". There is, however, a price for this generalization. It is no longer possible to follow (II.3.4) to construct an effective density matrix which gives an unambiguous notion of the state of the system on any spacelike surface that intersects one of the regions R. Neither, therefore, is it possible to naturally describe evolution as a combination of unitarily evolving state vector and "collapse of the wave packet" for such times. It is not that it is impossible to define the notion of a unitarily evolving state vec- vector. It is the "second law of evolution", the "reduction of the wave packet", that fails to hold in this generalized quantum mechanics when there are regions that are extended in both space and time. The Schrodinger picture does not exist for this generalized quantum mechanics. Despite this, the probabilities can be assigned to histories by the fundamental formula and the theory is predictive. IV.2. The Arrow of Time in Quantum Mechanics There is an arrow of time in the quantum mechanics of Section II. The formalism treated the future differently from the past. Recall, for example, that we were able to predict the future from a state describing the universe at the present moment, but we could not retrodict the past. Mathematically such aspects of the arrow of time are consequences of the time ordering of the operators in the fundamental An intermediate generalization could be based on a Lorentz invariant coarse grain- graining that consisted entirely of averages over spatial regions with negligible extent in time provided all possible such regions were allowed and not just those associated with the constant time surfaces of a particular Lorentz frame. For a giveh set of such regions a family of non-intersecting spacelike hypersurfaces can be found such that each region lies in some spacelike surface. An equivalent Hamiltonian quantum mechanics can be formulated with a notion of state on these spacelike surfaces.

THE QUANTUM MECHANICS OF COSMOLOGY 115 formula D([Pa],[Pa']) = T ti 5: ^2 < ^з < • • • < in! This time ordering does not mean that quantum mechanics singles out an absolute direction in the parameter i. Field theory is TCP invariant. The TCP transformed projections P*H) = (TCP)P*(i)(TCP)-1 (IV.2.2) still evolve according to the Hamiltonian H. Thus B.1) could equally well be written [] (IV-2-3) where p is the TCP transformed p. In B.3) the operators are anti-time-ordered. Either time ordering can, therefore, be used; the important thing is that on one end of the strings of P's in B.2) there is a knowable Heisenberg p while at the other there is nothing. It is by convention that we call the end with the p — the end that we know — the "past" and refer to an "initial" condition. It is a convention, however, that I shall stick to in the remainder of the lectures. The future then is treated differently from the past in the quantum mechanics of Section II. A time asymmetry is built in. Of course, empirically the future is different from the past.* We know something of the past; we are ignorant of the future. But should this observed asymmetry be built in? Should it not be possible to consider quantum mechanically universes with less asymmetry between the future and the past? I will now argue that a slight generalization of the quantum mechanics of Section II would enable us to do so. Imagine that we are members of a very advanced civilization interested in testing quantum cosmology in the laboratory. We learn how to isolate very large sections of the universe, thousands of Mpc on a side, and fix their quantum states ;it an initial moment of time at will. We do this for an ensemble of such systems selecting the initial states randomly. Allowing the systems to evolve to a later time we check on whether the system is in a particular state |Ф >. If the answer is yes, we retain it in the ensemble; if not, we discard it. What we have done, in effect, is to create an ensemble of "universes" of the type shown in Fig. 7 in which the future state is determined but the past state is random. Suppose we had investigated along the way whether the members of the ensemble contained observers and, if sufficiently advanced, what kind of quantum cosmology they would have induced. I do not know how to do the calculation that would predict what should be seen; although in principle it should be possible to do. One imagines that the prediction would be that most observers inside the region insulated from our initial conditions, would have induced a quantum mechanics of t he kind we have been describing, asymmetric in time, but with a "past" and "fu- "future" that are oppositely ordered to ours. The observers would be "living backward in time". See, for example, the discussion in Penrose A979).

116 JAMES B. HARTLE Next, consider the case where we have not chosen the initial state of the ensemble randomly but according to some definite rule represented in quantum mechanics by a density matrix p/. The probabilities of histories are, of course, easy to calculate for us. The joint probabilities for a history, [Pa], and the final state, |Ф >, would arise from the decoherence functional (IV.2.4) which includes the projection selecting the final state. Probabilities for histories conditioned on this final state are these joint probabilities divided by a suitable normalization [cf. (II.3.3)]. One imagines that observers evolving in such a universe would have induced a correct formula for the decoherence functional giving these conditional probabilities. If they used conventions like ours they would have written it Pa], [Pa'}) = Tr [ ^ п] (IV.2.5) where pi = |Ф >< Ф|, the operators P£ correspond exactly to the P* when restricted to the spacetime region under investigation, but with times rn and labels к ordered back from our future. In such a universe there would be both initial and final conditions. One could know something of both past and future. There would not be causality as we know it. How do we know that we do not live in such a universe? The answer, I believe, is not determined a priori. Its an empirical question whether we can find out something about the future and the framework of quantum mechanics should be big enough to handle it if we can. The above framework is. It is a generalized quantum mechanics in the sense Section III.l. The fine-grained histories and notion of coarse grainings are the same as in Hamiltonian quantum mechanics. Only the decoherence functional is different; both initial and final conditions are possible. This quantum mechanics is applicable to our universe. The final condition that best fits our data is complete ignorance. As was shown by Aharonov, Bergman, and Lebovitz A964) over twenty years ago and as more recently discussed by Griffiths A983) there is no arrow of time in this generalization of quantum mechanics. Because of the cyclic property of the trace, it is time symmetric! Of course, particular pi and p/ may be very different from one another producing an effective arrow of time for some physical phenomena, but there is no independent quantum mechanical arrow of time. The quantum mechanical formalism is time symmetric. In this generalization there is no built in notion of causality and it is not possible to have a notion of "state at a moment of time" from which probabilities can be extracted either for events in the past or the future. From this perspective the notion of the state of the system at a moment of time in Hamiltonian quantum mechanics is a consequence of our ignorance of the future. IV.3. Topology in Time As a third illustration of how closely our familiar formulation of quantum mechanics is tied to assumptions about spacetime, I would like to consider the question of constructing quantum mechanics on spacetimes whose time direction has a non- trivial topology.

THE QUANTUM MECHANICS OF COSMOLOGY 117 t" P( Fig. 8: An experiment in quantum cosmology. The figure shows a thought experiment in quantum cosmology. An ensemble of very large regions of the spacetime of the late universe, one of which is illustrated here, is constructed by preparing the state of the system according to the statistics of a density matrix pf across a large spatial region of extent L in the spacelike hypersurface t = t'. The region inside the large triangle (the future Cauchy development of the spatial region) is thus causally isolated from the initial condition of the larger universe. The ensemble of regions is refined by selecting the state on the surface t = t" according to the statistics of a density matrix pi. If pf oc I (a random selection of the state at t') the physics in the heavily outlined region should be indis- indistinguishable from that in a universe with an initial condition pi in which the quantum mechanical arrow of time is reversed from its direction in the larger universe. The statistics of the evolution of IGUSes in such re- regions, and the physical theories they induce, are in principle predictions of the quantum cosmology of the larger universe and are subject to exper- experimental test in such an ensemble! One expects that these IGUSes will, by induction, arrive at a quantum mechanics with a similar fundamental formula to that of the larger universe but with the quantum mechanical arrow of time reversed. If the ensemble is constructed with a pf not proportional to I then, one expects that the fundamental formula would have both initial and final conditions as in (IV.2.5). It is an empirical question whether or not we live in such a universe.

118 JAMES B. HARTLE An interesting example is the kind of wormhole spacetime discussed by Morris, Thome, Yurtsver A989) and others that is illustrated in Fig. 8. These axe not the four-dimensional wormholes that are the subject of this school. They are handles on three-dimensional space. The topology of spacetime is R X M3 with M3 being multiply connected. 15 14 13 12 II 10 9 8 7 6 5 4 3 2 I 0 Fig. 9: Closed timelike lines in a wormhole geometry. The figure shows a spacetime diagram (time upward) with two wormhole mouths (the shaded regions). The wormhole geometry is multiply connected so that it is possible to pass nearly simultaneously from points in one worm- hole mouth to another. The wormhole mouth on the left remains at rest in an inertial frame. The one at right is initially at rest with respect to the first at t = 0 but then begins to rotate about it. The figure shows the corotating frame and the readings of a clock at the center of each worm- hole mouth. As a consequence of time dilation in the rotating mouth, this spacetime has closed timelike curves of which one is shown. The dotted segment represents the nearly instantaneous passage through the wormhole throat. Imagine that before some time t = ts the wormhole mouths are at rest with respect to one another. At time ts they begin to rotate about one another and continue until a moment of time symmetry when they reverse their motion eventually coming to relative rest at time te. Before ts and after te there are no closed timelike lines and it is possible to define surfaces of constant time that foliate those portions of spacetime. In between ts and te, however, because of time dilation in the rotating wormhole mouth, there are closed timelike lines, as Fig. 8 illustrates. By going

THE QUANTUM MECHANICS OF COSMOLOGY 119 through the wormhole throat it is effectively possible to go backward in time. Such wormhole spacetimes are time orientable but not causal. It is clear that there is no straightforward Hamiltonian quantum mechanics in a wormhole spacetime between the surfaces ts and te. What would be the surfaces of the preferred time? How would unitary evolution of arbitrary states in the Hilbert space be defined in the presence of closed timelike lines? A generalized quantum mechanics of the kind we have been discussing, how- however, may be constructed for this example using a sum-over-histories decoherence functional. The three ingredients would be the following* 1) Fine-Grained Histories: For the fine-grained histories we may take single- valued field configurations, ф(х), on the wormhole spacetime. 2) Coarse Grainings: The fine-grained histories may be partitioned according to their values on spacetime regions.* Select a set of spacetime regions, specify an exhaustive set of ranges for the average values of the field in these regions, and one has partitioned the four dimensional field configurations into classes, {h}, that have the various possible values of the average field. For example one might specify averaged spatial field configurations on an initial constant time surface with i < ia and on a final constant time surface with t > te. The resulting probabilities would be relevant for defining the S-matrix for scattering from the wormhole. 3) Decoherence functional: A sum-over-histories decoherence functional is D(h, ft') = [бф f 6ф' Jh Jh' The integrations are over field configurations between some initial constant time surface to < is and some final constant time surface if > te. <Ao(x) and <Ao(x) nre the spatial configurations on the initial surface; their integral is weighted by the density matrix po. <A/(x) and ф'Л'х) are the spatial configurations on the final surface; their coincidence is enforced by the functional й-function. The integral over ф(х) is over the class of field configurations in the class ft. For example, if ft specifies that the average value of the field in some region lies in a certain range, then the integral is only over ф(х) that have such average values. Formally, this decoherence functional satisfies conditions (i)-(iv) of Section III.l. The results of Friedman et al. A990) on the existence of solutions to the classical initial value problem gives some hope that it may be well defined, at least for quadratic field theories. With the generalized quantum mechanics based on the three elements de- described above probabilities can be assigned to coarse-grained sets of field histories in the wormhole spacetime. These probabilities obey the standard probability sum rules. There is no equivalent Hamiltonian formulation of this quantum mechanics because this wormhole spacetime, with its closed timelike lines, provides no foliat- foliating family of spacelike surfaces to define the required preferred time. Nevertheless, the generalized theory is predictive. What has been lost in this generalization is any notion of "state at a moment of time" and of its unitary evolution in between This generalization was developed in discussions with G. Horowitz. Thus generalizing the causally consistent coarse graining discussed in Section IV. 1

120 JAMES B. HARTLE the surfaces te and t3. This is not surprising for a region of spacetime that has no well defined notion of "at a moment of time". IV.4. The Generality of Sum Over Histories Quantum Mechanics. What the examples of this Section argue is that the Hamiltonian formulation of quantum mechanics is closely tied to fixed spacetimes that admit a foliation by spacelike surfaces and that may have definite initial conditions but that must have ignorance of the future as a final condition. By contrast sum-over-histories quantum mechanics applies more generally to cases that do not have such a preferred time. Other examples would be interesting to investigate. A short list might include: field theories with interactions that are non-local in time (e.g. Bloch, 1952), field theory in identified flat spacetimes with interesting topology in time, particle path-integral quantum mechanics in spacetimes with interesting topology in time, theories with a discrete number of possible spacetimes, etc. However, in the next section I shall proceed directly to the case of quantum gravity where in general, there is no fixed spacetime. There I shall argue that the sum-over-histories formulation is the natural generally covariant way of constructing quantum mechanics. V. THE QUANTUM MECHANICS OF SPACETIME V.I. The Problem of Time V.I.I. General Covariance and Time in Hamiltonian Quantum Mechanics A consistent and manageable quantum theory of gravity is a central prerequisite for any quantum cosmology. Providing such a theory is the subject of intensive contemporary research in a variety of directions including string theory, general- generalized canonical quantum gravity, discrete spacetime models, low dimensional models, and non-perturbative approaches to the quantization of Einstein's theory. In all of these approaches, spacetime, whether a fundamental quantity or not, is a dynami- dynamical quantum variable rather than fixed and given as in all our previous discussion. Therefore, each of the theories, however they may differ on their assumptions con- concerning fundamental fields or their approach to the divergences of the theory, must confront the second count on which the usual framework of Hamiltonian quan- quantum mechanics is insufficiently general for quantum cosmology. This concerns the "problem of time".* The discussion of the preceeding sections shows that time plays a special and peculiar role in Hamiltonian quantum mechanics. What are the physical grounds for singling out one variable to play such a special role in the predictive formalism? They arise, I believe, from the fact that as observed on all directly accessible scales, over the whole of the accessible universe, spacetime does appear to have a fixed, classical geometry. It is this background geometry that supplies an unambiguous notion of time for quantum mechanics. In the spacetime of non-relativistic physics there is a preferred family of spacelike surfaces of constant Newtonian time that define the preferred time of non-relativistic quantum mechanics. In the spacetimes of special relativistic physics there are many foliating families of spacelike surfaces. There is thus an issue as to which defines the preferred time of quantum mechan- For classic reviews of the problem of time see Wheeler A979) and Kuchaf A981).

THE QUANTUM MECHANICS OF COSMOLOGY 121 ics. Causality, however, implies that the quantum mechanics constructed from one choice is unitarily equivalent to that for any other. All choices give equivalent results. In the quantum gravity of cosmological spacetimes there are no fixed back- backgrounds in general. In particular, in the early universe we expect quantum fluctua- fluctuations of spacetime. What then supplies the preferred time required by Hamiltonian quantum mechanics? Certainly it is not the classical theory of spacetime — Ein- Einstein's general relativity. That theory is generally covariant* and no one family of spacelike surfaces is preferred over any other. Further in the absence of a fixed background to define a notion of causality there is no evidence that the quantum mechanics constructed from two different choices of preferred spacelike surfaces are unitarily equivalent.! There is thus a conflict between the framework of Hamiltonian quantum mechanics and covariant theories of spacetime such as general relativity or string theory. This is the problem of time. The traditional route out has been to keep quantum mechanics "as is" and give up on spacetime. Perhaps there is a preferred family of spacelike surfaces in quantum mechanics. General covariance is thereby broken at the quantum level and the beautiful synthesis of Einstein and Minkowski can emerge only in the classical limit.J Perhaps there are other variables, now hidden, that would play the role of time in a Hamiltonian formulation of quantum gravity.** Perhaps in a theory in which spacetime is not a fundamental variable such a preferred time would be distinguished naturally. However, to formulate a Hamiltonian quantum mechanics with a time variable other than a family of spacelike surfaces in spacetime is, most honestly, a generalization of familiar quantum mechanics. All such generalizations have the obligation to show how the familiar formulation with spacelike surfaces as the preferred time variable emerges in appropriate limits. Each of the ideas described above could be right. However, in these lectures I would like to explore another way to resolve the problem of time. This is the idea that Hamiltonian quantum mechanics with its preferred time is an insufficiently * By a generally covariant theory I do not mean one which can be expressed in a form that is invariant under general coordinate transformations. Rather, as usual in general relativity, I mean a theory in which gravitational phenomena are described by the spacetime metric alone. Invariance can be accomplished for any theory by introducing sufficiently many tensor fields, say, those specifying a preferred family of spacelike surfaces. It is the absence of such fields — general covariance — that is the orgin of the problem of time in relativity. t See, e.g. Isham and Kuchaf A985) and the references therein. [ This is the approach taken in what is usually called canonical quantum gravity. A preferred time variable is identified from among the variables describing three- geometry. The Wheeler-DeWitt equation is reorganized as a "Schrodinger" equa- equation in this time variable and an inner product introduced in the remaining vari- variables. For reviews see again Kuchaf A981) and the discussion in Ashtekar and Stachel A991). By canonical quantum gravity we shall mean this kind of schema. We do not mean merely implementing the constraints as operator equations on su- perspace and neither do we mean the generalized canonical approach of Ashtekar and others (Ashtekar, 1988). ** See, e.g. the variety of ideas in Unruh and Wald A989), Brown and York A990), Henneaux and Teitelboim A989), and Hoyle and Hoyle A963).

122 JAMES B. HARTLE general framework for a generally covariant quantum theory of spacetime. I would like to pursue the idea that quantum theories of spacetime should be formulated in a generalized quantum mechanics in the sense of Section III that is generally covariant. In such a formulation Hamiltonian quantum mechanics would be but an approximation appropriate to those special initial conditions and those special coarse grainings in which spacetime is approximately classical and fixed and a no- notion of spacelike surface is defined. Further, I would like to sketch a particular sum-over-histories generalized quantum mechanics that is general enough to incor- incorporate both generally covariant theories without a preferred time and also theories that have such a variable.* In this way a preferred time and its associated Hamil- Hamiltonian quantum mechanics become a special property of certain theories, or an approximate property of the universe's initial condition, and not a prerequisite for the application of quantum mechanics to the geometry of the universe. V.1.2. The "Marveious Moment" As a response to the problem of time the idea is sometimes advanced that there is no fundamental notion of time. That it is sufficient for prediction to calculate probabilities for observation from a single wave function on a single spacelike sur- surface. That any notion of time is to be recovered from a study on that surface of the probabilities for the correlations between the indicators of clocks and other variables. That our impression of the past is but an illusion more properly viewed as correlations between records existing at the "marvelous moment" now.f That quantum general relativity is most properly viewed as a theory of space rather than a theory of quantum spacetime. However, to abandon spacetime just because there is no natural candidate for the ordering parameter in Hamiltonian quantum mechanics seems, to me, an over- reaction. While it is no doubt true that many interesting probabilities, especially in cosmology, are for observations that are more or less on one spacelike surface they do not exhaust those predicted by familiar quantum mechanics nor those that are important. As we saw in Section II.3, the objects of predictions in history are most hon- honestly correlations between present records. However, these correlations can be said to describe history only when theory implies a further correlation between records in the present and events in the past. Our ability to calculate such probabilities is central to our ability to organize and explain present data. It would be an im- impossibly complex task to predict from one wave function of the universe analysed solely in the present that similar dinosaur bones should be located in similar ge- geologic strata. The reason is that such correlations are not thereby distinguished from other correlations that exist in the present. The simple explanation for the observed correlation that similar dinosaur bones are located in similar strata is that dinosaurs did roam the earth many millions of years ago and their bones are per- persistent records of this epoch. It is by calculating probabilities between the past and * The ideas in this section were sketched in Hartle A986b) and have been.developed in Hartle A988ab, 1989b). For related sum-over-histories approaches to a covariant quantum mechanics of spacetime see Teitelboim A983abc) and Sorkin A989). f For modern versions of this idea see e.g. Page and Wootters A983), Wootters A984, 1986). The idea is an old one, see e.g. Augustine C99).

THE QUANTUM MECHANICS OF COSMOLOGY 123 different records today that correlations are predicted between these records. It is by such calculations that the probability for error in present records is estimated. Such calculations cannot be carried out solely on one spacelike surface. Many other interesting probabilities involve several spacelike surfaces. Just to describe in an objective way the subjective experience of the passage of time requires such probabilities. The correlations that distinguish classical spacetime axe between a sequence of spacelike surfaces. Similarly, the correlations satisfied by other classical dynamical laws involve many spacelike surfaces. A physical system can be said to behave as a good clock when the probability is high that the position of its indicator is correlated with the location of successive spacelike surfaces in spacetime. It may be that the search for unity between gravitation and other interactions will lead us to abandon as fundamental, time, space, or both. In this case a revision of the predictive framework of quantum mechanics seems inevitable. A distinction needs to be drawn, however, between such motivations and those arising from the preferred status of time in the familiar framework. Before we invoke the conflict between that familiar framework and covariant spactime as reason to abandon one of the most powerful organizing concepts of our experience, it may be of interest to see whether the familiar framework of quantum mechanics might be generalized a bit to apply to theories of spacetime. V.2. A Quantum Mechanics for Spacetime V.2.1. What we iVeed What we need is a generalized quantum mechanics in the sense of Section III that supplies probabilities for correlations between different spacelike surfaces, that does not prefer one set of spacelike surfaces to another, and that reduces approximately to Hamiltonian quantum mechanics when spacetime is classical in the late universe as a consequence of its initial condition. Such a generalized quantum mechanics is specified by the three elements: the set of fine-grained histories, a notion of coarse graining, and a decoherence functional. In this Section I shall describe an example of such a generalized quantum mechanics of spacetime. It is a sum-over-histories generalized quantum mechanics that assumes that spacetime is fundamental. This means, in particular, that the fine-grained histories are cosmological four geometries with matter field configurations upon them. There is considerable speculation that spacetime is not fundamental. Even in a theory where it is not, however, it must be possible to construct a coarse graining that defines spacetime geometry on scales modestly below the Planck scale and to construct an effective quantum theory of such coarse-grained histories. In such a theory one might expect the following schematic sequence of approximations to the decoherence functional: ^fundamentalh, h') ~ .DSpacetime(/l, h') ~ .DHamiltonian(Л, h ) . (V.2.1) The first approximate equality describes how a spacetime theory could be an ef- effective limit of the more fundamental theory. It would be expected to hold only for coarse grainings that define spacetime and matter fields on scales of about the Planck length and above. The second approximate equality, of the kind discussed in Section III.6, describes how Hamiltonian quantum mechanics with its preferred time is recovered from a generalized quantum mechanics of spacetime. It would be

124 JAMES B. HARTLE expected to hold only for coarse graining defining classical spacetimes in the late universe with quantum matter fields on them. Thus, the generalized sum-over-histories quantum mechanics to be described may be thought of either as a model for the kind of framework necessary in a more fundamental theory or as a representation of the effective theory of spacetime such a theory is expected to provide. V.2.2. Sum-Over-Histories Quantum Mechanics for Theories Without a Time I begin by describing generalized sum-over-histories quantum mechanics for theories with no preferred time. The three elements of this formulation are supplied as follows: 1) Fine-grained histories: The fine-grained histories are paths, Q"(t), in a configuration space that includes the physical time if there is one. The value of a parameter т along the path is not specified as part of a fine-grained history; only the path itself is specified. The parameter т is a label, useful in constructing a sum-over-paths, but not itself assigned a probability in general. Thus, in the Hamil- tonian quantum mechanics discussed in Section II, Qa = (t,ql). There, because the histories are single-valued in t, the time t could be used as the parameter r. No such time would exist, for example, for the quantum mechanics on the spacetimes of Section IV.3 that are multiply connected in time. 2) Coarse-grained histories: One type of coarse graining is defined by giving regions in the configuration space and partitioning the paths according to whether they pass through them or not (Fig. 10). Thus, with two regions Ri and B.2 there are the set of four exhaustive alternative classes of histories: hy. The paths that go through both regions Ri and R2 at least once. hi: The paths that go through Ri at least once but not Ri. /13: The paths that go through Ri at least once but not Ri. /14: The paths that go through neither R\ nor Ri- A coarser graining might be hi: The paths that go through Ri or R2 at least once. h%: The paths that go through neither Ri nor Ri. A finer graining might specify the exact number of times a path crosses a region. For the case of the quantum mechanics of Section II these regions were associated with a precise time, but in the discussion of the quantum mechanics of field averages they have extent in time. 3) Decoherence functional' In a sum-over-histories quantum mechanics this has the form D(hiyhj)= [ 6Qa f £Q'<v(W(r)]-s[<r"(r)])M . (V22) Jhi,C Jhj,C The sum over Qa(r) is over all paths in the class hi that satisfy certain initial and final conditions. The sum over Q'a(r) is similar but in the class defined by hj.

THE QUANTUM MECHANICS OF COSMOLOGY 125 — INITIAL . (j FINAL -—-^ R, \ ' 4 CONDITION CONDITION У ^\ Fig. 10: Coarse-grained histories for a sum-over-histories quantum mechanics for theories without a preferred time variable. The figure is a schematic illustration of a configuration space {Qa} that includes any physical time. The fine-grained histories are all possible paths thus space satisfying prescribed, initial and final conditions. A coarse-grained set of histories is a partition of the set of all paths into exhaustive and exclusive classes. The behavior of histories with respect to a set of regions can be used to define such a partition. The illustrated history is a member of the class that passes through regions R1 and R2 at least once but not through R3. In sum-over-histories quantum mechanics these conditions, C, include the initial condition of the universe (the initial p) and ignorance of the future or other final condition. We cannot expect such a quantum mechanics to have an equivalent Hamil- tonian formulation unless there are surfaces in the space of the Qa that the paths cross once and only once (Fig. 11). This was the lesson of Section III.4. Thus, we cannot expect to recover a notion of "state at a moment of time" (there is no time) or its unitary evolution. We have the predictibility without states and con- conservation of probability (represented by the probability sum rules) without unitary evolution.* One might have thought one could factor the sum over histories across any surface into a sum on one side of the surface times a sum on the other followed by a sum over the various ways the paths could cross the surface thereby defining states

126 JAMES B. HARTLE FINAL CONDITION Q, INITIAL CONDITION a Fig. 11: Hamiltonian quantum mechanics as a special case of general- generalized sum-over-histories quantum mechanics. If the fine-grained histories have the property that there is a set of surfaces that the paths cross once and only once, then it is possible to construct an equivalent Hamilto- Hamiltonian formulation for coarse grainings that are regions limited to these surfaces. As described in Section III.4 the sums over histories can be factored across such surfaces and the factorization used to define unitar- ily evolving states and their inner product on the preferred surfaces. V.2.3. Sum-Over-Spacetime-Histories Quantum Mechanics How does the sum-over-histories quantum mechanics described above look specifi- specifically for four-dimensional cosmological spacetimes? I shall first sketch the story in terms of words and pictures. More technical details of how to do the relevant sums over histories are sketched in Section V.3. The fine-grained histories in cosmology are all cosmological four-geometries with matter field configurations upon them. An example is the standard classical and then inner products on these surfaces. For sums-over-histories defined on a spacetime lattice this is indeed possible. However, as the lattice spacing becomes small the sum defining some particular way of crossing the surface (say, a fixed number of intersection points) vanishes. This is because the dominant paths are non-differentiable and the expected number of crossings is infinite. As a consequence no useful Hamiltonian quantum mechanics is recovered in the continuum limit. (Hartle, 1988a)

THE QUANTUM MECHANICS OF COSMOLOGY 127 Friedman evolution of a closed universe from the big bang to a big crunch. Of course, there are many other possible non-classical histories that must be assigned amplitudes quantum mechanically. These histories may be thought of as successions of three-dimensional geometries — an expanding and contracting three sphere in the case of the Friedmann universe. They may, therefore, be thought of as paths in the space of three-geometries and three-dimensional matter field configurations (Fig. 12). This can be made explicit by writing the metric in a gauge in which goo = -1 and goi = 0: = -dt'+hij(x,i)dxidxj . (V.2.3) BIG Fig. 12: Superspace. A coimological history is a four dimensional cosmological spacetime with matter fields upon it. A two dimensional representation of such a history is shown in the upper left of this figure proceeding from a big bang to a big crunch. In the gaussian gauge of (Z.S) a cosmological history can be thought of as a succession of three- dimensional geometries and spatial matter field configuration. Super- space is the space of such three-dimensional geometries and matter field configurations. A "point" in superspace is particular three-geometry and spatial matter field configuration. The succession of three-geometries and matter fields that make up a four-geometry and field history, therefore, trace out a path in superspace. The three-metric 7i,y(x,<) describes the three-geometry and t defines the succession of them. Fine-grained histories may thus be thought of as curves in the superspace

128 JAMES B. HARTLE of three-metrics, /i,j(x), and spatial matter field configurations x(x)i parameterized by the proper time t. Put differently, the Qa of the general discussion above are (t,hij(x),x(x)). Implicit in such a description is a limitation on the topology of the cosmological histories to be R. x M3 where M3 is some compact three-manifold. This, as we shall see in Section V.2.4, is not an essential limitation. The sums over geometries that define the decoherence functional could be extended to include geometries that bifurcate into separate universes, include wormholes, etc. However, to keep the discussion manageable let us, for the moment, make this simplifying assumption on topology. There are many kinds of coarse grainings of these fine-grained histories that might be of interest. Of course, the coarse grainings must be diffeomorphism in- invariant. That is the set of possible four-metrics describing possible cosmological histories must be partitioned into diffeomorphism invariant classes. Perhaps the coarse grainings which are most analogous to those used in familiar quantum me- mechanics are those associated with a set of non-overlapping regions in superspace, {.Ri}, that are invariant under three-dimensional diffeomorphisms. A history which passes through a region R once, has a sequence of foliating, spacelike, three-surfaces whose spatial geometries and matter field configurations are fixed within the error allowed by the region R. A history that passes through R twice would have two such regions, and so forth. Coarse graining by superspace regions that are thin in one direction can cap- capture the canonical notion of "at a moment of time". Consider, for example, a region of superspace which lies along a constant value of some scalar field, x, to be used as a "clock" and allows negligible variation in the value of that scalar field. A history which passes through such region once has one spacelike surface on which x has the specified value. A history which passes through such a region twice has two such regions, etc. A history passing through two such regions with different values of x, is a history which has two spacelike surfaces with different "times", x- By using the word "time" in this discussion I do not mean to imply that any of these variables is the preferred time of Hamiltonian quantum mechanics. I shall argue below that they are not. It is through such variables, however, that the canonical notion of configurations on several different spacelike surfaces is defined. More general regions can be considered that make use of the proper time in the full configuration space {t, Ау(х), х(х)}- For example, one could consider coarse grainings in which the proper time t was specified between spacelike surfaces labeled by X- Given a set of exclusive regions in the configuration space, the set of fine- finegrained histories can be partitioned into exhaustive and exclusive classes by their behavior with respect to these regions, exactly as in the general discussion of the preceding section. Exhaustive sets of coarse-grained sets of alternative histories histories thus can be defined. As a simple example, consider the coarse-grainings specified by one region R in superspace that is thin in the x direction. The fine- finegrained histories can be partitioned into the classes: ho : histories that never pass through R, hi : histories that pass through R at least once. These classes might be described as follows: hi is the class of histories that have at least one spacelike surface with the specified x, the specified range of 7i;y(x),

THE QUANTUM MECHANICS OF COSMOLOGY 129 and other matter fields, and any value of t. h0 is the class with no such spacelike surfaces. A more refined coarse graining would be ho : histories that never pass through R, hi : histories that pass through R once, J12 : histories that pass through R twice, hi : histories that pass through R three times, etc. In such a coarse graining the number of spacelike surfaces with given three-geometry and spatial field configuration in the four-geometry is specified. The above discussion of coarse graining is incomplete on at least two important physical issues that are topics for further research. 1) Which Coarse Grainings Make Sense? We know from non-relativistic quantum mechanics that it is possible to specify coarse grainings in words that make no sense when examined in the full light of the mathematics of functional integrals (e.g. Hartle, 1988a). Consider, for example, partitioning the fine-grained paths of a non-relativistic particle according to how many times they cross a segment of timelike surface. Such a partition can be defined in a lattice approximation to the sums over histories. In the continuum limit, however, the amplitude for any fixed, finite number of crossings vanishes. This is because the paths are non-differentiable and the expected number of crossings is infinite. Which of the coarse grainings of geometries sketched above fail to make sense in this manner? We need a more explicit and manageable definition of a sum over geometries to find out. 2) Which Coarse Grainings do We Use? Our observations fall far short of determining anything like the three-geometry on a spacelike surface or the spatial matter field configurations there. We deal with much coarser grainings of the uni- universe that are heavily branch dependent in the sense of Section II.8. How are they most honestly described as partitions of the fine-grained histories discussed above? With these caveats in mind, we can pass on to the third element of a gener- generalized quantum mechanics for spacetime — the decoherence functional. For sum- over-histories quantum mechanics the decoherence functional is naturally denned on a set of coarse-grained histories {hi} as D(hi,hj)= [ бдбф [ ^'ty'e^-^-si»'.*'])/* . (V.2.4) Jh;,C Jhj,C Here, 5 is the action for gravity and matter fields. The integral is over four- dimensional metrics, g, and field configurations, ф, that lie in the partition hj. The integral over g' and ф' is similarly denned with respect to the partition hj. It is assumed that the initial and final conditions on the histories are incorporated in the sum over histories as conditions, C, on the fine-grained histories in a way analogous to that discussed in Section III.3. These conditions may involve both hi and hj as in the conditions that enforce the coincidence of the final endpoints in (II.2.2). It is because of such conditions that B.4) does not factor. I shall not discuss the details of these conditions further because the exact forms representing, say, the "no boundary" initial condition and final ignorance are still open questions. I assume that they exist.

130 JAMES B. HARTLE In addition to the conditions, C, several other ingredients of the functional integral need to be supplied. These include specification of the parametrization of the sum-over-geometries, the measure, the gauge fixing machinery, and the contour of integration. A few aspects of these problems are discussed in the next subsection. Until they are specified equations like B.4) must be regarded as schematic forms. Using this decoherence functional, decoherent sets of histories can be iden- identified and probabilities assigned to them that approximately obey all the rules of probability theory. There is, in general, no possible choice of time variable such that this quantum mechanics of spacetime can be put into Hamiltonian form. For that to be the case, we would need a time function on superspace whose constant time surfaces the paths cross once and only once as in Fig. 11. There is none. Put differently, there is no purely geometrical quantity that uniquely labels a spacelike hypersurface. The volume of the universe, for example, may single out just a few surfaces in a classical cosmological history, but in quantum mechanics we must consider all possible histories. A non-classical history may have arbitrarily many surfaces of a given volume. While we do not recover a Hamiltonian formulation precisely and generally, we may recover it approximately in restricted domains of superspace, for special coarse grainings, and for particular initial conditions. Suppose, for example, that the initial condition were such that for coarse grainings defined by sufficiently unrestrictive regions of superspace, R, in a regime of three geometries much larger than the Planck scale, only a single spacetime geometry, g, contributed to the sum defining the decoherence functional (Fig. 13). Then if S[g, ф] = SE[g] + SM[g, Ф] , (V.2.5) we would have approximately D (hi, hj) ~ / 6ф f бф1 e*5».*!-^*'»/* . (V.2.6) Jhi,C Jhjfi The remaining sum over ф(х) defines the quantum mechanics of a field theory in the background spacetime g. Any family of spacelike surfaces in this background picks out a unique field configuration since the sum is over fields that are single-valued on spacetime. The field paths are then single-valued in any time defined by a foliating family of spacelike surfaces, there is a notion of causality, and we recover an ordinary field theory in the background spacetime g. Because the field histories are single valued in time the sums over fields may be factored across any spacelike surface of the geometry g, as in Section III.4, and an equivalent Hamiltonian formulation of this quantum mechanics recovered. Typical proposals for theories of the initial condition do not single out a single classical history for the late universe. It is hard, for example, to see how a sim- simple initial condition could summarize all the complexity we see in our particular history. Rather typical proposals, such as the "no boundary" proposal, predict an ensemble of possible decohering background, classical spacetimes. This will be dis- discussed in more detail in Section VI. In each member of the ensemble an approximate Hamiltonian quantum mechanics is the associated background spacetime could be constructed. If an initial condition does not predict decoherent quasiclassical space- time on familiar scales it is simply inconsistent with observation in a manifest way. It would be in this way that the familiar Hamiltonian framework of quan- quantum mechanics emerges as an approximation appropriate to the classical spacetime

THE QUANTUM MECHANICS OF COSMOLOGY 131 FINAL CONDITION SUPERSPACE INITIAL CONDITION Fig. 13: Recovery of Hamiltonian quantum mechanics in the late uni- universe. The figure shows a schematic representation of the superspace of three-geometries and spatial matter field configurations. The large three- geometries of the late universe are contained in the region surrounded by the dotted line. For some initial and final conditions it may be true that, for coarse grainings that fix spacetime geometry only on scales well above the Planck length, only a class of decoherent classical spacetimes contribute to the sum-over-histories defining the decoherence functional. The remaining sum over matter fields is then over histories that assume one and only one spatial field configuration on any of the spacelike sur- surfaces of the classical geometry. That sum then defines a decoherence functional for the matter fields that does have an equivalent Hamilto- Hamiltonian formulation. The possible preferred times are the preferred time directions of the classical spacetimes. In this way Hamiltonian quantum mechanics could be an emergent, approximate feature of the late uni- universe appropriate to those initial conditions and coarse grainings that imply approximately classical spacetime there. about our special position in the late universe as a consequence of its particular initial condition. V.2.4. Extensions and Contractions The extension of the quantum mechanics of spacetime described in the preceding subsections to topologies other than R X M3 presents no issues of principle. The

132 JAMES B. HARTLE fine-grained histories consist of the variety of manifolds allowed in the defining sums over histories with metrics and matter fields upon them. Coarse grainings are partitions of these fine-grained histories into exclusive classes. The decoherence functional would be constructed as in B.4) with additional sum over manifolds in the allowed class, for example as D(hi, hj) = У) u(M)u(M') I бдбф [ бд'бф1 ^MM' J h(,CW) Jhs,CW) (V.2.7) where u(M) is a positive weight on the class of manifolds summed over.* The further elements which need to be specified when topology is not fixed include the weight v(M) and the dependence of the action, 5, and conditions, C, on the manifolds. A more serious problem is to identify the physically meaningful coarse grainings. As the discussion in Sections V.2.2 and III.4 show, the predictions of sum- over-histories quantum mechanics can coincide with a Hamiltonian formulation for particular coarse grainings when histories are single-valued in a physical time. Thus, a sum-over-histories formulation is general enough to deal both with theories that have such a physical time and those that do not. Were there a physical time variable waiting to be discovered in spacetime theories, it might be still instructive to begin with a sum-over-histories point of view. Alternatively, a preferred time can be introduced into the theory by imposing restrictions on the class of fine-grained histories. To formulate a canonical quantum gravity in sum-over-histories terms first identify the extended configuration space {Qa} that includes the physical time. Then, within that space identify surfaces of constant time and restrict the fine- finegrained histories to paths that are single-valued in that time. Finally construct the decoherence functional according to B.2) for suitable action and measure. Consider by way of example, the popular choice of the trace of the extrinsic curvature, K, as a canonical time variable (Kuchaf, 1972, York 1972). We could consider a superspace consisting of К and the conformal three-metric ft,j(x). The fine-grained histories would then be paths in this superspace that are single-valued in K. Appropriate coarse grainings would define alternative values of /^j(x) and matter fields at given values of K. This choice of fine-grained histories is not generally covariant in the sense that term is used here because a general metric may have many surfaces of a given value of K. The canonical fined-grained histories are, therefore, a non-covariant restriction of the general set. Nevertheless the resulting quantum mechanics may still be of interest to investigate, and the sum-over-histories formulation may provide interesting an alternative tool with which to do so. V.3. The Construction of Sums Over Spacetime Histories I would now like to turn to the more technical issue of what one means by the sums over histories defining the decoherence functional. The particular method I It is assumed that the sum is over a class of manifolds that is classifiable. This is not the case for the class of all four-manifolds. For some discussion of this issue see Hartle A985b), Geroch and Hartle A986) and the references therein.

THE QUANTUM MECHANICS OF COSMOLOGY 133 shall employ, although still completely formal, will, through increased concreteness, shed some light on the diffeomorphism invariance of the theory and its connection with the role of a preferred time.* For true concreteness we should consider lattice techniques for computing sums over geometries using, say, the methods of the Regge calculus.f We were not able to construct a Hamiltonian quantum mechanics of spacetime that preserved the general covariance of the classical theory because Hamiltonian quantum mechanics required a preferred family of spacelike surfaces. One set of spacelike surfaces is as good as any other. However, there is a standard trick in quantum mechanics that is often useful in constructing amplitudes for theories with such symmetries. We extend the description of the histories with auxiliary labels that break the symmetry. We calculate amplitudes as always, but we make the rule that physically acceptable coarse grainings ignore these labels so that we sum amplitudes over them before squaring to calculate probabilities. The most familiar example is in the theory of identical particles. We can begin a discussion of N identical particles by introducing N coordinates, X,, i = 1, • • • , N where the label i distinguishes one particle from another. A general wave function ф(Х\, ■ ■ • , Xn) characterizes a state in which one particle is distinguishable from another. However, when we sum that wave function over different possible values of the label for each argument we symmetrize it. The symmetry reflects the indistinguishability of the particles and the unobservability of the label. Other examples are the use of gauge variant fields rather than gauge invariant ones to describe gauge theories and the use of an unobservable proper time label to describe the relativistic particle. In the language of decoherence functionals, the labels are treated differently from other variables in the final condition representing future ignorance. For ex- example, in the sum-over-histories decoherence functional of eq.(II.2.2) the final 8- function enforcing the coincidence of the paths at the final time does not involve the lavels. The final values of the label variables are summed separately in the ex- expression for the decoherence functional. Put differently but equivalently, the inner product defining the overlap between different branches in (II.4.4) is in the Hilbert space of physical variables. If it is represented in terms of wave functions on an extended configuration space, including the label variables, these labels must be integrated out of each wave function separately before constructing the overlap on the physical variables. We can do the same thing with time. We introduce labels for a preferred family of spacelike surfaces. We construct quantum amplitudes by the familiar rules using these surfaces as the preferred time. Since the labels are unobservable, we ignore these labels in all coarse grainings. By introducing auxiliary labels we break general covariance. By integrating over them we restore it. I will now work out this idea in some detail focussing, for convenience, on amplitudes rather than decoherence functionals. (It's then one sum-over-histories to write rather then two.) Isham and Kuchaf A985) have given a convenient formalism for the additional labels needed to describe a preferred family of spacelike surfaces in spacetime. A foliating family of spacelike surfaces is described by four functions, Х^(т,х'), that specify on which spacelike surface a point of spacetime lies and where it lies in the * The material in this subsection was reported in Hartle A989b). f See, e.g. Hamber and Williams A985, 1986ab), Hamber A986), Hartle A985a, 1986a, 1989a).

134 JAMES B HARTLE surface. We may think of these four functions as four additional scalar fields on the spacetime or more physically as the readings Xм = (T, Xm) of ideal clocks and rode that give a system of coordinates for spacetime. If, for definiteness, we further assume that the trajectories of the clocks at fixed Xm are orthogonal to the surfaces of constant T, then the spacetime metric in these special coordinates is da2 = -dT2 + smn{X,T)dXmdXn . (V.3.1) The time T of the preferred coordinates supplies the preferred time of quantum mechanics. The geometrical quantum variables are the components of the smn. Thus we write for a state ф=ф[Т,зтп(Х),Х(Щ- (V.3.2) This evolves by the Schrodinger equation -i~ + H^ = 0 (V.3.3) where H is the total Hamiltonian. For Einstein gravity we could construct H by the standard canonical procedure from the action £2SE = 2 / d3xVhK + / d*x^{R - 2Л) (V.3.4) J8M JM after C.1) has been substituted into it. (£ = A6nG)% is the Planck length in the units with h = с = 1 that are used throughout.) The inner product is (ф,ф') = J6smn6X i>(T,3mn,x)i>'(T,smn,x) ■ (V.3.5) In relativity, however, we should be able to state our results invariantly us- using any spacelike surface, not just the special surfaces of constant T. Indeed, it is important to do so to express the invariance of the theory under coordinate trans- transformations. Isham and Kuchaf A985) tell us how to do it. In a general system of coordinates Iм = (т, х') the metric C.1) is da2 = \-VaTVf,T + smnVaXmV0Xn} dxadxp. (V.3.6) Substitute this into the action C.4). One obtains an action that is a functional of the X*{x) and %n(i). Equivalently it may be thought of as a functional of the embedding functions and the three-metric /ц, on a surface of constant general coordinate т. This is because зтп and hij are related on that surface by Ay = smnD,XmDjXn + DiTDjT , (V.3.7) Di being the derivative in the surface.

THE QUANTUM MECHANICS OF COSMOLOGY 135 The action that results is for a parametrized theory in which the coordinates Xм have been elevated to the status of dynamical variables coupled to curvature. The theory is invariant under diffeomorphisms because the coordinates (т, х*) were arbitrary. It is not, however, generally covariant because gravitational phenomena are now described by four scalar fields Xм in addition to the metric. As a con- consequence of diffeomorphism invariance there are four constraints. Classically they can be written n"Pll + H{n*>,htj,nx,X) = 0, (V.3.8a) and (AA-")PM + 7й0г«,А«,*х,х) = 0 . (V.3.86) Here, H and Hi are the familiar Hamiltonian and momentum constraints of the classical theory - functions of the three-metric, Ay, its conjugate momentum, nt}, the scalar field, x, and its conjugate momentum, nx. P^ is the momentum conjugate to -XA n^pf, A4-] is the unit normal to the constant T hypersurfaces. It can be expressed in terms of the Xм and Ay alone because nM ос Ср»г(ВД""D^X'DsXT). Quantum mechanically the states are described by wave functions |,Ay(x),x(x)j (V.3.9) that satisfy operator forms of the constraints C.8) =^(^МхИ4х(х))! (v-310fe) Eq. C.10a) is the covariant form of the Schrodinger equation C.3) (i.e. the Tomonaga-Schwinger equation). Eq. C.3) follows from C.10a) by considering only variations in Ф that uniformly advance a surface of constant T. The additional con- constraints C.10b) ensure that Ф is independent of the choice of spatial coordinates, x1. So far, the formalism is an exotic version of quantum mechanics but familiar in all of its basic, aspects. Let us now turn to the calculation of probabilities. For simplicity suppose that the universe is in a pure state characterized by a wave function Ф[Хм,Ау,х]- The crucial decision in the calculation of probabilities is the status of the variables XM(x). If, as here, they are unobservable labels then amplitudes should be summed over them and then squared to yield probabilities for prediction. Thus, for example, the amplitude Ф[Ау, х] that a single spacelike surface in the geometry has a metric Ay(x) and a matter field configuration x(x) i Ф[Ау(х),Х(х)] = / ./foliations The integration is over all foliations of spacetime. In particular, the integration is over time, T, — both positive and negative values.

136 JAMES B. HARTLE In constructing the sum C.11) general covariance is restored, for if the Xa are integrated over diffeomorphism invariant range, the constraints C.10) imply* for Ф H(x)9 = 0, «4(х)Ф = 0. (V.3.12) Another way to see that covariance is restored is to show that the amplitude so denned can be restated as a sum over geometries and field configurations and nothing else. Eqs.C.10) are formally like the Schrodinger equation of ordinary quantum mechanics. In a familiar way, Ф could be constructed as a sum over hij(x), ф(х), and Х**(ж) that matches the initial condition and the arguments of Ф. The sum over X**(x) in C.11) is just that needed in addition to 7i;j(x) to sum over all four-geometries. From the form of the metric C.6), one sees that by summing over all the Х^(х) one is, in effect, summing over all the components of the metric — the goo, goi parts as well as the hij. There is a good deal of gauge mvariance in such a sum that must be fixed. Under an infinitesimal diffeomorphism, xa —> xa + (a(x), the scalar X* transform as X»(x) -> Х*(х) + r(i)VaI"(i) . (V.3.13) A diffeomorphism that maps a region of the manifold into itself must not affect the ranges of the coordinates xa; £a must, therefore, vanish on the boundaries. Thus, the values of XM(x) on the final surface cannot be transformed away. Put differently by a diffeomorphism we can arrange for goo = — 1 and goi = 0 in between two spacelike surfaces. These are, in fact, the coordinates of C.1). However, the specification of the surface of interest in such coordinates, XM(x), carries physical information — the location and orientation of the surface with respect to the initial condition. The integration over foliations thus includes, in particular, an integration over the physical time that separates the surface from the initial condition over both positive and negative values. Including both positive and negative values is necessary to ensure the constraints C.13) which express diffeomorphism mvariance. (See, e.g. Teitelboim, 1983a, Halliwell and Hartle, 1990.) V.4. Some Open Questions The slight improvement in concreteness afforded by the methods of the last section over the sketchy development of the preceeding one should not obscure the fact that there are many unresolved issues, both mathematical and physical, in this approach to a quantum kinematics of cosmology. Starting with the more technical issues, there is the issue of the measure and gauge fixing in the denning sums over geometries. A measure can be induced from the formal "Liouville" measure in the "Schrodinger" quantum mechanics thus supplying a kind of unitarity in the label time XM(x) But, how exactly is the sum-over-foliations to be carried out? It is not a simple functional integral because arbitrary functions XM(x) will not describe an imbedding that is non-self-intersecting. What exactly is the connection of the present discussion with Teitelboim's A983abc) propagator approach and how exactly is the machinery for diffeomorphism fixing to be implemented? Turning to more physical questions, there is the issue of how to implement specific proposals for the initial condition especially the "no boundary" proposal? What is the correct representation of final ignorance? What are the physically For more details see Halliwell and Hartle A990).

THE QUANTUM MECHANICS OF COSMOLOGY 137 appropriate and mathematically sensible coarse grainings to be allowed? What are the details of the recovery of the limit of Hamiltonian quantum mechanics when spacetime in classical? In particular, what is the exact connection between the observables of familiar quantum mechanics in fixed backgrounds and the regions of superspace? Are such regions enough? Are more complicated partitions of histories useful? How does transformation theory emerge? What is the objective mechanism for the decoherence of spacetime? That is, what are the sets of decohering histories with high classicality? How are the semiclassical rules shortly to be described to be justified in quantum cosmology? Finally, how is such a program to be carried out in more fundamental theories of quantum gravity such as string theory or in theories where spacetime is perhaps not even a basic variable? In view of these remaining issues, perhaps the main message that I would hope the reader would take away from this part of these lectures is just the following: The familiar structure of quantum mechanics is closely entwined with the assumption of a fixed background spacetime. If we are to have a generally covariant quantum theory of spacetime we may have to generalize this framework. Feynman's sum- over-histories framework may supply such a generalization in which Hamiltonian quantum mechanics emerges as an approximation appropriate to our specific initial conditions and our special place in the late universe. VI. PRACTICAL QUANTUM COSMOLOGY VI. 1. The Semiclassical Regime The aim of the quantum mechanics of cosmology described in the previous sections is to extract predictions for correlations among observations of the universe today from a theory of its dynamics and its initial condition. By and large, however, the framework has not been applied in detail to produce predictions from anything that might be called a theory of the initial condition. The historical reason is that theories of the initial condition, and the quantum mechanical framework for extracting predictions from these theories, are developing together. Earlier work has, for the most part, focused on predictions of the ensemble of possible classical spacetimes of the late universe. This is the prediction that can be confronted most directly with observation. Practical prescriptions for extracting predictions of classical spacetime from the wave function of the universe were developed by analogy with non-relativistic quantum mechanics. By and large, these prescriptions assume the decoherence of alternative classical spacetimes and identify the form of wave functions from 'which one can expect classical correlations in time. These are (as of mid 1990) the rules for practical quantum cosmology. It seems appropriate to review them, if only to pose the problem of justifying them in terms of a more precise quantum framework such as that of Section V. VI.2. The Semiclassical Approximation to the Quantum Mechanics of a Non-Relativistic Particle. Let us recall how the semiclassical approximation works in non-relativistic quantum mechanics. Suppose we are given at t = 0, an initial wave function ф(Х). Then the amplitude to arrive at position X at time t having passed through position intervals

1M JAMKS В HARTLE Д1 • • • Д„ at time tu ■■■,(„ is (see, e.g. Caves, 1986, 1987, Stachel, 1986): 6X е = f dX0 f The sum is over all the paths that start at Xo at t = 0, pass through the intervals Д1, • • •, Д„ at the appointed times, and wind up at X at time t (Fig. 14). We recover classical dynamics when this path integral can be done by the method of steepest descents. For then, only when Д1, • • •, Д„ lined up so that a classical path from Xo to X passes through them will the amplitude B.1) be non-vanishing. Classical correlations are thus predicted. Classical correlations are, however, as we know from Section II, only one aspect of classical behavior. The other is deco- herence. However, here I am assuming, as in Section 11.10, that the particle has been localized in intervals Д1, ■ • •, Д„ by a "measurement" so that decoherence is accomplished by the interactions of the localizing apparatus with the rest of the universe. Whether a steepest descents approximation is appropriate for the path inte- integral depends on the intervals Aj, • • • , Дп, the times i\,- ■ ■ ,tn, and the initial wave function ф(Х). The Дх,---,ДП must be large enough and the times ti,---,tn separated enough to permit the destructive interference of the non-classical paths by which the steepest descents approximation operates. But, ф(Х) must be right as well. There are a number of standard forms for Ф{Х) for which the steepest descents approximation can be seen to be valid. For example, if ф(Х) describes a wave packet with position and momentum denned to an accuracy consistent with the uncertainly principle, and the time intervals between the tk are short compared with the time over which it spreads, and the Да are greater than its initial width, then only a single path will contribute significantly to the integral — that clas- classical path with the initial position and momentum of the wave packet. Another case is when ф(Х) corresponds to (wo initially separated wave packets. Then, (wo different classical paths contribute to the steepest descents approximation to B.1) corresponding to the two sets of initial data. A unique classical trajectory is not predicted but rather one of two possible classical evolutions each with some prob- probability. That is, given one of the A's a classical correlation of the rest is predicted. More precisely, the conditional probability for a particular classical trajectory given that the particle passed through an interval that lies on one and not on the other is a number near unity. In general, therefore, a rather detailed examination of ф(Х) is needed to determine if there are classical correlations predicted and what they are. However, there is a simple case where these predictions can be read off immediately. This is when the wave function ф(Х^) is well approximated by a linear combination of terms like , t) e±is(-x-t)'h (VI.2.2) where A(X,t) is a real slowly varying function of X and S/Ъ, is a real, rapidly varying function of X. Eq.B.2) thus separates ф into a slowly varying prefactor and a rapidly varying exponential. It follows from the Schrodinger equation^in these circumstances that 5 is a classical action approximately satisfying the Hamilton- Jacobi equation f(fH (VL23)

THE QUANTUM MECHANICS OF COSMOLOGY 139 Fig. 14: The semiclassical approximation to the quantum mechanics of a non- relativistic particle. Suppose at time t = 0 the particle is in a state described is a wave function ф(Хо)- Its subsequent evolution exhibits classical correlations in time if successive determinations of position are correlated according to classical laws, that is, if the amplitude for поп-classically correlated positions is near zero. The existence of such classical correlations is, therefore, a property not only of the initial condition but also the coarse graining used to analyse the subsequent motion. Classical correlations are properties of coarse-grained sets of histories of the particle. The amplitude for the particle to pass through intervals Ai,A2,---,An "Л times ti,---,tn and arrive at X at t is the sum of exp (iS) over all paths to X(t) that pass through the intervals, weighted by the initial wave function. For suitably spaced intervals in time, suitably large intervals Д;, and suitable initial wave function ф, this sum may be well approximated by the method of steepest descents. In that case, only when the intervals Д; are aligned about a classical path will there be a significant contribution to this sum. Classical correlations are thus recovered. How many classical paths contribute depends on the initial condition ф(Хо). If, as illustrated here, it is a wave packet whose center follows a particular classical history then only that particular path will contribute significantly. By contrast, if ф is proportional to exp [iS(Xo)] for some classical action S(Xq), then all classical paths that satisfy mX = dS/дХ will contribute. Then the prediction is of an ensemble of classical histories, each one correlated accords the classical equations of motion.

140 JAMES B. HARTLE where H is the Hamiltonian: • (VL2-4) The forms B.2) are called semiclassical approximations. When the semiclassi- cal approximation B.2) is inserted in B.1), the functional integral and the integral over Xo are integrals of a slowly varying prefactor with a rapidly varying exponent. This is immediately of the form for which the steepest descents approximation will be valid for suitable intervals Д1, • • •, Д„ and times t1; • • • , tn. Like the two wave packet example above, a unique classical trajectory is not predicted. The wave function B.2) is not peaked about some particular initial data. In fact, by the slowly varying assumption for Д, it treats many .Xo's equally. However, the wave function B.2) does lead to the classical connection between position and momen- momentum implied by the action S. If ф is integrated over a wave packet of appropriate width, centered about Xo, then, because S(X) = S(X0)+ [~) (X-Xo) + --- (VI.2.5) only momenta satisfying the classical relation P = § (VI.2.6) will contribute significantly. The width of the packet must be wide enough to allow for rapid variation of exp(iS/h) but not so wide that higher terms in the expansion B.5) are important. Thus, for suitable subsequent intervals Д; and times, tj, • • • , tn a semiclassical wave function predicts not one classical trajectory, neither all of them, but just those for which the initial momenta are related by B.6) for the particular classical action S. It thus predicts an ensemble of classical trajectories, each differing from the other by the constant needed to integrate B.6). The prefactor Д is also of significance. |A(Xo,O)|2 is probability of an initial Xo- Given that subsequent values of X are correlated by the classical trajectory with this initial X and the initial momentum B.6), |Д(Х0,0)|2 may be thought of as the probability of a particular classical trajectory crossing the surface t = 0, although the variation over trajectories is necessarily weak. The order h implication of the Schrodinger equation is that / >-,c>\ = 0 (VI.2.7) dt v so that the probability density |Д|2 is conserved along the trajectories. VI.3. Semiclassical Prediction in Quantum Cosmology The conclusion of the above analysis in particle quantum mechanics is that when the wave function is well approximated by a semiclassical form that is a linear combination of terms like B.2), then it predicts that sufficiently crude observations of position and momentum will be correlated along one of the classical trajectories

y/hK + f dixy/^(R - 2Л) (VI.3.2) Jm THE QUANTUM MECHANICS OF COSMOLOGY 141 in the ensemble determined by the action S with a relative weight proportional to the prefactor squared. In quantum cosmology this conclusion is generalized to superspace to provide a direct prescription for extracting semiclassical predictions from the wave function of the universe. This generalization has been widely discussed in the literature and I shall only briefly review it here. For more details and references to earlier literature, the reader might consult the papers of Halliwell A987) and Padmanabhan and Singh A990). The wave function of the universe is the amplitude Ф[Л^-(х), х(х)] introduced in (V.3.11) that the universe has a spacelike surface with three-metric Л.;Дх) and three-dimensional matter field configurations x(x)- This wave function is fixed by the initial condition. For example, in the "no boundary" proposal, it is prescribed directly as a certain Euclidean functional integral as described in the lectures of Halliwell in this volume. To illustrate a possible semiclassical approximation to Ф consider a linear combination of terms of the form. Ф [A0-(x),x(x)] = A[Mx)]e±i5o[fc°'(xI/'V [Ay(x),x(x)] , (VI.3.1) where Д and ф are slowly varying functionals of Л.;,(х) and So[hij(x)]/£2 is a real classical action for gravity alone. That is, So[A.;j(x)] is the action So =2 I JdM evaluated along a particular extremum having the metric A,-j(x) on dM. (Here, as usual I = A67TGI/2 is the Planck length and Л is the cosmological constant.) Which extrema contribute to C.1) is determined by the initial condition. We shall return to the conditions that separate Д from ф in a moment. The action So[/i,-j(x)]/^2 satisfies the classical constraints (Peres, 1962, Ger- lach, 1969) e2Gijkt(x)nij(x)nkt(x) + r2h2 BЛ -3 Д(х)) = 0 , (VI.3.3a) £>,V>(x) = 0 , (VI.3.3b) where the momentum t'j(x) conjugate to A.jj(x) is ^w = щ& ■ (VL3-4) In these equations D; is the derivative constructed from the metric hij(x), 3Л(х) is that metric's scalar curvature and Gijkt = §/T2 (hikhjt + hithjk - htjhkt) . (VI.3.5) The gradient C.4) defines a vector field on superspace and its integral curves are the classical spacetimes that give rise to the action So- For example, if we work in the guage where four-metrics have the form ds2 = -dr2 + h{j(T, xjdx'dx' , (VI.3.6)

142 JAMES B. HARTLE then eq.C.4) becomes 8S° . (VI.3.7) Integrating C.7) we recover a four-metric C.6) that satisfies the Einstein equation. The values of ф along such an integral curve define ^asa function of r ф = ф [hair, x), x(x)] = ф [t, x(x)] . (VI.3.8) The wave function Ф[Л.^(х),х(х)] must satisfy the operator form of the con- constraints (V.3.12) that implement the underlying gravitational dynamics. The three momentum constraints, ?<;Ф = 0, guarantee that Ф is independent of the choice of coordinates in the spacelike surface. The fourth constraint may be written out formally as "Н(х)Ф = \-fVl + Г2кЦ2А -3 R) + h2Tnn(x, -iS/Sxil Ф = 0 . (VI.3.9) Here, r2 / linear derivative \ V^ = GijH(x) + I terms depending I (VI.3.10) ij\ ) kt\ ) у on factor ordering у and Tnn is the stress-energy of the matter field projected into the spacelike surface (the Hamiltonian density) expressed as a function of the matter field x(x) and the operator —ie/ex^x.) corresponding to its conjugate momentum. This fourth con- constraint is called the Wheeler-DeWitt equation (DeWitt, 1967, Wheeler, 1968). The implications of the Wheeler-DeWitt equation C.9) for that part of the semiclassical approximation that varies slowly with three-metric may be found by inserting the approximation C.1) into C.9), using the Hamilton-Jacobi equation C.3a), and ne- neglecting second derivatives of slowly varying terms with respect to the three-metric. The result is an equation for Аф that can be organized in the following form: SSo &Ф (VI.3.11) We now impose the condition that the two terms in C.11) vanish separately. This defines the decomposition of the slowly varying part, Аф, into Д and ф. The condition on the ф resulting from C.11) may be rewritten using C.7) and C.8) as This is the Schrodinger equation in the field representation for a quantum matter field x executing dynamics in a background geometry of the form C.6). . The condition on Д arising from C.11) implies the following relation -°- (™лз)

THE QUANTUM MECHANICS OF COSMOLOGY 143 This is the equation of conservation of the current \A\2(SSo/Shij) in superspace. It is the analog of the similar relation B.7) in non-relativistic quantum mechanics. Indeed, in view of C.7), this is just the statement that the "density in superspace", |Д|2, is conserved along classical trajectories, the integral curves of C.7). The Schrodinger equation C.12), the conservation law C.13), and the analogy with non-relativistic quantum mechanics suggest the following rule for extracting predictions from a semiclassical approximation: Wave functions of the form C.1) predict that sufficiently coarse-grained histories of spacetime variables will be cor- correlated as on one of the classical spacetimes in the ensemble defined by So[^i>(x)l through C.7). The various possible classical histories occur with a probability weight proportional to |Д|2 reflecting the specific initial condition.* The ensemble includes the spacetimes predicted by each contributing action if several different terms of the form C.1) contribute to the semiclassical approximation. For coarse- coarsegrained histories involving matter fields as well as spacetime variables, the quantum mechanics of the matter fields will be that of field theory in one of the classical spacetimes in the ensemble. In short, a semiclassical wave function that is a super- superposition of terms like C.1) predicts classical spacetime and quantum matter field theory in that classical curved spacetime. Many other semiclassical approximations are possible besides the one based on the form C.1) and the action C.2). For example, an approximate form in which both spacetime and some matter variables behave classically would involve an action defining the rapidly varying part of the wave function which depended on both kinds of variables. One can consider ensembles of classical geometries driven by expectation values of matter fields in which the constraints C.3) contain such terms as sources. Systematic approaches to obtaining such approximate wave functions by expanding the solutions to the Wheeler-DeWitt equation in powers of the inverse Planck length have been extensively discussed.| Indeed, it is essential to consider approximations with both matter and geometry behaving classically since the late universe is certainly not a solution of the vacuum Einstein equation. The defining feature of all these semiclassical approximations is the separation of the wave function into a part rapidly varying in certain variables governed by a classical action and a more slowly varying part. There are different approximations depending on what variables are distinguished in this way. Of course, there is no necessity for a theory of the initial condition to imply a wave function that can be well approximated by any semiclassical form like C.1), * The conserved current can be used to define a probability density on classical tra- trajectories. More precisely, this is the relative probability that a classical trajec- trajectory crosses one part of a surface in superspace orthogonal to these trajectories rather than crossing another part. It is the conservation of current expressed by eq.C.13) that makes the interpretation consistent and natural as has been stressed by Vilenkin A988). This is consistent with thinking of |Ф|2 as a probability density on superspace because a flux through a hypersurface is related to the integrated su- superspace probability density over a volume behind the hypersurface with a thickness proportional to the local velocity. In a semiclassical approximation these notions are all defined and both ways of calculating a probability density on classical tra- trajectories agree. Thanks are due to D. Page and A. Vilenkin for a discussion on this point. I See, e.g. Halliwell A987) and Padmanabhan and Singh A990) for discussion and further references

144 JAMES B. HARTLE but it is likely that successful theories will. The reason is that a successful theory must predict classically behaving spacetime on scales above the Planck length in the late universe. If it does not it is simply inconsistent with observation in a manifest way. A wave packet, not of the form C.1), could still imply classical behavior and indeed a particular classical spacetime. But a single classical history with all the complexity of the present classical universe is unlikely to be predicted by a simple theory of initial condition. An ensemble of possibilities not strongly preferred one to the other in most features seems more natural. Present theories do, by and large, predict the classical behavior of spacetime through semiclassical forms like C.1). As a simple application of this discussion which is relevant for this school, consider the prediction of the value of the cosmological constant. We determine the present effective value of the cosmological constant by fitting the observed data on the expansion of the universe with solutions of Einstein's equation. A probabilistically distributed cosmological constant would be a consequence of an initial condition that predicted an ensemble of classical universes, some with one value of the effective Л, measured by the expansion of the universe, some with another. The associated wave function of the universe would be well approximated by a semiclassical approximation. An example is the form: Ф [Лу(х),Х(х)] и JdAA [fcy(x),A] cos (S0[fcO-(x), x),A,X(x)) . (VI.3.14) Universes with different Л would, therefore, be predicted with a relative weight proportional to |Д|2. It is argued elsewhere in this volume that, in the no boundary proposal, a sum over wormhole topologies can be replaced at low energies by such an integral over an effective Л and further that Д will be essentially arbitrarily sharply peaked about Л = 0. The point to stress here is that, since the cosmological constant is determined from the large scale motion of the classical universe, it is through a prediction of the ensemble of classical possibilities and their relative weights that we most honestly have a prediction of its value. The above prescription for extracting semiclassical predictions from a wave function for the universe is perhaps compelling on the basis of its analogy with non-relativistic quantum mechanics. However, it should be possible to justify this prescription on a more fundamental basis than this analogy as, for example, it is justified in non-relativistic quantum mechanics in Section VI.2. Specifically, it should be possible to supply a quantitative answer to the questions: How good an approximation does a semiclassical form like C.1) supply to the genuine probabili- probabilities of the theory? How small are the probabilities for non-classical behavior of a set of alternative histories that are coarse-grained according to the above prescription? As in the non-relativistic quantum mechanics of Section VI.2, answers to such questions require the probabilities for sets of histories involving coarse-grained al- alternatives on more than one spacelike surface. A wave function of the universe on a single spacelike surface will not be sufficient. What is needed first is an analysis of the decoherence of coarse-grained spacetime histories in the context of a general- generalized quantum mechanics like that of Section V. Suggestive calculations of spacetime decoherence phenomena have been made by several authors (e.g. Zeh, 1986, 1988, Kiefer, 1987, Fukuyama and Morikawa, 1989, Halliwell, 1989, and Padmanabhan, 1989) but not for sets of alternative histories. Then a calculation of the probabil- probabilities for patterns of classical correlation in such sets of decoherent histories needs
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152 JAMES B. HARTLE APPENDIX: BUZZWORDS Only a casual inspection of the literature reveals that many interpreters of quantum mechanics who agree completely on the algorithms for quantum mechan- mechanical prediction, disagree, often passionately, on the words with which they describe these algorithms. This is the "words problem" of quantum mechanics. The agree- agreement on the algorithms for prediction suggests that such disagreements may have as much to do with people as they do with physics. This does not mean that such issues are unimportant because such diverging attitudes may motivate differ- different directions for further research. However, it is important to distinguish such motivation from properties of the theory as it now exists. A few "buzzwords" characterize the words problem for quantum mechan- mechanics. They are phrases like "reduction of the wave packet", "many worlds", "non- locality", "state", etc. These are words that evoke or challenge some of the core assumptions that guide physicists in their work. To avoid confusion among the variety of preconceived meanings commonly held for such terms, they have been avoided in the preceding discussion. Now, in this appendix, it seems appropriate to return to a brief discussion of the author's attitudes and preferences concern- concerning these words (circa mid-1990). These comments are collected together in this appendix to stress that they are not essential to the preceding discussion and to emphasize that they represent nothing further than the author's own preferences and opinions in these matters. The text's discussion of the quantum mechanical process of prediction for closed systems is self-contained as far as it goes and the material in this appendix may be dispensed with. Alternatively, the reader may choose different words with which to surround the discussion and different attitudes to it. In this spirit no attempt has been made to describe, discuss, confront, or refer to other discussions of these words. 1. State. In classical physics there is a description of a system at a moment of time that is all that is necessary to both predict the future and retrodict the past. The most closely analogous notion in quantum mechanics is the effective density matrix, pefi(t), of eq. (II.3.4) expressed either in the Heisenberg picture, as there, or in the Schrodinger picture. However, this quantum mechanical notion of "state at a moment of time", has a very different character from the classical analog. The future may be predicted from рек alone but to retrodict the past requires, in addition, a knowledge of the initial condition. (See Section II.3.) The quantum mechanical notion of state is, therefore, already considerably weaker in its power to summarize probabilities than its classical analog for deterministic theories. It is important to distinguish the notions of "state at a moment of time" represented by pefi(t) in the discussion in Section II from the initial condition of the system represented by the initial Heisenberg p. Both are commonly referred to as the "state of the system". However, the conclusion of the discussion in Sections III and IV is that while an initial condition, or its equivalent, is an essential feature of the quantum mechanical process of prediction, a notion of "state at a moment of time" is not. As Section II shows, the familiar theory may be organized without this notion. When, as in quantum theories of spacetime, such as that in Section V, there is no well defined notion of time it is unlikely that it is possible to introduce a notion of "state at a moment of time". , 2. Reduction of the Wave PacJcet. Two senses of this phrase can be distin- distinguished. The first concerns the updating of probabilities by an IGUS on acquisition of information. The second concerns the evolution in time of the effective density matrix, pefi(t), corresponding to the notion of "state at a moment of time". I shall

THE QUANTUM MECHANICS OF COSMOLOGY 153 consider these senses separately, first for the quantum mechanics of closed systems. Then I shall discuss the evolution of the effective density matrices, /9S)eff(t), of sub-systems under observation in the Copenhagen approximation. Much has been made of the normalization of joint probabilities that occurs in the calculation of the conditional probabilities for prediction [eq. (II.3.2)] or retrodiction [eq. (II.3.3)]. An IGUS utilizing these formulae would update the conditional probabilities of interest as new information is acquired (or perhaps lost). There is, however, nothing specifically quantum mechanical about such updating; it occurs in any statistical theory. In a sequence of horse races the joint probabilities for a sequence of eight races is naturally converted, after the winners of the first three are known, into conditional probabilities for the outcomes of the remaining five races by exactly this process. All probabilities are available to the IGUS, but, as new information is acquired, new conditional probabilities become relevant for prediction and retrodiction. For those quantum mechanics of closed systems that permit the construction, according to (II.3.4), of an effective density matrix, pefi{t), to summarize present information for future prediction, the process of the reassessment of probabilities described above can be mirrored in its "evolution" according to the following rule: The effective density matrix, pefi(t), is constant in the Heisenberg picture between two successive times when data is acquired, tk and tk+i- When new information is acquired at tk+i, pefi(t) changes by the action of a new projection on each side of (II.3.4) and division by a new normalizing factor. One could say that "the state of the system is reduced"* at tjt+i. It might be clearer to say that a new set of conditional probabilities has become appropriate for future predictions and therefore a new pefi(t) is relevant. It should be clear that in the quantum mechanics of a closed system this "second law of evolution" for peff(t) has no special, fundamental status in the theory and no particular association with a measurement situation or any physical process. It is simply a convenient way of organizing the time sequence of probabilities that are of interest to a particular IGUS. Indeed, as the development of Section II shows, it is possible to formulate the quantum mechanics of a closed system without ever mentioning "measurement", "an effective density matrix", its "reduction" or its "evolution". Further, as in the framework for quantum spacetime discussed in Section V, there may be quantum mechanical theories where it is not possible to introduce an effective density matrix at all, much less discuss its "evolution" or "reduction". It is in the ideal measurement model of Section 11.10, upon which the Copen- Copenhagen approximation to quantum mechanics is based, that we can connect the reassessment of probabilities with the "reduction of the wave packet" on measure- measurement. There, as can be seen from (II.10.8), [cf. (II.3.4)-(II.3.5)] the effective density matrix. №L(>4(L(Q summarizes present information for future prediction of the subsystem under ob- observation. Every projection operator in (A.I) is part of a measurement situation Typically it is not reduced very much! The P'a of a coarse graining of a typical IGUS fix almost none of the variables of the whole universe and therefore corre- correspond to very large subspaces of its Hilbert space. Most variables are still available, untouched, for future projections.

154 JAMES B. HARTLE in this idealized model. That is, in the larger universe of apparatus and subsystem each projection is exactly correlated with an exactly decohering record variable. Thus, it is possible to say that /9S]eff(*) is constant in between measurements (in this Heisenberg picture), but is "reduced" at a measurement. Two remarks may be useful concerning the "reduction of the wave packet" in the Copenhagen approximation. First, again, the quantum mechanics of a sub- subsystem under observation may be formulated directly in terms of probabilities for histories [eq. (II. 10.6)] without an effective density matrix or its reduction. To introduce these notions is, therefore, to some extent a choice of words. Second, and more importantly, the association of the "reduction" with "measurement" is a special property of the ideal measurement model. This has suggested to some that there is a physical mechanism behind the reduction of the wave packet. However, in the more general situations in which a closed system is considered, there is no necessary association of "reduction" with a measurement situation. Do the Everett class of interpretations eliminate the "reduction of the wave packet"? Some have said so. (Everett 1957, DeWitt 1970). The argument is crudely that only probabilities for correlations at one moment of time — the "marvelous moment now" — are of interest. For these peff = p and no further reduction need be contemplated. However, in general, probabilities for histories involving more than one time are of interest and for these sequences of projections are necessary. (See Section V.I.2.) Then, the Everett interpretation can, if one so chooses, be formulated in terms of a /9eff(t) that is "reduced". On the other hand, the "re- "reduction of the wave packet" is not a necessary element of a quantum mechanics of cosmology. If one chooses, it need never be mentioned. It is, thus, no less necessary or more necessary in the Everett class of formulations than it is in the Copenhagen approximation to it. Its a matter of words. In a generalized quantum mechanics these words may not even be possible. З.ТЪе Measurement Problem. Quantum mechanics does not predict a partic- particular history for a closed system; it predicts the probabilities of a set of alternative histories. This is the case even when the histories constitute a quasiclassical domain and refer to the "macroscopic" description of objects consisting of many particles. Some describe this state of affairs as the "quantum measurement problem" or even the "quantum measurement paradox". However, such words can be confusing be- because there is no evidence that quantum mechanics is logically inconsistent, no evidence that it is inconsistent with experiment, and no evidence of known phe- phenomena that could not be described in quantum mechanical terms. If there is a "quantum measurement problem", therefore, nothing said in this exposition of quantum mechanics will resolve it. It is not a problem within quantum mechanics; rather it seems to be a problem that certain researchers have with quantum mechanics. Some find quantum mechanics unsatisfactory by some standard for physical theory beyond consistency with experiment. The intuition of others suggests that in domains where the predictions of quantum mechanics have not yet been fully tested an experimental inconsistency will emerge and a different theory will be needed. For example, perhaps the interference between "macroscopically" different configurations predicted by quantum mechanics will not be observed. (See, e.g. Leggett, 1980, Tesche, 1990). What'is needed to meet such standards, or to resolve such experimental inconsistencies, should they develop, is not further research on quantum mechanics itself, but rather a new and conceptually different theoretical framework. It would be of great interest to have serious and compelling alternative theories if only to suggest decisive experimental

THE QUANTUM MECHANICS OF COSMOLOGY 155 tests of quantum mechanics. 4. Many Worlds. Quantum mechanics describes sets of alternative histories of the universe and within a given set one cannot assign "reality" simultaneously to different alternatives because they are contradictory. Everett A957), DeWitt A970) and others have described this situation, not incorrectly, but in a way that has confused some, by saying that all the alternative histories are "equally real". What is meant is that quantum mechanics prefers no alternative over another except through its probability. The author prefers the term "many histories" to "many worlds" as less con- confusing and less inflammatory. However, either set of words, and no doubt others as well, may be used to describe this theoretical framework without affecting its predictive content. 5. Non-Locality. In an EPR or EPRB situation a choice of measurements, say crx or (Ту for a given electron, is correlated with the behavior of crx or cry respectively for another electron because the two together are in a singlet spin state even though widely separated. A situation in which an IGUS measures the a-component of the spin decoheres from one in which the y-component is chosen, but in each case there is also a correlation between the information obtained about one spin and the information obtained about the other. This behavior is called "non-local" by some authors. However, it is straightforward to show very generally using techniques of the present formulation that it involves no non-locality in the sense of quantum field theory and no signaling outside the light cone. (For alternative demonstrations cf. Ghirardi, Rimini, and Weber, 1980, Jordan, 1983.) Consider the ideal measurement model discussed in Section 11.10. In a partic- particular Lorentz frame, let {^(tj)} correspond to a set of alternatives at time tj but localized in space. For example, the projection operators ^(ti) might be projec- projections onto ranges of field averages at time tj over a certain spatial region Ri. Let {a^2(<2)} be another set of alternatives at a later time t2 defined for a region Д2 every point of which is sp&celike separated from every point of Ri. Let the initial density matrix be p,. These alternatives are assumed to decohere because they are measured as described in Section 11.10. If no measurement is carried out at time tj, the probability of finding alter- alternative c*2 at the later time ti is p»o m«.(«a) = *»• №,(**)/>.] • (A.2) If a measurement is carried out at time tj, but the results are not known (because they cannot be independently signaled from R\ to R2 faster than the speed of light) then probability of finding alternative схг is (A.3) In general (A.3) and (A.2) will not be equal because of interference. This is consis- consistent because they correspond to two physically distinct situations: In the situation described (A.2) no measurement was made at time tj. A measurement was made in that described by (A.3). However, in the case of spacelike separated regions Д2 and

156 JAMES B. HARTLE Ri, the local operators з£2Bг) and s^^ti) commute by relativistic causality. The operators sj, (tj) in (A.3) can therefore be moved to the outside of the trace, moved from one side of ps to the other by the trace's cyclic property, and eliminated using (sa J = sLt an^ Z)ai sLi = 1- Thus, the relativistic causality of the underlying fields implies PmeaS(>2) = Pno meaS(a2), (A.4) so that by a local analysis of the second measurement one cannot tell whether the first was even carried out, much less gain any information about its outcome if it was. 6. Reality. Quantum mechanics prefers no one set of histories to another except by such criteria as decoherence and classicality. Quantum mechanics prefers no one history to another in a given set of alternative decohering histories except by probability. Thus, the only element of the theory that might conceivably lay claim to the title of a unique, absolute, independent "reality" is the collection of all sets of alternative coarse-grained histories of the universe, or what is essen- essentially the same thing, its initial condition.*! Yet, to use the word "reality" in this way is contentious, for this notion has no relation to the familiar "reality" of our impressions. What are these impressions and how are they described quantum mechanically? The familiar sense of reality arises, it seems, from the agreement among many and varied collections of IGUSea on the values of the quasiclassi- cal variables in a quasiclassical domain and the experience that this agreement is largely independent of circumstance, position, and time. In quantum mechanics this agreement would be described as follows: A coarse graining can be associated with each IGU S which includes certain quasiclassical projection operators that the IGUS can perceive and projection operators (not necessarily quasiclassical) that describe the IGUS'a memory in which these perceptions are registered. To have a good memory means that there is a nearly full correlation between the operators describing the IGU S'a memory and the quasiclassical operators of the quasiclassical domain. Perception is thus a particular type of measurement situation. Agreement among several IGUSes means that there is a correlation between the various mem- memories and common projection operators of a quasiclassical domain. The correlations will not be perfect. There may be fluctuations and, indeed, situations where there is a correlation between an IGUSea memory and some other part of its memory rather than the appropriate quasiclassical variable describe symptons of schizophre- schizophrenia commonly described as "loss of contact with reality". Despite such anomalies, the agreement that exists would seem to be the source of our impression of an independent "reality". The focus by IGUSea on the quasiclassical operators of a quasiclassical do- domain can be explained by understanding evolution of IGUSea in the universe. That is the only way of understanding why IGUSea employ the coarse grainings they do. * This is worse than "all the alternative histories (worlds) are equally real". It would imply that "all the alternative sets of decohering histories are equally real". f As Bohm A952), deBroglie A956), Bell A981), and others have demonstrated, it is possible to use words to describe quantum mechanics that themselves specify a "reality". However, the predictions of quantum mechanics appear to be unaffected by this choice. If that is the case, then such issues as the existence of quasiclassical domains or the description of the reality of familiar experience remain as issues in the alternative descriptions.

THE QUANTUM MECHANICS OF COSMOLOGY 157 If, as a consequence of the initial conditions of the universe and the dynamics of the fundamental fields, there is an essentially unique quasiclassical domain, then it is plausible that IGUSes evolved to exploit this possibility that our particular uni- universe presents. (See Section 11.12.) The coarse grainings describing what IGUSes perceive are then all coarser grainings of the coarse graining defining the essentially unique quasiclassical domain. IGUSes agree because they are perceiving the same quasiclassical projection operators. Thus, although quantum mechanics prefers no one set of histories to another, or one history in a given set to another, IGU Ses may have evolved to do so. Thus, if an essentially unique set of decohering alternative histories with high classicality is an emergent feature of our universe it would seem reasonable to associate the term "reality" in its familiar sense with that set of histories or with the individual history in the set correlated with our present memory. Reality would then be an approximate notion contingent on the approximate standard for decoherence, the initial condition of the universe, and the dynamics of the elementary fields. Universes for which no quasiclassical domains were emergent would have no such notion of "reality". The evolution, perceptions, and behavior of IGUSes in a universe for which there is more than one quasiclassical domain are open and very interesting questions. Thus, a central question for serious theoretical research in quantum cosmology is whether our universe exhibits more than one quasiclassical domain and, if so, the consequences of this fact for the evolution and behavior of IGUSes and the evolution of their notions of "reality".

159 INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY Jonathan J.Halliwell Center for Theoretical Physics Laboratory for Nuclear Science MIT 77 Massachusetts Avenue Cambridge, MA 02139 USA 1. INTRODUCTION My intention in these lectures is to describe the practical business of actually doing quantum cosmology. That is, I will describe how, in the context of particular models, one determines the consequences for the late universe of a given theory of initial conditions. What is the motivation for studying quantum cosmology? One possible mo- motivation comes from quantum gravity. Cosmological models are simple examples to which quantum gravity ideas may be applied. Moreover, the very early universe is perhaps the only laboratory in which quantum gravity may be tested. A second motivation, and the main one for the purposes of these lectures, concerns initial con- conditions in cosmology. Although the hot big bang model explains some of the features of the observed universe, there are a number of features that it did not explain, such as its flatness, absence of horizons, and the origin of the density fluctuations re- required to produce galaxies. The inflationary universe scenario (Guth, 1981), which involves quantized matter fields on a classical gravitational background, provided a possible solution to the horizon and flatness problems. Moreover, by assuming that the matter fields start out in a particular quantum state, the desired density fluctu- fluctuation spectrum may be obtainedJ However, in the inflationary universe scenario, the question of initial conditions was largely ignored. Whilst it is certainly true that, as a result of inflation, the observed universe could have arisen from a much larger class of initial conditions than in the hot big bang model, it is certainly not true that it could have arisen from any initial state - one could choose an initial quantum state for the matter which did not lead to the correct density perturba- perturbation spectrum, and indeed, one could choose initial conditions for which inflation does not occur. In order to have a complete explanation of the presently observed state of the universe, therefore, it is necessary to face up to the question of initial conditions. For a review, see, for example, Brandenberger A987, 1989).

160 JONATHAN J. HALLIWELL Now, as the evolution of the universe is followed backwards in time, the curva- curvatures and densities approach the Planck scale, at which one would expect quantum gravitational effects to become important. Quantum cosmology, in which both the matter and gravitational fields are quantized, is therefore the natural framework in which to address the question of initial conditions. In a sentence, quantum cosmology is the application of quantum theory to the dynamical systems describing closed cosmologies. Historically, the earliest investi- investigations into quantum cosmology were primarily those of by DeWitt A967), Misner A969a, 1969b, 1969c, 1970, 1972, 1973) and Wheeler A963, 1968) in the 1960's. This body of work I shall refer to as the "old" quantum cosmology, and will not be discussed here. It is discussed in the articles by MacCallum A975), Misner A972) and Ryan A972). After the initial efforts by the above authors, quantum cosmology went through a bit of a lull in the 1970's. However, it was re-vitalized in the 1980's, pri- primarily by Hartle and Hawking (Hartle and Hawking, 1983; Hawking, 1982, 1984a), by Vilenkin A984, 1986, 1988) and by Linde A984a, 1984b, 1984c). There were two things that these authors added to the old approach. Firstly, Hartle and Hawking introduced Euclidean functional integrals, and used a blend of canonical and path integral methods. Secondly, all of the above authors faced up squarely to the issue of boundary or initial conditions on the wave function of the universe. It is this modern approach to quantum cosmology that will be the subject of these lectures. The central object of interest in quantum cosmology is the wave function of a closed universe, Ф[Лу(х),Ф(х),В] A.1) This is the amplitude that the universe contains a three-surface В on which the three-metric is /ijj(x) and the matter field configuration is Ф(х). From such an amplitude one would hope to extract various predictions concerning the outcome of large scale observations. To fix the amplitude A.1), one first needs a theory of dynamics, such as general relativity. From this one can derive an equation analagous to the Schrodinger equation, called the Wheeler-DeWitt equation, which the wave function of the universe must satisfy. The Wheeler-DeWitt equation will have many solutions, so in order to have any predictive power, it is necessary to propose a law of initial or boundary conditions to single out just one solution. And fnally, one needs some kind of scheme to interpret the wave function. So these are the three elements that go into quantum cosmology: dynamics, initial conditions, interpretation. One of the most basic observational facts about the universe we observe today is that it is described by classical laws to a very high degree of precision. Since in quantum cosmology the universe is taken to be fundamentally quantum mechan- mechanical in nature, one of the most primitive predictions a quantum theory of initial conditions should make, is that the universe is approximately classical when it is large. Indeed, what we will typically find to be the case is that the wave func- function indicates the regions in which space-time is essentially classical, and those in which it is not. In the regions where spacetime is essentially classical, we will find that the wave function is peaked about a set of solutions to the classical Einstein equations and, as a consequence of the boundary conditions on the wave function, this set is a subset of the general solution. The boundary conditions, through the wave function, therefore set initial conditions on the classical solutions. We may then begin to ask whether or not the finer details of the universe we observe, such as the existence of an inflationary era, are consequences of the chosen theory of

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 161 initial conditions. In addition, in the approximately classical region, we will recover from the Wheeler-DeWitt equation the familiar quantum field theory for the matter fields on a classical curved spacetime background. Moreover, we will find that the boundary conditions on the wave function of the universe single out a particular choice of vacuum state for the matter fields. We may then ask whether or not the chosen vacuum state is the appropriate one for the subsequent emergence of large scale structure. These remarks will hopefully become clearer as we progress, but in brief, the theme of these lectures may be summarized as follows. The inflationary universe scenario - and indeed most other cosmological scenarios - will always depend to some extent on initial conditions. I would like to try and argue that, within the context of quantum cosmology, there exist natural quantum theories of initial or boundary conditions from which the appropriate initial conditions for inflation and the emergence of large scale structure follow. Throughout the text I will give very few references. An extensive guide to the literature is contained in Section 13. 2. A SIMPLE EXAMPLE Rather than begin with the general formalism of quantum cosmology, I am going to first consider a simple inflationary universe model. This will help clarify some of the rather vague remarks made above concerning the need for initial con- conditions. The model will be treated rather heuristically; the details will be attended to later. Consider a universe described by a homogeneous isotropic Robertson-Walker metric ds2 = a2 \-N2{t)dt2 + е2ог<*><К1!(*)] B.1) where a2 — 2/(Зтгт2,) and dD,2(k) is the metric on the spatial sections which have constant curvature к = —1,0,+1. In quantum cosmology one is generally interested in closed (k = +1) universes, but for the moment we will retain all three values of k. The metric is described by a single scale factor, ea^\ As matter source we will use a homogeneous minimally coupled scalar field \/2псгф(г) with potential 2n2cr2V(<t>). The Einstein-scalar action for this system is S'= \ jdtNe** \-~ + ^' У(ф) + ke~2^ B.2) (the full form of the Einstein-scalar action is given in the next section). By varying with respect to а, ф and N, one may derive the field equations and constraint, which, after some rearrangement, are conveniently written, ф=-Заф-±Г(ф) B.3) a = -2ф2 - a2 + V(<f>) B.4) ке~2а B.5)

162 JONATHAN J. HALLIWELL in tne gauge VV = 1. We will not assume a precise form for V(<j>), except that it is of the inflationary type; that is, that for some range of values of ф, У(ф) is large and \V'(<j>)/V(<f>)\ << 1. This is satisfied, for example, for large ф in chaotic models, with У(ф) = т2ф2 or A^4, and for ф near the origin in models with a Coleman-Weinberg potential. It is important to note that the general solution to the system B.3)-B.5) will involve three arbitrary parameters. For models in which the potential satisfies the above conditions, it is easily seen that there exist solutions for which ^йО and the potential then acts like a cosmological constant; thus the model undergoes inflation, e" и eV2t. However, whether or not such a solution arises is clearly a question of initial conditions: one needs to choose the initial value of ф to be small, and one needs to choose the initial value of ф to be in the region for which \У(ф)/У(ф)\ << 1. It is therefore pertinent to ask, to what extent is inflation generic in a model of this type? To address this question, one needs a complete picture of the classical solu- solutions. Clearly it would be very difficult to solve the field equations exactly, even for very simple choices of V(<f). However, one can often obtain useful information using the qualitative theory of dynamical systems. The sort of differential equations one encounters in cosmology can frequently be cast in the form x = f(x,y,z...), y = g(x,y,z...), z=... B.6) Eq.B.6) gives the direction of the solutions at every point (x,y,z...). By drawing arrows at a selection of points one may thus construct a complete picture of the entire family of trajectories which solve B.6) without integrating explicitly. This method may be applied to the field equations B.3), B.4) by writing x ■= ф, у = a, z — ф (the constraint B.5) is not normally used so that the three cases к = 0, —1,+1 may be treated simultaneously). The resulting three-dimensional phase portrait is, however, rather difficult to construct.T Let us therefore make a simplification, which is to go straightaway to a region where the ^-dependence of V(<f) is negligible. This is like having a massless scalar field and a cosmological constant. One then has a two-dimensional system, x = -Зху, у = -2х2 -y2 + V B.7) The constraint equation x2 - y2 + V = kt~2a B.8) simply indicates that the к — 0 solutions are the two curves у — dty/x2 + V, the к — +1 solutions lie between these curves and the к = — 1 solutions lie outside these curves. The phase portrait for this two-dimensional system is shown in Fig.l. The point of particular interest is the point a = V 2, ф — 0, on the к = 0 curve, because at this point the model undergoes inflation. This point is an attractor for all the expanding к — 0 and к = — 1 solutions. The к = +1 solutions, however, with T In the case к — 0, one can eliminate a using the constraint, and the phase por- portrait becomes two-dimensional. This has been constructed for various inflationary potentials by Belinsky et al.A985) and Piran and Williams A985).

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 163 Fig.l: The phase portrait of the system B.7)

164 JONATHAN J. HALLIWELL which one is primarily concerned in quantum cosmology, do not all end up on the attractor: if they start out away from the к = 0 curve with |<^| large they recollapse before getting anywhere near the attractor. Inflation occurs, therefore, only for the subset of к = +1 solutions with reasonably small initial ф. Furthermore, when V(<j>) is allowed to vary with ф, there is also the issue of sufficient inflation. In the massive scalar field model, for example, even if ф ss 0 initially, it is known that the universe inflates by the required factor e65 only for initial values of ф greater than about 4 (in Planck units) (Hawking, 1984a; Page, 1986a). So this simple model allows one to see quite clearly how the occurence of inflation depends rather crucially on the initial values of ф and ф. Now let us consider the quantization of this model, still proceeding heuristically, to see how quantum cosmology may shed some light on this issue. We wish to quantize the dynamical system described by the action B.2), for the case к = +1. We begin by finding the Hamiltonian of the theory. The momenta conjugate to a and ф are defined in the usual way and are given by The canonical Hamiltonian is defined in the usual way and is given by Hc = \Ne-ia [-к2а + тг2ф + е6аУ(ф) - e4a] = NH B.10) The Hamiltonian form of the action is given by S= f dt [атг„ + ф\ф - NH] B.11) This form of the action exposes the fact that the lapse function N is a Lagrange multiplier which enforces the constraint Я = 0 B.12) This is just the phase-space form of the constraint B.5). The constraint indicates the presence of a symmetry, in this case reparametrization invariance, about which we will have more to say later. Proceeding naively, we quantize this system by introducing a wave function Ф(а, ф,{) and asking that it satisfy a time-dependent Schrodinger equation con- constructed from the canonical Hamiltonian B.10): i— = ЯСФ B.13) To ensure that the symmetry corresponding to the constraint B.12) be imposed at the quantum level, we will also ask that the wave function is annihilated by the operator version of B.12): >2 Э2

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 165 where the momenta in B.12) have been replaced by operators using the usual substitutions. However, since Hc = NH, it follows from B.13) and B.14) that the wave function is independent of t; thus the entire dynamics of the wave function is in fact contained in B.14) with Ф = Ф(а, ф). The fact that the wave function does not depend on the time parameter t explicitly is actually characteristic of parametrized theories such as general relativity. B.14) is called the Wheeler-DeWitt equation and is the central equation of interest in quantum cosmology. Let us find some simple solutions to this equation. Let us go to a region for which \У(ф)/У(ф)\ << 1 and look for solutions which do not depend very much on ф, so we may ignore the ф derivative term in B.14). The problem is then a standard one-dimensional WKB problem in a with a potential U = еваУ(ф) — е4а. In the region U « 0, where the scale factor is small, there are WKB solutions of the form *(«, ф) « ехр (±Щ^уA - е2аУ WK/2 J B.15) This region, in which the wave function is exponential, is normally regarded as some kind of tunneling or classically forbidden region. In the region U » 0, where the scale factor is large, there are WKB solutions of the form *(«, ф) « ехр This region, in which the wave function is oscillatory, is usually thought of as a classically allowed region. One can impose boundary conditions in either region, and then match the solutions in the two regions using the usual WKB matching procedure. Consider in a little more detail the oscillatory region, including the ф depen- dependence. Let us look for solutions of the form Ф = e's, where 5 is a rapidly varying function of a and ф. Inserting this in the Wheeler-DeWitt equation, one finds that, to leading order, S must obey the Hamilton-Jacobi equation Sj) +и(а,ф) = 0 B.17) We will assume that some set of boundary conditions are imposed on Ф; thus a particular solution' of the Hamilton-Jacobi equation B.17) will be picked out. Compare B.17) with the Hamiltonian constraint, -к1+Кф + и(а,ф) = 0 B.18) It invites the identification *- = i' "* = % BЛ9) More precisely, one can in fact show that a wave function of the form e's predicts a strong correlation between coordinates and momenta of the form B.19). Fur- Furthermore, using the relationship between velocities and momenta B.9), and the

166 JONATHAN J. HALLIWELL fact that 5 obeys the Hamilton-Jacobi equation B.17), one may show that B.19) defines a set of trajectories in the <хф plane which are solutions to the classical field equations and constraint, B.3)-B.5). That is, the wave function e*s is strongly peaked about a set of solutions to the classical field equations. For a given solution 5 of the Hamilton-Jacobi equation the first integral of the field equations B.19) about which the wave function is peaked involves just two arbitrary parameters. Recall, however, that the general solution to the full field equations B.3)-B.5) involved three arbitrary parameters. For given 5, therefore, the wave function e's is strongly peaked about the two-parameter subset of the three- parameter general solution. By imposing boundary conditions on the wave function a particular solution Ф to the Wheeler-DeWitt equation is picked out, which in the WKB approximation picks out a particular solution S to the Hamilton-Jacobi equation; this in turn defines a two-parameter subset of the three-parameter general solutions. It is in this way that boundary conditions on the wave function of the universe effectively imply initial conditions on the classical solutions. Let us see how this works for the particular solution B.16). For e2aV » 1, it is of the form e's with 5 « — ^e3aV 2. According to the above analysis, this wave function is peaked about the trajectories denned by a^V*, ф'яО B.20) (we could of course have taken the opposite sign for 5 - this leads to a set of contracting solutions). Eq.B.20) integrates to yield ea и evi (*-*o), фкфй = constant B.21) Here to and фо are the two arbitrary constants parametrizing this set of solutions. The constant to is in fact irrelevant, because it is just the origin of unobservable parameter time. From B.20) one may see that the wave function is peaked right on the inflationary attractor in Fig.l. So this particular wave function picks out the inflationary solutions. One can actually get a little more out of the wave function in addition to B.20). The wave function more generally is of the form C(a,^)e*s. The e's part, as we have discussed, shows that the wave function is peaked about a set of trajectories. These trajectories may be labeled by the value of the arbitrary constant 1^0 ■ The prefactor effectively provides a measure on the set of possible values of фо, and may therefore be used to assess the relative likelihood of inflation. We will describe this in a lot more detail later. From this simple model we have learned a few things that are in fact quite general. They are as follows: 1) Classical cosmology needs initial conditions. This is illustrated rather clearly using the phase-portrait of classical solutions, allowing one to see what sort of features are generic, and what sort of features are dependent on a specific choice of initial conditions. 2) In the quantized model, there is a region in which the wave function is expo- exponential, indicating that this region is classically forbidden J In this particular model, and for the particular solution to the Wheeler-DeWitt

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 167 3) There is a region in which the wave function is oscillatory, indicating that this region classically allowed. To be precise, the wave function in the oscil- oscillatory region is strongly peaked about a set of solutions to the classical field equations. 4) The set of solutions about which a given WKB wave function is peaked is a subset of the general solution to the field equations. That is, a particular solution to the Wheeler-DeWitt equation is peaked about a particular subset of the full set of solutions to the field equations. Moreover, the wave function provides a measure on the classical trajectories within this set. A general solution to the Wheeler-DeWitt equation would be peaked about a general solution to the field equations, so by simply quantizing the model one does not necessarily learn anything about initial conditions. One merely transfers the question of initial conditions on the classical solutions to the question of boundary conditions on the wave function of the universe. To have com- complete predictive power, therefore, one needs a quantum theory of boundary conditions. In connection with the fourth point above, one might ask, have we really improved the situation with regard to initial conditions by going to the quantum theory? The answer is, I believe, yes, for at least two reasons. Firstly, as the simple model above indicates, a classical description of cosmology is not always valid. In attempting to impose classical initial conditions at small three-geometries, therefore, one might be imposing them in a region in which, from the point of view of the quantum theory, a classical description is not really appropriate. Secondly, a somewhat more aesthetic point. Classically, there is no obvious reason for choosing one set of initial conditions over another. No one choice stands out as being more natural or elegant than any other. In quantum cosmology, however, one can argue that certain quantum states for the universe have considerably more appeal than others on the grounds of simplicity or naturalness. I will leave this to the reader to judge for themselves when we come to discuss particular proposals for quantum theories of initial conditions. This ends what has really been an introductory tour of quantum cosmology. In the following sections, we will go over essentially the same points but in greater generality and detail. 3. THE HAMILTONIAN FORMULATION OF GENERAL RELATIV- RELATIVITY We now procede to the general formalism of quantum cosmology. This begins with the Hamiltonian formulation of general relativity (Hanson et al., 1976; Misner et al.,1970; Teitelboim, 1990). One considers a three-surface on which the three- metric is hij, with some matter field configuration. We will take the three-surface equation we looked at, the classically forbidden region is at small values of the scale factor. This is in accord with the general belief that "quantum gravity effects become important when the universe is very small". This is, however, dependent on boundary conditions. There are other solutions to the Wheeler-DeWitt equation which are oscillatory for small scale factors. We shall return to this point in Section 6.

168 JONATHAN J. HALLIWELL to be compact, since we are considering only closed universes. The three-surface is embedded in a four-manifold on which the four-metric is д^„. This embedding is described by the standard C + 1) form of the four-metric, ds2 = д^хЫх" = - (iV2 - NiN') dt2 + 2Nidx'dt + hijdxidxj C.1) where N and iV; are the lapse and shift functions. (Our conventions are /i,i/ = 0,1,2,3 and i, j = 1,2,3). They describe the way in which the choice of coordinates on one three-surface is related to the choice on an adjacent three-surface, and are therefore arbitrary. The action will be taken to be the standard Einstein-Hilbert action coupled to matter, 5 = ТГ- \ I *x(-9LR - 2Л) + 2 / d*x hl>K\ + Smatter Idtt [JM JaM J C.2) where К is the trace of the extrinsic curvature Kij at the boundary dM of the four-manifold M, and is given by M^] C-3) Here, D; is the covariant derivative in the three-surface. For a scalar field Ф, the matter action is 1 f l S *tof — — I d x( — о i ^ \o о а Фо,, Ф -4- I/ (Ф) C4) Z J In terms of the C+1) variables, the action takes the form ™2 16тг / d3X dt Nh* [KijKij -K2 + 3R- 2Л] + Smatter C.5) In a perfectly standard way, one may derive the Hamiltonian form of the action, 5 = f d3x dt Uiijn'i + Фтгф -NH- N'n,] C.6) where 7r'J and тгф are the momenta conjugate to /i,-j and Ф respectively. The Hamiltonian is a sum of constraints, with the lapse N and shift N' playing the role of lagrange multipliers. There is the momentum constraint, Ui = -2Z?j7r/ + u?aU" = 0 C.7) and the Hamiltonian constraint H = Щ-вцы^к" - ^-h*CR- 2Л) + nmatter = 0 C.8) ТПр 16ТГ

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 169 where Gijki is the DeWitt metric and is given by Gijki = ^^~5 (hikhji + huhjk — hijhki) C-9) These constraints are equivalent, respectively, to the time-space and time-time com- components of the classical Einstein equations. The constraints play a central role in the canonical quantization procedure, as we shall see. The arena in which the classical dynamics takes place is called superspace, the space of all three-metrics and matter field configurations (/i,j(x), Ф(х)) on a three- surfacet. Superspace is infinite dimensional, with a finite number of coordinates (/lij(x), Ф(х)) at every point x of the three-surface. The DeWitt metric (plus some suitable metric on the matter fields) provides a metric on superspace. It has the important property that its signature is hyperbolic at every point x in the three- surface. The signature of the DeWitt metric is independent of the signature of spacetime. 4. QUANTIZATION In the canonical quantization procedure, the quantum state of the system is represented by a wave functional Ф[/цу,Ф], a functional on superspace. An im- important feature of this wave function is that is does not depend explicitly on the coordinate time label t. This is because the three-surfaces are compact, and thus their intrinsic geometry, specified by the three-metric, fixes more-or-less uniquely their relative location in the four-manifold. Another way of saying essentially the same thing, is to say that general relativity is an example of a ■parametrized theory, which means that "time" is already contained amongst the dynamical variables describing it, hij, Ф. According to the Dirac quantization procedure, the wave function is annihi- annihilated by the operator versions of the classical constraints. That is, if one makes the usual substitutions for momenta one obtains the following equations for Ф. There is the momentum constraint iD + H?atterS> 0 D.2) bhij and the Wheeler-DeWitt equation ] = 0 D.3) This superspace has nothing to do with the superspace of supersymmetry. Also, earlier authors in quantum cosmology used a different definition of superspace: they defined it to be the space of all three-metrics, but factored out by the three- dimensional diffeomorphisms.

170 JONATHAN J. HALLIWELL where we have ignored operator ordering problems. The momentum constraint implies that the wave function is the same for configurations (/i,j(x), Ф(х)) that are related by coordinate transformations in the three-surface. To see this, let us restrict attention to the case of no matter, and consider the effect of shifting the argument of the wave function by a diffeomorphism in the three-surface, x' —^ x' — £!. One has J fxDtfj) -j^- D.4) Integrating by parts in the last term, and dropping the boundary term (since the three-manifold is compact), one finds that the change in Ф is given by 4 D-5) showing that wave functions satisfying D.2) are unchanged. The momentum con- constraint D.2) is therefore the quantum mechanical expression of the invariance of the theory under three-dimensional diffeomorphisms.* Similarly, the Wheeler-DeWitt equation D.3) is connected with the reparametrization invariance of the theory. This is a lot harder to show and we will not go into it heret. The Wheeler-DeWitt equation is a second order hyperbolic functional differen- differential equation describing the dynamical evolution of the wave function in superspace. The part of the three-metric corresponding to the minus sign in the hyperbolic sig- signature, and so to the "time" part, is the volume of the three-metric, Ш. The Wheeler-DeWitt equation will in general have a vast number of solutions, so in order to have any predictive power we need boundary conditions to pick out just one solution. This might involve, for example, giving the value of the wave function at the boundary of superspace. As an alternative to the canonical quantization procedure, one can construct the wave function using a path integral. In the path integral method, the wave function (or more precisely, some kind of propagator) is represented by a Euclidean functional integral over a certain class of four-metrics and matter fields, weighted by eT1, where / is the Euclidean action of the gravity plus matter system. Formally, one writes 9[fHj, $,B] = J2 Vg^mtT1. D.6) m J The sum is taken over some class of manifolds M for which В is part of their boundary, and over some class of four-metrics д^„ and matter fields Ф which induce * This was first shown by Higgs A958). T The difficulty is essentially due to the fact that although wave functions carry a representation of the three-dimensional diffeomorphism group, they do not carry a representation of the four-dimensional diffeomorphisms. A closely related fact is that the Poisson bracket algebra of the constraints is not that of the four- dimensional diffeomorphsims. For a discussion of these issues and their resolution, see Isham and Kuchaf A985a, 1985b), Kuchaf A986).

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 171 Fig.S: A pictorial representation of the histories summed over in the calculation of the wave function Ф[Л;у, Ф].


172 JONATHAN J. HALLIWELL the three-metric hij and matter field configuration Ф on the three-surface В (see Fig.2.). The sum over four-manifolds is actually very difficult to define in practice, so one normally considers each admissable four-manifold separately. The path integral permits one to construct far more complicated amplitudes than the wave function for a single three-surface (Hartle, 1990), but this is the simplest and most frequently used amplitude, and it is the only one that will be discussed here. When the four-manifold has topology MxB, the path integral has the explicit form *[Лу,М] = JvN» Jvh^ 6[N»-x»} Дхехр(-7[0„„,Ф]) D.7) Here, the delta-functional enforces the gauge-fixing condition N^ = x^ and Л* 's the associated Faddeev-Popov determinant. The lapse and shift TV are unrestricted at the end-points. The three-metric and matter field are integrated over a class of paths (/г;;(х,т),Ф(х, т)) with the restriction that they match the argument of the wave function on the three-surface B, which may be taken to be the surface т = 1. That is, Лу(х, 1) = Л„(х), Ф(х, 1) = Ф(х) D.8) То complete the specification of the class of paths one also needs to specify the conditions satisfied at the initial point, т = 0 say. The expression, "Euclidean path integral" should be taken with a very large grain of salt for the case of gravitational systems. One needs to work rather hard to give the expression D.6) a sensible meaning. In particular, in addition to the usual issues associated with denning a functional integral over fields, one has to deal with the fact that the gravitational action is not bounded from below. This means that the path integral will not converge if one integrates over real Euclidean metrics. Convergence is achieved only by integrating along a complex contour in the space of complex four-metrics. The sum is therefore over complex metrics and is not even equivalent to a sum over Euclidean metrics in any sense. Furthermore, there is generally no unique contour and the outcome of evaluating the path integral could depend rather crucially on which complex contour one chooses. We will have more to say about this later on. As we have already noted, the Wheeler-DeWitt equation and momentum con- constraints, D.2), D.3) are normally thought of as a quantum expression of invariance under four-dimensional diffeomorphisms. One ought to be able to see the analagous thing in the path integral, and in fact one can. The wave functions generated by the path integral D.7) may formally be shown to satisfy the Wheeler-De Witt equation and momentum constraints, providing that the path integral is constructed in an invariant manner. This means that the action, measure, and class of paths summed over should be invariant under diffeomorphisms (Halliwell and Hartle, 1990). Which solution to the Wheeler-DeWitt equation is generated by the path inte- integral will depend on how the initial conditions on the paths summed over are chosen, and how the contour of integration is chosen; thus the question of boundary condi- conditions on the wave function in canonical quantization appears in the path integral as the question of choosing a contour and choosing a class of paths. No precise relationship is known, however.

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 173 Interpretation To complete this discussion of the general formalism of quantum cosmology, a few words on interpretation are in order. Hartle has covered the basic.ideas involved in interpreting the wave function. Here, I am just going to tell you how I am going to interpret the wave function without trying to justify it. The basic idea is that we are going to regard a strong peak in the wave function, or in a distribution constructed from the wave function, as a prediction. If no such peaks may be found, then we make no prediction. This will be sufficient for our purposes. References to the vast literature on this subject are given in Section 13. 5. MINISUPERSPACE - GENERAL THEORY Since superspace, the configuration space one deals with in quantum cosmol- cosmology, is infinite dimensional, the full formalism of quantum cosmology is very difficult to deal with in practice. In classical cosmology, because the universe appears to be homogeneous and isotropic on very large scales, one's considerations are largely restricted to the region of superspace in the immediate vicinity of homogeneity and isotropy. That is, one begins by studying homogeneous isotropic (or sometimes anisotropic) metrics and then goes on to consider small inhomogeneous perturba- perturbations about them. In quantum cosmology one does the same. To be precise, one generally begins by considering a class of models in which all but a finite number of degrees of freedom of the metric and matter fields are "frozen" or "suspended". This is most commonly achieved by restricting the fields to be homogeneous. Such models are known as "minisuperspace" models and are characterized by the fact that their configuration space, minisuperspace, is finite dimensional. One is thus dealing with a problem of quantum mechanics, not of field theory. A very large proportion of the work done in quantum cosmology has concentrated on models of this type. Clearly in the quantum theory there are considerable difficulties associated with the restriction to minisuperspace. Setting most of the field modes and their momenta to zero identically violates the uncertainty principle. Moreover, the re- restriction to minisuperspace is not known to be part of a systematic approximation to the full theory. At the humblest level, one can think of minisuperspace models not as some kind of approximation, but rather, as toy models which retain certain aspects of the full theory, whilst avoiding others, thereby allowing one to study certain features of the full theory in isolation from the rest. However, in these lectures we are interested in cosmological predictions. I am therefore going to take the stronger point of view that these models do have something to do with the full theory. In what follows I will therefore try to emphasize what aspects of minisuper- minisuperspace models may be argued to transcend the restrictions to minisuperspace. We will return to the question of the validity of the minisuperspace "approximation" later on. The simple model of the previous section was of course a minisuperspace model, in that we restricted the metric and matter field to be homogeneous and isotropic. More generally, minisuperspace usually involves the following: in the four-metric C.1), the lapse is taken to be homogeneous, N = N(t), and the shift is set to zero, N' = 0, so that one has ds2 = -N2(t)dt2 + hij(x, t)dx'dxj E.1)

174 JONATHAN J. HALLIWELL Most importantly, the three-metric /i;;- is restricted to be homogeneous, so that it is described by a finite number of functions of t, qa(t) say, where a = 0,1,2 ■ • • (n — 1). Some examples of possible ways in which the three-metric may be restricted are given below. One could take a Roberston-Walker metric as we did in Section 2, hij(x,t)dxidxj = a2(t)du23 E.2) Here, dil2 is the metric on the three-sphere, and qa — a. One could take an anisotropic metric with spatial sections of topology S1 x S2, hij{^t)dxidxi = a2(t)dr2 + b2(t)dul E.3) Here, dQ,2 is the metric on the two-sphere, r is periodically identified, and qa = (a, b). More generally, one could consider Bianchi-type metrics, hij(x,t)dxidxj = а2^)(е%о-{(г> E.4) Here, the a' are a basis of one-forms and the q" consist of the scale factor a and the various components of the matrix /3, which describe the degree of anisotropy. Many more models are cited in Section 13. In terms of the variables describing the C + 1) decomposition of the four- metric, C.1), the Einstein action with cosmological constant C.2) is S[h{j, N, ЛИ = ^ /dt d3x Nh* [КцЮ> -K2 + 3R- 2Л] E.5) On inserting the restricted form of the metric described above one generally obtains a result of the form = fQ dtN [ JL/e/?foL V - [%)j = j Ldt E.6) Here, fap(q) is the reduced version of the DeWitt metric, C.6), and has indefinite signature, (—, +, +, +■■■)■ The range of the t integration may be taken to be from 0 to 1 by shifting t and by scaling the lapse function. The inclusion of matter variables, restricted in some way, also leads to an action of this form, so that the q" may include matter variables as well as three-metric components. The (—) part of the signature in the metric always corresponds to a gravitational variable, however. Restricting to a metric of the form E.1) is not the only way of obtaining a minisuperspace model. Sometimes it will be convenient to scale the lapse by func- functions of the three-metric. Alternatively, one may wish to consider not homogeneous metrics, but inhomogeneous metrics of a restricted type, such as spherically sym- symmetric metrics. Or, one may wish to use a higher-derivative action in place of E.5). In that case, the action can always be reduced to first order form by the introduc- introduction of extra variables (e.g. Q = a, etc.). One way or another, one always obtains an action of the form E.6). We will therefore take this action to be the defining feature of minisuperspace models. So from here onwards, our task is to consider the quantization of systems described by an action of the form E.6).

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 175 The action E.6) has the form of that for a relativistic point particle moving in a curved space-time of n dimensions with a potential. Varying with respect to q" one obtains the field equations where Г27 is the usual Christoffel connection constructed from the metric fap. Varying with respect to N one obtains the constraint 2J^/«/« V + U(q) = 0 E.8) These equations describe geodesic motion in minisuperspace with a forcing term. It is important to note that the general solution to E.7), E.8) will involve Bn — 1) arbitrary parameters Л For consistency, E.7) and E.8) ought to be equivalent, respectively, to the 00 and ij components of the full Einstein equations, R?v - „Rg^ + Л</„„ = -^Г„„ E.9) This is not, however, guaranteed. Inserting an ansatz for the metric into the ac- action and then taking variations to derive the minisuperspace field equations does not necessarily yield the same field equations as are obtained by inserting the min- minisuperspace ansatz directly into E.9). Our analysis is therefore restricted to min- minisuperspace models for which these two paths to the field equation give the same result. This excludes, for example, metrics in Bianchi Class B, but does include a sufficent number of interesting examples. When studying minisuperspace models, one should always check that the acts of taking variations and inserting an ansatz commute (and also that the 0j components of E.9) are trivially satisfied). The Hamiltonian is found in the usual way. One first defines canonical mo- momenta f4 Eio) and the canonical Hamiltonian is Hc = paqa -L=N f|/e/?PaP/» + U(q)] = NH E.11) where fa^(q) is the inverse metric on minisuperspace. The Hamiltonian form of the action is S= f dt \paqa - NH] E.12) Jo t As in the model of Section 2, one of the parameters will be to, the origin of unobserv- able parameter time, so effectively one has Bn —2) physically relevant parameters.

176 JONATHAN J. HALLIWELL This indicates that the lapse function N is a Lagrange multiplier enforcing the Hamiltonian constraint H(qa,Pa) = lfafJPaP?, + U(q) = 0 E.13) This is equivalent to the Hamiltonian constraint of the full theory C.8), integrated over the spatial hypersurfaces. The momentum constraint, C.7), is usually satisfied identically by the minisuperspa.ce ansatz (modulo the above reservations). Canonical Quantization Canonical quantization involves the introduction of a time-independent wave function Ф(да) and demanding that it is annihilated by the operator corresponding to the classical constraint E.13). This yields the Wheeler-DeWitt equation, H(qa,-i-£-)*(qa) = 0 E.14) Because the metric faP depends on q there is a non-trivial operator ordering issue in E.14). This may be partially resolved by demanding that the quantization pro- procedure is covariant in minisuperspace; i.e. that is is unaffected by field redefinitions of the three-metric and matter fields, q" —» q"(qa). This narrows down the possible operator orderings to V2 + AR+U() E.15) where V2 and Ш are the Laplacian and curvature of the minisuperspace metric fap and £ is an arbitrary constant. The constant £ may be fixed once one recognises that the minisuperspace metric (and indeed, the full superspace metric C.9)) is not uniquely defined by the form of the action or the Hamiltonian, but is fixed only up to a conformal factor. Classically the constraint E.13) may be multiplied by an arbitrary function of q, il~2(q) say, and the constraint is identical in form but has metric fap — £l2fap and potential U = Q~2U. The same is true in the action E.6) or E.12) if, in addition to the above rescalings, one also rescales the laspe function, N —> 'N = Q,~2N. Clearly the quantum theory should also be insensitive to such rescalings. This is achieved if the metric dependent part of the operator E.15) is conformally covariant; i.e. if the coefficient £ is taken to be the conformal coupling for n > 2 (Halliwell, 1988a; Moss, 1988; Misner, 1970). In what follows, we will be working almost exclusively in the lowest order semi-classical approximation, for which these issues of operator ordering are in fact irrelevant. However, I have mentioned this partially for completeness, but also because one often studies models in which considerable simplifications arise by suitable lapse function rescalings and

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 177 field redefinitions, and one might wonder whether or not these changes of variables affect the final results. Path Integral Quantization The wave function may also be obtained using a path integral. To discuss the path integral, we first need to discuss the symmetry of the action. The Hamiltonian constraint, E.13), indicates the presence of a symmetry, namely reparametrization invariance. This is the left-over of the general covariance of the full theory, after the restriction to minisuperspace. More precisely, under the transformations 6eqa = e(t){qa,H], 6ePa = e(t){Pa,H], 6tN = e(t) E.17) it is not difficult to show that the action changes by an amount The action is therefore unchanged if the parameter e(t) satisfies the boundary con- conditions e@) = 0 = e(l). This symmetry may be completey broken by imposing a gauge-fixing condition of the form G = N-X(Pa,qa,N)=0 E.19) where x 1S an arbitrary function of pa, q", N. We may now write down the path integral. It has the form Ф(9а") = [vPaVqaVN S[G\ AG e^P'^l E.20) where S\p, q, N] is the Hamiltonian form of the action E.12) and Д<; is the Faddeev- Popov measure associated with the gauge-fixing condition E.19), and guarantees that the path integral is independent of the choice of gauge-fixing function G. The integral is taken over a set of paths (qa(t),pa(t),N{t)) satisfying the boundary condition qa(l) = qa" at t = 1 with pa and N free, and some yet to be specified conditions at t = 0. The only really practical gauge to work in is the gauge N = 0. Then it may be shown that Ag = constant.* The functional integral over N then reduces to a single ordinary integration over the constant N. One thus has Ф(9а")= f dN fvPaVqaeislp'9'N^ E.21) This is easily seen: Ag is basically the determinant of the operator 8eG/8e. In the gauge N = 0, this is the operator d2 /dt2, which has constant determinant.

178 JONATHAN J. HALLIWELL Eq.E.21) has a familiar form: it is the integral over all times TV of an ordinary quantum mechanical propagator, or wave function, Ф(О= fdNф(qa",N) E.22) where ip(qa",N) satisfies the time-dependent Schrodinger equation with time co- coordinate N. From Eq.E.22), it is readily shown that the wave function generated by the path integral satisfies the Wheeler-DeWitt equation. Suppose we operate on E.22) with the Wheeler-DeWitt operator at qa". Then, using the fact that the integrand satisfies the Schrodinger equation, one has ^ E.23) where Ni, N2 are the end-points of the N integral, about which we have so far said nothing. Clearly for the wave function to satisfy the Wheeler-DeWitt equation we have to choose the end-points so that the right-hand side of E.23) vanishes. N is generally integrated along a contour in the complex plane. This contour is usually taken to be infinite, with ip(qa" ,N) going to zero at the ends, or closed i.e. Ni = N2. In both of these cases, the right-hand side of E.23) vanishes and the wave function so generated satisfies the Wheeler-DeWitt equation. (In the closed contour case, attention to branch cuts may be needed.) Note that these ranges are invariant under reparametrizations of N. They would not be if the contour had finite end- points and the right-hand side would then not be zero. This is an illustration of the remarks in Section 4 concering the relationship between the Wheeler-DeWitt equation and the invariance properties of the path integral. The representation E.21) of the wave function is of considerable practical value in that it can actually be used to evaluate the wave function directly. But first, one normally rotates to Euclidean time, т = it. After integrating out the momenta, the resulting Euclidean functional integral has the form Ф(О = jdN j Vqa exp (-%», N}) E.24) Here, / is the minisuperspace Euclidean action = £ drN [_L/e,foLV + t%)] E.25) Although the part of this action which corresponds to the matter modes is always positive definite, the gravitational part is not. Recall that the minisuperspace metric has indefinite signature, the (—) part corresponding to the conformal part of the three-metric, so the kinetic term is indefinite. Also, the potential, which is the integral of 2Л — 3Л, is not positive definite. So complex integration contours are necessary to give meaning to E.24). Here, however, we will work largely in the lowest order semi-classical approxi- approximation, which involves taking the wave function to be (a sum of terms) of the form e~Ic>, where Ici is the action of the classical solution (qa(T),N) satisfying the pre- prescribed boundary conditions. This solution may in fact be complex, and indeed will

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 179 need to be if the wave function is to be oscillatory. Similarly, when working with the Wheeler-DeWitt equation, we will work largely in the WKB approximation, in which solutions of the above type are sought. We are now in a position to comment on the validity of the minisuperspace "approximation". Providing we are sufficiently careful in making our minisuper- minisuperspace ansatz, the classical solutions (qa(r),N) will be solutions to the full field equations, and thus /cj will be the action of a solution to the full Einstein equa- equations. The lowest order semi-classical approximation to the minisuperspace wave function therefore coincides with the lowest order semi-classical approximation to the wave function of the full theory. This means that minisuperspace does give some indication as to what is going on in the full theory as long as we remain close to the lowest order semi-classical approximation. The Probability Measure Given a wave function Ф(да) for a minisuperspace model we need to construct from it a probability measure with which to make predictions. The question is, which probability measure do we use? The Wheeler-DeWitt equation is a Klein- Gordon type equation. It therefore has associated with it a conserved current J= 1(ф*УФ-ФУФ*) E.26) It satisfies V • J = 0 E.27) by virtue of the Wheeler-DeWitt equation. Like the Klein-Gordon equation, how- however, the probability measure constructed from the conserved current can suffer from difficulties with negative probabilities. For this reason, some authors have suggested that the correct measure to use is dP = \4>(qa)\2dV E.28) where dV is a volume element of minisuperspace. However, this is also problematic, in that one of the coordinates qa is, in some crude sense, "time", so that E.28) is the analogue of interpreting |Ф(ж,£)|2 in ordinary quantum mechanics as the probability of finding the particle in the space-time interval dxdt. One could conceivably make sense out of E.28), but not before a careful discussion of the nature of time in ordinary quantum mechanics.^ For the moment we will not commit ourselves to either of these possibilities, but will keep each one in mind. We will just look for peaks in the wave function itself when asking for predictions. .If the peak is sufficiently strong, one would expect any sensible measure constructed from the wave function to have the same peak. This line of thought has been pursued by numerous authors, including Caves A986, 1987), Hartle A988b) and PageA989b).

180 JONATHAN J. HALLIWELL 6. CLASSICAL SPACETIME We have described in the previous section two ways of calculating the wave function for minisuperspace models: the Wheeler-DeWitt equation and the path integral. Before going on to the evaluation of the wave function, it is appropriate to ask what sort of wave functions we are hoping to find. If the wave function is to correctly describe the late universe, then it must predict that spacetime is classical when the universe is large. The first question to ask, therefore, is "What, in the context of quantum cosmology, constitutes a prediction of classical spacetime?". There are at least two requirements that must be satisfied before a quantum system may be regarded as classical: 1. The wave function must predict that the canonical variables are strongly corre- correlated according to classical laws; i.e. the wave function (or some distribution constructed from it) must be strongly peaked about one or more classical configurations 2. The quantum mechanical interference between distinct such configurations should be negligible; i.e. they should decohere. To exemplify both of these requirements, let us first consider a simple example from ordinary quantum mechanics. There, the most familiar wave functions for which the first requirement is satisfied are coherent states. These are single wave packets strongly peaked about a single classical trajectory, x(t), say. For example, for the simple harmonic oscillator, the coherent states are of the form F.1) On being presented with a solution to the Schrodinger equation of this type, one might be tempted to say that it predicts classical behaviour, in that on measuring the position of the particle at a sequence of times, one would find it to be following the trajectory x(t). Suppose, however, one is presented with a solution to the Schrodinger equation which is a superposition of many such states: #M) = £ cne«'-« exp (>У))) F.2) where the xn(t) are a set of distinct classical solutions. One might be tempted to say that this wave function corresponds to classical behaviour, and that one would find the particle to be following the classical trajectory xn(t) with probability |cn|2. The problem, however, is that these wave packets may meet up at some stage in the future and interfere. One could not then say that the particle was following a definite classical trajectory. To ascribe a definite classical history to the particle, the interference between distinct states has to be destroyed. The way in which this may be achieved is a fascinating subject in itself, but we will say little about it here. We will concentrate mainly on the first requirement for classical behaviour. Turn now to quantum cosmology. One might at first think that, in the search for the emergence of classical behaviour, the natural thing to do there is to try and construct the analogue of coherent states. This is rather hard to do, but has been achieved for certain simple models. Because the wave function does not depend on time explicitly, the analogue of coherent states are wave functions of the form = ei«neXp(-f(qa)) F.3)

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 181 where f(q") = 0 is the equation of a single classical trajectory in minisuperspace. So in a two-dimensional model, for example, the wave function will consist of a sharply peaked ridge in minisuperspace along a single classical trajectory. Wave functions of this type do not arise very naturally in quantum cosmology because they need very special boundary conditions. However, they do highlight a particular feature typical of wave functions in quantum cosmology that predict classical spacetime: they are peaked about an entire history. Moreover, although the original wave function does not carry a particular label playing the role of time, a notion of time may emerge for certain types of wave functions, such as F.3): it is basically the affine parameter along the histories about which the wave function is peaked (i.e. the distance along the ridge in the case of F.3)). So time, and indeed spacetime, are only derived concepts appropriate to certain regions of configuration spacetime and contingent upon initial conditions. The decoherence requirement may also be achieved in quantum cosmology, but this is rather complicated and will not be covered here. As we have seen in the simple model of Section 2, the sort of wave functions most commonly arising in quantum cosmology are not of wavepacket form, but are of WKB form, and may be broadly classified as oscillatory, of the form etS, or exponential, of the form e~J. It is the oscillatory wave functions that correspond to classical spacetime, whilst the exponential ones do not. Let us discuss why this is so. Recall that the way we are interpreting the wave function is to regard a strong peak in the wave function, or in a distribution constructed from it, as a prediction. Classical spacetime, therefore, is predicted when the wave function, or some distri- distribution constructed from it, becomes strongly peaked about one or more classical configurations. How do we identify such peaks? In the most general case, the wave function will be peaked not about some region of configuration space - e's is most certainly not - but about some correlation between coordinates and momenta. Perhaps the most transparent way of identifying such correlations is to introduce a quantum mechanical distribution function which depends on both coordinates and momenta, F(p,q). The Wigner function is such a distribution function, and turns out to be very useful in quantum cosmology for identifying the correlations present in a given wave function. However, this would take rather a long time to explain. Here I will just report the result that the Wigner function shows that (i) a wave function of the form e~I predicts no correlation between coordinates and momenta, and so cannot correspond to classical behaviour; and (ii) a wave function of the form e'5 predicts a strong correlation between p and q of the form — SF F'4) 5 is generally a solution to the Hamilton-Jacobi equation and, as we will demon- demonstrate in detail below, F.4) is then a first integral of the equations of motion. It thus defines a set of solutions to the field equations. A wave function of the form ctS, therefore, is normally thought of a being peaked about not a single classical solution, but about a set of solutions to the field equations. It is in this sense that it corresponds to classical spacetime. Given the peak about the correlation F.4) for wave functions of the form e'5, it may now be explicitly verified using a canonical transformation. For simplicity consider the one-dimensional case. A canonical transformation from (p, q) to (p, q)

182 JONATHAN J. HALLIWELL may be generated by a generating function Go(q,p): dG0 . dG0 F-5) In quantum mechanics, the transformation from the wave function Ф(д) to a new wave function Ф(р) is given by Ф(р) = I dqe-iG{-^H{q) F.6) Here, the generating function G(q,p) is not actually quite the same as Go(q,p) above, but agrees with it to leading order in Planck's constant. Suppose Ф(<?) = elSW _ Then a transformation to new variables p = p--q-, q = q F-7) may be achieved using the generating function Go(q,p) = qp+ S(q). Inserting this in F.6), it is easily seen that the wave function as a function of p is of the form *(p) - 6(p) F.8) to leading order. As advertised, it is therefore strongly peaked about the configu- configuration F.4). It is sometimes stated that wave functions of the form e~J are not classical because they correpond to a Euclidean spacetime. It is certainly true that they are not classical, and it is certainly true that, if the wave function is a WKB solution, then / is the action of a classical Euclidean solution. However, this does not mean that they correspond to a Euclidean spacetime. In contrast to a wave function of the form etS, which is peaked about a set of classical Lorentzian solutions, a wave function e~I is not peaked about a set of Euclidean solutions. It is not classical quite simply because it fails to predict classical correlations between the Lorentzian momentum p and its conjugate q. A much better way of discussing peaks in the wave function, or more generally, of discussing predictions arising from a given theory of initial conditions, is to use the path integral methods described by Hartle in his lectures (Hartle, 1990). Although conceptually much more satisfactory, they are somewhat cumbersome to use in practice. Moreover, they have not as yet been applied to any simple examples in quantum cosmology. For the moment it is therefore not inappropriate to employ the rather heuristic but quicker methods outlined above. The General Behaviour of the Solutions Having argued that classical spacetime is predicted, loosely speaking, when the wave function is oscillatory, our next task is to determine the regions of configuration space for which the wave function is oscillatory, and those for which the wave function is exponential. This will depend to some extent on boundary conditions,

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 183 which we have not yet discussed, but one can get broad indications about the behaviour of the wave function by looking at the potential in the Wheeler-DeWitt equation So we are considering the Wheeler-DeWitt equation F.9) Here, we have assumed that the curvature term has been absorbed into the poten- potential. Compare F.9) with the one-dimensional quantum mechanical problem F.10) In this case, one immediately sees that the wave function is exponential in the region U « 0 and oscillatory in the region U >> 0. The case of F.9) is more complicated, however, in that there are n independent variables, and the metric has indefinite signature. To investigate this in a little more detail, let us divide the minisuperspace co- coordinates qa into a single "timelike" coordinate q° and n— 1 "spacelike" coordinates q. Then locally, the Wheeler-DeWitt equation will have the form fl. F.11) The point now, is that the broad behaviour of the solution will depend not only on the sign of U, but also, loosely speaking, on whether it is the g°-dependence of U or the q-dependence of U that is most significant. More precisely, one has the following. Consider the surfaces of constant U in minisuperspace. They may be timelike or spacelike in a given region. First of all suppose that they are spacelike. Then in that local region, one can always perform a "Lorentz" rotation to new coordinates such that U depends only on the timelike coordinate in that region, U fa U(q°). One can then solve approximately by separation of variables and, assuming one can go sufficiently far into the regions U > 0, U < 0 for the potential to dominate the separation constant, the solution will be oscillatory for U » 0, exponential for U << 0. Similarly, in regions where the constant U surfaces are timelike, one may Lorentz-rotate to coordinates for which the potential depends only on the spacelike coordinates. The wave function is then oscillatory in the region U «6 and exponential in the region U » 0. The above is only a rather crude way of getting an idea of the behaviour of the solutions. In particular, the assumptions about the separation constant need to be checked in particular cases, given the boundary conditions. One may also determine the broad behaviour of the wave function by studying the path integral. In the Euclidean path integral representation of the wave function E.24), one considers the propagation amplitude to a final configuration determined by the argument of the wave function, from an initial configuration determined by the boundary conditions. In the saddle-point approximation, the wave function is of the form e"-", where Ici is the Euclidean action of the classical solution satisfying the above boundary conditions. Finding Ic\ therefore involves the mathematical question of solving the Einstein equations as a boundary value problem. If the

184 JONATHAN J. HALLIWELL solution is real, it will have real action, and the wave function will be exponential. However, it appears to be most commonly the case for generic boundary data that no real Euclidean solution exists, and the only solutions are complex, with complex action. The wave function will then be oscillatory. The boundary value problem for the Einstein equations is actually a rather difficult mathematical problem about which very little appears to be known, in the general case. In the minisuperspace case, qualitative information about the nature of the solution to the boundary value problem is readily obtained by inspecting the Eu- Euclidean version of the constraint equation E.8). So for example, when looking for a solution between fixed values of q" that are reasonably close together, one can see that the nature of the solution depends not only on the sign of the potential, but also on whether the connecting trajectory is timelike or spacelike in minisuperspace. The saddle-point appoximation to the path integral perhaps gives a more reliable indication than the Wheeler-DeWitt equation as to the broad behaviour of the wave function, in that the dependence on boundary conditions is more apparent. At this stage it is appropriate to emphasize an important distinction between the above discussion and tunneling processes in ordinary quantum mechanics or field theory. In ordinary quantum mechanics or field theory, when considering tunneling at fixed energy, one has a constraint equation similar to E.8), but with the important difference that its metric is positive definite. This has the consequence that at fixed energy, the configuration space is divided up into classically allowed and classically forbidden regions, and one can see immediately where they are by inspection of the potential in the constraint. By contrast, for gravitational systems, the constraint E.8) (or more generally, the Hamiltonian constraint C.8)) has a metric of indefinite signature. This has the consequence that configuration space is not divided up into classically allowed and classically forbidden regions - the constraint alone does not rule out the existence of real Euclidean or real Lorentzian solutions in a given region of configuration space. One can only determine the nature of the solution (i.e. real Euclidean, real Lorentzian or complex) by solving the boundary value problem. Further discussion of complex solutions and related issues may be found in Gibbons and Hartle A989), Halliwell and Hartle A989) and Halliwell and Louko A989a, 1989b, 1990). 7. THE WKB APPROXIMATION Having considered the general behaviour of the solutions to the Wheeler- DeWitt equation, we now go on to find the solutions more explicitly in the oscilla- oscillatory region, using the WKB approximation. This will allow us to be more explicit in showing that, as we have already hinted a few times, the correlation F.4) about which the wave function is peaked in the oscillatory region defines a set of solutions to the classical field equations. We are interested in solving the Wheeler-DeWitt equation, 0 G.1) For convenience, the Planck mass mp has been reinstated, because we are going to use it as a large parameter in terms of which to do the WKB expansion. (If there is a cosmological constant in the problem one can sometimes use Am as a

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 185 small parameter to control the WKB expansion, which has the advantage of being dimensionless.) Normally in the WKB approximation one looks for solutions that are strictly exponential or oscillatory, of the form e~J or e's. However, in quantum cosmology one often uses the Wheeler-DeWitt equation hand-in-hand with the path integral. As noted above, in the saddle-point approximation to the path integral, one generally finds that the dominating saddle-points are four-metrics that are not real Euclidean, or real Lorentzian, but complex, with complex action. It is therefore most appropriate to look for WKB solutions to G.1) of the form *(<?) = C(q)e-ml '<«) + O(m;2) G.2) f mp, G.3) where / and С are complex. Inserting G.2) into G.1) and equating powers of mp, one obtains 2V/• VC + CV2/= 0 G.4) Here, V denotes the со variant derivative with respect to qa in the metric /а/з, and the dot product is with respect to this metric. Let us split / into real and imaginary parts, I(q) — /д(д) — iS(q). Then the real and imaginary parts of G.3) are -l(VlR? + \(VSJ+U(q) = 0 G.5) V/д • VS = 0 G.6) Consider G.5). We will return later to G.4) and G.6). We are interested in wave functions which correspond to classical spacetime. As we have discussed, to correspond to classical spacetime, the wave function should be of the form e where S is a solution to the Lorentzian Hamilton-Jacobi equation, ±(VSJ + U(q)=0 G.7) for then S defines an ensemble of classical trajectories, as will be shown in detail below. Evidently from G.5) this is generally not the case for the S appearing in the wave function G.2). However, if the imaginary part of / varies with q much more rapidly than the real part, i.e. if |V5| » |VJr| G.8) then it follows from G.5) that S will be an approximate solution to the Lorentzian Hamilton-Jacobi equation, G.7). Furthermore, the wave function G.2) will then be predominantly of the form etS and, as we have already argued, it therefore indicates a strong correlation between coordinates and momenta of the form Pa = m2p— G.9) Now we are in a position to show explicitly that G.9) defines a first integral to the field equations. Clearly the momenta pa defined by G.9) satisfy the constraint

186 JONATHAN J. HALLIWELL E.13), by virtue of the Hamilton-Jacobi equation, G.7). To obtain the second order field equation, differentiate G.7) with respect to g7. One obtains Г7Н» 27'7 dq" dqf> ^ J dq° The form of the second term in G.10) invites the introduction of a vector d - r">ds д п ш Тз~* dq^W (?Л1) When operated on g7 it implies, via G.9), the usual relationship between velocities and momenta, E.10), provided that s is identified with the proper time, ds = Ndt. Using G.11) and G.9), G.10) may now be written The field equation E.7) is obtained after use of E.10) and after raising the indices using the minisuperspace metric. We have therefore shown that the wave function G.12), if it satisfies the condition G.8), is strongly peaked about a set of solutions to the field equations, namely the set defined by the first integral G.9). Now we come to the most important point. For a given Hamilton-Jacobi function S, the solution to the first integral G.9) will involve n arbitrary parameters. Recall, however, that the general solution to the full field equations E.7), E.8) will involve Bn — 1) arbitrary parameters. The wave function is therefore strongly peaked about an n-parameter subset of the Bn — l)-parameter general solution. By imposing boundary conditions on the Wheeler-DeWitt equation a particular wave function is singled out. In the oscillatory region, this picks out a particular Hamilton-Jacobi function S. This in turn defines defines an n-parameter subset of the Bn — 1) parameter general solution. It is in this way that boundary conditions on the wave function of the universe effectively imply initial conditions on the classical solutions. The Measure on the Set of Classical Trajectories Suppose one now chooses an (n — l)-dimensional surface in minisuperspace as the beginning of classical evolution. Through G.9), the wave function then ef- effectively fixes the initial velocities on that surface. However, the wave function contains yet more information than just the initial velocities: it provides a prob- probability measure on the set of classical trajectories about which the wave function is peaked. To see how this comes about, consider the remaining parts of the wave function, С and Ir. From the assumption, G.8), G.4) may be written V-(|C|2VS)=0 G.13) Moreover, we can combine this with G.6) and write V • (exp(-2m2pIR)\C\2VS) = 0 G.14)

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 187 This is a current conservation law, V ■ J = 0 G.15) where J = exp(-2m2/fl)|C|2V5 G.16) Loosely speaking, G.15) implies that that the coefficient of VS in G.16) provides a conserved measure on the set of classical trajectories about which the WKB wave function is peaked. Eq.G.16) is of course a special case of the Wheeler-DeWitt current J= 1(ф*УФ-ФУФ*) G.17) which is conserved by virtue of the Wheeler-DeWitt equation G.1), independently of any approximation. In suggesting that part of G.16) provides a conserved prob- probability measure on the set of classical trajectories, we are therefore aiming at using the conserved current as our probability measure. So now it is time to be precise about how the conserved current may successfully used, avoiding the difficulties with negative probabilities. The point is that it may be made to work only in the WKB approximation, although this is probably sufficient for all practical purposes. The following is based primarily on Vilenkin A989) (see also Hawking and Page A986) and Misner A970, 1972)). First we show how to construct a conserved measure. Consider a pencil В of the congruence of classical trajectories with tangent (co)vector VS1, about which the wave function is peaked. Suppose it intersects an (n — l)-dimensional surface £i in В П Ei, and subsequently intersects a second surface £2, id. В f] £2. Now consider the volume V of minisuperspace swept out by the pencil of classical trajectories between the surfaces £1 and £2. Because V • J = 0, one may write 0 = / dVV ■ J = I J-dA G.18) Jv Jav where dA is the element of area normal to the boundary of V. Since J • dA is non-zero only on the parts of the boundary of V consisting of the "ends", where the pencil В intersects £1 and £2, it follows that I JdA= f J-dA JBnEi JBnE2 G.19) This means that the flux of the pencil of trajectories across a hypersurface is in fact independent of the hypersurface. It suggests that we may use the quantity dP = J • dE G.20) as a conserved probability measure on the set of classical trajectories with tangent vector S7S, where £ is some hypersurface that cuts across the flow. Now we need to consider whether or not this definition of the probability measure gives positive probabilities. An intimately related problem is the choice of the surface £ in G.20).

188 JONATHAN J. HALLIWELL In the case of the Klein-Gordon equation, one takes the surfaces E to be surfaces of constant physical time, X° = constant, and thus attempts to use Jo, the time-like component of the current as a probability density. As is well-known, however, this may be negative. This is very significant in relativistic quantum mechanics, because it opens the way to the notion of antiparticles and second quantization. The analagous thing to do in quantum cosmology would be to take the surfaces E to be surfaces of constant q°, the timelike coordinate on minisuperspace. These would be surfaces for which the conformal part of the three-metric is constant. Once again one would find that the timelike component of J may be negative. However, this does not have the same significance as the Klein-Gordon case. It corresponds to the fact that in the classical theory one may have both expanding and collapsing universes. It is merely due to a bad choice of surfaces E, and does not oblige one to go to third quantization (the analogue of second quantization). For classical solutions which expand and recollapse, the flow will intersect a surface of constant conformal factor twice, in a different direction each time. What one really needs is a set of surfaces E which the flow intersects once and only once. For then the flux will pass through these surfaces always in the same direction and the probability G.20) will be positive. For a typical system in minisuperspace, the trajectories will generally go back- backwards and forwards in all coordinates qa. However, merely by inspection of a typi- typical congruence of classical paths, it is easy to see that one can always find a set of surfaces which the trajectories cross only once and in the same direction. The prob- probability measure G.20) will then remain of the same sign all along the congruence of classical trajectories (see Fig.3.). One particularly simple choice that one might at first think of are the surfaces of constant S, which are clearly orthogonal to the congruence of classical trajec- trajectories. These do indeed provide a good set of surfaces for substantial regions of minisuperspace. However, this choice breaks down when the trajectories approach the surface U(q) = 0. Since both J and dE are proportional to VS, dP is pro- proportional to (VSJ, which vanishes at U = 0 by virtue of the Hamilton-Jacobi equation. But apart from this restriction there is still considerable freedom in the choice of surfaces E. So we have seen that a sensible probability measure can be constructed from the conserved current, by suitable choice of the surfaces E. The important point to note, however, is that it works only in the semi-classical regime, when the wave function is of WKB form G.2), subject to the condition G.8). Some words are in order on how the probability density G.20) is to be used. It should not be thought of as an absolute probability on the entire surface E. That is, it cannot be used to find the absolute probability that the universe will start out at some part of the surface E. Indeed, it is not clear that it is normalizable over a surface E stretching right out to the boundary of superspace; i.e. one would not expect to be able to write [ JdA = l G.21) unless very special boundary conditions were imposed on the wave function. Rather, G.20) should be used to compute conditional probabilities. Such probabilities are used when answering questions of the type, "Given that the universe starts out in some finite subset Si of E, what is the probabilility that it will start out in the subset so of Si?". This conditional probability would be given by an expression of

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 189 Fig.S: The integral curves of the current J (the bold lines) and some possible choices for hypersurfacs £ (the dashed lines). Sj is a bad choice because the flow of J intersects Ei more than once. £2 is a good choice because the flow intersects it once and only once.

190 JONATHAN J. HALLIWELL the form / J-dA р1«м = Ггп G-22) Each integral is finite because the domains of integration Sq, si axe finite, and the integrand will typically be bounded on these domains. The theory makes a prediction when conditional probabilities of this type axe close to zero or one. Finally, it should be noted that there is a certain element of circularity in our use of the conserved current as the probability measure. We have shown that the conserved current can provide a sensible probability measure in the semi-classical approximation. Beyond that it seems unlikely that it can be made to work. The problem, however, is that strictly speaking one really needs a probability measure in the first place to say what one means by "semi-classical", and to say that a given wave function is peaked about a given configuration. The resolution to this apparent dilemma is to use the measure |Ф|2 dV from the very beginning, without any kind of approximations, and it is in terms of this that one dicusses the notion of semiclassical, and the peaking about classical trajectories. One may then apply this measure to non-zero volume regions consisting of slightly "thickened" (n — 1)- dimensional hypersurfaces intersecting the classical flow. With care, it is then in fact possible to recover the probability measure J • dS discussed above, but only in the semi-classical approximation. Let me now summarize this rather lengthy discussion of classical spacetime and the WKB approximation. In certain regions of minisuperspace, and for certain boundary conditions, the Wheeler-DeWitt equation will have solutions of the WKB form G.2), for which G.8) holds. These solutions correspond to classical spacetime in that they axe peaked about the set of solutions to the classical field equations satisfying the first integral G.9). These classical solutions consist of a congruence of trajectories in minisuperspace with tangent vector VS1. One may think of the wave function as imposing initial conditions on the velocities on some hypersurface E cutting across the flow of S. In addition, the quantity J • cE may be used as a probability measure on this surface; that is, it may be used to compute conditional probabilities that the universe will start out in some region of the surface E. We will see how this works in detail in an example in the following sections. 8. BOUNDARY CONDITION PROPOSALS Throughout the course of these lectures I have tried to emphasize the impor- importance of boundary or initial conditions in quantum cosmology, although nothing we have done so fax depends on a particular choice of boundary conditions. Now we come to discuss particular proposals and investigate their consequences. A quantum theory of initial conditions involves selecting just one wave func- function of the universe from amongst the many that the dynamics allows^ i.e. choosing a particular solution to the Wheeler-DeWitt equation. Numerous proposals have been made over the years. As long ago as 1967, DeWitt expressed a hope that mathematical consistency alone would lead to a unique solution to the Wheeler- DeWitt equation (DeWitt, 1967). Regretfully such a hope does not appear to have been realized. More recently, workers in the field have contented themselves with offering proposals motivated by considerations of simplicity, naturalness, analogies with simple quantum mechanical sytems etc. Here, we will concentrate on just two recent proposals that are the most comprehensive and the most studied. These are

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 191 the "no-boundary" proposal of Hartle and Hawking (Hawking 1982, 1984a; Har- Hartle and Hawking, 1983) and the "tunneling" boundary condition due primarily to Vilenkin and to Linde (Vilenkin, 1982, 1983, 1984, 1985a, 1985b, 1986,1988; Linde, 1984a, 1984b, 1984c). It should be stated at the outset that all known proposals for boundary condi- conditions in quantum cosmology may be criticised on the grounds of lack of generality of lack of precision, and these two are no exception. The issue of proposing a sensible theory of initial conditions which completely specifies a unique wave function of the universe for all conceivable situations, is to my mind still an open one. The No-Boundary Proposal The no-boundary proposal of Hartle and Hawking is expressed in termsof a Euclidean path integral. Before stating it, recall that a wave function Ф[/г^-, Ф, В] satisfying the Wheeler-DeWitt equation and the momentum constraint may be generated by a path integral of the form м J The sum is over manifolds M which have В as part of their boundary, and over metrics and matter fields (<?/»», Ф) on M matching the arguments of the wave func- function on the three-surface B. When M has topology Ж х В, this path integral has the form Ф[Лу,Ф,5] = JШ* JVhij-D* 8[N* -Х"]Дхехр(-7[^,Ф]) (8.2) The lapse and shift JV* are unrestricted at the end-points. The three-metric and matter field are integrated over a class of paths (hij(x, г), Ф(х, г)) with the restric- restriction that they match the argument of the wave function on the three-surface B, which may be taken to be the surface r = 1. That is, Л0-(*,1) = Лу(х), Ф(х,1)=Ф(х) (8.3) To complete the specification of the class of paths one also needs to specify the conditions satisfied at the initial point, т = О say. The no-boundary proposal of Hartle and Hawking is an essentially toplogical statement about the class of histories summed over. To calculate the no-boundary wave function, Флгв[^О'; Ф;-В], we are instructed to regard the three,-surface В as the only boundary of a compact four-manifold M, on which the four-metric is g^v and induces hij on S, and the matter field configuration is Ф and matches the value Ф on S. We are then instructed to peform a path integral of the form (8.1) over all such guV and Ф and over all such M (see Fig.4.). For manifolds of the form Ж х В, the no-boundary proposal in principle tells us what conditions to impose on the histories (hij(x, г), Ф(х, г)) at the initial point r = 0 in the path integral (8.2). Loosely speaking, one is to choose initial condition ensuring the closure of the four-geometry. However, although the four- dimensional geometric picture of what is going on here is intuitively very clear,

192 JONATHAN J. HALLIWELL Fig.4- A pictorial representation of the class of histories summed over in the calculation of the no-boundary wave function.

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 193 the initial conditions one needs to impose on the histories in the C+1) picture axe rather subtle. They basically involve setting the initial three-surface volume, h*, to zero, but also involve conditions on the derivatives of the remaining components of the three-metric and the matter fields, which have only been given in certain special cases.' There is a further issue concerning the contour of integration. As discussed earlier a complex contour of integration is necessary if the path integral is to con- converge. Although convergent contours are readily found, convergence alone does not lead one automatically to a unique contour, and the value of the wave function may depend, possibly quite crucially, on which contour one chooses. The no-boundary proposal does not obviously offer any guidelines as to which contour one should take. Because of these difficulties of precision in defining the no-boundary wave function, I am going to allow myself considerable license in my interpretation of what this proposal actually implies for practical calculations. As far as the closure conditions goes, the following is, I think, a reasonable approach to take for practical purposes. The point to note is that one rarely goes beyond the lowest order semi-classical approximation in quantum cosmology. That is, for all practical purposes, one works with a wave function of the form Ф = e~Icl, where Ici is the action of a (possibly complex) solution to the Euclidean field equations. The reason one does this is partly because of the difficulty of computing higher order corrections; but primarily, it is because our present understanding of quantum gravity is rather poor and if these models have any range of validity at all, they are unlikely to be valid beyond the lowest order semi-classical approximation. What this means is that in attempting to apply the no-boundary proposal, one need only concern oneself with the question of finding initial conditions that correspond to the no-boundary proposal at the classical level. In particular, we are allowed to impose regularity conditions on the metric and matter fields. To be precise, we will impose initial conditions on the histories which ensure that (i) the four- geometry closes, and (ii) the saddle-points of the functional integral correspond to metrics and matter fields which are regular solutions to the classical field equations matching the prescribed data on the bounding three-surface B. There is a lot more one could say about this, but these conditions will be sufficient for our purposes. For a more detailed discussion of these issues see Halliwell and Louko A990) and Louko A988b). Consider next the contour of integration. Because we will only be working in the semiclassical approximation, we do not have to worry about finding convergent contours. Nevertheless, the contour becomes an issue for us if the solution to the Einstein equations satisfying the above boundary conditions is not unique. For then the path integral will have a number of saddle-points, each of which may contribute to the integral an amount of order e~'«', where 7*, is the action of the solution Some earlier statements of the Hartle-Hawking proposal also used the word "reg- "regular", i.e. demanded that the sum be over regular geometries and matter fields. This is surely inappropriate because in a functional integral over fields, most of the configurations included in the sum are not even continuous, let alone differentiable. They may, however, be regular at the saddle-points, and we will exploit this fact below.

194 JONATHAN J. HALLIWELL corresponding to saddle-point k. Without choosing a contour and performing a detailed contour analysis it is unfortunately not possible to say which saddle-points will generally provide the dominant contributions. We therefore have no general guidelines to offer here. We will see how exactly these issues axise in the simple example discussed below. We now calculate the no-boundary wave function explicitly for the scalar field model described in Section 2. In the gauge N = 0, the minisuperspace path integral for the no-boundary wave function is (o, ф) = JdN J VaVj, exp (-7[а(т), ф(т), Щ) where I is the Euclidean action for the scalar field model, The Euclidean field equations may be writtenj ~2V{<t>)-° (8-6) The integral (8.4) is taken over a class of paths (а(т), ф(т), N) satisfying the final condition a(l) = a, фA) = ф (8.8) and a set of initial conditions determined by the no-boundary proposal, discussed below. The constant N is integrated along a closed or infinite contour in the T Because the path integral representation of the wave function involves an ordinary integral over N, not a functional integral, the constraint (8.7) does not immediately follow from extremizing the action (8.4) with respect to the variables integrated over. Rather, the saddle-point condition is dl/dN = 0, and one actually obtains the integral over time of (8.7). The form of (8.7) as written is obtained once one realizes that the integrand is in fact constant, by virtue of the other two field equations, hence the integral sign may be dropped. However, writing the constraint with the integral over time highlights the fact that the field equations and constraint contain two functions and one constants worth of information. This is precisely the right amount of information to determine the two functions (а(т), ф(т)) and the constant N in terms of the boundary data.

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 195 complex plane and is not restricted by the boundary conditions. We are interested only in the semi-classical approximation to the above path integral, in which the wave function is taken to be of the form Ща,ф) = ехр(-1с1(а,ф)) (8.9) (or possibly a sum of wave functions of this form). Here Ici(a, <j>) is the action of the solution to the Euclidean field equations (а(т), ф(т), N), which satisfies the final condition (8.5) and, in accordance with the above interpretation of the no-boundary proposal, is regular and respects the closure condition. Consider, then, the important issue of determining the initial conditions on the paths that correspond to the closure condition and ensure that the solution is regular. Consider first а(т). The Euclidean four-metric is ds2 = N2dr2 + а2(т)йп2 (8.10) We want the four-geometry to close off in a regular way. Imagine making the three- sphere boundary smaller and smaller. Then eventually we will be able to smoothly close it off with flat space. Compare, therefore, (8.10) with the metric on flat space in spherical coordinates ds2 ^dr2 +r2du\ (8.11) From this, one may see that for (8.10) to close off in a regular way as a —> 0, we must have o.{t)~Nt, as r->0 (8.12) This suggests that the conditions that must be satisfied at r = 0 are a@) = 0, ^@) = l (8.13) (8.13) are the conditions that are often stated in the literature. However, this is in general too many conditions. In general, we would not expect to be able to find a classical solution satisfying the boundary data of fixed a on the final surface, fixed a on the initial surface and and fixed da/dr on the initial surface. We might of course be able to do this at the classical level, for certain special choices of boundary data, but such conditions could not be elevated to quantum boundary conditions on the full path integral. One of these condition must be dropped. Since the main requirement is that the geometry closes, let us drop the condition on the derivative and keep the condition that a@) = 0. On the face of it, this seems to allow the possibility that the four-geometry may not close off in a regular fashion. Consider, however, the constraint equation (8.7). It implies that if the solution is to be regular, then da/dr —> ±1 as a —> 0. The regularity condition is therefore recovered when the constraint equation holds. This guarantees that the saddle-points will indeed be regular four-geometries, if we only impose a@) = 0. Now consider the scalar field ф(т). Consider the equation it satisfies, (8.6). It is not difficult to see that if the solution is to be regular as a —* 0, then ф(т) must satisfy the initial condition ^@) = 0 (8.14)

196 JONATHAN J. HALLIWELL So the sole content of the no-boundary proposal, for this model, is the initial con- condition (8.14) and the condition a@) = 0. Our task is now to solve the field equations (8.5)-(8.7) for the solution (а(т), ф(т), N), subject to the boundary conditions (8.9), (8.14) and a@) = 0, and then calculate the action T of the solution. For definiteness, let us assume that the potential V(<j>) is of the chaotic type (i.e. U-shaped) and let us go to the laxge ф region at which |У/У| << 1. It is not difficult to see that the approximate solution to the scalax field equation (8.6), subject to the boundary conditions (8.8), (8.14), is ф(т)кф (8.15) Similarly, the approximate solution to the second order equation for а(т), (8.5), satisfying the boundary conditions a@) = 0, a(l) = a, is а(т) « K—. '- (8.16) ' sin(ylAT) ' Finally, we insert (8.15), (8.16) into the constraint (8.7) to obtain a purely algebraic equation for the lapse, N. It is sin2(y2AT)=a2y (8.17) There are an infinite number of solutions to this equation. If а2 У < 1, they axe real, and axe conveniently written [ + ±)r±car1(aV^ (8.18) where n = 0, ±1, ±2,... and cos~1(aV j ) lies in its principal range, @, vr/2). For the moment, we set n = 0. We will return later to the significance of the other values of n. With n = 0, the solution for the lapse inserted into the solution for а(т), (8.16), now reads ^\{1±\ (8.19) We now have the complete solution to the field equations subject to the above boundary conditions. It is (8.15), (8.19), together with the solution for the lapse (8.18). The action of the solution is readily calculated. It is ' (8-20) T The action (8.4) is the appropriate one when a and ф are fixed on both boundaxies. If one wants to fix instead derivatives of the fields on the boundary, as (8.14) requires, then (8.4) must have the appropriate boundary terms added. The correct boundary term does in fact vanish in the case under consideration here, although this is a point that generally needs to be treated quite carefully.

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 197 It is not difficult to see that these two solutions represent the three-sphere boundary being closed off with sections of four-sphere. As expected, the action is negative. The (—)/(+) sign corresponds to the three-sphere being closed of by less than/more than half of a four-sphere. The classical solution is therefore not unique. Because the classical solution is not unique, we are faced with the problem of which solution to take in the semi-classical approximation to the wave function. Naively, one might note that the (+) saddle-point has most negative action, and will therefore provide the dominant contribution. However, as briefly mentioned earlier, this depends on the contour of integration. One can only say that the (+) saddle-point provides the dominant contribution if the chosen integration contour in the path integral may be distorted into a steepest-descent contour along which the (+) saddle-point is the global maximum. In their original paper, Haxtle and Hawking A983) gave heuristic arguments, based on the conformal rotation, which suggest that the contour was such that it could not be distorted to pass through the (+) saddle-point and was in fact dominated by the (-) saddle-point. For the moment let us accept these arguments. They thus obtained the following semi- classical expression for the no-boundaxy wave function: <HNB(a, ф) « ехр (щ^ [l - A - а2У(ф)K/2} ) (8.21) (where we have dropped the tildes, to avoid the notation becoming too cumber- cumbersome). (8.21) is indeed an approximate solution to the Wheeler-DeWitt equation for the model, B.14), in the region a2VD>) < 1. Using the WKB matching proce- procedure, it is readily shown that the corresponding solution in the region а2У(ф) > 1 This completes the calculation of the no-boundary wave function Л Some further remarks are in order. First, the contour of integration. The path integral for the no-boundaxy wave function as discussed above has two saddle- points, and Haxtle and Hawking argued that it is the saddle-point corresponding to less than half a four-sphere that provides the dominant contribution. However, their heuristic argument is not, in my opinion, totally convincing. A more detailed analysis of this situation by myself and Jorma Louko exposed the assumptions that Haxtle and Hawking implicitly made to arrive at the above answer (Halliwell and Louko, 1989a). By a suitable choice of variables, and by work- working with a cosmological constant instead of a scalar field, we were able to evaluate the minisuperspace path integral for this model exactly. In particular, we were able to determine convergent contours explicitly for the model, and thus see whether or not certain saddle-points did or did not yield the dominant contribution to the path integral. What we found is that there are a number of inequivalent contours along which the path integral converges, each dominated by different saddle-points, and thus leading to different forms for the wave function. No one contour was obviously T The reader familiar with the literature will note that this is not the derivation given by Haxtle and Hawking A983). However, I have presented it in this way to emphasize certain points which will be discussed in what follows.

198 JONATHAN J. HALLIWELL preferred. In particular, the no-boundary proposal did not indicate which contour one was supposed to take. A contour yielding the above form for the wave function could be found, but it was not obvious why one should take that particular one. So the essential conclusion here is that the no-boundary proposal as it stands does not fix the wave function uniquely. There are, so to speak, many no-boundary wave functions, each corresponding to a different choice of contour. The wave function is therefore only fixed uniquely after one has put in some extra information fixing the contour. As an example, in the simple model above one could define the no-boundary wave function to be as defined by Hartle and Hawking, with the additional piece of information that one is to take the contour dominated by the less-than-half saddle- point. A more general statement is however not currently available. A possible approach to this problem is that of Halliwell and Hartle A989), which involved restricting the possible contours on the grounds of mathematical consistency and physical predictions. The second issue that deserves further comment is the equation for the lapse, (8.17), and there are a number of points to be made here. Firstly, we considered only a2V(<j>) < 1, so that the solution was real. One may allow a2 V(<j>) > 1, in which case N, the scale factor (8.16) and the action become complex - the action is essentially (8.20) with a2VD>) continued into the range а2У{ф) > 1. Complex saddle-points are generally expected in this sort of problem. Indeed, they are essential if the wave function is to be oscillatory, and thus predict classical spacetime. Secondly, we restricted to the solutions with n = 0. What is the significance of the other solutions? Consider first the case of n positive. It is not difficult to see that for values of n > 0, the solution (8.16) undergoes many oscillations. More precisely, a2, which appears in the metric, expands to a maximum size and then "bounces" each time it reaches zero. The geometric picture of these saddle-points is therefore of linear chains of contiguous spheres (Halliwell and Myers, 1989; Klebanov et al., 1989). What about the saddle-points with n < 0? These saddle-points have negative lapse. Because the action changes sign under N —> — N, the action of these saddle- points has the "wrong" sign. However, these saddle-points are otherwise identical to the ones with positive lapse - their four-metrics are the same. Moreover, they have a perfectly legitimate place as saddle-points of the path integral. They are not artefacts of this model. They arise because the action, by virtue of the presence of the yfg factor, is double-valued in the space of complex four-metrics. Carrying the metric once around the branch point returns one to a physically identical solution to the Einstein equations, but with action of the opposite sign. So to every phys- physically significant solution there corresponds two saddle-points. Because one has to integrate over complex metrics for convergence, both saddle-points are candidate contributants to the path integral. So finally it seems sensible to ask, why did we not include any of these extra saddle-points, i.e. n = ±1,±2,..., in the calculation of the no-boundary wave function? The answer is that one can, by a suitable choice of contour. However, the saddle-points with N negative (or more generally, with Re(y/g) negative), lead to difficulties with the recovery of quantum field theory in curved spacetime if they dominate the path integral, because a normally positive matter action will become negative definite on the gravitational background corresponding to such a saddle-point. For this reason, the contour should not be chosen in such a way that it is dominated by a negative N saddle-point (Halliwell and Hartle, 1989). This

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 199 leaves the saddle-points with n — 0,1,2,3... The saddle-points corresponding to the lineax chains of spheres, n = 1,2,.. may contribute with a suitable choice of contour, but one could exclude them by taking the definition of the no-boundary wave function offered above (»'. e demand that the contour be dominated by the saddle-point corresponding to less than half of a four-sphere). These issue involving the contour axe still very much up in the air, and I would regard the question of choosing a sensible contour for the no-boundary wave function as at this moment an open one. The Tunneling Boundary Condition The other proposal we will consider here is the so-called "tunneling" boundary condition advocated primarily by Vilenkin A982, 1983, 1984, 1985a, 1985b, 1986, 1988) and Linde A984a, 1984b, 1984c). I will concentrate on Vilenkin's formulation, which is the most comprehensive. The tunneling boundary condition attempts to draw most strongly the analogy between the quantum creation of the universe and tunneling in ordinary quantum mechanics. Vilenkin has offered various formulations of this boundary condition, not all of which are obviously equivalent. The most detailed is the "outgoing modes" formulation, which we now discuss (Vilenkin, 1988). The outgoing modes statement of the tunneling boundary condition proposal is a statement about the behaviour of the solutions to the Wheeler-DeWitt equa- equation at the boundary of superspace. In brief, the idea is as follows. In a manner analagous to that in which solutions to the Klein-Gordon equation are classified as positive or negative frequency, Vilenkin attempts to classify the solutions to the Wheeler-DeWitt equation as "ingoing" or "outgoing" at the boundary. The pro- proposal is then that the wave function should consist solely of outgoing modes at the parts of the boundary of superspace which correspond to singular four-geometries. A regularity condition, that Ф be everywhere bounded, is also imposed. This is perhaps a little vague, so let us discuss it more carefully. First, consider the nature of the boundary of superspace. The boundary of superspace will gener- generally consist of configurations which are in some sense singular, e.g. h* will be zero or infinite, or quantities such as Ф, or (д,ФJ may be infinite. However, this does not necessarily mean that a four-geometry which has that three-geometry as a slice is singular. For example, hi vanishes at the north and south pole of a four-sphere, but the four-geometry is perfectly regular. Let us therefore divide the boundary of superspace into two regions. The first region consists of three-geometries having singularities attributable to the slicing of a regular four-geometry. That is, there exists a regular Euclidean T four-geometry of which the singular three-geometry is a slice. Call these parts of the boundary non-singular. The second part of the boundary is what remains, and will be referred to as the singular boundary. This part of the boundary does correspond to singularities of the four-geometry. A more detailed mathematical discussion of this point can be given, using Morse theory, but the above is sufficient for our purposes. Now let us discuss the notion of ingoing and outgoing modes. Solutions to The description "Euclidean" was not given explicitly in Vilenkin A988), but it appears to have been tacitly assumed there and elsewhere

200 JONATHAN J. HALLIWELL the Klein-Gordon equation of relativistic quantum mechanics may be expanded in terms of mode functions elp'z, and these modes may be classified as positive or neg- negative frequency, with respect to the timelike Killing vector —id/dt. More precisely, the mode solutions are eigenfunctions of this Killing vector and the classification depends on the sign of the eigenvalue. The positive and negative frequency modes may also be characterized by the sign of Jo, the timelike component of the conserved current J = i(**V*-*V**), VJ=0 (8.23) One might hope to do an analagous thing for the Wheeler-DeWitt equation. In the general case, one meets with an immediate difficulty. This is that to say what one means by positive and negative frequency on the whole of superspace, one needs a timelike Killing vector. However, it is a mathematical property of superspace that it has has no Killing vectors at all, so positive and negative frequency modes cannot in general be defined (Kuchaf, 1981). Despite this obstruction, one can still make considerable progress by restrict- restricting attention to certain approximate forms for the wave function, or by restricting attention to certain regions of superspace, such as close to the boundary. One is, for example, primarily interested in the solution in the oscillatory region. There, one expects solutions to the Wheeler-DeWitt equation of the form ф = ^ °neiS" (8.24) n where the Sn axe solutions to the Hamilton-Jacobi equation. The current for the mode CnelS" is Jn=-\Cn\2VSn (8.26) This mode is thus defined to be outgoing at the boundary if - VSn points outward there. If the wave function is not oscillatory in the neighbourhood of the boundary, then the definition of outgoing modes is more problematic, if not impossible. Now let us give a more precise statement of Vilenkin's outgoing modes pro- proposal for the tunneling wave function, Фг: Фг w the solution to the Wheeler-DeWitt equation that is everywhere bounded and consists solely of outgoing modes at singular boundaries of superspace. Despite the apparent vagueness in its definition, and the obstruction of prin- principle to making it more general, the Vilenkin outgoing modes form of the tunneling boundary condition appears in simple minisuperspace models to be intuitively rea- reasonably clear, and it has been quite successful in defining a unique solution to the Wheeler-DeWitt equation. Now let us calculate the tunneling wave function, using the above proposal, for the scalar field model. The Wheeler-DeWitt equation may be written (^) = 0 (8.27) The minisuperspace for this model is the two-dimensional space with coordinates (а, ф), with 0 < a < oo, —oo < ф < oo. The only non-singular part of the boundary is a = 0 with ф finite. The rest is singular, and consists of configurations with one or both of a and ф infinite. Writing a = ea, minisuperspace, which is now

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 201 just flat two-dimensional Minkowski space, is conveniently represented on the usual conformal diagram. The non-singulax boundary is mapped to the single point i~, past timelike infinity. The remaining singular part of the boundary is mapped to J*, future and past null infinity, and i°,i+, spacelike and future timelike infinity (see Fig.5.). The basic idea of the outgoing modes prescription is that probability flux is injected into superspace at i~ with finite ф and a = 0, and flows out of superspace across the singular boundaries. We will again work in the region for which the scalar field potential depends only very slowly on ф. So provisionally we impose the restriction |V'/V| << 1, although this condition will be revised below. Next, note that as a goes to zero, the coefficient of the second derivative with respect to ф in (8.27) blows up. If, as the boundary conditions demand, we axe to get a regular solution, it seems reasonable to insist that Ф(а, ф) becomes independent of ф for small a. We will therefore neglect the second derivative with respect to ф in (8.27). Consider first the solution in the oscillatory region, а2У(ф) > 1. The WKB solutions axe proportional to eis, or e~is', where S = (а2У(ф) - 1K12/ЪУ(ф). The first has probability flux J ~ — VS1, pointing back towards i~, the second has J ~ VS1, pointing outwards away from i~. The latter, if evolved in the forward direction would eventually reach the singular boundary at which it would be out- outgoing. The former, however, corresponds to the time reverse of this so is ingoing at the boundaxy. This means that the outgoing modes prescription implies that only an outgoing wave should be present in the classically allowed region, so the wave function should be proportional to e~lS. This implies that the tunneling wave function in the oscillatory region is of the form Фг(а, ф) « А(ф)ехр (~щ^ (°2У(ф) - lK/2) (8.30) Here we have included, as we may, the slowly varying ^-dependent factor А(ф). It turns out that this needs to be included to ensure that the solution is regular. By the WKB matching procedure, one may determine the solution corre- corresponding to (8.30) in the exponential region, а2У(ф) < 1. It is Фг(а, Ф) « А(ф)ещ> (—L^ A - a a2 (8.31) The second term is exponentially smaller than the first, so may be neglected. Now consider what happens to the solution as a goes to zero. For regulaxity, we need д^/дф —> 0 as а —> 0. This can only be achieved by choosing the function А(ф) to be With this choice, Фг ~ e~^a for small a, which is regular for all values of ф. We should now check that all this is consistent with the approximation of neglecting the second derivative with respect to ф in the Wheeler-DeWitt equation.

202 JONATHAN J. HALLIWELL 9* Fig.5: The eonformal diagram of minisuperspace for the scalar field model. The current of a solution satisfying the outgoing modes condition is shovm. It enters at the non-singular boundary, i~, and flows out across J~, part of the singular boundary.

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 203 Inserting the approximate solution with А(ф) given by (8.32) into (8.27), it may be shown that the solution is valid in the region for which |V(^)| << a~2. If a2 V(<f>) < 1, this is actually an improvement on the original condition, | V'/V| << 1. In particular, it means that the solution is valid for axbitraxily rapid dependence of the potential on ф as a goes to zero. This would not have been true had we not multiplied the wave function by (8.32). So the revised restriction under which our approximations axe valid is \У(ф)\«тгХ[\У(ф)\,а-2] (8.33) The final expression for the tunneling wave function is given by for а2У(ф)<1 (8.34) for а2У(ф) > 1 (8.35) This completes the calculation of the tunneling wave function. Mention should also be made of an alternative, not so well-known version of the tunneling boundary condition, also due to Vilenkin. This is that the wave function is given by a Lorentzian path integral over geometries which close off in the past, J (8.36) where S is the Lorentzian action. The phrase "close off in the past" is taken to mean that the histories summed over have vanishing initial three-volume, and also that the lapse function in the path integral D.7) (or E.21)) is integrated not over an infinite range, but over a half-infinite range, from 0 to oo. The wave function thus calculated is then not quite a solution to the Wheeler-DeWitt equation, but is a Green function of the Wheeler-DeWitt operator; i.e. one obtains a delta-function on the right-hand side of Eq.E.23), although this delta-function is pushed to the boundary of superspace where h 2 = 0. This is in keeping with the idea that the tunneling wave function involves probability flux being injected into superspace at the non-singular boundary. It seems reasonable to interpret this proposal as being essentially the same as the no-boundary proposal, in which a particular choice for the contour is made. Namely, that the contour is chosen to be the complex contour which may be distorted to lie along the real Lorentzian axis. It is not obviously equivalent to the outgoing modes version of the tunneling proposal, however, and actually fails to coincide precisely in some models (Halliwell and Louko, 1990). Linde's version of the tunneling proposal (Linde, 1984a, 1984b, 1984c) also appears to involve a Lorentzian path integral as a starting point. Because the usual Wick rotation to Euclidean time leads to a minus sign in front of the kinetic term for the scale factor in the action, Linde proposed that the Wick rotation should be performed in the "wrong" direction. It may be argued that this involves choosing the lapse contour to be the distortion into the region Re(N) < 0 of the contour running up the positive imaginary axis (Halliwell and Louko, 1989a, 1990). This proposal is therefore identical to Vilenkin's path integral version of the tunneling proposal.

204 JONATHAN J. HALLIWELL Finally, an interesting point. Vilenkin observed that the full Wheeler-DeWitt equation is invariant under the transformation ha -» t"hih У(Ф) -» е--у(Ф) (8.37) That is, given a solution Ф[/ц;', Ф], a second solution may be generated from it using the above transformation. In particular, Vilenkin noticed that the no-boundary and tunneling wave functions for the scalar field minisuperspace model are related by this transformation: <5>NB = ФГ(У _> t~"V,a -> eiT/2a) (8.38) (to see this explicitly one has to use the Airy functions of which (8.34) and (8.35) are asymptotic forms). The possible significance of this observation is the following: as I have tried to emphasize, there are considerable difficulties of precision and generality in the definitions of the no-boundary and tunneling wave functions. If, however, one succeeded in defining one of these wave functions in a much more precise, more general way, then the other could be defined by the transformation (8.37). 9. NO-BOUNDARY VS. TUNNELING Let us now compare the no-boundary and tunneling wave functions. For convenience we record their explicit forms in the oscillatory region, in a range of ф for which У(ф) is slowly varying. To be definite, let us take the potential У(ф) to be of the chaotic inflationary type. Let us introduce The tunneling wave function is 9тмехр(-шУа (9-2) The no-boundary wave function is There are two differences. The first is that the no-boundary wave function is real, being a sum of a WKB component and its complex conjugate, whilst the Vilenkin wave function consists of just one WKB component. T If one component corresponds T The fact that the no-boundary wave function is real corresponds to the fact that it is in a sense CPT invariant, and has implications for the arrow of time in cosmology (Hawking, 1985; Page, 1985).

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 205 to expanding solutions, then the other corresponds to collapsing solutions, although it is not possible to say which one is which. It may be argued that these compo- components have negligible interference, so each component may be considered separately (Halliwell, 1989b). One may thus compare a single component of the no-boundary wave function with the Vilenkin wave function. The second, and more important difference, is the sign difference in the pref- actor. Both wave functions are peaked about the same set of solutions to the field equations, namely those satisfying the first integral p = VS, with S given by (9.1). As we have shown, these solutions are initially inflationary, with a(t) « ev 2 *, (•/>(£) sa фо = constant. These solutions may be labeled by their initial values of ф, фо. Although all the solutions undergo some inflation, the amount by which they inflate depends on фо. For example, if the potential is У(ф) = т2ф2, then sufficient inflation is obtained only for values of фо in excess of about 4 (in Planck units) (Hawking, 1984a; Page, 1986a). To see which initial values of ф are most favoured by each wave function, we need to study the measure on the set of paths, J • cE. Because the trajectories have ф w 0, J points largely in the a direction. A suitable choice of surfaces £ is therefore surfaces of constant o, at least locally. The probability measure is thus given by ( dP = J ■ <ffi и ехр (±Щф^ *Ф 0-4) (with (+) for the no-boundary wave function, ( —) for the tunneling wave function). With this measure, we now have to ask the right questions. As discussed previously, we cannot take this to be an absolute measure on the initial values of ф. Rather, it should be thought of as a conditional probability measure. So we must first decide what conditions to impose; that is, in what range of values of ф are we to ask for predictions? First of all consider what happens if ф is very small initially, close to zero (for convenience, we restrict attention to positive ф in what follows). Universes starting out with a very small initial value of ф will very rapidly reach a small maximum size and then recollapse in a short period of time. One would not expect large scale structure and indeed, observers, to exist in such universes. It therefore seems reasonable to impose the condition that the universe expands out to a "reasonable" size. This is somewhat vague, but what it means is that we restrict attention to initial values of ф greater than some exceedingly small value фт{„, say. This restriction has the consequence that the no-boundary (+) measure (9.4) is now bounded (it was previously unbounded at ф = 0) and it is peaked about фт{п. Now consider very large values of ф. For a chaotic potential at least, as ф becomes very large the scalar field energy density У(ф) will approach the Planck energy density, V(^) ~ 1. If minisuperspace models are to have any validity at all, it seems unlikely that they can be trusted in the range of ф for which V(^) > 1. So our second condition is to ask for predictions only in the region ф < фр, where У(фр) = 1. For the potential У(ф) = т2ф2, m is normally taken to be about 10~4, so фр ~ 104. Our task is now to ask for predictions with the condition that the initial value of ф lies in the range фтт < ф < фр. For a chaotic potential, there will be a value of ф in this range, larger than фт{п, call it фзuf, for which sufficient inflation is achieved if фо > </>au/, and it is not achieved if фо < фзи/- For the massive scalar field, фаи] ~ 4. A pertinent question to ask, therefore is this: "What is the

206 JONATHAN J. HALLIWELL probability that ф0 > фаи}, given that фты < Фо < ФРТ' It is given, using (9.4), by the following expression. *r Р(Фо > фЯи/\фт,„ <Фо< ФР) = -j=* ) ^Ц- (9.5) This is effectively the probability of sufficient inflation. It is reasonably easy to see the result of evaluating (9.5) by merely looking at the plot of the two probability distributions, exp (±3V2, „ j (see Fig.6.). Consider first the tunneling wave function (—). The integrand becomes very small as ф approaches фт{„ and it is clear that by fax the largest contribution to the integral in the denominator comes from the region ф > фяи/. One therefore has P « 1, and sufficient inflation is a prediction of the tunneling wave function. Now consider the no-boundary wave function (+). The integrand diverges as ф approaches zero, but is cut off by фт{п. If, as we axe assuming, фтш is very small, the main contribution to the integral in the denominator will come from the region very close to фты. One therefore has P « 1 for the no-boundary wave function, and sufficient inflation is not a prediction. The above conclusion about the no-boundary wave function is not the one reached by Hawking and Page in their analysis (Hawking and Page, 1986). They concluded that sufficient inflation has probability unity. The difference with the analysis given here (which is based on that of Vilenkin A989)), is that Hawking and Page did not restrict to ф < фр. For ф > фр, the integrands in (9.4) level off to 1; thus although in the range фты < ф < оо the integrands in the denominator are strongly peaked at </>mln, the contribution to the integral from this region is over- overwhelmingly outweighed by that from very laxge values of ф. (9.4) would therefore yield the value 1 for both wave functions. A new aspect to the no-boundary/tunneling debate was recently exposed by Grishchuk and Rozhansky A989) (see also Grishchuk and Rozhansky A988)). They asked whether the above calculation of the no-boundaxy wave function, which in- involves the approximate solutions to the classical Euclidean field equations for the scalax field model, is really valid down to ф close to zero. The conclusion they came to is that they are not, and that the above expression for the no-boundary wave function makes sense only in the range ф > ф„ for some critical value of ф, ф„ which they estimated. Although less than фзи/, Ф* is much greater than фт{п, the lower bound we imposed to ensure that the universe expanded to a "reasonable" size. The value of ф„ is model-dependent. For the massive scalax field model ф, « 1. Their conclusion was reached by giving a more caxeful treatment of the mo- motion of the scalar field, which was taken to be approximately constant in the above analysis. For laxge ф, | V/V\ << 1, and the Euclidean solution for a(r) is given ap- approximately by (8.19). The trajectories staxt at a = 0 with some value of ф, expand, and then turn axound and recollapse. In paxticular, along the curve а2У(ф) = 1, neighbouring Euclidean trajectories intersect - they form a caustic. Because the real Euclidean trajectories dominating the path cannot reach immediately beyond the caustic, i.e. into the region а2У(ф) > 1, a complex solution is necessary in order to get there. This means that the wave function becomes oscillatory in this region. Suppose however, one follows the caustic to smaller values of ф. It departs from the curve а2У(ф) — 1, and in fact has a singulaxity at ф = </>», breaking

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 207 Ф • mln Ф Fig.6: A plot of |Ф|2 against ф ona hypersurface of constant scale factor, for the tunneling wave function and (one component of) the no-boundary wave function.

208 JONATHAN J. HALLIWELL into two branches there. This seems to invalidate the form of the wave function used above, and in fact, Grishchuk and Rozhansky claimed that it implies that the wave function fails to predict the emergence of any real Lorentzian trajectories for ф < ф*. Moreover, their analysis also applies, they claim, to the tunneling wave function. What this all means is that the conditions used above in the calculation of the probability of sufficient inflation should be replaced by the conditions ф„ < ф < фр. Most importantly the region very close to ф = фггцп, in which the no-boundary and tunneling wave function differ most severely, is excised. This has the consequence that the predictions of these two wave functions axe not as different as previously believed. Although the predictions of the tunneling wavefunction axe little affected by this result, for the no-boundary wave function it is now not so obvious that P « 1. In paxticular, what one would hope to find is that </>» > фзи}- This would have the consequence that all the classical Lorentzian solutions the wave function corresponds to have sufficient inflation; thus sufficient inflation would be predicted with probability 1, irrespective of whether an upper cut-off is imposed. The value of ф„ is, however, model dependent, and a model for which ф„ > фзи/ is yet to be found, t This is an interesting development which deserves further study. 10. BEYOND MINISUPERSPACE For most of these lectures, we have largely concentrated on the application of the formalism of quantum cosmology to minisuperspace models. These models, with the appropriate boundary conditions, have been reasonably successful - in predicting inflation, for example. However, the universe we see today is not exactly described by the homogeneous metrics of the type considered in minisuperspace models. There are local deviations from homogeneity because matter is clumped into galaxies and other laxge scale structures. In conventional galaxy formation scenaxios, this large scale structure can arise as a result of small density perturba- perturbations Sp/p ~ 10~ in an otherwise homogeneous universe at very early times. The hot big bang model offered no explanation as to the origin of these perturbations, but had to assume them as initial conditions. The inflationary universe scenario shed considerable light on the situation by showing that they could have arisen from pre-inflationaxy quantum fluctuations in the scalar field hugely amplified by inflation. To be more precise, the density fluctuations in inflationary universe mod- models axe calculated from a quantity of the form @|Ф2|0), using standard methods of quantum field theory in a curved (usually de Sitter-like) spacetime. However, a point that was not emphasized in the early studies of this problem is that the form and magnitude of the density fluctuations calculated in this way depend rather crucially on the paxticulax vacuum state |0) one uses, and in most curved space- times, there is no unique natural choice. Since this is clearly a question of initial conditions, one would expect to gain new insight into this issue from the perspec- T More detailed calculations with the massive scalar field model, for which ф„ ~ 1 and фзи{ ~ 4 indicate that the previous conclusions (i.e. pre-Grishchuk-Rozhansky) concering the probability of inflation are in fact largely unaffected (J.Fort, private communication).

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 209 tive of quantum cosmology. It is therefore of considerable interest to go beyond minisuperspace to the full, infinite dimensional superspace. It would of course be very difficult to do this in full generality, but for the purposes of describing density fluctuations and gravitational waves, it is sufficient consider linearized fluctuations about a homogeneous isotropic minisuperspace background. This is the subject of this section. We will find that there are two things that come out of this. Firstly, we will see that in the semi-classical limit, quantum cosmology reduces to the familiar formalism of quantum field theory for the fluctuations on a classical minisuperspace background. Secondly, the boundary conditions on the wave function of the universe imply a particular choice of vacuum state for the quantum fields. Quantum Field Theory in Curved Spacetime Before going on to study perturbations about minisuperspace in quantum cosmology, let us begin by reviewing some basic aspects of quantum field theory in curved spacetime (see, for example, Birrell and Davies A982)). For definiteness, let us consider scalar field theory described by the action This theory is normally quantized in the Heisenberg picture in a given background by introducing a set of mode functions и*(х,<) satisfying a wave equation of the form (П-т2)«*(х,<)=0 A0.2) The field operator Ф is then expanded in terms of these mode functions Ф(Х, t) = where a)k and a* are the usual creation and annihilation operators. The vacuum state is then defined to be the state |0) for which U*|0) = 0 A0.4) The vacuum state is determined by the choice of mode functions u*. In Minkowski space, there is a unique vacuum state which is invariant under the Poincare group, and so is the agreed vacuum state for all inertial observers. However, in an arbitrary curved spacetime, there is no unique vacuum state. Any expectation value will generally depend rather crucially on the particular choice of state. There is another perhaps less familiar way of doing quantum field theory in curved spacetime which is closer to quantum cosmology than the Heisenberg picture outlined above. This is the functional Schrodinger picture (Brandenberger, 1984; Burges, 1984;, Floreanini et al, 1987; Freese et al., 1985; Guth and Pi, 1985; Ratra, 1985). This picture is based very much on the C + 1) decomposition we also used

210 JONATHAN J. HALLIWELL for quantum cosmology earlier. The C + 1') form of the scalar field action A0.1) (in the gauge N' = 0) is Sm = \ Jd3xdtNhi |^ - /^д.ФЗуФ - тЧ2 A0.5) Defining canonical momenta тгф in the usual way, one readily derives the Hamilto- шал Hm = \ fd3xNh' [h-\l + Ау0,-Ф0,-Ф + т2Ф2] A0.6) In the functional Scrodinger quantization, the quantum state of the scalar field is represented by a wave functional Фт [Ф(х), f], a functional of the field configuration Ф(х) on the surface t = constant. The evolution of the quantum state is governed by the functional Schrodinger equation ;^ = яа (io.7) at where the operator appearing on the right-hand side is the Hamiltonian A0.6) with the momenta replaced by operators in the usual way, There are two differences between the representation of states in the two picture outlined above. Firstly, Heisenberg picture states are time-independent, whereas Schrodinger picture states axe not (at least, in the flat space case - in curved backgrounds Heisenberg states may acquire time-dependence through the gravitational field). They axe related by |Ф5(*)> = exp (-i J* dt'Hm(t')^ |ФН> (Ю.9) Secondly, the Schrodinger picture states axe represented at each moment of time by wave functional Ф[Ф(х)] rather than abstract Hilbert space elements |Ф). The relationship between these two is found by introducing a complete set of field states |Ф(х)), defined to be the eigenstates of the field operator Ф at a moment of time Ф|Ф(х)) = Ф(х)|Ф(х)) . A0.10) The wave functional Ф[Ф(х)] axe then defined to be the coefficients in the expansion of the abstract Hilbert space elements in terms of the complete set of field states: = У>Ф(х)|Ф(х))(Ф(х)|Ф5> ~ /2?Ф(х) |Ф(х)) Ф5[Ф(х)] A0.11)

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 211 The question of choosing a vacuum state |0) in the Heisenberg picture becomes the question of choosing a solution to the functional Schrodinger equation A0.7) in the functional Schrodinger picture. With these preliminaries in mind, let us now turn to perturbations about minisuperspace. Inhomogeneous Perturbations about Minisuperspace Now we will study inhomogeneous perturbations about minisuperspace. We primarily follow Halliwell A987b), Halliwell and Hawking A985), and Hartle A986), but many more references are given in Section 13. To see how this works, it is simplest to consider a particular example. Namely, we will consider perturbations about the scalar field model considered earlier. There, the minisuperspace ansatz involved writing /il7 = е2аП0-, Ф(х,<) = ^(<) 7V(x,f) = 7V0(<), 7V"(x,<) = 0 A0.12) where fi,-;- is the metric on the unit three-sphere. To go beyond this perturbatively we write кц = e2a (iUj + etJ), Ф(х, t) = 7V(x,f) = N0(t) + 6N(x,t) A0.13) and in addition, we allow non-zero -/V'(x, <), which is regarded as a small perturba- perturbation. The easiest way to deal with the inhomogeneous perturbations is to expand in harmonics on the three-sphere. So, for example, one writes the scalar field per- perturbation as <5</>(x,i) = ]T/n|m(t)Q"m(x) A0.14) nlm where Qfm are three-sphere harmonics. They satisfy = -(n2 - l)Q?m A0.15) where C)Д is the Laplacian on the three-sphere. The sum in A0.14) excludes the homogeneous mode, n = 1. The details of this expansion are not important in what follows, and may be found in Halliwell and Hawking A985). Inserting the above ansatz into the Einstein-scalar action, and expanding to quadratic order in the perturbations, one obtains a result of the form S[gnv, Ф] = So[qa,No] + S2[qa, No, eij, 6ф, 6N, N'] A0.16) where as before, we use qa to denote the minisuperspace coordinates. So is the original minisuperspace action and S2 is the action of the perturbations, and is quadratic in them. The total Hamiltonian following from A0.16) is then found to be of the form (W 3

212 JONATHAN J. HALLIWELL d3x Щх) WA)(x) + f d3x 7V'(x)W,(x) A0.17) From this one may see that first of all, there is a non-trivial momentum constraint at every point x in the three-surface W,(x)=0 A0.18) It is linear in the perturbations. Secondly, the Hamiltonian constraint has split into two parts. There is a part linear in the perturbations, at each point x of the three-surface, = 0 A0.19) and there is a part consisting of the original minisuperspace Hamiltonian plus a term quadratic in the perturbations integrated over the three-surface: Ho+ j d3x HB) =H0 + H2 =0 A0.20) Quantization procedes by introducing a wave function Ф(да, б,^,ЙФ) and in- insisting that it be annihilated by the operator versions of the constraints, A0.18)- A0.20). The procedure is complicated by the fact that, in addition to the invariance under reparametrizations present in the minisuperspace case, the perturbations in- involve gauge degree of freedom. There are numerous ways of dealing with this. For example, the gauge degrees of freedom for the perturbations generated by A0.18) and A0.19) may be fixed classically, and the constraints solved for the physical de- degrees of freedom of the perturbations. This then leaves only the constraint A0.20), which now depends only on the minisuperspace variable and the unconstrained physical degrees of freedom of the metric and matter perturbations. One way or another, A0.20) ends up being the most important equation, and it is this that we now concentrate on. A useful example to bear in mind is the case of purely scalar field perturbations about a purely gravitational background consisting of a Robertson-Walker metric with scale factor ea. Then the Hamiltonian #2 is given by H2 = £ l-e~3° \-£r- + (mV° + (n2 - I)e4°)/2J A0.21) after expansion in harmonics. The Wheeler-DeWitt equation resulting from A0.20) is of ttie form )=0 A0.22) For convenience, we will consider only scalar field perturbations Ф, but what follows is equally applicable to the case of gravitational wave perturbations. The operator V operates only on qa, not on the perturbations. We are interested in the solution to the Wheeler-DeWitt equation in the region of superspace where the minisuperspace

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 213 variables qa are approximately classical, but the perturbations may be quantum mechanical. We therefore look for solutions of the form Ф(«,Ф) = exp(im;S0(e) + iS^q)) ф(9,Ф) + O(m;2) A0.23) where So(?) is real,' but Si and ф may be complex. Inserting A0.23) into A0.22), and equating powers of the Planck mass, one obtains the following. At lowest order, once again one gets the Hamilton-Jacobi equation for So, \(VS0J + U(q) = 0. A0.24) This shows that, to lowest order in m2,, the wave function A0.23) is, as in the minisuperspace case, peaked about the ensemble of solutions to the classical field equations with Hamilton-Jacobi function So- It is convenient to introduce the tangent vector to these classical solutions, ^ = VS0 ■ V A0.25) at At the next order, one obtains the equation: ф VSo ■ VSi - - V2So1 = iVS0 ■ Уф - Н2ф A0.26) This is one equation for the two unknowns S\ and ф, so there is the freedom to impose some restrictions on them. We are anticipating that the ф will be matter wave functional for the scalar field Ф. Let us therefore introduce an inner product between matter wave functionals, at each point of minisuperspace, qa: (х)) A0.27) Note that this involves an integral only over Ф(х) and not over the minisuperspace variables qa. This is acceptable because we expect the appropriate matter wave functionals to be normalizable in the matter modes. We do not, however, expect any part of the wave function to be normalizable in the large, minisuperspace modes, so we do not attempt to introduce an inner product involving an integral over qa. Using the freedom available in ф, let us demand that ^(V>,V>)=0 A0.28) That is, the norm of ф is preserved along the classical minisuperspace trajectories. This seems like a reasonable restriction if we are to recover quantum field theory As in Section 7, we could also allow a slowly varying exponential prefactor, but this may be absorbed into the definition of S\

214 JONATHAN J. HALLIWELL for matter. We may therefore take (V>,V0 = 1. Differentiating out A0.28), it is readily seen that ('£■♦)=(♦■••! and hence that this quantity is real. Armed with this information, let us now return to A0.26). Taking the inner product of A0.26) with ф, and making the reasonable assumption that the pertur- perturbation Hamiltonian #2 is hermitian in the above inner product, we quickly discover that, apart from the ф, the left-hand side must be real. Its imaginary part must therefore vanish, VSo ■ VGmS'1) - \v2So = 0 A0.30) If we write С = exp(—ImS\), then С is the usual real minisuperspace WKB pref- actor, obeying F.26), and is unaffected by the perturbations. Subtracting A0.30) from A0.26), and using the definition A0.25), one obtains the following equation for ф: Finally, by writing ф = егЯе8гф, we discover that ф obeys the functional Schrodinger equation along the classical trajectories in minisuperspace about which the wave function is peaked: i^ = Н2ф A0.32) This derivation may be concisely summarized as follows: the WKB solution to the Wheeler-DeWitt equation A0.22) is of the form Ф(«, Ф) = С(д)еш>^ф(д, Ф) A0.33) where So(q) is a solution to the Hamilton-Jacobi equation, indicating that the wave function to leading order is peaked about a set of classical trajectories, C(q) is the usual unperturbed WKB prefactor, and ф satisfies the functional Schodinger equation A0.32) along the classical trajectories about which the wave function is peaked. What we have shown, therefore, is that the Wheeler-DeWitt equation reduces, in the semi-classical limit, to the familiar formalism of quantum field theory for the fluctuations Ф in a fixed classical background. This shows that quantum cosmology is consistent with the standard approach, which involves quantum field theory on a fixed background. See Section 13 for references to the large number of papers on this issue. 11. VACUUM STATES FROM QUANTUM COSMOLOGY We have shown that quantum cosmology reduces, in the semi-classical limit, to the formalism of quantum field theory for the matter modes in a fixed curved space- time background. So far we have therefore done little new, except to demonstrate

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 215 consistency with that we already know. However, there is a bonus. Boundary condi- conditions on the wave function define a particular solution to the Wheeler-De Witt equa- equation of the form A0.33), where ф is a solution to the functional Schrodinger equation for the perturbations. This means that boundary conditions on the wave function of the universe will pick out a particular solution to the functional Schrodinger equation; that is, they define a particular vaccum state for matter, with which to do quantum field theory. The natural question to ask now, is what is the nature of the vacuum state picked out by the no-boundary and tunneling boundary conditions in a given back- background? The background of particular interest as far as inflation is concerned is de Sitter space, or spacetimes that are very nearly de Sitter. For that background it may be shown that the vacuum state defined by both of these proposals is a vacuum state known as the "Euclidean" or "Bunch-Davies" vacuum. This is the vacuum state that is often assumed when calculating density fluctuations, and leads to a reasonable spectrum for the emergence of large scale structure. Before seeing exactly how the above proposals define this vacuum state, let us first explain how it is defined.' De Sitter-Invariant Vacua Minkowski space has as its isometry group the 10 parameter Poincare group. There is a vacuum which is invariant under this group, and thus is the agreed vacuum for all inertial observers. It is unique, up to trivial Bogoliubov transforma- transformations. The isometry group of de Sitter space, which also has 10 parameters, is the de Sitter group, SOD,1). In choosing vacuum states with which to do quantum field theory in de Sitter space, it is therefore natural to seek vacua invariant under the de Sitter group. A convenient way of characterizing vacua is through the symmetric two-point function in a state |A): Ga(x, у) = (А|(Ф(х)Ф(у) + Ф(у)Ф(х))|А A1.1) The state |A) is then said to be de Sitter invariant if the two-point function depends on x and у only through /j,(x,y), the geodesic distance between x and y: Using the fact that Ф obeys the Klein-Gordon equation, a second order ordinary differential equation for /a(aO is readily derived. From it, it may be shown that there is not just one de Sitter-invariant vacuum, but there is a one-parameter family of inequivalent de Sitter-invariant vacua. For this one-parameter family, the function f\(fJ.) generally has two poles: one when у is on the light-cone of x, the other when у is on the light cone of x, the point in de Sitter space antipodal to x. However, amongst the one-parameter family, there is one member for which f\(n) has just one pole, when у is on the T For a useful discussion of de Sitter-invariant vacua, see Allen A985), and references therein.

216 JONATHAN J. HALLIWELL light-cone of x. This member is called the "Euclidean" or "Bunch-Davies" vacuum, and has the nicest analytic properties. As mentioned above, it is this one that is always used in calculations of density fluctations in inflationary universe models. There is another equivalent way of characterizing the Euclidean vacuum that will be most convenient for our purposes. This is a definition in terms of a particular choice of mode functions. Suppose we expand the scalar field operator in terms of a set of modes functions {un|m(x,f)}, say, *(M) = Y, («»'m(x, *)*»«». +«;,m(x,t)at,m) A1.3) nlm The vacuum state |0) corresponding to this particular choice of mode functions is defined by an(m|o> = o To define the Euclidean vacuum, one first chooses the mode functions un,m(x,t) = yn(t)Qrm(x) A1.5) where the Q"m(x) are three-sphere harmonics, and the yn(i) satisfy the equation Уп+3-yn+l , +w2Un = 0 A1.6) a \ a2 ) Here, a(t) = H~1 cosh(Ht) is the scale factor for de Sitter space. The normalization of the yn(t) is fixed through the Wronskian condition i УпУ*п-УпУп = -ь A1.7) The Euclidean section of de Sitter space is the four-sphere, and may be obtained by writing t = —г(т — гн), which turns a(t) = H~x cosh(#i) into а(т) = Я sin(#r). The Euclidean vacuum is then defined by the requirement that the yn(f) are regular on the Euclidean section. The yn(t) actually become real on the Euclidean section, so one may equivalently demand that the y£(£) are regular there. There is a third possible way of dicussing de Sitter-invaxiant vacua, which is conceptually the most transparent way. This is to explicitly construct the de Sitter generators and demand that the state be annihilated by them, but we will not consider this here (Burges, 1984; Floreanini et al., 1986). The No-Boundary Vacuum State Now let us explicitly calculate the matter state wave functional for a massive minimally coupled scalar field in a de Sitter background, using the no-boundaxy proposal. We follow Laflamme A987a). We regard all the modes of the scalar field, including the homogeneous mode, as perturbations on a homogeneous isotropic background with scale factor a(t), driven by a cosmological constant. The no- boundary wave function is given by a path integral of the form Ig^^]- Im[gpLV,$\) A1.8)

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 217 In the saddle-point approximation to the integral over metrics, this leads to an expression of the form J A1.9) where g^ is the saddle-point metric. When aH < 1, <7М„ is real and is the metric on the section of four-sphere closing off a three-sphere of radius a. When aH > 1, <7М„ is complex, and corresponds to a section of de Sitter space with minimum radius a matched onto half a four-sphere at its maximum radius. Comparing A1.9) with A0.23), one may see that the matter wave functional axe given by the path integral ф[~а,Ф] = у"©Фехр(-7т[^,Ф]) A1.10) The no-boundary proposal implies that the integral over matter modes is over fields Ф(х, т) that match Ф(х) on the three-sphere boundary. As in Section 8, we shall demand that the saddle-point of the functional integral over Ф in A1.10) corresponds to a regular solution to the scalar field equation on the given background geometry. The scalar field is most easily handled by expanding in three-sphere harmonics Ф(х,т) = £/п(т(г)ЗГт(х) A1.11) nlm In terms of the coefficients fnim{T), the Euclidean action is nlm The Euclidean field equations are a2 Here, а(т), N is the solution to the field equation and constraint for the background satsifying a@) = 0, a(l) = a. Explicitly, ^, N = ± (| - caT^Sff)) A1.14) The solutions to A1.13) may be written down explicitly in terms of hypergeo- metric functions, although this is not necessary for our purposes. They axe regular everywhere, with the possible exception of the region near т = 0. In this region,

218 JONATHAN J. HALLIWELL o(t) ~ Nt, and it is easily shown that the solutions to A1.13) behave like т"", or Tn~1. Cleaxly only one of these is regular. It may be picked out by imposing the initial condition /nim@) = 0, for n = 2,3,.., and Щ^Ш) = 0, for n = 1. A1.15) ат These are the initial conditions on the histories implied by the no-boundary pro- proposal. The histories also satisfy the final condition /»lm(l) = fnlm (П.16) Because the modes decouple, we may write nlm From A1.10) it then follows that Ф(а, fnlm) = J %lme"'-'" A1.18) Because Inim is quadratic in the scalar field modes, the path integral A1.18) may be evaluated exactly to yield an expression of the form Ф(а,/п1т) = Anim(a)exp (-Inim(a, fnlm)) A1.19) Here, Inlm{p,T fnlm) is the action of the solution to the Euclidean field equations satisfying the boundary conditions A1.15), A1.16). Let us denote this solution by дп(т). It is independent of l,m, because the field and equations and boundary conditions are. Then it is readily shown that l{j-^ A1.20) The matter wave functional defined by the no-boundary proposal is therefore given by A1.18), with (-h3 ~fnlm The key point to note is that it involves the expression gn/gn, evaluated at the upper end-point, where the дп(т) are solutions to the field equations which are regular on the Euclidean section. We now need to show that this matter wave functional corresponds to the Euclidean vacuum state defined above. This basically involves determining what the vacuum state |0) defined by A1.4) looks like in the functional Schrodinger

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 219 picture. To this end, first compare the expansions A1.3) and A1.11) of the scalar field. Turning A1.11) into an operator, one may therefore write /nim(*) = yn(t)anlm + y*n{t)a[lm C11-22) The momentum operator conjugate to this is *»im(t) = a3fnlm = a3yn(t)anlm + a3yn(t)allm A1.23) A1.22) and A1.33) are readily inverted to yield anlm = -iy*n (a3 %/n(m - nnlm) A1.24) By inserting a complete set of field states {|/n(m)} in A1.4), we thus obtain the following equation for the vacuum state ipnlmifnlm) = (fnlm|0): 1тAпы) = 0 (П.25) Уп OJnlm It is readily solved to yield A1.26) This, therefore, is the Euclidean vacuum in the functional Schrodinger picture. Going to the Euclidean section, one thus obtains ) (n27) The equivalence of A1.27) and A1.21) immediately follows from the definition of the Euclidean vacuum, which is that the yn, and hence the y£, are solutions to the field equations which are regular on the Euclidean section. This completes the demonstration that the vacuum state defined by the no-boundary proposal is the de Sitter-invariant Euclidean vacuum. A more heuristic argument for the de Sitter invariance of the no-boundary matter wave functionals may also be given. This argument shows that the de Sitter invariance is an inevitable consequence of the very geometrical nature of the no- boundary proposal, and is therefore true of most types of matter fields (D'Eath and Halliwell, 1987). Suppose one asks for the quantum state of the matter field on a three-sphere of radius a < Я. The no-boundary state is defined by a path integral of the form A1.10). One sums over all matter fields regular on the section of four-sphere interior to the three-sphere which match the prescribed data on the three-sphere boundary. The resulting state will depend on the geometry only through the radius

220 JONATHAN J. HALLIWELL of the three-sphere, and not on its intrinsic location or orientation on the four- sphere. One thus has the freedom to move the three-sphere around on the four- sphere without changing the quantum state - at each location one is summing over exactly the same field configurations to define it. These different locations axe related to each other by the isometry group of the four-sphere, SOE). It follows that the state is S'OE)-invariant on the Euclidean section. On continuation back to the Lorentzian section, one thus finds that the state is invariant under SOD,1), the de Sitter group; that is, the state is de Sitter invariant. This argument may be made mathematically precise, although we will not go into that here. It may be shown that the tunneling wave function picks out the same vacuum state. This follows essentially from the imposition of a regularity requirement on the matter wave functionals (Vachaspati, 1989; Vachaspati and Vilenkin, 1988; Vilenkin, 1988). 12. SUMMARY The purpose of these lectures has been to describe the route from a quantum theory of cosmological boundary conditions to a classical universe with the potential for evolving into one similar to that in which we live. We began in Section 2 with a brief introductory tour of quantum cosmology by way of a simple example. This simple model illustrated the need for a quan- quantum theory of initial conditions. The general formalism of quantum cosmology was briefly outlined in Sections 3 and 4. The full theory is very difficult to handle in practice, so in Section 5, we restricted to the case of minisuperspace models. The canonical and path integral formalism for minisuperspace models was described. In Section 6, we discussed the most important prediction a quantum theory of cosmol- cosmology should make - the emergence of classical spacetime. The emergence of classical spacetime is very much contingent on boundary conditions on the wave function, and occurs only in particular regions of configuration space. These ideas were fur- further developed in Section 7, in which the WKB approximation was described. Wave functions of oscillatory WKB form correspond to classical spacetime in that they axe peaked about a set of classical solutions to the Einstein equations. Moreover, this set of solutions is a subset of the general solution; thus boundary conditions on the wave function of the universe effectively imply initial conditions on the set of classical solutions. We discussed the way in which the wave function may be used to construct a measure on this set of classical solutions. In Section 8, certain boundary condition proposals were described - the no- boundary proposal of Hartle and Hawking, and the tunneling boundary condition of Linde and of Vilenkin. Each of these proposals suffers from imprecision or lack of generality, although with a certain amount of license, each may be successfully used to calculate wave functions in simple models. We calculated the no-boundary and tunneling wave functions for the scalar field model introduced in Section 2. These wave functions were compared in Section 9. The two wave functions axe peaked about the same set of classical solutions, but they give rather different measures on this set of solutions. In particular, they may give very different values for the likelihood of sufficient inflation. The comparison of these two wave functions was inconclusive, but this merely reflects the fact that no consensus of opinion has yet emerged. In Sections 10 and 11 we described how one goes beyond minisuperspace by considering inhomogeneous perturbations. There are two things that come out of

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 221 this. First, one finds that in the limit in which gravity becomes classical, one re- recovers quantum field theory for the perturbations in a fixed classical gravitational background. Secondly, boundary conditions on the wave function of the universe are found to imply a particular choice of vacuum state for the perturbations. In particular, in the case of a de Sitter background, the no-boundary and tunneling proposals pick out the de Sitter-invariant Euclidean vacuum. The density pertur- perturbations arising from this particular choice axe of the correct form for the subsequent emergence of large scale structure. Finally, I would like to emphasize the rather open-ended nature of many of the issues in quantum cosmology covered in these lectures. One might get the im- impression from reading the literature on the subject that certain aspects of the field axe complete and neatly tied up beyond criticism. In my opinion this is most cer- certainly not the case, and I have tried to indicate axeas of difficulty at the appropriate points throughout the text. There is, I believe, considerable scope for development and improvement in many parts of the field. For example, the methods used in quantum cosmology to extract predictions from the wave function, as described in Section 6, are rather crude, and it would be much more satisfying to apply methods such as those described by Haxtle in his lectures (Haxtle, 1990). Another example concerns the use of the path integral in quantum cosmology. Although the role it plays is supposedly very central, especially in the formulation of the no-boundaxy proposal, it is I think reasonable to say that, with but a few exceptions, its use in quantum cosmology has been for the most part rather heuristic. A more careful approach using the path integral in a serious way would very desirable. Furture investigation of these and other issues is likely to be very profitable. ACKNOWLEDGEMENTS I am very grateful to numerous people for useful conversations and for com- comments on early drafts of the manuscript, including Bruce Allen, Dalia Goldwirth, Jim Hartle, Jorma Louko, Robert Myers, Don Page, Tanmay Vachaspati and Alex Vilenkin. I would also like to thank Sidney Coleman, Jim Hartle and especially, Tsvi Piran, for organizing the school. This work was supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under contract No. DE-AC02-76ER03069. 13. A GUIDE TO THE LITERATURE General Some of the earlier works in the field of quantum cosmology include those of DeWitt A967), Misner A969a, 1969b, 1969c, 1970, 1972, 1973) and Wheeler A963, 1968). Early reviews axe those of MacCallum A975), Misner A972) and Ryan A972). More recent introductory or review accounts axe those of Fang and Ruffini A987), Fang and Wu A986), Halliwell A988b), Haxtle A985d, 1986), Hawk- Hawking A984b), Linde A989a, 1989b), Narlikar and Padmanabhan A986) and Page A986a).

222 JONATHAN J. HALLIWELL Minisuperspace Models The literature contains a vast number of papers on minisuperspace. Models with scalar fields have been considerd by Blyth and Isham A975), del Campo and Vilenkin A989b), Carow and Watamura A985), Christodoulakis and Zanelli A984b), Esposito and PlataniaA988), Fakir A989), Gibbons and GrishchukA988), Gonzalez-Diaz A985), Hartle and Hawking A983), Hawking A984a), Hawking and Wu A985), Moss and Wright A984), Page A989a), Poletti A989), Pollock A988a), Yokoyama et al. A988) and Zhuk A988). The scalar field model of Section 2 is described in, for example, Hawking A984a) and Page A986a). Anisotropic minisuperspace models axe considered in the papers by Am- sterdamski A985), Ashtekar and Pullin A990), Berger A975, 1982, 1984, 1985, 1988, 1989), Berger and Vogeli A985), Bergamini and Giampieri A989), del Campo and Vilenkin A989a), Duncan and Jensen A988), Fang and Mo A987), Furusawa A986), Halliwell and Louko A990), Hawking and Luttrell A984), Hussain A987, 1988), Kodama A988b), Laflamme A987b), Laflamme and Shellard A987), Louko A987a, 1987b, 1988a), Louko and Ruback A989), Louko and Vachaspati A988), Matsuki and Berger A989), Misner A969c, 1973), Moss and Wright A985) and Schleich A988). The extension to Kaluza-Klein theories has been considered by Beciu A985), Bleyer at al. A989), Carow-Watamura et al. A987), Halliwell A986, 1987a), Hu and Wu A984, 1985, 1986), Ivashchuk et al.fl989), Lonsdale A986), Matzner and Mezzacappa A986), Okada and Yoshimura A986), Pollock A986), Shen A989a), Wu A984, 1985a, 1985b, 1985c) and Wudka A987a). In these lectures we concentrated on Einstein gravity. Minisuperspace models involving higher derivative actions have been studied by Coule and Mijic A988), Hawking A987a), Hawking and Luttrell A984b), Horowitz A985), Hosoya A989), Mijic et al. A989), Pollock A986, 1988b, 1989b) and Vilenkin A985a). Other minisuperspace models not obviously falling into any of the above cat- categories include those of Brown A989), Li and Feng A987), Liu and Huang A988), Mo and Fang A988) and Wudka A987b). The question of the validity of minisuperspace, when considered as an ap- approximation to the full theory, has been addressed by Kuchaf and Ryan A986, 1989). Inhomogeneous Peturbations about Minisuperspace Perturbative models of the type described in Section 10 have been studied by Anini A989a, 1989b), Banks et al.A985), D'Eath and Halliwell A987), Fischler et al. A985), Halliwell and Hawking A985), Morris A988), Ratra A989), Rubakov A984), Shirai and Wada A988), Vachaspati and Vilenkin A988), Vilenkin A988) and Wada A986, 1986c, 1987). An important feature of this type of model is the derivation of the Schrodinger equation from the Wheeler-DeWitt equation and the emergence of quantum field theory in curved spacetime This sort of issue has been con- considered by Banks A985), Brout A987), Brout et al. A987), Brout and Venturi A989), DeWitt A967), Halliwell A987c), Halliwell and Hawking A985), Laflamme A987a), Lapchinsky and Rubakov A979), Vachaspati A989) and Wada A987). In Section 10 we only derived the dynamics of the perturbation modes on a

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 223 minisuperspace background. However, one can go one step further than that and ask how the perturbation modes react back on the minisuperspace background. In principle, one may thus attempt to derive the semi-classical Einstein equa- equations. This area seems to be somewhat confused, and no completely cleax deriva- derivation has yet been given. The relevant papers are those of Brout A987), Brout et al. A987), Brout and Venturi A989), Castagnino et al. A988), Halliwell A987b), Haxtle A986), Padmanabhan A989a), Padmanabhan A989c), Padmanabhan and Singh A988) and Singh and Padmanabhan A989). Black Holes and Spherically Symmetric Systems One is normally interested in cosmological models, but spherically symmetric systems, including black holes have been studied by Allen A987), Fang and Li A986), Laflamme A987b), Nagai A989), Nambu and Sasaki A988) and Rodrigues et al. A989). The connection between the path integral for the no-boundaxy wave function and that for the partition function for a black hole in a box is discussed by Halliwell and Louko A990). Quantum Cosmology and String Theory String-inspired models have been studied by Enqvist et al. A987, 1989), Gonzalez-Diaz A988), Lonsdale and Moss A987) and Pollock A989a, 1989b). The formal resemblances between quantum cosmology and string theory have been ex- explored by Birmingham and Torre A987), Luckock et al. A988) and Matsuki and Berger A989). Fermionic Matter and Supersymmety Most papers involve bosonic matter sources, but the inclusion of fermions and supersymmetric aspects have been studied by Christodoulakis and Papadopoulos A988), Christodoulakis and Zanelli A984b), D'Eath and Halliwell A987), D'Eath, and Hughes A988), Elitzur et al. A986), Furlong and Pagels A987), Isham and Nelson A974), Macias et al. A987), Shen A989b) and Shen and Tan A989). Interpretation The rather basic interpretation mentioned in Section 4 (that we regard a strong peak in the wave function as a prediction) comes from Hartle A986), Ge- roch A984) and Wada A988a). Other relevant papers include those of Barbour and Smolin A989), Barrow and Tipler A986), DeWitt and Graham A973), Drees A987), Ellis et al. A989), Everett A957), Gell-Mann and Hartle A989), Halli- Halliwell A987b, 1989b), Hartle A988a, 1988b, 1988c, 1990), Kazama and Nakayama A985), Markov and Mukhanov A988), Tipler A986,1987), Wald and Unruh A988), Vilenkin A989) and Wada A986a, 1988b). The decoherence requirement discussed in Section 6, for quantum cosmology, has been considered by Calzetta A989), Fukuyama and Morikawa A989), Gell- Mann and Hartle A989), Halliwell A989b), Joos A986), Kiefer A987, 1988, 1989a,

224 JONATHAN J. HALLIWELL 1989c), Mellor A989), Padmanabhan A989b), Morikawa A989) and Zeh A986, 1988, 1989a, 1989b). Further discussions of this and related issues are those of Hu A989) (which also includes extensive references on statistical effects) and Kandrup A988). Decoherence as considered in the above references involves the notion of diag- onalization of a reduced density matrix. Density matrices in quantum cosmology have been considered in a somewhat different context by Hawking A987b), Page A986b). For more general discussions of decoherence in quantum mechanics, see Gell- Mann and Hartle A990), Joos and Zeh A985), Unruh and Zurek A989) and Zurek A981, 1982). In an attempt to see how classical behaviour emerges, some authors have con- constructed wavepacket solutions to the Wheeler-DeWitt equation, including Kiefer A988, 1989d), Kazama and Nakayama A985) and Wada A985). The first requirement for classical behaviour discussed in Section 6 (peaking about classical configurations) was discussed using the Wigner function by Hal- liwell A987b), Kodama A988a) and Singh and Padmanabhan A989). Use of the Wigner function in this way has been criticised by Anderson A990). A somewhat different approach using the Wigner function is that of Calzetta and Hu A989). The Issue of Time Various authors have addressed the issue of time in quantum cosmology and quantum gravity more generally. The sorts of question one is interested in are along the following lines: Does the theory possess an intrinsic time? If it does not, can one quantize it? Does time emerge from a theory that has no time in it to start with ? Many of these questions are discussed by Banks A985), Brout A987), Brout et al. A987), Brout and Venturi A989), Brown and York A989), Castagnino A989), Englert A989), Fukuyama and KamimuraA988), Fukuyamaand Morikawa A989), Greensite A989a, 1989b), Halliwell A989a), Hartle A988a, 1988b, 1988c, 1990), Jacobson A989), Kuchaf A989), Sorkin A987, 1989) and Unruh and Wald A988). A related issue is the connection of the cosmological arrow of time with the thermodynamic arrow in quantum cosmology. This has been studied by Fukuyama and Morikawa A989), Hawking A985), Page A984, 1985), Qadir A987), Wada A989) and Zeh A986, 1988, 1989a, 1989b). Path Integrals and the Wheeler-DeWitt Equation The explicit construction of the path integral for the wave function of the uni- universe and the derivation of the associated Wheeler-DeWitt equation have been con- considered by Barvinsky A986), Barvinsky and Ponomariov A986), Barvinsky A987), Halliwell A988), Halliwell and Hartle A990), Teitelboim A980, 1982, 1983a, 1983b, 1983c) and Woodard A989). The detailed construction of the path integral de- described in Section 4 (Eq. D.7)) is described by Teitelboim A982, 1983a). The discussion of the minisuperspace path integral in Section 5 is based on Halliwell A988). The issue of finding complex contours to make the Euclidean path inte-

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 225 gral converge has been studied by Gibbons, Hawking and Perry A978), Halliwell and Hartle A989), Halliwell and Louko A989a, 1989b, 1990), Halliwell and Myers A989), Hartle A984, 1989), Hartle and Schleich A987), Mazur and Mottola A989) and Schleich A985, 1987, 1989). Other papers involving path integrals are those of Arisue et al. A987), Berger A985), Berger and Vogeli A985), Duncan and Jensen A988), Farhi A989), Giddings A990), Hajicek A986a, 1986b), Hartle A984, 1988a, 1988b, 1988c), Louko A988a, 1988b, 1988c, 1988d), Narlikar and Padmanabhan A983) and Suen and Young A989). Quantization Methods and Superspace One most commonly uses the Dirac quantization procedure in quantum cos- cosmology, in which one takes the wave function to be annihilated by the operator versions of the constraints. However, one could in principle use the ADM (or re- reduction) method, in which one solves the constraints classical before quantizing. The connections between these methods for systems like gravity has been consid- considered by Ashtekar and Horowitz A982), Gotay A986), Gotay and Demaret A983), Gotay and Isenberg A980), Hajicek A989), Isenberg and Gotay A981) and Каир and Vitello A974). The properties of superspace and quantization methods in it have been dis- discussed by DeWitt A970), Fisher A970), Giulini A989), Isham A976), and Kuchaf A981). The article by Kuchaf also contains a useful guide to the literature on canonical quantization. Topological Aspects Goncharov and Bytsenko A985, 1987), Gurzadyan and Kocharyan A989), Li Miao A986), Mkrtchyan A986), and Starobinsky and Zel'dovich A984), considered the possibilities of non-trivial topologies in quantum creation of the universe. Other interesting toplogical aspects of the no-boundary proposal have been considered by Hartle and Witt A988) (see also Louko and Ruback A989)). Singularities Numerous authors have been interested in singularities in quantum cosmol- cosmology and their possible avoidance, including Laflamme and Shellard A987), Lemos A987), Louko A987a), Narlikar A983, 1984) and Smith and Bergman A988). Boundary Condition Proposals We concentrated exclusively on the boundary condition proposals of Hartle and Hawking (Hartle and Hawking, 1983; Hawking 1982, 1984a), Linde A984a, 1984b, 1984c) and Vilenkin A982, 1983, 1984, 1985b, 1986, 1988), but there are others (see for example, Suen and Young A989)).

226 JONATHAN J. HALLIWELL Quantum Creation of the Universe Some of the older papers on quantum creation of the universe are those of Atkatz and Pagels A982), Brout, Englert and Gunzig A978, 1979), Brout, Englert and Spindel A979), Casher and Englert A981), Gott A982) and Tryon A973). Various aspects of the quantum creation of the universe as a tunneling event have been explored by Goncharovet al. A987), Grishchuk A987), Grishchuk and Sidorov A988, 1989), Grishchuk and Zel'dovich A982), Lavrelashvili, Rubakov, Serebryakov and Tinyakov A989), Lavrelashvili, Rubakov, and Tinyakov A985), Rubakov A984) and Rubakov and Tinyakov A988). Measures The measure coming from quantum cosmology on sets of inflationary solutions, and also classical measures, have been studied Gibbons et al. A987) and Hawking and Page A986, 1988). Gibbons and Grishchuk A988) introduced a measure on the set of solutions to the Wheeler-DeWitt equation. Operator Ordering The issue of operator ordering in the Wheeler-DeWitt equation has been stud- studied in minisuperspace by Halliwell A988), Misner A972) and Moss A988). More generally, see Christodoulakis and Zanelli A986a, 1986b, 1987), Friedman and Jack A988), Hawking and Page A986) and Tsamis and Woodard A987). Creating a Universe in the Laboratory The possibility of quantum creation of an inflationary universe in the labo- laboratory has bee studied by Farhi et al. A989) and Fischler et al. A989). See also Hiscock A987) and Sato et al. A982). Miscellaneous Regge calculus minisuperspace models have been studied by Hartle A985a, 1985b, 1985c, 1989). In B + 1) dimensions, gravity becomes essentially quantum mechanical. This has been studied from a quantum cosmology viewpoint by Hosoya and Nakao A989) and Martinec A984). Considerable simplifications appear to oc- occur in general relativity using the Ashtekar variables (Ashtekar, 1987). Their application to cosmologies has been considerd by Ashtekar and Pullin A990), Hus- sain and Smolin A989) and Kodama A988b). The relationship between the wave function of the universe and the stochastic approach to inflation have been stud- studied by Goncharov et al. A987), Goncharov and Linde A986) and Mijic A988a, 1988b, 1989). Many classical cosmologies exhibit chaos. Quantization of such cos- cosmologies has been studied by Berger A989) and Furusawa A986). Finally, mention should be made of the extensive contributions of Narlikar, Padmanabhan and col- collaborators, much of which concentrates on quantization of the conformal part of the

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 227 metric, including Narlikar A981, 1983, 1984), Padmanabhan A981, 1982a, 1982b, 1983a, 1983b, 1983c, 1983d, 1983e, 1983f, 1984a, 1984b, 1985a, 1985b, 1986, 1987, 1988), Padmanabhan and Narlikar A981, 1982), Padmanabhan et al. A989), Singh and Padmanabhan A987). REFERENCES The following is a list of almost 400 papers in the field of quantum cosmology, plus a small number of other references relevant to these lectures (the latter are generally distinguised by the fact that their title is not included). A substantially similar list of references may be found in "A Bibliography of Papers on Quantum Cosmology" {Int.3Mod.Phys.A, 1990, to appear). Allen, B. A985), Phys.Rev. D32, 3136. Allen, M. A987), Class.Quantum Grav. 4, 149. Canonical quantization of a spher- spherically symmetric, massless scalar field interacting with gravity in B+1) di- dimensions. Amsterdamski, P. A985), Phys.Rev. D31, 3073. Wave function of an anisotropic universe. Anderson, A. A990), Utah preprint. On predicting correlations from Wigner func- functions. Anini, Y. A989a), ICTP preprint IC/89/219. Quantum cosmological origin of large scale structure. Anini, Y. A989b), ICTP preprint IC/89/307. The initial quantum state of matter perturbations about a de Sitter background. Arisue, H., Pujiwara, Т., Kato, M. and Ogawa, K. A987), Phys.Rev. D35, 2309. Path integral and operator formalism in quantum gravity. Ashtekar, A. A987), Phys.Rev. D36, 1587. Ashtekar, A. and Horowitz, G.T. A982), Phys.Rev. D26, 3342. On the canonical approach to quantum gravity. Ashtekar, A. and Pullin, J. A990), in Nathen Rosen Festschrift (Israel Physical Society). Bianchi cosmologies: A new description Atkatz, D. and Pagels, H. A982), Phys.Rev. D25, 2065. Origin of the universe as a quantum tunneling event. Banks, T. A985), Nncl.Phys. B249, 332. TCP, quantum gravity, the cosmological constant and all that... Banks, Т., Fischler, W. and Susskind, L. A985), Nncl.Phys. B262, 159. Quantum cosmology in 2+1 and S+l dimensions. Barbour, J.B. and Smolin, L. A989), in Proceedings of the Osgood Hill Meeting on Conceptual Problems in Quantum Gravity, eds. A.Ashtekar and J.Stachel (Birkhauser, Boston). Can quantum mechanics be sensibly applied to the uni- universe as a whole? Barrow, J.D. and Tipler, F. A986), The Anthropic Cosmological Principle (Oxford University Press, Oxford). Barvinsky, A.O. A986), Phys.Lett. B175, 401. Quantum geometrodynamics: The Wheeler-De Witt equation for the wave function of the universe. Barvinsky, A.O. and Ponomariov, V.N. A986), Phys.Lett. B167, 289. Quantum geometrodynamics: The path integral and the initial value problem for the

228 JONATHAN J. HALLIWELL wave function of the universe. Barvinsky, A.O. A987), Phys.Lett. B195, 344. The wave function and the effective action in quantum cosmology: Covariant loop expansion. Beciu, M.I. A985), JVuovo Cimento B90, 223. Canonical quantum Kaluza-Klein theory. Belinsky, V.A., Grishchuk, L.P., Khalatnikov, I.M. and Zel'dovich, Ya.B. A985), Phys.Lett. B155,232. Bergamini, R. and Giampieri, G. A989), Phys.Rev. D40, 3960. Influence of rota- rotation on the initial state of the universe. Berger, B. A974), Ann.Phys.(N.Y.) 83, 458. Quantum graviton creation in a model universe. Berger, B. A975), Phys.Rev. Dll, 2770. Quantum cosmology: Exact solution for the Gowdy T3 model. Berger, B. A982), Phys.Lett. B108, 394. Singularity avoidance in the semi- classical Gowdy T3 model. Berger, B. A984), Ann.Phys.(N.Y.) 156, 155. Quantum effects in the Gowdy T3 cosmology. Berger, B. A985), Phys.Rev. D32, 2485. Path integral quantum cosmology II: Bianchi type I with volume-dependent source Berger, B. and Vogeli, С A985), Phys.Rev. D32, 2477. Path integral quantum cosmology I: Vacuum Bianchi type I. Berger, B. A988), Gen.Rel.Grav. 20, 755. Monte Carlo simulation of a quantized universe. Berger, B. A989), Phys.Rev. D39, 2426. Quantum chaos in the mixmaster uni- universe. Birrell, N.D.and Davies, P.C.W. A982), Quantum Fields in Curved Space (Cam- (Cambridge University Press, Cambridge). Birmingham, D. and Torre, С A987), Phys.Lett. B194, 49. An application of the Hartle-Hawking proposal to string theory. Bleyer, U., Liebscher, D.E., Schmidt, H.J. and Zhuk, A.L. A989), Potsdam preprint ZIAP 89-11. On the Wheeler-DeWitt equation in multi-dimensional cosmology with phenomenological matter. Blyth, W.F. and Isham, C.J. A975), Phys.Rev. Dll, 768. Quantization of a Friedman universe filled with a scalar field. Brandenberger, R. Г1984 Brandenberger, R. f 1987 Brandenberger, R. A989 , Nud.Phys. B245, 328. , Intern.J.Mod.Phys. A2, 77. , J.Phys.G 15, 1. Brout, R. A987), Found.Phys. 17, 603. On the concept of time and the origin of cosmological temperature. Brout, R., Englert, F. and Gunzig, E. A978), Ann.Phys.(N.Y.) 115, 78. The creation of the universe as a quantum phenomenon. Brout, R., Englert, F. and Gunzig, E. A979), Gen.Rel.Grav. 10, 1. The causal universe. Brout, R., Englert, F. and Spindel, P. A979), Phys.Rev.Lett. 43, 417. Cosmological origin of the grand-unified mass scale. Brout, R., Horwitz, G. and Weil, D. A987), Phys.Lett. B192, 318. On the onset of time and temperature in cosmology. Brout, R. and Venturi, G. A989), Phys.Rev. D39, 2436. Time in semi-classical gravity. Brown, J.D. A989), North Carolina preprint IFP-351-UNC. Tunneling in perfect

INTRODUCTORY LECTURES ON QUANTUM COSMOLOGY 229 fluid (minisuperspace) quantum cosmology. Brown, J.D. and York, J.W. A989), Phys.Rev. D40, 3312. Jacobi's action and the recovery of time in general relativity. Burges, C.J.C. A984), Nucl.Phys. B244, 533. del Campo, S. and Vilenkin, A. A989a), Phys.Lett. B224, 45. Tunneling wave function for anisotropic universes. del Campo, S. and Vilenkin, A. A989b), Phys.Rev. D40, 688. Initial conditions for extended inflation. Calzetta, E. A989), Class.Quantum Grav. 11, L227. Memory loss and asymptotic behavior in minisuperspace cosmological models. Calzetta, E. and Hu, B.L. A989), Phys.Rev. D40, 380. Wigner distribution and phase space formulation of quantum cosmology. Carow, U. and Watamura, S. A985), Phys.Rev. D32, 1290. A quantum cosmolog- cosmological model of the inflationary universe. Carow-Watamura, U., Inami, T. and Watamura, S. A987), Class.Quantum Grav. 4, 23. A quantum cosmological approach to Kaluza-Klein theory and the bound- boundary condition of no boundary. Caves, CM. A986), Phys.Rev. D33, 1643. Caves, CM. A987), Phys.Rev. D35, 1815. Casher, A. and Englert, F. A981), Phys.Lett. B104, 117. The quantum era. Castagnino, M. A989), Phys.Rev. D39, 2216. Probabilistic time in quantum grav- gravity. Castagnino, M., Mazzitelli, D. and Yastremiz, С A988), Phys.Lett. B203, 118. On the graviton contribution to the back-reaction Einstein equations. Christodoulakis, T. and Papadopoulos, C.G. A988), Phys.Rev. D38, 1063. Quan- Quantization of Robertson-Walker geometry coupled to a spin-S/2 field. Christodoulakis, T. and Zanelli, J. A984a), Phys.Lett. A1O2, 227. Quantum mechanics of the Robertson-Walker geometry. Christodoulakis, T. and Zanelli, J. A984b), Phys.Rev. D29, 2738. Quantization of Roberts on-Walker geometry coupled to fermionic matter. Christodoulakis, T. and Zanelli, J. A986a), JVuovo Cimento B93, 1. Operator ordering in quantum mechanics and quantum gravity. Christodoulakis, T. and Zanelli, J. A986b), JVuovo Cimento B93, 22. Consistent algebra for the constraints of quantum gravity. Christodoulakis, T. and Zanelli, J. A987), Class. Quantum Grav. 4, 851. Canonical approach to quantum gravity. Coule, D. and Mijic, M.B. A988), Intern. J.Mod.Phys. A3, 617. Quantum fluctua- fluctuations and eternal inflation in the B? model. D'Eath, P.D. and Halliwell, J.J. A987), Phys.Rev. D35, 1100. Fermions in quan- quantum cosmology. D'Eath, P.D. and Hughes, D. A988), Phys.Lett. B214, 498. Supersymmetric minisuperspace. DeWitt, B.S. A967), Phys.Rev. 160, 1113. Quantum theory of gravity I. The canonical theory. DeWitt, B.S. A970), in Relativity, eds. M.Carmeli, S.Fickler and L.Witten (Plenum, New York). Spacetime as a sheaf of geodesies in superspace. DeWitt, B.S. and Graham, N. (eds.) A973), The Many Worlds Interpretation of Quantum Mechanics (Princeton University Press, Princeton).
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245 Wormholes and Non-simply Connected Manifolds S. W. Hawking Department of Applied Mathematics and Theoretical Physics University of Cambridge Silver Street Cambridge CB3 9EW UK January 1990 One of the things I found most mysterious, when I first learnt quantum mechanics, was that one did not deal with the probability density, for finding an electron at the point x. Instead, one worked with a wave function, ф(х), which was a complex square root of the probability density. Of course, the fact that one deals with amplitudes or wave functions, is fundamental to quantum mechanics, because it allows the possibility of interference: probabilities are necessarily real and positive, so they can only add up. But amplitudes or wave functions, can be negative or complex, so they can cancel each other. Nevertheless, it was not clear to me, why one could describe the state of an electron by a wave function, rather than just by a probability density. At first, I thought it must be just my stupidity, because everyone else seemed to accept wave functions without question. However, I later found that Schroedinger had had the same problem as me. When he first discovered his equation, he thought it applied to the probability density. But this did not give agreement with observation. It was only subsequently, that he realized that he could get agreement if the equation governed, not the probability density, but a complex valued quantity, whose modulus squared is the probability density. One of the aims of this lecture, is to explain to people who are as stupid as Schroedinger and myself, why it is that one can work with amplitudes or wave functions, rather than

246 S. W. HAWKING probabilities. The reason is, that ordinary flat spacetime is simply connected. This means that a surface of constant time, divides spacetime into two parts, M+, and M-. The significance of this can be seen as follows: I shall work in Euclidean spacetime [1]. Then the probability of a four dimensional field configuration, ф, is ехр[—1(ф)]. Here I is the Euclidean action. One has to specify the class of field configurations on which the probability measure, e~!, acts. The choice of this class determines the quantum state of the field. The usual choice is suitably regular fields, that vanish at infinity. This defines the vacuum state. One can then calculate the probability that, in the vacuum state, ф = фо, on a surface of constant time, S. This is given by integrating the probability, e~', over the values of ф everywhere except on S, where it is fixed. One can write this path integral over all ф, as a product of two wave functions, ф±(фо). ф-(фо) is given by a path integral over fields ф in the half space, M_, below S, with ф = 0 at infinity, and ф = фо on S. Similarly, ф+(фо) is given by a path integral over values of ф in the upper half space, M+. When one Wick rotates back from Euclidean space, to Minkowski space, ф+ becomes the complex conjugate of t/>_. So the probability of having the field, фо, on S, is the modulus squared, of a wave function, ф(фо)- Thus, the reason one can work with amplitudes rather than probabilities, is that one can factorize the path integral, by introducing a surface which divides spacetime into two parts. This is very elementary, and I'm sure it was obvious to many people. But no one bothered to explain it to me, or to Schroedinger, for that matter. I have gone over it at such length, because it will be relevant when I discuss wormholes. In the absence of gravity, spacetime is flat, and has the topology, R4. More inter- interesting topologies are possible if one includes curvature. However, in the case of classical spacetimes with a Lorentzian metric, a theorem of Geroch [2] implies that a surface of constant time, divides spacetime into two parts, if the metric is what is called, globally hyperbolic. This means that the metric is such, that every event can be predicted from data on a Cauchy surface. If the metric were not globally hyperbolic, extra information could come in from infinity, or from singularities. One would not have a deterministic theory, unless one had a theory of boundary conditions. It would be difficult to formulate boundary conditions at singularities. The situation in quantum gravity is different, however. It seems necessary to use metrics with positive definite, or Euclidean, signature [3], rather than Lorentzian signature, as in classical spacetime. Any manifold can be given a positive definite metric, so there are no restrictions on the topology. In particular, there is no bar on manifolds that are not simply connected. In a non simply connected manifold, a single connected surface, may not divide the manifold into two parts. For example, a circle around a torus, does not divide the torus into two separate parts, because they are joined together by the other side of the torus.

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 247 If a surface does not divide a manifold into two parts, one can not factorize the probability for a field configuration on the surface, into the product of path integrals on the two parts. Thus, one can not define wave functions, on a non simply connected manifold. In general, one can make a manifold simply connected, by cutting it with a finite number of surfaces, and taking a finite number of copies of each point. For simplicity, I will consider only manifolds that can be made simply connected just by cutting with a finite number of surfaces, Si, without having to take extra copies of points. Then one can consider the probability of a field configuration, фо, on a surface, S, given that the field has the configuration, ф{, on each surface, Si. In this case, the surface, S, will divide the manifold into two parts, if the surfaces, Si, are cut out. One can therefore factorize the conditional probability for the configuration, фо, on S, given the configurations, ф\, on the surfaces, S,-. The conditional probability of any observable on S, given ф{ on S;, can be calculated from the conditional wave functions. The total probability can then be obtained by integrating over all possible configurations, ф{, on the surfaces, Si. The simplest example of a non simply connected spacetime, is flat Euclidean space, which is identified with period /3, in the Euclidean time direction. This manifold arises, when one considers thermal equilibrium, at a temperature, X = 1//3. Although it is a very elementary example, I shall consider it in detail, to establish ideas to be used in more complicated examples, of non simply connected manifolds. Let S be the surface, r = 0, where r is the Euclidean time coordinate. S does not divide the space into two parts, because it is not simply connected in the time direction. However, one can make the manifold simply connected, by cutting it along a surface, Si, which can be taken to be half way round the Euclidean time circle. One then has a strip, from Si at r = —/3/2, through S at r = 0, to SJ, another copy of Si, at r = /3/2. Consider a scalar field, ф, of mass m, on this manifold. One can decompose it into spatial Fourier components, ф(к,т). From now on, I will consider a single Fourier component k, and will drop the label, k. Given the values, ф\, and ф\, of ф, on Si, and SJ, one can do the path integral, to get the probability distribution for the values, фо, on S. This can be factorized into two wave functions, t/>_, which is given by a path integral over all ф in the strip from, r = —/3/2 to т = 0. And t/>+, which is given by a path integral in the strip from r = 0, to r = /3/2. ф- and ф+ are each given by the expression: f -™ Г ив \{\Фо{Щг + l^i(fc)|2)cosh(-^-) in terms of eigenstates of the ф field, on the surfaces, S and Si. Here u> = \/(к? + m2). This expression is not very illuminating. However, each Fourier component behaves like a

248 S. W. HAWKING harmonic oscillator of frequency, u>. It is therefore natural to express the states of the field on S and Si, in terms of harmonic oscillator states, \n), instead of position eigenstates, \ф). The conditional wave function t/)_, for the state, |n), on S, given the state, |nj), on Si, is, exp[—/ЗЕ„/2]8П)П1. Here En = nVu is the energy of the state \n) where V is the spatial volume. Similarly, the wave function, ф+, is exp[—0Е„/2]6П:П1. Thus the field is in the state, |n), on S, with probability, e~@ ". One can say that the quantum state of the field is described by a density matrix, p = Y^n \n) e~@E" {n\. The summation corresponds to summing over the states on the surface, Si. As we shall see, one can always express quantum theory on a non simply connected manifold, as a sum over quantum states on simply connected manifolds. The first indication that quantum gravity, required the inclusion of non simply con- connected manifolds, came with the discovery of black hole evaporation [4]. One could imagine that one formed a black hole, from the collapse of a star made up of massive fermions, such as baryons. For most of the life time of the black hole, semi classical external field calculations should be a good approximation. These indicate that the black hole will send out thermal radiation, mainly in the form of zero rest mass particles, such as neutrinos, photons, and gravitons. The energy carried away by these particles, will cause the black hole to lose mass, and get smaller. When the black hole gets down to near the Planck mass, the external field approximation will break down. We do not know how to calculate what happens, at this stage, but the best guess is that the black hole disappears completely, leaving just empty space. The black hole might give out massive fermions in the final stages, but the mass remaining then, would only be a small fraction of the original mass. Thus most of the original massive fermions, would not reappear. What would happen to the rest of the fermions? Some people have argued that Grand Unified Theory, would allow massive fermions, like baryons, to decay into light particles, like neutrinos and photons. However, the emission from the black hole for most of its life time, would be thermal, and would be independent of the details of the particular grand unified theory, such as decay rates, and branching ratios. Or one could consider a particle theory, in which a massive fermion was conserved by a global symmetry. If one accepts the no boundary proposal for spacetime [5], the massive fermions can not disappear into a singularity. Instead, there has to be somewhere in Euclidean spacetime, for them to go to. The only reasonable possibility, seems to be a small tube or wormhole, leading to another region of,spacetime. The other end of the wormhole, would appear to be another black hole, which formed from the collapse of a star made of massive anti fermions, and evaporated, giving off the anti particles to the thermal radiation emitted by the first black hole. If wormholes and non simply connected manifolds, can occur when black holes form and evaporate, one might expect that much smaller wormholes would be occuring all the time, as virtual processes [6]. These virtual wormholes could have sizes of the order of the

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 249 Planck length. They would act like virtual black holes, swallowing a few particles, and giving off a few different particles. However, the scale of the wormholes, would be much smaller than the scale on which we observe physics. Thus, they would appear as point interactions, in which a certain number of particles, turn into other particles. I shall show later how to calculate the effective interactions that correspond to a wormhole joining on. Very small wormholes have been studied mainly as instantons, that is, solutions of the classical Euclidean field equations [7]. These are saddle points in the path integral. One can use them to give a semi classical treatment, if one makes the dilute wormhole approx- approximation. This means neglecting the interaction between the ends, of different wormholes joining on to the same large region. However, wormhole-like solutions occur only for certain special kinds of matter, that allow the Ricci tensor to have negative eigenvalues. These don't include pure Einstein gravity, or minimally coupled scalar fields (unless they are pure imaginary). But they include an anti symmetric tensor field, whose field equations in four dimensions, are equiv- equivalent to those of a scalar field. There are no known electro-magnetic wormhole solutions in four dimensions, but there are Yang Mills solutions [8]. These however, in general do not seem to be local minima of the action. It is not clear therefore, that they contribute to the semi classical approximation. There are Yang Mills solutions which are local minima of the action, but they exist only when the Yang Mills field is not coupled to any fields in the fundamental representation [9]. Moreover, these solutions have a maximum throat size of a few Planck units. This makes it difficult to see how they could carry away, all the particles and information that are lost, when a macroscopic black hole evaporates. Is one therefore to assume that wormholes are important, only in the very restricted class of theories, in which the matter content allows wormhole instantons? That would make it difficult to believe, that wormholes are the mechanism for black hole evaporation. Black holes will form, and evaporate, in theories with any reasonable matter content, or even no matter content, but just pure gravity. But wormhole instantons don't exist in pure Einstein gravity. The non existence of instantons, for general matter contents, would also cast doubt on whether wormholes are the reason, why the cosmological constant is zero. I will therefore advocate a different approach, in which wormholes are regarded, not as solutions of the classical Euclidean field equations, but as solutions of the quantum mechanical Wheeler DeWitt equation [10]. These solutions have to obey certain boundary conditions, in order that they represent wormholes. The boundary conditions seem to be, that the wave function is exponentially damped for large three geometries. And it is regular, in some suitable way, when the three geometry collapses to zero. I shall argue that there is a discrete spectrum, of solutions of the Wheeler DeWitt equation, that obey these boundary conditions. I shall illustrate this, with a discussion of mini superspace solutions of the Wheeler DeWitt equation, with a scalar field. There is a continuous

250 S. W. HAWKING family of solutions, that are eigenfunctions of the scalar flux operator. They correspond to the instanton solutions found, by Giddings and Strominger [7]. The wave functions are damped at infinity, but they oscillate infinitely near zero radius. However, these solutions can be expressed as an infinite sum, of a discrete family of solutions, that are well behaved, both at infinity, and at zero radius. In the dilute wormhole approximation, one can treat each wormhole separately, as joining two asymptotically Euclidean regions. I shall therefore consider Euclidean metrics of topology, R1 x S3, which are asymptotically Euclidean at each end of the R1. The idea is to study the effect of the wormhole, on physics in the two asymptotic regions, at energies low compared to the Planck scale. For this purpose, one wants to calculate the Green functions for points, 11,12, etc, in one region, and у 1,1/2, etc, in the other region [6]. The x and у points, will be far from the throat of the wormhole, and can be regarded as being in flat space. One can then factorize the Green functions by introducing a complete set of states for the wormhole: where the state, |0), is the usual vacuum state for asymptotically Euclidean space, and the |t/)fc), are a complete orthonormal set of wormhole states. This factorization is equivalent to cutting the wormhole with a surface, 5, and introducing a sum over the fields on S. What are these wormhole states, \фк), on the surface 5. The quantum states of the wormhole can be described by wave functions, Ф*, which depend on the three metric, hij, and matter fields, фо, on S. The wave functions will obey the Wheeler DeWitt, and momentum constraint equations, at all finite non zero three metrics: 62 ■•""=•- .^Тпп(^,_г__)| \Ък[Ь„ф0] = 0 However, if the wave functions are to correspond to wormholes, rather than other kinds of spacetime, they should also obey certain boundary conditions when the three metric, hij, degenerates, or becomes infinite. The boundary conditions when hij degenerates, should express the fact that the metric is non singular. It is not clear what these boundary conditions should be, in the full superspace of all three metrics. But in mini superspace models, like those I shall describe, it seems reasonable to suppose that the wave function should be regular, as the radius, a, approaches zero, or (depending on the factor ordering) maybe go as a power of the radius a. It certainly should not oscillate an infinite number of times.

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 251 The boundary condition when hij is large, should express the condition that the metric is asymptotically Euclidean. One can interpret this, as saying that there are no gravita- gravitational excitations, in the asymptotic state. If one also imposed the boundary condition, that there were no matter excitations in the asymptotic region, one would get a 'ground state', or vacuum wave function, ipo. Like the no boundary wave function, one can obtain the vacuum wave function from a path integral: *о(Лу,*о) = J In the case of the no boundary state, the path integral is over all compact metrics and matter fields, with the given boundary values. But in the case of the vacuum state, the path integral is over all asymptotically Euclidean metrics, and all matter fields that are zero, or gauge equivalent to zero, at infinity. In mini superspace models, the no boundary wave function increases as, e" /2, where a is the radius of the three surface. On the other hand, the vacuum state wave func- function decreases like, e~a '2. This difference comes about because the main term in the gravitational action is the surface term [11] Here К is the trace of the second fundamental form, of the outward directed normal to the surface. In the case of the no boundary wave function, the stationary phase metric for zero matter field, is flat space inside a three sphere of radius a. The outward normals are diverging, so the action is negative. This makes the no boundary wave function, grow with the size of the three surface. On the other hand, the stationary phase metric for the vacuum wave function, is flat space outside a three sphere of radius a. The outward normals will be converging, so the action will be positive, and the wave function will be damped at large radius. However, there are other solutions of the Wheeler DeWitt equation, that are also regular at zero radius, and are damped at large radius. Some of these solutions can be expressed as superpositions of solutions, that have a non zero flux of a conserved quantity, across the three surface, 5. Such solutions can not close off with a compact four geometry, for then the flux would be zero. The behavior at large radius, indicates that these solutions are asymptotically Euclidean, and the regularity at a = 0, indicates that they are non singular. Thus, these solutions must correspond to wormholes, that connect two asymptotically Euclidean regions. The ground state for the wormhole, will be defined by a path integral over all metrics of the topology, Д1 x 53, which are asymptotically Euclidean at each end of the Д1. The

252 S. W. HAWKING matter fields in the path integral will be gauge equivalent to zero at each end of the R1. This means that the wave function for the ground state of the wormhole, will be identical to that for the vacuum state. It will be given by a path integral, over all asymptotically Euclidean metrics, and all asymptotically zero matter fields, that have the given values on the surface. On the other hand, the other solutions of the Wheeler DeWitt equation, that are regular at a = 0, and damped at large radius, can be interpreted as 'excited states' of wormholes [6]. Such solutions can also be interpreted, as excited states of a closed universe. This is because the wave function oscillates at small a, and so corresponds to a Lorentzian closed Friedmann metric. However, one can equally well interpret the wave function at large a, where it is exponential, as corresponding to a Euclidean wormhole metric. In fact, the wormhole metric is the analytic continuation of the Friedmann metric. The wave functions of the excited wormhole states, can also be represented by path integrals. The metrics in the path integrals are asymptotically Euclidean, which means that there are no gravitational excitations asymptotically. But the matter fields have sources at infinity, which can be interpreted, as saying that there are matter particles passing through the wormhole. Here, 'at infinity', means at distances large compared to the characteristic scale of the wormhole. This will be true of sources introduced to calculate low energy Green functions, and also, in the dilute wormhole approximation, of the effective sources provided by other wormholes. One can interpret the dilute wormhole approximation, as the statement that the wormholes are, 'on shell'. One then has boundary conditions on the Wheeler DeWitt equation that, at least in mini superspace examples, allow only a discrete spectrum of solutions. However, when one goes beyond the dilute wormhole approximation, and considers wormholes that are close together, one will have to include a continuous family of 'off shell' wormhole states, in the sum over states. The Wheeler DeWitt equation can be regarded as a wave equation, on the infinite dimensional space, called superspace [10]. This is the space of all three metrics, hjj, and matter fields, фо, on S. However, an infinite dimensional space is hard to deal with. I shall therefore consider a finite dimensional subspace, called mini superspace. That is, I shall take a family of metrics and matter fields, that depend upon a finite number of parameters. I shall then extend to the infinite dimensional case, by considering perturbations about the mini superspace models. For the mini superspace models, I shall consider metrics of the Euclidean Friedmann form: ds2 = a2{N2{t) dt2 + a2( til where <r = 2/3irm2. If TV is imaginary, this is the Lorentzian metric of a Friedmann universe. And if N is real, it is the metric of an Euclidean wormhole. However, solutions of the Wheeler DeWitt equation, are independent of N and t. So they can be interpreted either as Friedmann universes, or as wormholes, according to whether the wave function

WORMHOLES AND NON-SIMP LY CONNECTED MANIFOLDS 253 is oscillatory, or exponential. I shall consider first a zero mass minimally coupled scalar field, Ф. In terms of the rescaled field ф = 21^2тг<тФ the Wheeler DeWitt equation is: [—— — — — - 1фг [а2 да да а3 дф2 J One can separate the Wheeler DeWitt equation into a radial factor, C(a), and а ф depen- dependence, е'кф: Ща,ф) = С(а)е'к* The two solutions for the radial equation, d2C \dC fk2 2\_ n + -— + {-г - a2 )C = 0 da2 a da \a2 ) are Bessel functions J±nl/2(ia.2/2) of imaginary order. There is a linear combination of these, that goes as e~a I2 at large radius. However, near a = 0, the solutions oscillate an infinite number of times. The wave function will fall off exponentially, for a > \fk. Thus, in this region, the solutions will correspond to asymptotically Euclidean four geometries. However, these solutions are eigenstates of the scalar flux, Q = Js ф,^ dcr1*, with eigenvalue, q = 2ir2ik. Because the scalar flux is conserved, these Euclidean four geometries, cannot close off to a non singular compact metric, like in the no boundary condition. Thus, they must be wormholes. The minimum radius will be of the order of y/k. The solutions oscillate for a < vfc. Thus in this region, they can be interpreted, as corresponding to classical Lorentzian Friedmann solutions with a scalar flux, iq. These solutions will expand from a = 0, to a maximum radius vfc- They will then collapse again to a = 0. The infinite number of oscillations of the wave function near a = 0, will correspond to the initial and final singularities, of the Friedmann solution. For real k, the Euclidean scalar flux will be imaginary. Thus, the gradient of ф, will be imaginary, on the Euclidean metric. This means the energy momentum tensor of the scalar field, will be of the opposite sign to that of a scalar field, that was real on the Euclidean section. The classical Euclidean solution, will be the same as that found by Giddings and Strominger [7]. This is just the analytical continuation, of the classical Friedmann solution with real ф. In the semi classical approach to wormholes, one considers instantons, which are classical Euclidean solutions. If one requires that the matter fields be real, such solutions exist only in special cases, like an anti symmetric tensor field, or the Yang Mills field. They do not exist for pure gravity. This would suggest that wormholes, would not be a

254 S. W. HAWKING general solution to the cosmological constant problem. On the other hand, in the quantum mechanical wave function approach, one might expect that solutions of the Wheeler DeWitt equation, with appropiate boundary conditions, would exist for all reasonable forms of matter. Of course, the solutions given above, do not satisfy the regularity condition at a = 0. However, I shall show that there is another class of solutions, of the Wheeler Dewitt equation, that are regular at a = 0, and are damped at large radius. One can introduce new coordinates, x and y, in mini superspace: x = a sinh(f> у = Иф The Wheeler DeWitt equation then becomes the equation for two harmonic oscillators, with opposite signs of the energy: ду2 дх2 The solutions that are regular at the origin, and damped at infinity, are just products of harmonic oscillator wave functions: Ф = фп(х)фп(у) where фп(х) ос Hn(x)e-l2>2. These harmonic oscillator solutions, form a basis for solutions of the Wheeler DeWitt equation, that are regular at the origin, and damped at infinity. Thus they must transform into each other, under the symmetry of the Wheeler DeWitt equation, generated by adding a constant to ф. One can regard this as a Lorentz transformation, in the x — y plane. This is generated by the boost Killing vector, К = д/дф = уд/дх + хд/ду. One can express the coordinates, x, and y, of the two harmonic oscillators, in terms of annihilation and creation operators: JL = _LK_4). Thus, one can express K, in terms of annihilation and creation operators: д — = (azay -a'aj,).

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 255 One can use this to express the К eigenstates, in terms of harmonic oscillator states, and vice versa. Write а К state, as a sum of harmonic oscillator states, \n), with coeffi- coefficients, cn: If one operates on each side with the symmetry generator, K, one gets an iteration relation for the cn. This is ikcn = (n + l)cn+i - racn_i. One can solve this in terms of Co, which can be fixed by normalization. One can therefore regard the singular К eigenstates as being superpositions of an infinite number of regular harmonic oscillator solutions. Similarly, the harmonic oscillator solutions, can be regarded as superpositions of different К eigenstates. It is like the fact that wave packet solutions of the wave equation, can be thought of as superpositions of plane waves. Thus, the harmonic oscillator solutions, can be interpreted as coherent states of classical solutions. There is a similar discrete spectrum of harmonic oscillator solutions, for a mini super- space model with a conformally invariant scalar field. Modulo factor ordering, the Wheeler DeWitt equation is where x = аф. This again is two harmonic oscillators, in x and a, with opposite signs of the energy. There is a discrete family of solutions, which are products of harmonic oscillator wave functions in x «uid а: Ф = ф„(а)ф„(х)- Again, one can make a correspondence between these solutions of the Wheeler DeWitt equation, and solutions of the classical field equations representing an instanton. The instanton is somewhat pathological, because the effective gravitational constant, G, changes sign between the two asymptotic regions [12]. However, they are perfectly well behaved as solutions of the Wheeler DeWitt equation. Of course, conformally invariant, and massless minimally coupled scalar fields, are rather special forms of matter. Are there solutions of the Wheeler DeWitt equation, which are regular at zero, and are damped at large radius, for more general scalar fields, with a potential. This is difficult to answer, because one cannot get exact solutions, even in the simple case of a massive minimal coupled scalar field. However, work that I'm doing with Don Page [13], suggests that there will be a discrete spectrum of solutions of the Wheeler DeWitt equation, that obey the boundary conditions, for a general scalar potential. What about when one goes beyond mini superspace, and considers the full degrees of freedom of the gravitational and matter fields. One can get some idea, by studying pertur- perturbations about metrics of the Friedmann form [14]. One expands the metric perturbations, and the matter fields, in terms of harmonics on the three sphere. One then calculates the

256 S. W. HAWKING Wheeler DeWitt equation, to all orders in the radius a, but to second order in the per- perturbations. After suitable gauge fixing, and field redefinitions, one gets a set of decoupled harmonic oscillators. The harmonic oscillator corresponding to the radius, a, has negative energy, but all the other oscillators have positive energy. Thus one again has a discrete family of solutions, that satisfy the boundary conditions. It therefore seems reasonable to conjecture, that there will be a discrete spectrum of solutions of the full Wheeler DeWitt equation, and not just the mini superspace version. To sum up. On a simply connected manifold, one can factorize the path integral for the probability, into the product of two wave functions. But one can not do this on a non simply connected manifold. Instead, one has to cut the manifold at a number of surfaces, S,\ For each quantum state on the Si, one can then factorize the path integral into a product of wave functions. The total probability for any observable, can then be calculated, by summing over all quantum states on the surfaces, Si. This summation introduces an extra degree of uncertainty into physics, over and above the uncertainty normally associated with quantum mechanics. Evidence that non simply connected spacetimes, occur in quantum gravity, comes from the quantum evaporation of black holes. The most natural explanation is that the particles that fell into the black hole, and the anti particles to the emitted radiation, go off into a wormhole, that leads to another region of the universe. If this is the case, one would also expect that much smaller, Planck scale, wormholes, should occur as virtual processes. I claim that such microscopic virtual wormholes, are best described by solutions of the Wheeler DeWitt equation, which obey certain boundary conditions. It seems that there should be a discrete spectrum of solutions, for any reasonable form of matter content. On the other hand, instantons, or solutions of the classical Euclidean field equations, exist only with certain kinds of matter. I illustrated this with a discussion of mini superspace solutions, with a scalar field. Another advantage of using solutions of the Wheeler DeWitt equation, is that it enables one to calculate the effective interactions, induced by the wormholes, in a simple manner. I shall describe this in my next lecture.

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 257 Lecture 2 In the last lecture, I showed that in quantum gravity, one would expect non-simply connected manifolds. One would get microscopic wormholes, leading from our region of spacetime, to other regions, or back to the same region at a different point. These wormholes could be described by solutions of the Wheeler-DeWitt equation, that obey certain boundary conditions. Planck scale virtual wormholes are so small that they would not appear to be black holes. Instead, they would look like effective point interactions, in which a certain number of particles change into different particles. I shall now show how one can calculate the form of these effective interactions [15]. This can be done by calculating the product of the values of a quantum field, ф, at the points, yi, y2, up to yr, in one asymptotic region. One takes the matrix element of this product between the ordinary flat vacuum state, |0), and the wormhole state, |Ф). What this means is, one does a path integral over all metrics and matter fields. The gravitational field is required to be asymptotically flat at infinity, and to have a three sphere, S, with induced metric, hij, as its inner boundary. The quantum field, ф, is required to be zero at infinity, and to have the value, ф0, on 5. One then integrates over all values of hij, and фо, with the wave function, *(/i,j,^0). Consider first a level m harmonic oscillator solution, to the mini-superspace model with a conformally invariant scalar field. The integral over the wave function, Ф, of the wormhole, can then be replaced by an integral over the harmonic oscillator wave functions, in x = аФ and a. Ф = фт{а)фт{аф) The path integral will then be over asymptotically Euclidean metrics whose inner boundary is a three sphere, S, of radius, a, and scalar fields with the constant value, ф, on 5. The saddle point for the path integral will be flat Euclidean space outside a three sphere of radius, a, centered on a point, xq. The scalar field solution is ф = \a/{x — xoJ. In this approximation, one ignores the energy momentum of the scalar field. The action of this saddle point will be I = A<z2(l + ф2). The integral over the ф field, will contain a factor of J д.ффгфт{аф This will be zero when m, the number of particles in the wormhole, is greater than r, the number of points, yt, in the correlation function. This is what one would expect, because each particle in the wormhole, must be created or destroyed, at a point, yi, in the asymptotically flat region. The integral over the radius, a, will be dominated by radii of order the Planck length. In fact by integrating over all a, one is overcounting the metrics.

258 S. W. HAWKING One is integrating not only over all geometries, but also over the position of the surface, 5, in the wormhole. A correction should be made for this. However, in the approximation that I'm making, this will just be а ф independent factor, of order one. The matrix element will then be: ■■■™"'-' -ll(xo-W)a where D is a factor of order one. One now has to integrate over the position, x0, of the wormhole, with a measure of the form, m^dx*. One also has to integrate over an orthogonal matrix, 0, which specifies the orientation of the wormhole, with respect to the asymptotically flat space. The mini-superspace is invariant under 0, so this second integral will have no effect. But the integral over xo, will ensure that energy and momentum are conserved in the asymptotically flat region. The matrix element will be the same as if one was in flat space, with an effective interaction of the form Р{т)фт. Here, F(m) is another coefficient of order one. One can extend this analysis to perturbations about the mini-superspace model, in which inhomogeneous modes of the gravitational and matter fields are excited. In a similar way, one can calculate the matrix elements of products of ф between the vacuum and a wormhole containing given numbers of scalar particles in higher n modes. These matrix elements are again given by an effective interaction. The only difference is that the effective interaction involves derivatives of ф. A. Lyons [16] has calculated the effective interaction, for a wormhole containing fermions. He finds interactions of the form, ф", where ф is the fermion field, and n is the number of fermions in the wormhole, n > 2. F. Dowker [17] has done a similar calcula- calculation for the electro-magnetic case. She finds effective interactions of the form, F". Again, n > 2. From these results, one might expect that wormholes containing gravitons, would give effective- interactions of the form, curvature to the n. This has been confirmed by calculations by Dowker and Laflamme [18]. Once again, there is no n = 0, or 1 term. This means that wormholes do not directly change the effective cosmological constant, Л, or the gravitational constant, G. They do, however change the cosmological and gravitational constants indirectly, by loop diagrams involving other effective interactions. These will have to be cut off on the scale of the wormhole. This will introduce terms in the volume of spacetime, and the curvature scalar, R. The importance of these will be seen when I discuss the cosmological constant. So far, we have been considering a single wormhole, joining onto an asymptotically Euclidean region, at a point, x0. I showed that the effect on low energy Green functions was the same as an effective interaction, (?,(io)- Here, в is some function of the quantum fields, ф, and the index, i, labels the solution of the Wheeler Dewitt equation. The other

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 259 end of the wormhole, will join on to the same, or a different asymptotic region, at a point, j/o- Thus, the effect of a wormhole, between the points, ю, and yo, is equivalent to the insertion of 2 / / One now has to add up the effects of a number of wormholes joining on to the asymp- asymptotic regions. One makes the dilute wormhole approximation. That is, one assumes that the wormholes are far apart compared to their size. This may be justified in the case of large wormholes, of black hole size, but one would expect that it would break down for wormholes of the Planck size which could be packed tight on top of each other. Nev- Nevertheless, one might hope that the qualitative features displayed by the dilute wormhole approximation might survive in a more accurate treatment. In the dilute wormhole approximation, the effect of n wormholes, will be given by including a factor of So, the effect of an arbitrary number of wormholes can be obtained by including a factor of j J One can regard this exponential as a bi-local addition to the action. The bi-local action is The bi-local action can be transformed into a sum of local terms. An elegant way of doing this has been given by Klebanov, Susskind and Banks [19]. One introduces position independent parameters, a, and uses the identity: /1 Г , Г . \ 1 Г _ia2 / Г \2 J J ) V^ J V J The path integral becomes: Z = where and Z(a,) =

260 S. W. HAWKING This can be interpreted as dividing the quantum state of the universe, into non- interacting superselection sectors. Each sector is labelled by the parameters, a. In each sector, the effective Lagrangian is the ordinary Lagrangian, L, plus an a dependent term, ав. The different sectors are weighted by the probability distribution, P(ot). Thus the effective interactions don't have unique values. Rather, there is a spread of possible cou- couplings. However, if one measures the strength of one of these effective interactions, one will get some definite answer. This will collapse the probability distribution, to the correspond- corresponding value of the alpha parameter. Any further measurement of that effective interaction, will give the same strength. In effect, what one is doing is cutting the non-simply connected manifold at surfaces, Si, which are cross-sections of each wormhole. This cutting will disconnect the spacetime manifold into a number of asymptotic regions, with wormhole stumps. For each quantum state on the wormhole cross sections, Si, there will be a low energy effective field theory in each asymptotic region. However, the total theory in the asymptotic regions will be obtained by summing over all the quantum states on the wormhole cross sections Si. This summation over the quantum states on the cross sections, Si, means that there is an extra degree of uncertainty, over and above that normally associated just with wave functions. A measure of this extra uncertainty, is the entropy associated with the density matrix denned by the cross sections, 5,-. The quantum state on a single cross section can be labelled by the index, i, of the solution of the Wheeler-DeWitt equation. Thus the total quantum state, on the collection of all the cross sections, 5,-, can be described in terms of a Fock basis, \щ), where n,-, is the number of cross sections in the state, i . However, it is more convenient to express the quantum state on the wormhole cross sections, in terms of coherent states, |<*;): * ' Пш\ Here a], is the operator that creates one wormhole cross section in the state i. A coherent state, \oti), of the wormhole cross sections, induces effective interactions, <*,#;, of definite strengths, in each asymptotic region. The integral over the a-parameters, with the weight, P(a), is equivalent to summing over all quantum states for the wormhole cross sections. Note that these coherent states are different from the a-states that Coleman used in his lectures. These latter states were eigenstates of the annihilation plus creation operators, a + a*, whereas the coherent states, are eigenstates of just the annihilation operator, a. The probability distribution for the physical coupling constants is the reflection, for Planck scale wormholes, of the extra degree of uncertainty associated with non-simply connected manifolds. It means that, even if the underlying theory is superstrings, the effective theory of quantum gravity will appear to be unrenormalizable, with an infinite

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 261 number of coupling constants. These constants cannot be predicted, but have to be fixed by observation. Coleman [20], and others, however, have suggested that the probability distributions for the coupling constants, are entirely concentrated at certain definite values, that could, in principle, be calculated. The argument is based on my proposal, for explaining the vanishing of the cosmological constant, and goes as follows: The probability distribution, P(a), for the a-parameters, should be multiplied by the factor, Z(a). This is given by the path integral over all low energy fields, ф, with the effective interactions, ав. The path integral for Z(a), does not converge because the Einstein Hilbert action is not bounded below. However, one might hope that an estimate for Z(a), could be obtained from the saddle point in the path integral. That is, from solutions of the Euclidean field equations. The saddle point with the lowest action, will be a sphere, with action г= -3 SG2A' If one just took a single sphere, Z = exp(-T). However, Coleman argues that there can be many such spheres, connected by wormholes. This makes Z = exp(exp(— Г)). Both the single and the double exponentials, blow up rapidly, as Л approaches zero from above. This means that the probability distribution will be concentrated entirely at those a for which Л = 0. Coleman's original suggestion for fixing the other effective couplings involved expand- expanding the effective action in a power series in the cosmological constant. However, a better mechanism for fixing the effective couplings, has been suggested by Preskill [21], and by Grinstein and Wise [22]. The dominant term in Г is -3/(SG2A). One might therefore expect that the probability distribution, would be concentrated entirely at G = 0, as well as at Л = 0. However, we know that G(a) is not zero, because we observe gravity. So one has to suppose that there is some non-zero minimum value of G(a). One would expect that the probability distribution would be concentrated entirely at this minimum value. And one would hope that the minimum, would occur at a single value of the effective couplings. However, there's a flaw in this argument. The probability measure, P(a)Z(a), di- diverges very strongly on the surface in a-space, on which G2A = 0. This means that the total measure of a-space is infinite. The total measure of the part of a-space for which G2A is greater than some t > 0 will be finite. This means that G2A = 0 with probability one. Since we observe that G is not zero, one could deduce that Л = 0. However, with such a badly divergent probability measure, this is about the only conclusion one could draw. To go further, and to try to argue, that the probability measure is concentrated entirely at a certain point in a-space. one has to introduce some cut off in

262 S. W. HAWKING the probability measure. This cut off should be chosen, to make the total measure of a- space finite. In this case, and only in this case, is it meaningful to compare the probabilities of different effective couplings. One then takes the limit as the cut off is removed. The trouble is, different ways of cutting off the probability measure, will give different results. And it is hard to see why one cut off procedure, should be prefered to another. One can cut off the probability measure, by introducing a function, F, on a-space, which is zero on the surface, К, on which Г diverges. One then cuts the region for which F < e out of a-space. One would expect the probability measure on the rest of a-space to be finite and therefore to give a well defined probability distribution, for the effective coupling constants. If Z(a) is given by a double exponential, the probability distribution will be highly concentrated near the minimum of Г on the surface F = «. Thus, in the limit t —» 0, the probability would be concentrated entirely at a single point of a-space. But the point will depend on the choice of the function, F, and different choices will give different results. For example, Coleman's original procedure of expanding Г in powers of Л is equivalent to choosing F = A. On the other hand, Preskill has suggested using a cut off on the volume of spacetime. This would be equivalent to using, F = G2A2. But if you minimize G2A for fixed G2A2, you would drive G to zero and Л to a non-zero value. This is not what one wants. One therefore has to suppose that G, is bounded away from zero on the surface on which Г diverges. There is no obvious reason why this should be the case, even in the region of a-space in which the bi-local action is a reasonable approximation for wormholes. It seems, therefore, that one can get different results, by different methods of cutting off the divergence in the probability measure. There doesn't seem to be a unique preferred cut off. A possible candidate would be to use Г itself to define the cut off. This would be like saying that there was a maximum probability density in a-space. One could take F = —p. This would lead to the probability distribution for Л, being concentrated entirely at Л = 0. However, the other effective couplings would not be concentrated at single values. Instead, they would be distributed with the gaussian probability distribution, P(a). The conclusion, therefore, is that the formalism of Euclidean quantum gravity, does not answer the question of whether wormholes introduce an extra degree of uncertainty. Or whether, as Coleman argues, there is no uncertainty in the effective coupling constants. The problem is that the probability measure on alpha space, diverges. This in turn, is due to the fact that the Einstein Hilbert action is not bounded below. One can try to make the path integral converge, by integrating the conformal factor over a complex contour. But it is not clear that this will always work, and it is rather a fudge. In my opinion, one can deal with this problem, only by going to a more fundamental theory, such as string theory. It seems that quantum field theory is mathematically well defined only when the fields are linear. This is the case for quantum fields on the world sheet of the string. The


WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 263 non-linearities of the physical theory, can be thought of as arising from the topology of the world sheet. In the remainder of this lecture, I shall try to indicate how string theory on a multiply connected world sheet can look like a sum of theories on simply connected world sheets, in curved space backgrounds. I shall now turn to a different kind of non-simply connected manifold, the world sheet of the string. One can regard the world sheet as a two-sphere, with g handles, where g is the genus. Again, one can cut each handle with a surface, S;, to make the manifold simply connected. One can then express string theory, as a sum over quantum theories on a simply connected manifold, a sphere with punctures. I shall show that the punctures can be treated like wormholes, and replaced by effective interactions. In the limit of high genus, and small punctures, the only effective interactions that survive, are the massless background fields, the gravitational field, the anti symmetric tensor field, and the dilaton. Thus the effect of handles on the world sheet, is the same as having no handles, but having the string move in a non trivial background geometry. There does not seem to be any mechanism, like the spacetime cosmological constant, that might pick out a unique background field. Instead, there would be some probability distribution of background fields. As the original string theory was conformally invariant, one would expect that the effective theory would also be conformally invariant. This would mean that the background fields would have to satisfy the zero beta function equations. They could be obtained as stationary points of an action principle. One could take this action principle, as the basis of an effective theory of spacetime. Thus, starting from string theory in a flat background space, the non-simply connected topology of the world sheet, generates an effective theory, which has simply connected world sheets, in curved backgrounds. One might hope that there was some boundary condition, like the no boundary condition, which determined the quantum state, of the effective theory of background fields. The analogy between handles on the string world sheet, has been studied by A. Lyons [23], using the known form of the Green function on a torus. I shall adopt a slightly different approach. I shall consider the bosonic string theory, with a flat background metric, which I shall take to be Euclidean. This ensures that the underlying string action, is positive definite. So the probability measure should not diverge, like it does in general relativity. The background anti-symmetric tensor field, and the dilaton field, will be taken to be zero. I shall use the representation of a Riemann surface of genus g as the region of the complex plane outside 2g circles. The circles are identified in pairs, by the projective transformations: W - *ir) (*-*ir) (*'-zar)-*r (*-**•) The qr and the limit points, *lr and ?2r, can be regarded as the modular parameters of the Riemann surface. Three of them could be fixed by an overall projective transformation.

264 S. W. HAWKING In order to calculate physical quantities, like scattering amplitudes, one needs to know the Green functions. The Green functions will be given by a path integral over all spacetime coordinate fields, x*1, on the Riemann surface. That is, all fields on the fundamental region of the complex plane, which have the same values at the points on the circles, that are identified by the projective transformations. In other words, one can integrate over all fields, x*1, on the fundamental region, with delta functions to make sure the fields agree on the identified circles. = f « J хд*, кы... п П *(xw - r 8 One can expand the field on each circle in terms of e'"e: Then the delta function on the circles becomes a product of delta functions in the coeffi- coefficients anil. For the n = 0 mode, one uses the Fourier transform of the delta function. But for the non-zero modes, one writes the delta function as a sum of products of harmonic oscillator wave functions, in each coefficient, an. -<,„)= Jdke* ё(а„ — a'n) = 2_/Фт(а„)фт(а'п). The idea is now to treat the circles like wormhole ends. Each wormhole has three modular parameters, the limit points, zi and z?, and the parameter, q. The radius, r, of the circles is of order, |<zll~i — zi\- One wants to calculate the effect on Green functions in the fundamental region, of wormholes in certain states. A wormhole state can be described by the momentum, к, of the n = 0 delta function, and the levels, mn, of the harmonic oscillator wave functions in the non-zero n modes. One can interpret the levels, mn, as the number of particles in the mode n, that pass through the wormhole. One starts with the dilute wormhole approximation. That is, one considers the case where the wormholes are small and far apart. One can then neglect the interactions between different circles, to a first approximation, and treat each circle on its own. One can then calculate the effect on Green functions in the fundamental region, of a circle in a wormhole state labelled by the momentum, к, and the occupation numbers, mn, of the non-zero n modes. As in the wormhole case, the effect is the same as of an interaction term, located at the center of the circle. The effective interaction is a product of factors

WORMHOLES AND NON-SIMPLY CONNECTED MANIFOLDS 265 for each mode. The factor is 1, if the occupation number of that mode is zero. Otherwise, it is made up of \n\ derivatives of x'1 raised to the power of the occupation number of the mode. The derivatives are with respect to z, if n is negative and with respect to z, if n is positive. Each derivative is accompanied by a factor of r, the radius of the circle. This ensures that the interaction term has the right dimension. The factor for the n = 0 mode, is eikx. The measure on the modular parameter space, contains a factor of r~4 for each worm- hole. Thus there's a factor of r~2, for each circle. In the limit of small r, that is, of small q, this would lead to divergences in the effective interactions, for wormholes with zero occu- occupation numbers, but just the e' -x factor. These effective interactions are similar to those produced by a background tachyon field. In a supersymmetric theory, one would expect that such effective interactions would cancel out, when one sums over spin structures on the world sheet. This is equivalent to making the GSO projection, which removes the tachyon. The only other effective interaction that survives in the small q limit is one in which the first levels of the n = — 1 and n = +1 modes are excited. This gives an effective interaction that contains дхцдхие'к-х. This is just what one would get from background dilaton, graviton, and anti symmetric tensor fields. One would expect that conformal invariance, would ensure that the effective interactions would be zero, unless the background fields satisfied the zero beta function equations. To first order, these imply к2 = О. The justification for considering the small q limit, is that the perturbation series in the number of handles, does not converge, even when there is a non zero dilaton background field. This was shown by Gross and Periwal [24]. It means that one might expect the dominant contribution to come from surfaces of very high, or infinite genus. For such surfaces, the modular parameters, q, would have to be very small. One can now calculate the corrections to the dilute wormhole approximation, coming from interactions between the circles. It turns out that for non-tachyon wormholes, the corrections go to zero, in the small q limit. Thus the dilute wormhole approximation holds, in the small q limit. This means that one can add up the effects of many wormholes, as the exponential of the effect of a single wormhole. One thus gets a bi-local addition to the action, as in the spacetime case. One can then transform the bi-local action, to a local effective action, by introducing an integral over alpha parameters. Thus string theory for multiply connected world sheets, is equivalent to a sum of simply connected world sheets in different background fields. There will be a probability distribution on these background fields. One might speculate that it would come from the same effective action, as gave the zero beta function equations. In that case, the whole of the universe that we observe, could just be an effective theory to describe conformal field theory, on multiply connected Riemann surfaces. To sum up. Quantum theory on a non-simply connected manifold, is equivalent to a

266 S. W. HAWKING sum of quantum theories, on simply connected manifolds. In the case of multiply connected spacetime manifolds, this leads to the idea that coupling constants, like the charge on an electron, might not be quantities whose value was fixed. Instead, they would have a probability distribution. There is a mechanism that can concentrate the probability distribution of one quantity, the cosmological constant, precisely at zero. However, it is not clear whether the same mechanism, concentrates the probability distributions of other coupling constants, in a similar way. In the case of the string world sheet, the effect of handles is the same as that of background fields. There does not seem to be any mechanism, like the cosmological con- constant, that would pick out a unique background field. Instead there would be a probability distribution. This could lead to Euclidean general relativity, appearing as an effective the- theory. The fact that the Einstein Hilbert action, was not bounded below, would not cause problems, because general relativity would be only an effective theory. But the question of whether observed physical constants, have precise values, or a probability distribution, could be answered only by going to the underlying fundamental theory. I would put the chances as 50:50.
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272 ANDREW STROMINGER I. INTRODUCTION The subject of baby universes and their effects on spacetime coupling constants [1,2,3,4,5,6 is in its infancy and rapidly developing. The subject is based on the non-existent (even by physicists' standards) Euclidean formulation of quantum gravity, and it is therefore necessary to make a number of assumptions in order to proceed. Nevertheless, the picture which has emerged is quite appealing: all spacetime coupling constants become dynamical variables when the effects of baby universes are taken into account. This fact might even solve the puzzle of the cosmological constant [8,9,10]. The subject therefore seems worth further investigation. Several important, as yet incompletely answered, questions are 1. How docs one describe, even formally, a system of interacting universes? An ordinary quantum mechanical system is described by a set of initial data along with laws gov- governing time evolution. Since each universe has its own time, such a description is not directly applicable here. Consistent laws of physics and interpretational rules for the many-universe system must be found. 2- How can the dynamics of the many-universe system be approximated? The descrip- description of the many-universe system will involve a formal sum-over-four-geometries and topologies which is intractable for a variety of reasons. In order to better understand its properties, and certainly to make any physical predictions, approximation meth- methods must be developed. One aspect of this is that, since we appear to live in a single universe, it is important to understand when the single universe approximation is valid. 3. To what extent can low-energy couplings be predicted independently of the precise details of Planck-scale physics? It has been argued that one effect of baby universes is to shift the low-energy cosmological constant to zero, and that this result does not depend on details of Planck scale physics. Why is this possible? Can other low-energy couplings be determined as well?

BABY UNIVERSES 273 In this article we will address all three of these questions. We will have something fairly definite to say concerning the first two. The last question appears unresolved at present [11,12,13,14,15,16], so our comments will be incomplete. The organization is as follows. In Section П we consider a toy model of topology change in a no-space one-time dimensional universe. This model will be used to illustrate, in a simple context, the proposal of "third quantization" as a means of defining a system of interacting universes. We show how the third quantized equation of motion becomes a dynamical equation for the second quantized coupling constants in the one-dimensional universe- In Section III it is explained how third quantization is applied by analogy to 3+1 dimensional universes. Л new feature, third quantized gauge invariance, arises and is dis- discussed. In Sections IV, V and VI small expansion parameters and approximation methods for describing this third quantized field theory are discussed. IV describes the parent-baby universe approximation, which involves an expansion in the ratio of low-energy scales to the Planck or baby universe scale. V contains a mini-review of instantons, beginning with quantum mechanics and discussing in some detail the subject of gravitational instantons. In VI we discuss the axion model, for which the third quantized system can be quite ex- explicitly described in the instanton approximation. In VII we discuss the possibility that baby universes are responsible for the vanishing of the cosmological constant. I would like to thank my collaborator, Steve Giddings, for many discussions on baby universes. Much of the material herein is part of the collective folklore, and should not be attributed to Giddings and me. I have otherwise attempted to give proper references. Sidney Coleman and Stephen Hawking have in particular had a deep influence on many aspects of the subject.

274 ANDREW STROMINGER П. TOPOLOGY CHANGE AND THIRD QUANTIZATION IN 0+1 DIMENSIONS In this section we are going to consider, as a toy model, a quantum field theory in a universe (or universes) with zero space and one time dimension. In the absence of topology change, this is mathematically equivalent to a quantum mechanical particle(s) moving in a potential. If topology change is allowed, space is not described as a point, but as a set of points. The interacting many-universe system is no longer equivalent to a quantum mechanics model. We shall see that it becomes equivalent to a 'third quantized' many- particle quantum field theory on a larger space, and that the third quantized equation of motion is an equation for effective coupling constants in the one dimensional universe. Mathematically, this section contains nothing new. We are merely repeating the well- known steps leading from first quantized, single-particle quantum mechanics to a second quantized, many-particle quantum field theory. However, we shall say different words as we take these steps, in order to explain their relevance to the problem of topology change and interacting universes. The reader should be forewarned that, while there are many features common to the problems of topology change in one and four (the real case of interest) dimensions, there are also important qualitative differences. For example, in four dimensions the spatial topology is described by some (possibly disconnected) three-manifold. It has been shown [17] that all three-manifolds are cobordant. This means that given any two three-manifolds, there always exists a smooth interpolating four-manifold whose boundary is the two given three-manifolds. As we shall see in the next section, this leads to a very natural expression for the quantum transition between the two topologies in terms of a functional integral on the interpolating four-manifolds. In contrast, in one spacetime dimension topology change never occurs smoothly in this sense. The spatial topology is just a set of disconnected

BABY UNIVERSES 275 points, and n points is cobordant only to n points. There is no smooth one-manifold which interpolates between one point and two points. It is therefore much more natural to consider topology change in four (in fact two or higher) dimensions than in one dimension. In one dimension the topology-changing interaction must be introduced in a rather artifical way, and its form is rather unconstrained. Nevertheless, it does provide an instructive example.* 2.1 Third Quantization of Free One-dimensional Universes Consider a one dimensional universe described by the second quantized action (see e.g. 119]) 5 = [T'dT(e-1Xl'X>igliv - «m2) B.1) where the summation convention is implied for the index ц = 1,2, ..D. The second quan- quantized fields are the einbein « and the D "matter" fields X?, although « turns out to be non-dynamical. We refer to the fields X1* and « and the action 5 as 'second quantized' in keeping with our aim to stress the analogy with four dimensions, с is related to the one-dimensional (timelike) line element by ds2 = —e2dr2. m2 is the one-dimensional cos- mological constant, g^v is a constant Lorentzian metric. (We are interested in the case S/ii/ = V/iv but we consider this more general action because we will later need to analyti- analytically continue г)ци to S^v to define a path integral.) They are one-dimensional versions of the usual second quantized objects in a four dimensional spacetime. 5 is invariant under local diffeomorphisms of the world line St = e(r) B.2) SX"(r) = e(r)X"(r) B.3) In some ways a better example is provided by string theory, which was in fact a guid- guiding example for third quantization of four dimensional universes [10,9,18]. However the analogy is somewhat obscured by the important role played by Weyl invariance in string theory, which does not have an obvious four dimensional analog.

276 ANDREW STROMINGER Be = Цт)е{т) + e(r)e(r) B.4) SS = 0 B.5) provided е(т^) = «(ту) = 0. The diffeomorphism invariance must be fixed in order to define the quantum theory. One choice is synchronous gauge ё(г) = О B.6) which implies e(r) = N B.7) for some constant N. N is not a gauge degree of freedom since the proper length of the world line is |JV |(т/ — и). Since the metric involves the square of e, there are two choices of N (plus or minus) which describe the same geometry. We restrict N to be non-negative in order to avoid double-counting (i.e. to give a single cover of moduli space). This gauge choice leaves unfixed the global translation т—»т + constant. This symmetry is generated by the Hamiltonian H = д»иР»Ри + m2 B.8) where Pv = jjJCgpv or, in the quantum theory, P* = — igjpj. Invariance of the quantum theory under the (unfixed) global translation symmetry is then obtained by the constraint Нф(Х»)=0 B.9) which must be satisfied by physical second quantized states ф. B.9) is the famous Wheeler- DeWitt equation [20]. In the absence of topology change this equation encodes all the dynamics of the theory. (Mathematically, B.9) is equivalent to the time-independent Schroedinger equation for a free particle wave function in D dimensions with energy E = -m'.)

BABY UNIVERSES 277 In this simple model, Ф{Х1') is the second quantized "wave function of the universe." Since the metric is trivial in zero space dimensions, ф is a function only of the D matter fields X*. It gives the probability amplitude for observing the field configuration of the universe to be X*. To third quantize this free second quantized field theory, we write an action which is a functional of the second quantized wave function S = /^фф = ijdVx^Wv^V^ + m V) B.Ю) Variation of this S with respect to ф leads directly to the Wheeler-DeWitt equation. This equation contains all the information of the second quantized theory, so the two formulations are equivalent. At this level, third quantization is rather trivial. We shall see later on that allowing topology change in the second quantized theory leads to an interacting third quantized theory. To facilitate the discussion of topology change, we would like to describe this system in terms of a path integral "sum-over-one-geometries." Such expressions are well defined only in Euclidean space. In order to obtain a convergent path integral, we must Wick rotate both the one dimensional and ten dimensional metrics in B.1), i.e. e-> - it B.11) Т)ци^>6ци B-12) or, equivalently r-» - »Y B.13) X°->iX° B.14)

278 ANDREW STROMINGER The Lorentzian path integral is then obtained by analytic continuation (in both variables) from the Euclidean expression. The path integral "sum-over-one-geometries" is defined as the weighted sum over all gauge inequivalent field configurations on the line interval with initial (final) value X? {Xf). We choose the coordinate system to run from tj = 0 to tj = 1. One then has in synchronous gauge, ГХ1 Г°° GE(Xf,X4) = I DX"(t) dNe~SE B.15) • л■ J 0 The integration over the "modular" parameter N is the one remnant of the integration over the einbein which survives the gauge fixing. The motivation for the notation "GE" will be evident shortly. In synchronous gauge, the Euclidean action is given by SE= [ <1т(±Х»Х"д^ + N m2) B.16) Jo л where g^v here is a Euclidean metric. It is then a standard problem in quantum mechanics to show that, [21] GE(X?,tf) = 1°°<1тКе(Х^Х^т) B.17a) where KE(Xf,Xi;r) =< ху|«-я'|Х* > B.176) К is the kernel of a quantum mechanical system with Hamiltonian H. It obeys the (Euclidean) Schroedinger equation HKE = -§-KE B.18) ОТ This in turn implies the desired result that G# is a Green function for Я: HGE = 6D(X? - Xjf) B.19)

BABY UNIVERSES 279 The fact that the Euclidean sum-over-geometries with fixed boundaries gives a Green function for the Wheeler-DeWitt operator is also true for higher dimensional universes. It was verified for the two dimensional universes described by string theory in [22], for four dimensional minisuperspace models by Halliwell in [23] and was argued more generally to be the correct interpretation of the sum-over-four-geometries in [24,10]. It is also possible to obtain a third quantized formula for the quantity Gg. The answer -*ВМ B.20) where Sg is the Euclidean version of B.10). Normalization of the right hand side to divide out disconnected vacuum diagrams is implicit. This formula is obvious since B.19) states that Ge is the inverse of the kinetic operator H appearing in Sg- Hence the notation Gg. Gg is a Euclidean Green function of the third quantized field theory. The real time Lorentzian Green function is then obtained by Wick rotation either of B.20) or B.15). This one dimensional problem is actually simple enough that the entire analysis can be done without Wick rotation of either Xq or r. This is also possible for the two dimensional universes desribed by string theory, where the real time (light-cone) and imaginary time (Polyakov) methods give the same results. However in four dimensions only the Euclidean methods are understood. For that reason it is useful to discuss the Euclidean formalism in one dimension. In particular, our treatment of the indefiniteness of the four dimensional action (due to the conformal factor) will be analogous to the treatment given here (and in string theory) of the indefinite action of the field Xq. 2.2 Third Quantization of Interacting One-Dimensional Universes Now we are going to introduce topology changing interactions. For the moment, we will just discuss the construction and properties of the sum-over-one geometries describing topology change without ascribing any physical interpretation to it. After the construction

280 ANDREW STROMINGER has been understood, we will be in a better position to state our interpretation. Topology change is introduced in the path integral by allowing the basic process il- illustrated in Figure 1 and all its iterations to occur with an arbitrary weighting Л. This process clearly represents one universe splitting into two, or two joining into one. We im- impose the natural boundary condition that the values of Х^(т) on each of the three world lines are equal to X% where they meet, and then integrate over all values of X%.* The three point function of Figure 1 can be easily expressed in terms of products of two point functions. The result is B.21) Iterating this process leads to arbitrarily complicated diagrams, as illustrated in Figure 2. The rule for computing the n-point function is to include every diagram with n external lines, and to count every inequivalent geometry on that diagram once and only once. A third quantized formula can be obtained for these interacting Green functions just as was done for the free Green function in B.20). We require an action Se[4>] with the property that the correlator of n field operators weighted by Sjj exactly reproduces the second quantized Euclidean sum-over-one-geometries with n boundary points. Such an action is given by SE = iJdPxti/gWVuto^ + тп2ф2 + ±ф3) B.22) It is then a matter of combinatorics to verify that B.23) * While this is a natural boundary condition, many others are possible. We could multiply by functions of X** or its r derivatives before integrating, have four or more world lines meeting, or attach group theory factors. This would lead to inequivalent third quantized field theories, in the latter case, gauge theories. This ambiguity is eliminated in higher dimensions by requiring smooth geometries.

BABY UNIVERSES 281 Figure 1 Figure 1: The bifurcation of a one dimensional universe. The values of the field X1' agree at the meeting point of the three universes.

282 ANDREW STROMINGER Figure 2 Figure 2: Iterating the basic joining-splitting interaction leads to arbitrarily complicated many-universe processes.

BABY UNIVERSES 283 Green functions for scattering Lorentzian universes governed by the free action B.1) are then obtained by Wick rotation. We stress that the third quantized action is defined by the requirement that it reproduce the sum-over-one-geometries. This definition carries over to higher dimensions. Let us now turn to the physical interpretation of these diagrams. This is a highly non-trivial issue, and one on which there is not general agreement. As far as I can tell, the physical interpretation of the sum-over-geometries including topology change cannot be derived from the theory without topology change. Rather, one must simply postulate the interpretation, and then check to see if it is consistent or sensible. It is not even ruled out (though it seems unlikely) that there is more than one sensible interpretation. Interpretations which are apparently inequivalent to that presented here can be found in [25,8,26]. Clearly a larger Hilbert space is needed to describe a theory with topology change. The states must have support on configurations with all possible numbers of universes. How can such a state be extracted from the sum-over-one-geometries? We postulate: The many universe system is described by a Schroedinger state Ч/[ф(Х*),Х°] of the third quantized Hilbert space. Here : = 1, • • -D — 1, and X° is a second quantized field operator which has been chosen to serve as a third quantized "time" coordinate. The state |Ф > obeys the third quantized Schroedinger equation: К|*>='з|о1*> B-24) where U is the Hamiltonian of the third quantized action (not to be confused with the Wheeler-DeWitt operator H). What is the interpretation of the state | Ф > ? |Ф > can be decomposed into components with definite universe number in the following sense. Let M be the universe number

284 ANDREW STROMINGER operator defined in the standard manner from the action S. (.V of course does not commute with the full V.) We may then define orthonormal eigenspaces M\n>=n\n> B.25) and decompose |Ф > at some moment Xq: |*>=£>„(Х0)|п> B.26) n Ф„(Х°) is then the "probability amplitude for n universes at time X°" or the "probability amplitude for n universes with field values X°". More generally, eigenstates of some complete set of observables, such as ф(Хх), can be constructed. These represent coherent states (of indefinite universe number) of universes with wave functions Ф{Х*). The state |Ф> may then be decomposed at time X° in terms of these eigenstates, and describes a general many-universe state. Note that the specification of an auxiUiary variable playing the role of time (in this case X°) is necessary to make sense of the question "How many universes are there?". Since each universe has its own intrinsic time r, and these times are unrelated to one another, the intrinsic time r is not a suitable auxiUiary variable. Instead, we use the second quantized field X° as a "time" variable. We can then ask the sensible question "How many universes are there on which the matter field variable X° takes the specified value?" In more general models, there may not be a variable such as X° which can play the role of time, or a corresponding Hamiltonian formulation of the third quantized theory. In this case other descriptions of the theory might be developed, as for example briefly described in [10,9]. However, in many cases of interest a time variable is available, and for simplicity we restrict our attention to these.

BABY UNIVERSES 285 2.3 The Single-Universe Approximation and Dynamical Determination of Coupling Constants The third quantized state |Ф > in general describes a system in which interactions between universes are not small and the single-universe approximation is not valid. It is certainly true that the single-universe approximation is at some level valid for the universe we inhabit (these investigations were not motivated by any experimental observation). One therefore is especially interested in when the single-universe approximation is valid. This is a dynamical issue. In four dimensions, we shall see that the dynamics associated to the Einstein action (plus axions) leads to universes at two widely separated scales. These are small (roughly Planck-scale) baby universes and large (roughly Hubble-scale) parent universes. One can then compute the effect of baby universes on parent universe dynamics, and ask when the latter is well approximated by single-universe dynamics. In one dimension, all universes have the same size-they are spatially just points. There- Therefore there can be no separation of scales as in four dimensions. It is nevertheless possible to construct a model which mimics some (but not all) of the features encountered in four dimensions, as follows. Consider two species of one dimensional universes described by the actions SP = (dr^X2-emp) B.27a) and Sg = fdrie-^X2 - e mB) B.27b) where трфтд. Sp describes a 'parent' and Sg a baby universe. Note that we have set D = 1. Now include topology changing interactions of the form parent-parent-baby and

286 ANDREW STROMINGER baby-baby-baby as illustrated in Figure 3. As before the values of Х(т) must all equal Xo at the junction of the world lines, and all values of Xo are integrated over. The resultant sum-over-one-geometries is generated by a third quantized action, but now there are two fields (фр and фд) which create and annihilate the two species of universes. Since there is only one X, the third quantized field theory is one dimensional. It is described by the action "ФрФв + ^Ф%) B-28) A factor of g2 has been scaled out of the action to facilitate discussion of the (third quantized) semi-classical limit. Let us now consider the limit of very large mp. There is then a clear energy gap between the sectors with zero and one parent universe. The couplings conserve parent universe number mod 2, so the one-parent universe state cannot decay into a state with no parent universes. The large value of mp suppresses pair production of parent universes. It is therefore consistent to restrict attention to the one parent universe sector. The single parent universe propagates in a plasma of baby universes. A typical process in its evolution is depicted in Figure 4. We wish to determine to what extent the parent universe dynamics, including baby universe effects, can be described by an ordinary second quantized effective action on the parent universe. To this end, we introduce a hybrid description which treats the baby universes in a third quantized manner, the single parent universe in a second quantized manner and includes parent-baby interactions by means of a mixed interaction Lagrangian 5/. The utility of this alternate description will be evident shortly. 5/ will take the general form 5/ = f <1те^£{(г)фв B.29)

BABY UNIVERSES 287 К (a) (b) Figure 3 Figure 3: A double line represents a parent universe and a single line a baby universe. The two basic interactions are a) nucleation (or annihlation) of a baby by a parent universe and b) bifurcation of a baby universe.

288 ANDREW STROMINGER Figure 4 Figure 4: A typical process describing a parent universe propagating in a bath of baby universes.

BABY UNIVERSES 289 where £ j (r) are as yet unspecified local second quantized operators on the parent universe and ф*д are modes of the third quantized baby universe field operator. The physical meaning of this expression is that the creation or annihlation of a baby universe in the mode фв by the parent universe at r is accompanied by a 'jolt' to the parent universe equivalent to an operator insertion of £i(r). The precise form of 5/ is determined by the requirement that the hybrid formulae reproduce the sum-over-one-geometries. Consider for example the (connected) parent uni- universe two point function in the Schroedinger state |Фв,0 > with no parent universe and baby universes in the state |Фд >, given by the third quantized expression f J Фв,0 = < 9в,0\Фр{Х{)фр{Х{)\*в,0 > B.30а) The boundary conditions on the functional integral here are determined by the third quantized state, and the bra (ket) are states at time X = oo (X = — oo). The restriction to connected diagrams is implicit throughout. The third quantized functional integral for the parent universe propagator in a baby universe background may be reexpressed as a second quantized path integral. This leads to the hybrid expression G(X,,Xi) = -ig2 DX(t) dN P4>B«tS'>+tS'+t** JXi Jo J Я/в = -ig2 I 'DX(t) f°°dN < VB\eiSF+iS'\VB > B.306) J Xi Jo with Sp given by B.27a), and in synchronous gauge 5/ = к f dтфв{X{т)) B.31) Jo In terms of the Fourier transformed field B.32)

290 ANDREW STROMINGER 5/ is of the general form B.29) with the continuous variable k replacing the index :'. It can further be demonstrated that analogous hybrid formulae for all n point functions in arbitrary states using 5/ gives the same answer as the original sum-over-one-geometries. Let us now consider the semiclassical limit of the third quantized theory, namely g2—»0 in B.28). In this limit the field operators all commute, and, as pointed out by Coleman [6], it is possible to diagonalize фд in terms of (real time) third quantized baby universe eigenstates |a(X) >: фв(Х)\а(Х) >= a(X)\a(X) > B.33) The eigenvalues a(X) are constrained to obey the baby universe field equation \\/ ~г тп п)ссул j ~r ~~лес ул. j — \J ^z.o^j in the absence of parent universe sources. In such a state, the baby universe field operator may be replaced by its eigenvalue. The parent universe two point function becomes rX, where , ХЛ = -ig2 f ' DX{t) f°°dN eiSr+iS'l°\ B.35) JXi Jo Sp + S^a] - fdT(j-X2 - Nm2 - Nkcc(X)) B.36) We neglect here the back reaction of the parent universe on the baby universe state which is justified for small parent-baby coupling k. The effective action Sp + 5/ looks like an ordinary second quantized action for a one dimensional universe. Comparing B.35) with formula B.15), which involves no topology change, we see that the effects of the baby universes have been entirely summarized by the addition of an ordinary potential a(X) into the field theory. This key observation is due, in a slightly different context, to Coleman [6] and reference [7].

BABY UNIVERSES 291 Note that this potential is subject to the dynamical constraint B.34) [9,10]. It must obey the equation of motion of a particle in a cubic potential. Surely the inhabitants of the parent universe, unaware of the existence of the baby universes, would be mystified by the shape of the potential! It is hoped that just such a dynamical constraint might explain the mysterious vanishing of the cosmological constant in our universe, as will be discussed in Sections VI and VII. 2.4 The Third Quantized Uncertainty Principle In the previous subsection it was argued that if the baby universes were in an eigenstate a(X) >, their sole effect was to generate parent universe couplings. However in general there is no reason to suppose that the baby universes are in such an eigenstate. Suppose, for example, that they are in a linear superposition of eigenstates |o,o' >= 0\a{X) > +0'\a'{X) > B.37) where |/3|2 + |/3'|2 = 1. To understand the behavior of a parent universe in this state, it is useful to insert an ideal clock into the parent universe. One may then discuss correlation functions of n field operators at times rj,- • тп. These are given by < Х(Чу-Х(тп) >а,а,=< a,a'| yPX(r)e*s'-rt*Jf(r1)...j:(r1,)|a,al > B.38) Since the a-states are orthogonal, this separates into two pieces: < ВД- ■ -X(rn) >a>a, = \/3\2JDXWWbMxfa). ■ X(rn) J Х(тп) B.39) Each of these pieces looks like an ordinary correlation function, but in universes with different coupling constants a and a1. This separation occurs because second quantized operators in a single universe (correponding to physical observables) do not affect the baby universe state and so cannot connect the states \a > and a' >. Thus an observer

292 ANDREW STROMINGER who measures the value a can never talk to one who measures a'. Given that the result of some measurements which indicate that the coupling constants are a (a') all future measurements will agree that the coupling constants are a (a1), as argued by Coleman [6]. This result may be rephrased using the Copenhagen interpretation of quantum me- mechanics [7]. Initially the coupling constants of the universe are not well denned, rather they are governed by a probability distribution. However performing a measurement col- collapses the wave function into the state |a > (|a' >) with probability |/3|2(|/3'|2). (This was shown explicitly in [7]). All future measurements are then consistent with some definite value of the coupling constants. An important feature which naturally emerges here is the idea of probability distri- distributions for coupling constants. While all coupling constants are subject to shifts by baby universe effects, given some initial conditions or other criteria for choosing a baby universe state, it may be possible to determine their most probable values. States of the form B.37) are still far from the most general baby universe state. In general, away from the semiclassical limit g2 = 0, one has 1Фв(Х),Фв(Х')} = 0(д2) B.40) Since Фв does not commute with itself for different values of X, we cannot possibly diag- onalize фд for all X, and the a-states do not exist. How then, can one interpret such a system? The answer to this question is not obvious, and is not generally agreed upon. We advance here the following interpretation of the formulae for nonzero j2, which will reduce to the preceding interpretation in the limit S2-0. In the limit j2—»0, the value of the parent universe potential a(X) and its first deriva- derivative at one value of X uniquely determine, along with the third quantized equation of

BABY UNIVERSES 293 motion, the values of a(X) at all other values of X. In principle this could lead to definite predictions for values of coupling constants. If s2^0, the baby universe state is subject to quantum mechanical fluctuations, and definite predictions for values of unmeasured coupling constants are no longer possible. Instead, one must speak of conditional probability amplitudes for the results of various measurements. For example, given that the potential at X\ and Xi have been measured to be щ = o(Xi) B.41) and a2 = a(X2) B.42) we may then ask for the conditional probability amplitude that the potential at an inter- intermediate point X3 is measured to have the value аз This is given by Л(а3) = cJD<t>{X)tiSBW B.43) where Sg is the third quantized baby universe action and the path integral is over all paths obeying «1 = 4>(Xi) «2 = Ф(Х2) а3 = Ф(Х3) B.44) and is suitably normalized so that the probabilities sum to one. It should be stressed that this does not mean that coupling constants do not take definite values. Once a coupling constant has been measured to lie in a certain range, the wave function is collapsed and it retains that value regardless of what other measurements are made. What is becoming "uncertain" here is the predictions implied by the third quantized equation of motion for relations among coupling constants.

294 ANDREW STROMINGER Our interpretation does, however, imply that in practice it will be difficult or impossible to actually obtain precise measurements of all couplings. For example, if the field X runs over an infinite range, the probability amplitude A(a$) is zero for all values of аз when it is correctly normalized. This corresponds to the well known quantum mechanical fact that in order to measure the position of a particle exactly (as we have done in this case at Xy and X2 ) you must give it so much momentum that you will never find it again. Even if X is somehow restricted to lie in a finite range, there will still be difficulties in measuring the first derivative of the potential. Suppose that, as would be the case in practice, the potential has not been measured exactly at X-y and X2, but has been determined to within a Gaussian of width Л around the values <x\ and 0.4. Then, given this measurement, the conditional probability amplitude for measuring the first derivative of the potential at X% to take the value |J «' B-45) is given by the Fourier transform of А(аз). For X3 very near X2 this is Л(а') = \/2^Л<Га'2/2А B.46) In particular as the difference between the two field values Xi and X$ and the uncertainty Л of the measurement of the potential at X\ go to zero, the spread in a' goes to infinity. This is again equivalent to the statement that the momentum spread of a quantum mechanical particle is very large shortly after a precise measurement of its position. In practice, a real detector can only measure the derivative of the potential within some finite range. Thus if we obtain a very precise measurement of the potential at X\, it will be impossible to obtain a precise measurement of its derivative at X$ as X3 gets arbitrarily close to X\. This obstruction to obtaining precise measurements of coupling constants was referred to in [10] as the uncertainty principle for spacetime couplings.

BABY UNIVERSES Ш. THIRD QUANTIZATION IN 3+1 DIMENSIONS 295 The idea that third quantization might be useful for describing interacting four dimen- dimensional universes has been periodically proposed in published [27,28,29,30,31,32,33,9,10,18,34] and unpublished works for a variety of motivations. It's utility in the context of baby uni- universes was advocated in [9,10,35,36,18]. The basic idea of third quantization is to treat the many-universe system as a quantum field theory on superspace. The following table illustrates the analogy: Second Quantization Particle Interaction Vertex Field Spacetime Free Laplacian Vacuum Third Quantization Universe Topology Change Third Quantized Field Superspace of Three Geometries Wheeler-DeWitt Operator Void Third quantization provides an interpretation and definition of a system of interacting four dimensional universes just as it does for the one dimensional universes (particles) described by ordinary quantum field theory discussed in the previous section. In ordinary quantum field theory, each particle has its own proper time along its world line. Dynamics therefore cannot be defined with respect to this proper time, rather the arena is spacetime. Analogously in third quantization each universe has its own time. Dynamics cannot be defined with respect to this time, rather the arena is superspace. The third quantized

296 ANDREW STROMINGER field operators act on the 'void', i.e. the third quantized state with no universes, and create second quantized states in the field theory of a single universe. In the absence of interactions these operators, and hence the single universe states, obey the Wheeler-De Witt equation. Interactions then generalize this equation to a non-linear form. The relation between third quantized fields and second quantized couplings (discussed in Section 2.3 for the one dimensional case and in the next section for the four dimensional case) then implies that the non-linear Wheeler-DeWitt equation is an equation for spacetime couplings. This will be seen in detail in Sections IV and VI. While there are many similarities between the four and one dimensional cases, several important differences also arise: 1. The resultant third quantized field theory is a gauge theory [37], and account must be taken of the third quantized gauge symmetries in construction of the action. 2. The third quantized field theory lives on an infinite dimensional space (superspace) and is therefore ill-defined because of non-renormalizability and other issues. 3. The topology-changing interactions are naturally described by a sum-over-smooth-four- geometries, with fixed boundaries. This is unlike the one dimensional case, where the interactions are introduced by hand. 3.1 The Gauge Invariant Action The complete construction of the third quantized action is an unsolved problem, even at a formal level. The main difficulty is related to the third quantized gauge symmetry. While interesting in its own right, the complete construction does not at present appear essential for studies of baby universes. The reason for this is that the problem of gauge symmetries (or the problem of non-renormalizability) does not arise in the approximations used in treating baby universes. Nevertheless, let us sketch on how such a construction might proceed. One route

BABY UNIVERSES 297 [37,10] is based on BRST second quantization of gravity (see Schleich [38] for a detailed discussion) and follows the approach taken for construction of gauge invariant string field theory actions [39]. The second quantized BRST charge is constructed from the metric and ghost and antighost fields cM and cM. It has the important properties that Q2 = 0 C.1) and {д,г„(*)} = Я„(*) C.2) where the constraints H^(x) generate diffeomorphisms. A physical state \ф > is identified as a cohomology class of Q; i.e., a solution of Q|tf>>=0 C.3) modulo an exact state of the form Q\e >. Diffeomorphism invariance of matrix elements between two physical states \ф > and \ф' > is then a consequence of <ф'\Н„(х)\ф>=0 C.4) which follows directly from C.2) and C.3). Note that C.4) is weaker than the usual Wheeler-DeWitt [20] physical state condition Нр(х)\ф >= О. However, only the weaker matrix element condition can be demanded on physical grounds, and in string theory imposing the stronger Wheeler-DeWitt condition would eliminate all states. As for third quantization of one-dimensional universes, the equation of motion of the free third quantized action should reproduce the second quantized physical state condition. The action which accomplishes this is* 52 =< ф\С)\ф > C.5) ' This may suffer from the "doubling problem" of closed string field theory in that there may be multiple copies of the physical spectrum at differing ghost numbers.

298 ANDREW STROMINGER This action has a gauge invariance generated by 6\4>>=Q\e> C.6) so we see quite generally that the third quantized field theory is a gauge theory. This gauge symmetry must be fixed in order to compute correlation functions. Presumably by doing so one can reproduce the second quantized sum-over-four-geometries, although this has not been done explicitly. The third quantized gauge invariance is preserved by interactions between universes. This can be deduced (as in string theory) from the second quantized sum-over-four- geometries from which the third quantized interactions are derived. Consider the sum- over-four geometries with n fixed three-boundaries. The sum of the BRST charges on the n boundaries vanishes by BRST conservation. This implies that the coupling of a BRST exact or "pure-gauge" state to n — 1 physical states vanishes. The diagrams thus obey Ward identities which are equivalent to gauge invariance of the interacting third quantized field theory. The nature and consequences of this third quantized gauge invariance remain to be understood. 3.2 Relation to Other Formalisms Third quantization is a specific form of the non-linear generalizations of quantum mechanics which have been discussed in the literature. Before the incorporation of topology change, the quantum mechanical wave function of the universe obeys a linear equation such as the Wheeler-DeWitt equation or C.3). Including the effects of topology change amounts to adding non-linear terms to this equation [32]. In [40], Weinberg has discussed experimental signals of and constraints on non-linear quantum mechanics models. Part of that discussion may be relevant here. An apparently different way of defining a many-universe system has been proposed by Hartle and Hawking [25,41]. They compute the n-universe wave function as the sum-

BABY UNIVERSES 299 over-four-geometries with n fixed boundary components, and demand that each universe separately obeys the linear Wheeler-DeWitt equation. This contrasts with third quan- quantization, in which this same sum-over-four-geometries is an off-shell Green function and accordingly obeys a non-linear Schwinger-Dyson equation. In the Hartle-Hawking pro- program, it is hoped that an appropriate complex contour for integration over the conformal part of the metric will insure that the Wheeler-DeWitt equation is obeyed [42]. The discussions of this and the previous sections are illustrations of the apparently general phenomena that generalizing a quantum field theory by including topology change leads to a quantum field theory on a diferent (usually bigger) space. This notion was pursued in the direction opposite to that taken here by Green [43] who suggested that the two dimensional quantum field theory of the string world sheet itself arises in this manner. The idea was taken to its logical extreme by Srednicki [37] who suggested that topology change occurs at all levels, and the universe is actuall described by an infinite sequence of quantum field theories.

300 ANDREW STROMINGER IV. PARENT AND BABY UNIVERSES A third quantized field theory in general allows the joining and splitting of universes of all sizes. However, the joining or splitting of a macroscopic universe from our own would lead to rather dramatic effects which have not been observed. We are, therefore, particularly interested in theories where such processes are dynamically suppressed. This suppression indeed occurs in the semiclassical approximation to theories governed by the Einstein action at long distances. By dimensional analysis, the action associated to nucle- ation of a universe of radius R is R?Mp. The nucleation of 'baby' universes large relative to the Planck length is, therefore, exponentially suppressed.! The third quantized description of baby universe phenomena is discussed by Banks [9] and in reference [10]. We then have two widely separated scales: the baby universe scale, denoted y., and the parent universe scale, ^-. The construction of the third quantized theory simplifies in an expansion in the small parameter ~7jfi- (Later it will be seen that validity of the instanton approximation also requires -fij- << 1). To leading order in this approximation we have only the diagrams of Figure 5 representing wormholes connecting parent universes to themselves and to one another. There are no diagrams representing bifurcation of parent universes, this is assumed to be exponentially small in —£-. Bifurcation of baby universes is also negligible relative to the interaction depicted of three baby universes coupling via a parent universe, since the latter process is enhanced by a phase space factor of the cube of the parent universe volume in Planck units. The processes in Figure 5 resemble Feyman diagrams with the wormholes representing propagators and the parent universe vertices. Thus the baby universes couple to one another via interaction with the parent universes, whose second quantized couplings are t This assumes the sign of the action is positive. In fact for the nucleation of one universe from nothing, the sign is negative and production of large universes may be enhanced. Further discussion of this important sign issue can be found in Sections V and VII.

BABY UNIVERSES 301 Figure 5 Figure 5: The large spheres represent parent universes, and the thin tubes baby universes. This is a typical contribution to the void-void amplitude. In the parent-baby universe approximation, baby universes interact only via coupling to the parent universe.

302 ANDREW STROMINGER in turn determined by the state of the baby universes. This provides an unusual feedback mechanism between long and short distance physics-the baby universe system knows about the long distance couplings. This circumstance forces us to reexamine the usual lore that values of low energy couplings - such as the cosmological constant - can be understood independently of short distance physics. This will be further discussed in Sections VI and vn. 4.1 The Hybrid Action To analyze the parent-baby universe interactions, it is convenient to construct a hybrid representation of these diagrams using second quantized parent universe variables and third quantized baby universe variables as was done for the one dimensional parent-baby universe model in Section II. This hybrid formula will reproduce the Euclidean sum-over- four-geometries. We simply state the answer, various pieces of which are derived in [6,7,10,9,13,44] and leave it to the reader to verify the combinatorics. Let ф± be a mode of the third quantized baby universe field operator ф which creates or annihilates a baby universe of type i from a parent universe ФC9) = Ей/Л] D.1) < where the /,• are a set of orthonormal functions on the space of (small) three metrices on S3. The effect of nucleation of a small baby universe (of type i) on an observer in the parent universe are equivalent to the insertion of a local operator, denoted £,(i), at the nucleation event i [3,4,5,6,7]. Let G,y be the propagator denned by the sum-over-four-geometries from a baby universe of type i to type j, i.e., G,-y = /p3s/pVA-[39l/y[VlG*(V <,') D.2) The second quantized sum-over-four-geometries is then reproduced by the third quantized functional integral [10,13]

BABY UNIVERSES 303 D.3) j where GTfr - f ^g^+'-W'] D.4) and 0 D-5) Summation over the (potentially continuous) indices i,j is implied, i here is the coefficient of the Euler character which appears in the second quantized action. For the topologies we consider, this counts the number of closed loops of universes, e"' therefore plays the role of a third quantized Planck's constant. The functional integral fD3g3 denotes an integration over small three geometries (corresponding to baby universes) as well as possible additional matter fields, ф is a function on this space. fD*gi is an integration over large four geometries (plus possibly other matter fields) on the parent universe. A, are the fundamental coupling constants. We see from this formula that the effective parent- universe coupling constants are A,- — ф± and are shifted by the baby universes. Without going through all the details, it can be seen qualitatively how D.3)-D.5) reproduces the sum-over-four-geometries. The parent universes act as vertices, and the integral over large four geometries in the interaction term of S corresponds to the fact that there is one vertex for each configuration of the parent universe. The use of G~l as the kinetic operator then produces the desired factor of G with each wormhole propagator. An important issue, which awaits further clarification, is the relation between the action D.4) for Euclidean universes and the action for Lorentzian universes. Formally the two are related by factors of i (arising from the rotation of the lapse function) exactly as

304 ANDREW STROMINGER in the case of one dimensional universes discussed in Section II. However this issue cannot be entangled from the problem of the conformal factor, which renders the action indefinite in Euclidean space. A proper understanding of this issue is essential to further progress in the subject. 4.2 Baby Universe Field Operators and Spacetime Couplings To understand the relation between the third quantized baby universe operators фх and second quantized coupling constants, it is convenient (but probably not essential] to assume the existence of a Hilbert space representation of the third quantized field theory. The <£,• are then operators on this Hilbert space, and the state \ф > of the baby universe system is described as a state in this Hilbert space. Measurements on a single parent universe are then represented as correlation functions of second quantized operators 0i(X{) in this state n) >ф=< ^iys<049,e-(A'-^»Si01(X1]---On(Xn]|^ > D.6] Let us now suppose that the third quantized theory is classical in the sense that the loop expansion parameter e~2i is taken to zero. In that case, the ф'а all commute and may be diagonalized in terms of coherent a-states {<*,} > obeying eQ D.7] If the third quantized system is in an a-state, the correlation function D.7] becomes, after normalization, «?!(*!)• ••<*.(*..) >{«,}= /s<P4Sie-(Ai-ai)SiO1(A-1]---<3n(Xn] D.8] We see from this expression that the second quantized parent universe couplings (below the wormhole scale] are shifted by the eigenvalues a,- of the third quantized field operators <t>i [6,3,7,4,5,45].

BABY UNIVERSES 305 In general, there is at least one species of baby universe for every local operator £,(x) so, in the absence of a symmetry forbidding the coupling of the baby universe, one expects that all low energy couplings will be shifted by the a parameters. The field ф, is subject to the equation of motion of the (possibly loop corrected) third quantized action [9,10]. This in turn becomes an equation of motion or dynamical constraint for second quantized couplings. In the classical limit, this equation is tDA9l'~{Xi~a<)S'Sj = 0 D.9) Obviously this equation is in general intractable. Later we shall discuss approximations within which it becomes tractable. A special case of formula D.7) for correlation functions was introduced by Hartle and Hawking [25,26,41] and used by Coleman [8] in his analysis of the cosmological constant. Consider the case of one operator in the baby universe ground state 0(X)>=<0\f DAgie-^<-^S'0(X)\0> D.10) J S* Taking the baby universe ground state is equivalent to summing over all vacuum bubbles. This may be expressed in a second quantized functional integral (neglecting terms of order >¥■)• <0(X) >= Y, f P*ge~X<SiO{X) D.11) topologies Coleman attempted to derive this formula from the Hartle-Hawking wave function of the universe. We see here that it arises in computing expectation values in the third quantized baby universe ground state. In general the state \ф > of the baby universes may not be one of the {<*,-} > eigen- states, as discussed in Section 2.4. For example suppose it is in a linear superposition of two eigenstates \ф>= /9|{о,-} > +/J'|K} > D.12)

306 ANDREW STROMINGER where |/3|2 + \0'\ = 1. The correlator of n parent universe operators then becomes <Ф\01(Х1)---0п(Хп)\ф> = W2<01(X1)---On(Xn)>{ai} + |/J'|2 < dtJfx). • -0n(Xn) >{a,} D.13) The correlator is split into two separate pieces because neither second quantized operators nor the full third quantized Hamiltonian connect different a-states. There is a supers- election rule which prevents us from interfering different a-states. This means that an observer who measures a will never know about the one who measures a1. Given that the results of a set of measurements indicate a set of couplings {<*,}, all future measurements will be governed by dynamics with the couplings {04} [6]. This generalizes to states involving superpositions of all possible eigenvalues of the form |/>=ni/°°da,/({ai})|{ai}> D.14) where ni/O°da,/*/ = l D.15) J-00 /({aj})/*({a,}) is then the probability that the universe is governed by the set of couplings {a,}. Allowed values of {04} are constrained by the third quantized equation of motion. It is natural to consider general states of the form D.15) because there is no particular reason that the baby universes are in an a-state. For example the third quantized ground state is in general not an о-state. Predictions for physical couplings are possible if the baby universe wave function is highly peaked on a subspace of the {04}. The preceeding discussion has assumed the existence of a set of coherent states obey- obeying <£j|{ay} >= <t,'|{ay} >. Such states exist only in the semiclassical limit for which

BABY UNIVERSES 307 [<t>i,<t>j] = 0. Away from that limit [<^,<£y] is in general order e"', and the a-states do not exist as states in the third quantized Hilbert space. The eigenvalues of ф± are then subject to the third quantized uncertainty principle [10]. This appears to imply that spacetime couplings cannot be measured to arbitrary accuracy, as was discussed in the one dimensional context in Section 2.4., but the full implications are not yet understood.

308 ANDREW STROMINGER V. INSTANTONS-FROM QUANTUM MECHANICS TO QUANTUM GRAVITY Quantum mechanics often allows the occurrence of processes which are classically for- forbidden. In favorable circumstances instantons can be used to calculate the rate of such processes as a systematic expansion in a small parameter. Spatial topology change in three space dimensions is just such a classically forbidden process, and we shall see that there are models in which, given some reasonable assumptions, its effects can be systematically cal- calculated as an expansion in a small parameter. The applications of instantons in quantum field theory follows from analogy to their applications in quantum mechanics. This section reviews the relevant features of instanton methods in quantum mechanics and quantum gravity. A classic, and more detailed review can be found in [46]. 5.1 Quantum Mechanics The propagation of a quantum mechanical particle is described by the kernel [21] in the path integral presentation K(Xf,Xi;rf - г,-) =< Xf^ib-^Xi > X, = I DX{t)*sW" E.1) Xi where the Minkowskian action is S = T-V = f dT{\X2 - V(X)) E.2) and we have scaled out a factor of 4г. К is the probability amplitude that a particle in the potential V observed at X,- at time r,- will be observed at Xf at time tj. К can be

BABY UNIVERSES 309 evaluated by analytic continuation in the variable r. - г,-) =< Х,\е-В1'1-*)\Х{ > Xf f f = f X, where now = J dT($Xz +V(X)) E.4) SE = T In this form, Kg can be conveniently calculated for small g2 using the saddle point approximation. From the manner in which g2 enters the exponent of the functional integral E.3), it is evident that this is the same thing as a semiclassical expansion in h. Such an expansion is sensible only if g2 is small or, equivalently, if quantum fluctuations are weak for the system in question. The action is expanded around a trajectory Х(т) which extremizes the action SSE SX _= 0 E.5) x=x and obeys the boundary conditions imposed on the functional integral: X(Ti) = Xi E.6) X(rf) = Xf E.7) As shall be elaborated momentarily, an instanton describes tunneling between two semi- classical WKB states. The pre (post) tunneling position of the particle is X,- (Xf). Specifi- Specification of a semiclassical state requires the velocity as well as the position. This is obtained from the time derivative of X at the boundary. If this time derivative is non-zero in Eu- Euclidean space, it will Wick rotate to an imaginary value in Minkowski space. In order that the instanton describe a real tunnneling process in Minkowski space, we require the additional boundary condition:

310 ANDREW STROMINGER ± (r.) =Г (г,) = 0. E.8) Se may be Taylor expanded around X = X - X SE(X) = SE(X) + \JdTXD(X)X +■■■ E.9) where D(X) = -d2T + V"(X) E.10) For small g2, the exponential is highly peaked around X, and higher order terms in S(X) may be ignored. KE can then be evaluated by a Gaussian integration: KE[Xf,Xi;rf - r,-) = t^l? dtrhv (i + 0(g2)) E.11) where 5 is the instanton action. We shall not have much to say about the determinant of the operator D{X) appearing in E.11), see [46]. It is denned as the (renormalized) product of the eigenvalues of V, and is often quite difficult to compute. It must be computed to obtain quantitative results, but qualitative results can often be obtained without computing it. The only time it is qualitatively important is if it vanishes or is imaginary. It can vanish as a result of fermion zero modes, certain processes will then be suppressed. It can be imaginary as a result of a negative mode (note the square root in E.11)). We shall see that this is interpreted as evidence of an instability. There are two main types of tunneling processes which can be described using instan- tons. The first is (using the language of quantum field theory) the decay of a particle from a "false", metastable vacuum into the true vacuum as for example occurs in the potential V(X) illustrated in Figure 6. Comparing the Minkowskian action E.2) with the Euclidean action E.4) we see that solving the Euclidean equations of motion is equivalent to solving the Minkowskian equations for a particle in this potential —V, as illustrated in Figure 7. It is then evident that there is a "bounce" solution for which the particle begins at т = — oo

BABY UNIVERSES 311 vi Figure 6 Figure 6: A quantum mechanical potential with a metastable and a true minimum.

312 ANDREW STROMINGER v1 X x Figure 7 Figure 7: The Euclidean bounce solution is found by solving the equation of motion for a particle in the 'upside down' potential illustrated.

BABY UNIVERSES 313 in the bottom of the false vacuum at Xp, rolls towards the true vacuum until it reaches the turning point X?, whereupon it bounces back and asymptotically approaches Xp as r —» +00. This solution has one negative mode, i.e., one negative eigenvalue for the operator P(X) = —d* + V"(X). Intuitively this can be understood as follows. The bounce solution X can be continuously deformed to the constant solution Х(т) = Xf. It is straightforward to see that the constant solution has less action than the bounce solution. It follows that either there exists a deformation of X to Xf for which the action decreases continuously, or there is another saddle point in between which we don't know about. The latter alternative is implausible. The former (correct) alternative implies that the solution X has a negative mode. As mentioned earlier, since the path integral involves the square root of the product of the eigenvalues, the existence of a negative mode ( or any odd number of negative modes) implies that the path integral is imaginary. The meaning of this is revealed by using the relation for the vacuum energy F in terms of the Euclidean path integral F = lim -^ln< XF\t-HT\XF> E.12) T->oo Т E.12) can be evaluated by summing over saddle points. To leading non-trivial order in the small parameter e~ •' we must include the zero and one-bounce solutions. These contribute to the matrix element in E.12) an amount 1 + KTt-1!? E.13) where К is the one loop determinant and the factor of T arises from integrating over the location of the center of the bounce from 0 to T. The free energy is then given by, to leading order F = -Kt-1^ E.14)

314 ANDREW STROMINGER Since К is imaginary, the energy F of the state \Xp > is also imaginary. This imaginary part is directly related to the decay rate of the particle from Xp into the true vacuum [46]. The validity of this derivation, and the instanton approximation in general, depends on the smallness of t~sl^, which in turn follows from small g2. The relevance of small t~sl^ can be seen by noting that the instanton density, < •jt >, is given by < f >= Я2% = Кш*1* < 1. E.15) When this parameter is not small, the instantons are close together and interactions be- between instantons are important. Ignoring these interactions, as we have done here, is known as the dilute gas or dilute instanton approximation. The form of the bounce solution also tells us what \Xp > decays into. There is a moment тд of time symmetry where X (тд) = О and Х(тд) = Хх- Cutting the instanton in half at this moment, one obtains a saddle point which contributes to the matrix element < XT\i~HT\XF > E.16) After the particle tunnels to X?, it then oscillates around the (true) bottom of the poten- potential. The instanton thus describes tunnelling between two classical solutions of the same energy. Note that the entire history of the particle can be described semiclassically. Before tunneling it is approximated by a classical particle at the stable minimum. It then under- undergoes semiclassical tunneling. After tunneling its evolution is again classically described as oscillating motion. The initial data determining the post tunnelling behavior is obtained from the instanton solution. Such a semiclassical description of instanton processes in quantum field theory and quantum gravity is also possible. The second type of instanton which arises in quantum mechanics exists for the potential of Figure 8. This double well potential has two degenerate minima at X+ and X_. To find

BABY UNIVERSES 315 Figure 8 Figure 8: The degenerate double well potential.

316 ANDREW STROMINGER the instanton, the potential should be turned upside down. It is then evident that there is a kink solution Х(т) which begins at X- for т = —oo and asymptotically approaches X+ at т = +00. Unlike the previous example, it does not bounce back. Because of the boundary conditions X(±oo) = X±, this solution can not be continuously deformed to either of the trivial solutions Х(т) = Х±. Correspondingly, there is no negative mode. The instanton gives a real contribution to the matrix elements In < X+\e-HT\X- > = ln< X-\t~HT\X+ > = КТГ1!? E.17) as computed in the dilute instanton approximation. This implies that the states \X± > do not diagonalize the Hamiltonian. Rather H is diagonalized by the coherent states X+ > ±\X- >, and the energy splitting between these states can be computed using E.17). The lesson to learn here is that the existence of an instanton with no negative modes in general signifies that the quantum vacuum is constructed as a coherent superpostion of classical vacua. 5.2 Quantum Field Theory We now turn to some examples in four dimensional quantum field theory. Consider the action S = - /"d*x($VV^ + V@)) E.18) where the potential V is the same function appearing in the first example above with vacuum decay. Vacuum decay occurs here as well. There is a Euclidean solution of the form illustrated in Figure 9, with a round bubble of the true vacuum inside a sea of the false vacuum. This solution can be continuously deformed to the false vacuum, and correspondingly has one negative eigenvalue. It therefore represents a decay process.

BABY UNIVERSES 317 FALSE VACUUM Figure 9 Figure 9: A bubble of true vacuum nucleating in the false vacuum.

318 ANDREW STROMINGER The state to which the false vacuum decays can be found as in the quantum mechanics example, by cutting the instanton in half at the moment of time symmetry. This reveals a bubble of true vacuum in the sea of false vacuum, and all time derivatives of fields vanish. Despite the lower energy of the true vacuum, this tunneling process conserves energy exactly because there is energy in the bubble wall. The nucleated bubble then begins exponential acceleration, as governed by the classical equation of motion, and grows indefinitely. Now suppose V is as in Figure 8, corresponding to degenerate vacua. Tunneling from one minima (Ф+) to another (Ф-) can not proceed via a bubble as in the preceeding example because energy could not be conserved. Instead all of space must tunnel at the same time. But the action of such an instanton diverges like the volume of space. Tunnelling is therefore exponentially suppressed and vanishes in the infinite volume limit. In Yang-Mills theory, instantons mediate vacuum topology change. Classical vacua of Yang-Mills theory with F^ = 0 are labelled by integers n = tr I A A A A A E.19) ДЗ and may be denoted n > E.20) A Yang-Mills instanton with non-zero integral tr J F A F = 1 tunnels between two such classical vacua. There is then a non-zero matrix element <п + 1|е~яг|п>/0 E.21) so that the \n > vacua do not diagonalize the Hamiltonian. The Hamiltonian is diagonal- ized instead by the в vacua \e>=^2einS\n> E-22)

BABY UNIVERSES 319 Thus, as in the degenerate double well, the quantum vacua are coherent superpositions of classical vacua. 5.3 Quantum Gravity Classically, topology change is forbidden in general relativity. If we pick initial data on a space with arbitrary topology and evolve using Einstein's equations, the topology does not change (unless there is a singularity, in which case general relatively itself breaks down). Quantum mechanically topology change might occur in principle, but there is no real argument that it must or must not occur. Our attitude is simply to assume that it does occur, try to find models where the effects are calculable, and then to see whether these effects are interesting or even measurable. We shall also assume that the Euclidean path integral and instanton techniques are applicable for computation of topology change. That is the transition amplitude between two manifolds Mj and Mp is given by <М^|г-яг|М/>= ]Г I D*ge~S E.23) topologies Mi for some action S. There are several immediate problems with this formula: 1) In general, there is no well denned time 'I" to use on the right hand side. This formula only makes sense when Mj and Mp are three manifolds which bound a four-manifold that has an asymptotically flat region. T is then the Euclidean time as measured in this asymptotic region. This will not work if M/ and Mp are compact. In that case, the Euclidean sum over-four-geometries instead gives a Green function of the third quantized field theory, as discussed in Sections II and III, and instantons provide an approximation to this Green function.

320 ANDREW STROMINGER 2) The sum-over-four-topologies in E.23) is problematic because four-manifolds are un- classinable. Demonstrating the equivalence of two four-manifolds is a Goedel unsolv- able problem [47]. In practice we simply restrict ourselves to some subset. If this subset is closed under composition of the functional integral, the theory thereby obtained is at least naively self-consistent. 3) The Einstein action is unrenormalizable. This problem can be remedied by simply imposing a cutoff ц on loop integrations. The semiclassical loop expansion is then an expansion in -$-, where Mp is the Planck mass. Validity of this expansion therefore requires -fi- << 1. The physical idea behind this cutoff is that some new physics (such as string theory) which does not have the divergence problems of the Einstein action is relevant above the scale \i- We assume here (as suggested by string theory) that a generally covariant cutoff procedure exists. 4) The most serious problem, in my view, is that the Einstein action is unbounded from above and below, so expression E.23) is not well denned even with a cutoff. To see this let us fix the sign of the action so that a transverse traceless graviton around flat Euclidean space (Луг) has positive action SE M2 t = -j£ J d^Xy/gRiS + hTT)>0 E.24) where S is the flat metric. With this sign, a conformal transformation of the metric decreases the action ^ j ^ j Ь E.25) So for example a sphere of volume V, which is related to flat space by a (singular) conformal transformation, has action 3V E.26)

BABY UNIVERSES 321 which grows in magnitude with the size of the sphere. This bizarre fact is ultimately the origin of the Hawking factor [48] in his analysis of the cosmological constant, as discussed in Section VII. However, there do not seem to be many examples in quantum field theory with indefinite actions, and we don't really understand yet how to deal with such systems. My approach in these lectures will be to treat the indefinite modes in much the same way that the indefinite mode Xq is treated in the one and two dimensional cases, as mentioned at the end of Section B.1). In the following this amounts to simply ignoring the fact that the functional integral is unbounded, and obtaining results by formal manipulations. There is a good physical reason why the functional integral for gravity is unbounded, and understanding this may ultimately lead to a resolution of the indefiniteness prob- problem. The Euclidean path integral with periodic boundary conditions is equal to the canonical partition function at a temperature related to the periodicity. However the canonical partition function is, and should be, divergent for gravity because of negative specific heat associated with the attractive force. Even setting all these problems aside, it is exceedingly difficult to find gravitational instantons of the Einstein action which contribute to any physical process. Let us first consider tunneling from flat R3 to N where N is a connected but topologically nontrivial three manifold. The tunneling process always conserves energy, so N must have zero energy just as does flat R3. We now encounter the following theorem of Schoen and Yau [49]: Theorem: There are no asymptotically flat solutions of Einsteins equations with zero energy except flat space. This rules out any such tunneling processes. We might then consider tunneling R3 -> R3 E.27)

322 ANDREW STROMINGER which might conceivably be accompanied by topology change of a spin structure. However, we are foiled by another theorem of Schoen and Yau [49]: Theorem: There are no asymptotically flat four geometries which are Ricci flat except flat R*. Now we might try to make M3 disconnected e.g., M3 = R3 ф S3. The extrinsic curvature induced on M3 from the interpolating four-manifold must vanish by the analog of the boundary condition E.8). The interpolating manifold could then be as depicted in Figure 10. Then we encounter the theorem of Cheeger and Grommol (restated) [50]: Theorem: Given an asymptotically flat four geometry with n > 1 compact interior boundaries with vanishing extrinsic curvature, the Ricci tensor always has a negative eigenvalue somewhere. This rules out such instantons for pure gravity, or for gravity coupled to a scalar field for which the Ricci tensor obeys R^u — VцфУцф and has everywhere positive eigenvalues. Because of these theorems, instances in which physical applications of gravitational instantons are possible are very rare. I will now mention a few that I know of. a.) Instability of Hot Flat Space One way of avoiding the above theorems is to change the boundary conditions. In finite temperature field theory the asymptotic boundary conditions are on S2 x S1, rather than S3, because time is compactified. Euclidean Schwarzchild is a Ricci-flat geometry with just such asymptotic behavior, and was argued by Gross, Perry and Yaffe [51] to represent quantum nucleation of black holes at finite temperature. A similar process also occurs in de Sitter space [52]. b.) Instability of the Kaluza-Klein Vacuum The five dimensional Euclidean Schwarzchild has an S3 x S1 boundary with an asymptotically flat metric. The geometry used for five dimensional Kaluza-Klein

BABY UNIVERSES 323 compactification on a circle is flat Minkowski space cross a circle (M* x S1) and its Euclideanization (R* x S1) therefore also has an asymptotically (in fact every- everywhere) flat S3 x S1 boundary. Witten [53] used the fact that these two boundary conditions are the same to interpret the five dimensional Euclidean Schwarzchild as a Kaluza-Klein instanton. Euclidean Schwarzchild has one transverse trace- less negative mode. * The one loop determinant is therefore imaginary and this represents a decay of flat space. What does flat space (R3 x S1) decay into in Witten's example? The instanton has a discrete Zi time symmetry. It therefore also has a surface (T = 0") running through the center of the Schwarzchild "bolt" on which the time derivative of the metric vanishes or, stated more geometrically, the extrinsic curvature vanishes. The topology of this surface is R2 x S2. The instanton therefore represents tunnelling from flat R3 x S1 to R2 x S2. A more detailed analysis shows that the R2 x S2 geometry is a hole in space which proceeds to explode. c.) Kaluza-Klein Charge Confinement The four dimensional Kaluza-Klein (Euclideanized) vacuum has an asymptotically flat S2 x S1 boundary. Gross [54] showed that the boundary conditions are such that Taub-Nut is an instanton for this theory. It leads to confinement of the U(l) electric charge arising from isometries of the internal S1. d.) Nucleating a Closed Universe from the Void Another way to avoid the no-go theorems is to change the action. The simplest * Of course there are an infinite number of pure trace negative modes, corresponding to the fact that the conformal modes all have the wrong sign. Flat space also has an infinite number of such negative modes, but no transverse traceless ones. The working hypothesis is therefore to ignore the trace zero modes, but a careful justification has not been given. This is a manifestation of problem D) above.

324 ANDREW STROMINGER way to change the action is to add a cosmological constant: JVf2 / R + ^) E-28) There is then an obvious instanton: the round metric on S*. As argued by Vilenkin, [55] if the S* is cut in half along the equator, one obtains an instanton with one S3 boundary. The extrinsic curvature on this boundary vanishes, so the half-sphere represents tunnelling from nothing to S3. The geometry on this S3, which provides the initial data for post-tunneling classical evolution, corresponds to de Sitter space at its minimum radius. e.) Nucleating an Open Universe from the Void Myers [56] has recently proposed a novel interpretation of the Eguchi-Hanson instanton [57]. An instanton with an asymptotically flat 53 boundary contributes to the process R3 —*R3. This can be seen by dividing the boundary into three regions; the past R3, the future R3 and a timelike cylinder at spatial infinity. Now consider an S3 jZi boundary, where the Zi identifies antipodal points. The past and future R3's are identified, and the timelike boundary closes on itself. Such boundary conditions seem appropriate for the process of nothing going into R3. These are the boundary conditions obeyed by the Eguchi-Hanson instanton, which therefore contributes to this tunnelling. f.) Wormholes Recently there has been much interest in spacetime wormholes. These were first discussed in [2,58] as instantons of the positive-definite gravitational action E.29) where C^afi is the Weyl curvature tensor. These instantons are asymptotically flat, and therefore contribute to the R3 —> R3 vacuum-vacuum amplitude. They

BABY UNIVERSES 325 have a "wormhole" handle, whose cross sections are T3 (three tori). There is a Z-i time reflection symmetry, and the moment of time symmetry slices the handle in half. The boundary of the half-instanton sliced along the moment of time symmetry thus contains two disconnected pieces: a non-compact, asymptotically flat portion which turns out to be topologically T3 minus a point (space with a knot, which turns out to have fermionic character! [59]) and a compact Г3 portion where the handle is sliced. This instanton therefore represents nucleation of a small toroidal baby universe. There is no negative mode, so this is not a decay process. Rather it implies that, as in the double well, the quantum vacuum must be constructed as a coherent superposition of classical vacua. In this case the quantum vacuum was shown to contain configurations with all numbers of baby universes [2]. More recently, wormhole configurations have been discussed by Hawking [3] and Lavreshvili, Rubakov, and Tinyakov [4] but instantons were not found in these works. However, another alteration of the Einstein action which avoids the no-go theorems has recently been found [5]: the addition of axions. This also leads to wormhole instantons, and will be the subject of the next subsection. In addition to the above examples, there are many solutions of the Euclidean Einstein equations that have been discussed in the literature which have no known physical inter- interpretations. This occurs when the boundary conditions do not correspond to those imposed on the functional integral representing any physical process. An example is K3, which has no boundary at all.

326 ANDREW STROMINGER 5.4 Axionic Instantons The coupling of gravity to axions may be described by the Euclidean action S = ^Jdix^(-R + HliuXH^X) E.30) where the three form H = dB E.31) is the axion field strength. In general surface terms are also required, but these are unim- unimportant in the present context, see [60] for a discussion. The equations of motion following from E.32) are Rfiu = —6 Hfx Hv E.32) d*H = 0 E.33) where •Hn-jf^H^ E.34) defines the dual of H. Notice that the Ricci tensor is negative definite. The precepts of the no-go theorems are violated and instantons are possible. In fact, there does exist [5] an instanton of the form depicted in Figure 10. The line element is given by ds2 = 2^M2cosh2x{dx2 + dn2) E.35) while the axion field strength is Я = Щ E.36) where the three form e is the volume element for surfaces of constant x normalized to integrate to one. It is easy to see that the two regions x —> ±oo are asymptotically flat. The solution is invariant under x—>—x, so the extrinsic curvature vanishes at x = 0. Considering the coordinate region x > 0, we then have the half-wormhole instanton of Figure 10. There

BABY UNIVERSES 327 Figure 10 Figure 10: An instanton desribing tunneling from a topologically R3 initial geometry £,■ to a topologically R3 + S3 final geometry T,j.

328 ANDREW STROMINGER is one asymptotic S3 region at i = oo with an asymptotically flat metric. The induced metric on the small S3 boundary at i = 0 is the round metric, and has vanishing extrinsic curvature as required by E.7). The H field on the S3 boundary is proportional to the volume element on the boundary. The data on this surface corresponds to initial data for a Robertson-Walker cosmology with axionic matter. Dividing the asymptotically flat boundary into past and future regions, this instanton is seen to represent tunneling from R3 -> R3 + S3 (or R3 + S3 -» R3),i.e., the nucleation (or annihlation) of a baby Robertson- Walker universe. The precise application of this instanton will be discussed in the next section. The current *Нц is conserved according to E.31). We can therefore associate a charge, g = MJ S H E.37) known as the Peccei-Quinn charge, with any homology class of three surfaces. There is a one parameter family of instantons labeled by the charge g running through the wormhole. Their action is Sq = 3-+f E.38) The charge is related to the radius, R of the baby universe (at the moment of nucleation) by the equations of motion |9| = 2тгЯ2м£ E.39) Thus the nucleation of baby universes large relative to the Planck mass is exponentially suppressed. This follows on dimensional grounds. At large distances, the effects of the mediation of a baby universe can be approximated by the insertion of a local operator at the nucleation event. Since the total Peccei-Quinn charge (on all universes) is conserved, and the baby universe carries off charge g, the local operator insertion must itself carry charge —g. Such operators are awkward to express in

BABY UNIVERSES 329 terms of the potential B. It is convenient to introduce a pseudoscalar field a denned by *Я^ = yV/ifl E.40) which is always locally possible by virtue of E.33). Under a Peccei-Quinn symmetry transformation, a is shifted by a constant. A local operator £q(x) of charge q should acquire a phase under this shift. The unique operator is therefore £,(x) = e'«»W E.41) Higher order corrections to this formula are discussed in [16]. A process closely related to baby universe creation is tunneling from a Robertson- Walker to a DeSitter universe. Instantons describing this process in Einstein gravity with a cosmological constant and axions were discussed in [61], and in Einstein gravity with axions and a scalar field in [35]. If one begins with an action defined in terms of the pseudoscalar a, rather than the field strength H, the equations of motion are identical to those of an ordinary scalar field and instantons naively appear not to exist. However, the analyses of references [62,63,64] show that, if careful account is taken of the boundary conditions appropriate for tunneling between charge eigenstates, tunnelling nevertheless can be seen to occur. 5.5 The Small Expansion Parameter The advantage of the instanton approximation to the functional integral, as opposed to e.g. a minisuperspace approximation, is that in favorable circumstances it is the first term in an expansion in a small parameter of the exact functional integral. We then have good reason to believe that our results are both quantitatively and qualitatively accurate. Let us discuss when the instanton approximation may be accurate in quantum gravity. On dimensional grounds, an instanton of Einstein gravity will generically have action S^RZM$ E.42)

330 ANDREW STROMINGER where R is the scale of the instanton. The instanton density per Planck four-volume is then of order For R » jj~, the instantons are dilute. However, for R"~jj-, the instanton separation is of order their size. Interactions between instantons become important, and the dilute gas approximation breaks down. Therefore, one prerequisite for the validity of the instanton approximation is that the instantons are large relative to the Planck length. In the axion model, Euclidean wormhole solutions exist for all values of the radius R. However, we must impose a cutoff ц since the theory is non-renormalizable. New physics arises at the scale ц, and the Einstein action, or its extrema, are not relevant above that scale. This means that the integration over instanton sizes should be cutoff at ц. The most probable instantons are then of size R~^ and have a density which is very small for -fa- « 1. -fi- is also the loop expansion parameter in quantum gravity. If it is small, both the interactions between instantons and the corrections to the saddle point approximation are small. An unsatisfactory feature of using a small cutoff to justify the instanton approximation is that we cannot discuss what happens as the cutoff is taken away. Also there may be other effects related to the new physics at the cutoff scale of the same size as the instanton effects. Thus the problem of computing wormhole effects cannot in this context be clearly separated from the problem of finding a consistent quantum theory of gravity at short distances. A better way to justify the instanton approximation, peculiar to the axion model, is

BABY UNIVERSES 331 the following. Strings can be coupled to axions via a coupling of the form J^ E.45) to the string world sheet. This results in a quantization condition on the charge q, analo- analogous to electric charge quantization due to monopoles [65,66] ?-n^ E.46) for an integer n. If we now adjust T so that T « Ml E.47) we find that the minimum value of q is very large. This corresponds to a minimum radius of and instanton density The instanton approximation is then justified, and for small T the results are insensitive to the manner in which quantum gravity solves its short distance problem. This result was pointed out by Kim and Lee [67] in the language of pseudoscalars. If the pseudoscalar is a periodic angular variable, the charge is quantized and there is a minimum radius wormhole.

332 ANDREW STROMINGER VI. THE AXION MODEL AND THE INSTANTON APPROXIMATION In Section III we discussed the general problem of third quantization of four dimensional universes. In Section IV the general formulae were simplified in the parent-baby universe approximation. All of the formulae presented were quite formal because, among other reasons, they involved divergent functional integrals over four geometries. In the instanton approximation, which is the first term in a semiclassical expansion in ■£-, the intractable sum-over-four-geometries is reduced to a tractable integration over saddle points. It is thereby possible to obtain concrete expressions and give a more precise meaning to our formalism [10]. To leading order in the semiclassical approximation, the third quantized action is defined by the requirement that it reproduce the sum-over-instantons. Consider the axion model with a small cosmological constant Aq whose action is -h F.1) X is the Euler character of the manifold, and the corresponding topological coupling con- constant i has been added here. This theory has two known types of instantons: the small wormhole instantons of Section 5.4 and large Einstein metrics on S* with scale governed by the long-distance effective cosmological constant. The first (small) instanton provides an approximation to the kinetic term of the third quantized action, while the second (large) instanton provides an approximation to the third quantized potential. Thus the assump- assumption of widely separated scales used in the parent-baby universe approximation is justified in the axion model by the semiclassical expansion in -fa-. The general action which reproduces the sum-over-parent and baby universes was given

BABY UNIVERSES 333 in D.4) as S = e>i[ Р*9.[ЪФгС7>Ф,- [ Р\ e*<S<-S°] F.2) J S$ J S where F.1) has been substituted for A^Sj. Each term in this action is simplified in the instanton approximation. In the next few pages we will show that this field theory in fact reduces to a quantum mechanics model with action given by F.8). It is instructive to derive this model beginning with F.2) but the final answer can be checked by verifying that it reproduces the sum-over-instantons. The reader who is willing to take this for granted may skip directly to equation F.8). * In the axion model, baby universes are labeled by the charge q. The label i on the baby universe field operator should then run over the possible values of the charge, so фх becomes ф(я). Similarly the functional integral /saD3g3 becomes f^^dq. The inverse propagator G~1(q,ql) is the instanton approximation to the sum-over-four-geometries carrying charge q. Since in this approximation only one geometry contributes, this is simply given by the exponential of the instanton action G-1(q,q')=6(q + q')tS< F.3) with Sq given in E.40). We ignore here, and in the following, factors arising from the instanton determinant and normalization of the zero modes and measure. These lead to powers of q (or powers of V in the following) and do not qualitatively affect the answer. The local operator £(q) associated to the insertion of a wormhole end carrying charge q is, from E.43) F.4) * The following derivation, which has not appeared before, was developed in conversations with Steve Giddings.

334 ANDREW STROMINGER where a is the pseudoscalar axion field. The combination ф& then becomes dq е<ча^ф{д) = ф(а(х)) F.5) J — where ф is the Fourier transform of <j>. Putting this all together, redefining ф by a minus sign and Fourier transforming with respect to q, we obtain 5 = e*» Г в.т[\фС-1ф - f D*g,Di .-*-/<«'*>/»(«(*))] F.6) J—oo J S* where G is the Fourier transform of G and is non-local in r-space. a = a — т is the part of the axion field a orthogonal to the zero mode ronS*. In rewriting the integration over the axion field in terms of a (rather than B) this zero mode is omitted. However the Da integration combines with the overall r integration to give an integration over the full axion field. The integral over large four metrics and a can be evaluated in the saddle point approx- approximation, for which В.ци = ff^(/(A + ф{т)) and a = 0. One then obtains our final expression for the third quantized action /•oo ш} S = t2~i dr^G-V-e*^] F.7) J-oo If the charge q is quantized, r becomes a periodic variable. In the semiclassical limit e~27 —* 0, coherent states can be constructed which are eigenstates of ф(т) for all r 0(r)|e(r)>=e(r)|e(r)> F.8) а(т) is constrained to be a solution of the classical equation of motion of 5. It represents the trajectory of a particle in the potential ee(A+*>. Comparing with D.8) and using equation F.4), we then see that the effective second quantized action for a parent universe interacting with baby universes in the state \а(т) > is

BABY UNIVERSES 335 In conclusion: The spacetime axion potential is given by the classical trajectory of the particle governed by the third quantized action ^6.7j. One interesting consequence is that, because of the singular nature of the third quan- quantized potential at A + ф = 0, the axion potential appears to always have a minimum where the bare cosmological constant Л is just cancelled. To the low energy observer, this would appear to be a fine tuning of coupling constants. Here it is a conseqence of the third quantized equation of motion. This vanishing of the cosmological constant is more general than our specific model, and is further discussed in a more general context in the next section.

336 ANDREW STROMINGER VII. THE COSMOLOGICAL CONSTANT. Recently there has been much discussion of the possibility that non-perturbative effects in quantum gravity might account for the observed vanishing of the cosmological constant. The basic argument appears in a 1984 paper of Hawk ing's [48] which received little attention at the time. This paper was slightly preceded by Baum [68] which contains some of the important ideas. We begin by restating their argument in a slightly more modern form. 7.1 The Hawking-Baum Argument. Consider the following formula for the correlation function of n operators < 0i(Xi)- • -0n(Xn) >= / DgDA e-s@1(X1)- • -0n{Xn)) G.1) J s* where 5 is the Einstein action plus matter /M2 d*x^(-^R + A. + £(A)) G.2) and the functional integral is over matter fields A and metrics g on S*. Formulae of the type G.1) have been discussed by Hartle and Hawking [25,26,41] in the context of the wave function of the universe. G.1) may also arise in an approximation to spacetime correlation functions in a third quantized theory; alternately it may simply be postulated. However the relation between the Euclidean formulae G.1) and real time Lorentzian expectation values is poorly understood at present. Hawking's mechanism exists whenever the cosmological constant becomes a dynamical variable. To take a familiar case, let us suppose that Л is a Yang-Mills field and there is a corresponding в angle. The vacuum state is then in general given by = Jd»W)\$ G.3)

BABY UNIVERSES 337 In а в eigenstate, the effective cosmological constant is well known to be A@) = A + M4cos0 G.4) for an appropriate mass M of order the Yang-Mills confinement scale. Correlation functions in the state \f > involve an integral over в. This is equivalent to integrating over the cosmological constant. The formula for correlation functions in the state |/ > is glfi^HiiX^.-O^Xn)) G.5) s* where M2 / d G.6) Let us now approximate the integral over the metric by its saddle point: <O(X1)---O(Xn)>f ^+^) G.7) J We assume that A < M* (otherwise this mechanism doesn't work), which might for exam- example be explained by supersymmetry. The в integral has an essential singularity at A(9) = 0 or в = arccos(-^j) where the total effective cosmological constant vanishes. Regulating the functional integral with an infrared cutoff and normalizing, the essential singularity can be replaced by a delta function 6(\@)). As long as f@) has non-zero support at $ — arccos(-^j), the $ angle adjusts itself to cancel the cosmological constant. Several points are worth noting about the mechanism. First, it is not specific to baby universes. While baby universes provide a natural and appealing mechanism for making the cosmological constant (as well as all other coupling constants) dynamical, any such mechanism will do. There are certainly far less exotic mechanisms than baby universes for cancelling the cosmological constant, such as the в parameter mentioned here.

338 ANDREW STROMINGER The real reason that the cosmological constant is forced to vanish is the sign of the Euclidean action. On dimensional grounds, one expects the magnitude of the action to grow with the scale. Ordinarily this would mean that large configurations have large action and are suppressed. The preferred size for the universe would then be the Planck size. However, since large Einstein metrics on the four sphere have negative action such configurations are enhanced (in fact infinitely) rather than suppressed. As discussed previously, large Einstein four spheres are not the only configurations with negative action. In general the action of any configuration can be arbitrarily decreased by conformal transformations of the metric. The action of a conformally rescaled metric is given by the expression M2 t £] ?^ (-n2R(g) - 6vMnv"n) G.8) Note in particular that the action can be made arbitrarily negative with rapidly varying conformal factors. Thus while Hawking's argument predicts zero cosmological constant, it might also predict that the conformal factor should be rapidly varying on all length scales. Of course a key difference is that Einstein metrics on S* are not just configurations with large negative action, they are extrema. One may thus hope that a careful treatment, based on a semiclassical analysis, can justify Hawking's analysis and choice of sign. Clearly this point needs further clarification. We need a systematic derivation of the vanishing of the cosmological constant which does not also predict rapidly varying conformal factors. 7.2 Baby Universes and Coleman's Argument In the last section we saw in the axion model that the axion potential appears to always have a minimum for which the effective cosmological constant vanishes. This is obviously closely related to Hawking's mechanism. To see the connection, recall from Sections IV that in the parent-baby universe ap-

BABY UNIVERSES 339 proximation spacetime correlation functions in the baby universe ground state are given by < Oi(*i)---0n(xn) >= |p<£ t~sWj Dg e-*-*»*Oi(x1)-..<5t,(xf.) G.9) ф here is the baby universe field and S its third quantized action. This is eqivalent to the second quantized formula [25,26,41] <0i(*i)---On(xn)>= £ |pVoOi(x1).--On(xn) G.10) topologies which in turn is simply G.1) summed over different topologies. G.9) or G.10) can be easily evaluated in the axion model if if we suppress the non- constant part of the baby universe field ф. This is equivalent to ignoring the charge collective coordinate for the instanton. The third quantized action then has only a potential term S = -e«<Ao+*> G.11) With this ansatz, correlation functions are given by < 0iЫ- ■ .0„(х„) >= [ёф e«'(A°+%) / Dg e-^-^Oifx!). • .0i(x,,) G.12) J J s* and the effective cosmological constant is Ao + ф. This formula is identical in form to G.5). The effect of baby universes (with this ansatze) is simply to introduce a weighted Integra- tion over the cosmological constant. The prefactor t' ° is the probability distribution for ф and is obviously highly peaked where the effective cosmological constant vanishes. This result is of course due to Coleman [8]. We have rephrased his analysis here as a computation of the potential of the third quantized action. ■>"i зы* The factor e'*Uo+*] is different from Hawking's factor e«<Ao+*>. This difference arises simply because Hawking calculates probabilities for Aej for one universe, while Coleman

340 ANDREW STROMINGER calculates probabilities for a dilute gas of universes. At the level of the discussion given here, both analyses give a delta function for vanishing cosmological constant, and appear equivalent. However, more refined considerations appear to distinguish the two analyses. Coleman [8] argues that by computing corrections to G.11), peaked probability distribu- distributions for ail coupling constants can be derived. The viability of this proposal is currently under active investigation [11,12,13,15,16], but as of this writing the verdict is not in. It has also been argued that baby universes are essential for understanding how the universe can have zero cosmological constant and hot matter [13]. The physical picture behind Coleman's analysis appears quite different from that of Hawking and Baum. Space time coupling constants are baby universe vacuum parameters, and are dynamically determined by the baby universe interactions. This provides a to- totally new framework for understanding low energy coupling constants. It is a tantalizing possibility that this framework may explain values of coupling constants in our universe. ACKNOWLEDGEMENTS I am grateful to T. Banks, S. Coleman, S. Giddings, G. Horowitz, B. Keay, R. Myers, S.-J. Rey and M. Srednicki for useful discussions and comments. This work was supported in part by DOE Outstanding Junior Investigator Grant DE-ATO3-76ER70023 and an A. P. Sloan Foundation Fellowship.
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347 CRITIQUE OF COLEMAN'S THEORY OF THE VANISHING COSMOLOGICAL CONSTANT Leonard Susskind Department of Physics Stanford University, Stanford, California 94305-4060 In these lectures I would like to review some of the criticisms to the Coleman worm-hole theory of the vanishing cosmological constant. In particular, I would like to focus on the most fundamental assumption that the path integral over topologies defines a probability for the cosmological constant which has the form EXP(A) with A being the Baum-Hawking-Coleman saddle point. Coleman argues that the euclideam path integral over all geometries may be dominated by special configurations which consist of large smooth "spheres" connected by any number of narrow wormholes. Formally summing up such configurations gives a very divergent 1 2 expression for the path integral n 9 Г 3 3 -I L ~ё а 8А(а) EXP 8A(a) da e 2 ev'e where the integral over worm-hole parameters a can be thought of as an averaging over values of the cosmological constant. Evidently the expression is violently divergent with all of the weight of the integral

348 LEONARD SUSSKIND concentrated at vanishing effective cosmological constant. The above reasoning has been critisized on several grounds. My feeling is that the most serious objections revolve around the use of the euclidean path integral (or any path integral) as a measure of 4 probabi1i ty . Let us begin by trying to carry out Bank's suggestion of a universal field theory in which quantum fields describe (create and anihilate) entire universes. The sum over topologies can be pictured as a sum over feynman diagrams for this universal field theory. If we were doing 1+1 dimensional quantum gravity with a collection of scalar fields, the universal field theory would be called string theory and the sum over topologies would be equivalent to the string field theory path integral. Universes would be closed strings (see fig. 1) Although the construction of such a universal field theory which would really sum 4 dimensional or even 2 dimensional geometries is way beyond our present ability, the main features can probably be guessed. In particular the linear or noninteracting theory should have as its equation of motion a Wheeler Dewitt equation which for simplicity can be written in 4 the mini superspace form 2 " К ^J Л" - t2 + t4 (Л + V(x)) I + (xt) = 0 B) at2 t2 эх1 эх1 where t is the scale factor, X's are scalar fields and ф is the quantum field describing universes.

CRITIQUE OF COLEMANS THEORY 349 It is natural in view of the structure of eq.B) to regard t as a time and X as space variables, not in the sense of time and space as seen by creatures who live within the universes described by <t>, but just in a formal sense. The universal field theory describes the creation, anihilation and (if made nonlinear) interactions among universes propagating in a "super space" (X,t). Note that since t is the scale factor, it is strictly positive so that some form of initial condition at t = 0 must be provided. Let us consider the qualitative connection between trajectories in X,t space and ordinary space-time geometries. Consider a path which begins at t = 0 and extends to t = "> as in fig. 2. This describes a universe in which the scale factor monotonically increases and scalar fields X depend on scale factor in a certain way. Next consider a path (fig.3) which begins and ends at t = "> with some minimum value of t = tj-jj,. This describes a universe which starts very large, shrinks to a minimum size and increases. For example, a DeSitter space. Similarly fig.4 describes a universe which grows from a point and shrinks back down. It has the topology of a sphere. Let us suppose that such a path has a amplitude given by the BHC factor exp g-г. That is, the Feynman diagram in which a universe is emitted from a source at t = 0 and is reabsorbed has such a value. This can be arranged (see ref.4). We can then sum up all diagrams like fig. D) to get the Coleman answer. First of all, I will argue that this is quite impossible. The meaning of the field theory path integral is a transition amplitude from whatever initial state |<p > is postulated at t = 0 to the vacuum of universes at t ■»», |of >. Such a transition amplitude is always less than unity since it describes the

350 LEONARD SUSSKIND amplitude for no universes to be formed. The answer in our model is that 3 a careful tracking of signs in the Feyman rules gives exp [-e 57-] so that the amplitude is never larger than unity. Secondly, the path integral does not have the significance of a probability for Л even if we had a reason for thinking of Л as a dynamical variable. Indeed, it is merely the amplitude to create no universes. In fact, we can understand it in the following way. Suppose universes are emitted from t = 0 like photons from an antenna. In other words, coherently with Poisson statistics. Then the amplitude to emit N universes is ^ N/2 e 2 <N>N/2 where <N> is the mean number of emmitted universes. In Colemans' theory one can estimate the mean number of universes which are produced as a function of Л and it is exactly the BHC function e . The amplitude to -N/2 produce no universes is just e . I believe that this is the only sensible interpretation of Colemans result. _e3/8A Note that the factor e is not a probability. The entire probability for anything to happen is given by summing over the number of produced universes. The result is -<N> _<N>N

CRITIQUE OF COLEMANS THEORY 351 and is independent of Л. Let me conclude by giving my personal assesment of the situation. I think we should seperate three questions. The first is whether summing over topologies can or should be done in quantum cosmology. I frankly don't know, but I think it is likely that it can not be avoided. The existence of black holes and the Farhi-Guth process seems like nontrivial topologies may be required. Given that topologies are required, and assuming that giant wormholes are not a problem, then the next question is whether their effect includes the destruction of quantum coherence ala Hawking or as described by Coleman, is a reason for thinking of coupling constants as undetermined. Here I think Coleman is probably correct. In fact, experience with string theory in recent years strongly supports this view. Finally the question of if and how wormholes determine Л is in my estimation unanswered. Nevertheless, I feel that the questions opened up by Coleman's extrodinary papers are extremely exciting and must be answered before a fundamental theory of the constants of nature can be made. References 1. S. Coleman, Nucl Phys B310 A988)p.643. 2. I. Klebanov, L. Susskind, T. Banks, Nucl Phys B317 A989)p.665 3. T. Banks, Nucl Phys 309 A988)p.493. 4. W. Fischler, I. Klebanov, J. Polchinski, L. Susskind, Nucl Phys B327 A989)p.l57.
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