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Introduction

Growth in the derivatives markets has brought with it an ever-increas-
ing volume and range of interest rate dependent derivative products.
To allow profitable, efficient trading in these products, accurate and
mathematically sound valuation techniques are required to make pric-
ing, hedging and risk management of the resulting positions possible.

The value of vanilla European contingent claims such as caps, floors
and swaptions depends only on the level of the yield curve. These
types of instruments are priced correctly using the simple model de-
veloped by Black [5]. This model makes several simplifying assump-
tions which allow closed-form valuation formulae to be derived. This
class of vanilla contingent claims has become known as ‘first-genera-
tion' products.

These instruments expose investors to the level of the underlying yield
curve at one point in time. They reflect the investors' view of the future
changes in the level of the yield curve, not their view of changes in the
slope of the curve. ‘Second-' and ‘third-generation' derivatives, such
as path-dependent and barrier options, provide exposure to the rela-
tive levels and correlated movements of various portions of the yield
curve. Rather than hedging these exotic options with the basic under-
lying instrument, i.e. the bond, the ‘first generation' instruments are
used. Therefore, the Black model prices of these ‘first generation' in-
struments are taken as given. This does not necessarily imply a belief
in the intrinsic correctness of the Black model. Distributional assump-
tions which are not included in the Black model, such as mean rever-
sion and skewness, are incorporated by adjusting the implied volatility
input.

The more sophisticated models developed allow the pricing of instru-
ments dependent on the changing level and slope of the yield curve. A
crucial factor is that these models must price the exotic derivatives in
a manner that is consistent with the pricing of vanilla instruments.
When assessing the correctness of any more sophisticated model, its
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ability to reproduce the Black prices of vanilla instruments is vital. It is
not a model's a priori assumptions, but rather the correctness of its
hedging performance that plays a pivotal role in its market accep-
tance.

The calibration of the model is an integral part of its specification, so
the usefulness of a model cannot be assessed without considering the
reliability and robustness of parameter estimation.



General framework

The pricing of interest rate contingent claims has two parts. Firstly, a
finite number of pertinent economic fundamentals are used to price all
default-free zero coupon (discount) bonds of varying maturities. This
gives rise to an interest rate term structure, which attempts to explain
the relative pricing of zero coupon bonds of various maturities. Sec-
ondly, taking these zero coupon bond prices as given, all interest rate
derivatives may be priced.

As with asset prices, the movement of interest rates is assumed to be
determined by a finite number of random shocks, which feed into the
model through stochastic processes. Assuming continuous time and
hence also continuous interest rates, these sources of randomness
are modelled by Brownian motions (Wiener processes).

When modelling interest rates we do not have a finite set of assets,
but rather a one-parameter family of assets: the discount bonds, with
the maturity date as the parameter. The risk-free rate of interest
(short-term interest rate) is not specified exogenously (as in stock
price models), but is the rate of return on a discount bond with instan-
taneous maturity. Also, unlike in asset pricing theory, the fundamental
assets - the discount bonds, may themselves be viewed as deriva-
tives. Hence the modelling of the interest rate term structure may be
viewed as tantamount to interest rate derivative pricing.

The theory of interest rate dynamics relies on a degree of abstraction
in that the fundamental assets (the discount bonds) are assumed to
be perfect assets, that is default-free and available in a continuum of
maturities.



Approaches to term structure modelling

The modelling of the term structure of interest rates in continuous time
lends itself to various approaches. The most widely used approach
has been to assume the short-term interest rate follows a diffusion
processl]. Bond prices are then determined as solutions to a partial
differential equation which places restrictions on the relationship of
risk premia of bonds of varying maturities. Unfortunately it is particu-
larly difficult and cumbersome to fit the observed term structure of in-
terest rates and volatilities within this simple diffusion model.

One factor models. One of the first models to make a significant im-
pact on interest rate modelling was by Vasicek [50]. Although his
paper is entitled "An Equilibrium Characterisation of the Term Struc-
ture” he does not make any assumptions about equilibrium within an
underlying economy, nor does he make use of an equilibrium argu-
ment in the derivation. Instead, his derivation relies on an arbitrage ar-
gument, much like the one used by Black and Scholes in the deriva-
tion of their option pricing model. Vasicek makes assumptions about
the stochastic evolution of interest rates by exogenously specifying the
process describing the short-term interest rate.

A later approach utilised by Cox, Ingersoll and Ross (CIR) [18] begins
with a rigorous specification of an equilibrium economy which be-
comes the foundation for the model specifications. Assumptions are
made about the stochastic evolution of exogenous state variables and
about investor preferences. The form of the short-term interest rate
process and hence the prices of contingent claims are endogenously
derived from within the equilibrium economy. The CIR model is a com-
plete equilibrium model, since bond prices are derived from exoge-
nous specifications of the economy, that is: production opportunities,
investors' tastes and beliefs about future states of the world.

Most models, including the Vasicek model, are partial equilibrium the-
ories, since they take as input beliefs about future realisations of the
short-term interest rate (depicted within the functional form of the
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short-term interest rate process) and make assumptions about in-
vestors' preferences (specified by the market prices of risk). The re-
sulting discount bond yields are based on these assumptions.

The equilibrium approach has the advantage that the term structure,
its dynamics and the functional form of the market prices of risk are
endogenously determined by means of the imposed equilibrium. CIR
[18] criticise the partial equilibrium approach, since it applies an arbi-
trage argument to exogenously specified interest rate dynamics and
allows an arbitrary choice of the form of the market prices of risk which
may lead to internal inconsistencies.

The assumption implicit within one-factor models is that all information
about future interest rates is contained in the current instantaneous
short- term interest rate and hence the prices of all default-free bonds
may be represented as functions of this instantaneous rate and time
only. Also, within a one-factor framework the instantaneous returns on
bonds of all maturities are perfectly correlated. These characteristics
are inconsistent with reality and motivate the development of multi-fac-
tor models.

Multi-factor models. Brennan and Schwartz [10] propose an interest
rate model based on the assumption that the whole term structure can
be expressed as a function of the yields of the longest and shortest
maturity default-free bonds. Longstaff and Schwartz [38] develop a
two factor model of the term structure based on the framework of Cox,
Ingersoll and Ross [18]. The two factors are the short-term interest
rate and the instantaneous variance of changes in this short-term in-
terest rate (volatility of the short-term interest rate). Therefore the
prices of contingent claims reflect the current levels of the interest rate
and its volatility. Langetieg [36] develops a general framework where
the short-term interest rate is expressed as the sum of a number of
underlying stochastic factors. The model is essentially an extension of
Vasicek's approach where the evolution of the short-term interest rate
is subject to multiple sources of uncertainty.

The use of two or more factors improves the explanatory power of the
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models, but increases the degree of numerical complexity. Identifying
additional factors is quite difficult and cumbersome numerical proce-
dures need to be used. Although not always explicitly stated, the multi-
factor models rely on the assumption of market completeness. This
means there must be at least as many tradable assets as there are
sources of uncertainty. If this is not the case, the market is incomplete
and there are stochastic fluctuations in the Brownian motions which
are not picked up as price changes in some asset, and hence cannot
be hedged.

An attempt at preference-free pricing. In the above models the un-
derlying stochastic state variables are interest rates or other non-trad-
able securities. This means that the resulting valuation formulae for
contingent claims depend on investor preferences, and empirical ap-
proximations must be used to estimate the investor-specific variables.

In an attempt to avoid this problem, Ball and Torous [4]proposeamodel
where the underlying state variable is the bond directly. The price of a
risk- free zero coupon bond is assumed to follow a Brownian bridge
process. The specification of this process ensures that the price of the
bond converges to its face value at maturity. Also, since this underly-
ing state variable is a tradable security, a preference-free closed-form
valuation formula for European options may be derived. However, this
model has shortcomings which make it unsuitable.

Fitting the initial term structure. The above models attempt to
model interest rates so as to produce a realistic future yield curve. No
explicit attempts are made to match the current observed term struc-
ture. CIR [18] mention a possible extension to their model that allows
a time-dependent drift term and point out that information contained
within the initial term structure could be used to determine the drift
without placing any restrictions on its functional form. This point was
taken up much later by Hull and White (HW) [29] in their extension of
the Vasicek and CIR models. Hull and White propose an extension to
these models allowing time-dependent drift and volatility parameters.
The extended Vasicek model allows analytical solutions for bonds and
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bond options. Model parameters, including those involving the market
price of risk, are determined in terms of the initial term structure. This
approach allows an exact fit to the initial term structure of interest
rates and possibly also interest rate volatilities.

Black, Derman and Toy (BDT) [6] developed a one-factor discrete
time model of the term structure. A binary tree of one period interest
rates is constructed in such a way that the rate and transition probabil-
ities at each node match an initial observed term structure of interest
rates and volatilities. Here the one-period rate is the analogue of the
short-term interest rate within a continuous time setting. This model is
in fact a time-discretisation of a diffusion model where the short-term
interest rate is lognormal.

Modelling the forward rate. Ho and Lee [27] introduced a new ap-
proach to term structure modelling. Instead of modelling the short-term
interest rate, they developed a discrete time model of the evolution of
the whole yield curve. The short-term interest rate is a single point on
the yield curve, which, in one-factor models, is assumed to be the only
factor determining the entire yield curve. The Ho and Lee model ad-
mits an arbitrary specification of the initial yield curve, so it may be cal-
ibrated to the observed initial yield curve.

Heath, Jarrow and Morton (HJM) [25] developed a general framework
of interest rate dynamics allowing an arbitrary specification of the ini-
tial term structure. They approached the problem by exogenously
specifying the dynamics of instantaneous, continuously compounded
forward rates. Rather than a traditional no arbitrage argument (as
used, for example, in the derivation of the Vasicek model) they use a
change of probability measure technique initially formulated by Harri-
son and Kreps [23] and Harrison and Pliska [24]. This involves trans-
forming to the risk-neutral measure under which all asset prices have
the same drift, that is the risk-free rate of interest. Within a complete
market, without profitable arbitrage opportunities, this risk-neutral
measure is unique and allows all discounted!?] asset prices to be mar-
tingales. Default-free zero coupon bonds and derivative securities may
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now be valued by taking the expectation, under the risk-neutral mea-
sure, of the discounted terminal (maturity) value.

The Ho and Lee model is a special case of the HIM framework and
may be viewed as its discrete time predecessor.

HIA diffusion process is a Markovian process for which all realisations
or sample functions {X;t € [0, o)} are continuous. A Markovian

process has the characteristic that given the value of X}, the values of
Xs S >t do not depend on the values of X ,u < t. Brownian motion is a
diffusion process. [34]

[2IHere, ‘discounted' implies that the asset prices are expressed as a
ratio of the money market account.
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Outline of the book

Part examines the various models mentioned above. Each chapter be-
gins with the assumptions underlying each model and examines its
derivation and, where analytical solutions exist, the derivation of the
pricing formulae for contingent claims. Comparisons are drawn be-
tween the various models with the aim of explaining the significance of
the various approaches. Part 12.8 describes the calibration procedure
for the HW-extended Vasicek, BDT and HIM models. These models
represent distinct approaches to term structure modelling and their
calibration methodologies are representative of the general class of
models to which each belongs.
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Part I: Interest Rate Models
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Chapter 1: The Vasicek Model

The initial formulation of Vasicek's model is very general, with the
short-term interest rate being described by a diffusion process. An ar-
bitrage argument, similar to that used to derive the Black-Scholes op-
tion pricing formula [8], is applied within this broad framework to deter-
mine the partial differential equation satisfied by any contingent claim.
A stochastic representation of the bond price results from the solution
to this equation. Vasicek then allows more restrictive assumptions to
formulate the specific model with which his name is associated.

The consistency of the model specifications with an underlying eco-
nomic equilibrium is not proved. Rather, it is implicitly assumed. The
special case of the general model formulation, which Vasicek uses for
illustrative purposes, was suggested by Merton [40] in a study of price
dynamics in a continuous time, equilibrium economy. Equilibrium con-
ditions imply that interest rates are such that the demand and supply
of capital are equally matched.
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1.1 Preliminaries

First, define the following variables:

(t _time t price of a discount bond maturing attime T, t < T, with P

T (T D=1,

R(t time t rate of interest applicable for period T. Intermsof the re-
5-turn on a discount bond, this rate is defined as the internal rate
of return, at time ¢, on a bond with maturity date T=1t + T.

r(t)-instantaneous rate of interest (short rate) at time t.

f(t, instantaneous forward interest rate i.e. time { assessment of the
T) instantaneous rate of interest applicable at time T.

The following relationships apply:

(1.1) R{t,7) -é log P(t,t+71), 7>0

l =T
R, v) = = S, 7)dr

t

or explicitly for the forward rate:
(1.2) [, T) a7 [(T' —t)R(t, T —¢)]

The short rate is defined as the instantaneous rate of interest at time t:

(1.3) lim R(t,7) = R(t.0) = ()

T—l]

Vasicek makes the following three assumptions:

Assumption 1

The current short interest rate is known with certainty. However, sub-
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sequent values of the short rate are not known. The assumption is
made that r(¢) follows a stochastic process. Also assume that r(t):

® iS a continuous function of time,

» follows a Markovian process. That is, given its current value,
future developments of the short rate are independent of past
movements.

This implies that the short rate process is fully characterised by a sin-
gle state variable, i.e. its current value, and the probability distribution
of r(t*), t* > tis fully determined by r(t). A continuous Markovian
process is called a diffusion process, which is described by the sto-
chastic differential equation:

(1.4) dr = v(r, )dt + s(r, )dz

where v(r, t) is the instantaneous drift and s(r, t) the instantaneous
variance of r(t). z(t) is a Wiener process under a given measure Q.
____________________________________________________________________________________________________________________|

Assumption 2

The time ¢ price of a discount bond with maturity 7, P (¢, T), is fully de-
termined by the time t assessment of {r(t*), t < t* < T}, the segment of
the short rate over the remaining term of the bond. Moreover, the de-
velopment of the short rate over [t, T] is fully determined by its current
value r(t), so the bond price may be written as a function of the current
short rate:

(1.5) P(t,T) = P(r(1),t, T)

Hence the entire term structure is determined by the short rate.

Assumption 3
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The market is assumed to be efficient. This implies:
= there are no transaction costs;
= information is simultaneously distributed to all investors;
m investors are rational with homogeneous expectations;

= profitable, riskless arbitrage is not possible.
I
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1.2 Term structure equation

Equation (1.5) implies that the bond price P = P (r(f), t, T) is a function
of the short rate. Applying Ito's Lemma to the bond price and using
(1.4) we derive the stochastic differential equation for the bond price:

i e s NS T ap : AP :
i 1.6) of (1 “:”E-FW-I- E.\ {J.”Hrj):"+ S[_I.F]EH’*
Set
& o 1 i T | 2 .
(1.7) pit,T) = f_}(i{‘ ”d'— | pm | a (r "]_j_n.) !
1 a
(1.8) o(t,T) = —5s(r,t) 5P
and hence
(1.9) dP = p(t, T)P dt —a(l, T)P dz

where u(t, T) and o(t, T) are the time t mean and variance of the in-
stantaneous rate of return of a T-maturity zero coupon bond.

Since a single state variable is used to determine all bond prices, the
instantaneous returns on bonds of varying maturities are perfectly cor-
related. Hence a portfolio of positions in two bonds with different matu-
rity dates can be made instantaneously risk-free. This means that the
instantaneous return on the portfolio will be the risk-free rate of inter-
est. Consider a time t portfolio of a short position in V; bonds with ma-

turity T4 and a long position in V, bonds with maturity T,. The change
over time in the value of the portfolio, V=V, — V,, is obtained from

(1.9):

(1.10}) dV o= (Vou(l, To) — Viult, Ty 1) et — (Voer (1, T) — Vi (2, Ty )} oz

Choosing V; and V, such that the coefficient of the Wiener coefficient

in (1.10) reduces to zero will result in a portfolio with a strictly deter-
ministic instantaneous return. Hence we require:
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V'.EJ“! TE} = Vl”“-: Tl} = 0
(V+W)a(t,Ty) = Vio(t,T1) = 0

Vialt, Ti) - Vie(t, o) — Val(t, Ts)
Similarly:
. Veolt,Ts)
- L’] ﬂ{f$T|} - J{t! T'.-'.’}
ol
Vo Val(t, Ti)

a rr{f! Tl} - ‘T{f: TE]

and hence (1.10) becomes:

vV JU*“ Ti}”“‘r Tl:l = P“‘: Tl }0’“-, T'Z]
a(t,Th) —o(l,Ta)

dv dt

Invoking assumption 3, that no riskless arbitrage is possible, the in-
stantaneous return on the portfolio must be the risk-free rate, r(t). That
is:

ult, T)o(t, Th) — it Ty)o(t, T3)
a(t,Ty) —o(t.Ts)

‘,{f]

Rearranging the terms in the equation, we have:

p(t, Ty) —rt)  plt, T) —r(i)

(1.11) o, 1)) o(t, T5)

and since this equality is independent of the bond maturity dates, T,
and T,, we can define:

T =1,

{1.12) gir t) = ot T) <

where q(r, t) is independent of T. g(r, t) measures the increase in ex-
pected instantaneous return on a bond, for a unit increase in risk, and
is referred to as the market price of risk. Substituting the formulae for
M and o from (1.7) and (1.8), we derive a partial differential equation
for the bond price:
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(1.13) ;?TJ:‘ + (ofr, 1)+ .-ir'.”q{r.-r}}% + ;};s[r-.r}?% —r(l)P=0, t<T

This equation, referred to as the term structure equation, is a general
zero coupon bond pricing equation in a market characterised by as-
sumptions 1, 2 and 3. To solve (1.13), we need to specify the parame-
ters of the short-term interest rate process defined by (1.4), the market

price of risk q(r, t), and apply the boundary condition:

(1.14) P(r,T,T) =1

Using equation (1.1) we can evaluate the entire term structure, R(¢, T).
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1.3 Risk-neutral valuation

The mean rate of return on a bond can be written as a function of its
variance, the risk-free interest rate and market price of risk. From

(1.12) we have:

Wit T) = r(t) + alr ) o(t,T) VST

Hence the bond price dynamics (1.9), may be written in terms of the
market price of risk as[!:

dP = (r+qo)Pdl —oPdz
= rPdt — oP(—qdt | dz)

Let d: = —qdt + dz and the above equation becomes:
(1.15) AP =rPdt — oPdz

where z is the Wiener process in the risk-neutral world being governed
by the probability measure. Since dz = qdt + 4z, the equation describ-
ing the dynamics of the short-term rate, (1.4) may be written in terms
of 4z as:

dr = wvdt+sdz
= wdl + s(qdt + dZ)
(1.16) = (v sq)dt  sdz

Using the dynamics of the bond price in (1.15) and the PDE of the
bond price (1.13) with boundary condition P (T, T) = 1, the Feynman-
Kac theoreml?! may be applied to yield the valuation:

T
(1.17) P, 1) = E, erp (- [ r{u}du)f‘['i".'l'}]

Here we take the expectation with respect to E which corresponds to
the risk-neutral world. E corresponds to the equivalent probability mea-
sure @ which utilises risk-neutral probabilities. (As opposed to the util-
ity dependent probability measure, Q, which represents investor spe-
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cific probabilities.) By introducing the market price of risk g we are
able to transform the probability measure from a utility-dependent to a

risk-neutral one. The Girsanov Theorem[3] defines this transformation.
First consider the Wiener process:

¢
2= —j g du + z
1]

Lett < t* < T and define

A 1 *
L= E.xp(f g dz — 3[ {,*gi:.h!]
t =Je

as the Radon-Nikodym derivative used to define the new probability
measure, that is:

aQ _
7 = 40

Also, expectation with respect to E is calculated as:
E[Y]= E[ZY]

for any random variable Y. Hence the expected bond price (1.17) may
be expressed in terms of the utility-dependent measure as:

T T T T
] ‘
(1.18) M l) = E; [UMJ{:_,{ riw)ddu = ;[ r|'J ddu +f f_;d;)!‘:'f'.'f'jl]
t =Je '

UITo lighten the notation, the functional dependence of r, g, v, sand o
onr, tand T is suppressed.

[2IThe discounted Feynman-Kac theorem is applicable in this case.
This theorem defines the relationship between a stochastic differential
equation (SDE) and the corresponding partial differential equation
(PDE). Considering the SDE:

dX(58) = o X{s))ds + ~[ X (s))d=(s)
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Let0 <t < Twhere T >0 is fixed, and let h(y) be some function. De-
fine:

wit.x) = E [e (T ”h{.‘({T}}|."{{£j = .r]
Then the corresponding PDE is:

veld, o) + e (L, ) + %'}r?Lr}HnU.I} = ri#(d, )
See [45] for more details.

[3IFor more details about the application of Girsanov's Theorem and
the Radon-Nikodym derivative in the change of measure see [45] and
[41].
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1.4 Note on empirical estimation of the market
risk premium

Empirical testing and application of this model requires the specifica-
tion of three parameters: the instantaneous drift v and instantaneous
variance s of the short-term interest rate process as well as the market
price of risk q.Since v and s are parameters of the observable short-
term interest rate process, they can be obtained by statistical analysis
of market data. As previously mentioned, the market risk premium is
not directly observable. Although it may be calculated from equation
(1.12) as q(r, H)=(u(t, T) — r(t))/o(t, T), a more direct method of estima-
tion may be applied. Once v and s are determined, the market risk
premium may be estimated from the slope of the yield curve at the ori-
gin. From equation (1.18) we have P as a function of T and z(T) and
hence:

dP = Prdl'+ P, dz+1P,, dzd:
(—=r =4 #)PdT | qP dz | $¢*PdT
= —rPdl+qgPd:z

ap _ P a2 p E— _UUF}]‘
Therefore #r = — 7% and 97° — a1 . Also:

d(rP) = rdP | Pdr { drdP
= H{=rPdT + qPdz) + PlvdTl + sdz) + sqP dzdz
— (=r® { v | 3q)PdT | (rq | s)Pdz

ia(riP)

= S I &
AT (=" + v+ sg)d

=

and hence

Fah r
% = (r3{(T) = o(r(T),T) = s(r(T), T) g(r(T), T) ) P

SO

a’p

(1.19) 77, r2(t) — v(r{t),t) — s(r(t), ) q(r(t), 1)
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However, from equation (1.1) we have:

ki, 7)) = —I% log Pit, T
F{f. T'I = =7 Rt 7}
P LAl PR anee aR M e
E —(-’3;“3,:)* ) 4 —r;,F—Hu.-.a) :
.HI? ml [ )
-_I (_2 f_-"_” + IIFHTII e~ THRLT)
ar? Tt ar |, s i lema
il
c0-12] s
T le=n

Equating to (1.19) we have:

o

5| = (0,0 + s(r(8), 0q(r(0), )

=0
2 % |'r=l.'] o 'r.‘i:'i"[f),_, f}

EORD

= q(r(t),t) =

and hence we have found the market price of risk in terms of the slope
of the term structure at the origin.
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1.5 Specific model

Vasicek specifies the required parameters for the short-term interest
rate process and market price of risk, to derive an explicit term struc-
ture of interest rates. He assumes the market price of risk is constant:

gl =2

and that the short-term interest rate follows an Ornstein-Uhlenbeck
process:

(1.20) dr =a(y —r)dl + sdz

where &, Y and s are constants with &« > 0. This is often referred to as
an elastic random walk which is a Markovian process with normally
distributed increments. The instantaneous drift x(y — r), displays
mean reversion, with the short-term interest rate being pulled to its
long-term mean, y, with magnitude proportional to its deviation from
this long-term mean. This implies that the Ornstein-Uhlenbeck process
is characterised by a stationary distribution, unlike a random walk
(Wiener process) which is not stable and can diverge to infinite val-
uesldl,

Substituting (1.20) into the bond price PDE (1.13), the term structure
equation becomes:

ap ap Hp ;
2 il o)+ s — A2 0,
{.1._1} Fm + {E}[ ¥ — 1) 4 sy o™ | Rl riP , t=1

This is a linear, second-order partial differential equation, which can
easily be solved by applying the boundary condition (1.14). Allowing
the bond price to be of the form:

(1.22) P(r(t),1.T) — A(l, T)e~ BT

equation (1.21) becomes[®!:
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A —rARe™™ —fa(vy =) + s} ABe™™ 4 %FE‘_J.EE'_—ﬂr —rAe=r —0
= A —(oy 1 sq)AB 1 324 = vA ¢ rAB —arAB
rA(l | By — alR)

Since the right-hand side is a function of the short-term interest rate r,
while the left-hand side is a function of t and T only, the following must
hold:

(1.23) 1+ B —aB=10

(1.24) Ay —(oy + sq)AB + ésgﬂ B?=0
Now, solving (1.23) with boundary condition B(T, T) = 0 gives:

(1.25) B(t.T) = L(1 — e o)

(45

Rearranging (1.24), we have:

A+ AB [:%HEB — (7 —sq] = 0

% i B[:%Sjﬂ—ﬂ‘r—ﬁq}l’ﬂ = 0

r

—_ f (35°B* (10, T) = (ay+ sq)B(p, T))dpp = 0
¢

= InA(T,T) — InA(t, T)

E . i |,|
Nl (ﬂ_ 2 ga@-w) 4 1 2a(r ;-l)l
Z c ey !

qﬂlﬂ - =1
&t 1 ; g
Bt )
¥ ¥ st
and hence In
p ST et 2 —afT—i | —2a(T—t
mALT) = m(f_;_;“_ﬁ (T }}_1_2:{1—3 2a(T J})
4 S) (1 Ly om0
(-2t gl
g 8 2 1 —a{T—1 oy
(1.26) = (o J g GU- T =t0-8)
52 a
e Ll
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Substituting (1.25) and (1.26) into (1.22), to obtain the bond price:

2
i s s &if L] 1 el T =1 s
P(r,t,T) t'hi![('r‘-?-m)(;(l—n 5 ])—H—f})
2

_ # (I —e a(T !]‘)i _i (I —¢ ufT f'i)
o a

Equations (1.7), (1.8) and (1.9) give the dynamics of the bond price
process and the mean and standard deviation of the instantaneous
rate of return of a time T maturity bond. Substitute the above bond
price formula to calculate the mean and standard deviation in terms of
the short-term interest rate parameters and market price of risk:

wt,T) = r(t)+ 21 —eT=0) = (1) + s¢B
ik

o(t,T) = 5(1-5&“'*‘1} — sB ¥i<T

One can see that the standard deviation (and hence the variance) of
the instantaneous rate of return increases with the bond's term to ma-
turity and the return in excess of the short-term interest rate is propor-
tional to this standard deviation, with the proportionality constant being
the market price of risk.

Now define £(5¢) =7+ — 551 to be the long-term rate of interest. The
bond price becomes:

(1.27) P(rt.T) = 4.-5-:||I£{I —e T 1) (R{oo) — r) — (T — t) R(ec)

g2

2 (1]

and from equation (1.1) the form of the term structure is:

(128)  Rt,r) = Rioo) | (r(t) — R(=0)) == (1 — ™)

T
52

- 2
—naT
4;137{1_!' ), 720

3

Since (1.28) reduces to the short-term interest rate r(t) for T = 0 and
lim._ ., R(f, T) = R(o0) it is consistent with previous definitions. Clearly
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the attainable shapes of the term structure depend on the value of r(f).
See Figure 1.1. Let us examine the how the value of r(t) affects the
slope of the term structure. From (1.28):

l‘l?] T T T -
1‘“\&_& —=-r|'_-_-_l':’-<o|—_p':' {3 )
022k H‘"‘H,_‘ LRl {11 ;?-'w-—p? f14a?)
\\ =« Rie=h-p® f (%) S it} S Ri=<)+ p? 0%
02 E
T
0.18 \-\
—
LR T T h“"“-—h—_.___‘_ ]
r___: L~ - 2 —
= — -
j oM R
z
= 012
il
NIt
106
004 1 X » 1 1 1 . ) L
L1 1 - a 4 ] Li} T B 2 10

Maturity (years)
Figure 1.1: Possible shapes of the term structure. y = 0.14, x =
0.5,§=0.25,9g=0.2

{.-}R UL{H — H{CC-” o {?‘“} = 'R{m” o
(1.20) ar aT? (1-e }+ aT i
B N (i
dordr? * Indr “e

- - - ire & > 0
For a monotonically increasing term structure, we require a- 2 Y, for all
T. From (1.29) we have:

arR 1 (1—e)r, P s
E—;(—f[nr}—ﬂ{x}—#m{l—ﬂ }]

#7
e [n{r{-‘.} - H{J’.‘” | E |:| —-r "‘T}])

i 4 I
_;:,'_(_“ _‘: }[r[!‘}—ﬁ{xj-l—ﬁj{l—c_'"}J

YT

b {.f[]_{” — Roc) | “:—; I[I — i “T}l)

1
car (1—€) 2

1 4 —
= — |ae - —] |:1I'{.f] — Rioo) 13 (1—-¢ }]

T T
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which is positive if 7{t) — Rloc) + #2(1—¢ *") <0 pecause

ar_(1=€) (1 tar)e® 1

e - <0 VYt

T T

Hence, the term structure is monotonically increasing if:
g2
r(t) — R(oe) + 1= (1-=&=")-<0
= r(t) < R{oo) — :—2 (1—e™7) Wwr

(k£

Additionally, since T € [0, ), e *T € (0, 1]and 1 — e~ %T € [0, 1), so:

.‘1‘2 2

R(o0) — yvel (1-¢%") € (H[-:x:} - ‘1:? t{oc)

and hence, for a monotonically increasing term structure, we require:

r(t) < mln{H[oc}—&i;-;R(x}}

g2

= f“} = H{QC:J = A2

. . . aR
For a monotonically decreasing term structure, we require a- <P for all

T. Making a substitution similar to that used when determining a mo-
notonically increasing term structurel®!, we need to show:

AR 1
dr ot

= i s
(_ETT_} [_r(.-'] — R(2c) + ToZ (1—e ‘“]]

2

b ne 27 [1‘{#} — R(ac) % (1- f‘-_m}])

T

1 (1 —e%7) 2 L
< — (_7[,-{:}— R(20) — 5—5(1—¢ )]
e [’r{t‘}- R(co) — :;%{I oy f-"f}])
Since 1 — e %T > 0 this is true if and only if:
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Cre —frri i (f—e7"] 307
' - T 4a?
(1.30) & drae M —343% <0

2
(%]

However, this inequality does not hold becausel’!:
d7ae™ ™ =34+ 3% =0

for some interval T € [0, T*] where T* depends on the value of the
speed of reversion, . Hence the above substitution is inconsistent

b 4 b 4 A
with our argument. However, substituting —s= for 552(1—¢"7) gand
H'-I 3 [+ 'y . . .
7ol =€ "} in equation (1.29) we require:

a1 (_—-U ":_m} [r{."] — R(20) + % (1—e “T]]

a1 aT

I ae o7 [1'{t} — Rle<) | ;—Z{I —e "”}])

1 (1 —eo7) : §?
= o (“f["{” - R(e0) - 53]

+ ae ® [,.{” — Roe) — l:_:])

E40

This inequality holds if and only if:

2 {| _'n] 4
A - 5
—aT i —IT
ChE — (2 — s ——
It T
- i

(1.31) = drac”® —Zrae™ T — 3 1 47 — 70T 2 )

This inequality is examined in the appendix and can be shown to
hold!8! for all values of T. Hence we can write the following:
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— g7 e
7 == (=2 o - R 1 g1 - )

ar a7 e

49
+ ae =7 [r{r] — R{o0) + ﬁ-{l - “}])
2ar

< 1 (m“-—&_m} [r“:. — R{oo) — ﬁ]
T

T 2ep?

P
+ ae™ 7 [-“{” — R{>) - m])

= i (“‘L-—n.— — “_—:ﬁ) (-P(I‘.]I — R{ec) — 2i§)

<0

. . 52 . L, — LT -« n?:l .
if (1) — R(o<) — 55 2 0 gjnge ae " — ©="2 < 0 Hence the slope is mo-
notonically decreasing if:

&2
rit) — Kloc) — 202 >0
that is:

42
r(t) 2 R(D‘JH'E

The yield curve takes on a humped shape for values of r(t) such that:

2 2

R(e0) = 15 < r{t) < R(o0)+ 5

[4lvasicek emphasises that he is not trying to provide the best charac-
terisation of the short-term interest rate process, but is merely specify-
ing an example in the absence of conclusive empirical results.

RlHere A; and B, denote the derivatives with respect to t.

BlHere, substitute —s=z(1—="T) for &=(1—¢ ") and &z(1-¢ ") in equa-

tion (1.29).

[/IThis result is shown numerically in the appendix.
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[BThis statement is true only if @ > 0. However this is an assumption in
the formulation of the model in (1.20).
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1.6 Conclusion

Few of the early studies of asset prices within an equilibrium economy
setting were applicable to interest rates, mainly focusing on stock
prices. If we accept Vasicek's implicit assumption that the functional
form of the short-term interest rate process and market price of risk
are in fact consistent with an economic equilibrium, then his work may
be seen as a complete characterisation of the interest rate term struc-
ture in such an economy. This simple model has been praised for its
incorporation of reversion to a long-run mean and the ability to pro-
duce an analytic representation of discount bond prices. On the other
hand, it has been criticised for allowing interest rates to become nega-
tive and not providing a mechanism by which the initial, market-ob-
served term structure may be reproduced.
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Appendix

We need to determine if inequality (1.30) holds. That is if:

drae™™ =343 %<0

with & > 0. Using the simple Matlab code below, we may determine
the curve of the above function. The exact shape of the curve de-
pends on the value of the reversion speed «. Figure 1.2 shows the
curve for @ = 0.15. The above inequality does not hold for all values of
T. The interval on which 4txe= %" — 3 + 3 e~ *T > 0 depends on the
value of «.

alpha = 0.15;
y_ans = [];
x =11
for T = 0 : 50
T 2=T™*20.1;
x =[x, T 2];
y=4*T 2 * alpha * exp(-alpha * T 2)
-3+3*exp (-alpha*T 2);
y ans = [y_ans, VI;
end

plot(x, y ans), xlabel('T'), ylabel ('4TXe ®T +3 e~
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0.15

e "

—2T ‘h:—f.lll'

i
—0.05 }
-

¥ 0. \

0.2t

Figure 1.2: Shape of curve 4Txe *" + 3 e &7 — 3for x =
0.15

We require to show that inequality (1.31) holds. That is:
dree ™ —rae 2% — 344 —” T < ()

The Matlab code below determines the shape of this function on the
interval T € [0, 5]. Again the exact shape of the curve depends on the
choice of . We can show that the above inequality hold for all values
of T; however, @ must be positive. & < 0 implies negative reversion
speed and causes a contradiction of the inequality. Figure 1.3 shows
the curve for & = 0.45.

alpha = 0.45;
y_ans = [];

x = [];

for T = 0 : 50

T 2=T™*20.1;

x =[x, T 2];

y = 4*T 2 * alpha * exp(-alpha * T 2)-2 * T 2 *
*exp (-2 * alpha *T 2)-3 + 4 * exp(-alpha * T 2
—exp (-2 * alpha * T 2);

y _ans = [y _ans, yl;

end
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plot(x,y ans), xlabel ('T'), ylabel ('4TOe ¥T-2TxXe™®

-e-2T")
0 e
E 02} \‘\
I’-
I 04
¥
2046
i
= 08

Figure 1.3: Shape of curve 4Txe %" — 2Txe 2T — 3 +4 7 %T — ¢
—20T for x = 0.45
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Chapter 2: The Cox, Ingersoll and Ross Model

Cox, Ingersoll and Ross (CIR) view the problem of interest rate model-
ling as one in "general equilibrium theory" [18]. Anticipation of future
events, risk preferences, other investment alternatives and consump-
tion preferences all affect the term structure. CIR make use of a gen-
eral equilibrium asset pricing model to endogenously determine the
stochastic process followed by the short- term interest rate and the
partial differential equation satisfied by the value of any contingent
claim. Bond prices are then determined as solutions to this partial dif-
ferential equation, contingent on the underlying short-term interest
rate.

42



2.1 General equilibrium in a simple economy

In describing the equilibrium economy, Cox, Ingersoll and Ross [18]
integrate real and financial markets. The specification of endogenous
production and randomly changing technology allows randomly
changing investment opportunities. Within a continuous time model,
this characteristic allows the inclusion of effects that cannot be ap-
proximated in static, single period specifications of the economy.

Assumption 1

There is a single physical good which may be allocated to investment
or for consumption. All values are expressed in terms of this good.
_______________________________________________________________________________________________________________________|

Assumption 2

Production possibilities are represented as a set of n linear activities.

A vector of amounts n, denominated in units of the physical good, in-

vested in production, evolves according to a stochastic process of the
form:

(2.1) di(t) = Lya(Y, ) di + L,G(Y, t) dw(t)

where

w(t)-(n + k)-dimensional Wiener process,
Y - k-dimensional vector of state variables,

/ _(n x n)-dimensional diagonal matrix function of n. Here the ith
L diagonal element is the " component of n,

x(Y,t)-n-dimensional vector of rates of return on production,

n x (n + k)-dimensional matrix representing the standard de-
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G(Y,1)-viation of rates of return on production. Hence GG’ is the co-
variance matrix of rates of return on production.

The stochastic process (2.1) describes the growth of an initial invest-
ment, given that output is continuously reinvested.

Assumption 3

The k-dimensional vector of state variables Y, evolves according to
the system of stochastic equations:

(2.2) dY (t) = pu(Y, ) dt + S(Y. 1) dw(l)

M(Y,t)- k-dimensional vector of drifts of the state variables,

k x (n + k)-dimensional matrix of standard deviations of the
S(Y,t)-state variables. Hence SS’ is the covariance matrix of
changes in state variables.

These assumptions imply that the probability distribution of current
output depends on the current level of the state variables, which them-
selves change randomly over time. Hence the development of the
state variables Y determines the future available production opportuni-
ties. Unless GS’ is a null matrix!], changes in state variables are cor-
related with returns on the production processes.

Assumption 4

Entry to all production processes is free.

Assumption 5

L
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The market for instantaneous borrowing and lending exists. This oc-
curs at a rate r which is determined as part of the equilibrium in the
economy.

Assumption 6

There is a market for a variety of contingent claims to some amounts
of the good. The payoffs of these claims may depend on aggregate
wealth and level of the state variables. The values of the claims de-
pend on the same variables that describe the state of the economy;

hence the movement of the value of claim i, F, is described by the sto-
chastic differential equation:

(2.3) dF* = (F'3; — ;) dt + F*h; deo(l)
where

F'B; mean price drift. & is the payout flow received, hence FiB/is
— &' the total mean return,

1 x (n + k)-dimensional vector of standard deviations, hence

h”h,-h,-’ is the variance of the rate of return.

The equilibrium value of B;, the rate of return on the contingent claim,
and r, the risk-free rate of interest, are determined endogenously.
___________________________________________________________________________________________________________________|

Assumption 7

There is a fixed number of identical individuals, each wishing to max-
imise their objective function of the form:

.
(2.4) E [ U(C(s), Y(s),8)ds
Ji
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where

E [ expectation conditional on current wealth and state of the
-] economy,

C(s)-consumption flow at time s,

_von Neumann-Morgenstern utility function. It is assumed to be
increasing, strictly concave, twice differentiable and to satisfy:

U (C(s),Y (s),8)] < ky (1+C(s) + Y (s)])2

for some kq, ko > 0.

Assumption 8

Trading and investment take place continuously, at equilibrium prices
only and free of transaction costs.

Consider the problem of allocating an individual's wealth to investment
opportunities. If contingent claims exist, the solution will usually not be
unique. We select a basis to be a set of production opportunities and
contingent claims, such that any other contingent claims may be ex-
pressed as a linear combination thereof. Hence define the opportunity
set as a basis of investment opportunities consisting of n production
activities and k contingent claims. Individuals may allocate wealth
among these (n + k) basis opportunities and the (n + k + 1) opportu-
nity: riskless lending or borrowing. Since allocation to non-basis con-
tingent claims may be replicated by a portfolio of basis claims, a
unique allocation to basis investment opportunities is sufficient for val-
uation purposes.

Define:

W-current total wealth,

a;W-amount of wealth invested in the # production process,
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b;W_amount of wealth invested in the i contingent claim.

Hence, for each individual, we wish to choose controls aW, bW and C
to maximise expected lifetime utility, subject to the budget constraint

denoted asl2l:

7] k
(2.5) dW = lz aWile — )+ Z bW —r) W = c.'] dt
i=| i=]

H mjk k nk
+ zaiw(zm rfquj) +3 bW (Zh,-j .fu.-j)
'... Jr .I -,‘.I
n=k
= Wu(W)dt + W~ qyduy

F=1

To maximise the utility function (2.4), the control must be a measur-
able function. This means the control, at any time, may only depend
on information available at that time. Hence the following lemma de-
fines the basic optimality condition for an individual's allocation (con-

trol) problem[2! (see [17]).

Lemma. Let J(W, Y, t) be the solution to the Bellman equation of the
form:

(2.6) max [L*(t)J + U(v,Y,t)] +J; = 0
for(t, W, Y)e D=t t') x (0, o) x Rfand with boundary conditions
J(0,Y, 1) = By, [fr U0, Y(s), .1}::’.#] and J(W, Y, t')=0

Then

1. JIW, Y, t) = K(v,W,Y,t) for any admissible control v and initial
Wand,

2. if vAis an admissible control such that

LA + U Y, t) = max [LE()d + Uz, Y. )] VL, WY eD
L=
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then

J(W,Y,t) = K(8, W, Y, 1) VLW, Y)eD
and v is optimal.

Here Jis called the indirect utility function.
_____________________________________________________________________________________________________________________|

Assumption 10
|

There exists a unique function J and control v* satisfying the Bellman
equation (2.6) and associated technical conditions.

Since investment proportions a; and consumption C must be non-neg-

ative, necessary and sufficient conditions for maximising Y = LVJ + U
as a function of C, a and b may be expressed as [17]:

(2.7Ta) e =Us—Jw <10,

(2.Th) Ciye =0,

(27¢) e = (a=r1IWJy | (GG | GHHW LDy | CS'Whyy <0,
(2.7d) a'v, =0,

(2.7¢) ¥ = (8 — r YW dw 4 (a4 W Sew + HS'W hyy =0

Using (2.7) and the Bellman equation (2.6) C, 4 and b* may be found
in terms of W, Y and tonly. C, 4 and b" are chosen, taking r, « and B
as given. The set of stochastic processes (r, B; a, C) (that is, the risk-
free rate of interest, expected returns on contingent claims, production
plan and consumption plan) define the equilibrium economy under the
conditions Xa; =1 and b; = 0 for all i. These conditions imply that in
equilibrium, the interest rate and expected rates of return on the con-
tingent claims are such that all wealth is invested in physical produc-
tion processes only [18].
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MGS’ is the covariance matrix of changes in state variables and re-
turns on production processes.

2IHere w; denotes the " element of w(?), i.e. the /' Wiener process.
[BlHere, define the following:

Ef
K(u(t), W(t), Y(£).1) = E U U(v(s),Y(s), s) ds
i

where v(s) is some admissible control. Also let LY(f)K be the associ-
ated differential operator defined as:
k n+k

LYK = p(W)WEKyw + 3 piKy, + 5 W Kww 3 4}

=1 i=1

k 4k Bk r+k
= Z W Ky, Z disig + % Z z Kviv Z i S jm
i=1 =1 i=1 3=1 m=1
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2.2 Equilibrium risk-free rate of interest

We need to determine the equilibrium values of a, r and B. The solu-
tion to an individual's planning problem consists of an optimal physical
investment policy a*, optimal consumption plan C* and the associated
indirect utility function J*. By writing the portfolio allocation (physical
investment) part as a quadratic programming problem, CIR [17] deter-
mine the equilibrium interest rate to be of the form:

;—.:”.._r.” s H-III | “u{:r-:.lu.“.-(J;':-I.') | ““'r,'j,"'(-f:::.-)

o - —Jwu var{ ) . —Jwy; (n‘umrl.”-i',]-}]
(2.8) 4 “_( T )( W )_Z{ T ) W )
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2.3 Equilibrium expected return on any contin-
gent claim

Considering optimal physical investment a*, and substituting the equi-
librium interest rate (2.8) into (2.7e) we get the equilibrium expected
return on any contingent claim:

(2.9) AW, Y] = (a%a)1 | (f) [{“Hﬁf:’u-}l.rr:“ = HF’--FU."I"J

W S
+ (#) [(e"'GGC'a*)1 — HG'a')
i

Now, applying Ito's lemma to F (W, Y, t), and making use of (2.5) and
(2.2):

ar daF ﬂ?
210 e o ntie i
(2.10) ol ey ol + PTG —diV + f e Wl E E“J

Zi EF 1¥.dY, i rF W dy,
av,ay, T LWy, ¢

~ ppdi | (r“ aW @ |Zn )n!mr}

i=l

with:

i
pe = Fy + Py (0'alW = ) ?E:FE#JFJ}I%FRHWHH“W
j=1

K [

"
! 3 ZZ F‘J‘.'r', COvar I{'l’:,}}} | Z F""'",- POVAT [H", }J]
e =1
Now comparing the volatility components of (2.10) and (2.3) we have:
k
FH = Fy alWWG + Z Fﬁ’: g

F=1

Substitution into (2.9) gives:
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BF = (a"a)F + a"'CC" 0" W (J“'“' )_r-' + ””r:.-."(";“"" ) F
Jw Jw

K

v [ =dww . —Jwy: F s
b Fy [(T) var (W) | Z(T*) covar (17, 14

]

|Zf [( J“")nrm!r.,'l.i ‘HIZ( ).m“m nﬂ

which by (2.8) becomes:

(2.11)

J
.i}-'—.:-f-'l-!-'u-[( ;Hljka W)+ E( bk ){ war (W, ¥ ]
W

k

Jw 1
[ s

= Jm=l

So the equilibrium expected return on any contingent claim may be
written as the risk-free return rF, plus a linear combination of the first
derivatives of the contingent claim price with respect to wealth W, and
the state variables Y. The coefficients of these derivatives are inde-
pendent of the contractual specification for that claim; hence they are
the same for all contingent claims. CIR [17] explain that these coeffi-
cients may be interpreted as factor risk premial?l.

[4ISpecifically from (2.11), the risk premium for the " state variable Y;
is

— e _IJ :
Jww convar (W, ¥5) + W covar (Y5, Y5)
T Jw !

Jw
g=1
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2.4 Value of any contingent claim in equilib-
rium

Now comparing the drift coefficients in (2.10) and (2.3) we have:

k
;iF-rﬁ = Jip = F. | F‘“'{H'tlli- —('] | Z:F?‘FJ:‘I.?” i IEF“ W 'lr‘ﬁfl"[“.]

J=1

'EZF‘” covar (¥;, ¥;) | ZF‘,H cavar (I, ¥;)

i=] §=1

Making use of (2.11) yields:

Pk + Ky [( 2w ) e (W14 Z(

1

) covar (11, ¥ }]
1

IZH [( L”")ﬂm‘nr{ll"& Z( )mmr['l ' Y3 ] &

=

k
= f; + Fwla'alW = C) 4 }: Fy, jog (V1) + %f‘h'w var (W)
=1

& K
| E}:r,, covar (¥;,Y,) | Zf.” covar (W, Y;)
=3 B |

=1

Rearranging terms we have a partial differential equation for the price
of any contingent claim[2!:

[ k

5"‘“11 var (1) Iz.".,” covar 11 }J] t :_';ZZI'] ¥ covar (¥, '5
F=1 13-1
L i
(Y. ) - ﬂ)mm&r W. Y + ( : ")
?: [“{ - ( T (W.X) ?:-: p %
(2.12) H{rW = C*) e+ Fy=rF 48 =10

This valuation equation holds for any contingent claim. Specific termi-
nal and boundary conditions as well as the structure of 8, the payout
flow, define the unique characteristics of a claim.

RlFirst group the coefficients of F;,, and make use of (2.8) to give:

—J - |
[n'nlil" - ( .l'“ LLs ) var{ W) — E-_( —rf )rwarl:liir'. Y3l = f] Fiy = (rW =) Py
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2.5 A more specialised economy

For the problem of modelling the interest rate term structure, CIR spe-
cialise the economy. They restrict the class of utility functions to those
having constant relative risk aversionl®l. Specifically, the utility function
is required to be logarithmic and independent of the state variable Y,
hence:

(2.13) U[C(s),s] =e #*InC(s)
where p is a constant discount factor.

CIR [18] show that for this specialised case the indirect utility function
takes the form:

JOW, ¥, 1) = h(OU (W, ) + 9(V;1)

for some functions h(tf) and g(Y,f). By the results of the earlier Lemma

I - ﬁﬂ:—p{f’—r}}

h(l) =
o

Hence we have:

—WJww . 2 —Jwy
.I“.- I .I'“.'

Substituting into (2.8), the form of the equilibrium interest rate reduces
to:

(2.14) r=a"a—a"'GC'a*

Similarly, by (2.11), the return on any contingent claim simplifies to:

15
(2.15) AF — »F + Fowa”CCa* W Z Iy,a”'GS'
=1

For the purposes of developing a model of the interest rate term struc-
ture, CIR assume that the contractual terms of all securities are free of

54



explicit dependence on wealth. This implies that the partial derivatives,
with respect to wealth, of all securities, equal zero (i.e. Fy, = Fpy =

Fyy = 0). As shown above the risk-free rate and factor risk premialZl

are also independent of wealth. Due to this additional restriction the
valuation equation for contingent claims (2.12) reduces to: 1

B

[ i &
3Ny, covar (Y0, Y5) + Y By [l Yit) - 0V GS]
=] el

(2.16) —

=l 4 =0

[6IThat is neither the interest rate, nor the security risk premia depend
on the level of investor wealth.

lin (2.15) the factor risk premia, that is the coefficients of Fy, reduce
to a*’ GS'.
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2.6 Term structure model

To model the term structure CIR use equation (2.16) and make sev-
eral simplifying assumptions about technological change in their spe-
cialised equilibrium economy.

>
"
7]
c
3
o
=+
o
S
-_—

The change in production opportunities over time is determined by a
single state variable Y.

>
"
7]
c
3
o
=
o
S
N

The means and variances of the rates of return on the production
processes are proportional to Y. Hence the state variable Y deter-
mines the rate of evolution of capital and neither the means nor vari-
ances will dominate the portfolio decisions for increasing values of Y.

Assumption 3

The state variable Y follows the following stochastic processl(é!:
dY (t) = [€Y + ¢| dt + vV Ydw(t)

where € and T constants, T > 0and v a vector of constants.

Incorporating the above assumptions into their economic model, CIR
[18] derive an explicit formula for the equilibrium interest rate in terms
of the state variable Y, the parameters of its stochastic process and
the means and variances of the rates of return on the production
processes in the economy. Calculating the drift and variance of this
equilibrium interest rate and defining a new Wiener process z(t), such
that:
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ay/rdz(t) = vWYdwl(l)
they specify the dynamics of the interest rate as[!:
(2.17) dr = k(0 —r)di + ﬂ\f;d'z{f]

where k, 0 > 0. (2.17) represents a continuous time first-order autore-
gressive process where the stochastic interest rate is pulled to its
long-term mean 0, with speed k. Imposing an additional constraint that
2k > 02 (see §2.7.6) ensures that the rate of interest cannot become
negative. The interest rate structure implied by (2.17) displays the fol-
lowing characteristics:

= negative interest rates are prevented,
= a zero rate of interest can become positive again,

» the level of absolute variance increases with increasing inter-
est rates,

= the interest rate displays a steady state distribution.

Within the same economic framework CIR determine the factor risk
premium in terms of the above-mentioned economic variables. To-
gether with all the simplifying assumptions, the factor risk premium A,
is substituted into (2.16) to give the fundamental bond equation which,
in equilibrium, must be satisfied by any zero coupon bond:

(2.18) 30 P + 6(0 = )P+ P = ArPr —rP =0

with P (r, T, T') = 1 as the boundary condition. Here the bond price de-
pends on one underlying stochastic variable, the short-term interest
rate r, which represents the uncertainty in the underlying economy.
This model proposes that the short-term interest rate is the predomi-
nant variable in determining the whole term structure. This can only be
true if all the simplifying assumptions are satisfied!12!.

[BIThis is a specialisation of (2.2)
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[PlSee [18] for the details of this.

M9 These assumptions can be summarised as: investors have con-
stant relative risk aversion, uncertainty within the economy is modelled
by a single variable, and the interest rate is a monotonic function of
this variable.
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2.7 Distribution of the interest rate

2.7.1 Mean.

To calculate the conditional mean and variance of the interest rate
under the CIR model™], consider the integral form of (2.17):

r(s) =r(t) + Hfs[{i' —r{u)) du + J/a Vv riu) dz(u)

since r(t), the current rate of interest is known. The mean of a Wiener
process is zero, and so taking expectations:

E [r(8)|r(t)] = ri{t) + Hf (0 — E[r{w)|r(t)]) du

In differential form this equation is represented as:
&
7z Elr(s)lr(t)] = w (8 = Elr(s)|r(t)])

which is a separable differential equation which may be solved as fol-
lows:

d E [r(s)|r(t)]
0 — E[r(s)|r(t)]
* dE ["f*’-"”’“” ’ : il
J, 0= E[r ()] /r v
0 — E[r(s)|r(t)]
0 — r(t)

= Kds

In

—r(s —1)
(2.19) = E[r(s)|r(t)] 01 e " O(r(t) - 0)
2.7.2 Variance.

Calculate the stochastic differential equation satisfied by r(t) by apply-
ing Ito's formula to (2.17). Define f(x)= x2 then:

59



df(r(t)) = Sr(Ddre(t) + 77 (r(0))dr()dr ()
=d(ri(t)) = 2r(t) |s(8 = r(t))dt i rw‘r{f}rfz]
} [u{ﬂ—r{.r]}dr | .m’ru]d;]z

= 2u8r()dt — 267t + 20 vV Ddz + ¢® r(t)dl
— (2604 )r(t)dt — 2 r?(1)dt + 20 ¥32 (1)d2

=1ris) = r¥}t)+(2x01 ﬂ".]f r{u]du—'.h;f 7 (u) du
i ‘

+‘.?a:rf r M2 () dz(u)
[ 1

Considering the conditional expectation of r?(s) we have:
E [P()r(0)] = () +(2x 0 ;a*}fr's[r{u}|ru:.]¢m-z..-[ E [r2(u)r(t)] du
Partial differentiation with respect to s yields:
2 B 2Ir0] = (2% 0+ o) E[)r(0)] - 2 E [ ()r(0)]

and hence:

2 (e E[2(s)r0)])

s

— 20 250 E [r2(s) (2] E?ﬁ{s—f}% E [2(s)lr(1)]

= 25620 E [r2(s)r(t)] + 25 0 2~V E [r(s)|r(t)]
I a2 28— E [r(s)|r(t)] — 26 25D E [r2(s)|r(t)]

= (260 + a2 O E [r(s)|r(t)]

Integrating the above over [t, s] and using (2.19) gives:
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20 E [PAs)|r(t)] - rit)

= f‘uuﬂ+a'-‘}ee**“"'-"E[r{u}|--u}| e
P

- f‘['-_"p.-ﬂ' + aﬂ}e"t‘t"'!:'{r{i:lt.'“r‘“"r} 1-.‘3“ - ""”:"':}:]}:hl
f

= (2n8 | n‘-‘}rzrjfe“f“ Odu | 0200 | a*jf'r’*[' 1 _ enlv gy

P ]
= (20 + &) (r(t) —ﬂ]f’t.':-u ey + 0 (260 +ﬂi}fxt:ﬂh{" du
i r

= %{zm | o) (r(t) — #) (e — 1) 4 .zii:rzu# f o?)(280=0 1)
= E[r"(s)|r(t)]

l-'-"{f_:,r_ -2 (st} i l{zxﬂ | nﬂ}r.f'“_] - -H{a—t]
K

= i{‘fﬁﬂ - r‘.l'i::ll:_l'“:] - i'i"]lt:_g"!'_” + % H2e 8 + ::'Ej

= Lﬂ{_’nﬂ-ﬁ- I!T-J}-‘ In{a=1}
s

fa’ 2 3 a’ wlm—1)
=5 1O ()~ 0)( = 1 20)e
2 b
29 T oot} . —20(n—t] L. —2xfs—t)
+ (P2(t) + 6% = 200 (1)) e | (?_h_ﬁ s r[f})c
Aol 3 s al e L
g - & 4 (rit) _ﬂ}(T I fﬂJﬂ

al % 1'1'1 i i ik o
4 {'.U}_ﬂ]ﬂl Tuis h+:“(;‘—r”‘j)t Fri{s—1t}

From (2.19) we have:

(E[r(s)lr(])? = (r(t) — 0200 1 07 4 20(r(t) — 0)e ")

and so the conditional variance of r(s)is:
var (r(&)[r(0)) = E [P2(s)r(0)] — (E[r(s)]r(1)])’

(2.20) =

Ba? 2 s : ] i 2
5 () = 0 00 4 (5 - p(t))e 0
e L [

2.7.3 Identifying the distribution.

Define

r(t) = X3(t) + X3(8) + -+ + X2(t)

where each X((t) is an Ornstein-Uhlenbeck process representing the

solution to [49]:
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(2.21) dXi(t) = —38Xi(t)d! + Sodz(l)

where B > 0 and o > 0 are constants and z; is a Wiener process. The
conditional mean of X; is:

(2.99) E [ Xi(s)|X;(1)] = e~ @0 X, (1)

The stochastic process for r(t) is derived by application of 1t6's formula
asl2l-

2

(2.23) dr(t) = (= — Br(t) dt + a+/r(t) d5(t)
"-I-

By setting k = B and 8 = no?/(4B) we arrive at the formulation in

(2.17). Defining r(t) as the sum of squares of normally distributed!3]
variables X;, i =1, ..., n leads to the correct form of its stochastic

process, hence we may conclude that r(t) has a non-central x? distrib-
ution.

2.7.4 Chi-Square distribution.

Consider a random variable Y, which may be expressed as:
V=X{4+ X2+ X3

where the X;s form a mutually independent set and each X?;,i=1,..., d
is a standard normal variable, i.e. X; ~ ®(0, 1), i=1,..., d. Y has a x?
distribution with d degrees of freedom [35].

If X; ~ ®(c;, 1),i=1,..., d, that is the Xjs are normally distributed with
mean c; and variance 1, then Y has a non-central x? distribution with

parameter of non-centrality Y = >¢?; and d degrees of freedom [35].

The mean, variance and probability density function f(-), of Y are ex-
pressed as [35]:
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E[Y] =d+¢

{2.24) var (Y] = 2d + 1

f’r}"\ _ = %rl‘ 5"'- }jl'd ! 1 ]_E | 1 i (E)? b
= 239 T(3d) d2 " dd+2\ 2 '

where A(+) is the Gamma function[4],

Define the following variables:

25
£ L-',:E“ - t-l—rc[fa—r_‘l],
u = cr(l) g ra=t]
v = er(s)
2k 0
qg = s 1

Now calculate the parameters required to characterise the distribution
function of r(s), conditional on its value at r(t). From (2.23) the number
of degrees of freedom are:

n—=4x8fc® =2 | 2

The parameter of non-centrality may be calculated as p* = X¢?; where
c;, I =1,..., nare the conditional means of the Xis as specified in

(2.22):

5'5* = Z{Elz‘{r_{q”&:“”]?
i=1]

s Z!._ k(s "}Xf{t}

i=1

= e "l tp(t)

From (2.19) the conditional expectation of the short-term interest rate
as specified by the CIR model is:
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E[r(s)ir(t)] = 8+e O (r(t)-0)
= §(1 —remt) e tp(y)
n =
= I 4 ¥

= E|2er(s)|r(t)] = n+ 2ep°

Similarly, the conditional variance of the short-term interest rate is
specified by (2.20) as:

;;n-‘.l ﬂrﬂ 8
var (r(s)|r(t)} = ot ?(5_,.[‘”)5 2n{s 1)
2
F=(r(t) = B)e =0
L
tha? _ , p . _
: %{1 — M !:']-'i' i r'[.f}‘:—;( #i# 9l—e wle -ty
01—t | 2r(tye st
= - 2
n i
- P
= var (2er(s)lr{t)) = (2)* var (v(s)|r{t))
= 2n 420"}

So from the definition of the mean and variance of a X2 distribution in
(2.24) we may conclude that 2 cr(s) has a x? distribution with n de-
grees of freedom and parameter of non-centrality

Adkr(t)e *(#1)

@ = 2ep" = o2(1 — c—rs-1)) 2u

To determine the probability density function of r(s), conditional on its
value at time f, use the characterisation of the probability density func-
tion of a X2 distribution in (2.24) with Y = 2 cr(s):
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gt} —er{th "‘1"1;{2r-.r{b:|:.\1

firtsir(t)] = 2

2+ g+ 1)
:{('1 ! n.[ Irit)e et
2942 2
1 (i: fI:a-JH,-ff. " ”)E |
E?x;-l 2) ’f.f +4) 2!
erle) -erft)e = i
(2.23) o 2 [mL.J,
Clg+1)
( r{a)r(t)e~"3-8 A [)e V00 )
w |1 + + " _ -y
gl g + Mg +2)

This representation of the conditional probability density function can
be shown to be equivalent to the formulation used by CIR in their origi-

nal paper, which makes use of the modified Bessel function12!:

(2.26) firirml =ce = (9) " 1, 2vam)

2.7.5 Mean reversion.

The conditional mean of the short-term interest rate depicted in (2.19)
clearly displays its reverting property.

Consider:
= if (t) = 0 then r(s) =0, forall s > {,
m if (f) # 6 then limg_ ., r(s) =90

a for kK — oo (where K is the reversion speed), E["(8)I7(t)] _ g,
the long-term mean and var (r(s)|r(t)) — O,

« fork — 0, E[(s)Ir(t)] r(t), the current rate of interest and
var (r(s)|r(t)) — r(t)o?(s — t).[18l

In the above cases the properties of the future rate of interest are con-
sistent with our expectations, given the structure of the interest rate
dynamics.
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If kK, @ >0, i.e. the interest rate is mean reverting, then as s — oo,the
interest rate approaches the gamma distribution with density function:

A
w =1 =wr

flr{oc)|r{t)] = )

where w = 2k/02 and v = 2k0/02. The mean and variance are 6 and
020/2k respectively which is also consistent with our expectations of
the interest rate dynamics[Z.

2.7.6 Negative interest rates.

As already identified in §2.7.3 and §2.7.4 r(t)hasa x? distribution and
so it may be written as a sum of squares of normally distributed ran-
dom variables:

r(t) = > XX(¢)
i=1

Consider the case: n =1, so r(t)= X?,(t). Since X,(t) is normally distrib-
uted, we know that for each t, F{r(f) > 0} = 1. Hence it is also the

case that for any t > 0, F’{There are infinitely many values of ¢t where
r(t)=0} = 1.

Now consider n > 2. For r(f) = 0, t > 0 we require X(t) = 0, for every j =
1,...,nand so F{There exists a t > 0 such that r(t) = 0} =O0.

Therefore, to prevent zero (and hence negative) interest rates, we re-
quire n = 2. From the stochastic process describing r(f) in (2.23) we
have:
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The requirement n > 2, needed to prevent zero (and hence negative)
interest rates translates to:

= 2l > o’
[11See [49] for detailed calculations of the mean and variance.

M2lSince r(t) = X2, + X2, + ... + X, = (X1, X5, ..., X)) we have, by the
independence of the Xs:

2 Hi=j,
aye — Y. P
Fxe =2kt Thay { 0 ifi#j

where the subscripts denote partial derivatives, and so

drit) = Er;‘_d,‘{',' | %Erx.xidx.-d."(.-
i=l i—1
i .I .I Fr [ g
= :_E; 2X; (—Eﬂxdﬂdi | Eﬂd:.‘{f}) | ; za'dz,;{!']{ﬁ:i[l]
= Z _,-3_'{;:!{“. i Z(}'x;d:‘;l{ﬂ [ Z iﬂum
mrﬂ

= —@r(t)dL UE Xedz:(t) 4 - di

i=1

rrrd
= (-T - Jrfﬂ) ot ny"r-.,!‘lr!.,l:ﬂ

where 3(t) the transformed Brownian motion, is defined as:

E(t) = Zf v‘T{T

To verify that () is in fact a Brownian motion, consider:

di(t) = Z

T

r.fz.

= dz{t) dz(t) =

= dt by definition of r(f)
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Also, since z(f), i =1, ..., n are martingales, then 3(f) is a martingale
and we have verified that z(f) is in fact a valid Brownian motion.

13IThe X;s are normally distributed by their specification as Ornstein-
Uhlenbeck processes in (2.21).

[4IThe Gamma function is defined as:
M) fmrt‘*:“_lrlt
]
and A(x) = (ox — 1) forx e N

|31—5]Iq(-) is the modified Bessel function of the first kind of order q. This
function is defined as:

(&)

EIl(g 4+ k4 1)

-

L) = (2)'%

k=0
and so in the CIR probability density function, we have:

Iy (2vam) = r.‘{ﬂr:.,a'r[a:.rmc'#"f""]

) bl o |:'r:|l.' m{a I.F:I*
AT -0yt 3 L :
ey rlar(th }:E:U IR N

= |
- {ry"':”:lr[ﬂr uia -;}a.’:

I b e2r(a}r(t)e—ni==t} i ! rd{a)rd(t)n—Inla—11
b - Fann
g 11} Mg 23 H Ol o+ 3)

Hence, making use of the identity A(x + 1) = x/A(x), (2.26) expands
to:

R e alm =1} A 1';! - - i
Firia}rie)]l = ee—cria)=crit '- (:_,-";I-r—'.:i'—”) (r’rt.ﬂ]r!_”f =l l'|}“f

2 i I lJr{n:IrI_l_',r_"'“_" r"r'.li.i]rﬁl:ﬂr'_?"“_“ ulk
Uig 4+ 1) Uiy 4 2) 2 1g 1+ 3)

pe—orish=erith ™ =0 e
Tlg 1 1)
x(l p Sridrtle-se-t)  cle(a)ri(gie-ante-0 )
g1 1) Ay v Dy + 2

which is equivalent to the distribution in (2.25).
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[6lApply L'Hopital's Rule to the first term of (2.20) to obtain

i wvar (r(s)]r(t)) = lim rl,!:!r.f:' {—1.1 — thg=nle=t} s -tk dei{n ”} = ri:ﬂr.f;-i_.i — 1]
o Lt |

[7IThis mean and variance can also be obtained by letting s —  in

(2.19) and (2.20).
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2.8 Bond pricing formula
Allowing the bond price to take the form:

(2.27) Pir,t,T) = A(l, T)e"B&TI
we havell8l:

P.= — ABe BT
1.1”_ = AHEE Br

P, = Aye BT — ABre 87

and so the bond price equation (2.18) reduces to:

r(L02AB? + KAB — ABy + AAB — A) = 0AB — A,

Since the left-hand side is a function of the short-term interest rate r(t),
while the right-hand side is independent of the short-term interest rate,
the following two equations must be satisfied:

(2.28) Ay —wfAB =10

(2.29) Bi—(k+A)B—3a’B +1=0

To solve for A(t, T) and B(t, T) first consider (2.29). This is a Ricatti
equationt?® with solution B(t, T) = v(t, T Yu(t, T)\where v(t, T) and u(t,
T)are solutions to the following system of equations!2Y:

T+t T)—we(t,T) = 0
w' (8, T) + Aul(t, T) 4 éﬂrg?r{i‘!T] = 0

Set T =T — twhere T is the bond maturity date; then # = —# and the
above system of equations may be written as:

(2.30) —v'(T) tu(r) —wv(r) = 0

(2.31) —u'(T) + Au(r) 1 %‘72?'{1’} = U

From (2.30) we have:
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(2.32) w(t) = () +Ku(7)
(2.33) w(r) = o'(r) +av'(r)
substituting into (2.31) gives:
—0"(7) — k' (7) + M'(7) + Arw(r) + dou(T) = 0

Expressing this in terms of D-operators results in a simple quadratic
equation:

D? —(A=£8)D = (A + $0?)]o(r) = 0
[ { ) )] ol

The roots of this quadratic equation are (y + A — k)/2and (—-y + A —
K)/2 where ¥ = V(5 + A)? + 20% and hence the solution may be written
as:

v(7) = I'iflfll'"’_)‘_":‘"ff? _|_,'.._2ﬂ|.—".u—h—ujrlai

where k; and k, are constants. Since B(7,T ) = 0 = v(0)/u(0), v(0) =0
and hence k; = —k,. Setting k4 = 1 and k, = —1, v(T) becomes:

(2.34) ofr) = elTtA=Kl/2 _ l-v+A=s)rfd
Substituting (2.34) and
v(T) = Hy b A= k)T RN Loy X - k)l T AR/
into (2.32) gives:
(235} wlr) = F(y 4+ X a)OPAINE_ L X ael A2

Since T = T — t, the solution of the Riccati equation is obtained from

(2.34) and (2.35) as:
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B(t,T) w(7)fu(r)

E{r{':--’- aHT=t)/9 _ (=rsh=n}{T- n,rﬂ':.
= TEEY H}':{-”:. s )T 12 _ {—r+ A !l','l'fl': y+Ah—n{T-1)/2
2 (eniT=8 1)
T (v A RN (4 A4 R)
2 [ertT50 = 1)

(2.36) =

(v 1A wiert=0 = 1) § 2y

Now consider equation (2.28) with fixed bond maturity T, so the bond
price is a function of t only. Hence:

aA

W = hfj}lﬂ

fl% —  xOBdl

. T

mA(LT) = —f KOB(s,T)ds
[ 3
T
(2.37) Alt,T) = fr:-:p(—ﬁﬂ f B[.q,T]l:-Is)

(4

where k and 0 are constants. Substituting B(t, T) from (2.36) into
(2.37):

T
AwT) = oxp(—n0 f B(s, T)ds)
T- {:rﬁI:T 3':' = 1
oXp (—‘Z.t-ﬂjt- G T AT — 1) 1 2 rL-r)

Let y = e¥(T = 8) then # = =" 9 gng 45 = ~oatey =gl Making this
substitution and noting that (y — A — K)(Y + A+ K) = Y2 — (K + )2 =
202, the integral in the above equation becomes:
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T '\.{T J]_l
¢ (v X &)X T-2 1) 4 "‘r

L “w-1) d
Ydeir-a (YA 4+ RNy -1} +2v ¥

4 =2v/(y = A —K) 1 l}
.'Fv/r;“" € L”‘ FA+LR)Y—1) 12y I{';ru)'uu.-.:]y dy

=1

_ o _1.){ﬁr+}.+ ]Inﬂ'ﬁl.’uinjl:y-l}l‘h[

y:.!\ﬂ'—q:l
1 =1
+ ——1Iny
Hy—A—K) par{T=1
T - : (v +A+K) e
— —In({v+A+r)(y—1)+24) + Tllly] e
L i e
! -| kel =
2 [ rr N -D+27] | e
10 b = el A e)(T-1)/2
T ot [ " hihi.h]u,{"“" '}“l‘l+2‘}]
and hence the solution for A(t, T)is:
+},..,9 PeplrH A} T 1)/2
A, T) =
ARL) ﬁp( " TA LR n-|}|2«)
Pubifo?

- - 21_5,.1—1.—3111'—1]}'1
(2.38) ({"x F A4 w)(er=t = 1) 2“')

An analysis similar to that in the derivation of Vasicek's model in
Chapter 1 can be applied to determine the bond price dynamics. Since
the bond price is a function of the short-term interest rate, Ito's Lemma
is used to give:

dP = ppPdt —apPdz

where
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The existence of a factor risk premium q(r, t), implies:

pe —r=q(rt)on
Vasicek assumes a constant market price of risk, while CIR specify:

A .
qgir,t) = —aLT_ A = constant

=pug = r—ArB

and hence under the CIR model the bond price process is specified
by:

dP = r (1 — AB) Pdl — Ba+/7d>
[18l\Where the subscript indicates a partial derivative.

[9The general form of the Ricatti equation is:
w'(t) + [a(t) +d{t)] wlt) + b{t)w? () —e(t) = O

The solution of this equation can be written as w(t) = v(t)/u(t) where
v(f) and u(t)are solutions of the associated system of first order linear
equations:

=o' () te(u(t) = dit)e(t) = 0
w'(t) —a(t)u(t) —b(t)e(t) = 0

For more details on solving the Ricatti equation see [47].

[20]y and u are functions of tand T, but T is fixed, hence V' (¢, T) and U
(t, T) denote the derivative with respect to t.
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2.9 Properties of the bond price under the CIR
model

2.9.1 Yield-to-maturity.

Since it is market convention to quote bond prices in terms of yield-to-
maturity, it is more insightful to examine the behaviour of the yield-to-
maturity in the case of a very short and very long time to maturity.
Since a zero coupon bond is a pure discount instrument, its price is
written as:

(2.39) P(rt, T) = e~ (T-DR(LT)

where R(r, t, T) is the yield-to-maturity. Equating (2.27) and (2.39) we
derive the yield-to-maturity in terms of A(t, T) and B(t, T)as:

.;!‘[trr]ﬁ B{t,TYr __ & (T-)R(r T
nA@,T) - B{t, T)r = —(T—R(rt,T)
o rBU,T)—InA®T)
et ) = T3

Ast— T, R(r, t, T) — r,/& since as the bond approaches maturity, it
converges to an instrument with instantaneous maturity. Now consider
the yield-to- maturity as T — oo. This may be viewed as the yield on a
perpetual bond:

Rir,t, oc) Am fi(rt.T) = lim _]"?Jff_'*';fwﬂ
— ].“'ﬂ - hl "‘1'{'['.‘ 'I :I + fH{I. _.I'.I :l
T oo ":r‘ _ ¢

Consider In A(t, T)where A(t, T) is given by (2.38):
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2k i s
InA({,T) = % [ing.“._{-*.wn)(r—r],sz
i
—In [E*.— FA A e)(eT-4 — 1) 4 -3,.',“
k8
= —F Oyt A a)T - 1)/2

+In2y —In [{'}' A4} 0 1)+ 21”

Now, since

E‘wET 1 _ 1] [T li]

lim [ — lim Ic:
T—o T
Am [(y + A4 &eTT — 1)+ 2] = lim [( + A+ w) T]

Jm [(y 4+ A+ &)T = 0)/24 In2y] = lim [(y+ A+ R)(T = t)/2]
we have:

2w}
, - . P RYC Y o ; o THT =)
uJ__l_lﬂﬁJlu‘lEE.l } Jim —r [+ A400T=0)/2=In(v4+ A +x)e ]

u :..'rl'?:.-_ s A dFE
Jim =z (7 4+ A+ )T = 1) = 29(1 - 1]

e i e AR =0)
= i, Zor AR -

Also from (2.36):

¥y

2e(T-t} 1 2
lim B(1,T) = lim - L — ) -
T—o0 T—oe (Y+ A+ &) e -0 —1) 1 29y y+A4&

and hence the yield on a perpetual bond is[22l:

B(t,T)r —In A(1,T)

Rir.t.oc) = Tlim_ T—1
i 2O AR - {1 A 6)T - 1)
= [111] .
T T =t
D 4 Dpe :
= lim 4 20T —1)

I—oo (y + A+ &})(T —1t)

; 2r 258
= Ilm[ - |
Tool{vy+A+u)(T'=-1) v+A+k
B 2
a T+ AFR

Hence, for bonds with increasing maturity, the yield approaches a limit
independent of current rate of interest, but proportional to the mean
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reversion level [45].
2.9.2 Possible shapes of the term structure.

As for the Vasicek model, the CIR term structure can assume various
shapes according to the level of the current interest rate, r(t). See Fig-
ure 2.1 below. For ") < % the long-term yield, the term structure
is uniformly increasing while for r(t) > 235 the term structure is uni-
formly decreasing. For values of r(f) lying between these two extremes
the term structure is humped.

Imterest Fa
gt e
i .."'

i

(AL

L] 2 4 G 8 10 12 14 16 18 &
Maturity (years)

Figure 2.1: Possible shapes of the term structure. k = 0.3, A\=0, o
=0.6,0 =0.15

[21leX can be approximated by its power series expansion as:

by

= My
=3
!

n=0

and hence [45]

(Y +A+RUT =8 (v + A+ 83T =)
| |
2 8
PT - t)?

T TAERNT -2 o

eT-8 o 1 4+4T-0+
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Therefore as t — T we have:

t:[‘.fi'-'}lfﬁ]{r L)/ 2 == 1 + {'r + -\-'I';}(T— f-:l

[}f[_l I l:"‘:l A4 R]{]1_ﬁ}:{2}]2#ﬂfﬂﬂ
Yy +A+RNT =t} + 2y

[2"}' Faly + A+ n){ﬂ'-t}]ﬂ"”f"“
B AT AT 1)

= A(t,T)

= 1
and also

NIt _, 14T =1)

] 29(T —1)
B,T) —
F AT T AL RT -6 + 2y
T 1
L+ (1 + A+ AT —0)/2
o T =t

for small T — t. Hence from (2.27), P(r, t, T)= e~ (T — 1),

[22]Here make use of the following:

(Y + A H R =% + A+ R) = (5 + N = 4° = —207
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2.10 Extending the model to allow time-depen-
dent drift

Consider extending the model specification to allow for a time-depen-
dent drift parameter. Hence the short-term interest rate dynamics be-
come:

(2.40) dr = k(8(t) = r)dt + o+/rdz(1)

Due to the Markovian nature of the model, we assume that all informa-
tion about past movements and expectations of future movements is
contained in the current (observed) term structure. Therefore the func-
tional form of the time-dependent parameter 6(t), may be determined
from observed bond prices and the values of the constant parameters.
No prior restrictions are placed on the functional form of 0(t) since it is
determined so as to reflect the specific observed term structure.

Consider the conditional expectation of r(s) with the time-dependent
parameter 6(t). Following the methodology of §(2.7.1) we have the in-
tegral form of the short-term interest rate process:

r(s) =r{t)+ & /S (0(w) —r(u)) du+o /3 v r(w) dz(u)

Taking expectations and differentiating with respect to s produces:

E[r(s)lr(t)] = r(t) 1 ,,-j’{m[.q = Elr{m)ir(t}]) cu

E [r{s)]r(1)] r

s _

= -r%{."‘-' VE [r(s)r(t)]) = ke D E[r(a)ir(t)] 1 " '}ﬁﬂ%}w
- = i O(s)entr O .

= 5{0(s) — E[r{s)|r(t)])

so, integrating over [t, s] gives the conditional expectation of r(s)as:

A
e U E |r(a) ()] — (1) “f O(u) e 1) du
t

(2.41) = E|[r(s)r(t)] = r(t) e~=l2—") +h'f Olu) e "= gy
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The bond price takes the same functional form as specified in (2.27),
with a modification to one of the parameters as depicted below:

(2.42) P(r,t,T) = A(l, T)e~BET)
where:
D (T} _
(2.43) B(LT) - 2(¢ 1)

(r ML) (e T —1) | 29
T
(2.44) At T) = exp(nr;f 0(s)B(s, T) n's)

Given this formulation of the bond price and the observed term struc-
ture, (2.44) can be solved for 6(s) for all s € [t, T ] which could then be
used in conjunction with (2.41) to determine future expectations of the
short-term interest rate as specified by the current observed term
structure.
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2.11 Comparison of the Vasicek and CIR meth-
ods of derivation

The Vasicek and CIR models are very similar in their structurel23] and
tractability, but their key difference lies in the derivation. Vasicek en-
forces the no arbitrage requirement between bonds but does not con-
sider the existence of an underlying equilibrium economy consistent
with the model. CIR begin with a specification of the equilibrium econ-
omy, from within which they obtain the valuation model. The following
factors are contained within the CIR economy:

= variables affecting the bond price,

» endogenously determined stochastic properties driving the un-
derlying variables,

» the form of the factor risk premia.

Vasicek makes assumptions about the variables affecting the bond
price and the stochastic factors driving these variables. These as-
sumptions are exogenously specified and imposed directly on the rele-
vant variables. Consider these assumptions in the framework of the
CIR model:

1. the bond price is assumed to be determined by the short-
term interest rate only,

2. the short-term interest rate r, is assumed to follow the sto-
chastic process

dr = k(8* — ndt + o+/rdz

Application of Ito's Lemma and existence of the risk premium deter-
mines the excess expected return on a bond, thatis u(t, T) — r = ex-
cess expected return = Y(r, £, T)

(2.45) = 407 Py 4 K0 = 1P 4 Po— 1P = T(r 1, T)
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If there exists an underlying equilibrium economy which supports (1)
and (2), then this function Y(r, t, T) must exist. However, its depen-
dence on the underlying variables is unspecified.

To preclude arbitrage Y must take on the following form:
(2.46) T(rt,T) =P )P (r !, T)

where Y(r, f) is the required risk premium. Not all functions Y(r, t, T)
will satisfy (2.45) and (2.46) and hence definite restrictions are placed
on the functional form of the excess return.

However, this approach to the specification of a complete model of the
term structure may lead to problems:

1. Assumptions (1) and (2) do not guarantee a consistent un-
derlying equilibrium economy;

2. The no arbitrage approach does not guarantee the absence
of arbitrage for every choice of ¥(r, f).

The model specified by CIR does have a consistent underlying equilib-
rium economy and hence precludes arbitrage. Consider the following
example which does not meet all the requirements specified by the
CIR model and hence leads to disequilibrium in the underlying econ-
omy. Assuming ¥(r, t) = ¥y + Ar, (2.45) becomes

207 P R0 =)+ =P = (Yo + AP = 0

(247) = po*Poy + k(0 =20 )P 4 B=rP = AP, — 0
o
This is the same as (2.18) with 6 = 0* — x| so the bond price takes

the form:
Plr,1,T) = :'1“":?}1!'. B(L,T)r

where
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A fae W0 .3
llr r ‘Jﬂf-_i-'\-'-‘h+l]-|_'f‘_r”g Ih{ﬁ' _.._I"}.n"f
MeLY" = = —

0% (0® =da)
DK T ANT 1)/2 - e R
(k+v+A) (et —1) + 2+

A(t, T)R0" - ad/ne

The solution of the bond price equation (2.47) becomes:

P(r,t,T) = At,T)*0"~To)/8 o—+B(LT)

and the bond price process may be specified as:

(2.48) dP(r ., T) = (r— (Vo t Ar) B{t,T)) P(r,t,T)dt
~B(t, TYavF Pr,t,T)dz

The linear form of the risk premium chosen above satisfies the no ar-
bitrage condition and appears advantageous for empirical studies, but
it can easily be shown that the resulting model is in fact not viable.
Consider r = 0. Since the bond is instantaneously riskless, it should
over the next instant, yield the corresponding risk-free rate. However,
the bond price dynamics (2.48) reduce to:

(2.49) dP{r,t,T) = —Wo B(t, T)P(r, ¢, T) dt

and hence the instantaneous rate of return differs from the prevailing
risk-free rate and the model guarantees arbitrage opportunities in-
stead of precluding them. This model breaks down because there is
no underlying economic equilibrium which is consistent with the cho-
sen risk premium.

[23IThey apply slightly different functional forms to the volatility of the
short-term interest rate and the market price of risk.
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2.12 More complicated model specifications

The specific term structure model derived by CIR assumes the state of
technology is represented by a single state variable, and randomness
within the economy is explained by the stochastic dynamics of this
variable. Hence bond prices of all maturities are determined by a sin-
gle random variable, the shortterm interest rate. The model does allow
some flexibility, since the term structure may assume a number of
shapes, but the nature of single factor models implies that price
changes in bonds of all maturities are perfectly correlated and inde-
pendent of the path followed by the short-term interest rate to reach its
current value.

Multi-factor models which allow a richer specification of the technology
introduce more flexibility into the term structure, but often this is ac-
companied by an undesirable increase in complexity and lack of ana-
lytical tractability. The two models considered thus far always involve
an explanatory variable that is not directly observable in the market.
This is the market price of risk or factor risk premium. It is dependent
on the utility function of individual investors which cannot be empiri-
cally determined. Multi-factor models will tend to have even more in-
vestor-specific, and hence unobservable, variables. At times, it may
be possible to express these unobservable variables as functions of
the endogenously determined prices (e.g. the risk-free rate of interest)
and thereby eliminate them from the pricing model. This is the case
with the Brennan and Schwartz (1979) model discussed in the next

chapter.
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2.13 Conclusion

The main characteristic of the CIR model is that current prices and
stochastic properties of all contingent claims are derived endoge-
nously. Since CIR use the rational asset pricing model to determine
the term structure of interest rates, the following factors are all mater-
ial in the derivation: investor anticipations, risk aversion, available in-
vestment alternatives and preferences with respect to timing of con-
sumption. Equilibrium asset pricing principles are combined with ap-
propriate models of stochastic processes describing the evolution of
randomness in the economy, to derive consistent and possibly
refutable theories.

The drawback of the CIR model is that it is only a general equilibrium
model within their simplified and stylised economy. The investor-spe-
cific utility function always enters the model via the market price of
risk; for calibration purposes it must be empirically estimated. Model
risk will arise since reality is being forced into a simplified model. The
following view may be taken of the CIR model:

1. if the specification of the economic model is correct,

2. if the stochastic process chosen for the short-term interest
rate is in fact the ‘true’ process describing its development,

3. if the investor's utility function is fully specified,

then we may say that the model is fully specified and the endoge-
nously derived term structure is the observed term structure. However,
none of the above specifications is known with any certainty. In partic-
ular, the utility function is difficult to determine empirically. Hence, op-
tion prices and other factors derived from the CIR model cannot be
seen as accurate quantifications of market characteristics, but rather
as descriptive qualifications.

Later models assume that the general structure of the yield curve dy-
namics are known a priori. Details of various parameters, which are
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obtained from more fundamental factors[24], are left unspecified. The
current yield curve is used to fit the unspecified parameters. If the as-
sumed structure of the model is an accurate description of reality then
the unobservable quantities can be determined in this manner. Certain
discrepancies will exist between observed market rates and those de-
rived from the model. An analysis of these discrepancies will reveal
their importance and effect as well as indicating whether they are the
result of a poor model or a violation of the initial assumptions. Neither
the Vasicek nor CIR models allows for complex yield curve patterns
and hence tend to be poor representations of observed yield curves.

[241Such as the utility function.
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Chapter 3: The Brennan and Schwartz Model

Brennan and Schwartz (BS) [10] challenge the primary assumption of
many models. That is: all information about future interest rates is con-
tained in the current instantaneous short-term interest rate and hence
the prices of all default-free bonds may be represented as time-depen-
dent functions of this instantaneous rate only. They point out that this
is not an accurate representation of reality and propose an interest
rate model based on the assumption that the whole term structure can
be expressed as a function of the yields of the longest and shortest
maturity default-free bonds.

They incorporate the assumption that the long-term rate of interest
contains information about future values of the short-term interest rate.
This long-term interest rate is the second, exogenously specified vari-
able and the term structure between the short- and long-term interest
rates is modelled as a function of these two rates. Other models de-
rive the whole term structure, and hence the long-term rate of interest
as a function of the short-term interest rate.
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3.1 The generic model

Let

(i)

instantaneous rate of interest,

I(t)long-term interest rate represented by the yield on a consol bond
-paying a continuous dividend.

BS [10] assume r(t) and /(t) to follow a joint Gauss-Markov stochastic
process of the general form:

(3.1) dr = Bi(r. L) dl +m(r, L) dz
(3.2) dl = Fa(r. ) dl +ma(r, 1) dzg

where tis the current time and

dz,, dz, -represent Wiener processes!!],

B1(-).B2(") _are the expected, instantaneous rates of change of r and
o | respectively,

N%1(-).n%(")

are the instantaneous variances of r and / respectively,

instantaneous correlation between the unanticipated
“changes in rand / i.e. dz,dz, = pdt

[lAs usual, the Wiener processes dz, and dz, have the following
characteristics:

= E[dzq]= E[dz,]=0,

u d221 = d222 = dt
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This last point is not technically precise, but is used as an informal
representation of the discrete time formulation:

(z(tr+1) ‘2“&-]‘}? =gy =t

where z is some Wiener process and f,t,,.4 are consecutive points
in time. See[49].

Let B(r, I, T) be the price of a zero coupon bond with maturity date T
=t+T and unit maturity value. Since this bond price is a function of the
two rates of interest and time to maturity T, we may apply Ito's Lemma
to derive the equation of the stochastic process for the bond pricel2!:

al an ian ] | 4% fﬂ I
= —H"'— i .f F —t IF - i il’
i e = il 4 o I 4+ = T elr + - ff el + e

i i
= ‘—{ll' Todl ez | —| i};ﬂ | o edza) -—t.'jff! I l%{{ﬂi dr
z ar

o)
10 4 i
.1.E FTE 5 il + rﬂ‘ Al i pr”

elr ol

and hence the bond price process may be written as

dn 1 an 1 a8

(3.3) B pled, ) dt + Gam ™ idzy + = AT dzy
where
; g _8B 18°B ,
(3.4) pir, ] = I (f-. By + | i}ﬁ + 3Ha el
158 4 B AR
= el | it — —
39 T o R J'r)

An arbitrage argument is applied to derive the equilibrium relationship
between bonds of various maturities. This relationship takes the form
of a partial differential equation which places constraints on the risk
premia of bonds of various maturities. We consider a portfolio of three
bonds of different maturities. This allows us to hedge away the uncer-
tainty associated with both stochastic variables, i.e.r and /.Let:

P -portfolio of bonds of three different maturities,
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Xi -amount invested in bond with maturity T, i =1, 2, 3

with 2x; = 1. Ito's Lemma is applied to derive the rate of return on the
portfolio as:

P : f
5 = [3:1;1171] + eap(my) + .'ﬂ.-w("".'l” dt
| OB | 8B 148 |
+ (=155, i'.+MH? Mt E¥F e en
o L0B. . L x0B. . veB T
—— [ v e ——mr1|
Bo R RR e et ™

This return can be made instantaneously deterministic by setting the
coefficients of the Wiener processes equal to zero:

1 a8 1 a8 1 dB

(3.5) IIE‘EHL i ;I?E?’F," | .TBEW m = 0
» | OB | OB | 9B
(3.6) ST s +.rgH 3 o + .133 ’H 0

To preclude arbitrage profits, the portfolio return must be the risk-free
rate of interest. Hence:

() + wpp(m) + wap(m) =
that is:
(3.7) xzylplm) = vl + 2 () =l + xa [p{ms) — 7] =0

Equations (3.5), (3.6), (3.7) form a system of three linear, homoge-
neous equations in three unknowns. This system is consistent only if:

| OB | 9B

pn)—r = Alf_?}i-”ﬁ,;_?-” +A2(n.d, ”B ar "
1 9B 1 98

plr) —r = A(r 1) Barmt Az(ry, ”Eﬁm
_ 1 9B 1 9B

M) =r = MinkOgam ot dalnl gy

and hence this relationship holds for any bond maturityT, and may be
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written as:

. | 2B 1 2B
3. == Ay ) — gy L) v
(3.8) pr)=r =l tyg=m+ dr.Lt)g—=rm

The functions A\4(r, /, ) and A(r, /, t) are independent of the bond ma-

turity. The return on a bond in excess of the risk-free rate of interest is
the premium required to compensate the investor for the additional
risk. Equation (3.8) expresses this instantaneous risk premium on a
discount bond as the sum of two factors. These factors are propor-
tional to the partial covariances of the bond return with the unantici-
pated changes in each of the two exogenous variables. These partial
covariances are represented by 5%2m and FH respectively. The
proportionality factorsA4(r, /, t) and A,(r, I, t), may be interpreted as the
market prices of instantaneous and long-term interest rate risk. These
market prices of risk are investor-specific and depend on the investors'
utility functions.

Substituting (3.4) into (3.8) leads to the partial differential equation for
the price of a discount bond:

an an #1858
¥ {5y = Al + T (B2 = Aaipa) + ST htsFE ™
AR iR

|m PR = F —rB =10

(3.9)

This bond pricing equation is dependent on two utility specific vari-
ables, i.e. the two market prices of risk. Assuming / to be the yield on a
consol bond allows us to eliminate the market price of long-term inter-
est rate risk Ay(r, /, f). A consol bond is a bond of infinite maturity pay-

ing a continuous coupon of $1 per annum. Let V (/) be the price of this
consol bond, then:

(3.10) Vi =11

Applying Ito's Lemma to V (/) gives:
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9217
av " 1 8=

Fi o e bty el
dl ¢ + 5 B dl di
R |
= -7 (Bodl +madzy) + B 7 di
and so:
> AV (ni B my
(3.11) 1_'; (f—ﬂ = T df — (T) dzg

where — () is the partial covariance of the bond's instantaneous rate
of return with the unanticipated changes in /. The instantaneous rate of
return on the consol bond (), consists of the capital gain and the
rate of coupon payment; hence:
2
i B
woe) = 35 — 7+
Since we are in the risk-free world the return on the consol must be
the risk-free rate of interest and hence the equilibrium risk premium re-
lationship (3.8) must be satisfied:

1 9V

ploo) —r = daln L) g —rm

7
w_&., . c7 _E)
73 ."d” r = )u{.'r,.".i‘,( 7

: A 12 .
(3.12) RN p—.. N Bo—1"+rl
l 1

Here we have expressed the market price of long-term interest rate
risk as a function of r,/ and the parameters of the stochastic process of
I.This allows us to reduce the number of utility-dependent factors in
the bond price equation. Substituting (3.12) into the bond price equa-

tion (3.9) results in:

\ 8B , 18R , #B aB
sz Mtggp B+t g Pmmt 5= (8 —Am)

afn o, r}f an o
P-W (l' =7l 4 ] = B =10

(3.13)
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which is independent of the market price of long-term interest rate
risk,A,. Applying the boundary condition B(r, /, 0) = 1, we may solve
the above equilibrium bond pricing equation for any maturity. Since
the entire term structure of interest rates may be inferred from these
bond prices, we conclude that the term structure, at any point in time,
is a function of r,/ and A,.

By choosing / to be the yield on a consol bond, we are able to deter-
mine the bond price independent of A, and B,. Since the consol is a

traded security, the risk associated with / may be hedged away. This is
the same as the result obtained by Black and Scholes in deriving the
option pricing equation, which is independent of the expected return
on the underlying asset. BS [10]makethe observation that the number
of investor-specific (utility-dependent) variables in the pricing equation
is equal to the number of state variables (excluding time), less the
number of variables for which all the partial derivatives are known.
Knowledge of the partial derivatives allows the associated risk to be
hedged away. This phenomenon may be demonstrated more gener-
ally as follows: the partial derivatives of the consol bond (which repre-
sents the long-term interest rate), are known. Also, since it is a traded
security, it must satisfy the bond pricing equation (3.9) [51], hence:

av r'i' 138V , 18V

A, 21 (8 — Aamy
(3.14) By = Aun)+ o (B = e+ 5 ot 35 e

H'.:! i)‘

av
erf g ==—=rV =10

fr

Multiplying by %7/ %r and subtracting from (3.9) yields:

L BBAVY fAVY 1, B AR vy Jav

“t\ar \alar ar aMm\ a2 ~ \ T a3 il

= 8B a8 #*v v
[3.15) I ,? ( ai? - ( {T rj_."f)/ W)
; a8 aB av av i an av ._-“H av
rm\sos ~ \araral )/ T o W) H

it i av v il
= (T - (WT)/T) -5 —rB-t

We know:
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av &V

& or?

av ;

H

A2V

a2 -

a’v

dral

aV B av
T bl

and hence (3.15) simplifies to (3.13), the bond price equation indepen-
dent of A,. By applying the bond pricing equation to one of the under-
lying variables, we have reduced the number of utility-dependent para-
meters. The resulting model has the same estimation complexity as a
one factor model, but the dynamical explanatory power of a two-factor
model.

[21Since T = T—twe have = = — %
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3.2 Specific models

BS performed two empirical analyses ([10]and[11]) using the above
general formulation of the two factor model. In both cases they assign
specific functional forms to the drifts and volatilities of rand /. The free
parameters in these functional forms are estimated by applying statis-
tical methods to market data. Then, assuming the functional forms and
parameter values to be the true values, they estimate the value of the
market price of instantaneous interest rate risk,A\. To simplify the

analysis,\, is assumed to be an intertemporal constant.

In the first analysis [10], which makes use of Canadian bond data, BS
use the assumption that the excess expected rate of return on the
consol bond over the instantaneous rate of interest is proportional to
the degree of long-term interest rate risk (as represented in (3.12)) to
solve for the expected rate of return:

2
(3.16) Bolr d.8) =B — i+ % + Aoty

where A\, is assumed constant.

Additional assumptions are made to ensure that interest rates remain
nonnegative. The standard deviations of the instantaneous changes in
interest rates are assumed proportional to their current levels:

mir.Lt) = rog

m(r. 1) = log
(3.17) and 3,(0,1.¢) = 0
which ensures Ga(r, 0,1) > 0

where 04, and 0, are the constants of proportionality. To determine the
functional form of B4(r, /, t), BS assume that the long-term interest rate

I, contains information about future values of the instantaneous rate of
interest, hence r regresses towards a function of /. That is, the as-
sumption is made that:
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(3.18) dinr=ca(Inl =Inp =Inr)dl + o1dz,

From (3.1) we have:

: : ! : :
where « is the speed of reversion of In r to », where p is a scaling fac-
tor.

Equation (3.1) now becomes:

{ nf
(3.19) dr =r | aln ; e di | radz;

Applying the assumptions (3.17) to equation (3.16):

;fg—lt{f—i'“ | 1??2 t 1.‘7-2)&2]
and hence (3.2) becomes:
(3.20) dl=1{{ =r+03+02\) + logdzy

The behaviour of the interest rates is now described by a system of
nonlinear stochastic differential equations, (3.19) and (3.20). To empir-
ically estimate the values of the free parameters, that is p, &, 04, 05

and \,,BS linearise and discretise the system by approximating r and /
with functions of In rand In /.

In the second analysis [11], BS use US bond data for the period 1958-
1979. The joint stochastic process for the two interest rates is as-
sumed to have the following functional form:

(3.21) dr = (ay+b(I—r))dt +ro;dz,

(3.22) dil = l{ag+bar + cal)dt + logdzg

Again, the unanticipated changes in the interest rates are assumed to
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be proportional to their current levels, and the instantaneous rate is
assumed to regress to the long-term interest rate, hence b, > 0. Allow-

ing a4 < 0, introduces the possibility of negative interest rates. BS ac-

knowledge this flaw, but retain it due to its empirical tractability. They
consider the resulting bond pricing model to be more significant than
the properties of the linear approximation of the true stochastic inter-
est rate process.

To obtain the drift term for the long-term interest rate, equation (3.12)
was again solved for B, with the additional assumption that A, is a lin-

ear function of the two interest rates,r and /. Therefore, as outlined in
[45]:

(_"1.2';} Ao = ko + kv + kol

where kg, k; and k, are constants. Solving (3.12) for f, and applying
assumptions (3.17) and (3.23):

Balr,,t) = kolog + kyrloy + kooal® + 02l + 12 = vl
= I ({koog + a3) + (kyag = 1) 7+ (kgog + 1)1)
I{as | hyr | e3l)

The system of stochastic equations (3.21) and (3.22) is then discre-
tised so that the unknown parameters: a4, b4, 04, a,, by, ¢5,0, and p

may be estimated from market data. Assuming these estimates are
the true parameter values, A, is estimated.\, is assumed to be an in-

tertemporal constant, an unrealistic assumption given the long time
span of the market data.

The results of the empirical tests performed by BS are rather inconclu-
sive since the inconsistencies observed can be attributed to one of
four causes: model misspecification in the form of an omission of state
variables, misspecification of the functional forms of the stochastic
processes for r and /, market inefficiencies or measurement error. At-
tempts by BS to isolate the specific causes of the errors are again in-
conclusive.
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Rebonato [45] examines the behaviour of this specific model formula-
tion. He varies the parameters over a range of reasonable values and
finds that the dynamics of the coupled system (3.21) and (3.22) tend
to be quite unstable.

The long-term interest rate has a non-negligible probability of reaching
very high values in a finite period of time. This instability is due to the
specific functional form and parameterisation chosen by BS in the im-
plementation of their model.
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3.3 Conclusion

The specific model formulations and empirical investigations under-
taken by BS admit criticism due to their lack of stability and inconclu-
siveness of results. This should, however, not influence the signifi-
cance of their general model formulation, which is mathematically and
economically sound. The general model is an equilibrium model;
hence the drifts are real world drifts and internal consistency require-
ments needed to eliminate one of the market prices of risk are encap-
sulated in the choice of state variables. BS provide a methodology
which is successful in reducing the complexity of modelling the term
structure. An alternative choice for the specific functional form of each
stochastic process can produce reasonable descriptions of the evolu-
tion of the term structure.
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Chapter 4: Longstaff and Schwartz-A Two-Fac-
tor Equilibrium Model

Longstaff and Schwartz (LS) [38] developed a two-factor model of the
term structure based on the framework of Cox, Ingersoll and Ross [18]
discussed in Chapter 2. The two factors are the short-term interest
rate and the instantaneous variance of changes in this rate (volatility
of the short-term interest rate). Therefore the prices of contingent
claims reflect the current levels of the interest rate and its volatility.
The choice of interest rate volatility as the second state variable is
supported by the fact that volatility is a key variable in contingent claim
pricing.
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4.1 General framework

4.1.1 The underlying economy

The term structure is modelled within a continuous time economy
where physical investment is performed by a single stochastic con-
stant-returns-to-scale technology!. The single good produced by this
technology is either consumed or reinvested in production. The re-
turns realised on physical investment are described by the stochastic
process:

(4.1) %QT = (uX +6Y)dl + oY dz,

where U, 8 and o are positive constants, X and Y are state variables
and z, is a Wiener process. X is an economic factor driving expected
returns but having no effect on the uncertainty of production, while Y
affects expected returns and volatility. This implies that expected re-
turns and volatility of production are not perfectly correlated. To en-
sure a non-negative risk-free rate of interest, 8>02. The state vari-
ables are modelled by:

(4.2) dX = (a—bX)dt+ eV Xdz
(4.3) dY = (d—eY)di+ fVYdz2

where a, b, ¢, d, e and f are positive and z,, z3 are Wiener processes.
Since X'is uncorrelated to production uncertainty, we require z, to be
uncorrelated with z, and z.

Markets are assumed to be perfectly continuous and competitive, with

a fixed number of homogeneous investors having time-additive prefer-
ences of the form:
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b+
E, l/ exp(—ps)In (C(s))ds
t

where C; is the time s level of consumption, p the utility discount func-
tion and E, [] the expectation taken at time t. Here, future consumption
is discounted to time t by the factor p, which indicates the decreasing
current utility of consumption in the future. However, if consumption is
delayed, the investor is able to invest more and benefit from greater
consumption in the future. Each investor wishes to maximise their util-
ity subject to the budget constraint denoted by

. de)
dW =W — = Cdt
¢

where W is the investor's wealth and hence at any time ¢, the investor
may either consume wealth (denoted by C) or invest the wealth in the
single technology (4.1). The derived utility function obtained as the so-
lution to the maximisation problem, has the form[2!:

exp (—pt)
J".J

(4.4) J(W,X,Y,t) = InW +G(X,Y,t)
Optimal consumption and investment amounts are also determined as

part of the maximisation problem. CIR (1985) [18] determined the as-
sociated optimal consumption function to take the form:

W

(W X, Y, t) = i =wmlpi =)

where T — o. Hence determining the optimal consumption level to be
pW, the equilibrium wealth dynamics are derived to be:

(4.5) dW = (X 1+ Y = p) Wt | oW VY dz,

Equations (4.2), (4.3) and (4.5) form a joint Markovian process, the
current values of which completely describe the state of the economy.

Now rescale the state variables such that x = X/c?2 and y = Y/ and de-

102



fine H(x, y, T) as the value of a contingent claim with maturity T. The
value of this contingent claim satisfies the fundamental partial differen-
tial equation [17, Theorem 3]:

E zz %H;ru 4 {" —'l‘jii:-'.ﬂl_,
i.ll'[i:l _I 2
| (a, . ( :;“ “ )-:':w:ar{:i']l"_.r.f'r'})”5, —rH = N,
W

whereldly = a/c2, n = d/f?, = b, € = e, ris the instantaneous risk-free
rate of interest and covar (dW, dY) is the instantaneous covariance of
changes in wealth W with changes in state variable Y. The coefficient
of H, includes a utility-dependent term which represents the risk pre-

mium associated with the level of production uncertainty governed by
Y. From (4.3), (4.4) and (4.5), we may show!4!:

(ﬂ) covar (dW, dY') = Ay
Jw

Hence the risk premium (market price of risk) is proportional to y. The
proportionality factor A is constant. This form of the risk premium has
been endogenously derived from the specification of the underlying
economy and so ensures consistency with the equilibrium characteris-
tics of the economy. The same cannot be said of the no-arbitrage
models where the form of the risk premium is exogenously defined.

Specifying the instantaneous risk-free rate of interest r, in terms of the
state variables x and y, will allow us to solve (4.6) for the price of any
contingent claim subject to its initial and terminal boundary conditions.
Since these prices will be in terms of unobservable state variables, we
make a transformation to express the contingent claim prices in terms
of intuitive and readily estimated economic variables. These two eco-
nomic factors are the short-term interest rate r, and variance of
changes in this short-term interest rate V. Hence information about the
current term structure other than its current level is incorporated. This
approach has the potential to produce contingent claim valuations
more consistent with actual market prices than one-factor models.
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4.1.2 The observable economic variables

4.1.2.1 Definition

The equilibrium risk-free rate of interest is derived as the expected re-
turn on production less variance of production returns [17, Theorem
1]. That is:

(4.7) r= o+ 3y
where o« = uc? and B = (6 — o?)f.
4.1.2.2 Stochastic processes

Applying Ito's Lemma to (4.7) we obtain the stochastic processes de-
scribing the evolution of r:

dr = ade | Gdy
(4.8) = afy =dz)dl + 3(n = Ey) dt + a/x dzg + 3Gz

Taking expected values of the above we obtain the expression for the
instantaneous variance V, of changes in the short-term interest rate
as:

E [dr] = e (v — dx) dl + 3 (17 — Ey) dt
= (Eldr])* =0

and since z, and z5 are uncorrelated we have:
E[[dr}?] oladt + FPydt

Hence

. var (dr)
y _T” _ E[[dr——]E[dr]]?]

= E[(dr)?] - (E[dr])*
(4.9) - afr | ,’Jﬁy

Here the notational dependence on dt is suppressed since it is implicit
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in the context of the definition. Now solving (4.7) and (4.9) as a system
of simultaneous equations, x and y may be found as functions of r and
V. Hence, assuming « + B we have:

. Br—-V
V—ar
(4.11) Y = ZG—a)

Now substituting these values of x and y into (4.8), the stochastic
process for r, we have:

(4.12) dr = p dt + 0, dzg + 05, dzy
where
- pBi- ;:‘nf £—4d
My = v+ Pnp-— o —ﬁ_nlﬁ
f gr—V
ﬂ'] " = ¥

o K

—ar
Tar = Ij\/ai "3—

Similarly, from (4.9) we derive the process for V as:

(4.13) dV = pydt + oy vdzg + T v dza
where
_ 2 . aBG—E)  pE—ad
pr = o'yt 3—a r 3 - o L
-V
Ty = Oy ———
el ald —a)
P —
52 V —ar
Tay = | ..
+ "\ BB -a)

Since the stochastic evolution of r depends on V and vice versa, the
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two processes are interdependent, forming a joint Markovian process.

4.1.2.3 Expected value

The methodology used to calculate the expected value of the short-
term interest rate in the CIR model is applied to evaluate the uncondi-
tional expected values of r(t) and V(f). Since both r(t) and V(t) are lin-
ear combinations of x and y, we first calculate the expectations of x
and y. The stochastic processes for x and y are:

(4.14) de = (v—dx)dt + Vrdz
(4.15) dy = (n—E&y)dt+ fydza

First, consider the integral form of (4.14):
t !
z(t) = 2(0) + f (v — dx{u)) du + f va(u) dzs
1] i
Taking expectations, we have:

t
E|x(t)] = =(0) [ (v — d E|x(u)|) du
o0
#%E[:L‘{t]] = g —dE|[z(t)

which implies

%{edrEh{i}U = ¢ (5]E|.1:I[f]l| | %IEL;;H”)

At
= e

Integrating both sides yields:

¢ E [2(t)] = 2(0) 4 %{c“j‘ —1)

and hence we solve for E[x(f)] as:

(1.16) E [z(t)] = % (1 — &%) + e %2(0)

=
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1 L
If x(0) = 5, the mean reversion level, then E[x(f)] = & for all t. Alterna-

i |
tively, for x(0) = &, the long-run mean of x({) is:
(1.17) lim Elz(t)] = %

Similarly, the long-run mean of y(t) is calculated as:

(4.18) lim Ely() =
and hence:

(4.19) Elr] = % | @

(4.20) E[V] = “':.* | %
4.1.2.4 Variance

Since z, and z3 are uncorrelated, the variance of r(t) (and similarly of
V(t)) may be calculated as:

(4.21) var (r{t)) = var (azx 1 Fy) = o var () + 3* var(y)
where:
(4.22) var (z) = E[2*] - E |z|®

In order to evaluate var (x) and hence var (r(t)), we require the
process dx2(f). Applying Ito's Lemma and making use of (4.14) we
have:

d{22(1)) = 2a(t)de(t) + dxl(t) dx(t)
—  2x(1) ([., — de(t))dt + Vu[rm:a_,) + xli)elt

= (2 1) ()t — 2827 (8) lt + 203 ()2

' ! '
=2o(t) = =2°(0)+ (2v 4 ]]f o w elu —E:if = {uldu + Zf ¥ (u)dza
a a a
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Hence:

E [2%(t)] = 2%(0) + (2 + uf E [2(u)] du — 24 j: E [ (u)] du
and

;—iE[m?[t}] = (29 + 1) E[a(t)] — 20E [2(t)]

Therefore:

% (t_:!-ar E [,4,-‘3(."]]] — g2t (2{5 E [‘;;1‘[{]] + %]E [;EE“}])

— 2 (24 1 1) E|2(2)]

Making use of (4.16), solve for E[x2(t)] by integrating the above:

9 - 9 2
HEEN) = 20+ (F+g) 1-e)

| (ﬂ | %) x(0) (¥ = 1)

d

'

> B[] — 20 ¥+ (45 ) (1-e ™)’

I (2% I {l'i) z(0)e™ (1 —a~%)

Now making use of identity (4.22) we calculate the variance of x(f) to
be:

var{m'_]:%{l—e 5‘)2+;e g &)

and the long run variance becomes:

Lll{l:;lu var (z) = 357

Similarly, the long run variance of y(t)is:
Jim, var 3) =

22
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Finally, by identity (4.21), the long run variance of r(t)is:

rrgﬂ- ‘iﬂr
(4.23) var (r) = 5 + ;5_;

Similarly, the long run variance of V(t) may be calculated to be:

o N - 4 1

(4.24) var(V) = 55 +5a

HlConstant-returns-to-scale implies that the percentage increase in
output equals the same percentage increase in all the inputs required
by the technology [44]. Increasing- returns-to-scale implies economies
of scale where the percentage change in output exceeds the percent-
age increase in inputs; while diseconomies of scale refer to decreas-
ing-returns-to- scale where the percentage increase in output is lower
than percentage increase in inputs.

[2IThis is the same form of the indirect/derived utility function as de-
scribed in Chapter 2 §2.5

[Blunder this transformation the processes (4.2) and (4.3) become:

dr = (v—dz)dt+ /xdz
dy = (n—gy)dt+ fydzy

[4IFrom (4.4) we have:

1

Jy = —e
L oW
I' [l
Jww = __lul-'i"'3 (3
ol oo X
Tw W

Also from (4.3) and (4.5) we find:

covar (dW. dY) = WY o f E [dzy dza]

Hence, since o, fand E [dz, dz;] are constant, we have:
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—Finricr )
( J“ : ) covar (dW,dY) = Ay for A a constant.
W

BIFrom (4.1) the expected return less variance of the production
process is UX + BY — 02Y. So, using the transformed state variables:

r petr 40y —a’ Py
= ulr(0-0%) Py
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4.2 Equilibrium term structure

Let P(r, V, T) be the price of a risk-free discount bond with time T to
maturity. The value of this discount bond must satisfy the fundamental
partial differential equation for the value of a contingent claim
(4.6),within the equilibrium economy outlined earlier.

4.2.1 Discount bond price

The equilibrium value of P(x, y, T)may be found by solving (4.6) sub-
ject to the terminal boundary condition P(x, y, 0) = 1. This equilibrium
value has the form:

{4.25) Plz,y,7) = A*7{+)B*(r)

X e (a:r b (6 — @)1 — Alr))x + (v — )1 - Hiﬂ]")
where
2
4.26 A(T _ d .
(4:26) AT = Traer —hr 2%
(4.27) B(r) 2y
B T
(v + )(e¥™ — 1) 290
and
Y= E+A
f,'! — -.)'2“ | 54
¥ o= /208412
ko= Y +@) vt ¥)

Applying the change of variables from x and y to r and V, the discount
bond price may be represented asl®!:

(4.28) Plr. V. 1) = A ()8 (7) exp (m +CPIr + UETHf’)

where
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ag(e¥” — 1)B(r) — Fii(e® — 1)A(7)
(3 — a)
Y(e?T — 1JA(T) — d(e¥™ — 1)B(7)
(3 — a)

Clr) =

D(r) =

The utility-dependent market price of risk parameter A, enters the
bond price equation via the parameter v. This means it need not be
estimated separately, but only in a functional form with parameter €.
The exponential form of the bond price solution (4.28) ensures the
tractability of the closed- form solution and simplifies its calculation.

4.2.2 Yield to maturity

Let Y(T) be the yield to maturity on a discount bond with term T to ma-
turity. Hence:

P(r,V,7) e Yirk
= e Y0 = AN (A BT exp (kT + Clrir + DT}V

(1.29) = ¥Y(7) = _ZylnAir) + '-'-‘uhiﬁfr]_- k7 + Clrir + D7)V

which indicates that the yield on any discount bond with maturity T, is
a linear function of state variables r and V. We can showl! that lim.._,

Y(T) = r, which is consistent with our definition of r as the instanta-
neous short-term interest rate.

We may also showl®! that lim__ ., Y(T) = y(d — &) + n(p — v) which is

a constant, independent of current values of rand V. This is consistent
with the above analysis that rand V have long-run stationary distribu-
tions and hence the influence of the current level of the interest rate
diminishes for yields far into the future.

4.2.3 Shape of the yield curve
One of the shortcomings of one factor yield curve models is the re-

strictions they place on possible shapes the term structure can as-
sume. The advantage of the current model is that the dependence of
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discount bond prices on both the short-term interest rate and volatility
of the short-term interest rate introduces greater freedom to the shape

of the term structure. The sign oft P(r, V, T) is indeterminate and so

changes in the short-term interest rate may introduce varying, often
opposite, changes on the yield curve at different maturities. Short-term
interest rate volatility V may change while r remains constant.
Changes in V may affect the slope and volatility of the yield curve,
often to different degrees at various maturities, changing the overall
shape of the term structure. In fact, very complex yield curve shapes
can be obtained with relatively easy manipulations of the parameters
of the underlying state variables rand V.

4.2.4 Term structure of volatility

For the purposes of option pricing, it is important to correctly fit the
yield curve and the term structure of volatilities [45]. Determining the
volatility at various points on the yield curve is equivalent to determin-
ing bond yield volatilities for various maturities T. To calculate the yield
volatility, first use Ito's Lemma to calculate bond price volatility and
then use Ito's Lemma again to find the yield volatility.

Volatilities of discount bond prices for various maturities may be de-
rived by applying Ito's Lemma to (4.28):

ap . ap PP T T
dP = —Z—dt+ o dr+ g drdr + g5 dV + fm dVdY
% = (=P-P+Crhp + Doy )

+ ({:L‘%‘f o, + a3, )+ 3D (7)el + o3y }) dt

HCMowr + D)o v )dz + (C(To, + Dir)oy )dzg

and since z, and z; are uncorrelated the variance of bond price re-
turns becomes:

113



L ? @ - v F
(4.30} var (%) - ({.‘2{7}{6,‘., +a? )+ D¥r)(al, +0%,)

+20(7) D7 e oy v + F-z.r'?ﬂ.i-']) al

From (4.28) we have:

a?¢?(e¥™ — 12 B3(r) + F¢* (e’ = 1)24%(7)

"3
i = ¢ (3 — a)?
_Em’ii&'f;a{rr‘:" — 1){(e®" — 1)A(T) B(7)
@2 (3 — a)?
W2 AT e 2 g32
2 0 (e?" = 1)2A%(7) + ¢*(e¥” = 1)2B?(7)
i #2423 — a)?
_ 24g(e¥T = 1)(e”” = 1) A(7)B(7)
¢?¢?(8 — a)?
, R Byid(e¥™ — 1) e — DA(T)B(7)
Cnl = 2 (B - a)?
_,'3!#‘2{&‘*" — 1)2A3(7) + ad*(e¥™ — 12 B3(1)
@21&2{3 — l't}'e
Also:
o, +aj, = V
oty +oi, = —aB(B+a)+ (3 +aB+a?)V
O1 0y + 04,00y = —ofr+(B8+a)V

Hence the variance, (4.30) may be expressed as:

(4.31) var (Ij—{})

- (r:?grw + DY7) (—aB(B+ a)r + (32 + a8 + a?)V)
120(7) D7) —afr + (3 +a)V ;) dt

Grouping and simplifying the coefficients of r and V, the variance of
bond price returns becomes:
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2
(4.32) var (g);:ﬂ = %
_ (n,iﬁ"'z{::"” - 12A%(7) — af¢* ¥ - ”TB!:T])
g2 (3 — o)
; (;Mﬂ{r-';'_ = 1353 (1) — api(e* — ”2-‘12(7]) v
23 — a)

r

Finally, to derive the volatility of bond yields, apply Ito's Lemma to the

expression Y(T) = — In P(T)/T as in [45]:
LAY oAy oty
¥ _W:ﬂ 4'@(“ +§E”,:,t”ﬁ{|'

ay | @Y 1
= — it 4 ]W d?.‘ﬂ dl — T{T}uiph ,fﬂ' k- -r.lph.,rf:]

= iyl 4 iz

(4.33)
and so:
. 1
f'i‘iil" Ty(=y = — TPl:T::l T pir

The volatility of bond price returns and hence bond yield volatility is a
function of the term to maturity T, as well as the underlying variables r
and V. This implies a term structure of volatilities that may assume a
wider variety of shapes than is possible for one factor models.

4.2.5 Correlation between rates of various maturities

One of the advantages of a two factor model over a one factor model,
is that it allows for imperfect correlation between rates of various ma-
turities. To determine this correlation, we calculate the correlation be-
tween yields on discount bonds of various maturities.

From (4.29), we may write the yield to maturity of a T maturity bond
ast9l:

_ M(7T) -C(r)r — DTV

T

(4.35) Y(7)

Applying Ito's Lemma to (4.35) and making use of (4.12) and (4.13):
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a4y Ay ay 1 7Y | &Y

1Y = —rl A —r — —— iy + —— dV eV
d¥ () T ¢ +Br:r+;”__ +!ﬂr'3:r:’+ﬂﬁ'ﬁ-"~?! £
iy Ay ay ay
fiygeyidt (_ar Tt _ﬂ-i_-'ﬂl.r] dzg + (_ﬂr T ¥ v ﬂ:,l')d=.1

= pyydl = gi(r.'[::-n.,, b D }I‘FLJ'}L{.‘.Q

—L{C(7)es, + D(rosy )dz

and so:
A¥(r)aYin) = —[(Eror. + Dirdary ) (Clmlar, + Dimloy)
143
(4.36) HOmoa, + D(rYoay) (Clradon,, + Dim)osy) |

By the definition of correlation we have:

covar (Y (7)), d¥ (+3))
W var (d¥Y (7)) var [d¥ ()

(4.97)  eore(dY{m1), dY (7)) = pyinivin =
Since Y(T14) and Y(T,) are Wiener processes, E[dY(T4)] = E[dY(T¢)] =
0 and hence:

covar (dY (71}, dY (1)) = E[dY (71 ) dY (72)]
and (4.37) becomes:

E[dY () dY (72)]
U"_n’ ‘.TI p":r'}’ {72 }df

PY(r)¥(r) —

Finally, using (4.36) the correlation may be expressed as:

Y ir 1Y [rg)
1
= Clrdey, + Dim ey v e le . 4+ Dimle v
TIT2y(r) T¥ vy [( (T1)ey, (r)oryN(Clra)on, + Dimlory)

HClm)on, + Dir)osy) (Cmloa. + Dm)oay))]

where the variances, 0'2y(-|-1) and 0'2y(-|-2) may be obtained by taking ex-

pectations of (4.35) or by making use of bond price volatilities and
(4.34).

[eIFirst, substituting (4.10) and (4.11) into the exponent in (4.25) we
have:
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KT+ (6 — )1 = Alm))le + (= )1 = B{m))y

= kT + (8 — $)(1 — A(r)) :{;: :} +(v—¥)(1 - Brrﬂ;;_“;}
Blé—a)(l= A7) alv =)l - B(7))
=R ( alf—a)  BlB-a) ) r
(LB G- A,
48— a) alf—a)

From (4.26) and (4.27) we have:

| — Ar) = GO = DA
2
| By < ) (e*” — 1) B(r)
2
as well as

Ez—mg——i'n

F e 'a_z:“] - — 25

and so we may continue as

(-f[ﬂ = @il = Alr)) _ afe— @)l - "{fll:l) A

al d — ) A - )
(‘.i' = gri{1 = L{7)) - [ =a){1 = —'il'l']]) v
AT = ) o[ [T = v}
- (_.irr“ - DAGT) | aled” - nmn)” (_u-'--' - LB(r) | (o*" - I}f!m} .
a(d =) (i =a) wid=n) &{d —aj
. adlc® = IR = 3éle®™ = 11A{T) i ofe®™ = 1JA{T) = $1c¥T = 1NB{7) \
P —a) ol —a)

[7lit is easy to see that both the numerator and denominator of Y(T)
tend to zero as T tends to zero. Hence apply L'Hopital's Rule. We
have:

AT 2y ,
Smye = - (20 2 Ol D)

= ={—vd+d)-—nlr+tii+s-r)

= r

since, by definition k = y(d + ¢)+ n(v + P).

[BlAgain, apply L'Hopital's Rule to Y(T):
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oy oo OVANEY. R . - )
Jim ¥(7) i ( Alr) B T 2
=  ={=2vy® = 2m + x)

b — &) |l — o)

by the definition of k.

PlSubscript indicates a partial derivative.

[1_O]Here M(r) = —}L{ﬂ'}r ln A{7) 4 2y In Bi7) + k7]
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4.3 Option pricing

LS [38] derive an analytical formula for the value of a European option
on a default-free discount bond. The option value is derived from
within the equilibrium framework and is hence a function of the two
factors determining discount bond prices. The explicit dependence on
the current interest rate volatility is a desirable characteristic, since
volatility is one of the key determinants of option values.

Let C(r, V, T; K, T) be the price of a European call option with maturity
T, strike price K, on a discount bond with term to maturity T + 7. Since

the value of this call option must satisfy the fundamental pricing equa-
tion (4.6), LS show the closed-form solution to be:

(4.38) Or, V. K, T) = P{r,V.7 | TY®, Be; 4, 40,01, we)
=K Pl V,7) ¥ (0, 8y 4. A, wa, wy)

where ¥(-) is the bivariate non-central chi-square distribution and 04,
0,, 05, 04, w4,w,,w5 and w, are functions of the parameters of the

underlying state variables. Since the two variates of each bivariate dis-
tribution are independent, the joint density is a product of the individ-

ual densities of the two variates, each being non-central chi-squarel!1l,

Since the variance of the interest rate follows a stochastic process,
this model allows option pricing with stochastic volatility. This is one of
the few interest rate option models allowing for closed-form solutions
with stochastic volatility [45].

To extend this methodology, LS [39] use a separation of variables
technique to incorporate the initial observed term structure. This ex-
tended model incorporates actual discount functions to determine the
initial option prices. This means that it cannot be used to price simple
discount bonds. However, all other European interest rate contingent
claims may be valued.

Consider the value of a European default-free contingent claim H(x, y,
T), with payoff at maturity H(x, y, 0) = G(x, y). (The contingent claim is

119



a function of the transformed, unobservable state variables x and y.)
The value of this contingent claim may be factorised into its forward
value and a discount function, with the same maturity date as the con-
tingent claim:

(4.39) H(z,y,7)= Plz,y,7) M(z,y,7)

where P(x, y, T) is a discount bond and M(x, y, T) the forward value of
the contingent claim. Calculating all required partial derivatives we
rewrite (4.6) as:

M (g.ﬂ,, b 2Py + (7 = 02}, + (n—vi)P, — laz + By)P - ;-,.)
(4.40) FP(§Mux + EM,y + (7 = G2)M, + (= )M, - _u,)
y2 P M, + P, M, = 0

However, since P(x, y, T) also satisfies (4.6), we have:

$Prc+ Py + (v = 82)Pr + (n— vy)Py — (0x + By)P — P, =0
and (4.40) becomes:

P(§Mex + $Myy + (7 = 62)M, + (7 — vi)M, — M,)
taP My + yP,M, =0

2
(4.41) = FMyo + 4M,, 1+ (v b2 ngj,’m
P,

+ (q — ry + yF'-)My —M; =10

with terminal boundary condition M(x, y, 0) = G(x, y). The terms de-
pendent on the price of the discount bond, P,/P and P,/P, can be eval-

uated from (4.25) as:

P. = Pd—¢)(1— Alr)
J”y = Plr—=19)(1 - B(1))

and hence the forward value of a European contingent claim may be
found by solving (4.41) subject to an appropriate terminal boundary
condition. The present value of this contingent claim is found by dis-
counting the forward price by the unit discount bond (with appropriate
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maturity) observable from the current term structure.

From (4.41) we may consider the forward value of the contingent
claim M(x, y, T), to be the expected value of the terminal payoff G(x,
y), hence:

M{z,y,7) = E[G(z,y)

where the expectation is taken over the joint probability distribution of
x and y implied by the risk adjusted processes:

(4.42) dz = («,—- 5z 4 %;r)di‘ Y
F ; P!I’ P e
(4.43) dy = (r;—um | F?;)df I idz

The two processes above are square root processes, much like in the

CIR model, and hence produce distributions related to the non-central

chi-square distribution. Since x and y are independent, the joint distrib-
ution (the bivariate, non-central chi-square distribution) is a product of

the two distributions.

The advantage of this extension to the model is that all information
from the current term structure, as well as dynamics of the state vari-
ables are incorporated in the pricing. However, this approach loses
the general equilibrium consistency, since not all discount bond prices
are endogenously determined.

IFor details of the non-central chi-square distribution, see Chapter 2
on the CIR model.
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4.4 Conclusion

In developing a two factor model, LS overcome one of the most fre-
quently cited criticisms of one factor models: the perfect correlation of
instantaneous returns on bonds of all maturities. The model produces
closed-form option prices for the case of stochastic volatility; this is a
highly desirable feature few other models can produce. Additionally,
the very flexible functional form of the model allows for very compli-
cated shapes of the yield curve to be obtained with relative ease.
However, this flexible functional form makes calibration rather difficult.
The flexible functionality allows almost any market-observed term
structure to be fitted, but this does not necessarily ensure meaningful
term structure dynamics. One of the inevitable side effects of increas-
ing the numbers of factors is the increased complexity; here, pricing of
a simple European option requires evaluation of the bivariate non-cen-
tral chi-square distribution.
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Chapter 5: Langetieg's Multi-Factor Equilib-
rium Framework

The term structure of interest rates is embedded in the macro-eco-
nomic system and is related to various economic factors. For this rea-
son, Langetieg [36] proposes a model that can accommodate an arbi-
trary number of economic variables. The model is essentially an ex-
tension of Vasicek's term structure model [50], studied in Chapter 1,
with multiple sources of uncertainty.
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5.1 Underlying assumptions

Langetieg makes certain assumptions which allow for a mathemati-
cally tractable, intuitively sound model:

Assumption 1
]
The set of stochastic economic factors which are related to the inter-

est rate term structure follow a joint elastic random walk.
____________________________________________________________________________________________________________________|

Assumption 2
|
The instantaneous risk-free rate of interest may be expressed as a lin-

ear combination of these factors.

Assumption 3
_________________________________________________________________________________________________________________|
The market prices of risk of the factors are deterministic, that is, they

are either constants or function of time only.
_______________________________________________________________________________________________________________|

The assumption of an elastic random walk means that the Vasicek
model, which incorporates a univariate elastic random walk, is ex-
tended to a multivariate elastic random walk. Vasicek does not as-
sume the functional form of the bond price, but derives it from the fol-
lowing assumptions (which apply to Langetieg's model as well):

= Bond prices are functionally related to certain stochastic fac-
tors.

= These underlying factors follow a specific stochastic process.

= The markets are sufficiently perfect to allow for a no arbitrage
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equilibrium to be reached.
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5.2 Choice of generating process

There exists empirical evidence to support both the random walk and
the elastic random walk as generating processes for stochastic factors
within a macro-economic system. Therefore we may conclude that the
generating process for the short-term interest rate is adequately de-
scribed by:

dr(t) = (a(t) + b(t)r(t))dt + a(t)dz(t)

where a(t), b(t) and o(f) are either constants or functions of time. a(f)+
b(t)r(t) is the stochasticll instantaneous drift and o(t) the deterministic

instantaneous variance of r(t). The behaviour of r(t) is determined by
the value of b(f) since, for:

» b<O0,rtendsto — %
= b =0, the generating process for r simplifies to a random walk,

= b> 0, rexplodes in finite time since it is repelled by the level —

.

Under the random walk generating process, short-term interest rates
drift to positive and negative infinity with probability one. The elastic
random walk with b < 0 eliminates this problem. It does, however,
allow transient occurrences of negative interest rates and hence is not
an appropriate model when short-term interest rates are close to zero.
Negative interest rates are completely eliminated by setting the vari-
ance coefficient proportional to r*,&x > 0. In the case of the Cox, Inger-
soll and Ross model [18], @ = 2 (see Chapter 2). This creates a nat-
ural reflecting barrier at r = 0, but introduces mathematical complexity
which is difficult to implement in the multivariate case where the un-
derlying factors are stochastic. Langetieg makes use of an elastic ran-
dom walk process, with the assumption that the short-term interest
rate is sufficiently above zero to make the probability of negative inter-
est rates, in finite time, negligible.
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it is stochastic due to the functional dependence on r(t).
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5.3 Multivariate elastic random walk

From Assumption 1 the n underlying factors follow a multivariate joint
elastic random walk!2l:

do; = ot z)dl + ol x)dz i=1,...,m

where (f, x)= a; +B;; x;. In matrix notation this linear system of equa-
tions becomes:

(5.1) dz = (a+ Bz)dl + o dz
where
dr' = [dzydes ... dey)
a = [:11 e ... n,,_|
B = nxn matrix, elements B
(edz) = |o1dzy opdz;y ... oudz,|

The short-term interest rate is expressed as a linear combination of
the underlying stochastic factors (Assumption 2), hence:

n
(5.2) T =y E wer; — wy +w'n
i=1

where

x - vector of stochastic factors characterising the underlying
economic system,

w - vector of weights which are either constants or functions of
time.

The solution to (5.1) has the form!3!:

t
z(t) = ¢t — 1) (:l-'l,'!'._a]l i-] Uis —ty) ‘ads
ta

[
o [ o=t todste)) et
t
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where Y(t — f;) is the matrix solution [33], [3]to:

dip(t —1q)

y7 = Byt —ty)  with ¢(tg —1y) = I

In the special case where B is a constant:
tg:‘(f — f[]] = Pk]}{BU — fn)]

and (5.3) becomes

' '
(5.3) =) = ¢t = La)z(ta) + f it = &) ads 4 f Uit —sladz(z) t=1
s ta

For this special casel?], the expected value and covariance matrix of

x(t) and x(t*)(t and t* are future points in time) are then calculated to
bel2!:

i
(5.6) E, [x(t)] = «(t —to)x(ta) -I—f it —siads
[EN
(5.7) ecovary, (x(t), 2(1")) = / p(t — &) B (t* —s)'ds
fo

where 2 is the covariance matrix:

Y = covary, (odz, odz) = By [odz - od?’]
with elements aj; = p; 0; 0; where p; = E [dz; - dz].
[2lAs usual dz; is the standard Wiener process with:
= E[dz]=0,
= Eldz; dz] = dt.

[BIThe deterministic system of equations corresponding to (5.1) is:

(5.4) dr = (a + Bz)dt
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This is a linear system, which has a solution of the form
et} = it — ta)e(t)

where v(f) is some function of time and Y(t — {) is the solution to the
homogeneous matrix equation

dip(t = tp) = Bt — to)di

with initial condition Y(t, — t;)= I, and hence it is the fundamental ma-
trix of the system (5.4).

Matrix equation (5.4) now becomes:

it — 1y Ault .
I”Tﬂl‘{ﬂ bl = to) I::'_] = a1 Be(l = lo)e(t)
Bt — tod) + ¥t — ) 2D = a4 Belt— to)u(t)
o ch(t)
il —fo) N i
a1
= ul) = u{i'.g}-l-j V(s —to) lads
L
i
= ut) = -rlfi.u}+j’r ta—ty) lads
Ly

and hence the solution to the deterministic system is:

a(t) = 4t = o) (I{ﬁoll i f (s —ta) " la d:t)

Ly
Now consider the system of stochastic equations
dv = w(t—to) ! (adt + odz)

which has solution

t

! s
() = wito) | f u}{s—to}_ludﬁ | f ﬂ:{a—fui_lﬂr:ﬂz
Ly

Ly

Applying Ito's Lemma to x(t)= P(t — to)v(t)
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iar

At =L))o 4 O = k) dur
= Buyll—Ilp)rditadi+odz
(o Br)dt + odz

which is the original differential system (5.1). Hence, we have shown
that the solution to this system is

[ [}
2(t) = ¥{t - to) (muﬁ} :f w{a-eﬁr'm:f ¢{a-lnl_‘a¢)

- a

[4IThe calculations are shown for the special case due to the simplified
notation, however the more general case proceeds in a similar fash-
ion.

[5IThe covariance is calculated as follows:

covary, (2{t), ={1*)
= Ry [(x(t) = Eag [#(OD (=(1*) = Euo [#(2*)]}]
© By [w (@ (Y = 2(0) Ty [ () = By [ee] 2(8"Y + B [2(0)] Ee [2(2")]]

= By, [=lt)e(e*Y] — Egg l(e)] Ze, =)

Consider:
w{tlr(t" )
= &t = fp)e{eg) (" — Endrita))’ + ik — fuhe(fy) (JlrI wil® — sl rl'.«)
g

i ' i
+ @il = Eprital (f el = -F:If?ffa‘-i-"]') t jr el = shads (0™ = dolr{fo})
rII-

Iy

i i i #
| f Ol — shaoradz{8) {@(t" — fg)e{tad) 1 f it — s)erdsls) (f Wl - ri]ﬂ.f:l_n:l)
LS kg LIE

and so:
By [r(e)r(e*)']

" Il
= vt = to)x(te) (w(t* = to)x(ta)) + vt = tp)x(to) (f Wit — 31““*)

by

[} 1AL
- f ol = shads(@{L® = lolelto) + f L ) B 2R 1§ Ay L 2
Iy | ]

Also:
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Egg [x(8)] Dy, (e

”
= Ut = tgha(te) ((t* = to)a(ta))’ + it = £o)x{ta) (j: e -*iﬂ*‘*)
ik

i
4 f Wt — s)ads (1" = to)r(to))

and hence (5.7) follows.
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5.4 The bond pricing model

Langetieg presents a general model for pricing default-free bonds.
The model allows any number of underlying stochastic factors which
follow an arbitrary Ito process. Although the form of the solution can
always be obtained, an explicit solution can only be determined for
certain distributions. The case considered here, where the underlying
factors follow a multivariate elastic random walk, is mathematically
tractable and hence an explicit solution can be found.

5.4.1 The Equilibrium bond price equation.
Let P=P (t, T, x)be the time t price of a default-free discount bond

paying $1 at time T. Applying Ito's Lemma, the bond price generating
process is:

B = T iﬁdf i ,lzzn:,FFP dee el
i=1 =1 4=

£ ¥
) =5 = padiy > Brdy

P 1
where
1 [ &P ar atp
(5.9) e = F (E } ‘Z_” Ezz Ay il T3 )
: | 2P
510) 8% = ——a;
(5.10) & F oz, 4

that is, up is the expected rate of return and B/ the unanticipated rate
of return due to unexpected changes in factor x;. A no arbitrage argu-

ment may be applied to derive the partial differential equation for the
bond price. Let P be a portfolio of n + 1 bonds P;, with maturities T;
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and portfolio weights y;, such that Z”+1j=1 Y;=1. Then

P=3 wh =P

F=1
where
Y = e el
P' — [PIP!E“~PRH|

Hence, by Ito's Lemma the stochastic process for the bond portfolio is:

AP nif1 il

it
= > yippdt+ Y v (Ziﬁvjd%)
=1 g=1 i=1
1l "

Tt 1
= Z")‘jjiyjfﬁi { Z( ’}'J_ri‘p;) dz;
J=1 1

i=1 ]

J

1
= ' pdt | zﬂr’.f'i"ffz,-
i1

where

o= (ke Bes o e
(B = [BhBhaih,,]

For the portfolio to be risk-free, its return must be deterministic and
hence the coefficients of the stochastic terms must be zero. That is:

n=1
(5.11) Yo = =0 =Y.
F=1

To prevent profitable arbitrage, the return on the bond portfolio must
be the risk-free rate of interest and hence:
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=1

Z':I'_'_a gy, =T
F=1
n+1
(5.12) =Yy lpe, =r)=7(p-7)=0
F=1

The vector y is an (n+1) vector and by (5.11) it is orthogonal to the n

vectors B. Additionally, (5.12) implies that y is orthogonal to vector (u

— ). An (n+1) vector can be orthogonal to at most n independent vec-
tors in an (n+1) space; hence (M4 — r) must be a linear combination of

the B's, i =1,...,n,and so:

(5.13) p—r= N .lg;'fg booee 4 A"

where A;,i =1,...,n are scalars which may depend on time and the un-

derlying stochastic factors. (5.13) is a matrix equation with (n + 1) ele-
ments, one for each of the bonds in portfolio P. Since A;, i=1,...,n are

independent of the bond maturity, that is they are the same for every
bond P; in portfolio P, (5.13) applies to any bond P:

(5.14) pp—r=MGb+ X+ A

This equation is the equilibrium condition for the instantaneous ex-
pected rate of return on a bond where each A;, i =1,...,n may be inter-

preted as the market risk premium associated with factor x;. Substitut-

ing for up and B/, from (5.9) and (5.10), we derive the equilibrium
bond price equation:

"

P {]P 1 ap
=1 Zza - 0iifis —rP
= —t
OP = ap
J-l:&:aff1+'-'+»lugaﬂn . E%:Uv:’t:

i=1

i e
B1) 3 G} 123 S e + 5 ~rP =0
l
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with boundary condition P (7, T )=1.

5.4.2 Risk-neutral measure.

The solution of (5.15) takes the form:
(5.16) P(I,T,z) = E;[exp(A(T))]

rl .!ll
ATy =~ [ [ e od
[ 4 t

JIl
uf Ae'E7 Vg dz(v)
'

where
}m’ = [.3';10] )ugd’g }tuﬂn_]
od: = [o1dzo9dzs ... oydzy]
¥ = the eovarianee matrix

This valuation is obtained by transforming to a risk-neutral measure

via the Girsanov Theorem!® and applying the Feynman-Kac Theorem
(see [45]). Consider (5.14), that is:

b1
Hp —r = E.—k,ﬁlp
i=1
Substituting into (5.8), the bond price generating process, we have:
(EP - ad & o
+ = (1' | ;lidp)rﬂ | iz;;ipd:-;
i
rdt | Zﬁ';,[kfdf. b dz,)
i=1
= rdt Y Bpds
i=1

where, by the Girsanov Theorem, d%i = Adt + dz;, i =1, ...,n are
Brownian motions under the equivalent martingale measure. This
change of measure technique has taken us into the risk-neutral world
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where the bond price grows at the deterministic risk-free rate of inter-
est r(t), and some stochastic component driven by the transformed

Brownian motions, Zi i =1, ...,n. Now we solve for the market risk pre-
mium vector.

Suppressing the notational dependence on P, we have:

XM = [Adza..dg]
Id.i . [;_jl ,’_—,Fﬂ ,.j”]
and (A8) = [M81 A2 ... A, 87

In vector notation, (5.14) becomes:

BA=p—r
= (38)7'88' A= (88) '8 (p—1)
A=(p—-7)(B8)7'3

and so
Adz= (AB) (88" 'Adz

This expression for the market risk premium vector takes into account

the correlations between various Brownian motions. It can be shownlZl
that

(AD(88) 18dz = M'S L odz
where Ao’ and =~ are defined in (5.16). Alsol@!

A'S oA’ o)y = A'ETIEE A0
— Ae'Y o

Hence the bond pricing formula (5.16) follows by Girsanov's Theorem.

5.4.3 Bond price solution.

A solution to (5.16) can only be found if the probability density function
of A(T ) is known and hence the expectation can be evaluated. Alter-
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natively, numerical procedures may be applied directly to partial differ-
ential equation (5.15) to obtain the bond price solution.

Consider the solution to (5.16) under the assumption of a multivariate
elastic random walk. Since the instantaneous short-term interest rate
may be expressed as a linear function of the underlying stochastic fac-
tors, we have from (5.2) and (5.3):

riv) = wy 4 w'z(v)

5.17) wo | u' (:,’.'{l' —fh=(t) | f p(r — s hads f tle — =)o rf;{.ﬂ})
i i

Hence (5.16) becomes:

T v
AT) = —f (rr.'.; b oae'yr{e — )= (t) 4 1:-’-/ il — a)aids
! i
e [l e — .*}nrfz[:i]) el

T T
(5.18) —f %Aﬂ’l} !.kfrrh'—] M Yada(v)
' '

Since A(T ) is normally distributed®], we may evaluate the bond price
ast9l:

(5.19) Pt, T, z) = exp | E [A(T)] 4 % var, (A(T)))
wherell
E: [A(T)]
a o .
= —f ('w._-. ' {e = () 11"] Ui — s)ads + gAa'L" 1}u:r) du
[} ¢
vary (A{T)

)
T fT pv i
= f f [ ' it [v = &) By — :-s};r:uhﬂ dv e + [ A’ o v
[ f Jdi
T pv
+ L]f f u:?':.-"-:i.‘ - HJ}uﬂ' el el
r Jr

An explicit bond price is obtained by evaluating the above integrals.

5.4.4 Alternative approach to determining the bond price.

138



Alternatively, considering equation (5.8)

P

L1
B gapd-t‘--l-z;'ﬂ?dz,-

i=1

we see that bond risk, that is the unexpected changes in bond price, is
related to the bond gradient vector where the gradient is taken with re-
spect to the underlying stochastic factors. From (5.19), the bond gradi-
ent vector is:

aP(t,T)

'

AE, [A(T)]

= exp (B [ACT)] + § var (A1) =55

» pu.’r}(- [I w'p(r — t}a’.ar)
£

Let A(t, T) denote the normalised gradient vector, that is:

1 4Pk, T)
P, T) oz

T
= —f w'iy (v —t)dv
f

This defines the bond risk per unit bond and hence A(t, T ) represents
the bond risk vector. Next, calculate the expected instantaneous equi-
librium return on the bond. From (5.13), derived by means of a no ar-
bitrage argument and (5.10), the definition of B/, the expected instanta-
neous equilibrium return of the bond is:

(5.20) V(. TY

pdt = (P4 X8+ +2,8") dl
= ) Moy OP(.T) Ao, APt T)
(’"‘”"P{LT] 3, T VPR om )%
= (r(t) + V(t,T)'a))dt

Y 1 BP(t,T)  8P(tT)
where V(1) = F{1,T) [ By g, J] as defined in (5.20). Hence the

bond price generating process (5.8) becomes:
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dP(1,T) o

=]

= (r(®) + V(t, TYar)dt + V(t,T)od=
By Ito's Lemma we have:

c 2

dlnP(i.T) = —dln EE’T} dP + %—ﬂ |HHF.;I'E:, L)
0 ey 23
= FdP— 5P (VU TYEV(,T)) d

= (r(t) + V&, TYoX)dt + V(t, T) o dz
—-1V(t, TYEV(t, T)dt

dPdP

=nPsT)-InP,T) = [’ riv) + F{e, T)aA — gV (v, TYEV (v, T) dv
o

+ f Vie, TV e dz(v)
[

¥
(5.21) - PT) ~ PEF.T}MP( f () + Vo, TVoA

—3V(e, TYEV (v, T)de + f Vir, T'}'mf.:iu'}l)
!

where P (s, T ) is a known value of the bond at some time s > t. From

(5.6):
E; [x(v)] = ¢(v —t)x(t) + fu (v — u)adu
which implies

wy + w’ (u’;{v —t)x(t) '/r W (v —u]ludu)
= 1wy +w' E, [:ﬂ(lr)]
= E,; [r(v)]

by (5.17), and so
ro) = B [r(o)] + o f " o= el dsli)

Therefore (5.21) becomes
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Pla,T) = P{1,T)exp (j E; [r{v)] de f Lle t) dw
t 4
& ! L]
Ifw"f prlv — whe dzfn) de | f ?{r',T}"ﬁrlb{l'})

where L(v, )= V(v, T) oA — % V(v,T)’ZV (v, T).

(%.22)

Now making use of (5.20), we have:

L} 1
/ w’] v —uw)o dz{u) de
o1 t
= f / w' (v — u)odv dz(u)
t Ju

= —f Viu, s) o dz(u)
r
and
T
V(v,T) = —f w'y(m — v)dm
I.H T
== f w'y(m = v)dm - f w'ah(m — v)dm
Lk ITI o
= V(v,s) —j w'it(m —v)dm
Hence (5.22) simplifies to

P(s,T) = P(t,T) exp (/: E, [r{s)] dv 4 ft L{v, t)dv

s oF
_f f Il.‘rﬂ':{”i —1’_}0’1’1’1’??{{5({'])
i #

Now since Y(m — v) = exp B(m — v) for constant B, we have y(m —
v)=exp (B(m — s)+ B(s — v)) and

(5.23)
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& T
[ f w'¢(m — v)o dm dz(v)
t A

a T
= f j w' exp B(m — s)exp B(s —v) o dmdz(v)
Fa | T
= ] exp B(s — r-}f w'exp B(m — s) e dmdz(v)
t s
= - [k exp B(s —v)o V(s, 1) dz(v)
t
= - f (s —v)a V(s, TY dz(v)
t
Also, from (5.5) and (5.6) we have:
z(s) = (s = t)z(l) -i—f U{s —v)ady +j; (s —v)adz(v)

B fo(o)] = (s =020 + [ ol = )i

=t-f s —vio dz{v) = z(s) — E, [x(s)]]
Hence (5.23) becomes:
P{=,T)= P{l. T)exp (f* E [r(v)] dv | fﬁ L{v,t)du

+V(s, 1']‘[ Pls — v)o d:[t-})

{E-.Z-I} = P{I. 'T:I exp ([;‘ E, ér'{r!}l dv | j:' 1';{';!1 !'} i
+V(s, T']I'(xl{s} - [m{s]|))
By the definition of P(t, T ), we have the boundary condition P(T,T ) =

1. Setting s = T in (5.24) above and noting that V(T, T ) = 0, solve for
P(t, T) as:

T T
Pt T) =exp (—j E; |[r(v)) dv — f Lie ) de
[ I

| ‘E‘[T,T}’(r{:r} - E, |:--{R}|))

T T
{5.25) = eXp (-—--{ E; [r{v}]| dv —j; L{r.‘?!}dir)
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This equation provides a simple and intuitive representation of the
bond price. Changes in bond price may be attributed to the expected
changes in the risk-free rate of interest and another term dependent
on the underlying economic factors.

By definition P(t, T) = exp(—R(t, T)(T — t)), and so the term structure
equation may then be determined as:

T T
HHJ?—?%T(/ EdﬂﬂMﬂ+[ MmﬂmJ

[IThe Girsanov Theorem, [43, Theorem 8.6.4], states: Let Y (f) be an
Ito process:

dY(t) = 3{i)dt + 0(8)dB(t) ¢<T

where B(t) is a Brownian Motion. Assume there exist functions u(t)
and &(f) such that

0(thu(t) = B(t) - alt)

where [(t) satisfies

” Y
ol [exp(ﬁf it {.ﬂ']fi.ﬂ):l < o0
u

Set
£ J. [ ]
Zy = exp (—f w(s)dB(s) — -f w2(s) ds)
0 2Ja
and
dP = ZrdP t<T
then

t

Bet) = f'“{s}us b B(E)
(1]

is a Brownian Motion under # and the Ito process for Y(f) may be rep-
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resented in terms of #(f) as

dY(t) = alt)dt + 8(t) dB(¢)

[7IHere the result is shown in two dimensions, the extension to higher
dimensions, follows naturally. Since B’ =[B! B2], the covariance matrix
is:

142 1.2
s [ G722

g (g%

where B12 = pB'B2. The inverse of this covariance matrix is:

9242 21 2

(BNR(B72 - (BL2)2 | —p2  (8')°

i ar .
From (5.10) we have B/ = #%: 0;= * P; 0;and since 0y , = p040%:

2 I PP P
Pl EY ajod — (o122 P

J'i[:"]il!'-}..’q dzy — p-ar]iafr)nl dzy — ;“?F;zrjlu'lrfl | a?u%.ﬁ.gd:g]

(AgY (A& ) 1 ad:

T [[Ay — pha) dzy + (Ag — ph ) dza)

= Ar'E lodz

[BlSince S and so =~ are symmetric matrices we know (=1 =31,

BIA(T ) is normally distributed since it depends on a linear combination
of stochastic factors generated by an elastic random walk, and the
market prices of risk A;, i =1,...,n, are deterministic.

[9Consider a random variable X, which is normally distributed, X ~
®(x, B). The probability density function of Xis:

and hence the expected value of any function of X, u(x) is calculated
as:

E[u( X)] ft ul(x) fiz)dz
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k]

Let u(x)= eX, and noting that eX =1+ x + & + 4% + ..., wehave

E[c"‘l = jx et X _i'l-‘_ilidr

l-

; |
= ._1_,,
5 | g e d
f ( P:' 3[ aw’ 1
@ #u—=_. - I~f =Y
oo OF n.q.ﬂ

2

P 16— WP _'f” i;&t.%aﬂ) —
G idm

i _mnﬁﬁ"
Since E [X]= o:
E[(X —a)’] = E[X¥] - =5* = E[X?]=4"+4"
and

E[(X-a)®] = E[X?}] -3aE[X?]+2a°
= [ [XS] — 3a3% — a?

e
= E[X?] = &13a# o’

for some k € K. Hence

Ele¥] = tiat e 87+ §lnt308 a®) i
= 1j(at st Hatdish? v
L2 ﬁn-%.ﬁg

MITo calculate var, (A(T)), the variance of A(T ), consider:

covary ( A[TY, AT}
- Z[(AT) - ZIADLI) (AT)ee - EIAD).1)]

roer w v .
= E [f j- (w’f v — s)edz{a) (u-’f et - ..-,]ad:{s:l) )d:ldi"
£ S i '
T " T u
-|-f f w' ol v — sher dz{s) de (! Aa'5S 'ar}.:[t_-'])
i 1 L
T T oput J
| f Aa'E e da(v) (! f wlypfe' — s]ﬂrrj:[a:ld!u-‘)
i i i
| f.r.:'.ﬂ"'."j'lu daiv) ([F L P d:{;_,t})'
t t
T T prs® T ro
—f f f w'grle = 2B Pl = o) wds v de® f f w'glv = ) Aa ds dv
i i L i i

T o™ T
+ f f wein® = s)Aadsde® + j Ao'S Ve de
[ L i
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Since var; (A(T)) = covar; (A(T),, A(T),) we have:

vary (A(TY) = covarg (A{T e, AT ) we have:
T T pv
vare (A(T)) = f f f o Dlv — SRy — sYwdsdyd
] i i

T ¢w T
-|-2f / w' e — &) Ao dsde +f A’ taade
i L -
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5.5 Conclusion

Langetieg's model allows the incorporation of an arbitrary number of
economic factors into the bond pricing equation. The short-term inter-
est rate is specified as a linear combination of the economic factors,
which are assumed to follow a joint elastic random walk. Hence the
bond price becomes a function of this linear combination of economic
factors. The ability to find a closed-form solution for the bond price de-
pends on the type of process assumed for the economic factors. The
elastic random walk results in a normal distribution which makes such
a solution possible.

This model makes a theoretical rather than a practical contribution to
interest rate modelling. Its contribution lies in the theoretical frame-
work it provides for the incorporation of multiple economic factors. The
model parameters are left unspecified, so application of the model re-
quires the specification of the number and type of economic factors
determining the short-term interest rate, the estimation of the parame-
ters of the joint elastic random walk process followed by the economic
factors and the estimation of the associated market prices of risk. This
is a rather challenging exercise giving rise to many estimation com-
plexities.
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Chapter 6: The Ball and Torous Model

Ball and Torous (BT) [4] propose an equilibrium methodology to value
contingent claims on risk-free zero coupon bonds. The resulting
closed-form valuation formula is independent of investor preferences
and eliminates the need for numerical estimations of utility-dependent
factors.

The underlying state variable is the risk-free zero coupon bond di-
rectly. Its price is assumed to follow a Brownian Bridge process, en-
suring that it converges to the face value at maturity. Also, since this
underlying state variable is a tradable security, a preference-free,
closed-form valuation formula for European options may be derived.
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6.1 Holding period returns

Let P(t, m) be the time t price of a risk-free zero coupon bond with ma-
turity m. P(m, m) = 1. Define €(t, m) to be the t-period log return on the
zero coupon bond:

(6.1) £(t,m) — In P(t,m) — In P(0,m) — In ;[:1 ’;}
Since
P(0,m)
0. m 0
£(0,m) — In B0, m)
and
P(m,m)
., m - 0, m
E(m,m) = In P (0, m) In P{0), m)

we see that (f, m) is constrained at t =0 and t = m.

The yield-to-maturity u(m), is defined as the continuously com-
pounded rate of return (per unit time) earned if the bond is bought at
time t = 0 and held until maturity ¢t = m. Hence:

P(m,m) = PO, m)exp(p{m)m) m € [0, 5¢)
—In P(0, m)

m

= u(m)

Therefore, if the investor commits to holding the bond until maturity he
earns a log return of u(m)t after t units of time, where t < m. However,
if the bond is not held until maturity the return diverges from the deter-
ministic yield-to-maturity and is stochastic. Let n(t, m) be the excess
log return earned on the risk-free bond over time t. Therefore:

(6.2) n(t, m) = E(t, m) — p(m)t t € [0, m]

As illustrated by (6.2), the bond return may be decomposed into a de-
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terministic and a stochastic component. Holding the bond for time ¢, a
deterministic return of u(m)t is earned. Selling the bond prior to matu-
rity introduces the stochastic component n(t, m), which reflects the
changing market conditions.

Since:

m(0,m) — £0,m)—0-=10

fgim,m) = E(m,m) —p(m)m =—=InP{0,m) + In P{O,m) =0

the stochastic part of the bond return is constrained at t = 0 and t = m.

150



6.2 Brownian bridge process

Let
(6.3) 7ty m) = os(t/m)

where {€(s): s € [0, 1]} is a Brownian Bridge process and o is the in-
stantaneous standard deviation of the excess return.

{e(s): s € [0, 1]} is a standardised Brownian Bridge process if:
= P(e(0)=0)=1,
= the process is Gaussian, where
Ez(s)]=0 W s e [0,1]
and E[e(#:)e(s;)] = si(1 — 5) 0<g <8<
m P(e(1)=0)=1.

Hence the standardised Brownian Bridge process is an augmented
standardised Brownian motionl! with the added requirement that it
takes on the value zero at time s = 1. The definition of n(t, m) in (6.3
satisfies the requirements that n(0, m)= n(m, m) = 0 and hence it may
be specified as a Brownian Bridge process.

Our assumption that markets are efficient implies that all currently
known information is included in current market prices, or market
yields. Under this assumption, the return on the bond can only vary
from the deterministic return u(m)t, by unanticipated information be-
coming known. Had this unanticipated information been known, mar-
ket yields would have adjusted to accommodate it. Hence we may
conclude that:

E[5(t,m)] =0

It is appropriate to represent the unexpected returns by means of a
Gaussian process, since they are a result of random economic events.
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Let {Z(s): s € [0, )} be a standardised Brownian motion. The proper-
ties of a standardised Brownian motion process, fort > 0and A > 0
where 0 < t+ A < 1, implyl2l:

| E{Z(lil_ﬁ&)‘z(ir_f)—:]—:
E_{z(ni:?a)‘z(ﬁ_:)}ﬂlx(%:) - *I - TH=E)

Define a diffusion process W(t), as follows:

(6.4) wit) =1 —r}z‘(i) 0<t<1

Hence:
= P(W(0)=0)=1,
= P(W(1)=0)=1
= and

EW({)=0 Yie[ol]
E Wt )W(t;)]

= (1-4:)(1 JE["J(l )‘f(r )]
= (1 =t) {I—m( )

= {1 — 1) D<€ty <1

which implies that {W({): t € [0, 1]} is a standardised Brownian Bridge
process.

If {X(t): t € T} is a diffusion process, where T is some index set, it may
be represented as

dX = px (o, )l +ox (2 )dZ teT
where Uy(x, t) and Oy(x, ) are respectively, the instantaneous mean

and variance of the diffusion process. More specifically, we have:
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(6.5a) px(e,t) = lim E[X(+ i‘-}—ftih X()=2

E|{X(t1A) - X(OV|X(t) ==
(6i.5h) ﬂ'i{;r-..f] = _a]s_m{. [{ =~ } | ]

Hence to determine the process describing the evolution of the Brown-
ian Bridge we need to calculate the instantaneous mean and variance,

upudw,t) and a2, (w,t) respectively. Using the specifications in (6.5)
above, we have:

jlﬁi"{'".‘.llr.]
_ E[W(t+A) - W(t)|W(t) = w]
= lim
A e A
El[l—r—ﬁ]z(ﬁ%-i)—{l —.'}z(T'-_-,-“z(—fu,) —T—?]
= lim -
A el A
. (l=t=A)=H—-w
= ———y
N wr
=T
and
o, 1)
E [{Iru +A) - tl-’{f}}-"" W) = u']
liim
A=t A
] 4 - al
(1= a7 E[{7(s585) - e 2(o) | 7(e5) = =]
— lim
—0 A
Now:
] i+ A a t _ow
E[J (I —r—:-.) ‘5(1 —r) l—r]
P [+ A t \\*
El(z(l-r—a)“z(l-r))
oal t N f t+A N af t |t \_ w
”“M(: —r)’f(1 —r—a) 2 (| —r)‘ “5(1 —r) [ —rl
- A u
=~ —Dl—f=2) " (L=t
and so:
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{ (r—iéﬂ) t—]:az(lr_f)_}z Z
-2 #(525)| «(5) - 75

2 : {14+ 4 . ! w wrt
= [f(1—r—ﬁ]lx(1—r)_|-4]*{l—:—iP
A w? Dt w?
R=l=t=8) ' A=17 (-0 —1=2a) " O-i-51
A Afy?

TN -t=a) TP -I-Ap

Hence:

“"L_ﬂﬁhlmf*m*urﬁ?jM4
A
o 1=-1t=A Aap?
- T
= 1

an(w,t) = -iin.l”

We have determined the instantaneous mean and variance of the
standardised Brownian Bridge process to be #w(w,t) = —15 and
o?Aw,t) = 1 respectively. Hence the standardised Brownian Bridge

process is characterised as:

(6.6) dW = -

dZ 0<i<l1

The standardised Brownian Bridge is subject to a restoring force,
pulling it back towards zero. The instantaneous variance remains con-
stant, but the total variance, as at time ¢, is non-stationary and ex-
pressed as E[WA(f)] = (1—t). This non-stationarity is due to the im-
posed terminal constraint. Since the excess return is assumed to have
the functional form of (6.3), it is modelled as:

—n(t, m)

dn(t,m) =

dt + ads 0<t<l

The economic interpretation of the time t return E(t, m), is given by

(6.1) and (6.2); hence:
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it - B8

= P(t,m) = PO, m)exp(p(m)t + nlt,m))

The discount bond price dynamics are determined by application of
Ito's Lemma:

ap 1487 p ap
= oWty et X
I,
z PUuu}(—E%f$lde”43) b AP, m)atdt | j(m) P, m)d
¥ - £
A f{:‘} _ (F'{"’} i %,—,1 i M) df 4 o2
’ i i, o I
(6.7) = (hinr} bgo 4 mdle [I:IJ{ r"'”PH ”H) o

MIThe stochastic process {Z(s): s € [0, )} is a standardised Brownian
motion if:

= P(Z(0)=0)=1,

= the process is Gaussian with

E[Z(s)] =0 Ws> 0

and
E[Z(s)2(s;)] = & <8 <5y

[ZIConsider a Brownian motion B; starting at x,thatis P(By = x) = 1.
Then the following are true [43]:

E[Bt|Ba=x] = = Yiz0
E[[B!—EDJEIED:I] = L
E[(B:— Bo)(Bs— By)|Bo=2x] = sat

Hence:

E[(By — BuY?|Ba = 7] = E[(Be— By)? —2(By — Bo)(B. — By)
(B = Bo)? |y =x] s<t
= t=2z+4&

= fLt=2=3
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and translating this analysis into the required notation, we may calcu-
late

=[{2(:52) - 25

t t4 4 t
z(|_:} I] l—t—A& 14
_ 4

(1-1(1-1-4A)
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6.3 Option valuation

We now examine the equilibrium pricing of a European call option
where the underlying is the risk-free zero coupon bond described by
(6.7). Without loss of generality, the following assumptions can be
made:

= bond matures as time 1,

= option expiry is at time T where T < 1,

m option exercise price is k < 1.

Further we assume:

= Markets are frictionless. That is:
o no transaction costs, no taxes,
o continuous trading,
o unlimited lending and borrowing,
o unlimited short sales.

= The dynamics of the underlying risk-free zero coupon bond
are described by (6.7), which is a non-standard Brownian
Bridge process.

» There exists a risk-free discount bond maturing at time T, also
described by (6.7). Assume that:

E[dZ(t,1)dZ(l,7)] = p di

where p is the instantaneous correlation between the unex-
pected returns on bonds maturing at time 1 and T respectively.
An initial upward sloping yield curve is assumed, that is P (O,
T) > P(0, 1), which implies that initial forward rates are posi-
tive.
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= |nvestors are assumed to be rational and to have consensus
views on the instantaneous standard deviations of bond re-
turns and their distributions. They need not have the same
views of the term structure or expected returns on bonds of
various maturities.

By forming a hedge portfolio in bonds and the call, the equilibrium
value of a European call may be calculated. The time t price of a Euro-
pean call on a discount bond with maturity 1, expiry T and strike k is:

{ﬁ'HJ CU"=“‘_} = 'n("'. I}-?"'r'[.lh'.] = P['F'r T]j"h'{h‘zj

where
b _ In(P1)/k) —n P(t,7) + (#2/2) (7 — 1)
1 vryT =1
ha = hy—v/T—1
2 2 4 2
ve = aytor—=2poo,

and N(-) is the cumulative normal distribution. Here v is the volatility,
at time T of the price of the bond with maturity time 1, i.e. it is the for-
ward bond volatility. Consider the forward bond price P(T, 1) = P({,
1)/P(t, T). Its volatility may be calculated as:

Vr =/ 0% + 02 — 2p010,

where 04, and o, are the current (time t) volatilities of the bonds with
maturity time 1 and T respectively.
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6.4 Conclusion

In this model, BT assume that default-free discount bond prices follow
a nonstandardised Brownian Bridge process. This assumption satis-
fies the pull-to-par characteristic of bond prices, but ignores the de-
pendence of bond prices on the underlying interest rate term structure.
No restrictions are placed on the dynamics of the bond price to ensure
a model that precludes profitable arbitrage. This essential factor limits
the usefulness and applicability of this model.
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Chapter 7: The Hull and White Model

The Vasicek [60] and CIR [18] models, studied in Chapters 1 and 2 re-
spectively, allow all interest rate contingent claims to be valued in a
consistent manner, but involve unobservable parameters and do not
provide a perfect fit for the current interest rate term structure.

However, the process describing the evolution of the short-term inter-
est rate may be deduced from the observed term structure of interest
rates and interest rate volatilities. Hence the Vasicek and CIR models
may be extended so as to be consistent with the current term structure
of interest rates and the current spot interest rate volatilities or current
forward rate volatilities.

160



7.1 General model formulation

The Vasicek and CIR models are special cases of a general mean re-
verting process of the form:

(k) dr = a(b —r)dt + orldz
where B = 0 for the Vasicek model and = V2 for the CIR model.

Since market expectations of interest rate movements can be time-de-
pendent, the drift and volatility parameters should be functions of time:

(7.2) dr = II’.;‘{HI b alt)(h - f}] dl | n{r‘}-r"ir.!'z

where 0(f) is the drift rate imposed on the interest rate which other-
wise reverts to a constant level b. Rewriting (7.2) in the form:

ot
(7.3) dr = a(t) [(}:f—j + b) - -;-] dt + o(t)yr’dz

gives a mean reverting model where the reversion level is a function
of time.

Hull and White (HW) [28] make assumptions about the market price of
interest rate risk and fit the Vasicek and CIR special cases of the
above mean reverting model to the current term structure of interest
rates and spot (or forward) interest rate volatilities.
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7.2 Extension of the Vasicek model

HW propose an extension to the Vasicek model of the form:
(7.4) dr = [0t) + a(t)(b—r)| dt + (i) dz

This is (7.2) with B = 0. Assuming that the market price of interest rate
risk has the functional form A(t), and is bounded on any time interval
(0, T), we may apply Ito's Lemma to derive the general partial differen-
tial equation that must be satisfied by any interest rate contingent
claim, g:

; g
B (g (A=), | )y o,
] ] 7 29 i}

= plt)dl | s{thdz

The market price of risk represents the excess return required above
the risk-free rate. This relationship is denoted by:

p(t) —r = Alt)s(l)
and so

g+ (000) + )b =) gr + 0 (Dgee =19 = MBa{t)y
(7.5) = g 1+ (1) — alt)r) g, + %nﬂ{.’}y" —rg = 0

where ¢(f) = a(t)b + O(t) — A(t)o(t). Assume that the price of the con-
tingent claim g, has the form:

(7.6) glr,t,T) = A(t, T)eBETY,

with boundary condition g(r, T, T) = 1. Now:

g = A e B _AB,re B
g = —ABe Br
Grr = AB2 87

Substituting into (7.5):

162



AP AR v — AR S{1) — althr)e™ "
4 %.‘lBEd‘I'L[!'Jt: gr _ Are Br _ 1

(7.7) e BT (Ar=ABo(t) + $ AB% (1)) + Are B (Balt) =B =1)=0

Therefore to solve (7.7) we must solve the system of simultaneous
equations:

(7.88)  Ae—ABo{t) + $AB% 1) = 0 with A(T.7) =1
(7.8h) Ba{t)— B, -1 = 0  with B{T,T) =0
For ¢(t),o(t) and a(t) constant, (7.8a) and (7.8b) are solved to yield the

Vasicek model where the bond price has the form assumed in (7.6)
with[l:

(B(t,T) =T + 1) {aed—-02/2) 2Bt T)
a? - da

(7.9 Ale.T) = t-xp[

(7.10) B(t,T) = i (1 - f;—ﬂ'"'—“)
For the extended, time-dependent model, o(f) should be chosen to re-
flect the current and future volatilities of the short-term interest rate.
A(0, T) and B(0, T) are coefficients associated with the current term
structure and are hence functions of the current interest rate term
structure, current term structure of spot/forward interest rate volatili-
ties, and o(0) (the current volatility of the short-term interest rate).
Since the current term structure is observable, we are able to deter-
mine A(0, T), B(0, T) and o(f). Therefore, we must determine A(t, T),
B(t, T), a(t) and ¢(t) in terms of A(O, T), B(0, T) and o(t).

First, differentiate (7.8a) and (7.8b) with respect to T. From (7.8a) we
have:

Aer — () A B — $(t)ABy + () A B 1 o* () ABBy =0
Also, from (7.8a):

(7.11) ﬁ’}[!'-]l—é-(rglii'-}ﬂ—i-%
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Hence:

Air — [%u:[f]ﬂ i i] (ArB + ABr) + 3o {t)ArB? { a?()ABBr — 0

AB
Aer = 302 (0)ApB? = Lo () AB By ~ ""’_"."" - %
Ha®(ArB + A ()ABBy = 0

(7.12) = ABAg — BAAr = AABr + 0% (1) A* BBy 0

with A(T, T )=1 and A(0, T) = € where § is some known value. Simi-
larly differentiating (7.8b) with respect to T yields:

By —a(t)By =0

From (7.8b) we have:

(7.13) a(l} = %4—%
Therefore:
BrB’jl" BT
— - =0
Byt n B (
{T]-—l} = EH!T — H! HT - HT' —

with B(T, T) = 0 and B(0, T) = n where n is some known value. HW
[28] solve (7.12) and (7.14) to yield:

B(0,T) — B(0,¢)

aB{0.6)
it

(v.15) B(t,T)

AA0, )
al
1

2
o m@B0,01° 1 aln) |
-4 [pe.n2Zea]’ | [ i

iar

(7.16) A{t,T) = A(0.T) - A(0,0) - B(t,T)

where A(t, T) = log A(t, T)

We have solved for A(t, T) and B(t, T) in terms of the initial term struc-
ture.

Now solve for a(f) and ¢(f). Differentiating (7.15) yields:
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(_ (Ma!:” ) _ {B{ﬂ Tj B0, f}] rJ-mlu})
H.- -

( BgL},Q)
FaT
(_ (é.i'fi{[}.ﬂ)g - (B(0,T) = B(0,1)) {-F.rs[n.r,})
i E B [2l] ! Tk
B (2552 (B0, ) - B(o,1)))

and so from (7.13) we solve for a(t)as

aB{0.1) (%‘ﬁ) ARt}
alt) = ———=tt L

B0, T) - B0.t) (n%;:.,q) T T) — B1{0,1)

- B0, 1) R0, 1)
L “( o )/( i )

Differentiating (7.16) yields:

aA0,1) AA0t) | 2A0,1)
o B B

2
aB(o.t) [, &B(0,1) PB0,07 ff| o)
[R' B a2 f 50| 7
() T

it
2B, r}] [ alt)

;-

-B

m;:nr}

1
"E

Since A(t, T) = log A(t, T) we have:

Ay = Acexp A(t, T) = A, A

Hence
A A M0 poadon)  #2A0.0)
AR~ B "B B @ o
AB(0,1) Bﬁlﬁrﬂrj Hr’FH{u.t} toalr) EI
— ﬂ'.' & E'HJ‘! ﬁ _".:"_:;_I}!}ﬂ._:.t T
1 2
—E.Eﬂ “}

Therefore substituting into (7.11) we solve for ¢(t) in terms of the initial

term structure:
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_afié-:,cl B Ea,i{n, t) 82A(0,1)
B B a o

aBO.0\2 [ o(n) |

P eaf i 2
_ B 8 B0,1) { o ‘ dr
|

M A aniT
a7

o) =

Also, from (7.8b) and (7.17) we have

Bg |
o (OBONN __0BO.1) BO,) (98B0,
and '\ a FTRR— T =
Hence
‘:"'i_‘;':'_*l i adjo.r) Y
o) = ————alt) ';':’h 7 —d,;EE'”

dB 0.t) #° B(n, :)
il i ﬂi"_l

rJ'B i, f"n @7 }
f .rﬂll'l- r':|

2
mar 0, r}ﬂi’mn t a(7)
FTE: AR} dr
o

i o7 7 3B(0.7)

T

o el }Pmm t) A [.ﬂ’”+ (ﬂ.ﬁi{n._r})'*f [*ﬂr‘#

and we have specified all the required model parameters in terms of
the initial yield curve.

UIThese are the same formulae as calculated for the Vasicek model in
Chapter 1 equations (1.25) and (1.26) with the following notational
substitutions:

A=-q, a=p, a=a, d¢fa=v+pg/a
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7.3 Pricing contingent claims within the ex-
tended Vasicek framework

Let P(r, t, T) be the time t price of a discount bond maturing at time
T.Since this is an interest rate contingent claim, it may be written in
the functional form specified in (7.6):

(7.18) P(r,t,T) = A(t,T)e BWTY

By Ito's Lemma we have:

P ap e
4 bl S Mot T IO M |
dF = gy df -+ p ar + 3 o
"}I” - Hr .
= oy dt=ABe [{(8(4) 4+ a(t)(b=r))di + a(l)dz]
+ %;‘l BB a1\t

- Pt — BP[6(1) + a(t)(b— )] dt — BPo(t)dz + } B2Po?(t)di

drdr

Hence the price process of the discount bond is described by the sto-
chastic equation:

(T.19)  di* = [P = BP(#(t) | alti{b=r)) 1 3 B Pa?(t)] dt = PBa(t)dz
The relative volatility of P(r, t, T) is B(t, T) a(t). Since it is independent

of r, the distribution of the bond price at any time t*, conditional on its
value at an earlier time ¢, must be lognormally distributed.

Consider a European option on this discount bond. This option has the
following characteristics:

X-exercise price,
T-option expiry time,
s-bond maturity time,
t-current (valuation) time, where t < T < s.

This option may be viewed as being equivalent to an option to ex-
change X units of a discount bond maturing at time T for one unit of a
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discount bond maturing at time s. Define:

o 4(T)-time T volatility of the price of a discount bond with maturity s,
X,(T)-time T volatility of the price of a discount bond with maturity T,

p(T)-instantaneous correlation between the bond prices,

Then the price of a European call option may be written asl2!:
(7.20) C = Plrd,sIN(W) — XPlr,t, TIN(h — o, 0r)

In{P(r,t, 8}/ (X P(r,t,T))

(7.21)  where h = -+ Lop 1

‘TP‘l[TI.H]
"
(7.22) and o}, 0y, = f [ai(7) + a3(7) — 2p()a:(r)az(T)] dr
]

One of the characteristics of a one factor model is that instantaneous

returns on bonds of all maturities are perfectly correlated. Hence p(T)

= 1 for all T. Also, from the equation of the general bond price process
(7.19) we may write the volatilities of the two bonds as:

ai(rv) = o(7)B(1,s)
(7.23) as(t) = o(r)B(r,T)

7.3.1 Time-dependent parameters.

Given the functional form of the volatilities above, calculate the volatil-
ity required for option valuation as:

T
bt f [6%(7) B3 (7, 4) + a®(7) B (7, T) = 20%(z)Bls, &) B(+, T)] s
[4

-,
- fg“{.—nm.—.ﬂ-]—;s[r,nrm
[

B(t, 1) = (B(0,1) — H{QT””(&B_ Ut

From equation (7.15) we have t )and

SO.
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B(0.s) - BO,7) _ B(O.T) - BO,7}|
OB0T) - ] i

it L L
oar L

T
; P
”i’i[T'.*: = f .-_r'I-.l 1
al7)

I 2
(7.24) = |.f,h;u.s}—mn,?‘zj”_[ |m—1} dr

T

Equations (7.20), (7.21) and (7.24) give analytical formulae for the
price of a European call option on a discount bond. The corresponding
European put option price may be obtained via put-call parity.

This formulation of the pricing formula is very attractive since a(t) and
o(t) may be chosen in such a way that a whole set of cap or swaption
prices observed at time 0 can be exactly replicated. However, this full
level of precision results in undesirable side effects [45], [29]. Examine
the process for the short-term interest rate as considered thus far:

dr = [0(8) + a(t)(b—r)| dl +a(t)dz

Here B(f) is chosen such that the prices of all discount bonds at the
initial time are reproduced, i.e. the initial term structure is matched, a(t)
and o(t) provide another two degrees of freedom which allow match-
ing of the initial volatility term structure and volatilities of the short-term
interest rate in the future. Initial volatilities of rates depend on o(0) and
a(t), hence a(t) defines the relative volatilities of long and short-term
interest rates. Finally, o(f) determines the future volatilities of the
short-term interest rate.

It is appealing to take advantage of all these degrees of freedom since
all the available initial market data will be incorporated into the model.
Unfortunately this results in non-stationarity of the volatility term struc-
ture which could result in the mispricing of instruments contingent on
the future, rather than simply the current, volatility structure.

Fitting all the model parameters to initial option prices results in a
model which exactly reflects the initial term structure, but also intro-
duces assumptions about the future evolution of the volatility structure.
Making use of all the degrees of freedom produces an over-parame-
terisation of the model. Hull and White [29] recommend keeping the
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parameters a and ¢ constant. Within this simplified model, observed
cap and swaption prices will only be approximated, but the model evo-
lution can be more directly controlled. A stationary volatility term struc-
ture is achieved, resulting in robust pricing of more exotic interest rate
options.

7.3.2 Constant parameters.

If we allow the volatility of the short-term interest rate and the rate of
interest rate reversion to be constant, i.e. o(f) = o and a(t) = a, we

havel3!:

] — e oT-8)

(7.25) B(t,T)=

[}

The corresponding function A(t, T) is obtained from (7.16), setting o¥(f)
= 0 in the integral [29]. Making use of (7.15) and (7.25) we have:

Al A{0, 1)

In AL, T = InAD,TY) =In A0 ) = Bt T) P
2
1 a0 it e
i
Ao, T LI A{0, 1)
= II]m H“,?] i
B i e B(r, T} s
-}-,mumumu.ruf {Hw{{l.'f']—mll.r]J
A0, T vy S AT A(O, 1)
= L. R
In A0, ¢) BT} at
n? - ] t .
‘:-2---“ {r 9 ”r]--[ o2 dr
Lo i
o o A0, T} o I A{D, )
f-..?:{-_r = In A1) = H[h” 7l
a? 9

_;_ {i —al —_ —:li"J {iﬂ-lr - I}

Now, to calculate the volatility required for the option pricing, make
use of (7.25) to give:
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| — af{s—7)
B(r,s) = -
[
~a(T'—7)
BT -
[}
and so:

and

EF(]_ - alT f})

as(t) = eaB(r,T)=

Substituting into (7.22), find the appropriate volatility op(T,s) asl4l:

. B T a? [1 i als .—}}g‘ N ﬂ_'E {] i alT T}]?
Thy(re) = i a? e
3 ik _ p—afa-T} _ e—alT=r)
20% (1 Y(1—e J]]f:.-
Hg
= ﬂf-r [|= Za{s—T) Fe 2a{T—7) _ I afw | T ‘Jr}] dr
al J, L
o
[l R i g~ 20(T—7) _lc aflzt T 2r)
a? | 2a 2o i -
ﬂ 2i{s—T) _ o, —dfs—T) > Za(T -t}
T 2a% (I l i ) (I I)
2 2
= 2 (1= 0te=T _ p—2a{T—1)
= gy (I e )
Hence:
i'."{l‘:,T} T
(7.27) Tpy(re) = — (| e a8 })
where

v(t, T)? = j_g (1 - E_—'Er.-{T—r})

2l

[2]Here, the appropriate volatility to use is that of the forward bond
price, i.e. the volatility of the time T price of the bond maturing at time
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. Fi{r iz}
s which may be expressed as 775} = #7577, Use Ito's Lemma to deter-

mine this volatility:

"}P:f'f‘-alm BT, ) APy (T, )

d Py (T, 5} = ] PP, ].iP[r,i..iH TP LT dPr, T}
|.'.I"J'P,nf'.l'".a-r | -""IFII'T 5l - .
= dPir, b, s)dPir b, 5) | - - dPir,t, T)dPir, &, T)
AP 2] " 2Pt T)
B PT, 5)

¥ dP{rt. &Y F{r.0, T
P Laorm ety oA T)

BT, ) I ;

= o di | Pt Leppe g oyt — Plrd, spog (s )

o L dt = PLr.t, Thag(tds)
“PHR LT Tj (itpge gl = PIr LT (2]
Plriti2) paie s Thadiehir L PUr . TYP(r, b, s}pon s ()l
TP L) e Pir Ty - i

BTt = Py(T.sh (o () = oafe))dz

Hence, the instantaneous volatility of the forward bond price is o(t) —
X,(f) and so the square of forward price volatility over the life of the
option is:

T
n'-;,ﬂm.r — j;|rr1|[1",|-rrgl[1']]2;}r

T
f [n? (T)+ I'I'% (T} = 2;1{1'}.‘11[1'}&9{7}] T
L

[BIThis is the value of B(T, -) obtained in Chapter 1.

[44 Alternatively we may substitute the appropriate value of B(0, -) into
(7.24) to calculate opf (T,S) as:

(L= =(1-eeTy) f Y ar
(E—ul g—as f {Fiar":l dr

2 ; .
o aT _ & n:h) (f:.?rLT e ﬂi‘nf.)

(T, 8)

:.":_ QI'JIQL ﬂtal i

[
L] E:a

]

|
=14
s
ey Ty,
—
|
o
B
gk
Y
]
f —
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7.4 The extended Cox-Ingersoll-Ross model

Setting B = Y2 in (7.2) leads to the extension of the CIR model pro-
posed by HW:

(7.28) dr = [0(t) + a(t)(b — r)] dt + a(t)\/rdz

The assumption is made that the market price of interest rate risk has
the functional form A(f)~/r where A(f) is some function bounded on any
time interval (O, T). Again, let P be the price of a zero coupon bond
and make use of Ito's Lemma to derive its price process:

, ap . ap . &P
l” - E vllf + I ir + 3 F l'f]"d:l"

Pedt | P ([808) + alt){b =) dl | a{t)rdz) 1 o ()P, di
= plt)dt | s(t)dz

where [(-) and s(-) are the drift and volatility of P defined as:

u(t) = P+ P, la(t)h+ 8(t) — a(t)r] + %UEU.:]I'P,.,.
s(t) = o(t)rP,

Letting m(t)= A(f)~/r be the market price of interest rate risk, we have
M(f) — rP = m(t)s(f) and so:
Pyt By falt)b+ 8(1) = alt)r] + Lo ()l = v 02 = A)ra(l) Tl

= I Dy [alf )+ 8(L) — ait)r — Alt)ait)r]

7.20 o
W) fga(tirPe=rP =0

Let

o) = alt)b+6(1)
w(t)y = a(t) 1+ Alt)a(t)

and (7.29) may be expressed as:
(7.30) P+ Py (1) = ¢(t)r] + 202 ()rPep =7 P =0

As in (7.18), the price of the zero coupon bond is assumed to have the
functional form:
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P(r,t,T) = A(t, T)e BETH
Hence (7.30) becomes:

Ae™ P — ABire™ " — ABe " [o(t) — v(t)r]
+3 ABe Brai(tir—Are ™ = 0
= Ay—ABSt) + A[=B; + Bu(t) + 1 B%E () -1]r = 0

To solve this partial differential equation we must solve the system of
differential equations:

(7.31a) A — ABo(t) = 0

(7.31h) and B, = By(t) - § B3y +1 = 0
subject to the boundary conditions A(7, T)=1 and B(T, T) = 0. In the
special case where $(f), Y(t) and o (t) are constant, we solve (7.31a)

and (7.31b) to give analytical formulae for A(t, T) and B(t, T) as pre-
sented in the original CIR paper® [18]:

E’l:t."-“':T £y _ 1}
(v + ) (r-,ﬂT L - |} b 2~

Pyl HUNT ~1)/2

(v +9) (e3T0 — 1) + 2y

B(t.T)

2af e’

A(t,T)

where 7 = V¥* + 20%_ |n the HW extension of this model, o(t) needs to
be chosen to reflect the observed current and future volatilities of the
short-term interest rate. As in the case of the extended Vasicek model,
we use:

= 0(0), the current i.e. time 0 volatility of the short-term interest
rate,

m current interest rate term structure,
= current volatility term structure.

to determine A(O, T) and B(0, 7). These initial conditions, together with
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the already specified boundary conditions allow us to solve equations

(7.31a) and (7.31Db).

Firstly, differentiating (7.31b) with respect to T, and multiplying by B
yields:

(7.32) BB,y — BBypu(i) — B*Bra?®(l) =0
Multiplying (7.31b) by By and subtracting (7.32) gives:
(7.33) BBy — BBy + § BBpa®(t) + By =0

Since this equation cannot be solved analytically, B(t, T) must be ob-
tained via a numerical method such as finite differences. o(f) is a
known function obtained from the current and future short-term inter-
est rate volatilities observed in the market. Hence, once B(t, T) is
known, equation (7.31b) may be used to determine ().

Next, solve (7.31a) for A(t, T). From (7.31a) we have:

aA

a
:-# = dln A(t,T) = B(t,T)o(t)dt

= ABg(t)

3 ]
f din A(s,T) = f B(s, T)e(s)ds
n n

A1, T) : —
A1) = 07 = ——tdaat = HER S
In Afe, 1) = In A(D, ) In 0.7 ﬂ (3,1 =)ds
T E
T.3) = ALTY = A0, T)exp f E'{N.T:Iq,'.l{.u}rfﬁ]
LA

To be able to fully evaluate A(t, T), ¢(-) must be known. Since A(T,
=1 and A(0O, T) is known, evaluate (7.34) att=T:

-
1 = A(0.T)exp !'/ H{s,T}q‘){s}riﬂ]

-
= —mAQT) = j B(s. T)é(s)ds
a
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which may be used to determine ¢(-) iteratively. This is computation-
ally time-consuming since ¢(s) needs to be evaluated at each time
point in the interval [0, f] so that the integral in (7.34) may be calcu-
lated numerically.

BlIThese are the same formulae as calculated for the CIR model in
Chapter 2 equations (2.36) and (2.38) with the following notational
substitutions: p =k B and Y =k + A,
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7.5 Fitting model parameters to market data

To use either model for contingent claim pricing, the functions A(O, T)

and B(0, T) must be estimated. By determining the relationship of A(O,
T) and B(0, T) to the initial term structure of interest rates and volatili-

ties, historical data may be used to estimate these functions.

7.5.1 Relationship between B(0, T) and the current term
structure of interest rates.

We derive the relationship between B(t, T) and the current term struc-
ture of interest rates and interest rate volatilities. Here, volatility refers
to the standard deviation of proportional, rather than absolute,
changes in interest rates.

The time t price of a discount bond with unit maturity value and matu-
rity time T, is simply the unit maturity value discounted to time ¢ using
the appropriate rate of interest i.e.

P{f".f,T} - R(rt, THT—t)

= RiriT) = _Tl-r In P(r,t,T)
where R(r, t, T) represents the continuously compounded time ¢ rate of
interest applicable for the period (t, T). Since, by equation (7.6) the
bond price takes the form:

P{r,t,T) = A(t, T)e” E(t,T)rit)

we have
In P(r, 0, T) = n A(L,T) + Ine” BT — 1n A(t,T') — B{t, T)r{t)
and so
R(r,1,T) —% [In A(L, T} — B(t, T)r(1)]
(7.35) - u.f\'[;:,]": - i;i;.‘_’l;'}
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Applying Ito's Lemma to determine the stochastic process for R(r, t,
Twe havel8!:

AR AR 18°R
dft - -E'.H-df + ﬁf_ dr -+ E B2 drdr
R  aR L8R 4.2, oR
(F + 5 @ o+ EFT a {r__-"]) df + T_}Tra,[:..‘}d;
Hence:
aR(r,t, T
(7.36) R(r.t, TYap(r.t.T) = J"Grl[?".ﬂ[:ﬂ#':]

where og(r, t, T) represents the volatility of R(r, t, T). Now, from (7.35)
and (7.36) we have:

R(r,t, T)og(r,t, T)T —1)

(7.37) B(t,T) = o le 1]

This equation represents the relationship between B(t, T) and
= the instantaneous short-term interest rate,
= the term structure of spot interest rates,
= instantaneous volatility and
= the term structure of volatilities.

Therefore given the current term structure of spot interest rate volatili-
ties, (7.37) may be used to determine B(0, T) for all T.

Alternatively, consider the relationship between spot interest rates and
forward rates where F(r, t, T4, T,) is the time t forward rate applicable

for period (T4, T,). We have:
'_Hfl.r,T_.}th rﬁ‘__}‘{r.t.']'l,']"u_:-{T; T} — '__H[r,:.TZJ}E'RI i)

Rir 1, Ty)(Ty = 1) = R{r,t, Ty)(Ty = 1)

(7.38) = Fr,t,T1,Ta) ToT,

Again, applying Ito's Lemma, allows us to determine the volatility of
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the forward rate, hence:

ar ar 137 F
Wrﬂ -I'?h—_tfl + ET!E-

(EH" aF 1 9%

dl” drdr

% a3

riad(r, .*}) ot | ﬂ ra.(r, 1)dz
o

and so the standard deviation of F(r, t, T4, T,)is:

':;F[’-"r |!T2:

{T*g} r{,r- T].-Tﬂjﬂf"{r!fr TJ-T'.:':I = I'r’}',{'l',_ f} h

However, F(r, t, T4, T,) is afunction of R(r, t, Ty) = Ryand R(r, t, T,) =
R, which in turn, are functions of r, therefore:

9F _ OF 3Ry AF 3Ry
ar OR, or @ OR, or

and so by (7.35) and (7.38) we have:

aF Ty —t B(r,Ti) To —t B(r.T3)
& = =Tt Ti—-1t | To—T Ta—t1
B(r,To) — B(r.,T))
T =T

Substituting into (7.39) gives:

Bir,T3)— B(r,T})
Ty =T
Flr.t, Ty, T3)aplr.t,T),T3)
ra (e 1)

Firt, Ty, Taloe(r, 1. T, T3) = re.(r. 1)

(740} = Bir.13) = B{r.11) = (12 =11)

The above equation gives the relationship between B(t, T,) and B(,
T,) and

m the instantaneous short-term interest rate,
= instantaneous volatility,

» the term structure of forward rates and

179



» the term structure of forward rate volatilities.

Here (7.37) and (7.40) represent two ways by which B(0, T) may be
obtained for all T, either as a function of the current term structure of
spot interest rate volatilities or as a function of the current term struc-
ture of forward rate volatilities.

7.5.2 Determining A(0, T) from the current term structure.

Knowing the current interest rate term structure implies that the cur-
rent prices of zero coupon bonds are known for all maturities, i.e. we

know P(r, 0, T) for all T. Evaluating equation (7.18) at t = 0 givesl’l:

P(r,0,T) = A(0, T)e~BOTIrO)

Knowing B(0, T) we may determine A(O, T) for all T from the above re-
lationship as

A(0,T) = P(r,0,T)eP (T (O

Alternatively, since it is possible to find analytical solutions to Euro-
pean option prices under the Vasicek model, historical interest rate
term structure and option price data can be used to imply the values of
A(0, T) and B(0, T) by means of equations (7.20) and (7.24).

7.5.3 Stability of fitted parameters.

For a model to be a good description of term structure movements
through time, the fitted model parameters A(t, T) and B(t, T) need to
remain stable through time. That is, parameters fitted to the term
structure of interest rates and interest rate volatilities at time ¢, need to

be the same as the parameters fitted to the term structure of interest
rates and interest rate volatilities at time T, t; # T. Hence, a model fit-

ted at one time, should correctly describe the term structure at some
other time.

The extended Vasicek model does not meet these criteria and hence
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appears to be unsuitable for this application. However, the goal here
has been to develop a model which correctly values most of the inter-
est rate contingent claims in the market. Initially fitting the model to ob-
served prices of vanilla instruments then allows more exotic instru-
ments to be valued consistently.

[6]Here the price process of the instantaneous short-term interest rate r
is represented as dr = adt + ro(r, t)dz where o(r, t) is the volatility of r

(i.e. standard deviation of relative changes).
[/IThe explicit functional dependence of r on current time ¢t has, until

now, been suppressed to streamline the notation. Here r(0) explicitly
denotes the time t = 0 short-term interest rate.
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7.6 Conclusion

Both the Vasicek and CIR models, as discussed in Chapters 1 and 2,
incorporate a deterministically mean reverting process. In these mod-
els, the mean reversion is incorporated without additional assumptions
about the future behaviour of the short-term interest rate volatility. This
is a highly desirable feature. By allowing time-dependent parameters
and therefore the matching of any arbitrary initial yield curve, HW
manage to overcome one of the major drawbacks of the Vasicek and
CIR models. The HW-extended Vasicek model is usually implemented
with constant absolute volatility and reversion speed. However, in
some yield curve environments, such as rising term structure of rates
and declining term structure of volatilities, this version of the model
provides a rather poor fit to observed cap prices [45]. On the other
hand, allowing time-dependent absolute volatility and reversion speed
results in unsuitable behaviour of short-term interest rate volatilities in
the future. If these shortcomings are recognised and accounted for
during the calibration process, the extended Vasicek model can be of
great value, since it allows for closed-form solutions of discount bond
and discount bond option prices.
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Chapter 8: The Black, Derman and Toy One-
Factor Interest Rate Model

Black, Derman and Toy (BDT) [6] make use of a binomial tree ap-
proach to model interest rates in a discrete time framework. The
model has one fundamental factor, the short-term interest rate, which
is used to determine all rates and security prices. The current term
structure of interest rates and related volatilities are used to construct
a binomial tree of possible short-term interest rates in the future. Since
an interest rate sensitive security is characterised by its payoff at ex-
piry, the constructed tree of possible interest rates is used to deter-
mine the current price of a security by means of an iterative proce-
dure.
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8.1 Model characteristics

The fundamental variable which drives security prices within the
model is the short-term interest rate, which is defined as the annu-
alised one period rate of interest.

The model inputs are a set of long-term interest rates of various matu-
rities and their corresponding volatilities. Hence a yield curve and a
volatility curve are required to calibrate the model.

These inputs are used to determine mean values and volatilities of fu-
ture realisation of the short-term interest rate. As the input yield and
volatility curves change, so do the means and volatilities of future
short-term interest rates. Changes in future volatility have an impact
on the degree of mean reversion.

As with most models, the assumption of perfect markets is made,
hence:

changes in the yields of all zero coupon bonds are perfectly
correlated,

the expected one period returns are the same for all securities,

short-term interest rates are lognormally distributed and

the market is free of taxes and transaction costs.

The lognormality feature holds several advantages for calibration of
the model [45]. Negative interest rates are prevented and the volatility
input may be specified in percentage terms, i.e. the volatility refers to
relative price moves. This is the market convention for quoting volatili-
ties, so calibration to market-observed volatilities is simplified.
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Figure 8.1: Tree with one time step
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8.2 Pricing contingent claims

The short-term interest rate at each node in the tree is found such that
the term structure produced by the model matches the current ob-
served term structure. European-style contingent claims may then be
priced. The value at a node is the discounted expected value one time
period in the future. Since the binomial tree is calibrated to the market-
observed risk-free rate, the contingent claim is priced in a risk-neutral
environment, where the probabilities of an up and down move are
equal. Hence our expectation of the price of the contingent claim after
one period is:

3 (Su + S4)

where S, and S, are the prices of the contingent claim after an up and

down move respectively. Discounting by the current one period inter-
est rate r,the current price of the contingent claim S,is:

(8.1) §=2

This method may be used to determine the price at any node in the
tree, from the prices one step in the future. Iterative application of (8.1)
allows valuation of contingent claims of any duration, as long as the
tree of short-term interest rates extends sufficiently far into the future.

To value bond options, the tree must first be used to determine the
bond value at every node according to the interest rate associated
with that node.

Then, making use of the known option value at expiryll], and working
backwards through time, the bond option value may be found at every
node prior to expiry.
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P =100

flel

P = 100

Figure 8.2: Valuation of a 2-year zero coupon
bond

HIThis is the option payoff at expiry, hence for a call option the payoff

is spot less the strike, while for a put option it is the strike less the
spot.
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8.3 Calibrating the lattice to an observed term
structure

The market convention for quoting a term structure is in terms of an-
nualised yields of zero coupon bonds of various maturities. Therefore
if y is the N year rate, then the current price of the associated zero

coupon bond!?l s:

100
= pa————
()™

Calibration of the tree involves finding the one-period yield (short-term
interest rate) at each node, such that the observed term structure is
matched. The following methodology for calibrating the binomial tree
to a market-observed interest rate and volatility term structure is out-
lined by BDT [6].

Consider the interest rate and volatility term structures observed at
time

t =0, represented by {(y;, 0;): i =1,...,N} where y; is the yield of a zero
coupon bond with maturity f = j and o; the corresponding volatility. For
simplicity, assume that each time interval in the tree is one year and
we wish to calibrate the tree such that the yield and volatility term

structures are matched. For shorter time steps we would require the
observed yields and volatilities at more frequent time intervals.

At time t = 0, the short-term interest rate may be taken directly from
the observed term structure as the 1-year yield, hence ry = y4. To de-
termine the short-term interest rates at time ¢t = 1, make use of the ob-
served 2-year yield and associated volatility. The current value of a 2-
year zero coupon bond, P{?); = P{2) is calculated as:

100

8.2 Pi% =
L (1 + ya)?
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At time t = 1, the 2-year zero coupon bond has one year left to run, so
its prices, P\?), and P), (where the subscript indicates an up or down

move in the short-term interest rate), may be found as:

mﬂ I}(EJ _ ]ﬂﬂ
1+ 1 d 1474

(8.3) P =

where r, and r, are the time t = 1 short-term interest rates resulting

from an up move and down move respectively. These time t = 1 bond
prices must be such that discounting by the t = 0 short-term interest
rate ry, we obtain the time t = O price of the 2-year zero coupon bond,

P2) That is:

1 p(2) (2)
LR 1

y )
(R.4) Pt TS

We also need to match the term structure of volatilities. The standard
deviation of the short-term interest rate at time t = 1 is matched to the

volatility of the 2-year yield o, hencel2!:

Inr, —Inry

(8.5) 7y = 5

The equations (8.3)-(8.5) are solved simultaneously for the four un-
knowns:

(R.6a) PEN1 +r,) = 100

(8.6h) PP1+ry) = 100

(8.6¢) PO+ PP — 2P (] 4 1)
(R.6d) T, = 7y

The resulting t = 1 short-term interest rates r, and r, are exactly con-

sistent with the 2-year term structure of yields and volatilities. To de-
termine the possible short-term interest rates at t = 2, make use of the
3-year yield and volatility. There are three possible short-term interest
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rates att =2, r,,, ry, = ryqg @nd ryy, but only two known values, the yield
and volatility, to which we calibrate. This means that the solution is not
unique. However, the short-term interest rate volatility is a function of
time only, therefore:

INnrye —INrge  Mryg —Inra
2 B 2

Frin Tarel

Foud Tdd

2 ai i
= Thd — Tuulud

and hence, we need only match two short-term interest rates to two
observed values and can find a unique solution.

I Lt

™ Fud = Tdy

L

Figure 8.3: Tree of short-term interest rates out to 2
years

[2lAssume all zero coupon bonds have a maturity value of 100.

[BlConsider a random variable X. At time t = *, X may take on two pos-
sible values, x4 and x,, each with probability /2. Without loss of gener-

ality, let x4 = x,. Hence:
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var(X) = E[X?] - E[X]

ﬁ+ﬁ_(rl Jruri)E
2 2 2

= stddev({X)} =
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8.4 Continuous time equivalent

The original specification of the BDT model is in a discrete time frame-
work. There are several disadvantages associated with this type of
formulation. The algorithmic manner in which one must view the
model makes it difficult to identify the embedded assumptions and
their implications, affecting, for example, the characteristics of the
mean reversion. While the lognormality of the short-term interest rate
is a positive feature since it precludes negative interest rates, it does
make analytical analysis cumbersome [45]. We examine the continu-
ous time equivalent of the BDT model®?l. Consider a process for the
short-term interest rate r(+), as follows[!:

(8.7) r(t) = w(t)exp(a(t)=(1))

where

u(t)-time t median of the short-term interest rate distribution,
o(t)-short-term interest rate volatility at time ¢,

z(t)-standard Brownian motion.

To examine the nature of the stochastic process driving the short-term
interest rate as modelled by BDT, we must examine the evolution of In
r(t)where
; 2 .
dinr(t) = ﬂhé:_{” dr + ;}33 1{,;;[’}
{8.8) = ,ir!-r - f: idrdr

drdr

Since r(t) = r(t, z(t)) Ito's Lemma gives:

: i O 1 0%
" - Jp— - —_——— .
(8.9) i v dt + 32 dz + 2922 dzdz
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Ar Ault) ’ ]
ﬁd’i‘ = exp({a(t)z(t))dt
_H‘“}w exp(a(t)z(l)) dl
(8.10) = EJ:;E” exp(aft)z(t)) dt
+ult) [f-,(.-::df;”] exp (o(1)=(0)) de
ﬂ!.
(8.11) -a—_-dz = w(t)o(t)exp(o(t)z(t)) d=
iy ”
(8.12) Ed:-:d; = u(t)o*(t)exp (o(l)z(t)) dt

Substituting (8.7), (8.9)-(8.12) into (8.8) we havel®!:

dinrfl] = W
X (H*;}E,” exp (o(1)z(t)) dt + u(t) [:{r]ﬂ%l] explaitlai) &
+ut)a(t) exp (o (t)a(t)) ds + § ult)a® (t) exp (o (t)2(1)) ‘”)
_E:r”f!]'!'xl"](?ﬂl-f!:ﬂﬂ Wit exp (Rolt)s(e)
Ww -1—:::3%*” tolt)d: + joi(t)dt - §o™(t)dt
) a |.|;i:,t,r] &+ I:lr{!{'[—!ll1 ull) r'.l‘:;r}i” dt + a(t)ds
6.13) - [-"i'lrllﬂ:ll'.’f.1 B ;}1.:;.’” (Inuft) —Inr(t))| df + o(t)ds

This is a mean reverting process that is explicitly dependent on the
median of the distribution. This median is implicitly determined during
the tree-fitting procedure.

If we allow the volatility to be constant, i.e. o(t) = o,then 57~ = 0 and

there is no mean reversion. The logarithm of the short-term interest
rate follows a simple diffusion with a drift that follows the logarithm of
the median of the distribution. That is, the process simplifies to:

a1nwu(t)
ot

(R.14) dlnr{t) = dt +odz

For a volatility that decays with time, i.e. 22 < 0, the reversion
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speed becomes positive and the logarithm of the short-term interest
rate In r(t) reverts to the logarithm of the median In u(t).

This assumption of a decaying short-term interest rate volatility is nec-
essary to ensure that the unconditional variance of the short-term in-
terest rate o(t)t, does not increase without bound as t increases and
the mean-reverting nature of the short-term interest rate process is
maintained.

The reversion speed determines the volatility of rates for various ma-
turities. In this model the reversion speed is a unique function of the
short-term interest rate volatility o(f), and hence we conclude that the
entire term structure of volatilities is fully determined by the future
short-term interest rate volatilities. This is unique to the BDT model,
since other models, e.g. the Hull-White model [28], specify the rever-
sion speed as an independent parameter. This artificial link created
between the future short-term interest rate volatilities and the term
structure of volatilities may be seen as one of the shortcomings of this
model.

[4Rebonato [45] details an analysis of binomial pricing within a lattice,
which leads to the derivation of the continuous equivalent of the BDT
model.

Blin the BDT model, a lognormal distribution of the short-term interest
rate is assumed. This implies that In r(f) is normally distributed. At
each time step t in a binomial lattice, we have t + 1 possible states of
the world and hence t + 1 possible values of the one period rate. Con-
sider time t = 1: we have two possible states of the world and interest
rates denoted r(1, 1) and (1, —1). The mean short-term interest rate
at this time, In r,,(1) may be calculated as:

Inrm(l) = %[Iur{l, 1)+ Inr(l,—1)]

Knowing the time t = 0 percentage volatility of the short-term interest
rate, i.e. 0(0), the standard deviation of the time t = 1 short-term inter-
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est rates is represented as:

al:ﬁ':\.-‘fi_.f— |11FE|.|:|—2|T'|:r“-—” i f'{l.” e r!l,-l}vxp[?ﬂ{"h@]

and hence, we find each of the two possible rates as an offset from
the median rate of interest, r,,,(1):

M1,1) = rm(1)exp [a{nw‘ﬂ.x]
and
r1,—1) = rm(l)exp [—a:mu‘ar]

Note that the mean of the distribution of the logarithm of the short-term
interest rate corresponds to the median of the lognormal distribution of
the short-term interest rate. In r(t) is normally distributed with mean In
r,(1) and r(t) is lognormally distributed with median r,,,(1).

IFrom (8.7) we have:

ety = wlthexp(a(t)z(t))
Inr(t] — Inuft)

= i) a(t)

195



8.5 A fundamental flaw

Let us revisit the calibration methodology outlined in §8.3. It is easy to
see that this methodology contains a fundamental flaw. No distinction
is made between the current term structure of interest rate volatilities
and future volatilities of the short-term interest rate. Equation (8.5)
shows that the standard deviation of the time t = 1 short-term interest
rate is matched to the volatility of the 2-year yield, and hence the
volatility of the short-term interest rate at time f = 1 is matched to the
current volatility of the 2-year yield. Assuming time steps of 1 year,
this may be generalised as follows: the time t = {* volatility of the short-
term interest rate is equated to the current (time t = 0) volatility of the
(t* + 1)-year yield. Surprisingly, there are few texts that make mention
of this flaw.

The artificial link between the future short-term interest rate volatilities
and the term structure of volatilities is often cited as a major drawback
of the BDT model. In fact Rebonato [45] discusses the fact that "the
term structure of volatilities is completely determined by the specifica-
tion of the future volatility of the short rate" and examines the shape of
the term structure of volatilities for various functional forms of the
short-term interest rate volatility. However, he does not explicitly show
the relationship between the volatility term structure and the short-
term interest rate volatility function, nor does he explicitly discuss the
calibration to market-observed volatilities thereby side-stepping the
issue.

A slightly more complex procedure to that outlined in §8.3 is required
to build a binomial tree representing both the observed interest rate
and volatility term structures. The following methodology [15] allows
matching of the observed interest rate and volatility term structures.

8.5.1 Preliminaries.

We begin with the observed interest rate and volatility term structures
represented by: P(i) as the price of a discount bond!Zl maturing at time
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iAt and ok(i) as the volatility of the yield on this bond. Let

At-time step size chosen for the tree,
u(f)-median short-term interest rate at time iAt,
o(/)-volatility of the short-term interest rate at time iAf,

. __short-term interest rate at time /At node j, applicable for the pe-
" riod [iAt, (i +1)Af],

the time iAt, state j value of a discount bond maturing at time (/i
d;j-+1)At, hence: d;; =1/ (1 + r;;At). In [15] this is called the one-
period discount factor at node (j, j).

Q; ;-time 0 value of a security paying:
1 if node(/, j) is reached,

0 otherwise.

The Q;s are in fact Arrow-Debreu securities. For a discussion on this

topic see [45]. They may be viewed as discounted probabilities;
hence, by definition Qo = 1.

Hence, the current (time t = 0) price of a discount bond maturing at
time (i + 1)At may be expressed as:

(8.15) Pli+1)=> Qijdiy

forje A, where A is the set of all possible states at time i. The cali-
bration of the tree is by forward induction, where the time /At Arrow-

Debreu securities are updated using the already known Arrow-Debreu
securities at time (i — 1)At as follows:

r‘j!.l _%Qi 1 Edi Li—1
(8.16) l":\-J'l-il = ll:'Qi— =1 'fl—l.j—1 + T}Ql-t.]—l di—l_:.i-i-]
Qi—i = § Qic1,—itt Gim),—ig
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8.5.2 Fitting the interest rate and volatility term struc-
tures.

From (8.7) the short-term interest rate at each node (j, j)) may be repre-
sented as:

(8.17) ri; = u(i)exp (o(i)jVAL)

First we define the notation used to index the nodes of the tree. At
starting time / = 0, there is a single state j = 0. At each subsequent
time i there are (i + 1) possible states indexed as j= —i, —i +2,...,i — 2,
i. The state index represents the net moves required to reach it. For
example, at time / = 4, there are 5 possible states with indices {—4;
—2; 0; 2; 4} corresponding to 4 down moves, 1 up and 3 down moves
(net 2 down moves), 2 up and 2 down moves (net zero move), 3 up
and 1 down move (net 2 up moves) and 4 up moves respectively.

Now from the initial node (0, 0) at the root of the tree, we have a pos-
sible up move and possible down move. Hence node (1, 1) is denoted
U and node (1, —1) is denoted D. At these nodes define the following:

P'y, price, at nodes U and D respectively, of discount bond with
PiD'maturity iAt after an initial up or down move, i > 1,

Riu,_the discount bond yields at nodes U and D respectively, corre-
R', sponding to the above discount bond prices,

These values of P (i) and Pp(i/) must be consistent with the observed
values of P (/) and ag(i). Therefore the following relationships must
hold:

218 _
E H} 1 + I"|;'|.|;..ﬁ.f

(AP (i) + 2Pu(i) = P(i)  i=2,...,N

In P (4

[ re———— = Byeuey
|1I Pufr]

(8.18h) on(i)VAL = 31
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Equations (8.18) may be solved simultaneously for P, (/) and Pp(i) as:

(8.19) Pp(i)=P @2 REOVED 4 pp(i) = 2P(i) (1 + ro.ot)
and
(8.20) Py (i) = Pp(i)=r Coa)van

where (8.19) must be solved numerically for Pp(i).

As in §8.5.1 we define state prices, this time corresponding to nodes
U and D, as follows:

. _value at node U of security paying 1 if node (j, j) is reached, 0
UL otherwise,

__value at node D of security paying 1 if node (j, j) is reached, 0
D" otherwise.

By definition Q4 4 =1and Qy4 _4 =1 and so from (8.15) the values
at nodes U and D of a discount bond maturing at time (i +1)At may be
written aslé!:

(8.21) Peli+ 1) = ZQE-,LJJ,-J b=l =1
J
(8.22) Poli+1)=) Qp,,diy Je{-ti=i+2..;i-2i}
i

respectively.

The state prices may then be updated as in (8.16):
(8.23a) Qu,ii =% Quyic1,i—1 dim1,im
(8.23b) Qeis = 3CQui- - 1819-1 + + Qua- i r1dimiget
(8.23¢) Qui v+3=5Qui-1 itadio1_ita

and
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ST 3 1 3
(8.23d) @b, -i=5@D,i-1,—i+1%—1,—441
(8.23¢) Qb =3GD0 - 1s-10i-14-1 +F FQDi- 1,511 Bt

(R.230) Opii-z= %QD,:‘ 1,6—9604—1 33
8.5.3 Basic algorithm.

First, set the initial values:

(R{1)Ar) _
roo = u(0) = ;

At
':c.]'r.-’.J,| =1
Up,1,-1=1
a(0) = or(1)
1
Bagaes, W
W + roodt

Now foreachi=1, ..., N — 1

1. Using a numerical method such as Newton-Raphson solve
(8.19) for Pp(i + 1) and then solve for P, (i + 1) by means of

(8.20).

2. Now making use of Pp(i + 1) and P (i + 1) derived above,
equations (8.21) and (8.22) may be used to solve for o(/) and

u(i). The following substitution is made:

1
1+ u(i) exp (a(i)jvAL)

dijj =

Hence:

Pe(i+1)=_ Quig o i=1... N=1
: I+ it exp o3V At)
{ﬁ}n.i.j

Polr+1) = —
’ JEI - uli) exp (a(1)7v/AT)

and o(/) and u(i) may be found using a two dimensional

Newton- Raphson (or other optimisation) technique.
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3. Using these calculated values of (/) and u(i) the one period
short-term interest rates and discount factors may be found
for each node j= — i,...,i using (8.17) and the definition of
the discount factor as d;; = 1/(1 + r; A).

4. Qu;;jand Qp;;may now be updated using equations (8.23).

The fundamental concept behind this calibration methodology is rather
simple. The observed term structure of volatilities represents the
volatilities of current rates of various maturities. A shift up and shift
down of the entire term structure is simulated by the U and D nodes.
The magnitude of this up and down shift is determined by the bond
yield volatility (as represented by (8.18b)). This allows the volatility
term structure information to be incorporated. Comparing this to the
original BDT calibration methodology in §8.3 highlights their error of
matching the initial time volatility of the i-year interest rate to the short-
term interest rate volatility at year (i — 1). Their methodology could be
used to build a tree representing the interest rate term structure and
future volatilities of the short-term interest rate. Obviously this is only
possible if one has a view of short-term interest rate volatilities at each
time interval in the future.

[/IThis discount bond price is related to yield R(i) by:

Pli) = exp{—R{{)iAL)

[8]Here N is the total number of time steps in the tree.
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8.6 Conclusion

The BDT model has several positive features:

» for positive value of the decay factor (reversion speed) the
general shape of the term structure of volatilities which is cap-
tured within the BDT model is consistent with the market-ob-
served volatility term structure.

= due to the lognormal process assumed for the short-term inter-
est rate, calibration to market prices becomes much simpler. It
is possible to fit the model to both the yield curve and to cap
volatilities at the same time. Hence the model can simultane-
ously reproduce the prices of various maturity caps, displaying
a declining term structure of volatilities.

However, it also displays several problems:

= as with all one factor interest rate models the changes in rates
of various maturities are by and large parallel which is not con-
sistent with market observation. Hence the BDT model is not
able to capture a tilting effect on the yield curve. This would re-
quire a second factor.

= no specification is made of the evolution, through time, of the
term structure of volatilities.

= since the future short-term interest rate volatilities fully deter-
mine the term structure of volatility it is impossible to specify
one independently of the other.

This model was developed by practitioners for practitioners and hence
allows for easy calibration to observed data and easy pricing of Euro-
pean and American style contingent claims.
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Chapter 9: The Black and Karasinski Model
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Overview

The discrete time Black, Derman and Toy model [6], discussed in
Chapter 8, makes provision for two time-dependent factors: the mean
short-term interest rate and the short-term interest rate volatility. The
continuous time equivalent of the model clearly shows that the rate of
mean reversion is a function of the volatility. This is equivalent to fu-
ture short-term interest rate volatilities being fully determined by the
observed volatility term structure. This dependence makes it impossi-
ble to specify these two factors independently.

Black and Karasinski (BK) [7] develop a model, within a discrete time
framework, where the target rate, mean reversion rate and local
volatility are deterministic functions of time. The specification of three
time-dependent factors allows the future short-term interest rate
volatilities to be specified independently of the initial volatility term
structure.

As in the BDT model, the short-term interest rate is assumed to have
a lognormal distribution at any time horizon. The standard assump-
tions underlying perfect markets are also made.
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9.1 The lognormality assumption

Ideally one wants a process for the short-term interest rate such that
negative interest rates are prevented, but the zero level may be
reached and maintained for extended periods of time. None of the
processes examined thus far, i.e. normal, lognormal and square root
processes, satisfy both these requirements. A lognormal process does
not admit a zero interest rate, while the square root process makes
the zero level a reflecting barrier.

BK use a lognormal process. A lognormal distribution is fully described
by its mean and variance, which are functions of time, so we have a
different lognormal distribution of the short-term interest rate at each
future time. When mean reversion is combined with a lognormal
model, we have three time-dependent factors, an example being the
BDT model:

dilnr) = (8(t) — () Inr)di + a(t)dz

However, here ¢(t) is a function of a(f). Dropping this functional de-
pendence, and letting u(t) be the target interest rate, i.e. the reversion
level, the BK model may be written as:

dilnr) = ¢(t) (Inp(t) —Inr)dt + o {t)dz

where ¢ (f) is the speed of the mean reversion and o(t) the local
volatility, i.e. the volatility of the short-term interest rate. BK calibrate
their model to the initial observed interest rate and volatility term struc-
tures as well as the observed cap curve. The cap curve gives the
prices of at-the-money caps, which pay the difference between the for-
ward rate (strike) and the realised short-term interest rate at maturity.
BK do not attempt to specify a process which accurately depicts the
evolution of the short-term interest rate, but rather a short-term inter-
est rate process which can be fitted to observed market prices and
hence used to price securities in a consistent manner. The future risk-
neutral distribution of the short-term interest rate generated by the
model is not the true distribution, but rather a distribution which leads
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to correct option prices.
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9.2 Specification of the binomial tree

BDT make use of a binomial tree to specify their lognormal model.
Within the binomial tree they are able to match two inputs: the interest
rate and volatility term structures. This is done using the location and
spacing of the nodes at each time point.

To match three input values, one could use a trinomial tree. However,
to avoid the additional complexity of a trinomial tree, BK approach this
problem with a binomial tree, but vary the time spacing during its life.
This introduces another degree of freedom, allowing all three inputs to
be matched. The computational simplicity of a binomial tree is main-
tained and the risk-neutral probabilities are V%.

9.2.1 Known model inputs.

If the input functions defining the model, i.e. u(t), $(f) and o(t) are
known, the binomial tree of short-term interest rates is constructed so
as to match these values at each time step. The tree has the following
specifications:

= At each time, the (vertical) spacing of the nodes must match
the local volatility (volatility of the short-term interest rate).
Since volatility is a function of time only, spacings for a given
time are equal.

» The drift of the nodes from one time to the next is determined
by the target rate.

= The time (horizontal) spacing differs over the life of the bino-
mial tree. This time spacing is calibrated to the mean reversion
speed.

Define the following variables:

T, = t,+q — t"-time period between two consecutive time nodes,
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¢, = ¢(t,)-mean reversion speed at time t=n
0, = 0(f,)-local volatility at time t = n

Mean reversion is defined as the speed with which the short-term in-
terest rate tends towards the target rate. As the short-term interest
rate gets closer to this target rate, the local volatility decreases.
Hence, the mean reversion may be equated to the rate of change of
local volatility, which is represented by:

1 T/
(9.1 on = o (1- )
T T 14/ Tn—1

TreTn

For positive mean reversion o,+/T,, <0,,_1+/T,_4 and L Py gives
the percentage decrease in volatility from time period 1,_4 to T,,. From
(9.1) we may find T, as a function of T,,_; and the speed of mean re-

version. Hence, at each time node, we may determine the size of the
next time step, dependent on the speed of mean reversion. Using
equation (9.1) we have:

l .

‘:"ll = St
Tn On-14/Tny/Tn-1

1 1 i 1 :
9.2 =1} e = 'n
{ :I Tn W T ("Tn -1 ) 3 Tn—1|

which is a quadratic polynomial in ?’L— with roots:

() A= Ges) o )

14 vlrl + "I'{;'r: (ﬂ'“ - |-"la":g To—1
21 T | {"Tu-- 1 .l"ﬂ-ﬂ]

= 1,

| =

TH

Since by definition v’_ only one of the roots is an admissible solu-

tion to (9.2) and:
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f 2
1 LLaET I..’f'ﬂrl]'

: 0]
(' | l.‘l."“l f by, (r’r,, I.l'lll”rijz T |)

(9.3) T = Tol

Hence the time spacing is dynamically constructed, with the next time
step size determined at each node after all its associated variables o,

¢, etc. have been determined. The initial time step T, is chosen ac-
cording to the required accuracy. Small T, equates to very fine time

spacing, which produces more accurate results. For positive mean re-
version speed, the time spacing decreases through time, and the
higher the speed of mean reversion the more pronounced this de-
crease.

9.2.2 Known model outputs

If we already have the model outputs, that is the interest rate, volatility
and cap term structures, we need to find the corresponding values of
the model inputs, u(t), ¢(t) and o(t). Here, time is divided into seg-
ments which are subdivided into time steps. The values of u, ¢ and o,
applicable for the first time segment, are chosen so as to match the
outputs at the end of this segment. Similarly u, ¢ and o applicable
during the second time segment are chosen such that the outputs are
matched at the end of this segment. Using this methodology, we find
the implied target rate, mean reversion speed and short-term interest
rate volatility for each time segment. These implied values do not
specify the real-world evolution of the short-term interest rate, but they
do specify a short-term interest rate process in a one-factor world
which produces the required security prices.

When the model outputs change, that is the interest rate and volatility
term structures observed in the market shift, the tree needs to be re-
calibrated to determine new parameters of the implied process.

Ideally, we would like to determine a general interest rate process as a
function of several parameters. Re-estimation of the process should
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yield the same parameters. This type of model would be a true de-
scription of the interest rate process and could be used to give valua-
tions at any time.
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9.3 Matching the lognormal distribution

We have assumed the short-term interest rate has a lognormal distrib-
ution at any time horizon. This means we require only a mean and
standard deviation to fully specify its distribution. However, in the BK
model, three factors are required to describe the short-term interest
rate process - the target rate, mean reversion speed and local volatil-
ity. This means that for a given time horizon, the solution is not unique
and the distribution of short-term interest rates may be matched by a
family of possible processes.

These processes will differ in their mean reversion and local volatility
characteristics. Strong mean reversion means a move away from the
target rate is quickly reversed, which is not the case for weaker mean
reversion. Hence, a narrow (wide) distribution of the short-term inter-
est rate in the future may result from either strong (weak) mean rever-
sion or low (high) local volatility.
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9.4 Conclusion

In a simple and concise extension of the BDT model, BK are able to
eliminate one of its most frequently cited shortcomings - the direct but
artificial link between the current volatility term structure and future
values of short-term interest rate volatility. BK introduce a third time-
dependent variable, reversion speed, which allows an additional de-
gree of freedom. Now the interest rate and volatility term structures as
well as cap prices can be included in the calibration procedure.

Empirical results of calibration exercises for this model are not widely

available. However, based on results of other models!!] attempting to
include all three term structures (interest rate, volatility and cap
prices), one could suspect an over-parameterisation may result, with
future volatility term structures taking on unreasonable shapes.

HIFor example the extended-Vasicek Hull White model discussed in
Chapter 7.
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Chapter 10: The Ho and Lee Model

Models studied in the previous chapters specify the movement of the
short- term interest rate and thereby endogenously determine the form
of term structure (including its initial value). Ho and Lee (HL) [27] de-
veloped a model which takes as input, the initial interest rate term
structure and derives its subsequent stochastic evolution. Hence the
theoretical zero coupon bond prices (that is, those produced by the
model) will be exactly consistent with those observed in the market.

HL use all information within the current observed term structure to
price contingent claims in such as way as to ensure that profitable ar-
bitrage is precluded.
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10.1 Assumptions

The assumptions made by HL are the standard assumptions for a per-
fect capital market in a discrete time framework.

Assumption 1

The market is frictionless, i.e. there are no taxes or transaction costs
and securities are perfectly divisible.
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In a discrete time framework each time period is taken to be one unit
of time. Hence a zero coupon bond with term to maturity T pays $1 at
the end of the T time period (taken from valuation time).
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The bond market is complete, with a bond maturing at the end of each
time period n, n =0, 1, 2,....

>
"
7]
c
3
=
=
o
S
S

At each time period n, there are a finite number of possible states of
the world. At time n, state i, denote the equilibrium price of a T-matu-
rity zero coupon bond as P\"); (T ). This function is termed a discount
function. At any time n, state j, the interest rate term structure is fully
described by a series of discount functions.
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By its definition as a discount function, P{"); (-) must satisfy certain
conditions. That is:

(10.1) PNT) > 0 YT,iandn
(10.2) P™0) = 1 Viandn
(10.3) Tgl_ﬂcﬁf“*m'} = 0 Viandn
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10.2 Binomial lattice specification

HL make use of a discrete time framework within which the stochastic
process describing the evolution of the discount function is repre-

sented by a binomial lattice. At time n, P("). (-) represents the discount
function after i upstate moves and (n — i) downstate moves. During

the (n + 1) period, that is from time n to time (n + 1), the discount
function may again be subject to one of two moves, an upstate move
or a downstate move. Therefore, given the time n discount function
P\ (+), two possible discount functions may occur at time (n + 1),

P11 (-) or P{"*1) (-) (see Figure 10.1). Within such a framework we
have:

= At each time n, there are (n + 1) possible states, denoted by J,
i=0,...,n.

= The discount function in each state is independent of the path
followed to get there. It is defined by the number of upstate
and downstate moves only.

PETP()

Hl(n.}l[_}

Figure 10.1: Binomial tree showing possible discount bond prices
after one time step.

The price of each discount bond follows a binomial process where the
step size is time-dependent. This feature greatly increases the ex-
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planatory power of the binomial lattice approach. When modelling the
term structure with a view to pricing interest rate contingent claims, we
are concerned with the movement of interest rates of various maturi-
ties relative to each other - that is the relative movement of different
maturity discount bonds. For this reason the binomial lattice is used to
model the entire term structure instead of just a specific bond. The
time-dependent step size ensures the convergence, at maturity, of the
bond price to unity.

F 1.0
i 1] o
Fao1)
LTS =
- B
B T(0 = 100 i
ii2 -
Py BN = 1m0
pit EEND
ol Uf e
P i) w0 e
™
il =
Lral RN LT

Figure 10.2: Binomial tree is used to model the whole term struc-
ture, not only the short-term interest rate.

The binomial lattice approach imparts the following characteristics on
the stochastic process of the bond price:

= Bond price uncertainty is small near bond maturity and in the
immediate future.

= Bond price uncertainty increases with distance from these two
points.

These characteristics are a result of two factors:

= For longer time horizons, the number of variations and hence
uncertainty associated with the term structure increases.

= As the time horizon approaches bond maturity, price uncer-
tainty decreases since the bond price must converge to unity
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at maturity.

For a given bond, as the time horizon increases, the term structure un-
certainty increases resulting in greater price variance. This is accom-
panied by the bond approaching maturity. At some future time horizon,
the pull-to-par effect dominates, resulting in a decrease in bond price

variability.

218



10.3 Arbitrage-free interest rate evolution

The movement of the term structure must be constrained to ensure
that no arbitrage principles are not violated. This translates to con-
straints on the binomial lattice modelling the term structure evolution.
HL impose an additional restriction which simplifies the construction of
the pricing lattice. The perturbation functions and implied binomial
probability (h(T), h*(T) and 1t respectivelyl!l) are taken to be indepen-
dent of time n and state /. This is equivalent to the continuous time
constant volatility assumption. Allowing this functional dependence
would lead to a more general arbitrage-free model.

10.3.1 The perturbation functions.

Consider the time n, state i discount function P"), (T). If there is no in-

terest rate risk/uncertainty over the next time period, then the time
(n+1) discount functions and hence entire term structure must be the
same in the upstate and downstate. To prevent arbitrage opportuni-
ties, the realised (time (n + 1)) discount function must be the (time n)
implied forward discount function, F"), (T):

Pi:'u_'lli-!: 1)
Pi"y

[10.4)  F™T) =Py = PETUT) T=0.1:.

In this riskless world, if the realised discount function differs from the
implied forward discount function, arbitrage opportunities exist. Hence,
modelling term structure uncertainty reduces to determining the per-
turbation of the next period discount function from the implied forward
discount function.

Let h(T) and h*(T) be two perturbation functions where:

PENT +1)

(10.5) Pk :
1 ‘”;—:L"j{l}

k(T
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PINT 4 1)

(10.6) Pt bs
‘r?rl]{ I :l

h*(T)

define the upstate and downstate perturbations respectively. These
two perturbations specify the deviation, from the implied forward dis-
count function, of the upstate and downstate discount functions.
Hence these functions give an indication of the difference between the
upstate and downstate discount functions in the next period. For h(T)
>> 1(h*(T) << 1) for all bond maturities, the bond prices will consis-
tently rise in the upstate (fall in the downstate).

Conditions (10.1) to (10.3) imply that:

WT), W*(T)>0 VT

and[2l

h(0) = h*(0) =1

The magnitude of the perturbation depends on bond maturity and

hence h(-) and h*(-) are functions of T. To construct the binomial lat-
tice determining the term structure movement, we require the set of
perturbation functions {h(T), h*(T): V T} and the initial discount func-

tion PO, (T) = P (T).

10.3.2 The implied binomial probability.

As stated above, knowing the perturbation functions and initial dis-
count function, allows us to construct the term structure movement.
However, the modelled evolution of various maturity interest rates rel-
ative to each other must be such that profitable arbitrage opportunities
do not arise. Hence consider a portfolio of two different maturity dis-
count bonds held in proportions such that risk-free rate of return is re-
alised over the next time period. To preclude profitable arbitrage, this
risk-free rate of return must equal the return on a one period discount
bond. This requirement implies a restriction on the perturbation func-
tions at each node (n, i) of the lattice. These restrictions can be deter-
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mined by constructing the above mentioned risk-free portfolio:
At any time n, state / we construct a portfolio with:

= 1 discount bond with maturity T,

= ¢ discount bonds with maturity .

Suppressing the notational dependence on time and state (n, i), the
value of the portfolio is:

V = P(T) +£P(1)

Depending on whether an upstate or downstate move occurs during
the next time period, use (10.5) or (10.6) to revalue the portfolio:

P(TYWMT — 1)+ EP(L)R(L — 1)
P(1)

(10.7) V{upstate) —

P(T)h* (T = 1) + EP(L)h*(t — 1)
P(1)

(10.8) V{downstate)

For a risk-free portfolio, we require V (upstate) = V (downstate), so:

PITW(T = 1)+ EP()A(E —1) = P(TIN (T = 1) + EP(IR* (= 1)

. PT (T = 1) = P(T)A(T = 1)
(10.9) =S T TR -1 - PIOR(t - 1)

To prevent profitable arbitrage, a risk-free portfolio must yield, after
one period, the return on a one period discount bond, i.e. 1/P (1).

Therefore, we requirel3l:

FLS vy PUMA(T = 1) 4 EP{L)A(t - 1)
(."’{EJ)[P(T] I £P(t}) D)
(10.10) P(T) + £P(t) = P(TOR(T — 1) + EP(t)A(t — 1)

Substituting the calculated value of € from (10.9) we have
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P(TW(T =10+ £P(th(t — 1)

P(T) |i*(T =1} = h{T - 1)]

= P{TW(T - 1)+ Pl [h{t = 1) = h*{t = 1}]

Pkt = 1)

P(T) [A(t — DA (T — 1} — h(T — 1}h*{t — 1]
Mt—1)—h*(t—1)

(10.11) =

Substituting (10.9) and (10.11) into (10.10):

P(T) [h*(T —-1)—MT —1)]
P(t) [h(t — 1) — h*(t — 1)]
P(T) [h(t —=1)2 (T —=1) = W(T — 1)h*(t —1)]
B h(t — 1) — h*{t — 1)

P+

P(t)

= At—1)=hlt—DANT = 1) = A*@—1)
= BT — 1) = h(T — 1}h*(t — 1) — k(T — 1)

Adding h*(T — 1)h*(t — 1) to both sides and factorising:

Rt —1)[1 = h* (T = 1)] = W' (t = 1)[1 = k(T =1)]
=HT=D[1l =kt =1)]=h(T=1)[1=h0=1)

L—h(T—=1) 1—h*t—1)
AT —1)—h*(T—1) h{—1)—h*(t-1)

VT, >0

The LHS of (10.12) is a function of T only, while the RHS is a function
of t only. This can only hold true if

1=8"(T=1) 1=h*{t=1) .
(10.12) MT-D - -1 A-D-Fi-1 T YT, t >0

where 1T is some constant. More generally, we write:

1 —h*(T)

- >0

and so

1=04T) = «ah(T)-="(T)
(10.13) =1 = «a{T)+ (1 =7)"(T) ¥T=z0andn,i >0
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If the condition in (10.13) is satisfied across all bond maturities, prof-
itable arbitrage opportunities are precluded.

The constant 11 is independent of bond maturity 7 and the initial dis-
count function P(T), but it may depend on time n and state i. We refer
to 1T as the implied binomial probability.

10.3.3 Comparison to traditional option pricing ap-
proach.

Consider solving (10.5) and (10.6) for h(T) and h*(T) respectively:
BER ER)
PMIT 4 1)

prHlpy piniy
f’il:":l('f +1)

h(T)

R(T) =

Substituting the above values into (10.13), we have:

i i O BRI i L)
PPy T PR
(10.14) = PO+ 1) = [7 25O+ (0 - m) 0] PO

which is consistent with the traditional binomial tree approach to op-
tion pricing introduced by Cox, Ross and Rubinstein [19]. In their ap-
proach the price at time n is the weighted sum of prices at time (n + 1),
discounted by the risk-free rate over this one time period. The appro-
priate weights are the probabilities of the time (n + 1) prices being at-
tained. For this reason 1T may be viewed as a risk-neutral probability.

Let us examine (10.14) in more detail. Rearranging terms, we have:
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I;:{H:IIT:'

# [P - 1) - PP - 1)

P
+P N -1)
I ) Rq'rl.-l-l?{T_!} n i‘ln:ji I':I{Tl—l} ) .P;‘n-rl:{T— I}]
P}HJHJ j;;'.l-'l'l.l--lj | fﬂ{n}{t{] l‘.;.rl,r][?}
where
g -1) .
= u is the percentage up move,
F™(T)
j’.{ﬂ}l} T =1 -
: {"; . ) =g is the percentage down move,
£T)
and
1 ; . ; ;
— =7 is the single period risk-free return.
P(1)
Hence
r—d — w(w—d)
= r—d
=i

and 1T may be interpreted as the extent of the downstate move with
respect to the spread between an upstate and downstate move. Large
Tt implies a general price decrease over the next time period, while for
values of 1T close to zero, a general price rise may be expected over
the next time period. The required no arbitrage condition of equation
(10.12) implies that this ratio (i.e. the general increase/decrease in the
bond price over the next time period) must be the same for all bond
maturities!4! T.

Cox, Ross and Rubinstein applied a constant discount rate at all
points of the binomial tree. In this model the one-period discount rate
is time and state dependent. This is due to the one-period rates,

P (1) for all n, i being determined by the initial term structure and
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hence endogenised by the no arbitrage methodology.
10.3.4 Constraints to ensure path independence.

As we construct the binomial tree/lattice, the discount function evolves
according to the number of upstate and downstate moves only, not
their sequence. This condition implies constraints on h*, h, and 1T so
that at any time n, state i, an upward move, followed by a downward
move is equivalent to a downward move followed by an upward move.
We examine the restrictions required to ensure this path indepen-
dence.

First, consider a downward move, followed by an upward move to get
from PM(T + 2) to P 2*1(T). From (10.6) the downward move is rep-

resented by:

:'.':”:I AR |
Pt 1) = s e L RIT 41
f’;-l‘"'l(l}

and then from (10.5) the upward move is:

4 1”'(" I l:l T' 4= 1:]
P!f.l ;F.EJ{T] e - .{]
Juf }[ l:l

kT

Hence we have:

P + 2) b (T + 1) b(T)

Pi{ﬁ_i-?j{T} =
' Py PN

Also, we may write:

yind .
B
Pf ) { 1)

PENT 4 2) (T + 1) KT)
P™(2) he(1)

P:;r:+ 1 'l{ l}

Similarly, an upward move, followed by a downward move yields:

225



j'i-FH}ETI' + 2}
PM™(1)
BT+

PR T LD WT +1)

(n+2}
Fiy1 7(T) f’fff 1}“] h*(T)
and
d Pﬁ‘n+l_ﬁ 1 PI.{,LJ(E:}; |
an i1 (1) P:‘"][l] (1}
{n) s
(10.16) = P PIV(T 1+ 2)A(T 1 1) h4(T)
P 2) k(1)

The path independence condition means that (10.15) must equal
(10.16) so:

PEUT+ W0+ DA PP+ 2) A+ 1) b ()
P2y b0 (1) PU(2) h(1)
(10.17) =T 1 DR(TYA(1) = KT | 1A (T)h*(1)

From (10.13) we may express h*(-) as a function of h(-):

Eﬂjzl%%%ﬂ VT
so (10.17) simplifies as:

l—ahil+ 1)} s 1 —w k() 1—wh(l)
Th{?ﬂ]h{]] J”:T | I:l( — ) ( = )
1-=h(T'+1) I—Eh[’j"})(l-:h[l})
AT+ 1) ( h(T) (1 —wm)h(1)

1 ~ 5 5 1 —xh(l)
MT 1) QW}“)ﬁhqmm)

11—k m(1 — wh(1))
MEFD - O=mkOML  (=mhl)

1 —whil} w(h{l})—1)

O=m R AT T (1 =m0

Letting

1 —ah(1) e =(h(1) =1)

(10.18) 0 = O=mh T =m0
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we may represent the condition guaranteeing path independence as a
first- order linear difference equation of the form:

I a

g AT AT !

10.3.5 Solution to the first-order linear difference equa-
tion.

1 _ L .
Let 9 = 17 and so 97+1 = WTT1 and (10.19) may be written as:
(10.20) Gre1 = 0+

First, let x4 = E(x,) = X, + Ax and consider the solution to the homo-
geneous part of the difference equation:

(K —8)gr =0

which has the root & and the solution®l is gF,. = k,8", where k, is a con-
stant.

Now calculate the particular part of the solution:
[E = 15]51"1" = W
(E—-60E—-1)gr = (E-1)y

This equation has roots & and 1, so the particular solution®l is gF, =
k,d" + k3 where k, and k5 are again constants. Since 98 is included in
the homogeneous part of the solution, we exclude it and substitute g~,
= ky into (10.20) to solve for the constant. HencelZl:

ky — kad =
=‘:"}i‘i3 = m—ﬂ'

So the solution to (10.19) is
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P I
gr = G T 9;
= 7+ kid"

1
9 y . —_—
(10.21) = h(T) T

The initial condition on h requires h(0) = 1, so from (10.21) k4 =1 — 11
and the unique solution is determined as:

1

[?I, i —
(10.22) WT) = — =7

for T =0

Equation (10.13) gives the relationship between h(T) and h*(T) re-
quired to preclude profitable arbitrage. It may be used in conjunction
with (10.22) to solve for an h*(T) which maintains the no arbitrage
equilibrium. Substituting (10.22) into (10.13) to have:

"

1 = (1 ==)h*(T)

7+ (1 — =) &7 by
. - 1 B w
gl [—7 (I—m)m+(l—=)d7)
_— B a7
02 T Tra-mor

For a given pair of constraints, Tt and ® (which corresponds to a speci-
fication of h(1)), the unique arbitrage-free model is fully specified by

(10.5), (10.6), (10.22) and (10.23). Here 11 is the implied binomial
probability and & determines the spread between the perturbation

functions h(-) and h*(-).

MThese variable names are given here for completeness only; the in-
vestigation which follows defines these variables correctly in the ap-
propriate context.

[2IConsider (10.5) and (10.6) with T=0
P o) = —&—n—i{:_”flz 0) =1 = h(0)=1

, (=1}
P'_l".'w} = _‘l'_\-_::,. —- E:: {0 =1 = A%0)=1
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since all bonds mature with face value 1.

[81By the choice of € as the value resulting in equal portfolio values in
the upstate and downstate, we may also use the portfolio value after
an upstate move to give

P{TY + eP{t) = P{TYh* (T — 1) + £P({)h*(t — 1)
in place of (10.10).

[4IThis is the discrete time equivalent of the continuous time condition
that to preclude arbitrage opportunities the instantaneous return on
bonds of all maturities must be the same.

[BlHere the superscript H denotes the homogeneous part of the solu-
tion.

[®]Here the superscript P denotes the particular part of the solution.

[ZIMaking use of the definitions of y and  in (10.18) we calculate y/(1
—9)=T
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10.4 Relationship to Vasicek and CIR models

The Vasicek [60] and CIR [18] models describe the instantaneous
short-term interest rate by means of a stochastic process. Within the
discrete time HL model, the short-term interest rate equivalent is the
one period rate. To make a meaningful comparison of these models
we need to find the stochastic process described by the evolution of
this rate in the binomial lattice.

10.4.1 Calculating the continuous time equivalent.

10.4.1.1 General functional form.

Rebonato [45] presents a simple analysis by which the continuous
time equivalent of a discrete time model, modelled within a binomial
lattice, may be found.

At each time step t in a binomial lattice, there are t + 1 possible states
of the world and hence t + 1 possible values of the one period rate.
Consider time t = 1, there are two possible states of the world and in-
terest rates, denoted (1, 1) and r(1, — 1). Given the assumption that
the short-term interest rate follows a Gaussian process, the standard
deviation of the time t = 1 one-period rate may be represented as:

r(l, 1} —r{1,-1)

2 = {1,1)=r{l,=1) + 20VA1

(10.24)  ovAL=
where o is the absolute volatility of the one period rate.
Let r,,(1) be the median interest rate at time t = 1; hence:

Tm(l] == %[flllj -I—FI:I—]:]]
=l? T“*I} e -"m“] lﬂ"\@

and

r(1,=1) = rp(1)=—eVAt
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and so, in continuous time, we may write:
r(t) = u(t) +oz(l)

where u(t) is time t median of the short-term interest rate distribution,
o is the constant short-term interest rate volatility and z(f) is a stan-
dard Brownian motion. Now, apply Ito's Lemma to determine the sto-
chastic process for the short-term interest rate, r(t)= r(t, z(t)):

i dr 4 %
= % el + oz

ult]

Letting #i¢) = 2 the process for the short-term interest rate may be
expressed as:

(10.25) dr = 8(t) et + odz

where 0(f) is a function of the initial term structure. This is the case
since u(t), the median of the short-term interest rate, is determined as
part of the binomial tree calibration process.

10.4.1.2 Specific functional form of O(f) dependent on lat-
tice parameters.

Now we examine how this drift function, 8(f), is dependent on the spe-
cific parameters of the binomial tree. First, we make use of (10.5) and
(10.6) to determine the discount function at time n, state J, in terms of

the initial discount function and the perturbations required to get there.
Equations (10.5) and (10.6) are:

PENT 4 1)

PI: )

(10.26) P Ty \
(1)

h(T)
PINT 4 1)

(10.27) Pt (T)
| P

h*(T)
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Repeated application of (10.27) yields:

PN 1)
PRy
P 2T 4 2) h* (T +1) h*(T)
B Ry R
Pr=3NT 4 3w (T + 2) h*(T + 1) h*(T)
AR B PP

PI(T)

1

h*(T)

and

_ A0

£ 3)
.Iljiiﬂ 2’{_1] -

-P“L_”E]}
' P90y

(1) P a) h*(2)

_ PIT  3) W(T +2) (T + 1) *(T)
P33y e (2) h*(1)

Eventually we arrive at the formula:

T 4 n)

Pin)
i W n =100 4+ n=2) KT+ M+ =1) .. 0T
bl — 1)h*(n=2). . B (1) R{i — 1}... (1)

(10.28) P"T) -~

The above combination of perturbation functions results from the i up-
state moves and (n — i) downstate moves required to reach the it
state at time n. The order of the moves is not important since the time

n, state /i, discount function is path-independent. Equation (10.28) can
be used without loss of generality.

From (10.22) and (10.23) we have:
8T
F(1—m)d
Hence (10.28) may be written as:

W (1) = = = =87 h(T)

232



P(T | n)
Pin]
. MT 4 n—DAT 1 n=2)... KT +a)k(T1i=1)...
il =) in =2} . i e =10 (1) én -t gn? 6
” vo s A{T) ET+P=1 §T¥n=2 _ ST+
fifm = 1) b — 2} .. B{s) hfs = [}...frfl]ﬁ""i!l-""z...ri'
& PTtn) MT 1n—1KT | n-2)...0(T) §T{n—i)
Pln) bl = 1) l(n=2)... (1)

PN =

(10.29)

[8]

where the exponent of d is consistent with requiring (n — /) downstate
moves (and i upstate moves) to reach time n, state /.

Now, consider the special case of a one-period bond i.e. T =1. From

(10.29) we have:

P{“]{ 1) Plrn+1) hin)h(n—1)...k(1) "
" Pln) hin—1)h{n—2)...h(1)
P(n+1) e
W h‘.l[ﬂ}ﬂ'

But, from (10.22) we have:

1
A(T) = 7+ (1 —m)aT
Hence:
Py = P(n 1) an

Pin) 7#+(1l—=m)d"

To represent the interest rate term structure in terms of yields as op-
posed to discount functions, let r(T) be the continuously compounded
yield on a discount bond of maturity T; then:

IJ{JIPJ — r(T)T
(10.30) =>r(T) = -I”?T}

and so the time n, state i/, one period yield may be expressed as:
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) = - P

Pn | 1) gn=i
= —lIJ[ Pin) = f’“'“]"‘wl

[ P(n) ] T+ ({1—w)d"]
= In Pt 1)) I In [—.n = Jl
= In -ﬂ. ||]1[.1|'i“iil|:l—:}r1|"]
LP(n i 1))
(10.31) = In ) +In[mad™ +(1=7)] +ilnd
[P(n 1 1) “

Thevalueof i, that is the possible state at time n, has a Binomial distri-
bution® with probability gq. Hence at time n the mean value of i is u(i) =
nq. Since (1) is unique for every state and time, it also has a Bino-

mial distribution in i for each time n. The mean of this distribution, that
is the mean short-term interest rate at time n, may be calculated from

(10.31) as:

(10.32) fi (;-E'd{l}) = In [%] [ In :rT,Ji"l 4 - :T]l} [ nglnd

The first term in (10.32) is the implied forward rate, while the other two
terms give the bias introduced by uncertainty, i.e. d which gives the
ratio of the upstate and downstate perturbations. Consider the drift of
the short- term interest rate 0(t), in (10.25). This drift is chosen so as
to fit the initial observed term structure. This dependence on the initial
term structure is represented by the first term in (10.32), i.e. the im-
plied forward rate. The time dependence of 8(f) is indicated by the pa-
rameter n, in each of the three terms of (10.32).

The variance of the short-term interest rate may be calculated from
(10.31) as follows:

var (rf“*m) - E (rf“’m - FE [1'5"}{]}])2]
- E j:{s 6 —ngln e.:f]
— [IIIIII‘F]2 E [l:'r -1 r;}il

= (Iné)* var (i)
(10.33) = ng(l = q)(Inéd)*
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As the spread between the up and down perturbation functions (h(-)
and h*(-)) increases, so the value of & decreases! Y. An increase in
this spread implies an increase in variance, hence the variance is neg-
atively related to 0.

Consider the volatility o, of the short-term interest rate defined in
(10.25). This is the instantaneous volatility, hence for a specified time
period the volatility is o+/t. From (10.33) the corresponding time n
short-term interest rate volatility is In §v/4(1 — ¢)v/=.. Therefore the con-
stant value o is represented by In #v/¢(1 — ¢} since d and g are constant

parameters™ associated with the binomial lattice.

10.4.2 Comparing the modelling techniques.

By calculating the mean and variance of the short-term interest rate,
we have specified the stochastic process that governs its evolution.
This stochastic process depends on information contained in the initial
term structure; therefore the future evolution of the short-term interest
rate is determined by the initial term structure. Traditional one factor
models, such as the Vasicek and CIR™! models, do not fit the initial
term structure exactly since they specify the short-term interest rate
process exogenously. These two different approaches (that is the Va-
sicek/CIR on one hand and HL on the other) may be justified since
they are each applied for a different purpose. The traditional one-fac-
tor models, such as the Vasicek and CIR models, endogenise the
equilibrium term structure by attempting to determine a short-term in-
terest rate process that generates a meaningful equilibrium term struc-
ture. The purpose of the approach taken by HL is not to determine an
equilibrium term structure, but rather to price contingent claims consis-
tently with respect to the initial term structure. For this reason the
short-term interest rate movements incorporate information from the
initial term structure.

[8lConsidering the & terms in the numerator, we have:

ET—n—l §T+ﬂ_2 B .:’iT-i—E _ 5T—n—l+T+n—2+,..+T—i
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Here the exponent may be written as:

T+u—1
TH+n=14+T+n=24...+T+i Z k
E=T4i

_ Tii..h!‘_flzal:k

= LHEF )T b= = (T LT -1

Similarly, the exponent of the d terms in the denominator may be ex-
pressed as:

1—1
n—14tn—2+...+1 = £
k=i

= Flnr-1)—i(i—1)]

Then, to simplify, we subtract the exponent of o in the denominator
from the exponent of d in the numerator to yield:

FIT +a)T +n—1)= (T+ )T +i= 1) = Flnln = 1) = i(i = 1)] = T - i)

[PIAt each step of the Binomial tree the movement of the discount func-
tion is subject to a Bernoulli trial. A Bernoulli trial has one of two possi-
ble outcomes - success (1) or failure (0), where q denotes the proba-
bility of success. The Binomial distribution is made up of n identical
Bernoulli trials. It has the following characteristics:

mean = fng variance =nqg(l —¢)

(1913 is defined as h*(-)/h(-) that is, the down perturbation function di-
vided by the up perturbation function, hence © < 1 for all values of h(*)
and h*(-). As the spread between the two functions increases, so 6
tends to zero. Therefore:

Ind <0 Y 4
and 3"". Ind = —o

—

S0 ;i_nlr_l{ 1n<.'li]'3 =5

Hence the increasing value of the variance with decreasing value of 6.
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[MlParameter q is the binomial probability corresponding to the risk-
neutral probability Tt characterising the lattice.

[12]|n the most general form, the process used by the traditional Va-
sicek and CIR models is:

dr = k(0 — #)dt + ordz

where k, 8 and o are constants. In the Vasicek model = 0 while in
the CIR model B = %%. Since none of the parameters are time-depen-
dent, only the initial short-term interest rate can be fitted to a rate ob-
served in the market.
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10.5 Pricing contingent claims

The binomial lattice used to price contingent claims is characterised
as follows:

C —interest rate contingent claim,

C(n, _unique price of the contingent claim defined at each node(n,
i) i),
T — expiry time of the contingent claim,
set of payoffs of the contingent claim at expiry 0 < i< T
(i) — (since at each time n there are (n + 1) states, hence attime T
there are (T + 1) possible payoff values). Therefore the termi-
nal condition is C(T,i) =f(i), 0 <i < T,
L(n,
i), lower and upper bounds on the contingent claim price such
U(n, thatL(n, i) < C(n, i) < U(n, i),
)
X(n, _amount paid by the contingent claim at time n, state j, 1 < n <
i) T.

10.5.1 No arbitrage contingent claim price.

Let V be the value of a risk-free portfolio made up of one discount
bond with maturity T and € of asset C. Consider the time n, state i
value of the portfolio:

(10.34) V =P"N(T) +£C(n, i)

This portfolio is subject to an upstate move. Hence the price of the dis-
count bond becomes:

‘;11]:"?{11]

POHI(T _ 1) =
1 ]",f”l:l{l}

W(T - 1)
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and the value of the portfolio may be expressed as:

Viupstate) = PN -1 +€Cm+1,i+1)
i+1

f’,-{ﬂ}{T]I

PM(1)

:

BT -1)+£Cn+1,i+1)

Similarly, if the portfolio is subject to a downward move its value is:

V(downstate) = P™"NT—1)+€eCm+1,9)
PM(T)

W T =1+ £C(n+1,1)

By definition the portfolio is risk-free and so V (upstate) = V (down-
state). Therefore, the amount of asset C required to ensure a risk-free
portfolio is calculated as:

"y A
£ W) o gy tly

;_-l,l'lnr{l] In‘[ﬂlil}

(T=1 =&l 1,0 1 1) =Cn 1 1,4)

-F;l;."‘[jll Ih'll-r A ]_] - “I:‘_F‘ -] .II

[10.35) = £ =
PN+ L+ 1) = Cln 4 1,1))

Given this value of € the portfolio is risk-free over one period and
hence must earn the risk-free rate of return, 1/P\")(1):

V = Vidownstate) P{"(1) = V(upstate) PI(1)
= r.ll'{ﬂ:l{-r} + Er[”-f} s f-':,{“}{rjwll h.':;r_ l:l -E-EP;["}“}E{H- + l-f]

and making use of (10.35), (10.22) and (10.23) we may solve for the
time n, state i price of the contingent claim as a function of the possi-
ble contingent claim prices at time (n + 1):

PRI (T = 1) = 1]

Clr,) = PM)C(n+1,0) 4 R
[
. PT) [W—I] P
= P C{n+ 1,34

Jj:;":l{lr-! [*r:{!ll; t|13 ]
x[Cin+1,i41) —Cn+1,i)]
PM(1) Cln+ 1,0) + 7 [Cln+ 1,0+ 1) = Cla + 1,0)] P(1)
(1036) = |=C(n 1 Li}1) (1 —=)C(n i Li)P"
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Now the contingent claim may be priced by backward induction. We
know the value of the contingent claim in all states i at expiry time T.
The price of the contingent claim in each state / one period prior to ex-
piry i.e. C*(T — 1,i) is determined from equation (10.36). This calcu-
lated price is subject to the pre-specified boundary conditions; hence:

C(T = 1,i) = max [L(T = 1.i), min [C*{T = 1,8, U(T =1, )]

lteration of this methodology produces the initial price of the contin-
gent claim. Knowledge of the implied binomial probability and the one
period discount bond price P(; (1), at each time n, state i, allows us to

price any interest rate contingent claim. We conclude that the pricing
depends on the stochastic evolution of the short-term interest rate and
so this model may also be referred to as a one factor model.

The parameters 1T and & are not directly observable in the term struc-
ture, but are reflected in the valuation of contingent claims. An estima-
tion procedure may be used to ensure a best fit of the model-gener-
ated (theoretical) contingent claim prices to actual observed prices.
Since 1T and d are characteristics of the term structure and not of the
specific contingent claim, the estimated parameter values may be
used to price any contingent claim.
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10.6 Conclusion

This model is the first to allow a direct matching of the initial observed
term structure. The model contrasts to previously developed models
by considering the stochastic development of the whole term struc-
ture. Hence, each node in the binomial tree has a series of discount
bond prices (or equivalently, rates of interest) of various maturities as-
sociated with it. This contrasts to, say, the BDT model (Chapter 8)
where at each node, one only considers the value of the short-term in-
terest rate applicable over the next time step.

Models such as the Vasicek [50] and CIR [18] models hypothesise a
functional form for the stochastic process governing the evolution of
the short- term interest rate. They then attempt to determine parame-
ter values so as to match, as closely as possible, the market-observed
term structure. HL use a different approach by using the market-ob-
served term structure to specify the stochastic process of the short-
term interest rate. This allows all securities to be priced relative to the
observed term structure.
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Chapter 11: The Heath, Jarrow and Morton
Model
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Overview

Heath, Jarrow and Morton (HJM) [25] present a unifying framework for
term structure models. This framework introduces a formal elegance
and generality to the interest rates modelling problem. It shows that
the absence of arbitrage results in a link between the volatility of dis-
count bonds and the drift of forward rates. In fact, in the risk-neutral
world, the forward rate drift is completely determined by the specifica-
tion of the discount bond volatility function. Previously developed mod-
els can be shown to be special cases of this general framework.

HJM specify an initial forward rate curve and a stochastic process de-
scribing its subsequent evolution. To ensure that the stochastic
process is consistent with an arbitrage-free (and hence equilibrium)
economy, it is chosen such that there exists an equivalent martingale
probability measure.

The HJM methodology encompasses several new concepts:

1. A stochastic structure is imposed on the evolution of the for-
ward rate curve.

2. Contingent claim prices are not dependent on the market
prices of risk. This implies that inversion of the term structure
to solve for these market prices of risk is not required.

3. Evolution of the term structure is determined by the short-
term interest rate, which follows a process influenced by a
number of stochastic variables.

The derivation of the HIM model is rather technical in nature. It con-
sists of a series of conditions to determine a restriction on the drift of
the forward rate which ensures a risk-neutral and arbitrage-free pricing
framework. In §11.2 we impose conditions to ensure well-behaved for-
ward rate, money market and bond price processes. The relative or
discounted bond price process is also defined. In §11.3 we examine
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necessary and sufficient conditions required to ensure the existence of
a unique equivalent probability measure under which the discounted
bond prices are martingales. This is equivalent to ensuring an arbi-
trage-free pricing framework. In §11.4 we specify a final condition en-
suring a unique martingale measure across all bond maturities. It is
here that the forward rate drift restriction is explicitly specified. In later
sections | examine contingent claim pricing within the HIM framework,
compare earlier term structure models to the HIJM framework and ex-
amine conditions under which this framework gives rise to a Markov-
ian short-term interest rate process.
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11.1 Initial specifications

HJM develop their model within a continuous trading economy, with
trading interval [0, T], T > O fixed. Uncertainty within the economy is
represented by the probability space (Q, F,Q), where Q represents the
state space, F the o-algebra representing all measurable events and
Q the probability measure. Information becomes available over the
trading period according to the filtration {F;. t € [0, T]} which is gener-
ated by n independent Brownian motions {z,(f),...,z,(f): t € [0, T]} with

n=>1.

Assume there exist default-free zero coupon bonds with maturities on
each tradingday T, T € [0, T]. If P (t, T) represents the time ¢ price of a
T -maturity bond, where T € [0, T] and t € [0, T], then the following
must be true:

P(T,T)=1 ¥Telor]
Pit,T)>0 V¥Tellr|tel|0T
aln Pt T)

37 exists VT e|0,7], £t €[0,T]

Define the time t instantaneous forward rate fortime 7, T > t as:

Aaln P(L,T)

e T EE
T YT el0,7], t€l0,T|

(1.1} f[(t1.T) = -

Solving this differential equation for the bond price yields:
(11.2) P(1.T) = exp(—fo{z‘.y}dy] ¥Telo,7 tel0T]

The short-term interest rate at time t is the instantaneous forward rate
for time t, hence:

(11.3) r(t) = f(t,t) Yiel0,7]

Alternatively, expressed in terms of the bond pricelll:
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sy =-22000 _ gy [““'t’--f t ’*?-i--fw-f_:]

il hl Eu ]

= lim lin—'llulu':ﬁ
R P T+

[l PRI
= Jim |2 23052 4
wo | B (P{f,T | h) )]

- -] E
=r(t) = lim _}:(‘ﬁm_l)]
o [1— P(i,t+ h)
nod | RP(t, T+ hY

Hence the short-term interest rate may be interpreted as the rate of re-
turn on an instantaneously maturing bond.

MHere, make use of the Taylor series expansion of the natural loga-
rithm of a number:

.Ez .P'3
In(l14ax)y=a- 5 i TR where — 1l < ax< 1
Consider:
. PT) _ PT) _
Lt = T T ) CZ ey ek

By definition h is small, so P (t, T) is only slightly greater than P (f, T +
P, T
h), and P& TR T is only slightly larger than 1; hence:

P(t, T)

—_— 1
PLT+R)

Therefore applying this expansion:

i P(t, T} - Pit,T) . 1 ( O )ﬂ R
P(t.T + h) Pit.T ¥ h) 2\ Pt.T +h)
P(tT)
Pl 4 k)

since the higher order terms are negligibly small by the definition of h.
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11.2 Specifications of the various processes

We present a family of stochastic processes describing the evolution
of forward rates and hence uniquely determining the short-term inter-
est rate and bond price processes. A series of conditions is presented
ensuring the processes are bounded and well behaved.

11.2.1 Forward and short-term interest rate processes.

Technical conditions are applied to the processes defining the short
and forward interest rates as well as the money market account.

Condition 1

A family of forward rate processes. Define a family of forward rate
processes f(t, T), for fixed T € [0, T]:

t no
(Hr4)  fie, Ty — F0,T) - f afw, v, T de | Zf ai{w, v, Ty dzv)
v =17V
YO<t<T
wherel2l:

m {f(0O, T): T € [0, 7] } is a fixed, non-random initial forward rate
curve, measurable as a mapping f(0, -):([0, T], B[O, T]) — (R,
B) where BJ0, 1] is a Borel o-algebra restricted to [0, T].

m x:Q x{(f, s):0 <t<s < T} — Ris afamily of drift functions
jointly measurable from F x B{(t, s):0 <t<s< T} — B,
adapted and having

T
f |, t,T) dt < +oo  ae @
0

m 0;:Q x{(t, s): 0 <t <s < T} — Rare volatilities, jointly mea-
surable from

247



Fx B{(t s):0<t<s<T}— B, adapted and with

T
f a‘f{;a, LIT)dt<4oc ae. Q@ fori=1,...,n
0

Starting from the initial fixed forward rate curve {f(0, 7): T € [0, 1]}, the
n independent Brownian motions determine the stochastic evolution of
the whole forward curve through time. The sensitivity of the change in

a given maturity forward rate to each Brownian motion, is specified by

the volatility coefficients. The only restrictions imposed on the forward

rate process that have economic implications are:

= time is continuous and

» stochastic movement is specified by a finite number of random
shocks.

Condition 2

Regularity of the money market account. Given the forward rate
process in (11.4), the dynamics of the short-term interest rate may be
expressed as:

(11.5) r(t) = fl0, 1) + /-. ofw, v, 0} do -IZ[‘ gilw, v, ) dz;{v)

v {e 0,7

Now, define an accumulation factor or money market account B(f), as:
f
(11.6) B(l) — exp (f riy) cfy) VLE |H,T|
0

with initial condition B(0) = 1. The value of this money market account
must satisfy:

0 < Blw,t) < +oo ae @ ¥V Le|0,T]
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To guarantee that this condition is satisfied, we require:

T L i
f [0, 0)] dv < 400 and f(f Jex(ia, 2, 1)) ffr*) df < 420 ae

11.2.2 Bond price process.

Here technical conditions are applied to parameters of the bond price
process, thereby allowing the resulting bond price process to be well
behaved.

Condition 3

Regularity of the bond price process. To ensure a well-behaved bond
price process, the following regularity conditions are imposed:

2

t t
f (f Fi{w, v, y) d,'y) dv < 400 ae @
0 u

Ytel0o,7], i=1,...,n

‘ F 2
f (/ oilw, v, y) u‘.'_:,.r) dv < oo ae @
0 o

¥ Telrte 0.7 éd=1sayn

and

2

T t
t— f ([ oilw, -t'?y}da;{z'}) dy 1s continuous a.e. )
] 1)
YTell,i=1,...,m

Given Conditions 2 and 3 and using the lemma and two corollaries
below, we determine the bond price process.

Lemma 0.1
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This is a generalised form of the Fubini theorem for stochastic inte-
grals. Given the following:

(Q, F,Q) — probability space,
{F}—filtration generated by a Brownian motion {z(f): t € [0, T]}

let {®(w, t, a):(t, a) € [0, T] % [0, T]} be a family of real random vari-
ables such that

. ((w,b),a) €{(Qx[0,T])x[0, T]} = P(w, t, a)is L x B[O, T]
measurablel],

i. [old*(w,s a)ds<+wae Vite]0,T]
iii. [oT(JoT D(w, s, a)da)? ds <+ ae. V t € [0, T].

Ift — [o"(Jo" ®(w, s, a)dz(s)) da is continuous a.e. then:

f'(f' ‘H'“"“"“m) dais) = _/I_:f(j:r"'[“"- *‘-*'}n’ﬂ#}) da Y LED,T|

Proof | et x, and xg be characteristic functions such that:

1 forwe A
0 for we A°

xalw) = {

and

il = | forwe B
X B 0 forwe BY

where Aisaset{t:t € [s, T)} and B € F,. Now we have:

f‘/‘.-\".-].xﬂ EHﬁI&:f A{a"l}i{ﬂtf::,}kf;‘l]ﬂ}}{H]
BJA B
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where A is the Lebesque measure and Q the measure as-
sociated with filtration F. Also:

ffx_,;xﬂfisd'!' =f xaQ@(B)di = A(A)Q(B)
AJ R A

Therefore:

(11.7) f[x,-.xﬁdhfa—ffx,.x;,-dadf
BJa AlJm

Let V be a class of functions h(t, w):[0, ©] x Q — R such
that:
» (t, w) — h(t, w)is B x F — measurablel],

= for each t > 0 the function w — h(t, w) is F--mea-
surable and

= E [T ht, w)d] < o

Now an elementary function Y € V may be defined as a
sum of characteristic function asl®l:

Wt w) = Zt:j[w‘] “Xits ts21)(E)

>0

Since ¢ € V, each function e; must be th-measurable.
Hence we may define:

T
[3‘ &:ﬁ‘{i’. '-"-"'] IL:'.'[;{H-":' - Zf’?{w’} ['z!.r+1 - ’:EJ](M]

320

for some 0 < S < T. Therefore the Ito Integral of some
function h € V may be written as:

T T
f hit,w)dz(w) = lim f Pn(t,w) dze(w)
] WP R
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where the limit is taken in L?(P) and {,} is a sequence of
elementary functions such that:

T
E'[ {h-{!,.a.:]-i,’:n.{f,w):lzcﬂ —0 as n—o¢
Js

We have shown that the integral of any function h € V may

be written as the limit of the integral of a sequence of ele-
mentary functions. The elementary functions may be ex-
pressed as sums of characteristic functions. A similar re-
sults (used in the proof of the standard Fubini Theorem,
e.g. [16]) exists for the purely deterministic case. Hence we
conclude that since relationship (11.7) holds for character-

istic functions, it holds for any function ®(w, t, a).

For an alternative description of this proof see [33, Chapter
3, Problem 6.12].

Corollary 0.1.1

Assume Lemma 0.1 holds and define:

P(w. s, a) = {ﬂ i”ﬁeﬂl & [0,8] x [t, 7]
alw,s,a) if (s,a) € [0,] x [t,7]

Then

fu(f HI:.;.‘.H.H:IJU) dz(a) = f (fuu?{u',.u.ri]ldc.lf_ﬁ}) don ¥ oye|dl
o Wt t i

Proof
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j;;.r/: ofw, s, a) dadz(s)
= ﬂv ﬁ" $(w, 5, a) dadz(s)

T Y
=S / / P, 5, a)dz(s) da by Lemma 0.1
0 i

_ f fJ olw, s, a)dz(s) da
r L]

Corollary 0.1.2
_________________________________________________________________________________________________________________|

Assume Lemma 0.1 holds and define:

$(w, s,a) = {ﬂ if (3,a) & [0,t] x [0,7]
ofw, s,a)ly<q il (s,a) € [0,8] x [0, 1]

Then

'] ] [} u}.g
f(f r‘.'{,.-..'.ac,ujrﬁi) dz{s) f(f a[u},ﬁ.ﬂ]rf:l_atj) da ¥ ye [0

Proof Lo
[ [ﬂ{m,s,a}(fmfz{s}

o !
== / / Plw, s, a) dadz(s) since ® =0fora < s
S i}
Lopy
= ] f P(w,s,a)dz(s)da by Lemma 0.1
o Jo

& ahvy
— / f olw, s, a)dz{s)da since @ =0 for s > a
a0 J0

Now consider the bond price (11.2):
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PQ,T) = P—xp —fTIU--.yMy)

= InPET) = fm ) dy

Substituting (11.4) we havel®!:

T T i
(11.8) WP, T) = —-f _,-‘u_l,y}.:fy—-f(/ ﬂ{,_.,y}!h.) dy
F ¢ W0
= Tr rt
-5 [ ([ et
=1 *1 o

Now, apply the standard Fubini theorem to the double integral on
&(v,y) and Corollary 0.1.1 to the double integral on a{v,y) toget:

W PET) - - f " f(0,y)dy - f ( f; Tﬂ{i.-.y}dy) o
—Z / U oi(r,y fry) dai(v)
. f 10.9dy - [ ( fﬂuf.mdy) do
—Zf([ oy rff) dzi(v)
: f 50,5 dy | [ ( f afv,y rru) dv
(11.9) iZ f ( f nu)dy) dle)

Applying Corollary 0.1.2 to the last two terms of (11.9) gives:

[(£ ) ([ i)
3 N 2 Jo\J,
= A'(ﬁﬁ:(ﬂ,y}zh*) dy + gﬁ’([;”’:ih’!y] E.’z,-l:'l—']) i

and from (11.2) we know:

T
= [ £(0, ) dy = In P(0, T)
]
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Hence (11.9) becomes:

nP@ET) — lnrmna-f(flj"mw,y}dy) dv
—-Z f ( [ 7i(,y) m) dz:(o)
| ] ro.)d+ [ ( / ”Ti{«»ay)r:n) dy
*Zf(fw J}fff-{*]') dy

However, from (11.5) we havelZl:

[ﬂ vl = ftftﬂ,ylriyl [:( /Dw::ftwndv)dy
|Zf (fﬁ;i{? ) dz; (1 ]) dy

and so the dynamics of the bond price process are:

f 1l T
(11.10) WP, T) = WnJ*{0,T) +f rly}dﬂ—f (f n[r-.y‘rrfy) dv
a il ]
LU T
—Lf U a.[:-.y}dy) dsilv)
imn ] 2 .

Let:
-
(1L.11a)  ailwt,T) = --f ailw, b, y) dy fori=1,...,m
t
T | n
(11.11h) e, t,T) = —1 (l{u.!.y}dy+Eguﬂu,f.'r]

and (11.10) becomes:

f
(11.12) |=.1=u.'n_n.;-{n.:r'uﬁ{m-} + b(v,T)) dv

—;Zf <-:-‘|:-~.T:Im.~+}:f ay(v, T)dz(v) ae. @
i=l1 " =1 il
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which may be expressed in differential form as:
dln F(t, 1) (m b b1, H--Za t. f]):ir | Z (t, 1) d=:t)

Now applying Ito's Lemma, we find the differential equation satisfied
by the bond price P(t, T), to be:

I

- 1 8°F , apP
(T = M= : N din ) § —
df(t. 1) d(In I*) | 2 in PP d(In ) d(In 1*) | 3 ft

ap
{1n 1)
where

ap . a%p

— = :
d(In P) A(In P)*

and so:
dP(t,T) Pf_.r,?“.-(ru_!l b B2, T) EZ (T .)..':
=l
1!'“.]":I£:u,-|;.f.f Jalz; () 4 Ef'{f,f':li-:u?[!',';"]fﬂ
(1113 = P, THe(t) +8{,T7)) ot 4 P{f.‘f‘}Elra.u.'."]d:.u} a6
Since in (11.13) both the drift term r(t)+ b(w), t, T) and the volatility co-

efficients

a(w, t T),i=1,...,n, may depend on the history of the Brownian mo-
tions, the bond price process is non-Markovian.

11.2.3 Relative bond price process.

Let 46T = 'ﬁTT2 T [0, 1], t € [0, T] be the time t relative price of a
T -maturity bond. Here, the bond price is expressed in terms of the
money market account, so its drift with respect to the short-term inter-
est rate is removed. Make use of Ito's Lemma to determine the dy-
namics of the relative bond price aslé!:
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8Z(t,T) o . BZ(LT)

dZ(t,T) B 0+ 3p0 T dP{t,T)
Eij‘::’ﬁ dP(1, T} dP(1, T)
- —%rfﬂ[f} | % 0
- BODBOA gy i) D
| izj;“-“'ﬂﬂéf#"*-“}
(11.14) = Z{1,TYh¢t, Tt z(r.T]in:{r.T} dz(t)
=1
Also:
dnZ(t,T) = %;vun 1%:-‘:’“ T) dZ(2,T)
¢ ) az(t, T
7T ”.mr T) - “2“ T4 1) Zlu?u.'f'y.-ﬂ
{11.15) -~ (.':[J.Tj —%fn?u.ﬂ}{u + ir-.{f.'f}ff:d-'?
o1 r

Hence the integral form of the relative bond price process is:
. e R T T Y e
(11.16) InZ{t,T)=IZ(0,T) 4 f b, T et — E}:\f ai{e, T)do
i e i

" i
I Zf ay (v, T) dei(e) ae. )
fuu] =

Again, the relative bond price is non-Markovian since the drift and
volatility coefficients may depend on the history of the Brownian mo-
tions through the cumulative forward rate drift and volatility terms b(w
wNanda(w, ", T),i=1,..,n

[2lHere, and in subsequent formulae w denotes the possible depen-
dence on the history of the Brownian motions.

Bl is the smallest o-field on Q x [0, T] such that all left-continuous Fr

adapted processes Y :(w, ) € Q x [0, T] — Y (w, t) € R? are measur-
able.
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[4lAs before B represents the Borel o-algebra on [0, ).
[BIThe following has been adapted from [43].

[(lHere to improve readability, we suppress the notational dependence
on w.

[/IDirectly integrating (11.5) yields:

2 L] B L} n ] ]
qar—[ i”-”.lf(f 1-.](-)! }‘(f .:.H_r.-:-l)}
J{U LYoy o I 1 arer A i e, 8o trer I ; * o ¥ r .F.l ¢ T LigT]

However, by definition of «(v, y) and o(v, y) as drift and volatility para-

meters of the forward rate process, we require v < y forall v, y € [0, T]
and hence the upper limit on the inner integrals must become min (y,
)<y AL

[B]Dynamics of the money market account are easily found from (11.6)
as:

f
dB(t) — exp ( f r(u)dy)r(t)dt — B(t)r{t)t
(4]
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11.3 Arbitrage-free framework

In (11.13) we found the bond price process, under the probability mea-
sure Q, to be:
dP(t,T) = P(t,T) (r(t) + b(2, T)) dt + P(t,T") z ai(t, T) dxi(t)
i—1
Absence of arbitrage may be equated to the existence of a probability

measure @ such that all discounted security prices are martingales

[22]. We wish to find this martingale probability measure such that it is
equivalent® to the market measure Q and the drift in (11.13) becomes

r(t). Hence we wish to find a vector of Brownian motions {El(t),..., Zn
(t): t € [0, T]} with n > 1 (and associated adapted processes {Y({); t €

[0, T]} which define Zi(t) = — [qf y{u) du + z{t), i = 1,...,n) such thatl10):

L]

dPt.T) = P(T)(r(t) +b(t,T) + > aslt, Ty(t)) dt
i—1
+P(,T) D aslt, 1) (—vilt)dt + daili))

g=]

with
(11.17) b(t, T)+ ) aslt, T)vi(t) =0
=]

Since, by definition, b(t, T) represents the cumulative drift of forward
rates over [t, T], (11.17) implies a restriction is required on the forward
rate process to ensure arbitrage-free pricing.

11.3.1 Specification of the martingale measure.
Let us examine necessary and sufficient conditions on the forward

rate process ensuring the existence of a unique, equivalent martingale
measure and hence arbitrage-free pricing.
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Condition 4

Existence of the market prices of risk. Set Sy,...,S, € [0, T] such that 0
<§;<S,<...<§, < Tand let A be a Lebesque measure. Assume
there exist solutions

vl 81 S0) 20,5 =R fori=1,....n se QxA\

to a system of equations specified as:
(11.18)

it 5) al(t, 51} ... aut.5)) mr..*-. ........
b{.’..h',,:l i (t, 5] anlt, Sn) ] [valt: '3|_
Also assume that these solutions satisfy the following three condi-
tionsM1:

(11.19a) oy de < 42 ae d fori=1,..., 1
(v}

(11.19b) E% {exp (z [ 1ilv; 51, - . ., S )dzi(v)
i=1 0

T 5'1 1
_;Ef ??hriglf"'r'ﬁn}dl')J = ].
i=1 [}

(11.19¢) E¥ [L'Kp (z f”{"l["u’ﬂ + il 8y, ..., 8n)) d=ifv)
=10
1 i £ : .
EZL {u."{!',y} | ‘fri{r':ﬁ'h..._."i'n]j tfr*) =1

for ye {5;, ..., 5.}

fory € {S4,...,S,;}

From the system of equations (11.18), we may view Y{(f; Sy,...,S,), I =

1,...,n, as the market prices of risk associated with each source of un-
certainty, that is with each Brownian motion z{(t), i=1,...,n

260



The market price of risk is defined as the mean rate of return in ex-
cess of the risk-free rate of interest, normalised by the volatility of that
return. From (11.13) the instantaneous expected return on a T-matu-
rity bond is r(t) + b(t, T) with aft, T), i = 1,...,n, the corresponding in-
stantaneous standard deviations of bond return due to the " random
factor. Therefore, interpreting v{(t; S;,...,S,), i = 1,...,n, as the market

prices of risk associated with the sources of uncertainty, this market
price of risk relationship may be expressed as:

(11.20) bit, 1) =D ai(t, T (—%(t; 51, .., Sn))
i=1

where the market prices of risk y((t; Sy,...,S,), i = 1,...,n, depend on
the specific choice of bond maturities {S,...,S,}. We see that (11.20)

is equivalent to (11.17) which was derived using a heuristic argu-
ment2].

The above Condition 4 guarantees the existence of an equivalent mar-
tingale measure. This is shown by means of the following proposition.

Proposition 1

Existence of an equivalent martingale probability measure. Set S,
...»S, € [0, T] such that 0 <S; <S, < ... < S, < T. Given a vector of for-
ward rate drifts {x(-,S1),...,&(",S,,)} and volatilities {o(-,S4),...,0(",S,)},
i=1,...,n, which satisfy Conditions 1 - 3, then Condition 4 holds if and

{Z(t, Sq),...,Z(t, S,)} are martingales with respect to {F; t € [0,5,]}.

Proof The proof of this proposition is by the following two lem-
mas.

Lemma 1.1
]
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Assume Conditions 1-3 hold for some fixed {S4,...,S,}€ [0, T]; 0 < S§; <
82<...<SnST.

Define
t n o
Xty [ v, y) v 4 Ef ailv, y)ldylv) Yie [0yl ve {5, ...5])
(1] i=1 il

Theny;: Q x [0, T] — Rfori1,...,n, satisfies the following four condi-

tions:
B(t,Sq) ar(t, &) ... an(t,S1)] [m(t) 0
+ = |: ae ) x A
i. hir__r_.:'"] ﬂl':r--sn} ﬂ.,,U,_ ‘SFIJ .f!a[f] 0
i. [o31YA(v)dv<+ooae Qfori=1,..,n

T _5"1 " SI.
E? lm, (Z f sle)dlv) — 5 3 [ 7 (v) d)] =1
ii. =170 “ =1 70

n [+
EY [uxp (Ef (a:(v, u) + wilv)) dziv)
__Zf (i, 3} + 7ilz))? da)] ~1 forye{S....,S.)

V.

if and only if there exists a probability measure @Qs,...s. such that the
following are true:

- $ "
N dfa:}q 2 — exp (E/ “i(v) dzi(v) — -Zf % Flf‘l”)

;‘_,HI -nnﬁn.

b. (t) = (t) — It y,(v)dv are Brownian motions on {(Q,
d;r{s.:a-l‘;] .5 u.,,{h.ﬁ'l}] rzfl-m-sn{s.}]
ax(t.8)] a8 ... antt, S Lazsos

c. forte|n, S
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d. Z(t,S;) are martingales on {(Q, F‘jﬂv ), (F; t € [0, S4])} for i

=1,...,n
|

Proof In the first part of this proof assume (i)-(iv) hold and show
that (a)-(d) hold. Make use of the Girsanov Theorem; see
[21, Corollary 13.25]. Properties (ii) and (iii) satisfy the con-
ditions for the Girsanov Theorem, so there exists a proba-

bility measure Qsi....5. 0N (Q),F) defined by (a) and a corre-

sponding n-dimensional Brownian motion on (Q,F, @y.......:.-..)
defined by (b).

Consider the stochastic differential equation (11.14) de-
scribing the evolution of the relative bond price Z(t, y):

dZ(t,y) = Z(t,y) bit,y) dt + Z(t,u) S aslt, y) dzi(t)

i=]

dZ(t,y) | R i s
Zl[fy::l 'h“'r 9‘} it + g“:“,ff} dz; I:.”
hence

(11.21) fr'jz""'""” fri’ bt +§n f (v w) dzilv) = X(t.u)
o — - LIRS T A [ TN SR ALl
v Al n o =170 N .

by the definition of X(t, y) and for all t € [0,y],y €{S1,...,S,}-
Therefore:

dX (t.y) = b(t.y)dt + Y ai(t,y) dzdt)
i=1

and from (i) we have:
bt y) = Y a:(t,u)(—nlt)
So:
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dX(t,y) = 3 ailt,y)(—vt) dt + 3 ault,y) dzi(t)
i=1

i=1

— Z a1, y}{dz,-{f] — %i(t) dt)
i=1

=Y ai{t;y) d5t S (1)
i=1

by definition of S (b)and forall t € [0, S4], ¥
€{S4,...,S,}. Hence (c) follows.

From (11.21) and (c) we have:

fiz“-ﬂ] T _ . -] IR N
7y ~ Xty f;mtr-..y}ehf (t)

= Z(t,y) = 72(0,y) Zf Z(v,y) ai(v,y) dz;" 5" (v)
Now by [43, Corollary 3.2.6] Z(t, y) is a martingale and
hence (d) is satisfied.

Conversely, assume (a)-(d) hold and show that (i)-(iv) are
true.

Again by (11.21) and (c) we have:

dZ(l, y)
Z(t.u)

= d.’\*{f.y] — Zﬂf{fry}difhnlrﬁ"{f]
i=1

df.:g]_, ey Sn . . .
where “<i (t), i =1,...,n, are defined in (b) as:
Az S () = dalt) — w(t) dt

T

Hence:
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7 y] =" a(t, y) (dzilt) — lt) di)
: i=]

=D alt,y) (=w() dt + ) et y) dz(t)
Butin (11.14) the process for Z(t, y) is defined as:

dZ(t,T) = Z(t. T)b(t. Ty dt + Z(¢,T) Y ai(t, 1) dz(2)

=1

Hence:
— Zﬂfr(f'w} {_
i=1

and (i) holds. The stochastic integral of any variable y/(f)

with respect to a Brownian motion z(f) is defined only if y{)
is square integrable (see [30, Definition 1.5]). Since this in-
tegral is defined in (a), y/(f) is square integrable, and hence
(ii) holds. The Radon-Nikodym derivative (a) defines the re-
lationship between measure Q and ‘3*5 hence:

1= E3s05 1]

oo 15 0e)

which proves (iii). We have
Z(t.y) = Z(0.u)exp (2[ ai(v, y) dE™ o y) = l, l:f ﬁ?h-.u}‘"')
P (1] * i 1]

and by (d) Z(¢, y), t € [0,S4], y €{S4,...S,;} is a martingale,
SO:
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Z(0,y) = E¥fm 2085, vl

LI N ey
= EY lx{"_ iyl exp (Zj e, .‘-I'}"!'E"'-"'"""'-"fr'fl = %z [ ,,-Il:r'ip.-. I;;} dr.‘)
im140 =i 0
B OEXp (t fm Tilv)dz(v) = —I’ ifh -,?{:-_Iuh-)]
1=-. ;s o |=] o
" 5 L 8
=E? |iz[ﬂ,y}u:tp (Z/ ialv, w) dzi(v) = Z] n.-[v.y}*,-.—[l'lmr)
i=1] . i=1 a
X oeNp (_l} Z f i ‘l?[-.l-__y}fb- + E[ Filw) dzy(w)
- i=1 ¥ i=1 1]
] Fi -?‘Il i
_E El_/-. "_,:{r'}d'}r):|
T 8
2{0,y)EQ [vxp (Zf {oa(e, 1) + %ilv)) dzlv)
. 1 r|I - i @
=5 Z_/: (a:(r,0) + ﬁ.ti'.ﬂl'fﬁ')
Hence (iv) holds.

Lemma 1.2

Assume Conditions 1-3 hold for some fixed {S4,...,S, [0, T[; 0 < S; <
82<...<SnST.

Define

! ™
Xt w) f bli, y) e 4 E f ai(v.y)dzlv) Vi€ [y, v € {5....,.5]}
! i=1 78

Then there exists a probability measure Q equivalent to Q such that
Z(t, S;) are martingales on {(Q,F,Q), (F;; t € [0,S4])} forall i=1,...,n, if
and only if there exists y;:Q x [0, T] — Rfori=1,...,n, and a probabil-

ity measure @si...5. such that (a), (b), (c) and (d) of Lemma 1.1 hold.
__________________________________________________________________________________________________________________|

Proof First, suppose:
m there exists a probability measure Q equivalent to

Qa
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m Z(t, ¥),y € {Sy,...,S,} are martingales under Q,

and we need to prove there exists:
m Yy, i=1,...,n,

= probability measure @si..s.,
such that (a)-(d) hold.

Since probability measure Q is equivalent to Q we know, by
the Radon- Nikodym Theorem (see [49]), that there exists a

non-negative random process N(t),t € [0,S4] such that:

dQ)

0 = NG

For any generic process to be a Radon-Nikodym derivative
it must satisfy the following three conditions [45]:

1. N(0) =1,

2. N(t)>O0forallt €[0,S4],
3. E9 [N(S))IF] = N(t).
Defining N(t) such that:

n | n !
N(t) = exp (ij ~i(v) dzi(v) — l} Zﬁ + (v) :f.?:)
e T i=l

then (1) and (2) are met. Taking the natural logarithm of
N(t) we have:

In N (t) Ef vi(w) dzi(v) Z] ) dv

= dIn N(t Zwﬁ‘ dzi(t) ——wa{f
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By Ito's Lemma we have:

’ AN (1) oo TR . .
N(t) = ————dIlnN(t) + = . N N
dN(1) ﬂhm_,[”dln x_r,+__,m"M”quu\[r;dm\{:]
= .“l.'{er*:;U]ld:.-[r} ~ _—'Jh’:-'}zf-:*ir} dt | %-\'U‘.-Z':.?UH-*
i=1 = i=1 = =1
= N(8) D wltydu(t)
i=1

which, by the converse of the martingale representation
theorem (see [43]), implies that N(t) is a martingale and (3)
holds. All the conditions for N(t) to be a valid Radon-

Nikodym derivative are met. Hence let ¥s....s. be the equiv-
alent probability measure defined by this specific formula-
tion of N(f). Then (a) holds, and by the Girsanov Theorem
(see [43, Theorem 8.6.4]) the new Brownian motion,

ot PR, Sn
b (f), i=1,...,n, corresponding to the measure

@si..5. is defined by:

Zp(t) = -af['f-]'_ﬁ vi(v) dv
and (b) holds.

Z(t, y),y € {Sy,...,S,,} are martingales under probability
measure Q, more specifically the}/ are martingales under
the specific probability measure ?s:...s., and (d) holds. By
the martingale representation theorem we may write:

dz(t,y) = E wilt, ) 2715 (1)
i=1

ry oy el )
Now we may define %4 ¥) = S8 i=1,...n, and so:
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dZ(t.y) = E{f-,y}Zrit{Ly}rI&f"“'“‘-""{f]
i1
LdZLY) N s s
= Z(t,y) _gul(":?yjd-’ﬁ (1)

However, by the definition of X(t, y) we showed above in

(11.21) that:

Z(t,y)

dX(t,y) for y & {S1,:..,5,}

and hence (c) holds.

Conversely, suppose there exist
=Y, i=1,...,n,

= probability measure ‘f’ﬁz-

such that (a)-(d) are satisfied; we need to prove:
m there exists some probability measure Q equivalent
to Q,

m Z(t, S)),i=1,...,n, are martingales under Q.

Since @si.-.s. and Q are related by the Radon-Nikodym de-
rivative specified in (a) they are equivalent, and we may set

Q = 9si..s. . By(d) Z(t, S;), i = 1,...,n, are martingales under
@s...s. and since Q= Qs,..5, they are martingales under Q.

Hence, by the proofs of Lemma 1.1 and Lemma 1.2 we have proved
Proposition 1.

This proposition states that, if Conditions 1-3 are satisfied, then Condi-
tion 4 is necessary and sufficient to allow an equivalent martingale
measure ¥s....s. to exist. An important feature of the proof of this

proposition is Girsanov's Theorem, which defines the equivalent mar-
tingale measure as:
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(11.22) JQ":'}&;"'S" exp (Z [ wtwisin . Saddsto)
=1
Zf {! S, dl)

and a new set of independent Brownian motions

(11.23) 3% (1) = ;.:r}—f W(v: 81,....8.)dy foti=1,..., n

on {(Q,F, @si--s.), {Fy: t € [0,S41}}.

An additional constraint needs to be imposed to guarantee the unique-
ness of the equivalent martingale measure.

Condition 5

Uniqueness of the equivalent martingale probability measure. Set Sy,
.S, € [0, T]suchthat0 < S;<S,<... <§, < Tand assume

|im{f.&] ﬂ:r':t1511
a4 [tsf’rn} v G"_{f, Hn]'
is non-singular a.e. Q x A.
I

This Condition 5 is both necessary and sufficient to ensure that the
equivalent martingale measure is unique. This is proved in the follow-
ing proposition.

Proposition 2
|

Uniqueness of the equivalent martingale probability measure. Set Sy,
9, €10, Tl such that 0 <S§; < S, < ... <§, < T. Given a vector of
forward rate drifts {x(*,S;),...,&(:,S,)} and volatilities {o/(-,S1),
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~.0{(-,S,)}, i =1,...,n, which satisfy Conditions 1-4 then Condition 5
holds if and only if the martingale measure is unique.

Proof The proof of this proposition is by the following two lem-
mas.

Lemma 2.1

Set S < T and define B;: Q x [0, T] — Rfori=1,...,n, to be such that
[05(v) dv < +o0 a.e. Q. Also define:

o "
X p (:" a'ifl[lr]:h')] > m}

f=

mn T Al *.-‘--. T Ak A
M™(t) = exp (Ef Bilv}dzi(v) — l}lof 5 (®) d:-)
i=1 /0 =170

Tw =inf {a‘. €[0,5]; E

Then

E

7] ‘t_,. L Q‘
exp (Z fﬂ B:(0) dz;(v) - 'EZ ﬂ _a?(-a)tn.-)] =1
i=1" T e

if and only if {M™(S)}*,,-1 are uniformly integrable.

Proof Since Bi(t), i=1,...,n, is by definition, a square integrable
variable on(Q,F,Q), then the Ito integral, given by X" (t) =
324" [ o Tm B{v) dz(v) follows a continuous martingale on
(QQ,F,Q)[41, Proposition B.1.2.]. Every martingale is a local
martingalel’3], so by [21, Lemma 13.17]

M™(t) = exp (x (t) — (XM X “'}{-'})

i 1. 1 T EAT
= exp Zﬂ Si(v) dzi(v) — 5 Z [J 3 (w)dv
i=1 = =1 V1
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is a supermartingale.

By definition, T,, is the lowest t € [0,S] such that

E

exp (Jj i AI 3?[1-':1 n’w)] > m
i=1

Hence for all t < T,, we have E [exp(Y2 S [o! BA(v) dv)]
< m, and in particular E[exp (V2 =" [o'm BA(V) dv)] < m.
Hence

50| oG04

and so by [21, Theorem 13.27] the supermartingale M™(t), t
€ [0,S] is a martingale and

(11.24) E[M™(t)]=1 Vielo,S)]

Now we need to prove both sides of the ‘if and only if' state-
ment:

1. Assume {M™(S)}* -4 are uniformly integrable. By
[21, Corollary

o R

R 5 ] L] bl
T E W LN = — ¥ i . 2] — = .r? " 1
lim_A™(S) LKP(§.£ Gile)dz(v) z;f B (v)dr

as and in I}

Taking expectations:
g |:EH’ (gﬁﬁ}iﬂtl']‘hﬂ:?ﬂl | %g}:f"lfhr} rfi‘)] : H:HH'."’- E[M™(5)] =1

by (11.24) above.

2. Conversely, assume
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n g . r =
E [L-xi.'- (Z f Bi(v) dzi(v) — -'J > f ﬁ?{t*]ldt')] =1
i=1 70 “ =170
then this is a martingale and so
E [EH|J (iﬁs_{-f‘{{-}m,(tr] - {; i: /:5 ,ﬁ'?{r]rii')

Hence by [21, Theorem 3.20] {M™(S)}*°,,,=1 are
uniformly integrable.

I'},_] = M™(S5)

Lemma 2.2

Assume that Conditions 1-3 hold for a fixed set {S4,...,S,} € [0, T], 0 <
Sy <... <§, < 7. Also assume that the following four conditions of
Lemma 1.1 hold:

B(t,S) a8, &) .. an{t,S1)] [=(t) 0
|+ : =]z ae@xa
i. bl:f.."'!',,,] “l':f-slr} ﬂn“-snj .J'!u”] 0
i. [oS1YA(v)dv<+ocoae Qfori=1,..,n

E {w{].‘l (Zf l vi(v)dzi(v) — i} E-/ L -"I.-?{'p_l}(hr)] — 1
ii. i=1 70 “i=170

EY

exp (Z f (as(v, %) + *:;Iir'll}d:s{v]]
=1 0

| n 5' .
3 Zf (i (v, ) + i () dr')] =1 fory€ {S,...,5}
| i

\2
Then y((t) for i = 1,...,n, satisfying the above conditions are unique (up
to A x Q equivalence) if and only if

ai(t,S1) ... an(t.51)
At) = :

2 {i, S“:] R ﬂ'h{f! Sﬂ]
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is singular with (A x Q) measure zero.
|

Proof First, assume A(t) is singular with (A x Q) measure zero.
Since condition (i) holds we have:

am(l.51) ... an(t,51)] [nlt) Ti(t) b{t, &)
: | =Am ) o | =]
ai(t,5.) ... an(t.5,)] [¥=(t) “nlt) b, 5. )
Singularity with measure zero implies A(f) is invertible;

hence we may solve for unique (up to A x Q) y{(f)s ;i =1,
...,h,as:

Tt} b(t, 51)
: | =-=AR)" :
Tn{ﬂ b{f? *5'::)

Conversely, define 2 as the set on which A(f) is singular,
thatis 2 =<{t x w € [0,S] x Q: A(f) is singular}. Assume that
> has (A x Q)(Z) > 0. Then proof is by contradiction. Hence,

having assumed A(f) is singular, we wish to show that the
functions satisfying (i)-(iv) are not unique.

Firstly, since (i)-(iv) are assumed to hold, we have a vector
of functions (y(%),...,Y(t)) satisfying these conditions.

Part 1 We wish to show that there exists a bounded,
adapted and measurable vector of functions (d4(t),...,0,(t))

which is non-zero on 2 and satisfies:
51(8) 0
8 (1) 0
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and where g(t), defined as:

- Ll 4 " i ] . 1 " i .
glt) = ex 8w} dz{v) - Aoy () — 2w} dv
g P (ZI { Z_T‘-/"' ()l ‘?Z-[ { )
is bounded a.e. on Q.

Let 2; = {(t, w): A(f) has rank i}. Z; has the following proper-
ties:
= 2, is a measurable set,

m D= U,‘=1n_1 Zi’

u Zimzj'=®f0ri:/:j,

Fix B > 0. On each 3, set 8B(t), i=1,...,n, to be a solution

tol14l-
O
syl o

such that 5B(t) is bounded by min {B, 1/y(t) i=1,...,n}.
Also, let 8B (f) be zero on 3% i = 1,...,n. By construction,
5B (t) are adapted, measurable and bounded by B. Also:

Z‘] 0)3(v) do | —Zj 57(0)? dv

< ni+ ._Ent.'r]
= 2+ %3 nt a.e.

Setx =inf{j € {1, 2, 3,...} :(*2)% S < 1} and define induc-
tively the following stopping times:
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= Iml{r el0,s :i f r SV ) dzy(w) 2 _;)
7, —inf ft 0, § Zf ST oy s ) 2 {%}J) for j —2,3,4,...

We need to show that the claim Q(lim,_ ., T;= S) = 1 is true.
First consider:
d

1 : S1jayite 42
s [ (e i
i = -1

by Chebyshev's Inequality

“‘;L}u; ﬁi_l( }-EJ"") i

by the boundedness of 67 (v)

= 7w . ({%J*""')?iﬁ—a-:i

Qv < §|Fe, )

n 5 —_—
S [ s 2

i=1*T1=4

1A

A

1A

- (%)?’ (-'.:)2'3
< (é)h hy choice of a such that (3]*285 < |

and hence E [Q(T; < S|F; )= Q(T;< S) < (V2)%. Now con-
siderl12l;

Q(Jlinlu T < .a') < cg(ﬂ{f, < .ﬁ':) inf [Q(ry < 8): 5 =1,2,3,... | =0

y O |
Hence:
Q{jim 7 - 5) ~1-QJim 7 <5) -

and we have proved the claim. Set

a4 .1'+1] '

8i(t) Zi“} SRy fori=1,....n

By this construction of d(t) we know it is bounded, adapted,
measurable and satisfies:
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aq(t) 0
Alt) [ : ] = |i] ae A x(Q
3, (1) 0

Also for all t € [0,S] we have:

g

YOS

=0

S Gv)dzi(w)

=1V

and so
gli} — exp (i/l.r & (n) dz, (v} — i frf‘l',{r'}':u.{r]:f!' — ;—if: r'if[:r-}-h-)
=i ¥0 i-1+0 i1 *0

is bounded a.e. A x Q. Part 1 is complete.

Part 2 Now to complete the proof, we wish to show that
(Y1(B)+ d4(1),...,Y(E) + B,()) satisfies (i)-(iv).

Consider condition (i). We need to show that:
b(t, 51) Ti(t) + &:1(t) 0
: + A(t) : = |: a.e. Q x A
b(t, Sp) Aa(t) + B (1) 0
Since (y4(%),...,Y,(f) satisfies (i) we have:

b(t, S1) 7(t) 0
: + A(t) : =|: a.e. G x A
b(t, Sp) Y (1) 0

and by construction above

o1(t) 0
dn (1) 0

Hence condition (i) is satisfied.
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To satisfy condition (ii) we require
S 9
f (“:';.(t'} + '511{'13]) dv < 400 ge @.1i=1...,n
0

Expanding the integration, we have:

ﬂSI ('},[;{?} + i5,,{'t«'])2d'r=

b= 5 5
— / "f?fl-‘} de + Ef ~ilv)d;{v) do + f :'.':E {v)dv
0 o 0

Since Y((v) satisfies condition (ii) and from Part 1 we know

{ i
[ s [ o
o ]

is bounded, we conclude (y,(f) + d(t)), i = 1,...,n, satisfy
condition (ii).

Condition (iii) requires:
Li =y : L Ll - 1
E [exp Hilw) + &vidmiv) - = {lw) + & (e))” :fv') | =1
= (S 321l s sl

To show that this condition holds, follow the proof of
Lemma 2.1. Define:

Tw = inf {I €[0,5): E

i ] I
pr(%}_:_/; (yelw) + ti.h.].}ldl')] > m}
gl
A T A

M™(t) = i_*}.p(Zf (=) + 6 (o) Yel=e( )

, - e :

__?Zf (i) l‘d-{i'}]:ﬂli")
=i | 1]

and we need to show that {M™(S)}*,,,-1 is uniformly inte-
grable.

We have
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T -'-b
M™(S) !.xp(Zf vilw) dz (v) = -Zf ‘1 (v ;D!‘i:)
AnS TS
K EXp (L] oz {v) — Zf wile) o (v hele

Er a2 (v)eln
Eéﬁ tt!)

From Part 1 we know that

txn(l,f 8iw) dei(v) — Lf umta]:fr—-Lf #v) m)

is bounded by some value, say K> 0. Hence:

T 5
0= M" fb‘l‘-‘if\e):p(}_‘f ilz) EL.{:}——Z/ I.::'It-hﬂ)

and since Y/(t) satisfies condition (iii), the right-hand side is

uniformly integrable and hence it may be shown that M™(S)
is uniformly integrable.

Finally to show that condition (iv) is satisfied, we must

show:
{[\ll (Zf l.']>| ;;‘I}n‘_-, I::}--Zf{c[:r(, 1.., m_.)] —1

rﬂ]— J & {Hl . '-e‘c’IH]

where ®(v, y) = a|(v, y) + Y, (v) + d{v). Again, following the
proof of Lemma 2.1 we define:

T = inl'{i' €[0,5]: E |:exp (;i]%‘?{ruy}}ﬂ dr) > m]}

o LY |

A
M™(#) = exp (Z/ (P(e, y)) dz 11}—-2] (B, ¥)) r-ft)

and the condition holds if {M™(S)}*,,,-1 is uniformly inte-
grable. M™(S) may be decomposed as:
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M™(S)

no LT A 1 2o [Tl ;
oxXp (Ej (e, 1) + ()] de,(v) 5 Zf (o, w) 0 *.,{..-]]‘.h.-)
i=1"%
" T AS Tmh S
M’-‘:P(Zf dilv) dzi(v) — Z[ (malv, w)di(v) + wlv)di(v)) de
i=1 %0

| By [TmAS
--;Zf l‘?{l’_:th‘
- i I i

By choice of 8,(v) in Part 1 we have

T S

Zj ai{v,y)8:(v) de = 0
i=1v0
and
(n T AR L Zj-]'.._ﬂb
eXp difv)dziv) — {i Jdilv}de — = ivr jdi)

is bounded by some value, say K > 0. Therefore we may
write:

TS

0<M™(S) < Kexp (Z[ (ai(v, ¥) + vilv))dzi(v)
T A S
——Zﬂ (a:(v,y) F";'[t]'}d?)

and since Y((t) satisfies condition (iv), the right-hand side is

uniformly integrable and hence it may be shown that M™(S)
is uniformly integrable.

Hence, by the proofs of Lemma 2.1 and Lemma 2.2 we have proved
Proposition 2.

Conditions 1-5 impose restrictions on the market prices of risk, y{t; S,
.Sp), i=1,...,n, which results in restrictions on the drifts of the for-
ward rate processes {X(-,Sy),...,&(",S,)}. These restrictions are re-

quired to guarantee the existence of the unique equivalent martingale
probability measure for relative bond prices {Z(t, S,),...,Z(t, S,)}, 0 <
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S1<82<...<SnST.

11.3.2 Model dynamics under the martingale measure.

Let us now determine the dynamics of the forward rate and bond price
under this equivalent martingale probability measure. In (11.23) the
Brownian motions with respect to the equivalent martingale measure
are defined as:

(11.25) dfte I ll) = dmlt) =%t S1he e Sa)dt i=1,..., n

Substituting into (11.4), the dynamics of f(t, T) under the equivalent
martingale measure are:

r n [
fi. Ty = f(0,7T) f afe, T ) de 4 Z[ ai(v, Tiwlw 5, ...,59, ) dy
(11.26) e z[ aile, TYdzP % (w) ne. {:]:-'.....5,. Yo<i<T
i=1 (1]
To determine the bond price process under the equivalent martingale

measure, substitute (11.25) into (11.13) and make use of the market
price of risk equation (11.20) to give:

dP(L,TY — P, T)(r{t) +b(t,T)) dt

i P{:’_.T}Z::..“,T}{lff:;"' "'F"l[i.} | 'h{:':.':a':....,.‘;'u}iﬂj
=]

= P(,Ti(t)dt+ P, T) Y alt, Ty dzfo (1)

a.e, (_35, o, fr "€ 8y,.... 5,

Also from (11.12), the logarithm bond price process, we have:

' n P
(11.27) P(t, T) = P(0,T)exp (j r(e) de - %lef al({v,T)dv
e t " o
| o, T3 ()
;L it T )

a.e. C}H.,.,._S,r for 1" e 51 ----- Sll

Similarly, the relative bond price under the equivalent martingale mea-
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sure may be determined from (11.16) as:

" t
(11.28) 0, T)y=2(0,T)exp (—%ZL u?{;-, T} el
Fe

T t
| Z.ﬁ alw, T) ff)

.8, 1:'}_.._;..___.,;“ forT' e &y..... 5

Although these processes evolve in a risk-neutral economy, the for-
ward rate process (11.26) (and since r(t) = f(t, t), also the short-term
interest rate process) displays explicit dependence on the market
prices of risk, Y{(v; Sy,...,S,), i = 1,...,n. Hence, to price any security
depending on either the short or forward interest rate, the market
prices of risk must be known.

[BIEquivalence of two probability measures, Q and @ implies Q(A) = 0 if
and only if @(A) =0, A € F, that is, the probability measures have the
same null sets [24].

M9This is equivalent to finding an equivalent probability measure such
that the relative bond price process (11.14) has no drift term, i.e. may
be expressed as:

Ll
dZ(t,T) = Z(t,T)Y ailt,T) dZ:(t)
=1

[ﬂ]EP[-] is the expectation taken with respect to some probability mea-
sure P.

[2IThe two formulae are equivalent up to the former's dependence on
a specific choice of bond maturities. However, later in the analysis this
dependence is eliminated.

13]A Jocal martingale may be defined [41, p. 462] or [30, Definition 1.7]
as follows: a stochastic process X =(X(t)):¢ is said to be a local mar-

tingale on (Q,F,Q) if there exists an increasing sequence T,, of stop-
ping times such that T, tends to T a.s., and for every n the process
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X"(t), given by the formula X"(t) = X(t A T,), is a martingale.

M4lHere we iteratively build vector 5B(t). That is for each 2; we deter-
mine element 65,-(t), until the entire vector has been determined.

[8]This result is by Fatou's Lemma, e.g. see [41].

283



11.4 Eliminating the market prices of risk

Equations (11.26)-(11.28) depend on a specific set of n bond maturi-
ties, with maturities {S4,...,S,}, for which the market prices of risk

exist. These are the n bond maturities which define the equivalent
martingale measure.

By making an additional assumption, specified in the condition below,
we show that there exists a unique equivalent martingale measure si-
multaneously making relative bond prices of all maturities martingales.
This allows the dependence on n specific bond maturities to be elimi-
nated and pricing equations (11.26)-(11.28) become entirely indepen-
dent of the number and maturity of bonds used to determine the
equivalent martingale measure.

Condition 6

Common equivalent martingale measures. Given Conditions 1 - 3, let
Conditions 4 and 5 hold for all bond maturities Sy,...,S, € [0, T] with O

—

<§;<..<§, =T Also, Q = Qs,..s..

Proposition 3

Uniqueness of the equivalent martingale probability measure across
all bond maturities. Given:

= a family of forward rate drifts {«x(-,7): T € [0, T]},
= a family of forward rate volatilities {o,(:,7): T € [0, T]}, i=1,...,n

which satisfy Conditions 1-5, then the following are equivalent:

l’:j, defined by Q Qy.l 5 Joranyg Sy, ... 5, € [0,7] ix the
(11.29a) urtiipue equicalent probabelely measare such that Z(0,717) is a
martmgale for all T € |0, 7] and { € |, T.
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Tl 8, E) =Ty Ty} Jori=1, ..., ot el
(11.200) Syl S Diais T, €0, 7]t € |0, 7] such that

DEtlcS ... <85, Z=n0Ztl<Th<...<THE7.

alt, T) = =50 ault. T)(gu(t) = [ oult, v)de) ¥ T € [0,7],
(11.29¢) f e |0, T| where fori = 1,..., n @) = (6 5,....8:) for
any S,.... 58, € |ﬂ, ‘rl and t & [{}, H|i.

B

Hence the existence of the unique equivalent probability measure Q)
which makes all relative bond prices martingales, is equivalent to the
condition making market prices of risk independent of the specific
bond maturities chosen, which is equivalent to the above restriction on
the drift of the forward rate process. All of the above conditions ensure
an arbitrage-free framework.

Examine the derivation and resulting implications of each of the above
conditions in turn. (11.29a) implies the martingale approach to bond
pricing. Z(t, T) is a martingale with respect to the equivalent probability

measure Q , hence:

Z(t,T) = E2 [Z(T,T)|F}|
P(t?T] .‘i} P{T T:' A Q I A
=+ ‘E[ I%_EIMNPJ

B(t) B{1')
Then, by Girsanov's Theorem:

: TR L Yy TR @ 1 7
(11.30) Pit,T)=B(t) & !dQE{T] F

where % is the Radon-Nikodym derivative defining the equivalent mar-
tingale probability measure. From (11.22) and the above proposition,
showing the independence of the market prices of risk of bond matu-
rity T and equivalently the uniqueness of the equivalent probability
measure across all bond maturities, the Radon-Nikodym derivative
may be written as:

285



AN 13, T
= e (; [} Gilw) dasle) — 5 ; fﬂ r.irfff.'}d'v)

and so (11.30) becomes:

(11.31)

2 " I i i 1 L r T

exp (¥ eilvydsi(v) — 150 | [ #f(v) dv

Pit.T) - Hff]E'f|: (Zh ks T — ) K
()

When pricing under the original market measure Q, the bond price is
explicitly dependent on the money market account B(T) and the mar-
ket prices of risk ¢(f), i = 1,...,n. This introduces an implicit depen-

dence on:

= forward rate drifts under the market measure {x(:,7): T € [0,

T},

» forward rate volatilities {o(-,T): T € [0, T]}, i =1,...,n,
= initial forward rate curve {f(0,7): T € [0, T]}.

Condition (11.29b), requiring the independence of the market prices of
risk of bond maturity, is a necessary condition for the absence of arbi-
trage. It is a standard condition, imposed by many earlier models (e.g.
Vasicek [50], Cox, Ingersoll and Ross [18] and Brennan and Schwartz
[10]) to derive the fundamental partial differential equation for contin-
gent claim valuation.

Condition (11.29c) imposes a restriction on the functional form of the
family of drift processes {x(-,7T): T € [0, T]}, which is required to en-
sure the existence of the unique equivalent martingale probability
measure. Not all possible forward rate drift processes will comply with
this condition.

Examine closely the derivation of (11.29c). By (11.29b) the market
prices of risk are independent of the set of bond maturities specified,

so (11.20) is equivalent to (11.17) with Y{t) = Y{(£; S1,-..,S;) = d(f).
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Making use of the definitions of a,(f, T) and b(t, T) in (11.11), equation
(11.20) becomes:

T

B(t,T) = Y ai(t, T} (—¢i(t))

i=1

113 R T
_ e ] g o T4
= fr‘ a(t,v)de = 5 iE_I a; (4,1) + :-__E I a;(t, T)e(t)

Differentiating with respect to T yields the required form of the forward
rate drift restriction:

n

oft, T) = =) a(t,T)ou(t,T) = D> o:(t, T)e(t)
i=1

= aft,T) = —Em(tTl{rﬂf{i‘-J b ai(t, T))

i=]
T _:J.
_ 2 i, Tj (r,ﬁ.,-{t:l = j; ai{t,v) -rf*n)

To eliminate the market prices of risk from the forward rate process
(11.26), make use of this forward rate drift restriction. Integrating the
restriction in (11.29c¢) over [0,{] yields:

[atwnyae= =3 [ oo Do 13 [ o) [ o) dye
Substituting into (11.26) yields the forward rate process under the
equivalent martingale measure in and independent of market prices of
risk as:
LY T
(11.32) T = 0,7+ Y f ai(n, T} f a.(v, y) dy dv

n i _
+3 f oiv, TV d&(v) we @ YO<L<T
i=140

From (11.3), we have r(t) = f(t, t), and the short-term interest rate
process may be expressed as:
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n gt t
(11.33) rit) = F{0,8) Z/ m—{r*.f}f ai(v, ) dy dv
i=1 a ¥

n T
2D l; aiv, )i (v)  ae.Q Y ielD 7|
(T

Here, the market prices of risk have been replaced by a series of for-
ward rate volatilities of various maturities. Hence the short-term inter-
est rate for time t is determined using all possible volatility information
contained in the term structure over the time interval [O,].

The bond price in (11.27) is not an explicit function of the market
prices of risk, these enter only via the short-term interest rate process
r(t). Hence the formulae for the bond and relative bond prices (11.27)
and (11.28) remain unchanged once the market prices of risk have
been eliminated, except that the Brownian motion no longer depends
on the specific n bond maturities chosen, that is

P g R . 8 i gy £
dz;? () = dz( }. Additionally the formulae may be applied to
bonds of all maturities 7, T € [0, T].

The original formulation of the CIR [18] model (see Chapter 2) begins
with a characterisation of an equilibrium economy. The functional form
of the short-term interest rate process and the market price of risk are
determined from within this economy. CIR criticise arbitrage pricing
theory on the grounds that it exogenously specifies the functional form
of the short-term interest rate and market prices of risk, independently
of an underlying equilibrium economy. They show that this may lead to
inconsistencies and a model admitting arbitrage.

However, in this model the interdependence of the short-term interest
rate process, bond price process and market prices of risk is easily
seen in equations (11.26)-(11.28). Additionally, HJM make use of in-
formation contained in the bond price process to eliminate the market
prices of risk from the pricing formulae. This makes their general pric-
ing framework immune to the criticism of CIR.
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11.5 The problem with forward rates

By (11.32) we see that the forward rate process is completely speci-
fied by the volatility functions oy(-, ), i =1,...,n. Consider a framework
with one source of uncertainty and so one volatility parameter. For
practical implementation it is desirable to apply a lognormal volatility
structure for all forward rates [45]. This is because market prices of
caps and swaptions assume a lognormal structure of forward rates.
Hence set oy(t, T)= of(t, T), where o> 0 is a constant. However, under

this volatility structure (11.32) becomes:
T
(11.34) df(t,T) = a'hru._'r}f flt,u) dydt + o f(t, T)d(1)

Here, the drift of the forward rate grows as the square of the forward
rate [49] and causes the forward rate to explode in finite time. There-
fore for calibration purposes an upper bound needs to be imposed:

o, TY=ef(t, TYmin{M, f(t,T)}

This problem is not particular to the HIM model, but rather a charac-
teristic of all lognormal models of instantaneous forward rates.
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11.6 Unifying framework for contingent claim
valuation

HJM impose conditions on the forward rate process to ensure that a
unique, equivalent martingale probability measure exists and hence
the process is consistent with an arbitrage-free market. This implies
that the market is complete and contingent claims may be valued
using an approach detailed by Harrison and Kreps [23] and Harrison
and Pliska [24]. Harrison and Pliska examine martingale theory within
a continuous trading environment, presenting a general methodology
for contingent claim valuation. First consider some important concepts
and definitions characterising this methodology:

1. 1f Q is a set of probability measures, equivalent to initial
probability measure Q and making discounted prices martin-
gales, then by Harrison and Pliska [24, Corollary 3.36]: if Q
is a singleton!18] then the market is complete.

2. In a complete market there are enough non-redundant secu-
rities being traded [22], such that every integrable contingent
claim is attainable.

= By attainable, we mean that there exists some trad-
ing strategy, requiring an initial investment and
thereafter producing the same cash flows as the
contingent claim.

= A trading strategy may be viewed as some portfolio
of securities, where the number of units of each se-
curity held changes through time.

3. Define a contingent claim as a random variable X :QQ — R, X
> 0 which is Fr4 measurablel!Zl. Since contingent claim X

X
E [B(le

must be integrable, we require ] < +00,
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4. Denote an admissible, self-financing trading strategy Y by
{No(t),N4(t),...,N,(t)} where N(t) is the quantity of asset P;, j =
1, ..., nin the portfolio at time .

» A trading strategy is admissible if it is self-financing
and the value of the associated portfolio remains
non negative through time. This implies that an in-
vestor enters the trading strategy with positive
wealth and is never in a position of debt.

» A self-financing trading strategy is one where
changes in value of the portfolio are due to capital
gains (changes in value of the instruments held)
only, not due to cash inflows and outflows. Let V(Y)
be the time t value of trading strategy Y, then by [22,

Definition 1] a self-financing trading strategy is one
where:

dVi(T) = N;(t) dFi(t)
i=1

5. An arbitrage opportunity is some trading strategy Y such that
Vo(Y) =0 and E [V(Y)] > 0. The existence of arbitrage op-
portunities is inconsistent with an equilibrium in the econ-

omy.
6. Harrison and Pliska present a theorem showing that a mar-

ket is free of arbitrage opportunities if and only if Q s not
empty. Hence the absence of arbitrage opportunities is
equivalent to the existence of an equivalent martingale prob-
ability measure.

7. By Harrison and Pliska [24, Proposition 2.9], if X is an attain-
able contingent claim generated by trading strategy Y, with

time t value V(Y)and ¢ € Q@ then:
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Wr _ s X |, T
W_]E: [H[J‘.)‘P'}' te[0,1)]

Now, consider the economic framework characterised in the previous
sections: Let Conditions 1-6 hold. By Proposition 3, there is a unique
equivalent measure Q making all Z(t, T),T € [0, T],t € [0, T] martin-

gales. Since Q s unique, the market is complete and there exists an
admissible, self-financing trading strategy, as denoted above, such
that the portfolio value satisfies:

111
(11.35) Na{(TOBUIY + Z N () PT,T) = X ae Q
where

No(T1)-amount held in the money market account at time T,

amount of bond with maturity time T; in the self-financing
“strategy at time T,

N7(T4)

P(T4,T;)-time T, value of a bond maturing at time T,

X-time T, payout of a contingent claim.

Now, since we are in a complete market where all contingent claims
are attainable and where a unique equivalent martingale measure ex-
ists, we conclude that arbitrage opportunities do not exist and the time
t price of a contingent claim paying X at time T, is given by:

X

11.36° ER [——-
oLt BT1)

f‘,] B(1)

Hence given (11.35), the trading strategy which generates X, the time
t value of the portfolio is:
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Q
* [ﬁ".’

I E{R A

NolTy) 4 An(Th) ‘Z e e Tl BT, T

o
E “B(T,) .';'{.* )

Fy| Bt

] B(t)

Therefore, to value the contingent claim, the dynamics of the short-
term interest rate r(t) and the relative bond price Z(t, T) must be known
under the equivalent martingale measure. Since the market is com-
plete, every contingent claim may be replicated by means of some ad-
missible, self-financing strategy consisting of only the money market
account and some n bonds with maturities T;,...,T,, € [0, T]. From this

we conclude that all contingent claims may be valued.

; 7 i Ny Ty )
11.437 = E9 | Ny(Ty) + =L E Np(T)Z(T, T,
[ ) ol ) BT FL (T, 1) F

[181A singleton is a set having a single element.

1711t is a security entitling the holder to a payment at time T,. The

magnitude of this payment depends on the history of price movements
up to time T4, hence it is Fry measurable.
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11.7 Ho and Lee model within the HJM frame-
work

By way of an illustrative example, consider the continuous time equiv-
alent of the Ho and Lee [27] model (studied in Chapter 10) within the
above specified framework.

11.7.1 The model specifications.

Consider a model with a single Brownian motion and hence single
volatility parameter o4(w, f, T) < 0> 0 where o is a constant. Assume
Conditions 1-6 are satisfied with {f0,7): T € [0, T]} the initial forward
rate curve and $(w,t),t € [0, T] themarket price of risk corresponding
to the single source of randomness. From (11.32) the forward rate
process with respect to the equivalent martingale measure is:

6,7 = F0,7)4 /: T — v)dv Iﬁndé{?']

- -}
= J(0,7) 4+ |e¥Te = 1 o%?| + aE{t) = oZ(0)

(11.38) = A0T)+ (T — St) +oi(t)
and hence the short-term interest rate process is specified as:
a’t?
(11.39) r(t) = f(tt) = £(0,8) + —— | o(t)
Since there are no restrictions placed on the evolution of the short-

term or forward interest rates, there exists a positive probability of
these rates being negative. To determine the bond price dynamics,

substitute (11.38) into (11.2) to give:

P(t,T) = exp (—fT(f-:n,.w} + ol (.'-' -1 r) " az'.:r.}) :h)

From the definition of the forward rate (11.1), we have:
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£0.5) = _r'.?ln J;'ill}_. %)

T e 1O e
=>-—[ fl0,8)ds = f Mds
’ " s

P(o,7)
P(0,t)

= In

and so:

1*0.7)
70,1

P, T) X (In

PoT T, Jrae sy o
———— Y —— ! o —LYEL)
P(0.1) t:cp( i (T V—all ] k.)

g I%.ﬁm'-’ = ::_n“'.f"‘:a]:”;r —ofT - 1)i(t })
[11.40)
11.7.2 Pricing contingent claims.

Define the following notation:

C(t)-time t value of a European call option on bond P(t, T),
K-option exercise price,

t*-option expiry date, 0 <t < t* < T.
At expiry of the option, its value is:
C(t*) = max {P(t*,T) — K,0}

Making use of (11.36), the time t value of the contingent claim il18l:

. I max { P(¢*, 1) = K,0}B(1)|
(11.41) Cit)=E B ’h]

An analysis, similar to that used in the initial formulation of the Black-
Scholes valuation formula, yields the contingent claim price to bel12l:

(11.42) C(t) = P(t, T)N(h1) = KP(t,1* )N (ha)

with
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Pf!rT] a2 = ryE
In (—?—KP u.}) + Lo (T —t*)*(t* — 1)

11.43 !
(2 48) & a(T —t*)/I* =1

and
ho = hy —a(T —t* )W+ — 1t

The above formula is a modification of the Black-Scholes option pric-
ing formula where the required volatility is the standard deviation of in-
stantaneous returns on the forward bond price, that is the standard
deviation of returns at time t* of a bond maturing at time T. This may
be determined from (11.13), the bond price process within the current
framework:

T
dP(t,T) = |...|dt—P@,T) f o dv dz(t)
— |...|dt = P(t, Vo (T — t) dz(t)

and so the standard deviation of the forward bond price Ptz = P(t*. 1),
s O(T —t) — 0 (t* — f) = 0 (T — ).

[8Here ]E[-] denotes the expectation taken with respect to the equiva-
lent martingale measure.

19Here N(-) is the cumulative normal distribution.
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11.8 Comparison of equilibrium and arbitrage
pricing

The CIR model [18] (studied in Chapter 2) is an example of equilib-
rium pricing methodology, while the HIJM model makes use of arbi-

trage pricing. In order to compare the two methodologies, we examine
the CIR model within the HJM framework.

CIR use a square root process to model the single underlying state
variable, the short-term interest rate r(f),t € [0, T]. Hence the short-
term interest rate process is specified as:

(11.44) dr(t) — w(0(t) —»(t)) dt |+ o\/r(t)dz(t)

where the constants r(0),k,o > 0, 8(f) > 0 are continuous and {z(f): t €
[0, T]} is a standard Wiener process. To ensure that negative interest
rates are precluded, the restriction 2k0(f) = o2 for all t € [0, T] is im-
posed, making r(f) = 0 an inaccessible boundary.

The time t price of a T maturity bond (T € [0, T],t € [0,T]) is assumed
to be of the form(24:

(] 1.45) P, T) = A“TT}E—ﬂ{r,'."i-r{:._]
and so, in equilibrium the bond price dynamics are represented by:

dP(t.T) = P{t. T)r(t)(1 = XB(1, T))dt — P(t, T)B(t, T)a+/r(t) dz(t)

wherel21]
. 2[1:1[T ;}—l:l
11.16 B(1,T) =
{ = et (v+x+A)(eT-=1)42y
T s
(11.46b) In A(t.T) = —h‘f 0(s)B(s,T) ds
t
(11.46¢) ¥ = (k+A)° + 207
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and A is a constant related to the market price of risk such that

oty =20

= - This functional form of the market price of risk is not arbi-
trarily specified, but is determined directly by the underlying equilib-
rium economy.

From (11.1), the forward rate is defined as:

alnP(t,T)
aT

So, making use of (11.45) and (11.46b) the form of the forward rate
curve is:

fit,T) = -

a . .
e (m (L, T) — B(, T er)

18(t, A r
,E,]M A (_,.-f H[s}uts,]“}ds)

ST

aT arT

An(t, T) T  8B(sT)
(11.47) = ()= '-Hf g(s) 22T
(4

T a4

While HJM allow the initial (t = 0) forward rate curve to be an exoge-
nous input, here the initial forward rate curve has a pre-specified func-
tional form. The functional form is dependent on the parameters of the
specific model (i.e. k, o, A and 6(+)) and may be determined by evalu-
ating (11.47) at time t =0:

)B(0, L
(11.48) f(0,T) = m}‘HQI“ h.f 0(s }'H‘:" ds
(1]

To allow any specific initial forward rate curve to be matched, CIR
suggest solving (11.48) for {B(f): t € [0, T]}, thereby determining the
time-dependent short-term interest rate drift parameters from the initial
forward rate curve. However, CIR do not attempt an implementation of
such a methodology or prove the existence of such a solution. Addi-
tionally, the CIR model is not consistent with all possible forward rate
curves, since it imposes the restriction 2k8(f) > o for all t € [0, T].
Consider this restriction in terms of the parameters of the forward rate

process. Substituting the restriction 0(t) > () 2 53 into the initial for-
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ward rate process (11.48) we havel22l:

]
flo,T) = {n}‘H" L) 5 f Bs ‘?H ) s
dHf{I 1) o (T aB(s,T
2z r0)—m—+ T\[b —;}T }“Ii“
) e s
) rm}fﬁ[u_ T) 1

JrT

_:EH[-, + K+ A)

| 1
“(E (v R+ AT =1) +2~_.)

AB0.T)

= 0
rO)—57

= r0)—F%F

9BO.T) .

+gﬂ( '[‘"'FFT_ 1)
(v +8+A) e —1) + 24

B(0,T)
L L

)

Hence only initial forward rate curves satisfying this functional form

are admissible.

One of the key features of the HIM framework is the restriction placed
on the forward rate drift, which ensures that profitable arbitrage is pre-
cluded. We need to derive the forward rate process in such a form so
as to verify that this restriction is satisfied within the CIR equilibrium
framework. Apply Ito's Lemma to (11.47), treating the forward rate as

a function of the stochastic variable r(t) and time ¢, thatis f(t, T) <

f(r(t).t, T):
A1, T) 1 P f(1,T) aftT)
df(t, T) = aril) dr(l) 4 3 r””-r- () dr(t) + A
aBT) ,?'H{.'.T} o ﬂB{I.T}
= AT dre(t) 4 rit} T af — il T
(1149 ﬂ_”(d .::‘:i.r” —H”H;J;" ) & va J,.—};HHJJI T

This is a representation of the CIR model within the HIM framework.
The short-term interest rate r(t), written in terms of the forward rate,
which is taken as the starting point of the HJM framework, is (from

(11.47)):

T
r(t) = (j"{f r}—h[ 0(s)

dB(s,T) de) /Hf}'{t T)

at
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The initial forward rate curve {f(0,7): T € [0, T]} is an exogenous input
and is used to determine O(t),t € [0, T] as a solution to (11.48).

The HJM no arbitrage condition (11.29c) requires that the forward rate
drift (¢, T) has the form:

T
ilt, T) = —r:r{z‘-,T}(ci:{f-} - [ all, v}dt:)

where o(t, T) is the volatility of the forward rate and ¢(t) the market
price of risk. Within the CIR model the market price of risk has the
fixed functional form #(t) = =2 and from (11.49) the forward rate

volatility is %;'—”0 Vr(t). hence the forward rate drift must have the
form:

SB0LT A (T 8Bltv
afl,T) - —%ag‘r{:](—@—f ﬂi::—”avn-[:}.m)
L
rff}(A‘ 202 ¢ othe 1) o) })

From (11.46a), the definition of B(t, T), we have:

ﬂE‘“‘rT} ,U,l,},it._':.'(T £)
I—aid : X
0T [(y+ K+ M7 1) +29]
and
9 = oB(L.T Ry 2,2 (T er(T-1) _ 1
o28(, 7y22%T) _ el At )
I [(y+r+A)enT=0) —1) +27]
Hence:
AB(L,T) o BT
A5t -+GEB{!‘J]. o
(11.50) _ 14277 r:[{:'r:ff' O 1)(20% 4+ A2 + Ak 4+ M) + '-’-‘""'!']

[{"j + 5+ AerT=1 o 1) + 2,?]3

However, in (11.49) the forward rate drift is represented as:
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A B.T) 8Bt T)
””( arot " ar )

Again from (11.46a), the definition of B(t, T), we have:

#FR(1,T)
Tt
i 4y2er(T-0)
o [[f:,- b AN T — 1) 4 21-']1]

43T O (g 4+ AT 1 = 1) 4 27] + 893DT 05 4 1+ X)
[(r + 5 + AT = 1) + 2]

and so:

#B(,T)  aB.T)

7 A 3

—443e2(T-0) [h + %+ A.]{{'-"-T H_1)+ 2'.] + 893N T 04 4 k4 N)
[(7 + & + )™= —1) 4 24]°

Ay T O (5 4w + AT — 1) 4 24]
[(v+ %+ M(eT=0 = 1) 4 2]°
Ay T O[T 0 Z1)(3? — w2 — Ak + M) + 209]
[(v 4 5+ AT = 1) 4 24]

From (11.46¢) we have:

v = k% + 20k + A% 4 20°

=42 — k2 A =202 + A2+ Mk
and so
#ABT)  8B1.T)
i R 7 ¥
AT e Tt o 11202 4 A2 + Ak + 3] 4+ 204
(11.51) I s (€ 1)(20% 4 A2 + Ak + A7) + 201]

[(7 + K+ A8 —1) + 24]°

Comparing (11.50) and (11.51) we see that:

aB(t,T) #B,T) OB(,T)

aB(t,T) .,
ar AT ar

aT

A +o?B(l,T)

and the CIR forward rate drift satisfies the HJM no arbitrage condition

(11.29c).
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The fundamental difference between the above two approaches is that
CIR fix the functional form of the market price of risk (this market price
of risk is determined such that an underlying economy is in equilib-
rium) and derive the forward rate process endogenously. HIM take
some form of the forward rate process (determined by an unrelated
exogenous methodology) and use it to determine the prices of contin-
gent claims, ensuring that profitable arbitrage is precluded.

[20lHere, B(-, -) is used rather than the more conventional B(:, *), so as
not to cause confusion with the money market account B(+), used in
the derivation of the HJM model.

[21IThese are the functional forms of B(t, T) and A(t, T) as presented in
equations (2.43) and (2.44) of Chapter 2.

[221By definition of B(t, T) we have:

aB(t, 1) 42 (T—1)
or [(v + 5+ A e T=0 — 1) 4 29]°
and so:
T Hﬂ[ﬁ, T ) B T =|";‘2F'HT_ wl .
f AT e [ 1 et AN v T—2) _ — &4
. Jo o [l + 8+ A)fe 1) -+ 2]
i"'r | a=T

(o +r/+ A (v r b ANetT—o — |y 24|, 0

i~ 1 1
(v +5+A) (‘h (y + 8+ A)(eT = 1)+ ?*f)
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11.9 Markovian HJM model

In term structure models such as the Vasicek [50] and CIR [18] mod-
els, the starting point is the dynamics of the short-term interest rate.
The drift and volatility are specified such that the short-term interest
rate is Markovian. In the HIM framework the forward rate volatility and
initial forward rate curve are used to characterise the term structure.
Such a specification may give rise to non-Markovian short-term inter-
est rate dynamics. In fact many HIJM-based models cannot occur in a
framework of Markovian short-term interest rates. The Markovian
property of the short-term interest rate is desirable since it allows for
simpler numerical valuation procedures of the term structure and inter-
est rate contingent claims since:

= The term structure at time t is a function of t, maturity T and
the time t short-term interest rate.

= The evolution of the short-term interest rate may be modelled
using a recombining tree or lattice, which has significant impli-
cations for computational efficiency.

Carverhill [14] andJeffrey[32] characterise restrictions on the volatility
structure of forward rates that lead to Markovian short-term interest
rate dynamics.

11.9.1 Deterministic bond price volatility.

Carverhill requires the bond price volatility structure to be determinis-
tic, that is a(t, T)= — [T, o(t, v) dv, i=1, ...,n are functions of tand T
only. Also each aj(t, T) is assumed to be twice continuously differen-
tiable with respect to the maturity time T.

Consider (11.33), the short-term interest rate process within the HIM
framework:

moot t nooar
(1152) r(t) - rmrnzj" w.ir'.fﬁf«r.i-‘.n:dydr'—Zf aufot) dzi(v)
=170 t i=1Ja
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Taking the derivative with respect to ¢, the dynamics of the short-term
interest rate may be found as:

a0, = i
dr(t) = = rﬂ|Zu.u.r,| r’r,[f,j.r]:.fyrﬂ

Boi(o.t) ['
|Zf (ﬂ' #, e, 1) | ﬂ(:” H fﬁ,[.p.y]rfy) i it
| L[ d"{' Aot} 42wy dt 4 Ld‘“f}r.’ ‘)

(10.53) (t.’fl.” Zf (I'T e, L) + I’-"ﬂ'flt WL} /.-,r [, ,r]rf_;) f;) £
dalv, L) - y
I Z;[ R ?:I\".tf.f}rhnr}

Carverhill [14] gives the following necessary and sufficient condition
for the above short-term interest rate specification to be Markovian:

Assuming o(t, T) # 0, T € [0, T],t € [0,T], i =1, ...,n, then there exist
functions g,(-) and h(-) such that:

(11.54) o, T) = gi{t)(T) YTe[n7,te0,T],i=1,....n

The HL model, as examined in §11.7, satisfies the above condition. It
corresponds to a forward rate volatility o(t, T)= o,where o is a strictly
positive constant. The short-term interest rate is defined in (11.39) and
leads to short-term interest rate dynamics of the form[23!:

(11.55) dr(t) = (Hf:i:.:}

| nrz.")u'.'. - o di(t)

The disadvantage, of the HL model, that only parallel shifts in the term
structure are possible, is clearly demonstrated by the short-term inter-
est rate dynamics. We expect shorter maturity forward rates to be
more volatile than longer maturity forward rates. Hence, in an attempt
to obtain more realistic term structure dynamics, let the forward rate
volatility be a decreasing function of time, more specifically, allow for
an exponentially dampened volatility structure: o(t, T)= e~ Y79
where Yy, 0 > 0 are constants. Making use of (11.32) the correspond-
ing forward rate process is:
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.
df (t,T) = oe~7T-4) [ e~ MW=y di + oe T4 d3(1)

o1

o - (1°—t) TT—t) gz
= —Tt_'” —Hem TN 1) dt +oe” "0 gz (1)

From (11.52) the short-term interest rate is expressed as:

r(t) = f(0.1) | f";r WoH] — g~ ¥ do f“rm- ) di(v)
o 2 s ¢ .
- f{ﬂ.:‘}-}-ﬁtl —e ) -F‘L ae” TV di(v)
= (L) + '[ ae” MW d3(y)

2

where () = (0, f) + ¥} = FO1 1 Fz(1 =) (1 _g-vt2,

Now, using (11.53), the short-term interest rate dynamics are specified
as:

afio L on e . - s
de(l) = ('HHI” | f gl DT _ g2 bt 4 St i !.'I?';'l) ot
i o

—f aye "N 2 )l | e dZ(t)
i
afo e 2 % ;
i ( O | O (g — ey [a i '-'hfz-,'r])dr | o di1)
i 5 o

= ({0} + (4] = ~.r,’r}j il + o dzZ{1)

This is an extension of the constant parameter Vasicek model studied
in Chapter 1. Here the mean reversion level Q’(t)ly + Y(f), is a func-
tion of time, but the speed of mean reversion y, and volatility o, are
constant. The Hull-White extension of the Vasicek model (see (7.4)
Chapter 7) allows for time-dependent reversion level, reversion speed
and volatility. However, Hull- White observe that allowing all three pa-
rameters to be time-dependent leads to unreasonable evolution of the
volatility structure and hence they recommend a model where rever-
sion speed and volatility are kept constant. It appears that the formula-
tion of the Vasicek model within the HJM framework results in an opti-
mal extension of the model.

11.9.2 More general framework.
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Jeffrey [32] develops a more general result, allowing a stochastic
volatility structure. However, he restricts the volatility to be a function
of valuation time t, maturity time T and the time t short-term interest
rate r(t) only. Consequently, within a one-factor framework (n = 1) the
HJM forward rate volatility may be expressed as o(w, t, T) < o(r, t, T).
Notice that of(r, ¢, t) is the volatility of the short-term interest rate, as

shown in (11.53).

In this analysis, the requirement that the term structure be a function
of t, T and the Markovian short-term interest rate r(t) leads to restric-

tions on the form of the forward rate volatility structure and the initial

forward rate curve. These restrictions take the form of necessary and
sufficient conditions indicating:

1. which HIM models exhibit Markovian characteristics, and

2. what volatility and initial term structure restrictions are inher-
ent in models within a Markovian setting.

Jeffrey shows that a forward rate volatility o(r, ¢, T), leads to a Markov-
ian short-term interest rate if there exist functions 0(r, t) and h(t, T)
such that:

e ,'T. a[l.l'_l' alm, T
L) -'T(FJ.T;-[I ekt < air, alr 1) f:l 2 i [.[ d'l:rrr.f i} h"}

ol f. ™ ]
oir, 1, 1)

+ h{t, T) I-:i"'r“:rif[

To illustrate this condition, consider a constant forward rate volatility
structure, that is o(r, t, T)= . By (11.56) we must find a 6(r, t) and h(t,
Tsuch that:

B(r,t) = o>(T = 1) — h(t,T)

A simple choice of h(t, T)= 02T gives 0(r, )= —o?t and the required
condition is satisfied. Hence the associated short-term interest rate is
Markovian. Now, consider a forward rate volatility structure o(r, t, T)=
orP for some B > 0. Evaluating (11.56), we require
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B(r,1) = a2 (T - t) = h{t, T

which is impossible, since there is no choice of h(t, T) such that the
right-hand side is independent of T. We may conclude that this for-
ward rate structure is not admissible in a Markovian short-term interest
rate paradigm.

Further to the above condition, Jeffrey formulates a requirement on
the structure of the initial forward rate curve. Given a forward rate
volatility structure satisfying (11.56), the associated initial forward rate
curve must have the form:

To{m,0,T)

m ﬂ’-"l‘ } Iin'[ F]

(11.57) f(r.0,T) [
where k(T) = — [Ty h(s, T)ds for any h(t, T) that is valid for (11.56) to

hold. Since the set of allowable initial forward rate curves is deter-
mined by the choice of h(t, T) in (11.56), Jeffrey presents a result [32,
Theorem 1] detailing the restrictions on the initial forward rate term
structure.

We have ofr, t, T), a volatility structure satisfying (11.56) and let E(t,
T)be a deterministic function of t and T. Then one of the following is
true:

= If o(r, t, T) is not of the form §(t, T)o(r, t, t), then there is only
one pair of functions 0(r, t) and h(t, T) such that (11.56) holds.
Here k(T) and the allowable initial forward rate curve and com-
pletely defined by o(r, t, T).

= If o(r, t, T)is of the form E(t, T)o(r, t, t), then the set of valid
pairs of functions O(r, t) and h(t, T) satisfying (11.56) may be
represented as:
—ell)

= |2 'a{m,i’,T}””
H':J'-_”_ |:I£Hff: g(m__i‘-:l'-] : ]’;' t

h(t,T) = &(t, T){e(t) — hp(t, t)) + hp(t. T)
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where h(t, T) is any particular h(t, T) satisfying (11.56) and

c(b)is any function of time t. The choice of c(f) is such that any
function k(T) (and hence any initial forward rate curve) may be

fitted in (11.57).

This result clearly demonstrates that the volatility structure and initial
forward rate curve cannot be fitted independently. If the volatility struc-
ture is not of the form €(t, T)a(r, ¢, t), then it uniquely determines the
allowable initial forward rate curve. If the volatility structure is of the
form €(t, Ta(r, t, t), then k(T) may be chosen to fit any initial forward
rate curve.

Consider the short-term interest rate model proposed by CIR [18] as
studied in Chapter 2. The short-term interest rate process has the
form (see equation (2.17) Chapter 2):

(11.58) dr = k(6(t) = r)dt + o+/rdz(1)

Since the short-term interest rate volatility of(r, t, f)= o/r, is not purely
deterministic, and it is reasonable that the associated forward rate
volatility maintains this stochastic characteristic, it is not allowable
within the analysis outlined by Carverhill. However, we show that the
forward rate volatility associated with the CIR short-term interest rate
process does in fact satisfy the criteria for a Markovian short-term in-
terest rate, as set out by Jeffrey. Consider the analysis of the CIR
model within the HJM framework in §11.8. The forward rate process is
derived in (11.49) as:

ﬂ’yﬁdt“]

aneT)  aBpT) . a3, T)
AT e

(11.58) ofje, ") = -'EH( =2 ar

and so the forward rate volatility o(r, t, T) may be found as:

glr,t,T) = HH;;',T} o/ r(t)
4_r2ﬂ1{]" L]

= Y r{t)

(4 AT (@00~ 1) 1 2)

308



Since o(r, t, T) is of the form &(t, T)o(r, ¢, t), with

42T 1)
£(t,T) = i g
(v + A+ )9 1) + 29)

we conclude that the short-term interest rate within the CIR model is
Markovian and that any initial forward rate curve may be fitted[24],

[23IThe short-term interest rate dynamics may be determined using
(11.53) with n =1 and o(t, T)= o.

[24]The admissible initial forward rate curve will be subjected to the re-
quirement that 2 k 6(f) > 0%, as explained in §11.8. However, this re-
striction is required to prevent negative interest rates and is not asso-
ciated with the Markovian nature of the short-term interest rate
process.
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11.10 Conclusion

HJM develop a new methodology for modelling the term structure of
interest rates. They make use of a process describing the evolution
forward rates to derive a methodology for contingent claim valuation,
which is free from arbitrage and independent of the market prices of
risk. By modelling forward rates, the stochastic behaviour of the entire
term structure, not just the short-term interest rate, is modelled at any
point in time. This allows information from the term structure to be
used to eliminate the dependence on market prices of risk.

For the single factor case, the HIM formulation does not add much to
previously developed models such as the Hull-White extended Va-
sicek and BDT models. In fact, the complexity of the calibration and
contingent claim valuation procedures may act as a deterrent. How-
ever, within a multi-factor context the elegance of the HIM framework
is undeniable. The methodology provides a coherent framework allow-
ing easy incorporation of additional factors. The resulting increase in
computational time tends to be linear (as opposed to exponential in-
creases exhibited by other models). This is because the non-Markov-
ian nature of the model makes Monte Carlo simulation the valuation
technique of choice. This allows easy valuation of path-dependent op-
tions, but does become problematic for American-style contingent
claims.
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Chapter 12: Brace, Gatarek and Musiela Model
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12.1 Introduction

12.1.1 A continuum of forward rates

All the models examined thus far have been based on instantaneous
short-term or forward interest rates. This implies that the fundamental
building blocks, that is default-free bonds, are assumed to be continu-
ous (or smooth) with respect to the tenor. Even thediscretetimemod-
elssuchasHoandLee[27] (see Chapter 10) and Black, Derman and Toy
[6] (see Chapter 8), which make use of a discrete set of discount
bonds, assume these are extracted from an underlying continuum of
default-free bonds. Such a continuum of default-free discount bonds is
not actually traded, nor does the associated continuum of instanta-
neous short-term or forward interest rates exist.

This assumption need not be problematic, since calibration of the
models often requires a discretisation of the continuous time
processes. Additionally, traded instruments are only contingent on a
discrete number of points on the yield curve. For example, the pricing
and hedging of a forward contract on the discrete forward ratelll f{t, T,
T + d) requires the existence of two bonds P(t, T) and P (¢, T + ), ma-
turing at the expiry and payoff times respectively. Similarly, a swap-
based product depends on bonds maturing at the start of the swap
and at the payment times of the fixed leg. Usually it is only a small set
of discrete discount bonds that determines the price and associated
hedge of such LIBOR-based?! instruments. Given a complete set of
spanning forward rates, the required set of bonds may be recovered.
Hence a complete set of spanning forward rates provides a sufficient
description of the yield curve enabling the pricing of LIBOR-based in-
struments.

12.1.2 The lognormality assumption

Caps and floors are fundamental components within a swap and swap
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derivative market. A cap (floor) is a strip of caplets (floorlets) which are
calls (puts) on an underlying forward rate. The market convention is to
assume a lognormal structure for the forward rate process and hence
to price each of these options using the Black futures formula. How-
ever, as shown in §11.5, allowing the instantaneous forward rate to
assume a lognormal volatility structure causes it to explode in finite
time. This implies that all forward rates cannot be lognormal under a
single arbitrage-free measure. One could conclude that the market
prices of caps and floors are flawed in some way and inconsistent with
an arbitrage-free framework.

Brace, Gaterek and Musiela (BGM) [9] consider discretely com-
pounded forward rates and show that a lognormal structure may be
imposed while maintaining an arbitrage-free framework. In the HIM
model of instantaneous forward rates, a single spot arbitrage-free
measure is applied to all forward rates; while BGM assign, to each for-
ward rate, a forward arbitrage-free measure defined by the settlement
date of the associated forward rate. This model then justifies the use

of the Black futures formula for pricing caps and floors3l.

MlHere f(t, T, T + d) represents the time t value of the forward rate ap-
plicable over the interval [T, T + 9].

[2london Interbank Offer Rate. This is one of the most frequently
used discrete forward rates.

[Blere the observation needs to be made that the market does not ap-

pear to distinguish between forward measures, and hence forward
probabilities, at different maturities
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12.2 Initial framework

The mathematical framework used by BGM is much the same as that
used by HJM. We have a probability space (Q, {F'; t > 0}, ﬁ) where ()
is the state space and the filtration {F; t > 0} is the é-augmentation of
the filtration generated by the n-dimensional Brownian motion
z={z(t);t =z 0}, Sincewe make use of the arbitrage-free results of the
HJM analysis, @ is the risk-neutral probability measure with : the corre-
sponding Brownian motion. The trading interval is specified as [0, T]
where T > 0 is fixed. The following processes are defined on this prob-

ability spacel!:

= f(t, T) denotes the instantaneous, continuously compounded
forward rate prevailing at time f for maturity T. The process {f(t,
T); t < T} satisfies:

(12.1) df(1,T) =o(l.T) -0*(1,T)dl + o(L,T) - di(t)

where a(t, T) is the forward rate volatility and o*(t, T)= [, o(t,
V) dv.

P (t, T)=exp (— |, f(t, u)du) describes the price evolution of a
T-maturity discount bond, and so:

(12.2) dP(t, T) = P(L, T)r(t) dt — P{t,T)a* (+,T) - d3({)

where ¢*(f, T) may be interpreted as bond price volatility and
hence o*(t, t) =0 forall t > 0.

= Defining the short-term interest rate r(f)= f(¢, t) for all t > 0, the
money market account is represented as:

!
(12.3) B(t) = exp (f-] r(v) ,:f'r.)

with initial condition B(0) = 1.
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Fi{t, T
We know that if discounted bond prices Biir} ,t€ [0, T], T>0 are mar-
tingales under some probability measure @, then we are in an arbi-
trage-free framework. Within this framework, the bond price may be

represented asl2!:

n e PUT)  P{O,T) RPN (1T - S
(12.4) B (0] 1-!~;|1(—.£ a In,f]-rI:.l.v_l-Tj1L [e* (=, ) u’.«)

[4lhe initial BGM formulation [9] of these processes uses r(t, x) to rep-
resent the instantaneous forward rate prevailing at time t for maturity ¢
+ x. | feel this formulation obscures any value it adds and hence |
maintain consistency with the notation used in Chapter 11 by using f{(t,
T) to denote the time t instantaneous forward rate for maturity 7. The
obvious relationship between the two representations is r(t, x)= f(t, t +
X).

Blsee equation (11.28).
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12.3 Model of the forward LIBOR rate

Specifying the above model of the instantaneous, continuously com-
pounded forward rate is equivalent to determining the volatility func-
tion o(t, T)(or equivalently a*(t, T)). Fix some &> 0, then the LIBOR
rate process {L(t, T); t € [0, T], T € [0,T1]} is defined as:

T+4
(12.5) 1+ 8L(LT)=exp (j; ' J(t,») du)

Imposing a lognormal volatility structure on L(t, T), the associated sto-
chastic process may be written as:

(12.6) dL(L, TY = poge, v db+ LG TN T) - d3(1)

where ML 7 is some drift function and vy: R? — R" is the deterministic,
bounded and piecewise continuous relative volatility function. Letting
h(t, T)= (/ T+ f(t, u) du, we make use of Ito's Lemma to determine the
correct functional form of (12.6). Hence:

L&LT)
2801, T)

——
(12.7) dL(t, T} = ;L“ 4]

m f”i{f. T ] .

b8, 1" eh{L,T")

Here:

T d
dhit.T] = d f Jit, u)u
T

ok
- f df (1, 1) el
-

Tid
’ [ (-c.r{r,'u:l a*(t,u) di 4 m:r,m-d::m)du
T

T4+6 1 anefy 12 T4
= f 1 do .{.'. . i et | j (it ) du - di(1)
T T

2 il
1 " : T4
- E(|n'c.a_'r 8= !a'{r.'r';-f).ﬂ i f a(t, u) du - di(t)

i
.
—f alt,w)du - dZ{f)
f

— %(|ﬂ'f-‘_T B2 - |n'fr.'r}|”).n

o1+ 8) = o (1)) - di(t)

316



Therefore:

T+ 4 T4 &
dhit, T)Vdh(l.T)=d (f _,I"{.‘.u:ldﬂ) i (f flt, u) ciu)
T T

= |lo*(2, T + &) —4"r'|ti"._'?']I-!"':I ot
and (12.7) becomes:

1 48 1 :
dL(t,T) = <exp (Jﬂ _f[i'.u‘rn‘.n) (E(aa'u.’r +) - lo*(t, 1)1 ) dt
| %w{r, Ty 8)—o*(t. T dt
+ (n'u. T+6)—a'(t,T)) -+i:‘[-‘3)
1 - - Y " % .
'E(' | A‘J’.{r.r]}{k.r (0,7 1 &) —a*(t,T) - a*(t.T 1 )t
| %{I FEL{t,T)) (ﬂ‘{i‘,T | ) - rr‘{f.?']] di(1)
(12.8) E(l [ -H—{f.'ﬂ}n (¢, T4 -*J-(rr (t,Tt6)-0o {’r"'i)'”

| 1,{1 | rir.{r,‘r}) (n'{f.‘r FE) a8, T)) - di(t)
Hence by (12.6) we require:

%(I b L, T)) (a-{r.?' ) —g‘[f,?‘}) = L{t, T)(t,T)

SL(LT)

5 " g A —ppp N
(12.9) =g (LT +48) =™ (L, 1) 11 adAL.T)

7

and so (12.8) may be written in terms of the (T + 0)-maturity bond
price volatility as:

(12.10) AL, T = L, T, T -a" (LT 4 83l 4 L2, T)%{1,T) - d2{1]

Alternatively, solving (12.9) for o*(t, T + d) we may write this LIBOR
stochastic process in terms of the T-maturity bond price volatility as:

0211 dLiT) = (.‘.{LT}'}[-',TJ-#'[LTI
SL(t,1°

_— iy - Pk i
+| I aL(t, T) . T )!” + L, Ty, TY - d2()

Now let us assumel® o*(t, T)=0foralltc (T—-8)Vv 0, Tand T €
[0,T], then a recursive relationship may be used to define o*(t, T)for T
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— t> & asl’l:

T 1)

(12.12) ' (.T)= Y

k=1

SL(L, T — k&)
[+ OL(L, T — ko)

v, T — kd)

Substituting this recursive relationship into (12.10), the stochastic
process describing the evolution of LIBOR may be written purely in
terms of LIBOR rate volatilities as:

, . ) SLL,T + 6 — kb)
dl(t, TY= Lit, T)»(1,T)- o 5
Z_I 14 8L{LT 486 = k)

b L, T, T - d3(e)

W, T 6= kd)dt

Letting j = k — 1 we have:

dNran) -1

(1213) dL(,T) = L, Thit,T)- Y. L. T — j6) =, T = o) dt
i )

L+ 6L(t, T - 36
b L{t, Thy(2, T) - dz(t)

[IThis assumption implies the volatility factor disappears for all rates
where 0 < T — t <, that is the time between valuation date and ma-
turity date is less than &. This allows for the construction of a tractable
model. We have o*(t, t) = 0 for all t € [0, T] since this is the price
volatility of an instantly maturing bond. Relationship (12.9) implies:

SL{t, T — 5)

a (LT =a’ (1, T=4§) + T T SLLT =5

{8, T = &)

Hence, for T=¢t+ 0

SL(t, 1)

Lttt =Mt e 5

(6t =1

since Y(t, f) = 0 is the volatility of the spot LIBOR rate. So, since o™*(t,
T)=0for T=tandfor T=t+0oweletc*(f, T)=0forall T (t t+0)as
well. This is equivalent to o*(t, T)=0 for t € (T — o, T).

[7IBy (12.9) we have:
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LT = &)
1 LT = &)
SLit. 1 — 28) i 3 dL{t, T — d) -
Sl ) (T 2y S T
O T —20) O T Y T )
SL{ELT = kd)
L+ 8L, & — kd)

o (L. T) = a” (. T —4) 4 (T — b

=a (L, T —28)+

=a* (1, T = k) + AT = k) 4
SLILT =8 x

—— 4t T —4
Ly abfe,T —4d) i )

Since, by assumption, o*(t, T)=0 for T — t < d the first term on the
RHS vanishes for T — t — k& < d i.e. the term vanishes for k> 8~ (T
— 1) — 1, hence the upper bound for the summation index is k=8~ (T

— ).
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12.4 Forward risk-neutral measure

The framework within which the HIJM model is derived, in fact the
framework within which the above analysis is performed, is the risk-
neutral framework. This is characterised by a risk-neutral probability
measure under which all discounted asset prices are martingales.
Other risk-neutral probability measures may be defined in a similar
way, allowing various asset/option pricing problems to be solved.
Changing between probability measures is associated with numeraire
changes. This allows the numeraire to be chosen in such as way as to
expedite the option valuation procedure.

Consider a non-dividend-paying security X(t), which is a martingale
under the risk-neutral probability measure Q. There exists a probability
measure QX such that the price of any asset relative to X is a @ -mar-
tingale. The probability measure QX is defined by the Radon-Nikodym
derivative with respect to Q as [22, Theorem 1]:

dQ*  X(T)
d@  X(0)B(T)

(12.14)

since the money market account B(t), is the numeraire asset associ-

ated with probability measure
dQT P
,@ PO, T\B(T}

T 1T
=exp | — [ a*(s, 1) di(s) - = [ lo*(s. 1) ds
of (¥ —J'lu a .

Calculating the time t price of an asset generating a cash flow at the
future time T lends itself to a T -maturity discount bond as numeraire.
Let QT denote the probability measure associated with P (¢, T)(T -ma-
turity discount bond) as numeraire. Making use of (12.14), we define
this probability measure as:

(12.157)
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n‘QT
dQ Iy,

2 FUrT
i ¥ P i, \sal el (S

= | renm| 7
P

PO, T)B0)

L t
= exp (—f a'(s.T) .:L‘{:e]l—-é |«':r'*|:er.]"]l|g JH)
0

=.J0

Now since the relative price of a T-maturity discount bond is a martin-
gale with respect to the risk-neutral measure and P(0, T) is known at
time t, we define:

By the Radon-Nikodym derivative (12.15), we have for any asset S(-):

dQT

TN 1 "
19.16 E% [S(T)] = E¥ [:»' g b
( i) |S(T) ( }m:,g

| = E% [S(T) 0]

and for conditional expectations we make use of Bayes' Rule to yield
[49]:

(12.17) EY |S(T)|F] = ﬁ- EQ[S(T)ne | Fi]
_ B(t)P(.T) EQ[ S(T) _ ‘ﬂ]
P{1,T) B(T)P{0,T)
s
P{i.T)

since the relative asset price %(-)5 is @ martingale under probability mea-
sure €@ and P (0, T) is known at time t. Since the time ¢ forward price
for time T of asset S may be written as [41]:

S(t)

Fg, (t,T) = BT

we observe that the forward price process FST (t, T), t € [0, T], follows

a martingale®! under the measure Q'. Hence this measure is referred
to as the forward martingale measure or forward neutral probability
measure.
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We use Girsanov's Theorem (for example see [41, Theorem B.2.1.]) to
define the new Brownian motion under the forward martingale mea-
sure as:

[}
(12.18) ST(t) = 3 + f o* (u, T) du
|.1
[8lSince
. _ Y
Fsp(T.T) = pops = S(T)

we may write

S(t)

T T
ERQ [Fo (T.TV| F] = B9 |S(TY|F| = ——
[Fe, (T T}| Fi] |S(T) | Fi) Fe.T)

= Fs.j.f:f.,T]

and hence FST (t, T), t € [0, T] follows a martingale.
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12.5 Forward LIBOR rate with respect to the
forward measure

Consider (12.10), the LIBOR rate process represented in terms of the
(T + d)-maturity bond price volatility:
(12.19)  dL{,T) = LI, T)A(, T " (1, T + et + L{t, T)5(,T) - di(L)

We may introduce a new n-dimensional process z' *? (f) correspond-
ing to time T + d where

(12.20) dzT 1)y = dz(t) + ot (t, T + &)l

and a corresponding probability measure Q7 * ® equivalent to @, under

which z7 *? (t) is a Brownian motion. By (12.15), this new probability
measure, called the forward measure, may be defined as:

T+ 8 P+ 8,71 4 &)
ot} P(0,T { 8)B(T | &)

T4d 1 fTd z
(1221y =wexp| - [ o (s, T+ d) -dis) = ;[ le® (5.1 + §}|° ds
i -

Now, considering (12.19) and making use of (12.20) we have:

(1222)  dL{t,T) = L{, T)A(t, TY- 0 (1, T + &)t + L{t, T)(t, T) - di(1)
= L{t, T)(t,T) (.rs[r; Fa(t,T 4 a“]m)
= L{t, T)y(t, T) - dzT 1 *(2)

Hence each forward LIBOR rate L(f, T) follows a lognormal martingale
process under the forward measure corresponding to its settlement
date T + 0.

Using a forward measure for a date other than the settlement date, will
require a drift adjustment. Consider (12.11), the LIBOR rate process
expressed in terms of the T -maturity bond price volatility:

dL{t, T)?

(12.23)  dL(1,T) (.f.u.’."}=.:r.‘."}-a'[:.‘.f“_u1m

|‘}{F.T]|i}d.i
b L(t, T, T) - di(t)
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Making use of (12.20) and (12.21), we define the Brownian motion
and forward probability measure corresponding to time T, the expiry
date of the forward LIBOR rate, as:

(12.24) dzT(t) = dz(t) + o (¢, T)dt
and

n!_Q:_ P
dg  PIOT)B(T)

T 1 T
(12.25) = exp | — [ a (s, 1) -di(s) - 3 [ |7 ( 5, '.f'}|2 r.l's)
<1 J0

respectively, and so (12.23) becomes:

aL(t, T)? 2 .

dL{e, 1) 1:;{; -'T._ [, T3] ot + L{t. Ty{e, T (n'ftrr : l'-"'l:f.'f':HHJ
aLit. T2 . - .
£ L o M TP de+ LT T) - dsT ()

where Trers 6D ly(t T)|?is the drift adjustment required when a
forward measure corresponding to the expiry date of LIBOR is used.
Making use of the recursive relationship of bond price volatilities
shown in (12.9) and (12.12), the drift adjustment for any forward mea-
sure may be found. Equation (12.13) shows the drift adjustment when
the spot measure is used. This corresponds to the money market ac-
count as numeraire and hence may be viewed as the time t measure.
From this we may conclude that under this spot measure, no forward
LIBOR rate follows a lognormal martingale.
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12.6 Derivative pricing

Let us consider a cap on the forward LIBOR rate. Settlement is in ar-
rears at times T;, j=1,..., n, with cash flows at time T; equal to 6(L(Tj

—15 Tj—1) —k)* for each j=1,..., n, where k is the strike price of the

cap. Consider the cap price at time t, t < T,. By the risk-neutral valua-
tion principle, the arbitrage-free price is given by:

]

+
N Caplt) O~ g | (T30, Ty-1) - )
(12.26) B0 _ZE [ BT

j=1

From (12.17) we have:

E? [S(T)| F)] = 1 EZ" [ﬂ ‘ f}]
I

]

|
P, Ty) g [i('["{fj—h:r;—]:' —r;) B '
= PO.TABWD 0,T;) /
F,J

Substituting into (12.26) the cap price may be written as:

and so:

- r(m; Ny ])—x)"

B(T;)

PULTY) oq® | of 1o
=55 E {a(.’.{!‘, 12 Ti-1) I'-)

(12.27) Cap(t) = 3_ P(t,T;) EX" [.5(!.;‘1", Tt} = ;.-)' | F,]
j=1

where each cash flow is valued under the forward measure corre-

T
sponding to payment date T;. Here E@ [] denotes expectation
J

under the time 77 forward measure Q'. This forward measure is de-
fined, using (12.15), as:
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T,

- (Pm. 'f;}H{'f‘,)]

d
L : 1 [T 2
—exp(—f n'g.h.r;}-tfs[s]—zf [n'{s,'r_?ﬂ-ta)

From (12.22) we know L(f, T;) may be represented as a lognormal
martingale under the forward measure Q7j+1; hence:

¢ |

dL(t,T;) = L(t, T (¢, Ty) - dzTi+1 (2)

and so given the time t forward value of the time T; LIBOR rate we
have:

T.'
(12.28) L(T;,T;) = L(t, T,) exp (—f v(s,T3) - dzT341 (&)

[
1 7 P
-5 [ s T ds)

1
Now consider the process followed by Zt.75i". By Ito's Lemma we have:

1 - .
dt_“fm = ‘;T:J dL(t, T) | %;{'—t‘f’g]-}r”a{tﬂ}d-’—{h?}l
_ ‘:Ei_?rﬂ d=T1 (1) + %m
_ *,:f,':;}ﬁ . dzt ()
where

dzl(t) = —dzTr=1 () + 4(t, Ty) dt

is the Brownian motion corresponding to probability measure Q- under

which L(ﬁr;-,; is a lognormal martingale. By the Girsanov Theorem, the
Radon- Nikodym derivative defining this change of measure may be
expressed as:

4 A Ty £
9 exp (_f vla, Ty) - d=T641(s) — l;f (s, Ty ““)
il I

(T3, T3)
Lit, Ty)
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This change of measure affects the drift but not the volatility coeffi-
cient, hence as in (12.28) we may write:

Y l i 1 T:I o __Ll
(12.29) LT L[:‘.'I'._,}CXP (—/: (2, T;) - dz™(s)
1§ g
_'_f (2, 1y) -:.‘-F)
2 /i

From (12.27) we see that the cap is made up of a series of n call op-
tions on LIBOR, or caplets, maturing at times T; j=1,..., n respec-

tively. Consider the value of a caplet with cash flow occurring at time

T’
. ; Tysi P § )
Caplet(t) = 6P{t, Tj.,) EX"* [(mj, 15) - x) r—;]
6P Ty ) B9 [ (LT3 T3) = k) Vany o | Fi
- et [LUG,T5)
—ﬂPIIf.T_H(L“,T},-E{'] LWIHIH-‘J}:;“P Fr]
1 T "
wES [ einy apmm | '*"])
=8P, Ty 1) (L(LT) {u T 1;,,,}
u:.l'-“:" _'{H.‘" Tl}h})
(1230)  =érQ.1 a(m ;)P
=+ 4 [.r[r % }

- B 11y, 1) > 5}
Hence, making use of (12.29) we have:
I 1 1
| < }
_ L L
_pA {mp(—f ¥(s,Ty) - dzt {s]——f s, 231 o ) '{_"""'}
Ty
- w"{—f A5, T) - deb(s) < In (M) f (s, T3 rh}
| L]

= N (hlt,T}))

where
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In(ﬁzLl % 2(t,T3)

AT,
(12.31) 22, T5) f lv(s, T3)° ds

hit,T;) =

Similarly, making use of (12.28), we have:

PO L. 13) > 5}
patim [_ [ (5,15} - =Tt (8) > In [ — [ Iis. 231" ds
= s T LT :
s 4
< FJTJ-I {f 'r{-’h?}] .II;"'”'[H} <In (E!i_;‘lj_‘jj) ::f 2 T. 1I| Ff.ﬂ}
Je ok

— N(h{t, Ty) — (1, T}))

Substituting these results into (12.30), the time t value of a caplet with
cash flow at time T;,4 may be written as:

(12.32) Caplet(t) = dP(1,T;. l)(.f_{t_. T3) N{h(t,T;))

T )

and so, by equation (12.27) the time t value of the entire cap is:
(12.33) C‘ﬂp{.‘}—Z&P{! T; (L[r.:r_, L N(h(2.T; )

J‘_

—k N(h(t, Tj_1) — olt, Tj— t}})
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12.7 Calibration to market volatilities

One of the main advantages of the BGM model is that calibration no
longer involves the translation of unobservable state variables (such
as instantaneous spot and forward rates) into quantities observed in

the market. The volatility parameter @2(t, T;) in (12.31) may be directly

calibrated to the observed Black volatilities. However @2(t, T)) is the

volatility for a single caplet, while quoted Black cap volatilities are in
fact ‘average' volatilities over a series of caplets. In order to derive in-
dividual caplet volatilities from quoted Black cap volatilities, assump-
tions may need to be made about the relationships between individual
caplet volatilities. These caplet volatilities, which represent volatilities
of individual forward rates, are referred to as forward-forward volatili-
ties.

In the derivation of the above pricing formulae, the volatility function y
is n-dimensional, allowing for n volatility factors (sources of uncer-
tainty). These factors can be identified from market data along similar
lines detailed in Chapter 15 which details calibration of the HJM ap-
proach.

The inconsistency within market caplet and swaption prices remains.
All market prices of caplets and swaptions are derived from a model
which simultaneously assumes a lognormal distribution for the under-
lying remains. While the lognormality assumption is valid for any indi-
vidual caplet or swaption, joint lognormality of all caplets and swap-
tions is impossible. The pricing impact of this internal inconsistency is
likely to be small [45]. While one cannot exactly calibrate a single
model to all caplet and swaption volatilities several optimised hybrid
approaches have been suggested (e.g. [46]).
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12.8 Conclusion

The implications of the modelling approach presented by BGM are
twofold. Firstly, we see that, in order to justify the market convention of
pricing caplets by means of the Black formula, one needs to consider
forward rates under a forward measure [9]. No forward rates are log-
normal under the spot measure, but rather under an appropriate for-
ward measure, which depends on the settlement date of the forward
rate.

Secondly, the modelling framework presented here is somewhat dif-
ferent to that used by previously studied models. Other models,
specifically the HIM model (see Chapter 11), model unobservable
market parameters. Instantaneous forward rates, as modelled by
HJM, are not observable and so implementation requires a suitable
discretisation. BGM have developed a continuous time model of dis-
crete forward rates which are market observable quantities.

One of the most difficult tasks faced by users of the traditional models
is that of ensuring the recovery of market-observed values and volatili-
ties [45]. Within the BGM framework the modelled variables are in fact
the market-observed quantities, and hence one is spared the difficult
task of transforming unobservable model parameters into values of
traded quantities.

Another more subtle advantage is that the BGM model may be used
to directly express views about future values and volatilities of market
observables. Via the BGM model, these predictions are directly trans-
lated into option prices and the resulting option strategy will be a direct
reflection of the view taken on traded quantities.
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Chapter 13: Calibrating the Hull-White ex-
tended Vasicek approach
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Overview

In §7.3 we examine the pricing of contingent claims within the HW-ex-
tended Vasicek framework. The time t price of a European call option,
with expiry time T, t, T € [0,T*] and strike price X,onazerocouponbon-

dofmaturity s is given byl

C(t,T,5) = P(r,t,s)N(h) — XP(r,t, T)N(h — 0,)

where

1 P(rt,s) Op
"= LM Peanx 2

0§ — [}5] T }/ (m) dr

In §7.5 we showed for the initial values of B(t, T) i.e. B(0,T), may be
extracted from the observed term structure. Here we examine the ap-
proach to calibrating the HW extended Vasicek model to a given set of
term structure data.

NISee equations (7.20)-(7.22) of Chapter 7.
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13.1 Using information from the observed term
structure of interest rates and volatilities

Let [0, T*] be some trading interval. Data representing the term struc-
ture consists of the following:

the instantaneous, continuously compounded short-term in-
terest rate at time ¢,

n(t) -

R(r, _the interest rate term structure, that is continuously com-
t, T) pounded rates for a series of maturity dates, T, T € [0,T7],

o/,
f)

Og(r, _term structure of interest rate volatilities with maturities corre-
t, T) sponding to those of the term structure of interest rates.

instantaneous short-term interest rate volatility,

The price of a zero coupon bond takes the functional form:
“ 31 } P{I'J: -’IJ"} _ ..4[:."., T':If;_ﬂ{'r"T\]ﬂ"”

where B(t, T) may be found from the time t term structure as (refer to
equation (7.37) Chapter 7):

H{Tr f, T]'TR{T- t, T:I{T Fre f]

Bt )= TV

Letting t = O denote the current time, the term structure of B(0, ) is ex-
pressed in terms of the current volatility and interest rate term struc-
tures as:

R(r,0, T)or(r,0,T)T

3.2 BT
(13.2) 1) F(0)0 (1, 0)

Additionally, the initial term structure of interest rates R(r, 0, -) may be
used to determine the term structure of zero coupon bond prices or
discount factors as:
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(13.3) P(r,0,T) = e~ Rr-OTIT

This term structure of zero coupon bond prices, together with the term
structure of B(0, -) allows the term structure of A(O, -) to be found as:

(13.4) A(0,T) = P(r,0, T)eBOTIO)
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13.2 Call option on a coupon paying bond

The option pricing formula above may be used to obtain the value of a
call option on a pure discount bond. However, these are not readily
traded in all markets and one may be forced to use options on coupon
paying bonds. Jamshidian [31] developed the following methodology
allowing options on coupon paying bonds to be valued as portfolios of
options on discount bonds.

Let P(r, t, s) be the time t price of a coupon paying bond maturing at
time s, t, s € [0,T*]. P(r, t, s) consists of n payments ¢;, i = 1,...,n at
times s, i=1,...,n where s; € [t, s]. The time t price of such a bond
may be expressed as:

P(rt,s) =) _aP(rt,s)
i=1

At option expiry time T, the bond has m payments remaining. Let r* be
the instantaneous continuously compounded short-term interest rate
at time T, such that the price of the coupon paying bond equals the
option strike price, i.e.:

L
(13.5) Por*,T,s) =Y aP(r", T, 5:) = X
i—1

The time T payoff of the European call option on such a coupon pay-
ing bond is:

max [0, P(r, T, s) — X]
= max |0, Zc;f"(r, T,3;) — z aP(r*,T,s;)
i=] i=1
= Z eimax [0, P(r,T,s;) — P(r*, T, s;)]
i=1
== z e; max [0, P(r,T, 5;) — Xi]

i=1
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where X; = P(r*, T,s;), i = 1,...,m. Hence the payoff of the it option is:
max [0, P(r, T, s;) — Xi]

and the time t price of this option is:
Cit, T, s;) = P(r.t,s;)N(h;) — X;P(r,t, T)N(h; — 0,,)

with

i . P y by Of i
(13.6) hi = rln—.,”;r -5

7 ¢ 2
(137) @3 = (BO.s)-BO.D) f (.eIL;I,Jr;) dr

dr

13.2.1 Finding r*

From equations (13.5) and (13.1) we may write the option strike price
as:

it

X = Zﬂ‘ P(r*, T, s;)

i=1
it

“33} = Zﬂ;/i{.r, S‘}E B(T 5"

i=1

where (refer to equations (7.15) and (7.16) Chapter 7):

B{0, si) — B(0,T)

E?B;'I}.T:j

(13.9) B(T,s:) =

and

—-[H{f u””mﬂ fr[;;ﬁ:_}i] @

where
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AT, 8:) =In A(T, 8;)

Since B(T,s;) and A(T,s;) are fully specified by the initial term structure,

we may apply a numerical search technique such as Newton-Raphson
to solve for r* such that (13.8) holds.
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13.3 Using market data

Having considered the model formulation that allows us to incorporate
observed term structure data into the pricing formulae, we examine
how actual data is used in the calibration exercise.

For each day, the continuously compounded rate of interest and his-
torical volatility are available for a discrete set of node points corre-
sponding to terms to maturity, T, /= 1,...,N where T, = 1 day.

= The interest rate with term to maturity 1 day and its corre-
sponding historical volatility are taken as proxies for the in-
stantaneous short-term interest rate r(0) and its volatility o (r,

0).

= Making use of (13.2) we calculate B(0,T) at each of the node
points.

= Applying (13.3) we determine the time 0 discount bond prices,
P(r, 0, -), with maturities at the nodes.

» These term structures of B(0, -) and P(r, O, -) are applied in
(13.4) to obtain the values of A(O, -) at the nodes.

An interpolation technique must be applied to the term structures of
A(0, -) and B(0, ) so that values for any maturity term maybe ex-
tracted. Cubic spline interpolation was selected for the smoothness of
curves it produces (see [1]).
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13.4 Cubic spline interpolation

Cubic spline interpolation is a type of piecewise polynomial approxi-
mation that uses cubic polynomials between successive pairs of
nodes [13]. Additionally, the constructed cubic piecewise interpolant is
required to be twice continuously differentiable. This condition differ-
entiates cubic spline interpolation from other types of cubic piecewise
interpolation techniques, such as Cubic Hermite and Cubic Bessel in-
terpolation (see [20]).

At each of the nodes across which the cubic splines are fitted, the fol-
lowing hold:

= The values of the fitted splines equal the values of the original
function at the node points.

» The first and second derivatives of the fitted splines are contin-
uous.

See Appendix for a detailed formulation of cubic spline interpolation.

As shown in (13.9) and (13.10), we require the derivatives of the initial
term structures of A(O, -) and B(0, -). Although the construction of the
cubic spline does not ensure the derivatives of the interpolant agree
with the derivatives of the initial function [13], it does provide "accept-
able approximations to derivatives" [20]. For this reason the deriva-
tives of the fitted cubic splines are used as approximations to the re-

. . . . dALD,- B0}
quired derivatives i.e. 2 and 5

Now consider approximating the derivative at each node point x;, by
first fitting a quadratic polynomial to points x;_4,X; and x;,4 and then
evaluating its derivative at x;, Comparing these derivatives to those

produced by taking the derivatives of the fitted cubic splines shows
that the cubic splines produce much more extreme derivative values.
In equations (13.7) and (13.10) the integral of the square of inverse of
the derivative of B(0, -) is required. Here, the more extreme deriva-
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tives generated by the cubic splines give rise to inconsistencies and
rather high integral values between certain node points. The effect is
that of unreasonable future term structure shapes of A(¢, ) and unrea-
sonably high volatility values for some of the sub-options constituting
the coupon bond option. We investigate two ways of mitigating the
magnitude of this effect:

13.4.1 Cubic Bessel interpolation

Cubic Bessel interpolation (see [20]) uses the same basic methodol-
ogy as Cubic Spline Interpolation, but places an additional constraint
on the derivatives at the node points. The derivative at each node
point x;, is set equal to the derivative of the quadratic polynomial fitted

to points x;_4,x; and x;,4. For details of this procedure see the Appen-
dix.

By forcing the derivatives at the nodes of the cubic interpolant to be
equal to those of the quadratic polynomials, the derivatives between
the nodes become less extreme and the integral of the square of the
inverse of the derivative of the cubic polynomials becomes smoother.
However, the integral between some of the short-term nodes is still
rather large, again leading to overestimation of the volatility.

13.4.2 Interpolating the derivatives

The derivatives at the node points are assumed to equal those of the
quadratic polynomials fitted as above. Cubic spline interpolation is
then applied to these derivatives. This results in a smoothly interpo-
lated derivative curve and hence smooth integral values. The integral
required to evaluate (13.10) now becomes the integral of the square of
the inverse of the cubic spline. The evaluation of such an integral is
detailed in the Appendix.
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13.5 Constant mean reversion and volatility
parameters

The implementation of the HW-extended Vasicek model, as described
above, represents a stochastic process of the short-term interest rate

of the forml[2l:

(13.1 ]:J dr = [ﬁ{f} -+ H{f}{h — ::I] i +G(f] iz

The three time-dependent parameters allow three characteristics of
the initial term structure to be fitted (see [29]). The time-dependent
drift parameter 0(t) allows the model to exactly match the initial inter-
est rate term structure; the time-dependent short-term interest rate
volatility o(t) defines the volatility of the short-term interest rate at
times in the future; time-dependent reversion speed a(f) specifies the
relative volatilities of long and short-term interest rates, hence replicat-
ing the initial volatility term structure. However, fitting all three time-de-
pendent parameters to current market data results in an over-parame-
terisation of the model, which may cause undesirable side effects [29].
Resulting future term structures of volatilities may take on implausible
shapes, leading to mispricing of exotic options. For this reason imple-
mentations with constant reversion speed and short-term interest rate
volatility a and o respectively, are recommended. The volatility term
structure will no longer be fitted exactly but only approximated. How-
ever, the model will display a stationary volatility term structure which
allows more control over future values of model parameters and
hence more accurate, robust pricing of exotic derivatives.

The resulting process of the short-term interest rate is:
(13.12) dr = [8(t) + a(b — r)|dt + o dz

with associated functional form of B(t, T) reducing to2!:

1 —¢ ul:T !:J

(13.13) B(t,T) =

[}
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Hence the initial time t = 0 value is:

[~ t"‘_ﬂT

(13.14) B(0,T) =

i

Since the time t = 0 term structure of interest rates is known we find
the initial term structure of discount factors (zero coupon bond prices)
P(r, 0, -), as shown in (13.3). Consequently the initial values of the A(t,
T) coefficient may be found as:

A(0,T) = Pl{r,{lT}ﬂ{ﬂmT}r{m]
(13.15) — P(r,0,T) el {1-7T)r(0)/0)

Since P(r, 0, -) and r(0) are known, the exact values of A(O, -) are de-
termined by the chosen value of parameter a. The initial discount bond
prices can be exactly reproduced for any arbitrarily specified value of
a. This does not say anything about the correctness of this parameter
value. Incorporation of additional market data dependent on volatility
parameters, such as interest rate options, is required to allow a correct
choice of a.

As before, once the initial values A(0O, -) and B(0, -) are known, any fu-
ture values A(t, T) and B(t, T) may be calculated using (13.9) and
(13.10). For constant a and o these reduce tol4!:

1—0¢ af=, T}

(13.16) B(T,s;) =

L

Plr.0, ) (l—tz aofa T:')ﬂinF{r.{hT?
o

117 A(T,8;) = In =112 _ -
(13.17) In A[T, ;) = In P(r0.T) a1

o .I".T_"[I 3 '.—u:_.-,— f'ﬁ]i{] pze ;-—EIIT-}

Similarly, the forward bond price volatility (13.7), required to value
each of the m zero coupon bond options making up the coupon bond
option, reduces to:

(13.18) .519._ — g—[l — o alui T}}E(] — e 2a(T z}:]
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Calibration of the model to observable market prices involves retriev-
ing values of o and a such that these market prices may be recovered
from the model.

[2]See equation (7.4).

[BlSee equation (7.25).

[4IThese can easily be shown to be equivalent to the functional forms
specified in (7.25), (7.26) Chapter 7 for constant a and ©.
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13.6 Flat volatility term structure

The functional form of B(t, T) considered in §13.5 does not allow a = 0.
This is the case of zero mean reversion. Assuming a constant, flat
volatility structure and consequently a zero mean reversion parameter,
the equation of the short-term interest rate process becomes:

(13.19) dr = 8()dl + adz

Consider the relationship of B(0,T) to the initial interest rate and
volatility term structure as shown in (13.2):

R(r,0, Teg(r,0,TT
r(0)o,(r,0)

(13.20) B{0,T) =

Allowing a constant volatility structure implies:
gulril) =op(ri,T) =0 ¥Yi,Tel0, T |andt < T

Hence (13.20) reduces to:

(13.21) B(0,T) = H{::’[::’}T] -
To show that this does in fact imply a zero reversion speed parameter,
consider equation (7.17) in Chapter 7:

a2 B(0,1) AB(0,t)
o=~ (T )/ ()

0 | .

o

Making use of (13.1) to determine the functional form of A(O, ) we
have:

P(r,0,T) = A(0, T)e BOTIrO)
L A{:ﬂ!ff‘}n R{r.0, 7T

However, from (13.3)
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(13.22) P(r,0,T) = e~ R-OT)T
Hence A(0,7)=1forall T € [0,T*].

The calibration of the model now requires the fitting of a single volatil-
ity parameter o such that market prices of traded securities are recov-

ered as closely as possible.
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13.7 Calibration methodology

13.7.1 Algorithm for constant mean reversion and volatil-
ity parameters

The following is an algorithm of the methodology to calibrate a rever-
sion speed a and associated volatility parameter o which give rise to
the smallest mispricing.

For valuation date 1 to n
a = initial value
While a is in the acceptable interval
For expiry 1 to m
initialise O; and O,

get Black premium for this expiry and valuat

P, = HW option premium (0;) - Black premium
P, = HW option premium (0,) - Black premium
While |P;| > 1 * 107 and |P,| > 1 * 107°
O,iq = (O + 0,)/2
P,iq = HW option premium (0,;4y) - Black prer
If P, * P,;q < 0 Then
Oy = Onig
ElseIf P, * P,y < 0 Then
01 = Onig
End If
Loop
O = 0,,4
Next expiry
O,,. = Average (O for expiry 1 to m)
ave mispricing = Average ( (HW option premium (O

- Black premium)/Black prem
for expiry 1 to m

If ave mispricing < optimal mispricing then a,
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update a
Loop
Next valuation date

For a given value of parameter a, determine the corresponding values
of o; for expiry date i = 1,...,m. Since a and o are parameters associ-

ated with the term structure, specifically the reversion speed and
volatility of the short-term interest rate, they tell us what the price of
the bond option implies about the characteristics of the short-term in-
terest rate. lIdeally, we would like the o;s to be the same for all maturi-

ties i =1,...,m. This would imply all maturity bond options are priced
consistently by our model of the short-term interest rate. However, in
practice these o;s may differ quite substantially. To determine an opti-
mal value of a and corresponding o, take the arithmetic average of o;

i=1,...,mto be the proxy for . Pricing each bond option using the
value of a and corresponding ¢ allows us to determine the degree of
mispricing to market-observed option premia. The optimal value of a
and corresponding o (calculated using the averaging described
above) are determined as those resulting in the smallest mispricing
across the bond option maturities.

The methodology used in procedure HW option_premium to calculate
the HW option premium is as described in §13.5. To calculate the
strike prices and hence premia of the sub-options comprising the
coupon bond options we require A(7,s;) where T is the option expiry

date and s; is a coupon payment date. From equation (13.17) we re-
quire P(r, 0, s;), P(r, 0,T) and 22T in order to evaluate A(T,s)).

Since T and s; will not necessarily fall on the available node points, we
)and ln.F"!r:l )

must interpolate the P(r, 0, curves to obtain values for

the correct maturity dates.

Given the initial interest rate term structure R(r, O, -), make use of
(13.3) to obtain the term structure of P(r, O, -). We then apply the cubic
spline interpolation to retrieve discount bond prices for any maturity
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date.

Q‘I:LP!r.'D, ] .
In order to evaluate ——=——, we first calculate In P(r, 0, -) at each

node point and then apply Lagrange interpolation to fit quadratic poly-
nomials and hence evaluate derivatives at each nodel®l. Applying
cubic spline interpolation to these derivative values allows us to re-

trieve Zefrta for any maturity date.

13.7.2 Algorithm for a flat volatility term structure

The following algorithm describes the methodology to calibrate a
volatility parameter o which gives rise to the smallest mispricing. This
algorithm is essentially a subset of the previous algorithm since the
methodology corresponds to a = 0 and hence only an optimal o needs
to be found.

For valuation date 1 to n
For expiry 1 to m
initialise O; and O,
get Black premium for this expiry and valuatio
P, = HW option premium (0;) - Black premium
P, =HW option premium (0,) - Black premium
While |P;| > 1 * 107 and |P,| > 1 * 107°

Opig = (07 + 0-2)/2
P.;,qg = HW option premium (O0,;4y) - Black premit
If P, * P,;4 < 0 Then
Oy = Onig
ElseIf P, * P,.q5 < 0 Then
01 = Opig
End If
Loop
O =0

mid

Next expiry
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Next valuation date

To determine the strikes of the sub-options and hence their premia we
require values of B(T,s;) and A(T,s;), where T is the option expiry date
and s; the coupon payment date.

To determine B(T,s;) we must determinel® B(0, -) and = o leen the

initial interest rate term structure R(r, 0, -), make use of( 3.21) to de-
termine the values of B(0, -) at all the node points. Applying cubic
spline interpolation allows us to retrieve B(0, -) for any maturity date.

To determine 25 , we fit a quadratic Lagrange polynomial at each
node point and evaluate its first derivative. Then applying cubic spline

interpolation to these derivatives allows us to retrieve 228 for any
maturity.

T e, OB0. 712
To determine A(T,s;) we also require Jo (V/=7=)"47 This is found by

applying cubic spline interpolation to E%]“l and then evaluating this in-
tegral. This involves the integral of the square of a cubic polynomial.

[BIThis is the methodology described in the final paragraph of §13.4.1.

[lSee equation (13.9).
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Appendix Cubic Spline Interpolation

Given a continuous function f on interval [a, b] with nodes x;,i = 0,...,n
such that a = xj <x4 < --* <x,, = b, a cubic spline interpolant S, is a
function such that:

1. The cubic polynomial on the subinterval [x f j+1],j =0,1,...,n
—1is denoted S(x) = S/(x);

2. S(xj) = f(x;) forallj=0,1,....n;

3. Sjt1(Xj1) = Si(Xjsq) forall j=0,1,....,n — 2;

4. Slj+1(Xj+1) = Slj(Xj+1) for a”j = 0, 1,...,n — 2,
5. 8"j1(Xjs1) = S”{(xjq) forall j=0,1,....,n — 2;

6. Since we have no conclusive information about the second
derivative of function f at the boundary nodes, we fit a free or
natural cubic spline by imposing the condition:

9™ (20) = 5" {za) =10

Here, the cubic polynomials take the form:

(AL Syla) = ay 4 byl = 25) + eyl = 2y )? 4+ iz = x4 ¥

forall g =0,1,...,n—2

Applying conditions (1)—(5) to the set of polynomials in (A.1.), we ar-
rive at a linear system of equations:

3, . 3
hi L !2”*_.- I—.'rJ,]:." | .IIFJL'J, I:EL”] I_"}J_hj .[H‘:‘—rl? 1]

where

hj _:Ifjl i —$j.

and condition (6) gives:
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cqg=1r, =10
L “Th

The above equations form a tridiagonal linear system, which may be
solved for a unique solution (see [13]).
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Cubic Bessel Interpolation

Using Lagrange interpolation, fit a quadratic polynomial p(x), to node

points X;_1,X; X;.1. This takes the form
(x—x5)lx—x5.4)

(Ti—1 = ZgMEs-1 — Z44a)
(£ —xj1)(x — 2y)

(#4-1 — ®5-1 {251 — )

ooy k& =zg )@= Tis1)
b f{=i)-
"rl“r’}lr, =Ty }{25 = 2401)

plx) =flxz1)

+ flzj-1)

hence

Pl B T 2 =Ty g = T4

pix) =flx; 1) =+ fz5)-
; PN iy =gy = 2) Mes = 251 )25 = Tjir)
2r -z -5
[ Y S
(x5 _'rj'l,}l.ﬂ—]'||-_‘rj}

and so evaluating this derivative at node x; we have:

N . Fo— T . ?x'—..lf i i
F:{:t'_,':' _ﬂ:, 1} i. i+1 i'ﬂ.'—"_;} 3 i—1 41 :
(241 — 23 (Tj=1 — Tg41) (2] — 41075 — Ty11)

) Xy — 0

(Ti41 — Tjm1Tier —25)
Hence we fine the polynomial S; j=0, 1,...,n — 2 such that:

ij:ﬂj] _Jr(-'f’j:] sail{xj-l)_f(“’yll)
S_;('?’.J] - p’(TTJ S_-I;-}-I{i.,’j*-l) = P’(mj—hl) for J — 01 ]1 P L 2

This gives rise to coefficient values defined by (see [20]):

aj = flzy)

b; = p'(x;)

M) =Sl M)
£y {1‘24_' —;‘Ejj‘zj Tiol — 7 dj{.[:?. 1 ﬁ_-;]
e P’{-Tj] f .’r'”{i"j- 1) = Ef[iﬂ;a 1) — fl®g)

g (Zjr1 — z5)? (Tj41 —25)

354



Integrating the inverse of the square of a cubic
polynomial
The required integral has the form:

n 1 2
A2, - - - i
(4.2, [H (JJW— x5 4+ egle —x5) + byle — x;) + ﬂj) o

First, consider a cubic polynomial of the form:

dx® + e’ +hrt+a=10

then according to the methodology detailed in [42] define the following
variables:

L
{:‘51..3.21] By = _ﬁ
(A.3.h) yn = day +crd |+ bry 1 a
: c? — 3db
(A.3.c) 5 = .
(A.3.d) h? — 44245

Now, three cases must be considered:

1. yzN—h2>O;
2. yzN—h2=O;
3. )2, — h2<0.

y?y — h? > 0. Here, the cubic polynomial has only one real root, given
by:

J|r| a I /
Y T MLON (RN R R D R
xy =zp + ‘l’f M( un +\fuy —h )* 1Lr" zd( yn = \/ Wy ﬂ)
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de’ + cx® + bs + a
= (z — 21 ) (dz? + (¢ + dze1 )2 + b + cz1 + dud)

: b
= d(e—z) (2 + (S +m)at =+ =

7+ 3o+ )

=d(:”_=51){1"2+#w+p)
where y=#=5+%1+x,and p=r =3+ o1 tai.

Applying this to (A.2.) the integral takes the form:

1\? m ] :
(@) [ comm—rre—) “

[ (i ot
T\dyS S \z—zi—3 (z-—zp)tulz—z)+p

where:

!
B =Gz
23 + paey + p (=1 + 1)

Further:

INE G? (I - Gz - z;))°
(dj) fm (‘:3—'_-‘”_?_-’-'11}E ¥ ((z —x;)% + px — z5) p]g

2G(I - Gz — z4)) )‘k

I (x—:i.-j—:r.l}{{-.r:—:::j}:"' f }1(1-'—-7»‘1'} I F’}

1\2 o o2
- (IJ) fn (['-L'—-'*f;ﬂ—-’ﬁl}2 Tt um =) tp

Lz —2;) + M p

(x— ;) + plz—xz;)+p)° T—2j—21

Plz—=,)+Q )n,m
@ -2 + ula—z;) +7

where:

L=-2GI -G M=I-0%

p_ 2%+ p) ~ 267 ((p+ 241)? = p)
x3 + uzxy + p ai + pxy +p

@
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and so:

f P
( ) ([.c .51—31}’_3:—:5'_,-—::.'1

P 2z —x3) I n Q+G* - il”l’
2 [r-—:c,11+_ul[.'t:—.1:1}+p (w—a, ) +p{z —a4) +p
(I_ 2z — =) + p . M — 3Ly . ¥
2 ({x=z )b ple—=x)+ ;J] ((z=my)® - ple =)+ p)
= i) ;I—Plnl.r—: —-r|+£]u|[.c'—-.c,'l'z+ (x—x4) E
d x — x5 — x| B T H Tt
» L ,'H’—Lr:( =1+
(x—xz;)* + plz —x5) +p 200 \(x—x;)? +plz—xy)+p
e A =L i F
| (Q . P” } M lr”):l.r{:!.:‘l.lll (J-—-d'—-r } "I)J
¢ 207 ¢ —

wheren=1/zuand¢=VP_f’?2.

y2y — h? = 0. For this case there are three real roots, with a repeated
root. Again from the methodology in [42], the three roots are:

YUn

I|—5‘J;\r—23 :i—d

Yn

Lo =Ta =Ty — “—Ed

Substituting into (A.2.) we have:

‘3 " 2
1 1
d; m \(z—x5 -z )z — x5 — 22)°
2 . 2
1 A A C
— — + il
i m \E—Zj—x1 xT—xj—29 [(x—xj—29)7

= (L)ﬂf( A2 MY H2C
r'I? " I::l.' = Iy —I :]2 EE = Ty — @Tg )'.E '[ﬂ' -T; = _1.'2]3
.t.

ct F-D F-D e
(z=zj=m9)! x=xj=2 T=x;=19

; A? A+ AC
T _"~—_-|:-+-—' _J.:— e +1!—".—-'. e
thy T i— ¥ Ty § i Xy — Tp)

- —1—“: - ;3’_ P (F - D)In|=

2 —z;—3

..

x—%j— %

where:
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1 -1

A — C=
() = x0)® Ty —T9
o942 0 v a .
D— 24 P 2AC - H— 2AC
I — I3 (2 — 1) Ty — T

y?n — h? < 0. Here we have three distinct real roots. These roots are:

Ty =Txn |+ 20 cosd
27
i) _:cha+2&'(:¢)ﬁ(ﬁ+ T)
e 4
Ty = Ly —I—Jdcm(ﬂ + T)
wherelZl:

e b =N
f EHILM( b )

Again, substituting into (A.2.), we evaluate the integral as:

1 2 r ] o
(E) fm (i:i:—:r,—r]]{z-g-_,_,;ﬂ[x_wj_rs,;) dx

()1 o e o)
=t I | dr
“{j m AT =L =14 &= Tj ==Ly T==24=1T3
_1_)?["( A? : B? I c?
ﬂrﬁ " {.?' =&y = xl}:r {ﬂ-' — &y —#'E-"z]'ﬂ (x— iay = .T_'l}ﬂ
Dy F H-D H{|F )
+ e

T—Tj—&L] T—ETg—Tg E— L — Ty

(
_E_l_)"’[_ A? B? c?

T—iyj—k) T—Tj—ITg LT—idy—iIg
D+ Flln|z — x5 — x| + (H — D) In |x — x; — z2]

——

r=n

-+ F)ln|x—=; —3:_-;|J

Fr—nm

where:
o Ty — Iy
zh(rs —21) — a3(wg —x1) — (23 — x2)
B = w3 — &1
:::%(11'3 —x) - .Tl%l:."ﬂg —x) — :.-:%{3;3 — @)
= ry — Iy

- xf(xy — ) — 2f(xg — 21) — 23 (23 — 29)
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and

2AB 2AC 2BC
= " H =

Ty — Xa €Ty — &y dig = @y

£ =

[71As defined in (A.3.d), h = 2 d&3.
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Chapter 14: Calibrating the Black, Derman and
Toy discrete time model
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Overview

In Chapter 8 we examined the formulation of the BDT model within a
(discrete time) binomial lattice as well as its continuous time equiva-
lent. The short-term interest rate process takes the forml!:

r(t) = u(t)exp (a(t)2(1))

where r(t), u(t), o(t) and z(t) are the time t values of the short-term in-
terest rate, the median of the (lognormal) short-term interest rate distri-
bution, the short-term interest rate volatility and a standard Brownian
motion. The continuous time equivalent of the BDT model is deter-
mined to be:

dinu{l) dlne(t)

dinr(t) = TR {(Inu(t) —Inr(t))| dt  o(t)dz

However, this formulation of the model is not analytically tractable (this
is a characteristic of all lognormal models) it must be implemented by
means of a binomial tree. The tree is constructed so as to approxi-
mate the above stochastic differential equation of the short-term inter-
est rate. The short-term interest rate at each node of the tree is deter-
mined so as to be consistent with observed market prices of bonds.

MIThis relationship is derived in §8.4 of Chapter 8.
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14.1 Initial Term Structure

Following the notation and methodology of Chapter 8 §8.5.1, the initial
term structure of interest rates and interest rate volatilities is described

by the following variables:

P(i)-time 0 price of a discount bond maturing at time iAt,

(i)_time 0 (continuously compounded) yield on a discount bond
maturing at time iAt,

oR(/)-time 0 volatility of yield R(i).
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14.2 Calibrating to interest rate term structure
only

As discussed in Chapter 8, the rate of mean reversion is a function of
the short-term interest rate volatility. This implies that, by specifying
the functional form of the time-dependent short-term interest rate
volatility, we are simultaneously specifying the shape of the term
structure of volatilities and vice versa. This may not be a desirable
property, since future volatility term structures may be distorted, taking
on unreasonable characteristics. For this reason many practitioners
allow for a constant short-term interest rate volatility parameter when
using the BDT model. This implies that the mean reversion speed is
zero and the model is calibrated to the initial interest rate term struc-
ture only. A constant volatility parameter may also prove optimal in
markets where a reliable term structure of implied interest rate volatili-
ties is not available and historical volatilities are seen to be poor prox-
ies for implied volatilities.

Letting o(t) = 0 where o is constant, the continuous time short rate dy-
namics reduce to:

_ dnwu(t)

(14.1) dlnr(t) g

dt +odz

and from (8.17) in Chapter 8, the discrete time representation of the
shortterm interest rate becomes:

(14.2) rig — u(i)exp (ajVAL)

Hence calibration of the binomial tree to market data reduces to find-
ing u(i) at each time step. Given a value of ¢ we may calibrate the bi-
nomial tree such that market-observed discount bond prices are re-
trieved. Since the bond price is independent of g, this gives no clue as
to the correctness or otherwise of the chosen o value. To ascertain
the correctness of the o parameter we need to make use of another
set of security prices which depend on interest rate volatility (i.e. o).
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14.3 Forward Induction: making use of state
prices

The required calibration procedure is a simpler version of that outlined
in Chapter 8, §8.5. Again we make use of forward induction and state
or Arrow-Debreu prices. Define Q;; as the time 0 value of security pay-

ing 1 if node (/, j) is reached and 0 otherwise. By definition Qg = 1.

These Arrow-Debreu prices may be seen as discounted probabilities
and hence may be used to specify the value of any instrument. Specif-
ically, the time O price of a discount bond maturing at time (i + 1)At

may be written as:

(14.3) Pi+1)=) Qizdi;
i
where d;; is the one period discount factor at node (i, j) expressed as:

1
14.4 DN -
(144) T T gt

At each node (J, j) of the tree, the state prices are determined as func-
tions of the state prices at time (/ — 1) using:

. 1
(14.5a) Qi = 7 Qi—15-1di-13-1
(14.5b) Qi = $Qi-15-1di-1,5-1 + § Qi-1,4+ 185 1,441 Vidi—i

(145¢) Qs —i =3 Qi1 -ir1di-1,—i+1

Initial step: Initialise variables at time / = 0 as follows:

Qﬂ._'l"l =1,
(R(1AY _q
w(0) = roo = —— and
1
R
M= + ro,0ddE
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Now, for i > 0, we assume the following are known for all states j at
time step (/ — 1): Qi_q, u(i — 1), ri_4and d;_4 ;. Hence, the values of

Q;j» u(i), r;j and d;; may be found for all states; at time i as follows:
Step 1: Make use of (14.5) to generate Q;; as follows:

Qii =5 GQi1,i-10i-1,i1
Qi,—i = 5 Qi-t,—i41di-1,—i+1
Fori=—i+2toi—2 Step 2

1 1
Qes=+ i qi-1di-1i-1+ 5 Qi-15utdi-1ayi

Step 2: A numerical search technique such as Newton-Raphson (e.g.
see [13]) is used to find u(i) such that the following is satisfied(2l:

P(i+1) = zQé,jdﬁj

1
B ZQ 1y u(i)exp (o5v/ AL &f)&

Step 3: Using the u(i)s calculated in Step 2, the short-term interest

rates r;;, and corresponding discount factors d;;, are updated for each

state j at time step j as:
= u(i) exp (o \af_:]
1
ditj N 14 '.l‘»;hjﬂlf

Steps 1-3 are repeated for all i = 1,...,N where NAt is the longest ma-
turity discount bond.

[2lHere the summation is over all states j at time step i, hence j = —i,
—+2,...,1—2,i.
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14.4 Pricing contingent claims - Backward In-
duction

Once the short-term interest rate tree has been constructed such that
the short-term interest rate and associated discount factor are known
at each node of the tree, any interest rate contingent claim may be
priced by a simple backward induction procedure.

14.4.1 Pricing Coupon Bonds

Consider a coupon bond maturing at timel2! T = N;At and paying
coupons at discrete time steps {t;,f,,...,t,,} where m is the number of

coupons due until maturity. If ¢ is the amount payable at each coupon
time and the last coupon payment coincides with bond maturity, i.e. ¢,

= Ny, the maturity value of the bond may be initialised at time i = N+
as:

Py

Npg = 1te
where P¢; ;is the value of the coupon paying bond at node (j, j).

Now for i < N1, the value of the coupon bond is equal to the dis-

counted expected value of the bond at the next time step (i + 1). Since
the risk-neutral probability associated with each branch of the binomial
tree is 7%, the value of the coupon bond for all i < Nt is determined

as4l follows.

If i €{ty.tp,....t0} then
Pf=3di; (f’f—l.jﬂ * P*'{;r'-j—') T
else

£d= %f&j(f’il,.ﬂl T "?I—l-.i—‘)
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14.4.2 Pricing European Options on Coupon Bonds

Once we have determined the value of the coupon paying bond at
each node of the binomial tree, we may price claims contingent on this
coupon bond. Consider a European call option on the above coupon
paying bond with:

= expiry date s = N,AL,
» strike price X.

Knowing the value of the coupon bond in all states at option expiry
time i = Ny, we determine the option payoff as:

(14.6) Cn, j =max{0, Py, ;- X} for each = —N,,.... N,

where C;; is the value of the European call option at node (j, j). For
each i < N the value of the European call is determined as the dis-
counted expectation of option values at time (i + 1); hence:

Cij=3dij (f-f'j—l.jﬂ + Ci-—l._;:'—l)

More directly, utilise the discounted probabilities or state prices Q;; to

determine the time i = 0 European option value directly from the expiry
condition (14.6) as:

Coo =Y _ Qn, max {0, P§, ; — X}
]

[BlHence, this bond may be seen to mature Nt time steps from initial
time i = 0.

[4]Here j represents each node at time step i, hence j = —i, —i +2,...,i —
2, 1.
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14.5 Calibration methodology for a constant
volatility parameter

14.5.1 Algorithm

The following algorithm illustrates the basic methodology for calibrat-
ing volatility parameter o such that traded options are priced with
smallest error.

14.5.1.1 Main procedure

Main procedure within which the optimisation is performed.

For valuation date 1 to n
For expiry date 1 to m
initialise O; and O,
get Black premium for this expiry and valuatio

Calibrate Rate Tree (0q)

Evaluate Bond Tree
P, = BDT option premium (0;) - Black premium

Calibrate Rate Tree (0,)

Evaluate Bond Tree
P, = BDT option premium (0,) - Black premilum

While |P;| > 1 * 107 and |P,| > 1 * 107°

Calibrate Rate Tree (0,;4)
Evaluate Bond Tree

P,iq = BDT option premium (O0,;45 - Black prem:
If P, * P,;q < 0 Then
0, = Onig
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ElseIf P, * P,;4 < 0 Then
O; = Onig
End If
Loop
O = Onig
Next expiry date
Next valuation date

14.5.1.2 Sub-procedures

The procedure Calibrate Rate Tree builds the binomial tree of short-
term interest rates for the specified volatility parameter. The basic pro-
cedure followed is as described in §14.3. Once the tree of short-term
interest rates has been constructed, the coupon bond is priced by pro-
cedure Evaluate Bond Tree. Due to the long maturity dates of the
coupon bonds it is not practical to construct trees with daily time steps.
Using a larger time step, say 30 days, introduces some complications.
Since bond maturity and coupon payments may fall between node
points, we need to interpolate these values to maintain accuracy.
Below is the algorithm used to price the coupon bond for time steps
greater than one day. We let N, be the final time step of the tree. This

will be either equal to or just greater than, the maturity of the bond un-
derlying the option we wish to price.

If bond maturity lies between time N, - 1 and N, tt

offset = (Maturity Date - Valuation Date)/Time S
*Time Step/365
For each state j = -(N, - 1) to (N, — 1) Step 2
B(N, - 1,7) = (1 + Coupon) /(1 + r(Ny, - 1,7) * ¢
Next state 7j
End if
For each time 1 = (N, - 2) to 0O Step -1
If a coupon lies between times i and i + 1 then
offset = [Coupon Term/Time Step - i] * Time St
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For state j = -1 to 1 Step 2

Coupon Value = Coupon/ (1l + ri, i * offset)
Bj,; = % d;, ;[Biy1, 541 + Biy1.5-11+ Coupon_Value
Next state j
Else
For state j = -1 to 1 Step 2
B; ; = d; [Bji1,541 * Biy1.51

Next state 7
End If
Next time 1

A similar problem is encountered when pricing the coupon bond option
in the procedure BDT option_premium. The option expiry date may
fall between two time nodes. Further complications may arise from the
T + « settlement convention for bondsl®l. The strike refers to a bond
price at option expiry + &. To calculate the terminal option value we
must discount the strike price to option expiry. Option expiry and (op-
tion expiry+) may occur between the same pair of time nodes, on ei-
ther side of a time node or either one, but not both, may occur at a
time node (unless time step is & days). These possibilities must all be
taken into account to allow for correct interpolation of the strike price
and bond price. This algorithm is outlined below.

Interpolate to determine bond price and option sStr

expiry.

If settlement date of option expiry lies between t
offset = [Settlement Term/Time Step - 1i] * Time
For state j = -1 to 1 Step 2

Strikei/j = Strlke_AIP/(l + J_”i,'

5 * offset)

Next state j
Else
For state j = -1 to 1 Step 2
Strike; 4 = Strike_ AIP

Next state 7J
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End If

If option expiry date lies between time 1 and 1 +
For state j = -1 to 1 Step 2

Linearly interpolate between Strike; . and

+J
Strike AIP at time Settlement Term to obtain
Strike_at_ Expiry,

Linearly interpolate between B; ; and B to

i+1,j
B_at_Expiry,
Next state j
Else (here option expiry lies prior to time 1)
For state j = -(i - 1) to i - 1 Step 2
Strike; y, 5 = %2 d; 4(Strike; 4,1 + Strike;,
Next state 7
For state j = -(1i - 1) to 1 - 1 Step 2
Linearly interpolate between B;_; 5 and B; ; to

j-1

B_at_ Expiry;
Linearly interpolate between Strike; ; ; and St
Strike at Expiry;
Next state 7J
End If

Initialise option value at option expiry.
For state j at option expiry
V_at_Expiryy; = Max{B_at Expiry; - Strike_at_ Expi:
Next state j
Determine option value at node directly prior to o
Let k be the node directly prior to option expiry.
either node i or node i - 1 above.
For state j = -k to k Step 2
Vi, = *2 dy, ;(V_at_Expiry,,; + V_at_Expiry,
Next state 7J

Using backward induction, determine initial option
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For time 1 = kK - 1 to 0 Step -1
For state j = -1 to 1 Step 2
Vi =2 d; (Vigg, 5110+ Vi, 50
Next state 7
Next time 1

[BIThis represents time T plus & business days.
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Chapter 15: Calibration of the Heath, Jarrow
and Morton framework

373



Overview

The HIM framework demonstrates that when the money market ac-
count is used as numeraire, forward rates are not martingales but
have a non-zero drift term fully determined by the forward rate volatil-
ity. Hence, only the forward rate volatilities are needed to price and
hedge interest rate contingent claims. To begin an implementation of
HJM, the form of the forward rate volatility function must be specified.
Consider the differential form of equation (11.32), the forward rate

process under the martingale measurel:

-
(15.1) df(t,T) a{i‘.’!'}f a(t, y)dy + o(t, T)di(t)
[ 4

Here the drift at time t of the T maturity instantaneous rate depends on
the volatilities of the time t forward rates for all maturities from t to T.
To price a claim contingent on forward rates over some interval, say
{f(t, x), x € [T4, T,]}, we require knowledge of the time ¢ forward rate

volatilities for all maturities t to T,. To fully value the claim, these for-

ward rates will need to be evolved from time t to expiry of the claim at
time T, T < T,, T,. Hence a full continuum of forward rate volatilities
{o(x,y),x€ [t T],y €[t T,]}is required. Such demanding data re-
quirements quickly make the valuation impractical or intractable,
hence constraints need to be imposed on the evolution of the forward
rate volatilities.

This may be done by imposing a functional form on the volatility func-
tions, where each unique functional form leads to a unique HIM
model. The volatility functions may be estimated using two distinct ap-
proaches:

= Historical volatility estimation - historical time series of forward
rates are used to determine the volatilities,

= Implied volatility estimation - current market prices of vanilla
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interest rate derivatives (caps and swaptions) are used to ob-
tain volatility functions such that these market prices are as
best possible reproduced by the model.

First, we consider possible forms of the volatility function within three
broad categories. These groupings are not distinct, but rather depict
various characteristics that influence choice of volatility function.

1. Well known volatility functions.

2. Gaussian volatility functions, i.e. those giving rise to Gauss-
ian forward rate dynamics. The advantage of such forward
rate dynamics is that there exist analytic formulae for prices
of certain vanilla options.

3. Functional forms producing Markovian short rate dynamics.
This means that o(w, t, T) depends only on the state space
(w) observable at time t. This property allows pricing by
means of a recombining lattice where the number of nodes
grows linearly with time. This contrasts to non-Markovian
models, which need to be implemented by simulation or non-
recombining lattices (bushy trees) where the number of
nodes increases exponentially with time.

UITo make the notation less cumbersome, | assume a single source of
uncertainty, hence n =1, and o4(t, T) = o(t, 7).
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15.1 Volatility Function Specifications

15.1.1 Well known volatility functions

Some simple functional forms, many relating to volatility specifications
in earlier short rate models, have been investigated for goodness of fit.

1.

3.

o(w, t, T) = o where o is a constant. This is the volatility
function of the Ho-Lee model as examined in Chapter 11
§11.7. It leads to a highly tractable but unrealistic model. In
Chapter 11 equation (11.38), the forward rate process is
shown to be:

F,T) = J0,T) + (T = 1) +02(1)

The constant volatility across maturities is at odds with the
declining volatility with increasing maturity observed in most
economies. Additionally the drift increases with maturity,
causing long rates to become unbounded.

o(w, t, T) = oe~M7-0) where o and A are constants. As
shown in §11.9.1, this is the forward rate volatility function
corresponding to the Vasicek model. The associated short
rate volatility is constant, o(w, t, f) = o, but a mean-reverting
drift allows the forward rate volatility to decline exponentially
with maturity. This specification leads to a tractable but still
somewhat unrealistic model.

52 8(T=¢)
olwt,T) = m{tﬁ 517727, where & and ¢ are constants. As
derived in §11.8, this is the forward rate volatility resulting
from the CIR model specifications. As demonstrated in
Chapter 11 §11.9.2 the short rate is Markovian.

o(w, t, T) = of, 0/f, 0g + 04(T — 1), (0y + 04(T — 1))f. Ami-
nand Morton [2] investigated these functional forms as well
as those in (1) and (2) above as special cases of the general
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volatility function:
o(w,t,T) = (60 + o (T — 1)) el =MD g1, TYY

They examined parameter stability, goodness of fit to market
prices and possibilities of exploiting any mispricing indicated
by the models. Although the two-parameter volatility func-
tions displayed better fit to market prices, the associated pa-
rameters were less stable over time and were not as consis-
tent in allowing abnormal profits to be earned from indicated
mispricing.

15.1.2 Gaussian volatility functions

The forward rate process (equation (11.32) of Chapter 11) is Gaussian
if the volatilities are deterministic functions of t and T only, hence:

(15.2) df(t, 1) = alt,T)dt + Y 0;(t,T) di(t)

=1

with a(t, T), i = 1,..., n deterministic functions of t and T. This implies

f(t, T) is normally distributed and hence discount bond prices are log-
normally distributed. This attribute allows certain simple contingent
claims to be priced using analytical formulae. The time t price of a T,

maturity European call option on a discount bond with maturity T, and
strike X, has solution:

(15.3) AL, Ty, Ty) = P(t, T,)N(h) — X P(t, TON(h — )
1 i, T 1
h—=—In ({—” F =
¢ \XP(t.T\)] 2
i ".I"'.|
Pt = Z/ (ay(u, Ty) = u,{u_.]"l]:li tlu
f=1 “t

where, as defined in (11.11)

-
a;(t,T) = —] ai(t, y)dy t=1,....n
t
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As with other Gaussian interest rate models, there is a positive proba-
bility of negative interest rates, which leaves this specification open to
criticism.

15.1.3 Markovian Functional Forms

The conditions that must be satisfied to ensure Markovian short rate
dynamics are detailed in §11.9. The specific volatility functions of the
Ho-Lee, Vasicek and CIR models satisfy these conditions. Ritchken
and Sankarasubramanian (RS) [48] and Li, Ritchken and Sankarasub-
ramanian [37] recognise that these conditions are restrictive since
they may impose undesirable characteristics on the term structure
evolution and restrict the shape of initial term structure that may be fit-
ted. They identify a broad class of volatility functions that allow contin-
gent claims to be priced by a two-state variable Markovian model. The
path dependence is not fully removed, but captured within an addi-
tional variable. This class of volatility functions is of the form:

(15.4) o(w,t,T) = at,t)e J& w2

where o(t, t) is the short rate volatility and k(f) is an exogenously spec-
ified deterministic function. RS allow a second variable:

2
(15.5) P(t) = ﬁ o2 (u, t)du

which represents the accumulated variance up to date t and houses
the path dependence. The link between forward rate volatilities and
the short rate volatility is explicitly defined by the parameter {k(x)|x >
0} and so forward rate volatilities may fluctuate with the level of the
short rate. However, forward rate dependent volatilities (as investi-
gated by Amin and Morton [2]) are excluded from this framework.

No restrictions are placed on the short rate volatility which could de-
pend on the entire history of term structures, hence the short rate
volatility may be a function of both r(t) and ¢(t). Specifically consider
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a(t,t) =a (r(t))

Allowing y =0and y = 0.5 results in special cases of this class corre-
sponding to the Vasicek [50] and CIR [18] models.

The Hull-White extended Vasicek model (Chapter 7) displays short
rate dynamics and forward rate volatility of the form:

dr(t) = (8(1) — a(t)r(t)) dt +o(t) dz(1)
olw,t,T) = oft)e (I a(s)ds

which clearly fits within the RS framework.

Forward rate volatility term structures implied by market prices of
traded instruments often display a humped shape, being higher for
shorter maturities, see Heath [26] and Brigo and Mercurio [12]. This
volatility structure may be achieved within the RS framework by
choosing k(x)tobeofanappropriate form. Alternatively, Mercurio and
Moraleda (see [12]) model a humped volatility structure by specifying
the forward rate volatility as:

(15.6) o(w,t,T) = (1 + y{(T =) e T8

However, this volatility is not of RS form.
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15.2 Implied Volatility Specification

Market prices of traded interest rate derivatives are used to estimate
the volatility functions. The choice of number and form of the volatility
functions is driven by the users' discretion, desire for the model to ex-
hibit certain characteristics and quality of data available. It is common
practice to assume a functional form for the volatilities and then deter-
mine the parameters such that the market prices are matched as
closely as possible. Consider the volatility functions tested by Amin
and Morton [2]. These are special cases of the general functional
form:

i-':'-[L"*"t:‘ll':- T] - {”'CI | "Tl{T = f}} ‘:[ ME 4t}}fﬂ: T}T

which has four parameters o, 04, A and y. Amin and Morton found

that attempting to calibrate a general functional form, i.e. one with
more than two parameters, resulted in unstable parameter values with
large estimation errors. They found that given the data available, cali-
bration with two parameters proved optimal. Once a suitable parame-
terisation is chosen, the parameter values are estimated such that
model prices best match market prices. This may be done by a simple
procedure such as minimising the sum of squared errors, that is:

Solve for © = (#1,...,8,)

&
such that min ) " [Vi(©) — Vi)’

i=1

where

© -vector of parameters specifying the volatility function,

V(O _model price of interest rate derivative i, based on parameter
! values O,

Vi;-market price of interest rate derivative i,

i-number of interest rate derivatives used in calibration on a
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k-given day.
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15.3 Historical Volatility Specification

Calibration to historical data could be performed in a manner similar to
that described for implied volatility data. First a specific formulation of
the HIJM model is chosen, that is a specific volatility structure is im-
posed by specifying the number of volatility factors and their specific
functional form. Time series of historical term structure data is used to
determine the function parameters such that the specified functions fit
the data as closely as possible. Such a restrictive approach may be
desirable since a specific structure is imposed on the data, allowing
for analytical prices of vanilla options. However, such a calibration pro-
cedure will not produce an exact match to market prices.

An approach more often applied to historical calibration is that of prin-
cipal components which allows the number and specific structure of
the volatility factors to be directly implied from the data.
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15.4 Principal Component Analysis

Principal component analysis (PCA) may be performed on a time se-
ries of historical term structure data in an attempt to identify the domi-
nant factors driving its evolution. PCA produces factors maximising
successive contributions to overall variance. Hence these factors at-
tempt to explain the diagonal of the covariance matrix. The resulting
factors are surrogate volatility factors derived from an empirical analy-
sis of term structure data.

Principal component analysis provides a direct indication of the num-
ber and general shape of factors driving the term structure move-
ments. A historical estimate of the magnitude of the volatility functions
is also obtained as part of the analysis. These driving factors are both
econometrically and financially justifiable, but like all historical calibra-
tion methodologies, will not exactly recover market prices of traded
derivative instruments.

Many analyses have used spot interest rates as a description of the
term structure; here we consider a finite set of forward rates of prede-
termined tenor, that span the whole term structure. Within the HJM
framework each instantaneous forward rate is a stochastic variable in
its own right, displaying some degree of correlation with other forward
rates. To model a realistic evolution of the term structure one needs to
determine a set of forward rate variances (volatilities) as well as co-
variances (correlations) between the forward rates.

15.4.1 Methodology of principal component analysis

On each day t we observe a vector f(t), of N forward rates with maturi-
tiest+j,j=1, ..., N, thatis f(t)=[f(t, t + 1) f(t, t +2) ... f(t, t + N)]". A
discrete time representation of the forward rate evolution depicted in
equation (15.2) is:

N

(15.7)  f(t + At )= fltt 4 3) taltt + ALY et t + F)Ax(t)
i1

383



Since we have N different forward rates, we may have at most N
sources of uncertainty.

15.4.1.1 Volatility Component
Choice of two volatility functions is possible:

» Gaussian volatility function, where
oi(t, T) = oy(T — t)

is a deterministic function of term to maturity T — t, Vi=1,...,
N.

= | ognormal volatility function, that is
ai(l, TY=o(T —t)min {f(¢,T), M}

where o(T — f) is a deterministic function of term to maturity T
—t, Vi=1,..., N, and M is some large positive constantl2l.

15.4.1.2 Drift component

The drift vector in (15.7), o = [x(f, t + 1) &x(f, t + 2) ... x(¢, t + N)] can
be determined from the historical data. For purposes of pricing contin-
gent claims, we derive the drift from the no arbitrage condition such
that it is consistent with the risk-neutral valuation framework. This im-
plies that for purposes of determining the covariance matrix, we may
assume o = 0. Alternatively, mean adjusted changes in forward rates
may be used, thereby isolating the unexpected changes in forward
rates[3l. Since PCA deals with unexpected changes in the term struc-
ture, the drift does not enter the calculations and the components ob-
tained from the two methodologies are consistent.

15.4.1.3 Calculation Methodology

From (15.7), we define the (N x 1) vector d(f)=[d(f) d(t) ... dy (O]
where each element is constructed as:
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ft 4 At 4G} = ft435)

(15.8)  dy(t) = T alt,t + )V AL
W
\_
— L Az(t)
= b b4 7] . me=docioe N
%ﬂi N
2l i =1,...,N 0
where Var »o 20 are standard normal. d(f) is the mean-ad-

justed change in forward rate with maturity f + j over time period [t, t +
At] and represents a realisation of the random variable d;, the change

in the j maturity forward rate over some time period At.

For a set of historical time-series data with K observations of vector
d(t), k=1, ..., K we definel4l:

(15.9) Y = w5 DD’ = covar(D)

where D is a (N x K) matrix with columns d(t), k=1, ..., Kand X is
the (N x N) covariance matrix with elements®! 3, ; = covar(dj,d)). Since
this covariance matrix is symmetrical and positive semi-definite, we
can find an orthogonal® matrix A such that:

(15.10) ¥ = AAA
=A = ATA
where A is an (N x N) diagonal matrix with elements A,,, m=1, ..., N

such that A; > A2 > ... > AV. The columns of the (N x N) matrix A =
[a4, a», ..., ap] are the N eigenvectors of covariance matrix 2, while the
N diagonal elements matrix A are the corresponding eigenvalues.

15.4.2 Interpretation of the Principal Components

Let us examine what we have achieved by the above transformation.
The starting point is an (N x K) matrix D = [d(t;), d(t,), ..., d(tk)], its
columns being K observations the original vector of variables d(-)=
[d4(-) dy(*) ... dV (-)]'. Multiplication by the transpose of the orthogonal
matrix A transforms D into a new matrix G:
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(15.11) G=A'D

where G = [g(t4), 9(f), ..., 9(tk)] is an (N x K) matrix with columns
being realisations of the vector of new variables g(-)=[g4(*) g>(*) ... 9n

(1)]’. We have defined the new variables as the weighted sums of the
original variables, the weights being the elements of the correspond-
ing eigenvectors. Hence the new variable g; is the weighted sum of all

original variables d;, j= 1, ..., N, weighted by the elements of the fth
eigenvector a;.

w
Gille) = Eﬂjf dille) lor each observation time &, k= 1,..., K,
i=1

Making use of (15.9), (15.10) and (15.11) the definition of G, we find:

covar(@) = covar(A' D)
= A’ covar(D) A
—A'TA
=A"AAA' A
=A

Therefore the diagonal matrix of eigenvalues A, is the covariance ma-
trix of the new variables. Since the transformed variables have zero
covariance, they are orthogonal (statistically independent). Originally,
the stochastic evolution of each forward rate is driven by a separate
source of uncertainty which has some degree of correlation with all
other sources of uncertainty driving other points on the yield curve.
We have transformed to a set of factors, each affecting every point on
the yield curve, the extent to which each forward rate is affected is de-
termined by the eigenvector. By virtue of matrix A's orthogonality we
have:

G=AD = D) = AG

and so each original variable d;, j= 1, ..., N may be written as:
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N
(i) = Z"ﬁ it for each observation time &, &= 1,..., K
il
A move in the ™ new variable g; influences each of the original vari-
ables d;, j=1, ..., N by a factor of a;.

Let A2 = diag[v/Aq, Ay, ..., VAN] @nd define a matrix W = [w(t,), w(t,),
..., W(tK)] such that:

W = A*¢
= covar(W) = covar(AZG)
= ATcovar(G)A®
ATANS
= 7

So W is a matrix of independent standard Brownian variables. We
may now express the matrix of original variables D, in terms of this
matrix of standard Brownian variables as:

D = AG
(15.12) = AATW

or algebraically we may write each d;, j=1, ..., N as:

N
dy(fy) = E 4 V’r,'ﬁ._:u',-[.h_} for each observation Lime &, E=1,....
=

: . for each observation
time k, k=1, ..., Kwhich by the definition of dj(tk) in (15.8), allows us

to write the forward rate process as:

N

FU+ AL+ §) = [t 0+ 5) = alt,t+ )AL+ aslt + 5) VA, VAL w(l)
=
N

= aff, | 4 7)IAL 4 Zu,[.‘ b 710 A Al

i=1

or in continuous time

W
(15.13) df{b L+ 7) = ol b4 7 )t +Zu,(f + ) /A dwyll)

i=1
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where a|t + j)= a;forj=1, ..., N.

From equation (15.12) we have:

cov(D) = cov(ANETW) = AAT(AATY
and AA”: is the matrix of principal components of covariance matrix .

As mentioned before, the principal components maximise successive
contributions to overall variance. Also, we know Ay > A, > ... > Ay,

with the first principal component corresponding to the largest eigen-
value. Therefore the first principal component accounts for the largest
percentage of total variance, the second component accounts for the
largest percentage of the remaining (residual) variance and so on. The
greater the covariance between points on the yield curve, the larger
the percentage of total variance that will be explained by the first few
principal components. So in general, the more principal components
required to explain the total variance, the lower the covariance across
the yield curve.

While the number of principal components obtained from the analysis
detailed in the previous section equals the number of different maturity
forward rates used, the hope is that just a few dominant principal com-
ponents will be required to explain the majority of the variance.

[2IThis is consistent with the discussion in Chapter 11 §11.5 concern-
ing the lognormality of forward rates.

[BIThis is the methodology used here

[4IThis simplified calculation of the covariance matrix implicitly as-
sumes matrix D is mean adjusted and cannot be applied if unadjusted
changes in forward rates are used.

[BlHere i and j represent forward rate maturities.

[6]An orthogonal or Hermitian matrix is such that its transpose is equal
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to its inverse i.e. A’ = A~ 1.
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15.5 Choosing the number of volatility factors

The HIM framework has the advantage that it allows seamless exten-
sion from one to several sources of uncertainty. The choice of number
of volatility factors to use is driven by a number of often conflicting
considerations. Additional sources of uncertainty introduce additional
degrees of freedom to the evolution of the term structure which allows
decorrelation (decreasing correlation between forward rates with
larger differences in their maturities) of rates to be properly accounted
for. However, additional factors increase the numerical complexity,
slowing down computation time.

Even when calibrating via PCA, where this choice is driven by the
number of factors explaining a sufficiently large percentage of total
volatility, there are several points to consider:

1. PCA tells us how many factors are significant in explaining
the movement of the term structure within the historical data
set. We wish to use these factors as predictors of future
movements of the term structure. While adding additional
factors will improve our ability to explain the historical term
structure movements, this may not be the case for explaining
future movements.

2. The historical factors and their specific loadings (magnitude
for various maturities along the term structure) may not be
ideal predictors of future volatility factors [52]. Additional fac-
tors may not be stable through time adding noise, rather than
improving the structural relationships within the volatility pre-
dictions.

3. PCA attempts to maximise the factors' contribution to the di-
agonal elements of the covariance matrix, that is the vari-
ances. The resulting factors may explain the off-diagonal ele-
ments (covariances) with significant error. This may affect
valuation of correlation dependent options such as swaptions
and spread options.
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15.6 Combining Historical and Implicit Calibra-
tion

While the volatility level changes frequently, correlations between vari-
ous maturity forward rates tend to be more stable. This lends itself to
extracting the correlation term structure from historical data and
matching the exact level of volatility to market implied volatilities. The
volatility associated with factor i, o(t, t + j), may be expressed as:

ot t+5) = ot t + )t L+ 7)
where o(t, t + j) is the total volatility of forward rate with maturity f +
and Yt t +)) is the weight associated with factor i. These functions

W{t, ), are elements of the /" principal component of the correlation
matrix; hencelZ!:

N
S ilty 4 ) =1
i=1

N

S (et )it L+ k)

i=1

are the diagonal and off diagonal elements of the correlation matrix re-
spectively. The forward rate volatilities o(t, t + j), are the market im-
plied Black volatilities for caplets expiring at time ¢t + J.

[7JAs in (15.10), we decompose the correlation matrix C such that C =
AAA’" and hence define the matrix of principle components as ¥ =
ANY2 where YY' = C
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Closing Remarks

Initial attempts to model the term structure of interest rates developed
along the same lines as stock price models. These term structure
models are based within an economic setting where Brownian motions
give rise to random shocks. Most models make the assumption that
the entire term structure is driven by the short-term interest rate of in-
terest. Some models allow this short-term interest rate to be driven by
underlying economic variables, hence introducing multiple factors.
Other models introduce a second factor such a long interest rate or
short-term interest rate volatility, modelling these two factors as mutu-
ally dependent processes.

The early models are concerned with determining an appropriate level
of the term structure in such a way that it is consistent with the under-
lying economic model. This makes it difficult to incorporate information
from an initial observed term structure and hence to reproduce the
market prices of securities.

A change of perspective introduced the need for a model to perfectly
fit an initial term structure and reproduce market-observed prices of
vanilla instruments. The focus shifted to calibrating model parameters
in such a way as to account for, rather than explain, the shape of the
yield curve. This has remained the driving force behind current re-
search into term structure modelling. Given the market-observed
prices of vanilla securities, practitioners need to price more exotic in-
struments in a consistent manner.

Models allowing the instantaneous short-term interest rate to be the
single driving factor of the entire yield curve are quite restrictive, in
part because returns on bonds of all maturities are instantaneously
perfectly correlated. This is unrealistic and imposes restrictions on the
resulting yield curve which makes many market-observed term struc-
tures difficult, if not impossible, to replicate.

The HIM framework introduces a new perspective to term structure
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modelling. By allowing the instantaneous forward rate to be the funda-
mental variable, they are able to specify the entire term structure at
any one time. This is in contrast to models where the instantaneous
short-term interest rate, a single point on the yield curve, is the funda-
mental variable.

However, the HIJM approach still shares a fundamental problem with
all its predecessors. The state variables are in fact unobservable: in-
stantaneous short and/or forward interest rates do not trade in the
market. Hence to calibrate these models one must perform a transla-
tion of unobservable model variables to appropriately selected market
proxies. Among others, this is one of the landmark features of the ap-
proach taken by BGM, who develop a model which determines the
stochastic process followed by a market traded rate of interest: the
discretely compounded LIBOR. This introduces yet another dimension
to term structure models since a trader may directly express her/his
views on movements in market traded quantities. The BGM model be-
comes a tool whereby a trader's views are directly translated into op-
tion prices.

The older more traditional models such as Vasicek and CIR still have
a place in the financial markets. Movements in market variables, that
cannot be replicated within the model, will show up as anomalies and
mispricing. This may lead users to perform a more detailed analysis of
the causes of such anomalies. Therefore, the qualitative insight they
provide about the dynamics of the yield curve can be beneficial for the
understanding of more advanced models.
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