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Preface Nowadays, not only tackling the phenomena of physics, but also many issues in technology, engineering and production, oftentimes require complicated mathematical processing. Recently, a CEO of an industrial plant revealed that, through application of a boundary value problem of elastic stress, he was able to save 30 percent in material. It seems that close cooperation of sci- science with technology and production is more relevant today than ever. Many processes of production and technology can be simulated through differential equations. Knowledge of these mathematical procedures and their applica- applications is therefore not only essential in theory for the student, but also vital for the practitioner, the engineer, physicist or technologist. Grounded on 40 years of teaching experience in classical and applied physics, the author directs this book to the practitioner, who finds him/herself con- confronted with boundary value problems. The book does not contain math- mathematical theorems or numerical methods such as boundary elements or fi- finite elements. Many of the processes contained in this book originate from engineering, where they have a history of successful application. Extensive references and a comprehensive bibliography are given. The book will help to solve ordinary and partial differential equations us- using the program package Mathematica 4.1. It is not a textbook for this cutting-edge procedure of resolving mathematical issues; however, it is also written for the reader who has no prior knowledge of Mathematica and will support him/her in "learning by doing." All Mathematica commands will be explained in detail at their first occurrence and in the appendix. The book contains many step-by-step recipes for different classical and brand-new appli- applications. It has not only computer programs (Fortran and Mathematica), but also countless problems to solve, including useful hints and the solutions. It also demonstrates how Mathematica can help in solving ordinary and partial differential equations and the related boundary value problems. Which problems are discussed? What is new in this book? The reader will learn in many examples that in areas where one would not expect it, these mathematical procedures are used. For example, which boundary problem describes the diffusion of a perfume? Which predicts the ripening time and optimal taste for certain cheeses? Has the boundary problem of the move- movements of sperm cells relevance for the determination of the sex of an embryo? Which methods does one apply for the cooling of radioactive wastes in deposits or to determine the critical mass of a nuclear bomb? How does an electro- electrostatic parametric high-voltage generator work and can the electromagnetic ) 2003 by CRC Press LLC

pulse EMP within the antimissile program be estimated? How can mathe- mathematics be a valuable tool in the prediction of the spread of infectious diseases? How much power has the irradiation of cellular phones? The book discusses traditional knowledge in the field as well as brand- new methods and procedures, such as using the Lie series method to solve differential equations. A new method to calculate zeros of Bessel functions is introduced; also, a collocation method that allows the solving of elliptic differential equations with two different boundaries as well as problems of inseparable type and arbitrary shape of the domain, also including corners along the boundary. The reader is invited to view the index and contents sections of this book for further details and an overview. I thank my colleague Firneis from the Austrian Academy of Sciences for critical review of the manuscript and for many useful suggestions. I also thank my wife Theresia for providing the typed version of this book ready for print. With endless patience, interest and engagement she brought the countless different versions of the often poorly handwritten manuscripts into professional format using the computer program I^TgX. Thanks also go to CRC Press, especially Bob Stern, Helena Redshaw, Sylvia Wood and Debbie Vescio for valuable advice and the fast completion of the book. Innsbruck, Austria, February 2003. ) 2003 by CRC Press LLC
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Introduction 1.1 What is a boundary problem? An equation containing two variables at most, and derivatives of the first or higher order of one of the variables with respect to the other is called a differential equation. The order n of such an ordinary differential equation is the order of the highest derivative that appears. To solve a differential equation of n-th order, n integrations are necessary. Each integration delivers an integration constant. These arbitrary constants can be used to adapt the general solution to the particular solution of the problem in question. Many differential equations represent mathematical models describing a physical or technical problem. The free fall of a parachutist is described by the equation of motion Here m is the mass of the parachutist, — mg is the gravitational attraction and the last term on the right-hand side describes aerodynamic drag. By defining the velocity v of fall V(t) = ^=x, A.1.2) the equation A.1.1), which is of second order, can be reduced to a differential equation of first order This equation is of the form P(t)dt + Q(v)dv = 0 A.1.4) and is called differential equation with variables separable (separable equation) since A.1.3) can be written in the form *\ A.1.5) —g + avz jm ) 2003 by CRC Press LLC

Integration yields *=-^ln^/m-^jgM, (LL6) This integration has been executed using the Mathematica command Integrate[1/(a*v~2/m-g),v] and observe ln((l + x)/(l — x))/2 = arctanh(a;). If we now assume the initial condition v@) = 0 = v0, then we obtain the integration constant C = — 1 from A.1.6). Thus, our solution of A.1.5) for v(t) reads av/m — ^Jag/m For t —\ oo this gives the final falling speed A.1.8) Inserting A.1.2) into A.1.7) yields a differential equation for x(t) and a second integration constant after integration. Instead of solving A.1.1) A-1-7) for x(t), we may derive a differential equation for x(v). Substituting dt from A.1.5) into A.1.2) we have dx = -v %— A.1.9) g — avz /m and after integration (using the substitution u = v2) one has x + C=1-™\n(v20O-v2). A.1.10) Zi (X In order to determine the second integration constant C, let us consider that the parachutist leaves the airplane at time t = 0 with zero velocity vq at a certain height xq ^ 0 above the earth's surface x = 0. Thus, we have & A.1.11) (X as the second initial condition and the solution of A.1.9) reads m , / "U2 In this example A.1.1) of a differential equation of second order, we used two initial conditions, i.e., two conditions imposed on the solution at the same location x = x0- We could, however, impose two conditions at different locations. We then speak of a two-point condition or a boundary condition. ) 2003 by CRC Press LLC

First, we keep the initial condition v@) = 0, so that A.1.10) is still valid. Then we can assume that the parachutist should contact the earth's surface x 4tB arv elocity v of fall equivalent to one tenth of v^. We then have the final condition (boundary condition) that for x = 0, v —? i>oo/10 or from A.1.10) Then the general solution A.1.10) becomes the particular solution If we solve A.1.1) using the command DSolve[m*x"[t]+m*g-a*(x'[t] )~2==0, x[t],t] we obtain x(t) = C2 - — In cosh f Vg(~a^+_m JJ_\ _ A.1.15) a [ \ vam )\ Here Ci and C2 are integration constants. Using the two initial conditions v@) =0 and x@) = x0, one obtains the particular solution x(t) = x0 - — In [cosh h/^\ . A.1.16) a \[m For m = 70 kg, a = 0.08, x0 = 5000 m and g = 9.81 m/s2, this function is shown in Figure 1.1. This figure has been produced with the help of the commands m=70; a=0.08; x0=5000; g=9.81; x[t_]=xO-m*Log[Cosh[t*Sqrt[g*a]/Sqrt[m]]]/a; Plot[x[t],{t,0,60}] In this expression we have used a semicolon. This allows more than one command to be written in one line. The command to plot a function needs a function that can be evaluated at any arbitrary value of the independent variable t. To obtain such a variable we replaced t by t_. We now treat an example to find the force producing a given trajectory. Let us consider the relativistic one-dimensional equation of motion of an astronaut traveling into space along a straight line and returning to earth. Neglecting gravitation, such a motion is described by three equations [1.1]* relativistic equation of motion Ar""" . V\, , A.1.17) * Numbers in brackets designate bibliographical references; see the list at the end of the book. ) 2003 by CRC Press LLC

5000 4000 3000 2000 1000 10 20 30 40 50 60 Figure 1.1 Trajectory of a parachutist conservation of energy d dt addition theorem of velocities + dm 02 = 0, w — v i 1 — A.1.18) A.1.19) In these equations we used the following designations: mOi and mO2 are the rest masses of the space rocket and the exhausted gases, respectively, v\ and v2 are the respective velocities and w is the exhaust velocity relative to the space ship. The repulsive force, which we shall later designate by F, is represented by the rhs term of A.1.17). The quantities m0i,m02,vi and v2 are functions of time t. c is the constant velocity of light. We now turn to the integration of the equation of motion A.1.17). Differ- Differentiation delivers = dmOi - TO01- = dm{ 02" A.1.20) whereas the energy theorem A.1.18) results in ) 2003 by CRC Press LLC

= -^7^- AL21) Here A\ and A2 are abbreviations for the l.h.s. terms. Using now the addition theorem A.1.19), we build the expressions B1 ee and = 2 1 These abbreviations allow the rewriting of the equations A.1.20) and A.1.21) in the simple forms Ax = dmO2 • B2 and A2 = -dm02 • (?BX. A.1.24) This allows the elimination of dmo2- The resulting equation is A2B2 = —<?B\A\. The four abbreviations only contain the time-dependent variables Vi(t) and moi(i). After some straightforward algebra the resulting equation takes the form dmoi-w ,2 ..2, , +m0iw(c2 - vj) ¦ d I —j= 2 2 I = 0 A.1.25) or simplified When treating the motion of the parachutist, we assumed a given force and we derived his motion. Now we assume a given trajectory x\ (t) of the space ship and we are determining from A.1.26) the repulsive force F producing this tra- trajectory. During space travel, the space ship leaving earth will first accelerate, then slow down to zero velocity, make a 180-degree turn and accelerate again to return to earth. Slowing down is again necessary prior to landing. Since always dmO2/di < 0, the slowing down force F must be realized by a change of sign of the exhaust speed w. Therefore, w will change its sign and must be a function of time. Since we want to calculate the driving force F from ) 2003 by CRC Press LLC

a given trajectory Xi(t), we make no setup for w(t) or mOi(t), but only for xi(t). Let t be the total duration of the trip into space, then we can assume Xl (t) = x0 sin—, A.1.27) 7r irt irt v i (t) = Xo — cos—= v o cos—. A.1.28) Here xo is the largest distance from earth (x\ = 0). The trajectory satisfies the following conditions: Xi@) = 0 (surface of the earth), X\(t/2) = Xo (maximum distance travelled), i>i@) = v0 (initial speed) and i>i(t) = —vo (landing speed). Inserting A.1.28) into A.1.26) we obtain for v0 = fc, f < 1 = ^7 s G{t)_ (LL29) mol(t) There seem to be several possibilities for the choice of moi(t) and w(t). Whereas w(t) is quite arbitrary, the function mOi(t) has to satisfy the two boundary conditions mOi@) = MS, moi(r) = Mf, where MS and M/ are the start rest mass of the space rocket and Mf the landing rest mass, respectively. Equations involving more than one independent variable and partial deriva- derivatives with respect to these variables are called partial differential equations. The order of a partial differential equation is the order of the partial deriva- derivative of highest order that occurs in the equation. The problem of finding a solution to a given partial differential equation that will meet certain specified requirements for a given set of values of the independent variables (boundary conditions) constitutes now a boundary value problem. The given set of val- values is then given on a (two-dimensional) curve or on a (three-dimensional) surface. If the values given by the boundary condition are all zero, the boundary condition is called homogeneous. If the values do not vanish, the boundary condition is called inhomogeneous. For instance, the vibrations of a membrane are described in cartesian coor- coordinates by the so-called (two-dimensional) wave equation v,y,t) = ~2^f, A.1.30) where the Laplacian is given by Aw = ^—2 + ^-3- = ""xa; + U3/3/ A.1.31) C/X oy and c is a constant speed describing the material properties of the membrane. Trying to separate the independent variable t, we use the setup u(x,y,t)=v(x,y)-T(t). A.1.32) ) 2003 by CRC Press LLC

Inserting into A.1.31), we obtain after division by u Av 11 d2T _ 22 A.1.33) Since both sides of this equation depend on different independent variables, the left-hand side and the right-hand side must be equal to the same con- constant that we called —to2/c2. We thus have to solve the ordinary differential equation ^-+to2T = 0 A.1.34) (together with some initial or two point condition) and the partial differential equation vXx + vyy + k2v = 0, A.1.35) where we used k2 = u>2/c2. The dimension of k is given by [m]. Equation A.1.35) is usually called the Helmholtz equation. One may look for the general solution of A.1.35) or one may be interested in the vibrations of a rectangular membrane clamped along its boundary. Considering a rectangle as shown in Figure 1.2, the homogeneous boundary conditions for a membrane clamped at the boundaries read -a -b Figure 1.2 Rectangular boundary v(a,y) =0, for v(—a,y) = 0, for v(x,b) = 0, for -b v(x, —b) = 0, for To find a solution to A.1.35) we make the ansatz v(x,y)=X(x)-Y(y). -b -b —a —a <y < <y < < X < < X < +b, +b, +a +a A.1.36) A.1.37) ) 2003 by CRC Press LLC

Inserting into^l.1.35) e obtain vn -yn ~Y = -^-^- d-l-38) Since both second derivatives divided by X and Y, respectively, must be constants like —a2 or — (I2, we now have the following choice: X" + a2X = 0, A.1.39) Y"+p2Y = 0, A.1.40) -a2 - f32 + k2 = 0, A.1.41) either a) yn +Q2Y = 0 X" +(k2 - f!2)X = 0, A.1.42) Or b) yn _02y = Q^ X" +(k2+02)X = Q, A.1.43) which we will discuss later in detail. The constants a, A are usually called separation constants. They are dependent on the boundary conditions. From Figure 1.2 one can see that a solution satisfying the boundary condi- conditions A.1.36) will be symmetric in both independent variables x and y. We hence take the solutions X(x) = A cos ax, A.1.44) Y(y) =B cos Cy, A.1.45) where A and B are integration constants (partial amplitudes). If the solutions A.1.44), A.1.45) are used, the boundary conditions A.1.36) determine the separation constants a,(i. This is the usual method. From A.1.36) and A.1.44), A.1.45) we have v(x = ±a, y) = A cos aa ¦ B cos (iy = 0, v(x,y = ±6) = Acosax ¦ Bcos(ib = 0. A.1.46) These boundary conditions are satisfied by aa=|Bm-l), /36=|Bn-l), m,n = 1,2.... A.1.47) Since there appear several (even an infinite number of) solutions for the sep- separation constants, we should write am = — Bm-1), /?„ = ^-Bn-l). A.1.48) 2a 2b ©2003 by CRC Press LLC

The separation constants are here determined by the dimensions a, b of the membrane. From A.1.41) we then have kmn = <xL + 0l A-1-49) Apparently our boundary value problem A.1.35) with A.1.36) has solutions only for special discrete values of k. If a differential equation like A.1.35) or A.1.39) has solutions only for special values of a parameter, the prob- problem is called an eigenvalue problem, k is the eigenvalue and the solutions Xm(x) = Amcos(amx) are called eigenfunctions. In contrast to this, solu- solutions of A.1.42), A.1.43) will be called modes or particular solutions. Let us now consider A.1.34). One possible solution is T(t) =cosoot. A.1.50) Due to A.1.49) and the definition used for k in A.1.35) the constant u> (angular frequency) has the dimension [sec] and assumes the discrete values The u>mn are called eigenfrequencies. A partial differential equation is called linear, if it is of the first degree in the dependent variable u(x,y),u(x,y,t) and their partial derivatives ux,uxx, i.e., if each term either consists of the product of a known function of the inde- independent variables, and the dependent variable or one of its partial derivatives. The equation may also contain a known function of the independent variables only (inhomogeneous equation). If this term does not appear, the equation is called homogeneous. It is a general property of all linear differential equations that two particular solutions can be superposed, which means that the sum of two solutions is again a (new) solution (superposition principle). So the gen- general solution is a superposition of all particular solutions. Hence the general symmetric solution of A.1.30) may be written as oo u(x,y,t) = ^Arancos( — [2m- 1]J cos( —[2n-l]J cosoomnt, A.1.52) m,n=0 where the tomn are given by A.1.51) and the partial amplitudes Amn may be determined from an initial condition like u(x,y,0) = f(x,y), A.1.53) where f(x,y) is a given function, i.e., the deflection of the membrane at the time t = 0. Using now the solutions A.1.42), we have v(x,y) = Acos (y^k2 — E2x\ ¦ cos(iy. A.1.54) ) 2003 by CRC Press LLC

It might be that the " separation constants" C will have discrete values. Then the general solution reads oo v(x, y) = ^ An cos (\Jk2 - /32 xj • cos j3ny. A.1.55) ra=l In order to satisfy boundary conditions, the unknowns An, (in and k have to be determined. We will discuss this problem later. A.1.55) is the starting point for a boundary point collocation method. Problems 1. In Mathematica a function f(x) is represented by f 1 [x]. We now define f 1 [x] =1/ (l-a*x~2) and integrate it by the command , , , ArcTanhfA/a x] Fl [x] = Integrate [f 1 [x] ,x] which results in == -. Va Now we verify by differentiation D[Fl [x] ,x] which gives f 1 [x] . Be careful, the letter 1 looks very much like the number 1. 2. If we want to define an expression like R[x] =a+b*x+c*x~2; f2 [x] =x/Sqrt [R[x] ] ; we may end the ex- expression or the line with a semicolon. Then Mathematica allows to put several commands on the same line. If there is a last semicolon in the line as above, no outprint will be given. Integration F2 [x] = Integrate [f 2 [x] ,x] results in 2ax b Log -= 1- 2\/a + bx + ex2 c 2c3/2 To verify again one may give the command D[F2 [x] ,x] yielding b + 2cx 2cx \ V° Va + bx Apparently this can be simplified. We give the command Simplify [%] X to obtain Vo + bx + ex2 Here the symbol % means: use the last result generated and %% means the next-to-last result and %%...% (fe-times) indicates the fe-th previous result. ) 2003 by CRC Press LLC

3. In order to include a comment in Mathematica we write (*Some more problems*) Integrate [1/A-x) ,x] resulting in -Log[-1 + x] 4. Mathematica knows how to solve differential equations DSolve[x"[t]+a~2*x[t]==0, x[t],t] This solves x"(t) + a2x(t) = 0 with respect to the independent variable t and gives the solution x(t): x[t] ->¦ C[l] Cos[a t] + C[2] Sin[a t] As usual, Mathematica drops the sign * for the multiplication. Do not use quotation marks " for the second derivative, use two apostrophes ". Specifying the integration constants, we can plot the result in the interval 0 < x < 2ir by the command Plot [2 Sin[x], {x, 0,2 Pi}] 5. DSolve[y"[x]-3*y'[x]+2*y[x]==Exp[5*x],y[x],x] 6. DSolve[y"[x]+y'[x]-6*y[x]==8*Exp[3*x],y[x],x] /4 x3 2 x6 x9 7. Integrate[(x~3+2)~2*3*x~2, x] 3 1 1 1 y o o y Simplify [%] - a;3 A2 + 6 x3 + x6) O 8. Integrate [ (x+2) / (x+1) ,x] x + Log[l + x] 9. Integrate[(x+3)/Sqrt[5-4*x-x^2],x] -\/<b-\x-x2 - ArcSin | - {-2-x)\ Sec[a;] 10. D[ArcTan[b*Tan[x]/a]/(a*b) 2fi , b2 Tan [xf Secfrl2 a2 1 +^ Simplify[%] ™W V 2 11. D[Cosh[x~2-3*x+l],x] (-3 + 2 x) Sinh[l - 3 x + x2 12. DSolve[y'[x]-2*x*y[x]-3*x^2-l==0, y[x],x] 13. DSolve[x"[t]-m g-a*x'[t] ==0, x[t],t] rr r n gmt eat ) 2003 by CRC Press LLC

1.2 Classification of partial differential equations Ordinary differential equations containing only one independent variable (and two point boundary conditions) are of minor importance for problems of physics and engineering. Hence, we mainly concentrate on partial differential equa- equations. Partial differential equations possess a large manifold of solutions. Instead of integration constants, arbitrary functions appear in the solution. As an example, we consider A.1.15) in a specialization of two independent variables c2uxx(x,t) =utt(x,t). A.2.1) By inserting into A.2.1) it is easy to prove that u(x,t) = f(x + ct)+g(x-ct) A-2-2) is a solution of A.2.1). Here / and g are arbitrary functions. Such a solu- solution of a partial differential equation of order n with n arbitrary functions is called a general solution. If a partial differential equation contains p inde- independent variables x, y,..., one can find a complete solution, which contains p integration constants. If a function satisfies the partial differential equation and the accompanying boundary conditions and has no arbitrary function or constants, it is called a particular solution. If a solution is not obtainable by assigning particular values to the parameters in the general (complete) solu- solution, it is called a singular solution. It describes an envelope of the family of curves represented by the general solution. But the expression is also used for a solution containing a singular point, a singularity. We will later consider such solutions containing singular points where the solution tends to infinity. There are other essential properties characterizing various types of partial differential equations. We give some examples below: uxx{x,y) + uyy{x,y) = 0. A.2.3) This Laplace equation is linear, homogeneous and has constant coefficients. The equation ut(x,t) -x2ux(x,t) =0 A-2-4) is of the first order, linear, homogeneous and has variable coefficients. (For a first-order partial differential equation a boundary problem cannot be formu- formulated.) An example of a nonlinear homogeneous partial differential equation is given by u2x(x,y)+uyy(x,y) =0 A.2.5) and the equation ut(x,t) + u(x,t)ux(x,t)=0 A.2.6) ) 2003 by CRC Press LLC

is called quasilinear. (The derivatives are linear). An inhomogeneous example is given by the linear Poisson equation Uxx(x,y)+uvv(x,y) = p(x,y), A-2-7) where p is a given function. The most general linear partial differential equa- equation of two independent variables has the form a(x,y)uxx(x,y) + 2b(x,y)uxy(x,y) + c(x,y)uyy(x,y) +d(x,y)ux(x,y) + e(x,y)uy(x,y) +g(x,y)u(x,y) = h(x,y). A.2.8) Now equations satisfying b2(x,y) > a(x,y)c(x,y) A.2.9) in a certain domain in the x, y plane are called hyperbolic equations, b2(x,y) <a(x,y)c(x,y) A.2.10) characterizes elliptic equations and if b2(x,y) = a(x,y)c(x,y) A.2.11) the equation is called parabolic. Thus, an equation is hyperbolic, elliptic or parabolic within a certain domain in the x,y plane. This is an important distinctive mark determining the solvability of a boundary problem. Boundary curves or surfaces may be open or closed. A closed boundary surface is one that surrounds the domain everywhere, confining it to a finite surface or volume. A simple closed smooth curve is called Jordan curve. An open surface is one that does not completely enclose the domain but lets it extend to infinity in at least one direction. Then the Dirichlet boundary conditions (first boundary value problem) fix the value u(x,y) on the bound- boundary, Neumann boundary conditions (second boundary value problem) fix the value of the normal derivative du/dn on the boundary and a Cauchy condi- condition fixes both value and normal derivative at the same place. The Cauchy condition actually represents an initial condition. The normal derivative is the directional derivative of a function u(x, y) in the direction of the normal at the point of the boundary where the derivative is taken. A generalized Neumann boundary condition (third boundary value problem) fixes k(x,y)^^+l(x,y)u(x,y) = m(x,y) A.2.12) on the boundary. This condition is of importance in heat flow and fluid mechanics. It is possible to prove [1.2] the solvability of boundary problems, see Table 1.1. ) 2003 by CRC Press LLC

Table 1.1 Solvability of boundary problem Boundary condition Cauchy open boundary one closed boundary DlRICHLET open boundary one closed boundary Neumann open boundary one closed boundary hyperbolic solvable overdeterminate indeterminate indeterminate indeterminate indeterminate Equation elliptic indeterminate overdeterminate indeterminate solvable indeterminate solvable parabolic overdeterminate overdeterminate solvable overdeterminate solvable overdeterminate In this connection the term solvable means solvable by an analytic solution. If an elliptic boundary problem has two closed boundaries, an analytic solution is no longer possible and singularities have to be accepted. If the value u(x,y) or its derivatives (or m(x,y) in A.2.12)) vanish on the boundary, the boundary condition is said to be homogeneous. If the values on the boundary do not vanish, the boundary condition is called inhomogeneous. A boundary problem is called homogeneous if the differential equation and the boundary condition are both homogeneous. If the differential equation or the boundary condition or both are inhomogeneous, then the boundary problem is said to be inhomogeneous. Inhomogeneous boundary conditions of a homogeneous equation can be transformed into homogeneous conditions of an inhomogeneous equation. This is made possible by the following fact. The general solution u(x,y) of a linear inhomogeneous differential equation consists of the superposition of the general solution w(x,y) of the matching homogeneous equation and a particular solution v(x, y) of the inhomogeneous equation. We consider an example. Let Au(x,y) = p(x,y) A.2.13) be an inhomogeneous equation with the homogeneous condition u (boundary) = 0. If we insert the ansatz u(x,y) = w(x,y) + v(x,y) into A.2.13) we obtain Aw(x, y) + Av(x, y) = p(x, y). A.2.14) A.2.15) Putting Av(x,y) = p(x,y) A.2.16) we obtain an inhomogeneous equation for v and a homogeneous equation for w, which reads Aw(x,y)=0. A.2.17) ) 2003 by CRC Press LLC

Due to the assumption of a homogeneous boundary u (boundary) = 0 we have v (boundary) = — w (boundary). A.2.18) We now see that the inhomogeneous condition A.2.18) that belongs to the homogeneous equation A.2.17) has been converted into a homogeneous con- condition -u(boundary) = 0 and an inhomogeneous equation A.2.13). We thus have to construct a function v(x,y) satisfying the inhomogeneous condition A.2.18) for w and producing the term p(x,y) by application of A on v as in A.2.16). We now give an example of the conversion of an inhomogeneous boundary condition for a homogeneous equation into a homogeneous condition matching an inhomogeneous equation. As the homogeneous equation we choose the Laplacian A.2.3) and write it now in the form A.2.17) Wxx(x,y) + wyy(x,y) = O. A.2.19) We consider again the rectangle of Figure 1.2, but instead of the homogeneous boundary conditions A.1.36) we now use inhomogeneous conditions w(a, y) =0 for — b < y < +b, w(-a, V) = 0 for - b < y < +b, ^ 2 2Q. w(x,b) = f(x) for — a < x <+a, ^ ' w(x, —b) = f(x) for — a < x < +a. Then the corresponding inhomogeneous equation is given by A.2.13) and its homogeneous boundary conditions are A.1.36) written for u(x,y). To find a solution of A.2.19), A.2.20) we have thus to solve uxx(x,y)+uyy(x,y) = p(x,y) A.2.21) together with the homogeneous boundary conditions u(±a, y) = 0 for -b<y<+b, A.2.22) u(x, ±b) = 0 for - a < x < +a. A.2.23) The solution of the inhomogeneous equation A.2.21) is now a superposition of a general solution m(x,y) of the homogeneous equation and a particular solution v(x,y) = ii2(x,y). A setup ui(x,y) = X(x) ¦ Y(y) together with the symmetry expressed by A.2.22) and A.2.23) delivers ui(x,y) = ^2Amcos(amx)cosh(amy). A.2.24) m To make the problem a little easier we assume p(x,y) = p = const. This choice will influence f(x) in A.2.20). ) 2003 by CRC Press LLC

We now derive the particular solution u2(x,y). Since its Laplacian deriva- derivative must give the constant p we use the setup u2{x,y) = c\x2 + c2xy + c3y2 + c4x + c5y + c6 A.2.25) which seems to be a general possibility where the c» are constants. We obtain from A.2.21) Au2 = 2ci + 2c3 = p = p. A.2.26) Since the particular solution u2 has to satisfy separately the boundary condi- conditions we have from A.2.22) c\a2 ± c2ay + c3y2 ± c4a + c5y + c6 = 0 A.2.27) for —b<y< +b, hence also for y = 0, this gives c2 = c$ = c§ = 0 and d =p/2 from A.2.26). From A.2.23) we get u2 (x, ±b) = |a;2 + c4x + c6 = 0 A.2.28) or with A.2.22) u2(x,±b) = ^(x2 -a2) =0. A.2.29) If am is given by A.1.48), the homogeneous solution satisfies A.2.22) too. From A.2.24) we have ^a ^ A.2.30) m=0 ^ ^ This indicates that we have to expand the left-hand side for — a < x < a into a cos-Fourier series to satisfy the boundary condition A.2.23). This procedure gives the Am. So the solution u(x, y) = u\(x, y) + u2(x, y) reads ^ ^. /7rBm-l) \ , /7rBm-l) \ p. 2 2, /noo ,t/)=^4racosl-^- >-x cosh -^- -y)+^(x2-a2). A.2.3 It satisfies the inhomogeneous equation A.2.21) for p(x,y) = p and also the associated boundary conditions A.2.22) and A.2.23). The particular solution u2 = v(x,y) has now to satisfy A.2.16) or vxx(x,y) + vyy(x,y)=p. A.2.32) For v(x,y) we have u2(x,y)=v(x,y) = |(a;2 -a2). A.2.33) Then A.2.32) gives an identity. Due to A.2.18) the solution A.2.33) satisfies T) the boundary conditions A.2.20) and f(x) = -(x2 — a2). Zi ) 2003 by CRC Press LLC

We now have finally solved the problem of equations A.2.19) and A.2.20). The inhomogeneous boundary conditions A.2.20) have been homogenized and according to A.2.14) the solution of A.2.19) reads w(x, y) = u(x, y) - v(x, y) m=0 /7rBm-l) \ /7rBm-l) \ ,n o OA, Am cos ( -^ -x ) cosh ( -^ '-y A.2.34) 2a 2a which satisfies A.2.20) due to the relation A.2.30). It is clear that the method described can be used for p(x, y) ^ const, too. Problems 1. Determine if the following partial differential equations are hyperbolic (h), elliptic (e), parabolic (p) or of a mixed type (m), which means the type depends on the domain in the x, y plane. UXx ul- uxx + u - - Uyy = ~\~ XUyy = 0 0 = 0 (e); (p); (m); = 0 (p); Uxx Uxx Uxx X2U -u ¦X2 = u XX ~ vv = + Wj V 0 iv ¦ y2 = + u-ux (h); 0 (m); (p); = 0 (h). Using Mathematica calculate: 2. f(x2 + 2J3x2da; = 3Da;3/3 + 4a;5 + x1 /x + 2 da; = x + log(a; + 1) x + 1 x + 2, =da; = — v 5 — 4a; — a;2 — arcsin d 1 (a , \ sec2(a;) -x-2 V5-4a;-a;2 v^ ~ ~ " 3 2 tan2 x 5. arctan ( - tan x ) = — da; ab \b ) b2 + a 6. — cosh(a;2 - 3a; + 1) = sinh(a;2 - 3a; + \)Bx - 3) da; 7. What happens if A.2.25) reads ii2(x) = cix3 + c2y3 + c3x2 and if p(x, y) = ax + by + c? ) 2003 by CRC Press LLC

This is very simple: Uixx = §C\X + 2c3,U2yy = 6c2t/. Insertion into A.2.21) results in 6cix + 2c3 + 6c2y = p = ax + by + c, so that 6ci = a, 6c2 = b, 2c3 = c. f1[x]=(x~2+2)~2*3*x~2 Fl[x]=Integrate[f1[x],x] D[Fl[x],x]; Simplify[%] Explanations of these commands will be given later. 1.3 Types of boundary conditions and the collocation method If a boundary curve or surface can be described by coordinate lines or sur- surfaces and if the partial differential equation in question is separable into ordi- ordinary differential equations in this coordinate system by a setup like A.1.32), the boundary problem can be solved quite easily (compare the calculations A.1.30) through A.1.51)). To express boundary conditions in a simple way, one must have coordinate surfaces that fit the physical boundary of the prob- problem. Very often, however, the situation is more complicated even for partial differential equations that are separable in only a few coordinate systems, if the boundary cannot be described in the corresponding coordinate system. On the other hand, there are problems that belong to partial differential equa- equations that cannot be separated at all into ordinary differential equations. As an example we mention equation uxx(x,y) + f(x,y)uyy(x,y) = 0. A.3.1) If the coefficient function f(x, y) cannot be represented by a product f(x, y) = g(x) ¦ h(y), then a separation of A.3.1) into ordinary differential equations is rarely possible. However, in a problem of plasma physics E.1.44) or < \^ < \^ l ( \ l ( \ r r2 + 72w(r, z) + (a + br + cr2 + cz2)u = 0 A.3.2) is an example demonstrating the opposite but has to be solved [1.3]. In this case the ansatz u(r,z) = R(r) ¦ Z(z) leads to a separation into two ordinary differential equations R" + -R' - \R+G2+a + br + cr2 - k2)R = 0, Z" + (cz2 + k2)Z = 0, A.3.3) ) 2003 by CRC Press LLC

where k is the separation constant. It is thus not possible to predict sep- separability in general terms. On the other hand, it is well known that the Helmholtz equation Am + k2u = 0 is separable in 11 coordinate systems only. These coordinate systems are [1.4] rectangular coordinates x, y. elliptic cylinder coord. r/, %p spherical coordinates r, 0, oblate spheroidal coord, r), •&. conical coordinates r, 0, paraboloid coordinates /x, v. circular cylinder coord. r, z, (f parabolic cylinder coord, /x, u, z prolate spheroidal coord. 77,0, ip parabolic coordinates /x, u, ip ellipsoidal coordinates tj, 0, A These 11 coordinate systems are formed from first- and second-degree sur- surfaces. There are also systems built from fourth-degree surfaces [1.5] that may have practical applications. However, the theory of separability of partial differential equations [1.4] is of no great interest to us since we will be discussing methods to solve non- separable problems in this book. In principle, each boundary problem has a solution [1.2]. The problem is, though, how to find the solution. In this book we will discuss a method to solve boundary problems of various kinds, see Table 1.2. In this table the term boundary fitted means that the boundary can be described by coordinate lines of the coordinate system in which the partial differential equation is separable. Table 1.2 Various boundary problems diff. equ. separable yes yes yes no yes no no boundary fitted yes 2 x yes no no yes no corners example rectangular membrane circular ring membrane circ. membrane cartes, coordinates Cassini curve membrane 2 boundaries from 2 coord.systems toroidal problems non-JoRDAN curve solution classical singularity possible numerical sing, nonuniform singularity special solution We will discuss some examples of boundary problems that are mentioned in Table 1.2. A membrane described by the Helmholtz equation and bound by a Cassini curve is such an example. Membranes with holes and exhibiting two closed boundaries and toroidal problems or boundaries with corners will be treated. If there are two boundaries, it may happen that they belong to two different coordinate systems. This type of problem can be called a nonuniform boundary problem. It can be solved by special methods [1.6]. In principle, each reasonable boundary problem can be solved using the fact that the general solution of a partial differential equation contains one or more arbitrary functions. These arbitrary functions may be used to adapt the ) 2003 by CRC Press LLC

general solution to a special boundary condition. According to A.2.31) any reasonable function can be expanded into an infinite series of partial solutions. Thus, an infinite set of constants like partial amplitudes Am is equivalent to an arbitrary function. In the case of different boundary problems one has two possibilities: one can choose an expression that satisfies either the differential equation or the boundary conditions exactly. Coefficients contained in the expression can then be used to satisfy the boundary condition or the differential equation, respectively. We give an example [1.7]. We consider the problem uxx+uyy = -l A.3.4) with the boundary condition on the square |a;| < 1, \y\ < 1 (sit — =-u x = ±l, -Ky<+1, A.3.5) ox ~ ~ (sit — = -u y = ±l, -1 < x < 1. A.3.6) dy Instead of using the method that we used to solve A.2.13), we first write down another expression satisfying the differential equation A.3.4). For the general solution of A.3.4) we require a particular solution of it together with a solution of the homogeneous equation. A particular solution u2 is apparently given by u2 = -](x2+y2), A.3.7) 4 compare A.2.25). As the solution U\ of the homogeneous equation satisfying the given symme- symmetry conditions, we could use A.2.24) or the real parts of (x+iyLn, n = 1,2,..., which deliver the so-called harmonic polynomials. Multiplying them by coef- coefficients we have u = u\ + u2 = --.{x2 +y2) + ao +a1(xi -6x2y2 + y4) + a2(x8 - 28x6y2 + 70a;4t/4 - 28a;2y6 + y8) + .... A.3.8) This is a solution of A.3.4) for —1 —>• 0. We now must determine the coeffi- coefficients in such a way that the solution A.3.8) satisfies the boundary conditions. To do this we use a collocation method. This means that we choose a set of n so-called collocation points Xi,yi, i = 1... n on the boundary curve on which the boundary conditions must be satisfied. The coefficients an will then be calculated from the boundary conditions A.3.5), A.3.6). Due to the double symmetry, we need only consider the part of the boundary along x = 1, where Yx+U) =°- (L3-9) OX / x=l ) 2003 by CRC Press LLC

Inserting u from A.3.8) we have 3 v2 ~4~ 4 +«o + aiE-18t/2+t/4) + a2(9 - 196t/2 + 350t/4 - 84t/6 + t/8) = 0. A.3.10) In order to determine the three unknown coefficients ao,ai,a2, we need three equations. This means that we have to choose three collocation points t/i, y2, V3 along the boundary line x = 1, 0 < y < 1. We choose t/i = 0, y2 = 0.33, t/3 = 0.66 and obtain from A.3.10) the three equations, i = 1,2,3 ~\-V\ + ao + «iE-18t/2+t/4) + a2(9 - 196t/2 + 350t/4 - 84t/86 + yf) = 0. A.3.11) The method to determine the unknown coefficients ao,ai and a2 from the boundary conditions is called boundary collocation. On the other hand, we can use another ansatz satisfying the boundary conditions from the start. Then the coefficients have to be determined in such a way that the differential equation is satisfied in the whole domain (interior collocation). Since we now need more collocation points to cover the whole square, this method is more expensive. In order first to satisfy the boundary conditions we make the ansatz u = a1[a11 + a12(x2 + y2) + a22x2y2] + a2[a2i + a22(x2 +y2) + a23(x4 + y4) + a2i{x4y2 + x2y4)] + ... A.3.12) Each term [...] has to satisfy the boundary conditions separately. To obtain this we calculate the an,ai2 and so on from A.3.9), whereas the coefficients cl\ , a2 have to be determined in such a way that the differential equation is satisfied. Inserting A.3.12) into A.3.9) we have for the first term 2ai2 + 2a22y2 + an + a12 + a12y2 + a22y2 = 0 A.3.13) which is solved by a22 = 1, a\2 = —3, an = 9. The second term yields 2a22 + 4a23 + 4a24t/2 + 2a24t/4 + a2i + a22 + a22y2 + a23 + a23y4 + a2iy2 + a2iy4 = 0, A.3.14) which delivers a24 = 1, a23 = —3, a22 = —5, a2i = 30. We now have the ansatz u = 01 [9 - 3(a;2 + y2) + x2y2} + a2[30 - 5(x2 + y2) - 3{x4 + y4) + x4y2 + x2y4} + .. A.3.15) ) 2003 by CRC Press LLC

The coefficients ai,a2 etc., have now to be determined in such a way that A.3.15) satisfies the differential equation A.3.4). Inserting A.3.15) we obtain ai[-12 + 2(x2 + y2)} + a2[-20 - 36(x2 + y2) + 2(xi + yi) + 2±x2y2] = -l. A.3.16) For this expression with two unknowns we have to choose two collocation points within the square domain. We can define x\ = 0.5, t/i = 0.5 and x<i = 0.75, j/2 = 0.5. Inserting this into A.3.16) we can calculate ct\ and a2 to obtain an approximate solution. Since collocation will be discussed later on in detail, we postpone problems. 1.4 Differential equations as models for nature In the last sections we have discussed boundary conditions, but where are the differential equations coming from? There are apparently two methods to derive differential equations as models for phenomena in nature and en- engineering: intuition and derivation from fundamental laws of nature like the energy theorem, etc. We will give two examples, the first for intuition: Let us assume we want to study the spread of an epidemic disease. By S(t) we designate the number of healthy persons, I(t) will be the number of persons contracting the disease and let R(t) be the number of persons being immune against the disease. Apparently, one then has a theorem for the conservation of the number of people if nobody dies or is born during the short time period considered. This number balance reads S(t) + I{t) + R(t) = const. A.4.1) Now intuition and experience come into play. Apparently the number of persons newly infected will be proportional to the number S(t) of healthy persons and to the number I(t) of sick persons: ^ A.4.2) The parameter a can be called rate of infection. On the other hand, the number of persons becoming immune after having recovered from the disease would be «=W«), A.4.3) at where f3 can be called rate of immunization. We thus have three equations to determine the three unknowns S,I,R. Building dR/dt from A.4.1) and ) 2003 by CRC Press LLC

inserting it into A.4.3) yields %-%-% = »¦ Calculation of I and dl/dt from A.4.2) and inserting into A.4.4) gives a nonlinear differential equation of second order d25 „ /dlnSV dS (A n\ , A , -172 ~S H^ +a7i7 \--S =0. 1.4.5 dtz \ dt ) at \a J We now assume the initial condition S(t = 0) = So- Thus the number of healthy persons at t = t0 is given by So- Neglecting d\nS/dt rj 0, we obtain near t = 0 d25 dS ( /T Thus the curvature 5"(to) depends on the conditions So > (i/a. and So < /3/a, respectively. This represents exactly the empirical basic theorem of epidemi- epidemiology: "An epidemic starts if the number (So) of healthy but predisposed persons exceeds a specific threshold (/3/a)". Another method to derive differential equations is given by a derivation from fundamental laws. Whereas boundary conditions describe actual situations and are used to specify an actual particular solution by determining integra- integration components, differential equations of order n deliver the general solution containing n integration constants. For example, the differential equation de- describing transverse vibrations of a thin uniform plate can be derived from the (empirical) law of HOOKEAN deformation plus the energy theorem. A more elegant way of deriving differential equations is variational calculus. Let us assume that the eigenfrequencies of transversal vibrations of plates of vary- varying thickness are suddenly of practical interest (e.g., for the investigation of fissures in an airplane wing). The fundamental problem of the calculus of variation is to determine the minimum of the integral J(u(x,y,t)) = F(x,y,t,u(x,y,t),ux(x,y,t),uy(x,y,t),ut(x,y,t), uxx (x, y, t), uyy(x, y, t), uxy(x, y, t)dxdydt A.4.6) for a given functional F. The minimum of the integral J delivers this function u(x,y,t), which actually makes J a minimum. This function is determined by the Euler equations (which will be derived later on in section 4.7): F 9F 9F 9F Fu - ^FUi - -FUy - -Fut ) 2003 by CRC Press LLC

Here the indices u,ux etc., designate differentiation of the functional F (x, y, t, u,ux,uy ...) with respect to its variables u, ux, etc. For a physical or engineering problem the functional F is given by the La- GRANGE functional defined by the difference kinetic energy T minus potential energy <i>. If we assume that u(x,y,t) is the local transversal deflection of a plate, the kinetic energy of a plate with modestly varying thickness h(x, y) is given by ff,y) (^j dxdy. A.4.8) G Here p0 is the (constant) surface mass density per unit of thickness, so that Poh(x,y) is the local surface mass density. The surface integral T is taken over the area G of the plate. In order to find the minimum of A.4.6) we have to vary the integral = \poffh(x, 6 is the variational symbol and $ is the total elastic energy, i.e., the local elastic potential integrated over the domain G. Using the designations E for Young's modulus and /x for Poisson's ratio, the local elastic (free) energy per unit volume of the plate is given by f(X,y,Z,UXX,Uyy,UXy) 1 + // Lv — M/ J The total elastic energy is then given by integration over the volume of the plate. Integration first over z2dz alone from —h(x, y)/2 to +h(x, y)/2 delivers h3(x,y)/12. Thus the total elastic energy $ is then given by <f>(X,y,UXX,Uyy,UXy) = ~JZ "^ / / { ^ (X, t/) (tX^ + U^y J „ „ -I +2A - fj,)h (x,y)(uxy - uxxuyy)>dxdy. A.4.11) If the plate has to carry a load p(x, y) then we have to add the term P(x, y) ¦ u(x, y)dxdy. A.4.12) G This term describes the work done by the external forces when the points on the plate are displaced by the displacement u. Now the total functional is given by ©2003 by CRC Press LLC

1 „ F = —pohut + pu EI%3 r * . 2 ^0 , 0/n x/ 2 M n .noN _L 7/ —I— /i I fi -i— /1 I 11I11 II II ) (I4lii x '^ vy '^ ^j*-*>xxlJjyy <^ V M'/V xv ^Jjxx^JjyyJ\ • ^j--^-j-*-'y 24(l-/x2) [U*x + Uyy Since then FUx = FUy = 0, A.4.7) takes the form From the first two terms of A.4.13) we thus obtain Fu = p, FUt = pohut, --glFut = -Pohuu- A.4.15) Furthermore we then get the plate equation for varying thickness h(x, y) in the form Eh3 . - {UXXXX + 2UXXyy + Uyyyy) — fi, ) +3uxx Bh2x + hhxx + 2/ihl + nhhyy) +3uyy B/ihl + fj,hhxx + 2hy + hhyy) +6A - n)uxy (hxhy + hhxy)} = p(x, y). A.4.16) This is the plate equation for weakly varying thickness h(x,y). This derivation does however not answer the question where the energy theorem like A.4.8) or A.4.11), a consequence of Hooke's law, comes from. There are people believing that these fundamental laws are preexistent in nature (or have been originated by a creator). Modern natural philosophy tends to another view. So mathematicians know that differential equations are invariant under special transformations of coordinates. If, for instance, the equation of motion is submitted to a simple translation along the x coordinate axis, then the momentum mvx remains constant: it will be conserved. Emmy Noether has shown that the invariance of a differential equation against a transformation has the consequence of the existence of a conservation theorem for a related physical quantity. Thus the energy theorem is a consequence of the invariance of the equation of motion under a translation along the time axis. Human beings assume that the laws of nature are independent against a time translation. But intelligent lizards, as cold-blooded animals, would probably have a chronometry depending on the ambient temperature, so that ) 2003 by CRC Press LLC

t = t(T). Such a dependence would not allow energy conservation (Edding- ton). But the results of the lizard physics would be the same as in human physics. Apparently human assumptions on coordinate transformations cre- create the laws we "find" in nature. But how could we find out if these laws are correct and true? In his "Discours de la Methode" Poincare has shown that there are always several "true" models or theories describing natural phenom- phenomena. As an example, we can mention that Dive's theory of elliptic waves [1.8] and the special relativity theory give exactly the same results up to the or- order (f/cJ. Why have we chosen special relativity to describe nature? When we have to decide between two fully equivalent theories we should take into account: 1. Aesthetic points of view 2. Mach's principle of economic thinking 3. The extensibility of a theory to broader fields of applications, like the extension of special to general relativity, respectively Problems 1. Derive the equation for transverse vibrations u(x,y,t) for a plate with constant thickness h = const (see section 4.5). 2. Try to solve A.4.5) using Mathematica (Not possible). 3. Type the command DSolve [S" [t] -a*S' [t] * (S0-/3/a) ==0, S [t], t] t (SO a-&) t C (gives S[t] -»• SQa_p + C[2]) and plot the result. But there is now a problem: the solution is not given by S [t] = . So it is necessary to define a new function u(t), which gives a value for any arbitrary t. This is done by replacing t by t_. We first select the integration constants C [2] =0, C [1] l=S0* (S0*a — /3) to obtain S(t = 0) = 50 and write u [t_] =Exp [t* (SOa - /3) ] *S0 This u(t) may be plotted for given arbitrary values of S0,a,/3. 4. Learn partial derivatives. Define u[x,y] D[u[x, D[u[x, D[u[x, =x y] y] y] ,x] ,y] *x 3*y 4 2}] +y 3 2x 2 + 6 4 a x + 3 a x 3y3 a x2 y4 + 3 y4 y2 ) 2003 by CRC Press LLC

Boundary problems of ordinary differential equations 2.1 Linear differential equations Let us first consider equations of second order. According to chapter 1, equa- equations of motion and other models combine the acceleration x(t) of a phe- phenomenon with some external influence like forces. The most general linear differential equation of second order apparently has the form Po(x)y" + Pi(x)y'+ p2(x)y = f(x). B.1.1) Here Po,Pi,p2 and / are in most cases given not-vanishing continuous func- functions. If f(x) is zero, the equation B.1.1) is called homogeneous. We now first solve the homogeneous equation Po(x)y" + Pi(x)y'+ p2(x)y = 0. B.1.2) Let y(x) = Ciyi(x) + C2y2(x) B.1.3) be the general solution, where t/i and y2 are fundamental solutions and C\ and C2 are constants of integration. In the next section we will discuss meth- methods how one may find t/i and y2. Let y0 (x) be a particular solution of the inhomogeneous equation B.1.1), then its general solution has the form y(x) = Ciyi(x) + C2y2(x) + yo(x). B.1.4) The next step is to find a particular solution yo(x) of B.1.1). We do this by replacing the constants C\ and C2 by nonconstant functions C\(x) and C2(x). This method is called the method of variation of parameters (of constants), because the constants in B.1.4) are now allowed to vary. Instead of the unknown function y(x), we now have two new functions additionally. The setup yo(x) = C1{x)y1{x) + C2(x)y2(x) B.1.5) delivers y'0(x) and y'^x). Since the new functions C\(x) and C2(x) are quite arbitrary, we may require two new conditions C[(x)yi(x) + C2(x)y2(x) = 0, B.1.6) ) 2003 by CRC Press LLC

C[(x)y[(x) + C2(x)y'2(x) = f(x)/po(x). From B.1.5) and B.1.6) we then obtain y'o = Ciy[ + C2y'2, and from B.1.7), B.1.8) and B.1.2), B.1.1) one gets B.1.7) B.1.8) itf = Ciy'i + C2y'2' + f(x)/po(x). B.1.9) Since B.1.3) is assumed to be a solution of B.1.2), insertion of B.1.5), B.1.8) and B.1.9) into B.1.1) demonstrates that B.1.5) is actually a solution of B.1.1). Now we determine the two still-unknown functions C\(x) and C2(x) from B.1.6) and B.1.7). We obtain r,( n _ -V2(x)f(x) ( \ = Po(x) (y1(x)y'2(x) - y'1(x)y2(x))' Vi(x)f(x) po(x)(y1(x)y2(x)-y[(x)y2(x))- Integrations yield X , x f {x) = J The denominator appearing in B.1.11) is called the Wronskian determinant W. Vl{X)—' B.1.12) W(x) = yi(x)y'2(x) - y[(x)y2(x) = itermina early dependent: y[(x) y'2(x) If this determinant vanishes, then the two solutions t/i (x) and y2 (x) are lin- linC1{x)y1+C2{x)y2=Q B.1.13) (for C\ ^ 0, C2 ^ 0). If one knows two independent solutions yi(x) and y2(x), then also the particular solution y0 is known: If one solution yi(x) of B.1.2) is known, then the second solution of B.1.2) may be found: = yi(x) / J Vi \x) B.1.15) ) 2003 by CRCRessLLC

The form of this solution initiates the idea that the setup y(x) = z(x) exp (-IJ^dx^j B.1.16) may transform away the y'(x) term in B.1.1). Inserting B.1.16) into B.1.1) one obtains and neither y' nor z' appears. The homogeneous equation B.1.2) now takes the form z"(x)+I(x)z(x)=0. B.1.18) The invariant is a means to classify differential equations of second order. Thus, the general solutions of two differential equations having the same invariant differ only by a factor. The method just described can be applied on two examples. We consider the inhomogeneous equation y"-3y' + 2j/ = expEa;). B.1.20) Its solution is given by y = d exp(x) + C2 expBx) + expEx)/12, B.1.21) where C\ and C2 are constants. The same result can be obtained by the Mathematica command DSolvety" [x]-3*y'tx]+2*y[x]==Exp[5*x],y[x],x] We now consider the boundary problem (two-point problem) 1/@) = 0, i/'(l) = 3 B.1.22) of the equation y" + y' - 6y = 8 expCa;). B.1.23) The general solution of B.1.23) is given by y = C2 expBa;) + Cx exp(-3a;) + 4expCa;)/3. B.1.24) Now the integration constants C\ and C2 can be determined by inserting B.1.24) into B.1.22). Again, the solution B.1.24) can be obtained by the Mathematica command DSolvety" [x]+y'[x]-6*y[x]==8*Exp[3*x],y[x],x] ©2003 by CRC Press LLC

Problems 1. For constant Ci,C2 insert B.1.4) into B.1.1) and obtain the resulting differential equations for yo,yi,l/2- Does the solution B.1.21) of B.1.20) satisfy these equations derived by you? (Answer should be yes. Try to use Mathematica for this calculation.) 2. Calculate the invariant I B.1.19) for the two equations B.1.20) and B.1.23) (Answer: —1/4 and —25/4.) Try to reproduce the solutions B.1.21) and B.1.24) by using B.1.18) and B.1.16). 3. In Mathematica the Wronskian B.1.12) can be defined by a determi- determinant. Since a determinant is an operation on a matrix, we first have to define a matrix. We use the solutions t/i (x) and y<i (x) contained in B.1.21): M={{Exp[x],Exp[2*x]},{Exp[x],2*Exp[2*x]}} then Det [M] results in e3x. Calculate the Wronskian for the solution B.1.24). The answer should read -5e~x. 4. Calculate the Wronskian for (a) sin(cc), cos(x). (Answer: (—cos2(x) — sin2(a;)) (b) sin a;, sin a;. (Answer: 0. Why?) (c) a;2,a;3. (Answer: a;4) 5. Solve Poy"(x) +Piy'(x) +p2y = 0 for constant po,Pi,P2- In order to delete previous definitions for y we use Clear [y] ;DSolve [pO*y" [x] +pl*y' [x] +p2*y [x] ==0,y [x] ,x] The result looks complicated, Simplify [%] does not help very much. But is the result correct? Can we verify the output of the calculation by inserting it into the differential equation? To do so we bring the result into the input form by using a new function u(x). The new function must have x as an independent variable guaranteeing that u(x) is a global function giving values for any x. The following example will clear the situation: u[x] =4*x~2 gives u[2] =u[2] but v[x_] :=4*x~2 gives v[2] =16 To verify the solution of the differential equation we use again DSolve [pO*y" [x] +pl*y' [x] +p2*y [x] ==0, y [x] ,x] and we give the commands Clear [u] ;u[x_] :=InputForm[%] Simplify [pO*u" [x] +pl*u' [x] +p2*u [x] ] ) 2003 by CRC Press LLC

which yields p2{Null}, zero, our differential equation is satisfied by the solution: 2 p\) 2.2 Solving linear differential equations As a first example of the solution of a boundary value problem, we consider the linear differential equation V" + V = O, B-2.1) which has the general solution y(x) = Asinx + Bcosx. B.2.2) A sin x or 15 cos a; would be particular solutions. The general solution admits both initial or boundary value problems. If we choose the initial conditions {one-point conditions) |)=10, !/'(f)=0.5, B.2.3) then the integration constants A and B can be obtained from B.2.2) 10 = Asin|+Ecos|-=A, B.2.4) 0.5 = A cos | -B sin | = -B. B.2.5) On the other hand, if we choose the boundary conditions {two point conditions) y{x0) = Vo = 10, B.2.6) = y1=20 B.2.7) we obtain from B.2.2) A = 10cosa;i -20cosa;o 2 sin a;0 cos cci — sin x\ cos ccq ' ) 2003 by CRC Press LLC

B = 20sina;o-10sma:i /2 2 9) sin x0 cos xi — sin x\ cos a;0 ' Thus, the general solution of the boundary value problem B.2.1), B.2.6) and B.2.7) is given by the sum of two particular solutions . . 10 cos x\ — 20 cos x0 ii[x) == sin x sin Xo cos X\ — sin X\ cos Xo 20 sin Xn — 10 sin X\ , . H cos a;. B.2.10) sin xq cos x\ — sin cci cos xo A warning is now necessary: not all arbitrary boundary problems can be solved. If we assume that !/(!)=!, 2/'@)=0, B.2.11) then the general solution B.2.2) is not able to satisfy these equations. From B.2.11) one obtains the contradiction A = 1 and A = 0. B.2.12) If we replace B.2.11) by t/@) = 1, t/Gr) = -1, B.2.13) we get an infinity of solutions, since B = 1, but A remains undetermined. The non-vanishing boundary conditions B.2.6), B.2.11) and B.2.13) are called inhomogeneous. Adversely, the vanishing conditions y(xo) = 0, y(x1) = 0 B.2.14) are called homogeneous. We now have the same situation that we discussed in section 1.2 for partial differential equations. A boundary problem is called homogeneous, if the dif- differential equation and the boundary conditions are both homogeneous. If the differential equation or the boundary condition or both are inhomogeneous, then the boundary problem is said to be inhomogeneous. Having solved the homogeneous equation B.2.1), we now consider the in- homogeneous equation of oscillations y"+a2y = f(x). B.2.15) A particular solution of the homogeneous equation is given by y(x) = A cos ax. In order to solve the inhomogeneous equation we use the method of variation of constants. In analogy to B.1.5) we write y = A(x) cos ax. B.2.16) ) 2003 by CRC Press LLC

Inserting into the inhomogeneous equation B.2.15) one obtains the inhomo- inhomogeneous equation for A(x) A" cos ax - 2A'asinax = f(x). B.2.17) Application of the Mathematica command DSolve [A" [x] *Cos [a*x] -2*A' [x] * a*Sin[a*x] ==f[x],A[x],x] yields an expression like C[\] * Sec [aK$84]2 + K$85 L K$84 ] 111 Cos [aK$65\ f [K$65] dK$65 Sec [aK$84]2 dK$84 } } B.2.18) KT$66 J J J J This apparently means that Mathematica can't solve B.2.17). To solve the equation step by step, we consider the corresponding homogeneous equation A" - 2aA' tan ax = 0. B.2.19) The substitution u(x) = A'(x),u'(x) = A"(x) gives the separable equation Cl?/ — =2at<maxdx. B.2.20) u Integration yields A\x) = u(x) = Cexp \2a t&naxdx j = C / cos2 ax. B.2.21) It seems that Mathematica is not able to integrate equation B.2.19). Since we do not need A(x) itself, we can now solve the inhomogeneous equation B.2.17) directly by inserting A'(x) = C(x)/cos2ax into it. The result after some short algebra is ^ = C'(x) = f(x) cos ax B.2.22) and C(x)= ff(x) cos axdx. B.2.23) This result may also be derived with the help of Mathematica: A' [x] =C [x] /Cos [a*x] ~2;A"[x] =D[A7 [x] ,x] ; Simplify [A" [x] *Cos [a*x] - 2*A' [x] *a*Sin[a*x] -f [x] ] ©2003 by CRC Press LLC

which again yields B.2.22), but in the form -f[x] + Sec[a*x]*C'[x] = 0. B.2.24) Finally, we obtain /f If 1 u(x)dx = / cos~2 ax / f(x) cosaxdxl da; B.2.25) and f\f 1 y(x) = / f(x) cosaxdxl cos~2aa;da;cosaa;+Acosaa;+Bsinaa;. B.2.26) Here the first term is the particular solution of the inhomogeneous equation B.2.15) and the other two terms represent the general solution of the homo- homogeneous equation. Solution B.2.26) is a consequence of the theorem that the solution of an inhomogeneous linear equation consists of the superposition of a particular solution of the inhomogeneous equation and the general solution of the homogeneous equation. For the special function f(x) = A sin fix + D, where A, D and fJ are given constants, we now solve the boundary problem y(xo) = yo, y(x1) = y1. B.2.27) Here t/o and yi are given constant values. With the function f(x) given, the solution B.2.26) takes two forms. For resonance between the eigenfrequency a and the exterior excitation frequency fJ, i.e., for a = fJ, the solution is y(x) = 7^~x sm o.x + B sin(aa; — 6), B.2.28) 2a where C, B and 6 are constant. Solutions of this type are not able to satisfy B.2.27). They are called secular and play a role in approximation theory. The second form of the solution is valid for a ^ fJ and reads A D y(x) = — —smax + ^+Bsm(ax-S), a ^ fJ. B.2.29) a^ pz az If one combines this solution with the boundary conditions B.2.27), one gets A D Vo = -^ ^r sinaxo H—^ + Bsin(ax0 - 5), B.2.30) a^ pz az A D i H—- +-Bsin(aa;i —S). B.2.31) az These equations determine the integration constants B and 6. Since we now know that inhomogeneous problems of linear equations can be reduced to a homogeneous problem, we restrict ourselves to discuss methods to solve the homogeneous equation. We write equation B.1.2) in the form ) 2003 by CRC Press LLC

y"(x)+p1(x)y'(x) +p2{x)y{x) = 0. B.2.32) Here the functions p\ and p<i are the functions Pi/po and P2/P0 from B.1.2) renamed. The differential equation B.2.32) is called to be of the Fuchsian type, if the functions are regular (rational) with exception of poles (local regular singular points). To make this clear, we consider the Euler equation a(x - xoJy" (x) + b(x - xo)y'(x) + cy(x) = 0, B.2.33) which is a special case of B.2.32) and where a, b and c are constants. A point x0 is called an ordinary point, if a(x — x0) ^ 0 and a singular point, if a(x — x0) = 0. Near an ordinary point solutions of B.2.32) can be found using the method of power series Y^=o anXn'¦ Near a singular point the Frobenius method will be used. Instead of B.2.33) we can consider B.2.32). Now b(x — xo)/a(x — x0J will be replaced by pi(x). Thus if a(x — x0) = 0, then pi(x) = 00 (singular point pole). A function regular everywhere but with one pole at x0 can no longer be expanded into a power series, but it can be represented by a Laurent series X]^L-oo an(x — xo)n- (All these considerations could better be done in the complex plane z = x + iy.) If an = 0 for n < —m < 0, a_m ^ 0, one says that the point x0 is a pole (a regular singular point) of order m. Singular points that are not poles are called irregular singular or essential singular. Equation B.2.32) is thus called a Fuchs equation, if xpi(x) and x^p^ix) are regular for x -? 00, that means that pi(x) has a pole of first, and P2(x) of second order, respectively. These regular (rational) functions can be expanded l . L / Ft n \ L For L = 1, we may write -. 00 -. 00 " ^2 / ^PnX ¦ [Z.Z.Jtry) n=0 n=0 According to Frobenius, the singularity can be split off and the solution of B.2.32) can be rewritten as a so-called Frobenius series 00 y(x) =xPY, anXn, a0 ^ 0. B.2.36) n=0 p is called the index of the series. The series is convergent. Since the method of power series is just the special case p = 0 of the Frobenius method, we will discuss only the latter. We will now solve B.2.32) using the Frobenius method. B.2.35) yields 00 00 // \ p—1 ^^ n p ^^ n — 1 ra=0 ra=0 ) 2003 by CRC Press LLC

ra=O ra=O oo x PY'n(n-l)a(n-l)anxn-2, B.2.37) n=0 since a convergent power series may be differentiated. Inserting B.2.35) and B.2.36) into B.2.32) and using B.2.37) we obtain + n(n — l)an + a.§pan + aonan n=0 + Y, *n+P~2 Kfln + anan + Pnan] = 0. B.2.38) n=l A power series vanishes only if all coefficients vanish. For n = 0, B.2.38) reads p2 + p(a0 - 1) + A, = 0, B.2.39) since ao ^ 0 cancels. The case n/0 will be treated later. Equation B.2.39) is the so-called indicial equation. We now apply the method on a special form of the Euler equation B.2.33). We use x0 = 0, a = 1, b = 3, c = -3, so that a0 =b/a = 3, /3 = c/a = -3, x2y"(x) + 3xy'(x) - 3y(x) = 0. B.2.40) Then the indicial equation reads: p2 + 2p-3 = 0. B.2.41) Its solutions are p\ = 1, p2 = —3, so that the solution B.2.36) of B.2.40) is given by the superposition of two particular solutions y(x) =Ax + Bx~3. B.2.42) The command DSolve [x~2*y" [x] +3*x*y' [x] -3*y [x] ==0, y [x] ,x] delivers the same result. It would be easy to show that this solution satisfies for instance the initial conditions B.2.3). Also the boundary conditions B.2.6) and B.2.7) can be satisfied by B.2.42). In the case that the indicial equation has real repeated roots p\ = p2 or Pi = pi — n, n = 0,1, 2,..., the Frobenius method delivers only the first solution yi(x). The second solution will then contain an essential singularity like a logarithmic term. This solution may be derived from B.1.15). For Po = 1 this equation reads [eX^-(^X)dX^x. B.2.43) V x) ) 2003 by CRC Press LLC

If one inserts Pi(x) from B.2.35) into B.2.43) one obtains after integration exp I — / pi (x)dx ) = exp I — a0 In x — a\x — -a2x2 — ... I = x-aoP2(x), B.2.44) where P2 is a regular power series that does not vanish for x = 0. Assume that the first solution t/i (a;) has the form y1(x)=xplP1(x), B.2.45) where Pi (x) is a regular power series that does not vanish for x = 0. Then the integrand in B.2.43) may be written in the form [ J - [Pl(x)dx] = J J B.2.46) since 2pi +a0 = n+1. Expanding the regular power series P3(x) = J2m JmXm, the integral becomes fx-n-1P3(x)dx = V — +7nlna;, m ^ n. B.2.47) J t—1 m-n For x0 = 0, p2 + (a - \)p + b, pi = p2 the Euler equation B.2.33) has the solution y = C\XP + C2xp \nx. For p\ = p2 = 2 the command DSolve [x~2*y" [x] +2*x*y' [x] +2*y [x] ==0, y [x] ,x] yields an expression containing power of x with complex exponents, which is equivalent to y(x) = x-1'2 \c2cos(]p/l\ nx\ - d sin Q If the roots of the indicial equation are complex, they must be conjugate. Then the solution of B.2.33) may be expressed in terms of trigonometric functions. Up to now we have investigated only the case n = 0. We use the Bessel equation y" + lytp to demonstrate the procedure for n > 0. Inserting B.2.36) into B.2.48) we receive (for n replaced by v) J2 xv+p-2cv [p(p - 1) + 2pv + v{y - 1) + p + v - n2] i/=0 oo + Y,xv+pcv = 0. B.2.49) i/=0 ) 2003 by CRC Press LLC

For v = 0 one obtains the indicial equation co(p2 — n2) = 0 and pi<2 = ±n. (We can expect the existence of a logarithmic solution. This solution and the determination of c0 will be discussed later on). Making the replacement v —\ v — 2 we can join the two sums into one to receive J2 xv+p-2 [c (p2 + 2pv + v2 - n2) + c_2] = 0. B.2.50) i/=0 For [] = 0, we thus obtain the two-termed recurrence relation cv = ~Cv~2 , = ~Cv~2 ,. B.2.51) Co is still unknown. If we choose f = 1, v + p — 2 = p — 1, then B.2.49) yields C\ = 0. Furthermore, we find C\ = C3 = C5 = ... = 0, so that only v = 0, 4, 6 appears and the series representing the Bessel functions contains only the power 0, 4, 6, The command DSolve [y" [x] +y' [x] /x+y [x] * (l-n~2/x~2) ==0,y [x] ,x] produces the solution BesselJ[n,x] C[l] + BesselY[n,x] C[2] (where the space replaces the * representing multiplication). As an exercise, the reader is invited to solve the following equations using the Frobenius method and Mathematica. Equation y"+uj2y = 0 y" + Iv1 - {l + S) y y" - ?3, = 0 y" - 6y/x3 = 0 yii + Iy< _ 4y = 0 Solution = 0 y = Jn(ix) = In(x) y = C±x3 + C2x~2, essential singularity x = 0, y = Cxxa + C2x~\ Indicial Equ. p(p - 1) = 0 p2 =±n2 p2-p = 6 —6ao = 0 p2 =a2 y"-xy'+ny = 0 cy+2 = ^fffr, »/= 0,1,..., Due to the recurrence formulae one has cv+2/cv -? 0 for v ->• 00 and therefore convergence. Apparently, the singularities appearing in differential equations help to clas- classify linear differential equations of second order. If the coefficients are given ) 2003 by CRC Press LLC

by m2 — a2 Ao B.2.52) ^zr I, B-2.53) 1 P2\Z) = - 4 then the equation B.2.32) is called a Bocher equation[l.5\. Nearly all bound- boundary value problems one may come across in physics, engineering and applied mathematics are of this type (n < 4, / < 3, m3 < 2, mi = 1). We now discuss some special cases. Four singularities are to be found in B.2.54) to B.2.56): 1 + - z — a\ ' Ao- 2 2 1 — a2 z — a3 + A2z2+A3z3 (z-a1)(z-a2) (z-a3) y(z) = 0. B.2.54) (Heine equation, one pole of first order, two poles of second order and one pole at infinity), 1 1 z z — a2 -a3 V (al+al)q-p(p + l)z + K2 = o. z (z - a2) (z - a3) (Lame wave equation or Lame equation for k = 0 ) for k = 0, and 112 1 h B.2.55) + \ ¦ — a2 — a3 B.2.56) Wangerin equation. Three singularities are contained in B.2.57) to B.2.60) y" + \ \—^— + —M y' + \ [f0 + Alw+A2tl y = ° B-2-57) 2 [z — a\ z — a2\ 4 |_ \z — a\) (z — a2) J (two poles of first order in the finite domain and one pole of fourth order in infinity), and in + I 2 2 z — a2 A4z4 = o. B.2.58) ) 2003 by CRC Press LLC

(two poles of second order and one pole of fourth order). Also the Mathieu equation y" + (A — 2qcos2x)y = 0 has three singularities, two are essential. The hypergeometric equation is the "grandmother" of many equations used in physics and engineering. It reads g,, + c-(.+t+1)v__^0 B259) This important equation has poles at 0, 1 and oo. The values of the index p are p\ = 0, p2 = 1 — c at the location x = 0, p\ = 0, p2 = c — a — b at x = 1 and pi = a, p2 = b at infinity. The Legendre wave equation (and the Legendre equation k = 0) are children of B.2.59) exhibiting three singularities. Two singularities are found in B.2.61) - B.2.70): and If O "I 1 I" A i A ~2> i A ^,4 "I y" + - \y + - \ —7—^—yf^— y = o, B.2.62) but even the simple equation y H 2/ = 0, 2/1 = 1, t/2 = -2 , B.2.63) has two poles at 0 and oo. Furthermore, some well-known and important equa- equations have two singularities: the confluent hypergeometric equation (Kummer equation) y" + '—^y' -ay = 0, B.2.64) At which is a "daughter" of B.2.59). It has one pole at z = 0 and an essential singularity at oo; p(p + c — 1) = 0 is its indicial equation. The Bessel equation B.2.48) and -2/ = 0, B.2.65) At 4t~ the Bessel wave equation y" + V + (kV + q2 - p2/z2) y = 0, B.2.66) At as well as the generalized Bessel equation y" + 1 ~ 2CV + K/^7J + a ~f 7 1 2/ = 0, B.2.67) z |_ z \ ©2003 by CRC Press LLC

which has the solution y = zaZp{(iz^), B.2.68) (Zp is a cylinder function like Jp), have also two singularities. Other children of B.2.59) are the Whittaker equation solved by Whittaker functions, or the Gegenbauer equation ," + ^V-n(n;2_ai+1)y = 0. B.2.70) One singularity will be found in which comprises the Euler equation. The most simple linear differential equation of second order is given by y" = 0. B.2.72) The equation y" + 2y'/(z — a) has a pole at z = a and the solutions 2/1 = 1, j/2 = l/(z — a). Also the Weber equation y" + [q2 (p+1)- I4*2/4] V = °' B-2-73) which is a "grandchild" of B.2.59) has one pole, but y" — ky = 0 has an essential singularity at z = oo. Also B.2.1) and B.2.72) have one singularity. This is a consequence of the Liouville theorem, which expresses the fact that all functions y(z) of a complex variable z = x + iy must either have one (or more) singularities or be a constant. Problems 1. Solve B.2.1) y[x]-K![l] Cos [x]+C[2] Sin[x] 2. Now solve the initial value problems B.2.1), B.2.3) using DSolve [{y" [x]+y[x]==0,y [Pi/2] ==10,y'[Pi/2] ==0.5}, y[x] ,x] which gives y [x] ->0.5 Cos [x] . .. Another possibility is numerical integration ©2003 by CRC Press LLC

NDSolve[{y"[x]+y[x]==0,y[1.5]==6.,y'[1.5]==-20.}, y,{x,O,Pi}] InterpolatingFunction[{{0., 3.14159}}, <>] In order to plot the result we use now Plot [Evaluate [y [x] /.%],{x,0,Pi}] In order to plot, the values of y(x) must be known. Evaluate replaces the definition of a new function (as v(x) in problem 5 of section 2.1). The phrase y[x] /.% has the meaning: "replace y(x) by the result of the last calculation, i.e., the solution of the initial value problem." 3. Now use Mathematica to solve the inhomogeneous boundary value prob- problem B.2.6) numerically for x0 = 0,a;i = 2. bsol=NDSolve[{y" [x] +y [x]==0, y[0]==1.,y[2.]==2.}, y[x],{x,0,Pi}] Here we have given a name to the calculation. Plotting is now possible using Plot [Evaluate [y [x] / .bsol], {x, 0,Pi}] 4. Now solve the homogeneous boundary problem B.2.14) x0 =0,X! = 3.14159, yo = y(xo) =0,t/i = y{x1) = 0. Clear[y]; ts=NDSolve[{y"[x]+y[x]==0,y[0]==0,y[Pi]==0}, y[x],{x,0,Pi}] and plot the result. If this does not work, look at the values y(x) by Table[ts,{x,0,Pi,0.4}] 5. Find the indicial equation B.2.39) or B.2.38) for the following equations, solve them according to the Frobenius method and verify the result with Mathematica. Take some of the equations on page 38: DSolve[y"[x]+irr2*y[x]==0,y[x],x] {{y[x\ ->• C[l] Cos[mx] + C[2] Sinfma;]}} DSolve [y" [x] +y' [x] /x- (l+n~2/x~2) *y [x] ==0,y [x] ,x] {{y[x\ ->• BesselJ[n, -ix] C[l] + BesselY[n, -ix] (modified Bessel function) DSolve [y" [x] -6*y [x] /x~2==0,y [x] ,x] DSolve [y" [x] -6*y [x] /x~3==0,y [x] ,x] BesseU[l,2>/6 J\] C[l] J\ BesselK[l,2 y/&J\] C[2] [] »^+ v DSolve [y"[x]+y'[x]/x-a^2*y[x]/x^2 ==0,y[x],x] ) 2003 by CRC Press LLC

Cosh[a Log[a;]] + * C[2] Sinh[a Log[a;]]}} NDSolve [y" [x] + (x+1) *y' [x] /2*x+3*y [x] /2*x==0,y [x] ,x] This does not work. Why? (For numerical solution a range must be given, see problem 3). 6. Solve the initial value problem of an equation of third order: NDSolve [ {y'" [x] +y" [x] +y [x] ==0,y [0] ==5,y' [0] ==-10, y"[0]==80},y,{x,0,l}] 7. Solve B.2.59), B.2.63), B.2.64), B.2.69), B.2.72) and B.2.73) giving DSolve [y" [x] + (c- (a+b+1) *x) *y' [x] / (x* A-x)) - a*b*y [x] / (x* A-x)) ==0,y [x] ,x] {{y[x] ->• C[l] Hypergeometric2Fl[a,b,c,x] + (-1I x1'0 C[2] Hypergeometric2Fl[l + a - c, 1 + b - c, 2 - c, x]}} DSolve [y" [x] + (a+1) *x*y' [x] /x==0,y [x] ,x] DSolve [y" [x] + (c-x) *y' [x] -a*y [x] ==0,y [x] ,x] \y[x] -»• C[l] HermiteH [ - a, --$= + 4=1 C[2] HypergeometriclFl [|, \, ^ - -^ + DSolve[y"[x]+(-0.25+k/x+@.25-/^2)/x^2)+y[x]==0, y[x],x] {{y[x] -»¦ C[l] Cos[l. »] + C[2] Sin[l. »] + -@.25 x Cos[l. x]2 + 0.25 a; Cos[l. x] Coslntegral[l. a;]- X 1. a; /U2 Cos[l. a;] Coslntegral[l. a;] — 1. x k Coslntegral[l. a;] Sin[l. x] + 0.25 x Sin[l. a;]2 + 1. a; k Cos[1. a;] Sinlntegral[l. x]+ 0.25 a; Sin[l. a;] Sinlntegral[l. x]-l. x /i2 Sin[l. a;] Sinlntegral[l. a;])}} compare to B.2.69). DSolve [y" [x] ==0, y [x], x] ) 2003 by CRC Press LLC

DSolve[y"[x]+(q~2*(p+0.25)-q~4*x~2/4.)*y[x]==0, y[x],x] y[x] ->• exp(-0.25 q2 x2) C[l] HermiteH[~°'25 g 6+ L P g ,0.707107 q x] +exp(-0.25 q2x2) C[2] HypergeometriclFl 2.3 Differential equations of physics and engineering Prior to the discussion of boundary problems, it seems to be useful to inves- investigate some of the differential equations of physics and engineering in more detail. A large class of partial differential equations allows separation into ordinary differential equations. Many of these ordinary differential equations are children or grandchildren of the hypergeometric differential equation. In spherical problems the separation of the pertinent partial differential equation like, e.g., Helmholtz equation A.1.35) leads to the Legendre equation cot ^ + /(/ 4-1)#) - -4-y(*) = 0, B.3.1) di/ sin v where •& is the polar angle in spherical coordinates. The solutions of B.3.1) are usually called spherical functions. The substitution cos •& = x gives rise to the equation y"{x) ~ i^y'ix) + Y^-y{x) ~ (T^Wy(a;) = °- B-3-2) This is the special case a = 0 of the Gegenbauer equation B.2.70). It is easy to see that this equation has poles at the location x = ±1. For m = 0 it has the recurrence relation cv+2{v + 2){v+l) = cv{v2+v-l2-l), i/ = 0,l,.... B.3.3) c0 is defined by B.3.17). The case m ^ 0 will be treated later. With the substitution x = 1 — 2?, ? = —(a; — l)/2 one obtains from B.3.2) the new equation ?A - Ov" + A - 2?)i/; + IQ + 1J/ = 0. B.3.4) This equation has a pole at ? = 0 and is the special case a = /+1, b = —I, c = 1 of the hypergeometric equation B.2.59). The solutions of equation B.3.4) ) 2003 by CRC Press LLC

for arbitrary / are usually called Legendre functions of the first kind or transcendental spherical functions Vn. In order to write down the general solution of B.3.4), we need a second solution. But due to the relations p\ = 0, P2 = 1 — c and p\ = 0, p<i = c — a — b, which are valid for the hypergeometric equation, one obtains pi = 0,p2 = 0 for both poles. This means that the second solution is identical with Vn. Due to the mother, the hypergoemetric differential equation, its solutions are closely related. So the function cos is the "elliptic", and cosh the "hyperbolic" child. Whereas the function of the first kind Vn corresponds to cos, the hyperbolic part is given by the Legendre function Qn of the second kind // , Nnl Qn(x)= [x + Vx2-1 cosh t) dt, x>\. B.3.5) This expression is a consequence of the possibility to represent the members of the hypergeometric family by integrals, see later. The general solution of the Legendre equation is now given by y(x) = CiPn{x) + C2Qn(x). B.3.6) If the parameter / is a natural number (a positive integer), then the Vn de- degenerate into polynomials and the Qn go over into elementary transcendental functions. For n = I, the recurrence relation B.3.3) breaks down and the solutions are given by the Legendre polynomials P0(x) = l, Pi(ar) = a; = costf, P2(x) = I Ca;2 -1) = iCcos2tf+l), P3 (a;) = \ Ea;3 -2>x) = \ E cos 3^ + 3 cos •&). B.3.7) 2 8 These polynomials as well as other polynomials are important for physical and engineering problems and may be represented by a) a Rodriguez formula, b) using a generating function, c) or by an integral representation. These possibilities offer many practical applications. The Rodriguez for- formula for the Legendre polynomial is given by Plix) = ?v.di^-^ B-3-8) and their generating function / is f(x,u)= (l-2ux + u2)~1/2 =YJpi(x)ul. B.3.9) 1=0 ) 2003 by CRC Press LLC

The integral representation comes from the complex function theory, from the Cauchy integral g(z) = — I ^-dt. B.3.10) yK>2mJt-z K ' c For g(t) = A - t2)n one obtains (t - z)^1 y ' Using z —? x = cost?, 0<$<7r, t = cos$ + sini9exp(iy)), — n < <p <n, t — x = isint9exp(iy)), dt = — sin$exp(iy)), etc., one obtains the Laplace integral representation, B.3.12) Using the integral representation of the solution of the hypergeometric equa- equation B.2.59), the transcendental functions may be represented by Vn(x) = - /(x + \/x2 - 1 cost]n dt, x>\, B.3.13) nj \ J o compare B.3.5). Up to now we have considered only the special case m = 0. For m ^ 0 we consider B.3.2). The Frobenius method creates the solutions that are called associated Legendre polynomials P™(x) and associated Legendre functions, respectively. Mathematica defines all these various functions Pi (x) = LegendreP [ 1, x] Prix) = LegendreP [l,m,x] Vn (z) = LegendreP [n, z ] B.3.14) V™(z) = LegendreP [n,m,z] Qn(z) = LegendreQ[n, z] Q%(z) = LegendreQ[n,m,z] but has not been able to produce these functions by solving equations B.3.2). We give some formulae for the associated polynomials (l-x2)m/2dl+m(x2-lI p = B-3-15) ) 2003 by CRC Press LLC

Pl(x) = 3(l-a;2I/2 x= -sin 20, Zi P%(x) = 3 A - x2) = - A - cos 20), B.3.16) P31 (x) = - A - x2I/2 Ea;2 - l) = - (sin 0 + 5 sin 3tf). There exists an important attribute of these polynomials. This feature is very important for applications. The attribute is called orthogonality and is described by 1 fPi{x)Pk{x)dx = ^—Slk, B.3.17) J zi + i. -1 1 fpr(x)Pkm(x)dx = O, for l^k, B.3.18) -1 ^0 B.3.19) -l Other children of the hypergeometric equation are the Chebyshev polyno- polynomials (and Chebyshev functions, if x is replaced by complex z) ChebyshevT[n,x] = Tn(x) ChebyshevU[n,x] = Un(x), which satisfy the equation A - x2) T%(x) - xT'n{x) + n2Tn(x) = 0, B.3.20) and are given by Tn(l) = 1, Tn(—1) = (—1)™, which fixes the Co in their recurrence relation, and explicitely by T0(x)=l, T1(x)=x, T2(x) = 2x2-1, . T3(x) =4:X3-3x, T4(x)=8x4-8x2 + l, T5(x) = 16x5-20x3 + 5x. ^-i-zl) Chebyshev polynomials of first kind are often used in making numerical approximation to functions. They satisfy the orthogonality relations / T (x)T (x) I 0 for m ^ n, m[X> n{ )dx=ln/2 for m = n # 0, B.3.22) for m = n = 0. The polynomials Un(x) of the second kind and the Chebyshev functions are of minor importance for practical applications. ©2003 by CRC Press LLC

The important attribute of orthogonality belongs also to other polynomials by Laguerre or Hermite. In contrast to the orthogonality relations B.3.17) of the Legendre polynomials, the orthogonality relations B.3.22) contain a weighting function A—a;2)/2. The same is true for the associated Laguerre polynomials. They satisfy the Laguerre differential equation xL%' (x) + (l + k- ax)L% (x) + anLkn (x) = 0, B.3.23) and the Rodriguez formula Lkn(x; a) = Ln(x; a, k) = ^-^ -^ {e~axxn+k). B.3.24) For k = 0 and a = 1 the polynomials L^(x) are designated by Ln(x). For a = 1, they are given by [3.7] Lo(x) = l, L1(x) = -x + l, L^(x) = -x + k L2(x) = Xl-2x + l, Lk(x) = ^ - (k + 2)x+{k f LkJx)= y"(-l)ra7 n,7~, „ ,xm, fc = 0,l,...n.B.3.25) ^ (nm)!(fe + m)!m! v ; The orthogonality relations again contain a weighting function. They read OO /(f, 4. b)\ p-x k j k 1 \ j k (~\A~ — " ~ "¦;¦ c ,n o <™\ n\ 0 This has the important practical consequence that all functions f(x) that are quadratic integrable can be expanded into a Laguerre series n=0 with cn= ,. X ,., = /°°/(a;)exp(-a;/2)a;fc/2L*(a;)da;. B.3.28) n!(n + K)! Jo Application of DSolve on B.3.23) yields the result in the form of a conflu- confluent hypergeometric (Kummer) function. For a = l,k = 0 one obtains an analogous result, but for n = 0,1,2,3,..., the results B.3.25) are retrieved. Additionally, a transcendental function appears, that seems to have no prac- practical applications. Hermite polynomials Hn(x) have similar important properties. They sat- satisfy the Hermite equation H? - 2axH'n + 2anHn = 0. B.3.29) ) 2003 by CRC Press LLC

If one applies Dsolve, one obtains again a special form of the confluent hypergeometric function. Solution by the Frobenius methods leads to the recurrence relation cv+2(y + 2){v + 1) = -2cv(n - v), B.3.30) and the Rodriguez formula reads d™ Hn(x;a) = (—1) exp(aa; )—— exp(—ax ), n = 0,1,2.... B.3.31) Application of this formula for a = 1 yields #o = 1, #i = 2x, H2 = 4a;2 - 2, H3=8x3-12x, H4 = 16a;4-48a;2+ 12, #5 = 32a;5-160a;3 + 120a;. ^^-^l Mathematica defines HermiteH[n,x] and creates the expressions given in B.3.32). For practical purposes it is useful to define orthogonal Hermite polynomials ftn(?), where ? = \fctx. The substitution of Hn(x; a) = y/Ba)«n!v^Fexp (?2/2) hn@ B.3.33) into B.3.29) results in K@ + (l + 2n-?2)M?) =0, B.3.34) which is solved by B.3.35) These hn are special cases of the confluent hypergeometric function. These functions are of practical interest because quadratic integrable functions f(x) may be expanded. cnhn(x), cn = f(x)hn(x)dx, B.3.36) "~" -oo since /•OO / hn(x)hm(x)dx = 0 for n ^ m. B.3.37) J — oo The orthogonality relations for the Hn polynomials are given by /•OO / iIra(a;)Jffn(a;)exp(-a;2)da; = 0 for n ^ m. B.3.38) J — oo We would like to conclude these deliberations on polynomials by discussing the so-called harmonic polynomials. They are solutions of the Laplacian operator A.2.3). They can be found by calculating the real P and the imaginary Q parts of (a; + iy)n respectively: Pi =x, <2i = y, 2 — x y , t/2 — *xy, ln „ Qn^ r> So2 Alo2 S B.O.39) P3 = xs -3a;?/, Qz=3xzy-ys, Pi = x4 - 6x2y2 + y4, Q± = Ax3y - Axy3. ) 2003 by CRC Press LLC

The solutions B.3.39) cannot be found using Mathematica since the com- commands Im and Re work only on numbers and not on expressions. Since the Laplacian is linear, the superposition principle holds for its solutions. Any linear combination of the polynomials B.3.39) is also a solution. Each partial solution can be multiplied by a factor. So ax3 + bx2y — 3axy2 — by3/3 is also a solution. Problems 1. Solve the equation B.3.2): DSolve [y" [x] -2*x*y' [x] / (l-x~2) +1* A+1) *y [x] / (l-x~2) -irr2*y[x]/(l-x~2r2==0,y[x],x] (* B.3.2)*) y[x] ->• C[l] LegendreP[/,m,a;] + C[2] LegendreQ[/,m,a;] 2. Solve the equation B.3.4): DSolve [y" [x] *x* A-x) + (l-2*x) *y' [x] +1* A+1) *y [x] ==O,y[x],x](*B.3.4)*) y[x] ->¦ C[l] LegendreP[/, -1 + 2x] + C[2] LegendreQ[/, -1 + 2 x] 3. Solve the equation B.3.20): DSolve [ (l-x~2)*T"[x] -x*T' [x]+n~2*T[x]==0, T[x],x](*B.3.20)*) T[x] ->• C[l] Cosh[n Logfx + Vl - x2]] + i C[2] Sinh[n 4. Solve the equation B.3.23): DSolve [x*L" [x] + (l+k-a*x) *L' [x] +a *n*L [x] ==0, L[x],x](*2.3.23*) L[x] ->• C[l] HypergeometricU[-n, 1 + k, x a] + C[2] * LaguerreL[n, k, x a] 5. Solve the equation B.3.29): DSolve [H" [x] -2*a*x*H' [x] +2*a *n*H [x] ==0, H [x] ,x] (*2.3.29*) H[x] ->• C[l] HermiteH[n,a; y/a] + C[2] HypergeometriclFl[-f, \,x2 a] 6. Calculate the harmonic polynomials for n = 5,6 and 7 and Legendre polynomial P5= LegendreP[5,x] = 15x/8-35x3/4 +63x5/8 Q5= LegendreQ[5,x] = -8/15 + 49x2/8 - 63a;4/8+ - Ux2/3 + 21a;4/5)Log(^-^ ) 2003 by CRC Press LLC

7. Calculate P0,Pi,P2 and P3 using B.3.8) and compare to B.3.14). 8. Verify B.3.21) and B.3.32). 2.4 Boundary value problems and eigenvalues Prior to solving special boundary value problems and calculate eigenvalues, we make some general remarks. Let us assume we want to solve the equation y"(x)+p1(x)y'(x)+p2(x)y(x) = f(x), B.4.1) with the very general linear boundary conditions atiy(x0) + ®2y\x0) = en, B.4.2) 0iV(x1) + foy'(x1) = a2, B.4.3) where a*,/?* and Oj are given constant parameters. Since B.4.1) is inhomoge- inhomogeneous, the general solution has the form B.1.4) or y{x) = Ciyi(x) + C2y2{x)+y0{x). B.4.4) Substitution into the boundary conditions B.4.2) and B.4.3) yields C1(a1y1(x0)+ a2y[{x0)) + C2{aiy2{x0) + a2y'2{x0)) - a2y'0(x0), B.4.5) = a2-i31yo(x1)-i32y'o(x1). B.4.6) These two equations represent an inhomogeneous system of linear equations for the two unknown quantities C\ and C2. This system is only then soluble in a unique way if the determinant + a2y[(xo) a!y2(xo) + a2y'2(x0) ,Q B 4 7) does not vanish. If, on the other hand, the system of linear equations de- determining the unknown C\, C2 would be homogeneous, then the determinant B.4.7) must vanish, so that a non-trivial solution exists. Then the following rules are obvious: 1. An inhomogeneous boundary problem B.4.1) to B.4.3) can be solved, if the accompanying homogeneous problem only has the trivial solution. 2. If an homogeneous boundary problem (ai = a2 = 0) is solvable, then the inhomogeneous problem can be only solved for special boundary values and it will not have a unique solution. ) 2003 by CRC Press LLC

Let us consider a simple example. The homogeneous equation y"(x)+y(x)=0 B.4.8) is solved by sin x for the homogeneous conditions 1/@) = 0, yBn) = 0, B.4.9) but the inhomogeneous problem 1/@) = 0, i/Btt) = 1 B.4.10) can not be solved. Whereas an inhomogeneous problem consisting of an inho- inhomogeneous equation B.4.1) and inhomogeneous boundary conditions B.4.2), B.4.3) never can be transformed into an homogeneous problem, either an in- homogeneous equation or inhomogeneous conditions can be homogenized. Let jC{y} = g be an inhomogeneous equation, then the setup y(x)=z(x) + r)(x), B.4.11) where r)(x) is a particular solution, ?{/?} = g, yields the homogeneous equa- equation jC{z} = 0 B.4.12) with inhomogeneous boundary conditions Tl{z} ? 0. B.4.13) We give an example. The inhomogeneous equation y"(x) - y(x) = 1 B.4.14) can be transformed into a homogeneous equation z"(x) - z(x) = 0 B.4.15) by the substitution y(x) = z(x) — 1. If the boundary conditions belonging to B.4.14) are inhomogeneous 1/@) = 1, i/(l) = 2, B.4.16) then the substitution gives rise to new inhomogeneous conditions z@) = 2, z(l) = 3. B.4.17) On the other hand, the substitution y(x) = z(x) + x + 1 B.4.18) ©2003 by CRC Press LLC

transforms the inhomogeneous equation B.4.14) into the inhomogeneous equa- equation z"(x)-z(x)=x + 2, B.4.19) and the conditions B.4.16) become homogeneous z@) = 0, z(l) = 0. B.4.20) Now we return to the solution of B.4.1) and simplify the boundary condi- conditions B.4.2), B.4.3) by choosing on = 1, a2 = 0, ft = 1, ft. = 0 so that they read y(xo) = a1, y{xi) = a2- B.4.21) Then B.4.7) delivers the solvability condition M = y1(x0)y2(x1) - y2(x0)y1(x1) # 0. B.4.22) Considering the solution B.4.4) and the boundary conditions B.4.5), B.4.6), we have a system of 3 linear equations for the two unknowns C\ and C2. This system can only be solved, if the determinant Vi(x) 2/2B:) yo(x)-y(x) Vi(xo) 2/2B:0) 2/0B:0)-ai B.4.23) yo(xi) -a2 vanishes. Using B.4.22), this condition yields / ^ _ Vi(x)y2(xi) -1/2(x)yiB:1) yi(x)y2(x0) -y2(x)yi(x0) y{x)-ai M a2 M + yo(x) + yo{xi)yAx)yi(xo)yi(x)yAxo) IVl - 2/0B:0) This solution satisfies the boundary conditions B.4.21), but we have not yet obtained the general solutions y\(x),y2(x) and the particular solution yo(x). Considering now the more general form B.1.1) instead of B.4.1), the latter can be found by using B.1.14). Thus, the general solution of the inhomogeneous equation B.1.1) is given by / ^ _ «i 1/2(^1) -^22/2B:0) , . 2/1B:0J/2B:1) - y2(x0)yi(xi) 022/1B:0) -aiyi(xi) , ¦ /"_,, *W/^j* /o , oc\ H 7—r—)—{ / \ / x 2/2B:)+ G(x,?)f(€)d€. B.4.25) 2/1B:0J/2B:1)-2/2B:0J/1B:1) i x0 The function G(x,?) that appears in the particular solution is called Green function. It can be found by comparing B.4.25) with B.4.24). We first insert ) 2003 by CRC Press LLC

the boundary locations x0 and x\ into B.1.14) for x in the upper value of the integration interval. This gives Xo Xo Xl = J Xo For W(?) see B.1.12) We then are able to rewrite the last three terms of B.4.24) in the form yi(x)y2(x0) - }yi{0y2{x)-yi{x)y2{0 f(Q J W{?) po(O ? M fyi{Qy2{xi) - yi{x1)y2{Q f(Q ,. , . _, J w@ Mf)* BA27) Xo Splitting the integral f*1 into f® + f*1, and using the abbreviation f(O/(W(OPo(O) = A, we arrive at the expression Xo X +J[yi{x)y2{x0)-y2{x)y1{x0)} Xo Combining the two integrals J* into one, one obtains the same integrand for the integral f* and the integral f*1, so that an integral f*1 can be formed. In order to achieve this, one has to use the equation J/i (x)y2 (x-l) - t/i (xi)y2 (x)] [t/i (?,)y2 (xx) - t/i {xx)y2(?)] + M[Vl @y2 (x) - yi (x)y2 @} B.4.28) = [yi(x)y2(x1) - y1(x1)y2(x)] ¦ [yi@y2(x0) - yi(xo)y2(O]- ) 2003 by CRC Press LLC

We thus may read G off from B.4.25) ' [yi(x)y2(x1) -; for B.4.29) [yi (x)y2 (x0) - t/i (xo)y2 (x)] [t/i for This Green function is continuous in the domains x0 < ?, ? < x\ and repre- represents a solution of the homogeneous differential equations. At the boundaries one has G(xo,O = G(xi,?) = 0. The derivative dG/dx is, however, discon- discontinuous at x = ? and satisfies the discontinuity condition ~dx ~dx 1 B.4.30) The Green function depends on the boundary conditions. If one replaces B.4.21) by y(x0) = a, y'(Xl) = p B.4.31) then the solution of the differential equation reads [ay'2{x{) - (iy2{x0)}yi{x) - [a y(x) = B.4.32) x0 where the Green function is now given by [yi(x)y2(xi) - y'1(xi)y2(x)][i -yi(xo)y2(O]/NW(OPo(O for x0 < ? < x < xi [yi(x)y2(x0) - yi(xo)y2(x)][yi(Oy'2(xi) B.4.33) Here we used TV as an abbreviaition for the denominator in B.4.32). Green functions connected with boundary value problems of partial dif- differential equations will be discussed extensively in later chapters. Discussing equation A.1.49), we have found that solutions of ordinary differ- differential equations may exist that contain a special parameter called eigenvalue. It has been demonstrated that such an eigenvalue is determined by boundary conditions. This connection shall now be discussed more deeply. We consider the homogeneous linear ordinary differential equation of second order B.1.2). The differential equation — +p2(x)y(x)) = 0 = ) 2003 by CRC Press LLC

Pay" -piy' + Piy + 2p'oy' + ply - p[y = o B.4.34) is called the differential equation adjoint to B.1.2). If it happens that 2p'o — Pi = pi and p'q - pi +p2=p2 or if ^T *(*)> B-4-35) then B.1.2) and B.4.34) are identical and B.1.2) is called self-adjoint. It is interesting that homogeneous differential equations of the form B.1.2) can be transformed into a self-adjoint equation by the substitution y(x) = Po(x)z(x) exp (-J^M-dx\ . B.4.36) Defining a self-adjoint operator C by we are now able to define a Sturm-Liouville eigenvalue problem. These problems appear in many practical applications and are defined by Cy(x) + Xw(x)y(x) = 0. B.4.38) Here the parameter A will turn out to be the eigenvalue and w(x) a weighting function. It can be shown that a self-adjoint operator leads to real eigenvalues even if all other quantities are complex and that orthogonality relations Xl /¦ w(x)yi(x)yk(x)dx = 0, i^k B.4.39) exist for two solutions yi(x),yk(x) of the self-adjoint differential equation B.4.38). Replacement of the weighting function w(x) by afw(x) leads to normalization of the solutions Xl x)dx = 1, B.4.40) j Xo where now w(x)y2(x)dx. B.4.41) The combination of B.4.39) and B.4.40) gives rise to orthonormalized eigen- functions yi(x) defined by Xl w(x)yi(x)yj(x)dx = Sij/a2. B.4.42) Xo ) 2003 by CRC Press LLC

These orthonormalized functions are able to exactly represent continuous and differentiable functions (what we used in B.3.27) and B.3.37)). The Green function of a self-adjoint boundary problem is symmetric: G(x,?) = G(?,x). As an example for an eigenvalue problem we consider the Bessel equation B.2.48) in the form y"(x) + -y'(x) + (k2 - %\ y(x) = 0. B.4.43) X \ XI Comparing B.4.43) with B.4.38) we find that the Bessel equation B.4.43) is self-adjoint and of the Sturm-Liouville type (p = x, w = x, q = —n2(x)). The transformation ? = kx leads to the form B.4.48) and DSolve yields the solution see also B.2.51). Co is now determined by B.4.42). A boundary condition y(? = R) ->• y{KR) = 0 ->• Jn(«i?) = 0 B.4.45) determines the eigenvalue k through the zeros of the Bessel function Jra. These can be found in numerical tables [2.1] 1st zero 2nd zero n = 0 2.404 825 = j01 5.520 078 = jm n = \ 3.831715 = in 7.015 59. = j12. Mathematica yields FindRoot[BesselJ[0,x]==0, {x,l.}] =2.40483, FindRoot[BesselJ[0,x]==0,{x,4.5}] = 5.52008, FindRoot[BesselJ[l,x]==0, {x,3.}] =3.83171, FindRoot[BesselJ[l,x]==0, {x,6.}] =7.01559. The orthogonality relations are n {jnvX) Jn {jnuX) Ax = Svli- [Jn+i {jnv)f , B.4.46) 0 where the constants jnv are given by the v-th zero of Jra. The Bessel series expansion of a function f(x) is given by oo f(x) = ^2cvJn(jni,x), B.4.47) where i f lxf{xJn{jnvx)Ax. B.4.48) J B.4.47) is a uniform convergent series. It might be of interest to recall that boundary conditions may be satisfied by the general solution of an homoge- homogeneous equation simply by adapted integration constants, compare equations B.2.1) to B.2.10). ) 2003 by CRC Press LLC

Problems 1. Using y(x) = z(x) + b transforms the inhomogeneous boundary value problem y"(x)+y'(x)+y(x) = a,y@) = 0,y(n) = 0 into an homogeneous equation for z with two inhomogeneous boundary conditions, (a, b are constant parameters, it will turn out b = a). 2. Now use inhomogeneous boundary conditions j/@) = 2,y(n) = 1 and try to homogenize both for 6^0. (z" + z' + z + b = a,z@) = 0, b = 2 but z(it) = -1. 3. DSolvety" [x] -y [x] -l==0,y [x] ,x] y[x] ^-l + ex C[l] + e* C[2] and satisfy B.4.16) and then an homogeneous boundary condition. 4. DSolve[y"-y[x]-x-2==0,y[x],x] y[x] ->-2-x + ex C[l] + ex~1 C[2] Is it possible to satisfy B.4.20)? 5. DSolve [ {y" [x] +k~2*y [x] ==a*x, y [x], x] x] + C[2] Sin[k x]\\ 6. DSolve [ {y2" [x] +k^2*y2 [x] ==0,y2 [0] ==yO,y2' [0] ==1. }, y2[x],x] 11 k \\ 7. NDSolve [ {y" [x] +y [x] ==x,y [0] ==0,y' [0] ==1}, -? InterpolatingFunction[{{0., I.}}, <>][a;]}} 8. a=1.0; NDSolve [{y"[x] + (l+x^2)*y[x]==-l.,y[-l.]==0, -? InterpolatingFunction[{{—1., 1.3}}, <>][a;]}} Table [Evaluate [y [x] / .%], {x, 0.1,1.5, 0.5} ] {{0.303265}, {-0.0894297}, {-0.681535}} ) 2003 by CRC Press LLC

2.5 Boundary value problems as initial value problems Due to the validity of the superposition principle for the solutions of linear differential equations, it is possible to transform boundary value problems into initial value problems. This fact is very important because many numerical methods for the solution of differential equations are based on initial value problems only. Let us consider the inhomogeneous boundary value problem V(a) = ya, y(b) = yb B.5.1) of an inhomogeneous or homogeneous linear differential equation of second (or n-th) order } = 9(x). B.5.2) This boundary value problem may be transformed into the double initial value problem Vi(a) = ya, y[(a) = 0, B.5.3) where the solution t/i (a;) satisfies ?{yi(x)} = g(x) B.5.4) and !fe(o) = 0, y'2(a) = l, B.5.5) where the solution y2 (x) satisfies the homogeneous equation C{y2(x)}=0. B.5.6) Then the solution y(x) of B.5.2) for the initial problem for x = a y{a) = ya, y'{a) = y'a B.5.7) is given by y(x)=yi(x)+y'ay2(x), B.5.8) (since y2(a) = 0, y[(a) = 0, y'2(a) = 1). The parameters ya,yb,y'a are con- constants, ya and j/j, are given. The calculation of the parameter y'a from B.5.8) in the form B.5.9) gives rise to the solution of the boundary problem B.5.1), B.5.2) y(x) = yi{x)+y2{x)yb~J^h). B.5.10) ) 2003 by CRC Press LLC

It is easy to show that B.5.10) satisfies the boundary problem B.5.1), B.5.2): V(a) = yi(a) + y2(a)Vb ~ ^F) = yi(a) = ya, B.5.11) 1,F) = y1(b) + y2(b)m^){b) = yb. B.5.12) We consider in detail a very simple example. We assume the equation y"(x) + k2y(x) = ax B.5.13) and apply the boundary conditions 1/@) = i/0, 1/A) =l/i, B-5.14) where t/o and yi are known constants. The Mathematica command DSolve [y" [x] +k~2*y [x] ==a*x,y [x] ,x] B.5.15) yields the solution y(x) = ax/k2 + C2 sin(kx) + d cos(kx). B.5.16) Inserting this solution into the two boundary conditions B.5.14) we obtain the integration constants C2 = (t/i — a/k2 — t/o cos k) / sin k, B.5.17) Ci = i/o, B.5.18) so that the solution of the boundary problem B.5.13), B.5.14) assumes the form y(x) = ax/k2 + y0 cos kx + sin kx (t/i — a/k2 — y0 cos k) / sin k. B.5.19) It satisfies the two boundary conditions B.5.14). On the other hand, the initial value problem defined by B.5.13) and the initial conditions B.5.7) in the form 1/@) = i/o, y'(o)=y'a B.5.20) lead to equation B.5.9). This gives l). B-5.21) We thus need the two solutions yi(x),y2(x). They are determined by B.5.13) together with the initial conditions B.5.3) = 0, B.5.22) and by y2'(x)+k2y2(x)=0, B.5.23) ©2003 by CRC Press LLC

with the initial conditions in the form ifc@) = j/o, 2/2@) = 1- B.5.24) We thus obtain Mi*) = TZZZT.- B-5-25) For t/i (x) one gets t/i (x) = —^ I x — - sin kx ) + y0 cos kx, B.5.26) [ ' which satisfies B.5.22) and B.5.13). From B.5.20) we now obtain / _ t/i - a(l - sin k/k)/k2 +1/0 cos fc y°" sink/(kcosk) ' According to B.5.10) we now have the initial value solution . , a ( 1 . , \ V\x) = -r^ \ x — -smkx \ +y0 cos kx kz \ k ) + sinkx yi-^(l-|sinfc)-t/0cosfc g + kcoskx smk/(kcosk) which satisfies the boundary condition B.5.14). The method that we discussed can be used only if the equations B.5.2), B.5.4) and B.5.6) can be solved by closed expressions. If this is not the case the equation B.5.2) has to be solved by numerical methods. So it is possible to solve numerically B.5.13) for given values of k, a for an initial value problem. For k = a = 1 and the initial conditions t/@) = 0, t/'@) = 1, B.5.29) this can be done using the Mathematica command NDSolve [ {y" [x] +y [x] ==x,y [0] ==0,y' [0] ==1}, y[x],{x,0,l.}] B.5.30) The result y(x) may be plotted by the command Plot[Evaluate[y[x]/.%],{x, 0,1. }] But what can we do if instead of the initial conditions the boundary con- conditions B.5.1) are given? We could vary the slope t/'@) to match t/i(l) = 1. This method is called the shooting method because it resembles an artillery problem. The elevation of the gun, the slope j/'@), is set and a first fire does not hit the target. One then corrects the slope for several successive shots until the target j/(l) = 1 is hit. We give an example. Collatz [1.7] describes the bending of a strut and solves the equation by a finite difference method. We will use the shooting method with Mathematica. The bending of a strut ) 2003 by CRC Press LLC

with flexural rigidity EJ(?) and axial compressive load P by a distributed transverse load p(?) is described by k B-5-31) Here ? is the coordinate along the axis of the strut and M(?) is the local bending moment. Assuming that the transverse load is a constant p and that the flexural rigidity is given by where 2/ is the length of the strut, one may use P = EJo/P, x = ?//, y = M/l2p B.5.33) and obtains y"{x) + {l + x2)y{x) = -l. B.5.34) Due to smoothly hinged end supports, we assume M = 0 at each end. Then the boundary conditions read t/(-l) = 0, t/(+l) = 0. B.5.35) We now write a Mathematica program for the shooting method a=1.0; NDSolve[{y"[x] + (l+x~2)*y[x]==-l.,y[-l.]==0, y'[-l.]==a},y[x],{x,-l.,1.3}]; B.5.36) and pick values of y(x) in the interval 0 < x < 1.5 with a step 0.5 Table[Evaluate[y[x]/.%],{x,0.,1.5,0.5}] yielding 0.345, 0.011, -0.559, 313.35. The first line in B.5.36) defines the (variable) value a of the initial condition y'(—1) = a. The semicolon informs Mathematica not to print the value a on the screen. Notice that in B.5.36) the numbers 1. etc., are written as floating point (decimal) numbers. The second line in B.5.36) executes the numerical integration of the initial value problem B.5.34), B.5.35) and the next command picks up the values w(l), based (/.) on the result of the preceding calculation (%). We now recalculated B.5.36) many times with different values to obtain a good approximation to the exact value a which satisfies B.5.35) using first the commands Clear[a,T,y,u];a=1.0; x] + (l+x^2)*y[x]==-l.,y[-l.]==0,y'[-l.]==a}, Table[Evaluate[y[x]/.%],{x,0,1.5,0.5}] u [x_] =y [x] / . First [T] ; Plot[u[x],{x,-l.,1.3}]; u[l.] B.5.37) ) 2003 by CRC Press LLC

we obtain -0.559557 for w(l.) and Figure 2.1 u(x) for wrong a. .2 -1 -0.5 -0.2 -0.4 -0.6 -0.8 Figure 2.1 m(cc) for wrong a Repeating the commands for a = 1.0,1.2..., we obtain Table 2.1. Table 2.1. The dependence of w(l) on a 1.0 1.2 1.5 1.6 1.7 1.8 -0.5596 -0.4076 -0.1797 -0.1037 -0.0277 +0.0483 From Table 2.1 we conclude 1.7 < a < 1.8. The command First picks out u[l.] of T. In some simple cases Mathematica is able to solve a numerical boundary value problem directly, that means without use of the shooting method. The Mathematica command Sol=NDSolve[{y"[x]+(l+x~2)*y[x]==-1.,y[-1.]==0, y[l.]==0},y,{x,-l.,l.}] B.5.38) solves the boundary value problem B.5.34), B.5.35) directly and delivers y- > InterpolatingFunction[{{-l., }}, <>] B.5.39) which may be plotted using the command Plot [Evaluate [y [x] / . Sol], {x, -1., 1} ] B.5.40) This plot is shown in Figure 2.2. Evaluate causes Mathematica to calculate values of the interpolation function. Since we have given the name Sol to the result of B.5.38) we now write Sol instead of % as in B.5.36). In equation B.5.40) one finds the replacement operator. It is able to replace x by value in the expression expr : expr \. x / value. ) 2003 by CRC Press LLC

In many cases one has, however, an eigenvalue problem and the parameter k is not known; it depends on the boundary conditions. Let us consider the eigenvalue problem y"(x) + k2y(x) = 0, t/@) = 0, t/(l) = 0. B.5.41) Its solution is given by y = A sin kx, k = nn, n = 0,1,2..., k = 3.14159, 6.28318.... B.5.42) The value t/'@) = a necessary to reproduce B.5.41) by the shooting method is easily calculated y'(x) = Ak cos kx, y'@) = Ak = a, B.5.43) so that for A = 1/n, a = n. It is clear that for a = n, k = n the shooting method will deliver a numerical result that is identical with B.5.42). -0.5 0.5 Figure 2.2 Plot of y(x) according to B.5.40) A double loop Mathematica program could be created @<fe<...,0<a<...) but would probably be of no great use. Another possibility of solving initial (and boundary) value problems of or- ordinary (and partial) linear and nonlinear differential equations is offered by Groebner's Lie series method [2.2], [2.3]. In various papers Groebner has shown that an autonomous system of ordinary differential equations da; ym(p) Q , v da; j = vm{y1,y2,...yn,x), -— = 1, m = 1,2,... ,n dp dp B.5.44) with the initial conditions ) 2003 by CRC Press LLC

Vmipo) = Vm, x(po) = x0 B.5.45) has an absolutely convergent Lie series solution. Defining the Lie operator the solution of B.5.44) VmP m=l reads OO / v=l OO / v=l y-PoY v\ o-PoY v\ °V B.5.46) D"ym, Dvxo=xo+p-po- B.5.47) ~i ": Substitution for p yields ~ (r - Tny ym(x) = J2 „; D"ym, v=l,2,...,n, yo=x. B.5.48) The prescription B.5.48) says: assume that the parameters ym are the same variables as the ym. Therefore the Lie operator works on these variables, but only after formation of the Lie series B.5.48), i.e., after application of D, the ym may be considered to be the fixed and therefore const initial values ym. The method seems to be quite complicated, especially when applied on simple examples, but its advantages become clear when difficult initial or boundary value problems have to be solved. We consider y"(x) + y(x) = 0 or y2 = y[, y2 = -t/i, 01=!fc, 02 =-|/i. B.5.49) B.5.50) B.5.51) 2! ¦ 4! 6! B^52) Since a function has only one series representation, it is to be expected that the Lie series solution of B.5.49) gives rise to the series . -, . X XXX X X foe: c:q\ This result can be obtained by the Mathematica command ) 2003 by CRC Press LLC This equation where and has the solution y = yi sin x - x + V2 = X3 ! 4 X2 sin a; ¦ X5 ' 5! X4 ¦f COS X, X7 ' 7! +' X6

Series [Sin[x]+Cos[x], {x,0,7}] B.5.54) This command expands a given function into a power series up to terms of degree 7. Thus the initial conditions realized by the solution B.5.50) are !/i@)=0, i/2@) = 1. B.5.55) According to B.5.46) the Lie operator associated with B.5.49) is given by d 8 8 D = V2T. VlT. 1" -K-, oy\ 8y2 ox ^2 2 82 8 82 8y2 8 d2 D =1/2^-2 -viizrvv ++ife 8y2dy\ 8x dyi _ _8__ 82 2_^!__^/iJL_ & +J/2 9a;9t/2 52 82 82 ' dyidx dy2dx dx2' Dyi =y2+y[, Dy2 = -t/i +y2, D2yi = -t/i +y'2+ y'l D2y2 = -y2-y'1+yl2l. B.5.56) Since after application of D, the variables t/; become the constant initial values B.5.55), the derivatives vanish and we obtain from B.5.48) for xq = 0 the first three terms of B.5.53). Applications of the Lie series method for boundary problems of linear and nonlinear ordinary differential equations in perturbation theory and for partial differential equations will be discussed later. Boundary problems solved by the Lie series method can either be reformu- reformulated as initial value problems or can be solved as boundary problems using numerical methods, Lie series perturbation theory and methods to accelerate the rate of convergence of the series [2.3]. A simple example is the eigenvalue problem [2.4] of equation y"{x) + A(l + sinx)y(x) = 0, t/@) = 0,3,G1-) = 0. B.5.57) This eigenvalue problem can be written in the form of a boundary value problem ii(x) = x2(x) a;i@) = 0 x2(x) = —?3A + sinx)x\ x2{-k)=Q B.5.58) x3 =0 x2@) = 1. The initial value of x3 = A = const is to be calculated. This has been done with the shooting method (arbitrary initial conditions) and by splitting the operator D = Di +D2 (perturbation theory). The result was A = 0.54031886, [2.2], [2.3]. ) 2003 by CRC Press LLC

Problems 1. The tedious method to find the correct a by the shooting method can be improved by a loop. Learn to write a program for a loop: Clear[a,1] For[l=l,l<4, Print[{"iteration=",l,"value of a=",a[l]}]; a[l]=a[l]+0.01*l 1++]; B.5.59) resulting for / = 1,2,3 in {iteration =, 1, value of a = ,1.6} {iteration =, 2, value of a = ,1.601} {iteration =, 3, value of a = ,1.604} 2. Consider a Lie series solution of n/r7i \ 7 with the initial condition Z(t = 0) = z so that 2(Z(t) + a) D 2(z + a) Az Now - -"¦¦¦ and the solution reads CO ) 0 + aJ" For t = 0 one obtains Z@) = z. 3. Show that the invariant B.1.19) of Bessel equations given by 1 — Dn2 — 1I Ax2 and that for n = ±1/2 the Bessel function is given by J+1/2(a;) = —7=(Ci cos a; + C<i sin a;). Using Mathematica show that Ji/2(aO = \ZB/ttx) sin a;, J_i/2 (x) = \ZB/ttx) cos a;. 4. Consider iTi = O,\\Z\ + CI12Z2, Z2 = Q,<l\Z\ + 022-^2, where a^ are constants. Show that these equations may be solved by a setup Z\ = (Azi + Bz2) exp(A, t) + (Cz\ + Dz2) exp(A2?) and similar for Z2,A, B, C,D etc., are constants and the eigenvalue A is determined by ) 2003 by CRC Press LLC

I X- an -012 \ Dei = 0. y — 021 A — a22 / What initial conditions are satisfied? 2.6 Nonlinear ordinary differential equations Even the first differential equation in this book, namely A.1.1), and several others have been nonlinear. The problem with nonlinear equations is that there is no general theory for the integration. There are only four possible cases of simple integration of differential equations of the type F(y"(x),y'(x),y(x),x)=f(x). B.6.1) Case 1: The variable x is missing explicitly and the equation is homogeneous. Such equations are called autonomous. F(y"(x),y'(x),y(x))=0. B.6.2) In this case it is possible to reduce the order of the equation. The ansatz P(y) = y'(x(y)) creates and produces = dp^aO) = dp dp = dp da; ay ax ay F[p(y),^,y,p)=0, B.6.4) which is a differential equation of first order for the function p(y). If a solution P(y) = f(y> C) 7^ 0 can be found then separation of variables and integration are possible: Here C and C\ are integration constants. If a solution y(p) = g(p,C) has been found,then f Ay f dg dp y f dp ,„.., x = / —- = / --, x = - + / g(p,C)-^ B.6.6) J P(y) J dp p(y) P J P2 are solutions. As an example for B.6.2) we consider the equation of oscillation with quadratic damping y"(x) + ayt2(x) + by(x) = 0. B.6.7) ) 2003 by CRC Press LLC

Using B.6.3) we obtain B.6.4) in the form p' (y) + ap{y) + by/p(y) = o. B.6.8) The Mathematica command B.6.9) StandardForm[DSolve[p'[y] +a*p [y] +b*y/p [y] ==O,p[y] ,y] ] gives p(y) = ±J-2b(--^ + ^ + exp(-2oi/)C, B.6.10) what we define as function P[y_]=Sqrt[-2*b*(-1/D*a~2)+y/B*a))+C[1]Exp[-2*a*y]; The command StandardForm produces a result written in usual mathemat- mathematical notation. The command InputForm forces Mathematica to show the result in the input form, that means that the resulting expression will be in such a form that it can be used as the input for the next Mathematica com- command. C is the integration const. To check on the correctness of the solution B.6.10) of the equation B.6.8) we use the command Simplify [p' [y] +a*p [y] +b*y/p [y] ] B.6.11) This gives zero what proves the correctness of B.6.10). If y' does not appear in B.6.2) the integration is simpler. We multiply an equation of motion x(t) = fix) B.6.12) by x(t) and receive after integration x2(t) = f f(x)dx. B.6.13) Separation of variables yields x(t). Case 2: The variable y is missing in B.6.1). Using y'(x) = p(x) one gets F(p'(x),p(x),x)=0. B.6.14) Let us consider the example x2y"(x) - y'2(x) + 2xy'(x) - 2x2 = 0. B.6.15) Using y'(x) =p(x), y"(x) = p'(x) one obtains x2p'(x) - p2(x) + 2xp - 2x2 = 0. B.6.16) Mathematica gives _ dy _ -2x 2 dx -l + eMQx ¦ { b 1} This allows integration. We thus have to apply ) 2003 by CRC Press LLC

Integrate [ (x* (C*x-2) / (C*x-1)) ,x] B.6.18) on B.6.17) giving the solution of B.6.15) or y{x) = -^ + y - HC^l) + const. B.6.19) In some cases a solution of B.6.14) is given in the form x(p) = g(p,C). Then y = pdx = jpg'ip, C)dp + const B.6.20) y = pdx = px — jxdp = pg(p, C) — g(p, C)dp + const B.6.21) give x or y as function of p. Case 3: Both variables x and y are missing. Then the equation is again homogeneous. If one has V" = /(!/') = fip) B-6.22) then the solution reads x = -T7-Z + const, y = -zj—dp + const. B.6.23) J fip) J fip) Case 4- If all terms of an equation have the same power of y, y'y", the equation is called uniform (e.g., of the second degree) xyy" - xy12 + yy' = 0. B.6.24) Then the introduction of a new variable u = y'/y reduces the order of the equation. A great class of nonlinear ordinary differential equations of second order can be subsumed under the very general form y"ix) + fiyix),y'ix))hix)y'ix) + giyix))-pix)=rix). B.6.25) The physical meaning of the terms in B.6.25) can be classified as follows: 1) exterior excitation r(x), compare B.2.15), 2) damping f(y(x),y'ix)), compare B.6.7), 3) nonlinearity of the oscillator giy), 4) selfexcitation by negative damping, compare the Van der Pol equation y"-nil-y2)y'+y = 0, B.6.26) 5) parametric excitation fix) in a non-autonomous equation like y" + f(x)y = 0, B.6.27) ) 2003 by CRC Press LLC

compare the Mathieu equation or the similar equation B.5.57). If f(x) is a periodic function, the equation B.6.27) is called Hill equation. For f(x) ~ sin a; B.6.27) becomes a Mathieu equation B.7.53). We give some examples. y"(t) + py'(t) +(j + yw2 cosujt) smy(t) = 0 B.6.28) is the oscillation equation of a damped parametrically excited mathematical pendulum. More general are the Lienard equation y" + h(y)y' + f(y) = 0, wherey = y(x), B.6.29) and the Levinson-Smith equation v" + f(v,v')v'+9(v) = 0- B-6-30) It helps to understand how to solve equations of these types if the behavior of the solutions is known qualitatively. In the case of ordinary differential equations of second order y" (x), the splitting into two equations of first order for Xi(t) = y(t),X2(t) = y'(t), where t is a parameter, allows the study of the trajectories xi(t),X2(t) or y'(y) in the phase plane ?1,2:2 or y,y'. These trajectories are also called a phase portrait of the differential equation of second order. In order to investigate the phase portrait y'(y) of B.6.29), we replace the independent variable a; by a new independent variable t. We then have two dependent variables x\{t) and a;2(i). Using new designations for x and y by x\ —> y, x2 —>¦ y" two new quantities, P(x,y) and Q(x,y) will then be defined by y'(x) -»• x(t) = y(t) = Q(x, y) = y B.6.31) and y"(x) -»• x(t) = y(t) = -h(x(t))x(t) - f(x(t)) = -h(x(t))y(t) - f(x(t)) = P(x, y). B.6.32) The starting point for the portrait analysis will then be — =x = Q(x,y), (y) B.6.33) -^ =y = P(x,y) (y") B.6.34) and the differential equation for the phase portrait trajectories reads Ay _ P(x,y) dx Q(x,y)' B.6.35) Special points xo,yoy which are always at rest, satisfy x = 0,y = 0. They are called equilibrium points or singular points and satisfy P(xo,yo) = 0, Q(xo,yo) = 0. B.6.36) ) 2003 by CRC Press LLC

Since the investigation of phase portraits is mainly interested in the surround- surroundings of equilibrium points, we can expand P(x,y) and Q(x,y) into Taylor series dP dP P(x,y) = -t^(x - x0) + -7r-(y - t/o), Q(x,y) = ^(x-xo) + ^(y-yo). B.6.37) Since it is possible to dislocate equilibrium points, we chose xo = 0, t/o = 0 and insert the ansatz x(t) = Aexp(Xt), y(t) = Bexp(Xt) B.6.38) into B.6.33), B.6.34), B.6.37). The result is AX=gA + gB, BX = ?-A + ?B. B.6.39) ox ay ox ay So that these two linear homogeneous equations possess nontrivial solutions for the unknown constant amplitudes A and B, the determinant of the system has to vanish. This allows to calculate the value of the parameter A A1>2 = ^±^ ± y^^ - (QxPy - PxQy). B.6.40) Six cases appear: a) both solutions Ai, A2 ^ Ai are real: no oscillations 1) Ai < 0, A2 < 0: attracting (stable) node, 2) Ai > 0, A2 > 0: repelling (unstable) node, 3) signAi ^ signA2: saddle (unstable) point, b) the solutions Ai, A2 are complex: oscillations possible 4) ReAi > 0,ReA2 > 0: unstable focus (repelling spiral), 5) ReAi < 0,ReA2 < 0: stable focus (attracting spiral), 6) Ai,A2: imaginary: stable center. As an example we consider B.6.25) with the specifications p = 1, h = 1, / = -ci - c2y2, g = -c3y - ay3. This gives y"(x) + (-ci - c2y2{x)) y\x) - c3y(x) - c4y3(x) = 0. B.6.41) This equation comprises not only the Van der Pol equation B.6.26) (ci = /x, C2 = 1, C3 = —1, C4 = 0) but also the Duffing equation for a nonlinear oscillator y"(x) + ay(x) + by3(x) = 0 B.6.42) and the Lashinsky equation y"(x) + ay'(x) - ay{x) + by3(x) = 0 B.6.43) ) 2003 by CRC Press LLC

of plasma physics [2.5]. From B.6.41) we can read after change of designation P(x,y) = c\y + c2yx2 + c3x + c^x3, Q(x,y) = y. B.6.44) According to B.6.36) the equilibrium points are then found from Q = 0 and P = 0. There are two of them: x0 = 0, t/o = 0 B.6.45) and x0 = ±\j-c3jc^ t/o = 0. B.6.46) According to the linearized stability analysis B.6.37), we now have to calculate dP dP Px = -^- = 2c2yx + c3 + 3c4t/2, Py = — = d+ c2x2, ox ay dx ' v dy For the equilibrium point B.6.45) we then find from B.6.40) ^2~ B.6.48) 6 V <± We can now conclude: c3 > 0 c3 < 0 c3 = 0 ci < 0 unstable stable stable ci > 0 unstable unstable unstable ci = 0 unstable stable indifferent. There are more unstable than stable solutions. But what happens with the other equilibrium point B.6.46)? Since our linearized anaysis is valid only very near zero, we have to shift this singular point into the origin. This is done by the transformation v = x ± \/—c3/c4, y = t/o = 0, B.6.49) compare B.6.46). We then obtain another differential equation for v and This For Al,2 indicates (ci -c2c3/c4) ^ /(ci 2 ±V stability for Cl — C2C3/C4 < (Cl - C2C3/C4) - C2C3/C4J 4 0, c3 > 0. - 8c3 < 0 -2c3. B.6 B.6 B.6 .50) .51) .52) ) 2003 by CRC Press LLC

one has an oscillatory solution. These calculations demonstrate stabilization due to nonlinear terms. c\ = 1, c2 = —1, c3 = C4 = 0 produces y"— y'+ y = 0, which has an unstable oscillatory solution. Now if we add the nonlinear terms we have y" -y' + y- c2y2y' - = 0, B.6.53) and c2 = +1, C4 = —0.5 give a stable nonoscillatory solution. For the Lashinky equation B.6.43) one obtains a damped oscillatory solution for a2 < 8a and a stable nonoscillatory solution for a2 > 8a. For a = 0 Ja- COBI elliptic functions satisfy the equation. Negative restoring forces like in y" + y' — y = 0 - similar to the Benard problem [2.5] - can also be stabilized by parametric effects, see section 2.7, equation B.7.61). We now treat some examples. 1 0.5 -0.5 -1 15 20 Figure 2.3 Stable nonlinear oscillation y" — y + y3 = 0 for y@) = 0,y'@) = 0.2 0.2 0.1 -0.1 -0.2 Figure 2.4 Stable nonlinear oscillationy" + y + y3 = 0 for y@) = 0,y'@) = 0.2 ) 2003 by CRC Press LLC

10 15 20 0.1975 0.195 0.1925 0.19 0.1875 0.185 Figure 2.5 Creeping solutiony" + y' = 0 for y@) = 0,y'@) = 0.2 Figure 2.6 Damped nonlinear oscillation y" -\- y' — y -\- yz = 0 for y@) 0,y'@) = 0.1 -0.01 8 10 Figure 2.7 Damped nonlinear oscillation y" -\- y' -\- y + y3 = 0 for y@) 0,y'@) = 0.1 ) 2003 by CRC Ress LLC

-0.01 10 Figure 2.8 Damped nonlinear oscillation y" -\- y' -\- y — y3 = 0 for y@) = 0,y'@) = 0.1 -20 Figure 2.9 Unstable nonlinear oscillation y" — y' — y + y3 = 0 for y@) = 0,y'@) = 0.1 0.03 0.02 0.01 -0.01 -0.02 -0.03 -0.04 Figure 2.10 Strongly unstable nonlinear oscillation y" — y' + y — y3 = 0 for y@) = 0,y'@) = 0.01 ) 2003 by CRC Ress LLC

Figure 2.11 Increasing nonlinear oscillation y" — y' ,y@) = 0,y'@) = 0.3 Similar results can be obtained from a Lyapunov analysis. We now may consider the Levinson-Smith equation B.6.30). First we have to construct a Lyapunov function v B.6.54) o v V{y,y') = \y'2+Jg{y)dy. As one can see, this function describes energy. Apparently dV/dx = 0 or dV/dt for y(t) conserves energy (stability). We build f V -Jg(y)dy = y'y" + y'g(y). B.6.55) Inserting for y" one obtains dV ^=y' [g(y) - f(y,y')y' -g(v)] = -y'2f(y,y')- B.6.56) An equilibrium point is given by y = 0, y' = 0. In its environment one has V = const. For / > 0 one has dV/da; < 0 (asymptotically stable) and for / < 0 one has dV/da; > 0, unstable (near the origin). Solutions of some equations have the property that their portrait curves never leave a closed domain in the phase space y, y'. These domains are called limit cycle. The Van der Pol equation has such a limit cycle. Solutions inside such a cycle are periodic. Bendixon has shown that such a limit cycle may exist, if G = Pv + Qx = 0. B.6.57) If G never changes its sign and does not vanish, then no limit cycle can exist. The periodic solutions belonging to such a limit cycle may be stable or unstable. ) 2003 by CRC Press LLC

We now investigate the Van der Pol equation in detail. Splitting B.6.26) into two equations of first order by using y = xi(t), y' = x2(t) one gets the system B.6.33), B.6.34) = x2, B.6.58) B.6.59) Integration of this system gives an expression for the phase portrait trajecto- trajectories x2(xi) or y'(y). If we rewrite the system in the form P(x,y) =-y -y2)y', Q(x,y) = y, B.6.60) then we see that the Bendixon criterion B.6.57) is satisfied by the Van der Pol equation. The phase portrait will be a limit cycle. In order to find it, we may integrate B.6.58), B.6.59) using the Mathematica commands Clear [mu,n] ;mu=l. ;n=2 . ; Sol=NDSolve [{xl'[t] ==x2 [t] ,x2'[t] ==-xl[t]+mu*A-(xl[t])~2)*x2[t],xl[0]==n,x2[0]==0}, {xl,x2},{t,0,8.*Pi}]; B.6.61) ParametricPlot[Evaluate[{xl[t],x2[t]}/.Sol],{t,0,4.*Pi}] B.6.62) By this way we produced Figure 2.12. All phase portraits of the six cases mentioned after B.6.40) could be created by the same method. Figure 2.12 Limit cycle of the Van der Pol equation We see that the phase portrait is a good way to understand the behavior of a second-order ordinary differential equation. ) 2003 by CRC Press LLC

Problems 1. We now consider the parametric resonance B.6.27), which is of industrial importance [2.12]. The charge Q(t) of a variable capacitor C(t), which is connected in a series resonance circuit with a constant inductance L$ and an ohmic resistance Ro, is described by Q(t) = 0. B.6.63) Let us assume C(t) = Co [ 1 + -^- cos -^- ), B.6.64) V Co t ) where AC = (Cmax - Cmin)/2- co = (Cmax - Cmin)/2 and P = lot/it. (The pumping angular frequency is designated by to). Using the Mathematica command G[t]=1/C[t]=Series[1/(l+C0*Cos[2*u>*t]),{t,0,5} one obtains a symbolic series representation of G(t) up to the order 5. For Clear [G,F] ;C0=l.; and 2u>t = u one has G[u]=Series[l/(l+CO*Cos[u] ), {u,0,5}] yielding 0.5 + 0.125 u2 + 0.0208333 w4 + O[uf. However this expression cannot be used to calculate or plot the func- function G(t). It is necessary to use the Mathematica function Normal to generate a polynomial without the reminder O[m]6. Now one defines F [u_] =Normal [G [u] ] ; and one may pick out special values by Table[F[u],{u,0,Pi,Pi/8}] This allows to Plot [F[u], {u, -Pi,Pi}] the function. A polynomial representation of the pump function is how- however not suitable. One can obtain a Fourier series representation by loading the package and <<CalculussFourierTransfonrf and Clear[F]; F[u_]=FourierTrigSeries[1/A+Cos[4*u]),u,3]; Plot[F[u],{u,-Pi/2,Pi/2}] yields an approximative picture of the pumping function. For a better plot one can replace 3 —? 100. One now can integrate B.6.63) numeri- numerically. 2. Plot the phase portrait of the Duffing equation B.6.42). You should give these commands: Clear[a,b,n. Duff,xl,x2];a=l.;b=0.l;n=2.; Duf f=NDSolve [ {xl' [t] ==x2 [t] ,x2' [t] ==-a*xl [t] - b*xl[t]~3,xl[0]==n,x2[0]==0},{xl,x2},{t,0,8*Pi}]; ) 2003 by CRC Press LLC

ParametricPlot[Evaluate[{xl[t],x2[t]} /.Duff],{t,0,4.*Pi}] The figure should be an oval. Play around with varying values of a, b, n. Is the Bendixon criterion satisfied? 3. Plot the phase portrait of the Mathieu equation Clear[A,n,Ma,xl,x2];A=0.5;n=2.; Ma=NDSolve [ {xl' [t] ==x2 [t] ,x2' [t] ==-A* A+Sin[t] ) * xl[t], xl[0]==n,x2[0]==0},{xl,x2},{t,0,8*Pi}]; ParametricPlot[Evaluate[{xl[t],x2[t]}/.Ma], {t, 0,4 . *Pi} ] Play with varying values of A and n. Is the Bendixon criterion satisfied? Is the solution of y" + (X — 2q cos 2x)y = 0 stable for 0 < A < 10 and q = 1? Compare [1.4]. 4. Solve the equation and plot the Figures 2.3 to 2.11. 2.7 Solutions of nonlinear differential equations There are very few nonlinear equations that have a closed solution. One of these equations is the pendulum equation <p"(t) + f sin </>(*) = 0; B.7.1) here ip is the angle of deflection, / the length of the pendulum and g is the acceleration of gravity. The pendulum mass has been assumed m = 1. Mul- Multiplying B.7.1) by (p(t) we obtain = = _ dlP 9 „. or after integration one has =??=-??-* dip , ~y . u> =-—= \ —wcosip — cosa, B.7.3) dt V I where cos a is the integration constant. Using the identity cos ip — cos a = 2 (sin2 — — sin2 — J B.7.4) we rewrite B.7.3) in the form v 1 B.7.5) ) 2003 by CRC Press LLC

The expression yg/l is usually called eigenfrequency u> of the pendulum. The integral in B.7.5) is usually called an elliptic integral because similar integrals appear in the calculation of the curve length of an ellipse. In order to transform B.7.5) into the form of a Legendre elliptic integral, we use the following abbreviations sin(y/2) = sin(a/2) sinit = ks'mu, B.7.6) cos(ip/2) = y^l - sin2(^/2) = \J\ - k2 sin2 u, B.7.7) dsin(y/2) = cos(ip/2)d(ip/2) = fed sin u = kcosudu, B.7.8) ,. .„. kcosudu kcosudu .„ „ „. AUp 2) = -.—— = . . B.7.9) Wl COS^/2) ^ k2 2 The new parameter k is called elliptic modulus and u is the amplitude. Now we may write B.7.5) in the form _ u 9-t = f dU = F(k; u). B.7.10) ' J V1 - k2 sin2 u The new function F(fe; u) is called the incomplete elliptic integral of the first kind. The adjective "incomplete" is often omitted: it refers to the fact that the upper limit in the integral is variable. If the upper limit is given by tt/2, then the integral is called complete elliptic integral (of the first kind). Here r = 2tt/u> is the period of oscillation of the pendulum @ < <p < 2tt). It depends on the initial maximum deflection. k(a) represents the energy that has been put into the pendulum at t = 0. We are now interested in the inverse function u(t) of B.7.10). It is called the elliptic amplitude and u(t)=am[Jjt,k) B.7.12) sin u = sin am I 4 j t, k ) = sn [\ jt,k) B.7.13) is called Jacobi (or elliptic) sine function. Now we are in the position to write down the solution ip(t) to B.7.1) ip(t) =2arcsin \ksn (\ jt,k]\ . B.7.14) Mathematica can solve B.7.1); the solution reads ) 2003 by CRC Press LLC

EllipticF[u,k]; EllipticK[k]; am(cc, k)=JacobiAmplitude [x, k] ; sn[cc, k] =JacobiSN[x,k] B.7.15) In Mathematica the arguments of elliptic functions may be given in the opposite order from what is used normally. The commands a=3. ; pen=NDSolve[{y"[t]+a*Sin[y[t]]==0,y[0]==Pi/8., y'[0]==0.1},y,{t,0,Pi}] B.7.16) Plot[Evaluate[y[t]/.pen],{t,0, Pi}] gives a nice plot y(t). Of more interest is however the phase portrait. We use the commands InputForm[Integrate [x"[t]*x'[t]+Sin[x[t]] *x' [t], t] /. {x[t] ->x,x' [t] ->y} ] B.7.17) on B.7.2) for g/l = a = 1. This gives y2 — 2cos(a;). Now we define the energy function F which we obtained in InputForm F [x_,y_] = (y~2-2*Cos [x] ) /2 B.7.18) This energy function produces a portrait by ContourPlot[F[x,y],{x,-5.,5.},{y,-4.,4.}, CountourShading->False,Contours->Range[-5.,5.,0.45], PlotPoints->100] B.7.19) This plot is shown in Figure 2.13. -4 Figure 2.13 Phase portrait of the pendulum ) 2003 by CRC Press LLC

Now we learn more Mathematica details. ContourPlot plots curves F(x,y) = const in the domain given by — 5.<x<5., —4. < y < 4. ContourShading->False avoids shading of the plot, so that the curves may be seen more clearly. The command Contours - >Range [-5.,5.,0.45] orders the plotting of contour curves in the interval from —5 to +5 with a step 0.45 and PlotPoints->100 fixes the number of evaluation points in each direction. There exist few nonlinear equations that can be solved by transformations. So the equation yy" + ay'2 + f(x)yy' + g(x)y2 = 0 B.7.20) may be transformed into a linear equation u"+ f(x)u'+ (a+l)g(x)u = 0 B.7.21) with the use of the transformation y = u1/A+a). B.7.22) Another equation is y" + f(x)y' + g(y)y'2 = 0 B.7.23) which may be transformed by y' = u(x)v(y). B.7.24) Looking for a closed solution to a nonlinear equation is eased by a search in Kamke [2.6]. But very often it is necessary to resort to approximation methods. According to Poincare, a nonlinear differential equation of the type x + x = f(x,x,t) B.7.25) can be solved by a power series x(t)=xo(t) + x1(t)+x2(t), B.7.26) where the xn (t) satisfy linear equations. As an example we consider mx + kx — ex2 = Ko costot. B.7.27) ? is a small parameter < 1. We set up the method of successive approximation x(t) = xo(t)+ex1(t)+e2x2(t). B.7.28) Insertion into B.7.27) and sorting according to powers of e results in the following system e° : mx0 + kx0 = Ko cos tot, x0 = -. ^ cos tot = A cos tot B.7.29) k — rmo1 B.7.30) t1 : mx\ + kxi = x\ = A2 cos 2u>t = A2 ( - + - cos 2u>t ]. \2 2 / ) 2003 by CRC Press LLC

We just see that the first harmonic 2u> is ~ cos 2u>t. Another method has been proposed by Krylov and Bogolyubov. They consider x + u>2x = -fj,f(x,x), B.7.31) where jjl is a small parameter. The so-called averaging method starts from the setup generating solution x(t) = A(t) sm(oot + ip(t)), B.7.32) x(t) = uA(t) cos(ut + <p(t)), B.7.33) which contains two unknown functions A(t),(p(t). Differentiation of B.7.32) and insertion into B.7.33) results in A(t) = -A(t)tp(t) cos(ut + <p(t))/ sm(ut + <p(t)). B.7.34) Differentiation of B.7.33) and insertion into B.7.31) yield A(t) cos(ut + tp(t)) - A(t)tp(t) sm(ut + tp(t)) = - — f(x,x). B.7.35) u> If one inserts A and takes sin2 + cos2 = 1 into account one obtains the two equations determining A(t) and ip(t). They read S = /(a;i] SinM + ^ B736) ^ =-^/(a;,i)cos(a;t + ^). B.7.37) at uj Apparently, the Krylov-Bogolyubov method considers two different time scales: a slow change of A(t) and ip(t), which is proportional to fj, and a fast time scale proportional to u>. Averaging over the fast time scale results in < (p >= -^- ¦ —- f(x, x) sm(ujt + ip)dip. B.7.38) Ajj 2tt J o Here one has to substitute x and x from B.7.32) and B.7.33). In B.7.38) one assumes that A and <p are constant during the short time period, so that dip = codt during the integration in B.7.38). For A(t) the averaging process gives rise to 2tt <A>=-- ¦ — f(x, x) cos(ujt + ip)dip. B.7.39) u> 2?r J o Two interesting results are apparent: 1. If f(x,x) = f(x), one obtains < ip >= const, that means that a small nonlinear damping term does not modify the phase ip. ) 2003 by CRC Press LLC

2. If f(x,x) = f(x), no modification of the amplitude A appears, but the phase ip will be modified. We now apply the averaging method on the Van der Pol equation B.6.26). In this case one has f(x,x) = /x(l — x2)x, so that B.7.39) gives ^(p) B.7.40) The substitution u = A2 gives a differential equation of first order that is separable. Integration yields = Apexp^/2) = Vl + D>/4)[(tf)l] Here the integration constant has to be determined by the condition A(t = 0) = Ao. In the limit t -»¦ oo one obtains the solution x(t) = 2sin(i + ip) that is independent of any initial condition. The averaging method can only be used if an harmonic generating solution B.7.32) exists. This is not the case for the Lashinsky equation B.6.43), which contains a large damping term. So we can try the Poincare method of successive approximations B.7.28). To be able to use this method, we have to make some substitutions in the Lashinsky equation [2.7]. We replace x -? t,y = a1/26~1/2w(i), which eliminates b; furthermore, we choose at = ?, ? = a/a2, d«/d? = «(?). Then we have u + ii-eu+eu3 = 0 and B.7.28) gives rise to the following equations ilo + Uo = 0, tii + tii = Wo — Wq, U2 + U2 =u\ — 2>u^u\. B.7.42) The solutions of the equations B.7.42) are given by +B, B.7.43) A3 3A2B M-0 - -g-exp(-3?) - —^- exp(-2?) exp(-?) - (-B - B3)? + Cexp(-?) + D. B.7.44) Here A, B, C, D are integration constants. These solutions contain secular terms proportional to ?, which become infinite for ? —y oo, so that the series B.7.28) does not converge. Since we are free to determine the integration constants, we follow the Lindstedt method for the elimination of the secular terms by choosing B = 0 and D = 0 (for higher orders). We remark that terms ?exp(—?) are not secular, since they tend to zero for ? -»• oo. If the damping term is small, but the nonlinear term is large, as is the case in the Langevin equation (Froude equation for rolling ships) x(t)+u>2s'mlx = sF(x,x) B.7.45) ) 2003 by CRC Press LLC

averaging must be done starting at the exact solution of the undamped equa- equation (e = 0) that has the solution x(t) = - arcsin \k sn(Vlip, k)] , B.7.46) where <p = u>t + ip, where -0 = const. Switching on the damping e ^ 0, energy will be dissipated and the modulus k and the phase -0 change [2.8] according to AK .dk, eVl_ /'F(sn(u)jCn(u))dUj B.7.47) l J dsn(u) 1 dt' 8uK o dib e /1\ dt' 8ooK o /sn[u) F(sn(u),cn(u)) Here u = Vl<p, K is given by B.7.11), dn is the elliptic function defined by [2.9] dn(k,u) = y/l-k2sn2(k,u) B.7.49) and the elliptic cosinus is defined by cn(fe, u) = \J\ - sn2(k,u) = cos(am(fc, u)). B.7.50) During the derivation of B.7.47), B.7.48) use has been made of the identities [2.9, 2.8] 9 9 - d d sn2 dsn den „ ,„„„„, sn^ + cn^ = 1, sn—sn = —-=-, sn—— + en—— = 0. B.7.51) dk dk 2 dk dk In B.7.1) the pendulum is not excited, it gains its energy from the deflection (p@) ^ 0 at the time t = 0. Any energy dissipation proportional to a damping term (p is neglected. We now consider parametric excitation of the pendulum. Let be / the length of a stiff but elastic rod of mass m = 1, u>o the parametric pump frequency with which the location ? of the support of the pendulum oscillates ? = a cos u>ot- Assume that the pendulum rod at t = 0 has the initial position ip = tt; that means that the center of gravity of the vertical rod is higher than the support ("inverted pendulum"). This is surely an unstable situation. Then for a small deviation sin-0 « %p, ip = tt — %p from the vertical line ip = 7T, ip = 0, the equation of an excited undamped motion reads i[>(t) - yi/)(t) + ju>fy(t) cosuoot = 0. B.7.52) The last lhs term stems from the parametric pump term ?(?) = — cilOq cos toot. With the definitions e = a/I, g/l = ujls2k2, r = u>ot, ip(t) = x(t) the equation ) 2003 by CRC Press LLC

B.7.52) will be transformed into a nonautonomous parametrically excited equation 0. B.7.53) This is a Mathieu equation that is solved by Mathieu functions se, ce, which are stable only in certain domains (stability regions) of the parametric space s, k [2.13]. The Mathieu equation contains two frequencies: there is the high pump frequency u>o and the low eigenfrequency characterized by \fgjl- We thus use the multiple time scale method to solve B.7.53). Defining tq, t\ = sto, t2 = ?2t0, dro/dt = 1, dri/dt = e, dr2/di = e2 and x(t) = ?0G0,ti,r2 ...) + exi(t0, n, t2 ...) + ?2a;2(T0,n,r2 ...) + ••• B.7.54) as well as OT OTo OT\ OT2 we obtain d2 S2 d2 d2 d2 dt2 8tq dndro dr( dT2dT0 Thus insertion into B.7.53) gives rise to the following equations and solutions —^-=0, xo(to,t1,t2...) =a(ri,r2,...)r0 + 6(ri,r2...); a->• 0, B.7.57) B.7.58) + 2/g- + 2^f- + 5? - k2x0 + Xl cosro = 0. B.7.59) Using db/dro = 0, cost0 w cost and eliminating secular terms one arrives at xo = b = c(t2) exp I Jk2 - - B.7.60) / These two solutions oscillate and are bounded if If the pump frequency of the support is large enough the inverted pendulum will stay in the "unstable" position y> ss it ("dynamic stabilization" [2.5]). For a normal pendulum ip rj 0, pump frequencies u> = \fg~Jl ¦ 2/n, n = 1,2,... excite parametric resonance. Other similar methods are the iterative Fourier setup and the equivalent integro-differential equation method by G. Schmidt ) 2003 by CRC Press LLC

[2.10]. These methods enable one to find resonance curves (amplitude A(u>)) and their backbone curves for periodic solutions for equations of the type y" + Xy-jy cos nx + /3y' + by2y' - ey3 = f(u, x). B.7.62) Many engineering problems can be described by this equation: torsional vi- vibrations of beams and shafts, vibration of many layered sandwich plates and construction shells, sawtooth oscillations of struts etc. For equations of the type y" + f{x)y = 0 B.7.63) the WKB method (named after Wentzel, Kramers, Brillouin) is some- sometimes used. The setup y = exp(i</>(a;)) creates -(<//J +i<P" + f = 0. B.7.64) For \</>"\ <C /, which corresponds to a geometric-optic approximation of wave phenomena, namely that inhomogeneities are small with respect to the wave length, one obtains (j>'{x) = ±yrj{x), <j>(x) = ±jyrJ{x)Ax B.7.65) and in the second iteration 1 iff i iff ? —1/2 ?f ±1*2, ? i J i if / j* / \ l i i e / c\ ^r rr>\ </> ~ o/ /' ^ ~/±o^r' </>~±/V/(a;)da;+7ln/ B.7.66) 2 2 y/f J 4 the solution y(x) « /-1/4 \a exp (i fy^f(x)dx) + C2 exp (-% [y/f&dxA . B.7.67) More complicated problems can be handled by the Lie series method. If one considers a problem of celestial mechanics like the relative motion of Sun, Jupiter and its eighth Moon one has a system of 18 equations of first order [2.3, 2.4, 2.11]. Due to the very slow convergence of the Lie series, a transformation is necessary: first one determines approximate orbits, which are then corrected by a perturbation method. This consists in splitting of the Lie operator D = D1+D2. B.7.68) The FORTRAN program LIESE handles such operators and quite general ordinary differential equations of first order very satisfactorily. In celestial mechanics one step of 10 digit computation took 2 sec, whereas a 12-digit step using the Cowell method needed 10 sec on nearly equivalent mainframes. ) 2003 by CRC Press LLC

Problems 1. Solve B.7.1) with the help of Mathematica DSolve[?>"[t]+g*Sin[?>[t]]/l==0,?>[t],t] and compare with the solution given earlier. 2. Integrate B.7.11) using Integrate[1/(Sqrt[l-k~2*Sin[u]~2]),u] yielding EllipticF[u, k2] 3. Insert B.7.28) into B.7.27) and derive the differential equations for xo(t),xi(t) and 4. Does DSolve [y" [x] +a*y' [x] -a*y [x] +b*y [x] ~3==0,y [x] ,x] solve B.6.43)? 5. What is the Mathematica solution of B.7.53)? Depending on your com- computer and your version of Mathematica something like x(t) = d MathieuC(-4 k2 e2,-2 e,r/2) + C2 MathieuS(-4 k2 e2, -2 e,r/2) should appear on your screen. The traditional notation would be MathieuC = ce, MathieuS = se [1.4], [2.1]. 6. Solve equation B.7.23) using f(x) = 1/x, g(y) = y. DSolve [y" [x] +y' [x] /x+y [x] *y' [x] ~2==0, y [x],x] InverseFunction::ifun : Inverse functions are being used. Values may be lost for multivalued inverses. y[x] - V2 V2~^ 7. Integrate the following function f(x) = ax2 /(bx + c). Use G[x]=Integrate[a*x~2/(b*x+c),x] ex x2 c2 Log[c + b x] ~H2~+2~b+ P 8. Verify the result of the last problem by using D[G[x] ,x] ex c2 b2 b b3 (c+bx))~ ) 2003 by CRC Press LLC

This is true but not exactly what you expected. Give the command Simplify[%] a x2 c + b x 9. Plot the portrait of x\(t) = Asm(u:t), X2(t) = Bcos(oot). 10. The pendulum equation B.7.1) does not contain any damping. Add a damping term ay'(t) and use DSolve[y"[t]+a*y'[t]+b*Sin[y[t]]==0,y[t],y] Solve::ifun : Inverse functions are being used by Solve, so some solutions may not be found. Apparently Mathematica cannot solve this equation since it gives this message and simply repeats the original command. ) 2003 by CRC Press LLC

Partial differential equations 3.1 Coordinate systems and separability In section 1.1 we have seen that it is possible to separate (linear) differential equations into ordinary differential equations. The setup A.1.37) made this possible for cartesian coordinates. Since the Helmholtz equation is separable in 11 coordinate systems we now investigate these systems more closely. We consider the line element in cartesian coordinates 3 ds2 =dx2+dy2+ dz2 =y^ dx2. C.1.1) Making a transformation X{ = Xi(qk) to new coordinates qk, then ^ i = l,2,3. C.1.2) *=i °9k This expression depends only on the new coordinates qk, since the X{ = Xi(qk) are functions of qk ¦ If the new coordinates qk are such that the expression ^|^, or e1era = 0, l#m C.1.3) |= ^_ qi oqm vanishes, then the new coordinate system is called orthogonal. In this case the unit vectors ei and em are orthogonal. Furthermore, if the Jacobian functional determinant det\dqi(xk)/dqk\ C.1.4) does not vanish, an inverse transformation exists, and dQl = J2^dxi. C.1.5) Since the cartesian coordinates are independent from each other one has dxi/dxk = 8ik (Kronecker symbol) and one can write dxi dqi dqi ~n~ "a— = °ik = a—• C.1.6) dqi dxk dqk ©2003 by CRCRessLLC 91

One sees that the value of Sik is invariant under coordinate transformations. Inserting C.1.2) into C.1.5) one obtains dqi dxi 7T J*~dqk = 6lkdqk = dx dq Raising C.1.2) to the second power results in 1 k~^1 dqk 9qi Defining now the metric tensor V^ dxi dxi (<x i n\ 9ki = V^— ^— C.1.9) fr( d1k dqi one may write the line element in the form 3 3 ds2 = J2 9kidqkdqi = J2dxl C-1-10) k,l=l i=l Mathematica is of great help. In the standard Add On Packages (located at /usr/local/mathematica/AddOns/StandardPackages) one finds the package Vector Analysis. The command <<CalculussVectorAnalysiss C.1.11) loads the package. In this package the default coordinate system is Cartesian with coordinate variables Xx, Yy,Zz. The command Coordinates [Cartesian] C.1.12) yields {Xx,Yy,Zz} and Coordinates [Spherical] C.1.13) gives {Rr,Ttheta,Pphi}. To set a special coordinate system we type SetCoordinates [Spherical] C.1.14) so that now spherical coordinates represent the default system. Some more commands are useful: CoordinateRanges [ ] C.1.15) gives the intervals over where each of the coordinate variables of the last defined default system may range, @ < Rr, 0 < Ttheta, —n < Pphi < n) and CoordinateRanges [Cylindrical] C.1.16) gives the result for the Cylindrical system etc. Mathematica offers transfor- transformations too. Thus ) 2003 by CRC Press LLC

CoordinatesToCartesian [ {1, Pi/2, Pi/4}, Spherical] C.1.17) results in (I/a/2, I/a/2,0), C.1.18) which are the cartesian coordinates of the point whose spherical coordinates are l,7r/2,7r/4. On the other hand, CoordinatesFromCartesian[{x,y, z}, Cylindrical] C.1.19) yields (r = yfx2 + y2, ip = ArcTan(t//a;) or ArcTan.[x,y],z). C.1.20) To obtain the formulae for the transformation between cartesian and spherical coordinates, we give the commands CoordinatesFromCartesian [ {x,y, z}, Spherical] C.1.21) yielding , ArcTanfa;, y]) C.1.22) ) [^= 1 Vyx2 + y2 +z2j and CoordinatesToCartesian[{Rr,Ttheta,Pphi},Spherical] C.1.23) is yielding (Rr Cos[Pphi] Sm[Ttheto], Rr S'm[Pphi] Sm[Tthetd\,Rr Cos[Ttheto\). C.1.24) Mathematica also understands how to calculate the functional determinant. The command MatrixForm[JacobianMatrix[Spherical [r, theta,phi] ] ] C.1.25) forces Mathematica to give the result in the form of a matrix f Cos\phi] Sm[theta] rCos\phi] Cos[theta] — rS'm\phi] Sm[theta]\ Sm\phi] Sm[theta] rCos[theta] Sm\phi] rCos\phi] Sin.[theta] Cos[theta] — rSm[theta] 0 C.1.26) and calculate the determinant of C.1.26) Simplify [Det [%] ] C.1.27) results in g = r2 sin(i?), C.1.28) where g is the determinant of the metric tensor C.1.9). Using C.1.9) the tensor itself is then represented by the matrix C.1.29) ) 2003 by CRC Press LLC

Now the differentials of the coordinates may also be calculated using C.1.2) and C.1.5) da; = sin # cos ip dr + r cos •& cos ip di? — r sin # sin ip dip dy = sin # sin ip dr + r cos •& sin ip d$ + r sin # cos ip dip dz = cos $ dr — r sin $ di? dr = sin $ cos ipdx + sin $ sin y> dy + cos $ dz d'd = cos $ cos ipdx + cos $ sin y> dy — sin # dz dip = — siny da; + cosy dy. C.1.30) The line element now reads ds2 = dx2 + dy2 + dz2 = Y,k,i 9kidqidqk = dr2 + rW + r2 sin2 'ddip2. C.1.31) The Helmholtz equation Au(x,y,z) + k2u(x,y,z) = 0 C.1.32) and the three-dimensional Laplace equation Au(x,y,z) = uxx + uyy+uzz=0 C.1.33) are separable in 11 coordinate systems. As long as a boundary coincides with the coordinate lines of these 11 coordinate systems, it is easy to solve the boundary value problem. For other partial differential equations and other coordinate systems the question of separability is answered by the Staeckel determinant [1.2] and [1.4]. The 11 coordinate systems are in Mathematica notation: Cartesian (a;, y, z) Cylindrical (r, #, z) Spherical (r, #, ip) ParabolicCylindrical (u, v, z) Paraboloid (u,v,ip) EllipticCylindrical (u,v,z,a) ProlateSpheroidal (?, 77, ip, a) OblateSpheroidal (^, r), ip, a) Conical (A, fi, v\ a, b) ConfocalEllipsoidal (A, /x, v\ a, b, c) ParabolicCylindrical (u,v,z). The parameters a, b, c refer on the centre of the system and other geometric properties (axes, eccentricity). Other useful coordinate systems are Bipolar (u,v,z;a), Bispherical (u,v,ip,a) and various toroidal systems. Vector analysis is also supported by Mathematica . In cartesian coordinates a vector K will be defined by K = Kxex + Kyey + Kzez C.1.34) and in spherical coordinates one has K = Krer + K#e# + Kvev, C.1.35) where Kx,Ky, etc., and Kr are the vector components in the actual coordinate system. ©2003 by CRC Press LLC

A vector is defined as an invariant quantity. Thus the transformation from cartesian into other coordinates necessitates a transformation not only of the coordinates and the components, but also of the unit vectors e* -»¦ ej according to the scheme: cartesian —y new system 3 ~ new system —y cartesian 3 „ fc=i 3 C.1.2) ^=ek, C.1.36) C.1.38) Due to C.1.10) the differentials will also be transformed. We now give an example for the transformation of a vector between cartesian and spherical coordinates. ex = sin $ cos y er + cos $ cos y e# — sin y e^,, ey = sin # sin y er + cos $ sin y e# + cos y e^,, e*2 = cos$er — sini9e<?. C.1.40) er = sin $ cos y e^ + sin $ sin ipey + cos'd ez, e<? = cos t? cos (pex + cos $ sin y e*y — sin t9e*2, e^, = —sin yea; +cosyey. C.1.41) Kx = Kr sin # cos y + if^ cos •& cos y — Kv sin y, iiTj, = Kr sin t9 sin y + K$ cos t? sin y + ii'^, cos y, Kz = Kr cos ^ — iiT^ sin •&, C.1.42) Kr = Kx sin t9 cos ip + Ky sin # sin y + -&T2 cos i?, K$ = Kx cos t? cos y + .K^ cos $ sin y — iiTz sin i?, iiT^, = — iCc sin y> + ii'y cos y. C.1.43) These calculations have been made using the two matrices sin $ cosy siwd sin y cost? ^ rcos$cosy rcos$siny —rsint? C.1.44) —r sin $ sin y r sin $ cos y 0 J ( sin t9 cos y cos # cos y — sin yN cosy | C.1.45) n = t;— = sint9siny cost?siny \ cos $ — sin $ 0 ) 2003 by CRC Press LLC

according to C.1.38) in the form J2 C.1.46) and according to C.1.39) k^Y^Muigu)-1'2^. C.1.47) Now we can elaborate vector algebra and vector analysis. The scalar (dot) product of two vectors v\ and i>2 is computed in the default coordinates using << Calculuss Vector Analysiss v\ ¦ v2 = DotProduct [vl, v2] C.1.48) where v\ = {y\x,v\y,v\z} defines a vector. If the scalar product is to be cal- calculated in another coordinate system, the command DotProduct [vl,v2] is useful. Let vi = axex + 5ey + ez, v2 = ex + Wey, or vl={a*x,5,l}; v2 = {l,10,0}; C.1.49) then vi ¦ v2 = 50 + a x is obtained by DotProduct [vl, v2] The vector (cross) product is defined by Vi x Vi = CrossProduct [vl, v2] C.1.50) so that one obtains the new vector {—10, 1, —5 + lOaa;}. Mathematica calculates the scalar triple product using ScalarTripleProduct[vl,v2,v3] Next we define the del (nabla operator) by o o o y = ex— +ey— +ez —; W = grad*7 C.1.51) ox ay oz or more generally Mathematica uses Grad[f ,coordsys] C.1.53) Thus Grad[7*x~3+y~2-z~4,Cartesian[x,y,z]] delivers the vector {21a;2,2t/, — 4z3}. The curltT is elaborated by Curl [v, Spherical [r, theta,phi] ] C.1.54) Let v={r~2*Sin[theta],r*Cos[phi]*Sin[theta],r*Sin[phi]}; then C.1.54) yields the vector {A + Cot[thetd\) Sm\phi],-2 Sm\phi],-r Cos[theta] + 2 Cos\phi] Sm[theta]} Using the palette with Greek and other special symbols we may rewrite v={r~2*Sin[tf] ,r*Cos[y>] *Sin[tf] ,r*Sin[^] }; C.1.55) ) 2003 by CRC Press LLC

then we obtain for the curl f (r2 Cos[t9] Sin[y>] + r2 Sin[t9] Sin[y>]) -2SinM, l Finally the Laplacian operator (A) can be realized by the command Laplacian[?] and the divergence of a vector v is given by Div [ v]. Behind these commands there are some complicated calculations. In general coordinates qi one has C.1.57) ^ V9u dqi In spherical coordinates this reads _.. d ,15 _ 1 d r dr r d'd v r sin $ dip Applying the operator div on a vector yields div (ell) = U div e + eTgrad U, div if = div^(e;if;) = ^ (if;dive; + ei gradif;) i i or in spherical coordinates div-ft^ = div (Krer + K$e$ + Kvev) C.1.58) = if r div er + K$ div e$ + if v div ev + er gradifr + e<? gradif^ + ev gradif^. C.1.59) It is thus clear that the basic vectors e have also to be transformed. But expressions like d 1 d d \ , , , er——\-e$- tt-t + em-^— (sint9cosipex + sint9sinipey +cost?ez) C.1.60) dr r dv dip) are quite cumbersome. It is hence of advantage to use cartesian coordinates for such calculations. We can write diver = \ex— + ey— + ez— ) (-ex + -&# + -ev ) . C.1.61) \ dx dy dzj \r r r / ©2003 by CRCRessLLC

Using {ei&k = Sit) for orthogonal coordinates, one obtains , _ d x d y d z 2 div er = - V h — - = - dx r dy r dz r r and Then dive,? = cottf = 0. ,. r> dKr div K = ——- H dr r d'd rsini? dip r or more generally 3 C.1.62) C.1.63) C.1.64) = V -K = 1 dK, d IT C.1.65) Similar situations appear for curl and A. One has curli? = V x K = ificurlel + K2 curl e2 + -ftf3curle3 + [gradiiTi x + [gradi^ x e2] + [grad K3 x e3] and in spherical coordinates this reads (curlJf)P = - r rsin '<¦& 1 ip r dKr dKu, rsint? dip dr r VJ - N?± _ 1 dKr \K dr r d'd r C.1.66) C.1.67) C.1.68) C.1.69) and more generally (V X dK3 dK2 dq3 K2 dq3 C.1.70) (V x KJ = 9q3 1 dK3 K3 dq3 J9n933 C.1.71) ) 2003 by CRC Press LLC

(V x KK = vyn a^i v^22 Ufi'2 C.1.72) /ynj/22 <->q\ ^yiii/22 <jq2 For the Laplacian one finds | CX73) or in spherical coordinates d2U 2dU 1 dU 1 d2U cost? dU AU= —Y + -—-+ , 2a7r^ + ^l^T+ 2 ¦ n ITT- C.1.74) 9H r or r2 sin t? oy2 H aw2 r2 sin i)« Now it is quite simple to separate the Helmholtz equation AU + k2U = 0. Using the separation setup U(r, tf, (p) = i?(rH(i?)$(v?) C.1.75) one gets after division by U R" + -R' + (k2-a/r2)R = 0, C.1.76) r 0" + cot tf 0' + (a - b/sin2d)@ = 0, C.1.77) $" + &$ = 0, C.1.78) where a and b are separation constants. These ordinary differential equations may be solved using the methods discussed in chapter 2. Again Mathematica commands are of great help. Using C.1.75) and applying Expand [ (Laplacian [U[r,i?,y>], Spherical [r, "d,(p] ] ) *r~2/U[r,#,y>] ] ; C.1.79) results in the yet unseparated equations C.1.76) - C.1.78) in the form 2 r R'[r] Cot[fl] &[&] r2 R"[r] &'[&] f Csc[t9]2 $"[y>] i?[r] + 0p] + i?[r] + ^ The command Expand is used to expand out products (or positive integer powers) in an expression. (Please remember to load the package VectorAnal- ysis.) The vector Helmholtz equation, which can be found in electromagnetism presents difficulties. In general coordinate systems it is defined by AK + k2K = grad divi? - curl curli? + k2K = 0. C.1.80) ) 2003 by CRC Press LLC

If one uses cartesian coordinates, this vector equation can be separated into three equations, (A K)x + k*Kx = **± + ™± + **± + k*Kx = 0, C.1.81) (A K)v + k*Ky = ^ + ^ + ^ + k*Kv = 0, C.1.82) (AK)Z + k*Kz = ^f + d^ + d^+ k*Kx = 0, C.1.83) 9a;2 dy2 dz2 but in other coordinate systems problems appear - the equivalent equations C.1.81) - C.1.83) are coupled! In spherical coordinates one finds / a fJ-N , 2 „ 92Kr 1 d2Kr 1 d2Kr 2 dKr dr2 r2 d'd2 r2 sin2 $ dip2 r dr cot. 6? 2^ dKv v 2^. _ But a trick may help: use the cartesian vector components as functions of the general (spherical) coordinates, so that (Ai?); = AKi. Solve the three equations and then transform the cartesian coordinates into the gen- general (spherical etc.) coordinates, which had been chosen originally to fit a boundary surface. In two dimensions, the problem of separability of partial differential equa- equations looks nicer. Due to conformal mapping the Laplace equation becomes separable in an infinite number of two-dimensional systems and for axially symmetric problems (three-dimensional conformal mapping). There are also some separable two-dimensional toroidal systems: x = a sinh rj cos ip/T, y = a sinh rj sin ip/T, z = asintf/T, T = coshrj - cos., C.1.85) 0 < J] < 00, -7T < 1? < +7T, 0 < -0 < 2?T, or quasitoroidal systems like the helical coordinate system [2.5], [3.1] or mag- magnetic field lines coordinate according to Boozer [3.2] or Hamada [3.3]. It might be of interest to state that there are also nonlinear partial differ- differential equations that are separable. So the equation uxxutt - u2xt = kuylt1 C.1.86) is separable by the setup u(x, t) = xmG(t) = F(x)G(t). C.1.87) ) 2003 by CRC Press LLC

Using n(m - 1) = 27- G- l)m C.1.88) one obtains m(m - 1)GG" - m2G'2 = Jbnn+7+1(m - 1I+tg"+t+1. C.1.89) On the other hand ut = (unux)x = nun~2ul + unuxx C.1.90) can be separated by u(x,t) = T(t)X(x) into x"X' + xx" - xx = 0, (Ai.yij where A is the separation const. Another possibility to separate C.1.90) is given by u = F(t) + xpG(t). Another separable nonlinear partial differential equation (of first order) is given by the Jacobi equation of mechanics which can be separated by Si(x) + <S2(t/) + S3(z). Problems 1. Find the transformation formulae between cartesian and cylindrical co- coordinates using C.1.21) and C.1.23) CoordinatesFromCartesian[{x,y, z}, Cylindrical] C.1.93) which should give \/x2 + y2, ArcTan[a;, y], z and CoordinatesToCartesian[{Rr,Ttheta,Pphi},Cylindrical] C.1.94) should yield Rr Cos[Ttheta],i?r Sin[Ttheta],Pphi. What happens if you replace Rr —? r, Ttheta —? 1?, Pphi —? <-pl r Cos[tf],r Sin[i?],v?. 2. Derive the formulas for the transformation between cartesian and elliptic cylinder coordinates. First we look up the elliptic cylindrical system by Coordinates[EllipticCylindrical] ) 2003 by CRC Press LLC

resulting in Uu, Vv, Zz, and then we type CoordinatesFromCartesianf{x,y,z}, EllipticCylindrical] The result is astonishing: Re[ArcCosh[a; + zj/]],Im[ArcCosh[a; + %]],? but becomes clear by the command CoordinatesToCartesian[{u,v,z},EllipticCylindrical] giving Cos[i>] Cosh[«],Sin[V] Sinh[u],z. Thus the coordinate surfaces are given by elliptic cylinders (x/a cosh nJ + (y/(asmhnJ = 1, n = const, by hyperbolic cylinders (x/acosipJ — (y/(asmipJ = 1, ip = const, and planes z = const. The default value of a = 1. Now we would like to know the interval over which the coordinates u,v,z may vary. The command CoordinateRanges [EllipticCylindrical] C.1.95) gives the answer. 0 < u < oo, — it < v < ir, —oo < z, oo. 3. Let us now consider conical coordinates. Typing CoordinateRanges[Conical] {-oo < Llambda < oo, 1 < Mmu2 < A,Nnu2 < 1} CoordinateRanges[Toroidal] which gives 0 < Vv < oo, — n < Uu < n, —n < Pphi < n but CoordinatesFromCartesian[{x,y,z},Toroidal] {2 RefArcCothf^a;2 + y2 + i z\], -2 ImfArcCothf^a;2 + y2 + i z\], ArcTan[a;, y]} 4. Investigate cylindrical coordinates (r,i9,z). We first try CoordinateRanges[Cylindrical] which yields 0 < Rr < oo, — n < Ttheta > n, —oo < Zz < oo. Now let us solve the Laplace equation in these coordinates. We define a separation setup V[r_,i?_,z_]=R[r]*0[i?]*Z[z] and give the command Expand [ (Laplacian[V[r,i9, z], Cylindrical[r,i?,z]])/V[r,i?,z]] This yields ) 2003 by CRC Press LLC

R'r R"[r] Z"[z] 0"[tf] t-v r n ' t-v r n I «-»r n I o y-\ r m ^ * We now read off the three ordinary equations — + — = b+- or i?" + (- R rR H r vr^ = -b or Z" + &Z = 0, %- = — or 0"+a0 = 0 H which can be solved according to the methods given earlier. 5. Investigate now the two-dimensional Laplace equation. If one inserts the ansatz W[x_,y_]=X[x] *Y[y] ; into Expand [ (Laplacian[W[x,y], Cylindrical[x,y,z]])*x~2/W[x,y]] one gets the result xX'[x] x*X"[x _ X[x] + X[x] + Y[y] or Laplacian[W[x,y]] = 0 6. Solve the two ordinary equations just obtained for X(x) and Y(y) DSolve[x"[x]+x'[x]/x-a^2*X[x]/x^2==0,X[x],x] The result should be {{X[x] -»• C[l] Cosh[a Log[a;]] +* C[2] Sinh[a Log[a;]]}} and the solution of the two-dimensional Laplacian reads M[x_,y_]=X[x]*Y[x] Proof: Laplacian [M [x, y] ]= 0 7. Demonstrate that the harmonic polynomial x~4-6*x~2*y~2+y~4 is a solution of the two-dimensional Laplace equation. 8. The operation Div on a vector may formally be regarded as the DotProduct of the two vectors to calculate this divergence. Try: K={5*x~2*y, y~2*x*z~2, 5*x*y} ;Div[K] (result?) Try: f[x_,y_,z_]=x~2+y~2+2*z~2; Div[f*K] ) 2003 by CRC Press LLC

3.2 Methods to reduce partial to ordinary differential equations In the last section we have seen that many, but not all partial differential equations can be reduced to ordinary differential equations by the separation method. There exist, however, other methods to reach this goal. Some of them are very useful for engineering problems. The Laplace transform theory has become a basic part of electronic engineering study [3.4]. Like in all other integral transformations [3.5, 3.6, 3.7] of ordinary differential equations po(z)w"(z)+p1(z)w'(z)+p2(z)w(z) = 0 C.2.1) a setup ti w(z)= JK{z,t)y{t)At C.2.2) to is made, t is a new complex (or real) variable and K(z, t) is the kernel of the transformation. Various such kernels have been used: 7+ioo LAPLACE-Transformation exp(-zt), exp(zt), J 2?n J 0 7—ioo + 00 +00 Fourier transformation exp(-izt), — exp(izt), —00 —00 00 +00 Hankel transformation t3n(zt), / z3n(zt), 0 0 00 7+ioo Mellin transformation o +00 Euler transformation The right column presents the inverse transformation. Now we will demon- demonstrate the application of the Laplace transformation on partial differential equations. As an example, we choose the heat conduction equation for heat conductivity A = 1 °2T °T C.2.3) dx2 dt ' ©2003 by CRC Press LLC

and the initial condition T(x,0)=i/>(x). C.2.4) Here T(x, t) represents the temperature at point x at time t. Multiplication of C.2.4) by the Laplace kernel exp(—zt) and integration results in r . ,d2r d2 r . . . . r , .dT exp(-zt)—^dt=—T exp(-zt)T(x,t)dt = exp(-zt)—dt. C.2. J dx1 dx1 J J dt 0 0 0 Due to C.2.2) one has the Laplace transform w(z,x) of T(x,t) oo 5) z,x)= exp(-zt)T(x,t)dt. C.2.6) Partial integration of the rhs term of C.2.5) Judv = uv — Jvdu yields oo /dT exp(-zt)—dt = exp(-zt)T(x,t) OO zT(x,t)e-xp(-zt)dt C.2.7) the Laplace transform of dT/dt due to exp(O) = 1 and exp(—oo) = 0. Since z and t are independent variables, we may rewrite C.2.7) as oo oo /dT f exp(-zt)—dt = -T(x,0) + z T(x,t)exp(-zi)dt. o o Using the definitions C.2.6), C.2.4) we thus have oo f dT / exp(-,2i)— dt = zw(x;z)- ip(x). C.2.8) J at o Now we consider d2T/dx2. The next step is oo oo exp(-zt)— dt= — exp(-zt)T(x,t)dt= — w(x,z) C.2.9) ox dx J dx d2w(x;z) o and thus Collecting the terms and inserting we obtain from C.2.3) d2w(x;z) dx2 = zw(z,x) — C.2.10) C.2.11) ) 2003 by CRC Press LLC

which is an ordinary differential equation for w(x; z). z is a parameter. After solving C.2.11) one needs to apply the inverse transformation w(z, x) to obtain the solution T(x,t) of C.2.3). It is remarkable that the initial condition ip(x) became the inhomogeneous term of the ordinary differential equation. For ip = 0, the solution of C.2.11) reads w(x;z) = d(z) exp(x^) + C2(z) exp(-x^). C.2.12) C\, C<i are the integration constants depending on z. They allow to satisfy the boundary conditions of the partial differential equation C.2.3). They might be T@, t) = <p(t), T(oo, t) = 0 C.2.13) or oo oo w@; z) = e-xp(-zt)T@, t)dt = exp(-zt)ip(t)dt = w(z) C.2.14) o o so that Ci(z) = 0, C2(z) = w(z). To obtain the correct full solution of the partial differential equation one has to apply the inverse transformation on w(x,z) with respect to z. Mathematica may help with these calculations [2]. It has a special package that is to be loaded into the memory of your computer by the command <<Calculus LaplaceTransform (In some newer versions of Mathematica the package is autoloading and this command no longer needed.) To understand how Mathematica handles the problem, we start step by step with C.2.6), which now reads w[z,x]=LaplaceTransform[D[T[x,t] ,t] ,t,z] C.2.15) yielding z LaplaceTransform[T[a;, t], t, z] - T[x, 0] C.2.16) what is equivalent with C.2.8). The next step is LaplaceTransform[D[T[x,t], {x,2}] ,t,z] C.2.17) results in LaplaceTransform[TB'°) [x, t],t, z], C.2.18) what is equivalent with C.2.10). Mathematica sometimes uses the notation w[z] [x] for w(z,x) to point to the difference between the variable and the parameter z. The integral transformations work only for linear ordinary or partial differ- differential equations. Nonlinear equations may be handled by similarity transfor- transformations. It seems that Boltzmann was first to suggest this method. Taking ) 2003 by CRC Press LLC

into account the heat conductivity A of various materials, which may depend itself on temperature, Boltzmann suggested the pseudo Laplacian operator du d \., , .. du 1 du , . [f{M)\ m C-2-19) to replace C.2.3). Now a similarity variable 7](x,t)=xatf3 C.2.20) has been defined. Insertion of C.2.20) into C.2.19) results in du 5r? = u,axa-itfi = u<px*tP-i C.2.21) drj dx uxx = a(a - \)xa-H0v! + oV*" W, C.2.22) and assuming the transition u(x,t) —? u{if) 13—jju' = a(a - l)j]f(u)u' + a2rf {f {u)u')'. C.2.23) In this expression all terms depend on rj with the exception of x2ft. To continue, one assumes x2/t = rt or x2ft = 7]2 C.2.24) which yields a and (i. The physical interpretation and the usefulness of C.2.22) even for the linear equation (A = const) will be discussed later on (problems 10 and 11 in section 3.3). The disadvantage of similarity transformations is hidden in the fact that similarity solutions may only satisfy very restricted boundary conditions. Birkhoff [3.8] has developed several methods to find similarity transforma- transformations [3.9], [3.10], [3.11], [3.12]. He uses transformations of two independent variables occurring in linear or nonlinear partial differential equations xi=a"<xi, i = l m, yj = a'"yj, j = l...n. Let us look at an example. We consider the nonlinear partial differential equation of second order for u(x, y, t). up (uxx + uvv) + puP-1 (u2x + u2y) -ut = 0. C.2.26) Using x = amx, y = any, i = art, u = asu, one obtains the condition 2m — (p + l)s = 2n — (p + l)s = r — s, so that all powers of a are the same. This yields Z = xt-°, n = yt-a, m,v) = ^^ C.2.27) ) 2003 by CRC Press LLC

and the new partial differential equation for /(?,/?) F [/« + /,,] + PF'1 [ft + fi] -Af + a [Sfz + nfn] = 0. C.2.28) The next step •& = r?/?, r/>($) = /(?, if)/^2/p finally results in the ordinary differential equation for 2 \21 1 -^ - H'\ + - = 0. C.2.29) p ) \ v Another method to solve disagreable partial differential equations consists of multiple integrations. Electromagnetic waves progressing along wires are described by the two partial differential equations C.2,o) dx dt dxJ where I is the current intensity, C the (constant) capacity for unit length of the wire and U is the voltage. The (nonlinear) resistance depends on the electric field E(x,i). Eliminating U yields E = RI, Ixx = CEt, E(x,t) = F(I(x,t)). Formal double integration of Ixx results in X X I(x,t) = C jjEt{x',t)dx'dx1 + A(t)x + B(t). C.2.31) 0 0 Using the Hildebrand formula xx x [...[f(x)dx...dx= . 1 ., f(x-x')n-1f(x')dx', C.2.32) J J " y ' {n-ly.J a a n-times a n-times one gets x I(x,t) = C f(x - x')Et(x',t)dx' + A(t)x + B(t). C.2.33) o Now one has to solve the integral equation C.2.33) under the constraint E(x, t) = F(I) using an iterative procedure X En=F(In), In+1=cJ(x-x')Etndx', n = l,2,.... C.2.34) ) 2003 by CRC Press LLC

The first approximation for this procedure may be o rE(x,t)dx = const,R(E) = R0(E0/E)m, A(t) = B(t) = 0, so that En = [i?0^/n]1/(ra+1) results. Even a combination of the integral equation method together with a simi- similarity transformation is very useful. Let us consider an example. The BLASIUS equations for the two-dimensional boundary layer problem of a liquid read uux + vuy + vuyy = 0, ux + v x = 0. C.2.35) Here u(x,y) and v(x,y) are the components of a steady two-dimensional vis- viscous flow satisfying the boundary conditions on the wall u(x,0) = 0, v(x,0) = 0, u(x,oo) = u0. C.2.36) Assume a similarity transformation V = V^uo/vx, %p = 2y/vxuof{rj), C.2.37) where ip(x,y) is the stream function defined by ipy = u(x,y),ipx = —v(x,y). From C.2.37) one gets /'" + //" = 0 C.2.38) subject to = 0, /'@)=a, a>0, /"@) = 1. C.2.39) Now a double integration yields v v "(v)dndn + bn + c. C.2.40) o o By the way, there exists an extensive literature on integral equations [1.2], [1.7], [3.7], [3.13], [3.14], [3.15]. There are many fields in physics and engineering where integro-differential equations appear. In statistical thermodynamics [3.16], [3.17] each individual particle (molecule, electron, neutron, atom) is described by its space coordi- coordinates x,y,z and its momentum components PxyPyyPz- The six-dimensional space x,y,z,px,py,pz related to a single particle is called /x-phase space and for TV particles comprising the 67V phase space is called F-space. The Liou- ville distribution function (also called TV-particle distribution function) Xn,yn,Zn,Pxl,Pyl,Pzl,Px2,Py2,Pz2, ¦ ¦ ¦ PxN,PyN,PzN,t) ) 2003 by CRC Press LLC

describes the probability of finding at time t particle number / at xi,yi,z\ carrying there a momentum pxi,Pyi,Pzi- According to statistical thermody- thermodynamics this function in F-space satisfies the Liouville equation dF A dF A dF , „ x where qi(t),Pi(t) are a new denotation for x, y, z and px,py,pz- If interactions between particles may be neglected, /x-space distribution function is sufficient to describe the particle system. If there exists only an interaction between two particles (for instance if one assumes short range forces) (like van der Waals forces [3.18], [3.19]) then the Boltzmann integro-differential equation may be derived [3.20] from C.2.41). It describes a one-particle distribution function f(x,y,z,ux,uy,uz,t) of an individual particle number 1, which is in short range interaction with a family of particles number 2 df 1. dt 'l of lx dx Uy -h -f <^f dy 2 - (fl t 1 uz t «¦!{/ ,Ul,t) >f ^Z (¦ f {X2, r Of vxdux *,t) f U2,t) V |adw2 df ! dUy K df zduz C.2.42) Here the subscripts 1 and 2 designate interacting particles, the star * is re- reserved for particles prior to the interaction and a is the scattering cross section [2.5], [3.21]. K describes the interaction forces in the single-particle equation of motion mu = K. The equation C.2.42) has been solved by Hilbert using the moment method [3.22], [3.23]. This method is based on the setup C.2.43) Here A is the mean free path between two particle collisions [2.5] and / des- designates the length over which the distribution function changes considerably. This might be the size of an apparatus, of a thermodynamic system, etc., Hilbert obtained a set of integral equations for /o,/i,/2, etc., which can only be solved if five integrability conditions are satisfied. These conditions turn out to be exactly the basic hydrodynamic equations, vector equation of motion, continuity equation (conservation of mass) and the energy theorem. Thus fluid and gas dynamics as well as thermodynamics are subdomains of the Liouville equation and the Boltzmann equation C.2.39), respectively. In order to derive the basic hydrodynamic equations from C.2.42), we first abbreviate the rhs term by Ef/5t)cou, then we multiply C.2.42) in vector denotation by 0 and integrate over particle velocities: ) 2003 by CRC Press LLC

^- I Qfdu + V I Qufdu + - f@K-\7ufdu= [&(%) du. C.2.44) m J J \StJ coll Now we define the quantity 0: C.2.45) 1. 0 = m moment of zero order mass 2. Qmu moment of first order momentum 3. 0 = mu u momentum of second order energy Defining the normalized average over the distribution function < 0 >= we immediately obtain from C.2.44) for 0 = m the continuity equation where and p = m //(?, u, t)du C.2.48) v= uf(x,u)du C.2.49) is the average particle velocity, which becomes the fluid velocity. Since mass, momentum and energy will be conserved during an elastic particle-particle collision, the terms / @Ef/5t)coudu vanish for the zeroth, first and second moment. The first moment gives where tt (pv) + V • (pv ¦ v) + Vp = 0, C.2.50) at _ 1 y^ ^ _^ ^ + — C3 2 51) is the fluid pressure, fe is the Boltzmann const A.3805 • 10~23 Joule/°K). Using d/dt = (d/dt) + tTV one obtains the Euler equation of motion of a fluid 'm ¦ ,^1=-Vp. C.2.52) Finally the second moment produces the energy theorem in various forms depending on the assumptions made on the fluid or gas properties (viscosity, ) 2003 by CRC Press LLC

heat conductivity, electric conductivity, anisotropy etc.) [2.5], [3.1], [3.16], [3.22]. The integro-differential equation describing the critical mass of a nuclear reactor or an atomic bomb is far more complicated [3.21], [3.24] - [3.27] than C.2.42). Actually, there are several such equations: for the fast neutron distribution n(x,y,z,t,E,$,(p) and for the groups of delayed neutrons n,i(x,y,z,t). E is the neutron energy and the spherical coordinates #, <p describe the direction of the neutron velocity vector. Using the scattering as, absorption a a and fission af cross sections of the neutrons, it is possible to solve the set of integro- differential equations containing various integrals over space and energy by a spherical functions series with unknown coefficients [3.27]. It is then possible to calculate approximatively the critical masses of U235 and Pu239 atomic bombs for a naked sphere with R = 8 cm 40 kg and 10 kg, respectively. It should be remarked that another method to reduce partial differential equations to ordinary equations consists in special transformations that are not integral transformations, compare section 3.4. Problems 1. Determine the Laplace transform of cos(t). The command to load the package (<<CalculussLaplaceTransfornf) may not be necessary depending on your computer and the version of Mathematica you are using. LaplaceTransformfCos[t],t,z] should result in z/(l + z2). 2. Find the Laplace transforms [3.28] of cos y/i/y/i, Jn(t), S(t) = DiracDelta[i], (exp(—at) — exp(—bt))t giving y/ir/zexp(—l/4z), 1, and l/(a + zJ — 1/F + zJ respectively. This will be done by LaplaceTransformfCos[Sqrt[t]]/Sqrt[t],t,z] . eA0F yields j=—. \Jz InputForm[LaplaceTransform[BesselJ[n,t],t,z]] Here we used the command InputForm to obtain a result which could be copied and directly pasted into the inverse transformation. One obtains InputForm=2~ra^~1~raHypergeometric2Fl , , 1 + n, - [22 z \ ) 2003 by CRC Press LLC

LaplaceTransformfDiracDelta[t],t,z] LaplaceTransform[(Exp[-a*t]-Exp[-b*t])*t,t,z] yields (a + zJ (b + zJ' 3. Calculate some inverse transformations. If the Laplace transform of a function f(t) is designated by F(z), then the inverse transformation operator applied on F(z) should restore f(t). Calculate the inverse transform of z/(z2 + 1) giving cos(t). We first define f[t]:=Cos[t];F[z]=LaplaceTransform[f[t],t,z] giving z/(l + z2). Then we type InverseLaplaceTransform[F[z] ,z,t] to obtain Cos(t). InverseLaplaceTransformf(z~(-1-n)* Hypergeometric2Fl[A+nI2, B+n)/2,1+n, yields 2~raInverseLaplaceTransform z~x~n Hypergeometric2Fl 1 + n 2 + n 1 — ,—,! + „,-_ LaplaceTransform[BesselJ[0,a*t],t,z] giving 1/Vz2 +a2. 4. Here some exercises for a deeper understanding how LAPLACE-transfor- mation transforms an ordinary differential equation into an algebraic equation. LaplaceTransformfx' [t] ,t,z] should produce z LaplaceTransform[a;[t],t,z] — x[0], then LaplaceTransformfy" [x] -y' [x] +y [x] ,x, z] yields LaplaceTransform[j/[a;],a;,z] — z LaplaceTransform[j/[a;],a;,z] + z2 LaplaceTransform[j/[a;], x, z] + y[0] - z y[0] - y'[0] LaplaceTransform[D[u[x,t],{x,2}]-a*D[u[x,t],{t b*D[u[x,t],t]-c*u[x,t]==O,t,z] produces —LaplaceTransform[c * u[x, t] ,t,z]+ LaplaceTransform[-«B'0) [x, t] ,t,z] — b (z LaplaceTransform[-«[a;, t], t, z] — u[x, 0]) — a (z2 LaplaceTransform[u[a;,t],t,z] - z u[x,0] - u(OI)[a;,0]) == 0. ) 2003 by CRC Press LLC

5. Apply the Laplace operator on an ordinary differential equation of second order y"(t) + c\y'(t) + coy(t) = g(t). The result should be where p(z) is the Laplace transform of g(t). This is an algebraic equa- equation in which j/@) and j/'@) are given constants. LaplaceTransform[y"[t]+cl*y'[t]+cO*y[t]-g[t]==0,t,z] gives —LaplaceTransform[p[t],t,z] + cO LaplaceTransform[j/[t],t,z] + z2 LaplaceTransform[j/[t],t,z]+cl (z LaplaceTransform[j/[t],t,z\—y'[0]) — z y[0] - y'[0] == 0 6. Solve y"(t) + y(t) = t, y@) = 1, t/'@) = -2. One gets z2y-z + 2 + y = 1/z2 or y(z) = 1/z2 + z/(z2+ 1) -3/(z2 + l). The inverse transform gives y(t) = t + cost — 3sini, which solves the equation. LaplaceTransform[y"[t]+y[t]-t==0,t,z] gives —z( — 2)+ LaplaceTransform[j/[?],?,z]+z2 LaplaceTransform[j/[t],t,z] — z y[0] - Derivative[l][y][O] == 0 7. Solve the telegraph equation uxx — autt — but — cu = 0 C.2.53) together with initial conditions u(x, 0) = 0, ut(x, 0) = 0 and the bound- boundary conditions u@,t) = fo(t),u(l,t) = fi(t). Use the Laplace trans- transformation. You should obtain the ordinary differential equation - (az + bz + c) w = 0 dx2 with w@;z) = fo(z), w(l;z) = fi(z), where /o,/i are the transforms of /o and /i respectively. Try DSolve [w" [x] - (a*z~2 +b*z+c) *w[x] ==0,w[x] ,x] It should be mentioned that a Lie series treatment of the telegraph equation is also known [3.29]. ) 2003 by CRC Press LLC

Apply the Laplace transformation on the equation of a string with friction between two rigid supports. Assume that the string undergoes a time dependent point force f(tM(x — x0) at the point x0 [1.2]. The transversal motion of this string is described by -^utt +-^ut - uxx =5(x-xo)f(t), t>0. Here c is the velocity of the transverse waves on the string, k describes the frictional resistance of the medium of the string and S is the Dirac function (delta function - Mathematicians prefer the expression "dis- "distribution," rather than "function"). This pathological function has the properties C 0 for x < -A/2 5(x) = lim I I/A for - A/2 < x < A/2 or 5(x) = 0, x ^ 0 A^° [ 0 for x > A/2 such that + OO S(x)dx = 1, — oo + OO f Multiplication by the kernel yields the ordinary differential equation -(?—% + (z2 + 2kz)w(x, z) axz = c2S(x - xo)F(z) + (z + 2k)u@, x) + ut@, x). Here F is the transform of / and the last two rhs terms describe the initial conditions DSolve[-c~2*w"[x]+(z~2+2*k*z)*w[x]==c~2* DiracDelta[x-xO]*F[z] +(z+2*k)*u[0]+ut[0],w[x],x] w[x] -»¦ C[l] Cos[(a; V~z2 - 2 z k)/c] +C[2] Sin[(a; V~z2 - 2 z k) (c z v/-((^(^ + 2K))/c2)] Cos[(a; y/-(z(z + 2K))])/c] Sign[c] (cz(l + z2) (z + 2k) ^-((z(z + 2k))/c2)] Sign[c]) Apply the similarity transformation r\ = t/x on the nonlinear partial differential equation uxx = utt + u2. The calculation should yield (if — 1)/" + vf'-f'2=0 for f(n) [3.12]. ) 2003 by CRC Press LLC

3.3 The method of characteristics In section 1.2 we found the asthonishing result that two arbitrary functions f(x,t) and g(x,t) were able to solve the partial differential equation A.2.1) which represents the one-dimensional wave equation (d'Alembert equation). Furthermore, the classification of partial differential equations by the con- conditions A.2.9) to A.2.11) seems to indicate that there is more behind this classification. It is easy to demonstrate that u(x,y) = f(x + iy)+g(x-iy) C.3.1) delivers a solution of the two-dimensional Laplace equation Uxx + Uyy = 0, C.3.2) a fact that will lead us to the method of conformal mapping in section 4.2. We call these aggregates x ±iy = const characteristics. Let us again consider the most general linear partial differential equation of second order A.2.8) a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d(x, y)ux + e(x, y)uv + g(x, y)u = h(x, y). C.3.3) If the coefficients a,b,c are constant and if b = 0,a = c = 1, then the medium described is isotropic and homogeneous. Anisotropy is exhibited by a ^ c and if the coefficients are not constants, the medium is inhomogeneous. Since in engineering problems partial differential equations of first order appear, see the continuity equation C.2.43), we now will discuss the charac- characteristics theory for partial differential equations of first order. LAGRANGE has shown that the general quasilinear partial differential equation P(x,y,u)ux(x,y) +Q(x,y,u)uy(x,y) = R(x,y,u) C.3.4) is solved implicitly by F(<p(x,y,u),iP(x,y,u)) = 0, C.3.5) if F is differentiable and if ip(x,y,u) = a = const, ip(x,y,u) = b = const C.3.6) are two independent solutions of any combination of the differential equations of the characteristics d*_dy_dudx_ dy_ du _ P ~ Q ~ R °r ds~F' ds~Q' ds-K- [6-6-7) ) 2003 by CRC Press LLC

Integration yields two surfaces C.3.6). Their cut delivers space curves, s is the arc length along these curves. Let us consider an example: ut + uux = 0. C.3.8) Comparing with C.3.4) we find P = 1,Q = u,R = 0 and C.3.7) reads so that t = s +c,dt = ds,u = a = const. Due to da; _ dx dt _ dx _ ds dt ds dt one obtains x = ut + b and the characteristics <p = a = u,ip = b = x = ut. The quantities a, b are integration constants. The solution of C.3.8) is then given by F(a,b) = F(ip(x,y,u),ip(x,y,u)) =F(u,x-ut) = 0. C.3.10) This enables to solve a CAUCHY-problem, see Table 1.1. If u(x,0) = f(x) C.3.11) is given, the argument replacement x —>• x — ut yields the solution u(x,t) = f(x—ut). This expression satisfies C.3.11) and C.3.8): ut = f'(x — ut) ¦ (—u), ux = f'(x — ut)- (l),Ut + uux = 0 —? —f'u + uf = 0. For an implicit nonlinear partial equation of first order F (u(x,y),ux(x,y),uy(x,y),x,y) =0, C.3.12) the procedure has to be modified and the derivatives ux and uy as well as u itself have to be assumed as five independent variables: u,ux,uy,x,y. The characteristics are then determined by da; _ dt/ _ du 4-11 F FUy dux These five ordinary differential equations have to be solved. Let us consider an example. For the nonlinear partial differential equation F = 16u2xu2 + 9u2yu2 + 4u2 - 4 = 0 C.3.14) one gets Fx =0, Fy = 0, Fu = C2«2 + I8u2y)u + 8u, FUt = 32uxu2, FUy = 18uyu2 C.3.15) ©2003 by CRC Press LLC

and thus from C.3 .13), da; 3,2uxu2 dux dy \8UyU2 du 32u2xu2 + I8uyu2 dUy — - C 3 16) — 8uux —2>2u2xuuy — \8u3yU — 8uuy Multiplication of the five fractions by 1,0,4ux,4u and 0, respectively, collects the five fractions over a common denominator TV = l(+32uxu2) + 4ux(+32u2xu2 + 18u2yu2) —4uC2uxu + 18uxuyu + 8uxu) = 0 and hence da; + 4uxdu + 4udux = 0 = da; + 4d(uxu). C.3.17) Integration and inserting of ux yields (a; - aJ + 9w2w + 4m2 - 4 = 0 C.3.18) and the solution (after elimination of uy) It is interesting that the Jacobi equation C.1.92) has differential equations for characteristics that are the Hamilton equations of motion of the objects described by C.1.92) [3.35]. The basic equations of hydrodynamics have the form of quasilinear partial differential equations of first order bnuv + bi2Vv = hi(x,y), C.3.20) h,2(x,y). Here u(x, y), v(x, y) are the dependent variables and the coefficients dik(x,y,u,v), bik(x,y,u,v) are not constant. Introducing the two vectors h = {hi,h,2} and u = {u,v} and the matrices A and B one may rewrite C.3.20) in the form Aux + Buy = h. C.3.21) The one-dimensional continuity equation taking into account a source g(x, t) of gas by combustion of a liquid reads [3.36] Pt + upx + pux = g(x, t) C.3.22) and the one-dimensional Euler equation of motion takes the form put + puux +px = f(x,t), C.3.23) ) 2003 by CRC Press LLC

where f(x,t) describes a momentum source from combustion of fuel etc., [3.36]. Assuming adiabatic behavior p(p) = const ¦ p1, C.3.24) where 7 (or k) is the adiabatic coefficient expressed by the ratio cp/cv of the specific heats of the fluid for constant pressure p and constant volume V respectively. Introducing the velocity a of sound by fl2 = dP = IP dp p the equation of motion can be written as C.3.25) put + puux + a?px = f. C.3.26) Now we look for the characteristics of such a system like C.3.20). They would probably be of the form ip(x,y) = const or possibly y = k(x) + const, dy/dx = k'(x). Then the following two equations are valid along char- characteristic curves dv _ dv dv dy _ dx dx dy dx du du du dy dx dx dy dx vvk ' C.3.27) Mathematica helps to obtain ux and vx from C.3.27). Introducing a no- notation ux -? ux,vx -? vx, d-y/da; -? dvx, dux = dux/dx,ks = k! we may type Solve[{vx+vy*ks==dvx,ux+uy*ks==dux},{ux,vx}] yielding vx = di^/da; — vyk' and ux = dux/dx — uyk'. Inserting ux,vx into the system C.3.20) one obtains uy(— a\\k + On) + vy(—ai2k + b\2) = hi - flu Oi2~^ da; da; uv{—ci2\k + &21) "H vv{—ci22k -{-b22) = h2—o,2i———o,22——. C.3.28) da; da; If the values of u and v are given along the characteristic curves y(x), then C.3.28) allows the calculation of ux and vy according to the Cramer rule. We define - 011 auk' - 012 R = a22k! — b22 = IV - B\ a21k' -021 a12k' - 012 Cl22k — 022 Three cases are possible: hi — audu/dx — cii2dv/dx h2 — a2\du / dx — a22dv / dx Vo = dx — a\2dv I dx h2 — a2idu/dx — a22dv/dx C.3.29) C.3.30) C.3.31) ) 2003 by CRC Press LLC

1. R ^ 0: one can calculate uy,vy and all first derivatives uu,vu are deter- determined along the characteristic curves, 2. R = 0, Vi or V2 = 0, the linear equations for uy,vy are linearly depending and an infinite manifold of solutions uy,vy exists, 3. R = 0, Vi ^ 0 or V2 ^ 0: no solutions uy, vy exist. For our system C.3.22), C.3.24) one finds On = 0 O12 = 1 0,21 = P 0,22 = 0 bu = p bi2 = u &21 = pu &22 = a2- Using again k'(x) = y'(x), R = 0 results in t/'2 - 2y'u + u2 - a2 = 0 C.3.32) so that y' = u ± a. C.3.33) The propagation of small waves in a fluid follows C.3.33) downstream (+) or upstream (—). Characteristics may also be derived for a system of quasilinear partial dif- differential equations of second order. For m independent variables xu, k = 1.. .Tn,l = 1.. .m and n depending variables Uj,j = 1...n such a system may be written as A — 1 U J 1 "* l J — i- ft-,I—-L The characteristics of "second order" of this system obey a partial differential equation of first order and of degree n2, which reads Effe=0. C-3.35) s,*=l This system has again to be solved using the characteristics of partial differ- differential equations of first order. In modern aerodynamics, nonlinear partial differential equations of second order appear. If the equation is implicit and of the form F{x,y,z,p,q,r,s,t) = O, C.3.36) where we used the notation p = ux,q = uy,r = uxx,s = uxy,t = uyy, then one can define dF dF dF a=- , 2b=-- , c=- 3.3.37 dzxx dzxy dzyy and inserting intoA.2.9), A.2.10) and A.2.11) one can classify the equation. ) 2003 by CRC Press LLC

Let us consider a problem of gasdynamics [3.30]. The continuity equation for a three-dimensional potential flow v = V(p C.3.38) of a compressible nonviscous medium reads § + E^(w)=0' J = 1,2,3. C.3.39) 3 J The equation of motion is dt and the energy theorem reads dt ^—~l dxj p dxj If C.3.24) is satisfied, one has potential flow and the Crocco theorem is satisfied [3.31], [3.32], [3.33]. U = cvT is the internal energy of the ideal gas and T temperature. Using C.3.38) one may write C.3.39) in the form I ^R + V^ gV y^ 1 dip_ dp_ = Q C 3 42) ij \J V \J tXj *l \J tXj *l iJ \J tXj 'i \J tXj 'i i 3 The equation of motion now reads d dip ^—\ dip d2ip fji~ ftrf - J ftrf - ftrf - ftrf - j j j 1 dp 1 dp(p) dp 1 2 dp — — = — = —a , lo.o.4o) p dxi p dp dxi p dxi where C.3.25) has been used. On the other hand, integration of C.3.40) over space yields the Bernoulli integral + + / ^^ = const; p^ = const' pl C.3.44) d2ip dvj a2 dp d2ip y-^ dip d2ip a2 dp ~M2 + ui~5T H ^7=0= ~^i + 1^ «— «—«7 H «7- C.3.45) dt1 dt p dt dt1 /—J dxj dxjdt p dt or dt p dt dt1 /—J dxj dxjdt p dt Insertion of px from C.3.43) multiplied by Vj and pt from C.3.45) into C.3.42) results in the nonlinear potential flow equation (a2 - ip2x)ifxx + (a2 - ip2y)ipyy + (a2 - ip2z)ifzz - 2ipxipyipxy C.3.46) ) 2003 by CRC Press LLC

and C.3.44) is now found to be 2a2 + G - l)(vl +V2V+ vl) + 2G - IV* = const = 2G - \)a20, C.3.47) where a0 is the velocity of sound in the gas at rest [3.30], [3.34]. A two- dimensional stationary (time-independent) compressible flow is then subject to (a2 - ifl)ipxx + (a2 - f2y)fyy - 2ipxipyipxy = 0. C.3.48) Using the characteristic theory for nonlinear partial differential equations of second order C.3.24), C.3.35) one obtains the differential equation dy Since y>x,y>v depend on x,y it is necessary to know these functions in order to be able to integrate C.3.49) and to find the characteristics y(x). Special methods will be necessary to solve C.3.48), see sections 6.4 and 6.5 of this book. For u2 = (p2, + tpy > a2 one has a suprasonic (not ultrasonic) flow and the partial differential equation is hyperbolic. For ««o the the flow is transsonic and C.3.49) is parabolic. For u < a subsonic flow occurs and the potential equation is elliptic. Flow with u » a is sometimes called hypersonic and for u « a the sonic speed a becomes constant, compressibility and ip2x,ip\ may be neglected and C.3.48) becomes the Laplace equation (fixx+Vyy = 0. Ultrasonics is normal sound with a frequency higher than the 20.000 Hertz representing the threshold of hearing of the human ear. Thus the partial differential equation C.3.48) is of mixed type, its type depends on the domain in the <px = u,<py = v plane. Another equation of mixed type is the very simple equation uxx + xuyy = 0 (Tricomi equation). For x < 0 the characteristics are y ± 2/3(—a;J/3 = const and for x > 0 they read y + 2/3(ixK/2 = const. The Euler equation auxx + 2buxy + cuyy = 0 with constant coefficients a, b, c is of constant type. Problems 1. Find characteristics and solution of Ut + F(u)ux = 0 (u = f(x — t.F(u)). 2. Find characteristics and solution u(x, y) of 2xux — yuy + 2ux — 4xy2 = 0. C.3.7) yields dx/2x = —dy/y = du/Dxy2 — 2u). Integrations yield xy2 =a = tp(x,y), u = 2xy2 + y2ip(x,y), u/y2 -2x = b = ip(x,y) so that the solution reads F(xy2,u/y2 — 2z) = F(ip,ip). 3. xux + yuy = 0, u = a, y/x = b, u = ip(b). ©2003 by CRC Press LLC

4. ux + uy = 0, u = F(x — y). 5. ux2 — xux — uy = 0, dux _ duy _ dx _ dy _ du —ux 0 — 2ux + x 1 — 2u2x + xux + uy' which are solved by In ux = — y + In a, uy = -xux +ux+uy, u = axexp(-y) - (l/2)a2 exp(-2y) + b. 6. u - u\ - u\ = 0, u = (x + ay + bJ/4(l + a2). 7. uxy ux-\ uy=0, u(x,y)= ' x-y x x-y y ' y '»' dx^dy"-1 \ x-y 8. uu = x2uxx+u/4, u(x,t) = yfxF(\nx -t). 9. Derive C.3.46). 10. Show that the heat conduction equation C.2.3) written with all material constants and including a source term, namely dfXd2faf ^ C-3-50) (p density, A heat conductivity, c specific heat, a heat transfer coeffi- coefficient) can be transformed by f = T(x,t) exp(—at/pc) into at pc ox1 Solve this using the similarity transformation rj = x/2^/?, t = Xt/pc, Tt = T'{rj) ¦ drj/dt; Tx = T'{rj) ¦ drj/dx etc., so that T"(r))+2rfl"(r)) = 0, C.3.52) —v T(x, t) = T{n) = Ajexpi-r?)*, = A^$ (|^g ) + B. C.3.53) o $ is the Gauss error integral. Determine the integration constants from the boundary and initial conditions T@,t) =Ti =0-*•? = (), T(x, 0) = To = A^/2 x>0 since $@) = 0,<J?(oo) = 1. ) 2003 by CRC Press LLC

11. Use r\ = x2/4t to solve C.3.51) and use also a separation setup T(x, t) = U(x)V(t) giving T(x,t) = A exp(-ak2t)cos[k(x -/?)]. Verify the solution T(x, t) = T05exp(-x2/4r)/Bv^t) and plot T{xiU) for some arbitrary fixed values of ^(^1,^2,^3) and X/pc = a = 2 • 10~3cm~2s~1 for earth. We choose Tq5/2 = l,a = 2 and give the commands: a=2. ; t=0.05; Plot[(l/(Sqrt[a Pi t]))*Expi-xT2/D*a*t)],{x,-5,5}, PlotRange->{0.,1.8}] -4-2 2 4 Figure 3.1 T(x,t) at t = 0.05 a=2. ; t=0.3; Plot[(l/(Sqrt[a Pi t]))*Exp[-x~2/D*a*t)],{x,-5,5}, PlotRange->{0.,1.8}] 1.75 1.5 1.25 1 0.75- /. 5 /0.25 \ -4 -2 Figure 3.2 T(x,t) at t = 0.03 ©2003 by CRC Press LLC

a=2. ; t=l.; Plot[(l/(Sqrt[a Pi t]))*Exp[-x~2/D*a*t)],{x,-5,5}, PlotRange->{0.,1.8}] 1.75 1.5 1.25 1 0.75 0.5 . .25 -2 Figure 3.3 T(x,t) at t = 1.0 12. Let us see what Mathematica can do for us in connection with problems 10 and 11. Clear[T,TW]; TW[x_,t_]==T[x_,t_]*Exp[-a*t/ (p*c)]; Now insert this separation setup into C.3.51). 13. D [TW[x, t] , t] -A*D [TW[x, t] , {x, 2} ] / (c*p) + a*TW[x,t]/(p*c) This does not help! We obtain a TWW t\ , ^ A TWB>°) \r f] a 1 VV [X, t| + j,^.@I) , j _ A 1 VV \JL,l\ ^ c p ' c p Apparently, Mathematica is not able to execute a partial derivative of an unknown function. We will investigate the situation. But remember the result for problem 4 in section 3.1 Clear [T,77,U];r=A*t/(p*c); this yields I == I x, — . O.K., but let's see now if a derivative of an unknown function depending on one single variable works: U [x] =f [x] *Sin [x] ; D [U [x], x] This results in Cos[a;] f[x] + Sia[x] f'[x] This works! Now we try again: Clear [T] ; T [x_, t_] =T [77 [x, t ] ] ; D [T [77] , 77] ©2003 by CRC Press LLC

This gives T'[rj\. Another way: D[T[r/[x,t]],x] yields T'[r)[x,i\] r?AH)[a;,t] D[T[r/[x,t]],{x,2}] yields an ordinary differential equation for T(rj) T"[ri[x,t]] riWfaiF+T'lrifat]] v{2'o)[x,t]. Now let us solve the ordinary differential equation C.3.52) DSolve[T"[77]+2*77*D[T[?7] ,77] ==0,T [77] ,77] which gives exactly the solution C.3.53). 3.4 Nonlinear partial differential equations It is fortunate that there exist transformations making it possible to transform nonlinear partial differential equations into linear partial equations or into ordinary differential equations. These transformations can be classified as follows: 1. transforming only the dependent variable (transformation according to KlRCHHOFF, Hopf, RlEMANN, functional transformation), 2. transforming only the independent variables (VON MlSES, BoLTZMANN, similarity transformations), 3. both types of variables are transformed (Legendre, Molenbroek, Lagrange, hodograph transformation). Some industrial and engineering problems will be discussed. The perfume industry has the interest to create products satisfying two contrary conditions: on the one side, the perfume should evaporate and diffuse and on the other side the perfume should adhere to the ladies as long as possible. This has the physical consequence that the diffusion coefficient D becomes a function of the local perfume concentration c(x,t), so that the diffusion equation (Fick equation) reads Now one may try D(c) = cn C.4.2) yielding a nonlinear partial differential equation dc AD (dc\2 fl2c nlfdc\2 B2c . A , ) 2003 by CRC Press LLC

Apparently it is useful to consider equations of a more general type than C.4.1). We thus introduce the pseudo Laplacian div(F(J7)gracM7) and use the Kirchhoff transformation %p = ip(U(x,y,z)). Now define F(U) and ^, grad V = F(*7) grad *7, i/>(U) =JF(U)dU. C.4.4) This manipulation transforms the nonlinear pseudo-Laplacian into a linear Laplacian div (F(U) grad U) = div grad r/> = Ar/>. C.4.5) This looks nice, but, according to the "conservation theorem for the mathe- mathematical difficulty," there are now problems with dc/dt. If Aip = 0 would be valid, C.4.4) would offer an advantage, but let us see: D(c) -»¦ F(c) = cn, cn = dip/dc, xp = fcndc, ij, = cn+1/(n + 1), c = (^(n + l)I/n+1. So we come back to C.4.3) for c(x, t) or to = = W(n + l)) = dt dip dt (n + 1) W{n + 1>> dt dx2' The Kirchhoff transformation is a functional transformation used to transform nonlinear partial differential equations into linear partial differen- differential equations. What is the inverse transformation? Can we transform linear partial differential equations into nonlinear equations? Let us start with dip d2ip A^ = A^ or A^, <P(x,y,z,t). C.4.6) Insertion of ip = F(U) results in AU + ^ (gmdUJ = \Ut, AU+]j7 [(gradt/J - U2] = \Utt. C.4.7) Let us now consider a good example of exact linearization. We take the one-dimensional Navier-Stokes equation (Burgers equation) ut + uux - vuxx = 0. C.4.8) u(x, t) is the fluid velovity, v a parameter describing the viscosity of the fluid, Ut = du/dt etc. Now we make the transformation u = vx resulting in vxt + vxvxx - vvxxx = 0 (or D(t)), C.4.9) ) 2003 by CRC Press LLC

where D is a momentum source [3.36], compare C.3.23). For constant v a partial integration yields (vxx = d2v/dx2) vt + -jV2x - wxx = 0 (or D(t)). C.4.10) For a rocket nozzle the periodicity condition D(x,t)=D(x + 2n,t) C.4.11) has to be taken into account [3.9] (page 23). Then the periodic initial condition reads: v(x, 0) = f(x) = f(x + 2tt), v(x + 2tt, t) = v(x, t). C.4.12) Making the setup v(x,t) = (f(x,t) + D(t)dt, C.4.13) o one can eliminate the inhomogeneous rhs term. With A = 1/v and regarding C.4.7) one can put F" 1 /-?/A\ — = --A, F = AeXpl-—)+B. C.4.14) \ / Then C.4.7) takes the homogeneous form of C.4.10). Now we solve this equation using the Hopf transformation putting u = -2v—\nip = -2v—, v = -2v\ntp. C.4.15) ox ip We then obtain the simple linear equation vtj)xx = ipt. C.4.16) Thus the linearization succeeded. More general functional transformations are also in use like v(x,t) = F(G(x,t)). C.4.17) Applying on C.4.10) yields F'(Gt - vGxx) - G2X (pF" - \fi2\ = 0. C.4.18) The two "degrees of freedom" F(G) and G(x,t) may be used for exact lin- linearization of complicated nonlinear partial differential equations. One might demand Gt - vGxx = 0 so that vF" - F'2/2 = 0, so that F(G) = -2v ln(G -A) + B, C.4.19) ) 2003 by CRC Press LLC

where A and B are integration constants (Hopf-Cole transformation). An- Another possibility could be (Hopf-Ames transformation) v(x,t) = -2i/grad lnF. C.4.20) Some of the functional transformations can be combined together with similar- similarity transformations [3.37]. Occasionally, the method of the unknown function g(x) may help: in the boundary layer theory of a fluid, the equation [3.9] i/>xyil>y ~ Ipyyipx = V^yyy C.4.21) appears. ip(x,y) is the stream function. The setup 1> = f(v + 9(x)) C-4.22) results in the ordinary differential equation f'f'g' ~ f'9'f" = 0 = vf", C.4.23) so that f = a(y+ g(x)J + b(y + g(x)) + c. C.4.24) a,b,c are integration constants, g(x) is still arbitrary. Another important transformation of the dependent variable is given by the Riemann transformation. As an example, we consider utt = [F(ux)]2uxx, C.4.25) compare C.3.46) for instance. We define v=ux, w = ut, C.4.26) so that vt-wx=0, wt-F2(v)vx=0. C.4.27) Multiplication of the first equation by F(v) and addition deliver F(v)vt - F(v)wx +wt-F2 (v)vx = 0 C.4.28) and multiplication and subtraction yield F(v)vt - F(v)wx -wt + F2 (v)vx = 0. C.4.29) According to Riemann new dependent variables r(x,t) and s(x,t), called Riemann invariants, are introduced: rt=wt + F(v)vt, rx =wx+ F(v)vx, st = ~wt + F(v)vt, sx = -wx + F(v)vx, C.4.30) ©2003 by CRC Press LLC

where rt = dr/dt, rx = dr/dx etc. Using these new variables, C.4.28) may be written as rt - F(v)rx =0, st + F(v)sx = 0. C.4.31) The new variables are called invariants, because for dx/dt = —F the variable r and for dx/dt = +F the variable s does not vary. Integration of C.4.30) results in r = w +jF(v)dv = w + B(v), s = -w +fF(v)dv = -w + B(v). C.4.32) Let B = v(r,s) the inverse function of B(v), then C.4.32) delivers r + s = 2B(v), v = B (^^) ,r-s = 2w. C.4.33) V ^ / As a consequence C.4.31) results in two nonlinear partial differential equations a = 0. C.4.34) It depends on the type of F(ux) in C.4.35) if a formal integration of C.4.34) is possible or not. In a special case covered later on, even a linear partial differential equation of second order will be derived from C.4.34). Up to now we had discussed transformations of the dependent variables. Now we shall transform the independent variables. For a time-dependent, two-dimensional, incompressible viscous boundary flow along a plate in the x direction, the continuity equation and the equation of motion read respectively Ux + Vy = 0, UUX + VUy = VUyy, C.4.35) where u(x, y), v(x, y) are the fluid velocity components in the x and y direction respectively, v = rj/p is the kinematic viscosity. Using the stream function ip(x,y) u = ipyj qj = —ipx C.4.36) and the VON Mises transformation u = u(x,ip), v = v(x,ip) one obtains du\ (du\ (dip\ (®u\ ('du\ dx),p \dllp)x\dx)y \dx),p K^Jx du\ (du\ (dip d2u\ d r (du\] d r (du u — =u— \u ,dy2Jx dy[-\dipjjx ~dipr\dipjjx One can write for the equation of motion du d ( du\ , „ _. dx dip V dip) ) 2003 by CRC Press LLC

which now exactly has the form C.4.1). Similarity transformations and the BoLTZMANN transformation also belong in the class of transformations that transform the independent variables. The class of transformations that transform both types of variables is for instance represented by the hodograph transformation. The problem with this transformation is however that it works only in two independent variables. Consider the plane steady potential flow of a nonviscous compressible fluid. We may use C.3.47) and C.3.48) in the form a2 =al-(n-l)(u2+v2)/2 C.4.38) and (a2 - u2) ux - uv (uy + vx) + (a2 - v2) vy = 0. C.4.39) The potential condition curltT = 0 reads uv-vx= 0. C.4.40) Now the solution of the equations C.4.39) and C.4.40) shall not be searched for as u(x,y),v(x,y), but in hodographic form x(u,v),y(u,v) in the velocity plane. Such a hodographic solution informs on these locations (x, y) where the velocity components u, v assume given values. Thus C.4.39) and C.4.40) are replaced by (a2 - u2) yv + uv (xv + vy) + (a2 - v2) xu = 0, C.4.41) xv-yu = 0. C.4.42) With x = x(v,w), y = y(v,w), dx/dx = 1 = xvvx + xwwx, dy/dx = 0 = VvVx+ywwx, vx = ywl{xvyw-xwyv), etc., one may linearize C.4.27) to build xw-yv=0, xv-F2(v)yw=0. C.4.43) This enables now to linearize C.4.34), which we obtained by the Riemann transformation. The replacement r, s versus x, t gives rx = Jts, rt = -Jxs, sx = -Jtr, st = Jxr, C.4.44) where the Jacobi determinant J is given by J = rxst - sxrt, C.4.45) so that f^^j \(^\]r = 0 C.4.46) results. Assuming F2^) in C.4.25) to be A + ux)a or A + v)a, F(v) = A + vH1/2, equation C.4.25) takes the form vt-wx= 0, wt-(l + v)avx = 0. C.4.47) ) 2003 by CRC Press LLC

These equations are nonlinear for v(x,t). But one may use C.4.32) to obtain 2(l + vI+a/2 2(l + vI+a/2 r = w + ~ ±7, , s = -w + ^ -?- . 3.4.48 a + 2 a + 2 Addition and inversion result in M 12/(a+2) v = -l+ \-(r + s)(a + 2) , w = -(r-s). C.4.49) Using F=[(r + s)(a + 2)/4f, n = a/B + a) the equations C.4.46) take the form xs = F ¦ ts = 0, xr - F ¦ tr = 0. C.4.50) These equations are linear partial differential equations of first order for x(s,r) and t(s,r). Eliminating xs and xr by differentiation (xsr = xrs) results in a linear partial differential equation of second order d2t | n (dt)/(dr) + (dt/ds) =Q 2 r + s | drds 2 r + s This is the Darboux equation. Analogously, xrs-\- X-f±^ = 0. C.4.52) Finally we consider transformations of the type where both variables were transformed. The Legendre transformation, which is used in thermodynam- thermodynamics and gasdynamics, is able to transform the quasilinear two-dimensional, nonlinear potential equation C.3.48) for ip(x, y) into a linear partial differen- differential equation for ip(u,v). For this purpose we make the ansatz (setup) ip(u,v) = ux + yv — ip(x, y) C.4.53) in the u, v velocity plane. Then tpu = x, tpv= y, tpuu = xu, tpvv = yu (remember that now x(u,v), y(u,v) are dependent variables and that the independent variables are now u,v). <fx=U, <fy=V, <fxx=Ux, <PyV=Vy, dip = ipxdx + ifydy = udx + vdy, dip = ipudu + ipvdv = xdu + ydv. Integration of d</> + dip = d(ux) + d(vy) results in C.4.53). Insertion into C.3.48) gives the linear equation (a2 - u2) ipvv + 2uvipuv + (a2 - v2) ipuu = 0, C.4.54) where a now depends on ip according to C.3.47). Although equation C.4.54) is linear, it cannot be solved because the actual solution depends on the boundary conditions that depend on ip(x,y). Combined graphic-numerical methods allowing an alternating use of ip and ip are able to find solutions, see chapter 6. ) 2003 by CRC Press LLC

Problems 1. Under what conditions is it possible to solve a Cauchy problem for C.4.54)? Remember Table 1.1 and the criteria A.2.9) to A.2.11) in chapter 1. 2. To describe large amplitude transversal oscillations of a string, the Car- Carrier equations must be used [3.38]. They can be transformed into a nonlinear integro-differential equation of the form (i \ Eq f o \ 1+ —— IvtAx =0. C.4.55) 2<Po J I o / Here v(x,t) is the oscillation amplitude, po the tension of the string, q the string cross section, E the modulus of elasticity, / the string length, p the material density and the propagation speed c is given by \/po/pq. Solve C.4.55) by I I 2 v(x,t) = F(x)G(t), fv2xdx = G'2(t)[((j-) dx- C.4.56) 0 0 This procedure results in two ordinary differential equations F" + v2F = 0, i G" + v2c 2c2 1 + 2/po o G = 0. C.4.57) v is the separation constant. Let Mathematica solve the two equations DSolve [F" [x] +l/~2*F [x] = = 0, F [x] ,x] which should yield F[x] ->¦ C[l] Cos[a; v] + C[2] Sin[a; v] Then the second equation takes another form. First we compute the definite integral Jo F'(xJdx. To be able to do this, we now use the In- putForm and repeat the integration of the ordinary differential equation for F[x] by giving the command InputForm[DSolve [F"[x]+i/*F[x]==0,F[x] ,x] ] Interesting, now the star * appears for the multiplication. F[x_] =C [1] *Cos [x*i/] +C [2] *Sin[x*i/] To be able to apply operations on F(x), we define F'(x) as a function ) 2003 by CRC Press LLC

F' [x_]=D[F[x] ,x] which results in v C[2] Cos[a; v\-v C[l] Sin[a; v\ Now let us play. We ask for F'(xJ? F'~2 [x] yields nonsense. v C[2] Cos[i/ #1] - v C[l] Sin[i/ #1] &JN- Aha, we should write F'(xJ ->-f' [x]  yielding (i/ C[2] Cos[a; i/] - i/ C[l] Sin[a; v]J, but we want the result! So we give the command Expand [F'[x] ] yielding i/2 C[2]2 Cos[a; j/]2- 2 j/2 C[l] C[2] Cos[a; i/] Sin[a; i/] +1/2 C[l]2 Sin[a; v}2 and we now integrate from 0 -? I a=Integrate [f' [x] ^2, {x, 0,1} ] resulting in B / v2 C[l}2 -2v C[l] C[2] + 2 1 v2 C[2]2+ 2 v C[l] C[2] Cos[2 lv]-v C[l]2 Sin[2 lv] + v C[2]2 Sin[2 / Then the equation for G(t) reads G" + v2c2{l + aG2)G = Q, C.4.58) where a is given above and DSolve[G"[t]+i/~2*cr2*(l+a*G[t]~2)*G[t]==0,G[t],t] results in an horrible long expression in the form of an unsolved algebraic equation for G(t). But from Figure 2.4 in section 2.6 we know that an equation of the type y" + y + y3 = 0 represents a stable nonlinear oscillator and C.4.58) is of the same type. To avoid the study of the horrible expression, we try DSolvety" [x]+y[x]+y[x] ~3==0,y[x] ,x] and obtain an aggregate of the elliptic functions en and sn. 3. We now consider the boundary and initial condition belonging to C.4.25). If this equation describes a clamped nonlinear string, what would be the conditions? Apparently at the clamped ends x = 0 and x = I, u@,t) = 0, u(l,t) = 0 is valid. When one plucks the string at the time t = 0, then the initial conditions would read u(x,0) = h(x),ut(x,0) = H(x), where h and H are given arbitrary functions like e.g., h(x) = ) 2003 by CRC Press LLC

asm(irx/l),H(x) = 0. Could one transform the boundary value prob- problem into an initial value problem? To do this we introduce a new variable ?, — oo < ? < oo instead of 0 < x < I and we demand that u(—?, t) = —u(?,t) (uneven solution) and that m(? + 2, ?) = u(?,t) with A? = 2. Now the boundary conditions are satisfied: u@,t) = —u@,t) so that u@,t) = 0. Furthermore due to the periodicity over the in- interval 2/ one has u(l,t) = —u(—l,t) = —u(l,t) and thus u(l,t) = 0. The initial conditions are now «(?, 0) = asinGr?//) and Ut(?, o) = 0 for —oo < ? < oo. 4. The Lagrange transformation is a transition from the fluid picture giving the two-dimensional local velocity field u(x,y),v(x,y) to a par- particle picture that describes the trajectory of the particles by x(t,xo,yo) and y(t,xo,yo)i where the actual initial location of particle number 0 x(t = 0) = xo,y(t = 0) = j/o gives the name to particle and its tra- trajectory. Discuss this transition and transform continuity equation and equation of motion dp dp dp dx dp dy , „ . -? = j? + 7r^7 + 7r^=Pt + uP*+ vPv 3.4.59 dt at ox dt dy dt The Jacobi matrix becomes ^) = XxoVv° ~ XvoVx°' C.4.60) since x(xo,yo), y(%o,yo) and the continuity equation results in 1 =0, pJ = const C.4.61) p dt J dt v ' whereas the equation of motion is now linear — - 0 — - 0 —- —- C 4 62) dt dt dt dt 5. Solve C.4.16). Inserting %\> = U(x) ¦ V(t) into ipxx = ipt yields U"(x) V'(t) U(x) V or vU"+aU = 0, V - a2V = 0, where a is the separation constant. Seen the results for problem 4 in section 3.1 and problem 12 in section 3.3 we now apply the Mathematica commands il> [x_, t_] ==U [x] *V [t] ; Expand [i/*D [tp [x, t] , {x, 2} ] -D [tp [x, t] , t] /ip [x, t] ] which results in -w ,r [ ! J + ui/>l2<0)[x,t]. ip[x,t\ ) 2003 by CRC Press LLC

Now we try D[U[x]*V[t],{x,2}] resulting in V[t]U"[x] This is O.K.. Hence, we try Expand[i/*D[U[x] *V[t] , {x,2}] /V[t] -D[U[x] *V[t] , t] /U[x] ] what results in -V'[t] + v U"(x). Learn by making errors! 6. Prove C.4.5) in cartesian and spheroidal coordinates. ©2003 by CRC Press LLC

Boundary problems with one closed boundary 4.1 Laplace and Poisson equations It is well known that a vector field K having a vanishing curl K = 0 can be represented by a potential function U Kx(x,y,z) = ±^, Kv{x,y,z) = ±d^, Kz(x,y,z) = ±^. D.1.1) Setting up the divergence of such a field results in 8KX 8Ky 8KZ ,. rt 8 8U 8 8U 8x 8y 8z 8 8U There are many practical examples in physics and engineering for the Laplace equation AU = 0. In hydrodynamics, in problems of heat conduction, in elec- tromagnetism and in many other fields the Laplace equation or its inhomo- geneous counterpart, the Poisson equation, appears as AU = p(x,y). D.1.3) Let us now solve a simple two-dimensional boundary value problem for the Laplace equation. The closed domain should be a rectangle of dimensions a and b, see Figure 4.1. Figure 4.1 Rectangular boundary 9i(y) ) 2003 by CRC Press LLC 137

These inhomogeneous boundary conditions are described by U(x,y = 0) = f1(x), 0<x<a, D.1.4) U(x,y = b) = f2(x), 0<x<a, D.1.5) U(x = 0,y) = g1(y), 0<y<b, D.1.6) U(x = a,y) = g2(y), 0<y<b. D.1.7) So that this problem is well defined, the functions must be continuous at the corners, but it is not necessary that the boundary value functions satisfy AU = 0. Let a, C,7, S be the values of the boundary functions at the corner, then they have to satisfy h @) = 91 @) = a, h (a) = 92 (b) = 7, /3, f2@) = gi(b) = 5. Using the usual setup U(x,y) = X(x) ¦ Y(y) for linear partial differential equations with constant coefficients one gets X"(x)+p2X(x) = 0, D.1.9) Y"(y)-p2Y(y)=0, D.1.10) where p is the separation constant. The general solutions of these equations read 00 X(x) = ^ Am sin (pmx + Cm), D.1.11) m=l ny + Cn), D.1.12) n=l but other solutions like harmonic polynomials (section 2.3) or functions of a complex variable like in C.3.1) exist, too. The partial amplitudes Am,Bn, the separation constants pm and the constants Cm,Cn are still unknown. They have to be determined by the boundary conditions. Since Am = 0 is linear, the sum over particular solutions is again a solution (superposition principle). Since the partial differential equation Am = 0 is homogeneous each particular solution may be multiplied by a factor (partial amplitude). The phase constants Cm may be used to find a solution with two functions Am sin (pmx + Cm) = Am sinpraa; cos Cm + Am cospmx sin Cm D.1.13) and analogously for sinh. The solution of AU(x, y) = 0 can now be written as ) 2003 by CRC Press LLC

( ^ D.1.14) To simplify calculations we choose f1@)=a = 0, D.1.15) U(a,y)=g2(y) = f1(a) = l3 = 0, D.1.16) U(x,b) = f2(x)=gi(b) = 6 = 0, D.1.17) but U{x,0) = h{x)^O, D.1.18) and, for continuity, /2(a) = g2(b) =7 = 0 must be valid. To satisfy the boundary condition D.1.15) by the solution D.1.14), the expression oo U@,y) = Y,Dksin(Ck)sinh (pky + Ck) = 0, D.1.19) fc=0 must be valid. This can be satisfied by Ck = 0 for all k. The boundary condition D.1.16) demands oo U(a, y) = YJDk sin (pka) sinh (pky + Ck^j = 0. D.1.20) From this condition the separation constants pk will immediately be deter- determined: pka = kn, pk = kn/a. k = 0,1,2.... D.1.21) Like in many boundary value problems the separation constants are deter- determined by the boundary conditions. Next we consider the boundary condition D.1.17) U(x, b) = YDk sin — sinh (— + Ck) = 0, D.1.22) ^To a \ a J which can be satisfied by k-^ + Ck=0, Ck = -k-^. D.1.23) a a Finally condition D.1.18) has to be taken into account. U(x,0) = h{x) = Y Dfcsin — sinh (-—) . D.1.24) ti a V « J ) 2003 by CRC Press LLC

Observe that now k = 0 is not allowed and that the continuity condition D.1.15) /i@) = 0 is satisfied automatically. As one sees, D.1.24) represents a Fourier series expansion of the given function fi(x). To find the FOURIER expansion coefficients we multiply D.1.24) by sm(rrnrx/a),m ^ k and integrate over x a a a a f. rrnrx f yr-^ kirx rrnrx ( kvb\ //i(a;)sm da; = / > iAsm sin smh ax. D.1.25) J a J f-f a a \ a J o o k=1 In section 2.3 we discussed the orthogonality of some functions, compare B.3.17). The attribute of orthogonality is very important. It allows to ex- expand given functions like /i (x) and to express them by a series according to orthogonal functions. In D.1.25) one has a sin sin da; = 0 for k ^ m. D.1.26) a a b This is easy to prove. The simple transformation x = a^/n modifies D.1.26) into 7T a f ¦ 11- ¦ i-ji- a f 0 for k ^ m, . n n ,. n o_, — / sin fc? sin m?d? = - < /o . , m,k = 1,2 D.1.27) 7T J -k { tt/2 for k = m o for k ^ m, { t/2 for k = m, o Thus we get //i (x) sin -^ da; = -Dk sinh (-nkb/a), D.1.28) J a 2 o which gives the Fourier expansion coefficients Dk. The solution of our boundary value problem defined by D.1.15) to D.1.18) is then given by 2sinh(fc7r&/a — kny/a) asmh(Trkb/a) a • //i (?) sin(knt/a) d? • sin(A;7ra;/a). D.1.29) o But what about the more general problem D.1.4) to D.1.7)? We will come back to it in problem 2 of this section. The boundary problem we just solved is inhomogeneous because fi(x) ^ 0. Why could we not homogenize the problem as we learnt in section 1.2? There we have shown that an inhomogeneous problem consisting of an homogeneous equation together with an inhomogeneous condition may be converted into an inhomogeneous equation of the type D.1.3) with an homogeneous boundary condition. There are two methods to solve linear inhomogeneous partial differential equations: ) 2003 by CRC Press LLC

1. Search a function U satisfying the homogeneous boundary conditions and determine free parameters like expansion coefficients within U in such a way that U satisfies the inhomogeneous partial differential equa- equations. This delivers a particular solution of the inhomogeneous equation that however does not satisfy the homogeneous equation. 2. First, solve the matching homogeneous partial differential equation and expand the inhomogeneous term p according to the solutions of the homogeneous equation. We start with method 1. The differential equation D.1.3) is inhomogeneous and the boundary conditions should be homogeneous. With regard to our experience we set up U(x, y)=y cv{y) sin —, D.1.30) -i a where cv(y) are the expansion coefficients. Now D.1.30) should first satisfy the boundary conditions. We multiply D.1.30) by sin(/«ra;/a) and integrate over x. Due to D.1.27) we then obtain / . vttx . /inx a / sin sin da; = —ovll D.1.31) J Cl Cl Z 0 cv(y) = - U(x,y)s'm'^dx. D.1.32) aj a and o Due to the homogeneous boundary conditions ?7@, y) = U(a, y) = U(x, 0) = U(x, b) = 0, D.1.33) the cv must satisfy cv@) = cv{b) = 0 for all v. We now set up $>^p D.1.34) so that (y) sin !—?- dy, D.1.35) o and the expression satisfying the homogeneous boundary conditions reads oo oo ^y^^^^sin —sin^, D.1.36) where now a b J (J*,y) oin _ bin t o o ) 2003 by CRC Press LLC

which are still unknown! D.1.36) satisfies the boundary conditions, but U must satisfy the inhomogeneous equation too. To find a particular solution of the inhomogeneous partial differential equation expand the inhomogeneous term with respect to the solutions of the matching homogeneous equation. But wait, we do not yet have these solutions. So we just have to write down a setup compatible with the boundary conditions: i^ D.1.38) where a b 4 f f liny vnx dvu, = —r I //H^M/) sin —— sm dydx. D.1.39) abj J b a o o But from where do we get p(x,yO We have to insert D.1.36), which con- contains the homogeneous boundary conditions, into the inhomogeneous PoiSSON equation D.1.3) P(X, y) = UXX + Uyy DO OO vnx . a2 b2 (Sin^^sin^^. D.1.40) Now we can read off the jvli from D.1.40) ~<™ ' D.1.41) and the boundary problem D.1.3), D.1.33) is solved and has the solution OO OO 97 9 7 TTf \ \~^\~^ -azbzdvll . vnx . liny U(x,y) = ) ) o / 2 2 , ,2—2Tsm sm^"- D.1.42) ^n2 {a2ii2+b2 nu2) a b ^ ^ n2 (a2/i2 + b2 nu2) But remember, this only is a particular solution of D.1.3) and does not solve the homogeneous equation. Now let us look how method 2 works. We first have to solve the matching homogeneous equation AL^ = 0 and then expand p with respect to the func- functions solving AU = 0. We demonstrate the procedure on a three-dimensional spherical problem. We use C.1.74) and the ordinary differential equations C.1.76) - C.1.78). The solutions to C.1.77) had been given in section 2.3, $" + m2$ = 0 is solved by cos imp and sinm^ and Mathematica solves R"(r) + -R'(r) - ^+2^ R(r) = 0, D.1.43) ) 2003 by CRC Press LLC

which is NOT a Bessel equation B.2.48) but it is of the type B.2.65) that is an Euler equation of type B.2.33) with x0 = 0. DSolve[R"[r]+2*R'[r]/r-A*A+1))*R[r]/r~2==0,R[r],r] yields R[r] -»• r^1"') C[l] + rl C[2] Thus, the solution of the matching homogeneous equation AU = 0 reads in spherical coordinates oo oo U(r,d,<p) = Y, Y.i^1'1 + Kr'1'1) ¦ NP™(cosd)eimifi. D.1.44) 1=0 m=0 TV is a normalizing factor and a™ and bj™ are the partial amplitudes. Ex- Expanding the inhomogeneous term p of the inhomogeneous equation Am = p gives p(r,0,y>) =J2 Pim(r) Ptm (cos $)eim*. D.1.45) Multiplication by Pl~m(cosr&) exp(—imp), integration and using B.3.19) and da; = — sin $d$, / / sin i9d$dy = 4?r results in Pim(r) = JJp(r, ¦&, <p)Prm (cos $)e-im* sin MMp ^[^ ¦ D.1.46) If one inserts the expression oo oo U = YJYjUlm^Pim^0S^eim'P D.1.47) 1=0 m=l into the inhomogeneous equation which we write now AL^ = — 4np as usual in electromagnetism and if one multiplies by the orthogonal functions and integrates, one gets h d7r2^ - ^W> = -t-1)"^ + ^mir). D-1-48) This is an inhomogeneous ordinary differential equation. The matching ho- homogeneous equation has a solution obtained by the analogous command as given above and reads like the solution R[r] given above. The Wronskian determinant B.1.12) now takes the form W = rl(-l - l)r"' - Zr'-V"'-1 = -B/ + l)r. D.1.49) Inserting W and D.1.44) into B.1.14) then a particular solution of D.1.48) is obtained: (oo r \ rljpim(r')r'-l+1dr' + r"'J"plm(r')rn+2dr' j . D.1.50) ) 2003 by CRC Press LLC

Since the pim (r) are unknown, Mathematica can give only a formal solution of the inhomogeneous equation D.1.48). The command DSolve [R" [r] +2*R' [r] /r- A* A+1)) *R[r] /r~2==B [r] ,R[r], r] gives r"' -/ [K$U72+l B[K$U7]dK$U7 + \ \ JK$118 I K$1301~l B[K$ 130]dK$ 130) ). JK$131 J J rl+2 I IK$131 Using addition formulas [2.1], [2.9] for the spherical functions and the formula cos 0 = cos •& cos •&' + sin $ sin $ cos(y> — ip'), one can modify D.1.50) to read OO 7T 27T Vr2+r'2-2rr'cos0 0 0 0 where /3 is given by D.1.45). In series expansions of the type Plm = ffr'Pl71 (cos $)e+imvp{r, tf, i the expansion coefficients pim are called multipole moments. There are many physical and engineering problems in which such expansions appear: burden of the organism by 7-rays due to the uranium content in bricks or the distribution of electric charges on a body. We treated an inhomogeneous problem that had been inhomogeneous be- because the differential equation D.1.3) has been inhomogeneous, but the bound- boundary conditions D.1.33) were homogeneous. We presented two methods to solve such a problem. But a problem of an homogeneous equation with inhomoge- inhomogeneous boundary conditions is inhomogeneous too! Due to the theorem that the general solution U of an inhomogeneous linear equation AL^ = f(x, y) consists of the superposition of the general solution W of the homogeneous equation plus a particular solution V of the inhomogeneous equation we can execute the following method. To solve AL^ = f(x,y) one may write U = W + V, so that AU = AW + AV = f(x,y), where AV = f(x,y) and AW = 0. Since we demand homogeneous boundary conditions for U (boundary) = 0 = V(boundary)+l?(boundary), one has V(boundary)= — l?(boundary). Now the function V(x,y) should satisfy the inhomogeneous boundary conditions ) 2003 by CRC Press LLC

for W and at the same time it must be such that AV = f(x,y). It is quite difficult to create such a function V. We start with the boundary conditions D.1.15) to D.1.18) for V for the rectangle as shown in Figure 4.1 in the specialized form V@, y) = V(a, y) = V(x, b) = 0, V(x, 0) = 1. D.1.51) A function satisfying these conditions has to be discovered. An example would be x + y x — y — a a b(a + b) ab a-x \2y + a (a + 2%1 y + a b(a + b) \ V~" D.1.52) y + a b(a + b)\ [a + b a x + b x — a — If one calculates f(x,y) = AV, then AL^ = f(x,y) is the inhomogeneous equation for U. Its solution satisfies the homogeneous boundary condition t/(boundary)= 0. Another method to solve the inhomogeneous Poisson equation is the use of the Green function, compare B.4.29). The Green function for AU = p and for the rectangle may be derived as follows: inserting D.1.30), which satisfies the boundary homogeneous conditions, U@,y) = U(a,y) = 0 into the Poisson equation yields 22 r 22  \c'l(y) - ^cfo) = p(x,y). D.1.53) L J This demonstrates that the expression in brackets plays the role of Fourier expansion coefficients for p(x, y) so that a Civ) ^-cv(y) = - \p{x,y) sin da; = g(y). D.1.54) 0 The new function g(y) is the inhomogeneous term of the differential equation for cv{y) v^{i)) = gM- D-1.55) (X Due to the boundary conditions D.1.33) the cv have to satisfy Cv(y) = U@,y), cv@)=cv(b)=0, i/=l,2,.... D.1.56) ©2003 by CRC Press LLC

Then, according to section 2.4 the solution has the form b D.1.57) where now the Green function for the rectangle can be read off a sinh(i/7rry/a) . vir(b -y) ismh — — > rT7rri vn smh(i/7ro/a) a sinh(i/7ry/a) vtt svahyviTO I a) D.1.58) sinh Please observe our notation: p(x,y) is the inhomogeneous term in the PoiS- SON equation determined by the actual physical problem, whereas f(x,y) is the inhomogeneous term created by the homogenization of the inhomogeneous boundary conditions belonging to the homogeneous differential equation. The Green function for a rectangle with homogeneous boundary condi- conditions, namely G(x,y,?,T)) = - . —sin^ D.1.59) a a enables one to write the solution of D.1.3), D.1.33) in the form U(x, y)=y] cv(y) sin = / G(x, y; i D-L6°) 0 0 Up to now we have discussed simple regular rectangles. But how to solve problems like as shown in Figures 4.2 and 4.3? \y \y Figure 4.2 Rectangle with incision Figure 4.3 Rectangle with excision ) 2003 by CRC Press LLC

New methods however are necessary to solve such problems with corners or holes (admission of singularities, variational methods etc.). Boundary problems for a circle are easier than the situations mentioned. According to problem 4 of section 3.1, the Laplace equation in cylindrical coordinates may be separated into two ordinary differential equations K(r) + -rK{r) - ^^ = 0, D.1.61) (we used b = 0, since our problem is independent on z and a —? A2) and (©-»¦$) $'» + \l*v(<p) = 0. D.1.62) The index v indicates that we expect a set of solutions since the original partial differential equation is linear. D.1.61) is an Euler equation of type B.2.33) having the solution R(r) ~ rv,r~v, so that \v = ±v, v = 1,2,... for a solution valid around the whole circle @ < y> < 2tt). Thus the general solution of the Laplace equation reads oo vrv (av cos uip + bv sin pip). D.1.63) The solution r~v is singular at r = 0 and had been excluded. We demand U(r = 0,(p) = regular, not singular. If the boundary condition along the circular line does not cover the whole circumference then the \v are no longer integers. Now we need boundary conditions on the circular circumference like U(r = R,<p) = f(<p). D.1.64) Using this condition, D.1.63) reads oo U(R,<p) = ^ +y2cvRv{av cos vip + bv sin vip) = f\ip) D.1.65) and the FouRiER-coefficients are 4j To see the convergence of the sum J2v we can demand cvRv = 1, cv = R~"', so that oo v U(r, if) = y + ^2 (^ {av cos uip + bv sin uip). D.1.67) i ) 2003 by CRCRessLLC

Using the addition theorem for sin and cos and D.1.66) we can modify D.1.67) to read ff{*p)dip + 2Yl1-Xf} Lo 2-K dip. + sin Vip sin vip)dip D.1.68) Taking advantage of the formula for the infinite geometric series we write 1 oo oo ^e D-L69) i/=0 i/=0 where p = r/i? and l-2pcosip D.1.70) Comparing with B.3.9) one recognizes the last rhs term as the generating function of the polynomials p". Using 1 - c? D.1.71) one gets the so-called PoiSSON integral for a circle U(r,ip) = 2ir ~r D.1.72) from which the Green function for the circle can be read off. PoiSSON integrals also exist in three dimensions for electrostatic or grav- gravitational problems, since both potentials satisfy the PoiSSON equation. Let ?, T), C or ro, $o> <Po be the coordinates of the source point, where a small charge element pdr is located and x, y, z or r, #, <p the coordinates of the field point, then their relative distance d is given by d = y/{x - 02 + (y~ - CJ or ^/r2 + R2 - 2rRcos(&), D.1.73) ) 2003 by CRC Press LLC

if the source point is located on the surface of a sphere with radius r = R. Mathematica did the work for us. Let us go slowly step by step. According to C.1.24) we have ==r*Cos [(pi *Sin[i? ] ;y [r_,y>_,$_] == z[r_,?>_, i?_] ==r*Cos R*Sin[^O]*Sin[i?O]; C[R-'?>O_,i?O_] == R*Cos [i?0] ; D.1.74) d=Simplify [Sqrt [ (r*Cos [y>] *Sin[#] - R*Cos [y>0] *Sin[#O] ) ~2 + (r*Sin[v3]*Sin[i?]-R*Sin[v30]*Sin[i? 0] )~2 + (r*Cos [i?] -R*Cos [i?0]) ~2] ] D.1.75) yielding (r2+R2-2r R Cos[tf] Cos[tfO] - 2 r i? Cosf^j Cosf^O] Sin[t9] Sin[t90] - 2 r i? Sin[t9] Sin[t90] Sin[<p] Sin^O]I72. D.1.76) To be able to continue using the commands copy and paste we form InputForm [Simplify [%]] D.1.77) which results in Sqrt{r2 + R2 - 2 r R Cos[tf] Cos[t90] -2R Cosf^j Cos^O] Sin[&] Sin[t90] - 2r R Sin[tf] Sin[t90] Sin[v?] Sin[v?0]}. D.1.78) Using the abbreviation (which is actually a formula from spherical trigonom- trigonometry) Cos [0] ==Cos [i?] *Cos [i?0] + Sin[tf] *Sin[i?0] * (Cos [<p] *Cos [<p 0] D.1.79) we rewrite d as Clear[d];d=InputForm[ Sqrt [r^2+R^2-2*r*R* (Cos [#] *Cos [i?0] - Cos [(pi *Cos [(pOI *Sin[i?] *Sin[i?0] -Sin[tf] *Sin[i?0] *Sin[(p1*Sin[(p01I1i D.1.80) so that we receive d=Sqrt [r^2+R^2-2*r*R*Cos [0] ] D.1.81) ^r2 + R2 - 2 r R Cos[0] If the center of the sphere with radius R lies in the origin and both the source point and the field point are located in a plane then simply 0 = $. ) 2003 by CRC Press LLC

Now the potential U in the field point originating from a charge distribution pdr is apparently given by U(x,y,z) = [ftr =[[[—= p(f*>'C) =dfrfa?dC, D-1-82) i« iii V(^J + (J + (CJ which satisfies At/ = /3. By the way, one can show that 1/d, where d is given by D.1.81) is nothing else than the Green function of a point charge. If the surface potential U(F) is given on the surface F of a sphere then the potential in the distance r from the origin is given by the Poisson integral for the sphere U(r) = R6 1 - — / / "*^>r>» o/2dtfdy>. D.1.83) This is the solution of a Dirichlet problem. In many other electrostatic problems, as well as in stationary thermal problems, the methods described here are used. Up to now, we have treated boundary value problems of a rectangle, of a sphere and of a circle. Now, to finish this section, we discuss cylindrical problems. For an infinitely long cylinder the potential U(r,<p) depends on polar coordinates in the x, y plane. Such problems will be treated in section 4.2. If the cylindrical problem of the Laplace equation is axially symmetric, then the two-dimensional problem is described by a potential U(r, z) satisfying d2U 1 dU d2U i^T + -ir + i^T = 0- D.1.84) or2 r or oz2 Separation into two ordinary differential equations and the boundary condi- conditions U(R, 0) = Uo, U(R, z) = Uo for 0 < z < I, U(R, I) = 0, D.1.85) where R and / are radius and length of the cylinder respectively, result in CO U^ z) = tt -. o \ - Jo (inr/R) • sinh (inz/R) n Jl (in) ¦ where jn are the positive roots of Jo G) = 0 and where R /rJo (lnr/a) = 0 Jo and Ji are Bessel functions. ) 2003 by CRC Press LLC

Problems 1. Calculate divgrad?7 in cartesian and spherical coordinates. 2. Solve the boundary problem defined by AU = 0 and the inhomogeneous conditions D.1.4) to D.1.7). The result should be {a smh(kny /a) sinh((& — y)kn/a) smh(kirb/a) o o a b k—l sinh((a — x)kir/b) 6 [,-..,, ... , . ,, ... g1(j])sm(k'Kri/b)dri-sm(k'Ky/b) Is this solution continuous on a corner where U ^ 0? (No) If the boundary conditions are simplified to D.1.8) then the solution will be U2{x,y) = U!(x,y) +U0(x,y), where Uo(x, V) = cos - [sinh{jTa/2b) smh - + sinh(W2&) Smh -(a - x) ¦ Tty ( 7 . , TTX 6 . , 7T . . + sin —- —— —— sinh —- H — —— sinh —(a — x) 2b VsinhGra/2&) 2b sinhGra/2b) 2bK ' and where the expansion coefficients given by the integrals now read (O - Uo(Z, b)) sm(k^/a)d^ o o b b (92A1) ~ U0(a,r]))sm(kirri/b)dri, (gi(v) ~ Uo@,r))) sm(kirr]/b)dri. 3. Solve Uxx + Uyy = —2 for the rectangle defined by 0 < x < a, —b/2 < y < b/2 with the homogeneous boundary condition t/(boundary)= 0. \jseU = V + W, V@,y) = 0,V(a,y) = 0,V(x,y)=Ax2+Bx + C. The function W will be defined by AW = 0 and the boundary conditions ) 2003 by CRC Press LLC

W@) = 0, W(a,y) = 0, W(x,-b/2) = -V(x), W(x,b/2) = -V(x). The solution should be 8a2 ^-^ cosh[Bn + l)iry/a\-sm[Bn + l)irx/a] U{x,y)=x{a-x)-—2^ Bn + IK cosh [Bn + lOr&/2a] ' By the way, the similar equation Uxx + Uyy = —4 has the simple solution U(x, y) = a2 — (x2 + y2). 4. Solve Uxx+Uyy = —xy for a circular domain. The circle has the center at x = 0, y = 0, the radius is a and the homogeneous boundary condition is given by U(r = a,ip) = 0. Again one should use U = V + W = -(l/12)xy(x2 + y2) + W, AW = 0, W(r = a,ip) = -V(r = a,ip) and the solution is 3 4 /* 2 2 U(r,<p) = ~ sin 2ip+-?— sin 2t-— ° ~ J —^ dt. 24 48tt j a1 — 2ar cos(i — ip) + rz 5. Solve the boundary value problem AU = 0, U@,y) = A, U(a,y) = Ay for 0 < x < a, 0 < y < b, du(x,y = 0)/8y = 0, 8u(x,y = b)/dy = 0. The solution should be U(x,y) = A + A(b - 2)x/2a 4Ab ^ i sinh[Bfc + l)nx/b] Bk + l)ny — • > • — —- cos —— n2 ?^ Bk + IJ sinh[BA; + l)na/b] b 6. Assume a cylinder of height / defined by its radius R, 0 < r < R, 0 < z < I. Solve the steady heat conduction problem. Due to assumed symmetry, 8/dip = 0 and the boundary conditions for the temperature distribution T(r,z) T(r,0) = /o(r), T(r,l) = A(r), T(R,z) = ip(z), D.1.87) the solution reads Io {— n—l R -l)"/i(/o) - fo(p)] pGn(r,p)dp y sin —, I ' o ' where the Green function G is defined by ) 2003 by CRC Press LLC

Gn(r,p) = [K0(mra/R)I0(mrr/l) -l0(mra/l)Ko(mrr/l)] lo(nnp/l), p < r, [Ko (nira/l)I0 (nirp/l) —I0(nira/l)K0(nirp/l)] I0(n7rr//), p>r. I0(a;) = 3(ix),K0(x) = Y0(ix) are modified Bessel functions, see B.2.51), and problem 5 in section 2.2. Specialization of the boundary conditions D.1.87) /0(r) = 0, /i(r) = 0, <p(z) = T0= const yields w h I([2n + l or i 7nJiGn)sinhGn//i?) if/o(r) = 0,/i(r)= To, ?>(*)= 0. 7. A plane circular disk of radius R carries a surface charge Q that is distributed according to a = e/D7ri?-\/-R2 — r2). Calculate the potential J7(P) in the field point P, which is located vertically above the center of the disk in a distance p. Solution: O -r2 + i?2 -r? U(P) = --?- arcsin , g= for 0 < r < i?. D.1.88) 8. A diode consisting of two electrodes situated on the x axis in the distance d from each other emits an electron current j = py/2ell(x)/m at the first electrode situated at x = 0. The potential distribution between the electrodes is then described by d^U/dx2 = —4irp and the boundary condition U(a) = Ua. Solve the one-dimensional homogeneous equation U" = const U~1/2 with the setup U = const xn resulting in U(x) = const j2/3xA/3. After insertion of the boundary condition one obtains the LANGMUIR law of plasma physics j = ?ra- D-1-89) Here m and e are mass and charge of an electron, respectively. 9. Solve 1 d dU d2U 1 d2U n ~ 7TrlT + 1TT + ~2 ITT = °- 4.1.90 r or or oz2 r2 dip2 ) 2003 by CRC Press LLC

Solution: (p and q are separation constants) U(r,z,ip) = (AJn(qr)+BNn(qr)) ¦ ¦ (E sin pip + F cos pip), D.1.91) U(r,z,ip) = (AJn(iqr) + BNn(iqr)) ¦ (Csinqz + Dcosqz) ¦ (E sin pip + F cos pip). D.1.92) 10. Assume a given potential U(x,y,z). The field K belonging to this po- potential is given by K = VU. D.1.93) Calculate the differential equations for the field lines attached to the field vector K. They read dx dy dZ D.1.94) dU/dx dU/dy dU/dz' Mathematica helps to visualize the field lines [2] PlotVectorField3D[ {y/C*z),-x/B*z),l.}, {x,-l.,l.},{y, -l.,l.},{z,l.,3.}] D.1.95) Figure 4.4 Visualization of the field given by D.1.95) ©2003 by CRC Press LLC

11. A Neumann boundary condition may read in spherical coordinates ?>o), D-1.96) ' r=R where now the boundary values are expanded oo 27r7r rt = l g g where cos© is given by D.1.79). For r < R the solution is D.1.98) n ' " ' ra=l and for r > R 00 1 / r>\ U(r,0,<p) = -Rj2 ^pY f - ) ^n(^ V)- D-1.99) Here Yn{d,(p) = Pn(cosi?)exp(my) D.1.100) are called spherical functions. 12. Calculate the surface temperature distribution T^^) of a sphere of radius R in which there is a continuous heat production q = const and which loses the equal amount of energy by conduction [4.8]. This induces a boundary condition I(Mi XT(R, 0) = /@). D.1.101) x is arbitrary, a is the heat transfer coefficient which appears in the Newton cooling down law AVT + a(T - To) = 0. D.1.102) The solution of AAT = — q is given by 2>, 0) = ± (R2 - r2) + ^ + A />(tf) sin da 3a zaj o n=l f(#)Pn(cos#)SmM#. D.1.103) This solution can also be found by homogenization of the boundary condition. ©2003 by CRC Press LLC

4.2 Conformal mapping in two and three dimensions The method of conformal mapping is a consequence of the Cauchy-Riemann equations. These equations are basic in the theory of functions of a complex variable z = x + iy. A function f(z) = u(x,y) + iv(x,y) is called analytic at the point z0 = x0 + iyo in the complex Gauss plane, if it is possible to find a derivative, so that the function may be developed into a Taylor series. If f'(z0) does not exist then the point z0 is called singular (singularity). The differentiability at Zq must be independent from the direction from which the point zq is approached, see Figure 4.5. ¦iy 5x^-0 Figure 4.5 Approaching a point Zq in the complex plane Complex derivation is defined by A/ , f Au Av\ du dv lim —— = lim h i—— = -—h i—- Ax->0 Az Ai->0 \/\x /\X) OX OX and A/ ,. ( .Au Av\ .du dv lim — = hm ^-r— + -t— = -t-^- + -K-- Ax->o A^ Ay->o \ Ay Ay J dy dy D.2.1) D.2.2) For independence from direction the Cauchy-Riemann equations must be valid: du dv du dv «~ = «~' «~ = ~«~- D.2.3) dx dy dy dx As an example ? = f(z) = z2 = u(x,y) + iv(x,y),u(x,y) = x2 —y2,v = 2xy satisfies D.2.3) and is therefore analytic, but f(z) = z* = x—iv, u = x,v = —y is not analytic. Derivation of D.2.3) results in d2u d2v d2u d2v dx2 dxdyJ dy2 dxdy or Am = 0, At; = 0. D.2.4) ) 2003 by CRC Press LLC

Solutions of the two Laplace equations D.2.4) may be written u(x,y) = const, v(x,y) = const. Any complex number can be translated into a point in the (x, y) plane and vice versa. If this is done for a set of points, one speaks of mapping of the x, y plane onto the u, v plane. Mathematica is of great help in producing such plots [4]. It offers the commands <<ComplexMapPlot.m; ComplexMapPlot[Sin[z],z, RectangularGrid [{-1.,1.},{-1-,1.}]] D.2.5) When you start Mathematica, don't forget to press shift and enter together with your first command. In D.2.5) the rectangular grid in the u,v plane will be plotted onto the z(x,y) plane. The mapping is done by the function ([z] = Sin[^]. The coordinates in brackets determine the left upper and left lower cor- corner of the grid. The number of horizontal lines from —1 to +1 and of vertical lines from —1 to +1 has the default value A4) of the packages. If the reader has no access to the package ComplexMapPlot, the command ComplexMap may help. It is contained in Addons/StandardPackages/Graphics. The command echo $Packages D.2.6) informs you which packages have been loaded. One may also force the loading of a package by the Mathematica command AppendTo[$Path, "/usr/local/mathematica. . . "] D.2.7) down to the directory, where the package is located. Another way is given by the command <<GraphicssComplexMaps CartesianMap[Identity,{0,1.}, {0,1. }] which creates the rectangular grid in the u, v plane, see Figure 4.6 1 0.8 0.6 0.4 0.2 0. 2 o.; I ( 1.6 0 .8 1 Figure 4.6 Rectangular grid in the u,v plane ) 2003 by CRC Press LLC

To see the mapping of this grid into the x, y plane by the function z2, we first expand z2 = (x + iyJ = x2 + 2ixy + y2, so that u(x,y) = x2 — y2, v(x,y) = 2 x y. Now the command RC=ContourPlot[u[x,y],{x,0,1.},{y,0,1.}, ContourShading->False] yields 0.2 0.2 0.4 0.6 0.8 Figure 4.7 Plot of u(x,y) in the x, y plane Next we plot v(x,y). The command 4.2.8) RV=ContourPlot[v[x,y],{x,0,1.},{y,0,1.}, ContourShading->False] (what happens if you drop, ContourShading->False?) and Figure 4.8 has been created. Now we would like to put these two plots together. This is done very simply by the command Show[RC,RV] D.2.9) which results in Figure 4.9. In D.2.9) we learned a new Mathematica command how to combine two Figures. If one wants to suppress the showing of a picture one can write Plot[...DisplayFunction->Identity] To combine several such plots and to show them together one uses Show[Pll,P12. . . DisplayFunction->$DisplayFunction]. ) 2003 by CRC Press LLC

0.2- 0 0.2 0.4 0.6 O.i Figure 4.8 Plot of u(x,y) in the x, y plane 0.4 0.2 0 Figure 4.9 Combined plot z(x,y) ©2003 by CRC Ress LLC

But would it be possible to create the last figure by a direct command? CartesianMap has worked to produce the grid of Figure 4.6. The idea to map z1 into the cartesian plane u, v would not solve it, we have to use the inverse function ^/z. We type gun[z_]=Sqrt[z] ; CartesianMap [gun, {0,1. }, {0,1. }] D.2.10) Figure 4.10 CartesianMap of The disadvantage of conformal mapping is the fact, that the satisfaction of given boundary conditions cannot be met: the function ?(z) determines the boundary condition. We need a method to find the mapping function as a consequence of the given boundary conditions! For boundaries consisting of straight lines the Schwarz-Christoffel transformation is helpful. It maps the real axis of the ((u,v) plane into any arbitrary polygon in the z(x,y) plane, the upper half (v > 0) of the ? plane into the interior of the polygon. The inverse transformation maps the z(x, y) plane polygon into the upper half of the C plane. To understand the situation, we consider the expression z'(() D.2.11) A is a complex constant and ?i is real, the point a on the real u axis. A given complex number z = x+iy can be represented by z = re8* in polar coordinates r, #. Here r = sjx1 + y2 is the magnitude of z and $ = arctan(j//a;) is called argument arg. Now arg cb\ _ f arg A — dC7 ~\argA for C<Ci OCi- D.2.12) Moving along the real u axis, arg(? — ?i) = tt for C, < Ci and arg(? — Ci) =0 for C > Ci- Thus during moving along the u axis the argument of dz/d( ) 2003 by CRC Press LLC

discontinuously jumps by the amount aiir when ( passes Ci- Based on these facts, the setup for the transformation is given by ^ = A(( - Ci)"ai (C - C2)"a2 • • • (C - Cn)~an • D.2.13) For a closed polygon the condition ctiTT = 2tt D.2.14) must be valid. Integration of D.2.13) yields z = Aj(( - d)"ai (C - C2)"a2 • • • (C - Cn)"a"dC + B. D.2.15) The complex integration constants allow to rotate (A) and to translate (B) the polygon in the z plane, respectively. We have discussed boundary value problems on rectangles in earlier sec- sections. What does now conformal mapping offer? Let us consider the mapping onto a rectangle in the z plane. We choose (i = —1/k, B = —I, C = I, D = 1/k, 0 < k < 1. D.2.15) yields z = zo + A I ^ 2 2 dC = zo + Asn'1 (? k). D.2.16) The solution is given by the Mathematica command Integrate [ ((l-x~2) * (l-k~2*x~2)) ~ (-1. /2 .),x] D.2.17) This gives the hypergeometric function of two variables (x A-x2H-5 A-fc2 a;2H-5 AppellFl[l/2,0.5,0.5,3/2,a;2,fc2 a;2]) (A - x2) A - k2 x2)H-5 How? Remember: between 1 and 1., there is a difference. Repeat Integrate [ ((l-x~2) * (l-k~2*x~2)) ~ (-1/2) ,x] D.2.18) This yields ^x2 VI - k2 x2 EllipticF[ArcSin[a;],fc2] But could we cancel the square roots? MM=%% Cancel[MM] No, this does not work. The Mathematica book explains that cancel works for polynomials but not for roots. What do we know about EllipticF? Let's ask Mathematica. ?EllipticF gives EllipticF [phi, m]. This is the elliptic integral of the first kind that has been discussed in B.7.15). Can we go to the ) 2003 by CRC Press LLC

?JacobiSN[x,k] Try InverseFunction[ArcSin] D.2.20) This results in Sin. O.K. Now: InverseFunction [EllipticF[y>,m] ] gives InverseFunction [EllipticF [<p ,m] ] Apparently this is too difficult. Test to plot these results using CartesianMap seems to fail too. If the boundaries are no longer describable by straight lines, the choice of singularities may help. Let us investigate This function describes a double source (electric charges etc.) of equal in- intensity q, which are situated at a and —a. Mathematica helps to clarify the situation. Let us learn by trial and error. We type <<GraphicssComplexMaps and do not forget to hit the two keys Shift and Enter together, if this is the first command given in the Mathematica window. We continue by echo $Packages fz[z_]=Log[(z+l)/(z-l)]; CartesianMap[fz,{-l.,l.},{-l.,l.}] Do not write f z [z] but write only f z in the last command. Otherwise the cartesian mapping does not work. The command given above results in a plot showing D.2.21). We remember: when we want to plot D.2.21) we have to use the inverse function of D.2.21). Perhaps Mathematica may help? Type InverseFunction[fz[z]] but this does not help.We try InverseFunction [fz] and we get fz~x So we find the inverse function ourselves and we type gz[z_]=(l + Exp[z])/(Exp[z]-l); CartesianMap[gz,{-Pi,Pi},{-Pi,Pi}] which produces Figure 4.11. In this picture we see that the lines u(x,y) = const and v(x,y) = const cross each other in an angle of 90°: the mapping is orthogonal and it preserves the angles. Such analytic transformations are called conformal. Taking the limit a —? 0,q —? oo, aq —? R2 one gets the potential of a dipole C(z) = —. D.2.22) ) 2003 by CRC Press LLC


This expression realizes a transformation by reciprocal radii in the two-dimen- two-dimensional z plane: the domain outside the circle with radius R is mapped onto the interior domain within the circle representing the cut of an infinite long cylinder standing vertically on the z plane. Adding the term VqZ representing a flow coming from left (a; < 0) parallel to the x axis, one obtains ((z) = Voz + V0R2/z = V0(x + iy) V0R2(x-iy) x2 + y2 D.2.23) Figure 4.11 Conformal mapping of D.2.21) Equation D.2.23) describes the field of flow around a circular cylinder. In the two points x = ±R, y = 0 we find stagnation points, where the streaming velocity is zero, see Figure 4.12. The boundary condition that the velocity component vertical to a rigid wall x2 + y2 = R2 must vanish, is satisfied. To see this we pay attention to the fact that u(x,y) = const describes the potential of the flow and the streamlines are given by v(x, y) = const. Reading off from D.2.23) we get These functions may be plotted using the command D.2.8) ContourPlot or by conformal mapping using CartesianMap For this goal we calculate the inverse function to D.2.23). It reads gizal [z_] =z/ B*V0) +Sqrt [z~2/ D*V0~2) -R~2] ; In order to plot it, we type <<Graphics ComplexMap echo $Packages to receive D.2.24) ) 2003 by CRC Press LLC

Graphics^ ComplexMaps echo, Utilitiesv FilterOptionss echo,Globar echo,Systems echo and then Clear[R,VO,Pl]; R=1.;VO=1.; Pl=CartesianMap[gizal, {-6.,6.},{-6.,6.}] Executing the last command one receives a strange picture, just the right side (a; > 0) of Figure 4.12. This is understandable, because root has two signs. We thus type Clear[R,V0,giza2,P2] ; R=1.;VO=1.; giza2[z_]=z/B*V0)-Sqrt[z~2/D*V0~2)-R~2]; P2=CartesianMap[giza2,{-6.,6.},{-6.,6.}] to receive the left side (a; < 0) of Figure 4.12. This is now the time to combine the two plots. We type Clear[PP]; PP=Show[Pl,P2,PlotRange->All] and finally we get Figure 4.12. Figure 4.12 Flow around a cylinder. Map of D.2.23) ) 2003 by CRC Press LLC

Three-dimensional problems (x, y, z) exhibiting axial symmetry around the z axis, see Figure 4.13, may also be solved using conformal mapping. To do this a complex plane E(?, z) is introduced that is located perpendicular to the x, y plane of a three-dimensional coordinate system x,y,z. Let a be the angle between the x axis and the new ? axis. To create Figure 4.13 we give the commands Clear[Pl, Gl]; PI = {Text["x", {8., 0}], Text["z", {0., 8.}], Text["xi", {6.5, 2.0}]; Text["E", {2., 2.5}], Text["alpha", {2.5, 0.45}], Text["y", {4.8, 3.9}], Line[{{0, 0}, {8.0, 0.}, {0, 0}, {0, 8.0}, {0, 0}, {6.5, 2.0}}], Line[{{0., 4.0}, {4.0, 5.4}, {4.0, 5.4}, {4.0, 1.2}}], Line[{{0., 0.}, {4.8, 3.9}}]}; Gl = Graphics[PI];Show[Gl] Figure 4.13 Conformal mapping in three-dimensional space Let us assume that (p(z ± i?) is a solution of <pzz + (p^ = 0 within the plane E(^,z). Then rotation around the z axis, described by the angle a may be effectuated by the transformation ? = x cos a + y sin a. This delivers a three- dimensional solution ip(z ± i[xcosa + ysina]) = ip(x,y,z;a), which solves + Pyy + 'Pzz = 0; for instance ip(x, y, z; a) = (z + i?J = z2 - x2 cos2 a - 2 y2 sin2 a — 2xy cos a sin a + i2z?. Since this expression is valid for arbitrary a, we may integrate over a resulting in (f(x,y,z) = F(z±i?)f(a)da = F(z ± i[x cos a + y sin a]) f(a)da. D.2.25) o o The three-dimensional boundary conditions may be satisfied by the appropri- appropriate choice of f(a) [1.2]. ) 2003 by CRC Press LLC

Problems 1. The function D.2.23) should receive an additional term reading ((z) = Voz + V0R2/z + (*r/27r) • In z. D.2.26) The new term describes circulation around the cylinder that means F = § wds ^ 0, but curlw = 0 for the velocity field w of the flow parallel to the x axis. It has been shown that this circulation produces a force perpendicular to the direction of the free stream velocity w. This force is called lift. According to the Kutta-Joukowsky formula the lift force in the y direction is given by Ky = pTwx(x = oo,y = 0). D.2.27) Here p is the density of air. Investigate and plot the equation D.2.26). A Joukowski aerofoil without circulation (F = 0) may be described by ComplexMapPlot[z+l/z,z,{Circle[{0.25,0},1.25]}] compare [4]. 2. Investigate the so-called Karman-Treffz profiles described by r \ k (,-ia = iz-a ( + la \z + a Here a and / are geometric parameters and B — k)ir describes the angle between the upper and lower part of the airfoil at its end. 3. Two-dimensional, time-independent heat conduction problems satisfy the equation AT(x, y) = 0, so that conformal mapping can be used. Let us consider a tube of radius R and temperature To that is buried in a depth h below the surface of the earth (a; = 0) exhibiting a temperature T(x = 0, y) =0 [4.8]. This is a practical problem for a plumber to avoid the freezing of water tubes in cold winter times. Show that the problem can be solved by D.2.28) which maps the upper half plane on-to the circular tube cross section. The solution reads vV-c2+?/2J+4cV 4. Solve problem 3 by using a separation setup T(x,y) = X(x) ¦ Y(y). ) 2003 by CRC Press LLC

5. If you have the package [4] investigate and plot ComplexMapPlot[Table[z+z~n,{n,1,20}], z, {Circle[{0,0},1]},PlotPoints->100]; 6. Investigate and plot [2] PolarMap[Identity,{0,1.},{0, 2. Pi}] 7. Type <<GraphicssPlotFiel<T PlotVectorField[{Sin[x],Cos[y]},{x,0,Pi},{y,0,Pi see [2] 8. Type the following commands: Clear[psi];v=l.; psi[x_,y_]=-v*y+v*y/(x Cl=ContourPlot[psi[x,y],{x,-4.,4.},{y,-4.,4.}, ContourShading->False, ContourSmoothing->2, PlotPoints->80,Contours->{0}, DisplayFunction->Identity]; C2=ContourPlot[psi[x,y],{x,-4.,4.},{y,-4.,4.}, ContourShading->False, ContourSmoothing->2, PlotPoint s-> 8 0,Contours-> 3 0, DisplayFunction->Identity]; ShowfContourGraphics[Cl],ContourGraphics[C2], DisplayFunction->$DisplayFunction] Try to understand the commands and what happens. Compare the plot with Figure 4.12. 9. The temperature of hot water produced by a solar collector depends on the boundary conditions taking into account irradiation, heat transfer and heat conduction. A solar heat collector consisting of two sheets of thickness d = 0.005 m, extended 2a in the x direction and infinite in the y direction, is subjected to a solar irradiation I = 700 W/m2 and should deliver TR = 30°C. For a heat transfer coefficient a = 4 W/m2K and a heat conductivity A = 400 W/mK calculate the temperature Tmax of the water heated by the collector for an environment temperature To = 10°C. Assume XT"(x)-a(T-To)/d+I/d=0, T(x = 0) = TBa) = TR, (dT/dx)x=0 = 0, T(x) = T0+ I/a + (TR - To) - I/(a) cosh ^/a/XA{a - x)/ cosh y/a/Xd. ) 2003 by CRC Press LLC

4.3 D'Alembert wave equation and string vibrations Elastic waves in bounded bodies are reflected at the body surface. The su- superposition of the incident wave and the wave reflected by the wall creates a standing wave. Its wave length depends on the dimensions of the body and thus on the boundary conditions. A string is a one-dimensional cylindrical body of very small diameter, so that the flexural stiffness may be neglected. The theory of elasticity [1.2] derives for longitudinal oscillations u(x, t) (in the x direction along the cylinder axis) the one-dimensional d'Alembert wave equation d2u(x,t) E d2u(x,t) dt2 p dx2 and for the lateral (transverse) oscillations v(x,t) the equation d2v(x,t) _ p d2v(x,t) dt2 ~~p dx2 ' D.3.1) D.3.2) Here p is the (constant) line density, E the modulus of elasticity and p is the tension applied on the string. These equations are based on the assumption of the validity of the linear Hooke law for small deflections. For large deflections the nonlinear Carrier equation C.4.55) has to be used. Usually the wave phase speeds c; = \jEjp and ct = \fp~fp are introduced. Using c for c; and ct as well as w instead of u and v respectively, we may write l &^ &^ c2 dt2 ~ dx2 • This equation has the solution A.2.2) or w(x, t) = f(x + ct) + g(x - ct). D.3.4) This general solution of the partial differential equation of second order in x has to be adapted to the two boundary conditions of a string clamped on both ends (x = 0,x = 1) w@,t) = 0, w(l,t) = O. D.3.5) Since there is also the second independent variable t in the partial equation of second order with respect to t, we have to choose two initial conditions: w(x, 0) = h(x), wt(x, 0) = H(x), D.3.6) where h and H are arbitrary but differentiable functions. Inserting t = 0 into D.3.4) one obtains w(x, 0) = f(x) + g(x) = h(x) D.3.7) ) 2003 by CRC Press LLC

and wt(x, 0) = c (f'(x) - g'(x)) = H(x). D.3.8) Integration of this equation and adding D.3.7) results in f{x) = \h{x) + ±jH(x)dx, D.3.9) while subtraction gives g(x) = \h{x) - j-jH(x)dx. D.3.10) Now the argument replacement (see C.3.11)) x -? x±ct delivers the solution x+ct w(x,t) = - h(x + ct) + h(x-ct) + - H(x)dx cj 1 2 x — ct D.3.11) satisfying the initial conditions D.3.6). To take into account the boundary conditions D.3.5) we insert x = 0 giving +ct 2w@, t) = h(ct) + h(-ct) + - [H(x)dx = 0. D.3.12) cj -ct To satisfy D.3.12) we now have to make assumptions concerning the arbitrary functions h and H: they must be odd (asymmetric), h(—ct) = —h(ct), H(—x) = —H(x). But this satisfies only the first boundary condition D.3.5). In order to satisfy w(l,t) = 0 we use the Stefan trick to expand the solution function over the boundaries x < 0, x > I and h(l — x) = —h(l + x), H(l — x) = Another method to solve D.3.3) is separation using w(x,t) = X(x) ¦ T(t), giving T(t) = A sin u>t + B cos u>t, D.3.13) X(x) = Csin— x + Dcos— x, D.3.14) c c where uJ2 is the separation constant. To satisfy D.3.5) we obtain D = 0, and the asymmetric eigenfunction n = l,2,... D.3.15) Then the eigenvalue is given by <*. = ^, D-3.16) ©2003 by CRC Press LLC

and with C = 1 the solution to D.3.3) reads w(x,t) = 2_, (-^-n sintont + Bn costont) sin ——. D.3.17) n=0 To satisfy the initial conditions we have to expand h(x),H(x) with respect to the eigenfunctions: = 0, w(x,O) = h(x) = YjBnsin7^, D.3.18) ra=O t = 0, wt(x,O)=H(x) = }^Anu>nsin—. D.3.19) n=0 For given initial deflection defined by h(x) and H(x), the string oscillations are described by D.3.17). But how does the solution read if an exterior force K(x, t) excites the string continuously? Apparently D.3.3) has to be modified: 2 ~WY = K{x,t) = K0(x) sin tot = ^ Kn sin '-^- sin tot, D.3.20) n where i 2 C 7T71 "T Kn = - K0(x)sin—dx. D.3.21) o Since we know that the solution of D.3.20) is given as a sum of the general solutions of the homogenous equation D.3.3) and a particular solution of the inhomogeneous equation D.3.20), we may write for the latter U(x)sintot, where to is the frequency of the exterior force. We thus have TJ"(r\ + —TUt) — Kn(r\ (A 3 22") Ennx ( , 7r2n2 to2 , \ sin —(-An — + ~^An + Kn =0 or An — —^ ^. yQ.o.AOj Resonance and very large or infinite amplitudes An occur for to ~ ton, if the frequency to of the exterior force is nearly (or exactly) equal to one of the eigenfrequencies ton of the string. If a marching formation of soldiers crosses a bridge, one of the eigenfrequencies of the bridge may be excited and the bridge could collapse. To march in step when crossing a bridge is strictly forbidden for mathematical reasons. Even an army has to accept ) 2003 by CRC Press LLC

physical facts. But what about damping the oscillations? We will discuss this possibility in the problems attached to this section. On the other hand, are there time-independent solutions of D.3.3)? Sure, in new denotation w(x) -»¦ G(x) one has G"(x) = 0 and G(x) =ax + b. D.3.24) In order to be able to satisfy the boundary conditions D.3.5), we have to accept a discontinuous solution for 0 < x < ?, ,. , for ?<x<l. ^¦6-2b) This strange solution describes a string that is continuously pulled out at x = ? by a force of strength Go. This point force has all attributes of a Green function 1. symmetry G(x,?) = G(?,x), 2. satisfies the pertinent homogeneous equation, 3. its first derivative satisfies the discontinuity condition B.4.30) and G" = 6(x-?) (DiracDelta). But if G(x, ?) describes a local point force at ?, then a distributed force of strength /(?) and integration could construct another solution by i (x,0f@<%- D-3.26) o For f(x) = to2w(x)/c2, D.3.26) creates the integral equation for the string ^(x,0w@dC D.3.27) o Here the Green function is the kernel of the integral equation, which contains the boundary conditions within the integration limits. The integral equation has the advantage that general theorems may be deduced quite easily. Let \v = ljI/c2, Am = w^/c2 be the eigenvalues belonging to wv(x) and wIJ/(x) respectively, then one may write down the identity i i i n @ ¦ «V (?)<*? = A^ (?)d? -j\vG{x, ?)wv {x)dx. D.3.28) 0 0 0 Exchanging v and /x, writing a second identity and subtracting them one obtains i = 0, D-3.29) ) 2003 by CRCRessLLC

which states that the eigenfunctions are orthogonal. It is also possible to prove that the eigenvalues are always real or that the kernel may be expanded as a bilinear form of the eigenfunctions: vnx Now the question arises if a similar solution like D.3.26) exists for the time- dependent solution, too? We will discuss this question in problem 5. What happens with our solutions in the limit / -»¦ oo? One may expect a continuous spectrum of eigenvalues as will be shown when treating membranes in the next section. Problems 1. Investigate the damping of resonance oscillations. The pertinent equa- equation is a modification of D.3.3) and may read 1 d2w2 d2w ,dw ,A -k — . D.3.31) c2 dt2 dx2 dt A setup w(x,t) = exp(—at) cos totsm(xir/1) D.3.32) satisfies the boundary conditions at x = 0 and x = I and seems to be useful. Let us see if Mathematica could help. Type Clear [w] ;w[x, t] =Exp [-a*t] *Cos [u>*t] * Sin[Pi*x/l] Expand[(D[w[x,t],{t,2}]/cT2-D[w[x,t],{x,2}]+ k*D[w[x,t],t])/w[x,t]] The result does not help very much. It reads a2 lo2 , m r , 2 a oo Tan[i u>] n2 -ka+^r 7T -koo Tan[t u] H =—±—s- + -rr Now try another way Sl=k*D[w[x,t],t]; S2=D[w[x,t],{t,2}]/c~2; S3=-D[w[x,t],{x,2}] which represents exactly the partial differential equation D.3.31). Then give Simplify[S1+S2+S3] ) 2003 by CRC Press LLC

to receive e-atSin[^]((a2 l2-ac2 kl2+c2 it2-I2 uj2) C0S[tw] + B a-c2 k) I2 ~SrT2 Find that expression for a that satisfies the equation D.3.31). 2. The equation describing damped oscillations excited by an exterior pe- periodic force reads 1 d2w d2w dw ,. . IA k+f{)t D3-33) Try a solution using the setup wd[x,t]=g[x]*Cos[u>*t]+h[x]*Sin[u>*t]; Simplify[D[wd[x,t],{t,2}]/c~2-D[wd[x,t],{x,2}]+ k*D[wd[x,t],t]-f [x]*Cos[u>*t]] Does the result offer two ordinary differential equations for g(x) and h(x)? 3. Prove that D.3.26) solves w"(x) + f(x) = 0. Recall: G" = 5(x - Q. 4. Assume an inhomogeneous string with locally varying tension p(x) and line density p(x) so that the wave equation reads Try a separation setup [3.13] u(x, t) = T(t) ¦ X(x) and use the boundary conditions: D.3.35) ox together with the initial conditions du (x Q) u(x, 0) = ipo(x), —hr^ =<Pi(x), 0<x<l. D.3.36) at The result should read Tn(t) = An cos Xt + Bn sin At, u(x,t) = ^2(Ancos\nt +BnsmXnt)Xn(x), where Ara are the separation constants U(X,O) =Vo(x) = ) 2003 by CRC Press LLC

n= p(x)ipo(x)Xn(x)dx, Jo An) / p(x)(p1(x)Xn(x)dx. Jo Bn = I 5. A string of length / is clamped on both ends and at time t = 0 is plucked at x = ? such that «(?, 0) = Go- There is no initial velocity, «4(?, 0) = 0. Show that the solution of the string equation is given by ZLrg I ^—•, 1 TlTTc TITTX TITTC u(x, t) = —— ——— 2_^ —2 sm ~j~ sm ~j~ cos ~j~t- D.3.37) 6. A string of length 2/ is clamped at x = — I and x = +1. At time t = 0 it is plucked at x = 0 so that u(x,0) = 0, ut(x,0) = vo, \x\ < s and ut(x,0) = 0, e < \x\ < I. After taking the limit e —? 0 the solution should be [4.8] n=0 sm l^r ^J • D3-38) 4.4 Helmholtz equation and membrane vibrations In physics and engineering a membrane is defined as a two-dimensional plane, very thin body, nearly a skin, with negligible bending rigity. For such a body the theory of elasticity derives first a two-dimensional wave equation that becomes a two-dimensional Helmholtz equation after separation of the time dependent term ~ sinwi. It reads Aw(x,y) +to2/c2 ¦ w(x,y) = 0. D-4.1) For a clamped rectangular membrane ax b the boundary conditions read w(x = ±a/2,y) =0, , • w(x,y = ±b/2) =0 { ' and the solution of the wave equation is then u(x, y, t) = y~]Amn cos cos —— sin (oomnt + 6mn), D.4.3) m,ra where n,m = 1,3,.... The phase speed c of the transversal oscillation u(x, y, t) is given by \fpjp~ and the eigenfrequencies, determined by D.4.2), are H DA4) ) 2003 by CRC Press LLC

The partial amplitudes Amn have to be determined from the initial condi- conditions u(x,y,0) = g(x,y) and ut(x,y,0) = 0. For a dislocated rectangle (left lower corner is situated in the origin x = 0,y = 0 with modified boundary conditions) one obtains [4.8] u{x, y,t) = } A cos 2n 2a ttx cos ) 2m 26 iry • cos (o>mn?), ) 4 [} = —r g{X,y) 0 0 COS 2n TTX I COS 2m 7Tt/ 2a 2m 26 In the case of inhomogeneous boundary conditions one may either homogenize the conditions or one first solves the boundary problems for D.4.1) and a superposition of the particular solutions with unknown amplitudes is used to solve the initial value problem. If the rectangle is specialized into a square (a = 6) equation D.4.4) takes the form w2mn = c2?r2(n2 + m2)/a2. D.4.5) Apparently these eigenvalues are multiple; two eigenfunctions belong to the same eigenvalue (degenerate eigenvalue problem). Lines ?(x) characterized by u(x,?) = 0 are called nodal lines. Along such nodal lines a membrane may be cut in subdomains. These smaller subdomains are associated with higher frequencies. The lowest eigenvalue is associated with the undivided whole domain (Courant's theorem) . Degenerate eigenvalue problems offer the possibility to find nodal lines that are not identical with coordinate curves. Thus the two degenerate eigenfunc- eigenfunctions of a square membrane . . . 2tt2; .Try . nx . 2ny w(x, y) = sin sin h sin — sin a a a a o . irx . = 2 sin — sin a ivy vy ( a \ ttx iry cos 1- cos a ry\ — ) =0 a ) D.4.6) have not only the nodal lines sinGra;/a) = 0, sm(ny/a) = 0, but also 2 cos — (x + y) cos — (x — y) = 0, or x + y = a, x — y = a. 2a 2a Thus x + y = a and x — y = a are nodal lines, too. These straight lines are the diagonals of the square, which is now cut into four triangles. We have seen that the lowest eigenvalue is important, but which membrane has the lowest eigenvalue? Can you hear the shape of a membrane? There ) 2003 by CRC Press LLC

has been a 75-year-old discussion. First, in 1923, it was proven [4.1] that for membranes of various shapes, but the same area, surface density and tension, the circular membrane has the lowest eigenvalue (Faber theorem). In 1966 Kac [4.2] asked if one can hear the shape of a drum and found the answer NO, but showed that one can hear the connectivity of the drum. On the other hand, in 1989, Gordon [4.3] stated that there are isospectral manifolds and that it is not possible to "hear the shape". Anyway, we now investigate the eigenfrequencies of a circular membrane. We use the results of problem 4 of section 3.1 for solving D.4.1) in cylindrical coordinates: w(r, (p) = y~] ApJp (—-r) [ap sinpip + bp cospip]. D.4.7) —J \ c / p Inclusion of the time-dependent term yields the solution of the wave equation w(r,ip,t) = y^ ApJp (—-r) cospip sin (tot + Sp). D.4.8) p Both solutions satisfy the homogeneous boundary conditions w(r = R,(p) = 0, where R is the radius of the circular membrane, see B.4.45). The un- unknown partial amplitudes may be used to satisfy initial conditions of the time-dependent wave equation. If for instance w(r,ip,t = 0) = f(r,ip) and wt(r,ip,0) = h(r,ip) are given, then also the amplitudes ap,bp in the time- dependent term ^p(apcoswp* + bpsmL0pt) can be used to satisfy the ini- initial condition. If inhomogeneous boundary conditions like g(r,(p) are given, then it may be useful to start with w(r,(p,t) = v(r,(p)exp(iu>t). Let vp(r,(p) the eigenfunctions of the Helmholtz equation, then w(r,(p,t) = vp(r,(p) + J2p(ap cosujpt + bp sinLjpt) ¦ vp(r,(p) has to satisfy the initial conditions and one has to determine a and b so that for t = 0, w(r, <p, 0) —? vp(r, <p) vanishes. The behaviour of the solution D.4.7) is very interesting for r —? R. In this case the equation B.4.43) describing Bessel function becomes y" +y = 0. This means that the Bessel functions behave like ~ sin a; or cos a; for extremely large x. This recalls the result of problem 3 of section 2.5. Let us consider the infinite circular membrane. In the Bessel equation B.4.43) we neglect the term ~ r~2 by assuming p = 0, but we keep the r term. Thus, the equation reads Using to2 /c2 = k2, Mathematica solves this equation: DSolve [u" [r] +u' [r] /r+k~2*u [r] ==0,u [r], r] D.4.10) results in u ->¦ BesselJ[0, k r] C[1] + BesselY[0, k r] C[2] The Neumann function (Bessel function of the second kind, also denoted by N) has a singularity at r = 0 and has to be excluded here. For the circular membrane bounded by a finite radius R the eigenvalues k are determined by the zeros of J0(fei?), see B.4.45). Now for R -? oo, the argument kR tends to ) 2003 by CRC Press LLC

oo, and we obtain an infinite continuous spectrum of eigenvalues. We expect to replace a sum ^ J0(fci?) over the eigenvalues by an integral. We thus set up oo u(r) = [A(k)J0(kr)dk. D.4.11) o To solve the full problem including the time dependence and assuming sym- symmetry d/d(f = 0 we write u(r,t) = fA(k)J0(kr) cos kctdk D.4.12) o and give initial conditions u(r, t = 0) = uo(r), ^M = 0) = Q^ Q < r < ^ D.4.13) This describes an initial plucking of the membrane with velocity zero dis- distributed over the radius. For t = 0 the solution D.4.12) satisfies D.4.13) if oo uo(r) = fA(kK0(rk)dk. D.4.14) o In order to determine the expansion coefficients A(k) we write (k— > k) \-^-r^-+K2 )jo(Kr)=0 -Jo(Ar) \r dr dr I (--fr-f+A2)j0(Ar)=0 ¦ (-J0(«r)) D.4.15) \ r dr dr / — r J0(Ar)—- J0(Kr)—- = (Az - kT) J0(Kr)J0(Ar)r. This demonstrates that the rhs term may be written as a differential. Multi- Multiplication of D.4.14) by rJ0(Ar) and integration results in oo oooo /wo(r)rJo(Ar)dr = /' /A(K)J0(Kr)dK • rJ0(Ar)dr. D.4.16) 0 0 0 Using D.4.15) we can write oo /«o(r)rJo(Ar)dr = o oo lim /A(k)-— J0(Ai?)—v* — Jo(kR)—°,v. dn. D.4.17) fl^oo J A2 - k2 [ dR di? J o ©2003 by CRC Press LLC

To evaluate the Bessel functions for large arguments kR, we use an asymp- asymptotic expansion [1.2], [2.1] 1 f Jp(x) = — cos (x sin ip — pip) dip, D.4.18) o which we write in the form VkttR so that for p = 0 D.4.17) now reads A(k) /^o(^)^Jo(Ar)dr = lim — / Jx too 7VJ [\ — /^ 0 0 [sin(K - X)R cos(k + A)j?] ^ (AA0(^ [ K-A K + A J V ' (we used the addition theorem of trigonometric functions). The rhs term describes a resonance at k = A. Using the Dirichlet integral one obtains oo A(k) = K/uo(r)rJo(Kr)dr, D.4.22) o compare D.4.14) and use it: oo oo «o(r) = [k fuo(r')r' 30(Kr'K0(Kr)dr' dK. D.4.23) 0 0 Inserting D.4.22) in D.4.12), one obtains the solution for the infinite mem- membrane oo oo u(r,t) = n uo(r')r'J0(Kr')dr'Jo(nr) cosnctdn. D.4.24) o o Waves in a very large lake or surface waves due to the surface tension of a liquid layer can be described by D.4.24). Solutions of the Helmholtz equation for a boundary not describable by coordinate systems in which the partial differential equation is not easily sep- separable, can only be found by other methods like numerical integration, collo- collocation methods or variational methods, compare the sections of chapter 5. ©2003 by CRC Press LLC

The Helmholtz equation plays an important role in electromagnetism. Applying the operator curl on cuvlE = —dB/dt and the operator nnod/dt on cw\H = dee0E/dt + j on the Maxwell equations one obtains the electro- electromagnetic wave equations: Hereto = 0.885419-lO^As/Vm, fj,0 = 1.256637-10Vs/Amand = p, divH = 0 have been used, c = yl/Wfl^o is the velocity of light within a medium possessing the material parameters e and jjl. For a time dependence ~ exp(iwi) and a domain free of charges p and currents j, the equations result in a vector Helmholtz equation C.1.80). It is not difficult to solve the equations in cartesian coordinates, see C.1.81) - C.1.83), but all other coordinates present difficulties, compare C.1.84). Using the trick (AK)i = AKi helps. As an example we may use cartesian components as functions of spherical coordinates K(r, #, <p) = Kx(r, #, (p)-ex+Ky(r, #, (p)ey+Kz(r, #, ip)ez PK, 2dK, 0>K, cotOdK 1 dK _ Or2 r or Hew2 r2 ov r2 sin # oy2 (and analogous equations for Ky,Kz). As usual, fe = u>/c. In engineering problems cylindrical geometry is more important. One is interested in the solutions of D.4.25) and D.4.26) either for closed hollow boxes (resonators) or in infinitely long hollow cylinders (wave guides). For a ^-independence ~ ex-p(ijz) the Maxwell equations read in general cylindrical coordinates Qi,Q2,(i3 = z): 1 dB = %Eu D.4.28) dq2 - -L ^ = ^E2, D.4.29) D.4.30) g\\ dqi v^22 dq2 c2 — ijE2 = —iooB1, D.4.31) 8EZ dq2 1 dq2 D.4.32) D.4.33) ) 2003 by CRCRessLLC

Expressing E2(qi,q2) by Bi(qi,q2) and Bz(qi,q2) etc., and inserting into D.4.31), etc., results in the Fock equations: to dEz jc2 UJ - 72C2 V V522 9?2 y/911 dq «¦) D.4.34) co dBz + -^ p), D.4.35) where Ez and B2 may be calculated from (AE)Z = AEZ, (AB)Z = ABZ and the boundary conditions on a metallic wall Et(r = R,ip) = Ex = 0,Bn = 0. For a circular cylinder the tangential component in the z direction is then given by Ez(r,z,(f,t) = Ezexp(iuit — ijz) ¦ cos my • Jm (\/k2 — j2r J. D.4.36) The vanishing of this expression for r = R yields , /j.2 _ rJi r — a see B.4.45). It thus follows from the lowest eigenvalue 2.4048 that there are no propagating waves with frequencies This is the so-called cut-off frequency. According to the Fock equations there are two types of waves in a wave- waveguide: 1. transverse electric wave (TE wave), Ez(qi,q2,z) = 0, Bn(boundary, z) = 0, Bi,B2,Ei, and E2 are described by Bz from the Fock equations, 2. transverse magnetic wave (TM wave), Bz(qi,q2,z) = 0, .E4(boundary, z) = 0,Ei,E2,Bi,B2 are described by EZ . For a wave-guide with rectangular cross section (a x b) the results are ) 2003 by CRC Press LLC

TM TE _. , mn mnx nny nn mnx nny Ex = —jij cos sin ——, hix = jik — cos sin ——, a a b b a b _. nn mnx nny mn mnx nny Ev = —Jij— sin cos ——, hiv = —jik sin cos ——, b a b a a b 2\ . mnx . nny „ sm sin—-, Ez=0, a b _. , , w mnx nny mn mnx nny Bx = Jik—— sin cos ——, Bx = jij sin cos ——, b a b a a b mn mnx nny nn mnx nny Bv = —jik cos sin ——, By = fty—- cos sin ——, "a a b u b a b ^ „ ^ , 9 fi^2 n2\ mnx nny ,A A „„. Bz = 0, Bz = fn2 -^ + — cos cos—^, 4.4.38 \ or bz) a b where / = exp(iuit- ijz), k=u>/c, j2 = k2 b2 ' The factor i = exp(i?r/2) indicates a relative phase shift. For a circular cross section of the waveguide one gets for the TM wave i-jmn I ( r \ *m ( r \ Er = — ivf—— cosmipJm yjmn—J , Br = —ikf—sinmyJm yjmn—J , „ . ,m . (. r\ jmn , /. r\ Ev = ivf—smmipJm [jmns) , Bv = -tkj—5-cosmip3m[jmn—\, r V it' it V it' Ez = ^/cosm^ Jra (jmn^) , Bz=0, D.4.39) where v2 = k2 — j2mnjBi2. Again jmn represents the n-th root of the Bessel function Jm. Using the Hertz vector Z one may investigate the emission of radiation from cellular phones. It is easy to prove that the setup 1 B2 Z 1 BZ ^ +ddif *l DA40) satisfies curl^ = —BB/Bt. The equation curLB/'/x/xo = 8ee0E/8t and integra- integration with respect to time yield i|| -^. D.4.41) ) 2003 by CRC Press LLC

In the derivation of this equation C.1.80) has been used. In spherical coor- coordinates D.4.41) has the coupled form of C.1.84). In cartesian coordinates it would have the form D.4.27) and could be solved analogously to C.1.74). For a Hertz dipole aerial of a cellular phone we make simplifications — =0,^ = 0, Z# = 0, Z ~ exp(iuit) D.4.42) and the setup Zr = rw(r,'d). D.4.43) The solution of D.4.27) for Kx ->• Zr reads Zr{r,(p) = rw(r,$) = P;(costf)i?;(r), D.4.44) where < + 2-R\ + (k2 - ^±2)) Ri = 0, D.4.45) compare B.2.65) and C.1.76). These functions Ri are called spherical Bessel functions or Bessel functions of fractional order Rt(r) = -^=J,+i/2(fcr). D.4.46) vr They are solutions of B.2.65) and of the type discussed in problem 3 of section 2.5. The J functions describe standing waves. In our problem we are inter- interested in propagating waves. Besides the standing wave solutions of B.2.65) and of B.2.48) for Bessel functions of integer order, there exist propagating solutions, the Hankel functions (Bessel functions of third kind). They are defined by B.^\z)=Zv{z)-iYv{z). D.4.47) For fractional order they degenerate into the Ri whereas the Jj+1/2 are related to standing waves like sin and cos, the Ri are related to propagating waves exp(±ifcr). The Ri(r) can be described by the Rodriguez formulas exp(±ifcr) \r ar so that R0(r) = _ , > „, , . 1 _ , . exp(—ikr) ( ,9 3ik 3 \ ..... R2(r) = R[(r) - -Rj. r = —^ '- i-k2 + — 4.4.49 r r \ r rz) ) 2003 by CRC Press LLC

with the addition theorems R'l(r)=Rl+1(r)+l-Rl(r). D.4.50) Due to m = 0, Po = 1> R® describes a central symmetric spherical wave, 1 = 1 describes a dipole radiation emission and / = 2 a quadrupole aerial. Inserting Zr = rw = ex-p(—ikr)(ik — 1/r) cost? D.4.51) into D.4.40) obtains r E° / 1 ik k2 2 \r3 r2 r 1 *fc%1 ¦ " D.4.52) where / = ex-p(iu>t — ikr) and E®,B^ are partial amplitudes (integration con- constants). From D.4.52) one may find that the radiation energy in the GHz range deposited in the head of a user (r —>• 0) increases with decreasing dis- distance r from the cellular telephone. For a dipole aerial situated at the surface of the earth w(R,'&) is given by [4.5] r~zr . . R. D.4.53) For ~ exp(-Mutf) H^2-1 describes an outgoing wave and has to satisfy the boundary condition in infinity lim ( -^+ikw ) =0. D.4.54) r—>oo V Of / In the interior of the earth a standing wave is created so that at the surface r = R the boundary condition D.4.55) must be satisfied due to continuity: some of the series expansions of type D.4.53) have very slow convergence for kR > 1000 so that it is necessary to transform the series into a complex integral (Watson transformation) [4.5]. This represents another example of an integral representation of the solution of a partial differential equation, see also D.4.24). ) 2003 by CRC Press LLC

Problems 1. Find the nodal lines and boundary shape by plotting y(x) from the degenerate eigenfunctions rrnrx nny nnx rrnry Amn sin sin \- Anm sin sin = 0 D.4.56) a a a a for m = l,n = 3,^31 = ±Ai3,o = 1. Use sin3a = sinacos2a + cosasin2a, sin 2a = 2 sin a cos a, 2 cos2 a = 1 + cos 2a to find y(x) = arccos(/(x)). Play with various values of A31. 2. Find the time-dependent asymmetric solution for a circular membrane of radius R that is plucked at its center at time t = 0. The initial conditions will then be h(R — r) du(r,(p,t = 0) u(r,ip,t = 0)= „ ;, —y-^ -=0. D.4.57) R ot The eigenfrequencies u>vp = jlpc/R and the jvp are determined by the boundary condition B.4.45). Start with u(r,ip,t) = y^ Avp3p \—^-r) cospip sin {u>vpt + 8vp). D.4.58) *¦—' \ c / The initial conditions result in 5vp = n/2. Multiplication by the ortho- orthogonal w^i and integration yield 2-rrR 2-rr R /* /* Z-* / Yy \ /* /* / / „ Wnirdrdip = ^ Avp I jwvpw^rdrd(p. D.4.59) 0 0 "'p 0 0 Due to B.4.46) and Jcos2 pipdip = n one obtains the expansion coeffi- o cients Avp from —Jp [iovv- I rcos(p(p)drd(p = \ c/ o o D.4.60) 3. Exterior continuous and periodic excitations K can be described by Am = — —— + K(x, y) sinwi. D.4.61) Show that the particular solution u(x,y,t) = si K(x, y) = 2^ Kvpwvp (x, y), D.4.62) ) 2003 by CRC Press LLC

where wvp satisfy the homogeneous equation, results in the resonance condition If the whole circular membrane is excited by K(t) = Ko sm(u>t + ip), the solution is given [4.8], [4.2] by 4. An elliptic membrane of eccentricity e and semiaxes a, b will be described by the elliptic cylindrical coordinate system, see problem 2 of section 3.1. The Helmholtz equation may be separated into two ordinary differential equations. Derive these equations using Mathematica. The result should be X" - (p2 + e2k2 cosh2 u) X = 0, Y" + (p2 - e2k2 cos2 v)Y = 0, D.4.65) where to2/c2 = k2 and p is the separation constant. Let Mathematica solve these equations. The result should be given by Mathieu functions X(u) = ce — (e k + 2 p ), —-re k , — iu se \-(e2 k2 + 2p2),-]e2 k2,-iu\, 2 4 Y(v) = ce —(e k + 2 p ), — -e & ,i> se U(e2 k2 + 2p2),-^e2 k2,-v\ . D.4.66) The stability of these solutions had been discussed in problem 3 in sec- section 2.6. For more general ordinary differential equations like B.4.1) with f(x) = 0 and periodic coefficients pi(x),p2(x) the Floquet theo- theorem guarantees the existence of a generalized periodic solution y(x+r) = sy(x), where s is the Floquet exponent [1.2]. 5. The equation D.4.9) had been solved using Mathematica. Try to solve F"(r) + -F'(r)-k2F(r)=0, D.4.67) using the Lie series method [4.4]. Since d-f = Z,f = -1--Z + k2F dr dr r ) 2003 by CRC Press LLC

one finds F(r) = Z1(r),Z = Z2(r) = MZo,Z1,Z2), r = Z0, #2(r) = -±Z + k2F, dzo _ ,, _, dZx dZ2 _ . . —— — V0 — 1, —— —Vi{/,0,/,i,/,2), —— — V2(Z0,Zi,Z2). dr dr dr With the initial conditions r = 0, Zo@) = 0, Zi@) = x1} Z2@) = x2 the solution is i/=0 where D.4.69) The reader might ask why this complicated sorcery since the Bessel functions as solutions for D.4.9) are very well known and tabulated nu- numerically. There are, however, nuclear engineering problems exhibiting very large arguments (~ 50) so that even large mainframes have prob- problems with the numerical calculations. Now the Lie series method offers a way to avoid the Bessel function by splitting the problem into Fcyl = -Pplane ~ -^correction • D.4.70) The functions •&„ must be holomorphic (no singularities). Now #2 has a pole at r = 1, so that a transformation is necessary. Let dM = rM — rM_i the thickness of the /x-th radial domain, one may put ? = r — rM_i, where ? and r are variables and rM_i is the radial distance of the /x-th subdomain. Then ^ = —^—+k2Z1=d2 D.4.71) and the new operator reads ( 7.n *\ „ >-&r- D-4-72) The initial conditions are now Fo = F(? = 0),F'@) = dF(? = so that the solution reads now pi oo . Z1 =F(?)= Fo cosh k? + -?- sinh k? - ^ f — - Fcorr. D.4.73) ) 2003 by CRC Press LLC

Here fv(Z0, Z1,Z2) is evaluated for Zo = ? = 0, Zx = Fo, Z2 = F^ and D.4.74) The operations can be calculated by recursion Z (*~2)fc>-3 f —^—1 D.4.75) rM_i + Z0 LrM_i+Z2J [ LrM_i + M M Since the analytic solution is known, one can compare. For Fq = F'o = l,k = 0.1, rM_i = 100, d = 20 one has -^correction = -f'plane -^analytic == = cosh 2 + ^^ - 10Ki A0)I0 A2) + i! A0)K0 A2) + + 100(K0A0)I0A2) - I0A0)K0A2) = 3.3667, whereas the Lie solution up to D4 gives 3.3 664,1 and K are the modified Bessel function, see problem 5 in section 2.2. 6. Membranes with varying surface mass density p(x,y) are described by [4-6] uxx(x,y)+uyy(x,y) + —p(x,y)u(x,y) =0. D.4.76) For special density distributions like P(x,y) = f(x)+g(x), separation of D.4.76) into ordinary differential equations is now possible. Using p(x, y) we obtain X"+X(^f{x)-/32)=O, D.4.77) 0, D.4.78) where (I2 is the separation constant. To simplify matters we may choose g(y) = 1 and f(x) = bx + 1. For a square membrane of length a the boundary conditions may read X@) = 0,X(a) = 0, Y@) = 0, Y(a) = 0. Then ^ and ^ + ^ = nn determines the eigenfrequencies u>n, if f3 were known. On the other hand, one can reason that u> is not yet known and that the boundary ) 2003 by CRC Press LLC

condition determines (i{u>). Then j3 = \jn2v2 — to2/E. Insertion into D.4.78) yields Solve this equation using Mathematica. You should get Airy functions as a result. Determine the two integration constants C[l] and C[2] using the boundary conditions for X. You will get two homogeneous linear equations for C[l] and C[2] and the vanishing of the determinant yields to. The transcendental equation for u> should read AiryAi 7127T2 E 2/3 AiryBi 7127T2- abui2 _ E ) —AiryBi n27r2 E 2/3 AiryBi abto2 E = 0. For a circular membrane of radius R one might choose p(r) = p0 [(R2 - r2) + 1] . Solve the equation and find the eigenfrequency u> for the special case 4.5 Rods and the plate equation Whereas strings and membranes are thin bodies with negligible rigidity, rods, beams and plates are rigid. Their elastic characteristics are described by three parameters: Young's modulus E of elasticity, Poisson's ratio n, and the shear modulus G is described by G = E/2(l + fj). D.5.1) In the Si-system of units one has E [kg m s~2]. Using the boundary condi- conditions on the surfaces of the bodies, variational and other methods derive the equations of motions for various types of oscillations [1.2], [4.7], [4.9], [4.10]. These might be: ) 2003 by CRC Press LLC

1. longitudinal (dilational) oscillations of a rod in the x direction q at1 p ox1 q (q cross section, p density, / exterior force) 2. transversal (bending) vibrations of a rod "v? = — "v? + —/(«, t), D.5.3) <9i2 pg 5a;4 pq where I = Iy=[[y2df or Iz = ffz2df D.5.4) J J J J Q Q is the bending moment orthogonal to the a; axis. For a beam of rectan- rectangular cross section a x b, one has + a/2 +6/2 Iy = y2dzdy = ——, J2 = ——, D.5.5) -a/2 -b/2 3. torsional vibrations of a rod around the x axis - D.5.6) dt2 , 4. bending vibrations of a plate of thickness 2ft 52w(a;,t/,i) Eh2 AA , . fArrr. = AAu(a;, y, t) D.5.7) (plate equation). Using a time dependence ~ exp(iutf), from case to case the parameter fc4 = 3p(l — H2)to2 j'Eh2 is introduced, so that D.5.7) may be written AAu — kAu = 0. To be able to solve all these equations we need boundary conditions. The end of a massive body may be free of forces, may be supported by another body or may be clamped. For a rod we may have the longitudinal oscillations: a. free end at x = I ux(l,t)=0, D.5.8) b. clamped end at x = 0 u@,t)=0. D.5.8a) For transversal oscillations one assumes a. clamped end x = 0 u@,t)=0, ux@,t) = 0, D.5.9) ) 2003 by CRC Press LLC

b. free end x = I uxx(l,t)=O, uxxx(l,t) = O, D.5.10) c. supported end x = I u(l,t) = 0, uxx(l,t) = 0, D.5.11) d. free end with a fixed mass mua(l,t) = EIuxxx(l,t). D.5.12) Since the equations contain derivatives with respect to time t, we need initial conditions too. They may be u(x, 0) = h(x), ut(x, 0) = g{x). D.5.13) Torsional oscillations of a rod with one end x = 0 clamped u@,t) = 0 and free at the other end x = I are described by ux(l,t)=0. D.5.14) But if at the end x = I a body with moment of inertia 0 is fixed, then GIux(l,t) =-Qutt(l,t) D.5.15) is valid. The more complicated boundary conditions for a plate will be dis- discussed later. Let us now discuss longitudinal oscillations of a rod. Using E/p = c2, equation D.5.2) gets the same form as the equation for a string D.3.20). If both ends of the rod are clamped, we may immediately take over all solutions of D.3.20) for the longitudinal oscillations of the rod. The same is valid for torsional vibrations for c2 = G/p, compare D.5.6) and D.3.3). However for the free bending vibrations of the rod described by i? + j?=0, e> = ^, D.5.16) cz at1 ox4 pq where c has the dimension m2/s and is not a phase velocity, but its second power. We now have for the first time a partial differential equation of fourth order. Separating time dependence by u(x,t) = X(x) • (A sin tot + B cos tot), see section 4.3, we obtain with lo/c = k X""(x) - k2X(x) = 0. D.5.17) Since this equation is homogeneous and has constant coefficients we may use the ansatz X(x) = exp(y/u>/cx) to get the general solution X(x) = A (cos y/k x + cosh y/k x J +B (cos\/kx — cosh \/k xj +C (siny/kx + smhy/kxj +D (sinA/fca; - sinhv^a;^ . D.5.18) ©2003 by CRC Press LLC

Taking into account the two boundary conditions for the clamped end x = 0 one gets A = 0, C = 0 and for the clamped end x = I X(l)= B (cos Vk I-cosh Vkl) + D(sinv/?;Z-sinhv/?;Z) = 0, D.5.19) X'(l) = -kB + kD (cos Vkl- cosh Vk /) = 0. D.5.20) These two homogeneous linear equations for the two unknowns B and D possess only then a nontrivial solution if the determinant of the coefficients vanishes. This condition delivers the eigenvalue equation cosVkl- coshVkl-1 = 0, D.5.21) which has the zeros at \fkl = 4.73, 7.85. If the rod is clamped at only one end, but the other being supported, then tanh \fk I — tan \fk I = 0 D.5.22) yields the eigenvalue. If both ends are supported and no forces applied on both ends, then u> = ir2c/l2 = ir2y^EI/pq /12. In order to solve the inhomogeneous equation D.5.3) with the initial conditions D.5.13), one expands the solution with respect to the eigenfunctions of the homogeneous problem u(x,t) = *EnTn(t)-Xn(x). Insertion into D.5.3) and replacement of X"" from D.5.17) results in the linear inhomogeneous ordinary differential equation oo Y, {T'n{t) + u>2nTn(t)) Xn(x) = f{x,t)/pq. D.5.23) n=l Multiplication by the orthogonal Xm (x) and integration from x = 0 to x = I gives The initial conditions D.5.13) are then satisfied by u(x,0) = h(x) = E Tn@)-Xn(x), ut(x,0) = gix) = f: T^{0) ¦ Xn{x), ^^ n=l ) 2003 by CRC Press LLC

so that frpXAa^ J^g(x)Xn(x)dx f0X2n{x)dx foXi(x)dx Then the general solution becomes t I" @) 1 f Tn(t) = Tn@)cosu>nt+-!^-L sinuint+— bn(r) sinuin(t-T)dr D.5.27) o and the solution of the inhomogeneous partial differential equation is given by nt h(OXn(Od? + — smtont g(OXn 1 °° X (x) tl D.5.28) The first term describes the free oscillations initiated by the initial conditions, the second term constitutes the oscillation excited by the exterior force /. The Xn(x) are the solutions of D.5.17), satisfying the boundary conditions. If there are no exterior forces so that equation D.5.16) has to be solved, we can assume the boundary conditions u@,t) = 0, u(l,t) = 0 (two clamped ends) and the initial conditions D.5.13). Then the solution reads [4.8] "(*>*) = i z^ [cos [—p—)Jh(Os™ ( — ra=l 0 I I2 . /n2n2ct\ f _. . {mr?\ ,j . nnx ,A „ „„. ^yi0 ^j d€] m-. D.5.29) Longitudinal oscillations of plates (within the plane of the plate) are of interest if a plate rotates. In [4.7] the deformation of a circular plate of radius R and density p rotating with the angular frequency u> has been derived: Transversal vibrations of plates are described by the plate equation D.5.7): the boundary conditions for a plate are quite complicated. Again three situ- situations have to be considered. ) 2003 by CRC Press LLC

1. The boundary of the plate is clamped. No motion whatever is possible. Then w(boundary) = 0 D.5.31) and (sit — (boundary) = 0 D.5.32) Cfit are valid, ft is the normal unit vector on the boundary curve. 2. If the boundary is simply incumbent on a support, then one has w(boundary) = 0, D.5.33) but D.5.32) has to be replaced by \d2u 9 d2u 9 d2u 1 /xAm + A - n) —-cos V + -—-r-siir $ + 2 sinVcosV\ = 0, \_oxz ay1 oxoy J D.5.34) where $ is the local angle between the x axis and the normal vector ft on the boundary curve. For a rectangular plate one has $ = ?r/2 for a boundary parallel to the x axis and otherwise •& = 0. Therefore one has Am h —^ = 0 D.5.35) for the part of the boundary parallel to the x direction and otherwise 1 — n d2u 3. If the boundary is free, it means that neither forces nor torques are exerted, then D.5.34) and d — Am + A - fj) x on as [ \ oy oxz) oxoy are valid. Here s is the tangential vector along the boundary curve. A separation setup u(x, y, t) = X(x) • Y(y) ¦ T(t) and homogeneous boundary conditions u(x = a,y,t) = 0, u(x,y = b, t) = 0 yield the solution u(x, y, t) = y, /, sm sm —r— —J —J ci b n=l m=l ¦ (Anm cos u>nmt + Bnmsmu>nmt) D.5.38) ) 2003 by CRC Press LLC

and the eigenvalue equation 2N2 ?+3-l ¦ <«*> The solution D.5.38) is called Navier solution and satisfies the boundary conditions u = 0, Am = 0 at the rectangular boundary. It can be used to solve the problem of a plate under load p(x,y). For a circular plate the separation setup u(r,y>,t) = $(y>) • T(t) ¦ R(r) ends up with the equation ?+tf)( + »Wo D.5,0) r dr rz ) \drJ r dr rJ / and T(t) = CcosXt + DsinXt, where A is the separation parameter and k4 = 3p(l-ii2)/Eh2. One sees that the problem for the plate is analytically more difficult than that for the membrane. It is not possible, for example, to treat the general case of the rectangular boundary in terms of functions known explicitly. The only plate boundary problem that has been explicitly treated is the circular plate. For axial symmetry, the solution of this equation is given by Bessel and modified Bessel functions u(r) = AJ0(VXkr) + BI0(V\kr), D.5.41) where lo(kr) = Jo(ifcr). We need two solutions since two boundary conditions have to be satisfied. For a clamped circular plate with radius R, the boundary conditions deliver u(R) = 0,u'(R) = 0 so that we have BI0(V\kR) = 0, AJ0(V\kR) + BI'0(V\kR) = 0. D.5.42) To be able to solve these two homogeneous linear equations for the unknown partial amplitudes A and B, the determinant J0(VXkR)I'0(V\kR) - J'0(VXkR)I0(V\kR) = 0 D.5.43) must vanish. Using -^-JoO/Xfcr) = -VXkJxiVXkr) D.5.44) and analogously for Io the determinant determines the eigenvalue k = 3.196 220 612. For the initial values u(r, 0) = h(r), ut(r, 0) = g(r) D.5.45) ) 2003 by CRC Press LLC

and the boundary value problem u(r = R,t)= 0, ur(r = R,i) = 0 D.5.46) one obtains the solution [4.8] u(r,t) = Zn(r) R ph(p)Zn(p)dp 0 D.5.47) where Z7(r) = Jo G^) IoG) - JoG)Io (t^) D-5.48) and jn represents the n-th root of Z'^R) = 0. To derive this expression = R%(ln)J20(ln) D.5.49) has been used. Up to now we treated only time-dependent problems. But there is a problem in the transition to d/dt = 0. Due to the surface boundary conditions of massive elastic bodies the simple transition d/dt = 0 is not possible in D.5.3). The equation for the bending of a girder has to be derived from the basics. The usual assumptions for the bending of a cantilever beam of rectangular cross section a x b are 1. There exists a "neutral" centre layer within the beam that will not be expanded (elastic axis or neutral filament), which is described by u(z), if the axis of the beam coincides with the z axis and the bending is into the negative x direction, d/dy = 0. 2. The cross sections in the x, y plane are assumed to cut the elastic axis along the z direction perpendicularly. 3. The cross sections will not be deformed. Under these conditions the differential equation for the elastic line has been derived &2ux{z) P dz2 EF -1). D.5.50) ) 2003 by CRC Press LLC

P is the load acting at the end of the beam of length /. Integration yields P z3 PI z2 ux(x,z)= — j-^- — — + Cl{x)z + c2{x). D.5.51) Due to the boundary condition (clamped at z = 0) u(x, 0) = 0, du(x, 0)/dz = 0. D.5.52) This results in P/3 4P/3 S S D 5-53) In this derivation D.5.5) had been used. D.5.53) defines the pitch of deflection sag. The bending of a girder is a transverse problem. We shall now investigate a longitudinal problem: the determination of the buckling strength and the critical compressive strength of a pillar. The longitudinal compression u(x) of a vertical pillar of cross section q, density p, weight pqg carrying a load P is described by EIu""(x) + pgq^- [(I - x)u'(x)} = 0 D.5.54) and the boundary conditions u@) = u'@) = 0, D.5.55) which describe clamping of the lower end on earth's surface x = 0 and u"@ = 0, «'"(/) = 0 D.5.56) at the load free upper end. If there is a load P at x = I, one has u"(l) = 0, EIu'"(l) = P. D.5.57) We now first neglect a load P and solve EIu'"(x) + pgq(l - x)u'(x) = 0, D.5.58) which is obtained by integrating D.5.54) and neglection of P and of integration constants depending on x. A transformation u'(x) = v(x), A = pgq/EI yields v"(x) + A(l - x)v(x) = 0 D.5.59) ©2003 by CRC Press LLC

and a substitution ? = 2\fA(l — xK/2/3, v = w(?)vf results in a Bessel equation *»"{?) + jw'it) + (l - g^) «>(?) = 0 D.5.60) with the solution w@ = CiJ1/3(O + C2J_1/3(O. D-5.61) The boundary conditions u"(l) = 0 and w@) = 0 result in C\ = 0, C2 = 0 so that w = consi is a stable equilibrium if J-i/3 ^'H2'3 = 0 D.5.62) \<j / is NOT satisfied. The first zero 1.87 of J-1/3 gives the buckling length lc of a pillar with no load /1.87-3\2/3 lk = \T2-) If the weight is neglected (g = 0), one obtains 2[EI D.5.64) (Euler's critical load). The full equation D.5.54) may be solved by numerical or approximation methods, see later in section 4.6. According to D.5.7) plates under a distributed static load p(x,y) are de- described by the biharmonic operator AA -— AAu(x, y) = p(x, y). D.5.65) Solutions of the homogeneous equation D.5.65) are called biharmonic. Such functions are x,x2,x3,y,y2, y3,xy,x2y,coshXxcosXy etc. If v,w are har- harmonic functions, then xv + w, (x2 +y2)v + w, (x2 + y2) In \Jx2 + y2, etc., are also biharmonic. The biharmonic operator for the stream function appears also in the theory of the motion of small bodies within a viscous fluid like blood or mucus. The propagation of bacteria in blood or of sperma cells in the viscid vaginal mucus presents an interesting boundary problem of the bi- biharmonic operator [4.11]. There seems to exist a statistical evidence that the probability of a male baby is the higher, the quicker the spermatozoon is and the shorter the time span between ovulation and fertilization (sex determina- determination by a boundary condition). ) 2003 by CRC Press LLC

The inhomogeneous static plate equation D.5.65) determines the deflection of a plate under a distributed load p(x,y). With exception of the Navier solution D.5.38), no exact closed analytic solutions of D.5.65) for general boundary conditions are known for rectangular plates [4.10]. Variational cal- calculus has to be used to find solutions. A closed solution only exists for the circular plate. Using axial symmetry, the plate equation reads «""(r) + V'(r) - lu"(r) + ^u'(r) = p(r) ¦ 3p ^ ~ ^ . D.5.66) To first solve the homogeneous equation we make the substitution r = exp p so that u""(p) - 4u'"(p) + 4u"(p) = 0 D.5.67) results. The solution of D.5.61) is then u(r) = ci + c2 In r + c3r2 + c^r2 In r. D.5.68) Variation of parameters (see section 2.1) delivers a general solution of D.5.66) if the load satisfies itself the homogeneous equation. For constant load p = p0 a special solution is given by u(r) = ci + c2 lnr + c3r2 + c4r2 lnr + rAp0 P[ ~Jt ¦ D.5.69) O4_?i/l This solution may be specified by the following boundary conditions u@) = finite, w"@) = finite, D.5.70) and boundary clamped all around u(R) = 0, u'(R) = 0. D.5.71) These conditions result in c2 = 0, C4 = 0, so that the deflection is given by u(r) = 3^~/2)Po (R4 ~ 2R2r2 + r4) /64. D.5.72) A warning seems to be necessary. In these days of computer enthusiasm many engineers calculate plates numerically. But several times it had been overseen that a pillar supporting a plate constitutes a singularity and that the normal grid used in numerical computations should have been extensively nar- narrowed near the pillar. The consequence of using black box computer routines has been a breakdown of a ceiling, cases of death and lawsuits over millions of dollars. If deflections are combined with warming, then the coefficient a of thermal expansion enters into the plate equation [4.7]. ) 2003 by CRC Press LLC

Problems 1. Solve the problem described by D.5.17) to D.5.21) using Mathematical Clear [X] ;DSolve [x"" [x]-k~2*X[x] ==O,X[x] ,x] yields D.5.18) in the form X[x] ->• e"^ x C[2] + e^x C[4] + C[l] Cosfv^ x] + C[3] Sm[Vk x\; To be able to handle the solution, we redefine by copy and paste X[x_]= e~^x C[2]+e^x C[4] +C[l]CosVk x+C[3]Sin[Vk x] ; and derive it Y[x_]=D[X[x],x] resulting in V fl c]^ + eVk x ^fl ^[4] + ^fl q3] CosfA/fc x] Sin[Vk x] This is equivalent to D.5.18). The next step is the satisfaction of the boundary conditions at x = 0. We do this by typing x[O]==o and one obtains a condition for the integration constants C[l] + C[2] + C[4] ==0orC[4]==-C[l]-C[2] And the vanishing of the derivative Y at x = 0 yields Y[0]==0 or C[3]==2*C[2]+C[1] These expressions for C[3] and C[4] will now be inserted into X[x] (and later also into Y[x]). The result is a redefinition Clear[X, all, al2]; CostVk x] + B*C[2]+C[l] )*S±n[Vk x] ; To be able to fill the determinant later, we have to factor out C [1] and C [2]. This is done by Collect [X[1],C[1]] D.5.73) yielding e-Vk i C[2] - eVk i C[2] + 2 C[2] S'm[Vk I] + C[l] (-e^* ' + Cos [Vife /] + Sin[Vk I] Now one can read off and define all= (-e^ '+Cos [-A 1 +Sin [v^ 1] ), ) 2003 by CRC Press LLC

and analogously al2=(e"vEl-\EvEl+2 Redefinition of the derivative Y by inserting for C [3] and C [4] results in eVfc x ^ (-C[l] - C[2]) - e-^* x Vk C[2]+ Vk (C[l] + 2 C[2]) Cos[Vk x]-Vk C[l] Sinfv^ 4 Now one is able to satisfy the boundary condition D.5.20) Collect[Y[1],C[1]] yields the input a21= (-e^l + Cos[v^ 1]- Sin[v^ 1] and analogously a22= (-e-^ 1 - e^ 1 +2 Cos[Vk Now we have all elements of the matrix M and define M={{all,al2},{a21,a22}}/. Sqrt [k] *l->y D.5.74) and at the same time we are replacing the argument Vk I by y. We can simplify the expression and define a new function F(y) contain- containing the determinant of the matrix M Simplify[%]; Clear [F] ; F [y_] =Det [M] ; 1=1. ; D.5.75) Now we are able to verify D.5.21). The command FindRoot[F[y]==0,{y,4.0}] starts at y = 4.0 and finds 4.73 004. 2. A rod is clamped at x = 0 and free at x = I. Solve the homoge- homogeneous equation D.5.2) for longitudinal oscillations using the boundary conditions D.5.8) ux(l,t) = 0 and D.5.8a) u@,t) = 0. Derive the eigen- frequencies u>n = Bn — 1)ttc/2/ and the solution oo u(x,t) = y^ sin knx(An cos cknt + Bn sin cknt), n=l kn = Bn - l)nx/2l. D.5.76) 3. If a mass m is fixed at the end x = I of a rod, then the boundary condition is modified and reads muu(l,t) = —Equx(l,t). If the ini- initial conditions are u(x,0) = h(x) = hox/l and ut(x,0) = 0 derive the solution 4%^ sin knl sin knx u(x,*) = — E-(cknt) k{2kJ + ,m2kl) D-5-77) ) 2003 by CRC Press LLC

and the eigenvalue equation is cot kl = mk/pq. D.5.78) 4. Investigate the longitudinal oscillations of a rod of length / for the initial conditions u(x,0) = h(x),ut(x,0) = g(x), if the end x = 0 is clamped and the end x = I is free [4.8]. The solution is f /2n + l \ _. 2/ u(x,t) = - n=0 sin net Ug(O sin /o 0 2n+l Bn + l)?rc 5. A bridge supported at both ends x = 0, x = I is loaded by a force P that crosses the bridge with constant speed vq. The loading function / is assumed to act within the small interval e P/s vot < x < vot + e 0 < x < vot, vot + e< I, and I vot-\-e ff(x,t)dt = fp/e-dx = P. 0 vot The transverse deflection (vertical to the bridge in x direction) is then given by where n^ IEI D.5.81) If one of the exciting frequencies u> = nnvo/l is near or equal to the eigenfrequencies oon of the bridge, resonance and breakage will occur. 6. Derive D.5.64) by solving D.5.54) for g = 0 and calculate the buckling length lc of a pillar according to D.5.63), D.5.64). Assume the dimen- dimensions a = 0.1m, b = 0.12 m, use D.5.5), q = a-b,p = 2.5A;N/m3,JB = 30 GN/m2 (reinforced concrete) and vary P in D.5.64). 7. Solve the plate equation D.5.7) for a time dependence ~ exp(iu>t). Use kA = w23(l — n2)p/Eh2. No boundary or initial conditions are given. Split the operator A A - k4 into (A + k2) (A - k2) and solve Am + k2u = 0, Am — k2u = 0. Verify the solution, which has been prepared to be ) 2003 by CRC Press LLC

used by a collocation procedure (section 4.8). Recall equation A.1.55) and find an analogous solution of D.5.7) u(x,y) = ^2 [A>cos \^/k2 - b2n xj cos(bny) u + Bn cosh (V*;2 - b2n a) cosh(&nt/)] . D.5.82) Verify this solution by inserting it into the plate equation. 8. According to A.4.16) the free vibrations of a plate with varying thickness h(x) are described by Eh2 E -AAu(x,y,t) + poutt+ t— ^{Qh[hx(uxxx +uxyy)] 12A -n2) ^-"<""' ' "-« ' 12A- +3uxxBh2x + hhxx) + 3uyyBiih2x + /ihhxx)} = 0. D.5.83) Assume h(x) = ax + b and a time dependence ~ cos(u>t) and try to solve D.5.83). 4.6 Approximation methods In practical applications in physics and engineering, many problems arise that cannot be solved analytically. An immediate use of a black box numerical routine may give no satisfying results or may even bring about the breakdown of a construction. It is always advantageous to dispose of an approximate analytic expression. It can be obtained by: 1. collocation in section 1.3, equation A.3.10), 2. successive approximation in section 2.7, equation B.7.28), 3. averaging method in section 2.7, equation B.7.31), 4. multiple time scales in section 2.7, equation B.7.54), 5. WKB method in section 2.7, equation B.7.64), 6. the moment method in section 3.2, equation C.2.44), 7. expansion of the solution into a power series, equation D.6.61). In many practical problems described by partial differential equations, a small parameter e « 1, the so-called perturbation term, appears. Let us ©2003 by CRC Press LLC

consider an example. We assume p(x) = 1 and p(x) = 1 + e(x) in D.3.34) and obtain for the inhomogeneous string d2u(x,t) l + e(x) d2u{x,t) .. R1, oar If the string is clamped at both ends x = 0 and a; = / one may expect a discrete eigenvalue spectrum u>n like in section 4.3, equation D.3.16). To solve D.6.1) we assume u(x, t) = f(x) cos(ut + if) D.6.2) and obtain ^M ^ . D.6.3) Since we know the solution D.3.15) for e = 0, we set up 71/7TX f(x) = sin——+g(x), uj = u>n(l + rf). D.6.4) Since the perturbations e,g,r) are considered to be small, one may neglect ?9,if,9'n,?'il and higher orders. Insertion of D.6.4) into D.6.3) results in ,,. . uJi n2n2. , . . nnx , „ . g"(x) + ^9 = p-[e(x) + 2V] sin -p. D.6.5) Expanding g(x) into a series of the eigenfunctions of the unperturbed problem, (satisfying the boundary conditions) 9(x) = }_^ a" sin ~T D.6.6) and inserting into D.6.5) yields ,,2^2. sin —. D.6.7) i/=l ^ ' If one multiplies by sin(n?ra;//), integrates over 0 to / and takes orthogonality for v ^ n into account, one obtains i 1 o In this derivation = -jfe(x) sin2 ^dx. D.6.8) nnx ,1 . „ . —dx = - D.6.9) o ) 2003 by CRC Press LLC

has been used. Multiplication of D.6.7) by sin(m7ra;//) and integration yields for m / n the expansion coefficients am of D.6.7) i io2n 2f nnx . mnx ™ 2 7 s(x)sm ~T sm ~~j~Ax- D.6.10) i io2n 2 am = 2 ™ 2 0 We thus have the solution of D.6.1) for a discrete spectrum. For the investi- investigation of the continuous spectrum we replace the standing waves D.6.4) by travelling waves u(x, t) = Aeik{x~ct) + «i (x, t)=uo + «i D.6.11) and receive by insertion and neglection of higher order terms eu\ m 0 0V 1 5V L^ 6 12) -b.l2) Ak This equation can be solved by u1(x,t)=v(x)e-ikct D.6.13) leading to v" + k2v = -sAk2eikx. D.6.14) For higher accuracy one can use more terms: u = Uq + U\ +112 ¦ ¦ ¦ ¦ This works also for more dimensions in (a;, y, t) d2uv d2uv _ \_ d2uv _ s(x,y) d2uv-i dx2 dy2 c2 dt2 ~ c2 dt2 ' [ ' For time-dependent perturbations one can use u(x,t) = 2^ <*„(*) sin—. D.6.16) What happens if we have a degenerate eigenvalue problem like in section 3.4? We shall see that the perturbation abolishes the degeneration. We investigate a square membrane of length a with the unperturbed solution 77%7TX 77/7T1] umn(x,y,t) = Amnsin sin cos (u>mnt - (pmn). D.6.17) To solve the perturbed membrane equation D.6.15) we set up r . mnx . nny . nnx . miry n u(x,y,t) = asm sm \- psm sm \- g(x,y)\ 1 a a a a 1 ¦ cos(ut-ip). D.6.18) Here u! = u)mn(l + n), u>mn = —\/m2+n2 D.6.19) a ) 2003 by CRC Press LLC

is the perturbed eigenvalue. Insertion and neglection of higher orders yield / rrnrx mry . rrnrx mry \ ,, , • (asin sin—-+f3 sin sin—-). D.6.20) \ a a a a J To solve this equation we set up oo oo //TT'7* 7/7T7/ / \ » ^ » ^ JLt/l tU I* /t (j , , g(x,y) = > > ttuj, sm sm . D.6.21) Multiplying D.6.20) by tjittx mry mrx miry sm sm or sm sm a a a a and integration result in (emn + 2j])a + (mnf3 = 0, (mna + (emn + 2r?) 13 = 0. D.6.22) Here the abbreviations smn = -V / Is(x>y)sin^ ——- sin2 —^-dxdy, a J J a a o o a a 'iff, rrnrx nirx miry niry Qmn = -^ I ls(x,y) sm sm sm sm dxdy a1 j j a a a a o o had been used. D.6.22) is a homogeneous system of two linear equations for the unknown partial amplitudes a and C. To solve this system, the deter- determinant of the coefficients must vanish. We thus obtain for the eigenvalue perturbation D.6.23) This result is interesting; we have two solutions u> = u>mn + Viy w = ^mn + V2 > the degeneration (one eigenvalue belonging to two eigenfunctions) is sus- suspended by the perturbation. The procedure that we just discussed may be formalized. Let C{u] +eS{u] = A7V{«} D.6.24) be a linear self-adjoint differential operator equation subjected to an homoge- homogeneous boundary condition 7Z{u} = 0. Then --- D.6.25) ) 2003 by CRC Press LLC

is useful. Following the procedure described above and using the orthogonality of the eigenfunctions b [<Pok [AifcTVj^ofc} - S{<pok}] dx = 0, D.6.26) a the first perturbation of the eigenvalue is given by b D.6.27) so that the perturbed eigenvalue is given by Afc = Aofc + sXlk D.6.28) and the eigenfunctions of first order are determined by Tl{iplk} = 0. D.6.29) In section 4.5 we treated a pillar under load P and deformed by its own weight pqg. The problem described by D.5.54) had been solved for two cases: 1. no load P. Equation D.5.58) had been solved and the critical length D.5.63) had been derived, 2. no weight, but with a load P, see D.5.64) and problem 6 of section 4.5. Now we shall handle the full problem D.5.54) with the boundary conditions D.5.55) and D.5.57). We rewrite D.5.54) in the form u"" +s[(l- x)u" - xu'} + Xu" = 0, D.6.30) where e = pgq/EI, A = P/EI D.6.31) denote the perturbation parameter and the eigenvalue respectively. First we solve the unperturbed equation u"" = -\u" D.6.32) with the four homogeneous boundary conditions D.5.55) and D.5.56). We obtain /4n7r uo(x) = 1-cosa/—=-x D.6.33) ) 2003 by CRC Press LLC

and AOn = 4n?r2//2, n = l,2.... D.6.34) Finally, D.6.27) yields An = 1/2, \n « 4nn2/l2 + el/2 D.6.35) and P=jrEI-ef D.6.36) for Euler's critical load. The buckling length is now given by D.6.37) V pyi y /Jyq compare D.5.63). Perturbation theory has also been applied to investigate small alterations of the boundary (Feenberg method) or of the boundary conditions [1.2]. Problems of this kind are handled today by numerical methods. In the examples treated here, we assumed that the limit e —? 0 does not considerably modify the differential equation. This is not the case for singular perturbation problems. Consider -s2u" + c(x,u) = 0, w@) = 0, w(l) = 0, D.6.38) eAAip(x,y)-ipx(x,y) =siny. D.6.39) This equation describes a viscous plane flow [3.9]. Problems of this type be- become even more complicated, if the boundary curve does not coincide with curves of a coordinate system in which the pertinent partial differential equa- equation is separable. Thus, the boundary conditions may read tp = 0, dtp/dx = 0 D.6.40) for a boundary described by y = ax, 0 < x < x\ and also for a boundary y = bx + c, Xo < x < x\. Furthermore tp = 0, d2tp/dy2 =0 for y = 0. D.6.41) The unperturbed solution of D.6.38) is now given by ipo(%,y) = -xsiny + f(y)s'my. D.6.42) The basic idea is now the assumption of an inner and outer solution. The outer solution is assumed to be responsible for locations far outside of the closed triangular inner domain determined by D.6.40) and D.6.41). The inner solution has to describe the behavior within the closed domain. To satisfy the assumption that the outer solution decreases with increasing distance ) 2003 by CRC Press LLC

normal to the three boundaries, it is of advantage to introduce coordinates ?, r] orthogonal to the boundaries. As an example, we consider the line y = ax. Then this line should be vertical to the ? axis and its normal is defined by Z = sn(y-ax), n = y, <pi = MZ,v)- D.6.43) ? must vanish at the boundary y = ax. Then the pertinent boundary condition reads )=O, ^M)+?.^M)=0. D.6.44) Then D.6.39) reads A + a2J?4n+ViK« - ?>u = 0- D.6.45) For the contributions of the two leading terms to be of the same order of magnitude in e, one must have 4n + 1 = n, n = —1/3 and D.6.45) becomes y>u=0. D.6.46) This may be solved by an expansion with respect to powers e1/3 V! = G1 fa) exp [7?e2™/3] + G2 fa) exp [7?e4™/3] D.6.47) with 7 = A + a2)/2. If the other two boundaries are treated analogously the solution to D.6.39) reads [3.9] ip(x,y) = - [x + f(y)]smy + G1(y)ex.p + G2 (y) exp [7e4™/3?] + G3 (y) exp [7|] , D.6.48) ? = en{x + Xo — ay). D.6.49) Now Gi,G2,G3 have to be chosen to satisfy all boundary conditions for ip(x,y). Other authors prefer to solve singular perturbation problems using spline methods [4.12]. The Lie series method mentioned in B.5.44) and B.7.68) represents another perturbation method. In the NASA report [2.3] all details are given on the solution of the three body problem Sun, Jupiter and 8th Moon of Jupiter. It could be demonstrated that perturbation methods based on B.7.68) converge very rapidly [4.13], [2.11]. The perturbation method applied on the Jupiter Moon has been tested by the program LIESE [2.4] and the results obtained had been compared by Kovalevsky, Paris, to the results obtained by the Cowell method. Computations with an IBM650 gave deviations in the coordinates and velocities, obtained with a calculating step At = 5 d for 100 days forward and backward, less than 50-100 L (L = ) 2003 by CRC Press LLC

astronomical unit 1495.04201-1010 cm). With the Lie method calculations for again 100 days forward and backward with a step At = 1 d, the local deviation has been 15-100 L in Aachen, Germany, on a SIE2002 computer and has later been improved at the University of Wisconsin. Problems 1. We know that the solutions of the membrane equation are described in an unambiguous way by two homogeneous boundary conditions. Now the question may arise if perturbation theory admits a third boundary condition. Let us investigate if this is possible. We assume a square membrane of lateral length a and situated in such a manner that the point of intersection of the two diagonals coincide with the origin of the cartesian coordinate system. Let us now assume the following three boundary conditions: u(±|,l/)=0, u(s,±|)=0, u@,0) = 0. D.6.50) The last condition has the meaning that the center of the membrane is fixed. We express this by a modification of the membrane equation Am + k2u(l - X5(xM(y)) = 0. D.6.51) u(x,y) = uo(x,y) + \u!(x,y) + \2u2(x,y) + ..., k2 = Eo + \Ex + X2E2 + ..., 2 irx iry u0 = - cos — cos —, a a a i \ 2 2n + 1 2m+ 1 ,.„_ Unm(X,y) = - COS TTX COS 7TJ/. D.6.52) a a a Solution: —, Emn=Enm=Bn + 1)\2 I Bm+l\2-2 a2 ' mn nm \ a J \ a ^—r L L L ^—r 1 ^—r a2 n2 + m2 + n + m a2 ^—* n2 + n ^—* m2 +m n m \ | n2 + n 4 \ az 2 ) 2003 by CRC Press LLC

Discuss the fact that u\ diverges since 1 n 2' m2+m 2' nz + n 2. The Schroedinger equation for an electron me in a potential U A<p + ^^ (E -U)i/> = 0 D.6.54) describes the complex scalar field ip(x,y,z), which gives the probability ipip*dT to localize an electron at the point x,y,z within dr with the total energy E. h is Planck's constant 6.626-10~34 Js. For an electron in an hydrogen atom, the attractive potential between the electron and the hydrogen nucleus is given by U = +e2/r. Using the Frobenius method for the r-dependence and the knowledge of spherical functions one may derive the spherical solution 53 D.6.55) where 8n2meE 1 r0 8n2mee2 2r ~n^ = -^ y^^ = jB' v0=p D6-56) and the L are Laguerre polynomials B.3.24). The eigenvalues are given by (Balmer formula) Due to n-l ^B/ + l)=n2 D.6.58) 1=0 the hydrogen problem is (n2 — l)fold degenerated. Show that an hydro- hydrogen atom placed into an homogeneous constant magnetic field H gains energy E —>• E — ehHm/4nme and that the eigenvalue will be perturbed AE = ±- • m = —asHm, —l<m<l 4 and the degeneration is partially suspended, jjlb is Bohr's magneton, m now the magnetic quantum number. 3. In a crystal lattice the potential acting on an electron may be periodic: U = Uo + U\, U\ = —Acos2-rrx/d, where d is the unit cell dimension ) 2003 by CRC Press LLC

(lattice parameter). Show that the setup ip(x) = exp2iri(by + cz) yields Ex = E-Uo- h2(b2 + c2)/2me, ? = nx/d, x\ = 8d2meE1/h2, 7 = 8d2meA/h2 and finally a Mathieu equation d2u -rp + (v + 1 cos 2?)m = 0 D.6.59) is obtained. Due to its stability regions interesting physical consequences appear. (a) 77 < —7 or Ei < —A: no electron energy values exist that are smaller than the potential energy minimum, (b) if —7 < r] < +7 or —A < Ei < +A: electrons are bound in potential wells and oscillate, (c) if rj > 7 or Ei > A: electrons move freely (d) if Ei < A, a band spectrum (Brillouin zones) exists that broad- broadens with increasing 77 [4.14]. 4. Solve y" + (l + x2)y + l=0, j/(±l) = 0 D.6.60) using a power series [1.7] 00 y(x) = Y,avx2v. D.6.61) i/=0 Equation D.6.60) describes the bending of a clamped strut with a dis- distributed transverse load P. In D.6.61) only even powers are included due to the symmetry of the differential equation. Insertion of D.6.61) into D.6.60) results in 00 2f + 2)Bi/ + lK+i +av + av-i] x2v + a0 + 2oi +1 = 0, D.6.62) so that 1 + a0 + 2oi = 0, D.6.63) +l)av+i = 0, i/= 1,2,3,... D.6.64) while the boundary condition demands av = 0 D.6.65) i/=0 and yields an equation for a0. Here p may be 1,2,... 7 (or more). Ex- Expressing all coefficients by a0, then D.6.63) and D.6.64) yield ) 2003 by CRC Press LLC

p ap 2^ av a0 v=0 1 -(l + ao)/2 (ao-l)/2 1 2 (l-ao)/24 ll(ao-l)/24 1 3 A1 + 13ao)/720 C43a0 - 319)/720 319/343 5. Solve the hyperbolic equation uxx — utt = 0, u(x, 0) = cos a;, ut(x, 0) = 0, w(±?r/2,i) = sini by a double power series oo u(x,t)= ^ amnxmtn. D.6.66) m,n=0 Solution: _(m + 2)(m + l)^ (/iBBrr. The initial condition ut(a;,0) = 0 yields oTOi = aO2n+i = 0. Finally, the condition it (a;, 0) = cos a; determines _ / 0 odd A;, ak0 ~ aok ~ \ HOB<z)! evenfc = 25- 6. Solve u"(ic) - a2u(x) = (i[A{x)u{x) +B(x)v(x)], v"(x) - (a2 + ^ J v(x) = I3[B{x)u{x) + C(x)v(x)], where a,/3 are known constants and A(x),B(x),C(x) are known func- functions. These equations describe the deuteron for a regular proton- neutron potential [5.22] and are subjected to the boundary conditions w@) = 0, v@) = 0, Hindoo u(x) = lim^^oo v(x) = 0, f(u2(x) + v2{x)) Ax = 1. D.6.68) J o Solve the problem using the iteration u"+1 - a2uv+i = C (Auv + Bvv), v"+1 - [a2 + —) vv+i = C (Buv + Cvv). T \ xz) This results in / c \ u" - a2u = fix), v" - ( a2 + — | v = g(x). \ X / ©2003 by CRC Press LLC

Integration yields X u(x) = csinha; + - s'mha(x - ?)/(?)d?, D.6.69) aj where c follows from it(oo) = 0. Furthermore, v = c\ exp[aa;]pi(a;) + c<i exp[— X -^ J I exp[a(a; - ?)]pi (x)p2 (?) -exp[-a(x - 0}Pi@P2(x)}g@^- D.6.70) ci,c2 are determined by D.6.68) and for pi,p2 one obtains , 3a2 3a . , , 3a2 3a p1(x)=ai() s X Xz X Xz The integrals contained in D.6.69) and D.6.70) are quite laborious. It is advantageous to expand f(x) and g (x) according to a system of or- thonormal functions oo oo J \ ) / y nyln\ J•> y\ ) / y nyln\ )• n=0 n=0 o r. f 0 for n ^ m, o = < 00 [ 1 tor n = m \ty'3n\X )'P3rYi\X )\1X — Onm and oo oo Cn = f(x)ipin(x)dx, dn = g(x)ipln(x)dx; n = 0,1,2.... o o Using Laguerre polynomials with a —>• 2a, k = 0 and using the Rod- griguez formula B.3.24) one obtains v 2a d™ ipin(x) = —T-exp[ax]— (exp[-2aa;]a;n) = it. \XX 2ay2a expfax] dn , +2, ip3n(x) = , = —^—- -— (exp\-2ax]xn+z) ; nV(n+l)(n + 2) x dxn v PL J ' n = 0,1,2,..., uo(x) = vo(x) = -j=i)W(x). V2 Using the ip functions one can solve the differential equations iteratively or using collocation methods. ) 2003 by CRC Press LLC

4.7 Variational calculus Variational methods allow the development of new procedures to solve various mathematical problems. In section 1.4, equation A.4.6), we briefly discussed the fundamental problem of the calculus of variation and we used the Euler equation A.4.7). Now it is time to derive these equations. According to A.4.6) for a given functional F(x, y,y'(x),y"(x)... yn(xj), where y(x) is unknown, the integral J = jF(x,y,y',y"...)dx D.7.1) Xl should be made an extremum, so that y(x) may be determined. The existence of an extremum of J is guaranteed by the Weierstrass theorem. This states that each continuous function possesses an extremum within a closed interval. Let us consider a simple example [4.15]. The Fermat principle of geo- geometrical optics states that light propagating within an inhomogeneous (or homogeneous) medium of refractive index n takes that path that is the short- shortest in time. Formulated as a variational problem the principle reads J -»¦ extremum J = [dt = f dS = co [n(x, y, z)ds. D.7.2) J J c(x,y,z) J To solve problems of this type we "variate" J: XI SJ = s[f(x, y,y'... y(n))Ax = 0. D.7.3) J Xl Assuming that such a function y(x) exists, we write y(x) + e6y(x), Sy^) = 6y(x2) = 0. D.7.4) It is apparent that the limit e -»¦ 0 induces the functional. Therefore J = F (x, y + sSy, y' + sSy',... j/™) + sSy^j dx D.7.5) Xl and (^) = 0- D.7.6) ©2003 by CRC Press LLC

Due to the smallness of s, we expand the functional F into a Taylor series jX. D.7.7) Performing (dJ/d?)?=o and integrating we obtain ldF X <A \dFXY2 7x d 9FA ,A-7O\ /— Sy'dx = — Sy\ - 5y— —-Ax. D.7.8) J dy' " [dy' "\Xi J " dx dy' Xl Xl Due to 6y(xi) =0, 6y(x2) =0, the [ ] term vanishes 7 8F d 8F d2 8F , wd" afl, ttn . dy--Tx^+^w+---+(-1) ^dy^r=°- D7-9) This integral vanishes then and only if the expression in braces vanishes. This gives the Euler equation A.4.7). For one function y(x) it reads These functional are closely connected to important differential equations of physics and engineering. The functional F(u, ux, uy) = ^ (w2 + u\ - k2u2) D.7.11) yields the Helmholtz equation uxx + uyy + k2u = 0. It can be shown [3.13], [4.16] that every ordinary differential equation of second order y" = F(x, y, y') has an assigned functional reproducing the differential equation. The so-called direct methods offer a direct solution of the variational problem D.7.1) without any reference to the pertinent differential equation. Thus the direct methods offer methods to solve boundary value problems even in such cases, that an analytic solution of the differential equation is not possible. The ritz method is one of the simplest direct methods. It uses the successive setup n un(x,y) = uo(x,y) + ~S^ cnvuv(x, y). D.7.12) ) 2003 by CRC Press LLC

Now one may interpret J as a functional of the new variables cnv and using dJ/dcnv = 0 yields the Ritz equations for the determination of the cnv. In the Ritz method the functional F must be known. According to Galerkin this is not necessary. One may use dJ b d dF du dF dux dF duv . , , ir«— +«— tH^ + «— jt^ dydx OU OCnv OUX OCnv OUy OC a c b d y ^^w = \-^-un + -—wna; + ^—uny)dydx. D.7.13) JJ\OU OUX OUy V a c Partial integration yields d b d D.7.14) dJ _ dF dcnv dux dF OUy ft1 idF d dF d dF J J [ du dx dux dy duy c a c since the un(x,y) have to satisfy the rectangular boundary conditions un = 0 for x = a,b, y = c,d. The brackets within the integral D.7.14) vanish and are identical with the partial differential equation ?{u} = 0. Thus we have the Galerkin equations b d II' jC{u}un(x, y)dydx = 0. D.7.15) The coefficients cnv have to be determined in such a manner, that the differ- differential equation C{u] is orthogonal to the trial functions un. To solve Am = 0 for an ellipse with the semi-axes a and b with the inhomogeneous boundary condition uq = x2 + y2 one may use the Ritz trial functions D.7.16) un(x,y) = x +y + ^ + tt- \a2 b2 j ¦ (cno + cnlx + cn2y + cn3x2 The first approximation yields 9a; ) 2003 by CRC Press LLC

Then J =jj Ux2 (l + ^2 + 4y2(l + ^21 dxdy. D.7.18) Executing the integrations dxdy = nab, x2dxdy = ^—-, y2dxdy = °—^- D.7.19) and applying D.7.14) one obtains 2a2 b2 10 a2 + b2 ' Ul{x,y)=x2+y2-^-(^ + y--l\. D.7.20) In section 1.2, Table 1.1 we saw that the Dirichlet problem for an elliptic equation like Am = 0 is solvable for one closed boundary. No analytic solution seems to exist for two closed boundaries. But direct methods of variational calculus are able to solve a boundary problem of a two-fold connected domain [4.17]. The domain is given by a square of length a = 4 with a cut-off circle of radius R = 1, see Figure 4.14. Assuming the boundary values u(x,y) = x2+y2 D.7.21) on the boundaries as well as of the square and the circle, the appropriate trial functions will be n un(x,y) =x2+y2+ (x2 + y2 - l) (x2 - 4) (y2 - 4f?,cvuv{x, y). D.7.22) i/=0 The boundary conditions D.7.21) are satisfied by these trial functions for the square boundaries x = ±2, y = ±2 and the circle boundary x2 + y2 = 1. Taking into account the symmetries of the problem, one may write , y) = c0 + ci(x + y) + c2 (x2 + y2) i/=0 + c3xy + a (a;3 + y3) + c5 (x2y + xy2) . D.7.23) Using the symmetry of the outer boundary and the integrals = 11xndxdy = < ( 2n+2 (n - 1)!! 7T , 7 — 7 ^ttt 7T for n even, n +1 (n + 2)!! 2 D.7.24) U + l (n + 2)!! one obtains the numerical values presented in Table 4.1. ) 2003 by CRC Press LLC tor n odd

Table 4.1. Results from D.7.23) approximation NrO Nr 1 Nr 2 Nr3 Co Cl c4 c5 J 0.062 5 0.102 7 -0.016 6 - - - - L40.7540 0.1812 -0.0710 -0.000 5 0.0442 - - 139.6440 0.0969 0.0521 -0.0673 -0.0474 0.0131 0.0186 139.6170 Using the values of the last column the solution may be written f[x_,y_]=x~2+y~2+(x~2+y~2-l)*(x~2-4)*(y~2-4)* @.0969+0.0521*(x+y)-0.0673*(x~2+y~2)-0.0474* x*y+0 . 0131* (x~3+y~3) +0 . 0186* (x~2*y+x*y~2) ) D.7.25) Pl=Plot3D[f[x,y],{x,-2,2},{y,-2,2}, Shading->False,ClipFill->None, PlotRange-> {0.,8.},PlotPoints->100] Function D.7.25) has been plotted in Figure 4.14 together with the two boundaries. In problem 1 of this section we will discuss the methods to create Figure 4.14. Due to the quite rough approximation an additional small domain has been cut out. Figure 4.14 Two boundaries for the Laplace equation The Ritz method is apparently capable to find a good approximation to the eigenfunctions. The Rayleigh method is better suited to find eigenvalue approximations [1.2], [3.14], [1.7]. We consider an equation and its functional da; dx ~ i(x)u(x) + \p(x)u(x) = 0, J = /[pw'2 + qu2 — Xpu2] dx. D.7.26) ) 2003 by CRC Press LLC

Then the smallest eigenvalue A is given by the Rayleigh coefficient b b A = f(pu'2 + qu2) dx/ fpu2dx. D.7.27) a a Let us try an example. According to B.4.45) a circular membrane of radius R has the lowest eigenvalue VJ. = 2.404 825/i?. Now for the Helmholtz equation in polar coordinates one may choose the trial function u = l- r/R. D.7.28) Inserting u(r) into 2tt R 2-k R I fut2(r)rdrdif, f L2(r)rdrd<p D.7.29) J J J J 0 0 0 0 one gets D.7.30) A third procedure is the Trefftz method. Instead of domain integrals like D.7.29), only boundary integrals have to be calculated. This method is similar to the boundary element method [4.18]. Another procedure is the least squares method looking for a minimum of (/(«o — uJdx)x^2, where u$ — u is the difference between the solution of the differential equation and the trial function [1.7]. Here the boundary maximum principle [1.7] helps. For elliptic partial differential equations it states that the difference u0 — u is equal or smaller than the difference between the approximate solution and the given boundary values. Let us consider an example for the Trefftz method: Au(x,y) = b, u(l,y) = u(x,l) = 0. D.7.31) First the PoiSSON equation will be homogenized: u(x, y) = b(x2 +1/2)/4 + v(x, y), Av = 0, v = -b(x2 + t/2)/4 for x = ±l,y = ±1. D.7.32) Now we define the trial function for a square v = (a;4 - 6x2y2 + t/4)a. D.7.33) Use of the second Green theorem (vWu - uWv)df = (vAu - uAv)dr D.7.34) ) 2003 by CRC Press LLC

and of Am = 0, At; = 0 leads to the boundary integral over the square v—Sv - -^-Sv) dx = 0 D.7.35) dx dx J or 1 ±b A + y2) D - 12y2) 5a + aD- 12y2) (l - 6y2 + y4) 5a\ dy = 0, o so that a = 7&/144 results. Variational methods may solve integral equations too. In wave mechanics the connection between a potential V between the particles and the scattering cross section is important. From scattering experiments one may calculate the potential [4.19]. Let us consider the integral equation oo y(r) = yo(r) + eJK{r, r>(r')dr'. D.7.36) o Here ? is a physical constant, the kernel K(r,r') may be symmetric and ex- expressible by a scattering potential V and a Green function. Now two integrals will be defined: oo oooo h =Jy2(r)dr - sJJy(r)K(r, r')y(r')drdr', D.7.37) 0 0 0 oo h =Jy(r)yo(r)dr. D.7.38) o If y(r) solves D.7.36), then Ji = J2. This can be shown by multiplying D.7.36) by y(r) and integration. Now let us variate y(r) —? y(r) + Sy(r), then oo oooo 5h = hy{rMy{r)dr - sf fsy(r)K(r, r')y(r')drdr', D.7.39) o o oo o y2 = 8I2 = fdy(r)yo(r)dr, D.7.40) since Sy2 = 2y5y. (The variation symbol S is subjected to the same rules as the differential). If y(r) is a solution of the integral equation, then 5Ii = 28I2 or 8{I\ — 2/2) = 0 or according to the Schwinger variational principle: Such variational methods are able to solve nonseparable partial differential equations. ) 2003 by CRC Press LLC

Problems 1. The reader is invited to produce the right-hand side of Figure 4.14 by typing Pl=Plot3D[f[x,y],{x,-2,2}, {y,-2,2},Shading->False,ClipFill->None, PlotRange-> {0., 8 . },PlotPoints->100] D.7.42) ClipFill->None avoids the closing of holes. The circle in this figure may be created by Clear[CG]; CG = Graphics[Circle[{0., 0.}, 1.], AspectRatio -> Automatic]; Show[CG] where AspectRatio -> Automatic avoids perspective deformation. The square will be created by Clear[Q]; {-2.,-2.}}] Then the combination of circle and square can be done by the command QG=Graphics[Q] ; QQG=Show[QG,CG,AspectRatio->Automatic] Finally the command Show[GraphicsArray[{QQG, PI}]] produces Figure 4.14. 2. Consider the transversal oscillations of a heavy rod with no load P described by D.5.54) in the form c2uxxxx — u>2u + g(l — x)uxx — gux = 0. D.7.43) Calculate J\ = u [c2uxxxx + g(l — x)uxx — gux] dxdy J2 = —u>2udxdy. Combining Rayleigh with Galerkin write i / i \ u [c2uxxxx +g(l- x)uxx - gux] dx / - u2dx . 0 \ 0 / D.7.44) ) 2003 by CRC Press LLC

Assume the trial function, u(x) = a(l3x-2lx3 + x4), D.7.45) which satisfies w@) = 0, u(l) = 0, u"@) = 0, u"(l) = 0. Calculate pq or . 9.877 [El A=—p:—\ — for o = 0. I2 Y PQ 3. Solve the membrane vibrations c2(uxx + uyy) + to2u(x,y) = 0 for u(—l,y) = 0, u(l,y) = 0, u(x, —1) = 0, u(x,l) = 0, using the trial func- function a(l2 - x2)(l2 - y2) (Ritz: lo « 2.236c//). 4. Solve AAm + k2u = 0, «(-/, y) = 0, u(l, y) = 0, u(x, -I) = 0, u(x, I) = 0, Au(-l,y) = 0, Au(l,y) = 0, Au(a;, -/) = 0, Aw(a;,/) = 0 (Navier solutions) using (I2 - x2)(l2 - y2) (Ritz: u> w 5.244c//2). 5. Solve Aw(a;,y)=0 for - 1 < x < +1, -1 < y < +1 D.7.46) with u = 1 + y2 for x = ±1, m = a;2 + 1 for y = ±1. D.7.47) The solutions cos ax cosh ay of the Laplace equation cannot be used as trial functions, since coshBn + l)y/2 increases with increasing n. Use symmetric harmonic polynomials. V! = Re(x + iyf = x4 - 6a;2y2 + y4, D.7.48) v2 = Re(x + iy)8 = x8 - 28a;6y2 + 70a;4y4 - 28a;2y6 + y8 D.7.49) and the trial function v = a0 + ai"Ui +a2v2- D.7.50) Using the boundary maximum principle one may demand | (a;2 + 1) - (a0 + en (a;4 - 6a;2 + l)) | ->¦ Min D.7.51) as first appproximation. If the error may be 0.025 and assuming the two collocation points @,1) and A,1) one has from D.7.51) a; = 0: 1 - (a0 + on) = 0.025, x = 1 : 2 — (ao + ai — 6ai + ai) = 0.025, ) 2003 by CRC Press LLC

so that a0 = 1.175, ct\ = —0.2. Show that the next approximation de- demanding an error < 0.005 results in a0 = 1.174465, ct\ = —0.184 738, a2 =0.00508744. Plot u = x2 + y2 and the trial function D.7.50). 6. In problem 5 the differential equation E.4.1) had been solved exactly and the boundary conditions had been satisfied by the trial function {outer collocation). Now try interior collocation . Satisfy the boundary conditions exactly and the trial function should approximately satisfy the differential equation. Use u = x2 + y2 + A - x2)(l - y2) = 1 + x2y2, V = u + {1_3?){1_ j,2) y anmx2ny2m. Choose the collocation points @,0), @,1), A,0), A,1) and At; = 0. Result: aoo = aio = oqi = 0.142 857, an = 0. 4.8 Collocation methods If a partial differential equation is separable or reducible into ordinary differ- differential equations as discussed in chapter 3 and if the boundaries coincide with coordinate lines of a coordinate system in which the partial differential equa- equation is separable, then the solution of a boundary problem is easy. There occur however many problems that are not well posed or unseparable. In principle, however, the general solution of a partial differential equation must contain the solution of any boundary problem. Not only theoretical considerations but also the success of numerical methods like finite differences, finite elements or boundary elements lead to this conclusion. However, very often the prob- problem is how to find the solution. In some cases, if for instance the boundary has sharp corners or large curvature, the grid of discrete points, the meshes, must be very fine and very large matrices appear in the respective code giving numerical problems and causing long and time-wasting programming efforts. There are problems for instance in plasma physics, where the numerical three- dimensional solution of a plasma confinement exists, but mathematicians deny the possibility of solving the pertinent equations. Having in mind the theorem that an analytic solution of an elliptic equation exists only for one closed boundary, let us find a classification scheme of such boundary value problems: 1. The partial differential equation is separable: ) 2003 by CRC Press LLC

1.1 one smooth boundary: the problem is well posed and the solution is analytic; degeneration of eigenfunctions is admitted and definition of nodal lines as boundary is possible, see D.4.6), 1.2 two smooth boundaries like in an annular circular membrane: the solution is no longer analytic and contains singularities, 1.3 two smooth closed boundaries belonging to two different separa- separable coordinate systems ("nonuniform problems"), holes within the domain like in D.7.21), see Figure 4.14, 1.4 three boundary conditions for an elliptic equation of second or- order delivering a divergent approximate solution as in problem 1 of section 4.6, 1.5 no smooth Jordan curves as boundaries, but corners etc., see Fig- Figures 4.2 and 4.3, 1.6 a special situation is given, if the partial differential equation is separable, but the boundary conditions cannot be satisfied in the actual coordinate system, see section 5.1 2. The partial differential equation is NOT separable: 2.1 well posed, no holes, no corners, only one boundary 2.2 two or more boundaries, corners. In cases 1.2 to 1.5 and for 2., approximate or variational methods might help, but very often only numerical methods can solve the problem: a. finite differences [11], [1.7], [3.36], [4.20] to [4.24] b. finite element methods (FEM) [4.25] to [4.27], [4.29], [4.30] (appropriate for the whole domain) c. boundary element methods (BEM) [4.18], [4.27], [4.28] (applicable only if the domain is homogeneous, no density distribution or locally varying coefficients in the differential equation d. collocation methods [1.7], [4.31], [4.32], [4.42] as used in section 1.3 and in problem 5 of section 4.7 e. Lie series methods [4.13], [4.20] f. variational methods, see D.7.22). Up to now we mainly considered analytical solutions. Let us now investi- investigate the influence of a singularity in the solution. We first discuss a simple homogeneous problem of the Laplace equation for a rectangle a x b AU(x,y) = 0, D.8.1) U(±a, y) = 0, -b<y< +b, D.8.2) ) 2003 by CRC Press LLC

U(x, ±b) = f(x) = cos(nx/a), -a < x < +a, D.8.3) where we set later a = 2, b = 1, see Figure 4.15. The solution to D.8.1) to D.8.3) is given by U(x, y) = 2_^An cos ^ ^— cosh ^ ^J , D.8.4) ra=0 where L a cosh ^ -a la The solution D.8.4) is shown in Figure 4.15. Figure 4.15 Inhomogeneous boundary problem D.8.4) The following Mathematica command realized the calculations D.8.5) and generated Figure 4.15. A[n_]=Integrate[Cos[Pi*x/2.]*Cos[B*n+l)*Pi*x/4.], {x,-2.,2.}]/B*Cosh[B*n+l)*Pi/4.]); Clear[U];U[x_,y_]=Sum[A[n]*Cos[B*n+l)*Pi*x/4.] *Cosh[B*n+l)*Pi*y/4.],{n,50}]; A[17] 3.836 24 xlO4 Plot3D[U[x,y], {x, -2.,2.},{y,-1.,1.}, PlotRange->{-l.,1.0},PlotPoints->40] ©2003 by CRCRessLLC

The transition to a homogeneous boundary problem f(x) -»¦ 0 results im- immediately in the trivial solution U(x,y) = 0, since all An -»• 0. This confirms the theorem that the Laplace equation has only the trivial (analytic) solu- solution for homogeneous boundary conditions. Could a singularity modify the situation? It is known that the logarithm of a square root is a singular par- particular solution of D.8.1), see problem 1 in this section. We add such a term to D.8.4) so that ^ Bn + l)nx Bn + l)ny U{x,y) = } Ancos cosh ¦*—' 2a 2a ra=0 Bn- 2b Then the homogeneous boundary conditions yield [4.33] + a . 2n + 1)tt6 J n V a2 An = 7-— s I In \ cos Ax, Bn + l)irb J V a2 +b2 2a a cosh ——— _a 2a 1 Bn + lOra J V a2 + b2 2& & cosh —-J— 2b The logarithmic term satisfies the homogeneous boundary conditions in the corners. For n = 0,... 3 the boundary conditions are satisfied with an accu- accuracy 10~4. The same result may be obtained by a collocation method. Eight collocation points (x^ b), 0 < Xi < a, (a, t/j), 0 < t/; < b, i = 1... 4 produce eight linear equations for the An (and Bn) 3 I—o 2^ An cos cosh = In y -i-z— D.8.8) «=o which avoids the numerical integrations D.1.7). Figure 4.16 shows the solution D.8.6). ) 2003 by CRC Press LLC

-2 Figure 4.16 Homogeneous boundary problem of the Laplace equation Having seen the good results obtained by the collocation method it might be appropriate to discuss this method in detail. Where should the collocation points be chosen? Fejer answers: for a circle they should be determined by the unit roots in the complex plane and for other boundaries the conformal mapping may help [4.34] to [4.36]. The question of the convergence of collo- collocation methods has been discussed by Grisvard [4.37] (guarantees the con- convergence of the solution between collocation points toward the real solution) and Eisenstat [4.38]. Collocation methods [4.39], [4.40] use mainly exact solutions (like harmonic polynomials etc.) of the pertinent partial differential equations like the Laplace or Helmholtz equations. Collocation methods may also be used to define nodal lines as new bound- boundaries. It is easy to verify that U(x,y) =Acoskx + B cos U/k2 - f32 x\ cos fiy D.8.9) is a solution of the two-dimensional Helmholtz equation Uxx+Uyy+k2U = 0, compare A.1.55). Now the geometrical locus of all points (xj,j/j) at which U(xi, yi) = U(xi, yi(xi)) = 0 represents a nodal line. From D.8.9) one obtains a nodal line y(x) = — arccos —A cos kx D.8.10) Playing with the three parameters A/B, k, (i may generate various boundaries. On the other hand we can assume a circular boundary y = \/R2 — x2 in ) 2003 by CRC Press LLC

cartesian coordinates and we could try to derive the eigenvalue k of a circular membrane [4.31]. Let us consider a circular membrane of radius R(= lcm). The eigenvalue can be calculated exactly in cylindrical coordinates r, ip. For axial symmetry, or du/dip = 0 one obtains k = 2.405. Can we reproduce this value with the new method? We choose the cartesian solution of uxx + uyy + k2u = 0 which is symmetric in x and y. Writing a FORTRAN program for D.8.10) with two DO-loops (for variables k and 0) we find for R = 1 that P = 2.078 0 and k = 2.4019 and that D.8.10) describes a circle. Now we have to control if D.8.10) describes a continuous function with no singularity and if the accuracy with which it describes the circle x2 + y2 = R2 is satisfying, which was the case. When we solved with two "separation constants" and with the collocation points @,1) A,0) @.7071, 0.7071) we obtained the results ft = 2.222 096 473, ft = 0.919 496181 and k = 2.404825 557415. The exact values k given from the zero of the Bessel function Jo is 2.404825 5570696. We thus also have a method to calculate higher zeroes of Bessel functions: Number of collocation points 2 3 3 4 5 6 7 8 eigenvalue 2.40419 2.404825 5574 5.520078110 3 8.653 72791291 11.791534439 01 14.930917708 49 18.07106396791 21.211636629 88 exact values 2.404825 5576 2.404825 5576 5.5200781103 8.653 7279129 11.7915344391 14.9309177086 18.071063 9679 21.211636 6299 For a greater number of collocation points, the methods to solve a set of transcendental equations fail or give only the trivial solution. We are therefore using another method that avoids the solution of nonlinear or transcendental equations. We now consider a generalization of D.8.9) in the form N ra=l n cos (V*;2 - (i2n a*) cos @ny/l -x2j=0, i = l...P. D.8.11) With the boundary condition on a circle and a solution in cartesian coordi- coordinates we have u(r = R=l) = 0, y= \/\-x2, N u(x,y) = \/l - x2 = ^ Ancos (\/k2 - Pl cos n=l D.8.12) k: eigenvalue, TV: number of partial solutions and the An are the amplitudes of the partial modes. The number P of collocation points Xi,yi,i = 1.. .P ) 2003 by CRC Press LLC

on the circle x\ + y2 = 1. For A\ = 1 and the remaining 27V unknowns A2,... An,j3i — /3n and k by use of a computer code for N = 2, P = 27V = 4, we obtain ft = 2.222 09, ft- = 0.919 49, A2 = 1 and k = 2.404825 5 (exact value up to 6 digits). For fixed P the accuracy remains fixed. Choosing arbitrarily the /3ra,n = 1,2...TV and A\ = 1, only the P = N unknowns An, n = 2... TV and the eigenvalue k remain to be determined. Then D.8.11) constitutes a system of homogeneous linear equations for the An. To find a nontrivial solution, the determinant D(k) D = | An | = | cos (V*;2 - PI x^j cos i = l...P,n = l...P D.8.13) has to vanish. This determines k. Solving now for the An, n = 2... N, A\ = 1 one obtains the solution. The (in had been chosen arbitrarily, /32 < k2. A simple FORTRAN program does the job to solve uxx + uyy + k2u = 0 for a clamped circular membrane. The program COLLOC.f reads for P = 8 collocation points and 8 arbitrary separation constants BETA. The number P should not be very large (< 20). If the number of collocation points is large, inaccuracies, oscillations may appear and the accuracy goes down. C23456PROGRAM COLLOC IMPLICIT NONE INTEGER P,I,J,III,IT,L PARAMETER (IT=80,P=8) INTEGER INDX(P) DOUBLE PRECISION DETN(P,P),DET(P,P),EIGENVALUE, *BETA(P),DELTA DOUBLE PRECISION DEIGENVALUE,D,DETV(IT),X0(P), *Y0(P) OPEN (UNIT=2, FILE="COLLOCRes") C GUESS OF EIGENVALUE C L=l C IF(L.GT.l) GOTO 22 WRITEF,*)'GIVE GUESS OF EIGENVALUE' READ E,*) EIGENVALUE 22 DEIGENVALUE=EIGENVALUE/10 WRITEB,*)'FIRST EIGENVALUE= ',EIGENVALUE DELTA=EIGENVALUE/P BETA(l)=EIGENVALUE-0.0001 DO 44 1=1,P-l BETAA+1)=BETA(I)-DELTA 44 CONTINUE DO 444 1=1,P WRITEB,*)' BETA(',I,')=',BETA(I) ) 2003 by CRC Press LLC

444 CONTINUE CALL DATA (P,XO,YO,L) C WRITEB,*) ' EIGENVALUE = , DETERMINANT = ' DO 999 111=1,IT CALL FILLUP (DETN,EIGENVALUE,BETA,XO,YO,P) CALL LUD(DETN,P,INDX,D) DO 20 J=1,P D=D*DETN(J,J) 20 CONTINUE DETV(III)=D IF(III.EQ.1)GOTO 999 C IS THERE A CHANGE OF SIGN ? IF(DETV(III)*DETV(III-1).LT.O.)THEN DEIGENVALUE=-DEIGENVALUE/2 ENDIF C WRITEB,77) EIGENVALUE,DETV(III) C 77 FORMAT(IX, D19.13,3X,D19.13) EIGENVALUE=EIGENVALUE+DEIGENVALUE 999 CONTINUE WRITEB,*)'LAST EIGENVALUE: ' WRITEF,*)'LAST EIGENVALUE: ' 55 FORMAT(F16.10) CALL FILLUP (DETN,EIGENVALUE,BETA,XO,YO,P) C WRITEB,55) EIGENVALUE-DEIGENVALUE WRITEF,55) EIGENVALUE-DEIGENVALUE C FILL DET WHICH WILL BE MODIFIED IN LUD AND C DETN WILL BE NEEDED DO 1 1=1,P DO 2 J=1,P DET(I,J)=DETN(I,J) 2 CONTINUE 1 CONTINUE CALL LINEQ (DET,DETN) C LOOK FOR NEXT EIGENVALUE C L=L+1 C IF(L.GT.1)THEN C EIGENVALUE=EIGENVALUE+0.1 C IF(L.GT.6)GOTO 100 C GOTO 22 C ENDIF 100 WRITEF,*)'I HAVE FINISHED' WRITEF,*) CHARG) STOP END ) 2003 by CRC Press LLC

SUBROUTINE DATA (P,XO,YO,L) C23456CALCULATION OF COLLOCATION POINTS ON BOUNDARY IMPLICIT NONE INTEGER P,I,L DOUBLE PRECISION DTH,TH,AR,XO(P),YO(P) AR=1. DTH=3.1415926535/P TH=DTH/2 DO 10 1=1,P X0(I)=AR*COS(TH) Y0(I)=AR*SIN(TH) IF(L.EQ.l) WRITEB,*)'X,Y',X0(I),YO(I) TH=TH+DTH/2 10 CONTINUE RETURN END SUBROUTINE FILLUP (DETN,EIGENVALUE,BETA,X0,YO,P) C23456FILLING OF DETERMINANT IMPLICIT NONE INTEGER P,I,N DOUBLE PRECISION TT,EIGENVALUE,DETN(P,P),X0(P), *Y0(P),BETA(P) DO 1 1=1,P DO 2 N=1,P TT=SQRT(EIGENVALUE**2-BETA(N)**2) DETN(I,N)=COS(BETA(N)*Y0(I))*COS(TT*X0(I)) 2 CONTINUE 1 CONTINUE RETURN END SUBROUTINE LUD(A,P,INDX,D) C23456CALCULATES DETERMINANT BY LU DECOMPOSITION IMPLICIT NONE INTEGER NMAX, P,K,IMAX,J,I, INDX PARAMETER (NMAX=100) DOUBLE PRECISION A(P,P),D,AAMAX,SUM,DUM, TINY, *W(NMAX) PARAMETER(TINY=1.0E-40) DIMENSION INDX(P) D=l. DO 12 1=1,P AAMAX=0. DO 11 J=1,P ©2003 by CRC Press LLC

IF (ABS(A(I,J)).GT.AAMAX) AAMAX=ABS(A(I,J)) 11 CONTINUE IF (AAMAX.EQ.O.) PAUSE 'Singular matrix.' W(I)=1./AAMAX 12 CONTINUE DO 19 J=1,P DO 14 1=1,J-l SUM=A(I,J) DO 13 K=1,I-1 SUM=SUM-A(I,K)*A(K,J) 13 CONTINUE A(I,J)=SUM 14 CONTINUE AAMAX=O. DO 16 I=J,P SUM=A(I,J) DO 15 K=1,J-1 SUM=SUM-A(I,K)*A(K,J) 15 CONTINUE A(I,J)=SUM DUM=W (I) * ABS (SUM) IF (DUM.GE.AAMAX) THEN IMAX=I AAMAX=DUM ENDIF 16 CONTINUE IF (J.NE.IMAX)THEN DO 17 K=1,P DUM=A(IMAX,K) A(IMAX,K)=A(J,K) A(J,K)=DUM 17 CONTINUE D=-D W(IMAX)=W(J) ENDIF INDX(J)=IMAX IF(A(J,J).EQ.O.)A(J,J)=TINY IF(J.NE.P)THEN DUM=1./A(J,J) DO 18 I=J+1,P A(I,J)=A(I,J)*DUM 18 CONTINUE ENDIF 19 CONTINUE RETURN ) 2003 by CRC Ress LLC

END SUBROUTINE LINEQ (DET,DETN) C23456SOLVES SYSTEM HOMOG. LINEAR EQUATIONS IMPLICIT NONE INTEGER P,I,J,JF,L,K,NF,IF PARAMETER(P=8) DOUBLE PRECISION AF(P-l,P-l),BF(P-l),A(P), *DETN(P,P),BOUNDARY(P) DOUBLE PRECISION C(P-l,P-l),X(P-l),PQ,DET(P,P) INTEGER INDX(P-l) A(P)=1.000000 C REDUCTION OF SIZE OF HOMOG. LINEAR SYSTEM NF=P-1 DO 501 IF=1,NF BF(IF)=-DET(IF,P) DO 501 JF=1,NF AF(IF,JF)=DET(IF,JF) 501 CONTINUE DO 12 L=1,NF DO 11 K=1,NF C(K,L)=AF(K,L) 11 CONTINUE 12 CONTINUE CALL LUD(C,NF,INDX,PQ) DO 13 L=1,NF X(L)=BF(L) 13 CONTINUE CALL LUB(C,NF,INDX,X) DO 33 1=1,NF 33 CONTINUE WRITEB,*) 'PARTIAL AMPLITUDES ARE: ' WRITEF,*) 'PARTIAL AMPLITUDES ARE: ' WRITEB,'AX,6F12.4)') (A(L), L=1,P) WRITEF,'AX,6F12.4)') (A(L), L=1,P) DO 10 1=1,P BOUNDARY(I)=0. DO 10 J=1,P BOUNDARY(I)=BOUNDARY(I)+DETN(I,J)*A(J) 10 CONTINUE DO 4 1=1,P WRITEB,*)'BOUNDARY(',I,')= ', BOUNDARY(I) WRITEF,*)'BOUNDARY(',I,')= ', BOUNDARY(I) 4 CONTINUE ©2003 by CRCRessLLC

RETURN END SUBROUTINE LUB(A,NF,INDX,B) C23456SOLVES REDUCED LINEAR EQUATIONS IMPLICIT NONE INTEGER NF,I,LL,J,II,INDX(NF) DOUBLE PRECISION A(NF,NF),B(NF),SUM 11 = 0 DO 12 1=1,NF LL=INDX(I) SUM=B(LL) B(LL)=B(I) IF (II.NE.O)THEN DO 11 J=II,I-1 SUM=SUM-A(I,J)*B(J) 11 CONTINUE ELSE IF (SUM.NE.O.) THEN 11 = 1 ENDIF B(I)=SUM 12 CONTINUE DO 14 I=NF,1,-1 SUM=B(I) IF(I.LT.NF)THEN DO 13 J=I+1,NF SUM=SUM-A(I,J)*B(J) 13 CONTINUE ENDIF B(I)=SUM/A(I,I) 14 CONTINUE RETURN END The executable file may be called circmem and the results are written to the file COLLOCRes that reads Output on the screen from program circmem GIVE GUESS OF EIGENVALUE 2.4 LAST EIGENVALUE: 2.4048255577 PARTIAL AMPLITUDES ARE: .1773 .4925 -.6585 1.8660 -2.7769 3.4474 ©2003 by CRCRessLLC

-2.4165 1.0000 BOUNDARY( 1)= -4.440892098500626E-16 BOUNDARY( 2)= .0 BOUNDARY( 3)= .0 BOUNDARY( 4)= 1.387778780781446E-17 BOUNDARY( 5)= -8.326672684688674E-17 BOUNDARY( 6)= .0 BOUNDARY( 7)= 1.110223024625157E-16 BOUNDARY( 8)= 1.271205363195804E-13 I HAVE FINISHED The method presented may be subjected to the following criticism: 1. Is it true that one obtains the correct eigenfrequency in the case of a membrane with a boundary that is not a circle and of which the eigenvalue is unknown? Here one has some control from the Faber theorem, which states [4.1] that from all membranes (plates) of arbitrary form but with the same surface or same circumference the circular membrane (plate) has the lowest eigenvalue. Slightly modifying a circular shape into an elliptic or Cassini curve shape gives a control. The implicit plotting of the homogeneous bound- boundary conditions like D.8.12) also gives confidence in the correctness of the solution, since D.8.12) must deliver the original boundary shape, in our case a circle. On the other hand, Grisvard's theorem guarantees the convergence of the solution between collocation points toward the real solution. 2. Finally, for noncircular boundaries the shapes may be accepted as nodal lines of a larger circular boundary. Then Courant's theorem guarantees an acceptable solution for the lowest eigenvalue. It states [4.41]: For a self- adjoint, second-order differential equation and a homogeneous boundary con- condition along a closed domain, the nodal lines of the n-th eigenvalue divide the domain into no more than n subdomains. The lowest eigenvalue does not divide the domain. 3. One may also criticize that the arbitrary choice of the "separation con- constants" (i could lead to wrong or only very approximate results. If no increasing functions like cosh (appears in the solution of the plate equation, see D.5.84)) are present, collocation methods yield acceptable re- results. To discuss the dependence of the results on the arbitrary choice of the separation constants l3n(l3^ < k2) in D.8.12) it is necessary to make several calculations with varying sets of (in. For this purpose we present a Mathemat- ica program. It is executed in cartesian coordinates and solves the membrane equation uxx + uyy + k2u = 0 for the homogeneous boundary conditions of a clamped circular membrane. The Mathematica program Colmeigv. reads as follows. First n collocation points are chosen on the circular boundary of radius 1. In order that Pi will be used with 6 digits accuracy one may write N[Pi, 6] ) 2003 by CRC Press LLC

(* Colmeigv.: Eigenvalue problem for circular membrane.Calculation in cartesian coordinates. l.step: give n collocation points and separation constants b *) n=4; dth=N[Pi/B*n),6]; Table[x[l]=Cos[l*dth],{1,1,n}]; Table[y[l]=Sin[l*dth],{1,1,n}]; (* Are the collocation points on the circle? *) After control if the chosen n collocation points xi, yi are really situated on the boundary x\ + yf = 1, an arbitrary first guess of the eigenvalue, the step in the eigenvalue is given and the separation constants bi are chosen. ?irsteigenv=2.000000000000; delta=firsteigenv/n; b[1]=firsteigenv-0.0000001; Table [b [1+1] =b [1] -delta, {1, l,n-l} ] ; D.8.14) Table[b[l],{1,1,n}]; In the second step the eigenvalue is calculated from the homogeneous bound- boundary condition (* 2.step: calculate the eigenvalue from homogeneous boundary conditions *) Clear[eigenvalue]; f[eigenvalue_]=Det[Table[Cos[b[mi]*y[ipi]]* Cos [Sqrt [eigenvalue^-b [mi] ~2] *x[ipi] ], (* 3.step: make a plot to find another guess for the first eigenvalue.Try 2 methods for finding roots of the determinant *) Plot[f[eigenvalue],{eigenvalue,0.,3.}] The plot (not shown here) presents the curve /(eigenvalue), which crosses / = 0 at eigenvalue = 2.4. Then FindRoot[f[eigenvalue]==0, {eigenvalue,2.0}] //Timing D.8.15) {0.36 Second, {eigenvalue-)-2.40593}} refines the value and informs the user that this calculations needed 0.36 sec. In order to calculate the unknown partial amplitudes Amp the matrix m is defined and calculated (* 4.step: define the matrix M *) eigenvalue=2.40593; Clear[m];m=Table[j *k,{j,l,n}, {k, l,n}]; Table[m[[ipi,mi]]=Cos[b[mi]*y[ipi]]* Cos[Sqrt[eigenvalue~2-b[mi]~2]*x[ipi]],{ipi,l,n}, ) 2003 by CRC Press LLC

{mi,l,n}];nf=n-l; Det [m] 3.0361 xlO"9. Since the value of the determinant is nearly zero A0~9), the system of linear equations for the amplitudes is homogeneous and one has to rewrite the linear system by reducing the order n of the determinant to n/ = n — 1. The last rhs column of the matrix m becomes the rhs of the linear system for n/ unknowns and arbitrarily the last unknown An is set to 1. (* 5.step: solve the homogeneous linear equations *) bbf=Table[-m[[ifit,n]],{ifit,l,nf}]; rdutn=Table[m[[ifit,klfit]],{ifit,l,nf},{klfit,l,nf}]; B=LinearSolve[rdutn,bbf ] ; D.8.16) An={l.}; A=Table[B[[Ik]],{Ik,l,nf}]; (*6.step: check satisfaction of the homogeneous boundary condition.*) Amp=Join[A, An]; boundary = m . Amp D.8.17) {0., -6.93889 xlO7, 0., -0.000114775}. The output obtained by inserting the unknowns into the system of linear equations demonstrates that the first three unknowns satisfy exactly the linear system, but as is very well known, the chosen unknown An satisfies the system only roughly. In problem 1 of this section we will discuss the new commands in D.8.15) to D.8.17). To check if the numerical solution f(x, y) = ^2 Anipmi cos(bmiy) cos I y eigenv2 — b2mi x j D.8.18) m=l ^ ' satisfies the boundary conditions, a numerical and a graphical check are made: fxy[x_,y_]:=Sum[Amp[[mi]]*Cos[b[mi]*y]* Cos[Sqrt [eigenvalue^-b [mi] ] *x], {mi,l,n}] Do[Print[fxy[x[l],y[l]]],{l,n}] 0. -9.714451465470127 -2.2204460492503136 -0.000114775 plotl=ContourPlot[fxy[x,y],{x,-1.05,1.05},{y,-1.05,1.05}, ContourShading->False,ContourSmoothing->2, PlotPoints->60,Contours->{0},DisplayFunction->Identity]; plot2=ListPlot[Table[{x[i],y[i]},{i,l,n}], Frame->True, AspectRatio->l., PlotStyle->PointSize[l/60],DisplayFunction->Identity]; Show[plotl,plot2,DisplayFunction->$DisplayFunction] ) 2003 by CRC Press LLC

These commands generate f(x,y) = 0 describing the circular boundary and show the location of the collocation points, see Figure 4.17 Other examples of the use of collocation methods will be given in chapter 5. A warning is necessary: when using collocation methods very often a matrix m (and its determinant) have to be calculated. Care is necessary that the matrix be well-conditioned. Arrangements in the matrix should be made such that the Hadamard condition number K should be 0.1 < K < 1 [4.43] - [4.45] and [2]. See also problem 1 of this section and E.2.40). 0.5 -0.5 -0.5 0 0.5 Figure 4.17 Circular membrane in cartesian coordinates K = detM ... ar, where OLi = m?2 m\n D.8.19) D.8.20) More details can be found in problem 1 of this section. Collocation methods should be used with care to avoid disappointments. ) 2003 by CRC Press LLC

Problems 1. The new commands D.8.15) to D.8.17) seem to be self explanatory. The first command m=Table generates the matrix m and the second command Table[m[ipi,mi]] fills the elements mjpj>mj of the matrix. D.8.16) may fail or give erro- noeous results for not well-conditioned matrices. The necessary factor- factoring of a matrix is discussed in [2]. Thus LUFactor [m] D.8.21) gives the LU (lower and upper triangularization of a matrix) decompo- decomposition and LUSolve[lu,b] D.8.22) solves a linear system represented by lu and the right-hand side b. The package LinearAlgebra GaussianElimination contains the two last commands. Try [2] a={ {5, 3,0}, {7, 9, 2}, {-2,-8,-1}} D.8.23) To define the matrix a. You may also use the Table command D.8.16) or MatrixForm[a={{5,3,0}, {7,9,2}, {-2,-8,-1}}] D.8.24) Then the command lu=LUFactor [a] D.8.25) should yield j | 7' 19'~19J'l7'9'2'/j ~ 7'~T' Assume now the existence of an inhomogeneous linear system lu*x=b, where x are the three unknowns and assume for the rhs vector b={6,-3,7} thenLUSolve[lu,b] D.8.26) yields the three unknowns { — ,- — ,- — ) To verify the solution write a. % D.8.27) 144 44 22) which should give {6, —3,7}. This method had been used in the form boundary = m . Amp D.8.28) 2. Using Mathematica verify these two solutions: D.8.6) solves the Laplace equation, ) 2003 by CRC Press LLC

D.8.9) solves the Helmholtz equation. Use W[x,y] =Cos [Pi*x/a] *Cosh[Pi*y/a] +Cosh[Pi*x/b] * Cos[Pi*y/b]+Log[Sqrt[(x~2+y~2)/(a~2+b~2)]]; Chop [Simplify [D[W[x,y], {x,2}]+D[W[x,y], {y,2}] ] ] 0 3. Play (and plot) with various values of A/B, k,j3 in D.8.10). 4. Using the Mathematica plot commands, create Figures 4.15 and 4.16. 5. Use the FORTRAN program COLLOC and/or the Mathematica program Colmeigv with various sets of the separation constants (in (BETA or b). Establish a table describing how the eigenvalue k depends on the number P or n of collocation points, on the values of /3«(p^ < k2) and on the first guess of the eigenvalue EIGENVALUE (resp. firsteigenv). ©2003 by CRC Press LLC

Boundary problems with two closed boundaries 5.1 Inseparable problems Many problems in physics and engineering that exhibit boundaries that can- cannot be described by coordinate lines of a coordinate system in which the actual partial differential equation is separable. On the other hand, there are inseparable partial differential equations and the boundary conditions could be described by any coordinate system. In such a situation one can try to find formal solutions to the partial differential equation in cartesian coordinates. Furthermore, some problems may be nonlinear in nature and might become separable by linearization. We give an example. Two-dimensional plasma equilibria are described by the Shafranov equa- equation [2.5], [3.1]. If the magnetic flux surfaces are given a priori, the equi- equilibrium equations and the transport equations can be decoupled. But for a priori given cross sections of the flux surfaces the constraints to be imposed on the Shafranov equation make the problem awkward because the pres- pressure function p(ip) and the current j(ip) must be specified as a function of -0, whose spatial dependence ip(r,z) is not yet known. In the case of the linear Shafranov equation particular solutions can be superposed and the equilib- equilibrium problem may be reformulated as an eigenvalue problem for an arbitrary cross section of the magnetic surfaces. The Shafranov equation reads in cylindrical coordinates r,z;d/d(p = 0 0V 8V ldip 5p Here ip(r,z) is the magnetic flux, p(ip) is the pressure, and j the current distribution. Making the linearizing setup E.1.2) we obtain with ip(r,z) = t sinkiz)Ri(r) ) 2003 by CRC Press LLC 241

from E.1.1) the equation R'{ - kf\ Rt + ar2Rt = 0, E.1.3) where b is the same eigenvalue for several Ri, fej is the separation constant, which must not be an integer, a = 47r2/xoa and the Ri(r) are the degenerate eigenfunctions belonging to the same eigenvalue b. The partial differential equation is separable, but the boundary conditions cannot be satisfied on curves of the cylindrical coordinate system r, z. If we designate the two solutions of E.1.3) by R\ and R\ for given fej, then the flux surfaces ip = const are given by Ai coskiz + BisinM- E-1-4) If now the cross section z(r) of the outer magnetic surface -0 = 0 (plasma surface) is given a priori by a set of TV pairs ri,Zi(i = 1,..., N), then E.1.4) constitutes a system of TV linear homogeneous equations for the 4L = N un- unknown coefficients AiCi,AiDi,CiBi,BiDi. For a set of given fej the vanishing of the determinant of the coefficients yields the eigenvalue b. Initially b is not known. An estimate has to be made in the beginning. The determinant does not vanish and becomes a transcendental function of b. By trial and error and by repeated integration of E.1.3), an exact value b can be found [5.1]. Appar- Apparently Mathematica is not able to solve E.1.3). The relevant partial differential equation has been separable, but the boundary conditions on the magnetic surface -0 = 0 determined by the solution of E.1.1) could not be satisfied on surfaces of the cylindrical coordinates in which E.1.1) has been separable. A similar problem arises when one has to calculate the eigenfrequencies of a membrane of arbitrary form. The Helmholtz equation itself is sepa- separable in cartesian coordinates, but an arbitrary membrane boundary cannot be described by the straight lines of a cartesian coordinate system. Again collocation methods may help. The Faber theorem [4.1] is also useful: any membrane of arbitrary form but same area should have a first eigenvalue near but greater than 2.404825 of a circular membrane, see B.4.45). This offers a criterion concerning the eigenvalue. We now investigate a membrane with a boundary described by a Cassini curve. This algebraic curve of fourth order is described by F(x,y) = (x2 +y2J-2c2(x2 -t/2) - (a4-c4) = 0, c>0,a>0,a>c, E.1.5) or in polar coordinates r(ip) = yc2cosB<p) ± ^/a4 - dism2Bip). E.1.6) For c = 0, E.1.5) becomes a circle of radius a. We first need the location of the four vertex points (xmax,0); (xmin,0); (O,ymax); @,ymin), where xmax = + \/a2 + c2, ymax = +\/a2 — c2. E.1.7) ) 2003 by CRC Press LLC

Giving various values to a and c, we may find the area of the membrane by numerical integration NIntegrate[F[x,y], {x, -xmax,xmax}, {y, -ymax,ymax}] E.1.8) Now let Mathematica do the work. We wrote a full program that is an extension of the program Colmeigv discussed in section 4.8. First we verify the solution of the membrane equation. (* Program Cassmem.nb: Clamped Cassini membrane in Cartesian coordinates. Eigenvalue problem of the homogeneous equation.Verify solution*) Clear[u,x,y,A,b,n,k] u [x, y] =A [n] *Cos [Sqrt [k~2-b [n] ~2 ] *x] *Cos [b [n] *y] ; Simplify [D[u[x,y] , {x,2}]+D[u[x,y] , {y, 2} ] +k~2*u [x,y] ] and giving = 0 proves the solution in cartesian coordinates. Then we define the boundary given by E.1.5) and E.1.6) respectively and plot it using the arbitrary values a= 1.0, c = 0.85 (* Step 1: Define the Cassini boundary, the 4 vertex points and n collocation points, x,y *) Clear[F,b,xmin,xmax,ymax,ymin,Fy,Fx,x,y,n,a, c]; n=8;a=1.0;c=0.85; F[x_,y_]:= (x~2+y~2)~2-2*c~2*(x~2-y~2)-a~4+c~4; Fy[x_]=InputForm[Solve[F[x,y]==0,y]]; ymax=Sqrt[Sqrt[a~4] - c~2]; Fx[y]=InputForm[Solve[F[x,y]==0,x]]; Fx[y_]:= Sqrt[c~2-y~2+Sqrt[a~4-4*c~2*y~2]] xmax=Fx[0];xmin=-xmax;ymin=-ymax;dx=xmax/(n-1); x[l]=xmin;Table[x[l]=xmin+(l-l)*dx,{l,l,n}]; dth=N[Pi/B*n)]; r[phi_]:=Sqrt[c~2*Cos[2*phi]+Sqrt[a~4-c~4* (Sin[2*phi])~2]] Table[x[1]=r[l*dth]*Cos[l*dth],{1,l,n}]; Table[y[l]=r[l*dth]*Sin[l*dth],{1,1,n}]; TXY=Table[{x[l],y[l]},{l,l,n}]; <<GraphicslImplicitPlotl Clear[pll,pl2,pl3];Off[General::spell] pll=ImplicitPlot[F[x,y]==0,{x, xmin, xmax}, AspectRatio->l,DisplayFunction->Identity]; pl2=ListPlot[TXY, DisplayFunction->Identity]; pl3=Show[pll,pl2,DisplayFunction-> $DisplayFunction,Prolog->AbsolutePointSize[6]] ; Off[General::spell] ) 2003 by CRC Press LLC

Due to the signs of the two square roots contained in y(x) according to E.1.5) we also use E.1.6) to calculate the vertex points. The ^-coordinates of the n(= 8) collocation points may be calculated from E.1.5) or E.1.6), but the y-coordinates must be calculated from E.1.6), otherwise when using E.1.6) multivalued or even complex y are resulting. The combined plot pll (de- (describing the boundary E.1.5) in x,y coordinates) and plot pl2 (showing the n collocation points) is shown by pl3 in Figure 5.1. 0.6 -1 -0.5 -0.2 0.5 -0.6 Figure 5.1 Cassini boundary with 8 collocation points Now we calculate the separation constants b and fill the matrix MM satis- satisfying the boundary condition (* Step 2: Calculate the separation constants b. *) Clear[fst,delta,b,tb];fst=2.3;delta=fst/n; b[l]=fst-0.0001; Table [b [k+1] =b [k] -delta, {k, l,n} ] ; tb=Table [b [k], {k, l,n} ] ; (* Step 3:Fill matrix MM for the boundary condition *) Clear[M,MM,k,W];M=Table[ip*li,{li,l,n},{ip,l,n}]; MM=Table[M[[li,ip]]=Cos[Sqrt[k~2-b[ip]~2]*x[li]]* Cos[b[ip]*y[li]],{li,l,n},{ip,l,n}]; W[k_]=Det[MM]; //Timing ) 2003 by CRC Press LLC

In this part of the program we defined f st=2.3 as the lowest possible eigen- eigenvalue (remember the Faber theorem) and as the limit of the largest separation constant b[l]. Then we start to calculate the eigenvalue as the root of the determinant of the matrix MM: (* Step 4: Find the eigenvalue k. Do not forget to define the result as k *) Clear[k];FindRoot[W[k]==0,{k,{fst,3.}}] //Timing {41.74 Second, {k ->¦ 2.99572}} The result k = 2.995 72 must now be communicated to Mathematica k=2.99572; Having this eigenvalue, which makes the linear system homogeneous for the unknown amplitudes A, we create an inhomogeneous rhs term bbf for the n — 1 = 7 linear equations rdutn=bbf, fix the last (n-th) amplitude An = 1 and solve (* Step 5: Calculate the partial amplitudes A[n] *) nf=n-l;bbf=Table[-MM[[ifit,n]],{ifit,l,nf}]; rdutn=Table[MM[[ifit,klfit]], {ifit,l,nf},{klfit,l,nf}];B=LinearSolve[rdutn,bbf]; An={l}; A=Table[B[[Ik]],{Ik,l,nf}]; Then we first check on the correctness of the solution of the linear equations by inserting and using the symbol Amp for all n unknown amplitudes: (* Step 6: Check satisfaction of the boundary condition *) Amp=Join[A,An];boundary = MM . Amp The result is satisfying, since 10~16 is numerically equivalent to zero for the computer and also the last term due to the chosen An = 1 is satisfying: {0., -3.33067 x 106, -3.33067 x 106, 1.38778 x 106, 2.77556 x 106, 2.22045 x 106, 1.11022 x 106, -2.6098 x 102} Now we have to double-check the satisfaction of the Cassini boundary con- condition in cartesian coordinates: fxy[x_,y_]=Sum[Amp[[1]]*Cos[b[l]*y]* Cos[Sqrt[k~2-b[l]~2]*x],{l,l,n}]; Do[Print[fxy[x[l],y[l]]],{1,1,n}] The first (numerical) check is positive: 0. - 5.87421 x 106 - 5.07291 x 106 1.45825 x 106 ) 2003 by CRC Press LLC

2.12504 x 107 3.21358 x 106 - 3.96167 x 106 - 2.60987 x 102 Apparently our solution satisfies with an accuracy <10~12 the Cassini bound- boundary. But we make a second (graphic) check. We type Clear[pl4];pl4=ContourPlot[fxy[x,y],{x,xmin,xmax}, {y,ymin,ymax}, ContourShading->False,ContourSmoothing-> 2, PlotPoints->60] Show[pl2,pl4,AspectRatio->l,DisplayFunction-> $DisplayFunction,Prolog->AbsolutePointSize[6]] Show[pl3,pl4,AspectRatio->l,DisplayFunction-> $DisplayFunction,Prolog->AbsolutePointSize[6]] and obtain Figure 5.2. -0.6 Figure 5.2 Cassini membrane Boundary element methods [4.18] may solve this problem, but only finite element or collocation methods are suitable if the domain is inhomogeneous (partial differential equation with variable coefficients). An example is given by a membrane with varying surface mass density or by neutron diffusion in ) 2003 by CRC Press LLC

a nuclear reactor [4.6]. In problem 6 of section 4.4 an analytic solution for a circular membrane with radially varying density p(r) = po[{R2 — r2) + 1] has been treated. After separation of the membrane equation two ordinary differ- differential equations D.4.77) and D.4.78) result. One may then use a collocation method to satisfy the conditions and the density distribution. The following program does the job. (* VARMEM: Circular membrane of radius 1 with symmetric surface density. For constant density (alph=O) the eigenvalue must be om=2.404825. Step 1: Define the boundary and Plot a density distribution *) R=l.; Clear[n,pll,pl2,dth,x,y];n=6;dth=Pi/B*n);Table[x[l]= R*Cos[l*dth],{l,l,n}],-Table[y[l]=R*Sin[l*dth],{1,1,n}]; pll=ListPlot[Table[{x[l],y[1]},{1,l,n}],Frame->True, AspectRatio->l.,PlotStyle->PointSize[1/40], DisplayFunction->Identity];pl2=Plot[y=Sqrt[R~2-x~2], {x,0,1.}, AspectRatio->l.,DisplayFunction->Identity] Show[pll,pl2,DisplayFunction->$DisplayFunction] These commands generate Figure 5.3. 0.2 0 0 0.2 0.4 O.i Figure 5.3 Circle with collocation points Next, the density distribution will be defined: Clear[alph,rhoO,pro,rho,R,PL,x,y]; rho0=l.;alph=0.5;R=l.; ) 2003 by CRC Press LLC

rho[x_,y_]=rhoO*(alph*(R~2-x~2-y~2)+l.); pro[x_,y_]=rho[x,y]/; x~2+y~2<=R~2; Off[Plot3D::plnc];Off[Plot3D::gval];Clear [x,y] PL=Plot3D[rho[x,y],{x,-R,R},{y,-R,R},PlotPoints->30] Figure 5.4 depicts this distribution: 0.5 -0.5 Figure 5.4 Density distribution Since we do not use the analytic solution (Airy functions), but solve D.4.77) and D.4.78) numerically (so that the program may be used for quite arbitrary density distributions), we continue: (* Step 2: Arrange four-fold loop for eigenvalue om (q), number of iteration (p),for 1 and k for the matrix. Start iteration with n=4 and iterat=6. Then refine the search interval for om by modifying omlast as soon as det changes sign *) Clear[om,omlast,x,y,Eyoung,rhoO,alph,R,dth]; Eyoung=l.;rhoO=l.;alph=0.1;R=l.;dth=Pi/B*n); Table[x[l]=R*Cos[l*dth],{1,l,n}],-Table[y[l] = R*Sin[l*dth],{1,1,n}]; Clear[soil,tyll,XI,FXl,Yl,FYl,M,omeg,detf,Detfct]; M=Table[l*k,{1,l,n},{k,l,n}]; For[q=l, q < 2, oml=2.3;omlast=4.;iterat=6;deltaom=(omlast-oml)/iterat; om=oml;b[1]=oml-0.00001;delta=oml/n; Table[b[k+1]=b[k]-delta,{k,l,n-l}]; (*Print["beta's = ",Table[b[k],{k,l,n}]];*) For[p=l, p < iterat+1, For[1=1, 1 < n+1, ) 2003 by CRC Press LLC

For[k=l, k < n+1, (*Print[{"omega= ",om,"k= ",k,"l= ",l,»beta= ",b[k]}];*) soll=NDSolve[{Xl''[x]+Xl[x]*(-b[k]~2*Eyoung+om~2*rhoO* (l.+alph*(R~2-x~2)))/Eyoung==0,Xl'[0.]==0.0,XI[0.]==1.}, Xl,{x,O.,2.*Pi}];FXl[x_,b[k]]=Xl[x] /. First[soil]; tyll=NDSolve[{Yl''[y]+b[k]~2*Yl[y]-Yl[y]*om^2*rhoO*alph* y~2/Eyoung==0,Yl'[0]==0.0, Yl[0]==1.},Yl,{y,0.,2.*Pi}]; FYl[y_,b[k]]=Yl[y] /. First[tyll],• Table[M[[l,k]]=FXl[x[l],b[k]]*FYl[y[1],b[k]]]; ,omegtp],"Det= This constitutes a four-fold loop that outputs the following results: {iteration =, 1, omega = , 2.3, Det = , 1.91469 x 103} {iteration =, 2, omega = , 2.58333, Det = , -2.18576 x 102} {iteration =, 3, omega = , 2.86666, Det = , -2.91506 x 102} {iteration =, 4, omega = , 3.14999, Det = {iteration =, 5, omega = , 3.43333, Det = omegtp]=om;detf[p]=Det[M] ; Print[{"iterations ",p,"omega= detf[p]}];om=om+deltaom; P++]; -2.66164 x 102} -1.58279 x 102} {iteration =, 6, omega = , 3.71666, Det = , -1.17786 x 10~12} To check the change of sign of the determinant a plot of u>{p) is made, where p is the iteration parameter 1 < p < iterat, p < iterat + 1. This is effectuated by the command Clear[Detfct];Detfct=Table[{omegtp],detf[p]},{p,1,3}]; ListPlot[Detfct,PlotJoined->True] resulting in Figure 5.5: -5-10 -1-10 -1.5-10 -2-10 -2.5-10 -13 -12 -12 -12 -12 2.4 2.5 2.6 2.7 2.8 Figure 5.5 Zero of the determinant as function of p ) 2003 by CRC Press LLC

The guess of the eigenvalue 2.3 < om < 26 is now improved: (* Step 3: Check and refine result *) Clear[HI,om];HI=Interpolation[Detfct]; Plot[HI[om],{om,2.3,2.6}]; FindRoot[HI[om]==0,{om,{2.3,2.6}}] and yields Figure 5.6. -5-10 -1-10 -13 -12 -1.5-10 -2-10 -12 -12 ,.35 2.4 2.45 2.5 2.55 2.6 Figure 5.6 Improved eigenvalue om The eigenvalue found om = 2.3233 is conform to the Faber theorem and is entered into the program: om=2.3233 2.3233. If one wants to see the next steps clearly, it is recommended to give the command MatrixForm[M] and to omit the concluding semicolon (;) in the next 6 commands nf=n-l;bbf=Table[-M[[ifit,n]],{ifit,l,nf}]; rdutn=Table[M[[ifit,klfit]], {ifit,l,nf},{klfit,l,nf}]; B=LinearSolve[rdutn,bbf]; An={l.}; A=Table[B[[Ik]],{Ik,l,nf}]; By the next two commands the solution for the amplitudes Amp is tested by a calculation of the boundary values, which includes a test of the solution of the linear equations for Amp (* Step 4: Check satisfaction of boundary condition *) Amp=Join[A,An] {-0.0456859, 0.383603, -1.34147, 2.5064, -2.50196, 1.} boundary = M . Amp {1.11022 x 106, 0., 1.11022 x 106, 5.55112 x 107, - 3.33067 x 106, 0.0000171437} Finally, the boundary values are tested by ) 2003 by CRC Press LLC

(* Step 5: Check the satisfaction of the boundary condition *) Clear[fxy];fxy[x_,y_]= Sum[Amp[[k]]*FXl[x,b[k]]*FYl[y,b[k]],{k,l,n}]; (*/;x~2+y~2<=lT2 *);Do[Print[fxy[x[l],y[l]]],{l,l,n}] 2.22045 x 106 0. -2.22045 x 106 -1.66533 x 106 -2.22045 x 106 0.0000171437 Nearly all toroidal problems are not separable. Apparently only the Laplace equation is separable in toroidal coordinates. The general solution reads UfaW) = [AV™_1/2 (cosh V) + BQ™_1/2 (cosh r,)] ¦ [Cs'mpd + Dcospd]-[Esinmip + Fcosmip], E.1.9) where the generalized spherical functions V, Q satisfy the Legendre equation ariz drj \4 smh r\) Mathematica uses the toroidal coordinate system u,v,phi,a, which is ob- obtained by rotating bipolar coordinates u, v, z, a about an axis perpendicular to the axis connecting the two foci of bipolar coordinates. The angle ip parame- parameterizes the rotation. Bipolar coordinates are built around two foci separated by 2a. Holding u fixed produces a family of circles that pass through both foci. Holding v fixed produces a family of degenerate ellipses about one of the foci. The coordinate z describes the distance along the common foci (default value a = 1, [2]). The bipolar coordinates in the z = 0 plane are shown in Figure 4.11. Using a trick, even the vector Helmholtz equation C.1.80) can be solved [5.2]. Expressing Fv and Fr by their cartesian coordinates Fv = —Fx simp + Fy cos ip, Fr = Fx cos ip + Fy sin ip and deriving both components with respect to ip yields dFv dFx . dFv Applying the Laplace operator on Fv and using AF^ = —k2Fx, AFy = —k2Fy, Asimp = —^simp, A cosy = —^ cosy one obtains 'dFx dFy dip dip 4^ + V. ("-13) rz dip rz ) 2003 by CRC Press LLC

and analogously, AFr = -k2Fr + -Fr+-^. E.1.14) rz r^ dip Due to the necessary uniqueness F(r, z, y>+2?r) = F(r, z, ip) one has to assume a dependence ~ exp(imy) so that E.1.13) becomes y (AtFv + k2Fv - ^Fv - ^-Fvj = -imFr, E.1.15) where At = A + m2/r2 E.1.16) is the transversal Laplacian operator. Its transversal coordinates 51,52 de- describing the cross section of the torus laying in the cylindrical coordinate system qx (may be r), q2 (may be z), <p> may describe an arbitrary torus cross section. Insertion of Fr from E.1.15) into E.1.14) yields = (a* - i(m + IJ + kA (At - i(m - IJ + kA Fv = 0.E.1.17) This structure recalls D.5.40). We thus have two solutions: Fv(qi,to) = CXF+ + C2F~, E.1.18) where (At + k2- ^"^ j F± = 0. E.1.19) Assuming now qi = r, q2 = z and ~ ex-p(ijz) one obtains and Fv(r,^) = [CiZro+1 (^-f2^ +C2Zra_! (y'F-fr)] exp(^). E.1.21) Here Z are cylinder functions, either Bessel + Neumann or Hankel. For a dependence ~ exp(imy) one obtains Fock equations: A i pynf7'ii)t -t- iiYnfi\ f F)vF iv y\ F)vF (v ?\\ Fr(r,z,ip,i) = r2fc2 _m2— \%m q~— ~rk q~— )' E.1.22) Amk exp(iut + imip) {. drFv(r,z) drFv(r,z) Fz(r,z,ip,t) = ^-5 —— [im *p ^+rfc ^ ^ Hfc2 — m2 \ dz or E.1.23) ©2003 by CRC Press LLC

These solutions allow the investigation of electromagnetic waves in toroids. If the electric conductivity of the torus wall is high, then the boundary condition Bn = 0 is valid for the magnetic field normal component. Then for an exciting frequency u> = kc a, solution reads ¦ cos jiz cos nvp E.1.24) and analogously for Br(r, z,ip), Bz(r,z,ip). Then the unknown partial ampli- amplitudes ami, bmk have to be chosen to satisfy div.B = 0. Integrating n times the differential equations for the field lines dr dz rd(p dz rBz dr rBr B~r = B~z=^ °r d^=B^' d^=B^ ( } around the torus 0 < ip < n ¦ tt, one may find the cross section of a torus. The totality of all points crossing the z — r plane draws a picture of the cross section in the z — r plane (Poincare map). If after n (n < oo) revolutions of the field line around the z axis an earlier point is hit, then the toroidal surface drawn is called resonant toroidal surface. Many toroidal problems have been solved either by collocation methods or by numerical methods [5.1] to [5.4]. In plasma physics arbitrary shapes of the meridional cross section of the torus are of interest. One possibility to solve such problems is to construct the boundary curve after having received a general solution; the second possibility is offered by the collocation method. We first discuss the possibility of constructing a given shape afterward. One may express the electromagnetic fields E and B by a complex quantity F = E-iB/^jJ^. E.1.26) Then Maxwell's equations give for cylindrical geometry 3/dip = 0, where ip is the angle around the z axis the solution Bv (r,z) = t2 [boJi (jr) + c0N! Gr)] + 7vV - & ¦ [&1J1 (vV - k2 A + ciNi (vV-&2 A] cos kz, ¦ [&1J1 (vV - k2 r) Bz(r,z) = 72[b0J0Gr) + c0N0Gr)} + G2 - k2) ¦ [&iJ0 (Vt2 - k2 r) + ciN0 (yt^2 -k2 rj] coskz, E.1.27) where Jp and Np are Bessel and Neumann functions, respectively. Now the differential equations for the field lines in the r, z plane are % -1 <"*> ) 2003 by CRC Press LLC

Inserting for Br and Bz we can integrate. There is, however, another possi- possibility. We can express Br and Bz by Bv. This gives Thus, the lines Bvr dr = const dz = D E.1.29) are identical in form with the Br,Bz field lines in the r,z plane, i.e., identical with the cross section of the toroidal resonator. To obtain a toroidal resonator of major radius R and nearly circular cross section of minor radius a of the form f(r,z) = (r — R2) + z2 — a2 =0 we have to determine the constants bo,co,bi,ci,D in Bv from z = - arccos k D - - c0j2r'N1(jr) E.1.30) /j2-k2 A) By choosing for a given k a set of collocation points Z{ = z(ri),i = 1,..., 5 we may generate various arbitrary cross sections. Using similar methods the calculation of exact analytical force-free three- dimensional toroidal equilibria of arbitrary cross section is possible. To demonstrate that the results are extremely insensitive to the arbitrary choice of the "separation constants" an, we solved the equations for an ax- isymmetric force-free equilibrium dBr dBz „ „ 1 dBw „ llfl „ dz dr ' *" ' 7 in the cylindrical coordinate systems N dz E.1.31) E.1.32) n=l We assume a toroidal container of major radius R and some effective minor radius a and defined by a meridional cross section curve z = z*(r) in the r,z plane. This cross section curve may be a circle given by z* = \ja2 — (r — RJ, an ellipse or a Cassini curve [(r - RJ + z2}2 + 2b2 [(r - RJ - z2} - a4 + b4 = 0. The boundary condition along the toroidal surface cross section curve z* (r) is rBv = i const One obtains : N ai 1 2 3 4 5 6 7 0.001 0.001 0.01 0.01 0.1 1.0 1.0 a2 0.4 0.5 0.1 0.3 0.5 1.2 1.3 for a a3 0.6 1.0 1.0 0.7 0.6 1.4 1.5 circle: 0 1 1 1 1 1 1 1 D .7 .8 .5 .5 .3 .6 .7 1.9 2.0 2.0 1.9 1.8 1.8 1.9 a6 2.0 2.1 2.1 2.0 2.0 2.0 2.1 {R/a = 2.446 2.446 2.446 2.446 2.446 2.446 2.446 927 926 927 927 927 927 926 2) 246 960 093 422 620 097 960 (R/a = 2.411 2.411 2.411 2.411 2.411 2.411 2.411 138 137 137 138 138 137 137 5) 020 800 800 193 372 800 800 {R/a = 2.405 2.405 2.405 2.405 2.405 2.405 2.405 216 215 216 216 216 216 215 20) 280 400 082 500 500 082 400 ) 2003 by CRC Press LLC

A similar toroidal boundary problem with arbitrary cross section has been solved for the radial part of the vector Helmholtz equation for the toroidal electric field Ew = u urr H—ur + uzz -u + k u = 0. r rz E.1.33) To satisfy the homogeneous boundary condition u(r,za) = 0 on the surface of an axisymmetric toroid with the meridional cross section curve z = zr{t) we use 71 = 0, 72 = 7 and the four particular solutions namely = A131(kr)+A2N1(kr) iJi (V*;2 - 72r) + - 72r)] cos^z. E.1.34) The boundary condition u(r,zn) = 0 on the cross section curve z = Zn(r) yields = arccos - A2N1(kri) E.1.35) A workstation delivers the result 7 = 7.4, k = 8.176 299 6497, Ax = 0.173 255, A2 = -0.779 360, Bx = 0.445 031, B2 = 1, if an oval defined numerically by i 1 2 3 4 n 0.6 0.83 1.10 1.3 ^ 0 0.28 0.20 0 is chosen as meridional cross section curve Zi = zr^). It seems that this analytical method works quicker than any numerical finite differences or finite element method. The collocation method has been applied to many toroidal plasma problems. Thus the electromagnetic field propagation and eigenfrequency in anisotropic homogeneous and isotropic inhomogeneous toroidal plasmas of arbitrary cross section as well as for anisotropic inhomogeneous axisymmetric plasmas has been investigated. In such a plasma the elements of the dielectric tensor are functions of space [2.5]. For a plasma magnetized by a toroidal magnetic field Bq = Boev one has U! err = Ps = ft2 - s = tv, w n2-to2 to E.1.36) ) 2003 by CRC Press LLC

In an inhomogeneous magnetized plasma ?ls and n0 (and u>ps) depend on space. We have for a toroidal plasma (s is the species index) fls = fls0R/r, fls0 = esB0/ms, E.1.37) where R is the major radius of the torus. In toroidal experiments the plasma density n0 is mainly a parabolic function of the distance p from the magnetic axis. Expressing no in cylindrical coordinates r, z we have no(r,z) = m- n0z2 - no(r - RJ, E.1.38) since p2 = z2 + (r — RJ. Here n\ is the maximum density on the magnetic axis (r = R, z = 0) and n0 = ni/a2 is determined by the minor toroidal radius a. At z = 0 and r = R ± a we have the wall (p = a) of the circular toroidal vessel and the density vanishes. In the axisymmetric case the system of electromagnetic equations splits into three equations for the TE mode with Bv,Er,Ez and for the TM mode with Ev,Br,Bz. For axisymmetric modes we obtain for the TM mode ^ ^, E.1.39) = 0. E.1.40) Here Ev(r,z) is a toroidal electric mode, depending on ev(r,z;to). The solutions have to satisfy the electromagnetic boundary conditions on the wall of the toroidal vessel. On a perfectly conducting wall the tangential electric component Et and the normal magnetic component Bn must vanish. In our rotational coordinates the form of an arbitrary cross section of the toroidal vessel is given by a function z = z(r). Projecting into the meridional plane a vector A (which signifies E or B) on this curve z(r), we have At = Ar cos a + Az sin a, An = — Arsma + Azcosa, E.1.41) where tana = dz/dr. The electric boundary condition Et = 0 therefore yields Er+Ez^-=0. E.1.42) dr The magnetic boundary condition Bn = 0 yields E.1.28), which represents the equation for the magnetic field lines (due to Bn = 0, the wall is a special magnetic field line), and which is a condition for Ev. Inserting we obtain after integration rEv = const. E.1.43) This describes the projection of the magnetic field lines onto the meridional plane and is an expression for the cross section z(r) of the wall. (Here Ev ) 2003 by CRC Press LLC

is tangential and vanishes on the conductor.) Inserting ev,tops and n0 into E.1.40) we obtain d2Ev d2Ev dz2 + dr2 ldEv _ J1 , , 2 2^ _0 f5i44) r or r2 where 2 _ 2 e2/xo / 2 a = [mini — minoR + b = 2n°e ^oR (m/ + mE), R = 0.95 m, a = 0.35 m, mm ^_ no = io16m-3, Bo = 1 kG. Here m/ and m_B are the proton (ion) and electron mass, respectively. To solve, we make the ansatz Ev(r,z) = R(r)U(z) and obtain R" + (l/r)R' - (l/r2)R + (j2 - k2 + a + br + cr2)R = 0, E.1.45) which is a Bocher equation, and U" + cz2U + k2U = 0, E.1.46) of the same kind as the Weber equation. Here k is the separation constant, which must not be an integer. To satisfy the boundary conditions we integrate E.1.45) and E.1.46) numerically. To do this we need a first (arbitrary) ap- approximation of the eigenvalue 7. This can be taken from the empty resonator for a = b = c = 0. Since both equations are homogeneous, the eigenvalue does not depend on the initial conditions. We choose therefore two different arbitrary initial conditions R\(r = R — a),R[(r = R — a), Ui@),U[@), and R2(r = R-a),R'2(r = R-a), U2@),U!i@). We thus obtain a solution in the form Ev(r,z) = {AR1+BR2){CU1+DU2). E.1.47) Choosing different values fej of the separation constant (i = 1,..., TV) we can obtain a full set of solutions E$ (r, z) so that YaLi -^v (r>z) ls a solution ) 2003 by CRC Press LLC

containing 47V arbitrary constants A^ ,B^\ C^, ?>W. Defining the arbitrar- arbitrarily given cross section z(r) by assuming the coordinates rp,zp of p = 1,...,P points lying on z(r), we obtain P = 47V linear homogeneous equations: N Y, [A^R^irp) + B^R^\rp)] ¦ \c®U?\zp) + D^U?\zp)] = 0. E.1.48) The i?j , C/j (Z = 1,2) have been obtained by numerical integration, assum- assuming an approximate value of the still unknown eigenvalue 7. The system E.1.48) has then and only then a nontrivial solution for the 47V unknown coefficients A^\B^,C^,D^ if the determinant of the coefficients of the system vanishes. Since 7 had been assumed arbitrarily, the determinant D(y) will not vanish. Calculating D(j) for varying 7 (by integrating E.1.45) and E.1.46) several times) and using the regula falsi method, a better value of 7 can be obtained. Renewed integration with the better value and repetition of the procedure finally yields the exact value of 7. As soon as the correct value of 7 is found, the system E.1.48) can be solved for the 47V unknowns A^\B^\C^\ whereas, for example, one D^ will be chosen to be unity out ofi = l,...,7V-l. We assume a = 319.5, b = -672.7, c = 354.1, or Bo = 0.1 T, m = 1.225 • 1015 m, u>PE = 3.88 • 1018, u>PI = 2.12 • 1015, Q?E = 3.08 • 1020, Qj = 9.17-1013. Various aspect ratios of circular toroidal vessels and other noncircular cross sections can be described. For i = 1, 2, 3, 4 we have r = 0.60, 1.30, 0.83, 1.10, and z = 0, 0, 0.28, 0.20, respectively, and k = 7.4 we obtain, for instance, an ovaloid cross section. Now 7 = 7.655 598 7648 or ui/2tt = 3.653 82 x 108 cycles and A = -0.557 43, B = 0.800 47, C = -0.650 90, D = \. For k = 6 we obtain 7 = 7.276 150 90 and another oval. Many other forms have been produced by assuming various rj,Zj. The collocation method can also be used for the low-frequency MHD waves. Starting from the equations of continuity, of motion, Ohm's law and Maxwell's equations, we used the usual linearization. Elimination of BT^Bz^Blf^vlf and p, a time dependence exp(iwi) yields two ordinary differential equations of first order with variable coefficients ¦ dvr , 9 . 9, . , \, 2 2\ _ ^ , ffl2 A W fc2 r2fc2c2 net.) + fc-yz ivr r dfz / 9 9 9 9 \ dvr ,9 / 9 9 1 don ,99 , 9 c4 -r^ (r2u2 -m2c2A) + 2i—!:krc2A +vz rV PL+2rk2c2A +4m2^- dr v A/ dr A \ on dr A r ikvr {r2uj2 - m2c\ - 2c2A) = 0. E.1.50) ) 2003 by CRC Press LLC

Here n is an abbreviation for n = u>2r2/(u>2r2 — m2c2s). m is the toroidal mode number in the (f direction, and the Alfven speed is given by c2A = Bo(r)/noPo(r) so that n and ca depend on r. Due to the gyrotropy of a magnetized plasma the phase factor exp(i?r/2) = i appears so that we make a "snap-shot" at time t = 0. We then have two possibilities to make the differential equations real: modes of type 1 (replace vr = ivr) and modes of type 2 (replace vz = ivz). B0,p0,v0 = 0 are the equilibrium quantities, cs is the adiabatic sonic speed. Taking circular cylinder coordinates we assumed Po = Po(f),Bo(f) = -Bo(r)e*?,,Bo('*) = RBo(R)/r. R is the major and a the minor torus radius. Furthermore a dependence exp(imy — ikz) has been assumed for all wave quantities. If the meridional cross section in the r, z plane of the containing toroidal surface is described by a curve z* = z(r) and if tana = dz* /dr, then vn = —vr sin a + vz cos a = 0. Inserting the real solutions vz and vr in the form for mode type 1 we get K,M vz(r,tp,z)= ^2 Almv^m\r) coskz ¦ cosrmp, E.1.51) k,m,s K,M vr(r, <p,z)= J2 Atm4ke'm) (r)sin kz ¦ cos mV>, E.1.52) k,m,s where s = 1, 2 indicates two different but arbitrary initial conditions used in the numerical integration of E.1.49), E.1.50). One obtains for P collocation points ri,Zi, i = l...?a system of P equations for the unknown partial am- amplitudes Askm. Since the sum over s = 1,2 gives two values and if summation over m gives M values and over k one might have K values, the number TV of unknown partial amplitudes Askm is given by P = 2(M — 1) • K. The number P of collocation points determines the accuracy of the solution. For fixed P it has been shown earlier that the accuracy of the results is practically independent of the arbitrary choice of the separation constants k. Accord- According to our experience with axisymmetric MHD modes we make the choice k = I/a, 2/o, 3/a... K/a, where a is the "effective" minor torus radius for ar- arbitrary cross section. When the fc-values are given, then the condition vn = 0 with vr, vz inserted constitutes a system of P linear homogeneous equations for the 2(M — 1) • K unknowns Askm. To solve this system the determinant D of the coefficients (known at ri,Zi) must vanish. This condition determines the global eigenfrequency u>. In order to be able to integrate E.1.49), E.1.50) the density distribution of the plasma and the frequency u> have to be known. We thus integrate the differential equations (which deliver the elements of the determinant) with an initial guess for u> and calculate D(u>). Looking for a root of the function D(u>) we obtain an improved value for u> and a new integration yields improved coefficients and an improved to, etc. ) 2003 by CRC Press LLC

It seems that the influence of the plasma density inhomogeneity on the global eigenfrequency is exhibited best by the distribution p(x) = = (r-R)/a. As soon as the solutions E.1.51), E.1.52) are known it is possible to cal- calculate the electric field Er(r, z, ip) and Ez(r,z,ip). When they are known, the differential equations for the electric field lines dz/Ez(r, z) = dr/Er(r, z) have to be integrated numerically. The results obtained are summarized. Here the following parameters have been chosen: major radius R = 3 m, Bo = 5 Tesla, T = 10 keV, c2s = 72103eT/m,a = 0.7 m. Curve b Circle = a Circle = a Circle = a Circle = a Ellipse 1.2 Ellipse 1.8 m 0 0 1 1 0 0 P 1.4 2.8 1.4 2.0 2.4 2.4 Frequency 3.777E7 3.987E7 3.814E7 3.883E7 2.556E7 1.794E7 type 1 Hz Hz Hz Hz Hz Hz Frequency 3.350E7 3.125E7 3.376E7 3.264E7 2.849E7 - type 2 Hz Hz Hz Hz Hz We see that for mode type 1 the frequency increases but for mode type 2 decreases with increasing inhomogeneity. With increasing mode number m the frequency decreases for type 1 but increases for type 2. Probably for ro- rotating patterns the frequencies converge. Also the dependence of the global eigenfrequency on the aspect ratio has been investigated. As it is expected, for large aspect ratio A > 20 one obtains the solution for a cylindrical plasma. Problems 1. Modify the program Cassmem to describe a circular membrane of radius R = 1 and calculate the first four eigenvalues. Compare the results with the values of the roots of the Bessel functions given earlier. 2. Demonstrate that the program VARMEM yields om = 2.404825 for constant surface density of the membrane. 3. Modify VARMEM for an elliptic membrane of semi-axes a = 5, b = 3 and constant density. Is it possible to reproduce the eigenvalues of the Mathieu functions? ©2003 by CRC Press LLC

4. In a nuclear reactor the geometric buckling B assumed to be a linear function of x,y and z. Solve An(x,y,z) + B2(x,y,z)u(x,y,z) = 0 for n (boundary)=0 for a cube and a sphere. 5. Use the following collocation program Homcircplate to calculate the lowest eigenvalue of a circular plate of radius R = 1 in cartesian coor- coordinates. Read in section 4.5 equations D.5.40) - D.5.44) and remember the result 3.196 220612. Is the collocation program able to reproduce this value? Execute the plot commands. Try to vary the separation constants within the interval 0 < bn < fst (= 3.00). (* Program Homcircplate: Clamped circular plate in Cartesian coordinates, no load. Eigenvalue problem of the homogeneous equation with two homogeneous boundary conditions. *) Clear[u,m,x,y,A,B,b,n] u [x,y] =A[n] *Cos [Sqrt [k~2-b [n] ~2] *x] *Cos [b [n] *y] + B [n] *Cosh[b [n] *y] *Cosh[Sqrt [k~2-b [n] ~2] *x] ; Simplify [D[u[x,y] , {x,4}]+2*D[u[x,y] , {x,2},{y,2}]+ D[u[x,y], {y,4}] -k~4*u[x,y] ] (* Later on we need: *) ux=InputForm[D[u[x,y],x]] uy=InputForm[D[u[x,y],y]] (* START HERE: Step 1: Define the radius R of the circular plate and nn collocation points, x,y *) Clear[x,y,k,R,nn]; nn=14; dth=N[Pi/B*nn),6];R=1.; Table[x[l]=R*Cos[l*dth],{1,l,nn,2}]; Table[y[l]=Sqrt[R-x[l]~2],{l,l,nn,2}]; Table[x[l]=R*Cos[l*dth-0.001],{l,2,nn,2}]; Table[y[l]=Sqrt[R-x[l]~2],{l,2,nn,2}]; TA=Table[{x[l],y[l]},{l,l,nn}]; pll=ListPlot[TA, AspectRatio->l, Prolog->AbsolutePointSize[7]] (* Step 2: Calculate the b. Do not modify fst *) fst=3.00000;Clear[b] delta=fst/nn; b[1]=N[fst-0.00001]; Table[N[b[n+l]=b[n]-delta],{n,l,nn}]; tb=Table [b [n], {n, 1, nn} ] ; ) 2003 by CRC Press LLC

(* Step 3: Fill matrix for the boundary conditions *) Clear [MM, k] ; (*Clear [x, y, b, A, B] *) MM=Table[l*n,{1,l,nn},{n,l,nn}]; Table[MM[[l,n]]=Cos[Sqrt[k~2-b[n]~2]*x[l]]* Cos[b[n]*y[l]],{1,l,nn,2},{n,l,nn/2}]; Table[MM[[l,n]]=Cosh[Sqrt[k~2-b[n]~2]*x[l]]* Cosh[b[n]*y[l]], {1,l,rm,2},{n,nn/2+l,nn}]; Table[MM[[l,n]]=-x[l]*Sqrt[k~2 - b[n]~2]* Cos[y[l]*b[n]]*Sin[x[l]*Sqrt[k~2 - b[n]~2]]- y[l]*b[n]*Cos[x[l]*Sqrt[k~2 - b[n]~2]]* Sin[y[l]*b[n]],{l,2,nn,2},{n,l,nn/2}]; Table[MM[[l,n]]=x[l]*Sqrt[k~2 - b[n]~2]* Cosh[y[l]*b[n]]*Sinh[x[l]*Sqrt[k~2 - b[n]~2]]+ y[l]*b[n]*Cosh[x[l]*Sqrt[k~2 - b[n]~2]]* Sinh[y[l]*b[n]], {l,2,rm,2},{n,nn/2+l,nn}]; Table[Det[MM],{k,3.1962183,3.196219,0.0000001}] Clear[k,W];W[k_]:=Det[MM] Plot[W[k],{k,fst,4.}] //Timing FindRoot[W[k]==0,{k,2.6}] //Timing k=3.1962183; nf=nn-l;bbf=Table[-MM[[ifit,nn]],{ifit,l,nf}]; rdutn=Table[MM[[ifit,klfit]], {ifit,l,nf},{klfit,l,nf}]; B=LinearSolve[rdutn,bbf]; An={l}; A=Table[B[[Ik]],{Ik,l,nf}]; (* Check satisfaction of boundary cond.*) Amp=Join[A,An]; boundary = MM . Amp f xy [x_, y_] : =Sum [N [Amp [ [n] ] *Cos [b [n] *y] * Cos[Sqrt[k~2-b[n]~2]*x]],{n,l,nn/2}]+ Sum[N[Amp[[n]]*Cosh[b[n]*y]* Cosh[Sqrt[k~2-b[n]~2]*x]], {n,nn/2+l,nn}] ) 2003 by CRC Press LLC

Do[Print[fxy[x[l],y[1]]], pl2=ContourPlot[fxy[x,y],{x,-1.,1.},{y,-1.,1.}, ContourShading->False,ContourSmoothing-> 2, PlotPoints->60, DisplayFunction-> Identity] Show[pll,pl2, DisplayFunction->$DisplayFunction] gxy[x_,y_]:=fxy[x,y]/; x~2+y~2<=R~2 Off[Plot3D::plnc];Off[Plot3D::gval]; Plot3D[-gxy[x,y],{x,-1.,1.},{y,-1.,1.}, PlotPoints->50] Does the Faber theorem hold for plates too? (Yes). Compare the k=3.1962183 above with D.5.45). 5.2 Holes in the domain. Two boundaries belonging to different coordinate systems The theorem that the solution of an elliptic partial differential equation is uniquely determined by ONE closed boundary is valid for analytic solutions only. A partial differential equation of second order has however two arbi- arbitrary functions in its general solution. The Laplace equation has two so- solutions D.1.63) and the Helmholtz equation has two solutions D.4.10), Jp and Np, but we excluded the latter due to its singularity at r = 0. Now let us investigate the combination of the two particular solutions. We first consider the Laplace equation A.1.31) in polar coordinates r, (p. Assuming the inhomogeneous boundary conditions on a circular ring of radii i?i and i?2, the conditions read (dU/dr)r=Rl = h{v),U{r = R,,ip) = f2(<p). E.2.1) The solution is then given by U(r, if) = a02 + aoiRi In ^- E.2.2) (afcii?2-fc + fci?rfc«fc2) rk + (kRt1ak2 - R&akl) r~k k + fcflf »-'JM) r* ) 2003 by CRC Press LLC

where aOi = — //i (ip)dip, akl = - //i (ip) cos kipdip, —7T —7T a*;2 = - \fi (<p) cos kipdip, a02 = — f2 f2 —7T + 7T + 7T hi = - //i (y) sin kipdip, bk2 = - //2 ( — 7T —7T One may remember the Laplacian singularity lnr, which we know from equation D.8.6). A sector of a circular ring with the radii R\, R2 > R\ and the central angle a and subjected to the inhomogeneous boundary conditions ip) = U0, U(r,O)=O, U(r,a)=O E.2.3) has for the Laplace equation the solution 4?/o v~^ (r/Ri)lri—(R2/r)lri sm(jnip) 2n +1 E.2.4) The solutions of the Helmholtz equation A.1.35) are of greater interest. We consider the homogeneous boundary problem of a circular ring membrane with the radii r = R\, R2 > R\. There are now two boundary conditions u(R1,ip)=0, u(R2,ip)=0. E.2.5) In plane polar coordinates r,ip Mathematica has given the solution D.4.10) which we shall use now. The Neumann function Y is the second solution of the Bessel equation B.4.43). It may be defined by where v is not an integer. For v = p (integer) the Hospital rule yields ln^)-Jp. E.2.7) For du/d(p = 0, p = 0. The result E.2.7) may also be derived from B.2.43). The two boundary conditions E.2.5) demand AT, (^)+BY, (^)=0. E.2 ) 2003 by CRC Press LLC

This homogeneous linear system for the partial amplitueds A, B can only then be solved, if the determinant vanishes For given i?i, R2 and c Mathematica gives the solution for p = 0 by a=l.;b=2.; FindRoot[BesselJ[O,a*x]*BesselY[O,b*x]- BesselY[0,a*x]*BesselJ[0,b*x]==0,{x,4.0}] This gives a; = 3.123 03. For a sector of a circular ring membrane the solution analogous to E.2.4) is found by replacing the powers of r by Bessel functions. Thus an annulus a <r <b with a sector a < <p < nC has solutions of the form m \-/f) ¦ E.2.10) Bessel functions of fractional order appear and the order is determined by the angle /3 [5.14], [5.16]. Now we understand the role of singularities: they cut out a hole within the domain circumscribed by a closed boundary. The method worked quite well in plane polar coordinate systems r,<p which has a "natural" singularity at r = 0. Although we had some success with the solution function cosh of the Laplace equation in Figure 4.16 and equation D.8.6) we are sceptic, since the function cosh tends to assume large values. Therefore we still use polar coordinates. Let Mathematica do the work: <<CalculussVectorAnalysiss SetCoordinates[Cylindrical] which gives Cylindrical[Rr,Ttheta,Zz] Now we make a setup and solve the Laplace equation u[Rr_,Ttheta_,0]:=R[Rr]*Cos[m*Ttheta] LL=Laplacian[u[Rr,Ttheta, 0]] Collect[LL,Cos[m*Ttheta]] O.K., the result looks nice. We obtain an ordinary differential equation for the r-dependence Cos[m Ttheta](-m ^^ + R'[Rr] + Rr R"[Rr])/Rr and ask Mathematica to solve it. DSolve[R"[r]+R'[r]/r-irr2*R[r]/r~2==0, R[r],r] which yields a not very nice expression R[r] -»¦ C[l] Cosh[m Log[r]] + i C[2] Sinh[m Log[r]] So we would like to test our own solution Clear [U, a,b] ;U[r,y>] = a0+c0*Log[r] +Sum[ (c[n] *r~n+b[n] *r~ (-n)) *Cos [n*y>], {n,nn}] ) 2003 by CRC Press LLC

nn aO + cO Log[r] + 2_^(c[n] rn + b[n] r"n)Cos[n ip\. E.2.11) n=l To verify that this is really a solution of the Laplace equation in polar co- coordinates r,ip we type Simplify [D[U[r,y>], {r,2}] +D[U[r,y>] , r] /r+ D[U[r,y>],{y>,2}]/r~2] which is apparently too difficult yielding (YZ=i dr(dr((c[n] rn + b[n] r"n)Cos[n v?])) /r+ y^9r(9r((c[n] r™ + &[n] r~n)Cos[n <p]))+ n=l (E™i $•(& + ((c[n] rn + b[n] r-")Cos[n <p]))) r2 O.K., then we simplify and set Clear[U,a,b]; U[r,y>] =ao+cO*Log[r] + (c [n] *r~n+b[n] *r~(-n)) *Cos [n*y>] and the next command verifies our solution E.2.11). Simplify [D[U[r,y>], {r,2}] +D[U[r,<p] ,r] /r+ D[U[r,y;], {y,2}] /r^2] yielding 0 Now we are able to solve the Laplace equation with two boundaries belonging to two different coordinate systems. As the outer boundary we choose a circle of radius R = 2 with the homogeneous boundary condi- condition U(r = R, (f) = 0, 0 < (f < 2?r. For the inner boundary we choose a square of lateral length 2 with the inhomogeneous boundary condition U(square) = Uq (const), — 1 < a; < +1, — 1 < y < 1. The homogeneous bound- boundary condition on the circle demands a0 + Co In R = 0 and cnRn + bnR~n = 0, E.2.12) so that the solution E.2.11) becomes U(r, if) = -c0 In -^ + J2 cn (rn - R2nr~n) cos mp. E.2.13) This solves the problem of the electromagnetic potential between an infinite square prism and a circular cylinder. Since the c0, cn are arbitrary, they can be used to satisfy the inner in- homogeneous boundary condition on the square. We do this using a col- collocation method. Avoiding the corner points, we choose the 6 collocation points ii«l,j = l,2,...6,yi= 0.0001, 0, 0.2, 0.4, 0.6, 0.8, 0.98) and n = \Jx\ +y2,<fii = avctan(yi/xi). Then the inhomogeneous inner boundary con- condition reads 5 E.2.14) ©2003 by CRC Press LLC

Since we have 6 collocation points, we have 6 linear equations that determine the 6 unknowns c0, ci, c2, c3, a, c5. Now let Mathematica do the work: (*Program DUM: inner inhomogeneous boundary UO on square, outer homogeneous boundary on circle, Laplace operator*) (*Step 1: define 6 collocation points on square of length 2.*) Clear[x,y,r,fi];Table[x[i]=0.9999, {i, 1, 6}] ; y[l]=0.00001;y[2]=0.2;y[3]=0.4;y[4]=0.6;y[5]=0.8; y [ 6]=0.99;Clear[LI,GL1,L2,GL2,Ci,CiG,GG]; Ll=ListPlot[Table[{x[i],y[i]},{i,1,6}],Prolog-> AbsolutePointSize[6], DisplayFunction->Identity];GLl=Graphics[LI]; L2=ListPlot[{{-l.0,-1.0},{1.0,-1.0},{1.0,1.0}, {-1.0,1.0},{-1.0,-1.0}},Prolog->AbsolutePointSize[6], PlotJoined->True,Axes->False,AspectRatio->1, DisplayFunction->Identity];GL2=Graphics[L2]; Ci=Circle[{0.,0.},2];CiG=Graphics[Ci] ; Show[GL1,GL2,CiG,Frame->True,DisplayFunction-> $DisplayFunction,AspectRatio->l] This program generates Figure 5.7. ISJ 1 0 ¦1 -2 / / \ \ \ i i i i t -^ ¦ / -2 -1 0 Figure 5.7 Capacitor consisting of square and circle ) 2003 by CRC Press LLC

Since we want to execute the calculations in polar coordinates, we transform the coordinates of the 6 collocation points. (*Step 2: transformation to polar coordinates and using the solution in these coordinates*) Clear[U,cO,c];Table[r[i]=Sqrt[x[i]~2+y[i]~2],{i,1,6}];; Table [?>[i]=ArcTan[x [i] ,y [i] ], {i, 1,6}] /; ArcTan[x[i],y[i]]> 0; U[r [i], <p [i] ] = -cO*Log[r [i] /R] + Sum[c [n] * (r [i] ~n-R~ B*n) *r [i] ~ (-n)) *Cos [n*ip [i] ], {n, 5} ] Now we receive the expression for the solution in the collocation points - cO Log[l. r[i\] + c[ + c[2] Cos[2 *,[»]] (-^ + r[i]2) + c[3] Cos[3 y,[i]] (-^ + r[i\ + c[4] Cos[4 y,[i]] (-^l + r[i]4) + c[5] Cos[5 y,[i]] (-^ + r[i] Now Mathematica calculates the matrix and solves the linear system for the unknowns cO, c[l].... (*Step 3: define the matrix and solve the linear system for the partial amplitudes c*) M=Table[k*l, {k, 1, 6}, {1,1, 6}] ; M =Table [{-Log[ —], Cos[3 ^[i]] (-^+r[i]3)'cos[4 ^[i]] (- (R10 R=l.;U0=10.; MatrixFormfM]; b={U0,U0,U0,U0,U0,U0}; B=LinearSolve[M,b]; We now help Mathematica. By copy and paste of the results we inform the program on the results obtained for cO, c[l], etc. (*Step 4: define the amplitudes and check the satisfaction of both boundary values*) cO=-3.3801962002952893l*~ll;c[l]=-2.854707102125234*^11; c[2]=8.487964476323438*^10;c[3]=-2.2662483860722004*^10; c[4]=4.1363773733735595*^9; c[5]=-3.7129944751173663*^8; ) 2003 by CRC Press LLC

V[r_, ip_] =-cO*Log [r/R] + Sum[c [n] * (r~n-R~ B*n) *r~ (-n)) *Cos [n*y>], {n, 5} ] ; Table [V[r[i],y>[i]],{i, 1,6}] Table [V[R,y> [i] ], {i, 1, 6}] The result of checking the satisfaction of both boundary conditions is delightful: {10., 10., 9.99999,10., 10., 10.} {0.,0.,0.,0.,0.,0.} Thus we have demonstrated that collocation methods are able to solve an elliptic partial differential equation even for two closed boundaries even in the case that one boundary value problem is homogeneous and the other one inhomogeneous! Now we exchange the boundaries: the outer inhomogeneous boundary is described by a rectangle 8x4 and the inner homogeneous boundary is given by a circle of radius 1. Then the boundary conditions read U(r = 1, (p) = 0, U(x, y = ±2) = cos nx/8, U(x = ±4, y) = 0. E.2.15) We use very detailled commands and choose 7 collocation points and identify them using a symbol. point symbol ri D. q 16 ,0) D. / 17 ,1.) D,1.5) t 18.25 D,2.) u 20 (l.,2. 5 ) B. 8 "to C.,2.) P 13. and Ti = \jx\ + yf,ipi=aictan(yi/xi), ln = (a/17 — 1/\VT7) cos(narctan(l/4)). For ln rj the abbreviation a^ = ln rj will be used. Mathematica does the work. At first one has to define a matrix m={{al,ul,u2,u3,u4,u5,u6}, {a2,vl,v2,v3,v4,v5,v6}, { a3 , wl, w2 , w3 , w4 , w5 , w6 } , {a4,pl,p2,p3,p4,p5,p6}, {a5,ql,q2,q3,q4,q5,q6}, {a6,11,12,13,14,15,16}, {a7,tl,t2,t3,t4,t5,t6}} E.2.16) Then the boundary conditions create the rhs term of the linear system. b=N[{0, Cos [Pi/8],Cos [Pi/4],Cos [3*Pi/8], 0,0, 0}] E.2.17) Then we solve the system by the command LinearSolve [m,b] yielding cn. Informing Mathematica about these values and the definitions r[x_,y_]:=Sqrt[x+y] f[x_,y_]:=N[ArcTan[x,y]] /;y>=0 ; f [x_,y_] :=2*Pi+N[ArcTan[x,y]] /; y<0 E.2.18) and plot commands like Plot3D[Cl*Log[r[x,y]]+ C2*(r[x,y]^1-r[x,y]~-l)*Cos[l*f[x,y]]+ ) 2003 by CRC Press LLC

*Cos[2*f[x,y] *Cos[3*f[x,y] *Cos[4*f[x,y] *Cos[5*f[x,y] C3*(r[x,y]~2-r[x,y]~- C4*(r[x,y]~3-r[x,y]~- C5*(r[x,y]~4-r[x,y]~- C6*(r[x,y]~5-r[x,y]~- C7*(r[x,y]~6-r[x,y]~-6)*Cos[6*f[x,y]], {x,-3.99999,3.99999},{y,-1.99999,1.99999}, PlotPoints->60, PlotRange->{0,1.5},ClipFill->None, Shading->False,AspectRatio->l.] create Figures 5.8 and 5.9. Figure 5.8 Top view of E.2.15) Figure 5.9 Three-dimensional view of E.2.15) ©2003 by CRC Press LLC

Finally, the question arises whether problems with boundaries belonging to different coordinate systems can be solved by other methods than by colloca- collocation methods. A method of solving these nonuniform boundary problems has been known since 1936 [5.5], but it is cumbersome. Tinhofer has applied this method on our problem of a rectangle axb with a circular hole of radius c. For the Laplace equation the following boundary conditions have been assumed: U(x = ±a,y) = U(x,y = ±b) = 0, U(r = c,<p) = ? D2n cos 2mp. E.2.19) n Now the cartesian solution D.8.6) will be expressed by the polar solutions D.1.63) U(r, if) = — + 2^ cvTv (av cos v<p + bv sin v<p). E.2.20) To do this, the formulae x = r cos ip, y = r sin ip cosax = ^ (eiax + e~iax) = ^ (eiarcosv + e-iarcos<fi) , coshay = - (eay + e~ay) = - (eOTSin^ +e-OTSin^), Z Z Bn + l)KX , cos — cosh 2 cosh 2a 2a are helpful. We see that the function cos as well as cosh are both expressed by their com- common mother function exp; recall the grandmother (hypergeometric equation) B.2.59). Furthermore, one has to use xs -• °° 1 —, eiare %v = Vi'aVe"^-, E.2.22) s! ^ s! v ' and s ->• 2s, i2s = (-l)s so that from E.2.21) results r\s 7T - I (cos Sip + i sin sip) ZA)r n7r s s\ \ 2 a) is f2n + \ r\s (-!)s-r —7)—t- (cossip-ismsip) s. \ z aj r \ 2s ) 2003 by CRC Press LLC

and Cos Now it is possible to rewrite the solution D.8.6) in the form n s where Ara and Bra are known from D.8.7). Introducing the abbreviations the solution E.2.25) can be rewritten (using 5s0 = 1 for s = 0, but 0 otherwise) as U{x,y) = U{r,<p) = so + C2sr2s cos2sip\. E.2.27) To satisfy the boundary condition on the circle, one uses the fact that the derivative of a solution of a differential equation is again a solution of the differential equation. We build new solutions: a,b cos 2sif, , E.2.28) where ©2003 by CRC Press LLC

and have to be redefined to satisfy the boundary conditions: a cosh 1 fd2" In + 1)tt& J dx2^ lnr 2a a,b 2n + 1 a; , cos 7T—da;, 2 a n B &cosh +6 1 /"_ :n + l)?ra J c d2" dx^ lnr a, 6 7rf 2 o 7rfdt/. E.2.30) o Using = -B/x-l)!rMcos2/x(>3, E.2.31) the new partial solutions E.2.28) assume the form /in cos cos 2 w s=0 Using Ef r 1 In —===5s0 - C2sr2s cos 2sip, s=o I V a2 + b2 J Ba*-1)! la2 + b2 E.2.32) E.2.33) s=l one can write M=o E.2.34) Here the expansion coefficients 52M are still unknown; they depend on the boundary condition E.2.19), which reads now ^sD2sCOs2sy. The coeffi- coefficients S2/j, have to be calculated from M=0 ©2003 by CRC Press LLC

where cos hr- -yBm) J0 ' 72, = -C2sc2s = -\Bn-iy.c-^s2li2s + c > 1. E.2.35) Some of these nonuniform problems may be very important. In the nuclear power station KAHL it has been crucial that the neutron-absorbing control rods could control the chain reaction. In this nuclear reactor the control rods were arranged on the surface of a cone. The boundary value problem of the neutron diffusion equation could not be solved numerically with the necessary accuracy, since two boundaries (on cylinder and cone) had to be satisfied and the vertex of the cone presented a singularity [5.6]. Membrane domains could exhibit holes, too. We first investigate if collo- collocation methods can be avoided. A clamped square membrane — § < x < + f>~f<y<f can again be described by a modified Helmholtz equation of type D.6.51) Am + E(l - X5(R - r))u = 0, u (±-, y\ = u (x, ±-) = 0, E.2.36) where A is a given parameter. This cuts out a circular hole of radius R. Perturbation theory = uo = Eo \2E2 E.2.37) with 2 txx ixy -r-\ = — COS • COS , Mi = > C a a a z—' 2 2n + 1 2m +1 = - cos nx cos Try, a a a = Eo— / / a2 J J s(R-r) cos2 — cos2 a Eo 2nR T BttR\ t 1 + 2J0 + Jo V a J J might be the answer (E. Rietsch). For R = a/4 one obtains E = 2tt2 1 + 1.02 Xtt E.2.38) E.2.39) One might also think to expand the point forces represented by 5(R — r) with respect to 2fj, cos -kx cos Try. ) 2003 by CRC Press LLC

Such annular membranes have been discussed in the literature even with variable density [5.7], [5.8]. Many problems concerning two boundaries need to know how to handle corners in a boundary. Problems will thus be offered in the next section. Anyway, try to solve this problem: The program DUM solves an inner homogeneous boundary on a square and an outer homogeneous bondary on a circle. Modify the program to calculate an inner homogeneous boundary on the square and an outer inhomogeneous boundary on the circle. (Solution: the modifications have to be made in steps 1 and 3. In step 4, the resulting two output lines should then be exchanged numerically). Problems 1. Solve the inhomogeneous problem of a rectangular membrane 4x2 with an inner homogeneous circular boundary of radius 1. The inhomoge- inhomogeneous values on the rectangle should be 1. (* Membrane-hole. Solution of Helmholtz equation for 2 boundaries belonging to two different coordinate systems. Outer boundary: rectangle 4x2, boundary value 1, inner boundary circle of radius 1, homogeneous condition. No eigenvalue problem. Solution in polar coordinates *) (* Step 1: define collocation points*) n=18; (*on inner circle*) x[l]=0.5; y[l]=O.; x[2]=0.45; y[2]=Sqrt[0.5~2-x[2]~2]; x[3]=0.35;y[3]=Sqrt[0.5~2-x[3]~2]; x[4]=0.15; y[4]=Sqrt[0.5~2-x[4]~2]; x[5]=0; y[5]=0.5;x[6]=-x[4]; y[6]=y[4]; x[7]=-x[3]; y[7]=y[3]; x[8]=-x[2]; y[8]=y[2]; x[9]=-x[l]; y[9]=0.; (* on rectangle *) x[10]=2.; y[10]=0.; x[12]=2.; x[14]=0.; y[ll]=0.5; x[16]=-2.; x[18]=-2.0; y[18]=0.; x[17]=-2.; y[17]=0.5; Tabletf[l]=N[ArcTan[x[l],y[l]],12],{l,l,n}]; Table[r[l]=N[Sqrt[x[l]~2+y[l]~2],12],{l,l,n}]; ) 2003 by CRC Press LLC

Clear[pi]; pl=ListPlot[Table[{x[l],y[l]},{l,l,18}], PlotStyle->PointSize[1/40],AspectRatio->0.5, PlotRange->{{-2.,2.},{O.,2 Here TV guarantees that one gets numerical values from the function arctan. The command ListPlot generates Figure 5.10 showing the lo- location of all collocation points. PointSize determines the diameter of the "points" by 1/40 of the dimension of the plot, AspectRatio->0.5 fixes the ratio 1:2 of the y to the x dimension and PlotRange describes the limits of the plot. z, 1.75 1.5 1.25 » • U 0.75 » 0*54 » • 4 >• 4 • • -2 -1.5 -1 -0.5 0.5 1.5 Figure 5.10 List plot of collocation points Now one has to define the matrix m and the two boundary values: (* Step 2: define matrix m to be filled later*) m=Table[i*j],{i,l,n},{j,l,n}]; Table[m[[l,k]]=BesselJ[(k/2-1/2) ,r[1]]* Cost(k/2-l/2)*f[1]],{1,1,18},{k,l,n,2}]; Table[m[[l,k]]=BesselY[(k/2-1),r[1]]* Cos[(k/2-l)*f[l]],{l,l (* Step 3: define boundary values and solve linear ecpi. *) b={0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1}; LinearSolve[m,b]; kolist=% ;Table[A[k]=kolist[[k]],{k,l,n}]; It might be that you get a message concerning a badly conditioned matrix. In this case, remember problem 1 of section 4.8: << LinearAlgebra GaussianElimination LUFactor[m]; LUSolve[lu, m] Another method is to rationalize all numbers: RM=Rationalize [M, 0] ) 2003 by CRC Press LLC

RP=Rationalize[P,0] BC=LinearSolve[RM,RP] A=Table[BC[[lk]], [lk,l,n}] E.2.40) The command Rationalize [M,p] transforms all elements of the ma- matrix M into rational numbers (fractions) using a tolerance of 10~p in the approximation. (* Step 4: verify the boundary conditions *) r[x_,y_]:=N[Sqrt[x~2+y~2]]; f [x_, y_] : =N [ArcTan [x, y] ] ; gl[x_,y_]:=Sum[A[k]*BesselJ[(k/2-1/2),r[x,y]]* Cos[(k/2-1/2)*f[x,y]],{k,l,n-l,2}]; g2[x_,y_]:=Sum[A[k]*BesselY[(k/2-1),r[x,y]]* Cost(k/2-l)*f[x,y]],{k,2,n,2}]; g[x_,y_]:=gl[x,y]+g2[x,y] (*/;x~2+y~2>=l*) Table[g[x[i],y[i]],{i,l,n}] If all is correct, the result should be {0.,0.,0.,0.,0.,0.,0.,0.,0., l.,l.,l.,l.,l.,l.,l.,l.,l.}. Observe the condition /;x~2+y~2>=l after the definition of the function g[x_,y_] which should define the function g(x,y) for values only outside and on the circular inner boundary. The following commands should generate Figures 5.11 - 5.14: Clear[p2];p2=ContourPlot[g[x,y],{x,-2.0,2.0}, {y,-l.0,1.0}, ContourShading->False,ContourSmoothing->2, PlotPoints->30,Contours->{0},AspectRatio->0.5] Show[Graphics[pi], Graphics[p2]] 0.5- -0.5- -1 0 Figure 5.11 Contourplot of rectangle with circular hole ) 2003 by CRC Press LLC

Clear[p3];P3=Plot3D[g[x,y], {x,-2.,2.},{y,-1.,1.}, PlotPoints->60, PlotRange->{0,1.2}, Viewpoint->{0.,0.,2.}, ClipFill->None, AspectRatio->0.5, Shading->True]; Show[p3,Viewpoint->{1.3,-2.4,2.}]; Show[p3,ViewPoint->{0., -2.0, 0.}] 0.5- -1 Figure 5.12 Rectangular membrane with circular hole Figure 5.13 Rectangular membrane from default viewpoint ©2003 by CRC Press LLC

0.75 Figure 5.14 Membrane sideways 2. Try to write a program to calculate the eigenvalue of a circular mem- membrane with a rectangular hole. Use polar or cartesian coordinates. So- Solution: very difficult, approximation very rough. Collocation methods often fail to solve eigenvalue problems with two different boundaries. 5.3 Corners in the boundary Corners in the boundary of a domain present new mathematical difficulties. In recent years quite a great number of papers have been published on this subject. Due to the large amount of material we only may quote a small selection. A collocation method using boundary points has been discussed for a triangular plate as early as 1960 [5.9] and the same author treated vibrations of a conical bar [5.10]. Triangular and rhombic plates were also discussed [5.11]. Vekua drew the attention to the fact that smoother boundaries yield better approximations [5.12]. Fox stated that it is necessary to take the origin of the polar coordinate system as the vertex of a corner with the angle n/a and that a function N u{r,(p) = Y] Cn Jna (a/A r) sin nap), E.3.1) ra=l where na = an, n = 1... N satisfies the boundary condition on both sides of the angle and has the correct singularity at the corner [5.13]. For an L-shaped membrane one has an angle 3?r/2 and a = 2/3, so that Bessel functions of fractional order appear. Such reentrant corners also have been investigated by Donnely [5.14]. Survey reviews have been published by Kondratev and ) 2003 by CRC Press LLC

Kuttler [5.15], [5.16]. The various authors use variational methods, colloca- collocation methods and others but state that often engineering applications solved by the finite element method are of limited accuracy [5.16]. A collocation method applied on a nonconvex domain with one boundary generally yields poor accuracy too [5.17]. It is therefore interesting to know the computable bounds for eigenvalues of elliptic operators [5.18]. Another review on prob- problems on corner domains has been given by Dauge [5.19]. Finally, Ukrainian authors draw the attention to the obstacles hindering the use of variational methods (as well as of finite difference, finite elements and boundary elements) for such boundary problems and present the theory of R functions [5.20]. In section 4.1, Figure 4.2 showed a rectangle with an incision. The angle of that incision is apparently given by 3tt/2 (reentrant corner [5.14]). We first consider the laplace equation in cartesian coordinates with homogeneous boundary conditions: u@,y) = 0, -l<t/<0, E.3.2) u(x,0) = 0, 0<x<l. E.3.3) We assume diagonal symmetry around the diagonal straight line y = x. For the remaining boundaries, we assume inhomogeneous conditions: w(l,t/)=sin|t/, 0 < j/ < 1, E.3.4) u(x, 1) = 1, -1 < x < +1. E.3.5) These conditions guarantee continuity in the points A,0) and A,1). Avoiding cartesian solutions with the disagreable cosh we use polar coordinates. To satisfy the boundary conditions along the lines 0<x<l,y = 0 (thus ip = 0) and along x = 0, —1 < y < 0, (thus <p = 3?r/2, 0 < r < 1) we set up n „ u(x,y) = u(r,ip) = ^anriB™-1) sin -Bn-l)v?. E.3.6) ra=l This is an exact solution of the Laplace equation in polar coordinates, com- compare similar solutions like E.2.2). We now use the partial amplitudes an to satisfy the boundary conditions. For this purpose several methods can be used. We prefer the collocation method choosing 8 collocation points (l.,0.2), (l.,0.4), (l.,0.7), (l.,0.1), @.5,1.), @,1.), (-0.5,1.), (-l.,l.). Using the abbreviations Vi ¦ ipi = arctan (j/i/ccj) = f(xi,yi), sin = sin2Bn - l)ipi/3, 2Bn-l)/3 /r o n\ r^ sin E.3.7) ) 2003 by CRC Press LLC

and inserting into the boundary condition E.3.4), E.3.5) one can solve for the partial amplitudes an and plot u(x,y). This can be done by a Mathematica program. You should Input x[i],y[i],r,f,m b={N[Sin[Pi*y [1] /2] ] ,N[Sin[Pi*y [2] N[Sin[Pi*y[3]/2]],N[Sin[Pi*y[4]/2]],l,l,l,l} {0.309017, 0.587785, 0.891007, 0.156434, 1, 1, 1, 1} LinearSolve[m,b] {1.15218, 0.224138, 0.0277575, 0.0331684, 0.0216117, -0.000531457, -0.00341928, 0.00109555} Plot3D[ 1.15218*(r[x,y]~B*B*1-1)/3))*Sin[2*B*1-1)*f[x,y]/3] 224138*(r[x,y]~B*B*2-1)/3))*Sin[2*B*2-1)*f[x,y]/3] 0277575*(r[x,y]~B*B*3-1)/3))*Sin[2*B*3-1)*f[x,y]/3] 0331684*(r[x,y]~B*B*4-1)/3))*Sin[2*B*4-1)*f[x,y]/3] 0216117*(r[x,y]~B*B*5-1)/3))*Sin[2*B*5-1)*f[x,y]/3] 000531457*(r[x,y]~B*B*6-1)/3))*Sin[2*B*6-1)*f[x,y]/3] 00341928*(r[x,y]~B*B*7-1)/3))*Sin[2*B*7-1)*f[x,y]/3] 00109555*(r[x,y]~B*B*8-1)/3))*Sin[2*B*8-1)*f[x,y]/3], {x,-l.,l.},{y,-l.,l>, PlotRange->{0.,l.}, Shading->False, ClipFill->None,PlotPoints->60] This generates Figure 5.15. +0 +0 +0 +0 -0 -0 +0 Figure 5.15 Reentrant corner To solve a similar boundary value problem for the Helmholtz equation, we use the corresponding solutions [5.18] N u{r,ip) = n=l I< E.3i ©2003 by CRC Press LLC

In an analogous program one would have Table[f[1]=ArcTan[x[l],y[1]],{1,l,n}]; Table[r[l]=Sqrt[x[l]~2+y[l]~2],{l,l,n}]; m=Table[m[[k,1]]=BesselJ[2*B*k-l)/3,r[1]]* Sin[2*B*k-l)*f[1] b={Sin[Pi*y[1]/2],Sin[Pi*y[2] Sin[Pi*y[3]/2],Sin[Pi*y[4]/2],Sin[Pi*y[5]/2],l,l,l,l} Far more complicated are problems with two rectangular boundaries. For the Laplace equation Still (private communication) has solved such a prob- problem. For Am = 0, he assumes a homogeneous boundary problem for the inner square and an inhomogeneous problem u = 1 on the outer square. Due to the symmetry, only half of the first quadrant will be considered. A trial function is taken in the form ra-l u(r,ip) = en + a2lnr + ^ (a2fc+ir4fc + a2fc+2r~4fc) cosDkip). E.3.9) A collocation method with N = 2n points showed heavy oscillations between the collocation points. The method obviously suffered from the corners with an angle tt/4, where E.3.9) is not differentiable. In fact, it allows a singular expansion around this point (ro,ipo) by u(r0, <po) = rl/3 sinB/3V0. E.3.10) Therefore, the trial function E.3.9) had been modified by adding the term n y (o^r + G4fc+2r I sin(^4fc + z)ip +a,4n+3rl'3 sinB/3)(>3o- E.3.11) This trial function gave slightly better results. Furthermore, Still also con- considered conformal mapping. An even more general problem has also been considered by Still [5.21]. The boundary of a triangle may consist of two straight lines Fi (ip = 0), F2 (ip = to) and a curve described by T3(g(r, ip)). The Laplace equation solution should satisfy the boundary values gv(r, ip) on F^ for v = 1,2,3). One can assume N N g1 (r) = y ^ cpn >rn for ip = 0, g2(r) = y j oy-n 'rn for ip = uj E.3.12) n=0 n=0 or simpler gi(r) = aK0'(r - i?i) for ip = 0, g2{r) = aK0 'Rx for ip = w, g3(r, ip) = —ai R\ sin \- Br2 sin — for 0 < ip < to. E.3.13) ) 2003 by CRC Press LLC

These functions are continuous at the three corners (r = 0,ip = 0), (r = Ri,ip = 0), (r = R2,ip = to). Then the singularity free setup may be suggest- suggesting itself: N u(r, ip) = u0 (r, ip) + «i (r, ip) = a0 + ^ (an cos nip + bn sin nip) rn n=l N + Y, Pnran sin naip, E.3.14) ra=l where a = tt/w. If the boundary conditions would contain a discontinuity, the addition of singular terms like cip, cr(ip cos ip + log r sin ip), which solve the Laplace equation, could help. The (in in E.3.14) have to be determined by the boundary condition on IV N g3(r,ip) -uo(r,ip) = ^2/3nran sin naip, E.3.15) n=l whilst for Fi, F2 one has A«i=0, ui(r,v?)=0. E.3.16) If instead of the Laplace the Helmholtz equation has to be solved, one has to make the replacement rn cos nip -? 3n(kr)cosnip. E.3.17) To execute numerical calculations, we choose R\ = 1., R2 = 1.5, ay = 1., a0 = — 1., B = 1.. Satisfying the boundary conditions results in N <p = 0: g1(r)=r-l=u(r,0)=ao + Yjanrn, E.3.18) n=l ip = w : 92{r) = -1 = u(r,ui) N = ao + ^2 (an cos nu> + bn sin nu>) rn, E.3.19) n=l g3 (r, (p) = - sin ^ + Sr2 sin — E.3.20) JV N = ao + 7^ (an cos nip + bn sin no?) rn + y^ /3rarra7r'w sin n—ip. n=l n=l The equations E.3.18), E.3.19) determine the coefficients ao,an and bn in Fi and F2. Equation E.3.20) may yield the (in. This may be done using a collocation method. First, E.3.18) gives ao = —l.,ai = l.,an = 0, n > 1. From E.3.19) one obtains for u> ^ n = cosu! b n>l E.3.21) sin a) ) 2003 by CRC Press LLC

Finally E.3.20) yields - sin -~- + Brf sin -J— = -1 + cos ifi ^r/Wsin^p, 0<^<w, i = l,2,...JV. E.3.22) ra=l Now choosing o> = ?r/6 and four collocation points on F3 determining f3\... pi one obtains Table 5.1. Table 5.1 The expansion coefficients i Xi m hi fa 1 1. 0. -19.086 7 -0.104899 2 1.209059 0.193 579 10.0928 0.041507 3 1.555 7 0.336465 0. 0.000 449 585 4 1.578 21 0.512 293 0. 0.000066 7401 By similar methods (and fingers crossed) corner problems of this type can be solved. These might include rectangular domains with rectangular or trian- triangular or hexagonal holes or domains without a hole but exhibiting polygonal boundaries. Problems 1. Find the lowest eigenvalue of an hexagonal membrane with no holes and homogeneous boundary conditions. Assume an hexagon with the same area as a circular membrane of radius 1, so that the Faber theorem may help to control your results. You may choose 9 collocation points and a radius of the circumcircle equal to J2-n/3^j3 guaranteeing the same area n of the circular membrane. Then you should obtain the eigenvalue 2.43156 (>2.404825 of the circular membrane). Try to find the eigenvalue by plotting Det(m) as function of eigenvalue by narrowing the search interval. 2. Discuss a rectangular membrane with a rectangular hole. Boundary conditions might be value = 1. on the outer (inner) rectangle and ho- homogeneous (clamped membrane) on the inner (outer) rectangle. Use polar coordinates. Make a Plot3D of the solution. ©2003 by CRC Press LLC

6 Nonlinear boundary problems 6.1 Some definitions and examples A boundary problem is called nonlinear, if either the differential equation or the boundary value problem is nonlinear. The concept of a nonlinear differential equation is clear, see sections 2.6 and 3.4. For the solutions of these equations the superposition principle does not hold. From the standpoint of the physicist or engineer, nonlinear partial differential equations appear, if the underlying phenomenon itself is nonlinear or if parameters or coefficients in the differential equation depend on the solution function. In electrodynamics very often the material parameter /j, depends on the solution of the equations of electromagnetism. A boundary condition is called nonlinear, if the condition itself depends on the solution function of the actual differential equation. Let us view some typical nonlinear differential equations: 1. the diffusion equation with variable diffusion coefficient C.2.19) or C.4.1) 2. the Carrier equation for a string with varying tension C.4.55) 3. the Euler equation of motion C.2.52). Other examples are the partial differential equations describing the cooling of a nuclear reactor, where the neutron density n(x,t) and the temperature T(x,t) are coupled through n = vTx + Tt, nt = nxx + p(T)n, where v is the flow velocity of the coolant and p the coolant density. Another example is given by the equation of motion oi glaciers (Finsterwalder equation) [6.20]. fill fill [(n + l)fcu"_o]™+o=™. F.1.1) Here u(x,t) is the vertical thickness of the glacier, which glides downhill on an inclined plane of angle a, where k = tana and n ~ 0.25 — 0.5. Nonlinear boundary conditions are found when considering the superfluidity of He3. The pertinent partial differential equation ut = uxx and the initial condition u(x,0) = 0 are linear, but the boundary condition is nonlinear: ux@,t) = k[u@,t)-cs'mt]3. F.1.2) ©2003 by CRC Press LLC

The flow velocity v of gravity waves on the surface of a lake are described by v(x,y,z,t) = —Vip, where Aip = 0. The partial differential equation is linear, but the boundary condition that there exists atmospheric pressure p0 on the water surface, is not linear. The Bernoulli equation reads „. F.o, Here g is the gravitational acceleration, p pressure, p density of water and z is the coordinate orthogonal on the water surface. Formal integration with respect to the three space coordinates x, y, z results in -9i+{Jf + -p+9z = const. F.1.4) On the ground z = — h of the lake, the normal component vn vanishes, so that (dip/dz)z=-h = 0. On the surface of the lake z = 0 one has Integration of Aip together with the two boundary conditions results in elliptic functions ( "snoidal" and "cnoidal" waves). A linearized approximate solution of the problem will be discussed in problem 1. Moving boundaries are mainly nonlinear, although very often it is difficult to recognize the nonlinearity. Consider an infinite half-space orthogonal to the x axis, which is filled with water. On the boundary plane x = 0 the temperature is cooled down to To < 0° C. Thus the water will freeze there. As time passes on, a freezing front will penetrate into the water and freeze it. If we designate by Xi (a;, t) the temperature within the ice and by T2 (a;, t) within the water and let Ts be the temperature within the front, then continuity demands Ts = T1(x = X(t),t) = T2(x = X(t),t) or dT1=dT2. F.1.6) Here X(t) designates the actual location of the freezing front. Now we consider the two heat conduction equations. Subscript 1 refers to ice and subscript 2 to water, respectively: aii(a,*) = _Ai_ efT^t) dT2(x,t) = J^_ d2T2(x,t) dt pici dx2 ' dt p2c2 dx2 ' [ ' ' ' where p [kg/dm3] and c[kJ/kgK] designate density and specific heat, K is the thermodynamic temperature, A [W/mK] is the thermal conductivity (heat conductivity). Boundary conditions exist mainly within the freezing front. Energy conservation demands that the relative rate of heat flow through the front is equal to the melting heat L [kJ/kg] transported away [6.1]: dT1(x = X(t),t) dT2(x = X(t),t) AX Ai m A2 m = LpHt^ F-L8) where p = (pi + /?2)/2 (Stefan boundary condition). Furthermore, the con- conditions at x = 0 and x = oo have to be taken into account: Ti@,i) = To, T2(oo,t)=T*, F.1.9) ©2003 by CRC Press LLC

where T* is the initial water temperature: T2(x,0)=T* for x > 0. F.1.10) Having a short look at the foregoing equations, it is not immediately clear that they represent a nonlinear problem. But using for i = l,2 F.1.11) at ox and da; dt dX dt dt ( i dT, dt dTid dx " dT2 dt and insertion into F.1.8) yield the nonlinear boundary condition 8T2 8T,\ A dT, dT2\ _ (dT, 8T2\ AA )-LP ^T ttt • F.1.13) dX 8Xj\LdX *8XJ r\dt dt , The nonlinearity is hidden in the fact that the moving front boundary X(t) depends on the temperature T(x, t). We will present a solution of the Stefan problem in the next section. Another example of a nonlinear boundary problem appears in connection with the disposal of radioactive waste. One must know if the heat produced by the radioactivity of the waste may be removed by the surrounding rocks [3.9]. For the time-dependent thermal diffusivity a(t) = X(t)/p(t)c(t), the heat conduction equation reads du(x.t) , ,d2u(x. t) , „. —^-L-L = a(t) i ' \ 0<a;<oo, 0<t<T. F.1.14) At first sight, this looks linear. But the initial condition u(x,0) = 0 and the boundary condition u@, *) = /(*), -a(t)^M-= g(t), F.1.15) where f(t) and g(t) are known, contain nonlinearities. It has been shown that this problem is actually nonlinear [3.9]. Such nonlinear boundary problems occur for ordinary differential equations too. Collatz [1.7] gives some examples: y"=3y2/2, t/@) = 4, y(l) = 1, F.1.16) y" = f(y), i/(o) = s/o, i/(Q = i/i, F-1.17) y" + 6y + y2 = -- cosa;, t/@) - yBn) = y'@) - y'Bn) = 0. F.1.18) Solutions will be discussed in the problems. ©2003 by CRC Press LLC

Problems 1. Solve the problem of water waves on a lake by linearization. This yields A<^ = 0, ^ = ~9% for z = 0. F.1.19) Use the setup tp(x,y,z,t) = Aexp[i(kxx + kyy - ut)]U(z) F.1.20) and the boundary conditions -^- = 0 for z = -h, F.1.21) g^=w2<p for z = 0. F.1.22) at Solution: U(z) = coshk(z + h), k2 = k2x + k2y, —uJU = —g— = — gk sinh kh = —u>2 cos so that the wave dispersion to(k) is given by -UJ2U = -g—= -gk sinh kh = -uj2 cosh kh for z = 0, F.1.23) XZ = ^r = A/f tanhhfc = o)(fc). F.1.24) k V k 2. Solve F.1.16). Solution: y = 4/A +xJ. (Hint: use the method how to solve the equation of motion mx = K(x).) Try DSolve 3. Solve F.1.17) by the same method. (Equation of motion). 4. Try to solve F.1.18). 6.2 Moving and free boundaries It seems to be clear that moving boundaries may appear only for partial dif- differential equations containing the independent variable time. These partial differential equations are mostly of parabolic type like F.1.7). Free bound- boundaries, however, occur mainly with elliptic partial differential equations and very often describe equilibrium situations. We first would like to solve the Stefan problem. The heat conduction equations F.1.7) are exactly of the form C.3.51) in section 3.3. There we found that the similarity transformation 7] = x/2v/r, t = Xt/pc, a = X/pc, F.2.1) ©2003 by CRC Press LLC

transforms the heat conduction equation into Using 14G7) = T'{n) we obtain a separable equation like A.1.4) ^ = -2r?w, F.2.3) d?7 which yields after integration /Atb f n — = - 2ndn = lnu = -rf +lnC, 14G7) = const exp(-rf) F.2.4) and T(n) = const /exp(—r / x \ = const + Aevi(n) = T0 + erf —— . F.2.5) \2\/atJ Thus, we have for ice (x, t)=T0+ Aed —= F.2.6) V-^V U\t y and for the water T2(x,t)=T*+Beiic(-^=). F.2.7) \2yai/ Here the function erf is the error function and erfc(ry) = 1 — erf(ry) is the complement error function. As is well known [2.9], one has erf(O) = 0, erfc(O) = 1, erf(oo) = 1, erfc(oo) = 0. F.2.8) The solutions F.2.6) and F.2.7) satisfy the boundary conditions F.1.9). For a solution of F.2.2.), Mathematica yields T(v) = C2 + ^Cierffa). F.2.9) Returning to F.2.7) we find that the initial condition F.1.10) is also satisfied due to F.2.8). Now the two unknown integration constants A and B will be used to satisfy the boundary condition F.1.8). Let us make a setup for the path of the freezing front: ©2003 by CRC Press LLC

Then F.1.6) and F.2.10) yield two equations: To + A erf (^=) = Ts = T* + B [l - erf (-^= ) |. F.2.11) If a is assumed to become known later, we can find an equation for A and B: rr~\ rr~\ rr~\ iTt* erf( Now using the setup F.2.10) we can satisfy F.1.8). We calculate ffTifot) 8T2(x,t) x=x(t) dx d erf(ry) 2 _ 2 x=X(t) 5a; and F.2.13) dr? -/^ Insertion of these expressions into F.1.8) results in Ai (Ts - To) exp (-a2/4ai) A2 (Ts - To) exp (-a2/4a2) + | ^/aT erf (a/2-^/oT) ^/a^ erf ( ^ F.2.14) For given parameters Ai, A2, ai, a2,1/, /0 for ice and water and assumptions for Ts = 0°C,T* = 5°C equation F.2.14) is a transcendental equation determin- determining a giving something like a rj 0.242, see problem 1. Then the solutions read 21 (x, y)=T0+ Ts To erf (T^==), 0<x<X(t), F.2.15) erf(a/2v/aT) \2a T2(x,t) = T*+ erfc —= , x > X(t). F.2.16) erfc (a/2^/0^) \2^a2tJ Moving boundaries may also occur for elliptic partial differential equations [3.15]. The incompressible, steady-state 2D viscous flow between two plates in a distance 2a, the so-called Hele-Shaw problem, is an example. Finite elements have been used to solve it [4.29]. The plates are arranged in such a way that gravity acts parallel to the y axis and main flow is in the x direction. Then the two velocity components u, v are driven by pressure p and gravity g a2 dp(x,y) -a2 fdp(x,y) \ /CO1^ uM = -vT»^x-> vM=vill{r^y~ + pg)' F-2-17) and the velocity potential reads a2 V>(x,y) =—(p(x,y) + pgy). F.2.18) ©2003 by CRC Press LLC

H is the viscosity. Now the idea is that a fluid 1 is being pushed out completely by fluid 2. What, then, is the boundary condition in a steady state on the interface between the two fluids? Apparently, the mean velocity u\ and w2 respectively will be given by a2 grad(p- u2 = -——grad(p + p2gy) = grady>2- F.2.19) lz/x One can assume that the components of u\, v\ normal to the interface between the two fluids are continuous. Special applications of this problem are of industrial interest: injection of a fluid into a cell, electrochemical machining, seeping of water through a dam, lubrication of a bearing, cavitation, etc., may be formulated as a Hele-Shaw problem [3.15]. The taste of cheese depends on the diffusion of chemical substances pro- produced by typical bacteria or mold fungi. Thus, the cheese producers are interested in diffusion problems within solids. The speed of the moving front determines the storage time and consequently price and quality of the product. For the steady state of a diffusion process one has ?m=o- F-2-2o) c(x) is the local concentration of the chemical substance and m is a production (or absorption) rate (moles or grams/sec). Let x = 0 describe the cheese surface and designate by xo (t) the actual depth of penetration of the diffusing substance. The steady state will be described by dc c(x,t) = 0, — =0iovx>x0 F.2.21) ox and, during the maturity process, one has on the cheese surface c@,t) = co = const. F.2.22) Apparently, ci = ^(x-xo)\ xl=2-^ F.2.23) is a solution of F.2.20) to F.2.22). As soon as the ripening time r of the cheese is over, its surface x = 0 will be sealed. At this moment, the location of the diffusion front can be designated by xo(t). Then the mathematical problem to be solved reads: dc d2c dt=Ddx^-m>°^X^XoiT)> dc — = 0 for x = 0, t>r, ox ©2003 by CRC Press LLC

dc c(xq,t) = C= — =0, X = Xq(t), t > T, OX c(x,t) =d = — (x-x0J, 0<x<xo, t = r. F.2.24) Various numerical methods have been used [3.15] to solve this implicit prob- problem. It is called an implicit problem, because xo(t) is absent. A transformation c = du/dt may create an explicit problem or the boundary condition F.2.24) can be replaced by dc/dx = f(t) for 0 < x < 1 giving [3.15] c{x,t) = \ V 6XP ("f7^ cospTra + - (x2 - 1). F.2.25) p=l/2,3/2 Ablation is the step-by-step removal of matter (ice, fuel for thermonuclear fusion, metals) mainly by direct transition of the solid into the gaseous state. This is of interest for laser-induced fusion. In this process, the ablation front penetrates into the material and one again has a moving boundary (inter- (interface between two thermodynamic phases). The penetration process can be described by xo(t) = s(t). Let / be the thickness of the layer in which the thermal ablation energy q(t) > 0 is supplied, then the local temperature T(x,t) obeys: dT d2T T(xo,t) =g(t), fU=A^ +q(t), x0 = s(t), F.2.26) and T = ip(x) < 0 for 0 < x < I, t = 0, T = f(t) < 0 for x = 0, t > 0, s@) = /. F.2.27) First, ip(x) and f(t) are unknown. Solving for T(x,t) for a given path s(t) is called the inverse Stefan problem. A transformation on a co-moving coordi- coordinate system ? = x/s(t) is useful, see the remarks on progressing waves in the next section. Free boundaries occur on surfaces of a free jet flow, where the atmospheric pressure determines the boundary. A very simple example of this type can be described by conformal mapping. The function z = —( + e~<>, x = —u + e~u cosv, y = —v — e~usmv F.2.28) describes the pouring out of a liquid of an infinite half space tank (Borda outlet). For the steady-state building of the jet, the nonlinear boundary con- condition is needed: ©2003 by CRC Press LLC

u(x,y) describes the streaming velocity and v(x,y) = const describes the streamlines. It is not possible to directly solve F.2.28) for u(x,y),v(x,y). We make an hodograph transformation as in section 3.4. We replace the dependent variables u(x, y), v(x, y) by the independent variables x(u, v),y(u, v) becoming then the new dependent variables. Thus: du = uxdx + Uydy, dv = vxdx + vydy, dx = xudu + xvdv, dy = yudu + yvdv, F.2.30) so that da; = (vydu — uydv) /D, dy = (—vxdu + uxdv) /D, F.2.31) where D = UX Uy F.2.32) Comparing the expressions for da; and dy in F.2.30) as well as in F.2.31) results in xu = vy/D, xv = —uy/D and 4 + ^ = ^| = ^ = l- F-2-33) These equations now express the free nonlinear boundary condition on the free surface of the jet. But how do we find a mathematical expression for the free surface? We make a setup for the surface v = const using an unknown function F(u) xu = F(u), yu = y/l After some trial and error and inserting into F.2.28) one obtains F(u) = 1 - e", yu = i^l-a-e"J. F.2.34) Integration yields x(u) = u — e", y{u) = const ± y/2eu - e2u + 2 arcsin v/e"/2. F.2.35) An investigation of the solution demonstrates that the flow velocity makes a discontinuous jump on the free surface: from v (surface) to v = 0 in air. Thus the potential u(x,y) is discontinuous too (Levi-Civita potential). Problems of this kind occur in plasma physics (hose instability). If the pressure in fluid jets drops below the saturation vapour pressure of the fluid, cavitation sets in: the fluid evaporates and gas bubbles are formed. If they implode due to changes of the surrounding pressure, the solid material nearby may ©2003 by CRC Press LLC

be damaged or even destroyed. (This may occur for turbine blades or ship's screws.) Seepage flow through a retaining dam (if an earth-fill dam) is an important engineering problem connected with hydro-power generation and flood disaster protection. The surface of seepage water flow presents free boundary that is contained within the dam. Seepage of a fluid through a porous material in the x direction is described by the Darcy law Here /x is the porosity of the dam material and pgy the weight of the water. Let x = 0 be the waterside of the dam and d its thickness, then the boundary conditions on the solids read (p{x = 0, y) = H for 0 < y < H, tp(x = d,y) = h for 0 < y < h, ip(x = d, y) = y for y > h. F.2.36) Here H is the height of the water level and h is the height of the dam (h > H). Furthermore, one can assume that there is no seepage at x = d, y = h: dtp -J- = 0 for 0 < x < d, y = 0, dy -?- = 0 for x = d, y>h. F.2.37) ox Within the dam the free seepage water surface y* (x) is described by <p = y, d(p/dn = 0 F.2.38) or by the Bernoulli equation. One is now interested in the shape of the free boundary: y* = f{x), /(O) = H, f(d) > h, = oo. F.2.39) = 0, ±- x=o dx x=d The problem described by the last equations F.2.36) to F.2.39) can be solved using a Baiocchi transformation H w(x,y)= (<p(x,T))-T))dT) F.2.40) v leading to a partial differential equation for w. This high mathematics is, however, of very small practical meaning. In the engineering world, a dam is ) 2003 by CRC Press LLC

neither homgeneous nor isotropic, so that the Laplace equation has to be modified 9 [, , . dip , . . dip =°- F-2-4i) For an isotropic homogeneous dam fen = &22 = 1, fei2 = &21 = 0 = constants would be valid, for an isotropic inhomogeneous dam one would have functions ki2(x,y) = k2i(x,y) = 0, ku(x,y) = k22(x,y). Engineering values of n and the kij may vary 1:10 in nature! In recent years there has been great interest in moving elastic boundaries, as in the blood streaming in an artery [6.2]. Problems 1. Using the command FindRoot find a from F.2.14). You can assume: pice = 0.917 kg/dm3, ^water = 0.998 kg/dm2, cice = 2.1 kJ/kg K, cwater = 4.182 kJ/kg K, Aice = 2.2 W/m K, Awater = 0.598 W/m K, aice = 0-0112 cm2/sec, awa^er = 0.0017 cm2/sec, aice Ts = 0°C, To = 5°C [6.5]. Remember: Joule J = m2 kg s~2, Watt W = Js = m2 kg s~3. (International Union of Pure and Applied Physics). Vary Ts, To. 2. Plot F.2.5), F.2.15) and F.2.16) taking numerical values from problem 1. Use To = 0°C, -5°C, -10°C and 0 < x < 5. Do you observe a salient point on the x axis? Does it depend on Lpl (Yes). 3. Plot F.2.28) and separately F.2.35). For the methods see section 4.2. 6.3 Waves of large amplitudes. Solitons Phenomena with large amplitudes are mainly described by nonlinear equations and cannot be described by approximately linearized differential equations. Small amplitude pressure waves in gases can be described by the d' Alembert ) 2003 by CRC Press LLC

equation D.3.1), but high pressure waves cannot. Let us consider the conti- continuity equation for the one-dimensional time dependent compressible flow of a gas without sources. According to C.3.22) one has Pt = upx + pux = 0. The Euler equation C.3.23) assumes the form put + puux + px =0. F.3.1) F.3.2) The assumption of adiabatic behavior C.3.24) and the definition of the velocity of sound C.3.25) allows us to rewrite F.3.2) in the form C.3.26) or put + puux + a px = 0. F.3.3) Thus, the calculations C.3.39) to C.3.45) yield the one-dimensional potential flow equation C.3.46) in the form (a2 - - 2ipxipxt - iptt = 0. F.3.4) Again, u(x, t) = —d(p(x, t)/dx and the velocity of sound a is given by C.4.38) in the form " " (K}-2 '•- ^- F.3.5) a2 =al This is a consequence of C.3.24) and C.3.44) or can be read off from C.3.47). If <-px<-Pt and y>xt are small, one obtains a constant sonic speed a rj ao and C.3.46) becomes the linear wave equation ipxx = iftt/al- To solve the nonlinear partial equationF.3.4) we follow the lines of thinking in section 3.4 and apply a Legendre transformation. In full analogy to C.4.53) we make the setup (where now x and t are dependent variables) (px = -u, (ft = -q, <pxx = -ux, (ftt = -qt, dip = (pxdx + iptdt = -udx - qdy, *(«, q) = ux + qt + ip(x, t), d* = ^udu + ^qdq = xdu + tdq, ™u — %i ™q — *j M/uu — $ui ™uq — *qj ?>xx = -Vqq/D, ?>xt = ^qv/D, ftt = ~^uu where D = F.3.6) F.3.7) We then obtain the exactly linearized potential equation F.3.4) in the form - *„„ = 0. F.3.8) (a2 - u2) ) 2003 by CRC Press LLC

This offers now a great advantage. Deriving for F.3.4) the characteristics one obtains w = — =u±a(u), F.3.9) at which cannot be used, since the wave velocity w depends on the unknown solution u(x,t). But the characteristics for F.3.8) ^- = -(u±a) F.3.10) au are independent from q and can be used to solve F.3.8) as we shall see in the next section. Since the wave speed w depends on u, a wave propagates faster in relation to the speed of flow velocity u. This means that a pressure wave amplitude will steepen up during propagation. This continual steepening of the wave- front can no longer be described by single valued functions of location. One has to introduce a discontinuity into the flow to get over this difficulty. This discontinuity is called a shock wave, across which the flow variables change discontinuously. This jump is described by the Hugoniot equation [3.30], [3.37]. The discontinuity vanishes if the basic fluid equations are modified to contain viscosity and heat conduction. Including these terms, Bechert derived a nonlinear partial differential equation of fifth order, which could be solved by a similarity transformation [6.3]. This solution is no longer discontinuous but describes a continuous but very steep transition between the values of the flow parameters before and after the wave front. It seems that Preiswerk in his thesis [6.4] was first to draw attention to the fact that the same gasdynamic equation that we just discussed describes a water flow with hydraulic jumps (water surges) in rivers when a water lock is suddenly opened up-stream. Pressure jumps occurring in hydro-electric power stations obey similar equations [6.5]. Preiswerk has shown that gasdynamic equations can be applied on water surface flow if k = cp/cv is put = 2 in these equations. Formally, the temperature T of the gas corresponds to the water depth. We now have the mathematical tools to undertake the problem of gravity waves on the surface of a lake described by Aip = 0 and equations F.1.4), F.1.5). An approximate linearized solution has been discussed in problem 1 of section 6.1. The nonlinearized solution starts with the BERNOULLI equation F.1.4), which we write in the form <Pt + \(<(%+<Piz)+9(h-ho) = 0. F.3.11) Here h0 is the constant depth of the unperturbed free water surface and h(x,z,t) describes the disturbed lake surface. Now z = 0 designates the ground of the lake. This designation is in contradiction to section 3.1. Since the normal velocity component vz = —dip/dz must vanish at the solid ground, ) 2003 by CRC Press LLC

one has the boundary condition ipz=0 for z = 0. F.3.12) On the free surface, the boundary condition reads Vz = ht + ?>xhx for z = h(x, z, t). F.3.13) The nonlinear boundary condition is given by F.3.11). Some authors add a term describing wind pressure or capillary tension to describe the initial excitation of the waves. We now have two unknown functions y>(x, z, i) and h(x, z, t) to be determined from Aip = 0 and the three boundary conditions F.3.11) - F.3.13). Several methods exist to solve this problem. Using the transformations [3.30] and the abbreviation one obtains ei i>z s2^T-sc0 Using a perturbation = V~<x - c( kt + ^zz = = e2hT +i \ setup CO o, sty T = ei/2t, i\) = = Vgho %j)z = 0 for z ? — Co)h(. for z -r/)|) +eg(h — h0) = 0, = h, = 0. F.3.14) F.3.15) F.3.16) F.3.17) F.3.18) h = ho + ?h1+?2h2, %p=eip1+?2ip2, F.3.19) one gets tplzz = 0, Ipnzz + Ipn-ltf = 0, 0 ^(?) p i>iz = -co/ii^ for z = h0, tp3z + hi%l>2zz = hlT - coh^ + ipu^hxz for z = h0, -coikt + ghi = 0, xplT - c0ip2(. + xp2H/2 + gh2 = 0. F.3.20) Elimination results in the Korteweg-de Vries equation dh, 3c0 dh, c0h2 d3^ _ ^+2hokl^ + -^W~ ( } Writing it in simplified form [6.15] vt + avvx + vxxx = 0 F.3.22) ©2003 by CRC Press LLC

and using the setup v(x, t) = v{rj), r\ = x- cot F.3.23) one obtains vv(av - c0) + vnm = 0. F.3.24) After two integrations one gets vm = cov - av2/2, -v2v = °^v2 - ^v3, F.3.25) so that V dv 2/2-av3/6 This results in a soliton solution 3c0_,2 F.3.26) v(x,t) = —sech2 (^-(x - cot)]. F.3.27) a \ 2 ) A soliton or solitary wave is a nonlinear wave propagating without change of shape and velocity. In these waves an exact balance occurs between the non- linearity effects steepening the wave front due to the increasing wave speed and the effect of dispersion tending to spread the wave front. Soliton solutions have been discussed in plasma physics, solid state physics [6.6], in supracon- ductors [6.7], in the Fermi-Ulam problem in nuclear power stations [6.8], in ionospheric problems [6.9], in nonlinear mechanics (pendulum), in general relativity, in lasers [6.10] as well as in the elementary particle theory. Modulation of the amplitude of a wave presents an important physical and technical problem with many applications. The effect of modulation is a vari- variation of the amplitude and the phase of a wave. Let us first investigate these effects on a generalized wave equation [6.12]. We shall investigate nonlinear- ity, dispersion and dissipation. To do this, we consider the weakly nonlinear wave equation \$tt-$xx+b$ + sg$t = -V'($)+sN($)+s$tG($), F.3.28) c where V = dF/d$, TV = — $2ra~1 and G($) are nonlinear functions and c, b, g are constants which may depend on the frequency u>. ? is a small parameter. We now define a phase surface: @(x,t) = const, F.3.29) which has the property that all points (x, t) on it have the same value of the wave function Q(x,t) We thus have d0 = G^da; + 0tdt = 0, F.3.30) ) 2003 by CRC Press LLC

so that points moving with the speed see a constant phase 0. Defining wave number k and frequency by Qx = k, -@t=io or —-+a; = 0, F.3.32) we find that F.3.31) is the phase speed. In the three-dimensional case we have V0 = k (wave vector) curlfc = 0, F.3.33) which indicates that wave crests are neither vanishing nor splitting off. The last two equations result in the conservation of wave crests ^ + Vw = 0. F.3.34) at A point moving with the group velocity ' dx\ doo , dtj^dk ^^ sees to unchanged. The equation F.3.28) can be classified as follows: 1. TV = 0, G = 0, V = 0: the equation is linear, k and to are independent of x und t. 1.1 b = 0, g = 0: no dispersion u>(k), no dissipation, $ = Aexp(ikx - iut) to = ck; F.3.36) 1.2 5/0, g = 0: frequency dispersion to(k), no dissipation, $ = Aexp(ikx-iu>t), ui(k) = ±cVk2 + b2 : F.3.37) 1.3 6 = 0, g / 0: dissipation, u> complex $ = Aexp(ikx - iuit), u> = \ic2eg ± c^k2 - c2e2g2/A; F.3.38) 1.4 6/0, g / 0: dispersion and dissipation, $ = Aexp(ikx-iu>t), D(u,k) = u>2/c2-k2-b+iu>sg = 0.F.3.39) 2. TV / 0, G / 0, V / 0, the wave equation is nonlinear, V describes strong nonlinearity, sN weak nonlinearity and sG weak dissipation. For weak nonlinearity defined by (9«) = ^JQxxd@ « 0, @«) « 0, ©,, = fc = const, Qt = -co o F.3.40) ) 2003 by CRC Press LLC

one has frequency dispersion u>(k) and amplitude dispersion u>(A,k). Two conclusions can be drawn: 1. For a nonlinear, nondissipative wave equation F.3.28) the amplitude A is constant and @(x,t) = k(x,t)x —u>(x,t)t yields a dispersion relation. 2. For any nonlinear dissipative wave equation F.3.28) the frequency is not modified by the dissipative terms in first order of e. Now we investigate a modulated wave. We assume a sinusoidal wave ao cos ©o, ©o = kox — u>ot with the amplitude a(x, t) and phase @(x, t) varying slowly in x and t: Q(x,t) = kox-ooot +(p(x,t), uH =u>0(k0,al). F.3.41) According to F.3.32) we redefine u>(x,t) = -@t =uo-(pt, k(x,t) = ex =ko+ifx. F.3.42) For weak modulation one may write [3.30] w = ^o + |^ (a2 - a2) + j?-(fc - fc0) + S(fc - M2 + • • • • F-3.43) OUq OKq Q'^o If one makes the replacement w-wobyi —, k-kobyi— F.3.44) one obtains the so-called nonlinear Schroedinger equation [da duo da] 1 d2u> d2a duo , ,9 . „ . at oko ox\ 2 ok ox1 oa^ In a frame of reference ?, r moving with the group velocity, equation F.3.45) becomes [3.30] .da 1 d2a . l9 „ dui/dai .„ „ ,„. z/T+o^2+aa a = 0, a = - ' ° 6.3.46 In plasma physics the nonlinear SCHROEDINGER equation describes electron waves. It also appears in nonlinear optics [6.13]. If one inserts o(?, t) = U(? - ct) exp(ifc? - iur), \a\2 = U2 F.3.47) into F.3.46) one gets as the real part U" + UBu-k2) + 2a\U\2U = 0. F.3.48) ©2003 by CRC Press LLC

Multiplication by U' and two integrations yield C ATT t-cr= / . = + C2, F.3.49) J y/{2u - k2)U2 - all4 + d which represents an elliptic integral and then a Jacobi function (cnoidal wave). For C\ = 0 one obtains an envelope soliton U(? - ct) = const ¦ sech [Bu> - k2) (? - ct)] , F.3.50) and the real part of the solution of F.3.46) reads o(?, t) = const ¦ sech [Bu> - k2) (? - ct)] cos(fc^ - lot) F.3.51) since h Cl'7* = -arsechx. F.3.52) The steepening of a wave front occurs not only for plane waves as discussed earlier, but also for spherical waves. Such waves may be inward running compression waves like in a kidney stone destroyer or in an antitank rocket launcher or in outward running rarefication waves (explosion waves) [6.14]. In spherical geometry the equations F.3.1) and F.3.2) read ( 2u\ Pt + Upr + p \Ur H =0, V r ) ut + uur + -pr = 0. F.3.53) P But these waves are no longer adiabatic, so C.3.24) is no longer valid and has to be replaced by the polytropic equation d d d — \PP ) = — \PP ) ~t~ ^— \PP ) = 0> F.3.54) given by n= c~Cp. F.3.55) C — Cy c, cp, cy are the specific heats for polytropic, isobaric and isochoric thermody- namic changes of state respectively. A progressing wave (simple wave) setup (based on similarity transformations) can be written down [3.37] to solve equations F.3.53), F.3.54) u(r,t) = art^), p(r,t) = a2rK+2t(f), F.3.56) p = rKn(rj), r] = r-H, A = a. Ordinary differential equations will be obtained and spherical shock waves may appear [6.3]. ) 2003 by CRC Press LLC

There are also electromagnetic shock waves [6.15], [6.16]. This is under- understandable since the magnetic permeability n(H) may depend on the solution for the magnetic field H. Furthermore, in ferroelectric material or in plas- plasmas, the electric permittivity e may depend on the electric field E. It might be therefore of interest to investigate if the electromagnetic pulse (EMP) due to nuclear explosions could be explained by an electromagnetic shock wave in a plasma. A transverse electromagnetic wave Ex = E(z,t) in a plasma satisfies a nonlinear wave equation *%**>=?»*%*>, F,,7, where i = dD/dH. F.3.58) The solution for the E-w&ve propagating with a phase speed e~3/2 may be E(z, *) = $(«- <T3/2t) . F.3.59) This wave will steepen if dE/dz > 0 or $'?' > 0. We thus investigate aE •¦ *^4?r dz 1 — $'^ti~2i' m2 \ m2 If we designate $'(z, t = 0) = <J?o, then one obtains for the critical time tc tc = 2i2/C$0i'). F.3.61) As soon as this time is over, steepening will occur. EMP measurements gave $o < 0, so that i' < 0 becomes the critical condition. For a homogeneous isotropic nondissipative cold plasma this condition is satisfied since Here u>p is the plasma frequency and m the electron mass. One might thus speculate that the EMP is an electromagnetic shock wave [6.17]. The inverse scattering method [4.19] is an ingenious method to solve nonlin- nonlinear partial differential equations. We will discuss the solution of the Korte- weg-de Vries equation F.3.22), which we write in the form vt - Qvvx + vxxx = 0. F.3.63) The inverse scattering method does not directly solve this nonlinear partial differential equation, but instead, it solves two linear equations that have the same solution as F.3.63). For this purpose, we consider the one-dimensional time-independent Schroedinger equation tpxx + [E- v(x, t)]tp = 0 F.3.64) ) 2003 by CRC Press LLC

for a fixed parameter t. The eigenvalues E may have discrete values En = —k%(t) as well as continuous values E = fc2, E > 0. To solve F.3.64), two setups may be made: ipn = cn(t) ex-p(—knx), ip = ex-p(-ikx) + R(k, t) ex-p(ikx). F.3.65) The bound states En < 0 are normalized by J^ip^dx = 1 and the free states E > 0 correspond to waves inciding from x = +oo on the potential v. The part R of the particles presented by ip will be reflected from the potential and the part T(k,t) exp(-ikx) penetrates into the potential. Due to particle conservation one has |i?|2 + \T\2 = 1. In the next step, one solves F.3.64) for v giving v = (il>xx + E<P) /i/>. F.3.66) Insertion into F.3.63) results in where Q = w + iri-*v + E)%L F-3-68) at ox6 ox is a formal abbreviation. We first consider only the ipn. Since ipn ~ exp(—knx) -»¦ 0 for x -»¦ 0 and f*™ip2dx ^ 0 one obtains BE -^ = 0, kn{t) = kn@). F.3.69) This indicates that the En do not depend on t and F.3.67) is simplified. Two integrations yield -^ + -^ - 3(v + E)-^ = Fn(t)ipn + Dn(t)ipn hp~2dx. F.3.70) at ox6 ox J The integration constants Dn(t) must vanish, since ip~2 diverges for x -»¦ +00. Then F.3.70) is a linear partial differential equation containing the (still unknown) solution v of F.3.63). Multiplication of F.3.70) by ipn, integration from —oo to +oo and use of F.3.66) result in + OO +OO = Fn(t) ipldx. F.3.71) — oo —oo Then F.3.70) becomes I. F.3.72) dt ' dx3 "v^ ' nJ dx ) 2003 by CRC Press LLC

Since the potential v vanishes for x -? oo, En = —k%(t), insertion of ipn yields ^C(t) - 4k3ncn(t) = o, thus cn = c@) expD/?i). F.3.73) dr If one repeats the calculation for -0 = T(k,t)exp(—ikx) one receives a dif- differential equation for T(k,t) from which R(k,t) = R(k,0)exp(8ik3t) follows. Quantum theory teaches that the knowledge of cn(t), kn(t) and R(k, t) is suf- sufficient to construct the scattering potential v, which is actually a solution of the Korteweg-de Vries equation. The construction of the potential v may be made using the Gelfand-Levitan integral equation. Let + °° oo 1 /" B(x,i) = — R(k,t)exp(ikx)dk + J^ c2n(t) exp(-kn(i)x), F.3.74) ^-oo n=1 then the integral equation K(x, y,t)+B(x + y, t) +JB(y + y',t)K(x, y',t)dy' = 0 F.3.75) n=1 determines K and the solution of the Korteveg-de Vries equation is given by v{x,t) = -\2dK{\'y't) for y = x. F.3.76) da; The inverse scattering method can be used for the solution of many nonlinear partial differential equations [6.15]. Problems 1. The steepening up of the wave front of a large-amplitude wave in a viscous gas can be described [3.30] by ^ln(u-u2) ——ln(ui-u). F.3.77) U U B) U\ — U2 U\ — U2 This solution describes a continuous variation between two asympyotic states u(x —? —oo) = u\ and u(x —? oo) = u2. Plot the function u(x) for u2 + 0.0001 < u < wi - 0.0001, -6.5 < x < 8. Hint: use the command ContourPlot Use a = 1., «i = 2., u2 = 1.0. Contours->{0}, PlotPoints->60. ) 2003 by CRC Press LLC

2. Plot the soliton solution F.3.27). Hint: plot Sech2 (a;) for — 3 < x + 3. Then x -»¦ x — cot in the argument. 3. Plot the envelope soliton F.3.50). Hint: Plot[{Sech[x],-Sech[x],Sech[x]*Cos [4*x] },{x, -4 .,4 . }] 4. Solve F.3.49) for Bu> - k2) = 1, a = 1, C1 = l,C2=0 by integration. 5. Derive the ordinary differential equations for U(n),P(n),fl(n) resulting from F.3.53), F.3.54). 6. Derive the Hugoniot equation (also called shock adiabatic curve). In a shock wave front the conservation of mass, momentum and energy, writ- written for the normal components of the flow velocity connect the domains before and after the front [6.18]: PiVi=p2V2, F.3.78) Pi + PiVi =p2 + P2V%, F.3.79) V2 V2 «i + y=«2 + y, F.3.80) where i = cpT is enthalpy, see next section. For given pi and V\ = 1/pi the Hugoniot curve p2 (V2) is given by H — 12 H -z = 0. F.3.81) Plot this curve and the adiabatic curve pVK = const, k = cp/cv- 6.4 The rupture of an embankment-type water dam A typical nonlinear engineering problem is the calculation of the possible rupture of an embankment dam. At the occasion of a rupture, a water surge shall propagate into the channel downstream of the dam. Such surge may generate heavy destructions along the channel or river. Let us assume that the channel has a width B and extends in the direction of the x axis. Let the water depth H in the storage lake be H = 2.2 m and the water depth h in the channel is assumed to be ho = 1.2 m. The water level after a dam rupture will be designated by h(x,t). Thus the local water mass is given by p0Bh(x) = q(x)po, where p0 is the (constant) water density. Let the storage lake have an extension of 5000 m in the x direction. The dam itself may be ) 2003 by CRC Press LLC

situated at x = 5000 m and rupture may occur suddenly at t = 0. Then we have the initial conditions for h and the stream velocity u(x, t) at t = 0: h(x, 0)=H = 2.2 m, u(x, 0) = 0, 0 < x < 5000 m, h(x, 0) = ho = 1.2 m, u(x, 0) = 0, 5 000 < x < oo. F.4.1) This indicates that at t = 0 and x = 5000 m a vertical water wall of a height iJ — /j0 = 1 m exists. At the other end of the lake (a; = 0) no flow is present. The relevant equations describing the evolution in time of these nonlinear one-dimensional phenomena are: the continuity equation — (poq(x,t)) + — (pou(x,t)q(x,t))=0, qt + uxq + qxu = 0, F.4.2) at ox and the equation of motion pout + pouux +px =0. F.4.3) The local hydrostatic pressure p(x, t) per unit length is given by p(x,t) = pogq(x,t)/B. F.4.4) Then we can now write for F.4.3) ut+uux + ^qx =0. F.4.5) We thus have two nonlinear partial differential equations F.4.2) and F.4.5) for the two unknown functions u(x, t) and q(x, t). We use the method of char- characteristics developed in section 3.3 for such a system of two partial differential equations of first order. We compare our system of two partial equations with C.3.20) and read off an = 1, 012 = 0, 021 = 0, a-ii = 1, &ii = u, &i2 = g/B, 62i = q, &22 = u. F.4.6) Then C.3.32) and C.3.33) yield the propagation speed of small waves da; fgq 1— — =u + \ — = u + y gh (downstream), at V B — = u — \ — =u — \fg~h (upstream) F.4.7) at V B and equations C.3.30) and C.3.31) result in + |d? = 0. F.4.8) ) 2003 by CRC Press LLC

The two equations describe the modification of the state variables u, q along the characteristics F.4.7). The problem is now that we cannot use or integrate the characteristics equation because they contain the still unknown solutions u(x, t) and q(x, t). We first make a transformation to a new variable A [ms]. We define h r^ F.4.9) Then we use the Riemann invariants defined by C.4.30), C.4.32). We use r = u + X s = u-X, u=(r + s)/2, A = (r - s)/2, F.4.10) d«±dA = 0, u± X = const = \r . F.4.11) I s The r, s or u, q plane is called state plane by some authors. We now consider a mapping between the "linear" state plane r, s and the nonlinear physical plane described by x, t. Let us discuss the correspondence between the two planes. We allocate the point P(ri,si) of the state plane to the dam location point P E000,0) of the physical plane. This expresses the fact that in the point P(x = 5000, t = 0) a local water wall of absolute height hE000,0) = H = h± or relative height 1 m above the normal water level in the channel exists with streaming velocity wE000,0) = u\ = 0. According to F.4.9) the height hi = H = 2.2 m corresponds to r\ = u\ + Ai = Ai, si = — Ai, Ai = 2^/gh\. At the other end of the lake x = 0, one has w@,0) = 0 and ft@,0) = H = 2.2 m. Thus the point Q@,0) corresponds to Q(tqsq), where uq = 0, Aq = 2^/gH, vq = Xq, sq = —Aq, vq = —sq. Inserting numbers for h,H and g (9.81 ms) we receive for P Ai = 2V2.2-9.81 = 9.291, m = 0, n = 9.291, si = -9.291, F.4.12) all measured in [ms]. On the other end of the lake we have for E@,0) Aq = 9.291, uQ = 0, rQ = 9.291, sQ = -9.291. F.4.13) At the time t = 0 of the rupture of the dam the same physical states exist at x = 5000 and x = 0. But, at this time, the dam breaks down and elementary waves (composing later on a steepening surge downstream and a rarefaction wave upstream) start at x = 5000. Replacing in F.4.7) the da; —? Ax, dt —? At we can write for the wave speeds ^=U±y^h = U±^. F.4.14) Thus, the first elementary wave running to the left to x = 0 and upstream reduces the water level H in the lake. It has a wave speed Ax/At = 0 —Ai/2 = -4.646[ms~1] and si = -9.291 = const, n = +9.291. The wave running to the right (downstream) increases the water level h(x, t) in the channel from ) 2003 by CRC Press LLC

h0 = hi to hi and has a wave speed Ax/ At = 0 + Ai/2 = +4.646[ms 1] and s\ = —9.291, n = +9.291 = const. Waves running to the left from P to Q transfer their s-value to Q, since s = const is valid for waves running to the left: sq = Si. Waves running to the right, downstream from P to x —? oo transfer their r-value, so that the whole domain right-hand of the dam (x > 5000) always has the same r-value. At the time t = 0 + At the next two elementary waves start. Both waves now run into domains where the states had been modified by the first two waves. The upstream wave enters an area where the water level had been reduced from H to H — hi and might be reflected at the lake end x = 0. It will no longer return with 4.646 [ms], because water level and driving pressure had been lowered. The second elementary downstream wave starting at t = At will be faster than the first one because in the channel the water level had been increased by the first downstream wave and the water had started to stream to x —? oo. In order to be able to calculate the Am, AA, etc., we need to have some knowledge about the final state, t —? oo, x —? oo. For an infinitely long channel we define the point i?(rjv,sjv) m the state plane. Apparently the final conditions will read for R: q(x,t -? oo) = h0 = 1.2 m, XN = 2 • Vl-2 • 9.81 = 6.862, and for R(oo, oo) un = 0, r/v = 6.862, sn = —6.862. The whole phenomenon of the break-down of the dam occupies a square in the s,r plane. The four corners are given by R(sn = —6.862, r/v = +6.862), (sn = —6.862, n = 9.291), (si = -9.291, rN = 6.862) and P = Q(si = -9.291, n = 9.291). Now it the accuracy and our will that have to decide how many steps i = 1... TV we will calculate. For this decision we consider the pressure difference from Pi = Po9<l(x,0) = pogBh(x,0) = poBx\IA = poB\\IA down to pN = Br2N/A. This concerns the variation Ai —? Xn, fi —? r^ etc. If we choose TV = 10 pressure steps, then each elementary wave carries Ar = (9.921 — 6.862)/10 = 0.243 = |As|. This corresponds to an accuracy of 2.6 % @.243:9.291). Table 6.1 describes the situation in detail. Table 6.1 Pressure steps (for a downstream wave) Nr 1 2 3 4 5 6 7 8 9 10 11 in front s -9.291 -9.048 -8.805 -8.562 -8.319 -8.076 -7.833 -7.590 -7.347 -7.104 -6.862 of the wave A +9.291 +9.170 +9.048 +8.927 +8.805 +8.684 +8.562 +8.441 +8.319 +8.198 +8.007 u 0 +0.122 +0.243 +0.365 +0.486 +0.608 +0.729 +0.851 +0.936 +1.094 +1.215 Ax/At 4.646 4.707 4.767 4.829 4.889 4.950 5.010 5.072 5.096 5.193 5.254 behind s -9.048 -8.805 -8.562 -8.319 -8.076 -7.833 -7.590 -7.347 -7.104 -6.862 [-6.619 the wave A +9.170 +9.048 +8.927 +8.805 +8.684 +8.562 +8.441 +8.319 +8.198 +8.077 +7.955 u +0.122 +0.243 +0.365 +0.486 +0.608 +0.729 +0.851 +0.936 +1.094 +1.215 +1.336] ) 2003 by CRC Press LLC

The grid of points within the square in the r, s plane can be mapped into the x, t plane: for every point in the r, s plane the values u(x, t), q(x, t) in the x, t plane are defined by the equations F.4.7) to F.4.11). Interpolation within the grid delivers any wanted u(x, t), q(x, t) and thus the solution of equations F.4.2), F.4.5). 6.5 Gas flow with combustion Combustion of petrol or gunpowder within a gas flow has many practical ap- applications: turbogas exhauster, jet engines, ram jets, rocket propulsion and, finally, guns. Depending on the type of propellant or gunpowder, the combus- combustion or explosion process has quite different characteristic features. Usually, combustion is defined as the burning of a fuel associated with the genera- generation of heat. The spreading out of a combustion may excite a combustion wave. A detonation or explosion is a very rapid chemical reaction of an ox- idizer and a fuel with large release of heat and pressure waves. A deflagra- deflagration is the burning of explosives or fuel at a rate slower than a detonation. Chemical reactions and thermodynamics enter into the description of these processes. Combustion of gases and in gases is always connected with a gas- dynamic (compressible) flow. In some combustion and detonation processes it may be necessary to include new source terms like in C.3.22) and C.3.23) into the basic equations. A source term g(x,t) describing the increase of the gas mass by combustion may be g(x,t) = D, where D describes the gas production [g cm~3s~1] due to combustion. Let u(x,t) be the flow veloc- velocity of the generated gas, then the source term f(x,t) in C.3.23) may read f(x,t) = D(u(x,t) — u(x,t)) describing a jolting acceleration of the new gas masses. The energy theorem may connect the area in front and behind the combustion front: u2 u2 +i F.5.1) where i(~ cpT) designates the enthalpy defined by U+p/p, U is the thermody- namic internal energy (~ cyT). Since we do not intend to start an exposition of thermodynamics, we stop the presentation at this point. We just want to show that the characteristics method discussed in section 6.4 can be applied on combustion phenomena too. In the frame of a research contract, we had the opportunity to investigate the intake stroke and the compression stroke of a Diesel engine of type JW 15 [6.19]. The comparison between the values p(t) calculated by the charac- characteristics method as described in section 6.4 and the measured values of the pressure showed satisfactory agreement. ) 2003 by CRC Press LLC

Problems 1. Calculate the efficiency of a ram jet (Lorin engine). Assume that the heat generated by the fuel combustion is given by Q = cp(T' — T). Here G = fpw is the mass flow ratio, / is the cross section of the tube, w flow velocity per unit mass, X" — T is the temperature increase. Energy conservation results in 2 2 2 2 cpT+^=cpTO0 + V^- and cpT' + V^=cpTe + V±. F.5.2) Here the subscripts oo and e designate the values at infinity and at the exhaust of the tube. Assume that compression due to the stagnation pressure of the flying ram jet and the consecutive expansion are free of losses, so that entropy is conserved. Then T/T^ = T'/Tc and 9 9 W W Q/G = cp(Te -T00)+^-^= cpT(Te - T The useful power is defined by the thrust power. Gwoo(we — w<x>) = —Fwoo, where F is the propulsion force. Thus, the solution for the efficiency is -FWoo / Too\ 2Woo 2. Whereas a ram jet produces thrust only at flight, a jet engine produces thrust even at rest. This is due to the supercharger of the engine. The turbine generates the thrust. If, however, one assumes that the compressor power equals the turbine power, then F.5.2), F.2.3) are again valid. But now the temperature T before the combustion does depend on the compressor power and the engine works even for w^ = 0. Which engine has the higher efficiency? 3. Calculate the maximum exhaust speed i>max of a rocket. Assume that the whole enthalpy of the exhaust gases is transformed into kinetic energy. Hints: assume adiabatic behavior p/p0 = (p/po)K = (T/T0)K^K~^ for the change of state during the exhaust, k = cp/cv is the ratio of the specific heats. Use the Bernoulli equation in the form F.5.5) ) 2003 by CRC Press LLC

Result: v2 = 2k K-l Po = V- max Po F.5.6) This is the Saint Venant-Wantzel formula. Calculate i>max for air (k = 1.405, To = 288 K). Result: 757 [ms]. A rocket motor will reach this exhaust speed in space (p = 0). ) 2003 by CRC Press LLC

Appendix Mathematica commands used in this book. (Numbers indicate the pages where the command has been used.) 1. General commands ; semicolon 3,10 /a divide multiply add, minus power raw percent %k times set equal define condition 3 3 3 10 10 3 3,30 30 248,268 /. replacement 80,200 « get 79,92,162 echo SPackages 157,162 AppendTo[$Path 157 commandl//command2 N[Pi] (*comment*) Clear[y,...] Messages 236 11,50 30,42 243 161 Information[Symbol] - allows the use of several commands on the same line division by a multiplication, also uses 1 space addition, subtraction raise to a power gives the last result generated gives the result before the last gives the fe-th previous result assigns a to have value b x==y tests if x and y are equal assignment without actual value the command before /; is only then executed, if the condition placed after /; is satisfied replace x by y: x/.—>y <<package load package ask the computer which packages are available typing this into the Mathematica window loads a package execute command2 after the result of commandl has been obtained give the numerical value of (tt), make a numerical operation commentary text within a code clears values and definitions Off[General::spell], Off[Symbol::tag] switches messages off gives information about expression (full information) gives information about a symbol ) 2003 by CRC Press LLC

Definition[Symbol] Join 237 Table D.8.14) 58,79,236 List [[ ]] 236 First 62,249 Name giving Print Attributes [ ] Options [ ] Prolog Timing 42,164 67,245,248 267 244 gives definition concatenates lists together builds lists, matrices, arrays defines a list of objects pick out, fill element of Table picks out the first element of an expression result of numerical solution of differential equation B.2.6) gets name for later plotting or plot gets name print on screen "text", and numbers expresses properties and characteristics of a symbol [ ] gives list of default options of a symbol option for graphics measures the time the operation needed 2. Input and Output InputForm 69,82,133,243 InputForm[%] OutputForm StandardForm TraditionalForm MatrixForm FortranForm TeXForm Display FullForm 3. Algebra N [expression,^ 30 69 239 - - 236 expressions, results are given in a form suitable for next input the reaction, result, given by Mathematica suitable for input, equation B.6.9) usual mathematical notation represents a matrix in the usual form in an array (lines and columns) D.8.24) gives an expression in FORTRAN notation expression pretended suitable to be exported into a I^TgX-file (congratulations if you succeed) writes graphics and plots gives an expression in the interior form gives numerical value of expression with n-digit precision ) 2003 by CRC Press LLC

Re[z] Im[z] Accuracy [x] Precision [x] Expand to separate part.d.equ. Expand Factor Collect Simplify FullSimplify Cancel Apart Together Rationalize Solve Sum Chop Det[M] Matrix Array LinearSolve Roots[f[x]==0,k] Tensorproduct ** LUSolve LUFactor Eliminate 99,102,135 99,103,134,172 199,200 10 161 - - 277 119 225 240 30 30,242,239 237 237 239 239 gives real part of number z, works only for numbers gives imaginary part gives the number of digits after the decimal point in the number x gives the number of digits in the number x helps to separate partial differential equations C.1.79) multiply out products and powers writes an expression as a product groups together powers simplifies expression by algebraic transformations tries more transformations cancels common factors between numerator and denominator, does not work for common functions separate into terms with simple denominators put all terms over a common denominator converts into exact rational numbers solve equations with respect to the given variables evaluates the sum replaces numbers smaller than 10~10 by exact zero calculates the determinant of a square matrix M to be filled later, a matrix should be defined M={{oii,ai2}{a2i,a22}} builds a mxn matrix solves linear equations D.8.16) looks for the fc-th root of a polynomial equation f(x)=0 Noncommutative multiplication or two spaces: D.8.17), D.8.28) solves lu=b. D.8.22) lower and upper triangularization of a matrix D.8.21) eliminates variables between a set of simultaneous equations (see Solve) ) 2003 by CRC Press LLC

Do For[l=l,l<4 1++]; For [start ,test ,incr ,body] 4. Calculus D[f[x],x] D[u[x,y],{a:,2}] Integrate [f[x],x] DSolve implicit derivation unknown function derivation Simplify [y"[x]] Simplify[%] initial value problem initial value problem boundary problem << Calculus 251 67 26 2,10,11 3,11,58 126 125 30,243,261,266 10,11 41,58 42 42 106 building loops Do[Print[f[x[l],{/,5}]] build a loop for 1=1, to 1=3, increasing step=l defined by 1++ execute expression start and then repeatedly body and incr (incre- (increment) until test fails to report TrueF gives the partial derivative df/dx gives d2u(x,y)/dx2 calculates the indefinite integral J fdx DSolve[y"[x]==0,y[x],x] solves a differential equation for y(x) derive functional see problem and explanation in text verify the solution of a differential equation y"(x)=0 simplify the last result, insert a setup into a differential equation with DSolve, problem 2, problem 6 with NDSolve, problem 2 numerical solution of a boundary value problem, problem 3 loads package s LaplaceTransfornf LaplaceTransform 106,112 InverseLaplace 113 Transform NDSolve 42,62 Evaluate[y[x]/.%] 42 executes a Laplace transformation executes an inverse transformation NDSolve[{y"[x]+y[x]==0, y[1.5]==6.,y"[1.5]==-20.}, y{x,0,Pi}] yields a numerical solution for the initial conditions yA.5)=6.,y'A.5)=-20. in the interval 0<x< it in the form of an interpolating function, must be evaluated to be plotted the solution of the differential equation may also receive a name ) 2003 by CRC Press LLC

Table[Evaluate[y[x]/.%] {x,0.1,l.5,0.5}] NIntegrate Redefine a solution 58,62 243 62,63 FindRoot[f[x]==0,x,l.] 57,236 FindRoot[f[x]==0, {x,xstart,xmin,xmax.}] FindRoot[f[x]==0, {x,{xo,Xl}] Series[f[x]{x,0,7}] 66 FourierTrigSeries [f[u],u,3] 79 Normal 79 FourierTransform 79 calculate and print on screen a list of y(x),0.1<x<1.5, with a step 0.5, where y(x) is the result of the last calculation numerical calculation of definite integral over x (and y) if T is the name of the numerical solution of a differential equation and if y(x) is the solution function to be evaluated for plotting a new function u[x_]=y[x]/. First [T] may be defined you may prefer to plot f(x) to find a root D.8.15) looks into xmin < x < xmax xo,xi two initial points instead of a possibly missing derivative f'(x) in equation B.5.54), expands f(x) into a power series about x=0 up to order 7 expands f(u) up to order 3 into a Fourier series with respect to u generates a series or a polynomial without the remainder of order 6 <<Calculus~ Fourier Transform^ loads the package 5. Functions x,x_,u[t_] (underline) u[x], u[x_]:= InverseFunction [f] Log Cosh, Sinh Sign [x] Sec Sech 3,30 3 30 162 3 3 - 11 306 x is the formal variable x_ is the actual variable creates a function that may be evaluated at any arbitrary value of x compare these two expressions expresses the inverse function of f (x) Log[x] designates the natural logarithm ln(x) cosh, hyperbolic cosine or sine gives —1 or +1, depends on whether x<0 or x>0. If x = 0, it gives 0. secans function hyperbolic secans ) 2003 by CRC Press LLC

Sqrt Exp[3*x] AiryAi,AiryBi ArcTan /;ArcTan N[ArcTan[x,y]]/;y>=0; 2*Pi+N[ArcTan[x,y]];<0; AppellFl BesselJ[n,x] BesselY[n,x] Bessel fractional order Bessell[n,z] BesselK[n,z] ChebyshevT[n,x] ChebyshevU [n,x] Coslntegral 3 11,26 188 10 268 269 269 161 38,57 38 265, 279 42,187 42,187 47 47 43 Sinlntegral 43 DiracDelta EllipticF EllipticK HermiteH[n,x] HypergeometricU Hypergeometric2Fl HypergeometriclFl JacobiAmplitude JacobiSN,CN LaguerreL[n,x] LaguerreL [n,a,x] LegendreP [l,m,x] LegendreQ[n,m,z] 115 82,159 82 43,49 50 43,113 43 82 82 48,50 48 46 46 square root exponential function, expCx) Ai(x),Bi(x) Airy functions arctan(x) conditional use of arctan for correct definition of the multivalued function hypergeometric function of two variables D.2.17) Bessel function of order n, Jn(x) Neumann function of order n, Yn(x), Nn(x) E.2.10), E.3.1) modified Bessel function In(z) and Kn(z) Chebyshev polynomial Tn(x) Chebyshev function Un(x) cosine integral function Ci(x) Ci(x) = -j —dt o t sine integral function Si(x) „ , . ~ sin t , Si(x) = J dt o * defined on page 115 elliptic integral of the first kind complete elliptic integral of the first kind K(m) Hermite polynomial Hn(x;a) confluent hypergeometric function U(a,b,z) 2Fi(a;b;c;z) iFi(a;b;z) Kummer confluent function am(u,m), the inverse function of the elliptic integral of first kind sn(u,m), cn(u,m) Jacobi elliptic functions Laguerre polynomial Ln(x) Laguerre polynomial L*(x) associated Legendre polynomial Pj»(x) associated Legendre function ) 2003 by CRC Press LLC

MathieuC MathieuS 89,185 ce(a,q,z) even Mathieu function sc(a,q,z) odd Mathieu function 6. Vector analysis << Calculus s Vector Analysiss Coordinates [Spherical] Coordinates [Cartesian] SetCoordinates[Spherical] CoordinateRanges [ ] CoordinatesToCartesian CoordinatesFrom Cartesian JacobianMatrix DotProduct CrossProduct ScalarTripleProduct Grad Curl Div[A] Laplacian 7. Plotting and Graphics Plot Plot[Evaluate[y[x]/.bsol] Plot3D ContourPlot ImplicitPlot DisplayFunction 92 92 92 92 92,102 92,101 93,101 93 96 96 96 96 96 97 97,103 3 42 269 83,158,277 243 158 loads package C.1.11) gives the variables C.1.13) yields the variables C.1.12) makes spherical coordinates, the default system C.1.14) gives the intervals over which each variable can range C.1.15) transforms the coordinates of a point C.1.15) yields transformation formulae C.1.20), C.1.22) calculates the functional determinant C.1.24) scalar product C.1.48) A-B vector product C.1.50) AxB (AxB)-C yields gradient of a scalar in various coordinate systems C.1.53) curl of a vector C.1.54) gives the divergence of the vector field A verify a solution of the Laplace equation Plot[x[t], {t,0,60}], 0 > t > 60 evaluate and plot a function that has been the solution bsol of a differential equation generates a 3D plot of a function z=f(x,y) generates a contour plot of f(x,y) plots f(x,y)=0 in the interval xmin < x < xmax -»¦ Identity suppresses the showing of a plot ) 2003 by CRC Press LLC

DisplayFunction ListPlot ParametricPlot PlotVectorField3D Show ListContourPlot ListDensityPlot Graphics Evaluate Text in Graphics Line Circle GraphicsArray RectangularGrid [{ai,a2}{bi,b2}] ComplexMapPlot.m ComplexMap CartesianMap PolarMap PolarPlot Plot Options: Axes—>False AspectRatio 158 243,249 78,80 154 158,165 - 165,221 42 165 165 166 221 157 157 157 157,160 167 - 267 267 -»¦ SDisplayFunction shows suppressed plots and graphics plots a list of points, also ListPlot3D equation B.6.62) describes evalua- evaluation and plotting of a parametric representation Figure 4.4 D.1.95) package Graphics sPlotFiekT displays two- and three- dimensional graphics objects creates a contour plot from an array of height values Zi(xi,yj) makes a density plot Gl=Graphics[Pl], the graphics object named PI will be defined to be able to be shown causes immediate evaluation, necessary for plotting results of NDSolve Text["x"] creates text string x within a graphics object allows creation of graphic objects by the user Circle[{0.25,0},1.25] creates a cir- circle, origin at @.25,0), radius 1.25 command puts together several graphics objects, see Figure 4.14 creates a grid of horizontal and vertical lines over the ranges al to a2 and bl to b2, respectively D.2.5) is a package, see D.2.5) is a package Graphics^ ComplexMap^ plots the cartesian coordinates plots the image of the polar coordinate lines polar graphics in a package Graphics^ Graphics^ do not draw the axes —> Automatic,->1, ©2003 by CRC Press LLC

Frame—> True PlotPoints->100 PlotRange->{0.,1.8} PlotStyle ClipFill—> (for Plot3D only) PointSize[l/40] AbsolutePointSize[6] PlotRegion (only 3D) Prolog—> Mesh CD) ViewPoint->{1.3, -2.4,2.} ViewPoint->{0., -2.0,0.} ViewPoint->{0.,0.,2.} PlotJoined (ListPlot) Shading CD) ContourShading Contours—>10 Contours—> Range [-5.,5.,0.45] ContourSmoothing—>10 ContourLines—>True Contours—>{0} 237,267 83 124,276 - 218 276 243,267 243 83 278 278 270,278 267 83 83, 158 - 83 - 167,277 ratio height to width or—>False number of points restricts plot range style of lines (thickness, dashing ...) specifies whether to fill (or not to fill) areas of a plot outside the bounding box the radius of the circle points should be 1/40 of the total width of the graph the filled circles representing a point should have a radius 6 points A point=l/72 inch) specifies what region a plot should fill gives options to a plot —>True or False to draw an x,y mesh default view, Figure 5.13 sideways, Figure 5.14 top view, Figure 5.12, Figure 5.8 —>True or False, whether the points should be joined by a line —>True or False, to generate shading surface —>True or False, domain to be shaded or not number of contour lines see page 83 ->4 is default or—> False draw only the contour line with value 0 ) 2003 by CRC Press LLC
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